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FOREWORD

Since the breakthrough introduction of the Black—Scholes—Merton options pricing model in
1973, the field of financial derivatives has evolved into an extensive and highly scientific body
of theoretical knowledge alongside a vast and vibrant market where economic producers, in-
vestors, finance professionals, and government regulators all interact to seek financial gains,
manage risk, or promote price discovery. It is hard to imagine how even the most thoughtful
and diligent practitioners can come to terms with such a broad and complex topic—unitil they
read this book.

CFA Institute has compiled into a single book those parts of its curriculum that address
this critically important topic. And it is apparent from reading this book that CFA Institute
attracted preeminent scholars to develop its derivatives curriculum.

This book has several important virtues:

It is detailed, comprehensive, and exceptionally accessible.

It is efficiently organized in its coverage of topics.

It makes effective use of visualization with diagrams of transactions and strategy payoffs.
It includes numerous practice problems along with well-explained solutions.

And finally, unlike many academic textbooks, its focus is more practical than theoretical,
although it does provide more-than-adequate treatment of the relevant theory.

hANESI ol

The book begins by addressing the basics of derivatives, including definitions of the vari-
ous types of derivatives and descriptions of the markets in which they trade.

It goes on to address the purpose of derivatives and the benefits they impart to society,
including risk transfer, price discovery, and operational efficiency. It also discusses how deriv-
atives can be misused to enable excessive speculation and how derivatives could contribute to
the destabilization of financial markets.

The book provides comprehensive treatment of pricing and valuation with discussions
of the law of one price, risk neutrality, the Black—Scholes—Merton options pricing model,
and the binomial model. It also covers the pricing of futures and forward contracts as well
as swaps.

The book then shifts to applications of derivatives. It discusses how derivatives can be used
to create synthetic cash and equity positions along with several other positions. It relies heavily
on numerical examples to illustrate these equivalencies.

It offers a comprehensive treatment of risk management with discussions of market risk,
credit risk, liquidity risk, operational risk, and model risk, among others. It describes how to
measure risk and, more importantly, how to manage it with the application of forward and
futures contracts, swaps, and options.

This summary of topics is intended to provide a flavor of the book’s contents. The con-
tents of this book are far broader and deeper than I describe in this foreword.

xi



xii Foreword

Those who practice finance, as well as those who teach it, in my view, owe a huge debt of
gratitude to CFA Institute—first, for assembling this extraordinary body of knowledge in its
curriculum and, second, for organizing this knowledge with such cohesion and clarity. Anyone
who wishes to acquire a solid knowledge of derivatives or to refresh and expand what they have

learned about derivatives previously should certainly read this book.
Mark Kritzman



PREFACE

We are pleased to bring you Derivatives. The content was developed in partnership by a team
of distinguished academics and practitioners, chosen for their acknowledged expertise in the
field, and guided by CFA Institute. It is written specifically with the investment practitioner in
mind and is replete with examples and practice problems that reinforce the learning outcomes
and demonstrate real-world applicability.

The CFA Program Curriculum, from which the content of this book was drawn, is sub-
jected to a rigorous review process to ensure that it is:

e Faithful to the findings of our ongoing industry practice analysis
* Valuable to members, employers, and investors

* Globally relevant

*  Generalist (as opposed to specialist) in nature

* Replete with sufficient examples and practice opportunities

* Pedagogically sound

The accompanying workbook is a useful reference that provides Learning Outcome State-
ments, which describe exactly what readers will learn and be able to demonstrate after mas-
tering the accompanying material. Additionally, the workbook has summary overviews and
practice problems for each chapter.

We hope you will find this and other books in the CFA Institute Investment Series helpful
in your efforts to grow your investment knowledge, whether you are a relatively new entrant or
an experienced veteran striving to keep up to date in the ever-changing market environment.
CFA Institute, as a long-term committed participant in the investment profession and a not-
for-profit global membership association, is pleased to provide you with this opportunity.

THE CFA PROGRAM

If the subject matter of this book interests you, and you are not already a CFA charterholder,
we hope you will consider registering for the CFA Program and progressing toward earning
the Chartered Financial Analyst designation. The CFA designation is a globally recognized
standard of excellence for measuring the competence and integrity of investment professionals.
To earn the CFA charter, candidates must successfully complete the CFA Program, a global
graduate-level self-study program that combines a broad curriculum with professional conduct
requirements as preparation for a career as an investment professional.

Anchored by a practice-based curriculum, the CFA Program Body of Knowledge reflects
the knowledge, skills, and abilities identified by professionals as essential to the investment
decision-making process. This body of knowledge maintains its relevance through a regular,

xiii



xiv Preface

extensive survey of practicing CFA charterholders across the globe. The curriculum covers 10
general topic areas, ranging from equity and fixed-income analysis to portfolio management
to corporate finance—all with a heavy emphasis on the application of ethics in professional
practice. Known for its rigor and breadth, the CFA Program curriculum highlights principles
common to every market so that professionals who earn the CFA designation have a thor-
oughly global investment perspective and a profound understanding of the global marketplace.

CFA INSTITUTE

CFA Institute is the premier association for investment professionals around the world, with
over 142,000 members in 159 countries. Since 1963 the organization has developed and ad-
ministered the renowned Chartered Financial Analyst® Program. With a rich history of leading
the investment profession, CFA Institute has set the highest standards in ethics, education, and
professional excellence within the global investment community, and is the foremost authority
on investment profession conduct and practice. Each book in the CFA Institute Investment
Series is geared toward industry practitioners along with graduate-level finance students and
covers the most important topics in the industry.
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ABOUT THE CFA INSTITUTE
INVESTMENT SERIES

CFA Institute is pleased to provide you with the CFA Institute Investment Series, which covers
major areas in the field of investments. We provide this best-in-class series for the same reason
we have been chartering investment professionals for more than 50 years: to lead the invest-
ment profession globally by setting the highest standards of ethics, education, and professional
excellence.

The books in the CFA Institute Investment Series contain practical, globally relevant
material. They are intended both for those contemplating entry into the extremely com-
petitive field of investment management as well as for those seeking a means of keeping
their knowledge fresh and up to date. This series was designed to be user friendly and
highly relevant.

We hope you find this series helpful in your efforts to grow your investment knowledge,
whether you are a relatively new entrant or an experienced veteran ethically bound to keep up
to date in the ever-changing market environment. As a long-term, committed participant in
the investment profession and a not-for-profit global membership association, CFA Institute is
pleased to provide you with this opportunity.

THE TEXTS

Corporate Finance: A Practical Approach is a solid foundation for those looking to achieve
lasting business growth. In today’s competitive business environment, companies must find
innovative ways to enable rapid and sustainable growth. This text equips readers with the
foundational knowledge and tools for making smart business decisions and formulating strat-
egies to maximize company value. It covers everything from managing relationships between
stakeholders to evaluating merger and acquisition bids, as well as the companies behind them.
Through extensive use of real-world examples, readers will gain critical perspective into inter-
preting corporate financial data, evaluating projects, and allocating funds in ways that increase
corporate value. Readers will gain insights into the tools and strategies used in modern corpo-
rate financial management.

Fixed Income Analysis has been at the forefront of new concepts in recent years, and this
particular text offers some of the most recent material for the seasoned professional who is
not a fixed-income specialist. The application of option and derivative technology to the once
staid province of fixed income has helped contribute to an explosion of thought in this area.
Professionals have been challenged to stay up to speed with credit derivatives, swaptions, col-
lateralized mortgage securities, mortgage-backed securities, and other vehicles, and this explo-
sion of products has strained the world’s financial markets and tested central banks to provide
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xviii About the CFA Institute Investment Series

sufficient oversight. Armed with a thorough grasp of the new exposures, the professional in-
vestor is much better able to anticipate and understand the challenges our central bankers and
markets face.

International Financial Statement Analysis is designed to address the ever-increasing
need for investment professionals and students to think about financial statement analysis
from a global perspective. The text is a practically oriented introduction to financial state-
ment analysis that is distinguished by its combination of a true international orientation,
a structured presentation style, and abundant illustrations and tools covering concepts
as they are introduced in the text. The authors cover this discipline comprehensively and
with an eye to ensuring the reader’s success at all levels in the complex world of financial
statement analysis.

Investments: Principles of Portfolio and Equity Analysis provides an accessible yet rigorous
introduction to portfolio and equity analysis. Portfolio planning and portfolio management
are presented within a context of up-to-date, global coverage of security markets, trading,
and market-related concepts and products. The essentials of equity analysis and valuation
are explained in detail and profusely illustrated. The book includes coverage of practitioner-
important but often neglected topics, such as industry analysis. Throughout, the focus is
on the practical application of key concepts with examples drawn from both emerging and
developed markets. Each chapter affords the reader many opportunities to self-check his or her
understanding of topics.

One of the most prominent texts over the years in the investment management in-
dustry has been Maginn and Tuttle’s Managing Investment Portfolios: A Dynamic Process.
The third edition updates key concepts from the 1990 second edition. Some of the more
experienced members of our community own the prior two editions and will add the third
edition to their libraries. Not only does this seminal work take the concepts from the
other readings and put them in a portfolio context, but it also updates the concepts of
alternative investments, performance presentation standards, portfolio execution, and, very
importantly, individual investor portfolio management. Focusing attention away from in-
stitutional portfolios and toward the individual investor makes this edition an important
and timely work.

Quantitative Investment Analysis focuses on some key tools that are needed by today’s
professional investor. In addition to classic time value of money, discounted cash flow appli-
cations, and probability material, there are two aspects that can be of value over traditional
thinking.

The New Wealth Management: The Financial Advisors Guide to Managing and Investing
Client Assets is an updated version of Harold Evensky’s mainstay reference guide for wealth
managers. Harold Evensky, Stephen Horan, and Thomas Robinson have updated the core text
of the 1997 first edition and added an abundance of new material to fully reflect today’s invest-
ment challenges. The text provides authoritative coverage across the full spectrum of wealth
management and serves as a comprehensive guide for financial advisors. The book expertly
blends investment theory and real-world applications and is written in the same thorough but
highly accessible style as the first edition. The first involves the chapters dealing with corre-
lation and regression that ultimately figure into the formation of hypotheses for purposes of
testing. This gets to a critical skill that challenges many professionals: the ability to distinguish
useful information from the overwhelming quantity of available data. Second, the final chapter
of Quantitative Investment Analysis covers portfolio concepts and takes the reader beyond the
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traditional capital asset pricing model (CAPM) type of tools and into the more practical world
of multifactor models and arbitrage pricing theory.

All books in the CFA Institute Investment Series are available through all major book-
sellers. And, all titles are available on the Wiley Custom Select platform at http://customselect
.wiley.com/ where individual chapters for all the books may be mixed and matched to create
custom textbooks for the classroom.
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CHAPTER

DERIVATIVE MARKETS
AND INSTRUMENTS

Don M. Chance, PhD, CFA

LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:

* define a derivative and distinguish between exchange-traded and over-the-counter
derivatives;

* contrast forward commitments with contingent claims;

¢ define forward contracts, futures contracts, options (calls and puts), swaps, and credit
derivatives and compare their basic characteristics;

¢ describe purposes of, and controversies related to, derivative markets;

* explain arbitrage and the role it plays in determining prices and promoting market efficiency.

1. INTRODUCTION

Equity, fixed-income, currency, and commodity markets are facilities for trading the basic as-
sets of an economy. Equity and fixed-income securities are claims on the assets of a company.
Currencies are the monetary units issued by a government or central bank. Commodities are
natural resources, such as oil or gold. These underlying assets are said to trade in cash markets
or spot markets and their prices are sometimes referred to as cash prices or spot prices,
though we usually just refer to them as stock prices, bond prices, exchange rates, and commod-
ity prices. These markets exist around the world and receive much attention in the financial
and mainstream media. Hence, they are relatively familiar not only to financial experts but also
to the general population.

Somewhat less familiar are the markets for derivatives, which are financial instruments
that derive their values from the performance of these basic assets. This reading is an overview

© 2013 CFA Institute. All rights reserved.



2 Derivatives

of derivatives. Subsequent readings will explore many aspects of derivatives and their uses in
depth. Among the questions that this first reading will address are the following:

e What are the defining characteristics of derivatives?

* What purposes do derivatives serve for financial market participants?

e What is the distinction between a forward commitment and a contingent claim?

* What are forward and futures contracts? In what ways are they alike and in what ways are
they different?

e What are swaps?

e What are call and put options and how do they differ from forwards, futures, and swaps?

* What are credit derivatives and what are the various types of credit derivatives?

e What are the benefits of derivatives?

e What are some criticisms of derivatives and to what extent are they well founded?

* What is arbitrage and what role does it play in a well-functioning financial market?

This reading is organized as follows. Section 2 explores the definition and uses of deriva-
tives and establishes some basic terminology. Section 3 describes derivatives markets. Section 4
categorizes and explains types of derivatives. Sections 5 and 6 discuss the benefits and criti-
cisms of derivatives, respectively. Section 7 introduces the basic principles of derivative pricing
and the concept of arbitrage. Section 8 provides a summary.

2. DERIVATIVES: DEFINITIONS AND USES

The most common definition of a derivative reads approximately as follows:

A derivative is a financial instrument that derives its performance from the performance
of an underlying asset.

This definition, despite being so widely quoted, can nonetheless be a bit troublesome. For
example, it can also describe mutual funds and exchange-traded funds, which would never be
viewed as derivatives even though they derive their values from the values of the underlying
securities they hold. Perhaps the distinction that best characterizes derivatives is that they
usually zransform the performance of the underlying asset before paying it out in the derivatives
transaction. In contrast, with the exception of expense deductions, mutual funds and exchange-
traded funds simply pass through the returns of their underlying securities. This transformation
of performance is typically understood or implicit in references to derivatives but rarely makes its
way into the formal definition. In keeping with customary industry practice, this characteristic
will be retained as an implied, albeit critical, factor distinguishing derivatives from mutual
funds and exchange-traded funds and some other straight pass-through instruments. Also,
note that the idea that derivatives take their performance from an underlying asset encompasses
the fact that derivatives take their value and certain other characteristics from the underlying
asset. Derivatives strategies perform in ways that are derived from the underlying and the
specific features of derivatives.

Derivatives are similar to insurance in that both allow for the transfer of risk from one
party to another. As everyone knows, insurance is a financial contract that provides protection
against loss. The party bearing the risk purchases an insurance policy, which transfers the risk
to the other party, the insurer, for a specified period of time. The risk itself does not change,
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but the party bearing it does. Derivatives allow for this same type of transfer of risk. One type
of derivative in particular, the put option, when combined with a position exposed to the risk,
functions almost exactly like insurance, but all derivatives can be used to protect against loss.
Of course, an insurance contract must specify the underlying risk, such as property, health, or
life. Likewise, so do derivatives. As noted earlier, derivatives are associated with an underlying
asset. As such, the so-called “underlying asset” is often simply referred to as the underlying,
whose value is the source of risk.! In fact, the underlying need not even be an asset itself.
Although common derivatives underlyings are equities, fixed-income securities, currencies,
and commodities, other derivatives underlyings include interest rates, credit, energy, weather,
and even other derivatives, all of which are not generally thought of as assets. Thus, like in-
surance, derivatives pay off on the basis of a source of risk, which is often, but not always, the
value of an underlying asset. And like insurance, derivatives have a definite life span and expire
on a specified date.

Derivatives are created in the form of legal contracts. They involve two parties—the buyer
and the seller (sometimes known as the writer)—each of whom agrees to do something for the
other, either now or later. The buyer, who purchases the derivative, is referred to as the long
or the holder because he owns (holds) the derivative and holds a long position. The seller is
referred to as the short because he holds a short position.?

A derivative contract always defines the rights and obligations of each party. These con-
tracts are intended to be, and almost always are, recognized by the legal system as commercial
contracts that each party expects to be upheld and supported in the legal system. Nonetheless,
disputes sometimes arise, and lawyers, judges, and juries may be required to step in and resolve
the matter.

There are two general classes of derivatives. Some provide the ability to lock in a price at
which one might buy or sell the underlying. Because they force the two parties to transact in
the future at a previously agreed-on price, these instruments are called forward commitments.
The various types of forward commitments are called forward contracts, futures contracts, and
swaps. Another class of derivatives provides the right but not the obligation to buy or sell the
underlying at a pre-determined price. Because the choice of buying or selling versus doing
nothing depends on a particular random outcome, these derivatives are called contingent
claims. The primary contingent claim is called an option. The types of derivatives will be cov-
ered in more detail later in this reading and in considerably more depth later in the curriculum.

The existence of derivatives begs the obvious question of what purpose they serve. If one
can participate in the success of a company by holding its equity, what reason can possibly
explain why another instrument is required that takes its value from the performance of the
equity? Although equity and other fundamental markets exist and usually perform reasonably
well without derivative markets, it is possible that derivative markets can improve the perfor-
mance of the markets for the underlyings. As you will see later in this reading, that is indeed
true in practice.

'Unfortunately, English financial language often evolves without regard to the rules of proper usage.
Underlying is typically an adjective and, therefore, a modifier, but the financial world has turned it into
a noun.

21n the financial world, the long always benefits from an increase in the value of the instrument he owns,
and the short always benefits from a decrease in the value of the instrument he has sold. Think of the
long as having possession of something and the short as having incurred an obligation to deliver that
something.
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Derivative markets create beneficial opportunities that do not exist in their absence.
Derivatives can be used to create strategies that cannot be implemented with the underlyings
alone. For example, derivatives make it easier to go short, thereby benefiting from a decline in
the value of the underlying. In addition, derivatives, in and of themselves, are characterized by
a relatively high degree of leverage, meaning that participants in derivatives transactions usually
have to invest only a small amount of their own capital relative to the value of the underlying.
As such, small movements in the underlying can lead to fairly large movements in the amount
of money made or lost on the derivative. Derivatives generally trade at lower transaction costs
than comparable spot market transactions, are often more liquid than their underlyings, and
offer a simple, effective, and low-cost way to transfer risk. For example, a sharcholder of a
company can reduce or even completely eliminate the market exposure by trading a derivative
on the equity. Holders of fixed-income securities can use derivatives to reduce or completely
eliminate interest rate risk, allowing them to focus on the credit risk. Alternatively, holders of
fixed-income securities can reduce or eliminate the credit risk, focusing more on the interest
rate risk. Derivatives permit such adjustments easily and quickly. These features of derivatives
are covered in more detail later in this reading.

The types of performance transformations facilitated by derivatives allow market partici-
pants to practice more effective risk management. Indeed, the entire field of derivatives, which
at one time was focused mostly on the instruments themselves, is now more concerned with
the uses of the instruments. Just as a carpenter uses 2 hammer, nails, screws, a screwdriver, and
a saw to build something useful or beautiful, a financial expert uses derivatives to manage risk.
And just as it is critically important that a carpenter understands how to use these tools, an
investment practitioner must understand how to properly use derivatives. In the case of the
carpenter, the result is building something useful; in the case of the financial expert, the result
is managing financial risk. Thus, like tools, derivatives serve a valuable purpose but like tools,
they must be used carefully.

The practice of risk management has taken a prominent role in financial markets. In-
deed, whenever companies announce large losses from trading, lending, or operations, stories
abound about how poorly these companies managed risk. Such stories are great attention
grabbers and a real boon for the media, but they often miss the point that risk management
does not guarantee that large losses will not occur. Rather, risk management is the process by
which an organization or individual defines the level of risk it wishes to take, measures the level
of risk it is taking, and adjusts the latter to equal the former. Risk management never offers a
guarantee that large losses will not occur, and it does not eliminate the possibility of total
failure. To do so would typically require that the amount of risk taken be so small that the
organization would be effectively constrained from pursuing its primary objectives. Risk tak-
ing is inherent in all forms of economic activity and life in general. The possibility of failure
is never eliminated.

EXAMPLE 1 Characteristics of Derivatives

1. Which of the following is the best example of a derivative?
A. A global equity mutual fund
B. A non-callable government bond
C. A contract to purchase Apple Computer at a fixed price
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2. Which of the following is not a characteristic of a derivative?
A. An underlying
B. A low degree of leverage
C. Two parties—a buyer and a seller
3. Which of the following statements about derivatives is not true?
A. They are created in the spot market.
B. They are used in the practice of risk management.
C. They take their values from the value of something else.

Solution to 1: C is correct. Mutual funds and government bonds are not derivatives. A
government bond is a fundamental asset on which derivatives might be created, but it is
not a derivative itself. A mutual fund can technically meet the definition of a derivative,
but as noted in the reading, derivatives transform the value of a payoff of an underlying
asset. Mutual funds merely pass those payoffs through to their holders.

Solution to 2: B is correct. All derivatives have an underlying and must have a buyer and
a seller. More importantly, derivatives have high degrees of leverage, not low degrees of
leverage.

Solution to 3: A is correct. Derivatives are used to practice risk management and they
take (derive) their values from the value of something else, the underlying. They are not

created in the spot market, which is where the underlying trades.

Note also that risk management is a dynamic and ongoing process, reflecting the fact that
the risk assumed can be difficult to measure and is constantly changing. As noted, derivatives
are tools, indeed #he tools that make it easier to manage risk. Although one can trade stocks
and bonds (the underlyings) to adjust the level of risk, it is almost always more effective to
trade derivatives.

Risk management is addressed more directly elsewhere in the CFA curriculum, but the
study of derivatives necessarily entails the concept of risk management. In an explanation of
derivatives, the focus is usually on the instruments and it is easy to forget the overriding objec-
tive of managing risk. Unfortunately, that would be like a carpenter obsessed with his hammer
and nails, forgetting that he is building a piece of furniture. It is important to always try to
keep an eye on the objective of managing risk.

3. THE STRUCTURE OF DERIVATIVE MARKETS

Having an understanding of equity, fixed-income, and currency markets is extremely benefi-
cial—indeed, quite necessary—in understanding derivatives. One could hardly consider the
wisdom of using derivatives on a share of stock if one did not understand the equity markets
reasonably well. As you likely know, equities trade on organized exchanges as well as in over-
the-counter (OTC) markets. These exchange-traded equity markets—such as the Deutsche
Bérse, the Tokyo Stock Exchange, and the New York Stock Exchange and its Eurex afhliate—
are formal organizational structures that bring buyers and sellers together through market



6 Derivatives

makers, or dealers, to facilitate transactions. Exchanges have formal rule structures and are
required to comply with all securities laws.

OTC securities markets operate in much the same manner, with similar rules, regulations,
and organizational structures. At one time, the major difference between OTC and exchange
markets for securities was that the latter brought buyers and sellers together in a physical
location, whereas the former facilitated trading strictly in an electronic manner. Today, these
distinctions are blurred because many organized securities exchanges have gone completely to
electronic systems. Moreover, OTC securities markets can be formally organized structures,
such as NASDAQ), or can merely refer to informal networks of parties who buy and sell with
each other, such as the corporate and government bond markets in the United States.

The derivatives world also comprises organized exchanges and OTC markets. Although
the derivatives world is also moving toward less distinction between these markets, there are
clear differences that are important to understand.

3.1. Exchange-Traded Derivatives Markets

Derivative instruments are created and traded either on an exchange or on the OTC market.
Exchange-traded derivatives are standardized, whereas OTC derivatives are customized. To
standardize a derivative contract means that its terms and conditions are precisely specified by
the exchange and there is very limited ability to alter those terms. For example, an exchange
might offer trading in certain types of derivatives that expire only on the third Friday of March,
June, September, and December. If a party wanted the derivative to expire on any other day,
it would not be able to trade such a derivative on that exchange, nor would it be able to per-
suade the exchange to create it, at least not in the short run. If a party wanted a derivative on a
particular entity, such as a specific stock, that party could trade it on that exchange only if the
exchange had specified that such a derivative could trade. Even the magnitudes of the contracts
are specified. If a party wanted a derivative to cover €150,000 and the exchange specified that
contracts could trade only in increments of €100,000, the party could do nothing about it if it
wanted to trade that derivative on that exchange.

This standardization of contract terms facilitates the creation of a more liquid market for
derivatives. If all market participants know that derivatives on the euro trade in 100,000-unit lots
and that they all expire only on certain days, the market functions more effectively than it would
if there were derivatives with many different unit sizes and expiration days competing in the same
market at the same time. This standardization makes it easier to provide liquidity. Through des-
ignated market makers, derivatives exchanges guarantee that derivatives can be bought and sold.?

The cornerstones of the exchange-traded derivatives market are the market makers (or
dealers) and the speculators, both of whom typically own memberships on the exchange.* The

3It is important to understand that merely being able to buy and sell a derivative, or even a security,
does not mean that liquidity is high and that the cost of liquidity is low. Derivatives exchanges guarantee
that a derivative can be bought and sold, but they do not guarantee the price. The ask price (the price at
which the market maker will sell) and the bid price (the price at which the market maker will buy) can
be far apart, which they will be in a market with low liquidity. Hence, such a market can have liquidity,
loosely defined, but the cost of liquidity can be quite high. The factors that can lead to low liquidity for
derivatives are similar to those for securities: little trading interest and a high level of uncertainty.
#Exchanges are owned by their members, whose memberships convey the right to trade. In addition, some
exchanges are themselves publicly traded corporations whose members are shareholders, and there are
also non-member shareholders.
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market makers stand ready to buy at one price and sell at a higher price. With standardization
of terms and an active market, market makers are often able to buy and sell almost simultane-
ously at different prices, locking in small, short-term profits—a process commonly known as
scalping. In some cases, however, they are unable to do so, thereby forcing them to either hold
exposed positions or find other parties with whom they can trade and thus lay off (get rid of)
the risk. This is when speculators come in. Although speculators are market participants who
are willing to take risks, it is important to understand that being a speculator does not mean
the reckless assumption of risk. Although speculators will take large losses at times, good spec-
ulators manage those risks by watching their exposures, absorbing market information, and
observing the flow of orders in such a manner that they are able to survive and profit. Often,
speculators will hedge their risks when they become uncomfortable.

Standardization also facilitates the creation of a clearing and settlement operation.
Clearing refers to the process by which the exchange verifies the execution of a transac-
tion and records the participants’ identities. Settlement refers to the related process in
which the exchange transfers money from one participant to the other or from a partici-
pant to the exchange or vice versa. This flow of money is a critical element of derivatives
trading. Clearly, there would be no confidence in markets in which money is not efficient-
ly collected and disbursed. Derivatives exchanges have done an excellent job of clearing
and settlement, especially in comparison to securities exchanges. Derivatives exchanges
clear and settle all contracts overnight, whereas most securities exchanges require two
business days.

The clearing and settlement process of derivative transactions also provides a credit
guarantee. If two parties engage in a derivative contract on an exchange, one party will
ultimately make money and the other will lose money. Derivatives exchanges use their clear-
inghouses to provide a guarantee to the winning party that if the loser does not pay, the
clearinghouse will pay the winning party. The clearinghouse is able to provide this credit
guarantee by requiring a cash deposit, usually called the margin bond or performance
bond, from the participants to the contract. Derivatives clearinghouses manage these de-
posits, occasionally requiring additional deposits, so effectively that they have never failed to
pay in the nearly 100 years they have existed. We will say more about this process later and
illustrate how it works.

Exchange markets are said to have transparency, which means that full information on
all transactions is disclosed to exchanges and regulatory bodies. All transactions are centrally
reported within the exchanges and their clearinghouses, and specific laws require that these
markets be overseen by national regulators. Although this would seem a strong feature of
exchange markets, there is a definite cost. Transparency means a loss of privacy: National reg-
ulators can see what transactions have been done. Standardization means a loss of flexibility: A
participant can do only the transactions that are permitted on the exchange. Regulation means
a loss of both privacy and flexibility. It is not that transparency or regulation is good and the
other is bad. It is simply a trade-off.

Derivatives exchanges exist in virtually all developed (and some emerging market) coun-
tries around the world. Some exchanges specialize in derivatives and others are integrated with
securities exchanges.

Although there have been attempts to create somewhat non-standardized derivatives for
trading on an exchange, such attempts have not been particularly successful. Standardization
is a critical element by which derivatives exchanges are able to provide their services. We will
look at this point again when discussing the alternative to standardization: customized OTC
derivatives.
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3.2. Over-the-Counter Derivatives Markets

The OTC derivatives markets comprise an informal network of market participants that are
willing to create and trade virtually any type of derivative that can legally exist. The backbone
of these markets is the set of dealers, which are typically banks. Most of these banks are mem-
bers of a group called the International Swaps and Derivatives Association (ISDA), a world-
wide organization of financial institutions that engage in derivative transactions, primarily as
dealers. As such, these markets are sometimes called dealer markets. Acting as principals, these
dealers informally agree to buy and sell various derivatives. It is informal because the dealers
are not obligated to do so. Their participation is based on a desire to profit, which they do by
purchasing at one price and selling at a higher price. Although it might seem that a dealer who
can “buy low, sell high” could make money easily, the process in practice is not that simple.
Because OTC instruments are not standardized, a dealer cannot expect to buy a derivative at
one price and simultaneously sell it to a different party who happens to want to buy the same
derivative at the same time and at a higher price.

To manage the risk they assume by buying and selling customized derivatives, OTC deriv-
atives dealers typically hedge their risks by engaging in alternative but similar transactions that
pass the risk on to other parties. For example, if a company comes to a dealer to buy a derivative
on the euro, the company would effectively be transferring the risk of the euro to the dealer.
The dealer would then attempt to lay off (get rid of) that risk by engaging in an alternative
but similar transaction that would transfer the risk to another party. This hedge might involve
another derivative on the euro or it might simply be a transaction in the euro itself. Of course,
that begs the question of why the company could not have laid off the risk itself and avoided
the dealer. Indeed, some can and do, but laying off risk is not simple. Unable to find identical
offsetting transactions, dealers usually have to find similar transactions with which they can lay
off the risk. Hedging one derivative with a different kind of derivative on the same underlying
is a similar but not identical transaction. It takes specialized knowledge and complex models
to be able to do such transactions effectively, and dealers are more capable of doing so than
are ordinary companies. Thus, one might think of a dealer as a middleman, a sort of financial
wholesaler using its specialized knowledge and resources to facilitate the transfer of risk. In the
same manner that one could theoretically purchase a consumer product from a manufacturer,
a network of specialized middlemen and retailers is often a more effective method.

Because of the customization of OTC derivatives, there is a tendency to think that the
OTC market is less liquid than the exchange market. That is not necessarily true. Many OTC
instruments can easily be created and then essentially offset by doing the exact opposite trans-
action, often with the same party. For example, suppose Corporation A buys an OTC deriva-
tive from Dealer B. Before the expiration date, Corporation A wants to terminate the position.
It can return to Dealer B and ask to sell a derivative with identical terms. Market conditions
will have changed, of course, and the value of the derivative will not be the same, but the trans-
action can be conducted quite easily with either Corporation A or Dealer B netting a gain at
the expense of the other. Alternatively, Corporation A could do this transaction with a different
dealer, the result of which would remove exposure to the underlying risk but would leave two
transactions open and some risk that one party would default to the other. In contrast to this
type of OTC liquidity, some exchange-traded derivatives have very little trading interest and
thus relatively low liquidity. Liquidity is always driven by trading interest, which can be strong
or weak in both types of markets.

OTC derivative markets operate at a lower degree of regulation and oversight than do
exchange-traded derivative markets. In fact, until around 2010, it could largely be said that the



Chapter 1 Derivative Markets and Instruments 9

OTC market was essentially unregulated. OTC transactions could be executed with only the
minimal oversight provided through laws that regulated the parties themselves, not the specific
instruments. Following the financial crisis that began in 2007, new regulations began to blur
the distinction between OTC and exchange-listed markets. In both the United States (the Wall
Street Reform and Consumer Protection Act of 2010, commonly known as the Dodd-Frank
Act) and Europe (the Regulation of the European Parliament and of the Council on OTC
Derivatives, Central Counterparties, and Trade Repositories), regulations are changing the
characteristics of OTC markets.

When the full implementation of these new laws takes place, a number of OTC trans-
actions will have to be cleared through central clearing agencies, information on most OTC
transactions will need to be reported to regulators, and entities that operate in the OTC market
will be more closely monitored. There are, however, quite a few exemptions that cover a sig-
nificant percentage of derivative transactions. Clearly, the degree of OTC regulation, although
increasing in recent years, is still lighter than that of exchange-listed market regulation. Many
transactions in OTC markets will retain a degree of privacy with lower transparency, and most
importantly, the OTC markets will remain considerably more flexible than the exchange-listed
markets.

EXAMPLE 2 Exchange-Traded versus Over-the-Counter Derivatives

1. Which of the following characteristics is not associated with exchange-traded deriv-

atives?

A. Margin or performance bonds are required.

B. The exchange guarantees all payments in the event of default.

C. All terms except the price are customized to the parties” individual needs.

2. Which of the following characteristics is associated with over-the-counter derivatives?
A. Trading occurs in a central location.

B. They are more regulated than exchange-listed derivatives.
C. They are less transparent than exchange-listed derivatives.

3. Market makers earn a profit in both exchange and over-the-counter derivatives

markets by:

A. charging a commission on each trade.

B. a combination of commissions and markups.

C. buying at one price, selling at a higher price, and hedging any risk.

4. Which of the following statements most accurately describes exchange-traded
derivatives relative to over-the-counter derivatives? Exchange-traded derivatives are
more likely to have:

A. greater credit risk.
B. standardized contract terms.
C. greater risk management uses.

Solution to 1: C is correct. Exchange-traded contracts are standardized, meaning that
the exchange determines the terms of the contract except the price. The exchange guar-
antees against default and requires margins or performance bonds.
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Solution to 2: C is correct. OTC derivatives have a lower degree of transparency than
exchange-listed derivatives. Trading does not occur in a central location but, rather, is
quite dispersed. Although new national securities laws are tightening the regulation of
OTC derivatives, the degree of regulation is less than that of exchange-listed derivatives.

Solution to 3: C is correct. Market makers buy at one price (the bid), sell at a higher
price (the ask), and hedge whatever risk they otherwise assume. Market makers do not
charge a commission. Hence, A and B are both incorrect.

Solution to 4: B is correct. Standardization of contract terms is a characteristic of
exchange-traded derivatives. A is incorrect because credit risk is well-controlled in
exchange markets. C is incorrect because the risk management uses are not limited by
being traded over the counter.

4. TYPES OF DERIVATIVES

As previously stated, derivatives fall into two general classifications: forward commitments and
contingent claims. The factor that distinguishes forward commitments from contingent claims
is that the former ob/igate the parties to engage in a transaction at a future date on terms agreed
upon in advance, whereas the latter provide one party the right bur not the obligation to engage
in a future transaction on terms agreed upon in advance.

4.1. Forward Commitments

Forward commitments are contracts entered into at one point in time that require both parties
to engage in a transaction at a later point in time (the expiration) on terms agreed upon at the
start. The parties establish the identity and quantity of the underlying, the manner in which
the contract will be executed or settled when it expires, and the fixed price at which the under-
lying will be exchanged. This fixed price is called the forward price.

As a hypothetical example of a forward contract, suppose that today Markus and Johannes
enter into an agreement that Markus will sell his BMW to Johannes for a price of €30,000. The
transaction will take place on a specified date, say, 180 days from today. At that time, Markus will
deliver the vehicle to Johanness home and Johannes will give Markus a bank-certified check for
€30,000. There will be no recourse, so if the vehicle has problems later, Johannes cannot go back
to Markus for compensation. It should be clear that both Markus and Johannes must do their due
diligence and carefully consider the reliability of each other. The car could have serious quality
issues and Johannes could have financial problems and be unable to pay the €30,000. Obviously,
the transaction is essentially unregulated. Either party could renege on his obligation, in response
to which the other party could go to court, provided a formal contract exists and is carefully
written. Note finally that one of the two parties is likely to end up gaining and the other losing,
depending on the secondary market price of this type of vehicle at expiration of the contract.

This example is quite simple but illustrates the essential elements of a forward contract. In
the financial world, such contracts are very carefully written, with legal provisions that guard
against fraud and require extensive credit checks. Now let us take a deeper look at the charac-
teristics of forward contracts.
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4.1.1. Forward Contracts
The following is the formal definition of a forward contract:

A forward contract is an over-the-counter derivative contract in which two parties agree
that one party, the buyer, will purchase an underlying asset from the other party, the seller,
at a later date at a fixed price they agree on when the contract is signed.

In addition to agreeing on the price at which the underlying asset will be sold at a later
date, the two parties also agree on several other matters, such as the specific identity of the
underlying, the number of units of the underlying that will be delivered, and where the future
delivery will occur. These are important points but relatively minor in this discussion, so they
can be left out of the definition to keep it uncluttered.

As noted earlier, a forward contract is a commitment. Each party agrees that it will fulfill
its responsibility at the designated future date. Failure to do so constitutes a default and the
non-defaulting party can institute legal proceedings to enforce performance. It is important
to recognize that although either party could default to the other, only one party at a time can
default. The party owing the greater amount could default to the other, but the party owing the
lesser amount cannot default because its claim on the other party is greater. The amount owed
is always based on the net owed by one party to the other.

To gain a better understanding of forward contracts, it is necessary to examine their pay-
offs. As noted, forward contracts—and indeed all derivatives—take (derive) their payoffs from
the performance of the underlying asset. To illustrate the payoff of a forward contract, start
with the assumption that we are at time 7= 0 and that the forward contract expires at a later
date, time #= 7.5 The spot price of the underlying asset at time 0 is S, and at time 7'is S7. Of
course, when we initiate the contract at time 0, we do not know what S7 will ultimately be.
Remember that the two parties, the buyer and the seller, are going long and short, respectively.

At time # = 0, the long and the short agree that the short will deliver the asset to the long
at time 7 for a price of Fy(7). The notation Fy(7) denotes that this value is established at time
0 and applies to a contract expiring at time 7. Fy(7') is the forward price. Later, you will learn
how the forward price is determined. It turns out that it is quite easy to do, but we do not need
to know right now.°

So, let us assume that the buyer enters into the forward contract with the seller for a
price of Fy(T), with delivery of one unit of the underlying asset to occur at time 7. Now, let
us roll forward to time 7, when the price of the underlying is S The long is obligated to pay
Fy(T), for which he receives an asset worth S7. If S-> Fy(T), it is clear that the transaction has
worked out well for the long. He paid Fy(7) and receives something of greater value. Thus,
the contract effectively pays off S7— Fy(T) to the long, which is the value of the contract at
expiration. The short has the mirror image of the long. He is required to deliver the asset worth
St and accept a smaller amount, Fy(7). The contract has a payoff for him of Fy(7") — Sz, which

5Such notations as 7= 0 and 7= 7 are commonly used in explaining derivatives. To indicate that #= 0
simply means that we initiate a contract at an imaginary time designated like a counter starting at zero.
To indicate that the contract expires at #= T simply means that at some future time, designated as 7, the
contract expires. Time 7 could be a certain number of days from now or a fraction of a year later or 7°
years later. We will be more specific in later readings that involve calculations. For now, just assume that
t=0and r= T are two dates—the initiation and the expiration—of the contract.

6This point is covered more fully elsewhere in the readings on derivatives, but we will see it briefly later
in this reading.
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is negative. Even if the asset’s value, S7; is less than the forward price, Fy(7), the payoffs are
still S7— Fy(7) for the long and Fy(T") — S for the short. We can consolidate these results by
writing the short’s payoff as the negative of the long’s, —[S7— Fy(7)], which serves as a useful
reminder that the long and the short are engaged in a zero-sum game, which is a type of com-
petition in which one participant’s gains are the other’s losses. Although both lose a modest
amount in the sense of both having some costs to engage in the transaction, these costs are
relatively small and worth ignoring for our purposes at this time. In addition, it is worthwhile
to note how derivatives transform the performance of the underlying. The gain from owning
the underlying would be S7— S, whereas the gain from owning the forward contract would be
St~ Fyo(T). Both figures are driven by Sz, the price of the underlying at expiration, but they
are not the same.
Exhibit 1 illustrates the payoffs from both buying and selling a forward contract.

EXHIBIT 1  Payoffs from a Forward Contract

A. Payoff from Buying = St— Fy(T)
Payoff

St

B. Payoff from Selling = —[St— Fyo(T)]
Payoff
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The long hopes the price of the underlying will rise above the forward price, Fy(7'), where-
as the short hopes the price of the underlying will fall below the forward price. Except in the
extremely rare event that the underlying price at 7" equals the forward price, there will ulti-
mately be a winner and a loser.

An important element of forward contracts is that no money changes hands between par-
ties when the contract is initiated. Unlike in the purchase and sale of an asset, there is no value
exchanged at the start. The buyer does not pay the seller some money and obtain something.
In fact, forward contracts have zero value at the start. They are neither assets nor liabilities. As
you will learn in later readings, their values will deviate from zero later as prices move. Forward
contracts will almost always have non-zero values at expiration.

As noted previously, the primary purpose of derivatives is for risk management. Although
the uses of forward contracts are covered in depth later in the curriculum, there are a few things
to note here about the purposes of forward contracts. It should be apparent that locking in
the future buying or selling price of an underlying asset can be extremely attractive for some
parties. For example, an airline anticipating the purchase of jet fuel at a later date can enter
into a forward contract to buy the fuel at a price agreed upon when the contract is initiated. In
so doing, the airline has hedged its cost of fuel. Thus, forward contracts can be structured to
create a perfect hedge, providing an assurance that the underlying asset can be bought or sold
at a price known when the contract is initiated. Likewise, speculators, who ultimately assume
the risk laid off by hedgers, can make bets on the direction of the underlying asset without
having to invest the money to purchase the asset itself.

Finally, forward contracts need not specifically settle by delivery of the underlying asset.
They can settle by an exchange of cash. These contracts—called non-deliverable forwards
(NDFs), cash-settled forwards, or contracts for differences—have the same economic effect
as do their delivery-based counterparts. For example, for a physical delivery contract, if the
long pays Fy(7") and receives an asset worth S7; the contract is worth S7— Fy(7) to the long
at expiration. A non-deliverable forward contract would have the short simply pay cash to the
long in the amount of S7— Fy(7). The long would not take possession of the underlying asset,
but if he wanted the asset, he could purchase it in the market for its current price of S7. Because
he received a cash settlement in the amount of S7— Fy(7), in buying the asset the long would
have to pay out only S7— [S7— Fy(T)], which equals (7). Thus, the long could acquire the
asset, effectively paying Fy(7), exactly as the contract promised. Transaction costs do make
cash settlement different from physical delivery, but this point is relatively minor and can be
disregarded for our purposes here.

As previously mentioned, forward contracts are OTC contracts. There is no formal for-
ward contract exchange. Nonetheless, there are exchange-traded variants of forward contracts,
which are called futures contracts or just futures.

4.1.2. Futures
Futures contracts are specialized versions of forward contracts that have been standardized and
that trade on a futures exchange. By standardizing these contracts and creating an organized
market with rules, regulations, and a central clearing facility, the futures markets offer an ele-
ment of liquidity and protection against loss by default.

Formally, a futures contract is defined as follows:

A futures contract is a standardized derivative contract created and traded on a futures
exchange in which two parties agree that one party, the buyer, will purchase an underlying
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asset from the other party, the seller, at a later date and ar a price agreed on by the two
parties when the contract is initiated and in which there is a daily settling of gains and
losses and a credit guarantee by the futures exchange through its clearinghouse.

First, let us review what standardization means. Recall that in forward contracts, the par-
ties customize the contract by specifying the underlying asset, the time to expiration, the de-
livery and settlement conditions, and the quantity of the underlying, all according to whatever
terms they agree on. These contracts are not traded on an exchange. As noted, the regulation of
OTC derivatives markets is increasing, but these contracts are not subject to the traditionally
high degree of regulation that applies to securities and futures markets. Futures contracts first
require the existence of a futures exchange, a legally recognized entity that provides a market
for trading these contracts. Futures exchanges are highly regulated at the national level in all
countries. These exchanges specify that only certain contracts are authorized for trading. These
contracts have specific underlying assets, times to expiration, delivery and settlement condi-
tions, and quantities. The exchange offers a facility in the form of a physical location and/or an
electronic system as well as liquidity provided by authorized market makers.

Probably the most important distinctive characteristic of futures contracts is the daily
settlement of gains and losses and the associated credit guarantee provided by the exchange
through its clearinghouse. When a party buys a futures contract, it commits to purchase the
underlying asset at a later date and at a price agreed upon when the contract is initiated. The
counterparty (the seller) makes the opposite commitment, an agreement to sell the underlying
asset at a later date and at a price agreed upon when the contract is initiated. The agreed-upon
price is called the futures price. Identical contracts trade on an ongoing basis at different
prices, reflecting the passage of time and the arrival of new information to the market. Thus,
as the futures price changes, the parties make and lose money. Rising (falling) prices, of course,
benefit (hurt) the long and hurt (benefit) the short. At the end of each day, the clearinghouse
engages in a practice called mark to market, also known as the daily settlement. The clear-
inghouse determines an average of the final futures trades of the day and designates that price
as the settlement price. All contracts are then said to be marked to the settlement price. For
example, if the long purchases the contract during the day at a futures price of £120 and the
settlement price at the end of the day is £122, the long’s account would be marked for a gain
of £2. In other words, the long has made a profit of £2 and that amount is credited to his
account, with the money coming from the account of the short, who has lost £2. Naturally, if
the futures price decreases, the long loses money and is charged with that loss, and the money
is transferred to the account of the short.”

The account is specifically referred to as a margin account. Of course, in equity markets,
margin accounts are commonly used, but there are significant differences between futures
margin accounts and equity margin accounts. Equity margin accounts involve the extension
of credit. An investor deposits part of the cost of the stock and borrows the remainder at a rate
of interest. With futures margin accounts, both parties deposit a required minimum sum of
money, but the remainder of the price is not borrowed. This required margin is typically less

7The actual amount of money charged and credited depends on the contract size and the number of
contracts. A price of £120 might actually refer to a contract that has a standard size of £100,000. Thus,
£120 might actually mean 120% of the standard size, or £120,000. In addition, the parties are likely
to hold more than one contract. Hence, the gain of £2 referred to in the text might really mean £2,000
(122% minus 120% times the £100,000 standard size) times the number of contracts held by the party.
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than 10% of the futures price, which is considerably less than in equity margin trading. In the
example above, let us assume that the required margin is £10, which is referred to as the initial
margin. Both the long and the short put that amount into their respective margin accounts.
‘This money is deposited there to support the trade, not as a form of equity, with the remaining
amount borrowed. There is no formal loan created as in equity markets. A futures margin is
more of a performance bond or good faith deposit, terms that were previously mentioned. It is
simply an amount of money put into an account that covers possible future losses.

Associated with each initial margin is another figure called the maintenance margin. The
maintenance margin is the amount of money that each participant must maintain in the ac-
count after the trade is initiated, and it is always significantly lower than the initial margin. Let
us assume that the maintenance margin in this example is £6. If the buyer’s account is marked
to market with a credit of £2, his margin balance moves to £12, while the seller’s account is
charged £2 and his balance moves to £8. The clearinghouse then compares each participants
balance with the maintenance margin. At this point, both participants more than meet the
maintenance margin.

Let us say, however, that the price continues to move in the long’s favor and, therefore,
against the short. A few days later, assume that the short’s balance falls to £4, which is below
the maintenance margin requirement of £6. The short will then get a margin call, which is
a request to deposit additional funds. The amount that the short has to deposit, however, is
not the £2 that would bring his balance up to the maintenance margin. Instead, the short
must deposit enough funds to bring the balance up to the initial margin. So, the short must
come up with £6. The purpose of this rule is to get the party’s position significantly above the
minimum level and provide some breathing room. If the balance were brought up only to the
maintenance level, there would likely be another margin call soon. A party can choose not to
deposit additional funds, in which case the party would be required to close out the contract
as soon as possible and would be responsible for any additional losses until the position is
closed.

As with forward contracts, neither party pays any money to the other when the contract
is initiated. Value accrues as the futures price changes, but at the end of each day, the mark-
to-market process settles the gains and losses, effectively resetting the value for each party
to zero.

The clearinghouse moves money between the participants, crediting gains to the winners
and charging losses to the losers. By doing this on a daily basis, the gains and losses are typi-
cally quite small, and the margin balances help ensure that the clearinghouse will collect from
the party losing money. As an extra precaution, in fast-moving markets, the clearinghouse
can make margin calls during the day, not just at the end of the day. Yet there still remains
the possibility that a party could default. A large loss could occur quickly and consume the
entire margin balance, with additional money owed.® If the losing party cannot pay, the clear-
inghouse provides a guarantee that it will make up the loss, which it does by maintaining an
insurance fund. If that fund were depleted, the clearinghouse could levy a tax on the other
market participants, though that has never happened.

8For example, let us go back to when the short had a balance of £4, which is £2 below the maintenance
margin and £6 below the initial margin. The short will get a margin call, but suppose he elects not to
deposit additional funds and requests that his position be terminated. In a fast-moving market, the price
might increase more than £4 before his broker can close his position. The remaining balance of £4 would
then be depleted, and the short would be responsible for any additional losses.



16 Derivatives

Some futures contracts contain a provision limiting price changes. These rules, called
price limits, establish a band relative to the previous day’s settlement price, within which all
trades must occur. If market participants wish to trade at a price above the upper band, trading
stops, which is called limit up, until two parties agree on a trade at a price lower than the upper
limit. Likewise, if market participants wish to trade at a price below the lower band, which
is called limit down, no trade can take place until two parties agree to trade at a price above
the lower limit. When the market hits these limits and trading stops, it is called locked limit.
Typically, the exchange rules provide for an expansion of the limits the next day. These price
limits, which may be somewhat objectionable to proponents of free markets, are important in
helping the clearinghouse manage its credit exposure. Just because two parties wish to trade
a futures contract at a price beyond the limits does not mean they should be allowed to do
so. The clearinghouse is a third participant in the contract, guaranteeing to each party that it
ensures against the other party defaulting. Therefore, the clearinghouse has a vested interest
in the price and considerable exposure. Sharply moving prices make it more difficult for the
clearinghouse to collect from the parties losing money.

Most participants in futures markets buy and sell contracts, collecting their profits and
incurring their losses, with no ultimate intent to make or take delivery of the underlying asset.
For example, the long may ultimately sell her position before expiration. When a party re-enters
the market at a later date but before expiration and engages in the opposite transaction—a long
selling her previously opened contract or a short buying her previously opened contract—the
transaction is referred to as an offset. The clearinghouse marks the contract to the current price
relative to the previous settlement price and closes out the participant’s position.

At any given time, the number of outstanding contracts is called the open interest.
Each contract counted in the open interest has a long and a corresponding short. The open
interest figure changes daily as some parties open up new positions, while other parties offset
their old positions. It is theoretically possible that all longs and shorts offset their positions
before expiration, leaving no open interest when the contract expires, but in practice there
is nearly always some open interest at expiration, at which time there is a final delivery or
settlement.

When discussing forward contracts, we noted that a contract could be written such that
the parties engage in physical delivery or cash settlement at expiration. In the futures markets,
the exchange specifies whether physical delivery or cash settlement applies. In physical delivery
contracts, the short is required to deliver the underlying asset at a designated location and the
long is required to pay for it. Delivery replaces the mark-to-market process on the final day. It
also ensures an important principle that you will use later: 7he futures price converges to the spor
price at expiration. Because the short delivers the actual asset and the long pays the current spot
price for it, the futures price at expiration has to be the spot price at that time. Alternatively, a
futures contract initiated right at the instant of expiration is effectively a spot transaction and,
therefore, the futures price at expiration must equal the spot price. Following this logic, in cash
settlement contracts, there is a final mark to market, with the futures price formally set to the
spot price, thereby ensuring automatic convergence.

In discussing forward contracts, we described the process by which they pay off as the spot
price at expiration minus the forward price, S7— Fy(7), the former determined at expiration
and the lacter agreed upon when the contract is initiated. Futures contracts basically pay off
the same way, but there is a slight difference. Let us say the contract is initiated on Day 0 and
expires on Day 7. The intervening days are designated Days 1, 2, ..., 7. The initial futures
price is designated fj(7) and the daily settlement prices on Days 1, 2, ..., T are designated
J(D), A(T), ..., fAT). There are, of course, futures prices within each trading day, but let us
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focus only on the settlement prices for now. For simplicity, let us assume that the long buys at
the settlement price on Day 0 and holds the position all the way to expiration. Through the
mark-to-market process, the cash flows to the account of the long will be

A(T) - f(T) on Day 1
H(T) = fi(T) on Day 2
S(T) = A(T) on Day 3

JHT) = fr4(T) on Day T

These add up to

JHAT) - fo(T) on Day T.

And because of the convergence of the final futures price to the spot price,

S = (1) = S7= (1),

which is the same as with forward contracts.” Note, however, that the timing of these profits is
different from that of forwards. Forward contracts realize the full amount, S— f5(7), at expi-
ration, whereas futures contracts realize this amount in parts on a day-to-day basis. Naturally,
the time value of money principle says that these are not equivalent amounts of money. But
the differences tend to be small, particularly in low-interest-rate environments, some of these
amounts are gains and some are losses, and most futures contracts have maturities of less than
a year.

But the near equivalence of the profits from a futures and a forward contract disguises
an important distinction between these types of contracts. In a forward contact, with the
entire payoff made at expiration, a loss by one party can be large enough to trigger a default.
Hence, forward contracts are subject to default and require careful consideration of the credit
quality of the counterparties. Because futures contracts settle gains and collect losses daily, the
amounts that could be lost upon default are much smaller and naturally give the clearinghouse
much greater flexibility to manage the credit risk it assumes.

Unlike forward markets, futures markets are highly regulated at the national level. Na-
tional regulators are required to approve new futures exchanges and even new contracts pro-
posed by existing exchanges as well as changes in margin requirements, price limits, and any
significant changes in trading procedures. Violations of futures regulations can be subject to
governmental prosecution. In addition, futures markets are far more transparent than forward
markets. Futures prices, volume, and open interest are widely reported and easily obtained.
Futures prices of nearby expiring contracts are often used as proxies for spot prices, particularly
in decentralized spot markets, such as gold, which trades in spot markets all over the world.

In spite of the advantages of futures markets over forward markets, forward markets
also have advantages over futures markets. Transparency is not always a good thing. Forward
markets offer more privacy and fewer regulatory encumbrances. In addition, forward markets
offer more flexibility. With the ability to tailor contracts to the specific needs of participants,

9Because of this equivalence, we will not specifically illustrate the profit graphs of futures contracts. You
can generally treat them the same as those of forwards, which were shown in Exhibit 1.



18 Derivatives

forward contracts can be written exactly the way the parties want. In contrast, the standard-
ization of futures contracts makes it more difficult for participants to get exactly what they
want, even though they may get close substitutes. Yet, futures markets offer a valuable credit
guarantee.

Like forward markets, futures markets can be used for hedging or speculation. For ex-
ample, a jewelry manufacturer can buy gold futures, thereby hedging the price it will have to
pay for one of its key inputs. Although it is more difficult to construct a futures strategy that
hedges perfectly than to construct a forward strategy that does so, futures offer the benefit of
the credit guarantee. It is not possible to argue that futures are better than forwards or vice
versa. Market participants always trade off advantages against disadvantages. Some participants
prefer futures, and some prefer forwards. Some prefer one over the other for certain risks and
the other for other risks. Some might use one for a particular risk at a point in time and a
different instrument for the same risk at another point in time. The choice is a matter of taste
and constraints.

The third and final type of forward commitment we will cover is swaps. They go a step
further in committing the parties to buy and sell something at a later date: They obligate the
parties to a sequence of multiple purchases and sales.

4.1.3. Swaps

The concept of a swap is that two parties exchange (swap) a series of cash flows. One set of cash
flows is variable or floating and will be determined by the movement of an underlying asset or
rate. The other set of cash flows can be variable and determined by a different underlying asset
or rate, or it can be fixed. Formally, a swap is defined as follows:

A swap is an over-the-counter derivative contract in which two parties agree to exchange a
series of cash flows whereby one party pays a variable series that will be determined by an
underlying asset or rate and the other party pays either (1) a variable series determined by
a different underlying asset or rate or (2) a fixed series.

As with forward contracts, swap contracts also contain other terms—such as the identity
of the underlying, the relevant payment dates, and the payment procedure—that are nego-
tiated between the parties and written into the contract. A swap is a bit more like a forward
contract than a futures contract in that it is an OTC contract, so it is privately negotiated and
subject to default. Nonetheless, the similarities between futures and forwards apply to futures
and swaps and, indeed, combinations of futures contracts expiring at different dates are often
compared to swaps.

As with forward contracts, either party can default but only one party can default at a
particular time. The money owed is always based on the net owed by one party to the oth-
er. Hence, the party owing the lesser amount cannot default to the party owing the greater
amount. Only the latter can default, and the amount it owes is the net of what it owes and
what is owed to it, which is also true with forwards.

Swaps are relatively young financial instruments, having been created only in the early
1980s. Thus, it may be somewhat surprising to learn that the swap is the most widely used
derivative, a likely result of its simplicity and embracement by the corporate world. The most
common swap is the fixed-for-floating interest rate swap. In fact, this type of swap is so com-
mon that it is often called a “plain vanilla swap” or just a “vanilla swap,” owing to the notion
that vanilla ice cream is considered plain (albeit tasty).



Chapter 1 Derivative Markets and Instruments 19

Let us examine a scenario in which the vanilla interest rate swap is frequently used. Sup-
pose a corporation borrows from a bank at a floating rate. It would prefer a fixed rate, which
would enable it to better anticipate its cash flow needs in making its interest payments.'? The
corporation can effectively convert its floating-rate loan to a fixed-rate loan by adding a swap,
as shown in Exhibit 2.

EXHIBIT 2 Using an Interest Rate Swap to Convert a Floating-Rate Loan to a Fixed-Rate Loan

(floating swap payments)
Corporation Borrowing at | <«
Floating Rate >

Swap Dealer

(fixed swap payments)

(floating interest payments)

Y

Bank Lender

The interest payments on the loan are tied to a specific floating rate. For a dollar-based
loan, that rate has typically been US dollar Libor.!! The payments would be based on the rate
from the Libor market on a specified reset date times the loan balance times a factor reflecting
the number of days in the current interest calculation period. The actual payment is made
at a later date. Thus, for a loan balance of, say, $10 million with monthly payments, the rate
might be based on Libor on the first business day of the month, with interest payable on the
first business day of the next month, which is the next reset date, and calculated as $10 million
times the rate times 30/360. The 30/360 convention, an implicit assumption of 30 days in a
month, is common but only one of many interest calculation conventions used in the financial
world. Often, “30” is replaced by the exact number of days since the last interest payment.
The use of a 360-day year is a common assumption in the financial world, which originated
in the pre-calculator days when an interest rate could be multiplied by a number like 30/360,
60/360, 90/360, etc., more easily than if 365 were used.

Whatever the terms of the loan are, the terms of the swap are typically set to match those
of the loan. Thus, a Libor-based loan with monthly payments based on the 30/360 conven-
tion would be matched with a swap with monthly payments based on Libor and the 30/360
convention and the same reset and payment dates. Although the loan has an actual balance
(the amount owed by borrower to creditor), the swap does not have such a balance owed by

19Banks prefer to make floating-rate loans because their own funding is typically short term and at float-
ing rates. Thus, their borrowing rates reset frequently, giving them a strong incentive to pass that risk on
to their customers through floating-rate loans.

Recall that US dollar Libor (London Interbank Offered Rate) is the estimated rate on a dollar-based
loan made by one London bank to another. Such a loan takes the form of a time deposit known as a
Eurodollar because it represents a dollar deposited in a European bank account. In fact, Libor is the
same as the so-called Eurodollar rate. The banks involved can be British banks or British branches of
non-British banks. The banks estimate their borrowing rates, and a single average rate is assembled and
reported each day. That rate is then commonly used to set the rate on many derivative contracts.
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one party to the other. Thus, it has no principal, but it does have a balance of sorts, called the
notional principal, which ordinarily matches the loan balance. A loan with only one princi-
pal payment, the final one, will be matched with a swap with a fixed notional principal. An
amortizing loan, which has a declining principal balance, will be matched with a swap with a
pre-specified declining notional principal that matches the loan balance.

As with futures and forwards, no money changes hands at the start; thus, the value of a
swap when initiated must be zero. The fixed rate on the swap is determined by a process that
forces the value to zero, a procedure that will be covered later in the curriculum. As market
conditions change, the value of a swap will deviate from zero, being positive to one party and
negative to the other.

As with forward contracts, swaps are subject to default, but because the notional amount
of a swap is not typically exchanged, the credit risk of a swap is much less than that of a loan.!?
The only money passing from one party to the other is the net difference between the fixed
and floating interest payments. In fact, the parties do not even pay each other. Only one party
pays the other, as determined by the net of the greater amount owed minus the lesser amount.
This does not mean that swaps are not subject to a potentially large amount of credit risk. At
a given point in time, one party could default, effectively owing the value of all remaining
payments, which could substantially exceed the value that the non-defaulting party owes to
the defaulting party. Thus, there is indeed credit risk in a swap. This risk must be managed
by careful analysis before the transaction and by the potential use of such risk-mitigating
measures as collateral.

There are also interest rate swaps in which one party pays on the basis of one interest
rate and the other party pays on the basis of a different interest rate. For example, one
party might make payments at Libor, whereas the other might make payments on the
basis of the US Treasury bill rate. The difference between Libor and the T-bill rate, often
called the TED spread (T-bills versus Eurodollar), is a measure of the credit risk premium
of London banks, which have historically borrowed short term at Libor, versus that of the
US government, which borrows short term at the T-bill rate. This transaction is called a
basis swap. There are also swaps in which the floating rate is set as an average rate over the
period, in accordance with the convention for many loans. Some swaps, called overnight
indexed swaps, are tied to a Fed funds—type rate, reflecting the rate at which banks bor-
row overnight. As we will cover later, there are many other different types of swaps that
are used for a variety of purposes. The plain vanilla swap is merely the simplest and most
widely used.

