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1. Motivation, Aims
and Examples

These lectures will concentrate on (nonlinear) stochastic partial differential
equations (SPDEs) of evolutionary type. All kinds of dynamics with stochas-
tic influence in nature or man-made complex systems can be modelled by
such equations. As we shall see from the examples, at the end of this section
the state spaces of their solutions are necessarily infinite dimensional such
as spaces of (generalized) functions. In these notes the state spaces, denoted
by E, will be mostly separable Hilbert spaces, sometimes separable Banach
spaces.

There is also enormous research activity on SPDEs, where the state spaces
are not linear, but rather spaces of measures (particle systems, dynamics in
population genetics) or infinite-dimensional manifolds (path or loop spaces
over Riemannian manifolds).

There are basically three approaches to analysing SPDEs: the “martingale
(or martingale measure) approach” (cf. [Wal86]), the “semigroup (or mild
solution) approach” (cf. [DPZ92], [DPZ96]) and the “variational approach”
(cf. [Roz90]). There is an enormously rich literature on all three approaches
which cannot be listed here. We refer instead to the above monographs.

The purpose of these notes is to give a concise introduction to the “vari-
ational approach”, as self-contained as possible. This approach was initiated
in pioneering work by Pardoux ([Par72],[Par75]) and further developed by
N. Krylov and B. Rozowskii in [KR79] (see also [R0oz90]) for continuous mar-
tingales as integrators in the noise term and later by I. Gyongy and N. Krylov
in [GK81],[GK82],[Gy582] for not necessarily continuous martingales.

These notes grew out of a two-semester graduate course given by the second-
named author at Purdue University in 2005/2006. The material has been
streamlined and could be covered in just one semester depending on the pre-
knowledge of the attending students. Prerequisites would be an advanced
course in probability theory, covering standard martingale theory, stochas-
tic processes in R? and maybe basic stochastic integration, though the latter
is not formally required. Since graduate students in probability theory are
usually not familiar with the theory of Hilbert spaces or basic linear operator
theory, all required material from these areas is included in the notes, most
of it in the appendices. For the same reason we minimize the general theory
of martingales on Hilbert spaces, paying, however, the price that some proofs
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about stochastic integration on Hilbert space are a bit lengthy, since they have
to be done “by bare hands”.

In comparison with [Roz90] for simplicity we specialize to the case where
the integrator in the noise term is just a cylindrical Wiener process. But every-
thing is spelt out in a way so that it generalizes directly to continuous local
martingales. In particular, integrands are always assumed to be predictable
rather than just adapted and product measurable. The existence and unique-
ness proof (cf. Subsection 4.2) is our personal version of the one in [KR79],
[Roz90] and largely taken from [RRWO6] presented there in a more general
framework. The results on invariant measures (cf. Subsection 4.3) we could
not find in the literature for the “variational approach”. They are, however,
quite straightforward modifications of those in the “semigroup approach” in
[DPZ96]. The examples and applications in Subsection 4.1 in connection with
the stochastic porous media equation are fairly recent and are modifications
from results in [DPRLRWO06] and [RRW06].

To keep these notes reasonably self-contained we also include a complete
proof of the finite-dimensional case in Chapter 3, which is based on the very
focussed and beautiful exposition in [Kry99], which uses the Euler approxi-
mation. Among other complementing topics the appendices contain a detailed
account of the Yamada—Watanabe theorem on the relation between weak and
strong solutions (cf. Appendix E).

The structure of these notes is, as we hope, obvious from the list of con-
tents. We only would like to mention here, that a substantial part consists of
a very detailed introduction to stochastic integration on Hilbert spaces (see
Chapter 2), major parts of which (as well as Appendices A—C) are taken from
the Diploma thesis of Claudia Prévot and Katja Frieler. We would like to
thank Katja Frieler at this point for her permission to do this. We also like to
thank all coauthors of those joint papers which form another component for
the basis of these notes. It was really a pleasure working with them in this
exciting area of probability. We would also like to thank Matthias Stephan
and Sven Wiesinger for the excellent typing job, as well as the participants
of the graduate course at Purdue University for spotting many misprints and
small mistakes.

Before starting with the main body of these notes we would like to give a few
examples of SPDE that appear in fundamental applications. We do this in a
very brief way, in particular, pointing out which of them can be analysed by
the tools developed in this course. We refer to the above-mentioned literature
for a more elaborate discussion of these and many more examples and their
role in the applied sciences.

Example 1.0.1 (Stochastic quantization of the free Euclidean quan-
tum field).
dX; = (A —m*) X, dt + dW,

on E C §'(RY).
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e m € [0,00) denotes “mass”,

e (W;)¢>0 is a cylindrical Brownian motion on L?(R%) C E (the inclusion
is a Hilbert—-Schmidt embedding).

Example 1.0.2 (Stochastic reaction diffusion equations).
dX, = [AX, — X} dt + /Q dW,
on E := LP(R?).

e (Q is a trace class operator on L?(R?), can also depend on X; (then Q
becomes Q(X%)),

e (W;):>0 is a cylindrical Brownian motion on L?(R?).

Example 1.0.3 (Stochastic Burgers equation).

d
dX; = AX; — X, d?Xt +/Q aw;,

on E :=L2([0,1]).
e £€[0,1],
e () as above,
e (Wi)i>0 is a cylindrical Brownian motion on L?([0, 1]).
Example 1.0.4 (Stochastic Navier—Stokes equation).
dX; = [VAX; — (X, V)X, ] dt +/Q dW,
on E:={z € L*(A - R? dz) |dive =0}, A CR?, d = 2,3, A smooth.
e v denotes viscosity,
e A, denotes the Stokes Laplacian,
e () as above,
e (W;)i>0 is a cylindrical Brownian motion on L?(A — RY),
o div is taken in the sense of distributions.

Example 1.0.5 (Stochastic porous media equation).
dX; = [AU(X,) + B(X;)] dt + B(X;) AW,

on H := dual of H}(A) (:= Sobolev space of order 1 in L?(A) with Dirichlet
boundary conditions).
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e A as above,
e V. d:R — R “monotone”,
e B(x): H — H Hilbert-Schmidt operator, V = € H.

The general form of these equations with state spaces consisting of functions
€ — x(&), where € is a spatial variable, e.g. from a subset of R, looks as
follows:

dX,(§) = A(1, X,(€). DeXi(€). DE(X(9)) ) at
+ B(ﬂ Xi(€), De X1(), D? (Xt(€>)) dW; .

Here D¢ and Dg mean first and second total derivatives, respectively. The
stochastic term can be considered as a “perturbation by noise”. So, clearly one
motivation for studying SPDEs is to get information about the corresponding
(unperturbed) deterministic PDE by letting the noise go to zero (e.g. replace
B by € - B and let € — 0) or to understand the different features occurring if
one adds the noise term.

If we drop the stochastic term in these equations we get a deterministic
PDE of “evolutionary type”. Roughly speaking this means we have that the
time derivative of the desired solution (on the left) is equal to a non-linear
functional of its spatial derivatives (on the right).

Among others (see Subsection 4.1, in particular the cases, where A is
replaced by the p-Laplacian) the approach presented in these notes will cover
Examples 1.0.2 in case d = 3 or 4. (cf. Remark 4.1.10,2. and also [RRWO06]
without restrictions on the dimension) and 1.0.5 (cf. Example 4.1.11). For
Example 1.0.1 we refer to [AR91] and for Examples 1.0.3 and 1.0.4 e.g. to
[DPZ92], [DPZ96].



2. The Stochastic Integral
in General Hilbert Spaces
(w.r.t. Brownian Motion)

This chapter is a slight modification of Chap. 1 in [FKO01].
We fix two separable Hilbert spaces (U, (, >U) and (H, (, >) The first part
of this chapter is devoted to the construction of the stochastic It6 integral

/ "0(s) dW(s), te (0.,
0

where W (t), t € [0,T], is a Wiener process on U and ® is a process with
values that are linear but not necessarily bounded operators from U to H.

For that we first will have to introduce the notion of the standard Wiener
process in infinite dimensions. Then there will be a short section about mar-
tingales in general Hilbert spaces. These two concepts are important for the
construction of the stochastic integral which will be explained in the following
section.

In the second part of this chapter we will present the Itd formula and
the stochastic Fubini theorem and establish basic properties of the stochastic
integral, including the Burkholder-Davis—Gundy inequality.

Finally, we will describe how to transmit the definition of the stochastic
integral to the case that W(t), t € [0,T], is a cylindrical Wiener process. For
simplicity we assume that U and H are real Hilbert spaces.

2.1. Infinite-dimensional Wiener processes

For a topological space X we denote its Borel o-algebra by B(X).

Definition 2.1.1. A probability measure p on (U, B(U)) is called Gaussian
if for all v € U the bounded linear mapping

v U—R
defined by

ur (u,v)y, u€lU,
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has a Gaussian law, i.e. for all v € U there exist m := m(v) € R and o :=
o(v) € [0, 00[ such that, if o(v) > 0,

(z=m)?

22 dx  for all A € B(R),

n—1 — (v _ 1 e~
(10 ()7 (4) = e € 4) = —— [

and, if o(v) =0,
no (’U/)_1 = 5m(v)-
Theorem 2.1.2. A measure i on (U,B(U)) is Gaussian if and only if

i) = / e p(dv) = elmuu=3Quuly -y g
U

where m € U and Q € L(U) is nonnegative, symmetric, with finite trace (see
Definition B.0.3; here L(U) denotes the set of all bounded linear operators
on U).

In this case p will be denoted by N(m, Q) where m is called mean and Q
is called covariance (operator). The measure u is uniquely determined by m
and Q.

Furthermore, for all h,g € U

[ b (o) = m o
[ ety = (m ) (@.9)0 — (mgho) ) = (@h.g)o

Jllz = mli ude) = er.
Proof. (cf. [DPZ92]) Obviously, a probability measure with this Fourier trans-

form is Gaussian. Now let us conversely assume that p is Gaussian. We need
the following:

Lemma 2.1.3. Let v be a probability measure on (U,B(U)). Let k € N be
such that

/}<Z,$>U|k v(dr) <oo VzeU.
U

Then there exists a constant C' = C(k,v) > 0 such that for all hy,..., hxy € U

[ by G| v(da) < € -+ [l
U
In particular, the symmetric k-linear form

U3 (hy,....,hy) — /(hl,:c>U~--<hk,x>U v(dr) €R

s continuous.



2.1. Infinite-dimensional Wiener processes 7

Proof. For n € N define

u,:{zeUlly%xwﬁumwgn}

U:DW
n=1

Since U is a complete metric space, by the Baire category theorem, there
exists ng € N such that U,, has non-empty interior, so there exists a ball
(with centre zg and radius rg) B(zg,70) C Up,. Hence

By assumption

/ |<zo +y,x>U‘k v(de) <ng Vye B(0,rg),
U

therefore for all y € B(0,ro)
[ Nyl viae) = [ [+ yia)o - ool vido)
U U

< Qkfl/ (20 +y,x>U|k v(dr) + 21@71/ |<20a$>U|k v(dz)
U U
< 2kn0

Applying this for y := rgz, z € U with |z|y = 1, we obtain

/ |<z,m>U|lc v(dz) < 2Fngrg .
U

Hence, if hy,...,h; € U \ {0}, then by the generalized Holder inequality

h h
/<1x> <kx> v(d)
vl \lPilo™ /¢ lhelv” /o
1/k & 1/k
h b h
< /<1,x> v(dx) /<k,x> v(dx)
U |h1|U U U |hlc‘U U
§2kn07"0_k,
and the assertion follows. O]

Applying Lemma 2.1.3 for K = 1 and v := y we obtain that

Ush — /(h,x}U p(dz) €R

is a continuous linear map, hence there exists m € U such that

/U<£E, h)y p(dx) = (m,h) V h e H.
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Applying Lemma 2.1.3 for £ = 2 and v := y we obtain that

U5 (hn, hy) /(x,h1>U<a:,h2>U 1(dz) — (m, b (m, ha)u

is a continuous symmetric bilinear map, hence there exists a symmetric Q) €
L(U) such that this map is equal to

U? 3 (hi,ha) — (Qh1,ha)y.

Since for all h € U

@ntho = [ e ntan) ~ ( [ no u(dx>)2 >0,

Q is positive definite. It remains to prove that @ is trace class (i.e.

tr@ := Z<Q€i76i>U < o0

i=1

for one (hence every) orthonormal basis {e; | ¢ € N} of U, c¢f. Appendix B).
We may assume without loss of generality that g has mean zero, i.e. m =0
(e U), since the image measure of p under the translation U 3 2 — z —m is
again Gaussian with mean zero and the same covariance (). Then we have for
all h € U and all ¢ € (0, 00)

1 e b@hhyy _ / (1 = cos(h, z)y) p(dx)
U

< / (1 = cos(h, z)u) p(dz) +2u({z € U | x|y > c})
{lzlu<e}

S %/ [(h2)u|* w(de) + 2u({z € U | falv > c})  (21.0)
{lz|u<c}

(since 1 — cosz < %xz) Defining the positive definite symmetric linear oper-

ator Q. on U by
(Quhi, ha)u :=/ (h1, @) - (hay @)y p(da),  ha,ho €T,
{lzlu<c}

we even have that Q. is trace class because for every orthonormal basis {ey |
k € N} of U we have (by monotone convergence)

Z<chk7ek>U = /{ |

k=1

oo

lera)tutds) = [ ol ulae)

<c} =1 {lzlu<c}

§02<oo.
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Claim: There exists ¢y € (0, 00) (large enough) so that Q < 2log4 Q., (mean-
ing that (Qh, h)y < 2log4(Q.,h, h)y for all h € U).

To prove the claim let ¢y be so big that u({o: evU | x|y > CO}) <
h € U such that (Q.,h, h)y < 1. Then (2.1.1) implies

1
3 Let

1 _ e~ 3{Qhh)u < 1 1 _3

4 4

[\

hence 4 > e2(@mMu o (Qh,h)y < 2log4. If h € U is arbitrary, but

(Qecoh, h)u # 0, then we apply what we have just proved to h/(Q.,h, h)é and
the claim follows for such h. If, however, (Q. h,h) = 0, then for all n € N,
(Qeonh,nh)yy = 0 < 1, hence by the above (Qh, h)y < n=?2log 4. Therefore,
(Qeoh, h)uy = 0 and the claim is proved, also for such h.

Since @), has finite trace, so has () by the claim and the theorem is proved,
since the uniqueness part follows from the fact that the Fourier transform is
one-to-one. O

The following result is then obvious.

Proposition 2.1.4. Let X be a U-valued Gaussian random wvariable on a
probability space (Q, F, P), i.e. there exist m € U and Q € L(U) nonnegative,
symmetric, with finite trace such that Po X' = N(m, Q).

Then (X, u)y is normally distributed for all uw € U and the following state-
ments hold:

. E((X,u>U) = (m,u)y for allu e U,
. E((X —myu)y - (X —m, U)U) = (Qu,v)y for all u,v € U,
. E(||X —m||2U) =trQ.

The following proposition will lead to a representation of a U-valued
Gaussian random variable in terms of real-valued Gaussian random variables.

Proposition 2.1.5. If Q € L(U) is nonnegative, symmetric, with finite trace
then there exists an orthonormal basis ey, k € N, of U such that

Qek = )\k6k7 )‘k = 07 ke N7
and 0 is the only accumulation point of the sequence (Ag)ren-

Proof. See [RS72, Theorem VI.21; Theorem VI.16 (Hilbert—Schmidt theorem)].
O

Proposition 2.1.6 (Representation of a Gaussian random variable).
Let m € U and Q € L(U) be nonnegative, symmetric, with tr@Q < oo. In
addition, we assume that ey, k € N, is an orthonormal basis of U consist-
ing of eigenvectors of @ with corresponding eigenvalues A\, k € N, as in
Proposition 2.1.5, numbered in decreasing order.
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Then a U-valued random variable X on a probability space (0, F,P) is
Gaussian with Po X' = N(m, Q) if and only if

X = Z VArBrer +m  (as objects in L*(Q, F, P;U)),
keN

where B, k € N, are independent real-valued random variables with Pof, " =
N(0,1) for all k € N with Ay > 0. The series converges in L*(Q,F, P;U).

Proof.
1. Let X be a Gaussian random variable with mean m and covariance Q.

Below we set (, ) :=(, )u.

Then X =), (X, ex)er in U where (X, ex) is normally distributed with
mean (m, e) and variance A, k € N, by Proposition 2.1.4. If we now define

VK

e Foew)_mer) if e N with Ay > 0
i =0 eR else,

then we get that Poﬁk_1 = N(0,1) and X = >, .y VArSrex +m. To prove
the independence of (i, k € N, we take an arbitrary n € N and a; € R,
1 < k < n, and obtain that for c:= =370 | | = (m, ex)

axfPr = — (X, e, +C<X, ek>+c
; k:z1 \ )‘k< > k=1, V A
Ak #0 AL#0

which is normally distributed since X is a Gaussian random variable. There-
fore we have that Gy, £ € N, form a Gaussian family. Hence, to get the
independence, we only have to check that the covariance of 3; and f;,
1,7 €N, i # 7, with A; # 0 # A;, is equal to zero. But this is clear since

1 1

E(B:3;) = \/TT)VE«X —m,e) (X —m,e;)) = \/T—)\j<Q6u€j>
i

= 7<€i,€j> =0

VAN

for i # j.
Besides, the series Y, _; v/ AxBker, n € N, converges in L?(Q, F, P; U) since
the space is complete and

E<Hk_zm mgkekug) - éAkE(W) - é}nAk.

Since ) oy Ak = tr@ < oo this expression becomes arbitrarily small for
m and n large enough.
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2. Let e, k € N, be an orthonormal basis of U such that Qeir = Apes,
k € N, and let Ok, k € N, be a family of independent real-valued Gaussian
random variables with mean 0 and variance 1. Then it is clear that the

series ZZ=1 VAkBrer +m, n € N, converges to X := 3, vV AxBrer +m
in L2(Q,F, P;U) (see part 1). Now we fix u € U and get that

<Z VkBrer + m,u> = > VABiler, u) + (m,u)
k=1 k=1

is normally distributed for all n € N and the sequence converges in
L?(Q, F, P). This implies that the limit (X, u) is also normally distributed
where

BE((X,u)) = E(Z VA Bi (e, u) + <m7u>)

keN
= tim (> VAwBiler,u)) + (m,u) = (m,u)
k=1

and concerning the covariance we obtain that

B(((X,u) — m,w) (X, ) = (m,v)))
lim E(i VAR B e, u) i \/ﬁﬁ/&%@)
k=1 k=1

n—oo

=3 Melews w)(env) = 3 (Qep, ) (e, v)
keN keN

=" (er, Qu){ex, v) = (Qu, o)

keN

for all u,v € U.

By part 2 of this proof we finally get the following existence result.

Corollary 2.1.7. Let Q be a nonnegative and symmetric operator in L(U)
with finite trace and let m € U. Then there exists a Gaussian measure | =

N(m,Q) on (U,B(U)).

Let us give an alternative, more direct proof of Corollary 2.1.7 without using
Proposition 2.1.6. For the proof we need the following exercise.

Exercise 2.1.8. Consider R™ with the product topology. Let B(R*) denote
its Borel g-algebra. Prove:

(i) B(R®) = o(n | k € N), where 7 : R® — R denotes the projection on
the k-th coordinate.



12 2. Stochastic Integral in Hilbert Spaces
(ii) 12(R) (;: {(mk ren € R ‘ Zxk < oo}) € B(R®).

(iii) B(R®)NI*(R) = o (mk |;2 | k €N).
(iv) Let I?(R) be equipped with its natural norm

o0

ol = (3002)" o= (wunen € (R,

k=1
and let B(lQ(R)) be the corresponding Borel o-algebra. Then:

B(I*(R)) = B(R*®) N I*(R).

Alternative Proof of Corollary 2.1.7. Tt suffices to construct N(0,Q), since
N(m,Q) is the image measure of N(0,Q) under translation with m. For
k € N consider the normal distribution N(0,A;) on R and let v be their
product measure on (R>, B(R*)), i.e

v=[]NOX) on (R® BR>®)).
keN

Here A\, k € N, are as in Proposition 2.1.5. Since the map g : R* — [0, o]
defined by

oo
=Y a7, &= (wk)ren € R®
k=1

is B(R*°)-measurable, we may calculate

/w g(z) v(dz) = Z/xi N, M) (dzg) =Y A < 0.
k=1 k=1

Therefore, using Exercise 2.1.8(ii), we obtain v(1?(R)) = 1. Restricting v to
B(R>*) N I2(R), by Exercise 2.1.8(iv) we get a probability measure, let us
call it /i, on (I*(R),B(1*(R))). Now take the orthonormal basis {e; | k € N}
from Proposition 2.1.5 and consider the corresponding canonical isomorphism
I:1*(R) — U defined by

I(x) = Zxkek, r = (zp)ren € P(R).
k=1
It is then easy to check that the image measure
p=jgol ' on (UBWU))
is the desired measure, i.e. p = N(0,Q). O
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After these preparations we will give the definition of the standard Q-Wiener
process. To this end we fix an element @ € L(U), nonnegative, symmetric and
with finite trace and a positive real number 7.

Definition 2.1.9. A U-valued stochastic process W (t), t € [0,T], on a prob-
ability space (2, F, P) is called a (standard) Q-Wiener process if:

e W(0) =0,
e W has P-a.s. continuous trajectories,
e the increments of W are independent, i.e. the random variables
W(t1), W(tz) = W(t),..., W(tn) = W(tn-1)
are independent for all 0 <t < ---<t, <T,n €N,

e the increments have the following Gaussian laws:
Po (W(t) - T/V(s))f1 =N(0,(t—s)Q) forall0 <s<t<T.

Similarly to the existence of Gaussian measures the existence of a -Wiener
process in U can be reduced to the real-valued case. This is the content of the
following proposition.

Proposition 2.1.10 (Representation of the Q-Wiener process). Let e,
k €N, be an orthonormal basis of U consisting of eigenvectors of Q with cor-
responding eigenvalues A, k € N. Then a U-valued stochastic process W (t),
t €[0,T], is a Q-Wiener process if and only if

W(t) =Y VMbBr(t)er, tel0,T], (2.1.2)

keN

where B, k € {n € N | X\, > 0}, are independent real-valued Brownian
motions on a probability space (,F,P). The series even converges in
L? (Q,S’:,P; c(]0,T], U)), and thus always has a P-a.s. continuous modifica-
tion. (Here the space C([O, 7], U) is equipped with the sup norm.) In particu-
lar, for any Q as above there exists a Q-Wiener process on U.

Proof.

1. Let W (t), t € [0,T], be a Q-Wiener process in U.
Since Po W (t)~! = N(0,tQ), we see as in the proof of Proposition 2.1.6

that
W(t)=> VABr(t)er, te[0,T],
keN
with W (o)
_ ’Ek . .
Bult) == if k€ Nwith A\, >0
=0 else,



14

2. Stochastic Integral in Hilbert Spaces
for all ¢ € [0,T]. Furthermore, P o 3;'(t) = N(0,t), k € N, and B(t),
k € N, are independent for each ¢ € [0, T].

Now we fix k& € N. First we show that S (t), ¢ € [0,7T], is a Brownian
motion:

If we take an arbitrary partition 0 = tg < t; < --- < t, < T, n € N, of
[0,T] we get that

Br(t1), Br(tz) — Br(tr),- ., Be(tn) — Be(tn-1)

are independent for each k € N since for 1 < j < n

Bie(t;) — Br(tj—1) = {({E<W(tj) —Wi(tj-1),ex) if X >0,

else.

Moreover, we obtain that for the same reason P o (8x(t) — ﬁk(s))fl =
N@O,t—s)for 0<s<t<T.

In addition,

t \/%O/V(t),ew — (1)

is P-a.s. continuous for all £ € N.
Secondly, it remains to prove that G, k € N, are independent.

We take k1,...,kn € N, n €N, k; # k; if ¢ # j and an arbitrary partition
O=tg<t1 <... <ty <T, meN.

Then we have to show that

O’(ﬁkl (lfl), .. ’Bkl (tm)>7 RN U(ﬁk” (tl), L. ,ﬁkn (tm))

are independent.
We will prove this by induction with respect to m:

If m =1 it is clear that [, (¢t1),..., 0k, (t1) are independent as observed
above. Thus, we now take a partition 0 =ty < t; < ... < tpy1 < 7T and
assume that

T (B (t1)5 -+ Bhy () -+ 5 0 (Br (1) -+, B (Em))
are independent. We note that
O’(ﬂkl (tl)a cey 6]% (tm)7 ﬂki (tm-l—l))
= O-(ﬁki (t1>7 ey B]ﬁ (tm)u ﬂki (tm+1) - /Bk-b (tm))a 1 < v < n,

and that

B, (t ) — B, (t )_{ f\k,<W(tm+1)_W(tm)7eki>U if A, >0,
ki (tm1) = B (tm) = ;

0 else,
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1 < ¢ < n, are independent since they are pairwise orthogonal in
L?(Q, F, P;R) and since W (t m+1) — W (ty,) is a Gaussian random vari-
able. If we take 4; ; € B(R), 1 <i < n, 1< j<m+1, then because of the
independence of o (W (s) | s < tm) and o (W (tmi1) — W(tm)) we get that

P(({Br(t1) € A, o, By, (tm) € Aim,
1=1
ﬁki (t7n+1) - ﬁki (tm) S Ai,7n+1})

=P( N5 GAJ}ﬂﬂ{ﬁk tmt1) = B (bm) € Aimsr})

ca(W(s)|s<tm) € o (W(tms1) — W(tm))
=P(ﬁ ﬁ{ﬂkz €Ais})- (ﬁ{ﬁkiwmm ~ Bt (tm) € Aimi1})
:(-ﬁlp(ﬁ{ﬂk € A; ,J})>

(HP{ﬂk ) = B () € Aiia )

=TTP () (30t & 40} 0 (Bultnsn) = B b) € A}

and therefore the assertion follows.

. If we define

W(t):=> VAebB(t)er, te[0,T],

keN

where G, k € N, are independent real-valued continuous Brownian motions
then it is clear that W (t), t € [0, T], is well-defined in L?(Q2, F, P;U). Be-
sides, it is obvious that the process W (t), t € [0,T], starts at zero and
that

Po(W(t)—=W(s) ' =N(0,(t—5)Q), 0<s<t<T,

by Proposition 2.1.6. It is also clear that the increments are independent.

Thus it remains to show that the above series converges in
L*(Q,F,P;C([0,T),U)). To this end we set

N
w) = Z \ )\kﬁk (t, w)ek
k=1
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for all (t,w) € Q7 :=[0,7] x @ and N € N. Then WV, N € N, is P-a.s.
continuous and we have that for M < N

E( sup HWN(t) —WM(t)H?]) :E( sup f: )\kﬂz(t))

te[0,T] te[0,T] k=M1

N N
< Y ME(sup Bi()<e > M

k=M1 t€[0,T] k=M1

where ¢; = E(sup,co 7] f7(t)) < oo because of Doob’s maximal inequal-

ity for real-valued submartingales. As Z/\k =tr@ < oo, the assertion

keN
follows. O

Definition 2.1.11 (Normal filtration). A filtration F;, t € [0,7], on a
probability space (2, F, P) is called normal if:

e Fy contains all elements A € F with P(A4) = 0 and
o Fi=Fip =) F.foralltelo,T].
s>t

Definition 2.1.12 (Q-Wiener process with respect to a filtration).
A @Q-Wiener process W (t), t € [0,T], is called a @-Wiener process with respect
to a filtration Fy, t € [0, T, if:

e W(t), te[0,T],is adapted to Fy, t € [0,T], and
o W(t) — W(s) is independent of Fs for all 0 < s <t < T.

