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Foreword

Since the breakthrough introduction of the Black–Scholes–Merton options pricing model in 
1973, the field of financial derivatives has evolved into an extensive and highly scientific body 
of theoretical knowledge alongside a vast and vibrant market where economic producers, in-
vestors, finance professionals, and government regulators all interact to seek financial gains, 
manage risk, or promote price discovery. It is hard to imagine how even the most thoughtful 
and diligent practitioners can come to terms with such a broad and complex topic—until they 
read this book. 

CFA Institute has compiled into a single book those parts of its curriculum that address 
this critically important topic. And it is apparent from reading this book that CFA Institute 
attracted preeminent scholars to develop its derivatives curriculum. 

This book has several important virtues: 

	 1.	 It is detailed, comprehensive, and exceptionally accessible. 
	 2.	 It is efficiently organized in its coverage of topics.
	 3.	 It makes effective use of visualization with diagrams of transactions and strategy payoffs.
	 4.	 It includes numerous practice problems along with well-explained solutions.
	 5.	 And finally, unlike many academic textbooks, its focus is more practical than theoretical, 

although it does provide more-than-adequate treatment of the relevant theory.

The book begins by addressing the basics of derivatives, including definitions of the vari-
ous types of derivatives and descriptions of the markets in which they trade. 

It goes on to address the purpose of derivatives and the benefits they impart to society, 
including risk transfer, price discovery, and operational efficiency. It also discusses how deriv-
atives can be misused to enable excessive speculation and how derivatives could contribute to 
the destabilization of financial markets. 

The book provides comprehensive treatment of pricing and valuation with discussions 
of the law of one price, risk neutrality, the Black–Scholes–Merton options pricing model, 
and the binomial model. It also covers the pricing of futures and forward contracts as well 
as swaps.

The book then shifts to applications of derivatives. It discusses how derivatives can be used 
to create synthetic cash and equity positions along with several other positions. It relies heavily 
on numerical examples to illustrate these equivalencies. 

It offers a comprehensive treatment of risk management with discussions of market risk, 
credit risk, liquidity risk, operational risk, and model risk, among others. It describes how to 
measure risk and, more importantly, how to manage it with the application of forward and 
futures contracts, swaps, and options. 

This summary of topics is intended to provide a flavor of the book’s contents. The con-
tents of this book are far broader and deeper than I describe in this foreword. 



Those who practice finance, as well as those who teach it, in my view, owe a huge debt of 
gratitude to CFA Institute—first, for assembling this extraordinary body of knowledge in its 
curriculum and, second, for organizing this knowledge with such cohesion and clarity. Anyone 
who wishes to acquire a solid knowledge of derivatives or to refresh and expand what they have 
learned about derivatives previously should certainly read this book.

Mark Kritzman

xii	 Foreword
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Preface

We are pleased to bring you Derivatives. The content was developed in partnership by a team 
of distinguished academics and practitioners, chosen for their acknowledged expertise in the 
field, and guided by CFA Institute. It is written specifically with the investment practitioner in 
mind and is replete with examples and practice problems that reinforce the learning outcomes 
and demonstrate real-world applicability.

The CFA Program Curriculum, from which the content of this book was drawn, is sub-
jected to a rigorous review process to ensure that it is:

•	 Faithful to the findings of our ongoing industry practice analysis
•	 Valuable to members, employers, and investors
•	 Globally relevant
•	 Generalist (as opposed to specialist) in nature
•	 Replete with sufficient examples and practice opportunities
•	 Pedagogically sound

The accompanying workbook is a useful reference that provides Learning Outcome State-
ments, which describe exactly what readers will learn and be able to demonstrate after mas-
tering the accompanying material. Additionally, the workbook has summary overviews and 
practice problems for each chapter.

We hope you will find this and other books in the CFA Institute Investment Series helpful 
in your efforts to grow your investment knowledge, whether you are a relatively new entrant or 
an experienced veteran striving to keep up to date in the ever-changing market environment. 
CFA Institute, as a long-term committed participant in the investment profession and a not-
for-profit global membership association, is pleased to provide you with this opportunity.

The CFA Program

If the subject matter of this book interests you, and you are not already a CFA charterholder, 
we hope you will consider registering for the CFA Program and progressing toward earning 
the Chartered Financial Analyst designation. The CFA designation is a globally recognized 
standard of excellence for measuring the competence and integrity of investment professionals. 
To earn the CFA charter, candidates must successfully complete the CFA Program, a global 
graduate-level self-study program that combines a broad curriculum with professional conduct 
requirements as preparation for a career as an investment professional.  

Anchored by a practice-based curriculum, the CFA Program Body of Knowledge reflects 
the knowledge, skills, and abilities identified by professionals as essential to the investment 
decision-making process. This body of knowledge maintains its relevance through a regular, 



extensive survey of practicing CFA charterholders across the globe. The curriculum covers 10 
general topic areas, ranging from equity and fixed-income analysis to portfolio management 
to corporate finance—all with a heavy emphasis on the application of ethics in professional 
practice. Known for its rigor and breadth, the CFA Program curriculum highlights principles 
common to every market so that professionals who earn the CFA designation have a thor-
oughly global investment perspective and a profound understanding of the global marketplace. 

CFA Institute

CFA Institute is the premier association for investment professionals around the world, with 
over 142,000 members in 159 countries. Since 1963 the organization has developed and ad-
ministered the renowned Chartered Financial Analyst® Program. With a rich history of leading 
the investment profession, CFA Institute has set the highest standards in ethics, education, and 
professional excellence within the global investment community, and is the foremost authority 
on investment profession conduct and practice. Each book in the CFA Institute Investment 
Series is geared toward industry practitioners along with graduate-level finance students and 
covers the most important topics in the industry. 

xiv	 Preface
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About the CFA Institute 
Investment Series

CFA Institute is pleased to provide you with the CFA Institute Investment Series, which covers 
major areas in the field of investments. We provide this best-in-class series for the same reason 
we have been chartering investment professionals for more than 50 years: to lead the invest-
ment profession globally by setting the highest standards of ethics, education, and professional 
excellence.

The books in the CFA Institute Investment Series contain practical, globally relevant 
material. They are intended both for those contemplating entry into the extremely com-
petitive field of investment management as well as for those seeking a means of keeping 
their knowledge fresh and up to date. This series was designed to be user friendly and 
highly relevant.

We hope you find this series helpful in your efforts to grow your investment knowledge, 
whether you are a relatively new entrant or an experienced veteran ethically bound to keep up 
to date in the ever-changing market environment. As a long-term, committed participant in 
the investment profession and a not-for-profit global membership association, CFA Institute is 
pleased to provide you with this opportunity.

The Texts

Corporate Finance: A Practical Approach is a solid foundation for those looking to achieve 
lasting business growth. In today’s competitive business environment, companies must find 
innovative ways to enable rapid and sustainable growth. This text equips readers with the 
foundational knowledge and tools for making smart business decisions and formulating strat-
egies to maximize company value. It covers everything from managing relationships between 
stakeholders to evaluating merger and acquisition bids, as well as the companies behind them. 
Through extensive use of real-world examples, readers will gain critical perspective into inter-
preting corporate financial data, evaluating projects, and allocating funds in ways that increase 
corporate value. Readers will gain insights into the tools and strategies used in modern corpo-
rate financial management.

Fixed Income Analysis has been at the forefront of new concepts in recent years, and this 
particular text offers some of the most recent material for the seasoned professional who is 
not a fixed-income specialist. The application of option and derivative technology to the once 
staid province of fixed income has helped contribute to an explosion of thought in this area. 
Professionals have been challenged to stay up to speed with credit derivatives, swaptions, col-
lateralized mortgage securities, mortgage-backed securities, and other vehicles, and this explo-
sion of products has strained the world’s financial markets and tested central banks to provide 



xviii	 About the CFA Institute Investment Series

sufficient oversight. Armed with a thorough grasp of the new exposures, the professional in-
vestor is much better able to anticipate and understand the challenges our central bankers and 
markets face.

International Financial Statement Analysis is designed to address the ever-increasing 
need for investment professionals and students to think about financial statement analysis 
from a global perspective. The text is a practically oriented introduction to financial state-
ment analysis that is distinguished by its combination of a true international orientation, 
a structured presentation style, and abundant illustrations and tools covering concepts 
as they are introduced in the text. The authors cover this discipline comprehensively and 
with an eye to ensuring the reader’s success at all levels in the complex world of financial 
statement analysis.

Investments: Principles of Portfolio and Equity Analysis provides an accessible yet rigorous 
introduction to portfolio and equity analysis. Portfolio planning and portfolio management 
are presented within a context of up-to-date, global coverage of security markets, trading, 
and market-related concepts and products. The essentials of equity analysis and valuation 
are explained in detail and profusely illustrated. The book includes coverage of practitioner-
important but often neglected topics, such as industry analysis. Throughout, the focus is 
on the practical application of key concepts with examples drawn from both emerging and 
developed markets. Each chapter affords the reader many opportunities to self-check his or her 
understanding of topics.

One of the most prominent texts over the years in the investment management in-
dustry has been Maginn and Tuttle’s Managing Investment Portfolios: A Dynamic Process. 
The third edition updates key concepts from the 1990 second edition. Some of the more 
experienced members of our community own the prior two editions and will add the third 
edition to their libraries. Not only does this seminal work take the concepts from the 
other readings and put them in a portfolio context, but it also updates the concepts of 
alternative investments, performance presentation standards, portfolio execution, and, very 
importantly, individual investor portfolio management. Focusing attention away from in-
stitutional portfolios and toward the individual investor makes this edition an important 
and timely work. 

Quantitative Investment Analysis focuses on some key tools that are needed by today’s 
professional investor. In addition to classic time value of money, discounted cash flow appli-
cations, and probability material, there are two aspects that can be of value over traditional 
thinking.

The New Wealth Management: The Financial Advisor’s Guide to Managing and Investing 
Client Assets is an updated version of Harold Evensky’s mainstay reference guide for wealth 
managers. Harold Evensky, Stephen Horan, and Thomas Robinson have updated the core text 
of the 1997 first edition and added an abundance of new material to fully reflect today’s invest-
ment challenges. The text provides authoritative coverage across the full spectrum of wealth 
management and serves as a comprehensive guide for financial advisors. The book expertly 
blends investment theory and real-world applications and is written in the same thorough but 
highly accessible style as the first edition. The first involves the chapters dealing with corre-
lation and regression that ultimately figure into the formation of hypotheses for purposes of 
testing. This gets to a critical skill that challenges many professionals: the ability to distinguish 
useful information from the overwhelming quantity of available data. Second, the final chapter 
of Quantitative Investment Analysis covers portfolio concepts and takes the reader beyond the 
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traditional capital asset pricing model (CAPM) type of tools and into the more practical world 
of multifactor models and arbitrage pricing theory.

All books in the CFA Institute Investment Series are available through all major book-
sellers. And, all titles are available on the Wiley Custom Select platform at http://customselect 
.wiley.com/ where individual chapters for all the books may be mixed and matched to create 
custom textbooks for the classroom.
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Chapter  1
Derivative Markets 

and Instruments
Don M. Chance, PhD, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 define a derivative and distinguish between exchange-traded and over-the-counter 
derivatives;

•	 contrast forward commitments with contingent claims;
•	 define forward contracts, futures contracts, options (calls and puts), swaps, and credit 

derivatives and compare their basic characteristics;
•	 describe purposes of, and controversies related to, derivative markets;
•	 explain arbitrage and the role it plays in determining prices and promoting market efficiency.

1. I ntroduction

Equity, fixed-income, currency, and commodity markets are facilities for trading the basic as-
sets of an economy. Equity and fixed-income securities are claims on the assets of a company. 
Currencies are the monetary units issued by a government or central bank. Commodities are 
natural resources, such as oil or gold. These underlying assets are said to trade in cash markets 
or spot markets and their prices are sometimes referred to as cash prices or spot prices, 
though we usually just refer to them as stock prices, bond prices, exchange rates, and commod-
ity prices. These markets exist around the world and receive much attention in the financial 
and mainstream media. Hence, they are relatively familiar not only to financial experts but also 
to the general population.

Somewhat less familiar are the markets for derivatives, which are financial instruments 
that derive their values from the performance of these basic assets. This reading is an overview 

 © 2013 CFA Institute. All rights reserved.



2	 Derivatives

of derivatives. Subsequent readings will explore many aspects of derivatives and their uses in 
depth. Among the questions that this first reading will address are the following:

•	 What are the defining characteristics of derivatives?
•	 What purposes do derivatives serve for financial market participants?
•	 What is the distinction between a forward commitment and a contingent claim?
•	 What are forward and futures contracts? In what ways are they alike and in what ways are 

they different?
•	 What are swaps?
•	 What are call and put options and how do they differ from forwards, futures, and swaps?
•	 What are credit derivatives and what are the various types of credit derivatives?
•	 What are the benefits of derivatives?
•	 What are some criticisms of derivatives and to what extent are they well founded?
•	 What is arbitrage and what role does it play in a well-functioning financial market?

This reading is organized as follows. Section 2 explores the definition and uses of deriva-
tives and establishes some basic terminology. Section 3 describes derivatives markets. Section 4 
categorizes and explains types of derivatives. Sections 5 and 6 discuss the benefits and criti-
cisms of derivatives, respectively. Section 7 introduces the basic principles of derivative pricing 
and the concept of arbitrage. Section 8 provides a summary.

2.  Derivatives: Definitions and Uses

The most common definition of a derivative reads approximately as follows:

A derivative is a financial instrument that derives its performance from the performance 
of an underlying asset.

This definition, despite being so widely quoted, can nonetheless be a bit troublesome. For 
example, it can also describe mutual funds and exchange-traded funds, which would never be 
viewed as derivatives even though they derive their values from the values of the underlying 
securities they hold. Perhaps the distinction that best characterizes derivatives is that they 
usually transform the performance of the underlying asset before paying it out in the derivatives 
transaction. In contrast, with the exception of expense deductions, mutual funds and exchange-
traded funds simply pass through the returns of their underlying securities. This transformation 
of performance is typically understood or implicit in references to derivatives but rarely makes its 
way into the formal definition. In keeping with customary industry practice, this characteristic 
will be retained as an implied, albeit critical, factor distinguishing derivatives from mutual 
funds and exchange-traded funds and some other straight pass-through instruments. Also, 
note that the idea that derivatives take their performance from an underlying asset encompasses 
the fact that derivatives take their value and certain other characteristics from the underlying 
asset. Derivatives strategies perform in ways that are derived from the underlying and the 
specific features of derivatives.

Derivatives are similar to insurance in that both allow for the transfer of risk from one 
party to another. As everyone knows, insurance is a financial contract that provides protection 
against loss. The party bearing the risk purchases an insurance policy, which transfers the risk 
to the other party, the insurer, for a specified period of time. The risk itself does not change, 
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but the party bearing it does. Derivatives allow for this same type of transfer of risk. One type 
of derivative in particular, the put option, when combined with a position exposed to the risk, 
functions almost exactly like insurance, but all derivatives can be used to protect against loss. 
Of course, an insurance contract must specify the underlying risk, such as property, health, or 
life. Likewise, so do derivatives. As noted earlier, derivatives are associated with an underlying 
asset. As such, the so-called “underlying asset” is often simply referred to as the underlying, 
whose value is the source of risk.1 In fact, the underlying need not even be an asset itself. 
Although common derivatives underlyings are equities, fixed-income securities, currencies, 
and commodities, other derivatives underlyings include interest rates, credit, energy, weather, 
and even other derivatives, all of which are not generally thought of as assets. Thus, like in-
surance, derivatives pay off on the basis of a source of risk, which is often, but not always, the 
value of an underlying asset. And like insurance, derivatives have a definite life span and expire 
on a specified date.

Derivatives are created in the form of legal contracts. They involve two parties—the buyer 
and the seller (sometimes known as the writer)—each of whom agrees to do something for the 
other, either now or later. The buyer, who purchases the derivative, is referred to as the long 
or the holder because he owns (holds) the derivative and holds a long position. The seller is 
referred to as the short because he holds a short position.2

A derivative contract always defines the rights and obligations of each party. These con-
tracts are intended to be, and almost always are, recognized by the legal system as commercial 
contracts that each party expects to be upheld and supported in the legal system. Nonetheless, 
disputes sometimes arise, and lawyers, judges, and juries may be required to step in and resolve 
the matter.

There are two general classes of derivatives. Some provide the ability to lock in a price at 
which one might buy or sell the underlying. Because they force the two parties to transact in 
the future at a previously agreed-on price, these instruments are called forward commitments. 
The various types of forward commitments are called forward contracts, futures contracts, and 
swaps. Another class of derivatives provides the right but not the obligation to buy or sell the 
underlying at a pre-determined price. Because the choice of buying or selling versus doing 
nothing depends on a particular random outcome, these derivatives are called contingent 
claims. The primary contingent claim is called an option. The types of derivatives will be cov-
ered in more detail later in this reading and in considerably more depth later in the curriculum.

The existence of derivatives begs the obvious question of what purpose they serve. If one 
can participate in the success of a company by holding its equity, what reason can possibly 
explain why another instrument is required that takes its value from the performance of the 
equity? Although equity and other fundamental markets exist and usually perform reasonably 
well without derivative markets, it is possible that derivative markets can improve the perfor-
mance of the markets for the underlyings. As you will see later in this reading, that is indeed 
true in practice.

1 Unfortunately, English financial language often evolves without regard to the rules of proper usage. 
Underlying is typically an adjective and, therefore, a modifier, but the financial world has turned it into 
a noun.
2 In the financial world, the long always benefits from an increase in the value of the instrument he owns, 
and the short always benefits from a decrease in the value of the instrument he has sold. Think of the 
long as having possession of something and the short as having incurred an obligation to deliver that 
something.
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Derivative markets create beneficial opportunities that do not exist in their absence. 
Derivatives can be used to create strategies that cannot be implemented with the underlyings 
alone. For example, derivatives make it easier to go short, thereby benefiting from a decline in 
the value of the underlying. In addition, derivatives, in and of themselves, are characterized by 
a relatively high degree of leverage, meaning that participants in derivatives transactions usually 
have to invest only a small amount of their own capital relative to the value of the underlying. 
As such, small movements in the underlying can lead to fairly large movements in the amount 
of money made or lost on the derivative. Derivatives generally trade at lower transaction costs 
than comparable spot market transactions, are often more liquid than their underlyings, and 
offer a simple, effective, and low-cost way to transfer risk. For example, a shareholder of a 
company can reduce or even completely eliminate the market exposure by trading a derivative 
on the equity. Holders of fixed-income securities can use derivatives to reduce or completely 
eliminate interest rate risk, allowing them to focus on the credit risk. Alternatively, holders of 
fixed-income securities can reduce or eliminate the credit risk, focusing more on the interest 
rate risk. Derivatives permit such adjustments easily and quickly. These features of derivatives 
are covered in more detail later in this reading.

The types of performance transformations facilitated by derivatives allow market partici-
pants to practice more effective risk management. Indeed, the entire field of derivatives, which 
at one time was focused mostly on the instruments themselves, is now more concerned with 
the uses of the instruments. Just as a carpenter uses a hammer, nails, screws, a screwdriver, and 
a saw to build something useful or beautiful, a financial expert uses derivatives to manage risk. 
And just as it is critically important that a carpenter understands how to use these tools, an 
investment practitioner must understand how to properly use derivatives. In the case of the 
carpenter, the result is building something useful; in the case of the financial expert, the result 
is managing financial risk. Thus, like tools, derivatives serve a valuable purpose but like tools, 
they must be used carefully.

The practice of risk management has taken a prominent role in financial markets. In-
deed, whenever companies announce large losses from trading, lending, or operations, stories 
abound about how poorly these companies managed risk. Such stories are great attention 
grabbers and a real boon for the media, but they often miss the point that risk management 
does not guarantee that large losses will not occur. Rather, risk management is the process by 
which an organization or individual defines the level of risk it wishes to take, measures the level 
of risk it is taking, and adjusts the latter to equal the former. Risk management never offers a 
guarantee that large losses will not occur, and it does not eliminate the possibility of total 
failure. To do so would typically require that the amount of risk taken be so small that the 
organization would be effectively constrained from pursuing its primary objectives. Risk tak-
ing is inherent in all forms of economic activity and life in general. The possibility of failure 
is never eliminated.

Example 1  Characteristics of Derivatives

1.	 Which of the following is the best example of a derivative?
A.	A  global equity mutual fund
B.	A  non-callable government bond
C.	A  contract to purchase Apple Computer at a fixed price
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Note also that risk management is a dynamic and ongoing process, reflecting the fact that 
the risk assumed can be difficult to measure and is constantly changing. As noted, derivatives 
are tools, indeed the tools that make it easier to manage risk. Although one can trade stocks 
and bonds (the underlyings) to adjust the level of risk, it is almost always more effective to 
trade derivatives.

Risk management is addressed more directly elsewhere in the CFA curriculum, but the 
study of derivatives necessarily entails the concept of risk management. In an explanation of 
derivatives, the focus is usually on the instruments and it is easy to forget the overriding objec-
tive of managing risk. Unfortunately, that would be like a carpenter obsessed with his hammer 
and nails, forgetting that he is building a piece of furniture. It is important to always try to 
keep an eye on the objective of managing risk.

3. T he Structure of Derivative Markets

Having an understanding of equity, fixed-income, and currency markets is extremely benefi-
cial—indeed, quite necessary—in understanding derivatives. One could hardly consider the 
wisdom of using derivatives on a share of stock if one did not understand the equity markets 
reasonably well. As you likely know, equities trade on organized exchanges as well as in over-
the-counter (OTC) markets. These exchange-traded equity markets—such as the Deutsche 
Börse, the Tokyo Stock Exchange, and the New York Stock Exchange and its Eurex affiliate—
are formal organizational structures that bring buyers and sellers together through market 

2.	 Which of the following is not a characteristic of a derivative?
A.	A n underlying
B.	A  low degree of leverage
C.	T wo parties—a buyer and a seller

3.	 Which of the following statements about derivatives is not true?
A.	 They are created in the spot market.
B.	 They are used in the practice of risk management.
C.	 They take their values from the value of something else.

Solution to 1:  C is correct. Mutual funds and government bonds are not derivatives. A 
government bond is a fundamental asset on which derivatives might be created, but it is 
not a derivative itself. A mutual fund can technically meet the definition of a derivative, 
but as noted in the reading, derivatives transform the value of a payoff of an underlying 
asset. Mutual funds merely pass those payoffs through to their holders.

Solution to 2:  B is correct. All derivatives have an underlying and must have a buyer and 
a seller. More importantly, derivatives have high degrees of leverage, not low degrees of 
leverage.

Solution to 3: A  is correct. Derivatives are used to practice risk management and they 
take (derive) their values from the value of something else, the underlying. They are not 
created in the spot market, which is where the underlying trades.
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makers, or dealers, to facilitate transactions. Exchanges have formal rule structures and are 
required to comply with all securities laws.

OTC securities markets operate in much the same manner, with similar rules, regulations, 
and organizational structures. At one time, the major difference between OTC and exchange 
markets for securities was that the latter brought buyers and sellers together in a physical 
location, whereas the former facilitated trading strictly in an electronic manner. Today, these 
distinctions are blurred because many organized securities exchanges have gone completely to 
electronic systems. Moreover, OTC securities markets can be formally organized structures, 
such as NASDAQ, or can merely refer to informal networks of parties who buy and sell with 
each other, such as the corporate and government bond markets in the United States.

The derivatives world also comprises organized exchanges and OTC markets. Although 
the derivatives world is also moving toward less distinction between these markets, there are 
clear differences that are important to understand.

3.1. E xchange-Traded Derivatives Markets

Derivative instruments are created and traded either on an exchange or on the OTC market. 
Exchange-traded derivatives are standardized, whereas OTC derivatives are customized. To 
standardize a derivative contract means that its terms and conditions are precisely specified by 
the exchange and there is very limited ability to alter those terms. For example, an exchange 
might offer trading in certain types of derivatives that expire only on the third Friday of March, 
June, September, and December. If a party wanted the derivative to expire on any other day, 
it would not be able to trade such a derivative on that exchange, nor would it be able to per-
suade the exchange to create it, at least not in the short run. If a party wanted a derivative on a 
particular entity, such as a specific stock, that party could trade it on that exchange only if the 
exchange had specified that such a derivative could trade. Even the magnitudes of the contracts 
are specified. If a party wanted a derivative to cover €150,000 and the exchange specified that 
contracts could trade only in increments of €100,000, the party could do nothing about it if it 
wanted to trade that derivative on that exchange.

This standardization of contract terms facilitates the creation of a more liquid market for 
derivatives. If all market participants know that derivatives on the euro trade in 100,000-unit lots 
and that they all expire only on certain days, the market functions more effectively than it would 
if there were derivatives with many different unit sizes and expiration days competing in the same 
market at the same time. This standardization makes it easier to provide liquidity. Through des-
ignated market makers, derivatives exchanges guarantee that derivatives can be bought and sold.3

The cornerstones of the exchange-traded derivatives market are the market makers (or 
dealers) and the speculators, both of whom typically own memberships on the exchange.4 The 

3 It is important to understand that merely being able to buy and sell a derivative, or even a security, 
does not mean that liquidity is high and that the cost of liquidity is low. Derivatives exchanges guarantee 
that a derivative can be bought and sold, but they do not guarantee the price. The ask price (the price at 
which the market maker will sell) and the bid price (the price at which the market maker will buy) can 
be far apart, which they will be in a market with low liquidity. Hence, such a market can have liquidity, 
loosely defined, but the cost of liquidity can be quite high. The factors that can lead to low liquidity for 
derivatives are similar to those for securities: little trading interest and a high level of uncertainty.
4 Exchanges are owned by their members, whose memberships convey the right to trade. In addition, some 
exchanges are themselves publicly traded corporations whose members are shareholders, and there are 
also non-member shareholders.
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market makers stand ready to buy at one price and sell at a higher price. With standardization 
of terms and an active market, market makers are often able to buy and sell almost simultane-
ously at different prices, locking in small, short-term profits—a process commonly known as 
scalping. In some cases, however, they are unable to do so, thereby forcing them to either hold 
exposed positions or find other parties with whom they can trade and thus lay off (get rid of ) 
the risk. This is when speculators come in. Although speculators are market participants who 
are willing to take risks, it is important to understand that being a speculator does not mean 
the reckless assumption of risk. Although speculators will take large losses at times, good spec-
ulators manage those risks by watching their exposures, absorbing market information, and 
observing the flow of orders in such a manner that they are able to survive and profit. Often, 
speculators will hedge their risks when they become uncomfortable.

Standardization also facilitates the creation of a clearing and settlement operation. 
Clearing refers to the process by which the exchange verifies the execution of a transac-
tion and records the participants’ identities. Settlement refers to the related process in 
which the exchange transfers money from one participant to the other or from a partici-
pant to the exchange or vice versa. This flow of money is a critical element of derivatives 
trading. Clearly, there would be no confidence in markets in which money is not efficient-
ly collected and disbursed. Derivatives exchanges have done an excellent job of clearing 
and settlement, especially in comparison to securities exchanges. Derivatives exchanges 
clear and settle all contracts overnight, whereas most securities exchanges require two 
business days.

The clearing and settlement process of derivative transactions also provides a credit 
guarantee. If two parties engage in a derivative contract on an exchange, one party will 
ultimately make money and the other will lose money. Derivatives exchanges use their clear-
inghouses to provide a guarantee to the winning party that if the loser does not pay, the 
clearinghouse will pay the winning party. The clearinghouse is able to provide this credit 
guarantee by requiring a cash deposit, usually called the margin bond or performance 
bond, from the participants to the contract. Derivatives clearinghouses manage these de-
posits, occasionally requiring additional deposits, so effectively that they have never failed to 
pay in the nearly 100 years they have existed. We will say more about this process later and 
illustrate how it works.

Exchange markets are said to have transparency, which means that full information on 
all transactions is disclosed to exchanges and regulatory bodies. All transactions are centrally 
reported within the exchanges and their clearinghouses, and specific laws require that these 
markets be overseen by national regulators. Although this would seem a strong feature of 
exchange markets, there is a definite cost. Transparency means a loss of privacy: National reg-
ulators can see what transactions have been done. Standardization means a loss of flexibility: A 
participant can do only the transactions that are permitted on the exchange. Regulation means 
a loss of both privacy and flexibility. It is not that transparency or regulation is good and the 
other is bad. It is simply a trade-off.

Derivatives exchanges exist in virtually all developed (and some emerging market) coun-
tries around the world. Some exchanges specialize in derivatives and others are integrated with 
securities exchanges.

Although there have been attempts to create somewhat non-standardized derivatives for 
trading on an exchange, such attempts have not been particularly successful. Standardization 
is a critical element by which derivatives exchanges are able to provide their services. We will 
look at this point again when discussing the alternative to standardization: customized OTC 
derivatives.
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3.2.  Over-the-Counter Derivatives Markets

The OTC derivatives markets comprise an informal network of market participants that are 
willing to create and trade virtually any type of derivative that can legally exist. The backbone 
of these markets is the set of dealers, which are typically banks. Most of these banks are mem-
bers of a group called the International Swaps and Derivatives Association (ISDA), a world-
wide organization of financial institutions that engage in derivative transactions, primarily as 
dealers. As such, these markets are sometimes called dealer markets. Acting as principals, these 
dealers informally agree to buy and sell various derivatives. It is informal because the dealers 
are not obligated to do so. Their participation is based on a desire to profit, which they do by 
purchasing at one price and selling at a higher price. Although it might seem that a dealer who 
can “buy low, sell high” could make money easily, the process in practice is not that simple. 
Because OTC instruments are not standardized, a dealer cannot expect to buy a derivative at 
one price and simultaneously sell it to a different party who happens to want to buy the same 
derivative at the same time and at a higher price.

To manage the risk they assume by buying and selling customized derivatives, OTC deriv-
atives dealers typically hedge their risks by engaging in alternative but similar transactions that 
pass the risk on to other parties. For example, if a company comes to a dealer to buy a derivative 
on the euro, the company would effectively be transferring the risk of the euro to the dealer. 
The dealer would then attempt to lay off (get rid of ) that risk by engaging in an alternative 
but similar transaction that would transfer the risk to another party. This hedge might involve 
another derivative on the euro or it might simply be a transaction in the euro itself. Of course, 
that begs the question of why the company could not have laid off the risk itself and avoided 
the dealer. Indeed, some can and do, but laying off risk is not simple. Unable to find identical 
offsetting transactions, dealers usually have to find similar transactions with which they can lay 
off the risk. Hedging one derivative with a different kind of derivative on the same underlying 
is a similar but not identical transaction. It takes specialized knowledge and complex models 
to be able to do such transactions effectively, and dealers are more capable of doing so than 
are ordinary companies. Thus, one might think of a dealer as a middleman, a sort of financial 
wholesaler using its specialized knowledge and resources to facilitate the transfer of risk. In the 
same manner that one could theoretically purchase a consumer product from a manufacturer, 
a network of specialized middlemen and retailers is often a more effective method.

Because of the customization of OTC derivatives, there is a tendency to think that the 
OTC market is less liquid than the exchange market. That is not necessarily true. Many OTC 
instruments can easily be created and then essentially offset by doing the exact opposite trans-
action, often with the same party. For example, suppose Corporation A buys an OTC deriva-
tive from Dealer B. Before the expiration date, Corporation A wants to terminate the position. 
It can return to Dealer B and ask to sell a derivative with identical terms. Market conditions 
will have changed, of course, and the value of the derivative will not be the same, but the trans-
action can be conducted quite easily with either Corporation A or Dealer B netting a gain at 
the expense of the other. Alternatively, Corporation A could do this transaction with a different 
dealer, the result of which would remove exposure to the underlying risk but would leave two 
transactions open and some risk that one party would default to the other. In contrast to this 
type of OTC liquidity, some exchange-traded derivatives have very little trading interest and 
thus relatively low liquidity. Liquidity is always driven by trading interest, which can be strong 
or weak in both types of markets.

OTC derivative markets operate at a lower degree of regulation and oversight than do 
exchange-traded derivative markets. In fact, until around 2010, it could largely be said that the 
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OTC market was essentially unregulated. OTC transactions could be executed with only the 
minimal oversight provided through laws that regulated the parties themselves, not the specific 
instruments. Following the financial crisis that began in 2007, new regulations began to blur 
the distinction between OTC and exchange-listed markets. In both the United States (the Wall 
Street Reform and Consumer Protection Act of 2010, commonly known as the Dodd–Frank 
Act) and Europe (the Regulation of the European Parliament and of the Council on OTC 
Derivatives, Central Counterparties, and Trade Repositories), regulations are changing the 
characteristics of OTC markets.

When the full implementation of these new laws takes place, a number of OTC trans-
actions will have to be cleared through central clearing agencies, information on most OTC 
transactions will need to be reported to regulators, and entities that operate in the OTC market 
will be more closely monitored. There are, however, quite a few exemptions that cover a sig-
nificant percentage of derivative transactions. Clearly, the degree of OTC regulation, although 
increasing in recent years, is still lighter than that of exchange-listed market regulation. Many 
transactions in OTC markets will retain a degree of privacy with lower transparency, and most 
importantly, the OTC markets will remain considerably more flexible than the exchange-listed 
markets.

Example 2  Exchange-Traded versus Over-the-Counter Derivatives

1.	 Which of the following characteristics is not associated with exchange-traded deriv-
atives?
A.	 Margin or performance bonds are required.
B.	 The exchange guarantees all payments in the event of default.
C.	A ll terms except the price are customized to the parties’ individual needs.

2.	 Which of the following characteristics is associated with over-the-counter derivatives?
A.	T rading occurs in a central location.
B.	 They are more regulated than exchange-listed derivatives.
C.	 They are less transparent than exchange-listed derivatives.

3.	 Market makers earn a profit in both exchange and over-the-counter derivatives 
markets by:
A.	 charging a commission on each trade.
B.	 a combination of commissions and markups.
C.	 buying at one price, selling at a higher price, and hedging any risk.

4.	 Which of the following statements most accurately describes exchange-traded 
derivatives relative to over-the-counter derivatives? Exchange-traded derivatives are 
more likely to have:
A.	 greater credit risk.
B.	 standardized contract terms.
C.	 greater risk management uses.

Solution to 1:  C is correct. Exchange-traded contracts are standardized, meaning that 
the exchange determines the terms of the contract except the price. The exchange guar-
antees against default and requires margins or performance bonds.
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4. Typ es of Derivatives

As previously stated, derivatives fall into two general classifications: forward commitments and 
contingent claims. The factor that distinguishes forward commitments from contingent claims 
is that the former obligate the parties to engage in a transaction at a future date on terms agreed 
upon in advance, whereas the latter provide one party the right but not the obligation to engage 
in a future transaction on terms agreed upon in advance.

4.1.  Forward Commitments

Forward commitments are contracts entered into at one point in time that require both parties 
to engage in a transaction at a later point in time (the expiration) on terms agreed upon at the 
start. The parties establish the identity and quantity of the underlying, the manner in which 
the contract will be executed or settled when it expires, and the fixed price at which the under-
lying will be exchanged. This fixed price is called the forward price.

As a hypothetical example of a forward contract, suppose that today Markus and Johannes 
enter into an agreement that Markus will sell his BMW to Johannes for a price of €30,000. The 
transaction will take place on a specified date, say, 180 days from today. At that time, Markus will 
deliver the vehicle to Johannes’s home and Johannes will give Markus a bank-certified check for 
€30,000. There will be no recourse, so if the vehicle has problems later, Johannes cannot go back 
to Markus for compensation. It should be clear that both Markus and Johannes must do their due 
diligence and carefully consider the reliability of each other. The car could have serious quality 
issues and Johannes could have financial problems and be unable to pay the €30,000. Obviously, 
the transaction is essentially unregulated. Either party could renege on his obligation, in response 
to which the other party could go to court, provided a formal contract exists and is carefully 
written. Note finally that one of the two parties is likely to end up gaining and the other losing, 
depending on the secondary market price of this type of vehicle at expiration of the contract.

This example is quite simple but illustrates the essential elements of a forward contract. In 
the financial world, such contracts are very carefully written, with legal provisions that guard 
against fraud and require extensive credit checks. Now let us take a deeper look at the charac-
teristics of forward contracts.

Solution to 2:  C is correct. OTC derivatives have a lower degree of transparency than 
exchange-listed derivatives. Trading does not occur in a central location but, rather, is 
quite dispersed. Although new national securities laws are tightening the regulation of 
OTC derivatives, the degree of regulation is less than that of exchange-listed derivatives.

Solution to 3:  C is correct. Market makers buy at one price (the bid), sell at a higher 
price (the ask), and hedge whatever risk they otherwise assume. Market makers do not 
charge a commission. Hence, A and B are both incorrect.

Solution to 4:  B is correct. Standardization of contract terms is a characteristic of 
exchange-traded derivatives. A is incorrect because credit risk is well-controlled in 
exchange markets. C is incorrect because the risk management uses are not limited by 
being traded over the counter.
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4.1.1.  Forward Contracts
The following is the formal definition of a forward contract:

A forward contract is an over-the-counter derivative contract in which two parties agree 
that one party, the buyer, will purchase an underlying asset from the other party, the seller, 
at a later date at a fixed price they agree on when the contract is signed.

In addition to agreeing on the price at which the underlying asset will be sold at a later 
date, the two parties also agree on several other matters, such as the specific identity of the 
underlying, the number of units of the underlying that will be delivered, and where the future 
delivery will occur. These are important points but relatively minor in this discussion, so they 
can be left out of the definition to keep it uncluttered.

As noted earlier, a forward contract is a commitment. Each party agrees that it will fulfill 
its responsibility at the designated future date. Failure to do so constitutes a default and the 
non-defaulting party can institute legal proceedings to enforce performance. It is important 
to recognize that although either party could default to the other, only one party at a time can 
default. The party owing the greater amount could default to the other, but the party owing the 
lesser amount cannot default because its claim on the other party is greater. The amount owed 
is always based on the net owed by one party to the other.

To gain a better understanding of forward contracts, it is necessary to examine their pay-
offs. As noted, forward contracts—and indeed all derivatives—take (derive) their payoffs from 
the performance of the underlying asset. To illustrate the payoff of a forward contract, start 
with the assumption that we are at time t = 0 and that the forward contract expires at a later 
date, time t = T.5 The spot price of the underlying asset at time 0 is S0 and at time T is ST. Of 
course, when we initiate the contract at time 0, we do not know what ST will ultimately be. 
Remember that the two parties, the buyer and the seller, are going long and short, respectively.

At time t = 0, the long and the short agree that the short will deliver the asset to the long 
at time T for a price of F0(T ). The notation F0(T ) denotes that this value is established at time 
0 and applies to a contract expiring at time T. F0(T ) is the forward price. Later, you will learn 
how the forward price is determined. It turns out that it is quite easy to do, but we do not need 
to know right now.6

So, let us assume that the buyer enters into the forward contract with the seller for a 
price of F0(T ), with delivery of one unit of the underlying asset to occur at time T. Now, let 
us roll forward to time T, when the price of the underlying is ST. The long is obligated to pay 
F0(T ), for which he receives an asset worth ST. If ST > F0(T ), it is clear that the transaction has 
worked out well for the long. He paid F0(T ) and receives something of greater value. Thus, 
the contract effectively pays off ST ‒ F0(T ) to the long, which is the value of the contract at 
expiration. The short has the mirror image of the long. He is required to deliver the asset worth 
ST and accept a smaller amount, F0(T ). The contract has a payoff for him of F0(T ) ‒ ST, which 

5 Such notations as t = 0 and t = T are commonly used in explaining derivatives. To indicate that t = 0 
simply means that we initiate a contract at an imaginary time designated like a counter starting at zero. 
To indicate that the contract expires at t = T simply means that at some future time, designated as T, the 
contract expires. Time T could be a certain number of days from now or a fraction of a year later or T 
years later. We will be more specific in later readings that involve calculations. For now, just assume that 
t = 0 and t = T are two dates—the initiation and the expiration—of the contract.
6 This point is covered more fully elsewhere in the readings on derivatives, but we will see it briefly later 
in this reading.
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is negative. Even if the asset’s value, ST, is less than the forward price, F0(T ), the payoffs are 
still ST ‒ F0(T ) for the long and F0(T ) ‒ ST for the short. We can consolidate these results by 
writing the short’s payoff as the negative of the long’s, ‒[ST ‒ F0(T )], which serves as a useful 
reminder that the long and the short are engaged in a zero-sum game, which is a type of com-
petition in which one participant’s gains are the other’s losses. Although both lose a modest 
amount in the sense of both having some costs to engage in the transaction, these costs are 
relatively small and worth ignoring for our purposes at this time. In addition, it is worthwhile 
to note how derivatives transform the performance of the underlying. The gain from owning 
the underlying would be ST ‒ S0, whereas the gain from owning the forward contract would be 
ST ‒ F0(T ). Both figures are driven by ST, the price of the underlying at expiration, but they 
are not the same.

Exhibit 1 illustrates the payoffs from both buying and selling a forward contract.

Exhibit 1  Payoffs from a Forward Contract

A. Payoff from Buying = ST – F0(T)
Payoff

0

ST

B. Payoff from Selling = –[ST – F0(T)]
Payoff

0

ST
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The long hopes the price of the underlying will rise above the forward price, F0(T ), where-
as the short hopes the price of the underlying will fall below the forward price. Except in the 
extremely rare event that the underlying price at T equals the forward price, there will ulti-
mately be a winner and a loser.

An important element of forward contracts is that no money changes hands between par-
ties when the contract is initiated. Unlike in the purchase and sale of an asset, there is no value 
exchanged at the start. The buyer does not pay the seller some money and obtain something. 
In fact, forward contracts have zero value at the start. They are neither assets nor liabilities. As 
you will learn in later readings, their values will deviate from zero later as prices move. Forward 
contracts will almost always have non-zero values at expiration.

As noted previously, the primary purpose of derivatives is for risk management. Although 
the uses of forward contracts are covered in depth later in the curriculum, there are a few things 
to note here about the purposes of forward contracts. It should be apparent that locking in 
the future buying or selling price of an underlying asset can be extremely attractive for some 
parties. For example, an airline anticipating the purchase of jet fuel at a later date can enter 
into a forward contract to buy the fuel at a price agreed upon when the contract is initiated. In 
so doing, the airline has hedged its cost of fuel. Thus, forward contracts can be structured to 
create a perfect hedge, providing an assurance that the underlying asset can be bought or sold 
at a price known when the contract is initiated. Likewise, speculators, who ultimately assume 
the risk laid off by hedgers, can make bets on the direction of the underlying asset without 
having to invest the money to purchase the asset itself.

Finally, forward contracts need not specifically settle by delivery of the underlying asset. 
They can settle by an exchange of cash. These contracts—called non-deliverable forwards 
(NDFs), cash-settled forwards, or contracts for differences—have the same economic effect 
as do their delivery-based counterparts. For example, for a physical delivery contract, if the 
long pays F0(T ) and receives an asset worth ST, the contract is worth ST – F0(T ) to the long 
at expiration. A non-deliverable forward contract would have the short simply pay cash to the 
long in the amount of ST – F0(T ). The long would not take possession of the underlying asset, 
but if he wanted the asset, he could purchase it in the market for its current price of ST. Because 
he received a cash settlement in the amount of ST – F0(T ), in buying the asset the long would 
have to pay out only ST – [ST – F0(T )], which equals F0(T ). Thus, the long could acquire the 
asset, effectively paying F0(T ), exactly as the contract promised. Transaction costs do make 
cash settlement different from physical delivery, but this point is relatively minor and can be 
disregarded for our purposes here.

As previously mentioned, forward contracts are OTC contracts. There is no formal for-
ward contract exchange. Nonetheless, there are exchange-traded variants of forward contracts, 
which are called futures contracts or just futures.

4.1.2.  Futures
Futures contracts are specialized versions of forward contracts that have been standardized and 
that trade on a futures exchange. By standardizing these contracts and creating an organized 
market with rules, regulations, and a central clearing facility, the futures markets offer an ele-
ment of liquidity and protection against loss by default.

Formally, a futures contract is defined as follows:

A futures contract is a standardized derivative contract created and traded on a futures 
exchange in which two parties agree that one party, the buyer, will purchase an underlying 
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asset from the other party, the seller, at a later date and at a price agreed on by the two 
parties when the contract is initiated and in which there is a daily settling of gains and 
losses and a credit guarantee by the futures exchange through its clearinghouse.

First, let us review what standardization means. Recall that in forward contracts, the par-
ties customize the contract by specifying the underlying asset, the time to expiration, the de-
livery and settlement conditions, and the quantity of the underlying, all according to whatever 
terms they agree on. These contracts are not traded on an exchange. As noted, the regulation of 
OTC derivatives markets is increasing, but these contracts are not subject to the traditionally 
high degree of regulation that applies to securities and futures markets. Futures contracts first 
require the existence of a futures exchange, a legally recognized entity that provides a market 
for trading these contracts. Futures exchanges are highly regulated at the national level in all 
countries. These exchanges specify that only certain contracts are authorized for trading. These 
contracts have specific underlying assets, times to expiration, delivery and settlement condi-
tions, and quantities. The exchange offers a facility in the form of a physical location and/or an 
electronic system as well as liquidity provided by authorized market makers.

Probably the most important distinctive characteristic of futures contracts is the daily 
settlement of gains and losses and the associated credit guarantee provided by the exchange 
through its clearinghouse. When a party buys a futures contract, it commits to purchase the 
underlying asset at a later date and at a price agreed upon when the contract is initiated. The 
counterparty (the seller) makes the opposite commitment, an agreement to sell the underlying 
asset at a later date and at a price agreed upon when the contract is initiated. The agreed-upon 
price is called the futures price. Identical contracts trade on an ongoing basis at different 
prices, reflecting the passage of time and the arrival of new information to the market. Thus, 
as the futures price changes, the parties make and lose money. Rising (falling) prices, of course, 
benefit (hurt) the long and hurt (benefit) the short. At the end of each day, the clearinghouse 
engages in a practice called mark to market, also known as the daily settlement. The clear-
inghouse determines an average of the final futures trades of the day and designates that price 
as the settlement price. All contracts are then said to be marked to the settlement price. For 
example, if the long purchases the contract during the day at a futures price of £120 and the 
settlement price at the end of the day is £122, the long’s account would be marked for a gain 
of £2. In other words, the long has made a profit of £2 and that amount is credited to his 
account, with the money coming from the account of the short, who has lost £2. Naturally, if 
the futures price decreases, the long loses money and is charged with that loss, and the money 
is transferred to the account of the short.7

The account is specifically referred to as a margin account. Of course, in equity markets, 
margin accounts are commonly used, but there are significant differences between futures 
margin accounts and equity margin accounts. Equity margin accounts involve the extension 
of credit. An investor deposits part of the cost of the stock and borrows the remainder at a rate 
of interest. With futures margin accounts, both parties deposit a required minimum sum of 
money, but the remainder of the price is not borrowed. This required margin is typically less 

7 The actual amount of money charged and credited depends on the contract size and the number of 
contracts. A price of £120 might actually refer to a contract that has a standard size of £100,000. Thus, 
£120 might actually mean 120% of the standard size, or £120,000. In addition, the parties are likely 
to hold more than one contract. Hence, the gain of £2 referred to in the text might really mean £2,000 
(122% minus 120% times the £100,000 standard size) times the number of contracts held by the party.
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than 10% of the futures price, which is considerably less than in equity margin trading. In the 
example above, let us assume that the required margin is £10, which is referred to as the initial 
margin. Both the long and the short put that amount into their respective margin accounts. 
This money is deposited there to support the trade, not as a form of equity, with the remaining 
amount borrowed. There is no formal loan created as in equity markets. A futures margin is 
more of a performance bond or good faith deposit, terms that were previously mentioned. It is 
simply an amount of money put into an account that covers possible future losses.

Associated with each initial margin is another figure called the maintenance margin. The 
maintenance margin is the amount of money that each participant must maintain in the ac-
count after the trade is initiated, and it is always significantly lower than the initial margin. Let 
us assume that the maintenance margin in this example is £6. If the buyer’s account is marked 
to market with a credit of £2, his margin balance moves to £12, while the seller’s account is 
charged £2 and his balance moves to £8. The clearinghouse then compares each participant’s 
balance with the maintenance margin. At this point, both participants more than meet the 
maintenance margin.

Let us say, however, that the price continues to move in the long’s favor and, therefore, 
against the short. A few days later, assume that the short’s balance falls to £4, which is below 
the maintenance margin requirement of £6. The short will then get a margin call, which is 
a request to deposit additional funds. The amount that the short has to deposit, however, is 
not the £2 that would bring his balance up to the maintenance margin. Instead, the short 
must deposit enough funds to bring the balance up to the initial margin. So, the short must 
come up with £6. The purpose of this rule is to get the party’s position significantly above the 
minimum level and provide some breathing room. If the balance were brought up only to the 
maintenance level, there would likely be another margin call soon. A party can choose not to 
deposit additional funds, in which case the party would be required to close out the contract 
as soon as possible and would be responsible for any additional losses until the position is 
closed.

As with forward contracts, neither party pays any money to the other when the contract 
is initiated. Value accrues as the futures price changes, but at the end of each day, the mark-
to-market process settles the gains and losses, effectively resetting the value for each party 
to zero.

The clearinghouse moves money between the participants, crediting gains to the winners 
and charging losses to the losers. By doing this on a daily basis, the gains and losses are typi-
cally quite small, and the margin balances help ensure that the clearinghouse will collect from 
the party losing money. As an extra precaution, in fast-moving markets, the clearinghouse 
can make margin calls during the day, not just at the end of the day. Yet there still remains 
the possibility that a party could default. A large loss could occur quickly and consume the 
entire margin balance, with additional money owed.8 If the losing party cannot pay, the clear-
inghouse provides a guarantee that it will make up the loss, which it does by maintaining an 
insurance fund. If that fund were depleted, the clearinghouse could levy a tax on the other 
market participants, though that has never happened.

8 For example, let us go back to when the short had a balance of £4, which is £2 below the maintenance 
margin and £6 below the initial margin. The short will get a margin call, but suppose he elects not to 
deposit additional funds and requests that his position be terminated. In a fast-moving market, the price 
might increase more than £4 before his broker can close his position. The remaining balance of £4 would 
then be depleted, and the short would be responsible for any additional losses.
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Some futures contracts contain a provision limiting price changes. These rules, called 
price limits, establish a band relative to the previous day’s settlement price, within which all 
trades must occur. If market participants wish to trade at a price above the upper band, trading 
stops, which is called limit up, until two parties agree on a trade at a price lower than the upper 
limit. Likewise, if market participants wish to trade at a price below the lower band, which 
is called limit down, no trade can take place until two parties agree to trade at a price above 
the lower limit. When the market hits these limits and trading stops, it is called locked limit. 
Typically, the exchange rules provide for an expansion of the limits the next day. These price 
limits, which may be somewhat objectionable to proponents of free markets, are important in 
helping the clearinghouse manage its credit exposure. Just because two parties wish to trade 
a futures contract at a price beyond the limits does not mean they should be allowed to do 
so. The clearinghouse is a third participant in the contract, guaranteeing to each party that it 
ensures against the other party defaulting. Therefore, the clearinghouse has a vested interest 
in the price and considerable exposure. Sharply moving prices make it more difficult for the 
clearinghouse to collect from the parties losing money.

Most participants in futures markets buy and sell contracts, collecting their profits and 
incurring their losses, with no ultimate intent to make or take delivery of the underlying asset. 
For example, the long may ultimately sell her position before expiration. When a party re-enters 
the market at a later date but before expiration and engages in the opposite transaction—a long 
selling her previously opened contract or a short buying her previously opened contract—the 
transaction is referred to as an offset. The clearinghouse marks the contract to the current price 
relative to the previous settlement price and closes out the participant’s position.

At any given time, the number of outstanding contracts is called the open interest. 
Each contract counted in the open interest has a long and a corresponding short. The open 
interest figure changes daily as some parties open up new positions, while other parties offset 
their old positions. It is theoretically possible that all longs and shorts offset their positions 
before expiration, leaving no open interest when the contract expires, but in practice there 
is nearly always some open interest at expiration, at which time there is a final delivery or 
settlement.

When discussing forward contracts, we noted that a contract could be written such that 
the parties engage in physical delivery or cash settlement at expiration. In the futures markets, 
the exchange specifies whether physical delivery or cash settlement applies. In physical delivery 
contracts, the short is required to deliver the underlying asset at a designated location and the 
long is required to pay for it. Delivery replaces the mark-to-market process on the final day. It 
also ensures an important principle that you will use later: The futures price converges to the spot 
price at expiration. Because the short delivers the actual asset and the long pays the current spot 
price for it, the futures price at expiration has to be the spot price at that time. Alternatively, a 
futures contract initiated right at the instant of expiration is effectively a spot transaction and, 
therefore, the futures price at expiration must equal the spot price. Following this logic, in cash 
settlement contracts, there is a final mark to market, with the futures price formally set to the 
spot price, thereby ensuring automatic convergence.

In discussing forward contracts, we described the process by which they pay off as the spot 
price at expiration minus the forward price, ST – F0(T ), the former determined at expiration 
and the latter agreed upon when the contract is initiated. Futures contracts basically pay off 
the same way, but there is a slight difference. Let us say the contract is initiated on Day 0 and 
expires on Day T. The intervening days are designated Days 1, 2, …, T. The initial futures 
price is designated f0(T ) and the daily settlement prices on Days 1, 2, …, T are designated 
f1(T ), f2(T ), …, fT(T ). There are, of course, futures prices within each trading day, but let us 
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focus only on the settlement prices for now. For simplicity, let us assume that the long buys at 
the settlement price on Day 0 and holds the position all the way to expiration. Through the 
mark-to-market process, the cash flows to the account of the long will be

f1(T ) – f0(T ) on Day 1

f2(T ) – f1(T ) on Day 2

f3(T ) – f2(T ) on Day 3

…

fT(T ) – fT–1(T ) on Day T

These add up to

fT(T ) – f0(T ) on Day T.

And because of the convergence of the final futures price to the spot price,

fT(T ) – f0(T ) = ST – f0(T ),

which is the same as with forward contracts.9 Note, however, that the timing of these profits is 
different from that of forwards. Forward contracts realize the full amount, ST – f0(T ), at expi-
ration, whereas futures contracts realize this amount in parts on a day-to-day basis. Naturally, 
the time value of money principle says that these are not equivalent amounts of money. But 
the differences tend to be small, particularly in low-interest-rate environments, some of these 
amounts are gains and some are losses, and most futures contracts have maturities of less than 
a year.

But the near equivalence of the profits from a futures and a forward contract disguises 
an important distinction between these types of contracts. In a forward contact, with the 
entire payoff made at expiration, a loss by one party can be large enough to trigger a default. 
Hence, forward contracts are subject to default and require careful consideration of the credit 
quality of the counterparties. Because futures contracts settle gains and collect losses daily, the 
amounts that could be lost upon default are much smaller and naturally give the clearinghouse 
much greater flexibility to manage the credit risk it assumes.

Unlike forward markets, futures markets are highly regulated at the national level. Na-
tional regulators are required to approve new futures exchanges and even new contracts pro-
posed by existing exchanges as well as changes in margin requirements, price limits, and any 
significant changes in trading procedures. Violations of futures regulations can be subject to 
governmental prosecution. In addition, futures markets are far more transparent than forward 
markets. Futures prices, volume, and open interest are widely reported and easily obtained. 
Futures prices of nearby expiring contracts are often used as proxies for spot prices, particularly 
in decentralized spot markets, such as gold, which trades in spot markets all over the world.

In spite of the advantages of futures markets over forward markets, forward markets 
also have advantages over futures markets. Transparency is not always a good thing. Forward 
markets offer more privacy and fewer regulatory encumbrances. In addition, forward markets 
offer more flexibility. With the ability to tailor contracts to the specific needs of participants, 

9 Because of this equivalence, we will not specifically illustrate the profit graphs of futures contracts. You 
can generally treat them the same as those of forwards, which were shown in Exhibit 1.
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forward contracts can be written exactly the way the parties want. In contrast, the standard-
ization of futures contracts makes it more difficult for participants to get exactly what they 
want, even though they may get close substitutes. Yet, futures markets offer a valuable credit 
guarantee.

Like forward markets, futures markets can be used for hedging or speculation. For ex-
ample, a jewelry manufacturer can buy gold futures, thereby hedging the price it will have to 
pay for one of its key inputs. Although it is more difficult to construct a futures strategy that 
hedges perfectly than to construct a forward strategy that does so, futures offer the benefit of 
the credit guarantee. It is not possible to argue that futures are better than forwards or vice 
versa. Market participants always trade off advantages against disadvantages. Some participants 
prefer futures, and some prefer forwards. Some prefer one over the other for certain risks and 
the other for other risks. Some might use one for a particular risk at a point in time and a 
different instrument for the same risk at another point in time. The choice is a matter of taste 
and constraints.

The third and final type of forward commitment we will cover is swaps. They go a step 
further in committing the parties to buy and sell something at a later date: They obligate the 
parties to a sequence of multiple purchases and sales.

4.1.3. S waps
The concept of a swap is that two parties exchange (swap) a series of cash flows. One set of cash 
flows is variable or floating and will be determined by the movement of an underlying asset or 
rate. The other set of cash flows can be variable and determined by a different underlying asset 
or rate, or it can be fixed. Formally, a swap is defined as follows:

A swap is an over-the-counter derivative contract in which two parties agree to exchange a 
series of cash flows whereby one party pays a variable series that will be determined by an 
underlying asset or rate and the other party pays either (1) a variable series determined by 
a different underlying asset or rate or (2) a fixed series.

As with forward contracts, swap contracts also contain other terms—such as the identity 
of the underlying, the relevant payment dates, and the payment procedure—that are nego-
tiated between the parties and written into the contract. A swap is a bit more like a forward 
contract than a futures contract in that it is an OTC contract, so it is privately negotiated and 
subject to default. Nonetheless, the similarities between futures and forwards apply to futures 
and swaps and, indeed, combinations of futures contracts expiring at different dates are often 
compared to swaps.

As with forward contracts, either party can default but only one party can default at a 
particular time. The money owed is always based on the net owed by one party to the oth-
er. Hence, the party owing the lesser amount cannot default to the party owing the greater 
amount. Only the latter can default, and the amount it owes is the net of what it owes and 
what is owed to it, which is also true with forwards.

Swaps are relatively young financial instruments, having been created only in the early 
1980s. Thus, it may be somewhat surprising to learn that the swap is the most widely used 
derivative, a likely result of its simplicity and embracement by the corporate world. The most 
common swap is the fixed-for-floating interest rate swap. In fact, this type of swap is so com-
mon that it is often called a “plain vanilla swap” or just a “vanilla swap,” owing to the notion 
that vanilla ice cream is considered plain (albeit tasty).
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Let us examine a scenario in which the vanilla interest rate swap is frequently used. Sup-
pose a corporation borrows from a bank at a floating rate. It would prefer a fixed rate, which 
would enable it to better anticipate its cash flow needs in making its interest payments.10 The 
corporation can effectively convert its floating-rate loan to a fixed-rate loan by adding a swap, 
as shown in Exhibit 2.

Exhibit 2  Using an Interest Rate Swap to Convert a Floating-Rate Loan to a Fixed-Rate Loan

Corporation Borrowing at
Floating Rate

Swap Dealer

Bank Lender

(�xed swap payments)

(�oating swap payments)

(�oating interest payments)

The interest payments on the loan are tied to a specific floating rate. For a dollar-based 
loan, that rate has typically been US dollar Libor.11 The payments would be based on the rate 
from the Libor market on a specified reset date times the loan balance times a factor reflecting 
the number of days in the current interest calculation period. The actual payment is made 
at a later date. Thus, for a loan balance of, say, $10 million with monthly payments, the rate 
might be based on Libor on the first business day of the month, with interest payable on the 
first business day of the next month, which is the next reset date, and calculated as $10 million 
times the rate times 30/360. The 30/360 convention, an implicit assumption of 30 days in a 
month, is common but only one of many interest calculation conventions used in the financial 
world. Often, “30” is replaced by the exact number of days since the last interest payment. 
The use of a 360-day year is a common assumption in the financial world, which originated 
in the pre-calculator days when an interest rate could be multiplied by a number like 30/360, 
60/360, 90/360, etc., more easily than if 365 were used.

Whatever the terms of the loan are, the terms of the swap are typically set to match those 
of the loan. Thus, a Libor-based loan with monthly payments based on the 30/360 conven-
tion would be matched with a swap with monthly payments based on Libor and the 30/360 
convention and the same reset and payment dates. Although the loan has an actual balance 
(the amount owed by borrower to creditor), the swap does not have such a balance owed by 

10 Banks prefer to make floating-rate loans because their own funding is typically short term and at float-
ing rates. Thus, their borrowing rates reset frequently, giving them a strong incentive to pass that risk on 
to their customers through floating-rate loans.
11 Recall that US dollar Libor (London Interbank Offered Rate) is the estimated rate on a dollar-based 
loan made by one London bank to another. Such a loan takes the form of a time deposit known as a 
Eurodollar because it represents a dollar deposited in a European bank account. In fact, Libor is the 
same as the so-called Eurodollar rate. The banks involved can be British banks or British branches of 
non-British banks. The banks estimate their borrowing rates, and a single average rate is assembled and 
reported each day. That rate is then commonly used to set the rate on many derivative contracts.
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one party to the other. Thus, it has no principal, but it does have a balance of sorts, called the 
notional principal, which ordinarily matches the loan balance. A loan with only one princi-
pal payment, the final one, will be matched with a swap with a fixed notional principal. An 
amortizing loan, which has a declining principal balance, will be matched with a swap with a 
pre-specified declining notional principal that matches the loan balance.

As with futures and forwards, no money changes hands at the start; thus, the value of a 
swap when initiated must be zero. The fixed rate on the swap is determined by a process that 
forces the value to zero, a procedure that will be covered later in the curriculum. As market 
conditions change, the value of a swap will deviate from zero, being positive to one party and 
negative to the other.

As with forward contracts, swaps are subject to default, but because the notional amount 
of a swap is not typically exchanged, the credit risk of a swap is much less than that of a loan.12 
The only money passing from one party to the other is the net difference between the fixed 
and floating interest payments. In fact, the parties do not even pay each other. Only one party 
pays the other, as determined by the net of the greater amount owed minus the lesser amount. 
This does not mean that swaps are not subject to a potentially large amount of credit risk. At 
a given point in time, one party could default, effectively owing the value of all remaining 
payments, which could substantially exceed the value that the non-defaulting party owes to 
the defaulting party. Thus, there is indeed credit risk in a swap. This risk must be managed 
by careful analysis before the transaction and by the potential use of such risk-mitigating 
measures as collateral.

There are also interest rate swaps in which one party pays on the basis of one interest 
rate and the other party pays on the basis of a different interest rate. For example, one 
party might make payments at Libor, whereas the other might make payments on the 
basis of the US Treasury bill rate. The difference between Libor and the T-bill rate, often 
called the TED spread (T-bills versus Eurodollar), is a measure of the credit risk premium 
of London banks, which have historically borrowed short term at Libor, versus that of the 
US government, which borrows short term at the T-bill rate. This transaction is called a 
basis swap. There are also swaps in which the floating rate is set as an average rate over the 
period, in accordance with the convention for many loans. Some swaps, called overnight 
indexed swaps, are tied to a Fed funds–type rate, reflecting the rate at which banks bor-
row overnight. As we will cover later, there are many other different types of swaps that 
are used for a variety of purposes. The plain vanilla swap is merely the simplest and most 
widely used.

Because swaps, forwards, and futures are forward commitments, they can all accomplish 
the same thing. One could create a series of forwards or futures expiring at a set of dates that 
would serve the same purpose as a swap. Although swaps are better suited for risks that in-
volve multiple payments, at its most fundamental level, a swap is more or less just a series of 
forwards and, acknowledging the slight differences discussed above, more or less just a series 
of futures.

12 It is possible that the notional principal will be exchanged in a currency swap, whereby each party 
makes a series of payments to the other in different currencies. Whether the notional principal is ex-
changed depends on the purpose of the swap. This point will be covered later in the curriculum. At this 
time, you should see that it would be fruitless to exchange notional principals in an interest rate swap be-
cause that would mean each party would give the other the same amount of money when the transaction 
is initiated and re-exchange the same amount of money when the contract terminates.
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This material completes our introduction to forward commitments. All forward com-
mitments are firm contracts. The parties are required to fulfill the obligations they agreed to. 
The benefit of this rigidity is that neither party pays anything to the other when the contract 
is initiated. If one party needs some flexibility, however, it can get it by agreeing to pay the 
other party some money when the contract is initiated. When the contract expires, the party 
who paid at the start has some flexibility in deciding whether to buy the underlying asset at the 
fixed price. Thus, that party did not actually agree to do anything. It had a choice. This is the 
nature of contingent claims.

4.2.  Contingent Claims

A contingent claim is a derivative in which the outcome or payoff is dependent on the out-
come or payoff of an underlying asset. Although this characteristic is also associated with 
forward commitments, a contingent claim has come to be associated with a right, but not an 

Example 3  Forward Contracts, Futures Contracts, and Swaps

1.	 Which of the following characterizes forward contracts and swaps but not futures?
A.	 They are customized.
B.	 They are subject to daily price limits.
C.	 Their payoffs are received on a daily basis.

2.	 Which of the following distinguishes forwards from swaps?
A.	 Forwards are OTC instruments, whereas swaps are exchange traded.
B.	 Forwards are regulated as futures, whereas swaps are regulated as securities.
C.	S waps have multiple payments, whereas forwards have only a single payment.

3.	 Which of the following occurs in the daily settlement of futures contracts?
A.	I nitial margin deposits are refunded to the two parties.
B.	G ains and losses are reported to other market participants.
C.	 Losses are charged to one party and gains credited to the other.

Solution to 1: A  is correct. Forwards and swaps are OTC contracts and, therefore, are 
customized. Futures are exchange traded and, therefore, are standardized. Some futures 
contracts are subject to daily price limits and their payoffs are received daily, but these 
characteristics are not true for forwards and swaps.

Solution to 2:  C is correct. Forwards and swaps are OTC instruments and both are regu-
lated as such. Neither is regulated as a futures contract or a security. A swap is a series of 
multiple payments at scheduled dates, whereas a forward has only one payment, made 
at its expiration date.

Solution to 3:  C is correct. Losses and gains are collected and distributed to the respective 
parties. There is no specific reporting of these gains and losses to anyone else. Initial 
margin deposits are not refunded and, in fact, additional deposits may be required.
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obligation, to make a final payment contingent on the performance of the underlying. Given 
that the holder of the contingent claim has a choice, the term contingent claim has become 
synonymous with the term option. The holder has a choice of whether or not to exercise the op-
tion. This choice creates a payoff that transforms the underlying payoff in a more pronounced 
manner than does a forward, futures, or swap. Those instruments provide linear payoffs: As the 
underlying goes up (down), the derivative gains (loses). The further up (down) the underlying 
goes, the more the derivative gains (loses). Options are different in that they limit losses in one 
direction. In addition, options can pay off as the underlying goes down. Hence, they transform 
the payoffs of the underlying into something quite different.

4.2.1.  Options
We might say that an option, as a contingent claim, grants the right but not the obligation to 
buy an asset at a later date and at a price agreed on when the option is initiated. But there are so 
many variations of options that we cannot settle on this statement as a good formal definition. 
For one thing, options can also grant the right to sell instead of the right to buy. Moreover, 
they can grant the right to buy or sell earlier than at expiration. So, let us see whether we can 
combine these points into an all-encompassing definition of an option.

An option is a derivative contract in which one party, the buyer, pays a sum of money to 
the other party, the seller or writer, and receives the right to either buy or sell an under-
lying asset at a fixed price either on a specific expiration date or at any time prior to the 
expiration date.

Unfortunately, even that definition does not cover every unique aspect of options. For 
example, options can be created in the OTC market and customized to the terms of each par-
ty, or they can be created and traded on options exchanges and standardized. As with forward 
contracts and swaps, customized options are subject to default but are less regulated and rela-
tively transparent. Exchange-traded options are protected against default by the clearinghouse 
of the options exchange and are relatively transparent and regulated at the national level. As 
noted in the definition above, options can be terminated early or at their expirations. When an 
option is terminated, either early or at expiration, the holder of the option chooses whether to 
exercise it. If he exercises it, he either buys or sells the underlying asset, but he does not have 
both rights. The right to buy is one type of option, referred to as a call or call option, whereas 
the right to sell is another type of option, referred to as a put or put option. With one very 
unusual and advanced exception that we do not cover, an option is either a call or a put, and 
that point is made clear in the contract.

An option is also designated as exercisable early (before expiration) or only at expiration. 
Options that can be exercised early are referred to as American-style. Options that can be 
exercised only at expiration are referred to as European-style. It is extremely important that you 
do not associate these terms with where these options are traded. Both types of options trade on 
all continents.13

13 For example, you do not associate French dressing with France. It is widely available and enjoyed 
worldwide. If you dig deeper into the world of options, you will find Asian options and Bermuda options. 
Geography is a common source of names for options as well as foods and in no way implies that the 
option or the food is available only in that geographical location.
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As with forwards and futures, an option can be exercised by physical delivery or cash 
settlement, as written in the contract. For a call option with physical delivery, upon exercise 
the underlying asset is delivered to the call buyer, who pays the call seller the exercise price. 
For a put option with physical delivery, upon exercise the put buyer delivers the underlying 
asset to the put seller and receives the strike price. For a cash settlement option, exercise 
results in the seller paying the buyer the cash equivalent value as if the asset were delivered 
and paid for.

The fixed price at which the underlying asset can be purchased is called the exercise price 
(also called the “strike price,” the “strike,” or the “striking price”). This price is somewhat 
analogous to the forward price because it represents the price at which the underlying will be 
purchased or sold if the option is exercised. The forward price, however, is set in the pricing 
of the contract such that the contract value at the start is zero. The strike price of the option 
is chosen by the participants. The actual price or value of the option is an altogether different 
concept.

As noted, the buyer pays the writer a sum of money called the option premium, or just 
the “premium.” It represents a fair price of the option, and in a well-functioning market, it 
would be the value of the option. Consistent with everything we know about finance, it is the 
present value of the cash flows that are expected to be received by the holder of the option 
during the life of the option. At this point, we will not get into how this price is determined, 
but you will learn that later. For now, there are some fundamental concepts you need to un-
derstand, which form a basis for understanding how options are priced and why anyone would 
use an option.

Because the option buyer (the long) does not have to exercise the option, beyond the 
initial payment of the premium, there is no obligation of the long to the short. Thus, only 
the short can default, which would occur if the long exercises the option and the short 
fails to do what it is supposed to do. Thus, in contrast to forwards and swaps, in which 
either party could default to the other, default in options is possible only from the short 
to the long.

Ruling out the possibility of default for now, let us examine what happens when an op-
tion expires. Using the same notation used previously, let ST be the price of the underlying at 
the expiration date, T, and X be the exercise price of the option. Remember that a call option 
allows the holder, or long, to pay X and receive the underlying. It should be obvious that the 
long would exercise the option at expiration if ST is greater than X, meaning that the under-
lying value is greater than what he would pay to obtain the underlying. Otherwise, he would 
simply let the option expire. Thus, on the expiration date, the option is described as having a 
payoff of Max(0,ST – X). Because the holder of the option would be entitled to exercise it and 
claim this amount, it also represents the value of the option at expiration. Let us denote that 
value as cT. Thus,

cT = Max(0,ST – X) (payoff to the call buyer),

which is read as “take the maximum of either zero or ST – X.” Thus, if the underlying value 
exceeds the exercise price (ST > X), then the option value is positive and equal to ST – X. 
The call option is then said to be in the money. If the underlying value is less than the 
exercise price (ST < X), then ST – X is negative; zero is greater than a negative number, so 
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the option value would be zero. When the underlying value is less than the exercise price, 
the call option is said to be out of the money. When ST = X, the call option is said to be 
at the money, although at the money is, for all practical purposes, out of the money because 
the value is still zero.

This payoff amount is also the value of the option at expiration. It represents value 
because it is what the option is worth at that point. If the holder of the option sells it to 
someone else an instant before expiration, it should sell for that amount because the new 
owner would exercise it and capture that amount. To the seller, the value of the option at 
that point is ‒Max(0,ST – X), which is negative to the seller if the option is in the money and 
zero otherwise.

Using the payoff value and the price paid for the option, we can determine the profit from 
the strategy, which is denoted with the Greek symbol Π. Let us say the buyer paid c0 for the 
option at time 0. Then the profit is

Π = Max(0,ST – X) – c0 (profit to the call buyer),

To the seller, who received the premium at the start, the payoff is

–cT = –Max(0,ST – X) (payoff to the call seller),

The profit is

Π = –Max(0,ST – X) + c0 (profit to the call seller).

Exhibit 3 illustrates the payoffs and profits to the call buyer and seller as graphical rep-
resentations of these equations, with the payoff or value at expiration indicated by the dark 
line and the profit indicated by the light line. Note in Panel A that the buyer has no upper 
limit on the profit and has a fixed downside loss limit equal to the premium paid for the 
option. Such a condition, with limited loss and unlimited gain, is a temptation to many 
unsuspecting investors, but keep in mind that the graph does not indicate the frequency with 
which gains and losses will occur. Panel B is the mirror image of Panel A and shows that the 
seller has unlimited losses and limited gains. One might suspect that selling a call is, there-
fore, the worst investment strategy possible. Indeed, it is a risky strategy, but at this point 
these are only simple strategies. Other strategies can be added to mitigate the seller’s risk to 
a substantial degree.
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Exhibit 3  Payoff and Profit from a Call Option

A. Payoff and Pro�t from Buying

B. Payoff and Pro�t from Selling
Payoff and Pro�t

Pro�t

0

c0
Payoff

ST

Payoff and Pro�t

Pro�t
0

–c0

Payoff

STX

Now let us consider put options. Recall that a put option allows its holder to sell the un-
derlying asset at the exercise price. Thus, the holder should exercise the put at expiration if the 
underlying asset is worth less than the exercise price (ST < X). In that case, the put is said to be 
in the money. If the underlying asset is worth the same as the exercise price (ST = X), meaning 
the put is at the money, or more than the exercise price (ST > X), meaning the put is out of the 
money, the option holder would not exercise it and it would expire with zero value. Thus, the 
payoff to the put holder is

pT = Max(0,X – ST) (payoff to the put buyer),

If the put buyer paid p0 for the put at time 0, the profit is

Π = Max(0,X – ST) – p0 (profit to the put buyer),
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And for the seller, the payoff is

–pT = –Max(0,X – ST) (payoff to the put seller),

And the profit is

Π = –Max(0,X – ST) + p0 (profit to the put seller).

Exhibit 4 illustrates the payoffs and profits to the buyer and seller of a put.

Exhibit 4  Payoff and Profit from a Put Option

A. Payoff and Pro�t from Buying

B. Payoff and Pro�t from Selling
Payoff and Pro�t

Payoff and Pro�t

Pro�t
0

–p0

Payoff

STX

Pro�t
0

p0

Payoff

STX

The put buyer has a limited loss, and although the gain is limited by the fact that the un-
derlying value cannot go below zero, the put buyer does gain more the lower the value of the 
underlying. In this manner, we see how a put option is like insurance. Bad outcomes for the 
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underlying trigger a payoff for both the insurance policy and the put, whereas good outcomes 
result only in loss of the premium. The put seller, like the insurer, has a limited gain and a loss 
that is larger the lower the value of the underlying. As with call options, these graphs must be 
considered carefully because they do not indicate the frequency with which gains and losses 
will occur. At this point, it should be apparent that buying a call option is consistent with a 
bullish point of view and buying a put option is consistent with a bearish point of view. More-
over, in contrast to forward commitments, which have payoffs that are linearly related to the 
payoffs of the underlying (note the straight lines in Exhibit 1), contingent claims have payoffs 
that are non-linear in relation to the underlying. There is linearity over a range—say, from 0 to 
X or from X upward or downward—but over the entire range of values for the underlying, the 
payoffs of contingent claims cannot be depicted with a single straight line.

We have seen only a snapshot of the payoff and profit graphs that can be created with 
options. Calls can be combined with puts, the underlying asset, and other calls or puts with 
different expirations and exercise prices to create a diverse set of payoff and profit graphs, some 
of which are covered later in the curriculum.

Before leaving options, let us again contrast the differences between options and forward 
commitments. With forward commitments, the parties agree to trade an underlying asset at a 
later date and at a price agreed upon when the contract is initiated. Neither party pays any cash 
to the other at the start. With options, the buyer pays cash to the seller at the start and receives 
the right, but not the obligation, to buy (if a call) or sell (if a put) the underlying asset at expi-
ration at a price agreed upon (the exercise price) when the contract is initiated. In contrast to 
forwards, futures, and swaps, options do have value at the start: the premium paid by buyer to 
seller. That premium pays for the right, eliminating the obligation, to trade the underlying at a 
later date, as would be the case with a forward commitment.

Although there are numerous variations of options, most have the same essential features 
described here. There is, however, a distinctive family of contingent claims that emerged in the 
early 1990s and became widely used and, in some cases, heavily criticized. These instruments 
are known as credit derivatives.

4.2.2.  Credit Derivatives
Credit risk is surely one of the oldest risks known to mankind. Human beings have been lend-
ing things to each other for thousands of years, and even the most primitive human beings 
must have recognized the risk of lending some of their possessions to their comrades. Until the 
last 20 years or so, however, the management of credit risk was restricted to simply doing the 
best analysis possible before making a loan, monitoring the financial condition of the borrower 
during the loan, limiting the exposure to a given party, and requiring collateral. Some modest 
forms of insurance against credit risk have existed for a number of years, but insurance can 
be a slow and cumbersome way of protecting against credit loss. Insurance is typically highly 
regulated, and insurance laws are usually very consumer oriented. Thus, credit insurance as a 
financial product has met with only modest success.

In the early 1990s, however, the development of the swaps market led to the creation 
of derivatives that would hedge credit risk. These instruments came to be known as credit 
derivatives, and they avoided many of the regulatory constraints of the traditional insurance 
industry. Here is a formal definition:

A credit derivative is a class of derivative contracts between two parties, a credit protection 
buyer and a credit protection seller, in which the latter provides protection to the former 
against a specific credit loss.
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One of the first credit derivatives was a total return swap, in which the underlying is 
typically a bond or loan, in contrast to, say, a stock or stock index. The credit protection buyer 
offers to pay the credit protection seller the total return on the underlying bond. This total 
return consists of all interest and principal paid by the borrower plus any changes in the bond’s 
market value. In return, the credit protection seller typically pays the credit protection buyer 
either a fixed or a floating rate of interest. Thus, if the bond defaults, the credit protection seller 
must continue to make its promised payments, while receiving a very small return or virtually 
no return from the credit protection buyer. If the bond incurs a loss, as it surely will if it de-
faults, the credit protection seller effectively pays the credit protection buyer.

Another type of credit derivative is the credit spread option, in which the underlying is 
the credit (yield) spread on a bond, which is the difference between the bond’s yield and the 
yield on a benchmark default-free bond. As you will learn in the fixed-income material, the 
credit spread is a reflection of investors’ perception of credit risk. Because a credit spread option 
requires a credit spread as the underlying, this type of derivative works only with a traded bond 
that has a quoted price. The credit protection buyer selects the strike spread it desires and pays 
the option premium to the credit protection seller. At expiration, the parties determine wheth-
er the option is in the money by comparing the bond’s yield spread with the strike chosen, 
and if it is, the credit protection seller pays the credit protection buyer the established payoff. 
Thus, this instrument is essentially a call option in which the underlying is the credit spread.

A third type of credit derivative is the credit-linked note (CLN). With this derivative, 
the credit protection buyer holds a bond or loan that is subject to default risk (the underlying 
reference security) and issues its own security (the credit-linked note) with the condition that 
if the bond or loan it holds defaults, the principal payoff on the credit-linked note is reduced 
accordingly. Thus, the buyer of the credit-linked note effectively insures the credit risk of the 
underlying reference security.

These three types of credit derivatives have had limited success compared with the fourth 
type of credit derivative, the credit default swap (CDS). The credit default swap, in particu-
lar, has achieved much success by capturing many of the essential features of insurance while 
avoiding the high degree of consumer regulations that are typically associated with traditional 
insurance products.

In a CDS, one party—the credit protection buyer, who is seeking credit protection against 
a third party—makes a series of regularly scheduled payments to the other party, the credit 
protection seller. The seller makes no payments until a credit event occurs. A declaration of 
bankruptcy is clearly a credit event, but there are other types of credit events, such as a failure 
to make a scheduled payment or an involuntary restructuring. The CDS contract specifies 
what constitutes a credit event, and the industry has a procedure for declaring credit events, 
though that does not guarantee the parties will not end up in court arguing over whether 
something was or was not a credit event.

Formally, a credit default swap is defined as follows:

A credit default swap is a derivative contract between two parties, a credit protection buyer 
and a credit protection seller, in which the buyer makes a series of cash payments to the 
seller and receives a promise of compensation for credit losses resulting from the default of 
a third party.

A CDS is conceptually a form of insurance. Sellers of CDSs, oftentimes banks or insur-
ance companies, collect periodic payments and are required to pay out if a loss occurs from 
the default of a third party. These payouts could take the form of restitution of the defaulted 
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amount or the party holding the defaulting asset could turn it over to the CDS seller and 
receive a fixed amount. The most common approach is for the payout to be determined by an 
auction to estimate the market value of the defaulting debt. Thus, CDSs effectively provide 
coverage against a loss in return for the protection buyer paying a premium to the protection 
seller, thereby taking the form of insurance against credit loss. Although insurance contracts 
have certain legal characteristics that are not found in credit default swaps, the two instruments 
serve similar purposes and operate in virtually the same way: payments made by one party in 
return for a promise to cover losses incurred by the other.

Exhibit 5 illustrates the typical use of a CDS by a lender. The lender is exposed to the risk 
of non-payment of principal and interest. The lender lays off this risk by purchasing a CDS 
from a CDS seller. The lender—now the CDS buyer—promises to make a series of periodic 
payments to the CDS seller, who then stands ready to compensate the CDS buyer for credit 
losses.

Exhibit 5  Using a Credit Default Swap to Hedge the Credit Risk of a Loan

Lender (CDS buyer) CDS Seller

Borrower

(interest and
principal payments)

(periodic payments)

(compensation for credit losses)

Clearly, the CDS seller is betting on the borrower’s not defaulting or—more generally, as 
insurance companies operate—that the total payouts it is responsible for are less than the total 
payments collected. Of course, most insurance companies are able to do this by having reliable 
actuarial statistics, diversifying their risk, and selling some of the risk to other insurance com-
panies. Actuarial statistics are typically quite solid. Average claims for life, health, and casualty 
insurance are well documented, and insurers can normally set premiums to cover losses and 
operate at a reasonable profit. Although insurance companies try to manage some of their 
risks at the micro level (e.g., charging smokers more for life and health insurance), most of 
their risk management is at the macro level, wherein they attempt to make sure their risks are 
not concentrated. Thus, they avoid selling too much homeowners insurance to individuals in 
tornado-prone areas. If they have such an exposure, they can use the reinsurance market to sell 
some of the risk to other companies that are not overexposed to that risk. Insurance companies 
attempt to diversify their risks and rely on the principle of uncorrelated risks, which plays 
such an important role in portfolio management. A well-diversified insurance company, like a 
well-diversified portfolio, should be able to earn a return commensurate with its assumed risk 
in the long run.

Credit default swaps should operate the same way. Sellers of CDSs should recognize 
when their credit risk is too concentrated. When that happens, they become buyers of CDSs 
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from other parties or find other ways to lay off the risk. Unfortunately, during the financial 
crisis that began in 2007, many sellers of CDSs failed to recognize the high correlations 
among borrowers whose debt they had guaranteed. One well-known CDS seller, AIG, is a 
large and highly successful traditional insurance company that got into the business of selling 
CDSs. Many of these CDSs insured against mortgages. With the growth of the subprime 
mortgage market, many of these CDS-insured mortgages had a substantial amount of credit 
risk and were often poorly documented. AIG and many other CDS sellers were thus highly 
exposed to systemic credit contagion, a situation in which defaults in one area of an economy 
ripple into another, accompanied by bank weaknesses and failures, rapidly falling equity mar-
kets, rising credit risk premiums, and a general loss of confidence in the financial system and 
the economy. These presumably well-diversified risks guaranteed by CDS sellers, operating as 
though they were insurance companies, ultimately proved to be poorly diversified. Systemic 
financial risks can spread more rapidly than fire, health, and casualty risks. Virtually no other 
risks, except those originating from wars or epidemics, spread in the manner of systemic 
financial risks.

Thus, to understand and appreciate the importance of the CDS market, it is necessary 
to recognize how that market can fail. The ability to separate and trade risks is a valuable 
one. Banks can continue to make loans to their customers, thereby satisfying the customers’ 
needs, while laying off the risk elsewhere. In short, parties not wanting to bear certain risks 
can sell them to parties wanting to assume certain risks. If all parties do their jobs correct-
ly, the markets and the economy work more efficiently. If, as in the case of certain CDS 
sellers, not everyone does a good job of managing risk, there can be serious repercussions. 
In the case of AIG and some other companies, taxpayer bailouts were the ultimate price 
paid to keep these large institutions afloat so that they could continue to provide their 
other critical services to consumers. The rules proposed in the new OTC derivatives market 
regulations—which call for greater regulation and transparency of OTC derivatives and, 
in particular, CDSs—have important implications for the future of this market and these 
instruments.

Example 4  Options and Credit Derivatives

1.	A n option provides which of the following?
A.	E ither the right to buy or the right to sell an underlying
B.	 The right to buy and sell, with the choice made at expiration
C.	 The obligation to buy or sell, which can be converted into the right to buy or sell

2.	 Which of the following is not a characteristic of a call option on a stock?
A.	A  guarantee that the stock will increase
B.	A  specified date on which the right to buy expires
C.	A  fixed price at which the call holder can buy the stock

3.	A  credit derivative is which of the following?
A.	A  derivative in which the premium is obtained on credit
B.	A  derivative in which the payoff is borrowed by the seller
C.	A  derivative in which the seller provides protection to the buyer against credit 

loss from a third party
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4.2.3. A sset-Backed Securities
Although these instruments are covered in more detail in the fixed-income material, we would 
be remiss if we failed to include them with derivatives. But we will give them only light cov-
erage here.

As discussed earlier, derivatives take (derive) their value from the value of the underlying, 
as do mutual funds and exchange-traded funds (ETFs). A mutual fund or an ETF holding 
bonds is virtually identical to the investor holding the bonds directly. Asset-backed securities 
(ABSs) take this concept a step further by altering the payment streams. ABSs typically divide 
the payments into slices, called tranches, in which the priority of claims has been changed from 
equivalent to preferential. For example, in a bond mutual fund or an ETF, all investors in the 
fund have equal claims, and so the rate of return earned by each investor is exactly the same. If 
a portfolio of the same bonds were assembled into an ABS, some investors in the ABS would 
have claims that would supersede those of other investors. The differential nature of these 
claims becomes relevant when either prepayments or defaults occur.

Prepayments mostly affect only mortgages. When a portfolio of mortgages is assembled 
into an ABS, the resulting instrument is called a collateralized mortgage obligation (CMO). 
Commonly but not always, the credit risk has been reduced or eliminated, perhaps by a CDS, 
as discussed earlier. When homeowners pay off their mortgages early due to refinancing at low-
er rates, the holders of the mortgages suffer losses. They expected to receive a stream of returns 
that is now terminated. The funds that were previously earning a particular rate will now have 
to be invested to earn a lower rate. These losses are the mirror images of the gains homeown-
ers make when they proudly proclaim that they refinanced their mortgages and substantially 
lowered their payments.

CMOs partition the claims against these mortgages into different tranches, which are typ-
ically called A, B, and C. Class C tranches bear the first wave of prepayments until that tranche 
has been completely repaid its full principal investment. At that point, the Class B tranche 
holders bear the next prepayments until they have been fully repaid. The Class A tranche holders 
then bear the next wave of prepayments.14 Thus, the risk faced by the various tranche holders 
is different from that of a mutual fund or ETF, which would pass the returns directly through 

14 The reference to only three tranches is just a general statement. There are many more types of tranches. 
Our discussion of the three classes is for illustrative purposes only and serves to emphasize that there are 
high-priority claims, low-priority claims, and other claims somewhere in the middle.

Solution to 1: A  is correct. An option is strictly the right to buy (a call) or the right to 
sell (a put). It does not provide both choices or the right to convert an obligation into 
a right.

Solution to 2: A  is correct. A call option on a stock provides no guarantee of any change 
in the stock price. It has an expiration date, and it provides for a fixed price at which the 
holder can exercise the option, thereby purchasing the stock.

Solution to 3:  C is correct. Credit derivatives provide a guarantee against loss caused by 
a third party’s default. They do not involve borrowing the premium or the payoff.
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such that investors would all receive the same rates of return. Therefore, the expected returns of 
CMO tranches vary and are commensurate with the prepayment risk they assume. Some CMOs 
are also characterized by credit risk, perhaps a substantial amount, from subprime mortgages.

When bonds or loans are assembled into ABSs, they are typically called collateralized 
bond obligations (CBOs) or collateralized loan obligations (CLOs). These instruments 
(known collectively as collateralized debt obligations, or CDOs) do not traditionally 
have much prepayment risk but they do have credit risk and oftentimes a great deal of 
it. The CDO structure allocates this risk to tranches that are called senior, mezzanine, 
or junior tranches (the last sometimes called equity tranches). When defaults occur, the 
junior tranches bear the risk first, followed by the mezzanine tranches, and then the sen-
ior tranches. The expected returns of the tranches vary according to the perceived credit 
risk, with the senior tranches having the highest credit quality and the junior the lowest. 
Thus, the senior tranches have the lowest expected returns and the junior tranches have 
the highest.

An asset-backed security is formally defined as follows:

An asset-backed security is a derivative contract in which a portfolio of debt instruments 
is assembled and claims are issued on the portfolio in the form of tranches, which have 
different priorities of claims on the payments made by the debt securities such that pre-
payments or credit losses are allocated to the most-junior tranches first and the most-senior 
tranches last.

ABSs seem to have only an indirect and subtle resemblance to options, but they are indeed 
options. They promise to make a series of returns that are typically steady. These returns can 
be lowered if prepayments or defaults occur. Thus, they are contingent on prepayments and 
defaults. Take a look again at Exhibit 4, Panel B (the profit and payoff of a short put option). 
If all goes well, there is a fixed return. If something goes badly, the return can be lowered, and 
the worse the outcome, the lower the return. Thus, holders of ABSs have effectively written 
put options.

This completes the discussion of contingent claims. Having now covered forward com-
mitments and contingent claims, the final category of derivative instruments is more or less 
just a catch-all category in case something was missed.

4.3. H ybrids

The instruments just covered encompass all the fundamental instruments that exist in the 
derivatives world. Yet, the derivatives world is truly much larger than implied by what has 
been covered here. We have not covered and will touch only lightly on the many hybrid 
instruments that combine derivatives, fixed-income securities, currencies, equities, and com-
modities. For example, options can be combined with bonds to form either callable bonds or 
convertible bonds. Swaps can be combined with options to form swap payments that have 
upper and lower limits. Options can be combined with futures to obtain options on futures. 
Options can be created with swaps as the underlying to form swaptions. Some of these in-
struments will be covered later. For now, you should just recognize that the possibilities are 
almost endless.

We will not address these hybrids directly, but some are covered elsewhere in the curricu-
lum. The purpose of discussing them here is for you to realize that derivatives create possibilities 
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4.4.  Derivatives Underlyings

Before discussing the purposes and benefits of derivatives, we need to clarify some points that 
have been implied so far. We have alluded to certain underlying assets, this section will briefly 
discuss the underlyings more directly.

4.4.1. E quities
Equities are one of the most popular categories of underlyings on which derivatives are cre-
ated. There are two types of equities on which derivatives exist: individual stocks and stock 
indices. Derivatives on individual stocks are primarily options. Forwards, futures, and swaps 
on individual stocks are not widely used. Index derivatives in the form of options, forwards, 
futures, and swaps are very popular. Index swaps, more often called equity swaps, are quite 
popular and permit investors to pay the return on one stock index and receive the return on 
another index or a fixed rate. They can be very useful in asset allocation strategies by allowing 
an equity manager to increase or reduce exposure to an equity market or sector without trading 
the individual securities.

In addition, options on stocks are frequently used by companies as compensation and 
incentives for their executives and employees. These options are granted to provide incentives 
to work toward driving the stock price up and can result in companies paying lower cash 

Example 5  Forward Commitments versus Contingent Claims

1.	 Which of the following is not a forward commitment?
A.	A n agreement to take out a loan at a future date at a specific rate
B.	A n offer of employment that must be accepted or rejected in two weeks
C.	A n agreement to lease a piece of machinery for one year with a series of fixed 

monthly payments
2.	 Which of the following statements is true about contingent claims?

A.	E ither party can default to the other.
B.	 The payoffs are linearly related to the performance of the underlying.
C.	 The most the long can lose is the amount paid for the contingent claim.

Solution to 1:  B is correct. Both A and C are commitments to engage in transactions at 
future dates. In fact, C is like a swap because the party agrees to make a series of future 
payments and in return receives temporary use of an asset whose value could vary. B is 
a contingent claim. The party receiving the employment offer can accept it or reject it if 
there is a better alternative.

Solution to 2:  C is correct. The maximum loss to the long is the premium. The payoffs 
of contingent claims are not linearly related to the underlying, and only one party, the 
short, can default.

not otherwise available in their absence. This point will lead to a better understanding of why 
derivatives exist, a topic we will get to very shortly.
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compensation.15 Some companies also issue warrants, which are options sold to the public that 
allow the holders to exercise them and buy shares directly from the companies.16

4.4.2.  Fixed-Income Instruments and Interest Rates
Options, forwards, futures, and swaps on bonds are widely used. The problem with creating 
derivatives on bonds, however, is that there are almost always many issues of bonds. A single 
issuer, whether it is a government or a private borrower, often has more than one bond issue 
outstanding. For futures contracts, with their standardization requirements, this problem is 
particularly challenging. What does it mean to say that a futures contract is on a German 
bund, a US Treasury note, or a UK gilt? The most common solution to this problem is to allow 
multiple issues to be delivered on a single futures contract. This feature adds some interesting 
twists to the pricing and trading strategies of these instruments.

Until now, we have referred to the underlying as an asset. Yet, one of the largest derivative 
underlyings is not an asset. It is simply an interest rate. An interest rate is not an asset. One 
cannot hold an interest rate or place it on a balance sheet as an asset. Although one can hold 
an instrument that pays an interest rate, the rate itself is not an asset. But there are derivatives 
in which the rate, not the instrument that pays the rate, is the underlying. In fact, we have 
already covered one of these derivatives: The plain vanilla interest rate swap in which Libor is 
the underlying.17 Instead of a swap, an interest rate derivative could be an option. For example, 
a call option on 90-day Libor with a strike of 5% would pay off if at expiration Libor exceeds 
5%. If Libor is below 5%, the option simply expires unexercised.

Interest rate derivatives are the most widely used derivatives. With that in mind, we will 
be careful in using the expression underlying asset and will use the more generic underlying.

4.4.3.  Currencies
Currency risk is a major factor in global financial markets, and the currency derivatives market 
is extremely large. Options, forwards, futures, and swaps are widely used. Currency derivatives 
can be complex, sometimes combining elements of other underlyings. For example, a currency 
swap involves two parties making a series of interest rate payments to each other in different 
currencies. Because interest rates and currencies are both subject to change, a currency swap 
has two sources of risk. Although this instrument may sound extremely complicated, it merely 
reflects the fact that companies operating across borders are subject to both interest rate risk 
and currency risk and currency swaps are commonly used to manage those risks.

15 Unfortunately, the industry has created some confusion with the terminology of these instruments. 
They are often referred to as stock options, and yet ordinary publicly traded options not granted to em-
ployees are sometimes referred to as stock options. The latter are also sometimes called equity options, 
whereas employee-granted options are almost never referred to as equity options. If the terms executive 
stock options and employee stock options were always used, there would be no problem. You should be aware 
of and careful about this confusion.
16 A warrant is a type of option, similar to the employee stock option, written by the company on its 
own stock, in contrast to exchange-traded and OTC options, in which the company is not a party to 
the option contract. Also note that, unfortunately, the financial world uses the term warrant to refer to 
a number of other option-like instruments. Like a lot of words that have multiple meanings, one must 
understand the context to avoid confusion.
17 As you will see later, there are also futures in which the underlying is an interest rate (Eurodollar 
futures) and forwards in which the underlying is an interest rate (forward rate agreements, or FRAs).
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4.4.4.  Commodities
Commodities are resources, such as food, oil, and metals, that humans use to sustain life and 
support economic activity. Because of the economic principle of comparative advantage, coun-
tries often specialize in the production of certain resources. Thus, the commodities market is 
extremely large and subject to an almost unimaginable array of risks. One need only observe 
how the price of oil moves up as tension builds in the Middle East or how the price of orange 
juice rises on a forecast of cold weather in Florida.

Commodity derivatives are widely used to speculate in and manage the risk associated 
with commodity price movements. The primary commodity derivatives are futures, but for-
wards, swaps, and options are also used. The reason that futures are in the lead in the world 
of commodities is simply history. The first futures markets were futures on commodities. 
The first futures exchange, the Chicago Board of Trade, was created in 1848, and until 
the creation of currency futures in 1972, there were no futures on any underlying except 
commodities.

There has been a tendency to think of the commodities world as somewhat separate from 
the financial world. Commodity traders and financial traders were quite different groups. Since 
the creation of financial futures, however, commodity and financial traders have become rel-
atively homogeneous. Moreover, commodities are increasingly viewed as an important asset 
class that should be included in investment strategies because of their ability to help diversify 
portfolios.

4.4.5.  Credit
As we previously discussed, credit is another underlying and quite obviously not an asset. 
Credit default swaps (CDSs) and collateralized debt obligations (CDOs) were discussed exten-
sively in an earlier section. These instruments have clearly established that credit is a distinct 
underlying that has widespread interest from a trading and risk management perspective. In 
addition, to the credit of a single entity, credit derivatives are created on multiple entities. 
CDOs themselves are credit derivatives on portfolios of credit risks. In recent years, indices 
of CDOs have been created, and instruments based on the payoffs of these CDO indices are 
widely traded.

4.4.6.  Other
This category is included here to capture some of the really unusual underlyings. One in 
particular is weather. Although weather is hardly an asset, it is certainly a major force in how 
some entities perform. For example, a ski resort needs snow, farmers need an adequate but not 
excessive amount of rain, and public utilities experience strains on their capacity during tem-
perature extremes. Derivatives exist in which the payoffs are measured as snowfall, rainfall, and 
temperature. Although these derivatives have not been widely used—because of some com-
plexities in pricing, among other things—they continue to exist and may still have a future. In 
addition, there are derivatives on electricity, which is also not an asset. It cannot be held in the 
traditional sense because it is created and consumed almost instantaneously. Another unusual 
type of derivative is based on disasters in the form of insurance claims.

Financial institutions will continue to create derivatives on all types of risks and exposures. 
Most of these derivatives will fail because of little trading interest, but a few will succeed. If 
that speaks badly of derivatives, it must be remembered that most small businesses fail, most 
creative ideas fail, and most people who try to become professional entertainers or athletes fail. 
It is the sign of a healthy and competitive system that only the very best survive.
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The Size of the Derivatives Market
In case anyone thinks that the derivatives market is not large enough to justify study-
ing, we should consider how big the market is. Unfortunately, gauging the size of the 
derivatives market is not a simple task. OTC derivatives contracts are private transac-
tions. No reporting agency gathers data, and market size is not measured in traditional 
volume-based metrics, such as shares traded in the stock market. Complicating things 
further is the fact that derivatives underlyings include equities, fixed-income securities, 
interest rates, currencies, commodities, and a variety of other underlyings. All these un-
derlyings have their own units of measurement. Hence, measuring how “big” the un-
derlying derivatives markets are is like trying to measure how much fruit consumers 
purchase; the proverbial mixing of apples, oranges, bananas, and all other fruits.

The exchange-listed derivatives market reports its size in terms of volume, mean-
ing the number of contracts traded. Exchange-listed volume, however, is an inconsis-
tent number. For example, US Treasury bond futures contracts trade in units covering 
$100,000 face value. Eurodollar futures contracts trade in units covering $1,000,000 face 
value. Crude oil trades in 1,000-barrel (42 gallons each) units. Yet, one traded contract of 
each gets equal weighting in volume totals.

The March–April issue of the magazine Futures Industry (available to subscribers) 
reports the annual volume of the entire global futures and options industry. For 2011, 
that volume was more than 25 billion contracts.

OTC volume is even more difficult to measure. There is no count of the number 
of contracts that trade. In fact, volume is an almost meaningless concept in OTC mar-
kets because any notion of volume requires a standardized size. If a customer goes to a 
swaps dealer and enters into a swap to hedge a $50 million loan, there is no measure of 
how much volume that transaction generated. The $50 million swap’s notional principal, 
however, does provide a measure to some extent. Forwards, swaps, and OTC options all 
have notional principals, so they can be measured in that manner. Another measure of 
the size of the derivatives market is the market value of these contracts. As noted, for-
wards and swaps start with zero market value, but their market value changes as market 
conditions change. Options do not start with zero market value and almost always have 
a positive market value until expiration, when some options expire out of the money.

The OTC industry has taken both of these concepts—notional principal and market 
value—as measures of the size of the market. Notional principal is probably a more accu-
rate measure. The amount of a contract’s notional principal is unambiguous: It is written 
into the contract and the two parties cannot disagree over it. Yet, notional principal terri-
bly overstates the amount of money actually at risk. For example, a $50 million notional 
principal swap will have nowhere near $50 million at risk. The payments on such a swap 
are merely the net of two opposite series of interest payments on $50 million. The market 
value of such a swap is the present value of one stream of payments minus the present val-
ue of the other. This market value figure will always be well below the notional principal. 
Thus, market value seems like a better measure except that, unlike notional principal, it is 
not unambiguous. Market value requires measurement, and two parties can disagree on 
the market value of the same transaction.

Notional principal and market value estimates for the global OTC derivatives 
market are collected semi-annually by the Bank for International Settlements of Basel, 
Switzerland, and published on its website (http://www.bis.org/statistics/derstats.htm). At 
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5. T he Purposes and Benefits of Derivatives

Economic historians know that derivatives markets have existed since at least the Middle Ages. 
It is unclear whether derivatives originated in the Asian rice markets or possibly in medieval 
trade fairs in Europe. We do know that the origin of modern futures markets is the creation of 
the Chicago Board of Trade in 1848. To understand why derivatives markets exist, it is useful 
to take a brief look at why the Chicago Board of Trade was formed.

In the middle of the 19th century, midwestern America was rapidly becoming the center 
of agricultural production in the United States. At the same time, Chicago was evolving into a 
major American city, a hub of transportation and commerce. Grain markets in Chicago were 
the central location to which midwestern farmers brought their wheat, corn, and soybeans to 
sell. Unfortunately, most of these products arrived at approximately the same time of the year, 
September through November. The storage facilities in Chicago were strained beyond capac-
ity. As a result, prices would fall tremendously and some farmers reportedly found it more 
economical to dump their grains in the Chicago River rather than transport them back to the 
farm. At other times of the year, prices would rise steeply. A group of businessmen saw this 
situation as unnecessary volatility and a waste of valuable produce. To deal with this problem, 
they created the Chicago Board of Trade and a financial instrument called the “to-arrive” con-
tract. A farmer could sell a to-arrive contract at any time during the year. This contract fixed 
the price of the farmer’s grain on the basis of delivery in Chicago at a specified later date. Grain 
is highly storable, so farmers can hold on to the grain and deliver it at almost any later time. 
This plan substantially reduced seasonal market volatility and made the markets work much 
better for all parties.

The traders in Chicago began to trade these contracts, speculating on movements in grain 
prices. Soon, it became apparent that an important and fascinating market had developed. 
Widespread hedging and speculative interest resulted in substantial market growth, and about 
80 years later, a clearinghouse and a performance guarantee were added, thus completing the 
evolution of the to-arrive contract into today’s modern futures contract.

Many commodities and all financial assets that underlie derivatives contracts are not sea-
sonally produced. Hence, this initial motivation for futures markets is only a minor advan-
tage of derivatives markets today. But there are many reasons why derivative markets serve an 
important and useful purpose in contemporary finance.

18 To put it in perspective, it would take 19 million years for a clock to tick off 600 trillion seconds!

the end of 2011, notional principal was more than $600 trillion and market value was 
about $27 trillion. A figure of $600 trillion is an almost unfathomable number and, as 
noted, is a misleading measure of the amount of money at risk.18 The market value figure 
of $27 trillion is a much more realistic measure, but as noted, it is less accurate, relying 
on estimates provided by banks.

Hence, the exchange-listed and OTC markets use different measures and each of 
those measures is subject to severe limitations. About all we can truly say for sure about 
the derivatives market is, “It is big.”
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5.1. R isk Allocation, Transfer, and Management

Until the advent of derivatives markets, risk management was quite cumbersome. Setting the 
actual level of risk to the desired level of risk required engaging in transactions in the underly-
ings. Such transactions typically had high transaction costs and were disruptive of portfolios. 
In many cases, it is quite difficult to fine-tune the level of risk to the desired level. From the 
perspective of a risk taker, it was quite costly to buy risk because a large amount of capital 
would be required.

Derivatives solve these problems in a very effective way: They allow trading the risk 
without trading the instrument itself. For example, consider a stockholder who wants to 
reduce exposure to a stock. In the pre-derivatives era, the only way to do so was to sell the 
stock. Now, the stockholder can sell futures, forwards, calls, or swaps, or buy put options, 
all while retaining the stock. For a company founder, these types of strategies can be par-
ticularly useful because the founder can retain ownership and probably board membership. 
Many other excellent examples of the use of derivatives to transfer risk are covered else-
where in the curriculum. The objective at this point is to establish that derivatives provide 
an effective method of transferring risk from parties who do not want the risk to parties 
who do. In this sense, risk allocation is improved within markets and, indeed, the entire 
global economy.

The overall purpose of derivatives is to obtain more effective risk management within 
companies and the entire economy. Although some argue that derivatives do not serve this 
purpose very well (we will discuss this point in Section 6), for now you should understand that 
derivatives can improve the allocation of risk and facilitate more effective risk management for 
both companies and economies.

5.2. I nformation Discovery

One of the advantages of futures markets has been described as price discovery. A futures price 
has been characterized by some experts as a revelation of some information about the future. 
Thus, a futures price is sometimes thought of as predictive. This statement is not strictly correct 
because futures prices are not really forecasts of future spot prices. They provide only a little 
more information than do spot prices, but they do so in a very efficient manner. The markets 
for some underlyings are highly decentralized and not very efficient. For example, what is gold 
worth? It trades in markets around the world, but probably the best place to look is at the 
gold futures contract expiring soonest. What is the value of the S&P 500 Index when the US 
markets are not open? As it turns out, US futures markets open before the US stock market 
opens. The S&P 500 futures price is frequently viewed as an indication of where the stock 
market will open.

Derivative markets can, however, convey information not impounded in spot markets. 
By virtue of the fact that derivative markets require less capital, information can flow into the 
derivative markets before it gets into the spot market. The difference may well be only a matter 
of minutes or possibly seconds, but it can provide the edge to astute traders.

Finally, we should note that futures markets convey another simple piece of information: 
What price would one accept to avoid uncertainty? If you hold a stock worth $40 and could 
hedge the next 12 months’ uncertainty, what locked-in price should you expect to earn? As it 
turns out, it should be the price that guarantees the risk-free rate minus whatever dividends 
would be paid on the stock. Derivatives—specifically, futures, forwards, and swaps—reveal the 
price that the holder of an asset could take and avoid the risk.
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What we have said until now applies to futures, forwards, and swaps. What about op-
tions? As you will learn later, given the underlying and the type of option (call or put), an 
option price reflects two characteristics of the option (exercise price and time to expiration), 
three characteristics of the underlying (price, volatility, and cash flows it might pay), and one 
general macroeconomic factor (risk-free rate). Only one of these factors, volatility, is not rel-
atively easy to identify. But with the available models to price the option, we can infer what 
volatility people are using from the actual market prices at which they execute trades. That 
volatility, called implied volatility, measures the expected risk of the underlying. It reflects the 
volatility that investors use to determine the market price of the option. Knowing the expected 
risk of the underlying asset is an extremely useful piece of information. In fact, for options on 
broad-based market indices, such as the S&P 500, the implied volatility is a good measure of 
the general level of uncertainty in the market. Some experts have even called it a measure of 
fear. Thus, options provide information about what investors think of the uncertainty in the 
market, if not their fear of it.19

In addition, options allow the creation of trading strategies that cannot be done by using 
the underlying. As the exhibits on options explained, these strategies provide asymmetrical 
performance: limited movement in one direction and movement in the other direction that 
changes with movements in the underlying.

5.3.  Operational Advantages

We noted earlier that derivatives have lower transaction costs than the underlying. The trans-
action costs of derivatives can be high relative to the value of the derivatives, but these costs 
are typically low relative to the value of the underlying. Thus, an investor who wants to take 
a position in, say, an equity market index would likely find it less costly to use the futures to 
get a given degree of exposure than to invest directly in the index to get that same exposure.

Derivative markets also typically have greater liquidity than the underlying spot markets, 
a result of the smaller amount of capital required to trade derivatives than to get the equivalent 
exposure directly in the underlying. Futures margin requirements and option premiums are 
quite low relative to the cost of the underlying.

One other extremely valuable operational advantage of derivative markets is the ease with 
which one can go short. With derivatives, it is nearly as easy to take a short position as to take 
a long position, whereas for the underlying asset, it is almost always much more difficult to go 
short than to go long. In fact, for many commodities, short selling is nearly impossible.

5.4.  Market Efficiency

In the study of portfolio management, you learn that an efficient market is one in which no 
single investor can consistently earn returns in the long run in excess of those commensurate 
with the risk assumed. Of course, endless debates occur over whether equity markets are effi-
cient. No need to resurrect that issue here, but let us proceed with the assumption that equity 
markets—and, in fact, most free and competitive financial markets—are reasonably efficient. 
This assumption does not mean that abnormal returns can never be earned, and indeed pric-
es do get out of line with fundamental values. But competition, the relatively free flow of 

19 The Chicago Board Options Exchange publishes a measure of the implied volatility of the S&P 500 
Index option, which is called the VIX (volatility index). The VIX is widely followed and is cited as a 
measure of investor uncertainty and sometimes fear.
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information, and ease of trading tend to bring prices back in line with fundamental values. 
Derivatives can make this process work even more rapidly.

When prices deviate from fundamental values, derivative markets offer less costly ways 
to exploit the mispricing. As noted earlier, less capital is required, transaction costs are lower, 
and short selling is easier. We also noted that as a result of these features, it is possible, indeed 
likely, that fundamental value will be reflected in the derivatives markets before it is restored in 
the underlying market. Although this time difference could be only a matter of minutes, for a 
trader seeking abnormal returns, a few minutes can be a valuable opportunity.

All these advantages of derivatives markets make the financial markets in general function 
more effectively. Investors are far more willing to trade if they can more easily manage their 
risk, trade at lower cost and with less capital, and go short more easily. This increased will-
ingness to trade increases the number of market participants, which makes the market more 
liquid. A very liquid market may not automatically be an efficient market, but it certainly has 
a better chance of being one.

Even if one does not accept the concept that financial markets are efficient, it is difficult 
to say that markets are not more effective and competitive with derivatives. Yet, many blame 
derivatives for problems in the market. Let us take a look at these arguments.

6.  Criticisms and Misuses of Derivatives

The history of financial markets is filled with extreme ups and downs, which are often called 
bubbles and crashes. Bubbles occur when prices rise for a long time and appear to exceed fun-
damental values. Crashes occur when prices fall rapidly. Although bubbles, if they truly exist, 
are troublesome, crashes are even more so because nearly everyone loses substantial wealth in 
a crash. A crash is then typically followed by a government study commissioned to find the 
causes of the crash. In the last 30 years, almost all such studies have implicated derivatives 
as having some role in causing the crash. Of course, because derivatives are widely used and 
involve a high degree of leverage, it is a given that they would be seen in a crash. It is unclear 
whether derivatives are the real culprit or just the proverbial smoking gun used by someone to 
do something wrong.

The two principal arguments against derivatives are that they are such speculative devices 
that they effectively permit legalized gambling and that they destabilize the financial system. 
Let us look at these points more closely.

6.1. S peculation and Gambling

As noted earlier, derivatives are frequently used to manage risk. In many contexts, this use 
involves hedging or laying off risk. Naturally, for hedging to work, there must be speculators. 
Someone must accept the risk. Derivatives markets are unquestionably attractive to specula-
tors. All the benefits of derivatives draw speculators in large numbers, and indeed they should. 
The more speculators that participate in the market, the cheaper it is for hedgers to lay off risk. 
These speculators take the form of hedge funds and other professional traders who willingly 
accept risk that others need to shed. In recent years, the rapid growth of these types of investors 
has been alarming to some but almost surely has been beneficial for all investors.

Unfortunately, the general image of speculators is not a good one. Speculators are often 
thought to be short-term traders who attempt to exploit temporary inefficiencies, caring little 
about long-term fundamental values. The profits from short-term trading are almost always 
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taxed more heavily than the profits from long-term trading, clearly targeting and in some sense 
punishing speculators. Speculators are thought to engage in price manipulation and to trade 
at extreme prices.20 All of this type of trading is viewed more or less as just a form of legalized 
gambling.

In most countries, gambling is a heavily regulated industry. In the United States, only 
certain states permit private industry to offer gambling. Many states operate gambling only 
through the public sector in the form of state-run lotteries. Many people view derivatives trad-
ing as merely a form of legalized and uncontrolled gambling.

Yet, there are notable differences between gambling and speculation. Gambling typically 
benefits only a limited number of participants and does not generally help society as a whole. 
But derivatives trading brings extensive benefits to financial markets, as explained earlier, and 
thus does benefit society as a whole. In short, the benefits of derivatives are broad, whereas the 
benefits of gambling are narrow.

Nonetheless, the argument that derivatives are a form of legalized gambling will continue 
to be made. Speculation and gambling are certainly both forms of financial risk taking, so these 
arguments are not completely off base. But insurance companies speculate on loss claims, mu-
tual funds that invest in stocks speculate on the performance of companies, and entrepreneurs 
go up against tremendous odds to speculate on their own ability to create successful businesses. 
These so-called speculators are rarely criticized for engaging in a form of legalized gambling, 
and indeed entrepreneurs are praised as the backbone of the economy. Really, all investment 
is speculative. So, why is speculation viewed as such a bad thing by so many? The answer is 
unclear.

6.2.  Destabilization and Systemic Risk

The arguments against speculation through derivatives often go a step further, claiming that it 
is not merely speculation or gambling per se but rather that it has destabilizing consequences. 
Opponents of derivatives claim that the very benefits of derivatives (low cost, low capital re-
quirements, ease of going short) result in an excessive amount of speculative trading that brings 
instability to the market. They argue that speculators use large amounts of leverage, thereby 
subjecting themselves and their creditors to substantial risk if markets do not move in their 
hoped-for direction. Defaults by speculators can then lead to defaults by their creditors, their 
creditors’ creditors, and so on. These effects can, therefore, be systemic and reflect an epidemic 
contagion whereby instability can spread throughout markets and an economy, if not the entire 
world. Given that governments often end up bailing out some banks and insurance companies, 
society has expressed concern that the risk managed with derivatives must be controlled.

This argument is not without merit. Such effects occurred in the Long-Term Capital 
Management fiasco of 1998 and again in the financial crisis of 2008, in which derivatives, 
particularly credit default swaps, were widely used by many of the problem entities. Responses 
to such events typically take the course of calling for more rules and regulations restricting the 
use of derivatives, requiring more collateral and credit mitigation measures, backing up banks 
with more capital, and encouraging, if not requiring, OTC derivatives to be centrally cleared 
like exchange-traded derivatives.

20 Politicians and regulators have been especially critical of energy market speculators. Politicians, in 
particular, almost always blame rising oil prices on speculators, although credit is conspicuously absent 
for falling oil prices.
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In response, however, we should note that financial crises—including the South Sea and 
Mississippi bubbles and the stock market crash of 1929, as well as a handful of economic 
calamities of the 19th and 20th centuries—have existed since the dawn of capitalism. Some 
of these events preceded the era of modern derivatives markets, and others were completely 
unrelated to the use of derivatives. Some organizations, such as Orange County, California, 
in 1994–1995, have proved that derivatives are not required to take on excessive leverage and 
nearly bring the entity to ruin. Proponents of derivatives argue that derivatives are but one of 
many mechanisms through which excessive risk can be taken. Derivatives may seem danger-
ous, and they can be if misused, but there are many ways to take on leverage that look far less 
harmful but can be just as risky.

Another criticism of derivatives is simply their complexity. Many derivatives are extreme-
ly complex and require a high-level understanding of mathematics. The financial industry 
employs many mathematicians, physicists, and computer scientists. This single fact has made 
many distrust derivatives and the people who work on them. It is unclear why this reason 
has tarnished the reputation of the derivatives industry. Scientists work on complex problems 
in medicine and engineering without public distrust. One explanation probably lies in the 
fact that scientists create models of markets by using scientific principles that often fail. To a 
physicist modeling the movements of celestial bodies, the science is reliable and the physicist 
is unlikely to misapply the science. The same science applied to financial markets is far less 
reliable. Financial markets are driven by the actions of people who are not as consistent as 
the movements of celestial bodies. When financial models fail to work as they should, the 
scientists are often blamed for either building models that are too complex and unable to 
accurately capture financial reality or misusing those models, such as using poor estimates 
of inputs. And derivatives, being so widely used and heavily leveraged, are frequently in the 
center of it all.

Example 6  Purposes and Controversies of Derivative Markets

1.	 Which of the following is not an advantage of derivative markets?
A.	 They are less volatile than spot markets.
B.	 They facilitate the allocation of risk in the market.
C.	 They incur lower transaction costs than spot markets.

2.	 Which of the following pieces of information is not conveyed by at least one type of 
derivative?
A.	 The volatility of the underlying.
B.	 The most widely used strategy of the underlying.
C.	 The price at which uncertainty in the underlying can be eliminated.

3.	 Which of the following responds to the criticism that derivatives can be destabilizing 
to the underlying market?
A.	 Market crashes and panics have occurred since long before derivatives existed.
B.	 Derivatives are sufficiently regulated that they cannot destabilize the spot market.
C.	 The transaction costs of derivatives are high enough to keep their use at a 

minimum level.
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An important element of understanding and using derivatives is having a healthy respect 
for their power. Every day, we use chemicals, electricity, and fire without thinking about their 
dangers. We consume water and drive automobiles, both of which are statistically quite dan-
gerous. Perhaps these risks are underappreciated, but it is more likely the case that most adults 
learn how to safely use chemicals, electricity, fire, water, and automobiles. Of course, there are 
exceptions, many of which are foolish, and foolishness is no stranger to the derivatives indus-
try. The lesson here is that derivatives can make our financial lives better, but like chemicals, 
electricity, and all the rest, we need to know how to use them safely, which is why they are an 
important part of the CFA curriculum.

Later in the curriculum, you will learn a great deal about how derivatives are priced. At 
this point, we introduce the pricing of derivatives. This material not only paves the way for 
a deeper understanding of derivatives but also complements earlier material by helping you 
understand how derivatives work.

7. El ementary Principles of Derivative Pricing

Pricing and valuation are fundamental elements of the CFA Program. The study of fixed-income 
and equity securities, as well as their application in portfolio management, is solidly grounded on 
the principle of valuation. In valuation, the question is simple: What is something worth? With-
out an answer to that question, one can hardly proceed to use that something wisely.

Determining what a derivative is worth is similar to determining what an asset is worth. 
As you learn in the fixed-income and equity readings, value is the present value of future cash 
flows, with discounting done at a rate that reflects both the opportunity cost of money and the 
risk. Derivatives valuation applies that same principle but in a somewhat different way.

Think of a derivative as attached to an underlying. We know that the derivative derives its 
value from the value of the underlying. If the underlying’s value changes, so should the value 
of the derivative. The underlying takes its value from the discounted present value of the ex-
pected future cash flows it offers, with discounting done at a rate reflecting the investor’s risk 
tolerance. But if the value of the underlying is embedded in the value of the derivative, it would 
be double counting to discount the derivative’s expected future cash flows at a risky discount 

Solution to 1: A  is correct. Derivative markets are not by nature more or less volatile 
than spot markets. They facilitate risk allocation by making it easier and less costly to 
transfer risk, and their transaction costs are lower than those of spot markets.

Solution to 2:  B is correct. Options do convey the volatility of the underlying, and 
futures, forwards, and swaps convey the price at which uncertainty in the underlying 
can be eliminated. Derivatives do not convey any information about the use of the un-
derlying in strategies.

Solution to 3: A  is correct. Derivatives regulation is not more and is arguably less than 
spot market regulation, and the transaction costs of derivatives are not a deterrent to 
their use; in fact, derivatives are widely used. Market crashes and panics have a very long 
history, much longer than that of derivatives.



44	 Derivatives

rate. That effect has already been incorporated into the value of the underlying, which goes 
into the value of the derivative.

Derivatives usually take their values from the underlying by constructing a hypothetical 
combination of the derivatives and the underlyings that eliminates risk. This combination is 
typically called a hedge portfolio. With the risk eliminated, it follows that the hedge portfolio 
should earn the risk-free rate. A derivative’s value is the price of the derivative that forces the 
hedge portfolio to earn the risk-free rate.

This principle of derivative valuation relies completely on the ability of an investor to hold 
or store the underlying asset. Let us take a look at what that means.

7.1. S torage

As noted previously, the first derivatives were agricultural commodities. Most of these com-
modities can be stored (i.e., held) for a period of time. Some extreme cases, such as oil and 
gold, which are storable for millions of years, are excellent examples of fully storable commod-
ities. Grains, such as wheat and corn, can be stored for long but not infinite periods of time. 
Some commodities, such as bananas, are storable for relatively short periods of time. In the 
CFA Program, we are more interested in financial assets. Equities and currencies have perpet-
ual storability, whereas bonds are storable until they mature.

Storage incurs costs. Commodity storage costs can be quite expensive. Imagine storing 
1,000 kilograms of gold or a million barrels of oil. Financial assets, however, have relatively low 
storage costs. Some assets pay returns during storage. Stocks pay dividends and bonds pay inter-
est. The net of payments offered minus storage costs plays a role in the valuation of derivatives.

An example earlier in this reading illustrates this point. Suppose an investor holds a 
dividend-paying stock and wants to eliminate the uncertainty of its selling price over a fu-
ture period of time. Suppose further that the investor enters into a forward contract that 
commits him to deliver the stock at a later date, for which he will receive a fixed price. With 
uncertainty eliminated, the investor should earn the risk-free rate, but in fact, he does not. 
He earns more because while holding the stock, he collects dividends. Therefore, he should 
earn the risk-free rate minus the dividend yield, a concept known as the cost of carry, which 
will be covered in great detail in later readings. The cost of carry plus the dividends he earns 
effectively means that he makes the risk-free rate. Now, no one is claiming that this is a good 
way to earn the risk-free rate. There are many better ways to do that, but this strategy could 
be executed. There is one and only one forward price that guarantees that this strategy earns 
a return of the risk-free rate minus the dividend yield, or the risk-free rate after accounting 
for the dividends collected. If the forward price at which contracts are created does not equal 
this price, investors can take advantage of this discrepancy by engaging in arbitrage, which is 
discussed in the next section.

Forwards, futures, swaps, and options are all priced in this manner. Hence, they rely 
critically on the ability to store or hold the asset. Some underlyings are not storable. We pre-
viously mentioned electricity. It is produced and consumed almost instantaneously. Weather 
is also not storable. Fresh fish have very limited storability. Although this absence of stora-
bility may not be the reason, derivative markets in these types of underlyings have not been 
particularly successful, whereas those in underlyings that are more easily storable have often 
been successful.

The opposite of storability is the ability to go short—that is, to borrow the underlying, sell 
it, and buy it back later. We discussed earlier that short selling of some assets can be difficult. 
It is not easy to borrow oil or soybeans. There are ways around this constraint, but derivatives 
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valuation is generally much easier when the underlying can be shorted. This point is discussed 
in more depth later in the curriculum.

7.2. A rbitrage

What we have been describing is the foundation of the principle of arbitrage. In well-
functioning markets with low transaction costs and a free flow of information, the same asset 
cannot sell for more than one price. If it did, someone would buy it in the cheaper market 
and sell it in the more expensive market, earning a riskless profit. The combined actions of all 
parties doing this would push up the lower price and push down the higher price until they 
converged. For this reason, arbitrage is often referred to as the law of one price. Of course, for 
arbitrage to be feasible, the ability to purchase and sell short the asset is important.

Obviously, this rule does not apply to all markets. The same consumer good can easily 
sell for different prices, which is one reason why people spend so much time shopping on the 
internet. The costs associated with purchasing the good in the cheaper market and selling it in 
the more expensive market can make the arbitrage not worthwhile. The absence of information 
on the very fact that different prices exist would also prevent the arbitrage from occurring. Al-
though the internet and various price-comparing websites reduce these frictions and encourage 
all sellers to offer competitive prices, consumer goods are never likely to be arbitragable.21

Financial markets, of course, are a different matter. Information on securities prices 
around the world is quite accessible and relatively inexpensive. Most financial markets are fair-
ly competitive because dealers, speculators, and brokers attempt to execute trades at the best 
prices. Arbitrage is considered a dependable rule in the financial markets. Nonetheless, there 
are people who purport to make a living as arbitrageurs. How could they exist? To figure that 
out, first consider some examples of arbitrage.

The simplest case of an arbitrage might be for the same stock to sell at different prices in two 
markets. If the stock were selling at $52 in one market and $50 in another, an arbitrageur would 
buy the stock at $50 in the one market and sell it at $52 in the other. This trade would net an 
immediate $2 profit at no risk and would not require the commitment of any of the investor’s 
capital. This outcome would be a strong motivation for all arbitrageurs, and their combined 
actions would force the lower price up and the higher price down until the prices converged.

But what would be the final price? It is entirely possible that $50 is the true fundamental 
value and $52 is too high. Or $52 could be the true fundamental value and $50 is too low. Or 
the true fundamental value could lie somewhere between the two. Arbitrage does not tell us 
the true fundamental value. It is not an absolute valuation methodology, such as the discounted 
cash flow equity valuation model. It is a relative valuation methodology. It tells us the correct 
price of one asset or derivative relative to another asset or derivative.

Now, consider another situation, illustrated in Exhibit 6. Observe that we have one stock, 
AXE Electronics, that today is worth $50 and one period later will be worth either $75 or $40. 
We will denote these prices as AXE = $50, AXE+ = $75, and AXE– = $40. Another stock, BYF 
Technology, is today worth $38 and one period later will be worth $60 or $32. Thus, BYF = $38, 

21 If the same consumer good sells for different prices in markets with a relatively free flow of information 
(e.g., via price-comparing websites), it still may not be possible to truly arbitrage. Buying the good at a 
lower price and selling it at a higher price but less than the price of the most expensive seller may not 
be practical, but the most expensive seller may be driven out of business. When everyone knows what 
everyone else is charging, the same effect of arbitrage can still occur.
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BYF+ = $60, and BYF– = $32. Assume that the risk-free borrowing and lending rate is 4%. Also 
assume no dividends are paid on either stock during the period covered by this example.

Exhibit 6  Arbitrage Opportunity with Stock AXE, Stock BYF, and a Risk-Free Bond

AXE = $50

BYF = $38

AXE+ = $75

BYF+ = $60

AXE– = $40

BYF– = $32

Note: The risk-free rate is 4%.

The opportunity exists to make a profit at no risk without committing any of our funds, 
as demonstrated in Exhibit 7. Suppose we borrow 100 shares of stock AXE, which is selling for 
$50, and sell them short, thereby receiving $5,000. We take $4,750 and purchase 125 shares of 
stock BYF (125 × $38 = $4,750). We invest the remaining $250 in risk-free bonds at 4%. This 
transaction will not require us to use any funds of our own: The short sale will be sufficient to 
fund the investment in BYF and leave money to invest in risk-free bonds.

Exhibit 7  Execution of Arbitrage Transaction with Stock AXE, Stock BYF, and a Risk-Free Bond

(AXE = $50, BYF = $38)

Sell short 100 shares of
AXE for $5,000

Buy 125 shares of BYF for
$4,750

Invest $250 in risk-free
bonds at 4%

Net investment: $0

(AXE+ = $75, BYF+ = $60)

Sell 125 shares of
BYF for $7,500

Buy back 100 shares of AXE for
$7,500 to cover short position

Bonds are worth $250(1.04) = $260

Total value = $260

(AXE– = $40, BYF– = $32)

Sell 125 shares of
BYF for $4,000

Buy back 100 shares of AXE for
$4,000 to cover short position

Bonds are worth $250(1.04) = $260

Total value = $260
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If the top outcome in Exhibit 7 occurs, we sell the 125 shares of BYF for 125 × $60 = 
$7,500. This amount is sufficient to buy back the 100 shares of AXE, which is selling for $75. 
But we will also have the bonds, which are worth $250 × 1.04 = $260. If the bottom outcome 
occurs, we sell the 125 shares of BYF for 125 × $32 = $4,000—enough money to buy back 
the 100 shares of AXE, which is selling for $40. Again, we will have the risk-free bonds, worth 
$260. Regardless of the outcome, we end up with $260.

Recall that we invested no money of our own and end up with a sure $260. It should be 
apparent that this transaction is extremely attractive, so everyone would do it. The combined 
actions of multiple investors would drive down the price of AXE and/or drive up the price 
of BYF until an equilibrium is reached, at which point this transaction would no longer be 
profitable. As noted earlier, we cannot be sure of the correct fundamental price, but let us 
assume that BYF’s price remains constant. Then AXE would fall to $47.50. Alternatively, if 
we assume that AXE’s price remains constant, then the price of BYF would rise to $40. These 
values are obtained by noting that the prices for both outcomes occur according to the ratio 
1.25 ($75/$60 = 1.25; $40/$32 = 1.25). Thus, their initial prices should be consistent with 
that ratio. If BYF is $38, AXE should be $38 × 1.25 = $47.50. If AXE is $50, BYF should be 
$40.00 because $40.00 × 1.25 = $50. Of course, the two prices could settle in between. Ar-
bitrage is only a relative pricing method. It prices the two stocks in relation to each other but 
does not price either on the basis of its own fundamentals.

Of course, this example is extremely simplified. Clearly, a stock price can change to more 
than two other prices. Also, if a given stock is at one price, another stock may be at any other 
price. We have created a simple case here to illustrate a point. But as you will learn later in 
the curriculum, when derivatives are involved, the simplification here is relatively safe. As we 
know, the price of a derivative is determined by the price of the underlying. Hence, when the 
underlying is at one particular price, the derivative’s price will be determined by that price. 
The two assets need not be two stocks; one can be a stock and the other can be a derivative on 
the stock.

To see that point, consider another type of arbitrage opportunity that involves a forward 
contract. Recall from the previous example that at the start, AXE sells for $50. Suppose we 
borrow $50 at 4% interest by issuing a risk-free bond, use the money to buy one share of stock 
AXE, and simultaneously enter into a forward contract to sell this share at a price of $54 one 
period later. The stock will then move to either $75 or $40 in the next period. The forward 
contract requires that we deliver the stock and accept $54 for it. And of course, we will owe 
$50 × 1.04 = $52 on the loan.

Now consider the two outcomes. Regardless of the outcome, the end result is the same. 
The forward contract fixes the delivery price of the stock at $54:

AXE goes to $75

Deliver stock to settle forward contract + $54

Pay back loan – $52

Net + $2

AXE goes to $40

Deliver stock to settle forward contract + $54

Pay back loan – $52

Net + $2
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In either case, we made $2, free and clear. In fact, we can even accommodate the possi-
bility of more than two future prices for AXE and we will always make $2.22 The key point 
is that we faced no risk and did not have to invest any of our own money, but ended up with 
$2, which is clearly a good trade. The $2 is an arbitrage profit. But where did it originate?

It turns out that the forward price, $54, was an inappropriate price given current market 
conditions. In fact, it was just an arbitrary price made up to illustrate the point. To eliminate 
the opportunity to earn the $2 profit, the forward price should be $52, which is equal, not 
coincidentally, to the amount owed on the loan. It is also no coincidence that $52 is the price 
of the asset increased by the rate of interest. We will cover this point later in the curriculum, 
but for now consider that you have just seen your first derivative pricing model.23

Of course, many market participants would do this transaction as long as it generated 
an arbitrage profit. These forces of arbitrage would either push the forward price down or the 
stock price up, or both, until an equilibrium is reached that eliminates the opportunity to 
profit at no risk with no commitment of one’s own funds.

To summarize, the forces of arbitrage in financial markets assure us that the same asset 
cannot sell for different prices, nor can two equivalent combinations of assets that produce the 
same results sell for different prices. Realistically, some arbitrage opportunities can exist on a 
temporary basis, but they will be quickly exploited, bringing relative prices back in line with 
each other. Other apparent arbitrage opportunities will be too small to warrant exploiting.

Not to be naive, however, we must acknowledge that there is a large industry of people 
who call themselves arbitrageurs. So, how can such an industry exist if there are no opportu-
nities for riskless profit? One explanation is that most of the arbitrage transactions are more 
complex than the simple examples used here. Many involve estimating information, which 
can result in differing opinions. Arbitrage involving options, for example, usually requires an 
estimate of a stock’s volatility. Different participants have different opinions about the volatil-
ity. It is quite possible that the two counterparties trading with each other believe that each is 
arbitraging against the other.24

But more importantly, the absence of arbitrage opportunities is upheld, ironically, only if 
participants believe that arbitrage opportunities do exist. If traders believe that no opportuni-
ties exist to earn arbitrage profits, then traders will not follow market prices and compare those 
prices with what they ought to be. Thus, eliminating arbitrage opportunities requires that 
participants be alert in watching for arbitrage opportunities. In other words, strange as it may 
sound, disbelief and skepticism concerning the absence of arbitrage opportunities are required 
for the no-arbitrage rule to be upheld.

Markets in which arbitrage opportunities are either nonexistent or quickly eliminated are 
relatively efficient markets. Recall that efficient markets are those in which it is not possible 
to consistently earn returns in excess of those that would be fair compensation for the risk 
assumed. Although abnormal returns can be earned in a variety of ways, arbitrage profits are 

22 A good study suggestion is to try this example with any future stock price. You should get the same 
result, a $2 risk-free profit.
23 This illustration is the quick look at forward pricing alluded to in Section 3.1.1.
24 In reality, many of the transactions that arbitrageurs do are not really arbitrage. They are quite specu-
lative. For example, many people call themselves arbitrageurs because they buy companies that are po-
tential takeover targets and sell the companies they think will be the buyers. This transaction is not 
arbitrage by any stretch of the definition. Some transactions are called “risk arbitrage,” but this term is 
an oxymoron. As an investment professional, you should simply be prepared for such misuses of words, 
which simply reflect the flexibility of language.
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definitely examples of abnormal returns. Thus, they are the most egregious violations of the 
principle of market efficiency.

Throughout the derivatives component of the CFA curriculum, we will use the principle 
of arbitrage as a dominant theme and assume that arbitrage opportunities cannot exist for any 
significant length of time nor can any one investor consistently capture them. Thus, prices 
must conform to models that assume no arbitrage. But we do not want to take the absence of 
arbitrage opportunities so seriously that we give up and believe that arbitrage opportunities 
never exist. Otherwise, they will arise and someone else will take them. Consider the rule of 
arbitrage a law that will be broken from time to time but one that holds far more often than 
not and one that should be understood and respected.

Example 7  Arbitrage

1.	 Which of the following is a result of arbitrage?
A.	 The law of one price
B.	 The law of similar prices
C.	 The law of limited profitability

2.	 When an arbitrage opportunity exists, what happens in the market?
A.	 The combined actions of all arbitrageurs force the prices to converge.
B.	 The combined actions of arbitrageurs result in a locked-limit situation.
C.	 The combined actions of all arbitrageurs result in sustained profits to all.

3.	 Which of the following accurately defines arbitrage?
A.	A n opportunity to make a profit at no risk
B.	A n opportunity to make a profit at no risk and with the investment of no capital
C.	A n opportunity to earn a return in excess of the return appropriate for the risk 

assumed
4.	 Which of the following ways best describes how arbitrage contributes to market 

efficiency?
A.	A rbitrage penalizes those who trade too rapidly.
B.	A rbitrage equalizes the risks taken by all market participants.
C.	A rbitrage improves the rate at which prices converge to their relative fair values.

Solution to 1: A  is correct. Arbitrage forces equivalent assets to have a single price. There 
is nothing called the law of similar prices or the law of limited profitability.

Solution to 2: A  is correct. Prices converge because of the heavy demand for the cheaper 
asset and the heavy supply of the more expensive asset. Profits are not sustained, and, 
in fact, they are eradicated as prices converge. Locked-limit is a condition in the futures 
market and has nothing to do with arbitrage.

Solution to 3:  B is correct. An opportunity to profit at no risk could merely describe 
the purchase of a risk-free asset. An opportunity to earn a return in excess of the return 
appropriate for the risk assumed is a concept studied in portfolio management and is 
often referred to as an abnormal return. It is certainly desirable but is hardly an arbitrage 
because it requires the assumption of risk and the investment of capital. Arbitrage is risk 
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8. S ummary

This first reading on derivatives introduces you to the basic characteristics of derivatives, in-
cluding the following points:
•	 A derivative is a financial instrument that derives its performance from the performance of 

an underlying asset.
•	 The underlying asset, called the underlying, trades in the cash or spot markets and its price 

is called the cash or spot price.
•	 Derivatives consist of two general classes: forward commitments and contingent claims.
•	 Derivatives can be created as standardized instruments on derivatives exchanges or as cus-

tomized instruments in the over-the-counter market.
•	 Exchange-traded derivatives are standardized, highly regulated, and transparent transactions 

that are guaranteed against default through the clearinghouse of the derivatives exchange.
•	 Over-the-counter derivatives are customized, flexible, and more private and less regulated 

than exchange-traded derivatives, but are subject to a greater risk of default.
•	 A forward contract is an over-the-counter derivative contract in which two parties agree that 

one party, the buyer, will purchase an underlying asset from the other party, the seller, at a 
later date and at a fixed price they agree upon when the contract is signed.

•	 A futures contract is similar to a forward contract but is a standardized derivative contract 
created and traded on a futures exchange. In the contract, two parties agree that one party, 
the buyer, will purchase an underlying asset from the other party, the seller, at a later date 
and at a price agreed on by the two parties when the contract is initiated. In addition, there 
is a daily settling of gains and losses and a credit guarantee by the futures exchange through 
its clearinghouse.

•	 A swap is an over-the-counter derivative contract in which two parties agree to exchange a 
series of cash flows whereby one party pays a variable series that will be determined by an 
underlying asset or rate and the other party pays either a variable series determined by a 
different underlying asset or rate or a fixed series.

•	 An option is a derivative contract in which one party, the buyer, pays a sum of money to the 
other party, the seller or writer, and receives the right to either buy or sell an underlying asset 
at a fixed price either on a specific expiration date or at any time prior to the expiration date.

•	 A call is an option that provides the right to buy the underlying.
•	 A put is an option that provides the right to sell the underlying.
•	 Credit derivatives are a class of derivative contracts between two parties, the credit protec-

tion buyer and the credit protection seller, in which the latter provides protection to the 
former against a specific credit loss.

free and requires no capital because selling the overpriced asset produces the funds to 
buy the underpriced asset.

Solution to 4:  C is correct. Arbitrage imposes no penalties on rapid trading; in fact, it 
tends to reward those who trade rapidly to take advantage of arbitrage opportunities. 
Arbitrage has no effect of equalizing risk among market participants. Arbitrage does 
result in an acceleration of price convergence to fair values relative to instruments with 
equivalent payoffs.
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•	 A credit default swap is the most widely used credit derivative. It is a derivative contract 
between two parties, a credit protection buyer and a credit protection seller, in which the 
buyer makes a series of payments to the seller and receives a promise of compensation for 
credit losses resulting from the default of a third party.

•	 An asset-backed security is a derivative contract in which a portfolio of debt instruments 
is assembled and claims are issued on the portfolio in the form of tranches, which have 
different priorities of claims on the payments made by the debt securities such that prepay-
ments or credit losses are allocated to the most-junior tranches first and the most-senior 
tranches last.

•	 Derivatives can be combined with other derivatives or underlying assets to form hybrids.
•	 Derivatives are issued on equities, fixed-income securities, interest rates, currencies, com-

modities, credit, and a variety of such diverse underlyings as weather, electricity, and disaster 
claims.

•	 Derivatives facilitate the transfer of risk, enable the creation of strategies and payoffs not 
otherwise possible with spot assets, provide information about the spot market, offer lower 
transaction costs, reduce the amount of capital required, are easier than the underlyings to 
go short, and improve the efficiency of spot markets.

•	 Derivatives are sometimes criticized for being a form of legalized gambling and for leading 
to destabilizing speculation, although these points can generally be refuted.

•	 Derivatives are typically priced by forming a hedge involving the underlying asset and a 
derivative such that the combination must pay the risk-free rate and do so for only one 
derivative price.

•	 Derivatives pricing relies heavily on the principle of storage, meaning the ability to hold or 
store the underlying asset. Storage can incur costs but can also generate cash, such as divi-
dends and interest.

•	 Arbitrage is the condition that two equivalent assets or derivatives or combinations of assets 
and derivatives sell for different prices, leading to an opportunity to buy at the low price 
and sell at the high price, thereby earning a risk-free profit without committing any capital.

•	 The combined actions of arbitrageurs bring about a convergence of prices. Hence, arbitrage 
leads to the law of one price: Transactions that produce equivalent results must sell for 
equivalent prices.

 © 2013 CFA Institute. All rights reserved.

Problems

	 1.	A  derivative is best described as a financial instrument that derives its performance by:
A.	 passing through the returns of the underlying.
B.	 replicating the performance of the underlying.
C.	 transforming the performance of the underlying.

	 2.	 Compared with exchange-traded derivatives, over-the-counter derivatives would most 
likely be described as:
A.	 standardized.
B.	 less transparent.
C.	 more transparent.
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	 3.	E xchange-traded derivatives are:
A.	 largely unregulated.
B.	 traded through an informal network.
C.	 guaranteed by a clearinghouse against default.

	 4.	 Which of the following derivatives is classified as a contingent claim?
A.	 Futures contracts
B.	I nterest rate swaps
C.	 Credit default swaps

	 5.	I n contrast to contingent claims, forward commitments provide the:
A.	 right to buy or sell the underlying asset in the future.
B.	 obligation to buy or sell the underlying asset in the future.
C.	 promise to provide credit protection in the event of default.

	 6.	 Which of the following derivatives provide payoffs that are non-linearly related to the 
payoffs of the underlying?
A.	 Options
B.	 Forwards
C.	I nterest rate swaps

	 7.	A n interest rate swap is a derivative contract in which:
A.	 two parties agree to exchange a series of cash flows.
B.	 the credit seller provides protection to the credit buyer.
C.	 the buyer has the right to purchase the underlying from the seller.

	 8.	 Forward commitments subject to default are:
A.	 forwards and futures.
B.	 futures and interest rate swaps.
C.	 interest rate swaps and forwards.

	 9.	 Which of the following derivatives is least likely to have a value of zero at initiation of the 
contract?
A.	 Futures
B.	 Options
C.	 Forwards

	10.	A  credit derivative is a derivative contract in which the:
A.	 clearinghouse provides a credit guarantee to both the buyer and the seller.
B.	 seller provides protection to the buyer against the credit risk of a third party.
C.	 the buyer and seller provide a performance bond at initiation of the contract.

11.	 Compared with the underlying spot market, derivative markets are more likely to have:
A.	 greater liquidity.
B.	 higher transaction costs.
C.	 higher capital requirements.

12.	 Which of the following characteristics is least likely to be a benefit associated with using 
derivatives?
A.	 More effective management of risk
B.	 Payoffs similar to those associated with the underlying
C.	G reater opportunities to go short compared with the spot market

13.	 Which of the following is most likely to be a destabilizing consequence of speculation 
using derivatives?
A.	I ncreased defaults by speculators and creditors
B.	 Market price swings resulting from arbitrage activities
C.	 The creation of trading strategies that result in asymmetric performance
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14.	 The law of one price is best described as:
A.	 the true fundamental value of an asset.
B.	 earning a risk-free profit without committing any capital.
C.	 two assets that will produce the same cash flows in the future must sell for equivalent 

prices.
15.	A rbitrage opportunities exist when:

A.	 two identical assets or derivatives sell for different prices.
B.	 combinations of the underlying asset and a derivative earn the risk-free rate.
C.	 arbitrageurs simultaneously buy takeover targets and sell takeover acquirers.





55

Chapter  2
Basics of Derivative 

Pricing and Valuation
Don M. Chance, PhD, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 explain how the concepts of arbitrage, replication, and risk neutrality are used in pricing 
derivatives;

•	 distinguish between value and price of forward and futures contracts;
•	 explain how the value and price of a forward contract are determined at expiration, during 

the life of the contract, and at initiation;
•	 describe monetary and nonmonetary benefits and costs associated with holding the underly-

ing asset and explain how they affect the value and price of a forward contract;
•	 define a forward rate agreement and describe its uses;
•	 explain why forward and futures prices differ;
•	 explain how swap contracts are similar to but different from a series of forward contracts;
•	 distinguish between the value and price of swaps;
•	 explain how the value of a European option is determined at expiration;
•	 explain the exercise value, time value, and moneyness of an option;
•	 identify the factors that determine the value of an option and explain how each factor affects 

the value of an option;
•	 explain put–call parity for European options;
•	 explain put–call–forward parity for European options;
•	 explain how the value of an option is determined using a one-period binomial model;
•	 explain under which circumstances the values of European and American options differ.

 © 2014 CFA Institute. All rights reserved.
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1. I ntroduction

It is important to understand how prices of derivatives are determined. Whether one is on 
the buy side or the sell side, a solid understanding of pricing financial products is critical to 
effective investment decision making. After all, one can hardly determine what to offer or bid 
for a financial product, or any product for that matter, if one has no idea how its characteristics 
combine to create value.

Understanding the pricing of financial assets is important. Discounted cash flow methods 
and models, such as the capital asset pricing model and its variations, are useful for determin-
ing the prices of financial assets. The unique characteristics of derivatives, however, pose some 
complexities not associated with assets, such as equities and fixed-income instruments. Some-
what surprisingly, however, derivatives also have some simplifying characteristics. For example, 
as we will see in this reading, in well-functioning derivatives markets the need to determine 
risk premiums is obviated by the ability to construct a risk-free hedge. Correspondingly, the 
need to determine an investor’s risk aversion is irrelevant for derivative pricing, although it is 
certainly relevant for pricing the underlying.

The purpose of this reading is to establish the foundations of derivative pricing on a basic 
conceptual level. The following topics are covered:

•	 How does the pricing of the underlying asset affect the pricing of derivatives?
•	 How are derivatives priced using the principle of arbitrage?
•	 How are the prices and values of forward contracts determined?
•	 How are futures contracts priced differently from forward contracts?
•	 How are the prices and values of swaps determined?
•	 How are the prices and values of European options determined?
•	 How does American option pricing differ from European option pricing?

This reading is organized as follows. Section 2 explores two related topics, the pricing of 
the underlying assets on which derivatives are created and the principle of arbitrage. Section 3 
describes the pricing and valuation of forwards, futures, and swaps. Section 4 introduces the 
pricing and valuation of options. Section 5 provides a summary.

2. F undamental Concepts of Derivative Pricing

In this section, we will briefly review the concepts associated with derivatives, the types of 
derivatives, and the pricing principles of the underlying assets. We will also look at arbitrage, a 
critical concept that links derivative pricing to the price of the underlying.

2.1.  Basic Derivative Concepts

The definition of a derivative is as follows:

A derivative is a financial instrument that derives its performance from the performance 
of an underlying asset.

A derivative is created as a contract between two parties, the buyer and the seller. Deriva-
tives trade in markets around the world, which include organized exchanges, where highly 
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standardized and regulated versions exist, and over-the-counter markets, where customized 
and more lightly regulated versions trade. The basic characteristics of derivatives that influence 
pricing are not particularly related to where the derivatives trade, but are critically dependent 
on the types of derivatives.

The two principal types of derivatives are forward commitments and contingent claims. A 
forward commitment is an obligation to engage in a transaction in the spot market at a future 
date at terms agreed upon today.1 By entering into a forward commitment, a party locks in the 
terms of a transaction that he or she will conduct later. The word “commitment” is critical here. 
A forward contract is a firm obligation.

There are three types of forward commitments: forward contracts, futures contracts, and 
swap contracts. These contracts can be referred to more simply as forwards, futures, and swaps.

A forward contract is an over-the-counter derivative contract in which two parties agree 
that one party, the buyer, will purchase an underlying asset from the other party, the seller, 
at a later date at a fixed price they agree upon when the contract is signed.

A futures contract is a standardized derivative contract created and traded on a futures 
exchange in which two parties agree that one party, the buyer, will purchase an underlying 
asset from the other party, the seller, at a later date at a price agreed upon by the two parties 
when the contract is initiated and in which there is a daily settling of gains and losses and 
a credit guarantee by the futures exchange through its clearinghouse.

A swap contract is an over-the-counter derivative contract in which two parties agree to 
exchange a series of cash flows whereby one party pays a variable series that will be deter-
mined by an underlying asset or rate and the other party pays either 1) a variable series 
determined by a different underlying asset or rate or 2) a fixed series.

As these definitions illustrate, forwards and futures are similar. They both establish the 
terms of a spot transaction that will occur at a later date. Forwards are customized, less trans-
parent, less regulated, and subject to higher counterparty default risk. Futures are standardized, 
more transparent, more regulated, and generally immune to counterparty default. A swap is 
equivalent to a series of forward contracts, a point that will be illustrated later.

A contingent claim is a derivative in which the outcome or payoff is determined by the 
outcome or payoff of an underlying asset, conditional on some event occurring. Contingent 
claims include options, credit derivatives, and asset-backed securities. Because credit deriva-
tives and asset-backed securities are highly specialized, this reading will focus only on options.

Recall the definition of an option:

An option is a derivative contract in which one party, the buyer, pays a sum of money to 
the other party, the seller or writer, and receives the right to either buy or sell an under-
lying asset at a fixed price either on a specific expiration date or at any time prior to the 
expiration date.

1 Remember that the term “spot market” refers to the market in which the underlying trades. A transac-
tion in the spot market involves a buyer paying for an asset and receiving it right away or at least within 
a few days, given the normal time required to settle a financial transaction.
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Options can be either customized over-the-counter contracts or standardized and traded on 
exchanges.

Because derivatives take their prices from the price of the underlying, it is important to 
first understand how the underlying is priced. We will approach the underlying from a slightly 
different angle, one that emphasizes the often-subtle costs of holding the underlying, which 
turn out to play a major role in derivative pricing.

2.2.  Pricing the Underlying

The four main types of underlying on which derivatives are based are equities, fixed-income 
securities/interest rates, currencies, and commodities. Equities, fixed-income securities (but 
not interest rates), currencies, and commodities are all assets. An interest rate is not an asset, 
but it can be structured as the underlying of a derivative.2

Consider a generic underlying asset. This asset is something of value that you can own. 
Some assets are financial assets, such as equities, bonds, and currencies, and some are real 
assets, such as commodities (e.g., gold, oil, and agricultural products) and certain physical 
objects (e.g., houses, automobiles, and computers).

The price of a financial asset is often determined using a present value of future cash 
flows approach. The value of the financial asset is the expected future price plus any interim 
payments such as dividends or coupon interest discounted at a rate appropriate for the risk as-
sumed. Such a definition presumes a period of time over which an investor anticipates holding 
an asset, known as the holding period. The investor forecasts the price expected to prevail at 
the end of the holding period as well as any cash flows that are expected to be earned over the 
holding period. He then takes that predicted future price and expected cash flows and finds 
their current value by discounting them to the present. Thereby, the investor arrives at a fun-
damental value for the asset and will compare that value with its current market price. Based 
on any differential relative to the cost of trading and his confidence in his valuation model, he 
will make a decision about whether to trade.

2.2.1.  The Formation of Expectations
Let us first assume that the underlying does not pay interest or dividends, nor does it have any 
other cash flows attributable to holding the asset. Exhibit 1 illustrates the basic idea behind 
the valuation process. Using a probability distribution, the investor forecasts the future over a 
holding period spanning time 0 to time T. The center of the distribution is the expected price 
of the asset at time T, which we denote as E(ST), and represents the investor’s prediction of 
the spot price at T. The investor knows there is risk, so this prediction is imperfect—hence 
the reason for the probability distribution. Nonetheless, at time 0 the investor makes her best 
prediction of the spot price at time T, which becomes the foundation for determining what she 
perceives to be the value of the asset.3

2 This is a good example of why it is best not to use the term “underlying asset” when speaking of deriv-
atives. Not all derivatives have underlying assets, but all have underlyings, some of which are not assets. 
Some other examples of non-asset underlyings used in derivatives are weather, insurance claims, and 
shipping rates. There are also some derivatives in which the underlying is another derivative.
3 The distribution shown here is symmetrical and relatively similar to a normal distribution, but this 
characterization is for illustrative purposes only. We are making no assumptions about symmetry or 
normality at this point.
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Exhibit 1  The Formation of Expectations for an Asset

E(ST)

T0

2.2.2.  The Required Rate of Return on the Underlying Asset
To determine the value of the asset, this prediction must be converted into its price or present 
value. The specific procedure is to discount this expected future price, but that is the easy part. 
Determining the rate at which to discount the expected future price is the hard part. We use 
the symbol k to denote this currently unknown discount rate, which is often referred to as the 
required rate of return and sometimes the expected rate of return or just the expected return. 
At a minimum, that rate will include the risk-free rate of interest, which we denote as r. This 
rate represents the opportunity cost, or so-called time value of money, and reflects the price of 
giving up your money today in return for receiving more money later.

2.2.3.  The Risk Aversion of the Investor
At this point, we must briefly discuss an important characteristic of investors: their degree of 
risk aversion. We can generally characterize three potential types of investors by how they feel 
about risk: risk averse, risk neutral, or risk seeking.

Risk-neutral investors are willing to engage in risky investments for which they expect to 
earn only the risk-free rate. Thus, they do not expect to earn a premium for bearing risk. For 
risk-averse investors, however, risk is undesirable, so they do not consider the risk-free rate 
an adequate return to compensate them for the risk. Thus, risk-averse investors require a risk 
premium, which is an increase in the expected return that is sufficient to justify the acceptance 
of risk. All things being equal, an investment with a higher risk premium will have a lower 
price. It is very important to understand, however, that risk premiums are not automatically 
earned. They are merely expectations. Actual outcomes can differ. Clearly stocks that decline 
in value did not earn risk premiums, even though someone obviously bought them with the 
expectation that they would. Nonetheless, risk premiums must exist in the long run or risk-
averse investors would not accept the risk.

The third type of investor is one we must mention but do not treat as realistic. Risk seekers 
are those who prefer risk over certainty and will pay more to invest when there is risk, implying 
a negative risk premium. We almost always assume that investors prefer certainty over uncer-
tainty, so we generally treat a risk-seeking investor as just a theoretical possibility and not a 
practical reality.4

4 People who gamble in casinos or play lotteries appear to be risk-seekers, given the advantage of the casi-
no or the lottery organizer, but they are merely earning utility from the game itself, not necessarily from 
the expected financial outcome.
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We will assume that investors are risk averse. To justify taking risk, risk-averse investors 
require a risk premium. We will use the Greek symbol λ (lambda) to denote the risk premium.5

2.2.4.  The Pricing of Risky Assets
Exhibit 2 illustrates the process by which an investor obtains the current price, S0, by discount-
ing the expected future price of an asset with no interim cash flows, E(ST), by r (the risk-free 
rate) plus λ (the risk premium) over the period from 0 to T.

Exhibit 2  Discounting the Expected Future Price to Obtain the Current Price

E(ST)

E(ST)

(1 + r + λ)T

T

S0 =

0

2.2.5. O ther Benefits and Costs of Holding an Asset
Many assets generate benefits and some incur costs to their owners. Some of these costs are 
monetary and others are nonmonetary. The dividends paid by companies and coupon interest 
paid by borrowers on their bonds represent obvious benefits to the holders of these securities. 
With currencies representing investments that earn the risk-free rate in a foreign country, they 
too generate benefits in the form of interest. Barring default, interest payments on bonds and 
currencies are relatively certain, so we will treat them as such. Dividend payments are not 
certain, but dividends do tend to be fairly predictable. As such, we will make an assumption 
common to most derivative models that dividends are certain.6

There is substantial evidence that some commodities generate a benefit that is somewhat 
opaque and difficult to measure. This benefit is called the convenience yield. It represents a 
nonmonetary advantage of holding the asset. For most financial assets, convenience yields are 
either nonexistent or extremely limited. Financial assets do not possess beauty that might make 
a person enjoy owning them just to look at them. Convenience yields are primarily associated 
with commodities and generally exist as a result of difficulty in either shorting the commodity 
or unusually tight supplies. For example, if a commodity cannot be sold short without great 
difficulty or cost, the holder of the commodity has an advantage if market conditions suggest 
that the commodity should be sold. Also, if a commodity is in short supply, the holders of 
the commodity can sometimes extract a price premium that is believed by some to be higher 
than what would be justified in well-functioning markets. The spot price of the commodity 
could even be above the market’s expectation of its future price, a condition that would seem 
to imply a negative expected return. This scenario raises the question of why anyone would 

5 Although the risk-free rate is invariant with a country’s economy, the risk premium varies with the 
amount of risk taken. Thus, while the risk-free rate is the same when applied to every investment, the risk 
premium is not the same for every investment.
6 Some derivative models incorporate uncertain dividends and interest, but those are beyond the scope 
of this introductory reading.
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want to hold the commodity if its expected return is negative. The convenience yield provides 
a possible explanation that attributes an implied but non-financial expected return to the ad-
vantage of holding a commodity in short supply. The holder of the commodity has the ability 
to sell it when market conditions suggest that selling is advisable and short selling is difficult.

One cost incurred in owning commodities is the cost of storage. One could hardly own 
gold, oil, or wheat without incurring some costs in storing these assets. There are also costs 
incurred in protecting and insuring some commodities against theft or destruction. Depend-
ing on the commodity, these costs can be quite significant. For financial assets, however, the 
storage costs are so low that we can safely ignore them.

Finally, there is the opportunity cost of the money invested. If a person buys an asset, he 
forgoes interest on his money. The effect on this interest is reflected by compounding the price 
paid for the asset to a future value at the risk-free rate of interest. Thus, an investor who buys 
a stock that costs £50 in a market in which the risk-free rate is 4% will effectively have paid 
£50 × 1.04 = £52 a year later. Of course, the stock could be worth any value at that time, and 
any gain or loss should be determined in comparison to the effective price paid of £52.

As we described earlier, we determine the current price of an asset by discounting the 
expected future price by the sum of the risk-free rate (r) plus the risk premium (λ). When we 
introduce costs and benefits of holding the asset, we have to make an adjustment. With the 
exception of this opportunity cost of money, we will incorporate the effect of these costs and 
benefits by determining their value at the end of the holding period. Under the assumption 
that these costs and benefits are certain, we can then discount them at the risk-free rate to 
obtain their present value. There is a logic to doing it this way (i.e., finding their future value 
and discounting back to the present, as opposed to finding their present value directly). By 
finding their future value, we are effectively saying that the costs and benefits adjust the ex-
pected payoff at the end of the holding period. But because they are certain, we can discount 
their effects at the risk-free rate. So we have effectively just found their present value. The net 
effect is that the costs reduce the current price and the benefits increase the current price. We 
use the symbol θ (theta) to denote the present value of the costs and γ (gamma) as the present 
value of any benefits.

The net of the costs and benefits is often referred to by the term carry, or sometimes cost 
of carry. The holding, storing, or “carrying” of an asset is said to incur a net cost that is essen-
tially what it takes to “carry” an asset. Exhibit 3 illustrates the effect in which the carry adjusts 
the price of an asset in the valuation process.

Exhibit 3  Pricing an Asset That Incurs Costs and Generates Benefits

E(ST)

E(ST)

(1 + r + λ)T

T

S0 = – θ + γ

0
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To recap, although the various underlyings differ with respect to the specifics of pricing, 
all of them are based on expectations, risk, and the costs and benefits of holding a specific 
underlying. Understanding how assets are priced in the spot market is critical to understand-
ing how derivatives are priced. To understand derivative pricing, it is necessary to establish 
a linkage between the derivative market and the spot market. That linkage occurs through 
arbitrage.

2.3.  The Principle of Arbitrage

Arbitrage is a type of transaction undertaken when two assets or portfolios produce identical 
results but sell for different prices. If a trader buys the asset or portfolio at the cheaper price 
and sells it at the more expensive price, she will generate a net inflow of funds at the start. Be-
cause the two assets or portfolios produce identical results, a long position in one and a short 
position in the other means that at the end of the holding period, the payoffs offset. Hence, 
no money is gained or lost at the end of the holding period, so there is no risk. The net effect 
is that the arbitrageur receives money at the start and never has to pay out any money later. 
Such a situation amounts to free money, like walking down the street, finding money on the 
ground, and never having to give it up. Exhibit 4 illustrates this process for assets A and B, 
which have no dividends or other benefits or costs and pay off identically but sell for different 
prices, with S0

A < S0
B.

Example 1  Pricing the Spot Asset

1.	 Which of the following factors does not affect the spot price of an asset that has no 
interim costs or benefits?
A.	 The time value of money
B.	 The risk aversion of investors
C.	 The price recently paid by other investors

2.	 Which of the following does not represent a benefit of holding an asset?
A.	 The convenience yield
B.	A n optimistic expected outlook for the asset
C.	 Dividends if the asset is a stock or interest if the asset is a bond

Solution to 1:  C is correct. The price recently paid by other investors is past information 
and does not affect the spot price. The time value of money and the risk aversion of 
investors determine the discount rate. Only current information is relevant as investors 
look ahead, not back.

Solution to 2:  B is correct. An optimistic forecast for the asset is not a benefit of holding 
the asset, but it does appear in the valuation of the asset as a high expected price at the 
horizon date. Convenience yields and dividends and interest are benefits of holding the 
asset.
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Exhibit 4  Executing an Arbitrage

T0

S0
A < S0

B:
Buy A at S0

A

Sell B at S0
B

Cash �ow = S0
B – S0

A( > 0)

ST
A = ST

B:
Sell A for ST

A

Buy B for ST
B

Cash �ow = ST
A – ST

B(= 0)

Given:  Assets A and B produce the same values at time 
T but at time 0, A is selling for less than B.

2.3.1.  The (In)Frequency of Arbitrage Opportunities
When arbitrage opportunities exist, traders exploit them very quickly. The combined actions 
of many traders engaging in the same transaction of buying the low-priced asset or portfolio 
and selling the high-priced asset or portfolio results in increased demand and an increasing 
price for the former and decreased demand and a decreasing price for the latter. This market 
activity will continue until the prices converge. Assets that produce identical results can thus 
have only one true market price. This rule is called the “law of one price.” With virtually all 
market participants alert for the possibility of earning such profits at no risk, it should not be 
surprising that arbitrage opportunities are rare.

In practice, prices need not converge precisely, or even all that quickly, because the trans-
action cost of exploiting an opportunity could exceed the benefit. For example, say you are 
walking down the sidewalk of the Champs-Élysées in Paris and notice a €1 coin on the side-
walk. You have a bad back, and it would take some effort to bend over. The transaction cost 
of exploiting this opportunity without any risk could exceed the benefit of the money. Some 
arbitrage opportunities represent such small discrepancies that they are not worth exploiting 
because of transaction costs.

Significant arbitrage opportunities, however, will be exploited. A significant opportunity 
arises from a price differential large enough to overcome the transaction costs. Any such price 
differential will continue to be exploited until the opportunity disappears. Thus, if you find a 
€10 note on the Champs-Élysées sidewalk, there is a good chance you will find it worth pick-
ing up (even with your bad back), and even if you do not pick it up, it will probably not be 
there for long. With enough people alert for such opportunities, only a few will arise, and the 
ones that do will be quickly exploited and disappear. In this manner, arbitrage makes markets 
work much more efficiently.

2.3.2. A rbitrage and Derivatives
It may be difficult to conceive of many investments that would produce identical payoffs. Even 
similar companies such as McDonalds and Burger King, which are in the same line of business, 
do not perform identically. Their performance may be correlated, but each has its own unique 
characteristics. For equity securities and with no derivatives involved, about the only such sit-
uation that could exist in reality is a stock that trades simultaneously in two different markets, 
such as Royal Dutch Shell, which trades in Amsterdam and London but is a single company. 
Clearly there can be only one price. If those two markets operate in different currencies, the 
currency-adjusted prices should be the same. Bonds issued by the same borrower are also po-
tentially arbitrageable. All bonds of an issuer will be priced off of the term structure of interest 
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rates. Because of this common factor, bonds of different maturities can be arbitraged against 
each other. But in general, two securities are unlikely to perform identically.

The picture changes, however, if we introduce derivatives. For most derivatives, the pay-
offs come (derive) directly from the value of the underlying at the expiration of the derivative. 
Although no one can predict with certainty the value of the underlying at expiration, as soon as 
that value is determined, the value of the derivative at expiration becomes certain. So, while the 
performance of McDonalds’ stock may have a strong correlation to the performance of Burger 
King’s stock, neither completely determines the other. But derivatives on McDonalds’ stock 
and derivatives on Burger King’s stock are completely determined by their respective stocks. All 
of the uncertainty in a derivative comes from the uncertainty in the underlying. As a result, the 
price of the derivative is tied to the price of the underlying. That being the case, the derivative 
can be used to hedge the underlying, or vice versa.

Exhibit 5 illustrates this point. When the underlying is combined with the derivative to 
produce a perfect hedge, all of the risk is eliminated and the position should earn the risk-free 
rate. If not, arbitrageurs begin to trade. If the position generates a return in excess of the risk-
free rate, the arbitrageurs see an opportunity because the hedged position of the underlying 
and derivative earns more than the risk-free rate and a risk-free loan undertaken as a borrower 
incurs a cost equal to the risk-free rate. Therefore, going long the hedged position and bor-
rowing at the risk-free rate earns a return in excess of the risk-free rate, incurs a cost of the 
risk-free rate, and has no risk. As a result, an investor can earn excess return at no risk without 
committing any capital. Arbitrageurs will execute this transaction in large volumes, continuing 
to exploit the pricing discrepancy until market forces push prices back in line such that both 
risk-free transactions earn the risk-free rate.

Exhibit 5  Hedging the Underlying with a Derivative (or Vice Versa)

T0

Position in underlying
+ Opposite position in derivative

 Underlying payoff
– Derivative payoff
= Risk-free return

Out of this process, one and only one price can exist for the derivative. Otherwise, there 
will be an arbitrage opportunity. We typically take the underlying price as given and infer the 
unique derivative price that prohibits any arbitrage opportunities. Most derivatives pricing 
models are established on this foundation. We simply assume that no arbitrage opportunities 
can exist and infer the derivative price that guarantees there are no arbitrage opportunities.

2.3.3. A rbitrage and Replication
Because an asset and a derivative on the asset can be combined to produce a position equivalent 
to a risk-free bond, it follows that the asset and the risk-free asset can be combined to produce 
the derivative. Alternatively, the derivative and the risk-free asset can be combined to produce 
the asset. Exhibit 6 shows this process, referred to as replication. Replication is the creation 
of an asset or portfolio from another asset, portfolio, and/or derivative. Exhibit 6 shows first 
that an asset plus the derivative can replicate the risk-free asset. Second, an asset minus the 
risk-free asset (meaning to borrow at the risk-free rate) is equivalent to the opposite position 
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in the derivative, and third, a derivative minus the risk-free asset is equivalent to the opposite 
position in the asset.

Exhibit 6  Arbitrage, Replication, and Derivatives

Asset + Derivative = Risk-free asset

 

Asset − Risk-free asset = –Derivative

 

Derivative − Risk-free asset = −Asset

If all assets are correctly priced to prohibit arbitrage, however, the ability to replicate seems 
useless. Why would one replicate an asset or derivative if there is no cost advantage? Buying a 
government security to earn the risk-free rate is easier than buying the asset and selling a deriv-
ative to produce a risk-free position. At this point, that is certainly a reasonable question. As we 
progress through this material, however, we will relax the assumption that everything is always 
correctly priced and we will admit the possibility of occasional arbitrage opportunities. For 
example, it may be more profitable to hedge a portfolio with a derivative to produce a risk-free 
rate than to invest in the risk-free asset. In addition, we might find that replication can have 
lower transaction costs. For example, a derivative on a stock index combined with the risk-free 
asset can potentially replicate an index fund at lower transaction costs than buying all the se-
curities in the index. Replication is the essence of arbitrage. The ability to replicate something 
with something else can be valuable to investors, either through pricing differentials, however 
temporary, or lower transaction costs.

2.3.4. R isk Aversion, Risk Neutrality, and Arbitrage-Free Pricing
Most investors are risk averse. They do not accept risk without the expectation of a return 
commensurate with that risk. Thus, they require risk premiums to justify the risk. One might 
think that this point implies a method for pricing derivatives based on the application of a risk 
premium to the expected payoff of the derivative and its risk. As we will describe later, this 
methodology is not appropriate in the pricing of derivatives.

As previously described, a derivative can be combined with an asset to produce a risk-free 
position. This fact does not mean that one should create such a combination. It merely means 
that one can do so. The derivative price is the price that guarantees the risk-free combination 
of the derivative and the underlying produces a risk-free return. The derivative price can then 
be inferred from the characteristics of the underlying, the characteristics of the derivative, and 
the risk-free rate. The investor’s risk aversion is not a factor in determining the derivative price. 
Because the risk aversion of the investor is not relevant to pricing the derivative, one can just 
as easily obtain the derivative price by assuming that the investor is risk neutral. That means 
that the expected payoff of the derivative can be discounted at the risk-free rate rather than the 
risk-free rate plus a risk premium. Virtually all derivative pricing models ultimately take this 
form: discounting the expected payoff of the derivative at the risk-free rate.

The entire process of pricing derivatives is not exactly as we have described it at this point. 
There is an intermediate step, which entails altering the probabilities of the outcomes from the 
true probabilities to something called risk-neutral probabilities. We will illustrate this process 
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later in this reading. The important point to understand is that while the risk aversion of 
investors is relevant to pricing assets, it is not relevant to pricing derivatives. As such, deriva-
tives pricing is sometimes called risk-neutral pricing. Risk-neutral pricing uses the fact that 
arbitrage opportunities guarantee that a risk-free portfolio consisting of the underlying and 
the derivative must earn the risk-free rate. There is only one derivative price that meets that 
condition. Any mispricing of the derivative will lead to arbitrage transactions that drive the 
derivative price back to where it should be, the price that eliminates arbitrage opportunities.

The overall process of pricing derivatives by arbitrage and risk neutrality is called 
arbitrage-free pricing. We are effectively determining the price of a derivative by assuming 
that the market is free of arbitrage opportunities. This notion is also sometimes called the 
principle of no arbitrage. If there are no arbitrage opportunities, combinations of assets and/
or derivatives that produce the same results must sell for the same price. The correct derivative 
price assures us that the market is free of arbitrage opportunities.