Because swaps, forwards, and futures are forward commitments, they can all accomplish
the same thing. One could create a series of forwards or futures expiring at a set of dates that
would serve the same purpose as a swap. Although swaps are better suited for risks that in-
volve multiple payments, at its most fundamental level, a swap is more or less just a series of
forwards and, acknowledging the slight differences discussed above, more or less just a series
of futures.

2t is possible that the notional principal will be exchanged in a currency swap, whereby each party
makes a series of payments to the other in different currencies. Whether the notional principal is ex-
changed depends on the purpose of the swap. This point will be covered later in the curriculum. At this
time, you should see that it would be fruitless to exchange notional principals in an interest rate swap be-
cause that would mean each party would give the other the same amount of money when the transaction
is initiated and re-exchange the same amount of money when the contract terminates.
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EXAMPLE 3  Forward Contracts, Futures Contracts, and Swaps

1. Which of the following characterizes forward contracts and swaps but not futures?
A. They are customized.
B. They are subject to daily price limits.
C. Their payoffs are received on a daily basis.
2. Which of the following distinguishes forwards from swaps?
A. Forwards are OTC instruments, whereas swaps are exchange traded.
B. Forwards are regulated as futures, whereas swaps are regulated as securities.
C. Swaps have multiple payments, whereas forwards have only a single payment.
3. Which of the following occurs in the daily settlement of futures contracts?
A. Initial margin deposits are refunded to the two parties.
B. Gains and losses are reported to other market participants.
C. Losses are charged to one party and gains credited to the other.

Solution to 1: A is correct. Forwards and swaps are OTC contracts and, therefore, are
customized. Futures are exchange traded and, therefore, are standardized. Some futures
contracts are subject to daily price limits and their payoffs are received daily, but these
characteristics are not true for forwards and swaps.

Solution to 2: C is correct. Forwards and swaps are OTC instruments and both are regu-
lated as such. Neither is regulated as a futures contract or a security. A swap is a series of
multiple payments at scheduled dates, whereas a forward has only one payment, made
at its expiration date.

Solution to 3: Cis correct. Losses and gains are collected and distributed to the respective
parties. There is no specific reporting of these gains and losses to anyone else. Initial
margin deposits are not refunded and, in fact, additional deposits may be required.

This material completes our introduction to forward commitments. All forward com-
mitments are firm contracts. The parties are required to fulfill the obligations they agreed to.
‘The benefit of this rigidity is that neither party pays anything to the other when the contract
is initiated. If one party needs some flexibility, however, it can get it by agreeing to pay the
other party some money when the contract is initiated. When the contract expires, the party
who paid at the start has some flexibility in deciding whether to buy the underlying asset at the
fixed price. Thus, that party did not actually agree to do anything. It had a choice. This is the

nature of contingent claims.

4.2. Contingent Claims

A contingent claim is a derivative in which the outcome or payoff is dependent on the out-
come or payoff of an underlying asset. Although this characteristic is also associated with
forward commitments, a contingent claim has come to be associated with a right, but not an
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obligation, to make a final payment contingent on the performance of the underlying. Given
that the holder of the contingent claim has a choice, the term contingent claim has become
synonymous with the term option. The holder has a choice of whether or not to exercise the op-
tion. This choice creates a payoff that transforms the underlying payoff in a more pronounced
manner than does a forward, futures, or swap. Those instruments provide linear payoffs: As the
underlying goes up (down), the derivative gains (loses). The further up (down) the underlying
goes, the more the derivative gains (loses). Options are different in that they limit losses in one
direction. In addition, options can pay off as the underlying goes down. Hence, they transform
the payoffs of the underlying into something quite different.

4.2.1. Options

We might say that an option, as a contingent claim, grants the right but not the obligation to
buy an asset at a later date and at a price agreed on when the option is initiated. But there are so
many variations of options that we cannot settle on this statement as a good formal definition.
For one thing, options can also grant the right to sell instead of the right to buy. Moreover,
they can grant the right to buy or sell earlier than at expiration. So, let us see whether we can
combine these points into an all-encompassing definition of an option.

An option is a derivative contract in which one party, the buyer, pays a sum of money to
the other party, the seller or writer, and receives the right to either buy or sell an under-
lying asset at a fixed price either on a specific expiration date or at any time prior to the
expiration date.

Unfortunately, even that definition does not cover every unique aspect of options. For
example, options can be created in the OTC market and customized to the terms of each par-
ty, or they can be created and traded on options exchanges and standardized. As with forward
contracts and swaps, customized options are subject to default but are less regulated and rela-
tively transparent. Exchange-traded options are protected against default by the clearinghouse
of the options exchange and are relatively transparent and regulated at the national level. As
noted in the definition above, options can be terminated early or at their expirations. When an
option is terminated, either early or at expiration, the holder of the option chooses whether to
exercise it. If he exercises it, he either buys or sells the underlying asset, but he does not have
both rights. The right to buy is one type of option, referred to as a call or call option, whereas
the right to sell is another type of option, referred to as a put or put option. With one very
unusual and advanced exception that we do not cover, an option is either a call or a put, and
that point is made clear in the contract.

An option is also designated as exercisable early (before expiration) or only at expiration.
Options that can be exercised eatly are referred to as American-style. Options that can be
exercised only at expiration are referred to as European-style. /7 is extremely important that you
do not associate these terms with where these options are traded. Both types of options trade on
all continents."?

3 For example, you do not associate French dressing with France. It is widely available and enjoyed
worldwide. If you dig deeper into the world of options, you will find Asian options and Bermuda options.
Geography is a common source of names for options as well as foods and in no way implies that the
option or the food is available only in that geographical location.
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As with forwards and futures, an option can be exercised by physical delivery or cash
settlement, as written in the contract. For a call option with physical delivery, upon exercise
the underlying asset is delivered to the call buyer, who pays the call seller the exercise price.
For a put option with physical delivery, upon exercise the put buyer delivers the underlying
asset to the put seller and receives the strike price. For a cash settlement option, exercise
results in the seller paying the buyer the cash equivalent value as if the asset were delivered
and paid for.

The fixed price at which the underlying asset can be purchased is called the exercise price
(also called the “strike price,” the “strike,” or the “striking price”). This price is somewhat
analogous to the forward price because it represents the price at which the underlying will be
purchased or sold if the option is exercised. The forward price, however, is set in the pricing
of the contract such that the contract value at the start is zero. The strike price of the option
is chosen by the participants. The actual price or value of the option is an altogether different
concept.

As noted, the buyer pays the writer a sum of money called the option premium, or just
the “premium.” It represents a fair price of the option, and in a well-functioning market, it
would be the value of the option. Consistent with everything we know about finance, it is the
present value of the cash flows that are expected to be received by the holder of the option
during the life of the option. At this point, we will not get into how this price is determined,
but you will learn that later. For now, there are some fundamental concepts you need to un-
derstand, which form a basis for understanding how options are priced and why anyone would
use an option.

Because the option buyer (the long) does not have to exercise the option, beyond the
initial payment of the premium, there is no obligation of the long to the short. Thus, only
the short can default, which would occur if the long exercises the option and the short
fails to do what it is supposed to do. Thus, in contrast to forwards and swaps, in which
either party could default to the other, default in options is possible only from the short
to the long.

Ruling out the possibility of default for now, let us examine what happens when an op-
tion expires. Using the same notation used previously, let S7be the price of the underlying at
the expiration date, 7, and X be the exercise price of the option. Remember that a call option
allows the holder, or long, to pay X and receive the underlying. It should be obvious that the
long would exercise the option at expiration if S7is greater than X, meaning that the under-
lying value is greater than what he would pay to obtain the underlying. Otherwise, he would
simply let the option expire. Thus, on the expiration date, the option is described as having a
payoff of Max(0,S7— X). Because the holder of the option would be entitled to exercise it and
claim this amount, it also represents the value of the option at expiration. Let us denote that
value as ¢7. Thus,

cr=Max(0,S7- X) (payoft to the call buyer),

which is read as “take the maximum of either zero or S7— X.” Thus, if the underlying value
exceeds the exercise price (S7 > X), then the option value is positive and equal to S7— X.
The call option is then said to be in the money. If the underlying value is less than the
exercise price (S7 < X), then S — X is negative; zero is greater than a negative number, so
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the option value would be zero. When the underlying value is less than the exercise price,
the call option is said to be out of the money. When S7= X, the call option is said to be
at the money, although at the money s, for all practical purposes, out of the money because
the value is still zero.

This payoff amount is also the value of the option at expiration. It represents value
because it is what the option is worth at that point. If the holder of the option sells it to
someone else an instant before expiration, it should sell for that amount because the new
owner would exercise it and capture that amount. To the seller, the value of the option at
that point is —~Max(0,57— X), which is negative to the seller if the option is in the money and
zero otherwise.

Using the payoff value and the price paid for the option, we can determine the profit from
the strategy, which is denoted with the Greek symbol 1. Let us say the buyer paid ¢, for the
option at time 0. Then the profit is

[1= Max(0,S7—X) — ¢ (profit to the call buyer),

To the seller, who received the premium at the start, the payoff is

—c7=-Max(0,S7— X) (payoff to the call seller),

The profit is

[1=-Max(0,S7—-X) + ¢y (profit to the call seller).

Exhibit 3 illustrates the payoffs and profits to the call buyer and seller as graphical rep-
resentations of these equations, with the payoff or value at expiration indicated by the dark
line and the profit indicated by the light line. Note in Panel A that the buyer has no upper
limit on the profit and has a fixed downside loss limit equal to the premium paid for the
option. Such a condition, with limited loss and unlimited gain, is a temptation to many
unsuspecting investors, but keep in mind that the graph does not indicate the frequency with
which gains and losses will occur. Panel B is the mirror image of Panel A and shows that the
seller has unlimited losses and limited gains. One might suspect that selling a call is, there-
fore, the worst investment strategy possible. Indeed, it is a risky strategy, but at this point
these are only simple strategies. Other strategies can be added to mitigate the seller’s risk to
a substantial degree.
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EXHIBIT 3  Payoff and Profit from a Call Option

A. Payoff and Profit from Buying
Payoff and Profit
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B. Payoff and Profit from Selling
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Now let us consider put options. Recall that a put option allows its holder to sell the un-
derlying asset at the exercise price. Thus, the holder should exercise the put at expiration if the
underlying asset is worth less than the exercise price (S7< X). In that case, the put is said to be
in the money. If the underlying asset is worth the same as the exercise price (7= X), meaning
the put is at the money, or more than the exercise price (S7> X), meaning the put is out of the
money, the option holder would not exercise it and it would expire with zero value. Thus, the
payoff to the put holder is

pr=Max(0,X~- S7) (payoff to the put buyer),

If the put buyer paid py for the put at time 0, the profit is

[1=Max(0,.X - S7) — po (profit to the put buyer),
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And for the seller, the payoff is

—pr=-Max(0,X - Sy) (payoff to the put seller),
And the profit is

[1=-Max(0,X - S7) + po (profit to the put seller).

Exhibit 4 illustrates the payoffs and profits to the buyer and seller of a put.

EXHIBIT 4  Payoff and Profit from a Put Option

A. Payoff and Profit from Buying

Payoff and Profit
Payoff
Profit
0
PO feeeccccensiinnnn
X St

B. Payoff and Profit from Selling

Payoff and Profit
Po feececrieeninens §
Profit

0
Payoff

The put buyer has a limited loss, and although the gain is limited by the fact that the un-
derlying value cannot go below zero, the put buyer does gain more the lower the value of the
underlying. In this manner, we see how a put option is like insurance. Bad outcomes for the
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underlying trigger a payoff for both the insurance policy and the put, whereas good outcomes
result only in loss of the premium. The put seller, like the insurer, has a limited gain and a loss
that is larger the lower the value of the underlying. As with call options, these graphs must be
considered carefully because they do not indicate the frequency with which gains and losses
will occur. At this point, it should be apparent that buying a call option is consistent with a
bullish point of view and buying a put option is consistent with a bearish point of view. More-
over, in contrast to forward commitments, which have payoffs that are linearly related to the
payoffs of the underlying (note the straight lines in Exhibit 1), contingent claims have payoffs
that are non-linear in relation to the underlying. There is linearity over a range—say, from 0 to
Xor from X upward or downward—but over the entire range of values for the underlying, the
payoffs of contingent claims cannot be depicted with a single straight line.

We have seen only a snapshot of the payoff and profit graphs that can be created with
options. Calls can be combined with puts, the underlying asset, and other calls or puts with
different expirations and exercise prices to create a diverse set of payoff and profit graphs, some
of which are covered later in the curriculum.

Before leaving options, let us again contrast the differences between options and forward
commitments. With forward commitments, the parties agree to trade an underlying asset at a
later date and at a price agreed upon when the contract is initiated. Neither party pays any cash
to the other at the start. With options, the buyer pays cash to the seller at the start and receives
the right, but not the obligation, to buy (if a call) or sell (if a put) the underlying asset at expi-
ration at a price agreed upon (the exercise price) when the contract is initiated. In contrast to
forwards, futures, and swaps, options do have value at the start: the premium paid by buyer to
seller. That premium pays for the right, eliminating the obligation, to trade the underlying at a
later date, as would be the case with a forward commitment.

Although there are numerous variations of options, most have the same essential features
described here. There is, however, a distinctive family of contingent claims that emerged in the
early 1990s and became widely used and, in some cases, heavily criticized. These instruments
are known as credit derivatives.

4.2.2. Credit Derivatives

Credit risk is surely one of the oldest risks known to mankind. Human beings have been lend-
ing things to each other for thousands of years, and even the most primitive human beings
must have recognized the risk of lending some of their possessions to their comrades. Until the
last 20 years or so, however, the management of credit risk was restricted to simply doing the
best analysis possible before making a loan, monitoring the financial condition of the borrower
during the loan, limiting the exposure to a given party, and requiring collateral. Some modest
forms of insurance against credit risk have existed for a number of years, but insurance can
be a slow and cumbersome way of protecting against credit loss. Insurance is typically highly
regulated, and insurance laws are usually very consumer oriented. Thus, credit insurance as a
financial product has met with only modest success.

In the early 1990s, however, the development of the swaps market led to the creation
of derivatives that would hedge credit risk. These instruments came to be known as credit
derivatives, and they avoided many of the regulatory constraints of the traditional insurance
industry. Here is a formal definition:

A credit derivative is a class of derivative contracts between two parties, a credit protection
buyer and a credit protection seller, in which the latter provides protection to the former
against a specific credit loss.
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One of the first credit derivatives was a total return swap, in which the underlying is
typically a bond or loan, in contrast to, say, a stock or stock index. The credit protection buyer
offers to pay the credit protection seller the total return on the underlying bond. This total
return consists of all interest and principal paid by the borrower plus any changes in the bond’s
market value. In return, the credit protection seller typically pays the credit protection buyer
either a fixed or a floating rate of interest. Thus, if the bond defaults, the credit protection seller
must continue to make its promised payments, while receiving a very small return or virtually
no return from the credit protection buyer. If the bond incurs a loss, as it surely will if it de-
faults, the credit protection seller effectively pays the credit protection buyer.

Another type of credit derivative is the credit spread option, in which the underlying is
the credit (yield) spread on a bond, which is the difference between the bond’s yield and the
yield on a benchmark default-free bond. As you will learn in the fixed-income material, the
credit spread is a reflection of investors” perception of credit risk. Because a credit spread option
requires a credit spread as the underlying, this type of derivative works only with a traded bond
that has a quoted price. The credit protection buyer selects the strike spread it desires and pays
the option premium to the credit protection seller. At expiration, the parties determine wheth-
er the option is in the money by comparing the bond’s yield spread with the strike chosen,
and if it is, the credit protection seller pays the credit protection buyer the established payoff.
Thus, this instrument is essentially a call option in which the underlying is the credit spread.

A third type of credit derivative is the credit-linked note (CLN). With this derivative,
the credit protection buyer holds a bond or loan that is subject to default risk (the underlying
reference security) and issues its own security (the credit-linked note) with the condition that
if the bond or loan it holds defaults, the principal payoff on the credit-linked note is reduced
accordingly. Thus, the buyer of the credit-linked note effectively insures the credit risk of the
underlying reference security.

These three types of credit derivatives have had limited success compared with the fourth
type of credit derivative, the credit default swap (CDS). The credit default swap, in particu-
lar, has achieved much success by capturing many of the essential features of insurance while
avoiding the high degree of consumer regulations that are typically associated with traditional
insurance products.

In a CDS, one party—the credit protection buyer, who is secking credit protection against
a third party—makes a series of regularly scheduled payments to the other party, the credit
protection seller. The seller makes no payments until a credit event occurs. A declaration of
bankruptcy is clearly a credit event, but there are other types of credit events, such as a failure
to make a scheduled payment or an involuntary restructuring. The CDS contract specifies
what constitutes a credit event, and the industry has a procedure for declaring credit events,
though that does not guarantee the parties will not end up in court arguing over whether
something was or was not a credit event.

Formally, a credit default swap is defined as follows:

A credit default swap is a derivative contract between two parties, a credit protection buyer
and a credit protection seller, in which the buyer makes a series of cash payments to the
seller and receives a promise of compensation for credit losses resulting from the default of

a third party.

A CDS is conceptually a form of insurance. Sellers of CDSs, oftentimes banks or insur-
ance companies, collect periodic payments and are required to pay out if a loss occurs from
the default of a third party. These payouts could take the form of restitution of the defaulted
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amount or the party holding the defaulting asset could turn it over to the CDS seller and
receive a fixed amount. The most common approach is for the payout to be determined by an
auction to estimate the market value of the defaulting debt. Thus, CDSs effectively provide
coverage against a loss in return for the protection buyer paying a premium to the protection
seller, thereby taking the form of insurance against credit loss. Although insurance contracts
have certain legal characteristics that are not found in credit default swaps, the two instruments
serve similar purposes and operate in virtually the same way: payments made by one party in
return for a promise to cover losses incurred by the other.

Exhibit 5 illustrates the typical use of a CDS by a lender. The lender is exposed to the risk
of non-payment of principal and interest. The lender lays off this risk by purchasing a CDS
from a CDS seller. The lender—now the CDS buyer—promises to make a series of periodic
payments to the CDS seller, who then stands ready to compensate the CDS buyer for credit
losses.

EXHIBIT 5 Using a Credit Default Swap to Hedge the Credit Risk of a Loan

(compensation for credit losses)
Lender (CDS buyer) | < CDS Seller

>

A (periodic payments)

(interest and
principal payments)

Borrower

Clearly, the CDS seller is betting on the borrower’s not defaulting or—more generally, as
insurance companies operate—that the total payouts it is responsible for are less than the total
payments collected. Of course, most insurance companies are able to do this by having reliable
actuarial statistics, diversifying their risk, and selling some of the risk to other insurance com-
panies. Actuarial statistics are typically quite solid. Average claims for life, health, and casualty
insurance are well documented, and insurers can normally set premiums to cover losses and
operate at a reasonable profit. Although insurance companies try to manage some of their
risks at the micro level (e.g., charging smokers more for life and health insurance), most of
their risk management is at the macro level, wherein they attempt to make sure their risks are
not concentrated. Thus, they avoid selling too much homeowners insurance to individuals in
tornado-prone areas. If they have such an exposure, they can use the reinsurance market to sell
some of the risk to other companies that are not overexposed to that risk. Insurance companies
attempt to diversify their risks and rely on the principle of uncorrelated risks, which plays
such an important role in portfolio management. A well-diversified insurance company, like a
well-diversified portfolio, should be able to earn a return commensurate with its assumed risk
in the long run.

Credit default swaps should operate the same way. Sellers of CDSs should recognize
when their credit risk is too concentrated. When that happens, they become buyers of CDSs
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from other parties or find other ways to lay off the risk. Unfortunately, during the financial
crisis that began in 2007, many sellers of CDSs failed to recognize the high correlations
among borrowers whose debt they had guaranteed. One well-known CDS seller, AIG, is a
large and highly successful traditional insurance company that got into the business of selling
CDSs. Many of these CDSs insured against mortgages. With the growth of the subprime
mortgage market, many of these CDS-insured mortgages had a substantial amount of credit
risk and were often poorly documented. AIG and many other CDS sellers were thus highly
exposed to systemic credit contagion, a situation in which defaults in one area of an economy
ripple into another, accompanied by bank weaknesses and failures, rapidly falling equity mar-
kets, rising credit risk premiums, and a general loss of confidence in the financial system and
the economy. These presumably well-diversified risks guaranteed by CDS sellers, operating as
though they were insurance companies, ultimately proved to be poorly diversified. Systemic
financial risks can spread more rapidly than fire, health, and casualty risks. Virtually no other
risks, except those originating from wars or epidemics, spread in the manner of systemic
financial risks.

Thus, to understand and appreciate the importance of the CDS market, it is necessary
to recognize how that market can fail. The ability to separate and trade risks is a valuable
one. Banks can continue to make loans to their customers, thereby satisfying the customers’
needs, while laying off the risk elsewhere. In short, parties not wanting to bear certain risks
can sell them to parties wanting to assume certain risks. If all parties do their jobs correct-
ly, the markets and the economy work more efficiently. If, as in the case of certain CDS
sellers, not everyone does a good job of managing risk, there can be serious repercussions.
In the case of AIG and some other companies, taxpayer bailouts were the ultimate price
paid to keep these large institutions afloat so that they could continue to provide their
other critical services to consumers. The rules proposed in the new OTC derivatives market
regulations—which call for greater regulation and transparency of OTC derivatives and,
in particular, CDSs—have important implications for the future of this market and these
instruments.

EXAMPLE 4 Options and Credit Derivatives

1. An option provides which of the following?

A. Either the right to buy or the right to sell an underlying

B. The right to buy and sell, with the choice made at expiration

C. The obligation to buy or sell, which can be converted into the right to buy or sell
2. Which of the following is not a characteristic of a call option on a stock?

A. A guarantee that the stock will increase

B. A specified date on which the right to buy expires

C. A fixed price at which the call holder can buy the stock
3. A credit derivative is which of the following?

A. A derivative in which the premium is obtained on credit

B. A derivative in which the payoff is borrowed by the seller

C. A derivative in which the seller provides protection to the buyer against credit

loss from a third party
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Solution to 1: A is correct. An option is strictly the right to buy (a call) or the right to
sell (a put). It does not provide both choices or the right to convert an obligation into

a right.
Solution to 2: A is correct. A call option on a stock provides no guarantee of any change
in the stock price. It has an expiration date, and it provides for a fixed price at which the

holder can exercise the option, thereby purchasing the stock.

Solution to 3: C is correct. Credit derivatives provide a guarantee against loss caused by

a third party’s default. They do not involve borrowing the premium or the payoff.

4.2.3. Asset-Backed Securities

Although these instruments are covered in more detail in the fixed-income material, we would
be remiss if we failed to include them with derivatives. But we will give them only light cov-
erage here.

As discussed earlier, derivatives take (derive) their value from the value of the underlying,
as do mutual funds and exchange-traded funds (ETFs). A mutual fund or an ETF holding
bonds is virtually identical to the investor holding the bonds directly. Asset-backed securities
(ABSs) take this concept a step further by altering the payment streams. ABSs typically divide
the payments into slices, called tranches, in which the priority of claims has been changed from
equivalent to preferential. For example, in a bond mutual fund or an ETFE, all investors in the
fund have equal claims, and so the rate of return earned by each investor is exactly the same. If
a portfolio of the same bonds were assembled into an ABS, some investors in the ABS would
have claims that would supersede those of other investors. The differential nature of these
claims becomes relevant when either prepayments or defaults occur.

Prepayments mostly affect only mortgages. When a portfolio of mortgages is assembled
into an ABS, the resulting instrument is called a collateralized mortgage obligation (CMO).
Commonly but not always, the credit risk has been reduced or eliminated, perhaps by a CDS,
as discussed earlier. When homeowners pay off their mortgages early due to refinancing at low-
er rates, the holders of the mortgages suffer losses. They expected to receive a stream of returns
that is now terminated. The funds that were previously earning a particular rate will now have
to be invested to earn a lower rate. These losses are the mirror images of the gains homeown-
ers make when they proudly proclaim that they refinanced their mortgages and substantially
lowered their payments.

CMOs partition the claims against these mortgages into different tranches, which are typ-
ically called A, B, and C. Class C tranches bear the first wave of prepayments until that tranche
has been completely repaid its full principal investment. At that point, the Class B tranche
holders bear the next prepayments until they have been fully repaid. The Class A tranche holders
then bear the next wave of prepayments.'# Thus, the risk faced by the various tranche holders
is different from that of a mutual fund or ETE which would pass the returns directly through

14The reference to only three tranches is just a general statement. There are many more types of tranches.
Our discussion of the three classes is for illustrative purposes only and serves to emphasize that there are
high-priority claims, low-priority claims, and other claims somewhere in the middle.
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such that investors would all receive the same rates of return. Therefore, the expected returns of
CMO tranches vary and are commensurate with the prepayment risk they assume. Some CMOs
are also characterized by credit risk, perhaps a substantial amount, from subprime mortgages.

When bonds or loans are assembled into ABSs, they are typically called collateralized
bond obligations (CBOs) or collateralized loan obligations (CLOs). These instcruments
(known collectively as collateralized debt obligations, or CDOs) do not traditionally
have much prepayment risk but they do have credit risk and oftentimes a great deal of
it. The CDO structure allocates this risk to tranches that are called senior, mezzanine,
or junior tranches (the last sometimes called equity tranches). When defaults occur, the
junior tranches bear the risk first, followed by the mezzanine tranches, and then the sen-
ior tranches. The expected returns of the tranches vary according to the perceived credit
risk, with the senior tranches having the highest credit quality and the junior the lowest.
Thus, the senior tranches have the lowest expected returns and the junior tranches have
the highest.

An asset-backed security is formally defined as follows:

An asset-backed security is a derivative contract in which a portfolio of debt instruments
is assembled and claims are issued on the portfolio in the form of tranches, which have
different priorities of claims on the payments made by the debt securities such that pre-
payments or credit losses are allocated to the most-junior tranches first and the most-senior
tranches last.

ABSs seem to have only an indirect and subtle resemblance to options, but they are indeed
options. They promise to make a series of returns that are typically steady. These returns can
be lowered if prepayments or defaults occur. Thus, they are contingent on prepayments and
defaults. Take a look again at Exhibit 4, Panel B (the profit and payoff of a short put option).
If all goes well, there is a fixed return. If something goes badly, the return can be lowered, and
the worse the outcome, the lower the return. Thus, holders of ABSs have effectively written
put options.

This completes the discussion of contingent claims. Having now covered forward com-
mitments and contingent claims, the final category of derivative instruments is more or less
just a catch-all category in case something was missed.

4.3. Hybrids

The instruments just covered encompass all the fundamental instruments that exist in the
derivatives world. Yet, the derivatives world is truly much larger than implied by what has
been covered here. We have not covered and will touch only lightly on the many hybrid
instruments that combine derivatives, fixed-income securities, currencies, equities, and com-
modities. For example, options can be combined with bonds to form either callable bonds or
convertible bonds. Swaps can be combined with options to form swap payments that have
upper and lower limits. Options can be combined with futures to obtain options on futures.
Options can be created with swaps as the underlying to form swaptions. Some of these in-
struments will be covered later. For now, you should just recognize that the possibilities are
almost endless.

We will not address these hybrids directly, but some are covered elsewhere in the curricu-
lum. The purpose of discussing them here is for you to realize that derivatives create possibilities
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not otherwise available in their absence. This point will lead to a better understanding of why
derivatives exist, a topic we will get to very shortly.

EXAMPLE 5 Forward Commitments versus Contingent Claims

1. Which of the following is not a forward commitment?
A. An agreement to take out a loan at a future date at a specific rate
B. An offer of employment that must be accepted or rejected in two weeks
C. An agreement to lease a piece of machinery for one year with a series of fixed
monthly payments
2. Which of the following statements is true about contingent claims?
A. Either party can default to the other.
B. The payofls are linearly related to the performance of the underlying.
C. The most the long can lose is the amount paid for the contingent claim.

Solution to 1: B is correct. Both A and C are commitments to engage in transactions at
future dates. In fact, C is like a swap because the party agrees to make a series of future
payments and in return receives temporary use of an asset whose value could vary. B is
a contingent claim. The party receiving the employment offer can accept it or reject it if
there is a better alternative.

Solution to 2: C is correct. The maximum loss to the long is the premium. The payoffs

of contingent claims are not linearly related to the underlying, and only one party, the
short, can default.

4.4. Derivatives Underlyings

Before discussing the purposes and benefits of derivatives, we need to clarify some points that
have been implied so far. We have alluded to certain underlying assets, this section will briefly
discuss the underlyings more directly.

4.4.1. Equities
Equities are one of the most popular categories of underlyings on which derivatives are cre-
ated. There are two types of equities on which derivatives exist: individual stocks and stock
indices. Derivatives on individual stocks are primarily options. Forwards, futures, and swaps
on individual stocks are not widely used. Index derivatives in the form of options, forwards,
futures, and swaps are very popular. Index swaps, more often called equity swaps, are quite
popular and permit investors to pay the return on one stock index and receive the return on
another index or a fixed rate. They can be very useful in asset allocation strategies by allowing
an equity manager to increase or reduce exposure to an equity market or sector without trading
the individual securities.

In addition, options on stocks are frequently used by companies as compensation and
incentives for their executives and employees. These options are granted to provide incentives
to work toward driving the stock price up and can result in companies paying lower cash
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compensation.'> Some companies also issue warrants, which are options sold to the public that
allow the holders to exercise them and buy shares directly from the companies.'®

4.4.2. Fixed-Income Instruments and Interest Rates

Options, forwards, futures, and swaps on bonds are widely used. The problem with creating
derivatives on bonds, however, is that there are almost always many issues of bonds. A single
issuer, whether it is a government or a private borrower, often has more than one bond issue
outstanding. For futures contracts, with their standardization requirements, this problem is
particularly challenging. What does it mean to say that a futures contract is on a German
bund, a US Treasury note, or a UK gilt? The most common solution to this problem is to allow
multiple issues to be delivered on a single futures contract. This feature adds some interesting
twists to the pricing and trading strategies of these instruments.

Until now, we have referred to the underlying as an asser. Yet, one of the largest derivative
underlyings is not an asset. It is simply an interest rate. An interest rate is not an asset. One
cannot hold an interest rate or place it on a balance sheet as an asset. Although one can hold
an instrument that pays an interest rate, the rate itself is not an asset. But there are derivatives
in which the rate, not the instrument that pays the rate, is the underlying. In fact, we have
already covered one of these derivatives: The plain vanilla interest rate swap in which Libor is
the underlying.!” Instead of a swap, an interest rate derivative could be an option. For example,
a call option on 90-day Libor with a strike of 5% would pay off if at expiration Libor exceeds
5%. If Libor is below 5%, the option simply expires unexercised.

Interest rate derivatives are the most widely used derivatives. With that in mind, we will
be careful in using the expression underlying asser and will use the more generic underlying.

4.4.3. Currencies

Currency risk is a major factor in global financial markets, and the currency derivatives market
is extremely large. Options, forwards, futures, and swaps are widely used. Currency derivatives
can be complex, sometimes combining elements of other underlyings. For example, a currency
swap involves two parties making a series of interest rate payments to each other in different
currencies. Because interest rates and currencies are both subject to change, a currency swap
has two sources of risk. Although this instrument may sound extremely complicated, it merely
reflects the fact that companies operating across borders are subject to both interest rate risk
and currency risk and currency swaps are commonly used to manage those risks.

5 Unfortunately, the industry has created some confusion with the terminology of these instruments.
They are often referred to as stock options, and yet ordinary publicly traded options not granted to em-
ployees are sometimes referred to as stock options. The latter are also sometimes called equity options,
whereas employee-granted options are almost never referred to as equity options. If the terms executive
stock options and employee stock options were always used, there would be no problem. You should be aware
of and careful about this confusion.

1A warrant is a type of option, similar to the employee stock option, written by the company on its
own stock, in contrast to exchange-traded and OTC options, in which the company is not a party to
the option contract. Also note that, unfortunately, the financial world uses the term warrant to refer to
a number of other option-like instruments. Like a lot of words that have multiple meanings, one must
understand the context to avoid confusion.

17As you will see later, there are also futures in which the underlying is an interest rate (Eurodollar
futures) and forwards in which the underlying is an interest rate (forward rate agreements, or FRAs).
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4.4.4. Commodities

Commodities are resources, such as food, oil, and metals, that humans use to sustain life and
support economic activity. Because of the economic principle of comparative advantage, coun-
tries often specialize in the production of certain resources. Thus, the commodities market is
extremely large and subject to an almost unimaginable array of risks. One need only observe
how the price of oil moves up as tension builds in the Middle East or how the price of orange
juice rises on a forecast of cold weather in Florida.

Commodity derivatives are widely used to speculate in and manage the risk associated
with commodity price movements. The primary commodity derivatives are futures, but for-
wards, swaps, and options are also used. The reason that futures are in the lead in the world
of commodities is simply history. The first futures markets were futures on commodities.
The first futures exchange, the Chicago Board of Trade, was created in 1848, and until
the creation of currency futures in 1972, there were no futures on any underlying except
commodities.

There has been a tendency to think of the commodities world as somewhat separate from
the financial world. Commodity traders and financial traders were quite different groups. Since
the creation of financial futures, however, commodity and financial traders have become rel-
atively homogeneous. Moreover, commodities are increasingly viewed as an important asset
class that should be included in investment strategies because of their ability to help diversify
portfolios.

4.4.5. Credit

As we previously discussed, credit is another underlying and quite obviously not an asset.
Credit default swaps (CDSs) and collateralized debt obligations (CDOs) were discussed exten-
sively in an earlier section. These instruments have clearly established that credit is a distinct
underlying that has widespread interest from a trading and risk management perspective. In
addition, to the credit of a single entity, credit derivatives are created on multiple entities.
CDOs themselves are credit derivatives on portfolios of credit risks. In recent years, indices
of CDOs have been created, and instruments based on the payoffs of these CDO indices are
widely traded.

4.4.6. Other

This category is included here to capture some of the really unusual underlyings. One in
particular is weather. Although weather is hardly an asset, it is certainly a major force in how
some entities perform. For example, a ski resort needs snow, farmers need an adequate but not
excessive amount of rain, and public utilities experience strains on their capacity during tem-
perature extremes. Derivatives exist in which the payoffs are measured as snowfall, rainfall, and
temperature. Although these derivatives have not been widely used—because of some com-
plexities in pricing, among other things—they continue to exist and may still have a future. In
addition, there are derivatives on electricity, which is also not an asset. It cannot be held in the
traditional sense because it is created and consumed almost instantaneously. Another unusual
type of derivative is based on disasters in the form of insurance claims.

Financial institutions will continue to create derivatives on all types of risks and exposures.
Most of these derivatives will fail because of little trading interest, but a few will succeed. If
that speaks badly of derivatives, it must be remembered that most small businesses fail, most
creative ideas fail, and most people who try to become professional entertainers or athletes fail.
It is the sign of a healthy and competitive system that only the very best survive.
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The Size of the Derivatives Market

In case anyone thinks that the derivatives market is not large enough to justify study-
ing, we should consider how big the market is. Unfortunately, gauging the size of the
derivatives market is not a simple task. OTC derivatives contracts are private transac-
tions. No reporting agency gathers data, and market size is not measured in traditional
volume-based metrics, such as shares traded in the stock market. Complicating things
further is the fact that derivatives underlyings include equities, fixed-income securities,
interest rates, currencies, commodities, and a variety of other underlyings. All these un-
derlyings have their own units of measurement. Hence, measuring how “big” the un-
derlying derivatives markets are is like trying to measure how much fruit consumers
purchase; the proverbial mixing of apples, oranges, bananas, and all other fruits.

The exchange-listed derivatives market reports its size in terms of volume, mean-
ing the number of contracts traded. Exchange-listed volume, however, is an inconsis-
tent number. For example, US Treasury bond futures contracts trade in units covering
$100,000 face value. Eurodollar futures contracts trade in units covering $1,000,000 face
value. Crude oil trades in 1,000-barrel (42 gallons each) units. Yet, one traded contract of
each gets equal weighting in volume totals.

The March—April issue of the magazine Futures Industry (available to subscribers)
reports the annual volume of the entire global futures and options industry. For 2011,
that volume was more than 25 billion contracts.

OTC volume is even more difficult to measure. There is no count of the number
of contracts that trade. In fact, volume is an almost meaningless concept in OTC mar-
kets because any notion of volume requires a standardized size. If a customer goes to a
swaps dealer and enters into a swap to hedge a $50 million loan, there is no measure of
how much volume that transaction generated. The $50 million swap’s notional principal,
however, does provide a measure to some extent. Forwards, swaps, and OTC options all
have notional principals, so they can be measured in that manner. Another measure of
the size of the derivatives market is the market value of these contracts. As noted, for-
wards and swaps start with zero market value, but their market value changes as market
conditions change. Options do not start with zero market value and almost always have
a positive market value until expiration, when some options expire out of the money.

The OTC industry has taken both of these concepts—notional principal and market
value—as measures of the size of the market. Notional principal is probably a more accu-
rate measure. The amount of a contract’s notional principal is unambiguous: It is written
into the contract and the two parties cannot disagree over it. Yet, notional principal terri-
bly overstates the amount of money actually at risk. For example, a $50 million notional
principal swap will have nowhere near $50 million at risk. The payments on such a swap
are merely the net of two opposite series of interest payments on $50 million. The market
value of such a swap is the present value of one stream of payments minus the present val-
ue of the other. This market value figure will always be well below the notional principal.
Thus, market value seems like a better measure except that, unlike notional principal, it is
not unambiguous. Market value requires measurement, and two parties can disagree on
the market value of the same transaction.

Notional principal and market value estimates for the global OTC derivatives
market are collected semi-annually by the Bank for International Settlements of Basel,

Switzerland, and published on its website (http://www.bis.org/statistics/derstats.htm). At
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the end of 2011, notional principal was more than $600 trillion and market value was
about $27 trillion. A figure of $600 trillion is an almost unfathomable number and, as
noted, is a misleading measure of the amount of money at risk.'® The market value figure
of $27 trillion is a much more realistic measure, but as noted, it is less accurate, relying
on estimates provided by banks.

Hence, the exchange-listed and OTC markets use different measures and each of
those measures is subject to severe limitations. About all we can truly say for sure about
the derivatives market is, “It is big.”

5. THE PURPOSES AND BENEFITS OF DERIVATIVES

Economic historians know that derivatives markets have existed since at least the Middle Ages.
It is unclear whether derivatives originated in the Asian rice markets or possibly in medieval
trade fairs in Europe. We do know that the origin of modern futures markets is the creation of
the Chicago Board of Trade in 1848. To understand why derivatives markets exist, it is useful
to take a brief look at why the Chicago Board of Trade was formed.

In the middle of the 19th century, midwestern America was rapidly becoming the center
of agricultural production in the United States. At the same time, Chicago was evolving into a
major American city, a hub of transportation and commerce. Grain markets in Chicago were
the central location to which midwestern farmers brought their wheat, corn, and soybeans to
sell. Unfortunately, most of these products arrived at approximately the same time of the year,
September through November. The storage facilities in Chicago were strained beyond capac-
ity. As a result, prices would fall tremendously and some farmers reportedly found it more
economical to dump their grains in the Chicago River rather than transport them back to the
farm. At other times of the year, prices would rise steeply. A group of businessmen saw this
situation as unnecessary volatility and a waste of valuable produce. To deal with this problem,
they created the Chicago Board of Trade and a financial instrument called the “to-arrive” con-
tract. A farmer could sell a to-arrive contract at any time during the year. This contract fixed
the price of the farmer’s grain on the basis of delivery in Chicago at a specified later date. Grain
is highly storable, so farmers can hold on to the grain and deliver it at almost any later time.
This plan substantially reduced seasonal market volatility and made the markets work much
better for all parties.

The traders in Chicago began to trade these contracts, speculating on movements in grain
prices. Soon, it became apparent that an important and fascinating market had developed.
Widespread hedging and speculative interest resulted in substantial market growth, and about
80 years later, a clearinghouse and a performance guarantee were added, thus completing the
evolution of the to-arrive contract into today’s modern futures contract.

Many commodities and all financial assets that underlie derivatives contracts are not sea-
sonally produced. Hence, this initial motivation for futures markets is only a minor advan-
tage of derivatives markets today. But there are many reasons why derivative markets serve an
important and useful purpose in contemporary finance.

87To put it in perspective, it would take 19 million years for a clock to tick off 600 trillion seconds!
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5.1. Risk Allocation, Transfer, and Management

Until the advent of derivatives markets, risk management was quite cumbersome. Setting the
actual level of risk to the desired level of risk required engaging in transactions in the underly-
ings. Such transactions typically had high transaction costs and were disruptive of portfolios.
In many cases, it is quite difficult to fine-tune the level of risk to the desired level. From the
perspective of a risk taker, it was quite costly to buy risk because a large amount of capital
would be required.

Derivatives solve these problems in a very effective way: They allow trading the risk
without trading the instrument itself. For example, consider a stockholder who wants to
reduce exposure to a stock. In the pre-derivatives era, the only way to do so was to sell the
stock. Now, the stockholder can sell futures, forwards, calls, or swaps, or buy put options,
all while retaining the stock. For a company founder, these types of strategies can be par-
ticularly useful because the founder can retain ownership and probably board membership.
Many other excellent examples of the use of derivatives to transfer risk are covered else-
where in the curriculum. The objective at this point is to establish that derivatives provide
an effective method of transferring risk from parties who do not want the risk to parties
who do. In this sense, risk allocation is improved within markets and, indeed, the entire
global economy.

The overall purpose of derivatives is to obtain more effective risk management within
companies and the entire economy. Although some argue that derivatives do not serve this
purpose very well (we will discuss this point in Section 6), for now you should understand that
derivatives can improve the allocation of risk and facilitate more effective risk management for
both companies and economies.

5.2. Information Discovery

One of the advantages of futures markets has been described as price discovery. A futures price
has been characterized by some experts as a revelation of some information about the future.
Thus, a futures price is sometimes thought of as predictive. This statement is not strictly correct
because futures prices are not really forecasts of future spot prices. They provide only a little
more information than do spot prices, but they do so in a very efficient manner. The markets
for some underlyings are highly decentralized and not very efficient. For example, what is gold
worth? It trades in markets around the world, but probably the best place to look is at the
gold futures contract expiring soonest. What is the value of the S&P 500 Index when the US
markets are not open? As it turns out, US futures markets open before the US stock market
opens. The S&P 500 futures price is frequently viewed as an indication of where the stock
market will open.

Derivative markets can, however, convey information not impounded in spot markets.
By virtue of the fact that derivative markets require less capital, information can flow into the
derivative markets before it gets into the spot market. The difference may well be only a matter
of minutes or possibly seconds, but it can provide the edge to astute traders.

Finally, we should note that futures markets convey another simple piece of information:
What price would one accept to avoid uncertainty? If you hold a stock worth $40 and could
hedge the next 12 months’ uncertainty, what locked-in price should you expect to earn? As it
turns out, it should be the price that guarantees the risk-free rate minus whatever dividends
would be paid on the stock. Derivatives—specifically, futures, forwards, and swaps—reveal the
price that the holder of an asset could take and avoid the risk.
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What we have said until now applies to futures, forwards, and swaps. What about op-
tions? As you will learn later, given the underlying and the type of option (call or put), an
option price reflects two characteristics of the option (exercise price and time to expiration),
three characteristics of the underlying (price, volatility, and cash flows it might pay), and one
general macroeconomic factor (risk-free rate). Only one of these factors, volatility, is not rel-
atively easy to identify. But with the available models to price the option, we can infer what
volatility people are using from the actual market prices at which they execute trades. That
volatility, called implied volatility, measures the expected risk of the underlying. It reflects the
volatility that investors use to determine the market price of the option. Knowing the expected
risk of the underlying asset is an extremely useful piece of information. In fact, for options on
broad-based market indices, such as the S&P 500, the implied volatility is a good measure of
the general level of uncertainty in the market. Some experts have even called it a measure of
fear. Thus, options provide information about what investors think of the uncertainty in the
market, if not their fear of it."”

In addition, options allow the creation of trading strategies that cannot be done by using
the underlying. As the exhibits on options explained, these strategies provide asymmetrical
performance: limited movement in one direction and movement in the other direction that
changes with movements in the underlying.

5.3. Operational Advantages

We noted earlier that derivatives have lower transaction costs than the underlying. The trans-
action costs of derivatives can be high relative to the value of the derivatives, but these costs
are typically low relative to the value of the underlying. Thus, an investor who wants to take
a position in, say, an equity market index would likely find it less costly to use the futures to
get a given degree of exposure than to invest directly in the index to get that same exposure.

Derivative markets also typically have greater liquidity than the underlying spot markets,
a result of the smaller amount of capital required to trade derivatives than to get the equivalent
exposure directly in the underlying. Futures margin requirements and option premiums are
quite low relative to the cost of the underlying.

One other extremely valuable operational advantage of derivative markets is the ease with
which one can go short. With derivatives, it is nearly as easy to take a short position as to take
a long position, whereas for the underlying asset, it is almost always much more difficult to go
short than to go long. In fact, for many commodities, short selling is nearly impossible.

5.4. Market Efficiency

In the study of portfolio management, you learn that an efficient market is one in which no
single investor can consistently earn returns in the long run in excess of those commensurate
with the risk assumed. Of course, endless debates occur over whether equity markets are effi-
cient. No need to resurrect that issue here, but let us proceed with the assumption that equity
markets—and, in fact, most free and competitive financial markets—are reasonably efficient.
This assumption does not mean that abnormal returns can never be earned, and indeed pric-
es do get out of line with fundamental values. But competition, the relatively free flow of

The Chicago Board Options Exchange publishes a measure of the implied volatility of the S&P 500
Index option, which is called the VIX (volatility index). The VIX is widely followed and is cited as a
measure of investor uncertainty and sometimes fear.
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information, and ease of trading tend to bring prices back in line with fundamental values.
Derivatives can make this process work even more rapidly.

When prices deviate from fundamental values, derivative markets offer less costly ways
to exploit the mispricing. As noted earlier, less capital is required, transaction costs are lower,
and short selling is easier. We also noted that as a result of these features, it is possible, indeed
likely, that fundamental value will be reflected in the derivatives markets before it is restored in
the underlying market. Although this time difference could be only a matter of minutes, for a
trader seeking abnormal returns, a few minutes can be a valuable opportunity.

All these advantages of derivatives markets make the financial markets in general function
more effectively. Investors are far more willing to trade if they can more easily manage their
risk, trade at lower cost and with less capital, and go short more easily. This increased will-
ingness to trade increases the number of market participants, which makes the market more
liquid. A very liquid market may not automatically be an efficient market, but it certainly has
a better chance of being one.

Even if one does not accept the concept that financial markets are efficient, it is difficult
to say that markets are not more effective and competitive with derivatives. Yet, many blame
derivatives for problems in the market. Let us take a look at these arguments.

6. CRITICISMS AND MISUSES OF DERIVATIVES

The history of financial markets is filled with extreme ups and downs, which are often called
bubbles and crashes. Bubbles occur when prices rise for a long time and appear to exceed fun-
damental values. Crashes occur when prices fall rapidly. Although bubbles, if they truly exist,
are troublesome, crashes are even more so because nearly everyone loses substantial wealth in
a crash. A crash is then typically followed by a government study commissioned to find the
causes of the crash. In the last 30 years, almost all such studies have implicated derivatives
as having some role in causing the crash. Of course, because derivatives are widely used and
involve a high degree of leverage, it is a given that they would be seen in a crash. It is unclear
whether derivatives are the real culprit or just the proverbial smoking gun used by someone to
do something wrong.

The two principal arguments against derivatives are that they are such speculative devices
that they effectively permit legalized gambling and that they destabilize the financial system.
Let us look at these points more closely.

6.1. Speculation and Gambling

As noted earlier, derivatives are frequently used to manage risk. In many contexts, this use
involves hedging or laying off risk. Naturally, for hedging to work, there must be speculators.
Someone must accept the risk. Derivatives markets are unquestionably attractive to specula-
tors. All the benefits of derivatives draw speculators in large numbers, and indeed they should.
The more speculators that participate in the market, the cheaper it is for hedgers to lay off risk.
These speculators take the form of hedge funds and other professional traders who willingly
accept risk that others need to shed. In recent years, the rapid growth of these types of investors
has been alarming to some but almost surely has been beneficial for all investors.
Unfortunately, the general image of speculators is not a good one. Speculators are often
thought to be short-term traders who attempt to exploit temporary inefficiencies, caring little
about long-term fundamental values. The profits from short-term trading are almost always
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taxed more heavily than the profits from long-term trading, clearly targeting and in some sense
punishing speculators. Speculators are thought to engage in price manipulation and to trade
at extreme prices.”? All of this type of trading is viewed more or less as just a form of legalized
gambling.

In most countries, gambling is a heavily regulated industry. In the United States, only
certain states permit private industry to offer gambling. Many states operate gambling only
through the public sector in the form of state-run lotteries. Many people view derivatives trad-
ing as merely a form of legalized and uncontrolled gambling.

Yet, there are notable differences between gambling and speculation. Gambling typically
benefits only a limited number of participants and does not generally help society as a whole.
But derivatives trading brings extensive benefits to financial markets, as explained earlier, and
thus does benefit society as a whole. In short, the benefits of derivatives are broad, whereas the
benefits of gambling are narrow.

Nonetheless, the argument that derivatives are a form of legalized gambling will continue
to be made. Speculation and gambling are certainly both forms of financial risk taking, so these
arguments are not completely off base. But insurance companies speculate on loss claims, mu-
tual funds that invest in stocks speculate on the performance of companies, and entrepreneurs
go up against tremendous odds to speculate on their own ability to create successful businesses.
These so-called speculators are rarely criticized for engaging in a form of legalized gambling,
and indeed entrepreneurs are praised as the backbone of the economy. Really, all investment
is speculative. So, why is speculation viewed as such a bad thing by so many? The answer is
unclear.

6.2. Destabilization and Systemic Risk

The arguments against speculation through derivatives often go a step further, claiming that it
is not merely speculation or gambling per se but rather that it has destabilizing consequences.
Opponents of derivatives claim that the very benefits of derivatives (low cost, low capital re-
quirements, ease of going short) result in an excessive amount of speculative trading that brings
instability to the market. They argue that speculators use large amounts of leverage, thereby
subjecting themselves and their creditors to substantial risk if markets do not move in their
hoped-for direction. Defaults by speculators can then lead to defaults by their creditors, their
creditors’ creditors, and so on. These effects can, therefore, be systemic and reflect an epidemic
contagion whereby instability can spread throughout markets and an economy;, if not the entire
world. Given that governments often end up bailing out some banks and insurance companies,
society has expressed concern that the risk managed with derivatives must be controlled.

This argument is not without merit. Such effects occurred in the Long-Term Capital
Management fiasco of 1998 and again in the financial crisis of 2008, in which derivatives,
particularly credit default swaps, were widely used by many of the problem entities. Responses
to such events typically take the course of calling for more rules and regulations restricting the
use of derivatives, requiring more collateral and credit mitigation measures, backing up banks
with more capital, and encouraging, if not requiring, OTC derivatives to be centrally cleared
like exchange-traded derivatives.

20Politicians and regulators have been especially critical of energy market speculators. Politicians, in
particular, almost always blame rising oil prices on speculators, although credit is conspicuously absent
for falling oil prices.
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In response, however, we should note that financial crises—including the South Sea and
Mississippi bubbles and the stock market crash of 1929, as well as a handful of economic
calamities of the 19th and 20th centuries—have existed since the dawn of capitalism. Some
of these events preceded the era of modern derivatives markets, and others were completely
unrelated to the use of derivatives. Some organizations, such as Orange County, California,
in 1994-1995, have proved that derivatives are not required to take on excessive leverage and
nearly bring the entity to ruin. Proponents of derivatives argue that derivatives are but one of
many mechanisms through which excessive risk can be taken. Derivatives may seem danger-
ous, and they can be if misused, but there are many ways to take on leverage that look far less
harmful but can be just as risky.

Another criticism of derivatives is simply their complexity. Many derivatives are extreme-
ly complex and require a high-level understanding of mathematics. The financial industry
employs many mathematicians, physicists, and computer scientists. This single fact has made
many distrust derivatives and the people who work on them. It is unclear why this reason
has tarnished the reputation of the derivatives industry. Scientists work on complex problems
in medicine and engineering without public distrust. One explanation probably lies in the
fact that scientists create models of markets by using scientific principles that often fail. To a
physicist modeling the movements of celestial bodies, the science is reliable and the physicist
is unlikely to misapply the science. The same science applied to financial markets is far less
reliable. Financial markets are driven by the actions of people who are not as consistent as
the movements of celestial bodies. When financial models fail to work as they should, the
scientists are often blamed for either building models that are too complex and unable to
accurately capture financial reality or misusing those models, such as using poor estimates
of inputs. And derivatives, being so widely used and heavily leveraged, are frequently in the
center of it all.

EXAMPLE 6  Purposes and Controversies of Derivative Markets

1. Which of the following is not an advantage of derivative markets?
A. They are less volatile than spot markets.
B. They facilitate the allocation of risk in the market.
C. They incur lower transaction costs than spot markets.

2. Which of the following pieces of information is not conveyed by at least one type of
derivative?
A. The volatility of the underlying.
B. The most widely used strategy of the underlying.
C. The price at which uncertainty in the underlying can be eliminated.

3. Which of the following responds to the criticism that derivatives can be destabilizing
to the underlying market?
A. Market crashes and panics have occurred since long before derivatives existed.
B. Derivatives are sufliciently regulated that they cannot destabilize the spot market.
C. The transaction costs of derivatives are high enough to keep their use at a

minimum level.
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Solution to 1: A is correct. Derivative markets are not by nature more or less volatile
than spot markets. They facilitate risk allocation by making it easier and less costly to
transfer risk, and their transaction costs are lower than those of spot markets.

Solution to 2: B is correct. Options do convey the volatility of the underlying, and
futures, forwards, and swaps convey the price at which uncertainty in the underlying
can be eliminated. Derivatives do not convey any information about the use of the un-
derlying in strategies.

Solution to 3: A is correct. Derivatives regulation is not more and is arguably less than
spot market regulation, and the transaction costs of derivatives are not a deterrent to
their use; in fact, derivatives are widely used. Market crashes and panics have a very long

history, much longer than that of derivatives.

An important element of understanding and using derivatives is having a healthy respect
for their power. Every day, we use chemicals, electricity, and fire without thinking about their
dangers. We consume water and drive automobiles, both of which are statistically quite dan-
gerous. Perhaps these risks are underappreciated, but it is more likely the case that most adults
learn how to safely use chemicals, electricity, fire, water, and automobiles. Of course, there are
exceptions, many of which are foolish, and foolishness is no stranger to the derivatives indus-
try. The lesson here is that derivatives can make our financial lives better, but like chemicals,
electricity, and all the rest, we need to know how to use them safely, which is why they are an
important part of the CFA curriculum.

Later in the curriculum, you will learn a great deal about how derivatives are priced. At
this point, we introduce the pricing of derivatives. This material not only paves the way for
a deeper understanding of derivatives but also complements earlier material by helping you
understand how derivatives work.

7. ELEMENTARY PRINCIPLES OF DERIVATIVE PRICING

Pricing and valuation are fundamental elements of the CFA Program. The study of fixed-income
and equity securities, as well as their application in portfolio management, is solidly grounded on
the principle of valuation. In valuation, the question is simple: What is something worth? With-
out an answer to that question, one can hardly proceed to use that somehing wisely.

Determining what a derivative is worth is similar to determining what an asset is worth.
As you learn in the fixed-income and equity readings, value is the present value of future cash
flows, with discounting done at a rate that reflects both the opportunity cost of money and the
risk. Derivatives valuation applies that same principle but in a somewhat different way.

Think of a derivative as a#tached to an underlying. We know that the derivative derives its
value from the value of the underlying. If the underlying’s value changes, so should the value
of the derivative. The underlying takes its value from the discounted present value of the ex-
pected future cash flows it offers, with discounting done at a rate reflecting the investor’s risk
tolerance. But if the value of the underlying is embedded in the value of the derivative, it would
be double counting to discount the derivative’s expected future cash flows at a risky discount
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rate. That effect has already been incorporated into the value of the underlying, which goes
into the value of the derivative.

Derivatives usually take their values from the underlying by constructing a hypothetical
combination of the derivatives and the underlyings that eliminates risk. This combination is
typically called a hedge portfolio. With the risk eliminated, it follows that the hedge portfolio
should earn the risk-free rate. A derivative’s value is the price of the derivative that forces the
hedge portfolio to earn the risk-free rate.

This principle of derivative valuation relies completely on the ability of an investor to hold
or store the underlying asset. Let us take a look at what that means.

7.1. Storage

As noted previously, the first derivatives were agricultural commodities. Most of these com-
modities can be stored (i.e., held) for a period of time. Some extreme cases, such as oil and
gold, which are storable for millions of years, are excellent examples of fully storable commod-
ities. Grains, such as wheat and corn, can be stored for long but not infinite periods of time.
Some commodities, such as bananas, are storable for relatively short periods of time. In the
CFA Program, we are more interested in financial assets. Equities and currencies have perpet-
ual storability, whereas bonds are storable until they mature.

Storage incurs costs. Commodity storage costs can be quite expensive. Imagine storing
1,000 kilograms of gold or a million barrels of oil. Financial assets, however, have relatively low
storage costs. Some assets pay returns during storage. Stocks pay dividends and bonds pay inter-
est. The net of payments offered minus storage costs plays a role in the valuation of derivatives.

An example earlier in this reading illustrates this point. Suppose an investor holds a
dividend-paying stock and wants to eliminate the uncertainty of its selling price over a fu-
ture period of time. Suppose further that the investor enters into a forward contract that
commits him to deliver the stock at a later date, for which he will receive a fixed price. With
uncertainty eliminated, the investor should earn the risk-free rate, but in fact, he does not.
He earns more because while holding the stock, he collects dividends. Therefore, he should
earn the risk-free rate minus the dividend yield, a concept known as the cost of carry, which
will be covered in great detail in later readings. The cost of carry plus the dividends he earns
effectively means that he makes the risk-free rate. Now, no one is claiming that this is a good
way to earn the risk-free rate. There are many better ways to do that, but this strategy could
be executed. There is one and only one forward price that guarantees that this strategy earns
a return of the risk-free rate minus the dividend yield, or the risk-free rate after accounting
for the dividends collected. If the forward price at which contracts are created does not equal
this price, investors can take advantage of this discrepancy by engaging in arbitrage, which is
discussed in the next section.

Forwards, futures, swaps, and options are all priced in this manner. Hence, they rely
critically on the ability to store or hold the asset. Some underlyings are not storable. We pre-
viously mentioned electricity. It is produced and consumed almost instantaneously. Weather
is also not storable. Fresh fish have very limited storability. Although this absence of stora-
bility may not be the reason, derivative markets in these types of underlyings have not been
particularly successful, whereas those in underlyings that are more easily storable have often
been successful.

The opposite of storability is the ability to go short—that is, to borrow the underlying, sell
it, and buy it back later. We discussed earlier that short selling of some assets can be difficult.
It is not easy to borrow oil or soybeans. There are ways around this constraint, but derivatives
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valuation is generally much easier when the underlying can be shorted. This point is discussed
in more depth later in the curriculum.

7.2. Arbitrage

What we have been describing is the foundation of the principle of arbitrage. In well-
functioning markets with low transaction costs and a free flow of information, the same asset
cannot sell for more than one price. If it did, someone would buy it in the cheaper market
and sell it in the more expensive market, earning a riskless profit. The combined actions of all
parties doing this would push up the lower price and push down the higher price until they
converged. For this reason, arbitrage is often referred to as the law of one price. Of course, for
arbitrage to be feasible, the ability to purchase and sell short the asset is important.

Obviously, this rule does not apply to all markets. The same consumer good can easily
sell for different prices, which is one reason why people spend so much time shopping on the
internet. The costs associated with purchasing the good in the cheaper market and selling it in
the more expensive market can make the arbitrage not worthwhile. The absence of information
on the very fact that different prices exist would also prevent the arbitrage from occurring. Al-
though the internet and various price-comparing websites reduce these frictions and encourage
all sellers to offer competitive prices, consumer goods are never likely to be arbitragable.?!

Financial markets, of course, are a different matter. Information on securities prices
around the world is quite accessible and relatively inexpensive. Most financial markets are fair-
ly competitive because dealers, speculators, and brokers attempt to execute trades at the best
prices. Arbitrage is considered a dependable rule in the financial markets. Nonetheless, there
are people who purport to make a living as arbitrageurs. How could they exist? To figure that
out, first consider some examples of arbitrage.

The simplest case of an arbitrage might be for the same stock to sell at different prices in two
markets. If the stock were selling at $52 in one market and $50 in another, an arbitrageur would
buy the stock at $50 in the one market and sell it at $52 in the other. This trade would net an
immediate $2 profit at no risk and would not require the commitment of any of the investor’s
capital. This outcome would be a strong motivation for all arbitrageurs, and their combined
actions would force the lower price up and the higher price down until the prices converged.

But what would be the final price? It is entirely possible that $50 is the true fundamental
value and $52 is too high. Or $52 could be the true fundamental value and $50 is too low. Or
the true fundamental value could lie somewhere between the two. Arbitrage does not tell us
the true fundamental value. It is not an absolute valuation methodology, such as the discounted
cash flow equity valuation model. It is a relative valuation methodology. It tells us the correct
price of one asset or derivative relative to another asset or derivative.

