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Semyon Yakovlevich Khavinson
(May 17, 1927 — January 30, 2003)

V.P. Havin

1. Life

S.Ya. Khavinson was born in Moscow. His mother, M.B. Zucker, was a medicine
professor, his father, Ya.S. Khavinson, a well-known journalist; in 1940-1943 he
was the head of TASS (Telegraph Agency of the Soviet Union), and for a long time
the editor of the journal “World Economy and International Relations”. Brought
up in an atmosphere of the ubiquitous communist ideology, S.Ya. made a long way
to independent thinking (the sobering process was completely over when I met him
for the first time in 1957). Moved by romantic infatuation with aviation and the
trend of the epoch, after highschool in 1943, he entered MAI (Moscow Institute
of Aviation) where a new infatuation prevailed over the first one, and S.Ya. was
forever captivated by mathematics. He left MAI for the math department of MGU
(Moscow State University). This change was not an easy undertaking, but he
succeeded in catching up with the much more advanced mathematical program
and became a pure math student of the third year of MGU, the institution of a
very high level of teaching and research.

This episode confronted him for the first time with the difference in teaching
mathematics to pure and applied mathematicians, the problem he had to cope
with all his life: after he graduated from MGU in 1949, he taught in Yelets (a
small town in Lipetsk region) and then in Vladimir where his students were future
highschool teachers. From 1956 on he taught at MIST (Moscow Institute of Civil
Engineering) where he became the head of a huge “chair of higher mathematics”
(some 80 members!). All his life he had to combine intense and fruitful activity
of “a pure mathematician” proving new theorems, with the everyday worries and
headaches of a pedagogue and organizer of a complicated teaching process for
masses of students which did not consider math as their primordial task, but had
to overcome it according to the Russian tradition of educating engineers of any
speciality. And S.Ya. contrived to successfully agree both jobs, being at the same
time a bright and passionate complex analyst with an impressive output of results
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and ideas, and a teacher of mathematics for non-professionals, fully devoted to
this difficult duty.

S.Ya. started his scientific work as a student of MGU under the guidance of
A.I. Markushevich who also acted as S.Ya.’s adviser during his extramural grad-
uate student years in Yelets and Vladimir. He defended his first (“the candidate”
=~ PhD) thesis in 1953. The second (“the doctoral”) was defended in 1962 (the
title was “Duality method in extremal and approximation problems of function
theory”).

The starting point of his work were the duality relations (see Section 2 below)
first applied to some concrete problems by M.G. Krein (1938) and S.M. Nikolski
(1946). S.Ya. made the duality method a powerful tool of Complex Analysis. (The
same approach was found by Rogosinski & Shapiro in 1953, but the first articles of
S.Ya. devoted to this method appeared in 1949 and 1951). A more detailed survey
of his results follows (see Sections 2-6).

As T have mentioned, apart from pure mathematics, S.Ya. worked as the
leader of an unusually numerous collective, the chair of higher mathematics of
MISI. The common practice is to split such collectives into several smaller and
more manageable units. But due to some personal features of S.Ya., his wise,
tactful ways to contact people, everybody preferred to have him as a leader, and
it was eventually decided to let the chair as it was and not split it. The energy
of S.Ya. made the chair and its analysis seminar one of the centers of mathe-
matical work in Moscow. S.Ya. was a successful adviser of ten graduate students
in math; all of them had defended their theses, a result not very common for a
non-mathematical teaching institution. Two of former students of S.Ya., V.Ya. Ei-
derman and M.V. Samokhin, defended their second (“doctoral”) theses and are
full professors.

S.Ya. wrote a number of textbooks for his students, future engineers, and also
for mathematicians working in various universities of Russia who regularly come
to MISI for their sabbaticals and take special courses in math to maintain their
shape. S.Ya. was famous as a brilliant, thorough and very clear lecturer. His general
tendency in his lectures and texts was to convey the very essence, “the truth of
the subject” to his listeners and readers, minimizing all kinds of technicalities and
doctrinalities. The permissible degree of this minimization will forever remain a
theme of innumerable controversies, and I remember — with great pleasure — some
fervent disputes with S.Ya. on this point. (They are reflected in his inscription on
his gift to me, the book “Lectures on intregral calculus”: “To dear Vitya Havin for
the repetition of the live integral calculus which he somewhat forgot composing his
german-pedantical booklets on this subject, from the loving author. 30.11.1976”;
the books S.Ya. alluded at were intended for pure mathematicians). In any case,
books of S.Ya. are nicely written and deservedly popular.

* ok k

Life of S.Ya. Khavinson was not always easy. He had to live through some very
bitter moments. But for his friends and colleagues he invariably remained the same,
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with his kindness, readiness to help, unusual width of interests (one of them was
poetry: he could recite his favorite poems for hours). But I guess the main pivot of
his life enabling him to weather all kinds of personal crises was his mathematics.
His legacy is rich, both in content and volume (some 170 publications). Its detailed
survey would take a book. My modest aim in subsequent pages is just to order
Khavinson’s results according to their main guidelines and briefly orient the reader
in their highlights.

2. Linear Programming in Complex Analysis

The mathematical career of S.Ya. Khavinson started at the end of forties, in less
than twenty years after the publication of S. Banach’s “Théorie des opérations
linéaires” which opened the “Sturm und Drang” period of Functional Analysis. Its
methods and ideas were merging with classical, or “concrete”, analysis. Complex
Analysis was probably the last area to be conquered by the new approach, and
Khavinson was in the first ranks of its proponents. His impressive contribution
to this merging process was the application of the duality of linear spaces to
classical extremal problems of Complex Analysis. Its eternal and ubiquitous theme,
maximizing or minimizing a functional on a class of analytic functions, was given
a completely new interpretation in Khavinson’s work.

For a more specific discussion we need some notation: H>(G) will denote
the space of all functions analytic and bounded in the domain G; the norm of an
f€ H®(Q) is || flleo = sup|f]; D will stand for the open unit disc.

G

2.1. A result of E. Landau

For a function f analytic in D put

(k)
) = L3,

the k-th Taylor coefficient of f. For a given N Landau computed

max {

In 1913 he found a quite explicit expression of this quantity (as a function of N') and
exhibited the maximizing f. This example is generic for the problems studied by
Khavinson for many years, starting from 1949. A short and very clear exposition
of Landau’s result is in §10 of [Kh111, Kh123]! where one can find historical
information and a list of Landau’s successors. Note that in his early publication
[Kh5] Khavinson obtained an elegant generalization of Landau’s estimate (with
%) (a)/k!, in place of cx, a € D). The gist of [Kh5] was a purely quantitative aspect
of the problem whereas Khavinson’s efforts in his subsequent works were mainly

N
Zcm] . fe H®(D), ||f||oog1}.
k=0

IReferences [Kh1], [Kh2], etc., see in the section “S.Ya. Khavinson: Bibliography”, following the
present paper.
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concentrated on “qualitative” questions. Nevertheless we believe that Landau’s
result and his analogs combined with Functional Analysis were among the principal
incentives which had ignited Khavinson’s interest in extremal problems in spaces
of analytic functions.

2.2. Khavinson’s approach to extremal problems: a sketch

We will have to confine our description to a rather particular situation in order to
just allude at the possibilities of the method. The modest aim of this section is to
convey the flavor of Khavinson’s ideas. They first appeared in [Kh1], [Kh6] to be
largely developed in various directions in [Kh11], [Kh55], [Kh26], [Kh49], [Kh152],
[Kh161] (we quote only cornerstone papers where references to shorter publications
are available). For the first reading we recommend a very nicely written exposition
in [Kh123].

The duality of extremal problems, the main theme of this section, was implicit
in Landau’s argument as in many other classical works (see the information, e.g.,
in [Kh123]). But it appeared there as an experimental fact attached to a concrete
situation. Its presence could be discerned only a posteriori. The explanation of the
true underlying mechanism is due to Khavinson. It is rooted in quite general and
abstract facts.

2.2.1. Abstract scheme. Given a complex linear normed space X and its subspace
X, we denote by X* the conjugate space of X and by X5 the polar set of X,

Xog ={feX": f|Xo =0}
Fix an f € X* and put fo = f|Xo. Then
If = gllx+ > | follx; for any g € Xg,
and, by Hahn-Banach, the equality occurs for a gy € Xd-. Thus

min{|[f - gllx- : g € Xg} = sup{|f(2)| : 2 € Xo, [l]x < 1}. (2.1)

Note that we write “min”, not just “inf” to the left, the infimum being attained
for a gg € X4, a best approximant of f by the elements of X"

The general duality relation (2.1) applies to a vast class of concrete extremal
problems for analytic functions. As a zero order approximation to rigorous state-
ments imagine a space Y of functions analytic in a plane domain G. Due to the
maximum modulus principle and its numerous analogs Y can be very often identi-
fied (isometrically) with a subspace Xy of a normed space X consisting of functions
defined on the boundary I" of G. A linear functional F' on Y can be viewed as an
element fy of X, and we may apply the “minimax” (or, to be more precise, the
“minisup”) relation (2.1) to the problem of maximizing F' on the unit ball of Y.
At the first glance, (2.1) does not yield any maximizing element in its right side
(and even does not guarantee its existence). Equality (2.1) just transforms the
maximization problem into a dual best approximation problem (see the left side
of (2.1)). But the very coincidence of these two problems is a powerful tool of
analysis of the extremal elements in both sides of (2.1).
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2.2.2. Relation (2.1) and extremal problems in H>°(G). To illustrate these vague
ideas let Y be the space H>(G) of all functions analytic and bounded in G with
the usual uniform norm:

Izllzr< () = lllloo = suplal, = € H>(G).

We assume G is bounded and finitely connected,
r=r,u---uly,,
where the connected components I'; of the boundary I' are rectifiable Jordan loops.

Any z € H°°(G) has angular boundary values £(§) at s-almost all £ € T' (w.r. to
the length s on I"). Moreover,

2]l o () = vraisup [Z(€)].
ger

Identifying x € Y = H*(G) with & we make Y a subspace Xy of X = L>°(T"); we
denote this subspace by H>(T).

2.2.3. Digression. Now we have to devote a paragraph to the Smirnov class E'(G)
whose participation in this context is unavoidable. It can be defined as the set of
all functions ¢ analytic in G possessing angular boundary values $(&) at almost all
¢ € T and such that ¢ € LY(T") (= LY(T, s)), and ¢ is representable by its Cauchy

integral:
_ 1 [§)dE
o0 =5 [BE% ace
r
The mapping ¢ — ¢ of E1(G) into L*(T) is one-to-one, and putting
||90||E1(G) = ||S5||L1(r)7

we turn E'(G) to a normed space which we identify with the subspace E*(T) of
LY(T), the set of all functions ¢ for ¢ € E1(G).

We are now almost ready to explain the role played by E'(G) for our theme,
but first let us consider the subspace C4(G) of H*(G) consisting of all elements
of H*(G) continuously extendable to GUT; by C4(T") we denote the subspace of
L*°(T") formed by all functions ¢ with ¢ € C'4(G). We need the following identity:

EYI) = {w e LYT): /w(§)¢(§) d¢ =0 for any ¢ € HOO(F)}. (2.2)
r

The next assertion is a generalization of an important result due to F. and M. Riesz
who discovered it for G =D :

Theorem. Let i1 be a complex Borel measure on I'. The following are equivalent:
1) [adu=0 for any xz € Ca(T);
r

2) pis s-absolutely continuous, and Ccll—/; € EY(I).

A concise survey of the Smirnov classes is in [Kh123, p. 57-61].
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2.2.4. Let us return to our main theme, that is to a linear functional F €
(H>(G))* and maximizing of |F(y)| w.r. toy € H®(G), ||y[oc < 1; the maximum
is [[Fll rroe )=

Many concrete problems of Complex Analysis (in particular, of Geometric
Function Theory, remember the Riemann mapping theorem) suggest the following
questions:

1) Is there an extremal element y* € H*°(G) such that
19" loo < 1, [F ()] = 1 Fll (o= (c)+?

2) Suppose y* does exist, is it unique (up to a constant unimodular factor)?
3) Is y* unimodular on T' (i.e., |y*| = 1 a.e. on I')?

The rich experience of concrete problems suggests that question 3) is natural and,
generically, the answer should be “yes”.

Note that in these questions we are dealing with “qualitative” problems: the
quantitative problem of computing || F||(ze ()~ is not primordial. The interest
of these questions is determined by the following experimental fact: for many
functionals F' the maximizer y* turns out to possess some useful properties (e.g.,
to map G onto D); this is what makes its existence, uniqueness and description
very attractive aims.

Of course, the answers to questions 1)-3) depend on F'. Identifying H*>(G)
with Xo = H*(T') C L*>®°(T") = X (see 2.2.2) we may perceive F as fo = f|H*>®(T)
for an f € (L°°(T"))* which is, generally speaking, a mysterious object. But for
really interesting functionals F there is no loss in assuming that f is generated by
a function w € LY(T) :

f(z) = / w(©)2(€) de, x e (). (2.3)
I

As an illustration we may use w(§) = (£ —a)~2/2mi for a fixed a € G the respective
F is just
y—y'(a), yeH>G)

A direct application of relation (2.1) to our present pair X = L>°(T"), Xo = H>°(T')
is hindered by a complicated nature of X*. To avoid the analysis of X5~ we replace
the pair (X, Xo) = (L*°(T"), H>*(T)) by (C(T"),C4(I")), see 2.2.3; C(T") is the usual
space of all complex continuous functions on I', Cy(T") is its subspace consisting
of boundary traces of functions continuous in G UT' and analytic in G. Unlike
(L>°(T"))* the space (C(T'))* can be conveniently and isometrically identified as
M (T'), the space of all Borel complex measures on I' whereas (C4(T"))* becomes

{ne ML) : dj = f(€) d¢ for an f € E'(D)},
see Theorem in 2.2.3.

Now we apply (2.1) to X = C(T'), X9 = Ca(T') and to the functional
z— [2(§)w(§)dE generated on C(I') by measure v € M(T), dv = w(§)d¢. We
r
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get a function wy € E'(T) such that

[l folCallcs, /|ww0|dsmin{/|wu~)|d,§: &JEEl(F)}. (2.4)
T r

From now on we forget about C(I"), C4(T") and return to the functional (2.3) on
L*>°(T") and its restriction fy onto H*°(T'). By the Montel theorem there exist a
sequence (2,)%2 ; and a function z* in H*°(G) such that

lznlle <1, n — 2" pointwise in G, [f(xn)| — || foll(zree(r))=-
n—oo n—oo

It is not hard to see that lim f(x,) = f(z*) (this is obvious for the functional

n—oo

y—1vy'(a), y € H*(G)). Hence
[f (@) = [fo(@™)] = [ foll czree (r))-

and the answer to the first of the three questions in 2.2.4 is positive. Now,

[fo(z™)| = Il foll (zro= )y = [ fol Ca(D)ll(ca(ry) =/|w — wol ds
I

> [ ol =l ds > ]/z*@)(w(s) wo(é))d£’
I I

/ z* (€) w(©) dé’ — |fo(a®)|

(we have used (2.4), the inclusion wg € E'(G), and (2.2)). Thus the couple (wq, x*)
of extremal functions satisfies the integral relation

/ 2 (6) (&) — wol€)) df\ - / 2 (6)]|(E) — wo(6)] ds. (2.5)
I I

Rewrite d¢ in the left integral as £.ds and recall the equality || = 1 a.e. on T
Then from the integral relation (2.5) we obtain a pointwise relation connecting wq
and z* : for an @ € R

¥ (w — wp)€l = || |w — wo| " a.e. on T, (2.6)

a source of precious information on both functions wg and x*.
We exclude the trivial case w € E*(T") corresponding to the zero functional
f- Then the length of the set

a={6el: w(§)—wo(l) # 0}
is positive, and, by (2.6),
|z*] =1 a.e. ona.

If, say, w coincides on I with a function analytic in C \ (a compact set in G)
and vanishing at infinity (as is the case with w(¢) = (¢ —b)~2/2mi, b € G), then
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s('\a) =0, and |[z*| = 1 a.e. on T' (cf. question 3)). In any case (2.6) can be
given the following form a.e. on I :

¥ (w — wp)€l = €™ |w — wy

whence 2* is uniquely defined on a up to a constant factor e”’, 3 € R. By the
boundary uniqueness theorem for H>(G), it is uniquely defined (with the same
accuracy) in the whole of G, whence we have a positive answer to question 2) in
2.2.4.

Function wy, the best L!(T")-approximant of w in E*(T), is, generally speak-
ing, not unique. It is unique if G is simply connected. This case can be reduced,
by conformal mapping, to G =D where (2.6) becomes

¥ (e)(w(e™) — wo(e™))ie™ = e |w(e™) — wo(e™)] (2.7)

for almost all t € R. Denote the unit circle by T and suppose w; € EY(T) = H(T),
and

7 jw(e™) —wo(e®)] dt = 7Iw(e“) — wy ()] dt.

Then (2.7) holds with w; in place of wp, so that Q(&) = e~ x*(&) (w1 (£) —wo(§))i&
is real a.e. on T. But @ as a function of the variable £ € D belongs to the Hardy
class H'(ID) and is representable by its Poisson integral. Therefore () = const; but
Q(0) = 0 whence w1 = wp in D and almost everywhere on T.

2.3. Concluding remarks

Here we have to stop our superficial survey of Khavinson’s approach to dual ex-
tremal problems in Complex Analysis. Due to the volume limitation we cannot
anymore afford an exposition as detailed as in 2.2. We have to emphasize that we
have not exploited the crucial pointwise relation (2.6) in its full depth. In fact in
Khavinson’s work it is applied to a much more thorough investigation of z* which
enabled him to trace the improvement of the boundary behavior of x* depend-
ing on the properties of w, the number of zeros of x*, representation of z* as a
product of canonical factors (which becomes especially explicit for G = D and w
corresponding to some classical functionals F') and, last but not least, mapping
properties of x*. We restrict ourselves to a partial quotation from Theorem 7.1 of
[Kh123] shedding new light on classical results by Ahlfors, Grunsky and Garabe-
dian:

if w coincides on T' with a function meromorphic in a domain G with ezactly
m poles in G, then either x* is constant or maps G onto the k-sheeted unit disc
where

n<k<n+m-—2.

Returning to the example of w(¢) = (€ —a)™2/27i, a € G (see 2.2.4), we get
k = n, a result due to Ahlfors.

In publications mentioned at the beginning of 2.2 the reader can find numer-
ous results based on analogs of the scheme sketched in 2.2 and adjusted to different
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spaces of analytic functions (in particular to Smirnov classes EP(G), 1 < p < 400,
also with some weights on I'). These results form the ramified and efficient Khavin-
son’s theory of extremal problems. Our next section is devoted to one of its rami-
fications.

3. Extremal problems with supplementary restrictions

3.1. Introductory remarks

The norms of all spaces mentioned in Section 2 depend on the restrictions of
functions on I', the boundary of G. They were mainly weighted LP-norms on
', 1 <p < 4oo; we call them boundary norms. The variant of the theory to be
described in the present section is aimed at norms measuring the restriction of a
function on a set including I' and a part of G. This new setting entails considerable
complications. It is, however, not a mere formal generalization. To the contrary, it
is motivated by a class of very popular problems of Complex Analysis.

As a famous saying goes, an analytic function behaves as a live organism
reacting as a whole to a slightest local pressure. If, say, f € H>®(G) is oppressed
on a part D C G, so that

sup |f| <e (3.1)
D

with a small € > 0, then the effect of this oppression is felt throughout G, at

any of its points. This phenomenon is observed not only for the uniform norm

f — sup|f], but for many other norms as well. Its consequences are numerous
D

uniqueness theorems, one of the main themes of Complex Analysis. This explains
the permanent interest of complex analysts in global estimates of analytic functions
satisfying quantitative restrictions analogous to the local inequality (3.1).

If we are working in a space of analytic functions with a boundary norm,
then (3.1) is “a supplementary restriction” strengthening the general restriction
[I/|lr < oo whence the title of this section.

3.2. Examples. A duality relation

Let G be a domain as in 2.2.2 and D its compact subset carrying a non-negative
Borel measure u. As in 2.2.4 we consider the functional (2.3) generated in H>*(G) =
H®°(T') by an w € LY(T). But unlike 2.2.4 where we were interested in sup{|f(z)| :
x € H®(T), ||z|lcc < 1}, we concentrate now on

sup{[f(z)[ : 2 € H*(T), [lz]loc <1, l[#llLo(pp) <€} (3.2)

involving a supplementary condition, that is the smallness of x expressed in terms
of the LP(p)-norm on D and a small number e. This problem is interesting even
in the particular case of a finite D and p = co. On the other hand, the norms in
(3.2) could be made much more general replacing H>°(T") by EP(T") ( = boundary
traces of functions of a Smirnov class in G endowed with a weighted L?(T")-norm)
whereas the supplementary norm might include a number of derivatives of = (see
[Kh55]). The supremum in (3.1) can be given a form quite similar to the right
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side of (2.1), since (3.2) is just the norm of fy = f|H°°(T"), with one important
distinction: this time H>°(I") is endowed with a stronger norm || ||oo,p e

= max([|2| o 0y, |2 e (0. /)- (3.3)

(Note that this norm is comparable with || ||co,r due to the compactness of D.)
This new norm takes into account not only ||Z|e,r, but also the magnitude
of || on D. It is not a boundary norm (see the beginning of 3.1). This fact
complicates the answers to the main questions which remain essentially the same
as in 2.2.4. The general approach is nevertheless also the same as in 2.2. It is still
based on duality of extremal problems: the search of the supremum in (3.2) is
again equivalent to a (duly modified) best approximation problem. We avoid here
the most general statements of this kind, see [Kh55, Kh123], and illustrate the
new situation by an analog of (2.4) related to (3.1), i.e., to p = oo in (3.2); we
also omit generalizations involving norms of the derivatives of  on D. Avoiding
abstract preliminaries underlying the general scheme of [Kh55] we start with the
space X = C4(T") x C(D) which is a subspace of X = Cr x C(D) normed by

(z,y) = max([|lz]loo,r; (|yllse.p)/e)-
As in (2.4), for an arbitrary F' € X* we get
|F|Xollx; = min{||F — ®||x-: ® € X5} (3.4)
Now, F = (u,v) where p € M(T'), v € M(D), the spaces of complex Borel
measures, resp., on I' and D, and
Pl = ey + <lvlascoy Fao) = [adut [y
r D

A pair (p,0) € X* belongs to Xj iff

/a:dp—l—/de:O for any x € Ca(G). (3.5)
r D

Any compactly supported A € M(C) generates its Cauchy potential C*,
1 dX(§)

271 E—a’
supp A

C*a) = a € C\supp A

and, by the Cauchy formula, in (3.5) we have x(a) = C?%(a), a € G, whence (3.5)
becomes

/ £(€) dp(€) — / C7(€)x(€)dE = 0 for any = € Ca(C),

r r

or (see 2.2.3) dp(€) — C7 (&) dé = p(€)d€ on T for a ¢ € EX(T).
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We are only interested in functionals F' with du(§) = w(€)dg, v =0, where
w € LY(T), and (3.4) takes the following form:

1F1%0llx; = [ o= o7 = s+ [lao
r D

for a pair (¢*,0*) € EY(T') x M (D). Following the pattern of 2.2.4 we get an
x* € H®(G), ||z*||eo < 1, such that

sup{‘ / HEw (€) ds\ 2 RO, el < 1

- ] JEXGEG d£’ -/

Removing the integrals (as in 2.2.4) we end up with a pointwise relation connecting
z*, ¢* and ¢*. Then we may turn to its analysis with the same fruitful results:
dependence of local boundary properties of z* on the quality of w, representation
of £* as a product of standard factors, location and number of zeros of z*, and
geometric properties of x*: in many important cases z* still maps G onto a k-
sheeted disk D, and k can be estimated from above and from below. An interesting
feature of the problem is its stability: * ignores the presence of the “supplementary
term” sup |z|/e in the norm (3.3) and behaves as if it were absent (i.e., € = +00).
D

2 (E)w(€) — g (€) — C7 (©)]| ds + e / do™. (3.6)

We have to emphasize that our discussion applies only to the case when
D C G is compact. The situation gets more complicated if D is not separated
from I'. Some cases when D N T # () are treated in Theorem 6.3 of [Kh55].

3.3. A Tchebyshev-like phenomenon

A curious effect was observed in [Kh55]. Let us denote the norm (3.3) by || |lco,D.e
stressing its dependence on D. For G = D and many compact sets D C D the
maximization problem of 3.1, i.e.,

max{|F(m)| cx € HOD), ||#)loo,p,e < 1}7

is shown to be equivalent to the same maximization, but with D replaced by a
finite subset Dy of its boundary: the maximizing functions x7, and zp, . coincide,
#Dpn = N. For some classical functionals F' and sets D the information on Dy
and estimates of N are quite precise and generalize earlier results by M. Heins.

The existence of Dy reminds of the Tchebyshev theorem reducing the best
polynomial approximation on an interval I by a polynomial to the same problem
on a finite set Iy C I.

3.4. Some quantitative results

The general approach to extremal problems with supplementary restrictions is
illustrated in [Kh55] by some classical situations (the Walsh problem concerning
the three circles problem by Hadamard, the Milloux and Heins problems, the
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Whittacker inequality etc.). The results are mainly qualitative (i.e., in the spirit of
questions posed in 2.2.4). But some are quantitative yielding very useful explicit
inequalities. Consider, e.g., a particular case of the problem discussed in 3.2: given
zo € D put f(z) = z(20), x € H*(D), D ={ai,...,an}, a finite set in D. In §11
of [Kh55] the duality relation (3.6) is a source of an explicit estimate of |x(zo)| for
x € H®(D) satisfying ||z|lecc < 1, |2(ej)| < €j, j =1,...,N. This estimate, in

its turn, implies an interesting quantitative refinement of the classical uniqueness
theorem for H>°(D):
if a sequence ()32, in I satisfies

o0

> (1 —layl) = oo, (3.7)

j=1

then {x € H*[D) & z(o;) =0, j = 1,2,...} = z = 0. In §12 of [Kh55] it
is shown that this uniqueness result is stable: © € H* (D) vanishes identically if
it decays fast enough along the sequence (a;)32;, provided (3.7) is fulfilled, and
the sequence is rarefied (in a sense). This theorem was one of the first results of
this kind. It was developed in various directions by Ushakova, Lyubarski—Seip and
Eiderman.

We conclude this section with a remark on the role of the right side of the
duality relation (3.6). It seems to be a purely ancillary tool, since our main concern
was the maximizer z* figuring in the left side of (3.6). But the right side is
important as well. It contains an interesting extra term e [ |do*| responsible for the
magnitude of the charge o* generating the Cauchy potential C°  approximating
(in cooperation with ¢* € EY(T)) the given L!(I')-function w. Thus we arrive
in a compulsory way to an approximation problem taking into account not only
the accuracy of approximation (expressed by the first integral in the right side
of (3.6)), but also “the price of approximation” expressed by [ |do*|. Following

D

S. Khavinson we return to this theme in Section 6 of this survey.

4. Spaces of analytic functions in multiply connected domains

4.1. Classes EP?

As in Section 2, G will denote a bounded domain in C with the boundary I' =
I'tu---uUTly,, I'; being disjoint Jordan rectifiable loops. We denote by G; the
unbounded component of C\T';, j =2,...,m; Gy is the bounded component of
C\ T, so that

G=G1NG2N - NGy,

For a simply connected G (i.e., for m = 1) the Smirnov classes E?(G) appeared in
Smirnov’s works (see [6, 7] and references therein). A set of (equivalent) definitions
of the class EP(G) (for any m) is collected on pp. 132-133 of [5]. The shortest is
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due to Khavinson & Tumarkin: f € EP(G), p > 0, if

sup / £ (O ds < +o0 (4.1)
! bG

for an increasing sequence of subdomains G; € G with rectifiable boundaries bG);
(like G itself) covering G. The rest of definitions (due to Smirnov and Keldysh
& Lavrentiev for a simply connected GG) are not so simple. In fact there exists
a universal sequence (G;) such that (4.1) holds for any f € EP(G). Thus the
definition looks very much like a formal reproduction of the definition of the Hardy
class H?(D) = EP(D). As it seems, the main incentive for the initial development
of the theory of spaces EP was the desire to test the new possibilities opened in the
20ies and 30ies by the advent of the Lebesgue theory of integration created at the
beginning of the 20th century. But the classes EP turned out to be a necessary tool
in many areas of Complex Analysis; these classes had to be discovered to satisfy
essential needs of this discipline.

One of the impressive examples is Khavinson’s theory of extremal problems
described in Sections 2 and 3. The definitions of the spaces C4(G) and H*(G)
are simple and self-imposing and do not contain any integration. They preexisted
Lebesgue integration and Functional Analysis forming a natural context for many
classical problems. But the investigation even of the most popular maximization
problems in C'4(G) and H*(G) is equivalent to a best approximation problem just
in EY(G) = EY(T). The spaces E*(T') emerge in a compulsory way in the general
schemes developed by Khavinson.

But the theory of the Smirnov classes was not ripe enough when he started:
its state was satisfactory only for simply connected domains G. The theory has
been completed in a series of joint works by S. Khavinson and G. Tumarkin. A
brief description of this series is the aim of the present section.

In [Kh18-Kh20] the definitions by Smirnov and Keldysh & Lavrentiev were
complemented by some equivalent definitions (for m = 1) and generalized to m >
1. These publications also contain some results for non rectifiable I'’s.

Special attention is paid to the decompositions

f=fite ot fm
where f; are analytic in G; (and vanish at infinity for j > 2) and to the equivalence
fEEp(G) — fj EEp(Gj), 7=12....m

which becomes especially delicate for a non rectifiable I'.

The representability of f € EP(G) by the Cauchy and Green formulas (with
integrals taken over I') is considered in [Kh19]. Another important theme is the
characterization of “polar sets” (EP(I'))* in L4(T), i.e., the formula

EP(T) = {w e LYT) : /w({)z({)d{zﬂ for any x EEP(F)}, 1/p+1/q=1
r

(not excluding p = 1 or oo, see [Kh33]).
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4.2, Class D(G). Smirnov domains

This important class is often denoted by N (G) (to emphasize its close relation to
the Nevanlinna class N(G)). It was discovered by Smirnov (see [7, 5]). This class
plays an outstanding role: it appears in some necessary and sufficient conditions
of validity of the maximum modulus principle, in polynomial approximation, and
in the theory of conformal mapping. Khavinson and Tumarkin studied this class
in general domains and found a complete description of removable singularities
for this class. Removable sets turned out to be just the sets of zero logarithmic
capacity [Kh17]. This fact improves earlier results by Parreau and Rudin.

V.I. Smirnov introduced a class S of Jordan domains G with a rectifiable
boundary ([7]) which is now called “the Smirnov class of domains”: G € S iff log ||
is representable in D by the Poisson integral, where w is a conformal mapping of
D onto GG. Smirnov showed that some familiar properties of functions analytic in
“nice ” domains hold ezactly in domains of the class S. At the beginning it was not
clear whether S coincides with the class of all Jordan domains with a rectifiable
boundary. A negative answer was obtain by Keldysh & Lavrentiev (see [6] and [5]
for further development).

In [Kh22] Khavinson and Tumarkin generalized Smirnov’s theory to multiply
connected domains and studied classes EP(G) and D(G) in domains G € S.

The culmination of the series of joint works by Khavinson and Tumarkin is
[Kh26] where their results on classes of analytic functions in multiply connected
domains are applied to a systematic study of dual extremal problems in the spirit
of our Section 2 for very general weighted boundary norms.

4.3. Factorization problems

A prominent role in Complex Analysis and many of its applications to Operator
Theory and Harmonic Analysis is played by the so-called inner-outer factorization
discovered by Nevanlinna, Szego, and Smirnov (see historical information in [5]).
Any function f of the Hardy class HP(D) is representable as the product of two
canonical factors O and I,
f=10.

The first factor I is called “inner” and the second is “outer” (terminology of
Beurling, nowadays adopted by all complex analysts). The outer factor is defined
by the formula

§+a df
g_a'Ea |l1|<17

Oa) =exp - [ logl(6)
|€l=1

so that O does not vanish in I, and |O| = |f| a.e. on the unit circle {|a| = 1}. The
inner factor is bounded in D, and |I| = 1 a.e. on {|a| = 1}. In its turn, I can be
split into two more inner factors, a Blaschke product B responsible for the zeros
of f in D, and the so-called “singular inner factor” S which does not vanish in D.
The representation

f=BSO (4.2)
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is in fact applicable to any f € D(D), the Smirnov class, and may serve as the defi-
nition of that class. It is often called the canonical parameterization of D (D), since
it involves certain (infinite dimensional) free parameters, a supple and convenient
tool to characterize important subclasses of D(D).

One of Khavinson’s favorite themes was the search of generalizations of (4.2)
to multiply connected domains. This case included serious difficulties absent in the
simply connected domains G where one can easily transplant (4.2) from the disc
by a conformal mapping, or proceed directly in GG just copying the construction of
the factors for the disc. Let us briefly discuss two problems arising for the multiply
connected G.

1. We may try to copy the construction of outer factor in (4.2) starting with
the solution of the Dirichlet problem for G with the boundary data log|f| |F. This
can be done replacing the Poisson kernel for the disc by the normal derivative of
the Green function for GG, and we get a real harmonic function v in G satisfying
the condition

u’F = log|f|‘l" a.e.on I’

(we mean angular boundary values and drop “). The next step would be to define
O as exp(u + iv) where v is the harmonic conjugate of u. Unfortunately, this idea
does not work, since, generally speaking, v is multivalued unlike the case of the
disc or a simply connected G.

2. Another obstacle is the lack of a natural “Blaschke factor”

(aH a;bﬂ |b] < 1, forG:ID)) :
1—ab
any function analytic in G UT and unimodular on I" has at least n zeros in G.

Sections 4.1-4.2 dealt with the aspects of the theory of function spaces in
multiply connected domains which were subordinated to the needs of dual extremal
problems. In [Kh23] Khavinson and Tumarkin reverse this order and apply the
duality (as in Section 2) to construct (or rather to prove the existence) of a factor
01 which makes the product exp(u + iv)O; (see 1. above) one valued whereas its
modulus is still |f] a.e. on T

As to the second difficulty and canonical factorization in general, we recom-
mend the article [Kh128] where a factorization theory is exposed. It is applicable
to classes of analytic functions on compact Riemann surfaces with border. This
article sums up a series of results by Khavinson and other analysts (including
Dmitry, Khavinson junior).

Another important source of information on factorization is the treatise
[Kh110]. It is, unfortunately, not easily available, being a Xerox edition of a book
which could by no means be published normally due to the peculiar publishing
policy in the USSR of the sixties, seventies, and early eighties. The same fate, alas,
struck the texts [Kh110-Kh112], [Kh115-Kh116]. Luckily, two of them ([Kh111-
Kh112]) are translated into English and published by the AMS [Kh123].
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5. Analytic capacity
5.1. Definition

Let K be a compact set in C, G be the unbounded component of its complement,
HE (G) i={a € H¥(G) : (o) = 0}
={z € H*(G): z(§) = c1(x) /€ + O(1/€?), € — o}
The analytic capacity of K is, by definition,
V(K) :=sup{lei(2)] : w € HG(G), [|lzfloo <1}

—sup{ o [a©de
bG

In other words, v(K) is the norm of the functional z — ¢;1(x) on the space H°(G).
The term “analytic capacity ” was coined in 1958 by V.D. Erokhin, but the notion
appeared earlier in [1], and from that moment on and until now it remains one
of the most frequent and popular objects of Complex Analysis. It plays a capital
role in the theory of removable singularities of analytic functions, and in the the-
ory of conformal mapping. A powerful impetus to the interest of analytic capacity
was a breakthrough in rational approximation by Mergelyan and Vitushkin. In
particular, Vitushkin showed that analytic capacity plays a crucial role in crite-
ria of approximation by rational functions. Last years are also marked by great
events in the study of analytic capacity (see a concise survey in [Kh161] where
one can find further references). The efforts were mainly concentrated on quanti-
tative aspects (relations of v(K') with more palpable (“metric”) characteristics of
K, say, its length, semiadditivity of -y, etc). Khavinson’s interests, not ignoring the
quantitative problems (e.g., relations between v and similar functionals adjusted
to Smirnov’s classes EP, see below), were, nevertheless, directed at qualitative as-
pects (existence, uniqueness and special properties of extremal functions appearing
implicitly in the very definition of v and its dual equivalents). Khavinson’s results
in this area form a considerable contribution to the subject. His main publications
on the theme of the present section are [Kh47, Kh123, Kh116, Kh152, Kh161].

2 € HF(G), ol <1}.

