Almost Periodic
Solutions of Impulsive
Differential Equations

@ Springer




Lecture Notes in Mathematics 2047

Editors:
J.-M. Morel, Cachan
B. Teissier, Paris

For further volumes:
http://www.springer.com/series/304






Gani T. Stamov

Almost Periodic Solutions
of Impulsive
Differential Equations

@ Springer



Gani T. Stamov

Technical University of Sofia
Department of Mathematics
Sliven

Bulgaria

ISBN 978-3-642-27545-6 e-ISBN 978-3-642-27546-3
DOI 10.1007/978-3-642-27546-3
Springer Heidelberg New York Dordrecht London

Lecture Notes in Mathematics ISSN print edition: 0075-8434
ISSN electronic edition: 1617-9692

Library of Congress Control Number: 2012933111
Mathematics Subject Classification (2010): 34A37; 34C27; 34K 14; 34K45

(© Springer-Verlag Berlin Heidelberg 2012

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publishers location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply , even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of
publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for
any errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



To my wife, Ivanka, and our sons,
Trayan and Alezx, for their support and
encouragement






Preface

Impulsive differential equations are suitable for the mathematical simulation
of evolutionary processes in which the parameters undergo relatively long
periods of smooth variation followed by a short-term rapid changes (i.e.,
jumps) in their values. Processes of this type are often investigated in various
fields of science and technology.

The question of the existence and uniqueness of almost periodic solutions
of differential equations is an age-old problem of great importance. The
concept of almost periodicity was introduced by the Danish mathematician
Harald Bohr. In his papers during the period 1923-1925, the fundamentals
of the theory of almost periodic functions can be found. Nevertheless,
almost periodic functions are very much a topic of research in the theory
of differential equations. The interplay between the two theories has enriched
both. On one hand, it is now well known that certain problems in celestial
mechanics have their natural setting in questions about almost periodic
solutions. On the other hand, certain problems in differential equations have
led to new definitions and results in almost periodic functions theory. Bohr’s
theory quickly attracted the attention of very famous researchers, among
them V.V. Stepanov, S. Bochner, H. Weyl, N. Wiener, A.S. Besicovitch,
A. Markoff, J. von. Neumann, etc. Indeed, a bibliography of papers on almost
periodic solutions of ordinary differential equations contains over 400 items.
It is still a very active area of research.

At the present time, the qualitative theory of impulsive differential
equations has developed rapidly in relation to the investigation of various
processes which are subject to impacts during their evolution. Many results on
the existence and uniqueness of almost periodic solutions of these equations
are obtained.

In this book, a systematic exposition of the results related to almost
periodic solutions of impulsive differential equations is given and the potential
for their application is illustrated.

vii



viii Preface

Some important features of the monograph are as follows:

1. It is the first book that is dedicated to a systematic development of almost
periodic theory for impulsive differential equations.

2. It fills a void by making available a book which describes existing literature
and authors results on the relations between the almost periodicity and
stability of the solutions.

3. It shows the manifestations of direct constructive methods, where one
constructs a uniformly convergent series of almost periodic functions
for the solution, as well as of indirect methods of showing that certain
bounded solutions are almost periodic, by demonstrating how these
effective techniques can be applied to investigate almost periodic solutions
of impulsive differential equations and provides interesting applications of
many practical problems of diverse interest.

The book consists of four chapters.

Chapter 1 has an introductory character. In this chapter a description of
the systems of impulsive differential equations is made and the main results on
the fundamental theory are given: conditions for absence of the phenomenon
“beating,” theorems for existence, uniqueness, continuability of the solutions.
The class of piecewise continuous Lyapunov functions, which are an apparatus
in the almost periodic theory, is introduced. Some comparison lemmas and
auxiliary assertions, which are used in the remaining three chapters, are
exposed. The main definitions and properties of almost periodic sequences
and almost periodic piecewise continuous functions are considered.

In Chap. 2, some basic existence and uniqueness results for almost periodic
solutions of different classes of impulsive differential equations are given.
The hyperbolic impulsive differential equations, impulsive integro-differential
equations, forced perturbed impulsive differential equations, impulsive differ-
ential equations with perturbations in the linear part, dichotomous impulsive
differential systems, impulsive differential equations with variable impulsive
perturbations, and impulsive abstract differential equations in Banach space
are investigated. The relations between the strong stability and almost
periodicity of solutions of impulsive differential equations with fixed moments
of impulse effect are considered. Many examples are considered to illustrate
the feasibility of the results.

Chapter 3 is dedicated to the existence and uniqueness of almost periodic
solutions of impulsive differential equations by Lyapunov method. Almost
periodic Lyapunov functions are offered. The existence theorems of almost
periodic solutions for impulsive ordinary differential equations, impulsive
integro-differential equations, impulsive differential equations with time-
varying delays, and nonlinear impulsive functional differential equations are
stated. By using the concepts of uniformly positive definite matrix functions
and Hamilton—Jacobi—Riccati inequalities, the existence theorems for almost
periodic solutions of uncertain impulsive dynamical systems are proved.
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Finally, in Chap. 4, the applications of the theory of almost periodicity to
impulsive biological models, Lotka—Volterra models, and neural networks are
presented. The impulses are considered either as means of perturbations or
as control.

The book is addressed to a wide audience of professionals such as mathe-
maticians, applied researches, and practitioners.

The author has the pleasure to express his sincere gratitude to Prof. Ivanka
Stamova for her valuable comments and suggestions during the preparation
of the manuscript. He is also thankful to all his coauthors, the work with
whom expanded his experience.

Sliven, Bulgaria G. T. Stamov
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Introduction

I. Impulsive Differential Equations

The necessity to study impulsive differential equations is due to the fact
that these equations are useful mathematical tools in modeling of many real
processes and phenomena studied in optimal control, biology, mechanics, bio-
technologies, medicine, electronics, economics, etc.

For instance, impulsive interruptions are observed in mechanics [13, 25,
85], in radio engineering [13], in communication security [79,80], in Lotka—
Volterra models [2-4,76,99,103,106,188,191,192], in control theory [75,104,
118, 146], in neural networks [5,6,36,162,169,175-177]. Indeed, the states of
many evolutionary processes are often subject to instantaneous perturbations
and experience abrupt changes at certain moments of time. The duration of
these changes is very short and negligible in comparison with the duration
of the process considered, and can be thought of as “momentary” changes
or as impulses. Systems with short-term perturbations are often naturally
described by impulsive differential equations [15,20,62,66,94,138].

Owing to its theoretical and practical significance, the theory of impulsive
differential equations has undergone a rapid development in the last couple
of decades.

The following examples give a more concrete notion of processes that can
be described by impulsive differential equations.

Ezxample 1. One of the first mathematical models which incorporate interac-
tion between two species (predator—prey, or herbivore-plant, or parasitoid-
host) was proposed by Alfred Lotka [109] and Vito Volterra [184]. The
classical “predator—prey” model is based on the following system of two
differential equations

{H(t) = H(t)[r1 — bP(t)], (A)
P(t) = P(t)[—ry + cH(t))],

xiii



xiv Introduction

where H(t) and P(t) represent the population densities of prey and predator
at time t, respectively, t > 0, r;1 > 0 is the intrinsic growth rate of the
prey, ro > 0 is the death rate of the predator or consumer, b and c¢ are the
interaction constants. More specifically, the constant b is the per-capita rate
of the predator predation and the constant c is the product of the predation
per-capita rate and the rate of converting the prey into the predator.

The product p = p(H) = bH of b and H is the predator’s functional
response (response function) of type I, or rate of prey capture as a function
of prey abundance.

There have been many studies in literatures that investigate the population
dynamics of the type (A) models. However, in the study of the dynamic
relationship between species, the effect of some impulsive factors, which
exists widely in the real world, has been ignored. For example, the birth
of many species is an annual birth pulse or harvesting. Moreover, the human
beings have been harvesting or stocking species at some time, then the
species is affected by another impulsive type. Also, impulsive reduction of the
population density of a given species is possible after its partial destruction by
catching or poisoning with chemicals used at some transitory slots in fishing or
agriculture. Such factors have a great impact on the population growth. If we
incorporate these impulsive factors into the model of population interaction,
the model must be governed by an impulsive differential system.

For example, if at the moment ¢ = ¢; the population density of the predator
is changed, then we can assume that

AP(ty) = P(t;y) — P(t;;) = ge P(t), (B)

where P(t,)) = P(tx) and P(t}) are the population densities of the predator
before and after impulsive perturbation, respectively, and g € R are
constants which characterize the magnitude of the impulsive effect at the
moment tg. If g > 0, then the population density increases and if g < 0,
then the population density decreases at the moment ¢g.

Relations (A) and (B) determine the following system of impulsive
differential equations

H(t) = H(t)[r, — bP(t)], t# tg,
P(t) = P(t)[—ro + cH(t)], t# ty, (©)
H(tf) = H(ty), P(ty) = P(tx) + gk P(te),

where t; are fixed moments of time, 0 < t; <ty < ..., klim tr = oo.
—00

In mathematical ecology the system (C) denotes a model of the dynamics
of a predator—prey system, which is subject to impulsive effects at certain
moments of time. By means of such models, it is possible to take into account
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the possible environmental changes or other exterior effects due to which the
population density of the predator is changed momentary.

Ezxample 2. The most important and useful functional response is the Holling
type II function of the form

CH
pH) = ———
where C' > 0 is the maximal growth rate of the predator, and m > 0 is
the half-saturation constant. Since the function p(H) depends solely on prey
density, it is usually called a prey-dependent response function. Predator—prey
systems with prey-dependent response have been studied extensively and the
dynamics of such systems are now very well understood [77,88,125,135,181,
192].

Recently, the traditional prey-dependent predator—prey models have been
challenged, based on the fact that functional and numerical responses over
typical ecological timescales ought to depend on the densities of both prey and
predators, especially when predators have to search for food (and therefore
have to share or compete for food). Such a functional response is called a
ratio-dependent response function. Based on the Holling type II function,
several biologists proposed a ratio-dependent function of the form

H cE CH

and the following ratio-dependent Lotka—Volterra model

H(t) = H(t) [Tl —aH(t) - #ﬁi’f@)}’ D
b p KH(t) )
(t) = P()[~r2+ m}’

where K is the conversion rate.

If we introduce time delays in model (D), we will obtain a more
realistic approach to the understanding of predator-prey dynamics, and it
is interesting and important to study the following delayed modified ratio-
dependent Lotka—Volterra system

H(t) = H(t) {7‘1 — a[m k(t — u)H (u)du — % ;

(E)

KH(t - (1)) }

P(t) = P(t) {—Tz TP + H(t— ()
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where k : Rt — R* is a measurable function, corresponding to a delay kernel
or a weighting factor, which says how much emphasis should be given to the
size of the prey population at earlier times to determine the present effect on
resource availability, 7 € C[R,R*].

However, the ecological system is often affected by environmental changes
and other human activities. In many practical situations, it is often the case
that predator or parasites are released at some transitory time slots and
harvest or stock of the species is seasonal or occurs in regular pulses. By
means of exterior effects we can control population densities of the prey and
predator.

If at certain moments of time biotic and anthropogeneous factors act on the
two populations “momentary”, then the population numbers vary by jumps.
In this case we will study Lotka—Volterra models with impulsive perturbations
of the type

H(t) = H(t) [rl - a/t k(t — ) H (u)du

— 00

CP(t—7(t))

_mP(t)—I—H(t)}’ L7 b,

KH(t—7(t))
mP(t)+ H(t —7(t))

P(t) = P(t) [—rg + } t# ty,

HE) =+ ho)H(ty), k=1,2,...,

P(tf) =1+ gi)Pty), k=1,2,...,

where hy, gr € R and tx, k = 1,2, ... are fixed moments of impulse effects,
0<t1<t2<...,klim tr = 00.

—00

By means of the type (F) models it is possible to investigate one of the most
important problems of the mathematical ecology - the problem of stability of
the ecosystems, and respectively the problem of the optimal control of such
systems.

Ezample 8. Chua and Yang [42,43] proposed a novel class of information-
processing system called Cellular Neural Networks (CNN) in 1988. Like
neural networks, it is a large-scale nonlinear analog circuit which processes
signals in real time.

The key features of neural networks are asynchronous parallel processing
and global interaction of network elements. For the circuit diagram and
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connection pattern, implementation the CNN can be referred to [44].
Impressive applications of neural networks have been proposed for various
fields such as optimization, linear and nonlinear programming, associative
memory, pattern recognition and computer vision [30, 31, 35,40-44, 72].

The mathematical model of a Hopfield type CNN is described by the
following state equations

i(t) = —ciwi(t) + Zawfj (¢ (G)
or by delay differential equations
&i(t) = —ciwi(t) + Z aij [ (25 () + > bigfj (w;(t —=75(0)) + L, (H)
j=1

where i = 1,2,...,n, n corresponds to the numbers of units in the neural
network, x;(t) corresponds to the state of the ith unit at time ¢, f;(z;(t))
denotes the output of the jth unit at time ¢, a;; denotes the strength of the
jth unit on the ith unit at time ¢, b;; denotes the strength of the jth unit
on the ith unit at time ¢ — 7;(¢), I; denotes the external bias on the ith unit,
7;(t) corresponds to the transmission delay along the axon of the jth unit and
satisfies 0 < 7;(t) < 7 (7 = const), ¢; represents the rate with which the ith
unit will reset its potential to the resting state in isolation when disconnected
from the network and external inputs.

On the other hand, the state of CNN is often subject to instantaneous
perturbations and experiences abrupt changes at certain instants which may
be caused by switching phenomenon, frequency change or other sudden noise,
that is, do exhibit impulsive effects.

Therefore, neural network models with impulsive effects should be more
accurate in describing the evolutionary process of the systems.

Let at fixed moments ¢, the system (G) or (H) be subject to shock
effects due to which the state of the 7th unit gets momentary changes. The
adequate mathematical models in such situation are the following impulsive
CNNs

xz() szz +Za1]f] LL'] + I, t?’étka t>0,

Awl(tk) = xi(t:) — :vi(tk) = Pik(xi(tk)), k=1,2,...,
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or the impulsive system with delays
CCZ(t) — —cia:i(t) + Z aijfj (.Ij (t))
j=1

+3 bifi (it — (1) + L, tF e, >0, (J)

Jj=1

A:vi(tk) = xi(t:) — :vi(tk) = Pik(xi(tk)), k=1,2,...,

where tx, k = 1,2, ... are the moments of impulsive perturbations and satisfy
0 < t1 <ty < ldots, klim tr = oo and Pi(z;(tr)) represents the abrupt
—00

change of the state z;(t) at the impulsive moment ¢y.

Such a generalization of the CNN notion should enable us to study different
types of classical problems as well as to “control” the solvability of the
differential equations (without impulses).

In the examples considered the systems of impulsive differential equations
are given by means of a system of differential equations and conditions of
jumps. A brief description of impulsive systems is given in Chap. 1.

The mathematical investigations of the impulsive ordinary differential
equations mark their beginning with the work of Mil’'man and Myshkis [119],
1960. In it some general concepts are given about the systems with impulse
effect and the first results on stability of such systems solutions are obtained.
In recent years the fundamental and qualitative theory of such equations
has been extensively studied. A number of results on existence, uniqueness,
continuability, stability, boundedness, oscillations, asymptotic properties, etc.
were published [14-18,20,61,62,87,91-96,124,128,129,136,138,148-151,153—
161,165,166, 178, 199]. These results are obtained in the studying of many
models which are using in natural and applied sciences [2,10,11,59,75,103—
105,121,130,131,152,163,164,167,168,170-176,178].

I1. Almost Periodicity

The concept of almost periodicity is with deep historical roots. One of the
oldest problems in astronomy was to explain some curious behavior of the
moon, sun, and the planets as viewed against the background of the “fixed
stars”. For the Greek astronomers the problem was made more difficult by
the added restriction that the models for the solar system were to use only
uniform linear and uniform circular motions. One such solution, sometimes
attributed to Hipparchus and appearing in the Almagest of Ptolemy, is the
method of epicycles.

Let P be a planet or the moon. The model of motion of P can be written as
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Tlel>\1t + T261>\2t,

where r1, A1 and ry, Ay are real constants. When applied to the moon, for
example, this not very good approximation.

Copernicus showed that by adding a third circle one could get a better
approximation to the observed data. This suggests that if ¢(¢) is the true
motion of the moon, then there exist r1,7r2,...,7, and Ay, Ag,..., A, such

that for all t € R,
() = D rje
j=1

where € > 0 is the observational error. If the numbers A1, A2, ..., A\, are not
all rational multiplies of one real number, then the finite sum is not periodic.
It would be almost periodic in the sense of the following Condition: If for
every positive € > 0, there exists a finite sum

n
Z rje“\ft = p(t)
j=1

<,

and for all ¢t € R,
[f(t) = p(t)] <e,

then the function f(t) is almost periodic.

The idea of Ptolemy and Copernicus was to show that the motion of
a planet is described by functions of this type. The main aspects of the
historical development of this problem can be found in [122,179].

The formal theory of almost periodic functions was developed by Harald
Bohr [26]. In this paper Bohr was interested in series of the form

[e'S)
E 67)\"5
n=1

called Dirichlet series, one of which is the Riemann-zeta function. In his
researches he noticed that along the lines Re(s) = const., these functions
had a regular behavior. He apparently hoped that a formal study of this
behavior might give him some insight into the distribution of values of the
Dirichlet series. The regular behavior he discovered we shall consider in the
following way [55].

The continuous function f is regular, if for every € > 0 and for every t € R,
the set T'(f,e),

T(f.e) = {rs sup|f(t+7) - f(t)] < <}
teR

is relatively dense in R, i.e. if there is an [ > 0 such that every interval of
length [ has a non-void intersection with T'(f,¢).
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It is easy to see that the sum of two regular functions is also regular, and a
uniform limit of functions from this class will converge to a regular function.
Consequently, all regular functions are almost periodic in the sense of Bohr.

Later, Bohr considered the problem of when the integral of an almost
periodic function is almost periodic. Many applications of this theory to
various fields became known during the late 1920s. One of the results
connected with the work of Bohr and Neugebauer [27] is that the bounded
solutions of the system of differential equations in the form

t=Ax+ f

are almost periodic by necessity, when A is a scalar matrix, and f is almost
periodic in the sense of Bohr.

The single most useful property of almost periodicity for studying differen-
tial equations is investigated from Bochner [22]. In this paper he introduced
the following definition.

The continuous function f is normal, if from every sequence of real num-
bers {a,} one can extract a subsequence {ay, } such that

lim f(t+ an,) = g(t)

k— o0
exists uniformly on R. Bochner also proved the equivalence between the
classes of normal and regular functions.

The utility of this definition for different classes of differential equations
was exploited by Bochner in [23,24].

Later on, in 1933 in Markoff’s paper [114] on the study of almost periodic
solutions of differential equations, it was recognized that almost periodicity
and stability were closely related. Here for the fist time it was considered that
strong stable bounded solutions are almost periodic.

After the first remarkable results in the area of almost periodicity in the
middle of the twentieth century a number of impressive results were achieved.
Some examples may be found are in the papers [12,21,47,49, 53, 55-57, 69,
84,97,98,143,180,183,193-195,201].

The beginning of the study of almost periodic piecewise continuous
functions came in the 1960s. Developing the theory of impulsive differential
equations further requires an introduction of definitions for these new objects.
The properties of the classical (continuous) almost periodic functions can be
greatly changed by impulses.

The first definitions and results in this new area were published by Halanay
and Wexler [63], Perestyuk, Ahmetov and Samoilenko [8,9, 127, 136-141],
Hekimova and Bainov [67], Bainov, Myshkis, Dishliev and Stamov [17,18].



Chapter 1
Impulsive Differential Equations
and Almost Periodicity

The present chapter will deal with basic theory of the impulsive differential
equations and almost periodicity.

Section 1.1 will offer the main classes of impulsive differential equations,
investigated in the book. The problems of existence, uniqueness, and
continuability of the solutions will be discussed. The piecewise continuous
Lyapunov functions will be introduced and some main impulsive differential
inequalities will be given.

Section 1.2 will deal with the almost periodic sequences. The main
definitions and properties of these sequences will be considered.

Finally, in Sect. 1.3, we shall study the main properties of the almost
periodic piecewise continuous functions.

1.1 Impulsive Differential Equations

Let R™ be the n-dimensional Euclidean space with norm ||.||, and let
R* = [0,00). For J C R, we shall define the following class of functions:
PC[J,R] = {0 : J = R™, o(t) is a piecewise continuous function with points
of discontinuity of the first kind £ € J at which o(¢t7) and (™) exist, and
o(t)=0o(1)}.

We shall make a brief description of the processes that are modeling with
systems of impulsive differential equations.

Let 2 C R™ be the phase space of some evolutionary process, i.e. the set
of its states. Denote by P, the point mapping the process at the moment ¢.
Then the mapping point P; can be interpreted as a point (¢,x) of the
(n+1)—dimensional space R"™!. The set R x §2 will be called an extended
phase space of the evolutionary process considered. Assume that the evolution
law of the process is described by:

G.T. Stamov, Almost Periodic Solutions of Impulsive Differential Equations, 1
Lecture Notes in Mathematics 2047, DOI 10.1007/978-3-642-27546-3_1,
© Springer-Verlag Berlin Heidelberg 2012



2 1 Impulsive Differential Equations and Almost Periodicity

(a) A system of differential equations

&= f(t,z), (1.1)

where t € R; © = col(x1,x2,...,2,) € 2; f : R x 2 — R,
(b) Sets My, N, of arbitrary topological structure contained in R x {2.
(¢) An operator A; : My — Ny.

The motion of the point P; in the extended phase space is performed in the
following way: the point P; begins its motion from the point (¢o, z(to)), to € R,
and moves along the curve (¢,z(t)) described by the solution z(t) of the
(1.1) with initial condition z(ty) = =g, xo € {2, till the moment ¢, >t
when P, meets the set M;. At the moment ¢; the operator A, “instantly”
transfers the point P, from the position P, = (t1,2(f1)) into the position
(t1,2]) € Niy, ] = Ay, z(t1). Then the point P, goes on moving along the
curve (t,y(t)) described by the solution y(t) of the system (1.1) with initial
condition y(t1) = o] till a new meeting with the set M;, etc.

The union of relations (a), (b), (c) characterizing the evolutionary process
will be called a system of impulsive differential equations, the curve described
by the point P, in the extended phase space—an integral curve and the
function defining this curve—a solution of the system of impulsive differential
equations. The moments ¢1,t9, ... when the mapping point P, meets the set
M, will be called moments of impulse effect and the operator Ay : My — N—
a jump operator.

We shall assume that the solution x(t) of the impulsive differential equation
is a left continuous function at the moments of impulse effect, i.e. that

x(ty) =x(ty), k=1,2,....

The freedom of choice of the sets M;, N; and the operator A; leads to the
great variety of the impulsive systems. The solution of the system of impulsive
differential equation may be:

— A continuous function, if the integral curve does not intersect the set M;
or intersects it at the fixed points of the operator A;.

— A piecewise continuous function with a finite number of points of disconti-
nuity of first type, if the integral curve intersects M; at a finite number of
points which are not fixed points of the operator A;.

— A piecewise continuous function with a countable set of points of disconti-
nuity of first type, if the integral curve intersects M; at a countable set of
points which are not fixed points of the operator A;.

In the present book systems of impulsive differential equations will be
considered for which the moments of impulse effect come when some spatial-
temporal relation &(¢,z) = 0, (t,z) € Rx {2 is satisfied, i.e. when the mapping
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point (¢, 2) meets the surface with the equation &(¢, 2) = 0. Such systems can
be written in the form

= f(t,.%‘), @(t,x) # 0,
Ax(t) = I(t,z(t)), Pt z(t)) =0.

The sets My, Ny and the operator A; are defined by the relations

M, ={(t,z) e Rx 2: d(t,x) =0}, Ny =R x {2,
Ay My — Ny, (t,z) — (t,x+ I(t,x)),

where I : Rx {2 — (2 and t = t;, is a moment of impulse effect for the solution
x(t) if @(tk,.%'(tk)) =0.

We shall give a more detailed description of the following two classes of
impulsive differential equations which have particular interest.

Class 1. Systems with fized moments of impulse effect. For these systems,

the set M, is represented by a sequence of hyperplanes ¢ = ¢, where {t;} is a

given sequence of impulse effect moments. The operator A; is defined only for

t = ) giving the sequence of operators Ay : 2 — 2, x = Az = x + I (x).
The systems of this class are written as follows:

i = f(ta), t 4t (1.2)
Ax(ty) = I(x(ty)), k==+1,%2,..., (1.3)

where Ax(ty) = z(t}) — x(ty), I : 2 5 R", k= +1,£2,....
Let ... < t_1 <ty < t1 <ty <...and lim ¢; = Z£oo. Denote by

k—+o00
x(t) = x(t;t0, xo) the solution of system (1.2), (1.3), satisfying the initial
condition
#(t}) = w(to). (1.4)

The solution x(t) = x(t;to,xo) of the initial value problem (1.2), (1.3),
1.4), is characterized by the following:

(

(a) For t =ty the solution z(t) satisfies the initial condition (1.4).
(b) For t € (tx,tr+1], the solution x(t) satisfies the (1.2).

(¢) For t =t the solution x(t) satisfies the relations (1.3).

Class II. Systems with variable impulsive perturbations. For these systems of
impulsive differential equations, the set M; is represented by a sequence of
hypersurfaces oy : t = 7,(x), k==+1,£2,....

Assume that 75, (v) < 741 (x) forz € 2,k =+1,42,...and lim 7 (x) =00

k— 00
for x € 2 (]C lim 75 (x) = —00).
——00
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We shall assume that the restriction of the operator A; to the hypersurface
oy is given by the operator Ayax = x+ 1) (x), where Ij, : {2 — R™. The systems
of impulsive differential equations of this class are written in the form

&= f(t,.%‘), t# Tk(ZC),
{Ax(t) = Ip(z(t), t=mx(z(t)), k==£1,%£2,.... (15)

The solution x(t) = z(t;to, zo) of the initial value problem (1.5), (1.4) is
a piecewise continuous function but unlike the solution of (1.2), (1.3), (1.4)
it has points of discontinuity depending on the solution, i.e. the different
solutions have different points of discontinuity. This leads to a number of
difficulties in the investigation of the systems of the form (1.5). One of the
phenomena occurring with such systems is the so called “beating” of the
solutions. This is the phenomenon when the mapping point (¢, 2(¢)) meets
one and the same hypersurface o) several or infinitely many times [94, 138].
Part of the difficulties are related to the possibilities of “merging” of different
integral curves after a given moment, loss of the property of autonomy, etc.

It is clear that the systems of impulsive differential equations with fixed
moments of impulse effect can be considered as a particular case of the
systems with variable impulsive perturbations. Indeed, if t = ¢, k =
+1,£2,... are fixed moments of time and we introduce the notation o =
{(t,z) € R x £2: t = tx}, then the systems of the second class are reduced
to the systems of the first class.

Let f:Rx 2 >R, 7: 2 >R, I : 2 >R 2CR" 1g(x) <
Trt1(x), lim 74 (z) = £oo for x € 2.

k—+o0

Now we shall give one such result.
Let p > 0, (to,x0) € R x 2 and
K(to, w0, p) ={(t,2) €ER x 2: plo —xo| <t —to}.

Theorem 1.1 ([15]). Let the following conditions hold.

1. The function f(t,x) is continuous in R X 2 and is locally Lipschitz
continuous with respect to x € 2.
2. The integral curve (t,z(t)), t € R, of (1.5) is contained in R x 2 and

(TkJrlvkarl) € K(Tkaxzvﬂ)a Tk < Tk+1, (16)

where (i, xr) are the points at which the integral curve (t,z(t)), t € R,
meets the hypersurfaces o =t =7;(x) and v} =x;+1;(x;) if (1i,2:) € 0j.

3. The functions 1i(x) are Lipschitz continuous with respect to x € 2 with
constants Ly < p and

(e + I (2) < mp(x) forxze 2, k==+1,+2,....
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Then the integral curve (t,x(t)) meets each hypersurface or at most
once.

Remark 1.1. Condition 1 of Theorem 1.1 is imposed in order to guarantee
the existence and uniqueness of the solution of (1.5).

Corollary 1.1. Theorem 1.1 still holds, if condition (1.6) is replaced by the
condition
lf(t,2)|| < M, for (t,z) € R x {2, (1.7)

where MLy <1, k=+1,+£2,....

Corollary 1.2. Theorem 1.1 still holds, if condition (1.6) is replaced by the
condition (1.7), and condition 3 is replaced by the following condition
3. The functions Ti(x) are differentiable in 2 and

) 1
||M||§Lk<ﬁ, forze R, k=+1,42,. .. (1.8)

Ox
87’]@
sup <—(33 + sIk(x)),Ik(:zr)> <0, k=+1,+2,...,
0<s<1, w2 \ 0T
where (.,.) is the scalar product in R™.
In fact, from (1.8) it follows that the functions 7 (z), k = £1,+2,... are

Lipschitz continuous with constants Ly, and

1
(@ + In(2)) — 7o(x) :/0 <?(z+s[k(x)),lk(a:)>ds <0,

X

i.e. condition 3 of Theorem 1.1 holds.

1.1.1 Existence, Uniqueness and Continuability

Let a < 3. Consider the system of impulsive differential equations (1.5).
Definition 1.1. The function ¢ : (a, §) is said to be a solution of (1.5) if:

1. (t,p(t)) e Rx 2 for t € (a, B).
2. For t € (o,0), t # m(p(t)), k==%1, £2,... the function ¢(t) is
do(t
differentiable and % = f(t,p(t)).
3. The function ¢(t) is continuous from the left in («, 5) and if ¢ = 75, ((t)),

t # B, then o(tT) = p(t)+ I (p(t)), and for each k = +1,£2, ... and some
0>0, s#1(p(s)) fort < s<t+3.
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Definition 1.2. Each solution ¢(t) of (1.5) which is defined in an interval of
the form (to, ) and satisfies the condition ¢(t{) = xg is said to be a solution
of the initial value problem (1.5), (1.4).

We note that, instead of the initial condition x(t9) = o, we have imposed
the limiting condition z(tj) = ¢ which, in general, is natural for (1.5) since
(to, o) may be such that ¢ty = 7 (z0) for some k. Whenever to # 7 (z0), for
all k, we shall understand the initial condition x(tJ) = z¢ in the usual sense,
that is, z(to) = =o.

It is clear that if tg # 7i(z0), kK = £1,42,..., then the existence and
uniqueness of the solution of the initial value problem (1.5), (1.4) depends
only on the properties of the function f(¢,z). Thus, for instance, if the
function f(¢, ) is continuous in a neighborhood of the point (¢g, ), then
there exists a solution of the initial problem (1.5), (1.4) and this solution is
unique if f(¢, z) is Lipschitz continuous in this neighborhood.

If, however, to = 7i(zo) for some k, that is, (to,x¢) belongs to the
hypersurface o, = t = 74(z), then it is possible that the solution z(t) of
the initial value problem

= f(t,x), x(ty) =g (1.9)

lies entirely in oy.

Consequently, we need some additional conditions on f(¢,z) and 7% (x) to
guarantee the existence of solution z(t) of the initial value problem (1.9) in
some interval [to, 8), and the validity of the condition

t # 1 (x(t)) for t € (to, ) and k = £1,+2,....

Conditions of this type are imposed in the next theorem.
Theorem 1.2 ([15]). Let the following conditions hold:

1. The function f: R x 2 — R™ is continuous int # 7(x), k =+1,+£2,....
2. For any (t,x) € R x {2 there exists a locally integrable function l(t) such
that in a small neighborhood of (t,x)

1 (s, )l < U(s)-

3. For each k = +£1,£2,... the condition t; = 1, (x1) implies the existence
of § > 0 such that

t # 11 ()
for all0 <t—t1 < and ||z — z1]] < 0.

Then for each (to,x0) € R X §2 there exists a solution x : [to, 3) — R™
of the initial value problem (1.5), (1.4) for some B > tg.
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Remark 1.2. Condition 2 of Theorem 1.2 can be replaced by the condition:
2. For any k = £1,£2,... and (t,x) € oy, there exists the finite limit of

f(s,y) as (s,y) = (t,x), s> 7(y).

Remark 1.8. The solution x(t) of the initial value problem (1.5), (1.4) is
unique, if the function f(¢,z) is such that the solution of the initial value
problem (1.9) is unique. This requirement is met if, for instance, f(t,z) is
(locally) Lipschitz continuous with respect to « in a neighborhood of (tg, xo).

Now, we shall consider in more detail the system with fixed moments of
impulsive effect:

o= f(t,z), t#t,
Vot oty k=t ... (1.10)

where ¢, < tg41, k==£1,+£2,... and lim {¢; = £oo.

k—+o0
Let us first establish some theorems.

Theorem 1.3 ([15]). Let the following conditions hold:

1. The function f: R x 2 — R™ is continuous in the sets (tx,tr11] x 2, k =
+1,+2,.. ..
2. For each k = £1,£2,... and x € {2 there exists the finite limit of f(t,y)
as (t,y) = (tg,x), t > tg.
Then for each (to,xo) € R x §2 there exists B > to and a solution
x : [to, B) = R™ of the initial value problem (1.10), (1.4).
If, moreover, the function f(t,x) is locally Lipschitz continuous with
respect to x € {2 then this solution is unique.

Let us consider the problem of the continuability to the right of a given
solution ¢(t) of system (1.10).

Theorem 1.4 ([15]). Let the following conditions hold:

1. The function [ : R x 2 — R™ is continuous in the sets (ty,tp41] X 2, k =
+1,42, ...

2. For each k = £1,%2,... and x € {2 there exists the finite limit of f(t,y)
as (t,y) = (tk,x), t > tg.

3. The function ¢ : (o, B) = R™ is a solution of (1.10).

Then the solution @(t) is continuable to the right of B if and only if there
exists the limit

li t) =
Jm () =1
and one of the following conditions hold:

(a) B #ty for each k ==+1,4£2,... and n € £2.
(b) B =t for somek ==+1,+2,... and n+ I(n) € £2.
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Theorem 1.5 ([15]). Let the following conditions hold:

1. Conditions 1 and 2 of Theorem 1.1.11 hold.
2. The function f is locally Lipschitz continuous with respect to x € (2.
3. n+Ix(n) € 2 for each k = +1,4+2,... and n € 0.
Then for any (to,x0) € R X 2 there exists a unique solution of the
initial value problem (1.10), (1.4) which is defined in an interval of the
form [to,w) and is not continuable to the right of w.

Let the conditions of Theorem 1.5 be satisfied and let (tg,z9) € R x £2.
Denote by J+ = J*(tg, z0) the mazimal interval of the form [ty,w) in which
the solution x(t;tg,xo) is defined.

Theorem 1.6 ([15]). Let the following conditions hold:

1. Conditions 1, 2 and 3 of Theorem 1.1.12 are met.
2. (t) is a solution of the initial value problem (1.10), (1.4).
3. There exists a compact Q C 2 such that (t) € Q fort € J*(to, xo).

Then J* (to, o) = (to, 00).

Let o(t) : (a,w) — R™ be a solution of system (1.10) and consider the
question of the continuability of this solution to the left of .

If « # t, k = +1,£2,... then the problem of continuability to the left
of « is solved in the same way as for ordinary differential equations without
impulses [45]. In this case such an extension is possible if and only if there
exists the limit

lim o(t) =n (1.11)

t—ot

and n € (2.

If « = tg, for some k = +1,42,..., then the solution ¢(t) will be
continuable to the left of ¢; when there exists the limit (1.11), n € 2, and
the equation x + I (xz) = n has a unique solution zj € 2. In this case the
extension ¥ (t) of ¢(t) for t € (tx_1,tx] coincides with the solution of the
initial value problem

{1/1 = f(tvw)7 tk—l <t S tka
Y(tr) = o

If the solution ¢(t) can be continued up to t;_1, then the above procedure
is repeated, and so on. Under the conditions of Theorem 1.5 for each
(to,z0) € R x 2 there exists a unique solution z(¢;to,x¢) of the initial
value problem (1.10), (1.4) which is defined in an interval of the form («,w)
and is not continuable to the right of w and to the left of . Denote by
J(to, zp) this maximal interval of existence of the solution z(t;tg,z¢) and
set J= = J (to,x0) = (a,to]. A straightforward verification shows that the
solution x(t) = x(t; to, o) of the initial value problem (1.10), (1.4) satisfies
the following integro-summary equation
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t
zo+ [ f(s,x(s)ds+ > Ip(x(ty)), forteJt,
to

a(t) = ' fostist (1.12)
Zo —|—/ f(s,z(s))ds — Z I (z(ty)), forteJ™.
fo t<ty<to

Now, we consider the linear system impulsive equations

{izA@ﬂ,t#%, (1.13)

Ax(ty) = Brx(ty), k==+1,+2,...,

under the assumption that the following conditions hold:

H1.1. &g <tpy1, k==£1,£2,... and khlf tp, = +oo.
—+o0

H1.2. A€ PC[R,R" "], B, € R"*" k=+1,+2,....

Theorem 1.7 ([15]). Let conditions HI.1 and H1.2 hold. Then for any
(to,z0) € R x R™ there exists a unique solution x(t) of system (1.13) with
z(t§) = o and this solution is defined for t > tq.

If moreover, det(E+ By) # 0, k = £1,42, ..., then this solution is defined
for allt € R.

Let Ug(t,s) (t,s € (tg—1,tx]) be the Cauchy matrix [65] for the linear
equation
(t) = A(t)x(t), thor <t <tp, k=+1,%£2,....

Then by virtue of Theorem 1.7 the solution of the initial problem (1.13),
(1.4) can be decomposed as:

l‘(t;to,,T()) = W(t,tg_),fo, (114)
where

Uk(t,s) as t,s € (tr—1,tr],
Uk_;,_l(t,t;:)(E + Bk)Uk(tk, s)as tp_1 < s <t <t<tpg,
Uk(t,tk)(E + Bk)_lU;H_l(t:,S) as 1 <t <t <s<tpy1,
41
U1 (t65) [[(B + B)U (1, ] 1)(E + Bi)Ui(ti, )
W(ta S) = j=k
as ti—1 < s <t <t <t <Tpy1,
k—1
Uit t:) [[(E+ By) ' Uja(t]  t41) (B + Be) " Ua (], 5)
Jj=1t
as ti1 <t <t <t <8< Tpy,

is the solving operator of the (1.13).



10 1 TImpulsive Differential Equations and Almost Periodicity
1.1.2 Piecewise Continuous Lyapunov Functions

The second method of Lyapunov is one of the universal methods for
investigating the dynamical systems from a different type. The method is
also known as a direct method of Lyapunov or a method of the Lyapunov
functions. Put forward in the end of the nineteenth century by Lyapunov
[111], this method hasn’t lost its popularity today. It has been applied initially
to ordinary differential equations, and in his first work Lyapunov standardized
the definition for stability and generalized the Lagrange’s work on potential
energy. The essence of the method is the investigation of the qualitative
properties of the solutions without an explicit formula. For this purpose we
need auxiliary functions—the so-called Lyapunov functions.

Different aspects of the Lyapunov second method applications for differ-
ential equations are given in [25,39,51,52,64,83,85,86,113,134,147,193].

Gradually, there has been an expansion both in the class of the studied
objects and in the mathematical problems investigated by means of the
method.

Consider the system (1.5), and introduce the following notations:

Gk:{(t,x)ERxQ: Tk_1($)<t<77g(£[])}7 G = U G,
k=+1,42,...
Definition 1.3. A function V : R x £2 — RT belongs to the class Vj, if:

1. V(t,z) is continuous in G and locally Lipschitz continuous with respect to
its second argument on each of the sets Gy, k = +1,£2,.. ..
2. For each k = £1,42,... and (¢}, x) € o there exist the finite limits

V(ty ,xg)=lim V(t,z), V(t;t,z5)= lim V(t2)
(t,m)ﬁ(t(”;,zg) (t,z)%(tg,m(”;)
(t,x)EGY, (t,2)€G 41

and the equality V (¢, x§) = V (5, «§) holds.
Let the function V € Vj and (¢,2) € G. We define the derivative

Viis)(t,x) = 61_1>r(1;1+ sup V(t+6,z+6f(tz) —V(t ).

Note that if = z(t) is a solution of system (1.5), then for ¢ # 73, (x(¢)),
x

k= =£1,42,... we have V(1,5) (t,x) = D(1_5) (t,2(t)), where

D). 5)V(t x(t)) = lim sup (15 [V (t+6,x(t+06) — V()] (1.15)

6—0+t
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is the upper right-hand Dini derivative of V' € Vj (with respect to system
(1.5)).

The class of functions V{ is also used for investigation of qualitative
properties (such as stability, boundedness, almost periodicity) of the solutions
of impulsive differential equations with fixed moments of impulse effect (1.10).
In this case, 74 (x) = t, k = £1,42,..., 0} are hyperplanes in R"*1  the
sets G, are

GkZ{(t,I)ERXQ: tk_1<t<tk},

and the condition 2 of Definition 1.3 is substituted by the condition:
2’. For each k = +1,42,... and x € {2, there exist the finite limits

V(ty, ) = lim V(t, ), V(5 z) = lim V(t,x),
toty toty
t<ty, t>tp

and the following equalities are valid
V(t,,z) = V(ty, x).

For t # ty, k = +1,£2,... the upper right-hand derivative of Lyapunov’s
function V' € Vj, with respect to system (1.10) is

D* Vi1 10)(t, () = lim sup % [V(t+ 6 z(t+0) —V(t,z).

§—0+

In Chap. 3 we shall use the next classes of piecewise continuous Lyapunov’s
functions
Vi = {V ‘R x 2x 2 — RY, Vis continuous in (ty_1, ] x 2 x 2 and
lim V(t,z,y) = V(t,zo, yo)}.

(t,z,y) = (tg ,20,v0)
t>t,

Definition 1.4. A function V' € V; belongs to class V5, if:

1. V(¢,0,0) =0, t € R.

2. The function V (¢, x,y) is locally Lipschitz continuous with respect to its
second and third arguments with a Lipschitz constant H; > 0, i.e. for
1,22 € 2, y1,y2 € 2 and for t € R it follows

\V(t,@1,22) — V(t,y1,y2)| < Hi(||er — 2] + |ly1 — v2l])

on each of the sets Gy, k =+£1,+2,....
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Let VeV, t £ty k==+1,+2,..., 2 € PC[R, 2], y € PC[R, {2].
We introduce

DTV (t,2(t), y(t))

= i sup 2 [V (¢-+ 60(t) + 0 (2, 0(6)) y(0) + 57 (2,5(0) — V(. 2(0),y(0)].

1.1.3 Impulsive Differential Inequalities

In this section we shall present the main comparison results and integral
inequalities we use. The essence of the comparison method is in studying the
relations between the given system and a comparison system so that some
properties of the solutions of comparison system should imply the correspond-
ing properties of the solutions of system under consideration. These relations
are obtained employing differential inequalities. The comparison system is
usually of lower order and its right-hand side possesses a certain type of
monotonicity, which considerably simplifies the study of its solutions.

Define the following class:

PCYJ, 2] = {0 € PC[J,2] : o(t) is continuously differentiable every-
where except the points t at which ¢(t; ) and &(¢;") exist and 5(t;, ) = (ty),
k=+1,+2,...}.

Together with the system (1.10) we shall consider the comparison equation

a(t) = g(t,u(t), t# ty,
{A“(tw = Bi(u(ty)), 1:: +1,42,..., (1.16)

where g : R x RT - RT, By : RT - RT, k= +£1,£2,....

Let to € Rt and ug € RT. Denote by u(t) = u(t;to,up) the solution
of (1.16) satisfying the initial condition u(t]) = ug and by JT (o, ug)—the
maximal interval of type [to, 3) in which the solution w(¢;tg, ug) is defined.

Definition 1.5. The solution u™ :  J* (g, ug) — R of the (1.16) for which
ut(to;to, ug) = up is said to be a mazimal solution if any other solution
u: [to,w) — R, for which u(ty) = ug satisfies the inequality u™(t) > u(t)
for t € J+(t0,u0) N [to,(:}).

Analogously, the minimal solution of (1.16) is defined.

In the case when the function g : RxR* — R is continuous and monotone
increasing, all solutions of (1.16) starting from the point (Zy,ug) € [to, 00) X
RT lie between two singular solutions—the maximal and the minimal ones.

The next result follows directly from the similar results in [94].

Theorem 1.8. Let the following conditions hold:
1. Condition H1.1 holds.
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The function g : RxRT — R* is continuous in each of the sets (tx—1, tx] x
RY, k=+1,42,....

By € C[RY,R*] and ¢i(u) = uw+ Bg(u) > 0, k = £1,£2,... are non-
decreasing with respect to u.

The mazimal solution u™ : J* (tg,up) — RY of (1.16), ut (t{;to, u0) = uo
is defined in R.

The function V € Vg is such that V(ta',xo) < ug,

VT, o+ I(z) <p(V(t,z)), 2€02, t=1t, k==41,42,...,
and the inequality
D 1)V (tz() < g(t, V(L (1), t#th, k=%£1,£2,...
is valid for t € R.

Then
V(t,x(t;to, z0)) < u™(t;to, uo), t € R. (1.17)

In the case when g(t,u) = 0 for (t,u) € R x RT and ¢y (u) = u for

uwe R k=41,42 ... the following corollary holds.

Corollary 1.3. Let the following conditions hold:

1.
2.

Condition HI1.1 holds.
The function V € Vy is such that

Vit o+ I(x) <V(t,x), 2€02, t=ty, k==+1,42,...,
and the inequality
Dalo)V(t,x(t)) <0, t#ty, k==£1,%2,...
is valid for t € R.
Then

V(t, ,’E(f; to,xo)) < V(ta_,l'o), teR.

We shall next consider Bihari and Gronwall type of integral inequality in

a special case with impulses.

Theorem 1.9. Let the following conditions hold:

1.

Condition H1.1 holds.

2. The functions m : R — RT, p: R — R* are continuous in each of the

sets (tp—1,tx], k==+1,42,....

3. C>0, B >0 and
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1MQ§C+/p@m@%+ > Bemite). (1.18)

to to<tp<t

Then
mt) <C [ (4 Belaren. (1.19)

to<tp<t

Proof. We shall proof this theorem by the method of mathematical induction
[138].
Let ¢ € [to,t1]. Then the inequality (1.18) is in the form

m(t) < C +/ p(s)m(s)ds.

to
From the Gronwall-Bellman’s inequality, it follows that
m(t) < Celio P)ds
i.e. for t € [to,?1] the inequality (1.19) holds.