Now, consider another situation, illustrated in Exhibit 6. Observe that we have one stock,
AXE Electronics, that today is worth $50 and one period later will be worth either $75 or $40.
We will denote these prices as AXE = $50, AXE* = $75, and AXE™ = $40. Another stock, BYF
Technology, is today worth $38 and one period later will be worth $60 or $32. Thus, BYF = $38,

2L1f the same consumer good sells for different prices in markets with a relatively free flow of information
(e.g., via price-comparing websites), it still may not be possible to truly arbitrage. Buying the good at a
lower price and selling it at a higher price but less than the price of the most expensive seller may not
be practical, but the most expensive seller may be driven out of business. When everyone knows what
everyone else is charging, the same effect of arbitrage can still occur.
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BYF* = $60, and BYF™~ = $32. Assume that the risk-free borrowing and lending rate is 4%. Also
assume no dividends are paid on either stock during the period covered by this example.

EXHIBIT 6  Arbitrage Opportunity with Stock AXE, Stock BYF, and a Risk-Free Bond

AXE = $50

BYF = $38

Note: The risk-free rate is 4%.

AXE* =$75
BYF+ = $60
AXE- = $40
BYF-=$32

The opportunity exists to make a profit at no risk without committing any of our funds,
as demonstrated in Exhibit 7. Suppose we borrow 100 shares of stock AXE, which is selling for
$50, and sell them short, thereby receiving $5,000. We take $4,750 and purchase 125 shares of
stock BYF (125 x $38 = $4,750). We invest the remaining $250 in risk-free bonds at 4%. This

transaction will not require us to use any funds of our own: The short sale will be sufficient to

fund the investment in BYF and leave money to invest in risk-free bonds.

EXHIBIT 7  Execution of Arbitrage Transaction with Stock AXE, Stock BYF, and a Risk-Free Bond

(AXE = $50, BYF = $38)

Sell short 100 shares of
AXE for $5,000

Buy 125 shares of BYF for
$4,750

Invest $250 in risk-free
bonds at 4%

Net investment: $0

(AXE* = $75, BYF* = $60)

Sell 125 shares of
BYF for $7,500

Buy back 100 shares of AXE for
$7,500 to cover short position

Bonds are worth $250(1.04) = $260

Total value = $260

(AXE- = $40, BYF- = $32)

Sell 125 shares of
BYF for $4,000

Buy back 100 shares of AXE for
$4,000 to cover short position

Bonds are worth $250(1.04) = $260

Total value = $260
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If the top outcome in Exhibit 7 occurs, we sell the 125 shares of BYF for 125 x $60 =
$7,500. This amount is sufficient to buy back the 100 shares of AXE, which is selling for $75.
But we will also have the bonds, which are worth $250 X 1.04 = $260. If the bottom outcome
occurs, we sell the 125 shares of BYF for 125 X $32 = $4,000—enough money to buy back
the 100 shares of AXE, which is selling for $40. Again, we will have the risk-free bonds, worth
$260. Regardless of the outcome, we end up with $260.

Recall that we invested no money of our own and end up with a sure $260. It should be
apparent that this transaction is extremely attractive, so everyone would do it. The combined
actions of multiple investors would drive down the price of AXE and/or drive up the price
of BYF until an equilibrium is reached, at which point this transaction would no longer be
profitable. As noted earlier, we cannot be sure of the correct fundamental price, but let us
assume that BYF’s price remains constant. Then AXE would fall to $47.50. Alternatively, if
we assume that AXE’s price remains constant, then the price of BYF would rise to $40. These
values are obtained by noting that the prices for both outcomes occur according to the ratio
1.25 ($75/$60 = 1.25; $40/$32 = 1.25). Thus, their initial prices should be consistent with
that ratio. If BYF is $38, AXE should be $38 x 1.25 = $47.50. If AXE is $50, BYF should be
$40.00 because $40.00 x 1.25 = $50. Of course, the two prices could settle in between. Ar-
bitrage is only a relative pricing method. It prices the two stocks in relation to each other but
does not price either on the basis of its own fundamentals.

Of course, this example is extremely simplified. Clearly, a stock price can change to more
than two other prices. Also, if a given stock is at one price, another stock may be at any other
price. We have created a simple case here to illustrate a point. But as you will learn later in
the curriculum, when derivatives are involved, the simplification here is relatively safe. As we
know, the price of a derivative is determined by the price of the underlying. Hence, when the
underlying is at one particular price, the derivative’s price will be determined by that price.
The two assets need not be two stocks; one can be a stock and the other can be a derivative on
the stock.

To see that point, consider another type of arbitrage opportunity that involves a forward
contract. Recall from the previous example that at the start, AXE sells for $50. Suppose we
borrow $50 at 4% interest by issuing a risk-free bond, use the money to buy one share of stock
AXE, and simultaneously enter into a forward contract to sell this share at a price of $54 one
period later. The stock will then move to either $75 or $40 in the next period. The forward
contract requires that we deliver the stock and accept $54 for it. And of course, we will owe
$50 X 1.04 = $52 on the loan.

Now consider the two outcomes. Regardless of the outcome, the end result is the same.
The forward contract fixes the delivery price of the stock at $54:

AXE goes to $75

Deliver stock to settle forward contract + $54
Pay back loan - $52
Net + $2
AXE goes to $40

Deliver stock to settle forward contract + $54
Pay back loan - $52

Net +$2
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In either case, we made $2, free and clear. In fact, we can even accommodate the possi-
bility of more than two future prices for AXE and we will always make $2.%? The key point
is that we faced no risk and did not have to invest any of our own money, but ended up with
$2, which is clearly a good trade. The $2 is an arbitrage profit. But where did it originate?

It turns out that the forward price, $54, was an inappropriate price given current market
conditions. In fact, it was just an arbitrary price made up to illustrate the point. To eliminate
the opportunity to earn the $2 profit, the forward price should be $52, which is equal, not
coincidentally, to the amount owed on the loan. It is also no coincidence that $52 is the price
of the asset increased by the rate of interest. We will cover this point later in the curriculum,
but for now consider that you have just seen your first derivative pricing model.??

Of course, many market participants would do this transaction as long as it generated
an arbitrage profit. These forces of arbitrage would either push the forward price down or the
stock price up, or both, until an equilibrium is reached that eliminates the opportunity to
profit at no risk with no commitment of one’s own funds.

To summarize, the forces of arbitrage in financial markets assure us that the same asset
cannot sell for different prices, nor can two equivalent combinations of assets that produce the
same results sell for different prices. Realistically, some arbitrage opportunities can exist on a
temporary basis, but they will be quickly exploited, bringing relative prices back in line with
each other. Other apparent arbitrage opportunities will be too small to warrant exploiting.

Not to be naive, however, we must acknowledge that there is a large industry of people
who call themselves arbitrageurs. So, how can such an industry exist if there are no opportu-
nities for riskless profit? One explanation is that most of the arbitrage transactions are more
complex than the simple examples used here. Many involve estimating information, which
can result in differing opinions. Arbitrage involving options, for example, usually requires an
estimate of a stock’s volatility. Different participants have different opinions about the volatil-
ity. It is quite possible that the two counterparties trading with each other believe that each is
arbitraging against the other.?*

But more importantly, the absence of arbitrage opportunities is upheld, ironically, only if
participants believe that arbitrage opportunities do exist. If traders believe that no opportuni-
ties exist to earn arbitrage profits, then traders will not follow market prices and compare those
prices with what they ought to be. Thus, eliminating arbitrage opportunities requires that
participants be alert in watching for arbitrage opportunities. In other words, strange as it may
sound, disbelief and skepticism concerning the absence of arbitrage opportunities are required
for the no-arbitrage rule to be upheld.

Markets in which arbitrage opportunities are either nonexistent or quickly eliminated are
relatively efficient markets. Recall that efficient markets are those in which it is not possible
to consistently earn returns in excess of those that would be fair compensation for the risk
assumed. Although abnormal returns can be earned in a variety of ways, arbitrage profits are

22 A good study suggestion is to try this example with any future stock price. You should get the same
result, a $2 risk-free profit.

2 This illustration is the quick look at forward pricing alluded to in Section 3.1.1.

241n reality, many of the transactions that arbitrageurs do are not really arbitrage. They are quite specu-
lative. For example, many people call themselves arbitrageurs because they buy companies that are po-
tential takeover targets and sell the companies they think will be the buyers. This transaction is not
arbitrage by any stretch of the definition. Some transactions are called “risk arbitrage,” but this term is
an oxymoron. As an investment professional, you should simply be prepared for such misuses of words,
which simply reflect the flexibility of language.
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definitely examples of abnormal returns. Thus, they are the most egregious violations of the
principle of market efficiency.

Throughout the derivatives component of the CFA curriculum, we will use the principle
of arbitrage as a dominant theme and assume that arbitrage opportunities cannot exist for any
significant length of time nor can any one investor consistently capture them. Thus, prices
must conform to models that assume no arbitrage. But we do not want to take the absence of
arbitrage opportunities so seriously that we give up and believe that arbitrage opportunities
never exist. Otherwise, they will arise and someone else will take them. Consider the rule of
arbitrage a law that will be broken from time to time but one that holds far more often than
not and one that should be understood and respected.

EXAMPLE 7  Arbitrage

1. Which of the following is a result of arbitrage?
A. The law of one price
B. The law of similar prices
C. The law of limited profitability
2. When an arbitrage opportunity exists, what happens in the market?
A. The combined actions of all arbitrageurs force the prices to converge.
B. The combined actions of arbitrageurs result in a locked-limit situation.
C. The combined actions of all arbitrageurs result in sustained profits to all.
3. Which of the following accurately defines arbitrage?
A. An opportunity to make a profit at no risk
B. An opportunity to make a profit at no risk and with the investment of no capital
C. An opportunity to earn a return in excess of the return appropriate for the risk
assumed
4. Which of the following ways best describes how arbitrage contributes to market
efficiency?
A. Arbitrage penalizes those who trade too rapidly.
B. Arbitrage equalizes the risks taken by all market participants.
C. Arbitrage improves the rate at which prices converge to their relative fair values.

Solution to 1: A is correct. Arbitrage forces equivalent assets to have a single price. There
is nothing called the law of similar prices or the law of limited profitability.

Solution to 2: A is correct. Prices converge because of the heavy demand for the cheaper
asset and the heavy supply of the more expensive asset. Profits are not sustained, and,
in fact, they are eradicated as prices converge. Locked-limit is a condition in the futures
market and has nothing to do with arbitrage.

Solution to 3: B is correct. An opportunity to profit at no risk could merely describe
the purchase of a risk-free asset. An opportunity to earn a return in excess of the return
appropriate for the risk assumed is a concept studied in portfolio management and is
often referred to as an abnormal return. It is certainly desirable but is hardly an arbitrage
because it requires the assumption of risk and the investment of capital. Arbitrage is risk
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free and requires no capital because selling the overpriced asset produces the funds to
buy the underpriced asset.

Solution to 4: C is correct. Arbitrage imposes no penalties on rapid trading; in fac, it
tends to reward those who trade rapidly to take advantage of arbitrage opportunities.
Arbitrage has no effect of equalizing risk among market participants. Arbitrage does

result in an acceleration of price convergence to fair values relative to instruments with
equivalent payoffs.

8. SUMMARY

This first reading on derivatives introduces you to the basic characteristics of derivatives, in-

cluding the following points:

* A derivative is a financial instrument that derives its performance from the performance of
an underlying asset.

e The underlying asset, called the underlying, trades in the cash or spot markets and its price
is called the cash or spot price.

e Derivatives consist of two general classes: forward commitments and contingent claims.

* Derivatives can be created as standardized instruments on derivatives exchanges or as cus-
tomized instruments in the over-the-counter market.

* Exchange-traded derivatives are standardized, highly regulated, and transparent transactions
that are guaranteed against default through the clearinghouse of the derivatives exchange.

* Over-the-counter derivatives are customized, flexible, and more private and less regulated
than exchange-traded derivatives, but are subject to a greater risk of default.

e A forward contract is an over-the-counter derivative contract in which two parties agree that
one party, the buyer, will purchase an underlying asset from the other party, the seller, at a
later date and at a fixed price they agree upon when the contract is signed.

e A futures contract is similar to a forward contract but is a standardized derivative contract
created and traded on a futures exchange. In the contract, two parties agree that one party,
the buyer, will purchase an underlying asset from the other party, the seller, at a later date
and at a price agreed on by the two parties when the contract is initiated. In addition, there
is a daily settling of gains and losses and a credit guarantee by the futures exchange through
its clearinghouse.

* A swap is an over-the-counter derivative contract in which two parties agree to exchange a
series of cash flows whereby one party pays a variable series that will be determined by an
underlying asset or rate and the other party pays either a variable series determined by a
different underlying asset or rate or a fixed series.

* An option is a derivative contract in which one party, the buyer, pays a sum of money to the
other party, the seller or writer, and receives the right to either buy or sell an underlying asset
at a fixed price either on a specific expiration date or at any time prior to the expiration date.

* A call is an option that provides the right to buy the underlying.

A put is an option that provides the right to sell the underlying.

¢ Credit derivatives are a class of derivative contracts between two parties, the credit protec-
tion buyer and the credit protection seller, in which the latter provides protection to the
former against a specific credit loss.
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e A credit default swap is the most widely used credit derivative. It is a derivative contract
between two parties, a credit protection buyer and a credit protection seller, in which the
buyer makes a series of payments to the seller and receives a promise of compensation for
credit losses resulting from the default of a third party.

* An asset-backed security is a derivative contract in which a portfolio of debt instruments
is assembled and claims are issued on the portfolio in the form of tranches, which have
different priorities of claims on the payments made by the debt securities such that prepay-
ments or credit losses are allocated to the most-junior tranches first and the most-senior
tranches last.

¢ Derivatives can be combined with other derivatives or underlying assets to form hybrids.

* Derivatives are issued on equities, fixed-income securities, interest rates, currencies, com-
modities, credit, and a variety of such diverse underlyings as weather, electricity, and disaster
claims.

* Derivatives facilitate the transfer of risk, enable the creation of strategies and payoffs not
otherwise possible with spot assets, provide information about the spot market, offer lower
transaction costs, reduce the amount of capital required, are easier than the underlyings to
go short, and improve the efficiency of spot markets.

¢ Derivatives are sometimes criticized for being a form of legalized gambling and for leading
to destabilizing speculation, although these points can generally be refuted.

* Derivatives are typically priced by forming a hedge involving the underlying asset and a
derivative such that the combination must pay the risk-free rate and do so for only one
derivative price.

* Derivatives pricing relies heavily on the principle of storage, meaning the ability to hold or
store the underlying asset. Storage can incur costs but can also generate cash, such as divi-
dends and interest.

e Arbitrage is the condition that two equivalent assets or derivatives or combinations of assets
and derivatives sell for different prices, leading to an opportunity to buy at the low price
and sell at the high price, thereby earning a risk-free profit without committing any capital.

¢ The combined actions of arbitrageurs bring about a convergence of prices. Hence, arbitrage
leads to the law of one price: Transactions that produce equivalent results must sell for
equivalent prices.

PROBLEMS

1. A derivative is best described as a financial instrument that derives its performance by:
A. passing through the returns of the underlying.
B. replicating the performance of the underlying.
C. transforming the performance of the underlying.
2. Compared with exchange-traded derivatives, over-the-counter derivatives would most
likely be described as:
A. standardized.
B. less transparent.
C. more transparent.

© 2013 CFA Institute. All rights reserved.
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10.

11.

12.

13.

Exchange-traded derivatives are:

A. largely unregulated.

B. traded through an informal network.

C. guaranteed by a clearinghouse against default.

Which of the following derivatives is classified as a contingent claim?

A. Futures contracts

B. Interest rate swaps

C. Credit default swaps

In contrast to contingent claims, forward commitments provide the:

A. right to buy or sell the underlying asset in the future.

B. obligation to buy or sell the underlying asset in the future.

C. promise to provide credit protection in the event of default.

Which of the following derivatives provide payoffs that are non-linearly related to the
payoffs of the underlying?

A. Options

B. Forwards

C. Interest rate swaps

An interest rate swap is a derivative contract in which:

A. two parties agree to exchange a series of cash flows.

B. the credit seller provides protection to the credit buyer.

C. the buyer has the right to purchase the underlying from the seller.

Forward commitments subject to default are:

A. forwards and futures.

B. futures and interest rate swaps.

C. interest rate swaps and forwards.

Which of the following derivatives is least likely to have a value of zero at initiation of the
contract?

A. Futures

B. Options

C. Forwards

A credit derivative is a derivative contract in which the:

A. clearinghouse provides a credit guarantee to both the buyer and the seller.

B. seller provides protection to the buyer against the credit risk of a third party.

C. the buyer and seller provide a performance bond at initiation of the contract.
Compared with the underlying spot market, derivative markets are more likely to have:
A. greater liquidity.

B. higher transaction costs.

C. higher capital requirements.

Which of the following characteristics is least likely to be a benefit associated with using
derivatives?

A. More effective management of risk

B. Payoffs similar to those associated with the underlying

C. Greater opportunities to go short compared with the spot market

Which of the following is most likely to be a destabilizing consequence of speculation
using derivatives?

A. Increased defaults by speculators and creditors

B. Market price swings resulting from arbitrage activities

C. The creation of trading strategies that result in asymmetric performance
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14. The law of one price is best described as:

15.

A. the true fundamental value of an asset.

B. earning a risk-free profit without committing any capital.

C. two assets that will produce the same cash flows in the future must sell for equivalent
prices.

Arbitrage opportunities exist when:

A. two identical assets or derivatives sell for different prices.

B. combinations of the underlying asset and a derivative earn the risk-free rate.

C. arbitrageurs simultaneously buy takeover targets and sell takeover acquirers.






CHAPTER 2

BASICS OF DERIVATIVE
PRICING AND VALUATION

Don M. Chance, PhD, CFA

LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:

* explain how the concepts of arbitrage, replication, and risk neutrality are used in pricing
derivatives;

e distinguish between value and price of forward and futures contracts;

* explain how the value and price of a forward contract are determined at expiration, during
the life of the contract, and at initiation;

* describe monetary and nonmonetary benefits and costs associated with holding the underly-
ing asset and explain how they affect the value and price of a forward contract;

* define a forward rate agreement and describe its uses;

¢ explain why forward and futures prices differ;

¢ explain how swap contracts are similar to but different from a series of forward contracts;

* distinguish between the value and price of swaps;

¢ explain how the value of a European option is determined at expiration;

¢ explain the exercise value, time value, and moneyness of an option;

¢ identify the factors that determine the value of an option and explain how each factor affects
the value of an option;

e explain put—call parity for European options;

e explain put—call-forward parity for European options;

* explain how the value of an option is determined using a one-period binomial model;

¢ explain under which circumstances the values of European and American options differ.

© 2014 CFA Institute. All rights reserved.
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1. INTRODUCTION

It is important to understand how prices of derivatives are determined. Whether one is on
the buy side or the sell side, a solid understanding of pricing financial products is critical to
effective investment decision making. After all, one can hardly determine what to offer or bid
for a financial product, or any product for that matter, if one has no idea how its characteristics
combine to create value.

Understanding the pricing of financial assets is important. Discounted cash flow methods
and models, such as the capital asset pricing model and its variations, are useful for determin-
ing the prices of financial assets. The unique characteristics of derivatives, however, pose some
complexities not associated with assets, such as equities and fixed-income instruments. Some-
what surprisingly, however, derivatives also have some simplifying characteristics. For example,
as we will see in this reading, in well-functioning derivatives markets the need to determine
risk premiums is obviated by the ability to construct a risk-free hedge. Correspondingly, the
need to determine an investor’s risk aversion is irrelevant for derivative pricing, although it is
certainly relevant for pricing the underlying.

The purpose of this reading is to establish the foundations of derivative pricing on a basic
conceptual level. The following topics are covered:

* How does the pricing of the underlying asset affect the pricing of derivatives?
* How are derivatives priced using the principle of arbitrage?

* How are the prices and values of forward contracts determined?

* How are futures contracts priced differently from forward contracts?

* How are the prices and values of swaps determined?

* How are the prices and values of European options determined?

* How does American option pricing differ from European option pricing?

This reading is organized as follows. Section 2 explores two related topics, the pricing of
the underlying assets on which derivatives are created and the principle of arbitrage. Section 3
describes the pricing and valuation of forwards, futures, and swaps. Section 4 introduces the
pricing and valuation of options. Section 5 provides a summary.

2. FUNDAMENTAL CONCEPTS OF DERIVATIVE PRICING

In this section, we will briefly review the concepts associated with derivatives, the types of
derivatives, and the pricing principles of the underlying assets. We will also look at arbitrage, a
critical concept that links derivative pricing to the price of the underlying.

2.1. Basic Derivative Concepts

The definition of a derivative is as follows:

A derivative is a financial instrument that derives its performance from the performance
of an underlying asset.

A derivative is created as a contract between two parties, the buyer and the seller. Deriva-
tives trade in markets around the world, which include organized exchanges, where highly
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standardized and regulated versions exist, and over-the-counter markets, where customized
and more lightly regulated versions trade. The basic characteristics of derivatives that influence
pricing are not particularly related to where the derivatives trade, but are critically dependent
on the types of derivatives.

The two principal types of derivatives are forward commitments and contingent claims. A
forward commitment is an obligation to engage in a transaction in the spot market at a future
date at terms agreed upon today.! By entering into a forward commitment, a party locks in the
terms of a transaction that he or she will conduct later. The word “commitment” is critical here.
A forward contract is a firm obligation.

There are three types of forward commitments: forward contracts, futures contracts, and
swap contracts. These contracts can be referred to more simply as forwards, futures, and swaps.

A forward contract is an over-the-counter derivative contract in which two parties agree
that one party, the buyer, will purchase an underlying asset from the other party, the seller,
at a later date at a fixed price they agree upon when the contract is signed.

A futures contract is a standardized derivative contract created and traded on a futures
exchange in which two parties agree that one party, the buyer, will purchase an underlying
asset from the other party, the seller, at a later date ar a price agreed upon by the two parties
when the contract is initiated and in which there is a daily settling of gains and losses and
a credit guarantee by the futures exchange through its clearinghouse.

A swap contract is an over-the-counter derivative contract in which two parties agree to
exchange a series of cash flows whereby one party pays a variable series that will be deter-
mined by an underlying asset or rate and the other party pays either 1) a variable series
determined by a different underlying asset or rate or 2) a fixed series.

As these definitions illustrate, forwards and futures are similar. They both establish the
terms of a spot transaction that will occur at a later date. Forwards are customized, less trans-
parent, less regulated, and subject to higher counterparty default risk. Futures are standardized,
more transparent, more regulated, and generally immune to counterparty default. A swap is
equivalent to a series of forward contracts, a point that will be illustrated later.

A contingent claim is a derivative in which the outcome or payoff is determined by the
outcome or payoff of an underlying asset, conditional on some event occurring. Contingent
claims include options, credit derivatives, and asset-backed securities. Because credit deriva-
tives and asset-backed securities are highly specialized, this reading will focus only on options.

Recall the definition of an option:

An option is a derivative contract in which one party, the buyer, pays a sum of money to
the other party, the seller or writer, and receives the right to either buy or sell an under-

lying asset at a fixed price either on a specific expiration date or at any time prior to the
expiration date.

"Remember that the term “spot market” refers to the market in which the underlying trades. A transac-
tion in the spot market involves a buyer paying for an asset and receiving it right away or at least within
a few days, given the normal time required to settle a financial transaction.
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Options can be either customized over-the-counter contracts or standardized and traded on
exchanges.

Because derivatives take their prices from the price of the underlying, it is important to
first understand how the underlying is priced. We will approach the underlying from a slightly
different angle, one that emphasizes the often-subtle costs of holding the underlying, which
turn out to play a major role in derivative pricing.

2.2. Pricing the Underlying

The four main types of underlying on which derivatives are based are equities, fixed-income
securities/interest rates, currencies, and commodities. Equities, fixed-income securities (but
not interest rates), currencies, and commodities are all assets. An interest rate is not an asset,
but it can be structured as the underlying of a derivative.?

Consider a generic underlying asset. This asset is something of value that you can own.
Some assets are financial assets, such as equities, bonds, and currencies, and some are real
assets, such as commodities (e.g., gold, oil, and agricultural products) and certain physical
objects (e.g., houses, automobiles, and computers).

The price of a financial asset is often determined using a present value of future cash
flows approach. The value of the financial asset is the expected future price plus any interim
payments such as dividends or coupon interest discounted at a rate appropriate for the risk as-
sumed. Such a definition presumes a period of time over which an investor anticipates holding
an asset, known as the holding period. The investor forecasts the price expected to prevail at
the end of the holding period as well as any cash flows that are expected to be earned over the
holding period. He then takes that predicted future price and expected cash flows and finds
their current value by discounting them to the present. Thereby, the investor arrives at a fun-
damental value for the asset and will compare that value with its current market price. Based
on any differential relative to the cost of trading and his confidence in his valuation model, he
will make a decision about whether to trade.

2.2.1. The Formation of Expectations

Let us first assume that the underlying does not pay interest or dividends, nor does it have any
other cash flows attributable to holding the asset. Exhibit 1 illustrates the basic idea behind
the valuation process. Using a probability distribution, the investor forecasts the future over a
holding period spanning time O to time 7. The center of the distribution is the expected price
of the asset at time 7, which we denote as £(S7), and represents the investor’s prediction of
the spot price at 7. The investor knows there is risk, so this prediction is imperfect—hence
the reason for the probability distribution. Nonetheless, at time 0 the investor makes her best
prediction of the spot price at time 7, which becomes the foundation for determining what she
perceives to be the value of the asset.?

2This is a good example of why it is best not to use the term “underlying assef” when speaking of deriv-
atives. Not all derivatives have underlying assets, but all have underlyings, some of which are not assets.
Some other examples of non-asset underlyings used in derivatives are weather, insurance claims, and
shipping rates. There are also some derivatives in which the underlying is another derivative.

3The distribution shown here is symmetrical and relatively similar to a normal distribution, but this
characterization is for illustrative purposes only. We are making no assumptions about symmetry or
normality at this point.
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EXHIBIT 1  The Formation of Expectations for an Asset

E(S7)

2.2.2. The Required Rate of Return on the Underlying Asset

To determine the value of the asset, this prediction must be converted into its price or present
value. The specific procedure is to discount this expected future price, but that is the easy part.
Determining the rate at which to discount the expected future price is the hard part. We use
the symbol 4 to denote this currently unknown discount rate, which is often referred to as the
required rate of return and sometimes the expected rate of return or just the expected return.
At a minimum, that rate will include the risk-free rate of interest, which we denote as . This
rate represents the opportunity cost, or so-called time value of money, and reflects the price of
giving up your money today in return for receiving more money later.

2.2.3. The Risk Aversion of the Investor

At this point, we must briefly discuss an important characteristic of investors: their degree of
risk aversion. We can generally characterize three potential types of investors by how they feel
about risk: risk averse, risk neutral, or risk seeking.

Risk-neutral investors are willing to engage in risky investments for which they expect to
earn only the risk-free rate. Thus, they do not expect to earn a premium for bearing risk. For
risk-averse investors, however, risk is undesirable, so they do not consider the risk-free rate
an adequate return to compensate them for the risk. Thus, risk-averse investors require a risk
premium, which is an increase in the expected return that is sufficient to justify the acceptance
of risk. All things being equal, an investment with a higher risk premium will have a lower
price. It is very important to understand, however, that risk premiums are not automatically
earned. They are merely expectations. Actual outcomes can differ. Clearly stocks that decline
in value did not earn risk premiums, even though someone obviously bought them with the
expectation that they would. Nonetheless, risk premiums must exist in the long run or risk-
averse investors would not accept the risk.

The third type of investor is one we must mention but do not treat as realistic. Risk seekers
are those who prefer risk over certainty and will pay more to invest when there is risk, implying
a negative risk premium. We almost always assume that investors prefer certainty over uncer-
tainty, so we generally treat a risk-secking investor as just a theoretical possibility and not a
practical reality.*

#People who gamble in casinos or play lotteries appear to be risk-seekers, given the advantage of the casi-
no or the lottery organizer, but they are merely earning utility from the game itself, not necessarily from
the expected financial outcome.
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We will assume that investors are risk averse. To justify taking risk, risk-averse investors

require a risk premium. We will use the Greek symbol A (lambda) to denote the risk premium.’

2.2.4. The Pricing of Risky Assets

Exhibit 2 illustrates the process by which an investor obtains the current price, S, by discount-
ing the expected future price of an asset with no interim cash flows, £(S7), by  (the risk-free
rate) plus A (the risk premium) over the period from 0 to 7.

EXHIBIT 2 Discounting the Expected Future Price to Obtain the Current Price
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2.2.5. Other Benefits and Costs of Holding an Asset
Many assets generate benefits and some incur costs to their owners. Some of these costs are
monetary and others are nonmonetary. The dividends paid by companies and coupon interest
paid by borrowers on their bonds represent obvious benefits to the holders of these securities.
With currencies representing investments that earn the risk-free rate in a foreign country, they
too generate benefits in the form of interest. Barring default, interest payments on bonds and
currencies are relatively certain, so we will treat them as such. Dividend payments are not
certain, but dividends do tend to be fairly predictable. As such, we will make an assumption
common to most derivative models that dividends are certain.®

There is substantial evidence that some commodities generate a benefit that is somewhat
opaque and difficult to measure. This benefit is called the convenience yield. It represents a
nonmonetary advantage of holding the asset. For most financial assets, convenience yields are
cither nonexistent or extremely limited. Financial assets do not possess beauty that might make
a person enjoy owning them just to look at them. Convenience yields are primarily associated
with commodities and generally exist as a result of difficulty in either shorting the commodity
or unusually tight supplies. For example, if a commodity cannot be sold short without great
difficulty or cost, the holder of the commodity has an advantage if market conditions suggest
that the commodity should be sold. Also, if a commodity is in short supply, the holders of
the commodity can sometimes extract a price premium that is believed by some to be higher
than what would be justified in well-functioning markets. The spot price of the commodity
could even be above the market’s expectation of its future price, a condition that would seem
to imply a negative expected return. This scenario raises the question of why anyone would

5 Although the risk-free rate is invariant with a country’s economy, the risk premium varies with the
amount of risk taken. Thus, while the risk-free rate is the same when applied to every investment, the risk
premium is not the same for every investment.

Some derivative models incorporate uncertain dividends and interest, but those are beyond the scope
of this introductory reading.
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want to hold the commodity if its expected return is negative. The convenience yield provides
a possible explanation that attributes an implied but non-financial expected return to the ad-
vantage of holding a commodity in short supply. The holder of the commodity has the ability
to sell it when market conditions suggest that selling is advisable and short selling is difficult.

One cost incurred in owning commodities is the cost of storage. One could hardly own
gold, oil, or wheat without incurring some costs in storing these assets. There are also costs
incurred in protecting and insuring some commodities against theft or destruction. Depend-
ing on the commodity, these costs can be quite significant. For financial assets, however, the
storage costs are so low that we can safely ignore them.

Finally, there is the opportunity cost of the money invested. If a person buys an asset, he
forgoes interest on his money. The effect on this interest is reflected by compounding the price
paid for the asset to a future value at the risk-free rate of interest. Thus, an investor who buys
a stock that costs £50 in a market in which the risk-free rate is 4% will effectively have paid
£50 X 1.04 = £52 a year later. Of course, the stock could be worth any value at that time, and
any gain or loss should be determined in comparison to the effective price paid of £52.

As we described earlier, we determine the current price of an asset by discounting the
expected future price by the sum of the risk-free rate () plus the risk premium (A). When we
introduce costs and benefits of holding the asset, we have to make an adjustment. With the
exception of this opportunity cost of money, we will incorporate the effect of these costs and
benefits by determining their value at the end of the holding period. Under the assumption
that these costs and benefits are certain, we can then discount them at the risk-free rate to
obtain their present value. There is a logic to doing it this way (i.e., finding their future value
and discounting back to the present, as opposed to finding their present value directly). By
finding their future value, we are effectively saying that the costs and benefits adjust the ex-
pected payoff at the end of the holding period. But because they are certain, we can discount
their effects at the risk-free rate. So we have effectively just found their present value. The net
effect is that the costs reduce the current price and the benefits increase the current price. We
use the symbol 0 (theta) to denote the present value of the costs and Y (gzamma) as the present
value of any benefits.

The net of the costs and benefits is often referred to by the term carry, or sometimes cost
of carry. The holding, storing, or “carrying” of an asset is said to incur a net cost that is essen-
tially what it takes to “carry” an asset. Exhibit 3 illustrates the effect in which the carry adjusts
the price of an asset in the valuation process.

EXHIBIT 3  Pricing an Asset That Incurs Costs and Generates Benefits

Sp= T Y — —— —— ——
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EXAMPLE 1  Pricing the Spot Asset

1. Which of the following factors does not affect the spot price of an asset that has no
interim costs or benefits?
A. The time value of money
B. The risk aversion of investors
C. The price recently paid by other investors
2. Which of the following does not represent a benefit of holding an asset?
A. The convenience yield
B. An optimistic expected outlook for the asset
C. Dividends if the asset is a stock or interest if the asset is a bond

Solution to 1: Cis correct. The price recently paid by other investors is past information
and does not affect the spot price. The time value of money and the risk aversion of
investors determine the discount rate. Only current information is relevant as investors

look ahead, not back.

Solution to 2: B is correct. An optimistic forecast for the asset is not a benefit of holding
the asset, but it does appear in the valuation of the asset as a high expected price at the
horizon date. Convenience yields and dividends and interest are benefits of holding the
asset.

To recap, although the various underlyings differ with respect to the specifics of pricing,
all of them are based on expectations, risk, and the costs and benefits of holding a specific
underlying. Understanding how assets are priced in the spot market is critical to understand-
ing how derivatives are priced. To understand derivative pricing, it is necessary to establish
a linkage between the derivative market and the spot market. That linkage occurs through
arbitrage.

2.3. 'The Principle of Arbitrage

Arbitrage is a type of transaction undertaken when two assets or portfolios produce identical
results but sell for different prices. If a trader buys the asset or portfolio at the cheaper price
and sells it at the more expensive price, she will generate a net inflow of funds at the start. Be-
cause the two assets or portfolios produce identical results, a long position in one and a short
position in the other means that at the end of the holding period, the payoffs offset. Hence,
no money is gained or lost at the end of the holding period, so there is no risk. The net effect
is that the arbitrageur receives money at the start and never has to pay out any money later.
Such a situation amounts to free money, like walking down the street, finding money on the
ground, and never having to give it up. Exhibit 4 illustrates this process for assets A and B,
which have no dividends or other benefits or costs and pay off identically but sell for different
prices, with S < Sy%.
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EXHIBIT 4  Executing an Arbitrage

Given: Assets A and B produce the same values at time
T but at time 0, A is selling for less than B.

St < SgB: SrA= 58

Buy A at Sp2 Sell A for SA

Sell B at SyB Buy B for S8

Cash flow = 5B — SyA(> 0) Cash flow = SA - SB(= 0)
0 T

2.3.1. The (In)Frequency of Arbitrage Opportunities

When arbitrage opportunities exist, traders exploit them very quickly. The combined actions
of many traders engaging in the same transaction of buying the low-priced asset or portfolio
and selling the high-priced asset or portfolio results in increased demand and an increasing
price for the former and decreased demand and a decreasing price for the latter. This market
activity will continue until the prices converge. Assets that produce identical results can thus
have only one true market price. This rule is called the “law of one price.” With virtually all
market participants alert for the possibility of earning such profits at no risk, it should not be
surprising that arbitrage opportunities are rare.

In practice, prices need not converge precisely, or even all that quickly, because the trans-
action cost of exploiting an opportunity could exceed the benefit. For example, say you are
walking down the sidewalk of the Champs-Elysées in Paris and notice a €1 coin on the side-
walk. You have a bad back, and it would take some effort to bend over. The transaction cost
of exploiting this opportunity without any risk could exceed the benefit of the money. Some
arbitrage opportunities represent such small discrepancies that they are not worth exploiting
because of transaction costs.

Significant arbitrage opportunities, however, will be exploited. A significant opportunity
arises from a price differential large enough to overcome the transaction costs. Any such price
differential will continue to be exploited until the opportunity disappears. Thus, if you find a
€10 note on the Champs-Elysées sidewalk, there is a good chance you will find it worth pick-
ing up (even with your bad back), and even if you do not pick it up, it will probably not be
there for long. With enough people alert for such opportunities, only a few will arise, and the
ones that do will be quickly exploited and disappear. In this manner, arbitrage makes markets
work much more efliciently.

2.3.2. Arbitrage and Derivatives

It may be difficult to conceive of many investments that would produce identical payoffs. Even
similar companies such as McDonalds and Burger King, which are in the same line of business,
do not perform identically. Their performance may be correlated, but each has its own unique
characteristics. For equity securities and with no derivatives involved, about the only such sit-
uation that could exist in reality is a stock that trades simultaneously in two different markets,
such as Royal Dutch Shell, which trades in Amsterdam and London but is a single company.
Clearly there can be only one price. If those two markets operate in different currencies, the
currency-adjusted prices should be the same. Bonds issued by the same borrower are also po-
tentially arbitrageable. All bonds of an issuer will be priced off of the term structure of interest
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rates. Because of this common factor, bonds of different maturities can be arbitraged against
each other. But in general, two securities are unlikely to perform identically.

The picture changes, however, if we introduce derivatives. For most derivatives, the pay-
offs come (derive) directly from the value of the underlying at the expiration of the derivative.
Although no one can predict with certainty the value of the underlying at expiration, as soon as
that value is determined, the value of the derivative at expiration becomes certain. So, while the
performance of McDonalds™ stock may have a strong correlation to the performance of Burger
King’s stock, neither completely determines the other. But derivatives on McDonalds™ stock
and derivatives on Burger King’s stock are completely determined by their respective stocks. All
of the uncertainty in a derivative comes from the uncertainty in the underlying. As a result, the
price of the derivative is tied to the price of the underlying. That being the case, the derivative
can be used to hedge the underlying, or vice versa.

Exhibit 5 illustrates this point. When the underlying is combined with the derivative to
produce a perfect hedge, all of the risk is eliminated and the position should earn the risk-free
rate. If not, arbitrageurs begin to trade. If the position generates a return in excess of the risk-
free rate, the arbitrageurs see an opportunity because the hedged position of the underlying
and derivative earns more than the risk-free rate and a risk-free loan undertaken as a borrower
incurs a cost equal to the risk-free rate. Therefore, going long the hedged position and bor-
rowing at the risk-free rate earns a return in excess of the risk-free rate, incurs a cost of the
risk-free rate, and has no risk. As a result, an investor can earn excess return at no risk without
committing any capital. Arbitrageurs will execute this transaction in large volumes, continuing
to exploit the pricing discrepancy until market forces push prices back in line such that both
risk-free transactions earn the risk-free rate.

EXHIBIT 5 Hedging the Underlying with a Derivative (or Vice Versa)

Underlying payoff
— Derivative payoff
= Risk-free return

Position in underlying
+ Opposite position in derivative

Out of this process, one and only one price can exist for the derivative. Otherwise, there
will be an arbitrage opportunity. We typically take the underlying price as given and infer the
unique derivative price that prohibits any arbitrage opportunities. Most derivatives pricing
models are established on this foundation. We simply assume that no arbitrage opportunities
can exist and infer the derivative price that guarantees there are no arbitrage opportunities.

2.3.3. Arbitrage and Replication

Because an asset and a derivative on the asset can be combined to produce a position equivalent
to a risk-free bond, it follows that the asset and the risk-free asset can be combined to produce
the derivative. Alternatively, the derivative and the risk-free asset can be combined to produce
the asset. Exhibit 6 shows this process, referred to as replication. Replication is the creation
of an asset or portfolio from another asset, portfolio, and/or derivative. Exhibit 6 shows first
that an asset plus the derivative can replicate the risk-free asset. Second, an asset minus the
risk-free asset (meaning to borrow at the risk-free rate) is equivalent to the opposite position
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in the derivative, and third, a derivative minus the risk-free asset is equivalent to the opposite
position in the asset.

EXHIBIT 6  Arbitrage, Replication, and Derivatives

| Asset | + | Derivative | = | Risk-free asset |
| Asset | - | Risk-free asset | = | —Derivative |
| Derivative | - | Risk-free asset | = | —Asset |

If all assets are correctly priced to prohibit arbitrage, however, the ability to replicate seems
useless. Why would one replicate an asset or derivative if there is no cost advantage? Buying a
government security to earn the risk-free rate is easier than buying the asset and selling a deriv-
ative to produce a risk-free position. At this point, that is certainly a reasonable question. As we
progress through this material, however, we will relax the assumption that everything is always
correctly priced and we will admit the possibility of occasional arbitrage opportunities. For
example, it may be more profitable to hedge a portfolio with a derivative to produce a risk-free
rate than to invest in the risk-free asset. In addition, we might find that replication can have
lower transaction costs. For example, a derivative on a stock index combined with the risk-free
asset can potentially replicate an index fund at lower transaction costs than buying all the se-
curities in the index. Replication is the essence of arbitrage. The ability to replicate something
with something else can be valuable to investors, either through pricing differentials, however
temporary, or lower transaction costs.

2.3.4. Risk Aversion, Risk Neutrality, and Arbitrage-Free Pricing

Most investors are risk averse. They do not accept risk without the expectation of a return
commensurate with that risk. Thus, they require risk premiums to justify the risk. One might
think that this point implies a method for pricing derivatives based on the application of a risk
premium to the expected payoff of the derivative and its risk. As we will describe later, this
methodology is not appropriate in the pricing of derivatives.

As previously described, a derivative can be combined with an asset to produce a risk-free
position. This fact does not mean that one should create such a combination. It merely means
that one can do so. The derivative price is the price that guarantees the risk-free combination
of the derivative and the underlying produces a risk-free return. The derivative price can then
be inferred from the characteristics of the underlying, the characteristics of the derivative, and
the risk-free rate. The investor’s risk aversion is not a factor in determining the derivative price.
Because the risk aversion of the investor is not relevant to pricing the derivative, one can just
as easily obtain the derivative price by assuming that the investor is risk neutral. That means
that the expected payoff of the derivative can be discounted at the risk-free rate rather than the
risk-free rate plus a risk premium. Virtually all derivative pricing models ultimately take this
form: discounting the expected payoff of the derivative at the risk-free rate.

The entire process of pricing derivatives is not exactly as we have described it at this point.
There is an intermediate step, which entails altering the probabilities of the outcomes from the
true probabilities to something called risk-neutral probabilities. We will illustrate this process
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later in this reading. The important point to understand is that while the risk aversion of
investors is relevant to pricing assets, it is not relevant to pricing derivatives. As such, deriva-
tives pricing is sometimes called risk-neutral pricing. Risk-neutral pricing uses the fact that
arbitrage opportunities guarantee that a risk-free portfolio consisting of the underlying and
the derivative must earn the risk-free rate. There is only one derivative price that meets that
condition. Any mispricing of the derivative will lead to arbitrage transactions that drive the
derivative price back to where it should be, the price that eliminates arbitrage opportunities.

The overall process of pricing derivatives by arbitrage and risk neutrality is called
arbitrage-free pricing. We are effectively determining the price of a derivative by assuming
that the market is free of arbitrage opportunities. This notion is also sometimes called the
principle of no arbitrage. If there are no arbitrage opportunities, combinations of assets and/
or derivatives that produce the same results must sell for the same price. The correct derivative
price assures us that the market is free of arbitrage opportunities.

2.3.5. Limits to Arbitrage

As we previously described, there may be reasons to not pick up a coin lying on the ground.
Likewise, some small arbitrage profits are never exploited. A bond selling for €1,000 might
offer an arbitrage profit by trading a derivative on the bond and a risk-free asset at a total cost of
€999, but the profit of €1 might be exceeded by the transaction costs. Such small differentials
can easily remain essentially trapped within the bounds of transaction costs. In addition, arbi-
trage can require capital. Not everyone can borrow virtually unlimited amounts of money at
what amounts to a risk-free rate. Moreover, some transactions can require additional capital to
maintain positions. The corresponding gains from an offsetting position might not be liquid.
Hence, on paper the position is hedged, but in practice, one position has a cash outflow while
the other generates gains on paper that are realized only later. Borrowing against those future
gains is not always easy.

Moreover, some apparent arbitrage transactions are not completely risk free. As you will
learn later, option pricing requires knowledge of the volatility of the underlying asset, which is
information that is not easy to obtain and subject to different opinions. Executing an arbitrage
can entail risk if one lacks accurate information on the model inputs.

Some arbitrage positions require short-selling assets that can be difficult to short. Some
securities are held only by investors who are unwilling to lend the securities and who, by policy,
are not arbitrageurs themselves. Some commodities, in particular, can be difficult and costly to
sell short. Hence, the arbitrage might exist in only one direction, which keeps the price from
becoming seemingly too high or seemingly too low but permitting it to move virtually without
limit in the opposite direction.

Arbitrage positions rely on the ultimate realization by other investors of the existence of
the mispricing. For some investors, bearing these costs and risks until other investors drive the
price back to its appropriate level can be nearly impossible.

The arbitrage principle is the essence of derivative pricing models. Yet, clearly there are
limits to the ability of all investors to execute arbitrage transactions. In studying derivative
pricing, it is important to accept the no-arbitrage rule as a paradigm, meaning a framework
for analysis and understanding. Although no market experts think that arbitrage opportunities
never occur, it is a common belief that finding and exploiting them is a challenging and highly
competitive process that will not yield frequent success. But it is important that market partic-
ipants stay alert for and exploit whatever arbitrage opportunities arise. In response, the market
functions more efficiently.
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EXAMPLE 2 Arbitrage

1. Which of the following best describes an arbitrage opportunity? It is an opportunity
to:
A. earn a risk premium in the short run.
B. buy an asset at less than its fundamental value.
C. make a profit at no risk with no capital invested.
2. What most likely happens when an arbitrage opportunity exists?
A. Investors trade quickly and prices adjust to eliminate the opportunity.
B. Risk premiums increase to compensate traders for the additional risk.
C. Markets cease operations to eliminate the possibility of profit at no risk.
3. Which of the following best describes how derivatives are priced?
A. A hedge portfolio is used that eliminates arbitrage opportunities.
B. The payoff of the underlying is adjusted downward by the derivative value.
C. The expected future payoff of the derivative is discounted at the risk-free rate
plus a risk premium.
4. An investor who requires no premium to compensate for the assumption of risk is
said to be which of the following?
A. Risk seeking
B. Risk averse
C. Risk neutral
5. Which of the following is a limit to arbitrage?
A. Clearinghouses restrict the transactions that can be arbitraged.
B. Pricing models do not show whether to buy or sell the derivative.
C. It may not always be possible to raise sufficient capital to engage in arbitrage.

Solution to 1: C is correct because it is the only answer that is based on the notion of
when an arbitrage opportunity exists: when two identical assets or portfolios sell for dif-
ferent prices. A risk premium earned in the short run can easily have occurred through
luck. Buying an asset at less than fair value might not even produce a profit.

Solution to 2: A is correct. The combined actions of traders push prices back in line
to a level at which no arbitrage opportunities exist. Markets certainly do not shut
down, and risk premiums do not adjust and, in fact, have no relevance to arbitrage

profits.

Solution to 3: A is correct. A hedge portfolio is formed that eliminates arbitrage oppor-
tunities and implies a unique price for the derivative. The other answers are incorrect
because the underlying payoff is not adjusted by the derivative value and the discount
rate of the derivative does not include a risk premium.

Solution to 4: C is correct. Risk-seeking investors give away a risk premium because
they enjoy taking risk. Risk-averse investors expect a risk premium to compensate for
the risk. Risk-neutral investors neither give nor receive a risk premium because they have
no feelings about risk.
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Solution to 5: C is correct. It may not always be possible to raise sufficient capital to
engage in arbitrage. Clearinghouses do not restrict arbitrage. Pricing models show what
the price of the derivative should be.

Thus, comparison with the market price will indicate if the derivative is overpriced
and should be sold or if it is underpriced and should be purchased.

2.4. The Concept of Pricing versus Valuation

In equity markets, analysis is undertaken with the objective of determining the value, some-
times called the fundamental value, of a stock. When a stock trades in the market for a price
that differs from its fundamental value, investors will often buy or sell the stock based on the
perceived mispricing. The fundamental value of a stock is typically determined by analyzing
the company’s financial statements, projecting its earnings and dividends, determining a dis-
count rate based on the risk, and finding the present value of the future dividends. These steps
make up the essence of dividend discount models. Other approaches include comparing the
book value of a company to its market value, thereby using book value as a proxy for funda-
mental value, or by application of a price/earnings ratio to projected next-period earnings, or
by discounting free cash flow. Each of these approaches purports to estimate the company’s
fundamental value, leading to the notion that a company is worth something that may or may
not correspond to its price in the market.

In derivative markets, the notion of valuation as a representation of fundamental value
is still a valid concept, but the terminology can be somewhat different and can lead to some
confusion. Options are not a problem in this regard. They can be analyzed to determine their
fundamental value, and the market price can be compared with the fundamental value. Any
difference can then presumably be exploited via arbitrage. The combined actions of numerous
investors should ultimately lead to the market price converging to its fundamental value, sub-
ject to the above limits to arbitrage.

The world of forwards, futures, and swaps, however, uses different terminology with re-
spect to price and value. These contracts do not require the outlay of cash at the start the way
an option, stock, or bond does. Forwards, futures, and swaps start off with values of zero. Then
as the underlying moves, their values become either positive or negative. The forward, futures,
or swap price is a concept that represents the fixed price or rate at which the underlying will
be purchased at a later date. It is not an amount to be paid at the start. This fixed price or rate
is embedded into the contract while the value will fluctuate as market conditions change. But
more importantly, the value and price are not at all comparable with each other.

Consider a simple example. Suppose you own a stock priced at $102. You have a short
forward contract to sell the stock at a price of $100 one year from now. The risk-free rate is
4%. Your position is riskless because you know that one year from now, you will sell the stock
for $100. Thus, you know you will get $100 one year from now, which has a present value
of $100/(1.04) = $96.15. Notice the discounting at the risk-free rate, which is appropriate
because the position is riskless. Your overall position is that you own an asset worth $102
and are short a contract worth something, and the two positions combine to have a value of
$96.15. Therefore, the forward contract must have a value of $96.15 - $102 = -$5.85. Your
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forward contract is thus worth -$5.85. To the party on the opposite side, it is worth +$5.85.
The price of the forward contract is still $100, which was set when you created the contract at
an earlier date. As you can see, the $100 forward price is not comparable to the $5.85 value
of the contract.

Although the forward price is fixed, any new forward contract calling for delivery of the
same asset at the same time will have a different price. We will cover that point in more de-
tail later. For now, it is important to see that your contract has a price of $100 but a value of
-$5.85, which are two entirely different orders of magnitude. This information does not imply
that the forward contract is mispriced. The value is the amount of wealth represented by own-
ing the forward contract. The price is one of the terms the parties agreed on when they created
the contract.® This idea applies in the same manner for futures and swaps.

3. PRICING AND VALUATION OF FORWARD COMMITMENTS

In this section, we will go into pricing forward commitments in a little more detail. Let us start
by establishing that today, at time 0, we create a forward commitment that expires at time 7.
The value of the underlying today is ;. At expiration the underlying value is Sz, which is not
known at the initiation of the contract.

3.1. Pricing and Valuation of Forward Contracts

Previously, we noted that price and value are entirely different concepts for forward commit-
ments. We gave an example of a forward contract with a price of $100 but a value of -$5.85
to the seller and +$5.85 to the buyer. In the next subsection, we will delve more deeply into
understanding these concepts of pricing and valuation for forward contracts.

3.1.1. Pricing and Valuation of Forward Contracts at Expiration

Recall that a forward contract specifies that one party agrees to buy the underlying from the
other at the expiration date at a price agreed on at the start of the contract. Suppose that you
enter into a contract with another party in which you will buy a used car from that party in
one year at a price of $10,000. Then $10,000 is the forward price. One year later, when the
contract expires, you are committed to paying $10,000 and accepting delivery of the car. Let
us say that at that time, you check the used car market and find that an identical car is worth
$10,800. How much is your forward contract worth to you at that time? It obligates you to pay
$10,000 for a car that you would otherwise have to pay $10,800. Thus, the contract benefits
you by $800, so its value is $800. If you were on the opposite side of the transaction, its value
would be -$800. If the market price of the car were below $10,000, the contract would have
negative value to you and the mirror image positive value to the seller.

7This concept of the value of the forward contract as it evolves toward expiration is sometimes referred to
as its mark-to-market value. The same notion is applicable to swaps. In futures, of course, contracts are
automatically marked to market by the clearinghouse, and gains and losses are converted into actual cash
flows from one party to the other.

8The forward price is more like the exercise price of the option. It is the price the two parties agree will
be paid at a future date for the underlying. Of course, the option has the feature that the holder need not
ever pay that price, which is the case if the holder chooses not to exercise the option.



70 Derivatives

This example leads us to our first important derivative pricing result. The forward price,
established at the initiation date of contract is Fy(7). Let us denote the value at expiration of
the forward contract as V(7). This value is formally stated as

VAT) = 87— Fy(T) 1)
In words,

The value of a forward contract at expiration is the spot price of the underlying minus the
Jforward price agreed to in the contract.

In the financial world, we generally define value as the value to the long position, so the above
definition is generally correct but would be adjusted if we look at the transaction from the
point of view of the short party. In that case, we would multiply the value to the long party
by -1 to calculate the value to the short party. Alternatively, the value to the short party is the
forward price minus the spot price at expiration.

If a forward contract could be initiated right at the instant of expiration, the forward price
would clearly be the spot price. Such a contract would essentially be a spot transaction.

3.1.2. Pricing and Valuation at Initiation Date

In Exhibit 7, we see the nature of the problem of pricing a forward contract. We are situated at
time 0, facing an uncertain future. At the horizon date, time 7, the underlying price will be S.
Of course, at time 0 we do not know what S7will turn out to be. Yet at time 0, we need to estab-
lish the forward price, Fy(7), which is the price we agree to pay at time 7 to purchase the asset.

EXHIBIT 7 'The Time Horizon of Forward Contracts

Agree to pay Pay Fy(T) and

Fy(T) at time T receive the

to buy the asset asset worth St
0 T

When a forward contract is initiated, neither party pays anything to the other. It is a valueless
contract, neither an asset nor a liability. Therefore, its value at initiation is zero:

Vo(T) =0 )
The forward price that the parties agree to at the initiation date of the contract is a special
price that results in the contract having zero value and prohibiting arbitrage. This is our first

important result:

Because neither the long nor the short pays anything to the other at the initiation date of a
Jforward contract, the value of a_forward contract when initiated is zero.

If this statement were not true and one party paid a sum of money to the other, the party
receiving the money could find another party and engage in the opposite transaction, with
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no money paid to the other on this second contract. The two transactions would completely
offset, thereby eliminating the risk. Yet, the first party would have captured some cash from the
second and consequently earned an arbitrage profit because his position is completely hedged.
He would walk away with money and never have to worry about paying it back. The forward
price is the price the two parties agree on that generates a value of zero at the initiation date.
Finding that price is actually quite easy.

Consider a very simple asset price at Sy today that pays no dividends or interest, nor does
it yield any nonfinancial benefits or incur any carrying costs. As described earlier, we can peer
into the future, but at best we can make only a forecast of the price of this asset at our horizon
date of time 7. That forecast was previously referred to as the expected spot price at expiration,
E(S7). On the surface, it might seem that pricing a forward contract would somehow involve a
discounting of the expected spot price. As we said earlier, however, that is not how derivatives
are priced—they are priced using arbitrage.

Suppose we hold the asset and enter into a forward contract to sell the asset at the price
Fo(T). It should be easy to see that we have constructed a risk-free position. We know that
the asset, currently worth S, will be sold later at 7,(7") and that this price should guarantee a
risk-free return. Thus, we should find the following relationship,

AD) 4y 6)
SO

We can easily solve for the forward price to obtain
Fy(T)=S(1+n" 4)
Or, in words,

The forward price is the spot price compounded at the risk-free rate over the life of the

contract.

There is a nice logic to this relationship. While the spot price is what someone would
have to pay today to buy the asset, a forward contract locks in the purchase price at the hori-
zon date. When that date arrives, the investor will own the asset. Instead of buying the asset
today, suppose the investor uses the forward contract to guarantee that she will own the asset
at the horizon date. By using the forward contract, the investor will not have committed the
money, S, that would have forgone interest at the rate 7 for the period 0 to 7. Notice how the
risk premium on the asset does not directly appear in the pricing relationship. It does appear
implicitly, because it determines the spot price paid to buy the asset. Knowing the spot price,
however, eliminates the necessity of determining the risk premium. The derivatives market can
simply let the spot market derive the risk premium.

As a simple example, let us say the underlying price, Sy, is £50, the risk-free rate, 7, is 3%,
and the contract expires in three months, meaning that 7= 3/12 = 0.25. Then the forward
price is £50(1.03)%%> = £50.37. Thus, the two parties would agree that the buyer will pay
£50.37 to the seller in three months, and the seller will deliver the underlying to the buyer at
expiration.

Now suppose the asset generates cash payments and/or benefits and incurs storage costs.
As we discussed, the net cost of carry consists of the benefits, denoted as y (dividends or interest
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plus convenience yield), minus the costs, denoted as 8, both of which are in present value
form. To put these concepts in future value form, we simply compound them at the risk-free
rate, (Y - 0)(1 + 7 7. Because this is their value at the expiration date of the contract, we can
add them to Fy(7) in Equation 3, thereby restating that equation as

E(T)+(v=0)(1+r)"
SO

(1+r)T =

The numerator is how much money we end up with at 7. Rearranging, we obtain the
forward price as

Fy(T)=(8 —v+8)(1+7)"

E(T)=5,(1+7) = (y-0)(1+7)" (5)

We see that the forward price determined using Equation 4 is reduced by the future value of
any benefits and increased by the future value of any costs. In other words,

The forward price of an asset with benefits andor costs is the spot price compounded at the
risk-free rate over the life of the contract minus the future value of those benefits and costs.

Again, the logic is straightforward. To acquire a position in the asset at time 7, an investor
could buy the asset today and hold it until time 7. Alternatively, he could enter into a forward
contract, committing him to buying the asset at 7"at the price Fo(7"). He would end up at 7
holding the asset, but the spot transaction would yield benefits and incur costs, whereas the
forward transaction would forgo the benefits but avoid the costs.

Assume the benefits exceed the costs. Then the forward transaction would return less
than the spot transaction. The formula adjusts the forward price downward by the expression
—(y—0)(1 + )7 to reflect this net loss over the spot transaction. In other words, acquiring the
asset in the forward market would be cheaper because it forgoes benefits that exceed the costs.
That does not mean the forward strategy is better. It costs less but also produces less. Alterna-
tively, if the costs exceeded the benefits, the forward price would be higher because the forward
contract avoids the costs at the expense of the lesser benefits.

Returning to our simple example, suppose the present value of the benefits is Y= £3 and
the present value of the costs is 0 = £4. The forward price would be £50(1.03)%%° — (£3 - £4)
(1.03)%5 = £51.38. The forward price, which was £50.37 without these costs and benefits, is
now higher because the carrying costs exceed the benefits.

The value of the contract when initiated is zero provided the forward price conforms to
the appropriate pricing formula. To keep the analysis as simple as possible, consider the case
in which the asset yields no benefits and incurs no costs. Going long the forward contract or
going long the asset produces the same position at 7: ownership of the asset. Nonetheless, the
strategies are not equivalent. Going long the forward contract enables the investor to avoid
having to pay the price of the asset, S, so she would collect interest on the money. Thus, the
forward strategy would have a value of S, reflecting the investment of that much cash invest-
ed in risk-free bonds, plus the value of the forward contract. The spot strategy would have a
value of S, reflecting the investment in the asset. These two strategies must have equal values.
Hence, the value of the forward contract must be zero.
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Although a forward contract has zero value at the start, it will not have zero value during
its life. We now take a look at what happens during the life of the contract.

3.1.3. Pricing and Valuation during the Life of the Contract

We previously worked an example in which a forward contract established with a price of $100
later has a value of -$5.85 to the seller and +$5.85 to the buyer. Generally we would say the
value is $5.85. We explained that with the spot price at $102, a party that is long the asset
and short the forward contract would guarantee the sale of the asset priced at $102 at a price
of $100 in one year. The present value of $100 in one year at 4% is $96.15. Thus, the party
guarantees that his $102 asset will be effectively sold at a present value of $96.15, for a present
value loss of $5.85.

In general, we can say that

The value of a forward contract is the spot price of the underlying asset minus the present
value of the forward price.

Again, the logic is simple. A forward contract provides a type of synthetic position in
the asset, for which we promise to pay the forward price at expiration. Thus, the value of the
forward contract is the value of the asset minus the present value of the forward price. Let us
write out this relationship using V(T as the value of the forward contract at time #, which is
some point in time after the contract is initiated and before it expires:

VAT) = S,= B(T)(1 + 7 ()

Note that we are working with the spot price at # but the forward price was fixed when the
contract was initiated.’

Now, recall the problem we worked in which the underlying had a price of £50 and the
contract was initiated with a three-month life at a price of £50.37. Move one month later, so
that the remaining time is two months: 7— r=2/12 = 0.167. Let the underlying price be £52.
The value of the contract would be £52 - £50.37(1.03)%1¢7 = £1.88.