2.3.5. L imits to Arbitrage
As we previously described, there may be reasons to not pick up a coin lying on the ground. 
Likewise, some small arbitrage profits are never exploited. A bond selling for €1,000 might 
offer an arbitrage profit by trading a derivative on the bond and a risk-free asset at a total cost of 
€999, but the profit of €1 might be exceeded by the transaction costs. Such small differentials 
can easily remain essentially trapped within the bounds of transaction costs. In addition, arbi-
trage can require capital. Not everyone can borrow virtually unlimited amounts of money at 
what amounts to a risk-free rate. Moreover, some transactions can require additional capital to 
maintain positions. The corresponding gains from an offsetting position might not be liquid. 
Hence, on paper the position is hedged, but in practice, one position has a cash outflow while 
the other generates gains on paper that are realized only later. Borrowing against those future 
gains is not always easy.

Moreover, some apparent arbitrage transactions are not completely risk free. As you will 
learn later, option pricing requires knowledge of the volatility of the underlying asset, which is 
information that is not easy to obtain and subject to different opinions. Executing an arbitrage 
can entail risk if one lacks accurate information on the model inputs.

Some arbitrage positions require short-selling assets that can be difficult to short. Some 
securities are held only by investors who are unwilling to lend the securities and who, by policy, 
are not arbitrageurs themselves. Some commodities, in particular, can be difficult and costly to 
sell short. Hence, the arbitrage might exist in only one direction, which keeps the price from 
becoming seemingly too high or seemingly too low but permitting it to move virtually without 
limit in the opposite direction.

Arbitrage positions rely on the ultimate realization by other investors of the existence of 
the mispricing. For some investors, bearing these costs and risks until other investors drive the 
price back to its appropriate level can be nearly impossible.

The arbitrage principle is the essence of derivative pricing models. Yet, clearly there are 
limits to the ability of all investors to execute arbitrage transactions. In studying derivative 
pricing, it is important to accept the no-arbitrage rule as a paradigm, meaning a framework 
for analysis and understanding. Although no market experts think that arbitrage opportunities 
never occur, it is a common belief that finding and exploiting them is a challenging and highly 
competitive process that will not yield frequent success. But it is important that market partic-
ipants stay alert for and exploit whatever arbitrage opportunities arise. In response, the market 
functions more efficiently.
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Example 2  Arbitrage

1.	 Which of the following best describes an arbitrage opportunity? It is an opportunity 
to:
A.	 earn a risk premium in the short run.
B.	 buy an asset at less than its fundamental value.
C.	 make a profit at no risk with no capital invested.

2.	 What most likely happens when an arbitrage opportunity exists?
A.	I nvestors trade quickly and prices adjust to eliminate the opportunity.
B.	R isk premiums increase to compensate traders for the additional risk.
C.	 Markets cease operations to eliminate the possibility of profit at no risk.

3.	 Which of the following best describes how derivatives are priced?
A.	A  hedge portfolio is used that eliminates arbitrage opportunities.
B.	 The payoff of the underlying is adjusted downward by the derivative value.
C.	 The expected future payoff of the derivative is discounted at the risk-free rate 

plus a risk premium.
4.	A n investor who requires no premium to compensate for the assumption of risk is 

said to be which of the following?
A.	R isk seeking
B.	R isk averse
C.	R isk neutral

5.	 Which of the following is a limit to arbitrage?
A.	 Clearinghouses restrict the transactions that can be arbitraged.
B.	 Pricing models do not show whether to buy or sell the derivative.
C.	I t may not always be possible to raise sufficient capital to engage in arbitrage.

Solution to 1:  C is correct because it is the only answer that is based on the notion of 
when an arbitrage opportunity exists: when two identical assets or portfolios sell for dif-
ferent prices. A risk premium earned in the short run can easily have occurred through 
luck. Buying an asset at less than fair value might not even produce a profit.

Solution to 2: A  is correct. The combined actions of traders push prices back in line 
to a level at which no arbitrage opportunities exist. Markets certainly do not shut 
down, and risk premiums do not adjust and, in fact, have no relevance to arbitrage 
profits.

Solution to 3: A  is correct. A hedge portfolio is formed that eliminates arbitrage oppor-
tunities and implies a unique price for the derivative. The other answers are incorrect 
because the underlying payoff is not adjusted by the derivative value and the discount 
rate of the derivative does not include a risk premium.

Solution to 4:  C is correct. Risk-seeking investors give away a risk premium because 
they enjoy taking risk. Risk-averse investors expect a risk premium to compensate for 
the risk. Risk-neutral investors neither give nor receive a risk premium because they have 
no feelings about risk.
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2.4.  The Concept of Pricing versus Valuation

In equity markets, analysis is undertaken with the objective of determining the value, some-
times called the fundamental value, of a stock. When a stock trades in the market for a price 
that differs from its fundamental value, investors will often buy or sell the stock based on the 
perceived mispricing. The fundamental value of a stock is typically determined by analyzing 
the company’s financial statements, projecting its earnings and dividends, determining a dis-
count rate based on the risk, and finding the present value of the future dividends. These steps 
make up the essence of dividend discount models. Other approaches include comparing the 
book value of a company to its market value, thereby using book value as a proxy for funda-
mental value, or by application of a price/earnings ratio to projected next-period earnings, or 
by discounting free cash flow. Each of these approaches purports to estimate the company’s 
fundamental value, leading to the notion that a company is worth something that may or may 
not correspond to its price in the market.

In derivative markets, the notion of valuation as a representation of fundamental value 
is still a valid concept, but the terminology can be somewhat different and can lead to some 
confusion. Options are not a problem in this regard. They can be analyzed to determine their 
fundamental value, and the market price can be compared with the fundamental value. Any 
difference can then presumably be exploited via arbitrage. The combined actions of numerous 
investors should ultimately lead to the market price converging to its fundamental value, sub-
ject to the above limits to arbitrage.

The world of forwards, futures, and swaps, however, uses different terminology with re-
spect to price and value. These contracts do not require the outlay of cash at the start the way 
an option, stock, or bond does. Forwards, futures, and swaps start off with values of zero. Then 
as the underlying moves, their values become either positive or negative. The forward, futures, 
or swap price is a concept that represents the fixed price or rate at which the underlying will 
be purchased at a later date. It is not an amount to be paid at the start. This fixed price or rate 
is embedded into the contract while the value will fluctuate as market conditions change. But 
more importantly, the value and price are not at all comparable with each other.

Consider a simple example. Suppose you own a stock priced at $102. You have a short 
forward contract to sell the stock at a price of $100 one year from now. The risk-free rate is 
4%. Your position is riskless because you know that one year from now, you will sell the stock 
for $100. Thus, you know you will get $100 one year from now, which has a present value 
of $100/(1.04) = $96.15. Notice the discounting at the risk-free rate, which is appropriate 
because the position is riskless. Your overall position is that you own an asset worth $102 
and are short a contract worth something, and the two positions combine to have a value of 
$96.15. Therefore, the forward contract must have a value of $96.15 − $102 = −$5.85. Your 

Solution to 5:  C is correct. It may not always be possible to raise sufficient capital to 
engage in arbitrage. Clearinghouses do not restrict arbitrage. Pricing models show what 
the price of the derivative should be.

Thus, comparison with the market price will indicate if the derivative is overpriced 
and should be sold or if it is underpriced and should be purchased.



Chapter 2  Basics of Derivative Pricing and Valuation� 69

forward contract is thus worth −$5.85. To the party on the opposite side, it is worth +$5.85.7 
The price of the forward contract is still $100, which was set when you created the contract at 
an earlier date. As you can see, the $100 forward price is not comparable to the $5.85 value 
of the contract.

Although the forward price is fixed, any new forward contract calling for delivery of the 
same asset at the same time will have a different price. We will cover that point in more de-
tail later. For now, it is important to see that your contract has a price of $100 but a value of 
−$5.85, which are two entirely different orders of magnitude. This information does not imply 
that the forward contract is mispriced. The value is the amount of wealth represented by own-
ing the forward contract. The price is one of the terms the parties agreed on when they created 
the contract.8 This idea applies in the same manner for futures and swaps.

3.  Pricing and Valuation of Forward Commitments

In this section, we will go into pricing forward commitments in a little more detail. Let us start 
by establishing that today, at time 0, we create a forward commitment that expires at time T. 
The value of the underlying today is S0. At expiration the underlying value is ST, which is not 
known at the initiation of the contract.

3.1.  Pricing and Valuation of Forward Contracts

Previously, we noted that price and value are entirely different concepts for forward commit-
ments. We gave an example of a forward contract with a price of $100 but a value of −$5.85 
to the seller and +$5.85 to the buyer. In the next subsection, we will delve more deeply into 
understanding these concepts of pricing and valuation for forward contracts.

3.1.1.  Pricing and Valuation of Forward Contracts at Expiration
Recall that a forward contract specifies that one party agrees to buy the underlying from the 
other at the expiration date at a price agreed on at the start of the contract. Suppose that you 
enter into a contract with another party in which you will buy a used car from that party in 
one year at a price of $10,000. Then $10,000 is the forward price. One year later, when the 
contract expires, you are committed to paying $10,000 and accepting delivery of the car. Let 
us say that at that time, you check the used car market and find that an identical car is worth 
$10,800. How much is your forward contract worth to you at that time? It obligates you to pay 
$10,000 for a car that you would otherwise have to pay $10,800. Thus, the contract benefits 
you by $800, so its value is $800. If you were on the opposite side of the transaction, its value 
would be −$800. If the market price of the car were below $10,000, the contract would have 
negative value to you and the mirror image positive value to the seller.

7 This concept of the value of the forward contract as it evolves toward expiration is sometimes referred to 
as its mark-to-market value. The same notion is applicable to swaps. In futures, of course, contracts are 
automatically marked to market by the clearinghouse, and gains and losses are converted into actual cash 
flows from one party to the other.
8 The forward price is more like the exercise price of the option. It is the price the two parties agree will 
be paid at a future date for the underlying. Of course, the option has the feature that the holder need not 
ever pay that price, which is the case if the holder chooses not to exercise the option.
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This example leads us to our first important derivative pricing result. The forward price, 
established at the initiation date of contract is F0(T ). Let us denote the value at expiration of 
the forward contract as VT(T ). This value is formally stated as

	 VT(T ) = ST – F0(T )  	 (1)

In words,

The value of a forward contract at expiration is the spot price of the underlying minus the 
forward price agreed to in the contract.

In the financial world, we generally define value as the value to the long position, so the above 
definition is generally correct but would be adjusted if we look at the transaction from the 
point of view of the short party. In that case, we would multiply the value to the long party 
by −1 to calculate the value to the short party. Alternatively, the value to the short party is the 
forward price minus the spot price at expiration.

If a forward contract could be initiated right at the instant of expiration, the forward price 
would clearly be the spot price. Such a contract would essentially be a spot transaction.

3.1.2.  Pricing and Valuation at Initiation Date
In Exhibit 7, we see the nature of the problem of pricing a forward contract. We are situated at 
time 0, facing an uncertain future. At the horizon date, time T, the underlying price will be ST. 
Of course, at time 0 we do not know what ST will turn out to be. Yet at time 0, we need to estab-
lish the forward price, F0(T ), which is the price we agree to pay at time T to purchase the asset.

Exhibit 7  The Time Horizon of Forward Contracts

T0

Agree to pay 
F0(T) at time T
to buy the asset

Pay F0(T) and
receive the
asset worth ST

When a forward contract is initiated, neither party pays anything to the other. It is a valueless 
contract, neither an asset nor a liability. Therefore, its value at initiation is zero:

	 V0(T ) = 0	 (2)

The forward price that the parties agree to at the initiation date of the contract is a special 
price that results in the contract having zero value and prohibiting arbitrage. This is our first 
important result:

Because neither the long nor the short pays anything to the other at the initiation date of a 
forward contract, the value of a forward contract when initiated is zero.

If this statement were not true and one party paid a sum of money to the other, the party 
receiving the money could find another party and engage in the opposite transaction, with 
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no money paid to the other on this second contract. The two transactions would completely 
offset, thereby eliminating the risk. Yet, the first party would have captured some cash from the 
second and consequently earned an arbitrage profit because his position is completely hedged. 
He would walk away with money and never have to worry about paying it back. The forward 
price is the price the two parties agree on that generates a value of zero at the initiation date. 
Finding that price is actually quite easy.

Consider a very simple asset price at S0 today that pays no dividends or interest, nor does 
it yield any nonfinancial benefits or incur any carrying costs. As described earlier, we can peer 
into the future, but at best we can make only a forecast of the price of this asset at our horizon 
date of time T. That forecast was previously referred to as the expected spot price at expiration, 
E(ST). On the surface, it might seem that pricing a forward contract would somehow involve a 
discounting of the expected spot price. As we said earlier, however, that is not how derivatives 
are priced—they are priced using arbitrage.

Suppose we hold the asset and enter into a forward contract to sell the asset at the price 
F0(T ). It should be easy to see that we have constructed a risk-free position. We know that 
the asset, currently worth S0, will be sold later at F0(T ) and that this price should guarantee a 
risk-free return. Thus, we should find the following relationship,

	
( ) ( )= +10

0

F T
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We can easily solve for the forward price to obtain

	 F0(T ) = S0(1 + r)T	 (4)

Or, in words,

The forward price is the spot price compounded at the risk-free rate over the life of the 
contract.

There is a nice logic to this relationship. While the spot price is what someone would 
have to pay today to buy the asset, a forward contract locks in the purchase price at the hori-
zon date. When that date arrives, the investor will own the asset. Instead of buying the asset 
today, suppose the investor uses the forward contract to guarantee that she will own the asset 
at the horizon date. By using the forward contract, the investor will not have committed the 
money, S0, that would have forgone interest at the rate r for the period 0 to T. Notice how the 
risk premium on the asset does not directly appear in the pricing relationship. It does appear 
implicitly, because it determines the spot price paid to buy the asset. Knowing the spot price, 
however, eliminates the necessity of determining the risk premium. The derivatives market can 
simply let the spot market derive the risk premium.

As a simple example, let us say the underlying price, S0, is £50, the risk-free rate, r, is 3%, 
and the contract expires in three months, meaning that T = 3/12 = 0.25. Then the forward 
price is £50(1.03)0.25 = £50.37. Thus, the two parties would agree that the buyer will pay 
£50.37 to the seller in three months, and the seller will deliver the underlying to the buyer at 
expiration.

Now suppose the asset generates cash payments and/or benefits and incurs storage costs. 
As we discussed, the net cost of carry consists of the benefits, denoted as γ (dividends or interest 
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plus convenience yield), minus the costs, denoted as θ, both of which are in present value 
form. To put these concepts in future value form, we simply compound them at the risk-free 
rate, (γ − θ)(1 + r)T. Because this is their value at the expiration date of the contract, we can 
add them to F0(T ) in Equation 3, thereby restating that equation as

1
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F T r
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+ =
+ γ − θ +

The numerator is how much money we end up with at T. Rearranging, we obtain the 
forward price as

	 10 0F T S r T( )( ) ( )= − γ + θ +

or

	 1 10 0F T S r rT T( )( ) ( ) ( )= + − γ − θ + � (5)

We see that the forward price determined using Equation 4 is reduced by the future value of 
any benefits and increased by the future value of any costs. In other words,

The forward price of an asset with benefits and/or costs is the spot price compounded at the 
risk-free rate over the life of the contract minus the future value of those benefits and costs.

Again, the logic is straightforward. To acquire a position in the asset at time T, an investor 
could buy the asset today and hold it until time T. Alternatively, he could enter into a forward 
contract, committing him to buying the asset at T at the price F0(T ). He would end up at T 
holding the asset, but the spot transaction would yield benefits and incur costs, whereas the 
forward transaction would forgo the benefits but avoid the costs.

Assume the benefits exceed the costs. Then the forward transaction would return less 
than the spot transaction. The formula adjusts the forward price downward by the expression 
–(γ – θ)(1 + r)T to reflect this net loss over the spot transaction. In other words, acquiring the 
asset in the forward market would be cheaper because it forgoes benefits that exceed the costs. 
That does not mean the forward strategy is better. It costs less but also produces less. Alterna-
tively, if the costs exceeded the benefits, the forward price would be higher because the forward 
contract avoids the costs at the expense of the lesser benefits.

Returning to our simple example, suppose the present value of the benefits is γ = £3 and 
the present value of the costs is θ = £4. The forward price would be £50(1.03)0.25 – (£3 − £4)
(1.03)0.25 = £51.38. The forward price, which was £50.37 without these costs and benefits, is 
now higher because the carrying costs exceed the benefits.

The value of the contract when initiated is zero provided the forward price conforms to 
the appropriate pricing formula. To keep the analysis as simple as possible, consider the case 
in which the asset yields no benefits and incurs no costs. Going long the forward contract or 
going long the asset produces the same position at T: ownership of the asset. Nonetheless, the 
strategies are not equivalent. Going long the forward contract enables the investor to avoid 
having to pay the price of the asset, S0, so she would collect interest on the money. Thus, the 
forward strategy would have a value of S0, reflecting the investment of that much cash invest-
ed in risk-free bonds, plus the value of the forward contract. The spot strategy would have a 
value of S0, reflecting the investment in the asset. These two strategies must have equal values. 
Hence, the value of the forward contract must be zero.
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Although a forward contract has zero value at the start, it will not have zero value during 
its life. We now take a look at what happens during the life of the contract.

3.1.3.  Pricing and Valuation during the Life of the Contract
We previously worked an example in which a forward contract established with a price of $100 
later has a value of −$5.85 to the seller and +$5.85 to the buyer. Generally we would say the 
value is $5.85. We explained that with the spot price at $102, a party that is long the asset 
and short the forward contract would guarantee the sale of the asset priced at $102 at a price 
of $100 in one year. The present value of $100 in one year at 4% is $96.15. Thus, the party 
guarantees that his $102 asset will be effectively sold at a present value of $96.15, for a present 
value loss of $5.85.

In general, we can say that

The value of a forward contract is the spot price of the underlying asset minus the present 
value of the forward price.

Again, the logic is simple. A forward contract provides a type of synthetic position in 
the asset, for which we promise to pay the forward price at expiration. Thus, the value of the 
forward contract is the value of the asset minus the present value of the forward price. Let us 
write out this relationship using Vt(T ) as the value of the forward contract at time t, which is 
some point in time after the contract is initiated and before it expires:

	 Vt(T ) = St – F0(T )(1 + r)–(T–t)  	 (6)

Note that we are working with the spot price at t, but the forward price was fixed when the 
contract was initiated.9

Now, recall the problem we worked in which the underlying had a price of £50 and the 
contract was initiated with a three-month life at a price of £50.37. Move one month later, so 
that the remaining time is two months: T – t = 2/12 = 0.167. Let the underlying price be £52. 
The value of the contract would be £52 − £50.37(1.03)−0.167 = £1.88.

If the asset has a cost of carry, we must make only a small adjustment:

	 Vt(T ) = St – (γ – θ)(1 + r)t – F0(T )(1 + r)–(T–t)  	 (7)

Note how we adjust the formula by the net of benefits minus costs. The forward contract 
forgoes the benefits and avoids the costs of holding the asset. Consequently, we adjust the value 
downward to reflect the forgone benefits and upward to reflect the avoided costs. Remember 
that the costs (θ) and benefits (γ) are expressed on a present value basis as of time 0. We need 
their value at time t. We could compound them from 0 to T and then discount them back to t 
by the period T – t, but a shorter route is to simply compound them from 0 to t. In the problem 
we previously worked, in which we priced the forward contract when the asset has costs and 
benefits, the benefits (γ) were £3 and the costs (θ) were £4, giving us a forward price of £51.38. 
We have now moved one month ahead, so t = 1/12 = 0.0833 and T – t = 2/12 = 0.167. Hence 

9 An alternative approach to valuing a forward contract during its life is to determine the price of a new 
forward contract that would offset the old one. The discounted difference between the new forward price 
and the original forward price will lead to the same value.
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the value of the forward contract would be £52 – (£3 − £4)(1.03)0.0833 – £51.38(1.03)−0.167 = 
£1.88. In this case, the effect of the compounding of the net of costs and benefits (£1) over one 
month has no appreciable effect on the value, but that result is not a general rule. 

It is important to note that although we say that Equation 7 holds during the life of the 
contract at some arbitrary time t, it also holds at the initiation date and at expiration. For the 
initiation date, we simply change t to 0 in Equation 7. Then we substitute Equation 5 for 
F0(T ) in Equation 7, obtaining V0(T ) = 0, confirming that the value of a forward contract at 
initiation is zero. At expiration, we let t = T in Equation 7 and obtain the spot price minus the 
forward price, as presented in Equation 1.10

3.1.4. A  Word about Forward Contracts on Interest Rates
Forward contracts in which the underlying is an interest rate are called forward rate 
agreements, or FRAs. These instruments differ slightly from most other forward contracts 
in that the underlying is not an asset. Changes in interest rates, such as the value of an asset, 
are unpredictable. Moreover, virtually every company and organization is affected by the un-
certainty of interest rates. Hence, FRAs are very useful devices for many companies. FRAs are 
forward contracts that allow participants to make a known interest payment at a later date and 
receive in return an unknown interest payment. In that way, a participant whose business will 
involve borrowing at a future date can lock in a fixed payment and receive a random payment 
that offsets the unknown interest payment it will make on its loan. Turning that argument 
around, a lender can also lock in a fixed rate on a loan it will make at a future date.

Even though FRAs do not involve an underlying asset, they can still be combined with 
an underlying asset to produce a hedged position, thereby leading to fairly straightforward 
pricing and valuation equations. The math is a little more complex than the math for forwards 
on assets, but the basic ideas are the same.

FRAs are often based on Libor, the London Interbank Offered Rate, which represents the 
rate on a Eurodollar time deposit, a loan in dollars from one London bank to another.11 As an 
example, assume we are interested in going long a 30-day FRA in which the underlying is 90-
day Libor. A long position means that in 30 days, we will make a known interest payment and 
receive an interest payment corresponding to 90-day Libor on that day. We can either enter 
into a 30-day FRA on 90-day Libor or create a synthetic FRA. To do the latter, we would go 
long a 120-day Eurodollar time deposit and short a 30-day Eurodollar time deposit. Exhibit 8 
shows the structure of this strategy. We omit some of the details here, such as how much face 
value we should take on the two Eurodollar transactions as well as the size of the FRA. Those 
technical issues are covered in more advanced material. At this time, we focus on the fact that 
going long over the 120-day period and short over the 30-day period leaves an investor with 
no exposure over the 30-day period and then converts to a position that starts 30 days from 
now and matures 90 days later. This synthetic position corresponds to a 30-day FRA on 90-day 
Libor. Exhibit 8 illustrates this point.12

10 You might be wondering whether the cost and benefit terms disappear when t = T. With the costs and 
benefits defined as those incurred over the period t to T, at expiration their value is zero by definition.
11 Other rates such as Euribor (Euro Interbank Offered Rate) and Tibor (Tokyo Interbank Offered Rate) 
are also used.
12 The real FRA we show appears to imply that an investor enters into a Eurodollar transaction in 30 days 
that matures 90 days later. This is not technically true. The investor does, however, engage in a cash 
settlement in 30 days that has the same value and economic form as such a transaction.
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Exhibit 8  Real FRA and Synthetic FRA (30-Day FRA on 90-Day Libor)

120

= Synthetic long 30-day
FRA on 90-day Libor

Short
30-day
Eurodollar

Synthetic
FRA

0 30

120

Long 120-day Eurodollar

0 30

Real
FRA

120

= Long 30-day FRA on
90-day Libor

0 30

FRAs, and indeed all forward contracts relating to bonds and interest rates, are closely tied 
to the term structure of interest rates, a concept covered in virtually all treatments of fixed-in-
come securities. Buying a 120-day zero-coupon bond and selling a 30-day zero-coupon bond 
produces a forward position in a 90-day zero-coupon bond that begins in 30 days. From that 
forward position, one can infer the forward rate. It would then be seen that the FRA rate is the 
forward rate, even though the derivative itself is not a forward contract on a bond.

Example 3  Forward Contract Pricing and Valuation

1.	 Which of the following best describes the difference between the price of a forward 
contract and its value?
A.	 The forward price is fixed at the start, and the value starts at zero and then 

changes.
B.	 The price determines the profit to the buyer, and the value determines the profit 

to the seller.
C.	 The forward contract value is a benchmark against which the price is compared 

for the purposes of determining whether a trade is advisable.
2.	 Which of the following best describes the value of the forward contract at expiration? 

The value is the price of the underlying:
A.	 minus the forward price.
B.	 divided by the forward price.
C.	 minus the compounded forward price.

3.	 Which of the following factors does not affect the forward price?
A.	 The costs of holding the underlying
B.	 Dividends or interest paid by the underlying
C.	 Whether the investor is risk averse, risk seeking, or risk neutral

4.	 Which of the following best describes the forward rate of an FRA?
A.	 The spot rate implied by the term structure
B.	 The forward rate implied by the term structure
C.	 The rate on a zero-coupon bond of maturity equal to that of the forward 

contract
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As noted, we are not covering the details of derivative pricing but rather are focusing on 
the intuition. At this point, we have covered the intuition of pricing forward contracts. We 
now move to futures contracts.

3.2.  Pricing and Valuation of Futures Contracts

Futures contracts differ from forward contracts in that they have standard terms, are traded on 
a futures exchange, and are more heavily regulated, whereas forward contracts are typically pri-
vate, customized transactions. Perhaps the most important distinction is that they are marked 
to market on a daily basis, meaning that the accumulated gains and losses from the previous 
day’s trading session are deducted from the accounts of those holding losing positions and 
transferred to the accounts of those holding winning positions. This daily settling of gains and 
losses enables the futures exchange to guarantee that a party that earns a profit from a futures 
transaction will not have to worry about collecting the money. Thus, futures exchanges provide 
a credit guarantee, which is facilitated through the use of a clearinghouse. The clearinghouse 
collects and disburses cash flows from the parties on a daily basis, thereby settling obligations 
quickly before they accumulate to much larger amounts. There is no absolute assurance that 
a clearinghouse will not fail, but none has ever done so since the first one was created in the 
1920s.

The pattern of cash flows in a futures contract is quite similar to that in a forward 
contract. Suppose you enter into a forward contract two days before expiration in which 
you agree to buy an asset at €100, the forward price. Two days later, the asset is selling for 

Solution to 1: A  is correct. The forward price is fixed at the start, whereas the value starts 
at zero and then changes. Both price and value are relevant in determining the profit 
for both parties. The forward contract value is not a benchmark for comparison with 
the price.

Solution to 2: A  is correct because the holder of the contract gains the difference be-
tween the price of the underlying and the forward price. That value can, of course, be 
negative, which will occur if the holder is forced to buy the underlying at a price higher 
than the market price.

Solution to 3:  C is correct. The costs of holding the underlying, known as carrying costs, 
and the dividends and interest paid by the underlying are extremely relevant to the for-
ward price. How the investor feels about risk is irrelevant, because the forward price is 
determined by arbitrage.

Solution to 4:  B is correct. FRAs are based on Libor, and they represent forward rates, 
not spot rates. Spot rates are needed to determine forward rates, but they are not equal 
to forward rates. The rate on a zero-coupon bond of maturity equal to that of the for-
ward contract describes a spot rate.
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€103, and the contract expires. You therefore pay €100 and receive an asset worth €103, 
for a gain of €3. If the contract were cash settled, instead of involving physical delivery, you 
would receive €3 in cash, which you could use to defer a portion of the cost of the asset. The 
net effect is that you are buying the asset for €103, paying €100 plus the €3 profit on the 
forward contract.

Had you chosen a futures contract, the futures price at expiration would still converge 
to the spot price of €103. But now it would matter what the futures settlement price was on 
the next to last day. Let us assume that price was €99. That means on the next to last day, 
your account would be marked to market for a loss of €1, the price of €100 having fallen 
to €99. That is, you would be charged €1, with the money passed on to the opposite party. 
But then on the last day, your position would be marked from €99 to €103, a gain of €4. 
Your net would be €1 lost on the first day and €4 gained on the second for a total of €3. 
In both situations you gain €3, but with the forward contract, you gain it all at expiration, 
whereas with the futures contract, you gain it over two days. With this two-day example, the 
interest on the interim cash flow would be virtually irrelevant, but over longer periods and 
with sufficiently high interest rates, the difference in the amount of money you end up with 
could be noticeable.

The value of a futures contract is the accumulated gain or loss on a futures contract since 
its previous day’s settlement. When that value is paid out in the daily settlement, the futures 
price is effectively reset to the settlement price and the value goes to zero. The different pat-
terns of cash flows for forwards and futures can lead to differences in the pricing of forwards 
versus futures. But there are some conditions under which the pricing is the same. It turns 
out that if interest rates were constant, forwards and futures would have the same prices. 
The differential will vary with the volatility of interest rates. In addition, if futures prices and 
interest rates are uncorrelated, forwards and futures prices will be the same. If futures prices 
are positively correlated with interest rates, futures contracts are more desirable to holders of 
long positions than are forwards. The reason is because rising prices lead to futures profits 
that are reinvested in periods of rising interest rates, and falling prices leads to losses that oc-
cur in periods of falling interest rates. It is far better to receive cash flows in the interim than 
all at expiration under such conditions. This condition makes futures more attractive than 
forwards, and therefore their prices will be higher than forward prices. A negative correlation 
between futures prices and interest rates leads to the opposite interpretation, with forwards 
being more desirable than futures to the long position. The more desirable contract will tend 
to have the higher price.

The practical realities, however, are that the derivatives industry makes virtually no dis-
tinction between futures and forward prices.13 Thus, we will make no distinction between 
futures and forward pricing, except possibly in noting some subtle issues that may arise from 
time to time.

13 At the time of this writing, many forwards (and swaps) are being processed through clearinghouses, a 
response to changes brought about by key legislation in several countries that was adopted following the 
financial crises of 2008. These OTC instruments are thus being effectively marked to market in a similar 
manner to the futures contracts described here. The full extent of this evolution of OTC trading through 
clearinghouses is not yet clear.
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3.3.  Pricing and Valuation of Swap Contracts

Recall the structure of a forward contract, as depicted in Exhibit 7. The investor is at time 0 
and needs to determine the price, F0(T ), that she will agree to pay at time T to purchase the 
asset. This price is set such that there is no value to the contract at that time. Value can arise 
later as prices change, but when initiated, the contract has zero value. Neither party pays any-
thing to the other at the start.

Now consider a swap starting at time 0 and ending at time T. We will let this swap be the 
type that involves a fixed payment exchanged for a floating payment. The contract specifies 
that the two parties will make a series of n payments at times that we will designate as 1, 2, 
…, n, with the last payment occurring at time T. On each of these payment dates, the owner 

Example 4  Futures Pricing and Valuation

1.	 Which of the following best describes how futures contract payoffs differ from for-
ward contract payoffs?
A.	F orward contract payoffs are larger.
B.	 They are equal, ignoring the time value of money.
C.	F utures contract payoffs are larger if the underlying is a commodity.

2.	 Which of the following conditions will not make futures and forward prices 
equivalent?
A.	I nterest rates are constant.
B.	F utures prices are uncorrelated with interest rates.
C.	 The volatility of the forward price is different from the volatility of the futures 

price.
3.	 With respect to the value of a futures contract, which of the following statements is 

most accurate? The value is the:
A.	 futures price minus the spot price.
B.	 present value of the expected payoff at expiration.
C.	 accumulated gain since the previous settlement, which resets to zero upon 

settlement.

Solution to 1:  B is correct. Forward payoffs occur all at expiration, whereas futures pay-
offs occur on a day-to-day basis but would equal forward payoffs ignoring interest. 
Payoffs could differ, so forward payoffs are not always larger. The type of underlying is 
not relevant to the point of which payoff is larger.

Solution to 2:  C is correct. Constant interest rates or the condition that futures prices 
are uncorrelated with interest rates will make forward and futures prices equivalent. The 
volatility of forward and futures prices has no relationship to any difference.

Solution to 3:  C is correct. Value accumulates from the previous settlement and goes to 
zero when distributed.
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of the swap makes a payment of FS0(n, T ) and receives a payment based on the value of the 
underlying at the time of each respective payment, S1, S2, …, Sn. So from the point of view 
of the buyer, the sequence of cash flows from the swap is S1 – FS0(n, T ), S2 – FS0(n, T ), …, 
Sn – FS0(n, T ). The notation FS0(n, T ) denotes the fixed payment established at time 0 for a 
swap consisting of n payments with the last payment at time T. We denote the time to each 
payment as t1, t2, …, tn, where tn = T. This structure is shown in Exhibit 9.

Exhibit 9  Structure of Cash Flows in a Swap

tn = T0

Agree to make n
payments of  
FS0(n,T) at times t1, 
t2, …, tn and receive 
S1, S2, …, Sn

Sn – FS0(n,T)S2 – FS0(n,T)S1 – FS0(n,T)

t1 t2

Comparing Exhibit 7 with Exhibit 9 reveals some similarities. A swap is in some sense a 
series of forward contracts, specifically a set of contracts expiring at various times in which one 
party agrees to make a fixed payment and receive a variable payment. Now consider Exhibit 10, 
which breaks down a swap into a series of implicit forward contracts, with the expiration of 
each forward contract corresponding to a swap payment date.

Exhibit 10  A Swap as a Series of Forward Contracts

tn = T0

Agree to make n
payments of  FS0(n,T) at
times t1, t2, …, tn and
receive S1, S2, …, Sn Sn – FS0(n,T)S2 – FS0(n,T)S1 – FS0(n,T)

t1 t2

Agree to pay F0(n)
at time tn and
receive Sn Sn – F0(tn)

tn0

Agree to pay F0(2)
at time t2 and
receive S2 S2 – F0(t2)

t20

S
w
a
p

+

+...

F
o
r
w
a
r
d
s

Agree to pay F0(1)
at time t1 and
receive S1 S1 – F0(t1)

t10



80	 Derivatives

Recall from the material on forward contracts that the forward price is determined by the 
spot price and the net cost of carry (Equation 5), the latter being partially determined by the 
length of time of the contract. It should be obvious that a forward contract expiring at time t1 
will not have the same price, F0(t1), as a forward contract expiring at time t2, F0(t2), and like-
wise for all of the implicit remaining forward contracts expiring up through time tn. The cost 
of carrying an asset over different time periods will vary by the length of the time periods. In 
other words, the prices of the implicit forward contracts imbedded in a swap will not be equal:

F0(t1) ≠ F0(t2) ≠ … ≠ F0(tn)

But for a swap, all the fixed payments are equal. So, how can we equate a swap to a series 
of forward contracts? It turns out that we can, and in doing so, we recall a valuable point about 
forward pricing.

Recall that the forward price is the price that produces a zero value of the contract at the 
start. Zero value is essential if there is no exchange of cash flows from one party to the other. 
And although no exchange of cash flows is customary, it is not mandatory. The parties could 
agree on any forward price at the start. If the zero-value forward price were $30 and the parties 
agreed on a price of $28, it should be apparent that the buyer would be getting a great price. 
The seller, being rational, would require that the buyer compensate him at the start. The seller 
should be getting $30 at expiration and instead will get $28. So the buyer should compensate 
the seller to the amount of the present value of $2 at expiration. If the parties agree on a price 
greater than $30, similar compensation would have to be paid from seller to buyer.

A forward transaction that starts with a nonzero value is called an off-market forward. There 
is generally no prohibition on the use of off-market forward contracts, so two parties can engage 
in a series of forward contracts at whatever fixed price they so desire. Assume they agree on the 
price FS0(T  ). That is, each forward contract will be created at the fixed price that corresponds to 
the fixed price of a swap of the same maturity with payments made at the same dates as the series 
of forward contracts. That means that some of the forward contracts would have positive values 
and some would have negative values, but their combined values would equal zero.

Now, it sounds like that price would be hard to find, but it is not. We would not, however, 
go about finding it by taking random guesses. Doing so would take seemingly forever. Along 
the way, we would notice that some of these implicit forward contracts would have positive 
values and some would have negative values. If the positives outweighed the negatives, then the 
overall swap value would be positive, which is too high. Likewise, we might plug in a number 
that would produce an overall negative value, with the implicit forward contract values tending 
to be predominantly negative, which is too low.

Not surprisingly, we can find that price easily by appealing to the principle of arbitrage. 
We said that the principle of arbitrage will guide us all the way through derivative pricing. We 
will omit the details, but here is the general idea.

Suppose we buy an asset that pays the amounts S1, S2, …, Sn at times t1, t2, …, tn. These 
are unknown amounts. A simple example would be a floating-rate bond for which the S val-
ues represent the coupons that are unknown at the start but ultimately are determined by the 
evolution of interest rates. Then suppose we finance the purchase of that asset by borrowing 
money that we promise to repay with equal fixed payments of FS0(T  ). That strategy replicates 
the swap. As you have already learned, replication is the key to pricing.

Valuation of the swap during its life again appeals to replication and the principle of no 
arbitrage. We will find a way to reproduce the remaining payments on the swap with other 
transactions. The value of that strategy is the value of the swap.
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To obtain the fixed rate on the swap or to value it later during its life, we will need infor-
mation from the market for the underlying. As we previously noted, there are derivatives on 
bonds and interest rates, equities, currencies, and commodities. It is not possible to provide a 
general and simple statement of how to price swaps that covers all of these cases, but that topic 
is covered in advanced material.

Example 5  Swap Pricing and Valuation

1.	A  swap is equivalent to a series of:
A.	 forward contracts, each created at the swap price.
B.	 long forward contracts, matched with short futures contracts.
C.	 forward contracts, each created at their appropriate forward prices.

2.	I f the present value of the payments in a forward contract or swap is not zero, which 
of the following is most likely to be true?
A.	 The contract cannot legally be created.
B.	 The contract must be replicated by another contract with zero value.
C.	 The party whose stream of payments to be received is greater has to pay the other 

party the present value difference.

Solution to 1: A  is correct. Each implicit forward contract is said to be off-market, be-
cause it is created at the swap price, not the appropriate forward price, which would be 
the price created in the forward market.

Solution to 2:  C is correct. The party whose stream of payments to be received is greater 
has to pay the other party the present value difference. Such a contract can legally be 
created, but the party receiving the greater present value must compensate the other 
party with a cash payment at the start. Replication is never required.

4.  Pricing and Valuation of Options

Unlike a forward, futures, or swap contract, an option is clearly an asset to the holder and a 
liability to the seller. The buyer of an option pays a sum of money, called the premium, and 
receives the right to buy (a call) or sell (a put) the underlying. The seller receives the premium 
and undertakes a potential obligation because the buyer has the right, but not the obligation, 
to exercise the option. Options are, therefore, contingent claims. Pricing the option is the same 
as assigning its value. Some confusion from that terminology may still arise, in that an option 
could trade in the market for an amount that differs from its value.

As mentioned, there are two general types of options. Calls represent the right to buy, and 
puts represent the right to sell. There are also two important exercise characteristics of options. 
American options allow exercise at any time up to the expiration, while European options 
allow exercise only at expiration. It is important to understand that the terms “American” and 
“European” have no relationship to where the options are traded. Because the right to exercise 
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can be a complex feature of an option, European options are easier to understand, and we will 
focus on them first.

We will use the same notation used with forwards. We start by assuming that today is time 
0, and the option expires at time T. The underlying is an asset currently priced at S0, and at 
time T, its price is ST. Of course, we do not know ST until we get to the expiration. The option 
has an exercise or strike price of X. The symbols we use are as follows:

For calls,

	 c0 = value (price) of European call today
	 cT = value (price) of European call at expiration
	 C0 = value (price) of American call today
	 CT = value (price) of American call at expiration

For puts,

	 p0 = value (price) of European put today
	 pT = value (price) of European put at expiration
	 P0 = value (price) of American put today
	 PT = value (price) of American put at expiration

4.1. E uropean Option Pricing

Recall that in studying forward contracts earlier in this reading, the first thing we learned is 
how a forward contract pays off at expiration. Then we backed up and determined how for-
ward contracts are priced and valued prior to expiration. We follow that same approach for 
options.

4.1.1. V alue of a European Option at Expiration
Recall that a European call option allows the holder to buy the underlying at expiration by 
paying the exercise price. Therefore, exercise is justified only if the value of the underlying ex-
ceeds the exercise price. Otherwise, the holder would simply let the call expire. So if the call is 
worth exercising (ST > X), the holder pays X and receives an asset worth ST. Thus, the option is 
worth ST – X. If the call is not worth exercising (ST ≤ X), the option simply expires and is worth 
nothing at expiration.14 Thus, the value of the option at expiration is the greater of either zero 
or the underlying price at expiration minus the exercise price, which is typically written as

	 cT = Max(0,ST – X)	 (8)

This formula is also sometimes referred to as the exercise value or intrinsic value. In this 
reading, we will use the term exercise value.

Taking a simple example, if the exercise price is €40 and the underlying price is at expira-
tion €43, the call is worth cT = Max(€0,€43 − €40) = Max(€0,€3) = €3. If the underlying price 
at expiration is €39, the call is worth cT = Max(0,€39 − €40) = Max(€0,−€1) = €0.

14 In all the remaining material, we identify conditions at expiration, such as ST > X and ST ≤ X. Here 
we merged the equality case (ST = X) with the less-than case (<). We could have done it the other way 
around (ST < X and ST ≥ X), which would have had no effect on our interpretations or any calculations 
of option value. For convenience, in some situations we will use one specification and in some the other.
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For puts, the holder has the right to sell the underlying at X. If the underlying is worth 
less than X at expiration (X > ST), the put will be exercised and worth X – ST because it allowed 
the holder to avoid the loss in value of the asset of that amount. If the underlying is equal to 
or worth more than the exercise price at expiration (ST ≥ X), the put will simply expire with 
no value. So, the put is worth the greater of either zero or the exercise price minus the price of 
the underlying at expiration.

	 pT = Max(0,X – ST)  	 (9)

As discussed above, this formula is referred to as the exercise value or intrinsic value, and as 
noted, we will use the term exercise value.

Using the same example as with the call, if the underlying is €43 at expiration, the put is 
worth pT = Max(€0,€40 – €43) = Max(0,−€3) = €0. If the underlying is €39 at expiration, the 
put is worth pT = Max(€0,€40 − €39) = Max(€0,€1) = €1.

Thus, the holder of an option looks out into the future and sees these relationships as the 
payoff possibilities. That does not mean the holder knows what ST will be, but the holder knows 
that all of the uncertainty of the option payoff is determined by the behavior of the underlying.

The results of this section can be restated as follows:

The value of a European call at expiration is the exercise value, which is the greater of zero 
or the value of the underlying minus the exercise price.

The value of a European put at expiration is the exercise value, which is the greater of zero 
or the exercise price minus the value of the underlying.

To understand option pricing, we have to work our way forward in a gradual manner. 
The next valuable steps involve using our intuition to identify some characteristics that will 
influence the value of the option. We might not be able to quantify their effects just yet, but 
we can rationalize why these factors affect the value of an option.

4.1.2. E ffect of the Value of the Underlying
The value of the underlying is obviously a critical element in determining the value of an op-
tion. It is the uncertainty of the underlying that provides the motivation for using options. It 
is easy to rationalize the direction of the effect of the underlying.

A call option can be viewed as a mean of acquiring the underlying, whereas a put option can 
be viewed as a means of selling the underlying. Thus, a call option is logically worth more if the 
underlying is worth more, and a put option is logically worth more if the underlying is worth less.

The value of the underlying also forms one of the boundaries for calls. The value of a call 
option cannot exceed the value of the underlying. After all, a call option is only a means of ac-
quiring the underlying. It can never give the holder more benefit than the underlying. Hence, 
the value of the underlying forms an upper boundary on what a call is worth. The underlying 
does not provide an upper or lower boundary for puts. That role is played by the exercise price, 
as we will see in the next section.

To recap what we learned here,

The value of a European call option is directly related to the value of the underlying.

The value of a European put option is inversely related to the value of the underlying.
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4.1.3. E ffect of the Exercise Price
The exercise price is a critical factor in determining the value of an option. The exercise price 
is the hurdle beyond which the underlying must go to justify exercise. For a call, the under-
lying must rise above the exercise price, and for a put, the underlying must fall below the 
exercise price, to justify exercise. When the underlying is beyond the exercise price in the ap-
propriate direction (higher for a call, lower for a put), the option is said to be in-the-money. 
When the underlying is precisely at the exercise price, the option is said to be at-the-money. 
When the underlying has not reached the exercise price (currently lower for a call, higher for a 
put), the option is said to be out-of-the-money. This characterization of whether the option 
is in-, at-, or out-of-the-money is referred to as the option’s moneyness.

For a call option, a lower exercise price has two benefits. One is that there are more values 
of the underlying at expiration that are above the exercise price, meaning that there are more 
outcomes in which the call expires in-the-money. The other benefit is that assuming the call 
expires in-the-money, for any value of the underlying, the option value is greater the lower the 
exercise price. In other words, at expiration the underlying value ST will be above the exercise 
price far more often, the lower is X. And if ST is indeed higher than X, the payoff of ST – X is 
greater, the lower is X.

For puts, the effect is just the opposite. To expire in-the-money, the value of the under-
lying must fall below the exercise price. The higher the exercise price, the better chance the 
underlying has of getting below it. Likewise, if the value of the underlying does fall below the 
exercise price, the higher the exercise price, the greater the payoff. So, if X is higher, ST will be 
below it more often, and if ST is less than X, the payoff of X – ST is greater, the higher is X for 
whatever value of ST occurs.

The exercise price also helps form an upper bound for the value of a European put. If you 
were holding a European put, the best outcome you could hope for is a zero value of the un-
derlying. For equities, that would mean complete failure and dissolution of the company with 
shareholders receiving no final payment.15 In that case, the put would pay X – ST, but with ST 
at zero, the put would pay X. If the underlying value goes to zero during the life of the Europe-
an put, however, the holder cannot collect that payoff until expiration. Nonetheless, the holder 
would have a risk-free claim on a payoff of X at expiration. Thus, the most the put would be 
worth is the present value of X, meaning X discounted from expiration to the current day at 
the risk-free rate.16 Although the holder cannot collect the payoff by exercising the option, he 
could sell it for the present value of X.

15 You might think this point means that people who buy puts are hoping the company goes bankrupt, 
a seemingly morbid motivation. Yet, put buyers are often people who own the stock and buy the put for 
protection. This motivation is no different from owning a house and buying fire insurance. You do not 
want the house to burn down. If your sole motivation in buying the insurance were to make a profit on 
the insurance, you would want the house to burn down. This moral hazard problem illustrates why it is 
difficult, if not impossible, to buy insurance on a house you do not own. Likewise, executives are prohib-
ited from owning puts on their companies’ stock. Individual investors can own puts on stocks they do 
not own, because they cannot drive the stock price down.
16 For the put holder to truly have a risk-free claim on X at expiration, given zero value of the underlying 
today, the underlying value must go to zero and have no possibility of any recovery. If there is any possi-
bility of recovery, the underlying value would not go to zero, as is often observed when a legal filing for 
bankruptcy is undertaken. Many equities do recover. If there were some chance of recovery but the equity 
value was zero, demand for the stock would be infinite, which would push the price up.
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To recap these results,

The value of a European call option is inversely related to the exercise price.

The value of a European put option is directly related to the exercise price.

4.1.4. E ffect of Time to Expiration
Logic suggests that longer-term options should be worth more than shorter-term options. That 
statement is usually true but not always. A call option unquestionably benefits from additional 
time. For example, the right to buy an asset for $50 is worth a lot more if that right is available 
for two years instead of one. The additional time provides further opportunity for the under-
lying to rise above the exercise price. Although that means there is also additional time for the 
underlying to fall below the exercise price, it hardly matters to the holder of the call because 
the loss on the downside is limited to the premium paid.

For a European put option, the additional time still provides more opportunity for the 
underlying price to fall below the exercise price, but with the additional risk of it rising above 
the exercise price mitigated by the limited loss of the premium if the put expires out-of-the-
money. Thus, it sounds as if puts benefit from longer time, but that is not necessarily true. 
There is a subtle penalty for this additional time. Put option holders are awaiting the sale of 
the underlying, for which they will receive the exercise price. The longer they have to wait, the 
lower the present value of the payoff. For some puts, this negative effect can dwarf the positive 
effect. This situation occurs with a put the longer the time to expiration, the higher the risk-
free rate of interest, and the deeper it is in-the-money. The positive effect of time, however, is 
somewhat more dominant.

Note that we did not mention this effect for calls. For calls, the holder is waiting to pay 
out money at expiration. More time lowers the value of this possible outlay. Hence, a longer 
time period helps call option buyers in this regard.

To recap these results,

The value of a European call option is directly related to the time to expiration.

The value of a European put option can be either directly or inversely related to the time 
to expiration. The direct effect is more common, but the inverse effect can prevail with 
a put the longer the time to expiration, the higher the risk-free rate, and the deeper it is 
in-the-money.

4.1.5. E ffect of the Risk-Free Rate of Interest
We have already alluded to the effect of the risk-free rate. For call options, a longer time to 
expiration means that the present value of the outlay of the exercise price is lower. In other 
words, with a longer time to expiration, the call option holder continues to earn interest on 
the money that could be expended later in paying the exercise price upon exercise of the op-
tion. If the option is ultimately never exercised, this factor is irrelevant, but it remains at best 
a benefit and at worst has no effect. For puts, the opposite argument prevails. A longer time 
to expiration with a higher interest rate lowers the present value of the receipt of the exercise 
price upon exercise. Thus, the value today of what the put holder might receive at expiration 
is lower. If the put is ultimately never exercised, the risk-free rate has no effect. Thus, at best, 
a higher risk-free rate has no effect on the value of a put. At worst, it decreases the value of 
the put.
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These results are summarized as follows:

The value of a European call is directly related to the risk-free interest rate.

The value of a European put is inversely related to the risk-free interest rate.

4.1.6. E ffect of Volatility of the Underlying
In studying the pricing of equities, we are conditioned to believe that volatility has a negative 
effect. After all, investors like return and dislike risk. Volatility is certainly an element of risk. 
Therefore, volatility is bad for investors, right? Well, partially right.

First, not all volatility is bad for investors. Unsystematic volatility should be irrelevant. 
Investors can hold diversified portfolios. Systematic volatility is clearly undesirable, but do not 
think that this means that volatility should be completely avoided where possible. If volatility 
were universally undesirable, no one would take risks. Clearly risks have to be taken to provide 
opportunity for reward.

With options, volatility of the underlying is, however, universally desirable. The greater 
the volatility of the underlying, the more an option is worth. This seemingly counterintuitive 
result is easy to understand with a little explanation.

First, let us make sure we know what volatility really means. In studying asset returns, 
we typically represent volatility with the standard deviation of the return, which measures the 
variation from the average return. The S&P 500 Index has an approximate long-run volatility 
of around 20%. Under the assumption of a normal distribution, a standard deviation of 20% 
implies that about 68% of the time, the returns will be within plus or minus one standard 
deviation of the average. About 95% of the time, they will be within plus or minus two stand-
ard deviations of the average. About 99% of the time, they will be within plus or minus three 
standard deviations of the average. When the distribution is non-normal, different interpre-
tations apply, and in some extreme cases, the standard deviation can be nearly impossible to 
interpret.

Standard deviation is not the only notion of volatility, however, and it is not even needed 
at this point. You can proceed fairly safely with a measure as simple as the highest possible 
value minus the lowest, known as the range. The only requirement we need right now is that 
the concept of volatility reflects dispersion—how high and how low the underlying can go.

So, regardless of how we measure volatility, the following conditions will hold:

	 1.	A  call option will have a higher payoff the higher the underlying is at expiration.
	 2.	A  call option will have a zero payoff if it expires with the underlying below the exercise 

price.

If we could impose greater volatility on the underlying, we should be able to see that in 
Condition 1, the payoff has a better chance of being greater because the underlying has a great-
er possibility of large positive returns. In Condition 2, however, the zero payoff is unaffected 
if we impose greater volatility. Expiring more out-of-the-money is not worse than expiring less 
out-of-the-money, but expiring more in-the-money is better than expiring less-in-the-money.17

17 Think of an option expiring out-of-the-money as like it being dead. (Indeed, the option is dead.) Being 
“more dead” is not worse than being “less dead.”
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For puts, we have

	 1.	A  put option will have a higher payoff the lower the underlying is at expiration.
	 2.	A  put option will have a zero payoff if it expires with the underlying above the exercise 

price.

If we could impose greater volatility, we would find that it would have a beneficial effect in (1) 
because a larger positive payoff would have a greater chance of occurring. In (2), the zero payoff 
is unaffected. The greater of the option expiring more out-of-the-money is irrelevant. Expiring 
more out-of-the-money is not worse than expiring less out-of-the-money.

Thus, we summarize our results in this section as

The value of a European call is directly related to the volatility of the underlying.

The value of a European put is directly related to the volatility of the underlying.

The combined effects of time and volatility give rise to the concept of the time value of an 
option. Time value of an option is not to be confused with the time value of money, which is 
the notion of money later being worth less than money today as a result of the combined effects 
of time and interest. The time value of an option reflects the value of the uncertainty that arises 
from the volatility of the underlying. Time value results in an option price being greater with 
volatility and time but declining as expiration approaches. At expiration, no time value remains 
and the option is worth only its exercise value. As such, an option price is said to decay over 
time, a process characterized as time value decay, which is covered in more advanced material.

4.1.7. E ffect of Payments on the Underlying and the Cost of Carry
We previously discussed how payments on the underlying and carrying costs enter into the 
determination of forward prices. They also affect option prices. Payments on the underly-
ing refer to dividends on stocks and interest on bonds. In addition, some commodities offer 
a convenience yield benefit. Carrying costs include the actual physical costs of maintaining 
and/or storing an asset.

Let us first consider the effect of benefits. Payments of dividends and interest reduce the 
value of the underlying. Stocks and bonds fall in value as dividends and interest are paid. These 
benefits to holders of these securities do not flow to holders of options. For call option holders, 
this reduction is a negative factor. The price of the underlying is hurt by such payments, and 
call holders do not get to collect these payments. For put holders, the effect is the opposite. 
When the value of the underlying is reduced, put holders are helped.

Carrying costs have the opposite effect. They raise the effective cost of holding or shorting 
the asset. Holding call options enables an investor to participate in movements of the underly-
ing without incurring these costs. Holding put options makes it more expensive to participate 
in movements in the underlying than by short selling because short sellers benefit from carry-
ing costs, which are borne by owners of the asset.

To summarize the results from this section,

A European call option is worth less the more benefits that are paid by the underlying and 
worth more the more costs that are incurred in holding the underlying.

A European put option is worth more the more benefits that are paid by the underlying 
and worth less the more costs that are incurred in holding the underlying.
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4.1.8. L owest Prices of Calls and Puts
What we have learned so far forms a framework for understanding how European options are 
priced. Let us now go a step further and establish a minimum price for these options.

First, we need to look at a call option as similar to the purchase of the underlying with a 
portion of the purchase price financed by borrowing. If the underlying is a stock, this transac-
tion is usually called a margin transaction. Assume that the underlying is worth S0. Also assume 
that you borrow cash in the amount of the present value of X, promising to pay X back T periods 
later at an interest rate of r. Thus, X/(1 + r)T is the amount borrowed, and X is the amount to 
be paid back. Now move forward to time T and observe the price of the underlying, ST. Upon 
paying back the loan, the overall strategy will be worth ST – X, which can be positive or negative.

Next, consider an alternative strategy of buying a call option expiring at T with an exercise 
price of X, the same value as the face value of the loan. We know that the option payoffs will 
be ST – X if it expires in-the-money (ST > X) and zero if not (ST ≤ X). Exhibit 11 compares 
these two strategies.18

Exhibit 11  Call Option vs. Leveraged (Margin) Transaction

  Outcome at T

  Call Expires  
Out-of-the-Money 

(ST ≤ X)

Call Expires  
In-the-Money 

(ST > X)

Call 0 ST – X

Leveraged transaction

 A sset ST ST

 L oan –X –X

 T otal ST – X ST – X

When the call expires in-the-money, both transactions produce identical payoffs. When the 
call expires out-of-the-money, the call value is zero, but the leveraged transaction is almost 
surely a loss. Its value ST – X is negative or zero at best (if ST is exactly equal to X).

If two strategies are found to produce equivalent results in some outcomes but one pro-
duces a better result in all other outcomes, then one strategy dominates the former. Here we see 
that the call strategy dominates the leveraged strategy. Any strategy that dominates the other 
can never have a lower value at any time. Why would anyone pay more for one strategy than 
for another if the former will never produce a better result than the latter? Thus, the value of 
the call strategy, c0, has to be worth at least the value of the leveraged transaction, S0 (the value 
of the asset), minus X/(1 + r)T (the value of the loan). Hence, c0 ≥ S0 − X/(1 + r)T.

The inequality means that this statement provides the lowest price of the call, but there 
is one more thing we need to do. It can easily be true that X/(1 + r)T > S0. In that case, we are 
saying that the lowest value is a negative number, but that statement is meaningless. A call can 

18 Note in Exhibit 11, and in others to come, that the inequality ≤ is referred to as out-of-the-money. The 
case of equality is technically referred to as at-the-money but the verbiage is simplified if we continue 
to call it out-of-the-money. It is certainly not in-the-money and at-the-money is arguably the same as 
out-of-the-money. Regardless of one’s preference, the equality case can be attached to either of the two 
outcomes with no effect on our conclusions.
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never be worth less than zero, because its holder cannot be forced to exercise it. Thus, we tend 
to express this relationship as

	 Max 0, 10 0c S X r T( )≥ − +  	 (10)

which represents the greater of the value of zero or the underlying price minus the present 
value of the exercise price. This value becomes the lower limit of the call price.

Now consider an analogous result for puts. Suppose we want to profit from a declining 
price of the underlying. One way to do this is to sell the underlying short. Suppose we do that 
and invest cash equal to the present value of X into risk-free bonds that pay X at time T. At 
time T, given a price of the underlying of ST, the short sale pays off –ST, a reflection of the 
payment of ST to cover the short sale. The bonds pay X. Hence, the total payoff is X – ST.

Now, compare that result with the purchase of a put expiring at T with exercise price of 
X. If the put expires in-the-money (ST < X ), it is worth X – ST. If it expires out-of-the-money 
(ST ≥ X ), it is worth zero. Exhibit 12 illustrates the comparison of the put with the short sale 
and bond strategy. We see that for the in-the-money case, the put and short sale and bond 
strategies match each other. For the out-of-the-money case, however, the put performs better 
because the short sale and bond strategy pays X – ST. With ST ≥ X, this payment amount is 
negative. With the put dominating the short sale and bond strategy, the put value cannot be 
less than the value of the short sale and bond strategy, meaning p0 ≥ X/(1 + r)T − S0. But as 
with calls, the right-hand side can be negative, and it hardly helps us to say that a put must sell 
for more than a negative number. A put can never be worth less than zero, because its owner 
cannot be forced to exercise it. Thus, the overall result is expressed succinctly as

	 Max 0, 10 0p X r ST( )≥ + −  	 (11)

Exhibit 12  Put vs. Short Sale and Bond Purchase

Outcome at T

Put Expires  
In-the-Money 

(ST < X)

Put Expires  
Out-of-the-Money 

(ST ≥ X)

Put X – ST 0

Short sale and bond purchase   

 S hort sale –ST –ST

  Bond X X

 T otal X – ST X – ST

Let us look at some basic examples. Assume the exercise price is €60, the risk-free rate is 
4%, and the expiration is nine months, so T = 9/12 = 0.75. Consider two cases:

Underlying: S0 = €70

Minimum call price = Max[0,€70 – €60/(1.04)0.75] = Max(0,€11.74) = €11.74

Minimum put price = Max[0,€60/(1.04)0.75 − €70] = Max(0,−€11.74) = €0.00
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Underlying: S0 = €50

Minimum call price = Max[0,€50 – €60/(1.04)0.75] = Max(0,−€8.26) = €0.00

Minimum put price = Max[0,€60/(1.04)0.75 − €50] = Max(0,€8.26) = €8.26

To recap, in this section we have established lower limits for call and put option values. 
Formally restating these results in words,

The lowest value of a European call is the greater of zero or the value of the underlying 
minus the present value of the exercise price.

The lowest value of a European put is the greater of zero or the present value of the exercise 
price minus the value of the underlying.

Example 6  Basic Principles of European Option Pricing

1.	 Which of the following factors does not affect the value of a European option?
A.	 The volatility of the underlying
B.	 Dividends or interest paid by the underlying
C.	 The percentage of the investor’s assets invested in the option

2.	 Which of the following statements imply that a European call on a stock is worth 
more?
A.	L ess time to expiration
B.	A  higher stock price relative to the exercise price
C.	L arger dividends paid by the stock during the life of the option

3.	 Why might a European put be worth less the longer the time to expiration?
A.	 The cost of waiting to receive the exercise price is higher.
B.	 The risk of the underlying is lower over a longer period of time.
C.	 The longer time to expiration means that the put is more likely to expire out-of-

the-money.
4.	 The loss in value of an option as it moves closer to expiration is called what?

A.	T ime value decay
B.	V olatility diminution
C.	T ime value of money

5.	H ow does the minimum value of a call or put option differ from its exercise value?
A.	 The exercise price is adjusted for the time value of money.
B.	 The minimum value reflects the volatility of the underlying.
C.	 The underlying price is adjusted for the time value of money.

Solution to 1:  C is correct. The investor’s exposure to the option is not relevant to the 
price one should pay to buy or ask to sell the option. Volatility and dividends or interest 
paid by the underlying are highly relevant to the value of the option.
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4.1.9.  Put–Call Parity
One of the first concepts that a trader learns in options is the parity relationship between puts 
and calls. Even though the word “parity” means “equivalence,” puts and calls are not equiva-
lent. There is, however, a relationship between the call price and the price of its corresponding 
put, which we refer to as put–call parity.

Suppose Investor A owns an asset that has a current price of S0. Assume the asset makes 
no cash payments and has no carrying costs. The end of the holding period is time T, at 
which point the asset will be worth ST. Fearing the possibility that ST will decline, Investor A 
buys a put option with an exercise price of X, which can be used to sell the asset for X at time 
T. This put option has a premium of p0. Combined with the value of the asset, the investor’s 
current position is worth S0 + p0, which is the investor’s money at risk. This strategy of holding 
the asset and a put is sometimes called a protective put.

At expiration, the value of the asset is ST. The value of the put will be either zero or X – ST. 
If the asset increases in value such that ST ≥ X, then the overall position is worth ST. The asset 
has performed well, and the investor will let the put expire. If the asset value declines to the 
point at which ST < X, the asset is worth ST, and the put is worth X – ST, for a total of X. In 
other words, the investor would exercise the put, selling the asset for X, which exceeds the 
asset’s current value of ST.

This strategy seems like a reasonable and possibly quite attractive investment. Investor A 
receives the benefit of unlimited upside potential, with the downside performance truncated at 
X. Exhibit 13 shows the performance of the protective put. The graph on the left illustrates the 
underlying asset and the put. The graph on the right shows their combined effects.

Solution to 2:  B is correct. The higher the stock price and the lower the exercise price, 
the more valuable is the call. Less time to expiration and larger dividends reduce the 
value of the call.

Solution to 3: A  is correct. Although the longer time benefits the holder of the option, 
it also has a cost in that exercise of a longer-term put comes much later. Therefore, the 
receipt of the exercise price is delayed. Longer time to expiration does not lower the risk 
of the underlying. The longer time also does not increase the likelihood of the option 
expiring out-of-the-money.

Solution to 4: A  is correct. An option has time value that decays as the expiration ap-
proaches. There is no such concept as volatility diminution. Time value of money relates 
only to the value of money at one point in time versus another.

Solution to 5: A  is correct. The minimum value formula is the greater of zero or the dif-
ference between the underlying price and the present value of the exercise price, whereas 
the exercise value is the maximum of zero and the appropriate difference between the 
underlying price and the exercise price. Volatility does not affect the minimum price. It 
does not make sense to adjust the underlying price for the time value of money for the 
simple reason that it is already adjusted for the time value of money.
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Exhibit 13  Protective Put (Asset Plus Long Put)

Value

Underlying Asset

0

X

X ST

Long Put

Value

Underlying Asset
 + Long Put

0

X

X ST

Consider Investor B, an options trader. At time 0, this investor buys a call option on this 
asset with an exercise price of X that expires at T and a risk-free zero-coupon bond with a face 
value of X that matures at T. The call costs c0, and the bond costs the present value of X, which 
is X/(1 + r)T. Thus, Investor B has invested funds of c0 + X/(1 + r)T. This strategy is sometimes 
known as a fiduciary call. If the underlying price exceeds the exercise price at expiration, the 
call will be worth ST – X, and the bond will mature and pay a value of X. These values combine 
to equal ST. If the underlying price does not exceed the exercise price at expiration, the call 
expires worthless and the bond is worth X for a combined value of X.

Exhibit 14 shows the performance of the fiduciary call. The graph on the left shows the 
call and bond, and the graph on the right shows the combined effects of the two strategies.

Exhibit 14  Fiduciary Call (Long Call Plus Risk-Free Bond)

Value

Risk-Free Bond

0

X

X ST

Long
Call

Value

Long Call + 
Risk-Free Bond

0

X

X ST

Comparing Exhibit 13 with Exhibit 14 shows that a protective put and a fiduciary call 
produce the same result. Exhibit 15 shows this result more directly by identifying the payoffs 
in the various outcomes. Recall that Investor A committed funds of S0 + p0, while Investor 
B committed funds of c0 + X/(1 + r)T. If both investors receive the same payoffs at time T 
regardless of the asset price at T, the amounts they invest at time 0 have to be the same. Thus, 
we require

	 10 0 0S p c X r T( )+ = + + 	 (12)

This relationship is known as put–call parity.
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Exhibit 15  Protective Put vs. Fiduciary Call

  Outcome at T

  Put Expires  
In-the-Money 

(ST < X)

Call Expires  
In-the-Money 

(ST ≥ X)

Protective put

 A sset ST ST

 L ong put X – ST 0

 T otal X ST

Fiduciary call

 L ong call 0 ST – X

 R isk-free bond X X

 T otal X ST

For a simple example, assume call and put options with an exercise price of ¥100,000 
in which the underlying is at ¥90,000 at time 0. The risk-free rate is 2% and the options 
expire in two months, so T = 2/12 = 0.167. To completely fill in the puzzle, we would need 
to know the put or call price, from which we could obtain the other. For now, let us write this 
relationship as

10 0 0p c X r ST( )− = + −

The right side would be ¥100,000/(1.02)0.167 − ¥90,000 = ¥9,670. Thus, the put price should 
exceed the call price by ¥9,670. Thus, if the call were priced at ¥5,000, the put price would be 
¥14,670. If we knew the put price, we could obtain the call price. Put–call parity does not tell 
us which price is correct, and it requires knowledge of one price to get the other. Alternatively, 
it can tell us the difference in the put and call prices.

Put–call parity must hold, at least within transaction costs, or arbitrage opportunities 
would arise. For example, suppose Investor C observes market prices and finds that the 
left-hand side of put–call parity, S0 + p0, is less than the right-hand side, c0 + X/(1 + r)T. 
Thus, the put and the stock cost less than the call and the bond. Knowing that there should 
be equality (parity), Investor C executes an arbitrage transaction, selling the overpriced 
transactions (the call and the bond) and buying the underpriced transactions (the asset and 
the put).19 By selling the higher priced side and buying the lower priced side, Investor C 
will take in more money than she will pay out, a net inflow of c0 + X/(1 + r)T – (S0 + p0). 
At expiration, the long put and long asset will offset the short call and bond, as shown in 
Exhibit 16.

19 Selling the bond is equivalent to borrowing, meaning to issue a loan.
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Exhibit 16  Put–Call Parity Arbitrage

Outcome at T

Transaction Cash Flow at Time 0

Put Expires  
In-the-Money  

(ST < X)

Call Expires  
In-the-Money  

(ST ≥ X)

Buy asset –S0 ST ST

Buy put –p0 X – ST 0

Sell call +c0 0 –(ST – X)

Borrow +X/(1 + r)T –X –X

Total –S0 – p0 + c0 +  
X/(1 + r)T > 0

0 0

In simple terms, if ST < X, the short call expires out-of-the-money and the put is exercised 
to sell the asset for X. This cash, X, is then used to pay off the loan. The net effect is that no 
money flows in or out at T. If ST ≥ X, the put expires out-of-the money, and the short call is 
exercised, meaning that Investor C must sell the asset for X. This cash, X, is then used to pay off 
the loan. Again, no money flows in or out. The net effect is a perfect hedge in which no money 
is paid out or received at T. But there was money taken in at time 0. Taking in money today 
and never having to pay it out is an arbitrage profit. Arbitrage opportunities like this, however, 
will be noticed by many investors who will engage in the same transactions. Prices will adjust 
until parity is restored, whereby S0 + p0 = c0 + X/(1 + r)T.

Put–call parity provides tremendous insights into option pricing. Recall that we proved 
that going long the asset and long a put is equivalent to going long a call and long a risk-free 
bond. We can rearrange the put–call parity equation in the following ways:

1

1
1
1

1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

S p c X r

p c S X r
c p S X r
S c p X r

X r S p c

T

T

T

T

T

( )

( )
( )
( )

( )

+ = + +
⇒
= − + +
= + − +
= − + +

+ = + −

By using the symbols and the signs in these versions of put–call parity, we can see several im-
portant interpretations. In the equations below, plus signs mean long and minus signs mean 
short:

1 long put long call, short asset, long bond
1 long call long put, long asset, short bond
1 long asset long call, short put, long bond

1 long bond long asset, long put, short call

0 0 0

0 0 0

0 0 0

0 0 0

p c S X r

c p S X r

S c p X r

X r S p c

T

T

T

T

( )
( )
( )

( )

= − + + ⇒ =
= + − + ⇒ =
= − + + ⇒ =

+ = + − ⇒ =
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You should be able to convince yourself of any of these points by constructing a table similar 
to Exhibit 15.20

4.1.10.  Put–Call–Forward Parity
Recall that we demonstrated that one could create a risk-free position by going long the 
asset and selling a forward contract.21 It follows that one can synthetically create a position 
in the asset by going long a forward contract and long a risk-free bond. Recall our put–call 
parity discussion and assume that Investor A creates his protective put in a slightly different 
manner. Instead of buying the asset, he buys a forward contract and a risk-free bond in 
which the face value is the forward price. Exhibit 17 shows that this strategy is a synthetic 
protective put. Because we showed that the fiduciary call is equivalent to the protective put, 
a fiduciary call has to be equivalent to a protective put with a forward contract. Exhibit 18 
demonstrates this point.

Exhibit 17  Protective Put with Forward Contract vs. Protective Put with Asset

  Outcome at T

  Put Expires  
In-the-Money  

(ST < X )

Put Expires  
Out-of-the-Money  

(ST ≥ X )

Protective put with asset

Asset ST ST

Long put X – ST 0

Total X ST

Protective put with forward contract

Risk-free bond F0(T ) F0(T )

Forward contract ST – F0(T ) ST – F0(T )

Long put X – ST 0

Total X ST

20 As a further exercise, you might change the signs of each term in the above and provide the appropriate 
interpretations.
21 You might wish to review Exhibit 6.
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Exhibit 18  Protective Put with Forward Contract vs. Fiduciary Call

  Outcome at T

  Put Expires 
In-the-Money 

(ST < X)

Call Expires 
In-the-Money 

(ST ≥ X)

Protective Put with Forward Contract

Risk-free bond F0(T ) F0(T )

Forward contract ST – F0(T ) ST – F0(T )

Long put X – ST 0

Total X ST

Fiduciary Call

Call 0 ST – X

Risk-free bond X X

Total X ST

It follows that the cost of the fiduciary call must equal the cost of the synthetic protective put, 
giving us what is referred to as put–call–forward parity,

	 1 10 0 0F T r p c X rT T( ) ( ) ( )+ + = + + 	 (13)

Returning to our put–call parity example, a forward contract on ¥90,000 expiring in two 
months with a 2% interest rate would have a price of ¥90,000(1.02)0.167 = ¥90,298. Rearrang-
ing Equation 13, we have

10 0 0p c X F T r T( ) ( )− = −  +

The right-hand side is (¥100,000 − ¥90,298)/(1.02)0.167 = ¥9,670, which is the same an-
swer we obtained using the underlying asset rather than the forward contract. Naturally these 
two models give us the same answer. They are both based on the assumption that no arbitrage 
is possible within the spot, forward, and options markets.

So far we have learned only how to price options in relation to other options, such as a 
call versus a put or a call or a put versus a forward. We need a way to price options versus their 
underlying.

Example 7  Put–Call Parity

1.	 Which of the following statements best describes put–call parity?
A.	 The put price always equals the call price.
B.	 The put price equals the call price if the volatility is known.
C.	 The put price plus the underlying price equals the call price plus the present 

value of the exercise price.
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4.2.  Binomial Valuation of Options

Because the option payoff is determined by the underlying, if we know the outcome of the 
underlying, we know the payoff of the option. That means that the price of the underlying 
is the only element of uncertainty. Moreover, the uncertainty is not so much the value of the 
underlying at expiration as it is whether the underlying is above or below the exercise price. If 
the underlying is above the exercise price at expiration, the payoff is ST – X for calls and zero 
for puts. If the underlying is below the exercise price at expiration, the payoff is zero for calls 
and X − ST for puts. In other words, the payoff of the option is straightforward and known, as 
soon as we know whether the option expires in- or out-of-the-money. Note that for forwards, 
futures, and swaps, there is no such added complexity. The payoff formula is the same regard-
less of whether the underlying is above or below the hurdle.

As a result of this characteristic of options, derivation of an option pricing model requires 
the specification of a model of a random process that describes movements in the underlying. 
Given the entirely different nature of the payoffs above and below the exercise price, it might 
seem difficult to derive the option price, even if we could model movements in the underlying. 
Fortunately, the process is less difficult than it first appears.

At this level of treatment, we will start with a very simple model that allows only two 
possible movements in the underlying—one going up and one going down from where it is 
now. This model with two possible outcomes is called the binomial model. Start with the 
underlying at S0, and let it go up to 1S + or down to 1S −. We cannot arbitrarily set these values 
at just anything. We will be required to know the values of 1S + and 1S −. That does not mean 
we know which outcome will occur. It means that we know only what the possibilities are. In 
doing so, we effectively know the volatility. Assume the probability of the move to 1S + is q and 
the probability of the move to 1S − is 1 – q. We specify the returns implied by these moves as up 
and down factors, u and d, where

	 ,1

0

1

0
u

S
S

d
S
S

= =
+ −

	 (14)

Now, consider a European call option that expires at time 1 and has an exercise price of 
X. Let the call prices be c0 today and 1c

+ and 1c
− at expiration. Exhibit 19 illustrates the model. 

2.	F rom put–call parity, which of the following transactions is risk-free?
A.	L ong asset, long put, short call
B.	L ong call, long put, short asset
C.	L ong asset, long call, short bond

Solution to 1:  C is correct. The put and underlying make up a protective put, while the 
call and present value of the exercise price make up a fiduciary call. The put price equals 
the call price for certain combinations of interest rates, times to expiration, and option 
moneyness, but these are special cases. Volatility has no effect on put–call parity.

Solution to 2: A  is correct. The combination of a long asset, long put, and short call 
is risk free because its payoffs produce a known cash flow of the value of the exercise 
price. The other two combinations do not produce risk-free positions. You should work 
through the payoffs of these three combinations in the form of Exhibit 12.
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Our objective is to determine the price of the option today, meaning to determine a formula 
for c0. Knowing what we know about arbitrage and the pricing of forward contracts, it would 
seem we could construct a risk-free portfolio involving this option.

Exhibit 19  The Binomial Option Pricing Model

S0

C0

( )
( )

1 0

1 1 1Max 0,

S S u X

c S X S X

+

+ + +

= >

= − = −

( )
( )

1 0

1 10, 0

S S d X

c Max S X

−

− −

= <

= − =

Because call options and the underlying move together, one possibility is that buying the 
underlying and selling a call could create a hedge. Indeed it does, but one unit of each is not 
the appropriate balance. Let us sell one call and hold h units of the underlying. The value h 
is unknown at the moment, but we will be able to determine its value. The value today of a 
combination of h units of the underlying and one short call is

V0 = hS0 – c0

Think of V0 as the amount of money invested. Depending on which of the two paths is 
taken by the underlying, the value of this portfolio at time 1 will be

	 1 1 1V hS c= −+ + +

or

	 1 1 1V hS c= −− − − 	 (15)

If the portfolio were hedged, then 1V + would equal 1V −. We can set 1V + and 1V − equal to each 
other and solve for the value of h that assures us that the portfolio is hedged:

	

1 1

1 1 1 1

1 1

1 1

V V
hS c hS c

h
c c
S S

=
⇒ − = −

⇒ =
−
−

+ −

+ + − −

+ −

+ −

	 (16)
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The values on the right-hand side are known, so we can easily calculate h. Thus, we can derive 
the number of units of the underlying that will perfectly hedge one unit of the short call.

We know that a perfectly hedged investment should earn the risk-free rate, r. Thus, the 
following statement must be true:

(or ) 11 1 0V V V r( )= ++ −

We can substitute the value of 1V + or 1V − from Equation 15 into the above equation. Then we 
do a little algebra, which is not important to this discussion, and obtain the formula for the 
option price,

	
1

10
1 1c

c c
r

( )
=

π + − π
+

+ −

where

	
1 r d

u d
π =

+ −
−

	 (17)

Equation 17 shows that the value of the call today is a weighted average of the next two 
possible call prices at expiration, where the weights, π and 1 – π, are given by the second for-
mula in Equation 17.

This formula sheds a great deal of light on option pricing. Notice the following:

•	 The volatility of the underlying, which is reflected in the difference between 1S + and 1S − and 
affects 1c

+ and 1c
−, is an important factor in determining the value of the option.

•	 The probabilities of the up and down moves, q and 1 – q, do not appear in the formula.22

•	 The values π and 1 – π are similar to probabilities and are often called synthetic or pseudo 
probabilities. They produce a weighted average of the next two possible call values, a type of 
expected future value.

•	 The formula takes the form of an expected future value, the numerator, discounted at the 
risk-free rate.

On the first point, if volatility increases, the difference between 1S + and 1S − increases, which 
widens the range between 1c

+ and 1c
−, leading to a higher option value. The upper payoff, 1c

+, 
will be larger and the lower payoff, 1c

−, will still be zero.23 On the second point, the actual 
probabilities of the up and down moves do not matter. This result is because of our ability to 
construct a hedge and the rule of arbitrage. On the third point, the irrelevance of the actual 
probabilities is replaced by the relevance of a set of synthetic or pseudo probabilities, π and 
1 – π, which are called risk-neutral probabilities. On the fourth point, these risk-neutral 
probabilities are used to find a synthetic expected value, which is then discounted at the risk-
free rate. Thus, the option is valued as though investors are risk neutral. As we discussed exten-
sively earlier, that is not the same as assuming that investors are risk neutral.

If the option does not trade at the specified formula, Equation 17, investors can engage 
in arbitrage transactions. If the option is trading too high relative to the formula, investors 
can sell the call, buy h shares of the underlying, and earn a return in excess of the risk-free 
rate, while funding the transaction by borrowing at the risk-free rate. The combined actions 

22 We introduced them earlier to help make this point, but ultimately they serve no purpose.
23 Although the lower payoff is zero in this example, that will not always be the case.
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of arbitrageurs will result in downward pressure on the option price until it converges to the 
model price. If the option price is too low, buying the call, selling short h units of the asset, and 
investing the proceeds in risk-free bonds will generate risk-free cash that will earn more than 
the risk-free rate. The combined actions of arbitrageurs doing this will pressure the call price to 
rise until it reaches the price given by the model.

We will omit the details, but the hedge portfolio can also be constructed with puts.24 
Changing the c’s to p’s leads to the binomial put option pricing formula,

	
1

10
1 1p

p p
r

( )
=

π + − π
+

+ −
	 (18)

with the risk-neutral probability π determined by the same formula as for calls, as shown in 
Equation 17.

Let us construct a simple example. Let S0 be £40 and the risk-free rate be 5%. The up and 
down factors are u = 1.20 and d = 0.75. Thus, the next two possible prices of the asset are 1S + = 
£40(1.20) = £48 and 1S − = £40(0.75) = £30. Consider a call and a put that have exercise prices 
of £38. Then the next two possible values of the call and put are

Max 0,£48 £38 £10
Max 0,£30 £38 £0
Max 0,£38 £48 £0
Max 0,£38 £30 £8

1

1

1

1

c
c
p
p

( )
( )
( )
( )

= − =
= − =
= − =
= − =

+

−

+

−

Next we compute the risk-neutral probability,

1 0.05 0.75
1.20 0.75

0.667π =
+ −

−
=

The values of the call and put are

0.667 £10 1 0.667 £0
1.05

£6.350c
( ) ( )=

+ −
=

and

0.667 £0 1 0.667 £8
1.05

£2.540p
( ) ( )=

+ −
=

The binomial model, as we see it here, is extremely simple. In reality, of course, there are 
more than two possible next-period prices for the underlying. As it turns out, we can extend 
the number of periods and subdivide an option’s life into an increasing number of smaller time 
periods. In that case, we can obtain a more accurate and realistic model for option pricing, one 
that is widely used in practice. Given our objective in this reading of understanding the basic 
ideas behind derivative pricing, the one-period model is sufficient for the time being.

24 A long position in h units of the underlying would be hedged with one long put. The formula for h is 
the same as the one given here for calls, with call prices in the numerator instead of put prices.
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We have now seen how to obtain the price of a European option. Let us now consider 
what happens if the options are American, meaning they have the right to be exercised early.

4.3. A merican Option Pricing

First, we will use upper case letters for American call and put prices: C0 and P0. Second, we 
know that American options possess every characteristic of European options and one addi-
tional trait: They can be exercised at any time prior to expiration. Early exercise cannot be 
required, so the right to exercise early cannot have negative value. Thus, American options 
cannot sell for less than European options. Thus, we can state the following:

	 0 0

0 0

C c
P p

≥
≥ 	 (19)

Example 8  Binomial Valuation of Options

1.	 Which of the following terms directly represents the volatility of the underlying in 
the binomial model?
A.	 The standard deviation of the underlying
B.	 The difference between the up and down factors
C.	 The ratio of the underlying value to the exercise price

2.	 Which of the following is not a factor in pricing a call option in the binomial model?
A.	 The risk-free rate
B.	 The exercise price
C.	 The probability that the underlying will go up

3.	 Which of the following best describes the binomial option pricing formula?
A.	 The expected payoff is discounted at the risk-free rate plus a risk premium.
B.	 The spot price is compounded at the risk-free rate minus the volatility premium.
C.	 The expected payoff based on risk-neutral probabilities is discounted at the risk-

free rate.

Solution to 1:  B is correct. The up and down factors express how high and how low the 
underlying can go. Standard deviation does not appear directly in the binomial model, 
although it is implicit. The ratio of the underlying value to the exercise price expresses 
the moneyness of the option.

Solution to 2:  C is correct. The actual probabilities of the up and down moves are 
irrelevant to pricing options. The risk-free and exercise price are, of course, highly 
relevant.

Solution to 3:  C is correct. Risk-neutral probabilities are used, and discounting is at the 
risk-free rate. There is no risk premium incorporated into option pricing because of the 
use of arbitrage.
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Given the price of the underlying at S0, the early-exercise feature means that we can exercise 
the option at any time. So, we can claim the value Max(0,S0 – X) for calls and Max(0,X – S0) 
for puts. These values establish new minimum prices for American calls and puts,

	
Max 0,
Max 0,

0 0

0 0

C S X
P X S

( )
( )

= −
= −

	 (20)

For call options, we previously learned that a European call has a minimum value given by 
Equation 10, which is restated here:

Max 0, 10 0c S X r T( )≥ − + 

Comparing Max(0,S0 – X) (the minimum for American calls) with Max[0,S0 – X/(1 + r)T] 
(the minimum for European calls) reveals that the latter is either the same or higher. There are 
some circumstances in which both minima are zero, some in which the American minimum 
is zero and the European minimum is positive, and some in which both are positive, in which 
case S0 – X/(1 + r)T is unquestionably more than S0 – X. Given that an American call price 
cannot be less than a European call price, we have to reestablish the American call minimum 
as Max[0,S0 – X/(1 + r)T].

For put options, we previously learned that a European put has a minimum value given 
by Equation 11, which is restated here:

Max 0, 10 0p X r ST( )≥ + − 

Comparing Max(0,X – S0) (the minimum for American puts) with Max[0,X/(1 + r)T – S0] 
(the minimum for European puts) reveals that the former is never less. In some circumstances, 
they are both zero. In some, X – S0 is positive and X/(1 + r)T – S0 is negative, and in some cases 
both are positive but X – S0 is unquestionably more than X/(1 + r)T – S0. Thus, the American 
put minimum value is the exercise value, which is Max(0,X – S0).

So, now we have new minimum prices for American calls and puts:

	
Max 0, 1

Max 0,
0 0

0 0

C S X r

P X S

T

( )
( )≥ − + 

≥ −
	 (21)

Thus, in the market these options will trade for at least these values.
Let us return to the previous examples for the minimum values. The exercise price is €60, 

the risk-free rate is 4%, and the expiration is T = 0.75. Consider the two cases below:

Underlying: S0 = €70

•	 The minimum European call price was previously calculated as €11.74. The exercise value 
of the American call is Max(0,€70 − €60) = €10. The American call has to sell for at least as 
much as the European call, so the minimum price of the American call is €11.74.

•	 The minimum European put price was €0.00. This is also the exercise value of the 
American put [Max(0,€60 − €70) = €0.00], so the minimum price of the American put is 
still €0.00.
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Underlying: S0 = €50

•	 The minimum European call price was previously calculated as €0.00. The exercise value of 
the American call is Max(0,€50 − €60) = €0.00, so €0.00 is still the minimum price of the 
American call.

•	 The minimum European put price was previously calculated as €8.26. The exercise value 
of the American put is Max(0,€60 − €50) = €10. So, €10 is the minimum price of the 
American put.

The call result leads us to a somewhat surprising conclusion. With the exception of what 
happens at expiration when American and European calls are effectively the same and both worth 
the exercise value, an American call is always worth more in the market than exercised. That 
means that an American call will never be exercised early. This result is probably not intuitive.

Consider a deep in-the-money call. One might think that if the holder expected the un-
derlying to not increase any further, exercise might be justified. Yet, we said the call would sell 
for more in the market than its exercise value. What is the rationale? If the investor thinks the 
underlying will not go up any further and thus expects no further gains from the option, why 
would she prefer the underlying? Would the investor be happier holding the underlying, which 
she believes is not expected to increase? Moreover, she would tie up more funds exercising to 
acquire the underlying than if she just held on to the option or, better yet, sold it to another 
investor.

So far, however, we have left out a possible factor that can affect early exercise. Suppose 
the underlying is a stock and pays dividends. When a stock goes ex-dividend, its price instan-
taneously falls. Although we will omit the details, an investor holding a call option may find 
it worthwhile to exercise the call just before the stock goes ex-dividend. The capture of the 
dividend, thereby avoiding the ex-dividend drop in the price of the underlying, can make early 
exercise worthwhile. If the underlying is a bond, coupon interest can also motivate early exer-
cise. But if there are significant carrying costs, the motivation for early exercise is weakened. 
Storage costs lend a preference for owning the option over owning the underlying.

Because the minimum value of an American put exceeds the minimum value of the 
European put, there is a much stronger motivation for early exercise. Suppose you owned an 
American put on a stock that is completely bankrupt, with a zero stock price and no possibility 
of recovery. You can either wait until expiration and capture its exercise value of Max(0,X – ST) = 
Max(0,X – 0) = Max(0,X) = X, or you can capture that value by exercising now. Obviously now 
is better. As it turns out, however, the underlying does not need to go all the way to zero. There 
is a critical point at which a put is so deep in-the-money that early exercise is justified. This 
rationale works differently for a call. A deep in-the-money put has a limit to its ultimate value. 
It can get no deeper than when the underlying goes to zero. For a call, there is no limit to its 
moneyness because the underlying has no upper limit to its price.

Although dividends and coupon interest encourage early exercise for calls, they discourage 
early exercise for puts. The loss from the decline in the price of the underlying that is avoided 
by exercising a call just before the decline works to the benefit of a put holder. Therefore, if a 
put holder were considering exercising early, he would be better off waiting until right after the 
dividend or interest were paid. Carrying costs on the underlying, which discourage exercise for 
calls, encourage exercise for puts.

At this point, we cannot determine the critical prices at which American options are best 
exercised early. We require more knowledge and experience with option pricing models, which 
is covered in more advanced material.
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5. S ummary

This reading on derivative pricing provides a foundation for understanding how derivatives are 
valued and traded. Key points include the following:

•	 The price of the underlying asset is equal to the expected future price discounted at the risk-
free rate, plus a risk premium, plus the present value of any benefits, minus the present value 
of any costs associated with holding the asset.

•	 An arbitrage opportunity occurs when two identical assets or combinations of assets sell at 
different prices, leading to the possibility of buying the cheaper asset and selling the more 
expensive asset to produce a risk-free return without investing any capital.

•	 In well-functioning markets, arbitrage opportunities are quickly exploited, and the resulting 
increased buying of underpriced assets and increased selling of overpriced assets returns 
prices to equivalence.

•	 Derivatives are priced by creating a risk-free combination of the underlying and a derivative, 
leading to a unique derivative price that eliminates any possibility of arbitrage.

Example 9  American Option Pricing

1.	 With respect to American calls, which of the following statements is most 
accurate?
A.	A merican calls should be exercised early if the underlying has reached its expect-

ed maximum price.
B.	A merican calls should be exercised early if the underlying has a lower expected 

return than the risk-free rate.
C.	A merican calls should be exercised early only if there is a dividend or other cash 

payment on the underlying.
2.	 The effect of dividends on a stock on early exercise of a put is to:

A.	 make early exercise less likely.
B.	 have no effect on early exercise.
C.	 make early exercise more likely.

Solution to 1:  C is correct. Cash payments on the underlying are the only reason to 
exercise American calls early. Interest rates, the expected return on the underlying, and 
any notion of a maximum price is irrelevant. But note that a dividend does not mean 
that early exercise should automatically be conducted. A dividend is only a necessary 
condition to justify early exercise for calls.

Solution to 2: A  is correct. Dividends drive down the stock price when the dividend is 
paid. Thus, all else being equal, a stock paying dividends has a built-in force that drives 
down the stock price. This characteristic discourages early exercise, because stock price 
declines are beneficial to holders of puts.
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•	 Derivative pricing through arbitrage precludes any need for determining risk premiums or 
the risk aversion of the party trading the option and is referred to as risk-neutral pricing.

•	 The value of a forward contract at expiration is the value of the asset minus the forward 
price.

•	 The value of a forward contract prior to expiration is the value of the asset minus the present 
value of the forward price.

•	 The forward price, established when the contract is initiated, is the price agreed to by the two 
parties that produces a zero value at the start.

•	 Costs incurred and benefits received by holding the underlying affect the forward price by 
raising and lowering it, respectively.

•	 Futures prices can differ from forward prices because of the effect of interest rates on the 
interim cash flows from the daily settlement.

•	 Swaps can be priced as an implicit series of off-market forward contracts, whereby each 
contract is priced the same, resulting in some contracts being positively valued and some 
negatively valued but with their combined value equaling zero.

•	 At expiration, a European call or put is worth its exercise value, which for calls is the greater 
of zero or the underlying price minus the exercise price and for puts is the greater of zero and 
the exercise price minus the underlying price.

•	 European calls and puts are affected by the value of the underlying, the exercise price, the 
risk-free rate, the time to expiration, the volatility of the underlying, and any costs incurred 
or benefits received while holding the underlying.

•	 Option values experience time value decay, which is the loss in value due to the passage of 
time and the approach of expiration, plus the moneyness and the volatility.

•	 The minimum value of a European call is the maximum of zero and the underlying price 
minus the present value of the exercise price.

•	 The minimum value of a European put is the maximum of zero and the present value of 
the exercise price minus the price of the underlying.

•	 European put and call prices are related through put–call parity, which specifies that the 
put price plus the price of the underlying equals the call price plus the present value of the 
exercise price.

•	 European put and call prices are related through put–call–forward parity, which shows that 
the put price plus the value of a risk-free bond with face value equal to the forward price 
equals the call price plus the value of a risk-free bond with face value equal to the exercise 
price.

•	 The values of European options can be obtained using the binomial model, which specifies 
two possible prices of the asset one period later and enables the construction of a risk-free 
hedge consisting of the option and the underlying.

•	 American call prices can differ from European call prices only if there are cash flows on 
the underlying, such as dividends or interest; these cash flows are the only reason for early 
exercise of a call.

•	 American put prices can differ from European put prices, because the right to exercise 
early always has value for a put, which is because of a lower limit on the value of the 
underlying.
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Problems

	 1.	A n arbitrage opportunity is least likely to be exploited when:
A.	 one position is illiquid.
B.	 the price differential between assets is large.
C.	 the investor can execute a transaction in large volumes.

	 2.	A n arbitrageur will most likely execute a trade when:
A.	 transaction costs are low.
B.	 costs of short-selling are high.
C.	 prices are consistent with the law of one price.

	 3.	A n arbitrage transaction generates a net inflow of funds:
A.	 throughout the holding period.
B.	 at the end of the holding period.
C.	 at the start of the holding period.

	 4.	 The price of a forward contract:
A.	 is the amount paid at initiation.
B.	 is the amount paid at expiration.
C.	 fluctuates over the term of the contract.

	 5.	A ssume an asset pays no dividends or interest, and also assume that the asset does not yield 
any non-financial benefits or incur any carrying cost. At initiation, the price of a forward 
contract on that asset is:
A.	 lower than the value of the contract.
B.	 equal to the value of the contract.
C.	 greater than the value of the contract.

	 6.	 With respect to a forward contract, as market conditions change:
A.	 only the price fluctuates.
B.	 only the value fluctuates.
C.	 both the price and the value fluctuate.

	 7.	 The value of a forward contract at expiration is:
A.	 positive to the long party if the spot price is higher than the forward price.
B.	 negative to the short party if the forward price is higher than the spot price.
C.	 positive to the short party if the spot price is higher than the forward price.

	 8.	A t the initiation of a forward contract on an asset that neither receives benefits nor incurs 
carrying costs during the term of the contract, the forward price is equal to the:
A.	 spot price.
B.	 future value of the spot price.
C.	 present value of the spot price.

	 9.	S tocks BWQ and ZER are each currently priced at $100 per share. Over the next 
year, stock BWQ is expected to generate significant benefits whereas stock ZER is not 
expected to generate any benefits. There are no carrying costs associated with holding 
either stock over the next year. Compared with ZER, the one-year forward price of BWQ 
is most likely:
A.	 lower.
B.	 the same.
C.	 higher.

© 2014 CFA Institute. All rights reserved.
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	10.	I f the net cost of carry of an asset is positive, then the price of a forward contract on that 
asset is most likely:
A.	 lower than if the net cost of carry was zero.
B.	 the same as if the net cost of carry was zero.
C.	 higher than if the net cost of carry was zero.

11.	I f the present value of storage costs exceeds the present value of its convenience yield, then 
the commodity’s forward price is most likely:
A.	 less than the spot price compounded at the risk-free rate.
B.	 the same as the spot price compounded at the risk-free rate.
C.	 higher than the spot price compounded at the risk-free rate.

12.	 Which of the following factors most likely explains why the spot price of a commodity in 
short supply can be greater than its forward price?
A.	O pportunity cost
B.	L ack of dividends
C.	 Convenience yield

13.	 When interest rates are constant, futures prices are most likely:
A.	 less than forward prices.
B.	 equal to forward prices.
C.	 greater than forward prices.

14.	I n contrast to a forward contract, a futures contract:
A.	 trades over-the-counter.
B.	 is initiated at a zero value.
C.	 is marked-to-market daily.

15.	T o the holder of a long position, it is more desirable to own a forward contract than a 
futures contract when interest rates and futures prices are:
A.	 negatively correlated.
B.	 uncorrelated.
C.	 positively correlated.

16.	 The value of a swap typically:
A.	 is non-zero at initiation.
B.	 is obtained through replication.
C.	 does not fluctuate over the life of the contract.

17.	 The price of a swap typically:
A.	 is zero at initiation.
B.	 fluctuates over the life of the contract.
C.	 is obtained through a process of replication.

18.	 The value of a swap is equal to the present value of the:
A.	 fixed payments from the swap.
B.	 net cash flow payments from the swap.
C.	 underlying at the end of the contract.

19.	A  European call option and a European put option are written on the same underlying, 
and both options have the same expiration date and exercise price. At expiration, it is 
possible that both options will have:
A.	 negative values.
B.	 the same value.
C.	 positive values.
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20.	A t expiration, a European put option will be valuable if the exercise price is:
A.	 less than the underlying price.
B.	 equal to the underlying price.
C.	 greater than the underlying price.

21.	 The value of a European call option at expiration is the greater of zero or the:
A.	 value of the underlying.
B.	 value of the underlying minus the exercise price.
C.	 exercise price minus the value of the underlying.

22.	F or a European call option with two months until expiration, if the spot price is below the 
exercise price, the call option will most likely have:
A.	 zero time value.
B.	 positive time value.
C.	 positive exercise value.

23.	 When the price of the underlying is below the exercise price, a put option is:
A.	 in-the-money.
B.	 at-the-money.
C.	 out-of-the-money.

24.	I f the risk-free rate increases, the value of an in-the-money European put option will most 
likely:
A.	 decrease.
B.	 remain the same.
C.	 increase.

25.	 The value of a European call option is inversely related to the:
A.	 exercise price.
B.	 time to expiration.
C.	 volatility of the underlying.

26.	 The table below shows three European call options on the same underlying:

  Time to Expiration Exercise Price

Option 1 3 months $100

Option 2 6 months $100

Option 3 6 months $105

		  The option with the highest value is most likely:
A.	O ption 1.
B.	O ption 2.
C.	O ption 3.

27.	 The value of a European put option can be either directly or inversely related to the:
A.	 exercise price.
B.	 time to expiration.
C.	 volatility of the underlying.

28.	 Prior to expiration, the lowest value of a European put option is the greater of zero or the:
A.	 exercise price minus the value of the underlying.
B.	 present value of the exercise price minus the value of the underlying.
C.	 value of the underlying minus the present value of the exercise price.
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29.	A  European put option on a dividend-paying stock is most likely to increase if there is an 
increase in:
A.	 carrying costs.
B.	 the risk-free rate.
C.	 dividend payments.

30.	 Based on put-call parity, a trader who combines a long asset, a long put, and a short call 
will create a synthetic:
A.	 long bond.
B.	 fiduciary call.
C.	 protective put.

31.	 Which of the following transactions is the equivalent of a synthetic long call position?
A.	L ong asset, long put, short call
B.	L ong asset, long put, short bond
C.	S hort asset, long call, long bond

32.	 Which of the following is least likely to be required by the binomial option pricing model?
A.	S pot price
B.	T wo possible prices one period later
C.	A ctual probabilities of the up and down moves

33.	A n at-the-money American call option on a stock that pays no dividends has three months 
remaining until expiration. The market value of the option will most likely be:
A.	 less than its exercise value.
B.	 equal to its exercise value.
C.	 greater than its exercise value.

34.	A t expiration, American call options are worth:
A.	 less than European call options.
B.	 the same as European call options.
C.	 more than European call options.

35.	 Which of the following circumstances will most likely affect the value of an American call 
option relative to a European call option?
A.	 Dividends are declared
B.	E xpiration date occurs
C.	 The risk-free rate changes

36.	 Combining a protective put with a forward contract generates equivalent outcomes at 
expiration to those of a:
A.	 fiduciary call.
B.	 long call combined with a short asset.
C.	 forward contract combined with a risk-free bond.
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Learning Outcomes

After completing this chapter, you will be able to do the following: 

•	 describe and compare how equity, interest rate, fixed-income, and currency forward and 
futures contracts are priced and valued;

•	 calculate and interpret the no-arbitrage value of equity, interest rate, fixed-income, and cur-
rency forward and futures contracts;

•	 describe and compare how interest rate, currency, and equity swaps are priced and valued;
•	 calculate and interpret the no-arbitrage value of interest rate, currency, and equity swaps.
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1. I ntroduction

Forward commitments cover forwards, futures, and swaps. Pricing and valuation of forward 
commitments will be introduced here. A forward commitment is a derivative instrument in 
the form of a contract that provides the ability to lock in a price or rate at which one can buy 
or sell the underlying instrument at some future date or exchange an agreed-upon amount of 
money at a series of dates. As many investments can be viewed as a portfolio of forward com-
mitments, this material is important to the practice of investment management.

The reading is organized as follows. Section 2 introduces the principles of the no-arbitrage 
approach to pricing and valuation of forward commitments. Section 3 presents the pricing 
and valuation of forwards and futures. Subsections address the cases of equities, interest rates, 
fixed-income instruments, and currencies as underlyings of forward commitments. Section 4 
presents the pricing and valuation of swaps, addressing interest rate, currency, and equity swaps.
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2.  Principles of Arbitrage-Free Pricing and Valuation 
of Forward Commitments

In this section, we examine arbitrage-free pricing and valuation of forward commitments—
also known as the no-arbitrage approach to pricing and valuing such instruments. We intro-
duce some guiding principles that heavily influence the activities of arbitrageurs who are price 
setters in forward commitment markets.

There is a distinction between the pricing and the valuation of forward commitments. 
Forward commitment pricing involves determining the appropriate forward commitment 
price or rate when initiating the forward commitment contract. Forward commitment valu-
ation involves determining the appropriate value of the forward commitment, typically after 
it has been initiated.

Our approach to pricing and valuation is based on the assumption that prices adjust to 
not allow arbitrage profits. Hence, the material will be covered from an arbitrageur’s perspec-
tive. Key to understanding this material is to think like an arbitrageur. Specifically, like most 
people, the arbitrageur would rather have more money today than less. The arbitrageur abides 
by two fundamental rules:

Rule #1 D o not use your own money.
Rule #2 D o not take any price risk.

The arbitrageur often needs to borrow or lend money to satisfy Rule #1. If we buy the underly-
ing, we borrow the money. If we sell the underlying, we lend the money. These transactions will 
synthetically create the identical cash flows to a particular forward commitment, but they will 
be opposite and, therefore, offsetting, which satisfies Rule #2. Note that for Rule #2, the con-
cern is only market price risk related to the underlying and the derivatives used, as explained 
in detail later. Clearly, if we can generate positive cash flows today and abide by both rules, we 
have a great business; such is the life of an arbitrageur.

In an effort to demonstrate various pricing and valuation results based on the no-arbitrage 
approach, we will rely heavily on tables showing cash flows at Times 0 and T. From an arbi-
trage perspective, if an initial investment requires 100 euros, then we will present it as a −100 
euro cash flow. Cash inflows to the arbitrageur have a positive sign, and outflows are negative.

Pricing and valuation tasks based on the no-arbitrage approach imply an inability to cre-
ate a portfolio with no future liabilities and a positive cash flow today. In other words, if cash 
and forward markets are priced correctly with respect to each other, we cannot create such a 
portfolio. That is, we cannot create money today with no risk or future liability. This approach 
is built on the law of one price, which states that if two investments have the same or equiv-
alent future cash flows regardless of what will happen in the future, then these two investments 
should have the same current price. Alternatively, if the law of one price is violated, someone 
could buy the cheaper asset and sell the more expensive, resulting in a gain at no risk and with 
no commitment of capital. The law of one price is built on the value additivity principle, which 
states that the value of a portfolio is simply the sum of the values of each instrument held in 
the portfolio.

Throughout this reading, the following key assumptions are made: (1) Replicating instru-
ments are identifiable and investable, (2) market frictions are nil, (3) short selling is allowed 
with full use of proceeds, and (4) borrowing and lending are available at a known risk-free rate.

Analyses in this reading will rely on the carry arbitrage model, a no-arbitrage approach 
in which the underlying instrument is either bought or sold along with a forward position—
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hence the term “carry.” Carry arbitrage models are also known as cost-of-carry arbitrage models 
or cash-and-carry arbitrage models. Typically, each type of forward commitment will result in 
a different model, but common elements will be observed. Carry arbitrage models are a great 
first approximation to explaining observed forward commitment prices in many markets.

The central theme here is that forward commitments are generally priced so as to pre-
clude arbitrage profits. Section 3 demonstrates how to price and value equity, interest rate, 
fixed-income, and currency forward contracts. We also explain how these results apply to fu-
tures contracts.

3.  Pricing and Valuing Forward and Futures 
Contracts

In this section, we examine the pricing of forward and futures contracts based on the no-arbitrage 
approach. The resulting carry arbitrage models are based on the replication of the forward 
contract payoff with a position in the underlying that is financed through an external source. 
Although the margin requirements, mark-to-market features, and centralized clearing in futures 
markets result in material differences between forward and futures markets in some cases, we 
focus mainly on cases in which the particular carry arbitrage model can be used in both markets.

We start with a very simple setup to arrive at the primary insight that the current forward 
or futures price of a non-cash-paying instrument is simply equal to the price of the underlying 
adjusted upward for the amount that would be earned over the term of the contract by com-
pounding the initial underlying price at the rate that incorporates costs and benefits related to 
the underlying instrument. Initially, we adopt a simplified approach in which we determine 
the forward price by compounding the underlying price at the risk-free rate. We then turn to 
examining the particular nuances of equity, interest rate, fixed-income, and currency forward 
and futures contracts. Mastery of the simple setup will make understanding the unique nu-
ances in each market easier to comprehend. First, we examine selected introductory material.

3.1. O ur Notation

In the following, notations are established for forward and futures contracts that will allow 
us to express concisely the key pricing and valuation relationships. Forward price or futures 
price refers to the price that is negotiated between the parties in the forward or futures con-
tract. The market value of the forward or futures contract, termed forward value or futures 
value and sometimes just value, refers to the monetary value of an existing forward or futures 
contract. When the forward or futures contract is established, the price is negotiated so that the 
value of the contract on the initiation date is zero. Subsequent to the initiation date, the value 
can be significantly positive or negative.

Let St denote the price of the underlying instrument observed at Time t, where t is the 
time since the initiation of the forward contract and is expressed as a fraction of years.1 Con-
sider T as the initial time to expiration, expressed as a fraction of years. S0 denotes the under-
lying price observed when the forward contract is initiated, and ST denotes the underlying 
price observed when the forward contract expires. Also, let F0(T) denote the forward price 

1Note that t can be greater than a year—for example t = 1.25. The variable t is expressed in years, not days 
or months, because interest rates, dividend yields, and most financial returns are expressed as yearly rates.
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established at the initiation date, 0, and expiring at date T, where T represents a period of time 
later. For example, suppose that on the initiation date (t = 0) a forward contract is negotiated 
for which F0(0.25) = €350. Then the forward price for the forward contract is €350, with 
the contract expiration T = 0.25 years later. Similarly, let f0(T) denote the futures price for a 
contract established at the initiation date, 0, that expires at date T. Therefore, uppercase “F” 
denotes the forward price, whereas lowercase “f ” denotes the futures price. Similarly, we let up-
percase “V” denote the forward value, whereas lowercase “v” denotes the futures value. Many 
concepts in this reading apply equally to pricing and valuation of both forwards and futures. 
When they differ, we will emphasize the distinctions.

A key observation, to which we will return in greater detail, is that as a result of the no-
arbitrage approach, when the forward contract is established, the forward price is negotiated 
so that the market value of the forward contract on the initiation date is zero. Most forward 
contracts are structured this way and are referred to as at market. No money changes hands, 
meaning that the initial value is zero. The forward contract value when initiated is expressed 
as V0(T) = v0(T) = 0. Again, we assume no margin requirements. Subsequent to the initiation 
date, the forward value can be significantly positive or negative.

At expiration, both the forward contract and the futures contract are equivalent to a spot 
transaction in the underlying. In fact, forward and futures contracts negotiated at Time T for 
delivery at Time T are by definition equivalent to a spot transaction at Time T. This property is 
often called convergence, and it implies that at Time T, both the forward price and the futures 
price are equivalent to the spot price—that is, FT(T) = fT(T) = ST.

Let us define Vt(T) as the forward contract value at Time t during the life of the futures 
contract. At expiration, T,

The market value of a long position in a forward contract value is VT(T) = ST − F0(T).
The market value of a short position in a forward contract value is VT(T) = F0(T) − ST.

Let us define vt(T) as the futures contract value at Time t during the life of the futures 
contract. Note that as a result of marking to market, the value of a futures contract at expir-
ation is simply the difference in the futures price from the previous day. Our time subscript is 
expressed in a fraction of a year; hence, we use (t−) to denote the fraction of the year that the 
previous trading day represents. At expiration, T:

The market value of a long position in a futures contract value before marking to market is 
vt(T) = ft(T) − ft−(T).
The market value of a short position in a futures contract value before marking to market 
is vt(T) = ft−(T) − ft(T).
The futures contract value after daily settlement is vt(T) = 0.

As illustrated later, in this reading we adopt a simplified approach in which the valuation 
of forward and futures contracts is treated as the same, whereas the forward value and the fu-
tures value will be different because of futures contracts being marked to market and forward 
contracts not being marked to market.2

Exhibit 1 shows a forward contract at initiation and expiration. A long position in a 
forward contract will have a positive value at expiration if the underlying is above the initial 

2There are specific cases when ft(T) ≠ Ft(T), but they are beyond the scope of this reading.
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forward price, whereas a short position in a forward contract will have a positive value at expi-
ration if the underlying is below the initial forward price.

Exhibit 1  Value of a Forward Contract at Initiation and Expiration

Contract
Initiation

Contract
Expiration

V
0
(T) = 0 V

T
(T) = S

T
 – F

0
(T) (Long)

V
T
(T) = F

0
(T) – S

T
 (Short)

T0

We turn now to focus on generic forward contracts.

3.2. N o-Arbitrage Forward Contracts

We first consider a generic forward contract, meaning that we do not specify the underlying as 
anything more than just an asset. As we move through this section, we will continue to address 
specific additional factors to bring each carry arbitrage model closer to real markets. Thus, we 
will develop several different carry arbitrage models, each one applicable to specific forward 
commitment contracts.

3.2.1.  Carry Arbitrage Model When There Are No Underlying Cash Flows
Carry arbitrage models receive their name from the literal interpretation of carrying the under-
lying over the life of the forward contract. If an arbitrageur enters a forward contract to sell 
an underlying instrument for delivery at Time T, then to hedge this exposure, one strategy 
is to buy the underlying instrument at Time 0 with borrowed funds and carry it to the for-
ward expiration date so it can be sold under the terms of the forward contract as illustrated in 
Exhibit 2.

Exhibit 2  Cash Flows Related to Carrying the Underlying through Calendar Time

Underlying
Purchased

Underlying
Sold

0
Underlying: –S

0

Borrow: +S
0

Forward: 0

Net: 0

T
+S

T

–FV(S
0
)

F
0
(T) – S

T

F
0
(T) – FV(S

0
)

For now, we will keep the significant technical issues to a minimum. When possible, we 
will just use FV and PV to denote the future value and present value, respectively. We are 
not concerned now about compounding conventions, day count conventions, or even the 
appropriate risk-free interest rate proxy. We will address these complexities only when necessary.
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Carry arbitrage models rest on the no-arbitrage assumptions given earlier. To understand 
carry arbitrage models, it is helpful to think like an arbitrageur. The arbitrageur seeks to ex-
ploit any pricing discrepancy between the futures or forward price and the underlying spot 
price. The arbitrageur is assumed to prefer more money compared to less money, assuming 
everything else is the same. We now expand on the two fundamental rules for the arbitrageur.

Rule #1 �D o not use our own money. Specifically, the arbitrageur does not use his or her 
own money to acquire positions but borrows to purchase the underlying. Also, 
the arbitrageur does not spend proceeds from short selling transactions but 
invests them at the risk-free interest rate.

Rule #2 �D o not take any price risk. In our discussion, the arbitrageur focuses here only 
on market price risk related to the underlying and the derivatives used. We do 
not consider other risks, such as liquidity risk and counterparty credit risk. 
These topics are covered in more advanced treatments.

Consider the following strategy in which an arbitrageur purchases the underlying in-
strument with borrowed money in the spot market at price S0 at Time 0 and later, at Time 
T, contemporaneously sells the underlying at a price of ST and repays the loan. The cash flow 
from this strategy evaluated at Time T is the proceeds from the sales of the underlying, ST, less 
FV0,T(S0) or, more simply, FV(S0), the price of the underlying purchased at Time 0 grossed up 
by the finance cost, assumed to be the risk-free interest rate. In other words, the arbitrageur 
borrows the money to buy the asset, so he will pay back FV(S0) at Time T, based on the risk-
free rate.

Clearly, when ST is below FV(S0), this transaction will suffer a loss. Note that breakeven 
will occur when the underlying value at T exactly equals the future price of the underlying at 
0 grossed up by the finance cost or ST = FV(S0). If we assume continuous compounding (rc), 
then FV(S0) = s e0

rct . If we assume annual compounding (r), then FV(S0) = S0(1 + r)T. Note 
that in practice, observed interest rates are derived from market prices; it is not the other way 
around. Significant errors can occur if the quoted interest rate is used with the wrong com-
pounding convention.3 When possible, we just use the generic present value and future value 
to minimize confusion.

To help clarify, Exhibit 3 shows the cash flows from carrying the underlying, say, stock, 
assuming S0 = 100, r = 5%, T = 1, and ST = 90 or 110.4 Each step consists of transactions that 
generate the cash flows shown at times 0 and T. Each row of cash flows in tables such as the one 
below are termed “steps,” and they will involve a wide array of cash flow producing items from 
market transactions, bank transactions, and other events. The set of transactions is executed 
simultaneously in practice, not sequentially.

Step 1  Purchase one unit of the underlying at Time 0.
Step 2 � Borrow the purchase price. Recall that cash flow is the opposite of investment. 

An investment of 100 implies a negative cash flow of 100—that is, −100. We 
assume the interest rate is quoted on an annual compounding basis and time is 
expressed in fractions of a year.

3For many quantitative finance tasks, it is easier to do the analysis with continuous compounding even 
though the underlying rate quotation conventions are based on another method.
4Note that ST can take on any value, but in the table we present just two values, one representing an up 
move and one representing a down move.
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Exhibit 3  Cash Flows for Financed Position in the Underlying Instrument

Steps
Cash Flows 
at Time 0 Cash Flows at Time T

1. Purchase underlying at 0 and sell at T −S0 = −100 +ST = 90 or 
+ST = 110

2. Borrow funds at 0 and repay with interest at T +S0 = 100 −FV(S0) = −100(1 + 0.05)1 = −105

Net cash flow 0 +ST − FV(S0) = 90 − 105 = −15 or 
= 110 − 105 = 5

Because the two outcomes are not the same, the strategy at this point fails to satisfy the 
arbitrageur’s Rule #2: Do not take any price risk. Thus, to satisfy Rule #2, consider a third 
transaction that allows one to lock in the value of the underlying at Time T. This result can 
be achieved by selling, at Time 0, a forward contract on the underlying at price F0(T), where 
the underlying will be delivered at Time T.5 Recall that the value of the forward contract at 
expiration will simply be the difference between the underlying, ST, and the initial forward 
price, F0(T).

As seen in Exhibit 4, we add two additional steps, again executed simultaneously:

Step 3 �S ell a forward contract. As we are seeking to determine the equilibrium forward 
price, we do not assume that the forward price is initially at market, meaning 
that the value is zero. Thus, the forward contract value at Time 0, V0(T), may be 
non-zero. We illustrate selected numerical values for clarity. 

Step 4 � Borrow the arbitrage profit in order to capture it today. If the transaction leads 
to an arbitrage profit at the Time T expiration, you borrow against it. In other 
words, suppose that in setting up the transaction, you know that it will produce 
an arbitrage profit of €5. Then you could borrow the present value of €5 and pay 
it back at expiration with the arbitrage profit. In effect, you are pre-capturing 
your arbitrage profit by bringing it to the present so as to receive it at Time 0. 
The amount you borrow will be the forward price minus the future value of the 
spot price when compounded at the risk-free rate. As we will see shortly, if the 
forward contract is priced correctly, there will be no arbitrage profit and, hence, 
no Step 4. Note also that we exclude the case of lending, because it would occur 
only if you executed a strategy to capture a certain loss, which we presume no 
one would do.

In this exhibit, the forward price is assumed to be trading at 105.

5Note that when an arbitrageur needs to sell the underlying, it must be assumed that she does not hold 
it in inventory and thus must short sell it. When the transaction calls for selling a derivative instrument, 
such as a forward contract, it is always just selling—technically, not short selling.
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Exhibit 4  Cash Flows for Financed Position in the Underlying Instrument Combined with a 
Forward Contract

Steps Cash Flows at Time 0 Cash Flows at Time T

1. �Purchase underlying at 0 and 
sell at T

−S0 = −100 +ST = 90 or 
+ST = 110

2. �Borrow funds at 0 and repay 
with interest at T

+S0 = 100 −FV(S0) = −S0(1 + r)T 
= −100(1 + 0.05)1 = −105

3. �Sell forward contract at 0 when 
F0(T) = 105

+V0(T) VT(T) = F0(T) − ST= 105 − 90 = 15 or 
VT(T) = F0(T) − ST = 105 − 110 = −5

4. Borrow arbitrage profit +PV[F0(T) − FV(S0)] −[F0(T) − FV(S0)] 
= −[105 − 100(1 + 0.05)] = 0

Net cash flow +V0(T) 
+ PV[F0(T) − FV(S0)]

+ST − FV(S0) + F0(T) − ST 
− [F0(T) − FV(S0)] = 0 

(For every underlying value)

Notice that at expiration the underlying is worth 90 or 110 and the forward contract is 
worth either 15 or −5. The combination of the underlying and the forward value is 90 + 15 = 
105 or 110 − 5 = 105, and that 105 is precisely the amount necessary to pay off the loan. So, 
there is zero cash flow at expiration under any and all circumstances.

Based on the no-arbitrage approach, a portfolio offering zero cash flow in the future is 
expected to be valued at zero at Time 0. That is, based on Exhibit 4, the net cash flow at Time 0 
can be expressed as V0(T) + PV[F0(T) − FV(S0)] = 0. With this perspective, the value of a 
given short forward contract is, therefore, V0(T) = −PV[F0(T) − FV(S0)], which can be rear-
ranged and denoted V0(T) = S0 − PV[F0(T)]. Based on this result, we see that the no-arbitrage 
forward price is simply the future value of the underlying, or

	F 0(T) = Future value of underlying = FV(S0) 	 (1)

In our example, F0(T) = FV(S0) = 105. In fact, with annual compounding and T = 1, we have 
simply F0(1) = S0(1 + r)T = 100(1 + 0.05)1. The future value refers to the amount of money 
equal to the spot price invested at the compound risk-free interest rate during the time period. 
It is not to be confused with or mistaken for the mathematical expectation of the spot price 
at Time T.

To better understand the arbitrage mechanics, suppose we observe that F0(1) = 106. 
Based on the prior information, we observe that the forward price is higher than that de-
termined by the carry arbitrage model (recall F0(T) = FV(S0) = 105). Because the model 
value is lower than the market forward price, we conclude that the market forward price is 
too high and should be sold. An arbitrage opportunity exists, and it will involve selling the 
forward contract at 106. Because of Rule #2—the arbitrageur should not take any market 
price risk—the second transaction is to purchase the underlying instrument so that gains 
(or losses) on the underlying will be offset by losses (or gains) on the forward contract. 
Finally, because of Rule #1—the arbitrageur does not use his or her own money—the 
third transaction involves borrowing the purchase price of the underlying security. Based 
on a desire by the arbitrageur to receive future arbitrage profits today, the fourth trans-
action involves borrowing the known terminal profits. Note that all four transactions are 
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done simultaneously. To summarize, the arbitrage transactions can be represented in the 
following four steps:

Step 1 S ell the forward contract on the underlying.
Step 2  Purchase the underlying.
Step 3  Borrow the funds for the underlying purchase.
Step 4  Borrow the arbitrage profit.6

Exhibit 5 shows the resulting cash flows from these transactions. This strategy is known 
as carry arbitrage because we are carrying—that is, we are long—the underlying instrument. 
Note that if the forward price were 106, the value of the forward contract would be 0.9524 at 
Time 0. In fact, V0(T) = PV[F0(T) − FV(S0)] = (106 − 105)/(1 + 0.05) = 0.9524. But if the 
counterparty enters a long position in the forward contract at a forward price of 106, valuing it 
incorrectly, then the forward contract seller has the opportunity to receive the 0.9524 with no 
liability in the future. In Step 4, the arbitrageur borrows this amount. At Time T, the arbitrage 
profit of 1 will exactly offset the repayment of this loan. This opportunity represents a portfolio 
that will be pursued aggressively. It is a clear arbitrage opportunity.

Exhibit 5  Cash Flows with Forward Contract Market Price Too High Relative to Carry Arbitrage 
Model

Steps Cash Flows at Time 0 Cash Flows at Time T

1. �Sell forward contract on 
underlying at F0(T) = 106

V0(T) = 0 VT(T) = F0(T) − ST = 106 − 90 = 16 or 
VT(T) = F0(T) − ST = 106 − 110 = −4

2. �Purchase underlying at 0 and 
sell at T

−S0 = −100 +ST = 90 or 
+ST = 110

3. �Borrow funds for underlying 
purchase

+S0 = 100 −FV(S0) = −100(1 + 0.05) = −105

4. Borrow arbitrage profit +PV[F0(T) − FV(S0)] 
= (106 − 105)/

(1+0.05) = 0.9524

−[F0(T) − FV(S0)] 
= −[106 − 100(1+0.05)] = −1

Net cash flow 0.9524 16 + 90 − 105 − 1 or 
−4 + 110 − 105 − 1 

= 0

Suppose instead we observe a lower forward price of F0(T) = 104. Based on the prior 
information, we conclude that the forward price is too low when compared to the forward 
price determined by the carry arbitrage model. In fact, the carry arbitrage model forward price 
is again F0(T) = FV(S0) = 105. Thus, Step 1 here is to buy a forward contract, and the value 
at T is ST − F0(T). Because of Rule #2—the arbitrageur not taking any risk—Step 2 is to sell 
short the underlying instrument. Because of Rule #1—the arbitrageur not using her own money, 
or technically here spending another entity’s money—Step 3 involves lending the short sale 

6Remember that you are bringing the arbitrage profit from the future, time T, to the present, time 0, 
by borrowing against it and paying back the loan at T with the arbitrage profit. We exclude the case of 
lending, because it involves an arbitrage loss and would mean that the arbitrageur invests some of his own 
money at time 0 and pays out its value at T to cover the arbitrage loss.
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proceeds. Finally, to capture the arbitrage profit today, you borrow its present value. Again, to 
summarize, the arbitrage transactions involve the following four steps:

Step 1  Buy the forward contract on the underlying.
Step 2 S ell the underlying short.
Step 3 L end the short sale proceeds.
Step 4  Borrow the arbitrage profit.

Note that this set of transactions is the exact opposite of the prior case in Exhibit 5. This 
strategy is known as reverse carry arbitrage because we are doing the opposite of carrying the 
underlying instrument; that is, we are short selling the underlying instrument.

Therefore, unless F0(T) = FV(S0), there is an arbitrage opportunity. Notice that if F0(T) > 
FV(S0), then the forward contract is sold and the underlying is purchased. Thus, arbitrageurs 
drive down the forward price and drive up the underlying price until F0(T) = FV(S0) and a 
risk-free positive cash flow today no longer exists. Further, if F0(T) < FV(S0), then the forward 
contract is purchased and the underlying is sold short. In this case, the forward price is driven 
up and the underlying price is driven down. Arbitrageurs’ market activities will drive forward 
prices to equal the future value of the underlying, bringing the law of one price into effect once 
again. Most importantly, if the forward contract is priced at its equilibrium price, there will be 
no arbitrage profit and thus no Step 4.

Example 1  Forward Contract Price

An Australian stock paying no dividends is trading in Australian dollars for A$63.31, 
and the annual Australian interest rate is 2.75% with annual compounding.

1.	 Based on the current stock price and the no-arbitrage approach, which of the follow-
ing values is closest to the equilibrium three-month forward price?
A.	A $63.31
B.	A $63.74
C.	A $65.05

2.	I f the interest rate immediately falls 50 bps to 2.25%, the three-month forward price 
will:
A.	 decrease.
B.	 increase.
C.	 be unchanged.

Solution to 1:  B is correct. Based on the information given, we know S0 = A$63.31, 
r = 2.75% (annual compounding), and T = 0.25. Therefore,

F0(T) = FV0,T(S0) = 63.31(1 + 0.0275)0.25 = A$63.7408.
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Solution to 2: A  is correct, and we know this is true because the forward price is directly 
related to the interest rate. Specifically,

F0(T) = FV0,T(S0) = 63.31(1 + 0.0225)0.25 = A$63.6632.

Therefore, we see in this case a fall in interest rates resulted in a decrease in the forward 
price. This relationship between forward prices and interest rates will generally hold so 
long as the underlying is not also influenced by interest rates.

As we see here, remember that one significant implication of this arbitrage activity is that 
the quoted forward price does not directly reflect expectations of future underlying prices. 
The only factors that matter are the interest rate and time to expiration. Other factors will be 
included later as we make the carry arbitrage model more realistic, but we will not be including 
expectations of future underlying prices. So, in other words, an opinion that the underlying 
will increase in value, perhaps even substantially, has no bearing on the forward price.

We now turn to the task of understanding the value of an existing forward contract. 
There are many circumstances in which, once a forward contract has been entered, one wants 
to know the contract’s fair value. The goal is to calculate the position’s value at current market 
prices. It may be due to market-based accounting, in which the accounting statements need 
to reflect the current fair value of various instruments. Finally, it is simply important to know 
whether a position in a forward contract is making money or losing money.

The forward value, based on arbitrage, can best be understood by referring to Exhibit 6. 
Suppose the first transaction involves buying a forward contract with a price of F0(T) at Time 0 
with expiration of Time T. Now consider selling a new forward contract with price Ft(T) at 
Time t again with expiration of Time T. Exhibit 6 shows the potential cash flows. Remember 
the equivalence at expiration between the forward price, the futures price, and the underlying 
price, meaning FT(T) = fT(T) = ST. Note that the column labeled “Value at Time t” represents 
the value of the forward contracts. Note that we are seeking the forward value; hence, this trans-
action would result in cash flows only if it is actually executed. We need not actually execute 
the transaction; we just need to see what it would produce if we did. This point is analogous to 
the fact that if holding a liquid asset, we need not sell it to determine its value; we can simply 
observe its market price, which gives us an estimate of the price at which we could sell it.

Exhibit 6  Cash Flows for the Valuation of a Long Forward Position

Steps
Cash Flow at 

Time 0
Value at 
Time t

Cash Flow at 
Time T

1. Buy forward contract at 0 at F0(T) 0 Vt(T) VT(0, T) = ST − F0(T)

2. Sell forward contract at t at Ft(T) NA 0 VT(t, T) = Ft(T) − ST

Net cash flows/Value 0 Vt(T) +Ft(T) − F0(T)

There are now three different points in time to consider: Time 0, Time t, and Time T. For 
clarity, we explicitly state the period for present value, PVt,T() rather than PV(), which means 
the present value at point t of an amount paid in T − t years, and for future value, FVt,T() rather 
than FV(), which means the future value in T − t years of an amount paid at point t.
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Note that once the offsetting forward is entered, the net position is not subject to market risk 
in that the cash flow at Time T is not influenced by what happens to the spot price. The position 
is completely hedged. Therefore, the value observed at Time t of the original forward contract ini-
tiated at Time 0 and expiring at Time T is simply the present value of the difference in the forward 
prices, PVt,T[Ft(T) − F0(T)]. Based on Exhibit 6, the forward value at Time t for a long position in 
the forward contract entered at Time 0 is the present value of the difference in forward prices, or

	
( )

( ) ( )
=
= − 

V t Present value of difference in forward prices
PV f t f t

t

t,t t 0
	 (2)

Thus, there is the old forward price, which is the price the participants agreed on when the 
contract was started, and now there is also the new forward price, which is the price at which 
any two participants would agree to deliver the underlying at the same date as in the original 
contract. Of course, now the spot price has changed and some time has elapsed, so the new 
forward price will likely not equal the old forward price. The value of the contract is simply the 
present value of the difference in these two prices, with the present value calculated over the 
remaining life of the contract.

Alternatively, Vt(T) = St − PVt,T[F0(T)].7 Thus, the long forward contract value can be 
viewed as the present value, determined using the given interest rate, of the difference in for-
ward prices—the original one and a new one that is priced at the point of valuation. If we know 
the underlying price at Time t, St, then we can estimate the forward price, Ft(T) = FVt,T(St). 
Based on Equation 2, we then solve for the forward value. Note that the short position is 
simply the negative value of Equation 2.

7From Equation 1 and assuming annual compounding, Ft(T) = St(1 + r)(T−t), so PVt,T[Ft(T)] = PVt,T[St(1 + 
r)(T−t)] = St.

Example 2  Forward Contract Value

Assume that at Time 0 we entered into a one-year forward contract with price F0(T) = 105. 
Nine months later, at Time t = 0.75, the observed price of the stock is S0.75 = 110 and 
the interest rate is 5%. The value of the existing forward contract expiring in three 
months will be closest to:

A.	 −6.34.
B.	 6.27.
C.	 6.34.

Solution:  B is correct. Note that, based on F0(T) = 105, S0.75 = 110, r = 5%, and T − t = 
0.25, the three-month forward price at Time t is equal to Ft(T) = FVt,T(St) = 110(1 + 
0.05)0.25 = 111.3499. Therefore, we find that the value of the existing forward entered 
at Time 0 valued at Time t using the difference method is

Vt(T) = PVt,T[Ft(T) − F0(T)] = (111.3499 − 105)/(1 + 0.05)0.25 = 6.2729.
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Now that we have the basics of forward pricing and forward valuation, we introduce some 
other realistic carrying costs that influence pricing and valuation.

3.2.2.  Carry Arbitrage Model When Underlying Has Cash Flows
We have seen that forward pricing and valuation is driven by arbitrageurs seeking to exploit 
mispricing by either carrying or reverse carrying the underlying instrument. Carry arbitrage 
requires paying the interest cost, whereas reverse carry arbitrage results in receiving the interest 
benefit. For many instruments, there are other significant carry costs and benefits. We will now 
incorporate into forward pricing various costs and benefits related to the underlying instru-
ment. For this reason, we need to introduce some notation.

Let γ (Greek lowercase gamma) denote the carry benefits (for example, dividends, foreign 
interest, and bond coupon payments that would arise from certain underlyings). Let γT = 
FV0,T(γ0) denote the future value of underlying carry benefits and γ0 = PV0,T(γT) denote the 
present value of underlying carry benefits. Let θ (Greek lowercase theta) denote the carry 
costs. For financial instruments, these costs are essentially zero. For commodities, these costs 
include such factors as waste, storage, and insurance. Let θT = FV0,T(θ0) denote the future 
value of underlying costs and θ0 = PV0,T(θT) denote the present value of underlying costs. We 
do not cover commodities in this reading, but you should be aware of this cost. Moreover, you 
should note that carry costs are similar to financing costs. Holding a financial asset does not 
generate direct carry costs, but it does result in the opportunity cost of the interest that could 
be earned on the money tied up in the asset. Thus, the financing costs that come from the rate 
of interest and the carry costs that are common to physical assets are equivalent concepts.

The key forward pricing equation, based on these notations, can be expressed as

	 f (t) future value of underlying adjusted for carry cash flows
fV (s )

0

0,t 0 0 0

=
= + θ − γ 	 (3)

Thus, the forward price is the future value of the underlying adjusted for carry cash flows. 
Carry costs, like the rate of interest, increase the burden of carrying the underlying instrument 
through time; hence, these costs are added in the forward pricing equation. Alternatively, carry 
benefits decrease the burden of carrying the underlying instrument through time; hence, these 
benefits are subtracted in the forward pricing equation.

In the following discussion, we follow the arbitrage procedure discussed previously, but 
now we also consider that the underlying pays some form of benefit during the life of the for-
ward contract. Because of the types of instruments considered here, underlying benefits will 
be our focus. Note, however, that costs are handled in exactly the same way except there is a 
sign change.

The arbitrageur purchases the underlying with borrowed money at Time 0 and then sells it 
at Time T. Notice that any benefits from owning the underlying are placed in a risk-free invest-
ment. The risk again is that the underlying value (ST) will decrease between 0 and T, when the 
position is unwound. Note that breakeven will occur when the underlying value at T exactly 
equals the future value of the underlying at 0 adjusted for any benefits, or ST = FV(S0) − γT = 
FV(S0 − γ0). Thus, based on this breakeven expression, the underlying benefits (γ) have the 
effect of lowering the cost of carrying the underlying, and therefore, the forward price is lower.

To help clarify, we illustrate in Exhibit 7 the same example as before in which S0 = 100, r = 
5%, T = 1, and ST = 90 or 110. We now assume the underlying is known to distribute 2.9277 
at Time t = 0.5: γt = 2.9277. Thus, the time until the distribution of 2.9277 is t, and hence, 
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the present value is γ0 = 2.9277/(1 + 0.05)0.5 = 2.8571. The time between the distribution and 
the forward expiration is T − t = 0.5, and thus, the future value is γT = 2.9277(1 + 0.05)0.5 = 3.

Remember that the steps in these tables simply refer to cash flow producing events and 
are initiated simultaneously.

Step 1 � Purchase the underlying at Time 0, receive the dividend at Time t = 0.5, and sell 
the underlying at Time T.

Step 2 �R einvest the dividend received at Time t = 0.5 at the risk-free interest rate until 
Time T.

Step 3 � Borrow the initial cost of the underlying. The strategy again at this point fails to 
satisfy Rule #2 of the arbitrageur: Do not take any price risk. If the underlying 
falls in value, then there is price risk.

Step 4 �S ell a forward contract. This transaction addresses Rule #2. Specifically, we sell a 
forward contract at Time 0 and the underlying will be delivered at Time T.

Step 5 � Borrow the arbitrage profit.

Exhibit 7  Cash Flows for Financed Position in the Underlying with Forward

Steps
Cash Flow 
at Time 0

Cash Flow at 
Time t

Cash Flow 
at Time T

1. Purchase underlying at 0, 
sell at T

−S0 = −100 +γt = 2.9277 +ST = 90 or 
+ST = 110

2. Reinvest distribution −γt = −2.9277 +γT = 2.9277(1 + 0.05)0.5 = 3

3. Borrow funds +S0 = 100 −FV(S0) = −100(1 + 0.05)1 = −105

4. Sell forward contract V0(T) VT(T) = F0(T) − ST = 102 − 90 = 12 
or = 102 − 110 = −8

5. Borrow arbitrage profit +PV[F0(T) + γT 
− FV(S0)]

−[F0(T) + γT − FV(S0)]

Net cash flows V0(T) + 
PV[F0(T) + γT 

− FV(S0)]

0 +ST + γT − FV(S0) 
+ F0(T) − ST 

− [F0(T) + γT − FV(S0)] = 0

We know in equilibrium the value of the cash flow at Time 0 is zero, or V0(T) + PV[F0(T) + 
γT − FV(S0)] = 0, and thus V0(T) = −PV[F0(T) + γT − FV(S0)]. If the forward contract has 
zero value, then the forward price is simply the future value of the underlying less the future 
value of carry benefits, or

F0(T) = Future value of underlying − Future value of carry benefits
	  = FV(S0) − γT

As the carry benefits increase, the forward price decreases. In short, benefits reduce the cost 
of carrying the asset, and that reduces the forward price. In this example, the equilibrium 
forward price is FV0,T(S0) − γT = 105 − 3 = 102. This is the rationale for the carry arbitrage 
model adjusted for underlying benefits paid, or F0(T) = FV0,T(S0) − γT. Note that because γT = 
FV0,T(γ0), we can also express the carry benefit adjusted model as F0(T) = FV0,T(S0 − γ0). In 
words, the initial forward price is equal to the future value of the underlying minus the value of 
any ownership benefits at expiration. Carry benefits lower the carry burden of the arbitrageur. 
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In effect, because the underlying benefits reduce the burden of carrying the underlying, the 
forward price is lower. We see that the cost of carrying the underlying is now F0(T) = 102, 
which is lower than the previous example in which F0(T) = 105.

The forward value for a long position when the underlying has carry benefits or carry costs 
is found in the same way as described previously except that the new forward price, as well as 
the old, is adjusted to account for these benefits and costs. Specifically,

	
V (t) Present value of difference in forward prices

PV [f (t) f (t)]
t

t,t t 0

=
= − 	 (4)

The forward value is equal to the present value of the difference in forward prices. The benefits 
and costs are reflected in this valuation equation because they are incorporated in the forward 
price: Ft(T) = FVt,T(St + θt − γt). Again, the forward value is simply the present value of the 
difference in forward prices.

Before examining equity, interest rate, fixed-income bond, and currency underlyings, we 
review an important technical issue related to compounding convention. Assume the under-
lying is a common stock quoted in euros (€) with an initial price of €100 (S0 = €100), the Eu-
ropean risk-free interest rate is 5% (r = 0.05, annual compounding), T = 1 year, and the known 
dividend payment in t = 0.5 years is γt = €2.9277 or in future value terms is γT = €3.0. As 
illustrated previously, the no-arbitrage forward price is €102, which is determined as follows:

	F 0(T) = FV0,T(S0 + θ0 − γ0)
	  = [100 + 0 − 2.9277/(1 + 0.05)0.5](1 + 0.05)1

	  = 105 − 3 = €102

Recall that γ0 denotes the present value of carry benefits. In this case, the carry benefits are not 
paid until t = 0.5; hence, discounting is required. Thus, γ0 = 2.9277/(1 + 0.05)0.5 = 2.8571.

Now let us consider stock indexes, such as the EURO STOXX 50 or the US Russell 3000. 
With stock indexes, it is difficult to account for the numerous dividend payments paid by 
underlying stocks that vary in timing and amount. Dividend index point is a measure of the 
quantity of dividends attributable to a particular index. It is a useful measure of the amount 
of dividends paid; a very useful number for arbitrage trading. To simplify the problem, a con-
tinuous dividend yield is often assumed. What this means is that it is assumed that dividends 
accrue continuously over the period in question rather than on specific discrete dates, which is 
not an unreasonable assumption for an index with a large number of component stocks.

Before turning to this carry arbitrage model variation, we will review continuous com-
pounding in general, based on the previous example, because it is a perennial source of con-
fusion. The equivalence between annual compounding and continuous compounding can be 
expressed as (1 + r)T = erct or rc = ln[(1 + r)T]/T = ln(1 + r);8 “ln” refers to the natural log of 
the function. Note that in the marketplace, zero coupon bond prices or bank deposit amounts 
are the underlying instrument and interest rates are derived from prices. Though we often 
refer to these instruments in terms of quoted rates, ultimately investors are concerned with the 
resulting cash flows. Therefore, if the quoted interest rate is 5% based on annual compounding 
as shown in the previous example, then we can solve for the implied interest rate based on 

8Recall that ln(ax) = xln(a). Thus, ln[(1 + r)T]/T = ln(1 + r) and time to maturity does not influence this 
conversion from annual to continuous rates.
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continuous compounding, or rc = ln(1 + r) = ln(1 + 0.05) = 0.0488, or 4.88%. In most cases, 
the context makes clear when the rate being used is continuous; hence, we use the subscript c 
only when clarity is required.

We see that compounding continuously results in a lower quoted rate. What this implies 
is that a cash flow compounded at 5% annually is equivalent to being compounded at 4.88% 
continuously. Based on the information in the previous example, the implied dividend yield 
can be derived. Specifically, the carry arbitrage model with continuous compounding is again 
the future value of the underlying adjusted for carry and can be expressed as

f (t) s e0 0
(rc )t= +θ−γ (Future value of the underlying adjusted for carry)

Note that in this context rc, θ, and γ are continuously compounded rates.
The carry arbitrage model can also be used when the underlying requires storage costs, 

needs to be insured, and suffers from spoilage. In these cases, rather than lowering the carrying 
burden, these costs make it more costly to carry and hence the forward price is higher.

We now apply these results to equity forward and futures contracts.

3.3. E quity Forward and Futures Contracts

Although we alluded to equity forward pricing and valuation in the last section, we illustrate 
with concrete examples the application of carry arbitrage models to equity forward and fu-
tures contracts. Remember that here we assume that forward contracts and futures contracts 
are priced in the same way. It is vital to treat the compounding convention of interest rates 
appropriately.

If the underlying is a stock, then the carry benefit is the dividend payments as illustrated 
in the next two examples.

Example 3  Equity Futures Contract Price with Continuously 
Compounded Interest Rates

The continuously compounded dividend yield on the EURO STOXX 50 is 3%, and 
the current stock index level is 3,500. The continuously compounded annual interest 
rate is 0.15%. Based on the carry arbitrage model, the three-month futures price will 
be closest to:

A.	 3,473.85.
B.	 3,475.15.
C.	 3,525.03.

Solution:  B is correct. Based on the carry arbitrage model, the forward price is F0(T) = 
s e0

(rc )t−γ . The future value of the underlying adjusted for carry, i.e., the dividend pay-
ments, over the next year would be 3,500e(0.0015−0.03)(3/12) = 3,475.15.
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Example 4  Equity Forward Pricing and Forward Valuation with 
Discrete Dividends

Suppose Nestlé common stock is trading for CHF70 and pays a CHF2.20 dividend in 
one month. Further, assume the Swiss one-month risk-free rate is 1.0%, quoted on an 
annual compounding basis. Assume that the stock goes ex-dividend the same day the 
single stock forward contract expires. Thus, the single stock forward contract expires in 
one month.

1.	 The one-month forward price for Nestlé common stock will be closest to:
A.	 CHF67.80.
B.	 CHF67.86.
C.	 CHF69.94.

2.	A n increase in which of the following parameters would result in an increase in the 
forward price?
A.	D ividends
B.	R isk-free interest rate
C.	E xpected future stock price

Solution to 1:  B is correct. In this case, we have S0 = 70, r = 1.0%, T = 1/12, and γT = 2.2. 
Therefore, F0(T) = FV0,T(S0 + θ0 − γ0) = FV0,T(S0) + FV0,T (θ0) − FV0,T (γ0) = 70(1 + 
0.01)1/12 + 0 − 2.2 = CHF67.86.

Solution to 2:  B is correct. The forward price is not influenced by the expected spot 
price. It solely reflects carry costs and carry benefits. Being a carry benefit, the increase 
in dividends reduces the forward price. Thus, in the answers above, only an increase in 
the risk-free rate will result in an increase in the forward price.

Example 5  Equity Forward Valuation

Suppose we bought a one-year forward contract at 102 and there are now three months 
to expiration. The underlying is currently trading for 110, and interest rates are 5% on 
an annual compounding basis.

1.	I f there are no other carry cash flows, the forward value of the existing contract will 
be closest to:
A.	 −10.00.
B.	 9.24.
C.	 10.35.

The value of an equity forward contract entered earlier is simply the present value of the 
difference in the initial forward price and the current forward price as illustrated in the next 
example.
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2.	I f a dividend payment is announced between the forward’s valuation and expiration 
dates, assuming the news announcement does not change the current underlying 
price, the forward value will most likely:
A.	 decrease.
B.	 increase.
C.	 be the same.

Suppose that instead of buying a forward contract, we buy a one-year futures 
contract at 102 and there are now three months to expiration. Today’s futures price is 
112.35. There are no other carry cash flows.

3.	A fter marking to market, the futures value of the existing contract will be closest to: 
A.	 −10.35.
B.	 0.00.
C.	 10.35.

4.	 Compared to the value of a forward contract, the value of a futures contract is most 
likely:
A.	 lower.
B.	 higher.
C.	 the same.

Solution to 1:  B is correct. For this case, we have F0(T) = 102, S0.75 = 110, r = 5%, and 
T − t = 0.25. Note that the new forward price at t is simply Ft(T) = FVt,T(St) = 110(1 + 
0.05)0.25 = 111.3499. Therefore, we have

Vt(T) = PVt,T[Ft(T) − F0(T)] = (111.3499 − 102)/(1 + 0.05)0.25 = 9.2365.

Thus, we see that the current forward value is greater than the difference between the 
current underlying value of 110 and the initial forward price of 102 as a result of interest 
costs resulting in the new forward price being 111.35.

Solution to 2: A  is correct. The old forward price is fixed. The discounted difference in 
the new forward price and the old forward price is the value. If we impose a new divi-
dend, it would lower the new forward price and thus lower the value of the old forward 
contract.

Solution to 3:  B is correct. Futures contracts are marked to market daily, which implies 
that the market value, resulting in profits and losses, is received or paid at each daily set-
tlement. Hence, the equity futures value is zero each day after settlement has occurred.

Solution to 4: A  is correct. After marking to market, the futures contract value is zero be-
cause profits and losses are taken daily. Thus, because we are long the futures or forward 
contract and the price has risen, the futures value will be lower than the forward value.

We turn now to the widely used interest rate forward and futures contracts.
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3.4. I nterest Rate Forward and Futures Contracts

Libor, which stands for London Interbank Offered Rate, is a widely used interest rate that 
serves as the underlying for many derivative instruments. It represents the rate at which Lon-
don banks can borrow from other London banks. When these loans are in dollars, they are 
known as Eurodollar time deposits, with the rate referred to as dollar Libor. There are, how-
ever, Libor rates for all major non-dollar currencies. Average Libor rates are derived and posted 
each day at 11:30 a.m. London time. Lenders and participants in the interest rate derivatives 
market use these posted Libor rates to determine the interest payments on loans and the pay-
offs of various derivatives.9 In addition to this London spot market, there are active forward 
and futures markets for derivatives based on Libor. Our focus will be on forward markets, as 
represented by forward rate agreements. In order to understand the forward market, however, 
let us first look at the Libor spot market. Assume the following notation:

	L i(m) = �Libor on an m-day deposit observed on day i
	NA  = notional amount, quantity of funds initially deposited
	NTD  = �number of total days in a year, used for interest calculations (always 360 in the 

Libor market)
	 tm = accrual period, fraction of year for m-day deposit—tm = m/NTD
	TA  = �terminal amount, quantity of funds repaid when the Libor deposit is 

withdrawn

For example, suppose day i is designated as Time 0, and we are considering a 90-day Euro-
dollar deposit (m = 90). Dollar Libor is quoted at 2%; thus, Li(m) = L0(90) = 0.02. If $50,000 
is initially deposited, then NA = $50,000. Libor is stated on an actual over 360-day count basis 
(often denoted ACT/360) with interest paid on an add-on basis.10 Hence, tm = 90/360 = 0.25. 
Accordingly, the terminal amount can be expressed as TA = NA[1 + L0(m)tm], and the interest 
paid is thus TA − NA = NA[L0(m)tm]. In this example, TA = $50,000[1 + 0.02(90/360)] = 
$50,250 and the interest is $50,250 − $50,000 = $250.

Now let us turn to the forward market for Libor. A forward rate agreement (FRA) is 
an over-the-counter (OTC) forward contract in which the underlying is an interest rate on a 
deposit. An FRA involves two counterparties: the fixed receiver (short) and the floating receiver 
(long). Thus, being long the FRA means that you gain when Libor rises. The fixed receiver 
counterparty receives an interest payment based on a fixed rate and makes an interest payment 
based on a floating rate. The floating receiver counterparty receives an interest payment based 
on a floating rate and makes an interest payment based on a fixed rate. If we are the fixed re-
ceiver, then it is understood without saying that we also are the floating payer, and vice versa. 
Because there is no initial exchange of cash flows, to eliminate arbitrage opportunities, the FRA 
price is the fixed interest rate such that the FRA value is zero on the initiation date.

9In 2008, financial regulators and many market participants began to suspect that the daily quoted Libor, 
which was compiled by the British Bankers Association (BBA), was being manipulated by certain banks 
that submitted their rates to the BBA for use in determining this average. In 2014, the BBA ceded control 
of the daily Libor reporting process to the Intercontinental Exchange.
10The add-on basis is one way to quote interest rates and the convention in the Libor market. The idea 
is that the interest is added on at the end—in contrast, for example, to the discount basis, in which the 
current price is discounted based on the amount paid at maturity.
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FRAs are identified in the form of “X × Y,” where X and Y are months and the multiplication 
symbol, ×, is read as “by.” To grasp this concept and the notion of exactly what is the underlying 
in an FRA, consider a 3 × 9 FRA, which is pronounced “3 by 9.” The 3 indicates that the FRA 
expires in three months. The underlying is implied by the difference in the 3 and the 9. That is, 
the payoff of the FRA is determined by six-month Libor when the FRA expires in three months. 
The notation 3 × 9 is market convention, though it can seem confusing at first. We will see short-
ly that the rate on the FRA will be determined by the relationship between the spot rate on a 
nine-month Libor deposit and the spot rate on a three-month deposit when the FRA is initiated. 
A short (long) FRA will effectively replicate going short (long) a nine-month Libor deposit and 
long (short) a three-month FRA deposit. And although market convention quotes the time peri-
ods as months, the calculations use days based on the assumption of 30 days in a month.

The contract established between the two counterparties settles in cash the difference 
between a fixed interest payment established on the initiation date and a floating interest pay-
ment established on the FRA expiration date. The underlying of an FRA is neither a financial 
asset nor even a financial instrument; it is just an interest payment. It is also important to 
understand that the parties to an FRA are not necessarily engaged in a Libor deposit in the spot 
market. The Libor spot market is simply the benchmark from which the payoff of the FRA is 
determined. Although a party may use an FRA in conjunction with a Libor deposit, it does 
not have to do so any more than a party that uses a forward or futures on a stock index has to 
have a position in the stock index.

In Exhibit 8, we illustrate the key time points in an FRA transaction. The FRA is created 
and priced at Time 0, the initiation date, and expires h days later. The underlying instrument 
has m days to maturity as of the FRA expiration date. Thus, the FRA is on m-day Libor. We 
assume there is a point during the life of the FRA, day g, at which we wish to determine the 
value of the FRA. So, for example, a 30-day FRA on 90-day Libor would have h = 30, m = 90, 
and h + m = 120. If we wanted to value the FRA prior to expiration, g could be any day be-
tween 0 and 30. The FRA value is the market value on the evaluation date and reflects the fair 
value of the original position.

Exhibit 8   Important FRA Dates, Expressed in Days from Initiation

Initiation
Date

Evaluation
Date

FRA
Expires

Underlying
Matures

0 g h

m

h + m

Using the notation in Exhibit 8, let FRA(0,h,m) denote the fixed forward rate set at Time 
0 that expires at Time h wherein the underlying Libor deposit has m days to maturity at ex-
piration of the FRA. Thus, the rate set at initiation of a contract expiring in 30 days in which 
the underlying is 90-day Libor is denoted FRA(0,30,90) and will be a number, such as 1% or 
2.5%. Like all standard forward contracts, no money changes hands when an FRA is initiated, 
so our objective is to price the FRA, meaning to determine the fixed rate [FRA(0,30,90)] such 
that the value is zero on the initiation date.

When any interest rate derivative expires, there are technically two ways to settle at expira-
tion: “advanced set, settled in arrears” and “advanced set, advanced settled.” FRAs are typically 
settled based on advanced set, advanced settled, whereas swaps and interest rate options are 
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normally based on advanced set, settled in arrears. Let us look at both approaches, because they 
are both used in the interest rate derivatives markets.

In the earlier example of a Libor deposit of $50,000 for 90 days at 2%, the rate was set 
when the money was deposited, interest accrued over the life of the deposit, and the inter-
est was paid and the principal of $50,250 was repaid at maturity, 90 days later. The term 
advanced set is used because the reference interest rate is set at the time the money is depos-
ited. The advanced set convention is almost always used, because most issuers and buyers of 
financial instruments want to know the rate on the instrument while they have a position in it.

In an FRA, the term “advanced” refers to the fact that the interest rate is set at Time h, 
the FRA expiration date, which is the time the underlying deposit starts. The term settled in 
arrears is used when the interest payment is made at Time h + m, the maturity of the under-
lying instrument. Thus, an FRA with advanced set, settled in arrears works the same way as a 
typical bank deposit as described in the previous example. At Time h, the interest rate is set, 
and the interest payment is made at Time h + m. Alternatively, when advanced settled is used, 
the settlement is made at Time h. Thus, in a FRA with the advanced set, advanced settled 
feature, the FRA expires and settles at the same time. Advanced set, advanced settled is almost 
always used in FRAs, though we will see advanced set, settled in arrears when we cover interest 
rate swaps, and it is also used in interest rate options. From this point forward in this reading, 
all FRAs will be advanced set, advanced settled, as they are in practice.

Mathematically, the settlement amounts for advanced set, advanced settled are deter-
mined in the following manner:

Settlement amount at h for receive-floating:

− +na{[l (m) fra(0,h,m)]t } / [1 d (m)t ]h m h m

Settlement amount at h for receive-fixed:

− +na{[fra(0,h,m) l (m)]t } / [1 d (m)t ]h m h m

Note the divisor, 1 + Dh(m)tm. This term is a discount factor applied to the FRA payoff. 
It reflects the fact that the rate on which the payoff is determined, Lh(m), is obtained on day 
h from the Libor spot market, which uses settled in arrears. In the Libor spot market, this rate 
assumes that a Libor deposit has been made on day h at this rate with interest to be paid on 
day h + m—that is, settled in arrears. In the FRA market, the payment convention is advanced 
settle. The discount factor is, therefore, appropriately applied to the FRA payment because the 
payment is received in advance, not in arrears. Often it is assumed that Dh(m) = Lh(m) and we 
will commonly do so here, but it can be different.11

Again, it is important to not be confused by the role played by the Libor spot market in an 
FRA. In the spot market, Libor deposits are made by various parties that are lending to banks. 

11For example, there is a current debate on whether the overnight index swap (OIS) rate is the appro-
priate discount rate for financial derivatives. Because Libor and the OIS rate are different, we need the 
capacity to incorporate different rates for the reference rate for settlement and the discount rate for valu-
ation. We do not seek to resolve this debate here. Historically, there have been several candidate discount 
rates offered, and the popularity of each rate changes over time.
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These rates are used as the benchmark for determining the payoffs of FRAs. The two par-
ties to an FRA do not necessarily engage in any Libor spot transactions. Moreover, Libor 
spot deposits are settled in arrears, whereas FRA payoffs are settled in advance—hence the 
discounting.

Example 6  Calculating Interest on Libor Spot and FRA Payments

In 30 days, a UK company expects to make a bank deposit of £10,000,000 for a period 
of 90 days at 90-day Libor set 30 days from today. The company is concerned about a 
possible decrease in interest rates. Its financial adviser suggests that it negotiate today, 
at Time 0, a 1 × 4 FRA, an instrument that expires in 30 days and is based on 90-day 
Libor. The company enters into a £10,000,000 notional amount 1 × 4 receive-fixed 
FRA that is advanced set, advanced settled. The appropriate discount rate for the FRA 
settlement cash flows is 0.40%. After 30 days, 90-day Libor in British pounds is 0.55%.

1.	 The interest actually paid at maturity on the UK company’s bank deposit will be 
closest to:
A.	 £10,000.
B.	 £13,750.
C.	 £27,500.

2.	I f the FRA was initially priced at 0.60%, the payment received to settle it will be 
closest to:
A.	 −£2,448.75.
B.	 £1,248.75.
C.	 £1,250.00.

3.	I f the FRA was initially priced at 0.50%, the payment received to settle it will be 
closest to:
A.	 −£1,248.75.
B.	 £1,248.75.
C.	 £1,250.00.

Solution to 1:  B is correct. This is a simple Libor deposit of £10,000,000 for 90 days at 
0.55%. Therefore, TA = 10,000,000[1 + 0.0055(0.25)] = £10,013,750. So the interest 
paid at maturity is £13,750.

Solution to 2:  B is correct. In this example, m = 90 (number of days in the deposit), 
tm = 90/360 (fraction of year until deposit matures observed at the FRA expiration 
date), and h = 30 (number of days initially in the FRA). The settlement amount of the 
1 × 4 FRA at h for receive-fixed is

NA{[FRA(0,h,m) − Lh(m)]tm}/[1 + Dh(m)tm]
= [10,000,000(0.0060 − 0.0055)(0.25)]/[1 + 0.0040(0.25)] = £1,248.75.

Because the FRA involves paying floating, its value benefited from a decline in rates.
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Solution to 3: A  is correct. The data are similar to those in the previous question, but the 
initial FRA rate was 0.50% and not 0.60%. Thus, the settlement amount of the 1 × 4 
FRA at h for receive-fixed is

NA{[FRA(0,h,m) − Lh(m)]tm}/[1 + Dh(m)tm]
= [10,000,000(0.0050 − 0.0055)(0.25)]/[1 + 0.0040(0.25)] = −£1,248.75

The FRA suffered from a rise in rates because it is again paying floating.

With this background, we turn to FRA pricing by illustrating the appropriate FRA(0,h,m) 
rate that makes the value of the FRA equal to zero on the initiation date. For our purposes, 
we assume that borrowing and lending can be done at Libor. Also, the notional amount is 
assumed to be one unit of the designated currency: NA = 1. Finally, we will assume that the 
discount rate on the FRA settlement is the FRA rate at that point in time.

Consider the following no-arbitrage strategy, depicted in Exhibit 9, in which numerical 
values are also provided as an aid to understanding the concepts. We illustrate a 3 × 6 FRA for 
which NA = 1, h = 90, m = 90, th = 90/360, L0(h) = L0(90) = 1.5%, th+m = 180/360, L0(h + 
m) = L0(180) = 2.0%, and tm = 90/360. That is, today 90-day Libor is 1.5% and 180-day Li-
bor is 2%. First, consider the following three arbitrage-related transactions all done at Time 0:

Step 1 �D eposit funds for h + m days: At Time 0, deposit an amount equal to 1/[1 + 
L0(h)th], the present value of 1 maturing in h days, in a bank for h + m days at 
an agreed upon rate of L0(h + m). After h + m days, withdraw an amount equal 
to [1 + L0(h + m)th+m]/[1 + L0(h)th]. Based on the data provided, the deposit 
amount is 1/[1 + 0.015(90/360)] = 0.996264. After h + m days, the withdrawn 
amount is equal to 0.996264[1 + 0.02(180/360)] = 1.006227. In other words, 
deposit 0.996264 for 180 days at 2%. One hundred eighty days later, withdraw 
1.006227.

Step 2 � Borrow funds for h days: At Time 0, borrow 0.996264, corresponding to 
{1/[1 + L0(h)th]}, for h days so that the net cash flow at Time 0 is zero. In h days, 
this borrowing will be worth 1. In other words, borrow 0.996264 for 90 days at 
1.5%. In 90 days, pay back 1.

Step 3 �A t Time h, roll over the maturing loan in Step 2 by borrowing funds for m days 
at the rate Lh(m). Assume rates rise and Lh(m) = 3.0%. Then at the end of m 
days, we will owe [1 + Lh(m)tm] = [1 + 0.03(90/360)] = 1.0075.

Recall the two rules of the arbitrageur: Rule #1: Do not use our own money. Rule #2: Do 
not take any price risk. In the transactions above, Rule #1 is satisfied. Unfortunately, Rule #2 
is not satisfied because the future value at Time h + m of the borrowed cash flows may be more 
than the asset cash flows. Note that the risk is that the rate Lh(m) will cause us to roll over the 
loan in Step 2 at a higher rate that more than offsets the gain from the loan we make in Step 1. 
This is the case here, because we will owe 1.0075 at the end of period m (Step 3) but will  
receive only 1.006227 from Step 1 if interest rates go up at Time h to 3%.

This risk can be eliminated by entering a receive-floating FRA on m-day Libor that expires 
at Time h and has the rate set at FRA(0,h,m). Now assume we roll the FRA payoff forward 
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from h to h + m by investing any gain or borrowing to cover any loss at the rate Lh(m). Let us 
assume the discount factor in the FRA payoff formula is 1 + Lh(m)tm. We see in Exhibit 9 that 
the following transaction enables us to satisfy Rule #2.

Step 4 �E nter a receive-floating FRA and roll the payoff at h to h + m at the rate Lh(m). 
The payoff at Time h will be ([Lh(m) − FRA(0,h,m)]tm)/(1 + Lh(m)tm). There 
will be no cash flow from this FRA at Time h because this amount will be rolled 
forward at the rate Lh(m)tm. Therefore, the value realized at Time h + m will be 
[Lh(m) − FRA(0,h,m)]tm.

Exhibit 9  Cash Flow Table for Deposit and Lending Strategy with FRA

Steps
Cash Flow at 

Time 0
Cash Flow 
at Time h Cash Flow at Time h + m

1. Make deposit for h + m days −1/[1 + L0(h)th] 
= −0.996264

0 +[1 + L0(h + m)th+m]/[1 + L0(h)th] 
= 1.006227

2. Borrow funds for h days +1/[1 + L0(h)th] 
= +0.996264

−1

3. Borrow funds for m days initiated 
at h

+1 −[1 + Lh(m)tm] = −1.0075

4. Receive-floating FRA and roll 
payoff at Lh(m) rate from h to h + m

0 0 +[Lh(m) − FRA(0, h, m)]tm 
= [0.03 − FRA(0,h,m)](90/360)

Net cash flows 0 0 +[1 + L0(h + m)th+m]/[1 + L0(h)
th] − [1 + Lh(m)tm] 

+[Lh(m) − FRA(0,h,m)]tm

Recall that the goal is to identify the appropriate FRA(0,h,m) rate that makes the 
value of the FRA equal to zero on the initiation date. The terminal cash flows as expressed 
in the table can be used to solve for the FRA fixed rate. Because the transaction starts off 
with no initial investment or receipt of cash, the net cash flows at Time h + m should equal 
zero; thus,

[1 l (h m)t ] / [1 l (h)t ]

[1 l (m)t ] [l (m) fra(0,h,m)]t 0
0 h m 0 h

h m h m

+ + + + −

+ + − =
+

Solving for the FRA fixed rate, we have

	 fra(0,h,m) {[1 l (h m)t ] / [1 l (h)t ] 1}/t0 h m 0 h m= + + + −+ 	 (5)

This equation looks complex, but it is really quite simple. In fact, it may well be quite 
familiar. It is essentially the compound value of $1 invested at the longer-term Libor for h + m 
days divided by the compound value of $1 invested at the shorter-term Libor for h days 
minus 1 and then annualized. The result is simply the forward rate in the Libor term structure. 
Recall that with simple interest, a one-period forward rate is found by solving the expression 
[1 + y(1)][1 + f(1)] = [1 + y(2)]2, where y denotes the one- and two-period yield to maturity 
and f denotes the forward rate in the next period. The equation above is similar but simply 
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addresses the unique features of add-on interest rate calculations. Based on the numbers used 
in the previous two tables, we note

FRA(0,90,90) = {[1 + L0(180)t180]/[1 + L0(90)t90] − 1}/t90

	 = {[1 + 0.02(180/360)]/[1 + 0.015(90/360)] − 1}/(90/360)
	 = 0.024907 or 2.49%.12

12The result given in this example can be compared with the result from a simple approximation tech-
nique. Notice that for this FRA, 90 is half of 180. Thus, we can use the simple arithmetic average 
equation—here, (1/2)1.5% + (1/2)X = 2.0%—and solve for the missing variable X: X = 2.5%. Knowing 
this approximation will always be biased slightly high, we know we are looking for an answer that is a 
little less than 2.5%. This is a nice way to check your final answer.

Example 7  FRA Fixed Rate

Based on market quotes on Canadian dollar (C$) Libor, the six-month C$ Libor and 
the nine-month C$ Libor are presently at 1.5% and 1.75%, respectively. Assume a 
30/360-day count convention. The 6 × 9 FRA fixed rate will be closest to:

A.	 2.00%.
B.	 2.23%.
C.	 2.25%.

Solution:  B is correct. Based on the information given, we know L(180) = 1.5% and 
L(270) = 1.75%. The 6 × 9 FRA rate is thus

FRA(0,h,m) = {[1 + L0(h + m)th+m]/[1 + L0(h)th] − 1}/tm

FRA(0,180,90) = {[1 + 0.0175(270/360)]/[1 + 0.015(180/360)] − 1}/(90/360)

FRA(0,180,90) = [(1.013125/1.0075) − 1]4 = 0.0223325, or 2.23%

We can now value an existing FRA using the same general approach as we did with the 
forward contracts previously covered; specifically, we can enter into an offsetting transaction at 
the new rate that would be set on an FRA that expires at the same time as our original FRA. 
By taking the opposite position, the new FRA offsets the old one. That is, if we are long the 
old FRA, we will receive the rate Lh(m) at h. We will go short a new FRA that will force us to 
pay Lh(m) at h. Consider the following strategy, illustrated in Exhibit 10, in which we again 
assume that NA = 1. Let us assume that we initiate an FRA that expires in 90 days and is based 
on 90-day Libor. The fixed rate at initiation is 2.49%. Thus, tm = 90/360, and FRA(0,h,m) = 
FRA(0,90,90) = 2.49%. When the FRA expires and makes its payoff, assume that we do not 
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collect or pay the payoff; instead, we roll it forward by lending it (if a gain) or borrowing it (if a 
loss) from period h to period h + m at the rate Lh(m). We then collect or pay the rolled forward 
value at h + m. Thus, there is no cash realized at Time h.

Now having entered into the long FRA with the intention of rolling the payoff forward, 
let us now position ourselves 30 days later, at Time g, at which there are 60 days remaining in 
the life of the FRA. Assume that at this point, the rate on an FRA based on 90-day Libor that 
expires in 60 days is 2.59%. Thus, FRA(g,h − g,m) = FRA(30,60,90) = 2.59%. We go short 
this FRA, and as with the long FRA, we roll forward its payoff from Time h to h + m. There-
fore, there is no cash realized from this FRA at Time h. This strategy is illustrated in Exhibit 10.

Exhibit 10  Cash Flows for FRA Valuation

Steps
Cash Flow 
at Time g

Cash Flow 
at Time h

Cash Flow 
at Time h + m

1. Receive-floating FRA (settled in 
arrears) at Time 0; roll forward at Rate 
Lh(m) from h to h + m

0 +{[Lh(m) − FRA(0,h,m)]tm} 
= +(Lh(m) − 0.0249)(90/360)

2. Receive-fixed FRA 
(settled in arrears) at Time g; roll 
forward at Rate Lh(m) from h to h + m

0 0 +[FRA(g,h − g,m) − Lh(m)]tm 
= +[0.0259 − Lh(m)](90/360)

Net cash flows 0 0 +[FRA(g,h − g,m) − FRA(0,h,m)]tm 
= +(0.0259 − 0.0249)(90/360) 

= 0.00025

To recap, the original FRA that we wish to value had its fixed rate set at 2.49% when it 
was initiated. Now, 30 days later, a new offsetting FRA can be created at 2.59%. The value of 
the offset position is 10 bps (2.59% − 2.49%) times 90/360 paid at Time h + m, assuming we 
roll the FRA payoffs forward. We will receive this amount at h + m, so it must be discounted 
back to Time g in order to obtain the value.

Because the cash flows at h + m are now known with certainty at g, this offsetting transaction 
at Time g has completely eliminated all of the risk at Time h + m. Our task, however, is to deter-
mine the fair value of the original FRA at Time g. Therefore, we need the present value of this Time 
h + m cash flow at Time g. That is, the value of the old FRA is the present value of the difference 
in the new FRA rate and the old FRA rate. Specifically, we let Vg(0,h,m) be the value of the FRA 
at Time g that was initiated at Time 0, expires at Time h, and is based on m-day Libor. Note that 
discounting will be over the period h + m − g. With Dg(h + m − g) as the discount rate, the value is

	
V (0,h,m)

{[fra(g,h g,m) fra(0,h,m)]t } / [1 d (h m g)t ]
g

m g h m g

=

− − + + − + −
	 (6)

where the new FRA rate is the formula we previously learned, simply applied to this new 
offsetting transaction:

FRA(g,h − g,m) = {[1 + Lg(h + m − g)th+m−g]/[1 + Lg(h − g)th−g] − 1}/tm

Thus, the date g value of the receive-floating FRA initiated at date 0 is merely the 
present value of the difference in FRA rates, one entered on date g and one entered on date 0. 
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Traditionally, it is assumed that the discount rate, Dg(h + m − g), is equal to the underlying 
floating rate, Lg(h + m − g), but that is not necessary.13 Let us assume a 60-day rate of 3% on 
day g. Thus, Lg(h − g) = L30(60) = 3%. Then the value of the FRA would be

Vg(0,h,m) = V30(0,90,90) = 0.00025/[1 + 0.03(60/360)] = 0.000249.

And of course, this amount is per notional of 1. Thus, the answer found here must be multi-
plied by the actual notional amount as demonstrated in the following example.

13Again, there is a current debate on whether the OIS rate should be used for discounting; hence, we may 
have a different discount rate, but in any case, that rate would be known at time g.

Example 8  FRA Valuation

Suppose we entered a receive-floating 6 × 9 FRA at a rate of 0.86%, with notional 
amount of C$10,000,000 at Time 0. The six-month spot Canadian dollar (C$) Libor 
was 0.628%, and the nine-month C$ Libor was 0.712%. Also, assume the 6 × 9 FRA 
rate is quoted in the market at 0.86%. After 90 days have passed, the three-month C$ 
Libor is 1.25% and the six-month C$ Libor is 1.35%, which we will use as the discount 
rate to determine the value at g. We have h = 180 and m = 90.

Assuming the appropriate discount rate is C$ Libor, the value of the original 
receive-floating 6 × 9 FRA will be closest to:

A.	 C$14,500.
B.	 C$14,625.
C.	 C$14,651.

Solution:  C is correct. Initially, we have L0(h) = L0(180) = 0.628%, L0(h + m) = 
L0(270) = 0.712%, and FRA(0,180,90) = 0.86%. After 90 days (g = 90), we have 
Lg(h − g) = L90(90) = 1.25% and Lg(h + m − g) = L90(180) = 1.35%. Interest rates 
rose during this period; hence, the FRA likely has gained value because the position is 
receive-floating. First, we compute the new FRA rate at Time g and then estimate the 
fair FRA value as the discounted difference in the new and old FRA rates. The new FRA 
rate at Time g, denoted FRA(g,h − g,m) = FRA(90,90,90), is the rate on day 90 of an 
FRA to expire in 90 days in which the underlying is 90-day Libor. That rate is found as

	FRA (g,h − g,m) = FRA(90,90,90)
	  = {[1 + Lg(h + m − g)th+m−g]/[1 + Lg(h − g)th−g] − 1}/tm,

and based on the information in this example, we have

FRA(90,90,90) = �{[1 + L90(180 + 90 − 90)(180/360)]/[1 + L90(180 − 90)(90/360)] 
− 1}/(90/360).
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Substituting the values given in this problem, we find

FRA(90,90,90) �= {[1 + 0.0135(180/360)]/[1 + 0.0125(90/360)] − 1}/(90/360)  
= [(1.00675/1.003125) − 1]4 = 0.0145, or 1.45%.

Therefore,

	 Vg(0,h,m) = V90(0,180,90)
	  = 10,000,000[(0.0145 − 0.0086)(90/360)]/[1 + 0.0135(180/360)]
	  = 14,651.

Again, floating rates rose during this period; hence, the FRA enjoyed a gain. Notice 
that the FRA rate rose by roughly 59 bps (= 145 − 86), and 1 bp for 90-day money and 
a 1,000,000 notional amount is 25. Thus, we can also estimate the terminal value as 10 × 
25 × 59 = 14,750. As with all fixed-income strategies, understanding the value of a basis 
point is often helpful when estimating profits and losses and managing the risks of FRAs.