5.2. The Schwarz lemma in arbitrary domains

Present in any textbook on Complex Analysis, the Schwarz lemma asserts that
max{|z'(0)| : z € H*(D), 2(0) =0, ||z]lcc < 1} is attained only by z(§) = ¢&, for
a c € C, |c] = 1. A natural generalization of the problem is to maximize |z’(§)|
for x € H*(G), (%) =0, ||z|lcc < 1, where G is a domain and & its fixed point.
For a multiply connected G with a rectifiable boundary the maximizing function
z, ¢ was studied by Ahlfors [1] and Garabedian [2]. Returning to the situation
of 5.1 (i.e., of an arbitrary compact set K C C and the unbounded component G
of C\ K) we may connect y(K) with the Schwarz lemma for G and £, = oo, the
substitute for 2'(c0) being c; (). The extremal function z%,  is called the Ahifors
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function for G, if it is normalized by

L S
; ¢ €2

Its existence is obvious. In the case of K = K1UK3U...UK,, where K are disjoint
closed bounded Jordan domains with rectifiable boundaries I'; the uniqueness of
x5, ¢ was proved in [1] and [2]. It was also shown that z7, ; maps G onto the
m-sheeted unit disc.

Khavinson was the first to generalize and develop these results for an arbitrary
compact set K. They can be deduced for a multiply connected G from the general
scheme of Section 2 involving the duality relations

WK) = —— [ e o(6) de

27
T

max{ | / (€) de| 10 € HF(G), loll <1 51)

_ min{% [1+e(@lds: o € BHG). #l6) = 001/€) as € — oo}
N

and the pointwise relation connecting z7 o with the minimizer ¢g; in the last term

of (5.1):
25,6 (€)1 +¢" () d€ = |25, a1 + 5 (§)] ds (5.2)

a.e.on'=T7U---Ul,,. An important role is played by the so-called Garabedian
function Lg of G,

Lg = 1—|—g0*.

To adapt this approach to a general compact set K we need, first of all, an ap-
propriate definition of the Smirnov class E'(G) (classes EP(G) with p > 1 will be
also needed). We won’t reproduce the definition given in [Kh47] and only mention
that it includes a sequence (G,)2; of finitely connected domains with rectifiable
boundaries exhausting G from within. The duality relations (5.1), (5.2) are pre-
served in an approximate form (no integration over the boundary of G is possible);
a Garabedian function L¢, a limit of Lg, , can still be associated with G. It does
not vanish and, moreover, Lg = exp 1g, where 1¢ is analytic in G. The approxi-
mate form of (5.1) and (5.2) is sufficient to prove the uniqueness of z7, 4 and to
derive many of its properties. E.g., 2%, 5(G) covers D with the exception of a set
of zero analytic capacity [Kh116, p. 73]; the zeros of T3, o, except infinity, all lie
in the convex hull of K.

5.3. Khavinson’s measure. Bounded analytic functions and Cauchy potentials

Applying the duality relation (5.1) to G, and passing to the limit as n — oo,
Khavinson proves in [Kh47] the existence of a wunique mon-negative measure
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1" = p¢, concentrated on K and such that

x5, qla)La(a) = (&) (= o (a)), a€G. (5.3)

¢E—a
K
I call pg, the Khavinson measure of G. Note that uf(K) = v(K).
Khavinson’s measure is important for representing bounded analytic func-
tions as Cauchy potentials. Let us recall that for many sets K any x € HJ°(G) is
the Cauchy potential C'* of a complex Borel measure u, on K:

z(a) = dg'uw—(i) =C" (a), a€Q@G. (5.4)
K
This is true, for instance, whenever the Painlevé length of I', the boundary of G,
is finite. But in general not every x € H3°(G) is a Cauchy potential (5.4). But a
theorem by Khavinson asserts that for any x € H§°(G) the product 2L¢ is always
(i.e., for any K) a Cauchy potential:

zLe =CPf in G
for a complex Borel measure i, on K. Moreover, fi, is absolutely continuous w.r.
to pg;, and
d.[j’a:
dp*
This estimate can be given a local form. Suppose m is a non-negative number,
E C T (= the boundary of G), z € H{°(G), and lim |z| < m for any b € E. Then

[ il < i)
E

< [#lloo, 2 € HGO(G).

[Kh116, pp. 63-66].

Generally speaking, Khavinson’s measure ug, is, in a sense, parallel to the
harmonic measure wg of G on T' (for the point at infinity), these two measures
being proportional when K is connected (a continuum); relations of ug, with the
analytic capacity are similar to relations of wg with the logarithmic capacity.

5.4. EP-capacities and analytic capacity

Put Ef(G) := {z € EP(G) : x(c0) = 0}. Each class Ef(G) generates a new
kind of analytic capacity of K, i.e., a number 7,(K) defined as the norm of the
same functional  — ¢i(z) w.r. to the EP-norm in Ef(G). The corresponding
maximizer &3 satisfies a duality relation analogous to (2.4) and involving a
minimizer ¢g , € E(G), ¢ = p/(p—1). It is important that any such relation
characterizes the pair (z%, ¢ ,, ¥¢.,); the same is true for (27, &, ¢g;). Comparing
these duality relations (or rather their pointwise versions) for different values of p,
S. Khavinson arrived at equalities connecting v(K) (see 5.1) with ~,(K) [Kh47,
p. 9]. It may happen that H>®(G) (or EP(G)) is trivial, that is, consists of the

zero function, in which case K is said to be removable for H*(G) (resp. EP(Q)).
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An important theorem due to Khavinson says (roughly speaking) that the classes
H>(G) and EP(G), p > 1, are trivial or nontrivial simultaneously (for p = 2 this
statement is literally true, but for 1 < p # 2 there are some subtle points which
we won’t discuss here). In order to be more precise we should write EP((G,,)), not
EP(G) and not forget the sequence (G,,) defining the class; the capacities v, (K),
however, depend only on G.

The problem of simultaneous triviality of E?(G) and H*(G) was of special
interest in the sixties due to the (then open) Denjoy problem posed in 1909: is it
possible for a K C T' (= a rectifiable simple arc) to be removable for H>*(C \ K)
if length of K is positive? It was known long ago that v2(K) > 0 would imply
v(K) > 0 (Garabedian), whereas Khavinson’s results showed that ~y,(K) > 0 for
a p > 1 would suffice as well. On the other hand ~,(K) > 0 would easily follow
from the (then also unknown) LP-continuity of the singular integral operator with
the Cauchy kernel on T' (see, e.g., [Kh46]). And, in fact, the negative answer to
Denjoy’s question turned out to be an almost direct corollary of Calderén’s famous
theorem on the LP-continuity of the Cauchy singular integral operator on smooth
arcs (1977), see the discussions in [Kh116, §5] and [4].

5.5. Some set functions related to analytic capacity

In the theory of analytic capacity v and neighboring problems some other set
functions naturally arise. It is, first of all, the Cauchy capacity 7. Denote by
M (K) the set of all Borel complex measures supported on K, and put

AC(K) = sup{[u(E)| : 5 € M(K), [C* e < 1). (5.5)

The “real” and “positive” Cauchy capacities v, 41 can be defined exactly as in
(5.5) just replacing M (K) by M%(K) and M7 (K) (resp., real and non-negative
measures on K). According to a remarkable result by Tolsa, the three set functions
¢, 4B, 4T are comparable with v (but the coincidence of v with v is still an
open problem; see a brief survey with references in [Kh161] where a systematic
treatment of various relatives of v can be found). Dual definitions of the three
Cauchy capacities (and some others) are studied there summing up and devel-
oping further some earlier results of Khavinson. They are connected with general
approximation problems “with size constraints” considered below in Section 6. Let
us quote here just one typical, but also the simplest, result discussed in [Kh161]:

(80 = nt {1 [ |zl av, 1} (5.6)

infimum being taken over all sequences (vy,) of finite linear combinations of unit
point masses in G such that

lim max|C" — 1| =0.
K

n—oo

If the Painlevé length of K is finite, then Lg (the Garabedian function) in (5.6)
can be changed by one. Similar formulas hold for 7%, v+ as well.
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The study of various kinds of capacities and corresponding extremal problems
in [Kh161] is based on general duality relations like in Section 2, but this time they
have to be adjusted to approximation by the elements of a conical wedge, not just a
linear subspace. The necessary abstract result is due to Garkavi; see also [Kh158].

The results we are discussing yield new removability criteria for a compact
set K w.r. to the space H*°(G). E.g., this space turns out to be trivial iff for any
€ > 0 there exists a complex Borel measure v with a compact support in G such
that varv < €, and

C" =1 near K

(a big Cauchy potential can be induced on K by a negligible charge v located off
K). This fact is just a simple representative of a series of deeper results of the
same kind in [Kh161].

An interesting new turn to this theme was given in [Kh152]. This article
contains, by the way, an excellent survey of the state of affairs with the analytic
capacity by 1999. Its new ingredients were the so-called Golubev sums

N
Z(Cw)(j)
j=1
where 11, denote measures with compact support (on these sums, including N = oo,
see [3]). In [Kh152] some analogs of the Cauchy capacity related to the Golubev
sums are studied (among many other things).

6. Approximation

Approximation problems are present (be it implicitly) in any of the preceding
sections where they mostly appeared as a tool (e.g., in dual counterparts of maxi-
mization problems). But approximation also appears explicitly, as the main theme,
in many of Khavinson’s works. His contribution to approximation theory is, first
of all, marked by a special setting aimed not only at the deviation of the approxi-
mant from the function to be approximated, but also at the size of the approximant
measured in terms of a separate norm (say, directly depending on the moduli of
the coefficients of linear combinations which are the approximants). This “size”
can be interpreted as the price to be paid for the accuracy of approximation.

This setting is very clearly described and illustrated by concrete examples
in [Kh108] and [Kh121] where references to other publications of S. Khavinson on
this subject can be found. Let us briefly discuss this setting in a very general form.

Consider a continuous seminorm p in a linear topological space E with the
conjugate space E*, and a seminorm p; on R™ (if F is real; if it is complex, then
p1 is defined on C™). For a linearly independent family (z1,22,...,z,) in E and
a vector y € E put

A S ol
a Al71111“,/\71[]09 ;)\kxk +p1(A1, .o, M)
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The last term is “the price of approximation” of y by the elements of the linear
span of x1,xs,...,x,. It turns out that

a=p

where

§=sup{lf): f € E*, |f@)| <p(x) Vo€ E

ZAkf(xk)
=1

This abstract fact (and some neighboring facts, as, e.g., the existence of extremiz-
ers for a and B and their interrelations) can be given a lot of concrete embodiments
making it a fact of classical (say, polynomial) approximation, or a moment prob-
lem (in the spirit of the Tchebyshev-Markov problem) or Complex Analysis. It is
shown (among other things) in [Kh108] that the usual Tchebyshev polynomial of
best approximation (corresponding to p; = 0) preserves its best approximation
property (i.e., minimizes «) if p; = npo where pg is a given seminorm on R™ (or
C™) and n > 0 is small enough. This article contains a list of elegant examples
of concrete situations where the general theory is a source of explicit and sharp
results concerning the moment problem, polynomial approximation, and sharp
interpolation inequalities for some classes of analytic functions.

Another important turn of this theme is based on the notions of O(p)- and
o(p)-completeness of a family of vectors. Let E be a (say, real) vector normed space
and p a continuous seminorm in the space R§® of all finite sequences

()\1,)\27...,)\7“0,070...)7 )\jER.

A sequence (zr)52, of vectors in E is said to be O(p)-complete in E if for any
x € E there exists a constant C(x) > 0 such that for any & > 0 there exists a

A € RY° satisfying
n
xr — Z )\kmk
k=1

Replacing C(z) by € in (6.1) we get an o(p)-complete sequence (x;)72 . A sys-
tematic theory of O(p)- and o(p)-completeness is built in [Kh79] including some
stability problems (“an O(p)-complete system remains O(p)-complete under small
perturbations”). We again refer the reader to the list of publications in [Kh108,
Kh121], but we cannot resist temptation to quote separately an elegant application
of the theory given in [Kh71, Kh96] where the Weierstrass theorem on the uni-
form polynomial approximation on [0, 1] (and, in fact, the Lavrentiev theorem on
approximation on nowhere dense plane compacta) is complemented by exhaustive
information on the rate of growth of the coefficients of approximating polynomials.

Another aspect of approximation which attracted S. Khavinson is related to
the 13th Hilbert problem on representation of a continuous function of several
variables by linear compositions of functions of a lesser number of variables. From
the series of problems studied by S. Khavinson in this area we only mention here

& < p1(A1,...,Ay) for arbitrary scalars Aq, .. ., /\n}.

; <e, p(A) <C(z). (6.1)
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the passage from functions of two variables to a more difficult case of three or more
variables. To make this passage possible S. Khavinson had to overcome essential
difficulties discovering underway a number of new effects. His results in this area
are summed up in his monograph [Kh148].

We conclude by just naming two more works devoted to “the pure approx-
imation theory”: [Kh21] is an essential development of earlier works by Jackson
and M. Krein on the uniqueness of the polynomial of best approximation in L',
and [Kh162], the last publication of S. Khavinson, is devoted to the uniform ap-
proximation by elements of an interval (= {x € C(T) : a < x < b} where a,b
are given continuous functions on a compact space T'); the results are applied to
the uniform approximation of continuous functions of several variables by tensor
products.
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The Structural Formulae for
Extremal Functions in Hardy Classes
on Finite Riemann Surfaces

S.Ya. Khavinson and T.S. Kuzina

Let 9% be a finite (open) Riemann surface with n handles and boundary I' con-
sisting of closed analytic curves v1,...,vm; MM UT = 90 is a compact surface.
In this article we study some “natural” extremal problems in the Hardy classes
on M and give a qualitative description of extremal functions in such problems.
Extensions of classical theory of Hardy spaces and other related classes of analytic
functions in the unit disk or simply connected domains to Riemann surfaces be-
gan with an important article by Parreau [1] and continued in several directions
in a great many papers. We mention here the monograph by M. Heins [2] and the
paper by W. Rudin [3] (who however considered only arbitrary planar domains).
A number of topics were developed in a series of papers by S.Ya. Khavinson and
G.Ts. Tumarkin. For planar domains the relevant results are contained in [4], where
one could also find further references. In [5,6], the author developed factorization
theory for various classes of analytic functions on finite open Riemann surfaces
extending the classical results of R. Nevanlinna, V.I. Smirnov, F. & M. Riesz,
G. Szegé in the unit disk. The purpose of the present paper is — by using factor-
ization formulae from [5,6] — to obtain structural description of extremal functions
in a wide class of extremal problems. Extremal problems in the classes of analytic
functions in the disk were intensively studied in the last century, cf. [7—10]. The
most detailed description of the structure of extremal functions in Hardy spaces
in the disk is contained in [11-12]. Structural formulae for extremal functions in
multiply connected domains in the plane are obtained in [13]. These and other re-
sults and further references are contained in the monographs [14-15]. An extremal
problem for bounded analytic functions on a finite Riemann surface was first stud-
ied in L. Ahlfors’ paper [16]. The variational method used there, extended in a

This research was supported by the Ministry of Education of Russia (Grant E 00-1.0-199). The
first author was also supported by the Russian Foundation of Basic Research (Grant no 01-01-
00608).
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natural way the method used by the first author in an earlier paper [17]. The prob-
lem studied in [16-17] was rather special, similar to that in the Schwarz lemma.
In the paper [17] the author also pointed out connections of that extremal prob-
lem to Painlevé’s problem of characterizing removable singular sets for bounded
analytic functions. Later on, it led to the development of important theory of
analytic capacity of sets (cf., e.g., [18-21]). A. Read [22-23] and H. Royden [24]
applied the duality method based on the Hahn-Banach theorem to study similar
problems on finite Riemann surfaces not merely for bounded functions but also for
general Hardy spaces functions. Applications of this method to problems involv-
ing analytic functions was initiated in the papers of S.Ya. Khavinson [25-26] and
W.W. Rogosinski and H.S. Shapiro [12]. (This method provides the starting point
for study of extremal problems in the monographs [7-10], [14-15] cited above.)
Yet, the relevant study of dual extremal problems on finite Riemann surfaces,
was limited to establishing “smooth” properties of the extremal functions near
the boundary. Here, our goal is to describe the structure of extremal function in
relation to the basic potential-theoretic functions on such surfaces: the Green and
Neumann functions.

1. Preliminaries and notations

We shall denote the points on the surface 9t or its boundary I" by p, g, etc. Recall,
that 91 is a finite Riemann surface with h handles and the boundary I' consisting
of m closed analytic contours 71, ...,7vm. The homological basis on 9 consists
of L = 2h + m — 1 cycles: choose any m — 1 boundary contours and meridians
and parallels on each handle. The llllmber L, the first Betti number for 91, also
defines genus of the closed surface 91, the Shottky double of 9 (cf. [27]). Denote
by G(p,q) the Green function of 9 with pole at ¢. Fixing from now on a point
po € M, define the Green kernel

1

%G(nq)
P(p7q)=—ﬂa‘177 qeT, pem. (1.1)
T, C(Po:0)

Here, 32_ is the derivative in the inward normal direction to I" at the point ¢ € T".
a

The Neumann function (cf. [27]) N(p,q1,q2) is a harmonic function of p on 9
except for the logarithmic poles at g1, and ¢o: a positive pole at ¢;, negative at ¢o.
Its defining property is

0
—N =0 T. 1.2
anp (pa q1, (Z2) , P€E ( )

The poles ¢1, g2 also may lie on T' (one, or both of them), but then their order

is doubled. This is easily seen if one extends N(p, q1,q2) to the double m by the
Schwarz symmetry principle.
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We denote by *u(p) the conjugate harmonic function of a harmonic function
u(p) on M. The function *N(p,q1,q2) does not have periods around boundary
contours. Moreover, in view of the Cauchy-Riemann equations,

0
&*N(p7Q1aq2):07 pEF (13)

(s is a parameter on TI'). Yet, *N(p, ¢1,¢2) is not single-valued. In view of (1.3),
every branch of *N is constant on each boundary contour. The function

U(p,q1,q2) = exp[N(p,q1,q2) + i * N(p, q1,q2)] (1.4)

is meromorphic on 9, has a single-valued modulus and every one of its single-
valued branches has a constant argument on every boundary contour. ¥ also has
a pole at ¢; (simple if ¢; € 9, and double when ¢; € T') and a zero at ¢go (once
again, a simple zero when g2 € 9t and a double when g2 € T'). Let D be a closed
domain on M, whose boundary 9D consists of Jordan curves (in particular, D
may be 90 itself). By dw(p) we shall denote the harmonic measure (with respect
to the domain D) on 9D evaluated at p € D. The harmonic measure at py will
simply be denoted by dw.

2. Hardy classes and certain other classes of analytic functions
on the surface 9

A single-valued analytic function f(p) on 9t belongs to the Hardy class Hs(9),
§ > 0, if the subharmonic function |f(p)|° has a harmonic majorant u(p) on M,
ie.,

[F(P)I° < u(p). (2.1)

This is equivalent to existence of M > 0 such that for any Jordan domain D C 9
JURES (2:2)
D

A function f € Hs(9M) has almost everywhere (with respect to dw) nontangential
boundary values f(g) on I'. Moreover, a function f(p) € Hy(91) can be represented
by its boundary values f(g) by Green’s formula

mzfﬂ@mn@m. (2.3)
I

(The equality (2.3) generalizes a well-known G.M. Fikhtengoltz’s theorem con-
cerning representation Hi-functions by the Poisson integral.) Let D? be a domain
in 9 whose boundary is defined by the level set I'? of the Green function:

I"={peMm: Gp,po)=r}-

For all sufficiently small p, T'” consists of contours 47, . .., ~%, homotopic to 71, .
Ym Trespectively. From point ¢ € I drop the normal to I' until it meets I'V at g,.

*)
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Then, the following generalization of the classical F. Riesz theorem in the disk
holds:

/|f %dw — 0, when p — 0. (2.4)

In particular,

1@ do < oo (2.5)

The integral (2.5) gives the value of the least harmonic majorant of the function
|f(p)|° evaluated at po. Property (2.4) is equivalent to uniform integrability with
respect to the measure dw of the integrals

[1sw)p o, Ecr. (2.6)
E

In view of the Luzin-Privalov uniqueness theorem, the class Hs(91) can be iden-
tified with the class Hs(I') which consists of boundary values of functions in
Hs(9M). Inequality (2.5) then implies that Hs(I") is a subspace of the Lebesgue
space Ls(T', dw) of functions summable to the power § with respect to the measure
dw on I'. For § > 1, the norm

wm:{/vmfw}w (2.7)
I

turns Hs(I") into a subspace of the Banach space Ls(T",dw). One can also show
that Hs(I") is closed in Ls. For § = oo, the class Ho (M) consists of bounded
and analytic functions on M. H(T') is a subspace of Loo(T, dw) of bounded
measurable functions on I' equipped with the usual Vraisup norm. The following
lemma of S.Ya. Khavinson is useful when one tries to justify taking the limits
under the integral sign for functions on 9. Let H} (") denote the unit ball in the
space Hs(T).

Lemma 2.1. Let a sequence of single-valued analytic on M functions {fn(p)} con-
verge uniformly on compact subsets F' C M to the limit function f(p). Then the
following hold.

1. If {fu(p)} C HL, then f(p) € HL (M) and for each O(q) € L1 (T, dw)

nILH;o fnlg dw*/f (2.8)

2. If {fulp)} C Hll(ﬂﬁ), then f(p) € Hi(9M) and (2.8) holds for every
continuous function ©(q) on T

3. If {fu(p)} C H{(M), 1 <& < oo, then f(p) € HE (M) and (2.8) holds for all
O(q) € L,(T',dw), where 51 +n~1 = 1. In other words, for {f,(p)} C HL
weak () convergence in L (T, dw) holds. For {f,(p)} C H}, 1 < § < oo,
weak (x) convergence in Ls(T, dw) holds, while for { f,(p)} C Hi convergence
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in the weak (%) topology of measures on T' (weaker, than the weak topology
in L') holds.

We shall also need the following classes of single-valued analytic functions on 9.

A(T): this class consists of boundary values on T' of functions analytic on
M and continuous on M. A(T') is viewed as the subspace of C(T') of continuous
functions on I' with its usual max-norm. A}(T) is the unit ball in A(T).

NT): f(p) e N* if {/hﬁ |f(p)|dw}, EcCT?, (2.9)
E
are uniformly integrable with respect to the harmonic measure.

NTEON) : f(p) € Nt if {/|ln|f(p)||dw}, EcCr?, (2.10)
B

are uniformly integrable with respect to the harmonic measure.

For the disk, the class N was introduced by V.I. Smirnov [28] in connec-
tion with an important theorem of Polubarinova-Kochina. The class Nt was
introduced and studied by LI. Privalov [29]. (Often, in Russian literature, N is
denoted by D, and N** by C.) It is easily verified that Hs(9) C NT(90) for all
0 > 0. The above-mentioned Polubarinova-Kochina theorem yields in our context
the following: if f(p) € NT(9) and (2.5) holds, then f € Hs(OM).

For more details concerning the topics discussed in this section the reader
is referred to books [2,4] and articles [5-6]. The exposition in [4] is reduced to
multiply connected domains, however boundary behavior of functions on 97 can
be easily reduced to that in multiply connected domains. Namely, take a con-
tour I'y on 9, homologous to the boundary I' and consider the “strip” domain
D C 9 whose boundary is I' UT';. This strip can be chosen so narrow that it
is conformally equivalent to a schlicht domain. Then, map D conformally onto a
multiply-connected domain @@ C C. This reduces study of boundary behavior of a
function f(p) near I' to that of a transmitted function in @ near 9Q. (Remark in
passing that the classical version of the theory outlined in this section has been
treated in numerous monographs, e.g., [7-10], [29-30], to name a few.)

3. Annihilators of Hardy classes
The following theorem distinguishes Hy(T') functions among Ls(T, dw).
Theorem 3.1 (Direct and converse Cauchy’s theorems). Let 1 <46 <oco. If f €

Hs(T), then
/fa =0 (3.1)
r

holds for any abelian differential o holomorphic on 9. Conversely, if f € Ls(T, dw)
and (3.1) holds for all abelian differentials analytic on M then f € Hs (). If,
further, f € C(T), then f € A(T).
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Analytic on 9t here means analytic in an open domain S, such that
McScm (3.2)

Theorem 3.1 was proved by Read [22-23] and was used to study some extremal
problems. A simpler proof was given by Royden [24]. This theorem (with appro-
priate references) is contained in [2, p. 75, Theorem 6]. A more general case of
a surface with a “bad” boundary was treated in [31]. We extend Theorem 3.1
somewhat further. For that we shall need the following general fact.

Proposition 3.2. There exists an analytic differential ag on M which does not
vanish anywhere on M.

Indeed, existence of such differential oy on an open Riemann surface S is a
well-known fact in the theory of Riemann surfaces ([32, p. 205]). Suffices to take
for S a domain in M satisfying (3.2). The differential o shall play an important
role in all of the following constructions.

Recall that if X is a Banach space, Y C X is a subspace of X and X* is
the dual of X, then the annihilator Y+ of Y is the set of all functionals in X*
vanishing on Y. If Z is a subspace of X*, the annihilator | Z is the subspace in X
that consists of all common zeros of functionals in Z.

Introduce the following classes of (abelian) differentials of the first kind on 9t:

Hs;(M) = {8 = fao, feHs(M), 1<6< o0} (3.3)

Hj(T') then denotes boundary values of differentials (3.3) on I'. Note, that Hy (T)
is a subspace in C(I')*. Indeed, the latter is the space of all finite Borel measures
on I', where the norm of a measure in C(I')* is its total variation. At the same

time, a differential 8 € H 1(T") obviously produces a measure on I'" and its total
variation

J161= [1sanl s emm (3.4)

is finite. To see this, consider the complex Green function on 9t :

T(p,po) = G(p,po) + i * G(p, po) (3.5)

(x stands for “conjugate” in the p-variable, of course.) Its differential dT'(p, po)
is a meromorphic differential on 9t and at points ¢ € T' its values along I’ (with
respect to any parameterization) are:

ar = (2G@r) | 0xCGlap)y 0 9CG@p0) o (56
s s ong

We have: I
Qo
= fag = == dw. 3.7
B = fag AT (3.7)
The ratio ig—%“ is a meromorphic function on 9, analytic on I' and, in view of
properties of G, ag and I' (i.e., analyticity of the boundary contours), satisfying

Qg
< — <M .
O<m_idT_ < 4+ (3.8)
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with some constants m, M. Hence

m [1f1do< [161< 0 [ 1f]de (3.9)
N I

r

This gives a two-sided estimate of (3.4) in terms of H;(I')-norm of f. In particular,
(3.9) implies that total variation of the measure associated with the differential 3
is finite.

Proposition 3.3.

LHy(T) = A(T); (3.10)
A(D)* = Hy(D); (3.11)
LH®(T) = Hy(T); (3.12)
Hy ()Y = H®(T); (3.13)
L H,(T) = Hy(T); (3.14)
Hs(D)* = H,(T), (3.15)

where 1 < d,n < oo, d t+n~t=1.
Proof. Let us prove (3.10)—(3.11).
1) Let o € A(T) and 8 = fag € Hy(T). Then, [ ¢f8= [¢fag=0, ¥p>0
re re

since the differential ¢ faq is analytic in D?. From this, by the F. Riesz theorem
applied to the function f in 3, it follows

/(pﬂ:lim/goﬁz().

p—0

r re

Hence, | Hy(T') D A(T). Now, let ¢ € C(I') N L Hy(T') and 3 be an analytic differ-
ential on M. Then f = o% is an analytic function on M, so f € H;(I'). Hence

analytic differentials 5 on @ belong to ﬁl(l"). Since ¢ € J_.ﬁl(r), o annihilates
all differentials analytic on 9. Then, the converse part of Theorem 3.1 of Cauchy-
Read yields ¢ € A(T") and (3.10) is proved.

2) To prove (3.11), i.e.,

(LE(D) = F(m),

it suffices, by the general theorem of functional analysis (cf. [33, Theorem 4.7]),
to show that Hp(T') is weak (%) closed in the space C(I')*. Let a sequence of

differentials {3, = fnao} C Hi(T) converges weak (%) in C(I')* to the measure p
on I'. Then, total variations of measures associated with the differentials 3,, are
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uniformly bounded. Then (3.9) implies, that there exists a constant M > 0 such
that

[ fnll = /Ifnldw <M < +oo. (3.16)

Show that the measures {f,dw} also converge weak (x). Take an arbitrary
¥ € C(T"). We have:

F/fn%bdwr/fn%/faold—T /ﬂn il

and, hence, there exists a finite limit

lim [ fotdw.

n—oo

r

In particular, Vp € 9 there exists a finite limit

77 G(0:9)

(P(p,q) = TGl is a continuous function on I'.) Thus, the sequence {f,,(p)} C

H; (M) converges in M (on compact subsets) to an analytic function f(p). Estimate
(3.16) implies that f(p) € Hy(9M). Therefore, S.Ya. Khavinson’s lemma from §2
implies that

lim fn®dw*/f@dw

n—oo

for all functions O(q) continuous on I'. Whence, we have

/@d,u = lim @ﬁn = hm frnoo ©

r
— i f Odo= [ 22 0dv={ fay®
= Jim [ fazgr@do= [ fiam0do = [ face.
T r T

Thus, the measure pu, the limit of measures generated by differentials (,,, coincides
with the measure associated with the differential 3 = fao € Hy (T") since f €
H1(9M). We have proved that Hy(T') is weak (x) closed, and hence (3.11).

Proofs of (3.12)—(3.13) are similar and we omit them. Proofs of (3.14)—(3.15)
are even simpler, because we can exploit reflexivity of the corresponding Lebesgue
spaces. ([
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4. Extremal problems, duality, relations between
extremal functions

Below, we shall write max (min) instead of sup (inf) in those cases when the fact
that a corresponding extremum is attained is a part of the assertion.

Theorem 4.1.

1. Let u be a Baire measure on I'. Then

/ fdu‘ in / d— B, (4.1)

2. Let Q(q) be a summable (wrt dw) function on T'. Then

. 90040
d dw|= ‘ 4.2
/ rQasl= s | [ fQasl= min. / 20 o @)
I

3. Let Q(q) be a bounded measurable (dw) function on T'. Then

sup
fEAY(T

sup
feAY (T

pag
GS;P idT|

4.3
PEH oo (T) q€er (4.3)

Q dw‘ min  Vrai max ’

(Vraimax is taken with respect to dw.) If Q(q) is a continuous function on
T, then the supremum in (4.3) can be replaced by max.
4. Let Q(q) € Ly(T'), 1 <n < oo. Then

fQdw| = mi Pty R sl=1. (44
wi= min 3 [|Qgp| dp o HeT =10 (44)
T

Proof. (4.1)7(4.4) are corollaries of the Hahn-Banach theorem and are justified
in a straightforward manner by making use of Proposition 3.3. In order to show
existence of the extremal functions in the left-hand sides of (4.2)—(4.4), one also
needs to use the lemma on the weak convergence of boundary values from §2 (cf.
also [14], where these statements are proved for the case of multiply connected
domains in great detail). O

max
feHX(T

Theorem 4.2. The extremal functions f* and ¢* in the left and right sides of
(4.2)—(4.4) satisfy the following relations (0 denotes a real constant).

1. For (4.2):

i0
. [Q_ sz} Q_ sz c (45)
2. For (4.3) (the case of a continuous function Q):
* QD*OZO _ * 16
|- 3] =i e (46)

where X is the value of both extrema in (4.3).
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3. For (4.4):

f* |:QS0*O[0:| ei@

n

i (4.7)

dT

idr | = w97
where 0 is a real constant, A is the value of both extrema in the left and right
sides of (4.3) and (4.4) respectively. (4.5)—(4.7) hold at almost all (dw) points
of I' and represent mecessary and sufficient conditions for the functions f*
and @* to be extremal in respective equalities of Theorem 4.1.

Let R be a meromorphic differential on 9, analytic on the boundary I
Consider the extremal problem
[
r

Then, for @ in (4.5)—(4.7), we take the function

R
= —. 4.9
@ idT (4.9)
This function is meromorphic on 91 and analytic on the boundary I". Moreover,
we have the following

max

. 1<6< . (4.8)
feHz(T)

Theorem 4.3. The function

* R QO*OLO
P=f [midT}’ (4.10)
where f*, ©* are extremals in (4.2)—(4.4) extends (by the Schwarz reflection prin-
ciple) to a meromorphic function on the double n of the surface M. The number
of zeros on M of the function P equals to the number of its poles inside M (as
usual, zeros on T are counted with half multiplicity.) If n is the number of poles of
the differential R, then the (same) number of zeros or poles of the function P (on

M and M respectively) equals
N=n+L=n+2h+m-—1. (4.11)

Proof. Extendibility of the function P to 9t follows since by (4.5)—(4.7) this func-
tion has a constant argument 6 on I'. The latter, and the argument principle, also
implies equality of the numbers of zeros and poles of P (P does not have poles
on I' and zeros on I' are all of even orders.) The poles of P are at the poles of
the differential R and zeros of the (meromorphic) differential idT'. Since by (3.6)
idT =dw > 0on I, dI also extends by symmetry to the meromorphic differential
on the double M which has genus L. The Riemann-Roch theorem implies that the
degree of any meromorphic differential on a compact surface of genus L is 2L — 2
([34, Theorem 10.11]). Whence, by symmetry, the degree of the divisor of idT on
M equals L — 1. Since id T has only one simple pole at pg, the number of zeros
idT on 9 is equal to L. This proves (4.11). O
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The main result, that we shall use to study the structure of extremals further,
is contained in the following theorem.

Theorem 4.4. Let q1,...,qN be the zeros of function P, and qy, . .., qn be the poles.
Then,

N
P=c[]¢w® ¢ 4) (4.12)
1
where ¢ is a constant.
Note once more that the set of poles {qi,...,qn} of the function P consists

of n poles of the differential R which defines the extremal problem and L zeros of
the differential dT" (i.e., the critical points of the Green function G(p,po)). Also,
the point pg, the pole of the differential dT" belongs to the set {q1,...,qn} of zeros
of the function P.

Proof. Denote by S the product in (4.12) and let

P
= . 4.1
o 5 (4.13)

The function o is analytic in 9, does not have zeros or poles, but, a priori, could
turn out to be multi-valued. Of course, it does not have periods around boundary
cycles, but could have nonzero periods around some of the basis cycles on the
handles of our surface. This periods may occur because the function

Z*N(p7(]~j7QJ) (414)
J

could, in general, be multi-valued. If a period of (4.14) around the basis cycle
K;, i =1,...,2h equals a;, then all periods of the sum (4.14) are given by the

formula
B = ainy + asng + - - - + aspnap, (415)
where (n1,n2,...,n9p) is an arbitrary set of integers (positive, or negative). The
set of periods {(} is countable and we shall enumerate all the periods. If for
p € M, o(p) is one value of a multivalued function o at p, then all other values are
given by o(p)e P k =1,..., where {8} are all the periods (4.15). On every
boundary contour «y; the arguments of all branches of o are constant, hence bound-
ary contours 71, . .., vm are mapped by the function w = o(p) onto a countable set
of segments that lie on the rays in the w-plane emanating from the origin w = 0.
Denote by A the set of all images of the boundary I' under mappings by all the
branches of o. The image of the surface 9t under the mapping w = o(p) is an open
connected set. This set is also bounded since |o(p)]| is a single-valued continuous
function on M. Hence, the set A cannot exhaust the boundary of the image of
M. Let wy be a boundary point of the image of 9T that does not belong to A.
Then, H{wy = o(p1),...,wr = o(px),...} C (M), wi — wy, k — oo. Since M is
compact we can assume without loss of generality that p, — p, wo € o{p}, p ¢ 7T,
otherwise in view of continuity and single-valuedness of all branches of o near the
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boundary I', wy € A. Let o(p) = wi be a value of o at p. By analyticity of o, we
can find a disk V centered at wg such that V C o(90). Let Z be a preimage of V.
Then {Vj, = Ve 1P}, k= 1,..., s the set of all images of Z. Let w{ be a “center”
of Vi. (It is an image of p under the mapping by the corresponding branch of ¢.)

We can assume that wy € Vi since {px} — p, |wr —wy| — 0. Therefore, because

wy — W, wg — w? as well. But then wy is an interior point of Vj, for all k > ko.

Hence, wy is an interior point of o (). But it was a boundary point. We have
reached a contradiction, hence o(p) = const = C. O

Let us yet give another, purely “analytic” proof. The function
u=In|o(p)] (4.16)

is a single-valued harmonic function on M. The function W = u(p) is multi-
valued and its values on different branches differ by additive constants. Hence dW
is a well-defined harmonic differential. The differential

B =udW

is then well defined on 9. Moreover, since every branch of ¢(p) has a constant
argument on every boundary contour,

/ﬂ /u—dS*O
But then
O—/u—dS—/u—dS—// 2 )}dxdy,

the Dirichlet integral calculated with respect to some coordinate atlas on 9.
Hence, gradu = 0 on 9, i.e., u = const and W = const, so o(p) = const = C.

5. Representation of extremal functions via Green’s function
and Neumann’s function

Let T'(p, p) be the complex Green function of 9t with pole at p € I,
T(p,p) = G(p.p) +ixG(p,p) (5.1)

(x as above denotes conjugate harmonic function with respect to the variable p.)
For p = po, (5.1) coincides with (3.5) and its differential dT" has been a part of
many preceding formulas.