If the asset has a cost of carry, we must make only a small adjustment:

VAT) = 8,— (y=0)(1 + ) = Fy(T)(1 + A @)

Note how we adjust the formula by the net of benefits minus costs. The forward contract
forgoes the benefits and avoids the costs of holding the asset. Consequently, we adjust the value
downward to reflect the forgone benefits and upward to reflect the avoided costs. Remember
that the costs (0) and benefits () are expressed on a present value basis as of time 0. We need
their value at time z. We could compound them from 0 to 7"and then discount them back to 7
by the period 7— z, but a shorter route is to simply compound them from 0 to # In the problem
we previously worked, in which we priced the forward contract when the asset has costs and
benefits, the benefits (y) were £3 and the costs (0) were £4, giving us a forward price of £51.38.
We have now moved one month ahead, so #=1/12=0.0833 and 7— r=2/12=0.167. Hence

9 An alternative approach to valuing a forward contract during its life is to determine the price of a new
forward contract that would offset the old one. The discounted difference between the new forward price
and the original forward price will lead to the same value.
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the value of the forward contract would be £52 — (£3 - £4)(1.03)%-9833 _ £51.38(1.03)"0-167 =
£1.88. In this case, the effect of the compounding of the net of costs and benefits (£1) over one
month has no appreciable effect on the value, but that result is not a general rule.

It is important to note that although we say that Equation 7 holds during the life of the
contract at some arbitrary time it also holds at the initiation date and at expiration. For the
initiation date, we simply change 7 to 0 in Equation 7. Then we substitute Equation 5 for
Fy(T) in Equation 7, obtaining V(7)) = 0, confirming that the value of a forward contract at
initiation is zero. At expiration, we let 7= 7"in Equation 7 and obtain the spot price minus the
forward price, as presented in Equation 1.1

3.1.4. A Word about Forward Contracts on Interest Rates

Forward contracts in which the underlying is an interest rate are called forward rate
agreements, or FRAs. These instruments differ slightly from most other forward contracts
in that the underlying is not an asset. Changes in interest rates, such as the value of an asset,
are unpredictable. Moreover, virtually every company and organization is affected by the un-
certainty of interest rates. Hence, FRAs are very useful devices for many companies. FRAs are
forward contracts that allow participants to make a known interest payment at a later date and
receive in return an unknown interest payment. In that way, a participant whose business will
involve borrowing at a future date can lock in a fixed payment and receive a random payment
that offsets the unknown interest payment it will make on its loan. Turning that argument
around, a lender can also lock in a fixed rate on a loan it will make at a future date.

Even though FRAs do not involve an underlying asset, they can still be combined with
an underlying asset to produce a hedged position, thereby leading to fairly straightforward
pricing and valuation equations. The math is a little more complex than the math for forwards
on assets, but the basic ideas are the same.

FRAs are often based on Libor, the London Interbank Offered Rate, which represents the
rate on a Eurodollar time deposit, a loan in dollars from one London bank to another.!! As an
example, assume we are interested in going long a 30-day FRA in which the underlying is 90-
day Libor. A long position means that in 30 days, we will make a known interest payment and
receive an interest payment corresponding to 90-day Libor on that day. We can either enter
into a 30-day FRA on 90-day Libor or create a synthetic FRA. To do the latter, we would go
long a 120-day Eurodollar time deposit and short a 30-day Eurodollar time deposit. Exhibit 8
shows the structure of this strategy. We omit some of the details here, such as how much face
value we should take on the two Eurodollar transactions as well as the size of the FRA. Those
technical issues are covered in more advanced material. At this time, we focus on the fact that
going long over the 120-day period and short over the 30-day period leaves an investor with
no exposure over the 30-day period and then converts to a position that starts 30 days from
now and matures 90 days later. This synthetic position corresponds to a 30-day FRA on 90-day
Libor. Exhibit 8 illustrates this point.'?

19You might be wondering whether the cost and benefit terms disappear when #= 7. With the costs and
benefits defined as those incurred over the period # to 7, at expiration their value is zero by definition.

" Other rates such as Euribor (Euro Interbank Offered Rate) and Tibor (Tokyo Interbank Offered Rate)
are also used.

12The real FRA we show appears to imply that an investor enters into a Eurodollar transaction in 30 days
that matures 90 days later. This is not technically true. The investor does, however, engage in a cash
settlement in 30 days that has the same value and economic form as such a transaction.
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EXHIBIT 8 Real FRA and Synthetic FRA (30-Day FRA on 90-Day Libor)

= Long 30-day FRA on
Real | | 90-day Libor > |
FRA

0 30 120

|—> Long 120-day Eurodollar ——————————» |

12
Synthetic 30 0
FRA Short i
= Synthetic long 30-day
—> 30-day > FRA on 90-day Libor
| Eurodollar | |
0 30 120

FRAs, and indeed all forward contracts relating to bonds and interest rates, are closely tied
to the term structure of interest rates, a concept covered in virtually all treatments of fixed-in-
come securities. Buying a 120-day zero-coupon bond and selling a 30-day zero-coupon bond
produces a forward position in a 90-day zero-coupon bond that begins in 30 days. From that
forward position, one can infer the forward rate. It would then be seen that the FRA rate is the
forward rate, even though the derivative itself is not a forward contract on a bond.

EXAMPLE 3  Forward Contract Pricing and Valuation

1. Which of the following best describes the difference between the price of a forward
contract and its value?
A. The forward price is fixed at the start, and the value starts at zero and then
changes.
B. The price determines the profit to the buyer, and the value determines the profic
to the seller.
C. The forward contract value is a benchmark against which the price is compared
for the purposes of determining whether a trade is advisable.
2. Which of the following best describes the value of the forward contract at expiration?
The value is the price of the underlying:
A. minus the forward price.
B. divided by the forward price.
C. minus the compounded forward price.
3. Which of the following factors does nor affect the forward price?
A. The costs of holding the underlying
B. Dividends or interest paid by the underlying
C. Whether the investor is risk averse, risk seeking, or risk neutral
4. Which of the following best describes the forward rate of an FRA?
A. 'The spot rate implied by the term structure
B. The forward rate implied by the term structure
C. The rate on a zero-coupon bond of maturity equal to that of the forward
contract
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Solution to 1: A is correct. The forward price is fixed at the start, whereas the value starts
at zero and then changes. Both price and value are relevant in determining the profit
for both parties. The forward contract value is not a benchmark for comparison with
the price.

Solution to 2: A is correct because the holder of the contract gains the difference be-
tween the price of the underlying and the forward price. That value can, of course, be
negative, which will occur if the holder is forced to buy the underlying at a price higher
than the market price.

Solution to 3: C is correct. The costs of holding the underlying, known as carrying costs,
and the dividends and interest paid by the underlying are extremely relevant to the for-
ward price. How the investor feels about risk is irrelevant, because the forward price is
determined by arbitrage.

Solution ro 4: B is correct. FRAs are based on Libor, and they represent forward rates,
not spot rates. Spot rates are needed to determine forward rates, but they are not equal
to forward rates. The rate on a zero-coupon bond of maturity equal to that of the for-

ward contract describes a spot rate.

As noted, we are not covering the details of derivative pricing but rather are focusing on
the intuition. At this point, we have covered the intuition of pricing forward contracts. We
now move to futures contracts.

3.2. Pricing and Valuation of Futures Contracts

Futures contracts differ from forward contracts in that they have standard terms, are traded on
a futures exchange, and are more heavily regulated, whereas forward contracts are typically pri-
vate, customized transactions. Perhaps the most important distinction is that they are marked
to market on a daily basis, meaning that the accumulated gains and losses from the previous
day’s trading session are deducted from the accounts of those holding losing positions and
transferred to the accounts of those holding winning positions. This daily settling of gains and
losses enables the futures exchange to guarantee that a party that earns a profit from a futures
transaction will not have to worry about collecting the money. Thus, futures exchanges provide
a credit guarantee, which is facilitated through the use of a clearinghouse. The clearinghouse
collects and disburses cash flows from the parties on a daily basis, thereby settling obligations
quickly before they accumulate to much larger amounts. There is no absolute assurance that
a clearinghouse will not fail, but none has ever done so since the first one was created in the
1920s.

The pattern of cash flows in a futures contract is quite similar to that in a forward
contract. Suppose you enter into a forward contract two days before expiration in which
you agree to buy an asset at €100, the forward price. Two days later, the asset is selling for
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€103, and the contract expires. You therefore pay €100 and receive an asset worth €103,
for a gain of €3. If the contract were cash settled, instead of involving physical delivery, you
would receive €3 in cash, which you could use to defer a portion of the cost of the asset. The
net effect is that you are buying the asset for €103, paying €100 plus the €3 profit on the
forward contract.

Had you chosen a futures contract, the futures price at expiration would still converge
to the spot price of €103. But now it would matter what the futures settlement price was on
the next to last day. Let us assume that price was €99. That means on the next to last day,
your account would be marked to market for a loss of €1, the price of €100 having fallen
to €99. That is, you would be charged €1, with the money passed on to the opposite party.
But then on the last day, your position would be marked from €99 to €103, a gain of €4.
Your net would be €1 lost on the first day and €4 gained on the second for a total of €3.
In both situations you gain €3, but with the forward contract, you gain it all at expiration,
whereas with the futures contract, you gain it over two days. With this two-day example, the
interest on the interim cash flow would be virtually irrelevant, but over longer periods and
with sufficiently high interest rates, the difference in the amount of money you end up with
could be noticeable.

The value of a futures contract is the accumulated gain or loss on a futures contract since
its previous day’s settlement. When that value is paid out in the daily settlement, the futures
price is effectively reset to the settlement price and the value goes to zero. The different pat-
terns of cash flows for forwards and futures can lead to differences in the pricing of forwards
versus futures. But there are some conditions under which the pricing is the same. It turns
out that if interest rates were constant, forwards and futures would have the same prices.
The differential will vary with the volatility of interest rates. In addition, if futures prices and
interest rates are uncorrelated, forwards and futures prices will be the same. If futures prices
are positively correlated with interest rates, futures contracts are more desirable to holders of
long positions than are forwards. The reason is because rising prices lead to futures profits
that are reinvested in periods of rising interest rates, and falling prices leads to losses that oc-
cur in periods of falling interest rates. It is far better to receive cash flows in the interim than
all at expiration under such conditions. This condition makes futures more attractive than
forwards, and therefore their prices will be higher than forward prices. A negative correlation
between futures prices and interest rates leads to the opposite interpretation, with forwards
being more desirable than futures to the long position. The more desirable contract will tend
to have the higher price.

The practical realities, however, are that the derivatives industry makes virtually no dis-
tinction between futures and forward prices.!® Thus, we will make no distinction between
futures and forward pricing, except possibly in noting some subtle issues that may arise from
time to time.

13 At the time of this writing, many forwards (and swaps) are being processed through clearinghouses, a
response to changes brought about by key legislation in several countries that was adopted following the
financial crises of 2008. These OTC instruments are thus being effectively marked to market in a similar
manner to the futures contracts described here. The full extent of this evolution of OTC trading through
clearinghouses is not yet clear.



78 Derivatives

EXAMPLE 4  Futures Pricing and Valuation

1. Which of the following best describes how futures contract payoffs differ from for-
ward contract payoffs?
A. Forward contract payoffs are larger.
B. They are equal, ignoring the time value of money.
C. Futures contract payoffs are larger if the underlying is a commodity.
2. Which of the following conditions will not make futures and forward prices
equivalent?
A. Interest rates are constant.
B. Futures prices are uncorrelated with interest rates.
C. The volatility of the forward price is different from the volatility of the futures
price.
3. With respect to the value of a futures contract, which of the following statements is
most accurate? The value is the:
A. futures price minus the spot price.
B. present value of the expected payoff at expiration.
C. accumulated gain since the previous settlement, which resets to zero upon
settlement.

Solution to 1: B is correct. Forward payoffs occur all at expiration, whereas futures pay-
offs occur on a day-to-day basis but would equal forward payoffs ignoring interest.
Payoffs could differ, so forward payoffs are not always larger. The type of underlying is
not relevant to the point of which payoft is larger.

Solution to 2: C is correct. Constant interest rates or the condition that futures prices
are uncorrelated with interest rates will make forward and futures prices equivalent. The
volatility of forward and futures prices has no relationship to any difference.

Solution to 3: C is correct. Value accumulates from the previous settlement and goes to
zero when distributed.

3.3. Pricing and Valuation of Swap Contracts

Recall the structure of a forward contract, as depicted in Exhibit 7. The investor is at time 0
and needs to determine the price, Fy(7), that she will agree to pay at time 7 to purchase the
asset. This price is set such that there is no value to the contract at that time. Value can arise
later as prices change, but when initiated, the contract has zero value. Neither party pays any-
thing to the other at the start.

Now consider a swap starting at time 0 and ending at time 7. We will let this swap be the
type that involves a fixed payment exchanged for a floating payment. The contract specifies
that the two parties will make a series of 7z payments at times that we will designate as 1, 2,
..., n, with the last payment occurring at time 7. On each of these payment dates, the owner
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of the swap makes a payment of FSy(n, 7) and receives a payment based on the value of the
underlying at the time of each respective payment, S, S, ..., S, So from the point of view
of the buyer, the sequence of cash flows from the swap is S| — FSy(n, T), S, — FSo(n, T), ...,
S, — FSy(n, T). The notation FSy(n, T') denotes the fixed payment established at time 0 for a
swap consisting of 7 payments with the last payment at time 7. We denote the time to each
payment as #, b, ..., t,, where #, = T. This structure is shown in Exhibit 9.

EXHIBIT 9  Structure of Cash Flows in a Swap

Agree to make n
payments of
FSy(n,T) at times t;,

ty, ..., t, and receive
51,5y, ..., S,
Sy —FSo(n,T)  Sy—FSy(n,T) S, —FSy(n,T)
0 ty ty t,=T

Comparing Exhibit 7 with Exhibit 9 reveals some similarities. A swap is in some sense a
series of forward contracts, specifically a set of contracts expiring at various times in which one
party agrees to make a fixed payment and receive a variable payment. Now consider Exhibit 10,
which breaks down a swap into a series of implicit forward contracts, with the expiration of
each forward contract corresponding to a swap payment date.

EXHIBIT 10 A Swap as a Series of Forward Contracts
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Recall from the material on forward contracts that the forward price is determined by the
spot price and the net cost of carry (Equation 5), the latter being partially determined by the
length of time of the contract. It should be obvious that a forward contract expiring at time #
will not have the same price, F;(#), as a forward contract expiring at time #,, Fy(,), and like-
wise for all of the implicit remaining forward contracts expiring up through time #,. The cost
of carrying an asset over different time periods will vary by the length of the time periods. In
other words, the prices of the implicit forward contracts imbedded in a swap will not be equal:

Fy(n) # F(n) # ... 2 Fy(z,)

But for a swap, all the fixed payments are equal. So, how can we equate a swap to a series
of forward contracts? It turns out that we can, and in doing so, we recall a valuable point about
forward pricing.

Recall that the forward price is the price that produces a zero value of the contract at the
start. Zero value is essential if there is no exchange of cash flows from one party to the other.
And although no exchange of cash flows is customary, it is not mandatory. The parties could
agree on any forward price at the start. If the zero-value forward price were $30 and the parties
agreed on a price of $28, it should be apparent that the buyer would be getting a great price.
The seller, being rational, would require that the buyer compensate him at the start. The seller
should be getting $30 at expiration and instead will get $28. So the buyer should compensate
the seller to the amount of the present value of $2 at expiration. If the parties agree on a price
greater than $30, similar compensation would have to be paid from seller to buyer.

A forward transaction that starts with a nonzero value is called an off-market forward. There
is generally no prohibition on the use of off-market forward contracts, so two parties can engage
in a series of forward contracts at whatever fixed price they so desire. Assume they agree on the
price FSy(7'). That is, each forward contract will be created at the fixed price that corresponds to
the fixed price of a swap of the same maturity with payments made at the same dates as the series
of forward contracts. That means that some of the forward contracts would have positive values
and some would have negative values, but their combined values would equal zero.

Now, it sounds like that price would be hard to find, but it is not. We would not, however,
go about finding it by taking random guesses. Doing so would take seemingly forever. Along
the way, we would notice that some of these implicit forward contracts would have positive
values and some would have negative values. If the positives outweighed the negatives, then the
overall swap value would be positive, which is too high. Likewise, we might plug in a number
that would produce an overall negative value, with the implicit forward contract values tending
to be predominantly negative, which is too low.

Not surprisingly, we can find that price easily by appealing to the principle of arbitrage.
We said that the principle of arbitrage will guide us all the way through derivative pricing. We
will omit the details, but here is the general idea.

Suppose we buy an asset that pays the amounts Sy, S5, ..., S, at times #}, %, ..., #,. These
are unknown amounts. A simple example would be a floating-rate bond for which the S val-
ues represent the coupons that are unknown at the start but ultimately are determined by the
evolution of interest rates. Then suppose we finance the purchase of that asset by borrowing
money that we promise to repay with equal fixed payments of £5y(7’). That strategy replicates
the swap. As you have already learned, replication is the key to pricing.

Valuation of the swap during its life again appeals to replication and the principle of no
arbitrage. We will find a way to reproduce the remaining payments on the swap with other
transactions. The value of that strategy is the value of the swap.
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To obrtain the fixed rate on the swap or to value it later during its life, we will need infor-
mation from the market for the underlying. As we previously noted, there are derivatives on
bonds and interest rates, equities, currencies, and commodities. It is not possible to provide a
general and simple statement of how to price swaps that covers all of these cases, but that topic
is covered in advanced material.

EXAMPLE 5 Swap Pricing and Valuation

1. A swap is equivalent to a series of:
A. forward contracts, each created at the swap price.
B. long forward contracts, matched with short futures contracts.
C. forward contracts, each created at their appropriate forward prices.
2. If the present value of the payments in a forward contract or swap is not zero, which
of the following is most likely to be true?
A. The contract cannot legally be created.
B. The contract must be replicated by another contract with zero value.
C. The party whose stream of payments to be received is greater has to pay the other
party the present value difference.

Solution to 1: A is correct. Each implicit forward contract is said to be off-market, be-
cause it is created at the swap price, not the appropriate forward price, which would be
the price created in the forward market.

Solution to 2: C is correct. The party whose stream of payments to be received is greater
has to pay the other party the present value difference. Such a contract can legally be
created, but the party receiving the greater present value must compensate the other
party with a cash payment at the start. Replication is never required.

4. PRICING AND VALUATION OF OPTIONS

Unlike a forward, futures, or swap contract, an option is clearly an asset to the holder and a
liability to the seller. The buyer of an option pays a sum of money, called the premium, and
receives the right to buy (a call) or sell (a put) the underlying. The seller receives the premium
and undertakes a potential obligation because the buyer has the right, but not the obligation,
to exercise the option. Options are, therefore, contingent claims. Pricing the option is the same
as assigning its value. Some confusion from that terminology may still arise, in that an option
could trade in the market for an amount that differs from its value.

As mentioned, there are two general types of options. Calls represent the right to buy, and
puts represent the right to sell. There are also two important exercise characteristics of options.
American options allow exercise at any time up to the expiration, while European options
allow exercise only at expiration. It is important to understand that the terms “American” and
“European” have no relationship to where the options are traded. Because the right to exercise
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can be a complex feature of an option, European options are easier to understand, and we will
focus on them first.

We will use the same notation used with forwards. We start by assuming that today is time
0, and the option expires at time 7. The underlying is an asset currently priced at Sy, and at
time 7; its price is S7. Of course, we do not know S7until we get to the expiration. The option
has an exercise or strike price of X. The symbols we use are as follows:

For calls,

¢o = value (price) of European call today

¢7= value (price) of European call at expiration
Cy = value (price) of American call today
Cr= value (price) of American call at expiration

For puts,

o = value (price) of European put today
pr=value (price) of European put at expiration
Py = value (price) of American put today
Py = value (price) of American put at expiration

4.1. European Option Pricing

Recall that in studying forward contracts earlier in this reading, the first thing we learned is
how a forward contract pays off at expiration. Then we backed up and determined how for-
ward contracts are priced and valued prior to expiration. We follow that same approach for
options.

4.1.1. Value of a European Option at Expiration

Recall that a European call option allows the holder to buy the underlying at expiration by
paying the exercise price. Therefore, exercise is justified only if the value of the underlying ex-
ceeds the exercise price. Otherwise, the holder would simply let the call expire. So if the call is
worth exercising (57> X), the holder pays X and receives an asset worth S7. Thus, the option is
worth S7— X If the call is not worth exercising (S7< X), the option simply expires and is worth
nothing at expiration.'# Thus, the value of the option at expiration is the greater of either zero
or the underlying price at expiration minus the exercise price, which is typically written as

cr=Max(0,57-X) (8)

This formula is also sometimes referred to as the exercise value or intrinsic value. In this
reading, we will use the term exercise value.

Taking a simple example, if the exercise price is €40 and the underlying price is at expira-
tion €43, the call is worth c7-= Max(€0,€43 - €40) = Max(€0,€3) = €3. If the underlying price
at expiration is €39, the call is worth ¢7= Max(0,€39 - €40) = Max(€0,-€1) = €0.

141 all the remaining material, we identify conditions at expiration, such as §7> X and S < X. Here
we merged the equality case (S7= X) with the less-than case (<). We could have done it the other way
around (S§7< X and S7 2 X), which would have had no effect on our interpretations or any calculations
of option value. For convenience, in some situations we will use one specification and in some the other.
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For puts, the holder has the right to sell the underlying at X. If the underlying is worth
less than X at expiration (X> S7), the put will be exercised and worth X — S7because it allowed
the holder to avoid the loss in value of the asset of that amount. If the underlying is equal to
or worth more than the exercise price at expiration (S72 X), the put will simply expire with
no value. So, the put is worth the greater of either zero or the exercise price minus the price of
the underlying at expiration.

pr=Max(0,X - §7) )

As discussed above, this formula is referred to as the exercise value or intrinsic value, and as
noted, we will use the term exercise value.

Using the same example as with the call, if the underlying is €43 at expiration, the put is
worth p7= Max(€0,€40 — €43) = Max(0,-€3) = €0. If the underlying is €39 at expiration, the
put is worth p7= Max(€0,€40 - €39) = Max(€0,€1) = €1.

Thus, the holder of an option looks out into the future and sees these relationships as the
payoff possibilities. That does not mean the holder knows what S7will be, but the holder knows
that all of the uncertainty of the option payoff is determined by the behavior of the underlying.

The results of this section can be restated as follows:

The value of a European call at expiration is the exercise value, which is the greater of zero
or the value of the underlying minus the exercise price.

The value of a European put at expiration is the exercise value, which is the greater of zero
or the exercise price minus the value of the underlying.

To understand option pricing, we have to work our way forward in a gradual manner.
The next valuable steps involve using our intuition to identify some characteristics that will
influence the value of the option. We might not be able to quantify their effects just yet, but
we can rationalize why these factors affect the value of an option.

4.1.2. Effect of the Value of the Underlying

The value of the underlying is obviously a critical element in determining the value of an op-
tion. It is the uncertainty of the underlying that provides the motivation for using options. It
is easy to rationalize the direction of the effect of the underlying.

A call option can be viewed as a mean of acquiring the underlying, whereas a put option can
be viewed as a means of selling the underlying. Thus, a call option is logically worth more if the
underlying is worth more, and a put option is logically worth more if the underlying is worth less.

The value of the underlying also forms one of the boundaries for calls. The value of a call
option cannot exceed the value of the underlying. After all, a call option is only a means of ac-
quiring the underlying. It can never give the holder more benefit than the underlying. Hence,
the value of the underlying forms an upper boundary on what a call is worth. The underlying
does not provide an upper or lower boundary for puts. That role is played by the exercise price,
as we will see in the next section.

To recap what we learned here,

The value of a European call option is directly related to the value of the underlying.

The value of a European put option is inversely related to the value of the underlying.
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4.1.3. Effect of the Exercise Price

The exercise price is a critical factor in determining the value of an option. The exercise price
is the hurdle beyond which the underlying must go to justify exercise. For a call, the under-
lying must rise above the exercise price, and for a put, the underlying must fall below the
exercise price, to justify exercise. When the underlying is beyond the exercise price in the ap-
propriate direction (higher for a call, lower for a put), the option is said to be in-the-money.
When the underlying is precisely at the exercise price, the option is said to be at-the-money.
When the underlying has not reached the exercise price (currently lower for a call, higher for a
put), the option is said to be out-of-the-money. This characterization of whether the option
is in-, at-, or out-of-the-money is referred to as the option’s moneyness.

For a call option, a lower exercise price has two benefits. One is that there are more values
of the underlying at expiration that are above the exercise price, meaning that there are more
outcomes in which the call expires in-the-money. The other benefit is that assuming the call
expires in-the-money, for any value of the underlying, the option value is greater the lower the
exercise price. In other words, at expiration the underlying value S7will be above the exercise
price far more often, the lower is X. And if S7is indeed higher than X, the payoff of S7— Xis
greater, the lower is X.

For puts, the effect is just the opposite. To expire in-the-money, the value of the under-
lying must fall below the exercise price. The higher the exercise price, the better chance the
underlying has of getting below it. Likewise, if the value of the underlying does fall below the
exercise price, the higher the exercise price, the greater the payoff. So, if X'is higher, S7will be
below it more often, and if S7-is less than X, the payoff of X — Sy is greater, the higher is X for
whatever value of S occurs.

The exercise price also helps form an upper bound for the value of a European put. If you
were holding a European put, the best outcome you could hope for is a zero value of the un-
derlying. For equities, that would mean complete failure and dissolution of the company with
shareholders receiving no final payment.'® In that case, the put would pay X — S;; but with Sy
at zero, the put would pay X. If the underlying value goes to zero during the life of the Europe-
an put, however, the holder cannot collect that payoff until expiration. Nonetheless, the holder
would have a risk-free claim on a payoff of X at expiration. Thus, the most the put would be
worth is the present value of X, meaning X discounted from expiration to the current day at
the risk-free rate.!® Although the holder cannot collect the payoff by exercising the option, he
could sell it for the present value of X.

5You might think this point means that people who buy puts are hoping the company goes bankrupt,
a seemingly morbid motivation. Yet, put buyers are often people who own the stock and buy the put for
protection. This motivation is no different from owning a house and buying fire insurance. You do not
want the house to burn down. If your sole motivation in buying the insurance were to make a profit on
the insurance, you would want the house to burn down. This moral hazard problem illustrates why it is
difficult, if not impossible, to buy insurance on a house you do not own. Likewise, executives are prohib-
ited from owning puts on their companies” stock. Individual investors can own puts on stocks they do
not own, because they cannot drive the stock price down.

16For the put holder to truly have a risk-free claim on X at expiration, given zero value of the underlying
today, the underlying value must go to zero and have no possibility of any recovery. If there is any possi-
bility of recovery, the underlying value would not go to zero, as is often observed when a legal filing for
bankruptcy is undertaken. Many equities do recover. If there were some chance of recovery but the equity
value was zero, demand for the stock would be infinite, which would push the price up.
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To recap these results,

The value of a European call option is inversely related to the exercise price.

The value of a European put option is directly related to the exercise price.

4.1.4. Effect of Time to Expiration

Logic suggests that longer-term options should be worth more than shorter-term options. That
statement is usually true but not always. A call option unquestionably benefits from additional
time. For example, the right to buy an asset for $50 is worth a lot more if that right is available
for two years instead of one. The additional time provides further opportunity for the under-
lying to rise above the exercise price. Although that means there is also additional time for the
underlying to fall below the exercise price, it hardly matters to the holder of the call because
the loss on the downside is limited to the premium paid.

For a European put option, the additional time still provides more opportunity for the
underlying price to fall below the exercise price, but with the additional risk of it rising above
the exercise price mitigated by the limited loss of the premium if the put expires out-of-the-
money. Thus, it sounds as if puts benefit from longer time, but that is not necessarily true.
There is a subtle penalty for this additional time. Put option holders are awaiting the sale of
the underlying, for which they will receive the exercise price. The longer they have to wait, the
lower the present value of the payoff. For some puts, this negative effect can dwarf the positive
effect. This situation occurs with a put the longer the time to expiration, the higher the risk-
free rate of interest, and the deeper it is in-the-money. The positive effect of time, however, is
somewhat more dominant.

Note that we did not mention this effect for calls. For calls, the holder is waiting to pay
out money at expiration. More time lowers the value of this possible outlay. Hence, a longer
time period helps call option buyers in this regard.

To recap these results,

The value of a European call option is directly related to the time to expiration.

The value of a European put option can be either directly or inversely related to the time
to expiration. The direct effect is more common, but the inverse effect can prevail with
a put the longer the time to expiration, the higher the risk-free rate, and the deeper it is
in-the-money.

4.1.5. Effect of the Risk-Free Rate of Interest

We have already alluded to the effect of the risk-free rate. For call options, a longer time to
expiration means that the present value of the outlay of the exercise price is lower. In other
words, with a longer time to expiration, the call option holder continues to earn interest on
the money that could be expended later in paying the exercise price upon exercise of the op-
tion. If the option is ultimately never exercised, this factor is irrelevant, but it remains at best
a benefit and at worst has no effect. For puts, the opposite argument prevails. A longer time
to expiration with a higher interest rate lowers the present value of the receipt of the exercise
price upon exercise. Thus, the value today of what the put holder might receive at expiration
is lower. If the put is ultimately never exercised, the risk-free rate has no effect. Thus, at best,
a higher risk-free rate has no effect on the value of a put. At worst, it decreases the value of

the put.
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These results are summarized as follows:

The value of a European call is directly related to the risk-free interest rate.

The value of a European put is inversely related to the risk-free interest rate.

4.1.6. Effect of Volatility of the Underlying

In studying the pricing of equities, we are conditioned to believe that volatility has a negative
effect. After all, investors like return and dislike risk. Volatility is certainly an element of risk.
Therefore, volatility is bad for investors, right? Well, partially right.

First, not all volatility is bad for investors. Unsystematic volatility should be irrelevant.
Investors can hold diversified portfolios. Systematic volatility is clearly undesirable, but do not
think that this means that volatility should be completely avoided where possible. If volatility
were universally undesirable, no one would take risks. Clearly risks have to be taken to provide
opportunity for reward.

With options, volatility of the underlying is, however, universally desirable. The greater
the volatility of the underlying, the more an option is worth. This seemingly counterintuitive
result is easy to understand with a little explanation.

First, let us make sure we know what volatility really means. In studying asset returns,
we typically represent volatility with the standard deviation of the return, which measures the
variation from the average return. The S&P 500 Index has an approximate long-run volatility
of around 20%. Under the assumption of a normal distribution, a standard deviation of 20%
implies that about 68% of the time, the returns will be within plus or minus one standard
deviation of the average. About 95% of the time, they will be within plus or minus two stand-
ard deviations of the average. About 99% of the time, they will be within plus or minus three
standard deviations of the average. When the distribution is non-normal, different interpre-
tations apply, and in some extreme cases, the standard deviation can be nearly impossible to
interpret.

Standard deviation is not the only notion of volatility, however, and it is not even needed
at this point. You can proceed fairly safely with a measure as simple as the highest possible
value minus the lowest, known as the range. The only requirement we need right now is that
the concept of volatility reflects dispersion—how high and how low the underlying can go.

So, regardless of how we measure volatility, the following conditions will hold:

1. A call option will have a higher payoff the higher the underlying is at expiration.
2. A call option will have a zero payoff if it expires with the underlying below the exercise
price.

If we could impose greater volatility on the underlying, we should be able to see that in
Condition 1, the payoff has a better chance of being greater because the underlying has a great-
er possibility of large positive returns. In Condition 2, however, the zero payoff is unaffected
if we impose greater volatility. Expiring more out-of-the-money is not worse than expiring less
out-of-the-money, but expiring more in-the-money is better than expiring less-in-the-money.!”

7Think of an option expiring out-of-the-money as like it being dead. (Indeed, the option is dead.) Being
“more dead” is not worse than being “less dead.”
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For puts, we have

1. A put option will have a higher payoff the lower the underlying is at expiration.
2. A put option will have a zero payoff if it expires with the underlying above the exercise
price.

If we could impose greater volatility, we would find that it would have a beneficial effect in (1)
because a larger positive payoff would have a greater chance of occurring. In (2), the zero payoff
is unaffected. The greater of the option expiring more out-of-the-money is irrelevant. Expiring
more out-of-the-money is not worse than expiring less out-of-the-money.

Thus, we summarize our results in this section as

The value of a European call is directly related to the volatility of the underlying.
The value of a European put is directly related to the volatility of the underlying.

The combined effects of time and volatility give rise to the concept of the time value of an
option. Time value of an option is not to be confused with the time value of money, which is
the notion of money later being worth less than money today as a result of the combined effects
of time and interest. The time value of an option reflects the value of the uncertainty that arises
from the voladility of the underlying. Time value results in an option price being greater with
volatility and time but declining as expiration approaches. At expiration, no time value remains
and the option is worth only its exercise value. As such, an option price is said to decay over
time, a process characterized as time value decay, which is covered in more advanced material.

4.1.7. Effect of Payments on the Underlying and the Cost of Carry

We previously discussed how payments on the underlying and carrying costs enter into the
determination of forward prices. They also affect option prices. Payments on the underly-
ing refer to dividends on stocks and interest on bonds. In addition, some commodities offer
a convenience yield benefit. Carrying costs include the actual physical costs of maintaining
and/or storing an asset.

Let us first consider the effect of benefits. Payments of dividends and interest reduce the
value of the underlying. Stocks and bonds fall in value as dividends and interest are paid. These
benefits to holders of these securities do not flow to holders of options. For call option holders,
this reduction is a negative factor. The price of the underlying is hurt by such payments, and
call holders do not get to collect these payments. For put holders, the effect is the opposite.
When the value of the underlying is reduced, put holders are helped.

Carrying costs have the opposite effect. They raise the effective cost of holding or shorting
the asset. Holding call options enables an investor to participate in movements of the underly-
ing without incurring these costs. Holding put options makes it more expensive to participate
in movements in the underlying than by short selling because short sellers benefit from carry-
ing costs, which are borne by owners of the asset.

To summarize the results from this section,

A European call option is worth less the more benefits that are paid by the underlying and
worth more the more costs that are incurred in holding the underlying.

A European put option is worth more the more benefits that are paid by the underlying
and worth less the more costs that are incurred in holding the underlying.
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4.1.8. Lowest Prices of Calls and Puts
What we have learned so far forms a framework for understanding how European options are
priced. Let us now go a step further and establish a minimum price for these options.

First, we need to look at a call option as similar to the purchase of the underlying with a
portion of the purchase price financed by borrowing. If the underlying is a stock, this transac-
tion is usually called a margin transaction. Assume that the underlying is worth S;. Also assume
that you borrow cash in the amount of the present value of X, promising to pay X back 7" periods
later at an interest rate of 7. Thus, X/(1 + N7 is the amount borrowed, and X is the amount to
be paid back. Now move forward to time 7 and observe the price of the underlying, S7. Upon
paying back the loan, the overall strategy will be worth S7— X, which can be positive or negative.

Next, consider an alternative strategy of buying a call option expiring at 7'with an exercise
price of X the same value as the face value of the loan. We know that the option payoffs will
be S7— X if it expires in-the-money (S7> X) and zero if not (S7 < X). Exhibit 11 compares

these two strategies.!®

EXHIBIT 11  Call Option vs. Leveraged (Margin) Transaction

Outcome at 7

Call Expires Call Expires
Out-of-the-Money In-the-Money
($r=X) Sr>X)
Call 0 Sr—X
Leveraged transaction
Asset St St
Loan -X -X
Total Sr—X Sr—X

When the call expires in-the-money, both transactions produce identical payoffs. When the
call expires out-of-the-money, the call value is zero, but the leveraged transaction is almost
surely a loss. Its value S7— X'is negative or zero at best (if S7is exactly equal to X).

If two strategies are found to produce equivalent results in some outcomes but one pro-
duces a better result in all other outcomes, then one strategy dominates the former. Here we see
that the call strategy dominates the leveraged strategy. Any strategy that dominates the other
can never have a lower value at any time. Why would anyone pay more for one strategy than
for another if the former will never produce a better result than the latter? Thus, the value of
the call strategy, ¢y, has to be worth at least the value of the leveraged transaction, S, (the value
of the asset), minus X/(1 + 77 (the value of the loan). Hence, ¢y = Sy - X/(1 + » 7.

The inequality means that this statement provides the lowest price of the call, but there
is one more thing we need to do. It can easily be true that X/(1 + 77 > S;. In that case, we are
saying that the lowest value is a negative number, but that statement is meaningless. A call can

18 Note in Fxhibit 11, and in others to come, that the inequality < is referred to as out-of-the-money. The
case of equality is technically referred to as at-the-money but the verbiage is simplified if we continue
to call it out-of-the-money. It is certainly not in-the-money and at-the-money is arguably the same as
out-of-the-money. Regardless of one’s preference, the equality case can be attached to either of the two
outcomes with no effect on our conclusions.
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never be worth less than zero, because its holder cannot be forced to exercise it. Thus, we tend
to express this relationship as

¢ 2 Max[ 0,8, = X /(1+7)" ] (10)

which represents the greater of the value of zero or the underlying price minus the present
value of the exercise price. This value becomes the lower limit of the call price.

Now consider an analogous result for puts. Suppose we want to profit from a declining
price of the underlying. One way to do this is to sell the underlying short. Suppose we do that
and invest cash equal to the present value of X into risk-free bonds that pay X at time 7. At
time 7, given a price of the underlying of S, the short sale pays off —S7; a reflection of the
payment of Sz to cover the short sale. The bonds pay X. Hence, the total payoff is X — S

Now, compare that result with the purchase of a put expiring at 7" with exercise price of
X. If the put expires in-the-money (S7< X), it is worth X — S7. If it expires out-of-the-money
(S72 X), it is worth zero. Exhibit 12 illustrates the comparison of the put with the short sale
and bond strategy. We see that for the in-the-money case, the put and short sale and bond
strategies match each other. For the out-of-the-money case, however, the put performs better
because the short sale and bond strategy pays X — Sz With S72 X, this payment amount is
negative. With the put dominating the short sale and bond strategy, the put value cannot be
less than the value of the short sale and bond strategy, meaning p, > X/(1 + 77 - §. But as
with calls, the right-hand side can be negative, and it hardly helps us to say that a put must sell
for more than a negative number. A put can never be worth less than zero, because its owner
cannot be forced to exercise it. Thus, the overall result is expressed succinctly as

2o 2Max[0,X/(1+7) =5, | (11)

EXHIBIT 12  Put vs. Short Sale and Bond Purchase

Outcome at 7'

Put Expires Put Expires
In-the-Money Out-of-the-Money
(Sr<X) SrzX)

Put X-8r 0
Short sale and bond purchase

Short sale =Sr -Sr

Bond X X

Total X-8p X-8p

Let us look at some basic examples. Assume the exercise price is €60, the risk-free rate is
4%, and the expiration is nine months, so 7'=9/12 = 0.75. Consider two cases:

Underlying: Sy = €70
Minimum call price = Max[0,€70 — €60/(1.04)*7°] = Max(0,€11.74) = €11.74

Minimum put price = Max[0,€60/(1.04)*7° - €70] = Max(0,~€11.74) = €0.00
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Underlying: Sy = €50

Minimum call price = Max[0,€50 — €60/(1.04)*75] = Max(0,-€8.26) = €0.00
Minimum put price = Max[0,€60/(1.04)%7> - €50] = Max(0,€8.26) = €8.26

To recap, in this section we have established lower limits for call and put option values.

Formally restating these results in words,

The lowest value of a European call is the greater of zero or the value of the underlying

minus the present value of the exercise price.

The lowest value of a European put is the greater of zero or the present value of the exercise

price minus the value of the underlying.

EXAMPLE 6  Basic Principles of European Option Pricing

1.

Which of the following factors does 7ot affect the value of a European option?

A. The volatility of the underlying

B. Dividends or interest paid by the underlying

C. The percentage of the investor’s assets invested in the option

Which of the following statements imply that a European call on a stock is worth

more?

A. Less time to expiration

B. A higher stock price relative to the exercise price

C. Larger dividends paid by the stock during the life of the option

Why might a European put be worth less the longer the time to expiration?

A. The cost of waiting to receive the exercise price is higher.

B. The risk of the underlying is lower over a longer period of time.

C. The longer time to expiration means that the put is more likely to expire out-of-
the-money.

The loss in value of an option as it moves closer to expiration is called what?

A. Time value decay

B. Volatility diminution

C. Time value of money

How does the minimum value of a call or put option differ from its exercise value?

A. The exercise price is adjusted for the time value of money.

B. The minimum value reflects the volatility of the underlying.

C. The underlying price is adjusted for the time value of money.

Solution ro 1: C is correct. The investor’s exposure to the option is not relevant to the
price one should pay to buy or ask to sell the option. Volatility and dividends or interest
paid by the underlying are highly relevant to the value of the option.



Chapter 2 Basics of Derivative Pricing and Valuation 91

Solution to 2: B is correct. The higher the stock price and the lower the exercise price,
the more valuable is the call. Less time to expiration and larger dividends reduce the
value of the call.

Solution to 3: A is correct. Although the longer time benefits the holder of the option,
it also has a cost in that exercise of a longer-term put comes much later. Therefore, the
receipt of the exercise price is delayed. Longer time to expiration does not lower the risk
of the underlying. The longer time also does not increase the likelihood of the option
expiring out-of-the-money.

Solution to 4: A is correct. An option has time value that decays as the expiration ap-
proaches. There is no such concept as volatility diminution. Time value of money relates
only to the value of money at one point in time versus another.

Solution to 5: A is correct. The minimum value formula is the greater of zero or the dif-
ference between the underlying price and the present value of the exercise price, whereas
the exercise value is the maximum of zero and the appropriate difference between the
underlying price and the exercise price. Volatility does not affect the minimum price. It
does not make sense to adjust the underlying price for the time value of money for the
simple reason that it is already adjusted for the time value of money.

4.1.9. Put—Call Parity

One of the first concepts that a trader learns in options is the parity relationship between puts
and calls. Even though the word “parity” means “equivalence,” puts and calls are not equiva-
lent. There is, however, a relationship between the call price and the price of its corresponding
put, which we refer to as put—call parity.

Suppose Investor A owns an asset that has a current price of Sj. Assume the asset makes
no cash payments and has no carrying costs. The end of the holding period is time 7, at
which point the asset will be worth S7. Fearing the possibility that S7will decline, Investor A
buys a put option with an exercise price of X, which can be used to sell the asset for X at time
7. This put option has a premium of py. Combined with the value of the asset, the investor’s
current position is worth Sy + pg, which is the investor’s money at risk. This strategy of holding
the asset and a put is sometimes called a protective put.

At expiration, the value of the asset is S7. The value of the put will be either zero or X— S7.
If the asset increases in value such that S72 X, then the overall position is worth S7. The asset
has performed well, and the investor will let the put expire. If the asset value declines to the
point at which S7< X, the asset is worth S7; and the put is worth X — S, for a total of X. In
other words, the investor would exercise the put, selling the asset for X, which exceeds the
asset’s current value of Sy

This strategy seems like a reasonable and possibly quite attractive investment. Investor A
receives the benefit of unlimited upside potential, with the downside performance truncated at
X. Exhibit 13 shows the performance of the protective put. The graph on the left illustrates the
underlying asset and the put. The graph on the right shows their combined effects.
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EXHIBIT 13  Protective Put (Asset Plus Long Put)

Value Value
derlying Asset
Underlying Asse Underlying Asset
+ Long Put

Xk---- X

I I

! Long Put |

PR — I

I I

0 X St 0 X St

Consider Investor B, an options trader. At time 0, this investor buys a call option on this
asset with an exercise price of X that expires at 7"and a risk-free zero-coupon bond with a face
value of X that matures at 7. The call costs ¢, and the bond costs the present value of X, which
is X/(1 + ’. Thus, Investor B has invested funds of ¢, + X/(1 + 7’ This strategy is sometimes
known as a fiduciary call. If the underlying price exceeds the exercise price at expiration, the
call will be worth S7— X, and the bond will mature and pay a value of X. These values combine
to equal Sz If the underlying price does not exceed the exercise price at expiration, the call
expires worthless and the bond is worth X for a combined value of X.

Exhibit 14 shows the performance of the fiduciary call. The graph on the left shows the
call and bond, and the graph on the right shows the combined effects of the two strategies.

EXHIBIT 14  Fiduciary Call (Long Call Plus Risk-Free Bond)

Value Value

Long Call +
Risk-Free Bond

Risk-Free Bond

X
Long
Call —+—>
|
|
0 X St 0 X St

Comparing Exhibit 13 with Exhibit 14 shows that a protective put and a fiduciary call
produce the same result. Exhibit 15 shows this result more directly by identifying the payoffs
in the various outcomes. Recall that Investor A committed funds of Sy + pg, while Investor
B committed funds of ¢y + X/(1 + 7)7. If both investors receive the same payoffs at time 7'
regardless of the asset price at 7, the amounts they invest at time 0 have to be the same. Thus,
we require

So"'Po:Co"‘X/(l""’)T (12)

This relationship is known as put—call parity.
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EXHIBIT 15 Protective Put vs. Fiduciary Call
Outcome at 7
Put Expires Call Expires
In-the-Money In-the-Money
Sr<X) (S7=2X)
Protective put
Asset Sr Sr
Long put X-Sr 0
Total X St
Fiduciary call
Long call 0 Sr—X
Risk-free bond X X
Total X Sr

For a simple example, assume call and put options with an exercise price of ¥100,000
in which the underlying is at ¥90,000 at time 0. The risk-free rate is 2% and the options
expire in two months, so 7'=2/12 = 0.167. To completely fill in the puzzle, we would need
to know the put or call price, from which we could obtain the other. For now, let us write this
relationship as

po—cozX/(1+r)T—SO

The right side would be ¥100,000/(1.02)%1¢7 - ¥90,000 = ¥9,670. Thus, the put price should
exceed the call price by ¥9,670. Thus, if the call were priced at ¥5,000, the put price would be
¥14,670. If we knew the put price, we could obtain the call price. Put—call parity does not tell
us which price is correct, and it requires knowledge of one price to get the other. Alternatively,
it can tell us the difference in the put and call prices.

Put—call parity must hold, at least within transaction costs, or arbitrage opportunities
would arise. For example, suppose Investor C observes market prices and finds that the
left-hand side of put—call parity, Sy + po, is less than the right-hand side, ¢, + X/(1 + 7.
Thus, the put and the stock cost less than the call and the bond. Knowing that there should
be equality (parity), Investor C executes an arbitrage transaction, selling the overpriced
transactions (the call and the bond) and buying the underpriced transactions (the asset and
the put).! By selling the higher priced side and buying the lower priced side, Investor C
will take in more money than she will pay out, a net inflow of ¢y + X/(1 + 77 = (S, + po)-
At expiration, the long put and long asset will offset the short call and bond, as shown in

Exhibit 16.

YSelling the bond is equivalent to borrowing, meaning to issue a loan.
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EXHIBIT 16  Puc—Call Parity Arbitrage

Outcome at 7'

Put Expires Call Expires
In-the-Money In-the-Money

Transaction Cash Flow at Time 0 (S7<X) ($7r=2X%)
Buy asset =S Sr St

Buy put -0 X-8r 0

Sell call +¢p 0 —(S7-X
Borrow +X/0+nT -X -X
Total —So—po+cot 0 0

XI1+nT>0

In simple terms, if S7-< X, the short call expires out-of-the-money and the put is exercised
to sell the asset for X. This cash, X, is then used to pay off the loan. The net effect is that no
money flows in or out at 7. If S72 X, the put expires out-of-the money, and the short call is
exercised, meaning that Investor C must sell the asset for X. This cash, X, is then used to pay off
the loan. Again, no money flows in or out. The net effect is a perfect hedge in which no money
is paid out or received at 7. But there was money taken in at time 0. Taking in money today
and never having to pay it out is an arbitrage profit. Arbitrage opportunities like this, however,
will be noticed by many investors who will engage in the same transactions. Prices will adjust
until parity is restored, whereby Sy + po = ¢ + X/(1 + 1) T.

Put—call parity provides tremendous insights into option pricing. Recall that we proved
that going long the asset and long a put is equivalent to going long a call and long a risk-free
bond. We can rearrange the put—call parity equation in the following ways:

So+p0=cO+X/(l+r)T
=
p0=cO—SO+X/(1+r)T
60=p0+S0—X/(1+}’)T
Sozco—pO+X/(l+r)T
X/(1+7)T =8+ p,— ¢

By using the symbols and the signs in these versions of put—call parity, we can see several im-
portant interpretations. In the equations below, plus signs mean long and minus signs mean
short:

2o ZCO—SO+X/(I+V)T

< =pO+SO—X/(1+r)T

S, ZCO—p0+X/(1+r)T
X/(1+7)T =So+p0—co

= long put = long call, short asset, long bond
= long call = long put, long asset, short bond
=  long asset = long call, short put, long bond
=

long bond = long asset, long put, short call
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You should be able to convince yourself of any of these points by constructing a table similar

to Exhibit 15.20

4.1.10. Put—Call-Forward Parity

Recall that we demonstrated that one could create a risk-free position by going long the
asset and selling a forward contract.?! It follows that one can synthetically create a position
in the asset by going long a forward contract and long a risk-free bond. Recall our put—call
parity discussion and assume that Investor A creates his protective put in a slightly different
manner. Instead of buying the asset, he buys a forward contract and a risk-free bond in
which the face value is the forward price. Exhibit 17 shows that this strategy is a synthetic
protective put. Because we showed that the fiduciary call is equivalent to the protective put,
a fiduciary call has to be equivalent to a protective put with a forward contract. Exhibit 18
demonstrates this point.

EXHIBIT 17 Protective Put with Forward Contract vs. Protective Put with Asset

Outcome at 7’

Put Expires Put Expires
In-the-Money Out-of-the-Money
(S7<X) Sr=X)

Protective put with asset
Asset St Sr
Long put X-8r 0
Total X St
Protective put with forward contract
Risk-free bond Fo(T) Fo(T)
Forward contract Sr—Fy(T) St—Fy(T)
Long put X-8r 0
Total X Sy

20 As a further exercise, you might change the signs of each term in the above and provide the appropriate
interpretations.
2You might wish to review Exhibit 6.
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EXHIBIT 18  Protective Put with Forward Contract vs. Fiduciary Call

Outcome at 7"

Put Expires Call Expires
In-the-Money In-the-Money
(Sr<X) (Sr2X)

Protective Put with Forward Contract
Risk-free bond Fy(T) Fy(T)
Forward contract Sr—Fy(T) Sr—Fy(T)
Long put X-Sr 0
Total X Sr
Fiduciary Call
Call 0 Sr—X
Risk-free bond X X
Total X St

It follows that the cost of the fiduciary call must equal the cost of the synthetic protective put,
giving us what is referred to as put—call-forward parity,

FO(T)/(1+V)T+p0=cO+X/(1+r)T (13)

Returning to our put—call parity example, a forward contract on ¥90,000 expiring in two
months with a 2% interest rate would have a price of ¥90,000(1.02)%!¢7 = ¥90,298. Rearrang-
ing Equation 13, we have

Po~ ¢ =|:X_FO(T)]/(1+7)T

The right-hand side is (¥100,000 - ¥90,298)/(1.02)*1%7 = ¥9,670, which is the same an-
swer we obtained using the underlying asset rather than the forward contract. Naturally these
two models give us the same answer. They are both based on the assumption that no arbitrage
is possible within the spot, forward, and options markets.

So far we have learned only how to price options in relation to other options, such as a
call versus a put or a call or a put versus a forward. We need a way to price options versus their
underlying.

EXAMPLE 7 Put—Call Parity

1. Which of the following statements best describes put—call parity?
A. The put price always equals the call price.
B. The put price equals the call price if the volatility is known.
C. The put price plus the underlying price equals the call price plus the present
value of the exercise price.
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2. From put—call parity, which of the following transactions is risk-free?
A. Long asset, long put, short call
B. Long call, long put, short asset
C. Long asset, long call, short bond

Solution to 1: C is correct. The put and underlying make up a protective put, while the
call and present value of the exercise price make up a fiduciary call. The put price equals
the call price for certain combinations of interest rates, times to expiration, and option
moneyness, but these are special cases. Volatility has no effect on put—call parity.

Solution to 2: A is correct. The combination of a long asset, long put, and short call
is risk free because its payoffs produce a known cash flow of the value of the exercise

price. The other two combinations do not produce risk-free positions. You should work
through the payoffs of these three combinations in the form of Exhibit 12.

4.2. Binomial Valuation of Options

Because the option payoff is determined by the underlying, if we know the outcome of the
underlying, we know the payoff of the option. That means that the price of the underlying
is the only element of uncertainty. Moreover, the uncertainty is not so much the value of the
underlying at expiration as it is whether the underlying is above or below the exercise price. If
the underlying is above the exercise price at expiration, the payoff is S7-— X for calls and zero
for puts. If the underlying is below the exercise price at expiration, the payoff is zero for calls
and X - S for puts. In other words, the payoff of the option is straightforward and known, as
soon as we know whether the option expires in- or out-of-the-money. Note that for forwards,
futures, and swaps, there is no such added complexity. The payoff formula is the same regard-
less of whether the underlying is above or below the hurdle.

As a result of this characteristic of options, derivation of an option pricing model requires
the specification of a model of a random process that describes movements in the underlying.
Given the entirely different nature of the payoffs above and below the exercise price, it might
seem difficult to derive the option price, even if we could model movements in the underlying.
Fortunately, the process is less difficult than it first appears.

At this level of treatment, we will starc with a very simple model that allows only two
possible movements in the underlying—one going up and one going down from where it is
now. This model with two possible outcomes is called the binomial model. Start with the
underlying at Sy, and let it go up to S;" or down to §;. We cannot arbitrarily set these values
at just anything. We will be required to know the values of ;" and ;. That does not mean
we know which outcome will occur. It means that we know only what the possibilities are. In
doing so, we effectively know the volatility. Assume the probability of the move to S}t is 4 and
the probability of the move to 8} is 1 — g. We specify the returns implied by these moves as up
and down factors, # and 4, where

u= E , d= Si
So So

Now, consider a European call option that expires at time 1 and has an exercise price of

X. Let the call prices be ¢y today and ¢; and ¢ at expiration. Exhibit 19 illustrates the model.

(14)
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Our objective is to determine the price of the option today, meaning to determine a formula
for ¢y. Knowing what we know about arbitrage and the pricing of forward contracts, it would
seem we could construct a risk-free portfolio involving this option.

EXHIBIT 19  The Binomial Option Pricing Model

St = Sou (> X)

o = Max(0,87 - X) = 57 - x

Sy =Sod (< X)
o = Max(0,57 - X) =0

Because call options and the underlying move together, one possibility is that buying the
underlying and selling a call could create a hedge. Indeed it does, but one unit of each is not
the appropriate balance. Let us sell one call and hold 4 units of the underlying. The value 4
is unknown at the moment, but we will be able to determine its value. The value today of a
combination of 4 units of the underlying and one short call is

Vo =hSy— ¢

Think of V} as the amount of money invested. Depending on which of the two paths is
taken by the underlying, the value of this portfolio at time 1 will be

AR
or

Vi =hS —¢f (15)
If the portfolio were hedged, then V" would equal V;™. We can set V}* and V|~ equal to each
other and solve for the value of / that assures us that the portfolio is hedged:

Vi=vr
=S hS = =hS; —¢f
Yo

= h=L 0
S-S0

(16)
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The values on the right-hand side are known, so we can easily calculate 4. Thus, we can derive
the number of units of the underlying that will perfectly hedge one unit of the short call.

We know that a perfectly hedged investment should earn the risk-free rate, . Thus, the
following statement must be true:

Vit (or V)=V, (1+7)

We can substitute the value of V{* or V|~ from Equation 15 into the above equation. Then we
do a little algebra, which is not important to this discussion, and obtain the formula for the
option price,

e +(1-m)e;
Cf=—""—
0 1+r

where
1+r—d
n=—

u—d (17)

Equation 17 shows that the value of the call today is a weighted average of the next two
possible call prices at expiration, where the weights, = and 1 — =, are given by the second for-
mula in Equation 17.

'This formula sheds a great deal of light on option pricing. Notice the following:

* The volatility of the underlying, which is reflected in the difference between S;F and ) and
affects ¢f and ¢7, is an important factor in determining the value of the option.

* 'The probabilities of the up and down moves, g and 1 — ¢, do not appear in the formula.??

e The values 7 and 1 — & are similar to probabilities and are often called synthetic or pseudo
probabilities. They produce a weighted average of the next two possible call values, a type of
expected future value.

¢ The formula takes the form of an expected future value, the numerator, discounted at the
risk-free rate.

On the first point, if volatility increases, the difference between S/ and S increases, which
widens the range between ¢ and ¢}, leading to a higher option value. The upper payoff, ¢,
will be larger and the lower payoff, ¢, will still be zero.” On the second point, the actual
probabilities of the up and down moves do not matter. This result is because of our ability to
construct a hedge and the rule of arbitrage. On the third point, the irrelevance of the actual
probabilities is replaced by the relevance of a set of synthetic or pseudo probabilities, = and
1 — m, which are called risk-neutral probabilities. On the fourth point, these risk-neutral
probabilities are used to find a synthetic expected value, which is then discounted at the risk-
free rate. Thus, the option is valued as though investors are risk neutral. As we discussed exten-
sively earlier, that is not the same as assuming that investors are risk neutral.

If the option does not trade at the specified formula, Equation 17, investors can engage
in arbitrage transactions. If the option is trading too high relative to the formula, investors
can sell the call, buy 4 shares of the underlying, and earn a return in excess of the risk-free
rate, while funding the transaction by borrowing at the risk-free rate. The combined actions

22We introduced them earlier to help make this point, but ultimately they serve no purpose.
2 Although the lower payoff is zero in this example, that will not always be the case.
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of arbitrageurs will result in downward pressure on the option price until it converges to the
model price. If the option price is too low, buying the call, selling short 4 units of the asset, and
investing the proceeds in risk-free bonds will generate risk-free cash that will earn more than
the risk-free rate. The combined actions of arbitrageurs doing this will pressure the call price to
rise until it reaches the price given by the model.

We will omit the details, but the hedge portfolio can also be constructed with puts.?4

Changing the ¢’s to p’s leads to the binomial put option pricing formula,

_ T +(-m)pr

1+7r (18)

0

with the risk-neutral probability = determined by the same formula as for calls, as shown in
Equation 17.

Let us construct a simple example. Let Sy be £40 and the risk-free rate be 5%. The up and
down factors are #=1.20 and &= 0.75. Thus, the next two possible prices of the asset are ;" =
£40(1.20) = £48 and S| = £40(0.75) = £30. Consider a call and a put that have exercise prices
of £38. Then the next two possible values of the call and put are

¢f =Max(0,£48 —£38)=£10
¢ =Max(0,£30—£38)=£0
27 =Max(0,£38—£48) =£0
27 =Max(0,£38—£30) = £8
Next we compute the risk-neutral probability,

_140.05-0.75
1.20-0.75

=0.667

The values of the call and put are

L 0.667(£10)+(1-0.667)£0

0 =£6.35
1.05
and
) 1-0.
2= 0 667(£0)71LE)5 0.667)£8 254

The binomial model, as we see it here, is extremely simple. In reality, of course, there are
more than two possible next-period prices for the underlying. As it turns out, we can extend
the number of periods and subdivide an option’s life into an increasing number of smaller time
periods. In that case, we can obtain a more accurate and realistic model for option pricing, one
that is widely used in practice. Given our objective in this reading of understanding the basic
ideas behind derivative pricing, the one-period model is sufficient for the time being.

24 A long position in 4 units of the underlying would be hedged with one long put. The formula for 4 is
the same as the one given here for calls, with call prices in the numerator instead of put prices.
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EXAMPLE 8 Binomial Valuation of Options

1. Which of the following terms directly represents the volatility of the underlying in
the binomial model?
A. The standard deviation of the underlying
B. The difference between the up and down factors
C. The ratio of the underlying value to the exercise price
2. Which of the following is 70z a factor in pricing a call option in the binomial model?
A. The risk-free rate
B. The exercise price
C. The probability that the underlying will go up
3. Which of the following besz describes the binomial option pricing formula?
A. The expected payoff is discounted at the risk-free rate plus a risk premium.
B. The spot price is compounded at the risk-free rate minus the volatility premium.
C. The expected payoff based on risk-neutral probabilities is discounted at the risk-
free rate.

Solution to 1: B is correct. The up and down factors express how high and how low the
underlying can go. Standard deviation does not appear directly in the binomial model,
although it is implicit. The ratio of the underlying value to the exercise price expresses
the moneyness of the option.

Solution to 2: C is correct. The actual probabilities of the up and down moves are
irrelevant to pricing options. The risk-free and exercise price are, of course, highly

relevant.

Solution to 3: C is correct. Risk-neutral probabilities are used, and discounting is at the

risk-free rate. There is no risk premium incorporated into option pricing because of the
use of arbitrage.

We have now seen how to obtain the price of a European option. Let us now consider
what happens if the options are American, meaning they have the right to be exercised early.

4.3. American Option Pricing

First, we will use upper case letters for American call and put prices: C and . Second, we
know that American options possess every characteristic of European options and one addi-
tional trait: They can be exercised at any time prior to expiration. Early exercise cannot be
required, so the right to exercise early cannot have negative value. Thus, American options
cannot sell for less than European options. Thus, we can state the following:

(19)
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Given the price of the underlying at S, the early-exercise feature means that we can exercise
the option at any time. So, we can claim the value Max(0,S, — X) for calls and Max(0,X — S,)
for puts. These values establish new minimum prices for American calls and puts,

C, = Max(0,5, - X) 00
Py =Max(0,X-5,)

For call options, we previously learned that a European call has a minimum value given by
Equation 10, which is restated here:

I ZMax[O,SO —X/(1+r)T]

Comparing Max(0,S, — X) (the minimum for American calls) with Max[0,S, — X/(1 + )]
(the minimum for European calls) reveals that the latter is either the same or higher. There are
some circumstances in which both minima are zero, some in which the American minimum
is zero and the European minimum is positive, and some in which both are positive, in which
case Sy — X/(1 + n)T is unquestionably more than S, — X. Given that an American call price
cannot be less than a European call price, we have to reestablish the American call minimum
as Max[0,S, — X/(1 + »7].