We now turn to the specific features of various forward and futures markets. The same 
general principles will apply, but the specifics will be different.

3.5. F ixed-Income Forward and Futures Contracts

Fixed-income forward and futures contracts have several unique issues that influence the 
specifics of the carry arbitrage model. First, in some countries the prices of fixed-income 
securities (termed “bonds” here) are quoted without the interest that has accrued since the last 
coupon date. The quoted price is sometimes known as the clean price. Naturally, when buying 
a bond, one must pay the full price, which is sometimes called the dirty price, so the accrued 
interest is included. Nonetheless, it is necessary to understand how the quoted bond price and 
accrued interest compose the true bond price and the effect this convention has on derivative 
pricing. The quote convention for futures contracts, whether based on clean or dirty prices, 
usually corresponds to the quote convention in the respective bond market. In this section, we 
will largely treat forwards and futures the same, except in certain places where noted.

In general, accrued interest is computed based on the following linear interpolation 
formula:

	A ccrued interest = Accrual period × Periodic coupon amount, or

	AI  = (NAD/NTD) × (C/n)

where NAD denotes the number of accrued days since the last coupon payment, NTD denotes 
the number of total days during the coupon payment period, n denotes the number of coupon 
payments per year, and C is the stated annual coupon amount. For example, after two months 
(60 days), a 3% semi-annual coupon bond with par of 1,000 would have accrued interest of 
AI = (60/180) × (30/2) = 5. Note that accrued interest is expressed in currency (not percent) 
and the number of total days (NTD) depends on the coupon payment frequency (semi-annual 
on 30/360 day count convention would be 180).
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Second, fixed-income futures contracts often have more than one bond that can be deliv-
ered by the seller. Because bonds trade at different prices based on maturity and stated coupon, 
an adjustment known as the conversion factor is used in an effort to make all deliverable bonds 
roughly equal in price.

Third, when multiple bonds can be delivered for a particular maturity of a futures contract, a 
cheapest-to-deliver bond typically emerges after adjusting for the conversion factor. The conversion 
factor is a mathematical adjustment to the amount required when settling a futures contract that 
is supposed to make all eligible bonds equal the same amount. For example, the conversion factor 
may seek to adjust each bond to an equivalent 6% coupon bond. The conversion factor adjust-
ment, however, is not precise. Thus, the seller will deliver the bond that is least expensive.

For bond markets in which the quoted price includes the accrued interest and in which 
futures or forward prices assume accrued interest is in the bond price quote, the futures or for-
ward price simply conforms to the general formula we have previously discussed. Recall that 
the futures or forward price is simply the future value of the underlying in which finance costs, 
carry costs, and carry benefits are all incorporated or

	F 0(T) = Future value of underlying adjusted for carry cash flows
	  = FV0,T(S0 + θ0 − γ0)

Again, Time 0 is the forward contract trade initiation date, and Time T is the contract ex-
piration date. For the fixed-income bond, let T + Y denote the underlying instrument’s current 
time to maturity. Therefore, Y is the time to maturity of the underlying bond at Time T, when 
the contract expires. Let B0(T + Y) denote the quoted price observed at Time 0 of a fixed-rate 
bond that matures at Time T + Y and pays a fixed coupon rate. For bonds quoted without 
accrued interest, let AI0 denote the accrued interest at Time 0. The carry benefits are the bond’s 
fixed coupon payments, γ0 = PVCI0,T, meaning the present value of all coupon interest paid 
over the forward contract horizon from Time 0 to Time T. The corresponding future value of 
these coupons is γT = FVCI0,T. Finally, there are no carry costs, and thus θ0 = 0. To be consist-
ent with prior notation, we have

S0 = Quoted bond price + Accrued interest = B0(T + Y) + AI0

We could just insert this price into the previous equation, letting γ0 = PVCI0,T, and there-
by obtain the futures price the simple and traditional way. But fixed-income futures contracts 
often permit delivery of more than one bond and use a conversion factor system to provide 
this flexibility. In these markets, the futures price, F0(T), is defined here as the quoted futures 
price, QF0(T), times the conversion factor, CF(T). In fact, the futures contract settles against 
the quoted bond price without accrued interest. Thus, the total profit or loss on a long futures 
position is BT(T + Y) − F0(T). Based on our notation above, we can represent this profit or 
loss as (ST − AIT) − F0(T). Therefore, the fixed-income forward or futures price including the 
conversion factor, termed the “adjusted price,” can be expressed as14

	
f t Qf t Cf t

future value of underlying adjusted for carry cash flows
fV [s PVCi ] fV [B t Y ai PVCi ]

0 0

0,t 0 0,t 0,t 0 0 0,t

( ) ( ) ( )

( )

=
=
= − = + + −

	 (7)

14In this section, we will use the letter F to denote either the forward price or the futures price times the 
conversion factor.
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In other words, the actual futures price is F0(T), but in the market, the availability of 
multiple deliverable bonds gives rise to the adjustment factor. Hence, the price you would see 
quoted is QF0.

Recall that the bracketed term B0(T + Y) + AI0 − PVCI0,T is just the full spot price minus 
the present value of the coupons over the life of the forward or futures contract. The fixed-
income forward or futures price is thus the future value of the quoted bond price plus accrued 
interest less any coupon payments made during the life of the contract. Again, the quoted 
bond price plus the accrued interest is the spot price: It is in fact the price you would have to 
pay to buy the bond. Market conventions in some countries just happen to break this price out 
into the quoted price plus the accrued interest.

Now let us explore carry arbitrage in the bond market, assuming that accrued interest is 
broken out and that multiple bonds are deliverable, thereby requiring the use of the conversion 
factor. Consider the following transactions:

Step 1  Buy the underlying bond, requiring S0 cash flow.
Step 2  Borrow an amount equivalent to the cost of the underlying bond, S0.
Step 3 S ell the futures contract at F0(T).
Step 4  Borrow the arbitrage profit.

Exhibit 11 shows the cash flow consequences for this portfolio in which the futures price 
is not in equilibrium. Note that FVCI0,T denotes the future value as of Time T of any cou-
pons paid during the life of the futures contract. Again, for illustration purposes, we provide 
a numerical example: Suppose T = 0.25, CF(T) = 0.8, B0(T + Y) = 107 (the quoted price), 
FVCI0,T = 0.0 (meaning no coupon payments over the life of the contract), AI0 = 0.07 (the 
accrued interest at Time 0), AIT = 0.20 (the accrued interest at Time T), QF0(T) = 135 (the 
quoted futures price), and r = 0.2%. Thus, S0 = B0(T + Y) + AI0 = 107 + 0.07 = 107.07 (the full 
or spot price), and F0(T) = CF(T)QF0(T) = 0.8(135) = 108 (the adjusted price). At Time T, 
suppose BT(T + Y) = 110 and thus ST = BT(T + Y) + AIT = 110 + 0.20 = 110.20. Because 
FVCI0,T = 0.0, there are no coupons paid over the life of the futures. Note that the adjusted 
price, F0(T), is 108 whereas the future value adjusted for carry cash flows (Equation 7) is 
(107 + 0.07)(1.002)0.25 =107.12. Adding the accrued interest at expiration (AIT = 0.20) 
to the adjusted futures price gives 108.20. The difference between 108.20 and 107.12 is 
1.08, which means that the futures contract is overpriced by 1.08. Thus, the arbitrage will 
involve borrowing the arbitrage profit, which is the present value of 1.08, or 1.0795—that is, 
108(1.002)−0.25.

Exhibit 11  Cash Flows for Fixed-Rate Coupon Bond Futures Pricing

Steps Cash Flow at Time 0 Cash Flow at Time T

1. Buy bond −S0 = −[B0(T + Y) + AI0] 
= −[107 + 0.07] 

= −107.07

ST + FVCI0,T 
= 110.20 + 0.0 

= 110.20

2. Borrow +S0 = 107.07 −FV0,T(S0) 
= −(1+0.002)0.25(107.07) 

= −107.12

3. Sell futures 0 F0(T) − BT(T + Y) 
= 108 − 110 

= −2
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Steps Cash Flow at Time 0 Cash Flow at Time T

4. Borrow 
arbitrage profit

+PV0,T[F0(T) − FV0,T(S0) + AIT + FVCI0,T] 
= (1 + 0.002)−0.25[108 − 107.12 + 0.20 + 0.0] 

= 1.0795

−[F0(T) − FV0,T(S0) + AIT + 
FVCI0,T] 

= −[108 − 107.12 + 0.20 + 0.0] 
= −1.08

Net cash flows +PV0,T[F0(T) − FV0,T(S0) + AIT + FVCI0,T] 
=1.0795

0

Thus, the value of the Time 0 cash flows should be zero or else there is an arbitrage opportu-
nity. The numerical example provided shows a 1.0795 cash flow at Time 0 per bond. If the value 
in the Time 0 column for net cash flows is positive, then conduct the carry arbitrage of buy bond, 
borrow, and sell futures (again, termed carry arbitrage because the underlying is “carried”). If the 
Time 0 column is negative, then conduct the reverse carry arbitrage of short sell bond, lend, and 
buy futures (termed reverse carry arbitrage because the underlying is not carried but is sold short).

Thus, in equilibrium, to eliminate an arbitrage opportunity, we expect

PV0,T[F0(T) − FV0,T(S0) + AIT + FVCI0,T] = 0

or
F0(T) = FV0,T(S0) − AIT − FVCI0,T

For clarity, substituting for F0(T) and S0 and solving for the quoted futures price, we have

	
Qf (t) Conversion factor adjusted future

value of underlying adjusted for carry
[1/ Cf(t)]{fV [B (t Y) ai ] ai fVCi }

0

0,t 0 0 t 0,t

=

= + + − −
	 (8)

In the example above, we have

	 QF0(T) = [1/CF(T)]{FV0,T[B0(T + Y) + AI0] − AIT − FVCI0,T}
	  = (1/0.8)[(1 + 0.002)0.25(107 + 0.07) − 0.20 − 0.0] = 133.65

Note that the futures price of 135 used for calculations in Exhibit 11 was higher than the equi-
librium futures price of 133.65; hence, the arbitrage transaction of selling the futures contract 
resulted in a riskless positive cash flow.

Example 9  Estimating the Euro-Bund Futures Price

Euro-bund futures have a contract value of €100,000, and the underlying consists of 
long-term German debt instruments with 8.5 to 10.5 years to maturity. They are traded 
on the Eurex. Suppose the underlying 2% German bund is quoted at €108 and has ac-
crued interest of €0.083 (one-half of a month since last coupon). The euro-bund futures 
contract matures in one month. At contract expiration, the underlying bund will have 

Exhibit 11  (Continued)
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accrued interest of €0.25, there are no coupon payments due until after the futures con-
tract expires, and the current one-month risk-free rate is 0.1%. The conversion factor is 
0.729535. In this case, we have T = 1/12, CF(T) = 0.729535, B0(T + Y) = 108, FVCI0,T = 
0, AI0 = 0.5(2/12) = €0.083, AIT = 1.5(2/12) = 0.25, and r = 0.1%. The equilibrium 
euro-bund futures price based on the carry arbitrage model will be closest to:

A.	 €147.57.
B.	 €147.82.
C.	 €148.15.

Solution:  B is correct. The carry arbitrage model for forwards and futures is simply the 
future value of the underlying with adjustments for unique carry features. With bond 
futures, the unique features include the conversion factor, accrued interest, and any 
coupon payments. Thus, the equilibrium euro-bund futures price can be found using 
the carry arbitrage model in which

F0(T) = FV0,T(S0) − AIT − FVCI0,T

or

QF0(T) = [1/CF(T)]{FV0,T[B0(T + Y) + AI0] − AIT − FVCI0,T}

Thus, we have

QF0(T) = [1/0.729535][(1 + 0.001)1/12(108 + 0.083) − 0.25 − 0] = 147.82

In equilibrium, the euro-bund futures price should be approximately €147.82 
based on the carry arbitrage model.

Because of the mark-to-market settlement procedure, the value of a bond futures is es-
sentially the price change since the previous day’s settlement. That value is captured at the 
settlement at the end of the day, at which time the value of a bond futures contract, like other 
futures contracts, is zero.

We now turn to the task of estimating the fair value of the bond forward contract at a 
point in time during its life. Forwards are not settled daily, so the value is not formally realized 
until expiration. Suppose the first transaction is buying an at-market bond forward contract at 
Time 0 with expiration of Time T. Now consider selling a new bond forward contract at Time 
t again with expiration of Time T. Exhibit 12 shows the potential cash flows. Because this is a 
bond forward contract, we assume either no conversion factor or effectively a conversion factor 
of 1. Suppose now BT(T + Y) = 108, F0(T) = 107.12, and Ft(T) = 107.92.
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Exhibit 12  Cash Flows for Offsetting a Long Forward Position

Steps
Cash Flow 
at Time 0

Cash Flow 
at Time t Cash Flow at Time T

1. Buy bond forward contract 
at 0

0 Vt(T) VT(0,T) = BT(T + Y) − F0(T) 
= 108 − 107.12 = 0.88

2. Sell bond forward contract 
at t

NA 0 VT(t,T) = Ft(T) − BT(T + Y) 
= 107.92 − 108 = −0.08

Net cash flows 0 Vt(T) Ft(T) − F0(T) 
= 107.92 − 107.12 = 0.8

Note that the net position from these bond forward transactions is risk free. It is inde-
pendent of the underlying bond value, BT(T + Y). Therefore, the forward value observed at 
Time t of a Time T maturity bond forward contract is simply the present value—denoted 
PVt,T()—of the difference in forward prices. That is,

Vt(T) = Present value of difference in forward prices = PVt,T[Ft(T) − F0(T)]

Based on our example in the table and assuming T − t = 0.1 and r = 0.15%, we have 
Vt(T) = (107.92 − 107.12)/(1 + 0.0015)0.1 = 0.79988. Note that this is the same result as the 
generic case with a simple conversion factor adjustment. Recall that the conversion factor is an 
adjustment to make all bonds roughly equal in value.

Example 10  Estimating the Value of a Euro-Bund Forward 
Position

Suppose that one month ago, we purchased five euro-bund forward contracts with two 
months to expiration and a contract notional of €100,000 each at a price of 145 (quoted 
as a percentage of par). The euro-bund forward contract now has one month to expi-
ration. Again, assume the underlying is a 2% German bund quoted at 108 and has 
accrued interest of 0.0833 (one-half of a month since last coupon). At the contract 
expiration, the underlying bund will have accrued interest of 0.25, there are no coupon 
payments due until after the forward contract expires, and the current annualized one-
month risk-free rate is 0.1%.

Based on the current forward price of 148, the value of the euro-bund forward 
position will be closest to:

A.	 €2,190.
B.	 €14,998.
C.	 €15,000.
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Solution:  B is correct. Because we are given both forward prices, the solution is simply

Vt(T) = PVt,T[Ft(T) − F0(T)] = (148 − 145)/(1 + 0.001)1/12 = 2.9997

which is 2.9997 per €100 par value because this forward price was quoted as a per-
centage of par. Because five contracts each with €100,000 par were entered, we have 
0.029997(€100,000)5 = €14,998.50. Note that when interest rates are so low and the 
forward contract has a short maturity, then the present value effect is minimal.

3.6.  Currency Forward and Futures Contracts

Currency derivative contracts require careful attention to the unit of value. For example, if we 
are discussing bond futures, then the underlying is perceived in currency per unit of par value. 
If we are trading gold futures, then the quotation will be in currency per troy ounce. If trading 
a common stock, then it will be in currency per share. When trading currency itself, great care 
must be taken to know which currency is the base currency. When quoting an exchange rate, 
we will say that the foreign currency is trading for a certain number of units of domestic cur-
rency. For example, we could say, “The euro is trading for $1.30,” meaning that €1 is worth 
$1.30. We use the shorthand notation of DC/FC to refer to the price of one unit of foreign 
currency expressed in terms of domestic currency units when embedded in an equation.15 
With currency, perspective makes a significant difference. Thus, when pricing and valuing cur-
rency forwards and futures contracts, a clear perspective requires considerable care. The carry 
arbitrage model with foreign exchange presented here is also known as covered interest rate 
parity and sometimes just interest rate parity.

Recall that currency forward contracts are agreements to exchange one currency for an-
other on a future date at an exchange rate the counterparties agree on today. One approach to 
pricing is based on a forward exchange rate satisfying an arbitrage relationship that equates the 
investment return on two alternative but equivalent investment strategies. We illustrate these 
two strategies assuming the domestic currency is British pounds (£) and the foreign currency 
is the euro (€).

Strategy #1: 
We simply invest one currency unit in a domestic risk-free bond. Thus, at Time T, we have 
the original investment grossed up at the domestic interest rate or the future value of 1DC, 
denoted FV(1DC). For example, the future value at Time T of this strategy can be expressed 
as FV£,T(1), given British pounds as the domestic currency.

Strategy #2: 
We engage in three simultaneous transactions termed steps here. In Step 1, the domestic cur-
rency is converted at the current spot exchange rate, S0(FC/DC), into the foreign currency 
(FC). At this point, 1 domestic currency unit is being converted to the foreign currency; 

15Some practitioners prefer to express the discussion here as FC/DC, contradicting normal mathematics 
as well as contradicting standard market quotations, such as $ per bushel of wheat or $ per ounce of gold.
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hence, we use S0(FC/DC) generically or S0(€/£) in our example. Note that the final answer 
will express the spot exchange rate as the reciprocal 1/S0(FC/DC) = S0(DC/FC). In Step 2, 
FC is invested at the foreign risk-free rate until Time T. For example, the future value at 
Time T of this strategy can be expressed as FV€,T(1), given that the euro is the foreign cur-
rency. In Step 3, a forward foreign exchange contract is entered to sell the foreign currency 
at Time T in exchange for domestic currency with the forward rate denoted F0(DC/FC,T). 
So, for example, F0(£/€,T) is the rate on a forward commitment at Time 0 to sell one euro 
for British pounds at Time T. This transaction can be looked at as being short the euro in 
pound terms or being long the pound in euro terms for delivery at Time T.

We are examining two ways to invest British pounds at Time 0, and both strategies should 
result in the same value in domestic currency units at Time T. If not, then an arbitrage oppor-
tunity exists. Remember that the current spot exchange rate, S0(£/€), is the number of British 
pounds for one euro. Again, in our example, FV£,T(1) denotes the future value of one British 
pound and FV€,T(1) denotes the future value of one euro.16 Based on the two strategies, the 
value at Time T follows:

Strategy 1. Future value at Time T of investing £1: FV£,T(1)
Strategy 2. Future value at Time T of investing £1: F0(£/€,T)FV€,T(1)S0(€/£)

Assuming both strategies lead to the same number of British pounds at Time T, we have 
FV£,T(1) = F0(£/€)FV€,T(1)S0(€/£). Note that S0(£/€) = 1/S0(€/£), simply reflecting the 
reciprocal of the exchange rate. Thus, solving for the forward foreign exchange rate, the for-
ward rate can be expressed as

	
f (£ €,t) future value of spot exchange rate adjusted for foreign rate

fV (1) /[fV (1)s (€/£)] s (£/€)fV (1) / fV (1)
0

£,t €,t 0 0 £,t €,t

=
= = 	 (9)

The carry adjustment, though it looks different, is similar to what we did in other 
carry models. In the numerator, we have simply the future value of the spot exchange rate. 
Rather than subtracting the carry benefit of foreign interest—the euro here—we divide by 
the future value of one euro, based on the euro interest rate. The effect is similar: The higher 
the foreign interest rate, the greater the benefit, and hence, the lower the forward or futures 
price will be.

If the two strategies result in different values at Time T, then the arbitrageur would buy 
the strategy offering the higher value at Time T and sell the strategy offering the lower value 
at Time T. This arbitrage activity would result in no cash flow today and positive cash flow at 
expiration. As with previous examples, we could borrow the arbitrage profit today and pay the 
loan back when the profit is captured at T.

16Note that the interest could be compounded annually, continuously, or by any other method at this 
point; hence, we use the generic future value specification.
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Example 11  Pricing Forward Foreign Exchange Contracts

Suppose the current spot exchange rate, S0(£/€), is £0.792 (what 1€ is trading for in £). 
Further assume that the annual compounded annualized risk-free rates are 1% for the 
British pound and 0.3% for the euro.

1.	 The arbitrage-free one-year foreign exchange forward rate, F0(£/€,T) (expressed as 
the number of £ per 1€), will be closest to:
A.	 0.792.
B.	 0.794.
C.	 0.798.

2.	N ow suppose the foreign exchange forward rate, F0(£/€,T), is observed to be below 
the foreign exchange spot rate, S0(£/€). Based on the carry arbitrage model, com-
pared to British interest rates, the eurozone interest rate will most likely be:
A.	 lower.
B.	 higher.
C.	 the same.

Solution to 1:  C is correct. Based on the information given, we have S0(£/€) = 0.792, 
T = 1 year, r£ = 1.0%, and r€ = 0.3% (both with annual compounding). Therefore,

F0(£/€,1) = S0(£/€)FV£,1(1)/FV€,1(1) = 0.792(1 + 0.01)1/(1 + 0.003)1 = 0.798,

or £0.798/€.

Solution to 2:  B is correct. Note that if we observe that F0(£/€,T) is smaller than S0(£/€), 
then the carry arbitrage model provides a simple explanation: The British interest rate 
is lower than the eurozone interest rate. Based on the carry arbitrage model, foreign 
exchange forward rates solely reflect interest-related carry costs. Specifically, F0(£/€,T) < 
S0(£/€) if and only if r£ < r€.

Note that the future value expressions in Equation 9 are in the same pattern as the spot 
exchange rate. If the spot exchange rate is expressed as 1€ is trading for £—denoted S0(£/€) 
and F0(£/€,T)—then the future value ratio is FV£,T(1)/FV€,T(1). If we assume annual com-
pounding and denote the risk-free rates r£ and r€, respectively, we have

F0(£/€,T) = S0(£/€)(1 + r£)T/(1 + r€)T (Annually compounded version)

If we assume continuous compounding and denote these risk-free rates in domestic (UK) 
and eurozone as r£,c and r€,c, respectively, we have

F0(£/€,T) = S0(£/€) e(r£,c r€,c )t−  (Continuously compounded version)

To summarize, we identify several ways we get tripped up in understanding currency for-
ward and futures contracts. First, if we let DC denote generically domestic currency and FC 
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denote generically foreign currency, then there are two representations of the carry arbitrage 
model based on S0(FC/DC) = 1/S0(DC/FC) and F0(FC/DC) = 1/F0(DC/FC). If we assume 
annual compounding, we have either

f (dC/fC,t) s (dC/fC)
(1 r )
(1 r )0 0

dC
t

fC
t=

+
+

 or f (fC/dC,t) s (fC/dC)
(1 r )
(1 r )0 0

fC
t

dC
t=

+
+

A good way to remember this relationship is that the interest rate in the numerator should 
be the rate for the country whose currency is specified in the spot rate quote. Thus, if the spot 
rate quote is in euros, the numerator should be the euro interest rate. Then the interest rate in 
the denominator is the rate in the other country.

Second, interest rates can be quoted in a wide variety of ways, including annual com-
pounding (previous equation) and continuous compounding (following equation).

f (dC/fC,t) s (dC/fC)e0 0
(rdC,c rfC,c )t= −  or f (fC/dC,t) s (fC/dC)e0 0

(rfC,c rdC,c )t= −

Here, likewise, the currency quote should match the first interest rate. Thus, if the spot 
rate is quoted in euros, then the first interest rate in the exponential will be the euro rate.

In equilibrium, F0(£/€,T) = S0(£/€)FV£(1)/FV€(1); otherwise, positive future cash flow 
can be generated with no initial investment, which is an arbitrage profit.

We now turn to the task of estimating the fair value of the foreign exchange forward con-
tract. The forward value, based on arbitrage, can best be understood by referring to Exhibit 13. 
Suppose the first transaction is buying a foreign exchange forward contract at Time 0 with 
expiration of Time T. Now consider selling a new foreign exchange forward contract at Time t 
also with expiration of Time T. Exhibit 13 shows the potential cash flows again using British 
pounds (£) as the domestic currency and euros (€) as the foreign currency. Suppose T = 1, T − t = 
0.5, F0(£/€,T) = 0.804, Ft(£/€,T) = 0.901, ST(£/€) = 1.2, and r£,t = 1.2%. In other words, six 
months ago we bought a forward contract at 0.804, and the new forward price is 0.901.

Exhibit 13  Cash Flows for Offsetting a Long Forward Position

Steps
Cash Flow 
at Time 0

Cash Flow 
at Time t

Cash Flow 
at Time T

1. Buy forward contract at 0 0 Vt(T) VT(0,T) = ST(£/€) − F0(£/€,T) 
= 1.2 − 0.804 = 0.396

2. Sell forward contract at t NA 0 VT(t,T) = Ft(£/€,T) − ST(£/€) 
= 0.901 − 1.2 = −0.299

Net cash flows 0 Vt(T) +Ft(£/€,T) − F0(£/€,T) 
= 0.901 − 0.804 = 0.097

Note that the net position is again risk free. Therefore, the forward value observed at t of 
a T maturity forward contract is simply the present value of the difference in foreign exchange 
forward prices. That is,

	
V (t) Present value of the difference in forward prices

PV [f (£/€,t) f (£/€,t)]
t

£,t,t t 0

=
= − 	 (10)

Based on our numerical example, we have Vt(T) = (0.901 − 0.804)/(1 + 0.012)0.5 = £0.0964/€.
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Example 12  Computing the Foreign Exchange Forward  
Contract Value

A corporation sold €10,000,000 against a British pound forward at a forward rate of £0.8000 
for €1 at Time 0. The current spot market at Time t is such that €1 is worth £0.7500, and 
the annually compounded risk-free rates are 0.80% for the British pound and 0.40% for 
the euro. Assume at Time t there are three months until the forward contract expiration.

1.	 The forward price Ft(£/€,T) at Time t will be closest to:
A.	 0.72.
B.	 0.74.
C.	 0.75.

2.	 The value of the foreign exchange forward contract at Time t will be closest to:
A.	 £492,000.
B.	 £495,000.
C.	 £500,000.

Solution to 1:  C is correct. Note that the forward price at Time t is

	F t(£/€,T) = St(£/€)FV£,t,T(1)/FV€,t,T(1)
	  = 0.75(1 + 0.008)0.25/(1 + 0.004)0.25

	  = 0.7507.

Solution to 2: A  is correct. The value per euro to the seller of the foreign exchange fu-
tures contract at Time t is simply the present value of the difference between the initial 
forward price and the £/€ forward price at Time t or

	 Vt(T) = PV£,t,T[F0(£/€,T) − Ft(£/€,T)]
	  = (0.8000 − 0.7507)/(1 + 0.008)0.25

	  = £0.0492 per euro.

Note that the corporation has an initial short position, so the short position of 
a €10,000,000 notional amount has a positive value of €10,000,000(£0.0492/€) = 
£492,000 for the corporation because the forward rate fell between Time 0 and Time t.

We conclude this section with observations on the similarities and differences between 
forward and futures contracts.

3.7.  Comparing Forward and Futures Contracts

For every market considered here, the carry arbitrage model provides an approach for both 
pricing and valuing forward contracts. Recall the two generic expressions:

F0(T) = FV0,T(S0 + θ0 − γ0) (Forward pricing)

Vt(T) = PVt,T[Ft(T) − F0(T)] (Forward valuation)
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Carry costs (θ0) increase the forward price, and carry benefits (γ0) decrease the forward 
price. The arbitrageur is carrying the underlying, and costs increase the burden whereas bene-
fits decrease the burden. The forward value can be expressed as either the present value of the 
difference in forward prices or as a function of the current underlying price adjusted for carry 
cash flows and the present value of the initial forward price.

Futures prices are generally found using the same model, but futures values are different 
because of the daily marking to market. Recall that the futures values are zero at the end of each 
day because profits and losses are taken daily.

In summary, the carry arbitrage model provides a compelling way to price and value 
forward and futures contracts. In short, the forward or futures price is simply the future 
value of the underlying adjusted for any carry cash flows. The forward value is simply the 
present value of the difference in forward prices at an intermediate time in the contract. 
The futures value is zero after marking to market. We turn now to pricing and valuing 
swaps.

4.  Pricing and Valuing Swap Contracts

Based on the foundational materials in the last section on using the carry arbitrage model for 
pricing and valuing forward and futures contracts, we now apply this approach to pricing and 
valuing swap contracts. Swap contracts can be synthetically created by either a portfolio of 
underlying instruments or a portfolio of forward contracts. We focus here solely on the port-
folio of underlying instruments approach.

We consider a receive-floating and pay-fixed interest rate swap. The swap will involve a 
series of n future cash flows at points in time represented simply here as 1, 2, ..., n. Let Si de-
note the generic floating interest rate cash flow based on some underlying, and let FS denote 
the cash flow based on some fixed interest rate. We assume that the last cash flow occurs at the 
swap expiration. Exhibit 14 shows the cash flows of a generic swap. Later we will let Si denote 
the floating cash flows tied to currency movements or equity movements.

Exhibit 14  Generic Swap Cash Flows: Receive-Floating, Pay-Fixed

Initiation
Date S

n–1
 – FSS

2
 – FSS

1
 – FS

Swap
Expiration

S
n
 – FS

0 1 2 nn – 1

We again will rely on the arbitrage approach for determining the pricing of a swap. This 
procedure involves finding the fixed swap rate such that the value of the swap at initiation 
is zero. Recall that the goal of the arbitrageur is to generate positive cash flows with no risk 
and no investment of one’s own capital. Thus, it is helpful to be able to synthetically create 
a swap with a portfolio of other instruments. A receive-floating, pay-fixed swap is equiva-
lent to being long a floating-rate bond and short a fixed-rate bond. Assuming both bonds 
were purchased at par, the initial cash flows are zero and the par payments at the end offset 
each other. Thus, the fixed bond payment should be equivalent to the fixed swap payment. 
Exhibit 15 shows the view of a swap as a pair of bonds. Note that the coupon dates on the 
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bonds match the settlement dates on the swap and the maturity date matches the expiration 
date of the swap.17

Exhibit 15  Receive-Floating, Pay-Fixed as a Portfolio of Bonds

Initiation
Date

Swap

S
n–1

 – FSS
2
 – FSS

1
 – FS

Swap
Expiration

S
n
 – FS

0 1 2 nn – 1

Variable Rate Bond S
n–1

S
2

S
1

S
n

Fixed Rate Bond FSFSFS FS

Par

Par

0 1 2 nn – 1

+

–

As futures contracts can be viewed as marketable forward contracts, swaps can also be viewed 
as a portfolio of futures contracts.18 In addition, because a single forward contract can be viewed 
as a portfolio of a call and a put option, a swap can also be viewed as a portfolio of options.19

Market participants often use swaps to transform one series of cash flows into another. For 
example, suppose that because of the relative ease of issuance, REB, Inc. sells a fixed-rate bond 
to investors. Based on careful analysis of the interest rate sensitivity of the company’s assets, 
REB’s leadership deems a Libor-based variable rate bond to be more appropriate. By entering 
a receive-fixed, pay-floating interest rate swap, REB can create a synthetic floating-rate bond, 
as illustrated in Exhibit 16. REB issues fixed-rate bonds and thus must make periodic fixed-
rate-based payments, denoted FIX. REB then enters a receive-fixed (FIX) and pay-floating 
(FLT) interest rate swap. The two fixed rate payments cancel, leaving on net the floating-rate 
payments. Thus, we say that REB has created a synthetic floating-rate loan.

Exhibit 16   REB’s Synthetic Floating-Rate Bond Based on Fixed-Rate Bond Issuance with 
Receive-Fixed Swap

FIX
FIX

FLT

Bond
Investors

REB, Inc.
Swap

Counterparty

17As with all derivative instruments, there are numerous technical details that have been simplified here. 
We will explore some of these details shortly.
18In practice, futures have standardized characteristics, so there is rarely a set of futures contracts that can 
perfectly replicate a swap.
19For example, a long forward contract is equivalent to a long call and a short put with the strike price 
equal to the forward price.
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The example in Exhibit 16 is for a swap in which the underlying is an interest rate. There 
are also currency swaps and equity swaps. Currency swaps can be used in a similar fashion, but 
the risks being addressed are both interest rate and currency exposures. Equity swaps can also 
be used in a similar fashion, but the risk being addressed is equity exposure.

Swaps have several technical nuances that can have a significant influence on pricing 
and valuation. Differences in payment frequency and day count methods often have a 
material impact on pricing and valuation. Another difficult issue is identifying the appro-
priate discount rate to apply to the future cash flows. We turn now to examining three 
types of swap contracts—interest rate, currency, and equity—with a focus on pricing and 
valuation.

4.1. I nterest Rate Swap Contracts

One approach to pricing and valuing interest rate swaps is based on a pair of bonds. We first 
need to introduce some basic notation and typical structures. It is important to understand 
that because they are OTC products in which the characteristics are agreed upon by the coun-
terparties, swaps can be designed with an infinite number of variations. For example, a plain 
vanilla Libor-based interest rate swap can involve different frequencies of cash flow settlements 
and day count conventions. In fact, a swap can have both semi-annual payments and quarterly 
payments, as well as actual day counts and day counts based on 30 days per month. Also, the 
notional amount can vary across the maturities, such as would occur when aligning a swap 
with an amortizing loan. Thus, it is important to build in our models the flexibility to handle 
these variations and issues. Unless stated otherwise, we will assume the notional amounts are 
all equal to one (NA = 1); hence, we do not consider amortizing swaps here. Swap values per 
1 notional amount can be simply multiplied by the actual notional amount to arrive at the 
swap’s fair market value.

Interest rate swaps have two legs, typically a floating leg (FLT) and a fixed leg (FIX). The 
floating leg cash flow (denoted Si to be consistent with other underlying instruments) can be 
expressed as

s Cf aP r
nad
ntd

ri flt,i flt,i flt,i
flt,i

flt,i
flt,i= = =





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and the fixed leg cash flow (denoted FS) can be expressed as

fs Cf aP r
nad
ntd

rfix,i fix,i fix
fix,i

fix,i
fix= = =





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where CFi simply reminds us that our focus is on cash flows, APi denotes the accrual period, 
rFLT,i denotes the observed floating rate appropriate for Time i, NADi denotes the number of 
accrued days during the payment period, NTDi denotes the total number of days during the 
year applicable to cash flow i, and rFIX denotes the fixed swap rate. The accrual period accounts 
for the payment frequency and day count methods. The two most popular day count methods 
are known as 30/360 and ACT/ACT. As the name suggests, 30/360 treats each month as hav-
ing 30 days, and thus a year has 360 days. ACT/ACT treats the accrual period as having the 
actual number of days divided by the actual number of days in the year (365 or 366). Finally, 
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the convention in the swap market is that the floating interest rate is assumed to be advanced 
set and settled in arrears; thus, rFLT,i is set at the beginning of period i and paid at the end.20 
If we assume constant accrual periods, the receive-fixed, pay-floating net cash flow can be 
expressed as

fs s aP(r r )i fix flt,i− = −

and the receive-floating, pay-fixed net cash flow can be expressed as

s fs aP(r r )i flt,i fix− = −

As a simple example, if the fixed rate is 5%, the floating rate is 5.2%, and the accrual 
period is 30 days based on a 360 day year, the payment of a receive-fixed, pay-floating swap is 
calculated as (30/360)(0.05 − 0.052) = −0.000167 per notional of 1. Because the floating rate 
exceeds the fixed rate, the party that pays floating (and receives fixed) would pay this amount to 
the party that receives floating (and pays fixed). In other words, there is only a single payment 
made from one party to the other.

We now turn to swap pricing. Exhibit 17 shows the cash flows for an interest rate swap 
along with a pair of bonds each with the same par amount.21 Suppose the arbitrageur enters 
a receive-fixed, pay-floating interest rate swap with some initial value V. Because we are ex-
ploring the equilibrium fixed swap rate, we do not first assume the swap value is in fact zero 
or in equilibrium. Because this swap will lose value when floating rates rise, the arbitrageur 
purchases a variable rate bond whose value is denoted VB—satisfying Rule #2 of not taking 
any risk. Note that the terms of the variable rate bond are selected to match exactly the float-
ing payments of the swap. To satisfy Rule #1 of not spending money, a fixed-rate bond is sold 
short—equivalent to borrowing funds—with terms to match exactly the fixed payments of 
the swap.

Exhibit 17  Cash Flows for Receive-Fixed Swap Hedge with Bonds

Steps Time 0 Time 1 Time 2 ... Time n

1. Receive fixed swap −V +FS − S1 +FS − S2 ... +FS − Sn

2. Buy floating-rate bond −VB +S1 +S2 … +Sn + Par

3. Short sell fixed-rate bond +FB −FS −FS ... −(FS + Par)

Net cash flows −V − VB + FB 0 0 0 0

20Often, interest rate swaps are used to convert floating-rate loans to synthetic fixed rate loans. These 
floating-rate loans are advanced set, settled in arrears. Otherwise, while interest is accruing, we have 
no idea what rate is being applied until the end. Thus, with advanced set, settled in arrears, the interest 
begins accruing at a known rate and then the interest is paid at the end of the period, whereupon the 
interest rate is reset once again.
21The underlying bonds have a designated par value on which their interest payments are based, whereas 
swaps are based on a notional amount that is never paid. The notional amount determines the size of 
the swap interest payments. Thus, a swap is like an offsetting pair of bonds with interest payments but 
no principal payments. In general, the notional amount of the swap will equal the par value of the un-
derlying bonds.
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Thus, the fixed coupon such that the floating-rate bond price equals the fixed-rate bond 
price is the equilibrium fixed swap rate. That is, in equilibrium we must have −V − VB + FB = 0 
or else there is an arbitrage opportunity. For a receiver of a fixed rate and payer of a floating 
rate, the value of the swap is

	 V = Value of fixed bond − Value of floating bond = FB − VB 	 (11)

The value of a receive-fixed, pay-floating interest rate swap is simply the value of buying a 
fixed-rate bond and issuing a floating-rate bond.22 If we further stipulate that pricing the swap 
means to determine the fixed rate such that the value of the swap at initiation is zero, then the 
value of the fixed bond must equal the value of the floating bond.

The value of a floating-rate bond, assuming we are on a reset date and the interest payment 
matches the discount rate, is par, assumed to be 1 here. The value of a fixed bond is as follows:

	F ixed bond rate: fB C PV (1) PV (1)0,ti
i 1

n

0,tn∑= +
=

	 (12)

where C denotes the coupon amount for the fixed-rate bond and PV (1)0,ti
 is the appropriate 

present value factor for the ith fixed cash flow.
Based on the value of these bonds and noting that the fixed coupon amount is equivalent 

to the fixed swap rate, rFIX, we obtain the swap pricing equation:

	S wap pricing equation: r
1 PV (1)

PV (1)
fix

0,tn

0,ti
i 1

n

∑
=

−

=

	 (13)

The fixed swap rate is simply one minus the final present value term divided by the sum of 
present values. Therefore, one interpretation of the fixed swap rate is that it should be equal to 
the fixed rate on a par bond, which is the ratio one minus the present value of the final cash 
flow all divided by an annuity.23

The fixed swap leg cash flow for a unit of notional amount is simply the fixed swap rate 
adjusted for the accrual period, or FSi = APFIX,irFIX. Alternatively, the annualized fixed swap 
rate is equal to the fixed swap leg cash flow divided by the fixed rate accrual period, or rFIX,i = 
FS/APFIX,i. Note that if the accrual period varies across the swap payments, then the fixed swap 
payment will also vary. Thus, when relevant, a subscript i will be used. Often the fixed leg 
accrual period is constant; hence, the subscript can be safely omitted.

22In Exhibit 17, the trades illustrated in Steps 2 and 3 are synthetically creating an offsetting position; 
hence, the floating bond is purchased and the fixed bond is short sold.
23The denominator of Equation 13 is simply the sum of the present values of receiving one currency unit 
on each payment date or an annuity.
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Example 13  Solving for the Fixed Swap Rate Based on Present 
Value Factors

Suppose we are pricing a five-year Libor-based interest rate swap with annual resets 
(30/360 day count). The estimated present value factors, PV 10,ti

( ), are given in the 
following table.

Maturity 
(years)

Present Value 
Factors

1 0.990099

2 0.977876

3 0.965136

4 0.951529

5 0.937467

The fixed rate of the swap will be closest to:

A.	 1.0%.
B.	 1.3%.
C.	 1.6%.

Solution:  B is correct. Note that the sum of present values is

PV 1 0.990099 0.977876 0.965136 0.951529 0.937467
4.822107

0,ti
i 1

n

∑ ( ) = + + + +
==

Therefore, the solution for the fixed swap rate is

r
1 PV (1)

PV (1)

1 0.937467
4.822107fix

0,tn

0,ti
i 1

n

∑
=

−
=

−

=

 = 0.012968, or 1.2968%

We now turn to interest rate swap valuation. Following a similar pattern as forward con-
tracts, Exhibit 18 shows the cash flows for a receive-fixed interest rate swap initiated at Time 0 
but that needs to be valued at Time t expressed per unit of the underlying currency. We achieve 
this valuation through entering an offsetting swap—receive-floating, pay-fixed. The floating 
sides offset, leaving only the difference in the fixed rates. We assume n′ remaining cash flows. 
At Time t, the swap value is represented as the funds need to generate the appropriate future 
cash flows.
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Exhibit 18  Cash Flows for Receive-Fixed Swap Valued at Time t

Steps Time t Time 1 Time 2 ... Time n′

1. Receive fixed swap (Time 0) −V +FS0 − S1 +FS0 − S2 ... +FS0 − Sn’

2. Receive floating swap (Time t) 0 S1 − FSt S2 − FSt ... Sn’ − FSt

Net cash flows −V FS0 − FSt FS0 − FSt ... FS0 − FSt

Thus, the value of a fixed rate swap at some future point in Time t is simply the sum of the 
present value of the difference in fixed swap rates times the stated notional amount (denoted 
NA), or

	 V na(fs fs ) PV0 t t,ti
i 1

n

∑= −
=

′
	 (14)

It is important to be clear on which side this value applies. The rate FS0 is the fixed rate 
established at the start of the swap and goes to the party receiving fixed. Thus, when Equation 14 
with FS0 having a positive sign is used, it provides the value to the party receiving fixed. The 
negative of this amount is the value to the fixed rate payer.

The examples illustrated here show swap valuation only on a payment date. If a swap is 
being valued between payment dates, some adjustments are necessary. We do not pursue this 
topic here.

Example 14  Solving for the Swap Value Based on Present Value 
Factors

Suppose two years ago we entered a €100,000,000 seven-year receive-fixed Libor-based 
interest rate swap with annual resets (30/360 day count). The fixed rate in the swap 
contract entered two years ago was 2%. Again, the estimated present value factors, 
PV (1)0,ti

, are repeated from the previous example.

Maturity 
(years)

Present Value 
Factors

1 0.990099

2 0.977876

3 0.965136

4 0.951529

5 0.937467

From the previous example, we know the current equilibrium fixed swap rate is 1.3% 
(two years after the swap was originally entered).
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1.	 The value (in thousands) for the party receiving the fixed rate will be closest to:
A.	 −€5,000.
B.	 €3,375.
C.	 €4,822.

2.	 The value (in thousands) for the party in the swap receiving the floating rate will be 
closest to:
A.	 −€4,822.
B.	 −€3,375.
C.	 €5,000.

Solution to 1:  B is correct. Recall the sum of present values is 4.822107. Thus, the swap 
value per dollar notional is

V (fs fs ) PV

(0.02 0.013)4.822107
0.03375

0 t t,ti
i 1

n

∑= −

= −
=

=

′

Thus, the swap value is €3,375,000.

Solution to 2:  B is correct. The equivalent receive-floating swap value is simply the 
negative of the receive-fixed swap value.

4.2.  Currency Swap Contracts

A currency swap is a contract in which two counterparties agree to exchange future interest 
payments in different currencies. These interest payments can be based on either a fixed interest 
rate or a floating interest rate. Thus, with the addition of day count options and payment fre-
quencies, there are many different ways to set up a currency swap. There are four major types of 
currency swaps: fixed-for-fixed, floating-for-fixed, fixed-for-floating, and floating-for-floating.

Currency swaps come in a wide array of types and structures. We review a few key features. 
First, currency swaps often but not always involve an exchange of notional amounts at both 
the initiation of the swap and at the expiration of the swap. Second, the payment on each leg 
of the swap is in a different currency unit, such as euros and Japanese yen, and the payments 
are not netted. Third, each leg of the swap can be either fixed or floating. To understand the 
pricing and valuation of currency swaps, we need a general approach that is flexible enough to 
handle each of these situations. We first focus on the fixed-for-fixed currency swaps with a very 
simple structure and only then consider other variations.

Currency swap pricing has three key variables: two fixed interest rates and one notional 
amount. Pricing a currency swap involves solving for the appropriate notional amount in one 
currency, given the notional amount in the other currency, as well as two fixed interest rates 
such that the currency swap value is zero at initiation. Because one notional amount is given, 
there are three swap pricing variables.
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Because we are focused on fixed-for-fixed currency swaps, we need notation that reflects 
the different generic currency units. Thus, we let k = a and b to reflect two different currency 
units, such as euros and yen. Letters are used rather than numbers to avoid confusion with 
calendar time. The value of a fixed-rate bond in Currency k can be expressed generically as

fB C PV (1) PV (Par )k k 0,ti ,k 0,tn ,k k
i 1

n

∑= +
=

where k = a or b, Ck denotes the periodic fixed coupon amount in Currency k, PV (1)0,ti ,k
i 1

n

∑
=

 

denotes the present value from Time 0 to Time ti discounting at the Currency k risk-free rate, 
and Park denotes the k currency unit par value. We do not assume par equals 1 because the 
notional amounts are typically different in each currency within the currency swap.

Exhibit 19 shows the cash flows for a fixed-for-fixed currency swap along with an offset-
ting pair of fixed-rate bonds. In this case, notice that the two bonds are in different curren-
cies.24 We assume the arbitrage cash flows will be evaluated in currency unit a. Therefore, all 
cash flows are converted to Currency a in the cash flow table based on the exchange rate denot-
ed Si—expressed as the number of units of Currency a for one unit of Currency b at Time i. 
We again ignore the technical nuances and assume the same accrual periods on both legs of the 
swap. Note that all the future cash flows, expressed in Currency a, are zero because the coupon 
rates on the fixed-rate bonds were selected to equal the fixed swap rates. Because we are demon-
strating swap pricing, we do not assume the currency swap is initially valued correctly; hence, 
V can be either positive or negative. We initially use a negative sign, because an investment 
usually involves negative cash flows. We assume the par value of each bond is the same as the 
notional amount of each leg of the swap. From the arbitrageur’s perspective, whether there is 
an exchange of notional amounts on the initiation date is not relevant because this exchange 
will be done at the current foreign exchange rate, and hence, it will have a fair value of zero. It 
is important, however, that this exchange of notional amounts is done at expiration. Because 
the swap notional amounts differ between the two currencies, it would be confusing to express 
these results per unit of Currency a. Therefore, each leg of the swap is assumed to have different 
notional amounts, but Para = NAa and Parb = NAb in order to achieve zero cash flow at Time n.

Exhibit 19  Cash Flows for Currency Swap Hedged with Bonds

Steps Time 0 Time 1 Time 2 ... Time n

1. Enter currency swap −Va +FSa − S1FSb +FSa − S2FSb ... +FSa + NAa 
− Sn(FSb + NAb)

2. Short sell bond in Currency a +FBa(Ca = FSa) −FSa −FSa … −(FSa + Para)

3. Buy bond in Currency b −S0FBb(Cb = FSb) +S1FSb +S2FSb ... +Sn(FSb + Parb)

Net cash flows −Va + FBa − S0FBb 0 0 0 0

Based on this table, in equilibrium we must have

−Va + FBa − S0FBb = 0

24Technically, we build these portfolios such that the initial value in each currency is par.
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and the fixed-for-fixed currency swap value is

Va = FBa − S0FBb

or else there is an arbitrage opportunity. Notice that the two-bond approach allows the ar-
bitrageur to avoid having to convert one currency into another in the future. This approach 
mitigates all future currency exposure and basically identifies the current exchange rate that 
makes the value of the two bonds equal. Remember that the exchange rate S0 is the number of 
Currency a units for one unit of Currency b at Time 0; thus, S0FBb is expressed in Currency 
a units.

Exhibit 20 provides a simple illustration of an at-market 10-year receive-fixed US$ and 
pay-fixed € swap, for which the annual reset coupon amount in US dollars is US$10 with par 
of US$1,300 and the annual reset coupon amount in euros is €9 with par of €1,000. Both 
bonds are assumed to be trading at par and have a 10-year maturity. This exhibit assumes a 
current spot exchange rate (S0) at which €1 trades for US$1.3, and selected future spot ex-
change rates are S1 = $1.5, S2 = $1.1, and S10 = $1.2. These future spot exchange rates are used 
to illustrate the conversion of future euro cash flows into US dollars, but notice that the cash 
flows are all zero regardless of the future spot exchange rates. In other words, we could have 
used any numbers for S1, S2, and S10.

Exhibit 20  Numerical Example of Currency Swap Hedged with Bonds

Steps Time 0 Time 1 Time 2 ... Time 10

1. Enter currency 
swap

0 +$10 − 
($1.5/€)€9  

= −$3.5

+$10 − 
($1.1/€)€9  

= $0.1

... +$10 + $1,300 
−($1.2/€)(€9 + €1,000) 

= $99.2

2. Short sell US 
dollar bond

+$1,300 −$10 −$10 … −($10 + $1,300)

3. Buy euro bond −($1.3/€)€1,000 +($1.5/€)€9 +($1.1/€)€9 ... +($1.2/€)(€9 + €1,000)

Net cash flows 0 0 0 0 0

Clearly, if the initial swap value is not at market or zero, then there are arbitrage opportu-
nities. If the initial swap value is positive, then this set of transactions would be implemented. 
If the initial swap value is negative, then the opposite set of transactions would be implement-
ed. Specifically, enter a pay-US dollar, receive-euro swap, buy Currency a bonds, and short 
sell Currency b bonds. As before, the swap value after initiation is a simple variation of the 
expression above—specifically,

Va = FBa − S0FBb = 1,300 − 1.3(1,000) = 0

Note further that Ca = FSa and Cb = FSb are fixed swap payment amounts stipulated in 
the currency swap. One way to find the equilibrium currency swap price (that is, the two fixed 
rates) is to identify the initial coupon rates (C0,a and C0,b) such that the two bonds trade at 
par—specifically,

FBa(C0,a,Para) = Para
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and

FBb(C0,b,Parb) = Parb

In equilibrium, the notional amounts of the two legs of the currency swap are NAb = Parb 
and NAa = Para = S0Parb. That is, one first decides the par value desired in one currency and 
then solves for the implied notional amount in the other currency.

The goal is to determine the fixed rates of the swap such that the current swap value is 
zero; then we have

FBa(C0,a,Para) = S0FBb(C0,b,Parb)

Because the fixed swap rate does not depend on the notional amounts, the fixed swap rates 
are found in exactly the same manner as the fixed interest rate swap rate. For emphasis, we 
repeat the equilibrium fixed swap rate equations for each currency:

r
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PV (1)
fix,a

0,tn ,a

0,ti ,a
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n
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=

and
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−

=

	 (15)

Again, the fixed swap rate in each currency is simply one minus the final present value term 
divided by the sum of present values. We need to be sure that the present value terms are ex-
pressed on the basis of the appropriate currency.

We illustrate currency swap pricing with spot rates by way of an example.

Example 15  Currency Swap Pricing with Spot Rates

A US company needs to borrow 100 million Australian dollars (A$) for one year for 
its Australian subsidiary. The company decides to issue US-denominated bonds in an 
amount equivalent to A$100 million. Then the company enters into a one-year currency 
swap with quarterly reset (30/360 day count) and the exchange of notional amounts at 
initiation and at maturity. At the swap’s initiation, the US company receives the no-
tional amount in Australian dollars and pays to the counterparty the notional amount 
in US dollars. At the swap’s expiration, the US company pays the notional amount 
in Australian dollars and receives from the counterparty the notional amount in US 
dollars. Based on interbank rates, we observe the following spot rates today, at Time 0:
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Days to 
Maturity

A$ Spot Interest 
Rates (%)

US$ Spot Interest 
Rates (%)

  90 2.50 0.10

180 2.60 0.15

270 2.70 0.20

360 2.80 0.25

Assume that the counterparties in the currency swap agree to an A$/US$ spot exchange 
rate of 1.140 (expressed as number of Australian dollars for US$1).

1.	 The annual fixed swap rates for Australian dollars and US dollars, respectively, will 
be closest to:
A.	 2.80% and 0.10%.
B.	 2.77% and 0.25%.
C.	 2.65% and 0.175%.

2.	 The notional amount (in US$ millions) will be closest to:
A.	 88.
B.	 100.
C.	 114.

3.	 The fixed swap quarterly payments in the currency swap will be closest to:
A.	A $692,000 and US$55,000.
B.	A $220,000 and US$173,000.
C.	A $720,000 and US$220,000.

Solution to 1:  B is correct. We first find the PV factors and then solve for the fixed 
swap rates. The present value expression based on spot rates (not forward rates) is 

PV (1)
1

1 r
nad
ntd

0,ti

spoti
i

=
+ 



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. Spot rates cover the entire period from 0 to ti, unlike 

forward rates, which cover incremental periods. Based on the data given, we construct the 
following present value data table. The calculations are shown to the sixth decimal place 
in an effort to minimize rounding error. Rounding differences may occur in the solutions.

Days to 
Maturity

A$ Spot 
Interest Rates 

(%)
Present Value 

(A$1)

US$ Spot 
Interest Rates 

(%)
Present Value 

(US$1)

  90 2.50 0.993789a 0.10 0.999750

180 2.60 0.987167 0.15 0.999251b

270 2.70 0.980152 0.20 0.998502

360 2.80 0.972763 0.25 0.997506

  Sum: 3.933870 Sum: 3.995009

a A$0.993789 = 1/[1 + 0.0250(90/360)].
b US$0.999251 = 1/[1 + 0.00150(180/360)].
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Therefore, the Australian dollar periodic rate is

	 rFIX.AUD = 
1 PV (1)

PV (1)

1 0.972763
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	  = 0.00692381 or 0.692381%

and the US dollar periodic rate is

	 rFIX.USD = 
1 PV (1)

PV (1)

1 0.997506
3.995009

0,t4 ,usd
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	  = 0.00062422 or 0.062422%

The annualized rate is simply (360/90) times the period results: 2.7695% for 
Australian dollars and 0.2497% for US dollars.

Solution to 2: A  is correct. The US dollar notional amount is calculated as A$100 million 
divided by the current spot exchange rate at which US$1 dollar trades for A$1.1400. 
This exchange is equal to US$87,719,298 (= A$100,000,000/1.14).

Solution to 3: A  is correct. The fixed swap payments in currency units equal the peri-
odic swap rate times the appropriate notional amounts. From the answers to 1 and 2, 
we have

	FS A$ = NAA$(AP)rFIX,A$

	  = A$100,000,000(90/360)(0.027695)
	  = A$692,375

and

	FS US$ = NAUS$(AP)rFIX,US$

	  = US$87,719,298(90/360)(0.002497) 
	  = US$54,759.

Therefore, one approach to pricing currency swaps is to view the swap as a pair of fixed-
rate bonds. The main advantage of this approach is that all foreign exchange considerations 
are moved to the initial exchange rate. We do not need to address future foreign currency 
transactions. Also, note that a fixed-for-floating currency swap is simply a fixed-for-fixed 
currency swap paired with a floating-for-fixed interest rate swap. Also, we do not technically 
“price” a floating-rate swap, because we do not designate a single coupon rate, and the value 
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of such a swap is par on any reset date. Thus, we have the capacity to price any variation of 
currency swaps.

We now turn to currency swap valuation. Recall that with currency swaps, there are two 
main sources of risk: interest rates and exchange rates. Exhibit 21 shows the cash flows from 
three transactions. Note this exhibit is similar to the currency swap pricing exhibit, but the 
currency swap was initiated at Time 0 and here we are evaluating it at Time t. Step 1 shows 
the cash flows for a fixed-for-fixed currency swap expressed in units of Currency a. Step 2 is 
borrowing or short selling a bond in Currency a to generate sufficient funds to exactly offset 
the currency swap cash flows that are in units of Currency a. Step 3 is lending or buying a bond 
in Currency b to generate sufficient funds to exactly offset the currency swap cash flows that 
are in units of Currency b. The net cash flows at each future point in time are zero. Recall that 
Si denotes the spot exchange rate in units of Currency a for each unit of Currency b at Time ti. 
Thus, StFSb,0 is the value of the Currency b fixed cash flow expressed in Currency a at Time t. 
From a value perspective, FSb,0 is equivalent in value in Currency b to StFSb,0 in Currency a. 
Hence, the future net cash flows are all zero.

Exhibit 21  Cash Flows for Currency Swap Hedged with Bonds

Steps Time t Time 1 Time 2 ... Time n′

1. Currency swap −Va +FSa,0 − S1FSb,0 +FSa,0 − S2FSb,0 ... +FSa,0 + NAa,0 
− Sn′(FSb,0 + NAb,0)

2. Short sell bond (a) +FBa −FSa,0 −FSa,0 ... −(FSa,0 + NAa,0)

3. Buy bond (b) −StFBb +S1FSb,0 +S2FSb,0 ... −Sn′(FSb,0 + NAb,0)

Net cash flows 0 0 0 0

The value of a fixed-for-fixed currency swap at some future point in time, Time t, is simply 
the difference in a pair of fixed-rate bonds, one expressed in Currency a and one expressed in 
Currency b. To express the bonds in the same currency units, we convert the Currency b bond 
into units of Currency a through a spot foreign exchange transaction. Hence, we have

	 Va = FBa − S0FBb

	  = fs PV na PV s fs PV na PVa,0 t,ti ,a a,0 t,tn ,a
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Note that the fixed swap amount (FS) is the per-period fixed swap rate times the notional 
amount. Therefore, the currency swap valuation equation can be expressed as
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Example 16  Currency Swap Valuation with Spot Rates

This example builds on the previous example addressing currency swap pricing. Recall 
that a US company needed to borrow 100 million Australian dollars (A$) for one year 
for its Australian subsidiary. The company decided to borrow in US dollars (US$) an 
amount equivalent to A$100 million by issuing US-denominated bonds. The company 
entered into a one-year currency swap with quarterly reset (30/360 day count) and 
exchange of notional amounts at initiation and at maturity. At the swap’s expiration, 
the US company pays the notional amount in Australian dollars and receives from the 
counterparty the notional amount in US dollars. The fixed rates were 2.7695% for 
Australian dollars and 0.2497% for US dollars. The notional amount in US dollars was 
US$87,719,298.

Assume 60 days have passed and we observe the following market information:

Days to 
Maturity

A$ Spot 
Interest Rates 

(%)
Present Value 

(A$1)

US$ Spot 
Interest Rates 

(%)
Present Value 

(US$1)

  30 2.00 0.998336 0.50 0.999584

120 1.90 0.993707 0.40 0.998668

210 1.80 0.989609 0.30 0.998253

300 1.70 0.986031 0.20 0.998336

  Sum: 3.967683 Sum: 3.994841

The currency spot exchange rate is now A$1.13 for US$1.
The current value to the US company of the currency swap entered into 60 days 

ago will be closest to:

A.	 −AD$2,000,000.
B.	AD $2,000,000.
C.	 −AD$2,145,200.

Solution:  C is correct. Based on the data given, the currency swap value to the US 
company is

	 Va = ∑ ∑



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
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	 = �−100,000,000[0.00692381(3.967683) + 0.986031] + 1.13(87,719,298) 
[0.00062422(3.994841) + 0.998336]

	  = −2,145,200

In other words, the value of the payments to be made exceeds the value of the 
payments to be received by this amount. This value incorporates the change in the 
exchange rate and changes in interest rates in both countries since the start of the swap.
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4.3. E quity Swap Contracts

Drawing on our prior definition of a swap, we define an equity swap in the following manner: 
An equity swap is an OTC derivative contract in which two parties agree to exchange a series 
of cash flows whereby one party pays a variable series that will be determined by an equity and 
the other party pays either (1) a variable series determined by a different equity or rate or (2) 
a fixed series. An equity swap is used to convert the returns from an equity investment into 
another series of returns, which, as noted, either can be derived from another equity series or 
can be a fixed rate. Equity swaps are widely used in equity portfolio investment management 
to modify returns and risks.

We examine three types of equity swaps: receive-equity return, pay-fixed; receive-equity 
return, pay-floating; and receive-equity return, pay-another equity return. Like interest rate 
swaps and currency swaps, there are several unique nuances for equity swaps. We highlight 
just a few. First, the underlying reference instrument for the equity leg of an equity swap can 
be an individual stock, a published stock index, or a custom portfolio. Second, the equity leg 
cash flow can be with or without dividends. Third, all the interest rate swap nuances exist with 
equity swaps that have a fixed or floating interest rate leg.

We focus here on viewing an equity swap as a portfolio of an equity position and a bond. 
The equity swap cash flows can be expressed as follows:

NA(Equity return − Fixed rate) (for receive-equity, pay-fixed),
NA(Equity return − Floating rate) (for receive-equity, pay-floating), and
NA(Equity returna − Equity returnb) (for receive-equity, pay-equity),

where a and b denote different equities. Note that an equity-for-equity swap can be viewed 
simply as a receive-equity a, pay-fixed swap combined with a pay-equity b, receive-fixed swap. 
The fixed payments cancel out, and we have synthetically created an equity-for-equity swap.

Example 17  Equity Swap Cash Flows

Suppose we entered into a receive-equity index and pay-fixed swap. It is quarterly reset, 
30/360 day count, €5,000,000 notional amount, pay-fixed (1.6% annualized, quarterly 
pay, or 0.4% per quarter).

1.	I f the equity index return was 4.0% for the quarter (not annualized), the equity 
swap cash flow will be closest to:
A.	 −€220,000.
B.	 −€180,000.
C.	 €180,000.

2.	I f the equity index return was −6.0% for the quarter (not annualized), the equity 
swap cash flow will be closest to:
A.	 −€320,000.
B.	 −€180,000.
C.	 €180,000.
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Solution to 1:  C is correct. Note that the equity index return is reported on a quarterly 
basis. It is not an annualized number. The fixed leg is often reported on an annual 
basis. Thus, one must carefully interpret the different return conventions. In this case, 
receive-equity index counterparty cash flows are as follows:

€5,000,000(0.04 − 0.004) = €180,000 (Receive 4%, pay 0.4% for the quarter)

Solution to 2: A  is correct. Similar to 1, we have

€5,000,000(−0.06 − 0.004) = −€320,000 (Receive −6%, pay 0.4% for the quarter)

When the equity leg of the swap is negative, then the receive-equity counterparty must 
pay both the equity return as well as the fixed rate (or whatever the payment terms are). 
Note, also, that equity swaps may cause liquidity problems. As seen here, if the equity 
return is negative, then the receive-equity return, pay-floating or pay-fixed swap may 
result in a large negative cash flow.

The cash flows for the equity leg of an equity swap can be expressed as

=s na ri e ei

where r ei
 denotes the periodic return of the equity either with or without dividends as speci-

fied in the swap contract and NAE denotes the notional amount. The cash flows for the fixed 
interest rate leg of the equity swap are the same as those of an interest rate swap, or

FS = NAEAPFIXrFIX

where APFIX denotes the accrual period for the fixed leg for which we assume the accrual peri-
od is constant and rFIX here denotes the fixed rate on the equity swap.

For equity swaps, the equity position could be a wide variety of claims, including the 
return on a stock index with or without dividends and the return on an individual stock 
with or without dividends. For our objectives here, we ignore the influence of dividends by 
assuming the equity swap leg assumes all dividends are reinvested in the equity position.25 
The equity leg of the swap is produced by selling the equity position on a reset date and 
reinvesting the original equity notional amount, leaving a remaining balance that is the cash 
flow required of the equity swap leg.26 Exhibit 22 shows the cash flows from an equity swap 
arbitrage transaction.

25The arbitrage transactions for an equity swap when dividends are not included are extremely complex 
and beyond our objectives.
26Technically, we just sell off any equity value in excess of NAE or purchase additional shares to return the 
equity value to NAE, effectively generating Si.
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Exhibit 22  Cash Flows for Receive-Fixed Equity Swap Hedged with Equity and Bond

Steps Time 0 Time 1 Time 2 ... Time n

1. Enter equity swap −V +FS − S1 +FS − S2 ... +FS − Sn

2. Buy NAE equity −NAE +S1 +S2 … +Sn + NAE

3. Short sell fixed-rate bond +FB(C = FS) −FS −FS ... −(FS + Par)

4. Borrow arbitrage profit −PV(Par − NAE) Par − NAE

Net cash flows −V − NAE + FB 
− PV(Par − NAE)

0 0 0 0

Let us examine the Time 1 cash flow. The equity swap is receive-fixed, pay-equity. For 
Step 1, if the equity-related cash flow S1 is less than the fixed-leg cash flow, then the swap gen-
erates a positive cash flow to this counterparty. For Step 2, the cash flow is simply the cash flow 
related to the equity movement and dividends, if applicable. Essentially, if the position value 
is greater than NAE, then the excess value is sold off, but if the position value is less than NAE, 
then an additional equity position is acquired. For Step 3, the short bond position requires the 
payment of coupons. Note that these coupons, by construction, equal the fixed leg cash flows. 
The sum of these three transactions is always zero.

Note the final cash flow for the long position in the equity includes the final sale of the 
underlying equity position. The final periodic return on the equity plus the original equity 
value will equal the proceeds from the final sale of the underlying equity position. Note that for 
the terminal cash flows to equal zero, we must either set the bond par value to equal the initial 
equity position or finance this difference. In this case, the bond par value could be different 
from the notional amount of equity. Therefore, in equilibrium, we have −V − NAE + FB − 
PV(Par − NAE) = 0, and hence, the equity swap value is V = −NAE + FB − PV(Par − NAE).

The fixed swap rate can be expressed as the rFIX rate such that FB0 = NAE + PV(Par − 
NAE). Note that assuming NAE = Par = 1,

r
1 PV (1)

PV (1)
fix

0,tn

0,ti
i 1

n

∑
=

−

=

You should recognize that the pricing of an equity swap is identical to the pricing of a 
comparable interest rate swap even though the future cash flows are dramatically different. If 
the swap required a floating payment, there would be no need to price the swap, as the floating 
side effectively prices itself at par automatically at the start. If the swap involves paying one eq-
uity return against another, there would also be no need to price it. You could effectively view 
this arrangement as paying equity a and receiving a fixed rate as specified above and receiving 
equity b and paying the same fixed rate. The fixed rates would cancel.

Valuing an equity swap after the swap is initiated (Vt) is similar to valuing an interest rate 
swap except that rather than adjust the floating-rate bond for the last floating rate observed 
(remember, advanced set), we adjust the value of the notional amount of equity, or

	 Vt = FBt(C0) − (St/St−)NAE − PV(Par − NAE) 	 (17)

where FBt(C0) denotes the Time t value of a fixed-rate bond initiated with coupon C0 at Time 
0, St denotes the current equity price, St− denotes the equity price observed at the last reset 
date, and PV() denotes the present value function from Time t to the swap maturity time.
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Example 18  Equity Swap Pricing

In Examples 13 and 14 related to interest rate swaps, we considered a five-year, annual 
reset, 30/360 day count, Libor-based swap. The following table provides the present 
values per €1.

Maturity 
(years)

Present Value 
Factors

1 0.990099

2 0.977876

3 0.965136

4 0.951529

5 0.937467

Assume an annual reset Libor floating-rate bond trading at par. The fixed rate was previ-
ously found to be 1.2968%. Given these same data, the fixed interest rate in the EURO 
STOXX 50 equity swap is closest to:

A.	 0.0%.
B.	 1.1%.
C.	 1.3%.

Solution:  C is correct. The fixed rate on an equity swap is the same as that on an interest 
rate swap or 1.2968% as in Example 13. That is, the fixed rate on an equity swap is 
simply the fixed rate on a comparable interest rate swap.

Example 19  Equity Swap Valuation

Suppose six months ago we entered a receive-fixed, pay-equity five-year annual reset 
swap in which the fixed leg is based on a 30/360 day count. At the time the swap was 
entered, the fixed swap rate was 1.5%, the equity was trading at 100, and the notional 
amount was 10,000,000. Now all spot interest rates have fallen to 1.2% (a flat term 
structure), and the equity is trading for 105.

1.	 The fair value of this equity swap is closest to:
A.	 −300,000.
B.	 −500,000.
C.	 500,000.
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2.	 The value of the equity swap will be closest to zero if the stock price is:
A.	 100.
B.	 102.
C.	 105.

Solution to 1: A  is correct. Because we have not yet passed the first reset date, there are 
five remaining cash flows for this equity swap. The fair value of this swap is found by 
solving for the fair value of the implied fixed-rate bond. We then adjust for the equity 
value. The fixed rate of 1.5% results in fixed cash flows of 150,000 at each settlement. 
Applying the respective present value factors, which are based on the new spot rates of 
1.2%, gives us the following:

Date 
(in years)

Present Value 
Factors (PV)

Fixed Cash 
Flow

PV(Fixed 
Cash Flow)*

0.5 0.994036 150,000 149,105

1.5 0.982318 150,000 147,348

2.5 0.970874 150,000 145,631

3.5 0.959693 150,000 143,954

4.5 0.948767 10,150,000 9,629,981

  Total: 10,216,019

* Answers may differ due to rounding.

Therefore, the fair value of this equity swap is 10,216,019 less 10,500,000 
[= (105/100)10,000,000], or a loss of 283,981.

Solution to 2:  B is correct. The stock price at which this equity swap’s fair value is zero 
would require (Par = NAE in this case)

Vt = FBt(C0) − (St/St−)NAE

The value of the fixed leg is now approximately 102% of par; a stock price of 102 
will result in a value of zero,

Vt = 102 − (St/100)100 = 0

where St is 102.
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5. S ummary

This reading on forward commitment pricing and valuation provides a foundation for under-
standing how forwards, futures, and swaps are both priced and valued.

Key points include the following:

•	 The arbitrageur would rather have more money than less and abides by two fundamental 
rules: Do not use your own money, and do not take any price risk.

•	 The no-arbitrage approach is used for the pricing and valuation of forward commitments 
and is built on the key concept of the law of one price, which states that if two investments 
have the same future cash flows, regardless of what happens in the future, these two invest-
ments should have the same current price.

•	 Throughout this reading, the following key assumptions are made:
•	 Replicating instruments are identifiable and investable.
•	 Market frictions are nil.
•	 Short selling is allowed with full use of proceeds.
•	 Borrowing and lending is available at a known risk-free rate.

•	 Carry arbitrage models used for forward commitment pricing and valuation are based on 
the no-arbitrage approach.

•	 With forward commitments, there is a distinct difference between pricing and valuation; 
pricing involves the determination of the appropriate fixed price or rate, and valuation in-
volves the determination of the contract’s current value expressed in currency units.

•	 Forward commitment pricing results in determining a price or rate such that the forward 
contract value is equal to zero.

•	 The price of a forward commitment is a function of the price of the underlying instrument, 
financing costs, and other carry costs and benefits.

•	 With equities, currencies, and fixed-income securities, the forward price is determined such 
that the initial forward value is zero.

•	 With forward rate agreements, the fixed interest rate is determined such that the initial value 
of the FRA is zero.

•	 Futures contract pricing here can essentially be treated the same as forward contract pricing.
•	 Because of daily marking to market, futures contract values are zero after each daily 

settlement.
•	 The general approach to pricing and valuing swaps as covered here is using a replicating or 

hedge portfolio of comparable instruments.
•	 With a basic understanding of pricing and valuing a simple interest rate swap, it is a straight-

forward extension to pricing and valuing currency swaps and equity swaps.
•	 With interest rate swaps and some equity swaps, pricing involves solving for the fixed interest 

rate.
•	 With currency swaps, pricing involves solving for the two fixed rates as well as the notional 

amounts in each currency.
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Problems 

The following information relates to Questions 1–7
Donald Troubadour is a derivatives trader for Southern Shores Investments. The firm seeks 
arbitrage opportunities in the forward and futures markets using the carry arbitrage model.

Troubadour identifies an arbitrage opportunity relating to a fixed-income futures contract 
and its underlying bond. Current data on the futures contract and underlying bond are pre-
sented in Exhibit 1. The current annual compounded risk-free rate is 0.30%.

Exhibit 1  Current Data for Futures and Underlying Bond

Futures Contract   Underlying Bond

Quoted futures price 125.00   Quoted bond price 112.00

Conversion factor 0.90   Accrued interest since last 
coupon payment

0.08

Time remaining to 
contract expiration

Three months  Accrued interest at futures 
contract expiration

0.20

Accrued interest over 
life of futures contract

0.00      

Troubadour next gathers information on three existing positions.

Position 1 (Nikkei 225 Futures Contract):

Troubadour holds a long position in a Nikkei 225 futures contract that has a remain-
ing maturity of three months.The continuously compounded dividend yield on the 
Nikkei 225 Stock Index is 1.1%, and the current stock index level is 16,080. The 
continuously compounded annual interest rate is 0.2996%.

Position 2 (Euro/JGB Forward Contract):

One month ago, Troubadour purchased euro/yen forward contracts with three 
months to expiration at a quoted price of 100.20 (quoted as a percentage of par). 
The contract notional amount is ¥100,000,000. The current forward price is 100.05.

Position 3 (JPY/USD Currency Forward Contract):

Troubadour holds a short position in a yen/US dollar forward contract with a no-
tional value of $1,000,000. At contract initiation, the forward rate was ¥112.10 per 
$1. The forward contract expires in three months. The current spot exchange rate is 
¥112.00 per $1, and the annually compounded risk-free rates are –0.20% for the 
yen and 0.30% for the US dollar. The current quoted price of the forward contract is 
equal to the no-arbitrage price.

© 2016 CFA Institute. All rights reserved.



Chapter 3  Pricing and Valuation of Forward Commitments� 171

Troubadour next considers an equity forward contract for Texas Steel, Inc. (TSI). In-
formation regarding TSI common shares and a TSI equity forward contract is presented in 
Exhibit 2.

Exhibit 2  Selected Information for TSI

•	 TSI has historically paid dividends every six months.
•	 The price per share of TSI’s common shares is $250.
•	 The forward price per share for a nine-month TSI equity forward contract is $250.562289.
•	 Assume annual compounding.

Troubadour takes a short position in the TSI equity forward contract. His supervisor asks, 
“Under which scenario would our position experience a loss?”

Three months after contract initiation, Troubadour gathers information on TSI and the 
risk-free rate, which is presented in Exhibit 3.

Exhibit 3  Selected Data on TSI and the Risk-Free Rate

•	 The price per share of TSI’s common shares is $245.
•	 The risk-free rate is 0.325% (quoted on an annual compounding basis).
•	 TSI recently announced its regular semiannual dividend of $1.50 per share that will be paid 

exactly three months before contract expiration.
•	 The market price of the TSI equity forward contract is equal to the no-arbitrage forward 

price.

	 1.	 Based on Exhibit 2 and assuming annual compounding, the arbitrage profit on the bond 
futures contract is closest to:
A.	 0.4158.
B.	 0.5356.
C.	 0.6195.

	 2.	 The current no-arbitrage futures price of the Nikkei 225 futures contract (Position 1) is 
closest to:
A.	 15,951.81.
B.	 16,047.86.
C.	 16,112.21.

	 3.	 The value of Position 2 is closest to:
A.	 –¥149,925.
B.	 –¥150,000.
C.	 –¥150,075.

	 4.	 The value of Position 3 is closest to:
A.	 –¥40,020.
B.	 ¥139,913.
C.	 ¥239,963.
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	 5.	 Based on Exhibit 2, Troubadour should find that an arbitrage opportunity relating to TSI 
shares is
A.	 not available.
B.	 available based on carry arbitrage.
C.	 available based on reverse carry arbitrage.

	 6.	 The most appropriate response to Troubadour’s supervisor’s question regarding the TSI 
forward contract is:
A.	 a decrease in TSI’s share price, all else equal.
B.	 an increase in the risk-free rate, all else equal
C.	 a decrease in the market price of the forward contract, all else equal.

	 7.	 Based on Exhibits 2 and 3, and assuming annual compounding, the per share value of 
Troubadour’s short position in the TSI forward contract three months after contract initi-
ation is closest to:
A.	 $1.6549.
B.	 $5.1561.
C.	 $6.6549.

 

The following information relates to Questions 8–16
Sonal Johnson is a risk manager for a bank. She manages the bank’s risks using a combination 
of swaps and forward rate agreements (FRAs).

Johnson prices a three-year Libor-based interest rate swap with annual resets using the 
present value factors presented in Exhibit 1.

Exhibit 1  Present Value Factors

Maturity 
(years)

Present Value 
Factors

1 0.990099

2 0.977876

3 0.965136

Johnson also uses the present value factors in Exhibit 1 to value an interest rate swap that 
the bank entered into one year ago as the receive-floating party. Selected data for the swap are 
presented in Exhibit 2. Johnson notes that the current equilibrium two-year fixed swap rate is 
1.00%.

Exhibit 2  Selected Data on Fixed for Floating Interest Rate Swap

Swap notional amount $50,000,000

Original swap term Three years, with annual resets

Fixed swap rate (since initiation) 3.00%

One of the bank’s investments is exposed to movements in the Japanese yen, and Johnson 
desires to hedge the currency exposure. She prices a one-year fixed-for-fixed currency swap in-
volving yen and US dollars, with a quarterly reset. Johnson uses the interest rate data presented 
in Exhibit 3 to price the currency swap.
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Exhibit 3  Selected Japanese and US Interest Rate Data

Days to 
Maturity

Yen Spot 
Interest Rates

US Dollar Spot 
Interest Rates

  90 0.05% 0.20%

180 0.10% 0.40%

270 0.15% 0.55%

360 0.25% 0.70%

Johnson next reviews an equity swap with an annual reset that the bank entered into six 
months ago as the receive-fixed, pay-equity party. Selected data regarding the equity swap, 
which is linked to an equity index, are presented in Exhibit 4. At the time of initiation, the 
underlying equity index was trading at 100.00.

Exhibit 4  Selected Data on Equity Swap

Swap notional amount $20,000,000

Original swap term Five years, with annual resets

Fixed swap rate 2.00%

The equity index is currently trading at 103.00, and relevant US spot rates, along with 
their associated present value factors, are presented in Exhibit 5.

Exhibit 5  Selected US Spot Rates and Present Value Factors

Maturity 
(years) Spot Rate

Present Value 
Factors

0.5 0.40% 0.998004

1.5 1.00% 0.985222

2.5 1.20% 0.970874

3.5 2.00% 0.934579

4.5 2.60% 0.895255

Johnson reviews a 6 × 9 FRA that the bank entered into 90 days ago as the pay-fixed/
receive-floating party. Selected data for the FRA are presented in Exhibit 6, and current Libor 
data are presented in Exhibit 7. Based on her interest rate forecast, Johnson also considers 
whether the bank should enter into new positions in 1 × 4 and 2 × 5 FRAs.

Exhibit 6  6 × 9 FRA Data

FRA term 6 × 9

FRA rate 0.70%

FRA notional amount US$20,000,000

FRA settlement terms Advanced set, advanced settle
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Three months later, the 6 × 9 FRA in Exhibit 6 reaches expiration, at which time the 
three-month US dollar Libor is 1.10% and the six-month US dollar Libor is 1.20%. Johnson 
determines that the appropriate discount rate for the FRA settlement cash flows is 1.10%.

	 8.	 Based on Exhibit 1, Johnson should price the three-year Libor-based interest rate swap at 
a fixed rate closest to:
A.	 0.34%.
B.	 1.16%.
C.	 1.19%.

	 9.	F rom the bank’s perspective, using data from Exhibit 1, the current value of the swap 
described in Exhibit 2 is closest to:
A.	 –$2,951,963.
B.	 –$1,967,975.
C.	 –$1,943,000.

10.	 Based on Exhibit 3, Johnson should determine that the annualized equilibrium fixed swap 
rate for Japanese yen is closest to:
A.	 0.0624%.
B.	 0.1375%.
C.	 0.2496%.

11.	F rom the bank’s perspective, using data from Exhibits 4 and 5, the fair value of the equity 
swap is closest to:
A.	 –$1,139,425.
B.	 –$781,323.
C.	 –$181,323.

12.	 Based on Exhibit 5, the current value of the equity swap described in Exhibit 4 would be 
zero if the equity index was currently trading the closest to:
A.	 97.30.
B.	 99.09.
C.	 100.00.

13.	F rom the bank’s perspective, based on Exhibits 6 and 7, the value of the 6 × 9 FRA 90 days 
after inception is closest to:
A.	 $14,817.
B.	 $19,647.
C.	 $29,635.

Exhibit 7  Current Libor

30-day Libor 0.75%

60-day Libor 0.82%

90-day Libor 0.90%

120-day Libor 0.92%

150-day Libor 0.94%

180-day Libor 0.95%

210-day Libor 0.97%

270-day Libor 1.00%
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14.	 Based on Exhibit 7, the no-arbitrage fixed rate on a new 1 × 4 FRA is closest to:
A.	 0.65%.
B.	 0.73%.
C.	 0.98%.

15.	 Based on Exhibit 7, the fixed rate on a new 2 × 5 FRA is closest to:
A.	 0.61%.
B.	 1.02%.
C.	 1.71%.

16.	 Based on Exhibit 6 and the three-month US dollar Libor at expiration, the payment 
amount that the bank will receive to settle the 6 × 9 FRA is closest to:
A.	 $19,945.
B.	 $24,925.
C.	 $39,781.
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Chapter  4
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Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 describe and interpret the binomial option valuation model and its component terms;
•	 calculate the no-arbitrage values of European and American options using a two-period 

binomial model;
•	 identify an arbitrage opportunity involving options and describe the related arbitrage;
•	 describe how interest rate options are valued using a two-period binomial model;
•	 calculate and interpret the value of an interest rate option using a two-period binomial 

model;
•	 describe how the value of a European option can be analyzed as the present value of the 

option’s expected payoff at expiration;
•	 identify assumptions of the Black–Scholes–Merton option valuation model;
•	 interpret the components of the Black–Scholes–Merton model as applied to call options in 

terms of a leveraged position in the underlying;
•	 describe how the Black–Scholes–Merton model is used to value European options on equi-

ties and currencies;
•	 describe how the Black model is used to value European options on futures;
•	 describe how the Black model is used to value European interest rate options and European 

swaptions;
•	 interpret each of the option Greeks;
•	 describe how a delta hedge is executed;
•	 describe the role of gamma risk in options trading;
•	 define implied volatility and explain how it is used in options trading.
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1. I ntroduction

A contingent claim is a derivative instrument that provides its owner a right but not an obli-
gation to a payoff determined by an underlying asset, rate, or other derivative. Contingent 
claims include options, the valuation of which is the objective of this reading. Because many 
investments contain embedded options, understanding this material is vital for investment 
management.

Our primary purpose is to understand how the values of options are determined. Option 
values, as with the values of all financial instruments, are typically obtained using valuation 
models. Any financial valuation model takes certain inputs and turns them into an output that 
tells us the fair value or price. Option valuation models, like their counterparts in the forward, 
futures, and swaps markets, are based on the principle of no arbitrage, meaning that the appro-
priate price of an option is the one that makes it impossible for any party to earn an arbitrage 
profit at the expense of any other party. The price that precludes arbitrage profits is the value of 
the option. Using that concept, we then proceed to introduce option valuation models using 
two approaches. The first approach is the binomial model, which is based on discrete time, and 
the second is the Black–Scholes–Merton (BSM) model, which is based on continuous time.

The reading is organized as follows. Section 2 introduces the principles of the no-arbitrage 
approach to pricing and valuation of options. In Section 3, the binomial option valuation 
model is explored, and in Section 4, the BSM model is covered. In Section 5, the Black model, 
being a variation of the BSM model, is applied to futures options, interest rate options, and 
swaptions. Finally, in Section 6, the Greeks are reviewed along with implied volatility. Section 7 
provides a summary.

2.  Principles of a No-Arbitrage Approach to Valuation

Our approach is based on the concept of arbitrage. Hence, the material will be covered from 
an arbitrageur’s perspective. Key to understanding this material is to think like an arbitrageur. 
Specifically, like most people, the arbitrageur would rather have more money than less. The 
arbitrageur, as will be detailed later, follows two fundamental rules:

Rule #1  Do not use your own money.
Rule #2  Do not take any price risk.

Clearly, if we can generate positive cash flows today and abide by both rules, we have a 
great business—such is the life of an arbitrageur. If traders could create a portfolio with no 
future liabilities and positive cash flow today, then it would essentially be a money machine 
that would be attractive to anyone who prefers more cash to less. In the pursuit of these posi-
tive cash flows today, the arbitrageur often needs to borrow to satisfy Rule #1. In effect, the 
arbitrageur borrows the arbitrage profit to capture it today and, if necessary, may borrow to 
purchase the underlying. Specifically, the arbitrageur will build portfolios using the underlying 
instrument to synthetically replicate the cash flows of an option. The underlying instrument 
is the financial instrument whose later value will be referenced to determine the option value. 
Examples of underlying instruments include shares, indexes, currencies, and interest rates. As 
we will see, with options we will often rely on a specific trading strategy that changes over time 
based on the underlying price behavior.
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Based on the concept of comparability, the no-arbitrage valuation approach taken here 
is built on the concept that if two investments have the same future cash flows regardless of 
what happens, then these two investments should have the same current price. This principle 
is known as the law of one price. In establishing these foundations of option valuation, the 
following key assumptions are made: (1) Replicating instruments are identifiable and invest-
able. (2) There are no market frictions, such as transaction costs and taxes. (3) Short selling is 
allowed with full use of proceeds. (4) The underlying instrument follows a known statistical 
distribution. (5) Borrowing and lending at a risk-free interest rate is available. When we de-
velop the models in this reading, we will be more specific about what these assumptions mean, 
in particular what we mean by a known statistical distribution.

In an effort to demonstrate various valuation results based on the absence of arbitrage, 
we will rely heavily on cash flow tables, which are a representation of the cash flows that occur 
during the life of an option. For example, if an initial investment requires €100, then from an 
arbitrageur’s perspective, we will present it as a –€100 cash flow. If an option pays off ¥1,000, 
we will represent it as a +¥1,000 cash flow. That is, cash outflows are treated as negative and 
inflows as positive.

We first demonstrate how to value options based on a two-period binomial model. The 
option payoffs can be replicated with a dynamic portfolio of the underlying instrument and 
financing. A dynamic portfolio is one whose composition changes over time. These changes 
are important elements of the replicating procedure. Based on the binomial framework, we 
then turn to exploring interest rate options using a binomial tree. Although more complex, the 
general approach is shown to be the same.

The multiperiod binomial model is a natural transition to the BSM option valuation 
model. The BSM model is based on the key assumption that the value of the underlying instru-
ment follows a statistical process called geometric Brownian motion. This characterization is a 
reasonable way to capture the randomness of financial instrument prices while incorporating 
a pre-specified expected return and volatility of return. Geometric Brownian motion implies a 
lognormal distribution of the return, which implies that the continuously compounded return 
on the underlying is normally distributed.

We also explore the role of carry benefits, meaning the reward or cost of holding the 
underlying itself instead of holding the derivative on the underlying.

Next we turn to Fischer Black’s futures option valuation model (Black model) and note 
that the model difference, versus the BSM model, is related to the underlying futures contract 
having no carry costs or benefits. Interest rate options and swaptions are valued based on sim-
ple modifications of the Black model.

Finally, we explore the Greeks, otherwise known as delta, gamma, theta, vega, and rho. The 
Greeks are representations of the sensitivity of the option value to changes in the factors that 
determine the option value. They provide comparative information essential in managing port-
folios containing options. The Greeks are calculated based on an option valuation model, such 
as the binomial model, BSM model, or the Black model. This information is model dependent, 
so managers need to carefully select the model best suited for their particular situation. In the 
last section, we cover implied volatility, which is a measure derived from a market option price 
and can be interpreted as reflecting what investors believe is the volatility of the underlying.

The models presented here are useful first approximations for explaining observed option 
prices in many markets. The central theme is that options are generally priced to preclude arbi-
trage profits, which is not only a reasonable theoretical assumption but is sufficiently accurate 
in practice.

We turn now to option valuation based on the binomial option valuation model.
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3.  Binomial Option Valuation Model

The binomial model is a valuable tool for financial analysts. It is particularly useful as a heuris-
tic device to understand the unique valuation approach used with options. This model is exten-
sively used to value path-dependent options, which are options whose values depend not only 
on the value of the underlying at expiration but also how it got there. The path-dependency 
feature distinguishes this model from the Black–Scholes–Merton option valuation model 
(BSM model) presented in the next section. The BSM model values only path-independent 
options, such as European options, which depend on only the values of their respective under-
lyings at expiration. One particular type of path-dependent option that we are interested in 
is American options, which are those that can be exercised prior to expiration. In this section, 
we introduce the general framework for developing the binomial option valuation models for 
both European and American options.

The binomial option valuation model is based on the no-arbitrage approach to valuation. 
Hence, understanding the valuation of options improves if one can understand how an arbitra-
geur approaches financial markets. An arbitrageur engages in financial transactions in pursuit 
of an initial positive cash flow with no possibility of a negative cash flow in the future. As it 
appears, it is a great business if you can find it.1

To understand option valuation models, it is helpful to think like an arbitrageur. The 
arbitrageur seeks to exploit any pricing discrepancy between the option price and the under-
lying spot price. The arbitrageur is assumed to prefer more money compared with less money, 
assuming everything else is the same. As mentioned earlier, there are two fundamental rules 
for the arbitrageur.

Rule #1 � Do not use your own money. Specifically, the arbitrageur does not use his or her 
own money to acquire positions. Also, the arbitrageur does not spend proceeds 
from short selling transactions on activities unrelated to the transaction at hand.

Rule #2 � Do not take any price risk. The focus here is only on market price risk related 
to the underlying and the derivatives used. We do not consider other risks, such 
as liquidity risk and counterparty credit risk.

We will rely heavily on these two rules when developing option valuation models. Re-
member, these rules are general in nature, and as with many things in finance, there are 
nuances.

In Exhibit 1, the two key dates are the option contract initiation date (identified as Time 0) 
and the option contract expiration date (identified as Time T). Based on the no-arbitrage 
approach, the option value from the initiation date onward will be estimated with an option 
valuation model.

1 There is not a one-to-one correspondence between arbitrage and great investment opportunities. An 
arbitrage is certainly a great investment opportunity because it produces a risk-free profit with no invest-
ment of capital, but all great investment opportunities are not arbitrage. For example, an opportunity 
to invest €1 today in return for a 99% chance of receiving €1,000,000 tomorrow or a 1% chance of 
receiving €0 might appear to be a truly great investment opportunity, but it is not arbitrage because it is 
not risk free and requires the investment of capital.
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Exhibit 1   Illustration of Option Contract Initiation and Expiration

Contract
Initiation

Contract
Expiration

t = 0 t = T

Let St denote the underlying instrument price observed at Time t, where t is expressed 
as a fraction of a year. Similarly, ST denotes the underlying instrument price observed at the 
option expiration date, T. For example, suppose a call option had 90 days to expiration when 
purchased (T = 90/365), but now only has 35 days to expiration (t = 55/365). Further, let ct 
denote a European-style call price at Time t and with expiration on Date t = T, where both t 
and T are expressed in years. Similarly, let Ct denote an American-style call price. At the initia-
tion date, the subscripts are omitted, thus c = c0. We follow similar notation with a put, using 
the letter p, in place of c. Let X denote the exercise price.2

For example, suppose on 15 April a 90-day European-style call option contract with a 14 July 
expiration is initiated with a call price of c = €2.50 and T = 90/365 = 0.246575.

At expiration, the call and put values will be equal to their intrinsic value or exercise value. 
These exercise values can be expressed as

cT = Max(0,ST − X) and
pT = Max(0,X − ST),

respectively. If the option values deviate from these expressions, then there will be arbitrage 
profits available. The option is expiring, there is no uncertainty remaining, and the price must 
equal the market value obtained from exercising it or letting it expire.

Technically, European options do not have exercise values prior to expiration because 
they cannot be exercised until expiration. Nonetheless, the notion of the value of the option 
if it could be exercised, Max(0,St − X) for a call and Max(0,X − St) for a put, forms a basis 
for understanding the notion that the value of an option declines with the passage of time. 
Specifically, option values contain an element known as time value, which is just the market 
valuation of the potential for higher exercise value relative to the potential for lower exercise 
value. The time value is always non-negative because of the asymmetry of option payoffs at 
expiration. For example, for a call, the upside is unlimited, whereas the downside is limited to 
zero. At expiration, time value is zero.

Although option prices are influenced by a variety of factors, the underlying instrument has 
a particularly significant influence. At this point, the underlying is assumed to be the only uncer-
tain factor affecting the option price. We now look in detail at the one-period binomial option 
valuation model. The one-period binomial model is foundational for the material that follows.

3.1. O ne-Period Binomial Model

Exhibit 2 illustrates the one-period binomial process for an asset priced at S. In the figure on the 
left, each dot represents a particular outcome at a particular point in time in the binomial lattice. 
The dots are termed nodes. At the Time 0 node, there are only two possible future paths in the 

2 In financial markets, the exercise price is also commonly called the strike price.
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binomial process, an up move and a down move, termed arcs. The figure on the right illustrates the 
underlying price at each node. At Time 1, there are only two possible outcomes: S+ denotes the out-
come when the underlying goes up, and S− denotes the outcome when the underlying goes down.

Exhibit 2   One-Period Binomial Lattice with Underlying Distribution Illustrated

Node

Arc

S+

S

+

–

S–

0 1 0 1

At Time 1, there are only two possible outcomes and two resulting values of the underly-
ing, S+ (up occurs) and S− (down occurs). Although the one-period binomial model is clearly 
unrealistic, it will provide key insights into the more realistic multiperiod binomial as well as 
the BSM model.

We further define the total returns implied by the underlying movements as

	 u s
s

=
+

 (up factor) and

	 d s
s

=
−

 (down factor).

The up factors and down factors are the total returns; that is, one plus the rate of return. The 
magnitudes of the up and down factors are based on the volatility of the underlying. In general, 
higher volatility will result in higher up values and lower down values.

We briefly review option valuation within a one-period binomial tree. With this review, 
we can move quickly to option valuation within a two-period binomial lattice by performing 
the one-period exercise three times.

We consider the fair value of a two-period call option value measured at Time 1 when an 
up move occurs, that is c+. Based on arbitrage forces, we know this option value at expiration 
is either

c++ = Max(0,S++ − X) = Max(0,u2S − X), or

c+− = Max(0,S+− − X) = Max(0,udS − X).

At this point, we assume that there are no costs or benefits from owning the underlying 
instrument. Now consider the transactions illustrated in Exhibit 3. These transactions are pre-
sented as cash flows. Thus, if we write a call option, we receive money at Time Step 0 and may 
have to pay out money at Time Step 1. Suppose the first trade is to write or sell one call option 
within the single-period binomial model. The value of a call option is positively related to the 
value of the underlying. That is, they both move up or down together. Hence, by writing a call 
option, the trader will lose money if the underlying goes up and make money if the underlying 
falls. Therefore, to execute a hedge, the trader will need a position that will make money if 



Chapter 4  Valuation of Contingent Claims� 183

the underlying goes up. Thus, the second trade needs to be a long position in the underlying. 
Specifically, the trader buys a certain number of units, h, of the underlying. The symbol h is 
used because it represents a hedge ratio.

Note that with these first two trades, neither arbitrage rule is satisfied. The future cash flow 
could be either –c− + hS− or –c+ + hS+ and can be positive or negative. Thus, the cash flows at 
the Time Step 1 could result in the arbitrageur having to pay out money if one of these values 
is less than zero. To resolve both of these issues, we set the Time Step 1 cash flows equal to each 
other—that is, –c+ + hS+ = –c− + hS−—and solve for the appropriate hedge ratio:

	 h c c
s s

0= −
−

≥
+ −

+ − 	 (1)

We determine the hedge ratio such that we are indifferent to the underlying going up or 
down. Thus, we are hedged against moves in the underlying. A simple rule for remembering 
this formula is that the hedge ratio is the value of the call if the underlying goes up minus the 
value of the call if the underlying goes down divided by the value of the underlying if it goes up 
minus the value of the underlying if it goes down. The up and down patterns are the same in 
the numerator and denominator, but the numerator contains the option and the denominator 
contains the underlying.

Because call prices are positively related to changes in the underlying price, we know that h 
is non-negative. As shown in Exhibit 3, we will buy h underlying units as depicted in the second 
trade, and we will finance the present value of the net cash flows as depicted in the third trade. If 
we assume r denotes the per period risk-free interest rate, then the present value calculation, de-
noted as PV, is equal to 1/(1 + r). We need to borrow or lend an amount such that the future net 
cash flows are equal to zero. Therefore, we finance today the present value of –hS− + c− which 
also equals –hS+ + c+. At this point we do not know if the finance term is positive or negative, 
thus we may be either borrowing or lending, which will depend on c, h, and S.

Exhibit 3   Writing One Call Hedge with h Units of the Underlying and Finance

Strategy Time Step 0
Time Step 1 

Down Occurs
Time Step 1 
Up Occurs

1. Write one call option +c –c− –c+

2. Buy h underlying units –hS +hS− +hS+

3. Borrow or lend –PV(–hS− + c−) 
= –PV(–hS+ + c+)

–hS− + c− –hS+ + c+

Net Cash Flow +c − hS  
–PV(–hS− + c−)

0 0

The value of the net portfolio at Time Step 0 should be zero or there is an arbitrage oppor-
tunity. If the net portfolio has positive value, then arbitrageurs will engage in this strategy, which 
will push the call price down and the underlying price up until the net is no longer positive. We 
assume the size of the borrowing will not influence interest rates. If the net portfolio has negative 
value, then arbitrageurs will engage in the opposite strategy—buy calls, short sell the underlying, 
and lend—pushing the call price up and the underlying price down until the net cash flow at 
Time 0 is no longer positive. Therefore, within the single-period binomial model, we have

	 +c − hS − PV(–hS− + c−) = 0
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or, equivalently, 

	 +c − hS − PV(–hS+ + c+) = 0.

Therefore, the no-arbitrage approach leads to the following single-period call option 
valuation equation:

	 c = hS + PV(–hS− + c−) 	 (2)

or, equivalently, c = hS + PV(–hS+ + c+). In words, long a call option is equal to owning h 
shares of stock partially financed, where the financed amount is PV(–hS− + c−), or using the 
per period rate, (–hS− + c−)/(1 + r).3

We will refer to Equation 2 as the no-arbitrage single-period binomial option valuation 
model. This equation is foundational to understanding the two-period binomial as well as oth-
er option valuation models. The option can be replicated with the underlying and financing, a 
point illustrated in the following example.

3 Or, by the same logic, PV(–hS+ + c+), which is (–hS+ + c+)/(1 + r).

Example 1  Long Call Option Replicated with Underlying and 
Financing

Identify the trading strategy that will generate the payoffs of taking a long position in a 
call option within a single-period binomial framework.

A.	 Buy h = (c+ + c−)/(S+ + S−) units of the underlying and financing of –PV(–hS− + c−)
B.	 Buy h = (c+ − c−)/(S+ − S−) units of the underlying and financing of –PV(–hS− + c−)
C.	S hort sell h = (c+ − c−)/(S+ − S−) units of the underlying and financing of +PV(–hS− + c−)

Solution:  B is correct. The following table shows the terminal payoffs to be identical 
between a call option and buying the underlying with financing.

Strategy Time Step 0
Time Step 1 

Down Occurs
Time Step 1 
Up Occurs

Buy 1 call option –c +c− +c+

OR A REPLICATING PORTFOLIO

Buy h underlying units –hS +hS− +hS+

Borrow or lend –PV(–hS− + c−) 
= –PV(–hS+ + c+)

–hS− + c− –hS+ + c+

Net –hS − PV(–hS− + c−) +c− +c+

Recall that by design, h is selected such that –hS− + c− = –hS+ + c+ or h = (c+ − c−)/
(S+ − S−). Therefore, a call option can be replicated with the underlying and financing. 
Specifically, the call option is equivalent to a leveraged position in the underlying.
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Thus, the no-arbitrage approach is a replicating strategy: A call option is synthetically repli-
cated with the underlying and financing. Following a similar strategy with puts, the no-arbitrage 
approach leads to the following no-arbitrage single-period put option valuation equation:

	 p = hS + PV(–hS− + p−) 	 (3)

or, equivalently, p = hS + PV(–hS+ + p+) where

	 h p p
s s

0= −
−

≤
+ −

+ − 	 (4)

Because p+ is less than p−, the hedge ratio is negative. Hence, to replicate a long put position, 
the arbitrageur will short sell the underlying and lend a portion of the proceeds. Note that a 
long put position would be replicated by trading h units of the underlying. With h negative, 
this trade is a short sale, and because –h is positive, the value –hS results in a positive cash flow 
at Time Step 0.

Example 2  Long Put Option Replicated with Underlying and 
Financing

Identify the trading strategy that will generate the payoffs of taking a long position in a 
put option within a single-period binomial framework.

A.	S hort sell –h = –(p+ − p−)/(S+ − S−) units of the underlying and financing of  
–PV(–hS− + p−)

B.	 Buy –h = (p+ − p−)/(S+ − S−) units of the underlying and financing of –PV(–hS− + p−)
C.	S hort sell h = (p+ − p−)/(S+ − S−) units of the underlying and financing of +PV(–hS− + p−)

Solution: A  is correct. Before illustrating the replicating portfolio, we make a few 
observations regarding the hedge ratio. Note that by design, h is selected such that  
–hS− + p− = –hS+ + p+ or h = (p+ − p−)/(S+ − S−). Unlike calls, the put hedge ratio is not 
positive (note that p+ < p− but S+ > S−). Remember that taking a position in –h units of 
the underlying is actually short selling the underlying rather than buying it. The follow-
ing table shows the terminal payoffs to be identical between a put option and a position 
in the underlying with financing.

Strategy Time Step 0
Time Step 1 

Down Occurs
Time Step 1 
Up Occurs

Buy 1 Put Option –p +p− +p+

OR A REPLICATING PORTFOLIO

Short sell –h Underlying Units –hS +hS− +hS+

Borrow or Lend –PV(–hS− + p−) 
= –PV(–hS+ + p+)

–hS− + p− –hS+ + p+

Net –hS − PV(–hS− + p−) +p− +p+
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What we have shown to this point is the no-arbitrage approach. Before turning to the 
expectations approach, we mention, for the sake of completeness, that the transactions for 
writing options are the reverse for those of buying them. Thus, for writing a call option, the 
writer will be selling stock short and investing proceeds, whereas for a put, the writer will be 
purchasing stock on margin. Once again, we see the powerful result that the same basic con-
ceptual structure is used for puts and calls, whether written or purchased. Only the exercise 
and expiration conditions vary.

The no-arbitrage results that have been presented can be expressed as the present value of 
a unique expectation of the option payoffs.4 Specifically, the expectations approach results 
in an identical value as the no-arbitrage approach, but it is usually easier to compute. The for-
mulas are viewed as follows:

	 c = PV[πc+ + (1 − π)c−] and � (5)

	 p = PV[πp+ + (1 − π)p−] � (6)

where the probability of an up move is

	 π = [FV(1) − d]/(u − d)

Recall the future value is simply the reciprocal of the present value or FV(1) = 1/PV(1). 
Thus, if PV(1) = 1/(1 + r), then FV(1) = (1 + r). Note that the option values are simply the 
present value of the expected terminal option payoffs. The expected terminal option payoffs 
can be expressed as

	E (c1) = πc+ + (1 − π)c− and

	E (p1) = πp+ + (1 − π)p−

where c1 and p1 are the values of the options at Time 1. The present value and future value 
calculations are based on the risk-free rate, denoted r.5 Thus, the option values based on the 
expectations approach can be written and remembered concisely as

	 c = PVr[E(c1)] and

	 p = PVr[E(p1)]

Therefore, a put option can be replicated with the underlying and financing. Spe-
cifically, the put option is simply equivalent to a short position in the underlying with 
financing in the form of lending.

4 It takes a bit of algebra to move from the no-arbitrage expression to the present value of the expected 
future payoffs, but the important point is that both expressions yield exactly the same result.
5 We will suppress “r” most of the time and simply denote the calculation as PV. The “r” will be used at 
times to reinforce that the present value calculation is based on the risk-free interest rate.
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The expectations approach to option valuation differs in two significant ways from the 
discounted cash flow approach to securities valuation. First, the expectation is not based on 
the investor’s beliefs regarding the future course of the underlying. That is, the probability, π, 
is objectively determined and not based on the investor’s personal view. This probability has 
taken several different names, including risk-neutral (RN) probability. Importantly, we did not 
make any assumption regarding the arbitrageur’s risk preferences: The expectations approach 
is a result of this arbitrage process, not an assumption regarding risk preferences. Hence, they 
are called risk-neutral probabilities. Although we called them probabilities from the very start, 
they are not the true probabilities of up and down moves.

Second, the discount rate is not risk adjusted. The discount rate is simply based on the 
estimated risk-free interest rate. The expectations approach here is often viewed as superior to 
the discounted cash flow approach because both the subjective future expectation as well as the 
subjective risk-adjusted discount rate have been replaced with more objective measures.

Example 3  Single-Period Binomial Call Value

A non-dividend-paying stock is currently trading at €100. A call option has one year to 
mature, the periodically compounded risk-free interest rate is 5.15%, and the exercise 
price is €100. Assume a single-period binomial option valuation model, where u = 1.35 
and d = 0.74.

1.	 The optimal hedge ratio will be closest to:
A.	 0.57.
B.	 0.60.
C.	 0.65.

2.	 The call option value will be closest to:
A.	 €13.
B.	 €15.
C.	 €17.

Solution to 1: A  is correct. Given the information provided, we know the following:

S+ = uS = 1.35(100) = 135

S− = dS = 0.74(100) = 74

c+ = Max(0,uS − X) = Max(0,135 − 100) = 35

c− = Max(0,dS − X) = Max(0,74 − 100) = 0

With this information, we can compute both the hedge ratio as well as the call option 
value. The hedge ratio is:

	 h c c
s s

35 0
135 74

0.573770= −
−

= −
−

=
+ −

+ −
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The value of a put option can also be found based on put–call parity. Put–call parity can 
be remembered as simply two versions of portfolio insurance, long stock and long put or lend 
and long call, where the exercise prices for the put and call are identical. Put–call parity with 
symbols is

	S  + p = PV(X) + c 	 (7)

Put–call parity holds regardless of the particular valuation model being used. Depending 
on the context, this equation can be rearranged. For example, a call option can be expressed as 
a position in a stock, financing, and a put, or

c = S − PV(X) + p

Solution to 2:  C is correct. The risk-neutral probability of an up move is

π = [FV(1) − d]/(u − d) = (1.0515 − 0.74)/(1.35 − 0.74) = 0.510656,

where FV(1) = (1 + r) = 1.0515.
Thus the call value by the expectations approach is

c = PV[πc+ + (1 − π)c−] = 0.951022[(0.510656)35 + (1 − 0.510656)0] = €16.998,

where PV(1) = 1/(1 + r) = 1/(1.0515) = 0.951022.
Note that the call value by the no-arbitrage approach yields the same answer:

c �= hS + PV(–hS− + c−) = 0.573770(100) + 0.951022[–0.573770(74) + 0] 
= €16.998.

Example 4  Single-Period Binomial Put Value

You again observe a €100 price for a non-dividend-paying stock with the same inputs 
as the previous box. That is, the call option has one year to mature, the periodically 
compounded risk-free interest rate is 5.15%, the exercise price is €100, u = 1.35, and  
d = 0.74. The put option value will be closest to:

A.	 €12.00.
B.	 €12.10.
C.	 €12.20.

Solution:  B is correct. For puts, we know the following:

p+ = Max(0,100 − uS) = Max(0,100 − 135) = 0

p− = Max(0,100 − dS) = Max(0,100 − 74) = 26
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Therefore, in summary, option values can be expressed either in terms of replicating port-
folios or as the present value of the expected future cash flows. Both expressions yield the same 
valuations.

3.2. T wo-Period Binomial Model

The two-period binomial lattice can be viewed as three one-period binomial lattices, as illus-
trated in Exhibit 4. Clearly, if we understand the one-period model, then the process can be 
repeated three times. First, we analyze Box 1 and Box 2. Finally, based on the results of Box 1 
and Box 2, we analyze Box 3.

Exhibit 4   Two-Period Binomial Lattice as Three One-Period Binomial Lattices

S++

S+

S–

1

2

S

3

+

+

+

–

–

–

S– –

0 21

S+– = S–+

At Time 2, there are only three values of the underlying, S++ (an up move occurs twice), 
S− − (a down move occurs twice), and S+− = S−+ (either an up move occurs and then a down 
move or a down move occurs and then an up move). For computational reasons, it is extremely 
helpful that the lattice recombines—that is, S+− = S−+, meaning that if the underlying goes up 
and then down, it ends up at the same price as if it goes down and then up. A recombining bi-
nomial lattice will always have just one more ending node in the final period than the number 
of time steps. In contrast, a non-recombining lattice of n time steps will have 2n ending nodes, 
which poses a tremendous computational challenge even for powerful computers.

For our purposes here, we assume the up and down factors are constant throughout the 
lattice, ensuring that the lattice recombines—that is S+− = S−+. For example, assume u = 1.25, 
d = 0.8, and S0 = 100. Note that S+− = 1.25(0.8)100 = 100 and S−+ = 0.8(1.25)100 = 100. So 
the middle node at Time 2 is 100 and can be reached from either of two paths.

The two-period binomial option valuation model illustrates two important concepts, 
self-financing and dynamic replication. Self-financing implies that the replicating portfolio 
will not require any additional funds from the arbitrageur during the life of this dynami-
cally rebalanced portfolio. If additional funds are needed, then they are financed externally. 

With this information, we can compute the put option value based on risk-neutral 
probability from the previous example or [recall that PV(1) = 0.951022]

p = PV[πp+ + (1 − π)p−] = 0.951022[(0.510656)0 + (1 − 0.510656)26] = €12.10
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Dynamic replication means that the payoffs from the option can be exactly replicated through 
a planned trading strategy. Option valuation relies on self-financing, dynamic replication.

Mathematically, the no-arbitrage approach for the two-period binomial model is best 
understood as working backward through the binomial tree. At Time 2, the payoffs are driven 
by the option’s exercise value.

For calls:

c++ = Max(0,S++ − X) = Max(0,u2S − X),
c+− = Max(0,S+− − X) = Max(0,udS − X), and
c− − = Max(0,S− − − X) = Max(0,d2S − X)

For puts:
p++ = Max(0,X − S++) = Max(0,X − u2S),
p+− = Max(0,X − S+−) = Max(0,X − udS), and
p− − = Max(0,X − S− −) = Max(0,X − d2S)

At Time 1, the option values are driven by the arbitrage transactions that synthetically rep-
licate the payoffs at Time 2. We can compute the option values at Time 1 based on the option 
values at Time 2 using the no-arbitrage approach based on Equations 1 and 2. At Time 0, the 
option values are driven by the arbitrage transactions that synthetically replicate the value of 
the options at Time 1 (again based on Equations 1 and 2).

We illustrate the no-arbitrage approach for solving the two-period binomial call value. 
Suppose the annual interest rate is 3%, the underlying stock is S = 72, u = 1.356, d = 0.541, and 
the exercise price is X = 75. The stock does not pay dividends. Exhibit 5 illustrates the results.

Exhibit 5   Two-Period Binomial Tree with Call Values and Hedge Ratios

Item Value

Underlying 97.632

Call 33.43048

Hedge Ratio 0.72124Item Value

Underlying 72

Call 19.47407

Hedge Ratio 0.56971
Item Value

Underlying 38.952

Call 0

Hedge Ratio 0

Item Value

Underlying 132.389

Call 57.389

Item Value

Underlying 52.81891

Call 0

Item Value

Underlying 21.07303

Call 0

We now verify selected values reported in Exhibit 5. At Time Step 2 and assuming up oc-
curs twice, the underlying stock value is u2S = (1.356)272 = 132.389, and hence, the call value is 
57.389 [= Max(0,132.389 − 75)]. The hedge ratio at Time Step 1, assuming up occurs once, is

	 h c c
s s

57.389 0
132.389 52.819

0.72124= −
−

= −
−

=+
++ +−

++ +−
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The RN probability of an up move throughout this tree is

	 π = [FV(1) − d]/(u − d) = (1.03 − 0.541)/(1.356 − 0.541) = 0.6

With this information, we can compute the call price at Time 1 when an up move occurs as

	 c = PV[πc++ + (1 − π)c+−] = (1/1.03)[(0.6)57.389 + (1 − 0.6)0] = 33.43048

and at Time Step 0,

	 =
−
−

=
−

−
=

+ −

+ −h
c c
s s

33.43048 0
97.632 38.952

0.56971

Thus, the call price at the start is

	 c = PV[πc+ + (1 − π)c−] = (1/1.03)[(0.6)33.43048 + (1 − 0.6)0] = 19.47

From the no-arbitrage approach, the call payoffs can be replicated by purchasing h shares 
of the underlying and financing –PV(–hS− + c−). Therefore, we purchase 0.56971 shares 
of stock for 41.019 [= 0.56971(72)] and borrow 21.545 {or in cash flow terms, –21.545 = 
(1/1.03)[–0.56971(38.952) + 0]}, replicating the call values at Time 1. We then illustrate 
Time 1 assuming that an up move occurs. The stock position will now be worth 55.622  
[= 0.56971(97.632)], and the borrowing must be repaid with interest or 22.191 [= 1.03(21.545)]. 
Note that the portfolio is worth 33.431 (55.622 − 22.191), the same value as the call except 
for a small rounding error. Therefore, the portfolio of stock and the financing dynamically 
replicates the value of the call option.

The final task is to demonstrate that the portfolio is self-financing. Self-financing can be 
shown by observing that the new portfolio at Time 1, assuming an up move occurs, is equal 
to the old portfolio that was formed at Time 0 and liquidated at Time 1. Notice that the 
hedge ratio rose from 0.56971 to 0.72124 as we moved from Time 0 to Time 1, assuming 
an up move occurs, requiring the purchase of additional shares. These additional shares will 
be financed with additional borrowing. The total borrowing is 36.98554 {= –PV(–hS+− + 
c+−) = − (1/1.03)[–0.72124(52.81891) +0]}. The borrowing at Time 0 that is due at Time 1 
is 22.191. The funds borrowed at Time 1 grew to 36.98554. Therefore, the strategy is self-
financing.

The two-period binomial model can also be represented as the present value of an expec-
tation of future cash flows. Based on the one-period results, it follows by repeated substitutions 
that

	 c = PV[π2c++ + 2π(1 − π)c+− + (1 − π)2c− −] 	 (8)

and

	 p = PV[π2p++ + 2π(1 − π)p+− + (1 − π)2p− −] 	 (9)

Therefore, the two-period binomial model is again simply the present value of the expected 
future cash flows based on the RN probability. Again, the option values are simply the present 
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value of the expected terminal option payoffs. The expected terminal option payoffs can be 
expressed as

	E (c2) = π2c++ + 2π(1 − π)c+− + (1 − π)2c− −

and

	E (p2) = π2p++ + 2π(1 − π)p+− + (1 − π)2p− −

Thus, the two-period binomial option values based on the expectations approach can be writ-
ten and remembered concisely as

	 c = PVr[Eπ(c2)] and

	 p = PVr[Eπ(p2)]

It is vital to remember that this present value is over two periods, so the discount factor 
with discrete rates is PV = [1/(1 + r)2]. Recall the subscript “r” just emphasizes the present value 
calculation and is based on the risk-free interest rate.

Example 5  Two-Period Binomial Model Call Valuation

You observe a €50 price for a non-dividend-paying stock. The call option has 
two years to mature, the periodically compounded risk-free interest rate is 5%, 
the exercise price is €50, u = 1.356, and d = 0.744. Assume the call option is 
European-style.

1.	 The probability of an up move based on the risk-neutral probability is closest to:
A.	 30%.
B.	 40%.
C.	 50%.

2.	 The current call option value is closest to:
A.	 €9.53.
B.	 €9.71.
C.	 €9.87.

3.	 The current put option value is closest to:
A.	 €5.06.
B.	 €5.33.
C.	 €5.94.

Solution to 1:  C is correct. Based on the RN probability equation, we have:

π = [FV(1) − d]/(u − d) = [(1 + 0.05) − 0.744]/(1.356 − 0.744) = 0.5 or 50%
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We now turn to consider American-style options. It is well-known that non-dividend-
paying call options on stock will not be exercised early because the minimum price of the 
option exceeds its exercise value. To illustrate by example, consider a call on a US$100 stock, 
with an exercise price of US$10 (that is, very deep in the money). Suppose the call is worth 
its exercise value of only US$90. To get stock exposure, one could fund and pay US$100 to 
buy the stock, or fund and pay only US$90 for the call and pay the last US$10 at expiration 
only if the stock is at or above US$100 at that time. Because the latter choice is preferable, the 
call must be worth more than the US$90 exercise value. Another way of looking at it is that 
it would make no sense to exercise this call because you do not believe the stock can go any 
higher and you would thus simply be obtaining a stock that you believe would go no higher. 
Moreover, the stock would require that you pay far more money than you have tied up in the 
call. It is always better to just sell the call in this situation because it will be trading for more 
than the exercise value.

The same is not true for put options. By early exercise of a put, particularly a deep in-the-
money put, the sale proceeds can be invested at the risk-free rate and earn interest worth more 
than the time value of the put. Thus, we will examine how early exercise influences the value 
of an American-style put option. As we will see, when early exercise has value, the no-arbitrage 
approach is the only way to value American-style options.

Suppose the periodically compounded interest rate is 3%, the non-dividend-paying un-
derlying stock is currently trading at 72, the exercise price is 75, u = 1.356, d = 0.541, and the 
put option expires in two years. Exhibit 6 shows the results for a European-style put option.

Solution to 2:  B is correct. The current call option value calculations are as follows:

c++ = Max(0,u2S − X) = Max[0,1.3562(50) − 50] = 41.9368

c−+ = c+− = Max(0,udS − X) = Max[0,1.356(0.744)(50) − 50] = 0.44320

c− − = Max(0,d2S − X) = Max[0,0.7442(50) − 50] = 0.0

With this information, we can compute the call option value:

c = PV[E(c2)] = PV[π2c++ + 2π(1 − π)c+− + (1 − π)2c− −]
   = [1/(1 + 0.05)]2[0.5241.9368 + 2(0.5)(1 − 0.5)0.44320 + (1 − 0.5)20.0]
   = 9.71

It is vital to remember that the present value is over two periods, hence the 
single-period PV is squared. Thus, the current call price is €9.71.

Solution to 3: A  is correct. The put option value can be computed simply by applying 
put–call parity or p = c + PV(X) − S = 9.71 + [1/(1 + 0.05)]250 − 50 = 5.06. Thus, the 
current put price is €5.06.
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Exhibit 6   Two-Period Binomial Model for a European-Style Put Option

Item Value

Underlying 97.632

Put 8.61401

Hedge Ratio –0.27876Item Value

Underlying 72

Put 18.16876

Hedge Ratio –0.43029
Item Value

Underlying 38.952

Put 33.86353

Hedge Ratio –1

Item Value

Underlying 132.389

Put 0

Item Value

Underlying 52.81891

Put 22.18109

Item Value

Underlying 21.07303

Put 53.92697

The Time 1 down move is of particular interest. The exercise value for this put option is 36.048 
[= Max(0,75 − 38.952)]. Therefore, the exercise value is higher than the put value. So, if this same 
option were American-style, then the option would be worth more exercised than not exercised. 
Thus, the put option should be exercised. Exhibit 7 illustrates how the analysis changes if this put 
option were American-style. Clearly, the right to exercise early translates into a higher value.

Exhibit 7   Two-Period Binomial Model for an American-Style Put Option

Item Value

Underlying 97.632

Put 8.61401

Hedge Ratio –0.27876Item Value

Underlying 72

Put 18.16876
19.01710

Hedge Ratio –0.43029
–0.46752

Item Value

Underlying 38.952

Put 33.86353
36.04800

Hedge Ratio –1

Item Value

Underlying 132.389

Put 0

Item Value

Underlying 52.81891

Put 22.18109

Item Value

Underlying 21.07303

Put 53.92697

American-style option valuation requires that one work backward through the binomial 
tree and address whether early exercise is optimal at each step. In Exhibit 7, the early exercise 
premium at Time 1 when a down move occurs is 2.18447 (36.048 − 33.86353). Also, if we 
replace 33.86353 with 36.048—in bold below for emphasis—in the Time 0 calculation, we 
obtain a put value of

	 p = PV[πp+ + (1 − π)p−] = (1/1.03)[(0.6)8.61401 + (1 − 0.6)36.048] = 19.02
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Thus, the early exercise premium at Time 0 is 0.85 (19.02 − 18.17). From this illustration, 
we see clearly that in a multiperiod setting, American-style put options cannot be valued 
simply as the present value of the expected future option payouts, as shown in Equation 9. 
American-style put options can be valued as the present value of the expected future option 
payout in a single-period setting. Hence, when early exercise is a consideration, we must 
address the possibility of early exercise as we work backward through the binomial tree.

Example 6  Two-Period Binomial American-Style Put Option 
Valuation

Suppose you are given the following information: S0 = 26, X = 25, u = 1.466, d = 0.656, 
n = 2 (time steps), r = 2.05% (per period), and no dividends. The tree is provided in 
Exhibit 8.

Exhibit 8   Two-Period Binomial American-Style Put Option

Item Value

Underlying 38.116

Put 0

Hedge Ratio 0Item Value

Underlying 26

Put 4.01174

Hedge Ratio –0.35345
Item Value

Underlying 17.056

Put 7.44360

Hedge Ratio –0.99970

Item Value

Underlying 55.87806

Put 0

Item Value

Underlying 25.00410

Put 0

Item Value

Underlying 11.18874

Put 13.81126

The early exercise premium of the above American-style put option is closest to:

A.	 0.27.
B.	 0.30.
C.	 0.35.

Solution: A  is correct. The exercise value at Time 1 with a down move is 7.944  
[= Max(0,25 − 17.056)]. Thus, we replace this value in the binomial tree and compute 
the hedge ratio at Time 0. The resulting put option value at Time 0 is thus 4.28143 
(see Exhibit 9).
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We now briefly introduce the role of dividend payments within the binomial model. 
Our approach here is known as the escrow method. Because dividends lower the value of the 
stock, a call option holder is hurt. Although it is possible to adjust the option terms to offset 
this effect, most option contracts do not provide protection against dividends. Thus, dividends 
affect the value of an option. We assume dividends are perfectly predictable; hence, we split the 
underlying instrument into two components: the underlying instrument without the known 
dividends and the known dividends. For example, the current value of the underlying instru-
ment without dividends can be expressed as

	 = − γs s�

where γ denotes the present value of dividend payments. We use the ^ symbol to denote the 
underlying instrument without dividends. In this case, we model the uncertainty of the stock 
based on �s and not S. At expiration, the underlying instrument value is the same, �s st t= , 
because we assume any dividends have already been paid. The value of an investment in the 
stock, however, would be ST + γT, which assumes the dividend payments are reinvested at the 
risk-free rate.

To illustrate by example, consider a call on a US$100 stock with exercise price of US$95. 
The periodically compounded interest rate is 1.0%, the stock will pay a US$3 dividend at 
Time Step 1, u = 1.224, d = 0.796, and the call option expires in two years. Exhibit 10 shows 
some results for an American-style call option. The computations in Exhibit 10 involve several 

Exhibit 9   Solution

Item Value

Underlying 38.116

Put 0

Hedge Ratio 0Item Value

Underlying 26

Put 4.01174
4.28143

Hedge Ratio –0.35345
–0.37721

Item Value

Underlying 17.056

Put 7.44360
7.94400

Hedge Ratio –0.99970

Item Value

Underlying 55.87806

Put 0

Item Value

Underlying 25.00410

Put 0

Item Value

Underlying 11.18874

Put 13.81126

In Exhibit 9, the early exercise premium at Time 1 when a down move occurs is 
0.5004 (7.944 − 7.44360). Thus, if we replace 7.44360 with 7.944—in bold below for 
emphasis—in the Time 0 calculation, we have the put value of

	 p = PV[πp+ + (1 − π)p−] = (1/1.0205)[(0.45)0 + (1 − 0.45)7.944] = 4.28

Thus, the early exercise premium at Time 0 when a down move occurs is 0.27 
(= 4.28 − 4.01).
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technical nuances that are beyond the scope of our objectives. The key objective here is to see 
how dividend-motivated early exercise influences American options.

The Time 1 up move is particularly interesting. At Time 0, the present value of the US$3 
dividend payment is US$2.970297 (= 3/1.01). Therefore, 118.7644 = (100 − 2.970297)1.224 
is the stock value without dividends at Time 1, assuming an up move occurs. The exercise value 
for this call option, including dividends, is 26.7644 [= Max(0,118.7644 + 3 − 95)], whereas 
the value of the call option per the binomial model is 24.9344. In other words, the stock price 
just before it goes ex-dividend is 118.7644 + 3 = 121.7644, so the option can be exercised for 
121.7644 − 95 = 26.7644. If not exercised, the stock drops as it goes ex-dividend and the op-
tion becomes worth 24.9344 at the ex-dividend price. Thus, by exercising early, the call buyer 
acquires the stock just before it goes ex-dividend and thus is able to capture the dividend. If 
the call is not exercised, the call buyer will not receive this dividend. The American-style call 
option is worth more than the European-style call option because at Time Step 1 when an up 
move occurs, the call is exercised early, capturing additional value.

Exhibit 10   Two-Period Binomial Model for an American-Style Call Option with Dividends

Item Value

Underlying 118.7644

Call 24.9344
26.7644

Hedge Ratio 0.9909
Item Value

Underlying 100

Call
12.3438
13.2497

Hedge Ratio –0.6004
0.6445

Item Value

Underlying 77.2356

Call 0

Hedge Ratio 0

Item Value

Underlying 145.3676

Call 50.3676

Item Value

Underlying 94.5364

Call 0

Item Value

Underlying 61.4796

Call 0

We now provide a comprehensive binomial option valuation example. In this example, we 
contrast European-style exercise with American-style exercise.

Example 7  Comprehensive Two-Period Binomial Option Valuation 
Model Exercise

Suppose you observe a non-dividend-paying Australian equity trading for A$7.35. The 
call and put options have two years to mature, the periodically compounded risk-free 
interest rate is 4.35%, and the exercise price is A$8.0. Based on an analysis of this equity, 
the estimates for the up and down moves are u = 1.445 and d = 0.715, respectively.

1.	 Calculate the European-style call and put option values at Time Step 0 and Time 
Step 1. Describe and interpret your results.
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2.	 Calculate the European-style call and put option hedge ratios at Time Step 0 and 
Time Step 1. Based on these hedge ratios, interpret the component terms of the 
binomial option valuation model.

3.	 Calculate the American-style call and put option values and hedge ratios at Time 
Step 0 and Time Step 1. Explain how your results differ from the European-style 
results.

Solution to 1:  The expectations approach requires the following preliminary calculations:

RN probability: π = [FV(1) − d]/(u − d)
	  = [(1 + 0.0435) − 0.715]/(1.445 − 0.715) = 0.45
	 c++ = Max(0,u2S − X)
	  = Max[0,1.4452(7.35) − 8.0] = 7.347
	 c+− = Max(0,udS − X)
	  = Max[0,1.445(0.715)7.35 − 8.0] = 0
	 c− − = Max(0,d2S − X)
	  = Max[0,0.7152(7.35) − 8.0] = 0
	 p++ = Max(0,X − u2S)
	  = Max[0,8.0 − 1.4452(7.35)] = 0
	 p+− = Max(0,X − udS)
	  = Max[0,8.0 − 1.445(0.715)7.35] = 0.406
	 p− − = Max(0,X − d2S)
	  = Max[0,8.0 − 0.7152(7.35)] = 4.24

Therefore, at Time Step 1, we have (note that c2 1
+ is read as the call value expiring at 

Time Step 2 observed at Time Step 1, assuming an up move occurs)

( )+e c2 1  = πc++ + (1 − π)c+− = 0.45(7.347) + (1 − 0.45)0 = 3.31

( )−e c2 1  = πc−++ (1 − π)c− − = 0.45(0.0) + (1 − 0.45)0.0 = 0.0

( )+e p2 1  = πp++ + (1 − π)p+− = 0.45(0.0) + (1 − 0.45)0.406 = 0.2233

( )−e p2 1  = πp−+ + (1 − π)p− − = 0.45(0.406) + (1 − 0.45)4.24 = 2.51

Thus, because PV1,2(1) = 1/(1 + 0.0435) = 0.958313, we have the Time Step 1 option 
values of

c+ = PV1,2 ( ) 
+e c2 1  = 0.958313(3.31) = 3.17

c− = PV1,2 ( ) 
−e c2 1  = 0.958313(0.0) = 0.0

p+ = PV1,2 ( ) 
+e p2 1  = 0.958313(0.2233) = 0.214

p− = PV1,2 ( ) 
−e p2 1  = 0.958313(2.51) = 2.41
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At Time Step 0, we have

( )e c2 0  = π2c++ + 2π(1 − π)c+− + (1 − π)2c− −

	  = 0.452(7.347) + 2(0.45)(1 − 0.45)0 + (1 − 0.45)20 = 1.488

( )e p2 0  = π2p++ + 2π(1 − π)p+− + (1 − π)2p− −

	  = 0.452(0) + 2(0.45)(1 − 0.45)0.406 + (1 − 0.45)24.24 = 1.484

Thus,
c = PVrf,0,2 e c2 0( )   = 0.91836(1.488) = 1.37 and

p = PVrf,0,2 e p2 0( )   = 0.91836(1.484) = 1.36

With the two-period binomial model, the call and put values based on the ex-
pectations approach are simply the present values of the expected payoffs. The present 
value of the expected payoffs is based on the risk-free interest rate and the expectations 
approach is based on the risk-neutral probability. The parameters in this example were 
selected so that the European-style put and call would have approximately the same val-
ue. Notice that the stock price is less than the exercise price by roughly the present value 
factor or 7.35 = 8.0/1.04352. One intuitive explanation is put–call parity, which can be 
expressed as c − p = S − PV(X). Thus, if S = PV(X), then c = p.

Solution to 2:  The computation of the hedge ratios at Time Step 1 and Time Step 0 will 
require the option values at Time Step 1 and Time Step 2. The terminal values of the 
options are given in Solution 1.

S++ = u2S = 1.4452(7.35) = 15.347
S+− = udS = 1.445(0.715)7.35 = 7.594
S− − = d2S = 0.7152(7.35) = 3.758

S+ = uS = 1.445(7.35) = 10.621
S− = dS = 0.715(7.35) = 5.255

Therefore, the hedge ratios at Time 1 are

h c c
s s

7.347 0.0
15.347 7.594

0.9476c = −
−

= −
−

=+
++ +−

++ +−

h c c
s s

0.0 0.0
7.594 3.758

0.0c = −
−

= −
−

=−
−+ −−

−+ −−

h p p
s s

0.0 0.406
15.347 7.594

0.05237p = −
−

= −
−

= −+
++ +−

++ +−

h p p
s s

0.406 4.24
7.594 3.758

1.0p = −
−

= −
−

= −−
−+ −−

−+ −−
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In the last hedge ratio calculation, both put options are in the money (p−+ and 
p− −). In this case, the hedge ratio will be –1, subject to a rounding error. We now turn 
to interpreting the model’s component terms. Based on the no-arbitrage approach, we 
have for the call price, assuming an up move has occurred, at Time Step 1,

	 c+ = h sc
+ +  + PV1,2 h s cc( )− ++ +− +−

 = 0.9476(10.621) + (1/1.0435)[–0.9476(7.594) + 0.0] = 3.1684

Thus, the call option can be interpreted as a leveraged position in the stock. Specifically, 
long 0.9476 shares for a cost of 10.0645 [= 0.9476(10.621)] partially financed with a 
6.8961 {= (1/1.0435)[–0.9476(7.594) + 0.0]} loan. Note that the loan amount can 
be found simply as the cost of the position in shares less the option value [6.8961 = 
0.9476(10.621) − 3.1684]. Similarly, we have

	 c− = h sc
− −  + PV1,2 h s cc( )− +− −− −−

  = 0.0(5.255) + (1/1.0435)[–0.0(3.758) + 0.0] = 0.0

Specifically, long 0.0 shares for a cost of 0.0 [= 0.0(5.255)] with no financing. For put 
options, the interpretation is different. Specifically, we have

	 p+ = PV1,2 h s pp( )− ++ ++ ++  + h sp
+ +

  = (1/1.0435)[–(–0.05237)15.347 + 0.0] + (–0.05237)10.621 = 0.2140

Thus, the put option can be interpreted as lending that is partially financed with a 
short position in shares. Specifically, short 0.05237 shares for a cost of 0.55622 
[= (–0.05237)10.621] with financing of 0.77022 {= (1/1.0435)[–(–0.05237)15.347 + 
0.0]}. Note that the lending amount can be found simply as the proceeds from the short 
sale of shares plus the option value [0.77022 = (0.05237)10.621 + 0.2140]. Again, we 
have

	 p− = PV1,2 ( )− +− −+ −+h s pp  + − −h sp

 = (1/1.0435)[–(–1.0)7.594 + 0.406] + (–1.0)5.255 = 2.4115

Here, we short 1.0 shares for a cost of 5.255 [= (–1.0)5.255] with financing of 7.6665 
{= (1/1.0435)[–(–1.0)7.594 + 0.406]}. Again, the lending amount can be found simply 
as the proceeds from the short sale of shares plus the option value [7.6665 = (1.0)5.255 + 
2.4115].

Finally, we have at Time Step 0

h c c
s s

3.1684 0
10.621 5.255

0.5905c = −
−

= −
−

=
+ −

+ −

h p p
s s

0.2140 2.4115
10.621 5.255

0.4095p = −
−

= −
−

= −
+ −

+ −
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The interpretations remain the same at Time Step 0:

	 c = hcS + PV0,1(–hcS− + c−)
  = 0.5905(7.35) + (1/1.0435)[–0.5905(5.255) + 0.0] = 1.37

Here, we are long 0.5905 shares for a cost of 4.3402 [=0.5905(7.35)] partially financed 
with a 2.97 {= (1/1.0435)[–0.5905(5.255) + 0.0] or = 0.5905(7.35) − 1.37} loan.

	 p = PV0,1(–hpS+ + p+) + hpS
  = (1/1.0435){–[–0.4095(10.621)] + 0.214} + (–0.4095)7.35 = 1.36

Here, we short 0.4095 shares for a cost of 3.01 [= (–0.4095)7.35] with financing of 4.37 
(= (1/1.0435){–[–0.4095(10.621)] + 0.214} or = (0.4095)7.35 + 1.36).

Solution to 3:  We know that American-style call options on non-dividend-paying stocks 
are worth the same as European-style call options because early exercise will not occur. 
Thus, as previously computed, c+ = 3.17, c− = 0.0, and c = 1.37. Recall that the call ex-
ercise value (denoted with EV) is simply the maximum of zero or the stock price minus 
the exercise price. We note that the EVs are less than or equal to the call model values; 
that is,

ceV
+  = Max(0,S+ − X) = Max(0,10.621 − 8.0) = 2.621 (< 3.1684)

 ceV
−  = Max(0,S− − X) = Max(0,5.255 − 8.0) = 0.0 (= 0.0)

cEV = Max(0,S − X) = Max(0,7.35 − 8.0) = 0.0 (< 1.37)

Therefore, the American-style feature for non-dividend-paying stocks has no effect on 
either the hedge ratio or the option value. The binomial model for American-style calls 
on non-dividend-paying stocks can be described and interpreted the same as a similar 
European-style call. This point is consistent with what we said earlier. If there are no 
dividends, an American-style call will not be exercised early.

This result is not true for puts. We know that American-style put options on 
non-dividend-paying stocks may be worth more than the analogous European-style put 
options. The hedge ratios at Time Step 1 will be the same as European-style puts because 
there is only one period left. Therefore, as previously shown, p+ = 0.214 and p− = 2.41.

The put exercise values are

peV
+  = Max(0,X − S+) = Max(0,8.0 − 10.621) = 0 (< 0.214)

peV
−  = Max(0,X − S−) = Max(0,8.0 − 5.255) = 2.745 (> 2.41)

Because the exercise value for the put at Time Step 1, assuming a down move occurred, 
is greater than the model value, we replace the model value with the exercise value. 
Hence,

p− = 2.745
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We see through the simple two-period binomial model that an option can be viewed as a 
position in the underlying with financing. Furthermore, this valuation model can be expressed 
as the present value of the expected future cash flows, where the expectation is taken under the 
RN probability and the discounting is at the risk-free rate.

Up to this point, we have focused on equity options. The binomial model can be applied 
to any underlying instrument though often requiring some modifications. For example, cur-
rency options would require incorporating the foreign interest rate. Futures options would re-
quire a binomial lattice of the futures prices. Interest rate options, however, require somewhat 
different tools that we now examine.

3.3. I nterest Rate Options

In this section, we will briefly illustrate how to value interest rate options. There are a wide 
variety of approaches to valuing interest rate options. We do not delve into how arbitrage-free 
interest rate trees are generated. The particular approach used here assumes the RN probability 
of an up move at each node is 50%.

Exhibit 11 presents a binomial lattice of interest rates covering two years along with the 
corresponding zero-coupon bond values. The rates are expressed in annual compounding. 
Therefore, at Time 0, the spot rate is (1.0/0.970446) − 1 or 3.04540%.6 Note that at Time 1, 
the value in the column labeled “Maturity” reflects time to maturity not calendar time. The 
lattice shows the rates on one-period bonds, so all bonds have a maturity of 1. The column 
labeled “Value” is the value of a zero-coupon bond with the stated maturity based on the rates 
provided.

and the hedge ratio at Time Step 0 will be affected. Specifically, we now have

h p p
s s

0.2140 2.745
10.621 5.255

0.4717p = −
−

= −
−

= −
+ −

+ −

and thus the put model value is

p = (1/1.0435)[0.45(0.214) + 0.55(2.745)] = 1.54

Clearly, the early exercise feature has a significant impact on both the hedge ratio and 
the put option value in this case. The hedge ratio goes from –0.4095 to –0.4717. The 
put value is raised from 1.36 to 1.54.

6 The values in the first box from the left are observed at t = 0. The values in the remainder of the lattice 
are derived by using a technique that is outside the scope of this reading.



Chapter 4  Valuation of Contingent Claims� 203

Exhibit 11   Two-Year Binomial Interest Rate Lattice by Year
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The underlying instrument for interest rate options here is the spot rate. A call option on 
interest rates will be in the money when the current spot rate is above the exercise rate. A put 
option on interest rates will be in the money when the current spot rate is below the exercise 
rate. Thus, based on the notation in the previous section, the current spot rate is denoted S. 
Option valuation follows the expectations approach discussed in the previous section but taken 
only one period at a time. The procedure is illustrated with an example.

Example 8  Option on Interest Rates

This example is based on Exhibit 11. Suppose we seek to value two-year European-style 
call and put options on the periodically compounded one-year spot interest rate (the un-
derlying). Assume the notional amount of the options is US$1,000,000 and the call and 
put exercise rate is 3.25% of par. Assume the RN probability is 50% and these options 
cash settle at Time 2 based on the observed rates.

Solution: U sing the expectations approach introduced in the last section, we have 
(per US$1) at Time Step 2

c++ = Max(0,S++ − X) = Max[0,0.039706 − 0.0325] = 0.007206
c+− = Max(0,S+− − X) = Max[0,0.032542 − 0.0325] = 0.000042
c− − = Max(0,S− − − X) = Max[0,0.022593 − 0.0325] = 0.0
p++ = Max(0,X − S++) = Max[0,0.0325 − 0.039706] = 0.0
p+− = Max(0,X − S+−) = Max[0,0.0325 − 0.032542] = 0.0
p− − = Max(0,X − S− −) = Max[0,0.0325 − 0.022593] = 0.009907



204	 Derivatives

At Time Step 1, we have

c+ = PV1,2[πc++ + (1 − π)c+−]
 = 0.962386[0.5(0.007206) + (1 − 0.5)0.000042]
 = 0.003488

c− = PV1,2[πc+− + (1 − π)c− −]
 = 0.974627[0.5(0.000042) + (1 − 0.5)0.0]
 = 0.00002

p+ = PV1,2[πp++ + (1 − π)p+−]
 = 0.962386[0.5(0.0) + (1 − 0.5)0.0]
 = 0.0

p− = PV1,2[πp+− + (1 − π)p− −]
 = 0.974627[0.5(0.0) + (1 − 0.5)0.009907]
 = 0.004828

Notice how the present value factors are different for the up and down moves. At Time 
Step 1 in the + outcome, we discount by a factor of 0.962386, and in the − outcome, 
we discount by the factor 0.974627. Because this is an option on interest rates, it should 
not be surprising that we have to allow the interest rate to vary.

Therefore, at Time Step 0, we have

c = PVrf,0,1[πc+ + (1 − π)c−]
 = 0.970446[0.5(0.003488) + (1 − 0.5)0.00002]
 = 0.00170216

p = PVrf,0,1[πp+ + (1 − π)p−]
 = 0.970446[0.5(0.0) + (1 − 0.5)0.004828]
 = 0.00234266

Because the notional amount is US$1,000,000, the call value is US$1,702.16 
[= US$1,000,000(0.00170216)] and the put value is US$2,342.66 [= 
US$1,000,000(0.00234266)]. The key insight is to just work a two-period binomial 
model as three one-period binomial models.

We turn now to briefly generalize the binomial model as it leads naturally to the 
Black–Scholes–Merton option valuation model.

3.4.  Multiperiod Model

The multiperiod binomial model provides a natural bridge to the Black–Scholes–Merton op-
tion valuation model presented in the next section. The idea is to take the option’s expiration 
and slice it up into smaller and smaller periods. The two-period model divides the expiration 
into two periods. The three-period model divides expiration into three periods and so forth. 
The process continues until you have a large number of time steps. The key feature is that each 
time step is of equal length. Thus, with a maturity of T, if there are n time steps, then each time 
step is T/n in length.
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For American-style options, we must also test at each node whether the option is worth 
more exercised or not exercised. As in the two-period case, we work backward through the 
binomial tree testing the model value against the exercise value and always choosing the 
higher one.

The binomial model is an important and useful methodology for valuing options. The 
expectations approach can be applied to European-style options and will lead naturally to the 
BSM model in the next section. This approach simply values the option as the present value of 
the expected future payoffs, where the expectation is taken under the risk-neutral probability 
and the discounting is based on the risk-free rate. The no-arbitrage approach can be applied to 
either European-style or American-style options because it provides the intuition for the fair 
value of options.

4.  Black–Scholes–Merton Option Valuation Model

The BSM model, although very complex in its derivation, is rather simple to use and interpret. 
The objective here is to illustrate several facets of the BSM model with the objective of high-
lighting its practical usefulness. After a brief introduction, we examine the assumptions of the 
BSM model and then delve into the model itself.

4.1. I ntroductory Material

Louis Bachelier published the first known mathematically rigorous option valuation model 
in 1900. By the late 1960s, there were several published quantitative option models. Fischer 
Black, Myron Scholes, and Robert Merton introduced the BSM model in 1973 in two pub-
lished papers, one by Black and Scholes and the other by Merton. The innovation of the BSM 
model is essentially the no-arbitrage approach introduced in the previous section but applied 
with a continuous time process, which is equivalent to a binomial model in which the length 
of the time step essentially approaches zero. It is also consistent with the basic statistical fact 
that the binomial process with a “large” number of steps converges to the standard normal 
distribution. Myron Scholes and Robert Merton won the 1997 Nobel Prize in Economics 
based, in part, on their work related to the BSM model.7 Let us now examine the BSM model 
assumptions.

4.2. A ssumptions of the BSM Model

The key assumption for option valuation models is how to model the random nature of the 
underlying instrument. This characteristic of how an asset evolves randomly is called a sto-
chastic process. Many financial instruments enjoy limited liability; hence, the values of in-
struments cannot be negative, but they certainly can be zero. In 1900, Bachelier proposed the 
normal distribution. The key advantages of the normal distribution are that zero is possible, 
meaning that bankruptcy is allowable, it is symmetric, it is relatively easy to manipulate, and 
it is additive (which means that sums of normal distributions are normally distributed). The 
key disadvantage is that negative stock values are theoretically possible, which violates the 
limited liability principal of stock ownership. Based on research on stock prices in the 1950s 

7 Fischer Black passed away in 1995 and the Nobel Prize is not awarded posthumously.
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and 1960s, a preference emerged for the lognormal distribution, which means that log returns 
are distributed normally. Black, Scholes, and Merton chose to use the lognormal distribution.

Recall that the no-arbitrage approach requires self-financing and dynamic replication; we 
need more than just an assumption regarding the terminal distribution of the underlying in-
strument. We need to model the value of the instrument as it evolves over time, which is what 
we mean by a stochastic process. The stochastic process chosen by Black, Scholes, and Merton 
is called geometric Brownian motion (GBM).

Exhibit 12 illustrates GBM, assuming the initial stock price is S = 50. We assume the 
stock will grow at 3% (μ = 3% annually, geometrically compounded rate). This GBM process 
also reflects a random component that is determined by a volatility (σ) of 45%. This volatility 
is the annualized standard deviation of continuously compounded percentage change in the 
underlying, or in other words, the log return. Note that as a particular sample path drifts up-
ward, we observe more variability on an absolute basis, whereas when the particular sample 
path drifts downward, we observe less variability on an absolute basis. For example, examine 
the highest and lowest lines shown in Exhibit 12. The highest line is much more erratic than 
the lowest line. Recall that a 10% move in a stock with a price of 100 is 10 whereas a 10% 
move in a stock with a price of 10 is only 1. Thus, GBM can never hit zero nor go below it. This 
property is appealing because many financial instruments enjoy limited liability and cannot be 
negative. Finally, note that although the stock movements are rather erratic, there are no large 
jumps—a common feature with marketable financial instruments.

Exhibit 12   Geometric Brownian Motion Simulation (S = 50, μ = 3%, σ = 45%)
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Within the BSM model framework, it is assumed that all investors agree on the distribu-
tional characteristics of GBM except the assumed growth rate of the underlying. This growth 
rate depends on a number of factors, including other instruments and time. The standard BSM 
model assumes a constant growth rate and constant volatility.
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The specific assumptions of the BSM model are as follows:

•	 The underlying follows a statistical process called geometric Brownian motion, which im-
plies a lognormal distribution of the return, meaning that the logarithmic return, which is 
the continuously compounded return, is normally distributed.

•	 Geometric Brownian motion implies continuous prices, meaning that the price of the un-
derlying instrument does not jump from one value to another; rather, it moves smoothly 
from value to value.

•	 The underlying instrument is liquid, meaning that it can be easily bought and sold.
•	 Continuous trading is available, meaning that in the strictest sense one must be able to trade 

at every instant.
•	 Short selling of the underlying instrument with full use of the proceeds is permitted.
•	 There are no market frictions, such as transaction costs, regulatory constraints, or taxes.
•	 No-arbitrage opportunities are available in the marketplace.
•	 The options are European-style, meaning that early exercise is not allowed.
•	 The continuously compounded risk-free interest rate is known and constant; borrowing and 

lending is allowed at the risk-free rate.
•	 The volatility of the return on the underlying is known and constant.
•	 If the underlying instrument pays a yield, it is expressed as a continuous known and constant 

yield at an annualized rate.

Naturally, the foregoing assumptions are not absolutely consistent with real financial mar-
kets, but, as in all financial models, the question is whether they produce models that are 
tractable and useful in practice, which they do.

Example 9  BSM Model Assumptions

Which is the correct pair of statements? The BSM model assumes:

A.	 the return on the underlying has a normal distribution. The price of the underlying 
can jump abruptly to another price.

B.	 brokerage costs are factored into the BSM model. It is impossible to trade 
continuously.

C.	 volatility can be predicted with certainty. Arbitrage is non-existent in the marketplace.

Solution:  C is correct. All four of the statements in A and B are incorrect within the 
BSM model paradigm.

We turn now to a careful examination of the BSM model.
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4.3.  BSM Model

The BSM model is a continuous time version of the discrete time binomial model. Given that 
the BSM model is based on continuous time, it is customary to use a continuously compounded 
interest rate rather than some discretely compounded alternative. Thus, when an interest rate 
is used here, denoted simply as r, we mean solely the annualized continuously compounded 
rate.8 The volatility, denoted as σ, is also expressed in annualized percentage terms. Initially, 
we focus on a non-dividend-paying stock. The BSM model, with some adjustments, applies to 
other underlying instruments, which will be examined later.

The BSM model for stocks can be expressed as

	 c = SN(d1) − e−rTXN(d2) 	 (10)

and

	 p = e−rTXN(–d2) − SN(–d1) 	 (11)

where

	 ( )( )
=

+ + σ
σ

d
ln s x r 2 t

t1

2

	 = − σd d t2 1

N(x) denotes the standard normal cumulative distribution function, which is the probability 
of obtaining a value of less than x based on a standard normal distribution. In our context, x 
will have the value of d1 or d2. N(x) reflects the likelihood of observing values less than x from 
a random sample of observations taken from the standard normal distribution.

Although the BSM model appears very complicated, it has straightforward interpretations 
that will be explained. N(x) can be estimated by a computer program or a spreadsheet or ap-
proximated from a lookup table. The normal distribution is a symmetric distribution with two 
parameters, the mean and standard deviation. The standard normal distribution is a normal 
distribution with a mean of 0 and a standard deviation of 1.

Exhibit 13 illustrates the standard normal probability density function (the standard 
bell curve) and the cumulative distribution function (the accumulated probability and range 
of 0 to 1). Note that even though GBM is lognormally distributed, the N(x) functions in 
the BSM model are based on the standard normal distribution. In Exhibit 13, we see that 
if x = –1.645, then N(x) = N(–1.645) = 0.05. Thus, if the model value of d is –1.645, the 
corresponding probability is 5%. Clearly, values of d that are less than 0 imply values of N(x) 
that are less than 0.5. As a result of the symmetry of the normal distribution, we note that 
N(–x) = 1 − N(x).

8 Note er = 1 + rd, where rd is the annually compounded rate.
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Exhibit 13   Standard Normal Distribution
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The BSM model can be described as the present value of the expected option payoff at 
expiration. Specifically, we can express the BSM model for calls as c = PVr[E(cT)] and for puts 
as p = PVr[E(pT)], where E(cT) = SerTN(d1) − XN(d2) and E(pT) = XN(–d2) − SerTN(–d1). The 
present value term in this context is simply e−rT. As with most valuation tasks in finance, the 
value today is simply the present value of the expected future cash flows. It is important to note 
that the expectation is based on the risk-neutral probability measure defined in Section 3.1. 
The expectation is not based on the investor’s subjective beliefs, which reflect an aversion to 
risk. Also, the present value function is based on the risk-free interest rate not on the investor’s 
required return on invested capital, which of course is a function of risk.

Alternatively, the BSM model can be described as having two components: a stock com-
ponent and a bond component. For call options, the stock component is SN(d1) and the bond 
component is e−rTXN(d2). The BSM model call value is the stock component minus the bond 
component. For put options, the stock component is SN(–d1) and the bond component is 
e−rTXN(–d2). The BSM model put value is the bond component minus the stock component.

The BSM model can be interpreted as a dynamically managed portfolio of the stock and 
zero-coupon bonds.9 The goal is to replicate the option payoffs with stocks and bonds. For 
both call and put options, we can represent the initial cost of this replicating strategy as

Replicating strategy cost = nSS + nBB

where the equivalent number of underlying shares is nS = N(d1) > 0 for calls and nS = –N(–d1) 
< 0 for puts. The equivalent number of bonds is nB = –N(d2) < 0 for calls and nB = N(–d2) 
> 0 for puts. The price of the zero-coupon bond is B = e−rTX. Note, if n is positive, we are 

9 When covering the binomial model, the bond component was generically termed financing. This 
component is typically handled with bank borrowing or lending. With the BSM model, it is easier to 
understand as either buying or short selling a risk-free zero-coupon bond.
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buying the underlying and if n is negative we are selling (short selling) the underlying. The 
cost of the portfolio will exactly equal either the BSM model call value or the BSM model 
put value.

For calls, we are simply buying stock with borrowed money because nS > 0 and nB < 0. 
Again the cost of this portfolio will equal the BSM model call value, and if appropriately re-
balanced, then this portfolio will replicate the payoff of the call option. Therefore, a call option 
can be viewed as a leveraged position in the stock.

Similarly, for put options, we are simply buying bonds with the proceeds from short sell-
ing the underlying because nS < 0 and nB > 0. The cost of this portfolio will equal the BSM 
model put value, and if appropriately rebalanced, then this portfolio will replicate the payoff 
of the put option. Note that a short position in a put will result in receiving money today and 
nS > 0 and nB < 0. Therefore, a short put can be viewed as an over-leveraged or over-geared 
position in the stock because the borrowing exceeds 100% of the cost of the underlying.

Exhibit 14 illustrates the direct comparison between the no-arbitrage approach to the 
single-period binomial option valuation model and the BSM option valuation model. The 
parallel between the h term in the binomial model and N(d1) is easy to see. Recall that the 
term hedge ratio was used with the binomial model because we were creating a no-arbitrage 
portfolio. Note for call options, –N(d2) implies borrowing money or short selling N(d2) shares 
of a zero-coupon bond trading at e−rTX. For put options, N(–d2) implies lending money or 
buying N(–d2) shares of a zero-coupon bond trading at e−rTX.

Exhibit 14   BSM and Binomial Option Valuation Model Comparison

Option Valuation 
Model Terms

Call Option Put Option

Underlying Financing Underlying Financing

Binomial Model hS PV(–hS− + c−) hS PV(–hS− + p−)

BSM Model N(d1)S –N(d2)e−rTX –N(–d1)S N(–d2)e−rTX

If the value of the underlying, S, increases, then the value of N(d1) also increases because 
S has a positive effect on d1. Thus, the replicating strategy for calls requires continually buying 
shares in a rising market and selling shares in a falling market.

Within the BSM model theory, the aggregate losses from this “buy high/sell low” strategy, 
over the life of the option, adds up exactly to the BSM model option premium received for the 
option at inception.10 This result must be the case; otherwise there would be arbitrage profits 
available. Because transaction costs are not, in fact, zero, the frequent rebalancing by buying 
and selling the underlying adds significant costs for the hedger. Also, markets can often move 
discontinuously, contrary to the BSM model’s assumption that prices move continuously, thus 
allowing for continuous hedging adjustments. Hence, in reality, hedges are imperfect. For 
example, if a company announces a merger, then the company’s stock price may jump substan-
tially higher, contrary to the BSM model’s assumption.

In addition, volatility cannot be known in advance. For these reasons, options are typi-
cally more expensive than they would be as predicted by the BSM model theory. In order to 
continue using the BSM model, the volatility parameter used in the formula is usually higher 

10 The validity of this claim does not rest on the validity of the BSM model assumptions; rather the 
validity depends only on whether the BSM model accurately predicts the replication cost.
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(by, say, 1% or 2%, but this can vary a lot) than the volatility of the stock actually expected by 
market participants. We will ignore this point for now, however, as we focus on the mechanics 
of the model.

Example 10  Illustration of BSM Model Component Interpretation

Suppose we are given the following information on call and put options on a stock: 
S = 100, X = 100, r = 5%, T = 1.0, and σ = 30%. Thus, based on the BSM model, it can 
be demonstrated that PV(X) = 95.123, d1 = 0.317, d2 = 0.017, N(d1) = 0.624, N(d2) = 
0.507, N(–d1) = 0.376, N(–d2) = 0.493, c = 14.23, and p = 9.35.

1.	 The initial trading strategy required by the no-arbitrage approach to replicate the 
call option payoffs for a buyer of the option is:
A.	 buy 0.317 shares of stock and short sell –0.017 shares of zero-coupon bonds.
B.	 buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon bonds.
C.	 short sell 0.317 shares of stock and buy 0.017 shares of zero-coupon bonds.

2.	I dentify the initial trading strategy required by the no-arbitrage approach to repli-
cate the put option payoffs for a buyer of the put.
A.	 Buy 0.317 shares of stock and short sell –0.017 shares of zero-coupon bonds.
B.	 Buy 0.624 shares of stock and short sell 0.507 shares of zero-coupon bonds.
C.	S hort sell 0.376 shares of stock and buy 0.493 shares of zero-coupon bonds.

Solution to 1:  B is correct. The no-arbitrage approach to replicating the call option 
involves purchasing nS = N(d1) = 0.624 shares of stock partially financed with nB = 
–N(d2) = –0.507 shares of zero-coupon bonds priced at B = Xe−rT = 95.123 per bond. 
Note that by definition the cost of this replicating strategy is the BSM call model value 
or nSS + nBB = 0.624(100) + (–0.507)95.123 = 14.17. Without rounding errors, the 
option value is 14.23.

Solution to 2:  C is correct. The no-arbitrage approach to replicating the put option is 
similar. In this case, we trade nS = –N(–d1) = –0.376 shares of stock—specifically, short 
sell 0.376 shares—and buy nB = N(–d2) = 0.493 shares of zero-coupon bonds. Again, 
the cost of the replicating strategy is nSS + nBB = –0.376(100) + (0.493)95.123 = 9.30. 
Without rounding errors, the option value is 9.35. Thus, to replicate a call option based 
on the BSM model, we buy stock on margin. To replicate a put option, we short sell 
stock and lend part of the proceeds.

Note that the N(d2) term has an additional important interpretation. It is a unique measure 
of the probability that the call option expires in the money, and correspondingly, 1 − N(d2) = 
N(−d2) is the probability that the put option expires in the money. Specifically, the probability 
based on the RN probability of being in the money, not one’s own estimate of the probability 
of being in the money nor the market’s estimate. That is, N(d2) = Prob(ST > X) based on the 
unique RN probability.
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We now turn to incorporating various carry benefits into the BSM model. Carry benefits 
include dividends for stock options, foreign interest rates for currency options, and coupon 
payments for bond options. For other underlying instruments, there are carry costs that can 
easily be treated as negative carry benefits, such as storage and insurance costs for agricultural 
products. Because the BSM model is established in continuous time, it is common to model 
these carry benefits as a continuous yield, denoted generically here as γc or simply γ.

The BSM model requires a few adjustments to accommodate carry benefits. The carry 
benefit-adjusted BSM model is

	 c = Se−γTN(d1) − e−rTXN(d2) 	 (12)

and

p = e−rTXN(–d2) − Se−γTN(–d1) 	 (13)

where

	 ( )( )
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Note that d2 can be expressed again simply as d2 = d1 − σ t . The value of a put option can 
also be found based on the carry benefit-adjusted put–call parity:

	 p + Se−γT = c + e−rTX 	 (14)

The carry benefit-adjusted BSM model can again be described as the present value of the 
expected option payoff at expiration. Now, however, E(cT) = Se(r−γ)TN(d1) − XN(d2) and E(pT) = 
XN(–d2) − Se(r−γ)TN(–d1). The present value term remains simply e−rT. Carry benefits will have 
the effect of lowering the expected future value of the underlying.

Again, the carry benefit adjusted BSM model can be described as having two components, 
a stock component and a bond component. For call options, the stock component is Se−γTN(d1) 
and the bond component is again e−rTXN(d2). For put options, the stock component is 
Se−γTN(–d1) and the bond component is again e−rTXN(–d2). Although both d1 and d2 are re-
duced by carry benefits, the general approach to valuation remains the same. An increase in carry 
benefits will lower the value of the call option and raise the value of the put option.

Note that N(d2) term continues to be interpreted as the RN probability of a call option 
being in the money. The existence of carry benefits has the effect of lowering d1 and d2, hence 
the probability of being in the money with call options declines as the carry benefit rises. This 
RN probability is an important element to describing how the BSM model is used in various 
valuation tasks.

For stock options, γ = δ, which is the continuously compounded dividend yield. The 
dividend-yield BSM model can again be interpreted as a dynamically managed portfolio of the 
stock and zero coupon bonds. Based on the call model above applied to a dividend yielding 
stock, the equivalent number of units of stock is now nS = e−δTN(d1) > 0 and the equivalent 
number of units of bonds remains nB = –N(d2) < 0. Similarly with puts, the equivalent number 
of units of stock is now nS = –e−δTN(–d1) < 0 and the equivalent number of units of bonds 
again remains nB = N(–d2) > 0.

With dividend paying stocks, the arbitrageur is able to receive the benefits of dividend 
payments when long the stock and has to pay dividends when short the stock. Thus, the 
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burden of carrying the stock is diminished for a long position. The key insight is that dividends 
influence the dynamically managed portfolio by lowering the number of shares to buy for calls 
and lowering the number of shares to short sell for puts. Higher dividends will lower the value 
of d1, thus lowering N(d1). Also, higher dividends will lower the number of bonds to short sell 
for calls and lower the number of bonds to buy for puts.

Example 11  BSM Model Applied to Equities

Suppose we are given the following information on an underlying stock and options: 
S = 60, X = 60, r = 2%, T = 0.5, δ = 2%, and σ = 45%. Assume we are examining 
European-style options.

1.	 Which answer best describes how the BSM model is used to value a call option with 
the parameters given?
A.	 The BSM model call value is the exercise price times N(d1) less the present value 

of the stock price times N(d2).
B.	 The BSM model call value is the stock price times e−δTN(d1) less the exercise 

price times e−rTN(d2).
C.	 The BSM model call value is the stock price times e−δTN(–d1) less the present 

value of the exercise price times e−rTN(–d2).
2.	 Which answer best describes how the BSM model is used to value a put option with 

the parameters given?
A.	 The BSM model put value is the exercise price times N(d1) less the present value 

of the stock price times N(d2).
B.	 The BSM model put value is the exercise price times e−δTN(–d2) less the stock 

price times e−rTN(–d2).
C.	 The BSM model put value is the exercise price times e−rTN(–d2) less the stock 

price times e−δTN(–d1).
3.	S uppose now that the stock does not pay a dividend—that is, δ = 0%. Identify the 

correct statement.
A.	 The BSM model option value is the same as the previous problems because op-

tions are not dividend adjusted.
B.	 The BSM model option values will be different because there is an adjustment term 

applied to the exercise price, that is e−δT, which will influence the option values.
C.	 The BSM model option value will be different because d1, d2, and the stock 

component are all adjusted for dividends.

Solution to 1:  B is correct. The BSM call model for a dividend-paying stock can be ex-
pressed as Se−δTN(d1) − Xe−rTN(d2).

Solution to 2:  C is correct. The BSM put model for a dividend-paying stock can be 
expressed as Xe−rTN(–d2) − Se−δTN(–d1).

Solution to 3:  C is correct. The BSM model option value will be different because d1, d2, 
and the stock component are all adjusted for dividends.
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For foreign exchange options, γ = rf, which is the continuously compounded foreign risk-
free interest rate. When quoting an exchange rate, we will give the value of the domestic cur-
rency per unit of the foreign currency. For example, Japanese yen (¥) per unit of the euro (€) 
will be expressed as the euro trading for ¥135 or succinctly 135¥/€. This is called the foreign ex-
change spot rate. Thus, the foreign currency, the euro, is expressed in terms of the Japanese yen, 
which is in this case the domestic currency. This is logical, for example, when a Japanese firm 
would want to express its foreign euro holdings in terms of its domestic currency, Japanese yen.

With currency options, the underlying instrument is the foreign exchange spot rate. 
Again, the carry benefit is the interest rate in the foreign country because the foreign currency 
could be invested in the foreign country’s risk-free instrument. Also, with currency options, 
the underlying and the exercise price must be quoted in the same currency unit. Lastly, the 
volatility in the model is the volatility of the log return of the spot exchange rate. Each currency 
option is for a certain quantity of foreign currency, termed the notional amount, a concept 
analogous to the number of shares of stock covered in an option contract. The total cost of the 
option would be obtained by multiplying the formula value by the notional amount in the 
same way that one would multiply the formula value of an option on a stock by the number 
of shares the option contract covers.

The BSM model applied to currencies can be described as having two components, a 
foreign exchange component and a bond component. For call options, the foreign exchange 
component is −se n(d )rf t

1  and the bond component is e−rTXN(d2), where r is the domestic 
risk-free rate. The BSM call model applied to currencies is simply the foreign exchange com-
ponent minus the bond component. For put options, the foreign exchange component is 

−−se n( d )rf t
1  and the bond component is e−rTXN(–d2). The BSM put model applied to 

currencies is simply the bond component minus the foreign exchange component. Remember 
that the underlying is expressed in terms of the domestic currency.

Example 12  How the BSM Model Is Used to Value Stock Options

Suppose that we have some Bank of China shares that are currently trading on the Hong 
Kong Stock Exchange at HKD4.41. Our view is that the Bank of China’s stock price 
will be steady for the next three months, so we decide to sell some three-month out-of-
the-money calls with exercise price at 4.60 in order to enhance our returns by receiving 
the option premium. Risk-free government securities are paying 1.60% and the stock 
is yielding HKD 0.24%. The stock volatility is 28%. We use the BSM model to value 
the calls.

Which statement is correct? The BSM model inputs (underlying, exercise, expira-
tion, risk-free rate, dividend yield, and volatility) are:

A.	 4.60, 4.41, 3, 0.0160, 0.0024, and 0.28.
B.	 4.41, 4.60, 0.25, 0.0160, 0.0024, and 0.28.
C.	 4.41, 4.41, 0.3, 0.0160, 0.0024, and 0.28.

Solution:  B is correct. The spot price of the underlying is HKD4.41. The exercise price 
is HKD4.60. The expiration is 0.25 years (three months). The risk-free rate is 0.016. 
The dividend yield is 0.0024. The volatility is 0.28.
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We turn now to examine a modification of the BSM model when the underlying is a 
forward or futures contract.

5.  Black Option Valuation Model

In 1976, Fischer Black introduced a modified version of the BSM model approach that is 
applicable to options on underlying instruments that are costless to carry, such as options on 
futures contracts—for example, equity index futures—and options on forward contracts. The 
latter include interest rate-based options, such as caps, floors, and swaptions.

5.1. E uropean Options on Futures

We assume that the futures price also follows geometric Brownian motion. We ignore issues 
like margin requirements and marking to market. Black proposed the following model for 
European-style futures options:

	 c = e−rT[F0(T)N(d1) − XN(d2)] 	 (15)

Example 13  BSM Model Applied to Value Options on Currency

A Japanese camera exporter to Europe has contracted to receive fixed euro (€) amounts 
each quarter for his goods. The spot price of the currency pair is 135¥/€. If the exchange 
rate falls to, say, 130¥/€, then the yen will have strengthened because it will take fewer yen 
to buy one euro. The exporter is concerned that the yen will strengthen because in this 
case, his forthcoming fixed euro will buy fewer yen. Hence, the exporter is considering 
buying an at-the-money spot euro put option to protect against this fall; this in essence is a 
call on yen. The Japanese risk-free rate is 0.25% and the European risk-free rate is 1.00%.

1.	 What are the underlying and exercise prices to use in the BSM model to get the euro 
put option value?
A.	 1/135; 1/135
B.	 135; 135
C.	 135; 130

2.	 What are the risk-free rate and the carry rate to use in the BSM model to get the 
euro put option value?
A.	 0.25%; 1.00%
B.	 0.25%; 0.00%
C.	 1.00%; 0.25%

Solution to 1:  B is correct. The underlying is the spot FX price of 135 ¥/€. Because the 
put is at-the-money spot, the exercise price equals the spot price.

Solution to 2: A  is correct. The risk-free rate to use is the Japanese rate because Japan 
is the domestic economy. The carry rate is the foreign currency’s risk-free rate, which is 
the European rate.
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and

	 p = e−rT[XN(–d2) − F0(T)N(–d1)] 	 (16)

where
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Note that F0(T) denotes the futures price at Time 0 that expires at Time T, and σ denotes 
the volatility related to the futures price. The other terms are as previously defined. Black’s 
model is simply the BSM model in which the futures contract is assumed to reflect the carry 
arbitrage model. Futures option put–call parity can be expressed as

	 c = e−rT[F0(T) − X] + p 	 (17)

As we have seen before, put–call parity is a useful tool for describing the valuation relationship 
between call and put values within various option valuation models.

The Black model can be described in a similar way to the BSM model. The Black model 
has two components, a futures component and a bond component. For call options, the fu-
tures component is F0(T)e−rTN(d1) and the bond component is again e−rTXN(d2). The Black 
call model is simply the futures component minus the bond component. For put options, the 
futures component is F0(T)e−rTN(–d1) and the bond component is again e−rTXN(–d2). The 
Black put model is simply the bond component minus the futures component.

Alternatively, futures option valuation, based on the Black model, is simply computing 
the present value of the difference between the futures price and the exercise price. The futures 
price and exercise price are appropriately adjusted by the N(d) functions. For call options, the 
futures price is adjusted by N(d1) and the exercise price is adjusted by –N(d2) to arrive at the 
difference. For put options, the futures price is adjusted by –N(–d1) and the exercise price is 
adjusted by +N(–d2).

11 We ignore the effect of the multiplier. As of this writing, the S&P 500 futures option contract has 
a multiplier of 250. The prices reported here have not been scaled up by this amount. In practice, the 
option cost would by 250 times the option value.

Example 14  European Options on Futures Index

The S&P 500 Index (a spot index) is presently at 1,860 and the 0.25 expiration futures 
contract is trading at 1,851.65. Suppose further that the exercise price is 1,860, the 
continuously compounded risk-free rate is 0.2%, time to expiration is 0.25, volatility is 
15%, and the dividend yield is 2.0%. Based on this information, the following results 
are obtained for options on the futures contract.11
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Options on Futures

Calls Puts

N(d1) = 0.491 N(–d1) = 0.509

N(d2) = 0.461 N(–d2) = 0.539

c = US$51.41 p = US$59.76

1.	I dentify the statement that best describes how the Black model is used to value a 
European call option on the futures contract just described.
A.	 The call value is the present value of the difference between the exercise price 

times 0.461 and the current futures price times 0.539.
B.	 The call value is the present value of the difference between the current futures 

price times 0.491 and the exercise price times 0.461.
C.	 The call value is the present value of the difference between the current spot price 

times 0.491 and the exercise price times 0.461.
2.	 Which statement best describes how the Black model is used to value a European put 

option on the futures contract just described?
A.	 The put value is the present value of the difference between the exercise price 

times 0.539 and the current futures price times 0.509.
B.	 The put value is the present value of the difference between the current futures 

price times 0.491 and the exercise price times 0.461.
C.	 The put value is the present value of the difference between the current spot price 

times 0.491 and the exercise price times 0.461.
3.	 What are the underlying and exercise prices to use in the Black futures option 

model?
A.	 1,851.65; 1,860
B.	 1,860; 1,860
C.	 1,860; 1,851.65

Solution to 1:  B is correct. Recall Black’s model for call options can be expressed as 
c = e−rT[F0(T)N(d1) − XN(d2)].

Solution to 2: A  is correct. Recall Black’s model for put options can be expressed as 
p = e−rT[XN(–d2) − F0(T)N(–d1)].

Solution to 3: A  is correct. The underlying is the futures price of 1,851.65 and the exer-
cise price was given as 1,860.