Let the inequality (1.19) holds for ¢ € [tg,tr11], k=1,2,..., k=1 — 1.
Then, for t € (t;,t;+1] it follows

7 k—1
m(t) <C+> B[+ B;)eli Ple)ds

k=1 j=1
t
+Z/tk . CH L By)elio P ds +/t,c p(s)m(s)ds
i k-1 . i k—1
=1+ 3o TI A+ Bl #m 1+ gy = ST+ Bled 7]
k=1 j=1 k=1 j=1

ty

k t t
:cHa+&w%WW+/p@m@@
j=1

Consequently, for the function m(t), t € (t,tx+1] the next inequality holds

where
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Then, from Gronwall-Bellman’s inequality for ¢ € (¢, ti+1] it follows that
m(t) < Celvo pls)ds
or finally

m(t) < C H (1 +[3k)6ftto p(s)ds. O

to<tp <tk

The functions of Lyapunov and differential inequalities defined above are
used in the investigation of stability of the impulsive systems. We shall use
the next definitions for stability of these systems.

Let By, = {z € R, ||z|]| < h}, h>0.

Definition 1.6 ([138]). The zero solution z(t) = 0 of system (1.10) is said
to be:

(a) Stable, if
(VE > 0)(Vt0 S R)(Hé > 0)(V£L‘Q S B(;)(Vt > to) : ||$(t;t0,$0)|| < E.

(b) Uniformly stable, if the number ¢ in (a) is independent of ¢y € R.
(c) Attractive, if

(Vto € R)(3A > 0)(Vxo € By) : tlim [|z(t; o, zo)|| = 0.

(d) Equi-attractive, if

(Vto € R)(IX > 0)(Ve > 0)(Vzo € By)
(3T > 0)(vVt = to +T) : [[x(t; o, o)l < e
(e) Uniformly attractive, if the numbers A and T in (d) are independent of
to € R.
(f) Asymptotically stable, if it is stable and attractive.

(g) Uniformly asymptotically stable, if it is uniformly stable and uniformly
attractive.

Let ¥(t) = ¥(t; o, v0), Y(t) = o € £2, be a solution of system (1.10).
Definition 1.7 ([138]). The solution t(¢) is said to be:
(a) Stable, if

(Ve > 0)(Vtg € R)(35 > 0)(Vao € 2, [|zo — w(t])|| < 9):
||2(t; o, m0) — ()] <e.
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(b) Uniformly stable, if the number § in (a) is independent of ¢y € R.
(c) Attractive, if

(Vto € R)(3X > 0)(Vao € 2, [|lzo — ()] < A)
lim¢ 00 2(¢; to, o) = (1)

(d) FEqui-attractive, if

(Vto € R)(3B > 0)(Ve > 0)(Vxo € 2, ||xo — ¥(t])|| < B)
(Fo > 0)(Vt > to+ o) : ||x(t; to, o) — P(t)]] < e.

(e) Uniformly attractive, if the numbers A and T in (d) are independent of
to € R.

(f) Asymptotically stable, if it is stable and attractive.

(g) Uniformly asymptotically stable, if it is uniformly stable and uniformly
attractive.

(h) Ezponentially stable, if

(3X > 0)(Va > 0)(Vto € R)(Fy = v(ar) > 0)
(Vao € 82, |lzo — 9 (tg )l < a)(VE > to) :
llz(t; to, o) — Y (B)]| < y(a)llzo — W (tg )l exp{—A(t —to)}.

1.2 Almost Periodic Sequences

In this part, we shall follow [138] and consider the main definitions and
properties of almost periodic sequences.

We shall consider the sequence {x}, zp € R", k = +1,+2,..., and let
e >0.

Definition 1.8. The integer number p is said to be an e-almost period of
{zy}, if for each k = +1,+2,. ..

[|Zhyp — k]| < e. (1.20)

It is easy to see that, if p and g are e-almost periods of {z }, then p+¢, p—q
are 2e-almost periods of the sequence {zy}.

Definition 1.9. The sequence {x}, zp € R®, k= 41,42, ... is said to be
almost periodic, if for an arbitrary € > 0 there exists a relatively dense set of
its e-almost periods, i.e there exists a natural number N = N(e) such that
for an arbitrary integer number k, between integer numbers in the interval
[k, k+ N1, there exists at least one integer number p for which the inequality
(1.20) holds.
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Theorem 1.10. Let the following conditions hold:

1. The sequence {x} C Bo, k= =+1,%2,..., is almost periodic.
2. The function y = f(x) is uniformly continuous in By,.

Then:

1. The sequence {xi}, k = +1,£2,... is bounded.
2. The sequence {yr}, yx = f(xx), k= x1,%2,... is almost periodic.

Proof of Assertion 1. Let € > 0 and k be an arbitrary integer number.
Then there exists a natural number N such that in the interval [k, —k + N]
there exists an e-almost period p of {z}.

From -k <p<—-k+ N, weget0<p+ k<N and

< — .
okl < Ml = il + [lontpll < e+ max |lze]

Then the sequence {z} is bounded.
Proof of Assertion 2. For € > 0 there exists § = §(¢) > 0 such that

() = F)] <,

when ||z’ —2”|| < 6, 2/,2" € B,.
If p is a §-almost period of the sequence {zy}, then we have

ynsp = yrll = [1f (@hap) = flan)l] <&, k=142,

Therefore, p is an e-almost period of {yx}. O
Let us now consider the set of all bounded sequences,

BS = {{xk}, op R, k= 11,12,...}

with norm |zx|eo =  sup  ||zg]|.

= yees

Clearly, BS is a Banach space, and the sequence of almost periodic
sequences {:EZL}, k=41,42,..., m=1,2,..., is convergent to the sequence
{yr}, if there exists the limit 77}1_r}noO |23 — ykloo = 0.

Then on the set BS the following theorems hold.
Theorem 1.11 ([138]). Let the following conditions hold:

1. For each m = 1,2,... the sequence {z['}, k = £1,+2,..., is almost
periodic.

2. There exists a limit {yi}, k = £1,£2,... of the sequence {x}'}, k =
+1,+£2,... as m — oo.

Then the limit sequence {yi}, k = +1,£2,... is almost periodic.
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Theorem 1.12. The sequence {x}, k = +1,+2,... is almost periodic if
and only if for any sequence of integer numbers {m;}, i = £1,+2,... there
evists a subsequence {my;}, such that {xx4m, } is convergent for j — oo
uniformly on k = +1,£2,....

Proof. First, let {z}} be almost periodic, {m;} i = +1, +2, ... be an arbitrary
sequence of integer numbers and let € > 0. Then, there exists N = N(¢) such
that in the interval [m; — N, m;] there exists an e-almost period p; of the
sequence {zy}. From m; — N < p; < m;, it follows 0 < m; —p; < N.

Let now ¢; = m;—p;. The sequence {g; } has only finite numbers of elements
and there exists a number ¢ such that ¢; = ¢ for unbounded numbers of
indices zjl
Then, from

||£L’]€+mi — xk'ﬂh” = ||='Ek+m¢ - $k+mi_pi|| <e

it follows that
||Ik+mi1 - $k+q|| <e
J

for k = +1,+2,....
Let us use the decreasing sequence {g;}, ¢; >0, j = £1,42,..., and let
the sequence {4, , } be a subsequence of {Zyim, }, such that |[zim , —
J i

Thyqr]] < €1

Then, we choice a subsequence {4, } from the sequence {4, , } such
that [|Trim, — Tryq2l| < e2. If we coiltinue, we will find a subsejquence
{Thtmr for which [|Zktm,r — Thtqr|| < &r. Finally, we construct a diagonal
sequenc]e {z1 + ng} and we shall proof that it is convergent uniformly on k

for j — oc.
Let € > 0 and the number N’ is such that exs < 5. Then, for 7,5 > N’,
we have

||xk+mi§ - Ikerig | < ||$k+mi; - $k+qN’||

+||Ik+qN/ _‘Ikerig <en’ t+en <ég,

since {m;} and {m;:}, j = £1,%2,..., are subsequences of the sequence
{mf.j_'}, j=41,42,....
Therefore,

||xk+m¢; — Lhtmys || <¢,
and the sequence {Zrym ;}, j = £1,%2,... is uniformly convergent on k.
3

On the other hand, let us suppose that the sequence {z)} is not almost
periodic. Then there exists a number g9 > 0 such that for any natural
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number N, we have N consecutive integer numbers and between them there
is not an gp-almost period.

Let now Ly be such a set of consecutive integer numbers, and let we
choice arbitrary m, and mg, so that m; — mg € L;. Let Ly = L,, and we
choice vy > |my — mo| and mg, such that ms —my, mg — mg € L,,. This is
possible because, if I,{+1,...,l4+ 12 — 1 are from L,, and ma < my, we can
take ms = [ 4+ my, such that ms —my € L,, and from

ms—mo =mg—my+mp—mg <l+vy, mg—mg>1

it follows that ms —mg € L,,.

Now for an arbitrary k, we can choice v, > max  |m, —m,| and mg41
1<p<v<k

such that my41 —m, € L,, for 1 < p < k. Then, for the sequence {my}, we
have

sup [|Tktm, — Thtm,|| = sup [ r—— |
k=+1,42,... k=+1,42,...

On the other hand, m,—ms € L, ,, where r > s and it is not an gp-almost
period. Then, there exists a number k for which ||Zk4m,—m. — Tx|| > €0, and

we have that Sup  ||Tk4m, — Trtm. || = €0, OF ||Thtm, — Thrm. || = €o-
k=+1,%2,...

Therefore, for the sequence {my}, there exists a subsequence {m;, }, such
that the sequence {karmij}, j = £1,4£2,... is uniformly convergent on
k==+1,42,.... Then, there exists an index jg, such that for j,1 > jo, we get
| < &0, which is a contradiction. O

||Ik+mij = Lktm,,
From this theorem, we get the next corollary.

Corollary 1.4. Let the sequences {xr}, {yr}, xr,yr € R™ are almost
periodic and the sequence {ai}, k = £1,42,..., of real numbers is almost
periodic.

Then the sequences {xi + yr} and {apar}, k = £1,£2,..., are almost
periodic.

From Theorem 1.12 and Corollary 1.4 it follows that the set of all almost

periodic sequences {zx}, k = £1,42,..., xx € R™ is a linear space, and
equipped with the norm |zi|c = sup ||zx|| is a Banach space.
Theorem 1.13. Let the sequences {xr}, {yr}, k¥ = £1,£2,..., xp,yx €

R™, are almost periodic.
Then for any € > 0 there exists a relatively dense set of their common
e-almost periods.

Proof. Let € > 0 be fixed. There exist integer numbers N1 = N;(¢) and Ny =
Ny (e) such that between integers in the intervals [, i+ N;| and [, i+ N3] there
exists at least one §-almost period of the sequences {x1}, {y}, respectively.
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Let now N3 = N3(¢) = max{Ni, N2}. Then there exists at least one §-
almost period p; of the sequence {z;} and one §-almost period ps of the
sequence {yi} from the integer numbers in the interval [i,7 + N3]. Since
|[p1 — p2| < N3, then the difference ps — p; has only a finite number of values,
for arbitrary choices of the N3 consecutive integer numbers. The pairs (p1, p2)
and (pf, py,) are said to be equivalent, if |p; — p2| = |p} — pb|. Since |p1 — pa|
can take only a finite number of values, then there exist a finite number
classes of equivalence with respect to this relation of equivalence.

Let we choice arbitrary representative pairs (p],ps), » = 1,2,...,s, and
let Ny = Ny(e) = max Ipi], N = N3+ 2Ny.

We shall show that there exists an e-almost period from integers in [i,
i+ N4, which is common for the sequences {x)} and {yx}. Let 7 be an integer,
p1,p2 be §-almost periods belong to the interval [i + Ny, + Ny + N3], and
the pair (p7, py) be from the same class like (p1,p2, ), so we have |p; — pa| =
[pT — p5|. Then, from p} — pi = p1 — pa, or pj — ph = p2 — p1, it follows
PT —P1 =Py — P2 = =P, 0or p| +p1 =Py +p2=p.

On the other hand, from the inequality |pj| < N4, we have that i <
P1 +p{ <14+ N3+2Ny, =14+ N andi<p1—p’{ <i4+N3+2Ng=1i+ N, ie.
in the both cases i < p < i+ N. Then, the number p is a common e-almost
period for the sequences {zy} and {yx}.

Indeed,
[Zk+p — Tkl = |[Thtpr 2py — Tl S | Thtpy £p7 — Thoreps ||
g g
HThtp — il < 3 + 575
||yk+p — Ykl = ||yk+pzﬁ:p§ -yl < ||yk+pzﬁ:p§ - yk+p2||
g g
+||yk+p2—yk||<§+§:€- O

Theorem 1.14 ([138]). For any almost periodic sequence {zy}, k =

+1,+2,..., xp € R™ there exists uniformly on k the average value
1 k+4+n—1
nlgngoﬁ Zk xp = M(z1) < oo.
J:

Now we shall consider the set B,
B = {{tk}, te € Ryt < fayn, k= 21,42, lim t = :I:oo} of

—+o0
all unbounded increasing sequences of real numbers, and let i(¢,¢ + A) is the
number of the points ¢ in the interval (¢,t + A].

Lemma 1.1. Let {t;} € B be such that the sequence {t}}, t} = tp41 —
ty, k==x1,£2, ... is almost periodic.
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Then, uniformly on t € R there exists the limit

it A)
Jim 22 = p < oo, (1.21)

Proof. We shall show that there exists a nonzero limit

t 1
lim = = = < .
n—oo N P

Without loss of generality, let t_1 < 0 and ¢; > 0. Then,

n—1
nets S
j=1

and .
th  t1 1=,
oo 2N T
n n n;J

The sequence {t;} is almost periodic, and from Theorem 1.14 it follows
that there exists an average value and the finite limit

n—1

1 1
Jm 5 2 G0,
j=1
since 1%,1C > 0.
Then,
1 n—1
im & = a, 1l _ 2
=t S L) =20
=
and there exists 0, 1,)
. 1 v n _
nlgr;o o . (1.22)
Now, from
A et 0y,
i(0,4)  k
for a natural number k and 0 <0, <  sup {t;}, we have
k=+1,42,...
A B tr 0( 1 )
i(0,A) k k7

where o(4) is the Landaw symbol.
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Then, from (1.22) and from the last equality, we get

i)
Jm =

On the other hand, from the almost periodicity of {¢;} it follows

v+k—1
£ - tl‘ <& +2N sup {11} 1.23
P> Z o, {6} (1.23)
Using (1.23), we have
vk—1 k—1
1 L 13 e 2N )
IPVRLES DWIESEE LAl
ji=(w—1)k j=1
where v =1,2,....
Therefore, for
n vk—1 — nk—1 k—1
1 1 =
o Z Z ~3 Z =Y a-130
1)k j=1 3:1 j=1
we have . Lk
nk—1 —1
1 1 e 2N 1
Z ¢l ;tj < 1t S {tj}. (1.24)
Then, from (1.23) and (1.24) it follows
v+k—1
1 1 e 4N
- - _‘ -4 == t1
x 2 topl<gr g,
o ton —tr 1
lim -tk (1.25)
n—r00 n p

uniformly on k = +1,£2,.. ..

Let in the interval [t,¢ + A] there exist i elements of the sequence
{tk}v tv+17t1/+2, ey t,/+i.
Then, we get

A A b —t,+0
_ 4 v+1i v 1 91 < tl .
itt+A) i ; 10l < SU}EQ,__{ e
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Now, it follows that

o BEHA)
ABe T A P

for all t € R. ‘ ‘ a
We shall consider the sequences {t}}, ¢ = ti; — t, k,j = £1,£2,....
It is easy to see that

o=t =ty —th, th—th=t" ij.k==%1,£2,.... (1.26)

O

Definition 1.10. The set of sequences {ti}, ti =tprj—te, k,J =1, £2,..,
is said to be uniformly almost periodic, if for an arbitrary ¢ > 0 there exists
a relatively dense set of e-almost periods, common for all sequences {t] }.

Example 1.1 ([138]). Let {ax}, . € R, k = £1,£2,... be an almost
periodic sequence such that

A
sup ’ak‘=a<—,A>O,
k=+1,42,... 2

and let tp = kA+ ay, k=41,+2, ...
Then
thr1 — Tk ZA—2OZ>0,
and lim ¢ = *oo.
k—+oo

Let € > 0 and p be an %—almost period of the sequence {ay}. Then, for all

integers k and j it follows
‘t?c-i-p — ti‘ = |Ozk+j+p — ueyj| + ’Oszrp — Ozk’ <e.

The last inequality shows that the set of sequences {ti} is uniformly almost
periodic.

Ezample 1.2 ([67]). Let t,, = k 4+ ay, where
1
o = Z|cosk — cosk\/ﬂ, k=41,+£2....
The sequence {tj} is strictly increasing, since we have
1 1 1
thee1 —th =1+ Z|cos(k +1) — cos(k +1)V2| — Z|cosk — cosk/2| > >

and it is easy to see that lim t; = Fo0.
k—+o0
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We shall prove that the set of sequences {tfé} is uniformly almost periodic.
Let € > 0 and p be an %—almost period of the sequence {ay}. Then for all

integers k and j, we have

‘ti+p —t1] = [thrprs = thrp — tirs + bl

< ‘OékerJrj — apqj| + |Oék+p - ak| <g,

and from Definition 1.10 it follows that the set of sequences {tfé} is uniformly
almost periodic.

We shall use the following properties of the uniformly almost periodic
sequences.

Lemma 1.2 ([138]). Let the set of sequences {tl}, t. = ty; —ty, k,j =
+1,£2,..., be uniformly almost periodic. Then for each p > O there exists
a positive integer N such that on each interval of a length p, there exist no
more than N elements of the sequence {t;} and

i(s,t) < N(t—s)+ N, (1.27)

where i(s,t) is the number of points ty, in the interval (s,t).

Lemma 1.3 ([138]). Let the set of sequences {ti}, ti =tpyj —ti, k,j =
+1,%£2,..., be uniformly almost periodic. Then for each € > 0 there exists a
positive number I = [(€) such that for each interval A of a length 1, there exist
a subinterval I C A of a length € > 0, and an integer number q such that

[th —r| <e, k=%1,42,..., rel (1.28)

Lemma 1.4 ([63]). Let the set of sequences {tl}, t, = tpyj —ty, k,j =
+1,42, ..., be uniformly almost periodic, and let the function ®(t) be almost
periodic in sense of Bohr. Then, for each e > 0 there exists a positive | = l(e)
such that for each interval A of a length l, there exists r € A and an integer
number q such that

[th—r| <e, |®(t+7r)—d(t)] <&,

forallk=4+1,42,..., andt € R.

Lemma 1.5 ([63]). Let the set of sequences {ti}, tfe = thyj — t, k,j =
+1,42, ..., be uniformly almost periodic, and let the function ®(t) be almost
periodic in sense of Bohr. Then the sequence {P(tx)} is almost periodic.

Definition 1.11 ([139]). The set T' € B is almost periodic, if for every
sequence of real numbers {s},} there exists a subsequence {s,}, s, = s},
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such that T — s, = {tx — s, } is uniformly convergent for n — oo to the set
T, € B.

Lemma 1.6. The set of sequences {ti}, tf; =tlpt; —ti, k,j =x1,£2,...
1s uniformly almost periodic if and only if for every sequence of real numbers
{s7.} there exists a subsequence {s,}, s, = s, such that T —s, = {tp —s,}
18 uniformly convergent for n — oo on B.

Proof. The proof follows directly from Theorem 1 in [139]. O

In the investigation of the existence of almost periodic solutions of
impulsive differential equations, the question for the separation from the
origin of the sequences {t;} € B is very important. Hence, we always shall
suppose that the following inequality

inf . =60>0
k=+1,£2,...
holds.
‘We shall use, also, the set UAPS, UAPS C B for which the sequences
Y, t = tiy; —ty, k,j = £1,4£2,..., form uniformly almost periodic set
kS k +J J y

and  inf  t; =60>0.
k=+1,42,...

1.3 Almost Periodic Functions

In this part we shall consider the main definitions and properties of almost
periodic piecewise continuous functions.

Definition 1.12. The function ¢ € PC[R,R"] is said to be almost periodic,
if the following holds:

(a) {tx} € UAPS.

(b) For any € > 0 there exists a real number § = §(g) > 0 such that, if the
points ¢’ and t” belong to one and the same interval of continuity of ¢(t)
and satisfy the inequality |t/ — ¢”| < §, then ||p(t') — o(t")|] < e.

(c) For any € > 0 there exists a relatively dense set T such that, if 7 € T,
then ||p(t+7)—@(t)|| < e for all t € R satisfying the condition [t—t;| > €,
k=+1,42,. ...

The elements of T are called e-almost periods.

Example 1.3 ([67]). Let {pr}, ux € R, k = £1,£2,..., be an almost
periodic sequence and {tx} € UAPS, be uniformly almost periodic. Then
the function ¢(t) = pk, tp <t < tr41 is almost periodic.

Now we shall consider some properties of almost periodic functions.
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Theorem 1.15. Every almost periodic function is bounded on the real
line.

Proof. Let the function ¢ € PC [R,R"] be almost periodic, and let the dense
coefficient of the set T; be | = I(1). This means, that between the integer
numbers k and k + [ there exists an integer number p such that

[th — 7| <e.

Let
!/ 1
M = gmax lle(o)l, lle(¢) — (") < M, My >0
for [t —t"| < 1, where ¢/, t”” belong to one and the same interval of continuity
of ¢(t). From Definition 1.12 it follows that for all ¢ € R and |t — t5] > 1,
there exists an l-almost period r such that ¢ + r € [0,{] and ||p(t+r) —
©(t)]| <1. Now, for all t € R, we have ||¢(t)|| < M + My + 1, and the proof is
complete. a

Theorem 1.16. If ¢ € PC[R,R"] is an almost periodic function, then for
any € > 0 there exists a relative dense set of intervals with a fized length
v, 0 <7 < e which contains e—almost periods of the function o(t).

Proof. Let I' be the set of all $-almost periods of the function ¢(t), and
let I be the dense coefficient of I'. Let the number I = §(§) is defined by
the uniform continuity of ¢(t). Hence, if ¢, t” belong to one and the same
interval of continuity of the function ¢(t) and [t' —t"| < 3, then

(@) = ()l < 5.

[

Let for the simplicity v < 5. Set L = [ + v, and consider an arbitrary
interval [a,a 4+ L]. From the definition of the almost period of a function, it
follows that there exists an §-almost period r € [a + ,a + 4 + ], such that
[r—3,7+3] Cla,a+ L]

Let now § be an arbitrary number from the interval [r — 3,7 4 3]. Then,
from the inequality | —r| < §,if ¢’ =t —r+&, t € Ris such that [t — ] > e,
we get [t' —tx| > § and

ot +&) — @I < [l + 1) = o) + lle(t") — @)l
<

+ - == ]

€
2
Theorem 1.17. Let ¢ € PC[R,R"] be an almost periodic function with a

range 'Y C R™. If the function F(y) is uniformly continuous with a domain
Y, then the function F(p(t)) is almost periodic.

Proof. The proof is trivial and we omit the details in this book. ad
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Theorem 1.18. For every two almost periodic functions with points of
discontinuity from the sequence {t;} € UAPS and for arbitrary ¢ > 0, there
exists a relatively dense set of their common e-almost periods.

Proof. Let ¢1(t) and @a(t) be almost periodic functions with a common
sequence {t;} € UAPS of points of discontinuity. From Theorem 1.16 it
follows, that there exist numbers [; and ls, such that each of the intervals
[a,a + 11] and [a, a 4 l5] will contain corresponding §-almost periods r; and
72, which are factors of the number v, 0 <y < §. If we set [ = max{ly,l»},
then there exist a pair of £-almost periods r1 = n’y and 7 = n"y for every
interval of the form [a,a + ], where n’ and n” are integer numbers.

Since r; —ry = (0’ — n”)y = ny and |ny| < I, then the number n~y takes
only finite values, nqy, na7y,...,ny7y . Let they are represented by the pair of
numbers (r{,73), (rf,r3),..., (r},r}) such that r{ —r§ = nsy, s =1,2,...,p.
Set m3x|rf| = A and let [a,a 4+ [ + 2A] be an arbitrary interval with the
length [ + 2A. We choice in the interval [a + A,a + [ + A] two §-almost
periods 71 = n’y and ro = n''v of the functions 1 (t) and s (t), respectively,
and let r; —ro = ngy =r{ —r5. Then, we have

r=r1—71]>712—75 1€ [a,a+1+2A4] (1.29)

All numbers defined by (1.29), which are factors of v, form a relatively
dense set of numbers T. Now we shall show, that there exists a relatively
dense set To C T, such that rg € T and |t — t3| > ¢, k= +1,42,... imply
t+r—ty] > 5.

Let | = I(e) be the dense coefficient of I' and let I’ = I’(¢) be the dense
coefficient of I'”, I'"" is defined by Lemma 1.3, for §. Apparently, the number
~ can be choice so that I < 400, I’ < +00. Set I = max(l,l’). Then, for
every interval [a,a + 1], there exist integer numbers m, m’ and ¢, such that
my, m7y' € [a,a+1"] and

€ €
0 —ml < 5, llgs(t+m) — g0 < o, (1.30)
j=1,2, i=+1,+2,....

The differences m — m’ can take only finite numbers of values n,, s =
1,2,...,p. For every ng, there exist triples (ms, m%, q), which represent the
class defined by the number ng. Let A = 1215232(1) |m’~| and for the intervals

I=la,a+1"4+2\,I' =[a+ X a+ +1"], I’ C I, there exist integer numbers
m’, m, ¢ for which (1.30) holds and m~y, m’y € A.

Let now my —m/y = ngy, or my — m/y = mgy — mly, and m — mg, =
m' —ml. Ifr=(m—ms)y, h =q—qs, then r € A and for i = £1,+2,...
from (1.26) it follows that
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[t =l = 18 = = g, — = T, e, —my+ m]
< |t . —mry|+ tE —ms7|<i+izi-
— 1Mi—gs 1=4s 4 4 2

Now, let [t —tg| >cand t; + e <t <t;41—e. Thent, +r+e<t+r <
tiy1+7r—e. Since [th — 7| < 5fort=0,+1,%£2,..., thentZ—% <T<t2—|—%,
and hence,

3 3
ti+h—ti+ti+€—§<t+7"<ti+1+ti+h+1—ti+1+§—S,ti+h

—|—€<t+ <t c
D) i+h+1 27

i.e.
|t+r—tk|>g, k=+1,42,....

Consequently, the set T is not empty, and it is a relatively dense set on R.
For j =1,2 and r € I}, we get

it +7) = @r @) = ll@; (t + (m" —m)y) — ()|
< st + (m" —mi)y) — @;(t +m'y)]

D) 9

9
+les(6) = @it +m < 5 +

The proof of the next theorem is similar to the proof in the continuous
case.

Theorem 1.19. The sum of two almost periodic functions with points of

discontinuity ty, k = +1,£2,..., {tpr} € UAPS, is an almost periodic
Sfunction.

t
Theorem 1.20. The quotient % between two almost periodic functions
with points of discontinuity t, k= +1,+2,..., {tx} € UAPS, is an almost

periodic function if
inf t 0.
%QR @) >

Now, let we consider the following system of impulsive differential
equations

= AW+ F(8), ¢ £ e,
{M(fk) = Bua(ty) + L(o(t), k=+1,%2,..., 3

where the A : R — R™*" is an almost periodic matrix in the sense of Bohr.
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Lemma 1.7. Let the following conditions hold:

1. U(t,s) is the fundamental matriz of the linear part of (1.31).

2. f(t) is an almost periodic function.

3. The sequence of functions {I;;} and the sequence of matrices {By} are
almost periodic. ‘

4. The set of sequences {t.} is uniformly almost periodic.

Then for every € > 0 and every 0 > 0, there exist 1, 0 < g1 < €, a relatively
dense set T of real numbers and a set P of integer numbers, such that the
following relations hold:

(a) |lUt+7,s+7)=U(t,s)||<e, teR, 7€T, 0<t—s<6.

) |ft+7)—f@O)|l<e, teR, 7T, [t—ty| >e, k==+1,42,....
(¢) ||Briq— Brl|<e, g€ P, k==+1,+2,....

(d) ||Ik+q—fk||<€, qe P, k==+1,£2,....

(e) |th—7|<er, qeP, 7T, k==41,+2,....

Proof. From Theorem 1.15, Theorem 1.18 and [47] it follows that there exists
a relatively dense set containing the common almost periods of the function
f(t) and matrix A(t), which are the factors of the number €2, 0 < g2 < €,
such that

€

[A(t +7) = A@®)I| < 55e™™, [If(t+7) = FOI] <

20
where 7 =neq, [t —tp| >, k==+1,£2,.... B
From Theorem 1.18, we have that, there exist a relatively dense set T' of
real numbers and a set P of integer numbers, such that

3¢ I+ T) = FOl < 5,
where [t —t;| > ¢, [t} —7| <&, 0<e1 <e, i=%1,£2,....

On the other hand, for the sequences {I;} and {Bjy} there exists a
relatively dense sets of their common almost periods. Then there exists a
natural number N between the neighbours factors of the numbers p and g,
such that

1A +7) = A@D)]| <

€ € €
P —me,| < 51 Hivg = Lill < 5. 1Bivg = Bil| < 5, i = £1,%2,.... (1.32)
The difference p— q takes only a finite number of values ny, £k =1,2,... 7.

Then, for every nj we consider the pair of integer numbers (p*, ¢*), for which
the inequalities (1.32) hold. Set M = max |p¥|, and let I + 1,14+ 2,...,1+

N + 2M be N + 2M arbitrary integer numbers. For any NV integer numbers
I+ M+1,...,14+ M+ N, there exists a pair (p, q), such that the inequalities
(1.32) hold, and let p — ¢ = nj. Then, p —p/ = ¢ — ¢ = p, and p is one of
the integer numbers [ + 1,1+ 2,...,l+ N + 2M.



30 1 Impulsive Differential Equations and Almost Periodicity

On the other hand, for every integer number k = +1, 42, ..., we have

e

19
it = Tl < Wi = il + Wi — Bl < 5 + 5

=e.
Analogously, we get ||Biy, — Bil| < e.
Now, let 7 and 7; are almost periods, which are cofactors of 3, corre-
sponding to the pairs (p,q) and (p,¢7).
If we note 7, = 7 — 75, then

A +7) = ADI| < A+ 70) = At = 7)[| + [|A(E = 75) — A@)]]

€ € €
< %€7m0 —|— %67m9 = geime. (133)
Since #], — t}, = t,;, then
J €1 €1
[t — Tl < |t;iofpj -7+ |t;1-07pj -7l < 5 T Ten

On the other hand, from [t} — 7| <1 < § and |t — t;] > €, we get
€
=7 =t > 5, k=£lE2

Indeed, let tp + e < t < tgy1 — €. Then, we have tp, + 7+ < t+ 7 <
thtr —e+7,and tpyp < tp+T74¢€1, thp1 +7T—€1 < tpypt1. Hence ti+p+% <
t+7 <thipy1 — 5, Or [t +7 — 1| > 5. Now, we have

F @+ 70) = FOI <+ 7) = f(E+ 7]
9

5 9

+fE+T) = FOll < 5+

We shall consider the following definition for almost periodic piecewise
continuous functions.

Let T,P € B, and let s(T UP) : B — B be a map such that the set
s(T U P) forms a strictly increasing sequence. For D C R and ¢ > 0, we
introduce the notations 6.(D) = {t +¢, t € D}, F.(D) = N{6-(D).

By ¢ = (¢(t),T) we denote an element from the space PC[R,R"] x B
and for every sequence of real number {s,},n =1,2,... with 6, ¢, we shall
consider the sets {¢(t + s5,), T — sp,} C PC x B, where

T— 8, ={tk —8n, k=x1,£2,..., n=1,2,...}.
Definition 1.13. The sequence {¢,}, ¢n = (on(t),Ty) € PC[R,R"] x B is

convergent to ¢, ¢ = (p(t),T), (p(t),T) € PC[R,R"] x B, if and only if, for
any € > 0 there exists ng > 0 such that n > ng implies
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P(T,Ty) <& [len(t) — @)l <e

uniformly for t € R\ F.(s(T, UT)), p(.,.) is an arbitrary distance in B.

Definition 1.14. The function ¢ € PC[R,R"] is said to be an almost
periodic piecewise continuous function with points of discontinuity of the first
kind from the set T' € B, if for every sequence of real numbers {s,} there
exists a subsequence {s,}, s, = s, , such that 0, ¢ is uniformly convergent
on PC[R,R"] x B.
Now, let 2 C R™ and consider the impulsive differential system (1.10).
Introduce the following conditions:

H1.3. The function f(¢,x) is almost periodic in ¢ uniformly with respect to
x € 2.

H1.4. The sequence {Iy(z)}, k = +1,£2,.... is almost periodic uniformly
with respect to = € (2.

H1.5. The set of sequences {t;} € UAPS.

Let the assumptions H1.3-H1.5 hold, and let {s/,} be an arbitrary
sequence of real numbers. Then there exists a subsequence {s,}, s, =
Sm,,’, such that the sequence {f(t + s, x)} is convergent uniformly to the
function {f*(¢,x)}, and from Lemma 1.6 it follows that the set of sequences
{tx — sn}, k= £1,£2,... is convergent to the sequence t; uniformly with
respect to k = +1,£2,... as n — oo.

By {kn,} we denote the sequence of integers, such that the subsequence
{tk, } is convergent to the sequence t; uniformly with respect to k =
+1,+2,...as 7 — o0.

Then, for every sequence {s],}, the system (1.10) “moves” to the system

T = fs(t,fb), t # ts
{Afﬂ(t@ S Lt k= 21,42, (1.39)

Remark 1.4. In many papers, the limiting systems (1.33) are called Hull of
the system (1.10), and is denoted by H(f, I, tx).

In Chap. 3, we shall use the next class of piecewise Lyapunov functions,
connected with the system (1.33).

Definition 1.15. A function W : R x 2 — R belongs to class Wy, if:

1. The function W(t,z) is continuous on (t,z) € R x 2, t # t§, k =
+1,+2,... and W(¢,0) =0, ¢t € R.

2. The function W (t,z) is locally Lipschitz continuous with respect to its
second argument.
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3. For each kK = +1,+2,... and x € {2 there exist the finite limits

Wty ,x)=lmW(t,z), W(t;", z)=lmW(t,z)
t‘)ti tati
t<tz t>ti

and the equality W (t;™,z) = W (t}, ) holds.

Let the function W € Wy and « € PC[R, {2]. We shall use the upper right-
hand Dini derivative

DTW(t,z(t)) = ali%l+ sup % (W (t+6,(t) + 65t z(t)) — W(t,x(t))].



Chapter 2
Almost Periodic Solutions

In the present chapter, we shall state some basic existence and uniqueness
results for almost periodic solutions of impulsive differential equations.
Applications to real world problems will also be discussed.

Section 2.1 will offer the existence and uniqueness theorems for almost
periodic solutions of hyperbolic impulsive differential equations.

In Sect.2.2, using weakly non-linear integro-differential systems, the
existence and exponential stability of almost periodic solutions of impulsive
integro-differential equations will be discussed.

In Sect. 2.3, we shall study the existence of almost periodic solutions for
forced perturbed impulsive differential equations. The example here, will state
the existence criteria for impulsive differential equations of Lienard’s type.

Section 2.4 will deal with sufficient conditions for the existence of almost
periodic solutions of impulsive differential equations with perturbations in
the linear part.

In Sect. 2.5, we shall consider the strong stability and almost periodicity
of solutions of impulsive differential equations with fixed moments of impulse
effect. The investigations are carried out by means of piecewise continuous
Lyapunov functions.

Section 2.6 is devoted to the problem of the existence of almost periodic
projektor-valued functions for dichotomous impulsive differential systems.

In Sect.2.7, we shall investigate separated solutions of impulsive differ-
ential equations with variable impulsive perturbations and we shall give
sufficient conditions for almost periodicity of these solutions.

Finally, in Sect. 2.8, the existence results for almost periodic solutions of
abstract differential equations in Banach space will be given. Applications for
impulsive predator—prey systems with diffusion will be considered.

G.T. Stamov, Almost Periodic Solutions of Impulsive Differential Equations, 33
Lecture Notes in Mathematics 2047, DOI 10.1007/978-3-642-27546-3_2,
© Springer-Verlag Berlin Heidelberg 2012
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2.1 Hyperbolic Impulsive Differential Equations

In this paragraph, we shall consider the following systems of impulsive
differential equations with impulses at fixed moments

{z‘zA(t)z—i-f(t), t # b, 1)
Az(tk) =bg, k==+1,42,...,
and
i= Az + F(t,2), t # ty, 22)
Az(ty) = In(2(ty)), k= +1,42,.. ., '

where t € R, {tx} € B, A: R>R™" f:R—->R" b,eR”, F:R x 2 —
R™, I, : £2 — R,

By z(t) = z(t;to, 2z0), we denote the solution of (2.1) or (2.2) with initial
condition z(t]) = 20, to € R, 29 € R™. Together with the systems (2.1) and
(2.2), we shall consider the corresponding homogeneous system

3= At). (2.3)

Definition 2.1 ([71]). The system (2.3) is said to be hyperbolic, if there
exist constants o > 0, A > 0 and for each t € R there exist linear spaces
M™(t), and M~ (t), whose external direct sum is M T ()& M~ (t) = R", such
that if 290 € M¥(tg), then for all ¢ > ty the inequality

[|2(; to, 20)|| < al|zolle™ "),
holds true, while if zo € M ~(ty) then for all ¢ < ¢y, we have
[|2(; to, 20)|| < al|zol[e* 7).

In this part, we shall investigate the existence of almost periodic solutions
of systems (2.1) and (2.2), assuming that the corresponding homogeneous
system is hyperbolic.

Introduce the following conditions:

H2.1. The matrix function A € C[R,R"*"] is almost periodic in the sense
of Bohr.

H2.2. The function f € PC[R,R"] is almost periodic.

H2.3. The sequence {by}, k = £1,42,..., is almost periodic.

H2.4. The set of sequences {t]}, t, = tpy; — tn, k = £1,£2,...,
j = +1,+2,.., is uniformly almost periodic, and infit; = 6 > 0.

H2.5. The function F € C[R x 2,R"] is almost periodic with respect to ¢
uniformly in z € 2.
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H2.6. The sequence of functions {I(z)}, Iy € C[2,R"], k = +1,+2,...,
is almost periodic with respect to k uniformly in z € (2.

We shall use the following lemmas:

Lemma 2.1. Let conditions H2.1-H2.4 hold. Then for each & > 0 there exist
€1, 0 < &1 < e, arelatively dense setT" of real numbers, and a set P of integer
numbers, such that the following relations are fulfilled:

(a) ||A(t+71)—A@)|| <e, teR, T€T.

M) ||ft+7)—fO)| <e, teR, T€T.

(c) ||brtqg —brl| <e, g€ P, k==£1,£2,....
(d) [t} —7|<e1, qeP, 7T, k==+1,4+2,....

The proof of Lemma 2.1 is analogous to the proof of Lemma 1.7.

Lemma 2.2. Let the system (2.3) is hyperbolic and the condition H2.1 holds.
Then there exists a non-singular transformation, defined by almost periodic
matriz S(t), S € C[R,R™ "], which reduces the system (2.1.3) into the next
ones

i=Q"(t)x (2.4)
and
y=Q (t)y (2.5)

where z € R¥, y € R*%, Qt € C[R,R¥*¥], Q— € C[R,R(~Fx(=F)] qnd
the following assertions hold true:

1. QT (t) and Q(t) are almost periodic matriz-valued functions.
2. If dT(t,s) and &~ (,s) are the corresponding fundamental matrices of the
systems (2.4) and (2.5), then the following inequalities hold true:

187 (¢, 5)|| <ae 9, > s, (2.6)
187 (t,5)|| <@, ¢ <, (2.7)

where s,t € R, @ > 0.

3. For each ¢ > 0, t € R, s € R there exists relatively dense set T of
e—almost periods, such that for each T € T, fundamental matrices &+ (t, s)
and D~ (t, s) satisfy the inequalities

Bt (t+7,5+7)— Dt (L, s)]| <eKe 2079 ¢ >, (2.8)
|6~ (t+7,5+7)— D (t,s)]| <cKe? %) ¢ <s, (2.9)

where X\ >0, K > 0.



36 2 Almost Periodic Solutions

Proof. Assertions 1 and 2 are immediate consequences of Theorem 1 in [71].
In fact, following the ideas used in [71], we define the matrix S(¢) to be
formed by the vector-columns, which are solutions of (2.3). It follows from
the condition H2.1, that S(¢) consists of almost periodic functions. On the
other hand, the transformation z = S(t)u rewrites (2.3) in the form

= Q(t)u,

where

Q) = s M (AMSEH) - $1)).

Hence, Q(t) is an almost periodic function. The estimates (2.6) and (2.7)
are direct consequences of Theorem 1 in [71].

To prove Assertion 3, let T (¢, s) and &~ (1, s) be the fundamental matrices
of systems (2.4) and (2.5), respectively. Then for each ¢ > 0 the following
relations hold true

8@;(;, s) =Q ()T (t+ 71,5+ 7)+ (Q+(t—|— ) — Q+(t)>¢+(t+7,s+r),
8@73—(575) =Q (M2 (t+7s+7)+ (Qi(t‘FT) - Qi(t))@*(t—kr,s—kr)
and

ST (t+7,8+7)=DT(t,5)
+/: 2 (0,0) (@0 +7) ~ Q7)) (0 + 7.5 + ),
S (t+ 7.5+ 7) =D (13)
+ /: o (t,v) (Q—(v ) - Q‘(v))@‘(v 7,5+ 7)dv.
Therefore,
9+ 7o 1) - @l < [ 19 CIIIQ0+1)
— QT |||F (v + 7,5+ 7)||dv,
=t +7,s+7) =2 (¢,s)] < /:||¢_(tav)||||Q_(U+T)

—Q W2~ (v+ 7,5+ 7)||dv.
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It follows from (2.6), that

|87 (t+7,5+7) = &7 (t,5)]| <eKe 2079 ¢ >,
where in this case K = (@)?.
The proof of (2.9) is analogous. O

From Lemma 2.2 it follows that, by a transformation with the matrix S(¢),
system (2.1) takes on the form

@ =Q* )+ fH(t), t#ty,
Ax(ty) = b, k=+1,42,...,
y=Q (t)y+ f(1), t # tr,
Ay(ty) = b, , k=%1,£2,...,

(2.10)

where z € R¥, y e R*F f*:R - RF, f~:R — R" % b and b, are k
and n — k-dimensional constant vectors, respectively.

In an analogous way, the system (2.2) after a transformation with the
matrix S(t), goes to the form

T=QV (t)x + FT(t,x,y), t # tg,
Ax(ty) = L (x(t), y(tr)), k=£1,£2,...,
y=Q ()y+F (t,z,y), t #tx,
Ay(te) =1, (x(te), y(te)), k=£1,£2,...,

(2.11)

where F© @ R x RF x R*™™% — RF, F~ : R x RF x R** — R"* and
IF  RF x R"F 5 RE, I i RF x Rk — Rk,

Theorem 2.1. Let the following conditions hold:

1. Conditions H2.1-H2./ hold.
2. The system (2.3) is hyperbolic.

Then for the system (2.1) there exists a unique almost periodic solution, which
is exponentially stable.

Proof. We consider the following equations

x(t) = /t Dty 5) fT(s)ds + Y DTt 1)y,

—o0 tp<t
y(t) = / & () (s)ds + 3 @ (1, )b
t te >t

which are equivalent to the (2.10).
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Let € > 0 be an arbitrary chosen constant. It fo_llows from Lemma 2.1 that
there exist sets T" and P such that for each 7 € T and ¢ € P, the following
estimates hold true:

|z(t +7) — ()| =/ 127 (t+ 7,5+ 7) = T (L 9)|[I1£7 (s + 7)llds

t
+/ 127 (& )1 (s+7) = f7(s)llds
+ )BT+ T tg) — B ()16 |
te<t
+ > Nt )l — bl (2.12)
te<t

and
ly(t +7) —y@)ll = /too D™ (t+ 7,5 +7) =2 (L, s)|lI[f7 (s + 7)llds

+/too||¢(t78)llllf(8+T)—f(8)||d8

+ ) NI+ 7 thrg) = 27 (E )11y
>t

+ > 18 () [0k g — br |- (2.13)

t>t,
From Lemma 2.2, (2.12) and (2.13), we have

lz(t+ 7) — z(t)|| < Kie, (2.14)
where

2K @ 2Na 2Na
K= —=swl[fTOll+ ¥+ ——= sw [+

A teRr A1 —e 3 petl 2, —e N
In the same manner, we obtain
ly(t+7) =yl < Kae, (2.15)
where
2K a 2Na 2Na
Ky = —supl|f (¢)||+~+—F sup b, + .
2= sl Ol 5 sl
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The number N, which is defined in the last inequalities, is from Lemma 1.2
Now, from (2.14) and (2.15), we conclude that the solution z(t) = (z(t), y(t))
of system (2.1) is almost periodic.

On the other hand, each solution (z(t),y(t)) of (2.1) can be written in the
form

x(t) = DT (t,tg)x + /t Dt (t,s)ft(s)ds + Z DF(t, )b,

to s<tp<t

y(t) = — /too B (t,8)f " (s)ds + Y & (t,tx)by

t >t

where x is a constant k-dimensional vector.
It follows that, for two different solutions z;(t) and z2(t) of system (2.1)
the estimate

ll22(t) = z2(0)] < @] [21(to) — 22(to)] (2.16)
holds true.
Thus, (2.16) implies that the solution z(¢) of (2.1) is unique and exponen-
tially stable. ad
Let 2 = By,.

Theorem 2.2. Let the following conditions hold:

1. Conditions H2.1, H2.4—H2.6 hold.

2. The system (2.3) is hyperbolic.

3. The functions F(t,z), Ix(z), k = +£1,£2,..., are Lipschitz continuous
with respect to z € By, with a Lipschitz constant L > 0, 1.e.,

[|F(t,21) — F(t, 20)|| + |1k (21) — Ik (22)|] < L]|z1 — 22|,

and they are bounded, i.e. there exists a constant L1 > 0, such that

maz( swp |F@2)l s [I()]) = Ly < oo,
teR,zeBy, k=+1,42,..., z€By,

4. The following inequalities hold

a 2aN
LI(X—’——I—&*)‘) < h,

(T

Then for the system (2.2) there exists a unique almost periodic solution.
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Proof. Denote by AP the set of all almost periodic solutions ¢(t), ¢ €
PCI[R, §2], such that ||¢|| < h.

We define in AP the operator SAP, such that if ¢ € AP, then
¢ = (pt,07), where o : R — RF ¢~ : R — R" % SAPp =
(SAPpT,SAPp™), u = SAPpT is the almost periodic solution of

U= QJr(t)u + F+(ta @(t))vt 7£ lk,
Aulty) = L (p(ty)), k = £1,42, ...,

and v = SAPp~ is the almost periodic solution of

{f} = Q (v + F~(t,p(t).t # tr,
Av(ty) = I (p(t)), k= £1,42, ...

The existence of almost periodic solutions u(t) and v(t), is guaranteed
by Theorem 2.1. In fact, the almost periodicity of the sequence {p(tx)},
k = +1,£2,... follows from Lemma 1.5, and from the method for find-
ing of common almost periods, we obtain that the sequence {Ij(p(tx))},
k = +1,£2,...., is almost periodic, also. The almost periodicity of the
function F(t,(t)) follows from Theorem 1.17. Further on, conditions 2 and
3 imply that SAP(AP) C AP.