For put options, we previously learned that a European put has a minimum value given
by Equation 11, which is restated here:

2o 2Max[ 0,X/(14+7)" =5, |

Comparing Max(0,X - S;) (the minimum for American puts) with Max[0,X/(1 + 77— S]
(the minimum for European puts) reveals that the former is never less. In some circumstances,
they are both zero. In some, X — S is positive and X/(1 + )7 — S is negative, and in some cases
both are positive but X — S is unquestionably more than X/(1 + 77 — ;. Thus, the American
put minimum value is the exercise value, which is Max(0,X — Sp).

So, now we have new minimum prices for American calls and puts:

Co 2 Max[ 0,8, - X /(1+7)" ]

21
Py = Max(0,X =) ey

Thus, in the market these options will trade for at least these values.
Let us return to the previous examples for the minimum values. The exercise price is €60,
the risk-free rate is 4%, and the expiration is 7'= 0.75. Consider the two cases below:

Underlying: Sy = €70

¢ The minimum European call price was previously calculated as €11.74. The exercise value
of the American call is Max(0,€70 - €60) = €10. The American call has to sell for at least as
much as the European call, so the minimum price of the American call is €11.74.

e The minimum European put price was €0.00. This is also the exercise value of the
American put [Max(0,€60 - €70) = €0.00], so the minimum price of the American put is
still €0.00.
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Underlying: Sy = €50

¢ The minimum European call price was previously calculated as €0.00. The exercise value of
the American call is Max(0,€50 - €60) = €0.00, so €0.00 is still the minimum price of the
American call.

* The minimum European put price was previously calculated as €8.26. The exercise value
of the American put is Max(0,€60 - €50) = €10. So, €10 is the minimum price of the
American put.

The call result leads us to a somewhat surprising conclusion. With the exception of what
happens at expiration when American and European calls are effectively the same and both worth
the exercise value, an American call is always worth more in the market than exercised. That
means that an American call will never be exercised early. This result is probably not intuitive.

Consider a deep in-the-money call. One might think that if the holder expected the un-
derlying to not increase any further, exercise might be justified. Yet, we said the call would sell
for more in the market than its exercise value. What is the rationale? If the investor thinks the
underlying will not go up any further and thus expects no further gains from the option, why
would she prefer the underlying? Would the investor be happier holding the underlying, which
she believes is not expected to increase? Moreover, she would tie up more funds exercising to
acquire the underlying than if she just held on to the option or, better yet, sold it to another
investor.

So far, however, we have left out a possible factor that can affect early exercise. Suppose
the underlying is a stock and pays dividends. When a stock goes ex-dividend, its price instan-
taneously falls. Although we will omit the details, an investor holding a call option may find
it worthwhile to exercise the call just before the stock goes ex-dividend. The capture of the
dividend, thereby avoiding the ex-dividend drop in the price of the underlying, can make early
exercise worthwhile. If the underlying is a bond, coupon interest can also motivate early exer-
cise. But if there are significant carrying costs, the motivation for early exercise is weakened.
Storage costs lend a preference for owning the option over owning the underlying.

Because the minimum value of an American put exceeds the minimum value of the
European put, there is a much stronger motivation for early exercise. Suppose you owned an
American put on a stock that is completely bankrupt, with a zero stock price and no possibility
of recovery. You can either wait until expiration and capture its exercise value of Max(0,X - St) =
Max(0,X — 0) = Max(0,X) = X, or you can capture that value by exercising now. Obviously now
is better. As it turns out, however, the underlying does not need to go all the way to zero. There
is a critical point at which a put is so deep in-the-money that early exercise is justified. This
rationale works differently for a call. A deep in-the-money put has a limit to its ultimate value.
It can get no deeper than when the underlying goes to zero. For a call, there is no limit to its
moneyness because the underlying has no upper limit to its price.

Although dividends and coupon interest encourage early exercise for calls, they discourage
early exercise for puts. The loss from the decline in the price of the underlying that is avoided
by exercising a call just before the decline works to the benefit of a put holder. Therefore, if a
put holder were considering exercising early, he would be better off waiting until right after the
dividend or interest were paid. Carrying costs on the underlying, which discourage exercise for
calls, encourage exercise for puts.

At this point, we cannot determine the critical prices at which American options are best
exercised early. We require more knowledge and experience with option pricing models, which
is covered in more advanced material.



104 Derivatives

EXAMPLE 9 American Option Pricing

1. With respect to American calls, which of the following statements is most
accurate?
A. American calls should be exercised early if the underlying has reached its expect-
ed maximum price.
B. American calls should be exercised early if the underlying has a lower expected
return than the risk-free rate.
C. American calls should be exercised early only if there is a dividend or other cash
payment on the underlying.
2. 'The effect of dividends on a stock on early exercise of a put is to:
A. make early exercise less likely.
B. have no effect on early exercise.
C. make early exercise more likely.

Solution to 1: C is correct. Cash payments on the underlying are the only reason to
exercise American calls early. Interest rates, the expected return on the underlying, and
any notion of a maximum price is irrelevant. But note that a dividend does not mean
that early exercise should automatically be conducted. A dividend is only a necessary
condition to justify early exercise for calls.

Solution to 2: A is correct. Dividends drive down the stock price when the dividend is
paid. Thus, all else being equal, a stock paying dividends has a built-in force that drives
down the stock price. This characteristic discourages early exercise, because stock price
declines are beneficial to holders of puts.

5. SUMMARY

This reading on derivative pricing provides a foundation for understanding how derivatives are
valued and traded. Key points include the following:

e 'The price of the underlying asset is equal to the expected future price discounted at the risk-
free rate, plus a risk premium, plus the present value of any benefits, minus the present value
of any costs associated with holding the asset.

* An arbitrage opportunity occurs when two identical assets or combinations of assets sell at
different prices, leading to the possibility of buying the cheaper asset and selling the more
expensive asset to produce a risk-free return without investing any capital.

* In well-functioning markets, arbitrage opportunities are quickly exploited, and the resulting
increased buying of underpriced assets and increased selling of overpriced assets returns
prices to equivalence.

e Derivatives are priced by creating a risk-free combination of the underlying and a derivative,
leading to a unique derivative price that eliminates any possibility of arbitrage.



Chapter 2 Basics of Derivative Pricing and Valuation 105

* Derivative pricing through arbitrage precludes any need for determining risk premiums or
the risk aversion of the party trading the option and is referred to as risk-neutral pricing.

e The value of a forward contract at expiration is the value of the asset minus the forward
price.

e The value of a forward contract prior to expiration is the value of the asset minus the present
value of the forward price.

e The forward price, established when the contract is initiated, is the price agreed to by the two
parties that produces a zero value at the start.

¢ Costs incurred and benefits received by holding the underlying affect the forward price by
raising and lowering it, respectively.

e Futures prices can differ from forward prices because of the effect of interest rates on the
interim cash flows from the daily settlement.

e Swaps can be priced as an implicit series of off-market forward contracts, whereby each
contract is priced the same, resulting in some contracts being positively valued and some
negatively valued but with their combined value equaling zero.

* At expiration, a European call or put is worth its exercise value, which for calls is the greater
of zero or the underlying price minus the exercise price and for puts is the greater of zero and
the exercise price minus the underlying price.

* European calls and puts are affected by the value of the underlying, the exercise price, the
risk-free rate, the time to expiration, the volatility of the underlying, and any costs incurred
or benefits received while holding the underlying.

* Option values experience time value decay, which is the loss in value due to the passage of
time and the approach of expiration, plus the moneyness and the volatility.

* The minimum value of a European call is the maximum of zero and the underlying price
minus the present value of the exercise price.

¢ The minimum value of a European put is the maximum of zero and the present value of
the exercise price minus the price of the underlying.

 European put and call prices are related through put—call parity, which specifies that the
put price plus the price of the underlying equals the call price plus the present value of the
exercise price.

* European put and call prices are related through put—call-forward parity, which shows that
the put price plus the value of a risk-free bond with face value equal to the forward price
equals the call price plus the value of a risk-free bond with face value equal to the exercise
price.

e The values of European options can be obtained using the binomial model, which specifies
two possible prices of the asset one period later and enables the construction of a risk-free
hedge consisting of the option and the underlying.

e American call prices can differ from European call prices only if there are cash flows on
the underlying, such as dividends or interest; these cash flows are the only reason for early
exercise of a call.

e American put prices can differ from European put prices, because the right to exercise
early always has value for a put, which is because of a lower limit on the value of the
underlying.
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PROBLEMS

1. An arbitrage opportunity is least likely to be exploited when:

A. one position is illiquid.
B. the price differential between assets is large.
C. the investor can execute a transaction in large volumes.

2. An arbitrageur will most likely execute a trade when:

A. transaction costs are low.
B. costs of short-selling are high.
C. prices are consistent with the law of one price.
3. An arbitrage transaction generates a net inflow of funds:
A. throughout the holding period.
B. at the end of the holding period.
C. at the start of the holding period.
4. 'The price of a forward contract:
A. is the amount paid at initiation.
B. is the amount paid at expiration.
C. fluctuates over the term of the contract.

5. Assume an asset pays no dividends or interest, and also assume that the asset does not yield
any non-financial benefits or incur any carrying cost. At initiation, the price of a forward
contract on that asset is:

A. lower than the value of the contract.
B. equal to the value of the contract.
C. greater than the value of the contract.
6. With respect to a forward contract, as market conditions change:
A. only the price fluctuates.
B. only the value fluctuates.
C. both the price and the value fluctuate.

7. 'The value of a forward contract at expiration is:

A. positive to the long party if the spot price is higher than the forward price.
B. negative to the short party if the forward price is higher than the spot price.
C. positive to the short party if the spot price is higher than the forward price.

8. At the initiation of a forward contract on an asset that neither receives benefits nor incurs
carrying costs during the term of the contract, the forward price is equal to the:
A. spot price.

B. future value of the spot price.
C. present value of the spot price.

9. Stocks BWQ and ZER are each currently priced at $100 per share. Over the next
year, stock BWQ is expected to generate significant benefits whereas stock ZER is not
expected to generate any benefits. There are no carrying costs associated with holding
cither stock over the next year. Compared with ZER, the one-year forward price of BWQ
is most likely:

A. lower.
B. the same.

C. higher.

© 2014 CFA Institute. All rights reserved.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

If the net cost of carry of an asset is positive, then the price of a forward contract on that
asset is most likely:

A. lower than if the net cost of carry was zero.

B. the same as if the net cost of carry was zero.

C. higher than if the net cost of carry was zero.

If the present value of storage costs exceeds the present value of its convenience yield, then
the commodity’s forward price is most likely:

A. less than the spot price compounded at the risk-free rate.

B. the same as the spot price compounded at the risk-free rate.

C. higher than the spot price compounded at the risk-free rate.

Which of the following factors most likely explains why the spot price of a commodity in
short supply can be greater than its forward price?

A. Opportunity cost

B. Lack of dividends

C. Convenience yield

When interest rates are constant, futures prices are most likely:

A. less than forward prices.

B. equal to forward prices.

C. greater than forward prices.

In contrast to a forward contract, a futures contract:

A. trades over-the-counter.

B. is initiated at a zero value.

C. is marked-to-market daily.

To the holder of a long position, it is more desirable to own a forward contract than a
futures contract when interest rates and futures prices are:

A. negatively correlated.

B. uncorrelated.

C. positively correlated.

The value of a swap typically:

A. is non-zero at initiation.

B. is obtained through replication.

C. does not fluctuate over the life of the contract.

The price of a swap typically:

A. is zero at initiation.

B. fluctuates over the life of the contract.

C. is obtained through a process of replication.

The value of a swap is equal to the present value of the:

A. fixed payments from the swap.

B. net cash flow payments from the swap.

C. underlying at the end of the contract.

A European call option and a European put option are written on the same underlying,
and both options have the same expiration date and exercise price. At expiration, it is
possible that both options will have:

A. negative values.

B. the same value.

C. positive values.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

At expiration, a European put option will be valuable if the exercise price is:
A. less than the underlying price.

B. equal to the underlying price.

C. greater than the underlying price.

The value of a European call option at expiration is the greater of zero or the:
A. value of the underlying.

B. value of the underlying minus the exercise price.

C. exercise price minus the value of the underlying.

For a European call option with two months until expiration, if the spot price is below the
exercise price, the call option will most likely have:

A. zero time value.

B. positive time value.

C. positive exercise value.

When the price of the underlying is below the exercise price, a put option is:
A. in-the-money.

B. at-the-money.

C. out-of-the-money.

If the risk-free rate increases, the value of an in-the-money European put option will most
likely:

A. decrease.

B. remain the same.

C. increase.

The value of a European call option is inversely related to the:

A. exercise price.

B. time to expiration.

C. volatility of the underlying.

The table below shows three European call options on the same underlying:

Time to Expiration Exercise Price

Option 1 3 months $100
Option 2 6 months $100
Option 3 6 months $105
The option with the highest value is most likely:

A. Option 1.

B. Option 2.

C. Option 3.

The value of a European put option can be either directly or inversely related to the:

A. exercise price.

B. time to expiration.

C. volatility of the underlying.

Prior to expiration, the lowest value of a European put option is the greater of zero or the:
A. exercise price minus the value of the underlying.

B. present value of the exercise price minus the value of the underlying.

C. value of the underlying minus the present value of the exercise price.
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29.

30.

31.

32.

33.

34.

35.

36.

A European put option on a dividend-paying stock is most likely to increase if there is an
increase in:

A. carrying costs.

B. the risk-free rate.

C. dividend payments.

Based on put-call parity, a trader who combines a long asset, a long put, and a short call
will create a synthetic:

A. long bond.

B. fiduciary call.

C. protective put.

Which of the following transactions is the equivalent of a synthetic long call position?

A. Long asset, long put, short call

B. Long asset, long put, short bond

C. Short asset, long call, long bond

Which of the following is least likely to be required by the binomial option pricing model?
A. Spot price

B. Two possible prices one period later

C. Actual probabilities of the up and down moves

An at-the-money American call option on a stock that pays no dividends has three months
remaining until expiration. The market value of the option will mosz likely be:

A. less than its exercise value.

B. equal to its exercise value.

C. greater than its exercise value.

At expiration, American call options are worth:

A. less than European call options.

B. the same as European call options.

C. more than European call options.

Which of the following circumstances will most likely affect the value of an American call
option relative to a European call option?

A. Dividends are declared

B. Expiration date occurs

C. The risk-free rate changes

Combining a protective put with a forward contract generates equivalent outcomes at
expiration to those of a:

A. fiduciary call.

B. long call combined with a short asset.

C. forward contract combined with a risk-free bond.
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LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:

¢ describe and compare how equity, interest rate, fixed-income, and currency forward and
futures contracts are priced and valued;

* calculate and interpret the no-arbitrage value of equity, interest rate, fixed-income, and cur-
rency forward and futures contracts;

* describe and compare how interest rate, currency, and equity swaps are priced and valued;

* calculate and interpret the no-arbitrage value of interest rate, currency, and equity swaps.

1. INTRODUCTION

Forward commitments cover forwards, futures, and swaps. Pricing and valuation of forward
commitments will be introduced here. A forward commitment is a derivative instrument in
the form of a contract that provides the ability to lock in a price or rate at which one can buy
or sell the underlying instrument at some future date or exchange an agreed-upon amount of
money at a series of dates. As many investments can be viewed as a portfolio of forward com-
mitments, this material is important to the practice of investment management.

The reading is organized as follows. Section 2 introduces the principles of the no-arbitrage
approach to pricing and valuation of forward commitments. Section 3 presents the pricing
and valuation of forwards and futures. Subsections address the cases of equities, interest rates,
fixed-income instruments, and currencies as underlyings of forward commitments. Section 4
presents the pricing and valuation of swaps, addressing interest rate, currency, and equity swaps.

© 2016 CFA Institute. All rights reserved.
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2. PRINCIPLES OF ARBITRAGE-FREE PRICING AND VALUATION
OF FORWARD COMMITMENTS

In this section, we examine arbitrage-free pricing and valuation of forward commitments—
also known as the no-arbitrage approach to pricing and valuing such instruments. We intro-
duce some guiding principles that heavily influence the activities of arbitrageurs who are price
setters in forward commitment markets.

There is a distinction between the pricing and the valuation of forward commitments.
Forward commitment pricing involves determining the appropriate forward commitment
price or rate when initiating the forward commitment contract. Forward commitment valu-
ation involves determining the appropriate value of the forward commitment, typically after
it has been initiated.

Our approach to pricing and valuation is based on the assumption that prices adjust to
not allow arbitrage profits. Hence, the material will be covered from an arbitrageur’s perspec-
tive. Key to understanding this material is to think like an arbitrageur. Specifically, like most
people, the arbitrageur would rather have more money today than less. The arbitrageur abides
by two fundamental rules:

Rule #1 Do not use your own money.
Rule #2 Do not take any price risk.

‘The arbitrageur often needs to borrow or lend money to satisfy Rule #1. If we buy the underly-
ing, we borrow the money. If we sell the underlying, we lend the money. These transactions will
synthetically create the identical cash flows to a particular forward commitment, but they will
be opposite and, therefore, offsetting, which satisfies Rule #2. Note that for Rule #2, the con-
cern is only market price risk related to the underlying and the derivatives used, as explained
in detail later. Clearly, if we can generate positive cash flows today and abide by both rules, we
have a great business; such is the life of an arbitrageur.

In an effort to demonstrate various pricing and valuation results based on the no-arbitrage
approach, we will rely heavily on tables showing cash flows at Times 0 and T. From an arbi-
trage perspective, if an initial investment requires 100 euros, then we will present it as a =100
euro cash flow. Cash inflows to the arbitrageur have a positive sign, and outflows are negative.

Pricing and valuation tasks based on the no-arbitrage approach imply an inability to cre-
ate a portfolio with no future liabilities and a positive cash flow today. In other words, if cash
and forward markets are priced correctly with respect to each other, we cannot create such a
portfolio. That is, we cannot create money today with no risk or future liability. This approach
is built on the law of one price, which states that if two investments have the same or equiv-
alent future cash flows regardless of what will happen in the future, then these two investments
should have the same current price. Alternatively, if the law of one price is violated, someone
could buy the cheaper asset and sell the more expensive, resulting in a gain at no risk and with
no commitment of capital. The law of one price is built on the value additivity principle, which
states that the value of a portfolio is simply the sum of the values of each instrument held in
the portfolio.

Throughout this reading, the following key assumptions are made: (1) Replicating instru-
ments are identifiable and investable, (2) market frictions are nil, (3) short selling is allowed
with full use of proceeds, and (4) borrowing and lending are available at a known risk-free rate.

Analyses in this reading will rely on the carry arbitrage model, a no-arbitrage approach
in which the underlying instrument is either bought or sold along with a forward position—
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hence the term “carry.” Carry arbitrage models are also known as cost-of-carry arbitrage models
or cash-and-carry arbitrage models. Typically, each type of forward commitment will result in
a different model, but common elements will be observed. Carry arbitrage models are a great
first approximation to explaining observed forward commitment prices in many markets.

The central theme here is that forward commitments are generally priced so as to pre-
clude arbitrage profits. Section 3 demonstrates how to price and value equity, interest rate,
fixed-income, and currency forward contracts. We also explain how these results apply to fu-
tures contracts.

3. PRICING AND VALUING FORWARD AND FUTURES
CONTRACTS

In this section, we examine the pricing of forward and futures contracts based on the no-arbitrage
approach. The resulting carry arbitrage models are based on the replication of the forward
contract payoff with a position in the underlying that is financed through an external source.
Although the margin requirements, mark-to-market features, and centralized clearing in futures
markets result in material differences between forward and futures markets in some cases, we
focus mainly on cases in which the particular carry arbitrage model can be used in both markets.
We start with a very simple setup to arrive at the primary insight that the current forward
or futures price of a non-cash-paying instrument is simply equal to the price of the underlying
adjusted upward for the amount that would be earned over the term of the contract by com-
pounding the initial underlying price at the rate that incorporates costs and benefits related to
the underlying instrument. Initially, we adopt a simplified approach in which we determine
the forward price by compounding the underlying price at the risk-free rate. We then turn to
examining the particular nuances of equity, interest rate, fixed-income, and currency forward
and futures contracts. Mastery of the simple setup will make understanding the unique nu-
ances in each market easier to comprehend. First, we examine selected introductory material.

3.1. Our Notation

In the following, notations are established for forward and futures contracts that will allow
us to express concisely the key pricing and valuation relationships. Forward price or futures
price refers to the price that is negotiated between the parties in the forward or futures con-
tract. The market value of the forward or futures contract, termed forward value or futures
value and sometimes just value, refers to the monetary value of an existing forward or futures
contract. When the forward or futures contract is established, the price is negotiated so that the
value of the contract on the initiation date is zero. Subsequent to the initiation date, the value
can be significantly positive or negative.

Let S; denote the price of the underlying instrument observed at Time t, where t is the
time since the initiation of the forward contract and is expressed as a fraction of years.! Con-
sider T as the initial time to expiration, expressed as a fraction of years. Sy denotes the under-
lying price observed when the forward contract is initiated, and St denotes the underlying
price observed when the forward contract expires. Also, let Fo(T) denote the forward price

"Note that t can be greater than a year—for example t = 1.25. The variable t is expressed in years, not days
or months, because interest rates, dividend yields, and most financial returns are expressed as yearly rates.
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established at the initiation date, 0, and expiring at date T, where T represents a period of time
later. For example, suppose that on the initiation date (t = 0) a forward contract is negotiated
for which Fy(0.25) = €350. Then the forward price for the forward contract is €350, with
the contract expiration T = 0.25 years later. Similarly, let f;(T) denote the futures price for a
contract established at the initiation date, 0, that expires at date T. Therefore, uppercase “F”
denotes the forward price, whereas lowercase “f” denotes the futures price. Similarly, we let up-
percase “V” denote the forward value, whereas lowercase “v” denotes the futures value. Many
concepts in this reading apply equally to pricing and valuation of both forwards and futures.
When they differ, we will emphasize the distinctions.

A key observation, to which we will return in greater detail, is that as a result of the no-
arbitrage approach, when the forward contract is established, the forward price is negotiated
so that the market value of the forward contract on the initiation date is zero. Most forward
contracts are structured this way and are referred to as at market. No money changes hands,
meaning that the initial value is zero. The forward contract value when initiated is expressed
as V(T) = vo(T) = 0. Again, we assume no margin requirements. Subsequent to the initiation
date, the forward value can be significantly positive or negative.

At expiration, both the forward contract and the futures contract are equivalent to a spot
transaction in the underlying. In fact, forward and futures contracts negotiated at Time T for
delivery at Time T are by definition equivalent to a spot transaction at Time T. This property is
often called convergence, and it implies that at Time T, both the forward price and the futures
price are equivalent to the spot price—that is, Fr(T) = f1(T) = St

Let us define V(T) as the forward contract value at Time t during the life of the futures
contract. At expiration, T,

The market value of a long position in a forward contract value is V(T) = St — F((T).
The market value of a short position in a forward contract value is V(T) = Fo(T) — St.

Let us define v,(T) as the futures contract value at Time t during the life of the futures
contract. Note that as a result of marking to market, the value of a futures contract at expir-
ation is simply the difference in the futures price from the previous day. Our time subscript is
expressed in a fraction of a year; hence, we use (t—) to denote the fraction of the year that the
previous trading day represents. At expiration, T:

The market value of a long position in a futures contract value before marking to market is
v(T) = £(T) = £(T).

The market value of a short position in a futures contract value before marking to market
is v(T) = £(T) — £(T).

The futures contract value after daily settlement is v(T) = 0.

As illustrated later, in this reading we adopt a simplified approach in which the valuation
of forward and futures contracts is treated as the same, whereas the forward value and the fu-
tures value will be different because of futures contracts being marked to market and forward
contracts not being marked to market.?

Exhibit 1 shows a forward contract at initiation and expiration. A long position in a
forward contract will have a positive value at expiration if the underlying is above the initial

2There are specific cases when £,(T) # F,(T), but they are beyond the scope of this reading.
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forward price, whereas a short position in a forward contract will have a positive value at expi-
ration if the underlying is below the initial forward price.

EXHIBIT 1  Value of a Forward Contract at Initiation and Expiration

Contract Contract
Initiation Expiration

0 T
V(T)=0 V.(T)=8,-F(T) (Long)

V(T) = F(T) - S, (Short)

We turn now to focus on generic forward contracts.

3.2. No-Arbitrage Forward Contracts

We first consider a generic forward contract, meaning that we do not specify the underlying as
anything more than just an asset. As we move through this section, we will continue to address
specific additional factors to bring each carry arbitrage model closer to real markets. Thus, we
will develop several different carry arbitrage models, each one applicable to specific forward
commitment contracts.

3.2.1. Carry Arbitrage Model When There Are No Underlying Cash Flows

Carry arbitrage models receive their name from the literal interpretation of carrying the under-
lying over the life of the forward contract. If an arbitrageur enters a forward contract to sell
an underlying instrument for delivery at Time T, then to hedge this exposure, one strategy
is to buy the underlying instrument at Time 0 with borrowed funds and carry it to the for-
ward expiration date so it can be sold under the terms of the forward contract as illustrated in

Exhibit 2.

EXHIBIT 2 Cash Flows Related to Carrying the Underlying through Calendar Time

Underlying Underlying
Purchased Sold
0 T
Underlying:  -S; +S,
Borrow: +S, -FV(S,)
Forward: 0 F(T)-S,
Net: 0 F,(T) -FV(S,)

For now, we will keep the significant technical issues to a minimum. When possible, we
will just use FV and PV to denote the future value and present value, respectively. We are
not concerned now about compounding conventions, day count conventions, or even the
appropriate risk-free interest rate proxy. We will address these complexities only when necessary.
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Carry arbitrage models rest on the no-arbitrage assumptions given earlier. To understand
carry arbitrage models, it is helpful to think like an arbitrageur. The arbitrageur seeks to ex-
ploit any pricing discrepancy between the futures or forward price and the underlying spot
price. The arbitrageur is assumed to prefer more money compared to less money, assuming
everything else is the same. We now expand on the two fundamental rules for the arbitrageur.

Rule #1 Do not use our own money. Specifically, the arbitrageur does not use his or her
own money to acquire positions but borrows to purchase the underlying. Also,
the arbitrageur does not spend proceeds from short selling transactions but
invests them at the risk-free interest rate.

Rule #2 Do not take any price risk. In our discussion, the arbitrageur focuses here only
on market price risk related to the underlying and the derivatives used. We do
not consider other risks, such as liquidity risk and counterparty credit risk.
These topics are covered in more advanced treatments.

Consider the following strategy in which an arbitrageur purchases the underlying in-
strument with borrowed money in the spot market at price S; at Time 0 and later, at Time
T, contemporaneously sells the underlying at a price of St and repays the loan. The cash flow
from this strategy evaluated at Time T is the proceeds from the sales of the underlying, St; less
FV1(So) or, more simply, FV(S,), the price of the underlying purchased at Time 0 grossed up
by the finance cost, assumed to be the risk-free interest rate. In other words, the arbitrageur
borrows the money to buy the asset, so he will pay back FV(Sy) at Time T, based on the risk-
free rate.

Clearly, when St is below FV(S), this transaction will suffer a loss. Note that breakeven
will occur when the underlying value at T exactly equals the future price of the underlying at
0 grossed up by the finance cost or St = FV(S). If we assume continuous compounding (r.),
then FV(S;) = SoerCT. If we assume annual compounding (r), then FV(S) = Sy(1 + 1) ™. Note
that in practice, observed interest rates are derived from market prices; it is not the other way
around. Significant errors can occur if the quoted interest rate is used with the wrong com-
pounding convention.> When possible, we just use the generic present value and future value
to minimize confusion.

To help clarify, Exhibit 3 shows the cash flows from carrying the underlying, say, stock,
assuming Sy =100, r=5%, T =1, and S = 90 or 110.% Each step consists of transactions that
generate the cash flows shown at times 0 and T. Each row of cash flows in tables such as the one
below are termed “steps,” and they will involve a wide array of cash flow producing items from
market transactions, bank transactions, and other events. The set of transactions is executed
simultaneously in practice, not sequentially.

Step 1 Purchase one unit of the underlying at Time 0.

Step 2 Borrow the purchase price. Recall that cash flow is the opposite of investment.
An investment of 100 implies a negative cash flow of 100—that is, —100. We
assume the interest rate is quoted on an annual compounding basis and time is
expressed in fractions of a year.

3For many quantitative finance tasks, it is easier to do the analysis with continuous compounding even
though the underlying rate quotation conventions are based on another method.

“Note that St can take on any value, but in the table we present just two values, one representing an up
move and one representing a down move.
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EXHIBIT 3  Cash Flows for Financed Position in the Underlying Instrument

Cash Flows
Steps at Time 0 Cash Flows at Time T
1. Purchase underlying at 0 and sell at T' —So=-100 +S1=90 or
+Sp=110
2. Borrow funds at 0 and repay with interestat T~ +S, = 100 —FV(Sy) =-100(1 + 0.05)' =-105
Net cash flow 0 +S1—=FV(Sp) =90 - 105 =~15 or
=110-105=5

Because the two outcomes are not the same, the strategy at this point fails to satisfy the
arbitrageur’s Rule #2: Do not take any price risk. Thus, to satisfy Rule #2, consider a third
transaction that allows one to lock in the value of the underlying at Time T. This result can
be achieved by selling, at Time 0, a forward contract on the underlying at price Fy(T), where
the underlying will be delivered at Time T.> Recall that the value of the forward contract at
expiration will simply be the difference between the underlying, St, and the initial forward
price, Fo(T).

As seen in Exhibit 4, we add two additional steps, again executed simultaneously:

Step 3 Sell a forward contract. As we are secking to determine the equilibrium forward
price, we do not assume that the forward price is initially at market, meaning
that the value is zero. Thus, the forward contract value at Time 0, V((T), may be
non-zero. We illustrate selected numerical values for clarity.

Step 4 Borrow the arbitrage profit in order to capture it today. If the transaction leads
to an arbitrage profit at the Time T expiration, you borrow against it. In other
words, suppose that in setting up the transaction, you know that it will produce
an arbitrage profit of €5. Then you could borrow the present value of €5 and pay
it back at expiration with the arbitrage profit. In effect, you are pre-capturing
your arbitrage profit by bringing it to the present so as to receive it at Time 0.
The amount you borrow will be the forward price minus the future value of the
spot price when compounded at the risk-free rate. As we will see shortly, if the
forward contract is priced correctly, there will be no arbitrage profit and, hence,
no Step 4. Note also that we exclude the case of lending, because it would occur
only if you executed a strategy to capture a certain loss, which we presume no
one would do.

In this exhibit, the forward price is assumed to be trading at 105.

>Note that when an arbitrageur needs to sell the underlying, it must be assumed that she does not hold
it in inventory and thus must short sell it. When the transaction calls for selling a derivative instrument,
such as a forward contract, it is always just selling—technically, not short selling.
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EXHIBIT 4 Cash Flows for Financed Position in the Underlying Instrument Combined with a

Forward Contract

Steps Cash Flows at Time 0 Cash Flows at Time T
1. Purchase underlying at 0 and -Sp=-100 +St=90 or

sell ac T +Sr=110
2. Borrow funds at 0 and repay +S, =100 —FV(Sy) ==So(1 + )T

with interest at T =-100(1 + 0.05)! =-105
3. Sell forward contract at 0 when +V,(T) V(T) =Fy(T) = S1=105-90 =15 or

Fo(T) =105 V(T) =Fy(T) = Sy=105-110=-5
4. Borrow arbitrage profit +PV[Fy(T) — FV(Sy)] —[Fo(T) — FV(Sy)]

= —[105 - 100(1 +0.05)] = 0
Net cash flow +V,o(T) +St—FV(Sy) + Fo(T) — St
+ PV[Fy(T) = FV(Sy)] = [Fo(T) = FV(Sp)]1 =0

(For every underlying value)

Notice that at expiration the underlying is worth 90 or 110 and the forward contract is
worth either 15 or —5. The combination of the underlying and the forward value is 90 + 15 =
105 or 110 — 5 =105, and that 105 is precisely the amount necessary to pay off the loan. So,
there is zero cash flow at expiration under any and all circumstances.

Based on the no-arbitrage approach, a portfolio offering zero cash flow in the future is
expected to be valued at zero at Time 0. That is, based on Exhibit 4, the net cash flow at Time 0
can be expressed as V(T) + PV[Fo(T) — FV(Sp)] = 0. With this perspective, the value of a
given short forward contract is, therefore, Vi(T) = =PV[F((T) — FV(Sy)], which can be rear-
ranged and denoted Vo(T) = Sy — PV[F(T)]. Based on this result, we see that the no-arbitrage
forward price is simply the future value of the underlying, or

Fo(T) = Future value of underlying = FV(S,) (1)

In our example, Fo(T) = FV(Sg) = 105. In fact, with annual compounding and T = 1, we have
simply Fo(1) = So(1 + 1) = 100(1 + 0.05)". The future value refers to the amount of money
equal to the spot price invested at the compound risk-free interest rate during the time period.
It is not to be confused with or mistaken for the mathematical expectation of the spot price
at Time T.

To better understand the arbitrage mechanics, suppose we observe that Fy(1) = 106.
Based on the prior information, we observe that the forward price is higher than that de-
termined by the carry arbitrage model (recall Fo(T) = FV(Sy) = 105). Because the model
value is lower than the market forward price, we conclude that the market forward price is
too high and should be sold. An arbitrage opportunity exists, and it will involve selling the
forward contract at 106. Because of Rule #2—the arbitrageur should not take any market
price risk—the second transaction is to purchase the underlying instrument so that gains
(or losses) on the underlying will be offset by losses (or gains) on the forward contract.
Finally, because of Rule #1—the arbitrageur does not use his or her own money—the
third transaction involves borrowing the purchase price of the underlying security. Based
on a desire by the arbitrageur to receive future arbitrage profits today, the fourth trans-
action involves borrowing the known terminal profits. Note that all four transactions are
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done simultaneously. To summarize, the arbitrage transactions can be represented in the
following four steps:

Step 1 Sell the forward contract on the underlying.
Step 2 Purchase the underlying.

Step 3 Borrow the funds for the underlying purchase.
Step 4 Borrow the arbitrage profit.®

Exhibit 5 shows the resulting cash flows from these transactions. This strategy is known
as carry arbitrage because we are carrying—that is, we are long—the underlying instrument.
Note that if the forward price were 106, the value of the forward contract would be 0.9524 at
Time 0. In fact, Vo(T) = PV[Fy(T) — FV(Sy)] = (106 — 105)/(1 + 0.05) = 0.9524. But if the
counterparty enters a long position in the forward contract at a forward price of 106, valuing it
incorrectly, then the forward contract seller has the opportunity to receive the 0.9524 with no
liability in the future. In Step 4, the arbitrageur borrows this amount. At Time T, the arbitrage
profit of 1 will exactly offset the repayment of this loan. This opportunity represents a portfolio
that will be pursued aggressively. It is a clear arbitrage opportunity.

EXHIBIT 5 Cash Flows with Forward Contract Market Price Too High Relative to Carry Arbitrage
Model

Steps Cash Flows at Time 0 Cash Flows at Time T
1. Sell forward contract on Vo(T)=0 V(T) =Fy(T) = Sy =106 — 90 = 16 or
underlying at Fo(T) = 106 V(T)=Fy(T) =Sy =106 — 110 =—4
2. Purchase underlying at 0 and —So=-100 +S1=90 or
sell ac T +St=110
3. Borrow funds for underlying +S, =100 —FV(Sy) =-100(1 + 0.05) =—105
purchase
4. Borrow arbitrage profit +PV[Fy(T) — FV(Sy)] —[Fo(T) = FV(Sy)]
= (106 — 105)/ = _[106 — 100(1+0.05)] = —1
(140.05) = 0.9524
Net cash flow 0.9524 16+90—-105—1or
—4+110-105-1
=0

Suppose instead we observe a lower forward price of Fo(T) = 104. Based on the prior
information, we conclude that the forward price is too low when compared to the forward
price determined by the carry arbitrage model. In fact, the carry arbitrage model forward price
is again Fo(T) = FV(Sp) = 105. Thus, Step 1 here is to buy a forward contract, and the value
at T is St — Fo(T). Because of Rule #2—the arbitrageur not taking any risk—Step 2 is to sell
short the underlying instrument. Because of Rule #1—the arbitrageur not using her own money,
or technically here spending another entity’s money—Step 3 involves lending the short sale

®Remember that you are bringing the arbitrage profit from the future, time T, to the present, time 0,
by borrowing against it and paying back the loan at T with the arbitrage profit. We exclude the case of
lending, because it involves an arbitrage loss and would mean that the arbitrageur invests some of his own
money at time 0 and pays out its value at T' to cover the arbitrage loss.
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proceeds. Finally, to capture the arbitrage profit today, you borrow its present value. Again, to
summarize, the arbitrage transactions involve the following four steps:

Step 1 Buy the forward contract on the underlying.
Step 2 Sell the underlying short.

Step 3 Lend the short sale proceeds.

Step 4  Borrow the arbitrage profit.

Note that this set of transactions is the exact opposite of the prior case in Exhibit 5. This
strategy is known as reverse carry arbitrage because we are doing the opposite of carrying the
underlying instrument; that is, we are short selling the underlying instrument.

Therefore, unless Fy(T) = FV(S,), there is an arbitrage opportunity. Notice that if Fy(T) >
EV(Sy), then the forward contract is sold and the underlying is purchased. Thus, arbitrageurs
drive down the forward price and drive up the underlying price until Fy(T) = FV(Sy) and a
risk-free positive cash flow today no longer exists. Further, if Fy(T) < FV(S,), then the forward
contract is purchased and the underlying is sold short. In this case, the forward price is driven
up and the underlying price is driven down. Arbitrageurs’ market activities will drive forward
prices to equal the future value of the underlying, bringing the law of one price into effect once
again. Most importantly, if the forward contract is priced at its equilibrium price, there will be
no arbitrage profit and thus no Step 4.

EXAMPLE 1 Forward Contract Price

An Australian stock paying no dividends is trading in Australian dollars for A$63.31,
and the annual Australian interest rate is 2.75% with annual compounding.

1. Based on the current stock price and the no-arbitrage approach, which of the follow-
ing values is closest to the equilibrium three-month forward price?
A. A$63.31
B. A$63.74
C. A$65.05
2. Ifthe interest rate immediately falls 50 bps to 2.25%, the three-month forward price
will:
A. decrease.
B. increase.

C. be unchanged.

Solution to 1: B is correct. Based on the information given, we know Sy = A$63.31,
r=2.75% (annual compounding), and T = 0.25. Therefore,

Fo(T) = FV;1(Se) = 63.31(1 + 0.0275)%% = A$63.7408.
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Solution to 2: A is correct, and we know this is true because the forward price is directly
related to the interest rate. Specifically,

Fo(T) = FVo1(Sp) = 63.31(1 + 0.0225)%% = A$63.6632.

Therefore, we see in this case a fall in interest rates resulted in a decrease in the forward
price. This relationship between forward prices and interest rates will generally hold so
long as the underlying is not also influenced by interest rates.

As we see here, remember that one significant implication of this arbitrage activity is that
the quoted forward price does not directly reflect expectations of future underlying prices.
The only factors that matter are the interest rate and time to expiration. Other factors will be
included later as we make the carry arbitrage model more realistic, but we will not be including
expectations of future underlying prices. So, in other words, an opinion that the underlying
will increase in value, perhaps even substantially, has no bearing on the forward price.

We now turn to the task of understanding the value of an existing forward contract.
There are many circumstances in which, once a forward contract has been entered, one wants
to know the contract’s fair value. The goal is to calculate the position’s value at current market
prices. It may be due to market-based accounting, in which the accounting statements need
to reflect the current fair value of various instruments. Finally, it is simply important to know
whether a position in a forward contract is making money or losing money.

The forward value, based on arbitrage, can best be understood by referring to Exhibit 6.
Suppose the first transaction involves buying a forward contract with a price of Fo(T) at Time 0
with expiration of Time T. Now consider selling a new forward contract with price F(T) at
Time t again with expiration of Time T. Exhibit 6 shows the potential cash flows. Remember
the equivalence at expiration between the forward price, the futures price, and the underlying
price, meaning Fr(T) = f1(T) = St. Note that the column labeled “Value at Time t” represents
the value of the forward contracts. Note that we are seeking the forward value; hence, this trans-
action would result in cash flows only if it is actually executed. We need not actually execute
the transaction; we just need to see what it would produce if we did. This point is analogous to
the fact that if holding a liquid asset, we need not sell it to determine its value; we can simply
observe its market price, which gives us an estimate of the price at which we could sell it.

EXHIBIT 6  Cash Flows for the Valuation of a Long Forward Position

Cash Flow at Value at Cash Flow at
Steps Time 0 Time t Time T
1. Buy forward contract at 0 at Fy(T) 0 V(T) V1(0, T) = St — Fy(T)
2. Sell forward contract at t at F,(T) NA 0 Vr(t, T) = F(T) = St
Net cash flows/Value 0 V(T) +F(T) — Fy(T)

There are now three different points in time to consider: Time 0, Time t, and Time T. For
clarity, we explicitly state the period for present value, PV, 1() rather than PV(), which means
the present value at point t of an amount paid in T — t years, and for future value, FV () rather
than FV(), which means the future value in T — t years of an amount paid at point t.
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Note that once the offsetting forward is entered, the net position is not subject to market risk
in that the cash flow at Time T is not influenced by what happens to the spot price. The position
is completely hedged. Therefore, the value observed at Time ¢ of the original forward contract ini-
tiated at Time 0 and expiring at Time T is simply the present value of the difference in the forward
prices, PV [F(T) — Fo(T)]. Based on Exhibit 6, the forward value at Time t for a long position in
the forward contract entered at Time 0 is the present value of the difference in forward prices, or

V., (T) = Present value of difference in forward prices
= PVt,T I:Ft (T) - Fo (T):I

Thus, there is the old forward price, which is the price the participants agreed on when the
contract was started, and now there is also the new forward price, which is the price at which

2

any two participants would agree to deliver the underlying at the same date as in the original
contract. Of course, now the spot price has changed and some time has elapsed, so the new
forward price will likely not equal the old forward price. The value of the contract is simply the
present value of the difference in these two prices, with the present value calculated over the
remaining life of the contract.

Alternatively, V(T) = S; — PV 1[Fo(T)].” Thus, the long forward contract value can be
viewed as the present value, determined using the given interest rate, of the difference in for-
ward prices—the original one and a new one that is priced at the point of valuation. If we know
the underlying price at Time ¢, S, then we can estimate the forward price, F(T) = FV_1(S).
Based on Equation 2, we then solve for the forward value. Note that the short position is
simply the negative value of Equation 2.

EXAMPLE 2 Forward Contract Value

Assume that at Time 0 we entered into a one-year forward contract with price Fo(T) = 105.
Nine months later, at Time t = 0.75, the observed price of the stock is Sy 75 = 110 and
the interest rate is 5%. The value of the existing forward contract expiring in three
months will be closest to:

A. —6.34.
B. 6.27.
C. 6.34.

Solution: B is correct. Note that, based on Fo(T) =105, Sy 75 =110, r=5%, and T —t=
0.25, the three-month forward price at Time t is equal to F(T) = FV_1(S) = 110(1 +
0.05)%% = 111.3499. Therefore, we find that the value of the existing forward entered
at Time 0 valued at Time t using the difference method is

V(T) =PV r[F(T) — Fo(T)] = (111.3499 — 105)/(1 + 0.05)%2% = 6.2729.

"From Equation 1 and assuming annual compounding, F,(T) = S/(1 + )T 50 PV r[F(T)] =PV, 1[S(1 +
T =3,
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Now that we have the basics of forward pricing and forward valuation, we introduce some
other realistic carrying costs that influence pricing and valuation.

3.2.2. Carry Arbitrage Model When Underlying Has Cash Flows

We have seen that forward pricing and valuation is driven by arbitrageurs seeking to exploit
mispricing by either carrying or reverse carrying the underlying instrument. Carry arbitrage
requires paying the interest cost, whereas reverse carry arbitrage results in receiving the interest
benefit. For many instruments, there are other significant carry costs and benefits. We will now
incorporate into forward pricing various costs and benefits related to the underlying instru-
ment. For this reason, we need to introduce some notation.

Let ¥ (Greek lowercase gamma) denote the carry benefits (for example, dividends, foreign
interest, and bond coupon payments that would arise from certain underlyings). Let yr =
FVo1(Yo) denote the future value of underlying carry benefits and Yy = PV 1(Yr) denote the
present value of underlying carry benefits. Let © (Greek lowercase theta) denote the carry
costs. For financial instruments, these costs are essentially zero. For commodities, these costs
include such factors as waste, storage, and insurance. Let O = FV{,1(6,) denote the future
value of underlying costs and 8y = PV (07) denote the present value of underlying costs. We
do not cover commodities in this reading, but you should be aware of this cost. Moreover, you
should note that carry costs are similar to financing costs. Holding a financial asset does not
generate direct carry costs, but it does result in the opportunity cost of the interest that could
be earned on the money tied up in the asset. Thus, the financing costs that come from the rate
of interest and the carry costs that are common to physical assets are equivalent concepts.

The key forward pricing equation, based on these notations, can be expressed as

E, (T) = Future value of underlying adjusted for carry cash flows

3
=FVy (S +65=7,) ®)

Thus, the forward price is the future value of the underlying adjusted for carry cash flows.
Carry costs, like the rate of interest, increase the burden of carrying the underlying instrument
through time; hence, these costs are added in the forward pricing equation. Alternatively, carry
benefits decrease the burden of carrying the underlying instrument through time; hence, these
benefits are subtracted in the forward pricing equation.

In the following discussion, we follow the arbitrage procedure discussed previously, but
now we also consider that the underlying pays some form of benefit during the life of the for-
ward contract. Because of the types of instruments considered here, underlying benefits will
be our focus. Note, however, that costs are handled in exactly the same way except there is a
sign change.

The arbitrageur purchases the underlying with borrowed money at Time 0 and then sells it
at Time T. Notice that any benefits from owning the underlying are placed in a risk-free invest-
ment. The risk again is that the underlying value (St) will decrease between 0 and T, when the
position is unwound. Note that breakeven will occur when the underlying value at T exactly
equals the future value of the underlying at 0 adjusted for any benefits, or St = FV(Sy) — yr =
EV(Sy — ¥o)- Thus, based on this breakeven expression, the underlying benefits () have the
effect of lowering the cost of carrying the underlying, and therefore, the forward price is lower.

To help clarify, we illustrate in Exhibit 7 the same example as before in which Sy =100, r=
5%, T =1, and St=90 or 110. We now assume the underlying is known to distribute 2.9277
at Time t = 0.5: ¥, = 2.9277. Thus, the time until the distribution of 2.9277 is t, and hence,
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the present value is Yy = 2.9277/(1 + 0.05)*> = 2.8571. The time between the distribution and
the forward expiration is T — t = 0.5, and thus, the future value is Y = 2.9277(1 + 0.05)% = 3.

Remember that the steps in these tables simply refer to cash flow producing events and
are initiated simultaneously.

Step 1 Purchase the underlying at Time 0, receive the dividend at Time t = 0.5, and sell
the underlying at Time T.

Step 2 Reinvest the dividend received at Time t = 0.5 at the risk-free interest rate until
Time T.

Step 3 Borrow the initial cost of the underlying. The strategy again at this point fails to
satisfy Rule #2 of the arbitrageur: Do not take any price risk. If the underlying
falls in value, then there is price risk.

Step 4 Sell a forward contract. This transaction addresses Rule #2. Specifically, we sell a
forward contract at Time 0 and the underlying will be delivered at Time T.

Step 5 Borrow the arbitrage profit.

EXHIBIT 7 Cash Flows for Financed Position in the Underlying with Forward

Cash Flow Cash Flow at Cash Flow
Steps at Time 0 Time t at Time T
1. Purchase underlying at 0, —Sp=-100 +Y,=2.9277 +St=90 or
sell at T +St=110
2. Reinvest distribution Y, =—2.9277 = 2.9277(1 +0.05)5 = 3
3. Borrow funds +S, =100 —FV(Sy) =-100(1 + 0.05)' =-105
4. Sell forward contract Vo(T) Vi(T) =Fy(T) = St=102-90=12
or=102-110=-8
5. Borrow arbitrage profit +PVI[Fy(T) +yr —[Fo(T) +vr — FV(Sp)]
= FV(Sy)]
Net cash flows Vo(T) + 0 +St+ v — FV(Sy)
PV[E(T) +vr + Fo(T) = St
= FV(Sy)] — [Fo(T) +vr —FV(Sp] =0

We know in equilibrium the value of the cash flow at Time 0 is zero, or Vi(T) + PV[Fy(T) +
Yr — FV(Sy)] = 0, and thus V(T) = —=PV[Fy(T) + vy — FV(Sy)]. If the forward contract has
zero value, then the forward price is simply the future value of the underlying less the future
value of carry benefits, or

Fy(T) = Future value of underlying — Future value of carry benefits
=FV(Sp) —¥r

As the carry benefits increase, the forward price decreases. In short, benefits reduce the cost
of carrying the asset, and that reduces the forward price. In this example, the equilibrium
forward price is FVj1(Sg) — ¥r = 105 — 3 = 102. This is the rationale for the carry arbitrage
model adjusted for underlying benefits paid, or Fo(T) = FV1(S,) — yr- Note that because yr =
FVo:1(Yo), we can also express the carry benefit adjusted model as Fy(T) = FV1(Sy — ¥o)- In
words, the initial forward price is equal to the future value of the underlying minus the value of
any ownership benefits at expiration. Carry benefits lower the carry burden of the arbitrageur.
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In effect, because the underlying benefits reduce the burden of carrying the underlying, the
forward price is lower. We see that the cost of carrying the underlying is now Fy(T) = 102,
which is lower than the previous example in which Fy(T) = 105.

The forward value for a long position when the underlying has carry benefits or carry costs
is found in the same way as described previously except that the new forward price, as well as
the old, is adjusted to account for these benefits and costs. Specifically,

V,(T) = Present value of difference in forward prices

=PV, ;[E(T)-E,(T)] (4)

The forward value is equal to the present value of the difference in forward prices. The benefits
and costs are reflected in this valuation equation because they are incorporated in the forward
price: F(T) = FV_1(S, + 0, — ). Again, the forward value is simply the present value of the
difference in forward prices.

Before examining equity, interest rate, fixed-income bond, and currency underlyings, we
review an important technical issue related to compounding convention. Assume the under-
lying is a common stock quoted in euros (€) with an initial price of €100 (S, = €100), the Eu-
ropean risk-free interest rate is 5% (r=0.05, annual compounding), T =1 year, and the known
dividend payment in t = 0.5 years is ¥, = €2.9277 or in future value terms is yr = €3.0. As
illustrated previously, the no-arbitrage forward price is €102, which is determined as follows:

Fo(T) = EV1(So + 80 — 70)
=[100 + 0 —2.9277/(1 + 0.05)*5](1 + 0.05)"
=105-3=¢€102

Recall that y, denotes the present value of carry benefits. In this case, the carry benefits are not
paid until t = 0.5; hence, discounting is required. Thus, Y, = 2.9277/(1 + 0.05)%° = 2.8571.
Now let us consider stock indexes, such as the EURO STOXX 50 or the US Russell 3000.
With stock indexes, it is difficult to account for the numerous dividend payments paid by
underlying stocks that vary in timing and amount. Dividend index point is a measure of the
quantity of dividends attributable to a particular index. It is a useful measure of the amount
of dividends paid; a very useful number for arbitrage trading. To simplify the problem, a con-
tinuous dividend yield is often assumed. What this means is that it is assumed that dividends
accrue continuously over the period in question rather than on specific discrete dates, which is
not an unreasonable assumption for an index with a large number of component stocks.
Before turning to this carry arbitrage model variation, we will review continuous com-
pounding in general, based on the previous example, because it is a perennial source of con-
fusion. The equivalence between annual compounding and continuous compounding can be
expressed as (1 +1)7 = e“Tor r.=In[(1 + 0)T)/T = In(1 + );® “In” refers to the natural log of
the function. Note that in the marketplace, zero coupon bond prices or bank deposit amounts
are the underlying instrument and interest rates are derived from prices. Though we often
refer to these instruments in terms of quoted rates, ultimately investors are concerned with the
resulting cash flows. Therefore, if the quoted interest rate is 5% based on annual compounding
as shown in the previous example, then we can solve for the implied interest rate based on

8Recall that In(a¥) = xIn(a). Thus, In[(1 + r)T]/T = In(1 + r) and time to maturity does not influence this
conversion from annual to continuous rates.
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continuous compounding, or r, = In(1 + r) = In(1 + 0.05) = 0.0488, or 4.88%. In most cases,
the context makes clear when the rate being used is continuous; hence, we use the subscript ¢
only when clarity is required.

We see that compounding continuously results in a lower quoted rate. What this implies
is that a cash flow compounded at 5% annually is equivalent to being compounded at 4.88%
continuously. Based on the information in the previous example, the implied dividend yield
can be derived. Specifically, the carry arbitrage model with continuous compounding is again
the future value of the underlying adjusted for carry and can be expressed as

E/(T)= Soe(rc+e_Y)T (Future value of the underlying adjusted for carry)

Note that in this context r,, 6, and ¥ are continuously compounded rates.

The carry arbitrage model can also be used when the underlying requires storage costs,
needs to be insured, and suffers from spoilage. In these cases, rather than lowering the carrying
burden, these costs make it more costly to carry and hence the forward price is higher.

We now apply these results to equity forward and futures contracts.

3.3. Equity Forward and Futures Contracts

Although we alluded to equity forward pricing and valuation in the last section, we illustrate
with concrete examples the application of carry arbitrage models to equity forward and fu-
tures contracts. Remember that here we assume that forward contracts and futures contracts
are priced in the same way. It is vital to treat the compounding convention of interest rates
appropriately.

If the underlying is a stock, then the carry benefit is the dividend payments as illustrated
in the next two examples.

EXAMPLE 3  Equity Futures Contract Price with Continuously
Compounded Interest Rates

The continuously compounded dividend yield on the EURO STOXX 50 is 3%, and
the current stock index level is 3,500. The continuously compounded annual interest
rate is 0.15%. Based on the carry arbitrage model, the three-month futures price will
be closest to:

A. 3,473.85.
B. 3,475.15.
C. 3,525.03.

Solution: B is correct. Based on the carry arbitrage model, the forward price is Fo(T) =

S, el%™T The future value of the underlying adjusted for carry, i.e., the dividend pay-
0 ying adj ¥ pay
ments, over the next year would be 3,500e(0-0015-0-036/12) = 3 475 15,
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EXAMPLE 4 Equity Forward Pricing and Forward Valuation with
Discrete Dividends

1.

Suppose Nestlé common stock is trading for CHF70 and pays a CHF2.20 dividend in
one month. Further, assume the Swiss one-month risk-free rate is 1.0%, quoted on an
annual compounding basis. Assume that the stock goes ex-dividend the same day the
single stock forward contract expires. Thus, the single stock forward contract expires in
one month.

The one-month forward price for Nestlé common stock will be c/osest to:

A. CHF67.80.

B. CHF67.86.

C. CHF69.94.

An increase in which of the following parameters would result in an increase in the
forward price?

A. Dividends

B. Risk-free interest rate

C. Expected future stock price

Solution to 1: B is correct. In this case, we have Sy =70, r=1.0%, T=1/12, and y; = 2.2.
Therefore, Fo(T) = FVO,T(SO + 90 - 'Yo) = FVO)T(S()) + FVO,T (90) - FVO,T ('Yo) = 70(1 +
0.01)12 4+ 0 — 2.2 = CHF67.86.

Solution to 2: B is correct. The forward price is not influenced by the expected spot
price. It solely reflects carry costs and carry benefits. Being a carry benefit, the increase

in dividends reduces the forward price. Thus, in the answers above, only an increase in
the risk-free rate will result in an increase in the forward price.

The value of an equity forward contract entered earlier is simply the present value of the

difference in the initial forward price and the current forward price as illustrated in the next
example.

EXAMPLE 5 Equity Forward Valuation

1.

Suppose we bought a one-year forward contract at 102 and there are now three months
to expiration. The underlying is currently trading for 110, and interest rates are 5% on
an annual compounding basis.

If there are no other carry cash flows, the forward value of the existing contract will
be closest to:

A. -10.00.

B. 9.24.

C. 10.35.
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2. Ifadividend payment is announced between the forward’s valuation and expiration
dates, assuming the news announcement does not change the current underlying
price, the forward value will mosz likely:

A. decrease.
B. increase.
C. be the same.

Suppose that instead of buying a forward contract, we buy a one-year furures
contract at 102 and there are now three months to expiration. Today’s futures price is
112.35. There are no other carry cash flows.

3. After marking to market, the futures value of the existing contract will be closest to:
A. —10.35.
B. 0.00.
C. 10.35.
4. Compared to the value of a forward contract, the value of a futures contract is most
likely:
A. lower.
B. higher.
C. the same.

Solution to 1: B is correct. For this case, we have Fy(T) =102, Sy 75 =110, r = 5%, and
T — t=0.25. Note that the new forward price at t is simply F(T) = FV_(S) = 110(1 +
0.05)%2% = 111.3499. Therefore, we have

V(T) =PV r[F(T) = Fo(T)] = (111.3499 — 102)/(1 + 0.05)°2> = 9.2365.

Thus, we see that the current forward value is greater than the difference between the
current underlying value of 110 and the initial forward price of 102 as a result of interest
costs resulting in the new forward price being 111.35.

Solution to 2: A is correct. The old forward price is fixed. The discounted difference in
the new forward price and the old forward price is the value. If we impose a new divi-
dend, it would lower the new forward price and thus lower the value of the old forward
contract.

Solution to 3: B is correct. Futures contracts are marked to market daily, which implies
that the market value, resulting in profits and losses, is received or paid at each daily set-
tlement. Hence, the equity futures value is zero each day after settlement has occurred.

Solution to 4: A is correct. After marking to market, the futures contract value is zero be-
cause profits and losses are taken daily. Thus, because we are long the futures or forward
contract and the price has risen, the futures value will be lower than the forward value.

We turn now to the widely used interest rate forward and futures contracts.
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3.4. Interest Rate Forward and Futures Contracts

Libor, which stands for London Interbank Offered Rate, is a widely used interest rate that
serves as the underlying for many derivative instruments. It represents the rate at which Lon-
don banks can borrow from other London banks. When these loans are in dollars, they are
known as Eurodollar time deposits, with the rate referred to as dollar Libor. There are, how-
ever, Libor rates for all major non-dollar currencies. Average Libor rates are derived and posted
each day at 11:30 a.m. London time. Lenders and participants in the interest rate derivatives
market use these posted Libor rates to determine the interest payments on loans and the pay-
offs of various derivatives.’ In addition to this London spot market, there are active forward
and futures markets for derivatives based on Libor. Our focus will be on forward markets, as
represented by forward rate agreements. In order to understand the forward market, however,
let us first look at the Libor spot market. Assume the following notation:

L;(m) = Libor on an m-day deposit observed on day i
NA = notional amount, quantity of funds initially deposited
NTD = number of total days in a year, used for interest calculations (always 360 in the
Libor market)
ty, = accrual period, fraction of year for m-day deposit—t,, = m/NTD
TA = terminal amount, quantity of funds repaid when the Libor deposit is
withdrawn

For example, suppose day i is designated as Time 0, and we are considering a 90-day Euro-
dollar deposit (m = 90). Dollar Libor is quoted at 2%; thus, Lj(m) = Ly(90) = 0.02. If $50,000
is initially deposited, then NA = $50,000. Libor is stated on an actual over 360-day count basis
(often denoted ACT/360) with interest paid on an add-on basis.!® Hence, t,, = 90/360 = 0.25.
Accordingly, the terminal amount can be expressed as TA = NA[1 + Lj(m)t,,], and the interest
paid is thus TA — NA = NA[Lj(m)t,,]. In this example, TA = $50,000[1 + 0.02(90/360)] =
$50,250 and the interest is $50,250 — $50,000 = $250.

Now let us turn to the forward market for Libor. A forward rate agreement (FRA) is
an over-the-counter (OTC) forward contract in which the underlying is an interest rate on a
deposit. An FRA involves two counterparties: the fixed receiver (short) and the floating receiver
(long). Thus, being long the FRA means that you gain when Libor rises. The fixed receiver
counterparty receives an interest payment based on a fixed rate and makes an interest payment
based on a floating rate. The floating receiver counterparty receives an interest payment based
on a floating rate and makes an interest payment based on a fixed rate. If we are the fixed re-
ceiver, then it is understood without saying that we also are the floating payer, and vice versa.
Because there is no initial exchange of cash flows, to eliminate arbitrage opportunities, the FRA
price is the fixed interest rate such that the FRA value is zero on the initiation date.

°In 2008, financial regulators and many market participants began to suspect that the daily quoted Libor,
which was compiled by the British Bankers Association (BBA), was being manipulated by certain banks
that submitted their rates to the BBA for use in determining this average. In 2014, the BBA ceded control
of the daily Libor reporting process to the Intercontinental Exchange.