In fact it is possible to show that any U-valued Q-Wiener process W (),
t €10,7T], is a @-Wiener process with respect to a normal filtration:
We define

N:={AeF|PA) =0}, Fi =0(W(s) | s<t)
and  F9 :=o(F UN).
Then it is clear that

Foo= ()70, telo,T], (2.1.3)

s>t
is a normal filtration and we get:
Proposition 2.1.13. Let W(t), t € [0,T], be an arbitrary U-valued Q- Wiener

process on a probability space (Q, F, P). Then it is a Q-Wiener process with
respect to the normal filtration Fy, t € [0,T], given by (2.1.3).
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Proof. Tt is clear that W (t), t € [0,T], is adapted to F%, t € [0,T]. Hence we
only have to verify that W (¢) — W (s) is independent of F, 0 < s <t < T. But
if we fix 0 < s <t < T it is clear that W(t) — W (s) is independent of F since
O'(W(tl), W(tg), ey W(tn))
=o(W(t1), W(ts) = W(t1),..., W(tn) — W(tn—1))

for all 0 < 4 <y < oor <tp < Of course, W (t) — W(s) is then also
independent of F?. To prove now that W(t) — W (s) is independent of F; it
is enough to show that

P({W(t) —W(s)e A} B) = P(W(t) — W(s) € A) - P(B)

for any B € F, and any closed subset A C U as £ := {A C U | A closed}
generates B(U) and is stable under finite intersections. But we have

P({W(t) ~W(s)e Al N B)
= B(1a0 (W(t) - W(5)) - 15)

— 1im E(Kl — ndist (W(t) — W(s),A)) v0}13>

n—oo

n—oo m—0o0

lim lim E([(l — ndist (W(t) — W(s + %),A)) v 0} 13)

= lim lim E((l—ndist(W(t)—W(s+7}1)7A)> vo) - P(B)

n—oo Mm—00

— P(W(t) = W(s) € A) - P(B),

since W (t) — W (s+ 1) is independent of .7:"3 1 D Fsif mislarge enough. O

m

2.2. Martingales in general Banach spaces

Analogously to the real-valued case it is possible to define the conditional
expectation of any Bochner integrable random variable with values in an
arbitrary separable Banach space (E, || ||). This result is formulated in the
following proposition.

Proposition 2.2.1 (Existence of the conditional expectation). Assume
that E is a separable real Banach space. Let X be a Bochner integrable E-
valued random variable defined on a probability space (2, F, P) and let G be a
o-field contained in F.
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Then there exists a unique, up to a set of P-probability zero, Bochner inte-
grable E-valued random variable Z, measurable with respect to G such that

/ X dP = / ZdP foral A€g. (2.2.1)
A A

The random variable Z is denoted by E(X | G) and is called the conditional
expectation of X given G. Furthermore,

IEC 19 < E(I1X] ] 9).

Proof. (cf. [DPZ92, Proposition 1.10, p. 27]) Let us first show uniqueness.

Since FE is a separable Banach space, there exist [,, € E*, n € N, separating
the points of E. Suppose that Z;, Zs are Bochner integrable, G-measurable
mappings from €2 to F such that

/XdP:/ZldP:/ngP forall A eg.
A A A
Then for n € N by Proposition A.2.2
/ (Zn(Zl) — ln(Zg)) dP =0 forall Aeg.
A

Applying this with A ={ ) (Zg)} and A := {1,(Z1) < 1,(Z)} it

(2
follows that 1,,(Z1) = 1,(Z2) P-a

= ﬂ{mzl) = 1,(Zs)}

neN

has P-measure one. Since [,,, n € N, separate the points of E; it follows that
Z1 = Z2 on Qo.

To show existence we first assume that X is a simple function. So, there
exist x1,...,zy € E and pairwise disjoint sets Ay,..., Ay € F such that

N
X = zla,.
k=1

Define
N
Z:=> x,E(la, | G).
k=1

Then obviously Z is G-measurable and satisfies (2.2.1). Furthermore,

N

N
121 < Yol B(La, | 6) = B(Y lal1a,
k=1

k=1

G) =E(IX|||6). (222)
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Taking expectation we get
E(12]) < E(IX1). (223)

For general X take simple functions X,,, n € N, as in Lemma A.1.4 and
define Z,, as above with X,, replacing X. Then by (2.2.3) for all n,m € N

E(1Z0 = Zmll) < E(I1Xn = X)),

s0 Z :=lim,, o Z, exists in L'(Q, F, P; E). Therefore, for all A € G

/XdP: lim /XndP: lim anP:/ZdP.
A A A A

n—oo n—oo

Clearly, Z can be chosen G-measurable, since so are the Z,. Furthermore, by
(2.2.2)

|EX [ 9)]| = 121l = tim | Z,] < lim E(|X.] | 6) = E(IX]|| ).

where the limits are taken in L!(P). O
Later we will need the following result:

Proposition 2.2.2. Let (E1,&1) and (F2, &) be two measurable spaces and
U : F1xXFEy — R a bounded measurable function. Let X1 and Xs be two random
variables on (Q,F, P) with values in (E1,&1) and (Ea2, &) respectively, and
let G C F be a fixed o-field.

Assume that X1 is G-measurable and X5 is independent of G, then

E(¥(X1,X2) | G) = ¥(X))

where )
U(x)) = BE(¥(z1, Xs)), 21 € By

Proof. A simple exercise or see [DPZ92, Proposition 1.12, p. 29]. O

Remark 2.2.3. The previous proposition can be easily extended to the case
where the function ¥ is not necessarily bounded but nonnegative.

Definition 2.2.4. Let M(t), t > 0, be a stochastic process on (2, F, P) with
values in a separable Banach space F, and let F;, t > 0, be a filtration on
(Q,F,P).

The process M is called an F;-martingale, if:

o E(|[M(t)]|) < oo for all t >0,
e M(t) is Fi-measurable for all t > 0,

o E(M(t) | Fs) = M(s) P-as. for all 0 < s < t < oo.
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Remark 2.2.5. Let M be as above such that E(||M(t)]]) < oo for all t €
[0,T]. Then M is an Fi-martingale if and only if I(M) is an Fy-martingale
for oll I € E*. In particular, results like optional stopping etc. extend to
FE-valued martingales.

There is the following connection to real-valued submartingales.

Proposition 2.2.6. If M(t), t > 0, is an E-valued Fy-martingale and p €
[1,00), then HM(t)Hp, t >0, is a real-valued F;-submartingale.

Proof. Since E is separable there exist I, € E*, k € N, such that ||z| =
supl(z) for all z € E. Then for s <t

(M| ) > sup B(1(My) | F)
= suply(E(M: | 7))

= Sl;plk(Ms) = || M.

This proves the assertion for p = 1. Then Jensen’s inequality implies the
assertion for all p € [1,00). O

Theorem 2.2.7 (Maximal inequality). Let p > 1 and let E be a separable
Banach space.

If M(t), t € [0,T], is a right-continuous E-valued Fi-martingale, then

1

E M)|” )pé P E(|M®)]7))"
(2 1)) < 525 (20200

1

= Lo ()

Proof. The inequality is a consequence of the previous proposition and Doob’s
maximal inequality for real-valued submartingales. O

Remark 2.2.8. We note that in the inequality in Theorem 2.2.7 the first
norm is the standard norm on LP (Q,]:,P;C'([O,T];E)), whereas the second
is the standard norm on C([O,T];LP(Q,]:,P;E)). So, for right-continuous
E-valued Fi-martingales these two norms are equivalent.

Now we fix 0 < T < oo and denote by M2(E) the space of all E-valued
continuous, square integrable martingales M (t), t € [0, T. This space will play
an important role with regard to the definition of the stochastic integral. We
will use especially the following fact.
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Proposition 2.2.9. The space M2(E) equipped with the norm

Mg = s ](E<||M<t>|2))5 — (B(M@)R)°

< (B(sw 1M0)7)" <2 B(IMD))*.

t€[0,T)
is a Banach space.
Proof. By the Riesz Fischer theorem the space L? (Q,}', P;C([O,T],E)) is

complete. So, we only have to show that M2 is closed. But this is obvious
since even L'(§), F, P; E)-limits of martingales are martingales. O

Proposition 2.2.10. LetT > 0 and W (t), t € [0,T], be a U-valued Q- Wiener
process with respect to a normal filtration Fy, t € [0,T], on a probability
space (Q,F,P). Then W(t), t € [0,T], is a continuous square integrable Fy-
martingale, i.e. W € MZ(U).

Proof. The continuity is clear by definition and for each ¢ € [0, T] we have that
E(IW®)]|}) = ttrQ < oo (see Proposition 2.1.4). Hence let 0 < s <t < T
and A € F;. Then we get by Proposition A.2.2 that

</W dPu> /W W (s),u), dP

= P(4) [(W (@) = W(s),u),, aP =0

for all w € U as Fy is independent of W(t) — Wi(s) and
E((W(t) — W(s),u)y) = 0 for all u € U. Therefore,

/W £) dP = /W W(t) — W(s)) dP

:/AW(S) dP+/AW(t)f

= / W(s) dP, for all A € F;.
A

2.3. The definition of the stochastic integral

For the whole section we fix a positive real number T" and a probability space
(Q,F,P) and we define Qp := [0,7] x Q and Pr := dx ® P where dz is the
Lebesgue measure.

Moreover, let @ € L(U) be symmetric, nonnegative and with finite trace
and we consider a Q-Wiener process W (t), ¢ € [0, T], with respect to a normal
filtration F, t € [0,T].
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2.3.1. Scheme of the construction of the stochastic
integral

Step 1: First we consider a certain class £ of elementary L(U, H)-valued
processes and define the mapping

Int: & — MZ%(H) =M%
O [l ®(s)dW(s), tel0,T].

Step 2: We prove that there is a certain norm on &£ such that
Int: & — M3

is an isometry. Since M7 is a Banach space this implies that Int can be
extended to the abstract completion £ of £. This extension remains isometric
and it is unique.

Step 3: We give an explicit representation of &.

Step 4: We show how the definition of the stochastic integral can be ext-
ended by localization.

2.3.2. The construction of the stochastic integral
in detail

Step 1: First we define the class £ of all elementary processes as follows.

Definition 2.3.1 (Elementary process). An L = L(U, H)-valued process
®(t), t € [0,T], on (2, F, P) with normal filtration F;, t € [0, 7], is said to be
elementary if there exist 0 =ty < --- <ty =T, k € N, such that

k—1
() =Y Plyy, b, t€[0,T],

m=0
where:

o &, : Q0 — L(U,H) is F;, -measurable, w.r.t. strong Borel o-algebra on
LU,H),0<m< k-1,

e &, takes only a finite number of values in L(U,H), 1 < m < k — 1.

If we define now

1

> O (W(tmar At) =W (tmAL)), t€[0,T],

k—
m=0

Int(®)(¢) ::/O O(s) dW (s) :=

(this is obviously independent of the representation) for all ® € £, we have
the following important result.
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¢
Proposition 2.3.2. Let ® € £. Then the stochastic integral / O(s) dW (s),
0

t € [0,T], defined in the previous way, is a continuous square integrable mar-
tingale with respect to Fy, t € [0,T], i.e.

Int : £ — M3
Proof. Let ® € £ be given by

k—1
(I)(t) = Z (I)ml]tm,tm+1](t)? te [O?T]a
m=0

as in Definition 2.3.1. Then it is clear that

t k—1
t— /0 P(s) dW (s) = Z Dy (W (g1 At) — Wty A L))

m=0

is P-a.s. continuous because of the continuity of the Wiener process and the
continuity of ®,,(w): U — H,0 < m < k— 1, w € Q. In addition, we get for
each summand that

[ @ (W a7 ) = Wt A )

Pl ) |W (B At) = W (Em AT)]],-

t
Since W (t), t € [0,T], is square integrable this implies that / O(s) dW (s) is
0

square integrable for each ¢ € [0, T].

To prove the martingale property we take 0 < s <t < T and a set A from
Fo. I {Pp(w) | w € Q} := {L,...,L}? } we obtain by Proposition A.2.2
and the martingale property of the Wiener process (more precisely using
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optional stopping) that

k—1
/ D (Wt At) = W(tm At)) AP
Am—O

- Z A@m(W(tm+1 As§) =W (tm As)) AP

o<m<k—1,
tmy1<8

km
+ LT (W (tya1 At) — W(t,, A L)) AP
Z Z/Aﬂ{ém_L;ﬁ} j ( ( +1 ) ( ))

o<m<k—1, j=1
s<tm+1

- ¥ /@m(W(th/\s)—W(tm/\s)) ap
o<m<k—1,"4
tm+1<8

ki

+ > ZL;”/ W (tmar At) — W(tm At) dP
o<m<k—1, j=1 AN{®n=L]"}
———

S<tm41
s EFsVim

- Z /A<I>m(W(tm+1 As) = W(tm As)) dP

o<m<k—1,
tm41<$

km
+ > ZL;."/ W(tmi1 As) — W(tm As) dP

o<m<k—1, j=1 Aﬂ{’I’m:L;"}
tm <s<tm41

k—1
_ /A S B (W (tmss A s) = Wt A 5)) dP.
m=0

O

Step 2: To verify the assertion that there is a norm on £ such that Int:

& — M2 is an isometry, we have to introduce the following notion.

Definition 2.3.3 (Hilbert—Schmidt operator). Let ex, & € N, be an or-
thonormal basis of U. An operator A € L(U, H) is called Hilbert-Schmidt

if
Z(Aek, Aey) < 00.

keN

In Appendix B we take a close look at this notion. So here we only sum-
marize the results which are important for the construction of the stochastic

integral.
The definition of a Hilbert—Schmidt operator and the number

Az, = (Cldenl?)’

keN
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are independent of the choice of the basis (see Remark B.0.6(i)). Moreover,
the space Lo (U, H) of all Hilbert—Schmidt operators from U to H equipped
with the inner product

<A, B>L2 = Z<Aek, B€k>
keN

is a separable Hilbert space (see Proposition B.0.7). Later, we will use the
fact that ||Allz2,m) = ||A*|L2(#,0), Where A* is the adjoint operator of A
(see Remark B.0.6(i)). Furthermore, compositions of Hilbert—Schmidt with
bounded linear operators are again Hilbert—Schmidt.

Besides we recall the following fact.

Proposition 2.3.4. If Q € L(U) is nonnegative and symmetric then there
erists exactly one element Q% € L(U) nonnegative and symmetric such that
Q% o Q% =Q.

If, in addition, tr Q < co we have that Q2 € Ly(U) where ||Q%||%2 =tr@
and of course Lo Q2 € Ly(U, H) for all L € L(U, H).
Proof. [RST72, Theorem VL9, p. 196] O

After these preparations we simply calculate the MZ-norm of

/t d(s) dW (s), t € [0,T7,
0

and get the following result.

Proposition 2.3.5. If & = an_:lo @y, tsa] B8 an elementary L(U, H)-
valued process then

Proof. If we set A, := W(ty41) — W(t,,) then we get that

‘/Okp(s)dvv(s) ;T:EO/OT (s) AW (s) ) (HZ@ AmH )

:E(§||q>mAm|%I)+2E( S @nln @)
m=0

o<m<n<k—1

2

T
= E(/ H(P(S)OQ%Hi ds) =: ||q)||% ( “Ité-isometry” ).
M2, 0 :

[ ot awes)

0

Claim 1:
k—1 k—1
E(310mAnlE) = 3 (tni1 — tw) E(1@m 0 QF13,)
m=0 m=0

- /OTE(H(I)(S) o Q%||i2) ds
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To prove this we take an orthonormal basis fi, k € N, of H and get by the
Parseval identity and Levi’s monotone convergence theorem that

E(”q)mAmHH ZE ‘I) Amvfl ZE( A’maq)*nfl ’th))

leN leN

Taking an orthonormal basis e, k € N, of U we obtain that

o5 fr = (fi, Omer) ey

keN

Since (f;, ®mex) g is Fy, -measurable, this implies that &7, f; is F; -measurable
by Proposition A.1.3. Using the fact that o(A,,) is independent of F,
obtain by Lemma 2.2.2 that for P-a.e. w € Q

E((m, @5, 0% | F1,,) (@) = E((Bs @5, @) 1)y, )
= (e~ ) (@1 (@)). B () fr)

since E((Am, w)3) = (tms1 — tm){(Qu,w)y for all u € U. Thus, the symmetry
of Q2 finally implies that

B(|@nAnlf) = Y B(E((An, ®5fi | F,) )

m

leN
= (tm+1 — tm) D E((Q® f1, @}, fi)v)
leN
= (tm+1 - tm) ZE(HQ%CI):nle2U>
leN
= (t’m-‘rl (H TTLOQE) La(H, U))

= (tm+1 — tm)E<H<I>m °Q? ||iQ(U,H))'

Hence the first assertion is proved and it only remains to verify the following
claim.

Claim 2:
E(®mnAm, ®,0,)g) =0, 0<m<n<k—1

But this can be proved in a similar way to Claim 1:

B(( @A ®an)i) = B(E(@, @A, An)u | F,))

_ / B ({8 (0)@0 (@) A (@), An),, ) P(d) =0,
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since E((u, An>U) =0 for all u € U (see Proposition 2.2.2). Hence the asser-
tion follows. O

Hence the right norm on £ has been identified. But strictly speaking || ||
is only a seminorm on £. Therefore, we have to consider equivalence classes of
elementary processes with respect to || |7 to get a norm on &. For simplicity
we will not change the notation but stress the following fact.

Remark 2.3.6. If two elementary processes ® and ® belong to one equiva-
lence class with respect to || |7 it does not follow that they are equal Pr-a.e.
because their values only have to correspond on Q%(U) Pr-a.e.

Thus we finally have shown that
It : (&, I7) = (M7, [| llvez.)

is an isometric transformation. Since £ is dense in the abstract completion £
of & with respect to || ||z it is clear that there is a unique isometric extension
of Int to &.

Step 3: To give an explicit representation of & it is useful, at this moment,
1
to introduce the subspace Uy := Q= (U) with the inner product given by

(g, v0)o = <Q_%Uo» Q_%UO>U,

ug, vg € Uy, where Q*% is the pseudo inverse of Q% in the case that @ is not
one-to-one. Then we get by Proposition C.0.3(i) that (Up,(, )o) is again a
separable Hilbert space.

The separable Hilbert space Lo(Uy, H) is called LY. By Proposition C.0.3(ii)
we know that Q2 gy, k € N, is an orthonormal basis of (Uo7 (, >0) if gr., k € N,

is an orthonormal basis of (Ker Q%)L. This basis can be supplemented to a
basis of U by elements of Ker Q%. Thus we obtain that

Ly = |Lo Q%HLz for each L € LY.

Define L(U, H)o == {T|y, | T € L(U,H)}. Since Q% € Ly(U) it is clear
that L(U, H)y C LY and that the || ||r-norm of ® € € can be written in the

following way:
T 3
@7 = (E( JRLET d))

Besides we need the following o-field:
Pri=o({s,t] x F, [0< s <t <T, F € £} U{{0} x Fy | Fy € Fo})

= U(Y :Qr - R ’ Y is left-continuous and adapted to
Fi, t€0,17]).
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Let H be an arbitrary separable Hilbert space. If Y : Qp — H is PT/B(fI)-
measurable it is called (H-)predictable.

If, for example, the process Y itself is continuous and adapted to Fi,
t €[0,T], then it is predictable.

So, we are now able to characterize &.

Claim: There is an explicit representation of £ and it is given by
N (0,T; H) := {®:[0,T] x Q — LY | ® is predictable and ||®||r < oo}
=L*([0,T] x Q,Pr,dt ® P; LY).

For simplicity we also write N3,(0,T) or N3, instead of N3 (0,T; H).
To prove this claim we first notice the following facts:

1. Since L(U, H)o C LY and since any ® € € is L3-predictable by construction
we have that & C N3,.

2. Because of the completeness of LY we get by Appendix A that
Ny = L*(Qr, Pr, Pr; LY)
is also complete.

Therefore N7, is at least a candidate for a representation of £. Thus there
only remains to show that € is a dense subset of N3,. But this is formulated
in Proposition 2.3.8 below, which can be proved with the help of the following
lemma.

Lemma 2.3.7. There is an orthonormal basis of LY consisting of elements
of L(U,H)o. This implies especially that L(U, H)o is a dense subset of LY.

Proof. Since @) is symmetric, nonnegative and tr@ < oo we know by
Lemma 2.1.5 that there exists an orthonormal basis ex, & € N, of U such
that Qer = Arer, A\ = 0, k € N. In this case Q%e; = VAger, k € N with
Ar > 0, is an orthonormal basis of Uy (see Proposition C.0.3(ii)).

If fi, K € N, is an orthonormal basis of H then by Proposition B.0.7 we
know that

1 .
f] ® V )\kek = fj<\/ )‘keka'>Uo = kaj<ek7'>U7 .]7k € N7 >\k > 07

form an orthonormal basis of L3 consisting of operators in L(U, H). But, of
course,

1
span(fj ek | 7,k € N with Ay > O) =I9.

o
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Proposition 2.3.8. If ® is a LY-predictable process such that ||®||7 < oo then
there exists a sequence ®,, n € N, of L(U, H)g-valued elementary processes
such that

|& —®,|lr — 0 asn — oc.
Proof. Step 1: If ® € N3, there exists a sequence of simple random variables
@, =Y, Lilay, A} € Prand L} € L3, n € N, such that

| —®,llr — 0 asn — oo.

As LY is a Hilbert space this is a simple consequence of Lemma A.1.4 and
Lebesgue’s dominated convergence theorem.

Thus the assertion is reduced to the case that ® = L14 where L € L and
A€ Pr.
Step 2: Let A € Pr and L € LY. Then there exists a sequence L,, n € N, in
L(U, H)o such that

[IL14 — Lylallr — 0 asn — oo.

This result is obvious by Lemma 2.3.7 and thus now we only have to consider
the case that ® = L1, L € L(U, H)y and A € Pr.
Step 3: If ® = L1y, L € L(U,H)gy, A € Pr, then there is a sequence @,
n € N, of elementary L(U, H)o-valued processes in the sense of Definition 2.3.1
such that

IL1g — @,|lr — 0 as n — oo.

To show this it is sufficient to prove that for any € > 0 there is a finite union

N
A= U A,, of pairwise disjoint predictable rectangles

n=1
Ane{]s,t]xFS’O<s<t<T, FSG}'S}U{{O}XFO‘FOG.FO}::A
such that
PT((A\A)U(A\A)) <e.

For then we get that ZnN:1 L1,, differs from an elementary process by a
function of type 1;0yxp, With Fy € Fo, which has || - [|p-norm zero and

N 9 T N
HLlA SO L2 VN E(/O HL(lA -y 1An>
n=1 n=1
Hence we define

K= {UAl

i€l

2
ds> <elLI,.
L9 2

2

I is finite and A; € A, i € I}.

Then K is an algebra and any element in K can be written as a finite disjoint
union of elements in A. Now let G be the family of all A € Py which can
be approximated by elements of I in the above sense. Then G is a Dynkin
system and therefore Pr = o(K) =D(K) C G as K C G. O



30 2. Stochastic Integral in Hilbert Spaces

Step 4: Finally the so-called localization procedure provides the possibility
to extend the definition of the stochastic integral even to the linear space

® is predictable with

P( [ 10y a5 < o) = 1}.

For simplicity we also write Ny (0, T) or Ny instead of Ny (0, T; H) and Ny
is called the class of stochastically integrable processes on [0, T].

The extension is done in the following way:

For ® ¢ Ny we define

Nw (0, T; H) := {cp :Qp — LY

t
T 1= inf{t €1[0,T] / [ ®(s)]|3o ds > n} NT. (2.3.1)
0 2

Then by the right-continuity of the filtration F, t € [0, T], we get that

{rn <t} = ﬂ{rn<t+;}

meN

N U {[reRasn) e

meN ¢e[0,t+ L [NQ

€F4 by the real Fubini theorem

EF, t+ L 1 and decreasing in m

Therefore 7,,, n € N, is an increasing sequence of stopping times with respect
to Fy, t € [0,T], such that

(/ 110,71 (s )HL[) ds) n < o0o.

In addition, the processes 1jg ,,,|®, n € N, are still LY-predictable since 10,7
is left-continuous and (F;)-adapted or since

10, 7] := {sw EQT’0<5 (w)}

( s,w) € Qp | Ta(w) < SST}U{O}XQ)C

(U x {1 <)) U{0} x Q) € Pr.

a Q €F,

EPr

Thus we get that the stochastic integrals

/0 lor (5)8(s) dW(s), te[0,7],
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are well-defined for all n € N. For arbitrary ¢ € [0, T] we set

/ O(s) dW (s) ::/ Lo,7,,1(8)®(s) AW (s), (2.3.2)
0 0

where n is an arbitrary natural number such that 7, > t. (Note that the
sequence T,,, n € N, even reaches T P-a.s., in the sense that for P-a.e. w € Q)
there exists n(w) € N such that 7,(w) =T for all n > n(w).)

To show that this definition is consistent we have to prove that for arbitrary
natural numbers m < n and ¢ € [0, 7]

/ 1o, (5)(s) AW (s) = / Lo, (5)B(s) AW (s) P-as.
0 0

on {7y, =t} C {7, > t}. This result follows from the following lemma, which
implies that the process in (2.3.2) is a continuous H-valued local martingale.

Lemma 2.3.9. Assume that ® € N7, and that T is an F;-stopping time such
that P(t < T) = 1. Then there exists a P-null set N € F independent of
t €10, T] such that

/0 1)0,+1(s)®(s) AW (s) = Int(1j9 -1 P) (t) = Int(P)(T A t)
= /TM‘I’(S) AW (s) on N for all t € [0,T).
0

Proof. Since both integrals which appear in the equation are P-a.s. continuous
we only have to prove that they are equal P-a.s. at any fixed time ¢ € [0, T].
Step 1: We first consider the case that ® € £ and that 7 is a simple stopping
time which means that it takes only a finite number of values.

Let 0=ty <t1 <--- <t <T,keN, and

k—1
@ = Z ¢m1]tm7tm+l]

m=0

where @, : Q@ — L(U, H) is F;, -measurable and only takes a finite number
of values for all 0 <m < k — 1.

If 7 is a simple stopping time there exists n € N such that
7(Q) = {aop,...,a,} and

n
T = E alej
=0

where 0 < a; < aj41 < T and A; = {r =a,} € Fa;- In this way we get that
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1};,71® is an elementary process since

k—1
Loy (5)®(s) = > @onlye,, b)) (5)

m=0
k-1 n

- Z Z 1AJ (I)ml]tm,tm+1]ﬁ]aj,T](s)
m=0 j=0
k-1 n

= ]-A]- ém ]-]tm\/aj,thrl\/aJ](s)
m=0 j=0 S

Ftm Va -measurable

and concerning the integral we are interested in, we obtain that
t

| 1ot awis) = [ a6 aws) — [ a9 aw(s)

k—1
=3 P (Wltmgr At) = W(tm At))
m=0
k—1 n
=D ) 14,00 (W((tm+1 Vaj)At) = W((tm Vaz) A t))
m=0 j=0
k—1
=3 O (Wltmg1 At) = W(tm A1)
m=0
k—1 n
_ ZlAJq)m(W((tm“ \/T)/\t)*W((tm\/T)/\t))
m=0 j=0
k—1
=Y Pp(W(tmgr At) = W(tm At))
m=0
k—1
=) P (W((tmﬂ VT)AL) =W ((tm V1) A t))
m=0
k—1
-3 o, (W(tm+1 At) — W (tm A1)
m=0

=W ((tmgr VT)AL) = W ((tm V T) /\t))

Rl tAT
:T;‘I’m (W(tm+1 ATNE) =W (tm AT A t)) = /O ®(s) dW(s).

Step 2: Now we consider the case that ® is still an elementary process while
7 is an arbitrary stopping time with P(r < T) = 1.
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Then there exists a sequence

2" —1

Tn = Z T(k —+ 1)27n1]Tk2*",T(k+1)2*”] oT, n e N,
k=0

of simple stopping times such that 7,, | 7 as n — oo and because of the
continuity of the stochastic integral we get that

/OTHM D(s) dW (s) —— /OTM O(s) dW(s) P-as.