Theorem 5.1. Let ¢1,...,qx, kK < N =n+2h+m—1, be the zeros of the extremal
function f* in the problem (4.8) that lie inside 9. Then the following hold.
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1) For d = oo,
k
F0) = Coxp| = X Tlpai)|, (5.2

where C : |C| =1, is a constant.
2) For1<§ < oo,

F7(p) = Cy exp [im ql_)} {ﬁd)(n qhqi)}l/(s

1 1
N N 1/5
X exp ( > Tp.@)+ Y T, q¢)> : (5.3)
1 1
where q; are the poles of the function P as in Theorem 4.4 and Cy is a

constant such that || f*||s = 1.

Proof. Consider on M the harmonic function

k
u(p) = |f*(p)| +>_ G, q)- (5.4)
1
First show that the family of integrals

[ 1) do, E oD, (5.5)
E

is uniformly absolutely continuous with respect to harmonic measure dw for all
sufficiently small p > 0. Indeed, f* C Hs(9M) C NT(9M), so the family

/ It [f] dw (5.6)
E
is uniformly absolutely continuous with respect to dw. Moreover, (4.10) yields
1 R fao| 1
e P ) (5.7)
f WdT  idT | P
The function P is analytic on I’ and then as is easily seen the function 1/P belongs
to N7T in a sufficiently narrow strips adjacent to the boundary I'. The functions

—icﬁT and zgoT are also analytic on I while ¢* € H,(9) C N*(9M). Hence, the
function

R P

idT idT

belongs to the class H, in such boundary “strips” and, accordingly to N*. There-
fore, each one the two factors in the representation (5.7) for 1/f* belongs to NT in
sufficiently narrow strips near the boundary and so does 1/f*. Hence, the family

E/hﬁ}

dw, ECOD, (5.8)
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is uniformly absolutely continuous with respect to dw for all sufficiently small p.
Combining (5.4), (5.5) and (5.8) with continuity of the Green function G(p, ¢;),
0 =1,...,k near the boundary, we obtain that the family

[ ula, £cop, (5.9)
E

is uniformly absolutely continuous with respect to dw for all small p > 0. This
suffices to claim that u(p) is representable by the Green integral of its boundary

values (cf. [4], [6]):

u(p) = [E w(@)P(p, q) do = /E In |£*()| P(p, @) de. (5.10)

When § = oo, |f*(¢)] = 1 on I as is seen from (4.5), hence the last integral in
(5.10) is equal to zero identically. Then, from (5.4) we obtain

In|f*(p ZG P ). (5.11)

But this is equivalent to (5.2).
For 1 <4 < oo, (4.6), (4.7), (4.10), (4.12) and (5.4) imply that

k
u(@) = (@) = 5 37 N0.Goai) +nCy (512
1

on I', where (' is a constant. Functions

vi(p) = N(p, 45, 45) — G(p, ¢;) + G(p, 45) (5.13)
are harmonic on 91 and representable by the Green integral of their boundary
values N(q,qj,q;). (In the case when the zero ¢; is on T', the corresponding term
G(p,q;) = 0. The poles g; all lie inside M.) We obtain now from (5.4) and (5.10)—
(5.13):

k

In|f*(p)| = =>_ Gp, qi)+/u(q)P(p7q) dw (5.14)
r

1

k
:_ZG(p7Qz +

1

N
1
(gZN @ Gir G +ln01> (p, ) dw
1
k

N N k
:—Z (P, 4:) {ZN P 5, 4;) ZG(p,cz)JrZG(p,qj)}anl.
1 1 1 1

The latter is equivalent to (5.3). O

—

Oqu’_J

Theorem 5.1 extends to finite Riemann surfaces the representation formulae
for extremal functions in planar multiply connected domains derived in [13, 14]. In
these papers it was also shown that the above formulae imply well-known earlier

representations of extremals in the disk and annulus (the latter were obtained
in [35]).
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6. Representations of extremal functions via Schwarz kernels
and Blaschke products

Formulas (5.2)—(5.3) represent a single-valued function f* as product of functions,
that are not in general single-valued. In this section we derive a different represen-
tation f*, this time as product of single-valued functions. We shall make use of the
ideas in [5, 6], where the general theory of factorization of single-valued functions
on finite Riemann surfaces was developed.

Let «P(p, q) be the conjugate harmonic function to the Green kernel P(p, q)
(with respect to the variable p € ), ¢ € I is fixed. Denote by y;(qy, j =1,...,L
its period around the basis cycle k;. [5, §1] and [6, §§3,5] contain explicit expressions
for y;(g) in terms of differentials of a particular basis in the space of abelian
differential of the first kind on 9t and the Green function (this basis is constructed
in [27, Ch. 4, §3]). In a nutshell, all formulas for y;(g) are given in terms of the
Green function ([5, formula (1.3)], [6, (3.5)]). We need not give here the precise
expressions. Choose on I' open arcs Aq,..., Ay so that their closures Aq,..., AL
do not intersect and let w;(p) denote the harmonic measures of the arcs A;, j =
1,..., L. Denote by a;; the period of *w;(p) around the basis cycle K;, i =1, ..., L.
Arcs Aq,..., Ay are chosen so that the period matrix

A=layl, i=1,..., L, j=1,...,L (6.1)

is nondegenerate. The existence of such choice of arcs is proved in [5, Lemma 2.1]
and [6, Lemma 4.7]. Consider vector-functions y(q) = (y1(q), - -.,yr(q)), ¢ € T and
w(p) = (w1(p),...,wr(p)), p € MM and define the vector A\(q) = (A1 (q), -, A(q))
from the equation

Mo)' =A""y(@)". (6.2)
(Here, T denotes the transpose.) The function

L

k(p,q) = P(p,q) —w(p)A"'y(9)" = P(p,q) = > _ \i(q)w;(p) (6.3)

has a single-valued conjugate #k(p,q) (with respect to p) for each ¢ € T'. The
function

K(p,q) = k(p,q) +i*k(p,q) (6.4)

defined on M x I' possesses a number of properties similar to those of the Schwarz
kernel in the disk ([6, §5], [5, §3]). As in [5,6], we shall call it the Schwarz kernel
for M. We shall need the following identities

/K(]U,q)dwz()7 peM, j=1,...,L. (6.5)
Aj
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If we set
w;(p) =wji(p) +i*xw;(p), j=1,...,L, (6.6)
then K(p,q) can be written as follows:
L
K(p,q) = P(p,q) +ixP(p,q) — Y _ \i(a)w; (p). (6.7)
1
Similarly, we can find real numbers d, ..., dr, such that the function

L
* D d;jw;(p) (6.8)
1

has the same periods around the basis cycles as the function *T'(p, ¢) with a fixed
pole g € M. Then, the function

B(p.q) = exp [—T@, 9+ Zdijp)} (6.9)

is a single-valued analytic function of p on 99 that has one zero at p = gq, is
bounded on 9 and continuous near the boundary I' except for the end points of
arcs A;, j =1,...,L. The boundary values of |B(p, ¢)| equal

L
1, peT\A, A=A,
|B(p,q)| = =10 (6.10)

expd;, peA;, j=1,...,L.

Following [5, §4 and 6, §6], we shall call function B(p, ¢) the Blaschke factor in 9.
Convergence of infinite Blaschke products composed from such Blaschke factors
has been investigated in [5, 6]. But our products will only contain a finite number
of factors.

Theorem 6.1. Let q1,...,qi be interior zeros of the function f*, the extremal in
the problem (4.8). Then, the following hold.
1. For § = o,
f*(p) = eB(p)Q(p), (6.11)

where ¢, |c| =1, is a constant, and the single-valued functions B(p) and Q(p)
have the following form

B(p) =[] B, 0:); (6.12)

Q(p) = exp(i Ajwj(p)>, (6.13)
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and also,

A== dj, (6.14)

where dé- are coefficients at w;(p) in the formula (6.9) for B(p,¢), 1 =
kli=1,....L.

2. For 1 <6< +o0,

f*(p) = cB)QMP [ F(p), (6.15)

where ¢ is a constant and B(p), Q(p), Fi(p), i =1,...,L are single-valued
analytic functions. Moreover, B(p) has form 12), ( ) has form (6.13)
with \; defined by (cf. (6.7)—(6.9))

[ (q)

"
Aj ://\- q)In dw, 6.16
J ]( ) B(q) ( )

r
while F;(p) has representation (6.25) below.
Proof. Consider the function

f*(p)
Flp) =12 6.17
)= 5 (617)

In the proof of Theorem 5.1 we have verified that f* € N*+(91). Dividing it by
B(p), a function that is “nice” near T, does not violate its inclusion in N*F, so
F € N*TH(9). We have then for its boundary values:

£ (@) _ {If*(q)L geT\A (6.18)

OB T U @lep-d), ge sy j=1L

Here, the constants d; are defined by

k
dj=Y di, j=1,...,L, (6.19)
i=1

where d; are the coeflicients at w;(p) in the formula (6.9) for the Blaschke factor
B(p, g;). The inclusion F' € NTT(91) means that the harmonic function In |F(p)]
is representable by Green’s integral of its boundary values:

In |F(p)| = / P(p,q)1n |F(q)| d. (6.20)

r
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Using (6.3)—(6.4) first and then (6.18) and (6.5), we obtain

L

Pl = [ [k.0) + 3 (s | m Pl

1

_Re/Kp, YIn|F(q |dw+2)\ jwi;(p

{/Kp, )YIn | f*(q |dw+Z/Kp, [In|f*(q)| — d; } ZM

NV
—Re [ K(p.0)lnf*(0)| do + 3 o). (6.21)
T 1

where

;= / (@) |F(g)] dw,
I

as was claimed in (6.16).
For 6 = oo, In|f*(q)] =0 and we obtain

where Q(p) has the form (6.13), and also

—idj /)\](q) dw

Aj

(On the other hand, comparing (6.11) and (5.2) we see that
k
24
1

as was stated in (6.14)).
For 1 < § < 400, the above argument yields

*(0) = BG)F(»r) = B)Q(p) exp / K(p.g)n|f*(q)do.  (6.22)

So far we have not been keeping track of possible constants appearing when we
switch from In |F(p)| to F(p). We shall continue this in the sequel and will only
write down possible multiplicative constants in the final formula (6.15). Starting
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out from the expression (5.12) for In|f*|, consider

Re_/Kp7 Q7C};7qi)dw

= %{/P(n Q)N (g, i, qi) dw — iﬂﬁ-%‘(m} (6.23)
T 1

1 _
=g{N(p7qi7qi)—G(p7qz)+Gp,q1 Zu]w] }

where 4,5 =1,...,L,

r

and G(p,q;) =0 for k+1 < i < N (ie., when ¢; € T'). Then (6.24) leads to
single-valued analytic functions on 9t defined by

Fi(p) =exp{%/K(pﬂ)N(q@,qi)dw}
s (6.25)
= {‘If(p@,qi)exp {T(pyqz)JrT (p, ai) Zu]w] ” :

Thus, we have arrived at the representation (6.15) and Theorem 6.1 is proved. O
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Abstract. In this paper, we study general extremal problems for non-vanishing
functions in Bergman spaces. We show the existence and uniqueness of solu-
tions to a wide class of such problems. In addition, we prove certain regularity
results: the extremal functions in the problems considered must be in a Hardy
space, and in fact must be bounded. We conjecture what the exact form of the
extremal function is. Finally, we discuss the specific problem of minimizing the
norm of non-vanishing Bergman functions whose first two Taylor coefficients
are given.
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1. Introduction

For 0 < p < o0, let
AP = {f analytic in D : (/ |f(z)|pdA(z))% = fllar < 00}
D

denote the Bergman spaces of analytic functions in the unit disk D. Here dA stands
for normalized area measure %dxdy inD, z=x+idy. For 1 < p < oo, AP is a
Banach space with norm || || 4». AP spaces extend the well-studied scale of Hardy
spaces

2
, do
HP? := {f analytic in D : ( sup / |f(7"e“9)|p—)% = || fllar < o0}
0<r<1Jo 2m
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For basic accounts of Hardy spaces, the reader should consult the well-known
monographs [Du, Ga, Ho, Ko, Pr]. In recent years, tremendous progress has been
achieved in the study of Bergman spaces following the footprints of the Hardy
spaces theory. This progress is recorded in two recent monographs [HKZ, DS] on
the subject.

In HP spaces, the theory of general extremal problems has achieved a state of
finesse and elegance since the seminal works of S.Ya. Khavinson, and Rogosinski
and Shapiro (see [Khl, RS]) introduced methods of functional analysis. A more
or less current account of the state of the theory is contained in the monograph
[Kh2]. However, the theory of extremal problems in Bergman spaces is still at a
very beginning. The main difficulty lies in the fact that the Hahn-Banach duality
that worked such magic for Hardy spaces faces tremendous technical difficulty in
the context of Bergman spaces because of the subtlety of the annihilator of the AP
space (p > 1) inside LP(dA). [KS] contains the first more or less systematic study of
general linear extremal problems based on duality and powerful methods from the
theory of nonlinear degenerate elliptic PDEs. One has to acknowledge, however, the
pioneering work of V. Ryabych [Ryl, Ry2] in the 60s in which the first regularity
results for solutions of extremal problems were obtained. Vukotié’s survey ([Vu])
is a nice introduction to the basics of linear extremal problems in Bergman space.
In [KS], the authors considered the problem of finding, for 1 < p < oo,

Sup{|jg15fdA13HfHApf§1}7 (1.1)

where w is a given rational function with poles outside of . They obtained a
structural formula for the solution (which is easily seen to be unique) similar to
that of the Hardy space counterpart of problem (1.1). Note here that by more or
less standard functional analysis, problem (1.1) is equivalent to

inf{||flar : £ € AP, L(f) = civi = 1,...,n}, (1.2)

where the I; € (AP)* are given bounded linear functionals on A?, p > 1. Normally,
for [; one takes point evaluations at fixed points of D, evaluations of derivatives,
etc... More details on the general relationship between problems (1.1) and (1.2)
can be found in [Kh2, pp. 69-74]. For a related discussion in the Bergman spaces
context, we refer to [KS, p. 960]. In this paper, we focus our study on problem
(1.2) for nonvanishing functions. The latter condition makes the problem highly
nonlinear and, accordingly, the duality approach does not work. Yet, in the Hardy
spaces context, in view of the parametric representation of functions via their
boundary values, one has the advantage of reducing the nonlinear problem for
nonvanishing functions to the linear problem for their logarithms. This allows one
to obtain the general structural formulas for the solutions to problems (1.1) or
(1.2) for nonvanishing functions in Hardy spaces as well. We refer the reader to
the corresponding sections in [Kh2] and the references cited there. Also, some of
the specific simpler problems for nonvanishing H? functions have recently been
solved in [BK]. However, all the above-mentioned methods fail miserably in the
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context of Bergman spaces for the simple reason that there are no non-trivial
Bergman functions that, acting as multiplication operators on Bergman spaces,
are isometric.

Let us briefly discuss the contents of the paper. In Section 2, we study problem
(1.2) for nonvanishing Bergman functions: we show the existence and uniqueness
of the solutions to a wide class of such problems. Our main results are presented in
Sections 2 and 3 and concern the regularity of the solutions: we show that although
posed initially in AP, the solution must belong to the Hardy space H?, and hence,
as in the corresponding problems in Hardy spaces in [Kh2], must be a product of
an outer function and a singular inner function. Further, we show that that the
solutions to such problems are in fact bounded. Moreover, led by an analogy with
the Hardy space case, we conjecture that the extremal functions have the form

2n—2

_eXpZ)\ Tl a-a2f [[a-62%  (03)
j=1 Jj=1

where |a;| <1, 8] <1, A; <0,n>1, k < 2n—2.In Section 4, we sketch how, if
one knew some additional regularity of the solutions, it would be possible to derive
the form (1.3) for the solutions. In the context of linear problems, i.e., with the
nonvanishing restriction removed, duality can be applied and then, incorporating
PDE machinery to establish the regularity of the solutions to the dual problem,
the structural formulas for the solutions of (1.1) and (1.2) are obtained (see [KS]).
We must stress again that due to the nonlinear nature of extremal problems for
nonvanishing functions, new techniques are needed to establish the regularity of
solutions up to the boundary beyond membership in an appropriate Hardy class.
In the last section, we discuss a specific case of Problem 1.2 with I;(f) = f(0)
and l2(f) = f/(0). The study of this simple problem was initiated by D. Aharonov
and H.S. Shapiro in unpublished reports [AhSh1, AhSh2], and B. Korenblum has
drawn attention to this question on numerous occasions.

2. Existence and regularity of solutions

Consider the following general problem.

Problem 2.1. Given n continuous linearly independent linear functionals Iy, 1, . ..
l, on AP and given n points c1,ca, ..., c, in C— {0}, find

’

= inf{|| f|lar : [ is zero-free, l;(f) = ¢;, 1 < i < n}.

The set of zero-free functions satisfying the above interpolation conditions
can in general be empty, so we will assume in what follows that this set is non
void. Concerning existence of extremals, we have:

Theorem 2.2. The infimum in Problem 2.1 is attained.
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Proof. (The following argument is well known and is included for completeness.)
Pick a sequence f; of zero-free functions in AP such that I;(fi) = ¢; for every
1 <i<mnandevery k =1,2,..., and such that ||fx||a» — X as kK — oo. Since
these norms are bounded, there exists a subsequence { fi, } and an analytic function
f such that fi, — f as j — oo. By Hurwitz’ theorem, f is zero-free. Moreover,
1;(f) = ¢; for every 1 <14 < n. By Fatou’s lemma,

/ FPdA)E <

but by minimality of A\, we must actually have equality. Therefore f is extremal
for Problem 2.1. O

Let us now consider the special case of point evaluation. More specifically,
let B1,...,0, € D be distinct points and let I;(f) = f(8;), for 1 < i < n. We will
assume that none of the ¢; is zero.

The following result shows that we need only solve the extremal problem in
A? in order to get a solution in every AP space (p > 0.)

Theorem 2.3. If g is minimal for the problem
inf{||g|| a2 : g is zero-free, l;(g) = b;, 1 < i < n},
where the b; are elements of D, then g% is minimal for the problem
() inf{|| fllar : [ is zero-free ,1;(f) = ¢i, 1 < i< n},
2
where ¢; = 1;(g»).

Proof. The function g% is zero-free and
2

Lt raac) = [ a)Paae) < .

SO g% is in AP. Moreover by definition, gE satisfies the interpolation conditions
2
ci = li(ge).
2
Now suppose that g» is not minimal for the problem (*). Then there exists
h € AP zero-free such that ¢; = I;(h) and

/|h )|PAA(z) /|g V2dA(2)

The function h% is a zero-free A2 function such that

P
[h2]l2 < lgll2-
Moreover
P
2

Li(h®) = hE3(8:) = ci = (97 (8:)% = g(B:) = b.
This contradicts the minimality of ¢ for the A? problem. (I
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Notice that by the same argument, the converse also holds; in other words,
if we can solve the extremal problem in AP for some p > 0, then we can also solve
the extremal problem in A2. Therefore for the remainder of the paper, we will
consider only the case p = 2. Notice that if we consider Problem (1.2) without the
restriction that f must be zero-free, the solution is very simple and well known.
Considering for simplicity the case of distinct 3;, the unique solution is the unique
linear combination of the reproducing kernels k(., 3;) satisfying the interpolating
conditions, where

k(z,w) :=1/(1 —wz)>.

Since our functions are zero-free, we will rewrite a function f as f(z) =
exp(p(z)), and solve the problem (relabelling the ¢;)

A = inf{ exp(p(2))lla2 : 9(Bi) = ci,1 < i < n}. (2.1)
Theorem 2.4. The extremal solution to Problem (2.1) is unique.
Proof. Suppose @1 and ¢ are two extremal solutions to (2.1), that is
A= e [az = [|€¥?] a2

and
©01(8i) = w2(B:) = ¢

for every 1 < i < n. Consider

ICORT0
o) = HETEEE

This new function satisfies ¢(8;) = ¢; for every 1 <14 < n, and therefore

A2 < / |e¥*)|2dA(z)
D

[l @lleaacs
D

lle¥* || az]|e¥?|| a2z (by the Cauchy-Schwarz inequality)
A2

IA

This implies that
|6¢1(Z)| - C|ew(2)|

for some constant C. Since the function e¥!/e¥2 has constant modulus, it is a
constant, which must equal 1 because of the normalization. The extremal solution
to (2.1) is therefore unique. (]

Remark. We can generalize this theorem to some other linear functionals [;. For
instance, one may wish to consider linear functionals l;;, ¢ =1,...,n,7=0,...,k;,
that give the jth Taylor coefficients of f at ;.
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The next three lemmas are the technical tools needed to address the issue
of the regularity of the extremal function: we want to show that the extremal
function is actually a Hardy space function.

For integers m > n, consider the class P,, of polynomials p of degree at most
m such that p(5;) = ¢; for every 1 <i < n. Let

Am = inf{||e?® || 42 : p € P,,}. (2.2)
Lemma 2.5. lim A, = A

Proof. Notice that A\, is a decreasing sequence of positive numbers bounded below
by A, so
lim A, > A

On the other hand, let ©* be the extremal function for (2.1). Write
¢*(2) = L(z) + h(2)g(2),

where L is the Lagrange polynomial taking value ¢; at 3;, namely

= HZ:1 k;si(z — Bk)
L == 7 n ’ 9
(Z) ; ¢ Hk:l,k;ﬁi(ﬁi - ﬂk)

h(z) =11 (z — ), and g is analytic in D. For each 0 < r < 1, define

er(z) =" (rz).
Let € > 0. Notice that there exists § > 0 such that if & are complex numbers
satisfying |¢; — é&| < 6 for i = 1,...,n, then |L(z) — L(z)| < ¢ (for every z € D),
where L is the Lagrange polynomial with values ¢; at 3;. We now pick r close
enough to 1 so that

¥ —e?r|la2 < e
and 5

lor(Bi) — ™ (Bi)] < 3 fori=1,...,n.

Define p,, » to be the mth partial sum of the Taylor series of ¢,. Given any
integer N > n, pick m > N such that

lePmr() — ePr | 4o <&
and 5
|pm,r(ﬁi) _(Pr(ﬁi)l < 5 fori=1,...,n.

Let ¢ = pmr(0i) for i = 1,...,n and let L be the Lagrange polynomial taking
values ¢; at (3;. Then we can write

Pmr(2) = L(2) + h(2)@m—n,r(2),
where ¢, is a polynomial of degree at most m —n. Notice that since |py, »(8;) —
©(Bi)] <6 (forevery i =1,...,n),

|L(z) — L(z)| < & for every z € D.
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Define
pm(z) = L(Z) + h(Z)men,r(Z)'
Then p,, € P, and

|ePm(2) _ ePmr(2) |2 < |ePmor(2) 2 (elPmr(2)=Pm(2)] _ 1)2
|ePmor(2) ]2 ()= L(2)] _ 1)2
< fermrOPet 1y
Therefore
e = ermrflaz < flerras(ef 1)
< Cle - 1),

where C' is a constant depending only on ||e?” || 42. Therefore
[ePm(®) — 2" 42 < 26+ C(ef — 1) = C,
which implies
Am < €3 || 42 < C- 4 A
for arbitrarily large m, where C. — 0 as € — 0. Therefore

lim A\, <A\

m—00

Since we already have the reverse inequality, we can conclude that
lim A, = A O

m—00

Lemma 2.6. The extremal polynomial p, in (2.2) exists, and for every polynomial
Ym—n of degree at most m —n,

/D P2z = By) . (2 — Bu)tbmn(2)dA(2) = 0.

Proof. To prove the existence of the extremal polynomial p},, consider the mini-
mizing sequence pF, in (2.2). Without loss of generality, we can assume that the
functions ePm converge on compact subsets, and hence p¥, converge pointwise in
D to a polynomial p}, € P,,. As above, applying Fatou’s lemma, we see that p},
is in fact the extremal.

Define

F(e) = [lexp(p, (2 +€H = Bi)m—n(2)) %2

where ¥,,,_,, is any polynomial of degree at most m—mn. Then since p}, is extremal,
F’'(0) =0.

F(e)

[ texptwin )+ T1 = Bvon(2)PaAL)

/D |exp(p (2)) 2 exp(@eRe([ [ (2 — Be)bmn())dA()

i=1
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Therefore

n

F0) = [ Jexplwi, (DP2Re([ [ = B (2)dA() = 0.

=1

Replacing vy, —n by iy, —, gives

n

| texpto @)2RAT ] = B)ivhn-n()aA) =0,

=1

and therefore
/D Lexp(@ ()12 T[] (2 = B)mn(2)dA(z) = 0
=1

for every polynomial ,,_, of degree at most m — n. ([

Lemma 2.7. For each m > n, e’ € H?, and these H? norms are bounded.

Proof. Write

P (2) = L(2) + 1(2)gm—n(2),
where L(z) is the Lagrange polynomial taking value ¢; at 3; (for i = 1,...,n),
h(z) =1\, (z — Bi), and gy—n is a polynomial of degree at most m — n. We then
have

/|epfn,(€i9))|2d9 — i/|ep:"(z)|2zd2
T T

— 2/ a2(|6p;(2)|2,Z)dA(z) (by Green’s formula)
D O%

- /D 6P )2 (i (2)7 + 1)dA(2).

We would like to show that this integral is bounded by C/||eP=(*)||%., where C' is
a constant independent of m. First notice that

2P (2) = 2L (2) + 21 (2)qm—n(2) + 2h(2)d}_ (2)-

Since zq),_,,(z) is a polynomial of degree at most m — n, Lemma 2.6 allows us to
conclude that

[ 1P, (2)a4() =0
D

On the other hand, zL'(2) is bounded and independent of m, and therefore
| [ 1L @A) < Callern ) e
D

where C is a constant independent of m. Therefore the crucial term is that in-
volving zh!(2)@m—n(z). Write

men(z) = men(/gk) + (Z - /Bk)menfl(Z)a
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where ¢,,—n—_1 is a polynomial of degree at most m —n — 1. Then

k=1 i=1,i#k
=3z I G=8Yam—an(Be) + D ATz = B} 2am-—n-1(2).
=1 i=1,i#k k=1 i=1

Since z¢m—n—1(2) is a polynomial of degree at most m — n, by Lemma 2.6, the
contribution of the second big sum above, when integrated against |e?n(*) |2, is zero.
On the other hand, it is not hard to see that the polynomials ¢, are (uniformly)
bounded on the set {8; : & = 1,...,n}, and therefore their contribution is a
bounded one, that is, there exists a constant Cy such that

/D |ePm ) 2210 (2) g —n (2)dA(2) < CalePn |2

We have therefore shown that there exist constants C' and M, independent of m,
such that

/ |6p;(ew)|2d9 < CllePm |4 = CAp < CM.
T
Thus the functions eP» have uniformly bounded H? norms. ([

Theorem 2.8. ¢¥ € H2.

Proof. By an argument similar to that of Theorem 2.2 and by uniqueness of the
extremal function for (2.1), there exists a subsequence {p;,, } of {pm} such that

* *

pointwise as k — oo. For each fixed radius r, 0 < r < 1, by Fatou’s lemma,

/|exp(<p*(rei‘9))|2d9§likminf/ |exp(p;‘nk (rew))|2d9.
T —oo Jr

By Lemma 2.7, the right-hand side is bounded for all 0 < r < 1, and therefore
e¥ € H2 O

The following corollary follows from Theorems 2.8 and 2.3.

Corollary 2.9. Let 0 < p < oo, and let e?” be the extremal function that minimizes
the norm

A = inf{[| exp(p(2))l|a» : @(8i) = ¢i, 1 <@ <n}.

Then e® is in HP.
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3. Another approach to regularity

In the following, we present a very different approach to showing the a priori regu-
larity of the extremal function. It was developed by D. Aharonov and H.S. Shapiro
in 1972 and 1978 in two unpublished preprints ([AhSh1l, AhSh2]) in connection
with their study of the minimal area problem for univalent and locally univalent
functions. See also [ASS1, ASS2].
Given n points (1, ..., 8, of D, and complex numbers cy,...,c, recall that
L denotes the unique (Lagrange interpolating) polynomial of degree at most n — 1
satisfying
L(/Bj):Cj7j:172,...,7’L. (31)

As above, the polynomial A is defined by
h(z):=(z=p1)...(z = Bn)-
We are considering, as before, Problem (1.2) when the functionals I; are point
evaluations at 3;, in A2.
Recall that in order to get a nonvacuous problem, we assume that none of
the ¢; is zero. For a holomorphic function f in D, let L(f) denote the unique

polynomial of degree at most n — 1 satistying (3.1), with ¢; := f(8;). Then, there
is a unique function g analytic in D such that

f=hg+L(f).
Of course, L(f) is bounded on D by C' max | f(/;)|, where C is a constant depending
on the {f;} and the {¢;}, but not on f.

Suppose now for each s in the interval (0, sp), as denotes a univalent function

in D satisfying

as(0) =0 and (3.2)

las(z)| <1 for z € D.
(Thus, by Schwarz’ lemma,
las(2)] < |z| for z € D.)

Let G4 denote the image of D under the map z — a4(2).
Let now f be an extremal function for Problem (1.2), that is, it is a zero-free
function in A? satisfying the interpolating conditions

f(ﬁj):Cj7 j:17...,n7 (34)
and having the least norm among such functions. Then, denoting
9s(2) := flas(2))ag(2), (3.5)
we observe that the function fs defined by
fs(2) := gs(2) L(f/95)(2) (3.6)

is in A% and satisfies the interpolating conditions, since

fs(85) = gs(B;)[f(Bj)/9s(B;)] = f(B;)-
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Moreover, g, is certainly zero-free, and hence so is fs if we can verify that the
polynomial L(f/gs) has no zeros in D.

Now, we shall impose some further restrictions on the maps as;. We assume
that

las(z) — z| < B(z)e(s) and (3.7)
|a%(2) = 1] < B(2)e(s) (3.8)
where B is some positive continuous function on D, and ¢ is a continuous function

on (0, sg] such that
c(s) —0ass—0. (3.9)

With these assumptions, as(z) — z and a’,(z) — 1 for each z in D, as s — 0. Thus,
f(8;)/9s(8;) — 1 as s — 0, for each j. Thus, the polynomials

Ls:=L(f/9s)
of degree at most n — 1 tend to 1 on the set {31,...,0,} as s — 0, and hence they
tend uniformly to 1 on D. It follows that for s sufficiently near 0, Ls has no zeros
in D, and consequently fs is zero-free.
Hence, for sufficiently small s, say s < s1, fs is a “competing function” in
the extremal problem, and we have:

114z < NI fsll a2 (3.10)

Note that L(f/gs) differs from 1, uniformly for all z in D, by a constant times the
maximum of the numbers

ﬂ(f(ﬁj)/gs(ﬁj))_llv j:172a"'7n}' (3'11)
Now,
[(2)/95(2) =1 = (f(2) — 95(2))/9s(2)
and since
|9s(2)| = | fas(2)|lay(2)] — [f(2)] as s — 0,

by virtue of (3.7), (3.8), and (3.9) the numbers |gs(5;)| remain greater than some
positive constant as s — 0. Consequently, the numbers (3.11) are, for small s,
bounded by a constant times the maximum of the numbers

ﬂf(ﬂj)fgs(ﬁj”v j:1527"'vn}' (312)
But

)

|f(2) = flas(2))as(2)]
[f(2) = flas(2)] + |f(as(2))]]1 = a5(2)]
Using the estimates (3.7), (3.8) we find that the numbers (3.12) are bounded by a
constant times ¢(s), and therefore
L(F/g:) =1+ O(e(s).
uniformly for z in D, as s — 0. Hence, from (3.10) and (3.6),

[f1la2 < [lgslla2 (1 + Mc(s))

£ (2) — gs(2)]

IN
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for some constant M, thus

/|f(z)|2dA < / | fs(2)|*dA + Ne(s)
D D
for some new constant N. Since

/ ful2)PdA = / Flas(2)P|al (=) 2dA
D D

/ |f(2")|?dA(2") (changing variables by 2’ = a4(z))
G

and combining the two integrals yields:

(*) Under the assumptions made thus far, the area integral of |f|* over the do-
main Ds complementary to Gs = as(D) in D does not exceed Ne(s), where
N is a constant and c(s) is as in (3.7) and (3.8).

To see the usefulness of (*), let us first consider an almost trivial choice of as,
namely
as(2) = (1 —s)z and a(z) =1 —s.

Then, (3.7) and (3.8) hold with ¢(s) = s. Here G is the disk {|z| < 1—s} , so (*)
asserts (denoting ¢ := 1 — s): the integral of |f|? over the annulus {t < |z| < 1},
for all ¢ sufficiently close to 1, is bounded by a constant times 1 — ¢. Consequently,
the mean value of |f|? over these annuli remains bounded. This, however, easily
implies that f is in the Hardy class H? of the disk! So, we have given another
proof of Theorem 2.8: extremals for the zero-free A2 problem (1.2) always belong
to H2.

We can extract a bit more, namely that extremals are bounded in D, with a
more recondite choice of a(s).

Let w denote a point of the unit circle T, and s a small positive number. Let
G, denote the crescent bounded by T and a circle of radius s internally tangent to
T at w. (This circle is thus centered at (1 —s)w.) Let as ., be the unique conformal
map of D onto G, mapping 0 to 0 and the boundary point w to (1 — 2s)w, and
bs,w the z-derivative of a,,,. We are going to show

Lemma 3.1. With as . and bs ., in place of as, al; respectively, (3.7) and (3.8) hold,
with ¢(s) = s2, uniformly with respect to w.

Assuming this for the moment, let us show how the boundedness of extremals
follows. Applying (*), we see that if f is extremal, the area integral of |f|? over
the disk centered at (1 — s)w of radius s does not exceed a constant (independent
of w and s) times the area of this disk. Since |f((1 — s)w)|?> does not exceed
the areal mean value of |f|? over this disk, we conclude |f((1 — s)w)| is bounded
uniformly for all w in T and sufficiently small s, i.e., | f| is bounded in some annulus
{1 — 59 < |z| < 1}, and hence in D. We therefore have the following:

Theorem 3.2. The extremal function f* for Problem 2.1 is in H*.

It only remains to prove Lemma 3.1.
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Proof. First note that the arguments based on (3.7 and 3.8) leading to (*) only
rely on the boundedness of the function B on compact subsets of I, and more
precisely on a compact subset containing all interpolation points 3;, j =1,...,n.
Since clearly (3.8) follows (with a different choice of B(.)) from (3.7), we have only
to verify (3.7). Also, by symmetry, it is enough to treat the case w = 1. We do so,
and for simplicity denote as1, Gs1 by as, G respectively. Thus, as maps D onto
the domain bounded by T and the circle of radius s centered at 1 — s. Moreover
as(0) =0, and as(1) = 1 — 2s. Thus, we have a Taylor expansion

as(z) = 1,52+ c2 527 4 -+

convergent for |z| < 1. Moreover, it is easy to see from the symmetry of G, that
all the coefficients c; ; are real.

Under the map Z = 1/(1—z), G, is transformed to a vertical strip S in the Z
plane bounded by the lines {Re Z = 1/2} and {Re Z = 1/2s}. Thus, the function

hs :=1/(1—as)

maps D onto S and carries 0 into 1, and the boundary point 1 to oco. Hence
us(e) := Re(hs(e')) satisfies

us(e”) = 1/2for |t| > to, and
= 1/2s for |t| < to,

where tg,0 < tg < 7 is determined from

1= % Tus(e“)dt - % + 127758t0
hence
to = (s/(1—s))m. (3.13)
Now, we have a Taylor expansion
hs(2) = 14 by g2+ ba g2 + - (3.14)

where the b; ; are real, and so determined from

us(e™ =1+ bi,scost + ba scos82t + -+,

ie.,
2 [T :
bp,s = —/ us(e™) cos(nt)dt
™ Jo
hence
bn,s =sinnto/nty n=1,2,... (3.15)

where tg is given by (3.13).
We are now prepared to prove Lemma 3.1, i.e.,

las(2) — 2| < B(z)s>. (3.16)

We have

1 1 R as(z) — z
hs(2) l—2z l1-asz) 1—z (1-2)(1—as2)’
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S0
1 - n
las(z) — z| §4|h5(z)—m| §4Z|bn,s—l||z| . (3.17)
n=1
But, from (3.15)
innt
b —1] = |s1nn 0o 1),
nto
Since the function
(sinz)/z —1
72
is bounded for z real, we have for some constant N :
innt
PRI ) < N(ntg)? < N'n2s?
nto

for small s, in view of (3.13), where N’ is some new constant. Thus, finally, inserting
this last estimate into (3.17),

las(2) — 2| < N"s?B(z),

where -
B(z) := Z n?|z|",
n=1

which is certainly bounded on compact subsets of D, and the proof is finished. [

Remark. This type of variation can be used to give another proof of the regularity
and form of extremal functions in the non-vanishing H? case, which were originally
established in [Khl, Kh2]. In what follows, we shall only discuss the case p = 2,
since the case of other p follows at once via an analogue of Theorem 2.3 in the H?
setting.