Let ¢, 1» € AP. Then, the estimate

/1 2N
154Pg — SAPY|| < La(5 + 1 )lo — Yl

where |¢ — ¥|oo = sup ||p(t) — ¥ (¢)|| holds true.
teR

It follows from condition 3, and from the last inequality, that SAP is
a contracting operator on SAP. Hence, for the system (2.2) there exists a
unique almost periodic solution. a

2.2 Impulsive Integro-Differential Equations

In this section, we shall present the main results on the existence of almost
periodic solutions of impulsive integro-differential systems.

Consider the following linear system of impulsive integro-differential
equations

&= A(t)a(t) +t{ K(t,s)x(s)ds + f(t), t # tr, (2.17)

Ax(tk) = ka(tk), k= :|:1, :|:2, ceey
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where t € R, {t;} € B, A € PC[R,R*™"], K € PC[R%,R"™™"], f €
PC[R,R"™], B, € R"™*™ k= +1,42,....
The solution of (2.17), x(t) = x(t;tg, zo) with initial condition x(t]) =
xg,to € R, z¢p € R", is characterized at the following way:
1. For t # tg, k= +1,+£2,..., the mapping point (¢, z(¢)) moves along some
of the integral curves of the system

& = A(t)z(t) + / K(t,s)z(s)ds + f(1).

2. At the moment t = t;, k = +1,42,..., the system is subject to an
impulsive effect, as a result of which the mapping point is transferred
“instantly” from the position (t,z(tx)) into a position (tg,z(tx) +
ka(tk)). Afterwards, for ¢ < t < tp41 the solution z(t) coincides with
the solution y(t) of the system

§ = Alt(t) + f K(t. 8)y(s)ds + F(O), ¢ % be,
y(tx) = x(tx) + Bra(ty), k=+£1,4£2,...,

At the moment ¢ = t;1, the solution is subject to a new impulsive effect.
We shall, also, consider weakly nonlinear impulsive integro-differential
systems

£(t) = AW)(t) + [ K(ts)a(s)ds + Pt 2(1)). £ # b (2.18)

AI(tk) = BkZE(tk), k= :|:1, :|:2, ceey

where F(t,z) € PC[R x R",R"], and

aRgz, s) _ A(t)x(t) +/K(t,v)R(v,s)dv, § F# by, t# ty,
to

(2.19)
R(t{,s) = (E + By)R(ty,s), k=+1,%2,...,

where R(t, s) is an n x n-dimensional matrix function and R(s,s) = E, E is
the identity matrix in R"™.

Lemma 2.3 ([131]). If R(t,s) is a solution of (2.19), then the unique
solution x(t) = z(t;to, xo) of (2.17) is given by
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x(t) = R(t,to)z(to) + /R(t,s)f(s)ds, z(td) = 2o.

Introduce the following conditions:

H2.7. There exists an n x n-dimensional matrix function R(t,s), satisfying
(2.19).

H2.8. det(E + By) £0, k= +1,+2,. ...

H2.9. plA(t) — R(t,t)] < —a, o> 0, p[.] is the logarithmic norm.

Lemma 2.4 ([15]). Let conditions H2.7-H2.9 hold.
Then
|R(t, 5)|| < Kye*t9), (2.20)

where K1 >0, t > s.

Remark 2.1. In the special case, when in (2.17), K(t,s) = 0, we obtain the
linear impulsive system

{j: =At)z + f(t), t # ti,
AI(tk) = ka(tk), k= :|:17 :|:27 RN

Then, from Lemma 2.3, it follows, respectively, well known variation
parameters formula [94], where R(¢,s) is the fundamental matrix and
R(to,to) = E.

We shall investigate the existence of almost periodic solutions of systems
(2.17), (2.18), and we shall use the following conditions:

H2.10. A(t) is an almost periodic n x n-matrix function.

H2.11. The sequence {By}, k= +1,£2,... is almost periodic.

H2.12. The set of sequences {t]}, k = £1,4+2,..., j = £1,£2,... is
uniformly almost periodic, and infit; =60 > 0.

H2.13. The matrix K (¢, s) is almost periodic along the diagonal line, i.e. for
any € > 0, the set T'(K,e) composed from e-almost periods 7, such
that for 7 € T(K,¢), K (¢, s) satisfies the inequality

|K(t+ 71,54 7)— K(t,s)|| <ee 209,
t > s, is relatively dense in R.
H2.14. The function f(t), f € PC[R,R"] is almost periodic.

H2.15. The function F(t, z) is almost periodic along ¢ uniformly with respect
to x € £2.

We shall use the next lemma, which is similar to Lemma 1.7.
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Lemma 2.5. Let conditions H2.10-H2.12 and H2.1/4 hold. .
Then for each € > 0 there exist e1, 0 < €1 < g, a relatively dense set T of

real numbers and a set P of integer numbers, such that the following relations
are fulfilled:

(a) ||[A(t +7) — A(t)|| <e, teR, 7€T.

) |Ift+7)—f@)|| <e, teR, TET, |t —tgx] >¢, k==41,42,....
(¢) ||Bryq — Bil| <e, g€ P, k=+1,%2,....

(d) [ty — 7| <e1, qe P, 7€T, k=+1,42,....

Lemma 2.6. Let conditions H2.7-H2.13 hold.
Then R(t,s) is almost periodic along the diagonal line and the following
inequality holds

|R(t+ 7,5+ 7) — R(t,s)|| <ele 2= (2.21)

where t > s, I' >0, € >0, 7 is an almost period.

Proof. Let € > 0 and 7 be a common e-almost period of A(t) and K(t, s).
Then, for s # t, t # t}., we have

OR(t+ 1,54+ 7)

5 =AWR{t+71,s+7)+ (At +7) — A(t))R(t+ 7,5 +7T)

t

x/(K(t+r,v+7')—K(t,v))R(v+T,s+7’)dv
t

+ [ Kt oR+ rs - rd,

S

and
Rty +71,s4+7) = (E+ Bp)R(t), + 7,8+ T) + (Bsq — Bp)R(tx + 7,5 + 7),

where ¢}, = t,, — 7 and 7, ¢ are the numbers from Lemma 2.5.
Hence, from (2.19), we obtain

R(t+7,s+7)— R(t,s)

t

= /R(t, u)(A(u+7) — A(w))R(u+ 7,5 + 7)du

S
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/Rtu / (U+T,U+T)—K(U,U)R(U+T,S+T)dv)du

+ > R Byiq — B)R(t, + 7,5+ 7). (2.22)

s<t) <t

From Lemma 2.5, it follows that, if [t —#;[ > e, € R, then ¢}, <t+7 <
thyqr1 and from (2.20), (2.22), we obtain

[|IR(t+ 7,5+ 7)— R(t,s)]| < K125 (e_a(t_s)(t —s)+ %(a_%(t_s)i(&t)e_a(t_s))7

where i(t, ) is the number of points ¢ in the interval (¢, s).
Now, from the condition H2.12 and Lemma, 1.2, it follows that there exists
a positive integer N, such that for any ¢t € R, s € R and ¢t > s the following
inequality holds
i(s,t) < (t—s)N + N.
Therefore,
[|R(t +7,s+7)— R(t,s)|| <ele 5=5)

p N
where t > 5, I'= K22 (1+ N—i—Ta)

The next theorems are the main in this paragraph.
Theorem 2.3. Let conditions H2.7-H2.14 hold.

Then for the system (2.17), there exists a unique exponentially stable
almost periodic solution (t), such that

2K,
< — . .
eIl < = max| £ (2.23)

Proof. Consider the function

t

o(t) = / R(t, s)f(s)ds. (2.24)

— 00

From (2.19), (2.24), and Fubini’s theorem, it follows that

s = [ 20 psyas+ s

— 00

t

= / (A(t)R(t,s)-i— / K(t,u)R(tau)du)ﬂs)derf<t)

— 00
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t t

=A(t)cp(t)+/(/K(t,u)R(u,s)f(s)ds)du

= A(t)p(t) + /K(t,s)ga(s)ds + f(t), (2.25)

where s < t, s # tg, t 1, k==+1,£2,....
On the other hand, for t = t;, k = +1,+2, ..., we have

Ap(tr) = p(t;) — @(tr) = Brep(tr). (2.26)

Then, from (2.25) and (2.26), it follows that ¢(t) is a solution of system
(2.17).
From Lemma 2.4, we obtain

el < [ IR sl lds < 25 max (o)

Let 7 € T, q € P, where T and P are determined in Lemma 2.5. From
Lemma 2.6, it follows that

llp(t +7) — eIl = / |R(t+ 7,5 +7)f(s +7) — R(t,5) [ (s)||ds

— 00

s/Wm@+ns+ﬂ—RW$mu@+ﬂw5

+ / 1Rt )| f (s +7) = f(s)llds

(2.27)

where M = m3§<||f(t)|| The estimate (2.27) means that ¢(t) is an almost

periodic function.
Let n(t) is one other solution of (2.17). Then, from (2.20), it follows that

lle(t) = n(t)]] < Kie= =" jp(to) — n(to)],

and we obtain that the solution ¢(t) is unique and exponentially stable. O
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Theorem 2.4. Let the following conditions hold:

1. Conditions H2.7-H2.18, and H2.15 hold.
2. The function F(t,x) is Lipschitz continuous with respect to x € By, with
a Lipschitz constant L > 0, i.e.

||F(t,$1) —F(t,.fz)” < L”Il _‘r2||7 T1,T2 € Bhv

and F(t,x) is uniformly bounded, i.e. there exists a constant G > 0, such
that
1E(E, )] < G, lz]] < h.

3. The following inequalities hold

K KL
1G<h, — < 1
«

«

Then there exists a unique exponentially stable almost periodic solution of
(2.18).

Proof. Let us denote by AP the set of all almost periodic functions ¢(t),
¢ € PC[R,R"], satisfying the inequality ||¢(t)|] < h, and let |p(t)|ec =
sup [|¢(t)]].
teR

In AP, we define an operator S

t

Se = /R(t,s)F(t,cp(s))ds. (2.28)

— 00

Let ¢ € AP. From (2.28), it follows that

IS¢l < /IIR(LS)IIIIF(t,sD(S))IIdS

t

K
< K, / e =) qds < LYY (2.29)
a
On the other hand, from Theorem 1.17, it follows that the function
F(t,o(t)) is almost periodic, and let 7 be the common almost period of ¢(t)
and F(t, o(t)).
Then,

1St +7) = Se(t)]|

< [ IR+ s+ 1) F(sypls 4 ) = Rt 9)F (s () s

— 0o

< (BT 5 (2.30)
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Hence, using (2.29) and (2.30), we obtain that S(AP) C AP.
Let ¢ € AP, n € AP. From (2.28) and Lemma 2.6, we have

1S¢(t) = Sn(t)]| < / IR, $)I[[[F(s, 0(s)) = F(s,m(s))]|ds

— 00

< B ot) — (D) (2.31)

Therefore, the inequality (2.31) shows that S is a contracting operator
in AP, and hence, there exists a unique almost periodic solution of system
(2.18).

Now, let 1(t) is one other solution of (2.18). Then, Lemma 2.3 and (2.20)
imply that

() = (@)l

t
< Killo(to) = w(to)l[e "~ + /Kle_a(t_s)Lllw(S) —(s)[lds. (2.32)

Set
o(t) = |l(t) — v (t)]]e*®.

From (2.32) and Gronwall-Belman’s inequality, we have
u(t) < Klv(to)exp(/KlLds).

Consequently,

le(t) = ¥(@)]] < Kullp(to) — w(to)||erEm =t

From the last inequality, it follows that ¢(t) is exponentially stable. a

2.3 Forced Perturbed Impulsive Differential
Equations

In this part, we shall consider sufficient conditions for the existence of almost
periodic solutions for forced perturbed systems of impulsive differential
equations with impulsive effects at fixed moments.



48 2 Almost Periodic Solutions

We shall consider the system

{x'_A(t)x+g(t)+uX(t,x,,u), t # t, (2.33)
Az(ty) = Bra(ty) + gx + pXi(x(te), ), k=+£1,4£2,..., '

where t € R, {tx} e B,A: R >R g: R > R", pe M CR, X:
Rx2xM—R" By € RV, g € R™, Xp: 2 x M — R", k= +1,42, ...,
Denote by z(t, u) = 2(¢; to, 2o, ) the solution of (2.33) with initial condi-
tion z(ty, 1) = z0, w0 € 2, p € M.
We shall use the following definitions:

Definition 2.2. The system

P = A+ 9(0), 1 £ 1, .
Ax(ty) = Brx(ty) + gr, k= =+1,%+2,..., '

is said to be generating system of (2.33).

Definition 2.3 ([56]). The matrix A(t) is said to has a column dominant
with a parameter o > 0 on [a, b], if

ai;(t) + Z |aji(t)| < —a <0,
J#i

for each 4,5 =1,...,n, and t € [a, b].

Introduce the following conditions:

H2.16. The matrix function A € C[R,R™*"] is almost periodic in the sense
of Bohr.

H2.17. {By}, k= =+1,4£2,... is an almost periodic sequence.

H2.18. det(E + By) # 0, k = £1,+2,... where F is the identity matrix in
Rnxn.

H2.19. The function g € PC[R,R"] is almost periodic.

H2.20. {gx}, k= +1,£2,...is an almost periodic sequence.

H2.21. The function X € C[R x 2 x M,R"] is almost periodic in ¢ uniformly
with respect to (z,u) € 2 x M, and is Lipschitz continuous with
respect to z € By, with a Lipschitz constant [, > 0, such that

X (t, 2, 1) — X (¢ y, Wl < hllz —yll, 2,y € B,
for any t € R and p € M.

H2.22. The sequence of functions { X (z,p)}, k= +1,£2,..., X € C[2 %
M,R"™] is almost periodic uniformly with respect to (z, u) € 2 x M,
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and the functions X}, are Lipschitz continuous with respect to x € By,
with a Lipschitz constant I > 0, such that

[ Xk (2, 1) — Xic(y, Wl < 2|z —y[|, 2,y € Ba,

for k==+1,+2,..., pe M.
H2.23. The set of sequences {t]}, t] =tpy; — tu, k= £ 1,£2,..., j =
+1,42,... is uniformly almost periodic, and infit; = 6 > 0.

We shall use the next lemma, which is similar to Lemma 1.7.

Lemma 2.7. Let conditions H2.16, H2.17, H2.19, H2.20 and H2.23 hold.
Then for each € > 0 there exist €1, 0 < €1 < €, a relatively dense set T of
real numbers, and a set P of integer numbers, such that the following relations

are fulfilled:

(a) |A(t+7) — A(t)]| <e, teR, T€T.

() llgt+7)—gt)|| <e, teR, T€T, |t —tgx] >e, k=41,42,....
(¢c) ||Bi+q — Brll <&, q€ P, k=41,+2,....

(@) |lgr+q — gkl <&, g€ P, k=+1,£2,....

(e) |t} —7|<e1,qe P, 7€T, k=+1,£2,....

Lemma 2.8. Let conditions H2.19, H2.20 and H2.23 hold.

Then there exists a positive constant Cy such that

maz(sup [|g(t)|[, sup  |[gkl]) < C1.
ter k=+1,+2,...

Proof. The proof follows from Lemma 1.7. O
Lemma 2.9 ([138]). Let the following conditions hold:

1. Conditions H2.16-H2.18 and H2.23 are met.
2. For the Cauchy matriz W (t, s) of the system

= A(t)z, t #tg,
AI(tk) = ka(tk), k= :|:17 :|:27 ceey

there exist positive constants K and \ such that
W (t, )] < Ke ),

where t > s, t,s € R.

Then for anye >0, t e R, s € R, [t —tx| > >0, |[s—tg| > ¢, k=
+1,%£2,..., there exists a relatively dense setI" of e-almost periods of matriz
A(t) and a positive constant I', such that for 7 € T it follows
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W (t+7,s+7) = W(t,s)|| <ele 309,

Now, we are ready to proof the main theorem.
Theorem 2.5. Let the following conditions hold:

1. Conditions H2.16-H2.23 are met.
2. There exists a positive constant Ly, such that

mar{ sup ||X(tz,p)ll sup ([ Xi(z,pll} < Lo

b
tER k=+1,+2,...
(z,u)EQRXM (w,n)EQXM

3. For the generating system (2.34), there exists a unique almost periodic
solution.

Then there exists a positive constant po, po € M such that:

1. For any p, |u| < po and C < Cy, where the constant C1 is from Lemma 2.8,
there exists a unique almost periodic solution of (2.33).
2. There exists a positive constant L such that

| (t, p1) — x(t, p2)|| < Lips — pol,

where t € R, |u;| < po, i =1,2.

3. For |u| — 0, z(t, ) converges to the unique almost periodic solution of
(2.34).

4. The solution x(t, ) is exponentially stable.

Proof of Assertion 1. Let we denote by AP, the set of all almost periodic
functions (¢, 1), ¢ € AP € PC[R x M,R"| satisfying the inequality ||o|| <

C,and let |pleoc = sup ||t w)||
teR, peM
In AP, we define the operator .S,

Se = /_too Wi(t,s) (9(8) + 1 X (s, (s, 1), u))ds

+> W(tatk)(gk + u Xk (e(tr, M)aﬂ))- (2.35)

te<t

From Lemma 2.8 and Lemma, 2.9, it follows

ISell = [ 1w (e (lo(o)-+ ell X st ) ) s

— 00

+ S W1 (gl + Ll X (ot ), 1)1
K KN )

<(Ci+ |M|L1)(X R gy
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Consequently, there exists a positive constant pq such that for pu €
(—p1, 1) and C = (Cy + |M|L1)(§ + ﬂ) < (1, we obtain

1—e— A
ISl < C. (2.36)

Now, let 7 € T, ¢ € P, where the sets T and P are determined in
Lemma 2.7. From Lemma 1.5 and Theorem 1.17, we have

[[S(t + 7, 1) — Se(t, )]

< [ Wi s+ n - wies)(lgts + 7

1lllX (s + 7ol 7)) ) ds
[l (s + 1) - gl

+ | X (s +7,0(s +7,1), 1) — X(S,so(sau)w)ll)ds
+ DWW+ Toterq) = W )| (llgedl

tp<t

|l X g (P (tatar 1), )11

+ S IW )l (llgnra — gl

tp<t

|l X (g ), 1) = X (ot ), )

<<+ Mm)(% + %) O+ M)(% + %)) (2.37)

Thus, by (2.35) and (2.36), we obtain Sy € AP.
Let ¢ € AP, ¢ € AP. Then from (2.35), it follows

IS¢ — Sy < |M|[ W (t, )11 X (s, 0(5, 1), 1) = X (s,35(s, ), )| ds

kD IW S X0 (s 1), 1) = X (@t 1), )|

tp<t
l2

e



52 2 Almost Periodic Solutions

Since there exists a positive constant pg < pq such that

1y lo
MOK(X + l—e*A> <L

we have that S is a contracting operator in AP.

Proof of Assertion 2. Let ¢; = @,(t, 1), 7 =1,2, and |p | < po-
Then,

t

lon = all <l =gl ([ 1IW (e S)IIX 52015 pa) s s

— 0o

+ I X (s ), 1))

t <t

el ([ WP s pa(s,m). ) = X502l na). s

— 00

SN ABIPACKTNENTES ACHONTNTSI)

te<t
< Llpa — pol, (2.38)
where ; ; ; N
_ l 2 B 1 2
L_LlK(AJH—efA)(l “OK)K(A+1—67A)'
Proof of Assertion 3. Let we denote by x(t) the almost periodic solution of
(2.33).

From (2.35) and Lemma 2.9, it follows

t

lattop) =l < 1l [ WX 551 ds

— 00

+ 2w tlIXe (et 1), )

te<t

1 N
(N
< Il )\+1—e_>‘

Then x(t, u) — x(t) for |u| — 0.

Proof of Assertion 4. Let y(t) be an arbitrary solution of (2.34). Then using
(2.35), we obtain

y(t) — x(t, p) = W(t, to) (y(to) — x(to, 1))

([ W) (X(s.5(5), 1) = X (5,5, 1), 1) ds

to

DT W) (Xaly(t) ) — Xi(alte, ), m))-

to<tr<t
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Now, we have
ly(8) — a(t, w)l| < Ke 7|y (to) — a(to, )|

t
+lul( [ Kue 9 y(s) — as, ) lds

to

+ 3 Klge**“*tk’IIy(tk)—w(tkau)H)'

to<tp<t

Set u(t) = ||y(t) — z(t, u)||e~* and from Gronwall-Bellman’s inequality,
it follows

lly() = 2(t, w)l| < Klly(to) —(to, w)l|(L + [ K1) o eATIRIETR) )

where i(t, s) is the number of points ¢ in the interval (¢, s). Obviously, if there
exists u € M such that N In(1+|u|Kl1)+|u|Kl2 < A, then the solution x (¢, 1)
is exponentially stable. a

Lemma 2.10. Let the following conditions hold:

1. Conditions H2.16, H2.17 are met.
2. The matriz-valued function A(t) has a column dominant with a parameter
a>0 forteR.

Then for the Cauchy’s matriz W (t, s) it follows
W (t,s)|| < Kem2),

wheret € R, seR, t>s, K >0.
Proof. The proof follows from the definition of matrix W(t, s). O

Example 2.1. We consider the following system of impulsive differential
equations of Lienard’s type:

k
+g;i+uXk(x(tk)7 (), 1), (2.39)
) @(tr), 1), k= +1,+2,.

where t € R, x € R, u € M, {tx} € B, the functions f € PC[R,R], ¢q €
PC[R,R] are almost periodic, the function h € C[R? x M,R] is almost
periodic in ¢ uniformly with respect to x,2 and pu, b7' € R, g* € R, the
sequences {b'}, {g"} are almost periodic, X € C[R? x M,R] and the
sequences {X'}, k= £1,£2,..., m = 1,2, are almost periodic uniformly
with respect to z, 2 and pu.
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Set

y
g = (af(t) —a® = f(t))x — ay — q(t) + ph(t, 2, p),

= gyc)’ Al) = (a];f((tt))—a 2 f(t) —1a>’ X = (2)’

(
5= )
-

) —a) X} + X3
: 0)
() —a)by — b3 (f(tk) — a) b}

1
_ Ik _ 0
Ik = » g(t) = :
()=o) 10 = L)
Then, we can rewrite system (2.39) in the form

{z—A(t>z+g(t)+uX(t,z,u>, t # t,

Now, the conditions for the column dominant of the matrix A(t) are

l<a< = ( —1+\/ )—1) +4f(t)—4f(t)),
a—f(t)+|aft)—a —f(t)‘<0,

ie.
(F(1) = 1)* <4f() < (F() +1)%, (2.40)
2f(t) — f(t) —2> 0. '
Theorem 2.6. Let the following conditions hold:

1. Condition H2.23 and the inequalities (2.40) are met.

2. bpb 4+by + b +140, k==+1,42,....

3. The functions h(t,x,z,pn), Xg(x,&,u) are Lipschitz continuous with
respect to x and & uniformly fort € R, k = +1,+2,..., and p € M
respectively.

Then there exists a positive constant po, po € M such that:

1. For any p, || < po the system (2.39) has a unique almost periodic solution.

2. The almost periodic solution is exponentially stable.

3. For |u| — 0 the solution is convergent to the unique almost periodic
solution of the system
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S AWz 1 olt), £ £ 1,
Az(ty) = Brz(te) + gr, k=+£1,42,....

Proof. The proof follows directly from Theorem 2.5. ad

Now, we shall consider the following systems

z = f(t,x), t # tg,
{ A;v(tk) = Ik(x(tkl;), k= :|:1, :|:2, ceey (2-41)
and
{:.E_f(tvx)+g(t)+ﬂX(taxaU)v t?’étkv (242)
Ax(ty) = In(x(tr)) + gk + uXp(x(tr), p), k==+1,+2,.... '

Introduce the following conditions:

H2.24. The function f € C[R x 2, R"] is almost periodic in ¢ uniformly with
respect to x € {2 and it is Lipschitz continuous with respect to x € By,
with a Lipschitz constant I3 > 0, such that uniformly in ¢t € R

1f @t 2) = f(& o)l < sllz —yll, =,y € B

H2.25. The sequence of functions {I;}, I € C[2,R"], k = £1,+2,... is
almost periodic uniformly with respect to € (2, and the functions
I}, are Lipschitz continuous with respect to x,y € Bj, with a Lipschitz
constant l4 > 0, such that

Mk () = Ie(y)l| < lallz = yl],

where z,y € By, k=+1,4+2,....

We shall suppose that for the system (2.42) there exists an almost periodic
solution ¢(t), and consider the system

b= P e, 10,
(2.43)
Az(ty) = %@p(m), k=+1,42,....

Let

Li(0) = sup |[[f(t,0(t) +2) = f(£, @),

teR, z€Bs

Ly(6) = sup 11k (p(te) + 2) — Ii(o(te))]l-
k=+1,42,..., 2€Bs
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Theorem 2.7. Let the following conditions hold:

1. Conditions H2.19-H2.25 are met.

2. Condition 2 of Theorem 2.5 holds.

3. For the Cauchy’s matriz W1(t,s) of the system (2.43), conditions of
Lemma 2.3.5 are met.

4. There exist positive constants Cy, C1, Co and py such that

K of K
X(l?’ + poli + sup ||%(t7@(f))||) + ﬁ(ls + pola

0
i oz U <1,
k:isllﬁz... I Oz (e k>)||)

K of
T (Ot oLy +sup |50 o))

K p
+ Y (C2 + poly + k:fﬁihn ||%(S"(tk))||> < Co.

Then there exists a positive constant ug € M, and for any p, |p| < uo,
system (2.42) has a unique almost periodic solution, such that:

L z(t, 1) — (@[] < Co.

2. lim x(t,pu) = x(t,0).
|| =0

3. The solution x(t, ) is exponentially stable.

Proof. Set x = z + ¢(t) and from (2.43), it follows the equation
. of

ox
AZ(tk) = Lj(w(tk)) + Rk(z(tk)) + ,UX(Z(tk) + <P(tk,,u), ‘u)7 (2.44)

k=41,42, ...,

where

R(t,2) = f(t, o(t) +2) — f(t.o(t)) + g(t) g

Ry (2) = Ix(p(t) + 2) — I(p(tk)) + gr — %(sﬁ(tk))-

(t, go(t))z,

Let AP, AP C PC[R x M,R"] is the set of all almost periodic functions
o(t, p), satisfying the inequality ||¢|| < Co.
Let us define in AP an operator Sy,

Sz = / ; Wa(t, ) (R(t,2(5)) + pX (s, 2(5) + o(s), ) ) ds

+ Z Wi (t,tk)(Rk(Z(tk)) + puXk(z(tr) + (p(tk))>. (2.45)

tp<t
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From (2.45), Lemma 1.5, Theorem 1.17, Lemma 2.8 and the conditions of
Theorem 2.7 it follows that the operator S, is contracting in AP. Hence, there
exists a unique almost periodic solution z(t, ) of system (2.44). Moreover,
x(t, ) = z(t, u) + p(t) is an almost periodic solution of (2.42). The proof of
Assertions 1-3 are analogous to the proof of Theorem 2.5. O

2.4 Perturbations in the Linear Part

In this paragraph, sufficient conditions for the existence of almost periodic
solutions of differential equations with perturbations in the linear part, are
obtained.

We shall consider the system of impulsive differential equations

i=Alt)z+ f(t), t # t,
{Ax(tk) = Apz(ty) +lg, k==+1,+2,..., (2.46)

where t € R, {tx} € B, A: R — R"™" f:R — R", A, € R"*" [, € R,
E==£1,4£2,.... By z(t) = x(t; to,x0) we denote the solution of (2.46) with
initial condition z(t;) = zo, to € R, z¢ € (2.

Together with the system (2.46), we shall consider the following systems
of impulsive differential equations with perturbations in the linear part:

{:b = (A(t) + B(t))z + f(t), t #ty, (2.47)
Ax(ty) = (Ak-l—Bk)x(tk)-f—lk, k==+1,42,..., '

and

{;b = (A(t) + B(t))z + F(t,x), t # ty, (2.48)

Ax(ty) = (Ak + Bk)x(tk) + In(2(ty)), k==+1,+2,...,

where B : R — R"™ " F : R x 2 — R", B, € R, and I : 2 — R",
k=+1,42, ...

Introduce the following conditions:

H2.26. The matrix function A € C[R,R™*"] is almost periodic in the sense
of Bohr.

H2.27. det(FE + Ay) # 0, where F is the identity matrix in R™, and the
sequence {Ay}, k= 41,%2,.. . is almost periodic.

H2.28. The set of sequences {1}, t, = tpy; —te, k = £1,£2,..., j =
+1,42, ... is uniformly almost periodic, and in fxt) = 6 > 0.

H2.29. The function f € PC[R,R"] is almost periodic.

H2.30. The sequence {l}, k = £1,42,... is almost periodic.
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H2.31. The matrix function B € C[R,R"*"] is almost periodic in the sense
of Bohr.
H2.32. The sequence {Bj}, k= +1,+2,... is almost periodic.

Let us denote with W (¢, s) the Cauchy matrix for the linear impulsive
system

{A.I(tk) :Akx(tk), k = :|:Li2,.”7 (249)

and with Q(¢, s) the Cauchy matrix for the linear perturbed impulsive system

{;b = (A(t) + B(t))z, t # ts,
Az(ty) = (Ak + Bi)z(ty), k= +£1,£2,....

In this part, we shall use the following lemmas:

Lemma 2.11 ([138]). For the system (2.46) there exists only one almost
periodic solution, if and only if:

1. Conditions H2.26-H2.30 hold.
2. The matriz W (t, s) satisfies the inequality

W (t,5)|| < Kem (=), (2.50)

where s <t, K >1, a>0.

Lemma 2.12 ([148]). Let the following conditions hold:

1. Conditions H2.26-H2.28, H2.31 and H2.32 hold.
2. For K>1, a>0 and s <t, it follows

[|[W(t, )] < Keolt=s),
Then:

1. If there exists a constant d > 0 such that

sup ||B(t)|| <d, sup |[|Bkl| <d,
tE(to,00) ty € (to,00)

then _
1|Q(t, s)|| < Kef(ade)(tfs)Jrz(s,t)’ (2.51)

where s < t.
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2. If there exists a constant D > 0 such that

| 1@+ Y 184 < b,

to to<tk

then
1Q(t, 5)|| < KeXPema(t=2), (2.52)

where s < t.
The proof of the next lemma is similar to the proof of Lemma 1.7.

Lemma 2.13. Let the conditions H2.26-H2.32 hold. Then for each € > 0
there exist 1, 0 < €1 < g, a relatively dense set T of real numbers and a set
P of integer numbers, such that the following relations are fulfilled:

(a) ||[A(t +7) — A(t)|| <e, teR, T€T.

(b) |B(t+7)—B(t)||<e, teR, 7€T.

(c) |1fit+71)—ft)||<e, teR, T€T.

(d) ||Aktq — Akll <e, g€ P, k=+1,£2,....

(e) ||Br+q — Bil| <&, g€ P, k==+1,%£2,....

(f) ||lk+q—lk|| <eg, g€ P, k_: +1,4+2,....

(9) It} —7|<e1,qe P, 7€T, k=+1,£2,....

Lemma 2.14 ([148]). Let the conditions H2.31 and H2.32 hold. Then there
exist positive constants di, and ds, such that

sup ||B@®)|| <dyi, sup ||Bil|| < da.
tE€(to,00) ti €(to,00)

Lemma 2.15. Let the following conditions hold:

1. Conditions H2.26-H2.28, H2.31 and H2.32 are met.
2. The following inequalities hold

(a) [|W(t,s)|| < Ke (%) where s <t, K >1 and a >0,
(b) v=—a—Kd— N(1+ Kd) >0,

where d = max(dy, ds), di and ds are from Lemma 2.1/, N is the number of
the points ty, lying in the interval (s,t).

Then for each € > 0, t € R, s € R there exists a relatively dense setT' of
e-almost periods, common for A(t) and B(t) such that for each T € T the
following inequality holds

1Q(t+7,s+7)—Q(t,s)|| < ele (%), (2.53)

1 Nd
where I' = —2KNO+ED (1 4 N 4 T)
v

Proof. Let T and P be the sets, defined in Lemma 2.13.



60 2 Almost Periodic Solutions

Then for 7 € T and q € P the matrix Q(t + 7,5 + 7) is a solution of the
system

%—Cf = (A{t)+B)Q(t+7,s+T7)

+(A(t+7)+B(t+71)— A(t) - B1))Q(t + 7,5+ 1), t # 1],
AQ(t;c) (Ak —I—Bk)(Q(fl +T,S+T))
+(Ak+q+Bk+q — A — )Q(ti’g""TvS""T)a

where k = £1,42,..., t}, =t, — 7.
Then

Qt+T7,s+7)—Qt,s) /Q A(c+7)+ B(o+ 1) — A(o)

- (U))Q(O’+T$+Td0'+ Z +)

s<t) <t

X (Aksq + Bryg — Ax — Br)Q(t, + 7,5+ 7).
From Lemmas 1.2 and 2.13, we have

1Q(t + 7,5+ 1) = Q(t, 5)|| < eK MK (7)1 )
+i(s,t)e V7)) < el 579, O

The proof of the next lemma is analogously.
Lemma 2.16. Let the following conditions hold:

1. Conditions H2.26-H2.28, H2.31 and H2.32 are met.
2. The following inequalities hold

(a) |[W(t,s)|| < Ke =9 where s <t, K>1, a >0,
(b) / |[B(o)||do + Z ||Br|| < D, D >0, where s <t, D> 0.

to to<ty

Then for each ¢ > 0, t € R, s € R there exists a relatively dense set T
of e-almost periods, common for A(t) and B(t) such that for each 7 € T the
following inequality holds

|Qt +7,s+7)—Q(t,8)]| < 6787%@75), (2.54)

_ 2 2N
whereF:KeKD—(1+N—|——).
« «
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Now, we are ready to proof the main results in this paragraph.

Theorem 2.8. Let the following conditions hold:

1. Conditions H2.26-H2.32 are met.
2. For the system (2.46), there exists a unique almost periodic solution.

Then there exists a constant dy such that for d € (0,do] for the system
(2.47) there exists a unique almost periodic solution ¢(t), and

)|l < Cmaz(sup||fll, sup [[ll]l), (2.55)
teR 1,+2,...

where C' > 0.

Proof. Let the inequalities (2.50) and (2.51) hold, and let we consider the
function

o= [ Quofeds+ Y Qb

te <t
A straightforward verification yields, that ¢(t) is a solution of (2.47). O
Then, from Lemma 2.15 it follows that there exists a constant dy > 0 such
that for any d € (0, do|, we have
v=a—Kd— NIn(1+ Kd) > 0.

Now, we obtain

K —u(t—
(Ol < 5 sup (1) |+ KN "D sup ] 37 e, (2.56)

=£1,£2,. th<t
Then, from the relations
o0
2N
—v(t—tr) _ —v(t—tr) <
e = e —_—
D >y <
th<t k=0 t—k—1<ty<t—k

and (2.56), we obtain

()l < Cmaz(sup|lf @), sup  [liel]).
teR +2,...

1 2N

where C' = KN (1+Kd) (— + )
v l—ev

Let € > 0 be an arbitrary chosen constant. It follows from Lemma 2.13,

that there exist sets T and P, such that for each 7 € T, ¢ € P, and d € (0, dp]
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the following estimates hold:

t

llp(t+7) — ()]l S/ |Q(t + 7,0 +7) = Q¢ o)lll[f (o + 7)l|do

— 00

+/ |Q(, o)l f(o +7) = flo)]ldo

+ DR + 7, ,) = QU D) 1 krll

t <t

+ > Qg — Wil < Me,

te<t

where M > 0, |t — x| > .
The last inequality implies, that the function ¢(t) is almost periodic.
The uniqueness of this solution follows from the fact that the homogeneous

part of system (2.47) has only the zero bounded solution under conditions
H2.26, H2.27, H2.31 and H2.32, and from the estimate (2.50). O

Theorem 2.9. Let the following conditions hold:

1. Conditions H2.26-H2.32 are met.
2. For the system (2.46), there exists a unique almost periodic solution.
3. There exists a constant Doy > 0, such that

/ 1B(o)lldo + 3 11Bsl| < Do.
to to<tp

Then, for D € (0, Dy] for the system (2.47), there exists a unique almost
periodic solution ¢(t) such that

lel| < Cmaz(sup Ifl, swp  Jll)),
teR k==+1,42,...

where C' > 0.

Proof. Using Lemma 2.16 and (2.52), the proof of Theorem 2.9 is carried out
in the same way as the proof of Theorem 2.8. O

Theorem 2.10. Let the following conditions hold:

1. Conditions H2.26-H2.30 are met.
2. For the system (2.46), there exists a unique almost periodic solution.
3. B(t) = B, Bx = A, where B and A are constant matrices such that

[|B|| + |A]] < di, di > 0.

Then there exists a constant dy > 0, do < dy, such that for d € (0,do] for
the system (2.47), there exists a unique almost periodic solution.
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Proof. The proof of Theorem 2.10 is carried out in the same way as the proof
of Theorem 2.8. O

Ezample 2.2. We shall consider the systems

x:_fﬂ—i—f(t)’ t#tlﬁ
{Aw(tk) e k=41 42 (2.57)

and
i=(b(t)—1)a+ f(t), t # tr,
(2.58)
AI(tk) =lp+gr, k==x1,+2,...,
where t € R, z € R, {tx} € B, the function b € C[R,R] is almost periodic

in the sense of Bohr, the function f € PC[R,R] is almost periodic, b, € R,
I € Rand {b}, {lx}, k= +1,+£2,..., are almost periodic sequences.

Let condition H2.28 holds. From [138] it follows that for the system (2.57)
there exists a unique almost periodic solution.

Then, the conditions of Theorem 2.8. are fulfilled, and hence, there exists
a constant dy such that for any d € (0, dg] for the system (2.58), there exists
a unique almost periodic solution in the form

o)~ [ Qto)f©dr+ Y Qi

te<t

where

Qt.s) = ][] (1—|—bk)e:17p{/ b(o)do — (t —s)}.

s<tp<t

Now, we shall investigate the existence of almost periodic solutions for the
system (2.48).
Introduce the following conditions:

H2.33. The function F' € C[R x 2,R"] is almost periodic in ¢ uniformly
with respect to z € (2, and it is Lipschitz continuous with respect to
x € By, with a Lipschitz constant L > 0,

|E(t,2) = F(t9)ll < Lllz —yll, .y € By, t € R.

H2.34. The sequence of functions {I(z)}, Iy € C[£2,R"] is almost periodic
uniformly with respect to z € (2, and the functions Iy (z) are Lipschitz
continuous with respect to z € Bj, with a Lipschitz constant L > 0,

Uk (2) = Ie()I| < Lllz —yll, 2,y € B, k=41,42,....
Theorem 2.11. Let the following conditions hold:
1. Conditions H2.26-H2.28, H2.31-H2.3/ are met.
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2. For the functions F(t,x) and I;(z), k = +£1,£2,..., there exists a
constant Ly > 0 such that

maz( s [P, swp|L@)l) < Li.
teR,z€B), k=+1,+2,..., z€B),

3. The inequalities (2.50) and
CLy <h, CL<1. (2.59)

hold.

Then there exists a constant dy > 0 such that for any d € (0,dy], for the
system (2.48) there exists a unique almost periodic solution.

Proof. Let we denote by AP the set of all almost periodic solutions ¢(¢),
¢ € PC[R,R"], satisfy the inequality ||| < h, and let |¢|oc = sup ||p(t)]].
teR
(t) 1

We define in AP the operator S, such that if ¢ € AP, then y = Sp(t) is
the almost periodic solution of the system

{ZJ = (A®t) + B(t)y + F(t, (1)), t # tx,
Ay(ty) = (Ak + Bk)y(tk) + I(p(tr)), k=+1,42,...,

determined by Theorem 2.8.

We shall note that the almost periodicity of the sequence {¢(tx)}, the
function F(t,(t)) and the sequence {Ij(¢(tr))} follows from Lemma 1.5
and Theorem 1.17.

On the other hand, there exists a positive constant dy > 0 such that for
any d € (0, do],

a—Kd— Nn(1+ Kd) > 0.

From the last inequality and (2.59), it follows that (2.51) and conditions
of Lemma 2.15 hold.

Then S(AP) C AP.

If p € AP, 1) € AP, then from (2.51) and condition 2 of Theorem 2.11,
we get

1Sp(t) = SY@)|| < CLI@ = oo (2.60)

Finally, from (2.59) and (2.60,) it follows that S is contracting in AP, i.e.
there exists a unique almost periodic solution of system (2.48). O
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2.5 Strong Stable Impulsive Differential Equations

In this section, conditions for strong stability and almost periodicity of
solutions of impulsive differential equations with impulsive effect at fixed
moments will be proved. The investigations are carried out by means of
piecewise continuous Lyapunov functions.

We shall consider the system of impulsive differential equations

{g'c:f(t,:v), t# th, (2.61)

Ax(ty) = I(x(ty)), k==+1,%£2,...,
where t e R, {tx} € B, f:Rx 2 =R I}, : 2 - R", k=+1,42,....
Set
p((E,y) = ||.’I] - y||7 x,y S Rnu
Bp(a) ={x € R", ||z —a|| < h}, h >0, a € R",
Uy, = {(t,x) E R X By, x© € By, if (t,z) € G and x + Iy(x) € By,
if t =t}
where G is the set from Sect. 1.1.

Introduce the following conditions:

H2.35. The function f € C[R x Bjp,R"], and has continuous partial
derivatives of the first order with respect to all components of x € By,.
H2.36. The functions I}, € C[By,R"], k = +1,+£2,... and have continuous
partial derivatives of the first order with respect to all components of

r € By
H2.37. There exists hg, 0 < hg < h such that if z € By, then « + I.(z) €
Bp, k=41,42,. ...

H2.38. The functions Ly(x)=z + Iy(z), k = =£1,42,... are such that
L;'(x) € By, for € By,

From [138] if the conditions H2.35-H2.38 are satisfied, then for each point
(to,zo) € R X By, there exists a unique solution T(t) = Z(¢; tg, xo) of system
(2.61), which satisfies the initial condition z(t{) = zo.

We need the following condition in our subsequent analysis:

H2.39. f(¢t,0) =0, I;(0) =0 for t € R and k = +1,+2, ..., respectively.

If the conditions H2.35-H2.39 hold, then there exists a zero solution for
system (2.61).

Definition 2.4 ([90]). The zero solution x(t) = 0 of system (2.61) is said
to be strongly stable, if
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(Ve > 0)(30 > 0)(Vto € R)(Vzp € Bs : (to,x0) € ¥s)
(Vt € R) : p(Z(t;to,z0),0) < e.
Definition 2.5 ([90]). An arbitrary solution Z(t) = Z(¢;tg, zo) of (2.61) is
said to be strongly stable, if
(Ve > 0)(Vn > 0)(F0 > 0)(Vr1 € R, Vz € R, p(Z(71),T(12)) < 9)
(VteR) : p(T(t +71),T(t + 72)) <e.
Definition 2.6. The function V € Vj belongs to the class V", if V has
continuous partial derivatives on the sets Gj.

For each function V' € V{, we define the function

for (t,z) €
If Z(¢) is a solution of system (2.61), then

d

dtV( Z(t)) = V(£,T(t)), t € R, t # ty.

Definition 2.7. The function V' € Vj belongs to the class V5™, if V has

continuous partial derivatives of the second order in the sets Gy.

Let V' € Vg, If the function f(t,z) satisfies condition H2.35 and has a
continuous partial derivative with respect to ¢, we can define the function

for (t,x) € G.
In the further considerations, we shall use the next class K of functions

K = {a € C[R,R"], ais strictly increasing and a(0) = 0}.

Introduce the following conditions:

H2.40. The function f(t,z) is almost periodic in ¢ uniformly with respect to
x, x € By.

H2.41. The sequence {I(z)}, k = £1,42,..., is almost periodic uniformly
with respect to z, x € By,
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H2.42. The set of sequences {ti}, ti:tkﬂ —tp, k= £1,4£2,..., 5 =
+1,+2,..., is uniformly almost periodic, and infkt,lC =60>0.

Definition 2.8 ([114]). The set S, S C R is said to be:

(a) A—m set, if from every m+ 1 real numbers 71, 7o, ..., Ty41 one can find
i # j, such that 7; — 7; € S.

(b) symmetric A—m set, if S is A—m set symmetric with respect to the
number 0.

Lemma 2.17 ([114]). Every symmetric A —m set is relatively dense.

Theorem 2.12. Let conditions H2.35-H2.42 hold. Then any strongly stable
bounded solution of (2.61) is almost periodic.

Proof. Let T = T(t;to,29) be a unique bounded solution of system (2.61)

with initial condition Z(tp) = . Let € > 0 be given, §(¢) > 0, and the points
ai, ag,...,an+1,a0; € R" 1 =1,2,...,N+1, are such that for ¢t € R, t > ¢,

it follows that Z(t) € Bs (ar). If to, ..., tn41 are given real numbers, then for
some i # j and some [ € {1,..., N + 1}, we get
_ o(e _ d(e
p(Z(1),a1) < %, p(T(75), a1) < %

Consequently, p(Z(t;), Z(t;)) < d(e).

On the other hand, the solution Z(¢) is strongly stable, i.e. it follows that
p(T(t+7),Z(t+ 1)) < e, where t € R.

Then, for ¢t € R we have p(Z(t+7; —7;),Z(t)) < € and consequently, 7; — T;
is an e-almost period of the solution Z(t).

Let T be the set of all e-almost periods of 2(t). Then, for any sequence of
numbers Ty, ..., 7y from above, it follows that there exists ¢ # j, such that
Ti —Tj € T.

From Definition 2.8, we get that T is a symmetric A — N set, and from
Lemma 2.17, it follows that T is a relatively dense set. Then, Z(t) is an almost
periodic function. a

Let Z(t) be a solution of the system (2.61). Set z = x — Z(¢), and consider
the system

2=g(t,2), t # ti,
{Az(fk) = Jk(Z(t:)), k=41,42,..., (2.62)

where g(t,2) = f(t,z+Z(t)) — f(t,Z(t)), Jp(z) = (2 +T) — I1(T).
Theorem 2.13. Let the following conditions hold:

1. Conditions H2.35-H2./2 are met.
2. There exist functions V € Vi and a, b € K such that:
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(a) a(|[z]]) < V(¢ 2) <b(|[=]]), (¢ 2) € R X By,

(b) V(t,z) =0, for (t,z) € R X By, t# ty.
(c) V(tf, 2+ Ix(2)) = V(tg, 2), k=+1,£2,..., 2 € By.