5.2. I nterest Rate Options

With interest rate options, the underlying instrument is a reference interest rate, such as three-
month Libor. An interest rate call option gains when the reference interest rate rises and an 
interest rate put option gains when the reference interest rate falls. Interest rate options are the 
building blocks of many other instruments.

For an interest rate call option on three-month Libor with one year to expiration, the un-
derlying interest rate is a forward rate agreement (FRA) rate that expires in one year. This FRA 
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is observed today and is the underlying rate used in the Black model. The underlying rate of 
the FRA is a 3-month Libor deposit that is investable in 12 months and matures in 15 months. 
Thus, in one year, the FRA rate typically converges to the three-month spot Libor.

Interest rates are typically set in advance, but interest payments are made in arrears, which 
is referred to as advanced set, settled in arrears. For example, with a bank deposit, the interest 
rate is usually set when the deposit is made, say tj–1, but the interest payment is made when the 
deposit is withdrawn, say tj. The deposit, therefore, has tm = tj − tj–1 time until maturity. Thus, 
the rate is advanced set, but the payment is settled in arrears. Likewise with a floating rate loan, 
the rate is usually set and the interest accrues at this known rate, but the payment is made later. 
Similarly, with some interest rate options, the time to option expiration (tj–1) when the interest 
rate is set does not correspond to the option settlement (tj) when the cash payment is made, if 
any. For example, if an interest rate option payment based on three-month Libor is US$5,000 
determined on January 15th, the actual payment of the US$5,000 would occur on April 15.

Interest rates are quoted on an annual basis, but the underlying implied deposit is often 
less than a year. Thus, the annual rates must be adjusted for the accrual period. Recall that the 
accrual period for a quarterly reset 30/360 day count FRA is 0.25 (= 90/360). If the day count 
is on an actual (ACT) number of days divided by 360 (ACT/360), then the accrual period may 
be something like 0.252778 (= 91/360), assuming 91 days in the period. Typically, the accrual 
period in FRAs is based on 30/360 whereas the accrual period based on the option is actual 
number of days in the contract divided by the actual number of days in the year (identified as 
ACT/ACT or ACT/365).

The model presented here is known as the standard market model and is a variation of 
Black’s futures option valuation model. Again, let tj–1 denote the time to option expiration 
(ACT/365), whereas let tj denote the time to the maturity date of the underlying FRA. Note 
that the interest accrual on the underlying begins at the option expiration (Time tj–1). Let 
FRA(0,tj–1,tm) denote the fixed rate on a FRA at Time 0 that expires at Time tj–1, where the 
underlying matures at Time tj (= tj–1 + tm), with all times expressed on an annual basis. We 
assume the FRA is 30/360 day count. For example, FRA(0,0.25,0.5) = 2% denotes the 2% 
fixed rate on a forward rate agreement that expires in 0.25 years with settlement amount being 
paid in 0.75 (= 0.25 + 0.5) years.12 Let RX denote the exercise rate expressed on an annual 
basis. Finally, let σ denote the interest rate volatility. Specifically, σ is the annualized standard 
deviation of the continuously compounded percentage change in the underlying FRA rate.

Interest rate options give option buyers the right to certain cash payments based on ob-
served interest rates. For example, an interest rate call option gives the call buyer the right to 
a certain cash payment when the underlying interest rate exceeds the exercise rate. An interest 
rate put option gives the put buyer the right to a certain cash payment when the underlying 
interest rate is below the exercise rate.

With the standard market model, the prices of interest rate call and put options can be 
expressed as

	 c aP e fra 0,t ,t n d r n dr tj 1 tm
j 1 m 1 x 2( ) ( ) ( )( )= −





( )− − +
− 	 (18)

12 Note that in other contexts the time periods are expressed in months. For example with months, this 
FRA would be expressed as FRA(0,3,6). Note that the third term in parentheses denotes the maturity of 
the underlying deposit from the expiration of the FRA.
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and
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where

AP denotes the accrual period in years
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The formulas here give the value of the option for a notional amount of 1. In practice, 
the notional would be more than one, so the full cost of the option is obtained by multiply-
ing these formula amounts by the notional amount. Of course, this point is just the same as 
finding the value of an option on a single share of stock and then multiplying that value by the 
number of shares covered by the option contract.

Immediately, we note that the standard market model requires an adjustment when com-
pared with the Black model for the accrual period. In other words, a value such as FRA(0,tj–1,tm) 
or the strike rate, RX, as appearing in the formula given earlier, is stated on an annual basis, 
as are interest rates in general. The actual option premium would have to be adjusted for the 
accrual period. After accounting for this adjustment, this model looks very similar to the Black 
model, but there are important but subtle differences. First, the discount factor, e r(tj 1 tm )− − + , 
does not apply to the option expiration, tj–1. Rather, the discount factor is applied to the ma-
turity date of the FRA or tj (= tj–1 + tm). We express this maturity as (tj–1 + tm) rather than tj to 
emphasize the settlement in arrears nature of this option. Second, rather than the underlying 
being a futures price, the underlying is an interest rate, specifically a forward rate based on a 
forward rate agreement or FRA(0,tj–1,tm). Third, the exercise price is really a rate and reflects 
an interest rate, not a price. Fourth, the time to the option expiration, tj–1, is used in the calcu-
lation of d1 and d2. Finally, both the forward rate and the exercise rate should be expressed in 
decimal form and not as percent (for example, 0.02 and not 2.0). Alternatively, if expressed as 
a percent, then the notional amount adjustment could be divided by 100.

As with other option models, the standard market model can be described as simply the 
present value of the expected option payoff at expiration. Specifically, we can express the stan-
dard market model for calls as c = PV[E(ctj)] and for puts as p = PV[E(ptj)], where E(ctj) = (AP)
[FRA(0,tj–1,tm)N(d1) − RXN(d2)] and E(ptj) = (AP)[RXN(–d2) − FRA(0,tj–1,tm)N(–d1)]. The 
present value term in this context is simply e rtj−  = − − +e r(tj 1 tm ). Again, note we discount from 
Time tj, the time when the cash flows are settled on the FRA.

There are several interesting and useful combinations that can be created with interest 
rate options. We focus on a few that will prove useful for understanding swaptions in the next 
section. First, if the exercise rate is selected so as to equal the current FRA rate, then long an 
interest rate call option and short an interest rate put option is equivalent to a receive-floating, 
pay-fixed FRA.

Second, if the exercise rate is again selected so it is equal to the current FRA rate, then long 
an interest rate put option and short an interest rate call option is equivalent to a receive-fixed, 
pay-floating FRA. Note that FRAs are the building blocks of interest rate swaps.
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Third, an interest rate cap is a portfolio or strip of interest rate call options in which the 
expiration of the first underlying corresponds to the expiration of the second option and so 
forth. The underlying interest rate call options are termed caplets. Thus, a set of floating-rate 
loan payments can be hedged with a long position in an interest rate cap encompassing a series 
of interest rate call options.

Fourth, an interest rate floor is a portfolio or strip of interest rate put options in which the 
expiration of the first underlying corresponds with the expiration of the second option and so 
forth. The underlying interest rate put options are termed floorlets. Thus, a floating-rate bond 
investment or any other floating-rate lending situation can be hedged with an interest rate 
floor encompassing a series of interest rate put options.

Fifth, applying put-call parity as discussed earlier, long an interest rate cap and short an 
interest rate floor with the exercise prices set at the swap rate is equivalent to a receive-floating, 
pay-fixed swap. On a settlement date, when the underlying rate is above the strike, both the 
cap and the swap pay off to the party. When the underlying rate is below the strike on a settle-
ment date, the party must make a payment on the short floor, just as the case with a swap. 
For the opposite position, long an interest rate floor and short an interest rate cap result in the 
party making a payment when the underlying rate is above the strike and receiving one when 
the underlying rate is below the strike, just as is the case for a pay-floating, receive-fixed swap.

Finally, if the exercise rate is set equal to the swap rate, then the value of the cap must be 
equal to the value of the floor at the start. When an interest rate swap is initiated, its current 
value is zero and is known as an at-market swap. When an exercise rate is selected such that the 
cap value equals the floor value, then the initial cost of being long a cap and short the floor is 
also zero. This occurs when the cap and floor strike are equal to the swap rate.

Example 15  European Interest Rate Options

Suppose you are a speculative investor in Singapore. On 15 May, you anticipate that 
some regulatory changes will be enacted, and you want to profit from this forecast. On 
15 June, you intend to borrow 10,000,000 Singapore dollars to fund the purchase of an 
asset, which you expect to resell at a profit three months after purchase, say on 15 Sep-
tember. The current three-month Sibor (that is, Singapore Libor) is 0.55%. The appro-
priate FRA rate over the period of 15 June to 15 September is currently 0.68%. You are 
concerned that rates will rise, so you want to hedge your borrowing risk by purchasing 
an interest rate call option with an exercise rate of 0.60%.

1.	I n using the Black model to value this interest rate call option, what would the un-
derlying rate be?
A.	 0.55%
B.	 0.68%
C.	 0.60%

2.	 The discount factor used in pricing this option would be over what period of time?
A.	 15 May–15 June
B.	 15 June–15 September
C.	 15 May–15 September
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Interest rate option values are linked in an important way with interest rate swap values 
through caps and floors. As we will see in the next section, an interest rate swap serves as the 
underlying for swaptions. Thus, once again, we see that important links exist between interest 
rate options, swaps, and swaptions.

5.3. S waptions

A swap option or swaption is simply an option on a swap. It gives the holder the right, but 
not the obligation, to enter a swap at the pre-agreed swap rate—the exercise rate. Interest rate 
swaps can be either receive fixed, pay floating or receive floating, pay fixed. A payer swaption is 
an option on a swap to pay fixed, receive floating. A receiver swaption is an option on a swap 
to receive fixed, pay floating. Note that the terms “call” and “put” are often avoided because of 
potential confusion over the nature of the underlying. Notice also that the terminology focuses 
on the fixed swap rate.

A payer swaption buyer hopes the fixed rate goes up before the swaption expires. When 
exercised, the payer swaption buyer is able to enter into a pay-fixed, receive-floating swap at the 
predetermined exercise rate, RX. The buyer can then immediately enter an offsetting at-market 
receive-fixed, pay-floating swap at the current fixed swap rate. The floating legs of both swaps 
will offset, leaving the payer swaption buyer with an annuity of the difference between the 
current fixed swap rate and the swaption exercise rate. Thus, swaption valuation will reflect an 
annuity.

Swap payments are advanced set, settled in arrears. Let the swap reset dates be ex-
pressed as t0, t1, t2, ..., tn. Let RFIX denote the fixed swap rate starting when the swaption 
expires, denoted as before with T, quoted on an annual basis, and RX denote the exercise 
rate starting at Time T, again quoted on an annual basis. As before, we will assume a no-
tional amount of 1.

Because swap rates are quoted on an annual basis, let AP denote the accrual period. Final-
ly, we need some measure of uncertainty. Let σ denote the volatility of the forward swap rate. 
More precisely, σ denotes annualized, standard deviation of the continuously compounded 
percentage changes in the forward swap rate.

The swaption model presented here is a modification of the Black model. Let the present 
value of an annuity matching the forward swap payment be expressed as

	 PVa PV 10,tj
j 1

n

∑ ( )=
=

Solution to 1:  B is correct. In using the Black model, a forward or futures price is used 
as the underlying. This approach is unlike the BSM model in which a spot price is used 
as the underlying.

Solution to 2:  C is correct. You are pricing the option on 15 May. An option expiring 
15 June when the underlying is three-month Sibor will have its payoff determined on 
15 June, but the payment will be made on 15 September. Thus, the expected payment 
must be discounted back from 15 September to 15 May.
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This term is equivalent to what is sometimes referred to as an annuity discount factor. It 
applies here because a swaption creates a series of equal payments of the difference in the 
market swap rate at expiration and the chosen exercise rate. Therefore, the payer swaption 
valuation model is

	 PAYSWN = (AP)PVA[RFIXN(d1) − RXN(d2)] 	 (20)

and the receiver swaption valuation model

	RE CSWN = (AP)PVA[RXN(–d2) − RFIXN(–d1)] 	 (21)

where

	
( )( )

=
+ σ

σ
d

ln r r 2 t
t1

fix x
2

, and as always, 

	 = − σd d t2 1

As noted with interest rate options, the actual premium would need to be scaled by the 
notional amount. Once again, we can see the similarities to the Black model. We note that the 
swaption model requires two adjustments, one for the accrual period and one for the present 
value of an annuity. After accounting for these adjustments, this model looks very similar to the 
Black model but there are important subtle differences. First, the discount factor is absent. The 
payoff is not a single payment but a series of payments. Thus, the present value of an annuity 
used here embeds the option-related discount factor. Second, rather than the underlying being a 
futures price, the underlying is the fixed rate on a forward interest rate swap. Third, the exercise 
price is really expressed as an interest rate. Finally, both the forward swap rate and the exercise 
rate should be expressed in decimal form and not as percent (for example, 0.02 and not 2.0).

As with other option models, the swaption model can be described as simply the present 
value of the expected option payoff at expiration. Specifically, we can express the payer swap-
tion model value as

	 PAYSWN = PV[E(PAYSWN,T)] 

and the receiver swaption model value as

	RE CSWN = PV[E(RECSWN,T)], 

where 

E(PAYSWN,T) = erTPAYSWN and 
E(RECSWN,T) = erTRECSWN. 

The present value term in this context is simply e−rT. Because the annuity term embedded the 
discounting over the swaption life, the expected swaption values are the current swaption val-
ues grossed up by the current risk-free interest rate.

Alternatively, the swaption model can be described as having two components, a 
swap component and a bond component. For payer swaptions, the swap component 
is (AP)PVA(RFIX)N(d1) and the bond component is (AP)PVA(RX)N(d2). The payer 
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swaption model value is simply the swap component minus the bond component. For 
receiver swaptions, the swap component is (AP)PVA(RFIX)N(–d1) and the bond com-
ponent is (AP)PVA(RX)N(–d2). The receiver swaption model value is simply the bond 
component minus the swap component.

As with nearly all derivative instruments, there are many useful equivalence relationships. 
Recall that long an interest rate cap and short an interest rate floor with the same exercise rate 
is equal to a receive-floating, pay-fixed interest rate swap. Also, short an interest rate cap and 
long an interest rate floor with the same exercise rate is equal to a pay-floating, receive-fixed 
interest rate swap. There are also equivalence relationships with swaptions. In a similar way, 
long a receiver swaption and short a payer swaption with the same exercise rate is equivalent to 
entering a receive-fixed, pay-floating forward swap. Long a payer swaption and short a receiver 
swaption with the same exercise rate is equivalent to entering a receive-floating, pay-fixed for-
ward swap. Note that if the exercise rate is selected such that the receiver and payer swaptions 
have the same value, then the exercise rate is equal to the at-market forward swap rate. Thus, 
there is again a put–call parity relationship important for valuation.

In addition, being long a callable fixed-rate bond can be viewed as being long a straight 
fixed-rate bond and short a receiver swaption. A receiver swaption gives the buyer the right to 
receive a fixed rate. Hence, the seller will have to pay the fixed rate when this right is exercised 
in a lower rate environment. Recall that the bond issuer has the right to call the bonds. If the 
bond issuer sells a receiver swaption with similar terms, then the bond issuer has essentially 
converted the callable bond into a straight bond. The bond issuer will now pay the fixed rate 
on the underlying swap and the floating rate received will be offset by the floating-rate loan 
created when the bond was refinanced. Specifically, the receiver swaption buyer will benefit 
when rates fall and the swaption is exercised. Thus, the embedded call feature is similar to a 
receiver swaption.

Example 16  European Swaptions

Suppose you are an Australian company and have ongoing floating-rate debt. You have 
profited for some time by paying at a floating rate because rates have been falling steadily 
for the last few years. Now, however, you are concerned that within three months the 
Australian central bank may tighten its monetary policy and your debt costs will thus 
increase. Rather than lock in your borrowing via a swap, you prefer to hedge by buying 
a swaption expiring in three months, whereby you will have the choice, but not the 
obligation, to enter a five-year swap locking in your borrowing costs. The current three-
month forward, five-year swap rate is 2.65%. The current five-year swap rate is 2.55%. 
The current three-month risk-free rate is 2.25%.

With reference to the Black model to value the swaption, which statement is correct?

A.	 The underlying is the three-month forward, five-year swap rate.
B.	 The discount rate to use is 2.55%.
C.	 The swaption time to expiration, T, is five years.

Solution: A  is correct. The current five-year swap rate is not used as a discount rate with 
swaptions. The swaption time to expiration is 0.25, not the life of the swap.
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6. Op tion Greeks and Implied Volatility

With option valuation models, such as the binomial model, BSM model, and Black’s model, 
we are able to estimate a wide array of comparative information, such as how much the option 
value will change for a small change in a particular parameter.13 We will explore this derived 
information as well as implied volatility in this section. These topics are essential for those 
managing option positions and in general in obtaining a solid understanding of how option 
prices change. Our discussion will be based on stock options, though the material covered in 
this section applies to all types of options.

The measures examined here are known as the Greeks and include, delta, gamma, theta, 
vega, and rho. With these calculations, we seek to address how much a particular portfolio will 
change for a given small change in the appropriate parameter. These measures are sometimes 
referred to as static risk measures in that they capture movements in the option value for a 
movement in one of the factors that affect the option value, while holding all other factors 
constant.

Our focus here is on European stock options in which the underlying stock is assumed to 
pay a dividend yield (denoted δ). Note that for non-dividend-paying stocks, δ = 0.

6.1.  Delta

Delta is defined as the change in a given instrument for a given small change in the value of 
the stock, holding everything else constant. Thus, the delta of long one share of stock is by 
definition +1.0, and the delta of short one share of stock is by definition –1.0. The concept of 
the option delta is similarly the change in an option value for a given small change in the value 
of the underlying stock, holding everything else constant. The option deltas for calls and puts 
are, respectively,

	 Deltac = e−δTN(d1) 	 (22)

and

	 Deltap = –e−δTN(–d1) 	 (23)

Note that the deltas are a simple function of N(d1). The delta of an option answers 
the question of how much the option will change for a given change in the stock, holding 
everything else constant. Therefore, delta is a static risk measure. It does not address how likely 
this particular change would be. Recall that N(d1) is a value taken from the cumulative distri-
bution function of a standard normal distribution. As such, the range of values is between 0 
and 1. Thus, the range of call delta is 0 and e−δT and the range of put delta is –e−δT and 0. As 
the stock price increases, the call option goes deeper in the money and the value of N(d1) is 
moving toward 1. As the stock price decreases, the call option goes deeper out of the money 
and the value of N(d1) is moving toward zero. When the option gets closer to maturity, the 
delta will drift either toward 0 if it is out of the money or drift toward 1 if it is in the money. 
Clearly, as the stock price changes and as time to maturity changes, the deltas are also changing.

13 Parameters in the BSM model, for example, include the stock price, exercise price, volatility, time to 
expiration, and the risk-free interest rate.
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Delta hedging an option is the process of establishing a position in the underlying stock of 
a quantity that is prescribed by the option delta so as to have no exposure to very small moves 
up or down in the stock price. Hence, to execute a single option delta hedge, we first calculate 
the option delta and then buy or sell delta units of stock. In practice, rarely does one have only 
one option position to manage. Thus, in general, delta hedging refers to manipulating the un-
derlying portfolio delta by appropriately changing the positions in the portfolio. A delta neutral 
portfolio refers to setting the portfolio delta all the way to zero. In theory, the delta neutral 
portfolio will not change in value for small changes in the stock instrument. Let NH denote the 
number of units of the hedging instrument and DeltaH denote the delta of the hedging instru-
ment, which could be the underlying stock, call options, or put options. Delta neutral implies 
the portfolio delta plus NHDeltaH is equal to zero. The optimal number of hedging units, NH, is

	 N = −
Portfolio delta

Deltah
h

Note that if NH is negative, then one must short the hedging instrument, and if NH is 
positive, then one must go long the hedging instrument. Clearly, if the portfolio is options and 
the hedging instrument is stock, then we will buy or sell shares to offset the portfolio position. 
For example, if the portfolio consists of 100,000 shares of stock at US$10 per share, then the 
portfolio delta is 100,000. The delta of the hedging instrument, stock, is +1. Thus, the optimal 
number of hedging units, NH, is –100,000 (= –100,000/1) or short 100,000 shares. Alterna-
tively, if the portfolio delta is 5,000 and a particular call option with delta of 0.5 is used as 
the hedging instrument, then to arrive at a delta neutral portfolio, one must sell 10,000 call 
options (= –5,000/0.5). Alternatively, if a portfolio of options has a delta of –1,500, then one 
must buy 1,500 shares of stock to be delta neutral [= –(–1,500)/1]. If the hedging instrument 
is stock, then the delta is +1 per share.

Example 17  Delta Hedging

Apple stock is trading at US$125. We write calls (that is, we sell calls) on 1,000 Apple 
shares and now are exposed to an increase in the price of the Apple stock. That is, if 
Apple rises, we will lose money because the calls we sold will go up in value, so our 
liability will increase. Correspondingly, if Apple falls, we will make money. We want to 
neutralize our exposure to Apple. Say the call delta is 0.50, which means that if Apple 
goes up by US$0.10, a call on one Apple share will go up US$0.05. We need to trade 
in such a way as to make money if Apple goes up, to offset our exposure. Hence, we 
buy 500 Apple shares to hedge. Now, if Apple goes up US$0.10, the sold calls will go 
up US$50 (our liability goes up), but our long 500 Apple hedge will profit by US$50. 
Hence, we are delta hedged.

Identify the incorrect statement:

A.	I f we sell Apple puts, we need to buy Apple stock to delta hedge.
B.	 Call delta is non-negative (≥ 0); put delta is non-positive (≤ 0).
C.	 Delta hedging is the process of neutralizing exposure to the underlying.

Solution: A  is the correct answer because statement A is incorrect. If we sell puts, we 
need to short sell stock to delta hedge.
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One final interpretation of option delta is related to forecasting changes in option prices. 
Let �c, �p, and �s denote some new value for the call, put, and stock. Based on an approximation 
method, the change in the option price can be estimated with a concept known as a delta 
approximation or 

� �c c Delta (s s)c− ≅ −  for calls and 

��p p Delta (s s)p− ≅ −  for puts.14

We can now illustrate the actual call values as well as the estimated call values based on delta. 
Exhibit 15 illustrates the call value based on the BSM model and the call value based on the 
delta approximation, 

� �c c Delta (s s)c= + − . 

Notice for very small changes in the stock, the delta approximation is fairly accurate. For exam-
ple, if the stock value rises from 100 to 101, notice that both the call line and the call (delta) 
estimated line are almost the same value. If, however, the stock value rises from 100 to 150, 
the call line is now significantly above the call (delta) estimated line. Thus, we see that as the 
change in the stock increases, the estimation error also increases. The delta approximation is 
biased low for both a down move and an up move.

Exhibit 15   Call Values and Delta Estimated Call Values (S = 100 = X, r = 5%, σ = 30%, δ = 0)
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14 The symbol ≅ denotes approximately. The approximation method is known as a Taylor series. Also note 
that the put delta is non-positive (≤ 0).
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We see that delta hedging is imperfect and gets worse as the underlying moves further away 
from its original value of 100. Based on the graph, the BSM model assumption of continuous 
trading is essential to avoid hedging risk. This hedging risk is related to the difference between 
these two lines and the degree to which the underlying price experiences large changes.

Example 18  Delta Hedging

Suppose we know S = 100, X = 100, r = 5%, T = 1.0, σ = 30%, and δ = 5%. We have 
a short position in put options on 10,000 shares of stock. Based on this information, 
we note Deltac = 0.532, and Deltap = –0.419. Assume each stock option contract is for 
one share of stock.

1.	 The appropriate delta hedge, assuming the hedging instrument is stock, is executed 
by which of the following transactions? Select the closest answer.
A.	 Buy 5,320 shares of stock.
B.	S hort sell 4,190 shares of stock.
C.	 Buy 4,190 shares of stock.

2.	 The appropriate delta hedge, assuming the hedging instrument is calls, is executed 
by which of the following transactions? Select the closest answer.
A.	S ell 7,876 call options.
B.	S ell 4,190 call options.
C.	 Buy 4,190 call options.

3.	I dentify the correct interpretation of an option delta.
A.	O ption delta measures the curvature in the option price with respect to the stock 

price.
B.	O ption delta is the change in an option value for a given small change in the 

stock’s value, holding everything else constant.
C.	O ption delta is the probability of the option expiring in the money.

Solution to 1:  B is correct. Recall that N = −
Portfolio delta

Deltah
h

. The put delta is given as 

–0.419, thus the short put delta is 0.419. In this case, Portfolio delta = 10,000(0.419) = 
4,190 and DeltaH = 1.0. Thus, the number of number of hedging units is –4,190 
[= –(4,190/1)] or short sell 4,190 shares of stock.

Solution to 2: A  is correct. Again the Portfolio delta = 4,190 but now DeltaH = 0.532. 
Thus, the number of hedging units is –7,875.9 [= –(4,190/0.532)] or sell 7,876 call 
options.

Solution to 3:  B is correct. Delta is defined as the change in a given portfolio for a 
given small change in the stock’s value, holding everything else constant. Option delta 
is defined as the change in an option value for a given small change in the stock’s value, 
holding everything else constant.
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6.2. G amma

Recall that delta is a good approximation of how an option price will change for a small change 
in the stock. For larger changes in the stock, we need better accuracy. Gamma is defined as the 
change in a given instrument’s delta for a given small change in the stock’s value, holding every-
thing else constant. Option gamma is similarly defined as the change in a given option delta 
for a given small change in the stock’s value, holding everything else constant. Option gamma 
is a measure of the curvature in the option price in relationship to the stock price. Thus, the 
gamma of a long or short position in one share of stock is zero because the delta of a share of 
stock never changes. A stock always moves one-for-one with itself. Thus, its delta is always +1 
and, of course, –1 for a short position in the stock. The gamma for a call and put option are 
the same and can be expressed as

	G ammac = Gammap = ( )
σ

−δe
s t

n d
t

1 	 (24)

where n(d1) is the standard normal probability density function. The lowercase “n” is distin-
guished from the cumulative normal distribution—which the density function generates—
and that we have used elsewhere in this reading denoted by uppercase “N”. The gamma of a 
call equals the gamma of a similar put based on put–call parity or c − p = S0 − e−rTX. Note that 
neither S0 nor e−rTX is a direct function of delta. Hence, the right-hand side of put–call parity 
has a delta of 1. Thus, the right-hand side delta is not sensitive to changes in the underlying. 
Therefore, the gamma of a call must equal the gamma of a put.

Gamma is always non-negative. Gamma takes on its largest value near at the money. 
Options deltas do not change much for small changes in the stock price if the option is either 
deep in or deep out of the money. Also, as the stock price changes and as time to expiration 
changes, the gamma is also changing.

Gamma measures the rate of change of delta as the stock changes. Gamma approximates 
the estimation error in delta for options because the option price with respect to the stock is 
non-linear and delta is a linear approximation. Thus, gamma is a risk measure; specifically, 
gamma measures the non-linearity risk or the risk that remains once the portfolio is delta 
neutral. A gamma neutral portfolio implies the gamma is zero. For example, gamma can be 
managed to an acceptable level first and then delta is neutralized as a second step. This hedging 
approach is feasible because options have gamma but a stock does not. Thus, in order to mod-
ify gamma, one has to include additional option trades in the portfolio. Once the revised port-
folio, including any new option trades, has the desired level of gamma, then the trader can get 
the portfolio delta to its desired level as step two. To alter the portfolio delta, the trader simply 
buys or sells stock. Because stock has a positive delta, but zero gamma, the portfolio delta can 
be brought to its desired level with no impact on the portfolio gamma.

One final interpretation of gamma is related to improving the forecasted changes in 
option prices. Again, let �c, �p, and �s denote new values for the call, put, and stock. Again 
based on an approximation method, the change in the option price can be estimated by a 
delta-plus-gamma approximation or 

	 � � �( ) ( )− ≈ − + −c c Delta s s
gamma

2
s sc

c 2
 for calls and 

	 � �� ( ) ( )− ≈ − + −p p Delta s s
gamma

2
s sp

p 2
 for puts. 
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Exhibit 16 illustrates the call value based on the BSM model; the call value based on the delta 
approximation, 

	 � �( )= + −c c Delta s sc  

and the call value based on the delta-plus-gamma approximation, 

	 � � �( ) ( )= + − + −c c Delta s s
gamma

2
s sc

c 2
 

Notice again that for very small changes in the stock, the delta approximation and the 
delta-plus-gamma approximations are fairly accurate. If the stock value rises from 100 to 150, 
the call line is again significantly above the delta estimated line but is below the delta-plus-
gamma estimated line. Importantly, the call delta-plus-gamma estimated line is significantly 
closer to the BSM model call values. Thus, we see that even for fairly large changes in the stock, 
the delta-plus-gamma approximation is accurate. As the change in the stock increases, the 
estimation error also increases. From Exhibit 16, we see the delta-plus-gamma approximation 
is biased low for a down move but biased high for an up move. Thus, when estimating how 
the call price changes when the underlying changes, we see how the delta-plus-gamma approx-
imation is an improvement when compared with using the delta approximation on its own.

Exhibit 16   Call Values, Delta Estimated Call Values, and Delta-Plus-Gamma Estimated Call 
Values (S = 100 = X, r = 5%, σ = 30%, δ = 0)
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If the BSM model assumptions hold, then we would have no risk in managing option 
positions. In reality, however, stock prices often jump rather than move continuously and 
smoothly, which creates “gamma risk.” Gamma risk is so-called because gamma measures the 
risk of stock prices jumping when hedging an option position, and thus leaving us suddenly 
unhedged.
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6.3.  Theta

Theta is defined as the change in a portfolio for a given small change in calendar time, hold-
ing everything else constant. Option theta is similarly defined as the change in an option 
value for a given small change in calendar time, holding everything else constant. Option 
theta is the rate at which the option time value declines as the option approaches expiration. 
To understand theta, it is important to remember the “holding everything else constant” 
assumption. Specifically, the theta calculation assumes nothing changes except calendar time. 
Clearly, if calendar time passes, then time to expiration declines. Because stocks do not have 
an expiration date, the stock theta is zero. Like gamma, theta cannot be adjusted with stock 
trades.

The gain or loss of an option portfolio in response to the mere passage of calendar time is 
known as time decay. Particularly with long options positions, often the mere passage of time 
without any change in other variables, such as the stock, will result in significant losses in value. 
Therefore, investment managers with significant option positions carefully monitor theta and 
their exposure to time decay. Time decay is essentially the measure of profit and loss of an op-
tion position as time passes, holding everything else constant.

Note that theta is fundamentally different from delta and gamma in the sense that the pas-
sage of time does not involve any uncertainty. There is no chance that time will go backward. 
Time marches on, but it is important to understand how your investment position will change 
with the mere passage of time.

Typically, theta is negative for options. That is, as calendar time passes, expiration time 
declines and the option value also declines. Exhibit 17 illustrates the option value with respect 
to time to expiration. Remember, as calendar time passes, the time to expiration declines. Both 
the call and the put option are at the money and eventually are worthless if the stock does not 
change. Notice, however, how the speed of the option value decline increases as time to expir-
ation decreases.

Example 19  Gamma Risk in Option Trading

Suppose we are options traders and have only one option position—a short call option. 
We also hold some stock such that we are delta hedged. Which one of the following 
statements is true?

A.	 We are gamma neutral.
B.	 Buying a call will increase our overall gamma.
C.	O ur overall position is a positive gamma, which will make large moves profitable for 

us, whether up or down.

Solution:  B is correct. Buying options (calls or puts) will always increase net gamma. A 
is incorrect because we are short gamma, not gamma neutral. C is also incorrect because 
we are short gamma. We can only become gamma neutral from a short gamma position 
by purchasing options.
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Exhibit 17   Option Values and Time to Expiration (S = 100 = X, r = 5%, σ = 30%, δ = 0)
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6.4.  Vega

Vega is defined as the change in a given portfolio for a given small change in volatility, holding 
everything else constant. Vega measures the sensitivity of a given portfolio to volatility. The 
vega of an option is positive. An increase in volatility results in an increase in the option value 
for both calls and puts.

The vega of a call equals the vega of a similar put based on put–call parity or c − p = 
S0 − e−rTX. Note that neither S0 nor e−rTX is a direct function of volatility. Therefore, the vega 
of a call must offset the vega of a put so that the vega of the right-hand side is zero.

Unlike the Greeks we have already discussed, vega is based on an unobservable param-
eter, future volatility. Although historical volatility can be calculated, there is no objective 
measure of future volatility. Similar to the concept of expected value, future volatility is 
subjective. Thus, vega measures the sensitivity of a portfolio to changes in the volatility 
used in the option valuation model. Option values are generally quite sensitive to volatility. 
In fact, of the five variables in the BSM, an option’s value is most sensitive to volatility 
changes.

At extremely low volatility, the option values tend toward their lower bounds. The lower 
bound of a European-style call option is zero or the stock less the present value of the exercise 
price, whichever is greater. The lower bound of a European-style put option is zero or the 
present value of the exercise price less the stock, whichever is greater. Exhibit 18 illustrates 
the option values with respect to volatility. In this case, the call lower bound is 4.88 and the 
put lower bound is 0. The difference between the call and put can be explained by put–call 
parity.
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Exhibit 18   Option Values and Volatility (S = 100 = X, r = 5%, T = 1, δ = 0)
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Vega is very important in managing an options portfolio because option values can be very 
sensitive to volatility changes. Vega is high when options are at or near the money and are short 
dated. Volatility is usually only hedged with other options and volatility itself can be quite vola-
tile. Volatility is sometimes considered a separate asset class or a separate risk factor. Because it 
is rather exotic and potentially dangerous, exposure to volatility needs to be managed, bearing 
in mind that risk managers, board members, and clients may not understand or appreciate 
losses if volatility is the source.

6.5. R ho

Rho is defined as the change in a given portfolio for a given small change in the risk-free inter-
est rate, holding everything else constant. Thus, rho measures the sensitivity of the portfolio to 
the risk-free interest rate.

The rho of a call is positive. Intuitively, buying an option avoids the financing costs in-
volved with purchasing the stock. In other words, purchasing a call option allows an investor 
to earn interest on the money that otherwise would have gone to purchasing the stock. The 
higher the interest rate, the higher the call value.

The rho of a put is negative. Intuitively, the option to sell the stock delays the oppor-
tunity to earn interest on the proceeds from the sale. For example, purchasing a put option 
rather than selling the stock deprives an investor of the potential interest that would have 
been earned from the proceeds of selling the stock. The higher the interest rate, the lower the 
put value.

When interest rates are zero, the call and put option values are the same for at-the-money 
options. Recall that with put–call parity, we have c − p = S0 − e−rTX, and when interest rates 
are zero, then the present value function has no effect. As interest rates rise, the difference be-
tween call and put options increases as illustrated in Exhibit 19. The impact on option prices 
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when interest rates change is relatively small when compared with that for volatility changes 
and that for changes in the stock. Hence, the influence of interest rates is generally not a major 
concern.15

Exhibit 19   Option Values and Interest Rates (S = 100 = X, r = 5%, T = 1, δ = 0)
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6.6. I mplied Volatility

As we have already touched on in Section 6.4, for most options, the value is particularly 
sensitive to volatility. Unlike the price of the underlying, however, volatility, is not an 
observable value in the marketplace. Volatility can be, and often is estimated, based on a 
sample of historical data. For example, for a three-month option, we might look back over 
the last three months and calculate the actual historical stock volatility. We can then use 
this figure as an estimate of volatility over the next three months. The volatility parameter 
in the BSM model, however, is the future volatility. As we know, history is a very frail guide 
of the future, so the option may appear to be “mispriced” with respect to the actual future 
volatility experienced. Different investors will have different views of the future volatility. 
The one with the most accurate forecast will have the most accurate assessment of the 
option value.

Much like yield to maturity with bonds, volatility can be inferred from option prices. 
This inferred volatility is called the implied volatility. Thus, one important use of the BSM 

15 An exception to this rule is that with interest rate options, the interest rate is not constant and serves as 
the underlying. The relationship between the option value and the underlying interest rate is, therefore, 
captured by the delta, not the rho. Rho is really more generally the relationship between the option value 
and the rate used to discount cash flows.
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model is to invert the model and estimate implied volatility. The key advantage is that implied 
volatility provides information regarding the perceived uncertainty going forward and thereby 
allows us to gain an understanding of the collective opinions of investors on the volatility 
of the underlying and the demand for options. If the demand for options increases and the 
no-arbitrage approach is not perfectly reflected in market prices—for example, because of 
transaction costs—then the preference for buying options will drive option prices up, and 
hence, the observed implied volatility. This kind of information is of great value to traders in 
options.

Recall that one assumption of the BSM model is that all investors agree on the value of 
volatility and that this volatility is non-stochastic. Note that the original BSM model assumes 
the underlying instrument volatility is constant in our context. That is, when we calculate 
option values, we have assumed a single volatility number, like 30%. In practice, it is very 
common to observe different implied volatilities for different exercise prices and observe dif-
ferent implied volatilities for calls and puts with the same terms. Implied volatility also varies 
across time to expiration as well as across exercise prices. The implied volatility with respect to 
time to expiration is known as the term structure of volatility, whereas the implied volatility 
with respect to the exercise price is known as the volatility smile or sometimes skew depending 
on the particular shape. It is common to construct a three dimensional plot of the implied 
volatility with respect to both expiration time and exercise prices, a visualization known as the 
volatility surface. If the BSM model assumptions were true, then one would expect to find 
the volatility surface flat.

Implied volatility is also not constant through calendar time. As implied volatility 
increases, market participants are communicating an increased market price of risk. For 
example, if the implied volatility of a put increases, it is more expensive to buy downside 
protection with a put. Hence, the market price of hedging is rising. With index options, 
various volatility indexes have been created, and these indexes measure the collective opin-
ions of investors on the volatility in the market. Investors can now trade futures and 
options on various volatility indexes in an effort to manage their vega exposure in other 
options.

Exhibit 20 provides a look at a couple of decades of one such volatility index, the Chicago 
Board Options Exchange S&P 500 Volatility Index, known as the VIX. The VIX is quoted 
as a percent and is intended to approximate the implied volatility of the S&P 500 over the 
next 30 days. VIX is often termed the fear index because it is viewed as a measure of market 
uncertainty. Thus, an increase in the VIX index is regarded as greater investor uncertainty. 
From this figure, we see that the implied volatility of the S&P 500 is not constant and goes 
through periods when the VIX is low and periods when the VIX is high. In the recent financial 
crisis, the VIX was extremely high, indicating great fear and uncertainty in the equity market. 
Remember that implied volatility reflects both beliefs regarding future volatility as well as a 
preference for risk mitigating products like options. Thus, during the crisis, the higher implied 
volatility reflected both higher expected future volatility as well as increased preference for 
buying rather than selling options.
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Exhibit 20   VIX Daily Values, 2 January 1990–18 July 2014
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Implied volatility has several uses in option trading. An understanding of implied volatility 
is essential in managing an options portfolio. This reading explains the valuation of options as 
a function of the value of the underlying, the exercise price, the expiration date, the risk-free 
rate, dividends or other benefits paid by the underlying, and the volatility of the underlying. 
Note that each of these parameters is observable except the volatility of the underlying over 
the option term looking ahead. This volatility has to be estimated in some manner, such as by 
calculating historical volatility. But as noted, historical volatility involves looking back in time. 
There are, however, a vast number of liquid options traded on exchanges around the world 
so that a wide variety of option prices are observable. Because we know the price and all the 
parameters except the volatility, we can back out the volatility needed by the option valuation 
model to get the known price. This volatility is the implied volatility.

Hence, implied volatility can be interpreted as the market’s view of how to value options. 
In the option markets, participants use volatility as the medium in which to quote options. 
The price is simply calculated by the use of an agreed model with the quoted volatility. For 
example, rather than quote a particular call option as trading for €14.23, it may be quoted 
as 30.00, where 30.00 denotes in percentage points the implied volatility based on a €14.23 
option price. Note that there is a one-to-one relationship between the implied volatility and 
the option price, ignoring rounding errors.

The benefit of quoting via implied volatility (or simply volatility), rather than price, is that 
it allows volatility to be traded in its own right. Volatility is the “guess factor” in option pricing. 
All other inputs—value of the underlying, exercise price, expiration, risk-free rate, and divi-
dend yield—are agreed.16 Volatility is often the same order of magnitude across exercise prices 

16 The risk-free rate and dividend yield may not be entirely agreed, but the impact of variations to these 
parameters is generally very small compared with the other inputs.
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and expiration dates. This means that traders can compare the values of two options, which 
may have markedly different exercise prices and expiration dates, and therefore, markedly dif-
ferent prices in a common unit of measure, specifically implied volatility.

Example 20  Implied Volatility in Option Trading within One 
Market

Suppose we hold a portfolio of options all tied to FTSE 100 futures contracts. Let the 
current futures price be 6,850. A client calls to request our offer prices on out-of-the-
money puts and at-the-money puts, both with the same agreed expiration date. We 
calculate the prices to be respectively, 190 and 280 futures points. The client wants 
these prices quoted in implied volatility as well as in futures points because she wants to 
compare prices by comparing the quoted implied volatilities. The implied volatilities are 
16% for the out-of-the-money puts and 15.2% for the at-the-money puts. Why does 
the client want the quotes in implied volatility?

A.	 Because she can better compare the two options for value—that is, she can better 
decide which is cheap and which is expensive.

B.	 Because she can assess where implied volatility is trading at that time, and thus con-
sider revaluing her options portfolio at the current market implied volatilities for the 
FTSE 100.

C.	 Both A and B are valid reasons for quoting options in volatility units.

Solution:  C is correct. Implied volatility can be used to assess the relative value of dif-
ferent options, neutralizing the moneyness and time to expiration effects. Also, implied 
volatility is useful for revaluing existing positions over time.

Example 21  Implied Volatility in Option Trading Across Markets

Suppose an options dealer offers to sell a three-month at-the-money call on the FTSE 
index option at 19% implied volatility and a one-month in-the-money put on Vodaphone 
(VOD) at 24%. An option trader believes that based on the current outlook, FTSE vola-
tility should be closer to 25% and VOD volatility should be closer to 20%. What actions 
might the trader take to benefit from her views?

A.	 Buy the FTSE call and the VOD put.
B.	 Buy the FTSE call and sell the VOD put.
C.	S ell the FTSE call and sell the VOD puts.

Solution:  B is correct. The trader believes that the FTSE call volatility is understated by 
the dealer and that the VOD put volatility is overstated. Thus, the trader would expect 
FTSE volatility to rise and VOD volatility to fall. As a result, the FTSE call would be 
expected to increase in value and the VOD put would be expected to decrease in value. 
The trader would take the positions as indicated in B.
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Regulators, banks, compliance officers, and most option traders use implied volatilities 
to communicate information related to options portfolios. This is because implied volatilities, 
together with standard pricing models, give the “market consensus” valuation, in the same way 
that other assets are valued using market prices.

In summary, as long as all market participants agree on the underlying option model and 
how other parameters are calculated, then implied volatility can be used as a quoting mechan-
ism. Recall that there are calls and puts, various exercise prices, various maturities, American 
and European, and exchange-traded and OTC options. Thus, it is difficult to conceptualize all 
these different prices. For example, if two call options on the same stock had different prices, 
but one had a longer expiration and lower exercise price and the other had a shorter expiration 
and higher exercise, which should be the higher priced option? It is impossible to tell on the 
surface. But if one option implied a higher volatility than the other, we know that after taking 
into account the effects of time and exercise, one option is more expensive than the other. 
Thus, by converting the quoted price to implied volatility, it is easier to understand the current 
market price of various risk exposures.

7. S ummary

This reading on the valuation of contingent claims provides a foundation for understanding 
how a variety of different options are valued. Key points include the following:

•	 The arbitrageur would rather have more money than less and abides by two fundamental 
rules: Do not use your own money and do not take any price risk.

•	 The no-arbitrage approach is used for option valuation and is built on the key concept of 
the law of one price, which says that if two investments have the same future cash flows 
regardless of what happens in the future, then these two investments should have the same 
current price.

•	 Throughout this reading, the following key assumptions are made:
•	 Replicating instruments are identifiable and investable.
•	 Market frictions are nil.
•	 Short selling is allowed with full use of proceeds.
•	 The underlying instrument price follows a known distribution.
•	 Borrowing and lending is available at a known risk-free rate.

•	 The two-period binomial model can be viewed as three one-period binomial models, one 
positioned at Time 0 and two positioned at Time 1.

•	 In general, European-style options can be valued based on the expectations approach in 
which the option value is determined as the present value of the expected future option 
payouts, where the discount rate is the risk-free rate and the expectation is taken based on 
the risk-neutral probability measure.

•	 Both American-style options and European-style options can be valued based on the no-
arbitrage approach, which provides clear interpretations of the component terms; the option 
value is determined by working backward through the binomial tree to arrive at the correct 
current value.

•	 For American-style options, early exercise influences the option values and hedge ratios as 
one works backward through the binomial tree.

•	 Interest rate option valuation requires the specification of an entire term structure of interest 
rates, so valuation is often estimated via a binomial tree.
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•	 A key assumption of the Black–Scholes–Merton option valuation model is that the return 
of the underlying instrument follows geometric Brownian motion, implying a lognormal 
distribution of the return.

•	 The BSM model can be interpreted as a dynamically managed portfolio of the underlying 
instrument and zero-coupon bonds.

•	 BSM model interpretations related to N(d1) are that it is the basis for the number of units of 
underlying instrument to replicate an option, that it is the primary determinant of delta, and 
that it answers the question of how much the option value will change for a small change 
in the underlying.

•	 BSM model interpretations related to N(d2) are that it is the basis for the number of 
zero-coupon bonds to acquire to replicate an option and that it is the basis for estimating 
the risk-neutral probability of an option expiring in the money.

•	 The Black futures option model assumes the underlying is a futures or a forward contract.
•	 Interest rate options can be valued based on a modified Black futures option model in which 

the underlying is a forward rate agreement (FRA), there is an accrual period adjustment as 
well as an underlying notional amount, and that care must be given to day-count conven-
tions.

•	 An interest rate cap is a portfolio of interest rate call options termed caplets, each with the 
same exercise rate and with sequential maturities.

•	 An interest rate floor is a portfolio of interest rate put options termed floorlets, each with the 
same exercise rate and with sequential maturities.

•	 A swaption is an option on a swap.
•	 A payer swaption is an option on a swap to pay fixed and receive floating.
•	 A receiver swaption is an option on a swap to receive fixed and pay floating.
•	 Long a callable fixed-rate bond can be viewed as long a straight fixed-rate bond and short a 

receiver swaption.
•	 Delta is a static risk measure defined as the change in a given portfolio for a given small 

change in the value of the underlying instrument, holding everything else constant.
•	 Delta hedging refers to managing the portfolio delta by entering additional positions into 

the portfolio.
•	 A delta neutral portfolio is one in which the portfolio delta is set and maintained at zero.
•	 A change in the option price can be estimated with a delta approximation.
•	 Because delta is used to make a linear approximation of the non-linear relationship that ex-

ists between the option price and the underlying price, there is an error that can be estimated 
by gamma.

•	 Gamma is a static risk measure defined as the change in a given portfolio delta for a given 
small change in the value of the underlying instrument, holding everything else constant.

•	 Gamma captures the non-linearity risk or the risk—via exposure to the underlying—that 
remains once the portfolio is delta neutral.

•	 A gamma neutral portfolio is one in which the portfolio gamma is maintained at zero.
•	 The change in the option price can be better estimated by a delta-plus-gamma approxima-

tion compared with just a delta approximation.
•	 Theta is a static risk measure defined as the change in the value of an option given a small 

change in calendar time, holding everything else constant.
•	 Vega is a static risk measure defined as the change in a given portfolio for a given small 

change in volatility, holding everything else constant.
•	 Rho is a static risk measure defined as the change in a given portfolio for a given small 

change in the risk-free interest rate, holding everything else constant.
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•	 Although historical volatility can be estimated, there is no objective measure of future vol-
atility.

•	 Implied volatility is the BSM model volatility that yields the market option price.
•	 Implied volatility is a measure of future volatility, whereas historical volatility is a measure 

of past volatility.
•	 Option prices reflect the beliefs of option market participant about the future volatility of 

the underlying.
•	 The volatility smile is a two dimensional plot of the implied volatility with respect to the 

exercise price.
•	 The volatility surface is a three dimensional plot of the implied volatility with respect to both 

expiration time and exercise prices.
•	 If the BSM model assumptions were true, then one would expect to find the volatility sur-

face flat, but in practice, the volatility surface is not flat.

Problems

The following information relates to Questions 1–9
Bruno Sousa has been hired recently to work with senior analyst Camila Rocha. Rocha gives 
him three option valuation tasks.

Alpha Company

Sousa’s first task is to illustrate how to value a call option on Alpha Company with a one-period 
binomial option pricing model. It is a non-dividend-paying stock, and the inputs are as follows.

•	 The current stock price is 50, and the call option exercise price is 50.
•	 In one period, the stock price will either rise to 56 or decline to 46.
•	 The risk-free rate of return is 5% per period.

Based on the model, Rocha asks Sousa to estimate the hedge ratio, the risk-neutral prob-
ability of an up move, and the price of the call option. In the illustration, Sousa is also asked to 
describe related arbitrage positions to use if the call option is overpriced relative to the model.

Beta Company

Next, Sousa uses the two-period binomial model to estimate the value of a European-style call 
option on Beta Company’s common shares. The inputs are as follows.

•	 The current stock price is 38, and the call option exercise price is 40.
•	 The up factor (u) is 1.300, and the down factor (d) is 0.800.
•	 The risk-free rate of return is 3% per period.

Sousa then analyzes a put option on the same stock. All of the inputs, including the exer-
cise price, are the same as for the call option. He estimates that the value of a European-style 
put option is 4.53. Exhibit 1 summarizes his analysis. Sousa next must determine whether an 
American-style put option would have the same value.

© 2016 CFA Institute. All rights reserved.
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Exhibit 1   Two-Period Binomial European-Style Put Option on Beta Company

Item Value

Underlying 49.4

Put 0.2517

Hedge Ratio –0.01943Item Value

Underlying 38

Put 4.5346

Hedge Ratio –0.4307 Item Value

Underlying 30.4

Put 8.4350

Hedge Ratio –1

Item Value

Underlying 64.22

Put 0

Item Value

Underlying 39.52

Put 0.48

Item Value

Underlying 24.32

Put 15.68

Time = 0 Time = 1 Time = 2

Sousa makes two statements with regard to the valuation of a European-style option un-
der the expectations approach.

Statement 1  The calculation involves discounting at the risk-free rate.
Statement 2 � The calculation uses risk-neutral probabilities instead of true probabilities.

Rocha asks Sousa whether it is ever profitable to exercise American options prior to ma-
turity. Sousa answers, “I can think of two possible cases. The first case is the early exercise of 
an American call option on a dividend-paying stock. The second case is the early exercise of an 
American put option.”

Interest Rate Option

The final option valuation task involves an interest rate option. Sousa must value a two-year, 
European-style call option on a one-year spot rate. The notional value of the option is 1 million, 
and the exercise rate is 2.75%. The risk-neutral probability of an up move is 0.50. The current 
and expected one-year interest rates are shown in Exhibit 2, along with the values of a one-year 
zero-coupon bond of 1 notional value for each interest rate.
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Exhibit 2   Two-Year Interest Rate Lattice for an Interest Rate Option

Maturity Rate
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0.961538

Maturity Rate
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Value

0.980392

Maturity Rate

3%1

Value

0.970874

Maturity Rate

5%1

Value

0.952381

Maturity Rate

3%1

Value

0.970874

Maturity Rate

1%1

Value

0.990099

Time = 0 Time = 1 Time = 2

Rocha asks Sousa why the value of a similar in-the-money interest rate call option decreas-
es if the exercise price is higher. Sousa provides two reasons.

Reason 1  The exercise value of the call option is lower.
Reason 2  The risk-neutral probabilities are changed.

	 1.	 The optimal hedge ratio for the Alpha Company call option using the one-period binomial 
model is closest to:
A.	 0.60.
B.	 0.67.
C.	 1.67.

	 2.	 The risk-neutral probability of the up move for the Alpha Company stock is closest to:
A.	 0.06.
B.	 0.40.
C.	 0.65.

	 3.	 The value of the Alpha Company call option is closest to:
A.	 3.71.
B.	 5.71.
C.	 6.19.

	 4.	F or the Alpha Company option, the positions to take advantage of the arbitrage opportu-
nity are to write the call and:
A.	 short shares of Alpha stock and lend.
B.	 buy shares of Alpha stock and borrow.
C.	 short shares of Alpha stock and borrow.
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	 5.	 The value of the European-style call option on Beta Company shares is closest to:
A.	 4.83.
B.	 5.12.
C.	 7.61.

	 6.	 The value of the American-style put option on Beta Company shares is closest to:
A.	 4.53.
B.	 5.15.
C.	 9.32.

	 7.	 Which of Sousa’s statements about binomial models is correct?
A.	S tatement 1 only
B.	S tatement 2 only
C.	 Both Statement 1 and Statement 2

	 8.	 Based on Exhibit 2 and the parameters used by Sousa, the value of the interest rate option 
is closest to:
A.	 5,251.
B.	 6,236.
C.	 6,429.

	 9.	 Which of Sousa’s reasons for the decrease in the value of the interest rate option is correct?
A.	R eason 1 only
B.	R eason 2 only
C.	 Both Reason 1 and Reason 2

The following information relates to Questions 10–18
Trident Advisory Group manages assets for high-net-worth individuals and family trusts.

Alice Lee, chief investment officer, is meeting with a client, Noah Solomon, to discuss risk 
management strategies for his portfolio. Solomon is concerned about recent volatility and has 
asked Lee to explain options valuation and the use of options in risk management.

Options on Stock

Lee begins: “We use the Black–Scholes–Merton (BSM) model for option valuation. To fully 
understand the BSM model valuation, one needs to understand the assumptions of the model. 
These assumptions include normally distributed stock returns, constant volatility of return on 
the underlying, constant interest rates, and continuous prices.” Lee uses the BSM model to 
price TCB, which is one of Solomon’s holdings. Exhibit 1 provides the current stock price (S), 
exercise price (X), risk-free interest rate (r), volatility (σ), and time to expiration (T) in years as 
well as selected outputs from the BSM model. TCB does not pay a dividend.

Exhibit 1   BSM Model for European Options on TCB

BSM Inputs

S X r Σ T

$57.03 55 0.22% 32% 0.25

BSM Outputs

d1 N(d1) d2 N(d2) BSM Call Price BSM Put Price

0.3100 0.6217 0.1500 0.5596 $4.695 $2.634
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Options on Futures

The Black model valuation and selected outputs for options on another of Solomon’s hold-
ings, the GPX 500 Index (GPX), are shown in Exhibit 2. The spot index level for the GPX is 
187.95, and the index is assumed to pay a continuous dividend at a rate of 2.2% (δ) over the 
life of the options being valued, which expire in 0.36 years. A futures contract on the GPX also 
expiring in 0.36 years is currently priced at 186.73.

Exhibit 2   Black Model for European Options on the GPX Index

Black Model Inputs

GPX Index X r σ T δ Yield

187.95 180 0.39% 24% 0.36 2.2%

Black Model Call 
Value

Black Model 
Put Value

Market 
Call Price

Market 
Put Price

$14.2089 $7.4890 $14.26 $7.20

Option Greeks

Delta (call) Delta (put)
Gamma 

(call or put)
Theta 

(call) daily
Rho (call) 

per %
Vega per % 
(call or put)

0.6232 –0.3689 0.0139 –0.0327 0.3705 0.4231

After reviewing Exhibit 2, Solomon asks Lee which option Greek letter best describes the 
changes in an option’s value as time to expiration declines.

Solomon observes that the market price of the put option in Exhibit 2 is $7.20. Lee re-
sponds that she used the historical volatility of the GPX of 24% as an input to the BSM model, 
and she explains the implications for the implied volatility for the GPX.

Options on Interest Rates

Solomon forecasts the three-month Libor will exceed 0.85% in six months and is considering 
using options to reduce the risk of rising rates. He asks Lee to value an interest rate call with a 
strike price of 0.85%. The current three-month Libor is 0.60%, and an FRA for a three-month 
Libor loan beginning in six months is currently 0.75%.

Hedging Strategy for the Equity Index

Solomon’s portfolio currently holds 10,000 shares of an exchange-traded fund (ETF) that 
tracks the GPX. He is worried the index will decline. He remarks to Lee, “You have told me 
how the BSM model can provide useful information for reducing the risk of my GPX posi-
tion.” Lee suggests a delta hedge as a strategy to protect against small moves in the GPX Index.

Lee also indicates that a long position in puts could be used to hedge larger moves in the 
GPX. She notes that although hedging with either puts or calls can result in a delta-neutral 
position, they would need to consider the resulting gamma.
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10.	L ee’s statement about the assumptions of the BSM model is accurate with regard to:
A.	 interest rates but not continuous prices.
B.	 continuous prices but not the return distribution.
C.	 the stock return distribution but not the volatility.

11.	 Based on Exhibit 1 and the BSM valuation approach, the initial portfolio required to 
replicate the long call option payoff is:
A.	 long 0.3100 shares of TCB stock and short 0.5596 shares of a zero-coupon bond.
B.	 long 0.6217 shares of TCB stock and short 0.1500 shares of a zero-coupon bond.
C.	 long 0.6217 shares of TCB stock and short 0.5596 shares of a zero-coupon bond.

12.	T o determine the long put option value on TCB stock in Exhibit 1, the correct BSM 
valuation approach is to compute:
A.	 0.4404 times the present value of the exercise price minus 0.6217 times the price of 

TCB stock.
B.	 0.4404 times the present value of the exercise price minus 0.3783 times the price of 

TCB stock.
C.	 0.5596 times the present value of the exercise price minus 0.6217 times the price of 

TCB stock.
13.	 What are the correct spot value (S) and the risk-free rate (r) that Lee should use as inputs 

for the Black model?
A.	 186.73 and 0.39%, respectively
B.	 186.73 and 2.20%, respectively
C.	 187.95 and 2.20%, respectively

14.	 Which of the following is the correct answer to Solomon’s question regarding the option 
Greek letter?
A.	 Vega
B.	 Theta
C.	G amma

15.	 Based on Solomon’s observation about the model price and market price for the put op-
tion in Exhibit 2, the implied volatility for the GPX is most likely:
A.	 less than the historical volatility.
B.	 equal to the historical volatility.
C.	 greater than the historical volatility.

16.	 The valuation inputs used by Lee to price a call reflecting Solomon’s interest rate views 
should include an underlying FRA rate of:
A.	 0.60% with six months to expiration.
B.	 0.75% with nine months to expiration.
C.	 0.75% with six months to expiration.

17.	 The strategy suggested by Lee for hedging small moves in Solomon’s ETF position would 
most likely involve:
A.	 selling put options.
B.	 selling call options.
C.	 buying call options.

18.	L ee’s put-based hedge strategy for Solomon’s ETF position would most likely result in a 
portfolio gamma that is:
A.	 negative.
B.	 neutral.
C.	 positive.
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Chapter  5
Derivatives Strategies

Robert A. Strong, PhD, CFA 
Russell A. Rhoads, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 describe how interest rate, currency, and equity swaps, futures, and forwards can be used to 
modify risk and return;

•	 describe how to replicate an asset by using options and by using cash plus forwards or 
futures;

•	 describe the investment objectives, structure, payoff, and risk(s) of a covered call position;
•	 describe the investment objectives, structure, payoff, and risks(s) of a protective put position;
•	 calculate and interpret the value at expiration, profit, maximum profit, maximum loss, and 

breakeven underlying price at expiration for covered calls and protective puts;
•	 contrast protective put and covered call positions to being long an asset and short a forward 

on the asset;
•	 describe the investment objective(s), structure, payoffs, and risks of the following option 

strategies: bull spread, bear spread, collar, and straddle;
•	 calculate and interpret the value at expiration, profit, maximum profit, maximum loss, and 

breakeven underlying price at expiration of the following option strategies: bull spread, bear 
spread, collar, and straddle;

•	 describe uses of calendar spreads;
•	 identify and evaluate appropriate derivatives strategies consistent with given investment 

objectives.

 © 2016 CFA Institute. All rights reserved.
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1. I ntroduction

There are many ways in which investors and financial managers routinely use put and call 
options, futures, forward contracts, and various types of swap contracts to modify their in-
vestment positions or to implement market strategies. Some derivative strategies are purely 
speculative, designed to profit if a particular market change occurs. Other strategies are defen-
sive, providing protection against an adverse event or removing the uncertainty around future 
events.

The purpose of this chapter is to illustrate ways in which derivatives might be used in 
typical investment situations. Few financial managers or individual investors will ever use all 
of the strategies described here. That does not mean that some strategies are not important. An 
informed investment professional should still be aware of them and understand the associated 
risk–return trade-off. Although part of the medical school curriculum, many physicians will 
never treat a patient for frostbite or malaria. Regardless, patients have a right to expect that their 
doctors have an idea about how these conditions might be treated or, better yet, prevented. 
Someone who is travelling to an area where malaria is prevalent wants to acquire protection 
before the trip, and we expect doctors to know how to prescribe something for that even if they 
have never done it before. The doctor may also choose to refer the patient to a specialist, just 
as an investment manager may need to confer with a derivatives specialist.

An investment manager may not currently use derivatives but should be sufficiently 
familiar with them that he or she can answer questions about them and explain how they 
might logically be used to benefit a corporate treasury or protect an investment portfolio. 
When a financial adviser deals with a client’s money, the adviser is dealing with the long-term 
financial health of the client. Physicians are expected to be current and knowledgeable, and 
investors have a right to expect the same of their financial advisers.

Section 2 of this chapter shows how swaps, futures, and forwards can be used to change 
the risk exposure of an existing position. Section 3 shows how certain combinations of securi-
ties are equivalent to others. Section 4 is a discussion of two of the most widely used derivative 
strategies, covered calls and protective puts. In Section 5, we look at popular option strategies 
used by investors. Section 6 demonstrates a series of applications showing ways in which a 
money manager might solve a problem with derivatives.

2.  Changing Risk Exposures with Swaps, Futures,  
and Forwards

Financial managers use the derivatives markets to quickly and efficiently alter the underlying 
risk exposure of their asset portfolios or forthcoming business transactions. This section covers 
a variety of common examples that use various derivative products.

2.1. I nterest Rate Swap/Futures Examples

Interest rate swaps and futures can be used to modify the risk and return of a fixed-income 
portfolio and can also be used in conjunction with an equity portfolio, as we will show later 
in this chapter. Both interest rate swaps and futures are interest-sensitive instruments, and by 
adding them to a portfolio, either as long or short positions, they can increase or decrease the 
exposure of the portfolio to interest rates.
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2.1.1. I nterest Rate Swap
Interest rate swaps are an indispensable tool for many corporate treasurers, especially at a 
financial institution. In an interest rate swap, the two parties involved agree that on specified 
payment dates they will exchange cash flows, one based on a variable (floating) interest rate 
and the other based on a fixed rate determined at the time the swap is initiated. This fixed rate 
is called the swap rate.1 Both interest rates are applied to the swap’s notional value to deter-
mine the size of the payment. The period of time over which the payments are exchanged is 
called the swap tenor. At the end of this period, the swap is said to expire. The notional value 
is needed to determine the size of the payments, but the notional value does not actually 
change hands, nor is it borrowed or lent between the parties. Typically no funds change hands 
when the parties enter into the agreement. Normally, the resulting two payments (one fixed, 
one floating) will not be equal, so they are typically netted, with the party owing the greater 
amount sending the difference to the other party.

Let us examine how swaps can be used by looking at an application in fixed-income port-
folio management. One way to measure interest rate risk is by using the concept of duration.2 
Consider a portfolio manager with an investment portfolio containing $500 million of fixed-
rate US Treasury bonds with an average duration of five years. Suppose the manager wants to 
reduce this duration to three over the next year but does not want to sell any of the securities.

One way to do this would be with a pay-fixed interest rate swap. Because the portfolio 
is currently receiving a fixed rate, the manager will want to exchange part of this fixed-rate 
income stream for a floating-rate stream in order to lower the overall duration. This approach 
means the appropriate swap would pay the fixed rate and receive the floating rate.

Suppose the duration of the swap used by the manager is 1.5.3 This duration is less than 
the existing portfolio duration, so adding the swap to the portfolio will reduce the overall aver-
age duration. By properly choosing the notional value of the swap, the portfolio manager can 
achieve a combination of the existing portfolio duration and the swap duration that sets the 
overall duration to the target duration.

2.1.2. I nterest Rate Futures
A swap is an over-the-counter derivative that is subject to counterparty risk on the interest 
payment dates, although as stated previously, the notional value is not at risk. Because one 
party will owe money to the other, there is the possibility of default by one side of the trade. 
An alternative would be to use exchange-traded interest rate futures contracts, which are guar-
anteed by a clearinghouse and are virtually free of concerns about counterparty risk. These 
contracts are also sometimes referred to as bond futures because the underlying asset is often a 
bond. Because there are usually many different bonds that could be used to satisfy the delivery 
requirement, the hedge calculation can be complicated. Here we will provide a general descrip-
tion of how interest rate futures are used in adjusting portfolio duration.

Because most interest rate futures contracts are futures contracts in which the underlying 
is a bond, this type of contract would have a duration that is consistent with the forward 
behavior of the underlying deliverable bond. That is, the interest rate futures price will move as 

1 The swap price is also sometimes called the swap rate.
2 Although there are various duration measures, the most important is modified duration, which is an 
approximate measure of how a bond price changes given a small change in the level of interest rates, 
adjusted for the level of interest rates.
3 The duration of an interest rate swap is the duration of the fixed-rate component minus the duration of 
the floating-rate component.
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though it was the forward price of the bond on the expiration date. The price sensitivity of the 
futures will, therefore, reflect a type of forward duration that is based on the underlying bond. 
Thus, the futures price will move fairly consistently and proportionately with the yield that 
drives the underlying bond. Continuing with the example earlier in which the manager whose 
portfolio has a duration of five years wants to lower the duration to three years, the general 
principle is the same: By selling bond futures, a portfolio manager “adds negative duration” 
to the portfolio, and if done in the right quantity, the overall duration can be reduced to the 
target level.4

In general, anything done with an interest rate futures contract could also be done with 
an interest rate forward contract. Forwards, like swaps, have counterparty risk and can be 
customized. Futures are standardized and come with greater regulatory oversight and with a 
clearinghouse that makes counterparty risk virtually zero.5

2.2.  Currency Swap/Futures Examples

Currency swaps and futures can be used effectively to alter risk exposures. We provide examples 
of how it is done in the next two sub-sections.

2.2.1.  Currency Swap
A currency swap is different from an interest rate swap in two ways: 1) The interest rates are 
associated with different currencies, and 2) the notional value may be exchanged at the begin-
ning and end of the swap’s life.6 As an example, suppose Assicurazioni Generali, the largest 
insurance company in Italy, wants to fund its operations in Switzerland, and for that, it needs 
Swiss francs. But it discovers that it can borrow cheaper in the euro market. The company de-
cides to fund itself in euros and swap the cash flow into Swiss francs. Assicurazioni contacts a 
dealer and requests a quote on a pay-fixed €50 million three-year swap with semi-annual inter-
est payments. The swap agreement provides that both parties pay a fixed rate. After entering 
into the swap agreement the dealer will hedge the swap with another party, possibly through a 
trade in the futures markets.

Exhibit 1 shows the direction of the cash flows. With the “block and arrow” diagram, it is 
easy to see how the cash flows net out. For instance, at origination Assicurazioni receives euros 
from the eurozone lender and passes them on to the swap dealer, so they are a pass through 
cash flow. Assicurazioni receives Swiss francs from the dealer just as if the firm had borrowed 
them. At each payment date, Assicurazioni receives a fixed-rate euro payment and passes it on 
to the eurozone lender.7 The firm is left with a net outflow in fixed Swiss francs, which is the 
firm’s preferred payment option. At maturity Assicurazioni returns the Swiss francs notional 
amount to the dealer and in return receives the notional amount in euros, which it uses to pay 
off its creditor.

4 It is important to note that the portfolio manager would sell the futures in this example because he 
wants to reduce the duration. If he bought futures, he would be increasing duration.
5 Regulatory changes in global markets are moving both over-the-counter swaps and forward contracts 
toward a clearing process as well.
6 Although an exchange of notional is often the case, the parties may agree not to do this. Some types of 
hedge transactions are designed to hedge only foreign cash flows and not principal payments, so a prin-
cipal exchange on a currency swap would not be necessary.
7 The rate paid to the creditors on the euro loan will not exactly equal the rate paid to the firm on the 
swap. Also, when a company uses a swap, it can elect to receive either a fixed or a floating rate and will 
want to align the cash receipt with the floating or fixed rate on the loan.
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Exhibit 1  Currency Swap Cash Flows
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2.2.2.  Currency Futures
Foreign currency futures are another useful tool in risk management.8 For example, Swiss Re, 
a reinsurance company, might have a €25.18 million liability due to be paid in 15 months. If 
the euro were to appreciate versus the Swiss franc before the payment date, Swiss Re’s effective 
borrowing cost would be higher. The firm could largely eliminate the foreign exchange risk 
associated with this debt by fixing the price of the euros now. One way to do this would be via 
a futures contract in which Swiss Re promises to buy the euros in 15 months at a Swiss franc 
price determined now. In 15 months, the firm needs the euros to pay the bill, so it wants to 
buy the euros and promises to pay for them in Swiss francs. At a futures exchange, contracts are 
standardized by size, so Swiss Re would determine the number of contracts needed to fund the 
liability. If, for instance, the contract size is €125,000, the firm would need

	
=

€25,180,000
€125,000 contract

201.44 contracts

8 Many firms prefer to hedge with currency forward contracts rather than futures because the forward 
contract trades in the over-the-counter market and can be customized to any size and any payment date. 
Exchange-traded futures are somewhat limited by standardized expiration dates and fixed notional sizes.
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Fractional contracts are not allowed, so to fully hedge the risk the firm would buy either 
201 or 202 contracts. In the over-the-counter market, customized products, such as forward 
agreements, can be used to specify a contract size exactly. The contract size problem is not the 
sole determinant of whether exchanged-listed or over-the-counter derivatives are chosen.

2.3. E quity Swap/Futures Examples

Equity swaps can be used to modify risk exposures, as we demonstrate in the next two 
subsections.

2.3.1. E quity Swap
In an equity swap, one party agrees to trade the return on a stock portfolio for the return 
on another asset.9 This other asset might be another portfolio or a market index, or the swap 
might specify a set interest rate, such as Libor. The swap has a set tenor and may provide for 
one single payment at the end of the swap’s life, although in most cases a series of periodic 
payments would be arranged. Equity swaps are created in the over-the-counter market, so they 
can be customized as desired. Consider an institutional investor that would like to temporarily 
remove $100 million in equities from its current equity exposure. The firm could enter into 
a six-month equity swap with one payment at termination, exchanging the total return on 
the underlying portfolio for six-month Libor, assumed to be 0.50%.10 We will consider two 
scenarios: In the first, in six months the underlying portfolio is up 1%, and in the second, it is 
down 1%. Exhibit 2 shows the two situations.

Exhibit 2  Six-Month Equity Swap

Pay the return on a $100 million equity portfolio
Receive six-month Libor, assumed to be 0.50%

Scenario 1: Equity portfolio rises 1%

Pay: $100 million × 1% = $1,000,000

Receive: $100 million × 0.50% × 0.50 = 250,000

Net payment = $750,000

Scenario 2: Equity portfolio declines 1%

Pay: $100 million × –1% = ($1,000,000)

Receive: $100 million × 0.50% × 0.50 = 250,000

Net receipt = $1,250,000

9 The same principles discussed in this section apply to assets other than equities. When applied to bonds, 
loans, or an equity index, this arrangement may be called a “total return” swap.
10 This rate is stated on an annual basis, so for six months, one would earn half this amount.
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In the first scenario, the institutional investor would have an obligation to pay 1% × 
$100 million, or $1 million. On the Libor portion of the swap the investor would receive 
0.50% × 0.50 × $100 million, or $250,000. The two parties would net the payments and 
provide for a single payment of $750,000, which the institutional investor would pay. The 
second scenario is slightly more complicated because the return the institutional investor 
must pay is negative, which means it will receive money both from “paying” a negative re-
turn and from the Libor rate. It would receive $1 million from the “negative payment” and 
$250,000 from Libor, for a total of $1.25 million. At the end of the swap the institutional 
investor is in the same position in which it started, with the equity portfolio fully invested 
and again subject to market risk.

2.3.2. S tock Index Futures
Stock index futures are one of the most successful financial innovations of all time. The con-
tract on the S&P 500’s stock index began trading in 1982, and today this product is an in-
dispensable tool for many money managers. Stock index futures differ from most other futures 
contracts in that they are cash settled at expiration. That is, it would not be feasible to actually 
transfer the underlying securities from one party to another, so instead the cash value changes 
hands. Rather than using the equity swap in the previous example, the institutional investor 
could temporarily remove market risk by selling stock index futures. If done in the correct 
quantity, this “short” position will largely offset the institution’s long position.

One S&P 500 stock index futures contract is standardized as $250 times the index level. 
Assume that a one-month futures contract trades at 2,000.00 and that the portfolio carries 
average market risk, meaning a beta of 1.0.11 To fully hedge the $100,000,000 portfolio, the 
portfolio manager would want to sell 200 contracts:

$100,000,000
$250 2000.00

200 contracts( )×
=

Suppose the S&P 500 stock index rises by 0.5% such that at the futures delivery time, the 
index is at 2,010.00. The institution sold the futures at 2,000.00 and cash settles the contract 
at 2,010.00. There is a “loss” of 10 index points, each point being worth $250, on 200 con-
tracts for a total cash outflow of $500,000:

−10 points per contract × $250 per point × 200 contracts = $500,000 loss

If the stock index rises by 0.5%, the portfolio would also be expected to rise by this amount:

$100,000,000 × 0.5% = $500,000 gain

If instead the market fell by 0.5%, the numbers would be the same, but the signs would 
change; there would be a $500,000 gain on the futures contract and a corresponding loss on 
the stock portfolio. Either way, the portfolio value is essentially “fixed” by selling the futures 
contracts. The market risk is hedged away.

11 If the portfolio carried above market risk, say with a beta of 1.10, the number of contracts needed to 
hedge would increase by this factor. Similarly, a lower-risk portfolio would require proportionately fewer 
contracts.
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Example 1  Using Swaps to Manage Risk

1.	A  US bond portfolio manager who wants to hedge a bond portfolio against a poten-
tial rise in domestic interest rates could best hedge by:
A.	 buying Treasury bond futures.
B.	 paying a fixed rate in an interest rate swap.
C.	 selling foreign currency futures on the home currency.

2.	A  typical currency swap used to hedge a bond portfolio differs from an interest rate 
swap with respect to the:
A.	 tenor of the swap.
B.	 size of the initial cash flows.
C.	 presence of counterparty risk.

3.	A  stock portfolio manager who enters into a Libor-based equity swap and pays the 
equity return would owe money to the counterparty under which of the following 
conditions?
A.	 Portfolio return > Libor
B.	 Portfolio return = Libor
C.	 Portfolio return < minus Libor

Solution to 1:  B is correct. In an interest rate swap, if someone pays the fixed rate he or 
she would receive the floating rate. A floating-rate asset would most likely have a lower 
duration than a fixed-rate asset, and duration is a direct measure of interest rate risk. The 
swap would lower the portfolio duration.

Solution to 2:  B is correct. In an interest rate swap, there is no initial cash flow; the 
notional value is not exchanged. In a currency swap hedging a bond portfolio, both 
currencies change hands at the initiation and termination of the swap.

Solution to 3: A  is correct. The portfolio manager is agreeing to exchange the return on 
the portfolio for the Libor rate. If the portfolio earns more than Libor, the manager must 
remit the difference.

3.  Position Equivalencies

It is useful to think of derivatives as building blocks that can be combined to create a particu-
lar end product with the desired risk exposure, much in the same way that a cook combines 
ingredients in preparing a meal. The risk manager’s “spice rack” has puts and calls, each with 
many different expirations and exercise prices, as well as futures, forwards, and swaps. Often 
there is more than one way to create the desired risk–return exposure. Stated another way, 
certain collections of derivatives are economically equivalent to other assets or asset portfolios. 
A few of these relationships are especially important and are covered in the following pages.
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3.1. S ynthetic Long Asset

An outright long position in an asset is a common situation and easily understood. Suppose an 
investor buys shares of stock at a price of 50: She makes money when prices go up and is hurt 
when prices decline. What happens if she buys a call and writes a put, and both options have 
the same expiration date and the same exercise price of, say, 50?12 Exhibit 3 shows the values 
of these two options and the overall position at expiration in comparison with the value of the 
stock at that same time. Remember that at expiration, a call is worth the greater of zero or the 
stock price minus the exercise price, and a put is worth the greater of zero or the exercise price 
minus the stock price. This combination of options is equivalent to a long position in the stock 
and is often called a synthetic long position.13

Exhibit 3  Synthetic Long Position

Stock price at expiration: 0 20 40 50 60 80 100

Alternative 1:

Long 50-strike call payoff 0 0 0 0 10 30 50

Short 50-strike put payoff –50 –30 –10 0 0 0 0

 T otal value –50 –30 –10 0 10 30 50

Alternative 2: Long stock at 50

 V alue –50 –30 –10 0 10 30 50

The reason a long call and a short put synthetically replicate a long position in the under-
lying is that the long call creates the upside and the short put creates the downside of the 
underlying. The call exercises when the underlying is higher than the strike and turns into a 
synthetic position in the upside of the underlying. A short put obligates the writer to compen-
sate the put buyer for downside moves by purchasing the stock at a higher price than its value. 
Thus, as a result of exercise by the buyer, a put writer incurs losses on the downside. These 
combined effects synthetically replicate the payoffs of the underlying.

3.2. S ynthetic Short Asset

If instead of buying the call and writing the same-strike put to get a synthetic long stock pos-
ition the investor did the opposite, logically the resulting position would be a synthetic short 
position. Indeed, that is exactly what happens, as Exhibit 4 shows. The explanation is the exact 
opposite of the explanation for the synthetic long.

13 Technically, the position is not precisely equal to a long position in a stock. From put–call parity, a 
long position in a stock equals a long call, short put, and a long position in a risk-free zero-coupon bond. 
With the options strategy, you must pay the exercise price at expiration, whereas with the stock strategy, 
the analog is the value of the stock price when the options are put in place. Adding a zero-coupon bond 
to the options strategy or setting the present value of the exercise price to the stock price would make it 
precisely the same as the stock strategy.

12 The exercise price is the price at which the option holder has the right to buy (with a call) or sell (with 
a put) and is also commonly called the strike or striking price. We will occasionally use terminology such 
as a “50-strike call” meaning a call option with an exercise price of 50.
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Exhibit 4  Synthetic Short Position

Stock price at expiration: 0 20 40 50 60 80 100

Alternative 1:

Long 50-strike put payoff 50 30 10 0 0 0 0

Short 50-strike call payoff 0 0 0 0 –10 –30 –50

 T otal payoff 50 30 10 0 –10 –30 –50

Alternative 2: Short stock at 50

  Payoff 50 30 10 0 –10 –30 –50

3.3. S ynthetic Assets with Futures/Forwards

One very common use of futures or forward contracts is to eliminate future price risk. Con-
sider an investor who owns a dividend-paying stock and wants to lock in a future selling price. 
The investor might enter into a forward or futures contract requiring him to deliver the shares 
at a future date in exchange for a cash amount determined today. Because the initial and final 
stock prices are known, this investment should earn the risk-free rate. What actually happens 
is that the dividends earned on the stock plus the return from the forward or futures contract 
together equal the risk-free rate. Thinking of this as an equation, Long stock + Short futures = 
Risk-free rate, or rearranging the equation, Stock − Futures = Risk-free rate.14 This strategy is 
sometimes called a “synthetic risk-free rate,” or occasionally “synthetic cash.”

This result also means that someone can create a synthetic long position by investing in 
the risk-free asset and using the remaining funds to margin a long futures position: Stock = 
Risk-free rate + Futures.

3.4. S ynthetic Put

When the Chicago Board Options Exchange opened in 1973, there were exchange-traded 
calls but no puts. Regulators were concerned about approving a financial instrument that 
benefited from falling prices. Informed market participants, however, knew that a put could 
easily be created by combining a short stock position with a long call. Suppose, for instance, 
an investor wants a put with an exercise price of 50. Exhibit 5 shows the payoffs from the 
put at various stock prices at option expiration, along with the payoffs from a stock shorted 
at a price of 50 and held simultaneously with a long call with an exercise price of 50. Re-
gardless of the stock price at option expiration, the two alternatives have the same economic 
characteristics.15

14 When the underlying asset on the futures contract is an equity security, the asset may pay dividends. 
If the dividend yield on the stock is higher than the interest rate, the futures price will be less than the 
spot price. The futures price will rise to converge at the spot price at the end of the futures contract, 
resulting in a loss on the short futures position. This loss offsets part of the gain from the dividend 
yield. Regardless, if held to the delivery date, the long stock/short futures position nets the risk-free 
interest rate.
15 As discussed in an earlier footnote, the addition of a risk-free bond is technically required to make the 
alternatives precisely equal, but they do have the same economic characteristics.



Chapter 5  Derivatives Strategies� 255

Exhibit 5  Synthetic Put

Stock price at expiration: 0 20 40 50 60 80 100

Alternative 1: Long 50-strike put
  Payoff 50 30 10 0 0 0 0
Alternative 2: Short stock at 50; buy 50-strike call
Profit from short stock 50 30 10 0 –10 –30 –50
Payoff from long call 0 0 0 0 10 30 50
 N et payoff 50 30 10 0 0 0 0

The creation of synthetic puts was widespread in the early days of option trading, and in 
1975 the regulatory authorities allowed a pilot project authorizing puts on 25 different under-
lying stock issues. These puts were actively traded, no major problems were caused, and the 
exchanges gradually were able to increase the number of listed puts. Nonetheless, it is impor-
tant to know how to synthetically replicate a put because mispricing may make a replicated put 
cheaper or more expensive than a direct put.

3.5. S ynthetic Call

In similar fashion, an investor can replicate a call from a long stock position combined with a 
long put. See Exhibit 6. The long put eliminates much of the downside risk whereas the long 
stock leaves the profit potential unlimited. As will be shown shortly, the popular “protective 
put” strategy has a profit and loss diagram similar to that of a long call.

Exhibit 6  Synthetic Call

Stock price at expiration: 0 20 40 50 60 80 100
Alternative 1: Long 50-strike call
  Payoff 0 0 0 0 10 30 50
Alternative 2: Long stock at 50; buy 50-strike put
Profit from long stock –50 –30 –10 0 10 30 50
Payoff from long put 50 30 10 0 0 0 0
 N et payoff 0 0 0 0 10 30 50

3.6.  Foreign Currency Options

Suppose the treasurer of a multinational corporation with the euro as the home currency has an 
obligation to pay ¥145 million in one month. This obligation might arise, for example, from 
a commitment to purchase some Japanese products. The treasurer wants to protect against an 
appreciation of the yen relative to the euro, but at the same time does not want to lock in the 
exchange rate because of a belief that the yen may depreciate. Because the obligation is denom-
inated in yen, however, the nature of the problem requires careful attention. Suppose the spot 
exchange rate is EUR/JPY = 136.99.16 If the yen appreciates, this number will go down, and 
if the yen depreciates, this number will go up.

16 This quote convention means that one euro is worth 136.99 yen.
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An appreciating yen means the euro is weakening and thus the home currency, the euro, 
would buy fewer yen. A futures contract or a forward contract could eliminate the risk but 
would also eliminate the potential for gains if the yen depreciates. With forwards or futures, 
the returns are symmetrical around the fixed price, but with options, only one side of the 
return distribution is affected. If the treasurer wants to benefit from an appreciating yen but 
not be locked in to a fixed rate, as with a futures or forward, he might buy a one-month call 
option on yen. Because the spot rate is quoted in yen, the strike will typically be quoted in yen.

Now, perhaps seemingly strange, we have a situation in which the treasurer would exercise 
the call option when the spot rate at expiration is below the strike. For example, at the strike 
rate of ¥136.99, exercise would require that the treasurer deliver ¥145 million/¥136.99 = 
€1,058,471 to obtain the necessary yen. If the spot rate at expiration rises to ¥140, a weaken-
ing of the yen (strengthening of the euro), he could deliver ¥145 million/¥140 = €1,035,714 
to obtain the yen cheaper in the spot market—that is, without exercising the call. If the spot 
rate at expiration falls to ¥130, a strengthening of the yen (weakening of the euro), he would 
have to deliver ¥145 million/¥130 = €1,115,385 to obtain the necessary yen in the market. 
Clearly it would be cheaper to exercise the option, thereby paying €1,058,471 to get the yen.

Note that the treasurer would exercise the foreign currency call when the yen was below 
the strike, but that is because the yen is quoted in relation to the euro in terms of yen per euro. 
This fact connects us to an important point about foreign currency options. A foreign currency 
call option always has a put option that is an identical twin. Instead of the yen call, suppose 
the treasurer had purchased an at-the-money put on €1,058,471 with the same expiration and 
exercise price as the call. This gives him the right to deliver euros in exchange for yen. This put 
option provides for exactly the same cash flows as the call option in the same circumstances. 
If he exercises his right to sell euros, he would deliver €1,058,471 and receive ¥145,000,000.

In either case, after receiving the ¥145,000,000 from the option counterparty the treasur-
er would use it to cover the company’s obligation. With a set exercise price, the right to deliver 
euros in exchange for yen is exactly the same as the right to buy yen in exchange for euros.17

17 This mirror-image nature of puts and calls is actually true for any underlying asset. A call giving the 
holder the right to buy stock can also be thought of as a put giving the right to sell a currency in exchange 
for stock. Such an arrangement would imply thinking of that currency as being worth a certain number 
of shares of stock. For example, we could say that a stock priced at €50 implies that €1 = 1/50 = 0.02 
share. This is an unconventional way of thinking about stock, bonds, or commodities, but is perfectly 
natural for currencies.

Example 2  Option Position Equivalencies

1.	 Which of the following is most similar to a long put position?
A.	 Buy stock, write call
B.	S hort stock, buy call
C.	S hort stock, write call

2.	 Which of the following is most similar to a long call position?
A.	 Buy stock, buy put
B.	 Buy stock, write put
C.	S hort stock, write put
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4.  Covered Calls and Protective Puts

Writing a covered call is a very common option strategy used by both individual and insti-
tutional investors. In this strategy, someone who already owns shares sells a call option giving 
someone else the right to buy their shares at the exercise price.18 The investor owns the shares 
and has taken on the potential obligation to deliver the shares to the option buyer and accept 
the exercise price as the price at which he sells the shares. For his willingness to do this, the 
investor receives the premium on the option.

When someone simultaneously holds a long position in an asset and a long position in a 
put option on that asset, the put is often called a protective put. The name comes from the 
fact that the put protects against losses in the value of the underlying asset.

The examples that follow use the convention of identifying an option by the underlying 
asset, expiration, exercise price, and option type. For example, in Exhibit 7, the PBR October 16 
call option sells for 1.42. The underlying asset is Petróleo Brasileiro (PBR) common stock, the 
expiration is October, the exercise price is 16, the option is a call, and the call price is 1.42. It is 
important to note that even though we will refer to this as the October 16 option, it does not 
expire on 16 October; 16 is the price at which the call owner has the right to buy, otherwise 
known as the exercise price or strike.

PBR October 16 Call

Underlying asset expiration exercise price option type

On some exchanges, certain options may have weekly expirations in addition to a month-
ly expiration, which means investors need to be careful in specifying the option of interest. 
For a given underlying asset and exercise price, there may be several weekly and one monthly 
option expiring in October. The examples that follow all assume a single monthly expiration.

3.	 Which option portfolio with the same exercise price for both options is most similar 
to a long stock position?
A.	S hort call, long put
B.	 Long call, short put
C.	S hort call, short put

Solution to 1:  B is correct. The long call “cuts off” the unlimited losses from the short 
stock position.

Solution to 2: A  is correct. The long put provides a floor value to the position, making 
the maximum loss flat below the exercise price. The profit and loss diagram is the same 
shape as a long call.

Solution to 3:  B is correct. When both options have the same exercise price, a short put 
and long call produce a profit and loss diagram that is the same as a long stock position.

18 If someone creates a call without owning the underlying asset, it is a naked call.
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4.1. I nvestment Objectives of Covered Calls

Consider the option data in Exhibit 7. Suppose there is one month until the September expir-
ation. By convention, option listings show data for a single call or put, but in practice the 
smallest trading unit for an exchange-traded option is one contract covering 100 shares. Con-
sider three different market participants that might logically use covered calls.

Exhibit 7  PBR Option Premiums: Current PBR share price = 15.84

Calls Exercise 
Price

Puts

SEP OCT NOV SEP OCT NOV
1.64 1.95 2.44 15 0.65 0.99 1.46
0.97 1.42 1.90 16 1.14 1.48 1.96
0.51 1.02 1.44 17 1.76 2.09 2.59

4.1.1.  Market Participant #1: Income Generation
The most common motivation for writing covered calls is income generation. When someone 
writes an option they keep the option premium regardless of what happens in the future. Some 
investors view this premium as an additional source of income in the same way they view cash 
dividends. It is important to recognize that when someone writes a call option, however, he is 
essentially selling part of the return distribution associated with the underlying asset. See the 
illustration of the return distribution in Exhibit 8. The largest returns are those on the far right 
of the distribution. Someone who writes a call with an exercise price of 17 is giving up all re-
turns above the strike price in exchange for the option premium. So, in Exhibit 8, the portion 
of the underlying return distribution that lies above a stock price of 17 belongs to the call buyer.

Exhibit 8  Covered Calls and the Return Distribution: With stock at 15.84, write 17-strike call

Exercise Price

Current
Share Price

Belongs to Call Buyer

14 15 16 17 1813

Stock Price at Option Expiration

Perhaps an individual investor owns PBR and believes the stock price is likely to remain 
relatively flat over the next few months. With the stock currently trading at just under 16, 
the investor might think it unlikely that the stock will rise above 17. Exhibit 7 shows that the 
premium for a call option expiring in September with an exercise price of 17, referred to as the 
SEP 17 call, is 0.51. He could write that call and receive this premium. Alternatively, he could 
write a different call, say the NOV 17 call and receive 1.44. There is a clear trade-off between 
the size of the option premium and the likelihood of option exercise. The option writer would 
get more income from writing the longer-term option, but there is a greater chance that the 
option would move in the money, resulting in the option being exercised by the buyer and, 
therefore, the stock being called away from the writer.
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Although it may be acceptable to think of the option premium as income, it is important 
to remember that the call writer has given up the most desirable part of the expected return 
distribution. For someone who believes significant price increases in the underlying are unlike-
ly over the option’s life, however, writing covered calls can be very attractive.

4.1.2.  Market Participant #2: Improving on the Market
Next, consider Sofia Porto, a retail portfolio manager with a portfolio that has become over-
weight in energy companies. She wants to reduce this imbalance. She holds 5,000 shares of PBR, 
an energy company, and she expects the price of this stock to remain relatively stable over the 
next month. Porto might decide to write 10 exchange-traded PBR SEP 15 call contracts. This 
means she is creating 10 option contracts, each of which covers 100 shares. These 10 contracts 
give the buyer the right to purchase 1,000 shares of PBR stock at 15 per share anytime between 
the time of purchase and expiration in September. In exchange for this contingent claim, she re-
ceives the option premium of 1.64/call × 100 calls/contract × 10 contracts = 1,640. This income 
remains in her account regardless of what happens to the future PBR stock price or whether or 
not the option is exercised by its holder. Because the current PBR stock price (15.84) is above 
the exercise price of 15, the options she wrote are in the money. Given her expectation that the 
stock price will be stable over the next month, there is a high likelihood that the option will be 
exercised: The holder of the right to buy at 15 will certainly exercise this right if the option is in 
the money at the September option expiration. Because Porto wants to reduce the overweighting 
in energy stocks, this outcome is desirable. If the option is exercised, she has effectively sold the 
stock at 16.64. She gets 1.64 when she writes the option, and she gets 15 when the option is ex-
ercised. She could have simply sold the shares at their original price of 15.84, but in this specific 
situation the option strategy gave her an additional 800, or 5%, in a month’s time.19

The option premium is composed of two parts: exercise value (also called intrinsic value) 
and time vale.20 Exercise value is the price advantage the option gives the buyer. In this case, 
the right to buy at 15 when the stock price is 15.84 is clearly worth 0.84. The option premium 
is 1.64, which is 0.80 more than the exercise value. This difference of 0.80 is called time value. 
Someone who writes covered calls to improve on the market is capturing the time value, which 
augments the stock selling price. Remember, though, that giving up part of the return distri-
bution would result in an opportunity loss if the underlying goes up.

4.1.3.  Market Participant #3: Target Price Realization
A third popular use of options is really a hybrid of the first two objectives. This strategy in-
volves writing calls with an exercise price near the target price for the stock. Suppose a bank 
trust department holds PBR in many of its accounts and that its research team believes the 
stock would be properly priced at 16/share, which is just slightly higher than its current price. 
In those accounts for which the investment policy statement permits option activity, the man-
ager might choose to write near-term calls with an exercise price near the target price, 16 in 
this case. Suppose an account holds 500 shares of PBR. Writing 5 SEP 16 call contracts at 0.97 
brings in 485 in cash. If the stock is above 16 in a month, the stock will be sold at its target 
price, with the option premium adding an additional 6% positive return to the account.21  

19 Her effective selling price of 16.64 is 0.80 higher than the original price of 15.84: 0.80/15.84 = 5.05%.
20 Although the term “intrinsic value” is widely used among option practitioners, it is an unfortunate 
word choice. Those familiar with option pricing know that in the absence of arbitrage even an out-of-
the-money option must have a certain positive value, but in practice that is not called intrinsic value. In 
addition to exercise value, some use the term “economic value” for intrinsic value because it is the value 
of the option if the investor were to exercise it at this very moment and trade out of the stock position.
21 Relative to a stock price of 16, the option premium of 0.97 is 0.97/16 = 6.06%.
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If PBR fails to rise to 16, the manager might write a new OCT expiration call with the same 
objective in mind.

Although popular, the investor should not view this strategy as a source of free money. 
The stock is currently very close to the target price, and the manager could simply sell it and 
be satisfied. Although the covered call writing program potentially adds to the return, there 
is also the chance that the stock could experience bad news or the overall market might pull 
back, resulting in an opportunity loss relative to the outright sale of the stock. The investor 
also would have an opportunity loss if the stock rises sharply above the exercise price and it was 
called away at a lower-than-market price.

4.1.4.  Profit and Loss at Expiration
In the process of learning option strategies, it is always helpful to look at a graphical display 
of the profit and loss possibilities at the option expiration. Suppose an investor owns PBR, 
currently trading at 15.84, and chooses to write the NOV 17 call at 1.44. If the stock is above 
17 at expiration, the option holder will exercise the call option and the investor will deliver the 
shares in exchange for the exercise price of 17. The maximum gain with a covered call is the 
appreciation to the exercise price plus the option premium.22

Some symbols will be helpful in learning these relationships:

	S 0 = Stock price when option position opened 
	S T = Stock price at option expiration 
	X  = Option exercise price 
	 c0 = Call premium received or paid

The maximum gain = (X − S0) + c0. With a starting price of 15.84, a sale price of 17 results 
in 1.16 of price appreciation. The option writer would keep the option premium of 1.44 
for a total gain of 1.16 + 1.44 = 2.60. This is the maximum gain from this strategy because 
all price appreciation above 17 belongs to the call holder. The call writer keeps the option 
premium regardless of what the stock does, so if it were to drop, the overall loss is reduced 
by the option premium received. Exhibit 9 shows the situation. The breakeven price for a 
covered call is the stock price minus the premium, or S0 − c0. In other words, the breakeven 
point occurs when the stock falls by the premium received; in this example, 15.84 − 1.44 = 
14.40. The maximum loss would occur if the stock became worthless; it equals the original 
stock price minus the option premium received, or S0 − c0.23 In this single unlikely scenario, 
the investor would lose 15.84 on the stock position, but still keep the premium of 1.44 for 
a total loss of 14.40.

22 If someone writes an in-the-money covered call, there is “depreciation” to the exercise price, so the dif-
ference would be subtracted. For instance, if the stock price is 50 and a 45 call sells for 7, the maximum 
gain is (45 − 50) + 7 = 2.
23 Note that with a covered call, the breakeven price and the maximum loss are the same value.
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At option expiration, the value of the covered call position is the stock price minus the ex-
ercise value of the call. Any appreciation beyond the exercise price belongs to the option buyer, 
so the covered call writer does not earn any gains beyond that point. Symbolically,

Covered call expiration value = ST − Max[(ST − X),0]

The profit at option expiration is the covered call value plus the option premium received 
minus the original price of the stock:

Covered call profit at expiration = ST − Max[(ST − X),0] + c0 − S0

	In summary:

Maximum gain = (X − S0) + c0
Maximum loss = S0 − c0
Breakeven point = S0 − c0
Expiration value = ST − Max[(ST − X,0]
Profit at expiration = ST − Max[(ST − X),0] + c0 − S0

It is important to remember that these profit and loss diagrams depict the situation only 
at the end of the option’s life.24 Most equity covered call writing occurs with exchange-traded 
options, so the call writer always has the ability to buy the option back before expiration. If, for 
instance, the PBR stock price were to decline by one shortly after writing the covered call, the 
call value would most likely also decline. If this investor believed the decline was temporary, he 
might buy the call back at the new lower option premium, making a profit on that trade, and 
then write the option again after the share price recovered.

24 It is also important to note that the general shape of the profit and loss diagram for a covered call is 
the same as that of writing a put. Covered call writing is the most common use of options by individual 
investors, whereas writing puts is the least common.

Exhibit 9  Covered Call Profit and Loss Diagram: With stock at 15.84, write 17 call at 1.44

Pro�t

Loss

2.60

0

14.40

ST

14.40 17

Maximum loss = Stock price – Option premium
15.84 – 1.44 = 14.40

Breakeven price = 
Initial stock price – Option premium
15.84 – 1.44 = 14.40

Maximum gain = Appreciation to the exercise price + Option premium
(17.00 – 15.84) + 1.44 = 2.60



262	 Derivatives

Example 3  Characteristics of Covered Calls

	S 0 = Stock price when option position opened = 25.00
	X  = Option exercise price = 30.00
	S T = Stock price at option expiration = 31.33
	 c0 = Call premium received = 1.55

1.	 Which of the following correctly calculates the maximum profit from writing a 
covered call?
A.	 (ST − X) + c0 = 31.33 − 30.00 + 1.55 = 2.88
B.	 (ST − S0) − c0 = 31.33 − 25.00 − 1.55 = 4.78
C.	 (X − S0) + c0 = 30.00 − 25.00 + 1.55 = 6.55

2.	 Which of the following correctly calculates the breakeven stock price from writing a 
covered call?
A.	S 0 − c0 = 25.00 − 1.55 = 23.45
B.	S T − c0 = 31.33 − 1.55 = 29.78
C.	X  + c0 = 30.00 + 1.55 = 31.55

3.	 Which of the following correctly calculates the maximum loss from writing a cov-
ered call?
A.	S 0 − c0 = 25.00 − 1.55 = 23.45
B.	S T − c0 = 31.33 − 1.55 = 29.78
C.	S T − X + c0 = 31.33 − 25.00 + 1.55 = 7.88

Solution to 1:  C is correct. The covered call writer participates in gains up to the exercise 
price, after which further appreciation is lost to the call buyer. That is, X − S0 = 30.00 −  
25.00 = 5.00. The call writer also keeps c0, the option premium, which is 1.55. So, total 
maximum profit is 5.00 + 1.55 = 6.55.

Solution to 2: A  is correct. The call premium of 1.55 offsets a decline in the stock price 
by the amount of the premium received: 25.00 − 1.55 = 23.45.

Solution to 3: A  is correct. The stock price can fall to zero, causing a loss of the en-
tire investment, but the option writer still gets to keep the option premium received: 
25.00 − 1.55 = 23.45.

4.2. I nvestment Objective of Protective Puts

The primary motivation for the purchase of a protective put is to protect against loss when the as-
set falls in value. A protective put is similar to buying insurance, as we shall see in the next section.

4.2.1.  Protecting Profits
Suppose a portfolio manager has a client with a 50,000 share position in PBR. His research 
suggests there may be a negative shock to the stock price in the next four to six weeks, and he 
wants to guard against a price decline. Buying a put while owning the stock is analogous to 
buying insurance. See Exhibit 10.
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Exhibit 10  Protective Put and Insurance Analogies

Insurance Policy   Put Option

Premium   Time value

Value of asset   Price of stock

Face value   Exercise price

Term of policy   Time until option expiration

Likelihood of loss  Volatility of stock

As with insurance policies, a put implies a deductible, which is the amount of the loss the in-
sured is willing to bear. In this analogy, the stock price minus the exercise price is the deductible.25

With PBR stock at 15.84, Exhibit 7 indicates the portfolio manager could buy a one-
month (SEP) 15-strike put for 0.65. This option is out of the money, so the premium is en-
tirely time value. In this example, the deductible is 15.84 − 15.00 = 0.84. In other words, the 
stock can fall by 0.84 and the stock holder suffers this loss, but once the stock falls to 15.00 
the put becomes valuable and offsets further losses on the stock. See Exhibit 11, which shows 
how the put cuts off the lower part of the return distribution. The protective put insures against 
the portion of the underlying return distribution that is below 15. Alternatively, the portfolio 
manager could buy a two-month option, paying 0.99 for an OCT 15 put, or he could buy a 
three-month option, paying 1.46 for a NOV 15 put. Note that there is not a linear relationship 
between the put value and its time until expiration. A two-month option does not sell for twice 
the price of a one-month option, nor does a three-month option sell for three times the price of 
a one-month option. The portfolio manager can also reduce the cost of insurance by increasing 
the size of the deductible, perhaps by using a put option with a 14 exercise price. A put option 
with an exercise price of 14 would have a lower premium, but would not protect against losses 
in the stock until it falls to 14.00 per share. The option price is cheaper, but on a 50,000 share 
position, the deductible would be 50,000 more than if the exercise price of 15 were selected.

25 Unlike typical insurance policies, however, it is possible to use a put to insure an asset for more than 
its current value. One simply sets the exercise price higher than the current stock price. Such a put will 
have a higher price. 

Exhibit 11  Protective Puts and the Return Distribution

Exercise Price
Current

Share Price

Protective
Put Insures

14 15 16 17 1813

Stock Price at Option Expiration
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Because of the uncertainty about the timing of the “shock event” he anticipates, the man-
ager might decide to buy the NOV 15 put. Here is why. If he were to buy the cheaper SEP put, 
there is a good chance this option would expire before the anticipated stock price shock oc-
curred. Given the four- to six-week time horizon, the OCT put would be appropriate, but there 
is still the potential to lose the premium without realizing any benefit. With a 0.99 premium for 
the OCT 15 put and 50,000 shares to protect, the cost to the account would be almost 50,000. 
The advantage of the NOV option is that although it is more expensive, it has the greater likeli-
hood of not having expired before the news hits. As the stock drops, the value of the put would 
increase. Although he could hold onto the put position until its expiration, he might find it 
preferable to close out the option prior to maturity and recover some of the premium paid.26

4.2.2.  Profit and Loss at Expiration
Exhibit 12 shows the profit and loss diagram for the protective put.27 The stock can rise to any 
level, and the position would benefit fully from the appreciation; the maximum gain is unlim-
ited. On the downside, losses are “cut off” once the stock price falls to the exercise price. With 
a protective put, the maximum loss is the depreciation to the exercise price plus the premium 
paid, or S0 − X + p0. At the option expiration, the value of the protective put is the greater of 
the stock price or the exercise price. The reason is because the stock can rise to any level but 
has a floor value of the put exercise price. In symbols, the value of the combination of put and 
stock at expiration = Max(ST,X). The profit or loss at expiration is the ending value minus the 
beginning value. The initial value of the protective put is the starting stock price plus the put 
premium. In symbols, Profit of protective put at expiration = Max(ST,X) − S0 − p0.

Exhibit 12  Protective Put Profit and Loss Diagram: With stock at 15.84, buy 15 put at 1.46

Pro�t

Loss

2.30

0 ST
17.3015

Maximum loss = (Stock price – Strike price)
+ Option premium (15.84 – 15) + 1.46 = 2.30

Breakeven price = 
Initial stock price + Option premium
15.84 + 1.46 = 17.30

Maximum gain = Theoretically unlimited

26 A price shock to the underlying asset might increase the market’s expectations of future volatility, there-
by likely increasing the put premium. By selling the option early, the investor would capture this increase. 
Also, once the adverse event occurred, there may not be a reason to continue to hold the insurance policy. 
If the investor no longer needs it, he should cancel it and get part of the purchase price back. In other 
words, he should sell the put and recapture some of its cost.
27 Note that the profit and loss diagram for a protective put has a shape similar to a long call position, 
which is the result of put–call parity. Long the asset and long the put is equivalent to long a call plus long 
a risk-free bond. The bond has no impact on the shape of the profit and loss diagram.
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In order to break even, the underlying asset must rise by enough to offset the price of the 
put that was purchased. The breakeven point is the initial stock price plus the option premium. 
In symbols, Breakeven point = S0 + p0.

In summary:

Maximum profit = ST − S0 − p0 = Unlimited
Maximum loss = S0 − X + p0
Breakeven point = S0 + p0
Expiration value = Max(ST,X)
Profit at expiration = Max(ST,X) − S0 − p0

Example 4  Characteristics of Protective Puts

	S 0 = Stock price when option position opened = 25.00
	X  = Option exercise price = 20.00
	S T = Stock price at option expiration = 31.33
	 p0 = Put premium paid = 1.15

1.	 Which of the following correctly calculates the profit with the protective put?
A.	S T − S0 − p0 = 31.33 − 25.00 − 1.15 = 5.18
B.	S T − S0 + p0 = 31.33 − 25.00 + 1.15 = 7.48
C.	S T − X − p0 = 31.33 − 20.00 − 1.15 = 10.18

2.	 Which of the following correctly calculates the breakeven stock price with the pro-
tective put?
A.	S 0 − p0 = 25.00 − 1.15 = 23.85
B.	S 0 + p0 = 25.00 + 1.15 = 26.15
C.	S T + p0 = 31.33 − 1.15 = 30.18

3.	 Which of the following correctly calculates the maximum loss with the protective 
put?
A.	S 0 − X + p0 = 25.00 − 20.00 + 1.15 = 6.15
B.	S T − X − p0 = 31.33 − 20.00 − 1.15 = 10.18
C.	S 0 − p0 = 25.00 − 1.15 = 23.85

Solution to 1: A  is correct. If the stock price is above the put exercise price at expiration, 
the put will expire worthless. The profit is the gain on the stock (ST − S0) minus the 
cost of the put. Note that the maximum profit with a protective put is theoretically 
unlimited because the stock can rise to any level, and the entire profit is earned by the 
stockholder.

Solution to 2:  B is correct. Because the option buyer pays the put premium, he does 
not begin to make money until the stock rises by enough to recover the premium paid.

Solution to 3: A  is correct. Once the stock falls to the put exercise price, further losses are 
eliminated. The investor paid the option premium, so the total loss is the “deductible” 
plus the cost of the insurance.
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4.3. E quivalence to Long Asset/Short Forward Position

All investors who consider option strategies should understand that some options are more 
sensitive to changes in the underlying asset than others. This relationship is measured by delta, 
an indispensable tool to a sophisticated options user. Delta measures how the option price 
changes as the underlying asset price changes.28 Because a call increases in value and a put de-
creases in value as the underlying asset increases in price, call deltas range from 0 to 1 and put 
deltas range from 0 to –1. A long position in the underlying asset has a delta of 1.0, whereas a 
short position has a delta of –1.0. A rough rule of thumb is that an at-the-money option will 
have a delta that is approximately 0.5 (for a call) or –0.5 (for a put).

Suppose on the Tokyo Stock Exchange, Honda Motor Company stock sells for ¥3,500. A 
portfolio contains 100 shares, and the manager writes one exchange-traded covered call con-
tract with a ¥3,500 strike. Because the call is at the money, meaning that the stock price and 
exercise price are equal, it will have a delta of about 0.5. The portfolio, however, is not long 
the call. The manager wrote it, and someone else owns it. From the portfolio’s perspective, the 
delta is –0.5. A short call loses money as the underlying price rises. So, this covered call has an 
overall or position delta of 50: 100 points for the stock and –50 for the short call. Compare 
this call with a protective put in which someone buys 100 shares of stock and one contract of 
an at-the-money put. Its position delta would also be 50: 100 points for the stock and –50 
points for the long put.

Finally, consider a long stock position of 100 shares and a short forward position of 50 
shares. Because futures and forwards are essentially proxies for the stock, their deltas are also 
1.0 for a long position and –1.0 for a short position. In this example, the short forward posi-
tion “cancels” half the long stock position, so the position delta is also 50. These examples show 
three different positions: an at-the-money covered call, an at-the-money protective put, and 
a long stock/short forward position that all have the same delta. For small movements in the 
price of the underlying asset, these positions will show very similar gains and losses.

4.4.  Writing Cash-Secured Puts

If someone writes a put option and simultaneously deposits an amount of money equal to 
the exercise price into a designated account, it is called writing a cash-secured put.29 This 
strategy is appropriate for someone who is bullish on a stock or who wants to acquire shares 
at a particular price. The fact that the option exercise price is escrowed provides assurance that 
the put writer will be able to purchase the stock if the option holder chooses to exercise. Think 
of the cash in a cash-secured put as being similar to the stock part of a covered call. When an 
investor sells a call, she takes on the obligation to sell a stock, and this obligation is covered by 
ownership in the shares. When a put option is sold to create a new position, the obligation that 
accompanies this position is to purchase shares. In order to cover the obligation to purchase 
shares, the portfolio should have enough cash in the account to make good on this obligation. 
The short put position is covered or secured by cash in the account.

28 Delta is the calculus first derivative of the option price with respect to the underlying asset price.
29 This strategy is also called a fiduciary put. When someone writes a put but does not escrow the exercise 
price, it is sometimes called a naked put. Note that this is a slightly different use of the adjective “naked” 
than with a naked call. When writing a naked call, the call writer does not have the underlying asset to 
deliver if the call is exercised. When an investor writes a naked put, the investor has not set aside the cash 
necessary to buy the asset if the put is exercised.
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Now consider two slightly different scenarios using the price data from Exhibit 7. One 
investor might be bullish on PBR and, with the stock at 15.84, believes it very likely that the 
stock will remain above 15 at the September option expiration. Suppose the investor writes the 
SEP 15 put for 0.65. As is always the case, the investor will keep the option premium regardless 
of what the stock price does. If, as expected, the stock is above 15 at expiration, the option 
holder will not want to sell at the lower price, so the put option will expire unexercised. If the 
stock is below 15 at expiration, the put would be exercised and the option writer would be 
obliged to purchase shares at the exercise price of 15. Netting out the option premium means 
that the effective purchase price would be 15 − 0.65 = 14.35.

In another scenario, an institutional investor might be interested in purchasing PBR. 
Suppose the investor wrote the SEP 17 put for 1.76. If the stock is below 17 at expiration, the 
puts will be exercised and the investor would pay 17 for the shares, resulting in a net price of 
17 − 1.76 = 15.24. Anytime someone writes an option, the maximum gain is the option pre-
mium received, so in this case, the maximum gain is 1.76. The maximum loss when writing a 
put occurs when the stock falls to zero. The option writer pays the exercise price for worthless 
stock, but still keeps the premium. In this example, the maximum loss would be 17 − 1.76 = 
15.24. Exhibit 13 shows the corresponding profit and loss diagram.

Exhibit 13  Short Put Profit and Loss Diagram: Write SEP 17 put at 1.76

Pro�t

Loss

1.76

0

15.24

ST

15.24 17

Maximum loss = Strike price – Option premium
17.00 – 1.76 = 15.24

Breakeven price =
Exercise price – Option premium
17.00 – 1.76 = 15.24

Maximum gain = Option premium received

Note the similar shape of the covered call position in Exhibit 9 and the short put in Ex-
hibit 13. Writing a covered call and writing a put are very similar with regard to their risk and 
reward characteristics.30

4.5.  The Risk of Covered Calls and Protective Puts

Some market observers believe that any derivative activity is inherently risky and inappropriate 
in accounts with conservative objectives. It is easy to show that this belief is not true.

30 The two strategies are very similar because of put–call parity.
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4.5.1.  Covered Calls
Consider the individual who owns 100 shares of a stock, with a position delta of 100. Suppose the 
investor now writes calls against this entire position, and suppose that each of these options has a 
delta of 0.4. This covered call position has a position delta of (100 × 1.0) − (100 × 0.4) = 60. A posi-
tion delta of 60 is equivalent to owning 60 shares of the underlying asset. An investor can lose more 
money on a 100-share position than on a 60-share position. Even if the stock declines to nearly zero, 
the loss is less with the covered call because the option writer always gets to keep the option pre-
mium. Viewed this way, the covered call position is less risky than the underlying asset held alone.

There is, however, an important aspect of risk with covered calls. This is the risk that the 
underlying asset moves substantially above the option exercise price, in which case there can 
be a significant opportunity cost. Remember Exhibit 8 and the implication the short call has 
on the return distribution. The call writer sells the potential for “big gains” to the option buyer 
and is likely to experience regret if the stock price advances sharply. When the share price is 
100, having to sell at 75 is not pleasant.

4.5.2.  Protective Puts
Similar logic applies to the use of protective puts. An investor who buys a put is essentially buying 
insurance on the stock. The put provides protection from the left tail of the return distribution. 
Someone buys insurance to protect against a risk and should not feel bad if the risk event does 
not materialize and the policyholder does not get to use the insurance. Stated another way, a 
homeowner should be happy if the fire insurance on their house goes unused. Still, we do not 
want to buy insurance we do not need, especially if it is expensive. Continually purchasing puts 
to protect against a possible stock price decline is an expensive strategy that would wipe out 
most of the long-term gain on an otherwise good investment. If risk is defined as something that 
could negatively affect the ability to achieve long-term investment goals, many people would say 
that the continuous purchase of protective puts is a risky strategy. The occasional purchase of a 
protective put to deal with a temporary situation, however, can be a sensible risk-reducing activity.

4.6.  Collars

A collar is an option position in which the investor is long shares of stock and then buys a 
put with an exercise price below the current stock price and writes a call with an exercise price 
above the current stock price.31 Collars allow a shareholder to acquire downside protection 
through a protective put but reduce the cash outlay by writing a covered call. By carefully 
selecting the options, an investor can often offset most of the put premium paid by the call 
premium received. In Exhibit 7, for instance, the NOV 15 put costs 1.46 and the NOV 17 
call is 1.44, very nearly the same. A collar written in the over-the-counter market can be easily 
structured to provide a precise offset of the put premium with the call premium.32

31 A collar is also called a fence or a hedge wrapper. In a foreign exchange transaction, it might be called a 
risk reversal.
32 Most collars are structured so that the call and put premiums completely offset each other. If the inves-
tor starts with the put at a specific exercise price, he then sells a call that has the same premium. There is 
one specific call with the same premium, and it has a particular exercise price, which is above the exercise 
price of the put. An algorithm can be used to search for the exercise price on the call that has the same 
premium as that of the put, which is then the call that the investor should sell. Most collars are done in 
the over-the-counter market because the exercise price on the call must be a specific one. Exchange-traded 
options have standardized exercise prices, whereas the exercise prices of over-the-counter options can be 
set at whatever the investor wants.
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4.6.1.  Collars on an Existing Holding
Consider the risk–return trade-off for a shareholder who previously bought PBR stock at 12 
and now buys the NOV 15 put for 1.46 and simultaneously writes the NOV 17 covered call 
for 1.44. Exhibit 14 shows a profit and loss worksheet for the three positions. Exhibit 15 shows 
the profit and loss diagram.

Exhibit 14  Collar Profit and Loss Worksheet: Stock purchased at 12, NOV 15 put purchased at 
1.46, NOV 17 call written at 1.44

Stock price at expiration → 5 10 15 16 17 20

Profit/loss from long stock –7.00 –2.00 3.00 4.00 5.00 8.00

Profit/loss from long 15 put 8.54 3.54 –1.46 –1.46 –1.46 –1.46

Profit/loss from short 17 call 1.44 1.44 1.44 1.44 1.44 –1.56

 T otal 2.98 2.98 2.98 3.98 4.98 4.98

Exhibit 15  Collar Profit and Loss Diagram: Stock purchased at 12, NOV 15 put purchased at 
1.46, NOV 17 call written at 1.44

Pro�t

Loss

4.98

0

2.98

ST

15 17

At or below the put exercise price of 15, the collar locks in a profit of 2.98. At or above the 
call exercise price of 17, the profit is constant at 4.98.

In this example, because the stock price had appreciated before establishing the collar, the 
position locks in a profit of at least 2.98. Investors typically establish a collar on a position that 
is already outstanding.

4.6.2. S ame-Strike Collar
What happens if an investor combines a same-strike collar with a long position in the under-
lying asset? Exhibit 16 shows that regardless of the stock price at option expiration, the com-
bined position is worth the option exercise price. There is essentially no risk, and the position 
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is protected from a decline in market value. As previously shown, long a put and short a call is 
a synthetic short position. When a long position is combined with a synthetic short position, 
logically the risk is completely neutralized.

Exhibit 16  Long Position plus Same-Strike Collar

Stock price at expiration → 0 20 40 50 60 80 100

Long 50-strike put payoff 50 30 10 0 0 0 0

Short 50-strike call payoff 0 0 0 0 –10 –30 –50

Long stock 0 20 40 50 60 80 100

 T otal payoff 50 50 50 50 50 50 50

4.6.3.  The Risk of a Collar
We have already discussed the risks of covered calls and protective puts. The collar is essentially 
the simultaneous holding of both of these. See Exhibit 17 for the return distribution of a collar. 
A collar sacrifices the positive part of the return distribution in exchange for the removal of the 
adverse portion. With the short call option, the option writer sold the right side of the return 
distribution, which includes the most desirable outcomes. With the long put, the investor is 
protected against the left side of the distribution and the associated losses. The cost of the put 
is largely and often precisely offset by the income from writing the call. The collar dramatically 
narrows the distribution of possible investment outcomes, which is risk reducing. In exchange 
for the risk reduction, the return potential is limited.

Exhibit 17  Collars and the Return Distribution: With stock at 15.84, write 17 call and buy 15 put

Exercise
Price for

Put  Call

Current
Share
Price

Collar Sacri�ces Positive
in Exchange for

Removal of “Big Loss”

14 15 16 17 1813

Stock Price at Option Expiration

5. Sp reads and Combinations

Option spreads and combinations can be useful option strategies. In a typical option spread, 
the investor buys one call and writes another or buys one put and writes another.33 Someone 

33 One important exception to the typical option spread is a butterfly spread, which is really two simulta-
neous spreads and can be done using only calls, only puts, or both puts and calls.
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might, for instance, buy a NOV 16 call and simultaneously write a NOV 17 call, or one might 
buy a SEP 17 put and write a SEP 15 put. An option combination typically uses both puts 
and calls. The most important option combination is the straddle, which is the only combina-
tion we cover in this chapter. We will investigate spreads first.

5.1.  Bull Spreads and Bear Spreads

Spreads are classified in two ways: by market sentiment and by the direction of the initial cash flows. 
A spread that becomes more valuable when the price of the underlying asset rises is a bull spread; 
a spread that becomes more valuable when the price declines is a bear spread. Because the investor 
buys one option and sells another, there is typically a net cash outflow or inflow. If establishing 
the spread requires a cash payment, it is referred to as a debit spread. Debit spreads are effectively 
long because the long option value exceeds the short option value. If the spread initially results in a 
cash inflow, it is referred to as a credit spread. Credit spreads are effectively short because the short 
option value exceeds the long option value. Any of these strategies can be created with puts or calls. 
The motivation for a spread is usually to place a directional bet, giving up part of the profit potential 
in exchange for a lower cost of the position. Some examples will help make this clear.

5.1.1.  Bull Spread
Regardless of whether someone constructs a bull spread with puts or with calls, the strategy 
requires buying one option and writing another with a higher exercise price. Suppose, for in-
stance, an investor thought it likely that by the September option expiration, PBR would rise 
to around 17 from its current level of 15.84. Based on the price data in Exhibit 7, what option 
strategy would capitalize on this anticipated price movement? If someone were to buy the 
SEP 15 call for 1.64 and the stock rose to 17, at expiration the call would be worth ST − X =  
17 − 15 = 2. If the price of the option was 1.64, the profit is 0.36. The maximum loss is the 
price paid for the option, or 1.64. If, instead, an investor bought the SEP 16 call for 0.97, at 
an expiration stock price of 17, the call would be worth 1.00 for a gain of 0.03.

A spread could make more sense with these option values. If someone believes the stock 
will not rise above 17 by September expiration, it may make sense to “sell off” the part of the 
return distribution above that price. He would receive 0.51 for each SEP 17 call sold. Consider 
two alternatives: 1) buy the SEP 15 call as the other “leg” of the spread, or 2) buy the SEP 16 
call instead. Which is preferred? With Alternative 1, the SEP 15 call costs 1.64. Writing the SEP 
17 call brings in 0.51, so the net cost is 1.64 − 0.51 = 1.13. Traders would refer to this position 
as a PBR SEP 15/17 bull call spread. The maximum profit would occur at or above the exercise 
price of 17 because all gains above this level belong to the owner of the 17 call. At an underlying 
price of 17 or higher, from the trader’s perspective, the position is worth 2, which represents 
the appreciation from 15 to 17. Having paid 1.13 for the spread, the maximum profit is 2.00 −  
1.13 = 0.87. Another way to look at it is that at a price above 17, the trader exercises the long 
call, buying the stock at 15, and is forced to sell the stock at 17 to the holder of his short call.

With Alternative 2, the investor buys the SEP 16 call and pays 0.97 for it. Writing the 
SEP 17 call brings in 0.51, so the net cost would be 0.97 − 0.51 = 0.46. At an underlying 
price of 17 or higher, the spread would be worth 1.00, so the maximum profit is 1.00 − 0.46 = 
0.54. Again, at 17 or higher, the trader exercises the call struck at 15, thereby buying the call, 
and has the other call exercised on him, thereby forcing him to sell the stock at 17. Exhibit 18 
compares the profit and loss diagrams for these two alternatives.34

34 Note that the shape of the profit and loss diagram is similar for a bull spread and for a collar.
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To determine the breakeven price with a spread, find the underlying asset price that will 
cause the exercise value of the two options combined to equal the initial cost of the spread. A 
spread has two exercise prices, which we can denote as XL for the lower exercise price and XH 
for the higher exercise price. There are also two option premiums, which we can denote as cL 
for the lower-strike call and cH for the higher-strike call. Mathematically, the breakeven price 
for a call bull spread is XL + (cL − cH), which represents the lower exercise price plus the cost 
of the spread. In the examples here, Alternative 1 costs 1.13. If at option expiration the stock 
is 16.13, the 15-strike option would be worth 1.13 and the 17-strike call would be worthless. 
The breakeven price is 15.00 + 1.13 = 16.13 as Exhibit 18 shows.

Exhibit 18  Bull Spreads: Current PBR stock price = 15.84

Pro�t

Breakeven price = 16.13

Loss

0.87

0

1.13

ST

15 17

Pro�t

Breakeven price = 16.46

Loss

0.54

0

0.46

ST

16 17

Alternative 1: Buy SEP 15 call at 1.64, write SEP 17 call at 0.51

Alternative 2: Buy SEP 16 call at 0.97, write SEP 17 call at 0.51
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Which of the alternatives is preferable? There is no clear-cut answer. The SEP 15/17 spread 
becomes profitable with a smaller price rise in PBR stock.35 With Alternative 1, the breakeven 
point of 16.13 is less than 2% above the current level, whereas with Alternative 2, reaching the 
breakeven point requires almost a 4% rise in the stock price. By carefully selecting the expira-
tion and exercise prices for the two legs of the spread, an investor can choose the risk–return 
mix that most closely matches his investment outlook.

5.1.2.  Bear Spread
With a bull spread, the investor buys the lower exercise price and writes the higher exercise price. 
It is the opposite with a bear spread: buy the higher exercise price and sell the lower. If someone 
believed PBR stock would be below 15 by the November expiration, one strategy would be to 
buy the PBR NOV 16 put at 1.96 and write the NOV 15 put at 1.46. This spread has a net cost 
of 0.50; this amount is the maximum loss, and it occurs at a PBR stock price of 16 or higher. The 
maximum gain is also 0.50, which occurs at a stock price of 15 or lower. Finding the breakeven 
point uses the same logic as with a bull spread: find the underlying asset price at which the exer-
cise value equals the initial cost. Let pL represent the lower-strike put and pH the higher-strike put.

Mathematically, the breakeven point is XH − (pH − pL). In this example, 16 − (1.96 − 1.46) = 
15.50. That is, at a stock price of 15.50, the 16-strike put would be worth 0.50 and the 15-strike put 
would be worthless. Exhibit 19 shows the profit and loss diagram for a NOV 15/16 bear spread.36

Exhibit 19  Bear Spread: Current PBR stock price = 15.84

Pro�t

Breakeven price = 15.50

Loss

0.50

0

0.50

ST

15 16

Buy NOV 16 put at 1.96, write Nov 15 put at 1.46

35 With a bull spread, this notation implies that the investor buys the 15 call and writes the 17 call.
36 Bull spreads can also be done with puts, and bear spreads can also be done with calls. If this is the case, 
the result is a credit spread with an initial cash inflow. Recall that American exercise-style options may be 
exercised at any time prior to expiration. Bull spreads with American puts have an additional risk, which 
is that the short put gets exercised early, whereas the long put is not yet in the money. If the bull spread 
uses American calls and the short call is exercised, the long call is deeper in the money, which offsets that 
risk. A similar point can be applied to bear spreads using calls. Thus, with American options, bull spreads 
with calls and bear spreads with puts are generally preferred but of course, not required.
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5.1.3. R efining Spreads
It is not necessary that both legs of a spread be established at the same time or maintained for 
the same period of time. Options are very versatile, and positions can be quickly adjusted as 
market conditions change. Here are a few examples of different tactical adjustments an option 
trader might consider.

5.1.3.1.  Adding a Short Leg to a Long Position  Consider Carlos Aguila, a speculator who in 
September paid a premium of 1.50 for a NOV 40 call when the underlying stock was selling 
for 37. A month later, in October, the stock has risen to 48. He observes the following premi-
ums for one-month call options.

Strike Premium

40 8.30

45 4.42

50 1.91

This position has become very profitable. The call he bought is now worth 8.30. He paid 
1.50, so his profit at this point is 8.30 − 1.50 = 6.80. He thinks the stock is likely to stabilize 
around its new level and doubts that it will go much higher. Aguila is considering writing 
another call option with an exercise price of either 45 or 50, thereby converting his long call 
position into a bull spread. Looking first at the NOV 50 call, he notes that the 1.91 premium 
would more than cover the initial cost of the NOV 40 call. If he were to write this call, the 
new profit and loss diagram would look like Exhibit 20. To review, consider the following 
points:

•	 At stock prices of 50 or higher, the exercise value of the spread is 10.00. The reason is because 
both options would be in the money, and a call with an exercise price of 40 would always 
be worth 10 more than a call with an exercise price of 50. The initial cost of the call with an 
exercise price of 40 was 1.50, and there was a 1.91 cash inflow after writing the call with an 
exercise price of 50. The profit is 10.00 − 1.50 + 1.91 = 10.41.

•	 At stock prices of 40 or lower, the exercise value of the spread is zero; both options would 
be out of the money. The initial cost of the call with an exercise price of 40 was 1.50, and 
there was a 1.91 cash inflow after writing the call with an exercise price of 50. The profit is 
0 − 1.50 + 1.91 = 0.41.

•	 Between the two striking prices (40 and 50), the exercise value of the spread rises steadily as 
the stock price increases. For every unit increase up to the higher striking price, the exercise 
value of this spread increases by 1.0. For instance, if the stock price remains unchanged at 
48, the exercise value of the spread is 8.00. The reason is because the call with an exercise 
price of 40 would be worth 8.00 and the call with an exercise price of 50 would be worthless. 
The initial cost of the 40-strike call was 1.50, and there was a 1.91 cash inflow when the 
50-strike call was written. The profit is 8.00 − 1.50 + 1.91 = 8.41.
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Exhibit 20  Spread Creation: Buy a call with an exercise price of 40 at 1.50; write a call later with 
an exercise price of 50 at 1.91

Pro�t

Current Stock Price

Loss

10.41

0

0.41

ST
504840

Now that he has written the NOV 50 call, Aguila needs to be careful how he views this 
new situation. No matter what happens to the stock price between now and expiration, the 
position is profitable, relative to his purchase price of the calls with an exercise price of 40. If 
the stock were to fall by any amount from its current level, however, he would have an oppor-
tunity loss: His profit would get progressively smaller if the price trended back to 40. Aguila 
would be correct in saying that the bull spread “locks in a profit,” but it does not completely 
hedge against a decline in the value of his new strategy.

5.1.3.2.  Multiple Strikes  Let us expand the prior example by assuming that Aguila owned 
10 of the NOV 40 calls. He may choose to write higher-strike calls against just part of this 
position, which would leave additional upside potential if the stock were to continue to rise. 
Another choice would be writing a mix of two or more options, such as five of the Nov 50 
options and five of the NOV 45 options. This approach would bring in premium income of

(5 × 1.91) + (5 × 4.42) = 31.65

(50-strike call) (45-strike call)

If the stock remains at 48 at option expiration, the NOV 50 call will expire worthless and 
the 45 call would be exercised. Aguila would receive a call notice indicating that he had been 
“assigned to sell” shares at 45 because of the call he wrote. Aguila owns 10 of the NOV 40 
calls, so he could exercise 5 of these options and buy the shares he needs to deliver. Thus, for 
these five options, Aguila effectively buys the stock at 40 and sells at 45, making 5.00 per share. 
Remember, though, that he initially paid 1.50 for the 40 calls, so his profit is 3.50 per share. 
He makes 5 × 3.50 = 17.50. He still owns five of the NOV 40 calls, and these would each be 
worth their exercise value of the stock price minus the strike price: 48.00 − 40.00 = 8.00. He 
paid 1.50 for them, so his gain is 5 × (8.00 − 1.50) = 32.50. He could sell these five contracts 
and close out his position, or exercise and sell the stock. His aggregate profit would be 81.65:
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Option premium received: 31.65

Gain on five 40-strike calls used to deal with call exercise: 17.50

Gain on five 40-strike calls owned at option expiration: 32.50

 T otal: 81.65

If Aguila had kept the 10 NOV 40 contracts, their exercise value at expiration would have 
been 48.00 − 40.00 = 8.00. Subtracting his purchase price of 1.50, his profit on 10 calls would 
have been 10 × 6.50 = 65.00. In this instance, the spread was a better performer than the long 
call by itself.

5.1.3.3.  Spreads as a Volatility Play  A spread strategy may make sense with a volatile stock 
in a trending market. Suppose the market has been rising, and Lars Clive, an options spec-
ulator, expects this trend to continue. Hypothetical company ZKQ currently sells for 44. 
Suppose Clive buys a NOV 45 call for 5.25. Three days later the stock price has risen to 49. 
With this new price, a NOV 50 call sells for 5.74. Clive establishes a 45/50 bull call spread 
by writing the NOV 50 call. Now suppose five days pass and the stock price falls to 45. The 
new option values would be 5.41 for the NOV 45 call and 3.55 for the NOV 50 call. Clive 
closes out the Nov 50 leg of his spread by buying it back. He sold the call for 5.74, and 
bought it back for 3.55, so he makes 5.74 − 3.55 = 2.19, or 2.19 per contract. He still holds 
the long position in the NOV 45 call. Another four days pass, and ZKQ has risen to 48. The 
new price for the NOV 50 call would be 4.71; Clive then decides to write a call at this price. 
At this point, he has had two cash outflows totaling 8.80: the initial 5.25 plus the 3.55 to 
buy the NOV 50 call back. He has two inflows totaling 10.45: the premium income of 5.74 
and then 4.71 from the two instances of writing the NOV 50 calls. Because the inflows of 
10.45 exceed the outflows of 8.80, he has a resulting profit and loss diagram with a shape 
similar to the plot in Exhibit 20 that we saw in the previous example. The entire plot lies in 
profitable territory.

Time Activity Cash Out Cash In

Day 1 Buy NOV 45 call 5.25

Day 4 Sell NOV 50 call 5.74

Day 9 Buy NOV 50 call 3.55

Day 13 Sell NOV 50 call 4.71

Total 8.80 10.45

Net Inflow 1.65

Spreads are primarily a directional play on the underlying spot price; still, spread traders 
can take advantage of changes in the level of volatility, and it is easy to create a hypothetical ex-
ample like this one. There obviously is no guarantee that prices will continue to be volatile, or 
that any assumed price trend will continue. Still, the experienced option user knows to look for 
opportunistic plays that arise from price swings. Spreads are a relatively low-risk way to do so.
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Example 5  Spreads

S0 = 44.50
OCT 45 call = 2.55 OCT 45 put = 2.92
OCT 50 call = 1.45 OCT 50 put = 6.80

1.	 What is the maximum gain with an OCT 45/50 bull call spread?
A.	 1.10
B.	 3.05
C.	 3.90

2.	 What is the maximum loss with an OCT 45/50 bear put spread?
A.	 1.12
B.	 3.88
C.	 4.38

3.	 What is the breakeven point with an OCT 45/50 bull call spread?
A.	 46.10
B.	 47.50
C.	 48.88

Solution to 1:  C is correct. With a bull spread, the maximum gain occurs at the high 
exercise price. At an underlying price of 50 or higher, the spread is worth the difference 
in the strikes, or 50 − 45 = 5. The cost of establishing the spread is the price of the low-
er-strike option minus the price of the higher-strike option: 2.55 − 1.45 = 1.10. The 
maximum gain is 5.00 − 1.10 = 3.90.

Solution to 2:  B is correct. With a bear spread, you buy the higher exercise price and 
write the lower exercise price. When this strategy is done with puts, the higher exercise 
price option costs more than the lower exercise price option. Thus, you have a debit 
spread with an initial cash outlay, which is the most you can lose. The initial cash outlay 
is the cost of the OCT 50 put minus the premium received from writing the OCT 45 
put: 6.80 − 2.92 = 3.88.

Solution to 3: A  is correct. You buy the OCT 45 call for 2.55 and sell the OCT 50 call 
for 1.45, for a net cost of 1.10. You breakeven when the position is worth the price you 
paid. The long call is worth 1.10 at a stock price of 46.10, and the OCT 50 call would 
expire out of the money and thus be worthless. The breakeven point is the lower exercise 
price of 45 plus the 1.10 cost of the spread, or 46.10.

5.1.4.  The Risk of Spreads
Note that the shape of the profit and loss diagram for the bull spread in Exhibit 18 is similar to 
that of the collar in Exhibit 15. The upside return potential is limited, but so is the maximum 
loss. Just like the risk–return trade-off with the collar, an option spread takes the tails of the 
distribution out of play and leaves only price uncertainty between the option exercise prices. 
Looking at this another way, if someone were to simply buy a long call, the maximum gain 



278	 Derivatives

would be unlimited and the maximum loss would be the option premium paid. If someone 
decides to convert this to a spread, it limits the maximum gain while simultaneously reducing 
the cost.

5.2.  Calendar Spread

A strategy in which someone sells a near-dated call and buys a longer-dated one on the same 
underlying asset and with the same strike is commonly referred to as a calendar spread. When 
the investor buys the more distant option, it is a long calendar spread. The investor could also 
buy a near-term option and sell a longer-dated one, which would be a short calendar spread. 
Calendar spreads can also be done with puts; the investor would still buy one put and sell an-
other put with a different expiration. As discussed previously, a portion of the option premium 
is time value. Time value decays over time and approaches zero as the option expiration date 
approaches. Taking advantage of this time decay is a primary motivation behind a calendar 
spread. Time decay is more pronounced for a short-term option than for one with a long time 
until expiration. A calendar spread trade seeks to exploit this characteristic by purchasing a 
longer-term option and writing a shorter-term option.

Here is an example of how someone might use such a spread. Suppose XYZ stock is 
trading at 45 a share in August. XYZ has a new product that is to be introduced to the public 
early the following year. A trader believes this new product introduction is going to have a 
positive impact on the shares. Until the excitement associated with this announcement starts 
to affect the stock price, the trader believes that the stock will languish around the current 
level. See the option prices in Exhibit 21. Based on the bullish outlook for the stock going 
into January, the trader purchases the XYZ JAN 45 call at 3.81. Noting that the near-term 
price forecast is neutral, the trader also decides to sell a XYZ SEP 45 call for 1.55.

Exhibit 21  Calendar Spread Call Option Prices

150 days until January option expiration
Underlying stock price = 45

Exercise Price SEP OCT JAN

40 5.15 5.47 6.63

45 1.55 2.19 3.81

50 0.22 0.62 1.99

Just before September option expiration
Underlying stock price = 45

Exercise Price SEP OCT JAN

40 5.00 5.15 6.39

45 0.00 1.55 3.48

50 0.00 0.22 1.69
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Now move forward to the September expiration and assume that XYZ is trading at 45. 
The September option will now expire with no value, which is a good outcome for the calen-
dar spread trader. If the trader still believes that XYZ will stay around 45 into October before 
starting to move higher, the trader may continue to execute this strategy. An XYZ OCT 45 call 
might be sold for 1.55 with the hope that it also expires with no value.

In this example, the calendar spread trader has a directional opinion on the stock but does 
not believe that the price movement is imminent. Rather, the trader sees an opportunity to 
capture time value in one or more shorter-lived options that are expected to expire worthless.

5.3. S traddle

A long straddle is an option combination in which someone buys both puts and calls, with the 
same exercise price, on the same underlying asset.37 If someone writes both options, it is a short 
straddle. Because a long call is bullish and a long put is bearish, this strategy may seem illogical. 
There are occasions, however, when a straddle might make sense. The classic example is in antici-
pation of some event in which the outcome is uncertain but likely to significantly affect the price 
of the underlying asset regardless of how the event gets resolved. From the shareholders’ perspec-
tive for an option on a stock, if the news is bad, the stock price falls. If the news is good, it rises.

A straddle is an example of a directional play on the underlying volatility, expressing the 
view that volatility will either increase or decrease from its current level. A profitable outcome 
from a long straddle, however, usually requires a significant price movement in the underlying 
asset. The straddle buyer pays the premium for two options, so to make a profit, the underlying 
asset has to move either above or below the option exercise price by the total amount spent 
on the straddle. As an example, suppose in the next few days there is a verdict expected in a 
liability lawsuit against an automobile manufacturer. An investor expects the stock to move 
sharply one way or the other once the verdict is revealed. Because a straddle is neither a bullish 
nor a bearish strategy, the chosen options usually have an exercise price close to the current 
stock price. With any other exercise price, there is a directional bias because initially one of the 
options will be in the money and one will be out of the money.

Experienced option traders know that it is difficult to make money with a straddle. In the 
example, other people will also be watching the court proceedings. The collective wisdom will 
predict higher volatility once the verdict is announced, and option prices rise when volatility 
expectations rise. This increased volatility means that both the puts and the calls become ex-
pensive well before the verdict is revealed, and the long straddle requires the purchase of both 
options. To make money, the straddle buyer has to be correct in his view that the “true” un-
derlying volatility is higher than the market consensus. Essentially, the bet is that the straddle 
buyer is right and the other market participants, on average, are wrong about the volatility.

Suppose the underlying stock sells for 50, and an investor selects 30-day options with an 
exercise price of 50. The call sells for 2.29 and the put for 2.28, for a total investment of 4.57. 
To recover this cost, the underlying asset must either rise or fall by at least 4.57. At prices above 
54.57 the call is in the money. At prices below 45.43 the put is in the money. See Exhibit 22. The-
oretically, the stock can rise to any level, so the maximum profit with the long call is unlimited. If 
the stock declines, it can fall to no lower than zero. If that happens, the long put would be worth 
50. Subtracting the 4.57 cost of the straddle gives a maximum profit of 45.43 from a stock drop.

37 If someone buys puts and calls with different exercise prices, the position is called a strangle.
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For the straddle buyer, the worst outcome is if the stock closes exactly at 50, meaning 
both the put and the call would expire worthless. At any other price one of the options will 
have a positive exercise value. Note that at expiration, the straddle is not profitable if the stock 
price is in the range 45.43 to 54.57. It requires more than a 9% price move in one month to 
make money with this strategy. A speculator who believes such a move was unlikely might 
be inclined to write the straddle, in which case the profit and loss diagram in Exhibit 22 gets 
reversed, with a maximum gain of 4.57 and a theoretically unlimited loss if prices rise.

Exhibit 22  Long Straddle: Current stock price = 50; buy 50-strike call at 2.29, buy 50-strike  
put at 2.28

Pro�t

Loss
4.57

0

45.43

ST

45.43 54.57

50

Two breakeven points:
50 – 4.57 = 45.43
50 + 4.57 = 54.57

The risk of a long straddle is limited to the amount paid for the two option positions. At 
expiration, the only way both options expire worthless is if the stock price and exercise price 
are exactly equal; at any other final stock price, either the call or the put has a positive exercise 
value. Still, both options lose their time value, so it requires a significant price change in the 
underlying asset in order to move past one of the breakeven points.

5.4.  Consequences of Exercise

When someone writes an option, it is important to remember that it creates a contingent 
claim, but the writer is not the owner of the claim. The writer sells the claim and has been paid 
to take on an obligation.

The option writer has an obligation to perform if the option holder chooses to exercise 
and has no control over whether or not exercise occurs. The consequences of exercise can be 
significant. When someone owns an option, they decide when and if to exercise. Unexpected 
exercise can be quite inconvenient.

Suppose, for instance, an investor buys a NOV 95 call and writes a NOV 105 call to form 
a 95/105 bull spread; later, the stock price rises to 113. At this price the spread has reached its 
maximum value of 10. Two weeks before expiration the owner of the 105 call exercises. Unless 
the investor already own these shares, it will be necessary to purchase them in the open market 
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for 113. With a contract size of 100, it would cost 100 × 113 = 11,300 to make the purchase, 
and this purchase might be very inconvenient. Alternatively, depending on the brokerage firm’s 
policies, it might be able to exercise the 95 call to acquire the needed shares. Even this approach 
may be undesirable because it is rarely a good idea to exercise an option very far ahead of the 
expiration date. Doing so essentially amounts to throwing away the time value.

For instance, suppose that with the underlying stock at 113 the NOV 95 call the in-
vestor owns sells for 18.75. The option is in the money by 18, so that is its exercise value. 
If the investor exercised the option, he would buy shares at this discount. But the eco-
nomic gain would be just the 18, whereas the option given up in exchange for the shares 
was worth 18.75. If the investor wanted the shares, he would be better off selling the 
option for 18.75 and then buying shares on the open market for 113. The net price would 
be 113.00 − 18.75 = 94.25, or 0.75 less than the strike price. With capital constraints, 
though, the investor might not be able to do this. The key point in this discussion is that 
an investor should think through the consequences of exercise before implementing any 
strategy that requires writing options.

6. I nvestment Objectives and Strategy Selection

The risk of a derivative product depends on what you do with it. It is not the fork’s fault if 
someone sticks it in an electric outlet and gets shocked. People should think of derivatives as 
neutral products that can be combined with other assets to create a more preferred risk–return 
trade-off. If used wisely, they can help an investor or a portfolio manager quickly adapt to 
changing market conditions or client needs.

6.1.  The Necessity of Setting an Objective

Every trade should begin with an opinion of the underlying market. Only then can an in-
formed trading decision be made. With stocks and most assets, one thinks about the direction 
of the market: Is it going up or down? With options, it is not enough to think about only 
market direction; it is also necessary to think about the volatility. In other words, what matters 
to users of options is not just the direction the underlying is headed, but the volatility of the 
underlying. For example, in a simple call option purchase, just having the underlying go up 
is not sufficient to make money. The underlying must go up enough that the option reaches 
breakeven. The gain in the value of the stock must be sufficient that the call overcomes the loss 
of its time value. A long call must have some upside volatility, and a long put must have some 
downside volatility.

Suppose an investor is neutral on market direction. Again, he should consider the vola-
tility. A straddle buyer is neither bullish nor bearish but expects a sharp increase in volatility. 
Someone who is neutral directionally but does not anticipate a sudden price change may want 
to write the straddle. Spreads tend to be middle-of-the-road strategies that fit best in neutral, 
flat markets. A spread trade is often appropriate when the outlook for an underlying market is 
either neutral or non-trending, meaning that it does not have a strong bullish or bearish out-
look. Exhibit 23 shows one way of looking at the interplay of direction and volatility.
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Exhibit 23  Direction and Volatility with Options

    Direction

    Bearish Neutral/No Bias Bullish

Volatility

High Buy puts Buy straddle Buy calls

Average Write calls 
and buy puts Spreads Buy calls 

and write puts

Low Write calls Write straddle Write puts

Some option traders refer to the concept of volatility as speed, with a high volatility market 
being a fast market and a low volatility market being a slow market. Market speed can, however, 
also refer to the rate at which a market moves, so investors should take care to be aware of the 
distinction in the uses of these characterizations.

6.2. S pectrum of Market Risk

Derivatives enable market participants to take a position that is extremely bearish, extremely 
bullish, or somewhere in between and to quickly and efficiently shift along this continuum as 
desired. Suppose a pension fund owns one million shares of HSBC Holdings. For some reason, 
the portfolio manager would like to temporarily reduce the position by 10%, meaning to re-
duce the market exposure and convert the equivalent funds to cash. As this chapter has already 
shown, there are a variety of ways in which this might be done. The portfolio manager could

	 1.	 sell 100,000 shares, which is 10% of the holding.
	 2.	 enter into a futures or forward contract to sell 100,000 shares.
	 3.	 write call contracts sufficient to generate minus 100,000 delta points.
	 4.	 buy put contracts sufficient to generate minus 100,000 delta points.
	 5.	 enter into a collar sufficient to generate minus 100,000 delta points.

Each of these alternatives has its own strengths and weaknesses. The first alternative (sell-
ing shares) has the advantage of clearly accomplishing the goal of a 10% reduction. For some 
investors, though, this solution could create a tax problem or result in inadvertently putting 
downward pressure on the stock price. Forward contracts are simple and effective, but they 
involve counterparty risk and are not easily canceled if later there is a desire to unwind the 
trade.38 Writing calls brings in a cash premium, but leaves the writer subject to exercise risk. 
Buying puts requires a cash outlay but leaves the investor in control with respect to exercise 
risk. In short, all of the outcomes have advantages and disadvantages, but with derivatives, the 
investor has multiple choices instead of just one.

6.3. A nalytics of the Breakeven Price

Investors often construct a profit and loss diagram for an option strategy that is under consid-
eration. These diagrams are helpful in understanding the range of possible outcomes. It may 

38 It is possible to enter into an offsetting trade with the same counterparty, or a different counterparty, 
to net the position to zero. This approach is essentially the same as covering a futures contract position in 
which the counterparty is the clearinghouse. Offsetting a forward with a new forward is relatively easy to do.
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also make sense to use option pricing theory to learn more about what the breakeven points on 
the profit and loss diagram really mean. The current option price is based on an outlook that 
takes into account an assumed future volatility of the prices of the underlying asset. Volatility 
is measured by standard deviation of percentage changes in the spot price of the underlying 
asset, and with an understanding of some basic statistical principles, this volatility can be used 
to estimate the likelihood of achieving a particular price target.

There are a variety of factors that come into play when determining the value of an op-
tion. The underlying market price, the exercise price of the option contract, the time left until 
option expiration, the current risk-free rate, and any dividends paid before expiration are all 
taken into account by the market when valuing an option. The exercise price is known, and 
the underlying market price and risk-free rate are easily accessible. The time remaining until 
expiration is consistently changing, but we always are aware of how much time is left until 
expiration. Dividends paid by companies are fairly stable as well.

There is another pricing factor that is taken into account, and that is the expected price 
movement or volatility of the underlying stock. The more volatility that is expected from the 
underlying over the life of an option, the higher the option premium. Consider two stocks, 
QRS and TUV, that are both trading at 50. QRS is a utility company that is expected to not 
have much volatility over the next month. TUV, however, is a biotech company that often ex-
periences 5% price moves in a single day. All else being the same, options on QRS would have 
lower premiums than those on TUV. See the price data in Exhibit 24.

Exhibit 24  Volatility and Option Prices

30 days until March option expiration
QRS and TUV underlying stock price = 50

QRS Mar 50 Call = 1.00
QRS Mar 50 Put = 0.95
TUV Mar 50 Call = 2.50
TUV Mar 50 Put = 2.45

A trader buying a QRS Mar 50 call and QRS Mar 50 put would be purchasing a QRS 
Mar 50 straddle for 1.95. Buying a TUV Mar 50 straddle would involve purchasing the TUV 
Mar 50 call at 2.50 and TUV Mar 50 put at 2.45 for a net cost of 4.95. Breakeven at expira-
tion for the QRS straddle occurs if the stock moves up or down 1.95 whereas breakeven for 
the TUV straddle would require a move of 4.95. In percentage terms, this means that break-
even for the QRS straddle is 3.90% (1.95/50.00) whereas TUV needs to rise or fall 9.90% 
(4.95/50.00) for the straddle just to break even.

We say that TUV options have a higher implied volatility than comparable QRS option 
contracts. Implied volatility is the standard deviation that causes an option pricing model to 
give the current option price. Option users, in fact, use implied volatility as a form of option 
currency, meaning that prices are quoted as implied volatilities. For instance, knowing that 
an option sells for 2.00 reveals nothing about its relative price because that depends on the 
moneyness (i.e., the extent to which the option is in or out of the money) and the remaining 
life of the option. If, instead, someone says an option sells for an annualized implied volatility 
of 45%, that is a standalone statistic that can be directly compared with other options. TUV 
option premiums are higher than QRS option premiums because the market expects greater 
potential price moves out of TUV than from QRS.
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There are a few different perspectives on how we should measure the time periods with 
option volatility. There are usually 365 calendar days in a year, but the markets are not open on 
Saturdays or Sundays or official holidays, which vary by country. Because the stock price does not 
have the opportunity to change when the market is closed, most experts believe that those days 
should not count. For this reason, some people use 252 or some other appropriate number for the 
number of trading days in a year. Dispersion is a function of both the size of the “jumps” in the 
variable and the number of those jumps. We convert an annual variance (σ2) to a daily variance 
by dividing by 252, and we convert an annual standard deviation (σ) to a daily standard deviation 
by dividing by 252 . With options, volatility is measured by the annual standard deviation.

Suppose the underlying stock in Exhibit 22 typically has an annual volatility of 30%. An 
investor can obtain some information on the likelihood of reaching the breakeven points before 
entering into the trade. In order for the straddle to be profitable at expiration, the stock must 
move up or down by 4.57 units from the current price of 50, which is a 9.14% movement. Ex-
piration is in 30 days, but this includes four weekends and possibly a holiday. Suppose there are 
only 21 trading days until expiration. We convert a 9.14% movement in 21 days to an annual 
volatility by multiplying by the square root of the number of 21-day periods in a 252-day “year”:

xannual 0.0914
252
21

32.6%σ = =

The required price movement to the breakeven point represents an annual volatility that is 
only slightly greater than the historical level, so someone contemplating establishing the strad-
dle might view this scenario favorably. If, instead, the straddle in Exhibit 22 costs 7 to establish, 
it would require a 14% move to reach a breakeven point. Using the formula just presented, 
this move is about 48.5% on an annual basis. You might not believe that such a price change 
could reasonably be expected in a 30-day period and thus elect not to enter into the strategy.39

39 As described, volatility for equity markets is typically defined as a relative price change (lognormal 
volatility) whereas in the interest rate market, market practice changes more and more to an absolute 
definition of volatility, using absolute movement in basis points per annum.

Example 6  Straddle Analytics

XYZ stock = 100.00
100-strike call = 8.00
100-strike put = 7.50
Options are three months until expiration

1.	I f Smith buys a straddle on XYZ stock, he is best described as expecting a:
A.	 high volatility market.
B.	 low volatility market.
C.	 average volatility market.
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2.	 This strategy will break even at expiration stock prices of:
A.	 92.50 and 108.50.
B.	 92.00 and 108.00.
C.	 84.50 and 115.50.

3.	R eaching a breakeven point implies an annualized rate of return closest to:
A.	 16%.
B.	 31%.
C.	 62%.

Solution to 1: A  is correct. A straddle is directionally neutral; it is neither bullish nor 
bearish. The straddle buyer wants volatility and wants it quickly, but does not care in 
which direction. The worst outcome is for the underlying asset to remain stable.

Solution to 2:  C is correct. To break even, the stock price must move enough to recover 
the cost of both the put and the call. These premiums total $15.50, so the stock must 
move up to $115.50 or down to $84.50.

Solution to 3:  C is correct. The price change to a breakeven point is 15.50 points, or 
15.5% on a 100 stock. This is for three months. This outcome is equivalent to an annu-
alized rate of 62%, found by multiplying by 4 (15.5% × 4 = 62%).

6.4. A pplications

This section illustrates by means of mini cases some of the ways in which different market 
participants use derivative products as a tool to solve a problem or to alter a risk exposure. 
Note that with the wide variety of derivatives available there are almost always multiple ways 
in which derivatives might logically be used in a particular situation. These mini cases cover 
only a few of them.

6.4.1.  Writing Covered Calls
Carlos Rivera is a portfolio manager in a small asset management firm focusing on high-net-
worth clients. In mid-April he is preparing for an upcoming meeting with Dr. Mary Parker, a 
client whose daughter is about to get married. Dr. Parker and her husband have just decided to 
pay for their daughter’s honeymoon and need to raise $30,000 relatively quickly. The client’s 
portfolio is 100% invested in equities and, by policy, is aggressive. At the moment the Parkers 
are “asset rich and cash poor.” They have largely depleted their cash reserves with the wedding 
expenses. The recently revised investment policy statement permits all option activity except 
the writing of naked calls. Over the next six months, Rivera’s firm has a flat to slightly bearish 
market outlook. Dr. Parker’s account contains 5,000 shares of Apple stock, a recent addition 
to the portfolio. Rivera is considering the following 30-day exchange-listed options, which 
expire in May.
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Apple Options: Stock = $99.72

Call Exercise Price Put

4.90 97 2.14

3.25 100 3.45

2.02 103 5.23

What strategy should Rivera recommend to Dr. Parker?

Solution:  To generate income, Rivera will want to write options. The account permits the 
writing of covered, but not naked, calls and apparently also permits the writing of puts. 
Apple options trade on an organized exchange with a standard contract size of 100 options. 
With 5,000 shares in the account, 50 call contracts would be covered. If Rivera were to 
write either the MAY 100 or the MAY 103 calls, it would not generate the required income. 
Writing the MAY 97 calls would generate $4.90 × 100 × 50 = $24,500, but because this call is 
in the money, there is an increased risk of the option being in the money at expiration. Given 
the firm’s market outlook, this risk might be acceptable. To make up the income shortfall 
of $30,000 − $24,500 = $5,500 Rivera could recommend writing a put.40 To bring in the 
required premium, Rivera would have to write $5,500/$523 = 11 contracts of the MAY 103 
put, or $5,500/$345 = 16 contracts of the MAY 100 put, or $5,500/$214 = 26 contracts of 
the MAY 97 put.41 The puts with exercise prices of 100 and 103 are already in the money, and 
given the market outlook of Rivera’s firm, they are likely to be exercised, resulting in a new cash 
demand on the portfolio. If Rivera writes 26 contracts of the MAY 97 puts, it will bring in the 
needed income, and if Apple remains above 97, the puts will expire worthless. If Apple closes 
below $97, the puts would be exercised and the account would require cash totaling $252,200 
to pay for the exercise of 26 put contracts for $9,700/contract. The calls would have expired, 
so Rivera would be free to sell some of the Apple shares to raise cash if necessary. Rivera could 
recommend writing 50 contracts of the MAY 97 calls and 26 contracts of the MAY 97 puts. 
At the same time, it is important to note that writing puts is generally only appropriate for 
experienced, financially secure investors, and even for them, a financial adviser should review 
the adverse consequences of the puts being exercised.

6.4.2.1.  Portfolio Protection  Eliot Skaves manages a discretionary account with complete 
derivatives authority. The account holds 100,000 shares of Salar Limited, currently trading 
at HK$42.00. Salar has an earnings announcement scheduled in one week. Although Skaves 
expects an earnings increase, he expects the company to narrowly miss the consensus earnings 
estimate. He would like to protect the client’s position in the company until the report is 
released but wants to keep the cost of the protection to a minimum. There are no exchange-
traded options on Salar. Skaves contacts a Hong Kong dealer and receives the following quotes 
for one-month options.

40 If Rivera also writes puts, he has written a straddle. Note, though, that the short calls are not naked 
because Rivera also owns the underlying shares. This means that his maximum loss from an increase in 
the price of the underlying asset is known and limited. He does not face the potentially unlimited losses 
associated with writing a naked call.
41 The number of contracts is rounded up in order to get the required income.
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Salar Options: Stock = HK$42.00

Call Exercise Price Put

3.05 40.00 1.04

1.69 42.50 2.19

0.84 45.00 3.83

What strategy should Skaves use?

Solution:  Given the need to keep the cost of the protection to a minimum, Skaves might 
first investigate writing calls against the stock. The option premium received provides limited 
downside protection. For instance, if Skaves wrote the call with an exercise price of 40.00, the 
3.05 premium would offset a price decline down to 42.00 − 3.05 = 38.95. He would suffer the 
full loss of any decline below that. If he were to write the call with an exercise price of 42.50, 
he is protected down to 42.50 − 1.69 = 40.81. The disadvantages of obtaining protection this 
way are twofold: First, the protection is limited, and second, if the underlying stock rises above 
the exercise price, there is an opportunity cost. In this example, if Skaves is wrong about his 
earnings estimate and the company beats expectations, the stock is likely to rise, in which case 
he foregoes any gains from the rise above the option exercise price.

An alternative to writing the calls would be to purchase a protective put, perhaps the 
put with an exercise price of 40.00, with the intent of selling it shortly after the earnings an-
nouncement. If the earnings are less than market expectations, the stock is likely to fall, thereby 
increasing the put value and partially offsetting the loss. If the earnings meet market expecta-
tions, the put value may be sold at a price near its purchase price. If the earnings are better than 
expected and the stock price rises, the put will decline in value. Skaves no longer would need 
the “insurance” and could sell the put, recovering part of the purchase price.

6.4.2.2.  Portfolio Protection: Adjustment  Assume that Salar’s earnings turned out to be sur-
prisingly good; they beat the consensus estimate by 7 cents. Immediately after the announce-
ment the stock rose 10% to HK$46.20. Skaves believes this sharp jump in stock price is not 
justified by the new earnings level and expects the stock to give up about half this gain in the 
next few weeks. The new options prices are shown in the table. They reflect a jump in the an-
ticipated volatility in the stock, which increases the value of both puts and calls.42 Skaves notes 
that the put with an exercise price of 40.00 has declined from 1.04 to 0.83.

Salar Options Stock = HK$46.20

Call Exercise Price Put

7.03 40.00 0.83

5.24 42.50 1.54

3.76 45.00 2.56

2.61 47.50 3.90

Now that the earnings announcement has been made, what should Skaves do?

42 The original table is based on an annual volatility of 40%; the new volatility is 60%.
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Solution:  Skaves no longer needs the protection from the put option, so he should stick with 
his original strategy and sell the put. Because of the increase in volatility, the price of the put 
with an exercise price of 40.00 has fallen from 1.04 to 0.83. Skaves can recover 80% of the “in-
surance premium” he paid. Given that Skaves has a rather specific short-term belief about Salar 
stock, he might also consider writing a call with an exercise price of either 45.00 or 47.50, espe-
cially because the volatility has risen. When options are expensive, writing them can be attrac-
tive. He believes the stock is likely to retreat to the HK$44.00 range soon. If he were to write 
the 47.50 call against all 100,000 shares, he would receive premium income of HK$261,000. 
This option would expire worthless as long as Salar stock is below HK$47.50 in 30 days. The 
call option with an exercise price of 45.00 would provide more income (HK$3,760), but if the 
stock does not fall as much as Skaves expects, he might face the inconvenience of the option 
being assigned and shares called away.

6.4.3.  Collar/Equity Swap
Bernhard Steinbacher has a client with a 100,000 share holding in Targa, currently trading 
for €14. The client has a very low tax basis on this stock. Steinbacher wants to safeguard the 
value of the position but does not want to sell because of the substantial tax burden the sale 
would involve. He does not find exchange-traded options on the stock. He wants to present 
two different ways in which the client could protect an investment portfolio from a stock price 
decline.

Solution 1:  In the over-the-counter market, he might buy a put and then write a call to offset 
the put premium. This strategy is a collar. The put provides downside protection below the 
put exercise price, and the call brings in income to help offset the cost of the put. Recalling 
Exhibit 17 and the underlying return distribution, this strategy effectively sells the right tail of 
the distribution, which represents large gains, in exchange for eliminating the left tail, which 
represents large losses.

Solution 2:  Another possible solution is to enter into an equity swap trading the Targa return 
for Libor. The Targa shares are worth €1.4 million, so Steinbacher can agree to exchange the 
total return on the shares for the Libor return on this sum of money. He needs to decide the 
period of time for which the protection is needed and match the swap tenor to this. Perhaps he 
decides on six months, and six-month Libor is 0.34%, expressed as an annual rate.

Scenario A:  Over the six months, Targa pays a €0.10 dividend and the share price rises 1%.

The total return on the stock is 
14 1.01 14 0.10

14
1.71%

( )× − +
= . For a six-month period, 

the Libor return would be half the annual rate, or 0.17%. The Targa stock return exceeds the 
Libor return, so Steinbacher would pay (1.71% − 0.17%) × €1.4 million = €21,560.

Scenario B:  Over the six months Targa pays a €0.10 dividend and the share price falls 1%.

The total return on the stock is 
14 0.99 14 0.10

14
0.29%

( )× − +
= − . The Targa stock return 

is less than the Libor return, so Steinbacher would “get paid” the negative return plus the Libor 

return and receive the difference (0.29% + 0.17%) × €1.4 million = €6,440.
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6.4.4.  Writing Put Options
Oscar Quintera is the chief financial officer for Tres Jotas, a private investment firm in Puerto 
Rico. Quintera wants to enter a new equity position, but the shares are trading above the price 
Quintera wants to pay. The company wants to acquire 500,000 shares, so a few dollars differ-
ence in the purchase price makes a big dollar difference. The current share price is $89.00, and 
Quintera is willing to buy the stock at a price of $87.50 or less.

Solution:  Quintera can write in-the-money puts to effectively “get paid” to buy the stock. 
Quintera sells puts and keeps the cash regardless of what happens in the future. If the stock is 
above the exercise price at expiration, the option will not be exercised. Otherwise, the option 
is exercised, Quintera buys, and as desired, becomes an owner of the stock. With the stock 
at $89.00, a 30-day put option with an exercise price of 95.00 sells for 7.85. Quintera writes 
5,000 contracts and receives premium income of 100 × 5,000 × $7.85 = $3,925,000. The 
company keeps these funds regardless of future stock price movements. He is obligated to buy 
stock at $95.00 if the put holder chooses to exercise.

Scenario A:  The stock is $92.00 per share on the option expiration day. With an exercise 
price of 95.00, the put is in the money and will be exercised. Quintera will be assigned to buy 
500,000 shares at the exercise price of 95.00. The cost is 500,000 × $95.00 = $47,500,000. 
Quintera is satisfied with the outcome, though, because the firm keeps the premium income 
of $3,925,000, so the net cost of purchase is $47,500,000 − $3,925,000 = $43,575,000. On 
500,000 shares, this means the effective purchase price is $43,575,000/500,000 = $87.15, 
which is below the $87.50 price Quintera was willing to pay.

Scenario B:  The stock price is $97.00 on the option expiration day. With an exercise price of 
95.00, the put is out of the money and would not be exercised. Quintera keeps the $3,925,000 
premium received from writing the option. This adds to the company’s profitability, but it did 
not acquire the shares and experienced an opportunity cost relative to an outright purchase of 
the stock at $89.00.

6.4.5.  Long Straddle
Katrina Hamlet has been following McMillan Holdings for the past year. The company is 
involved in a potentially quite costly lawsuit, and she has been considering speculating with 
a straddle. The stock is currently trading for $75.00, and she is focused on at-the-money calls 
and puts selling for 2.58 and 2.57, respectively. After the market closed today, she hears a news 
story indicating that a jury decision is expected later tomorrow. Hamlet expects that the stock 
will move at least 10% either way once the verdict is read, making the straddle strategy poten-
tially appropriate. The following morning after the market opens, she goes to place her trade 
and finds that although the stock price remains at $75.00, the option prices have adjusted to 
6.00 for the call and 5.99 for the put. She wonders if these new option premiums have any 
implications for her intended strategy.

Solution:  Hamlet is betting on a price movement in the underlying asset to make money 
with this trade. That price movement, up or down, must be large enough to recover the two 
premiums paid. In her early planning, that total was 2.58 + 2.57 = 5.15. She expects at least 
a 10% price movement, which on a stock selling for $75.00 would be an increase of $7.50. 
This price movement would be enough to cover the 5.15 cost and make her strategy profitable. 
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The news report about the imminent verdict, however, increased the implied volatility in the 
options, raising their price and making it more difficult to achieve the breakeven points. The 
straddle now costs 6.00 + 5.99 = 11.99. To reach the breakeven point, she now needs the stock 
to move by almost 16%. If she expects a 10% price movement, she is not likely to be happy 
with the outcome of this trade.

6.4.6.  Long Call
Olivier Akota believes a stock is going to move from £60 to £65 over the next 30 days. Akota 
checks the 30-day call options with an exercise price of 60 and believes they are overpriced at 
4. He then looks at the 30-day call option with an exercise price of 65 and sees that he can sell 
it for 1.50.

Solution:  Akota anticipates a sharp price increase in a short period of time, which is charac-
teristic of a bullish, volatile market. The indicated strategy would be a long call position, but 
Akota believes the calls with an exercise price of 60 are overpriced. Also, at a premium of 4, 
if he is right and the stock advances to 65, his profit would be just 1 on an investment of 4. 
He might not like this risk–reward trade-off. If he were to buy the 60 call and also sell a call 
with an exercise price of 65 and form a call bull spread, his cost would be reduced by the 1.50 
premium from writing the call, for a net cost of £2.50. Now, if the stock rises to £65 as he 
expects, he could earn a £2.50 profit on a £2.50 investment, doubling his money. In this case, 
a bull spread is reasonable, even though Akota believes the option he is buying is overpriced.

6.4.7.  Calendar Spread
Britta Olofsson thinks that XYZ stock, which is trading at SEK30, is going to remain in a 
narrow range for the next month until a new product is announced. She then thinks the stock 
will take off on a bullish run. She wants to have long exposure in case the stock moves early but 
does not want to pay the premium for a two-month call.

Solution:  Olofsson could benefit from a calendar spread. She expects little price movement in 
the next 30 days. For example, by writing a 15-day, at-the-money call with a strike of 30 for 1, 
she is essentially selling time value that would reduce the cost of, perhaps, a 45-day, 30-strike 
call that might sell for 1.50. So, assume she sells the 15-day call and buys the 45-day call. Her 
net cost would be SEK0.50. If the stock does not begin to advance until after the call she wrote 
expires, she participates fully in the rising stock through her long call position. If the stock fails 
to rise, her maximum loss is the SEK0.50 she paid. If the stock rises before the short option 
expires, both options would increase in value, and the net wealth effect on Olofsson would 
be modest. She would be inconvenienced, though, because when the shorter-term option was 
exercised she would be assigned to deliver shares that she might not have. This situation would 
require a significant cash outlay.

6.4.8.  Currency Forward Contract
A Mexico-based firm anticipates receipt of a $4 million payment in three months. The firm 
wants to reduce the associated foreign exchange risk.

Solution:  The firm could enter into a three-month forward contract in which it agrees to a 
future delivery of $4 million in exchange for pesos. Because the exchange rate is set today, the 
foreign exchange risk disappears.
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6.4.9. I nterest Rate Swap
Les Poiriers is the chief financial officer for Bonshaw Bank, a Canadian commercial bank. 
Because of a very successful marketing program by one of the bank’s competitors, her bank has 
found it necessary to react to the competitive pressures by issuing a substantial number of long-
term, fixed-rate mortgage loans. Although the bank has always done some of these, the current 
demand has resulted in unacceptable interest rate risk and has caused frequent violations of the 
bank’s asset/liability management policy. Bonshaw Bank currently has C$400 million of these 
mortgages on its books, and Les Poiriers would like to reduce this amount by half.

Solution:  Bonshaw needs to reduce its long-term, fixed-rate exposure to mortgage loans by 
C$200 million. The mortgages the bank owns are a receive-fixed product and can be hedged 
with an offsetting pay-fixed swap. Such a swap would reduce the duration of the loans, and 
hence, reduce the interest rate risk. Specifically, Les Poiriers could enter into a C$200 million 
notional value pay-fixed interest rate swap in which her bank pays the fixed rate to the coun-
terparty and receives a floating rate. A floating-rate loan has a much lower duration than a 
long-term fixed-rate mortgage because the floating rate resets periodically as market interest 
rates change, bringing its market value back to par value.

7. S ummary

This chapter on derivatives strategies shows a number of ways in which market participants 
might use derivatives to enhance returns or to reduce risk to better meet portfolio objectives. 
The following are the key points.

•	 Interest rate, currency, and equity futures and swaps can be used to modify risk and return 
by altering the characteristics of the cash flows of an investment portfolio.

•	 Buying a call and writing a put with the same exercise price creates a synthetic long position.
•	 A long position plus a short futures position in the same underlying asset creates a synthetic 

risk-free asset earning the risk-free rate.
•	 A covered call, in which the holder of a stock writes a call giving someone the right to buy 

the shares, is one of the most common uses of options by individual investors.
•	 Covered calls can be used to generate income, to acquire shares at a lower-than-market price, 

or to exit a position when the shares hit a target price.
•	 A covered call position has a limited maximum return because of the transfer of the right tail 

of the return distribution to the option buyer.
•	 The maximum loss of a covered call position is less than the maximum loss of the underlying 

shares alone, but the covered call carries the potential for an opportunity loss if the under-
lying shares rise sharply.

•	 A protective put is the simultaneous holding of a long stock position and a long put on the 
same asset. The put provides protection or insurance against a price decline.

•	 Although the continuous purchase of protective puts is expensive and probably suboptimal, 
the occasional purchase of a protective put to deal with a bearish short-term outlook can be 
a reasonable risk-reducing activity.

•	 The maximum loss with a protective put is limited because the downside risk is transferred 
to the option writer in exchange for the payment of the option premium.

•	 With an option spread, an investor buys one option and writes another of the same type. 
This reduces the position cost but caps the maximum payoff.
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•	 A bull spread is normally constructed by buying a call option and writing another call option 
with a higher exercise price.

•	 A bear spread is normally constructed by buying a put option and writing another put op-
tion with a lower exercise price.

•	 With either a bull spread or a bear spread, both the maximum gain and the maximum loss 
are known and limited.