For the sake of brevity, we only consider the following problem. Given complex
constants ¢, c1, ...,y with ¢g not zero (w.l.o.g. we could take cg = 1), let A be
the subset of H? consisting of “admissible functions” f, i.e., those functions zero-
free in D whose first m + 1 Taylor coeflicients are the c¢;. We consider the extremal
problem , to minimize ||f||2 := ||f||z2 in the class A. The following argument is
again an adaptation of a variational argument used by Aharonov and Shapiro in
([AhSh1, AhSh2)) for a different problem.

Proposition 3.3. Fvery extremal is in the Dirichlet space, that is, satisfies

/U%WM<®.
D
Proof. Let f be extremal, and 0 < ¢t < 1. Then,

f(2) = tf(t2)[f(2)/tf (tz)] = tf (t2)[S(z;1) + R(z;t)] (3.18)
where S denotes the partial sum of order m of the Taylor expansion of f(z)/tf(tz)
=: E(z;t) and R denotes the remainder E — S. Now,

1f(2) = f(t2)| < C(1 = 1),
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uniformly for |z| < 1/2, where C is a constant depending on f, and this implies
easily

- B(t)] < C(1—1)
for those z, and some (different) constant C'. From this it follows easily that

S(z;t) =1+ O(1 —t), uniformly for z € D. (3.19)

Moreover, from (3.18) we see that ¢t f(tz)S(z;t) has the same Taylor coefficients as
f, through terms of order m. Also, (3.19) shows that .S does not vanish in D for ¢
near 1. We conclude that, for ¢ sufficiently close to 1, tf(¢2)S(z;t) is admissible,
and consequently its norm is greater than or equal to that of f, so we have

[1re)Pas < ([ ierteePasa + o 1),
T T
or, in terms of the Taylor coefficients a,, of f,

S Janl? < [3 laa P21 4 01— 1))
S0 272) /(1 - t)an P

remains bounded as ¢t — 1, which implies f has finite Dirichlet integral. ([l

Corollary 3.4. The extremal must be a polynomial of degree at most m times a
singular function whose representing measure can only have atoms located at the
zeros on T of this polynomial.

Proof. As usual, for every h € H*®, (1 +wz™"1h)f (where f is extremal, and w
a complex number) is admissible for small |w|. Hence, as in the proof of Lemma
2.6, we obtain that f is orthogonal (in H?!) to z™*hf. If f = IF, where I is
a singular inner function and F' is outer, since |I| = 1 a.e. on T, it follows that
F is orthogonal to z™t'FH>. Now, F is cyclic, so FH* is dense in H?, i.e.,
F is orthogonal to z™+t!H2. Hence, F is a polynomial of degree at most m. For
the product FI to have a finite Dirichlet norm, the singular measure for I must
be supported on a subset of the zero set of F on T as claimed. Indeed, for any
singular inner function I and any point w € T where the singular measure for I
has infinite Radon-Nikodym derivative with respect to Lebesgue measure,

/ |I'|?dA = oo,
DN{|z—w|<c}

because the closure of the image under I of any such neighborhood of w is the
whole unit disk (cf. [CL, Theorem 5.4]). O
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4. A discussion of the conjectured form of extremal functions

In this section we provide certain evidence in support of our overall conjecture and
draw out possible lines of attack that would hopefully lead to a rigorous proof in
the future. Recall that the extremal function f* in the problem (2.1):

A = inf{|| exp(p(2))]| a2 : ¢(8;) = ci,1 < i < n}
is conjectured to have the form (1.3):
2n—2 N k 0;
[T27 (1 = ajz)r exp(3j_, Aj S 2)
~ 2
H;‘l:1(1 — Bjz)7
where C is a constant, |a;| <1,7=1,...,2n -2, |6,/ <1,j=1,...,n, \; <0,
j=1,...k, k <2n—2. As in the previous sections, we shall focus the discussion on
the case p = 2, since the AP extremals are simply the 2/pth powers of those in A2.

First, let us observe that if the solution to the problem for p = 2 in the whole
space A2, i.e.,

[f)=0C

)

A=t {|f(2)laz : F(8)) = exple;) 1 < j < m} (4.1)
happens to be non-vanishing in D, then it solves Problem (2.1.) The solution to
Problem (4.1) is well known and is equal to a linear combination of the reproducing
Bergman kernels at the interpolation points. That is,

=3 4 (4.2)
L= Gop
where the a; are constants, which does have the form (1.3) with singular inner
factors being trivial.

Recall that a closed subset K of the unit circle T is called a Carleson set if

/long(ew)dG > —00,
T

where pg(z) = dist (2, K) (cf., e.g., [DS, p. 250].)

Now, if we could squeeze additional regularity out of the extremal function
f* in (2.1),the following argument would allow us to establish most of (1.3) right
away. Namely

j=1

Theorem 4.1. Assume that the support of the singular measure in the inner factor
of the extremal function f* in (2.1) is a Carleson set. Then the outer part of f*
is as claimed in (1.3).

Remark. The regularity assumption for the singular factor of f* is not unreason-
able. In fact, some a priori regularity of extremals was the starting point in ([KS])
for the investigation of linear extremal problems in AP, i.e., Problem 2.1 but with-
out the non-vanishing restriction. There, the authors have been able to achieve
the a priori regularity by considering a dual variational problem whose solution
satisfied a nonlinear degenerate elliptic equation. Then, the a priori regularity re-
sults for solutions of such equations (although excruciatingly difficult) yielded the
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desired Lipschitz regularity of the extremal functions. Surprisingly, as we show at
the end of the paper, even in the simplest examples of problems for non-vanishing
functions in A2, if the extremals have the form (1.3), they fail to be even contin-
uous in the closed disk. This may be the first example of how some extremals in
AP and HP differ qualitatively. Of course, the extremal functions for Problem 2.1
in the H? context are all Lipschitz continuous (cf. Corollary 3.4). Unfortunately,
in the context of highly nonlinear problems for non-vanishing functions (since the
latter do not form a convex set) the direct duality approach fails at once. (Below,
however, we will indicate another line of reasoning which may allow one to save
at least some ideas from the duality approach.)

Proof. From the results of the previous sections, it follows that
fF=FS, (4.3)

where F' is outer and S is a singular inner function whose associated measure
< 0,u L df is concentrated on the Carleson set K. Note that

2m
S0 =8C)5 | s,

1 [P e 4,
S(2) / T (6).
0

where

T om e —z
So

|5"(2)] = O(px’*(2)), (4.4)
where pg is the distance from z to the set K. By a theorem of Carleson (see
[DS], p. 250), there exists an outer function H € C?(D) such that K C {( € T :
HU(¢)=0,7=0,1,2}, and hence

HY)(2) = O(pk (2)*7),j = 0,1,2 (4.5)
when z — K. (4.4) and (4.5) yield then that
(HS) = H'S+ HS' = hS, (4.6)

where h € H*(D). Recall from our discussions in Sections 2 and 3 that the
extremal function f* must satisfy the following orthogonality condition:

[P TTG - sga=o (00)
D o1
for all, say, bounded analytic functions g. Rewriting (OC) as
0= / FSFST](z - B))gdA (4.7)
D

j=1

and noting that F is cyclic in A2, so that we can find a sequence of polynomials p,,
such that Fp, — 11in A? (F is “weakly invertible” in A2 in an older terminology),
we conclude from (4.7) that F'.S = f* is orthogonal to all functions in the invariant
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subspace [S] of A? generated by S that vanish at the points (1,82, ..., s In
particular, by (4.6), f* is orthogonal to all functions £ (H [[= (2~ B;)%Sg) for
all polynomials g, i.e.,

0= [ Fom I C (48)

Applying Green’s formula to (4.8), we arrive at
B n B n dz
_ * )2 5 — — B3.)2¢2
_ /T 7 H]I:ll(zf B;)2Sgdz = /T FHlel(z 5205, (4.9)

since |S| = 1 on T. Finally, since H is outer and hence cyclic in H?, there exists a
sequence of polynomials ¢, such that Hg, — 1 in H2. Also there exists a sequence
of polynomials p,, such that p, — F in H2, so replacing g by p,.gng, we obtain

- dz
- [1PP TG =505 (410)
j=1

for all polynomials g. F.&M. Riesz’ theorem (cf. [Du, Ga, Ho, Ko]) now implies
that 2,
z
|F|? = = —————ae.onT (4.11)
T2 (== 8))?

for some h € H*(D). The rest of the argument is standard (see for example [Dul],
Chapter 8.) Since
22h(2)
r(z) = =———= >0
Hj:l (z = B;)?

on T, it extends as a rational function to all of C and has the form

PILE (= o)1 = a2)

rz) = 05 - (4.12)
[[=i(z - 5j)2(1 - Bjz)?
where |a;| <1, j = 1,...,2n — 2, are the zeros of r in D (zeros on T have even

multiplicity) and C > 0 is a constant. Thus, remembering that F is an outer
function and so

1 W610+Z ;
o F(z) = 1= [ S log | P(e)Pab,

we easily calculate from (4.11) and (4.12) that
2n—2 —

Hj:l (1—a;z)

[[j= (1= Bj2)*

as claimed. O

F(z)=C laj| <1, (4.13)

Several remarks are in order.

(i) If the inner part S of f* is a cyclic vector in A2, or, equivalently, by the
Korenblum-Roberts theorem (see [DS], p. 249), its spectral measure puts no mass
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on any Carleson set K C T, then (4.7) implies right away that f* is orthogonal to

all functions in A? vanishing at 81, 32, ..., Bn, and hence
= L
2 e

is a linear combination of reproducing kernels. Thus, we have the corollary already
observed in (J[AhSh1, AhSh2]):

Corollary 4.2. If f* is cyclic in A2, it must be a rational function of the form (4.2).

(ii) On the other hand, if we could a priori conclude that the singular part S
of f* is atomic (with spectral measure consisting of at most 2n — 2 atoms), then
instead of using Carleson’s theorem, we could simply take for the outer function
H a polynomial p # 0 in D vanishing with multiplicity 2 at the atoms of S. Then
following the above argument, once again we arrive at the conjectured form (1.3)
for the extremal f*.

Now, following S.Ya. Khavinson’s approach to the problem (2.1) in the Hardy
space context (see [Kh2, pp. 88 ff]), we will sketch an argument, which perhaps,
after some refinement, would allow us to establish the atomic structure of the inner
factor S, using only the a priori H? regularity.

For that, define subsets B, of spheres of radius r in A2 :

Bri=A{f=e":|[fllaz <7},

where
1 [?" e 4 2
= — - dv (6 4.14
o) =5 [ S avlo), (1.14)
dv =log p(6)do + dp, (4.15)

and p > 0, p,logp € LY(T), du is singular and du < 0. Consider the map A that
maps the subsets B, into C™, defined by

A(f) = (p(B5))j=1-

More precisely, each ¢ is uniquely determined by the corresponding measure v and
vice versa. Hence, A maps the set of measures

Y i={v:v=s(0)df + du}

satisfying the constraints

dp < 0 and du is singular (4.16)
exp(s(6)), s(9) € L'(T) (4.17)
[ exp(P(dv))ll L2y < T, (4.18)
where ,
. 1 i 1 — 2
P(dv)(re™) = o= dv(0
(dr)re™) 2m /0 1472 —2rcos(d — ) v(f)
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is the Poisson integral of v, into C™ by

A(v) = (S(W)(5;))j=1-

Here

27 et — z

stands for the Schwarz integral of the measure v. Let us denote the image A(X,)
in C" by A,. Repeating the argument in [Kh2] essentially word for word, we easily
establish that for all » > 0, the sets A, are open, convex, proper subsets of C".
(Convexity of A,., for example, follows at once from the Cauchy-Schwarz inequality
as in the proof of the uniqueness of f* in Section 2.) If we denote by ¢ = (c1, ..., ¢,)
the vector of values we are interpolating in (2.1), then the infimum there is easily
seen to be equal to

2m ez‘& Py
SW)(z) = — /O 2 a0 (4.19)

ro =1inf{r >0:¢c€ A,}.

Hence, our extremal function f* (or equivalently ¢* = log f*) corresponds to a
measure dv* € ¥, for which A(v*) € 9A,,. So, to study the structure of extremal
measures v* defining the extremals p* or f* = e® ", we need to characterize those
v* €%, : A(v) € 0A,. From now on, without loss of generality, we assume that
r = 1 and omit the index r altogether. Let @ = (w1, ..., w,) be a finite boundary
point of A. Then there exists a hyperplane H defined by Re Zn ajz; = d such
that for all 7 € A,

ReZajzj <d while ReZajwj =d. (4.20)
j=1 j=1

Let v* denote a preimage A~!(w) in ¥. Using (4.14 and 4.15) we easily rephrase
(4.20) in the following equivalent form:

/R(e“’)dy(e) <d (4.21)
T
for all v satisfying (4.16), (4.17) and (4.18), (r = 1) with equality holding for
V¥ = s*d0 + dp* € A ().
Then (4.14, 4.15 and 4.19) yield

R(e") = —Re Zaj 10+Z] (4.22)
J

a rational function with 2n poles at 3i,...,0, and 1/31,...,1/3, that is real-
valued on T. Note the following (see [Kh2]):

Claim. For d in (4.21) to be finite for all measures v satisfying (4.16), (4.17) and
(4.18), it is necessary that R > 0 on T.
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Indeed, if R(e'?) (which is continuous on T) were strictly negative on a subarc
E C T, by choosing dv = sdf with s negative and arbitrarily large in absolute
value on F and fixed on T — E, we would make the left-hand side of (4.21) go
to +o0o while still keeping the constraints (4.16), (4.17) and (4.18) intact, thus
violating (4.21).

Now, if we knew that R(eie) had at least one zero at €0, we could easily
conclude that the extremal measure v* in (4.21) can only have an atomic singular
part with atoms located at the zeros of R(e*?) on T. Then, by the argument
principle, since R(e*?) cannot have more than n double zeros on T, the argument
sketched in Remark (ii) following Theorem 4.1 establishes the desired form of the
extremal function f*.

To see why a zero of R at €0 would yield the atomic structure of the singular
part du* of the extremal measure v* in (4.16), (4.17) and (4.18), simply note
that if p* puts any mass on a closed set £ C T where R > 0, we could replace
p* by p1 = p* — p*|p while compensating with a large negative weight at e'%
not to violate (4.18). This will certainly make the integral in (4.21) larger, thus
contradicting the extremality of v*. Unfortunately, however, we have no control
over whether R(e'?) vanishes on the circle or not, so this reasoning runs aground
if we are dealing with (4.21) for R > 0 on T. In order to establish the atomic
structure of the singular part of the extremal measure v* in (4.21) for R > 0 on
T, we must come up with a variation of v* which would increase [ R(e")dv(0)
without violating (4.18). This is precisely the turning point that makes problems in
the Bergman space so much more difficult than in their Hardy space counterparts.
For the latter, if we had simply gotten rid of the singular part p* in v, i.e., divided
our corresponding extremal function f* by a singular inner function defined by u*,
then we would not have changed the Hardy norm of f* at all (while we would have
dramatically increased the Bergman norm of f*). This observation in addition to
the elementary inequality ulnu —u > ulnv — v for any u,v > 0, allowed S.Ya.
Khavinson (see [Kh2]) to show that in the context of Hardy spaces, when (4.18)
is replaced by a similar restriction on the Hardy norm of exp(S(v)), if R > 0,
the extremal measure v* is simply a constant times log R(e??)df, and an easy
qualitative description of extremals follows right away.

Now, in view of the above discussion, we cannot expect that for our problem,
when R > 0 on T, the extremal measure v* in (4.21) satisfying (4.16), (4.17)
and (4.18) is absolutely continuous. But where should we expect the atoms of the
singular part p* of the extremal v* to be located? We offer here the following
conjecture.

Conjecture. If R > 0 on T, then the singular part u* of the extremal measure v*
in (4.21) is supported on the set of local minimum points of R on T.

In other words, the singular inner part of the extremal function f* for Prob-
lem 2.1 corresponding to the boundary point of A defined by the hyperplane (4.20)
is atomic with atoms located at the local minima of R on T.
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The conjecture is intuitive in the sense that in order to maximize the integral
in (4.21), we are best off if we concentrate all the negative contributions from the
singular part of v at the points where R > 0 is smallest. Note that this conjecture
does correspond to the upper estimate of the number of atoms in the singular
inner part of the extremal function f* in (1.3). Indeed, R is a rational function of
degree 2n and hence has 4n — 2 critical points (i.e., where R'(z) = 0) in C. Since
the number of local maxima and minima of R on T must be the same (consider
1/R instead), we easily deduce that R cannot have more than 2n — 2 local minima
(or maxima) on T. (At least two critical points symmetric with respect to T must
lie away from T.)

One possible way to attempt to prove the conjecture using a variation of the
extremal measure v* in (4.21) might be to divide the function f* by a function G
that would diminish the singular part p* of v*. Of course, a natural candidate for
such a G would be the contractive divisor associated with the invariant subspace
[J] in A% generated by a singular inner function .J built upon a part ug of p* such
that po > p* (recall that p* < 0), such that the support of ug is a subset of the
part of the circle that does not contain the local minima of R. Then (cf. [DuKS])
G = hJ, where h is a Nevanlinna function and ||f*/G|la2 < || f*||, so (4.18) is
preserved. Unfortunately, |h| > 1 on T — supp(ug), so the resulting measure v
defined by log(f*/G) = S(v) may at least a priori actually diminish the integral
in (4.21) instead of increasing it.

Finally, we remark that for the special case when the 3; = 0 and instead of
Problem 2.1 we have the problem of finding

inf{||fllar : f #0, f90)=¢;,7=0,...,n}, (4.23)
the conjectured general form of the extremal function f* collapses to

n

() = [0 - a7 exp(O- A

Jj=1 j=1

ei 4 2
0

(4.24)

e — 277
where |a;| < 1,57 =1,...,n, k <n, \; <0. The difference in the degree of the
outer part in (4.24) versus the rational function in (1.3) appears if one follows the
proof of Theorem 4.1 word for word arriving at

[T (2 — a;)(1 = a;2)

|F|? =
ZTL

instead of (4.12).
We shall discuss Problem 4.23 for n = 2 in great detail in the last section.

5. The minimal area problem for locally univalent functions

In this section we shall discuss a particular problem arising in geometric function
theory and first studied by Aharonov and Shapiro in [AhSh1, AhSh2]. The problem
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is initially stated as that of finding
inf{/ |F'(2)2dA : F(0) = 0, F'(0) = 1, F"(0) = b, () £0 in D}.  (5.1)
D

Problem (5.1) has the obvious geometric meaning of finding, among all locally
univalent functions whose first three Taylor coefficients are fixed, the one that
maps the unit disk onto a Riemann surface of minimal area. Setting f = F’ and
¢ = 2b immediately reduces the problem to a particular example of problems
mentioned in (4.23), namely that of finding

inf{/D |fI?dA : f #0in D, f(0) = 1, f'(0) = c}. (5.2)

Assuming without loss of generality that ¢ is real, we find that the conjectured
form of the extremal function f in (5.2) is

f(z)=C(z — A)et® ﬁﬂ’ (5.3)

where o > 0, and C, A, and po are uniquely determined by the interpolating
conditions in (5.2). Of course, if |¢| < 1 in (5.2), the obvious solution is

ff=1+cz,

and hence, F* = z + 522 solves (5.1), mapping D onto a cardioid. The nontrivial
case is then when |¢| > 1. All the results in the previous sections apply, so we know
that the extremal for (5.2) has the form

[T =hs,

where h is a bounded outer function and S is a singular inner function. As in Sec-
tion 2, a simple variation gives us the orthogonality conditions (OC) as necessary
conditions for extremality:

/ If* 22" T2dA=0,n=0,1,2,.... (5.4)
D

From now on, we will focus on the non trivial case of Problem 5.2 with ¢ > 1.
Thus, the singular inner factor of f* is non trivial (cf. Corollary 4.2). In support
of the conjectured extremal (5.3), we have the following proposition.

Proposition 5.1. If the singular factor S of f* has associated singular measure du
that is atomic with a single atom, then

ffz)=C(z—-1- uo)e‘m% (5.5)
where C' and the weight pg are uniquely determined by the interpolating conditions.

Remark. Although we have been unable to show that the singular inner factor
for the extremal f* is atomic, we offer some remarks after the proof that do
support our hypothesis. If this is indeed the case, this would be, to the best of
our knowledge, the first example of a “nice” extremal problem whose solution
fails to be Lipschitz continuous or even continuous in the closed unit disk. All
solutions to similar or even more general problems for non-vanishing H? functions
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are Lipschitz continuous in D (cf. [Kh2] and the discussion in Section 4). Also,
solutions to similar extremal problems in A” without the non-vanishing restriction
are all Lipschitz continuous in D (cf. [KS]).

Proof. Our normalization (¢ € R) easily implies that the only atom of S is located
at 1. So, f* = hS, where S is a one atom singular inner function with mass pg at
1, and h is outer. By Caughran’s theorem ([Ca]), the antiderivative F* of f* has
the same singular inner factor S and no other singular inner factors, i.e.,

F*=HS, (5.6)

where H is an outer function times perhaps a Blaschke product. Writing the or-
thogonality condition (5.4) in the form

/ frf*2*pdA=0
D

for any arbitrary polynomial p, and applying Green’s formula, we obtain

/ F*f*2?pdz =0 (5.7)
T
for any arbitrary polynomial p. Using (5.6) and SS =1 a.e. on T yields
/ Hhz*pdf = 0. (5.8)
T

Since h is outer, hence cyclic in H2, we can find a sequence of polynomials ¢, such
that hg, — 1 in H?2. Replacing p by ¢,p and taking a limit when n — oo yields

/ H2*pdf =0 (5.9)
T

for all polynomials p. This last equation immediately implies that H is a quadratic
polynomial. Now, f* = hS = (HS) = H'S+ HS', and S’ = (Z{%S. Since
f* € H?, H must have a double zero at 1 to cancel the pole of S’! Hence H(z) =
C(z — 1), F(z) = C(z — 1)29(2), and f*(z) = C(z — 1 — HO)GXP(HOEI}) as
claimed. (]

We want to offer several additional remarks here.

(i) Obviously, the above calculations are reversible, so the function (5.5) does
indeed satisfy the orthogonality condition (5.4) for the extremal.

(ii) The proof of Proposition 5.1 can be seen from a slightly different per-
spective. From Theorem 4.1, it already follows (assuming the hypothesis) that
the outer part of f* is a linear polynomial. Moreover, (5.7) implies that the an-
tiderivative F* of f* is a noncyclic vector for the backward shift and hence has
a meromorphic pseudocontinuation to C — D ([DSS]). Accordingly, F* must be
single-valued in a neighborhood of its only singular point {1}. This implies that
f* = hS must have a zero residue at 1. (Otherwise F would have a logarithmic
singularity there.) Calculating the residue of f* at 1 for a linear polynomial A and
an atomic singular factor S yields (5.5).
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(iii) The only remaining obstacle in solving the extremal problem (5.2) is
showing a priori that the singular inner factor of the extremal function is a one
atom singular function. If one follows the outline given in Section 4, we easily
find that for the problem (5.2), the function R(e?) in (4.22) becomes a rational
function of degree 2, and since R > 0 on T,

(€ —a)(1 — ae®?)

R(e") = const o0 = const ¢ — a]?, (5.10)

where |a| < 1. Thus, as we have seen in Section 4, we would be done if we could
show that the one atom measure is the solution of the extremal problem

max{/ R(e)du(0) : p <0, L do} (5.11)
T
where p satisfies the constraint
/ |h?S,[PdA < 1 (5.12)
D

for a given outer function h and R is given by (5.10). (Recall that S, is the singular
inner function with associated singular measure pi.) Again, as noted previously, it
is almost obvious when |a| = 1, since then we simply concentrate as much charge
as needed at a to satisfy the constraint without changing the integral (5.11). Yet,
in general, we have no control over where in D a appears.

(iv) Let k(z) denote the orthogonal projection of |f*|? onto the space of L2
integrable harmonic functions in D. The orthogonality condition (5.4) implies that
k(z) is a real harmonic polynomial of degree 1. Moreover, due to our normaliza-
tion of the extremal problem (i.e., ¢ € R), we can easily show that f* in fact
has real Taylor coefficients. Indeed, fi(z) := f*—(E) satisfies the same interpolating
conditions and has the same L2-norm over D, thus by the uniqueness of the ex-
tremal function, f; must be equal to f*. Since f* has real Taylor coefficients, the

projection of |f*|? is an even function of y, and thus
k(z) = A+ Bz, (5.13)

where A = [ [f*[*dA and B = 4 [; z|f*|?dA. The orthogonality condition (5.4)
now implies that the function | f*|? —k is orthogonal to all real-valued L? harmonic
functions in D. Using the integral formula in [DKSS2] (or [DS, Chapter 5, Section
5.3]), it follows that

/D (177 (=) — k())sdA > 0 (5.14)

for all functions s that are smooth in D and subharmonic. The following corollary of
(5.14) offers an unexpected application of the conjectured form of the extremal f*.

Corollary 5.2. Let w € T, and assume that |f*|?/|z —w|?> € L(D). (Note that the
conjectured extremal satisfies this condition at the point w = 1.) Then k(w) < 0.

Thus, if f* has the form (5.5), B < —A in (5.13).
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Proof. Choose s(z) = 1/|rw—z|? for r > 1. Applying (5.14) as r — 17, we see that
if k(w) > 0, the integral on the left must tend to —oo, which violates (5.14). O

Calculating the classical balayage U(e'?) of the density |f*|?dA to T, i.e.,

ei& 4z
. dA 5.15
A, (5.15)

2- Ll
Ul = Rey- [ 157
T™Jp

expanding the Schwarz kernel lefi into the power series with respect to z and
using the orthogonality condition (5.4) allows us to cancel all the terms containing
powers of z of degree 2 and higher, so we arrive at

Uy = A+ 500597

where A and B are as in (5.13). Since U > 0 on T (it is a “sweep” of a positive
measure!), it follows that

B
Corollary 5.3. A> %7 i.e., / |f*|?dA > 2|/z|f*|2dA|.
D D

A calculation confirms that for f* as in (5.5), Corollary 5.3 does hold.

(v) If we denote the value of the minimal area in (5.1) by A = A(b) and
by a3 the coefficient of z2 in the Taylor expansion of the extremal function F*
(i.e, F*(2) = 2+ bz%2 + a3zz® + - - -, where F* is the anti-derivative of our extremal
function f*) then as was shown in ([AhSh2], Theorem 4, p. 21), the following
equality must hold:

(3az — 2b — 1) A’ (b) + 4bA(b) = 0. (5.16)

An involved calculation yields that the conjectured extremal function F* = [ f*,
where f* is as in (5.5), does indeed satisfy (5.16). This serves as yet one more
justification of the conjectured form of the extremal. A number of other necessary
properties of the extremal function are discussed in [AhSh1l, AhSh2].
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Generalization of Carathéodory’s Inequality
and the Bohr Radius for
Multidimensional Power Series

Lev Aizenberg

Abstract. In the present paper we generalize Carathéodory’s inequality for
functions holomorphic in Cartan domains in C". In particular, in the case of
functions holomorphic in the unit disk in C, this generalization of Carathéo-
dory’s inequality implies the classical inequalities of Carahtéodory and Lan-
dau. As an application, new results on multidimensional analogues of Bohr’s
theorem on power series are obtained. Furthermore, the estimate from below
of Bohr radius is improved for the domain D = {z € C?: |21] + |22| < 1}.
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1. Carathéodory’s inequality in several complex variables

Let D C C™ be a circular domain, that is, a Cartan domain, characterized by
the fact that if z € D then ze!® € D, where z = (z1,...,2,) and 0 < ¢ < 27.
Furthermore, we also assume that the domain D is a strongly starlike domain, that
is, for every homothetic transformation AD C D, where 0 < A < 1.

It is a well-known fact that in domains of this type every holomorphic function
can be expanded into a series of homogeneous polynomials. Now, we are ready to
formulate our first lemma.

Lemma 1.1. Let D be a Cartan, strongly starlike domain. Let f be a holomorphic
function in D, with expansion into homogeneous polynomials given by

f(z)=> Pi(z), z€ D, (1.1)
k=0

During the preparation of this work the author was supported by the Israel-Slovenia grant. Part
of the work was completed in January-February 2001 during the author’s stay at the Institute
of Mathematics, Physics and Mechanincs, Ljubljiana, Slovenia.
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where Pi(z) is a homogeneous polynomial of degree k. If Rf(z) > 0 for every
z € D then for every k > 1 the following inequality holds

|P(2)] < 2RPy(2), Vz € D. (1.2)

Proof. Tt is known that for every k = 1,2,..., the polynomials Py(z) in the ex-
pansion (1.1) are given by

27

/f(zrei¢)e_ik¢d¢

0

27

/(f(zreid’) + f(zrei‘i’))e*ik‘z’dqb.

0

li 1
im ——
r=1-0 277k

Pk(z) =

li 1
im ——
r=1-0 277k

Therefore
1 2m
. 1 id o
Tl{rln_o Cy— 2Rf (zre'?)de TEIIIL
0

|Pe(2)] < Tikmf(())

0
. 1

= lim —
r—1-0 Tk

This completes the proof of the lemma. O

Lemma 1.1 and the simple fact that every convex domain in the complex
plane C is intersection of half-planes allow us to deduce the following theorem.

Theorem 1.1. Let D be a Cartan domain and f be a function holomorphic in D. If
in the domain D the expansion (1.1) for the function f is valid and f(D) C G C C,
then for every z € D the following inequality holds for every k > 1

|Py(2)] < 2dist(Po(z2),0G),
where G is the convez hull of G.

Remark 1.1. We point out here that in the above theorem G cannot be replaced
by G.

Theorem 1.1 has a number of interesting corollaries.

Corollary 1.1. Let D be a Cartan domain and f be a function holomorphic in D.
If | f(2)] <1 for every z € D, then for every k > 1 the following holds

IPu(2)| < 2(1 — |Py(2)]), V= € D. (13)

Corollary 1.2. Let D be a complete, bounded, Reinhardt domain. Let f be a function
holomorphic in D with the corresponding multidimensional power series

f(z) = Z caz®, 2 €D, (1.4)

|| 20
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where o = (Q1,...,00), |a] = a1 + -+ + ap, 2% = 27" ... 2%, and all «; are

nonnegative integers. If f(D) C G C C, then for every « such that |a] > 1 the
following holds

2 dist(co, OG)

(03 < )
where do (D) = maxp |2%.

We point out here that the proof of Corollary 1.2 follows from Theorem 1.1
and the Cauchy estimates in the case of power series taken from [5].
In one complex variable Theorem 1.1 leads to

Corollary 1.3. If in the unit disk K = {z1 € C : |z1| < 1} the function f is a
power series, that is,

o0

flz1) =D crat, (1.5)

k=0
and f(K) C G, then for every k > 1 we have

lcx| < 2dist(co, OG).
The following result is the known Carathéodory’s inequality [11]:

Corollary 1.4. If in the unit disk K = {z1 € C : |z1]| < 1} the equality (1.5) holds
and if Rf(z1) > 0 for every z; € K then for all k > 1

lex| < 2Rco.

Another classical inequality, known as Landau’s inequality [15], is also de-
duced from Theorem 1.1:

Corollary 1.5. If in the unit disk K = {z1 € C : |z1| < 1} the equality (1.5) holds
and if |f(z1)| < 1 for every z1 € K then for all k > 1

ler| < 2(1 = |eol)-

2. Bohr’s theorem in several complex variables

Let us recall the theorem of H. Bohr [10], proven at the beginning of the 20th
century.

Theorem 2.1. If a power series (1.5) converges in the unit disk K and its sum has
modulus less than 1, then

o0
Z lep2h| < 1
k=0

in the disk {21 € C: |z1| < £}. Moreover the constant & cannot be improved.
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Formulations of Bohr’s theorem in several complex variables appeared very
recently. We recall some of them.

Given a complete Reinhardt domain D, we denote by R(D) the largest non-
negative number r with the property that if the power series (1.4) converges in D
and its sum has modulus less than 1, then

> leaz®| <1, (2.1)
la|>0

in the homothetic domain +D. In [9] the following result is proved in the case when
D is the unit polydisk

Ur={zeC": |z <1, j=1,...,n}
Theorem 2.2. Forn > 1 one has
1 2+/logn
3v/n vn
We see from Theorem 2.2 that R(U™) — 0 as n — oo.
If D is the hypercone
T={z€C": |z1|+ -+ |z| <1},

then the situation is quite different as the following theorem, taken from [1], shows.

< R(U™) <

Theorem 2.3. For n > 1 one has
1
- < R(DY) <
3es
For further estimates of R(D) in the domains
D;‘:{ZEC”: |21|P 4+ -+ |zn|P < 1},

where 1 < p < oo, we refer the reader to [7]. For other generalizations of Bohr’s
theorem see [2], [3], [4], [6], [14], [8]. It is noteworthy that in [13] the lower bound

logn
nloglogn

Wl

from Theorem 2.2 is refined and is times a constant.

As it was pointed out already in [1], it seems more natural to consider not
a single number in the Bohr problem in C”, but the largest subdomain Dp of
D, such that (2.1) holds. At this stage, we state the following new result in this
direction.

Theorem 2.4. If the power series (1.4) converges in the unit ball
Dy ={z€C": |z’ +-- +|e]? <1}

and the modulus of its sum is less than 1, then (2.1) holds in the hypercone
1
gD?:{zeC”: |z1] + -+ + 20| < 1}

and the constant % cannot be improved.

The proof of Theorem 2.4 is based on the following lemma.
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Lemma 2.1. If P;(z) is the homogeneous polynomial
Pi(z) = Z caz®
|a|=k
and |Py(2)| < 1 in the ball DY, then
Z lcaz® < 1
|a|=k
for every z in the hypercone DY .

Proof. Using induction, one can prove the inequality

ol?l __lal

aft . oant T ool
It follows from Corollary 1.2 that

1 |o¢||0“
< =] = —
~ do(DF) aft . .ap®

|cal

From this, the relation (2.2) implies that for every z € D} we have

al!
S ezl <Y %wmmmmn
Qp:...0np!

lee|=k ll=k

Il
T
+
+
™
3
=
A
—

The proof of the lemma is now complete. O

We remark here that the condition |Py(z)| < 1 in the ball DF cannot be
replaced by the analogous inequality in the hypercone D7 . To see that, we consider
the second-order homogeneous polynomial

Qz) = ?(zf + 22) + 3iz1 2.

Then for z € 5?, we have |Q(z)| < 1, but

3+V3
1

3
max §(|zl|2+|22|2)+3|zlzz| - > 1.

Now, we are ready to return to the proof of Theorem 2.4.

Proof of Theorem 2.4. From the assumption |f(z)| < 1 in the ball D} and the
Corollary 1.1 we get that for every k > 1 the estimate

E Cca2®

|a|=k

< 2(1 — |eol)
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holds for every z € Dy. From this inequality and Lemma 2.1 we deduce that
S Jeaz] <21 = leol)
|| =k
for every z € D}'. Now, if z € %D{l, then
= 1
> Jeaz®| < leol +2(1 = |eol) 27:
ler|>0 k=1

The fact that the constant % is sharp can be seen if we consider a function of the
type f(z1,0,...,0). This completes the proof of the theorem. O

+ = 0.238844 taken from The-

In order to improve the estimate R(DY) >
3e
orem 2.3 in the case n = 2, we use the following lemma from [12], [16].

Lemma 2.2. Let

n
t) = Z ajet

j=—n
be a real trigonometric polynomial. Then for k > & the following inequality holds
|@o| + |a—k| +[ax| < max|F(#)].
The last theorem of the paper is the following one.

Theorem 2.5.
R(D?) > 0.304236.

Proof. If for every z € 5? one has that

D caz"

|| =k

|Px(2)| = <1

)

then in particular this holds for the points of the form (3, 1) and we obtain

k
Z Ck‘fogg,ozzeitoéz S 2]6.
Oé2:O
From this we deduce that
22kplet27 2 ~ ikt
k 3y = Z |Car,as|” + o kCh o€
a1 tas=k

+ EoJCCk,oeiikt +... < 22k

Lemma 2.2 implies

Z |Caraz)? + 2lcok]lcro] < 227,
Oé1+062:k
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or

k—1
Y learimanl* + (leos] + lewol)* < 2%, (2:3)

a1 =1

We now want to compute

Qi oo _
max g c Mo = A
ey | 041,042| 1 L2 k
z1,22>0 aitaz=Fk

under conditions (2.3) and |cgo| < 1, |cok| < 1. It is not very difficult to show
that

A L4+ /(k — 1)(22(k~ V-1
k= 2k1

Furthermore, we now consider the equation

© 2(k—1) _
ZAkxk Z L+ V(=D l)a:k = 1 (2.4)
k=1

Qk 1 2
k=1

Using the program Mathematica 3.0 [17], we estimated that the equation (2.4) has
a root greater than xy = 0.304236. In addition, if z € xoD% then

Z leallz| < leo| + (ZAW? > (1—Jeo]) <1
|a]=0

This completes the proof of the theorem. O

Remark 2.1. The paper by Boas and Khavinson [9] contains essentially the follow-
ing result (Remark 4 in [1]): If the power series (1.4) converges in the unit polydisk
U™ and the modulus of its sum is less than 1, then (2.1) holds in the ball D and

the constant % cannot be improved.