Then the solution T(t) of (2.61) is almost periodic.
Proof. Let 0 <e < h, 0 < p < h be given, and let

§ = () < min{e, b~ (ale)), b~ (a(u))},

where a,b € K. If z(t) = z(t; 0, 2z0) be a solution of (2.62) such that ¢y €
R, (to,xo) € Ss, then from condition 2 of Theorem 2.13, it follows that

a(ll2l]) < V(t,2(1)) = V(tg, 20) < b(([lz0]]) < (3(e)) < min{a(e), a(p)}-

Consequently, ||z(¢;to, z0)|| < min(e, p) for t € R, i.e. the zero solution of
(2.62) is strongly stable. Then, T(t) is strongly stable, and from conditions
H2.40-H2.42, and Theorem 2.12, it follows that Z(¢) is almost periodic. O

Definition 2.9 ([90]). The zero solution of system (2.62) is said to be
uniformly stable to the right (to the left), if for any € > 0 there exists 6(g) > 0,
such that if o € R and (Zo,20) € R X By, then [|z(t;to, 20)|| < € for all
t > to (for all t < tg), where z(¢;to,20) is a solution of (2.62) such that
2(td) = 2o.

Lemma 2.18 ([90]). The zero solution of system (2.62) is uniformly stable
to the left if and only if for any € > 0 the following inequality holds:

7(5)2inf{||z(t;t0,zo)|| o to €ER, ||20]] 25} > 0.

Lemma 2.19 ([90]). The zero solution of system (2.62) is strongly stable if
and only if it is stable to the left and to the right at the same time.

Ezample 2.3. We shall consider the linear impulsive system of differential
equations
= Az, t #tg,
2.63
{Al‘(tk) = Bra(ty), k==£1,£2,..., ( )

where A(t) is a square matrix, the elements of which are almost periodic
continuous functions for ¢ € R, {By} is an almost periodic sequence of
constant matrices such that det(F + Bj) # 0, and for the points ¢j the
condition H2.42 is fulfilled. Let W (¢, s) be the Cauchy matrix of system (2.63).

Since the nontrivial solution of (2.63) is given by the formula x(¢; to, x0) =
W (t,t0)x0, then xg = WL(t,t)x(t; to, 2¢). Hence, for any ¢ > 0 and ||zo|| >
€, we have

e < lzoll < [[WH(t, to) Il (s to, o),
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and
[lz(t; to, wo)l| = el[W ' (¢, to)[| .
However, for t = tg and ||zo|| = €, we have
|| (t; to, wo)|| = el[W (¢, t0) ]| "
Hence,

7(5):inf{5||W*1(t,t0)||*1 : tzto} >0

and, applying Lemma 2.18, we conclude that the zero solution of system
(2.63) is uniformly stable to the left if and only if the function |[W=1(¢,s)||
is bounded on the set s <t < oco. Moreover, it is clear that the zero solution
of (2.63) is uniformly stable to the right if and only if the function ||[W (¢, s)||
is bounded on the set s < t < oo. Then, by virtue of Lemma 2.18, the
zero solution of system (2.63) is strongly stable if and only if the functions
[|W(t,to)|| and |[W~L(t,t9)|| are bounded for ¢t € R. Consequently, an
arbitrary solution z(t) of the system (2.63) is bounded and strongly stable.
From Theorem 2.7, it follows that the solution z(t) is almost periodic.
Now, we consider the following scalar impulsive differential equations:

i =wi(t,u), t# t,
(i s, w0

where wy : [to — T, to] X x = R, x is an open interval in R, and ¢, and T are
constants such that tg > T, P, : x — X;

0 =wa(t,v), tF# b,
{A“(tk) = Py(v(ty)), k==+1,£2,..., (2.65)

where ws : [to,to + 1] x x = R;

i =w(t,u,a), t#tg,
Aulty) = Ag(u(ty)), k==+1,+2,..., (2.66)
Au(ty) = Br(u(ty), w(tr)), k= +1,£2,...,

where w : [to — T,to+T] X x1 X x2 = R, Ag : x2 = x1, Br : x1 X X2 = X2,
x1 and 2 are open intervals in R.

Theorem 2.14. Let the following conditions hold:

1. Conditions H2.35-H2./2 are met.

2. The zero solution u(t) = 0, (v(t) =0) of (2.64), (2.65) is uniformly stable
to the left (to the right).

3. The functions u + Px(u), k = +1,£2,..., are monotone increasing in
R x Bh.
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4. There exist functions V € V' and a,b € K such that

(a) a(||z]]) < V(t, 2) < b(||2]]), (t,2) € R x By.
(b) wi(t,V(t, z)) <V(t,z) <ws(t,V(t,2)) (t,2) € R X By,.
(c) V(t, 2+ Ju(2)) = V(tg, 2) + Pe(V(ty,2)), k=+1,42,....

5. The solution T(t) of system (2.61) is bounded.
Then the solution T(t) of system (2.61) is almost periodic.

Proof. From conditions of the theorem and [90], it follows that the zero
solution of system (2.61) is strongly stable, i.e. the solution Z(¢) is strongly
stable. Then, from H2.40-H2.42 and Theorem 2.12, it follows that Z(¢) is
almost periodic. a

Definition 2.10 ([90]). The zero solution x(t) = 0 of (2.66) is said to be
u-strongly stable, if
(Ve > 0)(30 > 0)(Vto € R)(Vup : 0 < g < d(g)) (Vg € R : |ug| < d(e))
(Vt € R) : 0 < u(t;to, ug, to) < €.

Theorem 2.15. Let the following conditions hold:

1. Conditions H2.35-H2.42 are met.

2. The function g(t,x) has continuous partial derivative of the first kind with
respect to t.

3. There exist functions V € V5™ and a,b € K, such that

(a) a(||z])) < V(¢ 2) < b(||z]]), (¢,2) € R x By.
(b) V(t,z) < c||z||, ¢ = const >0, (t,z) € G.

(c) V(t,z) Sw(t,V(t,2),V(t,z)) for (t,z) € R X By, t # ty,
where w(t,u1,uz), w : R® — RT is continuous and monotone
increasing on uy and w(t,0,0) =0 fort € R.

(d) V(tf, 2+ Ji(2) < Vg, 2) + Ae(V (tk, 2))-

(e) V5, 24 Jk(2) <V (t, 2)+Be(V(ty, 2), V(tg, 2)), k=41,42,...,2 €
Bh.

4. The following inequalities hold

ur + Ak (v1) < ug + Ag(v2),
v1 + By(u1,v1) < vy + By (uz2,v2)

for ur < wus, v1 < w9, where uy,us € x1, V1,2 € X2, k=+1,4+2,....
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5. The zero solution of equation (2.66) is strongly u-stable.
6. The solution T(t) of system (2.61) is bounded.

Then the solution T(t) of system (2.61) is almost periodic.

Proof. The proof of Theorem 2.15 is analogous to the proof of Theorem 2.14.
O

2.6 Dichotomies and Almost Periodicity

In this part, the existence of an almost periodic projector-valued function
of dichotomous impulsive differential systems with impulsive effects at fixed
moments is considered.

First, we shall consider the linear system of impulsive differential equations

i‘ = A(t)fl}‘, t # tkv
{Aw(tk) = Bra(ty), k= £1,42,..., (2.67)

where t € R, {ty} € B, A: R — R™™ B, € R"™" k= +1,42, ...

By «(t) = x(t;tg, o) we denote the solution of (2.67) with initial condition
z(t§) = z0, o € R™.

Introduce the following conditions:

H2.43. The matrix-valued function A € PC[R,R™*"] is almost periodic.

H2.44. {By}, k= =+1,4£2,... is an almost periodic sequence.

H2.45. det(E + By) # 0, k = +1,£2,... where E is the identity matrix
in R™. -

H2.46. The set of sequences {t]}, t = tpy; — tn, k = £1,£2,..., j =
+1,42,... is uniformly almost periodic, and infyt; = 6 > 0.

Let W (t, s) be the Cauchy matrix of system (2.67). From conditions H2.43~
H6.46, it follows that the solutions z(¢) are written down in the form

x(t;to, o) = W(t, to)o.

It is easy to verify, that the equalities W(t,t) = E and W(t,t9) =
X ()X Ytg) are valid, X (t) = (z1(t),22(t),...,2,(t)) is some non degen-
erate matrix solution of (2.67).

Definition 2.11. The linear system (2.67) is said to has an ezponential
dichotomy in R, if there exist a projector P and positive constants K, L, a,
such that

I X(t)PX(s)|| < K e=®t=9) ¢ > s,

IX()(E — P)X~(s)|| < L e Bt=2), s >1¢. (2.68)

Lemma 2.20. Let the system (2.67) has an exponential dichotomy in R.
Then any other fundamental matriz of the form X (t)C satisfies inequalities
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(2.68) with the same projector P if and only if the constant matriz C' com-
mutes with P.

Proof. The proof of this lemma does not use the particular form of the matrix
X (t), and is analogous to the proof of a similar lemma in [46]. O

Definition 2.12. The functions f € PC[R, 2], g € PC[R, 2] are said to be
e-equivalent, and denoted f ~ g, if the following conditions hold:

(a) The points of possible discontinuity of these functions can be enumerated

t'};, t7, admitting a finite multiplicity by the order in R, so that
[t — 1| <e.

(b) There exist strictly increasing sequences of numbers {t,.}, {t}/}, t. <
thy1s th < ty,q, k==1,£2,... for which we have

sup 1f(6) =gl <&, [t —tgl <e, k=F1,£2,....

tE(ty,th 1), YEW )

By p(f,g) = infe we denote the distance between functions f € PC[R, 2]
and g € PC[R, {2], and by PCy the set of all functions ¢ € PC[R, §2], for
which p(f, ) is a finite number. It is easy to verify, that PC'¢ is a metric
space.

Definition 2.13 ([9]). The function ¢ € PC[R, (2] is said to be almost
periodic, if for any e the set

T={r: plet+71),0(t) <e, t, 7 €R}

is relatively dense in R.

By D={M;},i € I, we denote the family of countable sets of real numbers
unbounded below an above and not having limit points, where I is a countable
index set. Let M7 and Ms be sets of D.

Lemma 2.21 ([9]). The function ¢ € PC[R, (2] is almost periodic if and
only if for an arbitrary sequence {s,} the sequence {p(t + s,)} is compact
in PCop.

Definition 2.14. The sets M; and M, are said to be e—equivalent, if
their elements can be renumbered by integers mj, mj, admitting a finite
multiplicity by their order in R, so that

sup  |mp —mi| <e.
k=+1,42,...

Definition 2.15. The number pp(M;, My)= inf ¢ is said to be a dis-
My~ Mo
tance in D.
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Throughout the rest of this paragraph, the following notation will be used:

Let conditions H2.43-H2.46 hold and let {s/ } be an arbitrary sequence of
real numbers. Analogously to the process from Chap. 1, it follows that there
exists a subsequence {s,}, s, = s/, such that the system (2.67) moves to the
system

&= A5z, t £ 15,
2,
{Ax(t;):B,g:c(t;), k=41,42,.... (2:69)

The systems of the form (2.69), we shall denote by E*, and in this meaning
we shall denote (2.67) by Ey. From [127], it follows that, each sequence of
shifts E*» of system Ej is compact, and let denote by H (A, By, tx) the set
of shifts of E, for an arbitrary sequence {s,, }.

Now, we shall consider the following scalar impulsive differential equation

0 =p(t)v, t # tg,
{A’U(tk) = bkv(tk), k= :|:1, :|:2, ceey (270)

where p € PC[R,R], b, € R.
Lemma 2.22. Let the following conditions hold:

1. Condition H2.46 holds.

2. The function p(t) is almost periodic.

3. The sequence by, is almost periodic.

4. The function v(t) is a nontrivial almost periodic solution of (2.70).

Then gnﬂg [v(t)| > 0 and the function 1/v(t) is almost periodic.
€

Proof. Suppose that inﬂg |[v(t)] = 0. Then, there exists a sequence {s/, } of real
te
numbers such that lim v(s,) = 0. From the almost periodicity of p(t) and
n—oo

v(t) it follows that, the sequences of shifts p(t+s,) and v(t+s, ) are compact
in the sets PC, and PC), respectively. Hence, from Ascoli’s diagonal process,
it follows that there exists a subsequence {sy, }, common for p(t) and v(t)
such that the limits

lim p(t+ sp,) = p°(t),

k— o0

and

lim v(t + sy, ) = v°(t)

k—o0
exist uniformly for ¢ € R. Analogously, it is proved that for the sequences of
shifts {tx + ni} and {by + ny} there exists a subsequence of {ny}, for which
there exist the limits {¢;} and {b}}. Consequently, for the system

0% = p*(t)v°, t #t3,
AvS(t3) = bos(t3), k=+1,42,...
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with initial condition v*(0) = 0 it follows that there exists only the trivial
solution.
Then,
v(t) = lim v*(t — $p,) =0

k—o00

for all t € R, which contradicts the conditions of Theorem 1.20. Hence,
gnﬂg|v(t)| > 0, and from Lemma 2.21 it follows that 1/v(¢) is an almost
€

periodic solution. a
Theorem 2.16. Let the following conditions hold:

1. Conditions H2.43-H2.46 are met.
2. The fundamental matriz X (t), X € PC[R,R"] is almost periodic.

Then X ~Y(t) is an almost periodic matriz-valued function.

Proof. From the representation of W(t, s) in Sect. 1.1, we have that X (t) =
W (t, to)X (to), hence

X7Ht) = X Hto)WL(t, to)

- X‘l(to)(det W(t,to))_l(adj W(t,to>)T,

where by adj W(t,ty) we denote the matrix of cofactors of matrix W (¢, to).
Then, X (¢) will be almost periodic when the following function

—1

(U(t)) T (det Wit to))

is almost periodic.
From

t
H det(F + Bk)eacp(/ Tr A(s)ds), t > to,
det W (t, tg) = { Toste<t o

H det(E + Bk)ea:p(/t Tr A(s)ds), t <to,

t<ti<to to

where TrA(t) is the trace of the matrix A, and a straightforward verification,
it follows that the function v(t) = det W (¢, () is a nontrivial almost periodic
solution of the system

0="Tr A(t)v, t # t,
Av(ty) = bro(ty), k==+1,4+2,....

Then, from Lemma 2.22 it follows that 1/v(¢) is an almost periodic
function. O
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Theorem 2.17. Let the following conditions hold:

1. Conditions H2.43-H2.46 are met.
2. The fundamental matriz X (t) satisfies inequalities (2.68).

Then the fundamental matriz X *(t) of system (2.70) also satisfies inequalities
(2.68).

Proof. Let we denote by H the square root of the positively definite Hermite
matrix

H?>=PX*XP+(E—-P)X * X(E - P).

Since P commutes with H2, then P commutes with H and H .

The matrix X (¢) is continuously differentiable for ¢ # t;, and with points of
discontinuity at the first kind at ¢ = t,. Hence, the matrices H, XH ', HX !
enjoy the properties of X(t), and let {s,} be an arbitrary sequence of real
numbers. By a straightforward verification we establish that the matrix X,, =
x(t + s,)H 1(s,) is a fundamental matrix of system (2.69).

On the other hand, the matrix H~!(s,) commutes with P, consequently,
from Lemma 2.20 it follows that the matrix X, (¢) satisfies inequalities (2.68).

Hence, the matrices X,,(0), X, 1(0) are bounded, and then there exists
a subsequence, common for both matrix sequences such that X, (0) — X§,
where X is invertible. Then, from the continuous dependence of the solution
on initial condition and on parameter, it follows that X, (¢) tends, uniformly
on each compact interval, to the matrix solution X *(¢) of (2.69). Since n— o0,
we obtain that X (¢) satisfies (2.68). O

Theorem 2.18. Let the following conditions hold:

1. Conditions H2.43-H2.46 are met.
2. For the system (2.67) there exists an exponential dichotomy with an
hermitian projector P and fundamental matriz X (t).

Then, the projector-valued function P(t) = X (t)X ~1(t) is almost periodic.

Proof. Let {s],} be an arbitrary sequence of real numbers, which moves the
system (2.67) to the system (2.69).

Since the function P(t) = X (t)X~1(¢) is bounded and uniformly con-
tinuous in the intervals of the form (¢, ¢r11], hence the sequence {P(t +
s/.)} is uniformly bounded and uniformly continuous on the intervals
(tk—50,s tet1—S0,]- From Ascoli’s diagonal process it follows that there exists
a subsequence {s,} of the sequence {s/,} such that the sequence {P(t+ s,)}
is convergent at each compact interval, and let we denote its limit by Y (¢). If
{sn} is a subsequence of {s/,}, such that X (s,)H ~!(s,) — X¢ is invertible,
then from Theorem 2.17 it follows that the sequence {X(t + s,)H (sp)}
tends uniformly in each compact interval to the fundamental matrix X*(t)

of system (2.69) and X *(¢) satisfies Y (t) = Xs(t)P(Xs(t)) 71.
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From Theorem 2.17 it follows that each uniformly convergent in a compact
interval subsequences of {P(t + s,,)} tends to one and the same limit. Thus,
the sequence {P(t + s,)} tends uniformly to Y (¢) on each compact interval.

Further on, we shall show that this convergence is uniform in R. Suppose
that this is not true. Then, for some y > 0 there exists a sequence {h,} of
real numbers and a subsequence {s,} of {s,} such that

1P (hn + 57,) = Y (hn)l| = 7, (2.71)

for each n. It is easily to verify that E"ntsn and E' are uniformly convergent
in H(A, B,t). From the almost periodicity and from the process of the
construction of E* it follows that the limit of such system in H (A, By, tx) is
one and the same, and let we denote it by E”. Analogously, {P(t+ h, + s,,)}
tends uniformly on each compact interval to Z(t)PZ~1(t), where Z(t) is
the fundamental matrix of system E”, for which there exists an exponential
dichotomy with a projector P. Hence, Y (t+h,,) tends to Z(t)PZ~1(t). Then

1P (hn + s7,) = Y (hn)[| = 0,

which contradicts the assumption (2.71). O

2.7 Separated Solutions and Almost Periodicity

In the present paragraph, by using the notion of separated solutions,
sufficient conditions for the existence of almost periodic solutions of impulsive
differential equations with variable impulsive perturbations are obtained.
Amerio, formulated in [12] the concept of separated solutions, in order to
give sufficient conditions for the existence of almost periodic solutions to
ordinary differential equations.

The objective of this section is to extend the notion of separated solutions
for impulsive differential equations.

Consider the system of impulsive differential equations with variable
impulsive perturbations

&= f(t,x), t # m(z),
{M:Ik(w% t=7y(x), k=+1,42,..., (2.72)

wheret e R, f:RXx Q2 >R 7 : 2 >R and I, : 2 - R", k=41,+£2....
Introduce the following conditions:

H2.47. The function f € C1[R x £2,R"].
H2.48. The functions I, € C[2,R"], k= £1,+2.. ..
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H2.49. If © € 2, then x + I}, (z) € 2, Li(z) = x + I(z) are invertible on 2
and L;'(z) € 2 for k= 41,+2....
H2.50. 7 (z) € C1(2,R) and klirf Tk(x) = oo uniformly on x € (2.
— 00

H2.51. The following inequalities hold:
sup{|lf (&, @)l + (t,2) ERx 2} <A< ox,
sup {1252 we 0, k=+1,42,. } <B<oo, AB<1,
sup{(%%(x + sly(2), Ix(z)) : s€[0,1), z €2, k==+1,%2,... }go.

From Chap.1, it follows that, if conditions H2.47-H2.51 are satisfied,
then system (2.72) has a unique solution x(t) = x(¢;tg, o) with the initial
condition

z(td) = xo.

Assuming that conditions H2.48-H2.51 are fulfilled, we consider the
hypersurfaces:

Ok = {(t,ﬂ?): t = 7(x), er}, k=41,42,....

Let ¢, be the moments in which the integral curve (t,z(¢;to,z9)) meets
the hypersurfaces oy, k = +£1,£2,....
Introduce the following conditions:

H2.52. The function f(t,z) is almost periodic in ¢ uniformly with respect to
xef.

H2.53. The sequences {Iy(x)} and {7(z)}, k = =£1,%2,..., are almost
periodic uniformly with respect to x € {2.

H2.54. The set of sequences {t]}, ¢ = tpy; — tp, k = £1,£2,..., j =
+1,42, ..., is uniformly almost periodic, and infit; =6 > 0.

Let conditions H2.47-H2.54 hold, and let {s},} be an arbitrary sequence
of real numbers. Then, there exists a subsequence {s,}, s,=s, so that

mnp?

analogous to the process in Chap. 1, the system (2.72) moves to the system

.’I.Z'Zfs(t,.’l,'), t?éTi,
2.73
{A:vz]k(x), t=17, k=+1,%2,..., ( )

and in this case, the set of systems in the form (2.73) we shall denote by
H(f, I, ).

We shall introduce the following operator notation. Let a={a,} be a
subsequence of the sequence o = {a,}22,, and denote o C «’. Also with
a + 8 we shall denote {a, + 8, } of the sequences {«,} and {f,}.

By a > 0 we mean «,, > 0 for each n. If « C o/ and 8 C 8/, then o and 3
are said to have matching subscripts, if a = {a}, } and 3 = {8, }.
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Let we denote by Sp+pé and S,Spé the limits lim 0,,15,(¢) and
n—00

lim 6,,( lim 6g, ¢), respectively, where the number 6., is defined in
n—roo m—r oo

Chap.1, and ¢ = (¢(t),T), ¢ € PC[R, 2] x UAPS.

Lemma 2.23. The function ¢(t) is almost periodic if and only if from every
pair of sequences o, B one can extracts common subsequencesa C o/, 3 C [’
such that

Sa+pP = SaSpep, (2.74)

exists pointwise.

Proof. Let (2.74) exists pointwise, 7’ be a sequence, such that for v C 7/,
Sy exists. If S,¢ is uniform, we are done. If not, we can find ¢ > 0 and
sequences 3 C v, 8/ C v such that

p(T2, 1Y) <e,

but

sup llp(t + Bn) — @t + B,)|| > ¢ >0,
teR\F. (s(TPuTE'))

where T and T are the points of discontinuity of functions (t + S,),
o(t+p6),n=0,1,2,..., respectively.

From the intermediate value theorem for the common intervals of conti-
nuity of functions ¢(t + 8,) and (¢t + 3,,), and the fact that

lim [|¢(8n) — @(B,)l] = 0,
n—oo
it follows that there exists a sequence « such that

sup [l p(an + Ba) = plan + Bl 2 & > 0. (2.75)
tER\F. (s(TSUTS))

Then, for the sequence « there exist common subsequences a; C «, 51 C £,
B2 C [ such that
Sa1+,31¢ = Ry, Sa1+62¢ = Ry,

where R; = (r(t), Pj), r; € PC, P; e UAPS, j = 1,2, exist pointwise.
From (2.74), we get

Ri = Sa,+819 = 5a,598,¢ = Sa, Sy ¢
= 80,58, = Say 1,6 = Ra, (2.76)

for t € R\FE(S(Pl UPQ))
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On the other hand, from (2.75) it follows that
[Ir1(0) = r2(0)[] > 0,

which is a contradiction of (2.76).

Let ¢(t) be almost periodic and if o and " are given, we take subsequences
a C o, B C ' successively, such that they are common subsequences and
Sad) = le, Sﬁ¢1 = ¢2 and Sa+ﬁ¢ = (bg, where gf)j = ((bja Tj), ij S PC[R, Q] X
UAPS, j =1,2,3, exist uniformly for ¢t € R\ F.(s(Th UT> UT3)).

If € > 0 is given, then

€
0t + a0+ 82) — es(0)l < <,
for n large and for all t € R\ F.(s(Ty.n, UT3)), where T), , is the set of points

of discontinuity of functions ¢(t + ay, + By).
Also,

ot + an + ) = 1t 4 Bu)ll < 5.

for n, m large and for all ¢t € R\ F.(s(Ty,m UTh,n)), where T), ,,, is the set
of points of discontinuity of functions ¢(t + oy, + B) and T4, is formed by
the points of discontinuity of functions ¢ (t + B,).

Finally,

lpa(t + ) = e2(®)ll < 5.

for m large and all t € R\ F.(s(T1,m UT»)), where T3 ,,, is the set of points
of discontinuity of functions @1 (¢t + ).

By the triangle inequality for n=m large, we have ||p2(t) — p3(t)|| < € for
all t € R\ F.(s(Tp UT3)).

Since ¢ is arbitrary, we get w2 (t) = @3(t) for all t € R\ Fo(s(T1,m UT2)),
i.e. (2.74) holds. O

Definition 2.16. The function ¢(t), ¢ € PC[R, (2], is said to satisfy the
condition SG, if for a given sequence 7/, lim 4/, = oo there exist v C 4" and
n—oo

anumber d(7) > 0such that Sy¢, ¢ = (¢(t),T), T € UAPS exists pointwise
for each ¢ > 0. If « is a sequence with o > 0, 8/ C v and 8" C ~ are such
that Sa+5/¢ = (’I”l(t), Pl), Sa+5”¢ = (Tg(t), PQ), then either 1 (t) = Tg(t) or
[|r1(t) — r2(t)|| > d(v) hold for t € R\ F.(s(P U P)).

Definition 2.17. Let K C {2 be a compact. The solution x(t) of system
(2.72) with points of discontinuity in the set T' is said to be separated in K,
if for any other solution y(t) of (2.72) in {2 with points of discontinuity in
the set T there exists a number d(y(t)) such that ||z(¢) — y(¢)|| > d(y(t)) for
t € R\ F.(s(T')). The number d(y(t)) is said to be a separated constant.
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Theorem 2.19. The function p(t), ¢ € PC[R, 2], is almost periodic if and
only if ¢ satisfies the condition SG.

Proof. Let ¢ satisfies the condition SG, and let 4" be a sequence such that
lim ~;, = co. Then there exists v C 4/ such that Sy¢, ¢ = (¢(t),T) exists

n—oo
pointwise. If the convergence is not uniformly in R, then there exist sequences

§ >0, Cr, ' C~, and a number & > 0 such that ||p(c, +8,,) — (8, +
07)|| > €, where we may pick € < d(v). Since S,(¢(0),T') exists, we have

llp(ad) = w(BI < d(v), (2.77)

for large n.

Consequently, k(t) = o(t + o) — o(t + 3),) satisfies ||k(0)|] < d(v) and
[|E(0L)]| > e for large n. Hence, there exists ¢/ such that 6/ C ¢/, and £ <
RG] < dr):

We shall consider the sequences o + 6" and 3’ + §”. By SG there exist
sequences a + 0 C o +¢” and g+ 6 C B’ + ¢’ with matching subscripts
such that Sats¢ = @1, Sats® = P2, ¢; = (p;,T;) exist pointwise, and
1(1) = a(t) o [lg1(t) — a(B)] > 2d(3), for ¢ € R\ Fu(s(Ty UT)).

On the other hand,

le1(0) — @2(0)]] = lim [[p(crn + ) — @(Bu + 82,

and from (2.77), it follows that ||p1(0) — ¢2(0)|| < d(7). The contradiction
shows that S, ¢ exists uniformly on ¢ € R\ F.(s(T)).
Conversely, if ¢(t) is an almost periodic function, and +" be given with

lim 7, = oo then, there exists ¥ C 7/ such that S,¢ exists uniformly on
n—roo

t e R\ F.(s(T)) and Syp = (k(t),Q), (k(t),Q) € PC[R, 2] x UAPS.

Let the subsequences 3/ C v, 8” C v, and a > 0 be such that Sy45¢ =
(T‘l(t),Pl), Sa+ﬂw¢ = (Tg(t),Pg), (Tj(f),Pj) S PC[R, .Q] X [{APS .

From Lemma 2.23 it follows that there exist o C o, 3 C 3, 3 C "
such that

a’ k(t>aQ - Sa(k(t)aQ ) (278)

(2.79)
Hence, from (2.78) and (2.79), we get r1(t) = ro(t) for t € R\ F.(s(PiUP,)).
Then, (p(t),T) satisfies SG. O

Now, let K C {2 be a compact. We shall consider the system of impulsive
differential equations
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‘i.:g(tvx)v t#ak(ib),
{A:szk(x), t=op(x), k=41,42,.. ., (2.80)

where (9, Gk, o) € H(f, I, 7).

Theorem 2.20. Let the following conditions hold:

1. Conditions H2.47-H2.54 are met.
2. Ewery solution of system (2.80) in K is separated.

Then every system in H(f, I, 7r) has only a finite number of solutions
and the separated constant d may be picked to be independent of solutions.

Proof. The fact that each system has only a finite number solutions in K
is a consequence of a compactness of K and the resulting compactness
of the solutions in K. But no solution can be a limit of others by the
separated condition. Consequently, the number of solutions of any system
from H(f, I, 71) is finite and d may be picked as a function of the system.
Let (h, L, k) € H(f, Iy, Tk) and Sy (g, Gg,or) = (h, Ly, lk), with lim

n—oo
ol = oo.

Let (¢(t),T), (¢o(t),To) be two solutions in K, and let o« C o be such
that Sa(e(t), T) and S (po(t), Tp) exist uniformly on K, and are solutions
of (2.80).

Then,

1Sa(p(t), T) = Saleo(t), To)l| = d(g, G ox)-

So, if ¢1,..., ¢, are solutions of (2.80) in K, then So(p;(t),T}), j =
1,2,...,n, are distinct solutions of (2.80) in K such that

||Sa((pj(t)7Tj) - Sa((pi(t)vTi)H > d(Q,Gk,Uk), i 7é J-

Hence, the number of solutions of (2.80) in K is greater or equal than n.
By “symmetry” arguments the reverse is true, hence each system has the
same number of solutions.

On the other hand, S, (¢;, T;) exhaust the solutions of (2.80) in K, so that
d(g,Gg,or) < d(h, L, ;). Again by symmetry, d(h, Lg, ;) > d(g, Gk, 0%)-

O

Theorem 2.21. Let the following conditions hold:

1. Conditions H2.47-H2.54 are met.
2. For every system in H(f, I, ) there exist only separated solutions on K.

Then:

1. If for some system in H(f, I, 7i) there exists a solution in K, then for
every system in H(f, I, 1) there exists a solution in K.
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2. All such solutions in K are almost periodic and for every system in
H(f, I, i) there exists an almost periodic solution in K.

Proof. The first statement has been proved in Theorem 2.20. Let ¢(t) be a
solution of system (2.80) in K and J be the separation constant.
Let 7/ be a sequence such that lim ' = oo and v C 7/, S,(g, Gy, 01) =

n—oo

(h,Lg, i), and S, (p(t), T) exists.
Let 8’ C «, B” C v and a > 0 are such that

Sa-‘rﬂ’(@(t)v T) = ((,01 (t)v Tl)a
Sa-i-,@”(sp(t)v T) = ((pg(t), TQ)'

Again, take further subsequences with matching subscripts, so that
(without changing notations)

Sa+5/(vakaak) = SQSﬁ/(vakao'k)
= SOCS’Y(Q’ Gk,O’k) = Sﬂc(h’aLkalk)v

and
Sa+p(g, Gr,0k) = Salh, Lk, lg).

Consequently, ¢1(t) and @2(t) are solutions of the same system and for
e > 0, p1 = o, for R\ F.(s(T1JT2)) or ||p1(t) — ¢2(t)]|] > 6d=2d on

Therefore, o(t) satisfies the SG, and from Theorem 2.19 it follows that
©(t) is an almost periodic function.

Let now ¢(t) be a solution of (2.80) in K which by the above is an almost
periodic function, and let we choice o/, = n. Then, there exists a C &’ such
that the limits Sa(g,Gk,Uk) = (h,Lk,lk), S_a(h,Lk,lk) = (g, Gkaak) exist
uniformly and S, (¢(t),T) = (r(t), P), S_a(r(t), P) exist uniformly on K,
where S_,(r(t), P) is the solution of (2.80).

From condition 2 of Theorem 2.21 it is easy to see that (r(t),P) =
Solp(t), T) and thus S_,(r(t),P) exists uniformly and ¢(¢) is almost
periodic. a

2.8 Impulsive Differential Equations in Banach Space

The abstract differential equations arise in many areas of applied mathe-
matics, and for this reason these equations have received much attention in
the resent years. Natural generalizations of the abstract differential equations
are impulsive differential equations in Banach space.

In this paragraph, we shall investigate the existence of almost periodic
solutions of these equations.
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Let (X,]].]|x) be an abstract Banach space.
Consider the impulsive differential equation

i(t) = Az + F(t,x)+ Y [Bx+ Hi(2)]6(t — ti), (2.81)
k==+1,+2,...

where A : D(A) € X — X, B: D(B) C X — X are linear bounded
operators with domains D(A) and D(B), respectively. The function F' : D(R x
X) — X is continuous with respect to ¢t € R and with respect to z € X,
Hy : D(Hj) C X — X are continuous impulse operators, 6(.) is the Dirac’s
delta-function, {tx} € B.

Denote by x(t) = x(t; to, xo), the solution of (2.81) with the initial condition
z(ty) = zo, to €R, z9 € X.

The solutions of (2.81) are piecewise continuous functions [16], with points
of discontinuity at the moments t;, & = =£1,£2,... at which they are
continuous from the left, i.e. the following relations are valid:

z(t,) = z(ty), z(t{) = x(tx) + Ba(ty) + He(z(t)), k= £1,£2,....

Let PC[R,X] = {p : R = X, ¢ is a piecewise continuous function with
points of discontinuity of the first kind at the moments ¢, {tx} € B at which

o(ty) and @(t]) exist, and p(t; ) = p(t)}
With respect to the norm ||¢||pc = sup ||¢(¢)||x, PC[R,X] is a Banach
teR
space [16].
Denote by PC B[R, X] the subspace of PC[R, X] of all bounded piecewise
continuous functions, and together with (2.81) we consider the respective
linear non-homogeneous impulsive differential equation

d=Av+ f(t)+ Y [Br+b](t—te), (2.82)
k=+1,+2,...

where f € PCB[R,X], by : D (b)) C X — X, and the homogeneous
impulsive differential equation

B(t)=Az+ > Bad(t—t). (2.83)
k=41,+2,...

Introduce the following conditions:

H2.55. The operators A and B commute with each other, and for the
operator I + B there exists a logarithm operator L, (I + B), I is
the identity operator on the space X.

H2.56. The set of sequences {t]}, t, = tpyj — th, b = £1,£2,..., j =
+1,42, ..., is uniformly almost periodic, and infit; =6 > 0.
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Following [16], we denote by @(t, s), the Cauchy evolutionary operator for
(2.83),
&(t,s) = eAlt=s) (I + B)—P(t—S)-i-i(t,s)’

where A = A+ pL,(I + B), i(t, s) is the number of points t;, in the interval
(t,s), and p > 0 is defined in Lemma 1.1.

Lemma 2.24. Let conditions H2.55-H2.56 hold, and the spectrum o(A) of
the operator A does not intersect the imaginary axis, and lying in the left
half-planes.

Then for the Cauchy evolutionary operator ®(t,s) of (2.83) there exist
positive constants K1 and o such that

|@(t, s)||x < Kye ), (2.84)

wheret > s, t,s € R.

Proof. Let € > 0 be arbitrary. Then
(1 + B) =419 | < §(e)eap{e|[Ln(I + B)||x(t - )},

where () > 0 is a constant.
On the other hand [50], if aq > 0 and

61 € (a1, A" (n)), A (on) =inf{|Re)|, X € o(A)},

then,
|e29)|[x < Kie ™79 ¢ > s

and (2.84) follows immediately. O

The next definition is for almost periodic functions in a Banach space of
the form PC[R, X]. O

Definition 2.18. The function ¢ € PC[R, X] is said to be almost peri-
odic, if:

(a) The set of sequences {ti}, ti = tpyj; —tk, k = £1,£2,..., j =
+1,42,..., {tx} € B is uniformly almost periodic.

(b) For any ¢ > 0 there exists a real number 0(g) > 0 such that, if the points
t" and ¢’ belong to one and the same interval of continuity of ¢(t) and
satisfy the inequality [t/ —t"| < §, then ||p(t') — p(t")]|x <e.

(c) Forany e > 0 there exists a relatively dense set T such that, if 7 € T, then
[lo(t+7) — p(t)]|x < e for all t € R satisfying the condition |t —tx| > ¢,
k=41,42, ...

The elements of T are called € — almost periods.
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Introduce the following conditions:

H2.57. The function f(¢) is almost periodic.
H2.58. The sequence {b;}, k = £1,+2,... is almost periodic.

We shall use the next lemma, similar to Lemma 1.7.

Lemma 2.25. Let conditions H2.56-H2.58 hold.

Then for each € > 0 there exist €1, 0 < €1 < g, a relatively dense
set T of real numbers, and a set P of integer numbers such that the
following relations are fulfilled:

(@) If(t+7)—f®)llx <&, teR, 7T, [t —tp| >, k==£1,%£2,....
() [lbrtq —bkllx <&, g€ P, k=+1,42,....
) |78—7|<e1, qe P, 7€T, k=+1,42,....

We shall prove the next theorem.
Theorem 2.22. Let the following conditions hold:

1. Conditions H2.55-H2.58 are met.
2. The spectrum o(A) of the operator A does not intersect the imaginary
axis, and lying in the left half-planes.

Then:

1. There exists a unique almost periodic solution x(t) € PCBIR,X] of
(2.82).
2. The almost periodic solution x(t) is asymptotically stable.

Proof. We consider the function

z(t) = /t B(t,s)f(s)ds + Y D(t,ti)bx. (2.85)

-0 tp<t

It is immediately verified, that the function z(t) is a solution of (2.82).
From conditions H2.57 and H2.58, it follows that f(¢) and {b;} are bounded
and let

maz{||f(t)|[pc, ||bellx } < Co, Co > 0.

Using Lemmas 1.1 and 2.24, we obtain

lz(@®)][pe =/ 18(t, 8)l|pellf (s)l|peds + D [19(, t)l| el bl x

- tp<t

t
S/ Kle_a(t_s)||f(5)||PCd5+ ZKe—a(t—tk)ku”X

te<t

Co CoN ) %

<K(— 2.86
= a+1—e*0‘ ( )
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From (2.86) it follows that x(t) € PCB[R, X].
Let e >0, 7 €T, q € Q, where the sets T and P are from Lemma 2.25.
Then,

|z(t +7) —x(®)l|pc

< [ 1ot s)leellf(s+ ) - F(5)lpcds

— 00

+ > It i)l polbryg — brllx < Me,

te<t

where |t —tg| > e, M > 0.

The last inequality implies that the function z(t) is almost periodic. The
uniqueness of this solution follows from the fact that the (2.83) has only the
zero bounded solution under conditions H2.55 and H2.56.

Let £ € PCBIR, X] be an arbitrary solution of (2.82), and y = & — «.
Then y € PCB[R, X] and

y = D(t, to)y(to)- (2.87)
The proof that x(t) is asymptotically stable follows from (2.87), the estimates
from Lemma 2.24, and the fact that i(to,t) — p(t — to) = o(t) for t — co. O
Now, we shall investigate almost periodic solutions of (2.81).
Theorem 2.23. Let the following conditions hold:

1. Conditions H2.55-H2.58 are met.

2. The spectrum o(A) of the operator A does not intersect the imaginary
azxis, and lying in the left half-planes.

3. The function F(t,x) is almost periodic with respect to t € R uniformly at
x € 2 and the sequence { Hi(x)} is almost periodic uniformly at x € 2, 2
is every compact from X, and

|z||x < h, h>0.

4. The functions F(t,x) and Hy(z) are Lipschitz continuous with respect to
x € 2 uniformly for t € R with a Lipschitz constant L > 0,

1 (8 2) = F(t, y)llx < Llle = yllx, [[Hi(x) = Hi(y)l|x < Lz —y[|x
5. The functions F(t,x) and Hy(z) are bounded,
maa{|F(t,2)]x, [|He@)llx } < C,

where C' > 0, z € (2.
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Then, if

KC < hand KL < 1,
where K was defined by (2.86), it follows:

1. There exists a unique almost periodic solution x(t) € PCB[R, X] of (2.81).
2. The almost periodic solution x(t) is asymptotically stable.

Proof. We denote by D* C PCBJ[R, X] the set of all almost periodic functions
with points of discontinuity of the first kind ¢, k = +1,£2,..., satisfying
the inequality ||¢||pc < h.

In D*, we define an operator S in the following way. If ¢ € D*, then
y = Se(t) is the almost periodic solution of the system

§t) =Ay+ F(t,o)+ Y. [By+ Help(t)]o(t—tr),  (2.88)
k==+1,42,...

determined by Theorem 2.22. Then, from (2.86) and the conditions of
Theorem 2.23, it follows that D (S) C D*.
Let ¢, ¥ € D*. Then, we obtain

1Se(t) = Sy (t)l|lpc < KL.

From the last inequality, and the conditions of the theorem, it follows that
the operator S is a contracting operator in D*. a

Ezxample 2.4. In this example, we shall investigate materials with fading
memory with impulsive perturbations at fixed moments of time.

We shall investigate the existence of almost periodic solutions of the
following impulsive differential equation

E(t) + B(0)2(t) = v(0)Az(t) + f1(t) f2(2(1)), t # tr,
z(t)) = x(ty) + bp, (2.89)
i(th) = @(ty) + b3, k==+1,42,...,

where t, = k + I, I = %|cosk —cosk\2|, k=41,42,. ...
If y(t) = &(t) and
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then the (2.89) rewrites in the form

o0

Ht)=Az+F(t,2)+ Y [Bz+b]o(t—tx). (2.90)
k=+1,42,...

From [138], it follows that the set of sequences {ti}, k=41,42..., j=
+1,42,..., is uniformly almost periodic and for the (2.90) the conditions of
Lemma 1.2 hold.

Let X = H}(w) x L?(w), where w C R?® is an open set with smooth
boundary of the class C*°, B(t), v(t) are bounded and uniformly continuous
R valued functions of the class C? on [0, ), 3(0) > 0, v(0) > 0.

If A: D (A) = H*(w) N H}(w) x Hi(w) — X is the operator from (2.90)
and A is Laplacian on w with boundary condition y|s, = 0, then it follows
that A is the infinitesimal generator of a Cy-semigroup and the conditions of
Lemma 2.24 hold.

By Theorem 2.23 and similar arguments, we conclude with the following
theorem.

Theorem 2.24. Let for (2.89) the following conditions hold:

1. The sequences {bi}, k= =+1,42,..., i =1,2, are almost periodic.

2. The function f1(t) is almost periodic in the sense of Bohr.

3. The function fa(x) is Lipschitz continuous with respect to ||x||x < h with
a Lipschitz constant L > 0,

[fa(z1) = fo(@2)||x < Ll[v1 — 22|lx, ||zillx <h, i=1,2.

4. The function fo(x) is bounded, ||f2(z)]|x < C, where C >0 and x € w.

Then, if o o
KC < hand KL < 1,

where K was defined by (2.86), it follows:

1. There exists a unique almost periodic solution x € PCBIR, X] of (2.89).
2. The almost periodic solution x(t) is asymptotically stable.

Now, we shall study the existence and uniqueness of almost periodic
solutions of impulsive abstract differential equations out by means of the
infinitesimal generator of an analytic semigroup and fractional powers of this
generator.

Let the operator A in (2.81)—(2.83) be the infinitesimal operator of analytic
semigroup S(¢) in Banach space X. For any o > 0, we define the fractional
power A~¢ of the operator A by

1 o0
AT = —/ to=1S(t)dt,
I'(a) Jo ()
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where I'(«) is the Gamma function. The operators A~% are bounded,
bijective and A% = (A=%)~1 is a closed linear operator such that D(A%) =
R(A~%), where R(A~?) is the range of A~®. The operator A° is the identity
operator in X and for 0 < a < 1, the space X, = D(A®) with norm
[lz]|la = ||A%z||x is a Banach space [50,58,68,115,126].

We shall use the next lemmas.

Lemma 2.26 ([115, 126]). Let A be the infinitesimal operator of an
analytic semigroup S(t).

Then:

1. S(t): X — D(A®) for every t > 0 and « > 0.
2. For every x € D(A®) it follows that S(t)A%x = A*S(t)x.
3. For every t > 0 the operator A*S(t) is bounded, and

[|AYS(t)]|x < Kot~ %M, Ko >0, A> 0.
4. For 0 < a <1 and x € D(A®*), we have
[1S(t)x — z||x < Cot®||A%||x, Co > 0.

Lemma 2.27. Let conditions H2.56-H2.58 hold, and A be the infinitesimal
operator of an analytic semigroup S(t).

Then:

1. There exists a unique almost periodic solution x(t) € PCB[R, X] of (2.82).
2. The almost periodic solution x(t) is asymptotically stable.

Proof. We consider the function
t
2(t) :/ S(t— ) f(s)ds+ S S(t — t)bi. (2.91)
—o0 tr<t

First, we shall show that the right hand of (2.91) is well defined.
From H2.57 and H2.58, it follows that f(¢) and {bx} are bounded, and let

maz{||f(t)|[pc, bkl x } < Mo, Mo > 0.

Using Lemma 2.26 and the definition for the norm in X%, from (2.91), we
obtain

III(t)IIa:L 1A%S(E = s)l x|/ ()l pcds

+ > NJAYS(E = ti)llx | Ibxl | x

te <t
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t
S/ Ko(t =)~ % M| |f(s)l|peds

+ ) Kot — ) e by || . (2.92)

tp<t

We can easy to verify, that

t
[ Katt= sy e X |pods

t
< KQMO/ (t— s)fo‘efA(tfs)ds

o0

< KQMO%. (2.93)

Let m = min{t — tx, 0 < t —t, < 1}. Then from H2.58 and Lemma 1.2,
the sum of (2.92) can be estimated as follows

D Kot — i)~ M by | x

tp<t
< KoMy Y (8 —tg) e 2070
tp<t
= K., M, [ Z (t _ tk)faefk(tftk)
0<t—t,<1

+ i Z (t _ tk)faefA(tftk)}

J=1 j<t—tp<j+1

m~¢ 1
< 2K, M, N( —) 2.94
< oV (== + o1 (2.94)

From (2.93), (2.94), and equality

I'a)Irl—a)= , 0<a<l,

sinmTo

we have

™

m~ 1
e < KoaMo|—— T 2N( —)}
2@l < T (a)sinmar—= + e + er—1

and z € PCB[R, X].

On the other hand, it is easy to see that the function z(t) is a solution of
(2.82).

Let e >0, 7 € T, g € P, where the sets T" and P are from Lemma 2.25.
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Then,
lle@ +7) = p(t)lla = [[A*(@(t + 7) — z(t))||lPc

< [ 1= 9llxlf(s +7) = 1) lmeds

— 00

+ ) IA%S(t = ti)|x|[bryq — brllx < Mae,

tp<t

where |t —tg| > ¢, My > 0.

The last inequality implies, that the function z(t) is almost periodic. The
uniqueness of this solution follows from conditions H2.56-H2.58 [126].