•	 A collar is an option position in which the investor is long shares of stock and simultaneous-
ly writes a covered call and buys a protective put.

•	 A calendar spread involves buying a long-dated option and writing a shorter-dated option of 
the same type with the same exercise price, or vice versa. The primary motivation for such a 
spread is to take advantage of the faster time decay with the shorter-term option.

•	 A straddle is an option combination in which the investor buys puts and calls with the same 
exercise price. The straddle holder typically needs a substantial price movement in the un-
derlying asset in order to make a profit.

•	 The risk of a derivative product depends on how it is used. Derivatives should always be used 
in connection with a well-defined investment objective.

Problems

Aline Nuñes is a junior analyst in the derivatives research division of an international securities 
firm. Nuñes’s supervisor, Cátia Pereira, asks her to conduct an analysis of various options trad-
ing strategies relating to shares of three companies: IZD, QWY, and XDF. On 1 February, 
Nuñes gathers selected option premium data on the companies, which is presented in Exhibit 1.

Exhibit 1   Share Price and Options Premiums as of 1 February (share prices and option 
premiums are in euros)

  Share Price Call Premium Option Date/Strike Put Premium

  9.45 April/87.50 1.67

IZD 93.93 2.67 April/95.00 4.49

  1.68 April/97.50 5.78

 

  4.77 April/24.00 0.35

QWY 28.49 3.96 April/25.00 0.50

  0.32 April/31.00 3.00

 

  0.23 February/80.00 5.52

XDF 74.98 2.54 April/75.00 3.22

  2.47 December/80.00 9.73

Nuñes considers the following option strategies relating to IZD.

 © 2016 CFA Institute. All rights reserved.
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Strategy 1: Constructing a synthetic long put position in IZD
Strategy 2: Buying 100 shares of IZD and writing the April €95.00 strike call option on 
IZD
Strategy 3: Implementing a covered call position in IZD using the April €97.50 strike 
option

Nuñes next reviews the following option strategies relating to QWY. 

Strategy 4: Implementing a protective put position in QWY using the April €25.00 strike 
option
Strategy 5: Buying 100 shares of QWY, buying the April €24.00 strike put option, and 
writing the April €31.00 strike call option
Strategy 6: Implementing a bear spread in QWY using the April €25.00 and April €31.00 
strike options

Finally, Nuñes considers two option strategies relating to XDF. 

Strategy 7: Writing both the April €75.00 strike call option and the April €75.00 strike 
put option on XDF
Strategy 8: Writing the February €80.00 strike call option and buying the December 
€80.00 strike call option on XDF

Over the past few months, Nuñes and Pereira have followed news reports on a proposed 
merger between XDF and one of its competitors. A government antitrust committee is cur-
rently reviewing the potential merger. Pereira expects the share price to move sharply up or 
down depending on whether the committee decides to approve or reject the merger next week.

Pereira asks Nuñes to recommend an option trade that might allow the firm to benefit 
from a significant move in the XDF share price regardless of the direction of the move.

	 1.	S trategy 1 would require Nuñes to buy:
A.	 shares of IZD.
B.	 a put option on IZD.
C.	 a call option on IZD.

	 2.	 Based on Exhibit 1, Nuñes should expect Strategy 2 to be least profitable if the share price 
of IZD at option expiration is:
A.	 less than €91.26.
B.	 between €91.26 and €95.00.
C.	 more than €95.00.

	 3.	 Based on Exhibit 1, the breakeven share price of Strategy 3 is closest to:
A.	 €92.25.
B.	 €95.61.
C.	 €95.82.

	 4.	 Based on Exhibit 1, the maximum loss per share that would be incurred if Strategy 4 was 
implemented is:
A.	 €2.99.
B.	 €3.99.
C.	 unlimited.
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	 5.	S trategy 5 is best described as a:
A.	 collar.
B.	 straddle.
C.	 bear spread.

	 6.	 Based on Exhibit 1, Strategy 5 offers:
A.	 unlimited upside.
B.	 a maximum profit of €2.48 per share.
C.	 protection against losses if QWY’s share price falls below €28.14.

	 7.	 Based on Exhibit 1, the breakeven share price for Strategy 6 is closest to:
A.	 €22.50.
B.	 €28.50.
C.	 €33.50.

	 8.	 Based on Exhibit 1, the maximum gain per share that could be earned if Strategy 7 is 
implemented is:
A.	 €5.74.
B.	 €5.76.
C.	 unlimited.

	 9.	 Based on Exhibit 1, the best explanation for Nuñes to implement Strategy 8 would be 
that, between the February and December expiration dates, she expects the share price of 
XDF to:
A.	 decrease.
B.	 remain unchanged.
C.	 increase.

	10.	 The option trade that Nuñes should recommend relating to the government committee’s 
decision is a:
A.	 collar.
B.	 bull spread.
C.	 long straddle.
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Chapter  6
Risk Management

Don M. Chance, PhD, CFA  
Kenneth Grant  

John R. Marsland, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 discuss features of the risk management process, risk governance, risk reduction, and an 
enterprise risk management system;

•	 evaluate strengths and weaknesses of a company’s risk management process;
•	 describe steps in an effective enterprise risk management system;
•	 evaluate a company’s or a portfolio’s exposures to financial and nonfinancial risk factors;
•	 calculate and interpret value at risk (VaR) and explain its role in measuring overall and in-

dividual position market risk;
•	 compare the analytical (variance–covariance), historical, and Monte Carlo methods for esti-

mating VaR and discuss the advantages and disadvantages of each;
•	 discuss advantages and limitations of VaR and its extensions, including cash flow at risk, 

earnings at risk, and tail value at risk;
•	 compare alternative types of stress testing and discuss advantages and disadvantages of each;
•	 evaluate the credit risk of an investment position, including forward contract, swap, and 

option positions;
•	 demonstrate the use of risk budgeting, position limits, and other methods for managing 

market risk;

Managing Investment Portfolios: A Dynamic Process, Third Edition, John L. Maginn, CFA, Donald L. 
Tuttle, CFA, Jerald E. Pinto, CFA, and Dennis W. McLeavey, CFA, editors. © 2007 CFA Institute. All 
rights reserved.
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1. I ntroduction

Investment is an intrinsically risky activity. Indeed, risk taking is an innate characteristic of 
human activity and as old as humankind itself. Without risk, we have little possibility of 
reward. We thus need to treat risk management as a critical component of the investment pro-
cess. Specifically, with regard to both individual investments and entire portfolios, we should 
examine and compare the full spectrum of risks and expected returns to ensure that to the 
greatest extent possible the exposures we assume are at all times justified by the rewards we 
can reasonably expect to reap. Proper identification, measurement, and control of risk are key 
to the process of investing, and we put our investment objectives at risk unless we commit 
appropriate resources to these tasks.

A portfolio manager must be familiar with risk management not only as it relates to port-
folio management but also as it relates to managing an enterprise, because a portfolio manager 
is a responsible executive in an enterprise (his investment firm). He must also understand the 
risks and risk management processes of companies in which he invests. The risk management 
framework presented in this reading is an inclusive one, applicable to the management of both 
enterprise and portfolio risk.

Although portfolio managers and enterprises may occasionally hedge their risks or engage 
in other risk-reducing transactions, they should not, and indeed cannot, restrict their activities 
to those that are risk free, as discussed in more detail later. The fact that these entities engage 
in risky activities raises a number of important questions:

•	 What is an effective process for identifying, measuring, and managing risk?
•	 Which risks are worth taking on a regular basis, which are worth taking on occasion, and 

which should be avoided altogether?
•	 How can our success or lack of success in risk taking be evaluated?
•	 What information should be reported to investors and other stakeholders concerning the 

risk of an enterprise or a portfolio?

The answers to these questions and many others collectively define the process of risk 
management. Over the course of this reading, we endeavor to explain this process and some of 
its most important concepts. Consistent with the book’s focus on portfolio management, this 
reading concentrates on managing risks arising from transactions that are affected by interest 
rates, stock prices, commodity prices, and exchange rates. We also survey the other risks that 
most enterprises face and illustrate the discussion from a variety of perspectives. The reading is 
organized as follows. Section 2 defines and explains a risk management framework. Section 3 
discusses what constitutes good risk management. Sections 4, 5, and 6 discuss the individual 
steps in the risk management process, and we conclude with a summary.

•	 demonstrate the use of exposure limits, marking to market, collateral, netting arrangements, 
credit standards, and credit derivatives to manage credit risk;

•	 discuss the Sharpe ratio, risk-adjusted return on capital, return over maximum drawdown, 
and the Sortino ratio as measures of risk-adjusted performance;

•	 demonstrate the use of VaR and stress testing in setting capital requirements.
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2. R isk Management as a Process 

We can formally define risk management as follows:

Risk management is a process involving the identification of exposures to risk, the 
establishment of appropriate ranges for exposures (given a clear understanding of an 
entity’s objectives and constraints), the continuous measurement of these exposures 
(either present or contemplated), and the execution of appropriate adjustments 
whenever exposure levels fall outside of target ranges. The process is continuous and 
may require alterations in any of these activities to reflect new policies, preferences, 
and information.

This definition highlights that risk management should be a process, not just an activity. A 
process is continuous and subject to evaluation and revision. Effective risk management 
requires the constant and consistent monitoring of exposures, with an eye toward making 
adjustments, whenever and wherever the situation calls for them.1 Risk management in its 
totality is all at once a proactive, anticipative, and reactive process that continuously monitors 
and controls risk.

Exhibit 1 illustrates the practical application of the process of risk management as it applies 
to a hypothetical business enterprise. We see at the top that the company faces a range of finan-
cial and nonfinancial risks; moving down the exhibit, we find that the company has responded 
to this challenge by establishing a series of risk management policies and procedures. First, it 
defines its risk tolerance, which is the level of risk it is willing and able to bear.2 It then ident-
ifies the risks, drawing on all sources of information, and attempts to measure these risks using 
information or data related to all of its identified exposures. The process of risk measurement 
can be as simple as Exhibit 1 illustrates, but more often than not it involves expertise in the 
practice of modeling and sometimes requires complex analysis. Once the enterprise has built 
effective risk identification and measurement mechanisms, it is in a position to adjust its risk 
exposures, wherever and whenever exposures diverge from previously identified target ranges. 
These adjustments take the form of risk-modifying transactions (broadly understood to in-
clude the possible complete transfer of risk). The execution of risk management transactions 
is itself a distinct process; for portfolios, this step consists of trade identification, pricing, and 
execution. The process then loops around to the measurement of risk and continues in that 
manner, and to the constant monitoring and adjustment of the risk, to bring it into or main-
tain it within the desired range.

1 For brevity, we often refer to an exposure to risk or risk exposure (the state of being exposed to or vul-
nerable to a risk) as simply an exposure.
2 An enterprise may have different risk tolerances for different types of risk in a manner that does not 
readily permit averaging, so we should view risk tolerance in this context as potentially multidimensional.
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In applying the risk management process to portfolio management, managers must 
devote a considerable amount of attention to measuring and pricing the risks of financial 
transactions or positions, particularly those involving derivatives. Exhibit 2 illustrates this 
process of pricing and measuring risk, expanding on the detail given in Exhibit 1. In Ex-
hibit 2, we see at the top that in pricing the transaction, we first identify the source(s) of 
uncertainty. Then we select the appropriate pricing model and enter our desired inputs to 
derive our most accurate estimate of the instrument’s model value (which we hope reflects 
its true economic value). Next, we look to the marketplace for an indication of where we can 
actually execute the transaction. If the execution price is “attractive” (i.e., the market will 
buy the instrument from us at a price at or above, or sell it to us at a price at or below, the 
value indicated by our model), it fits our criteria for acceptance; if not, we should seek an 
alternative transaction. After executing the transaction, we would then return to the process 
of measuring risk.

Exhibit 2   Risk Management Process: Pricing and Measuring Risk

Identify
Source(s) of
Uncertainty

Measure
Risks

Compare

Execute
Transaction

Seek
Alternative
Transaction

Not Attractively
Priced

Attractively
Priced

Determine
Market
Price or
Value

Determine
Model

Price or
Value

Select
Appropriate

Model
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Our discussion of Exhibit 1 highlighted that risk management involves adjusting levels 
of risk to appropriate levels, not necessarily eliminating risk altogether. It is nearly imposs-
ible to operate a successful business or investment program without taking risks. Indeed, a 
company that accepted no risk would not be an operating business. Corporations take risks 
for the purpose of generating returns that increase their owners’ wealth. Corporation owners, 
the shareholders, risk their capital with the same objective in mind. Companies that succeed in 
doing the activities they should be able to do well, however, cannot afford to fail overall because of 
activities in which they have no expertise. Accordingly, many companies hedge risks that arise 
from areas in which they have no expertise or comparative advantage. In areas in which they 
do have an edge (i.e., their primary line of business), they tend to hedge only tactically. They 
hedge when they think they have sufficient information to suggest that a lower risk position 
is appropriate. They manage risk, increasing it when they perceive a competitive advantage 
and decreasing it when they perceive a competitive disadvantage. In essence, they attempt to 
efficiently allocate risk. Similarly, portfolio managers attempt to efficiently use risk to achieve 
their return objectives.

We have illustrated that risk management involves far more than risk reduction or hedging 
(one particular risk-reduction method). Risk management is a general practice that involves 
risk modification (e.g., risk reduction or risk expansion) as deemed necessary and appropriate 
by the custodians of capital and its beneficial owners.

For the risk management process to work, managers need to specify thoughtfully the 
business processes they use to put risk management into practice. We refer to these processes 
collectively as risk governance, the subject of the next section.

3. R isk Governance 

Senior management is ultimately responsible for every activity within an organization. 
Their involvement is thus essential for risk management to succeed. The process of setting 
overall policies and standards in risk management is called risk governance. Risk gover-
nance involves choices of governance structure, infrastructure, reporting, and methodology. 
The quality of risk governance can be judged by its transparency, accountability, effective-
ness (achieving objectives), and efficiency (economy in the use of resources to achieve 
objectives).

Risk governance begins with choices concerning governance structure. Organizations 
must determine whether they wish their risk management efforts to be centralized or de-
centralized. Under a centralized risk management system, a company has a single risk man-
agement group that monitors and ultimately controls all of the organization’s risk-taking 
activities. By contrast, a decentralized system places risk management responsibility on indi-
vidual business unit managers. In a decentralized approach, each unit calculates and reports 
its exposures independently. Decentralization has the advantage of allowing the people closer 
to the actual risk taking to more directly manage it. Centralization permits economies of scale 
and allows a company to recognize the offsetting nature of distinct exposures that an enterprise 
might assume in its day-to-day operations. For example, suppose one subsidiary of a company 
buys from Japan and another subsidiary sells to Japan, with both engaged in yen-denominated 
transactions. Each subsidiary would perceive some foreign exchange exposure. From a central-
ized viewpoint, however, these risks have offsetting effects, thereby reducing the overall need 
to hedge.
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Moreover, even when exposures to a single risk factor do not directly offset one another, 
enterprise-level risk estimates may be lower than those derived from individual units because 
of the risk-mitigating benefits of diversification. For example, one corporate division may bor-
row US dollars at five-year maturities, and another division may fund its operation by issuing 
90-day commercial paper. In theory, the corporation’s overall sensitivity to rising interest rates 
may be less than the sum of that reported by each division, because the five-year and 90-day 
rate patterns are less than perfectly correlated.

In addition, centralized risk management puts the responsibility on a level closer to senior 
management, where we have argued it belongs. It gives an overall picture of the company’s 
risk position, and ultimately, the overall picture is what counts. This centralized type of risk 
management is now called enterprise risk management (ERM) or sometimes firmwide risk 
management because its distinguishing feature is a firmwide or across-enterprise perspective.3 
In ERM, an organization must consider each risk factor to which it is exposed—both in iso-
lation and in terms of any interplay among them.

Risk governance is an element of corporate governance (the system of internal controls 
and procedures used to manage individual companies). As risk management’s role in corporate 
governance has become better appreciated, the importance of ERM has risen proportionately. 
Indeed, for risk-taking entities (this means nearly the entire economic universe), it is contra-
dictory to suggest that an organization has sound corporate governance without maintaining 
a clear and continuously updated understanding of its exposures at the enterprise level. Senior 
managers who have an adequate understanding of these factors are in a superior governance 
position to those who do not, and over time this advantage is almost certain to accrue to the 
bottom line. Therefore, the risk management system of a company that chooses a decentralized 
risk management approach requires a mechanism by which senior managers can inform them-
selves about the enterprise’s overall risk exposures.

At the enterprise level, companies should control not only the sensitivity of their earn-
ings to fluctuations in the stock market, interest rates, foreign exchange rates, and commodity 
prices, but also their exposures to credit spreads and default risk, to gaps in the timing match of 
their assets and liabilities, and to operational/systems failures, financial fraud, and other factors 
that can affect corporate profitability and even survival.

3 The Committee of Sponsoring Organizations of the Treadway Commission defines ERM as follows: 
“Enterprise risk management is a process, effected by an entity’s board of directors, management, and 
other personnel, applied in strategy setting and across the enterprise, designed to identify potential events 
that may affect the entity, and manage risk to be within its risk appetite, to provide reasonable assurance 
regarding the achievement of entity objectives” (2004, p. 2).

Example 1  Some Risk Governance Concerns of  
Investment Firms

Regardless of the risk governance approach chosen, effective risk governance for invest-
ment firms demands that the trading function be separated from the risk management 
function. An individual or group that is independent of the trading function must mon-
itor the positions taken by the traders or risk takers and price them independently. The 
risk manager has the responsibility for monitoring risk levels for all portfolio positions 
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An effective ERM system typically incorporates the following steps:

	 1.	I dentify each risk factor to which the company is exposed.
	 2.	 Quantify each exposure’s size in money terms.
	 3.	 Map these inputs into a risk estimation calculation.4
	 4.	I dentify overall risk exposures as well as the contribution to overall risk deriving from each 

risk factor.
	 5.	S et up a process to report on these risks periodically to senior management, who will set 

up a committee of division heads and executives to determine capital allocations, risk 
limits, and risk management policies.

	 6.	 Monitor compliance with policies and risk limits.

(as well as for portfolios as a whole) and executing any strategies necessary to control 
the level of risk. To do this, the risk manager must have timely and accurate informa-
tion, authority, and independence from the trading function. That is not to say that the 
trading function will not need its own risk management expertise in order to allocate 
capital in an optimal fashion and maximize risk-adjusted profit. Ideally, the risk manager 
will work with the trading desks in the development of risk management specifications, 
such that everyone in the organization is working from a common point of reference in 
terms of measuring and controlling exposures.

Effective risk governance for an investment firm also requires that the back office 
be fully independent from the front office, so as to provide a check on the accuracy of 
information and to forestall collusion. (The back office is concerned with transaction 
processing, record keeping, regulatory compliance, and other administrative functions; 
the front office is concerned with trading and sales.) Besides being independent, the 
back office of an investment firm must have a high level of competence, training, and 
knowledge because failed trades, errors, and over-sights can lead to significant losses 
that may be amplified by leverage. The back office must effectively coordinate with 
external service suppliers, such as the firm’s global custodian. The global custodian 
effects trade settlement (completion of a trade wherein purchased financial instruments 
are transferred to the buyer and the buyer transfers money to the seller), safekeeping of 
assets, and the allocation of trades to individual custody accounts. Increasingly, financial 
institutions are seeking risk reduction with cost efficiencies through straight-through 
processing (STP) systems that obviate manual and/or duplicative intervention in the 
process from trade placement to settlement.

4 For example, using value at risk or another of the concepts that we will discuss later.
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Steps 5 and 6 help enormously in allowing an organization to quantify the magnitude 
and distribution of its exposures and in enabling it to use the ERM system’s output to more 
actively align its risk profile with its opportunities and constraints on a routine, periodic 
basis.

As a final note, effective ERM systems always feature centralized data warehouses, where 
a company stores all pertinent risk information, including position and market data, in a 
technologically efficient manner. Depending on the organization’s size and complexity, devel-
oping and maintaining a high-quality data warehouse can require a significant and continuing 
investment. In particular, the process of identifying and correcting errors in a technologically 
efficient manner can be enormously resource intensive—especially when the effort requires 
storing historical information on complex financial instruments. It is equally clear, however, 
that the return on such an investment can be significant.

4. Id entifying Risks

As indicated above, economic agents of all types assume different types of exposures on a 
near-continuous basis. Moreover, these risk exposures take very different forms, each of which, 
to varying extents, may call for customized treatment. Effective risk management demands the 
separation of risk exposures into specific categories that reflect their distinguishing character-
istics. Once a classification framework is in place, we can move on to the next steps in the risk 
management process: identification, classification, and measurement.

Although the list is far from exhaustive, many company (or portfolio) exposures fall into 
one of the following categories: market risk (including interest rate risk, exchange rate risk, 
equity price risk, commodity price risk); credit risk; liquidity risk; operational risk; model risk; 
settlement risk; regulatory risk; legal/contract risk; tax risk; accounting risk; and sovereign/
political risk. These risks may be grouped into financial risks and nonfinancial risks as shown 
in Exhibit 3.5  Financial risk refers to all risks derived from events in the external financial 
markets; nonfinancial risk refers to all other forms of risk.

5 A notable risk that could be included in a comprehensive listing (particularly as pertains to commercial 
enterprises) is business risk, defined by Ross, Westerfield, and Jordan (1993, p. 527) as “the equity risk 
that comes from the nature of the firm’s operating activities.” For example, the risk for a hotel business 
that arises from variability in room occupancy rates would be classified as business risk. In a later section 
on other risks, we also discuss two types of risks related to netting.
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Example 2 illustrates a simple analysis of risk exposures. In the example, we have 
detailed the subtypes of market risk; each one may pose unique issues of measurement and 
management.

Example 2  An Analysis of Risk Exposures

Liam McNulty is the risk manager for a large multinational agricultural concern, Agri-
pure. The company grows its own corn, wheat, and soybeans but pays large sums to 
third parties for pesticides, fertilizer, and other supplies. For this, it must borrow heavily 
to finance its purchases. Customers typically purchase Agripure’s goods on credit. More-
over, Agripure buys and sells its products and raw materials worldwide, often transact-
ing in the domestic currency of its customers and suppliers. Finally, to finance its own 
expansion, Agripure intends to issue stock.

Recommend and justify the risk exposures that McNulty should report as part of 
an enterprise risk management system for Agripure.

Solution:  McNulty should report on the following risk exposures:

•	 Market risk, including these subtypes:
•	 Commodity price risk, because Agripure has exposures in raw materials and fin-

ished products.
•	 Foreign exchange risk, because it buys and sells products world-wide, often trans-

acting in the home currency of the entity on the other side of the transaction.
•	 Equity market risk, because Agripure’s expansion financing is affected by the price 

it receives for its share issuance.
•	 Interest rate risk, because Agripure has exposures in financing its raw material 

purchases and because its customers typically purchase their goods on credit.
•	 Credit risk, because Agripure’s customers typically purchase their goods on credit.
•	 Operational risk, because as an agricultural producer Agripure is subject to weather-

related risk (an external event).

In the following sections, we discuss each of these risks in detail.

4.1.  Market Risk

Market risk is the risk associated with interest rates, exchange rates, stock prices, and com-
modity prices. It is linked to supply and demand in various marketplaces. Although we may 
distinguish among interest rate risk, currency risk, equity market risk, and commodity risk 
when discussing measurement and management issues, for example, these subtypes all have 
exposure to supply and demand. Much of the evolution that has taken place in the field of risk 
management has emanated from a desire to understand and control market risks, and we will 
have a good deal to say about this topic throughout the balance of this reading.
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One set of market risk takers with special requirements for market risk are defined-benefit 
(DB) pension funds, which manage retirement assets generally under strict regulatory regimes. 
Pension fund risk management necessarily concerns itself with funding the stream of promised 
payments to pension plan participants. Therefore, a DB plan must measure its market expo-
sures not purely on the basis of its assets but also in terms of the risks of pension assets in rela-
tion to liabilities. Other investors as well can have strong asset/liability management concerns.6 
This has important implications for exposure measurement, risk control, capital allocation and 
risk budgeting, which we will address later.

4.2.  Credit Risk

Apart from market risk, credit risk is the primary type of financial risk that economic agents 
face. Credit risk is the risk of loss caused by a counterparty or debtor’s failure to make a prom-
ised payment. This definition reflects a traditional binary concept of credit risk, by and large 
embodied by default risk (i.e., the risk of loss associated with the nonperformance of a debtor 
or counterparty). For the last several years, however, credit markets have taken on more and 
more of the characteristics typically associated with full-scale trading markets. As this pattern 
has developed, the lines between credit risk and market risk have blurred as markets for credit 
derivatives have developed.7 For example, the holder of a traded credit instrument could suffer 
a loss as a result of a short-term supply–demand imbalance without the underlying probability 
of default changing. Some subset of market participants often suffers losses whether credit is 
improving or deteriorating because it is now quite easy to take long and short positions in cred-
it markets. Finally, note that pricing conventions for credit typically take the form of spreads 
against market benchmarks, for example, government bond yields or swap rates.8 Thus when a 
given credit instrument is said to be priced at 150 over, it typically means that the instrument 
can be purchased to yield 150 basis points over the rate on the market benchmark (e.g., the 
government bond with the same maturity).

Until the era of over-the-counter derivatives, credit risk was more or less exclusively a con-
cern in the bond and loan markets. Exchange-traded derivatives are guaranteed against credit 
loss. OTC derivatives, however, contain no explicit credit guaranty and, therefore, subject 
participants to the threat of loss if their counterparty fails to pay.

Before OTC derivatives became widely used, bond portfolio managers and bank loan 
officers were the primary credit risk managers. They assessed credit risk in a number of ways,9 
including the qualitative evaluation of corporate fundamentals through the review of financial 
statements, the calculation of credit scores, and by relying on consensus information that was 
and still is widely available for virtually every borrower. The synthesis of this “credit consensus” 
resides with rating agencies and credit bureaus, which were historically, and to some extent still 
are, the primary sources of information on credit quality. The proliferation and complexity of 

6 See the readings on managing institutional investor portfolios and asset allocation in particular.
7 A credit derivative is a contract in which one party has the right to claim a payment from another party 
in the event that a specific credit event occurs over the life of the contract.
8 A swap rate is the interest rate applicable to the pay-fixed-rate side of an interest rate swap. See Chance 
(2003) to review the basics of swaps.
9 Credit risk in the more general context of fixed-income securities is discussed in more detail in Fabozzi 
(2004a), Chapter 15. Many of the principles of credit risk analysis for fixed-income securities also apply 
to derivatives.
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financial instruments with credit elements in the OTC derivatives market, however, has placed 
new demands on the understanding of credit risk. Indeed, the need to better understand credit 
risk has led to significant progress in developing tools to measure and manage this risk.

4.3.  Liquidity Risk

Liquidity risk is the risk that a financial instrument cannot be purchased or sold without a 
significant concession in price because of the market’s potential inability to efficiently accom-
modate the desired trading size.10 In some cases, the market for a financial instrument can 
dry up completely, resulting in a total inability to trade an asset. This risk is present in both 
initiating and liquidating transactions, for both long and short positions, but can be particu-
larly acute for liquidating transactions—especially when such liquidation is motivated by the 
need to reduce exposures in the wake of large losses. Those wishing to sell securities under these 
circumstances can find the market bereft of buyers at prices acceptable to the seller, particu-
larly in periods of unusually high market stress. Perhaps less frequently, short sellers in need of 
covering losing positions are at risk to short squeezes. This situation is often exacerbated by the 
fact that for most cash instruments, short sellers establish positions by borrowing the securities 
in question from brokerage firms and other entities that typically can require the securities to 
be returned with little or no advance warning. Although derivatives can be used to effectively 
sell an asset or liquidate a short position, they often will not help in managing liquidity risk. If 
the underlying is illiquid, there is a good possibility that the universe of associated derivative 
instruments may also be illiquid.

For traded securities, the size of the bid–ask spread (the spread between the bid and ask 
prices), stated as a proportion of security price, is frequently used as an indicator of liquidity.11 
When markets are illiquid, dealers expect to sell at relatively high prices and buy at relatively 
low prices to justify their assumption of exposure to liquidity risk. However, bid–ask quota-
tions apply only to specified, usually small size, trades, and are thus an imprecise measure of 
liquidity risk. Other, more complex measures of liquidity have been developed to address the 
issue of trading volume. For example, Amihud’s (2002) illiquidity ratio measures the price 
impact per $1 million traded in a day, expressed in percentage terms. Note, however, that no 
explicit transaction volume is available for many OTC instruments. Less formally, one of the 
best ways to measure liquidity is through the monitoring of transaction volumes, with the 
obvious rule of thumb being that the greater the average transaction volume, the more liquid 
the instrument in question is likely to be. Historical volume patterns, however, may not repeat 
themselves at times when the liquidity they imply is most needed.

Liquidity risk is a serious problem and often is difficult to observe and quantify. It is not 
always apparent that certain securities are illiquid: Some that are liquid when purchased (or 
sold short) can be illiquid by the time they are sold (or repurchased to cover short positions). 
Valuation models rarely encompass this liquidity risk in estimating fair value. Those models 
that do attempt to incorporate transaction costs do so in a nonformulaic manner. Of course, 
these problems typically reach their apex when the markets themselves are under stress and the 

10 Liquidity has been used in various senses. For example, funding risk (the risk that liabilities funding 
long asset positions cannot be rolled over at reasonable cost) has sometimes been referred to as a type of 
liquidity risk; liquidity in this sense relates to the availability of cash. One would still distinguish between 
market liquidity risk (discussed in the reading) and funding liquidity risk.
11 For example, see Amihud and Mendelson (1986). We must state the bid–ask spread as a proportion of 
stock price to control for differences in securities’ prices.
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need for liquidity is most acute. Liquidity assessments that fail to consider the problems that 
might arise during periods of market stress are incomplete from a risk management perspective. 
For all of these reasons, liquidity risk is one of the more complex aspects of risk management.

We now turn our attention to nonfinancial risks, starting with operational risk.

4.4  Operational Risk

Operational risk, sometimes called operations risk, is the risk of loss from failures in a com-
pany’s systems and procedures or from external events. These risks can arise from computer 
breakdowns (including bugs, viruses, and hardware problems), human error, and events com-
pletely outside of companies’ control, including “acts of God” and terrorist actions.

Computer failures are quite common, but the development of backup systems and re-
covery procedures has reduced their impact in recent years. Technology bugs and viruses are 
potentially quite risky but have become more manageable with the proper personnel, software, 
and systems. Even the smallest business has learned to back up files and take them off the 
premises. Larger businesses have much more extensive computer risk management practices.

Human failures include the typically manageable unintentional errors that occur in every 
business, along with more critical and potentially disastrous incidences of willful misconduct.

12 For more on the subject of operational risk in financial services companies, see Marshall (2001).

Example 3  An Operational Risk for Financial Services Companies: 
The Rogue Trader

Among the more prominent examples of operational risk for financial service companies 
is that of the so-called rogue trader: an individual who has either assumed an irresponsi-
bly high level of risk, engaged in unauthorized transactions, or some combination of the 
two. The risks associated with this type of activity increase the longer it goes undetected, 
and often the very lack of controls that creates the opportunity for a rogue trader in 
the first place renders it difficult to quickly determine that a problem exists. In some 
extreme cases, such as an incident that occurred in the Singapore office of Barings Bank, 
a rogue trader can cause an entire organization to fold. The incidence of high-profile 
rogue trading episodes has multiplied since the early 1990s, but in nearly all of these 
episodes, the problem’s major source was a lack of rudimentary corporate controls and 
oversight.12

Our definition of operational risk includes losses from external events. Insurance typically 
covers damage from fires, floods and other types of natural disasters, but insurance provides 
only cash compensation for losses. If a flood destroys the trading room of a bank, the monies 
recovered likely will not come close to paying for the loss of customers who may take their 
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trading business elsewhere. Hence, most companies have backup facilities they can activate in 
such cases. The 1993 World Trade Center bombing in New York City led many companies 
to establish backup systems in the event of another terrorist attack, which sadly took place on 
a greater scale eight years later. The speed with which trading enterprises, including the New 
York Stock Exchange, domiciled inside or near the World Trade Center reestablished full-scale 
operations after such a devastating attack is but one indication of the increased importance 
placed on operational risk management by these enterprises.

In some cases, companies manage operational risk by using insurance contracts, which 
involves a transfer of risk. A few types of derivative contracts even pay off for operational losses, 
but the market for these has not fully developed. These instruments are essentially insurance 
contracts. Most companies manage operational risk, however, by monitoring their systems, 
taking preventive actions, and having a plan in place to respond if such events occur.

4.5.  Model Risk

Model risk is the risk that a model is incorrect or misapplied; in investments, it often refers 
to valuation models. Model risk exists to some extent in any model that attempts to identify 
the fair value of financial instruments, but it is most prevalent in models used in derivatives 
markets.

Since the development of the seminal Black–Scholes–Merton option pricing model, both 
derivatives and derivative pricing models have proliferated.13 The development of so many 
models has brought model risk to prominence. If an investor chooses an inappropriate model, 
misinterprets the results, or uses incorrect inputs, the chance of loss increases at the same time 
that control over risk is impaired. Therefore, investors must scrutinize and objectively validate 
all models they use.

4.6. S ettlement (Herstatt) Risk

The payments associated with the purchase and sale of cash securities such as equities and 
bonds, along with cash transfers executed for swaps, forwards, options, and other types of 
derivatives, are referred to collectively as settlements. The process of settling a contract involves 
one or both parties making payments and/or transferring assets to the other. We define settle-
ment risk as the risk that one party could be in the process of paying the counterparty while 
the counterparty is declaring bankruptcy.14

Most regulated futures and options exchanges are organized in such a way that they them-
selves (or a closely affiliated entity) act as the central counterparty to all transactions. This 
facility usually takes the form of a clearing house, which is backed by large and credible finan-
cial guarantees. All transactions on the exchange take place between an exchange member and 
the central counterparty, which removes settlement risk from the transaction. The possibility 
always exists, however, that the exchange member is acting in an agency capacity and/or that its 
end client fails to settle. Clearly in these circumstances, the responsibility falls to the exchange 
member to make good and bear any loss on the trade.

OTC markets, including those for bonds and derivatives, do not rely on a clearing 
house. Instead, they effect settlement through the execution of agreements between the actu-

13 See Chance (2003).
14 Note that settlement can also fail because of operational problems even when the counterparty is 
creditworthy; the risk in that case would be an operational risk.
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al counterparties to the transaction. With swaps and forward contracts, settlements take the 
form of two-way payments. Two-way payments create the problem that one party could be 
in the process of paying its counterparty while that counterparty is declaring bankruptcy and 
failing to make its payment. Netting arrangements, used in interest rate swaps and certain 
other derivatives, can reduce settlement risk. In such arrangements, the financial instrument 
is periodically marked to market (under an agreed-upon methodology) and the “loser” pays 
the “winner” the difference for the period. This mechanism reduces the magnitude of any 
settlement failures to the net payment owed plus the cost of replacing the defaulted contract. 
Transactions with a foreign exchange component, however (e.g., currency forwards and cur-
rency swaps, but also spot trades), do not lend themselves to netting. Furthermore, such con-
tracts often involve two parties in different countries, increasing the risk that one party will 
be unaware that the other party is declaring bankruptcy. The risk has been called Herstatt risk 
because of a famous incident in 1974 when Bank Herstatt failed at a time when counterparties 
were sending money to it.

Fortunately, bankruptcy does not occur often. Furthermore, through continuously linked 
settlement (CLS) in which payments on foreign exchange contracts are executed simultaneous-
ly, this risk has been even further mitigated.15

4.7. R egulatory Risk

Regulatory risk is the risk associated with the uncertainty of how a transaction will be regu-
lated or with the potential for regulations to change. Equities (common and preferred stock), 
bonds, futures, and exchange-traded derivatives markets usually are regulated at the federal 
level, whereas OTC derivative markets and transactions in alternative investments (e.g., hedge 
funds and private equity partnerships) are much more loosely regulated. Federal authorities in 
most countries take the position that these latter transactions are private agreements between 
sophisticated parties, and as such should not be regulated in the same manner as publicly 
traded markets. Indeed, in some circumstances, unsophisticated investors are excluded al-
together from participating in such investments.

With regard to derivatives, companies that are regulated in other ways may have their 
derivatives business indirectly regulated. For example, in the United States, banks are heavily 
regulated by federal and state banking authorities, which results in indirect regulation of their 
derivatives business. Beyond these de facto restrictions, however, in most countries, the govern-
ment does not regulate the OTC derivatives business.16

Regulation is a source of uncertainty. Regulated markets are always subject to the risk that 
the existing regulatory regime will become more onerous, more restrictive, or more costly. Un-
regulated markets face the risk of becoming regulated, thereby imposing costs and restrictions 
where none existed previously. Regulatory risk is difficult to estimate because laws are written 
by politicians and regulations are written by civil servants; laws, regulations, and enforcement 
activities may change with changes in political parties and regulatory personnel. Both the reg-
ulations and their enforcement often reflect attitudes and philosophies that may change over 
time. Regulatory risk and the degree of regulation also vary widely from country to country.

15 The execution takes place in a five-hour window (three hours in Asia Pacific), representing the over-
lapping business hours of different settlement systems. For more information, see www.cls-group.com.
16 Of course, contract law always applies to any such transaction.
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Regulatory risk often arises from the arbitrage nature of derivatives and structured trans-
actions. For example, a long position in stock accompanied by borrowing can replicate a for-
ward contract or a futures contract. Stocks are regulated by securities regulators, and loans are 
typically regulated by banking oversight entities. Forward contracts are essentially unregulated. 
Futures contracts are regulated at the federal level in most countries, but not always by the 
same agency that regulates the stock market. Equivalent combinations of cash securities and 
derivatives thus are not always regulated in the same way or by the same regulator. Another ex-
ample of inconsistent or ambiguous regulatory treatment might arise from a position spanning 
different geographic regions, such as the ownership of a NASDAQ-listed European-domiciled 
technology company in a European stock portfolio.

4.8.  Legal/Contract Risk

Nearly every financial transaction is subject to some form of contract law. Any contract has two 
parties, each obligated to do something for the other. If one party fails to perform or believes 
that the other has engaged in a fraudulent practice, the contract can be abrogated. A dispute 
would then likely arise, which could involve litigation, especially if large losses occur. In some 
cases, the losing party will claim that the counterparty acted fraudulently or that the contract 
was illegal in the first place and, therefore, should be declared null and void. The possibility 
of such a claim being upheld in court creates a form of legal/contract risk: the possibility of 
loss arising from the legal system’s failure to enforce a contract in which an enterprise has a 
financial stake.

Derivative transactions often are arranged by a dealer acting as a principal. The legal 
system has upheld many claims against dealers, which is not to say that the dealer has always 
been in the wrong but simply that dealers have sometimes put themselves into precarious situ-
ations. Dealers are indeed often advisors to their counterparties, giving the impression that 
if the dealer and counterparty enter into a contract, the counterparty expects the contract to 
result in a positive outcome. To avoid that misunderstanding, dealers may go to great lengths 
to make clear that they are the opposite party, not an advisor. Dealers also write contracts more 
carefully to cover the various contingencies that have been used against them in litigation. But 
a government or regulator might still take the legal view that a dealer has a higher duty of care 
for a less experienced counterparty. Contract law is in most circumstances federally or nation-
ally governed. As such, the added possibility exists in arbitrage transactions that different laws 
might apply to each side of the transaction, thus adding more risk.

4.9. T ax Risk

Tax risk arises because of the uncertainty associated with tax laws. Tax law covering the own-
ership and transaction of financial instruments can be extremely complex, and the taxation of 
derivatives transactions is an area of even more confusion and uncertainty. Tax rulings clarify 
these matters on occasion, but on other occasions, they confuse them further. In addition, tax 
policy often fails to keep pace with innovations in financial instruments. When this happens, 
investors are left to guess what type and level of taxation will ultimately apply, creating the risk 
that they have guessed wrongly and could later be subject to back taxes. In some cases, trans-
actions that appear upfront to be exempt from taxation could later be found to be taxable, 
thereby creating a future expense that was unanticipated (and perhaps impossible to antici-
pate) at the time that the transaction was executed. We noted, in discussing regulatory risk, 
that equivalent combinations of financial instruments are not always regulated the same way. 
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Example 4  Accounting Risk: The Case of Derivative Contracts

Accounting for derivative contracts has raised considerable confusion. When confu-
sion occurs, companies run the risk that the accounting treatment for transactions 
could require adjustment, which could possibly lead to a need to restate earnings. 
Earnings restatements are almost always embarrassing for a company, because they 
suggest either a desire to hide information, the company’s failure to fully understand 
material elements of its business, or some combination of the two. Restatements are 
very detrimental to corporate valuations because they cause investors to lose confi-
dence in the accuracy of corporate financial disclosures. Beyond that, if negligence or 
intent to mislead was involved, the company could face civil and criminal liabilities 
as well.

Confusion over the proper accounting for derivatives gives rise to accounting as a 
source of risk. As with regulatory and tax risk, sometimes equivalent combinations of 
derivatives are not accounted for uniformly. The accounting profession typically moves 
to close such loopholes, but it does not move quickly and certainly does not keep 
up with the pace of innovation in financial engineering, so problems nearly always 
remain.

Likewise, equivalent combinations of financial instruments are not always subject to identical 
tax treatment. This fact creates a tremendous burden of inconsistency and confusion, but on 
occasion the opportunity arises for arbitrage gains, although the tax authorities often quickly 
close such opportunities.

Like regulatory risk, tax risk is affected by the priorities of politicians and regulators. 
Many companies invest considerable resources in lobbying as well as hiring tax experts and 
consultants to control tax risk.

4.10. A ccounting Risk

Accounting risk arises from uncertainty about how a transaction should be recorded and the 
potential for accounting rules and regulations to change. Accounting statements are a key, 
if not primary, source of information on publicly traded companies. In the United States, 
accounting standards are established primarily by the Financial Accounting Standards Board 
(FASB). Legal requirements in the area of accounting are enforced for publicly traded com-
panies by federal securities regulators and by the primary stock exchange associated with the 
security. Non-US domiciled companies that raise capital in the United States are also subject 
to these standards and laws. The law demands accurate accounting statements, and inaccurate 
financial reporting can subject corporations and their principals to civil and criminal litigation 
for fraud. In addition, the market punishes companies that do not provide accurate accounting 
statements, as happened for Enron and its auditor Arthur Andersen.

The International Accounting Standards Board (IASB) sets global standards for account-
ing. The FASB and the IASB have been working together toward convergence of accounting 
standards worldwide with 2005 targeted for harmonization. Historically, accounting standards 
have varied from country to country, with some countries requiring a higher level of disclosure 
than others.
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Most companies deal with accounting risk by hiring personnel with the latest accounting 
knowledge. In addition, companies lobby and communicate actively with accounting regula-
tory bodies and federal regulators in efforts to modify accounting rules in a desired direction 
and to make them clearer. Companies have tended to fight rules requiring more disclosure, ar-
guing that disclosure per se is not always beneficial and can involve additional costs. A trade-off 
exists between the rights of corporations to protect proprietary information from competitors 
and the need to adequately inform investors and the public. This controversy is unlikely to go 
away, suggesting that accounting risk will always remain.

4.11. S overeign and Political Risks

Although they are covered indirectly above in areas such as regulatory, accounting, and tax risk, 
we can also isolate, and to a certain extent evaluate, the risks associated with changing political 
conditions in countries where portfolio managers may choose to assume exposure. Although 
this topic merits more discussion than can reasonably be devoted in this space, we can broadly 
define two types of exposures.

Sovereign risk is a form of credit risk in which the borrower is the government of a 
sovereign nation. Like other forms of credit risk, it has a current and a potential component, 
and like other forms, its magnitude has two components: the likelihood of default and the 
estimated recovery rate. Of course, the task of evaluating sovereign risk is in some ways more 
complex than that of evaluating other types of credit exposure because of the additional polit-
ical component involved. Like other types of borrowers, debtor nations have an asset/liability/
cash flow profile that competent analysts can evaluate. In addition to this profile, however, 
lenders to sovereigns (including bondholders) must consider everything from the country’s 
willingness to meet its credit obligations (particularly in unstable political environments) to 
its alternative means of financing (seeking help from outside entities such as the International 
Monetary Fund, imposing capital controls, etc.) and other measures it might take, such as 
currency devaluation, to stabilize its situation.

The presence of sovereign risk is real and meaningful, and perhaps the most salient exam-
ple of its deleterious effects can be found in Russia’s 1998 default. This episode represented the 
first time in many decades that a nation of such size and stature failed to meet its obligations 
to its lenders. Moreover, although the country was experiencing considerable trauma at that 
time—in part as the result of a contagion in emerging markets—it is abundantly clear that 
Russia was unwilling rather than unable to meet these obligations. The end result was a global 
financial crisis, in which investors lost billions of dollars and the country’s robust development 
arc was slowed down for the better part of a decade.

17 Gastineau, Smith, and Todd (2001) provides excellent information on accounting for derivatives in 
the United States.

The IASB in IAS 39 (International Accounting Standard No. 39) requires the in-
clusion of derivatives and their associated gains and losses on financial statements, as 
does the FASB in SFAS 133 (Statement of Financial Accounting Standard No. 133). 
These rulings contain some areas of confusion and inconsistency, however, affording 
considerable room for interpretation.17



314	 Derivatives

Political risk is associated with changes in the political environment. Political risk can 
take many forms, both overt (e.g., the replacement of a pro-capitalist regime with one less so) 
and subtle (e.g., the potential impact of a change in party control in a developed nation), and 
it exists in every jurisdiction where financial instruments trade.

4.12.  Other Risks

Companies face nonfinancial and financial risks other than those already mentioned. ESG risk 
is the risk to a company’s market valuation resulting from environmental, social, and govern-
ance factors. Environmental risk is created by the operational decisions made by the company 
managers, including decisions concerning the products and services to offer and the processes 
to use in producing those products and services. Environmental damage may lead to a variety 
of negative financial and other consequences. Social risk derives from the company’s various 
policies and practices regarding human resources, contractual arrangements, and the work-
place. Liability from discriminatory workplace policies and the disruption of business resulting 
from labor strikes are examples of this type of risk. Flaws in corporate governance policies and 
procedures increase governance risk, with direct and material effects on a company’s value in 
the marketplace.

One little-discussed but very large type of risk that some investment companies face is that 
of performance netting risk, often referred to simply as netting risk. Performance netting risk, 
which applies to entities that fund more than one strategy, is the potential for loss resulting 
from the failure of fees based on net performance to fully cover contractual payout obligations 
to individual portfolio managers that have positive performance when other portfolio manag-
ers have losses and when there are asymmetric incentive fee arrangements with the portfolio 
managers. The problem is best explained through an example.

Consider a hedge fund that charges a 20% incentive fee of any positive returns and 
funds two strategies equally, each managed by independent portfolio managers (call them 
Portfolio Managers A and B). The hedge fund pays Portfolio Managers A and B 10% of any 
gains they achieve. Now assume that in a given year, Portfolio Manager A makes $10 million 
and Portfolio Manager B loses the same amount. The net incentive fee to the hedge fund is 
zero because it has generated zero returns. Unless otherwise negotiated, however (and such 
clauses are rare), the hedge fund remains obligated to pay Portfolio Manager A $1 million. As 
a result, the hedge fund company has incurred a loss, despite breaking even overall in terms 
of returns.18 Note that the asymmetric nature of incentive fee contracts (i.e., losses are not 
penalized as gains are rewarded) plays a critical role in creating the problem the hedge fund 
faces. Because such arrangements are effectively a call option on a percentage of profits, in 
some circumstances they may provide an incentive to take excessive risk (the value of a call 
option is positively related to the underlying’s volatility). Nevertheless, such arrangements are 
widespread.

Performance netting risk occurs only in multistrategy, multimanager environments and 
only manifests itself when individual portfolio managers within a jointly managed product 
generate actual losses over the course of a fee-generating cycle—typically one year. Moreover, 
an investment entity need not be flat or down on the year to experience netting-associated 

18 The asymmetric nature of the incentive fee contract (currently typical for hedge funds) plays a critical 
role in this example; were the arrangement symmetric, with negative returns penalized as positive returns 
are rewarded, the issue discussed would disappear.
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losses. For any given level of net returns, its portion of fees will by definition be higher if all 
portfolio managers generate no worse than zero performance over the period than they would 
if some portfolio managers generate losses. As mentioned earlier, an asymmetric incentive fee 
contract must exist for this problem to arise.

Performance netting risk applies not just to hedge funds but also to banks’ and broker/
dealers’ trading desks, commodity trading advisors, and indeed, to any environment in which 
individuals have asymmetric incentive fee arrangements but the entity or unit responsible 
for paying the fees is compensated on the basis of net results. Typically this risk is managed 
through a process that establishes absolute negative performance thresholds for individual ac-
counts and aggressively cuts risk for individual portfolio managers at performance levels at, 
near, or below zero for the period in question.19

Distinct from performance netting risk, settlement netting risk (or again, simply netting 
risk) refers to the risk that a liquidator of a counterparty in default could challenge a netting 
arrangement so that profitable transactions are realized for the benefit of creditors.20 Such risk 
is mitigated by netting agreements that can survive legal challenge.

5.  Measuring Risk 

Having spent some time identifying some of the major sources of risk, both financial and 
nonfinancial, we now turn our attention toward the measurement of those risks. In particular, 
we look at some techniques for measuring market risk and credit risk. Subsequently, we briefly 
survey some of the issues for measuring nonfinancial risk, a very difficult area but also a very 
topical one—particularly after the advent of the Basel II standards on risk management for 
international banks, which we will discuss.

5.1.  Measuring Market Risk

Market risk refers to the exposure associated with actively traded financial instruments, typically 
those whose prices are exposed to the changes in interest rates, exchange rates, equity prices, 
commodity prices, or some combination thereof.21

Over the years, financial theorists have created a simple and finite set of statistical tools 
to describe market risk. The most widely used and arguably the most important of these is the 
standard deviation of price outcomes associated with an underlying asset. We usually refer to 
this measure as the asset’s volatility, typically represented by the Greek letter sigma (σ). Vol-
atility is often an adequate description of portfolio risk, particularly for those portfolios com-
posed of instruments with linear payoffs.22 In some applications, such as indexing, volatility 
relative to a benchmark is paramount. In those cases, our focus should be on the volatility of 
the deviation of a portfolio’s returns in excess of a stated benchmark portfolio’s returns, known 
as active risk, tracking risk, tracking error volatility, or by some simply as tracking error.

19 For more information on this topic, see Grant (2004).
20 See www.foa.co.uk/documentation/netting/index.jsp.
21 The definition of market risk given here is the one used in the practice of risk management. The term 
market risk, however, is often used elsewhere to refer to the risk of the market as a whole, which is usually 
known as systematic risk. In this reading, we define market risk as risk management professionals do.
22 The contrast is with instruments such as options that have nonlinear or piecewise linear payoffs. See 
Chance (2003) for more on the payoff functions of options.
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As we will see shortly, the volatility associated with individual positions, in addition to 
being a very useful risk management metric in its own right, can be combined with other 
simple statistics, such as correlations, to form the building blocks for the portfolio-based risk 
management systems that have become the industry standard in recent years. We cover these 
systems in the next section of this reading.

A portfolio’s exposure to losses because of market risk typically takes one of two forms: 
sensitivity to adverse movements in the value of a key variable in valuation (primary or first-
order measures of risk) and risk measures associated with changes in sensitivities (secondary 
or second-order measures of risk). Primary measures of risk often reflect linear elements in 
valuation relationships; secondary measures often take account of curvature in valuation 
relationships. Each asset class (e.g., bonds, foreign exchange, equities) has specific first- and 
second-order measures.

Let us consider measures of primary sources of risk first. For a stock or stock portfolio, beta 
measures sensitivity to market movements and is a linear risk measure. For bonds, duration 
measures the sensitivity of a bond or bond portfolio to a small parallel shift in the yield curve 
and is a linear measure, as is delta for options, which measures an option’s sensitivity to a small 
change in the value of its underlying. These measures all reflect the expected change in price of 
a financial instrument for a unit change in the value of another instrument.

Second-order measures of risk deal with the change in the price sensitivity of a financial 
instrument and include convexity for fixed-income portfolios and gamma for options. Convexity 
measures how interest rate sensitivity changes with changes in interest rates.23  Gamma measures 
the delta’s sensitivity to a change in the underlying’s value. Delta and gamma together capture 
first- and second-order effects of a change in the underlying.

For options, two other major factors determine price: volatility and time to expiration, 
both first-order or primary effects. Sensitivity to volatility is reflected in vega, the change in the 
price of an option for a change in the underlying’s volatility. Most early option-pricing models 
(e.g., the Black–Scholes–Merton model) assume that volatility does not change over the life of 
an option, but in fact, volatility does generally change. Volatility changes are sometimes easy 
to observe in markets: Some days are far more volatile than others. Moreover, new information 
affecting the value of an underlying instrument, such as pending product announcements, will 
discernibly affect volatility. Because of their nonlinear payoff structure, options are typically 
very responsive to a change in volatility. Swaps, futures, and forwards with linear payoff func-
tions are much less sensitive to changes in volatility. Option prices are also sensitive to changes 
in time to expiration, as measured by theta, the change in price of an option associated with a 
one-day reduction in its time to expiration.24 Theta, like vega, is a risk that is associated exclu-
sively with options. Correlation is a source of risk for certain types of options—for example, 
options on more than one underlying (when the correlations between the underlyings’ returns 
constitute a risk variable).25

Having briefly reviewed traditional notions of market risk measurement, we introduce a 
new topic, one that took the industry by storm: value at risk.

23 Convexity is covered in some detail in Fabozzi (2004a), Chapter 7.
24 For more information on theta, see Chance (2003).
25 For more information, see Chance (2003).
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5.2.  Value at Risk

During the 1990s, value at risk—or VaR, as it is commonly known—emerged as the financial 
service industry’s premier risk management technique.26 JPMorgan (now JPMorgan Chase) 
developed the original concept for internal use but later published the tools it had developed 
for managing risk (as well as related information).27 Probably no other risk management topic 
has generated as much attention and controversy as has value at risk. In this section, we take an 
introductory look at VaR, examine an application, and look at VaR’s strengths and limitations.

VaR is a probability-based measure of loss potential for a company, a fund, a portfolio, a 
transaction, or a strategy. It is usually expressed either as a percentage or in units of currency. Any 
position that exposes one to loss is potentially a candidate for VaR measurement. VaR is most 
widely and easily used to measure the loss from market risk, but it can also be used—subject 
to much greater complexity—to measure the loss from credit risk and other types of exposures.

We have noted that VaR is a probability-based measure of loss potential. This definition 
is very general, however, and we need something more specific. More formally: Value at risk 
(VaR) is an estimate of the loss (in money terms) that we expect to be exceeded with a given 
level of probability over a specified time period.28

Readers are encouraged to think very carefully about the implications of this definition, 
which has a couple of important elements. First, we see that VaR is an estimate of the loss that 
we expect to be exceeded. Hence, it measures a minimum loss. The actual loss may be much 
worse without necessarily impugning the VaR model’s accuracy. Second, we see that VaR is 
associated with a given probability. Say the VaR is €10,000,000 at a probability of 5% for a 
given time period. All else equal, if we lower the probability from 5% to 1%, the VaR will be 
larger in magnitude because we now are referring to a loss that we expect to be exceeded with 
only a 1% probability. Third, we see that VaR has a time element and that as such, VaRs cannot 
be compared directly unless they share the same time interval. There is a big difference among 
potential losses that are incurred daily, weekly, monthly, quarterly, or annually. Potential losses 
over longer periods should be larger than those over shorter periods, but in most instances, 
longer time periods will not increase exposure in a linear fashion.

Consider the following example of VaR for an investment portfolio: The VaR for a portfo-
lio is $1.5 million for one day with a probability of 0.05. Recall what this statement says: There 
is a 5% chance that the portfolio will lose at least $1.5 million in a single day. The emphasis 
here should be on the fact that the $1.5 million loss is a minimum. With due care, it is also 
possible to describe VaR as a maximum: The probability is 95% that the portfolio will lose 
no more than $1.5 million in a single day. We see this equivalent perspective in the common 
practice of stating VaR using a confidence level: For the example just given, we would say 
that with 95% confidence (or for a 95% confidence level), the VaR for a portfolio is $1.5 million 

26 The terminology “Value-at-Risk” is expressed in different ways. For example, sometimes hyphens are 
used and sometimes it is just written as “Value at Risk.” Sometimes it is abbreviated as VAR and some-
times as VaR. Those who have studied econometrics should be alert to the fact that the letters VAR also 
refer to an estimation technique called Vector Autoregression, which has nothing to do with value at risk. 
We shall use the abbreviation “VaR.”
27 RiskMetrics Group has now spun off from JPMorgan and is an independent company. See www.
riskmetrics.com.
28 In the terminology of statistics, VaR with an x percent probability for a given time interval represents 
the xth percentile of the distribution of outcomes (ranked from worst to best) over that time period.
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for one day.29 We prefer to express VaR in the form of a minimum loss with a given probability. 
This approach is a bit more conservative, because it reminds us that the loss could be worse.30

5.2.1. E lements of Measuring Value at Risk
Although VaR has become an industry standard, it may be implemented in several forms, 
and establishing an appropriate VaR measure requires the user to make a number of decisions 
about the calculation’s structure. Three important ones are picking a probability level, selecting 
the time period over which to measure VaR, and choosing the specific approach to modeling 
the loss distribution.31

The probability chosen is typically either 0.05 or 0.01 (corresponding to a 95% or 99% 
confidence level, respectively). The use of 0.01 leads to a more conservative VaR estimate, 
because it sets the figure at the level where there should be only a 1% chance that a given loss 
will be worse than the calculated VaR. The trade-off, however, is that the VaR risk estimate 
will be much larger with a 0.01 probability than it will be for a 0.05 probability. In the above 
example, we might have to state that the VaR is $2.1 million for one day at a probability of 
0.01. The risk manager selects 0.01 or 0.05; no definitive rule exists for preferring one prob-
ability to the other. For portfolios with largely linear risk characteristics, the two probability 
levels will provide essentially identical information. However, the tails of the loss distribution 
may contain a wealth of information for portfolios that have a good deal of optionality or 
nonlinear risks, and in these cases risk managers may need to select the more conservative 
probability threshold.

The second important decision for VaR users is choosing the time period. VaR is often 
measured over a day, but other, longer time periods are common. Banking regulators prefer 
two-week period intervals. Many companies report quarterly and annual VaRs to match their 
performance reporting cycles. Investment banks, hedge funds, and dealers seem to prefer daily 
VaR, perhaps because of the high turnover in their positions. Regardless of the time interval 
selected, the longer the period, the greater the VaR number will be because the magnitude of 
potential losses varies directly with the time span over which they are measured. The individual 
or individuals responsible for risk management will choose the time period.

Once these primary parameters are set, one can proceed to actually obtain the VaR esti-
mate. This procedure involves another decision: the choice of technique. The basic idea behind 
estimating VaR is to identify the probability distribution characteristics of portfolio returns. 
Consider the information in Exhibit 4, which is a simple probability distribution for the re-
turn on a portfolio over a specified time period. Suppose we were interested in the VaR at a 
probability of 0.05. We would add up the probabilities for the class intervals until we reached a 
cumulative probability of 0.05. Observe that the probability is 0.01 that the portfolio will lose 
at least 40%, 0.01 that the portfolio will lose between 30% and 40%, and 0.03 that the port-
folio will lose between 20% and 30%. Thus, the probability is 0.05 that the portfolio will lose 
at least 20%. Because we want to express our risk measure in units of money, we would then 
multiply 20% by the portfolio’s initial market value to obtain VaR. The VaR for a probability 
of 0.01 would be 40% multiplied by the market value. From a confidence-level perspective, 

29 This would be referred to as 95% one-day VaR.
30 For a long position, the maximum possible loss is the entire value of the portfolio. For a short position, 
or a portfolio with both long and short positions, it is impossible to state the maximum possible loss 
because at least in theory, a short faces the possibility of unlimited losses.
31 As we will learn in this section, users can select from three basic VaR methodologies, each of which uses 
a slightly different algorithm to estimate exposure.
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we estimate with 99% confidence that our portfolio will lose no more than 40% of its value 
over the specified time period.

Exhibit 4   Sample Probability Distribution of Returns on a Portfolio

Return on Portfolio Probability

Less than −40% 0.010

−40% to −30% 0.010

−30% to −20% 0.030

−20% to −10% 0.050

−10% to −5% 0.100

−5% to −2.5% 0.125

−2.5% to 0% 0.175

0% to 2.5% 0.175

2.5% to 5% 0.125

5% to 10% 0.100

10% to 20% 0.050

20% to 30% 0.030

30% to 40% 0.010

Greater than 40% 0.010

1.000

Exhibit 4 offers a simplified representation of the information necessary to estimate VaR. 
This method for calculating VaR is rather cumbersome, and the information is not always easy 
to obtain. As such, the industry has developed a set of three standardized methods for estimat-
ing VaR: the analytical or variance–covariance method, the historical method, and the Monte 
Carlo simulation method. We will describe and illustrate each of these in turn.

5.2.2.  The Analytical or Variance–Covariance Method
The analytical or variance–covariance method begins with the assumption that portfolio re-
turns are normally distributed. Recall from your study of portfolio management that a normal 
distribution can be completely described by its expected value and standard deviation.

Consider the standard normal distribution, a special case of the normal distribution cen-
tered on an expected value of zero and having a standard deviation of 1.0. We can convert any 
outcome drawn from a nonstandard normal distribution to a standard normal value by taking 
the outcome of interest, subtracting its mean, and dividing the result by its standard deviation. 
The resulting value then conforms to the standard normal distribution.32 With the standard 
normal distribution, 5% of possible outcomes are likely to be smaller than −1.65.33 Therefore, 

32 For example, suppose you were interested in knowing the probability of obtaining a return of −15% 
or less when the expected return is 12% and the standard deviation is 20%. You would calculate the 
standard normal value, called a “z”, as (−0.15 − 0.12)/0.20 = −1.35. Then you would look up this value 
in a table or use a spreadsheet function, such as Microsoft Excel’s “=normsdist()” function. In this case, 
the probability is 0.0885.
33 See DeFusco, McLeavey, Pinto, and Runkle (2004), pp. 255–56.
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to calculate a 5% VaR for a portfolio (i.e., VaR at a probability of 0.05), we would estimate its 
expected return and subtract 1.65 times its estimated standard deviation of returns. So, the key 
to using the analytical or variance–covariance method is to estimate the portfolio’s expected 
return and standard deviation of returns. An example follows.34

Suppose the portfolio contains two asset classes, with 75% of the money invested in an 
asset class represented by the S&P 500 Index and 25% invested in an asset class represented 
by the NASDAQ Composite Index.35 Recall that a portfolio’s expected return is a weighted 
average of the expected returns of its component stocks or asset classes. A portfolio’s variance 
can be derived using a simple quadratic formula that combines the variances and covariances 
of the component stocks or asset classes. For example, assume that μS and μN are the expected 
returns of the S&P 500 and NASDAQ, respectively; σS and σN are their standard deviations; 
and ρ is the correlation between the two asset classes. The expected return, μP, and variance, 
σ2

P , of the combined positions are given as

	
w w

w w w w
P S S N N

P S S N N S N S N22 2 2 2 2

µ = µ + µ
σ = σ + σ + ρ σ σ 	

where w indicates the percentage allocated to the respective classes. The portfolio’s standard 
deviation is just the square root of its variance. Exhibit 5 provides estimates of the portfolio’s 
expected value and standard deviation using actual numbers, where we obtain μP of 0.135 and 
σP of 0.244.

Exhibit 5   Estimating the Expected Return and Standard Deviation of a Portfolio Combining 
Two Asset Classes

S&P 500 NASDAQ
Combined 
Portfolio

Percentage invested (w) 0.75 0.25 1.00

Expected annual return (μ) 0.12 0.18 0.135a

Standard deviation (σ) 0.20 0.40 0.244b

Correlation (ρ) 0.90

aExpected return of portfolio: μP = wSμS + wNμN = 0.75(0.12) + 0.25(0.18) = 0.135
bStandard deviation of portfolio:

w w w wP S S N N S N S N

P P

2

(0.75) (0.20) (0.25) (0.40) 2(0.90)(0.75)(0.25)(0.20)(0.40) 0.0595

( ) (0.0595) 0.244

2 2 2 2 2

2 2 2 2

2 1/2 1/2

σ = σ + σ + ρ σ σ

= + + =

σ = σ = =

Note that the example provided above is quite simplistic, involving only two assets, and 
thus only two variances and one covariance. As such, the calculation of portfolio variance is 
relatively manageable. As the number of instruments in the portfolio increases, however, the 

34 For more detailed information, see DeFusco et al. (2004), Chapter 11.
35 The extension to three or more classes is relatively straightforward once one knows how to calculate the 
variance of a portfolio of more than two assets. We shall focus here on the two-asset-class case.
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calculation components expand dramatically and the equation quickly becomes unwieldy. The 
important thing to remember is that in order to derive the variance for a portfolio of multiple 
financial instruments, all we require are the associated variances and covariances, along with 
the ability to calculate their quadratic relationship.

If we are comfortable with the assumption of a normal distribution and the accuracy of 
our estimates of the expected returns, variances, and correlations, we can confidently use the 
analytical-method estimate of VaR. Exhibit 6 illustrates the calculation of this estimate. VaR 
is first expressed in terms of the return on the portfolio. With an expected return of 0.135, we 
move 1.65 standard deviations along the x-axis in the direction of lower returns. Each stand-
ard deviation is 0.244. Thus we would obtain 0.135 − 1.65(0.244) = −0.268.36 At this point, 
VaR could be expressed as a loss of 26.8%. We could say that there is a 5% chance that the 
portfolio will lose at least 26.8% in a year. It is also customary to express VaR in terms of the 
portfolio’s currency unit. Therefore, if the portfolio is worth $50 million, we can express VaR 
as $50,000,000(0.268) = $13.4 million.

This figure is an annual VaR. If we prefer a daily VaR, we can adjust the expected return 
to its daily average of approximately 0.135/250 = 0.00054 and the standard deviation to its daily 
value of =0.244 250 0.01543, which are based on the assumption of 250 trading days in a 
year and statistical independence between days. Then the daily VaR is 0.00054 − 1.65(0.01543) = 
−0.0249. On a dollar basis, the daily VaR is $50,000,000(0.0249) = $1.245 million.

Exhibit 6   Annual VaR for a Portfolio with Expected Return of 0.135 and Standard Deviation  
of 0.244

–0.268 

The value of –0.268 is obtained by 
moving 1.65 standard deviations to 
the left from the expected value. In 
other words, 0.135 – 1.65(0.244) = 
–0.268, which means the VaR is 
$50,000,000(0.268) = 
$13,400,000.

5% of the area under the curve is
to the left of this point. 

0.135 

36 The reader can confirm that 1.65 and 2.33 standard deviations give the correct VaR at the 5% and 1 %t 
probability levels, respectively, using the Microsoft Excel function “=normsdist()”.
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For a 1% VaR, we would move 2.33 standard deviations in the direction of lower returns. 
Thus the annual VaR would be 0.135 − 2.33(0.244) = −0.434 or $50,000,000(0.434) =  
$21.7 million. The daily VaR would be 0.00054 − 2.33(0.01543) = −0.035 or $50,000,000(0.035) 
= $1.75 million.

Some approaches to estimating VaR using the analytical method assume an expected 
return of zero. This assumption is generally thought to be acceptable for daily VaR calcu-
lations because expected daily return will indeed tend to be close to zero. Because expected 
returns are typically positive for longer time horizons, shifting the distribution by assuming 
a zero expected return will result in a larger projected loss, so the VaR estimate will be great-
er. Therefore, this small adjustment offers a slightly more conservative result and avoids the 
problem of having to estimate the expected return, a task typically much harder than that of 
estimating associated volatility. Another advantage of this adjustment is that it makes it easier 
to adjust the VaR for a different time period. For example, if the daily VaR is estimated at 
$100,000, the annual VaR will be =$100,000 250 $1,581,139. This simple conversion of a 
shorter-term VaR to a longer-term VaR (or vice versa) does not work, however, if the average 
return is not zero. In these cases, one would have to convert the average return and standard 
deviation to the different time period and compute the VaR from the adjusted average and 
standard deviation.

Example 5  VaR with Different Probability Levels and Time 
Horizons

Consider a portfolio consisting of stocks as one asset class and bonds as another. The 
expected return on the portfolio’s stock portion is 12%, and the standard deviation 
is 22%. The expected return on the bond portion is 5%, and the standard deviation 
is 7%. All of these figures are annual. The correlation between the two asset classes 
is 0.15. The portfolio’s market value is $150 million and is allocated 65% to stocks 
and 35% to bonds. Determine the VaR using the analytical method for the following 
cases:

1.	 a 5% yearly VaR.
2.	 a 1% yearly VaR.
3.	 a 5% weekly VaR.
4.	 a 1% weekly VaR.

Solutions:  First, we must calculate the annual portfolio expected return and standard 
deviation. Using S to indicate stocks and B to indicate bonds, we have

P wS S wB B

P wS S wB B wSwB S B

P

0.65(0.12) 0.35(0.05) 0.0955

2 2 2 2 2 2

(0.65)2(0.22)2 (0.35)2(0.07)2 2(0.15)(0.65)(0.35)(0.22)(0.07)
0.0221

0.0221 0.1487

µ = µ + µ = + =

σ = σ + σ + ρ σ σ

= + +
=

σ = =
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The analytical or variance–covariance method’s primary advantage is its simplicity. Its 
primary disadvantage is its reliance on several simplifying assumptions, including the nor-
mality of return distributions. In principle, there is no reason why the calculation demands 
a normal distribution, but if we move away from the normality assumption, we cannot rely 
on variance as a complete measure of risk. Distributions can deviate from normality because 
of skewness and kurtosis. Skewness is a measure of a distribution’s deviation from the perfect 
symmetry (the normal distribution has a skewness of zero). A positively skewed distribution 
is characterized by relatively many small losses and a few extreme gains and has a long tail 
on its right side. A negatively skewed distribution is characterized by relatively many small 
gains and a few extreme losses and has a long tail on its left side. When a distribution is 
positively or negatively skewed, the variance–covariance method of estimating VaR will be 
inaccurate.

In addition, many observed distributions of returns have an abnormally large number of 
extreme events. This quality is referred to in statistical parlance as leptokurtosis but is more 
commonly called the property of fat tails.37 Equity markets, for example, tend to have more 
frequent large market declines than a normal distribution would predict. Therefore, using a 
normality assumption to estimate VaR for a portfolio that features fat tails could understate 
the actual magnitude and frequency of large losses. VaR would then fail at precisely what it is 
supposed to do: measure the risk associated with large losses.

A related problem that surfaces with the analytical or variance–covariance method is that 
the normal distribution assumption is inappropriate for portfolios that contain options. The 
return distributions of options portfolios are often far from normal. Remember that a normal 
distribution has an unlimited upside and an unlimited downside. Call options have unlimited 
upside potential, as in a normal distribution, but their downside is a fixed value (the call’s 

Solution to 1:  For a 5% yearly VaR, we have μP − 1.65σP = 0.0955 − 1.65(0.1487) = 
−0.1499. Then the VaR is $150,000,000(0.1499) = $22.485 million.

Solution to 2:  For a 1% yearly VaR, we have μP − 2.33σP = 0.0955 − 2.33(0.1487) = 
−0.251. Then the VaR is $150,000,000(0.251) = $37.65 million.

Solution to 3:  For weekly VaR, we adjust the expected return to 0.0955/52 = 0.00184 
and the standard deviation to =0.1487 52 0.02062.

The 5% weekly VaR is then μP − 1.65σ = 0.00184 − 1.65(0.02062) = −0.03218. 
Then the VaR is $150,000,000(0.03218) = $4.827 million.

Solution to 4:  The 1% weekly VaR is μP − 2.33σP = 0.00184 − 2.33(0.02062) = 
−0.0462. Then the VaR is $150,000,000(0.0462) = $6.93 million.

37 See DeFusco, McLeavey, Pinto, and Runkle (2004), Chapter 5.
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premium) and the distribution of call returns is highly skewed. Put options have a large but 
limited upside and a fixed downside (the put’s premium), and the distribution of put returns is 
also highly skewed. In the same vein, covered calls and protective puts have return distributions 
that are sharply skewed in one direction or the other.

Therefore, when portfolios contain options, the assumption of a normal distribution to 
estimate VaR presents a significant problem. One common solution is to estimate the op-
tion’s price sensitivity using its delta. Recall that delta expresses a linear relationship between 
an option’s price and the underlying’s price (i.e., Delta = Change in option price/Change in 
underlying). A linear relationship lends itself more easily to treatment with a normal distri-
bution. That is, a normally distributed random variable remains normally distributed when 
multiplied by a constant. In this case, the constant is the delta. The change in the option 
price is assumed to equal the change in the underlying price multiplied by the delta. This 
trick converts the normal distribution for the return on the underlying into a normal distri-
bution for the option return. As such, the use of delta to estimate the option’s price sensi-
tivity for VaR purposes has led some to call the analytical method (or variance–covariance 
method) the delta-normal method. The use of delta is appropriate only for small changes 
in the underlying, however. As an alternative, some users of the delta-normal method add 
the second-order effect, captured by gamma. Unfortunately, as these higher-order effects 
are added, the relationship between the option price and the underlying’s price begins to 
approximate the true nonlinear relationship. At that point, using a normal distribution be-
comes completely inappropriate. Therefore, using the analytical method could cause prob-
lems if a portfolio has options or other financial instruments that do not follow the normal 
distribution. Moreover, it is often difficult, if not impossible, to come up with a single 
second-order estimate that both is accurate and fits seamlessly into a variance/covariance 
VaR model.

5.2.3.  The Historical Method
Another widely used VaR methodology is the historical method. Using historical VaR, we cal-
culate returns for a given portfolio using actual daily prices from a user-specified period in the 
recent past, graphing these returns into a histogram. From there, it becomes easy to identify 
the loss that is exceeded with a probability of 0.05 (or 0.01%, if preferred).

Consider the portfolio we have been examining, consisting of 75% invested in the S&P 
500 and 25% invested in the NASDAQ Composite Index. Exhibit 7, a histogram, shows the 
daily returns on this portfolio for a recent calendar year. First, we note that the distribution is 
similar, but by no means identical, to that of a normal distribution. This portfolio has a few 
more returns slightly lower than the midpoint of the return sample than it would if its distri-
bution were perfectly normal. With the historical method, however, we are not constrained 
to using the normal distribution. We simply collect the historical data and identify the return 
below which 5 (or 1)% of returns fall. Although we could attempt to read this number from 
the histogram, it is much easier to simply rank-order the returns and determine the VaR figure 
from the sorted returns and the portfolio’s dollar value.
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Exhibit 7   Historical Daily Returns on a Portfolio Invested 75% in S&P 500 and 25% in 
NASDAQ
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The year examined here contains 248 returns. Having 5% of the returns in the distribu-
tion’s lower tail would mean that about 12 return observations should be less than the VaR 
estimate. Thus the approximate VaR figure would be indicated by the 12th-worst return. A 
rank ordering of the data reveals that the 12th-worst return is −0.0294. For a $50,000,000 
portfolio, the one-day VaR would thus be 0.0294($50,000,000) = $1.47 million.38

The historical method is also sometimes called the historical simulation method. This 
term is somewhat misleading because the approach involves not a simulation of the past returns 
but rather what actually happened in the past. In this context, note that a portfolio that an 
investor might have held in the past might not be the same as the one that an investor will 
have in the future. When using the historical method, one must always keep in mind that the 
purpose of the exercise is to apply historical price changes to the current portfolio.39 In addition, 
instruments such as bonds and most derivatives behave differently at different times in their 
lives, and any accurate historical VaR calculation must take this into account by adjusting cur-
rent bond/derivative pricing parameters to simulate their current characteristics across the period 
of analysis. For example, a historical VaR calculation that goes back one year for a portfolio that 
contains bonds that mature in the year 2027 should actually use otherwise identical bonds ma-
turing in 2026 as proxies; these bonds are the most accurate representations of the current risk 
profile because they would have presented themselves one year ago in time. When a company uses 

38 Technically, the VaR would fall between the 12th- and 13th-worst returns. Using the 13th-worst return 
gives a more conservative VaR. Alternatively, we might average the 12th- and 13th-worst returns.
39 For example, in the two-asset portfolio we illustrated here, the weights were 75% S&P 500 and  
25% NASDAQ. If the company were going forward with a different set of weights, it would obviously 
need to use the weights it planned to use in the future when calculating the VaR by the historical method.
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a different portfolio composition to calculate its historical VaR than the one it actually had in the 
past, it may be more appropriate to call the method a historical simulation.

The historical method has the advantage of being nonparametric (i.e., involving minimal 
probability-distribution assumptions), enabling the user to avoid any assumptions about the 
type of probability distribution that generates returns. The disadvantage, however, is that this 
method relies completely on events of the past, and whatever distribution prevailed in the past 
might not hold in the future. In particular, periods of unusually large negative returns, such as 
the 23% one-day decline in the Dow Jones Industrial Average on 19 October 1987, might be 
questionable as an assumption for the future. This problem applies to the other types of VaR 
methodologies as well, however, including the analytical method and Monte Carlo simulation, 
both of which derive their inputs, more often than not, entirely from the historical prices asso-
ciated with the securities contained in the portfolio.

Example 6  Calculating VaR Using the Historical Method

For simplicity, we use a one-stock portfolio. Exhibit 8 shows the 40 worst monthly 
returns on IBM stock during the last 20 years, in descending order, as of 2011 (minus 
signs omitted):

Exhibit 8   IBM Stock: Worst Monthly Returns

0.26190 0.11692 0.09077 0.07537

0.22645 0.11553 0.08926 0.07298

0.20511 0.10838 0.08585 0.07260

0.19462 0.10805 0.08481 0.07247

0.18802 0.10687 0.08422 0.07075

0.17183 0.10503 0.08356 0.06894

0.16415 0.09873 0.08234 0.06782

0.14834 0.09550 0.08197 0.06746

0.14773 0.09276 0.08143 0.06501

0.12444 0.09091 0.07547 0.06437

For both calculations below, assume the portfolio value is $100,000.

1.	 Calculate a 5% monthly VaR using the historical method.
2.	 Calculate a 1% monthly VaR using the historical method.

Solutions:  First, we note that during the last 20 years, there were 240 monthly returns. 
We see here only the worst 40 returns. Therefore, although we lack the entire distribu-
tion of returns, we do have enough to calculate the VaR.

Solution to 1:  Out of 240 returns, the 5% worst are the 12 worst returns. Therefore, 
the historical VaR would be about the 12th-worst return. From the exhibit, we see that 
this return is −0.11553. So, the one-month VaR is 0.11553($100,000) = $11,553.
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The excerpt from The Goldman Sachs Group, Inc. Form 10-K that follows in Example 7 
shows how this firm reports its VaR. We see that Goldman Sachs reports average daily VaR (at 
a 95% confidence level) for its last three fiscal years. In addition, the firm reports the high and 
low daily VaR values for the last fiscal year along with the year end values for the last two fiscal 
years. Goldman Sachs reports VaRs for these four risk categories (interest rate, equity prices, 
currency rates, and commodity prices) as well as its firm-wide risk exposure (total VaR). Total 
VaR is less than the sum of the individual VaRs because Goldman Sachs’ exposures to the vari-
ous risk categories are less than perfectly correlated. The diversification effect reported in the 
Average Daily VaR table in Example 7 equals the difference between the total VaR and the sum 
of the individual VaRs. For example, for 2010, the diversification effect is $134 − ($93 + $68 
+ $32 + $33) = −$92.

Example 7  Value at Risk and the Management of Market Risk at 
Goldman Sachs

The following excerpt is from the 2010 Form 10-K of Goldman Sachs:

Value at Risk
VaR is the potential loss in value of inventory positions due to adverse market move-
ments over a defined time horizon with a specified confidence level. We typically employ 
a one-day time horizon with a 95% confidence level. Thus, we would expect to see 
reductions in the fair value of inventory positions at least as large as the reported VaR 
once per month. The VaR model captures risks including interest rates, equity prices, 
currency rates and commodity prices. As such, VaR facilitates comparison across port-
folios of different risk characteristics. VaR also captures the diversification of aggregated 
risk at the firmwide level.

Inherent limitations to VaR include:

•	 VaR does not estimate potential losses over longer time horizons where moves may 
be extreme.

•	 VaR does not take account of the relative liquidity of different risk positions.
•	 Previous moves in market risk factors may not produce accurate predictions of all 

future market moves.

Solution to 2:  The 1% worst returns include 2.4 returns. We would probably use the 
second-worst return, which is −0.22645. The VaR is 0.22645($100,000) = $22,645. 
Alternatively, we might average the second- and third-worst returns to obtain (−0.22645 
+ −0.20511)/2 = −0.21578. Then the one-month VaR would be 0.21578($100,000) 
= $21,578.
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The historical data used in our VaR calculation is weighted to give greater impor-
tance to more recent observations and reflect current asset volatilities. This improves the 
accuracy of our estimates of potential loss. As a result, even if our inventory positions 
were unchanged, our VaR would increase with increasing market volatility and vice 
versa.

Given its reliance on historical data, VaR is most effective in estimating risk expo-
sures in markets in which there are no sudden fundamental changes or shifts in market 
conditions.

We evaluate the accuracy of our VaR model through daily backtesting (i.e., compar-
ing daily trading net revenues to the VaR measure calculated as of the prior business day) 
at the firmwide level and for each of our businesses and major regulated subsidiaries.

VaR does not include:

•	 positions that are best measured and monitored using sensitivity measures; and
•	 the impact of changes in counterparty and our own credit spreads on derivatives as 

well as changes in our own credit spreads on unsecured borrowings for which the fair 
value option was elected.

Stress Testing
We use stress testing to examine risks of specific portfolios as well as the potential impact 
of significant risk exposures across the firm. We use a variety of scenarios to calculate 
the potential loss from a wide range of market moves on the firm’s portfolios. These 
scenarios include the default of single corporate or sovereign entities, the impact of a 
move in a single risk factor across all positions (e.g., equity prices or credit spreads) or a 
combination of two or more risk factors.

Unlike VaR measures, which have an implied probability because they are calcu-
lated at a specified confidence level, there is generally no implied probability that our 
stress test scenarios will occur. Instead, stress tests are used to model both moderate and 
more extreme moves in underlying market factors. When estimating potential loss, we 
generally assume that our positions cannot be reduced or hedged (although experience 
demonstrates that we are generally able to do so).

Stress test scenarios are conducted on a regular basis as part of the firm’s routine risk 
management process and on an ad hoc basis in response to market events or concerns. 
Stress testing is an important part of the firm’s risk management process because it 
allows us to highlight potential loss concentrations, undertake risk/reward analysis, and 
assess and mitigate our risk positions.

Limits
We use risk limits at various levels in the firm (including firmwide, product and busi-
ness) to govern risk appetite by controlling the size of our exposures to market risk. 
Limits are reviewed frequently and amended on a permanent or temporary basis to 
reflect changing market conditions, business conditions or tolerance for risk.

The Firmwide Risk Committee sets market risk limits at firmwide and product 
levels and our Securities Division Risk Committee sets sub-limits for market-making 
and investing activities at a business level. The purpose of the firmwide limits is to assist 
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senior management in controlling the firm’s overall risk profile. Sub-limits set the de-
sired maximum amount of exposure that may be managed by any particular business on 
a day-to-day basis without additional levels of senior management approval, effectively 
leaving day-to-day trading decisions to individual desk managers and traders. Accord-
ingly, sub-limits are a management tool designed to ensure appropriate escalation rather 
than to establish maximum risk tolerance. Sub-limits also distribute risk among various 
businesses in a manner that is consistent with their level of activity and client demand, 
taking into account the relative performance of each area.

Our market risk limits are monitored daily by Market Risk Management, which 
is responsible for identifying and escalating, on a timely basis, instances where limits 
have been exceeded. The business-level limits that are set by the Securities Division Risk 
Committee are subject to the same scrutiny and limit escalation policy as the firmwide 
limits.

When a risk limit has been exceeded (e.g., due to changes in market conditions, such 
as increased volatilities or changes in correlations), it is reported to the appropriate risk 
committee and a discussion takes place with the relevant desk managers, after which ei-
ther the risk position is reduced or the risk limit is temporarily or permanently increased.

Metrics
We analyze VaR at the firmwide level and a variety of more detailed levels, including 
by risk category, business, and region. The tables below present average daily VaR and 
year-end VaR by risk category.

Average Daily VaR (in millions)

Risk Categories

Year Ended

December 2010 December 2009 November 2008

Interest rates  $ 93 $176 $ 142

Equity prices     68 66 72

Currency rates     32 36 30

Commodity prices     33 36 44

Diversification effecta     (92) (96) (108)

Total $134 $218 $ 180

aEquals the difference between total VaR and the sum of the VaRs for the four risk categories. This 
effect arises because the four market risk categories are not perfectly correlated.

Our average daily VaR decreased to $134 million in 2010 from $218 million in 
2009, principally due to a decrease in the interest rates category which was primarily due 
to reduced exposures, lower levels of volatility and tighter spreads.

Our average daily VaR increased to $218 million in 2009 from $180 million in 2008, 
principally due to an increase in the interest rates category and a reduction in the diversi
fication benefit across risk categories, partially offset by a decrease in the commodity prices 
category. The increase in the interest rates category was primarily due to wider spreads. 
The decrease in the commodity prices category was primarily due to lower energy prices.
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Year-End VaR and High and Low VaR (in millions)

Risk Categories

As of December
Year Ended  

December 2010

2010 2009 High Low

Interest rates  $ 78 $ 122 $123  $ 76

Equity prices     51      99   186     39

Currency rates     27       21     62     14

Commodity prices     25      33     62     18

Diversification effecta     (70)    (122)

Total $111 $ 153 $223 $105

aEquals the difference between total VaR and the sum of the VaRs for the four risk categories. This 
effect arises because the four market risk categories are not perfectly correlated.

Our daily VaR decreased to $111 million as of December 2010 from $153 million 
as of December 2009, principally due to a decrease in the equity prices and interest rates 
categories, partially offset by a decrease in the diversification benefit across risk catego-
ries. The decreases in the equity prices and interest rates categories were primarily due to 
reduced exposures and lower levels of volatility.

During the year ended December 2010, the firmwide VaR risk limit was exceeded on 
one occasion in order to facilitate a client transaction and was resolved by a reduction in 
the risk position on the following day. Separately, during the year ended December 2010, 
the firmwide VaR risk limit was reduced on one occasion reflecting lower risk utilization.

During the year ended December 2009, the firmwide VaR risk limit was exceeded 
on two successive days. It was resolved by a reduction in the risk position without a 
permanent or temporary VaR limit increase. Separately, during the year ended Decem-
ber 2009, the firmwide VaR risk limit was raised on one occasion and reduced on two 
occasions as a result of changes in the risk utilization and the market environment.

The chart below reflects the VaR over the last four quarters.
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The next section addresses the third method of estimating VaR, Monte Carlo simulation.

5.2.4.  The Monte Carlo Simulation Method
The third approach to estimating VaR is Monte Carlo simulation. In general, Monte Carlo 
simulation produces random outcomes so we can examine what might happen given a par-
ticular set of risks. It is used widely in the sciences as well as in business to study a variety of 
problems. In the financial world in recent years, it has become an extremely important tech-
nique for measuring risk. Monte Carlo simulation generates random outcomes according to 
an assumed probability distribution and a set of input parameters. We can then analyze these 
outcomes to gauge the risk associated with the events in question. When estimating VaR, we 
use Monte Carlo simulation to produce random portfolio returns. We then assemble these 
returns into a summary distribution from which we can determine at which level the lower  
5% (or 1%, if preferred) of return outcomes occur. We then apply this figure to the portfolio 
value to obtain VaR.

Monte Carlo simulation uses a probability distribution for each variable of interest and 
a mechanism to randomly generate outcomes according to each distribution. Our goal here 
is to gain a basic understanding of the technique and how to use it. Therefore, we illustrate it 
without explaining the full details of how to generate the random values.

Suppose we return to the example of our $50 million portfolio invested 75% in the S&P 
500 and 25% in the NASDAQ Composite Index. We assume, as previously, that this portfolio 

The chart below presents the frequency distribution of our daily trading net rev-
enues for substantially all inventory positions included in VaR for the year ended 
December 2010.

Daily Trading Net Revenues ($ in millions) 
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As noted above, daily trading net revenues are compared with VaR calculated as of 
the end of the prior business day. Trading losses incurred on a single day exceeded our 
95% one-day VaR on two occasions during 2010. Trading losses incurred on a single 
day did not exceed our 95% one-day VaR during 2009.

Source: Goldman Sachs 2010 Form 10-K, pp. 85-87. The Goldman Sachs Group, Inc. All rights 
reserved.
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should have an annual expected return of 13.5% and a standard deviation of 24.4%. We shall 
now conduct a Monte Carlo simulation using the normal distribution with these parameters. 
Keep in mind that in practice, one advantage of Monte Carlo simulation is that it does not 
require a normal distribution, but the normal distribution is often used and we shall stay with 
it for illustrative purposes.

We use a random number generator to produce a series of random values, which we then 
convert into a normally distributed stream of outcomes representing a rate of return for this 
portfolio over a period of one year. Suppose the first value it produces is a return of −21.87%. 
This rate corresponds to an end-of-year portfolio value of $39.07 million. The second random 
return it produces is −4.79%, which takes the portfolio value to $47.61 million.40 The third 
random return it produces is 31.38%, which makes the portfolio value $65.69 million. We 
continue this process a large number of times, perhaps several thousand or even several million. 
To keep the simulation to a manageable size for illustrative purposes, we generate only 300 
outcomes.

Exhibit 9 shows the histogram of portfolio outcomes. Notice that even though we used a 
normal distribution to generate the outcomes, the resulting distribution does not look entirely 
normal. Of course, we should be surprised if it did because we used only 300 random out-
comes, a relatively small sample.

To obtain the point in the lower tail that 5% of the outcomes exceed, we rank order the 
data and find the 15th-lowest outcome, which is a portfolio value of $34.25 million, corre-
sponding to a loss of $15.75 million. This value is higher than the annual VaR estimated using 
the analytical method ($13.4 million). These two values would be identical (or nearly so) if we 
had employed a sufficiently large sample size in the Monte Carlo simulation so that the sample 
VaR would converge to the true population VaR.

Exhibit 9   Simulated Values after One Year for a Portfolio Invested 75% in S&P 500 and 25% 
in NASDAQ
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40 The random outcomes are independent, not sequential. Each outcome thus represents a return relative 
to the full initial portfolio value of $50 million.
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In Monte Carlo simulation, we can make any distributional assumption that we believe 
is appropriate. In many practical applications, it is inappropriate to assume a normal return 
distribution. In particular, for many derivatives dealers, the problems in managing the risk 
of these instruments are compounded by the fact that an extremely large number of random 
variables may affect the value of their overall position. These variables are often not normally 
distributed, and furthermore, they often interact with each other in complex ways. Monte 
Carlo simulation is often the only practical means of generating the information necessary to 
manage the risk. 

5.2.5.  “Surplus at Risk”: VaR as It Applies to Pension Fund Portfolios
You will recall from earlier points in our discussion that pension funds face a slightly different 
set of challenges in the measurement of market exposures, primarily because of the fact that the 
assets must fund pension obligations whose present value is itself subject to interest rate risk 
and other risks.41 The difference between the value of the pension fund’s assets and liabilities is 
referred to as the surplus, and it is this value that pension fund managers seek to enhance and 
protect. If this surplus falls into negative territory, the plan sponsor must contribute funds to 
make up the deficit over a period of time that is specified as part of the fund’s plan.

In order to reflect this set of realities in their risk estimations, pension fund managers typi-
cally apply VaR methodologies not to their portfolio of assets but to the surplus. To do so, they 
simply express their liability portfolio as a set of short securities and calculate VaR on the net 
position. VaR handles this process quite elegantly, and once this adjustment is made, all three 
VaR methodologies can be applied to the task.

5.3.  The Advantages and Limitations of VaR

Although value at risk has become the industry standard for risk assessment, it also has widely 
documented imperfections. VaR can be difficult to estimate, and different estimation methods 
can give quite different values. VaR can also lull one into a false sense of security by giving the 
impression that the risk is properly measured and under control. VaR often underestimates 
the magnitude and frequency of the worst returns, although this problem often derives from 
erroneous assumptions and models. As we discuss later, VaR for individual positions does not 
generally aggregate in a simple way to portfolio VaR. Also, VaR fails to incorporate positive 
results into its risk profile, and as such, it arguably provides an incomplete picture of overall 
exposures.

Users of VaR should routinely test their system to determine whether their VaR estimates 
prove accurate in predicting the results experienced over time. For example, if daily VaR at 0.05 
is estimated at $1 million, then over a reasonable period of time, such as a year, a loss of at least 
$1 million should be exceeded approximately 250(0.05) = 12.5 days. If the frequency of losses 
equal to or greater than this amount is markedly different, then the model is not accomplishing 
its objectives. This process of comparing the number of violations of VaR thresholds with the 
figure implied by the user-selected probability level is part of a process known as backtesting. 
It is extremely important to go through this exercise, ideally across multiple time intervals, to 
ensure that the VaR estimation method adopted is reasonably accurate. For example, if the 

41 An example of a defined-benefit pension plan’s obligation is the promise to pay, for each year of service, 
a certain percentage of a vested participant’s average salary in their final five years of service; this promise 
may include cost-of-living adjustments.
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VaR estimate is based on daily observations and targets a 0.05 probability, then in addition to 
ensuring that approximately a dozen threshold violations occur during a given year, it is also 
useful to check other, shorter time intervals, including the most recent quarter (for which, 
given 60-odd trading days, we would expect approximately three VaR exceptions—i.e., losses 
greater than the calculated VaR), and the most recent month (20 observations, implying a 
single VaR exception). Note that the results should not be expected to precisely match the 
probability level predictions but should at a minimum be of similar magnitude. If the results 
vary much from those that the model predicts, then users must examine the reasons and make 
appropriate adjustments.

An accurate VaR estimate can also be extremely difficult to obtain for complex organiza-
tions. In the simple example we used previously, VaR was driven solely by the large- and small-
cap US stocks. For a large international bank, however, the exposures might be to a variety 
of domestic and international interest rate markets, numerous exchange rates, perhaps some 
equity markets, and even some commodity markets. A bank could have exposure to literally 
thousands of risks. Consolidating the effects of these exposures into a single risk measure can 
be extremely difficult. Nonetheless, most large banks manage to do so.

VaR has the attraction of quantifying the potential loss in simple terms and can be easily 
understood by senior management. Regulatory bodies have taken note of VaR as a risk measure, 
and some require that institutions provide it in their reports. In the United States, the Securi-
ties and Exchange Commission now requires publicly traded companies to report how they are 
managing financial risk. VaR is one acceptable method of reporting that information.

Another advantage of VaR is its versatility. Many companies use VaR as a measure of their 
capital at risk. They will estimate the VaR associated with a particular activity, such as a line of 
business, an individual asset manager, a subsidiary, or a division. Then, they evaluate perfor-
mance, taking into account the VaR associated with this risky activity. In some cases, companies 
allocate capital based on VaR. For example, a pension fund might determine its overall accept-
able VaR and then inform each asset class manager that it can operate subject to its VaR not ex-
ceeding a certain amount. The manager’s goal is to earn the highest return possible given its VaR 
allocation. This activity is known as risk budgeting; we cover it in more detail in a later section.

In summary, VaR has notable advantages and disadvantages. Controversy and criticism 
have surrounded it.42 Nevertheless, if a risk manager uses VaR with full awareness of its limi-
tations, he should definitely gain useful information about risk. Even if VaR gives an incorrect 
measure of the loss potential, the risk manager can take this risk measurement error into ac-
count when making the key overall decisions—provided, of course, that the magnitude of the 
error can be measured and adjusted for with some level of precision, e.g., through backtesting 
a VaR method against historical data. The controversy remains, but VaR as a risk measure is 
unlikely to ever be completely rejected. It should not, however, be used in isolation. VaR is 
often paired with stress testing, discussed in a subsequent section. Remember too that no risk 

42 A well-known critic of VaR has likened its use to flying an aircraft with a potentially flawed altimeter. 
With an altimeter, a pilot may think he knows the correct altitude. Without an altimeter, the pilot will 
look out the window. Of course, this argument presumes that there are no clouds below. The probability 
of hitting trees or a mountain is the joint probability that the aircraft is too low and that the altimeter 
gives a false signal, which is less than the simple probability that the aircraft is too low. Aware of the 
potential for the altimeter to be flawed, the pilot will also seek information from other sources, which 
themselves are less than 100% accurate. So will the risk manager when using VaR. Both will gauge the 
risk against their tolerance for risk and take appropriate action. We look at some of these other sources of 
risk information in the next section.
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measure can precisely predict future losses. It is important to ensure that the inputs to the VaR 
calculation are as reliable as possible and relevant to the current investment mix.

5.4. E xtensions and Supplements to VaR

Risk managers have developed several useful extensions and supplements to VaR. In this sec-
tion, we review several of the more noteworthy.

A key concern to risk managers is the evaluation of the portfolio effect of a given risk. 
The ability to isolate the effect of a risk, particularly in complex portfolios with high cor-
relation effects, is very important. We can use incremental VaR (IVaR) to investigate the effect. 
Incremental VaR measures the incremental effect of an asset on the VaR of a portfolio by 
measuring the difference between the portfolio’s VaR while including a specified asset and the 
portfolio’s VaR with that asset eliminated.43 We can also use IVaR to assess the incremental 
effect of a subdivision on an enterprise’s overall VaR. Although IVaR gives an extremely limited 
picture of the asset’s or portfolio’s contribution to risk, it nonetheless provides useful infor-
mation about how adding the asset will affect the portfolio’s overall risk as reflected in its VaR.

Some variations of VaR are cash flow at risk (CFAR) and earnings at risk (EAR). CFAR 
and EAR measure the risk to a company’s cash flow or earnings, respectively, instead of its 
market value as in the case of VaR. CFAR is the minimum cash flow loss that we expect to be 
exceeded with a given probability over a specified time period. EAR is defined analogously to 
CFAR but measures risk to accounting earnings. CFAR and EAR can be used when a company 
(or portfolio of assets) generates cash flows or profits but cannot be readily valued in a publicly 
traded market, or when the analyst’s focus is on the risk to cash flow and earnings, for example, 
in a valuation. CFAR and EAR can complement VaR’s perspective on risk.

Another useful tool to supplement VaR is the tail value at risk (TVaR), also known as the 
conditional tail expectation. TVaR is defined as the VaR plus the expected loss in excess of VaR, 
when such excess loss occurs. For example, given a 5% daily VaR, TVaR might be calculated as 
the average of the worst 5% of outcomes in a simulation.

VaR developed initially as a measure for market risk, which is the risk associated with the 
primary market forces of interest rates, exchange rates, stock prices, and commodity prices. 
With some difficulty, VaR can be extended to handle credit risk, the risk that a counterparty 
will not pay what it owes. More recent extensions of VaR have tended to focus on modeling 
assets with nonnormal underlying distributions. The use of conditional normal distribution 
based on different regimes is a very intriguing concept, but the mathematics used in this area 
can be daunting.44

5.5. S tress Testing

Managers often use stress testing (a term borrowed from engineering) to supplement VaR as 
a risk measure. The main purpose of VaR analysis is to quantify potential losses under nor-
mal market conditions. Stress testing, by comparison, seeks to identify unusual circumstances 
that could lead to losses in excess of those typically expected. Clearly, different scenarios will 
have attached probabilities of occurring that vary from the highly likely to the almost totally 

43 For more details, see Crouhy, Galai, and Mark (2001), Chapter 6.
44 For an extremely entertaining tour of some of the pitfalls of traditional risk analysis and some solutions, 
see Osband (2002).
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improbable. It is, therefore, the natural complement to VaR analysis. Two broad approaches 
exist in stress testing: scenario analysis and stressing models.

5.5.1. S cenario Analysis
Scenario analysis is the process of evaluating a portfolio under different states of the world. 
Quite often it involves designing scenarios with deliberately large movements in the key varia-
bles that affect the values of a portfolio’s assets and derivatives.

One type of scenario analysis, that of stylized scenarios, involves simulating a movement 
in at least one interest rate, exchange rate, stock price, or commodity price relevant to the port-
folio. These movements might range from fairly modest changes to quite extreme shifts. Many 
practitioners use standard sets of stylized scenarios to highlight potentially risky outcomes for 
the portfolio. Some organizations have formalized this process; for example, the Derivatives 
Policy Group recommends its members look at the following seven scenarios:

•	 parallel yield curve shifting by ±100 basis points (1 percentage point);
•	 yield curve twisting by ±25 basis points;45

•	 each of the four combinations of the above shifts and twists;
•	 implied volatilities changing by ±20% from current levels;
•	 equity index levels changing by ±10%;
•	 major currencies moving by ±6% and other currencies by ±20%;
•	 swap spread changing by ±20 basis points.

In 1988, the Chicago Mercantile Exchange introduced a system call SPAN to calculate 
collateral requirements based on their members’ total portfolios of futures and options. The 
objective of this system was to stress portfolios under a variety of scenarios. SPAN has become 
a very popular system among futures and options exchanges worldwide to set margin require-
ments. It offers a very useful, generalized form of scenario analysis that combines elements of 
VaR with some specified overlay based on real-world observation of the relationship among 
financial instruments.

Scenario analysis is a very useful enhancement to VaR, enabling those interested in risk 
analysis to identify and analyze specific exposures that might affect a portfolio. The results, of 
course, are only as good as implied by the accuracy of the scenarios devised. One problem with 
the stylized scenario approach is that the shocks tend to be applied to variables in a sequential 
fashion. In reality, these shocks often happen at the same time, have much different correla-
tions than normal, or have some causal relationship connecting them.

Another approach to scenario analysis involves using actual extreme events that have 
occurred in the past. Here, we might want to put our portfolio through price movements that 
simulate the stock market crash of October 1987; the collapse of Long-Term Capital Man-
agement in 1998; the technology stock bubble of the late 1990s; the abrupt bursting of said 
bubble, beginning in the spring of 2000; or the market reaction to the terrorist attacks of 11 
September 2001. This type of scenario analysis might be particularly useful if we think that the 
occurrence of extreme market breaks has a higher probability than that given by the probability 
model or historical time period being used in developing the VaR estimate. Stress testing of 
actual extreme events forces one to direct attention to these outcomes.

45 A twist is a nonparallel movement in the yield curve. An example of a twist is a 25-bps increase in short 
rates and no change in long rates, which would result in a flattening of the yield curve.
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We might also create scenarios based on hypothetical events—events that have never 
happened in the markets or market outcomes to which we attach a small probability. These 
types of scenarios are very difficult to analyze and may generate confusing outcomes, so it is 
important to carefully craft hypothetical analyses if they are to generate information that adds 
value to the risk management processes.

Having devised a series of appropriate scenarios, the next step in the process is to apply 
them to the portfolio. The key task here is to understand the instruments’ sensitivities to the 
underlying risk factors being stressed. This process is often a complex one that demands an 
understanding of the portfolio’s risk parameters such that we can make appropriate approxima-
tions from standardized risk characteristics such as betas, deltas, gammas, duration, and con-
vexity. Market liquidity is often a consideration also, especially when the underlying valuation 
models for assets assume arbitrage-free pricing, which assumes the ability to transact in any 
quantity. In addition, liquidity often dries up completely in a market crisis.

5.5.2. S tressing Models
Given the difficulty in estimating the sensitivities of a portfolio’s instruments to the scenarios 
we might design, another approach might be to use an existing model and apply shocks and 
perturbations to the model inputs in some mechanical way. This approach might be considered 
more scientific because it emphasizes a range of possibilities rather than a single set of scenari-
os, but it will be more computationally demanding. It is also possible to glean some idea of the 
likelihood of different scenarios occurring.

The simplest form of stressing model is referred to as factor push, the basic idea of which 
to is to push the prices and risk factors of an underlying model in the most disadvantageous 
way and to work out the combined effect on the portfolio’s value. This exercise might be ap-
propriate for a wide range of models, including option-pricing models such as Black–Scholes–
Merton, multifactor equity risk models, and term structure factor models. But factor push 
also has its limitations and difficulties—principally the enormous model risk that occurs in 
assuming the underlying model will function in an extreme risk climate.

Other approaches include maximum loss optimization—in which we would try to op-
timize mathematically the risk variable that will produce the maximum loss—and worst-case 
scenario analysis—in which we can examine the worst case that we actually expect to occur.

Overall stress testing is a valuable complement to VaR analysis and can highlight weak-
nesses in risk management procedures.

5.6.  Measuring Credit Risk

Credit risk is present when there is a positive probability that one party owing money to an-
other will renege on the obligation (i.e., the counterparty could default). If the defaulting party 
has insufficient resources to cover the loss or the creditor cannot impose a claim on any assets 
the debtor has that are unrelated to the line of business in which the credit was extended, the 
creditor can suffer a loss.46 A creditor might be able to recover some of the loss, perhaps by 
having the debtor sell assets and pay the creditors a portion of their claim.

46 The personal assets of a corporation’s owners are shielded from creditors by the principle of limited lia-
bility, which can also apply to certain partnerships. The law supporting limited liability is a fundamental 
one in most societies and supports the notion that default is a right. Indeed, option-pricing theory has 
been used to value this right as the option that it actually is.
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Credit losses have two dimensions: the likelihood of loss and the associated amount of 
loss (reflecting, of course, the amount of credit outstanding and the associated recovery rate). 
The likelihood of loss is a probabilistic concept: In every credit-based transaction, a given 
probability exists that the debtor will default. When a default does occur, however, creditors 
are often able to recover at least a portion of their investment, and as such, it is necessary and 
appropriate to assess the magnitude of this recovery (i.e., the recovery rate) in order to fully un-
derstand the risk profile of the credit dynamic. In relation to data on market risk, the amount 
of information available on credit losses is much smaller. Credit losses occur infrequently, and 
as such, the empirical data set from which to draw exposure inferences is quite limited. Al-
though some statistical data are available, historical recovery rates can be unreliable. It can be 
hard to predict what an asset could be sold for in bankruptcy proceedings, and claims are not 
always paid in the order specified by bankruptcy law.

In the risk management business, exposure must often be viewed from two different time 
perspectives. We must assess first the risk associated with immediate credit events and second 
the risk associated with events that may happen later. With respect to credit, the risk of events 
happening in the immediate future is called current credit risk (or, alternatively, jump-to-
default risk); it relates to the risk that amounts due at the present time will not be paid. For 
example, some risk exists that the counterparty could default on an interest or swap payment 
due immediately. Assuming, however, that the counterparty is solvent and that it will make the 
current payment with certainty, the risk remains that the entity will default at a later date. This 
risk is called potential credit risk, and it can differ quite significantly from current credit risk; 
the relationship between the two is a complex one. A company experiencing financial diffi-
culties at present could, with sufficient time, work out its problems and be in better financial 
condition at a later date. Regardless of which risk is greater, however, a creditor must assess 
credit risk at different points in time. In doing so, the creditor must understand how different 
financial instruments have different patterns of credit risk, both across instruments and across 
time within a given instrument. This point will be discussed later in this section.

Another element of credit risk, which blends current and potential credit risk, is the poss-
ibility that a counterparty will default on a current payment to a different creditor. Most 
direct lending or derivative-based credit contracts stipulate that if a borrower defaults on any 
outstanding credit obligations, the borrower is in default on them all (this is known as a 
cross-default provision). Creditors stipulate this condition as one means of controlling credit 
exposure; in particular, it allows them to act quickly to mitigate losses to counterparties unable 
to meet any of their obligations. For example, suppose Party A owes Party B, but no payments 
are due for some time. Party A, however, currently owes a payment to Party C and is unable to 
pay. A is, therefore, in default to Party C. Depending on what actions C takes, A may be forced 
into bankruptcy. If so, then B’s claim simply goes into the pool of other claims on A. In that 
case, A has technically defaulted to B without actually having a payment due.

In a previous section, we discussed how VaR is used to measure market risk. VaR is also 
used, albeit with greater difficulty, to measure credit risk. This measure is sometimes called 
credit VaR, default VaR, or credit at risk. Like ordinary VaR, it reflects the minimum loss with 
a given probability during a period of time. A company might, for example, quote a credit 
VaR of €10 million for one year at a probability of 0.05 (or a confidence level of 95%). In 
other words, the company has a 5% chance of incurring default-related losses of at least €10 
million in one year. Note that credit VaR cannot be separated from market VaR because credit 
risk arises from gains on market positions held. Therefore, to accurately measure credit VaR, 
a risk manager must focus on the upper tail of the distribution of market returns, where the 
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return to the position is positive, in contrast to market risk VaR, which focuses on the lower 
tail. Suppose the 5% upper tail of the market risk distribution is €5 million. The credit VaR 
can be roughly thought of as €5 million, but this thinking assumes that the probability of 
loss is 100% and the net amount recovered in the event of a loss is zero. Further refinements 
incorporating more-accurate measures of the default probability and recovery rate should lead 
to a lower and more accurate credit VaR. In addition, the explosion of volume and liquidity in 
the credit derivatives market has vastly increased the amount of information available to risk 
managers with respect to the problem of understanding how the marketplace values credit risk 
on a real-time basis. Nevertheless, estimating credit VaR is more complicated than estimating 
market VaR because credit events are rare and recovery rates are hard to estimate. Credit risk 
is less easily aggregated than market risk; the correlations between the credit risks of counter-
parties must be considered.

In the next sections, we present the perspective of option pricing theory on credit risk and 
the measurement of credit risk exposures for certain derivative contracts.

5.6.1.  Option-Pricing Theory and Credit Risk
Option theory enables us to better understand the nature of credit risk. In this section, we will 
see that the stock of a company with leverage can be viewed as a call option on its assets. This 
approach will lead to the result that a bond with credit risk can be viewed as a default-free bond 
plus an implicit short put option written by the bondholders for the stockholders.

Consider a company with assets with a market value of A0 and debt with a face value of F. 
The debt is in the form of a single zero-coupon bond due at time T. The bond’s market value 
is B0. Thus the stock’s market value is

S0 = A0 − B0  

At time T, the assets will be worth AT and the company will owe F. If AT ≥ F, the company will 
pay off its debt, leaving the amount AT − F for the stockholders. Thus ST will be worth AT − F. 
If the assets’ value is insufficient to pay off the debt (AT < F), the stockholders will discharge 
their obligation by turning over the assets to the bondholders. Thus the bondholders will re-
ceive AT, which is less than their claim of F, and the stockholders will receive nothing. The 
company is, therefore, bankrupt. Exhibit 10 illustrates these results by showing the payoffs to 
the two suppliers of capital.

Exhibit 10   Payoffs to the Suppliers of Capital to the Company

Payoffs at Time T

Source of Capital Market Value at Time 0 AT < F AT ≥ F

Bondholders B0 AT F

Stockholders S0 0 AT − F

Total B0 + S0 = A0 AT AT

Notice that the payoffs to the stockholders resemble those of a call option in which the 
underlying is the assets, the exercise price is F, and the option expires at time T, the bond 
maturity date. Indeed, the stock of a company with a single zero-coupon bond issue is a call 
option on the assets.
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To better understand the nature of stock as a call option, let us recall the concept of 
put–call parity,47 where p0 + S0 = c0 + X/(1 + r)T. The put price plus the underlying price equals 
the call price plus the present value of the exercise price. So, working this through for our own 
problem, we find the correspondences shown in Exhibit 11.

Exhibit 11   Equity as a Call Option on the Value of a Company

Variable Traditional Framework Current Framework

Underlying S0 (stock) A0 (value of assets)

Exercise price X F (face value of bond)

Time to expiration T T (maturity of bond)

Risk-free rate r r

Call price c0 S0 (value of stock)

Put price p0 p0

Note the last line. We see that in the traditional framework, there is a put option, which 
we know is an option to sell the underlying at a fixed price. In fact, we know from put–call 
parity that p0 = c0 − S0 + X/(1 + r)T. The put is equivalent to a long call, a short position in the 
underlying stock, and a long position in a risk-free bond with face value equal to the exercise 
price. In the current framework, the standard expression of put–call parity is p0 + A0 (put plus 
underlying) = S0 + F/(1 + r)T (stock plus present value of bond principal). Turning this ex-
pression around and reversing the order of the put and bond, we obtain

(1 )0 0 0A S F r pT= + + −

Noting, however, that by definition the asset value, A0, equals the stock’s market value, S0, 
plus the bond’s market value, B0,

A0 = S0 + B0  

we see that the bond’s market value must be equivalent to

10 0B F r pT( )= + −

The first term on the right-hand side is equivalent to a default-free zero-coupon bond paying 
F at maturity. The second term is a short put. The bondholders’ claim, which is subject to de-
fault, can thus be viewed as a default-free bond and a short put on the assets. In other words, 
the bondholders have implicitly written the stockholders a put on the assets. From the stock-
holders’ perspective, this put is their right to fully discharge their liability by turning over the 
assets to the bondholders, even though those assets could be worth less than the bondholders’ 
claim. In legal terminology, this put option is called the stockholders’ right of limited liability.

The existence of this implicit put option is the difference between a default-free bond 
and a bond subject to default. This approach to understanding credit risk forms the basis for 
models that use option-pricing theory to explain credit risk premiums, probabilities of default, 
and the valuation of companies that use leverage. In practice, the capital structures of most 

47 See Chance (2003), Chapter 4.
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companies are more complex than the one used here, but practical applications of model vari-
ants appear in the financial industry.

5.6.2.  The Credit Risk of Forward Contracts
Recall that forward contracts involve commitments on the part of each party. No cash is due at 
the start, and no cash is paid until expiration, at which time one party owes the greater amount 
to the other. The party that owes the larger amount could default, leaving the other with a 
claim of the defaulted amount. Each party assumes the other’s credit risk. Prior to expiration, 
no current credit risk exists, because no current payments are owed, but there is potential 
credit risk in connection with the payments to be made at expiration. Current credit risk arises 
when the contract is at its expiration. Below we will examine how potential credit risk changes 
during the life of the contract as the value of the underlying changes.

From the perspective of a given party, a forward contract’s market value can be easily 
calculated as the present value of the amount owed to the party minus the present value of the 
amount it owes. So, the market value at a given time reflects the potential credit risk. This is 
another reason why the calculation of market value is important: It indicates the amount of a 
claim that would be subject to loss in the event of a default.

For example, look at a forward contract that expires in one year. The underlying asset 
price is $100 and the risk-free interest rate is 5%. We can determine that the forward price is 
$100(1.05) = $105. We could then assume that three months later, the asset price is $102. We 
can determine that the long forward contract’s value at that time is $102 − $105/(1.05)0.75 = 
$0.7728. This is the value to the long because the contract is a claim on the asset, which is 
currently worth $102, and an obligation to pay $105 for it in nine months. To the holder of 
the long position, this contract is worth $0.7728, and to the holder of the short position, it is 
worth −$0.7728.

Which party bears the potential credit risk? The long’s claim is positive; the short’s claim 
is negative. Therefore, the long currently bears the credit risk. As it stands right now, the value 
of the long’s claim is $0.7728. No payment is currently due, and hence no current credit risk 
exists, but the payments that are due later have a present value of $0.7728. Actual default may 
or may not occur at expiration. Moreover, at expiration, the amount owed is unlikely to be this 
same amount. In fact, if the spot price falls enough, the situation will have turned around and 
the long could owe the short the greater amount. Nonetheless, in assessing the credit risk three 
months into the contract, the long’s claim is $0.7728. This claim has a probability of not being 
paid and also has the potential for recovery of a portion of the loss in the event of default. If the 
counterparty declares bankruptcy before the contract expires, the claim of the non-defaulting 
counterparty is the forward contract’s market value at the time of the bankruptcy, assuming 
this value is positive. So, if the short declares bankruptcy at this time, the long has a claim 
worth $0.7728. If the long declares bankruptcy, the long holds an asset worth $0.7728.

5.6.3.  The Credit Risk of Swaps
A swap is similar to a series of forward contracts. The periodic payments associated with a swap 
imply, however, that credit risk will be present at a series of points during the contract’s life. As 
with forward contracts, the swap’s market value can be calculated at any time and reflects the 
present value of the amount at risk for a credit loss (i.e., the potential credit risk).

Consider, for example, the case of a plain vanilla interest rate swap with a one-year life and 
quarterly payments at Libor. Using the term structure, we can determine that the swap has a 
fixed rate of 3.68%, leading to quarterly fixed payments of $0.0092 per $1 notional principal. 
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We then can move forward 60 days into the life of the swap and, with a new term structure, 
we can determine that the swap’s market value is $0.0047 per $1 notional principal. To the 
party that is long (i.e., paying fixed and receiving floating), the swap has a positive market 
value. To the counterparty, which pays floating and receives fixed, the claim has a market value 
of −$0.0047.

As with a forward contract, the market value indicates the present value of the payments 
owed to the party minus the present value of the payments the party owes. Only 60 days into 
the life of a swap with quarterly payments, no payment is due for 30 more days. Thus there 
is no current credit risk. There is, however, potential credit risk. The market value of $0.0047 
represents the amount that is at risk of loss for default. Of course, if default occurs, it will be 
at a later date when the amount will probably be different. Moreover, the market value could 
reverse its sign. At this time, the amount owed by the short to the long is greater, but at a later 
date, the amount owed by the long to the short could be greater. As with forward contracts, 
if the party to which the value is negative defaults, the counterparty has a claim of that value. 
If the party to which the value is positive defaults, the defaulting party holds an asset with the 
positive market value. Also, the counterparty could default to someone else, thereby being 
forced to declare bankruptcy before a payment on this swap is due. In that case, the swap’s 
market value at that time is either the claim of the creditor or the asset held by the bankrupt 
party in bankruptcy proceedings.

The credit risk of swaps can vary greatly across product types within this asset class and 
over a given swap’s lifetime. For interest rate and equity swaps, the potential credit risk is largest 
during the middle period of the swap’s life. During the beginning of a swap’s life, typically we 
would assume that the credit risk is small because, presumably, the involved counterparties 
have performed sufficient current credit analysis on one another to be comfortable with the 
arrangement or otherwise they would not engage in the transaction. At the end of the life of 
the swap, the credit risk is diminished because most of the underlying risk has been amortized 
through the periodic payment process. There are fewer payments at the end of a swap than at 
any other time during its life; hence, the amount a party can lose because of a default is smaller. 
This leaves the greatest exposure during the middle period, a point at which 1) the credit pro-
file of the counterparties may have changed for the worse and 2) the magnitude and frequency 
of expected payments between counterparties remain material. One exception to this pattern 
involves currency swaps, which often provide for the payment of the notional principal at the 
beginning and at the end of the life of the transaction. Because the notional principal tends to 
be a large amount relative to the payments, the potential for loss caused by the counterparty 
defaulting on the final notional principal payment is great. Thus, whereas interest rate swaps 
have their greatest credit risk midway during the life of the swap, currency swaps have their 
greatest credit risk between the midpoint and the end of the life of the swap.

5.6.4.  The Credit Risk of Options
Forward contracts and swaps have bilateral default risk. Although only one party will end up 
making a given payment, each party could potentially be the party owing the net amount. 
Options, on the other hand, have unilateral credit risk. The buyer of an option pays a cash 
premium at the start and owes nothing more unless, under the buyer’s sole discretion, he de-
cides to exercise the option. Once the premium is paid, the seller assumes no credit risk from 
the buyer. Instead, credit risk accrues entirely to the buyer and can be quite significant. If the 
buyer exercises the option, the seller must meet certain terms embedded in the contract. If the 
option is a call, the seller must deliver the underlying or pay an equivalent cash settlement. 
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If the option is a put, the seller must accept delivery of the underlying and pay for it or meet 
these obligations in the form of cash payments. If the seller fails to fulfill her end of the 
obligation, she is in default. Like forward contracts, European options have no payments due 
until expiration. Hence, they have no current credit risk until expiration, although significant 
potential credit risk exists.

Consider a European call option for which the underlying security has a price of 52.75 
and a standard deviation of 0.35. The exercise price is 50, the risk-free rate is 4.88% continu-
ously compounded, and the option expires in nine months. Using the Black–Scholes–Merton 
model, we find that the value of the option is 8.5580. The holder thus has potential credit risk 
represented by a present claim of 8.5580. This amount can be thought of as the amount that 
is at risk, even though at expiration the option will probably be worth a different amount. In 
fact, the option might even expire out of the money, in which case it would not matter if the 
short were bankrupt. If the short declares bankruptcy before expiration, the long has a claim 
on the value of the option under bankruptcy law.

If the option were American, the value could be greater. Moreover, with American op-
tions, current credit risk could arise if the option holder decides to exercise the option early. 
This alternative creates the possibility of the short defaulting before expiration.

Example 8  Calculating Credit Risk Exposures

Calculate the amount at risk of a credit loss in the following situations:

1.	A  US party goes long a forward contract on €1 denominated in dollars in which 
the underlying is the euro. The original term of the contract was two years, and the 
forward rate was $0.90. The contract now has 18 months or 1.5 years to maturity. 
The spot or current exchange rate is $0.862. The US interest rate is 6%, and the 
euro interest rate is 5%. The interest rates are based on discrete compounding/dis-
counting. At the point when the contract has 1.5 years remaining, the value of the 
contract to the long per $1 notional principal equals the spot exchange rate, $0.862, 
discounted at the international interest rate for 1.5 years, minus the forward rate, 
$0.90, discounted at the domestic interest rate for 1.5 years:48

$0.862
(1.05)

$0.90
(1.06)

$0.02351.5 1.5− = −

Evaluate the credit risk characteristics of this situation.
2.	 Consider a plain vanilla interest rate swap with two months to go before the next 

payment. Six months after that, the swap will have its final payment. The swap fixed 
rate is 7%, and the upcoming floating payment is 6.9%. All payments are based 
on 30 days in a month and 360 days in a year. Two-month Libor is 7.250%, and 

48 See Chance (2003), pp. 58–59.
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eight-month Libor is 7.375%. The present value factors for two and eight months 
can be calculated as follows:

1
1 0.0725(60 360)

0.9881

1
1 0.07375(240 360)

0.9531

+
=

+
=

		  The next floating payment will be 0.069(180/360) = 0.0345. The present value 
of the floating payments (plus hypothetical notional principal) is 1.0345(0.9881) = 
1.0222. Given an annual rate of 7%, the fixed payments will be 0.07(180/360) = 
0.035.

		  The present value of the fixed payments (plus hypothetical notional principal) 
is, therefore, 0.035(0.9881) + 1.035(0.9531) = 1.0210. Determine the amount at 
risk of a credit loss and state which party currently bears the risk. Assume a $1 no-
tional principal.

3.	A  dealer has sold a call option on a stock for $35 to an investor. The option is cur-
rently worth $46, as quoted in the market. Determine the amount at risk of a credit 
loss and state which party currently bears the risk.

Solution to 1:  The position has a negative value to the long, so the credit risk is currently 
borne by the short. From the short’s point of view, the contract has a value of $0.0235 
per $1 notional principal. No payments are due for 18 months, but the short’s claim 
on the long is worth $0.0235 more than the long’s claim on the short. Therefore, this 
amount is the current value of the amount at risk for a credit loss. Of course, the amount 
could, and probably will, change over the life of the contract. The credit risk exposure 
might even shift to the other party.

Solution to 2:  The market value of the swap to the party paying fixed and receiving 
floating is 1.0222 − 1.0210 = 0.0012. This value is positive to the party paying fixed and 
receiving floating; thus this party currently assumes the credit risk. Of course, the value 
will change over the life of the swap and may turn negative, meaning that the credit risk 
is then assumed by the party paying floating and receiving fixed.

Solution to 3: A ll of the credit risk is borne by the investor (the owner of the call), 
because he will look to the dealer (the seller) for the payoff if the owner exercises the 
option. The current value of the amount at risk is the market price of $46.

Derivatives’ credit risk can be quite substantial, but this risk is considerably less than that 
faced by most lenders. When a lender makes a loan, the interest and principal are at risk. The 
loan principal corresponds closely to the notional principal of most derivative contracts. With 
the exception of currency swaps, the notional principal is never exchanged in a swap. Even with 
currency swaps, however, the risk is much smaller than on a loan. If a counterparty defaults 
on a currency swap, the amount owed to the defaulting counterparty serves as a type of collat-
eral because the creditor is not required to pay it to the defaulting party. Therefore, the credit 
risk on derivative transactions tends to be quite small relative to that on loans. On forward 
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and swap transactions, the netting of payments makes the risk extremely small relative to the 
notional principal and to the credit risk on a bond or loan of equivalent principal.

5.7.  Liquidity Risk

One of the implicit assumptions in risk management with VaR is that positions can be liq-
uidated when they approach or move outside pre-agreed risk limits. In practice, some assets 
are far more liquid than others and practitioners will often liquidity-adjust VaR estimates 
accordingly. Wide bid–ask spreads in proportion to price are an obvious measure of the cost of 
trading an illiquid instrument or underlying security. But some instruments simply trade very 
infrequently at any price—a far more complex problem, because infrequently quoted prices 
often give the statistical illusion of low or lower volatility. This dynamic is counterintuitive, 
because we would expect instruments that are illiquid to have a higher bid–ask spread and 
higher volatilities.

A famous case of underestimating liquidity risk is the failure of the hedge fund Long-
Term Capital Management (LTCM) in 1998. LTCM was set up by a group of bond traders 
and academics and was engaged in arbitrage or relative value trading on world fixed-income 
markets through the use of the swap market. The total equity in the fund peaked at around  
$5 billion, but this amount was leveraged around 25 times (perhaps substantially more when 
the full impact of derivatives is considered). The BIS estimated that the notional value of the 
swaps entered into by LTCM was around 2.4% of the entire world swap market. LTCM failed 
to appreciate the market moves that would occur when it attempted to liquidate positions, par-
ticularly those in illiquid, emerging, fixed-income markets. The New York Federal Reserve was 
forced to act for fear of a global financial crisis and organized a consortium of 14 international 
banks to manage the assets of the fund. In the end, and after substantial financial help, LTCM’s 
investors lost more than 90% of their equity.

5.8.  Measuring Nonfinancial Risks

Nonfinancial risks are intrinsically very difficult to measure. Indeed, some of the nonfinancial 
exposures we have discussed, such as regulatory risk, tax risk, legal risk, and accounting risk, 
could easily be thought of as not measurable in any precise mathematical way. They are unlike 
market risk and the VaR concept because we usually lack an observable distribution of losses 
related to these factors.

Some of these risks could be thought of as more suitable for insurance than measurement 
and hedging. Like a flood that occurs every 50 years, they might well affect a large number of 
instruments or contracts. Here, it is possible to learn from best practice in the insurance indus-
try. Insurance companies usually have sufficient assets and are capitalized to withstand these 
uncertain events. Where it is possible to model a source of risk, actuaries often use techniques 
like extreme value theory, but even these techniques are only as good as the historical data on 
which they are based.

5.8.1.  Operational Risk
Until a few years ago, the subject of operational risk received little attention, and ideas 
about actually measuring operational risk were practically unheard of. But a number of well-
publicized losses at financial institutions, ranging from a breakdown of internal systems to 
rogue employees and in some cases employee theft, have put operational risk justifiably into 
the forefront.
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Furthermore, the explicit mention of operational risk requirements in the Basel II banking 
regulations has created real advantages for banks that can credibly measure their operational 
risks. This, in turn, has led to an explosion in the academic literature relating to the measure-
ment of operational risk and its role in enterprise risk systems.

Example 9  Basel II—A Brief Overview

The Basel banking regulations apply only to large international banks, but national 
governments use them as a guideline in formulating their own financial laws and reg-
ulations, so the regulations have much more widespread importance. In January 2001, 
the Basel Committee on Banking Supervision issued a proposal for a New Basel Capital 
Accord that would replace the 1988 Capital Accord. This first accord, “Basel I,” was 
widely criticized for being too inflexible in applying an across-the-board 8% capital 
adequacy ratio that made no discrimination between a well risk-managed bank and one 
that was not.49

The Basel II proposal incorporates three mutually reinforcing pillars that allow 
banks and supervisors to evaluate properly the various risks that banks face:

•	 Pillar 1: Capital Requirements;
•	 Pillar 2: Supervisory Review;
•	 Pillar 3: Market Discipline.

The first pillar of Basel II moves away from a blanket, one-size-fits-all approach and 
allows banks to develop their own mathematically based financial models. Once these 
internally developed techniques have been successfully demonstrated to the regulators, 
banks are able to progress to higher levels of risk management that within the accord are 
offset by reduced regulatory capital charges. Key to these higher levels of risk manage-
ment are advanced systems for managing credit risk and operational risk.

The second pillar, supervisory review, requires banks to meet Basel-recommended 
operational risk requirements that have been tailored by their host country. “Risky” 
banks, whose risk management systems score lowly in the areas of market risk and op-
erational risk, face penalties. Better-risk-managed banks will have major competitive 
advantages over rivals, in that, all else equal, they are likely to be subject to reduced 
capital requirements per unit of risk.

The third pillar says that banks must fulfill the Basel requirements for transparency 
and disclosing company data. A key point here is that banks must reveal more detail 
about their profits and losses, which may lead to a supervisory authority reviewing risk 
systems and changing the capital allocation under the first pillar.

49 A capital adequacy ratio is a measure of the adequacy of capital in relation to assets. The purpose of 
capital is to absorb unanticipated losses with sufficient margin to permit the entity to continue as a going 
concern. Basel I specified a capital adequacy ratio as a percent of the credit-risk-weighted assets on the 
bank’s balance sheet, where bank assets were divided into four broad categories. For more details, see 
Saunders and Cornett (2003).
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6.  Managing Risk 

Having established methods for the identification and measurement of risk, we turn our atten-
tion to a critical stage of any solid risk management program: that of managing risk. The key 
components, which by now should be somewhat intuitive to you, are as follows:

•	 An effective risk governance model, which places overall responsibility at the senior man-
agement level, allocates resources effectively and features the appropriate separation of tasks 
between revenue generators and those on the control side of the business.

•	 Appropriate systems and technology to combine information analysis in such a way as to 
provide timely and accurate risk information to decision makers.

•	 Sufficient and suitably trained personnel to evaluate risk information and articulate it to 
those who need this information for the purposes of decision making.

A recent advertisement for the RiskMetrics Group (www.riskmetrics.com) identified the 
following nine principles of effective risk management:

•	 There is no return without risk. Rewards go to those who take risks.
•	 Be transparent. Risk should be fully understood.
•	 Seek experience. Risk is measured and managed by people, not mathematical models.
•	 Know what you don’t know. Question the assumptions you make.
•	 Communicate. Risk should be discussed openly.
•	 Diversify. Multiple risks will produce more consistent rewards.
•	 Show discipline. A consistent and rigorous approach will beat a constantly changing strategy.
•	 Use common sense. It is better to be approximately right than to be precisely wrong.
•	 Return is only half the equation. Decisions should be made only by considering the risk and 

return of the possibilities.

Risk management is in so many ways just good common business sense. It is quite 
remarkable, however, that commonsense rules are violated so easily and so often. But that 
problem is not unique to risk management.

Currently, two professional organizations are devoted to risk management. The Global 
Association of Risk Professionals (GARP) and the Professional Risk Managers’ International 
Association (PRMIA) are actively involved in promoting knowledge in the field of risk man-
agement. You may wish to visit their websites at www.garp.com and www.prmia.org.

With these principles in mind, in the following section, we will discuss the various com-
ponents of a well-adapted risk-control program.

6.1.  Managing Market Risk

Let us assume we have correctly identified the sources of market risk that affect our busi-
ness. Further assume that we have decided on an appropriate way to measure market risk and 
successfully deployed the systems we need to monitor our positions and measure our risk in 
a timely way. The result is an appropriate firmwide VaR estimate and associated breakdown 
by business area. Now we must ask ourselves the following questions: How do we know how 
much risk is acceptable for us to take? What is the overall exposure assumption capacity for the 
enterprise, and how close to full capacity should we run? We already know that VaR is not a 
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measure of the maximum possible loss but only a probabilistic guide to the minimum loss we 
might expect with a certain frequency over a certain time frame.

Our enterprise risk management system will be incomplete without a well-thought-out 
approach to setting appropriate risk tolerance levels and identifying the proper corrective 
behavior to take if our actual risks turn out to be significantly higher or lower than is consis-
tent with our risk tolerance. Note here that in many circumstances, it could cause as many 
problems to take too little risk as to take too much risk. As we noted at the beginning of this 
reading, companies are in business to take risk and taking too little risk will more than likely 
reduce the possible rewards; it could even make the company vulnerable to takeover. In a more 
extreme scenario, insufficient risk-taking may lead to situations in which the expected return 
stands little chance of covering variable (let alone fixed) costs.

Corrective behavior in the case of excessive market risk will almost always result in the 
need for additional hedging or the scaling back of tradable positions. Quite often, however, 
liquidity and other factors will prevent perfect hedging, perhaps exacerbating risk concerns 
rather than mitigating them.

6.1.1. R isk Budgeting
In recent years, companies and portfolio managers have begun to implement a new approach 
to risk management called risk budgeting. It focuses on questions such as, “Where do we want 
to take risk?” and “What is the efficient allocation of risk across various units of an organization 
or investment opportunities?” Risk budgeting is relevant in both an organizational and a port-
folio management context.

To take an organizational perspective first, risk budgeting involves establishing objectives 
for individuals, groups, or divisions of an organization that take into account the allocation of 
an acceptable level of risk. As an example, the foreign exchange (FX) trading desk of a bank 
could be allocated capital of €100 million and permitted a daily VaR of €5 million. In other 
words, the desk is granted a budget, expressed in terms of allocated capital and an acceptable 
level of risk, expressed in euro amounts of VaR. In variations on this theme, instead of using 
VaR units an organization might allocate risk based on individual transaction size, the amount 
of working capital needed to support the portfolio, or the amount of losses acceptable for any 
given time period (e.g., one month). In any case, the innovation here is that the enterprise 
allocates risk capital before the fact in order to provide guidance on the acceptable amount of 
risky activities that a given unit can undertake.

A well-run risk-taking enterprise manages these limits carefully and constantly monitors 
their implementation. Any excesses are reported to management immediately for corrective 
action. Under this type of regime, management can compare the profits generated by each 
unit with the amount of capital and risk employed. So, to continue our example from above, 
say the FX trading desk made a quarterly profit of €20 million from its allocation. The bank’s 
fixed-income trading desk was allocated capital of €200 million and permitted a daily VaR of 
€5 million; the fixed-income trading desk made €25 million in quarterly trading profits. We 
note that the allocated daily VaRs for the two business areas are the same, so each area has the 
same risk budget, and that the fixed-income desk generated better returns on the VaR allo-
cation, but worse on the allocation of actual capital, than did the FX desk. (The FX desk shows 
a €20/€100 = 20% return on capital versus €25/€200 = 12.5% for the fixed-income desk.) 
This type of scenario is quite common and highlights the complexities of the interaction be-
tween risk management and capital allocation. Risk and capital are finite resources that must 
be allocated carefully.
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The sum of risk budgets for individual units will typically exceed the risk budget for the 
organization as a whole because of the impacts of diversification. Returning to our example, let 
us assume that for the enterprise in question, its FX and bond trading desks engage in activities 
that are only weakly correlated. In this case, our present allocation of capital and risk might 
make perfect sense. For example, the daily VaR of the two business areas combined might be 
€7 million (i.e., 70% of the combined risk allocation for the two desks), for which we again 
generate a total quarterly profit of €20,000,000 + €25,000,000 = €45 million.

Alternatively, say the two business areas are very highly correlated (their correlation coeffi-
cient equals 1) and their combined daily VaR is €5,000,000 + €5,000,000 = €10 million (i.e., 
100% of the aggregate VaR allocation across desks). The combined profit is still €20,000,000 + 
€25,000,000 = €45 million. Under these circumstances—and particularly if the bank’s man-
agement believes that the correlations will remain strong—management might consider closing 
down the fixed-income desk to generate 0.20(€100,000,000 + €200,000,000) = €60 million of 
returns on the 3(€5,000,000) = €15 million of VaR. Contrast this strategy with that of closing 
down the foreign exchange trading desk and allocating all of the capital and risk to the bond 
trading desk, which would produce 0.125(€200,000,000 + €100,000,000) = €37.5 million in 
profit for the €7.5 million in VaR, representing a lower return on capital and a higher return 
on VaR.

A risk-budgeting perspective has also been applied to allocating funds to portfolio man-
agers. Consider an active investor who wants to allocate funds optimally to several domestic 
and nondomestic equity and fixed-income investment managers. Such an investor might 
focus on tracking risk as the primary risk measure and decide on an overall maximum 
acceptable level for it, such as 200 basis points. The expected information ratio (IR) for 
each manager is one possible measure of each manager’s ability to add value, considering 
the managers in isolation.50 In this application, however, it is appropriate for the investor 
to adjust each manager’s IR to eliminate the effect of asset class correlations; such correla-
tion-adjusted IRs will capture each manager’s incremental ability to add value in a portfolio 
context. Using such correlation-adjusted IRs, we can determine the optimal tracking risk 
allocation for each investment manager (which, intuitively, is positively related to his corre-
lation-adjusted IR).51

Through these two examples, we edge toward some understanding of risk-adjusted perfor-
mance measures, which we will discuss in greater detail later in the reading. The point about 
risk budgeting is that it is a comprehensive methodology that empowers management to allo-
cate capital and risk in an optimal way to the most profitable areas of a business, taking account 
of the correlation of returns in those business areas.

It once again bears mention that for many portfolio managers, risk budget allocations 
should be measured in relation to risk to the surplus—that is, the difference between the values 
of assets and liabilities.

50 The information ratio is active return divided by active risk; it measures active return per unit of active 
risk.
51 See Waring, Whitney, Pirone, and Castile (2000) and references therein for further reading.
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Example 10  A Fund Management Company and Risk Budgeting

We can readily illustrate the methodology and underlying economics of risk budgeting 
with the example of a fund management company. We choose, for this example, a mul-
tistrategy hedge fund, because although mutual funds and other types of institutional 
money managers certainly face similar risk management issues, they are often bound 
by strict guidelines that tie their risk budgeting to factors such as the performance of a 
benchmark index and other mandated fund management protocols. For example, the 
Vanguard family of mutual funds offers a wide range of indexed mutual funds. These 
funds’ associated risk budgets are very narrowly defined, as the managers are called on at 
all times to track the underlying index very closely in terms of securities held, associated 
portfolio weightings, and so forth. As investor funds flow in and out of these securities, 
portfolio managers execute trades that do little more than reestablish this replication 
balance. Of course, many institutional fund products allow for much broader deviations 
from market benchmarks; in most cases, however, risk budgeting will be constrained by 
certain principles associated with benchmarking.

Hedge funds with multiple portfolio managers (as well as, in some cases, the pro-
prietary trading divisions of banks and broker/dealers) have many fewer risk constraints 
than indexed mutual funds; they have more freedom, therefore, in establishing risk 
budgets. Because of the absolute return (as opposed to benchmark-driven) nature of 
their performance, and because of issues such as performance netting risk covered ear-
lier in this reading, it is very much in their interest to ensure that each portfolio in the 
enterprise operates within a well-conceived risk budget framework. Included among the 
critical components of such a program might be the following:

•	 Performance Stopouts A  performance stopout is the maximum amount that a giv-
en portfolio is allowed to lose in a period (e.g., a month or a year).

•	 Working Capital Allocations  Most funds will allocate a specific amount of work-
ing capital to each portfolio manager, both as a means of enforcing risk disciplines 
and also to ensure the ability to fund all operations.

•	 VaR Limits  Discussed above.
•	 Scenario Analysis Limits  The risk manager of the fund company may establish risk 

limits based on the scenario analysis discussed in the preceding section. Under such 
an approach, the portfolio manager would be compelled to construct a portfolio 
such that under specified scenarios, it did not produce losses greater than certain 
predetermined amounts.

•	 Risk Factor Limits  Portfolio managers may be subject to limits on individual risk 
factors, as generated by a VaR analysis (e.g., VaR exposure to a certain risk cannot 
exceed, say, $X or X%) or driven by linear (e.g., duration, beta) or nonlinear (e.g., 
convexity, gamma) risk estimation methodologies.

•	 Position Concentration Limits  Many risk managers seek to enforce diversification 
by mandating a specific maximum amount for individual positions.

•	 Leverage Limits A  maximum amount of leverage in the portfolio may be specified.
•	 Liquidity Limits T o help manage liquidity exposure, large funds will often also set 

position limits as a specified maximum percentage of daily volume, float, or open 
interest.
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6.2.  Managing Credit Risk

It is important that creditors do a good job of measuring and controlling credit risk. Estimat-
ing default probabilities is difficult because of the infrequency of losses for many situations 
where credit risk exists. Moreover, credit losses differ considerably from losses resulting from 
market moves. Credit is a one-sided risk. If Party B owes Party A the amount of £1,000, B 
will end up paying A either £1,000 or some amount ranging from zero to £1,000. A’s rate of 
return is certainly not normally distributed and not even symmetric. All of the risk is down-
side. Thus credit risk is not easily analyzed or controlled using such measures as standard 
deviation and VaR. Creditors need to regularly monitor the financial condition of borrowers 
and counterparties. In addition, they can use the risk management techniques for credit 
discussed below.

6.2.1. R educing Credit Risk by Limiting Exposure
Limiting the amount of exposure to a given party is the primary means of managing credit risk. 
Just as a bank will not lend too much money to one entity, neither will a party engage in too 
many derivatives transactions with one counterparty. Exactly how much exposure to a given 
counterparty is “too much” is still not easy to quantify. Experienced risk managers often have 
a good sense of when and where to limit their exposure, and they make extensive use of quan-
titative credit exposure measures to guide them in this process. Banks have regulatory con-
straints on the amount of credit risk they can assume, which are specified in terms of formulas.

6.2.2. R educing Credit Risk by Marking to Market
One device that the futures market uses to control credit risk is marking tradable positions 
to market. The OTC derivatives market also uses marking to market to deal with credit 
risk: Some OTC contracts are marked to market periodically during their lives. Recall that 
a forward contract or swap has a market value that is positive to one party and negative to 
another. When a contract calls for marking to market, the party for which the value is nega-
tive pays the market value to the party for which the value is positive. Then the fixed rate on 
the contract is recalculated, taking into account the new spot price, interest rate, and time to 
expiration.

Recall that we examined a one-year forward contract with an initial forward price of $105. 
Three months later, when the asset price was $102, its value was $0.7728 to the long. If the 
contract were marked to market at that time, the short would pay the long $0.7728. Then, the 
two parties would enter into a new contract expiring in nine months with a new forward price, 
which would be $102(1.05)0.75 = $105.80.

Of course, other types of limits are imposed on portfolio managers in a mult-
istrategy environment, and by the same token, the risk-budgeting strategy of a given 
enterprise may include only a subset of the examples provided immediately above. Nev-
ertheless, some subset of these limit structures is present in nearly every multistrategy 
fund vehicle, and it is difficult to imagine an effective risk control system that does not 
set limits.
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OTC options usually are not marked to market because their value is always positive to 
one side of the transaction. Of course, one party of the option certainly bears credit risk, but 
marking to market is usually done only with contracts with two-way credit risk. Option credit 
risk is normally handled by collateral.

6.2.3. R educing Credit Risk with Collateral
The posting of collateral is a widely accepted credit exposure mitigant in both lending and 
derivatives transactions. One very prominent example of its use comes from futures markets, 
which require that all market participants post margin collateral. Beyond this, many OTC 
derivative markets have collateral posting provisions, with the collateral usually taking the 
form of cash or highly liquid, low-risk securities. A typical arrangement involves the routine, 
periodic posting of values sufficient to cover mark-to-market deficiencies. To illustrate, if a 
given derivatives contract has a positive value to Party A and a negative value to Party B, then 
Party B owes more than Party A, and Party B must put collateral into an account designated 
for this purpose. As the contract’s market value changes, the amount of collateral that must be 
maintained will vary, increasing as the market value increases and vice versa. At some point, if 
the market value of the transaction changes sign (i.e., goes from positive to negative for one of 
the participants), the collateral position will typically reverse itself, with the entity previously 
posting collateral seeing a release of these assets and the other participant in the transaction 
experiencing a collateral obligation. In addition to market values, collateral requirements are 
sometimes also based on factors such as participants’ credit ratings.

6.2.4. R educing Credit Risk with Netting
One of the most common features used in two-way contracts with a credit risk component, 
such as forwards and swaps, is netting. This process, which we have already briefly discussed, 
involves the reduction of all obligations owed between counterparties into a single cash trans-
action that eliminates these liabilities. For example, if a payment is due and Party A owes more 
to Party B than B owes to A, the difference between the amounts owed is calculated and Party 

Example 11  Repricing a Forward Contract

Consider a one-year forward contract established at a rate of $105. The contract is four 
months into its life. The spot price is $108, the risk-free rate is 4.25%, and the underly-
ing makes no cash payments. The two parties decided at the start that they will mark the 
contract to market every four months. The market value of the contract is $108 − $105/
(1.0425)8/12 = $5.873. Determine how the cash flows and resets would work under 
these circumstances.

Solution:  The contract is positive to the long, so the short pays the long $5.873. The 
parties then reprice the contract. The new price is $108(1.0425)8/12 = $111.04. At this 
point, the forward price is reset to $111.04. The parties will then mark to market again 
at the eight-month point and reset the forward price. This price will then stay in force 
until expiration.
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A pays the net amount owed. This procedure, called payment netting, reduces the credit risk 
by reducing the amount of money that must be paid. If Party A owes €100,000 to Party B, 
which owes €40,000 to A, then the net amount owed is €60,000, which A owes to B. Without 
netting, B would need to send €40,000 to A, which would send €100,000 to B. Suppose B was 
in the process of sending its €40,000 to A but was unaware that A was in default and unable 
to send the €100,000 to B. If the €40,000 is received by A, B might be unable to get it back 
until the bankruptcy court decides what to do, which could take years. Using netting, only the 
€60,000 owed by A to B is at risk.

In the examples we have seen so far, netting is applied on the payment date. The concept 
of netting can be extended to the events and conditions surrounding a bankruptcy. Suppose 
A and B are counterparties to a number of derivative contracts. On some of the contracts, the 
market value to A is positive, while on others, the market value to B is positive. If A declares 
bankruptcy, the parties can use netting to solve a number of problems. If A and B agree to do 
so before the bankruptcy, they can net the market values of all of their derivative contracts to 
determine one overall value owed by one party to another. It could well be the case that even 
though A is bankrupt, B might owe more to A than A owes to B. Then, rather than B being a 
creditor to A, A’s claim on B becomes one of A’s remaining assets. This process is referred to as 
closeout netting.

During this bankruptcy process, netting plays an important role in reducing a practice 
known in the financial services industry as cherry picking, which in this case would involve a 
bankrupt company attempting to enforce contracts that are favorable to it while walking away 
from those that are unprofitable. In our example, without netting, A could default on the con-
tracts in which it owes more to B than B owes to A, but B could be forced to pay up on those 
contracts in which it owes more to A than A owes to B.

To be supported through the bankruptcy process, however, netting must be recognized 
by the legal system and works best when each party’s rights and obligations are specified at 
the time before or contemporaneous to the executions of transactions. Most, but not all, legal 
jurisdictions recognize netting.

6.2.5. R educing Credit Risk with Minimum Credit Standards and Enhanced Derivative 
Product Companies
As noted above, the first line of defense against credit risk is limiting the amount of business 
one party engages in with another. An important and related concept is to ensure that all 
credit-based business is undertaken with entities that have adequate levels of credit quality. 
The historical standard measures for such credit quality come from rating agencies such as 
Moody’s Investors Service and Standard & Poor’s. Some companies will not do business with 
an enterprise unless its rating from these agencies meets a prescribed level of credit quality. This 
practice can pose a problem for some derivatives dealers, most of which engage in other lines of 
business that expose them to a variety of other risks; for example, banks are the most common 
derivatives dealers. To an end user considering engaging in a derivative contract with a dealer, 
the potential for the dealer’s other business to cause the dealer to default is a serious concern. 
Banks, in particular, are involved in consumer and commercial lending, which can be quite 
risky. In the United States, for example, we have seen banking crises involving bad loans to the 
real estate industry and underdeveloped countries.

The possibility that bad loans will cause a bank to default on its derivatives transactions is 
quite real, and credit ratings often reflect this possibility. In turn, ratings are a major determi-
nant in business flows for banks that act as dealers. Hence, many derivatives dealers have taken 
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action to control their exposure to rating downgrades. One such action is the formation of a 
type of subsidiary that is separate from the dealer’s other activities. These subsidiaries are re-
ferred to as enhanced derivatives products companies (EDPCs), sometimes known as special 
purpose vehicles (SPVs). These companies are usually completely separate from the parent or-
ganization and are not liable for the parent’s debts. They tend to be very heavily capitalized and 
are committed to hedging all of their derivatives positions. As a result of these features, these 
subsidiaries almost always receive the highest credit quality rating by the rating agencies. In the 
event that the parent goes bankrupt, the EDPC is not liable for the parent company’s debts; if 
the EDPC goes under, however, the parent is liable for an amount up to its equity investment 
and may find it necessary to provide even more protection. Hence, an EDPC would typically 
have a higher credit rating than its parent. In fact, it is precisely for the purpose of obtaining 
the highest credit rating, and thus the most favorable financing terms with counterparties, that 
banks and broker dealers go through the expense of putting together EDPCs.

6.2.6. T ransferring Credit Risk with Credit Derivatives
Another mechanism for managing credit risk is to transfer it to another party. Credit deriv-
atives provide mechanisms for such transfers. Credit derivatives include such contracts as credit 
default swaps, total return swaps, credit spread options, and credit spread forwards. These 
transactions are typically customized, although the wording of contract provisions is often 
standardized. In a credit default swap, the protection buyer pays the protection seller in return 
for the right to receive a payment from the seller in the event of a specified credit event. In 
a total return swap, the protection buyer pays the total return on a reference obligation (or 
basket of reference obligations) in return for floating-rate payments. If the reference obligation 
has a credit event, the total return on the reference obligation should fall; the total return 
should also fall in the event of an increase in interest rates, so the protection seller (total return 
receiver) in this contract is actually exposed to both credit risk and interest rate risk. A credit 
spread option is an option on the yield spread of a reference obligation and over a referenced 
benchmark (such as the yield on a specific default-free security of the same maturity); by con-
trast, a credit spread forward is a forward contract on a yield spread. Credit derivatives may 
be used not only to eliminate credit risk but also to assume credit risk. For example, an investor 
may be well positioned to assume a credit risk because it is uncorrelated with other credit risks 
in her portfolio.52

6.3.  Performance Evaluation

In order to maximize risk-adjusted return through the capital allocation process, we must meas-
ure performance against risks assumed and budgeted at both the business unit or substrategy 
level and enterprise or overall portfolio level. All business activities should be evaluated against 
the risk taken, and a considerable body of knowledge has developed concerning the evaluation 
of investment performance from a risk-adjusted perspective. Traditional approaches, which 
take into account return against a risk penalty, are now used in other areas of business activity 
besides portfolio management. Some banks and service providers have developed sophisticated 
performance evaluation systems that account for risk, and they have marketed these systems 
successfully to clients. Risk-adjusted performance, as measured against sensible benchmarks, is 

52 For more information on credit derivatives, see Fabozzi (2004b), Chapter 9, and Chance (2003), 
Chapter 9.
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a critically important capital allocation tool because it allows for the comparison of results in 
terms of homogeneous units of exposure assumption. Absent these measurement tools, market 
participants with high risk profiles are likely to be given higher marks for positive performance 
than they arguably deserve because they derive more from increased exposure assumption than 
they do from superior portfolio management methodologies. Furthermore, most investment 
professionals are compensated on the basis of the performance of their portfolios, trading po-
sitions, or investment ideas, and it is appropriate to judge performance in risk-adjusted terms.

Following is a list of standard methodologies for expressing return in units of exposure 
assumption:

•	 Sharpe Ratio The seminal measure for risk-adjusted return, the Sharpe ratio has become the 
industry standard. The traditional definition of this measure is as follows:53

=
−

sharpe ratio
Mean portfolio return risk-free rate
standard deviation of portfolio return

The basic idea, therefore, is entirely intuitive: The Sharpe ratio is the mean return earned in 
excess of the risk-free rate per unit of volatility or total risk. By subtracting a risk-free rate 
from the mean return, we can isolate the performance associated with risk-taking activities. 
One elegant outcome of the calculation is that a portfolio engaging in “zero risk” invest-
ment, such as the purchase of Treasury bills for which the expected return is precisely the 
risk-free rate, earns a Sharpe ratio of exactly zero.

The Sharpe ratio calculation is the most widely used method for calculating risk-ad-
justed return. Nevertheless, it can be inaccurate when applied to portfolios with significant 
nonlinear risks, such as options positions. In part for these reasons, alternative risk-adjusted 
return methodologies have emerged over the years, including the following.

•	 Risk-Adjusted Return on Capital (RAROC) This concept divides the expected return on 
an investment by a measure of capital at risk, a measure of the investment’s risk that can take 
a number of different forms and can be calculated in a variety of ways that may have pro-
prietary features. The company may require that an investment’s expected RAROC exceed a 
RAROC benchmark level for capital to be allocated to it.54

•	 Return over Maximum Drawdown (RoMAD) Drawdown, in the field of hedge fund 
management, is defined as the difference between a portfolio’s maximum point of return 
(known in industry parlance as its “high-water” mark), and any subsequent low point of 
performance. Maximum drawdown is the largest difference between a high-water and a 
subsequent low. Maximum drawdown is a preferred way of expressing the risk of a given 
portfolio—particularly as associated track records become longer—for investors who believe 
that observed loss patterns over longer periods of time are the best available proxy for actual 
exposure.

53 This traditional definition of the Sharpe ratio can be directly linked to the capital market line and re-
lated capital market theory concepts (see Elton, Gruber, Brown, and Goetzmann, 2003). Sharpe (1994), 
however, defines the Sharpe ratio as a general construct using the mean excess return in relation to a 
benchmark in the numerator and the standard deviation of returns in excess of the benchmark in the de-
nominator (see the discussion of the information ratio in the reading on evaluating portfolio performance 
for an illustration of this usage). Using the risk-free rate as the benchmark, the numerator would be as 
given in the text but the denominator would be the standard deviation of returns in excess of the risk-free 
rate (which, in practice, would infrequently result in significant discrepancies).
54 For more information on RAROC, see Saunders and Cornett (2003).
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Return over maximum drawdown is simply the average return in a given year that a portfolio 
generates, expressed as a percentage of this drawdown figure. It enables investors to ask the 
following question: Am I willing to accept an occasional drawdown of X% in order to gen-
erate an average return of Y%? An investment with X = 10% and Y = 15% (RoMAD = 1.5) 
would be more attractive than an investment with X = 40% and Y = 10% (RoMAD = 0.25).

•	 Sortino Ratio One school of thought concerning the measurement of risk-adjusted returns 
argues, with some justification, that portfolio managers should not be penalized for volatility 
deriving from outsized positive performance. The Sortino ratio adopts this perspective. The 
numerator of the Sortino ratio is the return in excess of the investor’s minimum acceptable 
return (MAR). The denominator is the downside deviation using the MAR as the target 
return.55  Downside deviation computes volatility using only rate of return data points 
below the MAR. Thus the expression for the Sortino ratio is

Sortino ratio = (Mean portfolio return − MAR)/Downside deviation

If the MAR is set at the risk-free rate, the Sortino ratio is identical to the Sharpe ratio, save 
for the fact that it uses downside deviation instead of the standard deviation in the denom-
inator. A side-by-side comparison of rankings of portfolios according to the Sharpe and 
Sortino ratios can provide a sense of whether outperformance may be affecting assessments 
of risk-adjusted performance. Taken together, the two ratios can tell a more detailed story of 
risk-adjusted return than either will in isolation, but the Sharpe ratio is better grounded in 
financial theory and analytically more tractable. Furthermore, departures from normality of 
returns can raise issues for the Sortino ratio as much as for the Sharpe ratio.

These approaches are only a subset of the methodologies available to investors wishing to 
calculate risk-adjusted returns. Each approach has both its merits and its drawbacks. Perhaps 
the most important lesson to bear in mind with respect to this mosaic is the critical need to 
understand the inputs to any method, so as to be able to interpret the results knowledgeably, 
with an understanding of their possible limitations.

6.4.  Capital Allocation

In addition to its unquestionable value in the task of capital preservation, risk management 
has become a vital, if not central, component in the process of allocating capital across units of 
a risk-taking enterprise. The use of inputs, such as volatility/correlation analysis, risk-adjusted 
return calculations, scenario analysis, etc., provides the allocators of risk capital with a much 
more informed means of arriving at the appropriate conclusions on how best to distribute this 
scarce resource. The risk management inputs to the process can be used in formal, mathemat-
ical, “optimization” routines, under which enterprises input performance data into statistical 
programs that will then offer appropriate capital allocation combinations to make efficient 
use of risk. Quantitative output may simply serve as background data for qualitative decision-
making processes. One way or another, however, risk management has become a vital input 
into the capital allocation process, and it is fair to describe this development as positive from 
a systemic perspective.

55 Downside deviation, the term usually used in presenting the Sortino ratio, could also be called a target 
semideviation (using MAR as the target).
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As part of the task of allocating capital across business units, organizations must determine 
how to measure such capital. Here there are multiple methodologies, and we will discuss five 
of them in further detail:

	 1.	 Nominal, Notional, or Monetary Position Limits U nder this approach, the enterprise 
simply defines the amount of capital that the individual portfolio or business unit can use 
in a specified activity, based on the actual amount of money exposed in the markets. It 
has the advantage of being easy to understand, and, in addition, it lends itself very nicely 
to the critical task of calculating a percentage-based return on capital allocated. Such 
limits, however, may not capture effectively the effects of correlation and offsetting risks. 
Furthermore, an individual may be able to work around a nominal position using other 
assets that can replicate a given position. For these reasons, although it is often useful to 
establish notional position limits, it is seldom a sufficient capital allocation method from a 
risk control perspective.

	 2.	 VaR-Based Position Limits A s an alternative or supplement to notional limits, enter-
prises often assign a VaR limit as a proxy for allocated capital. This approach has a number 
of distinct advantages, most notably the fact that it allocates capital in units of estimated 
exposure and thus acts in greater harmony with the risk control process. This approach 
has potential problems as well, however. Most notably, the limit regime will be only as 
effective as the VaR calculation itself; when VaR is cumbersome, less than completely 
accurate, not well understood by traders, or some combination of the above, it is difficult 
to imagine it providing rational results from a capital allocation perspective. In addition, 
the relation between overall VaR and the VaRs of individual positions is complex and can 
be counterintuitive.56 Nevertheless, VaR limits probably have an important place in any 
effective capital allocation scheme.

	 3.	 Maximum Loss Limits I rrespective of other types of limit regimes that it might have in 
place, it is crucial for any risk-taking enterprise to establish a maximum loss limit for each 
of its risk-taking units. In order to be effective, this figure must be large enough to enable 
the unit to achieve performance objectives but small enough to be consistent with the 
preservation of capital. This limit must represent a firm constraint on risk-taking activity. 
Nevertheless, even when risk-taking activity is generally in line with policy, management 
should recognize that extreme market discontinuities can cause such limits to be breached.

	 4.	 Internal Capital Requirements I nternal capital requirements specify the level of capital 
that management believes to be appropriate for the firm. Some regulated financial insti-
tutions, such as banks and securities firms, typically also have regulatory capital require-
ments that, if they are higher, overrule internal requirements. Traditionally, internal cap-
ital requirements have been specified heuristically in terms of the capital ratio (the ratio 
of capital to assets). Modern tools permit a more rigorous approach. If the value of assets 
declines by an amount that exceeds the value of capital, the firm will be insolvent. Say a 
0.01 probability of insolvency over a one-year horizon is acceptable. By requiring capital 
to equal at least one-year aggregate VaR at the 1% probability level, the capital should be 
adequate in terms of the firm’s risk tolerance. If the company can assume a normal return 
distribution, the required amount of capital can be stated in standard deviation units 
(e.g., 1.96 standard deviations would reflect a 0.025 probability of insolvency). A capital 

56 For example, one cannot add the VaR of individual positions to obtain a conservative measure (i.e., 
maximum) of overall VaR because it is possible for the sum of the VaRs to be greater than the VaR of the 
combined positions.
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requirement based on aggregate VaR has an advantage over regulatory capital require-
ments in that it takes account of correlations. Furthermore, to account for extraordinary 
shocks, we can stress test the VaR-based recommendation.

	 5.	 Regulatory Capital Requirements In addition, many institutions (e.g., securities firms 
and banks) must calculate and meet regulatory capital requirements. Wherever and when-
ever this is the case, it of course makes sense to allocate this responsibility to business 
units. Meeting regulatory capital requirements can be a difficult process, among other 
reasons because such requirements are sometimes inconsistent with rational capital allo-
cation schemes that have capital preservation as a primary objective. Nevertheless, when 
regulations demand it, firms must include regulatory capital as part of their overall alloca-
tion process.

Depending on such factors as the type of enterprise, its corporate culture, fiduciary obli-
gations, etc., the most effective approach to capital allocation probably involves a combination 
of most, if not all, of the above methodologies. The trick, of course, is to combine the appro-
priate ones in a rational and consistent manner that creates the proper incentives for balance 
between the dual objectives of profit maximization and capital preservation.

6.5.  Psychological and Behavioral Considerations

Over the past several years, a body of research has emerged that seeks to model the behavio-
ral aspects of portfolio management. This concept has important implications for risk man-
agement for two reasons. First, risk takers may behave differently at different points in the 
portfolio management cycle, depending on such factors as their recent performance, the risk 
characteristics of their portfolios, and market conditions. Second, and on a related note, risk 
management would improve if these dynamics could be modeled.

Although the topic merits more discussion than we can possibly include in this context, 
the main factor to consider from a risk management perspective is the importance of estab-
lishing a risk governance framework that anticipates the points in a cycle when the incentives 
of risk takers diverge from those of risk capital allocators. One prominent example (although 
by no means the only one) occurs when portfolio managers who are paid a percentage of their 
profits in a given year fall into a negative performance situation. The trader’s situation does 
not deteriorate from a compensation perspective with incremental losses at this point (i.e., the 
trader is paid zero, no matter how much he loses), but of course the organization as a whole 
suffers from the trader’s loss. Moreover, the risks at the enterprise level can be nonlinear under 
these circumstances because of concepts of netting risk covered earlier in this reading. These 
and other behavioral issues can be handled best by risk control and governance processes that 
contemplate them. One such example is limit setting, which can, with some thought, easily 
incorporate many of these issues.57

7. S ummary

Financial markets reward competence and knowledge in risk management and punish mis-
takes. Portfolio managers must therefore study and understand the discipline of successful 

57 Those interested in studying these topics further may wish to refer to Grant (2004) and Kiev (2002).



Chapter 6  Risk Management� 359

risk management. In this reading, we have introduced basic concepts and techniques of risk 
management and made the following points:

•	 Risk management is a process involving the identification of the exposures to risk, the es-
tablishment of appropriate ranges for exposures, the continuous measurement of these ex-
posures, and the execution of appropriate adjustments to bring the actual level and desired 
level of risk into alignment. The process involves continuous monitoring of exposures and 
new policies, preferences, and information.

•	 Typically, risks should be minimized wherever and whenever companies lack comparative 
advantages in the associated markets, activities, or lines of business.

•	 Risk governance refers to the process of setting risk management policies and standards for 
an organization. Senior management, which is ultimately responsible for all organizational 
activities, must oversee the process.

•	 Enterprise risk management is a centralized risk management system whose distinguishing 
feature is a firm-wide or across-enterprise perspective on risk.

•	 Financial risk refers to all risks derived from events in the external financial markets. Non-
financial risk refers to all other forms of risk. Financial risk includes market risk (risk related 
to interest rates, exchange rates, stock prices, and commodity prices), credit risk, and liquid-
ity risk. The primary sources of nonfinancial risk are operations risk, model risk, settlement 
risk, regulatory risk, legal risk, tax risk, and accounting risk.

•	 Traditional measures of market risk include linear approximations such as beta for stocks, 
duration for fixed income, and delta for options, as well as second-order estimation tech-
niques such as convexity and gamma. For products with option-like characteristics, tech-
niques exist to measure the impact of changes in volatility (vega) and the passage of time 
(theta). Sensitivity to movements in the correlation among assets is also relevant for certain 
types of instruments.

•	 Value at risk (VaR) estimates the minimum loss that a party would expect to experience with 
a given probability over a specified period of time. Using the complementary probability 
(i.e., 100% minus the given probability stated as a percent), VaR can be expressed as a max-
imum loss at a given confidence level. VaR users must make decisions regarding appropriate 
time periods, confidence intervals, and specific VaR methodologies.

•	 The analytical or variance–covariance method can be used to determine VaR under the 
assumption that returns are normally distributed by subtracting a multiple of the standard 
deviation from the expected return, where the multiple is determined by the desired proba-
bility level. The advantage of the method is its simplicity. Its disadvantages are that returns 
are not normally distributed in any reliable sense and that the method does not work well 
when portfolios contain options and other derivatives.

•	 The historical method estimates VaR from data on a portfolio’s performance during a his-
torical period. The returns are ranked, and VaR is obtained by determining the return that 
is exceeded in a negative sense 5% or 1% (depending on the user’s choice) of the time. The 
historical method has the advantage of being simple and not requiring the assumption of 
a normal distribution. Its disadvantage is that accurate historical time-series information is 
not always easily available, particularly for instruments such as bonds and options, which 
behave differently at different points in their life spans.

•	 Monte Carlo simulation estimates VaR by generating random returns and determining 
the 5% or 1% (depending on the user’s choice) worst outcomes. It has the advantages that 
it does not require a normal distribution and can handle complex relationships among 
risks. 
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•	 VaR can be difficult to estimate, can give a wide range of values, and can lead to a false sense 
of security that risk is accurately measured and under control. VaR for individual positions 
do not generally aggregate in a simple way to portfolio VaR. VaR also puts all emphasis on 
the negative outcomes, ignoring the positive outcomes. It can be difficult to calculate VaR 
for a large complex organization with many exposures. On the other hand, VaR is a simple 
and easy-to-understand risk measure that is widely accepted. It is also adaptable to a variety 
of uses, such as allocating capital.

•	 Incremental VaR measures the incremental effect of an asset on the VaR of a portfolio. Cash 
flow at risk and earnings at risk measure the risk to a company’s cash flow or earnings instead 
of market value, as in the case of VaR. Tail value at risk is VaR plus the expected loss in 
excess of VaR, when such excess loss occurs. Stress testing is another important supplement 
to VaR.

•	 Credit risk has two dimensions, the probability of default and the associated recovery rate.
•	 Credit risk in a forward contract is assumed by the party to which the market value is pos-

itive. The market value represents the current value of the claim that one party has on the 
other. The actual payoff at expiration could differ, but the market value reflects the current 
value of that future claim.

•	 Credit risk in swaps is similar to credit risk in forward contracts. The market value represents 
the current value of the claim on the future payments. The party holding the positive market 
value assumes the credit risk at that time. For interest rate and equity swaps, credit risk is 
greatest near the middle of the life of the swap. For currency swaps with payment of notional 
principal, credit risk is greatest near the end of the life of the swap.

•	 Credit risk in options is one-sided. Because the seller is paid immediately and in full, she 
faces no credit risk. By contrast, the buyer faces the risk that the seller will not meet her ob-
ligations in the event of exercise. The market value of the option is the current value of the 
future claim the buyer has on the seller.

•	 VaR can be used to measure credit risk. The interpretation is the same as with standard 
VaR, but a credit-based VaR is more complex because it must interact with VaR based on 
market risk. Credit risk arises only when market risk results in gains to trading. Credit 
VaR must take into account the complex interaction of market movements, the possibility 
of default, and recovery rates. Credit VaR is also difficult to aggregate across markets and 
counterparties.

•	 Risk budgeting is the process of establishing policies to allocate the finite resource of risk 
capacity to business units that must assume exposure in order to generate return. Risk bud-
geting has also been applied to allocation of funds to investment managers.

•	 The various methods of controlling credit risk include setting exposure limits for individual 
counterparties, exchanging cash values that reflect mark-to-market levels, posting collateral, 
netting, setting minimum credit, using special-purpose vehicles that have higher credit rat-
ings than the companies that own them, and using credit derivatives.

•	 Among the measures of risk-adjusted performance that have been used in a portfolio context 
are the Sharpe ratio, risk-adjusted return on capital, return over maximum drawdown, and 
the Sortino ratio. The Sharpe ratio uses standard deviation, measuring total risk as the risk 
measure. Risk-adjusted return on capital accounts for risk using capital at risk. The Sortino 
ratio measures risk using downside deviation, which computes volatility using only rate-of-
return data points below a minimum acceptable return. Return over maximum drawdown 
uses maximum drawdown as a risk measure.

•	 Methods for allocating capital include nominal position limits, VaR-based position limits, 
maximum loss limits, internal capital requirements, and regulatory capital requirements.
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Problems 

	 1.	 Discuss the difference between centralized and decentralized risk management systems, 
including the advantages and disadvantages of each.

	 2.	S tewart Gilchrist follows the automotive industry, including Ford Motor Company. Based 
on Ford’s 2003 annual report, Gilchrist writes the following summary:

			   Ford Motor Company has businesses in several countries around the world. Ford 
frequently has expenditures and receipts denominated in non-US currencies, including 
purchases and sales of finished vehicles and production parts, subsidiary dividends, invest-
ments in non-US operations, etc. Ford uses a variety of commodities in the production 
of motor vehicles, such as non-ferrous metals, precious metals, ferrous alloys, energy, and 
plastics/resins. Ford typically purchases these commodities from outside suppliers. To fi-
nance its operations, Ford uses a variety of funding sources, such as commercial paper, 
term debt, and lines of credit from major commercial banks. The company invests any 
surplus cash in securities of various types and maturities, the value of which are subject 
to fluctuations in interest rates. Ford has a credit division, which provides financing to 
customers wanting to purchase Ford’s vehicles on credit. Overall, Ford faces several risks. 
To manage some of its risks, Ford invests in fixed-income instruments and derivative 
contracts. Some of these investments do not rely on a clearing house and instead effect 
settlement through the execution of bilateral agreements.

			B   ased on the above discussion, recommend and justify the risk exposures that should 
be reported as part of an Enterprise Risk Management System for Ford Motor Company.

	 3.	N atWest Markets (NWM) was the investment banking arm of National Westminster 
Bank, one of the largest banks in the United Kingdom. On 28 February 1997, NWM 
revealed that a substantial loss had been uncovered in its trading books. During the 1990s, 
NatWest was engaged in trading interest rate options and swaptions on several underlying 
currencies. This trading required setting appropriate prices of the options by the traders 
at NatWest. A key parameter in setting the price of an interest rate option is the implied 
volatility of the underlying asset—that is, the interest rate on a currency. In contrast to 
other option parameters that affect the option prices, such as duration to maturity and 
exercise price, implied volatility is not directly observable and must be estimated. Many 
option pricing models imply that the implied volatility should be the same for all options 
on the same underlying, irrespective of their exercise price or maturity. In practice, how-
ever, implied volatility is often observed to have a curvilinear relationship with the option’s 
moneyness (i.e., whether the option is out of the money, at the money, or in the money), 
a relationship sometimes called the volatility smile. Implied volatility tended to be higher 
for out-of-the-money options than for at-the-money options on the same underlying.