Remark 2.2. The estimates of Bohr radius from the Theorem 2.3 hold also for
every Reinhardt domain of the type

D={ze€C": ¢(zl,...,|zn|) <0},

where ¢ is a convex function, that is, D is the union of hypercones
{z € C": ai|lz1]|+ -+ anlzn] < 1}.

The same holds about the estimates from Theorem 2.5.

Acknowledgement. The author thanks J. Globevnik, E. Liflyand, and A. Vidras
for their help during the preparation of this paper.
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Remarks on the Value Distribution
of Meromorphic Functions

J.M. Anderson

In memory of S.Ya. Khavinson

1. Introduction

Let f(z) be a meromorphic function in the complex plane C. We assume acquain-
tance with the standard definitions of the Nevanlinna theory as given in [2]. Define
the spherical derivative p (f(2)) of f(z) by

[f'(2)
p(f(2) =17 HOE
and set
ulr, £) = sup{p(f(2)) < o] = 1.
We also let D(w,r) be the radius of the largest disk centred on w with |w| =r in
which f(z) does not assume the values 0, 1, co. We set

D(r) = min{D(w,r) : |w| =r}.
The following lemma is due to Pommerenke [4].
Lemma 1. Let f(z) be analytic and # 0,1 in |z| < r where r > 0. Then
rp(f(0)) < 4v2.

Applying this Lemma to the point on |z| = r where p(r) is attained we see
that

D(r)u(r) < 4V2.

In [1] the following theorems have been proved (among others).

Theorem 1. Suppose that f(z) is a meromorphic function such that
T
lim inf M <K

r—00 r -
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for some o0 >0 and 0 < K < oco. Then

o—1

limsupr(—r) > (24\/51(02)_1. (1.1)

r—oo M

Theorem 2. Suppose that f(z) is a meromorphic function of lower order b for some
b>0. Then

lim sup T(T’Tf ) > (126\/§b2)_1. (1.2)

r—00 TM( )
Theorem 3. Suppose that f(z) is a meromorphic function such that

lim inf T(r f) = 00,
r—oo (logr)?

but, for some b > 2,
1
liming 2870 _y,
r—oo loglogr
Then
. T(r, f) 2\ !
1 > (96v267) 1.3
p ru(r)(logr)? — V2 (1.3)
An examination of the proofs of these theorems shows that, in fact, (1.1),
(1.2) and (1.3) can be replaced by the stronger conclusions

limsupr® ' D(r) > (60°K) 1, (1.4)
—1

lim sup w > (62—31)2) , (1.5)

lim sup T, /)D(r) > (24b%) 71, (1.6)

r—00 T(log T)2
respectively. We then apply Lemma 1 to points on |z| = r at which u(r) is attained
and the theorems follow immediately.

2. Remarks

The purpose of this note, which is purely expository, is to point out the connection
between the results and the much deeper-lying results of [3]. In that paper the
functions which are considered are entire and the disks are centred on the points
of maximum modulus. The disks, moreover, are disks where the value 0 alone is
omitted. The results are expressed in terms of a proximate order function, rather
than directly with T'(r), but have the advantage of being of a liminf nature.
Moreover the corresponding results to (1.4), for example, depends only on o and

not on o2.
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3. Proof of (1.4)

The proofs of Theorems 1,2,3 depend on an increasingly more complicated selec-
tion of sequences along which the lim sup is attained. To prove (1.4) we set

n(r) =n(r,0, f) + n(r,1, f) + n(r, oo, f),
N(r)=N(r,0,f)+ N(r,1, f) + N(r,00, f),
so that by Nevanlinna’s first fundamental theorem,
N(r) <3T(r, f)+0O(1), r— oc. (3.1)

Suppose that for some a there is an integer pg with
n (a(p+ 1)%) —n(ap7) > 1

for all integers p > pg. This implies that
n(r) > <£> +0(1), r— o0,

a

which in term implies that
T(r,f) > (30a°)"*r7 + O(logr), 1 — o0,
by (3.1). This contradicts the assumption of Theorem 1 unless
a< (30K) 7. (3.2)

For such a choice of a there is a sequence {ps} of integers tending to co as

s — oo such that
1
n (a(ps + 1)%> -n (aps") =0.
Putting
1 1 1 1 1 1
ts=3 [a(szrl)“ +apsf’} o ods =g [a(szrl)“ *apsf’} ;

we see that any circle centred on the circle |z| = ¢, of radius ds can have no 0,1
or oo points of f(z). Thus

limsup 7' D(r) > limsup(t,)7 d,.
T—00 §— 00
1 1
But ts ~aps, ds~ 55ps Yass — 00, which yields that
g

limsup(t,)? " 'ds = g—.
§—00 g

Since a is any number satisfying (3.2) we get

limsupr° ' D(r) > (602 K) ™!

T—00

which is (1.4). The proofs of (1.5) and (1.6) are similar but more complicated.
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4. A lemma

In view of the remarks at the end of [1] it is perhaps desirable to give a proof of
the following lemma.

Lemma 2. Let h(z) be a positive non-decreasing function for x > 0 and set

H@ﬂ_léxh@Mt

Suppose that for some b > 1

lim inf 28 7@ _ (4.1)

z—oo  logx
Then, forpe N

lim inf p?
p—00

{H(p+ 1) — H(p) — h(p)
H(p)
and the right-hand side is best possible.

} <b(b—1), (4.2)

Proof. If the liminf above is denoted by « then, arguing as in [1] p. 298 we see

that
log H(z) _ 1

lim inf 25{1+(1+4a)%}.

z—oo  logx
This contradicts (4.1) if

%{1+(1+4a)%} > b,
ie., if o> b(b— 1).
If we take h(z) = x®~! for b > 1 then the liminf in (4.2) is @. The
necessary counterexample is
h(z)=@+1)°—p", p<a<p+l, H@) =p", p<z<p+l.
Then the liminf becomes

1b _1b_2b

as required. O

5. Concluding Remarks
In view of Lemma 2 above we have

Theorem 3'. Suppose that f(z) is a meromophic function such that

lim inf = 00,

but for some b > 2
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Then

hgisolip %{3&? > (24b(b — 1))~ L.

Proof. The proof follows as in Theorem 6 of [1]. For any p € N we set

-1
dp = [4 (1 +n (eer%) - n(ep)>]
and choose ¢, so that
1
p+dy, <logt, <p+ 3~ d, and n(tye %) = n(t,el).
Then as before we conclude that

lim sup z;(T)D(T) > {24 lim inf p> N(eP*t!) — N(e?) — n(ep)} -

r—00 (log T)Q p—00 N(@p)

and the result follows from Lemma 2. O

It would be of interest to study whether there is an analogue of Theorem 1
of [3] for functions of zero order, with some suitable substitute for the notion of
proximate order. In many cases the critical growth rate is O(logr)? and this might
also be the case here. Further investigation is required.
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Approximation Problems
on the Unit Sphere in C”

John T. Anderson and John Wermer

Dedicated to the memory of S.Ya. Khavinson

1. Introduction

Let X be a compact subset of C™. We denote by Ry(X) the algebra of all functions
g where P and @ are polynomials on C™ and @ # 0 on X, and we denote by R(X)
the uniform closure of Ry(X) in the space C(X) of continuous functions on X.
We are interested in finding conditions on X that imply that R(X) = C(X), i.e.,
that each continuous function on X is the uniform limit of a sequence of rational
functions holomorphic in a neighborhood of X.

We denote by h,.(X) the rationally convex hull of X, defined as the set of
points y € C™ such that every polynomial Q) with Q(y) = 0 vanishes at some point
of X. The following is a necessary condition for the equality R(X) = C(X):

he(X) = X. 1)

If (1) holds, we say that X is rationally convezr. Rational convexity is invisible
when studying rational approximation on plane sets, since every compact plane
set satisfies (1).

In this article we shall be concerned with the special case of this question
when X is a closed subset of the unit sphere 9B := {(z,w) : |2|>+|w|? = 1} in C?.

The first result on this problem was obtained by Richard Basener [4] in 1972.
Basener constructed a family of rationally convex sets X g C 0B for which R(X) #
C(X). Let E be a compact subset of the open unit disk D := {z € C: |z] < 1}.
For each z € D we put

v, ={w € C:|z]* +|wf* =1}.

Definition 1. X = {(z,w): z € F and w € 7, }.
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Definition 2. A Jensen measure for a point z € E, relative to the algebra R(E),
is a probability measure ¢ on F such that

log | f(2)] S/Elog|f|do for all f € R(E).

For information on Jensen measures, see [6].

Definition 3. The set F is of type (08) if for all z € E, the only Jensen measure for
z relative to R(FE) is the point mass 4.

Theorem 1 (Basener, [4]). Let E be a compact subset of the open unit disk. Assume
that R(E) # C(E), and that E is of type (8). Then Xg is rationally convex and
R(Xp) # C(Xp).

In the converse direction, Basener showed the following (see Section 3 of [5]):
if X is rationally convex, then F is of type (3). We note that if a compact plane set
E is of type (8) and R(E) # C(E), then E has empty interior and the complement
of E is infinitely connected. Sets E with property (3) satisfying R(F) # C(FE) are
known to exist; see the remarks on the “Swiss cheese” sets below.

Corollary. Let E be of type (8). Then each closed subset Y of Xg is rationally
conver.

Proof. Fix a point x € C2\ Y. If x lies outside X, then there exists a polynomial
P with P(z) =0 and P # 0 on Xp, hence P # 0 on Y. If = lies in X, then z
belongs to 9B \ Y. It follows that there exists a linear function L with L(z) =1
and |L| < 1 on B\ {z}. Then L — 1 vanishes at 2 but not on Y. O

This corollary provides us with a large collection of rationally convex subsets
of OB on which to test the question: what is required of a subset Y of 0B, beyond
rational convexity, in order that the equality R(Y) = C(Y) may hold? We make
the following conjecture:

Conjecture. Let E be a set of type (8) and let f be a continuous complex-valued
function defined on E such that |f(z)| = /1 — |2|? for all z € E. Denote by I'¢
the graph of f in C2:

Ly ={(zf(2)): z € E}
Then R(T'y) = C(T'y).

In Section 2 we shall prove a special case of this conjecture in Theorem 2.

Swiss Cheeses. The classical example of a compact plane set E without interior
such that R(E) # C(F) is the so-called “Swiss cheese” of S. Mergelyan and A.
Roth (see [6]). Fix a closed disk Dy C D and choose a countable family of disjoint
open disks Dj,j = 1,2, ... contained in Dy, in such a way that

EED_O\UD]-

Jj=1
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has empty interior. We assume that Y [°r; < co, where r; is the radius of D;. It
follows that R(E) # C(FE) (see [6]). McKissick and others have constructed Swiss
cheeses with property (5).

At the end of this article, in the Appendix, we show that X can be regarded
as a three-dimensional “Swiss Cheese”.

2. Rational approximation on graphs in 0B

In our paper [3], entitled “Rational Approximation on the Unit Sphere in C?”, we
treated cases of the conjecture stated in the Introduction. To obtain the equality
R(X) = C(X) for certain subsets X of OB, we imposed on X a strengthening of
the rational convexity condition which we called the “hull-neighborhood property”
(see Theorem 2.5 of [3]).

It turns out that for a graph I'y in 0B, where f is a function defined on a set
of type (8) and satisfying a mild regularity condition, we can dispense with the
assumption of the hull-neighborhood condition. We have the following;:

Theorem 2. Let E be a set of type (8) and let f be a continuous function defined
on the open unit disk D and satisfying a Holder condition

F(2) = FE < Mz = 2|, forall 2,2 € D

where M and o are constants, 0 < a < 1, and assume |f(z)| = \/1 — |z|? for all

z € D. Let T'y denote the graph of f over E. Then R(I'y) = C(T'y).

Before beginning the proof, we give some preliminaries. Our proof will be
based on a transform of measures on 9B, given by G. Henkin in 1977 in [7], which
generalizes the Cauchy transform of measures on plane sets. Let u be a complex
measure on dB. In [7], Henkin defined the kernel

G172 — (71
H(C, z) = 2122~ 6221 P
D= P )
on OB x OB\ {z = (}, where (,) denotes the standard Hermitian inner product
in C2. Henkin’s transform is the function

¢) = /a (G 2)ulz).

Then K, € L'(0B) and K, is smooth on 0B \ supp(u) (see also [10]).
If p is orthogonal to polynomials, Henkin showed that

/¢ L= 12/ K, 06 ANw, wherew(z)=dz Adz (3)

for all p € C1(OB). It follows that if X is a closed subset of B and p is a measure
supported on X with p orthogonal to R(X), then (3) holds. In [9] H.P. Lee and
J. Wermer proved that in this setting if X is rationally convex, then K, extends
from 0B\ X to the interior of B as a holomorphic function, again denoted K, by
abuse of language.
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For each a € C we put as earlier
Yo ={w e C:laf* +|w? =1} and weput A, = {(a,w): |a]* + |w|* < 1}.

So A, is the disk on the complex line {z = a} bounded by the circle {(a,w) :
w € v,}. For each a, K, restricted to A, is analytic. Without loss of generality
we shall assume E C Dy :={z:|z| <1 — e} for some ey > 0.

In the proof of Theorem 2 we shall make use of the following four results in
our paper [3] (proved as Lemma 2.3, Lemma 2.2, Lemma 2.6, and formula (14) of
Section 4 of that paper, respectively):

Lemma 2.1. Let p be a measure on B and put X = supp(u). Then for all a € D
and for all w € 7y,, we have

ol
= dist*((a,w), X)

Here |||l denotes the total variation of the measure p. In the next lemma,
mg refers to three-dimensional Hausdorff measure.

K@, w) (4)

Lemma 2.2. Let X be a rationally convex subset of B with m3(X) = 0. Let u be
a measure on X with y L R(X). If the holomorphic extension of K, to B belongs
to the Hardy space H*(B), then u = 0.

Lemma 2.3. With the notations of the preceding lemma, assume that for some
s > 0, the restriction of K, to A, lies in H*(Ag,) for almost all a € Dy. Then
K, € H'(B) and so, by Lemma 2.2, u = 0.

Lemma 2.4. Let f and I'y be as in Theorem 2. Fix a measure p orthogonal to
R(Ty). There exists a constant c, depending on only on i, such that for all a € D
and for all w € 7y,, we have

lw — f(a)|¥* < ¢ dist®((a,w),Ty). (5)
We are now ready to begin the proof of Theorem 2.

Lemma 2.5. Let f be as in Theorem 2 and let 1 be a measure on I'y orthogonal
to R(T'y). There exists a constant k depending only on u such that for all a € Dy,

setting r = /1 — |a|?, we have
27
| Kalare)ers o < . (6)
0
Proof. Fix a € Dy, ¢ € [0,27] and put w = re'®. By (5),
1 c?
" < i/a”
dist*((a,w),Ty) ~ |w — f(a)|*/*
The estimate (4) then gives

Al e C2
K <
| I»L( )| |w f )|1/2

| Lo | af8 <
S o= fla)fie and so | K (a, w)]
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where ¢y is a constant depending only on p. Thus

27 7 a8 2m do
K, (a,re'?)|*° dop < ¢ / _
e Ly T @
We write f(a) = re'®°. Then the right-hand side equals

2m d(b < 02 2m d9
€2 o Tl/2|eid —eido|1/2 = p1/2 [ eif — 1|12

Note that the integral on the right-hand side of the last inequality is finite. Also,
since |a| < 1 — €, there exists ro > 0 such that r > r¢ for every a € Dg. So

2m 2m
Z¢ 04/8 02 de
/0 | Ko, re™)[*F do < T(l)/z o e — 1172

Denoting this last expression by &, we get (6). (I

Lemma 2.6. Fiza € Do\ E. Put r = /1 —|a|?. For R < r we have

27
| Kuta, R do < M
0
where Kk is the constant in (6).

Proof. Since a lies outside E, A, is disjoint from I'f, so the restriction of K, to
A, extends continuously to A,. It is well known that the function

2m
R—>/ |K,.(a, Re'®)|*/® do
0
is monotonic on 0 < R < r and continuous on 0 < R < r. So (6) implies (7). O

Lemma 2.7. Fiz ag in E. Fix R < \/1 —|ao|?>. Then

2m
| Kutaren) do < )
0
where Kk is the constant in (6).

Proof. Choose a sequence {a,} converging to ag such that a, € Dy \ E for each
n. For n large, then, R < /1 — |a,|?. By Lemma 2.6,

27
/ |Ku(an, Re™)/8 dp < K, n>>1.
0

Also K, (an, Re?) — K, (ag, Re??) uniformly on 0 < ¢ < 27 as n — oo since K,
is continuous on int(B). By continuity, then, we get (8). O

Lemmas 2.6 and 2.7 say that for all ag € Dy, K, restricted to A,, lies in
HQ/S(AGO). Lemma 2.3 then yields that x4 = 0. Since this holds for each u ortho-
gonal to R(I'¢), we conclude that R(I'y) = C(I'y), and so Theorem 2 is proved. O
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Appendix: Geometric interpretation of the sets Xz

We shall show that the sets Xg lying in 0B can be seen as three-dimensional
analogues of the Swiss cheese E in C. We denote k-dimensional Hausdorff measure
by my.

The Swiss cheese E is constructed by removing a countable family of disjoint
open disks D; from a closed disk Dy. The following properties hold:

(i) 2252, m(0D;) < o0
(ii) mo(E) >0
(iii) The measure dz restricted to the union of the circles dD; (properly oriented)
is finite on E and is orthogonal to R(FE).
It follows immediately from (iii) that R(FE) # C(E).
Let us now start with a family of disks D; in C as above and let us replace
each D; by the open solid torus T; = {(z,w) € 0B|z € D;},j = 1,2,..., with
To = {(z,w) € O0B|z € Dy}. Set

E* =T\ U ;.
j=1

Then E* is a compact subset of OB with the following properties:
(i") 2252, m2(9T;) < o0
(ii") mg(E*) >0
(iii') The measure g = dz A dw restricted to the union of the boundaries 0Tj
(properly oriented) is finite on E* and is orthogonal to R(E*).

Properties (i’) and (ii’) follow immediately from Fubini’s Theorem and prop-
erties (i) and (ii) of the Swiss Cheese. As for (iii’), the finiteness of p = dz A dw
follows from assumption (i’) together with the following assertion.

Claim. Let M be a smooth two (real-) dimensional submanifold of C%, S a Borel
subset of M, and msy two-dimensional Hausdorff measure. Then

[1l[(S) < ma(S).
Here ||p|| denotes the total variation measure of .
Proof. Identify C? with R* using coordinates
z=x+ 1y, w=u+iv.

We may assume that near S, M is given parametrically, i.e., is the image of a
smooth map ® from a neighborhood of the origin in R? to M. Using coordinates
(¢,m) in R?, let Eq, Ey be the images of the tangent vectors 9/9¢ and d/dn under
the differential of @, so

El = (xfaygau§7v§)a E2 = (zn7y7]7u7771]?7)

as vectors in R*, where subscripts denote partial derivatives. It is standard that
the two-dimensional volume form on M is given by (the area of the parallelogram
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spanned by Fy, Es):

dV = \/det(g) d&dn

where g is the 2 X 2 matrix with entries g;; = E; - Ej, ¢,7 = 1,2 and - is the usual
inner product in R*. It is also well known that

s
On the other hand, writing dx = x¢d{ + x,dn, etc., we obtain
dz A\ dw = (dz + idy) A (du + idv) = (A +iB) d§ A dn

where

A = zeuy — Tyug — YeUy + Yy
and

B = 2y — TpUe + YUy — Ynle.
To establish the claim it suffices to show that

det(g) > A% + B~ (9)
A calculation gives
det(g) — (A2 + B2) = (Teyny — TpYe + vyue — U&”n)z

which establishes (9) and completes the proof of the claim. O

To prove the assertion of (iii’) that dz A dw is orthogonal to R(E*), we argue
as follows: fix a rational function f = P/Q, where P, Q are polynomials with @ # 0
on E*. The set {Q = 0} N Ty is contained in Uj=, 7 By Heine-Borel, there exists
an integer such that this set is contained in Jj_, T;. We put Q,, = To \ Uj_, Tj.
Then f is holomorphic on €,,. By Stokes’ Theorem applied to the form fdz A dw
on §2,,, we have

fdz ANdw = Of Ndz A dw.
CIo Q

The right-hand side of this equation vanishes, since f is analytic on a neighborhood
of Q. The left-hand side approaches [, f du as n — co. So [,. f du = 0. Thus
u is orthogonal to f. Since this holds for each f € Ry(E*), we have p orthogonal
to R(E*).

Finally, we remark that R(E*) # C(E*) clearly follows from (iii’).

It is clear that E* coincides with X g, by the definition of X in the Intro-
duction. For an arbitrary Swiss cheese E, X will not be rationally convex.

There is a substantial literature related to the approximation questions trea-
ted in this article. The references below list some of the relevant papers, as well as
those papers specifically cited in this article.
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Conformal Maps and Uniform Approximation
by Polyanalytic Functions

Joan Josep Carmona and Konstantin Yu. Fedorovskiy

Abstract. In this paper we study some properties of Carathéodory domains
and their conformal mappings onto the unit disk. Using these results we obtain
some new conditions for uniform approximability of functions by polyanalytic
polynomials and polyanalytic rational functions on compact subsets of the
complex plane.
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1. Introduction

In this paper we deal with some problems of uniform approximation by polyan-
alytic polynomials and polyanalytic rational functions on compact subsets of the
complex plane C.

Let U C C be an open set. Denote by Hol(U) the space of all holomorphic
functions in U. We recall that a function f is called polyanalytic of order n (or,
shorter, n-analytic) in U if it is of the form

f)=2""fuor(2) + -+ Z2f1(2) + fol2), (1.1)
where n € N and fo,..., fn—1 € Hol(U). Denote by Hol,,(U) the space of all n-
analytic functions in U. Notice, that Hol, (U) consists of all continuous functions
f on U such that 9" f =0in U in the distributional sense, where 0 is the standard
Cauchy-Riemann operator in C (i.e., d = 9/0z = $(9/0x +i0/0y)).

In what follows a polynomial and a rational function will mean a complex-
valued polynomial and a rational function in the complex variable z respectively.
By n-analytic polynomials and by n-analytic rational functions we mean the func-
tions of the form (1.1) where fo,..., fn—1 are polynomials and rational functions

The first author was partially supported by grants 2000SGR-00059, 2001SGR~00172 of General-
itat de Catalunya and BFM 2002-04072-C02-02 of Ministerio de Ciencia y Tecnologia.

The second author was partially supported by grants NSh-2040.2003.1 of the Program “Leading
Scientific Schools”, YSF 2001/2-16 Renewal of INTAS and 04-01-00720 of RFBR.
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respectively. Denote by P,, the set of all n-analytic polynomials. Also for a com-
pact set X C C we denote by R, (X) the set of all n-analytic rational functions
f such that the corresponding rational functions fy,..., f,—1 in (1.1) have their
poles outside X. Put P := P; and R(X) := Ry (X).

In the most general form the problem we are interested in can be formulated
as follows: given a compact set X C C, which conditions on X are necessary and
sufficient in order that each function which is continuous on X and n-analytic on
its interior can be uniformly on X approximated (with an arbitrary accuracy) by
n-analytic polynomials or by n-analytic rational functions with poles outside some
appropriately chosen compact setY 2 X7

The investigation of this problem was started in 1980-th (see [TW, Ca, Wa),
where some sufficient approximability conditions were obtained). In 1990-th sev-
eral results on approximability of functions by polyanalytic polynomials have been
obtained using the concepts of Nevanlinna and locally Nevanlinna domains which
were introduced in [Fel] and [CFP] and turned out to be fairly useful. The recent
progress in the themes under consideration is related with usage of some concepts
analogous to the concept of a Nevanlinna domain and a “reductive” approach (see
[BGP1, BGP2, Za]). The last approach allows us to conclude (under some suit-
able assumptions) that one approximability property takes place on a compact
set X whenever one has certain similar properties on some appropriately chosen
(and more simple) compact subsets of X. Some other bibliographical notes con-
cerning the matter may be found in [Fe2]. Our investigation of the problem under
consideration is based on studying of special properties of conformal mappings of
Carathéodory domains onto the unit disk and on some special results concerning
the structure of measures that are orthogonal to rational functions on certain type
of compact sets in C.

The paper is organized as follows. In Section 2 we explain some properties
of Carathéodory domains and obtain one useful generalization of Carathéodory
extension theorem (see Theorem 1 and Corollary 1). In Section 3 we study the
structure of measures being orthogonal to rational functions with poles outside
some kind of compact sets in C (see Theorem 2, Propositions 3 and 4). In Section 4
we obtain (see Theorems 3 and 4) new approximability conditions in the problem
under consideration for some special unions X of compact sets. These conditions
have a reductive nature and are substantially based on the concepts of a Nevanlinna
and locally Nevanlinna domains. In Theorem 5 we present one interesting rigidity
property of Nevanlinna domains.

We need to fix some notation. Denote by C the standard one-point com-
pactification of C, that is C = C U {oo}. Put D := {w € C : |w| < 1} and
T:={¢eC: |¢{ =1} We also denote by [a,b] the closed line segment, joining
two points a and b in C and by B(a, ) the open disk with center at a € C and radius
r > 0. For a set E we denote by E° its interior, by F its closure, by OF its bound-
ary and by G(FE) the set of all connected components of E°. By a continuum one
means a non-empty connected compact set in C and by a contour a closed Jordan
curve in C. For a contour I" we denote by D(I") the Jordan domain bounded by T".
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If X is a compact set, then X means the union of X and all bounded con-
nected components of its complementary. Usually, X is called the polynomial con-
vez hull of X, because X = {z € C : for each p € P one has |p(z)| < max Ip(z)|}.

xTE

We recall, that a compact set X is called a Carathéodory compact set if 0X = 0X.

As usual, H! (D) and H* (D) are the standard Hardy spaces in D. By Fatou’s
theorem for each f € H'(D) and for almost all £ € T there exists the angular
boundary value f(£) of f at £&. We denote by F(f) the set of all such points £ € T.
This set is called the Fatou set of f. In view of [Pol, Proposition 6.5] F(f) is a
Borel set. Also, for an open set U we denote by H>*(U) the set of all bounded
holomorphic functions in U.

2. Some properties of the Carathéodory domains

In what follows, if {2 is some bounded simply connected domain in C, then we will
always assume that ¢ is a fixed conformal mapping from D onto £ and % is its
inverse.

Let Q be a bounded simply connected domain. We start with the following
question which have appeared naturally in the theory of conformal mappings and
which will be one of the central points in the further consideration: what it is
possible to say about extension of ¢ onto D and about extension of | onto Q7

The well-known Carathéodory extension theorem [Pol, Theorem 2.6] gives
an answer to both questions in the case of Jordan domains: ¢ can be extended to
a homeomorphism of D onto Q if and only if Q is a Jordan domain. If we only
ask about continuous (not necessary homeomorphic) extension of ¢ the answer
is given by [Pol, Theorem 2.1] that says: ¢ has a continuous extension to D if
and only if O is locally connected. We always will keep the notation ¢ for the
extension to I if it exists.

In the general case, the Carathéodory prime end theorem [Pol, pag. 18]
guarantee the existence of the extension of ¢ to a homeomorphism of I onto the
union of 2 and the space of prime ends of Q (see [Pol, pag. 30]), but this union
differs from Q in any admissible geometrical and/or topological sense.

Put

92 :={p(&) : € Fp)}.

This set is called an accessible part of 9. By [Pol, Propositions 2.14 and 2.17]
0, is the set of all points in 92 which are accessible from 2 by some curve and
therefore, 9,82 depends only on €2, but not on the choice of p. Mazurkiewich [Ma,
Theorem 2] proved the following result: let E be a compact subset of C and let
E, be the set of all points of £ which are accessible from C\ E by some curve;
then E, is a Borel set. Applying this result to the set £ = C \ 2 and taking into
account that 9,02 = (C\ Q), we conclude that 9, is a Borel set.

Recall, that a bounded domain € is called a Carathéodory domain if 0Q2 =
09, where ., is the unbounded connected component of the set C \ Q. In
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particular, each Carathéodory domain () is simply connected and possesses the

property = (Q)°.
Proposition 1. Let Q be a Carathéodory domain and ¢ € 0,2. Then there exists a
unique point t = t(() € F(p) C T such that ¢ = ¢(t(()).

Proof. Take a point ¢ € 9,€2. There exists at least one point ¢t € F(p) such that
©(t) = (. Assume that there exist t1,f2 € F(p), t1 # ta but ¢(t1) = ¢(t2) = (.
Let ¢; = [0,¢;], 7 = 1,2. Then v = (¢ U ¥¢2) is a contour in Q U {¢}. The
continuum ¢; U f5 separates D onto two open circular sectors A; and Ay (i.e.,
A1 UAs =D\ (€1 ULy)). Since v is a contour in QU {(}, then one of these sectors,
says A1, possesses the property (A1) C D(%).

The existence of radial limits of ¢ almost everywhere on the nondegenerate
arc A; N'T, implies that D(7) N O # @. Therefore, there exists at least one point
¢" € D(v) NoN. Since  is the Carathéodory domain, then ¢’ € D(v) N9Ns. One
has that there exists at least one point z’ € D(y) N Q. Since Qs is connected,
then it is possible to find an infinite polygonal line £, C Qo which goes from 2’
to oco. It follows from the Jordan curve theorem, that o, N~y # @. But this is a
contradiction because v C QU {(}. Hence t; = t2 = t((). O

Let Q be a Carathéodory domain in C and assume that ¢ has the following
normalization: p(0) = zp € 2 and ¢'(0) > 0.

Fix a sequence of a rectifiable contours {I',,}2°_; such that Q c D(T,,) C
D(T),—1) so that T, tends to 9 as m — oo. The existence of such sequence
is proving by consideration of a fixed conformal map h from D onto ., with
h(0) = oo and setting T, := h({t : |t| = 1 — ﬁ}) Take a sequence of
the conformal maps {p,,}2°_; from D onto D(T';,) such that ¢,,,(0) = 2o and
©r.(0) > 0. Since each D(T',,) is a Jordan domain, then each ¢, can be extended to
a homeomorphism of D onto D(T',,,) (which we also denote by ¢,,). The following
convergence properties of {¢.,}mn are consequences of the Carathéodory kernel
theorem (see [Go, Chapter II, Section 5, Theorem 1]):

©m = @ on compact subsets of D as m — oo,
ot = ot on compact subsets of Q as m — oco.

For each ¢ € 9, the point ¢(¢) that appears in Proposition 1 will be denoted
by ©™(Q).
Theorem 1. Let Q be a Carathéodory domain and {Ty, }m and {@om}m be as above.
(1) For each ¢ € 9,9 one has p,;,}(¢) — ¢~ 1(¢) as m — .

(2) For each bounded connected component G of C\ Q one has |p;}(z)| — 1
uniformly on G.

Proof. Let us prove the assertion (1). Take a point {y € 9,9 and put tg = t(¢p) =
0 (¢o). Denote by ¢ the radius [0,#o] and put L = ¢(£). Then L is a Jordan arc
which goes, in €2, from 2y to (p.
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For each m we consider a point (,, € I';,, which is a nearest point to (y. For
each m > 1 we put L, := LU [(o,(m] and £y, == @, (Lin). Put t,, = ¢.1(Cn)
and note, that each £, = ¢, (L) U ¢;;} ([0, (m]) is the union of two consecutive
Jordan arcs in D U {t,,}. It is clear, that the sequence {/,,}, accumulates to a
subset A of I. It means that A is the set of all points w € D such that there exists
a sequence {wp,, }; with the following properties: wy,; € £, and wy,, — w as
j — oo.

The set A possesses some special properties. Namely, one has:

(i) A is a continuum. Since A is a compact set let us prove that A is connected.
Indeed, otherwise would exist two open sets U; and Us such that A C Uy U Us,
UinNU; =@, ANU; # @ for j = 1,2 and suppose 0 € U;. Consider the first point
Wy € £y such that w,, € Uy \ Uy (such point w,, exists because £,, is the union
of two Jordan arcs and ¢, ¢ Uy for big enough m). If w is an accumulation point
of {wy,}m, then w € U; \ Uy and w ¢ Uy because U3 N Uy = @, but w € A and
this is a contradiction.

(ii) A € ¢UT. This is consequence of the following arguments. If there exists
weA w¢g LUT, then we can find 2,,; € L,,; and € > 0, such that
B(w,e)N(fUT) =0, w,:= go;ni(zmj) € B(w,e) and w= lim w;.

j—oo
Since ¢p,; — ¢ uniformly on B(w,¢e) as j — oo, one has

lim zp,, = lm @, (w;) = lim p(w;) = e(w).
j—oo j—o0 j—oo

This means that ¢(w) belongs to the closure of LU (U] [0, ¢;]), but this is impos-

sible since p(w) € Q\ L.

(iii) ¢ C A. Really, for each € > 0, we consider the segment ¢, = [0, (1 —¢)to]. Since

ol = 7! uniformly on ¢(£.), then one has . C A for each € > 0. Therefore
¢ C A

(iv) The set ANT is connected. Indeed, otherwise, ANT = E; U Ey, where Fy C T
and Fy C T are nonempty, closed and disjoint. Assume that tq € FEj. Then,
A = ({U E;) U E5 and hence A is not connected, which gives a contradiction.
Therefore, A = ¢ U o, where « is some closed subarc of T.

In order to prove (1) we need to show that A = £. If A # £, then a # {¢o}.
Let w!, € £, be a nearest point to to and let ¢/, be the subcontinuum ¢, (L))
where L] is [pm (W),), Cm] if om(w),) ¢ L and LI, U [(o, (] otherwise, where LI,
is the subarc of L that joints ¢, (w.,) with (.

We claim that ¢, (w!,) — {p. If this would be not true, then there exists
some partial sequence {wy, }; such that z;, = ¢, (wy, ) — 2" # (. Since
z! , €Lm, = LU [C0, Cm;] and G, — Co as j — oo, then 2" € L\ {(o}. Since

m
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tp;ﬁ. = ¢~ in Q, then one has
to= lim w), = lim ¢, (2}, )= lim p ' (z/, ) =¢ (') €D,
j—o0 J j—00 J 3J j—o0 J

but this is a contradiction. Since ¢, (¢,,,) is a subcontinuum of L,, and its extremes
converge to (o we obtain, that

diam (¢, (£,,)) — 0 as m — oo.
By [Pol, Corollary 1.4] we have, that

sup(1 — |2[*)|e;,(2)] < A < o0

2€D
for all m, where A is an absolute constant. Notice that ¢, is either a Jordan arc
or the union of two consecutive Jordan arcs. Then, by [Po2, Theorem 9.2] applied
to £, or to each of the arcs that form ¢/, we conclude, that

diam (¢, ) — 0 as m — oo 2.1
() ; (2.1)

which means, that ¢,, — to as m — oo and hence, a = {to}.
Finally, taking into account (2.1), we have

dim ¢ (Go) = lim @t (Gn) =to = 7 (o),

which ends the proof of (1).

We are going to prove the assertion (2). Let G be a bounded connected
component of C \ Q. Assume that |¢;.!| does not converge uniformly to 1 on G.
Thi_s1 implies the exist_elnce of a sequence {2} in G and a sglisequence {@;@}C}k of
{w}, " }r such that [, (2)] < r < 1 for all k. Let wy := ¢, (2x). Considering a
subsequence of {wy, }, if it is necessary we may assume that wy, — wo, |wg| < r < 1.
Since ¢y, converge uniformly on the compact set (Jp- o{wx} we obtain

o(wo) = lim @, (wy) € G.
k—o0
But p(wp) € Q and GNQ = and we arrive to a contradiction. O

Remind, that ¢ is the inverse mapping for ¢. Proposition 1 and Theorem 1
allow us to state the following corollary which will be frequently and implicitly
used later.

Corollary 1. Let Q be a Carathéodory domain. Then ¢ and i can be extended to
Borel measurable functions (denoted also by ¢ and ) on DU F(p) and QU 9,82
respectively and such that

Wp(€) =€ forall &€ F(yp) )
e(W(C)) =¢ forall (€. :

Indeed, the function ¢ is a Borel function on D U F(¢) because of [Po2,
pag. 331] and ® is a Borel function on QU 9, in view of Theorem 1(1).
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Example 1. Let us give an example of a Carathéodory domain {2 such that 992 =
0,8 and € is not a Jordan domain.