Besides, we obtain (even for non-elementary processes ®) that

T
2 n—00
110,71 ® = 10,1 ®|| 1 = E(/O L7 ()1 2(s)l17g dS) —0,

which by the definition of the integral implies that

E(H / o (8)(s) AW (s) — / o (5)0(5) AV (s)

for all ¢t € [0, T]. As by Step 1

/ Lo.mn)(5)(s) AW (s) = /T" B(s) dW(s), neN,te 0,7,
0 0

the assertion follows.
Step 3: Finally we generalize the statement to arbitrary ® € N3, (0,7):

If ® € N3 (0,7T) then there exists a sequence of elementary processes ®,,,
n € N, such that

n—oo

(|, — @l —— 0.
By the definition of the stochastic integral this means that
/ D, (s) AW (s) == / ®(s) dW(s) in M2 .
0 0

Hence it follows that there is a subsequence ng, k € N, and a P-null set N € F
independent of ¢ € [0,T] such that
t . t
/ B, (s) AW (s) =% [ ®(s) dW(s) on N
0 0

for all ¢t € [0,T] and therefore we get for all ¢ € [0, T that

/T 3, (s) dW(s) L= / ®(s) dW(s) P-as.
0 0
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In addition, it is clear that

M30,71®n = 10,7 @z — 0

which implies that for all ¢ € [0, T

E(H/o Hort(3)n(s) W) = /0 19,7 (s)®(s) AW (s)
As by Step 2

/ 10.r1(5)®ny (5) AW (s) = / B, (s) AW (s) P-as.
0 0

for all £ € N the assertion follows. O

Therefore, for m < n on {r,, >t} C {r, >t}

/ 101, ()0 (s) AW (5) = / 1o 1, (5)0(s) AW (s)
0 0

t

:/ 1]0,77,1](5)1]0,rn](5)(1)(5) dW(s):/ l]O,Tm](s)CI)(s) dW(s) P-as.,
0 0

where we used Lemma 2.3.9 for the second equality. Hence the definition is
consistent.

Remark 2.3.10. In fact it is easy to see that the definition of the stochastic
integral does mot depend on the choice of 7,, n € N. If 0,, n € N, is another
sequence of stopping times such that op, T T as n — oo and 1)9,,1P € es
for all n € N we also get that

t

/0 D(s) dW(s) = lim L0,0,,1(5)®(s) AW (s) P-a.s. for all t € [0,T].

n—oo 0

Proof. Let t € [0,T]. Then we get that on the set {7, > t}

/ B(s) AW (s) = / Lo, (5)(s) AW (s)
0 0

tAop
= lim Lio,7,,1(5)®(s) dW (s)
n—oo 0
tATm
= lim 10,0, (5)®(s) dW (s)

n—oo 0

t

= lim L0,0,,1(5)®(s) AW (s) P-a.s.. O

n—oo 0
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2.4. Properties of the stochastic integral

Let T be a positive real number and W(t), ¢t € [0,T], a Q-Wiener process as
described at the beginning of the previous section.

Lemma 2.4.1. Let ® be a LY-valued stochastically integrable process,
(H,|| llz) a further separable Hilbert space and L € L(H, H).

Then the process L(®(t)), t € [0,T], is an element of Nw (0, T; H) and

T T
L(/ (1) dW(t)) = / L(®(t)) dW(t) P-a.s.
0 0
Proof. Since @ is a stochastically integrable process and

|E@w)|

<L by 1981 g
owony S e, m 12l

it is obvious that L(®(t)), t € [0,T7, is L2(Uy, H)-predictable and

P(/OTHL(@(t))’

Step 1: As the first step we consider the case that ® is an elementary
process, i.e.

2

dt < oo> =1.
Ly (Ug, H)

k—1
(b(t) = Z q)ml]tm,tm+1](t)v te [O7T]7
m=0

where 0 =tp <t; < -+ <t =T, &, : @ = L(U, H) F;, -measurable with
|®m ()| < oo for 0 < m < k. Then

L(/OT 10 dW(t)) = L(ICZ1 D (W (tmtr) — W(tm)))

m=0
k—1 T
= W;L(@m(W(th) - W(tm>)) =/O L(®(t)) dW(1).

Step 2: Now let ® € N32,(0,T). Then there exists a sequence ®,,, n € N, of
elementary processes with values in L(U, H)g such that

T 3
[®n — @[l = (E(/O 1@ () — 2()]7 dt)) i)

Then ~L(<I>n), n € N, is a sequence of elementary processes with values in
L(U,H)y and

[L(@n) = L(®)]| 7o < WLl (g7, | @0 — @l = 0.
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By the definition of the stochastic integral, Step 1 and the continuity of L we
get that there is a subsequence ng, k € N, such that

/ L) W) = tim [ L@, (1) AW ()
0

k—oo Jq

~ lim L ( /O Yo, (1) dW(t)) ~1 (kli_)n;o /0 Yo, (1) dW(t)>

- L( /O o) dW(t)) Pas.

Step 3: Finally let ® € Ny (0,7).

Let 7,,, n € N, be a sequence of stopping times such that 7, T T as n — oo
and 1j9 ,,1® € N2 (0,7, H). Then 1y, 1L(®) € N2 (0, T, H) for all n € N and
we obtain by Remark 2.3.10 and Step 2 (selecting a subsequence if necessary)

/0 L(®(t)) dW(¢) = lim ; 10,7, () L(®(t)) AW (t)
T T
= lim_ L< /0 1o (H)D() dW(t)) = L(nlirr;o /0 1o (H)D() dW(t))

O

Lemma 2.4.2. Let ® € Nw(0,T) and f an (F;)-adapted continuous H-
valued process. Set

/O<f(t),<1>(t) dW(t)>::/0 B (1) AW (1) (2.4.1)

with .
Qs(t)(u) == <f(t),<1>(t)u>, u € Up.

Then the stochastic integral in (2.4.1) is well-defined as a continuous R-valued
stochastic process. More precisely, ®5 is a Pr/B(L2(Uo, R))-measurable map
from [0,T] x Q to La(Up, R),

1@ (2, )| (v, 0) = 197 (@) £ (£, )0

for all (t,w) € [0,T] x Q and

T T
| 1850100 2t < s 170 | 10y dt <o P

tel0,T
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Proof. Since f is continuous, <i>f is clearly predictable. Let e, k € N, be an
orthonormal basis of Uy. Then for all (¢,w) € [0,7] x Q

oo

18 (8, )12, (0, my = DS (8w), Bt w)er)

k=1
- Z(cb*(t,w)f(t,w), Rt

= 12" (t, W) f(t,w)llEy,

<N (W) 1Z 1,00 1 (1, ) 1
<N (W)L, (1,0 1 (8 @)
= 1@t W)l 7gllf (t ),

where we used Remark B.0.6(i) in the last step. Now all assertions follow. O

Lemma 2.4.3. Let ® € Nw(0,T) and M(t) = fo W(s), t € [0,T7.
Define

= [ 190l ds. e 0.7]

Then (M) is the unique continuous increasing (Fi)-adapted process starting
at zero such that ||[M(t)||> — (M), t € [0,T], is a local martingale. If ® €
NZ(0,T), then for any sequence

L={0=th<ti<.. <ty =T} 1€eN,
of partitions with

max(t! —t\ ;) = 0asl— oo
K2

Jim B (S IM(t ) - M) = (| | = 0.
t]+1<t

Proof. For n € N let 7, be as in (2.3.1) and 7 an Fi-stopping time with
P[r < T] = 1. Then by Lemma 2.3.9 for 0 :=7 A7, t € [0,T]
2)

E( /Om@(s) AW (s) 2) :EO
= ([ 1ol a)
- ( ool as).

/O 0.0 ®(s) AW (s)
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and the first assertion follows, because the uniqueness is obvious, since any
real-valued local martingale of bounded variation is constant.

To prove the second assertion we fix an orthonormal basis {e;|i € N} of H
and note that by the theory of real-valued martingales we have for each i € N

t
Jim B ’ > <ei,M(t§-+1)—M(t§-))§{—/ |®(s)*e:||3, ds| | =0, (2.4.2)
— 00 f <t 0

ZEERS

since by the first part of the assertion and Lemmas 2.4.1 and 2.4.2

</ot<e“q)(s) dW(S)>H>t = /OtH‘I’(S)*eiIIQUO ds, te[0,7).

Furthermore, for all i € N

B{| 3 (b0 = MENE ~ [ 196"l s

)
tipa st

<Y ( /f“@,«p(s) dW<s>>H>2 v ([0 al?, a)

l
tip St

_ Y & ( /tf;“n@(s)*eina ds) oo (f1eerelt, o)

1 p
tip1 St J

t
<2F (/ 12 (s) el ds)
0

which is summable over i € N. Here we used the isometry property of Int in
the second to last step. But

(2.4.3)

t
B | X 100250 = M - [ o) ds
<t

tl

JHIS
00 t
l 1\\2 * 2
—E (Y| X e Mt ) - M - [ 96 eil, ds
=G st 0

<SE (| 3t M)~ M — [ o)l ds

= l
=1 ti11st

where we used Remark B.0.6(i) in the second step. Hence the second assertion
follows by Lebesgue dominated convergence theorem from (2.4.2) and (2.4.3).
O
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2.5. The stochastic integral for cylindrical
Wiener processes

Until now we have considered the case that W(t), t € [0,T], was a standard
Q-Wiener process where @) € L(U) was nonnegative, symmetric and with
finite trace. We could integrate processes in

Nw = {CI) cQr — LQ(Q%(U)7 H) | @ is predictable and

P (/OT||¢(S)||2Lg ds < oo> - 1}.

In fact it is possible to extend the definition of the stochastic integral to the
case that @) is not necessarily of finite trace. To this end we first have to
introduce the concept of cylindrical Wiener processes.

2.5.1. Cylindrical Wiener processes

Let @ € L(U) be nonnegative definite and symmetric. Remember that in
the case that @ is of finite trace the Q-Wiener process has the following
representation:
W(t)=> Br(ter, tel0,T],
keN

where eg, k € N, is an orthonormal basis of Q%(U) = Uy and G, k € N, is
a family of independent real-valued Brownian motions. The series converges
in L?(Q, F, P;U), because the inclusion Uy C U defines a Hilbert—Schmidt
embedding from (Uy, (, )o) to (U,{, )). In the case that @ is no longer of
finite trace one looses this convergence. Nevertheless, it is possible to define
the Wiener process.

To this end we need a further Hilbert space (Uy, (, )1) and a Hilbert—-Schmidt
embedding

J: (U(),< s >0) - (Ula < ) >1)

Remark 2.5.1. (Uy,(, )1)) and J as above always exist; e.g. choose Uy := U
and oy, €]0,00[, k € N, such that Y 7o | ai < co. Define J : Uy — U by

J(u) == Zak<u,ek>0 ex, u € Up.

k=1
Then J is one-to-one and Hilbert—Schmidt.

Then the process given by the following proposition is called a cylindrical
Q-Wiener process in U.



40 2. Stochastic Integral in Hilbert Spaces

1

Proposition 2.5.2. Let e;, k € N, be an orthonormal basis of Uy = Q2 (U)
and By, k € N, a family of independent real-valued Brownian motions. Define
Q1 :=JJ*. Then @, € L(Uy), Q1 is nonnegative definite and symmetric with
finite trace and the series

t) = iﬁk@)Jek, t € 10,7, (2.5.1)

converges in MQT(Ul) and defines a Q1-Wiener process on Uy. Moreover, we
have that QF (Ur) = J(Up) and for all ug € Uy

luollo = Q4 * Juolly = [lTuo] otuy

1
i.e. J: Uy — Qi Uy is an isometry.

Proof. Step 1: We prove that W(t), t € [0,T], defined in (2.5.1) is a Q-
Wiener process in Uj.

If we set &(t) := B;(t)J(e;), j € N, we obtain that §;(t), t € [0,7T], is a
continuous U;-valued martingale with respect to

G = a(go(ﬁxsns <),
t € 0,71, since
E(Bi(t) | Gs) = E(B;(t) | o(Bj(u)|u < 5)) = Bj(s) forall0<s<t<T
as 0 (0(B;(w)|u < ) Uo(8;(2))) is independent of

o(Uottti<s).

keN
k#j

Then it is clear that

) :Zﬂj(t)‘](ej)7 tG[O,T},

is also a continuous U;-valued martingale with respect to G;, t € [0,7]. In
addition, we obtain that

E| sup ||Z/63 (¢ )P | <4 sup E ||Zﬂj (¢ )17

te[0,T t€[0,T]

— 47 Y J(e)Z mEn> 1.
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Note that ||J||2L2(UU’U1) = ZHJ(eJ)H? < 00. Therefore, we get the convergence
jEN

of Wy, (t), t € [0,T], in M2 (Uy), hence the limit W (¢), t € [0,T], is P-a.s. con-
tinuous.

Now we want to show that P o (W (t) — W(s))~! = N(0, (t — s)JJ*). Anal-
ogously to the second part of the proof of Proposition 2.1.6 we get that
(W(t) — W(s),u1)1 is normally distributed for all 0 < s < ¢t < T and u; € Uy.
It is easy to see that the mean is equal to zero and concerning the covariance
of (W(t) —W(s),u1)1 and (W (t) — W(s),v1)1, ui,v1 € Uy, we obtain that

E(W(t) = W(s), ur)y(W(t) = W(s),v1)1)
= Z(f — s)(Jek,u1>1<Jek, 7)1>1

keN

= (t—=s) Y (er, J ur)oler, J v1)o

keN

= (t - S)<J*U,17 J*’U1>0 = (t — S)<JJ*U1,U1>1.

Thus, it only remains to show that the increments of W(t), t € [0,T], are
independent but this can be done in the same way as in the proof of Propo-
sition 2.1.10. . .

Step 2: We prove that Im Q7 = J(Up) and that ||ugllo = ||@Q; > Juol|1 for all
ug € Up. )

Since Q1 = JJ*, by Corollary C.0.6 we obtain that Q7 (U1) = J(Up) and that
||Q1_%u1|\1 = [[J  uyljo for all u; € J(Up). We now replace u; by J(ug),
ug € Uy, to get the last assertion, because J : Uy — U; is one-to-one. O]

2.5.2. The definition of the stochastic integral
for cylindrical Wiener processes

We fix @ € L(U) nonnegative, symmetric but not necessarily of finite trace.
After the preparations of the previous section we are now able to define the
stochastic integral with respect to a cylindrical Q-Wiener process W (t), ¢t €
[0,T].

Basically we integrate with respect to the standard U;-valued Q1-Wiener
process given by Proposition 2.5.2. In this sense we first get that a process
®(t), t € [0,T], is integrable with respect to W (t), ¢t € [0, 77, if it takes values

in L2(Q1%(U1), H), is predictable and if

T
P / ®(s)*> . ds < oo | =1.
0 Lo(QZ (Uh),H)
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But in addition, we have by Proposition 2.5.2 that Ql% (Uy) = J(Up) and that

(Juo, Jvo) = (Q; *Jug, Qq 2 Juvo)1 = (uo,vo)o

1
Q7 (Ur)
for all ug,vo € Uy (by polarization). In particular, it follows that Jeg, k € N,

1
is an orthonormal basis of @7 (Uy). Hence we get that

® e LY = Ly(QF (U), H) <= ® o J' € Ly(Q} (), H)

since
@7, = > (Deg, Dey)
keN
=Y (@0 (Jep), @0 (Jey)) =[BT P
keN L2(QF (Ur),H)

Now we define
/th>(3) dW (s) := /t@(s)oJl dWw(s), te0,T). (2.5.2)
0 0

Then the class of all integrable processes is given by
T
Nw = {<I> : Qr — LY | ® predictable and P(/ |®(s)||30 ds < oo) = 1}
0 2

as in the case where W (t), t € [0, T}, is a standard Q-Wiener process in U.
Remark 2.5.3.

1. We note that the stochastic integral defined in (2.5.2) is independent of
the choice of (U1, {, )1) and J. This follows by construction, since by
(2.5.1) for elementary processes (2.5.2) does not depend on J.

2. If Q@ € L(U) is nonnegative, symmetric and with finite trace the stan-
dard Q-Wiener process can also be considered as a cylindrical Q- Wiener
process by setting J = 1 : Uy — U where I is the identity map. In this
case both definitions of the stochastic integral coincide.

Finally, we note that since the stochastic integrals in this chapter all have a
standard Wiener process as integrator, we can drop the predictability
assumption on ® € My, and just assume progressive measurability, i.e. @ 0,6]x Q
is B([0,]) ® F;/B(L3)-measurable for all t € [0, 7], at least if (2, F, P) is com-
plete (otherwise we consider its completion) (cf. [WW90, Theorem 6.3.1]).

We used the above framework so that it easily extends to more general
Hilbert-space-valued martingales as integrators replacing the standard Wiener
process. Details are left to the reader.



3. Stochastic Differential
Equations in Finite
Dimensions

This chapter is an extended version of [Kry99, Section 1].

3.1. Main result and a localization lemma

Let (Q2,F, P) be a complete probability space and Fy, t € [0,00[, a normal
filtration. Let (W;);>0 be a standard Wiener process on R4, d, € N, with
respect to Fz, t € [0, 00[. So, in the terminology of the previous section U :=
R%, Q :=1. The role of the Hilbert space H there will be taken by R?,d € N.

Let M (d x d1,R) denote the set of all real d x dy-matrices. Let the following
maps 0 = o(t, z,w), b = b(t, z,w) be given:

0 :[0,00[xR? x Q — M(d x di,R)

b :[0, 00[xR? x Q — R?
such that both are continuous in € R? for each fixed t € [0,00[, w € Q,
and progressively measurable, i.e. for each ¢ their restriction to [0,¢] x £ is
B([0, ]) ® F;-measurable, for each fixed € R%. We note that then both o and
b restricted to [0,t] x R? x Q are B([0,t]) ® B(R?) ® Fi-measurable for every

t € [0, 00[. In particular, for every x € R¢, t € [0, 00| both are F;-measurable.
We also assume that the following integrability conditions hold:

T
/ sup {[lo(t,2)|2 + [b(t, )|} dt < 00 on O, (3.1.1)
0 |z|<R

for all T, R € [0, 00[. Here | - | denotes the Euclidean distance on R% and
d dl
ol =" "o (3.1.2)

i=1 j=1

{,) below denotes the Euclidean inner product on R%.

43
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Theorem 3.1.1. Let b,o be as above satisfying (3.1.1). Assume that on
for all t,R € [0,00[, z,y € R, |z|, [y < R

2(x —y,b(t,z) = b(t,y)) + |o(t,z) — o(t, )|

) (local weak monotonicity)
SKy(R)|z -yl

(3.1.3)
and
2(z, b(t,x)) + ||lot, )| < Ke(1)(1+ |z]?), (weak coercivity) — (3.1.4)

where for R € [0,00[, K¢(R) is an Ry -valued (F;)-adapted process satisfying
on Q for all R,T € [0, 0]

ar(R) = /OT Ky(R) dt < oc. (3.1.5)

Then for any Fo-measurable map Xo : @ — R? there ewists a (up to P-
indistinguish-ability) unique solution to the stochastic differential equation

AX(t) = b(t, X (1)) dt + o(t, X(t)) AW (t). (3.1.6)

Here solution means that (X (t))i>0 i a P-a.s. continuous R¥*-valued (F;)-
adapted process such that P-a.s. for all t € [0, 00[

X(t) = Xo —l—/o b(s, X (s)) ds +/0 o(s, X (s)) dW (s). (3.1.7)
Furthermore, for all t € [0, 00|
E(X(#)]2e W) < B(|X0|?) + 1. (3.1.8)

Remark 3.1.2. We note that by (3.1.1) the integrals on the right-hand side
of (3.1.7) are well-defined.

For the proof of the above theorem we need two lemmas.

Lemma 3.1.3. Let Y (t), ¢t € [0, 00[, be a continuous, Ry -valued, (F)-adapted
process on (Q, F, P) and v an (Ft)-stopping time, and let e € (0,00). Set

Te =y Ainf{t > 0|Y (¢) > &}

(where as usual we set inf ) = +00). Then

P({ sup Y(t) > ¢}) <
t€[0,7]

E(Y(7.)).

M | =
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Proof. We have

{tgép]Y(t) zep={Y(r) > ¢}

Hence the assertion follows by Chebyshev’s inequality. O
The following general “localization lemma” will be crucial.

Lemma 3.1.4. Let n € N and X™(t),t € [0,00[, be a continuous, R¢-
valued, (F;)-adapted process on (0, F, P) such that X™(0) = X, for some
Fo-measurable function Xo : Q — R? and

dX " (1) = b(t, X" (1) +p™ (1)) di4o(t, X () +p™) (1) AW (1), t € [0,00]

for some progressively measurable process p(™) (t),t € [0,00[. For n € N and
R € [0,00[ let T (R) be (F;)-stopping times such that

(1)
IXO @G|+ M@ <R if telo, 7™M (R)] Pae.
(ii)
TAT™(R)
lim E/ lp™ @) dt =0 for all T € [0, c].
0

n—oo

(iii) There exists a function r : [0,00[— [0,00[ such that imp_,o 7(R) = 00
and

lim Iim P(q7™(R)<T, sup |X™()] <r(R)
R—o0o n—oo ({ tE[O,T(”)(R)] }>

=0 for all T € [0, 00[.
Then for every T' € [0, 00 we have

sup | XM () — X" ()| — 0 in probability as n,m — oo.
t€[0,T]

Proof. By (3.1.1) we may assume that

sup |b(t,z)| < K¢(R) for all R,t € [0, 00]. (3.1.9)
|z|<R

(Otherwise, we replace K;(R) by the maximum of K;(R) and the integrand
in (3.1.1).) Fix R € [0, 00[ and define the (F;)-stopping times

T(R,u) := inf{t > 0|as(R) > u}, u € [0, 00][.

Since t — a¢(R) is locally bounded, we have that 7(R,u) T 0o as u — oc.
In particular, there exists u(R) € [0, o0 such that

1
P({r(R,u(R)) < R}) < &
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Setting 7(R) := 7(R,u(R)) we have 7(R) — oo in probability as R — oo and
ainr(r)(R) < u(R) for all t, R € [0, ool.

Furthermore, if we replace 7(™ (R) by 7" (R) A7(R) for n € N, R € [0, o0,
then clearly assumptions (i) and (ii) above still hold. But

P({T(")(R)/\T(R)ST, sup |X<"><t>|<r<R>}>
INT(R)]

te[0,7(" (R

<P ({TW(R) <T, sup  |[X"™(@O)|<r(R),7"(R) < T(R)}>
te[0,7(M (R)]
+ P({7(R) < T,7™(R) > 7(R)})

and limp_,o, P({7(R) < T}) = 0. So, also assumption (iii) holds when 7(")(R)
is replaced by 7(™ (R)A7(R). We may thus assume that 7(") (R) < 7(R), hence

Qpron gy (R) < u(R) for all ¢, R € [0,00[, n € N. (3.1.10)
Fix R € [0, 00[ and define
t
A (R) = / Ip™ ()| Ko(R) ds, ¢ €]0,00],n € N, (3.1.11)
0
By (3.1.10) it follows that

lim E (A(")

n—oo TATM)

(R)(R)> =0 for all R, T € [0, oc. (3.1.12)

Indeed, for all m,n € N
TAT™ (R)
/ P (0)| Kau(R)
0
TAr(™ (R) TAT(R)
<m/ 1P (1) dt + R/ Lot (Ko(R)) Ko (R) dt.
0 0
By assumption (ii) we know that as n — oo this converges in L*(£, F, P) to
TAT(R)
B[ (KB Ku(R)
0

which in turn is dominated by R ara;(g) < R u(R) and converges P-a.e.
to zero as m — oo by (3.1.5). So, (3.1.12) follows by Lebesgue’s dominated
convergence theorem. Let n,m € N and set

Yi(R) = exp(—2a4(R) — | Xo|), t€]0,00][. (3.1.13)
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Then by It6’s formula we have P-a.e. for all ¢ € [0, 0o

XM (t) = XU (1) (R)

t
:/ ¥s(R) [2<X(")(8) = X (s), b(s, X (s) + p") (5))
0
— b5, X)(5) + p) (5)) (3.1.14)
+ o (s, X7 () + ™ () = o (s, X (s) + " (5))1?
= 2K, (RIXC(s) = X (s)| ds + M (),
where Ml(an’m)(t), t € [0,00[, is a continuous local (F;)-martingale with
M{"™(0) = 0. Writing
XO0(5) - X0 (5) = (X0 (3) 40 ()~ (X0 ()7 (5)) ™) () 40 5)

and by the weak monotonicity assumption (3.1.3), for ¢ € [0,7"(R) A 7™ (R)]
the right-hand side of (3.1.14) is P-a.e. dominated by

[ v [2<p<m><s> ~ ™ (5), b(s, X (5) 4 p™(s))
~ (s, X (5) £ ) (5)))
L RR)|(X™(s) — X (5)) + (o (s) — ™) (5))]2

- 2RL(RIX() - XM ds 2 1)

' (M) (s) — p(M (g (M) () — (™) (5)[2 s
<2 [0 (B KR (2™ 6) =50+ ) (6) =57 ()
+ M (0),

where we used (3.1.9) and assumption (i) in the last step. Since ¢¥s(R) < 1
for all s € [0, 00[ and since for s €]0,7(™ (R) A 7(™)(R)]

P (s) = p™ ()P < 2R(Ip"™ () + [P (5)])  P-ae,,

the above implies that for T € [0, oo[ fixed and v (R) := T A 7™ (R) A
(M) (R) we have P-a.e. for t € [0,7™™)(R)]

X (1) = X (1)Pye(R) < 401+ R)AS™ (R) + A" (R)) + MG (1),
(3.1.15)
Hence for any (F;)-stopping time 7 < ~(™™)(R) and (F;)-stopping times
or T 0o as k — oo so that Ml(%"’m)(t Aog), t € [0,00], is a martingale for all
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k € N, we have

E(IX™ (1 Aog) — X™ (1 A oy)[Phrne, (R))

(R) + Al (R)).

(n)
<4(1+ R)E(A o i)

TAT(™)(R)

First letting & — oo and applying Fatou’s lemma, and then using Lemma
3.1.3 we obtain that for every ¢ €]0, oo

P({  sup (X)X (1)[Py(R)) > €})
te[0,ymm (R)]

LR g R+ A (R)).

< TAT(™)(R) TAT(M™) (R)

Since [0, 00[ 3 ¢ — ¥:(R)(w) is strictly positive, independent of n,m € N, and
continuous, the above inequality and (3.1.12) imply that

sup XM (@) — XM (@) -0 asn,m— oo
te[0,y () (R))

in P-measure. So, to prove the assertion it remains to show that given T €
[0, 00,
lim Iim P({r(™(R) <T})=0. (3.1.16)

R—oo n—o0

We first observe that replacing K;(R) by max(K;(R), K¢(1)) we may assume
that

K (1) < Ki(R) for all t € [0,00[, R € [1, 00]. (3.1.17)
Now we proceed similarly as above, but use the assumption of weak coercivity

(3.1.4) instead of the weak monotonicity (3.1.3). Let n € N and R € [1, co].
Then by It6’s formula P-a.e. for all ¢ € [0, co[ we have

X0 (1)
e+ (U 2(X ) (5), (s, X (s) + ) (s)))

+ (s, XM (s) + p™M ()2 = 2K (D)X ™ ()] ds + M7 (1),
(3.1.18)

where M}(%n)(t),t € [0,00[, is a continuous local (F;)-martingale with

MY (0) = 0. By (3.1.4) and (3.1.9) and since ¢4(1) < 1 for all s € [0, 00[ the
second summand of the right-hand side of (3.1.18) is P-a.e. for all
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t € [0,T A7 (R)] dominated by

; s (1) [2(=p"(5),b(s, X (5) + p1™)(s)))
+ K (1) X (s) +p™ ()7 + K (1) = 2K,(1) X (5)]*] ds

t t
<2 / KL(R) [p™ ()| (1 + [p™ (s)]) ds + / =20 (1) ds
0 0

(1)
<2(1+ RN (R) +/ e25 ds,
0
(3.1.19)

where we used (3.1.9), (3.1.17) and assumption (i).