Let now, & € PCB[R, X] be an arbitrary solution of (2.82), and y = & —z.
Then, y € PCB[R, X] and

y =St —to)y(to). (2.95)

The proof that x(t) is asymptotically stable follows from (2.95), the
estimates from Lemma 2.26 and the fact that i(to,t) — p(t — to) = o(t) for
t — oo. a

Now, we shall investigate the almost periodic solutions of (2.81).
Introduce the following conditions:

H2.59. The function F(t,x) is almost periodic with respect to t € R
uniformly at x € 2, 2 is compact from X, and there exist constants
Ly >0,1>x>0, 1>a>0such that

[[F(t1, 21) = F(t2, z2)||x < Li([t1 — t2|” + |21 — 22]a),

where (t;,2;) ER x 2, i =1,2.

H2.60. The sequence of functions { Hy(x)}, k = +1,+2, ... is almost periodic
uniformly at = € (2, (2 is every compact from X, and there exist
constants Ly > 0, 1 > «a > 0 such that

[|Hi(x1) — Hi(22)||x < Lallzr — 22]|a »
where z1, x5 € (2.

Theorem 2.25. Let the following conditions hold:

1. Conditions H2.58-H2.60 hold.
2. A is the infinitesimal generator of the analytic semigroup S(t).
3. The functions F(t,z) and Hy(z) are bounded:

maz{|IF(t,2)lx, ||He(@)lx } < M,
wheret e R, k=+1,+£2,..., x € 2, M > 0.
Then if L = max{Lq, Lo}, L > 0 is sufficiently small it follows that:
1. There exists a unique almost periodic solution x € PCB[R, X] of (2.81).
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2. The almost periodic solution x(t) is asymptotically stable.

Proof. We denote by D* C PC B[R, X] the set of all almost periodic functions
with points of discontinuity of the first kind ¢y, k = +1,£2,..., satisfying
the inequality ||¢||pc < h, h > 0.

In D*, we define the operator S* in the following way

S*p(t) = /_ A*S(t — s)F(t, A= %p(s))ds

+ ) AS(t — i) He (A (ty)). (2.96)

te<t

The facts that S* is well defined, and S*p(t) is almost periodic function
follow in the same way as in the proof of Lemma 2.27. Now, we shall show,
that S* is a contracting operator in D*.

Let ¢, ¥ € D*. Then, we obtain

1% () = ™9 (t)]]x

S/ |AS(t = )l x[|F(t, A= (1)) — F(t, A=%(t))||x ds

+ ) IATS (=t [ [ HR (Ao (t)) — Hi(A™9(t))l 1 x

< LK Jlott) = 0llx [ [ (t=s) e s

+> - tk)_o‘e_’\(t_t’“)]
tp<t

With similar arguments like in (2.94), for the last inequality, we have

I'l-a)

5% (6) = S0 1x < LKa| =5

—Q

m 1
N (2 + ) let) — wiol
oV (B + ) [l ) - vl
Then, if L is sufficiently small and

T —

L < (Ko e 2V (= + o))

it follows that the operator S* is a contracting operator in D*.
Consequently, there exists ¢ € D* such that
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o(t) = /_ A“S(t — s)F(t, A=%p(s))ds

+ ) AS(t—ty) Hy(A™p(tr)). (2.97)

tp<t

On the other hand, since A% is closed, we get

A™%p(t) = /_ S(t—s)F(t, A=%p(s))ds

+ St — tr)Hi(A™p(t))- (2.98)

te<t

Now, let h € (0,0), where 0 is the constant from H2.56, and t € (i,
ti+1 — .
Then,
lle +h) = @(t)]]a

<l / (S(h) — I)A“S(t — 5)F(t, A®p(s))ds]
t+h
+||/t A°S(t 4+ h— s)F(t, A=%p(s))ds||a. (2.99)

From Lemma 2.26 for (2.99), it follows that

-«

h
llo(t+h) — p(t)]|a < KarsMCh® + KoM —.

Then, there exists a constant C' > 0 such that
ot +h) = (t)]|a < ChS.

On the other hand, from H2.59 it follows that F(t, A~%p(t)) is locally
Holder continuous. From H2.60 and the conditions of the theorem,
Hi (A *p(tx)) is a bounded almost periodic sequence.

Let o(t) be a solution of (2.97), and let consider the equation

@(t) = Az + F(t, A“p(t)) + i Hy(A=“p(tp))(t — ). (2.100)

k=—o0

Using the condition H2.60 and Lemma 2.27, it follows that for (2.100)
there exists a unique asymptotically stable solution in the form
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vy = [ (= s)F(s A p(e)ds + Y S(t— ) H(A™p(t0))

te<t

where ¢ € D(A%).
Then,

A%Y(t) = / A“S(t — s)F (s, A7 %(s))ds

— 00

+ 37 ACH(A () = o).

tp<t

The last equality shows that ¥(t) = A~%p(¢) is a solution of (2.81), and
the uniqueness follows from the uniqueness of the solution of (2.97), (2.100)
and Lemma 2.27. O

Ezample 2.5. Here, we shall consider a two-dimensional impulsive predator—
prey system with diffusion, when biological parameters assumed to change in
almost periodical manner. The system is affected by impulses, which can be
considered as a control.

Assuming that the system is confined to a fixed bounded space domain
2 C R™ with smooth boundary 92, non-uniformly distributed in the domain
2 = 2 x 912 and subjected to short-term external influence at fixed moment
of time. The functions u(t, z) and v(t,z) determine the densities of predator
and pray, respectively, A = 86—% + 6‘9—:% +...+ % is the Laplace operator and
% is the outward normal derivative.

The system is written in the form

ou e (t, z)v

E = ulAu—I—u[al(t,x) — b(t,x)u — m}, t?é tk,

dv co(t, x)u

E_NZAU—FU{ az(t’x)—i_r(t,a:)—u—l-v}’t#tk’

u(tf, x) = u(ty, x) I (z, ulty, @), v(ty, x)), k=+1,42 ..., (2.101)

v(tg,x) =ty ,x)Ji(z, ulte, z), v(ty, x)), k==+1,£2,...,

%
on

" an

o

The boundary condition characterize the absence of migration, pq>0,
e > 0 are diffusion coefficients. We assume that, the predator functional
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C1v

response has the form of the ratio function . The ratio function

T+ U
represents the conversion of prey to predator, ai,as2,c; and co are positive

functions that stand for prey intrinsic growth rate, capturing rate of the
aq(t,x)
b(t, )
gives the carrying capacity of the prey, and r(t,z) is the half saturation
function.

We note that the problems of existence, uniqueness, and continuability of
solutions of impulsive differential equations (2.101) have been investigated
in [7].

predator, death rate of the predator and conversion rate, respectively,

Introduce the following conditions:

H2.61. The functions a;(t,z), ¢;(t,z), i = 1,2, b(t,z) and r(¢, z) are almost
periodic with respect to ¢, uniformly at = € (2, positive-valued on
R x 2 and locally Hélder continuous with points of discontinuity at
the moments t;, kK = +1,42,..., at which they are continuous from
the left.

H2.62. The sequences of functions { It (z, u, v)}, { Jk(z,u,v)}, k = £1,£2, ...
are almost periodic with respect to k, uniformly at x,u,v € f2.

Set w = (u,v), and

—>\—ILL1A 0
A= )

L0 A=A

[ c1(t,x)v

ulay(t,x) — b(t,x)u — ——=——| + Au

Ft,w) = [ Cz(t,zgg,x)v —i—u} 7
_U{— az(t,.%') + r(t,x)—u—kv} + \v
B [u(ty, o) Ix (2, u(ty, ), v(ty, ) — u(te, )

He(wlte) = | i ) ( ultn, o), o(th, 7)) — v(tk,x)}

where A > 0.
Then, the system (2.101) moves to the equation

w(t) = Aw+ F(t,w)+ > Gr(w)d(t — t). (2.102)
k=+1,+2,...

It is well-known [68], that the operator A is sectorial, and Reo(A) < —A,
where 0(A) is the spectrum of A. Now, the analytic semigroup of the operator
Ais e=4t and

1 o0
PR / e At
I'(a) Jo
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Theorem 2.26. Let for the equation (2.102) the following conditions hold:

1. Conditions H2.56, H2.61 and H2.62 are met.
2. For the functions F(t,w) there exist constants Ly >0, 1 >k >0, 1 >
a > 0 such that

||[F(t1,w1) — F(ta,w2)||x < L1(|ts — t2]® + |Jw1 — wal[a),

where (t;,w;) € R x X,, i=1,2.
3. For the set of functions {Hp(w)}, k = £1,4+2,... there exist constants
Ly >0, 1> a >0 such that

[[Hy(w1) — H(w2)||x < Lo|lwi — walla-

where wy, wy € X,
4. The functions F(t,w) and Hy(w) are bounded for t € R,w € X, and
k=+1,42, ...

Then, if L = max{Ly, Lo} is sufficiently small, it follows:

1. There exists a unique almost periodic solution x € PCB[R, X] of (2.101).
2. The almost periodic solution x(t) is asymptotically stable.

Proof. From conditions H2.61, H2.62 and conditions of the theorem, it follows
that all conditions of Theorem 2.25 hold. Then, for (2.102) and consequently
for (2.101) there exists a unique almost periodic solution of (2.101), which is
asymptotically stable. a



Chapter 3
Lyapunov Method and Almost
Periodicity

The present chapter will deal with the existence and uniqueness of almost
periodic solutions of impulsive differential equations by Lyapunov method.

Section 3.1 will offer almost periodic Lyapunov functions. The existence
results of almost periodic solutions for different kinds of impulsive differential
equations will be given.

In Sect. 3.2, we shall use the comparison principle for the existence theo-
rems of almost periodic solutions of impulsive integro-differential equations.

Section 3.3 will deal with the existence of almost periodic solutions of
impulsive differential equations with time-varying delays. The investigations
are carried out by using minimal subsets of a suitable space of piecewise
continuous Lyapunov functions.

In Sect. 3.4, we shall continue to use Lyapunov method, and we shall
investigate the existence and stability of almost periodic solutions of nonlinear
impulsive functional differential equations.

Finally, in Sect. 3.5, by using the concepts of uniformly positive definite
matrix functions and Hamilton—Jacobi—Riccati inequalities, we shall prove
the existence theorems for almost periodic solutions of uncertain impulsive
dynamical equations.

3.1 Lyapunov Method and Almost Periodic Solutions

In this part, we shall consider the system of impulsive differential equations

= f(t,x), t # tg,
{ Ax(ty) = Ik(l'(tkl)c), k=+1,42,..., (3.1)

where t € R, {t;} € B, f:RxR" 5 R", I, : R" - R", k= £1,+2,....
G.T. Stamov, Almost Periodic Solutions of Impulsive Differential Equations, 97
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We shall introduce the following conditions:

H3.1. The function f € C[R x R™,R"] and f(¢,0) =0 for t € R.
H3.2. The function f is Lipschitz continuous with respect to z € R"™ with
a Lipschitz constant L; > 0 uniformly on ¢ € R, i.e.

1f (&) = f(t,2)]] < L]l — ],

for T,z € R™.

H3.3. The functions I, € C[R™,R"], k= +1,+2,....

H3.4. I(0)=0, k=+1,%2,....

H3.5. The functions I, k& = +1,42,... are Lipschitz continuous with
respect to € R™ with a Lipschitz constant Lo > 0, i.e.

11 () — In(@)|| < Lo||7 — 2|,

for T,z € R™.

We note that [94], if conditions H3.1-H3.5 are satisfied, then for the system
(3.1) with initial condition z(tJ) = z¢, there exists a unique solution z(t) =
x(t;to, o).

We shall use the sets Gy, the set

¢= |J G

k=+1,4+2,...

the class of piecewise continuous functions Vj, introduced in Chap.1 for
2 =R", and the class of function K,

K = {a € C[R",R"]; ais increasing and a(0) = 0}.

Introduce the following conditions:

H3.6. The function f(¢,x) is almost periodic in ¢ uniformly with respect to
r € R".

H3.7. The sequence {Ix(x)}, k = £1,42,... is almost periodic uniformly
with respect to z € R". _

H3.8. The set of sequences {t]}, t] = tpy; —tp, k = £1,£2,..., j =
+1,+2,. .. is uniformly almost periodic, and infyt; = 6 > 0.

Let the assumptions H3.1-H3.8 are satisfied, and let {s,} be an arbitrary

sequence of real numbers. Like in Chap. 1, the system (3.1) moves to the
system

@ = f(t,z), t # 1,
{Ax(t;) C I, ke 41,42, (32)

and the set of systems (3.2) we shall denote by H(f, I, tx).



3.1 Lyapunov Method and Almost Periodic Solutions 99

In this paragraph we shall use Definition 1.6, Definition 1.7, and the next
definitions.

Definition 3.1. The zero solution z(t) = 0 of system (3.1) is said to be:

1. Globally asymptotically stable, if it is stable and if every solution of (3.1)
with an initial state in a neighborhood of the zero tends to zero as t — oo;
2. Globally quasi-equi-asymptotically stable, if

(Va > 0)(Ve > 0)(Vtp € R)(3T > 0)(Vzg € Bo)(Vt > tg+T) :

|lz(t:to, zo)|| < e
Definition 3.2. The solution z(t; to, zo) of system (3.1) is equi-bounded, if
(Va > 0)(Vt0 S R)(Eﬁ > 0)(V£L‘Q S Ba)(Vt > to) : ||$(t;t0,$0)|| < B

Definition 3.3. The zero solution z(t) = 0 of (3.1) is said to be globally
perfectly uniform-asymptotically stable, if it is uniformly stable, the number
[ in Definition 3.2 and the T in the part 2 of Definition 3.2 are independent
of tg € R.

3.1.1 Almost Periodic Lyapunov Functions

In the further considerations we shall use the following lemma.

Lemma 3.1 ([116]). Given any real function A(r,e) of real variables,
defined, continuous and positive in QQ = {(r, e): r € R and e > 0},
there exist two continuous functions h = h(r),h(r) > 0 and g = g(e),
g(e) > 0,9(0) =0 such that h(r)g(e) < A(r,e) in Q.

Now, we shall prove a Massera’s type theorem.

Theorem 3.1. Let conditions H3.1-H3.8 hold, and suppose that the zero
solution of system (3.1) is globally perfectly uniform-asymptotically stable.

Then there exists a Lyapunov function V, defined on R x R", V € Vj,
which is almost periodic in t uniformly with respect to x € R™, and satisfies
the following conditions

a(|lzl) < V(t,z) < b(|[«]]), (t,z) € R xR", (3.3)
where a,b € K, a(r),b(r) — oo as r — oo,

V(tt,z) <V(t,x),  €R™, t =13, k==+1,42,...,
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and
DYV (t,z) < —cV(t,x), (t,x) € G (3.4)

for ¢ = const > 0.

Proof. Fallow [15] let I'*(0,a) = {(t,z) : t € (—0,0), © € Ba}, where ¢
and « are arbitrary positive constants. From [21] and by the global perfect
uniform-asymptotic stability of the zero solution of (3.1), it follows that the
solutions of system (3.1) are equi-bounded, i.e. there exists a constant 8 =
B(a) > 0 such that for (to,z0) € I'*(o, ), we have ||z(t;t0,20)]] < B(a),
where t > .

Moreover, there exists a T'(«, €) > 0 such that from (to,z0) € (0, @), we
obtain ||z(t; to, zo)|| < e fort > to+T (v, e). If e > 1, weset T'(v, ) = T'(ov, 1).

From conditions H3.2 and H3.4, it follows that there exist Li(a,e) > 0
and Ly(c,e) > 0 such that if 0 <t <o+ T(a,¢), x1,22 € Bg(a), we get

1F(t, 1) = f(t,22)]] < La(a,e)l|zy — o,

[Tk (21) — I (22)]| < La(a, e)||xr — 22|, k=+1,£2,....
Let

[*=14+max||f(t,z)|]|, 0<t<T(a,e), x € Baa),
I*:max||[k(:1:)||, ZEGBB(Q), k==+1,+2, ..,

and let ¢ = const > 0.
We set

Ao, e) = eT(@) {(2(f*+1%%)
+ (% + 1)T(a,g))eLl(a,s)+§1n(1+L2(a,s)) i ﬁ(a)}_ (3.5)

From Lemma 3.1, it follows that there exist two functions h(a) > 0 and
g(e) > 0 such that € > 0, ¢g(0) =0 and

9(e)A(a,€) < h(a). (3.6)
For i =1,2,..., let we define V;(t,z) by
Vi(t,z) = g(%) supY; (||t +7,t,2)|)e™, t#ty,
720
‘/z(tkax) = m(tgax)a k= :l:la :l:2a ey

where L
z—=, if z

: > 1
3“”_{Q if0<z<1

S|
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Clearly, Y;(z) — oo as z — oo, for each 4, and

IYi(z1) = Yi(z2)| < |21 — 2], (3-8)

where z1, 29 > 0.
From the definition of V;(¢, x) it follows that

o(3)Yllal) < Vitt,2), (39)

and V;(¢,0) =0 as (t,z) € I'*(0, a).
On the other hand, from (3.5) and (3.6), we have

1 = 1 cT(a,+
Vilt,2) < (5 )Vi(Bl@)e @) < g(=)B(a)e @D < hfa).  (3.10)

Then from (3.9) and (3.10) for the function V;(¢, ) it follows that (3.3)
holds. For (¥,2), (t,x) € I'*(0,a) and t < ¢/, we get

1
Vit o) = Vit @)| < () sup | Yalll(¢' + 3¢, 2")])
720

i

eCT

= Yi(l[z(t + 758, 2)[])

< g(l) sup e”||3:(t’—|—7';t’,:1:’) —x(t—|—r;t,x)H
v 0<r<T(a,))
< g(1> supe”{Hx(t' + 7t @) —a(t' + 75t 2)|
v/ >0
S P— —;v(t—i—T;t,;v)H}. (3.11)
Then

|z’ + 75t 2) — a(t + 75, 2)|

t/-'rT
< / s ae)lds+ S M)l

+7 tr<tp<t'+7

< ! _ . /
< mas Ul a)I — 0+, mas, e+ +)
IEBB(OL)
< (f—+l —)a — 1), (3.12)
P

where i(t + 7,t' + 7) is the number of points on the interval (¢t + 7, + 7).
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Let X = x(t';¢,z). From Theorem 1.9, we obtain
|zt +75t,2) —a(t’ + 7t ,2)||
, 1, 1 1 1
< ||X —2'||exp {Ll(a, Z) + gln (1 + Lo (a, ;))T(a, —)}
, 1, 1 1
< (JIX = || + ||z — 2'|]) exp {Ll(a, ;) + ];ln (1 + Lo (a, g))T(oz, —)}
1

< (1) =0+l =21l

X exp {Ll(a, %) +%1n (1+L2(a, %))T(a, 1)} (3.13)

7

Then from (3.12), (3.13) for (3.11), it follows

1 1 1
‘/1' t, _ ‘/1 t/7 / S — CcT * + I*_ + * _|_ I*_ t/ _ t
Vi(t,z) = Vi(t',2')] g(’)osgﬁa@)e ((f S =D

+ ||z — ;v'||) X exp {Ll (e, %) + % In (1 + Ly (e, %))T(a, l)}

i
1 1 1 1 1 1
i P i P i
% (1t =t + ke — 2'll) < he)(I¢' | + Iz — 2'])). (3.14)
On the other hand, as © € Bg(y) and t = t3, from (3.14) it follows that
Vi(t,x) is continuous, and for ¢ = ¢’ we obtain that the function V;(¢,x) is
locally Lipschitz continuous.
Let ty are fixed, t',t" € (tg,tg 1], o', 2" € By and v’ = x(t';tg, 2'), v’ =

x(t"; g, 2.
Then

“/i(t/ax/) - ‘/i(t”ax//)‘ < |‘/i(t/7$/) - ‘/i(t/au/)’
+ ‘W(t”,(EH) _ V;(t”,u")’ + “/i(t/,u/) _ V;(t”,u")’. (315)

By the fact that the functions V;(t,z) and f(t, z) are Lipschitz continuous,
we obtain the estimates

Vi(t',2") = Vi(t',u)] < h(a)lla” —o/]],

2" = 'l < l2" — =l + ||u’ — =],

¢ 1 s 1
sl < [ 2a(at) e { [ LifaSyarbaslell = M@)ol

tk tk
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Then
Vi(t',2") = Vi(t',u)| < h(a)lla” — @] + h(e)N(#)]|]l. (3.16)
By analogy,
[Vi(t", ") = Vi(t",u")| < h(a)|a” = z|| + h(a) N (¢")||]]. (3.17)

Since a;(0) = sup Y; (|x(tx+7, tg, z)||)e” is non-increasing and lim a;(d) =
T>6 5§—0+
a;(0), it follows that

sup Vi ([Jla(t’ + s; ¢/, u')|) e

1
(e ) - (e )| < o)
171 s>0

—sup Y; ([|z(t” + ;" u")||) e
s>0

1 ! 1"
< g(—,) ’a(t’ —tg)e Wt (¢ —tp)e Tt 0
i

ast' — tf and ¢’ — ¢;. From (3.15)—(3.17), we obtain that there exists the
limit V; (¢, z).

The proof of the existence of the limit V;(¢, ,z) follows by analogy.

Let n(t;to, o) be the solution of the initial value problem

{ﬁzf(t,n),

’I](to) = Xo.
Since t—1 < A < tp < pu < tg41 and s > p it follows that
(s (s te, © + Ie(2))) = (55 A (A, tr, ).

Then
Vi (s (g iy @ + I (2))) < Vi(A,n(Xst, x))

and passing to the limits as p — tg and A — ¢, we obtain
Vi(td,z + In(2)) < Vi(ty ,2) = Vilte, ). (3.18)

Let © € Bg(ay, t #tr, h >0, and o’ = 2(t + h;t, x).
Then

1
Vi(t + h,a') = 9(2) sup Y; (|la(t + h+ s, t + h,2)||)e*

s>0

1
— g(—.) sup YZ(Hx(t +7,t+ h, 3:’)||)e”e*‘2h < Vi(t, a:)e*Ch
1/ r>h
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or

%(Vi(t—i-h,:c’) ~Vi(t,@)) <

Consequently, DTV;(t,x) < —cV;(t,x). From this inequality, we obtain
(3.4) for the function V;(t, x).
Now, we define the desired function V (¢, x) by setting

(e=h —1)Vj(t, z).

bl}—‘

1
= Z Em(tv'r)v 3 # tka

& (3.19)
Vitg, ) = V(t;,z), k=+1,+2, ...

Since (3.11) implies the uniform convergence of the series (3.19) in
I'*(o,a), V(t,x) is defined on R x R™, piecewise continuous along ¢, with
points of discontinuity at the moments t;, k£ = +1, 42, ... and it is continuous
along x.

From (3.9) it follows that V' (¢,0) = 0. For « such that ||z|| > 1, from (3.9)
and (3.19), we obtain

(Nl = 1). (3.20)

DN =

g1 ([l=l)) =

DN =

1
V(t,z) > §V1(t,:1c) >
1 1 .
For x such that — < ||z|| < ) we obtain
i i—

1

V(ta JI) > ﬁ%-‘rl(tu :E)

1 1
> 5977 ) Yo (lal)

2 g (g) Yo (11— 55)
= oI\ ) I T

1 1 1
> 3.21
_2”19(1—!—1) ir1) (3:21)

From (3.20) and (3.21) we can find a € K such that a(r) — co as 7 — o0
and a(||z]]) <V (¢, z).
Let (¢, z),(t',2') € I'*(0,«) with ¢t < ¢/, and then

V(t,z) - V(' 2| < | Vi(t,z) — Vi(t',2)|

e
2] -

N
Il
-

h(e)([t =t + [l — 2']])

INA
.Mg
l\:z|,_.

s
Il
—

< ha)(|t — ¢ + =~ 2']). (3.22)
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From (3.22) it follows that for 2 € By, and t # ¢, the function V (¢, x)
is continuous, and for ¢t = ¢/, we obtain V(t*,z + I(z)) < V (¢, ).

Let tp € R,z € Bg,) be fixed and & € (tg,trs1], 25 € Bga), where
Uj = x(ﬁj;tk,xj), (] = 1,2).

Then
i=1
< ; %9(211)‘ (51 - tk) —c(1—tx) _ a(gz — tk)e—c(gz_tk) -0

for & — ¢ (j = 1,2), i.e. there exists the limit V (¢, z). The proof of the
existence of the limit V' (¢, ,z) follows by analogy.
Let now t—1 < A <t < pp < tp41, s > p and from (3.18), we get

V(i o+ @) = 3 g ViltE o+ T(e) Zv (t @
i=1
gZ%V(tk, z) = V(ty, x). (3.23)

i=1

Let « € Bg(qa), t # tr and h > 0. Then from (3.19), we obtain
DYV (t,x) Z hm sup — [ i(t+ h,x(t+ hst,x)) — V(t,x)}

and

Z% —cVi(t,x)) < —cV(t, z).
i=1
Then
DTV (t,x) < —cV(t,x). (3.24)

Consequently, from (3.24) it follows that there exists V (¢, x) from Vj such
that (3.3) and (3.4) are fulfilled.

Here, we shall show that the function V(¢,z) is almost periodic in ¢
uniformly with respect to x € Bg(q)-

From conditions of the theorem it follows that if z € Bg(,), then there
exists B(a) > 0 such that |[z(¢;7,2)|] < B(a) for any t > 7, 7 € R.
From conditions H3.6-H3.8, we get that for an arbitrary sequence {s,,’}
of real numbers there exists a subsequence {s,}, $, = sn,,” moving (3.1) in

H(f, Ik,tk).
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Then, as x € Bg(q), We obtain

|Vi(t—|— Snyx) — Vit + sp,aj)} < g(l) sup e“” Yi(Hx(t—F Sp+Tit+ sn,x)H)
>0

i

_ Y;(ch(t—i—sp +T;t+sp,x)H)‘

1
<y (—) sup e”
v 0<r<T (o)

x(t+sn+r;t—|—sn,aj)

_x(t—i-sp—l—T;t—l—sn,x)H. (3.25)
On the other hand,
x(t+sn+r;t—|—sn,aj)
t+7
:x—i—/ f(o+ sn,2(0 + sp;t + 5y, 2))do
t

+ Z Tivits,) (a:(al(sn) + Spit + Sn, x)) (3.26)
t<oi(sp)<t+T

and
;v(t—l—sp—i—T;t—i—sp,:E)

t+1
::1:—|—/ flo+ sp,a(o+ spit+ sp,2))do
t

+ Z Titics,) (x(ai(sp) + Sp;t + Sps x)), (3.27)

t<oi(sp)<t+T
where 0;(s;) = ty — sj, j = n,p, and the numbers i(s,) and i(s,) are such

that i +i(s;) = k.
From (3.26) and (3.27), it follows

H:E(t—l—sn—I—T;t—i—sn,:E) —x(t—i—sp—l—T,t—i—sp,x)H

</

_ f(o’ + 5p, (0 + Spit + sn,x))Hda

/t

f(a + Sn,2(0 + snit+ sn,x))

f(a + 8p, (0 + Snit + sn,x))
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- f(a + sp, (0 + Spit + sp,x)) Hdo

DS

t<oi(sn)<t+T

‘ Iiti(s,n) (ﬂﬁ(Ui(Sn) + Snit + Sn, l’))

- Ii+i(sp) (:v(ol(sn) + Spit+ Sn, .’II)) H

)

t<oi(sp)<t+T

Titi(s,) (x(ai(sp) + Sp;t+ sn, x))

—Titis,) (I(ai(sp) + sp;t+ Sp, :1:)) H

Now, from (0 + sn;t + 55, %) € Bg(q) it follows that for any e > 0 there
exists a number N(g) > 0 such that as n,p > N(e), we obtain

Hf(a + Sn, 2(0 + spit+ sn,x))
_f(a—|—sp,3:(a+sn;t+sn,x))H <e, (3.28)

I (s, (ﬂﬁ(Ui(Sn) + Snit+ Sn, 95))

— Iivis,) (2(0i(sn) + sn; t + sn, 7)) H <e. (3.29)
Then from (3.28), (3.29) and conditions H3.2 and H3.4, we obtain
H:z:(t—ksn + 7t + Sp,x) —x(t—l—sp—l—T,t—l—sp,x)H
1 e 1
SET(l—I—}—j) —|—/ Ll(a,g)Hx(a—an;t—an,x)
t
—x(0+ sp,t+ sp,x)Hdo

+ Z Ls(a, %)Hx(oi(sn) + Sp;t + Sn, T)

t<o;<t+T

—:E(oi(sp)—i—sp;t—i—sp,x)H. (3.30)
On the other hand, from Theorem 1.9 and (3.30), we obtain
H;v(t +sp+7it+sp,x) —a(t+sp,+ 7,0+ sp,x)H

< 57(1 + %) exp {(Ll(a, %) + %ln(l + Lo(a, %))T} (3.31)
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From (3.31) and (3.25) it follows

\Vi(t + sn, ) = Vi(t + sp, )|

<o)+ re D ewfier nied

+ %m(l + Laf(a, %))T(aa 1))}5

7

< h(a)e. (3.32)

From (3.32) we get that V;(t + sy, x) is uniformly convergent with respect to
t € R and o € Bg(,). Then, Vi(t,r) is almost periodic on ¢ uniformly with
respect to © € Bg(q)-

Inequality (3.19) implies that for n,p € N(¢) and x € Bg(,) we obtain

|V (t+ sn,2) = V(t+ sp,2)| < h(a)e,

i.e. V(t,x) is almost periodic in ¢ uniformly with respect to x € Bg(qa)- O

3.1.2 Almost Periodic Solutions of Impulsive
Differential Equations

In this part of the paragraph, together with system (3.1), we shall consider
the comparison equation (1.16).
The proof of the next lemma is analogous to the proof of Theorem 1.8.

Lemma 3.2. Let the following conditions hold:
1. Conditions H3.1-H3.3 are met.
2. The function V € V1,
V(" o+ Ie(@),y + I(y) < ve(V(Ez,y)), 2,y €R?, t =1y,
k=41,42, ..,

and the inequality
DYV (t,x(t),y(t) < g(t, V(t,x(t), (1)), t #tr, kb =+1,%2, ..
holds for any t >ty and for any x,y € PC[R,R"].

3. The mazimal solution r(t;ty,uo) of (3.16), for which ug > V(t{, 0, vo),
is defined on the interval [tg, 00).
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Then
V(t7 .’I](t, tOu :EO)u y(t7 th yo)) S T‘(t7 th Uo),

as t > to, where x(t) = xz(t;to,z0), y(t) = y(t;to,yo) are solutions of
(3.1).

Lemma 3.3 ([94]). Let the following conditions hold:

1. Conditions H3.1-H3.8 are met.
2. For any system from H(f, Iy, tx) there exist functions W € Wy, a,b € K
such that
a(|lz|]) < W(t,z) <b(|lzl]), (t,z) € R xR,
Wit o+ Ii(z) <W(tz), s €R", t =1, k=41,42, ...,

and the inequality
DYW(t,z(t)) < —cW(t,z(t)), t #t,, k=+1,+2, ...

is valid for t > to, x € PC[[to, 00), R"].

Then the zero solution of (3.2) is uniformly asymptotically stable.
We shall proof the main theorem in this part.

Theorem 3.2. Let the following conditions hold:

1. Conditions H3.1-H3.8 are met.

2. There exists a function V(t,z,y), V € Vi and a,b € K such that

a(llz —yll) <V(E,2,y) <b([z = yll), (t2,y) €R X Ba X Ba,

(
V(T o+ I(x),y + Ik(y) <V(t,2,y), x,y € Ba, t =1,
k=+1,42, ..,

DYV (t,x,y) < —cV(t,z,y), 2,y € B, t #tg, k=41,+2 ..

where ¢ > 0, a > 0.
3. There exists a solution x(t;to,x0) of (3.1) such that ||x(t;to, x0)|] < a1,
where t > tg, a1 < a.

Then in By, there exists a unique almost periodic solution w(t) of (3.1) such
that:

() [lw@)|| < .
(b) w(t) is uniformly asymptotically stable.
(¢) H(w,ty) © H(f, Ix, tk)-
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Proof. Let {s;} be an arbitrary sequence of real numbers, such that s; — co
as i — oo, and {s;} moves the (3.1) into H(f, I, tx).

For the real number 8, let ig = ig(83) be the smallest value of ¢ such
that s;, + 8 > to. Since ||z(t;to, x0)|] < a1, a1 < « for all ¢ > tg, then
x(t + s;5to, x0) € By, for t > B, i > .

Then for any compact subset U, U C [8,00) and any € > 0, choose an
integer ng(e, 8) > i9(f), so large that for [ > i > ng(e, 8) and ¢ € R, it follows

)

b(2ay )e B Fsi—to) < @ (3.33)

a(e)c
2H,’

[|f(t+si,2) = f(t+s,2)| < (3.34)

where a,b € K and H; > 0 is the Lipschitz constant of the function V (¢, z, y).
From condition 2 of Theorem, we obtain

DV (o, z(0),x(0 + 8, — 8;)) < —cV (o, 2(0),x(0 + 81 — 5i))
+ Hy||f(o+ 81— six(o+ 81— 85)) — floyz(o + 51 — s:))|, (3.35)

for o # tk - (Sl - Si).
On the other hand, from o = t;, — (s; — s;) and the system (3.5) it follows

Vo, z(0) + I(x(0)), x(0 + s — s;) + I(x(o + s; — si)))
<V(o,z(0),z(c + s — 8;)). (3.36)

Set ( =0 — s;. Then,

flo+si—si,x(o+ s —38;)) — flo,z(c+ 81— ;)
= f(c + Slax(c + Sl)) - f(C + Slax(c + Si))-
Then from (3.34) and (3.36), we get

a(e)e

DV (o,z(0),x(0+s5;—5;)) < —cV(o,2(0), x(0+5—8;)) + 5

(3.37)

From (3.35), (3.36) and (3.37) it follows that the conditions of Lemma 3.2
are fulfilled.
Consequently, for I > ng(e, ) and any t € U,

V(t + Si,x(t + Si), I(t + Sl))

< exp{—c(t + s; — to)}V (to, z(to), x(to + s1 — si)) + @ <af(e).
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From the condition 2 of theorem it follows that for any ¢t € U, we get
[lz(t + s;) —x(t+ s1)|] < e.

Consequently, there exists a function w(t), ¢t € (5, 00) such that z(t+s;) —
w(t) = 0, i = oo, which is bounded from «;. Since S is arbitrary, it follows
that w(t) is defined uniformly on ¢ € R.

Next, we shall show that w(t) is a solution of (3.2).

Since x(t; to, xo) is a solution of (3.1), we have

[&(t + si) = @(t + sl < f(E+ si,a(t + i) = f(E+ s, 2(E + s1))|
I+ s, a(t+ i) = f(E+ s, 2(t + s0))] (3.38)
fort+s; #ty, j=1,land k= =£1,%+2,....

As x(t + s;) € Bg(qa) for large i, then for each compact subset of R there

exists an nq(g) > 0 such that, if [ > i > nq(e) then,
F(t+ sivw(t +50)) = F(t+ 51, 0(t + )| < 5.

Since x(t +5;) € Bg(a), j = 4,1, and from Lemma 1.2 it follows that there
exists n2(e) > 0 such that, if | > ¢ > na(e), then

€
[If(t+ s, z(t+s;) — ft+s,2(t+ s))]| < 7
Then for | > i > n(e), n(e) = max{ni(e),na2(e)}, we obtain
[|&(t + si) — &(t + s1)|| <,

where ¢t +s; # 13, j = 1,1, k = £1,£2, ..., which shows that lim @(¢t + s;)

11— 00
exists uniformly on all compact subsets of R.

Now, we have lim @(t + s;) = w(t), and
12— 00

o(t) = lim (f(t +osia(t+8:) — (F(E+ si,w(t) + F(t+ si,w(t))>

1—> 00

= f*(t,w(t)), (3.39)

for t # ty, where t; = lim #; 4.
71— 00
On the other hand, for ¢t + s; = t7, we get
wty") —w(ty”) = lim (2(t; + si +0) = 2(t; + 5 — 0))

= lim Fp(e (it + si) = Te(w(tR))- (3.40)

From (3.39) and (3.40) it follows that w(t) is a solution of (3.2).
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Now, we shall show that w(t) is an almost periodic function.

Let the sequence of real number {s,} moves the system (3.1) to
H(f,Ii,tr). Then, for any ¢ > 0 there exists mgo(e) > 0 such that if
1 >1i>mg(e), then

e~ b(201) < @,

5o+ s1.2) = o +s,0)] < B,

For each fixed t € R, let 7. = ZSB be a translation number of f such that
t+7>0.
Consider the function

V(re + o,w(o),w(o + s; — si)),

where t <o <t+s;.
Then
DTV (r. + o,w(o),w(o + 51 — 8;))
< —=cV(re + o,w(o),w(o+ s —s;)) + Hi||f°(o,w(0)) — [ (7 + o,w(0))]]
+ Hi||f%(c 4+ 81— si,w(o+ 81— 8;) — [P (e + oyw(o + 51 — 84)|

3a(e)
YR

< —cV(re + o,w(o),w(o+ s —s;)) + (3.41)

On the other hand,

V(7 + 85, w(tR) + Li(w(t})), w(ty + st — si) + Li(w(ty + st — 54)))
V(7 + t, w(ty), wty + st — s3)). (3.42)

From (3.41), (3.42) and Lemma 3.2 it follows

V(e +t+ s, w(t + s;),w(t+ s1))

3a(e)

< OV + w(t),wlt + s — s) +

<afle). (3.43)

Then by (3.43) for I > i > mq(e), we have

[lw(t + s;) —w(t+ s1)|| < e. (3.44)
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From the definition of the sequence {s,} and (3.2) for I > i > my(e) it
follows that p(tg + s;, ti + s1) < €, where p(.,.) is an arbitrary distance in the
set .

Now, by (3.44) and the last inequality, we obtain that the sequence w(t+s;)
converges uniformly to the function w(t).

The assertions (a) and (c) of the theorem follow immediately. We shall
proof the assertion (b).

Let @(t) be an arbitrary solution of (3.2).

Set

Let we consider the system

= g°(t,u), t #1,
{ Au(ts) = Bi(u(ts)), k= 1,42, ..., (3.45)

and let W(t,u(t)) = V(t,w(t),w(t) + u(t)).

Then from Lemma 3.3 it follows that the zero solution u(t) = 0 of (3.45)
is uniformly asymptotically stable for ¢z > 0, and consequently, w(t) is
uniformly asymptotically stable. a

3.1.3 Weakly Nonlinear Impulsive Differential
Equations

We shall consider the system of impulsive differential equations

&= f(tvx) +’Y(t)7 3 7£ tk7
{Ax(tk) = L(@(th)) + e, k= +1,42,., (3.46)

where v € C[R,R"], v, € R™.
Introduce the following conditions:

H3.9.  The function v(t) is almost periodic.
H3.10. The sequence {74}, k= +1,+2,... is almost periodic.
H3.11. The following inequality

@Ol + [l < &

where k > 0, holds for t e R, k = +1,4+2, ...
The next lemma is important for the proof of the main result in this part.
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Lemma 3.4. Let the following conditions hold:
1. Conditions H3.1-H3.11 are met.
2. There exist functions V(t,x,y), V € Vo and a,b € K such that
a(llz —yll) < V(t,z,y) < b(|[z —yll), (3.47)
V(I o+ I(x),y + In(y) < V(t,z,y), t =t
DTV (t,x,y) < —cV(t,z,y), t #tg, k=+1,+2,. (3.48)
where ¢ > 0, x,y € By, a> 0.

3. There exists a solution x° = 2°(t) of (3.1) such that ||2°]| < r, where
r = const > 0, and

a~! is the inverse function of a € K.
4. The following inequality

o
g — 2 (to)| < b~ (==

):

holds, where xo € Ba, to >0 and b~' is the inverse function of b € K.
Then, if x(t;to, x0) is a solution of (3.46),

H
[ (t; to, ) — 22(1)|| < a~H (==

=), (3.49)

fort eR.
Proof. Let x(t;to, xo) be an arbitrary solution of (3.46) such that

Hlli

leo — 2°(t0)I| < (2

).

and let ||zg — 2°(t9)|| < a*, where a1 < o* < a.
From (3.48) and (3.49) for t#ty, k£1,£2, ..., we get

DYV (t,2°(t), x(t; to, 20)) < —cV (t,2°(t), 2(t; to, w0)) + Hik (3.50)
and from (3.2) for t = t, k= £1,42, ..., we obtain

V(t), 29(ty) + L (2% (tr)), 2(th; to, wo) + I (x(tr; to, 9)))
<V (tr, 2°(tr), o(tr; to, o)) (3.51)
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Then from Lemma 3.3, (3.50) and (3.51) it follows that

Hlﬁ

C

V(t,2(0) 2(t5 o, w0)) < e~ (Vi(1,2°(t0), 0) — T2 )

Hik
< —
c

Now, from (3.47), we have

Hlli

C

2t to, w0) — 2 (1)]] < 0™

and from (3.48), it follows

[l2(t; to, o) || = [|2°(8) — x(t; to, zo)I| + [|a”(1)]]

Hlli

< _1( )+c<a1<a

Then, (3.49) holds for every t > to. In particular, if zo = 2°(¢g), then
clearly x(t; to, xo) is a solution of (3.46), such that ||x(¢;to, zo)|| < 1. O

Theorem 3.3. Let conditions of Lemma 3.4 hold.
Then for the system (3.46) there exists a unique globally perfectly uniform-
asymptotically stable almost periodic solution bounded by the constant a;.

Proof. Let we consider the following system associated with (3.46)

= f(t,2) + (1), t #ty,
(tk) I (x(tr)) + Vi
f(ty) +(), t# tr,
(tk) I(y(te)) + e, k= +1,+2, ...

(3.52)

Then for any o* such that a1 < a* < a, it follows
D*V(t,a(t),y(t)) = lim sup%{V(t +6,2(t) + 8/ (t, (1))
+07(), y(t) + 0 (£, y(t) + 0v(1))) — V(£ (1), y(t))}
< tim supg {V/(t+6,2(0) + /(6 2(0), y(0) + 61, (0)

§—0+

< —V(tvx(t)vy(t))} < —eV(t(t), y(1)- (3.53)
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On the other hand, for ¢t = t;, we have

V(g a(te) + Ie((te) + i y(te) + Ie(y(te)) + )
<SV(tF, a(te) + Te(z(te)), y(tr) + In(y(te))). (3.54)
Then, from Lemma 3.4, (3.53) and (3.54) it follows that for the system

(3.52) conditions of Theorem 3.2 hold. Consequently, the proof follows from
Theorem 3.2 a

Ezample 3.1. Now, we shall consider the linear systems

&= A(t)z, t #ty,
{ Ax(tk) = ka(tk), k= :|:1, :|:2, veey (355)

and

b= Az +4(0), 1 # b .
Ax(ty) = Bra(tr) + v, k= +1,£2, .. '

where A € C[R,R"*"], and By, € R"*".

The proof of the next theorem follows immediately.
Theorem 3.4. Let the following conditions hold:

1. Conditions H3.1-H3.11 are met.

2. The matriz A(t) is almost periodic.

3. The sequence {By}, k = +1,42, ... is almost periodic.

4. The zero solution of system (3.55) is globally perfectly uniform-
asymptotically stable.

Then:

1. All solutions of (3.56) are bounded;
2. For the system (3.56) there exists a unique globally perfectly uniform-
asymptotically stable almost periodic solution.

3.1.4 (hg, h)-Stable Impulsive Differential
Equations

We extend, in this part, Lyapunov second method to investigate almost
periodic solutions for (hg, h)-stable systems of impulsive differential equations
in the form (3.1).
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Let us list the following classes of functions for convenience,

Iy = {h eVi: zeu@iflgew h(t,z,y) =0, for t ER},

r = {r € CR xR",R*]: inf r(t,) =0, for t € R}.
16 n

Let
S(r,a)z{:veR": r(t,z) <a, r €I}, a>0}.

We replace the conditions H3.1.1-H3.1.5 with the following conditions:

H’3.1. The function f € C[R x S(r,a),R"], and f(¢,0) =0 for t € R.

H’3.2.  The functions I € C[S(r,a),R"] and I;(0) =0, k = +1,+2, ....

H’3.3. The functions (F + Ij) : S(r,a) — S(r,a), k= +1,£2, ..., where E
is the identity in R™*"™.

H’3.4. The function f is Lipschitz continuous with respect to = € R”
uniformly on ¢t € R, with a Lipschitz constant Ly > 0, i.e.

I[f(t,z1) — f(t,22)|] < Lallz1 — 22|l

for z1,z9 € S(r, a).
H’3.5. The functions I, k= £ 1,+2,... are Lipschitz continuous with
respect to z € R™ with a Lipschitz constant Ly > 0, i.e.

[T (21) = Ik (22)|] < Laf|lz1 — 22|

for z1, 22 € S(r, a).

Introduce and new conditions:

H3.12.  The functions from the class I}, are Lipschitz continuous along its
second and third arguments with a Lipschitz constant x > 0 such
that

[h(t, 1, 91) = h(t, 22, y2)| < w([Jer — @2l + [ly1 = v2l])

for x;,y;, e R", 1 =1,2.
H3.13.  For any function h € I}, it follows that

oh
|5 Be )| <e

where ¢ > 0, and z,y € R".
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H3.14. For any x,y € S(ro,«) and t € R, where ry € I, it follows that
h(t,z,y) < 2ro(t, x).

H3.15.  There exists ap, 0 < ag < «, such that, h(tg,z,y) < ap implies
Rt o+ In(x),y + Ie(y)) < a, k=+£1,£2, ...

Definition 3.4. Let (ho, h) € I',. The impulsive system (3.1) is said to be:
(a) (ho,h) — stable, if

(Ve > 0)(Vto € R)(35 > 0)(Vzo,y0 € R", ho(t, 0, y0) < )
(Vt 2 tO) : h(tu :E(t7 th xO)u y(t7 th yo)) <ég;

(b) (ho, h) — uniformly stable, if § in (a) is independent of ty;
(¢) (ho,h) — equi — attractive, if

(Vto € R)(36 > 0)(Ve > 0)(IT > 0)

(VIanO S an h’O(tE")_vaayO) < 5)

(vt >to +T) : h(t, x(t;to, x0), y(t; to, yo)) < &
(d) (ho,h) — uniformly attractive, if the numbers 6 and T in (c) are
independent of tg;

(e) (ho, h)—uniformly asymptotically stable, if it is (hg, h)-uniformly stable
and (ho, h) uniformly attractive.

Definition 3.5. Let ro,r € I.. The solution x(t;tg,xo) of system (3.1) is
called (ro,r) — uniformly bounded, if
(Va > 0)(38 > 0)(Vto € R)
(VLL'Q S Rn, To(to,wo) < a)(Vt > to) : T(t,x(t;to,xo)) < B
The proofs of the next theorems are analogous to the proof of Theorems 3.1
and 3.2
Theorem 3.5. Let the following conditions hold:

1. Conditions H3’.1-H’3.5, H3.6-H3.8 and H3.12-H3.15 are met.
2. For the system (3.1) there exists an (rg, r)—uniformly bounded solution.
3. The system (3.1) is (ho, h)-uniformly asymptotically stable.