19The add-on basis is one way to quote interest rates and the convention in the Libor market. The idea
is that the interest is added on at the end—in contrast, for example, to the discount basis, in which the
current price is discounted based on the amount paid at maturity.
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FRAs are identified in the form of “X XY,” where X and Y are months and the multiplication
symbol, X, is read as “by.” To grasp this concept and the notion of exactly what is the underlying
in an FRA, consider a 3 X 9 FRA, which is pronounced “3 by 9.” The 3 indicates that the FRA
expires in three months. The underlying is implied by the difference in the 3 and the 9. That is,
the payoff of the FRA is determined by six-month Libor when the FRA expires in three months.
The notation 3 X 9 is market convention, though it can seem confusing at first. We will see short-
ly that the rate on the FRA will be determined by the relationship between the spot rate on a
nine-month Libor deposit and the spot rate on a three-month deposit when the FRA is initiated.
A short (long) FRA will effectively replicate going short (long) a nine-month Libor deposit and
long (short) a three-month FRA deposit. And although market convention quotes the time peri-
ods as months, the calculations use days based on the assumption of 30 days in a month.

The contract established between the two counterparties settles in cash the difference
between a fixed interest payment established on the initiation date and a floating interest pay-
ment established on the FRA expiration date. The underlying of an FRA is neither a financial
asset nor even a financial instrument; it is just an interest payment. It is also important to
understand that the parties to an FRA are not necessarily engaged in a Libor deposit in the spot
market. The Libor spot market is simply the benchmark from which the payoff of the FRA is
determined. Although a party may use an FRA in conjunction with a Libor deposit, it does
not have to do so any more than a party that uses a forward or futures on a stock index has to
have a position in the stock index.

In Exhibit 8, we illustrate the key time points in an FRA transaction. The FRA is created
and priced at Time 0, the initiation date, and expires h days later. The underlying instrument
has m days to maturity as of the FRA expiration date. Thus, the FRA is on m-day Libor. We
assume there is a point during the life of the FRA, day g, at which we wish to determine the
value of the FRA. So, for example, a 30-day FRA on 90-day Libor would have h = 30, m = 90,
and h + m = 120. If we wanted to value the FRA prior to expiration, g could be any day be-
tween 0 and 30. The FRA value is the market value on the evaluation date and reflects the fair
value of the original position.

EXHIBIT 8 Important FRA Dates, Expressed in Days from Initiation

Initiation Evaluation FRA Underlying
Date Date Expires Matures
m
‘“—>
0 g h h+m

Using the notation in Exhibit 8, let FRA(0,h,m) denote the fixed forward rate set at Time
0 that expires at Time h wherein the underlying Libor deposit has m days to maturity at ex-
piration of the FRA. Thus, the rate set at initiation of a contract expiring in 30 days in which
the underlying is 90-day Libor is denoted FRA(0,30,90) and will be a number, such as 1% or
2.5%. Like all standard forward contracts, no money changes hands when an FRA is initiated,
so our objective is to price the FRA, meaning to determine the fixed rate [FRA(0,30,90)] such
that the value is zero on the initiation date.

When any interest rate derivative expires, there are technically two ways to settle at expira-
tion: “advanced set, settled in arrears” and “advanced set, advanced settled.” FRAs are typically
settled based on advanced set, advanced settled, whereas swaps and interest rate options are
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normally based on advanced set, settled in arrears. Let us look at both approaches, because they
are both used in the interest rate derivatives markets.

In the earlier example of a Libor deposit of $50,000 for 90 days at 2%, the rate was set
when the money was deposited, interest accrued over the life of the deposit, and the inter-
est was paid and the principal of $50,250 was repaid at maturity, 90 days later. The term
advanced set is used because the reference interest rate is set at the time the money is depos-
ited. The advanced set convention is almost always used, because most issuers and buyers of
financial instruments want to know the rate on the instrument while they have a position in it.

In an FRA, the term “advanced” refers to the fact that the interest rate is set at Time h,
the FRA expiration date, which is the time the underlying deposit starts. The term settled in
arrears is used when the interest payment is made at Time h + m, the maturity of the under-
lying instrument. Thus, an FRA with advanced set, settled in arrears works the same way as a
typical bank deposit as described in the previous example. At Time h, the interest rate is set,
and the interest payment is made at Time h + m. Alternatively, when advanced settled is used,
the settlement is made at Time h. Thus, in a FRA with the advanced set, advanced settled
feature, the FRA expires and settles at the same time. Advanced set, advanced settled is almost
always used in FRAs, though we will see advanced set, settled in arrears when we cover interest
rate swaps, and it is also used in interest rate options. From this point forward in this reading,
all FRAs will be advanced set, advanced settled, as they are in practice.

Mathematically, the settlement amounts for advanced set, advanced settled are deter-
mined in the following manner:

Settlement amount at h for receive-floating:

NA({[L, (m) —FRA(0,h,m)]t_}/[1+ D, (m)t, ]
Settlement amount at h for receive-fixed:

NA{[FRA(0,h,m)—L, (m)]t_}/[1+D; (m)t ]

Note the divisor, 1 + Dy(m)t,,. This term is a discount factor applied to the FRA payoff.
It reflects the fact that the rate on which the payoff is determined, L, (m), is obtained on day
h from the Libor spot market, which uses settled in arrears. In the Libor spot market, this rate
assumes that a Libor deposit has been made on day h at this rate with interest to be paid on
day h + m—that s, settled in arrears. In the FRA market, the payment convention is advanced
settle. The discount factor is, therefore, appropriately applied to the FRA payment because the
payment is received in advance, not in arrears. Often it is assumed that D,(m) = L,(m) and we
will commonly do so here, but it can be different.!!

Again, it is important to not be confused by the role played by the Libor spot market in an
FRA. In the spot market, Libor deposits are made by various parties that are lending to banks.

UFor example, there is a current debate on whether the overnight index swap (OIS) rate is the appro-
priate discount rate for financial derivatives. Because Libor and the OIS rate are different, we need the
capacity to incorporate different rates for the reference rate for settlement and the discount rate for valu-
ation. We do not seek to resolve this debate here. Historically, there have been several candidate discount
rates offered, and the popularity of each rate changes over time.
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These rates are used as the benchmark for determining the payoffs of FRAs. The two par-
ties to an FRA do not necessarily engage in any Libor spot transactions. Moreover, Libor
spot deposits are settled in arrears, whereas FRA payoffs are settled in advance—hence the
discounting.

EXAMPLE 6  Calculating Interest on Libor Spot and FRA Payments

In 30 days, a UK company expects to make a bank deposit of £10,000,000 for a period
of 90 days at 90-day Libor set 30 days from today. The company is concerned about a
possible decrease in interest rates. Its financial adviser suggests that it negotiate today,
at Time 0, a 1 X 4 FRA, an instrument that expires in 30 days and is based on 90-day
Libor. The company enters into a £10,000,000 notional amount 1 X 4 receive-fixed
FRA that is advanced set, advanced settled. The appropriate discount rate for the FRA
settlement cash flows is 0.40%. After 30 days, 90-day Libor in British pounds is 0.55%.

1. The interest actually paid at maturity on the UK company’s bank deposit will be
closest to:
A. £10,000.
B. £13,750.
C. £27,500.
2. If the FRA was initially priced at 0.60%, the payment received to settle it will be
closest to:
A. —£2,448.75.
B. £1,248.75.
C. £1,250.00.
3. If the FRA was initially priced at 0.50%, the payment received to settle it will be
closest to:
A. —£1,248.75.
B. £1,248.75.
C. £1,250.00.

Solution to 1: B is correct. This is a simple Libor deposit of £10,000,000 for 90 days at
0.55%. Therefore, TA = 10,000,000[1 + 0.0055(0.25)] = £10,013,750. So the interest
paid at maturity is £13,750.

Solution to 2: B is correct. In this example, m = 90 (number of days in the deposit),
tn = 90/360 (fraction of year until deposit matures observed at the FRA expiration
date), and h = 30 (number of days initially in the FRA). The settlement amount of the
1 X 4 FRA at h for receive-fixed is

NA{[FRA(0,h,m) — Ly,(m)]t;}/[1 + Dy, (m)t,]
= [10,000,000(0.0060 — 0.0055)(0.25)]/[1 + 0.0040(0.25)] = £1,248.75.

Because the FRA involves paying floating, its value benefited from a decline in rates.
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Solution to 3: Ais correct. The data are similar to those in the previous question, but the
initial FRA rate was 0.50% and not 0.60%. Thus, the setdlement amount of the 1 X 4
FRA at h for receive-fixed is

NA{[FRA(0,h,m) — Ly(m)]t,,}/[1 + Dy(m)t,]
=[10,000,000(0.0050 — 0.0055)(0.25)]/[1 + 0.0040(0.25)] = —£1,248.75

The FRA suffered from a rise in rates because it is again paying floating.

With this background, we turn to FRA pricing by illustrating the appropriate FRA(0,h,m)
rate that makes the value of the FRA equal to zero on the initiation date. For our purposes,
we assume that borrowing and lending can be done at Libor. Also, the notional amount is
assumed to be one unit of the designated currency: NA = 1. Finally, we will assume that the
discount rate on the FRA settlement is the FRA rate at that point in time.

Consider the following no-arbitrage strategy, depicted in Exhibit 9, in which numerical
values are also provided as an aid to understanding the concepts. We illustrate a 3 x 6 FRA for
which NA = 1, h =90, m =90, t, = 90/360, Ly(h) = L;(90) = 1.5%, tj,, = 180/360, Lyh +
m) = Ly(180) = 2.0%, and t,,, = 90/360. That is, today 90-day Libor is 1.5% and 180-day Li-
bor is 2%. First, consider the following three arbitrage-related transactions all done at Time 0:

Step 1 Deposit funds for h + m days: At Time 0, deposit an amount equal to 1/[1 +
Lo(h)t,], the present value of 1 maturing in h days, in a bank for h + m days at
an agreed upon rate of Ly(h + m). After h + m days, withdraw an amount equal
to [1 + Lyth + m)t,,)/[1 + Lo(h)t]. Based on the data provided, the deposit
amount is 1/[1 4+ 0.015(90/360)] = 0.996264. After h + m days, the withdrawn
amount is equal to 0.996264[1 + 0.02(180/360)] = 1.006227. In other words,
deposit 0.996264 for 180 days at 2%. One hundred eighty days later, withdraw
1.006227.

Step 2 Borrow funds for h days: At Time 0, borrow 0.996264, corresponding to
{1/[1 + Ly(h)t,]}, for h days so that the net cash flow at Time 0 is zero. In h days,
this borrowing will be worth 1. In other words, borrow 0.996264 for 90 days at
1.5%. In 90 days, pay back 1.

Step 3 At Time h, roll over the maturing loan in Step 2 by borrowing funds for m days
at the rate L,(m). Assume rates rise and Lj(m) = 3.0%. Then at the end of m
days, we will owe [1 + L(m)t,] = [1 4+ 0.03(90/360)] = 1.0075.

Recall the two rules of the arbitrageur: Rule #1: Do not use our own money. Rule #2: Do
not take any price risk. In the transactions above, Rule #1 is satisfied. Unfortunately, Rule #2
is not satisfied because the future value at Time h + m of the borrowed cash flows may be more
than the asset cash flows. Note that the risk is that the rate L;,(m) will cause us to roll over the
loan in Step 2 at a higher rate that more than offsets the gain from the loan we make in Step 1.
This is the case here, because we will owe 1.0075 at the end of period m (Step 3) but will
receive only 1.006227 from Step 1 if interest rates go up at Time h to 3%.

This risk can be eliminated by entering a receive-floating FRA on m-day Libor that expires
at Time h and has the rate set at FRA(0,h,m). Now assume we roll the FRA payoff forward
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from h to h + m by investing any gain or borrowing to cover any loss at the rate L,(m). Let us
assume the discount factor in the FRA payoff formula is 1 + Ly (m)t,,. We see in Exhibit 9 that
the following transaction enables us to satisfy Rule #2.

Step 4  Enter a receive-floating FRA and roll the payoff at h to h + m at the rate Lj,(m).
The payoff at Time h will be ([L,(m) — FRA(0,h,m)]t,,)/(1 + L(m)t,,). There
will be no cash flow from this FRA at Time h because this amount will be rolled
forward at the rate L (m)t,,. Therefore, the value realized at Time h + m will be
[L;,(m) — FRA(0,h,m)]t,,.

EXHIBIT 9  Cash Flow Table for Deposit and Lending Strategy with FRA

Cash Flow at  Cash Flow

Steps Time 0 at Time h Cash Flow at Time h + m
1. Make deposit for h + m days —1/[1 + Ly(h)t] 0 +[1+ Lyth + m)ty,,)/[1 + Ly(h)t,]
=-0.996264 =1.006227
2. Borrow funds for h days +1/[1 + Ly(h)t] -1
=+0.996264
3. Borrow funds for m days initiated +1 —[1+ Ly(m)t,] =-1.0075
ath
4. Receive-floating FRA and roll 0 0 +[L;,(m) — FRA(0, h, m)]t,,
payoff at Ly (m) rate fromh toh+ m =[0.03 — FRA(0,h,m)](90/360)
Net cash flows 0 0 +[1 + Ly(h + m)tp,,)/[1 + Ly(h)

t] = [1 + Ly(m)t,,]
+[Ly,(m) — FRA(0,h,m)]t,,

Recall that the goal is to identify the appropriate FRA(0,h,m) rate that makes the
value of the FRA equal to zero on the initiation date. The terminal cash flows as expressed
in the table can be used to solve for the FRA fixed rate. Because the transaction starts off
with no initial investment or receipt of cash, the net cash flows at Time h + m should equal
zero; thus,

+H1+Ly(h+m)e,, 1/[1+Ly(h)e, -
1+L, (m)c 1+[L, (m)—FRA(0,h,m)]lt, =0

Solving for the FRA fixed rate, we have
FRA(0,h,m) ={[1+L,(h+m)t,, 1/[1+L,(h)c, ]-1}/c (5)

This equation looks complex, but it is really quite simple. In fact, it may well be quite
familiar. It is essentially the compound value of $1 invested at the longer-term Libor for h + m
days divided by the compound value of $1 invested at the shorter-term Libor for h days
minus 1 and then annualized. The result is simply the forward rate in the Libor term structure.
Recall that with simple interest, a one-period forward rate is found by solving the expression
(1 +y(1)][1 + f(1)] = [1 + y(2)]%, where y denotes the one- and two-period yield to maturity
and f denotes the forward rate in the next period. The equation above is similar but simply
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addresses the unique features of add-on interest rate calculations. Based on the numbers used
in the previous two tables, we note

FRA(0,90,90) = {[1 + L0(180)t180]/[1 + L0(90)t90] - 1}/t90
={[1 +0.02(180/360)]/[1 4+ 0.015(90/360)] — 1}/(90/360)
=0.024907 or 2.49%.'?

EXAMPLE 7 FRA Fixed Rate

Based on market quotes on Canadian dollar (C$) Libor, the six-month C$ Libor and
the nine-month C$ Libor are presently at 1.5% and 1.75%, respectively. Assume a
30/360-day count convention. The 6 X 9 FRA fixed rate will be closesz to:

A. 2.00%.
B. 2.23%.
C. 2.25%.

Solution: B is correct. Based on the information given, we know L(180) = 1.5% and

L(270) = 1.75%. The 6 x 9 FRA rate is thus

FRA(0,h,m) = {[1 + Lo(h + m)t,,}/[1 + Lo(h)t,] — 1}/,
FRA(0,180,90) = {[1 + 0.0175(270/360)]/[1 + 0.015(180/360)] — 1}/(90/360)
FRA(0,180,90) = [(1.013125/1.0075) — 1]4 = 0.0223325, or 2.23%

We can now value an existing FRA using the same general approach as we did with the
forward contracts previously covered; specifically, we can enter into an offsetting transaction at
the new rate that would be set on an FRA that expires at the same time as our original FRA.
By taking the opposite position, the new FRA offsets the old one. That is, if we are long the
old FRA, we will receive the rate L,(m) at h. We will go short a new FRA that will force us to
pay Ly(m) at h. Consider the following strategy, illustrated in Exhibit 10, in which we again
assume that NA = 1. Let us assume that we initiate an FRA that expires in 90 days and is based
on 90-day Libor. The fixed rate at initiation is 2.49%. Thus, t,, = 90/360, and FRA(0,h,m) =
FRA(0,90,90) = 2.49%. When the FRA expires and makes its payoff, assume that we do not

2The result given in this example can be compared with the result from a simple approximation tech-
nique. Notice that for this FRA, 90 is half of 180. Thus, we can use the simple arithmetic average
equation—here, (1/2)1.5% + (1/2)X = 2.0%—and solve for the missing variable X: X = 2.5%. Knowing
this approximation will always be biased slightly high, we know we are looking for an answer that is a
little less than 2.5%. This is a nice way to check your final answer.
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collect or pay the payoff; instead, we roll it forward by lending it (if a gain) or borrowing it (if a
loss) from period h to period h + m at the rate L (m). We then collect or pay the rolled forward
value at h + m. Thus, there is no cash realized at Time h.

Now having entered into the long FRA with the intention of rolling the payoff forward,
let us now position ourselves 30 days later, at Time g, at which there are 60 days remaining in
the life of the FRA. Assume that at this point, the rate on an FRA based on 90-day Libor that
expires in 60 days is 2.59%. Thus, FRA(g,h — g,m) = FRA(30,60,90) = 2.59%. We go short
this FRA, and as with the long FRA, we roll forward its payoff from Time h to h + m. There-
fore, there is no cash realized from this FRA at Time h. This strategy is illustrated in Exhibit 10.

EXHIBIT 10 Cash Flows for FRA Valuation

Cash Flow Cash Flow Cash Flow
Steps atTimeg  atTime h at Timeh+m
1. Receive-floating FRA (settled in 0 +{[L},(m) — FRA(0,h,m)]t,,}
arrears) at Time 0; roll forward at Rate =+(Ly,(m) — 0.0249)(90/360)
Ly(m) fromhtoh+ m
2. Receive-fixed FRA 0 0 +[FRA(g,h — g,m) — Lj,(m)]t,,
(settled in arrears) at Time g; roll =+[0.0259 — L;,(m)](90/360)
forward at Rate L,,(m) from h to h+m
Net cash flows 0 0 +[FRA(g,h — g,m) — FRA(0,h,m)]¢,,
=+(0.0259 — 0.0249)(90/360)
=0.00025

To recap, the original FRA that we wish to value had its fixed rate set at 2.49% when it
was initiated. Now, 30 days later, a new offsetting FRA can be created at 2.59%. The value of
the offset position is 10 bps (2.59% — 2.49%) times 90/360 paid at Time h + m, assuming we
roll the FRA payoffs forward. We will receive this amount at h + m, so it must be discounted
back to Time g in order to obtain the value.

Because the cash flows at h + m are now known with certainty at g, this offsetting transaction
at Time g has completely eliminated all of the risk at Time h + m. Our task, however, is to deter-
mine the fair value of the original FRA at Time g. Therefore, we need the present value of this Time
h + m cash flow at Time g. That is, the value of the old FRA is the present value of the difference
in the new FRA rate and the old FRA rate. Specifically, we let V(0,h,m) be the value of the FRA
at Time g that was initiated at Time 0, expires at Time h, and is based on m-day Libor. Note that
discounting will be over the period h + m —g. With Dg(h + m — g) as the discount rate, the value is

V, (0,h,m) =

([FRA(g,h - g,m) - FRA(0,h,m)]t, }/[1+ Dy (h + m - g, ] (©)

where the new FRA rate is the formula we previously learned, simply applied to this new
offsetting transaction:

FRA(gh — gm) ={[1 + Lg(h +m-— g)th+m_g]/[l + Lg(h — g)th_g] - 1}/t,

Thus, the date g value of the receive-floating FRA initiated at date 0 is merely the
present value of the difference in FRA rates, one entered on date g and one entered on date 0.
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Traditionally, it is assumed that the discount rate, Dy(h + m — g), is equal to the underlying
floating rate, Ly(h + m — g), but that is not necessary.'? Let us assume a 60-day rate of 3% on
day g. Thus, Ly(h — g) = L3,(60) = 3%. Then the value of the FRA would be

Vg(0,h,m) =V3,(0,90,90) = 0.00025/[1 + 0.03(60/360)] = 0.000249.

And of course, this amount is per notional of 1. Thus, the answer found here must be multi-
plied by the actual notional amount as demonstrated in the following example.

EXAMPLE 8 FRA Valuation

Suppose we entered a receive-floating 6 X 9 FRA at a rate of 0.86%, with notional
amount of C$10,000,000 at Time 0. The six-month spot Canadian dollar (C$) Libor
was 0.628%, and the nine-month C$ Libor was 0.712%. Also, assume the 6 X 9 FRA
rate is quoted in the market at 0.86%. After 90 days have passed, the three-month C$
Libor is 1.25% and the six-month C$ Libor is 1.35%, which we will use as the discount
rate to determine the value at g. We have h = 180 and m = 90.

Assuming the appropriate discount rate is C$ Libor, the value of the original
receive-floating 6 X 9 FRA will be closest to:

A. C$14,500.
B. C$14,625.
C. C$14,651.

Solution: C is correct. Initially, we have Ly(h) = Ly(180) = 0.628%, Ly(h + m) =
Ly(270) = 0.712%, and FRA(0,180,90) = 0.86%. After 90 days (g = 90), we have
Lg(h —g) = Lyp(90) = 1.25% and Lg(h + m — g) = Lgy(180) = 1.35%. Interest rates
rose during this period; hence, the FRA likely has gained value because the position is
receive-floating. First, we compute the new FRA rate at Time g and then estimate the
fair FRA value as the discounted difference in the new and old FRA rates. The new FRA
rate at Time g, denoted FRA(g,h — g,m) = FRA(90,90,90), is the rate on day 90 of an
FRA to expire in 90 days in which the underlying is 90-day Libor. That rate is found as

FRA(g,h — g,m) = FRA(90,90,90)
= {[1+ Lyh + m = gty /(1 + Lyh = gty ) — 1/t
and based on the information in this example, we have

FRA(90,90,90) = {[1 + Lg((180+ 90 —90)(180/360)]/[1 + Lg((180 —90)(90/360)]
- 1}/(90/360).

13Again, there is a current debate on whether the OIS rate should be used for discounting; hence, we may
have a different discount rate, but in any case, that rate would be known at time g.
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Substituting the values given in this problem, we find
FRA(90,90,90) = {[1 + 0.0135(180/360)]/[1 + 0.0125(90/360)] — 1}/(90/360)
= [(1.00675/1.003125) — 1]4 = 0.0145, or 1.45%.
Therefore,
V,(0,h,m) = V,(0,180,90)
=10,000,000[(0.0145 — 0.0086)(90/360)]/[1 + 0.0135(180/360)]
=14,651.

Again, floating rates rose during this period; hence, the FRA enjoyed a gain. Notice
that the FRA rate rose by roughly 59 bps (= 145 — 86), and 1 bp for 90-day money and
21,000,000 notional amount is 25. Thus, we can also estimate the terminal value as 10 X
25 X 59 = 14,750. As with all fixed-income strategies, understanding the value of a basis
point is often helpful when estimating profits and losses and managing the risks of FRAs.

We now turn to the specific features of various forward and futures markets. The same
general principles will apply, but the specifics will be different.

3.5. Fixed-Income Forward and Futures Contracts

Fixed-income forward and futures contracts have several unique issues that influence the
specifics of the carry arbitrage model. First, in some countries the prices of fixed-income
securities (termed “bonds” here) are quoted without the interest that has accrued since the last
coupon date. The quoted price is sometimes known as the clean price. Naturally, when buying
a bond, one must pay the full price, which is sometimes called the dirty price, so the accrued
interest is included. Nonetheless, it is necessary to understand how the quoted bond price and
accrued interest compose the true bond price and the effect this convention has on derivative
pricing. The quote convention for futures contracts, whether based on clean or dirty prices,
usually corresponds to the quote convention in the respective bond market. In this section, we
will largely treat forwards and futures the same, except in certain places where noted.

In general, accrued interest is computed based on the following linear interpolation
formula:

Accrued interest = Accrual period X Periodic coupon amount, or

Al = (NAD/NTD) x (C/n)

where NAD denotes the number of accrued days since the last coupon payment, NTD denotes
the number of total days during the coupon payment period, n denotes the number of coupon
payments per year, and C is the stated annual coupon amount. For example, after two months
(60 days), a 3% semi-annual coupon bond with par of 1,000 would have accrued interest of
Al = (60/180) x (30/2) = 5. Note that accrued interest is expressed in currency (not percent)
and the number of total days (NTD) depends on the coupon payment frequency (semi-annual
on 30/360 day count convention would be 180).
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Second, fixed-income futures contracts often have more than one bond that can be deliv-
ered by the seller. Because bonds trade at different prices based on maturity and stated coupon,
an adjustment known as the conversion factor is used in an effort to make all deliverable bonds
roughly equal in price.

Third, when multiple bonds can be delivered for a particular maturity of a futures contract, a
cheapest-to-deliver bond typically emerges after adjusting for the conversion factor. The conversion
factor is a mathematical adjustment to the amount required when settling a futures contract that
is supposed to make all eligible bonds equal the same amount. For example, the conversion factor
may seck to adjust each bond to an equivalent 6% coupon bond. The conversion factor adjust-
ment, however, is not precise. Thus, the seller will deliver the bond that is least expensive.

For bond markets in which the quoted price includes the accrued interest and in which
futures or forward prices assume accrued interest is in the bond price quote, the futures or for-
ward price simply conforms to the general formula we have previously discussed. Recall that
the futures or forward price is simply the future value of the underlying in which finance costs,
carry costs, and carry benefits are all incorporated or

Fy(T) = Future value of underlying adjusted for carry cash flows
=FV,1(So + 80— Y0)

Again, Time 0 is the forward contract trade initiation date, and Time T is the contract ex-
piration date. For the fixed-income bond, let T +Y denote the underlying instrument’s current
time to maturity. Therefore, Y is the time to maturity of the underlying bond at Time T, when
the contract expires. Let By(T +Y) denote the quoted price observed at Time 0 of a fixed-rate
bond that matures at Time T + Y and pays a fixed coupon rate. For bonds quoted without
accrued interest, let Al denote the accrued interest at Time 0. The carry benefits are the bond’s
fixed coupon payments, Yy = PVCI 1, meaning the present value of all coupon interest paid
over the forward contract horizon from Time 0 to Time T. The corresponding future value of
these coupons is Yy = FVCI 1. Finally, there are no carry costs, and thus 8, = 0. To be consist-
ent with prior notation, we have

So = Quoted bond price + Accrued interest = By(T +Y) + Al

We could just insert this price into the previous equation, letting Yy = PVCI, 1, and there-
by obtain the futures price the simple and traditional way. But fixed-income futures contracts
often permit delivery of more than one bond and use a conversion factor system to provide
this flexibility. In these markets, the futures price, Fo(T), is defined here as the quoted futures
price, QFy(T), times the conversion factor, CF(T). In fact, the futures contract settles against
the quoted bond price without accrued interest. Thus, the total profit or loss on a long futures
position is Br(T +Y) — Fy(T). Based on our notation above, we can represent this profit or
loss as (St — Alt) — Fo(T). Therefore, the fixed-income forward or futures price including the
conversion factor, termed the “adjusted price,” can be expressed as'4

F, (T) = QE, (T)CF(T)
= Future value of underlying adjusted for carry cash flows 7)
=FV, [S, —PVCI 1 1=FV, +[B, (T +Y)+ Al, - PVCI, ]

1In this section, we will use the letter F to denote either the forward price or the futures price times the
conversion factor.
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In other words, the actual futures price is Fy(T), but in the market, the availability of
multiple deliverable bonds gives rise to the adjustment factor. Hence, the price you would see
quoted is QF,,.

Recall that the bracketed term Bo(T +Y) + Aly — PVClIjy is just the full spot price minus
the present value of the coupons over the life of the forward or futures contract. The fixed-
income forward or futures price is thus the future value of the quoted bond price plus accrued
interest less any coupon payments made during the life of the contract. Again, the quoted
bond price plus the accrued interest is the spot price: It is in fact the price you would have to
pay to buy the bond. Market conventions in some countries just happen to break this price out
into the quoted price plus the accrued interest.

Now let us explore carry arbitrage in the bond market, assuming that accrued interest is
broken out and that multiple bonds are deliverable, thereby requiring the use of the conversion
factor. Consider the following transactions:

Step 1 Buy the underlying bond, requiring S, cash flow.

Step 2 Borrow an amount equivalent to the cost of the underlying bond, S,.
Step 3 Sell the futures contract at Fy(T).

Step 4 Borrow the arbitrage profit.

Exhibit 11 shows the cash flow consequences for this portfolio in which the futures price
is not in equilibrium. Note that FVCI 1 denotes the future value as of Time T of any cou-
pons paid during the life of the futures contract. Again, for illustration purposes, we provide
a numerical example: Suppose T = 0.25, CF(T) = 0.8, Bo(T +Y) = 107 (the quoted price),
FVClIy = 0.0 (meaning no coupon payments over the life of the contract), Al; = 0.07 (the
accrued interest at Time 0), Al = 0.20 (the accrued interest at Time T), QFy(T) = 135 (the
quoted futures price), and r = 0.2%. Thus, Sy = By(T +Y) + Al; = 107 + 0.07 = 107.07 (the full
or spot price), and Fy(T) = CF(T)QFy(T) = 0.8(135) = 108 (the adjusted price). At Time T,
suppose Br(T +Y) = 110 and thus St = Bp(T +Y) + Alt = 110 + 0.20 = 110.20. Because
FVClI, 1 = 0.0, there are no coupons paid over the life of the futures. Note that the adjusted
price, Fy(T), is 108 whereas the future value adjusted for carry cash flows (Equation 7) is
(107 + 0.07)(1.002)%> =107.12. Adding the accrued interest at expiration (AL} = 0.20)
to the adjusted futures price gives 108.20. The difference between 108.20 and 107.12 is
1.08, which means that the futures contract is overpriced by 1.08. Thus, the arbitrage will
involve borrowing the arbitrage profit, which is the present value of 1.08, or 1.0795—that is,
108(1.002)79-23,

EXHIBIT 11  Cash Flows for Fixed-Rate Coupon Bond Futures Pricing

Steps Cash Flow at Time 0 Cash Flow at Time T
1. Buy bond =Sy =—[Bo(T+Y) + Al] St+FVCly 1
=-[107 + 0.07] =110.20+ 0.0
=-107.07 =110.20
2. Borrow +Sy=107.07 —FV,1(So)
=—(140.002)%%(107.07)
=-107.12
3. Sell futures 0 Fo(T) = Br(T+Y)
=108 -110

=2
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EXHIBIT 11 (Continued)

Steps Cash Flow at Time 0 Cash Flow at Time T
4. Borrow +PV 1 [Fo(T) = Vi 1(Sp) + Al + FVCly 1] —[Fo(T) = FV1(So) + Al +
arbitrage profit = (1 + 0.002)-25[108 — 107.12 + 0.20 + 0.0] FVCly ]
=1.0795 =—[108 — 107.12 + 0.20 + 0.0]
=-1.08
Net cash flows +PV1[Fo(T) = FV.1(Sp) + Al + FVCl 1] 0

=1.0795

Thus, the value of the Time 0 cash flows should be zero or else there is an arbitrage opportu-
nity. The numerical example provided shows a 1.0795 cash flow at Time 0 per bond. If the value
in the Time 0 column for net cash flows is positive, then conduct the carry arbitrage of buy bond,
borrow, and sell futures (again, termed carry arbitrage because the underlying is “carried”). If the
Time 0 column is negative, then conduct the reverse carry arbitrage of short sell bond, lend, and
buy futures (termed reverse carry arbitrage because the underlying is not carried but is sold short).

Thus, in equilibrium, to eliminate an arbitrage opportunity, we expect

PVO,T[F()(T) - FVO,T(S()) + AIT + FVCIO,T] =0

or

Fo(T) = FVO,T(SO) - AIT - FVCIO,T

For clarity, substituting for Fy(T) and S; and solving for the quoted futures price, we have

QEF,(T) = Conversion factor adjusted future

value of underlying adjusted for carry

(8)

=[1/ CE(DHEV, 1 [By (T +Y)+ Al ] - Al — FVCI, .}

In the example above, we have

QFy(T) = [1/CF(T){FV, r[Bo(T + Y) + Aly] — Alr — FVCly 1}
= (1/0.8)[(1 + 0.002)%%5(107 + 0.07) — 0.20 — 0.0] = 133.65

Note that the futures price of 135 used for calculations in Exhibit 11 was higher than the equi-
librium futures price of 133.65; hence, the arbitrage transaction of selling the futures contract

resulted in a riskless positive cash flow.

EXAMPLE 9  Estimating the Euro-Bund Futures Price

Euro-bund futures have a contract value of €100,000, and the underlying consists of
long-term German debt instruments with 8.5 to 10.5 years to maturity. They are traded
on the Eurex. Suppose the underlying 2% German bund is quoted at €108 and has ac-
crued interest of €0.083 (one-half of a month since last coupon). The euro-bund futures
contract matures in one month. At contract expiration, the underlying bund will have
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accrued interest of €0.25, there are no coupon payments due until after the futures con-
tract expires, and the current one-month risk-free rate is 0.1%. The conversion factor is
0.729535. In this case, we have T = 1/12, CF(T) = 0.729535, B((T +Y) = 108, FVCly =
0, Al; = 0.5(2/12) = €0.083, Al} = 1.5(2/12) = 0.25, and r = 0.1%. The equilibrium
euro-bund futures price based on the carry arbitrage model will be closest to:

A. €147.57.
B. €147.82.
C. €148.15.

Solution: B is correct. The carry arbitrage model for forwards and futures is simply the
future value of the underlying with adjustments for unique carry features. With bond
futures, the unique features include the conversion factor, accrued interest, and any
coupon payments. Thus, the equilibrium euro-bund futures price can be found using
the carry arbitrage model in which

Fo(T) = FVy1(Se) — Al — FVCl ¢
or
QF(T) = [1/CE(THFV,r[Bo(T +Y) + Alp] — Aly — FVCly 1}
Thus, we have

QFy(T) = [1/0.729535][(1 + 0.001)/12(108 + 0.083) — 0.25 — 0] = 147.82

In equilibrium, the euro-bund futures price should be approximately €147.82
based on the carry arbitrage model.

Because of the mark-to-market settlement procedure, the value of a bond futures is es-
sentially the price change since the previous day’s settlement. That value is captured at the
settlement at the end of the day, ac which time the value of a bond futures contract, like other
futures contracts, is zero.

We now turn to the task of estimating the fair value of the bond forward contract at a
point in time during its life. Forwards are not settled daily, so the value is not formally realized
until expiration. Suppose the first transaction is buying an at-market bond forward contract at
Time 0 with expiration of Time T. Now consider selling a new bond forward contract at Time
t again with expiration of Time T. Exhibit 12 shows the potential cash flows. Because this is a
bond forward contract, we assume either no conversion factor or effectively a conversion factor
of 1. Suppose now B(T +7Y) =108, Fo(T) = 107.12, and F(T) = 107.92.
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EXHIBIT 12 Cash Flows for Offsetting a Long Forward Position

Cash Flow Cash Flow
Steps at Time 0 at Time t Cash Flow at Time T
1. Buy bond forward contract 0 V(T) V1(0,T) =Br(T +Y) — Fy(T)
at0 =108 -107.12=0.88
2. Sell bond forward contract NA 0 V(t,T) = F(T) = B(T +Y)
att =107.92 -108 =-0.08
Net cash flows 0 Vd(T) F(T) — Fy(T)

=107.92-107.12=0.8

Note that the net position from these bond forward transactions is risk free. It is inde-
pendent of the underlying bond value, Br(T + Y). Therefore, the forward value observed at
Time t of a Time T maturity bond forward contract is simply the present value—denoted
PV, 1()—of the difference in forward prices. That is,

V(T) = Present value of difference in forward prices = PV, 1[F(T) — Fy(T)]

Based on our example in the table and assuming T — t = 0.1 and r = 0.15%, we have
V(T) =(107.92 — 107.12)/(1 + 0.0015)*! = 0.79988. Note that this is the same result as the
generic case with a simple conversion factor adjustment. Recall that the conversion factor is an
adjustment to make all bonds roughly equal in value.

EXAMPLE 10 Estimating the Value of a Euro-Bund Forward
Position

Suppose that one month ago, we purchased five euro-bund forward contracts with two
months to expiration and a contract notional of €100,000 each at a price of 145 (quoted
as a percentage of par). The euro-bund forward contract now has one month to expi-
ration. Again, assume the underlying is a 2% German bund quoted at 108 and has
accrued interest of 0.0833 (one-half of a month since last coupon). At the contract
expiration, the underlying bund will have accrued interest of 0.25, there are no coupon
payments due until after the forward contract expires, and the current annualized one-
month risk-free rate is 0.1%.

Based on the current forward price of 148, the value of the euro-bund forward
position will be closest to:

A. €2,190.
B. €14,998.
C. €15,000.
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Solution: B is correct. Because we are given both forward prices, the solution is simply

V(T) = PV 1[F(T) — Fo(T)] = (148 — 145)/(1 + 0.001)"/12 = 2.9997

which is 2.9997 per €100 par value because this forward price was quoted as a per-
centage of par. Because five contracts each with €100,000 par were entered, we have
0.029997(€100,000)5 = €14,998.50. Note that when interest rates are so low and the
forward contract has a short maturity, then the present value effect is minimal.

3.6. Currency Forward and Futures Contracts

Currency derivative contracts require careful attention to the unit of value. For example, if we
are discussing bond futures, then the underlying is perceived in currency per unit of par value.
If we are trading gold futures, then the quotation will be in currency per troy ounce. If trading
a common stock, then it will be in currency per share. When trading currency itself, great care
must be taken to know which currency is the base currency. When quoting an exchange rate,
we will say that the foreign currency is trading for a certain number of units of domestic cur-
rency. For example, we could say, “The euro is trading for $1.30,” meaning that €1 is worth
$1.30. We use the shorthand notation of DC/FC to refer to the price of one unit of foreign
currency expressed in terms of domestic currency units when embedded in an equation.'®
With currency, perspective makes a significant difference. Thus, when pricing and valuing cur-
rency forwards and futures contracts, a clear perspective requires considerable care. The carry
arbitrage model with foreign exchange presented here is also known as covered interest rate
parity and sometimes just interest rate parity.

Recall that currency forward contracts are agreements to exchange one currency for an-
other on a future date at an exchange rate the counterparties agree on today. One approach to
pricing is based on a forward exchange rate satisfying an arbitrage relationship that equates the
investment return on two alternative but equivalent investment strategies. We illustrate these
two strategies assuming the domestic currency is British pounds (£) and the foreign currency
is the euro (€).

Strategy #1:

We simply invest one currency unit in a domestic risk-free bond. Thus, at Time T, we have
the original investment grossed up at the domestic interest rate or the future value of 1DC,
denoted FV(1DC). For example, the future value at Time T of this strategy can be expressed
as FV (1), given British pounds as the domestic currency.

Strategy #2:

We engage in three simultaneous transactions termed szeps here. In Step 1, the domestic cur-
rency is converted at the current spot exchange rate, So(FC/DC), into the foreign currency
(FC). At this point, 1 domestic currency unit is being converted to the foreign currency;

15Some practitioners prefer to express the discussion here as FC/DC, contradicting normal mathematics
as well as contradicting standard market quotations, such as $ per bushel of wheat or $ per ounce of gold.
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hence, we use So(FC/DC) generically or Sy(€/£) in our example. Note that the final answer
will express the spot exchange rate as the reciprocal 1/So(FC/DC) = So(DC/FC). In Step 2,
FC is invested at the foreign risk-free rate until Time T. For example, the future value at
Time T of this strategy can be expressed as FV¢ (1), given that the euro is the foreign cur-
rency. In Step 3, a forward foreign exchange contract is entered to sell the foreign currency
at Time T in exchange for domestic currency with the forward rate denoted Fy(DC/FC,T).
So, for example, Fy(£/€,T) is the rate on a forward commitment at Time O to sell one euro
for British pounds at Time T. This transaction can be looked at as being short the euro in
pound terms or being long the pound in euro terms for delivery at Time T.

We are examining two ways to invest British pounds at Time 0, and both strategies should
result in the same value in domestic currency units at Time T. If not, then an arbitrage oppor-
tunity exists. Remember that the current spot exchange rate, Sy(£/€), is the number of British
pounds for one euro. Again, in our example, FV (1) denotes the future value of one British
pound and FV 1(1) denotes the future value of one euro.!® Based on the two strategies, the
value at Time T follows:

Strategy 1. Future value at Time T of investing £1: FV (1)
Strategy 2. Future value at Time T of investing £1: Fy(£/€,T)FV 1(1)So(€/£)

Assuming both strategies lead to the same number of British pounds at Time T, we have
FVe (1) = Fo(E/€)FVe (1)Sy(€/£). Note that So(£/€) = 1/S4(€/£), simply reflecting the
reciprocal of the exchange rate. Thus, solving for the forward foreign exchange rate, the for-
ward rate can be expressed as

E,(£/€,T) = Future value of spot exchange rate adjusted for foreign rate

= FV, (1) / [FV 1 (DS, (€/£)] = Sy (EIO)FV, (1) FV, 1 (1) ©)

The carry adjustment, though it looks different, is similar to what we did in other
carry models. In the numerator, we have simply the future value of the spot exchange rate.
Rather than subtracting the carry benefit of foreign interest—the euro here—we divide by
the future value of one euro, based on the euro interest rate. The effect is similar: The higher
the foreign interest rate, the greater the benefit, and hence, the lower the forward or futures
price will be.

If the two strategies result in different values at Time T, then the arbitrageur would buy
the strategy offering the higher value at Time T and sell the strategy offering the lower value
at Time T. This arbitrage activity would result in no cash flow today and positive cash flow at
expiration. As with previous examples, we could borrow the arbitrage profit today and pay the
loan back when the profit is captured at T.

16Note that the interest could be compounded annually, continuously, or by any other method at this
point; hence, we use the generic future value specification.
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EXAMPLE 11 Pricing Forward Foreign Exchange Contracts

Suppose the current spot exchange rate, Sy(£/€), is £0.792 (what 1€ is trading for in £).
Further assume that the annual compounded annualized risk-free rates are 1% for the
British pound and 0.3% for the euro.

1. The arbitrage-free one-year foreign exchange forward rate, Fy(£/€,T) (expressed as
the number of £ per 1€), will be closest to:
A. 0.792.

B. 0.794.
C. 0.798.

2. Now suppose the foreign exchange forward rate, Fy(£/€,T), is observed to be below
the foreign exchange spot rate, So(£/€). Based on the carry arbitrage model, com-
pared to British interest rates, the eurozone interest rate will most likely be:

A. lower.
B. higher.
C. the same.

Solution to 1: C is correct. Based on the information given, we have Sy(£/€) = 0.792,
T =1 year, ry = 1.0%, and r¢ = 0.3% (both with annual compounding). Therefore,

Fo(£/€,1) = So(£/€)FV 1 (1)/FV¢ (1) = 0.792(1 + 0.01)'/(1 + 0.003)' = 0.798,
or £0.798/€.

Solution to 2: B is correct. Note that if we observe that Fy(£/€,T) is smaller than Sy(£/€),
then the carry arbitrage model provides a simple explanation: The British interest rate

is lower than the eurozone interest rate. Based on the carry arbitrage model, foreign
exchange forward rates solely reflect interest-related carry costs. Specifically, Fo(£/€,T) <
So(£/€) if and only if r¢ < re.

Note that the future value expressions in Equation 9 are in the same pattern as the spot
exchange rate. If the spot exchange rate is expressed as 1€ is trading for £—denoted Sy(£/€)
and Fo(£/€,T)—then the future value ratio is FV¢ 1(1)/FVe(1). If we assume annual com-
pounding and denote the risk-free rates r; and r¢, respectively, we have

Fo(£/€,T) = So(£/€)(1 + r) /(1 + 1) T (Annually compounded version)

If we assume continuous compounding and denote these risk-free rates in domestic (UK)
and eurozone as r; . and r¢,, respectively, we have

Fo(£/€,T) = Sy(£/€) eltcrec)T (Continuously compounded version)

To summarize, we identify several ways we get tripped up in understanding currency for-
ward and futures contracts. First, if we let DC denote generically domestic currency and FC
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denote generically foreign currency, then there are two representations of the carry arbitrage
model based on Sy(FC/DC) = 1/Sy(DC/FC) and Fy(FC/DC) = 1/Fy(DC/FC). If we assume

annual compounding, we have either

A+ 10)T (+10)7
% or E (FC/DC,T)=$,(FC/DC)—F<—

E,(DC/FC,T) = S,(DC/FC) (e Tr )T
A good way to remember this relationship is that the interest rate in the numerator should
be the rate for the country whose currency is specified in the spot rate quote. Thus, if the spot
rate quote is in euros, the numerator should be the euro interest rate. Then the interest rate in
the denominator is the rate in the other country.
Second, interest rates can be quoted in a wide variety of ways, including annual com-
pounding (previous equation) and continuous compounding (following equation).

)T )T

E,(DC/FC, T) = S, (DC/EC)e"PCcFC.) or F (FC/DC, T) = S, (FC/DC)eFC.c™DC.c

Here, likewise, the currency quote should match the first interest rate. Thus, if the spot
rate is quoted in euros, then the first interest rate in the exponential will be the euro rate.

In equilibrium, Fy(£/€,T) = So(£/€)FV(1)/FV,(1); otherwise, positive future cash flow
can be generated with no initial investment, which is an arbitrage profit.

We now turn to the task of estimating the fair value of the foreign exchange forward con-
tract. The forward value, based on arbitrage, can best be understood by referring to Exhibit 13.
Suppose the first transaction is buying a foreign exchange forward contract at Time 0 with
expiration of Time T. Now consider selling a new foreign exchange forward contract at Time t
also with expiration of Time T. Exhibit 13 shows the potential cash flows again using British
pounds (£) as the domestic currency and euros (€) as the foreign currency. Suppose T=1,T —t=
0.5, Fo(£/€,T) = 0.804, F (£/€,T) = 0.901, S1(£/€) = 1.2, and 1 = 1.2%. In other words, six
months ago we bought a forward contract at 0.804, and the new forward price is 0.901.

EXHIBIT 13  Cash Flows for Offsetting a Long Forward Position

Cash Flow Cash Flow Cash Flow
Steps at Time 0 at Time t at Time T
1. Buy forward contract at 0 0 V(T) V1(0,T) = Sy(£/€) — Fy(£/€,T)
=1.2-0.804=0.396
2. Sell forward contract at t NA 0 V(t,T) = F(£/€,T) — Sp(£/€)
=0.901 - 1.2=-0.299
Net cash flows 0 Vd(T) +F (£/€,T) — Fy(£/€,T)

=0.901 — 0.804 = 0.097

Note that the net position is again risk free. Therefore, the forward value observed at t of
a'T maturity forward contract is simply the present value of the difference in foreign exchange
forward prices. That is,

V. (T) = Present value of the difference in forward prices

=PV, 1 [F,(£/€,T)~ F, (£/€,T)] (10)

Based on our numerical example, we have V(T) = (0.901 —0.804)/(1 + 0.012)%> = £0.0964/€.
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EXAMPLE 12 Computing the Foreign Exchange Forward
Contract Value

A corporation sold €10,000,000 against a British pound forward at a forward rate of £0.8000
for €1 at Time 0. The current spot market at Time t is such that €1 is worth £0.7500, and
the annually compounded risk-free rates are 0.80% for the British pound and 0.40% for
the euro. Assume at Time t there are three months until the forward contract expiration.

1. The forward price F(£/€,T) at Time t will be closes to:
A. 0.72.
B. 0.74.
C. 0.75.
2. 'The value of the foreign exchange forward contract at Time t will be c/osest to:
A. £492,000.
B. £495,000.
C. £500,000.

Solution to 1: C is correct. Note that the forward price at Time t is

F(£/1€,T) = S(E£/€)FV  1(1)/FV¢ (1)
=0.75(1 4+ 0.008)5/(1 + 0.004)°
=0.7507.

Solution to 2: A is correct. The value per euro to the seller of the foreign exchange fu-
tures contract at Time t is simply the present value of the difference between the initial
forward price and the £/€ forward price at Time t or

V(T) =PV, 1[Fo(£/€,T) — F(£/€,T)]
= (0.8000 — 0.7507)/(1 + 0.008)%%°
= £0.0492 per euro.

Note that the corporation has an initial short position, so the short position of
a €10,000,000 notional amount has a positive value of €10,000,000(£0.0492/€) =
£492,000 for the corporation because the forward rate fell between Time 0 and Time t.

We conclude this section with observations on the similarities and differences between
forward and futures contracts.

3.7. Comparing Forward and Futures Contracts

For every market considered here, the carry arbitrage model provides an approach for both
pricing and valuing forward contracts. Recall the two generic expressions:

Fo(T) = FVy1(Sp + 89 — Vo) (Forward pricing)
V(T) =PV 1[F(T) — Fo(T)] (Forward valuation)



Chapter 3 Pricing and Valuation of Forward Commitments 149

Carry costs (0y) increase the forward price, and carry benefits (Y) decrease the forward
price. The arbitrageur is carrying the underlying, and costs increase the burden whereas bene-
fits decrease the burden. The forward value can be expressed as either the present value of the
difference in forward prices or as a function of the current underlying price adjusted for carry
cash flows and the present value of the initial forward price.

Futures prices are generally found using the same model, but futures values are different
because of the daily marking to market. Recall that the futures values are zero at the end of each
day because profits and losses are taken daily.

In summary, the carry arbitrage model provides a compelling way to price and value
forward and futures contracts. In short, the forward or futures price is simply the future
value of the underlying adjusted for any carry cash flows. The forward value is simply the
present value of the difference in forward prices at an intermediate time in the contract.
The futures value is zero after marking to market. We turn now to pricing and valuing
swaps.

4. PRICING AND VALUING SWAP CONTRACTS

Based on the foundational materials in the last section on using the carry arbitrage model for
pricing and valuing forward and futures contracts, we now apply this approach to pricing and
valuing swap contracts. Swap contracts can be synthetically created by either a portfolio of
underlying instruments or a portfolio of forward contracts. We focus here solely on the port-
folio of underlying instruments approach.

We consider a receive-floating and pay-fixed interest rate swap. The swap will involve a
series of n future cash flows at points in time represented simply here as 1, 2, ..., n. Let S; de-
note the generic floating interest rate cash flow based on some underlying, and let FS denote
the cash flow based on some fixed interest rate. We assume that the last cash flow occurs at the
swap expiration. Exhibit 14 shows the cash flows of a generic swap. Later we will let S; denote
the floating cash flows tied to currency movements or equity movements.

EXHIBIT 14  Generic Swap Cash Flows: Receive-Floating, Pay-Fixed

Initiation Swap
Date S, -FS S,-FS S, ,—-FS Expiration
S -FS
0 1 2 n-1 n

We again will rely on the arbitrage approach for determining the pricing of a swap. This
procedure involves finding the fixed swap rate such that the value of the swap at initiation
is zero. Recall that the goal of the arbitrageur is to generate positive cash flows with no risk
and no investment of one’s own capital. Thus, it is helpful to be able to synthetically create
a swap with a portfolio of other instruments. A receive-floating, pay-fixed swap is equiva-
lent to being long a floating-rate bond and short a fixed-rate bond. Assuming both bonds
were purchased at par, the initial cash flows are zero and the par payments at the end offset
each other. Thus, the fixed bond payment should be equivalent to the fixed swap payment.
Exhibit 15 shows the view of a swap as a pair of bonds. Note that the coupon dates on the
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bonds match the settlement dates on the swap and the maturity date matches the expiration
date of the swap.!”

EXHIBIT 15 Receive-Floating, Pay-Fixed as a Portfolio of Bonds

Initiation Swap
Date S, -FS S,-FS S, ,—-FS Expiration
S, —-FS
Swap
0 1 2 n—1 n
Par
Variable Rate Bond S, S, So S,

Fixed Rate Bond ES FS FS FS

As futures contracts can be viewed as marketable forward contracts, swaps can also be viewed
as a portfolio of futures contracts.'® In addition, because a single forward contract can be viewed
as a portfolio of a call and a put option, a swap can also be viewed as a portfolio of options."’

Market participants often use swaps to transform one series of cash flows into another. For
example, suppose that because of the relative ease of issuance, REB, Inc. sells a fixed-rate bond
to investors. Based on careful analysis of the interest rate sensitivity of the company’s assets,
REB’s leadership deems a Libor-based variable rate bond to be more appropriate. By entering
a receive-fixed, pay-floating interest rate swap, REB can create a synthetic floating-rate bond,
as illustrated in Exhibit 16. REB issues fixed-rate bonds and thus must make periodic fixed-
rate-based payments, denoted FIX. REB then enters a receive-fixed (FIX) and pay-floating
(FLT) interest rate swap. The two fixed rate payments cancel, leaving on net the floating-rate
payments. Thus, we say that REB has created a synthetic floating-rate loan.

EXHIBIT 16  REB’s Synthetic Floating-Rate Bond Based on Fixed-Rate Bond Issuance with

Receive-Fixed Swap

FIX

A

Bond AFIX
Investors

Swap

REB, Inc. Counterparty

v

FLT

17As with all derivative instruments, there are numerous technical details that have been simplified here.
We will explore some of these details shortly.

181 practice, futures have standardized characteristics, so there is rarely a set of futures contracts that can
perfectly replicate a swap.

YFor example, a long forward contract is equivalent to a long call and a short put with the strike price
equal to the forward price.
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The example in Exhibit 16 is for a swap in which the underlying is an interest rate. There
are also currency swaps and equity swaps. Currency swaps can be used in a similar fashion, but
the risks being addressed are both interest rate and currency exposures. Equity swaps can also
be used in a similar fashion, but the risk being addressed is equity exposure.

Swaps have several technical nuances that can have a significant influence on pricing
and valuation. Differences in payment frequency and day count methods often have a
material impact on pricing and valuation. Another diflicult issue is identifying the appro-
priate discount rate to apply to the future cash flows. We turn now to examining three
types of swap contracts—interest rate, currency, and equity—with a focus on pricing and
valuation.

4.1. Interest Rate Swap Contracts

One approach to pricing and valuing interest rate swaps is based on a pair of bonds. We first
need to introduce some basic notation and typical structures. It is important to understand
that because they are OTC products in which the characteristics are agreed upon by the coun-
terparties, swaps can be designed with an infinite number of variations. For example, a plain
vanilla Libor-based interest rate swap can involve different frequencies of cash flow settlements
and day count conventions. In fact, a swap can have both semi-annual payments and quarterly
payments, as well as actual day counts and day counts based on 30 days per month. Also, the
notional amount can vary across the maturities, such as would occur when aligning a swap
with an amortizing loan. Thus, it is important to build in our models the flexibility to handle
these variations and issues. Unless stated otherwise, we will assume the notional amounts are
all equal to one (NA = 1); hence, we do not consider amortizing swaps here. Swap values per
1 notional amount can be simply multiplied by the actual notional amount to arrive at the
swap’s fair market value.

Interest rate swaps have two legs, typically a floating leg (FLT) and a fixed leg (FIX). The
floating leg cash flow (denoted S; to be consistent with other underlying instruments) can be
expressed as

NADFLT,i

S, = CFFLT,i = APppp it = TprT i
NTDgy

and the fixed leg cash flow (denoted FS) can be expressed as

NADFIX,i

FS = CFFIX,i = APpy iy = NTD Tprx
FIX,i

where CF; simply reminds us that our focus is on cash flows, AP; denotes the accrual period,
rprr; denotes the observed floating rate appropriate for Time i, NAD; denotes the number of
accrued days during the payment period, NTD; denotes the total number of days during the
year applicable to cash flow i, and rpry denotes the fixed swap rate. The accrual period accounts
for the payment frequency and day count methods. The two most popular day count methods
are known as 30/360 and ACT/ACT. As the name suggests, 30/360 treats each month as hav-
ing 30 days, and thus a year has 360 days. ACT/ACT treats the accrual period as having the
actual number of days divided by the actual number of days in the year (365 or 366). Finally,
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the convention in the swap market is that the floating interest rate is assumed to be advanced
set and settled in arrears; thus, rppy; is set at the beginning of period i and paid at the end.?
If we assume constant accrual periods, the receive-fixed, pay-floating net cash flow can be
expressed as

ES = S; = AP(ry =t 1)
and the receive-floating, pay-fixed net cash flow can be expressed as
S; —ES= APt 1 — )

As a simple example, if the fixed rate is 5%, the floating rate is 5.2%, and the accrual
period is 30 days based on a 360 day year, the payment of a receive-fixed, pay-floating swap is
calculated as (30/360)(0.05 — 0.052) =—0.000167 per notional of 1. Because the floating rate
exceeds the fixed rate, the party that pays floating (and receives fixed) would pay this amount to
the party that receives floating (and pays fixed). In other words, there is only a single payment
made from one party to the other.

We now turn to swap pricing. Exhibit 17 shows the cash flows for an interest rate swap
along with a pair of bonds each with the same par amount.?! Suppose the arbitrageur enters
a receive-fixed, pay-floating interest rate swap with some initial value V. Because we are ex-
ploring the equilibrium fixed swap rate, we do not first assume the swap value is in fact zero
or in equilibrium. Because this swap will lose value when floating rates rise, the arbitrageur
purchases a variable rate bond whose value is denoted VB—satisfying Rule #2 of not taking
any risk. Note that the terms of the variable rate bond are selected to match exactly the float-
ing payments of the swap. To satisfy Rule #1 of not spending money, a fixed-rate bond is sold
short—equivalent to borrowing funds—with terms to match exactly the fixed payments of
the swap.

EXHIBIT 17  Cash Flows for Receive-Fixed Swap Hedge with Bonds

Steps Time 0 Time 1 Time 2 Time n
1. Receive fixed swap -V +FS-§, +ES-S, +FS-S,
2. Buy floating-rate bond -VB +S, +S, +S,, + Par
3. Short sell fixed-rate bond +FB -FS —-FS —(FS + Par)
Net cash flows -V-VB+FB 0 0 0 0

200ften, interest rate swaps are used to convert floating-rate loans to synthetic fixed rate loans. These
floating-rate loans are advanced set, settled in arrears. Otherwise, while interest is accruing, we have
no idea what rate is being applied until the end. Thus, with advanced set, settled in arrears, the interest
begins accruing at a known rate and then the interest is paid at the end of the period, whereupon the
interest rate is reset once again.

2'The underlying bonds have a designated par value on which their interest payments are based, whereas
swaps are based on a notional amount that is never paid. The notional amount determines the size of
the swap interest payments. Thus, a swap is like an offsetting pair of bonds with interest payments but
no principal payments. In general, the notional amount of the swap will equal the par value of the un-

derlying bonds.
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Thus, the fixed coupon such that the floating-rate bond price equals the fixed-rate bond
price is the equilibrium fixed swap rate. That is, in equilibrium we must have =V —-VB +FB=0
or else there is an arbitrage opportunity. For a receiver of a fixed rate and payer of a floating
rate, the value of the swap is

V = Value of fixed bond — Value of floating bond = FB — VB (11)

The value of a receive-fixed, pay-floating interest rate swap is simply the value of buying a
fixed-rate bond and issuing a floating-rate bond.?? If we further stipulate that pricing the swap
means to determine the fixed rate such that the value of the swap at initiation is zero, then the
value of the fixed bond must equal the value of the floating bond.

The value of a floating-rate bond, assuming we are on a reset date and the interest payment
matches the discount rate, is par, assumed to be 1 here. The value of a fixed bond is as follows:

Fixed bond rate: FB=CY PV, (1) +PV, () (12)

i=1

where C denotes the coupon amount for the fixed-rate bond and PV, (1) is the appropriate
present value factor for the i fixed cash flow. 1

Based on the value of these bonds and noting that the fixed coupon amount is equivalent
to the fixed swap rate, rprg, we obtain the swap pricing equation:

1-PV,, (1
_ %W’ (13)

Swap pricing equation: rpy =—

vao,ti 1)

i=1

The fixed swap rate is simply one minus the final present value term divided by the sum of
present values. Therefore, one interpretation of the fixed swap rate is that it should be equal to
the fixed rate on a par bond, which is the ratio one minus the present value of the final cash
flow all divided by an annuity.??

The fixed swap leg cash flow for a unit of notional amount is simply the fixed swap rate
adjusted for the accrual period, or FS; = APy jrpry. Alternatively, the annualized fixed swap
rate is equal to the fixed swap leg cash flow divided by the fixed rate accrual period, or rpy; =
FS/APgy ;. Note that if the accrual period varies across the swap payments, then the fixed swap
payment will also vary. Thus, when relevant, a subscript i will be used. Often the fixed leg
accrual period is constant; hence, the subscript can be safely omitted.

2In Exhibit 17, the trades illustrated in Steps 2 and 3 are synthetically creating an offsetting position;
hence, the floating bond is purchased and the fixed bond is short sold.

23The denominator of Equation 13 is simply the sum of the present values of receiving one currency unit
on each payment date or an annuity.
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EXAMPLE 13  Solving for the Fixed Swap Rate Based on Present
Value Factors

Suppose we are pricing a five-year Libor-based interest rate swap with annual resets
(30/360 day count). The estimated present value factors, PV, (1), are given in the
following table.