Again localizing MI(;) (t), t € [0,00][, from (3.1.18) and (3.1.19) we deduce
that for every (F;)-stopping time 7 < T'A 7(")(R)

B(X ) (0)26,(1)) < B Xol?e™X0l) 4 2+ 201+ RYEQG 1y (R))

Hence by Lemma 3.1.3 and (3.1.12) we obtain that for every ¢ €10, oo

lim sup lim P({ sup (IX™ (@) [P¢e(1) = ¢}) = 0.
c—00 RE[O,OO[n*»oo te[o,T/\T(")(R)]

Since [0, 00[ > t — (1) is strictly positive, independent of n € N and contin-
uous, and since r(R) — o0 as R — 0o, we conclude that

fm Tm P({ sup  [XC(0)] > r(R), 7 (R) < T)

R—00 n—00 tE[O,T(n) (R)]

< lim sup Iim P{  sup  |[XP()|=r(R)}) =0.
R=%0 Bel0,00[" 7 te]0,TAT(M (R))

Hence (3.1.16) follows from assumption (iii). O

Remark 3.1.5. In our application of Lemma 3.1.4 below, assumption (iii)
will be fulfilled, since the event under P will be empty for allm € N, R € [0, co].
For a case where assumption (iii) is more difficult to check, we refer to [Kry99,
Section 1].

3.2. Proof of existence and uniqueness

Proof of Theorem 3.1.1. The proof is based on Euler’s method. Fix n € N
and define the processes X (™) (t), t € [0, co], iteratively by setting

X™(0) == Xo
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and for k € NU{0} and t € | £ EH] by

n

x™ ()

o (8] oo (2) e fr (oo (2) s

This is equivalent to

e

X(n)(t) = X0+ /t b(S, X(") (K(’I’L, S))) ds
Y (3.2.1)
+/nd&XmKMmQDdW@LtEMa¢
0

where k(n,t) := [tn]/n, and also to
t
X0 = X0+ [ 45, XO() 457 (5)) ds
0

" /t"(st(")(S) +p" (s)) AW (s), t € [0, 00],
0

where

P () =X (k(n, ) = X (1)

—— [ s X w(n ) ds

(n;t)

iﬂtf@XWMWMDMW$tEMmL

Now fix R € [0, 00[ and define

7(™(R) := inf {t > 0| X™ ()] > ?}

and R
R):= —.
r(R) =
Then clearly,
2R R
Ip™ ()| < - and |X ™) (1)) < 3 if t €10, 7™ (R)].

In particular, condition (i) in Lemma 3.1.4 holds and the event in Lemma
3.1.4(iii) is empty for all n € N, R € [0, 00[, so this condition is satisfied. Let
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ei,1 <i < d, be the canonical basis of R? and T € [0, col. Since for ¢ € [0, 7]
— (es, p™ (1))
t

- / (es.b(s, X ((n, 5)))) ds + / (i (5, XM ((n, 5))) AW (s),

(n,t) K(n,t)
it follows that for € €]0,00[ and 1 < i < d, t € [0, 00]

P({l{es,p™ (1)) > 2¢, t <7"(R)})

t
<P ({/ sup |b(s,x)| ds = 5})
Kk(n,t) |z|<R

inT(™(R)
+ P({ sup / Lix(n,t),1(8)
tefo,t] 1 JO

(s 5, X ) AW 9) | > <} )

and by Corollary D.0.2 the second summand is bounded by

36 ’ ) )
—+P sup |lo(t,z)||*ds > ¢ .
€ r(n,t) |¢|<R

Altogether, letting first n — oo and using (3.1.1), and then letting 6 — 0 we
obtain that for all ¢ € [0, oo

0., (r)) (2) p™(t) — 0asn— oo

in P-measure. Since

2R
Lio.r, (R (£) ’p") (t)‘ < =, t€0,00],

3
it follows by Lebesgue’s dominated convergence theorem and Fubini’s theorem
that condition (ii) in Lemma 3.1.4 is also fulfilled. Now Lemma 3.1.4 and the
fact that the space of continuous processes is complete with respect to locally
(in t € [0,00[) uniform convergence in probability imply that there exists a
continuous, (F;)-adapted, R%-valued process X (t), t € [0, oc[, such that for all
T € [0, 00]

sup | XM (t) — X(t)] — 0 in P-measure as n — co. (3.2.2)
t€[0,T)

To prove that X satisfies (3.1.6) we are going to take the limit in (3.2.1).
To this end, fix T' € [0,00[ and ¢ € [0,T]. By (3.2.2) and because of the path
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continuity we only have to show that the right-hand side of (3.2.1) converges
in P-measure to

Xo —I—/O b(s, X(s)) ds+/0 (s, X (s)) dW (s).

Since the convergence in (3.2.2) is uniform on [0, T, by equicontinuity we have
that also

sup | X (k(n,t)) — X(t)| — 0 in P-measure as n — oc.
t€(0,T7

Hence for Y () (t) := X (™) (k(n,t)) and a subsequence (ny)pen

sup [V (t) — X (t)| — 0 P-a.e. as k — oc.
t€[0,T]

In particular, for S(t) := supyey |Y ™) ()|

sup S(t) < oo P-ae.. (3.2.3)
t€[0,T]

For R € [0, o0o[ define the (F;)-stopping time
7(R) :=inf{t € [0,T]|S(t) > R} A T.

By the continuity of b in z € R? and by (3.1.1)

lim b(s, X" (k(ng, s))) ds = /0 b(s,X(s))ds P-a.e.on {t<7(R)}.

k—oo Jo
(3.2.4)
To handle the stochastic integrals we need another sequence of stopping times.
For R, N € [0, 00 define the (F;)-stopping time

¢
7~ (R) := inf{t € [0, T sup |lo(s,z)||> ds > N} AT(R).
0 |z|<R

Then by the continuity of ¢ in # € RY, (3.1.1), and Lebesgue’s dominated
convergence theorem

7~ (R)
lim P ( / (s, X (1, 5)) — (s, X (5))1 ds> -0,
— 00 0
hence

/U(s,X("k)(n(nk,s))) dW(s)—>/ o(s, X (s)) dW (s) (3.2.5)
0 0
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in P-measure on {t < 75(R)} as k — oo. By (3.1.1) for every w € ) there
exists N(w) € [0, 00[ such that 7n(R) = 7(R) for all N > N(w), so

Ut <mw(®)} = {t <m(R)}.

NeN

Therefore, (3.2.5) holds on {t < 7(R)}. But by (3.2.3) for P-a.e. w € Q there
exists R(w) € [0, 00 such that 7(R) = T for all R > R(w). So, as above we
conclude that (3.2.4) and (3.2.5) hold P-a.e. on €. This completes the proof
for existence.

The uniqueness is a special case of the next proposition. So, let us prove
the final statement. We have by It6’s formula for our solution X that P-a.e.
for all t € [0, 00|

X (1)Pem ) =] X[ +/0 =W [2(X(s), b(s, X(5))) + [lo(s, X (5))]”
— K (D)|X(s)]"] ds + M(1),

where M(t), t € [0,00][, is a continuous local martingale with M (0) = 0. By
the weak coercivity assumption (3.1.4) the latter is dominated by

a(1)
|X0|2+/ e ds + M(t).
0

So, again by localizing M (t), t € [0, 00, and Fatou’s lemma we get
E(IX(t)PPe” W) < E(|Xo[*) +1, t € [0, 00[.
O

Proposition 3.2.1. Let the assumptions of Theorem 3.1.1 apart from (3.1.4)
be satisfied. Let Xo,Xén) :Q — R4 neN, be Fy-measurable such that

P— lim X" = X,.
Let T € [0,00[ and assume that X (t), X™(t), t € [0,T], n € N, be solutions
of (3.1.6) (up to time T) such that X(0) = Xo and X™(0) = Xé") P-a.e.
for alln € N. Then

P— lim sup |[X™(t)—X(t)| = 0. (3.2.6)
n=%0 (0,7

Proof. By the characterization of convergence in P-measure in terms of P-a.e.

convergent subsequences (cf. e.g. [Bau0l]), we may assume that Xé") — Xy
as n — oo P-a.e..
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Fix R € [0, 00[ and define
¢y(R) = exp(—ay(R) — sup | X\™|), t € [0, 00][.

We note that since | Xo| < oo, we have ¢¢(R) > 0 P-a.e. for all ¢t € [0, 00].
Define
AW (R) :=inf{t > 0[| XM ()] +|X(t)| > R} AT.

Analogously to deriving (3.1.14) in the proof of Lemma 3.1.4 using the weak
monotonicity assumption (3.1.3), we obtain that P-a.e. for all ¢ € [0,7] and
alln € N

XM Ay (R)) = X (E AV (R))Pbiaqgom ) (R)
<X — Xo|2euPn X571 4 my) (1),

where mg) (t),t € [0,T], are continuous local (F;)-martingales such that
mgg)(O) = 0. Hence localizing mg) (t), t € [0,T], for any (F;)-stopping time
7 < 7™ (R) we obtain that

B(X (1) = X(r)Pé:(R)) < B(X{" — XofPem s X" (3.2.7)

Since the right-hand side of (3.2.7) converges to zero, by Lemma 3.1.3 we
conclude that

P tim sup (|X7 (A (R)) = X(EAY ()G () (R)) = 0.
n= (0,7
(3.2.8)
Since P-a.e. the function [0, 00[3 t — ¢;(R) is continuous and strictly positive,

(3.2.8) implies

P— lim sup [X™(tA~™(R)) - XAy (R))| =0. (3.2.9)
N (0,7

But
P({y™(R) <T})
<P({ sup [ X (tAA"(R))+ (X (A (R))]) > R})

t€[0,T]
<P({ sup XM (A (R) = X (A (R))]) = 1})
t€[0,T]
+ P({2 sup |X(t)] = R—1}).
t€[0,T]

This together with (3.2.9) implies that
lim Tim P({+"(R) < T})=0. (3.2.10)

R—ocon—oo

(3.2.9) and (3.2.10) imply (3.2.6). O



4. A Class of Stochastic
Differential Equations in
Banach Spaces and
Applications to Stochastic
Partial Differential Equations

In this chapter we will present one specific method to solve stochastic dif-
ferential equations in infinite-dimensional spaces, known as the wvariational
approach. The main criterion for this approach to work is that the coeffi-
cients satisfy certain monotonicity assumptions. As the main references for
Subsection 4.2 we mention [RRW06] and [KR79], but also one should check
the references therein.

4.1. Gelfand triples, conditions on the
coefficients and examples

Let H be a separable Hilbert space with inner product (, Yy and H* its

dual. Let V be a Banach space, such that V' C H continuously and densely.

Then for its dual space V* it follows that H* C V* continuously and densely.
Identifying H and H* via the Riesz isomorphism we have that

VcHcCV? (4.1.1)

continuously and densely and if . (, ), denotes the dualization between V*
and V (i.e. .(z,v) = z(v) for z € V*,v € V), it follows that

ve(z,v), = (z,v)g forallze HveV. (4.1.2)

(V, H,V*) is called a Gelfand triple. Note that since H C V* continuously and
densely, also V* is separable, hence so is V. Furthermore, B(V) is generated
by V* and B(H) by H*. We also have by Kuratowski’s theorem that V' €
B(H), He B(V*)and B(V)=B(H)NV, B(H)=B(V*)N H.

Below we want to study stochastic differential equations on H of type

AX(t) = A(t, X (t))dt + B(t, X (t)) dW () (4.1.3)

95
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with W(t), t € [0,T] a cylindrical Q-Wiener process with @ = I on another
separable Hilbert space (U, (, )y) and with B taking values in Lo(U, H) as
in Chapter 2, but with A taking values in the larger space V*.

The solution X will, however, take values in H again. In this section we give
precise conditions on A and B.

Let T € [0, 00[ be fixed and let (2, F, P) be a complete probability space with
normal filtration F3, t € [0, 00[. Let

A:[0,T)xV xQ—V* B:[0,T] x V x Q— Ly(U, H)

be progressively measurable, i.e. for every t € [0,T], these maps restricted to
[0,¢] x V x Q are B([0, t]) @ B(V) ® Fe-measurable. As usual by writing A(¢, v)
we mean the map w — A(t,v,w). Analogously for B(¢,v). We impose the
following conditions on A and B:

(H1) (Hemicontinuity) For all u,v,z € V, w € Q and t € [0,T] the map
R3 A= (At u+ Mv,w), z),
is continuous.
(H2) (Weak monotonicity) There exists ¢ € R such that for all u,v € V
2 (AC,u) = AC,v),u =)y + B w) = B, o)1, 0.

< clu —v||%) on [0,T] x Q.

(H3) (Coercivity) There exist o €]1,00[, c1 € R, c2 €]0,00[ and an (F;)-
adapted process f € L'([0,T] x , dt ® P) such that for all v € V,t €
0,7]
2y (A(t,0), )y B, w.m < allollf —callvlly + £() on Q.

(H4) (Boundedness) There exist c¢3 € [0,00] and an (F;)-adapted process
g€ La-1([0,T] x Q, dt ® P) such that for all v € V, t € [0, 7]

[A(t, v)]

v < g(t) +esfolp™t on @,
where « is as in (H3).

Remark 4.1.1. 1. By (H3) and (H4) it follows that for all v € V,t €
[0, 7]

1Bt )2, w,m < cillollf + £ +2]vllv g(t) + 2es]0][3 on Q.
2. Letw e Q,te[0,T]. (H1) and (H2) imply that A(t,-,w) is demicontin-

uous, i.e.
Up — U as N — 00 (strongly) in V
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implies
A(t, Uup,w) — A(t,u,w) as n — oo weakly in V*

(cf. [Zei90, Proposition 26.4])
In particular if H = R, d € N, hence V.= V* = R?, then (H1) and
(H2) imply that u — A(t,u,w) is continuous from R? to RY.

Proof. Fix (t,w) € [0,T] x 2 and set for u € V
Au) == A(t, u,w) — cu.

The proof will be done in four steps.
Claim 1: A is locally bounded, i.e. for all u € V there exists a neighborhood
U(u) such that A(U(u)) is a bounded subset of V*.

Proof of Claim 1. Consider first u := 0. Suppose A(U(0)) is unbounded for
all neighborhoods U(0) of 0. Then there exist u,, € V such that

u, — 0 and [|A(up)]

v+ — 00 as n — 00.

Set
an = (14 [|A(un)|

Then by (H2) for allv € V

unHV)_l'

V*

o (A(Un), U — (£0))y, —an o (A(F0), un — (£0)), <0,

hence
TFan o (Aun), )y < —an y (A(Un), Un )y +an v« (A(EV), un F )y,
< an || A(un) lv+[lunllv + [[AEV) v+ lun F vllv
< 144G (suplnlly + Foll ).

Consequently,

sup |y« (anA(un),v)y, | < oo forallveV.

Therefore, by the Banach—Steinhaus theorem

N = sup||an A(un)||v+ < oo,
n
and thus for ny € N so large that |lu,| < 55 for all n > ng we obtain

([ A(un)|

n Vi,

1
ve <a'N <N+ §||A(un)|
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i.e.
| A(un)|lv+ < 2N for all n > ng,

which is a contradiction. So, A(U(0)) is bounded for some neighborhood U (0)
of 0.
For arbitrary u € V' we apply the above argument to the operator

Ay(v) = Alu+v),veV

which obviously is also hemicontinuous and weakly monotone. So, Claim 1 is
proved. O

Claim 2: Let u € V, b € V* such that
ve(b—A),u—v), <0 forallveV.
Then A(u) =b.
Proof of Claim 2. Let w € V, t €]0,00[ and set v := u — tw. Then
ve b= A(u — tw), tw), = .(b— A(v),u —v),, <O0.

Dividing first by ¢ and then letting ¢ — 0, by (H1) we obtain

ve(b—A(u),w),, <0 forallweV.
So, replacing w by —w, w € V, we get

ve(b—A(u),w),, =0 for all w €V,
hence A(u) =b. O
Claim 3: (“monotonicity trick”). Let u,, v € V,n € N, and b € V* such that

Uy, — u as n — oo weakly in V,

A(un) — b as n — oo weakly in V*

and o
lm . (A(un), Un )y = e (b u)y, -
Then A(u) =b.

Proof of Claim 3. We have for all v € V'
e (A tun)y =y (AW, i)y — - (Alun) = A(0),v)y
— (A ) = A(v), 4y — v)y <O,
Letting n — oo we obtain
ve (b u)y — e (A(), u)y — o (b — A(v),v), <0,

0
ve(b—A),u—v), <0 forallveV.

Hence Claim 2 implies that A(u) = b. O
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Claim 4: Let u,,u € V, n € N, such that
Up — u as n — oo (strongly) in V.

Then
A(uy,) — A(u) as n — oo weakly in V*.

Proof of Claim 4. Since {uy|n € N} is bounded, by Claim 1 also { A(uy)|n € N}
is bounded in V*. Since bounded sets in V* are weakly compact by the
Banach-Alaoglu theorem, there exists a subsequence (ng)gen and b € V*
such that A(uy,) — b as k — oo weakly in V*. Since u,, — u strongly in V
as k — 0o, we get

kli_)rr;o v <A(unk)a unk>v =y (b, U>v .

Therefore, all conditions in Claim 3 are fulfilled and we can conclude that
A(u) = b. So, for all such subsequences their weak limit is A(u), hence
A(up) — A(u) as n — oo weakly in V*. O

Let us now discuss the above conditions. We shall solely concentrate on A
and take B = 0. The latter we do because of the following:

Exercise 4.1.2.

1. Suppose A, B satisfy (H2), (H3) above and A is another map as A satis-
fying (H2), (H3). Then A+ A, B satisfy (H2),(H3). Likewise, if A and
A both satisfy (H1), (H4) then so does A+ A.

2. If A satisfies (H2), (H3) (with B =0) and for allt € [0,T], w € Q, the
map u — B(t,u,w) is Lipschitz with Lipschitz constant independent of
t€10,T], we Q then A, B satisfy (H2), (H3).

Below, we only look at A independent of ¢t € [0,T], w € Q. From here
examples for A dependent on (t,w) are then immediate.

Example 4.1.3. V = H = V* (which includes the case H = R9)
Clearly, since for all v € V

e+ ol

2y (A(),v)y < 2. (A(v) = A(0), v}y +[[A(0)]

in the present case where V = H = V*, (H2) implies (H3) with ¢; > ¢
and « := 2. Furthermore, obviously, if A is Lipschitz in « then (H1)—(H4)
are immediately satisfied. But for (H1)-(H3) to hold, purely local conditions
(with respect to u) on A can be sufficient, as the following proposition shows.

Proposition 4.1.4. Suppose A : H — H is Fréchet differentiable such that
for some ¢ € [0, 00][ the operator DA(x) — cI (€ L(H)) is negative definite for
all x € H. Then A satisfies (H1)-(H3) (with B =0).
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Proof. Since A is Fréchet differentiable it is continuous, so, in particular, (H1)
holds. Furthermore, for x,y € H we have

Alw) = Aly) = | A+ stz = p)as

= [ A+ ste =)= n)as.

Hence by assumption

(A(z) = A(y),z —y)u = /0 (DA(y +s(z —y))(x —y),z — y)uds

1
gC/ (x —y,x —y)uds
0

= cllz —yl%,
and so (H2) holds and hence (H3), as shown above. O

We again note that Proposition 4.1.4 shows that purely local conditions on
A can already imply (H1)-(H3), if (V = H = V* and) o = 2. However, the
global condition (H4) then requires that A is of at most linear growth since
a—1=1if o = 2. We also note that for H = R! the conditions in Proposition
4.1.4 just mean that A is differentiable and decreasing.

If H is a space of functions, a possible and easy choice for A would be e.g.
Au = —u?. But then we cannot choose H = L? because A would not leave L?
invariant. This is one motivation to look at triples V. C H C V* because then
we can take V = L? and H = L? and define A from V to V* = LP/(»=1) Let
us look at this case more precisely.

Example 4.1.5 (L? ¢ L> ¢ LP/*=1) and A(u) := —u|u|P~2).
Let p € [2,00[, A C R, A open. Let

V:=LP(A) .= LP(A, d©),
equipped with its usual norm |-||,, and
H := L*(A) := L*(A, d¢),
where d¢ denotes Lebesgue measure on A. Then
V= Lp/(pfl)(A).

If p > 2 we assume that

A] = /R Tx(€) dé < oo. (4.1.4)
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Then
VcHCV",

or concretely
LP(A) € L2(A) ¢ LP/(P=D(A)

continuously and densely. Recall that since p > 1, LP(A) is reflexive.
Define A: V — V* by

Au = —ululP~2, u € V = LP(A).

Indeed, A takes values in V* = LP/(P=1)(A), since

[1autee e ag = [lu©p de <o
for all uw € LP(A).
Claim: A satisfies (H1)(H4).
Proof. Let u,v,z € V. Then for A € R
e (A(u + M) — A(u), z),,
= [GEOF? ~ (@) + M©)lute) + M@ e de

<JJululP? = (u+ Av)ju + P2

v zllv

which converges to zero as A — 0 by Lebesgue’s dominated convergence the-
orem. So, (H1) holds.
Furthermore,

v (A(u) — A(v),u — U>V

= /(U(é“)lv(ﬁ)lp_2 —u(&)u(©)P~?)(u(€) — v(€)) dE <0,

since the map s — s|s[P~2 is increasing on R. Thus (H2) holds, with ¢ := 0.
We also have that

S A@), )y = — / ()P dé = —ollZ,
so (H3) holds with « := p. In addition,
JA@)]v- = ( JGL df) " el

so (H4) holds with « := p as required. O
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Remark 4.1.6. In the example above we may take A : V := LP(A) —
L71(A) = V* defined by

A(v) := =T (v),v € LP(A),

where ¥ : R — R is a fized function satisfying properties (1) — (V4) specified
in Example 4.1.11 below.

Now we turn to cases where A is given by a (possibly nonlinear) partial
differential operator. We shall start with the linear case; more concretely, A
will be given by the classical Laplace operator

with initial domain given by C§°(A). We want to take A to be an extension of
A to a properly chosen Banach space V so that A : V — V* is (defined on all
of V and) continuous with respect to ||-||yv and [|-||yv». The right choice for V
is the classical Sobolev space Hy*(A) for p € [2, 00[ with Dirichlet boundary
conditions. So, as a preparation we need to introduce (first-order) Sobolev
spaces.

Again let A C R%, A open, and let C5°(A) denote the set of all infinitely
differentiable real-valued functions on A with compact support. Let p € [1, 00[
and for u € C§°(A) define

1/p
fulli= ([ u©F + Fu(e)) ag) (4.15)
Then define
HyP(A) := completion of C§°(A) with respect to [|-]|1 p- (4.1.6)

At this stage HyP(A), called the Sobolev space of order 1 in LP(A) with
Dirichlet boundary conditions, just consists of abstract objects, namly equiv-
alence classes of ||-||1 ,-Cauchy sequences. The main point is to show that

HyP(A) € LP(A), (4.1.7)
i.e. that the unique continuous extension
i HyP(A) — LP(A)

of the embedding
i: CP(A) — LP(A)

is one-to-one. To this end it suffices (in fact it is equivalent) to show that if
up € C§°(A), n € N, such that

u, — 0 in LP(A)
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and
/ ‘v(un - um)(f)‘p d§ — 0 as n,m — oo,

then
/|V(un(§)|p dE — 0 as 1 — oo, (4.1.8)

But by the completeness of LP(A;R?) there exists
F=(F,...,F;)) € L’(A;RY)

such that Vu, — F as n — oo in LP(A;R?). Let v € C§°(A). Then for
1 <7 < d, integrating by parts we obtain that

e de = tim [ o©) 50 une) ae

0 (€un() de

i

— lim

n—oo

=0.

Hence F; =0 dé-a.e. for all 1 < ¢ < d, so (4.1.8) holds.
Consider the operator

YV C(A) C LP(A) — LP(A;RY).

By what we have shown above, we can extend V to all of Hy”(A) as follows.
Let u € HyP(A) and let u,, € C§°(A) such that lim,, oo |lu — w1, = 0. In
particular, (Vuy,)nen is a Cauchy sequence in LP(A;R?), hence has a limit
there. So, define
Vu:= lim Vu, in LP(A;R?). (4.1.9)
n—oo
By what we have shown above this limit only depends on u and not on the

chosen sequence. We recall the fact that Hy”(A) is reflexive for all p €1, 00|
(cf. [Zei90]).

Example 4.1.7 (H)? € L? € (H}?)*, A= A).

Though later we shall see that to have (H3) we have to take p = 2, we shall
first consider for p € [2, 00[ and define

V= Hy?(A), H := L*(A),
SO
V* = HyP(A)*
Again we assume (4.1.4) to hold if p > 2. Since then V' C LP(A) C H,
continuously and densely, identifying H with its dual we obtain the continuous

and dense embeddings
VcHCV®
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or concretely
HyP(A) € L*(A) € HyP(A)". (4.1.10)

Now we are going to extend A with initial domain C§°(A) to a bounded linear
operator A : V. — V*. First of all we can consider A as an operator taking
values in V* since

A:CP(A) — C°(A) € L*(A) Cc V™.
Furthermore, for u,v € C§°(A) again integrating by parts we obtain

PRI SR
_ \— JZGAZG!) d«f’

< ([ wuer df)ppl ([1vuter dﬁ);

p—1

< (/Wu(g)wl dg) " ol

Hence for all u € C§°(A)
[ Au]

v- < I9ull .. (w111)
So, by (4.1.4) and since ;55 <2 < p, we get by Holder’s inequality

[[Auljy+ < |A|pTTZ||u||1,p for all u € C§°(A), (4.1.12)

where for p = 2 the factor on the right is just equal to 1.

So, A with domain C§°(A) extends (uniquely) to a bounded linear operator
A:V — V* (with domain all of V'), also sometimes denoted by A.

Now let us check (H1)—-(H4) for A.

Claim:

A= A) - HP(A) = (HP W)
satisfies (H1),(H2),(H4) and provided p = 2, also (H3).

Proof. Since A : V. — V* is linear, (H1) is obviously satisfied. Further, if
u,v € V then there exists u,, v, € C§°(A), n € N, such that v, — u, v, — v
as n — oo in V. Hence integrating by parts we get

ve(Aw) — Aw),u —v)y, = lim . (Aup — Avy, uy — vy)y,

= lim (A(up — vn),Un — Un)

n—oo

— lim — / IV (1 — ) ()2 € < 0.

n—oo
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So (H2) is satisfied. Furthermore,

2, (A(v),v), = lim 2(Avy,,vn)H

n—oo

— - Jim 2 [ |Vu,(©) ¢
— 9 / Vu(©)? d

12)-

So (H3) is satisfied if p = 2 with o = 2. Furthermore, (H4), with o = 2 is
clear by (4.1.12). O

=2 ([lollE; — v

Remark 4.1.8. The corresponding SDE (4.1.3) then reads
dX(t) = AX(t) dt + B(t, X (t)) dW(¢).

If B =0, this is just the classical heat equation. If B # 0, but constant, the
solution is an Ornstein—Uhlenbeck process on H.

Example 4.1.9 (Hé’p cL?cC (Hol’p)*, A = p-Laplacian).
Again we take p € [2,00[, A € R? A open and bounded, and V := Hy"”(A),
H := L*(A), so V* = (HyP(A))*. Define A : HyP(A) — HyP(A)* by

A(u) := div(|Vul|P~2Vu), u € Hy?(A);

more precisely, given u € Hé’p(A) for all v € Hé’p(A)

v (A, v)y 1= [ [FUOP > (Tu(€), To(©)) de for all v e HIP(A)
(4.1.13)
A is called the p-Laplacian, also denoted by A,. Note that Ay = A. To
show that A : V — V* is well-defined we have to show that the right-hand
side of (4.1.13) defines a linear functional in v € V' which is continuous with
respect to |-|lv = ||||1,- First we recall that by (4.1.9) Vu € LP(A;R?) for
all u e Hé "P(A). Hence by Holder’s inequality

/|Vu(§)|”—1|Vv(§)| d¢ < </|VU(§)|1) dg)p;l </|Vv(§)|p dg);

-1
<l vl e

Since this dominates the right-hand side of (4.1.13) for all u € Hy*(A) we
have that A(u) is a well-defined element of (Hy”(A))* and that

lA@)lv- < el (4.1.14)

Now we are going to check that A satisfies (H1)—(H4).
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(H1): Let u, v,z € HyP(A), then by (4.1.13) we have to show for X € R, || <

1
tim [ (I (4 20)OP2(V(u-+ 2e)(©). V()
~ [Vu(©)"2(Vu(€), Va(€) ) dé = 0.