Q:=D)\ U{z (2n+1)"" <Rez < (2n)”', Imz > 0}.
n=1

Let f be some conformal mapping from D onto 2. Observe that there exists a
point ¢ € T such that [0, = C(f,§) (where C(g, a) means the total cluster set of
a function g at a point a), and for each ¢ € [0, ] there exists some point ¢ € T such
that ¢ = f(t). So it is clear that 9Q = 9,0 and that € is not a Jordan domain.

Example 1 shows how Theorem 1 generalize the Carathéodory extension theo-
rem for the sufficiently wide class of non Jordan domains. Notice, that if 9Q = 9,1,
then ¢ 1(¢) — ¢ 1(¢) for all ¢ € 9N and therefore, ¢! extends to the function
belonging to the first Baire class in 2. It is worth to compare this fact with [Go,
Chapter II, Section 3, Theorem 1].

The Carathéodory domain possesses the following property, which seems
fairly interesting and useful.

Proposition 2. Let 2 be a Carathéodory domain in C and let G be a bounded
connected component of C\ Q). Then the set 0,Q2NOG consists of at most 1 point.

Proof. Assume the opposite, which means, that there exists at least two different
points, says (1 and (2 in 9,22NJG. Then there exist two different points t; and to
in F(p) C T such that {5 = ¢(ts) for s = 1,2. Denote by ¢; and ¢ the radii [0, ¢1]
and [0, t2] respectively and put Ly = ¢(¢s) for s = 1,2. Set By(r) := B((s, ) for
any r > 0 and for s = 1, 2.

Take some ¢ > 0 such that B;1(d) N B2(§) = @. Denote by () for s = 1,2
the first intersection point of Ly with B,(d) and by Ls(d) the subarc of L from
zo to ¥(9). Let A(6) C G be some polygonal line in G that connects By (d) with
Bs(9) and such that A(d) N B,(6) = {¥*(9)} for s =1, 2.

Denote by M (§) the continuum L;(6)U Lo (6)UB1(6)U B2 (6)UA(S). Tt follows
from the Jordan curve theorem, that C\ M (4) has only two connected components,
says U(d) the bounded one. Indeed, U(d) is the bounded connected component of
the complementary of the Jordan curve which is the union of Ls(d) (for s = 1,2),
A(9) and appropriately chosen subarcs of 0Bg, joining the points (¥(6) and (*(J)
for s = 1,2 respectively.

The continuum ¢; U ¢5 separates D onto two open sectors. The image by ¢
of one of them cuts U(§). Therefore, there exists ( € 02 NU(J) and r > 0 such
that B((,r) C U(9). Since 2 is a Carathéodory domain, it is possible to find some
point z € B((, )N . Then, there exists an infinite polygonal line IT C 4, joints
the point z with co. Since II is connected, then IT N M (§) C By (6) U Bz(9).

Now let us choose §; < 6 such that By(d1)NII = & for s = 1,2 and repeat the
construction of M(-) and U(-) using d; instead of §. Observe, that z € B({,r) C
U(61). Therefore we reach to a contradiction, because II N M (1) # @, which is
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possible only if ITTN (B1(d1) U B2(61)) # @. But 1IN (B1(d1) U B2(d1)) = @ by the
election of 4. O

Example 2. It is worth to note, that there exists a Carathéodory domain (2 having
a bounded component G of C\ € such that 9,22 N IG consists only of one point.
Indeed, if

n

oo
lez(U{z: Tl_s_l<Rez<%, MImz| <m—21 )
n=1

U{z: Imz| <Rez, 0<Rez< 3},
then the desired example may be obtained as 2 := exp 2 and G = D.

Corollary 2. If Q be a Carathéodory domain in C with 0Q = 0,9, then C\ Q is
connected.

3. Structure of measures orthogonal to rational functions

Let X C C be a compact set. Denote by C(X) the space of all complex-valued
continuous functions on X endowed with the uniform norm ||f||x = max [f(2)].
zE

Put A(X) = C(X) NHol(X?). Define P(X) and R(X) to be the closures in C(X)
of the subspaces {p|x : p € P} and {g/x : g € R(X)} respectively.

In what follows, a measure means a finite complex-valued Borel measure
on C. By Supp (1) one denotes the support of the measure p, and by |u| — the
corresponding variational measure. If u is a measure and E is a Borel set then
p g means the restriction of u to the set E, i.e., ug(E1) = u(E N E;) for each
Borel set Ey. The notation p < v (respectively, p L ) means, as usual, that the
measure (4 is absolutely continuous with respect to v (respectively, that p and v
are mutually singular).

If 11 is some measure on X, then one says that u is orthogonal to some subclass
V C C(X) if [ fdu =0 for each f € V and writes this fact as pp L V.

For a rectifiable contour or arc vy one writes d(), or d( if it is clear from the
context what v we deal with, for the measure on - which acts (as a functional in
the space C(7)) by the formula d¢,(f) = fv f(¢)d¢. In the case when « is some
subarc of T we use the complex parameters £ or ¢ (instead of ). We denote by dA
the planar Lebesgue measure in C.

Let 2 be a Carathéodory domain. Take a function u € L(T) so that 7 := u d¢
is a measure on T. Define the measure ¢(7) on 9 by the formula

P(7)(E) == (Y (E N 0af))
for every Borel set E C 0f) or, equivalently,

/ 9(C) dp()(C) = /F (e de = /T o) de  (3.1)

for every g € C(Q).
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In the sequel w will denote the measure w := p(d¢). In fact, w is a measure
on 9,9 and has no atoms. Furthermore, it follows from (2.2) and (3.1), that

p(udé) = (uoy)w. (3.2)

Let U be a bounded not empty open set, £ C OU be a Borel set and z € U be
a point. Then, as usual, w(z, E,U) denotes the harmonic measure of E evaluated
with respect to U and z. Remind, that w(zy,-,U) < w(z2,-,U) for all 21, zo that
belong to the same connected component of U.

Observe, that w(p(0),-, Q) = ¢(|d¢|/(27)). Using the definitions of w(z, -, )
and w(-) and the fact that |[d{(E)| > ¢(0)|d€|(E) for each Borel set E C T such
that diam (F) < §, where ¢(d) — 1 as § — 0, it is possible to show, that

w(p(0),-,9) = [w(-)|/(2m).

E. Bishop had provided in [Bil, Bi2] a fruitful investigation of the structure of
certain measures orthogonal to rational functions on Carathéodory compact sets.
The following results are essentially (but only implicitly) stated in [Bil, Bi2].

Theorem 2.

(1) Let Q be a Carathéodory domain in C and p be a measure on 9 such that
p L R(Q). Then there exists a function h € H(D) such that

pw=(hot)w. (3.3)

(2) Let X be a Carathéodory compact set in C such that X° # @& and p be the
measure on 0X such that p L R(X). Then

p= > pa, (3.4)

QEG(X)

where po = pjpq L R(Q) and the series converges in norm in the space of
measures on 0X.

The proof of Theorem 2 may be obtained, passing throughout both papers
[Bil, Bi2] which are based on studies of the concept of an analytic differential
that represents a measure. We recall, that an analytic differential in a domain 2
is the differential form g(z) dz where g € Hol(Q2). The analytic differential g(z) dz
represents the measure p on 9 if the sequence of measures {g(¢) d(,, };, where
{v;}; is some sequence of rectifiable contours such that D(v;) C D(y;+1) C © and
D(v;) 1 Q as j — oo, converges in the weak-star topology of the space of measures
on Q to u. Observe, that the analytic differential g(z)dz in € is defined even in
the case when 0fQ is not rectifiable. We consider that it is interesting to present a
direct, and free from the concept of analytic differentials, proof of Theorem 2.

The Cauchy transform of a measure p is the function defined as

oy 1 [du(d)
M(Z)—% (-2
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for dA-almost all z € C. Tt is well known, that iz is holomorphic off Supp (1) and
Op = £p in the distributional sense.

Proof of Theorem 2. Let us denote by 2;, where j € J and J is some finite or
countable set of indexes, all elements of the set &(X). It is clear, that each Q;
with j € J, is a Carathéodory domain.

Step 1. There exists a Carathéodory continuum Y such that X CY and X° =Y°.

Proof. In order to prove this assertion we consider for each integer £k > 1 the
family Dy, of the dyadic squares of the generation k, i.e.,
De={o= [505) « [ ) s a2}

Define the subfamily Dy (X) that consists of all squares @@ € Dy, such that XNQ #
g, put Fj = UQEBk(X) Q and suppose Fj1,...,Fy . to be the closures of the
polynomial hulls of the connected components of Fj. In such a case one has that
X CFPU---UFY, . Foreach k and j =1,...,7r, we choose a point zy ; € OFf ;.
Set Fy} = U;k:1 F} ;. Denote by Iy ; the set of indexes s = 1,...,r; such that
Fk+1,s C Fk’j and set Fl:—i—l,j = USEIkJFLj Fk+1,s-

In what follows by a tree we mean a connected polygonal line T such that
C\ T is connected.

Let us construct a sequence of trees {Tj}r with Tp—; C T} by induction.
Take a point z ¢ X and choose a tree T7 such that 77 connects z with all points
z1,, J =1,...,r1 and such that the set C\ (Fl* U T1) is connected. Suppose now
that the trees T71,...,T; are already constructed. Let us show how to construct
the tree Tjy41. Since Fy ; for j = 1,...,r, contains a finite number of {Fy41,}
(where s = 1,...,7r,41), then we can choose a new tree T k+1,; that connects
zk,; with all zpy1 s for s € Ixqq,; such that the domain Gy := C\ (Tk U Yk),
where Y;, = U;’;l (Flj-s-l,j U Tk,k+1,5) is simply connected. Now we put Tji1 =
T U (U Thokr1,5)-

Finally we take T = |-, T and let Y = XUT. Then Y is a compact set such
that X° = Y°. Since all Gy, are simply connected domains and C\'Y = {J, Gk,

then Y is connected and finally, Y is a Carathéodory compact set because of
Y =0X UT. O

Step 2. If Q € 6(X) and ® is some conformal mapping D onto §, then hg =
(fio®)®" € HY(D).

Proof. By Step 1 we construct the Carathéodory connected compact set Y such
that X C Y and X° = Y°. Take a point zg € € and consider the sequence
{Tm}2_; of rectifiable contours such that Y ¢ D(T'y,) € D(I'y—1) and D(T'y,)
converges to Y as m — oo. Therefore, the kernel of the sequence {D(T';,)}, with
respect to the point zq is exactly 2. From this moment the proof of the present step
may be obtained by the word-to-word repetition of the proof of [CFP, Lemma 2.3]
with the clear replacements in notations. O
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For each j € J we put h;j := hq, and define the measure p; by setting
wi = @;(h;d§) = (hj o) w;, where ¢; is some conformal mapping from D onto
5, ; is the inverse map for ¢; and w; = ¢;(d§) (see (3.2)).

Step 3.
(1) fj(2) = f(z) for all z € Qy;
(ii) 7;(2) =0 for all z ¢ Q; (which means that p; L R(Q;)).
Proof. Take a point z ¢ 0€;. Then
P L/ h;(¥5(Q)) dw; () L/ h;(§) d€
a9, T

ii(z) = 5 (—2 = om

pi(€) =z
If z ¢ Qj, then the function h;(w)/(¢;(w) — 2) is a bounded analytic function in

D, so that
[ _,
T (§) — 2 ’
which gives (ii).
If z € Q;, then there exists wy € D such that z = ¢, (wp) and the function

w — Wy

) o) U7
H(w) — ;i (w
H(w,wo) =4 0 7
_ w=w
) (wo) ’
is a bounded analytic function in ID. Therefore,

1 h;(&)d 1 hi(&) H(& wp)d hi(w
- ](5) € _ _/ ](6) (6 0) € _ h](wo) H(w(),?l)o) _ 3( 0)
qur ©;(§) — pj(wo) QWZT §—wo @ (wo)
It gives, that for z € Q; we have

- hj(wo) — Blpj(wo))ef(wo) -
iy (z) = Lale0) _ HETODE ) _ s ) = (o) 0

- @(wo) @’ (wo)

The assertion (1) is the consequence of the following arguments. In such a
case X = Q and the set of connected components of X° consists of only one domain
0y :=Q (and J = {1}). It follows from Step 3, that fi(z) = fi1(z) for all z ¢ 9Q,
consequently p — p1 L R(9Q). By Mergelyan’s theorem (see [Me, Theorem 4.4])
one has R(02) = C(09) if Q is a Carathéodory domain, then y = p; which is
exactly our assertion in (1).

Let us go to prove the assertion (2). Let I C J be some finite set of indexes.
Put

W[ = Uj€l Qj.

The following assertion is the consequence of [Bi2, Lemma 7] and Runge’s theorem.

Step 4. There exists a sequence of functions { fr}32, C R(X) such that || fx||x <1,
fx = 1 on compact subsets of Wi and fi, = 0 on compact subsets of X°\ Wr.
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Therefore, for the sequence of measures { fru}??, on 0X we have || fru| <
|lz2||. Hence, this sequence has a limit point p; in the weak-star topology (of the
space of measures on 9X). Since p L R(X) and fi € R(X), then py L R(X).

Step 5.

(i) p1(2) = p(z) for all z € Wy;

(ii) fr(2) =0 for all z € X°\ Wy.
Proof. Considering if it is necessary some subsequence (for which we preserve the
initial notation) of the sequence {fru}r we can say that the sequence {fru}

converges to pr in the weak-star topology of the space of measures on 0.X. Let
z ¢ 0X. The desired assertion is the consequence of the following computation:

2a(z) = klinio(ﬁ/ (fr(¢) —ka(j))du(C) N f;(é) féﬂ((ﬁ) = ) Jim fil).
O

It follows from Steps 3 and 5, that fir(z) = _;c; 11j(2) for all z ¢ X and
using the fact that R(0X) = C(0X) (as in the proof of (1)) we conclude that

Hr = Zﬂj~ (3'5)
jEI
Step 6 (see [Bi2, Lemma 10]). w; L wy for j # k.

Taking into account (3.5), Step 6 and the fact that p; = (hj o ¥;) w; K w;
we conclude, that p; L py for j, k € J, j # k. Hence we have

> sl = ||
jerl jerl

which means that >, ; [lj]| < oo. Then, the series 3, ; pu; converges in the
space of measures on 0X to some measure o. It is clear, that o L R(X). For each
j € J we have ¢(z) = [ij(z) for all z € Q; and applying the result of Step 3 we
conclude that 7(z) = fi(z) on X. Then, o = p.

Take k € J. Since p; L py for j € J\ {k}, then for each Borel set E C X

we have

o, (B) = p(ENOQ) = 1 (EN0Q) = uk(ENOY) = e (E). O
jeJ

= [lperll < [l

Moreover, it is possible to find out in [Bi2] the following facts, concerning the
objects that were introduced in the proof of Theorem 2. These facts do not needed
for the proof of Theorem 2 but seems to be fairly interesting and important.

Remark 1. One has

3 / A0 d¢ < Cllul,

jeJ @;(rT)
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for each r € (0,1) and
> Il @) < Cliul:
jeJ

where C' > 0 is some absolute constant.

Next we obtain two propositions concerning the structure of all measures
that are orthogonal to rational functions and which are supported on some special
compacts sets.

In [CFP, Lemma 4.1] it was shown, that if 2 is a Jordan domain with rectifi-
able boundary and p is a measure with Supp (1) C €2, then the measure p+ 1 d¢jaq
is orthogonal to P. In view of the term 71 d( ¢ it is not clear how to generalize this
fact to domains with non rectifiable boundaries. The following proposition gives
an appropriate generalization of [CFP, Lemma 4.1].

Proposition 3. Let Q) be a Carathéodory domain in C.
(1) Take a measure p with Supp (1) C Q and put v = o~ (u). Then the measure
pr=p+ @o)w
is orthogonal to A(Q).

(2) Let K C Q be some compact set and o be a measure on K U O such that
o L R(Q). Then there exists a function h € H(D) such that

0= (o) + (hoy)w

Proof. (1) Put M := Supp (v). Since ¥ is analytic outside M, then ¥ d¢ is a measure
on T and 7 := ¢(V d€) is a measure on 9. Take g € A(Q2), so that gop € H(D).
Using Fubini and Cauchy theorems and the definition of 7 we have:

/gdn=/Tg(<P( §)dé = / [27”/ w(g))gdg} v(w) =

- [ stet) avw) =~ [ gan

sothat [ g()du'(:) = [ gdut:) + [ 9(©)nc) =0,
In order to prove (2) we need to observe that o — (0|x)* is a measure on 9

orthogonal to R(£2). Then we can apply (3.3) which gives the desired result. O

Corollary 3. Let Y be a Carathéodory compact set, Y° # & and K C Y° be a
compact set. Then for every measure u on K U0Y such that p L R(Y) one has:

Z MO,

Qe6(Y)

where po = g L R(QQ) and the series converges in norm in the space of measures
onY.
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Proof. Since K C Y°, then the set S := {Q € S(Y) such that K N Q # &}
is finite. Hence, applying Theorem 2(2) to the measure n — > s, (HKnQ)* We
obtain the desired result. O

In order to formulate the next proposition we need the following topological
definition:

Definition 1. Let U be a bounded open set in C and let v C U be a closed Jordan
arc. One says, that v is a gate for U if there exists an open connected set V' such
that V' \ v = V4 U Vh, where V4 and V4 are non empty open connected sets such
that Vi C U and Vo C C\ U.

Using the concept of a free arc (see [Po3]) we can say, that v is a gate for a
domain  if and only if 7 is a free arc for 2 and for C\ Q. If 2 is a Jordan domain,
then any closed subarc v C 92 is a gate for .

Proposition 4. Let U be a bounded not empty open set in C and p be a measure,
such that Supp (u) C U and p L R(U).

(1) If there exists a gate y for U, then p, < w(z,-,U)}, for any point z € U.
(2) If v is a rectifiable gate for U, then p, < d¢j.

Proof. Let z € U be an arbitrary point. Take a conformal mapping ® from D onto
C \ v with ®(0) = oo. Since 7 is rectifiable, then ® has a continuous extension
(denoted also by ®) on D and this extension can be chosen such that ®(A\*) = v,
where \* = {{ € T: Imé z O}. Let ¥ denotes the inverse mapping for ¢ on

C\ 7. Since v is a gate for U, then the function Uy has a continuous extension
Wy on U U~.

Take a Borel set E' C v such that w(z, E,U) = 0 in the case (1), and |d¢|(E) =
0 in the case (2), and take a compact subset Y of E. We need to prove that
w(Y)=0.

One has that there exist two compact sets, says Y= C T, such that Y+ C A*
and ®(Y*) =Y. Without loss of generality we suppose that ¥o(Y) = Y.

Let us show that |[d¢|(YF) = 0. In the case (2) + is rectifiable and the desired
property of Y+ follows from [Po2, Theorem 10.11]. In the case (1) let us assume
that |d€](Y ™) > 0. Then there exists a compact set Y1 C Y+ such that |d¢|(Y7) > 0
and such that Y7 C 0G, where G C D is a domain whose boundary is the union
of an arc of T and some circle orthogonal to this arc and such that G C Uy(U).
Therefore,

0=w(z,Y,U)>w(z,2(1),U) = w(¥o(2), Y1, Vo(U)) > w(¥o(z),Y1,G) > 0.

This contradiction shows that |d¢|(Y ) = 0 in both cases under consideration.
Then, by [Ga, pag. 59], Y is a peak set for the algebra P(D). Then there

exists a function f € P(D) such that

flw) =1, asw € YT

If(w) <1, aswgYT. (3.6)
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Denote by W the union of all bounded connected components of C\ U except
the component V' such that v C 9V and consider the function
| fo¥yg on U,
§= fo¥y onW.
Since ¥y € C(U) and ¥y is holomorphic in neighborhood of W, then g € A(F),
where F' = U UW. It follows from Mergelyan’s theorem (see [Me, Theorem 4.4])

that A(F') = R(F) C R(U). Then g € R(U). It follows from (3.6), that

g(z)=1, asze€eY;
lg(2)| <1, asz¢Y.

Applying the Lebesgue domina‘@d convergence theorem to the sequence {g"(-)}
and taking into account u L R(U) we obtain:
0=t [g"C)dutz) = [ du() = (v

m—00 Y

So, for all compact sets Y C E one has u(Y) = 0. This means, that [u|(E) =0. O

4. Approximation by polyanalytic functions

Let X C C be a compact set in C and n € N. Put A,,(X) = C(X)NHol,(X°) and
define the spaces P, (X) and R,,(X,Y") (where Y O X is some compact set in C)
as the closures in C(X) of the subspaces {p|x : p € Pn} and {g;x : g € R (Y)}
respectively. One has P,,(X) C A, (X).

We recall the concept of a Nevanlinna domain, that has been introduced in
[Fel, CFP], which is a useful tool for the study of uniform polyanalytic polynomial
approximation.

Definition 2. Let Q2 be a bounded simply connected domain in C. One says that
Q) is a Nevanlinna domain if there exist u,v € H*®(Q), v # 0 such that

F(Q) = u(Q)/v(¢) =¢ (4.1)
on 0f) almost everywhere in the sense of conformal mapping. This means that the
following equality of angular boundary values

p(§) = (Fop)(§) = (uep)(§)/(vop)(§)
holds for almost all points & € T, where ¢ is some conformal mapping from
D onto €.
Respectively, one says that € is a locally Nevanlinna domain if there exist a
compact set ¥ C Q and u,v € H*(Q2\ ¥) such that the equality (4.1) holds on 9
almost everywhere in the sense of conformal mapping.

We denote by N and Nj,. the sets of all Nevanlinna and locally Nevanlinna
domains respectively. If € is a locally Nevanlinna domain, then there are many
different possibilities to define the desired compact set ¥.. We will write Q(F,X)
in order to show which F and ¥ we are deal with.
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The following proposition is the direct consequence of the boundary unique-
ness theorem of Luzin-Privalov [Pr, Chapter 4, Section 2.5]:

Proposition 5. If Q € Nioe, 2 = Q(F1,21) and Q = Q(Fa,X2), then F1 = Fo in
Q\ 5 U,

It is always possible to assume, that 3 is minimal, which means that the
function F cannot be meromorphically continued from Q\ ¥ to Q \ ¥; for any
proper compact subset 31 of . The election of a such minimal ¥ is also not
unique, and we always need to find some appropriate ¥ in order to apply the
forthcoming results.

Remark 2. If © is Jordan domain with rectifiable boundary, then (4.1) holds d(¢-
almost everywhere on 99 (see [Go, Chapter 10, Section 5]).

Moreover, if 2 € Nj,. and if there exists a rectifiable gate v for €2, then the
functions u and v which are taken from Definition 2 have angular boundary values
u(¢) and v(¢) for almost all ¢ € v and (4.1) holds d(|,-almost everywhere on .

Let Y be a Carathéodory compact set in C and K C Y be a compact set.
Put X := K UJY and take some integer n > 2. In this section we establish some
conditions in order that R, (X,Y) = A,(X) and P,(X) = A,(X). We remaind,
that in [CFP] the following situations have been considered:
(1) if  is a Carathéodory domain, Y = Q and K = @, then Rp(9€, Q) = C(99)
if and only if Q ¢ N (see [CFP, Theorem 2.2(1)]);

(2) if K =Y, then P,(Y) = A,(Y) if and only if each bounded connected
component of C\'Y is not a Nevanlinna domain (see [CFP, Theorem 2.2(2)]).

The first main result in this section gives a useful generalization of [CFP,
Theorem 4.3].

Theorem 3. Let Y be a Carathéodory compact set in C, Y° # @ and K CY° be a
compact set. Put Kq 1= KNQ for eachQ € 6(Y); 6 :={Q e S(Y): Kq # }.

If P, (K) = Ap(K) for some integer n > 2, Q ¢ N for each Q € &(Y), and
for each Q2 € S one of the following assumptions:

(1) Q2 ¢ Nioc;

(2) Q@ = QF,2) € Nige and F cannot be meromorphically continued from Q \
YUKq tOQ\KQ;

holds, then for X := K U9Y one has A, (X) =R, (X,Y).

If, moreover, each bounded connected component of C\'Y is not a Nevanlinna
domain, then A, (X) =P, (X).

Define the function 3 as 3(z) := z. The proof of Theorem 3 is essentially based
on the following lemma.
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Lemma 1. Let Q be a Carathéodory domain and K C ) be a compact set. Assume
that there exists a measure o on K U0 such that 0jpq # 0 and o L Ry(2). Then

there exist some compact set $, K C ¥ C Q and @,0 € H®(Q\ X), & ) # 0, such
that Q = Q(F, %) € Nioe, where F = /T and such that @, v € Hol(Q \ K).
Proof. For s = 0,1 we define 0 := 3°0, s := 04 g and vs := 9(us). Since o, L
R(Q) for s = 0, 1, then, by Proposition 3, there exist two functions hg, h; € H' (D)
such that
oo =po+ (Too+hoo)w, o=+ (Pro+hio)w
and in view of the relation o; = 30(¢ we have
3o +hyop)w= 1o+ hod)w
Since ogjpq # 0, then Uy + ho Z 0 in D'\ WI?) and therefore
—— (&) +hi(€
70(§) + ho(§)

for almost all ¢ € T. Since ho,hy € HY(D) C N(D) (the Nevanlinna class) and
(according to [Pr, Chapter 2, Section 2.1]) each function in the Nevanlinna class
is the ratio of two functions in H*° (D)), then it is clear that there exist uj,v; €

Hol(D\ w/(l?)), u1, v are bounded outside a neighborhood of w/(l?) and such that
n(w) +h(w) _ ui(w)
7o(w) + how)  or(w)
for all w e D\ w/(l?) Observe, that go(m) = K. These facts allow us to define
the functions @, ¥ and F in Q\ K by the formulas 4(z) := u1 (¢(2)), 9(z) := v1(¢(2))
and JF := u/v respectively. O

Proof of Theorem 3. At the beginning we prove the equality A, (X) = R, (X,Y).
Proceeding by contradiction, assume that R, (X,Y) # A, (X). Then there exists
a measure o Z 0 on X such that o L R,(X,Y) but ¢ £ A, (X).

Since 0 L R, (Y), then 0,Zc L R(Y). By Corollary 3 one has

E o and Zo = g 01,0,

Qes(Y) Qes(Y)
where 0 = o5 L R(Q), 010 = (Zo)g L R(Q) for every Q € G(Y). Since ogq is
the restriction of o to Q and 0, g is the restriction of Zo to Q, then 1,0 = Z0Q

and therefore, o 1 Ro(Q) for every Q € &(Y).

Since K C Y°, then the set S is finite. Take Q € S(Y)\ &k so that Q ¢ N.
We have oq is a measure on 0f) which gives (in view of [CFP, Theorem 2.2(1)]
and the properties o 1 R2(Q) and © ¢ N) that oq = 0.

Therefore,
o= Z oq = Z Tiq

Qe6k QeSS K
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Put T' := UQGGK 0. If ojr = 0, then o is supported on K but it gives a con-
tradiction with the assumption that P, (K) = A,,(K). Therefore, there exists at
least one component §2 € & such that ojpq #Z 0. Suppose that € is one of them.
Applying Lemma 1 for 2, Ko and oq we conclude, that Q € Nj,.. Since 2 € Sk,
then Q possesses the condition (1) or (2). If Q possesses the condition (1), then
Q ¢ Njo and this contradiction implies, that oq = 0.

Let € possesses the condition (2) and let 3, & and ¥ are taken from Lemma 1

—

for 2, Kq and oq under consideration. By Proposition 5, § = Fin Q \Xu ¥ and
since u,v € Hol(€2 \ f(;), then u/v can be continued meromorphically to 2\ Ka.
This fact contradicts to the condition (2) and therefore, oo = 0.

Hence, we have that o = 0 for any 2 € Sk. Thus, o = 0 for any Q € &(Y)
which means that ¢ = 0. But we have assumed that ¢ # 0 and this contradiction
ends the proof of the equality R,(X,Y) = A, (X).

Suppose now that each bounded connected component of C\ Y is not a
Nevanlinna domain. In order to prove that P, (X) = A,,(X) we need to show that
P,(X) = R,(X,Y). This fact may be verified repeating word-to-word the first part
of the proof of [CFP, Theorem 2.2(2)] (from the beginning until Proposition 2.5).
Therefore, the proof is completed. (I

Corollary 4. Let Y be a Carathéodory compact set such that Y° # @&. Then
C(9Y) = Ra(9Y,Y) if and only if each connected component of Y° is not a Nevan-
linna domain.

Theorem 4. Let 2 be a bounded simply connected domain in C and T' := 0f).
(1) If Q € N, then R,,(T,Q) # C(T') for every integer n > 1.
(2) If Q € Nioe \ N and there exists a rectifiable gate v for €, then Ra(T, Q) =
cm).
(3) Let Q and vy be as in (2). Let X C Q be a compact set such that T C X. Put
K := X \T and assume, that
(i) Q\ K is connected and v is a gate for Q\ K.
(ii) Q= QF,X) and F cannot be meromorphically continued from Q\m
to Q\ K;
(iii) R, (K, Q) = A, (K) for some integer n > 2.
Then, R, (X, Q) = A, (X).
Proof. (1) Since © € N, then there exist u,v € H*(Q), v # 0 such that (4.1)
holds. Following the scheme using in the proof of the same implication in [CFP,
Theorem 2.2(1)] it is possible to show that for each rational function g having at
least one pole in {z € Q: wv(z) # 0} one has gir ¢ Ru(L,Q) for every integer

n > 1.
(2) This case is included in (3) when X =T.
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(3) Suppose that R, (X,Q) # A, (X). Then there exists a nonzero measure

p on X such that g L R, (X, Q) but u £ A,,(X). Consider the function

_ 1 [z
L) =on | =2

dp(Q).

which has the following properties (see [TW]): T}, is continuous except countable
many points (that are the atoms of ), T},(z) = 0 for all z ¢ Q and 7T, = Lpin
the distributional sense.

By the continuity property of T}, mentioned above T,,(() = 0 for all ( € T
except the atoms of u. Since y is a rectifiable gate for €2, then, by Proposition 4,
)y < d(j, so that p has no atoms on v and hence T),(¢) = 0 for all ¢ € v. Put
n := 34 and observe that

Tu(z) = 1(z) — Zii(z)

for all z € C\ X. So that, in order to obtain some further conclusions we need
an additional information about behavior of holomorphic components 77 and i of
the bianalytic function T}, in C\ X. It turns out, that 7 and & have for almost all
¢ € vy the finite angular limits 7(¢) and z(¢) from . This fact (it can be found in
[Dn, Theorem 2.22]) is the result of a long-time difficult investigation of behavior
of Cauchy transforms of measures (see [Dn, Ve]). Therefore, for almost all { € v
we have

T,.(¢) = 7(¢) = CA¢) = n(¢) = F(OA(C) = 0. (4.2)

Let us show that 7i(z) # 0 in Q\ K. Otherwise, 7i(¢) = 0 for almost all { € 7.

By (4.2), 7(¢) = 0 for almost all ¢ € 7, so that 77 = 0 in ©\ K. This gives T,=0

in 2\ K. Since 52Tu = %u (in distributional sense), then pu is supported on K.

Reminding the initial assumptions about p we have p # 0, p L R, (K, Q) and
w £ A, (K) which is a contradiction with (iii).

Then g # 0 in Q\ K and therefore 1(¢) # 0 for almost all ¢ € . This fact

and (4.2) imply that for almost all ¢ € v we have F(¢) = 7(¢)/i(¢). Then, by

Luzin-Privalov theorem, F must coincides with 77/f in Q\m Therefore, F can

be meromorphically continued from € \ KU to Q \ K which gives the desired
contradiction. O

Let I'yp be the ellipse with semi-axes a and b focused at points +1. As
it was shown in [CFP, § 3], D(T's45) € Nioe \ N and the respective ¥ may be
chosen as ¥ = [—1,1]. By [CFP, Example 4.5] for Xy := I'y, U [—1,1] one has
P3(Xo) # C(Xo) = P3(Xo).

Example 3.
(1) Put X1 :=TypU{z € D(Typ) : [Imz| > (b/2))}. Then, by Theorem 4(3),
P,.(X1) = A, (X;) for every integer n > 2.
(2) Take Xo :=T'gp U[—a,a] and X3 := T'yp U [—ib,ib]. Since Xog C X3, then
P2(X3) # C(X2), but, by Theorem 4(3), P2(X3) = C(X3).
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Example 4. Paramonov have showed us the example of the domain Q; = ¢1(D),
where ¢y (w) := (w + v/2)*. It follows from [CFP, Proposition 3.1], that Q; € N.
Therefore, by Theorem 4(1) one has R,,(0Q1,Q1) # C(9Q4) for every integer
n > 1. Following the same idea we consider the domain Q; = @2(D(Fﬁ7l))7

where po(w) = (w + v/3)*, which is in Njo. \ N and hence, by Theorem 4(2),
R2(09Q2, Q) = C(0€s). Observe, that ; and Q5 are not a Carathéodory domains
so that we need to refer Theorem 4 in order to conclude the desired approximability
properties.

We end this section establishing one rigidity property of Nevanlinna do-
mains. Usually, an algebraic curve is the set in C? of the form {(w;,ws) € C? :
Q(wy,w2) = 0}, where @ € Clwy, ws], but here we mean by an algebraic planar
curve the set {z € C: (z,%Z) € L}, where L is an algebraic curve in the usual
sense.

Recall that an arc « is analytic if it is the image of [0, 1] under a map which is
conformal in some neighborhood of [0, 1]. In such a case there exist a neighborhood
U of v and a function S € Hol(U) such that ¢ = S(¢) on 7. This function S is
called the Schwarz function of v (see [Dal).

Theorem 5. Let 2 be a bounded simply connected domain and L be an algebraic
planar curve. If

(i) Qe N and
(i) there exists an arc A C L N O such that w(z, A\, ) > 0 (for some z € Q),
then 0S) is analytic and 02 C L.

Proof. Since L is an algebraic planar curve, then there exists Q € Clwy, ws] such
that L = {z € C: Q(z,%) = 0}. By [Se, Corollary 6.4], L has at most a finite
number of singular points. Then it is possible to find a subarc A; of A such that
w(z,A1,2) > 0 and all points of A\; are regular for L. Take a point zg € A1.
Without loss of generality we assume that 9Q/0wa(z0,Z5) # 0. By the implicit
function theorem there exists an open set U 3 zp and a function S € Hol(U) such
that
UnM ={zeU: z=25(z), and §'(2) # 0}

which means that there exists an arc Ao C U N A; such that A\ is an analytic arc
having the Schwarz function S and w(z, A2,Q) > 0. In particular, L is analytic
except at most finite number of points.

If F is taken for € from Definition 2, then for almost all { € A2 we have
F(¢) = ¢ = S(¢) and, consequently,

Q(¢,F(0)) = Q(¢,¢) = Q(¢, 5(¢)) = 0.

Since w(z, A2, ) > 0, then, by Luzin-Privalov theorem, the meromorphic function
Q(z,F(2)) = 0 for all z € Q. Hence, for all ¢ € ¢(F), where E = F(p) N F(po
u) N F(powv) and u and v are taken for © from Definition 2, one has Q(¢,¢) =

Q(¢,F(¢)) = 0. Since |d¢|(E) = 27, then p(FE) = 0Q and then Q(¢,¢) = 0 for all
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¢ € 0f). This means that 02 C L, so that 02 is analytic except at most finite
number of singular points.

For each such point a, by [Ba, Corollary 2.1], there exists an open set U 3 a
such that L N U is a finite union of at least two analytic arcs passing through a.
Take two such arcs having the Schwarz functions S; and Ss. Since 2 € N, then
S1 and S5 are analytically continuations of each other which is impossible because
the respective arcs are intersected. Then, 0f2 is locally analytic and €2 € N implies
that 0N is analytic. O

If in Theorem 5 we additionally assume, that L is a contour in C, then we
have Q = D(L).
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Capacities of Generalized Cantor Sets

V.Ya. Eiderman

In memoriam of my teacher Semyon Yakovlevich Khavinson

1. Introduction

Our main goal is to obtain sharp estimates of capacities of Cantor sets in R™,
m > 1, that are obtained as the Cartesian product of one-dimensional (in general,
different) Cantor sets. As an application we deduce the criterion for vanishing of
the capacity for such sets.

Let K(t), t € (0,00), be a nonnegative, non-increasing and continuous func-
tion. The capacity Ck (E) of a bounded Borel set E C R™ is defined by

Ck(E) =sup p(E),

where the supremum is taken over all nonnegative measures y supported in F such
that U (z) == [pm K(|lz —y|)du(y) < 1, z € E. This definition is meaningful if
K()—>—|—ooast—>0—|— and

/K(t)tm’ldt < . (1.1)
0

Now we define Cantor sets. Suppose that sequences {k( )}] 0 s=1,...,m,
of positive integers and sequences {l( )}j °9s $=1,...,m, of positive numbers are
given with k:(() ) — 1,s=1,...,m, and

K >2, B < >0 s=1,.00,m

Fix s and let Eés) [0,1 s)] Suppose that the set E( )1, n > 1, has already been

constructed and this set consists of k:((f) S kr(f_)l closed intervals of length lfl—)r

The author was partially supported by the Russian Foundation of Basic Research (Grant no
01-01-00608).
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For n > 1, the set ES«LS) is obtained from ET(LS_)1 by replacement of each of these
(s)

J

intervals (say, [at, bt]) by the union of kS equidistant intervals of length

[at7at + Z(S)L ey [bt — l§s)7bt].