Then there exists a function V' € Va almost periodic along t uniformly with
respect to x € R™ such that
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V(g a(te) + Iu((te), y(te) + Te(y(te) < V(tw, x(tn), y(tr)),
a|lz —yll) < V(t,2,y) < b(|lz —yl]),

where h(t,x,y) <6, ho(t,z,y) <9, a,be K,
DTV (t,x,y) < —cV(t,z,y)

fort #ty, (x,y) € S(ro,a) x S(ro,a), a>0, ¢>0, k==+1,4+2,...,.
Theorem 3.6. Let the following conditions hold:

1. Conditions H3’.1-H’3.5, H3.6-H3.8 and H3.12-HS3.15 are met.
2. For the system (3.1) there exists an (1o, r)-uniformly bounded solution.
3. The system (3.1) is (ho, h)-uniformly asymptotically stable.

Then, in By, a > 0 there exists a unique almost periodic solution w(t) of
(3.1), such that:

(a) w(t) is (ro,r)—uniformly bounded.
(b) w(t) is (ho, h)— uniformly asymptotically stable.
(¢) H(w(t),tx) S H(f, I, tx)-

3.2 Impulsive Integro-Differential Equations

In this part we apply the comparison principle to the problem of existence
of almost periodic solutions of the system of impulsive integro-differential
equations.

We shall consider the following system of impulsive integro-differential
equation

i(t) = f(t,z(t), | K(t,s,2(s))ds), t # tg,
to (3.57)

AI(tk) = Ik(x(tk)), k= :|:17 :|:27 ceey

wheret e R, to € R, {tx} € B, [ RXx 2 xR* > R" K :RxRx 2 — R,
I, : 2 - R" k=41,42, ...
Introduce the following conditions:

H3.16. The function f € C[R x £2 x R",R")], and f(t,0,0) = 0 for ¢ € R.
H3.17. I; € C[2,R"], and I;(0) = 0 for k = +1,+2....

H3.18. E+1I,: 02— 2, k=+1,+2... where E is the identity in R"*".
H3.19. The function K € C[R x R x 2,R"], and K (£, 0,0) = 0,
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We shall denote by x(t) = x(¢; to, x¢) the solution of (3.57) with the initial
condition :v(tar; to, o) = .

Definition 3.6. The function K € C[R x R x £2,R"] is said to be integro-
almost periodic uniformly for © € PC[R, (2], if for every sequence of real
numbers {s],} there exists a subsequence {s;}, s;=s;, such that the
sequence

t+s;
{[ " Ke+scn@u) ner
to
converges uniformly with respect to ¢ — oo.

Introduce the following conditions:

H3.20. The function f(¢,x,y) is almost periodic in ¢ uniformly with respect
toz e 2, yeR".

H3.21. The sequence {I;(x)}, k = +1,+2, ... is almost periodic uniformly
with respect to x € (2.

H3.22. The function K (¢, s, x) is integro-almost periodic in ¢ uniformly with
respect to € PC[R, £2]. ‘

H3.23. The set of sequences {t Yot =tky; — te, k= £ 1,£2,..,
j = +1,42, ... is uniformly almost periodic, and in fxt) = 6 > 0.

Let conditions H3.16-H3.23 hold, and let {s/.} be an arbitrary sequence
of real numbers. Then, there exists a subsequence {s;}, s; = s, , so that
analogous to the process in Chap. 1, the system (3.57) moves to the system

i(t) = fo(t, a(t / K5(t, &, 2(€))dE), t #t5, (3.58)
Ax(ts )—Ik((  k=+1,42,.

and in this case, the set of systems in the form (3.58) we shall denote by
H(fa vakvtk)'

We shall use the following definition for the stability of the zero solution
of (3.57).

Definition 3.7. [93] The zero solution z(t) = 0 of (3.57) is said to be:
(a) Uniformly stable, if
(Ve > 0)(36 > 0)(Vtg € R) (Vo € Bs)(Vt > to) : ||x(t; to, z0)]| < &
(b) Uniformly attractive, if
(3X > 0)(Ve > 0)(TT > 0)(Vtg € R)(Vzo € By)
Vt>to+T): ||z(t;to, z0)]| < e

(¢) Uniformly asymptotically stable, if it is uniformly stable and uniformly
attractive.
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In this section, we shall use, also, the classes Vi, Vo and Wy, defined in
Chap.1. Let V € Vi, t#t, x € PCR, 2],y € PC[R, £2].
Introduce the function

DTV (t,x(t), y(t))

= lim supl{V(t—i-é,x(t)+(5f(t,$(t)7 K(t, & 2(€))dE)
50+ 0 to

t

+0f(Ly®), | K@EY(©)dS) = Vita@®)y®)}.  (3:59)

to

By analogy for W € Wy, t # t;, = € PC[R, (2], we shall introduce the
function

DTW(t,z(t)) = lim sup%{W(t

6—0t

t

+0,2(t) + 5 (ta(t), | K5(t, & x(€)dE)) — W(L, x(t))}

to

Now, we shall proof the main result for the system (3.57).
Theorem 3.7. Let the following conditions hold:
1. Conditions H3.16-H3.23 are met.
2. There ezist functions V € Vo and a,b € K such that
V(tt o+ I(x),y + Ik(y) < V(t,z,y), o,y € 2, t =t k=+1,+2, ..,
a(lle —yll) <V(t,2,y) <b(llz —yl)), t€R, z,y € 2, (3.60)

and the inequality
DYVt 2(t), y(t) < —cV(t,a(t),y(t), ¢ £ be, k= £1,%2,.., (3.61)

is valid for t>tg, x,y € PC[R, 2], for which V(s,z(s),y(s))<V (¢, z(t),
y(t)), s € [to,t], ¢ > 0.

3. There exists a solution x(t;tg,zo) of (3.57) such that ||x(t;t0, z0)|| < a1,
where t > tg, a1 < a.

Then for the system (3.57) there exists a unique almost periodic solution w(t)
such that:

(a) [w(®)]] < .
(b) w(t) is uniformly asymptotically stable.
(c) H(w,tr) C H(f, K, I, tk).
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Proof. Let {s;} be an arbitrary sequence of real numbers, so that s; — oo as
i — oo and {s;} moves the system (3.57) to a system from H(f, K, I, ).
For any real number 8, let ig = io(3) be the smallest value of i, such that
iy + B > to. Since ||x(t;to, z0)|| < a1, where a1 < a, for all ¢ > ¢, then
x(t + s;5to, x0) € By, for t > B, i > ig.
Let U, U C (B8,00) be a compact and for any € > 0, choose an integer
no(e, B) > ip(), so large that for I > i > ng(e, 8) and t € (8, ), it follows

b(2a e~ cPFsi—to) < @ (3.62)
t+s;
[#+ sz, [ K+ sngao)e)
to
t+s; c
~Hrsa, [ K sga@| < 555 66)

where H; > 0 is the Lipschitz constant of the function V (¢, x,y).
Now, we shall consider the function V (o, z(0),z(0 + s — s;)).
For o > tg, x(0) € PC|(tg,0),R"], z(c + s — s;) € PC[(to,00), R"] and

V(S,.I(S), I(S + 85— SZ)) > V(O’,ZE(O’),ZE(O’ + 51— SZ))?
s € [to, o], from condition 2 of the theorem, we obtain
DV (o,z(0),x(0c + 8, —8;)) < —cV (0, 2(0),2(0 + 81 — 5i))

o+s;—s;
+ H1Hf(0' + 51— s, (0 + 81— 51')7/ K(o+ s — Si,f,l‘(f))dg)

to

[oa

~f(oato+si—s), | K(o.62(0)de) |

to
a(e)e
5

< —cV(o,z(0),z(0 + 51— 5)) + (3.64)

From (3.64) it follows that the conditions of Lemma 3.2 are fulfilled.
Consequently from (3.62), for I > ng(e, 5) > io(B) and for ¢ € U, it follows

V(t+ s, x(t+ s:),z(t+ s1))
< eSOy (o x(ty), x(to + s1 — 55)) + - < a(e).
Then using (3.60), we have

[lz(t + s;) —x(t + s1)|| < e.
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Then there exists a function w(t), ¢t € (8, 00) such that z(t+s;) —w(t) = 0
for i — oc.

Since [ is arbitrary chosen, it follows that w(t) is defined uniformly on
telU.

Next, we shall show that w(t) is a solution of (3.58).

Since x(t; to, o) is a solution of (3.57), we have

t+s;
e+ 50) = e+ 0l < £t + sttt s, [ K+ 51,6 0(6)de)

to

t+s;
—f(t—i—sl,x(t—i-si),/ K(t+81,§7w(§))d§)H

to

t+s;
+ﬂf@+ww@+a%/ K (t+ 51, €, 2(€))dg)

to

t+s;
s, [ K@ s € n(€)de)|

to
fort+s; #tg, j=1,1, k==%x1,%£2,....

As z(t+s;) € By, for large i for each compact subset of R there exists an
n1(e) > 0 such that if I > > nq(e), then

t+s;
Hf(f-f—siaiv(f‘f'si)a/ K(t+ s;,& 2(£))d€)

to

t+s; c
—f@+mw@+&ﬁ/ K@+m£w@»%”%<5

to

Since (t + s5) € Bg(a), j = 4,1 and from Lemma 1.6 it follows that there
exists na(g) > 0 such that if [ > ¢ > ngy(e), then

}V@+&@@+&L/HQK@+&@@@D&)

to
t+s;
~ [t snaltts), [ K+ s, &a(€)de)| < 5.

to

Then for I > i > n(e), n(e) = max{ni(c),na(e)}, we obtain
[|#(t + 5;) — 2(t + 51)|| < e,

t+s; #t3, j =1, and k = £1,£2, ... which shows that lim @(t+ s;) exists

1— 00
uniformly on all compact subsets of R.
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Therefore, lim Z(t + s;) = w(t), and
71— 00

t+s;
w(t) = lim (f(t—l—si,x(t—ksi),/ K(t—!—si,{,x({))d{)

71— 00 tf)

t+s;
—f(t+8i,w(t)a/ K(t+ 51,6, 0(€))de)

to

+ f(t+ si,w(t),/ - K(t+ si,&w(é‘))dﬁ))

to
t

= [ (tw(t), [ K5(t & w())dE), (3.65)

to

where t # 17, t§ = lm 2, 0)-
11— 00
On the other hand, for ¢t + s; = t7, it follows

w(tyt) —w(t;”) = lim (z(t] + s; +0) — (z(t; + s — 0))

71— 00

= lim L(a(t} + 50)) = Tp(w(t}). (3.66)

From (3.65) and (3.66) it follows that w(t) is a solution of (3.58).

We shall show that w(t) is an almost periodic function.

Let the sequence {s;} moves the system (3.57) to H(f, K, I, t;,). For any
e> 0 there exists mg(g) > 0 such that if > ¢ > my(e), then

e~b(201) < —agf) ,

and

£+ saton, [ K+ s atenag

t+s;
_ f(0.+ 817$(0+ Sl)7 K(t+ Sl,f,x(f))df)H < Z(_I§z7

to

where © € PC[(tg,00),R"], ¢ = const > 0.

For each fixed t € R let 7. = ZE}Z) be a translation number of the function
f such that t +7. > 0.

We shall consider the function

V(te + o,w(o),w(c + s; — $i)),

where t <o <t+s;.
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Then
DYV (r. +o,w(o),w(oc + s — si))

< —cV (e +o,w(o),w(o + 51— s;)) + Hles (o, w(0),

[ K (0.6.0(6))de)

to
Te+o
Pt [ K+ )|
+ H; ’fs(a + 81— si,w(o+ s — si),

o+s;—S;
X/ K*(0 + 51 — 84, &, w(€))dE)

to

Te+o
Plrtowlo s —s). [ K+ 0@

to

3a(e) .

< —cV(1e + o,w(o),w(o + 81— 8;)) + 1

(3.67)
On the other hand,

Vi(7e + 3, w(ti) + L (w(tr), w(ti + st — si) + Li(w(th + 51— s4)))
S V(7 + 8, w(ty), w(ty + st — s3)). (3.68)

From (3.67), (3.68) and Lemma 3.2, it follows

V(e +t+ s, w(t + s;),w(t+ s1))

3
< eV (re 4 tw(t), w(t + s — 51)) + “f) < ale). (3.69)
Then from (3.69) for [ > i > my(e), we have
w(t + 85) — w(t + s1)|| < e. (3.70)

From definitions of the sequence {s;} and system (3.58) for I > i > mg(e)
it follows that p(tx + si,trx + s1) < €, where p(.,.) is an arbitrary distance
on B.

Then from (3.70) and the last inequality we obtain that the sequence
w(t + s;) is convergent uniformly to the function w(t).

The assertions (a) and (c) of the theorem follow immediately. We shall
proof the assertion (b).

Let @(t) be an arbitrary solution of (3.58).
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Set

t

u(t) =w(t) —w(t),g"(tu), [ K( & u(6))ds)

to
t

= f(tut) +w(t), [ K& u(f) +w(§))dE)

to
t

= [tw), | Kt € w(§))dE),

to

B (u) = I} (u + w) — I (u).

We shall consider the system

t
a= g (tult), | K°(Eul())dE), t# 1,
o (3.71)

Au(ts) = Bi(u(ts)), k= 41,42, ...,

and let W(t,u(t)) = V(t,w(t),w(t) + u(t)).

Then, from Lemma 3.3 it follows that the zero solution u(t) = 0 of (3.71) is
uniformly asymptotically stable and hence, w(t) is uniformly asymptotically
stable. O

3.3 Impulsive Differential Equations
with Time-varying Delays

In this part we apply the comparison principle to the problem of existence of
almost periodic solutions of impulsive differential equations with time-varying
delays. The impulses are in the fixed moments of time and since the solutions
of such systems are piecewise continuous functions the investigations are
carried out by using minimal subset [64, 132,145, 177] of a suitable space
of piecewise continuous functions, by the elements of which the derivatives of
Lyapunov functions are estimated.
Let o € PC[R, £2] and |¢o|oo = igﬂgllwo(ﬂll-

Consider the following system of impulsive differential equations with time-

varying delay

z(t) = f(t,x(t), z(t —n(t))), t # tg,
{Af”(tk) = In(a(ty)), te > to, k= fl:l,j:2, (3.72)
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where t ER, f: RX 2 x 2 =R n:R — R {tx} € B, I, : 2 — R",
k=41,42 ...
Introduce the following conditions:

H3.24. The function f € C[R x 2 x 2 — R"], and f(¢,0,0) =0, t € R.
H3.25. The function n € C[R,R*], and t — n(t) > 0, ¢t € R.

H3.26. The functions I}, € C[2,R"], and I(0) =0, k = £1,£2, ....
H3.27. E+ Iy : 2 — 2, k=41,£2,... where F is the identity in R"*".

Let to € R. Denote by x(t) = z(t;to, v0), vo € PC[R, §2], the solution of
the system (3.72) with initial conditions:

{.I(t) = @O(t)v le (—OO,to],

z(td 3 to, o) = @olto).

We assume that the solution x(t) = x(t;to, po) of (3.72) with an initial
function g € PCIR, 2] exists, and from [177] it follows that x(¢) is a
piecewise continuous function with points of discontinuity at the moments
ty, k= =+1,42, ... at which it is continuous from the left.

Introduce the following conditions:

H3.28. The function f(¢,x,y) is almost periodic in ¢ uniformly with respect
tox e 2,y e .

H3.29. The function 7(t) is almost periodic in the sense of Bohr.

H3.30. The sequence of functions {Ix(x)}, k = £1,+2, ... is almost periodic
uniformly with respect to x € 2.

H3.31. The function ¢y € PC[R, §2] is almost periodic.

H3.32. The set of sequences {tk} tk = tptj — ty, kK = £1,%2,. =
+1,42, ... is uniformly almost periodic, and inft; = 6 > 0.

Let conditions H3.24-H3.32 hold, and let {s},} be an arbitrary sequence
of real numbers. Then there exists a subsequence {sy}, S, = $m,,’, such that
the system (3.72) moves to the system

B(t) = F(ta(t), 2lt — n* (1), © £ 15,
{Aw< ) = T2, ko £1,42, (3.78)

and by analogy, we shall denote the set of these systems by H(f,n, Ik, ty).

Definition 3.8. [177] The zero solution z(t) = 0 of system (3.72) is said
to be:

(a) Uniformly stable, if

(Ve > 0)(30 > 0)(Vgo € PC[R, 2] : |o]oe < 8)(Vtg € R)
(Vt > o) : [|z(t;to, o)l <&
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(b) Uniformly attractive, if

(3A > 0)(Ve > 0)(3T > 0)(Vto € R) (Vo € PCR, 2] : |@oloc < A)
(Vt>to+T): ||z(t;to, po)ll <&
(¢) Uniformly asymptotically stable, if it is uniformly stable and uniformly
attractive.

We shall use the classes Vi, Vo and Wy from Chap. 1. Let V € Vy, t#ty,
k==+1,4£2 ...,z € PC[R, 2], y € PC[R, {2].

Introduce

DTV (t,x(t),y(t)) = ali%l+ sup%{V(t +0,2(t) +0f(t x(t), z(t —n(t)),y(t)

+ 0t y(t)yt =) = V(L@ ye) ). (B.74)
By analogy, introduce:

DYW(t,z(t)) = lim supl{w(t +6,2(t) + 65 (t, x(t), z(t

T om0t 0
=0 (1) = Wt.a(0) }.
For V' € V; and for some t > t(, define the following set:
@ = [,y € PCIR, Q) : V(s,a(s),y(s)) < V(t.a(t), y(t)), 5 € (—o0,1]}

In the proof of the main results we shall use the following lemmas. The
proofs of these lemmas are similar to the proofs of similar lemmas in [177].

Lemma 3.5. Let the following conditions hold:

1. The function g : RxRY — RT 4s continuous in each of the sets (tg—1,tr] ¥
RY, k=+1,+2,... and g(t,0) =0 for t € R.

2. By € C[RT,RT|, Bx(0) = 0 and ¢x(u) = u+ By(u), k = £1,+2,... are

nondecreasing with respect to u.

The mazimal solution u™ : JT (tg,ug) — R of (1.16) is defined in [to, 00).

4. The solutions x(t) = x(t;to, po), y(t) = y(t;to, ¢o), ¢o € PC[R, 2], of
(3.72) are such that z, y € PC[R, 2] N PCL[R, (2].

5. The function V € Vi is such that V(t{, ¢o, ¢o) < uo,

o

V(T o+ (x), y+1k(y) < u(V(t,2,y)), 2,y € 2t =ty k= +1,£2, ...,

and the inequality
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DYV (t,x(t),yt)) < gt,V(t,z(t),y(t))), t #tr, k=%1,£2, ...

is valid for t € [tg,00), x € (.
Then
V(t,z(t; to, o), y(t; to, o)) < u™(t;t0, uo),
ast > tg.
Lemma 3.6. Let the following conditions hold:

1. Conditions H3.24-H3.32 are met.
2. For any equation from the set H(f,n, I, tx) there exist functions W €
Wo, a,b € K such that

a(|lzl) < W(t,z) <b([[=[]), (t,2) € Rx £,
Wttt o+ Ii(z) <W(tz), s €R", t =15, k=41,42,...,
and the inequality
DTW(t,z(t)) < —cW(t,z(t)), t #1t5, k=+1,42, ...

is wvalid for t > to, ©* € PC[R,R"] for which W(s,z(s)) < W(t, z(t)),
ENS [to,t].

Then the zero solution of (3.73) is uniformly asymptotically stable.
Now we shall prove the main theorem in this paragraph.

Theorem 3.8. Let the following conditions hold:

1. Conditions H3.24-H3.32 are met.
2. There exist functions V € Va and a,b € K such that

a(lle = yll) < V(t,z,y) <b([|lz —yll), (t,z,y) ERX 22X, (3.75)
V(t+,:1c+lk(x),y+[k(y)) <V(t,x,y), v,y € 2, t =1, k==+1,+2, ..

and the inequality
DYV (t,x(t),y(t)) < —cV(t,z(t),y(t)), t #ty, k==+1,42,..., (3.76)

is valid for t > to, (z,y) € {21, where ¢ > 0.
3. There exists a solution x(t;tg, o) of (3.72) such that

l[2(t; to, po)|| < a,

where t > tg, a1 < a.
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Then, in By, a > 0 for the system (3.72) there exists a unique almost
periodic solution w(t) such that:

1. |jw®)|] < aq.
2. w(t) is uniformly asymptotically stable.
3. H(w,ty) C H(f,m, 1, tr).

Proof. Let {s;} be any sequence of real numbers such that s; — 0o as i — oo,
and {s;} moves the system (3.72) in a system from the set H(f,n, Ix, tx).
For any real number 3, let ig = io(3) be the smallest value of i, such that
iy + B > to. Since ||x(t;to, o)|| < a1, where an < «, for all ¢ > g, then
x(t + 8450, p0) € B, for t > and i > iy.
Let U, U C (f8,00) be a compact. Then, for any € > 0, choose an integer
no(e, B) > ip(3), so large that for I > i > ng(e, 3) and t € (8, ), it follows

b(2ay)ecPFsi—to) < @ (3.77)

a(e)e
2H,’

(A s1,2(8), 2(t = (1)) — f(t + si,2(8), x(t — n(t))]] < (3.78)

where a,b € K, © € PC[R, 2], ¢ > 0 and H; > 0 is the Lipschitz constant
of the function V (¢, z,y).
We shall consider the function V (o, z(0),x(0+s; — s;)), and for o > to,
(z(0), (0 + s; — si)) € {21 from (3.76), we obtain
DYV(o,z(0),z(c + 5 — 8;)) < —cV(o,2(0),z(c + 51 — 5i))
+ Hil[f(o +s1 — s, x(0 + 51— i), 2(0 + 51— si — (o + 51— 1))
— floz(o+ 51— si),x(0 + 51— si —n(0 + 51 = 51))) |

< —cV(o,x(o),z(c + 51— si)) + 5

(3.79)
On the other hand, from (3.77), (3.79) and Lemma 3.5, it follows
V(t+ szt + s;),z(t + 1))

< e ctHsiTt) Y (1o w(ty), x(to + s1 — 55)) + 2

Then from (3.75), we have
[lz(t+ si) — 2(t + s1)|| <e,

for 1 > i >ng(e,p), t€U.
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Consequently, there exists a function w(t), such that z(t + ;) — w(t) = o0
for i — oo, and since f is arbitrary, it follows that w(t) is defined uniformly
onteU.

Next, we shall show that w(t) is a solution of (3.73).

Since x(t; to, po) is a solution of (3.72), we have

(8 + s0) — & + s0)l| < [[f(E+ 50, 2(E + 50,
=t + s, 2(t+ i), 2t + 50 — 0t + )l

F L+ s, 2t + si), 2( + 50— n(t + 51)))

|

—f(t—FSl,I(t—I—Sl),:E(t—I—Sl (t+sl)))| ,

z(t + si = n(t + 5i)))

fort +s; #ty, j =14, and k = £1,%2, ...
As x(t + s;) € Bg, for large s; for each compact subset of R there exists
n1(e) > 0 such that if | > i > ny(e), then

[|f(t 4 si,x(t + s;),2(t+ s —n(t + si))

€
— ft+ szt + si), 2t + s —nt+s)|| < 7

Since z(t + s;) € Bg(a), j = 4,1 and from Lemma 1.6 it follows that there
exists n2(g) > 0 such that if [ > ¢ > ngy(e), then

F @+ s, 2(t + s0), 2(t + 50 = 0t + 54)))

— flt+sualt+ i), wlt+ s =it + ) < .

Then for [ > i > n(e), n(e) = max{ni(c),n2(e)}, we obtain
[lZ(t+ i) — (t + s1)|| < e,

where t+s; # 7, j =4, and k = £1,+2, ..., which shows that lim &(t+s;)
1— 00

exists uniformly on all compact subsets of R.
Let now lim z(t+ s;) = w(t), and
71— 00

W) = Hm | f(t+si,2(t + si), 2t + 50 = n(t + 51)))
— F(t+ s w(t),w(t + s —n(t + 5)))
S+ iy w(t),wlt + 55 = n(t +5:)))]
= [7(tw(t), 0t =n° (1)), (3.80)

where t # 17 and 13, = lm ;4.
11— 00



132 3 Lyapunov Method and Almost Periodicity

On the other hand, for ¢t + s; = ¢7 it follows
wtt) —wty) = ‘l_i}m (;v(ti +58;+0)—a(t] + s — O))

= lim (] + 50)) = TH(w(t}). (3.81)

From (3.80) and (3.81) we get that w(t) is a solution of (3.73).

We have to show that w(t) is an almost periodic function.

Let the sequence {s;} moves the system (3.72) to H(f,n, I, tx). For any
e > 0 there exists mg(e) > 0 such that if [ > ¢ > my(e), then

e~ “b(20) < GTE),

and

[[f(o+si, (0 +5:), (0 + si —n(o + 5i)))

— flo+ s, x(o+ 1), z(c+s; —nlo + s1)))|| < %7

where a,b € K.
For each fixed t € R, let 7. = % be a translation number of the function
1
f such that ¢t + 7. > 0.
Now, we consider the function
V(re + o,w(o),w(o + s; — si)),

where t <o <t+s;.
Then
DYV (7. + o,w(o),w(o + s — si))
< —cV(1e + oyw(0),w(o + 81— 8)) + Hi|| f* (0, w(0),w(c —n°(0)))
— (e + o,w(o),w(te + 0 —n° (1 + 0)))|
+ Hi||f%(o 4+ 81 — si,w(o+ 81— 8;),w(o+ 81— 8; = n° (0 + 81— 8;)))
— e+ o,w(o+ s —si),w(o+si—si —n°(c+s1— i)l

3a(e)c
T

< —cV(re +o,w(o),w(oc + s — ;) + (3.82)
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On the other hand,

V(re +t5, w(ty) + L (w(ty)), w(ty + si — si) + Ip(w(ts + 1 — 84)))
< V(7o +t7, w(ty), w(ty + si — si)). (3.83)

Then from (3.82), (3.83) and Lemma 3.5 it follows

Vite +t+ s, w(t+ si),w(t + s1))

< e V(e +tw(t),w(t + s; — s1)) + 3ai€) < af(e) (3.84)
From (3.84) for | > i > mg(g), we have
[lw(t+s;) —w(t+s)|| <e. (3.85)

Now, from the definition of the sequence {s;} for [ > i > my(e), it follows
that
p(te + sisti + 51) <&,

where p(.,.) is an arbitrary distance in B.

From (3.85) and the last inequality, we obtain that the sequence w(t + s;)
is convergent uniformly to the function w(t).

The assertions (a) and (c) of the theorem follow immediately. We shall
prove the assertion (b).

Let @(t) be an arbitrary solution of (3.73).

Set

u(t) = w(t) — w(t),
9°(t,u®)) = 2t u(t) + w(t), u(t) + w(t = n°(1)))

- fs(tvw(t)vw(t - ns(t)))v
Bi(u) = I} (u+ w) — I (u).

Now, we consider the system

u=g*(t,u(t)), t # b,
{ Au(ty) = B;(u(t;)),kk = 41,42, .., (3.86)

and let W(t,u(t)) = V(t,w(t),w(t) + u(t)).

Then from Lemma 3.6 it follows that the zero solution u(t) = 0 of system
(3.86) is uniformly asymptotically stable for t; > 0, and hence w(t) is
uniformly asymptotically stable. ad

Ezample 3.2. To apply the results of Theorem 3.8, we shall consider the
following system
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= r(t)u(t) (1 —u(t = n(t)K 1)), t # ti,
{A“(fk> = Ky (u(t) K~ = 1), k= Lo (3.87)

where 7, € C[R,R*] and r(t) > 0, 0 < n(t) < no, 7 € CR,R],k =
+1,42, ..., K =const >0, {tx} € B.

This system presents the simulation in mathematical ecology of
the dynamics of the population u(t), where K > 0 is the capacity of the
environment, 7, are functions which characterize the magnitude of the
impulsive effect at the moments ¢y,.

The systems (3.87), where v;(u) = 0, u > 0, k = £1,+2,... has been
studied in [198].

Let N(t) = u(t)K ' — 1 and from (3.87), we obtain the system

{N(t) = _T(t)(l + N(t))N(t - n(t))7 t 7& 2 (3.88)
AN(tk) = ’}%(N(tk)), k=+1,42,...

Under the standard type of initial conditions, 1+ N(0) >0, 1+ N(s) >0
for s € (—o0, 0] it is easy to see that the solution of (3.88) satisfies 1+ N (t) > 0
for ¢t > 0.

Theorem 3.9. Let the following conditions hold:

1. Conditions H3.29 and H3.32 are met.
2. The function r(t) is almost periodic in sense of Bohr and

t
/ r(s)ds = .
t—n(t)

3. The sequence of functions {yx(w)}, v € C[R,R], is almost periodic
uniformly on u € R, and v,(0) =0, =1 < y,(u) <0, k==+1,+2,....

4. There exists a bounded solution of (3.88).
5. The inequalities
N(t—( (1+N ) (1), t #tp, k=+1,+2, .
Mt —n( (1+M ) (1), t #tp, k=+1,+2, .
2N(t)(N ) <), t=ty, k=+1,%2, ...,
are valid for t >0 and (N, M) € {25 where

0y = {(N, M): N,M e PC[R,R*], N*(s)
+ M2(s) < N2(t) + M2(t), s € (=00, 1], t > 0}.

Then for the system (3.88) there exists a unique almost periodic solution.
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Proof. Let V(t, N, M) = N?+ M?2. Then, from the conditions of the theorem,
it follows that

DTV (t,N(t), M(t))

= 2N (1) (= () (1+ N @) N(t = n(t)) +2M O -r(1)] (1 + M (2))
X M(t = n(t))
< =2r(V(t, N(t),M(t)) <0, t £ ty, k==+1,£2, ..

and

V(8 N (t) + (N (1)), M (1) + 3 (M (1)) )

- [N(tk) +’Yk(N(tk))r + [M(tk) + %(M(fk))r

< V(te, N(te), M(tk)), k= %£1,%£2,....

Thus, all conditions of Theorem 3.8 are satisfied, and the conclusion of
Theorem 3.9 follows. O

3.4 Impulsive Functional Differential Equations

In the present part, the existence and stability of almost periodic solutions

of nonlinear systems of impulsive functional differential equations are consid-

ered. Some known results are improved and generalized [19,28,142,144,197].
Let o € PC[R, £2] and |¢ofoc = igﬂgllwo(t)ll-

We shall consider the system of impulsive functional differential equations

@(t) = f(t, ), t > to, t # t,
{Aw(fk) = Ikéx(tk))7 k=+1,42, ..., (3.89)

where tp € R, t €R, f : R x PC[R, 2] = R™, {t;} € B, I, : 2 — R", k =
+1,42,... and for t > ty, 2 € PCIR, (2] is defined by the relation z; =
x(t+s), —oo < s< 0.

Denote by z(t) = z(t;to, v0), o € PC[R, (2] the solution of the system
(3.89) with initial conditions:

{x(t;th@O)_wo(t_tO)a tSt()v (3 90)
(tg o, v0) = #0(0),
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and by J*(¢o, p9)—the maximal interval of type [to, 3) in which the solution
x(t; to, po) is defined.

The solution z(t) = x(¢; %o, ¢o) of the initial value problem (3.89), (3.90)
is characterized by the following [177]:

(a) For t < to, to € [thysthy), the < thystrk; € {tk}, ¢ = 0,1, the solution
x(t) satisfies the initial conditions (3.90).
(b) For tg <t < ty,, x(t) coincides with the solution of the problem

{x(t) = f(t,z1), t > to,

Ty = @o(s), —oo < s<0.

At the moment ¢ =tj, the mapping point (¢, z(t; to, o)) of the exten-
ded phase space jumps momentarily from the position (¢, , x(tg,;to, ©0))
to the position (tx, , x(tk,;t0, o) + Lk, (x(tk, ; to, ¥0)))-

(¢) Forty, <t <tp,, tp, € {tx} the solution x(t) coincides with the solution

of
{y(t) = f(tvyt)a t> tkla
Yt, = P1, V1 € PC[Ru Q]u

where

@1(15 —t ) _ {@O(t - tk1)7 te (—OO,tkl],
' z(t;to, po) + In, (z(ts to, o)), t = th, -

At the moment ¢ = ¢, the mapping point (¢, z(t)) jumps momentarily, etc.

Thus in interval J¥ (tg, ¢o) the solution x(¢;to, ¢o) of the problem (3.89),
(3.90) is a piecewise continuous function with points of discontinuity of the
first kind at the moments t = ¢, k = £1, %2, ..., at which it is continuous
from the left.

Introduce the following conditions:

H3.33. The function f € C[R x PC[R, 2],R"], f(t,0) =0, t € R.

H3.34. The function f(¢,¢) is Lipschitz continuous with respect to ¢ €
PC[R, 2] uniformly on ¢ € R.

H3.35. The functions I}, € C[2,R"], I}(0) = 0.

H3.36. (E+1I): 2 — 2, k=41,+2, ..., where F is the identity in R™*".

We shall use the next lemma in the prove of the main results.

Lemma 3.7 ([178]). Let the conditions H3.33-H3.36 are met.
Then, J* (to, po) = [to, o0).



3.4 Impulsive Functional Differential Equations 137

Introduce the following conditions:

H3.37. The function f(¢, ¢) is almost periodic in ¢ € R uniformly with respect
to ¢ € PC[R, £2].

H3.38. The sequence {I(x)}, k = £1,+2,... is almost periodic uniformly
with respect to x € (2.

H3.39. The function ¢y € PC[R, (2] is almost periodic.

H3.40. The set of sequences {t]}, t] = tpyj; — tp, k = £1,£2,..., j =
+1,42, ... is uniformly almost periodic, and in fit; = 6 > 0.

Let the conditions H3.33-H3.40 hold, and let {s/,} be an arbitrary
sequence of real numbers. Then, there exist a subsequence {s,}, $p, = sm,,’
such that the system (3.89) moves to the system

Z(t) = f5(t, @), t > to, t £ t5,
{Aw@@ _p(), k= 41%2, (3.91)

and the set of systems in the form (3.91) we shall denote by H(f, I, tx).
We shall use the classes Vi, Vo and Wy which are defined in Chap. 1. Let
VeWw, t£t, € PCR, 2], y € PCIR,{2].
Introduce

DTV (t,z(t),y(t)) = lim sup%{V(t +0,x(t) +0f(t,x), y(t) +0f(t,ye))

§—0t
- V(t,x(t),y(t))}. (3.92)

By analogy, let W € Wy, t #t;, z € PC[R, (2].
Introduce:

DYt (t)) = lim sup%{W(t 8,() 4 67 (1, w0)) ~ Wt 2(t))}.

§—0+

For V € V; and for some t > t;, define the following set:

2 ={(z,y): z,y € PCR, 2] : V(s,x(s),y(s))
S V(t,I(t),y(t)), s € (—OO,t]}
In the next theorem are considered the conditions for the existence of
almost periodic solutions of the system (3.89).
Theorem 3.10. Let the following conditions hold:

1. Conditions H3.33-H3.40 are met.
2. There ezist functions V € Vo and a,b € K such that
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a(llz —yll) <Vt 2,y) <b(llz —yl), (tz,y) €Rx2x 02, (3.93)

b
V(t+,iE + Ik(x)vy + Ik(y)) S V(t,.f,y), T,y € Qa t= tkv k= :l:lv:t?v i
and the inequality

DYV (t,x(t),y(t)) < —cV(t,x(t),yt)), t #tr, k==+1,42,..., (3.94)

is valid for t > to, (x,y) € {21, where ¢ > 0.
3. There exists a solution x(t;tg, o) of (3.89) such that

||I(tvt07</)0)|| S g,
where t > tg, a1 < a.

Then, in By, a > 0 for the system (3.89) there exists a unique almost
periodic solution w(t) such that:

1. |lw(®)|] < a1.
2. w(t) is uniformly asymptotically stable.
3. H(w, tk) C H(f, I, tk).

Proof. Let {s;} be any sequence of real numbers such that s; — co as i — oo
and {s;} moves the system (3.89) to a system in H(f, I, tx).

For any real number 3, let iy = io(8) be the smallest value of i, such
that s;, + 8 > to. Since ||x(t;t0, ¢o)|| < a1, a1 < « for all t > ¢, then
x(t + si3t0, o) € By, for t > 3, i > ip.

Let U, U C (8,0) be a compact. Then, for any ¢ > 0, choose an integer
no(e, B) > io(B), so large that for I > i > ng(e, B) and t € R, it follows

a(e)

b(20 e~ cPtsimto) < 5 (3.95)
ale)c
7+ s1,0) = FGe+ i) < S, (3.96)

where z € PCO[R, (2], ¢ > 0 and H; is Lipschitz constant of the function
Vt,x,y).

Consider the function V (o, z(c), z(c+s;—s;)), and for o > to, (z(c), z(c+
s1—si)) € {21 from (3.94), (3.95), we obtain

DV (o,z(0),x(0 + 8, — 8;)) < —cV (o, 2(0),x(0 + 81 — 5i))

+ Hle(U + 85— Si"TUJFSL*Si) - f(O’, :EaJrslfsi)

< —cV(o,x(o),z(c + s —si)) + 2

(3.97)
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On the other hand, from (3.97) and Lemma 3.5, it follows that for
1>ng(e,B) >io(B) and t € U

V(t+ si,x(t+ s;),z(t + 1))
< 676(t+si7to)V(t0,$(t0),$(t0 + 85 — Sl)) + T < CL(€).
Then from the condition (3.93) and ¢ € U, we have

[|z(t + s;) —x(t + s1)|| < e.

Consequently, there exists a function w(t), such that z(t +s;) — w(t) — o0
for i — oo. Since S is arbitrary, it follows that w(t) is defined uniformly on
teR.

Next, we shall show that w(t) is a solution of (3.91).

Since x(t; to, o) is solution of (3.89), we have

[[E(t + si) = 2(t+ sl < f(E+ i, Tegs) — f(E+ 51, 2045,) ]
+ ||f(t+ Sl7xt+5i) - f(t+ Slvxt-ﬁ-Sz)Hv

fort+s; #ty, j=1,k; k==£1,£2,....
As x(t + s;) € Bg, for large s; for each compact subset of R there exists
an nq(g) > 0 such that if I > ¢ > ny(g), then

3

I+ 80, Ters) = FE+ 51,204l < 5

Since z(t + 55) € Bg(a), j = 1,1 and from Lemma 1.6 it follows that there
exists na(e) > 0 such that if I > i > na(e), then

€

I[f(t+ s, 2eqs,) — [(E+ 81,7004 < 5

For [ > i > n(e), n(e) = max{ni(e),n2(e)}, we obtain
|t + si) — (t + s1)|| < e,

where t + s; # t; which shows that lim @(¢ + s;) exists uniformly on all
71— 00

compact subsets of R.
Let now lim #(t+ s;) = w(t), and

12— 00

W(t) = m [f(t+ si,@iqs,) — [(E+ s5,w(t) + f(t+ s5,w(t))]

= f(t,w(t)), (3.98)

where t # 17, 1] = 11;1(1)10 thyi(s) -
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On the other hand, for ¢t + s; = ¢7 it follows

w(tyh) —w(t;”) = lim (z(t}, + s; +0) — z(t; + s, — 0))

71— 00

= lim (e (t + si) = i (w(tR))- (3.99)

From (3.98) and (3.99), we get that w(t) is a solution of (3.91).
We shall show that w(t) is an almost periodic function.
Let the sequence {s;} moves the system (3.89) to H(f, I, tx). For any
e > 0 there exists mg(e) > 0 such that if [ > ¢ > my(e), then
s, a(e)
e~“b(20n) < ——=,
4
and ©
a(e
I[f (0 + 8isTors,) — flo+ s1,2045,)[| < mv
where x € PC[R, 2], ¢ > 0.
For each fixed t € R let 7. = Z(—ij be a translation number of f such that
t+7>0.
Consider the function

V(re + o,w(o),w(o + s; — si)),

where t <o <t+s;.
Then
DTV (r. + o,w(o),w(o + 51 — 8;))
< —cV(re + o,w(o),w(o+ s —s;)) + Hi||f*(o,w(0)) — f5(7e + o,w(0))]]
+ Hi||f(c+ s — sy, w(o+ s —8;)) — fo(1e + o,w(o + 51 — 83))]]

3a(e)

< —cV(re +o,w(o),w(oc+ s —s;)) + 1

(3.100)

On the other hand,
V(e + b w(t) + T ((t),w(th + 51— 55) + Lt + 51— 51)))
< V(7e + t7, w(ty), w(ty + s — si)). (3.101)
From (3.100), (3.101) and Lemma 3.5 it follows

V(re +t4s,w(t+s:),w(t + 1))

3a(e)
4

< eV (1 + tw(t), w(t + s — 1)) + <a(e). (3.102)



3.4 Impulsive Functional Differential Equations 141

Then from (3.102) for [ > i > mg(g), we have
[lw(t +s;) —w(t+s)|| <e. (3.103)

Now, from definitions of the sequence {s;} and system (3.99) for [ > i >
my(e) it follows that p(tx+s;, tx+s1) < €, where p(.,.) is an arbitrary distance
in B.

Then from (3.103) and the last inequality we obtain that the sequence
w(t + s;) is convergent uniformly to the function w(t).

The assertions (a) and (c) of the theorem follow immediately. We shall
prove the assertion (b).

Let @(t) be an arbitrary solution of (3.91).

Set
u(t) = w(t) — w(t),
9°(tu(t)) = f2(tu(t) + w(t) — f2(tw(t)),
Bi(u) = I} (u+w) - [i(u).

Now we consider the system

u=g°(t,u(t)), t #t,
{Au(tZ) = Bj(u(t})), k=+1,£2, ..., (3.104)

and let W (t,u(t)) = V(¢,w(t),w(t) +u(t)). Then, from Lemma 3.5 it follows
that the zero solution u(t) = 0 of (3.104) is uniformly asymptotically stable,
and consequently w(t) is uniformly asymptotically stable. O

Ezample 3.3. We shall consider the next scalar impulsive functional differ-
ential equation

t

z(t) = —a(t)z(t) + / c(t —s)z(s)ds + f(t), t > to, t # ti,

— 00

Ax(ty) = bpa(ty), k= =+1,+2, ...,

(3.105)

where a, ¢, f € C[R,R] are almost periodic in the sense of Bohr. The function
f(¢) is Lipschitz continuous in R, {by}, bp > 0, k = £1,+2,... is an almost
periodic sequence of real number and the condition H3.40 for the sequence
{tx} € B holds.

Let

+M/ w)|du < =\,

where A > 0 and M = H (1 + bg).
k=41,42,...
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For the function V (¢, z,y) = |z|+ |y| and (3.105) the conditions 2 and 3 of
Theorem 3.10 hold, and from [110] it follows that for the (3.105) there exists
a uniformly bounded solution.

Then, all the conditions of Theorem 3.10 hold, and consequently, for
the (3.105) there exists a uniformly asymptotically stable almost periodic
solution.

3.5 Uncertain Impulsive Dynamical Equations

In the present part sufficient conditions for the existence of almost periodic
solutions of uncertain impulsive dynamical equations are obtained.
The investigations are carried out by means the concepts of uniformly
positive definite matrix functions and Hamilton—Jacobi—Riccati inequalities.
We shall consider the following system of uncertain impulsive dynamical
equations

= f(t,x) + g(t,x), t #tg,
{ Ax(ty) = Ip(x(ty)) + Jr(x(te)), k= £1,%£2,..., (3.106)

wheret e R, {tp} € B, f,g: Rx 2 =R, I}, Jp: 2 > R", k==+1,4+2, ...
The functions ¢(t, z), J(z) represent a structural uncertainty or a uncer-
tain perturbation in the system (3.106) and are characterized by

g€ Ug={g: g(t,) = eg(t,2).04(t, ), ||04(t,2)|| < |Img(t,2)]|},
and
Jk S UJ = {Jk : Jk(ac) = ek(x)ék(:v), ||6k($)|| < ||mk(x)||}, k= :|:1,:|:2, ceny

where e, : R x 2 — R™™ and e, : £ — R™™ are known matrix
functions, whose entries are smooth functions of the state, and d,,d; are
unknown vector-valued functions, whose norms are bounded, respectively,
by the norms of vector-valued functions myg(t, ), mg(x), respectively. Here
mg: R x 2 —=R™, my: 02— R™, k==1,+£2,... are given functions.

We denote by x(t)=x(t;to,x0), the solution of (3.106) with initial
condition tg € R, z(t{) = 0.

Introduce the following conditions:

H3.41. The functions f(¢,x) and e4(¢,x) are almost periodic in ¢ uniformly
with respect to x € (2.

H3.42. The sequences {I;(x)} and {ep(x)}, k& = =+1,+2,... are almost
periodic uniformly with respect to = € (2.
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H3.43. The set of sequences {ti}, ti = tpr; —tg, k = £1,£2,..., j =
+1, 42, ... is uniformly almost periodic, and in fxt) = 6 > 0.

Let the conditions H3.41-H3.43 hold, and let {s/,} be an arbitrary
sequence of real numbers. Then there exists a subsequence {s,}, s, = sm,,’
such that the system (3.106) moves to the system

&= f*(t,x) +g°(t,x), t # 1],
{ An(tg) = T(10) + @), k= £1,42,... (8.107)

The set of all systems at the form (3.107) we shall denote by
H(f, g, Ir, Jy: tr).
Introduce the following condition.

H3.44. f(£,0) = 0, 6,(t,0) = 0, I;(0) = 0 and 6,(0) = 0, for all t € R and
k=41,42, ...

We shall note that from the last condition it follows that x(¢t) = 0 is a
solution of the system (3.106).

Definition 3.9 ([108]). The uncertain impulsive dynamical system (3.106)
is said to be uniformly robustly stable, uniformly robustly attractive, uniformly
robustly asymptotically stable, if for any g € Uy, J, € Uy, k = £1,£2, ... the
trivial solution x(t) = 0 is uniformly stable, uniformly attractive, uniformly
asymptotically stable, respectively.

Next we shall use the classes V;, Vo and Wy, which are defined in Chap. 1.
Let V e Vi, t # t, x € PC[R, (2], y € PC[R, 2].

Introduce

DV (t,0(t),y(0)) = Jim_sups {V{t+8,2(6) + 856, 2(0), y(6) + £ (6)

— V(t,a(t).y®) |- (3.108)

For the proof of the main results we shall use the following nominal system
of the system (3.106)

&= f(t,x), tF# tr,
{A“’(W = Ik(x(tk];), k=41,42, ... (3.109)

Definition 3.10. The matrix function X : R — R™*" is said to be:

(a) A positive define matriz function, if for any ¢ € R, X (¢) is a positive
define matrix.

(b) A positive define matriz function bounded above, if it is a positive definite
matrix function, and there exists a positive real number M > 0 such that
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Amaz (X (8)) < M, t € R,

where A\qq (X (¢)) is the maximum eigenvalue.
(¢) An uniformly positive define matriz function, if it is a positive definite
matrix function, and there exists a positive real number m > 0 such that

where A\ (X (¢)) is the minimum eigenvalue.
The proof of the following lemma is obvious.