Since obviously the integrands converge to zero as A — 0 dé-a.e., we
only have to find a dominating function to apply Lebesgue’s dominated
convergence theorem. But obviously, since |A| < 1

|V (u+ M)V (u + M) (€), Va(6))|
<27 (V@ + Vo)) [Va(€)]

and the right-hand side is in L'(A) by Holder’s inequality as we have
seen above.

: Let u,v € HyP(A). Then by (4.1.13)

— v (Au) — A(v),u —v)y,

:/<|VU(€)IP*2VU(§) — [Vu(§)[P2Vu(€), Vu(€) — Vou(€)) d¢

= [(Vu@P +19u(©)P = [Fu©F*(Tu(). Vo(6))
— [Vo(©)F 2 (Vu(©), Vo(©))) d
> [(Fu©lF + [9e(©F - [Fu©F ! Vo(©)
— Vo Vul)]) dé
= [(1vueP = [Fu©P(Va©)] - [Te(©)) de
=0,

since the map Ry 3 s +— sP~! is increasing. Hence (H2) is shown with
c=0.

: Because A is bounded by Poincaré’s inequality (cf. [GT83]) there exists

a constant ¢ = ¢(p, d, |A|) €]0, oo such that
/|vu(§)|1’ d¢ > c/ lu(€)|P d¢ for all u € HyP(A). (4.1.15)

Hence by (4.1.13) for all u € Hy?(A)

min(1, ¢)

Sl

v (Au),u)y = —/|Vu(g)\1’ de < —
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So, (H3) holds with o = p and ¢; = 0. (We note that only for (H3) have
we used that A is bounded.)

(H4): This condition holds for A by (4.1.14) with o = p.

Before we go on to our last example which will include the case of the porous
medium equation we would like to stress the following:

Remark 4.1.10. 1. If one is given V.C H CV* and A: V — V* (e.g.
as in the above examples) satisfying (H1)-(H4) (with B = 0) one can
consider a “smaller” space Vjy, i.e. another reflexive separable Banach
space such that

WwcVvV
continuously and densely, hence (by restricting the linear functionals to
Vo)

Ve c Wy

continuously and densely, so altogether
WCVCHCV CV.

Restricting A to Vy we see that A satisfies (H1),(H2) and (H4) with
respect to the Gelfand triple

VoCHC‘/E)*.

However, since ||||v, is up to a multiplicative constant larger than ||-||v,
property (H3) might no longer hold. Therefore, e.g. if one considers a
map A which is given by a sum of the Laplacian (cf. Example 4.1.7)
and e.g. a monomial (cf. Example 4.1.5) one cannot just take any Vi C
Hy?(A) 0 LP(A), since (H3) might get lost. However, if e.g. d > 3
and é + % = %, then if A is bounded, by a Sobolev embedding theorem
(cf. [GT83, Theorems 7.10 and 7.15]), Hy*(A) € LP(A) (C LP' (A), p €
[1,p]) continuously and densely, so one can take V := Hy?>(A),
H = L?*(A) and can consider

Alu) == Au — u|u|p/_2, u € Hé’z(A)’

Then (H3) holds with d := 2. So, if p' € [1,2], also (H4) holds with
d = 2. The corresponding SDE (4.1.3) then reads

dX (1) = (AX(1) = XX ()P 2) dt - (+B(t, X (1) dW (1))

and is called a (stochastic) reaction diffusion equation.

In the case of the p-Laplacian, p € P,oo[, it is even easier to take
sums with monomials, since clearly Hy'?(A) C LP(A) continuously and
densely, so

A(u) = div(|VulP~2Vu) — ulu[P~2, u € HyP(A),
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satisfies (H1)—(HY), if A is bounded, with respect to the Gelfand triple
HyP(A) € L*(A) C (Hy™(A))*

But generally, taking sums of A as above requires some care and is not
always possible.

2. In all our analysis the space V* is only used as a tool. Eventually, since
the solutions to our SDE (4.1.3) will take values in H, V* will be of no
relevance. Therefore, no further information about V* such as its explicit
representation (e.g. as a space of Schwartz distributions) is necessary.

Example 4.1.11. [L? C (Hy*)* C (LP)*, A = porous medium operator]
As references for this example we refer e.g. to [Aro86],  DPRLRWO06], [RRW06].
Let A € R?, A open and bounded, p € [2, oo[ and

V= LP(A), H := (Hy*(A))".

Since A is bounded we have by Poincaré’s inequality (4.1.15) that for some
constant ¢ = ¢(2,d, |[A]) > 0

e > ullgye o= [ 1992 a¢)”
(4.1.16)

1
Lo
><mln;c)> Jullio for all u € HE2(A).

So, we can (and will do so below) consider Hy*(A) with norm ||-||H01.,2 and
corresponding scalar product

(u,0) 1.2 = /(W(g),%(g)) de, u,v € Hy*(A).

Since Hy?(A) € L2(A) continuously and densely, so is
Hy2(A) € L1 (A).
Hence .
() = (L7 (W) € (H (W) = H,

continuously and densely. Now we would like to identify H with its dual
H* = Hy*(A) via the corresponding Riesz isomorphism R : H — H* defined
by Rx := (z,-)n, x € H. Let us calculate the latter.

Lemma 4.1.12. The map A : Hy*(A) — (Hy?*(A)* = H (defined by
(4.1.13) for p = 2) is an isometric isomorphism. In particular,

(Au, Av)yyg = <“vU>Hé=2 for all u,v € HY?(A). (4.1.17)
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Furthermore, (—A)~' : H — H* = Hy*(A) is the Riesz isomorphism for H,
i.e. for every x € H

(@, )i = gre{(=8) "2, ) g - (4.1.18)

Proof. Let u € HOI’Q(A). Since by (4.1.13) for all v € H&’Q(A)

(A, ) 12 = / (Vu(€), Vo(€)) dE = (u,v) gz, (4.1.19)

it follows that —A : Hy?(A) — H is just the Riesz isomorphism for H,*(A)
and the first part of the assertion including (4.1.17) follows. To prove the last
part, fix € H. Then by (4.1.17) and (4.1.19) for all y € H

(o901 = {(~A) ", (~8) Ty s = gl (~A) Mg
O

Now we identify H with its dual H* by the Riesz map (—A)~!: H — H*,
so H = H* in this sense, hence

V=LP(A) CHC (LP(A)* =V* (4.1.20)
continuously and densely.
Lemma 4.1.13. The map
A Hy®(A) — (LP(4))"
extends to a linear isometry
A:L7T(A) — (LP(A)* = V*

and for all w € L7 (A), v € LP(A)

ve(FAuv), = 2 (u,v)p, = /u(ﬁ)v(f) d¢. (4.1.21)

L?P
Remark 4.1.14. One can prove that this isometry is in fact surjective, hence
(LP(8))" = A(L7™T) # L7,

We shall not use this below, but it shows that the embedding (4.1.20) has to
be handled with care taking always into account that H is identified with H*
by (~A)~': H — H* giving rise to a different dualization between LP(A) and
(LP(A))*. In particular, for all x € H, v € LP(A)

(LP)* (,0)pp = (T, V)1

(7'é LL<:L"U>LP = /x(f)v(ﬁ) d¢  provided x € Lpp1>.
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Proof of Lemma 4.1.15. Let u € HOI’Q(A). Then since Au € H, by (4.1.2) and
(4.1.18) we obtain that for all v € V

ve (A, v)y = (Au,v) g = — g2 (u,v) g = —(u, )2 (4.1.22)
since v € V C L%(A). Therefore,

[Aul

ve < lull 2,
So, A extends to a continuous linear map
A:L7T(A) - V*
such that (4.1.22) holds for all u € L7~ (A), i.e. (4.1.21) is proved.
So, applying it to u € L1 (A) and
vi= —lully "ulul?? € L7 (),
where ¢ := E5, by (4.1.21) we obtain that

ve(Au,v)y, = ||u||p‘%1

and ||v]|, =1, so ||Auljy+ = ||u||ﬁ and the assertion is completely proved.

O

Now we want to define the “porous medium operator A”. So, let ¥ : R — R
be a function having the following properties:

(¥1) ¥ is continuous.

(¥2) For all s,t € R
(t—s)(T(t)—T(s)) = 0.

(¥3) There exist p € [2,00], a €]0,00], ¢ € [0, 00 such that for all s € R
sU(s) = als|P —c.
(¥4) There exist c3,cq €]0,00[ such that for all s € R
(W (s)] < ca + eals|”™,
where p is as in (¥3).
We note that (¥4) implies that
U(v) € L1 (A) for all v € LP(A). (4.1.23)

Now we can define the porous medium operator A : LP(A) =V — V* =
(LP(A))" by

A(u) == AT(u), ue LP(A). (4.1.24)

Note that by (4.1.21) and Lemma 4.1.13 the operator A is well-defined. Now
let us check (H1)-(H4).
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(H1): Let u,v,2 € V = LP(A) and X € R. Then by (4.1.21)

ve(A(u+ M), z), = (AT (u+ Av), )y,

(4.1.25)
— / W(ul€) + Mol€))z(€) de.

By (¥4) for |A| < 1 the integrand in the right-hand side of (4.1.25) is
bounded by
[ea + 32" (Jul? ™" + [olP )]

which by Hélder’s inequality is in L'(A). So, (H1) follows by (¥1) and
Lebesgue’s dominated convergence theorem.

(H2): Let u,v € V.= LP(A). Then by (4.1.21)

o (A@W) = A@) 1= )y =y, (AT () — B(0),u - )y

where we used (V2) in the last step.
(H3): Let v € LP(A) = V. Then by (4.1.21) and (¥3)

< [(alul©l +0 de.

Hence (H3) is satisfied with ¢; := 0, ¢o := 2a, a = p and f(¢) = 2¢|A].
(H4): Let v € LP(A) = V. Then by Lemma 4.1.13 and (¥4)
[A(v)]

ve = [|AY V)|~
= @), 2,

p=1
p—1 P
<eldlF +aa ([ e ac)
=calA|T +esllollf
o (H4) holds with a = p.
Remark 4.1.15. 1. For p € [2,00] and ¥(s) := s|s|P~2 we have

A(v) = A(vv]7%), v € LP(A),
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which is the non-linear operator appearing in the classical porous medium
equation, i.e.
0X(t)
ot

= AX®IX®P?),  X(0,) = Xo,

whose solution describes the time evolution of the density X (t) of a
substance in a porous medium (cf. e.g. [Ar086]).

. Let ¥ : R — R be given such that (V1)—(V4) are satisfied with some

p €]1,00[ (in (¥3), (¥4)). One can see that the above assumptions that
A is bounded and p > 2, can be avoided. But p then depends on the
dimension of the underlying space R®. Let us assume first that d > 3.
We distinguish two cases:

Case 1. |A| =00 and p := %, c=cq4 =0, where c,cyq are the constants in

(U3) and in (V4) respectively.

Case 2. |A| < oo andp € [2—’1 oo[.

d+2>

By the Sobolev embedding theorem (cf. [GT83, Theorem 7.10]) we have
Hy*(8) € L72(A)
continuously and densely, and

2(d — 1
ol e < 29=1)

24 m”U”Hé,2 fO?” allu e H&’Q(A)

In Case 1 we have 2% = 525 and in Case 2 (hence in both cases)

and thus .
HY?(A) € L7 (A)

densely and for some cq €]0, 00]

lull 2, < collull e for all u € Hy ™ (A).

Now the above arguments generalize to both Cases 1 and 2, i.e. for the
Gelfand triple

V= LP(A) C H := (HY?(A)* € (LP(A))*

the operator
A:LP(A) =V = V*=(LP(A))*

defined in (4.1.24), satisfies (H1)-(H4).
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We note that in Case 1 the norm H-||Hé,2 defined in (4.1.16) is in general
not equivalent to ||-||1,2, because the Poincare inequality does not hold.
So, Hy'*(A))* as a dual to the normed vector spaces (HA(A), ||'||Hé'2) is

complete. In particular, if (3 < d) < 6, we may take p= 3 and

U (s) := sign(s)\/]s], s € R.

For A bounded the above extends, of course, also to the case d = 1,2
where even stronger Sobolev embeddings hold (cf. [GT83, Theorems 7.10
and 7.15]).

4.2. The main result and an It6 formula

Consider the general situation described at the beginning of the previous
section. So, we have a Gelfand triple

VcHCV?
and maps
A 0,TIxVxQ—-V*" B:[0,T]xV xQ— Ly(U,H)

as specified there, satisfying (H1)—(H4), and consider the stochastic differential
equation

AX(t) = A(t, X (t)) dt + B(t, X(t)) AW (t) (4.2.1)

on H with W(t), t € [0,T1], a cylindrical Q-Wiener process with @ := I taking
values in another separable Hilbert space (U, (, )v) and being defined on a
complete probability space (€2, F, P) with normal filtration F, ¢t € [0, T].

Before we formulate our main existence and uniqueness result for solutions
of (4.2.1) we have to define what we mean by “solution”.

Definition 4.2.1. A continuous H-valued (F;)-adapted process (X (t)):cjo,1]

is called a solution of (4.2.1), if for its dt ® P-equivalence class X we have
X e LY([0,T] x Q, dt @ P; V)N L*([0,T] x Q, dt ® P; H) with « as in (H3)
and P-a.s.

X(t) = X(0) +/0 A(s, X (s))ds Jr/o B(s, X (s)) dW(s), t€[0,T],
(4.2.2)

where X is any V-valued progressively measurable dt ® P-version of X.
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Remark 4.2.2.

1. The existence of the special version X above follows from Exercise 4.2.3
below. Furthermore, for technical reasons in Definition 4.2.1 and
below we consider all processes initially as V*-valued, hence by dt®
P-equivalence classes we always mean classes of V*-valued processes.

2. The integral with respect to ds in (4.2.2) is initially a V*-valued Bochner
integral which turns out to be in fact H-valued.

3. Solutions in the sense of Definition 4.2.1 are often called variational
solutions in the literature. There are various other notions of solutions
for stochastic (partial) differential equations. We recall the definition of
(probabilistically) weak and strong solutions in Appendiz E below. The
notions of analytically weak and strong solutions as well as the notion
of mild solutions and their relations are recalled in Appendiz F below.

Exercise 4.2.3.

1. Let BY ™ denote the closed unit ball in V*. Since BY N H # 0, it has a
countable subset {I;)i € N}, which is dense in BY N H with respect to
H-norm.

Define © : H — [0, 00| by
©(h) :=sup (L, h)ul, h € H.
ieN
Then © is lower semicontinuous on H, hence B(H)-measurable. Since
velli,v), = (li,v)m,i € Nyu € V, we have
O() =|v|lv forallv eV,
and furthermore (by the reflexivity of V')

{O<o0}=V.

2. Let X : [0,T] x Q — H be any progressively measurable (i.e. B([0,t]) ®
Fi/B(H)-measurable for allt € [0,T]) dt®P-version of X € L*([0,T]x
Q, dt® P;V), a € (0,00). Then

X = H{60X<oo}X

is a V-valued progressively measurable (i.e. B([0,t]) @ F;/B(V')-measu-
rable) dt ® P-version of X.

3. Both A(-, X) and B(-, X) are V -valued respectively Lo(U, H)-valued pro-
gressively measurable processes.

Now the main result (cf. [KR79]):
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Theorem 4.2.4. Let A,B above satisfy (H1)-(H4) and let
Xo € L%, Fo, P;H). Then there exists a unique solution X to (4.2.1) in
the sense of Definition 4.2.1. Moreover,

E( sup [|[X(t)||%) < oc. (4.2.3)
t€[0,T]

The proof of Theorem 4.2.4 strongly depends on the following It6 formula,
from [KR79, Theorem 1.3.1], which we shall prove here first. The presentation
of its proof and that of Theorem 4.2.4 is an extended adaptation of those in
[RRWO06].

Theorem 4.2.5. Let Xo € L*(Q,Fo, P;H) and Y € La-1([0,T] x Q, dt ®
P;V*), Z € L*([0,T) x Q, dt ® P; La(U, H)), both progressively measurable.
Define the continuous V*-valued process

X(t) = Xo Jr/o Y (s)ds +/O Z(s) dW (s), t € [0,T].

If for its dt ® P-equivalence class X we have X € L*([0,T] x Q, dt @ P,V
with « as in (H3), then X is an H-valued continuous (F)-adapted process,

E( sup X(t)II?{) <00

te[0,T)

and the following Ito-formula holds for the square of its H-norm P-a.s.

IX @) = HXollfH+/ (2V*<Y(S)7X(S)>V +||Z(8)|Ii2(U,H)) ds
0 (4.2.4)

+ 2/0 (X(s),Z(s) dW (s))g for allt € [0,T]

for any V -valued progressively measurable dt @ P-version X of X.

As in [KR79] for the proof of Theorem 4.2.5 we need the following lemma
about piecewise constant approximations based on an argument due to
[Doo53]. For abbreviation below we set

K := L([0,T] x Q,dt ® P; V). (4.2.5)

Lemma 4.2.6. Let X : [0,T] x Q@ — V* be B([0,T]) ® F/B(V*)-measurable
such that for its dt ® P-equivalence class X we have X € K. Then there
exists a sequence of partitions I; := {0 = t{ <t < --- <t =T} such that
I C L1y and 6(I)) = max;(t! —t. ) — 0 asl — oo, X(t}) € V P-a.c. for
allle NJ1 <i <k —1, and for
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L k}L 1
b= L X (), XDi= )l i X(H), LEN,

i=1

we have X', X' are ( dt ® P-versions of elements) in K such that

Tim {JIX - X'+ )X - X[} = 0.

Proof. For simplicity we assume that 7' =1 and let X: [0,1] x Q2 — V be a
dt @ P-version of X. We extend X to R x Q by setting X = 0 on [0,1]¢ x Q.
There exists Q' € F with full probability such that for every w € Q' there
exists a sequence (f,)nen € C(R; V) with compact support such that

1
/an X(sw)lfds< 3o, nel

Thus, for every n € N,

limsup/”X (6 + s,w) — X(s,w)|§ ds
6—0

<301 hmsup/ [1X(6 + 5,0) = a8+ 9)II5 + 1 X (s,0) = fals)lIF] ds
d—0 R

3&—1

< , neN.

Here we used that since each f,, is uniformly continuous, by Lebesgue’s dom-
inated convergence theorem we have that for all n € N

ti [ 166+ 5) = £l ds =o.

—0 R

Letting n — oo we obtain
;irr(l)/HX(é +5,w) - X(s,w)||F ds =0, we. (4.2.6)
—0Jr

Now, given ¢t € R, let [¢] denote the largest integer < ¢. Let 'yn( ) =272,
n € N, that is, v, (t) is the largest number of the form 2»” k € Z, below t.
Shifting the integral in (4.2.6) by ¢ and taking § = ~,,(t) — t we obtain

lim HX(vn( )+8)— X(t+s)|yds=0 on .

n—oo



4.2. The main result and an Ito formula 77

Moreover,

1
J 1RG0 +9) - X0+ )1 as
< 1[_2,2](t)2“‘1/R X ((®) + $)[I§ + 1 X (E+ 9)[|] ds

1
=2%1_y 9 (t)/ | X ()5 ds on €.
0

So, by Lebesgue’s dominated convergence theorem, we obtain that

n— oo

0= lim E/R dt/o 1X (1 (1) + 5) = X (t + 9)|¥ ds (4.2.7)

1 1
> him E [ ds / X (v (t — ) + ) — X (&) dt.
0 0

n—oo

Given s € [0,1) and n € N, let the partition I,,(s) be defined by

A . — 1
to(s) =0, t(s) := (s - [25]) + Z2n , 1<i <27t 4 (s) =1
Then, for t € [t? ,(s), 7 (s)[, 1 <i< 2"+ 1, one hast — s € [27"(i — [2"s] —
2),27"(i — [2"s] — 1)[ and hence,

+

Yt —s)+s=[27"(i—[2"s] —=2) +s] =17 4(s), 1<i<2"+1

Therefore, (4.2.7) implies

1 1
lim F ds/ X () — X™*(@)||% dt =0,
where X™* is the process defined as X' for the partition I,(s) but with
X(t_,(s)) replaced by X (t._,(s)). Similarly, the same holds for X™* in place
of X™* by using 9, := Yn + 27" instead of 7,, where X™* is defined as X!
for the partition I,,(s) but with X (t!(s)) replaced by X (t.(s)). Hence, there
exist a subsequence ny — oo and a ds-zero set N1 € B([0, 1]) such that

1
lim P / {IX (O — X" O+ X () - X" %} dt =0, s € [0,1]\ M.

Since for 1 < i < 2" the maps s — t7(s) are piecewise C''-diffeomorphisms,
the image measures of ds under these maps are absolutely continuous with
respect to ds. Therefore, since X = X ds ® P-a.e., there exists a ds-zero set
Ny € B([0,1]) such that
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X(t}(s)) = X(t7'(s)) P-a.e. for all s € [0,1]\ N, 1 <i < 2™,

Since for any s € [0,1] \ (N7 U N2) one has E (|| X (t7'(s))[|%) < oo, the map

0,1] x Q23 (s,w) — X(t7(s),w) €V

is once again (a dt ® P-version of an element) in K. Therefore, fixing
s € [0,1]\ (N1 UN>), the sequence of the corresponding partitions I,,(s),l > 1,
has all properties of the assertion. O

Remark 4.2.7. As follows from the above proof all the partition points t', 1 >

'Rl
1,1 <i <k —1, in the assertion of Lemma 4.2.6 can be chosen outside an a

priori given Lebesgue zero set in [0,T)] instead of Ny above.

Proof of Theorem 4.2.5. Since M (t) := fot Z(s) dW (s), t € [0,T], is already
a continuous martingale on H and since Y € K* = LY(@=1([0,T] x Q —
V*, dt ® P) is progressively measurable, fot Y (s) ds is a continuous adapted
process on V*. Thus, X is a continuous adapted process on V*, hence
B([0,T]) @ F/B(V*)-measurable.

Claim (a):

IX @17 =I1X (s)II +2/ ve (Y1), X (@) dr +2(X(s), M(t) = M(s)) i

M (t) = M(s)|[F — [1X (2) — X(s) = M(t) + M (s) || %
(4.2.8)

holds for all ¢ > s such that X(t), X(s) € V.
Indeed, this follows immediately by noting that

1240) = M(3) [y = 1X () = X(5) = M(6) + M)
+ 20X (). M () = M(s))

= 20X (1) = X(s), M() = M) — | X () = X(5) I
+ 20X (). M (1) = M(s))

= 2(X(0), M (1) = M(s)) ~ | X(0) ~ X(5)

= 2000, X(0) - X —2 [ v (V0).XO)y dr
~ Xl = X+ 20X 0. X ()

= X% — 1 X()F — 2/ v-(Y(r), X(8))v dr.



4.2. The main result and an Ito formula 79

Claim (b): We have

E( sup ||X(t)||?’_]> < 00. (4.2.9)
t€(0,T]

Indeed, by (4.2.8), for any t = t. € I; \ {0, T} given in Lemma 4.2.6,
1X @)1 F = [ Xoll7

Z IX (5Dl = 1X E)IE)
7=0

= w(Y(S)jl(S))v ds

S—

+2/ (X!(s), Z(s) dW(s)>H+2<X(0),/lZ(s) dW (s))u
0 0

+Z_:(IIM(t]+1) ME)F = 11X (t511) = X (#5) = M(th4) + M(t5)|1%)-
j=0
(4.2.10)

We note that since X! is pathwise bounded the stochastic integral involving
X! above is well-defined. By Lemma 4.2.6

E </0 |V*<Y(S)7Xl(s>>v|d8> < Yl

for some constant ¢; > 0 independent of [. Moreover, by the Burkholder—Davis
inequality (cf. Proposition D.0.1), Lemmas 2.4.2 and 2.4.3,

X!x < (4.2.11)

/ (X1(s), 2(5) dW<s>>HD

E | sup
te[0,T)

<3E (/T 12(s)" % (s >||Uds]1/2>

<38 ( / IO 2 5] 1/2) (42.12)
=y (/T 16 aton. | 1/2)
<18 (, s IXE)IE ) +9E(Mr),
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where (M), = fg HZ(S)HzLQ(U,H) ds and we used that

1
ab < EaQ—I—SbZ, a,b>0.

Finally, by Lemma 2.4.3

i—1 i—l oy
E D IM(#0) = M) =ZE</tl IIZ(S)IIiz(U,H>dS>

j=0 §=0 j

t (4.2.13)
E ( | 1260w ds)

= B ((M)y):

i

Combining (4.2.10)—(4.2.13), we obtain

E( sup IIX(t)|%> <e
te[\{T}

for some constant ¢y > 0 independent of I. Therefore, letting [ T co and setting
I:=U;>1; \ {T}, with I; as in Lemma 4.2.6, we obtain

B (sup X1 ) <o
tel

since I; C I for all [ € N. Since for all ¢ € [0, T

N
ST X (0,2 TIX ()] as N T oo,

j=1

where {¢;|j € N} C V is an orthonormal basis of H and as usual for z € V*\H
we set ||z|| g := 00, it follows that ¢t — || X (t)|| & is lower semicontinuous P-a.s.
Since [ is dense in [0, 7], we arrive at sup;c( 1 X ()N% = supser [|1X(1)]1%-
Thus, (4.2.9) holds.

Claim (c):

lim sup
l—o0 te[0,T)

/(:(X(s) — XY(s),Z(s) dW(s))gr| = 0 in probability. (4.2.14)

We first note that because of (b) X is H-valued and by its continuity in V* the
process X is weakly continuous in H and, therefore, since B(H) is generated
by H*, progressively measurable as an H-valued process. Hence, for any n € N
the process P, X (s) is continuous in H so that
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T
Jlim | P (X (s) — X' (s))||% d(M)s =0, P-as..
— 00 0

Here P, denotes the orthogonal projection onto span{ey,...,e,} in H. There-

fore, it suffices to show that for any € > 0,

/Ot<(1 — P)X!(s), Z(s) dW(s)>H’ > 5> —0,

lim SupP< sup
n—00 1N te[0,T) (4.2.15)

lim P sup

dn (s | [0 RXE).Z6) WG| > ) <0

For any n € N, § € (0,1) and N > 1 by Corollary D.0.2 we have that

/Ot<(1 — P)X!(s), Z(s) dW<5)>H‘ - 8)

P( sup
t€[0,T)
30 T ! 2 2
<Z 4P [ IR @I A - P)M), >
0

30 N?
<=4 P( sup || X (8[| > N) + - E{(1 = P,)M)r.
3 te[0,T) 1)
By first letting n — oo, and using Lemma 2.4.3, and then letting N — oo
and finally § — 0, we prove the first equality in (4.2.15). Similarly, the second
equality is proved.
Claim (d): (4.2.4) holds for ¢t € I.

Fix t € I. We may assume that ¢ # 0. In this case for each sufficiently large [ €
N there exists a unique 0 < i < k; such that ¢ = t\. We have X(té-) €V as. for
all j. By Lemma 4.2.6 and (4.2.14) the sum of the first three terms in the right-

hand side of (4.2.10) converges in probability to 2f0t v-{Y(s),X(s))y ds +
2f0t<X(s), Z(s) dW (s))u, as | — oo. Hence by Lemma 2.4.3

IX @)1 = 1X (0117

2 [V X9y ds 2 [ O, 206) W (s + ), — e

where

i—1
eoi= P Jim 3O IX(thy0) = X(2) = M(th ) + M)l
j=0
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exists and “P — lim” denotes limit in probability. So, to prove (4.2.4) for t as
above, it suffices to show that g = 0. Since for any ¢ € V,

1
tit1

<X(té'+1) - X(té‘) - M(t§'+1) + M(té‘)a<p>H = / v (Y (s), p)v ds,

l
t

letting M and M' be defined as X! and X' respectively, for M replacing X,
we obtain for every n € N

gg =P — lim (/0 Ve (Y(s), X'(s) — X'(s) — P, (M (s) — M'(s))) ds

l—o0

M), (0 P () ~ )i )

By the weak continuity of X in H the second term converges to zero as
I — oo. Lemma 4.2.6 implies that fot v (Y(s), X' (s) = X'(s))y, ds — 0 in
probability as I — oo. Moreover, since P, M(s) is a continuous process in V|
fot v (Y (5), Po(M'(s) — M'(s))),, ds — 0 as [ — oo. Thus, by Lemma 2.4.3

i—1

N

e < P- Tim (71X () = X(8) = M(th0) + M(E)II%)
=0
(10 - P ) - M)
§=0

=ey/2((1 - P M),

which goes to zero as n — oo again by Lemma 2.4.3 and Lebesgue’s dominated
convergence theorem. Therefore, ¢g = 0.
Claim (e): (4.2.4) holds for all ¢t € [0, T]\I.