Maturity Present Value
(years) Factors
1 0.990099
2 0.977876
3 0.965136
4 0.951529
5 0.937467

The fixed rate of the swap will be closest to:

A. 1.0%.
B. 1.3%.
C. 1.6%.

Solution: B is correct. Note that the sum of present values is

ZPVMi (1)=0.990099 +0.977876 + 0.965136 + 0.951529 + 0.937467
i=l =4.822107

Therefore, the solution for the fixed swap rate is

=PV, (1) {_
Ot _ 1=0.937467 1 115968, or 1.2968%

Tpx =
L 4.822107
ZPVOJi 1)

i=1

We now turn to interest rate swap valuation. Following a similar pattern as forward con-
tracts, Exhibit 18 shows the cash flows for a receive-fixed interest rate swap initiated at Time 0
but that needs to be valued at Time t expressed per unit of the underlying currency. We achieve
this valuation through entering an offsetting swap—receive-floating, pay-fixed. The floating
sides offset, leaving only the difference in the fixed rates. We assume n” remaining cash flows.
At Time t, the swap value is represented as the funds need to generate the appropriate future
cash flows.
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EXHIBIT 18 Cash Flows for Receive-Fixed Swap Valued at Time t

Steps Time t Time 1 Time 2 Time n’
1. Receive fixed swap (Time 0) -V +FSy - S, +FSy— S, +FSy— S
2. Receive floating swap (Time t) 0 S, —FS, S, = FS, Sy — ES,
Net cash flows -V FSy — FS, ES, — FS, ESy, — FS,

Thus, the value of a fixed rate swap at some future point in Time t is simply the sum of the
present value of the difference in fixed swap rates times the stated notional amount (denoted

NA), or

V =NA(FS, - FS))Y PV, . (14)

i=1

It is important to be clear on which side this value applies. The rate FS is the fixed rate
established at the start of the swap and goes to the party receiving fixed. Thus, when Equation 14
with FS; having a positive sign is used, it provides the value to the party receiving fixed. The
negative of this amount is the value to the fixed rate payer.

The examples illustrated here show swap valuation only on a payment date. If a swap is
being valued between payment dates, some adjustments are necessary. We do not pursue this
topic here.

EXAMPLE 14  Solving for the Swap Value Based on Present Value
Factors

Suppose two years ago we entered a €100,000,000 seven-year receive-fixed Libor-based
interest rate swap with annual resets (30/360 day count). The fixed rate in the swap
contract entered two years ago was 2%. Again, the estimated present value factors,
PVO,ti (1), are repeated from the previous example.

Maturity Present Value
(years) Factors
1 0.990099
2 0.977876
3 0.965136
4 0.951529
5 0.937467

From the previous example, we know the current equilibrium fixed swap rate is 1.3%
(two years after the swap was originally entered).
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1. The value (in thousands) for the party receiving the fixed rate will be closest to:
A. —€5,000.
B. €3,375.
C. €4,822.
2. 'The value (in thousands) for the party in the swap receiving the floating rate will be
closest to:
A. —€4,822.
B. —€3,375.
C. €5,000.

Solution to 1: B is correct. Recall the sum of present values is 4.822107. Thus, the swap
value per dollar notional is

V= (ES, —FS)Y PV,
i=1

=(0.02—-0.013)4.822107
=0.03375

Thus, the swap value is €3,375,000.

Solution to 2: B is correct. The equivalent receive-floating swap value is simply the
negative of the receive-fixed swap value.

4.2. Currency Swap Contracts

A currency swap is a contract in which two counterparties agree to exchange future interest
payments in different currencies. These interest payments can be based on either a fixed interest
rate or a floating interest rate. Thus, with the addition of day count options and payment fre-
quencies, there are many different ways to set up a currency swap. There are four major types of
currency swaps: fixed-for-fixed, floating-for-fixed, fixed-for-floating, and floating-for-floating.

Currency swaps come in a wide array of types and structures. We review a few key features.
First, currency swaps often but not always involve an exchange of notional amounts at both
the initiation of the swap and at the expiration of the swap. Second, the payment on each leg
of the swap is in a different currency unit, such as euros and Japanese yen, and the payments
are not netted. Third, each leg of the swap can be either fixed or floating. To understand the
pricing and valuation of currency swaps, we need a general approach that is flexible enough to
handle each of these situations. We first focus on the fixed-for-fixed currency swaps with a very
simple structure and only then consider other variations.

Currency swap pricing has three key variables: two fixed interest rates and one notional
amount. Pricing a currency swap involves solving for the appropriate notional amount in one
currency, given the notional amount in the other currency, as well as two fixed interest rates
such that the currency swap value is zero at initiation. Because one notional amount is given,
there are three swap pricing variables.
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Because we are focused on fixed-for-fixed currency swaps, we need notation that reflects
the different generic currency units. Thus, we let k = a and b to reflect two different currency
units, such as euros and yen. Letters are used rather than numbers to avoid confusion with
calendar time. The value of a fixed-rate bond in Currency k can be expressed generically as

n
FB, =C, 2PV, (D+PV,  (Par,)

i=1 .

where k =a or b, Cy_ denotes the periodic fixed coupon amount in Currency k, ZPVO,ti’k(I)
i=1

denotes the present value from Time 0 to Time t; discounting at the Currency k risk-free rate,
and Pary denotes the k currency unit par value. We do not assume par equals 1 because the
notional amounts are typically different in each currency within the currency swap.

Exhibit 19 shows the cash flows for a fixed-for-fixed currency swap along with an offset-
ting pair of fixed-rate bonds. In this case, notice that the two bonds are in different curren-
cies.?* We assume the arbitrage cash flows will be evaluated in currency unit a. Therefore, all
cash flows are converted to Currency a in the cash flow table based on the exchange rate denot-
ed S;—expressed as the number of units of Currency a for one unit of Currency b at Time i.
We again ignore the technical nuances and assume the same accrual periods on both legs of the
swap. Note that all the future cash flows, expressed in Currency a, are zero because the coupon
rates on the fixed-rate bonds were selected to equal the fixed swap rates. Because we are demon-
strating swap pricing, we do not assume the currency swap is initially valued correctly; hence,
V can be either positive or negative. We initially use a negative sign, because an investment
usually involves negative cash flows. We assume the par value of each bond is the same as the
notional amount of each leg of the swap. From the arbitrageur’s perspective, whether there is
an exchange of notional amounts on the initiation date is not relevant because this exchange
will be done at the current foreign exchange rate, and hence, it will have a fair value of zero. It
is important, however, that this exchange of notional amounts is done at expiration. Because
the swap notional amounts differ between the two currencies, it would be confusing to express
these results per unit of Currency a. Therefore, each leg of the swap is assumed to have different
notional amounts, but Par, = NA, and Par, = NAy in order to achieve zero cash flow at Time n.

EXHIBIT 19  Cash Flows for Currency Swap Hedged with Bonds

Steps Time 0 Time 1 Time 2 Time n

1. Enter currency swap -V, +ES, — S| ESy +ES, — S,FS, ... 4+FS,+ NA,
— S,(FSp + NA)

2. Short sell bond in Currency a  +FB,(C, =FS,) -FS, -FS, ... —(FS,+ Par,)

3. Buy bond in Currency b —SoFB(C, = FSy) +S,FS,, +S,FSy, «. +S,(FSy + Pary)

Net cash flows -V, + FB, — S,FBy, 0 0 0 0

Based on this table, in equilibrium we must have

—V, + FB, — S,FB, =0

%4Technically, we build these portfolios such that the initial value in each currency is par.
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and the fixed-for-fixed currency swap value is
V, = FB, — S,FB,

or else there is an arbitrage opportunity. Notice that the two-bond approach allows the ar-
bitrageur to avoid having to convert one currency into another in the future. This approach
mitigates all future currency exposure and basically identifies the current exchange rate that
makes the value of the two bonds equal. Remember that the exchange rate S is the number of
Currency a units for one unit of Currency b at Time 0; thus, SyFBy, is expressed in Currency
a units.

Exhibit 20 provides a simple illustration of an at-market 10-year receive-fixed US$ and
pay-fixed € swap, for which the annual reset coupon amount in US dollars is US$10 with par
of US$1,300 and the annual reset coupon amount in euros is €9 with par of €1,000. Both
bonds are assumed to be trading at par and have a 10-year maturity. This exhibit assumes a
current spot exchange rate (Sy) at which €1 trades for US$1.3, and selected future spot ex-
change rates are S; = $1.5, S, = $1.1, and S,y = $1.2. These future spot exchange rates are used
to illustrate the conversion of future euro cash flows into US dollars, but notice that the cash
flows are all zero regardless of the future spot exchange rates. In other words, we could have
used any numbers for Sy, S,, and S,.

EXHIBIT 20  Numerical Example of Currency Swap Hedged with Bonds

Steps Time 0 Time 1 Time 2 Time 10

1. Enter currency 0 +$10 — +$10 — +$10 + $1,300

swap ($1.5/€)€9 ($1.1/€)€9 —($1.2/€)(€9 + €1,000)
=-$3.5 =$0.1 =$99.2

2. Short sell US +$1,300 -$10 -$10 —($10 + $1,300)

dollar bond

3.Buyeurobond —($1.3/€)€1,000 +($1.5/€)€9  +($1.1/€)€9 ... +($1.2/€)(€9 + €1,000)

Net cash flows 0 0 0 0 0

Clearly, if the initial swap value is not at market or zero, then there are arbitrage opportu-
nities. If the initial swap value is positive, then this set of transactions would be implemented.
If the initial swap value is negative, then the opposite set of transactions would be implement-
ed. Specifically, enter a pay-US dollar, receive-euro swap, buy Currency a bonds, and short
sell Currency b bonds. As before, the swap value after initiation is a simple variation of the
expression above—specifically,

V, = FB, — SoFB,, = 1,300 — 1.3(1,000) = 0

Note further that C, = FS, and C, = FS;, are fixed swap payment amounts stipulated in
the currency swap. One way to find the equilibrium currency swap price (that is, the two fixed
rates) is to identify the initial coupon rates (Cy, and Cg},) such that the two bonds trade at
par—specifically,

FB,(Cy ,Par,) = Par,
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and
FBb(CO)b,Parb) = Parb

In equilibrium, the notional amounts of the two legs of the currency swap are NAy = Par,,
and NA, = Par, = SPary. That is, one first decides the par value desired in one currency and
then solves for the implied notional amount in the other currency.

The goal is to determine the fixed rates of the swap such that the current swap value is
zero; then we have

FB,(Cy ., Par,) = SoFB(Co p,, Pary)

Because the fixed swap rate does not depend on the notional amounts, the fixed swap rates
are found in exactly the same manner as the fixed interest rate swap rate. For emphasis, we
repeat the equilibrium fixed swap rate equations for each currency:

~ 1- PVO,tn,a 1)
FXa = "h

2PV, (1)
i=1

and

1- on,[n,b(l)
Bxb = h (15)

2PV, ()
i=1

Again, the fixed swap rate in each currency is simply one minus the final present value term
divided by the sum of present values. We need to be sure that the present value terms are ex-
pressed on the basis of the appropriate currency.

We illustrate currency swap pricing with spot rates by way of an example.

EXAMPLE 15 Currency Swap Pricing with Spot Rates

A US company needs to borrow 100 million Australian dollars (A$) for one year for
its Australian subsidiary. The company decides to issue US-denominated bonds in an
amount equivalent to A$100 million. Then the company enters into a one-year currency
swap with quarterly reset (30/360 day count) and the exchange of notional amounts at
initiation and at maturity. At the swap’s initiation, the US company receives the no-
tional amount in Australian dollars and pays to the counterparty the notional amount
in US dollars. At the swap’s expiration, the US company pays the notional amount
in Australian dollars and receives from the counterparty the notional amount in US
dollars. Based on interbank rates, we observe the following spot rates today, at Time 0:
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Days to A$ Spot Interest USS$ Spot Interest
Maturity Rates (%) Rates (%)
90 2.50 0.10
180 2.60 0.15
270 2.70 0.20
360 2.80 0.25

Assume that the counterparties in the currency swap agree to an A$/US$ spot exchange
rate of 1.140 (expressed as number of Australian dollars for US$1).

1. The annual fixed swap rates for Australian dollars and US dollars, respectively, will
be closest to:
A. 2.80% and 0.10%.
B. 2.77% and 0.25%.
C. 2.65% and 0.175%.
2. The notional amount (in US$ millions) will be closest to:
A. 88.
B. 100.
C. 114.
3. 'The fixed swap quarterly payments in the currency swap will be closest to:
A. A$692,000 and US$55,000.
B. A$220,000 and US$173,000.
C. A$720,000 and US$220,000.

Solution to 1: B is correct. We first find the PV factors and then solve for the fixed
swap rates. The present value expression based on spot rates (not forward rates) is

1
PVO,ti 1= — NAD. Y Spot rates cover the entire period from 0 to t, unlike
1+rg ( i)
pot;

NTD
forward rates, which cover incremental periods. Based on the data given, we construct the

following present value data table. The calculations are shown to the sixth decimal place
in an effort to minimize rounding error. Rounding differences may occur in the solutions.

A$ Spot USS$ Spot
Days to Interest Rates Present Value Interest Rates Present Value
Maturity (%) (A$1) (%) (US$1)

90 2.50 0.993789* 0.10 0.999750
180 2.60 0.987167 0.15 0.999251°
270 2.70 0.980152 0.20 0.998502
360 2.80 0.972763 0.25 0.997506

Sum: 3.933870 Sum: 3.995009

2A$0.993789 = 1/[1 + 0.0250(90/360)].
1US$0.999251 = 1/[1 + 0.00150(180/360)].
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Therefore, the Australian dollar periodic rate is

1=PVy  aop®D  1-0.972763

IFIXAUD = —3
3.933870
2 PVo a0

i=1

=0.00692381 or 0.692381%

and the US dollar periodic rate is
1=-PVy oo 1-0.997506

TEIX.USD = —% =
3.995009
2Py, s ()

i=1

=0.00062422 or 0.062422%

The annualized rate is simply (360/90) times the period results: 2.7695% for
Australian dollars and 0.2497% for US dollars.

Solution to 2: A is correct. The US dollar notional amount is calculated as A$100 million
divided by the current spot exchange rate at which US$1 dollar trades for A$1.1400.
This exchange is equal to US$87,719,298 (= A$100,000,000/1.14).

Solution to 3: A is correct. The fixed swap payments in currency units equal the peri-
odic swap rate times the appropriate notional amounts. From the answers to 1 and 2,

we have
FSpg=NAyg (AP) IFIX,A$
=A$100,000,000(90/360)(0.027695)
=A$692,375
and

FSyss = NAyss(AP)rerx uss
=US$87,719,298(90/360)(0.002497)
=US$54,759.

Therefore, one approach to pricing currency swaps is to view the swap as a pair of fixed-
rate bonds. The main advantage of this approach is that all foreign exchange considerations
are moved to the initial exchange rate. We do not need to address future foreign currency
transactions. Also, note that a fixed-for-floating currency swap is simply a fixed-for-fixed
currency swap paired with a floating-for-fixed interest rate swap. Also, we do not technically
“price” a floating-rate swap, because we do not designate a single coupon rate, and the value
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of such a swap is par on any reset date. Thus, we have the capacity to price any variation of
currency swaps.

We now turn to currency swap valuation. Recall that with currency swaps, there are two
main sources of risk: interest rates and exchange rates. Exhibit 21 shows the cash flows from
three transactions. Note this exhibit is similar to the currency swap pricing exhibit, but the
currency swap was initiated at Time 0 and here we are evaluating it at Time t. Step 1 shows
the cash flows for a fixed-for-fixed currency swap expressed in units of Currency a. Step 2 is
borrowing or short selling a bond in Currency a to generate sufficient funds to exactly offset
the currency swap cash flows that are in units of Currency a. Step 3 is lending or buying a bond
in Currency b to generate sufficient funds to exactly offset the currency swap cash flows that
are in units of Currency b. The net cash flows at each future point in time are zero. Recall that
S; denotes the spot exchange rate in units of Currency a for each unit of Currency b at Time t;.
Thus, SFS;, is the value of the Currency b fixed cash flow expressed in Currency a at Time t.
From a value perspective, FS,, is equivalent in value in Currency b to SFS;, in Currency a.
Hence, the future net cash flows are all zero.

EXHIBIT 21  Cash Flows for Currency Swap Hedged with Bonds

Steps Time t Time 1 Time 2 Time n’
1. Currency swap -V, +ES,0 = $1FSy o +FS, 0= S;FSpp ... +FS, 0+ NA,

= S0/ (FSp0 + NAy )
2. Short sell bond (a) +FB, -FS.o -FS,o —(FS, 0+ NA, ()
3. Buy bond (b) —S.FBy, +51ESp 0 +S,ESp 0 e =S, (ESp+NA, o)
Net cash flows 0 0 0 0

The value of a fixed-for-fixed currency swap at some future point in time, Time t, is simply
the difference in a pair of fixed-rate bonds, one expressed in Currency a and one expressed in
Currency b. To express the bonds in the same currency units, we convert the Currency b bond
into units of Currency a through a spot foreign exchange transaction. Hence, we have

V, = FB, — S,FB,

= FSMZP\Q%a +NA_ PV, , -5, [FSb’OZP\/{Jti’b +NA, PV, b]

6ty ,a [N
i=1 i=1

Note that the fixed swap amount (FS) is the per-period fixed swap rate times the notional
amount. Therefore, the currency swap valuation equation can be expressed as

V,=NA,, [rle,a,oz PViia TPV a j -
i=1

! (16)
StNAb,O [rFIX,b,O 2 Pvt,ti,b + Pvt,tnf,b ]

i=1
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EXAMPLE 16 Currency Swap Valuation with Spot Rates

This example builds on the previous example addressing currency swap pricing. Recall
that a US company needed to borrow 100 million Australian dollars (A$) for one year
for its Australian subsidiary. The company decided to borrow in US dollars (US$) an
amount equivalent to A$100 million by issuing US-denominated bonds. The company
entered into a one-year currency swap with quarterly reset (30/360 day count) and
exchange of notional amounts at initiation and at maturity. At the swap’s expiration,
the US company pays the notional amount in Australian dollars and receives from the
counterparty the notional amount in US dollars. The fixed rates were 2.7695% for
Australian dollars and 0.2497% for US dollars. The notional amount in US dollars was

US$87,719,298.

Assume 60 days have passed and we observe the following market information:

A$ Spot US$ Spot
Days to Interest Rates Present Value Interest Rates Present Value
Maturity (%) (A$1) (%) (US$1)

30 2.00 0.998336 0.50 0.999584
120 1.90 0.993707 0.40 0.998668
210 1.80 0.989609 0.30 0.998253
300 1.70 0.986031 0.20 0.998336

Sum: 3.967683 Sum: 3.994841

The currency spot exchange rate is now A$1.13 for US$1.

The current value to the US company of the currency swap entered into 60 days

ago will be closest to:

A. —AD$2,000,000.
B. AD$2,000,000.
C. —AD$2,145,200.

Solution: C is correct. Based on the data given, the currency swap value to the US

company is

o
rFIX,a,O z Pvt,ti ,a + Pvt,rn' ,a

Josa |

o
TEIX,b,0 z P

6t;,b + Pvt,tn',b)

=-100,000,000[0.00692381(3.967683) + 0.986031] + 1.13(87,719,298)

[0.00062422(3.994841) + 0.998330]

=-2,145,200

In other words, the value of the payments to be made exceeds the value of the

payments to be received by this amount. This value incorporates the change in the

exchange rate and changes in interest rates in both countries since the start of the swap.
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4.3. Equity Swap Contracts

Drawing on our prior definition of a swap, we define an equity swap in the following manner:
An equity swap is an OTC derivative contract in which two parties agree to exchange a series
of cash flows whereby one party pays a variable series that will be determined by an equity and
the other party pays either (1) a variable series determined by a different equity or rate or (2)
a fixed series. An equity swap is used to convert the returns from an equity investment into
another series of returns, which, as noted, either can be derived from another equity series or
can be a fixed rate. Equity swaps are widely used in equity portfolio investment management
to modify returns and risks.

We examine three types of equity swaps: receive-equity return, pay-fixed; receive-equity
return, pay-floating; and receive-equity return, pay-another equity return. Like interest rate
swaps and currency swaps, there are several unique nuances for equity swaps. We highlight
just a few. First, the underlying reference instrument for the equity leg of an equity swap can
be an individual stock, a published stock index, or a custom portfolio. Second, the equity leg
cash flow can be with or without dividends. Third, all the interest rate swap nuances exist with
equity swaps that have a fixed or floating interest rate leg.

We focus here on viewing an equity swap as a portfolio of an equity position and a bond.
The equity swap cash flows can be expressed as follows:

NA(Equity return — Fixed rate) (for receive-equity, pay-fixed),
NA(Equity return — Floating rate) (for receive-equity, pay-floating), and
NA(Equity return, — Equity returny) (for receive-equity, pay-equity),

where a and b denote different equities. Note that an equity-for-equity swap can be viewed
simply as a receive-equity a, pay-fixed swap combined with a pay-equity b, receive-fixed swap.
The fixed payments cancel out, and we have synthetically created an equity-for-equity swap.

EXAMPLE 17  Equity Swap Cash Flows

Suppose we entered into a receive-equity index and pay-fixed swap. It is quarterly reset,
30/360 day count, €5,000,000 notional amount, pay-fixed (1.6% annualized, quarterly
pay, or 0.4% per quarter).

1. If the equity index return was 4.0% for the quarter (not annualized), the equity
swap cash flow will be closest to:

A. —€220,000.
B. —€180,000.
C. €180,000.

2. If the equity index return was —6.0% for the quarter (not annualized), the equity
swap cash flow will be closest to:
A. —€320,000.
B. —€180,000.
C. €180,000.
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Solution to 1: C is correct. Note that the equity index return is reported on a quarterly
basis. It is not an annualized number. The fixed leg is often reported on an annual
basis. Thus, one must carefully interpret the different return conventions. In this case,
receive-equity index counterparty cash flows are as follows:

€5,000,000(0.04 — 0.004) = €180,000 (Receive 4%, pay 0.4% for the quarter)
Solution to 2: A is correct. Similar to 1, we have

€5,000,000(=0.06 — 0.004) = —€320,000 (Receive —6%, pay 0.4% for the quarter)

When the equity leg of the swap is negative, then the receive-equity counterparty must
pay both the equity return as well as the fixed rate (or whatever the payment terms are).
Note, also, that equity swaps may cause liquidity problems. As seen here, if the equity
return is negative, then the receive-equity return, pay-floating or pay-fixed swap may
result in a large negative cash flow.

The cash flows for the equity leg of an equity swap can be expressed as
S =NAR,

where R denotes the periodic return of the equity either with or without dividends as speci-
1

fied in the swap contract and NAg denotes the notional amount. The cash flows for the fixed

interest rate leg of the equity swap are the same as those of an interest rate swap, or

ES= NAEAPFIXrFIX

where APpry denotes the accrual period for the fixed leg for which we assume the accrual peri-
od is constant and rgpy here denotes the fixed rate on the equity swap.

For equity swaps, the equity position could be a wide variety of claims, including the
return on a stock index with or without dividends and the return on an individual stock
with or without dividends. For our objectives here, we ignore the influence of dividends by
assuming the equity swap leg assumes all dividends are reinvested in the equity position.?®
The equity leg of the swap is produced by selling the equity position on a reset date and
reinvesting the original equity notional amount, leaving a remaining balance that is the cash
flow required of the equity swap leg.2® Exhibit 22 shows the cash flows from an equity swap
arbitrage transaction.

2The arbitrage transactions for an equity swap when dividends are not included are extremely complex
and beyond our objectives.

26Technically, we just sell off any equity value in excess of NAg or purchase additional shares to return the
equity value to NAg, effectively generating S;.
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EXHIBIT 22  Cash Flows for Receive-Fixed Equity Swap Hedged with Equity and Bond

Steps Time 0 Time 1 Time 2 Time n
1. Enter equity swap -V +FS - §,; +FS-S§, +FS =S,
2. Buy NAg equity —NAg +S; +S, +S, + NAg
3. Short sell fixed-rate bond +FB(C =FS) -FS -FS —(FS + Par)
4. Borrow arbitrage profit —PV(Par — NAg) Par — NAg
Net cash flows -V —NA; + FB 0 0 0 0

— PV(Par — NAg)

Let us examine the Time 1 cash flow. The equity swap is receive-fixed, pay-equity. For
Step 1, if the equity-related cash flow Sy is less than the fixed-leg cash flow, then the swap gen-
erates a positive cash flow to this counterparty. For Step 2, the cash flow is simply the cash flow
related to the equity movement and dividends, if applicable. Essentially, if the position value
is greater than NAg, then the excess value is sold off, but if the position value is less than NAg,
then an additional equity position is acquired. For Step 3, the short bond position requires the
payment of coupons. Note that these coupons, by construction, equal the fixed leg cash flows.
The sum of these three transactions is always zero.

Note the final cash flow for the long position in the equity includes the final sale of the
underlying equity position. The final periodic return on the equity plus the original equity
value will equal the proceeds from the final sale of the underlying equity position. Note that for
the terminal cash flows to equal zero, we must either set the bond par value to equal the initial
equity position or finance this difference. In this case, the bond par value could be different
from the notional amount of equity. Therefore, in equilibrium, we have =V — NAg + FB —
PV(Par — NAp) = 0, and hence, the equity swap value is V. =—-NAg + FB — PV(Par — NAg).

The fixed swap rate can be expressed as the rprg rate such that FBy = NAg + PV(Par —
NAp). Note that assuming NAg = Par =1,

1- PVO’tn 1)
X = h

vao,ti 1)

i=1

You should recognize that the pricing of an equity swap is identical to the pricing of a
comparable interest rate swap even though the future cash flows are dramatically different. If
the swap required a floating payment, there would be no need to price the swap, as the floating
side effectively prices itself at par automatically at the start. If the swap involves paying one eq-
uity return against another, there would also be no need to price it. You could effectively view
this arrangement as paying equity a and receiving a fixed rate as specified above and receiving
equity b and paying the same fixed rate. The fixed rates would cancel.

Valuing an equity swap after the swap is initiated (V) is similar to valuing an interest rate
swap except that rather than adjust the floating-rate bond for the last floating rate observed
(remember, advanced set), we adjust the value of the notional amount of equity, or

V,=FB(Cy) — (S/S,-)NAg — PV(Par — NAg) (17)
where FB(C,) denotes the Time t value of a fixed-rate bond initiated with coupon C at Time

0, S; denotes the current equity price, S_ denotes the equity price observed at the last reset
date, and PV() denotes the present value function from Time ¢ to the swap maturity time.
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EXAMPLE 18 Equity Swap Pricing

In Examples 13 and 14 related to interest rate swaps, we considered a five-year, annual
reset, 30/360 day count, Libor-based swap. The following table provides the present
values per €1.

Maturity Present Value
(years) Factors
1 0.990099
2 0.977876
3 0.965136
4 0.951529
5 0.937467

Assume an annual reset Libor floating-rate bond trading at par. The fixed rate was previ-
ously found to be 1.2968%. Given these same data, the fixed interest rate in the EURO
STOXX 50 equity swap is closest to:

A. 0.0%.
B. 1.1%.
C. 1.3%.

Solution: Cis correct. The fixed rate on an equity swap is the same as that on an interest
rate swap or 1.2968% as in Example 13. That is, the fixed rate on an equity swap is
simply the fixed rate on a comparable interest rate swap.

EXAMPLE 19 Equity Swap Valuation

Suppose six months ago we entered a receive-fixed, pay-equity five-year annual reset
swap in which the fixed leg is based on a 30/360 day count. At the time the swap was
entered, the fixed swap rate was 1.5%, the equity was trading at 100, and the notional
amount was 10,000,000. Now all spot interest rates have fallen to 1.2% (a flat term
structure), and the equity is trading for 105.

1. 'The fair value of this equity swap is closest to:
A. —=300,000.
B. —500,000.
C. 500,000.
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2. 'The value of the equity swap will be closest to zero if the stock price is:
A. 100.
B. 102.
C. 105.

Solution to 1: A is correct. Because we have not yet passed the first reset date, there are
five remaining cash flows for this equity swap. The fair value of this swap is found by
solving for the fair value of the implied fixed-rate bond. We then adjust for the equity
value. The fixed rate of 1.5% results in fixed cash flows of 150,000 at each settlement.
Applying the respective present value factors, which are based on the new spot rates of
1.2%, gives us the following:

Date Present Value Fixed Cash PV (Fixed
(in years) Factors (PV) Flow Cash Flow)*
0.5 0.994036 150,000 149,105
1.5 0.982318 150,000 147,348
2.5 0.970874 150,000 145,631
3.5 0.959693 150,000 143,954
4.5 0.948767 10,150,000 9,629,981
Total: 10,216,019

* Answers may differ due to rounding.

Therefore, the fair value of this equity swap is 10,216,019 less 10,500,000
[=(105/100)10,000,000], or a loss of 283,981.

Solution ro 2: B is correct. The stock price at which this equity swap’s fair value is zero
would require (Par = NAg in this case)

V. =FB(Cp) — (S/S-INAg

The value of the fixed leg is now approximately 102% of par; a stock price of 102
will result in a value of zero,

V, =102 — (S/100)100 = 0

where S, is 102.
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5. SUMMARY

This reading on forward commitment pricing and valuation provides a foundation for under-
standing how forwards, futures, and swaps are both priced and valued.
Key points include the following:

¢ The arbitrageur would rather have more money than less and abides by two fundamental
rules: Do not use your own money, and do not take any price risk.

* The no-arbitrage approach is used for the pricing and valuation of forward commitments
and is built on the key concept of the law of one price, which states that if two investments
have the same future cash flows, regardless of what happens in the future, these two invest-
ments should have the same current price.

* Throughout this reading, the following key assumptions are made:

* Replicating instruments are identifiable and investable.

e Market frictions are nil.

¢ Short selling is allowed with full use of proceeds.

* Borrowing and lending is available at a known risk-free rate.

e Carry arbitrage models used for forward commitment pricing and valuation are based on
the no-arbitrage approach.

* With forward commitments, there is a distinct difference between pricing and valuation;
pricing involves the determination of the appropriate fixed price or rate, and valuation in-
volves the determination of the contract’s current value expressed in currency units.

* Forward commitment pricing results in determining a price or rate such that the forward
contract value is equal to zero.

¢ The price of a forward commitment is a function of the price of the underlying instrument,
financing costs, and other carry costs and benefits.

* With equities, currencies, and fixed-income securities, the forward price is determined such
that the initial forward value is zero.

* With forward rate agreements, the fixed interest rate is determined such that the initial value
of the FRA is zero.

* Futures contract pricing here can essentially be treated the same as forward contract pricing.

* Because of daily marking to market, futures contract values are zero after each daily
settlement.

¢ The general approach to pricing and valuing swaps as covered here is using a replicating or
hedge portfolio of comparable instruments.

* With a basic understanding of pricing and valuing a simple interest rate swap, it is a straight-
forward extension to pricing and valuing currency swaps and equity swaps.

» With interest rate swaps and some equity swaps, pricing involves solving for the fixed interest
rate.

» With currency swaps, pricing involves solving for the two fixed rates as well as the notional
amounts in each currency.
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PROBLEMS

The following information relates to Questions 1-7

Donald Troubadour is a derivatives trader for Southern Shores Investments. The firm seeks
arbitrage opportunities in the forward and futures markets using the carry arbitrage model.

Troubadour identifies an arbitrage opportunity relating to a fixed-income futures contract
and its underlying bond. Current data on the futures contract and underlying bond are pre-
sented in Exhibit 1. The current annual compounded risk-free rate is 0.30%.

EXHIBIT 1  Current Data for Futures and Underlying Bond

Futures Contract Underlying Bond
Quoted futures price 125.00 Quoted bond price 112.00
Conversion factor 0.90 Accrued interest since last 0.08

coupon payment

Time remaining to Three months Accrued interest at futures 0.20
contract expiration contract expiration
Accrued interest over 0.00

life of futures contract

Troubadour next gathers information on three existing positions.

Position 1 (Nikkei 225 Futures Contract):

Troubadour holds a long position in a Nikkei 225 futures contract that has a remain-
ing maturity of three months.The continuously compounded dividend yield on the
Nikkei 225 Stock Index is 1.1%, and the current stock index level is 16,080. The

continuously compounded annual interest rate is 0.2996%.

Position 2 (Euro/]GB Forward Contract):

One month ago, Troubadour purchased euro/yen forward contracts with three
months to expiration at a quoted price of 100.20 (quoted as a percentage of par).
The contract notional amount is ¥100,000,000. The current forward price is 100.05.

Position 3 (JPYIUSD Currency Forward Contract):

Troubadour holds a short position in a yen/US dollar forward contract with a no-
tional value of $1,000,000. At contract initiation, the forward rate was ¥112.10 per
$1. The forward contract expires in three months. The current spot exchange rate is
¥112.00 per $1, and the annually compounded risk-free rates are —0.20% for the
yen and 0.30% for the US dollar. The current quoted price of the forward contract is
equal to the no-arbitrage price.

© 2016 CFA Institute. All rights reserved.
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Troubadour next considers an equity forward contract for Texas Steel, Inc. (TSI). In-
formation regarding TSI common shares and a TSI equity forward contract is presented in
Exhibit 2.

EXHIBIT 2 Selected Information for TSI

e TSI has historically paid dividends every six months.

e The price per share of TSI’s common shares is $250.

e The forward price per share for a nine-month TSI equity forward contract is $250.562289.
* Assume annual compounding.

Troubadour takes a short position in the TSI equity forward contract. His supervisor asks,
“Under which scenario would our position experience a loss?”

Three months after contract initiation, Troubadour gathers information on TSI and the
risk-free rate, which is presented in Exhibit 3.

EXHIBIT 3  Selected Data on TSI and the Risk-Free Rate

e The price per share of TSI’s common shares is $245.

e The risk-free rate is 0.325% (quoted on an annual compounding basis).

* TSI recently announced its regular semiannual dividend of $1.50 per share that will be paid
exactly three months before contract expiration.

e The market price of the TSI equity forward contract is equal to the no-arbitrage forward
price.

1. Based on Exhibit 2 and assuming annual compounding, the arbitrage profit on the bond
futures contract is closest to:

A. 0.4158.
B. 0.5356.
C. 0.6195.
2. The current no-arbitrage futures price of the Nikkei 225 futures contract (Position 1) is
closest to:
A. 15,951.81.
B. 16,047.86.
C. 16,112.21.
3. 'The value of Position 2 is closest to:
A. —¥149,925.
B. —¥150,000.
C. —¥150,075.
4. 'The value of Position 3 is closest to:
A. —¥40,020.
B. ¥139,913.

C. ¥239,963.
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5. Based on Exhibit 2, Troubadour should find that an arbitrage opportunity relating to TSI
shares is
A. not available.

B. available based on carry arbitrage.
C. available based on reverse carry arbitrage.

6. The most appropriate response to Troubadour’s supervisors question regarding the TSI
forward contract is:

A. adecrease in TSIs share price, all else equal.
B. an increase in the risk-free rate, all else equal
C. adecrease in the market price of the forward contract, all else equal.

7. Based on Exhibits 2 and 3, and assuming annual compounding, the per share value of
Troubadour’s short position in the TSI forward contract three months after contract initi-
ation is closest to:

A. $1.6549.
B. $5.1561.
C. $6.6549.

The following information relates to Questions 8-16

Sonal Johnson is a risk manager for a bank. She manages the bank’s risks using a combination
of swaps and forward rate agreements (FRAs).

Johnson prices a three-year Libor-based interest rate swap with annual resets using the
present value factors presented in Exhibit 1.

EXHIBIT 1  Present Value Factors

Maturity Present Value
(years) Factors
1 0.990099
2 0.977876
3 0.965136

Johnson also uses the present value factors in Exhibit 1 to value an interest rate swap that
the bank entered into one year ago as the receive-floating party. Selected data for the swap are
presented in Exhibit 2. Johnson notes that the current equilibrium two-year fixed swap rate is
1.00%.

EXHIBIT 2 Selected Data on Fixed for Floating Interest Rate Swap

Swap notional amount $50,000,000
Original swap term Three years, with annual resets
Fixed swap rate (since initiation) 3.00%

One of the bank’s investments is exposed to movements in the Japanese yen, and Johnson
desires to hedge the currency exposure. She prices a one-year fixed-for-fixed currency swap in-
volving yen and US dollars, with a quarterly reset. Johnson uses the interest rate data presented
in Exhibit 3 to price the currency swap.
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EXHIBIT 3  Selected Japanese and US Interest Rate Data

Days to Yen Spot US Dollar Spot
Maturity Interest Rates Interest Rates
90 0.05% 0.20%

180 0.10% 0.40%
270 0.15% 0.55%
360 0.25% 0.70%

Johnson next reviews an equity swap with an annual reset that the bank entered into six
months ago as the receive-fixed, pay-equity party. Selected data regarding the equity swap,
which is linked to an equity index, are presented in Exhibit 4. At the time of initiation, the
underlying equity index was trading at 100.00.

EXHIBIT 4 = Selected Data on Equity Swap

Swap notional amount $20,000,000
Original swap term Five years, with annual resets
Fixed swap rate 2.00%

The equity index is currently trading at 103.00, and relevant US spot rates, along with
their associated present value factors, are presented in Exhibit 5.

EXHIBIT 5  Selected US Spot Rates and Present Value Factors

Maturity Present Value
(years) Spot Rate Factors
0.5 0.40% 0.998004
1.5 1.00% 0.985222
2.5 1.20% 0.970874
3.5 2.00% 0.934579
4.5 2.60% 0.895255

Johnson reviews a 6 X 9 FRA that the bank entered into 90 days ago as the pay-fixed/
receive-floating party. Selected data for the FRA are presented in Exhibit 6, and current Libor
data are presented in Exhibit 7. Based on her interest rate forecast, Johnson also considers
whether the bank should enter into new positions in 1 X 4 and 2 X 5 FRAs.

EXHIBIT 6 6x9 FRA Darta

FRA term 6X%X9
FRA rate 0.70%
FRA notional amount US$20,000,000

FRA settlement terms Advanced set, advanced settle
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EXHIBIT 7 Current Libor

30-day Libor 0.75%
60-day Libor 0.82%
90-day Libor 0.90%
120-day Libor 0.92%
150-day Libor 0.94%
180-day Libor 0.95%
210-day Libor 0.97%
270-day Libor 1.00%

Three months later, the 6 X 9 FRA in Exhibit 6 reaches expiration, at which time the

three-month US dollar Libor is 1.10% and the six-month US dollar Libor is 1.20%. Johnson
determines that the appropriate discount rate for the FRA settlement cash flows is 1.10%.

8.

10.

11.

12.

13.

Based on Exhibit 1, Johnson should price the three-year Libor-based interest rate swap at
a fixed rate closest to:

A. 0.34%.
B. 1.16%.
C. 1.19%.

From the bank’s perspective, using data from Exhibit 1, the current value of the swap
described in Exhibit 2 is closest to:

A. —$2,951,963.
B. —$1,967,975.
C. —$1,943,000.

Based on Exhibit 3, Johnson should determine that the annualized equilibrium fixed swap
rate for Japanese yen is closest to:

A. 0.0624%.

B. 0.1375%.

C. 0.2496%.

From the bank’s perspective, using data from Exhibits 4 and 5, the fair value of the equity
swap is closest to:

A. -$1,139,425.
B. -$781,323.
C. -$181,323.

Based on Exhibit 5, the current value of the equity swap described in Exhibit 4 would be
zero if the equity index was currently trading the closest to:

A. 97.30.

B. 99.09.

C. 100.00.

From the bank’s perspective, based on Exhibits 6 and 7, the value of the 6 x 9 FRA 90 days
after inception is closes to:

A. $14,817.

B. $19,647.

C. $29,635.
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14. Based on Exhibit 7, the no-arbitrage fixed rate on a new 1 X 4 FRA is closest to:
A. 0.65%.
B. 0.73%.
C. 0.98%.
15. Based on Exhibit 7, the fixed rate on a new 2 X 5 FRA is closest to:
A. 0.61%.
B. 1.02%.
C. 1.71%.
16. Based on Exhibit 6 and the three-month US dollar Libor at expiration, the payment
amount that the bank will receive to settle the 6 X 9 FRA is closest to:
A. $19,945.
B. $24,925.
C. $39,781.
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LEARNING OUTCOMES

After completing this chapter, you will be able to do the following:

describe and interpret the binomial option valuation model and its component terms;
calculate the no-arbitrage values of European and American options using a two-period
binomial model;

identify an arbitrage opportunity involving options and describe the related arbitrage;
describe how interest rate options are valued using a two-period binomial model;

calculate and interpret the value of an interest rate option using a two-period binomial
model;

describe how the value of a European option can be analyzed as the present value of the
option’s expected payoff at expiration;

identify assumptions of the Black—Scholes—Merton option valuation model;

interpret the components of the Black-Scholes—Merton model as applied to call options in
terms of a leveraged position in the underlying;

describe how the Black—Scholes—Merton model is used to value European options on equi-
ties and currencies;

describe how the Black model is used to value European options on futures;

describe how the Black model is used to value European interest rate options and European
swaptions;

interpret each of the option Greeks;

describe how a delta hedge is executed;

describe the role of gamma risk in options trading;

define implied volatility and explain how it is used in options trading.
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1. INTRODUCTION

A contingent claim is a derivative instrument that provides its owner a right but not an obli-
gation to a payoff determined by an underlying asset, rate, or other derivative. Contingent
claims include options, the valuation of which is the objective of this reading. Because many
investments contain embedded options, understanding this material is vital for investment
management.

Our primary purpose is to understand how the values of options are determined. Option
values, as with the values of all financial instruments, are typically obtained using valuation
models. Any financial valuation model takes certain inputs and turns them into an output that
tells us the fair value or price. Option valuation models, like their counterparts in the forward,
futures, and swaps markets, are based on the principle of no arbitrage, meaning that the appro-
priate price of an option is the one that makes it impossible for any party to earn an arbitrage
profit at the expense of any other party. The price that precludes arbitrage profits is the value of
the option. Using that concept, we then proceed to introduce option valuation models using
two approaches. The first approach is the binomial model, which is based on discrete time, and
the second is the Black—Scholes—Merton (BSM) model, which is based on continuous time.

The reading is organized as follows. Section 2 introduces the principles of the no-arbitrage
approach to pricing and valuation of options. In Section 3, the binomial option valuation
model is explored, and in Section 4, the BSM model is covered. In Section 5, the Black model,
being a variation of the BSM model, is applied to futures options, interest rate options, and
swaptions. Finally, in Section 6, the Greeks are reviewed along with implied volatility. Section 7
provides a summary.

2. PRINCIPLES OF A NO-ARBITRAGE APPROACH TO VALUATION

Our approach is based on the concept of arbitrage. Hence, the material will be covered from
an arbitrageur’s perspective. Key to understanding this material is to think like an arbitrageur.
Specifically, like most people, the arbitrageur would rather have more money than less. The
arbitrageur, as will be detailed later, follows two fundamental rules:

Rule #1 Do not use your own money.
Rule #2 Do not take any price risk.

Clearly, if we can generate positive cash flows today and abide by both rules, we have a
great business—such is the life of an arbitrageur. If traders could create a portfolio with no
future liabilities and positive cash flow today, then it would essentially be a money machine
that would be attractive to anyone who prefers more cash to less. In the pursuit of these posi-
tive cash flows today, the arbitrageur often needs to borrow to satisfy Rule #1. In effect, the
arbitrageur borrows the arbitrage profit to capture it today and, if necessary, may borrow to
purchase the underlying. Specifically, the arbitrageur will build portfolios using the underlying
instrument to synthetically replicate the cash flows of an option. The underlying instrument
is the financial instrument whose later value will be referenced to determine the option value.
Examples of underlying instruments include shares, indexes, currencies, and interest rates. As
we will see, with options we will often rely on a specific trading strategy that changes over time
based on the underlying price behavior.
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Based on the concept of comparability, the no-arbitrage valuation approach taken here
is built on the concept that if two investments have the same future cash flows regardless of
what happens, then these two investments should have the same current price. This principle
is known as the law of one price. In establishing these foundations of option valuation, the
following key assumptions are made: (1) Replicating instruments are identifiable and invest-
able. (2) There are no market frictions, such as transaction costs and taxes. (3) Short selling is
allowed with full use of proceeds. (4) The underlying instrument follows a known statistical
distribution. (5) Borrowing and lending at a risk-free interest rate is available. When we de-
velop the models in this reading, we will be more specific about what these assumptions mean,
in particular what we mean by a known statistical distribution.

In an effort to demonstrate various valuation results based on the absence of arbitrage,
we will rely heavily on cash flow tables, which are a representation of the cash flows that occur
during the life of an option. For example, if an initial investment requires €100, then from an
arbitrageur’s perspective, we will present it as a —<€100 cash flow. If an option pays off ¥1,000,
we will represent it as a +¥1,000 cash flow. That is, cash outflows are treated as negative and
inflows as positive.

We first demonstrate how to value options based on a two-period binomial model. The
option payoffs can be replicated with a dynamic portfolio of the underlying instrument and
financing. A dynamic portfolio is one whose composition changes over time. These changes
are important elements of the replicating procedure. Based on the binomial framework, we
then turn to exploring interest rate options using a binomial tree. Although more complex, the
general approach is shown to be the same.

The multiperiod binomial model is a natural transition to the BSM option valuation
model. The BSM model is based on the key assumption that the value of the underlying instru-
ment follows a statistical process called geometric Brownian motion. This characterization is a
reasonable way to capture the randomness of financial instrument prices while incorporating
a pre-specified expected return and volatility of return. Geometric Brownian motion implies a
lognormal distribution of the return, which implies that the continuously compounded return
on the underlying is normally distributed.

We also explore the role of carry benefits, meaning the reward or cost of holding the
underlying itself instead of holding the derivative on the underlying.

Next we turn to Fischer Black’s futures option valuation model (Black model) and note
that the model difference, versus the BSM model, is related to the underlying futures contract
having no carry costs or benefits. Interest rate options and swaptions are valued based on sim-
ple modifications of the Black model.

Finally, we explore the Greeks, otherwise known as delta, gamma, theta, vega, and rho. The
Greeks are representations of the sensitivity of the option value to changes in the factors that
determine the option value. They provide comparative information essential in managing port-
folios containing options. The Greeks are calculated based on an option valuation model, such
as the binomial model, BSM model, or the Black model. This information is model dependent,
so managers need to carefully select the model best suited for their particular situation. In the
last section, we cover implied volatility, which is a measure derived from a market option price
and can be interpreted as reflecting what investors believe is the volaility of the underlying.

The models presented here are useful first approximations for explaining observed option
prices in many markets. The central theme is that options are generally priced to preclude arbi-
trage profits, which is not only a reasonable theoretical assumption but is sufficiently accurate
in practice.

We turn now to option valuation based on the binomial option valuation model.
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3. BINOMIAL OPTION VALUATION MODEL

The binomial model is a valuable tool for financial analysts. It is particularly useful as a heuris-
tic device to understand the unique valuation approach used with options. This model is exten-
sively used to value path-dependent options, which are options whose values depend not only
on the value of the underlying at expiration but also how it got there. The path-dependency
feature distinguishes this model from the Black—Scholes—Merton option valuation model
(BSM model) presented in the next section. The BSM model values only path-independent
options, such as European options, which depend on only the values of their respective under-
lyings at expiration. One particular type of path-dependent option that we are interested in
is American options, which are those that can be exercised prior to expiration. In this section,
we introduce the general framework for developing the binomial option valuation models for
both European and American options.

The binomial option valuation model is based on the no-arbitrage approach to valuation.
Hence, understanding the valuation of options improves if one can understand how an arbitra-
geur approaches financial markets. An arbitrageur engages in financial transactions in pursuit
of an initial positive cash flow with no possibility of a negative cash flow in the future. As it
appears, it is a great business if you can find it.!

To understand option valuation models, it is helpful to think like an arbitrageur. The
arbitrageur seeks to exploit any pricing discrepancy between the option price and the under-
lying spot price. The arbitrageur is assumed to prefer more money compared with less money,
assuming everything else is the same. As mentioned earlier, there are two fundamental rules
for the arbitrageur.

Rule #1 Do not use your own money. Specifically, the arbitrageur does not use his or her
own money to acquire positions. Also, the arbitrageur does not spend proceeds
from short selling transactions on activities unrelated to the transaction at hand.

Rule #2 Do not take any price risk. The focus here is only on market price risk related
to the underlying and the derivatives used. We do not consider other risks, such
as liquidity risk and counterparty credit risk.

We will rely heavily on these two rules when developing option valuation models. Re-
member, these rules are general in nature, and as with many things in finance, there are
nuances.

In Exhibit 1, the two key dates are the option contract initiation date (identified as Time 0)
and the option contract expiration date (identified as Time T). Based on the no-arbitrage
approach, the option value from the initiation date onward will be estimated with an option
valuation model.

UThere is not a one-to-one correspondence between arbitrage and great investment opportunities. An
arbitrage is certainly a great investment opportunity because it produces a risk-free profit with no invest-
ment of capital, but all great investment opportunities are not arbitrage. For example, an opportunity
to invest €1 today in return for a 99% chance of receiving €1,000,000 tomorrow or a 1% chance of
receiving €0 might appear to be a truly great investment opportunity, but it is not arbitrage because it is
not risk free and requires the investment of capital.
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EXHIBIT 1  Illustration of Option Contract Initiation and Expiration

Contract Contract
Initiation Expiration
t=0 t=T

Let S, denote the underlying instrument price observed at Time t, where ¢ is expressed
as a fraction of a year. Similarly, St denotes the underlying instrument price observed at the
option expiration date, T. For example, suppose a call option had 90 days to expiration when
purchased (T = 90/365), but now only has 35 days to expiration (t = 55/365). Further, let c,
denote a European-style call price at Time t and with expiration on Date t =T, where both ¢
and T are expressed in years. Similarly, let C, denote an American-style call price. At the initia-
tion date, the subscripts are omitted, thus ¢ = ¢;. We follow similar notation with a put, using
the letter p, in place of c. Let X denote the exercise price.?

For example, suppose on 15 April a 90-day European-style call option contract with a 14 July
expiration is initiated with a call price of ¢ = €2.50 and T = 90/365 = 0.246575.

At expiration, the call and put values will be equal to their intrinsic value or exercise value.
These exercise values can be expressed as

cr = Max(0,S — X) and
pr=Max(0X — Sy),

respectively. If the option values deviate from these expressions, then there will be arbitrage
profits available. The option is expiring, there is no uncertainty remaining, and the price must
equal the market value obtained from exercising it or letting it expire.

Technically, European options do not have exercise values prior to expiration because
they cannot be exercised until expiration. Nonetheless, the notion of the value of the option
if it could be exercised, Max(0,S, — X) for a call and Max(0,X — S,) for a put, forms a basis
for understanding the notion that the value of an option declines with the passage of time.
Specifically, option values contain an element known as time value, which is just the market
valuation of the potential for higher exercise value relative to the potential for lower exercise
value. The time value is always non-negative because of the asymmetry of option payoffs at
expiration. For example, for a call, the upside is unlimited, whereas the downside is limited to
zero. At expiration, time value is zero.

Although option prices are influenced by a variety of factors, the underlying instrument has
a particularly significant influence. At this point, the underlying is assumed to be the only uncer-
tain factor affecting the option price. We now look in detail at the one-period binomial option
valuation model. The one-period binomial model is foundational for the material that follows.

3.1. One-Period Binomial Model

Exhibit 2 illustrates the one-period binomial process for an asset priced at S. In the figure on the
left, each dot represents a particular outcome at a particular point in time in the binomial lattice.
The dots are termed nodes. At the Time 0 node, there are only two possible future paths in the

2In financial markets, the exercise price is also commonly called the strike price.
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binomial process, an up move and a down move, termed arcs. The figure on the right illustrates the
undetlying price at each node. At Time 1, there are only two possible outcomes: S* denotes the out-
come when the underlying goes up, and S~ denotes the outcome when the underlying goes down.

EXHIBIT 2 One-Period Binomial Lattice with Underlying Distribution Illustrated

S+

Node

At Time 1, there are only two possible outcomes and two resulting values of the underly-
ing, S* (up occurs) and S~ (down occurs). Although the one-period binomial model is clearly
unrealistic, it will provide key insights into the more realistic multiperiod binomial as well as

the BSM model.
We further define the total returns implied by the underlying movements as

S+
u= 5 (up factor) and

d= < (down factor).

The up factors and down factors are the total returns; that is, one plus the rate of return. The
magnitudes of the up and down factors are based on the volatility of the underlying. In general,
higher volatility will result in higher up values and lower down values.

We briefly review option valuation within a one-period binomial tree. With this review,
we can move quickly to option valuation within a two-period binomial lattice by performing
the one-period exercise three times.

We consider the fair value of a two-period call option value measured at Time 1 when an
up move occurs, that is ¢*. Based on arbitrage forces, we know this option value at expiration
is either

¢ = Max(0,5t — X) = Max(0,u®S — X), or
¢t = Max(0,St — X) = Max(0,udS — X).

At this point, we assume that there are no costs or benefits from owning the underlying
instrument. Now consider the transactions illustrated in Exhibit 3. These transactions are pre-
sented as cash flows. Thus, if we write a call option, we receive money at Time Step 0 and may
have to pay out money at Time Step 1. Suppose the first trade is to write or sell one call option
within the single-period binomial model. The value of a call option is positively related to the
value of the underlying. That is, they both move up or down together. Hence, by writing a call
option, the trader will lose money if the underlying goes up and make money if the underlying
falls. Therefore, to execute a hedge, the trader will need a position that will make money if
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the underlying goes up. Thus, the second trade needs to be a long position in the underlying.
Specifically, the trader buys a certain number of units, h, of the underlying. The symbol h is
used because it represents a hedge ratio.

Note that with these first two trades, neither arbitrage rule is satisfied. The future cash flow
could be either —¢ + hS™ or —c* + hS* and can be positive or negative. Thus, the cash flows at
the Time Step 1 could result in the arbitrageur having to pay out money if one of these values
is less than zero. To resolve both of these issues, we set the Time Step 1 cash flows equal to each
other—that is, —c* + hS* = —¢~ + hS™—and solve for the appropriate hedge ratio:

_ ct—c

b= =20 (1)

We determine the hedge ratio such that we are indifferent to the underlying going up or
down. Thus, we are hedged against moves in the underlying. A simple rule for remembering
this formula is that the hedge ratio is the value of the call if the underlying goes up minus the
value of the call if the underlying goes down divided by the value of the underlying if it goes up
minus the value of the underlying if it goes down. The up and down patterns are the same in
the numerator and denominator, but the numerator contains the option and the denominator
contains the underlying.

Because call prices are positively related to changes in the underlying price, we know that h
is non-negative. As shown in Exhibit 3, we will buy h underlying units as depicted in the second
trade, and we will finance the present value of the net cash flows as depicted in the third trade. If
we assume r denotes the per period risk-free interest rate, then the present value calculation, de-
noted as PV, is equal to 1/(1 + r). We need to borrow or lend an amount such that the future net
cash flows are equal to zero. Therefore, we finance today the present value of ~hS™ + ¢~ which
also equals ~hS* + ¢*. At this point we do not know if the finance term is positive or negative,
thus we may be either borrowing or lending, which will depend on ¢, h, and S.

EXHIBIT 3  Writing One Call Hedge with h Units of the Underlying and Finance

Time Step 1 Time Step 1
Strategy Time Step 0 Down Occurs Up Occurs
1. Write one call option +C — —ct
2. Buy h underlying units —~hS +hS~ +hS*
3. Borrow or lend —PV(-hS +¢") —hS™+c —hS*t+c*

=-PV(-hS* + ¢
Net Cash Flow +c—hS 0 0
—PV(-hS + )

‘The value of the net portfolio at Time Step 0 should be zero or there is an arbitrage oppor-
tunity. If the net portfolio has positive value, then arbitrageurs will engage in this strategy, which
will push the call price down and the underlying price up until the net is no longer positive. We
assume the size of the borrowing will not influence interest rates. If the net portfolio has negative
value, then arbitrageurs will engage in the opposite strategy—buy calls, short sell the underlying,
and lend—pushing the call price up and the underlying price down until the net cash flow at
Time 0 is no longer positive. Therefore, within the single-period binomial model, we have

+c—hS-PV(-hS +¢) =0
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or, equivalently,
+c—hS = PV(=hS* + ¢") = 0.

Therefore, the no-arbitrage approach leads to the following single-period call option
valuation equation:

c=hS+PV(-hS +¢) ()

or, equivalently, ¢ = hS + PV(-hS* + ¢*). In words, long a call option is equal to owning h
shares of stock partially financed, where the financed amount is PV(~=hS™ + ¢”), or using the
per period rate, (-hS™+ ¢")/(1 +1).?

We will refer to Equation 2 as the no-arbitrage single-period binomial option valuation
model. This equation is foundational to understanding the two-period binomial as well as oth-
er option valuation models. The option can be replicated with the underlying and financing, a
point illustrated in the following example.

EXAMPLE 1 Long Call Option Replicated with Underlying and
Financing

Identify the trading strategy that will generate the payoffs of taking a long position in a
call option within a single-period binomial framework.

A. Buyh=(c"+c)/(S"+ S7) units of the underlying and financing of -PV(-hS™+¢")
B. Buy h=(c"—¢)/(S"=$") units of the underlying and financing of =PV (~hS™ + ¢")
C. Shortsellh=(c"—c)/(S* =) units of the underlying and financing of +PV(~hS™+¢")

Solution: B is correct. The following table shows the terminal payoffs to be identical
between a call option and buying the underlying with financing.

Time Step 1 Time Step 1
Strategy Time Step 0 Down Occurs Up Occurs
Buy 1 call option — +C +ct
OR A REPLICATING PORTFOLIO
Buy h underlying units -hS +hS~ +hS*
Borrow or lend —PV(-hS™+ <) —hS™+c —hS*t+c*

=-PV(-hS*+ ")

Net —hS = PV(=hS™ + ) +C +ct

Recall that by design, h is selected such that ~hS™+ ¢ =-hS"+ ¢t orh=(c* - ¢")/
(8T = §). Therefore, a call option can be replicated with the underlying and financing.
Specifically, the call option is equivalent to a leveraged position in the underlying.

3Or, by the same logic, PV(~hS" + c*), which is (<hS™+ ¢")/(1 + ).
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Thus, the no-arbitrage approach is a replicating strategy: A call option is synthetically repli-
cated with the underlying and financing. Following a similar strategy with puts, the no-arbitrage
approach leads to the following no-arbitrage single-period put option valuation equation:

p=hS+PV(-hS™+p) (3)

or, equivalently, p = hS + PV(-hS* + p*) where

h=L "P <
St _§ @

Because p* is less than p~, the hedge ratio is negative. Hence, to replicate a long put position,
the arbitrageur will short sell the underlying and lend a portion of the proceeds. Note that a
long put position would be replicated by trading h units of the underlying. With h negative,
this trade is a short sale, and because —h is positive, the value —hS results in a positive cash flow
at Time Step 0.

EXAMPLE 2 Long Put Option Replicated with Underlying and

Financing

Identify the trading strategy that will generate the payoffs of taking a long position in a
put option within a single-period binomial framework.

A. Short sell ~h = —(p™ — p)/(S* — S7) units of the underlying and financing of
—PV(-hS +p?)

B. Buy-h=(p"—p)/(S"—S") units of the underlying and financing of -PV(~hS™+p")

C. Shortsellh=(p*—p)/(S*—S") units of the underlying and financing of +PV(=hS™+p")

Solution: A is correct. Before illustrating the replicating portfolio, we make a few
observations regarding the hedge ratio. Note that by design, h is selected such that
-hS +p =-hS*+pTorh=(p*— p)/(S* - S). Unlike calls, the put hedge ratio is not
positive (note that p* < p~ but S* > §7). Remember that taking a position in —h units of
the underlying is actually short selling the underlying rather than buying it. The follow-
ing table shows the terminal payoffs to be identical between a put option and a position
in the underlying with financing.

Time Step 1 Time Step 1

Strategy Time Step 0 Down Occurs Up Occurs
Buy 1 Put Option -p +p- +p*
OR A REPLICATING PORTFOLIO

Short sell ~h Underlying Units -hS +hS™ +hS*
Borrow or Lend —PV(-hS™+p?) -hS +p~ ~hS*+p*

= _PV(-hS* + p*)
Net ~hS = PV(-hS™ +p") +p~ +p*
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Therefore, a put option can be replicated with the underlying and financing. Spe-
cifically, the put option is simply equivalent to a short position in the underlying with
financing in the form of lending.

What we have shown to this point is the no-arbitrage approach. Before turning to the
expectations approach, we mention, for the sake of completeness, that the transactions for
writing options are the reverse for those of buying them. Thus, for writing a call option, the
writer will be selling stock short and investing proceeds, whereas for a put, the writer will be
purchasing stock on margin. Once again, we see the powerful result that the same basic con-
ceptual structure is used for puts and calls, whether written or purchased. Only the exercise
and expiration conditions vary.

The no-arbitrage results that have been presented can be expressed as the present value of
a unique expectation of the option payoffs.* Specifically, the expectations approach results
in an identical value as the no-arbitrage approach, but it is usually easier to compute. The for-
mulas are viewed as follows:

c=PV[nc" + (1 —m)c] and (5)
p=PV[rnp*+ (1 -m)p7] (6)

where the probability of an up move is
n=[FV(1) —d]/(u-d)

Recall the future value is simply the reciprocal of the present value or FV(1) = 1/PV(1).
Thus, if PV(1) = 1/(1 + 1), then FV(1) = (1 + r). Note that the option values are simply the
present value of the expected terminal option payoffs. The expected terminal option payoffs
can be expressed as

E(c;) =mct+ (1 —m)c and
E(p) =mp*+ (1 -mp~
where c; and p; are the values of the options at Time 1. The present value and future value

calculations are based on the risk-free rate, denoted r.> Thus, the option values based on the
expectations approach can be written and remembered concisely as

c¢=PV,[E(c;)] and
p =PV,[E(p))]

4Tt takes a bit of algebra to move from the no-arbitrage expression to the present value of the expected
future payoffs, but the important point is that both expressions yield exactly the same result.