Lemma 3.8. Let X(t) be a positive define matriz function, and Y (t) be a
symmetric matrix.
Then for any x € R™, t € R the following inequality holds

2TY ()2 < Mpae (X 1Y (1) 2T X (8). (3.110)

We shall use the next lemma.

Lemma 3.9 ([108]). Let X(t) be a diagonal matriz function.
Then for any positive scalar function A(t) and for any &,n € R™, the
following inequality holds

267 D(tn < A (OETE + A" . (3.111)

Now we shall prove the main theorem.
Theorem 3.11. Let the following conditions hold:

1. Conditions H3.41-H3.44 are met.
2. There exist functions V € Vo and a,b € K such that

a(llz —y||) <V (tz,y) <b(|lz—yll), (tx,y) € Rx 2 x 0.
3. There exist positive define matriz functions G, : R x R x R" —

RY>X™ Gop : RxR? xR® = R™ ™ gnd fort €R, k=41,42,..., z,y €
PC'[R, 2], z € R™ it follows

V(t2(t) + Iu(@(t)) + ex(@(®) 2, y(t) + Te(y(t) + ex(y(t)2)

< V(ta(t) + L@ (®), y(t) + Ly(t)) + Gun(t, (), y(1) 2

+ 2T G (t, x(t), y(t)) 2. (3.112)
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4. There exist positive constants xr, k = £1,%2, ... such that

v (t wlt) + Dulat). y(t) + Luly(t))
+x;  GuG + (Xk + /\mam(sz))mfmk
< V(t, o(tr), y(te)), (3.113)
where Gig = G (tr, z(tr), y(tr)), Gor = Gor (tr, x(tr), y(tr)), mi(z(ty)) =
5. ﬂ;i];ére exists a constant ¢ > 0 and scalar functions A\, € C[R™, RT| such

that fort € R, t £y, k=+1,42, ..., x,y € 2 it follows

v oV oV ANV AV 0V AVNT 1 .
ot (Gt 3 (G 5y (5 + 5y) 23z ™ ™M
< —cV(t,x,y). (3.114)

6. There exists a solution x(t;tg,x0) of (3.106) such that
[|z(t; t0, x0)|| < o1, where aq < «, a > 0.

Then, in B, for the system (3.106) there exists a unique almost periodic
solution w(t) such that:

Lt < on.
2. w(t) is uniformly robustly asymptotically stable.
3. H(w, tx) C H(f, 9, Lr, i, t)-

Proof. From (3.110), (3.111), (3.112), for t = t, k= £1,%2, ..., we have
V(tF2(te) + e(ate)) + Je(@te), yte) + Te(y(te) + Ju(y ()
< V(6 ati) + De(e(te), y(te) + Te(y(te) ) + Gud(o(t))
+6(x(tr))” Gard((t))
< V(i ate) + T (t). u(ts) + Lu(u(t1)))

+ XlzlleG,{k + (Xk + Anaz (G2k))mzmk
< V(te, x(te), y(tr))- (3.115)

On the other hand, for ¢ # ¢, k = +1,+2, ..., from (3.108) and (3.114),
we get
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DYV (t,x(t),y(t) = %/ + ('2—‘/ + g_v)(f +9)
s G B (S
S (G ) R G et (G5
Faxgmamt g0 (5 + gy e, Howed (5 + 5) e

- Aik@,} - 2ii{m mg — 876,

_V v oV ov oV ov oavy 1 .
= (%Jra_y)f (8w+8y) ((%c ay)J’Wmm

Then from (3.115), (3.116) and conditions of the theorem it follows that
for the system (3.106) the conditions of Theorem 3.2 are satisfied, and hence,
the proof of the theorem is complete. a

Now, we shall consider the linear system of uncertain impulsive dynamical
equations

i = A(t)x + B(t)z, t # ty,
{ Ax(ty) = Ar(te)e(te) + Bi(t)a(tn), k=+1,£2,.., (3.117)

where teR, {tx} €B, A, A : R - R"™" k= + 1,42 ... are known matrix
functions, and B, By : R € R"*"™, k = £1,+£2,... are interval matrix func-

tions, i.e. B(t) € IN[P(t),Q(t)] = {B(t) e R™" : B(t) = (bi(1)), pij(t) <
bii(t) < qij(t), 4,5 = 1,2,. } Bi(t) € IN[Pu(t), Qu(t)], k = +1,%2, ...,
(t

where P(t) = (pi;(t)), Q(t ) (gij (1)), and Py(t), Qr(t), k = £1,£2,... are
known matrices.

Introduce the following conditions:

H3.45. The matrix functions A(t), P(t), Q(t) are almost periodic.
H3.46. The sequences A;(ty), Pi(tx), Qi(tg), | = £1,£2,..., k=+1,42 ...
are almost periodic for any k = +1,+2, ....

Lemma 3.10. [108] Let B(t) € IN[P(t),Q(t)], where P(t), Q(t) be known

matrices.
Then B(t) can be written

B(t) = Bo(t) + E(t)S(t)F (1),
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where:

1

Bo(t) = 5(P() + Q1))

S(t) = diag{e1(t), s 10 (1), s En1 (£), ooy Enn () } € R? X

O
=
~
I
)
—~
=
~
s
LN
—~
=
%
=
~
m
=
.
.
I
“}—‘
\'l\.')
S

€i(0,...,0,1,0,...,00T e R, i =1,2,...,n.
By Lemma 3.10, we rewrite the system (3.117) in the form

{55 = Ao(t)z + E()Z(1)F(t)x, t # t, (3.118)

AI(tk) = Ak(tk)x(tk) + Ek(tk)Ek(tk)Fk(tk)x(tk),

where

k=41,42, ..
Ao(t) = A(t) + Bo(t), Ap(t) = Ar(t) + Bro(t),
Bi(t) = Bro(t) + Ex(t) Xk () Fi(t), k= +1,£2, ...,
and By, Ej(t), Zy(t), Fi(t) are defined in Lemma 3.10.
Now, we shall prove the next theorem.
Theorem 3.12. Let the following conditions hold:

1. Conditions H3.41, H3.43 and H3.45, H3.46 are met.

2. There exist scalar functions A(t) > 0, a(t) > 0 and an uniformly positive
matriz function X (t) bounded above such that:

(a) X (t) is differentiable at t # ti, and the Riccati inequality holds:
X+ XA+ AVX + XN XEETX + AFTF < —aX, (3.119)
fort £ty k=41,4£2, ..,

(b) There exist some 1, € R and positive constants xx, k = +1,+2, ...
such that
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tht1
/ a(s)ds+Inf, < —rg, k=+1,+2, ..., (3.120)

tr

where
B = A { X7 (00) | (E + AL (1))
+ X5 "X (te) Bx (tk) BF (tk) X (t) (E + Ag(ty))

+ (Xk + )‘mawElz(fk)X(tk)Ek(fk)ﬁg(fk))ﬁk(tk)}} <1,

where E is an identity in R™*",
3. There exists a solution xz(t;to,zo) of (3.117) such that

[|z(t; to, x0)|| < 11, where 1w < v, v >0.

oo

Then, if Zrk = oo for the system (3.117), there exists an almost periodic
k=1

solution w(t) such that:

1. fw@®)]] < 1.
2. H(w,ty) C H(A, B, Ay, B, ti,).
3. w(t) is uniformly robustly asymptotically stable.

Proof. Let V(t,z,y) = (x + y)T X (t)(z + y). Then V € Vs, and

Anin (X () (12 + [9DIP) £V < A (XO) (11201 + [y(0)I12),
where (¢,z(t),y(t)) € R x B, X B,,.

The matrix X (¢) is an uniformly positive define matrix function and is
bounded above. Then, we have positive numbers M > m > 0 such that

m S )\mzn(X(t)) S )\maw(X(t)) S M7
and for a(t) = mt?, b(t) = Mt* t € R, a,b € K, it follows that
a[lz(t) —y@I) < V(& 2(8),y(8) < b([[=(t) = y(®)]])- (3.121)

Similar to the proofs of (3.115) and (3.116), from (3.119) and (3.120) we
get,

V(1 w(th) + Ax((ti)) + Bu(e(t)). y(te) + Ax(y(tr)) + Bi(y(te) )

< BV (e, z(te), y(te)) < V(tk, 2(te), y(tr)), (3.122)
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and
DTV (t,x(t),y(t)) < —cV(t,x(t),y(t)), (3.123)

where t#ty, k=+1,+2,...., 0 < ¢ < aft).

Then, from (3.121), (3.112) and (3.123) it follows that for the system
(3.117), the conditions of Theorem 3.11 hold, and the proof of Theorem 3.12
is complete. a



Chapter 4
Applications

In this chapter, we shall consider the some applications to the real world
problems to illustrate the theory developed in the previous chapters.

Section 4.1 will offer some impulsive biological models. We shall consider
conditions for the existence of almost periodic solutions for an impulsive
Lasota—Wazewska model, an impulsive model of hematopoiesis, and an
impulsive delay logarithmic population model.

Section 4.2 will deal with conditions for the existence of almost periodic
solutions of different kinds of n-species Lotka—Volterra type impulsive models.

Section 4.3 we shall present impulsive neural networks. By means of
Lyapunov functions sufficient conditions for the existence of almost periodic
solutions will be established.

4.1 Biological Models

4.1.1 An Impulsive Lasota—Wazewska Model

The main problem of this paragraph is to study the following generalized
system of impulsive differential equations with delay of Lasota—Wazewska

type:
B(t) = —a(t)a(t) + Y Bi(t)e DT g oty
i=1
Ax(tk) = akx(tk) 4+, k=41,£2,...,

where t € R, {tx} € B, a(t), Bi(t), v(t) € C[R,RT], i = 1,2,...,n, h =
const > 0, and the constants a € R, ;v € R, k= 4+1,£2,....

We shall note that in the special cases when «, 3, «v are positive constants,
the differential equations with delay and without impulses in the form

(4.1)

o = —au(t) + fe 1)

G.T. Stamov, Almost Periodic Solutions of Impulsive Differential Equations, 151
Lecture Notes in Mathematics 2047, DOI 10.1007/978-3-642-27546-3_4,
© Springer-Verlag Berlin Heidelberg 2012
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are considered by Wazewska-Czyzewska and Lasota [186]. The aim is an
investigation of the development and survival of the red corpuscles in the
organisms.

The late investigations in this area are in the work of Kulenovic and Ladas
[89] for the oscillations of the last equations and studying of the equation

i = —pu(t) + Y pie” ",
=1

where u, p; and r; are positive constants.

Let to € R. Introduce the following notation:

PC(tg) is the space of all functions ¢ : [tg — h,tg] — {2 having points
of discontinuity at 61,60s,...,05 € (to — h,tg) of the first kind and are left
continuous at these points.

Let ¢g be an element of PC(tg). Denote by x(t) = z(t; to, ¢o), « € £2, the
solution of system (4.1), satisfying the initial conditions:

{I(t;to,ébo) =¢o(t), to—h < t < to, (4.2)
z(tg s to, do) = dolto). '

Together with (4.1), we consider the linear system

(0) = —a()a(). ¢ # b W)
AI(tk) :akx(tk), k::tl,:tQ,.... '
Introduce the following conditions:

H4.1. The function «(t) is almost periodic in the sense of Bohr, and there
exists a positive constant « such that a < «a(t).

H4.2. The sequence {ay} is almost periodic and —1 < ap < 0, k =
+1,+2,.. . ‘ ‘

H4.3. The set of sequences {t]}, t] = tpy; — tp, kb = £1,£2,..., j =
41,42, ... is uniformly almost periodic, and there exists 6 > 0 such that
infy, t,lc =60>0.

Now, we shall consider the equations
z(t) = —a(t)x(t), tr-1 <t <ty
and their solutions
t
x(t) = x(s)exp{ —/ a(o)do}

fortp_1 <s<t<ty, k==+1,4+2, ...
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Then by the definition of the Cauchy matrix for the linear equation (1.13)
at Chap. 1, we obtain for (4.3) the matrix

exp{ - fst Q(U)do'}, th—1 <s<t< tk;
k+1

Wit,s) =< T](1+aieap{ - /St o(0)do }

i=m

ti—1 <8<ty <t <t <itpg1.

Then the solutions of (4.3) are in the form

x(t;to, x0) = W(t, to)wo, to,z0 € R.

Introduce the following conditions:

H4.4. The functions 53;(t) are almost periodic in the sense of Bohr, and

0< sup|ﬁi(t)| < B;, B; >0, BZ(O) =0,:=1,2,...,n.
teR

H4.5. The functions 7;(t), ¢ = 1,2,...,m are almost periodic in the sense
of Bohr, and

0< sup|fyi(t)| < Gy, G; >0, ")/Z(O) =0,2=1,2,...,n.
teR

H4.6. The sequence {v;}, k= +1,+2,... is almost periodic.

In the proof of the main theorem we shall use the following lemma the
proof of which is similar to the proof of Lemma 1.7.

Lemma 4.1. Let conditions H4.1-H4.6 hold. Then for each & > 0 there exist
€1, 0 < e1 < ¢, arelatively dens sets T of real numbers, and a set P of integer
numbers such that the following relations are fulfilled:

(a) la(t+71)— ol

(b) |Bit+7)—Bi(t) <e, teR, T€T.

(c) |vit+71)—vt) <e teR, 7€T.

(d)  |ogyq—on| <e, g€ P, k==+1,£2,....
(e) |Vkyq— k| <e, g€ P, k==41,42,....
(f) |th—rl<ei, qe P, reT, k==+1,£2,....

) <e, teR, 7€T.
t
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Lemma 4.2. Let conditions Hjf.1-H4.3 hold.
Then:

1. For the Cauchy matriz W (t, s) of system (4.3) it follows
W (t,s)| <e @9 t>5 t,scR.
2. Foranye >0, t € R, s € R, t > s, |t—2€| >e, |s—ty] > e k=
41,42, ... there exists a relatively dense set T of e-almost periods of the

function a(t) and a positive constant I' such that for T € T it follows

\W(t+ 71,5 +7)—W(ts)| <ele 3¢,
Proof. Since the sequence {ay} is almost periodic, then it is bounded and
from H4.2 it follows that (1 + ay) < 1.
From the presentation of W (¢, s) and last inequality it follows that
W (t,s)| <e =9 t>s tseR.

Consider the sets T and P determined by Lemma 4.1, and let 7 € T. Then
for the matrix W (t + 7, s+ 7), we have

%_I/z/ = —at)W(Et+T1,5+7)+ (a(t) - a(t—I—T))W(H—T, s+7), t#£t,

AW (t),,8) = axW (tk + 7,5 + 7) + (g — ) Wty + 7,5+ 7),

where ) =t —q, g€ P, k==+1,+2,....
Then
W(t+r,s+7)—W(ts)
¢
= / W(t,o)(a(o) —alo+7))W(o+ 7,5+ 7)do

+ Z W(t,t;c+)(ozk+q - ozk)W(t;C +71,8+7), (4.4)

s<t) <t
and again from Lemma 4.1 it follows that if |t — ¢} | > ¢, then

/
thtg <t +T <tpigi1-
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From(4.4), we obtain
W (t+7,5+71)—W(ts)| <elt—s)e 20 4ei(s,t)e” 29 (4.5)
for [t —t}| > €, |s —t}.| > €, where i(s,t) is the number of points ¢} in the
interval (s,1).

Now from Lemma 4.2, (4.5) and the obvious inequality

t=s =3 (t=s),

we obtain .
W (t+7,547)—Wi(ts)| <ele 2t

2
where I' = =(1+ N + 2N). 0
!
We shall proof the main theorem of this part.
Theorem 4.1. Let the following conditions hold:

1. Conditions Hj.1-H/.6 are met.
2. The following inequality holds

n
Z B; < a.
=1

Then:

(1)  There exists a unique almost periodic solution z(t) of (4.1).
(2)  The solution x(t) is exponentially stable.

Proof. We denote by AP the set of all almost periodic functions ¢(t), ¢ €
PC[R,RT], satisfying the inequality |¢|- < K, where

1 < 1
K= — B; + sup Vg .
ol ; k=41,42,... i l—e™@

Here we denote
|¢loo = sup |p(t)]-
teR

We define in AP an operator S such that if ¢ € AP,

t n
Sp = / W(t,s) Z Bi(s)e vi®els=h) g 4 Z W (t, t)vg. (4.6)
- i=1

te <t
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For an arbitrary ¢ € AP it follows

t
|S<p|00:/ W(t,s) |Z|ﬂl e LM s 1 S (E, 1) [

t <t

1 — 1
< - B; + sup Vi - K. A7
a ;1 k=+1,+2,... v 1—e @ (4.7)

On the other hand, let 7 € T, ¢ € P where the sets T and P are determined
in Lemma 4.1. Then

1Sp(t +7) = Se(t)]oo

t n
= / (W(t+71,s+1)—W(t,s)| Z |Bi(s + )|~ (sHDels+T=h) g

i=1

+ n
[ Wl Y B e
i=1

— 00

—ZIBZ e rilelsm }ds+Z (Wt + 7, thrq) = Wt 1) [[Vial

te<t

+ D Wt )| |vksg — va| < Cie, (4.8)

te<t

where

1 < - 1
o :azBi{2F+Z(Bi+aGi)}+5(F sup |Vk|+m).
=1 =1

k=+1,%2,...

From (4.7) and (4.8), we obtain that Sy € AP.
Let p € AP, ¢ € AP.
We get

t
ISw—Sl/JIS/ Wit s IZIB

1 n
<= o — V)oo. :
<22 Ble vl (49)

e Yi(&)e(s=h) _ o=vi(s)Y(s—h)| 14

Then from (4.9) and the conditions of Theorem 4.1 it follows that S is a
contracting operator in AP. So, there exists a unique almost periodic solution
of (4.1).
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Now, let y(t) be another solution of (4.1) with the initial conditions

{y(t7t07w0) = Wo, tO —h <t< th
y(tg 5 to, wo) = wo,

where wo € PC(ty).
Then

y(t) —x(t) = W(t, to)(wo — o)

t n
+/ W(t, S) Z 51(5) (e*’)’i(s)m(sfh) _ effyi(s)y(sfh))ds'
to i=1

Consequently,

ly(t) — 2()] < et ey — ol + / e S’ZBly 5)\ds.

Set u(t) = |y(t) — z(t)|e** and from Gronwall-Bellman’s inequality and
Theorem 1.9, we have

[y(®) = 2(0)] < |0 — dolexp { = (a = Y B)(t —to) .

i=1
and the proof of Theorem 4.1 is complete. a

Ezxample 4.1. We consider the linear impulsive delay differential equation in
the form

i(t) = —a(t)z(t) + Bt)e YW= ¢ £ 4
{Aw(t ) = oz (te), * (4.10)

where t € R, «, 3, v € C[R,RT], h > 0, {{x} € B, and the constants
a €R, k=+1,42,. ...

Corollary 4.1. Let the following conditions hold:

1. The functions a(t), B(t), ~v(t) are almost periodic.
2. Conditions H4.2 and H/.3 are met.

Then if sup a(t) > sup B(t), there exists a unique almost periodic exponen-
teR teR

tially stable solution x(t) of (4.10).

Proof. The proof follows from Theorem 4.1. O
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Remark 4.1. The results in this part show that by means of appropriate
impulsive perturbations we can control the almost periodic dynamics of these
equations.

4.1.2  An Impulsive Model of Hematopoiesis

In this part of the paragraph the existence and asymptotic stability of positive
almost periodic solution for nonlinear impulsive delay model of hematopoiesis
is investigated.

The nonlinear delay differential equation

B

h(t) = —ah(t) + 1—|—h"—(t—w)

.t > to, (4.11)

where a« > 0, >0, w > 0, n € N has been proposed by Mackey and Glass
[112] as an appropriate model of hematopoiesis that describes the process of
production of all types of blood cells generated by a remarkable self-regulated
system that is responsive to the demands put upon it. In medical terms, h(t)
denotes the density of mature cells in blood circulation at time ¢ and 7 is the
time delay between the production of immature cells in the bone marrow and
their maturation for release in circulating bloodstream. It is assumed [190]
that the cells are lost from the circulation at a rate o and the flux of the cells
into the circulation from the stem cell compartment depends on the density
of mature cells at the previous time ¢t — 7.

In the real world phenomena, the parameters can be nonlinear functions.
The variation of the environment, however, plays an important role in many
biological and ecological dynamical systems. In particular, the effects of
a periodically varying environment are important for evolutionary theory
as the selective forces on systems in a fluctuating environment differ from
those in a stable environment. Thus, the assumption of periodicity of the
parameters are a way of incorporating the periodicity of the environment.
It has been suggested by Nicholson [123] that any periodical change of
climate tends to impose its period upon oscillations of internal origin or
to cause such oscillations to have a harmonic relation to periodic climatic
changes.

On the other hand, some dynamical systems which describe real phenom-
ena are characterized by the fact that at certain moments in their evolution
they undergo rapid changes. Most notably this takes place due to certain
seasonal effects such as weather, resource availability, food supplies, mating
habits, etc. These phenomena are best described by the system of impulsive
differential equations of the form
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h(t) = —a(t)h(t) + Hf+(?_w)

Ah(tk) = ’ykh(tk) + 0k, k€N,

, UF bk, (4.12)

where t;, represent the instants h(¢) at which the density suffers an increment
of dx units. The density of mature cells in blood circulation decreases at
prescribed instants ¢, by some medication and it is proportional to the density
at that time ¢.

Let {tx} € B, o >0 and 0 < t; < ta < .... For a given initial function
£ € PC[lo —w,o],RT], it is well known [177] that the system (4.12) has a
unique solution h(t) = h(t;0,§) defined on [0 — w,00), and satisfying the
initial conditions

h(t;0,8) =&(t), 0 —w<t<o,
Wheria e -

As we are interested in solutions of biomedical significance, we restrict our
attention to positive ones. To say that impulsive delay differential equations
have positive almost periodic solutions, one need to adopt the definitions of
almost periodicity only for t € RT and k =1,2,....

Related to the system (4.12), we consider the linear system

h(t) = —a(t)h(t), t # tx
¢ ’ 4.14
{Ah(tk)zwgh(tk), k=1,2,.... ( )
The system (4.14) with an initial condition h(ty) = ho has a unique solution
represented by the form
h(t;to, ho) = H(t,t0)ho,

where H(t,s) is the Cauchy matrix of (4.14) defined as follows:

t
exp{ -~ [ alodo}, ny<s<t<u,
k+1 ’

H 1+ %‘)e:vp{ - /t Oé(o’)do'}7 (4.15)

i=m s

b1 < 8 <ty <t <t <tpyi.

H(t,s) =

Introduce the following conditions:

H4.7.  The function o € C[R*,R"] is almost periodic in the sense of Bohr,
and there exists a constant x4 such that a(t) > p > 0.
H4.8. The sequence {v;} is almost periodic, and —1 < v, <0,k =1,2,....
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H4.9. The function 8 € C[RT,R*] is almost periodic in the sense of
Bohr, and
0 <sup|B(t)| <v, v>0, 3(0)=0.
teR
H4.10.  The sequence {Jx},k=1,2,...is almost periodic and sup;_; -
< K.

yees

In the proof of the main theorem we shall use the following lemmas.

Lemma 4.3. Let conditions H4.3 and H4.7-H4.10 hold.

Then for each e > 0 there exists €1, 0 < €1 < ¢, a relatively dense sets T of
positive real numbers, and a set P of natural numbers such that the following
relations are fulfilled:

(a) |at+7)—a(t) <e teRY, 7€T.
(b) |8(t+7)—pB(t) <e, teRY, 7€T.
(¢c) |Vhtq—vl<e, g€P, k=1,2,....
(d) |5k+q—5k|<5,q€P,k:1,2,....
(e) |th—rl<e,reP, 7T, k=1,2,...

Lemma 4.4. Let conditions H4.3 and H4.7-H4.10 hold.

Then:

1. For the Cauchy matriz H(t,s) of system (4.14) there exists a positive
constant p such that

H(t,s) <e M=% t>5 tseRT.
2. For eache >0, t e RT, s e RY, t > 5, [t —ty| > ¢, [s—ty| > ¢, k=

1,2,... there exists a relatively dense set T of e—almost periods of the
function a(t) such that for T € T it follows

|H(t+7,54+7) — H(t,s)| < eMe 2%,

where M = z(1—|—N—i—gN>.
I

We shall prove the next theorem.

Theorem 4.2. Let the following conditions hold:
1. Conditions H/.3 and H4.7-H}.10 are met.

2. The following inequality is fulfilled

v < fh (4.16)
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Then:

1. There exists a unique positive almost periodic solution h(t) of (4.12).
2. The solution h(t) is exponentially stable.

Proof. Let AP C PC[R*T,R™] denote the set of all positive almost periodic
functions o(t) with |¢|e < K, where

1 2

K=-v+ kN
n 1—e#

3

and |pfoo = sup [p(t)].
teRT
In AP we define an operator S such that if o € AP, we have

1
Sp = / H(t H@( )ds—i—ZH(t,tk)(Sk. (4.17)

te<t

One can easily check that if ¢ € AP, then

Sel= [ OB s+ 3 Hwl

(s—w) 5

< —v+ kN =K. (4.18)
"

1—e#

Now let w € T, q € P, where the sets T and P are defined as in Lemma 4.3,
it follows that

1Sp(t +7) — Sp(t)]

+/_ H(t,s)“ﬁ(s—i—Tﬂl+<pn($1+7__w) _|5(8)|_1+@n1(5_w) ds

+ 30 |H e+ ) = HE )|l

te<t

+ Z H(t,lfk)‘ék_,_q — 0

te<t

)

or
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1St +7) = Sp(t)]

t
1
< [ Jm s = 9136 + 0

1
1+on(s+7—w)

+ /; H(t,s){|ﬂ(s +7) = B(s)]

1 1
+ 18(s ‘ — ‘ds
15( )|1+g0"(s+7—w) 14+ ¢"(s—w)
3| H A Ttrg) = HE )18k
te <t
+ 3 Ht0)I0ksg — 04l | < O, (4.19)
te <t
where
2 1 2N 2N
Ci=—vM+—-(1+4+v)+cM — + —.
W 7] 1—e2 1—e#

In virtue of (4.18) and (4.19), we deduce that Sp € AP.
Let ¢,9 € AP and then

1 1

1+ o"(s —w) B 1+ ¢n(s —w) ds

t
1S — Sy| < / H(t, 5)|8(s)
< %VIso — Yoo (4.20)

From (4.20) and the condition (4.16) it follows that S is a contraction
mapping on AP. Then there exists a unique fixed point h € D such that
Sh = h. This implies that (4.12) has a unique positive almost periodic solution
h(t).

Let now g¢(t) be an arbitrary solution of (4.12) supplemented with initial
conditions

{g(t) =((t), ¢ € PC[lo — w,0],RY],
9(0%;0,0) =((0),
and h(t) be the unique positive almost periodic solution of (4.12) with initial
conditions (4.13).
It follows that

h(t) —g(t) = H(t,0)(€ = ()

+/U H(t’s)ﬁ(s)(l—l—h"l(s—w) a 1—|—g"15—w))d8'
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Consequently,

)~ 90)] < el — 5 [ nge) — gl

[ea

Setting u(t) = |h(t) — g(t)|e**, applying Gronwall-Bellman’s inequality and
Theorem 1.9 we end up with the expression

[h(t) = g(t)] < Ig = Gle ),

The assumption (4.6) implies that the unique positive almost periodic
solution of equation (4.12) is exponentially stable. O

4.1.3 An Impulsive Delay Logarithmic
Population Model

By employing the contraction mapping principle and applying Gronwall-
Bellman’s inequality, sufficient conditions are established to prove the
existence and exponential stability of positive almost periodic solution for
an impulsive delay logarithmic population model.

The following single species logarithmic population model

z(t) = z(t) [)\ —alnz(t) — flnz(t — o.))],

where «, 3, A, w are positive constants has been proposed by Gopalsamy [59]
and Kirlinger [82] and is then generalized by Liu [107] to the non autonomous
case

(1) = z(t) [)\(t) —a(t)Ina(t) — B(t) Inx(t — w(t))} . (4.21)

In this part we shall study the existence and exponential stability of
positive almost periodic solutions of (4.21) accompanied with impulses.
Namely, system of the form

{ () = z(t) [)\(t) —a(t)Inz(t) — B(t) Inx(t — w(t))], A (o)
z(t)) = [x(te)] T veds, k=41,£2,...,

where the moments ti, {tx} € B represent the instants at which the
density suffers an increment of €% units.

Our first observation is that under the invariant transformation z(t) =
e¥®) | system (4.22) reduces to

{y'(t) = —a(t)y(t) — Bt)y(t —w(t)) + A(t), t # tr, (4.23)
Ay(tk) :'ka(tk)+5k7 k=41,42,.... '
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Clearly, the transformation x(t) = e¥(®) preserves the asymptotic proper-
ties of equation (4.22).
Let w = rglaRxw(t) and o € R, and let £ € PC|[o — w,o],RT], then from
€

[183] it follows that system (4.23) has a unique solution y(t) = y(¢;0,&)
defined on [0 — w, 00), and satisfies initial conditions

y(t;ovg) = §(t), c—w<t<o,
{y(0+;0’7§) =¢(o). (4.24)

As we are interested in solutions of biomedical significance, we again
restrict our attention to positive ones.
Related to system (4.23), we consider the linear system

y(t) = —a(t)y(t), t # tr,
{Ay(tk) =y(ty), k=%1,£2,.... (4.25)

That system (4.25) with an initial condition y(tg) = yo has a unique
solution in the form
y(t:to,yo) = Y (t, to)yo,

where Y is the Cauchy matrix of (4.25) defined as follows:

t
eap{ - [ alodo}, ty<s<t<u,
k+1 °

T T sea{ - [ aloyis). (4.26)

i=m

ti—1 <8 <1y <l <t < {tpg1.

Introduce the following conditions:

H4.11. The function o € C[R,R"] is almost periodic in the sense of Bohr,
and there exists a constant p > 0 such that p < «a(?).

H4.12. The sequence {~;} is almost periodic, and -1 < v, < 0, k =
+1,42,.. ..

H4.13. The function 8 € C[R,R™] is almost periodic in the sense of Bohr,
and

0 <sup|B(t)| <v, v>0, 3(0)=0.
teR

H4.14. The function A € C[R,R*] is almost periodic in the sense of Bohr,
and
0 <sup|A(t)] <mn, n >0, A\0) =0.
teR

H4.15. The sequence {dx},k = 1,2,...1is almost periodic and sup |§x|<k.
k=1,2,...
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The proofs of the next lemmas are similar to the proofs of similar lemmas in
Chap. 1.

Lemma 4.5. Let conditions H.3 and H4.11-H4.15 hold.

Then for each e > 0 there exists 1, 0 < 1 < €, a relatively dense sets T of
positive real numbers, and a set P of natural numbers such that the following
relations are fulfilled:

(a) |at+7)—alt)<e teR, T€T.

() ANt+7)— A1) <e, teR, T€T.

(c) |B(t+7)—B{t)<e teRY 7€T.
(d)  |Vktq — | <€, q€P, E=1,2,....
(e) |Ok+q— Okl <e, g€ P, k=1,2,....

(f) [ti—rl<e,reP 7eT, k=1,2,....

Lemma 4.6. Let conditions H4.3 and H4.11-H4.15 hold.
Then:

1. For the Cauchy matriz Y (t,s) of system (4.25) there exists a positive
constant p such that

Y(t,s)<e 73 t>s t seR.

2. For eache >0, t €R, se R, t>s, [t =t > ¢, [s—tg] > ¢ k=
41,22, ... there exists a relatively dense set T of e—almost periods of the
function «(t) and a positive constant M such that for 7 € T it follows

[Y(t+7)-Y(t) <eMe 5079,

2
where M = —(1+N+ H)
" 2
The proof of the next theorem is as the same way like the Theorems 4.1
and 4.2 using Lemmas 4.5 and 4.6.

Theorem 4.3. Let the following conditions hold:
1. Conditions H4.3 and H4.12-H/.15 are met.
2. The following inequality is fulfilled

v < [

Then:

1. There exists a unique positive almost periodic solution x(t) of (4.22).
2. The solution x(t) is exponentially stable.
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4.2 Population Dynamics

4.2.1 Impulsive n-dimensional Lotka—Volterra
Models

During the past few decades, a lot of works has been done of Lotka—Volterra

models, see [1-4,7,29,37, 54,59, 76,78, 82,88,99-103, 117, 125, 130, 131, 135,

177,181,182,185,187,189,196,198,200] and the references cited therein.
The classical n-species Lotka—Volterra model can be expressed as follows:

where u;(t) represents the density of species i at the moment ¢t € R, u; € R,
r;(t) is the reproduction rate function, and a,;(t) are functions which describe
the effect of the j-th population upon the i-th population, which is positive
if it enhances, and negative if it inhibits the growth.

These kinds of systems are of great interest not only for population
dynamics or in chemical kinetics, but they are important in ecological
modeling and all fields of science, from plasma physics to neural nets.

If at certain moments of time the evolution of the process is subject to
sudden changes, then the population numbers vary by jumps. Therefore, it is
important to study the behavior of the solutions of Lotka—Volterra systems
with impulsive perturbations.

In this part of Sect. 4.2, we shall investigate the existence of almost periodic
solutions of following n-species Lotka—Volterra type impulsive system,

() = ui(t) | ri(t) — ai(ua(t) = Y ai;(t)uy(t)|, t # tr,
G=1,ji
Aui(tk) = dikui(tk), k=+1,42,... ,75

(4.27)

where i = 1,2,...,n,t € R, {tx} € B, n > 2, r;, a; € C[R,R] and
a;; € CR,R], 7=1,2,...,n, i # j, the constants d; € R, k= +1,+2,....

In mathematical ecology, the system (4.27) denotes a model of the
dynamics of an n-species system in which each individual competes with
all others of the system for a common resource. The numbers w;(t;) and
ul(t:) are respectively, the population densities of species i before and after
impulsive perturbation at the moment ¢;. The constants d;;, characterize the
magnitude of the impulsive effect on the species ¢ at the moments tj.

Let tg € R, ug = col(u1g, u20, - - -, Uno), uio € R for 1 <i < n.

Denote by u(t) =u(t; to, uo), u(t) =col(uy(t),us(t),...,u,(t)) the solution
of (4.27) with the initial condition
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u(td;to, uo) = uo. (4.28)

The solution u(t) = wu(t;to,up) of problem (4.27), (4.28) is a piece-
wise continuous function with points of discontinuity at the moments ¢,
k = +£1,+2,... at which it is continuous from the left, i.e. the following
relations are valid:

ui(ty,) = wi(te),
wi(t)) = wity) + digwi(ty), k=+1,£2,..., 1<i<n.

In this paragraph for a given a nonnegative function g(¢) which is defined
on R, we set

= S t, :.f t
gm ttelﬂgg() gz ggRg()

Introduce the following conditions:

H4.16. The functions r;(t), a;(t), 1 <i<mnanda;;(t), 1 <i,j<n, i#j
are almost periodic, nonnegative, and r;r, > 0, i < 00, a;z >0, a;pr <
00, ai;>0, ajjpm < oo for 1 <i,5<mn, i#j.

H4.17. The sequences {di}, 1 < i < n, k = £1,4+2,... are almost
periodic, and —1 < d;; < 0. _ _

H4.18. The set of sequences {t,}, t] = tiy; — ti, k,j = £1,£2,... is
uniformly almost periodic, and there exists > 0 such that infy t} = 6 > 0.

Let conditions H4.16-H4.18 hold, and let {s/,} be an arbitrary sequence of
real numbers. Then there exist a subsequence {s;}, s; = s, such that the
system (4.27) by the process described in Chap. 1 gives rise to the limiting
system

() = () |30 — @z Oua) = > alOus(0)], t#
j=1,j#i
Aug(t5) = dui(5)), k= +1,£2,....

(4.29)

In the proof of the main results we shall use the following definitions and
lemmas.

Let ug = col(u1p, uzo, - - -, Uno) and vg = col(v1g, V20, - - -, Uno), Uio, Vio € R,
1 <i<n,and let

u(t) = col(ur(t),ua(t), ..., un(t)), v(t) = col(vi(t),va(t),...,v,(t))
be two solutions of (4.27) with initial conditions

u(td to, uo) = uo, v(td,to,v0) = vo.
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Definition 4.1 ([177]). The solution u(t) of (4.27) is said to be:
(a)  stable, if

(Ve > 0)(Vto € R)(35 > 0)(vo € R™ : |Jug — vol| < §)(Vt > to) :

[|u(t; to, uo) — v(t;to, vo)|| < €;

(b)  globally asymptotically stable, if it is stable and
tli)rgo [|u(t; to, uo) — v(t;to, vo)|| = 05

(¢) globally exponentially stable, if

(Fe > 0)(Va > 0)(Fy > 0)(Vtg € R)(Vug € R™ : ||ug — vol| < a)(Vt > 1) :
[[u(t; to, uo) — v(t; to, vo)|| < ¥[|uo — vo|| exp{—c(t —to)}.

Definition 4.2 ([177]). The solution wu(t) = (u1(t),u2(t),...,us(t)) o
system (4.27) is said to be a strictly positive solution, if for i = 1, 2, .on,

0 < inf u;(t) < supwu;(t) < co.
teR teR

We shall prove the next lemmas.
Lemma 4.7. Let the following conditions hold:

1. Conditions H4.16-H4.18 are met.
2. The function U(t) = col(Uy(t),Us(t),...,Upn(t)) is the mazimal solution
of the system

{Ui(t) = Ui(t) {ﬂ'M —aiLUs(t) |, t# tw, (4.30)

AU;(tg) = deUi(tk), k==+1,4£2,...,

where dy, = max{d;r} for 1 <i<nandk=+1,42,....
3. The function V(t) = col(Vi(t), Va(t), ..., Vo(t)) is the minimal solution of
the system

Vi(t) = Vi(t) [rir, — ain Vi(t Z aijM supU )|, t#tg,
J=lj#i
AVl(tk) = deVi(tk), k==+1,42,...,

(4.31)

where dp, = min{d;,} for 1 <i<n and k = +1,+2,....
4. For each 1 <1 <mn,

Vi(ty) < wilty) < Uity)-
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Then
Vi(t) < ui(t) < Ui(t) (4.32)

forte Rand1 <i<n.
Proof. We follow [4] and for (4.27) have that

Ui (t) < u;(t) {HM - aiLUi(t)}a t# g,
Aui(ty) < dupui(te), k==+1,£2,...,

and

uz(t) Z ’U,Z(t) {TiL — aiMui(t) — Z aijM sup uj(t)}, t # tk,
) teR
Aul(tk) Z deui(tk), k= :|:1, +2,....
Then from the differential inequalities for piecewise continuous functions

Vi(t), U;(t) and wu;(t), we obtain that inequality (4.32) is valid for ¢ € R and
1<i<n. a

Lemma 4.8. Let the following conditions hold:

1. Conditions Hj.16-H4.18 are met.
2. The solution u(t)=-col(ui(t),us(t),...,u.(t)) of (4.27) is such that
ui(td) >0,1<i<n.

Then:

1. ui(t) >0,1<i<n,teR.
2. Forte Rand1<i1<n

J=Lj#i it
<wu;(t) < max{ui(tb"), TZM}
air,

Proof. Let we again follow [4] and then the solution u(¢;tg, ug), to € (t—1,%1]
of (4.27) is defined by the equality

u(t; to, uo) =
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where u*(t; g, uFT) is a solution of the equation without impulses u(t) =

tit
p(t)u(t), p(t) = col(p1(t), p2(t),- - - pa(t)),

pit) = ri(t) —as(®us(t) = > ai(t)uy(t)

=L
in the interval (tx,try1], k = +1,£2,... for which
ubt = (1 dig)ul (b te1,u¥ 71 40), k=+1,42,..., 1 <i<n,

and vt = wo.

Thus,

t
w;i(t) = ui(t(‘f)exp{ / pi(s) ds} H (1+dix)
to to<tp<t

for 1 <7< n,sowu(t)>0forteR.

Now from Lemma 4.7 we get that the inequalities (4.32) hold for all t € R
and 1 <7 <n.

We shall prove that

[ru = >0 BMIM o < Vige) < U < T

o
j=tgzi It

forallte Rand 1 <i<n.

First, we shall prove
Ui(t) < M (4.33)
a;r,

forallte Rand 1 <i<n.
If t € R and for some i with 1 < i < n, U;(t) >

k==+1,42, ... we will have

M , then for t € [tp_1,t%),
a;L

Uz(t) < Uz(t) [TiM — aiLUi(t)} < 0.

This proves that (4.33) holds for all 4, 1 <7 < n as long as U;(t) is defined.

n
The inequality [ri L— Z w] Jain < Vi(t) is proves by analogous
i a5r,
J=1,j#i
way.
Hence, for t € R, we have
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For the proof of the main result in this part we shall consider system
(4.29) and then discuss the almost periodic solutions of the system (4.27).
For simplification, we rewrite (4.27) in the form

u= f(t,u), t# tr,
{ Au(ty) = Dyu(ty), k= =£1,£2,.... (4.34)

O
Lemma 4.9. Let the following conditions hold:

1. Conditions H4.16-H4.18 are met.

2. {sl,} is an arbitrary sequence of real numbers.

3. For the system (4.29) there exist strictly positive almost periodic solutions.
Then the system (4.27) has a unique strictly positive almost periodic
solution.

Proof. In (4.34) from H4.16-H4.18 it follows that f(¢, ) is an almost periodic
function with respect to t € R and = € B,, a > 0 and Dy, is almost periodic
sequence with respect to k = +1,4+2,.. ..

Let ¢(t) be a strictly positive solution of (4.34), and let the sequences of
real numbers o’ and 3’ be such that for their common subsequences o C o/,
B C B’. Then we have 0,4 5f(t,u) = 0,05 f(t,u) and a1 5¢(t), 0.056(t) exist
uniformly on the compact set R x B, and are solutions of the system

i = forBtu), t #10TP,
Au(tyPy = DEFPue™P), k= +1,42,....

Therefore, 0o+p¢(t) = 0,03¢(t) and then from Lemma 2.23 it follows that

@(t) is an almost periodic solution of system (4.27). O
In the proof of the next theorem we shall use the sets Gj, k =
+1,+2,..., G = U2 __ Gk, and the class of function V| defined in Chap. 1.
O
Theorem 4.4. Let the following conditions hold:
1. Conditions H4.16-H4.18 are met.
2. There exist nonnegative functions 6,(t), 1 <v <mn such that
ay(t) = D aw(t) > 0,(t), t £ty k=%1,£2,... (4.35)
i=1,itv
fort e R.
Then:

1. For the system (4.27) there exists a unique strictly positive almost periodic
solution.
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2. If there exists a constant ¢ > 0 such that

t §(t)ds = c(t — to),

to

where §(t) = min(d1(t), 62(t),...,0n(t)) then the almost periodic solution
is globally exponentially stable.

Proof. From the construction of (4.29) it follows that for an arbitrary
sequence of real numbers {s),} there exists a subsequence {s;}, s; < si41
and s; — oo for | — oo such that

ri(t+s1) = i (t), ai(t +s1) = ai(t), aij(t +s) — ai;(t), 1 — oo,
uniformly on ¢ € R, ¢ # ¢, and there exists a subsequence {k;} of {i},

k; — oo, I = oo such that ty, — t3, dir, — dJ},.
Then for the system

wi(t) = ug(t) |7 (t) — a? - > a L t# L,

A (4.36)
Auy(t) = d5, wi(ty), k=+1,+2,...,
the conditions of Lemma 4.8 hold.
Then, if u*(¢) is a solution of system (4.36) it follows that
0 < inf u;(t) <supu;(t) < oo, i =1,2,...,n. (4.37)
teR teR

From (4.37) we have that for every system in the form (4.29) there exists
at least one strictly positive solution.

Now suppose that (4.29) has two arbitrary strictly positive solutions
us(t) = (uf(t)v u;(t)v s 7“?1@))? Us(t) = (’Uf(t)v ’Ug(t)v e 7Ufz(t))'

Consider a Lyapunov function

Vot ul (), 0 (1)) = ‘ il teR.

Then for t € R, t # ty,
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Thus, in view of hypothesis (4.35), we obtain

DYV (t,u(t),v5(t) < =8°(t)ym*(t), t € R, t #t3, (4.38)
where d,(t 4+ s;) = 0°(t), l > 00, v=1,2,...,n,
85 (t) = min(65(t), 05(t), ..., 65(t)) Z|u —v?

On the other hand for ¢ = t] we have

HA IR 1+ d5 )us (¢
Vs(t? (ts-l- ts-i— Z‘l uz(k ‘ Z‘ln( + djy)us (t3)
i=1

o () 1+ dfk)vf(tg)
= V3 (tg, v (), v* (t3))- (4.39)
From (4.38) and (4.39), we get
DYVE(t,u’(t),v°(t) <0, t € R, t # b,
AV (], v (ty), v* (1)) = 0,

and hence
VAt u(t),v° () < VE(to,u’(to), v (to))
for all t > tg, tg € R.
From the last inequality, (4.38) and (4.39), we have

/ 5 (Hym* (H)ds < V(te) — VE(t), t > to.
Consequently,
/Oo‘uf(t)—vf(t)’ <00, i=1,2,...,n,
to
and uf(t) — vi(t) — 0 for t — oco.

Let p° = mf{u“ l,z=1,2,...,n}.
From the deﬁmtlon of V*(t) we have

Vet u(t Z’lnu —Ino!
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Hence, V*(t) — 0, t = —o0, V() is a nonincreasing nonnegative function
on R, and from (4.38), we obtain

VE(t) =0, teR. (4.40)

Now, from (4.4 ) and the boundedness of the right-hand side of (4.27) it
follows that u® = v® for all t € R and ¢ = 1,2,...,n. Then for an arbitrary
sequence of real numbers {s, } the system (4.29) has a unique strictly positive
almost periodic solution u(t).

From Lemma 4.8 analogously it follows that system (4.27) has a unique
strictly positive almost periodic solution.

Now, consider again the Lyapunov function

V(t) = V(t,ult “ﬁw

where v(t) = (vi(t),v2(t),...,v,(t)) is an arbitrary solution of (4.27) with
the initial condition v(tJ) = vo.

By Mean Value Theorem it follows that for any closed interval contained
in (tg—1,tx], k = £1,£2,... there exist positive numbers r and R such that
for 1 <i<n,r <w(t), v;(t) <R, and

1 1
§|ul(t) —vi(t)] < [Inu(t) —Inv (t)] < ;‘ul(t) —v(t)]. (4.41)

Hence, we obtain
1
E In u; —Inv;(t)] < =[|ug — vol|. 4.42
07u07U0 | D’LL Il’U( )‘—THU’O UOH ( )

On the other hand,

DYV (tu(t),v(t)) < —d6(6)m(t)
< =5()rV(t,u(t),v(t)), t €R, t # ty, (4.43)

and for t e R, t = ty,

V(EE ult]), o)) = Xy | 1n 25

)

= Yoiy | I G = V (ke u(t), (k). (4.44)

(I+dix)vi(tr)
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From (4.41), (4.43) and (4.44) it follows

V(t,u(t), v(t)) < V(ta',uo,vo)exp{ - r/t 5(s)ds}. (4.45)

Therefore, from (4.41), (4.44) and (4.45), we deduce the inequality

n

R —rc(t—
Z|Ui(t) —v(t)] < ?||Uo—vo||e (t=t0),

i=1
where t > tg.