Take ' € F with full probability such that the limit in (4.2.14) is a pointwise
limit in Q' for some subsequence (denoted again by | — oo) and (4.2.4) holds
forall t € T on Q. If t ¢ I, for any | € N there exists a unique j(I) < k
such that ¢ G]té(l),té(l)ﬂ]. Letting t(I) := té(l), we have t(I) 1t as [ ] co. By
(4.24) for t € I, for any I > m we have on ' (since the above applies to
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X — X (t(m)) replacing X)

X (¢(1) — X (t(m) |17

The second summand is dominated by

4 sup
te[0,T]

[ 66 = x00. 206) @i

Thus, by the continuity of (M); and (4.2.14) (holding pointwise on '), we
have that

im_sup {2 [ 4019 X(6) ~ X060, 205) aW o)

m—0o0 I>m

(4.2.17)
MY <M><t<m>|} ~0

holding on €. Furthermore, by Lemma 4.2.6, selecting another subsequence
if necessary, we have for some Q" € F with full probability and Q" C €/, that
on Q'

T
lim [ |y (Y(s), X(s) — X™(s))y, | ds = 0.

m—00 0

Since for all ¢ ¢ I

t(1) B _
sup [ ] (). X () = X7 (0)y | ds

>m m)

T — —
< / |y (Y (5), X (s) = X™(s))y | ds,
0
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we have that
t(1) _ _
lim sup/ ve(Y(5),X(s) = X™(s))y, ds =0

holds on Q.
Combining this with (4.2.16) and (4.2.17), we conclude that

Jim_sup X (e() = X(¢(m))[ =0
holds on ©”. Thus, (X (¢(1)))ien converges in H on Q. Since we know that
X(t(1)) — X(¢) in V*, it converges to X (¢) strongly in H on Q. Therefore,
since (4.2.4) holds on Q" for t(1), letting | — oo, we obtain (4.2.4) on Q" also
for all t ¢ I.
Claim (f): X is strongly continuous in H.

Since the right-hand side of (4.2.4) is on € continuous in ¢ € [0, 7], so must
be its left-hand side, i.e. t — || X (¢)||z is continuous on [0, T|. Therefore, the
weak continuity of X (¢) in H implies its strong continuity in H. O

Remark 4.2.8. In the situation of Theorem 4.2.5 we have

BE(IX®1%)

=1“3(||Xo||?q)+/0 B2y (Y (5), X(s)y HZ(s)Z,0,m)) ds, € [0,T].
(4.2.18)

Proof. Let M(t), t € [0,T], denote the real valued local martingale in (4.2.4)
and let 7, I € N, be (F;)-stopping times such that M(t A7), t € [0,T], is a
martingale and 7; T 0o as [ — oco. Then for all I € N, ¢ € [0,T], we have

BIX¢Am)%)

= B(||Xol1%) +/O B(1o,r)(8)[2 (Y (5), X () +1Z(8) |11, w.1m)]) ds.
(4.2.19)

Using Claim (b) from the proof of Theorem 4.2.5 and the fact that the inte-
grands on the right-hand side of (4.2.19) are d¢ ® P-integrable we can apply
Lebesgue’s dominated convergence theorem to obtain the assertion. O

Now we turn to the proof of Theorem 4.2.4. We first need some prepa-
rations. Let {e;]i € N} C V be an orthonormal basis of H and let H,, :=
span{ey, ..., e, } such that span{e;|i € N} is dense in V. Let P, : V* — H,
be defined by

n

P,y := Z ve{y,ei)ve, yeEV™. (4.2.20)

i=1
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Clearly, P,|p is just the orthogonal projection onto H,, in H. Let {g;|i € N}
be an orthonormal basis of U and set

n

W(n) (t) = Z(W(t)agi>Ugi = ZBl(t) gi-
i=1 i=1
For each finite n € N we consider the following stochastic equation on H,,:
dx ™ ()
(4.2.21)
= P, At X™ () dt + P, B(t, X" (1)) dW™ (1), 1<j<n,

where X (™ (0) := P, X. It is easily seen (cf. in particular Remark 4.1.1, parts
1 and 2) that we are in the situation of Theorem 3.1.1 which implies that
(4.2.21) has a unique continuous strong solution. Let

J:=L*([0,T] x Q, dt ® P; Ly(U, H)). (4.2.22)
To construct the solution to (4.2.1), we need the following lemma.

Lemma 4.2.9. Under the assumptions in Theorem 4.2.4, there exists C' €
10, 00| such that

1XO 5 + |AC, X)) g + sup B XM (@)} < C (4.2.23)
t€[0,T]

for all n € N.

Proof. By the finite-dimensional 1t6 formula we have P-a.s.
T = X671 + [ (20040, X0 6, X0,
12O, ) ds+ MO, €€ 0.7],
where Z(™ (s) := P,B(s, X (s)) and
M™(t) =2 /O t(X(”)(s),PnB(s,X(")(s)) AW ™ (s))m, t € [0,T),
is a local martingale. Let 7;, I € N, be (F;)-stopping times such that || X ™) (¢t A

7)(w)]||v is bounded uniformly in (t,w) € [0,T] x Q, M™ (t A7), t €[0,T], is
a martingale for each ! € Nand 7; T oo as I — co. Then for alll € N, ¢ € [0,T]

E(IX™@An)ll)
= B ) + [ B (lony (92 (Al X)X 5y

129 w.) ) .
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Hence using the product rule we obtain

E(e= | XMt Am)lE)

t
—B(IXM2) + / E(IX™ (s Am)3) d(e=)

t
+ [ e aEqx s Anl)
! (4.2.24)
= B(|1x5"13) - / A E(IX® (s Am)|3)eo* ds

t
+ /0 e‘clsE<1[O7n](s)(2V*<A(S,X(”)(s)),X(")(s)>v
12 ) 0))) ds.
Applying (H3) we arrive at

t
B X AmE) + [ aBXO(sAm)lhe o ds
0
t
ter [ B |X0 (s Am)e e ds
0

t T
< BOIXS2) + / A B(|X™ (s)[3)e " ds + / E(If(s)]) ds.

Now taking | — oo and applying Fatou’s lemma we get

t
E(e_c1t||X(n) (t)H%I) + o F (/ ||X(n)(s)H{‘5e—C1s ds)
0

T
<BE(IX3) + B ( / 1£(s)] ds)

for all t € [0, T]. Here we used that by Theorem 4.2.5 (applied to (4.2.21)) the

substracted terms are finite. Since HXén) |l < || Xollg, now the assertion fol-
lows for the first and third summand in (4.2.23). For the remaining summand
the assertion then follows by (H4).

O

Proof of Theorem 4.2.4. By the reflexivity of K, Lemma 4.2.9 and Remark
4.1.1, part 1, we have, for a subsequence ny — oo:

(i) X(™) — X weakly in K and weakly in L?([0,T] x Q; dt ® P; H).
(i) Y () .= A(-, X)) = Y weakly in K*.
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(iii) Z() := P,, B(-, X(™)) — Z weakly in J and hence

/?%Jxaxwww»dwwww%ﬂ/?ﬂ@dww>
0 0

weakly in L°°([0,T], dt;L*(Q, P;H)) (equipped with the supremum
norm).

Here the second part in (iii) follows since also B(:, X)) P,  — Z weakly in
J, where P, is the orthogonal projection onto span{gs,--- ,g,} in U, since

/‘ P, B(s, X" (s)) dW (™) () = / P,, B(s, X" (s))P,, dW(s)
0 0

and since a bounded linear operator between two Banach spaces is trivially
weakly continuous. Since the approximants are progressively measurable, so
are (the dt ® P-versions) X,Y and Z.

Thus from (4.2.21) for all v € U,,5; Hn, ¢ € L>([0,T] x ©2) by Fubini’s
theorem we get

T
E(A»mxww@wvw>
T
= lim F (/0 v (X (1), o(t)v),, dt)

k—o0

T
= lim E(/ s (X5 ooy, dt
0

k—oo

T

—|—/ / ve (P Y5 (5) o(t)v),, ds dt
o Jo
T

+/0 </Ot Z(m) (5) dW(7m)(s)’¢(t>v>H dt)

+E (/OT w(Y("k)(s),/sT o(t) dt v)v ds>
+/0TE(¢(15) </Ot 7z (s) dW<"k>(s),v>H> dt]

— (/OT V*<X0+/Oty<s) ds+/0t Z(s) dW(s),gp(t)v)V dt>.
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Therefore, defining
t t
X(t) := Xo +/ Y(s) ds +/ Z(s)dW (s), te€][0,T], (4.2.25)
0 0

we have X = X dt ® P-a.e.
Now Theorem 4.2.5 applies to X in (4.2.25), so X is continuous in H and

B (sup X1 ) <o
t<T
Thus, it remains to verify that
B(wX)=2, A(,X)=Y, dt® P-ae.. (4.2.26)

To this end, we first note that for any nonnegative ¢» € L*°([0,T], dt;R) it
follows from (i) that

r v 2
E ( / SOIX 02 dt)

T —
= lim £ (/0 (W)X (), X ™) () g dt>

k—o0

1/2

(& [ vwixol a UQlirginf B[ w@Ix @ ) <oo
0 k—o0 0

Since X = X dt ® P-a.e., this implies

g 2 o g () (41112
E( / %/f(t)X(t)HHdt)Sthgg.}fE( / POlIX k(t)HHdt). (4.2.27)

By (4.2.25) using Remark 4.2.8 and the product rule we obtain that
E (e X®)%) — E (11 Xoll%)

=F <A e ¢ (2 v <Y(5)a X(S»V + ||Z(s)||%2(U,H) — CHX(S)”%{) ds) .
(4.2.28)

Furthermore, for any ¢ € K N L2([0,T] x 2, dt ® P; H) and taking [ — oo in
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(4.2.24) with ¢; replaced by ¢

E (e x™ @)% ) - B (1X51%)

= E</0t e (2 v (A(s, X ™) (s)), X ) (5))y
P B X6 P~ X)) )

< B [ (2 v . X 9), X 5
B X, i ~ XV ) ds)

= ([ (2 v (A X0 6) — Al 6. X 6) = )y
£ 11B(s, X (3)) = Bls, ()2 0,00) — I X)) = 9(s)]% ) ds
w( [ (2 v-als9). X6y

+2 v (A(s, X () — A(s, 6(5)), 6(s))v
—1IB(s, SN Ly + 2(B(s, X (s)), B(s, 6(5))) 1)

= 2e(X (), o) + ooy ds )
(4.2.29)

Note that by (H2) the first of the two summands above is negative. Hence by
letting k& — oo we conclude by (i)—(iii), Fubini’s theorem, and (4.2.27) that
for every nonnegative ¢ € L*°([0,T], dt; R)

E ( / BN X013 — 1 Xol12) dt)

< E<‘/0 1/}(t) (/0 e ¢ [2 v <A(8; ¢(5)), X(S»V + 2y« <Y(S)
— A(s,0(5)), 0())v = 1B(s, 6(s)) |7, 0,11 + 2(Z(5), B(3,6(3))) 120,10)

- 2e(X (o), 86 + (o] as) ).
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Inserting (4.2.28) for the left-hand side and rearranging as above we arrive at

oz5( [ w( [ e v () - Al 0060 X(6) - ol
0 0 (4.2.30)

(s, 6(6) — 2O s ~ X (6) ~ o(6) ] as) ).

Taking ¢ = X we obtain from (4.2.30) that Z = B(-, X). Finally, first applying
(4.2.30) to ¢ = X —e¢v for e > 0 and ¢ € L=([0,T] x Q, dt ® P;R),v € V,
then dividing both sides by ¢ and letting ¢ — 0, by Lebesgue’s dominated
convergence theorem, (H1) and (H4), we obtain

0>F (/OTw(t) (/Ot e P(s) v (Y (s) = Als, X(5)), 0)v d8> dt)-

By the arbitrariness of ¢ and & we conclude that Y = A(-, X). This completes
the existence proof.
The uniqueness is a consequence of the following proposition. O

Proposition 4.2.10. Consider the situation of Theorem 4.2.4 and let X, Y
be two solutions. Then for c € R as in (H2)

B(IX (1) = Y (®)l7) < e“E(|X(0) = Y(0)|[F) for allt € [0,T].  (4.2.31)

Proof. We first note that by our definition of solution (cf. Definition 4.2.1)
and by Remark 4.1.1, part 1 we can apply Remark 4.2.8 to X —Y and obtain
for t € [0, T

E(IX(0) ~ Y()12) = B(1Xo — Yol3)
+ / B2y (A(s, X () — A(s, ¥ (5)), X (s) - V(s))y
B, X()) = B(s, Y (8D, oar) ds

< E(|Xo - Yoll%) + ¢ / E(IX(s) — Y(s)|[%) ds.

where we used (H2) in the last step. Applying Gronwall’s lemma we obtain
the assertion. O
Remark 4.2.11. Let s € [0,T] and X, € L*(Q,F,, P;H). Consider the

equation

X(t)=X.+ /75 A(u, X (u)) du + /tB(u,X(u)) dW(u), t € [s,T] (4.2.32)
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with underlying Wiener process W (t)—W (s), t € [s,T], and filtration (Fy)i>s,
i.e. we just start our time at s. We define the notion of solution for (4.2.32)
analogously to Definition 4.2.1. Then all results above in the case s =0 carry
over to this more general case. In particular, there exists a unique solution with
ingtial condition X, denoted by X (t,s,Xs), t € [s,T]. Let 0 < r < s < T.
Then for X, € L*(Q), F,., P; H)

X(t,rX,)=X(ts X(s,r, X)), t €[s,T] P-a.e. (4.2.33)

Indeed, we have

X(t,r,X,)=X,+ /tA(u,)_((u, r, X)) du + /t B(u, X (u,r, X)) dW (u)
= X(s,7, X;) + /t A(u, X (u,r, X)) du

+ /t B(u, X (u,r, X)) dW (u), te€[s,T).

But by definition X (t,s, X (s,r, X)), t € [s,T), satisfies the same equation.
So, (4.2.33) follows by uniqueness. Furthermore, if for s € [0,T], X5 = x for
some x € H and A and B are independent of w € Q, then X (t,s,x) obviously

is independent of Fs for all t € [s,T)|, since so are collections of increments
of W(t), t € [s,T].

4.3. Markov property and invariant measures

Now we are going to prove some qualitative results about the solutions of
(4.2.1) or (4.2.32) and about their transition probabilities, i.e. about

ps.i(x,dy) == Po (X (t,s,2)  (dy), 0 < s <t< T,z € H. (4.3.1)
As usual we set for B(H)-measurable F': H — R, and t € [s,T], x € H

pasF(z) == / F(y)pe.s(e, dy),

provided F' is ps .(z, dy)-integrable.

Remark 4.3.1. The measures ps(x,dy), 0 < s <t < T,z € H, could in
principle depend on the chosen Wiener process and the respective filtration.
However, the construction of our solutions X (t,s,x), t € [s,T], suggests that
this is not the case. This can be rigorously proved in several ways. It is e.g. a
consequence of the famous Yamada—Watanabe theorem which is included in
Appendiz E below in a finite-dimensional case, which immediately extends to
infinite dimensions if the underlying Wiener process has covariance of finite
trace. For the case of a cylindrical Wiener process we refer to [Ond04]. In
these notes we shall use the latter as a fact referring to this remark each time
we do so.
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Proposition 4.3.2. Consider the situation of Theorem 4.2.4. Let F: H — R
be Lipschitz with

F - F
Lip(F) := sup M(< 00)
z,y€EH,x#y ||Q? - yHH

denoting its Lipschitz constant. Then for all 0 < s <t < T
pst|Fl(x) < oo for allx € H
and for all x,y € H
ps, F(2) — ps, F(y)| < e2C™9 Lip(F) ||z -yl m, (4.3.2)
where c is as in (H2).
Proof. Clearly, for all x € H
|F(2)| < [F(0)| + Lip(F) [l z,
and thus forall 0 < s <t < T

pst|Fl(x) = E(|F|(X(t, 5, 7))
< |F(0)] + Lip(F) E([| X (t, s,2)| n)

1/2
< |F(0)] + Lip(F < (Sup [ X(¢,s 3?);1))
tels,T)

< 0.
Furthermore, for 2,y € H by (the “started at s” analogue of) (4.2.31)

ps. F(2) = ps F(y)| < BE(IF(X (L, 5,2)) — F(X(t5,9)))])
< Lip(F) E(|X(t,s,2) — X(t,5,9)| )
Lip(F) e2= & =y .

N

O

Proposition 4.3.3. Consider the situation of Theorem 4.2.4 and, in addition,
assume that both A and B as well as f and g in (H3),(H4) respectively, are
independent of w € Q. Then any solution X (t), t € [r,T), of (4.2.32) (with r
replacing s) is Markov in the following sense:

for every bounded, B(H)-measurable F : H — R, and all s, t € [r,T], s <t

E(F(X(1))|Fs)(w) = E(F(X(t,s,X(s)(w)))) for P-a.e. w € Q. (4.3.3)
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Proof. Clearly, by a monotone class argument we may assume F in (4.3.3)
to be Lipschitz continuous. We first note that by Proposition 4.3.2 for all
0 < s<t<T the map

H 52— B(F(X(t,5,2)) = poiF (@)

is Lipschitz on H. So, the right-hand side of (4.3.3) is F,-measurable. Further-
more, for any bounded Fy-measurable function Fs : Q@ — R, applying (4.2.33)
we have

E(F.F(X(1) = E(F.F(X(t, 5, X(5))))- (4.3.4)

By Lemma A.1.4 there exists a sequence of H-valued Fs-measurable simple
functions

N,
: A A
fn:Q— H, fn_;hk Lijunmys Nn €N,

where hgn), ce hg(,g € H are pairwise distinct and Q = Uff;l{fn = hi")},
such that

| fr(w) = X(s)(w)||lz | 0 as n — oo for all w € .

Hence again by (the “s-shifted version” of) (4.2.31) the right-hand side of
(4.3.4) is equal to

lim E(F,F(X(t,s,f)))

n—oo

N"L
=lm > F (Fsl{fn:hgcn)}F(X(t, 5. hé"))))
k=1

:JLH;%E (Fol,ngy) B (FX (7))
k=1

Nn
am B (Fs D Lfumnin B (F(X(t’s’ h’(“n))))>
k=1

= lim | Fs(w)E(F(X(t,s, fn(w))))P(dw)

= [ P B(FCX (15, X (6) ) P(d),

where we used the last part of Remark 4.2.11 for the first and again (4.2.31)
for the last equality. Now the assertion follows.

O
Corollary 4.3.4. Consider the situation of Proposition 4.3.3 and let 0 < r <
s<t<T. Then

DPr,sPs,t = Prit, (435)
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i.e. for F: H— R, bounded and B(H)-measurable, x € H,

Pr,s(ps,tF)(x) = priF ().

Proof. For F': H — R as above and x € H by Proposition 4.3.3 we have

Pr.s(ps 1 F)(2) = E(ps F'(X(s,7,2))) = /E(F(X(tS>X(8m$)(w))))P(dw)

:/Ewu@nmvmmmw>
E(F(X(t,r,7))) = pr, ().
O

Now let us assume that in the situation of Theorem 4.2.4 both A and B as
well as f and ¢ in (H3), (H4) respectively are independent of (t,w) € [0,T] x 2
(so they particularly hold for all T' € [0, oo[). Then again using the notation
introduced in Remark 4.2.11 for 0 < s <t < oo and z € H we have

X(t,s,2) = X" (t —5,0,2) P-a.e., (4.3.6)

where XW(t, 0,2), t € [0, 00], is the solution of

X(t):x—i—/o A(X(u))du+/0 B(X (u)) dW (u)

and W := W(- 4+ s) — W(s) with filtration Fs,, u € [0, 00|, which is again
a Wiener process. To show this let us express the dependence of the solution
X(t,s,x), s € [t,00) of (4.2.32) with X := x on the Wiener process W by
writing X" (¢,s,2) instead of X (t,s,x) and similarly, p?ﬁ(s,dy) instead of
ps.t(x,dy). Then, for all 0 < s <t < o0

XW((t—5)+s,s, )
=XW(t, s, )

:x—l—/ AXY (u,s,2)) du+/ B(XW (u,s,x)) dW (u)

=T o 7W’UJ S,8, u o 7WU S,8, T u
_+A A@'(+,,Dd+£ B(XW (u+s,5,2)) AW (u),

So, by uniqueness the process XW(u+s,s,r), u € [0,00[, must P-a.e. coincide
with X" (u,0,z), u € [0, 00[. In particular, it follows by Remark 4.3.1 that
P, dy) = Po (X (t - 5,0,2)) " (dy) = pgy—s (@, dy) = py_s (2, dy)
(4.3.7)
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(“time homogeneity”), where we used Remark 4.3.1 for the last equality.
Defining

bt = pg[,/;7 te [0700[7
equality (4.3.5) for » = 0 and s + ¢ replacing ¢ turns into
Ds+t = pspy Tor s,t € [0, 00]. (4.3.8)
For x € H we define
P, :=Po (X(-,0,2))7 ", (4.3.9)

i.e. P, is the distribution of the solution to (4.2.1) with initial condition z € H,
defined as a measure on C([0,00[, H). We equip C([0,00[, H) with the o-
algebra

G :=o(ms|s €10,00[)

and filtration
Gy :=o(mg|s €10,t]), t € [0, 0],

where m(w) := w(t) for w € C([0,00[, H), t € [0, 00].

Proposition 4.3.5. Consider the situation of Theorem 4.2.4 and, in addition,
assume that both A and B as well as f and g in (H3),(H4) respectively, are
independent of (t,w) € [0,T] xQ (so they particularly hold for all T € [0, cc[).
Then the following assertions hold:

1. Py,x € H, form a time-homogenous Markov process on C([0,00), H)
with respect to the filtration Gy, t € [0,00], i.e. for all s,t € [0,00[, and
all bounded, B(H)-measurable F' : H — R

Eo(F(mi45)|Gs) = Bx (F(m,)) Py — ae., (4.3.10)

where E,, and E,(:|Gs) denote expectation, conditional expectation with
respect to P, respectively.

2. Suppose dim H < oo. If there exist n, f €10, 00[ such that
2y (A),v)y FIBO)T, . < —nllvlz +f forallveV, (4.3.11)

( “strict coercivity”) then there exists an invariant measure p for (py)i>o0,
i.e. w is a probability measure on (H,B(H)) such that

/ptF dp = /Fd,u for all t € [0, 00] (4.3.12)

and all bounded, B(H)-measurable F : H — R.

Proof. 1. The right-hand side of (4.3.10) is Gs-measurable by Proposition
4.3.2 and a monotone class argument. So, let 0 <t; <ty <...<t, < s
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and let G : H” — R be bounded and ®!_, B(H )-measurable. Then by
(4.3.3) and (4.3.6)

E.(G(myyy ..y, ) F(Ters))
=FE(G(X(t1,0,2),..., X (tn,0,z))F(X(t + 5,0, z))
=FE(G(X(t1,0,2),...,X(tn,0,2))E(F(X(t + 5,0,z))|Fs))

/G (11,0, 2)(@), -, X (b, 0, 2)())
B(F(X(t+ 5, 5.X (5,0,2) (@))) P(dw)
/a (t1,0,2) (@), . -, X (tn, 0,2) ()
(PX(10, X (s,0,2) ())) P(dw)
= [ G, (@), i, (DB (0,m. ) Pall)

(
(

:/G@Mm,wmgmwmmmmmgu@.

Since the functions G(my, , ..., m, ) considered above generate Fy, equal-
ity (4.3.10) follows.

2. Let 09 be the Dirac measure in 0 € H considered as a measure on
(H,B(H)) and for n € N define the Krylov—Bogoliubov measure

1 n
Hn = */ 60pt dt7
n Jo

i.e. for B(H)-measurable F : H — [0, 00|

1 n
/F dp,, = f/ pF(0) dt.
nJo

Clearly, each p,, is a probability measure. We first prove that {u,|n € N}
is tight. By Remark 4.2.8 for any solution X to (4.2.1) applying the
product rule and using (4.3.11) we get that

B X(0)%) = (X 0)]%) + E( [ ez tacee). Xy
FIBX DI, @ + 1K (S)]2) ds)

E(|X(0)]1%) + f/o e ds, tel0,00[.
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Therefore,

E(IX®)%) < e E(IXO)]1F) + % t € [0,00], (4.3.13)

which in turn implies that

1 n
/||x||§1,un(dz) = 5/ E(]|X(t,0,0)|]%) dt < % for all n € N.
0
(4.3.14)
Hence by Chebychev’s inequality
2 1f
sup i, ({|Il77 > R}) £ == — 0 as R — oc. (4.3.15)
neN R n

Since dim H < oo, the closed balls {||-||3, < R}, R €]0, 00|, are compact.
Hence by Prohorov’s theorem there exists a probability measure p and
a subsequence (fin, )ken such that p,, — u weakly as k — oo.

Now let us prove that p is invariant for (p;)i>0. So, let ¢ € [0, 00[ and
let F': H — R be bounded and B(H )-measurable. By a monotone class
argument we may assume that F' is Lipschitz continuous. Then p; F' is
bounded and (Lipschitz) continuous by Proposition 4.3.2. Hence using
(4.3.8) for the third equality below, we obtain

/ poF dy

ne+t 1 t
:klim F duy, + klim —/ psF(0) ds — lim —/ psF(0) ds
- n 0

N k—o00 N

(4.3.16)

since |psF(0)| < sup,c g |[F(x)], so the second and third limits above are
equal to zero.
O

Remark 4.3.6. If dim H = oo, the above proof of Proposition 4.3.5, part 2
works up to and including (4.3.15). However, since closed balls are no longer
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compact, one can apply Prohorov’s theorem only on a Hilbert space Hy into
which H is compactly embedded. So, let Hy be a separable Hilbert space such
that H C Hy compactly and densely (e.g. take Hy to be the completion of H
in the norm

- 1/2
ol = [zu,{] seH,
=1

where o; €]0,00[, Yoo ; o < 00, and {e;|i € N} is an orthonormal basis of
H); extending the measures , by zero to B(Hy) we obtain that {p,|n € N} is
tight on Hy. This extension of the measures is possible, since by Kuratowski’s
theorem H € B(Hy) and B(H,) N H = B(H). Hence by Prohorov’s theorem
there exists a probability measure i on (Hy, B(Hy)) and a subsequence (fin,, )keN
such that p,, — [ weakly on Hy as k — oo. As in Exercise 4.2.3, part 1 one
constructs a lower semicontinuous function © : Hy — [0, 00] such that

o [ Ils onH
' +oo  on Hi\H.

Then (4.3.14) implies that for l;,i € N, as in Example 4.2.3, part 1,

©*(z)a(dz) = lim lim [ sup(l;,z)}, A Mp(dz)
H, N—o00 M —o0 i<N

= sup lim [ sup(l;, )3, A Mp,, (dz)
M,NeNk—o | <N

< liminf sup /sup(lhx}%{l A M iy, (dx)
k—oo N MeNJ i<N

:liminf/ ||Ji||%(,unk(dm)
k—oo H

f

< L.
n

Hence © < oo fi-a.e., so p(H) = 1. Therefore, u :

measure on (H,B(H)).

Unfortunately, the part of the proof of Proposition 4.3.5, part 2 above, which
shows that p is invariant, does not work. More precisely, for the first equality
in (4.3.16) we need that p:F is continuous with respect to the same topology
with respect to which (fin, )ken converges weakly, i.e. the topology on Hy. This
one is, however, weaker than that on H. So, unless we can construct Hy in
such a way that peF' has a continuous extension to Hy, the first equality in
(4.3.16) may not hold.