			N   WM prices on certain contracts tended to consistently undercut market prices, as 
if the out-of-the money options were being quoted at implied volatilities that were too 
low. When trading losses mounted in an interest rate option contract, a trader undertook 
a series of off-market-price transactions between the options portfolio and a swaptions 

 Practice Problems and Solutions: 1–18 taken from Managing Investment Portfolios: A Dynamic Process, 
Third Edition, John L. Maginn, CFA, Donald L. Tuttle, CFA, Jerald E. Pinto, CFA, and Dennis W. 
McLeavey, CFA, editors. © 2007 CFA Institute. All other problems and solutions © CFA Institute. All 
rights reserved.
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portfolio to transfer the losses to a type of contract where losses were easier to conceal. 
A subsequent investigation revealed that the back office did not independently value the 
trading positions in question and that lapses in trade reconciliation had occurred.

			   What type or types of risk were inadequately managed in the above case?
	 4.	S ue Ellicott supervises the trading function at an asset management firm. In conducting 

an in-house risk management training session for traders, Ellicott elicits the following 
statements from traders:

Trader 1 � “Liquidity risk is not a major concern for buyers of a security as opposed to 
sellers.”

Trader 2 � “In general, derivatives can be used to substantially reduce the liquidity risk of 
a security.”

		E  llicott and the traders then discuss two recent cases of a similar risk exposure in an iden-
tical situation that one trader (Trader A) hedged and another trader (Trader B) assumed as 
a speculation. A participant in the discussion makes the following statement concerning 
the contrasting treatment:

Trader 3 � “Our traders have considerable experience and expertise in analyzing the risk, 
and this risk is related to our business. Trader B was justified in speculating on 
the risk within the limits of his risk allocation.”

		S  tate and justify whether each trader’s statement is correct or incorrect.
	 5.	A  large trader on the government bond desk of a major bank loses €20 million in a year, in 

the process reducing the desk’s overall profit to €10 million. Senior management, on looking 
into the problem, determines that the trader repeatedly violated his position limits during 
the year. They also determine that the bulk of the loss took place in the last two weeks of 
the year, when the trader increased his position dramatically and experienced 80% of his 
negative performance. The bank dismisses both the trader and his desk manager. The bank 
has an asymmetric incentive compensation contract arrangement with its traders.
A.	 Discuss the performance netting risk implications of this scenario.
B.	A re there any reasons why the timing of the loss is particularly significant?
C.	 What mistakes did senior management make? Explain how these errors can be cor-

rected.
	 6.	 Ford Credit is the branch of Ford Motor Company that provides financing to Ford’s cus-

tomers. For this purpose, it obtains funding from various sources. As a result of its interest 
rate risk management process, including derivatives, Ford Credit’s debt reprices faster than 
its assets. This situation means that when interest rates are rising, the interest rates paid 
on Ford Credit’s debt will increase more rapidly than the interest rates earned on assets, 
thereby initially reducing Ford Credit’s pretax net interest income. The reverse will be true 
when interest rates decline.

			   Ford’s annual report provides a quantitative measure of the sensitivity of Ford Credit’s 
pretax net interest income to changes in interest rates. For this purpose, it uses interest rate 
scenarios that assume a hypothetical, instantaneous increase or decrease in interest rates of 
1 percentage point across all maturities. These scenarios are compared with a base case that 
assumes that interest rates remain constant at existing levels. The differences between the 
scenarios and the base case over a 12-month period represent an estimate of the sensitivity 
of Ford Credit’s pretax net interest income. This sensitivity as of year-end 2003 and 2002 
is as follows:
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Pretax Net Interest 
Income Impact Given 

a One Percentage Point 
Instantaneous Increase in 

Interest Rates (in Millions)

Pretax Net Interest 
Income Impact Given 

a One Percentage Point 
Instantaneous Decrease in 

Interest Rates (in Millions)

December 31, 2003 ($179) $179

December 31, 2002 ($153) $156

Source: Annual Report of Ford Motor Company, 2003.

			   Describe the strengths and weaknesses of the interest rate risk analysis presented in 
the foregoing table.

	 7.	A .	�A n organization’s risk management function has computed that a portfolio held in 
one business unit has a 1% weekly value at risk (VaR) of £4.25 million. Describe what 
is meant in terms of a minimum loss.

B.	 The portfolio of another business unit has a 99% weekly VaR of £4.25 million (stated 
using a confidence limit approach). Describe what is meant in terms of a maximum 
loss.

	 8.	E ach of the following statements about VaR is true except:
A.	 VaR is the loss that would be exceeded with a given probability over a specific time period.
B.	E stablishing a VaR involves several decisions, such as the probability and time period 

over which the VaR will be measured and the technique to be used.
C.	 VaR will be larger when it is measured at 5% probability than when it is measured at 

1% probability.
D.	 VaR will be larger when it is measured over a month than when it is measured over a day.

	 9.	S uppose you are given the following sample probability distribution of annual returns on 
a portfolio with a market value of $10 million.

Return on Portfolio Probability

Less than −50% 0.005

−50% to −40% 0.005

−40% to −30% 0.010

−30% to −20% 0.015

−20% to −10% 0.015

−10% to −5% 0.165

−5% to 0% 0.250

0% to 5% 0.250

5% to 10% 0.145

10% to 20% 0.075

20% to 30% 0.025

30% to 40% 0.020

40% to 50% 0.015

Greater than 50% 0.005

1.000
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		B  ased on this probability distribution, determine the following:
A.	 1% yearly VaR.
B.	 5% yearly VaR.

	10.	A n analyst would like to know the VaR for a portfolio consisting of two asset classes: long-
term government bonds issued in the United States and long-term government bonds 
issued in the United Kingdom. The expected monthly return on US bonds is 0.85%, 
and the standard deviation is 3.20%. The expected monthly return on UK bonds, in US 
dollars, is 0.95%, and the standard deviation is 5.26%. The correlation between the US 
dollar returns of UK and US bonds is 0.35. The portfolio market value is $100 million 
and is equally weighted between the two asset classes. Using the analytical or variance–
covariance method, compute the following:
A.	 5% monthly VaR.
B.	 1% monthly VaR.
C.	 5% weekly VaR.
D.	 1% weekly VaR.

	11.	Y ou invested $25,000 in the stock of Dell Computer Corporation in early 2011. You have 
compiled the monthly returns on Dell’s stock during the period 2006–2010, as given 
below.

2006 2007 2008 2009 2010

−0.0214 −0.0347 −0.1824 −0.0723 −0.1017

−0.0106 −0.0566 −0.0070 −0.1021 0.0264

0.0262 0.0158 0.0010 0.1114 0.1344

−0.1196 0.0862 −0.0648 0.2257 0.0786

−0.0313 0.0675 0.2378 −0.0043 −0.1772

−0.0362 0.0609 −0.0512 0.1867 −0.0953

−0.1137 −0.0203 0.1229 −0.0255 0.0978

0.0401 0.0100 −0.1156 0.1831 −0.1110

0.0129 −0.0230 −0.2416 −0.0360 0.1020

0.0652 0.1087 −0.2597 −0.0531 0.1099

0.1196 −0.1980 −0.0844 −0.0228 −0.0816

−0.0789 −0.0012 −0.0833 0.0170 0.0250

		U  sing the historical method, compute the following:
A.	 5% monthly VaR.
B.	 1% monthly VaR.

	12.	 Consider a $10 million portfolio of stocks. You perform a Monte Carlo simulation to 
estimate the VaR for this portfolio. You choose to perform this simulation using a normal 
distribution of returns for the portfolio, with an expected annual return of 14.8% and a 
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standard deviation of 20.5%. You generate 700 random outcomes of annual return for 
this portfolio, of which the worst 40 outcomes are given below.

−0.400 −0.320 −0.295 −0.247

−0.398 −0.316 −0.282 −0.233

−0.397 −0.314 −0.277 −0.229

−0.390 −0.310 −0.273 −0.226

−0.355 −0.303 −0.273 −0.223

−0.350 −0.301 −0.261 −0.222

−0.347 −0.301 −0.259 −0.218

−0.344 −0.300 −0.253 −0.216

−0.343 −0.298 −0.251 −0.215

−0.333 −0.296 −0.248 −0.211

		U  sing the above information, compute the following:
A.	 5% annual VaR.
B.	 1% annual VaR.

13.	A .	�A  firm runs an investment portfolio consisting of stocks as well as options on stocks. 
Management would like to determine the VaR for this portfolio and is thinking about 
which technique to use. Discuss a problem with using the analytical or variance–
covariance method for determining the VaR of this portfolio.

B.	 Describe a situation in which an organization might logically select each of the three 
VaR methodologies.

	14.	A n organization’s 5% daily VaR shows a number fairly consistently around €3 million. 
A backtest of the calculation reveals that, as expected under the calculation, daily port-
folio losses in excess of €3 million tend to occur about once a month. When such losses 
do occur, however, they typically are more than double the VaR estimate. The portfolio 
contains a very large short options position.
A.	I s the VaR calculation accurate?
B.	H ow can the VaR figure best be interpreted?
C.	 What additional measures might the organization take to increase the accuracy of its 

overall exposure assessments?
	15.	I ndicate which of the following statements about credit risk is (are) false, and explain 

why.
A.	B ecause credit losses occur often, it is easy to assess the probability of a credit loss.
B.	 One element of credit risk is the possibility that the counterparty to a contract will 

default on an obligation to another (i.e., third) party.
C.	 Like the buyer of a European-style option, the buyer of an American-style option faces 

no current credit risk until the expiration of the option.
	16.	R icardo Colón, an analyst in the investment management division of a financial services 

firm, is developing an earnings forecast for a local oil services company. The company’s 
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income is closely linked to the price of oil. Furthermore, the company derives the majority 
of its income from sales to the United States. The economy of the company’s home coun-
try depends significantly on export oil sales to the United States. As a result, movements in 
world oil prices in US dollar terms and the US dollar value of the home country’s currency 
are strongly positively correlated. A decline in oil prices would reduce the company’s sales 
in US dollar terms, all else being equal. On the other hand, the appreciation of the home 
country’s currency relative to the US dollar would reduce the company’s sales in terms of 
the home currency.

			A   ccording to Colón’s research, Raúl Rodriguez, the company’s chief risk officer, has 
made the following statement:

			   “The company has rejected hedging the market risk of a decline in oil prices by selling 
oil futures and hedging the currency risk of a depreciation of the US dollar relative to our 
home currency by buying home currency futures in US markets. We have decided that a 
more effective risk management strategy for our company is to not hedge either market 
risk or currency risk.”
A.	S tate whether the company’s decision to not hedge market risk was correct. Justify 

your answer with one reason.
B.	S tate whether the company’s decision to not hedge currency risk was correct. Justify 

your answer with one reason.
C.	 Critique the risk management strategy adopted.

17.	T ony Smith believes that the price of a particular underlying, currently selling at $96, 
will increase substantially in the next six months, so he purchases a European call option 
expiring in six months on this underlying. The call option has an exercise price of $101 
and sells for $6.
A.	H ow much is the current credit risk, if any?
B.	H ow much is the current value of the potential credit risk, if any?
C.	 Which party bears the credit risk(s), Tony Smith or the seller?

18.	 Following are four methods for calculating risk-adjusted performance: the Sharpe 
ratio, risk-adjusted return on capital (RAROC), return over maximum drawdown (Ro-
MAD), and the Sortino ratio. Compare and contrast the measure of risk that each 
method uses.

The following information relates to Questions 19–24
Monika Kreuzer chairs the risk management committee for DGI Investors, a European money 
management firm. The agenda for the 1 June committee meeting includes three issues con-
cerning client portfolios:

	 1.	E stimating a new value at risk (VaR) for the Stimson Industries portfolio.
	 2.	A nswering questions from Kalton Corporation managers.
	 3.	R evising the VaR for Muth Company given new capital market expectations.

1. VaR for Stimson Industries. DGI currently provides a 5% yearly VaR on the equity port-
folio that it manages for Stimson. The €50 million portfolio has an expected annual return of 
9.6% and an annual standard deviation of 18.0%. With a standard normal distribution, 5% 
of the possible outcomes are 1.65 standard deviations or more below the mean. Using the ana-
lytical (variance–covariance) method for calculating VaR, DGI estimates the 5% yearly VaR to 
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be €10.05 million. Assuming that monthly returns are independent, committee member Eric 
Stulz wants to estimate a 5% monthly VaR for Stimson’s portfolio.

Stulz asks his fellow committee members for feedback on the following statements about 
VaR in a report he is preparing for Stimson Industries:

Statement #1: � “Establishing a VaR involves several decisions, such as the probabil-
ity and time period over which the VaR will be measured and the 
technique to be used.”

Statement #2: � “A portfolio’s VaR will be larger when it is measured at a 5% proba-
bility than when it is measured at a 1% probability.”

Statement #3: � “A portfolio’s VaR will be larger when it is measured over a month 
than when it is measured over a day.”

2. Questions from Kalton Corporation Managers. Kalton Corporation has two large deriva-
tives positions with a London securities house. The first position is a long forward currency con-
tract to buy pounds at €1.4500. The current exchange rate is €1.4000 per pound. The second 
position is a long put position on the DJ Euro STOXX Index with a strike price of 305.00. The 
current closing price of the index is 295.00. A Kalton manager has written, “I am concerned 
about the risks of these two large positions. Who is bearing the credit risks, Kalton Corporation 
or the counterparty (the London securities house)?” Kreuzer suggests that DGI reply: “Kalton 
Corporation is bearing the credit risk of the currency forward contract, but the London securi-
ties house is bearing the credit risk of the put option on the DJ Euro STOXX Index.”

Because they believe that the credit risk in corporate bonds is going to decline, Kalton 
Corporation managers have decided to increase Kalton’s credit risk exposure in corporate 
bonds. They have asked Kreuzer and the risk management committee to recommend deriva-
tives positions to accomplish this change.
3. Revising the VaR for Muth Company. Kreuzer provides a variety of statistics to Muth, for 
whom DGI manages a portfolio composed of 50% in Asia-Pacific equities and 50% in Euro-
pean equities. One of the statistics that Kreuzer supplies Muth is a 5% monthly VaR estimate 
based on the analytical (variance–covariance) method. Kreuzer is concerned that changes in 
the market outlook will affect Muth’s risk. DGI is updating its capital market expectations, 
which will include 1) an increase in the expected return on Asia-Pacific equities and 2) an 
increase in the correlation between Asia-Pacific equities and European equities. Kreuzer com-
ments: “Considered independently, and assuming that other variables are held constant, each 
of these changes in capital market expectations will increase the monthly VaR estimate for the 
Muth portfolio.”

Kreuzer also discusses the limitations and strengths of applying VaR to the Muth port-
folio. She states that: “One of the advantages of VaR is that the VaR of individual positions 
can be simply aggregated to find the portfolio VaR.” Kreuzer also describes how VaR can be 
supplemented with performance evaluation measures, such as the Sharpe ratio. She states: “The 
Sharpe ratio is widely used for calculating a risk-adjusted return, although it can be an inaccu-
rate measure when applied to portfolios with significant options positions.”

	19.	 The monthly VaR that Stulz wants to estimate for the Stimson portfolio is closest to:
A.	 €0.8 million.
B.	 €2.9 million.
C.	 €3.9 million.
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	20.	R egarding the three statements in the report that Stulz is preparing for Stimson Industries, 
the statement that is incorrect is:
A.	S tatement #1.
B.	S tatement #2.
C.	S tatement #3.

	21.	R egarding Kalton’s two derivatives positions, is Kreuzer correct about which party is bear-
ing the credit risk of the currency forward contract and the put option on the DJ Euro 
STOXX Index, respectively?

Currency Forward 
Contract

Put Option on the DJ 
Euro STOXX Index

A. No No
B. No Yes
C. Yes Yes

22.	T o make the desired change in Kalton’s credit risk exposure in corporate bonds, Kreuzer 
could recommend that Kalton take a position as a:
A.	 seller in a credit default swap.
B.	 buyer in a credit default swap.
C.	 buyer of a put option on a corporate bond.

23.	I s Kreuzer correct in predicting the independent effects of the increase in the expected 
return and the increase in the correlation, respectively, on the calculated VaR of the Muth 
portfolio?

Effect of Increase in the 
Expected Return

Effect of Increase in 
the Correlation

A. No No
B. No Yes
C. Yes No

24.	A re Kreuzer’s statements about an advantage of VaR and about the Sharpe ratio, respec-
tively, correct?

Statement about an 
Advantage of VaR

Statement about the 
Sharpe Ratio

A. No No
B. No Yes
C. Yes Yes
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Chapter  7
Risk Management 

Applications of Forward 
and Futures Strategies

Don M. Chance, PhD, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 demonstrate the use of equity futures contracts to achieve a target beta for a stock portfolio 
and calculate and interpret the number of futures contracts required;

•	 construct a synthetic stock index fund using cash and stock index futures (equitizing cash);
•	 explain the use of stock index futures to convert a long stock position into synthetic cash;
•	 demonstrate the use of equity and bond futures to adjust the allocation of a portfolio 

between equity and debt;
•	 demonstrate the use of futures to adjust the allocation of a portfolio across equity sectors and 

to gain exposure to an asset class in advance of actually committing funds to the asset class;
•	 explain exchange rate risk and demonstrate the use of forward contracts to reduce the risk 

associated with a future receipt or payment in a foreign currency;
•	 explain the limitations to hedging the exchange rate risk of a foreign market portfolio and 

discuss feasible strategies for managing such risk.

 Analysis of Derivatives for the Chartered Financial Analyst® Program, by Don M. Chance, CFA. © 2003 
CFA Institute. All rights reserved.
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1. I ntroduction

In preceding readings, we examined the characteristics and pricing of forwards, futures, op-
tions, and swaps. On occasion, we made reference to possible ways in which these instruments 
could be used. In the readings that follow, we examine more specifically the strategies and 
applications that are commonly used with these instruments. Here we focus on forward and 
futures contracts. These instruments are quite similar. Both involve commitments for one 
party to buy and the other to sell an underlying instrument at a future date at a price agreed on 
at the start of the contract. The underlying instrument might be an interest payment, a bond, 
a stock, or a currency. Forward contracts are customized agreements between two parties: The 
terms are agreed on by both parties in a formal legal contract that exists in an environment 
outside of regulatory constraints. Each party is subject to potential default on the part of the 
other. Futures contracts, on the other hand, are standardized instruments created on a futures 
exchange, protected against credit losses by the clearinghouse, and subject to federal regulatory 
oversight.

In this reading, we examine a number of scenarios in which parties facing risk manage-
ment problems use forward and futures contracts to alter the risk of their positions. In some 
situations we use forwards and in others we use futures. For cases in which either would suffice, 
we pick the instrument that is most commonly used in that type of situation. Although we 
shall not devote a great deal of space up front to justifying why we picked the instrument we 
did, we shall provide some discussion of this point in Section 6.

After completing this reading, you may be surprised to observe that we do not cover 
an important class of derivative strategies, those that are called arbitrage. This omission is 
not because they are not important enough to cover or that they are not risk management 
strategies; in fact, we have already covered them. When we covered the pricing of forwards, 
futures, options, and swaps, we explained how these instruments are priced by combining the 
underlying and risk-free bonds to replicate the derivative or by combining a long position in 
the underlying and a short position in the derivative to replicate a risk-free position. From 
there we obtained a formula that gives us the correct price of the derivative. An arbitrage profit 
is possible if the derivative is not priced according to the formula. We have already looked at 
how those strategies are executed. We should not expect to encounter arbitrage opportunities 
very often in practice. They are quickly captured by derivatives trading firms, which themselves 
cannot expect to be able to consistently claim such opportunities before they disappear.1

Businesses make products and provide services as they attempt to increase shareholder 
wealth. In doing so, they face a variety of risks. Managing risk lies at the heart of what com-
panies do. All companies specialize in managing the risk of whatever market their primary 
business is in: Airlines deal with the risk associated with the demand for air travel, software 
companies deal with the risk associated with the demand for new computer programs, movie 
companies deal with the risk associated with the demand for their films. But these companies 
also deal with other risks, such as the risk of interest rates and exchange rates. Usually these 

1 Suppose market participants assume that arbitrage opportunities are so infrequent and difficult to 
capture before they are gone that no one monitors market prices looking for arbitrage opportunities. 
Then these arbitrage opportunities will begin to occur more frequently. A market in which arbitrage 
opportunities are rare, and therefore prices are fair and accurate, is ironically a market in which partici-
pants believe they can indeed uncover and exploit arbitrage opportunities. Thus, an arbitrage-free market 
requires disbelievers.
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companies take calculated risks in their primary lines of business and avoid risks they do not 
feel qualified to take, such as interest rate risk and exchange rate risk. Naturally this approach 
involves a practice called hedging.

Hedging involves taking a market position to protect against an undesirable outcome. 
Suppose a company has a strong belief that interest rates will increase. It engages in a forward 
rate agreement (FRA) transaction to lock in the rate on a loan it will take out at a later date. 
This position protects the company from the undesirable outcome of an increase in interest 
rates, but it also prevents the company from enjoying any decline in rates. In that sense, the 
position is as much a speculative position as if a speculator had made the following prediction: 
We believe that interest rates will rise to an unacceptable level, and we intend to trade on that basis 
to make money. By engaging in the FRA to hedge this outcome, the company trades to make 
a profit from its FRA that will help offset any increase in the interest rate on its future loan. 
But by locking in a rate, it forgoes the possibility of benefiting from a decline in interest rates. 
The company has made a bet that rates will rise. If they fall, the company has lost the bet and 
lost money on its FRA that offsets the benefit of the lower interest rate on this loan planned 
for a later date.

In this reading we shall not overindulge in the use of the term hedging. We shall say that 
companies do more than hedge: They manage risk. They carefully consider scenarios and elect 
to adjust the risk they face to a level they feel is acceptable. In many cases, this adjustment will 
involve the reduction of risk; in some cases, however, the scenario will justify increasing the 
company’s risk. In all cases, the company is just altering the risk from its current level to the 
level the company desires. And that is what managing risk is all about.

This reading is divided into five main parts. Sections 2 and 3 focus on the management of 
interest rate and equity market risk, respectively. Section 4 combines interest rate and equity 
risk management applications by looking at how investors can manage an asset portfolio using 
futures. Section 5 looks at the management of foreign currency risk. In Section 6 we examine 
the general question of whether to use forwards or futures to manage risk, and in Section 7 we 
look at a few final issues.

2. S trategies and Applications for Managing 
Interest Rate Risk

Almost every business borrows money from time to time. A company borrowing at a fixed rate 
may think it is immune to interest rate risk, but that is not the case. Risk arises from the possi-
bility that interest rates can increase from the time the company decides to take the loan to the 
time it actually takes the loan. Most companies make plans to borrow based on their cash needs 
at specific future dates. The rates they pay on these loans are important determinants of their 
future cash needs, as reflected in their planned interest payments. Exposure to interest rate 
risk is, therefore, a major concern. Failing to manage interest rate risk can hinder the planning 
process, as well as result in unexpected demands on cash necessitated by unexpectedly higher 
interest payments.

2.1.  Managing the Interest Rate Risk of a Loan Using an FRA

There are several situations in which a company might want to manage the interest rate risk 
of a loan. The two we look at here involve a company planning to take out a loan at a later 
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date. In one situation, the loan has a single interest rate and a single interest payment. In 
another situation, a company takes out a floating-rate loan in which the interest rate is reset 
periodically.

2.1.1. S ingle-Payment Loan
Exhibit 1 presents the case of Global BioTechnology (GBT), which determines that it will need 
to borrow money at a later date at a rate of Libor plus 200 basis points. Fearing an increase in 
interest rates between now and the day it takes out the loan, it enters into a long position in 
an FRA. The FRA has a fixed rate, called the FRA rate. If the underlying rate at expiration is 
above the FRA rate, GBT as the holder of the long position will receive a lump sum of cash 
based on the difference between the FRA rate and the market rate at that time. This payment 
will help offset the higher rate GBT would be paying on its loan. If the rate in the market falls 
below the FRA rate, however, GBT will end up paying the counterparty, which will offset the 
lower rate GBT will be paying on its loan. The end result is that GBT will pay approximately 
a fixed rate, the FRA rate.

Exhibit 1  Using an FRA to Lock in the Rate on a Loan

Scenario (15 April)

Global BioTechnology (GBT) is a US corporation that occasionally undertakes short-term borrowings in 
US dollars with the rate tied to Libor. To facilitate its cash flow planning, it uses an FRA to lock in the 
rate on such loans as soon as it determines that it will need the money.

On 15 April, GBT determines that it will borrow $40 million on 20 August. The loan will be repaid 
180 days later on 16 February, and the rate will be at Libor plus 200 basis points. Because GBT believes 
that interest rates will increase, it decides to manage this risk by going long an FRA. An FRA will enable it 
to receive the difference between Libor on 20 August and the FRA rate quoted by the dealer on 15 April. 
The quoted rate from the dealer is 5.25%. GBT wants to lock in a 7.25% rate: 5.25% plus 200 basis 
points.

Action

GBT confirms that it will borrow $40 million at Libor plus 200 basis points on 20 August. GBT goes 
long an FRA at a rate of 5.25% to expire on 20 August with the underlying being 180-day Libor.

Scenario (20 August)

At contract expiration, 180-day Libor is 6%.

Outcome and Analysis

The FRA payoff is given by the general formula:
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GBT receives this amount in cash. Therefore, to obtain $40 million in cash, it has to borrow $40,000,000 – 
$145,631 = $39,854,369 at Libor plus 200 basis points, 0.06 + 0.02 = 0.08, or 8%. 

On 16 February GBT pays back $39,854,369[1 + 0.08(180/360)] = $41,448,544. So, it effectively 
pays a rate of

$41,448,544
$40,000,000

1
360
180

0.0724−









 =

The net effect is that GBT receives $40 million on 20 August and pays back $41,448,544 on 16 
February, a rate of 7.24%. This rate was effectively locked in on 15 April at the FRA rate of 5.25% plus 
the 200 basis points GBT pays over Libor.

Shown below are the results for possible Libors on 20 August of 2%, 4%, …, 10%.

Libor on 
20 August FRA Payoff

Amount 
Borrowed

Libor + 200 bps 
Loan Rate

Amount Repaid 
on 16 February

Effective 
Loan Rate

0.02 –$643,564 $40,643,564 0.04 $41,456,435 0.0728

0.04 –245,098 40,245,098 0.06 41,452,451 0.0726

0.06 145,631 39,854,369 0.08 41,448,544 0.0724

0.08 528,846 39,471,154 0.10 41,444,712 0.0722

0.10 904,762 39,095,238 0.12 41,440,952 0.0720

In this problem, the FRA rate is 5.25%. In the exhibit, we described an outcome in 
which the underlying rate, 180-day Libor, is 6%. GBT ends up paying 6% + 2% = 8% on the 
loan, but the FRA pays off an amount sufficient to reduce the effective rate to 7.24%. Note 
the table at the end of the exhibit showing other possible outcomes. In all cases, the rate GBT 
pays is approximately the FRA rate of 5.25% plus 200 basis points. This rate is not precisely 
7.25%, however, because of the way in which the FRA is constructed to pay off at expiration. 
When Libor on 20 August is above 5.25%, the FRA payoff on that day reduces the amount 
that has to be borrowed at Libor plus 200 basis points. This reduction works to the advantage 
of GBT. Conversely, when rates are below 5.25%, the amount that must be borrowed increas-
es but that amount is borrowed at a lower rate. Thus, there is a slight asymmetric effect of a 
few basis points that prevents the effective loan rate from precisely equaling 7.25%.

In a similar manner, a lender could lock in a rate on a loan it plans to make by going 
short an FRA. Lenders are less inclined to do such transactions, however, because they can-
not anticipate the exact future borrowing needs of their customers. In some cases, banks 
that offer credit lines at floating rates might wish to lock in lending rates using FRAs. But 
because the choice of whether to borrow is the borrower’s and not the lender’s, a lender 
that uses an FRA is taking considerable risk that the loan will not even be made. In that 
case, the lender would do better to use an option so that, in the worst case, it loses only the 
option premium.

Exhibit 1  (Continued)
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2.1.2. F loating-Rate Loan
In the example above, the loan involved only a single payment and, therefore, we had only 
one setting of an interest rate to worry about. Many loans are floating-rate loans, meaning that 
their rates are reset several times during the life of the loan. This resetting of the rate poses a 
series of risks for the borrower.

Example 1

ABTech plans to borrow $10 million in 30 days at 90-day Libor plus 100 basis points. 
To lock in a borrowing rate of 7%, it purchases an FRA at a rate of 6%. This contract 
would be referred to as a 1 × 4 FRA because it expires in one month (30 days) and the 
underlying Eurodollar matures four months (120 days) from now. Thirty days later, 
Libor is 7.5%. Demonstrate that ABTech’s effective borrowing rate is 7% if Libor in 
30 days is 7.5%.

Solution: I f Libor is 7.5% at the expiration of the FRA in 30 days, the payoff of the 
FRA is

×
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(0.075 0.06)(90 360)
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Because this amount is a cash inflow, ABTech will not need to borrow a full $10,000,000. 
Instead, it will borrow $10,000,000 – $36,810 = $9,963,190. 

The amount it will pay back in 90 days is

$9,963,190[1 + (0.075 + 0.01)(90/360)] = $10,174,908

The effective rate is, therefore,

$10,174,908
$10,000,000

1
360
90

0.07−



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



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ABTech borrows at Libor plus 100 basis points. Therefore, using an FRA, it should be 
able to lock in the FRA rate (6%) plus 100 basis points, which it does.
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Suppose a corporation is taking out a two-year loan. The rate for the initial six months is 
set today. The rate will be reset in 6, 12, and 18 months. Because the current rate is already in 
place, there is nothing the corporation can do to mitigate that risk.2 It faces, however, the risk 
of rising interest rates over the remaining life of the loan, which would result in higher interest 
payments.

One way to control this risk is to enter into a series of FRA transactions with each com-
ponent FRA tailored to expire on a date on which the rate will be reset. This strategy will 
not lock in the same fixed rate for each semiannual period, but different rates for each period 
will be locked in. Another alternative would be to use futures. For example, for a Libor-based 
loan, the Eurodollar futures contract would be appropriate. Nonetheless, the use of futures 
to manage this risk poses significant problems. One problem is that the Eurodollar futures 
contract has expirations only on specific days during the year. The Chicago Mercantile Ex-
change offers contract expirations on the current month, the next month, and a sequence of 
months following the pattern of March, June, September, and December. Thus, it is quite 
likely that no contracts would exist with expirations that align with the later payment reset 
dates. The Eurodollar futures contract expires on the second London business day before the 
third Wednesday of the month. This date might not be the exact day of the month on which 
the rate is reset. In addition, the Eurodollar futures contract is based only on the 90-day Eu-
rodollar rate, whereas the loan rate is pegged to the 180-day rate. Although many dealer firms 
use the Eurodollar futures contract to manage the risk associated with their over-the-counter 
derivatives, they do so using sophisticated techniques that measure and balance the volatility 
of the futures contract to the volatility of their market positions. Moreover, they adjust their 
positions rapidly in response to market movements. Without that capability, borrowers who 
simply need to align their interest rate reset dates with the dates on which their derivatives 
expire can do so more easily with swaps. We cover how this is done in the reading on risk 
management. Nevertheless, an understanding of how FRAs are used will help with an under-
standing of this application of swaps.

2.2. S trategies and Applications for Managing Bond Portfolio Risk

In Section 2.1, we dealt with the risk associated with short-term borrowing interest rates, 
which obviously affects short-term borrowers and lenders. The risk associated with longer-term 
loans primarily takes the form of bond market risk. Here we shall take a look at a firm man-
aging a government bond portfolio, that is, a lending position. The firm can manage the risk 
associated with interest rates by using futures on government bonds. In the next three sections, 
we explore how to measure the risk of a bond portfolio, measure the risk of bond futures, and 
balance those risks.

2.2.1.  Measuring the Risk of a Bond Portfolio
The sensitivity of a bond to a general change in interest rates is usually captured by assuming 
that the bond price changes in response to a change in its yield, which is driven by the general 

2 If a corporation were planning to take out a floating-rate loan at a later date, it would also be concerned 
about the first interest rate and might attempt to lock in that rate. In the example used here, we placed 
the company in a situation in which it already knows its initial rate and, therefore, is worried only about 
the remaining rate resets.
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level of rates. The responsiveness of a bond price to a yield change is captured in two ways: 
duration and basis point value.3

Duration is a measure of the size and timing of the cash flows paid by a bond. It quantifies 
these factors by summarizing them in the form of a single number, which is interpreted as an 
average maturity of the bond. To speak in terms of an average maturity of a bond of a given 
specific maturity sounds somewhat strange, but remember that a coupon bond is really just a 
combination of zero-coupon bonds.4 The average maturity of these component zero-coupon 
bonds is the duration. The average is not an ordinary average but a weighted average, with the 
weights based on the present values of the respective cash payments on the bonds. Hence, 
the weights are not equal, and the large principal repayment places the greatest emphasis on 
the final payment.

Suppose the bond price is B, the yield is yB, and Macaulay duration is DURB. Then the 
relationship between the change in the bond price and its yield is given as

∆ ≈ −
∆
+

B dur B
y

1 yB
B

B

where the Greek symbol Δ indicates “change in” and where the overall relationship is shown as 
an approximation (≈). For this relationship to be exact requires that the yield change be very 
small.5 The left-hand side, ΔB, is the change in the bond price. The negative sign on the right-
hand side is consistent with the inverse relationship between the bond price and its yield.6

A somewhat simplified version of the above equation is

ΔB ≈ –MDURBBΔyB

where MDURB = DURB/(1 + yB). MDURB is called the modified duration and is just an 
adjustment of the duration for the level of the yield. We shall use the relationship as captured 
by the modified duration.7

As an example, suppose the bond price is $922.50, modified duration is 5.47 years, and 
the yield increases by 15 basis points. Then the price change should be approximately

ΔB ≈ –5.47($922.50)(0.0015) = –$7.57

3 Readers may first wish to review some fixed-income securities material. See especially Chapter 7 of Fixed 
Income Analysis for the Chartered Financial Analyst Program, Frank J. Fabozzi (Frank J. Fabozzi Associates, 
2000).
4 This analogy comes about because the coupons and final principal on a bond can be viewed as 
zero-coupon bonds, each maturing on the date on which a coupon or the final principal is paid. The 
value of a coupon or the final principal is analogous to the face value of a zero-coupon bond. In the US 
Treasury bond market, companies buy coupon bonds and sell claims on the individual coupons and 
principal, which are referred to as Treasury strips.
5 If the yield change is not sufficiently small, it may be necessary to incorporate second-order effects, 
which are captured by a bond’s convexity.
6 The above relationship is based on annual coupons. If the coupons are paid semiannually, then 1 + yB 
should be 1 + yB/2. In this case, the duration will be stated as the number of semiannual, rather than 
annual, periods.
7 The duration before dividing by 1 + yB is sometimes called the Macaulay duration, to distinguish 
it from the modified duration. It is named for Frederick Macaulay, one of the economists who first 
derived it.
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In response to a 15 basis point increase in yield, the bond price should decrease by approxi-
mately $7.57. So the new bond price would be predicted to be $922.50 – $7.57 = $914.93.

The relationship between the bond price and its yield is sometimes stated another way. We 
often speak in terms of the change in the bond price for a 1 basis point change in yield. This value 
is sometimes referred to as basis point value (BPV), present value of a basis point (PVBP), or 
price value of a basis point (again PVBP). We refer to this concept as PVBP, defined as

PVBPB ≈ MDURBB(0.0001) 

The multiplication by 0.0001 enables PVBP to capture how much the bond price changes for 
a 1 basis point change. In the example above, the PVBP for our bond is

PVBPB ≈ (5.47)($922.50)(0.0001) = $0.5046

So for a 1 basis point change, the bond price would change by approximately $0.5046. Accord-
ingly, a 15 basis point change produces a price change of 15($0.5046) = $7.57. Both duration 
and PVBP measure the same thing, however, and we shall use only duration.

Duration and PVBP are usually thought of with respect to individual bonds, but in prac-
tice, they are typically used at the portfolio level. Hence, we should care more about the dura-
tion of a bond portfolio than about the duration of an individual bond. With respect to yield, 
we do not usually speak in terms of the yield of a bond portfolio, but in this case we must. A 
given bond portfolio can be thought of as a series of cash flows that can be captured in terms 
of a representative bond. Thus, we might describe this bond as a bond portfolio with a market 
value of $922.5 million, a modified duration of 5.47 years, and a portfolio yield that is a com-
plex weighted average of the yields on the component bonds of the portfolio. The portfolio 
yield can change by a certain number of basis points. That yield change is a weighted average 
of the yield changes on the component bonds. Given such a yield change, the bond portfolio 
value will change in an approximate manner according to the duration formula shown above.

The way a bond price changes according to a yield change indicates its responsiveness to 
interest rates. Given a bond futures contract, we can also measure its sensitivity to interest rate 
changes.

2.2.2.  Measuring the Risk of Bond Futures
Having measured the responsiveness of a bond portfolio to an interest rate change, we now 
need to measure the responsiveness of a futures contract to an interest rate change. Most bond 
futures contracts are based on a hypothetical benchmark bond. The Chicago Board of Trade’s 
US Treasury bond futures contract is based on a 6% bond with at least 15 years from the futures 
expiration to maturity or the first call date. Even though the benchmark bond has a 6% coupon, 
any bond meeting the maturity requirement can be delivered. At any time, a single bond exists 
that the holder of the short position would find optimal to deliver if current conditions contin-
ued. That bond is called the cheapest-to-deliver and can be thought of as the bond on which 
the futures contract is based. In other words, the cheapest-to-deliver bond is the underlying. The 
responsiveness of the futures contract to an interest rate change is equivalent to the responsive-
ness of that bond on the futures expiration day to an interest rate change.

We can think of this concept as the responsiveness of the underlying bond in a forward con-
text. This responsiveness can be measured as that bond’s modified duration on the futures expira-
tion and, as such, we can use the price sensitivity formula to capture the sensitivity of the futures 
contract to a yield change. Accordingly, we shall, somewhat loosely, refer to this as the implied 
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duration of the futures contract, keeping in mind that what we mean is the duration of the un-
derlying bond calculated as of the futures expiration. Moreover, we also mean that the underlying 
bond has been identified as the cheapest bond to deliver and that if another bond takes its place, 
the duration of that bond must be used. We use the term implied to emphasize that a futures 
contract does not itself have a duration but that its duration is implied by the underlying bond. In 
addition to the duration, we also require an implied yield on the futures, which reflects the yield 
on the underlying bond implied by pricing it as though it were delivered at the futures contract 
expiration.

Hence, we can express the sensitivity of the futures price to a yield change as

	 Δf ≈ –MDURffΔyf  	 (1)

where MDURf is the implied modified duration of the futures, f is the futures price, and Δyf 
is the basis point change in the implied yield on the futures.

Now that we have a measure of the responsiveness of a bond portfolio and the respon-
siveness of a bond futures contract to interest rate changes, we should be able to find a way to 
balance the two to offset the risk.

2.2.3.  Balancing the Risk of a Bond Portfolio against the Risk of Bond Futures
We now make the simple assumption that a single interest rate exists that drives all interest 
rates in the market. We assume that a 1 basis point change in this interest rate will cause a 
1 basis point change in the yield on the bond portfolio and a 1 basis point change in the 
implied yield on the futures. We will relax that assumption later. For now, consider a money 
manager who holds a bond portfolio of a particular market value and will not be adding to 
it or removing some of it to balance the risk. In other words, the manager will not make any 
transactions in the actual bonds themselves. The manager can, however, trade any number 
of futures contracts to adjust the risk. Let Nf be the number of futures contracts traded. To 
balance the risk, suppose we combine the change in the value of the bond portfolio and the 
change in the value of Nf futures and set these equal to zero: ΔB + NfΔf = 0. Solving for Nf 
produces Nf = –ΔB/Δf. Substituting our formulas for ΔB and Δf, we obtain
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where we assume that ΔyB/Δyf = 1; or in other words, the bond portfolio yield changes one-
for-one with the implied yield on the futures.8

Now let us go back to the major simplifying assumption we made. We assumed that an in-
terest rate change occurs in the market and drives the yield on the bond and the implied yield on 
the futures one-for-one. In reality, this assumption is unlikely to hold true. Suppose, for example, 
the rate driving all rates in the United States is the overnight Fed funds rate.9 If this rate changes 
by 1 basis point, not all rates along the term structure are likely to change by 1 basis point. What 
actually matters, however, is not that all rates change by the same amount but that the yield on 

8 Technically, this equation is the ratio of two approximate formulas, but we remove the approximation 
symbol from this point onward.
9 The overnight Fed funds rate is the rate that banks charge each other to borrow and lend excess reserves 
for one night.
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the bond portfolio and the implied yield on the futures change by the same amount for a 1 basis 
point change in this rate. If that is not the case, we need to make an adjustment.

Suppose the yield on the bond portfolio changes by a multiple of the implied yield on the 
futures in the following manner:

	 ΔyB = βyΔyf  	 (2)

We refer to the symbol βy as the yield beta. It can be more or less than 1, depending on 
whether the bond yield is more sensitive or less sensitive than the implied futures yield. If we 
take the formula we previously obtained for ΔB, substitute βyΔyf where we previously had ΔyB, 
and use this new variation of the formula in the formula Nf = –ΔB/Δf, we obtain

	N f = –(MDURB/MDURf)(B/f )βy  	 (3)

This is the more general formula, because βy = 1.0 is just the special case we assumed at the start.
We can modify Equation 3 so that it gives us the number of futures contracts needed to 

change our portfolio’s modified duration to meet a target. What we have done so far completely 
balances the risk of the futures position against the risk of the bond portfolio, eliminating the 
risk. In the practice of risk management, however, we might not always want to eliminate the 
risk; we might want to adjust it only a little. At some times we might even want to increase it.

The risk of the overall bond portfolio reflects the duration of the bonds and the dura-
tion of the futures. Suppose we consider a target overall modified duration of the portfolio, 
MDURT. This amount is our desired overall modified duration. Because the portfolio consists 
of bonds worth B and futures, which have zero value, the overall portfolio value is B.10 Now 
we introduce the notion of a dollar duration, which is the duration times the market value. The 
target dollar duration of our portfolio is set equal to the dollar duration of the bonds we hold 
and the dollar duration of the futures contracts:

B(MDURT) = B(MDURB) + f(MDURf)Nf

Solving for Nf, we obtain
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Observe that if we wish to increase the modified duration from MDURB to something 
higher, then MDURT is greater than MDURB and the overall sign of Nf will be positive, so we 
buy futures. This relationship should make sense: Buying futures would add volatility and in-
crease duration. If we wish to reduce the modified duration from MDURB to something lower, 
then MDURT will be less than MDURB and the sign of Nf will be negative, meaning that we 
need to sell futures. Selling futures would reduce duration and volatility. In the extreme case 
in which we want to eliminate risk completely, we want MDURT to equal zero. In that case, 
the above formula reduces to the original one we obtained earlier in this section for the case of 

10 Recall that futures contracts have value through the accumulation of price changes during a trading 
day. At the end of the day, all gains and losses are paid out through the marking-to-market process and 
the value then goes back to zero. We assume we are at one of those points at which the value is zero.
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completely eliminating risk. In a similar manner, if the bond and futures yields do not change 
one-for-one, we simply alter the above formula to
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to incorporate the yield beta.
Now we explore how to use what we have learned in this section.

2.2.4.  Managing the Risk of a Government Bond Portfolio
A money manager can use Equation 4 to determine the number of futures contracts to buy or 
sell to adjust the duration of a portfolio. Such a transaction might be done in anticipation of 
a strong or weak market in bonds over a temporary period of time. In Exhibit 2, we illustrate 
the case of a pension fund that wants to increase the portfolio duration. We see that the futures 
transaction was successful in increasing the duration but not as precisely as planned. In fact, 
even without doing the futures transaction, the portfolio duration was not exactly as the com-
pany had believed. Duration is not an exact measure, nor does the bond price change occur 
precisely according to the duration formula.11

Exhibit 2  Using Bond Futures to Manage the Risk of a Bond Portfolio

Scenario (7 July)

A portion of the pension fund of United Energy Services (UES) is a portfolio of US government 
bonds. On 7 July, UES obtained a forecast from its economist that over the next month, interest 
rates are likely to make a significant unexpected decline. Its portfolio manager would like to take a 
portion of the bond portfolio and increase the duration to take advantage of this forecasted market 
movement.

Specifically, UES would like to raise the duration on $75 million of bonds from its current level 
of 6.22 to 7.50. Both of these durations and all durations used in this problem are modified dura-
tions. UES has identified an appropriate Treasury bond futures contract that is currently priced at 
$82,500 and has an implied modified duration of 8.12. UES has estimated that the yield on the bond 
portfolio is about 5% more volatile than the implied yield on the futures. Thus, the yield beta is 1.05.

Action

To increase the duration, UES will need to buy futures contracts. Specifically, the number of futures 
contracts UES should use is

n
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Because fractional contracts cannot be traded, UES will buy 150 contracts. 

11 For this reason, we stated that the bond price change, given the duration and yield change, is approxi-
mately given by the formula in the text.
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Scenario (6 August)

The implied yield on the futures has decreased by 35 basis points, and the futures price has now moved 
to $85,000.12 The yield on the bond portfolio has decreased by 40 basis points, and the portfolio has 
increased in value by $1,933,500.

Outcome and Analysis

The profit on the futures transaction is found by multiplying the number of futures contracts by the 
difference between the new price and the old price:

Profit on futures contract = Nf(New futures price – Old futures price) 

In this case, the profit on the futures contract is 150($85,000 – $82,500) = $375,000. Thus, the 
overall gain is $1,933,500 + $375,000 = $2,308,500.

How effective was the transaction? To answer this question, we compare the ex post duration to the 
planned duration. The purpose was to increase the duration from 6.22 to a planned 7.50. The return on 
the portfolio was

$1,933,500
$75,000,000

0.0258=

or 2.58% without the futures transaction, and

$2,308,500
$75,000,000

0.0308=

or 3.08% with the futures transaction. What does this set of calculations imply about the portfolio’s ex 
post duration? Recall that duration is a measure of the percentage change in portfolio value with respect 
to a basis point change in yield. The ex post duration13 of the portfolio can be measured by dividing the 
percentage change in portfolio value by the 40 basis point change in the portfolio yield: 

0.0258
0.0040

6.45=

without the futures transaction and

0.0308
0.0040

7.70=

with the futures transaction. UES came fairly close to achieving its desired increase in duration using 
futures. 

12 In the examples in this reading, bond futures prices move to a new level in the course of the scenario. 
These new futures prices come from the cost-of-carry model (assuming there is no mispricing in the 
market).
13 Of course, the ex post duration without the futures transaction is not exactly 6.22 because duration is 
an inexact measure, and the actual bond price change may not be precisely what is given by the modified 
duration formula.

Exhibit 2  (Continued)
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In the example here, the fund increased its modified duration during a time when inter-
est rates fell and the bond portfolio value increased. It leveraged itself to take advantage of a 
favorable outlook. Not all such decisions work out so well. Suppose in this example the econ-
omist had a different forecast, and as a result, UES wanted to eliminate all interest rate risk. 
So let us rework the problem under the assumption that the fund put on a full hedge, thereby 
reducing the modified duration to zero.

With MDURT = 0, the number of futures contracts would be
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Thus, the fund would sell 731 contracts. The profit from the futures transaction14 would 
be –731($85,000 – $82,500) = –$1,827,500. The overall transaction earned a profit of 
$1,933,500 – $1,827,500 = $106,000, a gain of

=$106,000
$75,000,000

0.0014

or 0.14%. Thus, shorting the futures contracts virtually wiped out all of the gain from the de-
crease in interest rates. Our ex ante objective was to reduce the modified duration to zero. The 
ex post modified duration, however, turned out to be

=0.0014
0.0040

0.35

Thus, the modified duration was reduced almost to zero.

14 Notice that in calculating the profit from a futures transaction, we multiply the number of futures 
contracts by the futures price at the close of the strategy minus the original futures price. It is important 
to maintain the correct sign for the number of futures contracts. This formulation always results in a pos-
itive number for Nf times the futures selling price and a negative number for Nf times the futures buying 
price, which should make sense. Of course, as previously noted, we also ignore the marking-to-market 
feature of futures contracts.

Example 2

Debt Management Associates (DMA) offers fixed-income portfolio management services 
to institutional investors. It would like to execute a duration-changing strategy for a €100 
million bond portfolio of a particular client. This portfolio has a modified duration of 7.2. 
DMA plans to change the modified duration to 5.00 by using a futures contract priced at 
€120,000, which has an implied modified duration of 6.25. The yield beta is 1.15.

A.	D etermine how many futures contracts DMA should use and whether it should buy 
or sell futures.

B.	S uppose that the yield on the bond has decreased by 20 basis points at the horizon 
date. The bond portfolio increases in value by 1.5%. The futures price increases to 
€121,200. Determine the overall gain on the portfolio and the ex post modified 
duration as a result of the futures transaction.
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Changing the duration—whether increasing it, reducing it partially, or reducing it all the 
way to zero—is an inexact process. More importantly, however, risk management by adjusting 
duration is only a means of implementing a strategy in response to an outlook. No one can 
guarantee that the outlook will not be wrong.

2.2.5. S ome Variations and Problems in Managing Bond Portfolio Risk
In the examples used here, the bond portfolio consisted of government bonds. Of course, 
corporate and municipal bonds are widely held in bond portfolios. Unfortunately, there 
is no corporate bond futures contract.15 A municipal bond futures contract exists in the 
United States, based on an index of municipal bonds, but its volume is relatively light and 
the contract may not be sufficiently liquid for a large-size transaction.16 Government bond 
futures contracts tend to be relatively liquid. In fact, in the United States, different contracts 
exist for government securities of different maturity ranges, and most of these contracts are 
relatively liquid.

If one uses a government bond futures to manage the risk of a corporate or municipal 
bond portfolio, there are some additional risks to deal with. For instance, the relationship 
between the yield change that drives the futures contract and the yield change that drives the 
bond portfolio is not as reliable. The yield on a corporate or municipal bond is driven not 
only by interest rates but also by the perceived default risk of the bond. We might believe 
that the yield beta is 1.20, meaning that the yield on a corporate bond portfolio is about 20% 
more volatile than the implied yield that drives the futures contract. But this relationship is 
usually estimated from a regression of corporate bond yield changes on government bond yield 
changes. This relationship is less stable than if we were running a regression of government 

Solution to A:  The appropriate number of futures contracts is

= −












 = −n 5 7.2

6.25
100,000,000

120.000
1.15 337.33f

So DMA should sell 337 contracts.

Solution to B:  The value of the bond portfolio will be €100,000,000(1.015) = 
€101,500,000. The profit on the futures transaction is –337(€121,200 – 120,000) = 
–€404,400; a loss of €404,400. Thus, the overall value of the position is €101,500,000 – 
€404,400 = €101,095,600, a return of approximately 1.1%. The bond yield decreases 
by 20 basis points and the portfolio gains 1.1%. The ex post modified duration would 
be 0.0110/0.0020 = 5.50.

15 There have been attempts to create futures contracts on corporate bonds, but these contracts have not 
been successful in generating enough trading volume to survive.
16 In the Commodity Futures Trading Commission’s fiscal year 2001, the Chicago Board of Trade’s mu-
nicipal bond futures contract traded about 1,400 contracts a day. Each contract is worth about $100,000 
of municipal bonds. Thus, the average daily volume amounts to about $140 million of municipal 
bonds—not a very large amount relative to the size of the municipal bond market.
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bond yield changes on yield changes of a different government bond, the one underlying the 
futures.

In addition, corporate and municipal bonds often have call features that can greatly dis-
tort the relationship between duration and yield change and also make the measurement of du-
ration more complicated. For example, when a bond’s yield decreases, its price should increase. 
The duration is meant to show approximately how much the bond’s price should increase. But 
when the bond is callable and the yield enters into the region in which a call becomes more 
likely, its price will increase by far less than predicted by the duration. Moreover, the call fea-
ture complicates the measurement of duration itself. Duration is no longer a weighted-average 
maturity of the bond.

Finally, we should note that corporate and municipal bonds are subject to default risk 
that is not present in government bonds. As the risk of default changes, the yield spread on 
the defaultable bond relative to the default-free government bond increases. This effect further 
destabilizes the relationship between the bond portfolio value and the futures price so that 
duration-based formulas for the number of futures contracts tend to be unreliable.

It is tempting to think that if one wants to increase (decrease) duration and buys (sells) 
futures contracts, that at least the transaction was the right type even if the number of futures 
contracts is not exactly correct. The problem, however, is that changes in the bond portfolio 
value that are driven by changes in default risk or the effects of call provisions will not be 
matched by movements in the futures contract. The outcome will not always be what is ex-
pected.

Another problem associated with the modified duration approach to measuring and man-
aging bond portfolio risk is that the relationship between duration and yield change used here 
is an instantaneous one. It captures approximately how a bond price changes in response to 
an immediate and very small yield change. As soon as the yield changes or an instant of time 
passes, the duration changes. Then the number of futures contracts required would change. 
Thus, the positions described here would need to be revised. Most bond portfolio managers do 
not perform these kinds of frequent adjustments, however, and simply accept that the transac-
tion will not work precisely as planned.

We should also consider the alternative that the fund could adjust the duration by 
making transactions in the bonds themselves. It could sell relatively low-duration bonds 
and buy relatively high-duration bonds to raise the duration to the desired level. There is 
still no guarantee, however, that the actual duration will be exactly as desired. Likewise, to 
reduce the duration to zero, the fund could sell out the entire bond portfolio and place the 
proceeds in cash securities that have low duration. Reducing the duration to essentially zero 
would be easier to do than increasing it, because it would not be hard to buy bonds with 
essentially zero duration. Liquidating the entire portfolio, however, would be quite a drastic 
thing to do, especially given that the fund would likely remain in that position for only a 
temporary period.

Raising the duration by purchasing higher-duration bonds would be a great deal of 
effort to expend if the position is being altered only temporarily. Moreover, the transaction 
costs of buying and selling actual securities are much greater than those of buying and selling 
futures.

In this reading, we shall consider these adjustments as advanced refinements that one 
should understand before putting these types of transactions into practice. Although we 
need to be aware of these technical complications, we shall ignore them in the examples 
here.

Now let us take a look at managing risk in the equity market.
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3. S trategies and Applications for Managing Equity 
Market Risk

Even though interest rates are volatile, the stock market is even more volatile. Hence, the risk 
associated with stock market volatility is greater than that of bond market volatility. Fortu-
nately, the stock market is generally more liquid than the bond market, at least compared 
with long-term and corporate and municipal bonds. The risk associated with stock market 
volatility can be managed relatively well with futures contracts. As we have previously noted, 
these contracts are based on stock market indices and not individual stocks. Although futures 
on individual stocks are available, most diversified investors manage risk at the portfolio level, 
thereby preferring futures on broad-based indices. Accordingly, this will be our focus in this 
reading. We look more specifically at the risk of managing individual stocks in the reading on 
risk management applications of option strategies.

3.1.  Measuring and Managing the Risk of Equities

Futures provide the best way to manage the risk of diversified equity portfolios. Although the 
standard deviation, or volatility, is a common measure of stock market risk, we prefer a meas-
ure that more accurately reflects the risk of a diversified stock portfolio. One reason for this 
preference is that we shall use futures that are based on broadly diversified portfolios. The most 
common risk measure of this type is the beta,17 often denoted with the Greek symbol β. Beta 
is an important factor in capital market and asset pricing theory and, as we see here, it plays a 
major role in risk management. Although you may have encountered beta elsewhere, we shall 
take a quick review of it here.

Beta measures the relationship between a stock portfolio and the market portfolio, which 
is an abstract hypothetical measure of the portfolio containing all risky assets, not just stocks. 
The market portfolio is the most broadly diversified portfolio of all. We know, however, that it 
is impossible to identify the composition of the true market portfolio. We tend to use proxies, 
such as the S&P 500 Index, which do not really capture the true market portfolio. Fortunately, 
for the purposes of risk management, precision in the market portfolio does not matter all 
that much. Obviously there are no futures contracts on the true market portfolio; there can be 
futures contracts only on proxies such as the S&P 500. That being the case, it is appropriate to 
measure the beta of a portfolio relative to the index on which the futures is based.

Beta is a relative risk measure. The beta of the index we use as a benchmark is 1.0. Ignoring 
any asset-specific risk, an asset with a beta of 1.10 is 10% more volatile than the index. A beta 
of 0.80 is 20% less volatile than the index. Beta is formally measured as

β =
σ

covsi

i
2

where covSI is the covariance between the stock portfolio and the index and σ i
2 is the variance 

of the index. Covariance is a measure of the extent to which two assets, here the portfolio and 

17 At this point, we must distinguish this beta from the yield beta. When we use the term “yield beta,” we 
mean the relationship of the yield on the instrument being hedged to the implied yield on the futures. 
When we use the term “beta” without a modifier, we mean the relationship of a stock or portfolio to the 
market.
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the index, move together.18 If the covariance is positive (negative), the portfolio and the index 
tend to move in the same (opposite) direction. By itself, the magnitude of the covariance is 
difficult to interpret, but the covariance divided by the product of the standard deviations of 
the stock and the index produces the familiar measure called the correlation coefficient. For 
beta, however, we divide the covariance by the variance of the index and obtain a measure of 
the volatility of the portfolio relative to the market.

It is important to emphasize that beta measures only the portfolio volatility relative to 
the index. Thus, it is a measure only of the risk that cannot be eliminated by diversifying a 
portfolio. This risk is called the systematic, nondiversifiable, or market risk. A portfolio that 
is not well diversified could contain additional risk, which is called the nonsystematic, diver-
sifiable, or asset-specific risk.19 Systematic risk is the risk associated with broad market move-
ments; nonsystematic risk is the risk unique to a company. An example of the former might 
be a change in interest rates by the Federal Reserve; an example of the latter might be a labor 
strike on a particular company. Because it captures only systematic risk, beta may seem to be 
a limited measure of risk, but the best way to manage nonsystematic risk, other than diversi-
fication, is to use options, as we do in the reading on risk management applications of option 
strategies. At this point, we focus on managing systematic or market risk.

As a risk measure, beta is similar to duration. Recall that we captured the dollar risk by 
multiplying the modified duration by the dollar value of the portfolio. For the bond futures 
contract, we multiplied its implied modified duration by the futures price. We called this the 
dollar-implied modified duration. In a similar manner, we shall specify a dollar beta by multi-
plying the beta by the dollar value of the portfolio. For the futures, we shall multiply its beta 
by the futures price, f. For the futures contract, beta is often assumed to be 1.0, but that is not 
exactly the case, so we will specify it as βf. The dollar beta of the futures contract is βff. The 
dollar beta of the stock portfolio is written as βSS, where βS is the beta of the stock portfolio 
and S is the market value of the stock portfolio.

If we wish to change the beta, we specify the desired beta as a target beta of βT. Because the 
value of the futures starts off each day as zero, the dollar beta of the combination of stock and 
futures if the target beta is achieved is βTS.20 The number of futures we shall use is Nf, which 
is the unknown that we are attempting to determine. We set the target dollar beta to the dollar 
beta of the stock portfolio and the dollar beta of Nf futures:

βTS = βSS + Nfβff

We then solve for Nf and obtain

	 =
β − β

β
















n s

ff
t s

f

	 (5)

18 More specifically, the covariance measures the extent to which the returns on the stock and the index 
move together.
19 We also sometimes use the term “idiosyncratic risk.”
20 Recall that the market value of the portfolio will still be the same as the market value of the stock, 
because the value of the futures is zero. The futures value becomes zero whenever it is marked to market, 
which takes place at the end of each day. In other words, the target beta does not appear to be applied to 
the value of the futures in the above analysis because the value of the futures is zero.
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Observe that if we want to increase the beta, βT will exceed βS and the sign of Nf will be 
positive, which means that we must buy futures. If we want to decrease the beta, βT will be less 
than βS, the sign of Nf will be negative, and we must sell futures. This relationship should make 
sense: Selling futures will offset some of the risk of holding the stock. Alternatively, buying 
futures will add risk as βT > βS and Nf > 0.

In the special case in which we want to completely eliminate the risk, βT would be zero 
and the formula would reduce to

= −
β
β










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



n s

ff
s

f

In this case, the sign of Nf will always be negative, which makes sense. To hedge away all 
of the risk, we definitely need to sell futures.

In the practical implementation of a stock index futures trade, we need to remember that 
stock index futures prices are quoted on an order of magnitude the same as that of the stock 
index. The actual futures price is the quoted futures price times a designated multiplier. For 
example, if the S&P 500 futures price is quoted at 1225, the multiplier of $250 makes the 
actual futures price 1225($250) = $306,250. This amount would be the value of f in the above 
formulas. In some situations, the futures price will simply be stated, as for example $306,250. 
In that case, we can assume the price is quoted as f = $306,250 and the multiplier is 1.

We also need to remember that the futures contract will hedge only the risk associated with 
the relationship between the portfolio and the index on which the futures contract is based. Thus, 
for example, a portfolio consisting mostly of small-cap stocks should not be paired with a futures 
contract on a large-cap index such as the S&P 500. Such a transaction would manage only the 
risk that large-cap stocks move with small-cap stocks. If any divergence occurs in the relationship 
between these two sectors, such as large-cap stocks going up and small-cap stocks going down, a 
transaction designed to increase (decrease) risk could end up decreasing (increasing) risk.

Recall also that dividends can interfere with how this transaction performs. Index futures 
typically are based only on price indices; they do not reflect the payment and reinvestment of 
dividends. Therefore, dividends will accrue on the stocks but are not reflected in the index. 
This is not a major problem, however, because dividends in the short-term period covered by 
most contracts are not particularly risky.

3.2.  Managing the Risk of an Equity Portfolio

To adjust the beta of an equity portfolio, an investment manager could use Equation 5 to cal-
culate the number of futures contracts needed. She can use the formula to either increase or 
decrease the portfolio’s systematic risk. The manager might increase the beta if she expects the 
market to move up, or decrease the beta if she expects the market to move down. Also, the betas 
of equity portfolios change constantly by virtue of the market value of the portfolio changing.21 
Therefore, futures can be used to adjust the beta from its actual level to the desired level.

21 Consider, for example, a portfolio in which $3 million is invested in stock with a beta of 1.0 and $1 million 
is invested in cash with a beta of 0.0 and a rate of 5%. The equity market weight is, therefore, 0.75, and the 
overall beta is 1.0(0.75) + 0.0(0.25) = 0.75. Now suppose the following year, the stock increases by 20%. 
Then the stock value will be $3.6 million and the cash balance will be $1.05 million. The overall portfolio 
value will be $4.65 million, so the equity market weight will be 3.6/4.65 = 0.77. Thus, 77% of the portfolio 
will now have a beta of 1.0(0.77), and the overall beta will have drifted upward to 0.77.
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Exhibit 3 illustrates the case of a pension fund that wants to increase its equity portfolio 
beta during a period in which it expects the market to be strong. It increases its beta from 0.90 
to 1.10 by purchasing 29 futures contracts. Betas, however, are notoriously difficult to meas-
ure. We see after the fact that the beta actually was increased to 1.15. As long as we buy (sell) 
futures contracts, however, we will increase (decrease) the beta.

Exhibit 3  Using Stock Index Futures to Manage the Risk of a Stock Portfolio

Scenario (2 September)

BB Holdings (BBH) is a US conglomerate. Its pension fund generates market forecasts internally 
and receives forecasts from an independent consultant. As a result of these forecasts, BBH expects the 
market for large-cap stocks to be stronger than it believes everyone else is expecting over the next two 
months.

Action

BBH decides to adjust the beta on $38,500,000 of large-cap stocks from its current level of 0.90 
to 1.10 for the period of the next two months. It has selected a futures contract deemed to have 
sufficient liquidity; the futures price is currently $275,000 and the contract has a beta of 0.95. The 
appropriate number of futures contracts to adjust the beta would be

n
s
f

1.10 0.90
0.95

$38,500,000
$275,000

29.47f
t s
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So it buys 29 contracts. 

Scenario (3 December)

The market as a whole increases by 4.4%. The stock portfolio increases to $40,103,000. The stock index 
futures contract rises to $286,687.50,22 an increase of 4.25%.

Outcome and Analysis

The profit on the futures contract is 29($286,687.50 – $275,000.00) = $338,937.50. The rate of return 
for the stock portfolio is

$40,103,000
$38,500,000

1 0.0416− =

or 4.16%. Adding the profit from the futures gives a total market value of $40,103,000.00 + $338,937.50 = 
$40,441,937.50. The rate of return for the stock portfolio is

$40,441,937.50
$38,500,000.00

1 0.0504− =

22 In the examples in this reading, stock futures prices move to a new level in the course of the scenario. 
These new futures prices come from the cost-of-carry model (assuming there is no mispricing in the 
market).
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or 5.04%. Because the market went up by 4.4% and the overall gain was 5.04%, the effective beta of the 
portfolio was

0.0504
0.044

1.15=

Thus, the effective beta is quite close to the target beta of 1.10. 

Of course, be aware that increasing the beta increases the risk. Therefore, if the beta is in-
creased and the market falls, the loss on the portfolio will be greater than if beta had not been 
increased. Decreasing the beta decreases the risk, so if the market rises, the portfolio value will 
rise less. As an example, consider the outcome described in Exhibit 3. Suppose that instead 
of being optimistic, the fund manager was very pessimistic and wanted to decrease the beta 
to zero. Therefore, the target beta, βT, is 0.0. Then the number of futures contracts would be

= −





 = −n 0.0 0.90

0.95
$38,500,000
$275,000.00

132.63f

So the fund sells 133 futures. Given the same outcome as in Exhibit 3, the profit on the futures 
contracts would be

–133($286,687.50 – $275,000.00) = –$1,554,437.50

There would be a loss of more than $1.5 million on the futures contracts. The market value 
of the stock after it moved up was $40,103,000, but with the futures loss, the market value is 
effectively reduced to $40,103,000.00 – $1,554,437.50 = $38,548,562.50. This is a return of

− =$38,548,562.50
$38,500,000.00

1 0.0013

Thus, the effective beta is

=0.0013
0.044

0.030

The beta has been reduced almost to zero. This reduction costs the company virtually all of the 
upward movement, but such a cost is to be expected if the beta were changed to zero.

Example 3

Equity Analysts Inc. (EQA) is an equity portfolio management firm. One of its clients 
has decided to be more aggressive for a short period of time. It would like EQA to move 
the beta on its $65 million portfolio from 0.85 to 1.05. EQA can use a futures contract 
priced at $188,500, which has a beta of 0.92, to implement this change in risk.

A.	D etermine the number of futures contracts EQA should use and whether it should 
buy or sell futures.

Exhibit 3  (Continued)
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3.3.  Creating Equity out of Cash

Stock index futures are an excellent tool for creating synthetic positions in equity, which can 
result in significant transaction cost savings and preserve liquidity. In this section, we explore 
how to create a synthetic index fund and how to turn cash into synthetic equity.

The relationship between a futures or forward contract and the underlying asset is deter-
mined by a formula that relates the risk-free interest rate to the dividends on the underlying 
asset. Entering into a hypothetical arbitrage transaction in which we buy stock and sell futures 
turns an equity position into a risk-free portfolio. In simple terms, we say that

Long stock + Short futures = Long risk-free bond

We can turn this equation around to obtain23

Long stock = Long risk-free bond + Long futures

If we buy the risk-free bonds and buy the futures, we replicate a position in which we 
would be buying the stock. This synthetic replication of the underlying asset can be a very 
useful transaction when we wish to construct a synthetic stock index fund, or when we wish 
to convert into equity a cash position that we are required to maintain for liquidity purposes. 
Both of these situations involve holding cash and obtaining equity market exposure through 
the use of futures.

B.	A t the horizon date, the equity market is down 2%. The stock portfolio falls 1.65%, 
and the futures price falls to $185,000. Determine the overall value of the position 
and the effective beta.

Solution to A:  The number of futures contracts EQA should use is
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

 =n 1.05 0.85

0.92
$65,000,000

$188,500
74.96f

So EQA should buy 75 contracts. 

Solution to B:  The value of the stock portfolio will be $65,000,000(1 – 0.0165) = 
$63,927,500. The profit on the futures transaction is 75($185,000 – $188,500) = 
–$262,500. The overall value of the position is $63,927,500 – $262,500 = $63,665,000.

Thus, the overall return is − = −$63,665,000
$65,000,000

1 0.0205

Because the market went down by 2%, the effective beta is 0.0205/0.02 = 1.025. 

23 We turn the equation around by noting that to remove a short futures position from the left-hand side, 
we should buy futures. If we add a long futures position to the left-hand side, we have to add it to the 
right-hand side.
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3.3.1.  Creating a Synthetic Index Fund
A synthetic index fund is an index fund position created by combining risk-free bonds and 
futures on the desired index. Suppose a US money manager would like to offer a new product, 
a fund on an index of UK stock as represented by the Financial Times Stock Exchange (FTSE) 
100 Index. The manager will initiate the fund with an investment of £100 million. In other 
words, the US money manager would offer clients an opportunity to invest in a position in 
British stock with the investment made in British pounds.24 The manager believes the fund is 
easier to create synthetically using futures contracts.

To create this synthetic index fund, we need to know several more pieces of information. 
The dividend yield on the UK stocks is 2.5%, and the FTSE 100 Index futures contract that 
we shall use expires in three months, has a quoted price of £4,000, and has a multiplier of 
£10.25 The UK risk-free interest rate is 5%.26 When the futures contract expires, it will be 
rolled over into a new contract.

To create this synthetic index fund, we must buy a certain number of futures. Let the 
following be the appropriate values of the inputs:

	 V = amount of money to be invested, £100 million
	 f = futures price, £4,000
	T  = time to expiration of futures, 0.25
	 δ = dividend yield on the index, 0.025
	 r = risk-free rate, 0.05
	 q = multiplier, £10

We would like to replicate owning the stock and reinvesting the dividends. How many 
futures contracts would we need to buy and add to a long bond position? We designate Nf as 
the required number of futures contracts and Nf* as its rounded-off value.

Now observe that the payoff of Nf* futures contracts will be Nf*q(ST – f ). This equation 
is based on the fact that we have Nf* futures contracts, each of which has a multiplier of q. The 
futures contracts are established at a price of f. When it expires, the futures price will be the 
spot price, ST, reflecting the convergence of the futures price at expiration to the spot price.

The futures payoff can be rewritten as Nf*qST – Nf*qf. The minus sign on the second term 
means that we shall have to pay Nf*qf. The (implied) plus sign on the first term means that we 
shall receive Nf*qST. Knowing that we buy Nf* futures contracts, we also want to know how 

24 If you are wondering why US investors would like to invest in a position denominated in British 
pounds rather than dollars, remember that the currency risk can be a source of diversification. Adding a 
position in the UK equity market provides one tier of diversification, while adding the risk of the dollar/
pound exchange rate adds another tier of diversification, especially because the exchange rate is likely to 
have a low correlation with the US stock market.
25 Recall that the multiplier is a number multiplied by the quoted futures price to obtain the actual 
futures price. In this section, accurately pricing the futures contract is important to the success of these 
strategies. For example, assume the S&P 500 is at 1,000 and the multiplier is $250, so the full price is 
(1,000)($250) = $250,000. We wish to trade a futures contract priced at f, where f is based on the index 
value of 1,000 grossed up by the risk-free rate and reduced by the dividends. It is far easier to think of f 
in terms of its relationship to S without the multiplier. In one case, however, we shall let the multiplier 
be 1, so you should be able to handle either situation.
26 It might be confusing as to why we care about the UK interest rate and not the US interest rate. This transac-
tion is completely denominated in pounds, and the futures contract is priced in pounds based on the UK div-
idend yield and interest rate. Hence, the UK interest rate plays a role here, and the US interest rate does not.
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much to invest in bonds. We shall call this V* and calculate it based on Nf*. Below we shall 
show how to calculate Nf* and V*. If we invest enough money in bonds to accumulate a value 
of Nf*qf, this investment will cover the amount we agree to pay for the FTSE: Nf* × q × f. The 
present value of this amount is Nf*qf/(1 + r)T.

Because the amount of money we start with is V, we should have V equal to Nf*qf/(1 + r)T. 
From here we can solve for Nf* to obtain

	 =
+

n *
V(1 r)

qf
(rounded to an integer)f

t
	 (6)

But once we round off the number of futures, we do not truly have V dollars invested. The 
amount we actually have invested is

	 =
+

V*
n *qf
(1 r)

f
t

	 (7)

We can show that investing V* in bonds and buying Nf* futures contracts at a price of f is 
equivalent to buying Nf*q/(1 + δ)T units of stock.

As noted above, if we have bonds maturing to the value Nf*qf, we have enough cash on 
hand to pay the obligation of Nf*qf on our futures contract. The futures contract will pay us 
the amount Nf*qST. If we had actually purchased units of stock, the reinvestment of dividends 
into new units means that we would end up with the equivalent of Nf*q units, and means that 
we implicitly started off with Nf*q/(1 + δ)T units.

In short, this transaction implies that we synthetically start off with Nf*q/(1 + δ)T units 
of stock, collect and reinvest dividends, and end up with Nf*q units. We emphasize that all of 
these transactions are synthetic. We do not actually own the stock or collect and reinvest the 
dividends. We are attempting only to replicate what would happen if we actually owned the 
stock and collected and reinvested the dividends.

Exhibit 4 illustrates this transaction. The interest plus principal on the bonds is a sufficient 
amount to buy the stock in settlement of the futures contract, so the fund ends up holding the 
stock, as it originally wanted.

Exhibit 4  Constructing a Synthetic Index Fund

Scenario (15 December)

On 15 December, a US money manager for a firm called Strategic Money Management (SMM) wants to 
construct a synthetic index fund consisting of a position of £100 million invested in UK stock. The index 
will be the FTSE 100, which has a dividend yield of 2.5%. A futures contract on the FTSE 100 is priced 
at £4,000 and has a multiplier of £10. The position will be held until the futures expires in three months, 
at which time it will be renewed with a new three-month futures. The UK risk-free rate is 5%. Both the 
risk-free rate and the dividend yield are stated as annually compounded figures.

Action

The number of futures contracts will be

n
V(1 r)

qf
£100,000,000(1.05)

£10(4,000)
2,530.68f

t 0.25
=

+
= =
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Because we cannot buy fractions of futures contracts, we round Nf to Nf* = 2,531. With this rounding, 
we are actually synthetically investing

2,531(£10)£4,000
(1.05)

£100,012,6220.25 =

in stock. So we put this much money in risk-free bonds, which will grow to £100,012,622(1.05)0.25 = 
£101,240,000. The number of units of stock that we have effectively purchased at the start is

n *q
(1 )

2,531(10)
(1.025)

25,154.24f
t 0.25+ δ

= =

If the stock had actually been purchased, dividends would be received and reinvested into additional 
shares. Thus, the number of shares would grow to 25,154.24(1.025)0.25 = 25,310. 

Scenario (15 March)

The index is at ST when the futures expires.

Outcome and Analysis

The futures contracts will pay off the amount

Futures payoff = 2,531(£10)(ST – £4,000) = £25,310ST – £101,240,000

This means that the fund will pay £101,240,000 to settle the futures contract and obtain the market 
value of 25,310 units of the FTSE 100, each worth ST. Therefore, the fund will need to come up with 
£101,240,000, but as noted above, the money invested in risk-free bonds grows to a value of £101,240,000. 

SMM, therefore, pays this amount to settle the futures contracts and effectively ends up with 25,310 
units of the index, the position it wanted in the market.

There are a few other considerations to note. One is that we rounded according to the 
usual rules of rounding, going up if the fraction is 0.5 or greater. By rounding up, we shall 
have to invest more than V in bonds. If we rounded down, we shall invest less than V. It does 
not really matter whether we always round up on 0.5 or greater, but that is the rule we shall 
use here. It should also be noted that this transaction does not capture the dividends that 
would be earned if one held the underlying stocks directly. The yield of 2.5% is important in 
the computations here, but the fund does not earn these dividends. All this transaction does 
is capture the performance of the index. Because the index is a price index only and does not 
include dividends, this synthetic replication strategy can capture only the index performance 
without the dividends.27 Another concern that could be encountered in practice is that the 
futures contract could expire later than the desired date. If so, the strategy will still be suc-
cessful if the futures contract is correctly priced when the strategy is completed. Consistent 
with that point, we should note that any strategy using futures will be effective only to the 
extent that the futures contract is correctly priced when the position is opened and also when 

27 The values of some stock indices, called total return indices, include reinvested dividends. If a futures 
contract on the total return index is used, then the strategy would capture the dividends. Doing so would, 
however, require a few changes to the formulas given here.

Exhibit 4  (Continued)
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it is closed. This point underscores the importance of understanding the pricing of futures 
contracts.

3.3.2. E quitizing Cash
The strategy of combining risk-free bonds and futures is used not only to replicate an index; it 
is also used to take a given amount of cash and turn it into an equity position while maintain-
ing the liquidity provided by the cash. This type of transaction is sometimes called equitizing 
cash. Consider an investment fund that has a large cash balance. It would like to invest in 
equity but either is not allowed to do so or cannot afford to take the risk that it might need 
to liquidate a large amount of stock in a short period of time, which could be difficult to do 
or might result in significant losses. Nonetheless, the fund is willing to take the risk of equity 
market exposure provided it can maintain the liquidity. The above transaction can be altered 
just slightly to show how this is done.

Suppose the fund in Exhibit 4 is actually a UK insurance company that has about £100 
million of cash invested at the risk-free rate. It would like to gain equity market exposure by 
investing in the FTSE 100 index. By policy, it is allowed to do so, provided that it maintains 
sufficient liquidity. If it engages in the synthetic index strategy described above, it maintains 
about £100 million invested in cash in the form of risk-free bonds and yet gains the exposure 
to about £100 million of UK stock. In the event that it must liquidate its position, perhaps 
to pay out insurance claims, it need only liquidate the UK risk-free bonds and close out the 
futures contracts. Given the liquidity of the futures market and the obvious liquidity of the 
risk-free bond market, doing so would be relatively easy.

There is one important aspect of this problem, however, over which the fund has no con-
trol: the pricing of the futures. Because the fund will take a long position in futures, the futures 
contract must be correctly priced. If the futures contract is overpriced, the fund will pay too 
much for the futures. In that case, the risk-free bonds will not be enough to offset the exces-
sively high price effectively paid for the stock. If, however, the futures contract is underpriced, 
the fund will get a bargain and will come out much better.

Finally, we should note that these strategies can be illustrated with bond futures to gain 
bond market exposure, but they are more commonly implemented using stock index futures 
to gain equity market exposure.

Example 4

Index Advantage (INDEXA) is a money management firm that specializes in turning 
the idle cash of clients into equity index positions at very low cost. INDEXA has a new 
client with about $500 million of cash that it would like to invest in the small-cap eq-
uity sector. INDEXA will construct the position using a futures contract on a small-cap 
index. The futures price is 1,500, the multiplier is $100, and the contract expires in six 
months. The underlying small-cap index has a dividend yield of 1%. The risk-free rate 
is 3% per year.

A.	D etermine exactly how the cash can be equitized using futures contracts.
B.	W hen the futures contract expires, the index is at ST. Demonstrate how the position 

produces the same outcome as an actual investment in the index.
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3.4.  Creating Cash out of Equity

Because we have the relation Long stock + Short futures = Long risk-free bonds, we should be 
able to construct a synthetic position in cash by selling futures against a long stock position. 
Indeed we have already done a similar transaction when we sold futures to reduce the stock 
portfolio beta to zero. Therefore, if we wish to sell stock, we can do so by converting it to syn-
thetic cash. This move can save transaction costs and avoid the sale of large amounts of stock 
at a single point in time.

Suppose the market value of our investment in stock is V, and we would like to create syn-
thetic cash roughly equivalent to that amount. We shall sell futures, with the objective that at 
the horizon date, we shall have V(1 + r)T. Money in the amount of V will have grown in value 
at the risk-free rate. Each unit of the index is priced at S. The number of units of the index we 
shall effectively convert to cash would appear to be (V/S), but because of reinvested dividends, 
we actually end up with (1 + δ)T units of stock for every unit we start with. Hence, the number 
of units we are effectively converting to cash is (V/S)(1 + δ)T.

As in the example of the synthetic index fund, we shall again have a problem in that the 
number of futures contracts must be rounded off to an integer. Keeping that in mind, the 

Solution to A: INDEXA  should purchase

= =n
$500,000,000(1.03)

$100(1,500)
3,382.96f

0.5

futures contracts. Round this amount to Nf* = 3,383. Then invest

=
3,383($100)(1,500)

(1.03)
$500,005,3420.5

in risk-free bonds paying 3% interest. Note that this is not exactly an initial investment 
of $500 million, because one cannot purchase fractions of futures contracts. The bonds 
will grow to a value of $500,005,342(1.03)0.5 = $507,450,000. The number of units of 
stock effectively purchased through the use of futures is

+ δ
= =

n *q
(1 )

3,383(100)
(1.01)

336,621.08f
t 0.5

If 336,621.08 shares were actually purchased, the accumulation and reinvestment of 
dividends would result in there being 336,621.08 (1.01)0.5 = 338,300 shares at the 
futures expiration.

Solution to B: A t expiration, the payoff on the futures is

3,383(100)(ST – 1500) = 338,300ST – $507,450,000

In other words, to settle the futures, INDEXA will owe $507,450,000 and receive the 
equivalent of 338,300 units of stock worth ST. 
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payoff of the futures contracts will be qNf*(ST – f ) = qNf*ST – qNf*f. If the number of units 
of stock is (V/S)(1 + δ)T, then the value of the overall position (long stock plus short futures) 
will be (V/S)(1 + δ)TST + qNf*ST – qNf*f. Because we are trying to convert to risk-free bonds 
(cash), we need to find a way to eliminate the ST term. We just solve for the value of Nf* that 
will cause the first two terms to offset.28 We obtain a previous equation, Equation 6

= −
+

n *
V(1 r)

qf
(rounded to an integer)f

t

As usual, the minus sign means that Nf* is less than zero, which means we are selling 
futures. Because of rounding, the amount of stock we are actually converting is

	 =
−

+
V*

n *qf
(1 r)

f
t 	 (8)

Therefore, if we use Nf* futures contracts, we have effectively converted stock worth V* to 
cash. This will not be the exact amount of stock we own, but it will be close. As in the case of 
the synthetic index fund, reinvestment of dividends means that the number of units of stock 
will be –Nf*q/(1 + δ)T at the start and –Nf*q when the futures expires. In Exhibit 5, we illus-
trate the application of this strategy for a pension fund that would like to convert $50 million 
of stock to synthetic cash.

Exhibit 5  Creating Synthetic Cash

Scenario (2 June)

The pension fund of Interactive Industrial Systems (IIS) holds a $50 million portion of its portfolio in 
an indexed position of the NASDAQ 100, which has a dividend yield of 0.75%. It would like to convert 
that position to cash for a two-month period. It can do this using a futures contract on the NASDAQ 
100, which is priced at 1484.72, has a multiplier of $100, and expires in two months. The risk-free rate 
is 4.65%.

Action

The fund needs to use

n
V(1 r)

qf
$50,000,000(1.0465)

$100(1484.72)
339.32f

t 2 12
=

− +
= − = −

futures contracts. This amount should be rounded to Nf* = –339. Because of rounding, the amount of 
stock synthetically converted to cash is really

n *qf
(1 r)

339($100)(1484.72)
(1.0465)

$49,952,173f
t 2 12

−
+

= =

28 In order to get this solution, we must take the result that f = S(1 + r)T/(1 + δ)T and turn it around so 
that S = f(1 + δ)T/(1 + r)T to find the value of S.



Chapter 7  Risk Management Applications of Forward and Futures Strategies� 399

This amount should grow to $49,952,173(1.0465)2/12 = $50,332,008. The number of units of stock is

n *q
(1 )

339 $100
(1.0075)

33,857.81f
t 2 12

( )−
+ δ

= =

at the start, which grows to 33,857.81(1.0075)2/12 = 33,900 units when the futures expires. 

Scenario (4 August)

The stock index is at ST when the futures expires.

Outcome and Analysis

The payoff of the futures contract is

–339($100)(ST – 1484.72) = –$33,900ST + $50,332,008

As noted, dividends are reinvested and the number of units of the index grows to 33,900 shares. The 
overall position of the fund is

	S tock worth 33,900S

	F utures payoff of –33,900ST + $50,332,008

or an overall total of $50,332,008. This is exactly the amount we said the fund would have if it invested 
$49,952,173 at the risk-free rate of 4.65% for two months. Thus, the fund has effectively converted a 
stock position to cash. 

Example 5

Synthetics Inc. (SYNINC) executes a variety of synthetic strategies for pension funds. 
One such strategy is to enable the client to maintain a liquid balance in cash while re-
taining exposure to equity market movements. A similar strategy is to enable the client 
to maintain its position in the market but temporarily convert it to cash. A client with 
a $100 million equity position wants to convert it to cash for three months. An equity 
market futures contract is priced at $325,000, expires in three months, and is based on 
an underlying index with a dividend yield of 2%. The risk-free rate is 3.5%.

A.	D etermine the number of futures contracts SYNINC should trade and the 
effective amount of money it has invested in risk-free bonds to achieve this 
objective.

B.	W hen the futures contracts expire, the equity index is at ST. Show how this transac-
tion results in the appropriate outcome.

Exhibit 5  (Continued)
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You might be wondering about the relationship between the number of futures contracts 
given here and the number of futures contracts required to adjust the portfolio beta to zero. 
Here we are selling a given number of futures contracts against stock to effectively convert the 
stock to a risk-free asset. Does that not mean that the portfolio would then have a beta of zero? 
In Section 3.2, we gave a different formula to reduce the portfolio beta to zero. These formulas 
do not appear to be the same. Would they give the same value of Nf? In the example here, we 
sell the precise number of futures to completely hedge the stock portfolio. The stock portfolio, 
however, has to be identical to the index. It cannot have a different beta. The other formula, 
which reduces the beta to zero, is more general and can be used to eliminate the systematic risk 
on any portfolio. Note, however, that only systematic risk is eliminated. If the portfolio is not 
fully diversified, some risk will remain, but that risk is diversifiable, and the expected return 
on that portfolio would still be the risk-free rate. If we apply that formula to a portfolio that 
is identical to the index on which the futures is based, the two formulas are the same and the 
number of futures contracts to sell is the same in both cases.29

29 A key element in this statement is that the futures beta is the beta of the underlying index, multiplied 
by the present value interest factor using the risk-free rate. This is a complex and subtle point, however, 
that we simply state without going into the mathematical proof.

Solution to A: F irst note that no multiplier is quoted here. The futures price of $325,000 
is equivalent to a quoted price of $325,000 and a multiplier of 1.0. The number of 
futures contracts is

n
$100,000,000(1.035)

$325,000
310.35f

0.25
= − = −

Rounding off, SYNINC should sell 310 contracts. This is equivalent to selling futures 
contracts on stock worth

310($325,000)
(1.035)

$99,887,2290.25 =

and is the equivalent of investing $99,887,229 in risk-free bonds, which will grow to a 
value of $99,887,229(1.035)0.25 = $100,750,000. The number of units of stock being 
effectively converted to cash is (ignoring the minus sign) 

n *q
(1 )

310(1)
(1.02)

308.47f
t 0.25+ δ

= =

The accumulation and reinvestment of dividends would make this figure grow to 
308.47(1.02)0.25 = 310 units when the futures expires. 

Solution to B: A t expiration, the profit on the futures is –310(ST – $325,000) = –310ST + 
$100,750,000. That means SYNINC will have to pay 310ST and will receive $100,750,000 
to settle the futures contract. Due to reinvestment of dividends, it will end up with the 
equivalent of 310 units of stock, which can be sold to cover the amount –310ST. This will 
leave $100,750,000, the equivalent of having invested in risk-free bonds.
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Finally, we should note that we could have changed the beta of the portfolio by making 
transactions in individual securities. To raise (lower) the beta we could sell (buy) low-beta 
stocks and buy (sell) high-beta stocks. Alternatively, we could do transactions in the portfolio 
itself and the risk-free asset. To reduce the beta to zero, for example, we could sell the entire 
portfolio and invest the money in the risk-free asset. To increase the beta, we could reduce any 
position we hold in the risk-free asset, even to the point of borrowing by issuing the risk-free 
asset.30 In this reading, we illustrate how these transactions can be better executed using deriv-
atives, which have lower transaction costs and generally greater liquidity. There is no guarantee 
that either approach will result in the portfolio having the exact beta the investor desired. Betas 
are notoriously difficult to measure. But executing the transactions in derivatives provides an 
attractive alternative to having to make a large number of transactions in individual securi-
ties. In light of the fact that many of these adjustments are intended to be only temporary, it 
makes far more sense to do the transactions in derivatives than to make the transactions in the 
underlying securities, provided that one is willing to keep re-entering positions upon contract 
expirations.

4. A sset Allocation with Futures

It has been widely noted that the most important factor in the performance of an asset port-
folio is the allocation of the portfolio among asset classes. In this reading, we do not develop 
techniques for determining the best allocation among asset classes any more than we attempt 
to determine what beta to set as a target for our stock portfolio or what duration to set as a 
target for our bond portfolio. We focus instead on how derivative strategies can be used to 
implement a plan based on a market outlook. As we saw previously in this reading, we can 
adjust the beta or duration effectively with lower cost and greater liquidity by using stock 
index or bond futures. In this section, we look at how to allocate a portfolio among asset 
classes using futures.

4.1. A djusting the Allocation among Asset Classes

Consider the case of a $300 million portfolio that is allocated 80% ($240 million) to stock and 
20% ($60 million) to bonds. The manager wants to change the allocation to 50% ($150 mil-
lion) stock and 50% ($150 million) bonds. Therefore, the manager wants to reduce the allo-
cation to stock by $90 million and increase the allocation to bonds by $90 million. The trick, 
however, is to use the correct number of futures contracts to set the beta and duration to the 
desired level. To do this, the manager should sell stock index futures contracts to reduce the 
beta on the $90 million of stock from its current level to zero. This transaction will effectively 
convert the stock to cash. She should then buy bond futures contracts to increase the duration 
on the cash from its current level to the desired level.

Exhibit 6 presents this example. The manager sells 516 stock index futures contracts and 
buys 772 bond futures contracts. Two months later, the position is worth $297,964,852. As we 

30 Students of capital market theory will recognize that the transactions we describe in this paragraph are 
those involving movements up and down the capital market line, which leads to investors finding their 
optimal portfolios. This kind of trading activity in turn leads to the well-known capital asset pricing 
model.
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show, had the transactions been done by selling stocks and buying bonds, the portfolio would 
be worth $297,375,000, a difference of only about 0.2% relative to the original market value. 
Of course, the futures transactions can be executed in a more liquid market and with lower 
transaction costs.

Exhibit 6  Adjusting the Allocation between Stocks and Bonds

Scenario (15 November)

Global Asset Advisory Group (GAAG) is a pension fund management firm. One of its funds consists of 
$300 million allocated 80% to stock and 20% to bonds. The stock portion has a beta of 1.10 and the 
bond portion has a duration of 6.5. GAAG would like to temporarily adjust the asset allocation to 50% 
stock and 50% bonds. It will use stock index futures and bond futures to achieve this objective. The stock 
index futures contract has a price of $200,000 (after accounting for the multiplier) and a beta of 0.96. 
The bond futures contract has an implied modified duration of 7.2 and a price of $105,250. The yield 
beta is 1. The transaction will be put in place on 15 November, and the horizon date for termination is 
10 January.

Action

The market value of the stock is 0.80($300,000,000) = $240,000,000. The market value of the bonds is 
0.20($300,000,000) = $60,000,000. Because it wants the portfolio to be temporarily reallocated to half stock 
and half bonds, GAAG needs to change the allocation to $150 million of each.

Thus, GAAG effectively needs to sell $90 million of stock by converting it to cash using stock index 
futures and buy $90 million of bonds by using bond futures. This would effectively convert the stock into 
cash and then convert that cash into bonds. Of course, this entire series of transactions will be synthetic; 
the actual stock and bonds in the portfolio will stay in place.

Using Equation 5, the number of stock index futures, denoted as Nsf, will be

n
s
fsf

t s

f s
=

β − β
β







where βT is the target beta of zero, βS is the stock beta of 1.10, βf is the futures beta of 0.96, S is the 
market value of the stock involved in the transaction of $90 million, and fs is the price of the stock index 
futures, $200,000. We obtain

n
0.00 1.10

0.96
$90,000,000

$200,000
515.63sf =

−



 = −

Rounding off, GAAG sells 516 contracts. 
Using Equation 4, the number of bond futures, denoted as Nbf, will be

n
Mdur Mdur

Mdur
B
fbf

t B

f b
=

−





where MDURT is the target modified duration of 6.5, MDURB is the modified duration of the existing 
bonds, MDURf is the implied modified duration of the futures (here 7.2), B is the market value of the 
bonds of $90 million, and fb is the bond futures price of $105,250. The modified duration of the existing 
bonds is the modified duration of a cash position. The sale of stock index futures provides $90 million 
of synthetic cash that is now converted into bonds using bond futures. Because no movement of actual 
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cash is involved in these futures market transactions, the modified duration of cash is effectively equal to 
zero. We obtain

n
6.5 0.0

7.2
$90,000,000

$105,250
771.97bf =

−











=

So GAAG buys 772 contracts. 

Scenario (10 January)

During this period, the stock portion of the portfolio returns –3% and the bond portion returns 1.25%. 
The stock index futures price goes from $200,000 to $193,600, and the bond futures price increases from 
$105,250 to $106,691.

Outcome and Analysis

The profit on the stock index futures transaction is –516($193,600 – $200,000) = $3,302,400. The 
profit on the bond futures transaction is 772($106,691 – $105,250) = $1,112,452. The total profit from 
the futures transaction is, therefore, $3,302,400 + $1,112,452 = $4,414,852. The market value of the 
stocks and bonds will now be

stocks: $240,000,000 1 0.03 $232,800,000
Bonds: $60,000,000 1.0125 $ 60,750,000
total: $293,550,000

( )
( )

− =
=

Thus, the total portfolio value, including the futures gains, is $293,550,000 + $4,414,852 = $297,964,852. 
Had GAAG sold stocks and then converted the proceeds to bonds, the value would have been

stocks: $150,000,000 1 0.03 $145,500,000
Bonds: $150,000,000 1.0125 $151,875,000
total: $297,375,000

( )
( )

− =
=

This total is a slight difference of about 0.2% relative to the market value of the portfolio using 
derivatives.

Exhibit 7 shows a variation of this problem in which a portfolio management firm wants 
to convert a portion of a bond portfolio to cash to meet a liquidity requirement and another 
portion to a higher duration. On the portion it wants to convert to cash, it sells 104 futures 
contracts. This is the correct amount to change the duration to 0.25, the approximate duration 
of a short-term money market instrument. It then buys 33 futures contracts to raise the du-
ration on the other part of the portfolio. The net is that it executes only one transaction of 71 
contracts, and the end result is a portfolio worth $3,030,250 at the end of the period. Had the 
transactions been done by selling and buying securities, the portfolio would have been worth 
$3,048,000, or about the same amount. Another question we shall examine is whether this 
strategy actually meets the liquidity requirement.

We note in Exhibit 7 that the manager wants to convert a portion of the portfolio 
to cash to increase liquidity. By selling the futures contracts, the manager maintains the 
securities in long-term bonds but reduces the volatility of those bonds to the equivalent 

Exhibit 6  (Continued)
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of that of a short-term instrument. We might, however, question whether liquidity has ac-
tually been improved. If cash is needed, the fund would have to sell the long-term bonds 
and buy back the futures. The latter would not present a liquidity problem, but the sale of 
the long-term bonds could be a problem. Reducing the duration to replicate a short-term 
instrument does not remove the problem that long-term instruments, which are still held, 
may have to be liquidated. What it does is convert the volatility of the instrument to that of 
a short-term instrument. This conversion in no way handles the liquidity problem. It simply 
means that given an interest rate change, the position will have the sensitivity of a short-term 
instrument.

Exhibit 7  Adjusting the Allocation between One Bond Class and Another

Scenario (15 October)

Fixed Income Money Advisors (FIMA) manages bond portfolios for wealthy individual investors. It uses 
various tactical strategies to alter its mix between long-and short-term bonds to adjust its portfolio to a 
composition appropriate for its outlook for interest rates. Currently, it would like to alter a $30 million 
segment of its portfolio that has a modified duration of 6.5. To increase liquidity, it would like to move 
$10 million into cash but adjust the duration on the remaining $20 million to 7.5. These changes will 
take place on 15 October and will likely be reversed on 12 December.

Action

The bond futures contract that FIMA will use is priced at $87,500 and has an implied modified duration 
of 6.85. To convert $10 million of bonds at a duration of 6.5 into cash requires adjusting the duration to 
that of a cash equivalent. A cash equivalent is a short-term instrument with a duration of less than 1.0. 
The equivalent instruments that FIMA would use if it did the transactions in cash would be six-month 
instruments. The average duration of a six-month instrument is three months or 0.25. The interest rate 
that drives the long-term bond market is assumed to have a yield beta of 1.0 with respect to the interest 
rate that drives the futures market.

FIMA could solve this problem in either of two ways. It could lower the duration on $10 mil-
lion of bonds from 6.5 to 0.25. Then it could raise the duration on $20 million from 6.5 to 7.5. If 
FIMA converts $10 million to a duration of 0.25 and $20 million to a duration of 7.5, the overall 
duration would be (10/30)0.25 + (20/30)7.50 = 5.08. As an alternative, FIMA could just aim for 
lowering the overall duration to 5.08, but we shall illustrate the approach of adjusting the duration 
in two steps.

Thus, FIMA needs to lower the duration on $10 million from 6.5 to 0.25. Accordingly, the appro-
priate number of futures contracts is

n
Mdur Mdur

Mdur
B
f

0.25 6.50
6.85

$10,000,000
$87,500

104.28f
t B

f
=

−









 =

−











= −

So, FIMA should sell 104 contracts. 
To increase the duration on $20 million from 6.5 to 7.5, the appropriate number of futures contracts 

is
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Thus, FIMA should buy 33 futures contracts. 
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Because these transactions involve the same futures contract, the net effect is that FIMA should sell 
71 contracts. Therefore, FIMA does just one transaction to sell 71 contracts.

Scenario (12 December)

During this period, interest rates rose by 2% and the bonds decreased in value by 13% (6.5 duration times 
2%). The futures price fell to $75,250. Thus, the $30 million bond portfolio fell by $30,000,000(0.13) = 
$3,900,000.

Outcome and Analysis

The profit on the futures contracts is –71($75,250 – $87,500) = $869,750. So the overall loss is 
$3,900,000 – $869,750 = $3,030,250. The change in the portfolio value of 13% was based on an assumed 
yield change of 2% (6.5 duration times 0.02 = 0.13). A portfolio with a modified duration of 5.08 would, 
therefore, change by approximately 5.08(0.02) = 0.1016, or 10.16%. The portfolio thus would decrease by 
$30,000,000(0.1016) = $3,048,000.

The difference in this result and what was actually obtained is $17,750, or about 0.06% of the initial 
$30 million value of the portfolio. Some of this difference is due to rounding and some is due to the fact 
that bonds do not respond in the precise manner predicted by duration.

In Exhibit 8, we illustrate a similar situation involving a pension fund that would like 
to shift the allocation of its portfolio from large-cap stock to mid-cap stock. With futures 
contracts available on indices of both the large-cap and mid-cap sectors, the fund can do this 
by selling futures on the large-cap index and buying futures on the mid-cap index. The results 
come very close to replicating what would happen if it undertook transactions in the actual 
stocks. The futures transactions, however, take place in a market with much greater liquidity 
and lower transaction costs.

Exhibit 8  Adjusting the Allocation between One Equity Class and Another

Scenario (30 April)

The pension fund of US Integrated Technology (USIT) holds $50 million of large-cap domestic 
equity. It would like to move $20 million from large-cap stocks to mid-cap stocks. The large-cap 
stocks have an average beta of 1.03. The desired beta of mid-cap stocks is 1.20. A futures contract on 
large-cap stocks has a price of $263,750 and a beta of 0.98. A futures contract on mid-cap stocks has 
a price of $216,500 and a beta of 1.14. The transaction will be initiated on 30 April and terminated 
on 29 May.

To distinguish the futures contracts, we use NLf and NMf as the number of large-cap and mid-
cap futures contracts, fL and fM as the prices of large-cap and mid-cap futures contracts ($263,750 
and $216,500, respectively), βL and βM as the betas of large-cap and mid-cap stocks (1.03 and 1.20, 
respectively), and βLf and βMf as the betas of the large-cap and mid-cap futures (0.98 and 1.14, 
respectively).

Action

USIT first wants to convert $20 million of stock to cash and then convert $20 million of cash into mid-
cap stock. It can use large-cap futures to convert the beta from 1.03 to zero and then use mid-cap futures 
to convert the beta from 0 to 1.20.

Exhibit 7  (Continued)
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To convert the large-cap stock to cash will require
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So USIT sells 80 large-cap futures contracts. At this point, it has changed the beta to zero. Now it uses 
mid-cap futures to convert the beta from 0.0 to 1.20: 
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So USIT buys 97 mid-cap futures contracts. 

Scenario (29 May)

Large-cap stocks increase by 2.47%, and the large-cap futures price increases to $269,948. Mid-cap 
stocks increase by 2.88%, and the mid-cap futures price increases to $222,432. The $50 million large-
cap portfolio is now worth $50,000,000(1.0247) = $51,235,000.

Outcome and Analysis

The profit on the large-cap futures contracts is –80($269,948 – $263,750) = –$495,840. The profit on 
the mid-cap futures contracts is 97($222,432 – $216,500) = $575,404. The total value of the fund is, 
therefore, $51,235,000 – $495,840 + $575,404 = $51,314,564.

Had the transactions been executed by selling $20 million of large-cap stock and buying $20 mil-
lion of mid-cap stock, the value of the large-cap stock would be $30,000,000(1.0247) = $30,741,000, 
and the value of the mid-cap stock would be $20,000,000(1.0288) = $20,576,000, for a total value of 
$30,741,000 + $20,576,000 = $51,317,000.

This amount produces a difference of $2,436 compared with making the allocation synthetically, 
an insignificant percentage of the original portfolio value. The difference comes from the fact that stocks 
do not always respond in the exact manner predicted by their betas and also that the number of futures 
contracts is rounded off.

Example 6

Q-Tech Advisors manages a portfolio consisting of $100 million, allocated 70% to 
stock at a beta of 1.05 and 30% to bonds at a modified duration of 5.5. As a tactical 
strategy, it would like to temporarily adjust the allocation to 60% stock and 40% 
bonds. Also, it would like to change the beta on the stock position from 1.05 to 1.00 
and the modified duration from 5.5 to 5.0. It will use a stock index futures contract, 
which is priced at $280,000 and has a beta of 0.98, and a bond futures contract, 
which is priced at $125,000 and has an implied modified duration of 6.50.

A.	D etermine how many stock index and bond futures contracts it should use and 
whether to go long or short.

Exhibit 8  (Continued)
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B.	A t the horizon date, the stock portfolio has fallen by 3% and the bonds have risen 
by 1%. The stock index futures price is $272,160, and the bond futures price is 
$126,500. Determine the market value of the portfolio assuming the transactions 
specified in Part A are done, and compare it to the market value of the portfolio had 
the transactions been done in the securities themselves.

Solution to A: T o reduce the allocation from 70% stock ($70 million) and 30% bonds 
($30 million) to 60% stock ($60 million) and 40% bonds ($40 million), Q-Tech must 
synthetically sell $10 million of stock and buy $10 million of bonds. First, assume that 
Q-Tech will sell $10 million of stock and leave the proceeds in cash. Doing so will 
require
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futures contracts. It should sell 38 contracts, which creates synthetic cash of $10 million. 
To buy $10 million of bonds, Q-Tech should buy
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futures contracts, which rounds to 68. This transaction allows Q-Tech to synthetically 
borrow $10 million (selling a stock futures contract is equivalent to borrowing cash) and 
buy $10 million of bonds. Because we have created synthetic cash and a synthetic loan, 
these amounts offset. Thus, at this point, having sold 38 stock index futures and bought 
68 bond futures, Q-Tech has effectively sold $10 million of stock and bought $10 mil-
lion of bonds. It has produced a synthetically re-allocated portfolio of $60 million of 
stock and $40 million of bonds. 

Now it needs to adjust the beta on the $60 million of stock to its target of 1.00. The 
number of futures contracts would, therefore, be
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So it should sell an additional 11 contracts. In total, it should sell 38 + 11 = 49 contracts. 
To adjust the modified duration from 5.50 to its target of 5.00 on the $40 million 

of bonds, the number of futures contracts is
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So it should sell 25 contracts. In total, therefore, it should buy 68 – 25 = 43 contracts. 

Solution to B:  The value of the stock will be $70,000,000(1 – 0.03) = $67,900,000.
The profit on the stock index futures will be –49($272,160 – $280,000) = $384,160.
The total value of the stock position is therefore $67,900,000 + $384,160 = 

$68,284,160.
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So far, we have looked only at allocating funds among different asset classes. In the next 
section, we place ourselves in the position that funds are not available to invest in any asset 
classes, but market opportunities are attractive. Futures contracts enable an investor to place 
itself in the market without yet having the actual cash in place.

4.2.  Pre-Investing in an Asset Class

In all the examples so far, the investor is already in the market and wants to either alter the 
position to a different asset allocation or get out of the market altogether. Now consider 
that the investor might not be in the market but wants to get into the market. The investor 
might not have the cash to invest at a time when opportunities are attractive. Futures con-
tracts do not require a cash outlay but can be used to add exposure. We call this approach 
pre-investing.

An advisor to a mutual fund would like to pre-invest $10 million in cash that it will re-
ceive in three months. It would like to allocate this money to a position of 60% stock and 40% 
bonds. It can do this by taking long positions in stock index futures and bond futures. The 
trick is to establish the position at the appropriate beta and duration. This strategy is illustrated 
in Exhibit 9. We see that the result using futures is very close to what it would have been if the 
fund had actually had the money and invested it in stocks and bonds.

Exhibit 9  Pre-Investing in Asset Classes

Scenario (28 February)

Quantitative Mutual Funds Advisors (QMFA) uses modern analytical techniques to manage money for 
a number of mutual funds. QMFA is not necessarily an aggressive investor, but it does not like to be 
out of the market. QMFA has learned that it will receive an additional $10 million to invest. Although 
QMFA would like to receive the money now, the money is not available for three months. If it had 
the money now, QMFA would invest $6 million in stocks at an average beta of 1.08 and $4 million 
in bonds at a modified duration of 5.25. It believes the market outlook over the next three months is 
highly attractive. Therefore, QMFA would like to invest now, which it can do by trading stock and 
bond futures. An appropriate stock index futures contract is selling at $210,500 and has a beta of 0.97. 
An appropriate bond futures contract is selling for $115,750 and has an implied modified duration 
of 6.05. The current date is 28 February, and the money will be available on 31 May. The number of 
stock index futures contracts will be denoted as Nsf, and the number of bond futures contracts will be 
denoted as Nbf.

The value of the bonds will be $30,000,000(1.01) = $30,300,000.
The profit on the bond futures will be 43($126,500 – $125,000) = $64,500.
The total value of the bond position is, therefore, $30,300,000 + $64,500 = 

$30,364,500.
Therefore, the overall position is worth $68,284,160 + $30,364,500 = $98,648,660.
Had the transactions been done in the securities themselves, the stock would be worth 

$60,000,000(1 – 0.03) = $58,200,000. The bonds would be worth $40,000,000(1.01) = 
$40,400,000. The overall value of the portfolio would be $58,200,000 + $40,400,000 = 
$98,600,000, which is a difference of only $48,660 or 0.05% of the original value of 
the portfolio.
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Action

QMFA wants to take a position in $6 million of stock index futures at a beta of 1.08. It currently has 
no position; hence, its beta is zero. The required number of stock index futures contracts to obtain this 
position is
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So QMFA buys 32 stock index futures contracts.
To gain exposure at a duration of 5.25 on $4 million of bonds, the number of bond futures contracts 

is
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Thus, QMFA buys 30 bond futures contracts.

Scenario (31 May)

During this period, the stock increased by 2.2% and the bonds increased by 0.75%. The stock index 
futures price increased to $214,500, and the bond futures price increased to $116,734.

Outcome and Analysis

The profit on the stock index futures contracts is 32($214,500 – $210,500) = $128,000. The profit 
on the bond futures contracts is 30($116,734 – $115,750) = $29,520. The total profit is, therefore, 
$128,000 + $29,520 = $157,520.

Had QMFA actually invested the money, the stock would have increased in value by 
$6,000,000(0.022) = $132,000, and the bonds would have increased in value by $4,000,000(0.0075) = 
$30,000, for a total increase in value of $132,000 + $30,000 = $162,000, which is relatively close to 
the futures gain of $157,520. The difference of $4,480 between this approach and the synthetic one is 
about 0.04% of the $10 million invested. This difference is due to the fact that stocks and bonds do not 
always respond in the manner predicted by their betas and durations and also that the number of futures 
contracts is rounded off.

In a transaction like the one just described, the fund is effectively borrowing against the 
cash it will receive in the future by pre-investing. Recall that

Long underlying + Short futures = Long risk-free bond

which means that

Long underlying = Long risk-free bond + Long futures

In this example, however, the investor does not have the long position in the risk-free 
bond. That would require cash. We can remove the long risk-free bond in the equation above 

Exhibit 9  (Continued)
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by off-setting it with a loan in which we borrow the cash. Hence, adding a loan to both sides 
gives31

Long underlying + Loan = Long futures

An outright long position in futures is like a fully leveraged position in the underlying. So 
in this example, we have effectively borrowed against the cash we will receive in the future and 
invested in the underlying.

31 The right-hand side is a long risk-free bond and a loan of the same amount, which offset each other.

Example 7

Total Asset Strategies (TAST) specializes in a variety of risk management strategies, one 
of which is to enable investors to take positions in markets in anticipation of future 
transactions in securities. One of its popular strategies is to have the client invest when 
it does not have the money but will be receiving it later. One client interested in this 
strategy will receive $6 million at a later date but wants to proceed and take a position 
of $3 million in stock and $3 million in bonds. The desired stock beta is 1.0, and the 
desired bond duration is 6.2. A stock index futures contract is priced at $195,000 and 
has a beta of 0.97. A bond futures contract is priced at $110,000 and has an implied 
modified duration of 6.0.

A.	F ind the number of stock and bond futures contracts TAST should trade and 
whether it should go long or short.

B.	A t expiration, the stock has gone down by 5%, and the stock index futures price is 
down to $185,737.50. The bonds are up 2%, and the bond futures price is up to 
$112,090. Determine the value of the portfolio and compare it with what it would 
have been had the transactions been made in the actual securities.

Solution to A:  The approximate number of stock index futures is
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So TAST should buy 16 contracts. The number of bond futures is
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So it should buy 28 contracts. 

Solution to B:  The profit on the stock index futures is 16($185,737.50 – $195,000) = 
–$148,200.
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When the cash is eventually received, the investor will close out the futures position and 
invest the cash. This transaction is equivalent to paying off this implicit loan. The investor will 
then be long the underlying.

We should remember that this position is certainly a speculative one. By taking a lever-
aged long position in the market, the investor is speculating that the market will perform well 
enough to cover the cost of borrowing. If this does not happen, the losses could be significant. 
But such is the nature of leveraged speculation with a specific horizon.

So far, all of the strategies we have examined have involved domestic transactions. We now 
take a look at how foreign currency derivatives can be used to handle common transactions 
faced in global commerce.

5. S trategies and Applications for Managing Foreign 
Currency Risk

The risk associated with changes in exchange rates between currencies directly affects many 
companies. Any company that engages in business with companies or customers in other 
countries is exposed to this risk. The volatility of exchange rates results in considerable un-
certainty for companies that sell products in other countries as well as for those companies 
that buy products in other countries. Companies are affected not only by the exchange rate 
uncertainty itself but also by its effects on their ability to plan for the future. For example, 
consider a company with a foreign subsidiary. This subsidiary generates sales in the foreign 
currency that will eventually be converted back into its domestic currency. To implement a 
business plan that enables the company to establish a realistic target income, the company 
must not only predict its foreign sales, but it must also predict the exchange rate at which it 
will convert its foreign cash flows into domestic cash flows. The company may be an expert 
on whatever product it makes or service it provides and thus be in a good position to make 
reasonable forecasts of sales. But predicting foreign exchange rates with much confidence is 
extremely difficult, even for experts in the foreign exchange business. A company engaged in 
some other line of work can hardly expect to be able to predict foreign exchange rates very 
well. Hence, many such businesses choose to manage this kind of risk by locking in the ex-
change rate on future cash flows with the use of derivatives. This type of exchange rate risk is 
called transaction exposure.

In addition to the risk associated with foreign cash flows, exchange rate volatility also 
affects a company’s accounting statements. When a company combines the balance sheets of 
foreign subsidiaries into a consolidated balance sheet for the entire company, the numbers 

The profit on the bond futures is 28($112,090 – $110,000) = $58,520. The total 
profit is –$148,200 + $58,520 = –$89,680, a loss of $89,680. Suppose TAST had in-
vested directly. The stock would have been worth $3,000,000(1 – 0.05) = $2,850,000, 
and the bonds would have been worth $3,000,000(1.02) = $3,060,000, for a total value 
of $2,850,000 + $3,060,000 = $5,910,000, or a loss of $90,000, which is about the 
same as the loss using only the futures.
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from the balance sheets of foreign subsidiaries must be converted into its domestic currency at 
an appropriate exchange rate. Hence, exchange rate risk manifests itself in this arena as well. 
This type of exchange rate risk is called translation exposure.

Finally, we should note that exchange rate uncertainty can also affect a company by mak-
ing its products or services either more or less competitive with those of comparable foreign 
companies. This type of risk can affect any type of company, even if it does not sell its goods 
or services in foreign markets. For example, suppose the US dollar is exceptionally strong. This 
condition makes US products and services more expensive to non-US residents and will lead 
to a reduction in travel to the United States. Hence, the owner of a hotel in the Disney World 
area, even though her cash flow is entirely denominated in dollars, will suffer a loss of sales 
when the dollar is strong because fewer non-US residents will travel to the United States, visit 
Disney World, and stay in her hotel. Likewise, foreign travel will be cheaper for US citizens, 
and more of them will visit foreign countries instead of Disney World.32 This type of risk is 
called economic exposure.

In this reading, we shall focus on managing the risk of transaction exposure. The man-
agement of translation exposure requires a greater focus on accounting than we can provide 
here. Managing economic exposure requires the forecasting of demand in light of competitive 
products and exchange rates, and we shall not address this risk.

The management of a single cash flow that will have to be converted from one currency 
to another is generally done using forward contracts. Futures contracts tend to be too stand-
ardized to meet the needs of most companies. Futures are primarily used by dealers to manage 
their foreign exchange portfolios.33 Therefore, in the two examples here, we use forward con-
tracts to manage the risk of a single foreign cash flow.

5.1.  Managing the Risk of a Foreign Currency Receipt

When due to receive cash flows denominated in a foreign currency, companies can be viewed as 
being long the currency. They will convert the currency to their domestic currency and, hence, 
will be selling the foreign currency to obtain the domestic currency. If the domestic currency 
increases in value while the company is waiting to receive the cash flow, the domestic currency 
will be more expensive, and the company will receive fewer units of the domestic currency for 
the given amount of foreign currency. Thus, being long the foreign currency, the company 
should consider selling the currency in the forward market by going short a currency forward 
contract.

Exhibit 10 illustrates the case of a company that anticipates the receipt of a future cash 
flow denominated in euros. By selling a forward contract on the amount of euros it expects 
to receive, the company locks in the exchange rate at which it will convert the euros. We as-
sume the contract calls for actual delivery of the euros, as opposed to a cash settlement, so the 
company simply transfers the euros to the dealer, which sends the domestic currency to the 

32 Even US citizens who would never travel abroad would not increase their trips to Disney World be-
cause of the more favorable exchange rate.
33 In some cases, single cash flows are managed using currency options, which we cover in the reading 
on risk management applications of option strategies. A series of foreign cash flows is usually man-
aged using currency swaps, which we cover in the reading on risk management applications of swap 
strategies.
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company. If the transaction were structured to be settled in cash, the company would sell 
the euros on the market for the exchange rate at that time, ST, and the forward contract would 
be cash settled for a payment of –(ST – F), where F is the rate agreed on at the start of the for-
ward contract—in other words, the forward exchange rate. The net effect is that the company 
receives F, the forward rate for the euros.

Exhibit 10  Managing the Risk of a Foreign Currency Receipt

Scenario (15 August)

H-Tech Hardware, a US company, sells its products in many countries. It recently received an order for 
some computer hardware from a major European government. The sale is denominated in euros and is in 
the amount of €50 million. H-Tech will be paid in euros; hence, it bears exchange rate risk. The current 
date is 15 August, and the euros will be received on 3 December.

Action

On 15 August, H-Tech decides to lock in the 3 December exchange rate by entering into a forward con-
tract that obligates it to deliver €50 million and receive a rate of $0.877. H-Tech is effectively long the 
euro in its computer hardware sale, so a short position in the forward market is appropriate.

Scenario (3 December)

The exchange rate on this day is ST, but as we shall see, this value is irrelevant for H-Tech because it is 
hedged.

Outcome and Analysis

The company receives its €50 million, delivers it to the dealer, and is paid $0.877 per euro for a to-
tal payment of €50,000,000($0.877) = $43,850,000. H-Tech thus pays the €50 million and receives 
$43.85 million, based on the rate locked in on 15 August.

5.2.  Managing the Risk of a Foreign Currency Payment

In Exhibit 11, we see the opposite type of problem. A US company is obligated to purchase a 
foreign currency at a later date. Because an increase in the exchange rate will hurt it, the US 
company is effectively short the currency. Hence, to lock in the rate now, it needs to go long 
the forward contract. Regardless of the exchange rate at expiration, the company purchases the 
designated amount of currency at the forward rate agreed to in the contract now.

Exhibit 11  Managing the Risk of a Foreign Currency Payment

Scenario (2 March)

American Manufacturing Catalyst (AMC) is a US company that occasionally makes steel and cop-
per purchases from non-US companies to meet unexpected demand that cannot be filled through its 
domestic suppliers. On 2 March, AMC determines that it will need to buy a large quantity of steel 
from a Japanese company on 1 April. It has entered into a contract with the Japanese company to pay 
¥900 million for the steel. At a current exchange rate of $0.0083 per yen, the purchase will currently cost 
¥900,000,000($0.0083) = $7,470,000. AMC faces the risk of the yen strengthening.

(continued )
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Action

In its future steel purchase, AMC is effectively short yen, because it will need to purchase yen at a later 
date. Thus, a long forward contract is appropriate. AMC decides to lock in the exchange rate for 1 April 
by entering into a long forward contract on ¥900 million with a dealer. The forward rate is $0.008309. 
AMC will be obligated to purchase ¥900 million on 1 April and pay a rate of $0.008309.

Scenario (1 April)

The exchange rate for yen is ST. As we shall see, this value is irrelevant for AMC, because it is hedged.

Outcome and Analysis

The company purchases ¥900 million from the dealer and pays $0.008309, for a total payment of 
¥900,000,000($0.008309) = $7,478,100. This amount was known on 2 March. AMC gets the yen it 
needs and uses it to purchase the steel.

In Exhibit 10, a company agreed to accept a fixed amount of the foreign currency for the 
sale of its computer hardware. In Exhibit 11, a company agreed to pay a fixed amount of the 
foreign currency to acquire the steel. You may be wondering why in both cases the transaction 
was denominated in the foreign currency. In some cases, a company might be able to lock in 
the amount of currency in domestic units. It all depends on the relative bargaining power of 
the buyer and the seller and on how badly each wants to make the sale. Companies with the 
expertise to manage foreign exchange risk can use that expertise to offer contracts denominated 
in either currency to their counterparts on the other side of the transaction. For example, in 
the second case, suppose the Japanese company was willing to lock in the exchange rate using 
a forward contract with one of its derivatives dealers. Then the Japanese company could offer 
the US company the contract in US dollars. The ability to manage exchange rate risk and offer 
customers a price in either currency can be an attractive feature for a seller.

Example 8

Royal Tech Ltd. is a UK technology company that has recently acquired a US subsid-
iary. The subsidiary has an underfunded pension fund, and Royal Tech has absorbed 
the subsidiary’s employees into its own pension fund, bringing the US subsidiary’s 
defined-benefit plan up to an adequate level of funding. Soon Royal Tech will be mak-
ing its first payments to retired employees in the United States. Royal Tech is obligated 
to pay about $1.5 million to these retirees. It can easily set aside in risk-free bonds the 
amount of pounds it will need to make the payment, but it is concerned about the for-
eign currency risk in making the US dollar payment. To manage this risk, Royal Tech is 
considering using a forward contract that has a contract rate of £0.60 per dollar.

A.	D etermine how Royal Tech would eliminate this risk by identifying an appropriate 
forward transaction. Be sure to specify the notional principal and state whether to 
go long or short. What domestic transaction should it undertake?

Exhibit 11  (Continued)
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5.3.  Managing the Risk of a Foreign-Market Asset Portfolio

One of the dominant themes in the world of investments in the last 20 years has been the im-
portance of diversifying internationally. The increasing globalization of commerce has created 
a greater willingness on the part of investors to think beyond domestic borders and add foreign 
securities to a portfolio.34 Thus, more asset managers are holding or considering holding for-
eign stocks and bonds. An important consideration in making such a decision is the foreign 
currency risk. Should a manager accept this risk, hedge the foreign market risk and the foreign 
currency risk, or hedge only the foreign currency risk?

It is tempting to believe that the manager should accept the foreign market risk, using it 
to further diversify the portfolio, and hedge the foreign currency risk. In fact, many asset man-
agers claim to do so. A closer look, however, reveals that it is virtually impossible to actually 
do this.

Consider a US asset management firm that owns a portfolio currently invested in euro- 
denominated stock worth S0, where S0 is the current stock price in euros. The exchange rate is 
FX0 dollars per euro. Therefore, the portfolio is currently worth S0(FX0) in dollars. At a future 
time, t, the portfolio is worth St in euros and the exchange rate is FXt. So the portfolio would 
then be worth St(FXt). The firm is long both the stock and the euro.

A forward contract on the euro would require the firm to deliver a certain number of euros 
and receive the forward rate, F. The number of euros to be delivered, however, would need to 
be specified in the contract. In this situation, the firm would end up delivering St euros. This 
amount is unknown at the time the forward contract is initiated. Thus, it would not be possi-
ble to know how many euros the firm would need to deliver.

Some companies manage this problem by estimating an expected future value of the port-
folio. They enter into a hedge based on that expectation and adjust the hedge to accommodate 

B.	A t expiration of the forward contract, the spot exchange rate is ST. Explain what 
happens.

Solution to A: R oyal Tech will need to come up with $1,500,000 and is obligated to 
buy dollars at a later date. It is thus short dollars. To have $1,500,000 secured at the 
forward contract expiration, Royal Tech would need to go long a forward contract on 
the dollar. With the forward rate equal to £0.60, the contract will need a notional 
principal of £900,000. So Royal Tech must set aside funds so that it will have £900,000 
available when the forward contract expires. When it delivers the £900,000, it will re-
ceive £900,000(1/£0.60) = $1,500,000, where 1/£0.60 ≈ $1.67 is the dollar-per-pound 
forward rate.

Solution to B: A t expiration, it will not matter what the spot exchange rate is. Royal 
Tech will deliver £900,000 and receive $1,500,000.

34 Ironically, the increasing globalization of commerce has increased the correlation among the securities 
markets of various countries. With this higher correlation, the benefits of international diversification are 
much smaller.
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any changes in expectations. Other companies hedge a minimum portfolio value. They 
estimate that it is unlikely the portfolio value will fall below a certain level and then sell a 
forward contract for a size based on this minimum value.35 This approach leaves the compa-
nies hedged for a minimum value, but any increase in the value of the portfolio beyond the 
minimum would not be hedged. Therefore, any such gains could be wiped out by losses in the 
value of the currency.

So, with the exception of one special and complex case we discuss below, it is not possi-
ble to leave the local equity market return exposed and hedge the currency risk.36 If the local 
market return is hedged, then it would be possible to hedge the currency risk. The hedge of the 
local market return would lock in the amount of the foreign currency that would be converted 
at the hedge termination date. Of course, the company can hedge the local market return and 
leave the currency risk unhedged. Or it can hedge neither.37

In Exhibit 12, we examine the two possibilities that can be executed: hedging the local 
market risk and hedging both the local market risk and the foreign currency risk. We first use 
futures on the foreign equity portfolio as though no currency risk existed. This transaction 
attempts to lock in the future value of the portfolio. This locked-in return should be close 
to the foreign risk-free rate. If we also choose to hedge the currency risk, we then know that 
the future value of the portfolio will tell us the number of units of the foreign currency that 
we shall have available to convert to domestic currency at the hedge termination date. Then 
we would know the amount of notional principal to use in a forward contract to hedge the 
exchange rate risk.

Exhibit 12  Managing the Risk of a Foreign-Currency-Denominated Asset Portfolio

Scenario (31 December)

AZ Asset Management is a US firm that invests money for wealthy individual investors. Concerned 
that it does not know how to manage foreign currency risk, so far AZ has invested only in US markets. 
Recently, it began learning about managing currency risk and would like to begin investing in foreign 
markets with a small position worth €10 million. The proposed portfolio has a beta of 1.10. AZ is con-
sidering either hedging the European equity market return and leaving the currency risk unhedged, or 
hedging the currency risk as well as the European equity market return. If it purchases the €10 million 
portfolio, it will put this hedge in place on 31 December and plans to leave the position open until 
31 December of the following year.

For hedging the European equity market risk, it will use a stock index futures contract on a 
euro-denominated stock index. This contract is priced at €120,000 and has a beta of 0.95. If it hedg-
es the currency risk, it will use a dollar-denominated forward contract on the euro. That contract 
has a price of $0.815 and can have any notional principal that the parties agree on at the start. The 
current spot exchange rate is $0.80. The foreign risk-free rate is 4%, which is stated as an annually 
compounded rate. The domestic risk-free rate is 6%.

37 In fact, some compelling arguments exist for hedging neither. The currency risk can be unrelated to the 
domestic market risk, thereby offering some further diversifying risk-reduction possibilities.

36 The foreign equity market return is often referred to as the local market return, a term we shall use 
henceforth.

35 One way to assure a minimum value would be to use a put option. We shall take up this strategy in the 
reading on risk management applications of option strategies.
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Action

Hedging the equity market risk only: To eliminate the risk on the portfolio of stock that has a beta of 1.10 
would require

n
0 1.10

0.95
10,000,000

120,000
96.49f =

−

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= −

contracts. This amount would be rounded to 96, so AZ would sell 96 contracts. 
Hedging the equity market risk and the currency risk: Again, AZ would sell 96 stock index futures con-

tracts. It would enter into a forward contract to lock in the exchange rate on a certain amount of euros on 
31 December. The question is, how many euros will it have? If the futures contract hedges the stock port-
folio, it should earn the foreign risk-free rate. Thus, the portfolio should be worth €10,000,000(1.04) = 
€10,400,000. So, AZ expects to have €10,400,000 on the following 31 December and will convert this 
amount back to dollars. So the notional principal on the forward contract should be €10.4 million. Note 
that the starting portfolio value in dollars is €10,000,000($0.80) = $8,000,000.

Scenario (31 December of the Following Year)

During the year, the European stock market went down 4.55%. Given the portfolio beta of 1.10, it 
declines by 4.55(1.10) = 5%. The portfolio is now worth €10,000,000(1 – 0.05) = €9,500,000. The 
exchange rate fell to $0.785, and the futures price fell to €110,600.

Outcome and Analysis

If nothing is hedged: The portfolio is converted to dollars at $0.785 and is worth €9,500,000(0.785) = 
$7,457,500. This amount represents a loss of 6.8% over the initial value of $8,000,000.

If only the European stock market is hedged: The profit on the futures would be –96(€110,600 – 
€120,000) = €902,400. Adding this amount to the value of the portfolio gives a value of €9,500,000 + 
€902,400 = €10,402,400, which is an increase in value of 4.02%, or approximately the foreign risk-free 
rate, as it should be. This amount is converted to dollars to obtain €10,402,400($0.785) = $8,165,884, 
a gain of 2.07%.

If the European stock market and the currency risk are both hedged: AZ sold €10.4 million of euros in 
the forward market at $0.815. The contract will settle in cash and show a profit of €10,400,000($0.815 – 
$0.785) = $312,000. This leaves the overall portfolio value at $8,165,884 + $312,000 = $8,477,884, a 
gain of 5.97%, or approximately the domestic risk-free rate.

In this case, the foreign stock market went down and the foreign currency went down. Without the 
hedge, the loss was almost 7%. With the foreign stock market hedge, the loss turns into a gain of 2%. 
With the currency hedge added, the loss becomes a gain of almost 6%. Of course, different outcomes 
could occur. Gains from a stronger foreign stock market and a stronger currency would be lost if the 
company had made these same hedges.

Note, however, that once AZ hedges the foreign market return, it can expect to earn only the for-
eign risk-free rate. If it hedges the foreign market return and the exchange rate, it can expect to earn only 
its domestic risk-free rate. Therefore, neither strategy makes much sense for the long run. In the short 
run, however, this strategy can be a good tactic for investors who are already in foreign markets and who 
wish to temporarily take a more defensive position without liquidating the portfolio and converting it 
to cash.

Exhibit 12  (Continued)
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We see that if only the foreign stock market return is hedged, the portfolio return is 
the foreign risk-free rate before converting to the domestic currency. If both the foreign 
stock market and the exchange rate risk are hedged, the return equals the domestic risk-
free rate.

As a temporary and tactical strategy, hedging one or both risks can make sense. There are 
certainly periods when one might be particularly concerned about these risks and might wish 
to eliminate them. Executing this sort of strategy can be much easier than selling all of the 
foreign stocks and possibly converting the proceeds into domestic currency. But in the long 
run, a strategy of investing in foreign markets, hedging that risk, and hedging the exchange rate 
risk hardly makes much sense.

Example 9

FCA Managers (FCAM) is a US asset management firm. Among its asset classes is a 
portfolio of Swiss stocks worth SF10 million, which has a beta of 1.00. The spot ex-
change rate is $0.75, the Swiss interest rate is 5%, and the US interest rate is 6%. Both 
of these interest rates are compounded in the Libor manner: Rate × (Days/360). These 
rates are consistent with a six-month forward rate of $0.7537. FCAM is considering 
hedging the local market return on the portfolio and possibly hedging the exchange 
rate risk for a six-month period. A futures contract on the Swiss market is priced at 
SF300,000 and has a beta of 0.90.

A.	W hat futures position should FCAM take to hedge the Swiss market return? What 
return could it expect?

B.	A ssuming that it hedges the Swiss market return, how could it hedge the exchange 
rate risk as well, and what return could it expect?

Solution to A: T o hedge the Swiss local market return, the number of futures contracts is
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So FCAM should sell 37 contracts. Because the portfolio is perfectly hedged, its return 
should be the Swiss risk-free rate of 5%. 

Solution to B: I f hedged, the Swiss portfolio should grow to a value of SF10,000,000[1 + 
0.05(180/360)] = SF10,250,000.

FCAM could hedge this amount with a forward contract with this much notional 
principal. If the portfolio is hedged, it will convert to a value of SF10,250,000($0.7537) = 
$7,725,425.

In dollars, the portfolio was originally worth SF10,000,000($0.75) = 7,500,000. 

Thus, the return is $7,725,425
$7,500,000

1 0.03− ≈ , which is the US risk-free rate for six months.
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6. F utures or Forwards?

As we have seen, numerous opportunities and strategies exist for managing risk using futures 
and forwards. We have largely ignored the issue of which instrument—futures or forwards—is 
better. Some types of hedges are almost always executed using futures, and some are almost 
always executed using forwards. Why the preference for one over the other? First, let us recall 
the primary differences between the two:

•	 Futures contracts are standardized, with all terms except for the price set by the futures ex-
change. Forward contracts are customized. The two parties set the terms according to their 
needs.

•	 Futures contracts are guaranteed by the clearinghouse against default. Forward contracts 
subject each party to the possibility of default by the other party.

•	 Futures contracts require margin deposits and the daily settlement of gains and losses. For-
ward contracts pay off the full value of the contract at expiration. Some participants in 
forward contracts agree prior to expiration to use margin deposits and occasional settlements 
to reduce the default risk.

•	 Futures contracts are regulated by federal authorities. Forward contracts are essentially un-
regulated.

•	 Futures contracts are conducted in a public arena, the futures exchange, and are reported to 
the exchanges and the regulatory authority. Forward contracts are conducted privately, and 
individual transactions are not generally reported to the public or regulators.

Risks that are associated with very specific dates, such as when interest rates are reset 
on a loan, usually require forward contracts. Thus, we used an FRA to lock in the rate on a 
loan. That rate is set on a specific day. A futures contract has specific expirations that may not 
correspond to the day on which the rate is reset. Although it is possible to use sophisticated 
models and software to compensate for this problem, typical borrowers do not usually possess 
the expertise to do so. It is much easier for them to use an FRA.

Oddly enough, however, the risk of most bond portfolios is managed using Treasury bond 
futures. Those portfolios have horizon dates for which the company is attempting to lock in 
values. But usually rates are not being reset on that date, and the hedge does not need to be 
perfect. Often there is flexibility with respect to the horizon date. Treasury bond futures work 
reasonably well for these investors. Likewise, the risk of equity portfolios tends to be managed 
with stock index futures. Even though the offsetting of risks is not precise, that is not a ne-
cessity. Equity and debt portfolio managers usually need only satisfactory protection against 
market declines. Nonetheless, in some cases equity and debt portfolio managers use over-the-
counter instruments such as forward contracts. In fact, sometimes a portfolio manager will ask 
a derivatives dealer to write a forward contract on a specific portfolio. This approach is more 
costly than using futures and provides a better hedge, but, as noted, a perfect hedge is usually 
not needed. In practice, portfolio managers have traded off the costs of customized hedges with 
the costs of using standardized futures contracts and have found the latter to be preferable.38

Forward contracts are the preferred vehicle for the risk management of foreign currency. 
This preference partly reflects the deep liquidity in the forward market, which has been around 

38 Portfolio managers do use swaps on occasion, as we cover in the reading on risk management applica-
tions of swap strategies.
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longer than the futures market. Moreover, much of this trading is undertaken by corporations 
managing the risk of either the issuance of a bond or the inflows and outcomes of specific 
currency transactions, in which case the precision provided by customized transactions is 
preferred.

Nevertheless, one might wonder why certain contracts do not die out. Recall that most 
corporations do not use the Eurodollar futures market to hedge their floating-rate loans. Yet 
the Eurodollar futures contract is one of the most active of all futures contracts in the world. 
Where does this volume come from? It is from the dealers in swaps, options, and FRAs. When 
they enter into transactions with end users in which the underlying rate is Libor, they must 
manage the risk they have assumed, and they must do so very quickly. They cannot afford to 
leave their positions exposed for long. It is rarely possible for them to simply pick up the phone 
and find another customer to take the opposite side of the transaction. A corporate client with 
the exact opposite needs at the exact same time as some other end user would be rare. There-
fore, dealers need to execute offsetting transactions very quickly. There is no better place to 
do this than in the Eurodollar futures markets, with its extremely deep liquidity. These dealer 
companies have sophisticated analysts and software and are able to manage the risk caused by 
such problems as the futures contract expiring on one day and the payoffs on the FRAs being 
set on another day. Thus, these risks can be more effectively measured and managed by dealers 
than by end users.

As we have emphasized, futures contracts require margin deposits and the daily settling 
of gains and losses. This process causes some administrative problems because money must be 
deposited into a futures account and cash flows must be managed on a daily basis. When fu-
tures brokers call for more money to cover losses, companies using futures contracts must send 
cash or very liquid securities. Although the brokers may be generating value on the other side 
of a hedge transaction, that value may not produce actual cash.39 On the other hand, forward 
transactions, while not necessarily requiring margin deposits, generate concerns over whether 
the counterparty will be able to pay at expiration. Of course, those concerns lead some coun-
terparties to require margins and periodic settlements.

Although forward contracts are essentially unregulated while futures contracts are heavily 
regulated, this factor is not usually a major consideration in deciding which type of contract 
to use. In some cases, however, regulation prevents use of a specific contract. For example, a 
country might prohibit foreign futures exchanges from offering their products in its markets. 
There would probably be no such prohibition on forward contracts.40 In some cases, regu-
lation prevents or delays usage of certain futures products, making it possible for innovative 
companies that can create forward products to offer them ahead of the comparable products 
of futures exchanges. The futures exchanges claim this is unfair by making it more difficult for 
them to compete with forward markets in providing risk management products.

We also noted that futures contracts are public transactions, whereas forward contracts are 
private transactions. This privacy characteristic can cause a company to prefer a forward trans-
action if it does not want others, such as traders on the futures exchange, to know its views.

39 Consider, for example, a company that sells futures contracts to hedge the value of a bond portfolio. 
Suppose interest rates fall, the bond portfolio rises, and the futures price also rises. Losses will be in-
curred on the futures contracts and additional margin deposits will be required. The bond portfolio has 
increased in value, but it may not be practical to liquidate the portfolio to generate the necessary cash.
40 In some less developed but highly regulated countries, private financial transactions such as forward 
contracts can be prohibited.
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7. F inal Comments

A few points are worth repeating. Because they can be somewhat unstable, betas and dura-
tions are difficult to measure, even under the best of circumstances. Even when no derivatives 
transactions are undertaken, the values believed to be the betas and durations may not truly 
turn out to reflect the sensitivities of stocks and bonds to the underlying sources of risk. There-
fore, if derivatives transactions do not work out to provide the exact hedging results expected, 
users should not necessarily blame derivatives. If, however, speculative long (short) positions 
are added to an otherwise long position, risk should increase (decrease), although the exact 
amount of the increase (decrease) cannot be known for sure in advance.41 Derivatives should 
not be maligned for their speculative use when there are valuable hedging uses.

We have mentioned that transaction costs are a major consideration in the use of deriv-
atives, and this is clearly the case with futures and forwards. By some reports, transactions 
costs for stock index derivatives are approximately 95% lower than for stock indices.42 Indeed, 
one of the major reasons that derivatives exist is that they provide a means of trading at lower 
transaction costs. To survive as risk management products, derivatives need to be much less 
expensive than the value of the underlying instruments. There are almost no situations in 
which transacting in the underlying securities would be preferable to using derivatives on a 
transaction-cost basis, when taking a position for a specified short horizon.

Transacting in futures and forwards also has a major advantage of being less disruptive to 
the portfolio and its managers. For example, the asset classes of many portfolios are managed 
by different persons or firms. If the manager of the overall portfolio wants to change the risk of 
certain asset classes or alter the allocations between asset classes, he can do so using derivatives. 
Instead of telling one manager that she must sell securities and another manager that he must 
buy securities, the portfolio manager can use derivatives to reduce the allocation to one class 
and increase the allocation to the other. The asset class managers need not even know that the 
overall asset allocation has been changed. They can concentrate on doing the best they can 
within their respective areas of responsibility.

In the matter of liquidity, however, futures and forwards do not always offer the advan-
tages often attributed to them. They require less capital to trade than the underlying securities, 
but they are not immune to liquidity problems. Nowhere is this concern more evident than 
in using a futures contract that expires a long time from the present. The greatest liquidity 
in the futures markets is in the shortest expirations. Although there may be futures contracts 
available with long-term expirations, their liquidity is much lower. Many forward markets are 
very liquid, but others may not be. High liquidity should not automatically be assumed of 
all derivatives, although in general, derivatives are more liquid than the underlying securities.

Many organizations are not permitted to use futures or forwards. Futures and forwards 
are fully leveraged positions, because they essentially require no equity. Some companies might 

41 We use the expression “should increase (decrease)” to reflect the fact that some other factors could 
cause perverse results. We previously mentioned call features and credit risk of such assets as corporate 
and municipal bonds that could result in a bond price not moving in the same direction as a move in 
the general level of bond prices. A poorly diversified stock portfolio could move opposite to the market, 
thereby suggesting a negative beta that is really only diversifiable risk. We assume that these situations are 
rare or that their likelihood and consequences have been properly assessed by risk managers.
42 These statements are based on trading all individual stocks that make up an index. Trading through 
exchange-traded funds would reduce some of these stock trading costs.
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have a policy against fully leveraged positions but might permit options, which are not fully 
leveraged. Loss potential is much greater on purchased or sold futures or forwards, where-
as losses are capped on purchased options. Some organizations, however, permit futures and 
forwards but prohibit options. Other organizations might prohibit credit-risky instruments, 
such as forwards and over-the-counter options, but permit credit-risk-free instruments, such 
as futures and exchange-listed options. These restrictions, although sometimes misguided, are 
realistic constraints that must be considered when deciding how to manage risk.

In conclusion, futures and forward contracts are both alike and different. On some oc-
casions, one is preferred over the other. Both types of contracts have their niches. The most 
important point they have in common is that they have zero value at the start and offer linear 
payoffs, meaning that no one “invests” any money in either type of contract at the start, but the 
cost is paid for by the willingness to give up gains and incur losses resulting from movements in 
the underlying. Options, which require a cash investment at the start, allow a party to capture 
favorable movements in the underlying while avoiding unfavorable movements. This type of 
payoff is nonlinear. In some cases, options will be preferred to other types of derivatives.

8. S ummary

•	 A borrower can lock in the rate that will be set at a future date on a single-payment loan by 
entering into a long position in an FRA. The FRA obligates the borrower to make a fixed 
interest payment and receive a floating interest payment, thereby protecting the borrower if 
the loan rate is higher than the fixed rate in the FRA but also eliminating gains if the loan 
rate is lower than the fixed rate in the FRA.

•	 The duration of a bond futures contract is determined as the duration of the bond underly-
ing the futures contract as of the futures expiration, based on the yield of the bond under-
lying the futures contract. The modified duration is obtained by dividing the duration by 1 
plus the yield. The duration of a futures contract is implied by these factors and is called the 
implied (modified) duration. 

•	 The implied yield of a futures contract is the yield implied by the futures price on the bond 
underlying the futures contract as of the futures expiration. 

•	 The yield beta is the sensitivity of the yield on a bond portfolio relative to the implied yield 
on the futures contract. 

•	 The number of bond futures contracts required to change the duration of a bond portfolio 
is based on the ratio of the market value of the bonds to the futures price multiplied by the 
difference between the target or desired modified duration and the actual modified duration, 
divided by the implied modified duration of the futures. 

•	 The actual adjusted duration of a bond portfolio may not equal the desired duration for a 
number of reasons, including that the yield beta may be inaccurate or unstable or the bonds 
could contain call features or default risk. In addition, duration is a measure of instanta-
neous risk and may not accurately capture the risk over a long horizon without frequent 
portfolio adjustments. 

•	 The number of equity futures contracts required to change the beta of an equity portfolio is 
based on the ratio of the market value of the stock to the futures price times the difference 
between the target or desired beta and the actual beta, divided by the beta of the futures.

•	 A long position in stock is equivalent to a long position in futures and a long position in 
a risk-free bond; therefore, it is possible to synthetically create a long position in stock by 
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buying futures on stock and a risk-free bond. This process is called equitizing cash and can 
be used to create a synthetic stock index fund.

•	 A long position in cash is equivalent to a long position in stock and a short position in stock 
futures. Therefore, it is possible to synthetically create a long position in cash by buying 
stock and selling futures.

•	 The allocation of a portfolio between equity and debt can be adjusted using stock index 
and bond futures. Buy futures to increase the allocation to an asset class, and sell futures to 
decrease the allocation to an asset class.

•	 The allocation of a bond portfolio between cash and high-duration bonds can be adjusted by 
using bond futures. Sell futures to increase the allocation to cash, and buy futures to increase 
the allocation to long-term bonds.

•	 The allocation of an equity portfolio among different equity sectors can be adjusted by using 
stock index futures. Sell futures on an index representing one sector to decrease the alloca-
tion to that sector, and buy futures on an index representing another sector to increase the 
allocation to that sector.

•	 A portfolio manager can buy bond or stock index futures to take a position in an asset class 
without having cash to actually invest in the asset class. This type of strategy is sometimes 
used in anticipation of the receipt of a sum of cash at a later date, which will then be invested 
in the asset class and the futures position will be closed.

•	 Transaction exposure is the risk associated with a foreign exchange rate on a specific business 
transaction such as a purchase or sale. Translation exposure is the risk associated with the 
conversion of foreign financial statements into domestic currency. Economic exposure is the 
risk associated with changes in the relative attractiveness of products and services offered for 
sale, arising out of the competitive effects of changes in exchange rates.

•	 The risk of a future foreign currency receipt can be eliminated by selling a forward contract 
on the currency. This transaction locks in the rate at which the foreign currency will be con-
verted to the domestic currency.

•	 The risk of a future foreign currency payment can be eliminated by buying a forward con-
tract on the currency. This transaction locks in the rate at which the domestic currency will 
be converted to the foreign currency.

•	 It is not possible to invest in a foreign equity market and precisely hedge the currency risk 
only. To hedge the currency risk, one must know the exact amount of foreign currency that 
will be available at a future date. Without locking in the equity return, it is not possible to 
know how much foreign currency will be available.

•	 It is possible to hedge the foreign equity market return and accept the exchange rate risk or 
hedge the foreign equity market return and hedge the exchange rate risk. By hedging the eq-
uity market return, one would know the proper amount of currency that would be available 
at a later date and could use a futures or forward contract to hedge the currency risk. The 
equity return, however, would equal the risk-free rate.

•	 Forward contracts are usually preferred over futures contracts when the risk is related to 
an event on a specific date, such as an interest rate reset. Forward contracts on foreign cur-
rency are usually preferred over futures contracts, primarily because of the liquidity of the 
market. Futures contracts require margins and daily settlements but are guaranteed against 
credit losses and may be preferred when credit concerns are an issue. Either contract may 
be preferred or required if there are restrictions on the use of the other. Dealers use both 
instruments in managing their risk, occasionally preferring one instrument and sometimes 
preferring the other. Forward contracts are preferred if privacy is important.
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•	 Futures and forwards, as well as virtually all derivatives, have an advantage over transactions 
in the actual instruments by virtue of their significantly lower transaction costs. They also 
allow a portfolio manager to make changes in the risk of certain asset classes or the alloca-
tion among asset classes without disturbing the asset class or classes themselves. This feature 
allows the asset class managers to concentrate on their respective asset classes without be-
ing concerned about buying and selling to execute risk-altering changes or asset allocation 
changes.

•	 Although futures and forwards tend to be more liquid than their underlying assets, they are 
not always highly liquid. Therefore, it cannot always be assumed that futures and forwards 
can solve liquidity problems.

Problems

	 1.	A n investment management firm wishes to increase the beta for one of its portfolios un-
der management from 0.95 to 1.20 for a three-month period. The portfolio has a market 
value of $175,000,000. The investment firm plans to use a futures contract priced at 
$105,790 in order to adjust the portfolio beta. The futures contract has a beta of 0.98.
A.	 Calculate the number of futures contracts that should be bought or sold to achieve an 

increase in the portfolio beta.
B.	A t the end of three months, the overall equity market is up 5.5%. The stock portfolio 

under management is up 5.1%. The futures contract is priced at $111,500. Calculate 
the value of the overall position and the effective beta of the portfolio.

	 2.	 Consider an asset manager who wishes to create a fund with exposure to the Russell 
2000 stock index. The initial amount to be invested is $300,000,000. The fund will be 
constructed using the Russell 2000 Index futures contract, priced at 498.30 with a $500 
multiplier. The contract expires in three months. The underlying index has a dividend 
yield of 0.75%, and the risk-free rate is 2.35% per year.
A.	I ndicate how the money manager would go about constructing this synthetic index 

using futures.
B.	A ssume that at expiration, the Russell 2000 is at 594.65. Show how the synthetic 

position produces the same result as investment in the actual stock index.
	 3.	A n investment management firm has a client who would like to temporarily reduce his ex-

posure to equities by converting a $25 million equity position to cash for a period of four 
months. The client would like this reduction to take place without liquidating his equity 
position. The investment management firm plans to create a synthetic cash position using 
an equity futures contract. This futures contract is priced at 1170.10, has a multiplier of 
$250, and expires in four months. The dividend yield on the underlying index is 1.25%, 
and the risk-free rate is 2.75%.
A.	 Calculate the number of futures contracts required to create synthetic cash.
B.	D etermine the effective amount of money committed to this risk-free transaction and 

the effective number of units of the stock index that are converted to cash.
C.	A ssume that the stock index is at 1031 when the futures contract expires. Show how 

this strategy is equivalent to investing the risk-free asset, cash.

Practice Problems and Solutions: Analysis of Derivatives for the Chartered Financial Analyst® Program, by 
Don M. Chance, CFA. © 2003 CFA Institute. All rights reserved.
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	 4.	 Consider a portfolio with a 65% allocation to stocks and 35% to bonds. The portfolio has 
a market value of $200 million. The beta of the stock position is 1.15, and the modified 
duration of the bond position is 6.75. The portfolio manager wishes to increase the stock 
allocation to 85% and reduce the bond allocation to 15% for a period of six months. In 
addition to altering asset allocations, the manager would also like to increase the beta on 
the stock position to 1.20 and increase the modified duration of the bonds to 8.25. A 
stock index futures contract that expires in six months is priced at $157,500 and has a beta 
of 0.95. A bond futures contract that expires in six months is priced at $109,000 and has 
an implied modified duration of 5.25. The stock futures contract has a multiplier of one.
A.	S how how the portfolio manager can achieve his goals by using stock index and bond 

futures. Indicate the number of contracts and whether the manager should go long or 
short.

B.	A fter six months, the stock portfolio is up 5% and bonds are up 1.35%. The stock fu-
tures price is $164,005 and the bond futures price is $110,145. Compare the market 
value of the portfolio in which the allocation is adjusted using futures to the market 
value of the portfolio in which the allocation is adjusted by directly trading stocks and 
bonds.

	 5.	A  pension fund manager expects to receive a cash inflow of $50,000,000 in three months 
and wants to use futures contracts to take a $17,500,000 synthetic position in stocks 
and $32,500,000 in bonds today. The stock would have a beta of 1.15 and the bonds a 
modified duration of 7.65. A stock index futures contract with a beta of 0.93 is priced at 
$175,210. A bond futures contract with a modified duration of 5.65 is priced at $95,750.
A.	 Calculate the number of stock and bond futures contracts the fund manager would 

have to trade in order to synthetically take the desired position in stocks and bonds 
today. Indicate whether the futures positions are long or short.

B.	W hen the futures contracts expire in three months, stocks have declined by 5.4% and 
bonds have declined by 3.06%. Stock index futures are priced at $167,559, and bond 
futures are priced at $93,586. Show that profits on the futures positions are essentially 
the same as the change in the value of stocks and bonds during the three-month period.

	 6.	A .	� Consider a US company, GateCorp, that exports products to the United Kingdom. 
GateCorp has just closed a sale worth £200,000,000. The amount will be received in 
two months. Because it will be paid in pounds, the US company bears the exchange 
risk. In order to hedge this risk, GateCorp intends to use a forward contract that is 
priced at $1.4272 per pound. Indicate how the company would go about constructing 
the hedge. Explain what happens when the forward contract expires in two months.

B.	A BCorp is a US-based company that frequently imports raw materials from Australia. 
It has just entered into a contract to purchase A$175,000,000 worth of raw wool, to 
be paid in one month. ABCorp fears that the Australian dollar will strengthen, there-
by raising the US dollar cost. A forward contract is available and is priced at $0.5249 
per Australian dollar. Indicate how ABCorp would go about constructing a hedge. 
Explain what happens when the forward contract expires in one month.
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Chapter  8
Risk Management 

Applications of Option 
Strategies

Don M. Chance, PhD, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 compare the use of covered calls and protective puts to manage risk exposure to individual 
securities;

•	 calculate and interpret the value at expiration, profit, maximum profit, maximum loss, 
breakeven underlying price at expiration, and general shape of the graph for the following 
option strategies: bull spread, bear spread, butterfly spread, collar, straddle, box spread;

•	 calculate the effective annual rate for a given interest rate outcome when a borrower (lender) 
manages the risk of an anticipated loan using an interest rate call (put) option;

•	 calculate the payoffs for a series of interest rate outcomes when a floating rate loan is com-
bined with 1) an interest rate cap, 2) an interest rate floor, or 3) an interest rate collar;

•	 explain why and how a dealer delta hedges an option position, why delta changes, and how 
the dealer adjusts to maintain the delta hedge;

•	 interpret the gamma of a delta-hedged portfolio and explain how gamma changes as in-the-
money and out-of-the-money options move toward expiration.

Analysis of Derivatives for the Chartered Financial Analyst® Program, by Don M. Chance, CFA. © 2003 
CFA Institute. All rights reserved.
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1. I ntroduction

In the chapter on risk management applications of forward and futures strategies, we examined 
strategies that employ forward and futures contracts. Recall that forward and futures contracts 
have linear payoffs and do not require an initial outlay. Options, on the other hand, have non-
linear payoffs and require the payment of cash up front. By having nonlinear payoffs, options 
permit their users to benefit from movements in the underlying in one direction and to not 
be harmed by movements in the other direction. In many respects, they offer the best of all 
worlds, a chance to profit if expectations are realized with minimal harm if expectations turn 
out to be wrong. The price for this opportunity is the cash outlay required to establish the pos-
ition. From the standpoint of the holder of the short position, options can lead to extremely 
large losses. Hence, sellers of options must be well compensated in the form of an adequate 
up-front premium and must skillfully manage the risk they assume.

In this chapter we examine the most widely used option strategies. The chapter is divided 
into three parts. In the first part, we look at option strategies that are typically used in equity in-
vesting, which include standard strategies involving single options and strategies that combine 
options with the underlying. In the second part, we look at the specific strategies that are com-
monly used in managing interest rate risk. In the third part, we examine option strategies that 
are used primarily by dealers and sophisticated traders to manage the risk of option positions.

Let us begin by reviewing the necessary notation. First recall that time 0 is the time at 
which the strategy is initiated and time T is the time the option expires, stated as a fraction of 
a year. Accordingly, the amount of time until expiration is simply T − 0 = T, which is (Days to 
expiration)/365. The other symbols are

	 c0, cT = price of the call option at time 0 and time T
	 p0, pT = price of the put option at time 0 and time T1

	 X = exercise price
	S 0, ST = price of the underlying at time 0 and time T
	 V0, VT = value of the position at time 0 and time T
	 Π = profit from the transaction: VT − V0
	 r = risk-free rate

Some additional notation will be introduced when necessary. 
Note that we are going to measure the profit from an option transaction, which is simply 

the final value of the transaction minus the initial value of the transaction. Profit does not take 
into account the time value of money or the risk. Although a focus on profit is not completely 
satisfactory from a theoretical point of view, it is nonetheless instructive, simple, and a com-
mon approach to examining options. Our primary objective here is to obtain a general picture 
of the manner in which option strategies perform. With that in mind, discussing profit offers 
probably the best trade-off in terms of gaining the necessary knowledge with a minimum of 
complexity.

In this chapter, we assume that the option user has a view regarding potential movements of 
the underlying. In most cases that view is a prediction of the direction of the underlying, but in 
some cases it is a prediction of the volatility of the underlying. In all cases, we assume this view 
is specified over a horizon that corresponds to the option’s life or that the option expiration can 

1 Lower case indicates European options, and upper case indicates American options. In this chapter, all 
options are European.
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be tailored to the horizon date. Hence, for the most part, these options should be considered 
customized, over-the-counter options.2 Every interest rate option is a customized option.

Because the option expiration corresponds to the horizon date for which a particular view 
is held, there is no reason to use American options. Accordingly, all options in this chapter are 
European options. Moreover, we shall not consider terminating the strategy early. Putting an 
option in place and closing the position prior to expiration is certainly a legitimate strategy. It 
could reflect the arrival of new information over the holding period, but it requires an under-
standing of more complex issues, such as valuation of the option and the rate at which the 
option loses its time value. Thus, we shall examine the outcome of a particular strategy over a 
range of possible values of the underlying only on the expiration day.

Section 2 of this chapter focuses on option strategies that relate to equity investments. 
Section 3 concentrates on strategies using interest rate options. In Section 4, we focus on 
managing an option portfolio.

2. Op tion Strategies for Equity Portfolios

Many typical illustrations of option strategies use individual stocks, but we shall use options on a 
stock index, the NASDAQ 100, referred to simply as the NASDAQ. We shall assume that in ad-
dition to buying and selling options on the NASDAQ, we can also buy the index, either through 
construction of the portfolio itself, through an index mutual fund, or an exchange-traded fund.3 
We shall simply refer to this instrument as a stock. We are given the following numerical data:

S0 = 2000, value of the NASDAQ 100 when the strategy is initiated
T = 0.0833, the time to expiration (one month = 1/12) 

The options available will be the following:4

Exercise Price Call Price Put Price

1950 108.43 56.01

2000 81.75 79.25

2050 59.98 107.39

Let us start by examining an initial strategy that is the simplest of all: to buy or sell short 
the underlying. Panel A of Exhibit 1 illustrates the profit from the transaction of buying a share 
of stock. We see the obvious result that if you buy the stock and it goes up, you make a profit; if 
it goes down, you incur a loss. Panel B shows the case of selling short the stock. Recall that this 
strategy involves borrowing the shares from a broker, selling them at the current price, and then 
buying them back at a later date. In this case, if you sell short the stock and it goes down, you 
make a profit. Conversely, if it goes up, you incur a loss. Now we shall move on to strategies in-
volving options, but we shall use the stock strategies again when we combine options with stock. 

2 If the options discussed were exchange-listed options, it would not significantly alter the material in 
this chapter.

4 These values were obtained using the Black−Scholes−Merton model. By using this model, we know we 
are working with reasonable values that do not permit arbitrage opportunities.

3 Exchange-traded shares on the NASDAQ 100 are called NASDAQ 100 Trust Shares and QQQs, for 
their ticker symbol. They are commonly referred to as Qubes, trade on the AMEX, and are the most ac-
tive exchange-traded fund and often the most actively traded of all securities. Options on the NASDAQ 
100 are among the most actively traded as well.
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Exhibit 1  Simple Stock Strategies
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500

Pro�t from Transaction ($)

400

300

200

100

0

_100

_200

_300

_400

_500
1600 1650 1700 1750 1800 1850

Stock Price at End of Holding Period (S  )

1900 1950 2000 2050 2100 2150

T

2200 2250 2300 2350 2400

B.  Sell Short Stock
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In this section we examine option strategies in the context of their use in equity port-
folios. Although these strategies are perfectly applicable for fixed-income portfolios, corpor-
ate borrowing scenarios, or even commodity risk management situations, they are generally 
more easily explained and understood in the context of investing in equities or equity 
indices. 

To analyze an equity option strategy, we first assume that we establish the position at 
the current price. We then determine the value of the option at expiration for a specific 
value of the index at expiration. We calculate the profit as the value at expiration minus 
the current price. We then generate a graph to illustrate the value at expiration and profit 
for a range of index values at expiration. Although the underlying is a stock index, we 
shall just refer to it as the underlying to keep things as general as possible. We begin by 
examining the most fundamental option transactions, long and short positions in calls 
and puts. 

2.1. S tandard Long and Short Positions

2.1.1.  Calls
Consider the purchase of a call option at the price c0. The value at expiration, cT, is cT = 
max(0,ST − X). Broken down into parts,

	
=
= −

≤
>

c 0
c s X

if s X
if s X

t

t t

t

t

The profit is obtained by subtracting the option premium, which is paid to purchase the op-
tion, from the option value at expiration, Π = cT − c0. Broken down into parts,

	
Π = −
Π = − −

≤
>

c
s X c

if s X
if s X

0

t 0

t

t

Now consider this example. We buy the call with the exercise price of 2000 for 81.75. Consid-
er values of the index at expiration of 1900 and 2100. 
For ST = 1900,

cT = max(0,1900 − 2000) = 0
Π = 0 − 81.75 = −81.75

For ST = 2100,

cT = max(0,2100 − 2000) = 100
Π = 100 − 81.75 = 18.25

Exhibit 2 illustrates the value at expiration and profit when ST, the underlying price at 
expiration, ranges from 1600 to 2400. We see that buying a call results in a limited loss of the 
premium, 81.75. For an index value at expiration greater than the exercise price of 2000, the 
value and profit move up one-for-one with the index value, and there is no upper limit.
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Exhibit 2  Buy Call
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It is important to identify the breakeven index value at expiration. Recall that the formula 
for the profit is Π = max(0,ST − X) − c0. We would like to know the value of ST for which 
Π = 0. We shall call that value ST*. It would be nice to be able to solve Π = max(0,ST* − X) − 
c0 = 0 for ST*, but that is not directly possible. Instead, we observe that there are two ranges of 
outcomes, one in which Π = ST* − X − c0 for ST* > X, the case of the option expiring in-the-
money, and the other in which Π = −c0 for ST ≤ X, the case of the option expiring out-of-the-
money. It is obvious from the equation and by observing Exhibit 2 that in the latter case, there 
is no possibility of breaking even. In the former case, we see that we can solve for ST*. Setting 
Π = ST* − X − c0 = 0, we obtain ST* = X + c0.

Thus, the breakeven is the exercise price plus the option premium. This result should 
be intuitive: The value of the underlying at expiration must exceed the exercise price by the 
amount of the premium to recover the cost of the premium. In this problem, the breakeven 
is ST* = 2000 + 81.75 = 2081.75. Observe in Exhibit 2 that the profit line crosses the axis at 
this value.

In summarizing the strategy, we have the following results for the option buyer:

cT = max(0,ST − X)
Value at expiration = cT
Profit: Π = cT − c0
Maximum profit = ∞
Maximum loss = c0
Breakeven: ST* = X + c0

Call options entice naive speculators, but it is important to consider the likely gains and 
losses more than the potential gains and losses. For example, in this case, the underlying 
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must go up by about 4.1% in one month to cover the cost of the call. This increase equates 
to an annual rate of almost 50% and is an unreasonable expectation by almost any stand-
ard. If the underlying does not move at all, the loss is 100% of the premium.

For the seller of the call, the results are just the opposite. The sum of the positions of 
the seller and buyer is zero. Hence, we can take the value and profit results for the buyer and 
change the signs. The results for the maximum profit and maximum loss are changed accord-
ingly, and the breakeven is the same. Hence, for the option seller,

cT = max(0,ST − X)
Value at expiration = −cT
Profit: Π = −cT + c0
Maximum profit = c0
Maximum loss = ∞
Breakeven: ST* = X + c0

Exhibit 3 shows the results for the seller of the call. Note that the value and profit have a 
fixed maximum. The worst case is an infinite loss. Just as there is no upper limit to the buyer’s 
potential gain, there is no upper limit to how much the seller can lose.

Exhibit 3  Sell Call
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Call options are purchased by investors who are bullish. We now turn to put options, 
which are purchased by investors who are bearish.
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Example 1

Consider a call option selling for $7 in which the exercise price is $100 and the price of 
the underlying is $98.

A.	 Determine the value at expiration and the profit for a buyer under the following 
outcomes:
 i.	 The price of the underlying at expiration is $102.
ii.	 The price of the underlying at expiration is $94.

B.	 Determine the value at expiration and the profit for a seller under the following 
outcomes:
 i.	 The price of the underlying at expiration is $91.
ii.	 The price of the underlying at expiration is $101.

C.	 Determine the following:
 i.	 the maximum profit to the buyer (maximum loss to the seller).
ii.	 the maximum loss to the buyer (maximum profit to the seller).

D.	 Determine the breakeven price of the underlying at expiration.

Solutions:

A.	 Call buyer

  i.	 = = −
= − =

Π = − = − = −

Value at expiration c max(0,s X)
max(0,102 100) 2
c c 2 7 5

t t

t 0

ii.	
( )

= = −
= − =

Π = − = − = −

Value at expiration c max(0,s X)
max 0,94 100 0
c c 0 7 7

t t

t 0
B.	 Call seller

  i.	 = − = − −
= − − =

Π = − + = − + =

Value at expiration c max(0,s X)
max(0,91 100) 0
c c 0 7 7

t t

t 0

ii.	 = − = − −
= − − = −

Π = − + = − + =

Value at expiration c max(0,s X)
max(0,101 100) 1
c c 1 7 6

t t

t 0
C.	 Maximum and minimum

 i.	 Maximum profit to buyer (loss to seller) = ∞
ii.	 Maximum loss to buyer (profit to seller) = c0 = 7

D.	S T* = X + c0 = 100 + 7 = 107
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2.1.2.  Puts
The value of a put at expiration is pT = max(0,X − ST). Broken down into parts,

	
= −
=

<
≥

p X s
p 0

if s X
if s X

t t

t

t

t

The profit is obtained by subtracting the premium on the put from the value at expiration:

	 Π = pT − p0

Broken down into parts,

	
Π = − −
Π = −

<
≥

X s p
p

if s X
if s X

t 0

0

t

t

For our example and outcomes of ST = 1900 and 2100, the results are as follows:

ST = 1900:
PT = max(0,2000 − 1900) = 100
Π = 100 − 79.25 = 20.75
ST = 2100:
PT = max(0,2000 − 2100) = 0
Π = 0 − 79.25 = −79.25

These results are shown in Exhibit 4. We see that the put has a maximum value and profit and 
a limited loss, the latter of which is the premium. The maximum value is obtained when the 
underlying goes to zero.5 In that case, pT = X. So the maximum profit is X − p0. Here that will 
be 2000 − 79.25 = 1920.75.

5 The maximum value and profit are not visible on the graph because we do not show ST all the way down 
to zero.
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Exhibit 4  Buy Put

500

($)

400

300

_100

0

100

200

_200
1600

Pro�t

Value at Expiration

1650 1700 1750 1800 1850

Value of Underlying at Expiration (S  )

1900 1950 2000 2050 2100 2150

T

2200 2250 2300 2350 2400

The breakeven is found by breaking up the profit equation into its parts, Π = X − ST − p0 
for ST < X and Π = −p0 for ST ≥ X. In the latter case, there is no possibility of breaking even. 
It refers to the range over which the entire premium is lost. In the former case, we denote the 
breakeven index value as ST*, set the equation to zero, and solve for ST* to obtain ST* = X − p0. 
In our example, the breakeven is ST* = 2000 − 79.25 = 1920.75.

In summary, for the strategy of buying a put we have

pT = max(0,X − ST)
Value at expiration = pT
Profit: Π = pT − p0
Maximum profit = X − p0
Maximum loss = p0
Breakeven: ST* = X − p0

Now consider the likely outcomes for the holder of the put. In this case, the underlying 
must move down by almost 4% in one month to cover the premium. One would hardly ever 
expect the underlying to move down at an annual rate of almost 50%. Moreover, if the under-
lying does not move downward at all (a likely outcome given the positive expected return on 
most assets), the loss is 100% of the premium.

For the sale of a put, we simply change the sign on the value at expiration and profit. The 
maximum profit for the buyer becomes the maximum loss for the seller and the maximum loss 
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for the buyer becomes the maximum profit for the seller. The breakeven for the seller is the 
same as for the buyer. So, for the seller,

pT = max(0,X − ST)
Value at expiration = −pT
Profit: Π = −pT + p0
Maximum profit = p0
Maximum loss = X − p0
Breakeven: ST* = X − p0

Exhibit 5 graphs the value at expiration and the profit for this transaction.

Exhibit 5  Sell Put
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Example 2

Consider a put option selling for $4 in which the exercise price is $60 and the price of 
the underlying is $62.

A.	 Determine the value at expiration and the profit for a buyer under the following 
outcomes:
 i.	 The price of the underlying at expiration is $62.
ii.	 The price of the underlying at expiration is $55.
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B.	 Determine the value at expiration and the profit for a seller under the following 
outcomes:
 i.	 The price of the underlying at expiration is $51.
ii.	 The price of the underlying at expiration is $68.

C.	 Determine the following:
 i.	 the maximum profit to the buyer (maximum loss to the seller).
ii.	 the maximum loss to the buyer (maximum profit to the seller).

D.	 Determine the breakeven price of the underlying at expiration.

Solutions: 

A.	 Put buyer

  i.	 = = −
= − =

Π = − = − = −

Value at expiration p max(0, X s )
max(0,60 62) 0
p p 0 4 4

t t

t 0

ii.	 = = −
= − =

Π = − = − =

Value at expiration p max(0, X s )
max(0,60 55) 5
p p 5 4 1

t t

t 0

B.	 Put seller

  i.	 = − = − −
= − − = −

Π = − + = − + = −

Value at expiration p max(0, X s )
max(0,60 51) 9
p p 9 4 5

t t

t 0

ii.	 = − = − −
= − − =

Π = − + = + =

Value at expiration p max(0, X s )
max(0,60 68) 0
p p 0 4 4

t t

t 0

C.	 Maximum and minimum
 i.	 Maximum profit to buyer (loss to seller) = X − p0 = 60 − 4 = 56
ii.	 Maximum loss to buyer (profit to seller) = p0 = 4

D.	S T* = X − p0 = 60 − 4 = 56

It may be surprising to find that we have now covered all of the information we need to 
examine all of the other option strategies. We need to learn only a few basic facts. We must 
know the formula for the value at expiration of a call and a put. Then we need to know how to 
calculate the profit for the purchase of a call and a put, but that calculation is simple: the value 
at expiration minus the initial value. If we know these results, we can calculate the value at 
expiration of the option and the profit for any value of the underlying at expiration. If we can 
do that, we can graph the results for a range of possible values of the underlying at expiration. 
Because graphing can take a long time, however, it is probably helpful to learn the basic shapes 
of the value and profit graphs for calls and puts. Knowing the profit equation and the shapes of 
the graphs, it is easy to determine the maximum profit and maximum loss. The breakeven can 
be determined by setting the profit equation to zero for the case in which the profit equation 
contains ST. Once we have these results for the long call and put, it is an easy matter to turn 
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them around and obtain the results for the short call and put. Therefore, little if any memori-
zation is required. From there, we can go on to strategies that combine an option with another 
option and combine options with the underlying.

2.2. R isk Management Strategies with Options and the Underlying

In this section, we examine two of the most widely used option strategies, particularly for 
holders of the underlying. One way to reduce exposure without selling the underlying is to sell 
a call on the underlying; the other way is to buy a put.

2.2.1.  Covered Calls
A covered call is a relatively conservative strategy, but it is also one of the most misunderstood 
strategies. A covered call is a position in which you own the underlying and sell a call. The 
value of the position at expiration is easily found as the value of the underlying plus the value 
of the short call:

	 VT = ST − max(0,ST − X) 

Therefore,

	 =
= − − =
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We obtain the profit for the covered call by computing the change in the value of the pos-
ition, VT − V0. First recognize that V0, the value of the position at the start of the contract, is 
the initial value of the underlying minus the call premium. We are long the underlying and 
short the call, so we must subtract the call premium that was received from the sale of the call. 
The initial investment in the position is what we pay for the underlying less what we receive 
for the call. Hence, V0 = S0 − c0. The profit is thus

Π = ST − max(0,ST − X) − (S0 − c0)
 = ST − S0 − max(0,ST − X) + c0

With the equation written in this manner, we see that the profit for the covered call is 
simply the profit from buying the underlying, ST − S0, plus the profit from selling the call, 
−max(0,ST − X) + c0. Breaking it down into ranges,

	 Π = − +
Π = − − − + = − +

≤
>

s s c
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t 0 t 0 0 0
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In our example, S0 = 2000. In this section we shall use a call option with the exercise price of 
2050. Thus X = 2050, and the premium, c0, is 59.98. Let us now examine two outcomes: ST = 
2100 and ST = 1900. The value at expiration when ST = 2100 is VT = 2100 − (2100 − 2050) = 
2050, and when ST = 1900, the value of the position is VT = 1900.