The last inequality shows that the unique almost periodic solution wu(t) of
system (4.27) is globally exponentially stable. O

Ezample 4.2. Consider a three-dimensional impulsive Lotka—Volterra system
in the form

W (t) = ur () [6 — 9ur () — (3 — sin v2t)ua(t) — (3 — sinv2t)us(t)], t # t,
Ua(t) = ua(t)[7 — (2 — sinv2t)uy (t) — (10 + cos v/3t)ua(t)

—(2 = cos V3t)uz(t)], t# tr,
as(t) = us(t)[6 + sint — dui (t) — (3 — sin V/3t)ua(t) — us(t)], t # tr,

Aul(tk) = dikui(tk), k= :|:1, :|:2, ey 1= 1,2,3,

where conditions H4.17 and H4.18 hold.
Then, we have that
a1 —ag —as; =9 — (2—sinV2t) —4 >2 =4y,
as — ajs — azs = 10 + cos V3t — (3 - sin\/it) - 3= sin\/gt) > 1=,
a3 — a3 — agy = 9 — (3 —sin V2t) — (2 — cos V/3t) > 2 = 4.
For 6(t) = min(d1,d2,03) =1 and ¢ =1 all conditions of Theorem 4.4 are

satisfied and the three-dimensional system considered has a unique strictly
positive almost periodic solution which is globally exponentially stable.

4.2.2 Impulsive Lotka—Volterra Models
with Dispersions

In the present part we shall investigate the existence of almost periodic
processes of ecological systems which are presented with nonautonomous n-
dimensional impulsive Lotka—Volterra competitive systems with dispersions
and fixed moments of impulsive perturbations.
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Consider the system

;i (t) = u;(t) {T“z'(f) —ai(ui(t) = Y ai (f)uj(t)}Jr
=L

+ Zbiﬂ'(t) (uj () = wi(t)), t # ti,

Aui(tk) = dkui(tk), k= :|:17 :|:27 ceey

(4.46)

where t € R, {tx} € B, i = 1,2,...,n, n > 2, the functions r;, a; €
CR,R], 1 <i<n, aij; € C[R,R], i # j, bi; € CR,R], 1 <i,5 < n, the
constants dj € R.

The solution w(t) = wu(t;to,ug) of problem (4.46), (4.28) is a piecewise
continuous function with points of discontinuity at the moments ¢, k =
+1,#£2,... at which it is continuous from the left, i.e. the following relations
are valid:

ui(ty, ) = ui(ty),

wi () = wi(ty) + dpwi(ty), k=1, £2,..., 1 <i<n.

Introduce the following conditions:

H4.19. The functions b;;(t) are almost periodic, nonnegative, continuous
and bijL >0, bij]W < oo for 1< 1,7 < n.

H4.20. The sequence {dp}, k = +1,£2,..., is almost periodic and
—1<di <0.

Let conditions H4.16, H4.18-H4.20 hold and let {s/,} be an arbitrary
sequence of real numbers. Then there exists a subsequence {s;}, s; = s;m
such that the system (4.2.20) moves to system

(1) = u;(t) [Tf(t)—af(t)uz'(t)— Z aj; (t)u;(t)|+
j=1j#i

+ 3780 () — wilt)), ¢ # 8,
Jj=1

Aui(tZ) = diul(tZ), k= :|:1, :|:2, e

(4.47)

In the proof of the main results we shall use the following lemmas for the
system (4.46).

Lemma 4.10. Let the following conditions hold:

1. Conditions H4.16, H4.18-H4.20 are met.
2. There exist functions P;, Q; € PCY[R,R] such that
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Pi(t]) <wi(t]) < Qi(td),

where tg € R, i =1,2,...,n.

Then
Pi(t) < wi(t) < Qi(t) (4.48)

forallt >ty andi=1,2,...,n.
Proof. First we shall proof that

ui(t) < Qi(t) (4.49)

forallt >ty and i = 1,2,...,n, where Q;(¢) is the maximal solution of the
logistic system

and dM =  max  d.
k=+1,+2,...
The maximal solution Q;(t) = Q;(t;to,q0), qo = col(qi0, q20,- -, qno) of

(4.50) is defined by the equality

Q0 (t:to, QY1), to <t < t,
Qlt:t,Q1h), ti <t <to,
Qi(t510,G0) = % coveeeeeeeeeee

where Q¥ (t; i, Qf"’) is the maximal solution of the equation without impulses
4i(t) = qi(t)[ri(t) — ai(t)a:(t)],
in the interval (tx,try1], k = +1,£2,..., for which
Qi = (1 +d")Qf (tisti—1, Q) k=1,2,..., 1<i<n

and Q¥ = gio.
By [189], it follows for (4.46) that

i (t) < ug(t)[ri(t) — ai(t)us (t))], t # te. (4.51)
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Now, let t € (to,t1]. If 0 < wip < Q;(ty), then elementary differential
inequality [94] yields that

for all ¢t € (o, t1], i.e. the inequality (4.49) is valid for ¢ € (to,t1].
Suppose that (4.49) is satisfied for ¢ € (tx—_1, tx].
Then, from H4.18 and the fact that (4.49) is satisfied for ¢ = ¢;, we obtain
wi(t) = wilty) + dewi(ty) < wity) +d™u;(ty)
< Qilte) + dMQi(tr) = Qi(t})-

We apply again the comparison result (4.51) in the interval (tx, tx+1], and
obtain

ui(t;to,uo) < QF(t:tk, QF1) = Qitsto, qo)

i.e. the inequality (4.49) is valid for (g, tkt1].

The proof of (4.49) is completed by induction.

Further, by analogous arguments, using [177], we obtain from (4.46) and
(4.51) that

n

(t) = w(t)[ri(t) — aOust) = D ai(t)sup Qu(1)

J=1ji rek
—wa )sup Qu(t), ¢ # t,
Auz(tk) Z drui(ty), k==+1,£2,...,
i=1,...,n,n >2 and hence u;o > P;(tJ) implies that
uilt) > Pi(t) (452)
forall t € Rand ¢ = 1,2,...,n, where P;(¢) is the minimal solution of the

logistic system

Di (t) =DPi (t) |:TiL - az z Z az; sup Qz )

J#w

—Zb” supQ t), t #tg, (4.53)

pi(to) pio > 0,
Api(ty) = dopi(te), k==£1,£2,...,

t=1,...,n,and dp = Hli:It12 dy, for 1 < ¢ < n. Thus, the proof follows
from the last system and (449) O
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Lemma 4.11. Let the following conditions hold:

1. Conditions H}.16, Hj.18-H4.20 are met.
2. u(t)=col(ur(t),uz(t), ... ,un(t)) be a solution of (4.46) such that u;(t) >
0,1<i<n.

Then:
1. ui(t) >0, 1<i<n, teR.
2. Fort € R and 1 < i <n there exist constants A >0, B > 0, such that

A < u(t) < B.

Proof. Under hypotheses H4.16, H4.18-H4.20, we consider the non impulsive
Lotka—Volterra system

(0 = )[R0~ AOu = 3 Au(Ou0]+
" 7 (4.54)
+ Bijlyi(8) = wi(t)], ¢ # ti, t > to,
j=1

where

Ait) =ai(t) [ A+dr), Ayt) =ay@) [] Q+de),

0<tp<t 0<tp<t

By(t) =bi(t) [ (1+dw).

o<tp <t

We shall prove that if y;(t) is a solution of (4.54), then u; = y; H (14dy)

0<tp<t
is a solution of (4.46), 1 <i < n.
In fact, for t # t;, it follows
i (t) = wi(t) [ri(t) = a(Oui(t) = Y i (Ous(0)] = 3 biglu () — wi(0)
J=1,j#i j=1
= 3i(t) H (1+dk) — H 1+dk[ t)
0<tr <t 0<trp<t
—a;(t)y;(t) H (1+d) — Z a;;(t H (1+ dk)]

0<tr <t j=1,5#1 0<tp<t

~Sbufwt) T (+dy—w) [T (+adi)]
j=1

0<tp<t 0<tp<t
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n

=TI a+d)[m) —w®[r®) - 40m@ - > Ayt
0<tr <t j=1,j#i
=3 Byl () — w()]] =o0. (4.55)
Jj=1

For t = tj, we have

wity) = lim [T Q+diw)= TT QO+ diyit),

L2 o<t <t 0<tp<t

and

wite) = T (U +dowi(tr).

0<tp<t
Thus, for every k = +1,42, ...
ui(tf) = H (14 di)yi(t). (4.56)
0<tp<t

From (4.55) and (4.56) it follows that u;(t) is the solution of (4.46).

The proof that if u; = y; H (1 + dg) is a solution of (4.46), then
0<tr <t

yi(t), 1 <i < nis a solution of (4.54) is analogous.

From [189] it follows that for the system without impulses (4.54) exists a
positive solution on ¢ € R.

Then, from (4.55) and (4.56) it follows that u;(t) > 0,1 <i<n, t € R.

Again from [189] under the conditions of the lemma for the solutions of
(4.50) and (4.53) it is valid that

a; < Pi(t), Qi(t) < Bi,
where a; > 0, 0 < f3; < oo for all t # tg, 1 <1i <n, and then
i < wi(t) < Bi
Also, since the solution wu;(t) is left continuous, and at ¢ = ¢, we have for

t = t1 that
a; < wui(ty) < B

On the other hand,
(1 + dl)ai < ul(tf) < (1 + dl)ﬁz < Bi'

By analogous arguments for the ¢ € (t5_1, tx] it follows
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b

(1+d)oy < ui(t])) < Bi

1

Then for all ¢t € R, we have

A<u(t) <B,
where
Azmjn{ai H (1+dk)}, B = min 5. O
! h=t1.42,. . !

Theorem 4.5. Let the following conditions hold:
1. Conditions H4.16, H4.18-H4.20 are met.

2. There exist nonnegative almost periodic functions §,(t), 1 < v < n such

that . .
Z apy(t Z ), tF# ty,
i=1,iv i=1
forteR, A>0, k=+1,+2,....
Then:

1. For the system (4.46) there exists a unique strictly positive almost periodic
solution.
2. If there exists a constant ¢ > 0 such that

/t d(t)ds = c(t — to),

where 6(t) = min(d1(t), d2(t), ..., dn(t)), then the almost periodic solution
is globally exponentially stable.

Proof. The proof follows from Lemmas 4.10 and 4.11 the same way like the
proof of Theorem 4.4. a

4.2.3 Impulsive Lotka—Volterra Models with Delays

Gopalsamy [59] has studied the existence of periodic solution of the following
Lotka—Volterra system

[bl _au z(t)
Z/ ki(t, s)hij(t)u;(s) ds|, (4.57)

J=1,j#4" ~°
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where ¢ = 1,2,...,n and the delay kernel k;(t, s) = k;(t — s) is of convolution
type.

Ahmad and Rao [1] have investigated the existence of periodic asymptot-
ically stable solution of the next system of integro-differential equations

(1) = uilt) [bz—@) — filt,wi()
_Z/ B (1,5 (s)) ds (4.58)

i =1,2,...,n. The paper [1] improves the results of Gopalsamy and some of
earlier results on this topic of interest.
If at certain moments of time the evolution of the process from (4.57)
r (4.58) is subject to sudden changes, then the population number vary
by jumps. So, in this part we shall consider the impulsive nonautonomous
competitive Lotka—Volterra system of integro-differential equations with
infinite delays and fixed moments of impulsive perturbations in the form

<>=u<>[ () = filt,wi(®))
Z 0)hij (t,uj(s)) ds|,  # by, (4.59)
AUR ) digulty) + ¢y k=%1,£2, ...

where 1 <i<n,n>2,t€Rand {t;} € B.

We shall assume that the functions r; € C[R,R*], k; € C[RxR,R*], and
fishij € CIR x RY,R*], 1 <i,j < n, the constants diz; € R, ¢; € RT, 1 <
i<m k=-+1,42, ...

Let ufo : (—o0o,tp] — R™, ulo = col(ulo, ul’, ..., ul?) is a continuous
function. We denote by

’Lb(t) = u(t;t07ut0) = COl(ul(t; th uto)a Ug(t, tOvuto)v ) Un(t, th uto))

the solution of the system (4.59), satisfying the initial conditions

u(s;to, ut®) = uto(s), s € (—oo,tol,
{ (g5 to, u™) = u(to). (4.60)

Note that the solution u(t) = u(t;tg,u) of the problem (4.59), (4.60) is
a piecewise continuous function with points of discontinuity of the first kind
at the moments ¢, k& = +1,+2,... at which it is left continuous, i.e. the
following relations are satisfied:
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k=41,42,..., 1<i<n.

In our subsequent analysis, we shall consider only initial functions that
belong to a class of bounded continuous function.

Let BC = BC[(—o0, o], R"] be the set of all bounded continuous functions
from (—o0, o] into R™, and let u'(.) € BC. If u(t) is an R"—valued function
on (—o0, B), B < 0o, we define for each t € (—o0, ), u'(.) to be the restriction
of u(s) given by u'(s) = u(t + s), —oo < s < t, and the norm is defined by

'Ol = sup_[fu(s)l].

—oo<s<t

It is clear that [[u(t)|] < [|[u'(.)]].
Introduce the following conditions:

H4.21. The functions r;(t), 1 < i < n are nonnegative, almost periodic and
rip > 0, 1, < 00.

H4.22. The functions k;(t, o) > 0 are uniformly continuous, almost periodic
with respect to ¢, integrable with respect to o on (—o0, o] and there exist
positive numbers p; such that

t
/ ki(t,o)do < p; < 00,

— 00

forallt e R, t #tp, k=41,4£2,..,and 1 <i<n.

H4.23. The functions f;(t,u;) are almost periodic on ¢ uniformly with
respect to u; € R, fi(t,u;) > 0 for u; > 0, f;(t,0) = 0, and there
exist positive almost periodic continuous functions L;(t) such that

|fi(t,ui) — fi(t,vi)| > Li()|ui — vil,

for all (t,u;), (t,v;) € Rx RT, and (u; —v;)| fi(t, u;) — fi(t,v;)| > 0 where
w; v, 1 <i<n.

H4.24. The functions h;;(t,u;) are almost periodic on ¢ uniformly with
respect to u; € RT, 1 <4,5 <mn, hij(t,u;) > 0 for u; > 0, h;;(t,0) = 0,
and there exist positive almost periodic continuous functions L;;(t) such
that

[hij(t,ws) = hij (8 vi)| < Lij (8)us — vil,

for all (t,u;), (t,v;) € RxRY, and L;;(t) are nonincreasing for ¢ € R and
1<i,j<n,i#j.

H4.25. ™ < oo, ¢ > 0, where ¢cM = maz{c;} and ¢, = min{c;} for
1 <i<n.
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Let conditions H4.18, H4.21-H4.25 hold and let {s/ } be an arbitrary
sequence of real numbers. Then there exists a subsequence {s;}, s; = s,
such that the system (4.59) moves to the system

a(t) = wilt) |5 (1) = £ (1 0i(0))
=30 R Ry () ds], ¢ £ (4.61)
Au(t5) = djui(tg) + ¢, kb ==£1,£2,....

In the proof of the main results we shall use the next lemmas.

Lemma 4.12. Let the conditions H4.17, H}.18, H4.21-H4.25 hold, and

/ ki(t,S)hij(t,Uj(S))dS

— 00
be continuous for t € [tg,o0), 1,7 =1,2,...,n.
J+(t05ut0) = [to,OO).

Proof. If conditions H4.17, H4.18, H4.21-H4.25 hold and fjoo i (t, s)hij(t, u;
(s))ds is continuous for ¢ € [tg,00), 4,5 = 1,2,...,n, then for the initial
problem (4.59), (4.60) there exists a unique solution [1,37] which is defined
on [to,t1] U (tg, trt1], k= =£1,42,.... From H4.25 and H4.18 it follows that
J+(t0,ut0) = [to,OO). O

The proof of the next lemma is similar to the proof of Lemma 4.11.
Lemma 4.13. Let the following conditions hold:
1. Conditions H4.17, H4.18 and H4.21-H4.25 are met.
2. There exist functions P;, Q; € PC([ty,0),R] such that
Pi(ty) < u(s) < Qi(tg),

where s < tg, to R, 1 <1< n.

Then
Pi(t) <ui(t) < Qi(t) (4.62)

forallt >ty and 1 <i <n.
Lemma 4.14 ([177]). Let the following conditions hold:
1. Conditions of Lemma 4.11 are met.

2. u;(t) = ui(t; o, ul®) be a solution of (4.59), (4.60) such that

ui(s) = ul®(s) >0, supul®(s) < oo, ul® >0, 1 <i<n. (4.63)
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3. Forl1<i<nand k==+1,%42,...

1+ d;, > 0.
Then:
1. ’U,l'(t)>0, 1<i<n, t>tg.
2. There exist positive constants «; and B; such that
for allt > tg, 1 <1i<mn, and if in addition
—dig; < ¢; < —digB;
then
a; <ui(t) < Bi,
fort >ty and 1 <i<n.
The proof of the next lemma is similar of the proof of Lemma 4.9.
Lemma 4.15. Let the following conditions hold:

1. Conditions H4.17, H4.18 and H4.21-H4.25 are met.
2. {sn} be an arbitrary sequence of real numbers.
3. For the system (4.61) there exists a strictly positive solution.

Then the system (4.59) has a unique strictly positive almost periodic solution.

Let u;(t;to, u') and v;(t;tg,v%), 1 <i <mn, (to,u'), (to,v?) € R x BC
be any two solutions of (4.59) such that

ui(o) = ul®(c) >0, sup  ul’(o) < oo, ul®(ty) > 0.
o€ (—o00,to]

vi(o) = vi°(0) >0, sup  v!°(0) < o0, v (tg) > 0.
o€(—o00,to]

We shall use the Lyapunov function

S u;(t)

V(u(t),v(t) = > _|In oD | (4.64)
i=1 v

By Mean Value Theorem it follows that for any closed interval contained

in (tg—1,tx], k = £1,£2,... there exist positive numbers r and R such that
for 1 < ¢ < n, it follows that r < u;(t), v;(t) < R and
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1 1

§|ui(t) —v;(t)] < ylnui(t) — lnvi(t)’ < —Jug(t) — vi(¢)]. (4.65)
r

Theorem 4.6. Let the following conditions hold:

1. Conditions H/.17, H4.18 and H}.21-H4.25 are met.
2. There exist nonnegative almost periodic continuous functions §,(t), 1 <
v <n such that

rLy(t) = R puLyi(t) > 6,(t), t #tp, k=41,42,....  (4.66)
j=1

Then:

1. For the system (4.59) there exists a unique strictly positive almost periodic
solution.
2. If there exists a constant ¢ > 0 such that

/ 0(s)ds = c(t — to),

where 6(t) = min(d1(¢), 62(t), ..., 0n(t)), then the almost periodic solution
is globally exponentially stable.

Proof. Let the conditions H4.17, H4.18 and H4.21-H4.25 hold, and let {s;}
be an arbitrary sequence of real numbers. If u*(¢) is a solution of (4.61), from
Lemma 4.14, we get

0 < inf uf(t) < supui(t) < oo, 1 <i<n. (4.67)
t=to t>to

Suppose that the system (4.61) has two arbitrary strictly positive solutions
u® = col(uj (t),us(t),...,ul(t)), v° = col(vi(t),vs(t),...,v(t)).

Consider the Lyapunov function

vi(t) "

Then for t € R, t #t;, k= =£1,%2,..., and hypotheses H4.17, H4.18 and
H4.21-H4.25, we have

V(b (t), 0% (1) = Z | In

.
W | n

DIV (w0, 0" () = > (L

— \ui(t)

(1)
5 (¢

)sgn(ui®) = vi(®))

<
-

~—

3
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<Y [~ L) v )

+3° / K3 (o)L, (0)|u3(0) — v} (o) do .
j=177-%

Thus in view of hypothesis (4.66) we obtain
DYV (ub(t),v°(t)) < =8°(t)m®(t), t € R, t £ t5, (4.68)
where 0(t + s;) — §°(t), | — oo.

0%(t) = min(d5 (), 65(t),...,0.(t)), m*(t) = Z |uf — 3.

On the other hand, for £ = t;, we have

t”‘ Z‘ 1—|—dlkuf(t)—|—ci
S(t3h)

|

N
Il
-

VA (t5), 0" (8:7)

7

L (L di)R — dlkR’ —Z’ln—’

-

P (1+d3)
- R r uf(t5)
2|3 Z "R —Z Yoy
i=1 1=1 =1
= V2w (t7), v*(t7))- (4.69)

From (4.68) and (4.69) it follows that for ¢ < ¢,

i SE(E)mS(t)dt < VE(us(t),v5(t)) — Vo (u, v5'0).

t

Then from the almost periodicity of the right hand of system (4.59) and
definition of V*(u®(t), v*(¢)), for the last inequality it follows that

to
[ i)~ iiolis <00, 1<,

— 00

and then |uf(t) —vf(t)] — 0ast — —oo.
Hence, from (4.69), we obtain V*(u®(t),v*(t)) — 0 for t - —oo.
Analogously, from (4.68), we find

|u® (o) — v*(0)|do < VE(use,vs%0) — VE(us(t),vi(t)), t > to.

to
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Therefore,
/ [u®(0) — v*(0)|do < 00, 1 <i<n.
to
Let ;
<1<
* = inf{uf(t),v7(¢), 1 <i<n}
From definition of V*(u®(t),v*(t)), we have
S S S = uf t = 1 S S
V0.0t 0) = 3 [m ] < 3 Tt - ot (0)
=1 K =1

Hence V*(u®(t),v%(t)) = 0, t = oo.
We have that V*(u®(t), v*(t)) is non increasing nonnegative function on R

and consequently
Vi(u®(t),v*(t)) =0, (4.70)

for ¢ # t3, t € R. From (4.68), (4.69) and (4.70) it follows that u(t) = v{(¢)
for all t € R and 1 <4 < n. Then, every system from (4.60) has at least one
strictly positive solution.

From Lemma 4.15, analogously it follows that system (4.59) has a unique
strictly positive almost periodic solution.

Let for the system (4.59) there exists another bounded strictly positive
solution v;(t; tg, v'0), 1 < i <n, (to,v"®) € R x BC.

Now we consider again the Lyapunov function V (u(t),v(t)) and obtain

1
(o, ') 2‘1 ‘ ~lute = ). (4.71)

On the other hand, for t € R, t # ty,
DYV (u(t),v(t)) < =5(t)m(t) < —6()rV (u(t),v(t)). (4.72)

For t € R, t = ty, it follows

V(u(t)), v(t))

+) i (1+dik)ui(tk)+ci
} Z } In I+ dig)vi(tr) + ¢

Il
(7=

—_

B
S <
A:—\
~ |+
ESNEES
SN~—

N
Il
-

(1+dix)R—dixR|

1
n (1 + dik)’l” — d;pr

I

N
Il
-

<> ! ]

Vs(u(tk),v(tk)). (4.73)
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From (4.71), (4.72) and (4.73), it follows

V(u(t),v(t)) < V(u',v') exp{ —r 5(a)da}. (4.74)

to
Therefore, from (4.71), (4.72) and (4.73) we deduce the inequality
N

S us(t) — vi(0)] < Zute — vfo)leret10), ¢ > g,
'

i=1
This shows that the unique almost periodic solution u(t) of the system
(4.59) is globally exponentially stable. a

Ezample 4.3. We shall consider the impulsive nonautonomous competitive
Lotka—Volterra system

a1 (t) = uy (¢) [5\/5 — uy(t) — /_ t oy (¢, 0)us (o) da],

, 52 2 [t - 16

ia(t) = () [ 2% - 2 /_ st (o) do = D). ¢ # . .
L 3V2 = 2uy(ty)

wi () = 2,

us () = w B=+1,42,....

Let for the sequence {¢} € B condition H4.18 holds.

From
t t
/ kl(t,a)dazu1:2,/ ko(t,o)do = pg =1,
we have
1
TLl(t)—I/lRL12()21.9—21.1:——51,
116 2 2
Lo(t) — 19 RLo1(t) = - — —1.1.—- ===
rLa(t) — vaRL2 (1) 13 3=3=%
1t b1 1
5:min(51,5g):—, / 5dS:/ —dS:—(t—to),
47 Jy, 1o 4 4
1 3V2 2
—1<d1k:——<0, —1<d2k:—§<0, ClzT\/_, CQ—%
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Then for the system (4.75) all conditions of Theorem 4.6 hold, and conse-
quently, there exists a unique positive almost periodic globally exponentially
stable solution of (4.75).

4.3 Neural Networks

In the present Section, the problems of existence and uniqueness of almost
periodic solutions for impulsive neural networks are considered.

Neural networks have been successfully employed in various areas such
as pattern recognition, associative memory and combinatorial optimization
[30-34,38,44,48,60,70,72-74,81,120,121,133,169, 175].

While an artificial neural network has been known insofar for its transient
processing behavior, its circuit design has never been disentangled from
destabilizing factors such as impulses.

Impulses can make unstable systems stable so they have been widely used
in many fields such as physics, chemistry, biology, population dynamics, and
industrial robotics. The abrupt changes in the voltages produced by faulty
circuit elements are exemplary of impulse phenomena that can affect the
transient behavior of the network. Some results for impulsive neural networks
have been given, for example, see [6,169,175-177,202] and references therein.

4.3.1 Impulsive Neural Networks

In this part we shall investigate the problem of existence of almost periodic
solutions of the system of impulsive Hopfield neural networks

Fit) = ; ai; (£ (t) + ; aij () f (25 (1) +7i(2), ¢ # t, (4.76)

Ax(ty) = Apz(te) + Ir(z(te)) + pr, k= £1,£2,...,

where t € R, {tx} € B, a;j,ai;, fj, v € CRR], i =1,2,...,n, j =
1,2,...,n, x(t) =col(x1(t), x2(t), ..., xn(t)), A € R™*™ I, € C12,R"], pi, €
R", k=+1,+2, ...

The solution z(t) = z(t; g, 7o) of (4.76) with the initial condition z(tJ) =
xo is a piecewise continuous function with points of discontinuity at the
moments tx, k= +1,42, ... at which it is continuous from the left.

Together with system (4.76) we shall consider the linear system

(t) = A(t)x(t), t # t,
{ Ax(ty) = Apz(ty, ), kkz +1,+2,..., (4.77)
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where A(t) = (a;5(t), i =1,2,...n, j=1,2,...,n.
Introduce the following conditions:

H4.26. The matrix function A € C[R,R™"*"] is almost periodic in the sense
of Bohr.

H4.27. det(E 4 Aj) # 0 and the sequence {Ak}, k==41,42,...is almost
periodic, E is the identity matrix in R™*".

H4.28. The set of sequences {t]}, t] = tpy; — te, k,j = £1,£2,... is
uniformly almost periodic, and there exists # > 0 such that ir]if th=0>0.

From Chap. 1 it follows that if Uk (¢, s, ) is the Cauchy matrix for system
B(t) = A()a(t), thoy <t <t
then the Cauchy matrix of the system (4.77) is in the form

Uk(t,s) as t,s € (tkfl,tk],
Uk_i_l(t,t:)(E + Ak)Uk(tk, 8) as tp—1 <8<t <t<tpy1,
Uk(t,tk)(E + Ak)_lUk_i_l(tZ,S) as tp—1 <t <t <s<tpy1,
i+1
Ura(t65) [T (B + AU, (45,651 (B + A)Ui(ts, 5)
W(ta S) = =k
as ti—1 <s<t; <tp <t<tpy1,
k—1
Ui(t, ;) H(E + A) T U (8 80 (B + Ap) T Uk (8 5)
=i
as i1 <t <t <tp <8< T1py1,

and the solutions of (4.77) can to write in the form
,T(f; to, LL‘Q) = W(t, tQ)JJQ.

Introduce the next conditions:

H4.29. The functions f;(t) are almost periodic in the sense of Bohr, and

0 <sup|f;(t)] < oo, f;(0)=0,
teR
and there exists L; > 0 such that for ¢,s € R

max |f;(t) = fi(s)] < Lalt = s|.

j=12,.0,
H4.30. The functions o;;(t) are almost periodic in the sense of Bohr, and

0 < sup |O¢ij (t)| = ay; < 00.
teR
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H4.31. The functions v;(¢), i = 1,2,...,n are almost periodic in the sense
of Bohr, the sequence {px}, k = £1,+2,... is almost periodic and there
exists Cy > 0 such that

max{ _max [|yi(t)],  max lpsl[} < Co

H4.32. The sequence of functions {Ip(x)}, k = =£1,4+2,... is almost
periodic uniformly with respect to x € (2, and there exists Lo > 0 such
that

k() = Le(y)l] < Lollz — yl],
for k=+£1,£2,..., x,y € {2
Now we need the following lemmas.
Lemma 4.16. Let the following conditions hold:

1. The conditions H4.26-H4.28 are met.
2. For the Cauchy matrix W (t,s) of the system (4.77) there exist positive
constants K and A\ such that

W (t,s)|| < Ke M) t>5 tseR

Then for any € > 0 there exists a relatively dense set T of e-almost periods
of the matriz A(t) and a positive constant I' such that for T € T it follows

W (t+7,5+7) = W(ts)|| < ele 29,

Proof. The proof is analogous to the proof of Lemma 2 in [138]. O
Now from Lemma 4.16 we have the following lemmas.
Lemma 4.17. Let the following conditions hold:

1. For the matriz A(t) = diag[—ai(t), —az(t),..., —an(t)] it follows that
a;(t), a; € PCIR,R], i = 1,2,...,n is an almost periodic function in
the sense of Bohr, and

1 t+A
lim Z/ a;(t)dt >0, i=1,2,...,n.
t

A—o00

2. The conditions H4.27 and H4.28 are met.
Then:
1. For the Cauchy’s matriz W (t, s) it follows

W (t,5)l| < Ke ),
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wheret € R, s e R, t > s, and K, )\ are positive constants.
2. For each € > 0 there exists a relatively dense set T from e-almost periods
of matriz A(t), and a positive constant I" such that for 7 € T it follows

W (t+ 7,5 +7) — W(t,s)|| < ele (=%,

Lemma 4.18. Let the following conditions hold:

1. Conditions H}.26-H4.29 are met.
2. There exists a constant X > 0 such that for t € R the eigenvalues \;, i =
1,2,...,n of matriz A(t) satisfy the conditions

RE/\i(t) <=\

Then:
1. For the Cauchy’s matriz W (t, s) it follows

W (t,5)l| < Ke 22,

wheret € R, s € R, t > s, K is a positive constant.
2. For each € > O there exists a relatively dense set T from e-almost periods
of matriz A(t), and a positive constant I" such that for 7 € T it follows

W (t+ 7,8 +7) — W(t,s)|| < ele 2%,

The proof of the next lemma is similar to the proof of Lemma 1.7.

Lemma 4.19. Let conditions H4.26-H}.31 hold. Then for each € > 0 there
exist 1, 0 < g1 < ¢, a relatively dense set T of real numbers, and a set P of
integer numbers, such that the following relations hold:

(a) ||JAt+71)—A@t)||<e, teR, 7€T.

(b) |Ozij(t—|-7')—04ij(t)| <eg, TGT, teR,1,7=1,2,...,n.
(c) |fit+7)—fit)<e, teR, 7€T, j=1,2,...,n.
(d) |vjt+7)—7;t)<e, T€T, teR, j=1,2,...,n.
(e) ||Aktq— Axl|<e, g€ P, k==+1,+2,....

(f) |pk+q —prl <e, g€ P, k=+£1,£2,....

(9) |Tkyq—T|<er, q€P, 7T, k==£1,£2,....

Now, we are at the position to proof the main theorem.
Theorem 4.7. Let the following conditions hold:

1. Conditions H4.26-H4.32 are met.
2. For the Cauchy matriz W(t,s) of system (4.77) there exist positive
constants K and A such that
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W (t,s)|| < Ke =) t>5, t,seR.

3. The number

- L

_ -1 =42

r—K{i:{{l&}.{”n)\ lelau + 1—6*A} < 1.
j=

Then:

(1)  There exists a unique almost periodic solution x(t) of (4.76).
(2) If the following inequalities hold

1+ KLy <e, \—= KL max ZaU—Nm(HKLQ) >0,

Jj=1

then the solution x(t) is exponentially stable.

Proof. We denote by AP, AP C PC[R,R"] the set of all almost periodic
functions p(t), satisfying the inequality |p|oo < K, where

_ 1 1
(el = suplle()]l. K = KCo(5 +7==).

Let
t
20 :/ Wt 5)1(s)ds + S WL, t)p,

te<t

where y(t) = (71(£),72(t), - - ., n(2))-
Then

t
ool =sup { _max [ Wit 9)is)lds
teR

=12,...n J_

+ W)l el

tp<t

Ssup max / Ke M= S)|'y |ds+ZKe (t=tx) [Pk ||}

teR L i=1,2,.., fet
Co Co _
< — =K. .
_K(/\ +1_67A) K (4.78)
Set
F(t,z) = col{ F\(t,2), F5(t,z),..., F,(t, )},
where

JJ) = iaij(t)fj(xj), 1= 1,2,...,TL

Jj=1
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Now, we define in AP an operator .S,

So= [ W) [Fls.pe) +1(s)]ds

+ D0 Wt t) [Tl (i) + pi] (4.79)

tp<t

and consider a subset AP*, AP* C AP, where

AP* {weAle wdm_lﬂ?}

Consequently, for an arbitrary ¢ € AP* from (4.78) and (4.79) it follows
rK K

K= .
1—T+ 1—r

|©loo < 1 — @oloo + [P0loe <

Now, we are proving that S is self-mapping from AP* to AP*.
For ¢ € AP* it follows

o [ ||Wts||2|am 5 (s ())lds

,,,,,

+> ||W<t7tk>||||1k<so<tk>>||}

t <t
_max / Ke M- S)Za”les+ ZKG*/\(t tk)L2}|SO|
,,,,, P
r?
<8{ s 27 S i el =il < {2
(4.80)

Let 7 € T, q € P, where the sets T and P are determined in Lemma 4.19.
Then

t
[Sp(t+7) — So(t)]eo < sup{ ~ max (/ (IW(t+T,s+7)
ter L i=1,2 n

— W) D asss + ) fi (a5 +7))|as

j=1

+f IIWtSII‘Z%SJrT)fJ%HT Zaw )fi(5(5))

@)
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+ Y NW(E+ 7 trrq) = Wt ) g (9(Eas0))

tp<t
+ YW ) g (P () — Ik(w(tk))ll} <ely, (4.81)
tp<t
where .
Cy = %(z:?lQaXn @I+ K)o, + K) + %.

j=1
and the number N is from Lemma 1.2.

Consequently, after (4.80) and (4.81), we obtain that Sy € AP*.
Let ¢ € AP*, ¢ € AP*.
Then

<sup{ max [ ||Wts||2|am (3 (5)) = (05 (s)lds

teR

+ S IW Tk () - Ikwuk))u}

te<t

SK(i:{%%?f,,nA*MZ% L2 Y~ bl =l = .

(4.82)

Then from (4.82) it follows that S is a contracting operator in AP*, and
there exists a unique almost periodic solution of (4.76).
Let now y(t) be an arbitrary solution of (4.76). Then from (4.78), we obtain

y(t) — z(t) = W(t, o) (y(to) — z(to)) + /t W(t,s)[F(s,y(s)) — F(s, x(s))lds
+ > Wt t) Ty (tr)) — Te(w(tr)]

to<tp<t

Hence,

ly(t) = x(®)]] < Ke X[y (to) — (to)|

+1 IlllQa.}.(. / Ke_)‘t s leau|y1 - )|d5>

+ ) Ke M Lofly(tk) — a(tx)-

to<tp<t
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Set u(t) = ||y(t) — x(t)|[e* and from Gronwall-Bellman’s inequality and
Theorem 1.9, for the last inequality we have

[y () = =()]]

§K||y(to)—x(t0)||(1+KL2)i(t°’t)exp{ )\—l-KLl _lnax Zaw}t to). O

7 ’” 7"

Ezxample 4.4. Now, we shall consider the classical model of impulsive Hop-
field neural networks

where t € R, {tx} € B, R; >0, oy; € R, i =1,2,...,n, j =1,
vi,fi € CIR,R], ¢ = 1,2,...,n, z(t) = col(z1(t),z2(t),...,xn(t)), I €
C[2,R"], G = diaglgi], g; € R, i=1,2,...,n, pp € R™.

Theorem 4.8. Let the following conditions hold:

1. Conditions H4.28, H4.29, H4.31 and H4.32 are met.
2. The following inequalities hold

1
A= min — - N max In(1 + |g;|) > 0,

=1,2,...,

Then:
1. There exists a unique almost periodic solution x(t) of (4.83).

2. If the following inequalities hold

1+exp{N _Inax n(1+|gi|)}L2<e,

A —exp (N max In(1+ |g;|)) L1 ;aw—

~NIn(1+{N _Imax In(1+ [gi|)}L2) > 0,

then the solution x(t) is exponentially stable.



198 4 Applications

Proof. Let
. 1
z;(t) = —Exl(t), t # tg, (4.84)
Ax(ty) = Ga(ty), k=+1,£2,...
is the linear part of (4.83).
Recall [138] the matrix W (¢, s) of (4.84) is in the form
Wi(t,s) =eNE+ Q)Y A=diag| — S _
) ) Rl ) R2 AR Rn M
Then (1 + g1
N max In(l+ |g;
Wl < e =8 N,
t>s, t,s €R, and the proof follows from Theorem 4.7. O

4.3.2 Impulsive Neural Networks with Delays

In this part, we shall investigate the existence and attractivity of almost
periodic solutions for impulsive cellular neural networks with delay. The
results obtained are a generalization of the results for the dynamics behavior
of Hopfield neural networks with delay [34,38].

We shall investigate the system of impulsive Hopfield neural networks with
delay

di(t) = ; aij ()i (6) + Y aig(t) f (@t = k) +7i(t), ¢ # t, (4.85)

J=1

Az(ty) = Apx(te) + Ie(2(tr)) + pr, k=£1,£2,..,

where t € R, {tx} € B, a;j,ai;, fj, v € CRR], i =1,2,...,n, j =
1,2,...,n, h > 0, z(t) = col(xz1(t),x2(t),...,zn(t)), A € R I, €
CI2,R"], pr €R", k=+1,£2,....

Let tp € R. Introduce the following notations:

PC(tg) is the space of all functions ¢ : [tog — h,to] — {2 having points
of discontinuity at &1,&,...,& € (to — h,tp) of the first kind and are left
continuous at these points.

Let ¢g € PC(ty). Denote by x(t) = x(t;to, Po) the solution of system
(4.85), satisfying initial conditions:

x(t;to, do) = Po(t), to —h < t < to,
{x(tg;to,qso) — olto). (4.86)
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The solution x(t) = x(t;tg, ¢o) of the initial value problem (4.85), (4.86)
is characterized by the following;:

(a) For tg —h < t < tp the solution x(¢) satisfied the initial conditions
(4.86).

(b) For t > tg the solution x(¢; to, wo) of problem (4.85), (4.86) is a piecewise
continuous function with points of discontinuity of the first kind at the
moments t = tp, k = £1,%2,... at which it is continuous from the left,
i.e., the following relations hold

z(ty) = z(ty), () = z(tr) +Azx(ty) = x(te) + Az (t) + I (z(tr)) + Dk
(c) If for some integer j we have t < t; + h < tg41, k = £1,£2,..., then

in the interval [t; + h,tx41] the solution x(t) of problem (4.85), (4.86)
coincides with the solution of the problem

Gi(t) =D aij(O)y;(6) + > (8 fi (i (t = b)) + 5 (8),

j=1 j=1

y(tj +h)= ,T(tj + h),

andift;j+h =t; for j=0,1,2,..., k==1,%2,..., then in the interval

[t; 4+ h, tk+1] the solution z(t) coincides with the solution of the problem

git) = Y aii()y; (8) + D iy (8) f(a;(t = 1)) +(8),
j=1 j=1
y(t; +h) = x(t; + h) + Apx(t; + h) + I(z(t; + h)) + i

The proof of the next theorem is similar to the proof of Theorem 4.7.

Theorem 4.9. Let the following conditions hold:

1. Conditions H4.26-H4.32 are met.
2. For the Cauchy matriz W (t,s) of the system (4.85) there exist positive
constants K and A such that
IW(t,s)|| < Ke ) t>5, tseR.

3. The number

i=1,2,..,n

- L
— -1 — 2
r—K{ max A Lljg_laij+m}<1,
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Then:

1. There exists a unique almost periodic solution x(t) of (4.85).
2. If the following inequalities hold

1+ KL NIn(l+ KL i
+ a<e, A— Nln(1+ 9) — 1 11112ax Zaﬂ

then the solution x(t) is exponentially stable.
We note that the main inequalities which are used in Theorem 4.9 are
connected with the properties of matrix W (¢, s) for system (4.77). Now we
shall consider a special case in which these properties are accomplished.

Ezample 4.5. Consider an impulsive generalization of the classical model of
impulsive Hopfield neural networks with delay [70],

Cidi(t) = —g-ai(t) + Y Tijfi(w(t — h)) + 7i(t), t # te,
j=1
Ax(ty) = Gu(ty) + I (z(ty)) + pr, k==£1,4+2,.. .,

(4.87)

where t € R, {tk} e B, C; >0, R, >0, T%j € R, fj,")/i S O[R,R], h > 0,
i=12...,n, =12 ....,n, I € C[2,R"], G = diag[g1,92,---,9n), 9i €
R, i=1,2,...,n, pp € R", k=+1,+2,....

Theorem 4.10. Let the following conditions hold:

1. Conditions H4.28, H4.29, H4.31 and H4.32 are met.
2. The following inequalities hold

<.
Il
—

Then:

1. There exists a unique almost periodic solution x(t) of (4.87).
2. If

1+exp {N 1111an n(1+|[g|) L <e,

.....

A —exp (N max
i=1,2

3Ly

Il(l—l— |gz|))L1 ﬁeAh
j=1 """

—Nln( {N _max

1<y 7n

n(1+ |gi|)}L2) > 0,

then the solution x(t) is exponentially stable.
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Proof. Let the system

(4.88)

i(t) = — g wi(t), t# th,
Ax(ty) = Ga(ty), k=+1,£2,...,

is the linear part of (4.87). Recall [138] the matrix W (¢, s) for the linear
system (4.88) is in the form

Wit,s) = A0 (B4.6) ",

where ) ) .
Adiag| - L1
"I CR T CoRs CnR,
Then
N max In (14 |g]
W (t,s)l| <e *=h2n ( )e*“H), t>s, t,s €R,
and the proof follows from Theorem 4.9. a

4.3.3 Impulsive Neural Networks of a General Type

We shall investigate the existence of almost periodic solutions of the system
of impulsive cellular neural networks with finite and infinite delays

5i(t) = 3 i (O + Y aig(Of s (¢ = W)+

+3 B0 (1 /Oookij(u)xj(t_u)du)+%(t)7 L, (4.89)
j=1

Ax(ty) = Az (te) + In(z(te)) + pr, k= £1,£2,...,

where t € R, {tk} €B, Qijy Qg fj, Bija Vi € C[R, R],Mj >0,t=1,2,...,n,
j=12,...,n, h>0, k;; € CR",RT], z(t) = col(z1(t),x2(t),...,xn(t)),
A e R I, € C,R"], pr e R, k=+1,42,....

For ¢y € R, the initial conditions associated with (4.89) are in the form

{x(t;to,d)o) = ¢o(t), —oo <t < to, (4.90)

z(td 5 to, do) = do(to).

where ¢g(t) € PC[(—o0,tp],R™) is a piecewise continuous function with
points of discontinuity of first kind at the moments ¢, k = £1,+2,....
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Introduce the following conditions:
H4.33. The functions f;;(t), i = 1,2,...,n, j = 1,2,...,n are almost
periodic in the sense of Bohr, and
0 < sup|B;(t)| = B;; < 0.
teR

H4.34. The functions k;;(t) satisfy

/kij(s)dSZL/ skij(s)ds < o0, 4,7 =1,2,...,n.
0 0

H4.35. The function ¢o(t) is almost periodic.
The proof of the next lemma is similar to the proof of Lemma 1.7.
Lemma 4.20. Let the following conditions hold:

1. Conditions of Lemma 4.18 are met.
2. Conditions H4.33-H/4.35 are met.

Then for each € > 0 there exist €1, 0 < &1 < € and relatively dense sets T
of real numbers and Q of integer numbers, such that the following relation

holds:

(CL) |ﬁij(t+7')—ﬁij(t)| <e, tER, TE_T, i,j=1,2,...,n;
(b) |po(t+7)—o(t) <e, teR, 7T, [t—tx| >¢c, k=+1,£2,....

The proof of the next theorem follows from Lemma 4.20 to the same way
like Theorem 4.7.

Theorem 4.11. Let the following conditions hold:

1. Conditions H}.26-H4.32 are met.
2. For the Cauchy matriz W (t,s) of the system (4.89) there exist positive
constants K and A\ such that

W (t,s)|| < Ke 79 t>5, t,seR.

3. The number

n

el L

_ -1 — 2

"= K{i:{{?}.{.,n)\ Ly 2 :1 (@ij + Bijy) + PPy eﬂ} < 1.
=

Then:

1. There exists a unique almost periodic solution x(t) of (4.89).
2. If the following inequalities hold
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1+ KLy <e,

AN— KL, z:?}fx,nzl(a” —I—Bij,uj) — Nln(l + KLQ) >0,
J:

then the solution x(t) is exponentially stable.

Ezxample 4.6. Consider the next model of impulsive neural networks

ii(t) = —a; () (t) + Z ij fi(z(t — h))

+Zﬁijfj(ﬂj /OOO kij(u)xj(t—u)du) Fy(t), t 4 b (4.91)
j=1

Ax(ty) = Apz(te) + Ik (z(te)) + pr, k= £1,£2,...,
where t € R, {tk} e B, ai,fj,e C[R,R], aij,ﬁij € R, Hi € R+, kij S

C[R*,R*], v; € C[R,R], i = 1,2,....,n, j =1,2,....n, A € R"™" T, €
C[2,R"], pr €R™, k= +1,42,....

Theorem 4.12. Let the following conditions hold:

1. Conditions of Lemma 4.16 are met.
2. Conditions H4.28-H/.32 hold
3. The number

2,0, 1

Jj=1

r:K{izrl{lax n/\ 1L1Z (cvij + Bijuy) + _Z_,\} <L

Then:

1. There exists a unique almost periodic solution x(t) of (4.91).
2. If the following inequalities hold

1+ KLy <e, A= KLY (aij + Bijj) — NIn (14 K L) >0,
j=1

then the solution x(t) is exponentially stable.
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