J

It is possible that EY = E®_ but the intersection of the intervals of ES can

n—1»
only contain some of the endpoints of these intervals. We set

By = En({l57 1 ALY = B x B o x B,

and

E= ﬁ E,. (1.2)
n=0

If Efll) == Eflm) for all n the set FE is called a generalized symmetric Cantor
set. In this case we omit the upper index (s) in kzj(-s), l§-s).

Estimation of the capacity Ck (FE) of Cantor sets is an important ingredient
of investigation in various problems in analysis (see for example [2], [4], [6], [7]).
Ohtsuka [8] obtained the criterion for vanishing of C'x(E) which is equivalent to
the following theorem:

Theorem A. (8] Let E be a generalized symmetric Cantor set and let either K (t) =
7, 0 < a<m, or K(t) =log(1/t). Then,

Ck(B)=0 <= Y (ko ki) "MK (1) = oc. (1.3)
j=0

In [3, Lemma 3.3] it was shown that the criterion (1.3) does not take place in
general (even under condition (1.1)). On the other hand, if k; = 2 then (1.3) holds
without any additional conditions on K [2]. For m = 1 and k; = const the same
criterion was established in [1]. In [3, Corollary 3.1] we proved that (1.3) holds for
all K and for bounded sequences {k;}. A refinement of these results was given in
[5]. In this paper we obtain the estimates and the criterion for vanishing of the
capacity Ckx (E) which is valid without any additional assumptions on a kernel K

and sequences {k](s)}. As a corollary we deduce the results mentioned above.

Remark in passing that Monterie [7] considered a more general class of Cantor
sets than the Cartesian product of one-dimensional Cantor sets, and obtained
certain necessary as well as sufficient conditions of positivity of the capacity in
the case K(t) = log % In the special cases there have also been obtained some
necessary and sufficient conditions. These results and our theorems do not imply
each other.
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2. Main results

For each s =1,2,...,m we introduce the function
kS - ESN 1 o<t <1,

)L B <<k,

Pan(t) = (kg7 )Tl 1K) <0<,

j=n—-1n-2,...,0,

l(()s) <t < o0.

Clearly, @5 ,(t) is a continuous non-decreasing function for 0 < ¢ < co. We set
D (t) = p1,a(t) - @mn(t).

Theorem 2.1. Suppose that K(t), t > 0, is a nonnegative, non-increasing and
continuous function satisfying (1.1) and such that K(t) — 400 as t — 0+. There
exists a constant A > 1 depending only on the dimension m, for which

-1

oo -1 oo
A1 [/ K(t) d@n(t)} < Ck(E,) < A[/ K(t) d@n(t)} . (2.1)
0 0
In other words,
e} —1
Cic(Ep) ~ [ / K(t) d(I)n(t)} .
0
Proof. Let u, be the probability measure uniformly distributed on F,. Fix x =
(zM,...,20™) € E, and t > 0 and show that
pn(B(z, 1)) = ®,(t), 0<t< oo, (2.2)
where B(z,t) = {¢ € R™ : |( —z| < t}. Fix s € [1,m] and suppose that l§i)1 <t<
l](-s) with some j € [0,n—1]. Let M](i)p N](i)l
S 5)

j+1 forming E](-+1 and intersecting or contained in the interval [2(*) — ¢, () 4+ ],
respectively. Then

be the numbers of intervals of length

(s) (s) /1.(s)
M(Jsr)lzN(i)l%{L() o T S e
j J thyy /U7 L7 ki, <t <1,

with absolute constants of comparison. Every interval from E](.i)17 j+1=0,1,...,
n — 1, contains k](j_)2 oo kY intervals of length 1), Denoting by HP(G) the
p-dimensional Hausdorff measure of a set G, we have

HO () == HYEP N[ —t,2® + ) ~ NI K, - kD1
= 5§ B oo () = HUES ) pen(t), 1), <t <1,
Obviously,

O 1= P E) e (0), 0<t <
(%00 D 3B, (1, 19 < < o0
0 n n n " )Ps,n , 0 = .
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Thus,
HO () = HYE)ps n(t), 0<t< o0,
Clearly,
H™(E, N B(x,t)) = HO(t) - - H™(1),
where constants of comparison depend only on m. The density of the measure pu,,
is equal to 1/H™(E,) = [Hl(Efll)) ~~~~~ HI(E,(Lm))]_l. Therefore,
pin(B(z,t)) = H™(En N B(z,t))/H™ (En) ~ ®n(t),

and (2.2) is proved.
Without loss of generality we may assume that K(¢) — 0 as t — 4o00. The
condition (1.1) implies that K (¢)t"™ — 0 as t — 0+. Hence,

Jim K ()i (B, 1) = lim KD, (t) = 0,
Jim K (£ (B, 1)) = lim K (£)@,(t) = 0.

Integrating by parts we obtain

Ut (@) = | K (e = o) diny / K(t) dyun (B, 1))

—/Ooom @dr ~ - [~ e.0dxn = [ Ko
2

This relation directly implies the first inequality in (2.1).
In order to obtain the second inequality in (2.1) we consider a measure v,
concentrated on E,, and such that U""(z) <1 on E,. By (2.3),

1 < cP, UM (z) Yz € E,,
where P, = [[;° K(t) d®,(t)] " and the constant ¢ depends only on m. Hence,

3)

vn(Ep) < an/ Urndy,, = cP, U dpy, < cP,.
n E'n/

It follows from this estimate that Cx (E),) < ¢P,, and the proof of Theorem 2.1 is
complete. [

Corollary 2.2. Suppose that K(t) satisfies the conditions of Theorem 2.1 and that
E is a Cantor set defined by (1.2). Then

[e%s) —1
~ [/ K(t) d@(t)} , (2.4)
0
where ®(t) = o1(t) - - - om(t) and
(k- kS ) <<l
pulty = J 7 WO ) <<l
) j=0,1,...,

l(()s) <t <oo.
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Proof. By definitions of functions ®,, and &,
Q,(t) <®(t) fort>0andn=1,2,...

Hence,
—1

o [ ra0,0) 2 [ [ kwaee] " =

This inequality and the first inequality in (2.1) yield
ATIP < Ck(E).

Indeed, it is enough to take the equilibrium measures v;; of compact sets E,, and
to extract a weakly convergent subsequence.

Let v be a measure supported in E such that U”(z) < 1 for all x € E. By
the generalized maximum principle [9] U”(z) < d,,, Vz € R™, where d,, depends
only on m. Hence,

Moreover, lim,,_,o, P, = P. These relations and the second inequality in (2.1)

imply
CK(E) < Ad,, P,

as required. (I

Corollary 2.3. Under assumptions of Corollary 2.2

Cx(B) =0 < /0 " K (1) do(t) = oo, (2.5)

3. The case of generalized symmetric Cantor sets

In this section we assume that
1 m A 1) m) _ s
KV ==k =gy, V==l =y, =010 (30)
Theorem 2.1 and Corollary 2.2 immediately give the following

Theorem 3.1. Suppose that K (t) satisfies the conditions of Theorem 2.1 and (3.1)
holds. Then

Cr(Eyn) ~ {(k0~-~--k:nln)‘m /ln K(t)di™

0
n—1 1 -1 (32)
£ (koo kgl / K()dtm} ,
=0 lj/kj+
[e%e} l; —1
Ck(E) ~ [Z(ko ..... kaj)*m/ K(t) dtm} . (3.3)
=0 Li/kjt1

Since lj+1 < lj/kj+1, trivial estimates of integrals in (3.2), (3.3) imply the
following inequalities.



136 V.Ya. Eiderman

Corollary 3.2. Under assumptions of Theorem 3.1
In n—1 -1
0 =0
N o (3.4)
< Ck(En) < C{Z(ko e kj)_mK(lj)} ,

§=0 =0
(3.5)
where ¢ depends only on m.
Corollary 3.3. Suppose that
/ K(t)dt™ < SK(r)r™, 0<r <ro (3.6)
0
for some § >0 and ro > 0. If lg < rg then
n —1
6 te 'L, < Ok(E,) <cL,, where L, = {Z(ko ----- k)""K(1)| o, (3.7)
§=0
and c depends only on m.
Proof. Inequalities (3.7) follow directly from (3.2) and (3.6). O
Corollary 3.4. Suppose that at least one of the following conditions holds:
1. a kernel K(t) satisfies (3.6);
2. a sequence {k;} is bounded: k; <M, j=1,2,...
Then
0o -1
QL < Cg(E)<cL, where L= [Z(ko ----- ki) TK ()| (3.8)
§=0

Q=56"'ctin Case 1, Q = M~™c~ ! in Case 2, and c depends only on m.

Proof. In Case 1 inequalities (3.8) follow from (3.3). In Case 2 we have

D (koo k) K (L) S MY (kg kjr1) " K (lj41)
7=0 j=0

This estimate and (3.5) imply (3.8) with Q = M~"¢ L. O

From Corollary 3.4 we immediately deduce the criterion for vanishing of the
capacity for generalized symmetric Cantor sets.
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Corollary 3.5. Suppose that at least one of the conditions 1, 2 in Corollary 3.4
holds. Then

Ck(B)=0 <= Y (ko ki) "MK (1) = oc. (3.9)
3=0
Since the functions K(t) = t=%, 0 < a < m, and K(t) = log(1/t) satisfy
(3.6), Corollary 3.5 generalizes Theorem A and other related results mentioned in
the introduction. As we noted above, the criterion (3.9) is not correct without ad-
ditional conditions on K (t) or {k;}. Hence the same remark concerns Corollary 3.4
as well. In the general situation we have the weaker estimates (3.5).

4. Another application of Theorem 2.1

An important ingredient of the proof of the main result in [6] is the following
lemma which is of independent interest.
Lemma B. [6, Lemma 2.2] Let E() be a linear Cantor set with k](-l) =27
1,2,... Then there exists a linear Cantor set E® such that C’log(l/t)(E@)) =
and C]Og(l/t)(E(l) X E(z)) > 0.

As an application of our results in Section 2 we deduce a generalization of
this statement. Our proof will be simpler than the original proof in [6].

0

Lemma 4.1. For every m-dimensional Cantor set E, m > 1, defined by (1.2)
and for every kernel K(t) satisfying conditions of Theorem 2.1 with m = 1 there
exists a linear Cantor set G with k; = 2, j =1,2,..., such that Cx(G) =0 and
CK(E X G) > 0.

Proof. Let ®(t) and ¢(t) be the functions associated with E and G respectively
and defined in Corollary 2.2. Clearly, ®(¢) | 0 as ¢ — 0+. It is enough to construct
a sequence {l;} such that 0 < l;;1 < 2l;,

ZK )27 = oo, (4.1)

ZK i11)®(15)277 < oo (4.2)

Indeed, (4.1) implies that C’K(G’) =0 (see (3.9) withm =1 and k; =2, j =
1,2,...). Moreover,

/K Z/MK ) (t)]

< ZK(lj+1)<I>(lj)<p(lj) < o0,

since ¢(l;) = 277, The criterion (2.5) yields Cx(E x G) >0
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In view of the condition [; K(t)dt < oo (i.e., (1.1) with m = 1),

ZK N279 < oo and tK(t) —0ast—0+.

Fix # € (0,1]. Let k > 0 be such that 27%71 < 2 < 27%. Since K(t) is a non-
increasing function, for each m € N we have

SLARIERI SPICT RS ES R
J=m j=m p=k+m+1

SQZK P27P:=¢, — 0 as m — oo.

Hence, the series 3272 K(:z:? 92277 converges uniformly for z € [0,1]. We see

that -
= Z K (2277
i=0

is a continuous function for x € (0, 1]. Obviously, S(z) T co as ¢ — 0+. We choose

71 such that
J1

ZK2727> S() d(277) <

7=0

N =

Set jo = —1 and I; = 277, jo+ 1 < j < j;. By continuity of S(x) there exists a
positive number [;, 41 such that
2Rl = Y K22 = S()
j=ji+1

Since
oo

27 lgeT Ty = Y K (2 )2 < 5(1),
Jj=j1+1
we have [j, 11 < 277171 =, /2. Continuing in this way, we take jo for which
J2 ' ' _ 1 _
> K227 2 281, @) <
j=gr+1
set 1 =1, 41297177 41 +1 < j < ja, ete. We have
OOK12J' OOMKZ Ool
Swum £ 5 s Sl

k=0 j=jr+1

]ZK 1) ®(15)27 :2;K(zj)q>(zj,1)2 S 227 < 0.

Thus, (4.1), (4.2) are satisfied and Lemma 4.1 is proved. O
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To Semyon Yakovlevich Khavinson, a great man and mathematician

Abstract. This paper is devoted to investigation of some Banach spaces Af, ,
of functions holomorphic in the upper half-plane. The functions from the
considered spaces can have arbitrary growth near the finite points of the
real axis. The canonical representations of functions from these classes are
established by an approach based on the use of Fourier-Laplace transform
apparatus.

Mathematics Subject Classification (2000). Primary 30H05; Secondary 47B38.

Keywords. Banach spaces, holomorphic functions, representations.

It is well known that rotation-invariant growth conditions and the Fourier—Taylor
expansions apparatus are the most natural ones in problems related to classes and
spaces of functions regular in the unit disc. The geometric feature of the half-plane
is the existence of the non-finite boundary point oo, which makes similar problems
in the half-plane essentially different. Particularly, parallel shift-invariant growth
conditions and the Fourier—Laplace transform apparatus turn out to be the most
natural ones in the half-plane. One has to note that the known shift-invariant
growth conditions mainly consider the finite boundary points equivalently and
mean a different requirement at co. This is evident in view of the theory of Hardy
spaces in the half-plane, Nevanlinna’s factorization and uniqueness theorem and
Phragmén—Lindelof principle. On the other hand, the growth description of the
whole set of subharmonic functions possessing nonnegative harmonic majorants
in the half-plane [4] and some other results show that some times it is natural to
complement a shift-invariant growth condition by a local condition in the neigh-
borhood of co. This makes natural the below definition of the general spaces Af, |
in the half-plane.

1. The spaces A?

1.1. We define A?, | (0 < p < +00, —00 < v < 2) as the set of those functions f(z)
holomorphic in the upper half-plane G = {z : Im z > 0}, which for sufficiently
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small p > 0 satisfy the Nevanlinna condition

1 T—f . 9 — 1-7/k
%rg}rrcli E/[j log™ | f(Re™)| (sin %) dd=0 (1.1)
where 3 = arcsin & = § — £ and, simultaneously,
Cdpe(z)
1l = [ 10IP < oo, (12)
e (T+1z])

where dy, (x+1y) = drdw(2y) and it is supposed that w(t) € Q2 (-1 < @ < +00),
i.e., w(t) is given in [0, +00) and such that

(i) w(t) " (is non-decreasing) in (0,+00), w(0) = w(+0) and there exists a
sequence 0y, | 0 such that w(dy) | (is strictly decreasing);
(i) w(t) < t'Te for Ag < 2 < 400 and some Ay > 0

(f(t) < g(t) means that mq f(t) < g(t) < maf(t) for some constants m 5 > 0).
One can see that if w(t) € Qq (a > —1) then (ii) is true for any A € (0, Ag].

We shall assume that L,  is the Lebesgue space defined solely by (1.2).
Remark 1.1. Tt is obvious that

AL = (i42)7 A7,
Remark 1.2. For w(t) = t'** (o > —1), v = 0 and p > 1 the spaces A% _ coincide
with the well-known A? in the half-plane (see [1], [2], [3]). In this case (1.2) implies
(1.1), and this implication is true even in the somehow more general case when

w(t) is continuously differentiable in (0, +00) and such that w'(t) > Mt* (a > —1)
for almost all ¢t > 0, where M > 0 is a constant.

Indeed, if f(z) € AY, 5, where p > 1, w(t) is continuously differentiable in (0, 4+-00)
and w'(t) > Mt* (o > —1) for almost all ¢ > 0, then by (1.2)

[ 10ram ¢rasto <+,
where o(z) is the Lebesgue surface measure, i.e., f(z) € A2. Thus, the well-known
representation is true:
£(Q)(Im <> N
2W/ o do(C), z€G7,

G+i_

where o(() is Lebesgue’s area measure. Hence (1.1) holds since for Im z > p > 0
and p > 1

) ) (Im ¢)®do(¢) 1/a
£ (=) §01||f||Ag{// |ReC—m|+Im<+p) 2+o¢)q}

1/q
n*dn —(2+a
< C’2||f||1;;g {/0 T a1 } = C’3||f||ﬁg p—(2Fe)/p,

where C 3,3 are constants and 1/p+1/g = 1. For p = 1 the proof is more simple.
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Note that in the general case the condition (1.1) can not be derived from (1.2).
We shall return to the necessity of (1.2) in the last section of the paper.

1.2. Before analyzing the spaces A%, we recall some properties [4] of the holo-
morphic Hardy spaces

iy = (s ) = e g (1.3

(1 + =)
(0 < p < 400, —00 < v < 2), where H{ is the Hille-Tamarkin’s Hardy space in
the upper half-plane G* = {z : Im z > 0}, defined as the set of those f(z) for
which

“+o0o
sup/ |f(z+iy)|Pde < +o0.
y>0J -0

H? coincides with the set of those functions f(z) holomorphic in GT, for which

|f(2)|P have harmonic majorants in G (i.e., f(z) is from the conformal image of
Hardy’s H? in |z| < 1) and

on the real axis. HY (1 <p< +o0,—00 <y < 2)is a Banach space with the norm
If(2)lzz = || f(2)]| Lz . For v = 2 the space HY coincides with the conformal image
of Hardy’s H? and for v = 0 with H}. Besides, it follows from the results of [4]
that H? (0 < p < +o00, —00 < 7 < 2) coincides with the set of those functions
holomorphic in GT, which satisfy (1.1) for any p > 0 and
tming [ |fa+in)P i <+ L4
imin z+iy)|P ——— 0. .
e CEaEE
One can observe that in [4] the half-plane GT could be exhausted by disc segments,
and hence under (1.4) the condition (1.1) is equivalent to
1 [ . (0 — B\ T
lim inf — Re™)|P ( sin ———== dy < 1.1
liminf /ﬁ e (sin T oo (L)
for any p > 0. Besides, if f(2) € HY (—oo <7 < 2,0 < p < +00), then for any
0<M< 4+

+oo
x
sup |f(z 4+ iy)]P ———= < +o0. (1.5)
0<y<M J oo (L + [x])”
Checking (1.4), one can easily show that for any p > 1 and v < 1
I—n
1 /

1.3. Note that if f(2) € A2 (0 <p < +o0,w € Qpy, —1 < a < +00, —00 < 7 < 1),
then f(z + ip) belongs to HY for any p > 0. Moreover, the following assertion is
true.
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Proposition 1.1. For any p > 0 and v € (—00,2] the sum |J cq. AL ., coincides
with the set of all those functions which belong to HY in any half-plane Gj,‘ ={z:
Im z > p} (p > 0).

Proof. Assuming that f(z) € H? in any half-plane G} (p > 0), one can put

t/2 +o00 "
wp(t) = / W wp) = / fatipp—2

1+ My(p)’ —oo 1+ |2)7’
for 0 < ¢t < 1 and define wy(t) = wy(1) for 1 < t < +oo, then (1.2) obviously
becomes true. Thus, f(z) € AL _. O

Proposition 1.2. A, | (1 <p < 400, —00 <7y <1, w€ Qq, @ > —1) is a Banach
space with the norm (1.2).

Proof. As L, ., (which we have defined solely by (1.2)) is a Banach space, it suffices
to show that AP, _ is a closed subspace of L?, . Thus, assuming that {f,}3° C AP,

is a sequence convergent in the norm of L, _ (f, — f € LE ) we shall prove that
[ € AL . Obviously

12 1o . ) dxr
/O dw(2y)[m [ nle+ i) = S+ )P s = 0

as n — oo. Hence, by Fatou’s lemma fol g(t)dw(t) = 0 for

Hoo dx
T . C\p
sy =timint [ \flat i)~ far il g (0D
As w(t) € Q,, there exists a sequence 7 | 0 such that w(nr11) < w(ng). Introduc-
ing the measure v(E) = \/pw we conclude that v([ni1,mx]) > 0 for any k > 1
and obviously ¢g(t) = 0 in [9x41, 7] almost everywhere with respect to the mea-
sure v. On the other hand, f(z+it) € LP((1+ |z|)~7dz) for almost every t > 0 in
respect to the measure v. Thus, there exists at least a sequence gy | 0 such that
simultaneously g(2yx) = 0 and f(x + iyx) € LP((1 + |z|) " 7dx).

Now choose a subsequence of {f,}, for which the limit (1.7) is attained for
y = y1. From this subsequence choose another one, for which (1.7) is attained for
Yy = Y2, etc. Then, by diagonal operation, choose a subsequence (for which we keep
the same notation {f,}) over which

dzx B
1+ [z)r

for all k& > 1. Then observe that f,(z +ip) € HY (n > 1) for any p > 0 and
particularly for p =y (k = 1,2,...). By (1.8), for any fixed k¥ > 1 the sequence
{fa(z +iyk) ;52 is fundamental in HY and consequently f,, (2 + iyx) (as n — oo)

tends to some F form H? taken over G} , and hence f,(z) tends to F'(z) uniformly

“+o0
sew) = lim [ hale+ine) — flo o+ i) 0 18
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inside G* and F € H? in any half-plane Gi;}. Thus, we conclude that for F'(z) (1.1)
is true and, in addition, for any number A > 0

— ()P dpws(2)
//M,MM'F(Z) TP Ty
. 2P dpe (2)
{//A pegen T IO R

A (B |
+//IzI<A,%<y<A|f( )= Izl (1+|Rez|)7} !

as n — oo. Letting A — +oo we conclude that ||[F'— f||z» = 0. O

2. Representation over a strip

2.1. Assuming that w(t) € Q4 (o > —1), we shall deal with the following continuous
analog of M.M. Djrbashian’s Cauchy-type kernel:

+o0 +oo
Cw(z):/o eitz%é;y Iw(t):/O e dw(z). (2.1)

The function C,(z) is holomorphic in G since for any k > 1 the integral (2.1) is
uniformly convergent in G:s:. in virtue of the obvious estimate

“+o0

LO=t [ e o) - wO)dr > e M o() - w0)), k1
Ok

Note that for the first time the kernel (2.1) has been used in [5] (see also [6]),

where it was constructed in the multidimensional case of tube domains. Besides,

one can see that for the simple scale w(t) = 't (-2 < a < +00)

I,t)=T(2+ a)t*(ua) and O, (z) = (42)7(%&)'

2.2. For proving the canonical representations of Af, . a new approach in using
Fourier-Laplace transforms and differing from S.M.Gindikin’s [9] one is revealed.
We shall need an auxiliary statement on representation by Cauchy integral in H%
and a somehow simple estimate for C,,(2).

Lemma 2.1. If f(2) € H? (p>1, v < 1), then for any z € G*

1 2m 27
N SO v und f®)
2t Jo t—=z 2 Jy t—7Z

f(z) = L dt = 0. (2.2)

Proof. By (1.6), it suffices to consider only the case p = 1. Fixing any z € GT and
any p > 0, for arbitrary R > |z| one can write a representation over the boundary
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of a shifted semidisc:

1 d
ferin =5 [ —ar (2.3
21 Jopa+ (ry+ip) € — (2 + ip)
_ L [T fEtip) / f(Re™ +ip) 1y ig
C2mi g t—2z " ReW —z
= L(R) + Ix(R),
where GT(R) = {2z € G" : |z| < R}. Tt is obvious that
. 1L [* f(t+ip)
R i(B) = 55 / T (24)

For proving that Io(R) — 0 as R — +o00, observe that f(z) = (z +4)7 f1(z), and
both formulas of (2.2) are true for the function fi(z) € H'(dx). Hence

LT (R Hi(p )T (1 [T fi(t)dt 0
[>(R) = 2mi /19:0 Re® — 2 <% /_Oo t — (Re™ + ZP)) e
L e [T S R (25)
9=0 (

T Ar? oo Re™ — 2)(Re™ +ip —t)
1 [t
=12 / f1(t)J (R, t)dt,

where for large enough R

J(R1)| < CRH/ W _ AR,
o |e" — 72

and C > 0 is a constant independent of ¢t and R. For evaluating of the latter

integral, one can use the inequalities 39: < sinz (0 <z < §) and a? +bv* >

3(a+b)? and derive |e — 5 ”)‘ > 5 (’1 £+ 2 \/719-&-\/5’)) for t > 0 and
any ¢ € (0, 7). Hence

R 1% +V28+2\/%
< =120 . .
|J(R,t)| < mCR"™ "4/ > log =L+ v22 (t>0) (2.6)

If ¢ > R, then

m—1+2f+\/ip
o:—1+\/§p

where g(1) =1+ \/5%, g(+00) =1 and ¢'(x) < 0 for large enough R. Hence, for
any € >0

(R, 1)] < "CR" " log (m§§9($)> ) =

|J(R,t)| < TCR" "log (1 + \/5%) <2rCR"™'*¢ (¢t > R).
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If 0 < t < R, then using (2.6) for z =¢/R € (1/2,1) we find that

2\/x
J(R, )| < V2rCR" 'log [1+ ——¥Y—
|J(R,1)| m 0g< [~

R
<V2rCR " 'log (1 + \/§—> < 4rRYTIHE
p
for any € > 0 and large enough R. The same estimate is true also for x = t/R €
(0,1/2). Observing that A(R,t) = A(R, |t]), for t < 0 we conclude that |J(R,t)| <

4rCRY~1%¢ for any ¢ € (0,1 — ) provided R is large enough. Hence I3(R) — 0
as R — +oo since f1(t) € L'(dx) in (2.5), and by (2.3) and (2.4)

400 ;
f(ZJrip):%/ M

dt, ze G, p>0.
oo bt— 2z

Letting p — 0 we arrive at the first formula of (2.2). Indeed, for any fixed z € GT

L/+007f(t+ip)dt—L/M&)dlt’

2mi J_ t—z 2 J_ o t—2
L [T f(t+ip) — f(D)] c’ ,
< r___ < — — 1 = 1).
<cC 27”,/_ T+ 1 dt < 2ﬂ_||f(z+zp) fGE) 2 =0(1)

The second formula of (2.2) is proved in the same way, starting by (2.3) with z
instead of z and zero at the left-hand side. ]

Lemma 2.2. Let w(t) satisfy the condition (i) (Subsection 1.1) and let w(t) = w(A)
for some A >0 and all A <t < 4+00. Then for large enough k there exists some
constant M = My, depending solely on k, such that for any 6 € [0, 6x41]

Cou@) < MY, e G, @)
where ws(t) = w(t+0) (0 <t < +00).

Proof. If k is large enough to provide 26, < A, then for any 6 € [0, 0x+1]
A—6
Lo, (t) = Is(t) = / e~ dluw(z + 6) — w(5)]
0

A—§
> e A [W(A) — w(d)] +t/6 e w(z +0) —w(0)]dw

> e AT [W(A) — w(8)] + [e79% — e HAI[Ww(0k 4 ) — w(9)]
> o0k [w(dk +0) —w(d)] > e 1ok [w(0k) — w(dk+1)] > 0.

Besides,

A=d A-6
|I5(t)| = / e rdw(r +6) < / zdw(z 4+ 0) < Aw(A).
0 0
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Consequently, for z = x + iy € G;rék (y > 30k)

1 +o0 d itz 1 itz |10 1 +oo T. (¢
ERREY o S Wl B ]
iz Jo o Is(t)  izIs(t)|,_, iz Jo [I5(¢)]

dt = A+ B,

1 Aw(A)
w00 o] ™ S et —wGa P

|A| <
|2

O

2.3. Theorem 2.1. Let f(z) € A?, (G*) for some 1 < p < +00, —00 <y < 1 and
w(z) satisfying the condition (i) and such that w(t) = w(A) < +00 (A <t < 400)
for some A > 0. Then

1) =5 | /G @0~ W), 2 € G, (2.8)
£(z) = %//m{Re F@)Cu (s — B)dpo(w), z€GF, (29)

where both integrals are absolutely and uniformly convergent inside G™.

Proof. First, note that in our assumption dw(2y) = 0, A/2 < y < 400, similar to
(1.6)

AP C Al 1—T<7’<1,

’
W,y

for any p > 1 and v < 1. Thus, the uniform convergence of the integrals (2.8) and
(2.9) in any compact lying inside GT is obvious by (2.7). Besides, by the above
inclusion it suffices to prove the representations (2.8) and (2.9) only for p = 1. So,
let f(z) € AL _(G*) where w(t) and ~y are as required. Then f(z + ip) € H) for
any p > 0. Hence, by Lemma 2.1

dg

+oo i
ovin= g [T e

27i oo E—z

for any fixed point z = z + iy € G*. Consequently, for any § € (0, yo)

+oo b
f(z+ip) = lim i/ e”sz/ e e (€ +ip)dE
0 a

a— —oo 27T
b— + 00
1 [t A—§ b dr
= lim —/ e’ / e "dw(x+ 6 /e_”5 +ip)dé | ——
g [T o) [ eresic i) 1
1 AJ2 too od b
= lim — / dw(2v) / eim(zH2iv—id) 0T / e TEf(E 4 ip)dE
PorE AT Joy2 0 I5(1) Ja
AJ2
= lim Jap(v)dw(2v),

iz o
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where

1 [t b e—iT(Z—v+id)
Jap(v) = %/o <€TU/ e TEf(E+ ip)d§> <W> dr

1 [toe

or J_

Aa »(r)B(r)dr,

and it is assumed that A, ,(7) = B(7) = 0 for 7 < 0. One can see that A, ,(7) and
B(7) are bounded functions of L;(—o0, +00), which are continuous in (—oo, +00)\
{0}. Therefore, the following well-known formula on Fourier transforms of such
functions is valid (see, for instance, [6], Ch. I, §3, p. 39, Theorem 1.12(2°))

1 [t

Jaﬁb(v) = —

o FlAgp)(u) F[B](u) du,

where F[p] stands for the Fourier transform of ¢ € L;(—o00,+00). Using this
formula we conclude that

J ( )_ 1 /+Oo 1 /bf(£_|_ )d£/+oo iT(—utiv—§) g
a,b\V) = o . o i p ) e T
“+o0o
> [/ it(u+z+iv—i§) dt :|d’u,
I5(t)

+o0 f I 'Lp ' |
T on (2771 / g U+ iv) €> Cus(z = (u —iv) —id)du

The latter integral is absolutely convergent even for a = —oco and b = +oo provided
0 is small enough. Indeed, choosing k great enough so that y > 4§, and assuming
that & € (0,8x41), for v € (6/2,A/2) we shall have y +v — 3§ > y — /2 > 36, and
consequently by (2.7)

L = /+<>° (/_;OO Mdﬁ) |Cls (z — (u — iv) — id)|du

oo (u+ iv)|

+oo
<oM /_ F(€ +ip)|®(E)de,

where
+oo do
20 = /_oo (o] ¥ 30)(E —2 o]+ 3/2)

is a continuous function in (—oo, +00). Besides, one can show that

C c’
log(1 —_
g s < g

o6 < —00 < & < +o0,
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where C' and C’ are some constants depending on x, § and . Hence I; < oo,
and consequently

“+o0 “+o0 i
lim J,p(v) = L (L e+ p)d§> Cs(z— (u—iv)—id)du

e 27 ) oo \27i J oo § = (u+iv)
1 [t
=5 fu+iv+ip)Cu;(z — (u —iv) —id)du
T™J—co
Lot/ 1 [T f(t+iv)dt o
7% <%/_Oo m) Owé(Zf(Uf’lU)f'L(s)du
+oo 400
L f(u+iv) L/ Cus (E 20 5)dt du
21 27i t—(—u+ip)
1 +oo
=50 fu+iv)Coys(z — (u —iv) +ip — id)du
™ — 00
since
+oo +o0 o
L = / |f(u+ iv)|du/ [Cluy (2 = (¢ — iv) = 5)|dt < 400
—0 o |lu—t—ip|

and Cy;(z +i(y + v — 0)) € H} in G*. The latter inclusion simply follows from
(2.7), and Iy < 400 holds in the same way as I; < +oo above. Thus, for any fixed
z € Gt and small enough § > 0

1 .
flz)= o //6/2<U<A/2 F(w)Cys(z — W — 18)d e, (w).

For letting 6 — +0, we fix any € > 0 and use the following two estimates

N

h=o // bacocasa [F (1 Clas (2 =0 = i0) o (w0) <
— g
=52 ///2<U<A/2 ||Cw6 w)|duw(w) < 1

which are true for large enough A > 0. Besides, we use the following two estimates
which are true for fixed A and small enough § > 0:

13
13__// w)[|Cls (2 = )l dpro(w) < 5,
<U<§/2
=5/ / W)|Coy (2 — T — 16) — Cly (2 — ) dpr () <
Jul<

Hence we conclude that for small enough § > 0

o / / oy Tl =T <

=] ™
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and the representation (2.8) holds. Note that the above inequalities for I 2 3 obvi-
ously follow from (2.7) (where M does not depend on §). For proving the remaining
estimate for I, one can use the estimate of Is given in the Proof of Lemma 2.2
and obtain that

) — w( Heo dt
s S ol ([ g et
agrpn TN, goti ) )

w( w0) (A+4)7
BU(5k)‘*¢v(5k V)2 my

<

Ifll10y =0 as & —+0.

For proving (2.9), it suffices to repeat the above proof starting by

j_/+mf@+un 1 /*wngzﬁ

2mi J_  E—Z =55 2mi J_o  E—2

This will lead to the identity

= %/G+Tw)0w(z—w)du(w), z€ Gt

Adding this identity to (2.8) we come to (2.9). O

d¢=0, zeG™ .

3. General representations

3.1. The following two lemmas will be used for letting A — 400 in (2.8) and (2.9)
and obtaining a representation of Af, . by some integrals which can be taken over
the whole half-plane. In the below Lemma 3.1 D~* will stand for the Riemann—
Liouville’s integro-differentiation:

1 T
D™ %(x E—/ z— ) tu(t)dt, a>0,
(@)= gy [ (=0t
D%(z) = u(z),
D%u(x) = d—pr(pfa)u(:z:) a>0, p—1<a<p.
d.’I:p ) ) f—

Lemma 3.1. Let w(z) € Q, for some a > —1. Then for any non-integer [ €
([a] = 1, )
c;@)——J——i/ﬂwé”{D%ﬁuxw]l}ﬁ z€GT (3.1)
2 Jy | |
where the right-hand side integral is absolutely convergent. Besides, for any p > 0
there exists a constant M = M, 3 > 0 such that

1Cu(2)] <

+
e z€G,. (3.2)
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Proof. Let m > 1 be the integer deduced fromm—1 < 24a < m (m—1< 8 < m).
Then the function D~("=2+8)[1 (+)]~! is infinitely differentiable in (0, +o0) (i.e.,
is of C°°(0,+00)). Indeed, the function I, (t) (I,(t) > 0, I,(t) \,, L,(+00) = 0)
has holomorphic continuation in Re z > 0. Hence [I,,(2)]~! is holomorphic in a
neighborhood of (0,400) and the function

tm—2—6

1
—(m—2—p) -1 _ _ p)ym—3-6 ) Yde
D L0 = foa—g = | 1= 0"

is of C°°(0, +00). Consequently, integration by parts leads to (3.1):

+00 +oo
6itz 240 » —1 _ 6itz m—1pmy—(m—p5-2) " —1 )
| ey = [ ea{omp L)1) 63)

m—1 +oo
— itz Z (_iz)an—l—nD—(m—6—2) [Iw(t)]_l
n=0 t=0

+ (—iz)™ /Om etz { DB, ]} at

_iAm +o0 too
__ (=7 / 0 / e (t = NPt = (—iz) P20, (2)
0 A

F(m - 6 - 2) Iw(/\)
provided all integrals which arise in the above operations are convergent and
e~tvpn p=(m=p-2) [Iw(t)]’l‘ -0 (3.4)
t=0, +oc0

for any y > 0 and 0 < n < m — 1. For proving (3.4), first we shall verify that our
condition w(x) < x!** (0 < Ag < 2 < +00) implies

dk
‘W

where M is a constant. Indeed, for £k = 0 we obviously have

L] < M™% 0<t<1, 0<k<m, (3.5)

—+o0

I,(t) xt_(1+o‘)/ e Trttedr, 0<t<1,
Aot

and it suffices to see that successively differentiating any summand in the ex-

pression of (d*/dt*) [L,(t)]~' (A > 0) we either differentiate the nominator (and

this adds the multiplier =1 to the estimate of the summand) or we multiply this

summand by (A + 1)I/,(t)/ 1,(t) = O(t~!) (t — +0). By (3.5), for 0 < t < 40

n m—(3—2 1
DD L) = s [ L) e (39

n
=Y ck m—f—-2 ym—f—2-n-+k
k=0

Fm—-p—-1—-n+k)

1 ak
m—pB3-3 —1
X /0 (1-0) g [I,(to)]"do, 0<n<m,
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where C¥ are the binomial coefficients and all integrals are absolutely convergent.
Hence the case t — +0 of (3.4) follows. Further, it is obvious that for any k > 0
the derivative ‘ (d*/ dt*) I, (t)‘ is bounded as 1 <t < +o00 and for any y > 0 and
any k>0

==y
Iw(t)zt/ " et (1) — w(0)]da

Y

2(k+1)

O

Consequently, for any y >0, k> 0and 1 <t < 400
dF y —(k+1)
ke < Myt {w(m> w(()):| : (3.7)

where Ms is a constant independent of ¢ and y. The case t — 400 of (3.4) follows
from (3.6) and (3.7).