5We will suppress “r” most of the time and simply denote the calculation as PV. The “r” will be used at
times to reinforce that the present value calculation is based on the risk-free interest rate.
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The expectations approach to option valuation differs in two significant ways from the
discounted cash flow approach to securities valuation. First, the expectation is not based on
the investor’s beliefs regarding the future course of the underlying. That is, the probability, =,
is objectively determined and not based on the investor’s personal view. This probability has
taken several different names, including risk-neutral (RN) probability. Importantly, we did not
make any assumption regarding the arbitrageur’s risk preferences: The expectations approach
is a result of this arbitrage process, not an assumption regarding risk preferences. Hence, they
are called risk-neutral probabilities. Although we called them probabilities from the very start,
they are not the true probabilities of up and down moves.

Second, the discount rate is 7oz risk adjusted. The discount rate is simply based on the
estimated risk-free interest rate. The expectations approach here is often viewed as superior to
the discounted cash flow approach because both the subjective future expectation as well as the
subjective risk-adjusted discount rate have been replaced with more objective measures.

EXAMPLE 3  Single-Period Binomial Call Value

A non-dividend-paying stock is currently trading at €100. A call option has one year to
mature, the periodically compounded risk-free interest rate is 5.15%, and the exercise
price is €100. Assume a single-period binomial option valuation model, where u=1.35

and d = 0.74.

1. The optimal hedge ratio will be closest to:
A. 0.57.
B. 0.60.
C. 0.65.
2. 'The call option value will be closest to:
A. €13.
B. €15.
C. €17.

Solution to 1: A is correct. Given the information provided, we know the following:
S§*=uS=1.35(100) = 135
S§™=dS=0.74(100) = 74
ct = Max(0,uS — X) = Max(0,135 — 100) = 35
¢ = Max(0,dS — X) = Max(0,74 — 100) = 0

With this information, we can compute both the hedge ratio as well as the call option
value. The hedge ratio is:

he cf—c” 35-0

= =0.573770
St-§ 135-74
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Solution to 2: C is correct. The risk-neutral probability of an up move is
n=[FV(1) - d]/(u~d) =(1.0515 - 0.74)/(1.35 — 0.74) = 0.510656,

where FV(1) = (1 +r) = 1.0515.
Thus the call value by the expectations approach is

c=DPV[nc" + (1 —m)c] =0.951022[(0.510656)35 + (1 — 0.510656)0] = €16.998,

where PV(1) = 1/(1 + r) = 1/(1.0515) = 0.951022.
Note that the call value by the no-arbitrage approach yields the same answer:

c¢=hS +PV(-hS™ + ¢") =0.573770(100) + 0.951022[-0.573770(74) + 0]
=€16.998.

The value of a put option can also be found based on put—call parity. Put—call parity can
be remembered as simply two versions of portfolio insurance, long stock and long put or lend
and long call, where the exercise prices for the put and call are identical. Put—call parity with
symbols is

S+p=PVX) +¢ 7)

Put—call parity holds regardless of the particular valuation model being used. Depending
on the context, this equation can be rearranged. For example, a call option can be expressed as
a position in a stock, financing, and a put, or

c=S-PVX) +p

EXAMPLE 4  Single-Period Binomial Put Value

You again observe a €100 price for a non-dividend-paying stock with the same inputs
as the previous box. That is, the call option has one year to mature, the periodically
compounded risk-free interest rate is 5.15%, the exercise price is €100, u = 1.35, and
d = 0.74. The put option value will be closest to:

A. €12.00.
B. €12.10.
C. €12.20.

Solution: B is correct. For puts, we know the following:

p"=Max(0,100 — uS) = Max(0,100 — 135) = 0
p~=Max(0,100 — dS) = Max(0,100 — 74) = 26
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With this information, we can compute the put option value based on risk-neutral
probability from the previous example or [recall that PV(1) = 0.951022]

p=DPV[rp*+ (1 - mp] = 0.951022[(0.510656)0 + (1 — 0.510656)26] = €12.10

Therefore, in summary, option values can be expressed either in terms of replicating port-
folios or as the present value of the expected future cash flows. Both expressions yield the same
valuations.

3.2. Two-Period Binomial Model

The two-period binomial lattice can be viewed as three one-period binomial lattices, as illus-
trated in Exhibit 4. Clearly, if we understand the one-period model, then the process can be
repeated three times. First, we analyze Box 1 and Box 2. Finally, based on the results of Box 1
and Box 2, we analyze Box 3.

EXHIBIT 4 Two-Period Binomial Lattice as Three One-Period Binomial Lattices

ST
+
R
S =5
SNe| [+
.
S- 2
L B
o 1 2

At Time 2, there are only three values of the underlying, S** (an up move occurs twice),
S~ (a down move occurs twice), and St~ = S (either an up move occurs and then a down
move or a down move occurs and then an up move). For computational reasons, it is extremely
helpful that the lattice recombines—that is, S*~ = S, meaning that if the underlying goes up
and then down, it ends up at the same price as if it goes down and then up. A recombining bi-
nomial lattice will always have just one more ending node in the final period than the number
of time steps. In contrast, a non-recombining lattice of n time steps will have 2" ending nodes,
which poses a tremendous computational challenge even for powerful computers.

For our purposes here, we assume the up and down factors are constant throughout the
lattice, ensuring that the lattice recombines—that is S~ = S™. For example, assume u = 1.25,
d=0.8, and Sy =100. Note that S*~=1.25(0.8)100 = 100 and S~ = 0.8(1.25)100 = 100. So
the middle node at Time 2 is 100 and can be reached from either of two paths.

The two-period binomial option valuation model illustrates two important concepts,
self-financing and dynamic replication. Self-financing implies that the replicating portfolio
will not require any additional funds from the arbitrageur during the life of this dynami-
cally rebalanced portfolio. If additional funds are needed, then they are financed externally.
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Dynamic replication means that the payoffs from the option can be exactly replicated through
a planned trading strategy. Option valuation relies on self-financing, dynamic replication.

Mathematically, the no-arbitrage approach for the two-period binomial model is best
understood as working backward through the binomial tree. At Time 2, the payoffs are driven
by the option’s exercise value.

For calls:
¢ = Max(0,5* — X) = Max(0,u®S — X),
¢t =Max(0,S* — X) = Max(0,udS — X), and
¢~ =Max(0,S"~ = X) = Max(0,d*S — X)

For puts:

p™ = Max(0,X — $*) = Max(0,X — u?S),
p™ =Max(0,X — §*7) = Max(0,X — udS), and
p~~=Max(0,X — S~7) = Max(0,X — d*S)

AtTime 1, the option values are driven by the arbitrage transactions that synthetically rep-
licate the payoffs at Time 2. We can compute the option values at Time 1 based on the option
values at Time 2 using the no-arbitrage approach based on Equations 1 and 2. At Time 0, the
option values are driven by the arbitrage transactions that synthetically replicate the value of
the options at Time 1 (again based on Equations 1 and 2).

We illustrate the no-arbitrage approach for solving the two-period binomial call value.
Suppose the annual interest rate is 3%, the underlying stock is S=72, u=1.356, d =0.541, and
the exercise price is X = 75. The stock does not pay dividends. Exhibit 5 illustrates the results.

EXHIBIT 5  Two-Period Binomial Tree with Call Values and Hedge Ratios
Item Value
Underlying 132.389
ftem Value Call 57389
Underlying 97.632
Call 33.43048
Item Value Hedge Ratio 0.72124
Item Value
Underlying 72
Underlying 52.81891
Call 19.47407
It Val Call 0
Hedge Ratio 0.56971 em alue
Underlying 38.952
Item Value
Call 0
Underlying 21.07303
Hedge Ratio 0
Call 0

We now verify selected values reported in Exhibit 5. At Time Step 2 and assuming up oc-

curs twice, the underlying stock value is u?S = (1.356)?72 = 132.389, and hence, the call value is
57.389 [= Max(0,132.389 — 75)]. The hedge ratio at Time Step 1, assuming up occurs once, is

ctt—ct

_ __ 57.389-0
S-S 132.389-52.819

+

=0.72124
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The RN probability of an up move throughout this tree is
= [FV(1) —d]/(u—d) = (1.03 — 0.541)/(1.356 — 0.541) = 0.6
With this information, we can compute the call price at Time 1 when an up move occurs as
c=PV[rnc™ + (1 —m)c™] =(1/1.03)[(0.6)57.389 + (1 — 0.6)0] = 33.43048
and at Time Step 0,

¢t —c  33.43048-0

h= =
St—S"  97.632-38.952

=0.56971

Thus, the call price at the start is
c=PV[rc" + (1 - m)c] = (1/1.03)[(0.6)33.43048 + (1 — 0.6)0] = 19.47

From the no-arbitrage approach, the call payoffs can be replicated by purchasing h shares
of the underlying and financing —PV(~hS™ + ¢"). Therefore, we purchase 0.56971 shares
of stock for 41.019 [= 0.56971(72)] and borrow 21.545 {or in cash flow terms, —21.545 =
(1/1.03)[-0.56971(38.952) + 0]}, replicating the call values at Time 1. We then illustrate
Time 1 assuming that an up move occurs. The stock position will now be worth 55.622
[=0.56971(97.632)], and the borrowing must be repaid with interestor 22.191 [=1.03(21.545)].
Note that the portfolio is worth 33.431 (55.622 — 22.191), the same value as the call except
for a small rounding error. Therefore, the portfolio of stock and the financing dynamically
replicates the value of the call option.

The final task is to demonstrate that the portfolio is self-financing. Self-financing can be
shown by observing that the new portfolio at Time 1, assuming an up move occurs, is equal
to the old portfolio that was formed at Time 0 and liquidated at Time 1. Notice that the
hedge ratio rose from 0.56971 to 0.72124 as we moved from Time 0 to Time 1, assuming
an up move occurs, requiring the purchase of additional shares. These additional shares will
be financed with additional borrowing. The total borrowing is 36.98554 {= —-PV(-hS*™ +
) =—(1/1.03)[-0.72124(52.81891) +0]}. The borrowing at Time 0 that is due at Time 1
is 22.191. The funds borrowed at Time 1 grew to 36.98554. Therefore, the strategy is self-
financing.

The two-period binomial model can also be represented as the present value of an expec-
tation of future cash flows. Based on the one-period results, it follows by repeated substitutions
that

c=DPV[r’c™ + 2n(1 — m)c™ + (1 — m)*c ] 8)
and
p=PV[r}p™+2n(1 —m)p™ + (1 —m)%p ] )

Therefore, the two-period binomial model is again simply the present value of the expected
future cash flows based on the RN probability. Again, the option values are simply the present
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value of the expected terminal option payoffs. The expected terminal option payoffs can be
expressed as

E(c) =™+ 2n(l — m)c™ + (1 — )%~
and
E(p,) =m’p* +2n(1 —m)p™+ (1 —m)?p

Thus, the two-period binomial option values based on the expectations approach can be writ-
ten and remembered concisely as

c=PV,[En(c,)] and
p =PV{[En(p,)]
It is vital to remember that this present value is over two periods, so the discount factor

with discrete rates is PV = [1/(1 + r)?]. Recall the subscript “r” just emphasizes the present value
calculation and is based on the risk-free interest rate.

EXAMPLE 5 Two-Period Binomial Model Call Valuation

You observe a €50 price for a non-dividend-paying stock. The call option has
two years to mature, the periodically compounded risk-free interest rate is 5%,
the exercise price is €50, u = 1.356, and d = 0.744. Assume the call option is
European-style.

1. The probability of an up move based on the risk-neutral probability is closest to:
A. 30%.
B. 40%.
C. 50%.

2. 'The current call option value is closest to:
A. €9.53.
B. €9.71.
C. €9.87.

3. 'The current put option value is closest to:
A. €5.06.
B. €5.33.
C. €5.94.

Solution to 1: C is correct. Based on the RN probability equation, we have:

n=[FV(1) —d]/(u—d) =[(1 +0.05) — 0.744]/(1.356 — 0.744) = 0.5 or 50%
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Solution to 2: B is correct. The current call option value calculations are as follows:

¢ = Max(0,u®S — X) = Max[0,1.356%(50) — 50] = 41.9368
¢ =c" = Max(0,udS — X) = Max[0,1.356(0.744)(50) — 50] = 0.44320
¢~ =Max(0,d*S — X) = Max[0,0.744*(50) — 50] = 0.0

With this information, we can compute the call option value:

c=PV[E(c,)] = PV[r*cH + 2r(1 — )™+ (1 — m)*c ]
= [1/(1 + 0.05)]%[0.5%41.9368 + 2(0.5)(1 — 0.5)0.44320 + (1 — 0.5)%0.0]
=9.71

It is vital to remember that the present value is over two periods, hence the
single-period PV is squared. Thus, the current call price is €9.71.

Solution to 3: A is correct. The put option value can be computed simply by applying
put—call parity or p=c+PV(X) = S=9.71 + [1/(1 + 0.05)]*50 — 50 = 5.06. Thus, the
current put price is €5.006.

We now turn to consider American-style options. It is well-known that non-dividend-
paying call options on stock will not be exercised early because the minimum price of the
option exceeds its exercise value. To illustrate by example, consider a call on a US$100 stock,
with an exercise price of US$10 (that is, very deep in the money). Suppose the call is worth
its exercise value of only US$90. To get stock exposure, one could fund and pay US$100 to
buy the stock, or fund and pay only US$90 for the call and pay the last US$10 at expiration
only if the stock is at or above US$100 at that time. Because the latter choice is preferable, the
call must be worth more than the US$90 exercise value. Another way of looking at it is that
it would make no sense to exercise this call because you do not believe the stock can go any
higher and you would thus simply be obtaining a stock that you believe would go no higher.
Moreover, the stock would require that you pay far more money than you have tied up in the
call. It is always better to just sell the call in this situation because it will be trading for more
than the exercise value.

The same is not true for put options. By early exercise of a put, particularly a deep in-the-
money put, the sale proceeds can be invested at the risk-free rate and earn interest worth more
than the time value of the put. Thus, we will examine how early exercise influences the value
of an American-style put option. As we will see, when early exercise has value, the no-arbitrage
approach is the only way to value American-style options.

Suppose the periodically compounded interest rate is 3%, the non-dividend-paying un-
derlying stock is currently trading at 72, the exercise price is 75, u = 1.356, d = 0.541, and the
put option expires in two years. Exhibit 6 shows the results for a European-style put option.



194 Derivatives
EXHIBIT 6  Two-Period Binomial Model for a European-Style Put Option
Item Value
Underlying 132.389
Item Value Put 0
Underlying 97.632
Put 8.61401
Item Value Hedge Ratio —0.27876
Item Value
Underlying 72
Underlying 52.81891
Put 18.16876
Item Value Put 22.18109
Hedge Ratio -0.43029
Underlying 38.952
Item Value
Put 33.86353
Underlying 21.07303
Hedge Ratio -1
Put 53.92697

The Time 1 down move is of particular interest. The exercise value for this put option is 36.048
[= Max(0,75 — 38.952)]. Therefore, the exercise value is higher than the put value. So, if this same
option were American-style, then the option would be worth more exercised than not exercised.
Thus, the put option should be exercised. Exhibit 7 illustrates how the analysis changes if this put
option were American-style. Clearly, the right to exercise early translates into a higher value.

EXHIBIT 7  Two-Period Binomial Model for an American-Style Put Option

Item Value
Underlying 97.632
Put 8.61401
Item Value Hedge Ratio —-0.27876
Underlying 72
Put 1816876
19.01710 Item Value
ati -6-43029 Underlyin 38.952
Hedge Ratio 046752 ying
Put .
36.04800
Hedge Ratio -1

Item Value
Underlying 132.389
Put 0
Item Value
Underlying 52.81891
Put 22.18109
Item Value
Underlying 21.07303
Put 53.92697

American-style option valuation requires that one work backward through the binomial
tree and address whether early exercise is optimal at each step. In Exhibit 7, the early exercise
premium at Time 1 when a down move occurs is 2.18447 (36.048 — 33.86353). Also, if we
replace 33.86353 with 36.048—in bold below for emphasis—in the Time 0 calculation, we
obtain a put value of

p=DPV[rp*+ (1 —m)p] = (1/1.03)[(0.6)8.61401 + (1 — 0.6)36.048] = 19.02
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Thus, the early exercise premium at Time 0 is 0.85 (19.02 — 18.17). From this illustration,
we see clearly that in a multiperiod setting, American-style put options cannot be valued
simply as the present value of the expected future option payouts, as shown in Equation 9.
American-style put options can be valued as the present value of the expected future option
payout in a single-period setting. Hence, when early exercise is a consideration, we must
address the possibility of early exercise as we work backward through the binomial tree.

EXAMPLE 6 Two-Period Binomial American-Style Put Option
Valuation

Suppose you are given the following information: Sy = 26, X =25, u=1.466, d = 0.656,
n =2 (time steps), r = 2.05% (per period), and no dividends. The tree is provided in

Exhibit 8.

EXHIBIT 8  Two-Period Binomial American-Style Put Option
Item Value
Underlying 55.87806
Item Value Put 0
Underlying 38.116
Put 0
Item Value Hedge Ratio 0
Item Value
Underlying 26
Underlying 25.00410
Put 4.01174
Put 0
Hedge Ratio 035345 [tem Value
Underlying 17.056
Item Value
Put 7.44360
Underlying 11.18874
Hedge Ratio —0.99970
Put 13.81126

The early exercise premium of the above American-style put option is closest to:

A. 0.27.
B. 0.30.
C. 0.35.

Solution: A is correct. The exercise value at Time 1 with a down move is 7.944
[= Max(0,25 — 17.056)]. Thus, we replace this value in the binomial tree and compute
the hedge ratio at Time 0. The resulting put option value at Time 0 is thus 4.28143
(see Exhibit 9).




196 Derivatives

EXHIBIT 9  Solution

Item Value
Underlying 55.87806
Item Value Put 0
Underlying 38.116
Put 0
Item Value Hedge Ratio 0
Item Value
Underlying 26
Underlying 25.00410
Put B
4.28143 Ttem Value Put 0
Hedge Ratio § Underlying 17.056
i -037721 Item Value
Put 44360
" 7.94400 Underlying 11.18874
Hedge Ratio -0.99970 Put 13.81126

In Exhibit 9, the early exercise premium at Time 1 when a down move occurs is
0.5004 (7.944 — 7.44360). Thus, if we replace 7.44360 with 7.944—in bold below for

emphasis—in the Time 0 calculation, we have the put value of

p=PV[rp® + (1 —m)p7] = (1/1.0205)[(0.45)0 + (1 — 0.45)7.944] = 4.28

Thus, the early exercise premium at Time 0 when a down move occurs is 0.27
(=4.28 - 4.01).

We now briefly introduce the role of dividend payments within the binomial model.
Our approach here is known as the escrow method. Because dividends lower the value of the
stock, a call option holder is hurt. Although it is possible to adjust the option terms to offset
this effect, most option contracts do not provide protection against dividends. Thus, dividends
affect the value of an option. We assume dividends are perfectly predictable; hence, we split the
underlying instrument into two components: the underlying instrument without the known
dividends and the known dividends. For example, the current value of the underlying instru-
ment without dividends can be expressed as

§=S—y

where Y denotes the present value of dividend payments. We use the  symbol to denote the
underlying instrument without dividends. In this case, we model the uncertainty of the stock
based on S and not S. At expiration, the underlying instrument value is the same, St =S,
because we assume any dividends have already been paid. The value of an investment in the
stock, however, would be St + ¥y, which assumes the dividend payments are reinvested at the
risk-free rate.

To illustrate by example, consider a call on a US$100 stock with exercise price of US$95.
The periodically compounded interest rate is 1.0%, the stock will pay a US$3 dividend at
Time Step 1, u=1.224, d = 0.796, and the call option expires in two years. Exhibit 10 shows
some results for an American-style call option. The computations in Exhibit 10 involve several



Chapter 4 Valuation of Contingent Claims 197

technical nuances that are beyond the scope of our objectives. The key objective here is to see
how dividend-motivated early exercise influences American options.

The Time 1 up move is particularly interesting. At Time 0, the present value of the US$3
dividend payment is US$2.970297 (= 3/1.01). Therefore, 118.7644 = (100 —2.970297)1.224
is the stock value without dividends at Time 1, assuming an up move occurs. The exercise value
for this call option, including dividends, is 26.7644 [= Max(0,118.7644 + 3 — 95)], whereas
the value of the call option per the binomial model is 24.9344. In other words, the stock price
just before it goes ex-dividend is 118.7644 + 3 = 121.7644, so the option can be exercised for
121.7644 — 95 = 26.7644. If not exercised, the stock drops as it goes ex-dividend and the op-
tion becomes worth 24.9344 at the ex-dividend price. Thus, by exercising early, the call buyer
acquires the stock just before it goes ex-dividend and thus is able to capture the dividend. If
the call is not exercised, the call buyer will not receive this dividend. The American-style call
option is worth more than the European-style call option because at Time Step 1 when an up
move occurs, the call is exercised early, capturing additional value.

EXHIBIT 10  Two-Period Binomial Model for an American-Style Call Option with Dividends

Item Value
Underlying 145.3676
Item Value Call 50.3676
Underlying 118.7644
, 249344
Call 267644
Item Value
Hedge Ratio 0.9909 Ttem Value
Underlying 100
Underlying 94.5364
Rele Nl
Call 13.2497 Item Value Call 0
o Rati —0:6004 Underlyin 77.2356
Hedge Ratio 0.6445 yme Item Value
Call 0
a Underlying 61.4796
Hedge Ratio 0
Call 0

We now provide a comprehensive binomial option valuation example. In this example, we
contrast European-style exercise with American-style exercise.

EXAMPLE 7 Comprehensive Two-Period Binomial Option Valuation
Model Exercise

Suppose you observe a non-dividend-paying Australian equity trading for A$7.35. The
call and put options have two years to mature, the periodically compounded risk-free
interest rate is 4.35%, and the exercise price is A$8.0. Based on an analysis of this equity,
the estimates for the up and down moves are u = 1.445 and d = 0.715, respectively.

1. Calculate the European-style call and put option values at Time Step 0 and Time

Step 1. Describe and interpret your results.
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2. Calculate the European-style call and put option hedge ratios at Time Step 0 and
Time Step 1. Based on these hedge ratios, interpret the component terms of the
binomial option valuation model.

3. Calculate the American-style call and put option values and hedge ratios at Time
Step 0 and Time Step 1. Explain how your results differ from the European-style
results.

Solution ro 1: The expectations approach requires the following preliminary calculations:

RN probability: © = [FV(1) — d]/(u - d)
=[(1 +0.0435) — 0.715]/(1.445 — 0.715) = 0.45
= Max(0,u®S — X)
= Max[0,1.445%(7.35) — 8.0] = 7.347
~ = Max(0,udS — X)
= Max[0,1.445(0.715)7.35 - 8.0] = 0
~~ = Max(0,d%S — X)
= Max[0,0.715%(7.35) — 8.0] =0
p™ = Max(0,X — u?S)
= Max[0,8.0 — 1.445%(7.35)] = 0
p™ =Max(0,X — udS)
= Max[0,8.0 — 1.445(0.715)7.35] = 0.406
p~~=Max(0,X — d*S)
= Max[0,8.0 — 0.715%(7.35)] = 4.24

Therefore, at Time Step 1, we have (note that Cz‘ T is read as the call value expiring at
Time Step 2 observed at Time Step 1, assuming an up move occurs)

E(c,| 1) =me™ + (1 - m)c™ = 0.45(7.347) + (1 - 0.45)0 = 3.31

(C2|

) =
( o F ) =7p* + (1 — m)p*™ = 0.45(0.0) + (1 — 0.45)0.406 = 0.2233
i) =

E(p,|

Thus, because PV »(1) = 1/(1 + 0.0435) = 0.958313, we have the Time Step 1 option

values of

=7nc "+ (1 —m)c ~=0.45(0.0) + (1 — 0.45)0.0 = 0.0

=mp~+ (1 - mp~~ = 0.45(0.406) + (1 — 0.45)4.24 = 2.51

0.958313(3.31) =3.17

=0.958313(0.0) =

0.958313(2.51) =2.41

(2l 1)] =
(<2l 7)]

E(p,| )] =0.958313(0.2233) = 0.214
(b1 7)]
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At Time Step 0, we have
E(cy| o) = 7™ + 211 = M)+ (1 - )%~
=0.45%(7.347) + 2(0.45)(1 — 0.45)0 + (1 — 0.45)%0 = 1.488
E(p2| 0) =mp+2n(1 —mpt+ (1 —n)’p
= 0.45%(0) +2(0.45)(1 — 0.45)0.406 + (1 — 0.45)%4.24 = 1.484

= Pvrﬁo,z[E(cz| 0)] =0.91836(1.488) = 1.37 and
p= Pvrm,z[E(pz\ 0)] =0.91836(1.484) = 1.36

With the two-period binomial model, the call and put values based on the ex-
pectations approach are simply the present values of the expected payoffs. The present
value of the expected payoffs is based on the risk-free interest rate and the expectations
approach is based on the risk-neutral probability. The parameters in this example were
selected so that the European-style put and call would have approximately the same val-
ue. Notice that the stock price is less than the exercise price by roughly the present value
factor or 7.35 = 8.0/1.0435%. One intuitive explanation is put—call parity, which can be
expressed as ¢ — p = S — PV(X). Thus, if S = PV(X), then ¢ = p.

Solution to 2: The computation of the hedge ratios at Time Step 1 and Time Step 0 will
require the option values at Time Step 1 and Time Step 2. The terminal values of the
options are given in Solution 1.

ST =u?S = 1.445%(7.35) = 15.347
St =udS = 1.445(0.715)7.35 = 7.594
S =d?S=0.715%7.35) = 3.758
S*=uS = 1.445(7.35) = 10.621
S~ =dS=0.715(7.35) = 5.255

Therefore, the hedge ratios at Time 1 are

o CT o 7.347-0.0

*= = =0.9476
ST —ST  15.347-7.594
__ ¢ =c~ _ 00-00
¢ S§t-ST 7.594-3758
++ _ _
proB TP 00-0406 _ 0553,

PSS 15.347—7.594

__p-p _ 0406-4.24 ——10
PSS+ -8~ 7.594-3.758
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In the last hedge ratio calculation, both put options are in the money (p™ and
p~ 7). In this case, the hedge ratio will be —1, subject to a rounding error. We now turn
to interpreting the model’s component terms. Based on the no-arbitrage approach, we
have for the call price, assuming an up move has occurred, at Time Step 1,

CJr = 1’1-::—5+ + Pvl’z (_hts-‘— + C+_)
=0.9476(10.621) + (1/1.0435)[-0.9476(7.594) + 0.0] = 3.1684

Thus, the call option can be interpreted as a leveraged position in the stock. Specifically,
long 0.9476 shares for a cost of 10.0645 [= 0.9476(10.621)] partially financed with a
6.8961 {= (1/1.0435)[-0.9476(7.594) + 0.0]} loan. Note that the loan amount can
be found simply as the cost of the position in shares less the option value [6.8961 =
0.9476(10.621) — 3.1684]. Similarly, we have

¢ =hS§ * PV, (—hZS_ + c“)
=0.0(5.255) + (1/1.0435)[-0.0(3.758) + 0.0] = 0.0

Specifically, long 0.0 shares for a cost of 0.0 [= 0.0(5.255)] with no financing. For put
options, the interpretation is different. Specifically, we have

P"=PVis(-hiS+p) + hist
= (1/1.0435)[-(-0.05237)15.347 + 0.0] + (-0.05237)10.621 = 0.2140

Thus, the put option can be interpreted as lending that is partially financed with a
short position in shares. Specifically, short 0.05237 shares for a cost of 0.55622
[= (-0.05237)10.621] with financing of 0.77022 {= (1/1.0435)[-(-0.05237)15.347 +
0.0]}. Note that the lending amount can be found simply as the proceeds from the short
sale of shares plus the option value [0.77022 = (0.05237)10.621 + 0.2140]. Again, we
have

p =PV, (—h;s—+ + p—+) +hoS”
= (1/1.0435)[~(=1.0)7.594 + 0.406] + (-1.0)5.255 = 2.4115

Here, we short 1.0 shares for a cost of 5.255 [= (—1.0)5.255] with financing of 7.6665
{=(1/1.0435)[-(~1.0)7.594 + 0.406]}. Again, the lending amount can be found simply
as the proceeds from the short sale of shares plus the option value [7.6665 = (1.0)5.255 +
2.4115].

Finally, we have at Time Step 0

_C+—C__ 3.1684—-0
¢ §T-S 10.621-5.255

h =0.5905

+ o _
P il _0.2140 2.4115=_0.4095
P§t—S  10.621-5.255
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The interpretations remain the same at Time Step 0:

c= hcs + PVO,l(_hCS_ + C_)
=0.5905(7.35) + (1/1.0435)[-0.5905(5.255) + 0.0] = 1.37

Here, we are long 0.5905 shares for a cost of 4.3402 [=0.5905(7.35)] partially financed
with a 2.97 {=(1/1.0435)[-0.5905(5.255) + 0.0] or = 0.5905(7.35) — 1.37} loan.

p =PV (-h,S"+p") +h,S
= (1/1.0435){-[-0.4095(10.621)] + 0.214} + (-0.4095)7.35 = 1.36

Here, we short 0.4095 shares for a cost of 3.01 [= (-0.4095)7.35] with financing of 4.37
(= (1/1.0435){~[-0.4095(10.621)] + 0.214} or = (0.4095)7.35 + 1.36).

Solution to 3: We know that American-style call options on non-dividend-paying stocks
are worth the same as European-style call options because early exercise will not occur.
Thus, as previously computed, ¢t =3.17, ¢~ = 0.0, and c = 1.37. Recall that the call ex-
ercise value (denoted with EV) is simply the maximum of zero or the stock price minus
the exercise price. We note that the EVs are less than or equal to the call model values;
that is,

chy = Max(0,S* — X) = Max(0,10.621 — 8.0) = 2.621 (< 3.1684)
gy = Max(0,S™ = X) = Max(0,5.255 — 8.0) = 0.0 (= 0.0)
cpy = Max(0,S — X) = Max(0,7.35 — 8.0) = 0.0 (< 1.37)

Therefore, the American-style feature for non-dividend-paying stocks has no effect on
either the hedge ratio or the option value. The binomial model for American-style calls
on non-dividend-paying stocks can be described and interpreted the same as a similar
European-style call. This point is consistent with what we said earlier. If there are no
dividends, an American-style call will not be exercised early.

This result is not true for puts. We know that American-style put options on
non-dividend-paying stocks may be worth more than the analogous European-style put
options. The hedge ratios at Time Step 1 will be the same as European-style puts because
there is only one period left. Therefore, as previously shown, p™ = 0.214 and p~ = 2.41.

The put exercise values are

pty = Max(0,X — $%) = Max(0,8.0 — 10.621) = 0 (< 0.214)
Prv = Max(0,X — §7) = Max(0,8.0 — 5.255) = 2.745 (> 2.41)
Because the exercise value for the put at Time Step 1, assuming a down move occurred,

is greater than the model value, we replace the model value with the exercise value.
Hence,

p~=2.745
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and the hedge ratio at Time Step 0 will be affected. Specifically, we now have

_ pr—p” _ 0.2140—-2.745 _

h
P§t—§ 10.621-5.255

-0.4717

and thus the put model value is

p=1(1/1.0435)[0.45(0.214) + 0.55(2.745)] = 1.54

Clearly, the early exercise feature has a significant impact on both the hedge ratio and
the put option value in this case. The hedge ratio goes from —0.4095 to —0.4717. The
put value is raised from 1.36 to 1.54.

We see through the simple two-period binomial model that an option can be viewed as a
position in the underlying with financing. Furthermore, this valuation model can be expressed
as the present value of the expected future cash flows, where the expectation is taken under the
RN probability and the discounting is at the risk-free rate.

Up to this point, we have focused on equity options. The binomial model can be applied
to any underlying instrument though often requiring some modifications. For example, cur-
rency options would require incorporating the foreign interest rate. Futures options would re-
quire a binomial lattice of the futures prices. Interest rate options, however, require somewhat
different tools that we now examine.

3.3. Interest Rate Options

In this section, we will briefly illustrate how to value interest rate options. There are a wide
variety of approaches to valuing interest rate options. We do not delve into how arbitrage-free
interest rate trees are generated. The particular approach used here assumes the RN probability
of an up move at each node is 50%.

Exhibit 11 presents a binomial lattice of interest rates covering two years along with the
corresponding zero-coupon bond values. The rates are expressed in annual compounding.
Therefore, at Time 0, the spot rate is (1.0/0.970446) — 1 or 3.04540%.° Note that at Time 1,
the value in the column labeled “Maturity” reflects time to maturity not calendar time. The
lattice shows the rates on one-period bonds, so all bonds have a maturity of 1. The column
labeled “Value” is the value of a zero-coupon bond with the stated maturity based on the rates

provided.

The values in the first box from the left are observed at t = 0. The values in the remainder of the lattice
are derived by using a technique that is outside the scope of this reading.
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EXHIBIT 11 Two-Year Binomial Interest Rate Lattice by Year
Maturity Value Rate
. 1 0.961810 | 3.9706
Maturity Value Rate
1 0.962386 | 3.9084
Maturity Value Rate Maturity Value Rate
1 0.970446 | 3.0454 1 0.968484 | 3.2542
Maturity Value Rate
1 0.974627 2.6034
Maturity Value Rate
1 0.977906 2.2593
0 1 2

The underlying instrument for interest rate options here is the spot rate. A call option on

interest rates will be in the money when the current spot rate is above the exercise rate. A put

option on interest rates will be in the money when the current spot rate is below the exercise

rate. Thus, based on the notation in the previous section, the current spot rate is denoted S.
Option valuation follows the expectations approach discussed in the previous section but taken
only one period at a time. The procedure is illustrated with an example.

EXAMPLE 8 Option on Interest Rates

cash settle at Time 2 based on the observed rates.

(per US$1) at Time Step 2

p = Max(0,X — §7*) = Max[0,0.0325 — 0.039706]
p™ =Max(0,X — §7) = Max[0,0.0325 — 0.032542]

This example is based on Exhibit 11. Suppose we seek to value two-year European-style
call and put options on the periodically compounded one-year spot interest rate (the un-
derlying). Assume the notional amount of the options is US$1,000,000 and the call and
put exercise rate is 3.25% of par. Assume the RN probability is 50% and these options

Solution: Using the expectations approach introduced in the last section, we have

¢ = Max(0,5 — X) = Max[0,0.039706 — 0.0325] = 0.007206
¢ =Max(0,5 — X) = Max[0,0.032542 — 0.0325] = 0.000042
¢~ =Max(0,S"~ = X) = Max[0,0.022593 — 0.0325] = 0.0

=0.0
=0.0
p~~ =Max(0,X — §”7) = Max[0,0.0325 — 0.022593] = 0.009907
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At Time Step 1, we have

c" =PV ,[nc™ + (1 — m)c™]
=0.962386[0.5(0.007206) + (1 — 0.5)0.000042]
=0.003488

¢ =PV,[nc™ + (1 —m)c ]
=0.974627[0.5(0.000042) + (1 — 0.5)0.0]
=0.00002

p" =PV, mp™ + (1 —m)p*]
=0.962386[0.5(0.0) + (1 — 0.5)0.0]
=0.0

p =PVi,[mp™ + (1 -m)p ]
=0.974627[0.5(0.0) + (1 — 0.5)0.009907]
=10.004828

Notice how the present value factors are different for the up and down moves. At Time
Step 1 in the + outcome, we discount by a factor of 0.962386, and in the — outcome,
we discount by the factor 0.974627. Because this is an option on interest rates, it should
not be surprising that we have to allow the interest rate to vary.

Therefore, at Time Step 0, we have

c =PV [nct + (1 — m)c]
=0.970446[0.5(0.003488) + (1 — 0.5)0.00002]
=0.00170216

p=PVioalnp+ (1 —m)p7]
=0.970446[0.5(0.0) + (1 — 0.5)0.004828]
=0.00234266

Because the notional amount is US$1,000,000, the call value is US$1,702.16
[= US$1,000,000(0.00170216)] and the put value is US$2,342.66 [=
US$1,000,000(0.00234266)]. The key insight is to just work a two-period binomial
model as three one-period binomial models.

We turn now to briefly generalize the binomial model as it leads naturally to the
Black—Scholes—Merton option valuation model.

3.4. Multiperiod Model

The multiperiod binomial model provides a natural bridge to the Black-Scholes—Merton op-
tion valuation model presented in the next section. The idea is to take the option’s expiration
and slice it up into smaller and smaller periods. The two-period model divides the expiration
into two periods. The three-period model divides expiration into three periods and so forth.
The process continues until you have a large number of time steps. The key feature is that each
time step is of equal length. Thus, with a maturity of T, if there are n time steps, then each time
step is T/n in length.
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For American-style options, we must also test at each node whether the option is worth
more exercised or not exercised. As in the two-period case, we work backward through the
binomial tree testing the model value against the exercise value and always choosing the
higher one.

The binomial model is an important and useful methodology for valuing options. The
expectations approach can be applied to European-style options and will lead naturally to the
BSM model in the next section. This approach simply values the option as the present value of
the expected future payoffs, where the expectation is taken under the risk-neutral probability
and the discounting is based on the risk-free rate. The no-arbitrage approach can be applied to
either European-style or American-style options because it provides the intuition for the fair
value of options.

4. BLACK-SCHOLES—-MERTON OPTION VALUATION MODEL

The BSM model, although very complex in its derivation, is rather simple to use and interpret.
The objective here is to illustrate several facets of the BSM model with the objective of high-
lighting its practical usefulness. After a brief introduction, we examine the assumptions of the
BSM model and then delve into the model itself.

4.1. Introductory Material

Louis Bachelier published the first known mathematically rigorous option valuation model
in 1900. By the late 1960s, there were several published quantitative option models. Fischer
Black, Myron Scholes, and Robert Merton introduced the BSM model in 1973 in two pub-
lished papers, one by Black and Scholes and the other by Merton. The innovation of the BSM
model is essentially the no-arbitrage approach introduced in the previous section but applied
with a continuous time process, which is equivalent to a binomial model in which the length
of the time step essentially approaches zero. It is also consistent with the basic statistical fact
that the binomial process with a “large” number of steps converges to the standard normal
distribution. Myron Scholes and Robert Merton won the 1997 Nobel Prize in Economics
based, in part, on their work related to the BSM model.” Let us now examine the BSM model
assumptions.

4.2. Assumptions of the BSM Model

The key assumption for option valuation models is how to model the random nature of the
underlying instrument. This characteristic of how an asset evolves randomly is called a sto-
chastic process. Many financial instruments enjoy limited liability; hence, the values of in-
struments cannot be negative, but they certainly can be zero. In 1900, Bachelier proposed the
normal distribution. The key advantages of the normal distribution are that zero is possible,
meaning that bankruptcy is allowable, it is symmetric, it is relatively easy to manipulate, and
it is additive (which means that sums of normal distributions are normally distributed). The
key disadvantage is that negative stock values are theoretically possible, which violates the
limited liability principal of stock ownership. Based on research on stock prices in the 1950s

7Fischer Black passed away in 1995 and the Nobel Prize is not awarded posthumously.
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and 1960s, a preference emerged for the lognormal distribution, which means that log returns
are distributed normally. Black, Scholes, and Merton chose to use the lognormal distribution.

Recall that the no-arbitrage approach requires self-financing and dynamic replication; we
need more than just an assumption regarding the terminal distribution of the underlying in-
strument. We need to model the value of the instrument as it evolves over time, which is what
we mean by a stochastic process. The stochastic process chosen by Black, Scholes, and Merton
is called geometric Brownian motion (GBM).

Exhibit 12 illustrates GBM, assuming the initial stock price is S = 50. We assume the
stock will grow at 3% (p = 3% annually, geometrically compounded rate). This GBM process
also reflects a random component that is determined by a volatility (6) of 45%. This volatility
is the annualized standard deviation of continuously compounded percentage change in the
underlying, or in other words, the log return. Note that as a particular sample path drifts up-
ward, we observe more variability on an absolute basis, whereas when the particular sample
path drifts downward, we observe less variability on an absolute basis. For example, examine
the highest and lowest lines shown in Exhibit 12. The highest line is much more erratic than
the lowest line. Recall that a 10% move in a stock with a price of 100 is 10 whereas a 10%
move in a stock with a price of 10 is only 1. Thus, GBM can never hit zero nor go below it. This
property is appealing because many financial instruments enjoy limited liability and cannot be
negative. Finally, note that although the stock movements are rather erratic, there are no large
jumps—a common feature with marketable financial instruments.

EXHIBIT 12 Geometric Brownian Motion Simulation (S = 50, p = 3%, 6 = 45%)
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Within the BSM model framework, it is assumed that all investors agree on the distribu-
tional characteristics of GBM except the assumed growth rate of the underlying. This growth
rate depends on a number of factors, including other instruments and time. The standard BSM
model assumes a constant growth rate and constant volatility.
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The specific assumptions of the BSM model are as follows:

¢ The underlying follows a statistical process called geometric Brownian motion, which im-
plies a lognormal distribution of the return, meaning that the logarithmic return, which is
the continuously compounded return, is normally distributed.

* Geometric Brownian motion implies continuous prices, meaning that the price of the un-
derlying instrument does not jump from one value to another; rather, it moves smoothly
from value to value.

¢ The underlying instrument is liquid, meaning that it can be easily bought and sold.

* Continuous trading is available, meaning that in the strictest sense one must be able to trade
at every instant.

¢ Short selling of the underlying instrument with full use of the proceeds is permitted.

e There are no market frictions, such as transaction costs, regulatory constraints, or taxes.

* No-arbitrage opportunities are available in the marketplace.

¢ The options are European-style, meaning that early exercise is not allowed.

¢ The continuously compounded risk-free interest rate is known and constant; borrowing and
lending is allowed at the risk-free rate.

¢ The volatility of the return on the underlying is known and constant.

e If the underlying instrument pays a yield, it is expressed as a continuous known and constant
yield at an annualized rate.

Naturally, the foregoing assumptions are not absolutely consistent with real financial mar-
kets, but, as in all financial models, the question is whether they produce models that are
tractable and useful in practice, which they do.

EXAMPLE 9 BSM Model Assumptions

Which is the correct pair of statements? The BSM model assumes:

A. the return on the underlying has a normal distribution. The price of the underlying
can jump abruptly to another price.

B. brokerage costs are factored into the BSM model. It is impossible to trade
continuously.

C. volatility can be predicted with certainty. Arbitrage is non-existent in the marketplace.

Solution: C is correct. All four of the statements in A and B are incorrect within the
BSM model paradigm.

We turn now to a careful examination of the BSM model.
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4.3. BSM Model

The BSM model is a continuous time version of the discrete time binomial model. Given that
the BSM model is based on continuous time, it is customary to use a continuously compounded
interest rate rather than some discretely compounded alternative. Thus, when an interest rate
is used here, denoted simply as r, we mean solely the annualized continuously compounded
rate.® The volatility, denoted as G, is also expressed in annualized percentage terms. Initially,
we focus on a non-dividend-paying stock. The BSM model, with some adjustments, applies to
other underlying instruments, which will be examined later.
The BSM model for stocks can be expressed as

¢ =SN(dy) — ¢ TXN(d,) (10)
and
p=¢"TXN(-d,) — SN(-d,) (11)
where
g In($/X)+(r+02/2)T
oJT
d,=d, —oJT

N(x) denotes the standard normal cumulative distribution function, which is the probability
of obtaining a value of less than x based on a standard normal distribution. In our context, x
will have the value of d; or d,. N(x) reflects the likelihood of observing values less than x from
a random sample of observations taken from the standard normal distribution.

Although the BSM model appears very complicated, it has straightforward interpretations
that will be explained. N(x) can be estimated by a computer program or a spreadsheet or ap-
proximated from a lookup table. The normal distribution is a symmetric distribution with two
parameters, the mean and standard deviation. The standard normal distribution is a normal
distribution with a mean of 0 and a standard deviation of 1.

Exhibit 13 illustrates the standard normal probability density function (the standard
bell curve) and the cumulative distribution function (the accumulated probability and range
of 0 to 1). Note that even though GBM is lognormally distributed, the N(x) functions in
the BSM model are based on the standard normal distribution. In Exhibit 13, we see that
if x = —-1.645, then N(x) = N(-1.645) = 0.05. Thus, if the model value of d is —1.645, the
corresponding probability is 5%. Clearly, values of d that are less than 0 imply values of N(x)
that are less than 0.5. As a result of the symmetry of the normal distribution, we note that

N(—x) =1 - N(x).

8Note €' = 1 + rg, where ry is the annually compounded rate.
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EXHIBIT 13  Standard Normal Distribution
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The BSM model can be described as the present value of the expected option payoff at
expiration. Specifically, we can express the BSM model for calls as ¢ = PV,[E(cr)] and for puts
as p = PV,[E(pp)], where E(cp) = Se"™N(d;) — XN(d,) and E(pr) = XN(-d,) — Se'"N(~d,). The
present value term in this context is simply e™"'. As with most valuation tasks in finance, the
value today is simply the present value of the expected future cash flows. It is important to note
that the expectation is based on the risk-neutral probability measure defined in Section 3.1.
The expectation is not based on the investor’s subjective beliefs, which reflect an aversion to
risk. Also, the present value function is based on the risk-free interest rate not on the investor’s
required return on invested capital, which of course is a function of risk.

Alternatively, the BSM model can be described as having two components: a stock com-
ponent and a bond component. For call options, the stock component is SN(d;) and the bond
component is e "TXN(d,). The BSM model call value is the stock component minus the bond
component. For put options, the stock component is SN(=d;) and the bond component is
¢ "TXN(~d,). The BSM model put value is the bond component minus the stock component.

The BSM model can be interpreted as a dynamically managed portfolio of the stock and
zero-coupon bonds.” The goal is to replicate the option payoffs with stocks and bonds. For
both call and put options, we can represent the initial cost of this replicating strategy as

Replicating strategy cost = ngS + ngB
where the equivalent number of underlying shares is ng = N(d;) > 0 for calls and ng=-N(-d,)

< 0 for puts. The equivalent number of bonds is ng = —N(d,) < 0 for calls and ng = N(~d,)
> 0 for puts. The price of the zero-coupon bond is B = ¢ *X. Note, if n is positive, we are

9When covering the binomial model, the bond component was generically termed financing. This
component is typically handled with bank borrowing or lending. With the BSM model, it is easier to
understand as either buying or short selling a risk-free zero-coupon bond.
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buying the underlying and if n is negative we are selling (short selling) the underlying. The
cost of the portfolio will exactly equal either the BSM model call value or the BSM model
put value.

For calls, we are simply buying stock with borrowed money because ng > 0 and ng < 0.
Again the cost of this portfolio will equal the BSM model call value, and if appropriately re-
balanced, then this portfolio will replicate the payoff of the call option. Therefore, a call option
can be viewed as a leveraged position in the stock.

Similarly, for put options, we are simply buying bonds with the proceeds from short sell-
ing the underlying because ng < 0 and ng > 0. The cost of this portfolio will equal the BSM
model put value, and if appropriately rebalanced, then this portfolio will replicate the payoff
of the put option. Note that a short position in a put will result in receiving money today and
ng > 0 and ng < 0. Therefore, a short put can be viewed as an over-leveraged or over-geared
position in the stock because the borrowing exceeds 100% of the cost of the underlying.

Exhibit 14 illustrates the direct comparison between the no-arbitrage approach to the
single-period binomial option valuation model and the BSM option valuation model. The
parallel between the h term in the binomial model and N(d,) is easy to see. Recall that the
term hedge ratio was used with the binomial model because we were creating a no-arbitrage
portfolio. Note for call options, -N(d,) implies borrowing money or short selling N(d,) shares
of a zero-coupon bond trading at e*X. For put options, N(-d,) implies lending money or
buying N(~d,) shares of a zero-coupon bond trading at e ""X.

EXHIBIT 14  BSM and Binomial Option Valuation Model Comparison

Option Valuation Call Option Put Option

Model Terms Underlying Financing Underlying Financing
Binomial Model hS PV(-hS™+¢) hS PV(-hS™+p7)
BSM Model N(d,)S —N(d,)e™TX ~N(~d})S N(=dy)e™ X

If the value of the underlying, S, increases, then the value of N(d,) also increases because
S has a positive effect on d;. Thus, the replicating strategy for calls requires continually buying
shares in a rising market and selling shares in a falling market.

Within the BSM model theory, the aggregate losses from this “buy high/sell low” strategy,
over the life of the option, adds up exactly to the BSM model option premium received for the
option at inception.!'? This result must be the case; otherwise there would be arbitrage profits
available. Because transaction costs are not, in fact, zero, the frequent rebalancing by buying
and selling the underlying adds significant costs for the hedger. Also, markets can often move
discontinuously, contrary to the BSM model’s assumption that prices move continuously, thus
allowing for continuous hedging adjustments. Hence, in reality, hedges are imperfect. For
example, if a company announces a merger, then the company’s stock price may jump substan-
tially higher, contrary to the BSM model’s assumption.

In addition, volatility cannot be known in advance. For these reasons, options are typi-
cally more expensive than they would be as predicted by the BSM model theory. In order to
continue using the BSM model, the volatility parameter used in the formula is usually higher

19The validity of this claim does not rest on the validity of the BSM model assumptions; rather the
validity depends only on whether the BSM model accurately predicts the replication cost.
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(by, say, 1% or 2%, but this can vary a lot) than the volatility of the stock actually expected by
market participants. We will ignore this point for now, however, as we focus on the mechanics
of the model.

EXAMPLE 10 Illustration of BSM Model Component Interpretation

Suppose we are given the following information on call and put options on a stock:
$=100,X=100, r=5%, T =1.0, and 6 = 30%. Thus, based on the BSM model, it can
be demonstrated that PV(X) =95.123,d, =0.317,d, =0.017, N(d,) = 0.624, N(d,) =
0.507, N(-d;) = 0.376, N(-d,) = 0.493, c = 14.23, and p = 9.35.

1. 'The initial trading strategy required by the no-arbitrage approach to replicate the
call option payoffs for a buyer of the option is:
A. buy 0.317 shares of stock and short sell —0.017 shares of zero-coupon bonds.
B. buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon bonds.
C. short sell 0.317 shares of stock and buy 0.017 shares of zero-coupon bonds.

2. Identify the initial trading strategy required by the no-arbitrage approach to repli-
cate the put option payoffs for a buyer of the put.
A. Buy 0.317 shares of stock and short sell —0.017 shares of zero-coupon bonds.
B. Buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon bonds.
C. Shortsell 0.376 shares of stock and buy 0.493 shares of zero-coupon bonds.

Solution to 1: B is correct. The no-arbitrage approach to replicating the call option
involves purchasing ng = N(d;) = 0.624 shares of stock partially financed with ng =
—N(d,) = —0.507 shares of zero-coupon bonds priced at B = Xe T = 95.123 per bond.
Note that by definition the cost of this replicating strategy is the BSM call model value
or ngS + ngB = 0.624(100) + (-0.507)95.123 = 14.17. Without rounding errors, the
option value is 14.23.

Solution o 2:  C is correct. The no-arbitrage approach to replicating the put option is
similar. In this case, we trade ng = —N(—d;) = -0.376 shares of stock—specifically, short
sell 0.376 shares—and buy ng = N(~d,) = 0.493 shares of zero-coupon bonds. Again,
the cost of the replicating strategy is ngS + ngB =—-0.376(100) + (0.493)95.123 = 9.30.
Without rounding errors, the option value is 9.35. Thus, to replicate a call option based

on the BSM model, we buy stock on margin. To replicate a put option, we short sell
stock and lend part of the proceeds.

Note that the N(d,) term has an additional important interpretation. It is a unique measure
of the probability that the call option expires in the money, and correspondingly, 1 — N(d,) =
N(~d,) is the probability that the put option expires in the money. Specifically, the probability
based on the RN probability of being in the money, not one’s own estimate of the probability
of being in the money nor the market’s estimate. That is, N(d,) = Prob(St > X) based on the
unique RN probability.
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We now turn to incorporating various carry benefits into the BSM model. Carry benefits
include dividends for stock options, foreign interest rates for currency options, and coupon
payments for bond options. For other underlying instruments, there are carry costs that can
easily be treated as negative carry benefits, such as storage and insurance costs for agricultural
products. Because the BSM model is established in continuous time, it is common to model
these carry benefits as a continuous yield, denoted generically here as ¥ or simply 7.

The BSM model requires a few adjustments to accommodate carry benefits. The carry
benefit-adjusted BSM model is

c=SeN(,) — ¢ TXN(d,) (12)
and
p=e"TXN(-d,) — Se""N(-d,) (13)

where
3 ln(S/X)+(r— Y+ 02/2)T
- oJT

Note that d, can be expressed again simply as d, = d; — 6/T. The value of a put option can
also be found based on the carry benefit-adjusted put—call parity:

d,

p+ Se T =c+erTX (14)

The carry benefit-adjusted BSM model can again be described as the present value of the
expected option payoff at expiration. Now, however, E(cy) = Se®?TN(d,) — XN(d,) and E(py) =
XN(~d,) — Se" »TN(~d,). The present value term remains simply e "', Carry benefits will have
the effect of lowering the expected future value of the underlying.

Again, the carry benefit adjusted BSM model can be described as having two components,
a stock component and a bond component. For call options, the stock component is SeYTN(d,)
and the bond component is again e "'XN(d,). For put options, the stock component is
Se"IN(~d,) and the bond component is again e *TXN(—d,). Although both d; and d, are re-
duced by carry benefits, the general approach to valuation remains the same. An increase in carry
benefits will lower the value of the call option and raise the value of the put option.

Note that N(d,) term continues to be interpreted as the RN probability of a call option
being in the money. The existence of carry benefits has the effect of lowering d; and d,, hence
the probability of being in the money with call options declines as the carry benefit rises. This
RN probability is an important element to describing how the BSM model is used in various
valuation tasks.

For stock options, ¥ = 8, which is the continuously compounded dividend yield. The
dividend-yield BSM model can again be interpreted as a dynamically managed portfolio of the
stock and zero coupon bonds. Based on the call model above applied to a dividend yielding
stock, the equivalent number of units of stock is now ng = ¢ ®'N(d;) > 0 and the equivalent
number of units of bonds remains ng =-N(d,) < 0. Similarly with puts, the equivalent number
of units of stock is now ng = —e'N(-d,) < 0 and the equivalent number of units of bonds
again remains ng = N(-d,) > 0.

With dividend paying stocks, the arbitrageur is able to receive the benefits of dividend
payments when long the stock and has to pay dividends when short the stock. Thus, the
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burden of carrying the stock is diminished for a long position. The key insight is that dividends
influence the dynamically managed portfolio by lowering the number of shares to buy for calls
and lowering the number of shares to short sell for puts. Higher dividends will lower the value
of dy, thus lowering N(d,). Also, higher dividends will lower the number of bonds to short sell
for calls and lower the number of bonds to buy for puts.

EXAMPLE 11 BSM Model Applied to Equities

Suppose we are given the following information on an underlying stock and options:
S=60,X=060,r=2%,T=0.50=2%, and 6 = 45%. Assume we are examining
European-style options.

1. Which answer best describes how the BSM model is used to value a call option with
the parameters given?
A. The BSM model call value is the exercise price times N(d,) less the present value
of the stock price times N(d,).
B. The BSM model call value is the stock price times ¢ 9TN(d,) less the exercise
price times ¢ "TN(d,).
C. The BSM model call value is the stock price times ¢ 9TN(=d,) less the present
value of the exercise price times e "' N(~d,).
2. Which answer best describes how the BSM model is used to value a put option with
the parameters given?
A. The BSM model put value is the exercise price times N(d,) less the present value
of the stock price times N(d,).
B. The BSM model put value is the exercise price times ¢ 9TN(~d,) less the stock
price times € "N (—d,).
C. The BSM model put value is the exercise price times e "'N(~d,) less the stock
price times e 9TN(-d,).
3. Suppose now that the stock does not pay a dividend—that is, 8 = 0%. Identify the
correct statement.
A. The BSM model option value is the same as the previous problems because op-
tions are not dividend adjusted.
B. The BSM model option values will be different because there is an adjustment term
applied to the exercise price, that is ¢ T, which will influence the option values.
C. The BSM model option value will be different because d;, d,, and the stock
component are all adjusted for dividends.

Solution to 1: B is correct. The BSM call model for a dividend-paying stock can be ex-
pressed as Se9TN(d,) — Xe ™ ™N(d,).

Solution to 2: C is correct. The BSM put model for a dividend-paying stock can be
expressed as XeN(=d,) — Se ¥TN(-d,).

Solution to 3: C is correct. The BSM model option value will be different because d;, d,,
and the stock component are all adjusted for dividends.
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EXAMPLE 12 How the BSM Model Is Used to Value Stock Options

Suppose that we have some Bank of China shares that are currently trading on the Hong
Kong Stock Exchange at HKD4.41. Our view is that the Bank of China’s stock price
will be steady for the next three months, so we decide to sell some three-month out-of-
the-money calls with exercise price at 4.60 in order to enhance our returns by receiving
the option premium. Risk-free government securities are paying 1.60% and the stock
is yielding HKD 0.24%. The stock volatility is 28%. We use the BSM model to value
the calls.

Which statement is correct? The BSM model inputs (underlying, exercise, expira-
tion, risk-free rate, dividend yield, and volatility) are:

A. 4.60,4.41, 3,0.0160, 0.0024, and 0.28.
B. 4.41, 4.60, 0.25, 0.0160, 0.0024, and 0.28.
C. 4.41,4.41, 0.3, 0.0160, 0.0024, and 0.28.

Solution: B is correct. The spot price of the underlying is HKD4.41. The exercise price
is HKD4.60. The expiration is 0.25 years (three months). The risk-free rate is 0.016.
The dividend yield is 0.0024. The volatility is 0.28.

For foreign exchange options, y = rf, which is the continuously compounded foreign risk-
free interest rate. When quoting an exchange rate, we will give the value of the domestic cur-
rency per unit of the foreign currency. For example, Japanese yen (¥) per unit of the euro (€)
will be expressed as the euro trading for ¥135 or succinctly 135¥/€. This is called the foreign ex-
change spot rate. Thus, the foreign currency, the euro, is expressed in terms of the Japanese yen,
which is in this case the domestic currency. This is logical, for example, when a Japanese firm
would want to express its foreign euro holdings in terms of its domestic currency, Japanese yen.

With currency options, the underlying instrument is the foreign exchange spot rate.
Again, the carry benefit is the interest rate in the foreign country because the foreign currency
could be invested in the foreign country’s risk-free instrument. Also, with currency options,
the underlying and the exercise price must be quoted in the same currency unit. Lastly, the
volatility in the model is the volatility of the log return of the spot exchange rate. Each currency
option is for a certain quantity of foreign currency, termed the notional amount, a concept
analogous to the number of shares of stock covered in an option contract. The total cost of the
option would be obtained by multiplying the formula value by the notional amount in the
same way that one would multiply the formula value of an option on a stock by the number
of shares the option contract covers.

The BSM model applied to currencies can be described as having two components, a
foreign exchange component and a bond component. For call options, the foreign exchange
component is Se”* TN(dl) and the bond component is e "TXN(d,), where r is the domestic
risk-free rate. The BSM call model applied to currencies is simply the foreign exchange com-
ponent minus the bond component. For put options, the foreign exchange component is
Se_rfTN(—dl) and the bond component is e "TXN(~d,). The BSM put model applied to
currencies is simply the bond component minus the foreign exchange component. Remember
that the underlying is expressed in terms of the domestic currency.
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EXAMPLE 13 BSM Model Applied to Value Options on Currency

A Japanese camera exporter to Europe has contracted to receive fixed euro (€) amounts
each quarter for his goods. The spot price of the currency pair is 135¥/€. If the exchange
rate falls to, say, 130¥/€, then the yen will have strengthened because it will take fewer yen
to buy one euro. The exporter is concerned that the yen will strengthen because in this
case, his forthcoming fixed euro will buy fewer yen. Hence, the exporter is considering
buying an at-the-money spot euro put option to protect against this fall; this in essence is a
call on yen. The Japanese risk-free rate is 0.25% and the European risk-free rate is 1.00%.

1. What are the underlying and exercise prices to use in the BSM model to get the euro
put option value?
A. 1/135; 17135
B. 135; 135
C. 135; 130
2. What are the risk-free rate and the carry rate to use in the BSM model to get the
euro put option value?
A. 0.25%; 1.00%
B. 0.25%; 0.00%
C. 1.00%; 0.25%

Solution to 1: B is correct. The underlying is the spot FX price of 135 ¥/€. Because the
put is at-the-money spot, the exercise price equals the spot price.

Solution to 2: A is correct. The risk-free rate to use is the Japanese rate because Japan
is the domestic economy. The carry rate is the foreign currency’s risk-free rate, which is
the European rate.

We turn now to examine a modification of the BSM model when the underlying is a
forward or futures contract.

5. BLACK OPTION VALUATION MODEL

In 1976, Fischer Black introduced a modified version of the BSM model approach that is
applicable to options on underlying instruments that are costless to carry, such as options on
futures contracts—for example, equity index futures—and options on forward contracts. The
latter include interest rate-based options, such as caps, floors, and swaptions.

5.1. European Options on Futures

We assume that the futures price also follows geometric Brownian motion. We ignore issues
like margin requirements and marking to market. Black prop