= ﬁ|B(H) 18 a probability

So far, we have taken a positive time s as the starting time for our SDE
(see Remark 4.2.11). In the case of coefficients independent of ¢ and w, it
is possible and convenient to consider negative starting times also. For this
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we, however, need a Wiener process with negative time. To this end we re-
call that we can run a cylindrical Wiener process W (t),t € [0,00[ on H
(with positive time) backwards in time and get again a Wiener process.
More precisely, for fixed T' € [0,00[ we have that W(T —t) — W(T), t €
[0,7] is again a cylindrical Wiener process with respect to the filtration
o({W(T — s) — W(T)|s € [0,t]}), t € [0,T], and also with respect to the
filtration o({W(re) — W(r1)|r1,r2 € [T —t,00[, r2 < r1}), t € [0,T], where
the latter will be more convenient for us.

So, let A, B be independent of (t,w) € [0,T] x Q and let W (¢), ¢ € [0, 0],
be another cylindrical Wiener process on (€2, F, P) with covariance operator
Q =1, independent of W (t), t € [0, 00[. Define

1 — W(t)’ ift e [07 OO[,
W(t) = { WD, ifte] - oo (4.3.17)
with filtration
Fo=()F:, teR, (4.3.18)

s>t

where F?2 = o({W(r2) — W(r1)|r1,r2 €] — o0,s],72 = m},N) and N :=

S

{A € F|P(A) = 0}. As in the proof of Proposition 2.1.13 one shows that if
—00 < § <t < oo, then W(t) — W(s) is independent of Fy. Now for s € R
fixed consider the SDE

AX(t) = A(X(1)) dt + B(X(t)) dW(t), t € [s, o0]. (4.3.19)

Remark 4.3.7. Lets € R and X, € L? (QJ’-_'S7 P; H) and consider the integral
version of (4.3.19)

X(t)= X+ /tA(X(u)) du + /t B(X(u)) dW (u), t€ [s,00[, (4.3.20)

with underlying Wiener process W (t) —W (s), t € [s, 00[ and filtration (Fy)i>s
(cf. Remark 4.2.11). We define the notion of solution for (4.3.20) analogously
to Definition 4.2.1. Then again all results above for s = 0 (respectively for s €
[0, 00[, see Remark 4.2.11) carry over to this more general case. In particular,
we have the analogue of (4.3.5), namely

Dr.sPst =Drt forall —oo <r<s<t<oo, (4.3.21)
where for s,t e R, s <t,x € H
Pst(x,dy) = P o (X(t,s,2))"" (dy),
and analogously to (4.3.7) one shows that

ps,t(xa dy) = pO,t—s(xa dy)
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In particular, for t =0 we have
P—so(x,dy) = pos(x,dy) forallx € H, s € [0,00]. (4.3.22)

Furthermore, for every s € R there exists a unique solution with initial con-
dition X denoted by X (t,s,Xs), t € [s,00[, and (4.2.33) as well as the final
part of Remark 4.2.11 hold also in this case.

Our next main aim (cf. Theorem 4.3.9 below) is to prove the existence of
a unique invariant measure for (4.3.19) if the constant ¢ in (H2) is strictly
negative (“strict monotonicity”). The method of the proof is an adaptation
from [DPZ96, Subsection 6.3.1]. We shall need the following:

Lemma 4.3.8. Suppose (H3), (H4) hold and that (H2) holds for ¢ := —\ for
some X\ €]0,00(. Let n €]0,\[. Then there exists 6, €]0,00[ such that for all
veV

2. (A(), v)y +IBOL,w.a) < —nllvlli + 8- (4.3.23)

Proof. Let v € V and € €]0, 1[. Then using (H2) first (with ¢ = —\ according
to our assumption), then Remark 4.1.1, part 1 and finally (H3) we obtain

2. (A@W), 0)y +IBO)| 72w,

=2, (A(v) = A(0),v)y +2 . (A(0), v}y, +[|B(v) = B(O)13, 01,
—BO)3 0. + 2(B(v), B0)) o1y

< =Aull3 + 2e o)l + 26777 (a — Dam=T | A(0)]
+€||B(U)||2L2(U,H)

< =Mlld + 2e ol + B

v +5_1||B(0)||2L2(U,H)

2 o — 1 _a
we (calllB + £+ 2ol + 2272025 + 2aally)

2 .2
< {—A +ecy (1 + (14 a4 cg)ﬂ vl + B8 + —e(l+a™ " +c3)f
2

—
C2

2 _
- af(l +al+e3) (2. (A(v),v)y +||B(U)H%2(U,H))
with 3., 3. € 10, oo independent of v and where we applied Young’s inequality
in the form

~1/(a-1)
ab = [(ae) " *a)[(ae) /) < T pasten 4 e

af(a—1)
a,b € [0,00[ in the second step. Hence taking e small enough we can find
d, €10, 00[ such that for all v € V

2y (A@), o)y +IBOIL,w.a) < —llvlli + 8-
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Theorem 4.3.9. Consider the situation of Proposition 4.3.5 and, in addition,
assume that ¢ € R in (H2) is strictly negative, i.e. ¢ = —X\, X €]0, 00 (“strict
monotonicity”). Then there exists an invariant measure p for (pi)i>o such
that

/ 9l sa(dy) < oo.

Moreover, for F : H — R Lipschitz, x € H and any invariant measure p for
(pt)e=0

P~ [ Fdul < LipE) [l = ylanldy) for allt € 0,0

(4.3.24)
In particular, there exists exactly one invariant measure for (p)i>o with the
property that

Jullntay) < .

Remark 4.3.10. (4.3.24) is referred to as “exponential convergence of (pt)i>0
to equilibrium” (uniformly with respect to x in balls in H ).

For the proof of Theorem 4.3.9 we need one lemma.

Lemma 4.3.11. Consider the situation of Theorem 4.3.9. Let t € R. Then
there exists n, € L?(Q, F, P; H), such that for all x € H

lim X(t,s,2) =n in L*(Q,F, P; H).

Moreover, there exists C € [0, 00[ such that for all s €] — 00, 1]
E(|X (¢, s,2) = nel|Fr) < CAC™D (1 + [lz||F).
Proof. For s1,82 €] —00,t], $1 < 82, and € H

X(t,s1,2) — X(t, 82, 1)

:/ [A(X (u,s1,7)) — A(X (u, 82,2))] ds

S2

—|—/ [B(X (u,s1,7)) — B(X(u,s2,2))] dW (u) + X (s2, s1, ) — =,

X(s2,81,2) =x+ /:2 A(X (u, 81,7)) du + /:2 B(X (u,s1,7)) dW((u) |
4.3.25
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Since Remark 4.2.8 extends to our present case we can use the product rule
and (H2) with ¢ = —\ to obtain

B(M|X(t,s1,2) — X(t,52,2)|}) = B(*2]| X (52, 51,2) — [|)
¢
—|—/e)‘“E<2 v (A(X (u, 51,2)) — A(X (u, 82, 7)), X (u, s1,2) — X (u, s1,2))y,
+ 1B (u,51,2)) — BOX (1,52, 2) 3, 0,11 )
¢
+/e>‘“)\E (1X (u, s1,2) — X (u, 52, 2)||7) du

S2

<22 (E (| X (52,51, 2) [ F) + =]
(4.3.26)

But again by Remark 4.2.8 extended to the present case, the product rule and
(4.3.23) imply

E(en52 ||X(82ﬂ 51, I)”?—I)

s2
= alfy+ [ B (2y (AR (1 51,2)), X, s1,2),

S1

_ 52
B 51,2y m) dut [ emnB (X wsr,0) ) du

S1

(4.3.27)

So 5
< el + 5, / e du < ey + e,
s1 n
Combining (4.3.26) and (4.3.27) we obtain
1)
E(IX(t51,2) — X (t,50,2)|3) < 2 (; T 2||z%q) A0 (4.3.28)

Letting so (hence s;1) tend to —oo, it follows that there exists
n(z) € L*(Q, F, P; H) such that

lim X(t,s,x) =n(x) in L*(Q, F, P; H),

§— —00

and letting s; — —oo in (4.3.28) the last part of the assertion follows also,
provided we can prove that 7:(z) is independent of x € H. To this end let
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z,y € H and s €] — 00, t]. Then
X(t,s,z) — X(t,s,y)
—r—y+ /t(A()_((u, 5,2)) — A (u, 5,1)) du
t | - - -
+/s (B(X(u,s,2)) — B(X(u,s,y)) dW(u).
Hence by the same arguments to derive (4.3.26) we get
B(M|X(ts,2) — X(ts,9)|17) < el —yllF,
S0
im (X(t,s,2) — X(t,5,9)) = 0 in L*(Q,F,P; H).
Hence both assertions are completely proved. O
Proof of Theorem 4.3.9. Define
pi=Pong!
with 79 as in Lemma 4.3.11. Since 9 € L*(Q, F, P; H) we have that
JulFantay) < .
Let t € [0, 00[. We note that by (4.3.21) and (4.3.22) for all s € [0, 00|
P—s,0P0,t = P—s,t = PO,t+s = P—(t+s),0- (4.3.29)

Let F: H — R, F bounded and Lipschitz. Then by Proposition 4.3.2 we have
that pg F' is (bounded and) Lipschitz. Furthermore, by Lemma 4.3.11 for all

reH
p—s,o(x,dy) — p weakly as s — oo.

Hence by (4.3.29) for all z € H

/ poc " dp = lim pso(po,c F)(x) = lm p_(146)0F(2) = / F dp.

Recalling that by definition p; = po 4, it follows that p is an invariant measure
for (pt)i>0. Furthermore, if p is an invariant measure for (p;)i>o, then by

Proposition 4.3.2 for all ¢ € [0, 00|

pa) ~ [ P =| [0 (@) = )t

< e HLip(F) / e — yllpaldy).



A. The Bochner Integral

This chapter is a slight modification of Chap. A in [FKO1].
Let (X, ] ||) be a Banach space, B(X) the Borel o-field of X and (Q,F, )

a measure space with finite measure p.

A.1. Definition of the Bochner integral

Step 1: As first step we want to define the integral for simple functions
which are defined as follows. Set

5::{f:QeX‘f:ZxklwakeX,Ake}',1<kz<n,neN}
k=1

and define a semi-norm || ||¢ on the vector space € by

1lle == /IIfH du, feé

To get that (5 Al ||5) is a normed vector space we consider equivalence classes
with respect to || ||. For simplicity we will not change the notations.

For f €&, f =Y 1_,zkla,, Ax’s pairwise disjoint (such a representation
is called normal and always exists, because f = >"}'_ zxla,, where f(Q) =
{z1,..., 21}, x; # xj, and Ay := {f = x1}) and we now define the Bochner
integral to be

/f dp =Y zpp(Ay).
k=1

(Exercise: This definition is independent of representations, and hence linear.)
In this way we get a mapping

int: (& le) — (X011
£ [rau
which is linear and uniformly continuous since || [ f du|| < [|f|| du for all
feé.

Therefore we can extend the mapping int to the abstract completion of £
with respect to || ||¢ which we denote by £.

105
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Step 2: We give an explicit representation of &.

Definition A.1.1. A function f : Q — X is called strongly measurable if it
is F/B(X)-measurable and f(€) C X is separable.

Definition A.1.2. Let 1 < p < co. Then we define
LP(Q,F, 5 X) o= LP(p; X)

= {f 00— X ‘ f is strongly measurable with

respect to F, and /||f||p dp < oo}

and the semi-norm

1

1l = (/fll” du) " FerrQ, o X).

The space of all equivalence classes in £P(Q, F, u; X) with respect to || ||» is
denoted by LP(Q, F, u; X) := LP(u; X).

Claim: L'(Q,F,u; X) =E.

Step 2.a: (L'(Q,F,pu; X),|| ||11) is complete.
The proof is just a modification of the proof of the Fischer—Riesz theorem
by the help of the following proposition.

Proposition A.1.3. Let (2, F) be a measurable space and let X be a Banach
space. Then:

(i) the set of F/B(X)-measurable functions from Q to X is closed under
the formation of pointwise limits, and

(i) the set of strongly measurable functions from Q to X is closed under the
formation of pointwise limits.

Proof. Simple exercise or see [Coh80, Proposition E.1, p. 350]. O

Step 2.b: €& is a dense subset of L*(€2,F, u; X) with respect to || ||z1.
This can be shown by the help of the following lemma.

Lemma A.1.4. Let E be a metric space with metric d and let f : Q — FE
be strongly measurable. Then there exists a sequence f,, n € N, of simple E-
valued functions (i.e. fy, is F/B(E)-measurable and takes only a finite number
of values) such that for arbitrary w € Q the sequence d(fn(w), f(w)), n €N,
is monotonely decreasing to zero.
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Proof. [DPZ92, Lemma 1.1, p. 16] Let {ex | ¥ € N} be a countable dense
subset of f(Q). For m € N define

dpm (W) := min{d(f(w),ek) | k< m} ( = dist(f(w), {ex, k < m})),

ki (w) == min{k < m | dp(w) = d(f(w), ex) },

fm(w) = ekwt(w)'

Obviously f, m € N, are simple functions since they are F/B(E)-measurable
(exercise) and

fm(Q) - {61a€27 .. -aem,}-

Moreover, by the density of {ex | & € N}, the sequence d,,(w), m € N, i
monotonically decreasing to zero for arbitrary w € Q. Since d( fm(w), f(w)
dp,(w) the assertion follows.

»n

0l

Let now f € L'(u; X). By the Lemma A.1.4 above we get the existence of
a sequence of simple functions f,, n € N, such that

[ fa(w) = f(w)|| L 0 forallw € Q asn — oo.

n—oo

Hence f,, —— fin || |1 by Lebesgue’s dominated convergence theorem.

A.2. Properties of the Bochner integral

Proposition A.2.1 (Bochner inequality). Let f € L*(Q,F,u; X). Then

H/fduH < /IIfH dp.

Proof. We know the assertion is true for f € £, ie. int : £ — X is linear,
continuous with [[int f|| < [|f[|e for all f € £, so the same is true for its unique
continuous extension int : £ = L*(u; X) — X, i.e. for all f € LY(X, u)

|/ 7] = w0 < 151 = [0 an 0
Proposition A.2.2. Let f € LY(Q, F, u; X). Then

fesiei( 14

holds for all L € L(X,Y'), where Y is another Banach space.

Proof. Simple exercise or see [Coh80, Proposition E.11, p. 356]. O
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Proposition A.2.3 (Fundamental theorem of calculus). Let —0co < a <
b< oo and f € C'([a,b]; X). Then

_ _ [y ) S lsa@)fi(w) du if s <t
f(t) f(s) - /s f (U) du := {_ f 1[t’5] (u)f/(u) du  otherwise

for all s,t € [a,b] where du denotes the Lebesgue measure on B(R).

Proof. Claim 1: If we set F(t) = f: f'(uw) du, t € [a,b], we get that F'(t) =
f'(¢) for all t € [a,b].
For that we have to prove that

HEETEROENIC )

To this end we fix t € [a, b] and take an arbitrary e > 0. Since f’ is continuous
on [a,b] there exists § > 0 such that || f/(u) — f’(t)HX < ¢ for all u € [a,]
with |u — t| < 0. Then we obtain that

xrwsm-rw)-ro| =[r ) - )

t+h
< %/ 17/ (w) = £/ 0)]| du< e

ift+h € [a,b] and |h| < 4.
Claim 2: If F € C'([a,b]; X) is a further function with F' = F' = f’ then
there exists a constant ¢ € X such that F — F = c.

For all L € X* = L(X,R) we define gy, := L(F — F). Then g, = 0 and
therefore gr is constant. Since X* separates the points of X by the Hahn—
Banach theorem (see [Alt92, Satz 4.2, p. 114]) this implies that F — F itself
is constant. O



B. Nuclear and Hilbert—Schmidt
Operators

This chapter is identical to Chap. B in [FKO1].

Let (U, (, )U) and (H7 (, >) be two separable Hilbert spaces. The space of
all bounded linear operators from U to H is denoted by L(U, H); for simplicity
we write L(U) instead of L(U,U). If we speak of the adjoint operator of
L € L(U, H) we write L* € L(H,U). An element L € L(U) is called symmetric
if (Lu,v)y = (u,Lv)y for all u,v € U. In addition, L € L(U) is called
nonnegative if (Lu,u) > 0 for all uw € U.

Definition B.0.1 (Nuclear operator). An element T € L(U, H) is said to
be a nuclear operator if there exists a sequence (a;),en in H and a sequence
(bj)jeN in U such that

Tx = ZQj<bj,I>U forall z € U

j=1

and
> Nl 1bslle < oc.
JEN
The space of all nuclear operators from U to H is denoted by Li(U, H).

IfU=H,T e Li(U, H) is nonnegative and symmetric, then 7' is called trace
class.

Proposition B.0.2. The space L1 (U, H) endowed with the norm

oo
1T sy s= nf{ > llasll - bl | To = > a; by, 200, @ € U}
j=1

JEN
is a Banach space.

Proof. [MV92, Corollar 16.25, p. 154]. O

Definition B.0.3. Let T' € L(U) and let e, k € N, be an orthonormal basis
of U. Then we define

trT = Z<T6k, €k>U
keN

if the series is convergent.
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One has to notice that this definition could depend on the choice of the
orthonormal basis. But there is the following result concerning nuclear oper-
ators.

Remark B.0.4. If T € L1(U) then tr T is well-defined independently of the
choice of the orthonormal basis ey, k € N. Moreover we have that

tr T < T, v)-

Proof. Let (aj)jen and (b)) en be sequences in U such that

Tx = Z aj<bj, J}>U
JEN
for all z € U and ZH%‘HU bl < oo.
JEN
Then we get for any orthonormal basis e, k € N, of U that

(Ter,ex)u =D _(er, a;)v - (ex,bj)u
jEN

and therefore

Z|<T€k,€k>U| < ZZ|<ek’aj>U : <€kabj>U|

keN N ren
3 1
Kl ()
j€N keN e
= ZHGJ'”U bjllu < oo.
JEN

This implies that we can exchange the summation to get that
> (Terer)o =YY lew aj)u - (e bj)u = > _(a;,b;)u,
keN jeN keN jEN
and the assertion follows. O

Definition B.0.5 (Hilbert—Schmidt operator). A bounded linear opera-
tor T': U — H is called Hilbert—Schmidt if

Z||Tek||2 < 0

keN

where ey, k € N, is an orthonormal basis of U.
The space of all Hilbert—Schmidt operators from U to H is denoted by
L2 (U7 H)
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Remark B.0.6. (i) The definition of Hilbert-Schmidt operator and the
number

IT1Z, e = DN Texll?
keN

does not depend on the choice of the orthonormal basis ex, k € N, and we
have that | T||z,w,my = 1T* | Lo (1,0 - For simplicity we also write ||T'||,
instead of HT||L2(U7H).

(i) | T w.my < N || pow,m)-

(i) Let G be another Hilbert space and S1 € L(H,G), Sy € L(G,U), T €
Lo(U, H). Then SiT € Ly(U,G) and TSy € Ly(G, H) and

1517 || L, w,ey < IS1lloca,ay T || Ly, i)

1T S22, (c,my < T\l m)lS2llL.cv)-

Proof. (i) If e, k € N, is an orthonormal basis of U and fz, k € N, is an
orthonormal basis of H we obtain by the Parseval identity that

SiTerl? =3 S [ Tew )" = SIT £i13

keN kEN jeN jEN

and therefore the assertion follows.

(ii) Let z € U and fi, k € N, be an orthonormal basis of H. Then we get
that

IT|* = (T, fi)* < llllf DI fullt = 1717, 0z - Il
kEN keN

(iii) Let eg, k € N be an orthonormal basis of U. Then

Yo ISiTerll < ISil a.e) T w,my-
keN

Furthermore, since (T'S2)* = S37T™*, it follows that by the above and (i)
that T'Sy € Lo(G, H) and

1TS2| Ly (c,my = 1(T'S2)" || Lo (1,0)
= 19317 |, (m.0)
< 1S20lnevy - 1Tl Lo w,m)-
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Proposition B.0.7. Let S,T € Ly(U, H) and let ex, k € N, be an orthonor-
mal basis of U. If we define

<T, S>L2 = Z<Sek,T€k>

keN

we obtain that (LQ(U, H),(, >L2) 1s a separable Hilbert space.
If fx, k € N, is an orthonormal basis of H we get that f; Qey, := fi{ex, - )u,
j,k €N, is an orthonormal basis of Lo(U, H).

Proof. We have to prove the completeness and the separability.

1. Ly(U, H) is complete:
Let T,,, n € N, be a Cauchy sequence in Lo(U, H). Then it is clear that it is
also a Cauchy sequence in L(U, H). Because of the completeness of L(U, H)
there exists an element T' € L(U, H) such that ||T, — T w,m) — 0 as

n — 00. But by the lemma of Fatou we also have for any orthonormal basis
ex, k € N, of U that

T = TN7, =Y ((Tn — T)ex, (Tn — T)ex)

keN
=" liminf||[(Ty, — T)ex|”
m— 00
keN
<timinf 3| (T = To)er|” = lim inf T = Tl <2

keN
for all n € N big enough. Therefore the assertion follows.
2. Ly(U, H) is separable:
If we define f; ® eg := fj{ex, - )u, j,k € N, then it is clear that f; ® e, €
Ly(U, H) for all j, k € N and for arbitrary T € Ly(U, H) we get that
(fi®er, T, = Y (ensen)u - (f5: Ten) = (£, Tex).
neN

Therefore it is obvious that f; ® e, j,k € N, is an orthonormal system.
In addition, T' = 0 if (f; ® e, T)r, = 0 for all j,k € N, and therefore
span(f; @ e | 4,k € N) is a dense subspace of Lo(U, H). O

Proposition B.0.8. Let (G,({ , )¢) be a further separable Hilbert space.
If T € Ly(U,H) and S € Ly(H,G) then ST € L1(U,G) and

15Ty w.c) < ISllzs - (1Tl z.-

Proof. Let fi, k € N, be an orthonormal basis of H. Then we have that

STx = (Tx, fy)Sfr, €U

keN
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and therefore

STl ey w.ey < DT fillor - 1S felle:

keN

<(SITRlE) - (SISAIE) = 18I 1T O

keN keN

Remark B.0.9. Let ey, k € N, be an orthonormal basis of U. If T € L(U)
is symmetric, nonnegative with ), «(Tex,ex)y < oo then T € Ly(U).

Proof. The result is obvious by the previous proposition and the fact that
1 1 1

there exists T2 € L(U) nonnegative and symmetric such that T'=TzT'2 (see

Proposition 2.3.4). Then Tz € Ly(U). O

Proposition B.0.10. Let L € L(H) and B € Ly(U,H). Then LBB* €
Li(H), B*LB € Ly(U) and we have that

tr LBB* = tr B*LB.

Proof. We know by Remark B.0.6 (iii) and Proposition B.0.8 that LBB* €
Li(H) and B*LB € Li(U). Let e, k € N, be an orthonormal basis of U
and let fr, £ € N, be an orthonormal basis of H. Then the Parseval identity
implies that

> S [(fer Bew) - {fi LBey)|

keNneN
< (It B ) - (I LBen)|?)
neN keN keN
= Y IBeall- ILBeall < Ll - 1BIE,-
neN

Therefore, it is allowed to interchange the sums to obtain that

tr LBB* = Z<LBB*fk7fk> = Z(B*me*L*wa

keN keN
=3 S (B fren)v  (B'L froen)y = D > Afir Ben) - (i LBey)
keNneN neN keN
=Y (Ben,LBey) =Y (en, B*LBey)y = tr B*LB. O

neN neN



C. Pseudo Inverse of Linear
Operators

This chapter is a slight modification of Chapter C in [FKO01].
Let (U,(, )u) and (H,(, )) be two Hilbert spaces.

Definition C.0.1 (Pseudo inverse). Let T € L(U, H) and Ker(T) := {z €
U | Tx = 0}. The pseudo inverse of T' is defined as

TV i= (T |ker(ry2 ) T(Ker(T)4) = T(U) — Kex(T)*.

(Note that T is one-to-one on Ker(T')*.)

Remark C.0.2. (i) There is an equivalent way of defining the pseudo in-
verse of a linear operator T € L(U, H). Forx € T(U) one sets T 'z € U
to be the solution of minimal norm of the equation Ty =z, y € U.

(ii) If T € L(U, H) then T~ : T(U) — Ker(T)* is linear and bijective.
Proposition C.0.3. Let T € L(U) and T~ the pseudo inverse of T.
(i) If we define an inner product on T(U) by
(z,y)rw) = (T 'z, T 'y for all z,y € T(U),
then (T(U),(, )r)) is a Hilbert space.

(ii) Let ey, k € N, be an orthonormal basis of (Ker T)*. Then Tey, k € N,
is an orthonormal basis of (T(U),(, )rw)-

Proof. T : (KerT)* — T(U) is bijective and an isometry if (KerT)* is
equipped with (, )y and T(U) with (, 7). O

Now we want to present a result about the images of linear operators. To
this end we need the following lemma.

Lemma C.0.4. Let T € L(U,H). Then the set TB:(0) (= {Tu | u €
U, llullv < ¢}), ¢ =0, is convex and closed.

Proof. Since T is linear it is obvious that the set is convex.

Since a convex subset of a Hilbert space is closed (with respect to the norm)
if and only if it is weakly closed, it suffices to show that T'B.(0) is weakly
closed. Since T': U — H is linear and continuous (with respect to the norms
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on U, H respectively) it is also obviously continuous with respect to the weak
topologies on U, H respectively. But by the Banach—Alaoglou theorem (see
e.g. [RS72, Theorem IV.21, p. 115]) closed balls in a Hilbert space are weakly
compact. Hence B.(0) is weakly compact, and so is its continuous image, i.e.
TB.(0) is weakly compact, therefore weakly closed. O

Proposition C.0.5. Let (Uy,(, )1) and (Uz,(, )2) be two Hilbert spaces.
In addition, we take Ty € L(Uy,H) and To € L(Us, H). Then the following
statements hold.

(i) If there exists a constant ¢ > 0 such that ||Tyz|1 < o|T5z||2 for all
x € H then {Tlu | u € Uy, |lullx < 1} C {Tgv | v € Uy, ||v|2 < c}. In
particular, this implies that ImT; C Im T5.

(i) If |Tizlly = |T5x|o for all z € H then Im Ty = Im Ty and ||T} ‘2|, =
| Ty |2 for all € Tm T

Proof. [DPZ92, Proposition B.1, p. 407)
(i) Assume that there exists ug € U; such that

luoll1 €1 and Tiug ¢ {Tgv ‘ v € Us, ||v|2 < c}.

By Lemma C.0.4 we know that the set {Tgv | v € Uy, |jv]l2 < c} is
closed and convex. Therefore, we get by the separation theorem (see
[Alt92, 5.11 Trennungssatz, p. 166]) there exists © € H, x # 0, such that

1 <{z,Thug) and (x,Trv) <1 for all v € Uy with ||Jv||2 < ec.

Thus ||T7z[1 > 1 and ¢||T5z|2 = sup |(T5z,v)2| < 1, a contradiction.

llvll2<e
(ii) By (i) we know that Im 77 = Im T5. It remains to verify that
| T 2|y = || Ty tz|le for all 2 € Im Ty

If 2 = 0 then |7, 0|, =0 = || T 0.

If z € Im T \ {0} then there exist u; € (Ker7})* and uy € (Ker Ty)*
such that x = Tyu; = Toug. We have to show that ||uq |1 = [Juz|2-

Assume that ||uq]|1 > |juzl|2 > 0. Then (i) implies that

T ZTz( Us )
[|uzll2 lluz2

€ {TQU ‘ v € Uy, ||U||2 < 1} = {Tlu | u € Uy, ||u||1 < 1}

o =" ()
[|uzll2 [[uall2

But
U1

> 1,
[[uall2

1
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u

therefore, there exists 41 € Uy, |[t1|l1 < 1, so that for a4y := ”u21||2 S
(Ker Ty )+ we have

T, = —— =Tiuy, ie. u; —us € KerTy.