In the first case, we hold the underlying worth 2100 but are short a call worth 50. Thus, 
the net value is 2050. In the second case, we hold the underlying worth 1900 and the option 
expires out-of-the-money.
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In the first case, ST = 2100, the profit is Π = 2050 − 2000 + 59.98 = 109.98. In the second 
case, ST = 1900, the profit is Π = 1900 − 2000 + 59.98 = −40.02. These results are graphed 
for a range of values of ST in Exhibit 6. Note that for all values of ST greater than 2050, the 
value and profit are maximized. Thus, 2050 is the maximum value and 109.98 is the maxi-
mum profit.6

As evident in Exhibit 6 and the profit equations, the maximum loss would occur when 
ST is zero. Hence, the profit would be ST − S0 + c0. The profit is −S0 + c0 when ST = 0. 
This means that the maximum loss is S0 − c0. In this example, −S0 + c0 is −2000 + 59.98 = 
−1940.02. Intuitively, this would mean that you purchased the underlying for 2000 and sold 
the call for 59.98. The underlying value went to zero, resulting in a loss of 2000, but the call 
expired with no value, so the gain from the option is the option premium. The total loss is 
1940.02.

Exhibit 6  Covered Call (Buy Underlying, Sell Call) 
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The breakeven underlying price is found by examining the profit equations and focusing 
on the equation that contains ST. In equation form, Π = ST − S0 + c0 when ST ≤ X. We let ST* 
denote the breakeven value of ST, set the equation to zero, and solve for ST* to obtain ST* = 
S0 − c0. The breakeven and the maximum loss are identical. In this example, the breakeven is 
ST* = 2000 − 59.98 = 1940.02, which is seen in Exhibit 6.

6 Note in Exhibit 6 that there is large gap between the value at expiration and profit, especially compared with 
the graphs of buying and selling calls and puts. This difference occurs because a covered call is mostly a posi-
tion in the underlying asset. The initial value of the asset, S0, accounts for most of the difference in the two 
lines. Note also that because of the put−call parity relationship, a covered call looks very similar to a short put.
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To summarize the covered call, we have the following:

Value at expiration: VT = ST − max(0,ST − X)
Profit: Π = VT − S0 + c0
Maximum profit = X − S0 + c0
Maximum loss = S0 − c0
Breakeven: ST* = S0 − c0

Because of the importance and widespread use of covered calls, it is worthwhile to discuss 
this strategy briefly to dispel some misunderstandings. First of all, some investors who do not 
believe in using options fail to see that selling a call on a position in the underlying reduces 
the risk of that position. Options do not automatically increase risk. The option part of this 
strategy alone, viewed in isolation, seems an extremely risky strategy. We noted in Section 2.1.1 
that selling a call without owning the stock exposes the investor to unlimited loss potential. 
But selling a covered call—adding a short call to a long position in a stock—reduces the over-
all risk. Thus, any investor who holds a stock cannot say he is too conservative to use options.

Following on that theme, however, one should also view selling a covered call as a strategy 
that reduces not only the risk but also the expected return compared with simply holding the 
underlying. Hence, one should not expect to make a lot of money writing calls on the under-
lying. It should be apparent that in fact the covered call writer could miss out on significant 
gains in a strong bull market. The compensation for this willingness to give up potential upside 
gains, however, is that in a bear market the losses on the underlying will be cushioned by the 
option premium.

It may be disconcerting to some investors to look at the profit profile of a covered call. 
The immediate response is to think that no one in their right mind would invest in a strategy 
that has significant downside risk but a limited upside. Just owning the underlying has signifi-
cant downside risk, but at least there is an upside. But it is important to note that the visual 
depiction of the strategy, as in Exhibit 6, does not tell the whole story. It says nothing about 
the likelihood of certain outcomes occurring.

For example, consider the covered call example we looked at here. The underlying starts 
off at 2000. The maximum profit occurs when the option expires with the underlying at 2050 
or above, an increase of 2.5% over the life of the option. We noted that this option has a one-
month life. Thus, the underlying would have to increase at an approximate annual rate of at 
least 2.5%(12) = 30% for the covered call writer to forgo all of the upside gain. There are not 
many stocks, indices, or other assets in which an investor would expect the equivalent of an 
annual move of at least 30%. Such movements obviously do occur from time to time, but they 
are not common. Thus, covered call writers do not often give up large gains.

But suppose the underlying did move to 2050 or higher. As we previously showed, the 
value of the position would be 2050. Because the initial value of the position is 2000 − 59.98 = 
1940.02, the rate of return would be 5.7% for one month. Hence, the maximum return is still 
outstanding by almost anyone’s standards.7

Many investors believe that the initial value of a covered call should not include the value 
of the underlying if the underlying had been previously purchased. Suppose, for example, that 

7 Of course, we are not saying that the performance reflects a positive alpha. We are saying only that the 
upside performance given up reflects improbably high returns, and therefore the limits on the upside 
potential are not too restrictive.
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this asset, currently worth 2000, had been bought several months ago at 1900. It is tempting 
to ignore the current value of the underlying; there is no current outlay. This view, however, 
misses the notion of opportunity cost. If an investor currently holding an asset chooses to write 
a call on it, she has made a conscious decision not to sell the asset. Hence, the current value of 
the asset should be viewed as an opportunity cost that is just as real as the cost to an investor 
buying the underlying at this time.

Sellers of covered calls must make a decision about the chosen exercise price. For example, 
one could sell the call with an exercise price of 1950 for 108.43, or sell the call with exercise 
price of 2000 for 81.75, or sell the call with exercise price of 2050 for 59.98. The higher the 
exercise price, the less one receives for the call but the more room for gain on the upside. There 
is no clear-cut solution to deciding which call is best; the choice depends on the risk prefer-
ences of the investor.

Finally, we should note that anecdotal evidence suggests that writers of call options make 
small amounts of money, but make it often. The reason for this phenomenon is generally 
thought to be that buyers of calls tend to be overly optimistic, but that argument is fallacious. 
The real reason is that the expected profits come from rare but large payoffs. For example, con-
sider the call with exercise price of 2000 and a premium of 81.75. As we learned in Section 2.1, 
the breakeven underlying price is 2081.75—a gain of about 4.1% in a one-month period, 
which would be an exceptional return for almost any asset. These prices were obtained using 
the Black−Scholes−Merton model, so they are fair prices. Yet the required underlying price 
movement to profit on the call is exceptional. Obviously someone buys calls, and naturally, 
someone must be on the other side of the transaction. Sellers of calls tend to be holders of the 
underlying or other calls, which reduces the enormous risk they would assume if they sold calls 
without any other position.8 Hence, it is reasonable to expect that sellers of calls would make 
money often, because large underlying price movements occur only rarely. Following this line 
of reasoning, however, it would appear that sellers of calls can consistently take advantage of 
buyers of calls. That cannot possibly be the case. What happens is that buyers of calls make 
money less often than sellers, but when they do make money, the leverage inherent in call op-
tions amplifies their returns. Therefore, when call writers lose money, they tend to lose big, but 
most call writers own the underlying or are long other calls to offset the risk.

8 Sellers of calls who hold other calls are engaged in transactions called spreads. We discuss several types 
of spreads in Section 2.3.

Example 3

Consider a bond selling for $98 per $100 face value. A call option selling for $8 has an 
exercise price of $105. Answer the following questions about a covered call.

A.	 Determine the value of the position at expiration and the profit under the following 
outcomes:
 i.	 The price of the bond at expiration is $110.
ii.	 The price of the bond at expiration is $88.
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Covered calls represent one widely used way to protect a position in the underlying. An-
other popular means of providing protection is to buy a put.

2.2.2.  Protective Puts
Because selling a call provides some protection to the holder of the underlying against a fall 
in the price of the underlying, buying a put should also provide protection. A put, after all, is 
designed to pay off when the price of the underlying moves down. In some ways, buying a put 
to add to a long stock position is much better than selling a call. As we shall see here, it pro-
vides downside protection while retaining the upside potential, but it does so at the expense of 
requiring the payment of cash up front. In contrast, a covered call generates cash up front but 
removes some of the upside potential.

Holding an asset and a put on the asset is a strategy known as a protective put. The value 
at expiration and the profit of this strategy are found by combining the value and profit of the 
two strategies of buying the asset and buying the put. The value is VT = ST + max(0,X − ST). 
Thus, the results can be expressed as
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When the underlying price at expiration exceeds the exercise price, the put expires with no 
value. The position is then worth only the value of the underlying. When the underlying price 
at expiration is less than the exercise price, the put expires in-the-money and is worth X − ST, 
while the underlying is worth ST. The combined value of the two instruments is X. When the 
underlying is worth less than the exercise price at expiration, the put can be used to sell the 
underlying for the exercise price.

B.	 Determine the following:
 i.	 The maximum profit.
ii.	 The maximum loss.

C.	 Determine the breakeven bond price at expiration.

Solutions:

A.	   i.	 = − − = − −
= − + =

Π = − = − − = − − =

V s max(0,s X) 110 max(0,110 105)
110 110 105 105
V V 105 (s c ) 105 (98 8) 15

t t t

t 0 0 0

ii.	 = − − = − −
= − =

Π = − = − − = − − = −

V s max(0,s X) 88 max(0,88 105)
88 0 88
V V 88 (s c ) 88 (98 8) 2

t t t

t 0 0 0

B.	  i.	 Maximum profit = X − S0 + c0 = 105 − 98 + 8 = 15
ii.	 Maximum loss = S0 − c0 = 98 − 8 = 90

C.	S T* = S0 − c0 = 98 − 8 = 90
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The initial value of the position is the initial price of the underlying, S0, plus the premium 
on the put, p0. Hence, the profit is Π = ST + max(0,X − ST) − (S0 + p0). The profit can be 
broken down as follows:

	 Π = − +
Π = − +
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>
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if s X

0 0

t 0 0

t

t

In this example, we are going to use the put with an exercise price of 1950. Its premium 
is 56.01. Recalling that the initial price of the underlying is 2000, the value at expiration and 
profit for the case of ST = 2100 are

VT = 2100
Π = 2100 − (2000 + 56.01) = 43.99

For the case of ST = 1900, the value at expiration and profit are

VT = 1950
Π = 1950 − (2000 + 56.01) = −106.01

The results for a range of outcomes are shown in Exhibit 7. Note how the protective put 
provides a limit on the downside with no limit on the upside.9 Therefore, we can say that the 
upper limit is infinite. The lower limit is a loss of 106.01. In the worst possible case, we can 
sell the underlying for the exercise price, but the up-front cost of the underlying and put are 
2056.01, for a maximum loss of 106.01.

Exhibit 7  Protective Put (Buy Underlying, Buy Put) 

3000

($)

2500

2000

0

1000

1500

500

_500
1600

Pro�t

Value at Expiration

1650 1700 1750 1800 1850

Value of Underlying at Expiration (S  )

1900 1950 2000 2050 2100 2150

T

2200 2250 2300 2350 2400

9 Note that the graph for a protective put looks like the graph for a call. This result is due to put−call parity.
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Now let us find the breakeven price of the underlying at expiration. Note that the two 
profit equations are Π = ST − (S0 + p0) if ST > X and Π = X − (S0 + p0) if ST ≤ X. In the latter 
case, there is no value of the underlying that will allow us to break even. In the former case, 
ST > X, we change the notation on ST to ST* to denote the breakeven value, set this expression 
equal to zero, and solve for ST*:

	S T* = S0 + p0

To break even, the underlying must be at least as high as the amount expended up front to 
establish the position. In this problem, this amount is 2000 + 56.01 = 2056.01.

To summarize the protective put, we have the following:

Value at expiration: VT = ST + max(0,X − ST)
Profit: Π = VT − S0 − p0
Maximum profit = ∞
Maximum loss = S0 + p0 − X
Breakeven: ST* = S0 + p0

A protective put can appear to be a great transaction with no drawbacks. It provides 
downside protection with upside potential, but let us take a closer look. First recall that 
this is a one-month transaction and keep in mind that the option has been priced by the 
Black−Scholes−Merton model and is, therefore, a fair price. The maximum loss of 106.01 
is a loss of 106.01/2056.01 = 5.2%. The breakeven of 2056.01 requires an upward move of 
2.8%, which is an annual rate of about 34%. From this angle, the protective put strategy 
does not look quite as good, but in fact, these figures simply confirm that protection against 
downside loss is expensive. When the protective put is fairly priced, the protection buyer 
must give up considerable upside potential that may not be particularly evident from just 
looking at a graph.

The purchase of a protective put also presents the buyer with some choices. In this exam-
ple, the buyer bought the put with exercise price of 1950 for 56.01. Had he bought the put 
with exercise price of 2000, he would have paid 79.25. The put with exercise price of 2050 
would have cost 107.39. The higher the price for which the investor wants to be able to sell the 
underlying, the more expensive the put will be.

The protective put is often viewed as a classic example of insurance. The investor holds 
a risky asset and wants protection against a loss in value. He then buys insurance in the form 
of the put, paying a premium to the seller of the insurance, the put writer. The exercise price 
of the put is like the insurance deductible because the magnitude of the exercise price reflects 
the risk assumed by the party holding the underlying. The higher the exercise price, the less 
risk assumed by the holder of the underlying and the more risk assumed by the put seller. The 
lower the exercise price, the more risk assumed by the holder of the underlying and the less 
risk assumed by the put seller. In insurance, the higher the deductible, the more risk assumed 
by the insured party and the less risk assumed by the insurer. Thus, a higher exercise price is 
analogous to a lower insurance deductible.

Like traditional insurance, this form of insurance provides coverage for a period of 
time. At the end of the period of time, the insurance expires and either pays off or not. 
The buyer of the insurance may or may not choose to renew the insurance by buying 
another put.
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Example 4

Consider a currency selling for $0.875. A put option selling for $0.075 has an exercise 
price of $0.90. Answer the following questions about a protective put.

A.	 Determine the value at expiration and the profit under the following outcomes:
 i.	 The price of the currency at expiration is $0.96.
ii.	 The price of the currency at expiration is $0.75.

B.	 Determine the following:
 i.	 the maximum profit.
ii.	 the maximum loss.

C.	 Determine the breakeven price of the currency at expiration.

Solutions: 

A.	  i.	 = + − = + − =
Π = − = − + = − +

=

V s max(0, X s ) 0.96 max(0,0.90 0.96) 0.96
V V 0.96 (s p ) 0.96 (0.875 0.075)
0.01

t t t t

t 0 0 0

ii.	 = + − = + − =
Π = − = − + = − +

= −

V s max(0, X s ) 0.75 max(0,0.90 0.75) 0.90
V V 0.90 (s p ) 0.90 (0.875 0.075)

0.05

t t t

t 0 0 0

B.	  i.	 Maximum profit = ∞
ii.	 Maximum loss = S0 + p0 − X = 0.875 + 0.075 − 0.90 = 0.05

C.	S T* = S0 + p0 = 0.875 + 0.075 = 0.95

Finally, we note that a protective put can be modified in a number of ways. One in par-
ticular is to sell a call to generate premium income to pay for the purchase of the put. This 
strategy is known as a collar. We shall cover collars in detail in Section 2.4.1 when we look at 
combining puts and calls. For now, however, let us proceed with strategies that combine calls 
with calls and puts with puts. These strategies are called spreads.

2.3.  Money Spreads

A spread is a strategy in which you buy one option and sell another option that is identical to 
the first in all respects except either exercise price or time to expiration. If the options differ 
by time to expiration, the spread is called a time spread. Time spreads are strategies designed 
to exploit differences in perceptions of volatility of the underlying. They are among the more 
specialized strategies, and we do not cover them here. Our focus is on money spreads, which are 
spreads in which the two options differ only by exercise price. The investor buys an option with 
a given expiration and exercise price and sells an option with the same expiration but a different 
exercise price. Of course, the options are on the same underlying asset. The term spread is used 
here because the payoff is based on the difference, or spread, between option exercise prices.
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2.3.1.  Bull Spreads
A bull spread is designed to make money when the market goes up. In this strategy we com-
bine a long position in a call with one exercise price and a short position in a call with a higher 
exercise price. Let us use X1 as the lower of the two exercise prices and X2 as the higher. The 
European call prices would normally be denoted as c(X1) and c(X2), but we shall simplify this 
notation somewhat in this chapter by using the symbols c1 and c2, respectively. The value of a 
call at expiration is cT = max(0,ST − X). So, the value of the spread at expiration is

	 VT = max(0,ST − X1) − max(0,ST − X2) 

Therefore,
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The profit is obtained by subtracting the initial outlay for the spread from the above value 
of the spread at expiration. To determine the initial outlay, recall that a call option with a lower 
exercise price will be more expensive than a call option with a higher exercise price. Because 
we are buying the call with the lower exercise price and selling the call with the higher exercise 
price, the call we buy will cost more than the call we sell. Hence, the spread will require a net 
outlay of funds. This net outlay is the initial value of the position of V0 = c1 − c2, which we call 
the net premium. The profit is VT − V0. Therefore,

	 Π = max(0,ST − X1) − max(0,ST − X2) − (c1 − c2) 

In this manner, we see that the profit is the profit from the long call, max(0,ST − X1) − c1, 
plus the profit from the short call, −max(0,ST − X2) + c2. Broken down into ranges, the profit is

	
Π = − +
Π = − − +
Π = − − +
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1 2

t 1 1 2
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If ST is below X1, the strategy will lose a limited amount of money. The profit on the 
upside, if ST is at least X2, is also limited. When both options expire out-of-the-money, the 
investor loses the net premium, c1 − c2.

In this example, we use exercise prices of 1950 and 2050. Thus X1 = 1950, c1 = 108.43, 
X2 = 2050, and c2 = 59.98. Let us examine the outcomes in which the asset price at expiration 
is 2100, 2000, and 1900. In one outcome, the underlying is above the upper exercise price at 
expiration, and in one, the underlying is below the lower exercise price at expiration. Let us 
also examine one case between the exercise prices with ST equal to 2000.

	
= = − =
= = − =
= =

When s 2100, the value at expiration is V 2050 1950 100
When s 2000, the value at expiration is V 2000 1950 50
When s 1900, the value at expiration is V 0

t t

t t

t t

To calculate the profit, we simply subtract the initial value for the call with exercise price X1 
and add the initial value for the call with exercise price X2.
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= Π = − + =
= Π = − + =
= Π = − + = −

When s 2100, the profit is 100 108.43 59.98 51.55
When s 2000, the profit is 50 108.43 59.98 1.55
When s 1900, the profit is 108.43 59.98 48.45

t

t

t

When ST is greater than 2100, we would obtain the same outcome as when ST equals 2100. 
When ST is less than 1900, we would obtain the same outcome as when ST equals 1900.

Exhibit 8 depicts these results graphically. Note how the bull spread provides a limited 
gain as well as a limited loss. Of course, just purchasing a call provides a limited loss. But when 
selling the call in addition to buying the call, the investor gives up the upside in order to re-
duce the downside. In the bull spread, the investor sells gains from the call beyond the higher 
exercise price. Thus, a bull spread has some similarities to the covered call. With a covered call, 
the long position in the underlying “covers” the short position in the call. In a bull spread, the 
long position in the call with the lower exercise price “covers” the short position in the call with 
the higher exercise price. For both strategies, the short call can be viewed as giving up the gains 
beyond its exercise price. The upside gain can also be viewed as paying a premium of c1 − c2 to 
buy the underlying for X1 and sell it for X2. Accordingly, the maximum gain is X2 − X1 − c1 + 
c2 = 2050 − 1950 − 108.43 + 59.98 = 51.55, as computed above. This amount represents a 
maximum return of about 106%.10 The maximum loss is the net premium, 48.45, which is a 
100% loss.

Exhibit 8  Bull Spread (Buy Call with Exercise Price X1, Sell Call with Exercise Price X2)
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10 This calculation is based on the fact that the initial value of the position is 108.43 − 59.98 = 48.45 and 
the maximum value is 100, which is a gain of 106.4%.
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As can be seen from the graph and the profit equations, there is a breakeven asset price 
at expiration that falls between the two exercise prices. We let ST* be the breakeven asset 
price at expiration and set the profit for the case of X1 < ST < X2 to zero:

	S T* = X1 + c1 − c2

To achieve a profit of zero or more, the asset price at expiration must exceed the lower exercise 
price by at least the net premium paid for the options. The long option must expire in-the-
money by enough to cover the net premium. In our example,

	S T* = 1950 + 108.43 − 59.98 = 1,998.45

What this result means is that the underlying must not move down by more than 0.08%.
To summarize the bull spread, we have

Value at expiration: VT = max(0,ST − X1) − max(0,ST − X2)
Profit: Π = VT − c1 + c2
Maximum profit = X2 − X1 − c1 + c2
Maximum loss = c1 − c2
Breakeven: ST* = X1 + c1 − c2

Example 5

Consider two call options on a stock selling for $72. One call has an exercise price of 
$65 and is selling for $9. The other call has an exercise price of $75 and is selling for $4. 
Both calls expire at the same time. Answer the following questions about a bull spread:

A.	 Determine the value at expiration and the profit under the following outcomes:
  i.	 The price of the stock at expiration is $78.
 ii.	 The price of the stock at expiration is $69.
iii.	 The price of the stock at expiration is $62.

B.	 Determine the following:
  i.	 the maximum profit.
 ii.	 the maximum loss.

C.	 Determine the breakeven stock price at expiration.

Solutions:

A.	   i.	 = − − −
= − − − = − =

Π = − = − − = − − =

V max(0,s X ) max(0,s X )
max(0,78 65) max(0,78 75) 13 3 10
V V V (c c ) 10 (9 4) 5

t t 1 t 2

t 0 t 1 2

ii.	 = − − −
= − − − = − =

Π = − = − − = − − = −

V max(0,s X ) max(0,s X )
max(0,69 65) max(0,69 75) 4 0 4
V V V (c c ) 4 (9 4) 1

t t 1 t 2

t 0 t 1 2
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Bull spreads are used by investors who think the underlying price is going up. There are 
also bear spreads, which are used by investors who think the underlying price is going down.

2.3.2.  Bear Spreads
If one uses the opposite strategy, selling a call with the lower exercise price and buying a call 
with the higher exercise price, the opposite results occur. The graph is completely reversed: 
The gain is on the downside and the loss is on the upside. This strategy is called a bear 
spread. The more intuitive way of executing a bear spread, however, is to use puts. Specif-
ically, we would buy the put with the higher exercise price and sell the put with the lower 
exercise price.

The value of this position at expiration would be VT = max(0,X2 − ST) − max(0,X1 − ST). 
Broken down into ranges, we have the following relations:

= − − − = −
= − − = −
= − =

≤
< <
≥

V X s (X s ) X X
V X s 0 X s
V 0 0 0

if s X
if X s X
if s X

t 2 t 1 t 2 1

t 2 t 2 t

t

t 1

1 t 2

t 2

To obtain the profit, we subtract the initial outlay. Because we are buying the put with the 
higher exercise price and selling the put with the lower exercise price, the put we are buying is 
more expensive than the put we are selling. The initial value of the bear spread is V0 = p2 − p1. 
The profit is, therefore, VT − V0, which is

Π = max(0,X2 − ST) − max(0,X1 − ST) − p2 + p1

We see that the profit is the profit from the long put, max(0,X2 − ST) − p2, plus the profit 
from the short put, −max(0,X1 − ST) + p1. Broken down into ranges, the profit is

Π = − − +
Π = − − +
Π = − +

≤
< <
≥

X X p p
X s p p

p p

if s X
if X s X
if s X

2 1 2 1

2 t 2 1

2 1

t 1

1 t 2

t 2

In contrast to the profit in a bull spread, the bear spread profit occurs on the downside; the 
maximum profit occurs when ST ≤ X1. This profit reflects the purchase of the underlying at 
X1, which occurs when the short put is exercised, and the sale of the underlying at X2, which 
occurs when the long put is exercised. The worst outcome occurs when ST > X2, in which case 
both puts expire out-of-the-money and the net premium is lost.

iii.	 = − − −
= − − − = − =

Π = − = − − = − − = −

V max(0,s X ) max(0,s X )
max(0,62 65) max(0,62 75) 0 0 0
V V 0 (c c ) 0 (9 4) 5

t t 1 t 2

t 0 1 2

B.	  i.	 Maximum profit = X2 − X1 − (c1 − c2) = 75 − 65 − (9 − 4) = 5
ii.	 Maximum loss = c1 − c2 = 9 − 4 = 5

C.	S T* = X1 + c1 − c2 = 65 + 9 − 4 = 70
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In the example, we again use options with exercise prices of 1950 and 2050. Their pre-
miums are p1 = 56.01 and p2 = 107.39. We examine the three outcomes we did with the bull 
spread: ST is 1900, 2000, or 2100.

= = − =
= = − =
= =

When s 1900, the value at expiration is V 2050 1950 100
When s 2000, the value at expiration is V 2050 2000 50
When s 2100, the value at expiration is V 0

t t

t t

t t

The profit is obtained by taking the value at expiration, subtracting the premium of the put 
with the higher exercise price, and adding the premium of the put with the lower exercise price:

= Π = − + =
= Π = − + = −
= Π = − + = −

When s 1900, the profit is 100 107.39 56.01 48.62
When s 2000, the profit is 50 107.39 56.01 1.38
When s 2100, the profit is 107.39 56.01 51.38

t

t

t

When ST is less than 1900, the outcome is the same as when ST equals 1900. When ST is 
greater than 2100, the outcome is the same as when ST equals 2100.

The results are graphed in Exhibit 9. Note how this strategy is similar to a bull spread but 
with opposite outcomes. The gains are on the downside underlying moves and the losses are on 
the upside underlying. The maximum profit occurs when both puts expire in-the-money. You end 
up using the short put to buy the asset and the long put to sell the asset. The maximum profit is 
X2 − X1 − p2 + p1, which in this example is 100 − 107.39 + 56.01 = 48.62, a return of 94%.11 
The maximum loss of p2 − p1 occurs when both puts expire out-of-the-money, and in this case 
is 107.39 − 56.01 = 51.38, a loss of 100%.

Exhibit 9  Bear Spread (Buy Put with Exercise Price X2, Sell Put with Exercise Price X1) 
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11 The net premium is 107.39 − 56.01 = 51.38, so the maximum value of 100 is a return of about 94%.
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The breakeven asset price occurs between the two exercise prices. Let ST* be the breakeven 
asset price at expiration, set the profit equation for the middle case to zero, and solve for ST* 
to obtain ST* = X2 − p2 + p1. In this case, the breakeven is ST* = 2050 − 107.39 + 56.01 = 
1,998.62. The underlying need move down only as little as 0.07% to make a profit.

To summarize the bear spread, we have

Value at expiration: VT = max(0,X2 − ST) − max(0,X1 − ST)
Profit: Π = VT − p2 + p1
Maximum profit = X2 − X1 − p2 + p1
Maximum loss = p2 − p1
Breakeven: ST* = X2 − p2 + p1

Example 6

Consider two put options on a bond selling for $92 per $100 par. One put has an ex-
ercise price of $85 and is selling for $3. The other put has an exercise price of $95 and 
is selling for $11. Both puts expire at the same time. Answer the following questions 
about a bear spread:

A.	 Determine the value at expiration and the profit under the following outcomes:
    i.	The price of the bond at expiration is $98.
  ii.	The price of the bond at expiration is $91.
iii.	 The price of the bond at expiration is $82.

B.	 Determine the following:
    i.	 the maximum profit.
  ii.	 the maximum loss.

C.	 Determine the breakeven bond price at expiration.

Solutions:
A.	     i.  = − − −

= − − − = − =
Π = − = − − = − − = −

V max(0,X s ) max(0, X s )
max(0,95 98) max(0,85 98) 0 0 0
V V V (p p ) 0 (11 3) 8

t 2 t 1 t

t 0 t 2 1

	   ii.  = − − −
= − − − = − =

Π = − = − − = − − = −

V max(0,X s ) max(0, X s )
max(0,95 91) max(0,85 91) 4 0 4
V V V (p p ) 4 (11 3) 4

t 2 t 1 t

t 0 t 2 1

	 iii.  = − − −
= − − − = − =

Π = − = − − = − − =

V max(0,X s ) max(0, X s )
max(0,95 82) max(0,85 82) 13 3 10
V V 10 (p p ) 10 (11 3) 2

t 2 t 1 t

t 0 2 1

B.	     i.   Maximum profit = X2 − X1 − (p2 − p1) = 95 − 85 − (11 − 3) = 2
	   ii.   Maximum loss = p2 − p1 = 11 − 3 = 8
C.	S T* = X2 − p2 + p1 = 95 − 11 + 3 = 87
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The bear spread with calls involves selling the call with the lower exercise price and buying 
the one with the higher exercise price. Because the call with the lower exercise price will be 
more expensive, there will be a cash inflow at initiation of the position and hence a profit if 
the calls expire worthless.

Bull and bear spreads are but two types of spread strategies. We now take a look at another 
strategy, which combines bull and bear spreads.

2.3.3.  Butterfly Spreads
In both the bull and bear spread, we used options with two different exercise prices. There is 
no limit to how many different options one can use in a strategy. As an example, the butterfly 
spread combines a bull and bear spread. Consider three different exercise prices, X1, X2, and 
X3. Suppose we first construct a bull spread, buying the call with exercise price of X1 and selling 
the call with exercise price of X2. Recall that we could construct a bear spread using calls in-
stead of puts. In that case, we would buy the call with the higher exercise price and sell the call 
with the lower exercise price. This bear spread is identical to the sale of a bull spread.

Suppose we sell a bull spread by buying the call with exercise price X3 and selling the call 
with exercise price X2. We have now combined a long bull spread and a short bull spread (or 
a bear spread). We own the calls with exercise price X1 and X3 and have sold two calls with 
exercise price X2. Combining these results, we obtain a value at expiration of

VT = max(0,ST − X1) − 2max(0,ST − X2) + max(0,ST − X3) 

This can be broken down into ranges of

= − + =
= − − + = −
= − − − + = − + −
= − − − + − = − −

≤
< <
≤ <
≥

V 0 2(0) 0 0
V s X 2(0) 0 s X
V s X 2(s X ) 0 s 2X X
V s X 2(s X ) s X 2X X X

if s X
if X s X
if X s X
if s X

t

t t 1 t 1

t t 1 t 2 t 2 1

t t 1 t 2 t 3 2 1 3

t 1

1 t 2

2 t 3

t 3

If the exercise prices are equally spaced, 2X2 − X1 − X3 would equal zero.12 In virtually all cases 
in practice, the exercise prices are indeed equally spaced, and we shall make that assumption. 
Therefore,

= − − = ≥V 2X X X 0 if s Xt 2 1 3 t 3

To obtain the profit, we must subtract the initial value of the position, which is V0 = c1 − 
2c2 + c3. Is this value positive or negative? It turns out that it will always be positive. The bull 
spread we buy is more expensive than the bull spread we sell, because the lower exercise price 
on the bull spread we buy (X1) is lower than the lower exercise price on the bull spread we sell 
(X2). Because the underlying is more likely to move higher than X1 than to move higher than 
X2, the bull spread we buy is more expensive than the bull spread we sell.

The profit is thus VT − V0, which is

Π = max(0,ST − X1) − 2max(0,ST − X2) + max(0,ST − X3) − c1 + 2c2 − c3

12 For example, suppose the exercise prices are equally spaced with X1 = 30, X2 = 40, and X3 = 50. Then 
2X2 − X3 − X1 = 2(40) − 50 − 30 = 0.
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Broken down into ranges,

Π = − + −
Π = − − + −
Π = − + − − + −
Π = − + −

≤
< <
≤ <
≥

c 2c c
s X c 2c c

s 2X X c 2c c
c 2c c

if s X
if X s X
if X s X
if s X

1 2 3

t 1 1 2 3

t 2 1 1 2 3

1 2 3

t 1

1 t 2

2 t 3

t 3

Note that in the lowest and highest ranges, the profit is negative; a loss. It is not immedi-
ately obvious what happens in the middle two ranges. Let us look at our example. In this 
example, we buy the calls with exercise prices of 1950 and 2050 and sell two calls with exercise 
price of 2000. So, X1 = 1950, X2 = 2000, and X3 = 2050. Their premiums are c1 = 108.43, 
c2 = 81.75, and c3 = 59.98. Let us examine the outcomes in which ST = 1900, 1975, 2025, 
and 2100. These outcomes fit into each of the four relevant ranges.

= = − + =
= = − =
=
= − + − =
= =

When s 1900, the value at expiration is V 0 2(0) 0 0
When s 1975, the value at expiration is V 1975 1950 25
When s 2025, the value at expiration is V

2025 2(2000) 1950 25
When s 2100, the value at expiration is V 0

t t

t t

t t

t t

Now, turning to the profit,

= Π
= − + − = −
= Π
= − + − =
= Π
= − + − =
= Π
= − + − = −

When s 1900, the profit will be
0 108.43 2(81.75) 59.98 4.91

When s 1975, the profit will be
25 108.43 2(81.75) 59.98 20.09

When s 2025, the profit will be
25 108.43 2(81.75) 59.98 20.09

When s 2100, the profit will be
0 108.43 2(81.75) 59.98 4.91

t

t

t

t

Exhibit 10 depicts these results graphically. Note that the strategy is based on the expectation 
that the volatility of the underlying will be relatively low. The expectation must be that the 
underlying will trade near the middle exercise price. The maximum loss of 4.91 occurs if the 
underlying ends up below the lower strike, 1950, or above the upper strike, 2050. The maxi-
mum profit occurs if the underlying ends up precisely at the middle exercise price. This maxi-
mum profit is found by examining either of the middle two ranges with ST set equal to X2:

Π = − − + −
= − − + −

Π = − + − − + −
= − − + −

=

=

(maximum) s X c 2c c
X X c 2c c

(maximum) s 2X X c 2c c
X X c 2c c

if s X

if s X

t 1 1 2 3

2 1 1 2 3

t 2 1 1 2 3

2 1 1 2 3

t 2

t 2

In this case, the maximum profit is Π (maximum) = 2000 − 1950 − 108.43 + 2(81.75) − 
59.98 = 45.09, which is a return of 918%.13

13 This return is based on a maximum value of 2000 − 1950 = 50 versus the initial value of 4.91, a return 
of 918%.
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Exhibit 10   Butterfly Spread (Buy Calls with Exercise Price X1 and X3, Sell Two Calls with 
Exercise Price X2)
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There are two breakeven prices, and they lie within the two middle profit ranges. We find 
them as follows:

For X1 < ST < X2:

	

Π = − − + − =
= + − +

s * X c 2c c 0
s * X c 2c c

t 1 1 2 3

t 1 1 2 3

For X2 ≤ ST < X3:

Π = − + − − + − =
= − − + −

s * 2X X c 2c c 0
s * 2X X c 2c c

t 2 1 1 2 3

t 2 1 1 2 3

In this example, therefore, the breakeven prices are

= + − +
= + − + =
= − − + −
= − − + − =

s * X c 2c c
1950 108.43 2(81.75) 59.98 1954.91

s * 2X X c 2c c
2(2000) 1950 108.43 2(81.75) 59.98 2045.09

t 1 1 2 3

t 2 1 1 2 3

These movements represent a range of roughly ±2.3% from the starting value of 2000. There-
fore, if the underlying stays within this range, the strategy will be profitable.
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In summary, for the butterfly spread

Value at expiration: VT = max(0,ST − X1) − 2max(0,ST − X2) + max(0,ST − X3)
Profit: Π = VT − c1 + 2c2 − c3
Maximum profit = X2 − X1 − c1 + 2c2 − c3
Maximum loss = c1 − 2c2 + c3
Breakeven: ST* = X1 + c1 − 2c2 + c3 and ST* = 2X2 − X1 − c1 + 2c2 − c3

As we noted, a butterfly spread is a strategy based on the expectation of low volatility in 
the underlying. Of course, for a butterfly spread to be an appropriate strategy, the user must 
believe that the underlying will be less volatile than the market expects. If the investor buys 
into the strategy and the market is more volatile than expected, the strategy is likely to result in 
a loss. If the investor expects the market to be more volatile than he believes the market expects, 
the appropriate strategy could be to sell the butterfly spread. Doing so would involve selling 
the calls with exercise prices of X1 and X3 and buying two calls with exercise prices of X2.14

Alternatively, a butterfly spread can be executed using puts. Note that the initial value of 
the spread using calls is V0 = c1 − 2c2 + c3. Recall that from put−call parity, c = p + S − X/
(1 + r)T. If we use the appropriate subscripts and substitute pi + S − Xi/(1 + r)T for ci where 
i = 1, 2, and 3, we obtain V0 = p1 − 2p2 + p3. The positive signs on p1 and p3 and the negative 
sign on 2p2 mean that we could buy the puts with exercise prices X1 and X3 and sell two puts 
with exercise price of X2 to obtain the same result. We would, in effect, be buying a bear spread 
with puts consisting of buying the put with exercise price of X3 and selling the put with exer-
cise price of X2, and also selling a bear spread by selling the put with exercise price of X2 and 
buying the put with exercise price of X1. If the options are priced correctly, it does not really 
matter whether we use puts or calls.15

14 A short butterfly spread is sometimes called a sandwich spread.
15 If puts were underpriced, it would be better to buy the butterfly spread using puts. If calls were under-
priced, it would be better to buy the butterfly spread using calls. Of course, other strategies could also be 
used to take advantage of any mispricing.

Example 7

Consider three put options on a currency that is currently selling for $1.45. The exer-
cise prices are $1.30, $1.40, and $1.50. The put prices are $0.08, $0.125, and $0.18, 
respectively. The puts all expire at the same time. Answer the following questions about 
a butterfly spread.

A.	 Determine the value at expiration and the profit under the following outcomes:
  i.	 The price of the currency at expiration is $1.26.
 ii.	 The price of the currency at expiration is $1.35.
iii.	 The price of the currency at expiration is $1.47.
 iv.	 The price of the currency at expiration is $1.59.
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B.	 Determine the following:
    i.	 the maximum profit.
  ii.	 the maximum loss.

C.	 Determine the breakeven currency price at expiration.

Solutions:

A.	     i.  

[ ]

= − − − + −
= − − − + −
= − + =

Π = − = − − + = − − +
= −

V max(0,X s ) 2max(0, X s ) max(0,X s )
max(0,1.30 1.26) 2max(0,1.40 1.26) max(0,1.50 1.26)
0.04 2(0.14) 0.24 0.0
V V V (p 2p p ) 0.0 0.08 2(0.125) 0.18

0.01

t 1 t 2 t 3 t

t 0 t 1 2 3

  ii.  

[ ]

= − − − + −
= − − − + −
= − + =

Π = − = − − +
= − − + =

V max(0,X s ) 2max(0, X s ) max(0,X s )
max(0,1.30 1.35) 2max(0,1.40 1.35) max(0,1.50 1.35)
0.0 2(0.05) 0.15 0.05
V V V (p 2p p )
0.05 0.08 2(0.125) 0.18 0.04

t 1 t 2 t 3 t

t 0 t 1 2 3

iii.  

[ ]( )

= − − − + −
= − − − + −
= − + =

Π = − = − − +
= − − + =

V max(0,X s ) 2max(0, X s ) max(0, X s )
max(0,1.30 1.47) 2max(0,1.40 1.47) max(0,1.50 1.47)
0.0 2(0) 0.03 0.03
V V V (p 2p p )
0.03 0.08 2 0.125 0.18 0.02

t 1 t 2 t 3 t

t 0 t 1 2 3

 iv.  

[ ]

= − − − + −
= − − − + −
= − + =

Π = − = − − +
= − − + = −

V max(0, X s ) 2max(0, X s ) max(0, X s )
max(0,1.30 1.59) 2max(0,1.40 1.59) max(0,1.50 1.59)
0.0 2(0) 0.0 0.0
V V V (p 2p p )
0.0 0.08 2(0.125) 0.18 0.01

t 1 t 2 t 3 t

t 0 t 1 2 3

B.	     i. 
[ ]

= − − − +
= − − − + =

Maximum profit X X (p 2p p )
1.50 1.40 0.08 2(0.125) 0.18 0.09

3 2 1 2 3

  ii.  = − +
= − + =

Maximum loss p 2p p
0.08 2(0.125) 0.18 0.01

1 2 3

C.	 = + − + = + − + =
= − − + − = − −

+ − =

s * X p 2p p 1.30 0.08 2(0.125) 0.18 1.31
s * 2X X p 2p p 2(1.40) 1.30 0.08

2(0.125) 0.18 1.49

t 1 1 2 3

t 2 1 1 2 3

So far, we have restricted ourselves to the use of either calls or puts, but not both. We now 
look at strategies that involve positions in calls and puts.
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2.4.  Combinations of Calls and Puts

2.4.1.  Collars
Recall that in Section 2.2 we examined the protective put. In that strategy, the holder of the 
underlying asset buys a put to provide protection against downside loss. Purchasing the put 
requires the payment of the put premium. One way to get around paying the put premium is 
to sell another option with a premium equal to the put premium, which can be done by selling 
a call with an exercise price above the current price of the underlying.

Although it is not necessary that the call premium offset the put premium, and the call 
premium can even be more than the put premium, the typical collar has the call and put pre-
miums offset. When this offsetting occurs, no net premium is required up front. In effect, the 
holder of the asset gains protection below a certain level, the exercise price of the put, and 
pays for it by giving up gains above a certain level, the exercise price of the call. This strategy is 
called a collar. When the premiums offset, it is sometimes called a zero-cost collar. This term 
is a little misleading, however, as it suggests that there is no “cost” to this transaction. The cost 
takes the form of forgoing upside gains. The term “zero-cost” refers only to the fact that no 
cash is paid up front.

A collar is a modified version of a protective put and a covered call and requires different 
exercise prices for each. Let the put exercise price be X1 and the call exercise price be X2. With 
X1 given, it is important to see that X2 is not arbitrary. If we want the call premium to offset 
the put premium, the exercise price on the call must be set such that the price of the call equals 
the price of the put. We thus can select any exercise price of the put. Then the call exercise 
price is selected by determining which exercise price will produce a call premium equal to the 
put premium. Although the put can have any exercise price, typically the put exercise price is 
lower than the current value of the underlying. The call exercise price then must be above the 
current value of the underlying.16

So let X1 be set. The put with this exercise price has a premium of p1. We now need to set 
X2 such that the premium on the call, c2, equals the premium on the put, p1. To do so, we need 
to use an option valuation model, such as Black−Scholes−Merton, to find the exercise price of 
the call that will make c2 = p1. Recall that the Black−Scholes−Merton formula is

e= − −c s n(d ) X n(d )0 1
rct

2

where

=
+ + σ
σ

= − σ

d
ln(s X) (r 2)t

t
d d t

1
0

c 2

2 1

and where rc is the continuously compounded risk-free rate and N(d1) and N(d2) are normal 
probabilities associated with the values d1 and d2. Ideally we would turn the equation around 
and solve for X in terms of c, but the equation is too complex to be able to isolate X on one 

16 It can be proven in general that the call exercise price would have to be above the current value of the 
underlying. Intuitively, it can be shown through put−call parity that if the call and put exercise prices 
were equal to the current value of the underlying, the call would be worth more than the put. If we lower 
the put exercise price below the price of the underlying, the put price would decrease. Then the gap 
between the call and put prices would widen further. We would then need to raise the call exercise price 
above the current price of the underlying to make its premium come down.
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side. So, we must solve for X by trial and error. We substitute in values of X until the option 
price equals c, where c is the call premium that we want to equal the put premium.

Consider the Nasdaq example. Suppose we use the put with exercise price of 1950. Its 
premium is 56.01. So now we need a call with a premium of 56.01. The call with exercise price 
of 2000 is worth 81.75. So to get a lower call premium, we need a call with an exercise price 
higher than 2000. By trial and error, we insert higher and higher exercise prices until the call 
premium falls to 56.01, which occurs at an exercise price of about 2060.17 So now we have it. 
We buy the put with an exercise price of 1950 for 56.01 and sell the call with exercise price of 
2060 for 56.01. This transaction requires no cash up front.

The value of the position at expiration is the sum of the value of the underlying asset, the 
value of the put, and the value of the short call:

VT = ST + max(0,X1 − ST) − max(0,ST − X2) 

Broken down into ranges, we have

= + − − =
= + − =
= + − − =

≤
< <
≥

V s X s 0 X
V s 0 0 s
V s 0 (s X ) X

if s X
if X s X
if s X

t t 1 t 1

t t t

t t t 2 2

t 1

1 t 2

t 2

The initial value of the position is simply the value of the underlying asset, S0. The profit is 
VT − V0:

Π = ST + max(0,X1 − ST) − max(0,ST − X2) − S0

Broken down into ranges, we have

Π = −
Π = −
Π = −

≤
< <
≥

X s
s s
X s

if s X
if X s X
if s X

1 0

t 0

2 0

t 1

1 t 2

t 2

Using our example where X1 = 1950, p1 = 56.01, X2 = 2060, c2 = 56.01, and S0 = 2000, we 
obtain the following values at expiration:

If ST = 1900, VT = 1950

If ST = 2000, VT = 2000

If ST = 2100, VT = 2060

The profit for ST = 1900 is Π = 1950 − 2000 = −50. 

If ST = 2000, Π = 2000 − 2000 = 0

If ST = 2100, Π = 2060 − 2000 = 60

17 The other necessary information to obtain the exercise price of the call is that the volatility is 0.35, 
the risk-free rate is 0.02, and the dividend yield is 0.005. The actual call price at a stock price of 2060 is 
56.18. At 2061, the call price is 55.82. Thus, the correct exercise price lies between 2060 and 2061; we 
simply round to 2060.
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A graph of this strategy is shown in Exhibit 11. Note that the lines are flat over the range of 
ST up to the put exercise price of 1950 and in the range beyond the call exercise price of 2060. Be-
low 1950, the put provides protection against loss. Above 2060, the short call forces a relinquish-
ment of the gains, which are earned by the buyer of the call. In between these ranges, neither the 
put nor the call has value. The profit is strictly determined by the underlying and moves directly 
with the value of the underlying. The maximum profit is X2 − S0, which here is 2060 − 2000 = 
60, a return of 3%. The maximum loss is S0 − X1, which here is 2000 − 1950 = 50, a loss of 2.5%. 
Keep in mind that these options have lives of one month, so those numbers represent one-month 
returns. The breakeven is simply the original underlying price of 2000.

Exhibit 11  Zero-Cost Collar (Buy Put with Exercise Price X1, Sell Call with Exercise Price X2, 
Put and Call Premiums Offset)

($)

2000

1500

1000

500

0

2500

_
500

1600 235023002250220021502100205020001950190018501800175017001650 2400

Value of Underlying at Expiration (ST)

Pro�t

Value at Expiration 

In summary, for the collar

Value at expiration: VT = ST + max(0,X1 − ST) − max(0,ST − X2)
Profit: Π = VT − S0
Maximum profit = X2 − S0
Maximum loss = S0 − X1
Breakeven: ST* = S0

Collars are also known as range forwards and risk reversals.18 Asset managers often use 
them to guard against losses without having to pay cash up front for the protection. Clearly, 

18 It is not clear why a collar is sometimes called a risk reversal. It is clear, however, why a collar is some-
times called a range forward. Like a forward contract, it requires no initial outlay other than for the 
underlying. Unlike a forward contract, which has a strictly linear payoff profile, the collar payoff breaks 
at the two exercise prices, thus creating a range.
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however, they are virtually the same as bull spreads. The latter has a cap on the gain and a 
floor on the loss but does not involve actually holding the underlying. In Section 3 we shall 
encounter this strategy again in the form of an interest rate collar, which protects floating-rate 
borrowers against high interest rates.

Example 8

The holder of a stock worth $42 is considering placing a collar on it. A put with an ex-
ercise price of $40 costs $5.32. A call with the same premium would require an exercise 
price of $50.59.

A.	 Determine the value at expiration and the profit under the following outcomes:
    i.	The price of the stock at expiration is $55.
  ii.	 The price of the stock at expiration is $48.
iii.	 The price of the stock at expiration is $35.

B.	 Determine the following:
    i.	 the maximum profit.
  ii.	 the maximum loss.

C.	 Determine the breakeven stock price at expiration.

Solutions:
A.	     i.  V s max (0, X s ) max (0,s X )

55 max (0,40 55) max (0,55 50.59)
55 0 (55 50.59) 50.59
V s 50.59 42 8.59

t t 1 t t 2

t 0

= + − − −
= + − − −
= + − − =

Π = − = − =

  ii.  V s max (0, X s ) max (0,s X )
48 max (0,40 48) max (0,48 50.59)
48 0 0 48
V s 48 42 6

t t 1 t t 2

t 0

= + − − −
= + − − −
= + − =

Π = − = − =

iii.  V s max (0, X s ) max (0,s X )
35 max (0,40 35) max (0,35 50.59)
35 5 0 40
V s 40 42 2

t t 1 t t 2

t 0

= + − − −
= + − − −
= + − =

Π = − = − = −

B.	     i.  Maximum profit = X2 − S0 = 50.59 − 42 = 8.59
  ii.  Maximum loss = S0 − X1 = 42 − 40 = 2

C.	S T* = S0 = 42

Collars are one of the many directional strategies, meaning that they perform based on 
the direction of the movement in the underlying. Of course, butterfly spreads perform based 
on the volatility of the underlying. Another strategy in which performance is based on the 
volatility of the underlying is the straddle.



462	 Derivatives

2.4.2. S traddle
To justify the purchase of a call, an investor must be bullish. To justify the purchase of a put, an 
investor must be bearish. What should an investor do if he believes the market will be volatile 
but does not feel particularly strongly about the direction? We discussed earlier that a short 
butterfly spread is one strategy. It benefits from extreme movements, but its gains are limited. 
There are other, more complex strategies, such as time spreads, that can benefit from high vol-
atility; however, one simple strategy, the straddle, also benefits from high volatility.

Suppose the investor buys both a call and a put with the same exercise price on the same 
underlying with the same expiration. This strategy enables the investor to profit from upside or 
downside moves. Its cost, however, can be quite heavy. In fact, a straddle is a wager on a large 
movement in the underlying.

The value of a straddle at expiration is the value of the call and the value of the put: VT = 
max(0,ST − X) + max(0,X − ST). Broken down into ranges,

= −
= −

<
≥

V X s
V s X

if s X
if s X

t t

t t

t

t

The initial value of the straddle is simply V0 = c0 + p0. The profit is VT − V0 or Π = 
max(0,ST − X) + max(0,X − ST) − c0 − p0. Broken down into ranges,

Π = − − −
Π = − − −

<
≥

X s c p
s X c p

if s X
if s X

t 0 0

t 0 0

t

t

In our example, let X = 2000. Then c0 = 81.75 and p0 = 79.25.

=
= − =
=
= − =
= Π = − − = −
= Π = − − = −

if s 2100, the value of the position at expiration is
V 2100 2000 100

if s 1900, the value of the position at expiration is
V 2000 1900 100

if s 2100, the profit is 100 81.75 79.25 61
if s 1900, the profit is 100 81.75 79.25 61

t

t

t

t

t

t

Note the symmetry, whereby a move of 100 in either direction results in a change in value of 
61. The put and call payoffs are obviously symmetric. It is also apparent that these outcomes 
are below breakeven.

Observe the results in Exhibit 12. Note that the value and profit are V-shaped, thereby 
benefiting from large moves in the underlying in either direction. Like the call option the 
straddle contains, the gain on the upside is unlimited. Like the put, the downside gain is not 
unlimited, but it is quite large. The underlying can go down no further than zero. Hence, on 
the downside the maximum profit is X − c0 − p0, which in this case is 2000 − 81.75 − 79.25 = 
1839. The maximum loss occurs if the underlying ends up precisely at the exercise price. In 
that case, neither the call nor the put expires with value and the premiums are lost on both. 
Therefore, the maximum loss is c0 + p0, which is 81.75 + 79.25 = 161.
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Exhibit 12   Straddle (Buy Call and Put with Exercise Price X) 
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There are two breakevens. Using ST* to denote the breakevens, we set each profit equation 
to zero and solve for ST*:

If ST ≥ X,

    Π = ST* − X − c0 − p0 = 0
ST* = X + c0 + p0

If ST < X,
    Π = X − ST* − c0 − p0 = 0
ST* = X − c0 − p0

The breakevens thus equal the exercise price plus or minus the premiums. So in this case, the 
breakevens are 2000 ± 161 = 2161 and 1839. A move of 161 is a percentage move of 8.1% 
over a one-month period. Hence, in this example, the purchase of a straddle is a bet that the 
underlying will move at nearly a 100% annual rate over a one-month period, quite a risky bet. 
An investor would make such a bet only when he felt that the underlying would be exception-
ally volatile. An obvious time to use a straddle would be around major events such as earnings 
announcements. But because earnings announcements are known and anticipated events, the 
greater uncertainty surrounding them should already be reflected in the options’ prices. Recall 
that the greater the volatility, the higher the prices of both puts and calls. Therefore, using a 
straddle in anticipation of an event that everyone knows is coming is not necessarily a good 
idea. Only when the investor believes the market will be more volatile than everyone else be-
lieves would a straddle be advised.
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In summary, for a straddle

Value at expiration: VT = max(0,ST − X) + max(0,X − ST)
Profit: Π = VT − (c0 + p0)
Maximum profit = ∞
Maximum loss = c0 + p0
Breakeven: ST* = X ± (c0 + p0) 

As we have noted, a straddle would tend to be used by an investor who is expecting the 
market to be volatile but does not have strong feelings one way or the other on the direc-
tion. An investor who leans one way or the other might consider adding a call or a put to the 
straddle. Adding a call to a straddle is a strategy called a strap, and adding a put to a straddle 
is called a strip. It is even more difficult to make a gain from these strategies than it is for a 
straddle, but if the hoped-for move does occur, the gains are leveraged. Another variation of 
the straddle is a strangle, in which the put and call have different exercise prices. This strategy 
creates a graph similar to a straddle but with a flat section instead of a point on the bottom.

Example 9

Consider a stock worth $49. A call with an exercise price of $50 costs $6.25 and a put 
with an exercise price of $50 costs $5.875. An investor buys a straddle.

A.	 Determine the value at expiration and the profit under the following outcomes:
 i.	 The price of the stock at expiration is $61.
ii.	 The price of the stock at expiration is $37.

B.	 Determine the following:
 i.	 the maximum profit.
ii.	 the maximum loss.

C.	 Determine the breakeven stock price at expiration.

Solutions:
A.	   i.  V max (0,s X) max (0, X s )

max (0,61 50) max (0,50 61) 11 0 11
V (c p ) 11 (6.25 5.875) 1.125

t t t

t 0 0

= − + −
= − + − = − =

Π = − + = − + = −

ii.  V max (0,s X) max (0, X s )
max (0,37 50) max (0,50 37) 0 13 13
V s 13 (6.25 5.875) 0.875

t t t

t 0

= − + −
= − + − = + =

Π = − = − + =

B.	   i.   Maximum profit = ∞
ii.   Maximum loss = c0 + p0 = 6.25 + 5.875 = 12.125

C.	S T* = X ± (c0 + p0) = 50 ± (6.25 + 5.875) = 62.125, 37.875

Now we turn to a strategy that combines more than one call and more than one put. It 
should not be surprising that we shall recognize this strategy as just a combination of some-
thing we have already learned.
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2.4.3.  Box Spreads
We can exploit an arbitrage opportunity with a neutral position many alternative ways: us-
ing put−call parity, using the binomial model, or using the Black−Scholes−Merton model. 
Exploiting put−call parity requires a position in the underlying. Using the binomial or Black−
Scholes−Merton model requires that the model holds in the market. In addition, both models 
require a position in the underlying and an estimate of the volatility.

A box spread can also be used to exploit an arbitrage opportunity but it requires that 
neither the binomial nor Black−Scholes−Merton model holds, it needs no estimate of the 
volatility, and all of the transactions can be executed within the options market, making imple-
mentation of the strategy simpler, faster, and with lower transaction costs.

In basic terms, a box spread is a combination of a bull spread and a bear spread. Sup-
pose we buy the call with exercise price X1 and sell the call with exercise price X2. This set of 
transactions is a bull spread. Then we buy the put with exercise price X2 and sell the put with 
exercise price X1. This is a bear spread. Intuitively, it should sound like a combination of a bull 
spread and a bear spread would leave the investor with a fairly neutral position, and indeed, 
that is the case.

The value of the box spread at expiration is

V max (0,s X ) max (0,s X ) max (0,X s )
max (0,X s )

t t 1 t 2 2 t

1 t

= − − − + −
− −

Broken down into ranges, we have

V 0 0 X s (X s ) X X
V s X 0 X s 0 X X
V s X (s X ) 0 0 X X

if s X
if X s X
if s X

t 2 t 1 t 2 1

t t 1 2 t 2 1

t t 1 t 2 2 1

t 1

1 t 2

t 2

= − + − − − = −
= − − + − − = −
= − − − + − = −

≤
< <
≥

These outcomes are all the same. In each case, two of the four options expire in-the-money, 
and the other two expire out-of-the-money. In each case, the holder of the box spread ends up 
buying the underlying with one option, using either the long call at X1 or the short put at X1, 
and selling the underlying with another option, using either the long put at X2 or the short 
call at X2. The box spread thus results in buying the underlying at X1 and selling it at X2. This 
outcome is known at the start.

The initial value of the transaction is the value of the long call, short call, long put, and 
short put, V0 = c1 − c2 + p2 − p1. The profit is, therefore, Π = X2 − X1 − c1 + c2 − p2 + p1.

In contrast to all of the other strategies, the outcome is simple. In all cases, we end up 
with the same result. Using the options with exercise prices of 1950 and 2050, which have 
premiums of c1 = 108.43, c2 = 59.98, p1 = 56.01, and p2 = 107.39, the value at expiration 
is always 2050 − 1950 = 100 and the profit is always Π = 100 − 108.43 + 59.98 − 107.39 + 
56.01 = 0.17. This value may seem remarkably low. We shall see why momentarily.

The initial value of the box spread is c1 − c2 + p2 − p1. The payoff at expiration is X2 − X1. 
Because the transaction is risk free, the present value of the payoff, discounted using the risk-
free rate, should equal the initial outlay. Hence, we should have

(X X ) (1 r) c c p p2 1
t

1 2 2 1− + = − + −

If the present value of the payoff exceeds the initial value, the box spread is underpriced and 
should be purchased.
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In this example, the initial outlay is V0 = 108.43 − 59.98 + 107.39 − 56.01 = 99.83. To 
obtain the present value of the payoff, we need an interest rate and time to expiration. The 
prices of these options were obtained using a time to expiration of one month and a risk-free 
rate of 2.02%. The present value of the payoff is

(X X ) (1 r) (2050 1950) (1.0202) 99.832 1
r 1 12− + = − =

In other words, this box spread is correctly priced. This result should not be surprising, because 
we noted that we used the Black−Scholes−Merton model to price these options. The model 
should not allow arbitrage opportunities of any form.

Recall that the profit from this transaction is 0.17, a very low value. This profit reflects the 
fact that the box spread is purchased at 99.83 and matures to a value of 100, a profit of 0.17, 
which is a return of the risk-free rate for one month.19 The reason the profit seems so low is 
that it is just the risk-free rate.

Let us assume that one of the long options, say the put with exercise price of 2050, is 
underpriced. Let its premium be 105 instead of 107.39. Then the net premium would be 
108.43 − 59.98 + 105 − 56.01 = 97.44. Again, the present value of the payoff is 99.83. Hence, 
the box spread would generate a gain in value clearly in excess of the risk-free rate. If some 
combination of the options was such that the net premium is more than the present value of 
the payoff, then the box spread would be overpriced. Then we should sell the X1 call and X2 
put and buy the X2 call and X1 put. Doing so would generate an outlay at expiration with a 
present value less than the initial value.

So to summarize the box spread, we say that

Value at expiration: VT = X2 − X1
Profit: Π = X2 − X1 − (c1 − c2 + p2 − p1)
Maximum profit = (same as profit)
Maximum loss = (no loss is possible, given fair option prices)
Breakeven: no breakeven; the transaction always earns the risk-free rate, given fair option 
prices

19 That is, 99.83(1.0202)1/12 ≈ 100. Hence, the profit of 0.17 is about 2.02%, for one month.

Example 10

Consider a box spread consisting of options with exercise prices of 75 and 85. The call 
prices are 16.02 and 12.28 for exercise prices of 75 and 85, respectively. The put prices 
are 9.72 and 15.18 for exercise prices of 75 and 85, respectively. The options expire in 
six months and the discrete risk-free rate is 5.13%.

A.	 Determine the value of the box spread and the profit for any value of the underlying 
at expiration.

B.	S how that this box spread is priced such that an attractive opportunity is available.
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We have now completed our discussion of equity option strategies. Although the strate-
gies are applicable, with minor changes, to fixed-income securities, we shall not explore that 
area here. We shall, however, look at interest rate option strategies, which require some signif-
icant differences in presentation and understanding compared with equity option strategies.

3. I nterest Rate Option Strategies

Consider a group of options in which the underlying is an interest rate and the exercise price 
is expressed in terms of a rate. Recall that this group of options consists of calls, which pay off 
if the option expires with the underlying interest rate above the exercise rate, and puts, which 
pay off if the option expires with the underlying interest rate below the exercise rate. Interest 
rate call and put options are usually purchased to protect against changes in interest rates. For 
dollar-based interest rate derivatives, the underlying is usually Libor but is always a specific 
rate, such as the rate on a 90- or 180-day underlying instrument. An interest rate option is 
based on a specific notional principal, which determines the payoff when the option is exer-
cised. Traditionally, the payoff does not occur immediately upon exercise but is delayed by a 
period corresponding to the life of the underlying instrument from which the interest rate is 
taken, an issue we review below.

The payoff of an interest rate call option is

(notional principal) max (0,underlying rate at expiration

exercise rate)
Days in underlying rate

360
− 





where “days in underlying” refers to the maturity of the instrument from which the under-
lying rate is taken. In some cases, “days in underlying” may be the exact day count during a 
period. For example, if an interest rate option is used to hedge the interest paid over an m-day 

Solutions:

A.	 The box spread always has a value at expiration of X2 − X1 = 85 − 75 = 10

V (c c p p )
10 (16.02 12.28 15.18 9.72) 0.80

t 1 2 2 1Π = − − + −
= − − + − =

B.	 The box spread should be worth (X2 − X1)/(1 + r)T, or

(85 75) (1.0513) 9.750.5− =

The cost of the box spread is 16.02 − 12.28 + 15.18 − 9.72 = 9.20. The box spread is 
thus underpriced. At least one of the long options is priced too low or at least one of the 
short options is priced too high; we cannot tell which. Nonetheless, we can execute this 
box spread, buying the call with exercise price X1 = 75 and put with exercise price X2 = 
85 and selling the call with exercise price X2 = 85 and put with exercise price X1 = 75. 
This would cost 9.20. The present value of the payoff is 9.75. Therefore, the box spread 
would generate an immediate increase in value of 0.55.
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period, then “days in underlying” would be m. Even though Libor of 30, 60, 90, 180 days, etc., 
whichever is closest to m, might be used as the underlying rate, the actual day count would be 
m, the exact number of days. In such cases, the payment date is usually set at 30, 60, 90, 180, 
etc. days after the option expiration date. So, for example, 180-day Libor might be used as the 
underlying rate, and “days in underlying” could be 180 or perhaps 182, 183, etc. The most 
important point, however, is that the rate is determined on one day, the option expiration, and 
payment is made m days later. This practice is standard in floating-rate loans and thus is used 
with interest rate options, which are designed to manage the risk of floating-rate loans.

Likewise, the payoff of an interest rate put is

(notional principal) max (0,exercise rate

underlying rate at expiration)
Days in underlying rate

360
− 





Now let us take a look at some applications of interest rate options.

3.1. U sing Interest Rate Calls with Borrowing

Let us examine an application of an interest rate call to establish a maximum interest rate for 
a loan to be taken out in the future. In brief, a company can buy an interest rate call that pays 
off from increases in the underlying interest rate beyond a chosen level. The call payoff then 
compensates for the higher interest rate the company has to pay on the loan.

Consider the case of a company called Global Computer Technology (GCT), which occa-
sionally takes out short-term loans in US dollars with the rate tied to Libor. Anticipating that 
it will take out a loan at a later date, GCT recognizes the potential for an interest rate increase 
by that time. In this example, today is 14 April, and GCT expects to borrow $40 million on 
20 August at Libor plus 200 basis points. The loan will involve the receipt of the money on 
20 August with full repayment of principal and interest 180 days later on 16 February. GCT 
would like protection against higher interest rates, so it purchases an interest rate call on 180-
day Libor to expire on 20 August. GCT chooses an exercise rate of 5%. This option gives it the 
right to receive an interest payment of the difference between the 20 August Libor and 5%. If 
GCT exercises the option on 20 August, the payment will occur 180 days later on 16 February 
when the loan is paid off. The cost of the call is $100,000, which is paid on 14 April. Libor on 
14 April is 5.5%.

The transaction is designed such that if Libor is above 5% on 20 August, GCT will 
benefit and be protected against increases in interest rates. To determine how the transaction 
works, we need to know the effective rate on the loan. Note that the sequence of events is as 
follows:

14 April
GCT buys call

20 August
Call expires; loan starts

16 February
Loan repaid and 
call payoff made

So cash is paid for the call on 14 April. Cash proceeds from the loan are received on 20 August. 
On 16 February, the loan is repaid and the call payoff (if any) is made. 

To evaluate the effectiveness of the overall transaction, we need to determine how the 
call affects the loan. Therefore, we need to incorporate the payment of the call premium on 
14 April into the cash flow on the loan. So, it would be appropriate to compound the call 
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premium from 14 April to 20 August. In effect, we need to know what the call, purchased on 
14 April, effectively costs on 20 August. We compound its premium for the 128 days from 
14 April to 20 August at the rate at which GCT would have to borrow on 14 April. This rate 
would be Libor on 14 April plus 200 basis points, or 7.5%. The call premium thus effectively 
costs

+ 











=$100,000 1 0.075
128
360

$102,667

on 20 August.20 On that date, GCT takes out the loan, thereby receiving $40 million. We 
should, however, reduce this amount by $102,667, because GCT effectively receives less money 
because it must buy the call. So, the loan proceeds are effectively $40,000,000 − $102,667 = 
$39,897,333.

Next we must calculate the amount of interest paid on the loan and the amount of any call 
payoff. Let us assume that Libor on 20 August is 8%. In that case, the loan rate will be 10%. 
The interest on the loan will be

$40,000,000 (0.10)
180
360

$2,000,000



 =

This amount, plus $40 million principal, is repaid on 16 February. With Libor assumed to be 
8% on 20 August, the option payoff is

$40,000,000max (0,0.08 0.05)
180
360

$40,000,000 0.03
180
360

$600,000( )− 



 = 



 =

This amount is paid on 16 February. The effective interest paid on 16 February is thus 
$2,000,000 − $600,000 = $1,400,000. So, GCT effectively receives $39,897,333 on 20 Au-
gust and pays back $40,000,000 plus $1,400,000 or $41,400,000 on 16 February. The effec-
tive annual rate is







− =
$41,400,000
$39,897,333

1 0.0779
365 180

Exhibit 13 presents a complete description of the transaction and the results for a range 
of possible Libors on 20 August. Exhibit 14 illustrates the effective loan rate compared with 
Libor on 20 August. We see that the strategy places an effective ceiling on the rate on the loan 
of about 7.79% while enabling GCT to benefit from decreases in Libor. Of course, a part of 
this maximum rate is the 200 basis point spread over Libor that GCT must pay.21 In effect, 
the company’s maximum rate without the spread is 5.79%. This reflects the exercise rate of 5% 
plus the effect of the option premium.

20 The interpretation of this calculation is that GCT’s cost of funds is 7.5%, making the option premium 
effectively $102,667 by the time the loan is taken out.
21 It should be noted that the effective annual rate is actually more than 200 basis points. For example, 
if someone borrows $100 at 2% for 180 days, the amount repaid would be $100[1 + 0.02(180/360)] =  
$101. The effective annual rate would be ($101/$100)365/180 − 1 = 0.0204.
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Exhibit 13   Outcomes for an Anticipated Loan Protected with an Interest Rate Call

Scenario (14 April)

Global Computer Technology (GCT) is a US corporation that occasionally undertakes short-term bor-
rowings in US dollars with the rate tied to Libor. To facilitate its cash flow planning, it buys an interest 
rate call to put a ceiling on the rate it pays while enabling it to benefit if rates fall. A call gives GCT the 
right to receive the difference between Libor on the expiration date and the exercise rate it chooses when 
it purchases the option. The payoff of the call is determined on the expiration date, but the payment is 
not received until a certain number of days later, corresponding to the maturity of the underlying Libor. 
This feature matches the timing of the interest payment on the loan.

Action

GCT determines that it will borrow $40 million at Libor plus 200 basis points on 20 August. The loan 
will be repaid with a single payment of principal and interest 180 days later on 16 February.

To protect against increases in Libor between 14 April and 20 August, GCT buys a call option on 
Libor with an exercise rate of 5% to expire on 20 August with the underlying being 180-day Libor. The 
call premium is $100,000. We summarize the information as follows:

Loan amount $40,000,000
Underlying 180-day Libor
Spread 200 basis points over Libor
Current Libor 5.5%
Expiration 20 August (128 days later)
Exercise rate 5%
Call premium $100,000

Scenario (20 August)

Libor on 20 August is 8%.

Outcome and Analysis

For any Libor, the call payoff at expiration is given below and will be received 180 days later:

$40,000,000 max (0,libor 0.05)
180
360

− 





For Libor of 8%, the payoff is

$40,000,000 max (0,0.08 0.05)
180
360

$600,000− 



 =

The premium compounded from 14 April to 20 August at the original Libor of 5.5% plus 200 basis 
points is

$100,000 1 (0.055 0.02)
128
360

$102,667+ + 











=
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So the call costs $100,000 on 14 April, which is equivalent to $102,667 on 20 August. The effective loan 
proceeds are $40,000,000 − $102,667 = $39,897,333. The loan interest is

$40,000,000 (libor on 20 august 200 Basis points)
180
360

+ 





For Libor of 8%, the loan interest is

$40,000,000 (0.08 0.02)
180
360

$2,000,000+ 



 =

The call payoff was given above. The loan interest minus the call payoff is the effective interest. The effec-
tive rate on the loan is

$40,000,000 plus effective interest
$39,897,333

1
$40,000,000 $2,000,000 $600,000

$39,897,333
1 0.0779

365 180

365 180







− =
+ −





− =

or 7.79%. 
The results are shown below for a range of Libors on 20 August.

Libor on 
20 August

Loan 
Rate

Loan Interest 
Paid on  

16 February
Call 

Payoff
Effective 
Interest

Effective 
Loan Rate

0.010 0.030 $600,000 $0 $600,000 0.0360

0.015 0.035 700,000 0 700,000 0.0412

0.020 0.040 800,000 0 800,000 0.0464

0.025 0.045 900,000 0 900,000 0.0516

0.030 0.050 1,000,000 0 1,000,000 0.0568

0.035 0.055 1,100,000 0 1,100,000 0.0621

0.040 0.060 1,200,000 0 1,200,000 0.0673

0.045 0.065 1,300,000 0 1,300,000 0.0726

0.050 0.070 1,400,000 0 1,400,000 0.0779

0.055 0.075 1,500,000 100,000 1,400,000 0.0779

0.060 0.080 1,600,000 200,000 1,400,000 0.0779

0.065 0.085 1,700,000 300,000 1,400,000 0.0779

0.070 0.090 1,800,000 400,000 1,400,000 0.0779

0.075 0.095 1,900,000 500,000 1,400,000 0.0779

0.080 0.100 2,000,000 600,000 1,400,000 0.0779

0.085 0.105 2,100,000 700,000 1,400,000 0.0779

0.090 0.110 2,200,000 800,000 1,400,000 0.0779
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Exhibit 14   The Effective Rate on an Anticipated Future Loan Protected with an Interest Rate 
Call Option

Effective Rate on Loan (%)     

Libor at Expiration (%)

1.0 8.58.07.57.06.56.05.55.04.54.03.53.02.52.01.5 9.0

8

7

6

5

4

3

2

1

0

9

Example 11

On 10 January, ResTex Ltd. determines that it will need to borrow $5 million on 
15 February at 90-day Libor plus 300 basis points. The loan will be an add-on interest 
loan in which ResTex will receive $5 million and pay it back plus interest on 16 May. 
To manage the risk associated with the interest rate on 15 February, ResTex buys an 
interest rate call that expires on 15 February and pays off on 16 May. The exercise rate is 
5%, and the option premium is $10,000. The current 90-day Libor is 5.25%. Assume 
that this rate, plus 300 basis points, is the rate it would borrow at for any period of up 
to 90 days if the loan were taken out today. Interest is computed on the exact number 
of days divided by 360.

Determine the effective annual rate on the loan for each of the following outcomes:

1.	 90-day Libor on 15 February is 6%.
2.	 90-day Libor on 15 February is 4%.

Solutions:  F irst we need to compound the premium from 10 January to 15 February, which is 
36 days. This calculation tells us the effective cost of the call as of the time the loan is taken out:

$10,000 1 (0.0525 0.03)
36
360

$10,083+ + 











=

The loan proceeds will therefore be $5,000,000 − $10,083 = $4,989,917. 
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Whereas interest rate call options are appropriate for borrowers, lenders also face the 
risk of interest rates changing. As you may have guessed, they make use of interest rate 
puts.

3.2. U sing Interest Rate Puts with Lending

Now consider an application of an interest rate put to establish a minimum interest rate for 
a commitment to give a loan in the future. A lender can buy a put that pays off if the interest 
rate falls below a chosen level. The put payoff then compensates the bank for the lower interest 
rate on the loan.

For example, consider Arbitrage Bank Inc. (ABInc) which makes loan commitments to 
corporations. It stands ready to make a loan at Libor at a future date. To protect itself against 
decreases in interest rates between the time of the commitment and the time the loan is taken 
out, it buys interest rate puts. These options pay off if Libor is below the exercise rate at expir-
ation. If Libor is above the exercise rate at expiration, the option expires unexercised and the 
lender benefits from the higher rate on the loan.

In this example, ABInc makes a commitment on 15 March to lend $50 million at 90-
day Libor plus 2.5% on 1 May, which is 47 days later. Current Libor is 7.25%. It buys a put 
with an exercise rate of 7% for $62,500. Assume that the opportunity cost of lending in the 

Solution to 1: L ibor is 6%. The loan rate will be 9%. 
The interest on the loan will be $5,000,000(0.06 + 0.03) (90/360) = $112,500.
The option payoff will be $5,000,000 max(0,0.06 − 0.05) (90/360) = $12,500.
Therefore, the effective interest will be $112,500 − $12,500 = $100,000.
The effective rate on the loan will be

+





− =
$5,000,000 $100,000

$4,989,917
1 0.0925

365 90

Of course, a little more than 300 basis points of this amount is the spread.

Solution to 2: L ibor is 4%. The loan rate will be 7%. 
The interest on the loan will be $5,000,000(0.04 + 0.03) (90/360) = $87,500.
The option payoff will be $5,000,000 max(0,0.04 − 0.05) (90/360) = $0.00.
The effective interest will, therefore, be $87,500.
The effective rate on the loan will be

+





− =
$5,000,000 $87,500

$4,989,917
1 0.0817

365 90

Of course, a little more than 300 basis points of this amount is the spread.
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Libor market is Libor plus a spread of 2.5%. Therefore, the effective cost of the premium com-
pounded to the option’s expiration is22

$62,500 1 (0.0725 0.025)
47
360

$63,296+ + 











=

When it lends $50 million on 1 May, it effectively has an outlay of $50,000,000 + $63,296 = 
$50,063,296. The loan rate is set on 1 May and the interest, paid 90 days later on 30 July, is













$50,000,000 libor on 1 May plus 250 Basis points
90
360

The put payoff is

$50,000,000max (0,0.07 libor on 1 May)
90
360

− 





The loan interest plus the put payoff make up the effective interest. The effective rate on the 
loan is







−
Principal plus effective interest

$50,063,296
1

365 90

Suppose Libor on 1 May is 6%. In that case, the loan rate will be 8.5%, and the interest 
on the loan will be

$50,000,000 (0.06 0.025)
90
360

$1,062,500+ 











=

The put payoff is

$50,000,000max (0,0.07 0.06)
90
360

$125,000− 



 =

This amount is paid on 30 July. The put cost of $62,500 on 15 March is equivalent to paying 
$63,296 on 1 May. Thus, on 1 May the bank effectively commits $50,000,000 + $63,296 = 
$50,063,296. The effective interest it receives is the loan interest of $1,062,500 plus the put 
payoff of $125,000, or $1,187,500. The effective annual rate is

+





− =
$50,000,000 $1,187,500

$50,063,296
1 0.0942

365 90

Exhibit 15 presents the results for a range of possible Libors at expiration, and Exhibit 16 
graphs the effective loan rate against Libor on 1 May. Note how there is a minimum effective 

22 The interpretation of this calculation is that the bank could have otherwise made a loan of $62,500, 
which would have paid back $63,296 on 1 May.
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loan rate of 9.42%. Of this rate, 250 basis points is automatically built in as the loan spread.23 
The remaining amount reflects the exercise rate on the put of 7% minus the cost of the put 
premium.

Exhibit 15   Outcomes for an Anticipated Loan Protected with an Interest Rate Put

Scenario (15 March)

Arbitrage Bank Inc. (ABInc) is a US bank that makes loan commitments to corporations. When ABInc 
makes these commitments, it recognizes the risk that Libor will fall by the date the loan is taken out. 
ABInc protects itself against interest rate decreases by purchasing interest rate puts, which give it the right 
to receive the difference between the exercise rate it chooses and Libor at expiration. Libor is currently 
7.25%.

Action

ABInc commits to lending $50 million to a company at 90-day Libor plus 250 basis points. The loan will 
be a single-payment loan, meaning that it will be made on 1 May and the principal and interest will be 
repaid 90 days later on 30 July.

To protect against decreases in Libor between 15 March and 1 May, ABInc buys a put option with 
an exercise rate of 7% to expire on 1 May with the underlying being 90-day Libor. The put premium is 
$62,500. We summarize the information as follows:

Loan amount $50,000,000

Underlying 90-day Libor

Spread 250 basis points over Libor

Current Libor 7.25%

Expiration 1 May

Exercise rate 7%

Put premium $62,500

Scenario (1 May)

Libor is now 6%.

Outcome and Analysis

For any Libor, the payoff at expiration is given below and will be received 90 days later:

	 $50,000,000 max (0,0.07 libor)
90
360

− 





23 As in the case of the borrower, the spread is effectively more than 250 basis points when the effective 
annual rate is determined. For this 90-day loan, this effectively amounts to 256 basis points.

(continued)
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For Libor of 6%, the payoff is

	 $50,000,000 max (0,0.07 0.060)
90
360

$125,000− 



 =

The premium compounded from 15 March to 1 May at current Libor plus 250 basis points is

	
$62,500 1 0.0725 0.025

47
360

$63,296( )+ + 











=

So the put costs $62,500 on 15 March, which is equivalent to $63,296 on 1 May. The effective amount 
loaned is $50,000,000 + $63,296 = $50,063,296. For any Libor, the loan interest is

	
$50,000,000 libor on 1 May plus 250 Basis points

90
360













With Libor at 6%, the interest is

	
$50,000,000 0.06 0.025

90
360

$1,062,500( )+ 











=

The loan interest plus the put payoff is the effective interest on the loan. The effective rate on the loan is

	

Principal plus effective interest
$50,063,296

1

$50,000,000 $1,062,500 $125,000
$50,063,296

1 0.0942

365 90

365 90







−

=
+ +





− =

or 9.42%. The results that follow are for a range of Libors on 1 May. 

Libor on 1 May Loan Rate
Loan Interest 

Paid on 30 July Put Payoff
Effective 
Interest

Effective 
Loan Rate

0.030 0.055 $687,500 $500,000 $1,187,500 0.0942

0.035 0.060 750,000 437,500 1,187,500 0.0942

0.040 0.065 812,500 375,000 1,187,500 0.0942

0.045 0.070 875,000 312,500 1,187,500 0.0942

0.050 0.075 937,500 250,000 1,187,500 0.0942

0.055 0.080 1,000,000 187,500 1,187,500 0.0942

0.060 0.085 1,062,500 125,000 1,187,500 0.0942

0.065 0.090 1,125,000 62,500 1,187,500 0.0942

Exhibit 15  (Continued)
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Libor on 1 May Loan Rate
Loan Interest 

Paid on 30 July Put Payoff
Effective 
Interest

Effective 
Loan Rate

0.070 0.095 1,187,500 0 1,187,500 0.0942

0.075 0.100 1,250,000 0 1,250,000 0.0997

0.080 0.105 1,312,500 0 1,312,500 0.1051

0.085 0.110 1,375,000 0 1,375,000 0.1106

0.090 0.115 1,437,500 0 1,437,500 0.1161

0.095 0.120 1,500,000 0 1,500,000 0.1216

0.100 0.125 1,562,500 0 1,562,500 0.1271

0.105 0.130 1,625,000 0 1,625,000 0.1327

0.110 0.135 1,687,500 0 1,687,500 0.1382

Exhibit 16   The Effective Rate on an Anticipated Loan with an Interest Rate Put Option

Effective Rate on Loan (%)
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Libor at Expiration (%)

Example 12

State Bank and Trust (SBT) is a lender in the floating-rate instrument market, but it has 
been hurt by recent interest rate decreases. SBT often makes loan commitments for its 
customers and then accepts the rate in effect on the day the loan is taken out. SBT has 
avoided floating-rate financing in the past. It takes out a certain amount of fixed-rate 
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financing in advance to cover its loan commitments. One particularly large upcoming 
loan has it worried. This is a $100 million loan to be made in 65 days at 180-day Libor 
plus 100 basis points. The loan will be paid back 182 days after being taken out, and 
interest will be based on an exact day count and 360 days in a year. Current Libor is 
7.125%, which is the rate it could borrow at now for any period less than 180 days. 
SBT considers the purchase of an interest rate put to protect it against an interest rate 
decrease over the next 65 days. The put will have an exercise price of 7% and a premium 
of $475,000.

Determine the effective annual rate on the loan for the following outcomes:

1.	 180-day Libor at the option expiration is 9%.
2.	 180-day Libor at the option expiration is 5%.

Solutions: F irst we need to compound the premium for 65 days. This calculation tells us 
the effective cost of the put as of the time the loan is made:

	
$475,000 1 (0.07125 0.01)

65
360

$481,968+ + 











=

The outlay will effectively be $100,000,000 + $481,968 = $100,481,968. 

Solution to 1:  L ibor is 9%. The loan rate will be 10%.
The interest on the loan will be $100,000,000 (0.09 + 0.01)(182/360) = $5,055,556.
The option payoff will be $100,000,000 max (0,0.07 − 0.09)(182/360) = $0.0.
Because there is no option payoff, the effective interest will be $5,055,556. The 

effective rate on the loan will be

	

+





− =
$100,000,000 $5,055,556

$100,481,968
1 0.0934

365 182

Of course, a little more than 100 basis points of this amount is the spread.

Solution to 2:  L ibor is 5%. The loan will be 6%. The interest on the loan will be 
$100,000,000 (0.05 + 0.01) (182/360) = $3,033,333.

The option payoff will be $100,000,000 max(0,0.07 − 0.05) (182/360) = $1,011,111.
The effective interest will, therefore, be $3,033,333 + $1,011,111 = $4,044,444.
The effective rate on the loan will be

	

+





− =
$100,000,000 $4,044,444

$100,481,968
1 0.0724

365 182

Of course, a little more than 100 basis points of this amount is the spread.
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Interest rate calls and puts can be combined into packages of multiple options, which are 
widely used to manage the risk of floating-rate loans.

3.3. U sing an Interest Rate Cap with a Floating-Rate Loan

Many corporate loans are floating-rate loans. They require periodic interest payments in 
which the rate is reset on a regularly scheduled basis. Because there is more than one in-
terest payment, there is effectively more than one distinct risk. If a borrower wanted to 
use an interest rate call to place a ceiling on the effective borrowing rate, it would require 
more than one call. In effect, it would require a distinct call option expiring on each in-
terest rate reset date. A combination of interest rate call options designed to align with 
the rates on a loan is called a cap. The component options are called caplets. Each caplet 
is distinct in having its own expiration date, but typically the exercise rate on each caplet 
is the same.

To illustrate the use of a cap, consider a company called Measure Technology (MesTech), 
which borrows in the floating-rate loan market. It usually takes out a loan for several years at 
a spread over Libor, paying the interest semiannually and the full principal at the end. On 
15 April, MesTech takes out a $10 million three-year loan at 100 basis points over 180-day 
Libor from a bank called SenBank. Current 180-day Libor is 9%, which sets the rate for the 
first six-month period at 10%. Interest payments will be on the 15th of October and April for 
three years. This means that the day counts for the six payments will be 183, 182, 183, 182, 
183, and 182.

To protect against increases in interest rates, MesTech purchases an interest rate cap with 
an exercise rate of 8%. The component caplets expire on 15 October, the following 15 April, 
and so forth until the last caplet expires on a subsequent 15 October. The loan has six interest 
payments, but because the first rate is already set, there are only five risky payments so the cap 
will contain five caplets. The payoff of each caplet will be determined on its expiration date, 
but the caplet payoff, if any, will actually be made on the next payment date. This enables the 
caplet payoff to line up with the date on which the loan interest is paid. The cap premium, paid 
up front on 15 April, is $75,000.

In the example of a single interest rate call, we looked at a range of outcomes several 
hundred basis points around the exercise rate. In a cap, however, many more outcomes are 
possible. Ideally we would examine a range of outcomes for each caplet. In the example 
of a single cap, we looked at the exercise rate and 8 rates above and below for a total 
of 17 rates. For five distinct rate resets, this same procedure would require 517 or more 
than 762 billion different possibilities. So, we shall just look at one possible combination 
of rates.

We shall examine a set of outcomes in which Libor is

8.50% on 15 October
7.25% on 15 April the following year
7.00% on the following 15 October
6.90% on the following 15 April
8.75% on the following 15 October
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The loan interest is computed as

	

$10,000,000 (libor on previous reset date 100 Basis points)
Days in settlement period

360

+

× 





Thus, the first interest payment is

	
$10,000,000 (0.10)

183
360

$508,333



 =

which is based on 183 days between 15 April and 15 October. This amount is certain, because 
the first interest rate has already been set. The remaining interest payments are based on the 
assumption we made above about the course of Libor over the life of the loan.

The results for these assumed rates are shown in the table at the end of Exhibit 17. 
Note several things about the effective interest, displayed in the last column. First, the 
initial interest payment is much higher than the other interest payments because the initial 
rate is somewhat higher than the remaining rates that prevailed over the life of the loan. 
Also, recall that the initial rate is already set, and it would make no sense to add a caplet to 
cover the initial rate, because the caplet would have to expire immediately in order to pay 
off on the first 15 October. If the caplet expired immediately, the amount MesTech would 
have to pay for it would be the amount of the caplet payoff, discounted for the deferral of 
the payoff. In other words, it would make no sense to have an option, or any derivative for 
that matter, that is purchased and expires immediately. Note also the variation in the effec-
tive interest payments, which occurs for two reasons. One is that, in contrast to previous 
examples, interest is computed over the exact number of days in the period. Thus, even if 
the rate were the same, the interest could vary by the effect of one or two days of interest. 
The other reason is that in some cases the caplets do expire with value, thereby reducing the 
effective interest paid.

Exhibit 17   Interest Rate Cap

Scenario (15 April)

Measure Technology (MesTech) is a corporation that borrows in the floating-rate instrument market. It 
typically takes out a loan for several years at a spread over Libor. MesTech pays the interest semiannually 
and the full principal at the end.

To protect against rising interest rates over the life of the loan, MesTech usually buys an interest rate 
cap in which the component caplets expire on the dates on which the loan rate is reset. The cap seller is 
a derivatives dealer.

Action

MesTech takes out a $10 million three-year loan at 100 basis points over Libor. The payments will be made 
semiannually. The lender is SenBank. Current Libor is 9%, which means that the first rate will be at 10%. 
Interest will be based on 1/360 of the exact number of days in the six-month period. MesTech selects an 
exercise rate of 8%. The caplets will expire on 15 October, 15 April of the following year, and so on for three 
years, but the caplet payoffs will occur on the next payment date to correspond with the interest payment 
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based on Libor that determines the cap payoff. The cap premium is $75,000. We thus have the following 
information:

Loan amount $10,000,000

Underlying 180-day Libor

Spread 100 basis points over Libor

Current Libor 9%

Interest based on actual days/360

Component caplets five caplets expiring 15 October, 15 April, etc.

Exercise rate 8%

Cap premium $75,000

Scenario (Various Dates throughout the Loan)

Shown below is one particular set of outcomes for Libor: 

8.50% on 15 October
7.25% on 15 April the following year
7.00% on the following 15 October
6.90% on the following 15 April
8.75% on the following 15 October

Outcome and Analysis

The loan interest due is computed as

	

$10,000,000 (libor on previous reset date 100 Basis points)
Days in settlement period

360

+

× 





The caplet payoff is

	

$10,000,000 max (0,libor on previous reset date 0.08)
Days in settlement period

360

−

× 





The previous reset date is the expiration date of the caplet. The effective interest is the interest due minus 
the caplet payoff. 

The first caplet expires on the first 15 October and pays off the following April, because Libor on 15 
October was 8.5%. The payoff is computed as

	

$10,000,000 max (0,0.085 0.08)
182
360

$10,000,000 (0.005)
182
360

$25,278

− 





= 



 =

(continued)
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which is based on 182 days between 15 October and 15 April. The following table shows the payments 
on the loan and cap: 

Date Libor
Loan  
Rate

Days in  
Period

Interest  
Due

Caplet  
Payoffs

Effective  
Interest

15 April 0.0900 0.1000

15 October 0.0850 0.0950 183 $508,333 $508,333

15 April 0.0725 0.0825 182 480,278 $25,278 455,000

15 October 0.0700 0.0800 183 419,375 0 419,375

15 April 0.0690 0.0790 182 404,444 0 404,444

15 October 0.0875 0.0975 183 401,583 0 401,583

15 April 182 492,917 37,917 455,000

Note that on the following three dates, the caplets are out-of-the-money, because the 
Libors are all lower than 8%. On the final 15 October, however, Libor is 8.75%, which leads 
to a final caplet payoff of $37,917 on the following 15 April, at which time the loan principal 
is repaid.

We do not show the effective rate on the loan. Because the loan has multiple payments, 
the effective rate would be analogous to the internal rate of return on a capital investment 
project or the yield-to-maturity on a bond. This rate would have to be found with a financial 
calculator or spreadsheet, and we would have to account for the principal received up front 
and paid back at maturity, as well as the cap premium. It is sufficient for us to see that the cap 
protects the borrower any time the rate rises above the exercise rate and allows the borrower to 
benefit from rates lower than the exercise rate.

Finally, there is one circumstance under which this cap might contain a sixth caplet, one 
expiring on the date on which the loan is taken out. If the borrower purchased the cap in 
advance of taking out the loan, the first loan rate would not be set until the day the loan is 
actually taken out. The borrower would thus have an incentive to include a caplet that would 
protect the first rate setting.

Example 13

Healthy Biosystems (HBIO) is a typical floating-rate borrower, taking out loans at Libor 
plus a spread. On 15 January 2002, it takes out a loan of $25 million for one year with 
quarterly payments on 12 April, 14 July, 16 October, and the following 14 January. The 
underlying rate is 90-day Libor, and HBIO will pay a spread of 250 basis points. Inter-
est is based on the exact number of days in the period. Current 90-day Libor is 6.5%. 
HBIO purchases an interest rate cap for $20,000 that has an exercise rate of 7% and has 
caplets expiring on the rate reset dates.

Exhibit 17  (Continued)
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Determine the effective interest payments if Libor on the following dates is as given:

12 April 7.250%

14 July 6.875%

16 October 7.125%

Solution:  The interest due for each period is computed as $25,000,000(Libor on previ-
ous reset date + 0.0250)(Days in period/360). For example, the first interest payment 
is calculated as $25,000,000(0.065 + 0.025)(87/360) = $543,750, based on the fact 
that there are 87 days between 15 January and 12 April. Each caplet payoff is comput-
ed as $25,000,000 max(0,Libor on previous reset date − 0.07)(Days in period/360), 
where the “previous reset date” is the caplet expiration. Payment is deferred until the 
date on which the interest is paid at the given Libor. For example, the caplet expiring 
on 12 April is worth $25,000,000 max(0,0.0725 − 0.07)(93/360) = $16,145, which 
is paid on 14 July and is based on the fact that there are 93 days between 12 April and 
14 July.

The effective interest is the actual interest minus the caplet payoff. The payments 
are shown in the table below:

Date Libor
Loan  
Rate

Days in 
Period

Interest  
Due

Caplet 
Payoff

Effective 
Interest

15 January 0.065 0.09

12 April 0.0725 0.0975 87 $543,750 $543,750

14 July 0.06875 0.09375 93 629,688 $16,146 613,542

16 October 0.07125 0.09625 94 611,979 0 611,979

14 January 90 601,563 7,813 593,750

Lenders who use floating-rate loans face the same risk as borrowers. As such they can make 
use of combinations of interest rate puts.

3.4. U sing an Interest Rate Floor with a Floating-Rate Loan

Let us now consider the same problem from the point of view of the lender, which is SenBank 
in this example. It would be concerned about falling interest rates. It could, therefore, buy a 
combination of interest rate put options that expire on the various interest rate reset dates. This 
combination of puts is called a floor, and the component options are called floorlets. Specifi-
cally, let SenBank buy a floor with floorlets expiring on the interest rate reset dates and with an 
exercise rate of 8%. The premium is $72,500.24 Exhibit 18 illustrates the results using the same 

24 Note that the premiums for the cap and floor are not the same. This difference occurs because the 
premiums for a call and a put with the same exercise price are not the same, as can be seen by examining 
put−call parity.
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outcomes we looked at when examining the interest rate cap. Note that the floorlet expires 
in-the-money on three dates when Libor is less than 8%, and out-of-the-money on two dates 
when Libor is greater than 8%. In those cases in which the floorlet expires in-the-money, the 
actual payoff does not occur until the next settlement period. This structure aligns the floorlet 
payoffs with the interest payments they are designed to protect. We see that the floor protects 
the lender against falling interest rates. Any time the rate is below 8%, the floor compensates 
the bank for any difference between the rate and 8%. When the rate is above 8%, the floorlets 
simply expire unused.

Exhibit 18   Interest Rate Floor

Scenario (15 April)

SenBank lends in the floating-rate instrument market. Often it uses floating-rate financing, thereby pro-
tecting itself against decreases in the floating rates on its loans. Sometimes, however, it finds it can get 
a better rate with fixed-rate financing, but it then leaves itself exposed to interest rate decreases on its 
floating-rate loans. Its loans are typically for several years at a spread over Libor with interest paid semi-
annually and the full principal paid at the end.

To protect against falling interest rates over the life of the loan, SenBank buys an interest rate floor 
in which the component floorlets expire on the dates on which the loan rate is reset. The floor seller is a 
derivatives dealer.

Action

SenBank makes a $10 million three-year loan at 100 basis points over Libor to MesTech (see cap exam-
ple). The payments will be made semiannually. Current Libor is 9%, which means that the first interest 
payment will be at 10%. Interest will be based on the exact number of days in the six-month period 
divided by 360. SenBank selects an exercise rate of 8%. The floorlets will expire on 15 October, 15 April 
of the following year, and so on for three years, but the floorlet payoffs will occur on the next payment 
date so as to correspond with the interest payment based on Libor that determines the floorlet payoff. The 
floor premium is $72,500. We thus have the following information:

Loan amount $10,000,000

Underlying 180-day Libor

Spread 100 basis points over Libor

Current Libor 9%

Interest based on actual days/360

Component floorlets five floorlets expiring 15 October, 15 April, etc.

Exercise rate 8%

Floor premium $72,500

Outcomes (Various Dates throughout the Loan)

Shown below is one particular set of outcomes for Libor: 

8.50% on 15 October
7.25% on 15 April the following year
7.00% on the following 15 October
6.90% on the following 15 April
8.75% on the following 15 October
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Outcome and Analysis

The loan interest is computed as

	

$10,000,000 (libor on previous reset date 100 Basis points)
Days in settlement period

360

+

× 





The floorlet payoff is

	

$10,000,000 max (0,0.08 libor on previous reset date)
Days in settlement period

360

−

× 





The effective interest is the interest due plus the floorlet payoff. The following table shows the payments 
on the loan and floor: 

Date Libor
Loan  
Rate

Days in 
Period

Interest  
Due

Floorlet 
Payoffs

Effective 
Interest

15 April 0.0900 0.1000

15 October 0.0850 0.0950 183 $508,333 $508,333

15 April 0.0725 0.0825 182 480,278 $0 480,278

15 October 0.0700 0.0800 183 419,375 38,125 457,500

15 April 0.0690 0.0790 182 404,444 50,556 455,000

15 October 0.0875 0.0975 183 401,583 55,917 457,500

15 April 182 492,917 0 492,917

Example 14

Capitalized Bank (CAPBANK) is a lender in the floating-rate loan market. It uses fixed-
rate financing on its floating-rate loans and buys floors to hedge the rate. On 1 May 
2002, it makes a loan of $40 million at 180-day Libor plus 150 basis points. Interest 
will be paid on 1 November, the following 5 May, the following 1 November, and the 
following 2 May, at which time the principal will be repaid. The exercise rate is 4.5%, 
the floorlets expire on the rate reset dates, and the premium will be $120,000. Interest 
will be calculated based on the actual number of days in the period over 360. The cur-
rent 180-day Libor is 5%.
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Determine the effective interest payments CAPBANK will receive if Libor on the 
following dates is as given:

1 November 4.875%

5 May 4.25%

1 November 5.125%

Solution:  The interest due for each period is computed as $40,000,000(Libor on previ-
ous reset date + 0.0150)(Days in period/360). For example, the first interest payment 
is $40,000,000(0.05 + 0.0150)(184/360) = $1,328,889, based on the fact that there 
are 184 days between 1 May and 1 November. Each floorlet payoff is computed as 
$40,000,000 max(0,0.045 − Libor on previous reset date)(Days in period/360), where 
the “previous reset date” is the floorlet expiration. Payment is deferred until the date 
on which the interest is paid at the given Libor. For example, the floorlet expiring on 
5 May is worth $40,000,000 max(0,0.045 − 0.0425)(180/360) = $50,000, which is 
paid on 1 November and is based on the fact that there are 180 days between 5 May 
and 1 November.

The effective interest is the actual interest plus the floorlet payoff. The payments are 
shown in the table below:

Date Libor
Loan  
Rate

Days in 
Period

Interest  
Due

Floorlet 
Payoff

Effective 
Interest

1 May 0.05 0.065

1 November 0.04875 0.06375 184 $1,328,889 $1,328,889

5 May 0.0425 0.0575 185 1,310,417 $0 1,310,417

1 November 0.05125 0.06625 180 1,150,000 50,000 1,200,000

2 May 182 1,339,722 0 1,339,722

When studying equity option strategies, we combined puts and calls into a single trans-
action called a collar. In a similar manner, we now combine caps and floors into a single trans-
action, also called a collar.

3.5. U sing an Interest Rate Collar with a Floating-Rate Loan

As we showed above, borrowers are attracted to caps because they protect against rising interest 
rates. They do so, however, at the cost of having to pay a premium in cash up front. A collar 
combines a long position in a cap with a short position in a floor. The sale of the floor gener-
ates a premium that can be used to offset the premium on the cap. Although it is not necessary 
that the floor premium completely offset the cap premium, this arrangement is common.25  

25 It is even possible for the floor premium to be greater than the cap premium, thereby generating cash 
up front.
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The exercise rate on the floor is selected such that the floor premium is precisely the cap pre-
mium. As with equity options, this type of strategy is called a zero-cost collar. Recall, how-
ever, that this term is a bit misleading because it suggests that this transaction has no true 
“cost.” The cost is simply not up front in cash. The sale of the floor results in the borrower 
giving up any gains from interest rates below the exercise rate on the floor. Therefore, the 
borrower pays for the cap by giving away some of the gains from the possibility of falling rates.

Recall that for equity investors, the collar typically entails ownership of the underlying 
asset and the purchase of a put, which is financed with the sale of a call. In contrast, an 
interest rate collar is more commonly seen from the borrower’s point of view: a position 
as a borrower and the purchase of a cap, which is financed by the sale of a floor. It is quite 
possible, however, that a lender would want a collar. The lender is holding an asset, the loan, 
and wants protection against falling interest rates, which can be obtained by buying a floor, 
which itself can be financed by selling a cap. Most interest rate collars, however, are initiated 
by borrowers.

In the example we used previously, MesTech borrows $10 million at Libor plus 100 basis 
points. The cap exercise rate is 8%, and the premium is $75,000. We now change the numbers 
a little and let MesTech set the exercise rate at 8.625%. To sell a floor that will generate the 
same premium as the cap, the exercise rate is set at 7.5%. It is not necessary for us to know the 
amounts of the cap and floor premiums; it is sufficient to know that they offset.

Exhibit 19 shows the collar results for the same set of interest rate outcomes we have been 
previously using. Note that on the first 15 October, Libor is between the cap and floor exercise 
rates, so neither the caplet nor the floorlet expires in-the-money. On the following 15 April, 
15 October, and the next 15 April, the rate is below the floor exercise rate, so MesTech has to 
pay up on the expiring floorlets. On the final 15 October, Libor is above the cap exercise rate, 
so MesTech gets paid on its cap.

Exhibit 19   Interest Rate Collar

Scenario (15 April)

Consider the Measure Technology (MesTech) scenario described in the cap and floor example in Exhibits 
17 and 18. MesTech is a corporation that borrows in the floating-rate instrument market. It typically 
takes out a loan for several years at a spread over Libor. MesTech pays the interest semiannually and the 
full principal at the end.

To protect against rising interest rates over the life of the loan, MesTech usually buys an interest 
rate cap in which the component caplets expire on the dates on which the loan rate is reset. To pay 
for the cost of the interest rate cap, MesTech can sell a floor at an exercise rate lower than the cap 
exercise rate.

Action

Consider the $10 million three-year loan at 100 basis points over Libor. The payments are made semian-
nually. Current Libor is 9%, which means that the first rate will be at 10%. Interest is based on the exact 
number of days in the six-month period divided by 360. MesTech selects an exercise rate of 8.625% for 
the cap. Generating a floor premium sufficient to offset the cap premium requires a floor exercise rate 
of 7.5%. The caplets and floorlets will expire on 15 October, 15 April of the following year, and so on 
for three years, but the payoffs will occur on the following payment date to correspond with the interest 

(continued)
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payment based on Libor that determines the caplet and floorlet payoffs. Thus, we have the following 
information:

Loan amount $10,000,000

Underlying 180-day Libor

Spread 100 basis points over Libor

Current Libor 9%

Interest based on actual days/360

Component options five caplets and floorlets expiring 15 October, 15 April, etc.

Exercise rate 8.625% on cap, 7.5% on floor

Premium no net premium

Scenario (Various Dates throughout the Loan)

Shown below is one particular set of outcomes for Libor:

8.50% on 15 October
7.25% on 15 April the following year
7.00% on the following 15 October
6.90% on the following 15 April
8.75% on the following 15 October

Outcome and Analysis

The loan interest is computed as

	

$10,000,000 (libor on previous reset date 100 Basis points)
Days in settlement period

360

+

× 





The caplet payoff is

	

$10,000,000 max (0,libor on previous reset date 0.08625)
Days in settlement period

360

−

× 





The floorlet payoff is

	

($10,000,000 max (0,0.075 libor on previous reset date)
Days in settlement period

360

−

× 





The effective interest is the interest due minus the caplet payoff minus the floor-let payoff. Note that be-
cause the floorlet was sold, the floorlet payoff is either negative (so we would subtract a negative number, 
thereby adding an amount to obtain the total interest due) or zero. 

Exhibit 19  (Continued)
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The following table shows the payments on the loan and collar:

Date Libor
Loan  
Rate

Days in 
Period

Interest  
Due

Caplet 
Payoffs

Floorlet 
Payoffs

Effective 
Interest

15 April 0.0900 0.1000

15 October 0.0850 0.0950 183 $508,333 $508,333

15 April 0.0725 0.0825 182 480,278 $0 $0 480,278

15 October 0.0700 0.0800 183 419,375 0 −12,708 432,083

15 April 0.0690 0.0790 182 404,444 0 −25,278 429,722

15 October 0.0875 0.0975 183 401,583 0 −30,500 432,083

15 April 182 492,917 6,319 0 486,598

A collar establishes a range, the cap exercise rate minus the floor exercise rate, within 
which there is interest rate risk. The borrower will benefit from falling rates and be hurt by 
rising rates within that range. Any rate increases above the cap exercise rate will have no net 
effect, and any rate decreases below the floor exercise rate will have no net effect. The net cost 
of this position is zero, provided that the floor exercise rate is set such that the floor premium 
offsets the cap premium.26 It is probably easy to see that collars are popular among borrowers.

26 It is certainly possible that the floor exercise rate would be set first, and the cap exercise rate would then 
be set to have the cap premium offset the floor premium. This would likely be the case if a lender were 
doing the collar. We assume, however, the case of a borrower who wants protection above a certain level 
and then decides to give up gains below a particular level necessary to offset the cost of the protection.

Example 15

Exegesis Systems (EXSYS) is a floating-rate borrower that manages its interest rate risk 
with collars, purchasing a cap and selling a floor in which the cost of the cap and floor 
are equivalent. EXSYS takes out a $35 million one-year loan at 90-day Libor plus 200 
basis points. It establishes a collar with a cap exercise rate of 7% and a floor exercise rate 
of 6%. Current 90-day Libor is 6.5%. The interest payments will be based on the exact 
day count over 360. The caplets and floorlets expire on the rate reset dates. The rates will 
be set on the current date (5 March), 4 June, 5 September, and 3 December, and the 
loan will be paid off on the following 3 March.

Determine the effective interest payments if Libor on the following dates is as given:

4 June 7.25%

5 September 6.5%

3 December 5.875%

Solution:  The interest due for each period is computed as $35,000,000(Libor on pre-
vious reset date + 0.02)(Days in period/360). For example, the first interest payment is 
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Of course, caps, floors, and collars are not the only forms of protection against interest 
rate risk. We have previously covered FRAs and interest rate futures. The most widely used 
protection, however, is the interest rate swap. We cover swap strategies in the chapter on risk 
management applications of swap strategies.

In the final section of this chapter, we examine the strategies used to manage the risk of 
an option portfolio.

4. Op tion Portfolio Risk Management Strategies

So far we have looked at examples of how companies and investors use options. As we have 
described previously, many options are traded by dealers who make markets in these options, 
providing liquidity by first taking on risk and then hedging their positions in order to earn the 
bid−ask spread without taking the risk. In this section, we shall take a look at the strategies 
dealers use to hedge their positions.27

Let us assume that a customer contacts a dealer with an interest in purchasing a call option. 
The dealer, ready to take either side of the transaction, quotes an acceptable ask price and the cus-
tomer buys the option. Recall from earlier in this chapter that a short position in a call option is a 

27 For over-the-counter options, these dealers are usually the financial institutions that make markets in 
these options. For exchange-traded options, these dealers are the traders at the options exchanges, who 
may trade for their own accounts or could represent firms.

$35,000,000(0.065 + 0.02)(91/360) = $752,014, based on the fact that there are 91 
days between 5 March and 4 June. Each caplet payoff is computed as $35,000,000 max-
(0,Libor on previous reset date − 0.07)(Days in period/360), where the “previous reset 
date” is the caplet expiration. Payment is deferred until the date on which the interest is 
paid at the given Libor. For example, the caplet expiring on 4 June is worth $35,000,000 
max(0,0.0725 − 0.07)(93/360) = $22,604, which is paid on 5 September and is based 
on the fact that there are 93 days between 4 June and 5 September. Each floorlet pay-
off is computed as $35,000,000 max(0,0.06 − Libor on previous reset date)(Days in 
period/360). For example, the floorlet expiring on 3 December is worth $35,000,000 
max(0,0.06 − 0.05875) (90/360) = $10,938, based on the fact that there are 90 days 
between 3 December and 3 March. The effective interest is the actual interest minus 
the caplet payoff minus the floorlet payoff. The payments are shown in the table below:

Date Libor
Loan  
Rate

Days in 
Period

Interest  
Due

Caplet  
Payoff

Floorlet 
Payoff

Effective 
Interest

5 March 0.065 0.085

4 June 0.0725 0.0925 91 $752,014 $752,014

5 September 0.065 0.085 93 836,354 $22,604 $0 813,750

3 December 0.05875 0.07875 89 735,486 0 0 735,486

3 March 90 689,063 0 −10,938 700,001
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very dangerous strategy, because the potential loss on an upside underlying move is open ended. 
The dealer would not want to hold a short call position for long. The ideal way to lay off the risk is 
to find someone else who would take the exact opposite position, but in most cases, the dealer will 
not be so lucky.28 Another ideal possibility is for the dealer to lay off the risk using put−call parity. 
Recall that put−call parity says that c = p + S − X/(1 + r)T. The dealer that has sold a call needs to 
buy a call to hedge the position. The put−call parity equation means that a long call is equivalent to 
a long put, a long position in the asset, and issuing a zero-coupon bond with a face value equal to 
the option exercise price and maturing on the option expiration date. Therefore, if the dealer could 
buy a put with the same exercise price and expiration, buy the asset, and sell a bond or take out a 
loan with face value equal to the exercise price and maturity equal to that of the option’s expiration, 
it would have the position hedged. Other than buying an identical call, as described above, this 
hedge would be the best because it is static: No change to the position is required as time passes.

Unfortunately, neither of these transactions can be commonly employed. The necessary 
options may not be available or may not be favorably priced. As the next best alternative, 
dealers delta hedge their positions using an available and attractively priced instrument. The 
dealer is short the call and will need an offsetting position in another instrument. An obvious 
offsetting instrument would be a long position of a certain number of units of the underlying. 
The size of that long position will be related to the option’s delta. Let us briefly review delta 
here. By definition,

	
=Delta

Change in option price
Change in underlying price

Delta expresses how the option price changes relative to the price of the underlying. Technically, 
we should use an approximation sign (≈) in the above equation, but for now we shall assume the 
approximation is exact. Let ΔS be the change in the underlying price and Δc be the change in the 
option price. Then Delta = Δc/ΔS. The delta usually lies between 0.0 and 1.0.29 Delta will be 1.0 
only at expiration and only if the option expires in-the-money. Delta will be 0.0 only at expiration 
and only if the option expires out-of-the-money. So most of the time, the delta will be between 
0.0 and 1.0. Hence, 0.5 is often given as an “average” delta, but one must be careful because even 
before expiration the delta will tend to be higher than 0.5 if the option is in-the-money.

Now, let us assume that we construct a portfolio consisting of NS units of the underlying 
and Nc call options. The value of the portfolio is, therefore,

V = NSS + Ncc

The change in the value of the portfolio is

ΔV = NSΔS + NcΔc

28 Even luckier would be the dealer’s original customer who might stumble across a party who wanted 
to sell the call option. The two parties could then bypass the dealer and negotiate a transaction directly 
between each other, which would save each party half of the bid−ask spread.
29 In the following text, we always make reference to the delta lying between 0.0 and 1.0, which is true for 
calls. For puts, the delta is between −1.0 and 0.0. It is common, however, to refer to a put delta of −1.0 as 
just 1.0, in effect using its absolute value and ignoring the negative. In all discussions in this chapter, we 
shall refer to delta as ranging between 1.0 and 0.0, recalling that a put delta would range from −1.0 to 0.0.
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If we want to hedge the portfolio, then we want the change in V, given a change in S, to be 
zero. Dividing by ΔS, we obtain
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Setting this result equal to zero and solving for Nc/NS, we obtain
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The ratio of calls to shares has to be the negative of 1 over the delta. Thus, if the dealer sells a 
given number of calls, say 100, it will need to own 100(Delta) shares.

How does delta hedging work? Let us say that we sell call options on 200 shares (this 
quantity is 2 standardized call contracts on an options exchange) and the delta is 0.5. We 
would, therefore, need to hold 200(0.5) = 100 shares. Say the underlying falls by $1. Then we 
lose $100 on our position in the underlying. If the delta is accurate, the option should decline 
by $0.50. By having 200 options, the loss in value of the options collectively is $100. Because 
we are short the options, the loss in value of the options is actually a gain. Hence, the loss on 
the underlying is offset by the gain on the options. If the dealer were long the option, it would 
need to sell short the shares.

This illustration may make delta hedging sound simple: Buy (sell) delta shares for each 
option short (long). But there are three complicating issues. One is that delta is only an ap-
proximation of the change in the call price for a change in the underlying. A second issue is 
that the delta changes if anything else changes. Two factors that change are the price of the 
underlying and time. When the price of the underlying changes, delta changes, which affects 
the number of options required to hedge the underlying. Delta also changes as time changes; 
because time changes continuously, delta also changes continuously. Although a dealer can 
establish a delta-hedged position, as soon as anything happens—the underlying price changes 
or time elapses—the position is no longer delta hedged. In some cases, the position may not 
be terribly out of line with a delta hedge, but the more the underlying changes, the further the 
position moves away from being delta hedged. The third issue is that the number of units of 
the underlying per option must be rounded off, which leads to a small amount of imprecision 
in the balancing of the two opposing positions.

In the following section, we examine how a dealer delta hedges an option position, car-
rying the analysis through several days with the additional feature that excess cash will be 
invested in bonds and any additional cash needed will be borrowed.

4.1.  Delta Hedging an Option over Time

In the previous section, we showed how to set up a delta hedge. As we noted, a delta-hedged 
position will not remain delta hedged over time. The delta will change as the underlying chang-
es and as time elapses. The dealer must account for these effects.

Let us first examine how actual option prices are sensitive to the underlying and what the 
delta tells us about that sensitivity. Consider a call option in which the underlying is worth 
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1210, the exercise price is 1200, the continuously compounded risk-free rate is 2.75%, the vol-
atility of the underlying is 20%, and the expiration is 120 days. There are no dividends or cash 
flows on the underlying. Substituting these inputs into the Black−Scholes−Merton model, the 
option is worth 65.88. Recall from our study of the Black−Scholes−Merton model that delta is 
the term “N(d1)” in the formula and represents a normal probability associated with the value 
d1, which is provided as part of the Black−Scholes−Merton formula. In this example, the delta 
is 0.5826.30

Suppose that the underlying price instantaneously changes to 1200, a decline of 10. Using 
the delta, we would estimate that the option price would be

	 65.88 + (1200 − 1210)(0.5826) = 60.05

If, however, we plugged into the Black−Scholes−Merton model the same parameters but with 
a price of the underlying of 1200, we would obtain a new option price of 60.19—not much 
different from the previous result. But observe in Exhibit 20 what we obtain for various other 
values of the underlying. Two patterns become apparent: 1) The further away we move from 
the current price, the worse the delta-based approximation, and 2) the effects are asymmetric. 
A given move in one direction does not have the same effect on the option as the same move 
in the other direction. Specifically, for calls, the delta underestimates the effects of increases in 
the underlying and overestimates the effects of decreases in the underlying.31 Because of this 
characteristic, the delta hedge will not be perfect. The larger the move in the underlying, the 
worse the hedge. Moreover, whenever the underlying price changes, the delta changes, which 
requires a rehedging or adjustment to the position. Observe in the last column of the table in 
Exhibit 20 we have recomputed the delta using the new price of the underlying. A dealer must 
adjust the position according to this new delta.

Exhibit 20   Delta and Option Price Sensitivity

  S = 1210
 X = 1200
 rc = 0.0275 (continuously compounded) 
 σ = 0.20
T = 0.328767 (based on 120 days/365) 
No dividends
c = 65.88 (from the Black−Scholes−Merton model) 

New Price of 
Underlying

Delta-Estimated 
Call Pricea

Actual Call 
Priceb

Difference (Actual −  
Estimated) New Delta

1180 48.40 49.69 1.29 0.4959

1190 54.22 54.79 0.57 0.5252

1200 60.05 60.19 0.14 0.5542

1210 65.88 65.88 0.00 0.5826

1220 71.70 71.84 0.14 0.6104

30 All calculations were done on a computer for best precision.
31 For puts, delta underestimates the effects of price decreases and overestimates the effects of price increases.

(continued )
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New Price of 
Underlying

Delta-Estimated 
Call Pricea

Actual Call 
Priceb

Difference (Actual −  
Estimated) New Delta

1230 77.53 78.08 0.55 0.6374

1240 83.35 84.59 1.24 0.6635
a Delta-estimated call price = Original call price + (New price of underlying − Original price of underlying)Delta.
b Actual call price obtained from Black−Scholes−Merton model using new price of underlying; all other inputs are 
the same.

Now let us consider the effect of time on the delta. Exhibit 21 shows the delta and the 
number of units of underlying required to hedge 1,000 short options when the option has 120 
days, 119, etc. on down to 108. A critical assumption is that we are holding the underlying 
price constant. Of course, this constancy would not occur in practice, but to focus on under-
standing the effect of time on the delta, we must hold the underlying price constant. Observe 
that the delta changes slowly and the number of units of the underlying required changes grad-
ually over this 12-day period. Another not-so-obvious effect is also present: When we round 
up, we have more units of the underlying than needed, which has a negative effect that hurts 
when the underlying goes down. When we round down, we have fewer units of the underlying 
than needed, which hurts when the underlying goes up.

Exhibit 21   The Effect of Time on the Delta

S = 1210
X = 1200
rc = 0.0275 (continuously compounded) 
σ = 0.20
T = 0.328767 (based on 120 days/365) 
No dividends
c = 65.88 (from the Black−Scholes−Merton model) 
Delta = 0.5826
Delta hedge 1,000 short options by holding 1,000(0.5826) = 582.6 units of the underlying. 

Time to 
Expiration (Days) Delta

Number of Units of 
Underlying Required

120 0.5826 582.6

119 0.5825 582.5

118 0.5824 582.4

117 0.5823 582.3

116 0.5822 582.2

115 0.5821 582.1

114 0.5820 582.0

113 0.5819 581.9

112 0.5818 581.8

Exhibit 20  (Continued)
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Time to 
Expiration (Days) Delta

Number of Units of 
Underlying Required

111 0.5817 581.7

110 0.5816 581.6

109 0.5815 581.5

108 0.5814 581.4

The combined effects of the underlying price changing and the time to expiration chang-
ing interact to present great challenges for delta hedgers. Let us set up a delta hedge and work 
through a few days of it. Recall that for the option we have been working with, the underlying 
price is $1,210, the option price is $65.88, and the delta is 0.5826. Suppose a customer comes 
to us and asks to buy calls on 1,000 shares. We need to buy a sufficient number of shares to 
offset the sale of the 1,000 calls. Because we are short 1,000 calls, and this number is fixed, we 
need 0.5826 shares per call or about 583 shares. So we buy 583 shares to balance the 1,000 
short calls. The value of this portfolio is

	 583($1,210) − 1,000($65.88) = $639,550

So, to initiate this delta hedge, we would need to invest $639,550. To determine if this hedge 
is effective, we should see this value grow at the risk-free rate. Because the Black−Scholes−
Merton model uses continuously compounded interest, the formula for compounding a value 
at the risk-free rate for one day is exp(rc/365), where rc is the continuously compounded risk-
free rate. One day later, this value should be $639,550 exp(0.0275/365) = $639,598. This 
value becomes our benchmark.

Now, let us move forward one day and have the underlying go to $1,215. We need a new 
value of the call option, which now has one less day until expiration and is based on an under-
lying with a price of $1,215. The market would tell us the option price, but we do not have 
the luxury here of asking the market for the price. Instead, we have to appeal to a model that 
would tell us an appropriate price. Naturally, we turn to the Black−Scholes−Merton model. 
We recalculate the value of the call option using Black−Scholes−Merton, with the price of the 
underlying at $1,215 and the time to expiration at 119/365 = 0.3260. The option value is 
$68.55, and the new delta is 0.5966. The portfolio is now worth

	 583($1,215) − 1,000($68.55) = $639,795

This value differs from the benchmark by a small amount: $639,795 − $639,598 = $197. 
Although the hedge is not perfect, it is off by only about 0.03%.

Now, to move forward and still be delta hedged, we need to revise the position. The new 
delta is 0.5966. So now we need 1,000(0.5966) = 597 units of the underlying and must buy 14 
units of the underlying. This purchase will cost 14($1,215) = $17,010. We obtain this money 
by borrowing it at the risk-free rate. So we issue bonds in the amount of $17,010. Now our 
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position is 597 units of the underlying, 1,000 short calls, and a loan of $17,010. The value of 
this position is still

	 597($1,215) − 1,000($68.55) − $17,010 = $639,795

Of course, this is the same value we had before adjusting the position. We could not expect to 
generate or lose money just by rearranging our position. As we move forward to the next day, 
we should see this value grow by one day’s interest to $639,795 exp(0.0275/365) = $639,843. 
This amount is the benchmark for the next day. 

Suppose the next day the underlying goes to $1,198, the option goes to 58.54, and its 
delta goes to 0.5479. Our loan of $17,010 will grow to $17,010 exp(0.0275/365) = $17,011. 
The new value of the portfolio is

	 597($1,198) − 1,000($58.54) − $17,011 = $639,655

This amount differs from the benchmark by $639,655 − $639,843 = −$188, an error of about 
0.03%. 

With the new delta at 0.5479, we now need 548 shares. Because we have 597 shares, we 
now must sell 597 − 548 = 49 shares. Doing so would generate 49($1,198) = $58,702. Be-
cause the value of our debt was $17,011 and we now have $58,702 in cash, we can pay back 
the loan, leaving $58,702 − $17,011 = $41,691 to be invested at the risk-free rate. So now we 
have 548 units of the underlying, 1,000 short calls, and bonds of $41,691. The value of this 
position is

	 548($1,198) − 1,000($58.54) + $41,691 = $639,655

Of course, this is the same value we had before buying the underlying. Indeed, we cannot 
create or destroy any wealth by just rearranging the position. 

Exhibit 22 illustrates the delta hedge, carrying it through one more day. After the third 
day, the value of the position should be $639,655 exp(0.0275/365) = $639,703. The actual 
value is $639,870, a difference of $639,870 − $639,703 = $167.

Exhibit 22   Delta Hedge of a Short Options Position

S = $1,210
X = $1,200
rc = 0.0275 (continuously compounded) 
σ = 0.20
T = 0.328767 (based on 120 days/365) 
No dividends
c = $65.88 (from the Black−Scholes−Merton model) 
Delta = 0.5826
Units of option constant at 1,000
Units of underlying required = 1000 × Delta
Units of underlying purchased = (Units of underlying required one day) − (Units of underlying 
required previous day) 
Bonds purchased = −S(Units of underlying purchased) 
Bond balance = (Previous balance) exp(rc/365) + Bonds purchased
Value of portfolio = (Units of underlying)S + (Units of options)c + Bond balance
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Day S c Delta
Options 

Sold

Units of 
Underlying 
Required

Units of 
Underlying 
Purchased

Value of 
Bonds 

Purchased
Bond 

Balance
Value of 
Portfolio

0 $1,210 $65.88 0.5826 1,000 583 583 $0 $0 $639,550

1 1,215 68.55 0.5965 1,000 597 14 −17,010 −17,010 639,795

2 1,198 58.54 0.5479 1,000 548 −49 58,702 41,691 639,655

3 1,192 55.04 0.5300 1,000 530 −18 21,456 63,150 639,870

As we can see, the delta hedge is not perfect, but it is pretty good. After three days, we are 
off by $167, only about 0.03% of the benchmark.

In our example and the discussions here, we have noted that the dealer would typically 
hold a position in the underlying to delta-hedge a position in the option. Trading in the 
underlying would not, however, always be the preferred hedge vehicle. In fact, we have stated 
quite strongly that trading in derivatives is often easier and more cost-effective than trading in 
the underlying. As noted previously, ideally a short position in a particular option would be 
hedged by holding a long position in that same option, but such a hedge requires that the deal-
er find another customer or dealer who wants to sell that same option. It is possible, however, 
that the dealer might be able to more easily buy a different option on the same underlying and 
use that option as the hedging instrument.

For example, suppose one option has a delta of Δ1 and the other has a delta of Δ2. These two 
options are on the same underlying but are not identical. They differ by exercise price, expiration, 
or both. Using c1 and c2 to represent their prices and N1 and N2 to represent the quantity of 
each option in a portfolio that hedges the value of one of the options, the value of the position is

V = N1c1 + N2c2

Dividing by ΔS, we obtain
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To delta hedge, we set this amount to zero and solve for N1/N2 to obtain
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The negative sign simply means that a long position in one option will require a short position 
in the other. The desired quantity of Option 1 relative to the quantity of Option 2 is the ratio 
of the delta of Option 2 to the delta of Option 1. As in the standard delta-hedge example, how-
ever, these deltas will change and will require monitoring and modification of the position.32

32 Because the position is long one option and short another, whenever the options differ by exercise 
price, expiration, or both, the position has the characteristics of a spread. In fact, it is commonly called 
a ratio spread.



498	 Derivatives

Example 16

DynaTrade is an options trading company that makes markets in a variety of deriva-
tive instruments. DynaTrade has just sold 500 call options on a stock currently priced 
at $125.75. Suppose the trade date is 18 November. The call has an exercise price of 
$125, 60 days until expiration, a price of $10.89, and a delta of 0.5649. DynaTrade 
will delta-hedge this transaction by purchasing an appropriate number of shares. Any 
additional transactions required to adjust the delta hedge will be executed by borrowing 
or lending at the continuously compounded risk-free rate of 4%.

DynaTrade has begun delta hedging the option. Two days later, 20 November, the 
following information applies:

Stock price $122.75

Option price $9.09

Delta 0.5176

Number of options 500

Number of shares 328

Bond balance −$6,072

Market value $29,645

A.	A t the end of 19 November, the delta was 0.6564. Based on this number, show how 
328 shares of stock is used to delta hedge 500 call options.

B.	S how the allocation of the $29,645 market value of DynaTrade’s total position 
among stock, options, and bonds on 20 November.

C.	S how what transactions must be done to adjust the portfolio to be delta hedged for 
the following day (21 November).

D.	O n 21 November, the stock is worth $120.50 and the call is worth $7.88. Calculate 
the market value of the delta-hedged portfolio and compare it with a benchmark, 
based on the market value on 20 November.

Solution to A:  I f the stock moves up (down) $1, the 328 shares should change by $328. 
The 500 calls should change by 500(0.6564) = $328.20, rounded off to $328. The calls 
are short, so any change in the value of the stock position is an opposite change in the 
value of the options.

Solution to B: 
Stock worth 328($122.75) = $40,262
Options worth −500($9.09) = −$4,545
Bonds worth −$6,072
 T otal of $29,645

Solution to C:   The new required number of shares is 500(0.5176) = 258.80. Round 
this number to 259. So we need to have 259 shares instead of 328 shares and must sell 
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As previously noted, the delta is a fairly good approximation of the change in the option 
price for a very small and rapid change in the price of the underlying. But the underlying does 
not always change in such a convenient manner, and this possibility introduces a risk into the 
process of delta hedging.

Note Exhibit 23, a graph of the actual option price and the delta-estimated option 
price from the perspective of day 0 in Exhibit 20. At the underlying price of $1,210, the 
option price is $65.88. The curved line shows the exact option price, calculated with the 
Black−Scholes−Merton model, for a range of underlying prices. The heavy line shows the 
option price estimated using the delta as we did in Exhibit 20. In that exhibit, we did not 
stray too far from the current underlying price. In Exhibit 23, we let the underlying move 
a little further. Note that the further we move from the current price of the underlying of 
$1,210, the further the heavy line deviates from the solid line. As noted earlier, the actual 
call price moves up more than the delta approximation and moves down less than the delta 
approximation. This effect occurs because the option price is convex with respect to the 
underlying price. This convexity, which is quite similar to the convexity of a bond price 
with respect to its yield, means that a first-order price sensitivity measure like delta, or its 
duration analog for bonds, is accurate only if the underlying moves by a small amount. 
With duration, a second-order measure called convexity reflects the extent of the deviation 
of the actual pricing curve from the approximation curve. With options, the second-order 
measure is called gamma.

69 shares, generating 69($122.75) = $8,470. We invest this amount in risk-free bonds. 
We had a bond balance of −$6,072, so the proceeds from the sale will pay off all of this 
debt, leaving a balance of $8,470 −$6,072 = $2,398 going into the next day. The com-
position of the portfolio would then be as follows:

Shares worth 259($122.75) = $31,792
Options worth −500($9.09) = −$4,545
Bonds worth $2,398
 T otal of $29,645

Solution to D:   The benchmark is $29,645 exp(0.04/365) = $29,648. Also, the value 
of the bond one day later will be $2,398 exp(0.04/365) = $2,398. (This is less than a 
half-dollar’s interest, so it essentially leaves the balance unchanged.) Now we have

Shares worth 259($120.50) = $31,210
Options worth −500($7.88) = −$3,940
Bonds worth $2,398
 T otal of $29,668

This is about $20 more than the benchmark.
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Exhibit 23   Actual Option Price and Delta-Estimated Option Price
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4.2. G amma and the Risk of Delta

A gamma is a measure of several effects. It reflects the deviation of the exact option price 
change from the price change as approximated by the delta. It also measures the sensitivity of 
delta to a change in the underlying. In effect, it is the delta of the delta. Specifically,

	
=gamma

Change in delta
Change in underlying price

Like delta, gamma is actually an approximation, but we shall treat it as exact. Although a for-
mula exists for gamma, we need to understand only the concept.

If a delta-hedged position were risk free, its gamma would be zero. The larger the gam-
ma, the more the delta-hedged position deviates from being risk free. Because gamma reflects 
movements in the delta, let us first think about how delta moves. Focusing on call options, 
recall that the delta is between 0.0 and 1.0. At expiration, the delta is 1.0 if the option expires 
in-the-money and 0.0 if it expires out-of-the-money. During its life, the delta will tend to be 
above 0.5 if the option is in-the-money and below 0.5 if the option is out-of-the-money. As 
expiration approaches, the deltas of in-the-money options will move toward 1.0 and the deltas 
of out-of-the-money options will move toward 0.0.33 They will, however, move slowly in their 
respective directions. The largest moves occur near expiration, when the deltas of at-the-money 
options move quickly toward 1.0 or 0.0. These rapid movements are the ones that cause the 

33 The deltas of options that are very slightly in-the-money will temporarily move down as expiration 
approaches. Exhibit 21 illustrates this effect. But they will eventually move up toward 1.0.
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most problems for delta hedgers. Options that are deep in-the-money or deep out-of-the-mon-
ey tend to have their deltas move closer to 1.0 or 0.0 well before expiration. Their movements 
are slow and pose fewer problems for delta hedgers. Thus, it is the rapid movements in delta 
that concern delta hedgers. These rapid movements are more likely to occur on options that are 
at-the-money and/or near expiration. Under these conditions, the gammas tend to be largest 
and delta hedges are hardest to maintain.

When gammas are large, some delta hedgers choose to also gamma hedge. This somewhat 
advanced strategy requires adding a position in another option, combining the underlying and 
the two options in such a manner that the delta is zero and the gamma is zero. Because it is 
a somewhat advanced and specialized topic, we do not cover the details of how this is done.

The delta is not the only important factor that changes in the course of managing an op-
tion position. The volatility of the underlying can also change.

4.3.  Vega and Volatility Risk

The sensitivity of the option price to the volatility is called the vega and is defined as

	
=Vega

Change in option price
Change in volatility

As with delta and gamma, the relationship above is an approximation, but we shall treat it as 
exact. An option price is very sensitive to the volatility of the underlying. Moreover, the vola-
tility is the only unobservable variable required to value an option. Hence, volatility is the most 
critical variable. When we examined option-pricing models, we studied the Black−Scholes−
Merton and binomial models. In neither of these models is the volatility allowed to change. 
Yet no one believes that volatility is constant; on some days the stock market is clearly more 
volatile than on other days. This risk of changing volatility can greatly affect a dealer’s position 
in options. A delta-hedged position with a zero or insignificant gamma can greatly change in 
value if the volatility changes. If, for example, the dealer holds the underlying and sells options 
to delta hedge, an increase in volatility will raise the value of the options, generating a poten-
tially large loss for the dealer.

Measuring the sensitivity of the option price to the volatility is difficult. The vega from the 
Black−Scholes−Merton or binomial models is a somewhat artificial construction. It represents 
how much the model price changes if one changes the volatility by a small amount. But in 
fact, the model itself is based on the assumption that volatility does not change. Forcing the 
volatility to change in a model that does not acknowledge that volatility can change has unclear 
implications.34 It is clear, however, that an option price is more sensitive to the volatility when 
it is at-the-money.

34 If this point seems confusing, consider this analogy. In the famous Einstein equation E = mc2, E is 
energy, m is mass, and c is the constant representing the speed of light. For a given mass, we could change 
c, which would change E. The equation allows this change, but in fact the speed of light is constant at 
186,000 miles per second. So far as scientists know, it is a universal constant and can never change. In 
the case of option valuation, the model assumes that volatility of a given stock is like a universal constant. 
We can change it, however, and the equation would give us a new option price. But are we allowed to do 
so? Unlike the speed of light, volatility does indeed change, even though our model says that it does not. 
What happens when we change volatility in our model? We do not know.
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Dealers try to measure the vega, monitor it, and in some cases hedge it by taking on a 
position in another option, using that option’s vega to offset the vega on the original option. 
Managing vega risk, however, cannot be done independently of managing delta and gamma 
risk. Thus, the dealer is required to jointly monitor and manage the risk associated with the 
delta, gamma, and vega. We should be aware of the concepts behind managing these risks.

5. F inal Comments

In the chapter on risk management applications of forward and futures strategies, we examined 
forward and futures strategies. These types of contracts provide gains from movements of the 
underlying in one direction but result in losses from movements of the underlying in the other 
direction. The advantage of a willingness to incur losses is that no cash is paid at the start. 
Options offer the advantage of having one-directional effects: The buyer of an option gains 
from a movement in one direction and loses only the premium from movements in the other 
direction. The cost of this advantage is that options require the payment of cash at the start. 
Some market participants choose forwards and futures because they do not have to pay cash 
at the start. They can justify taking positions without having to come up with the cash to do 
so. Others, however, prefer the flexibility to benefit when their predictions are right and suffer 
only a limited loss when wrong. The trade-off between the willingness to pay cash at the start 
versus incurring losses, given one’s risk preferences, is the deciding factor in whether to use 
options or forwards/futures.

All option strategies are essentially rooted in the transactions of buying a call or a put. 
Understanding a short position in either type of option means understanding the correspond-
ing long position in the option. All remaining strategies are just combinations of options, the 
underlying, and risk-free bonds. We looked at a number of option strategies associated with 
equities, which can apply about equally to index options or options on individual stocks. The 
applicability of these strategies to bonds is also fairly straightforward. The options must expire 
before the bonds mature, but the general concepts associated with equity option strategies 
apply similarly to bond option strategies.

Likewise, strategies that apply to equity options apply in nearly the same manner to inter-
est rate options. Nonetheless, significant differences exist between interest rate options and 
equity or bond options. If nothing else, the notion of bullishness is quite opposite. Bullish 
(bearish) equity investors buy calls (puts). In interest rate markets, bullish (bearish) investors 
buy puts (calls) on interest rates, because being bullish (bearish) on interest rates means that 
one thinks rates are going down (up). Interest rate options pay off as though they were interest 
payments. Equity or bond options pay off as though the holder were selling or buying stocks 
or bonds. Finally, interest rate options are very often combined into portfolios in the form of 
caps and floors for the purpose of hedging floating-rate loans. Standard option strategies such 
as straddles and spreads are just as applicable to interest rate options.

Despite some subtle differences between the option strategies examined in this chapter 
and comparable strategies using options on futures, the differences are relatively minor and 
do not warrant separate coverage here. If you have a good grasp of the basics of the option 
strategies presented in this chapter, you can easily adapt those strategies to ones in which the 
underlying is a futures contract.

In the chapter on risk management applications of swap strategies, we take up strat-
egies using swaps. As we have so often mentioned, interest rate swaps are the most widely 
used financial derivative. They are less widely used with currencies and equities than are 
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forwards, futures, and options. Nonetheless, there are many applications of swaps to cur-
rencies and equities, and we shall certainly look at them. To examine swaps, however, we 
must return to the types of instruments with two-directional payoffs and no cash pay-
ments at the start. Indeed, swaps are a lot like forward contracts, which themselves are a 
lot like futures.

6. S ummary

•	 The profit from buying a call is the value at expiration, max(0,ST − X), minus c0, the option 
premium. The maximum profit is infinite, and the maximum loss is the option premium. 
The breakeven underlying price at expiration is the exercise price plus the option premium. 
When one sells a call, these results are reversed. 

•	 The profit from buying a put is the value at expiration, max(0,X − ST), minus p0, the 
option premium. The maximum profit is the exercise price minus the option premium, 
and the maximum loss is the option premium. The breakeven underlying price at expira-
tion is the exercise price minus the option premium. When one sells a put, these results 
are reversed. 

•	 The profit from a covered call—the purchase of the underlying and sale of a call—is the val-
ue at expiration, ST − max(0,ST − X), minus (S0 − c0), the cost of the underlying minus the 
option premium. The maximum profit is the exercise price minus the original underlying 
price plus the option premium, and the maximum loss is the cost of the underlying less the 
option premium. The breakeven underlying price at expiration is the original price of the 
underlying minus the option premium.

•	 The profit from a protective put—the purchase of the underlying and a put—is the value at 
expiration, ST + max(0,X − ST), minus the cost of the underlying plus the option premium, 
(S0 + p0). The maximum profit is infinite, and the maximum loss is the cost of the under-
lying plus the option premium minus the exercise price. The breakeven underlying price at 
expiration is the original price of the underlying plus the option premium.

•	 The profit from a bull spread—the purchase of a call at one exercise price and the sale 
of a call with the same expiration but a higher exercise price—is the value at expiration, 
max(0,ST − X1) − max(0,ST − X2), minus the net premium, c1 − c2, which is the premium 
of the long option minus the premium of the short option. The maximum profit is X2 − X1 
minus the net premium, and the maximum loss is the net premium. The breakeven under-
lying price at expiration is the lower exercise price plus the net premium.

•	 The profit from a bear spread—the purchase of a put at one exercise price and the sale of a put 
with the same expiration but a lower exercise price—is the value at expiration, max(0,X2 −  
ST) − max(0,X1 − ST), minus the net premium, p2 − p1, which is the premium of the long 
option minus the premium of the short option. The maximum profit is X2 − X1 minus the 
net premium, and the maximum loss is the net premium. The breakeven underlying price at 
expiration is the higher exercise price minus the net premium.

•	 The profit from a butterfly spread—the purchase of a call at one exercise price, X1, sale of 
two calls at a higher exercise price, X2, and the purchase of a call at a higher exercise price, 
X3—is the value at expiration, max (0,ST − X1) − 2max(0,ST − X2), + max(0,ST − X3), minus 
the net premium, c1 − 2c2 + c3. The maximum profit is X2 − X1 minus the net premium, 
and the maximum loss is the net premium. The breakeven underlying prices at expiration 
are 2X2 − X1 minus the net premium and X1 plus the net premium. A butterfly spread can 
also be constructed by trading the corresponding put options.
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•	 The profit from a collar—the holding of the underlying, the purchase of a put at one exercise 
price, X1, and the sale of a call with the same expiration and a higher exercise price, X2, and 
in which the premium on the put equals the premium on the call—is the value at expiration, 
ST + max(0,X1 − ST) − max(0,ST − X2), minus S0, the original price of the underlying. The 
maximum profit is X2 − S0, and the maximum loss is S0 − X1. The breakeven underlying 
price at expiration is the initial price of the underlying.

•	 The profit from a straddle—a long position in a call and a put with the same exercise price 
and expiration—is the value at expiration, max(0,ST − X) + max(0,X − ST), minus the pre-
miums on the call and put, c0 + p0. The maximum profit is infinite, and the maximum loss 
is the sum of the premiums on the call and put, c0 + p0. The breakeven prices at expiration 
are the exercise price plus and minus the premiums on the call and put.

•	 A box spread is a combination of a bull spread using calls and a bear spread using puts, with 
one call and put at an exercise price of X1 and another call and put at an exercise price of X2. 
The profit is the value at expiration, X2 − X1, minus the net premiums, c1 − c2 + p2 − p1. 
The transaction is risk free, and the net premium paid should be the present value of this 
risk-free payoff.

•	 A long position in an interest rate call can be used to place a ceiling on the rate on an antici-
pated loan from the perspective of the borrower. The call provides a payoff if the interest rate 
at expiration exceeds the exercise rate, thereby compensating the borrower when the rate is 
higher than the exercise rate. The effective interest paid on the loan is the actual interest paid 
minus the call payoff. The call premium must be taken into account by compounding it to 
the date on which the loan is taken out and deducting it from the initial proceeds received 
from the loan.

•	 A long position in an interest rate put can be used to lock in the rate on an anticipated loan 
from the perspective of the lender. The put provides a payoff if the interest rate at expiration 
is less than the exercise rate, thereby compensating the lender when the rate is lower than 
the exercise rate. The effective interest paid on the loan is the actual interest received plus the 
put payoff. The put premium must be taken into account by compounding it to the date on 
which the loan is taken out and adding it to initial proceeds paid out on the loan.

•	 An interest rate cap can be used to place an upper limit on the interest paid on a floating-rate 
loan from the perspective of the borrower. A cap is a series of interest rate calls, each of which 
is referred to as a caplet. Each caplet provides a payoff if the interest rate on the loan reset 
date exceeds the exercise rate, thereby compensating the borrower when the rate is higher 
than the exercise rate. The effective interest paid is the actual interest paid minus the caplet 
payoff. The premium is paid at the start and is the sum of the premiums on the component 
caplets.

•	 An interest rate floor can be used to place a lower limit on the interest received on a float-
ing-rate loan from the perspective of the lender. A floor is a series of interest rate puts, each 
of which is called a floorlet. Each floorlet provides a payoff if the interest rate at the loan reset 
date is less than the exercise rate, thereby compensating the lender when the rate is lower 
than the exercise rate. The effective interest received is the actual interest plus the floorlet 
payoff. The premium is paid at the start and is the sum of the premiums on the component 
floorlets.

•	 An interest rate collar, which consists of a long interest rate cap at one exercise rate and a 
short interest rate floor at a lower exercise rate, can be used to place an upper limit on the 
interest paid on a floating-rate loan. The floor, however, places a lower limit on the interest 
paid on the floating-rate loan. Typically the floor exercise rate is set such that the premium 
on the floor equals the premium on the cap, so that no cash outlay is required to initiate the 
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transaction. The effective interest is the actual interest paid minus any payoff from the long 
caplet plus any payoff from the short floorlet.

•	 Dealers offer to take positions in options and typically hedge their positions by establishing 
delta-neutral combinations of options and the underlying or other options. These positions 
require that the sensitivity of the option position with respect to the underlying be offset by 
a quantity of the underlying or another option. The delta will change, moving toward 1.0 for 
in-the-money calls (−1.0 for puts) and 0.0 for out-of-the-money options as expiration ap-
proaches. Any change in the underlying price will also change the delta. These changes in the 
delta necessitate buying and selling options or the underlying to maintain the delta-hedged 
position. Any additional funds required to buy the underlying or other options are obtained 
by issuing risk-free bonds. Any additional funds released from selling the underlying or oth-
er options are invested in risk-free bonds.

•	 The delta of an option changes as the underlying changes and as time elapses. The delta will 
change more rapidly with large movements in the underlying and when the option is ap-
proximately at-the-money and near expiration. These large changes in the delta will prevent 
a delta-hedged position from being truly risk free. Dealers usually monitor their gammas 
and in some cases hedge their gammas by adding other options to their positions such that 
the gammas offset.

•	 The sensitivity of an option to volatility is called the vega. An option’s volatility can change, 
resulting in a potentially large change in the value of the option. Dealers monitor and some-
times hedge their vegas so that this risk does not impact a delta-hedged portfolio.

Problems 

	 1.	Y ou are bullish about an underlying that is currently trading at a price of $80. You choose 
to go long one call option on the underlying with an exercise price of $75 and selling at 
$10, and go short one call option on the underlying with an exercise price of $85 and 
selling at $2. Both the calls expire in three months.
A.	 What is the term commonly used for the position that you have taken?
B.	 Determine the value at expiration and the profit for your strategy under the following 

outcomes:
  i.	 The price of the underlying at expiration is $89.
 ii.	 The price of the underlying at expiration is $78.
iii.	 The price of the underlying at expiration is $70.

C.	 Determine the following:
 i.	 the maximum profit.
ii.	 the maximum loss.

D.	 Determine the breakeven underlying price at expiration of the call options.
E.	 Verify that your answer to Part D above is correct.

 Practice Problems and Solutions: Analysis of Derivatives for the Chartered Financial Analyst® Program, by 
Don M. Chance, CFA. © 2003 CFA Institute. All rights reserved.
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	 2.	Y ou expect a currency to depreciate with respect to the US dollar. The currency is currently 
trading at a price of $0.75. You decide to go long one put option on the currency with an 
exercise price of $0.85 and selling at $0.15, and go short one put option on the currency 
with an exercise price of $0.70 and selling at $0.03. Both the puts expire in three months.
A.	 What is the term commonly used for the position that you have taken?
B.	 Determine the value at expiration and the profit for your strategy under the following 

outcomes:
  i.	 The price of the currency at expiration is $0.87.
 ii.	 The price of the currency at expiration is $0.78.
iii.	 The price of the currency at expiration is $0.68.

C.	 Determine the following:
  i.	 the maximum profit.
 ii.	 the maximum loss.

D.	 Determine the breakeven underlying price at the expiration of the put options.
E.	 Verify that your answer to Part D above is correct.

	 3.	A  stock is currently trading at a price of $114. You construct a butterfly spread using calls 
of three different strike prices on this stock, with the calls expiring at the same time. You 
go long one call with an exercise price of $110 and selling at $8, go short two calls with 
an exercise price of $115 and selling at $5, and go long one call with an exercise price of 
$120 and selling at $3.
A.	 Determine the value at expiration and the profit for your strategy under the following 

outcomes:
   i.	The price of the stock at the expiration of the calls is $106.
 ii.	 The price of the stock at the expiration of the calls is $110.
iii.	 The price of the stock at the expiration of the calls is $115.
 iv.	 The price of the stock at the expiration of the calls is $120.
  v.	 The price of the stock at the expiration of the calls is $123.

B.	 Determine the following:
  i.	 the maximum profit.
 ii.	 the maximum loss.
iii.	 the stock price at which you would realize the maximum profit.
 iv.	 the stock price at which you would incur the maximum loss.

C.	 Determine the breakeven underlying price at expiration of the call options.
	 4.	A  stock is currently trading at a price of $114. You construct a butterfly spread using puts 

of three different strike prices on this stock, with the puts expiring at the same time. You 
go long one put with an exercise price of $110 and selling at $3.50, go short two puts with 
an exercise price of $115 and selling at $6, and go long one put with an exercise price of 
$120 and selling at $9.
A.	 Determine the value at expiration and the profit for your strategy under the following 

outcomes:
  i.	 The price of the stock at the expiration of the puts is $106.
 ii.	 The price of the stock at the expiration of the puts is $110.
iii.	 The price of the stock at the expiration of the puts is $115.
 iv.	 The price of the stock at the expiration of the puts is $120.
  v.	 The price of the stock at the expiration of the puts is $123.
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B.	 Determine the following:
  i.	 the maximum profit.
 ii.	 the maximum loss.
iii.	 the stock price at which you would realize the maximum profit.
 iv.	 the stock price at which you would incur the maximum loss.

C.	 Determine the breakeven underlying price at expiration of the put options.
D.	 Verify that your answer to Part C above is correct.

	 5.	A  stock is currently trading at a price of $80. You decide to place a collar on this stock. 
You purchase a put option on the stock, with an exercise price of $75 and a premium of 
$3.50. You simultaneously sell a call option on the stock with the same maturity and the 
same premium as the put option. This call option has an exercise price of $90.
A.	 Determine the value at expiration and the profit for your strategy under the following 

outcomes:
  i.	 The price of the stock at expiration of the options is $92.
 ii.	 The price of the stock at expiration of the options is $90.
iii.	 The price of the stock at expiration of the options is $82.
iv.	 The price of the stock at expiration of the options is $75.
 v.	 The price of the stock at expiration of the options is $70.

B.	 Determine the following:
  i.	 the maximum profit.
 ii.	 the maximum loss.
iii.	 the stock price at which you would realize the maximum profit.
 iv.	 the stock price at which you would incur the maximum loss.

C.	 Determine the breakeven underlying price at expiration of the put options.
	 6.	Y ou believe that the market will be volatile in the near future, but you do not feel partic-

ularly strongly about the direction of the movement. With this expectation, you decide 
to buy both a call and a put with the same exercise price and the same expiration on the 
same underlying stock trading at $28. You buy one call option and one put option on this 
stock, both with an exercise price of $25. The premium on the call is $4 and the premium 
on the put is $1.
A.	 What is the term commonly used for the position that you have taken?
B.	 Determine the value at expiration and the profit for your strategy under the following 

outcomes:
  i.	 The price of the stock at expiration is $35.
 ii.	 The price of the stock at expiration is $29.
iii.	 The price of the stock at expiration is $25.
 iv.	 The price of the stock at expiration is $20.
 v.	 The price of the stock at expiration is $15.

C.	 Determine the following:
  i.	 the maximum profit.
 ii.	 the maximum loss.

D.	 Determine the breakeven stock price at expiration of the options.

The following information relates to Questions 7–12
Stanley Singh, CFA, is the risk manager at SS Asset Management. Singh works with individual 
clients to manage their investment portfolios. One client, Sherman Hopewell, is worried 
about how short-term market fluctuations over the next three months might impact his equity 



508	 Derivatives

position in Walnut Corporation. While Hopewell is concerned about short-term downside 
price movements, he wants to remain invested in Walnut shares as he remains positive about 
its long-term performance. Hopewell has asked Singh to recommend an option strategy that 
will keep him invested in Walnut shares while protecting against a short-term price decline. 
Singh gathers the information in Exhibit 1 to explore various strategies to address Hopewell’s 
concerns. 

Exhibit 1  Walnut Corporation Current Stock Price: $67.79 Walnut Corporation European 
Options

Exercise Price Market Call Price Call Delta Market Put Price Put Delta

$ 55.00 $ 12.83 4.7 $ 0.24 –16.7

$ 65.00 $ 3.65 12.0 $ 1.34 –16.9

$ 67.50 $ 1.99 16.5 $ 2.26 –15.3

$ 70.00 $ 0.91 22.2 $ 3.70 –12.9

$ 80.00 $ 0.03 35.8 $ 12.95 –5.0

Note: Each option has 106 days remaining until expiration.

Another client, Nigel French, is a trader who does not currently own shares of Walnut 
Corporation. French has told Singh that he believes that Walnut shares will experience a large 
move in price after the upcoming quarterly earnings release in two weeks. However, French tells 
Singh he is unsure which direction the stock will move. French asks Singh to recommend an 
option strategy that would allow him to profit should the share price move in either direction.

A third client, Wanda Tills, does not currently own Walnut shares and has asked Singh 
to explain the profit potential of three strategies using options in Walnut: a bull call spread, 
a straddle, and a butterfly spread. In addition, Tills asks Singh to explain the gamma of a call 
option. In response, Singh prepares a memo to be shared with Tills that provides a discussion 
of gamma and presents his analysis on three option strategies:

Strategy 1: A straddle position at the $67.50 strike option
Strategy 2: A bull call spread using the $65 and $70 strike options
Strategy 3: A butterfly spread using the $65, $67.50, and $70 strike call options

	 7.	 The option strategy Singh is most likely to recommend to Hopewell is a: 
A.	 collar.
B.	 covered call. 
C.	 protective put.

	 8.	 The option strategy that Singh is most likely to recommend to French is a:
A.	 straddle. 
B.	 butterfly.
C.	 box spread.

	 9.	 Based upon Exhibit 1, Strategy 1 is profitable when the share price at expiration is closest 
to:
A.	 $63.24.
B.	 $65.24.
C.	 $69.49.
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10.	 Based upon Exhibit 1, the maximum profit, on a per share basis, from investing in Strat-
egy 2, is closest to:
A.	 $2.26.
B.	 $2.74.
C.	 $5.00.

11.	 Based upon Exhibit 1, and assuming the market price of Walnut’s shares at expiration is 
$66, the profit or loss, on a per share basis, from investing in Strategy 3, is closest to:
A.	 –$1.57.
B.	 $0.42.
C.	 $1.00.

12.	 Based on the data in Exhibit 1, Singh would advise Tills that the call option with the 
largest gamma would have a strike price closest to:
A.	 $ 55.
B.	 $ 67.50. 
C.	 $ 80.
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Chapter  9
Risk Management 

Applications of Swap 
Strategies

Don M. Chance, PhD, CFA

Learning Outcomes

After completing this chapter, you will be able to do the following:

•	 demonstrate how an interest rate swap can be used to convert a floating-rate (fixed-rate) loan 
to a fixed-rate (floating-rate) loan;

•	 calculate and interpret the duration of an interest rate swap;
•	 explain the effect of an interest rate swap on an entity’s cash flow risk;
•	 determine the notional principal value needed on an interest rate swap to achieve a desired 

level of duration in a fixed-income portfolio;
•	 explain how a company can generate savings by issuing a loan or bond in its own currency 

and using a currency swap to convert the obligation into another currency;
•	 demonstrate how a firm can use a currency swap to convert a series of foreign cash receipts 

into domestic cash receipts;
•	 explain how equity swaps can be used to diversify a concentrated equity portfolio, provide 

international diversification to a domestic portfolio, and alter portfolio allocations to stocks 
and bonds;

•	 demonstrate the use of an interest rate swaption (1) to change the payment pattern of an 
anticipated future loan and (2) to terminate a swap.

 Analysis of Derivatives for the Chartered Financial Analyst® Program, by Don M. Chance, CFA. © 2003 
CFA Institute. All rights reserved.
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1. I ntroduction

This reading is the final in a series of three in which we examine strategies and applications of 
various derivative instruments. We now turn to swaps. Recall that a swap is a transaction in 
which two parties agree to exchange a series of cash flows over a specific period of time. At least 
one set of cash flows must be variable—that is, not known at the beginning of the transaction 
and determined over the life of the swap by the course of an underlying source of uncertainty. 
The other set of cash flows can be fixed or variable. Typically, no net exchange of money occurs 
between the two parties at the start of the contract.1

Because at least one set of swap payments is random, it must be driven by an under-
lying source of uncertainty. This observation provides a means for classifying swaps. The 
four types of swaps are interest rate, currency, equity, and commodity swaps. Interest rate 
swaps typically involve one side paying at a floating interest rate and the other paying at a 
fixed interest rate. In some cases both sides pay at a floating rate, but the floating rates are 
different. Currency swaps are essentially interest rate swaps in which one set of payments 
is in one currency and the other is in another currency. The payments are in the form of 
interest payments; either set of payments can be fixed or floating, or both can be fixed or 
floating. With currency swaps, a source of uncertainty is the exchange rate so the payments 
can be fixed and still have uncertain value. In equity swaps, at least one set of payments is 
determined by the course of a stock price or stock index. In commodity swaps at least one 
set of payments is determined by the course of a commodity price, such as the price of oil or 
gold. In this reading we focus exclusively on financial derivatives and, hence, do not cover 
commodity swaps.

Swaps can be viewed as combinations of forward contracts. A forward contract is an agree-
ment between two parties in which one party agrees to buy from another an underlying asset at 
a future date at a price agreed on at the start. This agreed-upon price is a fixed payment, but the 
value received for the asset at the future date is a variable payment because it is subject to risk. 
A swap extends this notion of an exchange of variable and fixed payments to more than one 
payment. Hence, a swap is like a series of forward contracts.2 We also saw that a swap is like a 
combination of options. We showed that pricing a swap involves determining the terms that 
the two parties agree to at the start, which usually involves the amount of any fixed payment. 
Because no net flow of money changes hands at the start, a swap is a transaction that starts off 
with zero market value. Pricing the swap is done by finding the terms that result in equivalence 
of the present values of the two streams of payments.

After a swap begins, market conditions change and the present values of the two streams 
of payments are no longer equivalent. The swap then has a nonzero market value. To one party, 
the swap has a positive market value; to the other, its market value is negative. The process of 

1 Currency swaps can be structured to have an exchange of the notional principals in the two currencies at 
the start, but because these amounts are equivalent after adjusting for the exchange rate, no net exchange 
of money takes place. At expiration of the swap, the two parties reverse the original exchange, which does 
result in a net flow of money if the exchange rate has changed, as will probably be the case. A few swaps, 
called off-market swaps, involve an exchange of money at the start, but they are the exception, not the rule.
2 There are some technical distinctions between a series of forward contracts and a swap, but the essential 
elements of equivalence are there.



Chapter 9  Risk Management Applications of Swap Strategies� 513

valuation involves determining this market value. For the most part, valuation and pricing is a 
process that requires only the determination of present values using current interest rates and, 
as necessary, stock prices or exchange rates.

We also examined the swaption, an instrument that combines swaps and options. Spe-
cifically, a swaption is an option to enter into a swap. There are two kinds of swaptions: those 
to make a fixed payment, called payer swaptions, and those to receive a fixed payment, called 
receiver swaptions. Like options, swaptions require the payment of a premium at the start and 
grant the right, but not the obligation, to enter into a swap.3

In this reading, we shall examine ways in which swaps can be used to achieve risk manage-
ment objectives. We already examined certain risk management strategies when we discussed 
swaps in the reading on risk management applications of option strategies. Here, we go into 
more detail on these strategies and, of course, introduce quite a few more. We shall also discuss 
how swaptions are used to achieve risk management objectives.

2. S trategies and Applications for Managing  
Interest Rate Risk

In previous readings, we examined the use of forwards, futures, and options to manage interest 
rate risk. The interest rate swap, however, is unquestionably the most widely used instrument 
to manage interest rate risk.4 In the readings on risk management applications of forward, 
futures, and options strategies, we examined two primary forms of interest rate risk. One is 
the risk associated with borrowing and lending in short-term markets. This risk itself has two 
dimensions: the risk of rates changing from the time a loan is anticipated until it is actually tak-
en out, and the risk associated with changes in interest rates once the loan is taken out. Swaps 
are not normally used to manage the risk of an anticipated loan; rather, they are designed to 
manage the risk on a series of cash flows on loans already taken out or in the process of being 
taken out.5

The other form of interest rate risk that concerns us is the risk associated with managing 
a portfolio of bonds. As we saw in the reading on risk management applications of forward 
and futures strategies, managing this risk generally involves controlling the portfolio duration. 
Although futures are commonly used to make duration changes, swaps can also be used, and 
we shall see how in this reading.

In this section, we look at one more situation in which swaps can be used to manage 
interest rate risk. This situation involves the use of a relatively new financial instrument called 
a structured note, which is a variation of a floating-rate note that has some type of unusual 
characteristic. We cover structured notes in Section 2.3.

3 Forward swaps, on the other hand, are obligations to enter into a swap.
4 The Bank for International Settlements, in its June 2002 survey of derivative positions of global banks 
published on 8 November 2002, indicates that swaps make up more than 75% of the total notional 
principal of all interest rate derivative contracts (see www.bis.org).
5 It is technically possible to use a swap to manage the risk faced in anticipation of taking out a loan, but 
it would not be easy and would require a great deal of analytical skill to match the volatility of the swap 
to the volatility of the gain or loss in value associated with changes in interest rates prior to the date on 
which a loan is taken out. Other instruments are better suited for managing this type of risk.
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2.1. U sing Interest Rate Swaps to Convert a Floating-Rate Loan to a Fixed-Rate 
Loan (and Vice Versa)

Because much of the funding banks receive is at a floating rate, most banks prefer to make 
floating-rate loans. By lending at a floating rate, banks pass on the interest rate risk to bor-
rowers. Borrowers can use forwards, futures, and options to manage their exposure to rising 
interest rates, but swaps are the preferred instrument for managing this risk.6 A typical situ-
ation involves a corporation agreeing to borrow at a floating rate even though it would prefer 
to borrow at a fixed rate. The corporation will use a swap to convert its floating-rate loan to a 
fixed-rate loan.

Internet Book Publishers (IBP) is a corporation that typically borrows at a floating rate 
from a lender called Prime Lending Bank (PLB). In this case, it takes out a one-year $25 million 
loan at 90-day Libor plus 300 basis points. The payments will be made at specific dates about 
91 days apart. The rate is initially set today, the day the loan is taken out, and is reset on each 
payment date: On the first payment date, the rate is reset for the second interest period. With 
four loan payments, the first rate is already set, but IBP is exposed to risk on the other three 
reset dates. Interest is calculated based on the actual day count since the last payment date, 
divided by 360. The loan begins on 2 March and the interest payment dates are 2 June, 2 Sep-
tember, 1 December, and the following 1 March.

IBP manages this interest rate risk by using a swap. It contacts a swap dealer, Swaps Pro-
vider Inc. (SPI), which is the derivatives subsidiary of a major investment banking firm. Under 
the terms of the swap, SPI will make payment to IBP at a rate of Libor, and IBP will pay SPI 
a fixed rate of 6.27%, with payments to be made on the dates on which the loan interest pay-
ments are made.

The dealer prices the fixed rate on a swap into the swap such that the present values of the 
two payment streams are equal. The floating rates on the swap will be set today and on the first, 
second, and third loan interest payment dates, thereby corresponding to the dates on which 
the loan interest rate is reset. The notional principal on the swap is $25 million, the face value 
of the loan. The swap interest payments are structured so that the actual day count is used, as 
is done on the loan.

So, IBP borrows $25 million at a floating rate and arranges for the swap, which involves 
no cash flows at the origination date. The flow of money on each loan/swap payment date is 
illustrated in Exhibit 1. We see that IBP makes its loan payments at Libor plus 0.03.7 The 
actual calculation of the loan interest is as follows:

($25 million)(Libor + 0.03)(Days/360)

6 It is not clear why swaps are preferred over other instruments to manage the exposure to rising interest 
rates, but one possible reason is that when swaps were first invented, they were marketed as equivalent to 
a pair of loans. By being long one loan and short another, a corporation could alter its exposure without 
having to respond to claims that it was using such instruments as futures or options, which might be 
against corporate policy. In other words, while swaps are derivatives, their equivalence to a pair of loans 
meant that no policy existed to prevent their use. Moreover, because of the netting of payments and no 
exchange of notional principal, interest rate swaps were loans with considerably less credit risk than ordi-
nary loans. Hence, the corporate world easily and widely embraced them.
7 Remember that when we refer to the payment at a rate of Libor, that rate was established at the previous 
settlement date or at the beginning of the swap if this is the first settlement period.
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Exhibit 1  Converting a Floating-Rate Loan to a Fixed-Rate Loan Using an Interest Rate Swap

IBP SPI

(interest payments)

($25,000,000) Libor (Days/360)

($25,000,000) (Libor + 0.03) (Days/360)

($25,000,000) (0.0627) (Days/360)

PLB
Net Effect: IBP pays
6.27 + 3.00 = 9.27% �xed.

The swap payments are calculated in the same way but are based on either Libor or the fixed 
rate of 6.27%. The interest owed on the loan based on Libor is thus offset by the interest re-
ceived on the swap payment based on Libor.8 Consequently, IBP does not appear to be exposed 
to the uncertainty of changing Libor, but we shall see that it is indeed exposed. The net effect 
is that IBP pays interest at the swap fixed rate of 6.27% plus the 3% spread on the loan for a 
total of 9.27%.

IBP’s swap transaction appears to remove its exposure to Libor. Indeed, having done this 
transaction, most corporations would consider themselves hedged against rising interest rates, 
which is usually the justification corporations give for doing swap transactions. It is important 
to note, however, that IBP is also speculating on rising interest rates. If rates fall, IBP will not 
be able to take advantage, as it is locked in to a synthetic fixed-rate loan at 9.27%. There can 
be a substantial opportunity cost to taking this position and being wrong. To understand this 
point, let us reintroduce the concept of duration.

We need to measure the sensitivity of the market value of the overall position compared to 
what it would have been had the loan been left in place as a floating-rate loan. For that we turn 
to duration, a measure of sensitivity to interest rates. If a default-free bond is a floating-rate 
bond, its duration is nearly zero because interest sensitivity reflects how much the market value 
of an asset changes for a given change in interest rates. A floating-rate bond is designed with 
the idea that its market value will not drift far from par. Because the coupon will catch up with 
the market rate periodically, only during the period between interest payment dates can the 
market value stray from par value. Moreover, during this period, it would take a substantial 
interest rate change to have much effect on the market value of the floating-rate bond. With-
out showing the details, we shall simply state the result that a floating-rate bond’s duration is 
approximately the amount of time remaining until the next coupon payment. For a bond with 
quarterly payments, the maximum duration is 0.25 years and the minimum duration is zero. 
Consequently, the average duration is about 0.125 years. From the perspective of the issuer 
rather than the holder, the duration of the position is −0.125.

The duration of IBP’s floating-rate loan position in this example is an average of −0.125, 
which is fairly low compared with most financial instruments. Therefore, the market value of 
the loan is not very interest-rate sensitive. If interest rates fall, the loan rate will fall in three 

8 Of course in practice, the swap payments are netted and only a single payment flows from one party 
to the other. Netting reduces the credit risk but does not prevent the Libor component of the net swap 
payment from offsetting the floating loan interest payment, which is the objective of the swap.
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months, and IBP will not have much of a loss from the market value of the loan. If interest 
rates rise, IBP will not have much of a gain from the market value of the loan.

Now let us discuss the duration of a swap. Remember that entering a pay-fixed,  
receive-floating swap is similar to issuing a fixed-rate bond and using the proceeds to buy a 
floating-rate bond. The duration of a swap is thus equivalent to the duration of a long position 
in a floating-rate bond and a short position in a fixed-rate bond. The duration of the long po-
sition in the floating-rate bond would, again, be about 0.125. What would be the duration of 
the short position in the fixed-rate bond? A one-year fixed-rate bond with quarterly payments 
would probably have a duration of between 0.6 and 1.0. Let us assume this duration is about 
0.75 (nine months) or 75% of the maturity, an assumption we shall make from here out. So 
the duration of the swap would be roughly 0.125 − 0.75 = −0.625.

Combining the swap with the loan means that the duration of IBP’s overall position will 
be −0.125 − 0.625 = −0.75. The swap was designed to convert the floating-rate loan to a fixed-
rate loan. Hence, the position should be equivalent to that of taking out a fixed-rate loan. As 
we assumed for a one-year fixed-rate bond with quarterly payments, the duration would be 
0.75. The duration of a borrower’s position in a fixed-rate loan would be −0.75, the same as the 
duration of borrowing with the floating-rate loan and engaging in the swap. The negative dur-
ation means that a fixed-rate borrower will be helped by rising rates and a falling market value.9

Although the duration of the one-year fixed-rate loan is not large, at least relative to that 
of bonds and longer-term loans, it is nonetheless six times that of the floating-rate loan. Con-
sequently, the sensitivity of the market value of the overall position is six times what it would 
have been had the loan been left in place as a floating-rate loan. From this angle, it is hard to see 
how such a transaction could be called a hedge because declining rates and increasing market 
values will hurt the fixed-rate borrower. The actual risk increases sixfold with this transaction!10

So, can this transaction be viewed as a hedge? If not, why is it so widely used? From a cash 
flow perspective, the transaction does indeed function as a hedge. IBP knows that its interest 
payments will all be $25,000,000(0.0927)(Days/360). Except for the slight variation in days 
per quarter, this amount is fixed and can be easily built into plans and budgets. So from a plan-
ning and accounting perspective, the transaction serves well as a hedge. From a market value 
perspective, however, it is tremendously speculative. But does market value matter? Indeed it 
does. From the perspective of finance theory, maximizing the market value of shareholders’ 
equity is the objective of a corporation. Moreover, under recently enacted accounting rules, 
companies must mark derivative and asset positions to market values, which has improved 
transparency.

So, in summary, using a swap to convert a floating-rate loan to a fixed-rate loan is a com-
mon transaction, one ostensibly structured as a hedge. Such a transaction, despite stabilizing a 
company’s cash outflows, however, increases the risk of the company’s market value. Whether 
this issue is of concern to most companies is not clear. This situation remains one of the most 
widely encountered scenarios and the one for which interest rate swaps are most commonly 
employed.

9 Remember from the reading on risk management applications of forward and futures strategies that the 
percentage change in the market value of an asset or portfolio is −1 times the duration times the change 
in yield over 1 plus the yield. So, if the duration is negative, the double minus results in the position 
benefiting from rising interest rates.
10 In the example here, the company is a corporation. A bank might have assets that would be interest 
sensitive and could be used to balance the duration. A corporation’s primary assets have varying, incon-
sistent, and difficult-to-measure degrees of interest sensitivity.
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Equipped with our introductory treatment of the duration of a swap, we are now in a 
position to move on to understanding how to use swaps to manage the risk of a longer-term 
position that is also exposed to interest rate risk.

2.2. U sing Swaps to Adjust the Duration of a Fixed-Income Portfolio

We saw in the previous section that the duration of a swap is the net of the durations of the 
equivalent positions in fixed- and floating-rate bonds. Thus, the position of the pay-fixed 
party in a pay-fixed, receive-floating swap has the duration of a floating-rate bond minus the 
duration of a fixed-rate bond, where the floating- and fixed-rate bonds have cash flows equiv-
alent to the corresponding cash flows of the swap.11 The pay-fixed, receive-floating swap has 

Example 1

Consider a bank that holds a $5 million loan at a fixed rate of 6% for three years, with 
quarterly payments. The bank had originally funded this loan at a fixed rate, but because 
of changing interest rate expectations, it has now decided to fund it at a floating rate. Al-
though it cannot change the terms of the loan to the borrower, it can effectively convert 
the loan to a floating-rate loan by using a swap. The fixed rate on three-year swaps with 
quarterly payments at Libor is 7%. We assume the number of days in each quarter to be 
90 and the number of days in a year to be 360.

A.	E xplain how the bank could convert the fixed-rate loan to a floating-rate loan using 
a swap.

B.	E xplain why the effective floating rate on the loan will be less than Libor.

Solution to A:  The interest payments it will receive on the loan are $5,000,000(0.06)
(90/360) = $75,000. The bank could do a swap to pay a fixed rate of 7% and re-
ceive a floating rate of Libor. Its fixed payment would be $5,000,000(0.07)(90/360) = 
$87,500. The floating payment it would receive is $5,000,000L(90/360), where L is 
Libor established at the previous reset date. The overall cash flow is thus $5,000,000(L − 
0.01)(90/360), Libor minus 100 basis points.

Solution to B:  The bank will effectively receive less than Libor because when the loan 
was initiated, the rate was 6%. Then when the swap was executed, the rate was 7%. 
This increase in interest rates hurts the fixed-rate lender. The bank cannot implicitly 
change the loan from fixed rate to floating rate without paying the price of this increase 
in interest rates. It pays this price by accepting a lower rate than Libor when the loan is 
effectively converted to floating. Another factor that could contribute to this rate being 
lower than Libor is that the borrower’s credit risk at the time the loan was established is 
different from the bank’s credit risk as reflected in the swap fixed rate, established in the 
Libor market when the swap is initiated.

11 Recall, however, that an interest rate swap does not involve a notional principal payment up front or at ex-
piration. But because a swap is equivalent to being long a fixed- (or floating-) rate bond and short a floating- 
(or fixed-) rate bond, the principals on the bonds offset, leaving their cash flows identical to that of a swap.
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a negative duration, because the duration of a fixed-rate bond is positive and larger than the 
duration of a floating-rate bond, which is near zero. Moreover, the negative duration of this 
position makes sense in that the position would be expected to benefit from rising interest 
rates.

Consider the following transaction. Quality Asset Management (QAM) controls a $500 
million fixed-income portfolio that has a duration of 6.75. It is considering reducing the port-
folio duration to 3.50 by using interest rate swaps. QAM has determined that the interest 
sensitivity of the bond portfolio is adequately captured by its relationship with Libor; hence, a 
swap using Libor as the underlying rate would be appropriate. But first there are several ques-
tions to ask:

•	 Should the swap involve paying fixed, receiving floating or paying floating, receiving fixed?
•	 What should be the terms of the swap (maturity, payment frequency)?
•	 What should be the notional principal?

As for whether the swap should involve paying fixed or receiving fixed, the value of 
the bond portfolio is inversely related to interest rates. To reduce the duration, it would be 
necessary to hold a position that moves directly with interest rates. To do this we must add a 
negative-duration position. Hence, the swap should be a pay-fixed swap to receive floating.

The terms of the swap will affect the need to renew it as well as its duration and the notional 
principal required. It would probably be best for the swap to have a maturity at least as long as the 
period during which the duration adjustment applies. Otherwise, the swap would expire before 
the bond matures, and QAM would have to initiate another swap. The maturity and payment 
frequency of the swap affect the duration. Continuing with the assumption (for convenience) that 
the duration of the fixed-rate bond is approximated as 75% of its maturity, we find, for example, 
that a one-year swap with semi-annual payments would have a duration of 0.25 − 0.75 = −0.50. A 
one-year swap with quarterly payments would have a duration of 0.125 − 0.75 = −0.625. A two-
year swap with semiannual payments would have a duration of 0.25 − 1.50 = −1.25. A two-year 
swap with quarterly payments would have a duration of 0.125 − 1.50 = −1.375.

These different durations affect the notional principal required, which leads us to the third 
question. Prior to the duration adjustment, the portfolio consists of $500 million at a duration 
of 6.75. QAM then adds a position in a swap with a notional principal of NP and a modified 
duration of MDURS. The swap will have zero market value.12 The bonds and the swap will 
then combine to make up a portfolio with a market value of $500 million and a duration of 
3.50. This relationship can be expressed as follows:

$500,000,000(6.75) + NP(MDURS) = $500,000,000(3.50) 

The solution for NP is

=
−





nP $500,000,000

3.50 6.75
MDur s

12 Recall that the market value of a swap is zero at the start. This market value can obviously vary over time 
from zero, and such deviations should be taken into account, but to start, the market value will be zero.
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The duration of the swap is determined once QAM decides which swap to use. Suppose it uses 
a one-year swap with semiannual payments. Then, as shown above, the duration would be 
−0.50. The amount of notional principal required would, therefore, be

=
−

−




 =nP $500,000,000

3.50 6.75
0.50

$3,250,000,000

In other words, this portfolio adjustment would require a swap with a notional principal of 
more than $3 billion! This would be a very large swap, probably too large to execute. Consider 
the use of a five-year swap with semiannual payments. Its duration would be 0.25 − 3.75 = 
−3.50. Then the notional principal would be

=
−

−




 =nP $500,000,000

3.50 6.75
3.50

$464,290,000

With this longer duration, the notional principal would be about $464 million, a much more 
reasonable amount, although still a fairly large swap.

So, in general, the notional principal of a swap necessary to change the duration of a bond 
portfolio worth B from MDURB to a target duration, MDURT, is

=
−





nP B

MDur MDur
MDur

t B

s

Example 2

A $250 million bond portfolio has a duration of 5.50. The portfolio manager wants to 
reduce the duration to 4.50 by using a swap. Consider the possibility of using a one-year 
swap with monthly payments or a two-year swap with semiannual payments.

A.	 Determine the durations of the two swaps under the assumption of paying fixed 
and receiving floating. Assume that the duration of a fixed-rate bond is 75% of its 
maturity.

B.	 Choose the swap with the longer absolute duration and determine the notional 
principal of the swap necessary to change the duration as desired. Explain your 
results.

Solution to A:  The duration of a one-year pay-fixed, receive-floating swap with monthly 
payments is the duration of a one-year floating-rate bond with monthly payments mi-
nus the duration of a one-year fixed-rate bond with monthly payments. The duration 
of the former is about one-half of the length of the payment interval. That is 1/24 of a 
year, or 0.042. Because the duration of the one-year fixed-rate bond is 0.75 (75% of one 
year), the duration of the swap is 0.042 − 0.75 = −0.708.
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2.3. U sing Swaps to Create and Manage the Risk of Structured Notes

Structured notes are short- or intermediate-term floating-rate securities that have some 
type of unusual feature that distinguishes them from ordinary floating-rate notes. This 
unusual feature can be in the form of leverage, which results in the interest rate on the note 
moving at a multiple of market rates, or can be an inverse feature, meaning that the inter-
est rate on the note moves opposite to market rates. Structured notes are designed to be 
sold to specific investors, who are often motivated by constraints that restrict their ability 
to hold derivatives or use leverage. For example, many insurance companies and pension 
funds are attracted to structured notes, because the instruments qualify as fixed-income 
securities but have features that are similar to options, swaps, and margin transactions. 
Issuers typically create the notes, sell them to these investors, and then manage the risk, 
earning a profit by replicating the opposite position at a cost lower than what they could 
sell the notes for.

In this section, we shall use the notation FP as the principal/face value of the note, ci as 
the fixed interest rate on a bond, and FS as the fixed interest rate on the swap.

2.3.1. U sing Swaps to Create and Manage the Risk of Leveraged Floating-Rate Notes
Kappa Alpha Traders (KAT) engages in a variety of arbitrage-related transactions designed 
to make small risk-free or low-risk profits. One such transaction involves the issuance of 

The duration of a two-year swap with semiannual payments is the duration of a 
two-year floating-rate bond with semiannual payments minus the duration of a two-
year fixed-rate bond. The duration of the former is about one-quarter of a year, or 0.25. 
The duration of the latter is 1.50 (75% of two years). The duration of the swap is thus 
0.25 − 1.50 = −1.25.

Solution to B:  The longer (more negative) duration swap is the two-year swap with 
semiannual payments. The current duration of the $250 million portfolio is 5.50 and 
the target duration is 4.50. Thus, the required notional principal is

nP B
MDur MDur

MDur

$250,000,000
4.50 5.50

1.25
$200,000,000

t B

s
=

−






= −
−





 =

So, to lower the duration requires the addition of an instrument with a duration 
lower than that of the portfolio. The duration of a receive-floating, pay-fixed swap is 
negative and, therefore, lower than that of the existing portfolio.
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structured notes, which it sells to insurance companies. KAT plans to issue a leveraged 
structured note with a principal of FP that pays an interest rate of 1.5 times Libor. This 
type of instrument is usually called a leveraged floating-rate note, or leveraged floater. The 
reference to leverage is to the fact that the coupon is a multiple of a specific market rate of 
interest such as Libor. The note will be purchased by an insurance company called LifeCo. 
KAT will use the proceeds to buy a fixed-rate bond that pays an interest rate of ci. It will then 
combine the position with a plain vanilla swap with dealer Omega Swaps. Exhibit 2 illustrates 
how this works.

Exhibit 2  Proceeds from a Leveraged Floater Used to Buy a Fixed-Rate Bond, with Risk 
Managed with a Plain Vanilla Swap

Omega
Swaps

1.5(FS)(FP)

1.5L(FP)

1.5L(FP)

Net Effect: KAT earns
1.5(ci _ FS)(FP) �xed.

LifeCo
Insurance

KAT

(interest payments)

1.5(ci)(FP) American
Factories

Inc.

KAT issues the leveraged floater, selling it to LifeCo Insurance with the intent of financ-
ing it with a fixed-rate bond and swapping the fixed rate for a floating rate to match the lev-
eraged floater. The periodic interest payment on the leveraged floater will be 1.5L, where L is 
Libor, times FP.13 It then takes the proceeds and buys a fixed-rate bond issued by a company 
called American Factories Inc. This bond will have face value of 1.5(FP) and pay a coupon 
of ci. KAT is then in a position of receiving a fixed coupon of ci on principal of 1.5(FP) and 
paying a floating coupon of 1.5L on a principal of FP. It then enters into a swap with dealer 
Omega Swaps on notional principal of 1.5FP. KAT will pay a fixed rate of FS and receive a 
floating rate of Libor (L). Note the net effect: KAT’s obligation on the leveraged floater of 
1.5L(FP) is matched by its receipt on the swap. KAT receives 1.5(ci)(FP) on the fixed-rate 
bond and pays out 1.5(FS)(FP) on the swap, netting 1.5(FP)(ci − FS). Is this amount an 
inflow or outflow? It depends. If the interest rate on American Factories’ debt reflects greater 
credit risk than that implied by the fixed rate on the swap, then KAT receives a net payment. 
Generally that would be the case. Thus, KAT identifies an attractively priced fixed-rate note 
and captures its return over the swap rate, offsetting the floating rate on the swap with the 
structured note. Of course, KAT is assuming some credit risk, the risk of default by American 
Factories, as well as the risk of default by Omega Swaps. On the other hand, KAT put up no 
capital to engage in this transaction. The cost of the American Factories bond was financed 
by issuing the structured note.

13 These payments could be made semiannually, in which case they would be half of 1.5L(FP).
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2.3.2. U sing Swaps to Create and Manage the Risk of Inverse Floaters
Another type of structured note is the inverse floater. Consider a company called Vega Ana-
lytics that, like KAT, engages in a variety of arbitrage trades using structured notes. Vega wants 
to issue an inverse floater paying a rate of b minus Libor, b − L, on notional principal FP. Vega 
sets the value of b in negotiation with the buyer of the note, taking into account a number of 
factors. The rate on the note moves inversely with Libor, but if Libor is at the level b, the rate 
on the note goes to zero. If Libor rises above b, the rate on the note is negative! We shall address 
this point later in this section.

The pattern will be the same as the pattern used for the leveraged floater: Finance the 
structured note by a fixed-rate note and then swap the fixed rate for a floating rate to match 
the structured note. Exhibit 3 shows how Vega issues the note to a company called Metrics 
Finance and uses the proceeds to purchase a fixed-rate note issued by a company called Telltale 
Systems, Inc., which pays a rate of (ci)(FP). Vega then enters into an interest rate swap with 
notional principal FP with a counterparty called Denman Dealer Holdings. In this swap, Vega 
receives a fixed rate of FS and pays L. Observe that the net effect is that Vega’s overall cash flow 
is FP[ − (b − L) + ci + FS − L] = FP(FS + ci − b).

Example 3

A company issues a floating-rate note that pays a rate of twice Libor on notional princi-
pal FP. It uses the proceeds to buy a bond paying a rate of ci. It also enters into a swap 
with a fixed rate of FS to manage the risk of the Libor payment on the leveraged floater.

A.	 Demonstrate how the company can engage in these transactions, leaving it with a 
net cash flow of 2(FP)(ci − FS).

B.	E xplain under what condition the amount (ci − FS) is positive.

Solution to A:  The company has issued a leveraged floater at a rate of 2L on notional 
principal FP. Then it should purchase a bond with face value of 2(FP) and coupon ci. It 
enters into a swap to pay a fixed rate of FS and receive a floating rate of L on notional 
principal 2(FP). The net cash flows are as follows:

From leveraged floater −2L(FP)

From bond +(ci)2(FP)

Floating side of swap +(L)2(FP)

Fixed side of swap −(FS)2(FP)

Total 2FP(ci − FS)

Solution to B:  The difference between the bond coupon rate, ci, and the swap fixed rate, 
FS, will be positive if the bond has greater credit risk than is implied by the fixed rate in 
the swap, which is based on the Libor term structure and reflects the borrowing rate of 
London banks. Thus, the gain of 2(ci − FS)(FP) is likely to reflect a credit risk premium.
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Exhibit 3  Proceeds from an Inverse Floater Used to Buy a Fixed-Rate Bond, with Risk Managed 
with a Plain Vanilla Swap

Denman
Dealer

(FS)(FP)

L(FP)

Metrics
Finance

Net Effect: Vega earns
FP(FS + ci _ b) �xed.

(b _ L)(FP)

(ci)(FP)

(interest payments)

Telltale
Systems

Inc.

Vega
Analytics

Clearly if b is set below FS + ci, then the overall cash flow is positive. Vega can potentially 
do this because of the credit risk it assumes. Vega sets b but cannot set FS, and ci is based on 
both the level of market interest rates and the credit risk of Telltale. The lower Vega sets b, 
the larger its cash flow from the overall transactions. But one major consideration forces Vega 
to limit how low it sets b: The lower it sets b, the less attractive the note will be to potential 
investors.

Remember that the inverse floater pays b − L. When L reaches the level of b, the interest 
rate on the inverse floater is zero. If L rises above b, then the interest rate on the inverse floater 
becomes negative. A negative interest rate would imply that the lender (Metrics) pays interest 
to the borrower (Vega). Most lenders would find this result unacceptable, but the lower b is 
set, the more likely this outcome will occur. Thus, Vega will want to set b at a reasonably high 
level but below FS + ci.

Regardless of where Vega sets b, the possibility remains that L will exceed b. Metrics may 
have Vega guarantee that the interest rate on the floater will go no lower than 0%. To manage 
the risk associated with this guarantee, Vega will buy an interest rate cap. Let us see how all of 
this works with a numerical example.

Suppose the swap fixed rate, FS, is 6%, and ci, the rate on Telltale’s note, is 7%. Vega sets 
b at 12% and guarantees to Metrics that the interest rate will go no lower than zero. Then the 
inverse floater pays 12% − L. As long as Libor is below 12%, Vega’s cash flow is 6 + 7 − 12 = 
1%. Suppose L is 14%. Then Vega’s cash flows are

+7% from the Telltale note
0% to Metrics
+6% from Denman
14% to Denman
Net: outflow of 1%

Vega’s net cash flow is negative. To avoid this problem, Vega would buy an interest rate cap in 
which the underlying is Libor and the exercise rate is b. The cap would have a notional princi-
pal of FP and consist of individual caplets expiring on the dates on which the inverse floater 
rates are set. Thus, on a payment date, when L exceeds b, the inverse floater does not pay inter-
est, but the caplet expires in-the-money and pays L − b. Then the cash flows would be
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+7% from the Telltale note
0% to Metrics
+6% from Denman
14% to Denman
(14% − 12%) = 2% from the caplet
Net: inflow of 1%

Thus, Vega has restored its guaranteed cash inflow of 1%.
Of course, the premium on the cap would be an additional cost that Vega would pass on 

in the form of a lower rate paid to Metrics on the inverse floater. In other words, for Metrics 
to not have to worry about ever having a negative interest rate, it would have to accept a lower 
overall rate. Thus, b would be set a little lower.

Example 4

A company issues an inverse floating-rate note with a face value of $30 million and a 
coupon rate of 14% minus Libor. It uses the proceeds to buy a bond with a coupon rate 
of 8%.

A.	E xplain how the company would manage the risk of this position using a swap with 
a fixed rate of 7%, and calculate the overall cash flow given that Libor is less than 
14%.

B.	E xplain what would happen if Libor exceeds 14%. What could the company do to 
offset this problem?

Solution to A:  The company would enter into a swap in which it pays Libor and receives 
a fixed rate of 7% on notional principal of $30 million. The overall cash flows are as 
follows:

From the inverse floater − (0.14 − L)$30,000,000

From the bond it buys + (0.08)$30,000,000

From the swap

 F ixed payment + (0.07)$30,000,000

 F loating payment − (L)$30,000,000

Overall total + (0.01)$30,000,000

Solution to B: I f Libor is more than 14%, then the inverse floater payment of (0.14 − L) 
would be negative. The lender would then have to pay interest to the borrower (the com-
pany). For this reason, in most cases, an inverse floater has a floor at zero. In such a case, 
the total cash flow to this company would be (0 + 0.08 + 0.07 − L)$30,000,000. There 
would be zero total cash flow at L = 15%. But at an L higher than 15%, the otherwise 
positive cash flow to the company becomes negative.
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Interest rate swaps are special cases of currency swaps—cases in which the payments are 
made in different currencies. We now take a look at ways in which currency swaps are used.

3. S trategies and Applications for Managing  
Exchange Rate Risk

Currency swaps are designed for the purpose of managing exchange rate risk. They also play 
a role in managing interest rate risk, but only in cases in which exchange rate risk is present. 
In this section, we look at three situations in which exchange rate risk can be managed using 
currency swaps.

3.1.  Converting a Loan in One Currency into a Loan in Another Currency

Royal Technology Ltd. (ROTECH) is a British high-tech company that is currently planning 
an expansion of about £30 million into Europe. To implement this expansion, it requires fund-
ing in euros. The current exchange rate is €1.62/£, so the expansion will cost €48.6 million. 
ROTECH could issue a euro-denominated bond, but it is not as well known in the euro 
market as it is in the United Kingdom where, although not a top credit, its debt is rated invest-
ment grade. As an alternative, ROTECH could issue a pound-denominated bond and con-
vert it to a euro-denominated bond using a currency swap. Exhibit 4 illustrates how it could 
do this.

The transaction begins on 1 June. ROTECH will borrow for three years. It issues a 
bond for £30 million, receiving the proceeds from its bondholders. The bond carries an 
interest rate of 5% and will require annual interest payments each 1 June. ROTECH then 
enters into a currency swap with a dealer called Starling Bank (SB). It pays SB £30 mil-
lion and receives from SB €48.6 million. The terms of the swap call for ROTECH to pay 
interest to SB at a rate of 3.25% in euros and receive interest from SB at a rate of 4.5% in 
pounds. With the exchange of principals up front, ROTECH then has the euros it needs to 
proceed with its expansion. Panel A of Exhibit 4 illustrates the flow of funds at the start of 
the transaction.

The interest payments and swap payments, illustrated in Panel B, occur each year on 
1 June. The interest payments on the pound-denominated bond will be £30,000,000(0.05) 
= £1,500,000. The interest due to ROTECH from SB is £30,000,000(0.045) = £1,350,000. 
The interest ROTECH owes SB is €48,600,000(0.0325) = €1,579,500. The net effect is that 
ROTECH pays interest in euros. The interest received from the dealer, however, does not 
completely offset the interest it owes on its bond. ROTECH cannot borrow in pounds at the 
swap market fixed rate, because its credit rating is not as good as the rating implied in the Libor 

To offset this effect, the company would typically buy an interest rate cap with an 
exercise rate of 14%. The cap would have caplets that expire on the interest rate reset 
dates of the swap/loan and have a notional principal of $30 million. Then when L > 
0.14, the caplet would pay off L − 0.14 times the $30 million. This payoff would make 
up the difference. The price paid for the cap would be an additional cost.
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market term structure.14 The net effect is that ROTECH will pay additional interest of (0.05 
− 0.045)£30,000,000 = £150,000.

Panel C of Exhibit 4 shows the cash flows that occur at the end of the life of the swap and 
the maturity date of the bond. ROTECH receives the principal of £30 million from SB and 
pays it to its bondholders, discharging its liability. It then pays €48.6 million to SB to make 
the final principal payment on the swap.

Exhibit 4  Issuing a Pound-Denominated Bond and Using a Currency Swap to Convert to a 
Euro-Denominated Bond

ROTECH

ROTECH

ROTECH

ROTECH
bondholders

ROTECH
bondholders

ROTECH
bondholders

A. 1 June

B. Each 1 June for Three Years

C. 1 June Three Years Later

SB

SB

SB

£30,000,000

£30,000,000

€48,600,000

Net Effect: ROTECH
has the €48.6 million
to fund its expansion

Net Effect: ROTECH makes
interest payments in euros

plus payments of £150,000.

Net Effect: ROTECH pays
off its bondholders and

terminates its swap.

£30,000,000

€1,579,500 (at 3.25%)

£1,500,000 (at 5%)

£1,350,000 (at 4.5%)

€48,600,000

£30,000,000

14 Remember that swap fixed rates are determined in the Libor market. This market consists of high-
quality London banks, which borrow at an excellent rate. Hence, it is unlikely that ROTECH can borrow 
at as favorable a rate as these London banks.
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This type of transaction is an extremely common use of currency swaps. The advantage of 
borrowing this way rather than directly in another currency lies in the fact that the borrower 
can issue a bond or loan in the currency in which it is better known as a creditor. Then, by 
engaging in a swap with a bank with which it is familiar and probably already doing business, 
it can borrow in the foreign currency indirectly. For example, in this case, SB is probably a 
large multinational bank and is well known in foreign markets. But SB also has a longstand-
ing banking relationship with ROTECH. Consequently, SB can operate in foreign exchange 
markets, using its advantage, and pass that advantage on to ROTECH.15

Another reason this transaction is attractive for borrowers like ROTECH is that the com-
pany can lower its borrowing cost by assuming some credit risk. If ROTECH had issued debt 
in euros directly, it would face no credit risk.16 By engaging in the swap, however, ROTECH 
assumes the credit risk that SB will default on its swap payments. If SB defaults, ROTECH 
would still have to make its interest and principal payments to its bondholders. In exchange 
for accepting this risk, it is likely that ROTECH would get a better overall deal. Of course, 
the desired result would not be achieved if SB defaults. But ROTECH would not engage in 
the transaction if it thought there was much chance of default. Therefore, ROTECH acknowl-
edges and accepts some credit risk in return for expecting a better overall rate than if it issues 
euro-denominated debt.

Because it cannot borrow at the same rate as the fixed rate on the swap, ROTECH must 
pay £150,000 more in interest annually. Recall that the fixed rate on the swap is the rate that 
would be paid if a London bank issued a par bond. ROTECH, like most companies, would 
not be able to borrow at a rate that attractive. The £150,000 in interest that ROTECH pays 
can be viewed as a credit risk premium, which it would have to pay regardless of whether it 
borrowed directly in the euro market or indirectly through a swap.

In this transaction, the interest payments were made at a fixed rate. As we previously 
learned, a currency swap can be structured to have both sides pay fixed, both pay floating, or 
one pay fixed and the other floating. If ROTECH wanted to issue debt in euros at a floating 
rate, it could issue the bond at a fixed rate and structure the swap so that the dealer pays it 
pounds at a fixed rate and it pays the dealer euros at a floating rate. Alternatively, it could issue 
the pound-denominated bond at a floating rate and structure the swap so that the dealer pays it 
pounds at a floating rate and ROTECH pays euros at a floating rate.17 A currency swap party’s 
choice to pay a fixed or floating rate depends on its views about the direction of interest rate 
movements. Companies typically choose floating rates when they think interest rates are likely 
to fall. They choose fixed rates when they think interest rates are likely to rise.

It should also be noted that companies often choose a particular type of financing (fixed 
or floating) and then change their minds later by executing another swap. For example, sup-
pose ROTECH proceeds with this transaction as we illustrated it: paying a fixed rate on its 
pound-denominated bonds, receiving a fixed rate on the pound payments on its swap, and 
paying a fixed rate on its euro payments on the swap. Suppose that part of the way through the 
life of the swap, ROTECH thinks that euro interest rates are going down. If it wants to take 
action based on this view, it could enter into a plain vanilla interest rate swap in euros with SB 

16 Of course, ROTECH’s bondholders would face the credit risk that ROTECH could default.
17 It would not matter how ROTECH structured the payments on the pound-denominated bond. Either 
type of payment would be passed through with the currency swap, which would be structured to match 
that type of payment.

15 SB accepts the foreign exchange in the swap from ROTECH and almost surely passes on that risk by 
hedging its position with some other type of foreign exchange transaction.
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or some other dealer. It would promise to pay the counterparty interest in euros at a floating 
rate and receive interest in euros at a fixed rate. This transaction would shift the euro interest 
obligation to floating.

Exhibit 5 illustrates this example. Of course, this transaction is speculative, based as it is 
on a perception of likely interest rate movements. Moreover, the fixed payments would not 
offset due to different interest rates.

Exhibit 5  Reversing a Prior Swap to Change from a Fixed-Rate to an Overall Floating-Rate Status

(interest payments)

SB (or
€�xed

£ at 5% �xed

ROTECH

ROTECH
Net Effect: ROTECH is
effectively paying a
�oating rate on its debt.bondholders

3.25% in € 

4.5% in £ SB€�oatinganother
dealer)

One important way in which currency swaps differ from interest rate swaps is that cur-
rency swaps involve the payment of notional principal. However, not all currency swaps in-
volve the payment of notional principal. In transactions such as the ROTECH swap with SB 
described here, the payment of notional principal is important. The notional principal pay-
ment is required, because it offsets the principal on the bond that ROTECH issued in pounds. 
In the next section, we look at a currency swap in which the notional principal is not paid.

Example 5

A Japanese company issues a bond with face value of ¥1.2 billion and a coupon rate of 
5.25%. It decides to use a swap to convert this bond into a euro-denominated bond. The 
current exchange rate is ¥120/€. The fixed rate on euro-denominated swaps is 6%, and 
the fixed rate on yen-denominated swaps is 5%. All payments will be made annually, so 
there is no adjustment such as Days/360.

A.	 Describe the terms of the swap and identify the cash flows at the start.
B.	I dentify all interest cash flows at each interest payment date.
C.	I dentify all principal cash flows at the maturity of the bond.

Solution to A:  The company will enter into a swap with notional principal of 
¥1,200,000,000/(¥120/€1) = €10,000,000. The swap will involve an exchange of 
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3.2.  Converting Foreign Cash Receipts into Domestic Currency

Companies with foreign subsidiaries regularly generate cash in foreign currencies. Some com-
panies repatriate that cash back into their domestic currency on a regular basis. If these cash 
flows are predictable in quantity, the rate at which they are converted can be locked in using 
a currency swap.

Colorama Software (COLS) is a US company that writes software for digital imaging. So 
far it has expanded internationally only into the Japanese market, where it generates a net cash 
flow of about ¥1.2 billion a year. It converts this cash flow into US dollars four times a year, 
with conversions taking place on the last day of March, June, September, and December. The 
amounts converted are equal to ¥300 million at each conversion.

COLS would like to lock in its conversion rate for several years, but it does not feel confi-
dent in predicting the amount it will convert beyond one year. Thus, it feels it can commit to 
only a one-year transaction to lock in the conversion rate. It engages in a currency swap with 
a dealer bank called US Multinational Bank (USMULT) in which COLS will make fixed pay-
ments in Japanese yen and receive fixed payments in US dollars. The current spot exchange rate 
is ¥132/$, which is $0.00757576/¥, or $0.757576 per 100 yen.

notional principals at the beginning and end. The annual cash flows will involve paying 
euros and receiving yen. The following cash flows occur at the start:

From issuance of yen bond + ¥1,200,000,000

From swap − ¥1,200,000,000

+ €10,000,000

Net + €10,000,000

Solution to B:  The following cash flows occur at the annual interest payment dates:

Interest payments on bond (¥1,200,000,000)(0.0525) = − ¥63,000,000

Swap payments

  Yen + (¥1,200,000,000)(0.05) = + ¥60,000,000

 E uro   − (€10,000,000)(0.06) = − €600,000

Net     − ¥3,000,000 − €600,000

Solution to C:  The following cash flows occur at the end of the life of the swap:

Principal repayment on bond − ¥1,200,000,000

Swap principal payments

  Yen + ¥1,200,000,000

 E uro − €10,000,000

Net − €10,000,000
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The fixed rate on plain vanilla swaps in Japan is 6%, and the fixed rate on plain va-
nilla swaps in the United States is 6.8%. To create a swap that will involve the exchange 
of ¥300 million per quarter into US dollars would require a Japanese notional principal of 
¥300,000,000/(0.06/4) = ¥20,000,000,000, which is equivalent to a US dollar notional prin-
cipal of ¥20,000,000,000/¥132 = $151,515,152.18

Thus, COLS engages in a swap for ¥20 billion in which it will pay 6% on a quarterly 
basis, or 1.5% per quarter in Japanese yen, and receive 6.8% on a quarterly basis, or 1.7% on 
$151,515,152. There is no initial or final exchange of notional principals. The cash flows in 
the swap are illustrated in Exhibit 6.

Exhibit 6  Converting a Series of Foreign Cash Flows into Domestic Currency Using a  
Currency Swap

Last day of March, June, September,
and December for one year

$151,515,152 (0.068/4) = $2,575,758

COLS USMULT

COLS
Japanese

operations

Net Effect:COLS converts its
quarterly ¥300 million into
about $2.6 million at a �xed rate.

¥20 billion (0.06/4) = ¥300 million

¥300 million

COLS pays USMULT ¥20,000,000,000(0.06/4) = ¥300,000,000 quarterly on the swap. 
This amount corresponds to the cash flow it generates on its Japanese operations. It then receives 
6.8% on a dollar notional principal of $151,515,152 for a total of $151,515,152(0.068/4) = 
$2,575,758. So the swap effectively locks in the conversion of its quarterly yen cash flows for 
one year.

COLS does face some risk in this transaction. Besides the credit risk of the swap counter-
party defaulting, COLS faces the risk that its operations will not generate at least ¥300 million. 
Of course, COLS’ operations could generate more than ¥300 million, but that would mean 
only that some of its cash flows would not convert at a locked-in rate. If its operations do not 
generate at least ¥300 million, COLS still must pay ¥300 million to the swap counterparty.

Currency swaps can be used for purposes other than managing conversion risks. These 
swaps are also used by dealers to create synthetic strategies that allow them to offer new instru-
ments or hedge existing instruments. In the next section, we look at how currency swaps can 
be used to synthesize an instrument called a dual-currency bond.

18 A currency swap at 6% with quarterly payments and a notional principal of ¥20 billion would require 
payments of (¥20,000,000,000)(0.06/4) = ¥300,000,000 per quarter.
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3.3. U sing Currency Swaps to Create and Manage the Risk of a Dual-Currency Bond

A financial innovation in recent years is the dual-currency bond, on which the interest is paid 
in one currency and the principal is paid in another. Such a bond can be useful to a multi-
national company that might generate sufficient cash in a foreign currency to pay interest 
but not enough to pay the principal, which it thus might want to pay in its home currency. 
Dual-currency bonds can be shown to be equivalent to issuing an ordinary bond in one cur-
rency and combining it with a currency swap that has no principal payments. Consider the 
following transactions:

•	 Issue a bond in dollars.
•	 Engage in a currency swap with no principal payments. The swap will require the company 

to pay interest in the foreign currency and receive interest in dollars.

Because the company issued the bond in dollars, it will make interest payments in dollars. 
The currency swap, however, will result in the company receiving interest in dollars to offset 

Example 6

A Canadian corporation with a French subsidiary generates cash flows of €10 million a 
year. It wants to use a currency swap to lock in the rate at which it converts to Canadian 
dollars. The current exchange rate is C$0.825/€. The fixed rate on a currency swap in 
euros is 4%, and the fixed rate on a currency swap in Canadian dollars is 5%.

A.	 Determine the notional principals in euros and Canadian dollars for a swap with 
annual payments that will achieve the corporation’s objective.

B.	 Determine the overall periodic cash flow from the subsidiary operations and the swap.

Solution to A: W ith the euro fixed rate at 4%, the euro notional principal should be

=
€10,000,000

0.04
€250,000,000

The equivalent Canadian dollar notional principal would be €250,000,000 × 
C$0.825 = C$206,250,000.

Solution to B:  The cash flows will be as follows:

From subsidiary operations €10,000,000

Swap euro payment −0.04(€250,000,000) = −€10,000,000

Swap Canadian dollar payment 0.05(C$206,250,000) = C$10,312,500

The net effect is that the €10 million converts to C$10,312,500. 
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the interest paid on the dollar-denominated bond and making interest payments on the cur-
rency swap in the foreign currency.19 Effectively, the company will make interest payments in 
the foreign currency. At the maturity date of the bond and swap, the company will pay off the 
dollar-denominated bond, and there will be no payments on the swap.

Of course, this example illustrates the synthetic creation of a dual-currency bond. Alter-
natively, a company can create the dual-currency bond directly by issuing a bond in which it 
promises to pay the principal in one currency and the interest in another. Then, it might con-
sider offsetting the dual-currency bond by synthetically creating the opposite position. The com-
pany is short a dual-currency bond. A synthetic dual-currency bond can be created through the 
purchase of a domestic bond and a currency swap. If the synthetic dual-currency bond is cheaper 
than the actual dual-currency bond, the company can profit by offsetting the short position in 
the actual bond by a long position in the synthetic bond. Let us see how this strategy can be 
implemented using a trading firm that finds an opportunity to earn an arbitrage profit doing so.

Trans Mutual Arbitrage (TMARB) is such a firm. It has a major client, Omega Construc-
tion (OGCONS), that would like to purchase a five-year dual-currency bond. The bond will 
have a face value of $10 million and an equivalent face value in euros of €12.5 million.20 The 
bond will pay interest in euros at a rate of 4.5%. TMARB sees an opportunity to issue the 
bond, take the proceeds, and buy a 5.25% (coupon rate) US dollar-denominated bond issued 
by an insurance company called Kappa Insurance Co. (KINSCO). TMARB will also engage 
in a currency swap with dealer American Trading Bank (ATB) in which TMARB will receive 
interest payments in euros at a rate of 4.5% on notional principal of €12.5 million and pay 
interest at a rate of 5.0% on notional principal of $10 million.21 The swap does not involve 
the payment of notional principals. The swap and bond begin on 15 May and involve annual 
payments every 15 May for five years.

Exhibit 7 illustrates the structure of this swap. In Panel A, we see the initial cash flows. 
TMARB receives $10 million from OGCONS for the issuance of the dual-currency bond. 
It then takes the $10 million and buys a $10 million dollar-denominated bond issued by 
KINSCO. There are no initial cash flows on the currency swap.

Panel B shows the annual cash flows, which occur on 15 May for five years. TMARB 
pays interest of €12,500,000(0.045) = €562,500 to OGCONS on the dual-currency bond. It 
receives interest of an equivalent amount from ATB on the currency swap. It pays interest of 
$10,000,000(0.05) = $500,000 on the currency swap and receives interest of $10,000,000 × 
0.0525 = $525,000 from KINSCO on the dollar-denominated bond. TMARB’s euro interest 
payments are fully covered, and it nets a gain from its dollar interest payments. This opportu-
nity resulted because TMARB found a synthetic way to issue a bond at 5.00% and buy one 
paying 5.25%. Of course, TMARB will be accepting some credit risk, from both the swap 
dealer and KINSCO, and its gain may reflect only this credit risk.

Panel C provides the final payments. TMARB pays off OGCONS its $10 million obli-
gation on the dual-currency bond and receives $10 million from KINSCO on the dollar-de-
nominated bond. There are no payments on the swap.

The end result is that TMARB issued a dual-currency bond and offset it with an ordinary 
dollar-denominated bond and a currency swap with no principal payments. TMARB earned a 
profit, which may be compensation for the credit risk taken.

19 It does not matter if the dollar bond has fixed- or floating-rate interest. The currency swap would be 
structured to have the same type of interest to offset.
20 The current exchange rate must, therefore, be $0.80/€.
21 We have made the fixed rate on the bond the same as the euro fixed rate on the swap for convenience. In 
practice, there probably would be a spread between the two rates, but the size of the spread would be fixed.
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Exhibit 7  Issuing a Dual-Currency Bond and Managing the Risk with an Ordinary Bond and a 
Currency Swap

A. 15 May

B. Each 15 May for Five Years

C. 15 May Five Years Later

$0 (no cash �ow)

$0 (no cash �ow)

$0 (no cash �ow)

TMARB

OGCONS
(holder of dual-
currency bond)

KINSCO

Net Effect: TMARB issues dual-
currency bond in dollars, uses
funds to buy dollar-denominated
bond, and enters into currency swap
with no notional principal payments.

Net Effect: TMARB pays off dual-
currency bond in dollars and receives
payment of principal on dollar-
denominated bond in dollars. No
principal payments on swap.

Net Effect: TMARB pays interest in
euros on dual-currency bond, receives
interast in euros and pays interest in
dollars on currency swap, and receives
interest in dollars in dollar-denominated
bond. The euro payments are covered, and
there is a net gain on the dollar payments.

TMARB

TMARB

 €12,500,000(0.045) = €562,500

ATB

ATB

(issuer of dollar-
denominated bond)

ATB
(swap dealer)$0 (no cash �ow)

$10,000,000

$10,000,000

$10,000,000

$10,000,000

 €12,500,000(0.045)
= €562,500

OGCONS

OGCONS

KINSCO

KINSCO

$10,000,000(0.05) = $500,000

$10,000,000(0.0525) = $525,000
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In the next section, we look at swap strategies in the management of equity market risk.

4. S trategies and Applications for Managing Equity 
Market Risk

Equity portfolio managers often want to realign the risk of their portfolios. Swaps can be used 
for this purpose. In the reading on risk management applications of forward and futures strat-
egies, we covered equity swaps, which are swaps in which at least one set of payments is tied to 
the price of a stock or stock index. Equity swaps are ideal for use by equity managers to make 
changes to portfolios by synthetically buying and selling stock without making any trades in 
the actual stock. Of course, equity swaps have a defined expiration date and thus achieve their 
results only temporarily. To continue managing equity market risk, a swap would need to be 
renewed periodically and would be subject to whatever new conditions exist in the market on 
the renewal date.

4.1.  Diversifying a Concentrated Portfolio

Diversification is one of the most important principles of sound investing. Some portfolios, 
however, are not very diversified. A failure to diversify can be due to investor ignorance or in-
attention, or it can arise through no fault of the investor. For example, a single large donation 

Example 7

From the perspective of the issuer, construct a synthetic dual-currency bond in which 
the principal is paid in US dollars and the interest is paid in Swiss francs. The face value 
will be $20 million, and the interest rate will be 5% in Swiss francs. The exchange rate 
is $0.80/SF. Assume that the appropriate interest rate for a $20 million bond in dollars 
is 5.5%. The appropriate fixed rates on a currency swap are 5.5% in dollars and 5.0% 
in Swiss francs.

Solution: I ssue a $20 million bond in dollars, paying interest at 5.5%. Enter into a cur-
rency swap on $20 million, equivalent to SF25 million. The currency swap will involve 
the receipt of dollar interest at 5.5% and payment of Swiss franc interest at 5.0%. You 
will receive $20 million at the start and pay back $20 million at maturity. The annual 
cash flows will be as follows:

On dollar bond issued: − 0.055($20,000,000) =  − $1,100,000

On swap:

  Dollars + 0.055($20,000,000) =  + $1,100,000

 S wiss francs − 0.05(SF25,000,000) =  − SF1,250,000

Net − SF1,250,000
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to a charitable organization can result in a high degree of concentration of an endowment 
portfolio. The recipient could be constrained or at least feel constrained from selling the stock. 
Equity swaps can be used to achieve diversification without selling the stock, as we shall see in 
the following example.

Commonwealth Foundation (CWF) is a charitable organization with an endowment of 
$50 million invested in diversified stock. Recently, Samuel Zykes, a wealthy member of the 
community, died and left CWF a large donation of stock in a company he founded called 
Zykes Technology (ZYKT). The stock is currently worth $30 million. The overall endowment 
value is now at $80 million, but the portfolio is highly undiversified, with more than a third of 
its value concentrated in one stock. CWF has considered selling the stock, but its development 
director believes that the Zykes family will possibly give more money to the foundation at a 
later date. If CWF sells the stock, the Zykes family may get the impression that the foundation 
does not want or appreciate the gift. Therefore, the foundation has concluded that it must hold 
onto the stock. The prospects for very limited growth in the portfolio through other sources, 
combined with the desire to attract further donations from the Zykes family, lead CWF to 
conclude that it cannot diversify the portfolio by traditional means anytime soon.

CWF’s bank suggests that it consult with a swap dealer called Capital Swaps (CAPS). 
CAPS recommends an equity swap in which CWF would pay CAPS the return on the 
$30 million of ZYKT stock, while CAPS would pay CWF the return on $30 million of the 
S&P 500 Index, considered by all parties to be an acceptable proxy for a diversified portfolio. 
The payments will be made quarterly. CAPS mentions that technically the transaction would 
need an ending date. Anticipating the possibility of another transaction of this sort pending 
further donations by the Zykes family in about five years, the parties agree to set the maturity 
date of the swap at five years. The transaction entails no exchange of notional principal at the 
start or at the end of the life of the swap. Thus, CWF will maintain possession of the stock, 
including the voting rights. Exhibit 8 illustrates the structure of the transaction.

Exhibit 8  Diversifying a Concentrated Portfolio

(quarterly for �ve years)

Return on $30 million of S&P 500

Return on $30 million of ZYKT stock
CWF

Return on $30

Net Effect: CWF passes through 
the return on ZYKT and receives
the return on the S&P 500,
effectively exchanging $30 million
of ZYKT stock for $30 million of
the S&P 500 without selling the stock.

million of 
ZYKT stock

ZYKT 

CAPS

stock

So, CWF passes through the return on $30 million of ZYKT stock and receives the return 
on the S&P 500. Both parties, however, must keep in mind a number of considerations. One 
is that a cash flow problem could arise for CWF, which must make cash payments each quar-
ter equal to the return on the ZYKT stock. Though CWF will receive cash payments equal 
to the return on the S&P 500, CWF will have a net cash outflow if ZYKT outperforms the  
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S&P 500. In fact, it is quite possible that in some quarters, ZYKT will have a positive total 
return, necessitating a cash obligation, and the S&P 500 will have a negative total return. In 
that case, the cash payment that CAPS would ordinarily make to CWF for the S&P 500 return 
would actually be reversed: CWF would owe CAPS for the S&P 500. In short, CWF would 
owe on both legs of the swap. This possibility could pose a significant cash flow problem and 
might necessitate the actual sale of some ZYKT stock. The position would then be imbalanced 
because CWF would own less than $30 million of ZYKT stock but still owe payments on $30 
million of ZYKT stock. Cash flow management can be a major difficulty in equity swaps.

Example 8

The manager of a charitable foundation’s $50 million stock portfolio is concerned about 
the portfolio’s heavy concentration in one stock, Noble Petroleum (NBP). Specifically, 
the fund has $20 million of this stock as a result of a recent donation to the fund. She 
is considering using an equity swap to reduce the exposure to NBP and allow the fund 
to invest indirectly in the Wilshire 5000 Index. The stock is currently selling for $20 a 
share, and the fund owns 1 million shares. The manager is not quite ready to reduce all of 
the fund’s exposure to NBP, so she decides to synthetically sell off one-quarter of the po-
sition. Explain how she would do this and identify some problems she might encounter.

Solution: T o reduce her exposure on one quarter of her NBP holdings, the manager 
would have the fund enter into a swap to sell the total return on $5 million of NBP 
stock, which is 250,000 shares. The fund will receive from the swap dealer the return on 
$5 million invested in the Wilshire 5000.

The swap may result in cash flow problems, however, because the fund must pay 
out the return on 250,000 shares of NBP stock but does not want to sell that stock. If 
the return received on $5 million invested in the Wilshire 5000 is significantly less than 
the return the fund pays, or if the return on the Wilshire is negative, the fund could 
have insufficient cash to make its payment. Then it might be forced to sell the stock, 
something it was trying to avoid in the first place.

Continuing with the example of ZYKT stock, what is the position of the dealer CAPS? It 
agrees to accept the return on ZYKT stock and pay the return on the S&P 500. This means it 
is long ZYKT and short the S&P 500. It is likely to hedge its position by buying the equivalent 
of the S&P 500 through either an index fund or an exchange-traded fund, and selling short 
ZYKT stock.22 In fact, its short sale of the ZYKT stock is analogous to CWF selling the stock. 
CAPS effectively sells the stock for CWF. Also, CAPS is not likely to be able to sell all of the 
ZYKT stock at one time so it will probably do so over a period of a few days. CAPS may also 
have a cash flow problem on occasion. If it owes more on the S&P 500 payment than is due it 
on the ZYKT payment, CAPS may have to liquidate some S&P 500 stock.23

22 Instead of buying or selling short stock, it could use any of a variety of derivative strategies in which it 
would benefit from a decrease in the price of ZYKT relative to the S&P 500.
23 To make matters worse, if the S&P goes up and ZYKT goes down, it will owe both sets of payments.
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In addition, to make a profit CAPS would probably either not pay quite the full return on 
the S&P 500 stock or require that CWF pay slightly more than the full return on the ZYKT 
stock.

We see that equity swaps can be used to diversify a concentrated portfolio. Next we turn 
to a situation in which equity swaps can be used to achieve diversification on an international 
scale.

4.2. A chieving International Diversification

The benefits of international diversification are well documented. The correlations between 
foreign markets and domestic markets generally lead to greater diversification and more ef-
ficient investing. Nonetheless, many investors have not taken the step of diversifying their 
portfolios across international boundaries. Here we shall take a look at a situation in which 
equity swaps can facilitate the transition from domestic to global diversification.

In this example, Underscore Retirement Management (USRM) is responsible for a $500 
million fund of retirement accounts in the United States. It has never diversified internation-
ally, investing all of its funds in US stock. Representing US large-, medium- and small-cap 
stocks, the Russell 3000 Index is the portfolio’s benchmark. USRM has decided that it needs 
to add non-US stocks to its portfolio. It would like to start by selling 10% of its US stock and 
putting the funds in non-US stock. Its advisor, American Global Bank (AGB), has suggested 
that an equity swap would be a better way to do this than to transact in the stock directly. AGB 
often deals in non-US stock and has subsidiaries and correspondent relationships in many 
countries to facilitate the transactions. It is capable of transacting in all stock at lower costs 
than its clients, and can pass on those savings through derivative transactions.

AGB suggests an equity swap with quarterly payments in which USRM would pay it 
the return on $50 million of the Russell 3000 Index. USRM would presumably generate this 
return from the portfolio it holds. AGB would, in turn, pay USRM the return on $50 million 
invested in the Morgan Stanley Capital International (MSCI) EAFE Index, which provides 
broad coverage of equity markets in Europe, Australasia, and the Far East. This transaction 
would result in USRM giving up some diversified domestic stock performance and receiving 
diversified international stock performance. Exhibit 9 illustrates the structure of the trans-
action.

Exhibit 9  Achieving International Diversification

(quarterly for �ve years)

Return on $50 million of Russell 3000

Return on $50 million of EAFE
USRM

Return on 
$50 million

Net Effect: USRM earns a return on
its domestic stock and passes through
a proxy for that return, the Russell
3000, receiving the return on a foreign
stock index, the EAFE.

AGB

Stock
Domestic
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USRM must also consider a number of additional factors. The points made in Section 4.1 
regarding the possibility of negative cash flow are highly relevant here as well, and we shall 
not repeat them. In addition, USRM’s domestic stock holding generates a return that will 
not match perfectly the return on the Russell 3000. This difference in returns, in which the 
performance of an index does not match the performance of a portfolio that is similar to the 
index, results in a tracking error. In an extreme case, the domestic stock may go down while 
the Russell index goes up, which could pose a serious cash flow problem for USRM. USRM 
may be able to quantify this problem and find that it can effectively manage it. Otherwise, 
this concern could be an important one for USRM to weigh against the benefits of doing this 
transaction, which are primarily the savings in transaction costs on the domestic side and on 
the foreign side. In addition, AGB has currency risk and market risk and passes on to USRM 
its costs of hedging that risk.

Example 9

A Canadian trust fund holds a portfolio of C$300 million of Canadian domestic 
stock. The manager would like to sell off C$100 million and invest the funds in a 
pan-European portfolio. The manager arranges to do so using an equity swap in which 
the domestic stock is represented by the Toronto 300 Composite and the European 
portfolio is represented by the Dow Jones Euro STOXX 50, an index of leading stocks 
in the eurozone. Explain how to structure such a swap, and describe how tracking error 
could potentially interfere with the success of the transaction.

Solution:  The swap would specify the following transactions on a periodic basis for a 
specific number of years:

•	 receive return on DJ Euro STOXX 50,
•	 pay return on Toronto 300.

Tracking error here is the failure of the derivative cash flow to match precisely the 
cash flow from the underlying portfolio. In this case, tracking error means that the return 
actually earned on the domestic portfolio is not likely to perfectly match the Toronto 
300 return. These returns are supposed to offset, but they are not likely to do so, certainly 
not with perfection. The return received on the DJ Euro STOXX 50 does not give rise to 
tracking error concerns. The index will simply represent the return on the investment in 
European stocks. If an actual investment in European stocks were made, it would likely 
differ from this return.

We see in this example that a company can use an equity swap to change its asset allocation. 
Indeed, an asset allocation change is the major use of equity swaps. In the next section, we 
shall see a company use equity swaps, combined with a similar swap based on a fixed-income 
instrument, to implement an asset allocation change. This fixed-income swap will be a slightly 
new and different instrument from what we have already seen.
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4.3.  Changing an Asset Allocation between Stocks and Bonds

Consider an investment management firm called Tactical Money Management (TMM). It 
is interested in changing the asset allocation on a $200 million segment of its portfolio. This 
money is invested 75% in domestic stock and 25% in US government and corporate bonds. 
Within the stock sector, the funds are invested 60% in large cap, 30% in mid cap, and 10% 
in small cap. Within the bond sector, the funds are invested 80% in US government and 20% 
in investment-grade corporate bonds. TMM would like to change the overall allocation to 
90% stock and 10% bonds. Within each class, TMM would also like to make some changes. 
Specifically, TMM would like to change the stock allocation to 65% large cap and 25% mid 
cap, leaving the small-cap allocation at 10%. It would like to change the bond allocation to 
75% US government and 25% investment-grade corporate. TMM knows that these changes 
would entail a considerable amount of trading in stocks and bonds. Below we show the current 
position, the desired new position, and the necessary transactions to get from the current 
position to the new position:

Stock
Current 

($150 Million, 75%)
New 

($180 Million, 90%) Transaction

Large cap $90 million (60%) $117 million (65%) Buy $27 million

Mid cap $45 million (30%) $45 million (25%) None

Small cap $15 million (10%) $18 million (10%) Buy $3 million

Bonds
Current  

($50 Million, 25%)
New  

($20 Million, 10%) Transaction

Government $40 million (80%) $15 million (75%) Sell $25 million

Corporate $10 million (20%) $5 million (25%) Sell $5 million

TMM decides it can execute a series of swaps that would enable it to change its position 
temporarily, but more easily and less expensively than by executing the transactions in stock 
and bonds. It engages a dealer, Dynamic Derivatives Inc. (DYDINC), to perform the swaps. 
The return on the large-cap sector is represented by the return on $27 million invested in the 
S&P 500 (SP500) Index. Note that the mid-cap exposure of $45 million does not change, so 
we do not need to incorporate a mid-cap index into the swap. The return on the small-cap 
sector is represented by the return on $3 million invested in the S&P Small Cap 600 Index 
(SPSC). The return on the government bond sector is represented by the return on $25 million 
invested in the Lehman Long Treasury Bond Index (LLTB), and the return on the corporate 
bond sector is represented by the return on $5 million invested in the Merrill Lynch Corporate 
Bond Index (MLCB). Note that for the overall fixed-income sector, TMM will be reducing 
its exposure.

TMM must decide the frequency of payments and the length of the swap. Equity swap 
payments tend to be set at quarterly intervals. Fixed-income payments in the form of coupon 
interest tend to occur semiannually. TMM could arrange for quarterly equity swap payments 
and semiannual fixed-income swap payments. It decides, however, to structure the swap to 
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have all payments occur on the same dates six months apart. The length of the swap should 
correspond to the period during which the firm wants this new allocation to hold. TMM de-
cides on one year. Should it wish to extend this period, TMM would need to renegotiate the 
swap at expiration. Likewise, TMM could decide to unwind the position prior to one year, 
which it could do by executing a new swap with opposite payments for the remainder of the 
life of the original swap.

The equity swaps in this example involve receiving payments tied to the SP500 and the 
SPSC and making either fixed payments or floating payments tied to Libor. Let us start by 
assuming that the equity swap payments will be paired with Libor-based floating payments. 
For the fixed-income payments, however, TMM needs a slightly different type of swap—
specifically, a fixed-income swap. This instrument is exactly like an equity swap, but instead of 
the payment being tied to a stock or stock index, it is tied to a bond or bond index. This type 
of swap is not the same as an interest rate swap, which involves payments tied to a floating rate 
such as Libor. Fixed-income swaps, like equity swaps, require the payment of the total return 
on a bond or bond index against some other index, such as Libor. They are very similar to 
equity swaps in many respects: The total return is not known until the end of the settlement 
period, and because the capital gain can be negative, it is possible for the overall payment to 
be negative. In contrast to equity swaps, however, fixed-income swaps are more dominated by 
the fixed payment of interest. For equities, the dividends are small, not fixed, and do not tend 
to dominate capital gains. Other than the amounts paid, however, fixed-income swaps are 
conceptually the same as equity swaps.24

The swaps are initially structured as follows:
Equity swaps

   Receive return on SP500 on $27 million

      Pay Libor on $27 million

   Receive return on SPSC on $3 million

      Pay Libor on $3 million

Fixed-income swaps

   Receive Libor on $25 million

      Pay return on LLTB on $25 million

   Receive Libor on $5 million

      Pay return on MLCB on $5 million

Note that the overall position involves no Libor payments. TMM pays Libor on $27 mil-
lion and on $3 million from its equity swaps, and it receives Libor on $25 million and on 
$5 million from the fixed-income swaps. Therefore, the Libor payments can be eliminated. 
Furthermore, the equity and fixed-income swaps can be combined into a single swap with the 
following payments:

Receive return on SP500 on $27 million

Receive return on SPSC on $3 million

   Pay return on LLTB on $25 million

   Pay return on MLCB on $5 million

24 Fixed-income swaps, when referred to as total return swaps, are a form of a credit derivative.
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This combined equity/fixed-income swap is a single transaction that accomplishes TMM’s 
objective. Exhibit 10 illustrates the overall transaction.

Exhibit 10  Changing an Asset Allocation

TMM

$150 million domestic stock
and $50 million US

government and
corporate bonds

Return on
$150 million
of domestic

stock

Return on $50
million of US
government
and corporate
bonds

(semiannually for one year)

Return on $27 million of SP500

Return on $3 million of SPSC

Return on $25 million of LLTB

Return on $5 million of MLCB

DYDINC

Net Effect: TMM has effectively
changed its asset allocation from 75%
stock and 25% bonds to 90% stock and
10% bonds. Within each asset class,
its allocations have further changed to
desired levels.

Of course, this transaction will not completely achieve TMM’s goals. The performance of 
the various sectors of its equity and fixed-income portfolios are not likely to match perfectly the 
indices on which the swap payments are based. This problem is what we referred to previously 
as tracking error. In addition, TMM could encounter a cash flow problem if its fixed-income 
payments exceed its equity receipts and its portfolio does not generate enough cash to fund its 
net obligation. The actual stock and bond portfolio will generate cash only from dividends and 
interest. The capital gains on the stock and bond portfolio will not be received in cash unless 
a portion of the portfolio is liquidated. But avoiding liquidation of the portfolio is the very 
reason that TMM wants to use swaps.25

25 Even worse would be if its fixed-income payments were positive and its equity receipts were negative.

Example 10

A $30 million investment account of a bank trust fund is allocated one-third to stocks 
and two-thirds to bonds. The portfolio manager wants to change the overall allocation 
to 50% stock and 50% bonds, and the allocation within the stock fund from 70% 
domestic stock and 30% foreign stock to 60% domestic and 40% foreign. The bond 
allocation will remain entirely invested in domestic corporate issues. Explain how an 
equity swap could be used to implement this adjustment. You do not need to refer to 
specific stock indices.
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So far we have seen that an equity swap can be used to reduce or increase exposure to a 
stock or stock index. One type of investor that is highly exposed to the performance of a single 
stock is a corporate insider. In the following section, we examine a swap strategy that has been 
increasingly used in recent years to reduce such exposure.

4.4. R educing Insider Exposure

Michael Spelling is the founder and sole owner of a US-based company called Spelling 
Software and Technology (SPST). After founding the company about 10 years ago, Spelling 
took it public 2 years ago and retains significant ownership in the form of 10,200,000 shares, 
currently valued at $35 a share, for a total value of $357 million, which represents about 10% 
of the company. Spelling wants to retain this degree of control of the company, so he does not 
wish to sell any of his shares. He is concerned, however, that his personal wealth is nearly 100% 
exposed to the fortunes of a single company.

A swap dealer called Swap Solutions Inc. (SSI) approaches Spelling about a strategy 
that it has been using lately with much success. This transaction involves an equity swap 
whereby Spelling would pay the dealer the return on some of his shares in SPST and receive 
a diversified portfolio return. Spelling finds the idea intriguing and begins thinking about 
how he would like to structure the arrangement. He decides to initially base the transac-
tion on 500,000 shares of stock, about 4.9% of his ownership. If he is satisfied with how 
the strategy works, he may later increase his commitment to the swap. At $35 a share, this 
transaction has an exposure of $17.5 million. Specifically, Spelling will pay the total return 
on 500,000 shares of SPST stock and receive a diversified portfolio return on $17.5 million. 
He decides to split the diversified return into 80% stock and 20% bonds. The former will be 
represented by the return on $14.0 million invested in the Russell 3000, and the latter will 
be represented by the return on $3.5 million invested in the Lehman Brothers Government 
Bond Index (LGB). The payments will occur quarterly for two years, at which time Spelling 
will re-evaluate his position and may choose to extend the swap, terminate it, or change the 
allocation or other terms.

Exhibit 11 illustrates the structure of the swap. Spelling achieves his objectives, but he 
must consider some important issues in addition to the cash flow problem we have already 
mentioned. One is that under US law, this transaction is considered an insider sale and must be 
reported to the regulatory authorities. Thus, there is some additional paperwork. Shareholders 

Solution:  Currently the allocation is $10 million stock and $20 million bonds. Within 
the stock category, the current allocation is $7 million domestic and $3 million foreign. 
The desired allocation is $15 million stock and $15 million bonds. Thus, the allocation 
must change by moving $5 million into stock and out of bonds. The desired stock al-
location is $9 million domestic and $6 million foreign. The desired bond allocation is 
$15 million, all domestic corporate.

To make the change with a swap, the manager must enter into a swap to receive the 
return on $5 million based on a domestic equity index and pay the return on $5 million 
based on a domestic corporate bond index. The $5 million return based on a domestic 
equity index should be allocated such that $2 million is based on domestic stock and 
$3 million is based on foreign stock.
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and potential investors may consider the sale a signal of bad prospects for the company. US tax 
laws also require that the synthetic sale of securities through equity swaps forces a termination 
of the holding period on the stock. Hence, this transaction has no tax advantages. Spelling will 
also want to consider the fact that he has sold off some of his exposure but retains control. 
Shareholders will surely resent the fact that Spelling controls 500,000 votes but does not have 
any exposure to this stock.26 Of course, he still retains exposure to 9.7 million shares.

Exhibit 11  Reducing Insider Exposure

Michael
Spelling

SSI

10,200,000 shares
(currently $357 million)

of SPST stock

Net Effect: Spelling has effectively sold his
exposure on 500,000 SPST shares, receiving
a return of 80% stock, 20% bonds on an
equivalent amount. Spelling still owns the
shares and retains voting rights.

Return on 500,000
shares (currently
$17.5 million) of
SPST stock

(quarterly for two years)

Return on $14 million of Russel 3000

Return on $3.5 million of LGB

Return on 500,000 shares of SPST

26 An interesting question in this regard is whether the shareholders would actually know that the execu-
tive had done such a transaction. Careful research is required to identify that executives have made these 
transactions.

Example 11

The CEO of a corporation owns 100 million shares of his company’s stock, which is 
currently priced at €30 a share. Given the tremendous exposure of his personal wealth 
to this one company, he has decided to sell 10% of his position and invest the funds in 
a floating interest rate instrument. A derivatives dealer suggests that he do so using an 
equity swap. Explain how to structure such a swap.

Solution:  The swap is structured so that the executive pays the return on 10 mil-
lion shares, which is 10% of his holdings, of the company’s stock and receives the 
return based on a floating interest rate, such as Libor, on a notional principal of  
€300 million.
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Equity swaps of this sort can be a significant concern for financial analysts. Their possible 
use makes it difficult to determine if executives have the full exposure represented by the num-
ber of shares they own.

Equity swaps involving executives can also have significant agency cost implications. A 
company incurs agency costs when an executive does not act on behalf of shareholders. Consider 
the extreme case of an executive who owns more than 50% of a company but who reduces her 
equity exposure to zero with equity swaps. The executive retains full control of the company, 
although she has eliminated her equity exposure. This action could entail significant costs to out-
side shareholders, as the executive does not bear any of the costs of actions or expenditures that 
increase her personal welfare at the expense of the company. Of course, executives are unlikely 
to sell off all of their exposure, but the elimination of any exposure on shares still retained for 
control purposes raises significant questions about whether an executive would act in the best in-
terests of the shareholders. The executive’s incentive to perform well would certainly be reduced.

In Sections 2, 3, and 4, we examined the use of interest rate swaps, currency swaps, and 
equity swaps for managing risk. In the following section, we examine strategies involving the 
use of swaptions to manage risk.

5. S trategies and Applications Using Swaptions

A swaption is an option to enter into a swap. Although there are swaptions to enter into equity, 
currency, and commodity swaps, we will focus exclusively on swaptions to enter into interest 
rate swaps, which is by far the largest swaptions market. Let us briefly review swaptions.

First, recall that there are two types of swaptions, payer swaptions and receiver swaptions, 
which are analogous to puts and calls. A payer swaption is an option that allows the holder to 
enter into a swap as the fixed-rate payer, floating-rate receiver. A receiver swaption is an option 
that allows the holder to enter into a swap as the fixed-rate receiver, floating-rate payer. In both 
cases, the fixed rate is specified when the option starts. The buyer of a swaption pays a premium 
at the start of the contract and receives the right to enter into a swap. The counterparty is the 
seller of the swaption. The seller receives the premium at the start and grants the right to enter 
into the swap at the specified fixed rate to the buyer of the swaption. A swaption can be Euro-
pean style or American style, meaning that it can be exercised only at expiration (European) or 
at any time prior to expiration (American). We shall illustrate applications of both.

A swaption is based on an underlying swap. The underlying swap has a specific set of terms: the 
notional principal, the underlying interest rate, the time it expires, the specific dates on which the 
payments will be made, and how the interest is calculated. All of the terms of the underlying swap 
must be specified. Although an ordinary option on an asset has an exercise price, a swaption is more 
like an interest rate option in that it has an exercise rate. The exercise rate is the fixed rate at which 
the holder can enter into the swap as either a fixed-rate payer or fixed-rate receiver. When a swap-
tion expires, the holder decides whether to exercise it based on the relationship of the then-current 
market rate on the underlying swap to the exercise rate on the swaption. A swaption can be exer-
cised either by actually entering into the swap or by having the seller pay the buyer an equivalent 
amount of cash. The method used is determined by the parties when the contract is created.

For example, suppose the underlying swap is a three-year swap with semiannual payments 
with Libor as the underlying floating rate. Consider a payer swaption, which allows entry 
into this swap as the fixed-rate payer, with an exercise rate of 7%. At expiration, let us say 
that three-year, semiannual-pay Libor swaps have a fixed rate of 7.25%. If the holder exercises 
the swaption, it enters a swap, agreeing to pay a fixed rate of 7% and receive a floating rate 
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of Libor. If the holder has another position for which it might want to maintain the swap, it 
might simply hold the swap in place. If the holder does not want to maintain the swap, it can 
enter into a swap in the market, specifying the opposite set of payments—it can pay Libor 
and receive the market fixed rate of 7.25%. If this swap is done with a different counterparty 
than the swaption seller, then the two sets of Libor payments are made but are equivalent in 
amount. Then the payer swaption holder finds itself with a stream of cash flows consisting of 
7% payments and 7.25% receipts, for a net overall position of an annuity of 0.25%, split into 
0.125% twice a year, for three years. If this swap at the market rate of 7.25% is done with the 
swaption seller, the two parties are likely to agree to offset the Libor payments and have the 
swaption seller pay the holder the stream of payments of 0.125% twice a year. If the parties 
settle the contract in cash, the swaption seller pays the swaption holder the present value of a 
series of six semiannual payments of 0.125%.

A swaption can also be viewed as an option on a coupon bond. Specifically, a payer swap-
tion with exercise rate x in which the underlying is a swap with notional principal P and 
maturity of N years at the swaption expiration is equivalent to an at-the-money put option 
in which the underlying is an N-year bond at expiration with a coupon of x%. Likewise, a 
receiver swaption is analogous to an at-the-money call option on a bond. These identities will 
be useful in understanding swaption strategies.

5.1. U sing an Interest Rate Swaption in Anticipation of a Future Borrowing

We have illustrated extensively the use of swaps to convert fixed-rate loans to floating-rate loans 
and vice versa. We now consider a situation in which a company anticipates taking out a loan 
at a future date. The company expects that the bank will require the loan to be at a floating rate, 
but the company would prefer a fixed rate. It will use a swap to convert the payment pattern 
of the loan. A swaption will give it the flexibility to enter into the swap at an attractive rate.

In this section, we will use the notation FS(1,3) for the fixed rate on a swap established at 
time 1 and ending at time 3.

Benelux Chemicals (BCHEM) is a Brussels-based industrial company that often 
takes out floating-rate loans. In the course of planning, BCHEM finds that it must borrow  
€10 million in one year at the floating rate of Euribor, the rate on euros in Frankfurt, from 
the Antwerp National Bank (ANB). The loan will require semiannual payments for two years. 
BCHEM knows that it will swap the loan into a fixed-rate loan, using the going rate for two-year 
Euribor-based swaps at the time the loan is taken out. BCHEM is concerned that interest rates will 
rise before it takes out the loan. DTD, a Rotterdam derivatives dealer, approaches BCHEM with 
the idea of doing a European-style swaption. Specifically, for a cash payment up front of €127,500, 
BCHEM can obtain the right to enter into the swap in one year as a fixed-rate payer at a rate of 
7%. BCHEM decides to go ahead with the deal; that is, it buys a 7% payer swaption.

Exhibit 12 illustrates this transaction. In Panel A, BCHEM pays DTD €127,500 in cash 
and receives the payer swaption. In Panel B, we examine what happens starting when the swap-
tion expires one year later. Note first that regardless of the outcome of the swaption, BCHEM 
will make floating interest payments of Euribor (180/360)€10 million on its loan.27 In Part (i) 
of Panel B, we assume that at expiration of the swaption, the rate in the market on the under-
lying swap, FS(1,3), is greater than the swaption exercise rate of 7%. In this case, the swaption 
is worth exercising.28 BCHEM enters into the swap with DTD, thereby making payments of 

27 Again, recall that being a floating rate, Euribor is set at the beginning of the settlement period, and the 
payment is made at the end of that period.
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0.07(180/360)€10 million and receiving payments of Euribor (180/360)€10 million.29 Both 
streams of floating payments at Euribor are made, but the payment from DTD exactly offsets 
the payment to ANB. BCHEM is left paying 7% fixed.

Exhibit 12  Using a Swaption in Anticipation of a Future Borrowing

BCHEM DTD

DTD

DTD

Euribor(180/360)€10,000,000

Euribor(180/360)€10,000,000

BCHEM

BCHEM

ANB
Net Effect: BCHEM
pays less than 7%
�xed on its loan.

ANB
Net Effect: BCHEM
pays 7% �xed on its
loan.

0.07(180/360)€10,000,000 = €350,000

FS(1,3)(180/360)€10,000,000
(<€350,000)

Euribor(180/360)€10,000,000

Euribor(180/360)€10,000,000

(i) Rate on swap in market FS(1,3) > 7%, swaption exercised

(ii) Rate on swap in market FS(1,3) ≤ 7%, swaption not exercised

€127,500

Net Effect: BCHEM pays €127,500 and receives
a European-style payer swaption expiring in one
year that enable it to enter into a two-year,
semiannual-pay €10 million swap to pay �xed
and receive Euribor.

A. Today

B. Starting One Year Later, Semiannually for Two Years

payer swaption

In Part (ii) of Panel B, at expiration of the swaption, the rate in the market on the under-
lying swap, FS(1,3), is less than or equal to the swaption exercise rate of 7%. The swaption, 
therefore, expires out-of-the-money. BCHEM still enters into a swap with DTD but does so 

28 To review, remember that at the swaption expiration in one year, which we denote as time 1, the un-
derlying swap is a two-year swap. If the fixed rate on a two-year swap is higher than the rate at which the 
swaption holder can pay to enter a two-year swap, the swaption is in-the-money. Its value at that point is 
the present value of a stream of payments equal to the difference between the market fixed rate and the 
exercise rate on the swaption.
29 The swap payments would, of course, be netted, but that fact does not affect the point we are making here.
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at the market rate of FS(1,3), which is less than 7% and the payments are less than €350,000. 
Of course, both sets of Euribor payments must be made on the loan.

Thus, BCHEM obtained the advantage of flexibility, the right to pay a fixed rate of 7% 
or less. Of course, this right does not come without a cost. BCHEM had to pay a premium of 
€127,500 for that right. Therefore, when the loan was taken out one year after the swaption 
was purchased, the €10 million received was effectively reduced by the €127,500 paid one 
year earlier plus one year’s interest. Whether this premium would be worth paying depends on 
whether the swaption is correctly priced.30 Whether this premium was worth it after the fact 
depends on how far the market rate ended above 7% at the time the loan was taken out.

30 The basic idea behind swaption pricing is that a model would be used to obtain a fair price for the 
swaption, to which the market price of €127,500 would be compared.

Example 12

A company plans to take out a $10 million floating-rate loan in two years. The loan will 
be for five years with annual payments at the rate of Libor. The company anticipates us-
ing a swap to convert the loan into a fixed-rate loan. It would like to purchase a swaption 
to give it the flexibility to enter into the swap at an attractive rate. The company can use 
a payer or a receiver swaption. Assume that the exercise rate would be 6.5%.

A.	I dentify what type of swaption would achieve this goal and whether the company 
should buy or sell the swaption.

B.	 Calculate the company’s annual cash flows beginning two years from now for two 
cases: The fixed rate on a swap two years from now to terminate five years later, 
FS(2,7), is 1) greater or 2) not greater than the exercise rate. Assume the company 
takes out the $10 million floating-rate loan as planned.

C.	S uppose that when the company takes out the loan, it has changed its mind and pre-
fers a floating-rate loan. Now assume that the swaption expires in-the-money. What 
would the company do, given that it now no longer wants to convert to a fixed-rate 
loan?

Solution to A:   The company wants the option to enter into the swap as a fixed-rate 
payer, so the company would buy a payer swaption.

Solution to B:   The outcomes based on the swap rate at swaption expiration, denoted as 
FS(2,7), are as follows:

FS(2,7) > 6.5% 
Exercise the swaption, entering into a swap. The annual cash flows will be as follows: 
   Pay 0.065($10 million) = $650,000 on swap
   Receive L($10 million) on swap
   Pay L($10 million) on loan

   Net, pay $650,000
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FS(2,7) ≤ 6.5% 
Do not exercise swaption; enter into swap at market rate. The annual cash flows will be as 
follows:

   Pay FS(2,7)($10 million) on swap

   Receive L($10 million) on swap

   Pay L($10 million) on loan

   Net, pay FS(2,7)($10 million)

   (Note: This is less than $650,000)

Solution to C:  I n this situation, the company has changed its mind about 
converting the floating-rate loan to a fixed-rate loan. If the swaption expires out-of-
the-money, the company will simply take out the floating-rate loan. If the swaption 
expires in-the-money, it has value and the company should not fail to exercise it. 
But exercising the swaption will initiate a swap to pay fixed and receive floating, 
which would leave the company in the net position of paying a fixed rate of 6.5% 
when it wants a floating-rate loan. The company would exercise the swaption and 
then enter into the opposite swap in the market, receiving a fixed rate of FS(2,7) 
and paying L. The net effect is that the company will pay 6.5%, receive FS(2,7), 
which is more than 6.5%, and pay L. So in effect it will pay a floating-rate loan of 
less than Libor.

In this example, we showed how a swaption is used to create a swap. Similarly, a swaption 
can be used to terminate a swap.

5.2. U sing an Interest Rate Swaption to Terminate a Swap

When a company enters a swap, it knows it may need to terminate the swap before the expir-
ation day. It can do so by either entering an offsetting swap or buying a swaption.

As with any over-the-counter option, the holder of a swap can terminate the swap by 
entering into an identical swap from the opposite perspective at whatever rate exists in the 
market. Consider, for example, a Japanese company that enters into a five-year ¥800 million 
notional principal swap in which it pays a fixed rate and receives a floating rate; that is, it enters 
a pay-fixed swap. Two years later, the company wants to terminate the swap. It can do so by 
entering into a new swap with a notional principal of ¥800 million, a remaining life of three 
years, and with the company paying the floating rate and receiving the fixed rate. If it engages 
in this swap with a different counterparty than the counterparty of the original swap, then both 
swaps would remain in place, but the floating payments would be equivalent. The net effect 
would be that the company would make a stream of fixed payments at one rate and receive 
a stream of fixed payments at another rate. The rate that is greater depends on the course of 
interest rates since the time the original swap was put into place. If the new swap is done with 
the same counterparty as in the original swap, the two parties would likely agree to offset and 
eliminate both swaps. Then one party would be paying the other a lump sum of the present 
value of the difference between the two streams of fixed payments. If the company offsets the 
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swap with a new swap in this manner, it must accept the conditions in the market at the time 
it offsets the swap.

The second way of terminating a swap is for a company to buy a swaption before it 
wants to offset the swap. Suppose that when this Japanese company enters into a pay-fixed, 
receive-floating swap, it also purchases a receiver swaption that allows it to enter into an ¥800 
million swap to receive fixed and pay floating with the same terms as the original swap. The 
swaption exercise rate is 8%. The company must pay cash up front for the swaption, but it 
then has the right to enter into a new swap to receive a fixed rate of 8% and pay the floating 
rate. We assume for maximum flexibility that the swaption is structured as an American-style 
option, allowing the company to exercise it at any time. We also assume that the swaption 
counterparty is the counterparty to the swap, so that if the swaption is exercised, the payments 
can be canceled and replaced by a lump sum payment.

Consider this example. Internet Marketing Solutions (IMS) takes out a $20 million one-
year loan with quarterly floating payments at Libor from a lender called Financial Solutions 
(FINSOLS). Fearing an increase in interest rates, IMS engages in a pay-fixed, receive-floating 
swap that converts the loan into a fixed-rate loan at 8%. IMS believes, however, that the 
interest rate outlook could change, and it would like the flexibility to terminate the swap, 
thereby returning to the status of a floating-rate payer. To give it this flexibility, IMS purchas-
es an American-style receiver swaption for $515,000. The swaption allows it to enter into a 
receive-fixed, pay-floating swap at a fixed rate of 8% at the swaption expiration. The swap and 
swaption counterparty is Wheatstone Dealer (WHD).

Exhibit 13 illustrates this transaction. In Panel A, IMS takes out the loan from FIN-
SOLS, receiving $20 million. It engages in the swap with WHD, thereby committing to pay 
fixed and receive Libor. There are no cash flows at the start of the swap contract, but IMS 
pays WHD $515,000 for the swaption. Now let us move to the expiration of the swaption, 
at which time we shall assume that IMS is no longer concerned about rising interest rates and 
would like to return to the status of a floating-rate borrower. In Panel B(i), at the expiration 
of the swaption, the market swap rate is greater than or equal to 8%. This panel shows the 
cash flows if the loan plus swap (note that the loan is floating rate) is converted to a fixed rate 
using the market fixed rate because the swaption is out-of-the-money. IMS makes interest 
payments of Libor(90/360)$20 million to FINSOLS. IMS makes a swap payment of 8%, 
which is $400,000, to WHD, which pays Libor.31 Thus, to offset the effect of the pay-fixed 
swap, IMS is better off entering a new swap rather than exercising its swaption. IMS then 
enters into a swap to receive the market fixed rate, FS, which is greater than or equal to 8%, 
and pay Libor. IMS is, in effect, paying a floating rate less than Libor (or equal to Libor if the 
market swap rate is exactly 8%).32

In Panel B(ii), the market swap rate is less than 8% and the loan is converted back to a 
floating-rate loan by exercising the swaption. IMS makes loan interest payments at Libor to 
FINSOLS and swap payment of 8% or $400,000 to WHD, which pays LIBOR. Exercise of 
the swaption results in IMS entering into a swap to receive a fixed rate of 8% and pay a floating 
rate of Libor. The swap and swaption would probably be structured to offset and terminate 
both swaps. At the end of the transaction, the loan is paid off and there are no payments on 
the swap or swaption. If IMS wants to continue as a fixed-rate payer, the swaption would still 
be exercised if it is in-the-money but not if it is out-of-the-money.

31 In practice, the two parties would net the difference and have one party pay the other.
32 In practice, IMS might choose to not enter into the swap at the market fixed rate and just carry the old 
swap to reduce the cost of the loan.
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Exhibit 13  Using an American-Style Swaption to Terminate a Swap

A. Today

$0 (no cash �ow)

$0 (no cash �ow)

$20,000,000

0.08(90/360)$20,000,000 = $400,000

Libor(90/360)$20,000,000

Libor(90/360)$20,000,000

Libor(90/360)
$20,000,000

FS(90/360)$20,000,000 ≥ $400,000

Net Effect: IMS pays a �oating rate less than
Libor (equal to Libor if the market swap
rate is exactly 8%). 

Net Effect: IMS is back to paying a �oating
rate of Libor. IMS and WHD would
probably structure the swaption to cancel
the swap and there would be no payments
between IMS and WHD.

0.08(90/360)$20,000,000 = $400,000

0.08(90/360)$20,000,000 = $400,000

Libor(90/360)$20,000,000

Libor(90/360)$20,000,000

B. During Life of Loan

$515,000 WHD

Net Effect: IMS enters into a loan with FINOSLS, receiving
$20 million. It enters into a swap with WHD to pay a �xed
rate of 8% and receive Libor. It purchases an
American receiver swaption with an 8% exercise
rate from WHD for a premium of $515,000.

IMS

IMS WHD

WHDIMS

Libor(90/360)$20,000,000

FINSOLS

(i) Swap rate ≥ 8%. Swaption not exercised.
Enter into receive-�xed, pay-�oating swap at market �xed rate (≥ 8%).

(ii) Swap rate < 8%. Swaption exercised.
Enter into receive-�xed, pay-�oating swap at �xed rate of 8%.

FINSOLS

FINSOLS

American receiver swaption
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We see that the swaption offers the holder the opportunity to terminate the swap at the exer-
cise rate or better. Because the swaption is American style, a variety of complex issues are involved 
in the exercise decision, but let us focus on the moneyness and the holder’s view of market con-
ditions. If a borrower feels that rates will fall, it would then want to convert its pay-fixed position to 
a pay-floating position. If the market rate is more than the exercise rate, the borrower can do so by 
entering into a swap at the market rate. It can then receive more than the exercise rate, which more 
than offsets the rate it pays on the swap. The borrower would then effectively be paying less than 
Libor. If the rate in the market is less than the exercise rate, the borrower can exercise the swaption, 
thereby receiving the exercise rate to offset the rate it pays on the swap. Alternatively, it can choose 
to continue paying a floating rate but can still exercise the swaption if doing so is optimal.

As we previously described, swaptions are equivalent to options on bonds. A payer swap-
tion is equivalent to a put option on a bond, and a receiver swaption is equivalent to a call 
option on a bond. The interest rate swaptions market is a very liquid one, and many com-
panies use swaptions as substitutes for options on bonds. Any strategy that one might apply 
with options on bonds can be applied with swaptions. We shall not go over the myriad of such 
strategies, as they have been covered extensively in other literature. We shall, however, look at a 
particular one, in which a swaption can be used to substitute for a callable bond.

Example 13

A company is engaged in a two-year swap with quarterly payments. It is paying 6% fixed 
and receiving Libor. It would like the flexibility to terminate the swap at any time prior 
to the end of the two-year period.

A.	I dentify the type of swaption that would achieve this objective.
B.	 Consider a time t during this two-year life of the swaption in which it is being consid-

ered for exercise. Use a 7% exercise rate. The fixed rate in the market on a swap that 
would offset the existing swap is denoted as FS(t,2). Examine the payoffs of the swaption 
based on whether FS(t,2) is 1) equal to or above 7% or 2) below 7%.

Solution to A:   Because the company is paying a fixed rate and receiving a floating rate, 
it should enter into a swap to receive a fixed rate and pay a floating rate. It thus would 
want a receiver swaption. For maximum flexibility, it should structure the transaction as 
an American-style swaption.

Solution to B:  FS (t,2) ≥ 7%
The swaption is out-of-the-money and is not exercised. To terminate the existing 

swap, one would enter into a swap at the market rate. This swap would involve receiving 
the market rate FS(t,2), which is at least 7%, and paying Libor. The Libor payments 
offset, and the net effect is a net positive cash flow of FS(t,2) − 6%.
FS(t,2) < 7%

Exercise the swaption, entering into a swap to receive 7% and pay Libor. The other 
swap involves paying 6% and receiving Libor. The Libors offset, leaving a net positive 
cash flow of 7 − 6 = 1%.

Note: It is not necessary that the net cash flow be positive. The positive net cash 
flow here is a result of choosing a 7% exercise rate, but a lower exercise rate could be 
chosen. The higher the exercise rate, the more expensive the receiver swaption.
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5.3. S ynthetically Removing (Adding) a Call Feature in Callable  
(Noncallable) Debt

A callable bond is a bond in which the issuer has the right to retire it early. The issuer has 
considerable flexibility to take advantage of declining interest rates. This feature is like a call 
option on the bond. As interest rates fall, bond prices rise. By calling the bond, the issuer 
essentially buys back the bond at predetermined terms, making it equivalent to exercising a 
call option to buy the bond. The issuer pays for this right by paying a higher coupon rate on 
the bond.

In some cases, the issuer of a callable bond may find that it no longer expects inter-
est rates to fall sufficiently over the remaining life of the bond to justify calling the bond. 
Then it would feel that it is not likely to use the call feature, but it is still paying the higher 
coupon rate for the call feature. A swaption can be used to effectively sell the embedded 
call. This strategy involves synthetically removing the call from callable debt by selling a 
receiver swaption.33 A receiver swaption (receive fixed) becomes more valuable as rates de-
cline, thus balancing the short call. In effect, the call feature is sold for cash. Recall that a 
receiver swaption is like a call option on a bond. Because the issuer of the callable bond 
holds a call on the bond, it would need to sell a call to offset the call embedded in the 
debt. It can effectively do so by selling a receiver swaption. This swaption will not cancel 
the bond’s call feature. Both options will be in force, but both options should behave 
identically. If the call feature is worth exercising, so should the swaption. Let us see how 
this strategy works.

5.3.1. S ynthetically Removing the Call from Callable Debt
Several years ago, Chemical Industries (CHEMIND) issued a callable $20 million face value 
bond that pays a fixed rate of 8% interest semiannually. The bond now has five years until 
maturity. CHEMIND does not believe it is likely to call the bond for the next two years and 
would like to effectively eliminate the call feature during that time. To simplify the problem 
somewhat, we shall assume that the bond would be called only in exactly two years and not 
any time sooner. Thus, CHEMIND can manage this problem by selling a European swaption 
that would expire in two years.34 Because the bond would have a three-year life when it is 
called, the swap underlying the swaption would be a three-year swap. It would also be a swap 
to receive fixed and pay floating, with payment dates aligned with the interest payment dates 
on the bond.

Let us suppose that the 8% rate CHEMIND is paying on the bond includes a credit 
spread of 2.5%, which should be viewed as a credit premium paid over the Libor par rate. 
CHEMIND is paying 2.5% for the credit risk it poses for the holder of the bond. On the re-
ceiver swaption it wants to sell, CHEMIND must set the exercise rate at 8 − 2.5 = 5.5%. Note 
that the credit spread is not part of the exercise rate. The swaption can be used to manage only 
the risk of interest rate changes driven by the term structure and not credit. We are assuming 

33 This strategy is sometimes referred to as monetizing a call.
34 CHEMIND might prefer an American swaption to give it the flexibility to exercise at any time, but we 
simplify the problem a little and use a European swaption.
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no change in CHEMIND’s credit risk. Hence, it will continue to pay the credit spread in the 
rate on the new bond that it issues if it calls the old bond.

The swaption dealer, Top Swaps (TSWAPS), prices the swaption at $425,000. The strat-
egy is illustrated in Exhibit 14.

Exhibit 14  Selling a Receiver Swaption to Offset the Call Feature on a Bond

A. Today; During Life of the Bond

B. At Expiration of the Swaption

(i) If FS(2,5) (Market rate on underlying swap) ≥ 5.5%

(ii) If FS(2,5) (Market rate on underlying swap) < 5.5%

(Swaption expires out of the money; 
no cash �ows)

Interest payments of 
$20,000,000(0.08/2) 
= $800,000 semiannually 
for three more years

Libor

Libor

$20,000,000[FS(2,5)](180/360)

$425,000

Bond called and new bond issued. 
Interest payments of $20,000,000 
(FS(2,5) + 0.025)/2 semiannually 
for three years.

$20,000,000(0.055)(180/360) = $55,000

European receiver swaptionCHEMIND TSWAPS

Net Effect: CHEMIND currently making interest payments of $20,000,000(0.08/2) = $800,000 
semiannually on a bond with �ve years remaining. This rate includes a credit spread of 
2.5%. CHEMIND sells two-year receiver swaption with exercise rate of 5.5% 
to dealer TSWAPS for $425,000 with underlying being a three-year swap. Swaption premium 
effectively reduces rate on bond, making it equivalent to rate on noncallable bond instead 
of callable bond.

CHEMIND TSWAPS

Bondholders
Net Effect: CHEMIND continues paying 
�xed rate of 8%.

CHEMIND TSWAPS

Net Effect: CHEMIND calls bond and issues 
new bond at FS(2,5) + credit spread of 2.5%.
Swaption exercised so CHEMIND  forced to
enter into swap to pay 5.5% and receive
Libor. CHEMIND enters into  swap in market
to pay Libor and receive FS(2,5). CHEMIND
effectively pays 5.5 + 2.5 = 8%, equivalent to
noncallable bond.

Bondholders

Panel A shows that CHEMIND receives $425,000 from selling the receiver swaption to 
dealer TSWAPS. This cash effectively reduces its remaining interest payments on the bond. 
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In Panel B, we see what happens at the swaption expiration in two years. Remember that the 
swaption is identical to a call option on the bond, so if the swaption is exercised, the call on the 
bond will be exercised at the same time. Let FS(2,5) be the fixed rate at the swaption expiration 
on a three-year swap. We first assume that FS(2,5) is greater than or equal to the exercise rate 
on the swaption of 5.5%. Because interest rates have not fallen below 5.5%, it is unprofitable 
to exercise the swaption or call the bond. CHEMIND continues making interest payments of 
8% on $20 million, which is $800,000 semiannually for three more years. Panel B(i) illustrates 
this outcome.

In Panel B(ii), we let FS(2,5) be less than 5.5%. Then the swaption will be exercised 
and the bond will be called. To fund the bond call, a new bond will be issued at a rate of 
FS(2,5) plus the credit spread of 2.5%, which we assume has not changed. The swaption 
is exercised, so CHEMIND is obligated to enter into a swap to pay 5.5% and receive 
Libor. Now, however, CHEMIND is receiving Libor and making fixed payments to its 
bondholders and to TSWAPS. It can reverse the Libor flow by entering into a swap at the 
market rate of FS(2,5). In other words, it enters into a new swap to receive FS(2,5) and 
pay Libor. Note from the figure that it receives Libor and pays Libor. These two flows 
would likely be canceled. CHEMIND makes fixed swap payments at a rate of 5.5% and 
receives fixed swap payments at a rate of FS(2,5), which is 250 basis points (the credit 
spread) less than the rate on the new fixed-rate bond it has issued. These payments at the 
rate FS(2,5) offset all but the credit spread portion of the interest payments on its loan. 
CHEMIND then effectively pays a fixed rate of 5.5%, the swaption exercise rate, plus 
2.5%, the credit spread. So, CHEMIND ends up paying 8%, the same as the rate on the 
original debt. The swaption has effectively converted the callable bond into a noncallable 
bond by removing the call feature from the bond. It hopes that this outcome, in which 
the bond is called and the swaption is exercised, does not occur, or it will regret having 
removed the call feature. Nonetheless, it received cash up front for the swaption and is 
paying a lower effective interest rate as it would had the bond been noncallable in the first 
place, so it must accept this risk.

5.3.2. S ynthetically Adding a Call to Noncallable Debt
If a swaption can undo a call feature, it can also add a call feature. Market Solutions, Inc. (MSI) 
has a $40 million noncallable bond outstanding at a rate of 9% paid semiannually with three 
more years remaining. Anticipating the possibility of declining interest rates in about one year, 
MSI wishes this bond were callable. It can synthetically add the call feature by purchasing a re-
ceiver swaption. A receiver swaption is equivalent to a call option on a bond because the option 
to receive a fixed rate increases in value as rates decline. By purchasing the receiver swaption, it 
has in effect purchased an option on the bond.

To structure the receiver swaption properly, MSI notes that the interest rate it is paying on 
the bond includes a credit spread of 3% over the par bond rate from the Libor term structure. 
It should set the exercise rate on the swaption at 9 − 3 = 6%. The swaption will be on a two-
year swap with payment dates coinciding with the interest payment dates on the bond. The 
notional principal will be the $40 million face value on the bond. To simplify the problem, 
we assume a European swaption, meaning that the only time MSI will consider exercising the 
swaption or calling the bond will be in exactly one year, with the bond having two years to 
maturity at that time. The swaption will cost $625,000, and the counterparty dealer will be 
Swap Shop (SWSHP). Exhibit 15 illustrates the transaction.
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Exhibit 15  Buying a Receiver Swaption to Add a Call Feature to a Bond

$625,000

(i) If FS(1,3) (Market rate on underlying swap) ≥ 6%

(Swaption expires out of the money;
no cash �ows)

Interest payments of $40,000,000(0.09/2)
= $1,800,000 semiannually for two more years

Net Effect: MSI continues paying
�xed rate of 9%.

Net Effect: MSI paying 9% on �xed rate
bonds. It exercises swaption,entering into
swap to receive 6% and pay Libor.
MSI enters into swap in market to pay
FS(1,3) plus 3%, equivalent to that
of a bond that has been called and replaced
by a bond issued at a lower rate.

(ii) If FS(1,3) (Market rate on underlying swap) < 6%.

$40,000,000(0.06)(180/360) = $1,200,000

Libor

Libor

$40,000,000[FS(1,3)](180/360)

Interest payments of
$40,000,000(0.09/2)
= $1,800,000 semiannually
for two more years

Net Effect: MSI currently making interest payments of $40,000,000(0.09/2) = $1,800,000
semiannually on a bond with three years remaining. This rate includes a credit spread
of 3%. MSI buys one-year receiver swaption with exercise rate of 6% from dealer Swap
Shop for $625,000 with underlying being two-year swap. Swaption premium effectively
increases rate on bond, making it equivalent to rate on callable bond instead of
noncallable bond.

B. At Expiration of the Swaption

A. Today

European receiver swaption SWSHP

SWSHP

SWSHP

MSI

MSI

Bondholders

Bondholders

MSI

In Panel A, we see MSI paying $625,000 for the swaption. This cost effectively raises the 
interest rate MSI pays on the bond to that of a callable bond. Panel B(i) illustrates the case in 
which the fixed rate on the underlying swap, FS(1,3), is greater than or equal to the exercise 
rate on the swaption at the swaption expiration. Remember that if market conditions are such 
that the swaption would be exercised, then the bond would be called. In this case, however, 
interest rates are not low enough to justify exercise of the swaption or calling of the bond. MSI 
will continue making its 9% interest payments on the bond.
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In Panel B(ii), we let FS(1,3) be less than 6%. Then MSI will exercise the swaption, 
thereby entering into a swap to pay Libor and receive 6%. Note, however, that it is receiving 
a fixed rate of 6%, paying a fixed rate of 9%, and paying Libor. Here, this transaction is not 
equivalent to it having called the bond, because MSI makes floating payments. To offset the 
floating payments, it enters into a new swap in the market at the market rate of FS(1,3). 
Specifically, it pays FS(1,3) and receives Libor. The two streams of Libor payments would 
offset and would probably be canceled, leaving an inflow of 6% and an outflow of FS(1,3) on 
the swaps and an outflow of 9% on the bond. The net effect would be an outflow of FS(1,3) 
plus 3%. Because FS(1,3) is below 6%, the overall rate paid is below 9%, thereby making this 
position similar to that of a bond that has been called, with a new bond issued in its place at 
a lower rate.

So we see that a swaption can be used to replicate the call feature on a callable bond. A 
swaption can synthetically add a call feature when it does not exist or offset a call feature that 
does exist. The cash paid or received from the swaption occurs all at once, but if allocated 
appropriately over time, it would be equivalent to the additional amount of interest that a 
borrower pays for the call feature. Of course, there are some tricky elements to making this 
strategy work. We have ignored taxes and transaction costs, which can affect exercise and call 
decisions. Also, when the swaption is held by another party, there is no guarantee that exercise 
will occur at the optimal time.

Example 14

A German company issues a five-year noncallable bond with a face value of €40 mil-
lion. The bond pays a coupon annually of 10%, of which 3% is estimated to be a credit 
premium.

A.	 The company would like to make the bond callable in exactly two years. Design a 
strategy using a European swaption that will achieve this goal. When the swaption 
expires, the fixed rate on the underlying swap will be denoted as FS(2,5). Evaluate 
what happens when this rate is at least the exercise rate and also when it is less than 
the exercise rate.

B.	R econsider the bond described above and assume it was actually issued as a callable 
bond with a 10% coupon. Construct a swaption strategy that will synthetically re-
move the call feature. As in Part A, let the swaption expire in two years and evaluate 
the outcomes.

Solution to A:  T o synthetically add the call feature to this bond, the company should 
purchase a receiver swaption. The exercise rate should be the coupon rate on the bond 
minus the credit premium: 10 − 3 = 7%. At the swaption expiration, we have the fol-
lowing outcomes:

FS(2,5) ≥ 7% 
The swaption will not be exercised, and the bond will not be called. The company 
continues to pay 10% on its bond. 
FS(2,5) < 7% 
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   The swaption is exercised.

      Enter into swap

      Receive 7%

      Pay Libor

   Enter into a new swap at the market rate.

      Receive Libor

      Pay FS(2,5)

      Company continues to pay 10% on its bond

   Net effect: Pay FS(2,5) + 10% − 7% = Pay FS(2,5) + 3% < 10%

The company has thus effectively issued a new bond at a lower rate. The option 
premium, however, effectively raised the coupon rate on the old bond to that of a call-
able bond.

Solution to B:  T o synthetically remove the call feature on this bond, the company 
should sell a receiver swaption. The exercise rate should be the coupon rate on the bond 
minus the credit premium: 10 − 3 = 7%. At the swaption expiration, we have the fol-
lowing outcomes:

FS(2,5) ≥ 7% 
The swaption will not be exercised. The company continues to pay 10% on its bond.

FS(2,5) < 7%

   The swaption is exercised.

      Enter into swap

      Receive Libor

      Pay 7%

   Enter into a new swap at the market rate.

      Receive FS(2,5)

      Pay Libor

      Bond called. Issue new bond at FS(2,5) + 3%

   Net effect: Pay FS(2,5) + 3% + 7% − FS(2,5) = 10%

Therefore, if the company sells the receiver swaption, the bond’s call option is offset 
and effectively removed. The option premium, received up front, effectively reduces 
the coupon rate on the outstanding bond to make it equivalent to that of a noncallable 
bond.

Finally, you may be wondering why a receiver swaption was used in these strategies. Why 
not a payer swaption? Remember that a call feature on a bond is a call option. To add or offset 
a call feature, we need to use an instrument equivalent to a call option. A receiver swaption 
is equivalent to a call option. A payer swaption is equivalent to a put option. Payer swap-
tions would be useful in situations involving put features. Putable bonds do exist but are not 
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particularly common. A putable bond allows the bondholder to sell the bond back, usually at 
par, to the issuer. Therefore, the option, which is a put, is held by the bondholder and sold by 
the bond issuer. If a bond is putable, the coupon rate on the bond would be lower. If the issuer 
of the bond wanted to synthetically add a put to an otherwise nonputable bond, it would sell a 
payer swaption. The premium received would effectively lower the coupon rate on the bond. If 
the issuer of a putable bond wanted to eliminate the put, it would buy a payer swaption. This 
would give it the right to exercise the swaption, which is a put on the bond, at the same time as 
the put feature would be exercised by the holder of the bond. Again, we note that put features 
are not common, and we shall not pursue this strategy here.

5.4. A  Note on Forward Swaps

There are also forward contracts on swaps. Called forward swaps, these instruments are com-
mitments to enter into swaps. They do not require a cash payment at the start but force the 
parties to enter into a swap at a later date at terms, including the fixed rate, set at the start. 
Although we shall not examine forward swap strategies, note that the same strategies examined 
in this section can all be used with forward swaps.

6.  Conclusions

In the previous readings we saw how to use forwards, futures, options, and swaps in strategies. 
These instruments are designed to manage risk. Managing risk involves the buying and selling 
of risk, perhaps to increase the overall level of one’s risk or perhaps to offset an existing risk. As 
we have seen, these instruments are highly leveraged. As you can imagine, proper use of deriv-
atives requires a significant amount of expertise. More importantly, however, monitoring and 
control are essential ingredients for the proper use of derivatives. Managing risk is the primary 
justification for the use of derivatives.

7. S ummary

•	 A floating-rate loan can be converted to a fixed-rate loan by entering into an interest rate 
swap to pay a fixed rate and receive a floating rate. The floating cash flows offset, leaving 
the borrower with a net fixed payment. Likewise, a fixed-rate loan can be converted to a 
floating-rate loan by entering into an interest rate swap to pay a floating rate and receive a 
fixed rate. The fixed cash flows offset, leaving the party paying a floating rate.

•	 To obtain the duration of an interest rate swap, consider the difference between the duration 
of a fixed-rate bond and the duration of a floating-rate bond. The latter is close to zero, leav-
ing the duration of an interest rate swap close to that of a fixed-rate bond. If the party pays 
a fixed rate and receives a floating rate, the duration of the position is that of the equivalent 
floating-rate bond minus that of the equivalent fixed-rate bond.

•	 When a floating-rate loan is converted to a fixed-rate loan, the resulting duration is that 
of a fixed-rate loan. The duration of a fixed-rate loan is normally much higher than that 
of a floating-rate loan, which has a duration relatively close to zero. Compared with a 
floating-rate loan, however, a fixed-rate loan has stable cash flows, which reduce cash flow 
risk, but has a much greater duration, which increases market value risk.
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•	 The notional principal on an interest rate swap added to a position to adjust its overall du-
ration is determined by the existing duration of the portfolio, the duration of the swap, the 
desired duration, and the market value of the portfolio. A swap can be used to change the 
duration of the position without changing the market value.

•	 An interest rate swap can be used to manage the risk related to a structured note with a 
coupon at a multiple of a floating rate by adjusting the notional principal on the swap to 
reflect the coupon multiple for the structured note. The swap should be a receive-floating, 
pay-fixed swap.

•	 An interest rate swap can be used to manage the risk of the issuance of an inverse floating-rate 
note by paying the floating rate to the swap dealer. When interest rates rise (fall), the inverse 
floater payments decrease (increase), and this effect is passed on to the dealer, which in turn 
pays a fixed rate.

•	 A loan in one currency can be converted into a loan in another currency by entering into a 
currency swap in which it pays interest in one currency and receives interest in the currency 
in which it makes its loan interest payments. This strategy leaves the borrower paying interest 
in a different currency than the one in which the loan interest is paid. To offset the principal 
payment, the currency swap should provide for payment of the notional principal as well.

•	 Converting a loan in one currency into a loan in another using a currency swap can offer 
savings because a borrower can normally issue debt at a more attractive rate in its own 
currency. By entering into a swap with a dealer that can operate more efficiently in global 
markets, the borrower can effectively convert its domestic debt into foreign debt. In addi-
tion, by engaging in the currency swap rather than borrowing in the desired currency in the 
first place, the borrower takes on a small amount of credit risk that can generate savings if 
no default takes place.

•	 The party to a currency swap would make the payments be fixed or floating depending on 
whether a loan paired with the currency swap is made at a fixed or floating rate and whether 
the party wants to make payments at a fixed or floating rate. This decision is usually made 
based on the expected direction of interest rates.

•	 A series of foreign cash receipts can be combined with a currency swap with no notional 
principal payments to convert the receipts into domestic currency cash flows. The foreign 
interest payments on the currency swap must equal the amounts of the foreign cash flows.

•	 In a dual-currency bond, the interest is paid in one currency and the principal is paid in 
another. A borrower issuing a dual-currency bond can use the proceeds to buy a bond de-
nominated in the currency of the principal repayment on the dual-currency bond. It can 
then enter into a currency swap with no notional principal payment, enabling it to fund the 
interest payments from the dual-currency bond in one currency and make interest payments 
in another currency.

•	 An equity swap can be used to provide diversification to a concentrated portfolio by having 
the party pay the return on the stock that makes up too large a portion of the portfolio and 
receive the return on a diversified market proxy.

•	 An equity swap can add international diversification to a domestic portfolio by having the 
party pay the return on a domestic market benchmark and receive the return on an interna-
tional market benchmark.

•	 An equity swap can be used to change the allocation between stock and bond asset classes by 
having the party pay the return on the asset class in which it wants to reduce its exposure and 
receive the return on the asset class in which it wants to increase its exposure.
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•	 A corporate insider can use an equity swap to reduce exposure to his company by paying the 
return on the company’s stock and receiving the return on a diversified portfolio benchmark 
or a fixed- or floating-rate interest payment.

•	 There can be important implications if corporate insiders use equity swaps. Insiders can 
reduce their exposure without giving up their voting rights, which can lead to significant 
agency costs. Although it is clearly necessary for investors and analysts to gauge the exposure 
of corporate insiders, equity swaps can make this task more difficult.

•	 Equity swaps pose some difficulties not faced in interest rate and currency swaps. In partic-
ular, equity swaps can generate significant cash flow problems, resulting from the fact that 
equity returns can be negative, meaning that one party can be required to make both sides 
of payments. In addition, equity swaps can involve tracking error, in which the swap returns, 
which are pegged to an index, do not match the returns on the actual equity portfolio that 
is combined with the swap.

•	 A party would use an interest rate swaption if it anticipates taking out a loan at a future date 
and entering into a swap to convert the loan from floating rate to fixed rate or vice versa. The 
swaption gives the party the right to enter into the swap at a specific fixed rate or better. The 
cost of this flexibility is the swaption premium paid up front.

•	 An interest rate swaption can be used to provide a means of terminating a swap at a favorable 
rate. A party engaged in a swap can use a swap with the opposite cash flows to effectively 
terminate the position. By purchasing a swaption, the party can enter into this swap at a 
specific rate, established in advance, or take a better rate as given in the market.

•	 An interest rate receiver swaption is equivalent to a call option on a bond. A party that has 
issued a callable bond and believes it will not call the bond can sell an interest rate receiver 
swaption to offset the call feature. The swaption premium received at the start offsets the 
higher coupon paid for the call feature on the bond. If interest rates fall enough to trigger 
the bond being called, the swaption will also be exercised. The party must enter into the 
underlying swap and can enter into an opposite swap at the market rate. The net effect is 
that the party ends up paying the same rate it would have paid if it had not called the bond.

•	 A party that has issued a noncallable bond can synthetically add a call feature by purchasing 
an interest rate receiver swaption. The premium paid for the swaption effectively raises the 
coupon rate on the bond. If rates fall sufficiently, the receiver swaption is exercised and the 
party enters into the underlying swap. The party then enters into a swap in the market at 
the market rate. The net effect is that the party pays a lower fixed rate, as though the bond 
had been called.
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Problems

	 1.	A  company has issued floating-rate notes with a maturity of one year, an interest rate 
of Libor plus 125 basis points, and total face value of $50 million. The company now 
believes that interest rates will rise and wishes to protect itself by entering into an interest 
rate swap. A dealer provides a quote on a swap in which the company will pay a fixed rate 
6.5% and receive Libor. Interest is paid quarterly, and the current Libor is 5%. Indicate 
how the company can use a swap to convert the debt to a fixed rate. Calculate the overall 
net payment (including the loan) by the company. Assume that all payments will be made 
on the basis of 90/360.

	 2.	A ssume that you manage a $100 million bond portfolio with a duration of 1.5 years. You 
wish to increase the duration of the bond portfolio to 3.5 years by using a swap. Assume 
the duration of a fixed-rate bond is 75% of its maturity.
A.	 Discuss whether the swap you enter into should involve paying fixed, receiving float-

ing or paying floating, receiving fixed.
B.	W ould you prefer a four-year swap with quarterly payments or a three-year swap with 

semiannual payments?
C.	 Determine the notional principal of the swap you would prefer.

	 3.	A  company issues a leveraged floating-rate note with a face value of $5,000,000 that pays 
a coupon of 2.5 times Libor. The company plans to generate a profit by selling the notes, 
using the proceeds to purchase a bond with a fixed coupon rate of 7% a year, and hedg-
ing the risk by entering into an appropriate swap. A swap dealer provides a quote with a 
fixed rate of 6% and a floating rate of Libor. Discuss whether the company should enter 
into a swap involving paying fixed, receiving floating or paying floating, receiving fixed. 
Calculate the amount of the arbitrage profit the company can earn by entering into the 
appropriate swap. In your answer, indicate the cash flows generated at each step. Also 
explain what additional risk the company is taking on by doing the swap.

	 4.	A  US company needs to raise €100,000,000. It plans to raise this money by issuing 
dollar-denominated bonds and using a currency swap to convert the dollars to euros. The 
company expects interest rates in both the United States and the eurozone to fall.
A.	S hould the swap be structured with interest paid at a fixed or a floating rate?
B.	S hould the swap be structured with interest received at a fixed or a floating rate?

	 5.	A  company based in the United Kingdom has a German subsidiary. The subsidiary gen-
erates €15,000,000 a year, received in equivalent semiannual installments of €7,500,000. 
The British company wishes to convert the euro cash flows to pounds twice a year. It plans 
to engage in a currency swap in order to lock in the exchange rate at which it can convert 
the euros to pounds. The current exchange rate is €1.5/£. The fixed rate on a plain vanilla 
currency swap in pounds is 7.5% per year, and the fixed rate on a plain vanilla currency 
swap in euros is 6.5% per year.
A.	 Determine the notional principals in euros and pounds for a swap with semiannual 

payments that will help achieve the objective.
B.	 Determine the semiannual cash flows from this swap.

	 6.	A  portfolio has a total market value of $105,000,000. The portfolio is allocated as fol-
lows: $65,000,000 is invested in a broadly diversified portfolio of domestic stocks, and 

 Practice Problems and Solutions: 1−9 taken from Analysis of Derivatives for the Chartered Financial Ana-
lyst® Program, by Don M. Chance, CFA. © 2003 CFA Institute. All other problems and solutions © CFA 
Institute. All rights reserved.
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$40,000,000 is invested in the stock of the JK Corporation. The portfolio manager wishes 
to reduce exposure to JK stock by $30,000,000. The manager plans to achieve this objec-
tive by entering into a three-year equity swap using the S&P 500. Assume that settlement 
is made at the end of each year. Also assume that after one year the return on JK stock is 
4% and the return on the S&P 500 market index is −3%.
A.	E xplain the structure of the equity swap.
B.	 Calculate the net cash flow for the swap at the end of one year.

	 7.	 The LKS Company is a US-based mutual fund company that manages a global portfolio 
80% invested in domestic stocks and 20% invested in international stocks. The interna-
tional component mimics the MSCI EAFE Index. The total market value of the portfolio 
is $750,000,000. The fund manager wishes to reduce the allocation to domestic stocks to 
70% and increase the international allocation to 30%. The manager plans to achieve this 
objective by entering into a two-year equity swap using the Russell 3000 and the EAFE 
Index. Assume that settlement is made at the end of the first year. Also assume that after 
one year, the return on the Russell 3000 market index is 5% and the return on the EAFE 
Index is 6%.
A.	E xplain the structure of the equity swap.
B.	 Calculate the net cash flow for the swap at the end of one year.

	 8.	A  diversified portfolio with a market value of $800,000,000 currently has the following 
allocations:

Equity 80% $640,000,000

Bonds 20% $160,000,000

		  The equity portion of the portfolio is allocated as follows:

US large-cap stocks 70% $448,000,000

International stocks 30% $192,000,000

		  The bond portion of the portfolio is allocated as follows:

US government bonds 80% $128,000,000

US corporate bonds 20% $32,000,000

		  The portfolio manager wishes to change the overall allocation of the portfolio to 75% 
equity and 25% bonds. Within the equity category, the new allocation is to be 75% US 
large cap and 25% international stocks. In the bond category, the new allocation is to be 
75% US government bonds and 25% US corporate bonds. The manager wants to use 
four-year swaps to achieve the desired allocations, with settlements at the end of each year. 
Assume that the counterparty payments or receipts are tied to Libor. Use generic stock or 
bond indices where appropriate. Indicate how the manager can use swaps to achieve the 
desired allocations. Construct the most efficient overall swap, in which all equivalent but 
opposite Libor payments are consolidated.

	 9.	A  company plans to borrow $20,000,000 in two years. The loan will be for three years and 
pay a floating interest rate of Libor with interest payments made every quarter. The company 
expects interest rates to rise in future years and thus is certain to swap the loan into a fixed-rate 
loan. In order to ensure that it can lock in an attractive rate, the company plans to purchase 
a payer swaption expiring in two years, with an exercise rate of 5% a year. The cost of the 
swaption is $250,000, and the settlement dates coincide with the interest payment dates for 
the original loan. Assume Libor at the beginning of the settlement period is 6.5% a year.
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A.	 Calculate the net cash flows on the first settlement date if FS(2,5) is above the exercise 
rate.

B.	 Calculate the net cash flows on the first settlement date if FS(2,5) is below the exercise 
rate.

The following information relates to Questions 10−14 and is based on the 
readings on Risk Management Applications of Derivatives
Catherine Gide is the risk management director of the Millau Corporation, a large, diversified, 
French multinational corporation with subsidiaries in Japan, the United States, and Switzer-
land. One of Gide’s primary responsibilities is to manage Millau’s currency exposure. She has 
the flexibility to take tactical positions in foreign exchange markets if these positions are jus-
tified by her research. Gide and her assistant, Albert Darc, are meeting to discuss how best to 
deal with Millau’s currency exposure over the next 12 months.

Specifically, Gide is concerned about the following:

	 1.	 Millau has just sold a Japanese subsidiary for 65 billion yen (JPY65,000,000,000). Be-
cause of an impending tax law change, Gide wishes to wait six months before repatriating 
these funds. Gide plans to invest the sale proceeds in six-month Japanese government 
securities and hedge the currency risk by using forward contracts. Gide’s research indicates 
that the yen will depreciate against the euro (EUR) over the next six months. Darc has 
gathered the exchange rate and interest rate information given in Exhibit 1. The day-
count convention is 30/360.

	 2.	 Millau has a contract to deliver computerized machine tools to a US buyer in three 
months. A payment of 50 million US dollars (USD50,000,000) is due from the buyer at 
that time. Gide is concerned about the dollar weakening relative to the euro. She plans to 
use options to hedge this currency exposure. Specifically, Gide expects the US dollar to 
weaken to 1.2250USD/EUR in the next three months. Euro options quotations are given 
in Exhibit 2. All options are European-style and expire in three months.

	 3.	 Darc says to Gide:

“I believe the volatility of the USD/EUR exchange rate will soon increase by more 
than the market expects. We may be able to profit from this volatility increase by 
buying an equal number of at-the-money call and put options on the euro at the 
same strike price and expiration date.”

	 4.	 Millau needs 100 million Swiss francs (CHF100,000,000) for a period of one year. Millau 
can issue at par a 2.8% one-year euro-denominated note with semiannual coupons and 
swap the proceeds into Swiss francs. The euro swap fixed rate is 2.3% and the Swiss franc 
swap fixed rate is 0.8%.

Darc tells Gide that he expects interest rates in both the euro currency zone and 
Switzerland to rise in the near future. Exchange rate and interest rate information is given 
in Exhibit 1.
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Exhibit 1   Exchange Rate and Interest Rate Information

Currency Exchange Rates Spot
3-Month 
Forward

6-Month 
Forward

1-Year 
Forward

US dollars per euro (USD/EUR) 1.1930 1.1970 1.2030 1.2140

Japanese yen per euro (JPY/EUR) 133.83 133.14 132.46 131.13

Swiss francs per euro (CHF/EUR) 1.5540 1.5490 1.5440 1.5340

Annualized Risk-Free  
Interest Rates (%) 1 Month 3 Month 6 Month 1 Year

Euro area 2.110 2.120 2.130 2.150

United States 3.340 3.560 3.770 3.990

Japan 0.040 0.056 0.066 0.090

Switzerland 0.730 0.750 0.760 0.780

Exhibit 2   Euro Options Quotations (Options Expire in 3 Months) 

Strike (USD/EUR) Calls on Euro (USD/EUR) Puts on Euro (USD/EUR)

1.1800 0.0275 0.0125

1.1900 0.0216 0.0161

1.2000 0.0169 0.0211

1.2100 0.0127 0.0278

10.	I f Gide uses a six-month forward currency contract to convert the yen received from the 
sale of the Japanese subsidiary into euros, the total amount Millau will receive is closest to: 
A.	EUR 490,714,000.
B.	EUR 490,876,000.
C.	EUR 491,038,000.

11.	I f Gide uses a six-month forward currency contract to convert the yen received from the 
sale of the Japanese subsidiary into euros, the annualized return in euros that Millau will 
realize is closest to:
A.	 0.066%.
B.	 2.130%.
C.	 2.196%.

12.	 Darc’s statement to Gide (in concern #3) about the option strategy to use in order to 
profit from a volatility increase of the euro/US dollar exchange rate is:
A.	 correct.
B.	 incorrect, because he is describing a strategy that benefits only from a weakening 

euro.
C.	 incorrect, because he is describing a strategy that benefits from low volatility in the 

exchange rate.
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13.	I f Millau issues euro-denominated debt and enters into a fixed-rate currency swap (in 
concern #4), which of the following best describes transactions between Millau and the 
swap counterparty in six months? Millau pays the swap counterparty:
A.	EUR 740,026 and receives CHF400,000.
B.	 CHF400,000 and receives EUR740,026.
C.	 CHF800,000 and receives EUR900,901.

14.	 Based on Darc’s interest rate expectations for the euro currency zone and Switzerland, 
Gide’s best choice is to structure the currency swap so that Millau pays interest at a:
A.	 fixed rate and receives it at a fixed rate.
B.	 fixed rate and receives it at a floating rate.
C.	 floating rate and receives it at a floating rate.

The following information relates to Questions 15−20 and is based on the 
readings on Risk Management Applications of Derivatives
Hadley Elbridge, managing director for Humber Wealth Managers, LLC, is concerned about 
the risk level of a client’s equity portfolio. The client, Pat Cassidy, has 60% of this portfolio 
invested in two equity positions: Hop Industries and Sure Securities. Cassidy refuses to sell his 
shares in either company, but has agreed to use option strategies to manage these concentrated 
equity positions. Elbridge recommends either a collar strategy or a protective put strategy on 
the Hop position, and a covered call strategy on the Sure position. The options available to 
construct the positions are shown in Exhibit 1.

Exhibit 1   Equity Positions and Options Available

Stock Shares Stock Price Options Option Price

Hop 375,000 $26.20 September 25.00 put $0.80

September 27.50 call $0.65

Sure 300,000 $34.00 September 32.50 put $0.85

September 35.00 call $1.20

Cassidy makes the following comments:

Comment #1 � “The Hop protective put position provides a maximum per share loss of 
$2.00 and a breakeven underlying price at expiration of $27.00.”

Comment #2 � “The Sure covered call position provides a maximum per share gain of 
$2.20 and a breakeven underlying price at expiration of $32.80.”

Comment #3 � “The general shape of a profit-and-loss graph for the protective put closely 
resembles the general shape of the graph for another common option 
position.”

Elbridge also investigates whether a privately negotiated equity swap could be used to reduce 
the risk of the Hop and Sure holdings. A swap dealer offers Elbridge the following:

•	 The dealer will receive the return on 250,000 shares of Hop and 200,000 shares of Sure 
from Cassidy.

•	 The dealer will pay Cassidy the return on an equivalent dollar amount on the Russell 3000 
Index.
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The dealer demonstrates the quarterly cash flows of this transaction under the assumptions that 
Hop is up 2%, Sure is up 4%, and the Russell 3000 is up 5% for the quarter.

The remaining 40% of Cassidy’s equity portfolio is invested in a diversified portfolio of 
equities valued at $13,350,000. Elbridge believes this portfolio is too risky, so he recommends 
lowering the beta of this portfolio from its current level of 1.20 to a target beta of 0.80. To 
accomplish this, he will use a two-month futures contract with a price (including multiplier) 
of $275,000 and a beta of 0.97.

15.	 Disregarding the initial cost of the Hop collar strategy, the value per share of the strategy 
at expiration with the stock at $26.90 is: 
A.	 $26.05.
B.	 $26.20.
C.	 $26.90.

16.	 Cassidy’s Comments #1 and #2 about the Hop protective put and Sure covered call posi-
tions, respectively, are:

Protective Put Covered Call
A. Correct Correct
B. Correct Incorrect
C. Incorrect Incorrect

17.	 The general shape of the profit-and-loss graph in Cassidy’s Comment #3 is most similar to 
the general shape of the profit-and-loss graph for:
A.	 buying a call.
B.	 selling a call.
C.	 buying a put.

18.	I f an options dealer takes the other side of the Sure option position, the dealer’s initial 
option delta and hedging transaction, respectively, will be:

Dealer’s Initial 
Option Delta

Dealer’s Hedging 
Transaction

A. Negative Buy the underlying
B. Positive Buy the underlying
C. Positive Sell the underlying

19.	W hat is the payoff to Cassidy in the equity swap example?
A.	 −$269,500.
B.	 $264,500.
C.	 $269,500.

20.	T o achieve the target beta on Cassidy’s diversified stock portfolio, Elbridge would sell the 
following number of futures contracts (rounded to the nearest whole contract):
A.	 13.
B.	 20.
C.	 27.

Questions 21 through 26 relate to the Westfield Tool Company
The Westfield Machine Tool and Die Company (WMTC) is a US-based manufacturer of 
cutting tools that operates production plants in the United States and Spain. WMTC’s CEO 
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has received an economic report forecasting that interest rates in the future will likely increase 
worldwide. He has asked WMTC’s CFO, Yolanda Lopez, to examine ways by which different 
kinds of swaps could be used as a means of reducing the company’s interest rate and currency 
risks. 

Lopez has identified the following areas where swaps might be an attractive tool for man-
aging risk:

•	 WMTC’s employee pension plan portfolio
•	 WMTC’s existing five-year bank loan
•	 Foreign exchange risk associated with cash flows repatriated from the operations in Spain
•	 New debt issue associated with upcoming expansion projects

Information regarding WMTC’s pension plan portfolio is shown in Exhibit 1. Within the 
WMTC pension plan portfolio, the allocation within equities is heavily weighted towards the 
company’s own stock. WMTC would like to retain these shares for corporate control purposes. 

Exhibit 1   Pension Plan Portfolio of Westfield Machine  
Tool Company (in millions of US dollars)

Equities

   Diversified Equities $200 

   WMTC Common Stock $400 

Equities Total $600 

Fixed Income (Bonds)*

   Treasuries $200 

   Corporates $300 

Fixed Income Total $500 

Bond Portfolio Duration 6 years

Total Portfolio Value $1,100 

*All bonds are fixed rate, and pay interest semiannually and on the same date. 

Lopez recommends the allocation to WMTC equity be reduced to 20% of the overall eq-
uity portfolio. Lopez determines that WTMC can achieve this reallocation objective by execu-
ting an equity swap that would enable it to alter the allocation more easily and less expensively 
than by executing transactions in the underlying securities. Furthermore, using the equity 
swap would allow WMTC to retain the company shares held in the WMTC pension portfolio.

Lopez also recommends that WMTC reduce the duration of the bond portfolio by 50%. 
She states that, in order to achieve this duration target, WMTC should use a 6-year interest 
rate swap with semiannual payments. Lopez estimates the duration of the swap’s fixed pay-
ments to be 75% of the swap maturity. 

Lopez is also concerned about WMTC’s five-year variable rate loan given the forecast of 
rising interest rates. Additionally, Lopez would like to use a currency swap to lock in the ex-
change rate when WMTC repatriates Euro cash flows from Spain into US dollars over the next 
two years. Additional pertinent facts regarding WMTC’s existing debt obligation and cash 
flows from Spain are provided in Exhibit 2. 
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Exhibit 2   Relevant Debt and Cash Flow Information

Debt: Five-year variable rate loan. Principal amount: $10,000,000. Rate: Libor + 200 
basis points, paid semiannually, reset every six months. Loan rate was reset today at 
a Libor of 5%. 

Cash Flows: Estimated €12 million annually to be repatriated to US from operations in Spain, 
in equal semiannual installments. Current spot exchange rate: 1.4 USD/EUR

To hedge the interest rate risk on the five-year variable rate loan, Lopez recommends that 
WMTC enter into a contract with Swap Traders International (STI), who offers an interest 
rate swap with a notional principal of $10 million that provides a fixed rate of 6% in exchange 
for Libor, with semiannual payments. 

To hedge the currency risk associated with the cash flows to be repatriated from its oper-
ations in Spain. Lopez recommends that WMTC enter into a currency swap with semiannual 
payments, where the fixed swap rate in Euros is 4.5%, and the fixed swap rate in US dollars 
is 5.00%. 

WMTC also has some major expansion plans for its Spanish operations. In two years, 
Lopez expects that WMTC will need to raise €50 million. Lopez expects that WMTC will 
raise the funds using a floating interest rate loan at the prevailing Libor rate in 2 years with 
annual interest payments. Lopez is considering hedging the interest rate risk relating to the 
future borrowing, so she contacts STI, who offers a swaption expiring in 2 years with Libor as 
the underlying floating rate and an exercise rate of 6%.

21.	L opez will most likely achieve the pension plan’s equity reallocation objective by entering 
into an equity swap whereby WMTC receives a return on:
A.	 $320 million of the S&P 500 Index and pays a return on $320 million of WMTC 

common stock.
B.	 $280 million of the S&P 500 Index and pays a return on $280 million of WMTC 

common stock.
C.	 $280 million of WMTC common stock and pays a return on $280 million of the 

S&P 500 Index.
22.	T o achieve the target duration for the pension plan’s bond portfolio, WMTC should enter 

into an interest rate swap with a modified duration that is: 
A.	 negative, requiring WTMC to make fixed-rate payments and receive floating-rate 

payments.
B.	 negative, requiring WTMC to make floating-rate payments and receive fixed-rate 

payments.
C.	 positive, requiring WTMC to make fixed-rate payments and receive floating-rate 

payments.
23.	W MTC can achieve the bond portfolio duration target by using an interest rate swap with 

a notional principal closest to: 
A.	 $343 million.
B.	 $353 million.
C.	 $375 million.
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24.	I f WMTC hedges the interest rate risk on the five-year variable rate loan by using the 
interest rate swap recommended by Lopez, the net interest payment at the first settlement 
date in six months would be closest to:
A.	 $300,000.
B.	 $400,000.
C.	 $800,000.

25.	I f WMTC hedges the currency risk relating to the cash flows from its Spanish operations 
using the currency swap recommended by Lopez, WMTC would generate semiannual 
cash inflows from the swap closest to: 
A.	 $4.8 million.
B.	 $8.4 million.
C.	 $9.3 million.

26.	I f Lopez decides to use a swaption with STI to hedge the interest rate risk relating to the 
expansion loan, then Lopez should:
A.	 sell a payer swaption.
B.	 buy a payer swaption.
C.	 buy a receiver swaption.
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Accounting risk  The risk associated with accounting standards that vary from country to country or 
with any uncertainty about how certain transactions should be recorded.

Active risk  A synonym for tracking risk.
Actual extreme events  A type of scenario analysis used in stress testing. It involves evaluating how a 

portfolio would have performed given movements in interest rates, exchange rates, stock prices, or 
commodity prices at magnitudes such as occurred during past extreme market events (e.g., the stock 
market crash of October 1987).

Advanced set  The reference interest rate is set at beginning of the settlement period.
Advanced settled  An arrangement in which the settlement is made at the beginning of the settlement 

period.
American-style  Said of an option contract that can be exercised at any time up to the option’s expiration 

date.
Arbitrage-free pricing  The overall process of pricing derivatives by arbitrage and risk neutrality. Also 

called the principle of no arbitrage.
Arbitrage  1) The simultaneous purchase of an undervalued asset or portfolio and sale of an overvalued 

but equivalent asset or portfolio, in order to obtain a riskless profit on the price differential. Taking 
advantage of a market inefficiency in a risk-free manner. 2) The condition in a financial market in 
which equivalent assets or combinations of assets sell for two different prices, creating an oppor-
tunity to profit at no risk with no commitment of money. In a well-functioning financial market, 
few arbitrage opportunities are possible. 3) A risk-free operation that earns an expected positive net 
profit but requires no net investment of money.

At market  When a forward contract is established, the forward price is negotiated so that the market 
value of the forward contract on the initiation date is zero.

At-the-money  Said of an option in which the underlying’s price equals the exercise price.
Back office  Administrative functions at an investment firm such as those pertaining to transaction 

processing, record keeping, and regulatory compliance.
Backtesting  A method for gaining information about a model using past data. As used in reference to 

VaR, it is the process of comparing the number of violations of VaR thresholds over a time period 
with the figure implied by the user-selected probability level.

Basis point value (BPV)  The change in the bond price for a 1 basis point change in yield. Also called 
present value of a basis point or price value of a basis point (PVBP).

Bear spread  A spread that becomes more valuable when the price of the underlying asset declines.
Beta  A measure of the sensitivity of a given investment or portfolio to movements in the overall market.
Bid–ask spread  The difference between the current bid price and the current ask price of a security.
Binomial model  A model for pricing options in which the underlying price can move to only one of 

two possible new prices.
Box spread  An option strategy that combines a bull spread and a bear spread having two different 

exercise prices, which produces a risk-free payoff of the difference in the exercise prices.
Bull spread  A spread that becomes more valuable when the price of the underlying asset rises.
Business risk  The equity risk that comes from the nature of the firm’s operating activities.
Butterfly spread  An option strategy that combines two bull or bear spreads and has three exercise 

prices.
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Calendar spread  A strategy in which an investor sells (or buys) a near-dated call and buys (or sells) a 
longer-dated one on the same underlying asset and with the same strike.

Call option  An option that gives the holder the right to buy an underlying asset from another party at 
a fixed price over a specific period of time.

Call  An option that gives the holder the right to buy an underlying asset from another party at a fixed 
price over a specific period of time.

Cap  A combination of interest rate call options designed to hedge a borrower against rate increases on 
a floating-rate loan.

Capital adequacy ratio  A measure of the adequacy of capital in relation to assets.
Caplet  Each component call option in a cap.
Carry arbitrage model  A no-arbitrage approach in which the underlying instrument is either bought 

or sold along with an opposite position in a forward contract.
Carry benefits  Benefits that arise from owning certain underlyings; for example, dividends, foreign 

interest, and bond coupon payments.
Carry costs  Costs that arise from owning certain underlyings. They are generally a function of the physi-

cal characteristics of the underlying asset and also the interest forgone on the funds tied up in the asset.
Carry  The net of the costs and benefits of holding, storing, or “carrying” an asset.
Cash flow at risk  A variation of VaR that measures the risk to a company’s cash flow, instead of its 

market value; the minimum cash flow loss expected to be exceeded with a given probability over a 
specified time period.

Cash markets  See spot markets.
Cash prices  See spot prices.
Cash settled  A procedure used in certain derivative transactions that specifies that the long and short 

parties engage in the equivalent cash value of a delivery transaction.
Cash-secured put  An option strategy involving the writing of a put option and simultaneously depos-

iting an amount of money equal to the exercise price into a designated account.
Cash-settled forwards  See non-deliverable forwards.
Cheapest-to-deliver  A bond in which the amount received for delivering the bond is largest compared 

with the amount paid in the market for the bond.
Clearing  The process by which the exchange verifies the execution of a transaction and records the 

participants’ identities.
Closeout netting  In a bankruptcy, a process by which multiple obligations between two counterparties 

are consolidated into a single overall value owed by one of the counterparties to the other.
Collar  An option position in which the investor is long shares of stock and then buys a put with an 

exercise price below the current underlying price and writes a call with an exercise price above the 
current underlying price.

Collateralized bond obligations  A structured asset-backed security that is collateralized by a pool of 
bonds.

Collateralized debt obligation  Generic term used to describe a security backed by a diversified pool 
of one or more debt obligations.

Collateralized loan obligations  A structured asset-backed security that is collateralized by a pool of loans.
Collateralized mortgage obligation  A security created through the securitization of a pool of mort-

gage-related products (mortgage pass-through securities or pools of loans).
Contingent claims  Derivatives in which the payoffs occur if a specific event occurs; generally referred 

to as options.
Contracts for differences  See non-deliverable forwards.
Convenience yield  A non-monetary advantage of holding an asset.
Convergence  The property of forward and futures contracts in which the derivative price becomes the 

spot price at expiration of the derivative.
Convexity  A measure of how interest rate sensitivity changes with a change in interest rates.
Corporate governance  The system of internal controls and procedures used to define and protect the 

rights and responsibilities of various stakeholders.
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Cost of carry  See carry.
Covered call  An option strategy in which an investor who already owns the underlying asset sells a call 

option giving someone else the right to buy the asset at the exercise price.
Covered interest rate parity  Relationship among the spot exchange rate, forward exchange rate, and 

the interest rates in two currencies that ensures that the return on a hedged (i.e., covered) foreign 
risk-free investment is the same as the return on a domestic risk-free investment. Also called interest 
rate parity.

Credit default swap (CDS)  A type of credit derivative in which one party, the credit protection buyer 
who is seeking credit protection against a third party, makes a series of regularly scheduled payments 
to the other party, the credit protection seller. The seller makes no payments until a credit event 
occurs.

Credit default swap  A swap used to transfer credit risk to another party. A protection buyer pays the 
protection seller in return for the right to receive a payment from the seller in the event of a specified 
credit event.

Credit derivative  A contract in which one party has the right to claim a payment from another party 
in the event that a specific credit event occurs over the life of the contract.

Credit risk  The risk of loss caused by a counterparty’s or debtor’s failure to make a timely payment or 
by the change in value of a financial instrument based on changes in default risk. Also called default 
risk.

Credit spread forward  A forward contract used to transfer credit risk to another party; a forward 
contract on a yield spread.

Credit spread option  An option based on the yield spread between two securities that is used to 
transfer credit risk.

Credit VaR  A variation of VaR related to credit risk; it reflects the minimum loss due to credit exposure 
with a given probability during a period of time.

Credit-linked note (CLN)  Fixed-income security in which the holder of the security has the right to 
withhold payment of the full amount due at maturity if a credit event occurs.

Cross-default provision  A provision stipulating that if a borrower defaults on any outstanding credit 
obligations, the borrower is considered to be in default on all obligations.

Current credit risk  The risk of credit-related events happening in the immediate future; it relates to the 
risk that a payment currently due will not be paid. Also called jump-to-default risk.

Daily settlement  See mark to market and marking to market.
Delta hedge  An option strategy in which a position in an asset is converted to a risk-free position 

with a position in a specific number of options. The number of options per unit of the underlying 
changes through time, and the position must be revised to maintain the hedge.

Delta-normal method  A measure of VaR equivalent to the analytical method but that refers to the use 
of delta to estimate the option’s price sensitivity.

Delta  The relationship between the option price and the underlying price, which reflects the sensitivity 
of the price of the option to changes in the price of the underlying. Delta is a good approximation 
of how an option price will change for a small change in the stock.

Derivatives  A financial instrument whose value depends on the value of some underlying asset or 
factor (e.g., a stock price, an interest rate, or exchange rate).

Diversification effect  In reference to VaR across several portfolios (for example, across an entire firm), 
this effect equals the difference between the sum of the individual VaRs and total VaR.

Downside deviation  A measure of volatility using only rate of return data points below the investor’s 
minimum acceptable return.

Duration  A measure of the approximate sensitivity of a security to a change in interest rates (i.e., a 
measure of interest rate risk).

Earnings at risk (EAR)  A variation of VaR that reflects the risk of a company’s earnings instead of its 
market value.

Economic exposure  The risk associated with changes in the relative attractiveness of products and 
services offered for sale, arising out of the competitive effects of changes in exchange rates.
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Enhanced derivatives products companies  A type of subsidiary separate from an entity’s other ac-
tivities and not liable for the parent’s debts. They are often used by derivatives dealers to control 
exposure to ratings downgrades. Also called special purpose vehicles.

Enterprise risk management  An overall assessment of a company’s risk position. A centralized ap-
proach to risk management sometimes called firmwide risk management.

Equity swap  A swap transaction in which at least one cash flow is tied to the return on an equity port-
folio position, often an equity index.

ESG risk  The risk to a company’s market valuation resulting from environmental, social, and govern-
ance factors.

European-style  Said of an option contract that can only be exercised on the option’s expiration 
date.

Exercise price  The fixed price at which an option holder can buy or sell the underlying. Also called 
strike price, striking price, or strike.

Exercise value  The value obtained if an option is exercised based on current conditions. Also known 
as intrinsic value.

Expectations approach  A procedure for obtaining the value of an option derived from discounting at 
the risk-free rate its expected future payoff based on risk neutral probabilities.

Factor push  A simple stress test that involves pushing prices and risk factors of an underlying model 
in the most disadvantageous way to estimate the impact of factor extremes on the portfolio’s 
value.

Fiduciary call  A combination of a European call and a risk-free bond that matures on the option expi-
ration day and has a face value equal to the exercise price of the call.

Financial risk  Risks derived from events in the external financial markets, such as changes in equity 
prices, interest rates, or currency exchange rates.

Fixed-for-floating interest rate swap  An interest rate swap in which one party pays a fixed rate and the 
other pays a floating rate, with both sets of payments in the same currency. Also called plain vanilla 
swap or vanilla swap.

Floor  A combination of interest rate options designed to provide protection against interest rate decreases.
Floorlet  Each component put option in a floor.
Forward commitments  Class of derivatives that provides the ability to lock in a price to transact in the 

future at a previously agreed-upon price.
Forward contract  An agreement between two parties in which one party, the buyer, agrees to buy from 

the other party, the seller, an underlying asset at a later date for a price established at the start of the 
contract.

Forward price  The fixed price or rate at which the transaction scheduled to occur at the expiration of a 
forward contract will take place. This price is agreed to at the initiation date of the contract.

Forward rate agreement  A forward contract calling for one party to make a fixed interest payment and 
the other to make an interest payment at a rate to be determined at the contract expiration.

Forward value  The monetary value of an existing forward contract.
Front office  The revenue generating functions at an investment firm such as those pertaining to trading 

and sales.
Funding risk  The risk that liabilities funding long asset positions cannot be rolled over at reasonable 

cost.
Futures contract  A variation of a forward contract that has essentially the same basic definition but 

with some additional features, such as a clearinghouse guarantee against credit losses, a daily settle-
ment of gains and losses, and an organized electronic or floor trading facility.

Futures price  The price at which the parties to a futures contract agree to exchange the underlying (or 
cash). In commodity markets, the price agreed on to deliver or receive a defined quantity (and often 
quality) of a commodity at a future date.

Futures value  The monetary value of an existing futures contract.
Gamma  A measure of how sensitive an option’s delta is to a change in the underlying. The change in a given 

instrument’s delta for a given small change in the underlying’s value, holding everything else constant.
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Global custodian  An entity that effects trade settlement, safekeeping of assets, and the allocation of 
trades to individual custody accounts.

Hedge portfolio  A hypothetical combination of the derivative and its underlying that eliminates risk.
Hedging  A general strategy usually thought of as reducing, if not eliminating, risk.
Historical simulation method  The application of historical price changes to the current portfolio.
Hypothetical events  A type of scenario analysis used in stress testing that involves the evaluation of 

performance given events that have never happened in the markets or market outcomes to which 
we attach a small probability.

Implied volatility  The standard deviation that causes an option pricing model to give the current 
option price.

Implied yield  A measure of the yield on the underlying bond of a futures contract implied by pricing 
it as though the underlying will be delivered at the futures expiration.

In the money  Options that, if exercised, would result in the value received being worth more than the 
payment required to exercise.

Incremental VaR  A measure of the incremental effect of an asset on the VaR of a portfolio by measur-
ing the difference between the portfolio’s VaR while including a specified asset and the portfolio’s 
VaR with that asset eliminated.

Initial margin  The amount that must be deposited in a clearinghouse account when entering into a 
futures contract.

Interest rate parity  See covered interest rate parity.
Intrinsic value  See exercise value.
Inverse floater  A floating-rate note or bond in which the coupon is adjusted to move opposite to a 

benchmark interest rate.
Law of one price  The condition in a financial market in which two equivalent financial instruments or 

combinations of financial instruments can sell for only one price. Equivalent to the principle that 
no arbitrage opportunities are possible.

Legal/contract risk  The possibility of loss arising from the legal system’s failure to enforce a contract 
in which an enterprise has a financial stake; for example, if a contract is voided through litigation.

Leveraged floating-rate note  (leveraged floater) A floating-rate note or bond in which the coupon is 
adjusted at a multiple of a benchmark interest rate.

Limit down  A limit move in the futures market in which the price at which a transaction would be 
made is at or below the lower limit.

Limit up  A limit move in the futures market in which the price at which a transaction would be made 
is at or above the upper limit.

Liquidity risk  Any risk of economic loss because of the need to sell relatively less liquid assets to meet 
liquidity requirements; the risk that a financial instrument cannot be purchased or sold without a 
significant concession in price because of the market’s potential inability to efficiently accommodate 
the desired trading size.

Locked limit  A condition in the futures markets in which a transaction cannot take place because the 
price would be beyond the limits.

Long  The buyer of a derivative contract. Also refers to the position of owning a derivative.
Macaulay duration  The percentage change in price for a percentage change in yield. The term, named 

for one of the economists who first derived it, is used to distinguish the calculation from modified 
duration. (See also modified duration).

Maintenance margin  The minimum amount that is required by a futures clearinghouse to maintain a 
margin account and to protect against default. Participants whose margin balances drop below the 
required maintenance margin must replenish their accounts.

Margin bond  A cash deposit required by the clearinghouse from the participants to a contract to pro-
vide a credit guarantee. Also called a performance bond.

Margin call  A request for the short to deposit additional funds to bring their balance up to the initial margin.
Margin  The amount of money that a trader deposits in a margin account. The term is derived from the 

stock market practice in which an investor borrows a portion of the money required to purchase a 
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certain amount of stock. In futures markets, there is no borrowing so the margin is more of a down 
payment or performance bond.

Mark to market  The revaluation of a financial asset or liability to its current market value or fair 
value.

Market risk  The risk associated with interest rates, exchange rates, and equity prices.
Marking to market  A procedure used primarily in futures markets in which the parties to a contract 

settle the amount owed daily. Also known as the daily settlement.
Maximum loss optimization  A stress test in which we would try to optimize mathematically the risk 

variable that would produce the maximum loss.
Model risk  The risk that a model is incorrect or misapplied; in investments, it often refers to valuation 

models.
Modified duration  An adjustment of the duration for the level of the yield. Contrast with Macaulay 

duration.
Moneyness  The relationship between the price of the underlying and an option’s exercise price.
No-arbitrage approach  A procedure for obtaining the value of an option based on the creation of a 

portfolio that replicates the payoffs of the option and deriving the option value from the value of 
the replicating portfolio.

Non-deliverable forwards  Cash-settled forward contracts, used predominately with respect to foreign 
exchange forwards. Also called contracts for differences.

Nonfinancial risk  Risks that arise from sources other than the external financial markets, such as 
changes in accounting rules, legal environment, or tax rates.

Nonparametric  Involving minimal probability-distribution assumptions.
Notional principal  An imputed principal amount.
Open interest  The number of outstanding contracts in a clearinghouse at any given time. The open 

interest figure changes daily as some parties open up new positions, while other parties offset their 
old positions.

Operational risk  The risk of loss from failures in a company’s systems and procedures (for example, 
due to computer failures or human failures) or events completely outside of the control of organiza-
tions (which would include “acts of God” and terrorist actions).

Option combination  An option strategy that typically uses both puts and calls, an example of which 
is the straddle, which involves buying one call and one put.

Option premium  The amount of money a buyer pays and seller receives to engage in an option trans-
action.

Option spread  The investor buys one call and writes another with a different exercise price or expira-
tion or buys one put and writes another with a different exercise price or expiration.

Option  A financial instrument that gives one party the right, but not the obligation, to buy or sell an 
underlying asset from or to another party at a fixed price over a specific period of time. Also referred 
to as contingent claim or option contract.

Out of the money  Options that, if exercised, would require the payment of more money than the value 
received and therefore would not be currently exercised.

Payment netting  A means of settling payments in which the amount owed by the first party to the sec-
ond is netted with the amount owed by the second party to the first; only the net difference is paid.

Performance bond  See margin bond.
Performance netting risk  For entities that fund more than one strategy and have asymmetric incentive 

fee arrangements with the portfolio managers, the potential for loss in cases where the net perfor-
mance of the group of managers generates insufficient fee revenue to fully cover contractual payout 
obligations to all portfolio managers with positive performance.

Political risk  The risk of war, government collapse, political instability, expropriation, confiscation, or 
adverse changes in taxation. Also called geopolitical risk.

Position delta  The overall delta of a position that contains some combination of assets and derivatives.
Present value of a basis point (PVBP)  The change in the bond price for a 1 basis point change in 

yield. Also called basis point value (BPV).
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Price limits  Limits imposed by a futures exchange on the price change that can occur from one day 
to the next.

Price value of a basis point (PVBP)  The change in the bond price for a 1 basis point change in yield. 
Also called basis point value (BPV).

Principle of no arbitrage  See arbitrage-free pricing.
Protective put  An option strategy in which a long position in an asset is combined with a long position 

in a put.
Put option  An option that gives the holder the right to sell an underlying asset to another party at a 

fixed price over a specific period of time.
Put–call parity  An equation expressing the equivalence (parity) of a portfolio of a call and a bond 

with a portfolio of a put and the underlying, which leads to the relationship between put and 
call prices.

Put–call–forward parity  The relationship among puts, calls, and forward contracts.
Put  An option that gives the holder the right to sell an underlying asset to another party at a fixed price 

over a specific period of time.
Ratio spread  An option strategy in which a long position in a certain number of options is offset by a 

short position in a certain number of other options on the same underlying, resulting in a risk-free 
position.

Regulatory risk  The risk associated with the uncertainty of how a transaction will be regulated or with 
the potential for regulations to change.

Replication  The creation of an asset or portfolio from another asset, portfolio, and/or derivative.
Reverse carry arbitrage  A strategy in involving the short sale of the underlying and an offsetting op-

posite position in the derivative.
Rho  The change in a given derivative instrument for a given small change in the risk-free interest rate, 

holding everything else constant. Rho measures the sensitivity of the option to the risk-free interest rate.
Risk budgeting  The establishment of objectives for individuals, groups, or divisions of an organization 

that takes into account the allocation of an acceptable level of risk.
Risk exposure  A source of risk. Also, the state of being exposed or vulnerable to a risk.
Risk management  The process of identifying the level of risk an entity wants, measuring the level of 

risk the entity currently has, taking actions that bring the actual level of risk to the desired level of 
risk, and monitoring the new actual level of risk so that it continues to be aligned with the desired 
level of risk.

Risk tolerance  The capacity to accept risk; the level of risk an investor (or organization) is willing and 
able to bear.

Risk-neutral pricing  Sometimes said of derivatives pricing, uses the fact that arbitrage opportunities 
guarantee that a risk-free portfolio consisting of the underlying and the derivative must earn the 
risk-free rate.

Risk-neutral probabilities  Weights that are used to compute a binomial option price. They are the 
probabilities that would apply if a risk-neutral investor valued an option.

Sandwich spread  An option strategy that is equivalent to a short butterfly spread.
Settled in arrears  An arrangement in which the interest payment is made at the end of the settlement 

period.
Settlement  The process that occurs after a trade is completed, the securities are passed to the buyer, and 

payment is received by the seller.
Settlement netting risk  The risk that a liquidator of a counterparty in default could challenge a netting 

arrangement so that profitable transactions are realized for the benefit of creditors.
Settlement price  The official price, designated by the clearinghouse, from which daily gains and losses 

will be determined and marked to market.
Settlement risk  When settling a contract, the risk that one party could be in the process of paying the 

counterparty while the counterparty is declaring bankruptcy.
Short  The seller of an asset or derivative contract. Also refers to the position of being short an asset or 

derivative contract.
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Sovereign risk  A form of credit risk in which the borrower is the government of a sovereign nation.
Spot markets  Markets in which assets are traded for immediate delivery.
Spot prices  The price of an asset for immediately delivery.
Straddle  An option strategy involving the purchase of a put and a call on the same underlying with the 

same exercise price and expiration date. If the put and call are held long, it is a long straddle; if they 
are held short, it is a short straddle.

Straight-through processing  Systems that simplify transaction processing through the minimization 
of manual and/or duplicative intervention in the process from trade placement to settlement.

Strangle  A variation on a straddle in which the put and call have different exercise prices; if the put and 
call are held long, it is a long strangle; if they are held short, it is a short strangle.

Strap  An option strategy involving the purchase of two calls and one put.
Strip  An option strategy involving the purchase of two puts and one call.
Structured note  A variation of a floating-rate note that has some type of unusual characteristic such as 

a leverage factor or in which the rate moves opposite to interest rates.
Stylized scenario  A type of analysis often used in stress testing. It involves simulating the movement 

in at least one interest rate, exchange rate, stock price, or commodity price relevant to the portfolio.
Surplus  The difference between the value of assets and the present value of liabilities. With respect to 

an insurance company, the net difference between the total assets and total liabilities (equivalent to 
policyholders’ surplus for a mutual insurance company and stockholders’ equity for a stock com-
pany).

Swap contract  An agreement between two parties to exchange a series of future cash flows.
Swap rate  The interest rate applicable to the pay-fixed-rate side of an interest rate swap.
Synthetic long position  A combination of options (buying a call and writing a put) having the same 

expiration date and the same exercise price, which is approximately equivalent to a long position 
in the stock.

Synthetic short position  A derivatives strategy that creates the same performance as a short position 
in the underlying.

Tail value at risk  (or conditional tail expectation) The VaR plus the expected loss in excess of VaR, 
when such excess loss occurs.

Tax risk  The uncertainty associated with tax laws.
Theta  The change in a derivative instrument for a given small change in calendar time, holding 

everything else constant. Specifically, the theta calculation assumes nothing changes except calendar 
time. Theta also reflects the rate at which an option’s time value decays.

Time value decay  Said of an option when, at expiration, no time value remains and the option is worth 
only its exercise value.

Time value  The difference between the market price of the option and its intrinsic value, determined 
by the uncertainty of the underlying over the remaining life of the option.

Total return swap  A swap in which one party agrees to pay the total return on a security. Often used 
as a credit derivative, in which the underlying is a bond.

Tracking risk  The standard deviation of the differences between a portfolio’s returns and its bench-
mark’s returns; a synonym of active risk. Also called tracking error.

Trade settlement  Completion of a trade wherein purchased financial instruments are transferred to the 
buyer and the buyer transfers money to the seller.

Transaction exposure  The risk associated with a foreign exchange rate on a specific business transac-
tion such as a purchase or sale.

Translation exposure  The risk associated with the conversion of foreign financial statements into do-
mestic currency.

Transparency  Said of something (e.g., a market) in which information is fully disclosed to the public 
and/or regulators.

Twist  With respect to the yield curve, a movement in contrary directions of interest rates at two matur-
ities; a nonparallel movement in the yield curve.
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Underlying  An asset that trades in a market in which buyers and sellers meet, decide on a price, and the 
seller then delivers the asset to the buyer and receives payment. The underlying is the asset or other 
derivative on which a particular derivative is based. The market for the underlying is also referred 
to as the spot market.

Value at risk (VaR)  A probability-based measure of loss potential for a company, a fund, a portfolio, a 
transaction, or a strategy over a specified period of time.

Vega  The change in a given derivative instrument for a given small change in volatility, holding 
everything else constant. A sensitivity measure for options that reflects the effect of volatility.

Volatility  Represented by the Greek letter sigma (σ), the standard deviation of price outcomes associ-
ated with an underlying asset.

Worst-case scenario analysis  A stress test in which we examine the worst case that we actually expect 
to occur.

Yield beta  A measure of the sensitivity of a bond’s yield to a general measure of bond yields in the 
market that is used to refine the hedge ratio.

Zero-cost collar  A transaction in which a position in the underlying is protected by buying a put and 
selling a call with the premium from the sale of the call offsetting the premium from the purchase 
of the put. It can also be used to protect a floating-rate borrower against interest rate increases with 
the premium on a long cap offsetting the premium on a short floor.
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Global Computer Technology (GCT),  

468–470
Global custodian, 302
Globalization, 415
Goldman Sachs Group, Inc. Form 10-K, 

327–330
Government bond portfolio, 382–385
Greeks, the, 179. See also Option Greeks

H
Hedge portfolio, 44
Hedge wrapper, 268
Hedging, 371. See also Delta hedging
Herstatt (settlement) risk, 309–310
Historical method, VaR, 324–331

calculation of, 326–327
Historical simulation method, 325
Human failures, 308
Hybrids, 32–33
Hypothetical events, 337
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I
IASB. See International Accounting Standards 

Board (IASB)
Idiosystemic risk, 388
Implied volatility, 233–237

across markets, option trading and, 236
definition of, 233, 283
one market, option trading and, 236
underlying and, 39

Incremental VaR (IVaR), 335
Index Advantage (INDEXA), 396–397
Index swaps, 33
Information discovery, 38–39
Information ratio (IR), 349
Initial margin, 15
Insider exposure, reduction of, 542–544
Insurance, protective puts as, 445
Interest, on Libor spot and FRA payments, 

132–133
Interest rate(s):

continuously compounded, equity futures 
contract price and, 126

fixed-income instruments and, 34
forward contracts and, 74–76
option strategies and, 467–490
as underlying, 58

Interest rate call option, payoff of, 467
Interest rate calls, borrowing and, 468–473
Interest rate cap, floating rate loan with, 479–483
Interest rate collar, floating rate loan with, 486–490
Interest rate derivatives, 34
Interest rate floor, floating rate loan with, 

483–486
Interest rate forward and futures contracts, 

129–138
Interest rate futures, 247–248
Interest rate options, 202–204, 217–221

European, 220–221
option on interest rates, 203–204
two-year binomial interest rate lattice, 203

Interest rate option strategies, 467–490
Interest rate parity, 144
Interest rate puts, lending and, 473–479
Interest rate risk:

management of, 371–375
swap strategies for, 513–525

Interest rate swap contracts, 151–156
duration and, 516
fixed-for-floating, 18–19
fixed swap rate based on present value factors 

and, 154
floating leg (FLT) and fixed leg (FIX), 151

loan conversion and, 152, 514–517
strategy selection, 291
swap value based on present value factors and, 

155–156
Interest rate swap/futures, 246–248
Interest rate swaptions:

interest rate, future borrowing and, 545–548
interest rate, swap termination and, 548–551

Internal capital requirements, 357–358
International Accounting Standards Board 

(IASB), 312, 313
International diversification:

equity market risk and, 537–538
foreign currency risk and, 415

International Swaps and Derivatives Association 
(ISDA), 8

In-the-money, 23, 84
Intrinsic value, 82
Inverse floaters, 522–525
Investment objectives:

applications, 285–291
breakeven price, analytics of, 282–285
market risk and, 282
setting, 281–282

Investors, risk aversion and, 59–60
IR. See Information ratio (IR)
ISDA. See International Swaps and Derivatives 

Association (ISDA)

K
Kurtosis, 323

L
Lambda (risk premium), 60
Law of one price, 45, 63, 112, 179. See also 

Arbitrage
Legal/contract risk, 311
Legal contracts, derivatives and, 3
Lehman Brothers Government Bond Index  

(LGB), 542
Lending, interest rate puts with, 473–479
Leptokurtosis, 323
Leveraged floating-rate note, 520–522
LGB. See Lehman Brothers Government Bond 

Index (LGB)
Libor. See also Forward rate agreements (FRAs)

add-on basis and, 129
FRAs and, 74, 129–131, 376
interest rate swaps and, 19, 514, 515
swap fixed rates and, 526
swaptions and, 544–545
as underlying, 34
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Libor rates, 129
Libor spot, interest on, 132–133
Limit down, 16
Limited liability, principle of, 337
Limit up, 16
Liquidity:

market, 337
OTC instruments and, 8
standardization and, 6

Liquidity risk, 307–308
definition of, 307
identification of
measurement of, 345

Loan(s):
fixed rate (see Fixed-rate loans)
floating-rate (see Floating-rate loans)
floating-rate/fixed conversions, 152
hedging and (see Forward rate agreements (FRAs))
single-payment, 374

Loan conversion:
Interest rate swaps and, 514–517
two currencies and, 525–529

Locked limit, 16
Lognormal volatility, 284
Long asset/short forward position, equivalence 

to, 266
Long call, 290
Long position, 3
Long straddle, 289–290
Long-Term Capital Management (LTCM) fiasco, 

41, 336, 345

M
Maintenance margin, 15
MAR. See Minimum acceptable return (MAR)
Margin, 15
Margin account, 14
Margin bond, 7
Margin call, 15
Market(s):

efficient, 39–40
failure of, 30
implied volatility and, 235
OTC securities, 5–6
spot, 1, 57
uncertainty in, 39

“Market consensus” valuation, 237
Market crisis, 337
Market direction, options and, 281–282
Market efficiency, 39–40
Market indices, broad-based, 39
Market liquidity, 337

Market risk:
definition of, 305, 315
measurement of, 315–316
risk budgeting and, 348–351
risk management and, 305–306, 347–351
spectrum of, 282

Market value:
duration and, 516
OTC volume and, 36–37
swaps, at start, 518

Mark-to-market practice:
bond futures contract and, 142
credit risk and, 351–352
futures contracts and, 14, 16

Maximum loss limits, 357
Maximum loss optimization, 337
Merton, Robert, 205
Minimum acceptable return (MAR), 356
Mispricing, 40, 66
Model risk, 309
Modified duration, 378–379
Monetary position limits, 357
Moneyness, 84
Money spreads, 446–457
Monte Carlo simulation:

nonparametric condition and, 326
VaR and, 331–333

Moody’s Investors Service, 353
Multiperiod model, binomial option valuation 

model and, 204–205

N
Naked call, 266, 286
Naked put, 266
NASDAQ, 429
NASDAQ Composite Index, 320, 324
Netting arrangements:

credit risk and, 352–353
payment netting, 353, 514, 515
settlement risk and, 310

Netting risk, 314–315
No-arbitrage approach:

forward contracts (see No-arbitrage forward 
contracts)

one-period binomial model, 184–185
two-period binomial model, 190
valuation (see No-arbitrage valuation approach)

No-arbitrage forward contracts, 115–126
carry arbitrage model, no underlying cash flows, 

115–123
carry arbitrage model, underlying has cash 

flows, 123–126
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No-arbitrage rule, 66
No-arbitrage valuation approach:

comparability concept and, 179
principles of, 178–179

Nominal position limits, 357
Non-deliverable (NDFs), 13
Nonfinancial risks, 345–346
Nonparametric condition, 326
Normal distribution, standard, 209
Notation(s):

calls and, 82
derivatives and, 11
forward and futures contracts, 113–115
options and, 82, 428
puts and, 82

Notes. See Leveraged floating-rate note; 
Structured notes

Notional position limits, 357
Notional principal, 20, 36–37

O
Objectives. See Investment objectives
Off-market forward, 80
Off-market swaps, 512
OIS. See Overnight index swap (OIS)
One-period binomial model, 181–189

expectations approach, 186–187
hedge ratio and, 183
lattice with underlying distribution, 182
long call option replicated with underlying and 

financing, 184
long put option replicated with underlying and 

financing, 185–186
no-arbitrage approach, 184
put-call parity and, 188
single-period binomial call value, 187–188
single-period binomial put value, 188–189

Open interest, 16
Operational advantages, 39
Operational risk, 308–309

risk measurement and, 345–346
Opportunity cost, 442
Opportunity cost of money, 61
Option(s):

American-style, 22
binomial value of, 97–101
call, 22
credit derivatives and, 30–31
credit risk and, 342–345
credit spread, 28
definition of, 57
delta and, 316

delta hedging over time, 492–500
described, 3
European-style, 22
forward commitments and, 27
on interest rates, 203–204
market direction and, 281–282
price and, 39
pricing and valuation of (see Option pricing and 

valuation)
put, 22
risk and, 441
standard market models, 219
swaps and (see Swaptions)
types of, 81
valuation of, 178
volatility of underlying and, 281

Option combination, 270
Option Greeks, 224–233

implied volatility and, 233–237
Option premium:

definition of, 23
volatility and, 283

Option pricing and valuation, 81–97
breakeven price and, 283
European-style option. See European option 

pricing
notation for, 82

Option pricing theory, credit risk and, 339–341
Option strategies:

equity portfolios and, 429–467
interest rate and, 467–490
risk management and, 427–509

OTC instruments:
liquidity and, 8
market size and, 36–37
regulations and, 8–9, 30

OTC securities markets, 5–6
Out-of-the-money, 23–24, 84
Overnight index swap (OIS), 20, 131
Over-the-counter (OTC) derivative markets, 

8–10
Over-the-counter (OTC) derivatives, exchange-

traded derivatives vs., 9–10
Over-the-counter (OTC) forward contract, 129
Over-the-counter markets. See OTC securities 

markets

P
Payer swaptions:

definition of, 544
risk management and, 513
valuation model for, 222–223
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Pay-floating (FLT) interest rate swap, 150
Payment netting, 353, 514, 515
Performance bond, 7
Performance evaluation, risk management and, 

354–356
Performance netting risk, 314–315
Plain vanilla swap:

interest rate, Libor and, 34, 151
inverse floaters and, 523
scenario for, 18–19
wide use of, 20

Political risk, 313, 314
Portfolio:

diversification of, 534–539
duration and, 516
dynamic, 179
hedge, 44

Portfolio management, behavioral considerations, 
358

Portfolio protection, 286–287
adjustment, 287–288

Portfolio volatility, beta and, 388
Position delta, 266
Position equivalencies, 252–257

foreign currency options, 255–256
option, example, 256–257
synthetic assets with futures/forwards, 254
synthetic call, 255
synthetic long asset, 253
synthetic put, 254–255
synthetic short asset, 253–254

Premium, 23
Present value of a basis point (PVBP), 379
Price, breakeven, 282–285
Price limits, 16
Price risk, 112, 133
Price shock, 264
Pricing, vs. valuation, 68–69
Pricing the underlying, 58–62

benefits/costs of holding asset, 60–62
expectations, formation of, 58–59
rate of return, required, 59
risk aversion and, 59–60
risky assets and, 60

Principle of no arbitrage, 66
Protective puts, 443–446

characteristics of, 265
described, 91, 257
fiduciary call and, 92
as insurance, 445
investment objectives of, 262–265
risk of, 268

Psychological considerations, risk management 
and, 358

Purposes of derivatives, 37–40
Putable bonds, 557–558
Put-call-forward parity, 95–97
Put-call parity, 91–95

arbitrage, 94
described, 92
equations, 94
futures option, 216
protective put vs. fiduciary call, 93
put option value and, 188

Put or put option, 25–27, 435–439
buy, 436
calls and, combination of, 458–467
cash secured, writing, 266–267
definition of, 22, 81
fiduciary, 266
mirror image with calls, 256
notation/symbols, 82
payer swaption and, 557
payoff and profit from, 26, 468
protective (see Protective puts)
sell, 436–438
short sale and bond purchase vs., 89
synthetic, 254–255
writing, 289

PVBP. See Present value of a basis point  
(PVBP)

Q
Q-Tech Advisors, 406–408
Quantitative Mutual Funds Advisors (QMFA), 

408–409
Qubes, 429

R
Random number generator, 332
Range forwards, 460
RAROC. See Risk-adjusted return on capital 

(RAROC)
Rate of return, underlying asset and, 59
Rating agencies, 353
Ratio spread, 497
Receive-fixed (FIX) interest rate swap, 150
Receive-fixed swap hedge with bonds, 152
Receiver swaptions:

definition of, 544
risk management and, 513
valuation model for, 222

Receiver swaption valuation model, 223
Reference obligation, 354
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Regulation(s):
Basel banking, 346
OTC derivatives markets and, 8–9
regulatory risk and, 310–311
transparency and, 7

Regulation of the European Parliament and of 
the Council on OTC Derivatives, Central 
Counterparties, and Trade Repositories, 9

Regulatory risk, 310–311
Replication, arbitrage and, 64–65
Return over maximum drawdown (RoMAD), 

355–356
Reverse carry arbitrage, 120
Rho, 232–233
Risk(s). See also specific type

business, 303
credit (see Credit risk)
of delta, gamma and, 500–501
exchange rate (see Exchange rate risk)
foreign currency (see Foreign currency risk)
funding, 307
interest rate (see Interest rate risk)
liquidity (see Liquidity risk)
management of (see Risk management)
market (see Market risk)
options and, 441
price, 133, 180
settlement (Herstatt), 309–310
sources of, 304
systemic, 41–42, 388
underlying and, 3

Risk-adjusted return on capital (RAROC),  
355

Risk allocation, transfer, management and,  
37

Risk aversion:
arbitrage and, 65–66
underlying and, 59–60

Risk budgeting, 348–351
fund management company and, 350–351

Risk exposure(s):
analysis of, 305
categories of, 303
risk management and, 297

Risk factors, 302
Risk-free rate:

economy and, 60
European option pricing and, 85–86

Risk governance, 300–303
centralized, 300–301
governance structure, 300
investment firms and, 301–302

Risk management, 295–368, 349–360
accounting risk, 312–313
basics, 296
behavioral considerations, 358
capital allocation and, 356–358
credit risk (see Credit risk)
definition of, 4, 297
derivatives and, 5, 13, 37
ESG risk, 314
forward and futures strategies and, 370–371, 

421–422
identification of risks, 303–315
legal/contract risk, 311
market risk, 347–351
model risk, 309
nonfinancial risks, 345–346
operational risk, 308–309
option portfolio strategies, 500–502
options and the underlying, 439–446
option strategies and, 427–509
performance evaluation, 354–356
performance netting risk, 314–315
political risk, 313, 314
process, as, 297–300
processing and measuring risk, 299
psychological considerations, 358
regulatory risk, 310–311
risk governance and, 300–303
settlement (Herstatt) risk, 309–310
settlement netting risk, 315
sovereign risk, 313
swaps and, 252
tax risk, 311–312

Risk measurement, 315–346
bond portfolio risk and, 377–379
credit risk (see Credit risk)
liquidity risk, 345
market risk, 315–316
stress testing (see Stress testing)
value at risk (see Value at risk (VaR))

Risk neutrality, arbitrage and, 65–66
Risk-neutral pricing, 66
Risk-neutral probabilities, 99
Risk premium (lambda):

amount of risk taken and, 60
notation for, 60
risk aversion and, 59

Risk reversal, 268, 460
RoMAD. See Return over maximum drawdown 

(RoMAD)
Royal Tech Ltd., 414–415
Russell 3000, 542
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S
S&P 500, 234
S&P 500 Index, 216–217, 320, 387
Sandwich spreads, 456
Scenario analysis, 336–337
Scholes, Myron, 205
Securities, asset-backed, 31–32
Securities and Exchange Commission, 334
Settle in arrears, 131
Settlement:

daily, 14
definition of, 7
trade, 302

Settlement (Herstatt) risk, 309–310
Settlement netting risk, 315
Settlement price, 14
Sharpe ratio, 355
Short position, 3
Short put profit and loss diagram, 267
Short sell stock strategy, 430
Single-payment loans, 374
Skewness, 323
Sortino ratio, 356
Sovereign risk, 313
SPAN, 336
Special purpose vehicles (SPVs), 353–354
Speculation, 40–41
Speculators, 7
Spelling, Michael, 542–543
Spelling Software and Technology (SPST), 

542–543
Spot asset, pricing of, 62
Spot markets, 1, 57
Spread(s):

adding short leg to long position, 274–275
bear, 271, 273, 450–453
box, 465–467
bull, 271–273, 447–450
butterfly, 270, 453–457
calendar, 278–279
combinations and, 270–281
described, 446
money, 446–457
multiple strikes and, 275–276
ratio, 497
refining, 274–276
risk of, 277–278
sandwich, 456
time, 446
volatility play and, 276

SPVs. See Special purpose vehicles (SPVs)
Standard & Poor’s, 353

Standard deviation, expected return and, 320
Standardization:

clearing, settlement and, 7
described, 14
liquidity and, 6
speculators and, 7

Standard normal distribution, 209, 319
Stock(s):

asset allocation and, 402–403, 539–542
beta and, 316
buying strategy, 430
short sell strategy, 430
strategies, simple, 430
underlying, 283

Stock index futures, 251
Stock market crash, 42, 336
Stock options:

BSM model and, 214
incentives and, 34

Stock portfolio, risk management and, 390–391
Storability, 44
Storage, 44–45
Storage, cost of, 61
STP. See Straight-through processing (STP) 

systems
Straddle, 279–280, 462–464

breakevens and, 463
long, 279, 280, 289–290

Straight-through processing (STP) systems, 302
Strangle, 464
Strap, 464
Strategy selection, 285–291

calendar spread, 290
collar/equity swap, 288
covered calls, 285–288
currency forward contract, 290
interest rate swap, 291
long call, 290
long straddle, 289–290
put options, 289

Stress testing:
actual extreme events and, 336
Goldman Sachs Group, Inc. Form 10-K, 328
models, stressing, 337
risk measurement and, 335–337
scenario analysis, 336–337

Strike price, 23, 253
Strip, 464
Structured notes:

definition of, 513
inverse floaters and, 522–525
swaps, risk management and, 520–525
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Stylized scenarios, 336
Subprime mortgage market, 30
Surplus, 333
Swap(s), 18–21. See also Credit default swap 

(CDS)
credit risk and, 341–342
definition of, 18, 57
fixed-income portfolio, duration and, 517–520
forward, 558
interest rate swap/futures, 246–248
interest rate swaps, loan conversion and, 

514–517
market value at start, 518
most common, 18–19
notional amount of, 152
plain vanilla (see Plain vanilla swap)
risk management and, 252, 511–569
structured notes and, 520–525
termination of, interest rate swaption and, 

548–551
total return, 28

Swap contracts. See Swap(s)
Swap contracts pricing and valuation, 78–81, 

149–156
cash flow structure in, 79
swap as series of forward contracts, 79
swap cash flows, generic, 149

Swap fixed rates, Libor and, 526
Swaptions, 221–223

Black model and, 221–222
callable (noncallable) debt and, 552–558
components of model, 222
definition of, 544
equivalence relationships with, 223
European, 223
as hybrids, 32
interest rate (see Interest rate swaptions)
payer (see Payer swaptions)
receiver (see Receiver swaptions)
strategies and applications using, 544–558
types of, 512, 544
underlying swap and, 544

Synthetic assets with futures/forwards, 254
Synthetic call, 255
Synthetic cash, creation of, 398–399
Synthetic index fund, creation of, 394–395
Synthetic long asset, 253
Synthetic long position, 253
Synthetic put, 254–255
Synthetic short asset, 253–254
Synthetic short position, 253, 254
Synthetics Inc. (SYNINC), 399–400

Systemic financial risks, 30
Systemic risk, 41–42, 388

T
Tail value at risk (TVaR), 335
Taxpayer bailouts, 30
Tax risk, 311–312
T-bill rate, 20
Technology stock bubble, 336
TED spread, 20
Terrorist actions, 308, 309, 336
Theta, 230–231

time to expiration and, 316
Time spreads, 446
Time value, 87
Time value decay, 87
Total Asset Strategies (TAST), 410–411
Total return indices, 395
Total return swap, 28, 250, 354
Tracking risk, 315
Trade settlement, 302
Transaction exposure, 411
Translation exposure, 412
Transparency, definition of, definition of, 7
True fundamental value, 45
Twist, 336
Two-period binomial model, 189–202

American style options and, 193, 194–196, 197
call valuation, 192–193
call values and hedge ratios, two-period 

binomial tree and, 190–191
dividend payments and, 196–197
dynamic portfolio and, 179
European-style put option, 194
no-arbitrage approach, 190
option valuation exercise, 197–202
self-financing of portfolio, 191
two-period lattice viewed as three one-period 

lattices, 189
Two-way payments, 310

U
Underlying, the, 33–37. See also Pricing the 

underlying
assets and, 34, 58, 256
carry benefits and, 179
commodities, 35
covered calls and, 441, 443
credit, 35
currencies, 34
“days in underlying,” 467–468
derivatives and, 33–35, 43–44
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described, 3
equities, 33–34
European option pricing and, 83, 86–87
fixed-income instruments and, 34
forward contracts and, 12, 13
hedging with derivative, 64
interest rates and, 34
price shock to, 264
types of, 58
unusual, 35
volatility and, 281, 315

United States, regulations and, 9
US dollar Libor (London Interbank Offered 

Rate). See Libor
US Treasury bill rate, 20

V
Valuation:

no-arbitrage approach to, 178–179
vs. pricing, 68–69

Value(s):
exercise, 181
forward, 113
futures (see Futures value)
market (see Market value)
time, 87
unit of, 144

Value at risk (VaR), 317–335
advantages and limitations of, 333–335
analytical or variance-covariance method, 

319–324
credit VaR, 338
elements of measuring, 318–319
expression of, 317
extensions and supplements to, 335
Goldman Sachs Group, Inc. Form 10-K, 

327–330
historical method, 324–331, 326–327
incremental (IVaR), 335
main purpose of analysis, 335
Monte Carlo simulation, 331–333
probability levels/time horizons, 322–323
stress testing, 335–337
surplus at risk, 333

Vanilla swap, 18–19, 20
VAR. See Value at risk (VaR)
VaR-based position limits, 357
Vega, 231–232

implied volatility and, 231–232
volatility risk and, 501–502

VIX (volatility index), 39, 234–235
Volatility. See also Implied volatility

described, 86
“guess factor,” 235
historical, 235
identification of, 39
individual positions and, 316
lognormal, 284
measurement of, 283
option premium and, 283
portfolio, 388
spreads and, 276
systemic, 86
time periods and, 284
of underlying, European options and,  

86–87
underlying asset and, 315
unsystemic, 86
vega and, 316

Volatility risk, vega and, 501–502

W
Wall Street Reform and Consumer Protection 

Act, 9
Warrant, 34
Weather:

operational risk and, 308
underlying and, 35

Worst-case scenario analysis, 337

Y
Yield beta, 387

Z
Zero-cost collar, 458–460
Zero-coupon bond, 75
Zero-sum game, 12
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