[[uzll2

Therefore,

0 = (U1 — U, Ug)y = (T, Ug)1 — ||2]|7

<N |1 [zl = a2l = (1 = llazlly)[[az]:

This is a contradiction. O]

Corollary C.0.6. Let T € L(U,H) and set Q := TT* € L(H). Then we
have

ImQ? =Im7T and HQ_%‘fH = |T 2|y for allz € ImT,
where Q*% is the pseudo inverse of Q%.

Proof. Since by Lemma 2.3.4 Q% is symmetric we have for all x € H that

1. % 2 1
l@bya| = @] = (@u,2) = (TT*w,0) = |70l

Therefore the assertion follows by Proposition C.0.5. O



D. Some Tools from Real
Martingale Theory

We need the following Burkholder—Davis inequality for real-valued continuous
local martingales.

Proposition D.0.1. Let (N¢)iepo,r] be a real-valued continuous local mar-
tingale on a probability space (2, E, P) with respect to a normal filtration
(Ft)tepo,r)- Then for all stopping times 7(< T)

E( sup |Ni|) < BE((N)Y?).
te[0,7]

Proof. See e.g. [KS88, Theorem 3.28]. O
Corollary D.0.2. Let ¢,d €]0,00[. Then for N as in Proposition D.0.1

3
P(sup [Ni| > ) < SE((N)y/* A d) + P((N);/* > 4).
te[0,T] €

Proof. Let
7i=1inf{t > 0| (N)}/> > 6} AT.

Then 7(< T) is an Fy-stopping time. Hence by Proposition D.0.1

P sup [Ny >=e
t€[0,T)

_P( sup |Ni| = e, 7= T) +P< sup |Ni| 2 e,7< T)
te[0,T] te[0,T]

Loy +p( s (N> W > 6)
€ t€[0,T
3

ggE(<N>3}/2 AS) + P((NVH? > 6).
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E. Weak and Strong Solutions:
the Yamada-Watanabe
Theorem

Let (2, F, P) be a complete probability space with normal filtration F;, ¢t €
[0, 00[. Below we shall call ((2, F, P, (F3)) a stochastic basis. Let d,d; € N and
let M(d x d1,R) denote the set of all real d x d;-matrices equipped with the
norm (3.1.2). Let

W .= C([0, 00 — R?) (E.0.1)

and
W= {w € Ww(0) = 0}. (E.0.2)

W is equipped with metric

o(wy, we) = ZQ"“( max |wi(t) — wo(t)| A1), wi,ws € W% (E.0.3)

oo
f 0<t<k

which makes it a Polish space. Its Borel o-algebra is denoted by B(W?).
Let B;(W?) denote the o-Algebra generated by all maps 7, 0 < s < t,
where 75(w) := w(s), w € W< Let A%% denote the set of all B([0,00]) ®
B(W)/B(M(d x dy,R))-measurable maps « : [0,00[ xW9¢ — M(d x di,R)
such that for each t € [0, oo[ the map

W3 w— alt,w) € M(d x di,R)

is B(W%)/B(M(d x dy,R))-measurable.

E.1. The main result

Fix 0 € A%% and b € A%' and consider the following stochastic differential
equation:
dX(t) =b(t, X)) dt + o(t, X) dW(t), te€]0,00[. (E.1.1)

Definition E.1.1. An R%valued continuous, (F;)-adapted process X(t), t €
[0, oo[, on some stochastic basis (Q, F, P, (F)) is called a (weak) solution to
(E.1.1), if
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122 E. Weak and Strong Solutions: Yamada—Watanabe Theorem
() t
/ |b(s, X)| ds < 0o P-a.e. for all ¢ € [0, c0].
0

(i)
¢
/ lo(s, X)||? ds < oo P-a.e. for all t € [0, 00].
0

(iii) There exists an R%-valued standard (F;)-Wiener process W (t),t €
[0, 00[, on (2, F, P) such that P-a.e.

¢ ¢
X(t)= X(O)—|—/ b(s, X) ds—|—/ o(s,X)dW(s), te€0,00[. (E.1.2)

0 0
Remark E.1.2. (i) Clearly, by the measurability assumption on elements
in A% it follows that if X is a solution, then [0,t] x Q 3 (s,w) —
o(s, X(w)) is B([0,t) @F /B(M (dxdyi,R))-measurable and o (t, X) is Fy-
measurable for t € [0, 00[. Likewise for b(-, X). The (F;)-adaptedness for

(-, X) and b(-, X) follows since the (F;)-adaptiveness of X is equivalent
to the F;/By(W?) measurability of X .

(#i) Below we shall briefly say (X, W) in Definition E.1.1 is a (weak) solution
to (E.1.1) not always mentioning explicitly the stochastic basis, that
comes with it.

Definition E.1.3. We say that (weak) uniqueness holds for (E.1.1) if when-
ever X and X’ are two (weak) solutions (with stochastic bases
(QF, P, (F)), ¥, F P (F])) and associated Wiener processes W(t),
W'(t), t € [0,00[) such that

PoX(0)™' =P oX'(0)7,
(as measures on (R?, B(R?))), then

PoX '=Po(X)!

(as measures on (W4, B(W1))).

Definition E.1.4. We say that pathwise uniqueness holds for (E.1.1), if
whenever X and X’ are two (weak) solutions on the same stochastic basis
(Q,F,P,(F,)) and with the same (F;)-Wiener process W (t), t € [0,00[ on
(Q, F, P) such that X(0) = X’(0) P-a.e., then P-a.e.

X(t)=X'(t), t €[0,00].

To define strong solutions we need to introduce the following class € of
maps:
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Let &€ denote the set of all maps F : R?% x Wéil — W such that for every prob-

®pPW
ability measure p on (R?, B(R?)) there exists a B(R4) @ B(W(‘)jl)ﬂ /B(W%)-
measurable map F), : R? x Wéjl — W4 such that for p-a.e. x € R?

F(z,w) = F,(z,w) for PY-a.e. w e W,

w
Here B(R?) ® B(ng)#(@P denotes the completion of B(R?) @ B(W{") with
respect to pu @ PW, and PW denotes classical Wiener measure on
(W5, BWg")).
Let F € £. For an F/B(R%)-measurable map ¢ : Q@ — R? on some prob-
ability space (2, F, P) and an R -valued, standard Wiener process W (t),
t €10,00[, on (2, F, P) independent of £, we set

F(ga W) = -FPOE—1 (57 W)

Definition E.1.5. A (weak) solution X to (E.1.1) on (Q,F, P, (F;)) and
associated Wiener process W(t), t € [0, o], is called a strong solution if there

~ P— =
exists F € € such that for z € RY w — F(x,w) is By(W) /Bi(W%)-
measurable for every ¢ € [0, co[ and
X =F(X(0),W) P-ae.,
w

where B, (Wg*)  denotes the completion with respect to PV in B(W).

Definition E.1.6. Equation (E.1.1) is said to have a unique strong solution,
if there exists F' € £ satisfying the adaptiveness condition in Definition E.1.5
and such that:

1. For every R%-valued standard (F;)-Wiener process W (t), t € [0, 00[, on
a stochastic basis (2, F, P, (;)) and any Fo/B(R?)-measurable £ :  —
R? the continuous process

X =F(W)

satisfies (i), (ii) and (E.1.2) in Definition E.1.1, i.e. (F(§, W), W) is a
(weak) solution to (E.1.1), and X (0) = ¢ P-a.e..

2. For any (weak) solution (X, W) to (E.1.1) we have
X = F(X(0),W) P-ae..

Remark E.1.7. Since X(0) in the above definition is P-independent of W,
thus
Po(X(0),W) ' = o PV,

we have that the existence of a unique strong solution for (E.1.1) implies that
also (weak) uniqueness holds.
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Now we can formulate the main result of this section.

Theorem E.1.8. Let 0 € A%% and b € A%, Then equation (E.1.1) has a
unique strong solution if and only if both of the following properties hold:

(i) For every probability measure yu on (R B(RY)) there exists a (weak)
solution (X, W) of (E.1.1) such that p is the distribution of X(0).

(i) Pathwise uniqueness holds for (E.1.1).

Proof. Suppose (E.1.1) has a unique strong solution. Then (ii) obviously

holds. To show (i) one only has to take the classical Wiener space
w

QP
(Wt BOWE), P') and consider (R x Wi, B(RY) & B o PV
with filtration

() o(BRY) & B e(Wi),N), >0,
e>0

p@P
where N denotes all p ® PW-zero sets in B(Rd)® B(Wdl) . Let
E:RIX W = R and W : R? x W — W be the canonical projec-
tions. Then X F (&, W) is the desired weak solution in (i).

Now let us suppose that (i) and (ii) hold. The proof that then there exists a
unique strong solution for (E.1.1) is quite technical. We structure it through
a series of lemmas.

Lemma E.1.9. Let (Q,F) be a measurable space such that {w} € F for all
w € Q and such that

D ={(w,w)|weQleFaF

(which is e.g. the case if Q is a Polish space and F its Borel o-algebra).
Let Py, Py be probability measures on (2, F) such that Py ® Py(D) = 1. Then
Py = Py = 4,, for some wy € (L.

Proof. Let f : Q — [0,00[ be F-measurable. Then
/f (w1) Py (dwr) / fw1)Pr(dwy)Pe(dws)
— [[ 1o(rwa)(n) Prldon) Patdn)
— [ 1h(rw0) fen) Prldeon) Paldn) = [ Fa)Pa(don)

so P = P,. Furthermore,
- // 1 (w1, wa) Py (dwr ) P (dows) :/Pl({wg})Pg(dwg),

hence 1 = P;({ws}) for Py-a.e. wo € Q. Therefore, P, = 4§, for some wy € €.
O
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Fix a probability measure z on (R, B(R?)) and let (X, W) with stochastic
basis (Q, F, P, (F;)) be a (weak) solution to (E.1.1) with initial distribution u.
Define a probability measure P, on (R4xW9x W, B(RH)@B(W ) @B(Wt)),
by
P, == Po (X(0),X, W),

Lemma E.1.10. There ezists a family K,((z,w),dw;),r € R*, w € ng, of
probability measures on (W®, B(W®)) having the following properties:

(i) For every A € B(WY) the map
R x W 3 (z,w0) — K, ((x,w), A)
is B(RY) @ B(W)-measurable.

(it) For every B(RY) @ B(WY) @ B(WS")-measurable map f : R x W x
W — [0, 00[ we have

/f(x,wl,w)P#(dx dwy dw)
[ [ i) K w),dun) Pdw)uds).
re Jwt Jwe
(i4i) If t € [0,00[ and f: W% — [0, 00][ is B;(W®)-measurable, then

RY X W 3 (2, w) /f(wl)Kﬂ((x,w),dwl)

_ TP TP
is B(RY) @ By (W§*) -measurable, where B(R?) @ B, (W) de-

notes the completion with respect to p ® PV in B(RY) @ B(WJ").

Proof. Let II : R? x W x ng — RYx ngl be the canonical projection. Since
X (0) is Fp-measurable, hence P-independent of W, it follows that

P,oll™' =Po(X(0),W) ' =puePV.

Hence by the existence result on regular conditional distributions (cf.e.g.
[IW81, Corollary to Theorem 3.3 on p.15]), the existence of the family
K, ((z,w), dw), € R w € W, satistying (i) and (ii) follows.

To prove (iii) it suffices to show that for ¢ € [0, c0[ and for all Ay € B(R?),
Ay € B[((W%), Ae B, (W) and

A= {n., —m € By,..., 7, —m € By},

t<T1<...<7'k,Bl,...,BkEB(Rdl),
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/ / Lan (0) K (2, w), Ay) PY{dw)p(d)
Ao Jw

:/A /Wdl Lanar (0) Eugpw (K, (-, A1)|BRY) @ By(Wi) P dw) u(dz),
0 (E.1.3)

since the system of all AN A’, A € B,(Wg"), A" as above generates B(W).
But by part (ii) above, the left-hand side of (E.1.3) is equal to

/ Ly (&) Lanas () La, (w1) P (da duwsy duw)
~ [ L4 (X)L, (OLAW) L (W) P (E.14)

- / Lao (X(0)) 14, (X)14 (W) Ep (Lo (W)|F,) dP.
But 14/(W) is P-independent of F;, since W is an (F;)-Wiener process on

(Q,F,P), so
Ep(la(W)|F) = Ep(1a/(W)).

Hence the right-hand side of (E.1.4) is equal to
PW(A')/1,40(3:)1,4(10)1,41(wl)PH(dxdwl dw)
=PV [ Kl a)PYau)n(a
=PV ) [ [ B (0, ANIBRY & BUOW) (0 0)
P¥{dw)p(dz)
[ [ Lana @) Epopw (5, ADBRY & BW)) (2 0)
Ao Jwh

PMdw)u(dx),
since A’ is PW-independent of By (W¢™). O

For z € R? define a measure Q, on

(R x W x W x W, BRY) @ BW) @ BW) @ BW))

QI(A) = Ad /ng /Wd' /Wd 1A(Z,w1,w2’w)

K, ((z,w),dwy) K, ((z,w), dws) PMdw)s,(dz).

by
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Define the stochastic basis

Q:=RIx Wex W x W

= B(RY) & BW) @ BIV) & BV

Fi = () o(BRY) @ Brye(W?) @ Brye (W) © Brae (W), No),
e>0

where
N = {N € F*|Qu(N) = 0},
and define maps
My : Q@ — RY, (2, w1, wa, w) —
I : Q — W, (z, w1, wo, w) — w; € W, i=1,2,
;: Q — ng, (2, w1, we, w) — w € ng.

Then, obviously,
Q. oIyt =6, (E.1.5)
and

Quollz' =PV (=PoW™). (E.1.6)

Lemma E.1.11. There exists Ny € B(R?) with u(No) = 0 such that for all
x € N§ we have that T3 is an (FF)-Wiener process on (Q, F*,Q,) taking
values in R,

Proof. By definition I3 is (.7}{“ )-adapted for every z € R%. Furthermore, for
0<s<t,yecRY and Ay € B(RY), A; € B(W?), i =1,2, Az € By(W),

[ B explit Ta(t) = () Lagey sty ()

/R/ exp(i{y, w(t) — w(s)))1a, ()1, (w)
K, ((z,w), A1) K, ((z,w), Ag)PMdw) p(da)

= [ eplity (o) — woNPdw) [ Qu(do x Ay x Az x Adyulde),
W(;il R
where we used Lemma E.1.10(iii) in the last step. Now the assertion follows

by (E.1.6), a monotone class argument and the same reasoning as in the proof
of Proposition 2.1.13. O
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Lemma E.1.12. There exists Ny € B(R?), Ny C Ny, with u(Ny) = 0 such
that for all x € Ny, (II;,[3) and (Ily,1l3) with stochastic basis
(Q,F*, Qu, (FF)) are (weak) solutions of (E.1.1) such that

I1,(0) =1,(0) =z Q-a-e.,
therefore, 111 = Iy Q,-a.e.

Proof. For i = 1,2 consider the set 4; € F* defined by

Ai ::{Hi(t> — HZ(O) = /0 b(S,Hi) ds +A O'(S,Hi) ng(S)
for all ¢ € [0, oo[} A {IL;(0) = I, .

Define A € B(R%) ® B(W9) @ B(W") analogously with II; replaced by the
canonical projection from R% x W% x VVOd1 onto the second and Iy, I3 by the
canonical projection onto the first and third coordinate respectively. Then by
Lemma E.1.10 (ii) for i = 1,2

//d/ / La, (2, wy, w2, w)
re Jwi Jwa Jwa

K, ((z,w), dwy) K, ((x, w), dwy) P dw)u(dz)
-y

w(A) = P{(X(0), X, W) € A}) = 1.

(E.1.7)

Since all measures in the left-hand side of (E.1.7) are probability measures, it
follows that for p-a.e. z € RY

1= Qx(Az) = Qx(Ai,x)’

where for ¢ = 1,2

Apy = {Hi(t) = /Ot b(s, II;) ds + /Oto(s,l_[i) dlls(s), Vt € [o,oo[}!.

Hence the first assertion follows. The second then follows by the pathwise
uniqueness assumption in condition (ii) of the theorem. O

w

®P
Lemma E.1.13. There ezists a B(R9) ®B(W§1)M /B(W9)- measurable
map

F, R x Wi — we

such that
KM((J?,’LU), ) = 6Fu(w,w)

(= Dirac measure on B(W®) with mass in F,(z,w))
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for n ® PW-ae (z,w) € R? x ng. Furthermore, F, s

@pP"
B(R@@Bt(ng)M /B(W%)-measurable for all t € [0,00[, where
w

H@P
B(R?) ®Bt(W0dl) denotes the completion with respect to pu @ PV in
B(R?

RY) @ By (W).

Proof. By Lemma E.1.12 for all z € N{, we have
1=Q.({IIy =1l2})
— [ L] ot e () don) K (o), du) P,
wh Jwa Jwa

where D := {(wy,w;) € W¢ x We|w; € W?}. Hence by Lemma E.1.9 there
exists N € B(R?) @ B(W{") such that u® PV (N) = 0 and for all (z,w) € N°
there exists F),(z,w) € W such that

K, ((z,w),dw) = 5F‘L(Iﬁw)(dw1).
Set F,(z,w) :=0, if (z,w) € N. Let A € B(W?). Then
{Fue A} =({F, € AJNN)U ({Ku(-,A) =1} NN°)
and the measurability properties of F}, follow from Lemma E.1.10. O

Having defined the mapping F), let us check the conditions of Definition
E.1.5 and Definition E.1.6. We start with condition 2.

Lemma E.1.14. We have
X =F,(X(0),W) P-a.e.
Proof. By Lemmas E.1.10 and E.1.13 we have
PX = F.(X(0),W)})
z/ / / 1{wl:FH(m’w)}(a:,wl,w)5Fu(z,w)(dwl)PW(dw)u(dx)
R 1 W
=1.
O

Now let us check condition 1. Let W’ be another R% -valued standard (F})-
Wiener process on a stochastic basis (', F/, P/, (F/)) and ¢ : Q' — R? an
4/B(R%)-measurable map and p := P’ o (71, Let F, be as above and set

X' = F‘/L(E? W/)
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Lemma E.1.15. (X', W’) is a (weak) solution to (E.1.1) with X'(0) = ¢
P-a.s..

Proof. We have
P({&=X"(0)}) = P'({¢ = FL.(&, W)(0)})
= p® PV ({(z,w) € R x W' [z = Fy(z,w)})
= P{X(0) = FL.(X(0), W)(0)}) = 1,

where we used Lemma E.1.14 in the last step.
To see that (X', W') is a (weak) solution we consider the set A € B(RY) ®
B(W4) @ B(W{") defined in the proof of Lemma E.1.12. We have to show that

P'{(X'(0), X", W') € A}) = 1.
But since X’(0) = & is P’-independent of W', we have

/ 14(X'(0), F(X'(0), W), W') AP’

o PRICTXCRETRE
Rd JWH

:/ /d/ La (2, w1, w)dF, (2,0 (dw)) PMdw) u(dz)
Rd JWt Jwd

= / La(z, w1, w)P,(dz dw dw)

=P({(X(0),X,W) € A}) =1,
where we used E.1.10 and E.1.11 in the second to last step. ]

To complete the proof we still have to construct F' € € and to check the
adaptiveness conditions on the corresponding mappings F),. Below we shall
apply what we have obtained above now also to J, replacing u. So, for each
r € R? we have a function Fjs,. Now define

F(z,w) := Fj5,(z,w), z € RY, w e W (E.1.8)
The proof of Theorem E.1.8 is then completed by the following lemma.

Lemma E.1.16. Let p be a probability measure on (R%, B(RY)) and F,, :
R? x WOUI1 — W% as constructed in Lemma E.1.13. Then for u-a.e. x € R?

F(z,")=F,(z,-) P" —ae.

w
t € [0,00[, where B,(W*)  denotes the completion of B;(W™) with respect
to PV in B(W).

pW
Furthermore, F(z,-) is B{(W{") /By(W?)-measurable for all z € R%
P
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Proof. Let ~
Q=R x W x W
F = B[R @ BW) @ BW)
and fix 2 € R?. Define a measure Q. on (Q, F) by

) = Z,W1,w Z, W w W w z
@)= [ [ [ 14w 0w de) P )

with K, as in Lemma E.1.10. Consider the stochastic basis (Q, 7%, Q., (F¥))
where

x

F o= B(RY) @ BWd) @ BWe) ™
Fi= () o(BRY) @ Biye (W) @ Byye (W), No),

e>0

where A, := {N € ﬁx\ngN)_: O}_. As in the proof of Lemma E.1.12 one
shows that (IT,1I3) on (2, 7%, Q., (F{)) is a (weak) solution to (E.1.1) with
I1(0) = z Q-a.e. Here

Iy : RY x W x VV(‘)i1 — R (2, wy,w) —
II:RY x W x VV(’)i1 — W (2, w1, w) — wy,
3 : R x W x ng Hng, (z, w1, w) — w.

By Lemma E.1.15 (Fjs, (x,1I3),113) on the stochastic basis (€, %, Q,, (F¥))
is a (weak) solution to (E.1.1) with

Fs, (z,115)(0) = z.
Hence by our pathwise uniqueness assumption (ii), it follows that
Fs (z,113) =11 Q.-a.s.. (E.1.9)
Hence for all A € B(R?) @ B(W?) @ B(W{") by Lemma E.1.13 and (E.1.9)

/ / /d La (@, w1, w)6F, (4,0 (dw1 ) P dw) pu(dz)
R Jwd Jwt
— [ Qu(A)uda)
R4
- / / La (g, Fy, (1, T13), Tls) dQupu(d)
Rd JQ
- / / La(w, B, (2, w), w) PYdw)u(dx)
R J W

:/ /d/ IA(‘T’wl’w>§F51(w7w)(dw1)PM/(dw)u(dz)7
R4 WO1 Wwd
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which implies the assertion.
Let z € R, t € [0,00[, A € B;(W?), and define

Fgm = 1{1:}><Wd1 F5I.

0

Then B
Fs;, =F5, 0,9P" —ae,
hence
_ = 5, PV
{Fs, € A} € B(R?) @ B,(Wy*) . (E.1.10)
But

{Fs, € A} = {a} x {Fs,(z,-) € A} U (R"\{z}) x {0 € A},
so by (E.1.10) it follows that

w

{Fs,(z,-) € A} € B,(Wg")



F. Strong, Mild and Weak
Solutions

This chapter is a short version of Chapter 2 in [FKO01]. We only state the
results and refer to [FK01], [DPZ92] for the proofs.

As in previous chapters let (U, ||||y) and (H, ||||) be separable Hilbert spaces.
We take @ = I and fix a cylindrical Q-Wiener process W (t), t > 0,in U on a
probability space (Q, F, P) with a normal filtration F%, t > 0. Moreover, we
fix T' > 0 and consider the following type of stochastic differential equations
in H:

dX(t) =[CX(t) + F(X(¢))]dt + B(X(¢t)) dW(t), te]l0,T], (F01)
X(0)=¢, -
where:

e C: D(C) — H is the infinitesimal generator of a Cy-semigroup S(t),
t > 0, of linear operators on H,

e F': H— H is B(H)/B(H)-measurable,
e B:H— L(U H),
e ¢ is a H-valued, Fy-measurable random variable.

Definition F.0.1 (mild solution). An H-valued predictable process X(¢),
t €[0,T], is called a mild solution of problem (F.0.1) if

X(t) = S@)¢ +/0 S(t—s)F(X(s))ds
(F.0.2)

+/ S(t—s)B(X(s)) dW(s) P-as.
0

for each t € [0,T]. In particular, the appearing integrals have to be well-
defined.

Definition F.0.2 (analytically strong solutions). A D(C)-valued pre-
dictable process X(¢t), t € [0,7T], (ie. (s,w) — X(s,w) is Pr/B(H)-
measurable) is called an analytically strong solution of problem (F.0.1) if

Xit)y=¢&+ /0 CX(s)+ F(X(s))ds+ /0 B(X(s))dW(s) P-as. (F.0.3)

133
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for each t € [0, T)]. In particular, the integrals on the right-hand side have to be
well-defined, that is, CX(t), F(X(t)), t € [0,T], are P-a.s. Bochner integrable
and B(X) S NW

Definition F.0.3 (analytically weak solution). An H-valued predictable

process X(t), t € [0,T], is called an analytically weak solution of problem
(F.0.1) if

<Mmo=@of/a@cw+ww@MMs
0 (F.0.4)

+/ (¢, B(X(s))dW(s)) P-as.
0

foreach ¢t € [0,T] and ¢ € D(C*). Here (C*, D(C™)) is the adjoint of (C, D(C))
on H.

In particular, as in Definitions F.0.2 and F.0.1, the appearing integrals have
to be well-defined.

Proposition F.0.4 (analytically weak versus analytically strong so-
lutions).

(i) Every analytically strong solution of problem (F.0.1) is also an analyti-
cally weak solution.

(i) Let X(t), t € [0,T], be an analytically weak solution of problem (F.0.1)

with values in D(C) such that B(X (t)) takes values in Lo(U, H) for all
t € [0,T]. Besides we assume that

T
P (/0 ICX(0)] dt < oo> ~1

T
P (/O IF(X ()] dt < oo) —1

T
P<A|mxmmiﬁ<w>1

Then the process is also an analytically strong solution.
Proposition F.0.5 (analytically weak versus mild solutions).

(i) Let X(t), t € [0,T], be an analytically weak solution of problem (F.0.1)
such that B(X(t)) takes values in Lo(U,H) for all t € [0,T]. Besides
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P</0T|X<t>||dt<oo> -1
(/ IF(X |dt<oo>:1
(/ IBOX@)IE, dt<oo> —1.

Then the process is also a mild solution.

we assume that

(it) Let X (t), t € [0,T], be a mild solution of problem (F.0.1) such that the
mappings

(t,w) /O S(t — $)F (X (s,w)) ds

(t,w) /0 S(t — $)B(X(s)) dW(s)(w)

have predictable versions. In addition, we require that
/||F )| dt < o0)=1

[ B S BN 0y ) <

for all ¢ € D(C*).
Then the process is also an analytically weak solution.

Remark F.0.6. The precise relation of mild and analytically weak solutions
with the variational solutions from Definition 4.2.1 is obviously more difficult
to describe in general. We shall concentrate just on the following quite typical
special case:

Consider the situation of Subsection 4.2, but with A and B independent of t
and w. Assume that there exist a self-adjoint operator (C, D(C)) on H such
that —C' > const. > 0 and F : H — H B(H)/B(H)-measurable such that

A(x) =C(x)+ F(z), z¢€V,
and )
V= D(-0)h),

equipped with the graph norm of (—C)%. Then it is easy to see that C' extends
to a continuous linear operator form V to V*, again denoted by C such that
forzeV,ye D(C)

V- (Ca,y)y = (2, Cy). (F.0.5)
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Now let X be a (variational) solution in the sense of Definition 4.2.1, then
it follows immediately from (F.0.5) that X is an analytically weak solution in
the sense of Definition F.0.3.
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E(X]9)
Mi(E)

[ ®(s) dW (s

LP(Q, F, s

L(U)
L(U,H)
tr Q
Ly (U, H)

|| ”Lz

X)

Gaussian measure with mean m and covariance

Q, 6

standard Wiener process, 13

cylindrical Wiener process, 39

conditional expectation of X given G, 18

space of all continuous FE-valued, square inte-

grable martingales, 20

class of all L(U, H)-valued elementary processes,

22

[0,T] x Q, 21

Lebesgue measure, 21
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predictable o-field on Qp, 27

stochastic integral w.r.t. W, 22

set of all with respect to u p-integrable mappings
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?([0, ], B([0,

L?-norm on L?(Qp,

L?(Qr, Pr, Pr; LY), 2

NZ(0,T; H)

NE(0,T; H)

space of all stochastically integrable processes, 30

space of all bounded and linear operators from U

to H, 109

L(U,U)

space of all nuclear operators from U to H, 109

trace of Q, 109

space of all Hilbert—Schmidt operators from U to

H, 110

Hilbert—Schmidt norm, 111
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