It remains to see that in virtue of (3.6) and (3.5), (3.7) for any y > 0 and
any n(0 < n < m) there exists a constant M3 such that

|D"D™ P21, (1)] 7t < Mse'®/22=F~1 0 <t < +oo. (3.8)

L)

Hence the absolute convergence of all integrals appearing in the operations of (3.3)
holds. The estimate (3.2) follows from (3.1) and (3.8). O

Lemma 3.2. If w € Q for some a > —1,

wA(t>:{W(t) for 0<t<A

w(A) for A<t<+oo and Ca(z) = Cyu,(2), (3.9)

then there ezists a constant M = M, depending solely on w and such that
M

Proof. Tt is obvious that for z = z + iy (y > 0)

“+oo

L) dt

MOETA0 (3.11)

where

+00 A
Il(t):/ e “dw(z) and Ig(t):/O e dw(z).

A
Besides, one can see that

+oo —+oo
L(t) = eftA/ e Tlw(r + A) —w(A)]dt < MLeftAt/ e (x4 A de
0 0
+oo

— MLe_tAtA%'O‘/ e_tZA(l + :E)H'adx,
0
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where the constant M/, depends only on w. Hence, there exists another constant
M such that

() < MIe P AAY (A > 1.
Further,

A
L(t) = e "2 w(A) — w(0)] + tA/O e B w(zA) — w(0)]dx.

Hence, for tA > 1
1

L(t) > tA/ B (@A) — w(0)]dz > [w (é> w(o)} e (1- )
1/4 4
3tA 3 "
SN e AL
113A 7w

_tA
> M!em v AT

and Iz(t) > e 2 w(A) —w(0)] > MIVAYe for 0 < tA < 1. By these inequalities,

Il(t) V -t A —(1
< MYe T ATOF) tA > 1
Ii(t) < [I2(t)]? e
L () + I(t)] 1 _ A VI 12 \—(1+a)
M A 0<tA <1
B S M ST s
Hence by (3.11) we come to (3.10). O

3.2. Theorem 3.1. Let f(2) € AL for some 1 < p < 400 and —o0 < 7y <
1-(1+a)(p—1). Then

f(z) = % //G+ f(w)Co(z — W)dpy,(w), zeGT, (3.12)
f(z)= %//C”{Re fw)}Ou(z —w)dpy(w), z¢€GT, (3.13)

where both integrals are absolutely and uniformly convergent inside G™.

Proof. The absolute and uniform convergence of the integrals in (3.12) and (3.13)
inside G is obvious by (3.2). Further, one can verify that under our assumptions

1=y v+ 2+a)p-1)
p’ P

Thus, it suffices to prove the representation (3.12) only for p = 1. We shall omit
the proof of (3.13) since it holds similarly, by the same passage A — 400 in (2.9).
We start by proving that for any A > Ag, p > 0 and any 6 € (0, 1]

AP C AL, max {1 } <7 <L (3.14)

|CA(2)| < ze G}, (3.15)

|Z|1—57
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where the constant M, depends only on p and §, and Ca is that of (3.9). Indeed,
wa(t) € Q_1. Hence, if 0 < § < 1, then by (3.1)

1 e
—_— " t)dt Gt 3.16
o eeastin seG (3.16)
where @ 5(t) = LD °[Io(t)]"* > 0 and the right-hand side integral of (3.16) is
convergent. On the other hand, for any y > 0

Caliy) = / e (t)dt = / T At
ALY y1,5 0 PA,S 0 IA(t)v

where the right-hand side integral decreases by A (for any fixed y and §). Hence
+oo
/ 6_ty<,DA7§(t)dt
0

has the same property. Consequently, for y > p and A > Ay

+oo +00
/ e Wons(t)dt < / e Ppp,y.s(t)dt = M, < +oo,
0 0

and (3.15) holds by (3.16). For § =1 (3.15) is obvious.
Now fix any z € G and choose a number A; enough large to provide

=g [ @ICAG D) < 5. A>Ba @17

Jul>Ay

This choice of A; is possible by (3.15). Indeed, using (3.15) with 1 —§ = 4T we
come to the following inequalities which 1mply (3.17):

// d:uw // d,uw(w)
= or °|<T§§1/2 1+ |w|) W - 0‘<T§j;°° 1+ |w|)r

Using (3.2), choose Az > A; enough large to provide that

Ca(z) =

e
12__//)@%; WGz~ W) < S, A > Ay, (3.18)
Now, using (3 10) choose A1 > A enough large to provide that
_ _ e
=1 AKM W)z~ ) — Ca, (= = Wldpo(w) < 5. (319)
|ul<A2
This choice of Ay is possible since by (3.10)
M(Ay + Ay)7"
I < 5 A2+”‘ /[<:<<i12/2 w)|dpe, (w) < Tllflll,p,w
At last, using (3.2) choose A > A; enough large to provide that
€
—5/ /M e MO = Pdw) < (3.20)
|u|<Ag
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Taking A enough large in the representation (2.8) of f(z), by (3.17)-(3.20) we get

100~ 5= [ 1w - ) <

and (3.12) holds by the arbitrariness of . O

4. Final remarks

Theorem 4.1. Let f(z) € LE,, (1 < p < +oo, —00 < v < 1), and let w(z) be
as required in Theorem 2.1 or Theorem 3.1. Then the right-hand side integrals in
formulas (2.8), (2.9) or (3.12), (3.13) represent functions which are holomorphic
in GT and satisfy (1.1).

Proof. Under the mentioned requirements, the right-hand side integrals in (2.8),
(2.9) and (3.12), (3.13) obviously are absolutely and uniformly convergent inside
G* and hence, these integrals represent holomorphic functions in G+.

Let w(x) be as required in Theorem 3.1, and let

1
z) = —/ f(w)Cy (2 —W)dpy,(w), 2z€ GT.
27'[' G+
If 2= Re" and Im z = Rsin® > p, where p > 0 is a fixed number, then by (3.2)

dpe(w)
F(Re™)| < M
|F'(Re™)| //G+ |Reu9 w|2+[3’

where 5 € ([a]—1, &) is any fixed non-integral number and M = M, 3 is a constant
depending on p and 3. One can verify that in the above inequality

Re? 1 > = (1R~ foll + 2= Vel

|F(Re™)| < M’ i (w) (4.1)
~%*mmwfﬁﬂ

where f(w) € P, C L}, , with some v’ € (0,1) (see (3.14)).
If |w| < R/2, then 1 < (1 + |w|)~+#/D RO and

M‘ <wm>) w2

5 (1R = full + /Tl

dpte, (w)
< |f(w0)|——575
U@;wumwwﬁ
2>2+[3 22 +03
<| = + |f(w)|duw( ) +||f|| L a
(R / /,;“i%/2 R2H5-( F

Hence
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If jw| > R/2 and R > 2, then

1 9l+0/2 1 RO+8/2=7")"

Wi < @ e M @ e < 20

[, et »

555 (1R = wll + TM

R1+6/2 |
= T 2rp //wec+ |w|1+ﬁ/2d“ w(w)

_ — + =),
S21+[3/2 (1+8/2—~") R1+[3/2+(1+ﬂ/2 ) 1% (2+ﬂ)||f||Liﬂ/

and

The validity of (1.1) for the left-hand side integral of (3.12) follows from (4.1),
(4.2) and (4.3). This proof makes obvious the validity of (1.1) for the left-hand
side integral of (3.13).

If w(x) is as required in Theorem 2.1, then the above argument is remains
valid for any 8 € (—2,—1), and again we come to (1.1) for the right-hand side
integrals in (2.8) and (2.9). O

Remark 4.1. In view of the above Theorem 4.1, the representations (2.8), (2.9)
and (3.12), (3.13) along with the kernel estimates of [7] can be used in proving
projection theorems from Lf,  to AP  and revealing the duals of A, . spaces, in
the same manner as it is done in [8] for the case of the unit disc.
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Estimate of the Cauchy Integral
over Ahlfors Regular Curves

Mark Melnikov and Xavier Tolsa

Abstract. We obtain the complete characterization of those domains G C C
which admit the so-called estimate of the Cauchy integral, that is to say,

)faGf(z)dz) < C(G)||fllse ¥(E) for all E C G and f € H®(G \ E), where

~v(E) is the analytic capacity of E. The corresponding result for continuous
functions f and the continuous analytic capacity a(FE) is also proved.

1. Introduction

The problem of estimating the Cauchy integral over the boundary of a domain
was posed by Vitushkin in connection with the theory of uniform rational ap-
proximation on compact subsets of the complex plane. The problem consists of
characterizing those bounded domains G C C with rectifiable boundary for which
there exists a constant C;(G) such that for any compact set £ C G and any
function f bounded and holomorphic on G \ E the following estimate holds:

(2) dz| < C1(G) || f[loc(E), (1)
oG
where v(FE) is the analytic capacity of E (see next section for the precise meaning of
the notions appearing in this section). Vitushkin also raised the analogous question
for functions f continuous on G and holomorphic on G\ E, changing v(F) by the
continuous analytic capacity «(E).

The estimate (1) was proved in 1966 in [Mel] for G being a disk, and more
generally, for G with analytic boundary. Later on, Vitushkin [Vil] proved the
estimate (1) for domains G bounded by piecewise Lyapunov curves (i.e., piecewise
C*¢ curves). In [De], Davie generalized the result to the case of hypolyapunov
curves (i.e., curves satisfying a Dini type condition).

In [Vi2, Section III.1], Vitushkin showed an example of a domain G with
rectifiable boundary such that the estimate of the integral (1) does not hold (that

The authors were partially supported by grants MTM2004-00519, HPRN-2000-0116, and 2001-
SGR~00431.
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is, rectifiability of the boundary alone does not imply (1)), and he conjectured that
(1) holds if G is a Jordan domain such that

Y(F) > Co(G)HY(F) for all closed subsets F' C 0G, (2)

for some constant C2(G) > 0 (H! denotes the one-dimensional Hausdorff measure,
or arc length). In the present paper we prove that this conjecture is true.

Let us remark that when 0@ is a curve, condition (2) is equivalent to the fact
OG is Ahlfors regular, that is to say,

HY(B(z,r) NOG) < Cr forallz € C, r>0.

This follows from a theorem of David [Dd] which asserts that the Cauchy integral
operator is bounded in L? on Ahlfors regular curves.
Now we state our result in detail.

Theorem 1. Let G be a bounded open set in C whose boundary OG is a finite
disjoint union of Jordan rectifiable (closed) curves. Then, the following conditions
are equivalent:

(a) There exists some constant Co(G) > 0 such that for any closed set F C 0G,
V(F) > Co(G) HI(F).

(b) The Cauchy integral operator Cyr o is bounded on L2(H|16G)-

(¢c) There exists some constant C1(G) such that for any compact set E C G and
any function f € H*(G \ E), we have

(2)dz
oG

< CUG) [l (E). 3)

(d) There exists some constant C3(G) such that for any compact set E C G and

any function f € H*(G \ E) N C(G), we have
(2)dz
oG

The constants C1(G) and Cs5(G) depend only on Cy(G), or equivalently, on the
L2(H|18G) norm of Cy1jaa, and conversely.

< G3(G)[|f oo E). (4)

Notice that in Theorem 1 we consider a more general setting than G being
a Jordan domain. Moreover, we show that Vitushkin’s condition (2) is not only
sufficient, but also necessary for the estimate of the Cauchy integral.

Vitushkin’s original motivation for studying estimates like (1) was to obtain
necessary and sufficient conditions for uniform rational approximation. Let X C
C be compact and, as usual, let R(X) be the algebra of uniform on X limits
of rational functions with poles out of X, and A(X) the algebra of functions

continuous on X and holomorphic on X (this is the interior of X). Given f € A(X)
one asks when f also belongs to R(X). A direct consequence of Theorem 1 is that
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such function f has to satisfy the following estimate, for any Jordan domain G
with Ahlfors regular boundary:

(2) dz| < C(G) wy (diam(G)) (G \ X), (5)

oG
where C(G) depends only on the Ahlfors regularity constant of 0G and wy(-) is
the modulus of continuity of f. Conversely, condition (5) is also sufficient for f to
be in R(X). Indeed, it is enough that (5) holds either for all the squares G C C
[Vi2] or for all the disks G C C [Pa).

In the proof of Theorem 1 we use the quite recent results and ideas involved
in the proof of the semiadditivity of v [To4] and « [To5].

The plan of the paper is the following. In Section 2 we recall some preliminary
definitions and results. In Section 3 we prove the equivalence (a) < (b) of Theorem
1. The main implications are (b) = (c¢) and (b) = (d), and they are proved in
Sections 4 and 5 respectively. In Section 6 we show that (c) = (a) and, finally, in
Section 7 that (d) = (a).

2. Preliminaries

Throughout all the paper, the letter C' will stand for an absolute constant that
may change at different occurrences. Constants with subscripts, such as C7, will
retain its value, in general.

The notation A ~ B means that there exists an absolute constant C > 0
such that C~'A < B < CA.

2.1. Analytic capacity, the Cauchy transform, and curvature of measures

The analytic capacity of a compact set £ C C is

V(E) = sup|f'(c0)], (6)
where the supremum is taken over all holomorphic functions f : C\ E—C with
|f]<1onC\ E, and f'(00) = lim, . 2(f(2) — f(0)).

The continuous analytic capacity of E is

a(E) = sup|f'(c0)|,
where the supremum is taken over all complex functions which are continuous in
C, holomorphic on C\ E, and satisfy |f(z)] <1 for all z € C.
A positive Radon measure p is said to have linear growth if there exists some
constant C such that pu(B(x,r)) < Cr for all z € C, r > 0. The linear density of
wat z € Cis (if it exists)

_ o #(B(z,r))
Oulz) = }1_1% r .
Given a complex Radon measure v on C, the Cauchy transform of v is

Cl/(z):/gizdy(f).
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This definition does not make sense, in general, for z € supp(v), although one
can easily see that the integral above is convergent at a.e. z € C (with respect
to Lebesgue measure). This is the reason why one considers the truncated Cauchy
transform of v, which is defined as

CSZ/(Z):/Ig ! dv(§),

—z|>e §—=z

for any € > 0 and z € C. Given a p-measurable function f on C (where p is some
fixed positive Radon measure on C), the Cauchy integral operator C,, is defined by

Cuf = C(f dp).
The e-truncated version of C,, is C, o f := C(f dp). We say the Cauchy integral
operator is bounded on L?(u) if the operators C,, - are bounded on L?(p) uniformly
on e > 0.
The maximal Cauchy transform of a complex measure v is

Civ(x) = sup |Cev(x)|.
e>0

We also set Cy, «(f) = Cu(f dp).

If in the supremum (6) which defines v(F), additionally we ask the functions
f to be Cauchy transforms of positive measures supported in F, we get the capacity
~v4 of E. The definition of a is analogous.

Given three pairwise different points z,y, z € C, their Menger curvature is

1
R(z,y,z)’

where R(x,y,z) is the radius of the circumference passing through x,y,z (with
R(z,y,2) = o0, c(x,y,2) =0 if x,y, z lie on the same line). If two among these
points coincide, we let ¢(z,y, z) = 0. For a positive Radon measure u, we set

// c(x,y, 2)? duly)du(2),

and we define the curvature of p as

)= [ @@ du) = [ [ [ w22 dute)int)ina). (7)

The notion of curvature of measures was introduced in [Me2], where some estimates
of analytic capacity in terms of curvature were obtained.

Curvature of measures is connected to the Cauchy transform too. Indeed,
Melnikov and Verdera [MV] proved that if u has linear growth, then

= 5 () + O(u(C)), (®)

where ¢2(p) is an e-truncated version of ¢(u) (defined as in the right-hand side of
(7), but with the triple integral over {z,y,z € C: |z —y|, |y — z|, |z — 2| > €}).

o(x,y,z) =

1Cll 2 ()
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In [To4], the following result has been proved:
Theorem A. For any compact set E, we have
V(E) =7+ (E)
~ sup{u(E) ssupp(p) C B, u(B(z,r)) <rVox € E, >0 and ¢*(p) < ,u(E)}
~ sup{u(E) ssupp(p) C E, p(B(x,r)) <rVx € E, r >0 and

ICullz2n, 22 < 1}, (9)
with absolute constants.
The corresponding result for o was obtained in [To5].
Theorem B. For any compact set E, we have
a(E) ~ ay(E)
R sup{u(E) ssupp(p) C E, O,(zx) =0Vz € E,
w(B(x,r)) <rVx € E,r >0 and () < M(E)} (10)
~ sup{,u(E) ssupp(p) C E, O,4(z) =0Vz € E,
W(B(z,r)) < rVz € Br >0 and |CullL2(uy.12(0) < 1},
with absolute constants.

A direct consequence of the Theorems A and B is that v and « are semiad-
ditive. That is, for all compact sets E, F' C C,

Y(EUF) < C(H(E)+~(F)),

and
®(EUF) < C(a(E)+ a(F)).
The following potential was introduced by Verdera in [Ve]:

Up(z) := Mp(z) + cu(x), (11)
where M is the maximal radial Hardy-Littlewood operator:
B
Mu(x) = sup wBlar)),
r>0 r

and c,(z) = (ci(m))l/z. We remark that v can be characterized in terms of this
potential:

v(E) ~ sup{u(E) : supp(p) C E, U,(z) < 1Vx € C}.

An analogous characterization for @ and a4 exists. See [To5] for the details.
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2.2. Vitushkin’s localization operator V,,

Given f € L} .(C) and ¢ € C* compactly supported, we set

loc
Vol = of 2 C(f3g) = = C(p ).

Here 0f should be understood in the sense of distributions. Recall that if the
support ¢ is contained in a ball of radius 7, |¢||cc < C4, and ||Vy|le < Cy/r,
then V,, f has the following properties (see [Ga, Lemma VIII-7.1], for example):
Ve flloo < Csll.flloo

[Voflloo < Cowy(r), where wy stands for the modulus of continuity of f,
V. f is holomorphic outside supp(df) N supp(yp),

if f is continuous on C, then V,, f is also continuous in C.

The constants C5 and Cg depend only on Cy.

3. Proof of the equivalence (a) < (b)

The implication (b) = (a) is well known. It follows from the fact that the L2
boundedness of the Cauchy integral operator implies that it is of weak type (1,1)
(see [NTV1] or [To2], for example), and from a dualization of the weak (1,1)
inequality. It can also be proved using the estimate of analytic capacity in terms
of curvature obtained in [Me2].

We consider now the other implication. So we assume that

Y(F) > C ' HY(F) for all closed sets F C JG. (12)

This condition implies that H|16G has linear growth, because for any closed ball

B(x,r) we have
HY(B(z,r) N OG) < Cy(B(x,r) N IG) < Cr.

In [To3] it has been shown that there is an absolute constant C7 such that for any
complex Radon measure v and any A > 0 the following holds:

’7+{$ eC: Cuv(z) > )\} < Cy H—/V\” (13)
Then, by (12) and the comparability between v and v, we get
Hl{az € dG : Cuv(z) > )\} < C”y{a: € dG : Cv(z) > )\} <cC ”—K”

Thus the Cauchy integral operator is bounded from the space of complex Radon
measures M (C) into Ll’oo(HllaG). In particular, it is of weak type (1,1) (with
respect to arc length measure on AG). This is equivalent to the L? boundedness
on OG (see [Tol] or [NTV1], for example).

Let us remark that one can prove the implication (a) = (b) by different
arguments. For example, instead of using the inequality (13), one can use the local
T'(b) theorem of Nazarov, Treil and Volberg [NTV2].
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4. Proof of the implication (b) = (c)

4.1. A preliminary lemma

The following result will play a key role in the proof of (b) = (c).

Lemma 2. Let E C C be compact. There exists an open set ) containing E with
a Whitney decomposition Q = J,c; Qi, where {Q;i}icr are Whitney squares such
that v+ (Q) = v+ (E) and

> 1 (EN2Q;) < Cyp(E).
il
Let us remark that, unless stated otherwise, we assume that all the squares
are closed and have sides parallel to the axes.

Proof. In (a) and (b) in Lemma 5.1 of [To4] the same result has been proved
assuming that F is a finite union of segments. To prove it for this type of sets, it
has been shown in [To4, Lemma 4.1] that there exists a measure o supported on
E, with linear growth, such that o(F) = v4(F) and Uy(z) > 1 forallz € E. If E
is an arbitrary compact set, then we have

Y4+ (B) = inf{y(C) : p € M (C), Uy,(z) > 1Vx € E},

where M, (C) stands for the set of all positive Radon measures, by [To3, Theorem
3.3]. As a consequence, in this case there also exists some measure o (which in
general will not be supported on E and will not have linear growth) such that
o(E) =~ v+ (F) and U,(xz) > 1 for all z € E.

Now the same arguments used to prove (a) and (b) of [To4, Lemma 5.1] work
since it can be checked that the assumptions concerning the support and linear
growth of o are not necessary. (I

4.2. Proof of the implication (b) = (c)
Suppose that the Cauchy integral operator CHfac is bounded on L2(H\laG)~ We

want to show that (3) holds. We assume that f vanishes on C\ G and also, by
homogeneity, that || f]eo < 1.

Let € be the open set containing £ in Lemma 2, and Q = (J,.; @ a Whitney
decomposition into squares satisfying the conditions mentioned in the same lemma.
Now we consider a partition of unity: let {¢; };cs be a family of C* functions such
that 0 < ¢; < 1, [Vl < C/4(Q;) and supp(p;) C 2Q; for each i € I, so that
Y icr i =1on Q.

Consider the (finite) subfamily of squares {Q;}jes, J C I, such that 2Q; N
E # @. Notice that ¢ := ZjEJ ¢; = 1 on a neighborhood of E. Moreover, v is a
compactly supported C*° function because J is finite. Then we have

F=Y Vo, f+Viyf.

jeJ
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The function Vi_y f is bounded on G, although its L> norm may depend on #J.
Also, it is holomorphic in G because

OWViypf)=(1—-9)df =0 inG,
since 1 — 1) vanishes in a neighborhood of E and f is holomorphic in G\ E. Thus,
f(z)dz = Z/ Vo, f(2)dz. (14)
jeg VoG
Let Ji C J be the set of indices such that 2Q; N 0G = @ if j € Ji, and
Jo = J\ J1. By the definition of ~, for j € J; we have

/aG V,, f(2)dz

because EN2Q; C G and ||V, f|loc < C. Therefore, using Lemma 2 and the fact
that v ~ v, we obtain

Z /aGV%.f(z) dz

VISDA

oG

< Cy(EN2Qy),

<C Y y(EN2Q;) < Cy(E), (15)

jeJ1

For j € Jy we will show below that

/ Vi, [(2)dz
oG

Before proving this estimate, let us see that (3) follows from (14), (15), and (16).
Indeed, using Lemma, 2 again, by the finite overlap of the Whitney squares @, we

get
Z /ac Vi, [(2)dz

JEJ2

< C(v(EN2Q;) +H' (0GN3Q;)). (16)

< C(Z Y(EN2Q;) + > HY(IGN 3Qj))
JjeJ jeJ
< C(y(E)+H (9GNQ)).
Because of the LQ(H‘laG) boundedness of the Cauchy integral operator, we have

HY (OGN Q) < Cre(0G N Q) < Cre(Q) < Crs (E).

Z /66' Vi, [(2)dz

jeJ2

which, jointly with (15), yields (3).
It only remains to prove (16) for j € Ja. Let D; be a disk with radius ¢(Q;)/4

whose center z; coincides with the center of @);. Consider the following measure:

oL ([ ra, 2,
vj = (D) (/ fOp; dm> H*|D;.

We want to compare V,, f with the function g; := Cv;. Notice that

= [ 1905 dm = (V1Y (20) = gj(c0).

Thus,
< Cy(B),
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Then, using the definition of v, the fact that ||V, f||oc < C, and the semiadditivity
of v, we get

2 [ oesin| < Cr((B006)120)) < CHEN2Q) +4(06112Q))

C(v(EN2Q;) +H(0G N2Q;)). (17)

IN

As a consequence,

EN2Q;) +H (0GN2Q;)
6Qy)

In the last inequality we used the fact that the arc length measure on G has linear
growth, because the Cauchy integral operator is bounded on L2(H|16G). Since g;
and V,,, f are bounded by C and (V,,; f)'(c0) = g/;(00), the following estimate holds
for z € 3Q);:

C _
l95llo0 < ‘m/faﬁﬁj dm’ <o <C.  (18)

CL(2Q;)v((EUOG) N2Q;)

Ve, f(z) = gi(2)| < dist(z,2Q;)?
. cUQ)EN |22Q_])Z+|2Hl(aG N2Q;)] ' (19)

Let us estimate the integral

[ s -g@lace=[ v —nen
oG oGN3Q; JOG\3Q;

From the uniform boundedness of g; and V,,, f, it follows immediately that I; <
CHY(OG N 3Q;). To deal with I, we use (19) and the fact that the arc length
measure on 0G has linear growth. Then we get

L < / CUQ)) [1(E 0 2Q;) + HHOGN2Q5)] i
T JaG\3q; |z — 2

C(v(EN2Q;) +H'(0G N2Q;)).

IN

As a consequence,

/ Vi, f(2)dz| < C(v(EN2Q;) + H'(0G N 3Q;)) + ’/ gi(z)dz|.
oG oG
By Fubini and (17) we obtain
/ gj(z)dz| = / Cv;(2)dz| = Clv;(G)] < C(v(EN2Q;) + H' (0G N 2Q;)).
oG aa

So (16) holds, and the theorem follows.
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5. Proof of the implication (b) = (d)

5.1. The capacities 7"

The capacity 7" of a compact set E C C, introduced in [To5], is defined as follows.
We consider a continuous function h : (0,4+00) — (0,400) such that h(r)/r is
non-decreasing in r,

h(r) <r and h(2r) <4h(r) forallr >0, (20)
and moreover
lim ) g, (21)
r—0+ 1

We set

Y (B) = sup | f'(c0)];
where the supremum is taken over all functions f € L>°(C) which are holomorphic
in C\ E, with f(00) =0, [|f|[ze(c) < 1, such that

’/f&pdﬁz

for any real function ¢ € C2° supported on some ball of radius r. If f satisfies all
these properties we say that f is admissible for v and E, and we write f € A"(E).
The capacity 'yi (E) is defined in an analogous way, but we ask an additional
condition on the functions in the supremum above. Namely, f should be the Cauchy
transform of some positive Radon measure supported on F.
Let us remark that the doubling property h(2r) < 4h(r), for r > 0, implies
that

< h(r)r[Velloo (22)

h(Mt) < 4X2h(t)  forall A > 1 andt > 0. (23)
In [To5], the following result has been proved:

Theorem C. For any compact set E, we have

a(B) ~ s%pvh(E),

with the supremum over all continuous functions h : (0, +00)— (0, +00) satisfying
(20) and (21), with h(r)/r non-decreasing. Moreover, for any fized h fulfilling these
properties,

Y"(B) =~ AL (E)

~ sup{,u(E) csupp(p) € B, u(B(z,r)) < h(r) Vo € E, r > 0 and (i) < M(E)}

~ sup{,u(E) csupp(p) C E, u(B(z,r)) < h(r) Yz € E, v >0 and
ICulz2y,2g < 1}, (24)

with absolute constants (independent of E and h, in particular). As a consequence,
" and o are countably semiadditive.
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The next lemma asserts that the localization operator V,, behaves well with
respect to the capacity 7"

Lemma 3 ([To5]). Let E C C be compact and f € A"(E). Let ¢ be a C* function
supported on B(wg,7), such that ||¢]le < Cs and ||Vo|leo < Csr~t. Then there

exists some constant C' depending on Cs such that C~1V,,f € AM(E N B(zo,7)).

5.2. Estimate of the Cauchy integral in terms of v"

We will prove the following result, which may have some independent interest.

Theorem 4. Let G be a bounded open set in C such that its boundary 0G is a
finite disjoint union of Jordan rectifiable curves. Suppose that the Cauchy integral
operator Cyjpg is bounded on LQ(H\lac)' Then there exists a constant Cy(G),
which only depends on the LQ(HllaGZ norm of Cyrjpa, such that for any compact
set E C C and any function f € C(C)N H*®(G \ E), we have

f(2)dz| < Co(G)Y'(E), (25)

where h(r) =rws(r).

The implication (b) = (d) in Theorem 1 follows easily from the preceding
theorem. Indeed, given f € C(G) N H*>(G \ E), we may extend it continuously to
the whole complex plane without increasing || f||oo. Then we apply Theorem 4 to
F/N1fllco; and we get

(2) dz| < Co(G)|| flloc?™(E) < Cllflloccr( E)

oG

(observe that Co(G) does not depend on h).

Let us remark that the condition f € C(C)NH>(G\ E), implies that C~' f €
AM(E) for some absolute constant C' and h(r) = rw;(r) (see [To5, Lemma 4.1].
The converse implication seems to be false in general (as far as we know).

5.3. Preliminary lemmas for the proof of Theorem 4

The following lemma will play an essential role in the proof of Theorem 4.

Lemma 5. Let E C C be compact. There exists an open set  containing E with
a Whitney decomposition Q = |J,c; Qi, where {Qi}icr are Whitney squares such
that 4% (Q) = A4 (E) and

> Al (EN2Q:) < CYL(E).
el

The proof of this result is similar to the one of Lemma 2. See Lemma 7.2 of
[To5] for the details.
We will also need next lemma.
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Lemma 6. Consider f € C(C) and set h(r) = rws(r). Let ¢ be a C> function
supported on a square Q such that ||¢|lcc < 1 and ||Velleo < Ci0/4(Q). Let T' be

an Ahlfors reqular closed Jordan curve which intersects Q. We have

/F Vo f(z)dz

where C11 only depends on Chg and the Ahlfors regularity constant of .

< Cuh(diam(I' N 2Q)),

Proof. We consider first the case I' C 2Q). We take zo E I'. Notice that V,f =
Vo (f — f(20)), because V1 = 0. So if we set f(z) = — f(z0), we have

AV¢f(z)dz:AV¢f(z)dz:A@( z——/C f0p)(2)dz =: I + I.

First we estimate I:

Bl < [ 1o FEdH! ) < | flar WD
Cwy(diam(I"))YH*(T") < Ch(diam(T)).

Now we turn our attention to Is. Observe that by Cauchy’s formula we have

I = C/Int(r) f(2)0p(2) dH?(2),

IN

where Int(I") stands for the bounded component of C \ I'. Then we get
C w(diam(T')) diam(T")?
¢(Q)

illf oo, mne(ry HZ (Int(T))? < < Ch(diam(T)).

¢(Q)

Thus the lemma holds in this case.
Suppose now that I' ¢ 2Q). From the fact that I' N Q # &, we deduce

1Q)
=,

|I| <

diam(I' N 2Q) > (26)

Let zg be the center of Q. Notice that the ball B(zg,2¢(Q)) contains supp(y).
We consider the curve I' := 9(B(zq, 2((Q)) N Int(T)). Since Vi, f is holomorphic
outside B(zqg,2¢(Q)), by Cauchy’s theorem we have

/ Vof(z)dz = /~ Vo f(z)dz. Therefore, ’/ Vo f(2)dz
r r r

Recall that from the identity

< O Vi fllo HH(D).

z
BT oty anec),
one easily infers that ||V¢f||oo <Cuwr(l(Q))=Ch(¢(Q))/€(Q). On the other hand,
from the Ahlfors regularity of T, it easily follows that H(I') < C¢(Q). Thus,

| [p Vo f(2)dz| < Ch(£(Q)) and so the lemma also holds in this situation, by (26).
]
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5.4. Proof of Theorem 4

Let © be the open set containing E described in Lemma 5, and Q = (J;c; Q;
the corresponding Whitney decomposition into squares @);. We consider the same
family of C*° functions ¢;, ¢ € I, used in the proof of the implication (b) = (c)
of Theorem 1, with supp(y;) C %Qh and also the same finite subfamily of squares
Qj, j € J C I (recall that these are the squares such that 2Q; N E # @). Arguing
as in the proof of (b) = (c), we have again

fz)dz=>" /aG Vo, f(2)dz. (27)

oG jeJ

Let Ji C J be the set of indices such that 2Q; N 0G = @ if j € Ji, and
Jo = J\ Ji. By Lemma 3 and the definition of ", for j € J; we have

’/ Vi, [(2)dz
oG

since EN2Q; C G and C~'V,,, f € A"(EN2Q);), for some constant C. Therefore,
by Lemma 5 and the fact that " ~~",

> /8G Vo, f(2)dz

je1

Now we have to deal with the squares @); such that 2Q; N 0G = @. Let I'y,
k € K, denote the family of disjoint closed Jordan curves such that 0G' = [, x T's-
Using Lemma 6 and the definition of 4", for j € J,, we have

< Cy"M(EN2Q;),

<C > (EN20Q;) < CyM(E). (28)

je1

[ v s ¥ /\+ 3 /‘
oG kTN2Q;#e !/ Tk kTn2Q;=0 Ik
<C > h(diam(TyN4Q))) + Cv" ([E UGN 2Q;).
kT eN2Q; #2

To estimate the last term we use the (countable) semiadditivity of 4" and the fact
that 7" (F) < Ch(diam(F')) for any compact set F' C C:

YH([EUGIN2Q;) < Cy"(EN2Q,) + Cy" (G N2Q;)

< C’yh(EQQQj) +C Z h(diam(Fk ﬁ4Qj))-
kT, N2Q,; #2

Therefore, by Lemma 5 again,

<C> > h(diam(Tx N4Q;)) + Cy*(E).  (29)

jE€J2 k:TRN2Q; 0

f(z)dz

oG

Our next objective consists of showing that the first term on the right-hand side in
the preceding inequality is bounded above by 4"(E). To this end, for each j € Jy
and k € K such that I'y N2Q; # @, we consider a square P]g C 4Q); with side
length diam(I'y N 4Q);)/2 such that Pg NIy # @. By Vitali’s covering theorem,



172 M. Melnikov and X. Tolsa

there exists a subfamily {P}"}(, nes of the squares P,f such that the squares
2P, (m,n) € S, are pairwise disjoint, and any square P} is contained in some
square 6P, with (m,n) € S. Now we consider the measure

: h(U(E)) 4o
1S 2 TR e
(m,n)€eS

Observe that supp(u) C . We claim that p satisfies

p@=Cct " Y h(diam(Ty N4Q;)), (30)
JET2 kiTRN2Q,; #£2
w(B(z,r)) < Ch(r) forallzeC,r >0, (31)

and also that the Cauchy integral operator C,, is bounded on L?(u), with constants
depending only on the norm of the Cauchy integral operator C1 |5 on LQ(HllaG).

Observe that using the characterization of 7" in terms of the L? norm of the
Cauchy integral operator in (24), from our claims we deduce

S Y h(diam(Trn4Q)) < Cu(Q) < CyM(E),
jeJ2 k‘:FkHQQ]‘#Z

and then, by (29), the theorem follows.
Let us see that (30) holds. Notice that for j € Jo, and k such that 'y N2Q; #
&, we have

((P}) = = diam(Ty, N4Q;) < CHY(T}, N4Q;).

N~

r)/r is non-decreasing, if 2P,f C 6P, we get

(P
3e(P)

—~

Taking into account that h

h(diam(Ts 14Q;)) < Ch(E(P]) < Ch(3E(P])

< Ch(£(P™)) 77{1(?('}%1%)

Therefore,

> Y h(diam(Tkn4Q)) < Y Y h(diam(Tk N4Q;))
JEJ2 k:Fkﬂ2Qﬁéfz (m,n)es J,k:ged2,
T'vN2Q,;#9,
2P/ C6P"
m HE (Fk n 4Q )
<C > > heeEm) E(T)]'
(m,n)eS kg€, n
2P] C6P
(32)

To estimate the last sum notice that, by construction, if 2P,g C 6P, then we have

Ty N4Q; C 6P] C 18P™.
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Thus, using the finite overlap of the Whitney squares @Q;, for each fixed (m,n) € S,
we obtain

> HTRN4Q) <> Y H'(I8P NT N4Q;)
J,kij€J2, k jeJz
2P} C6Py

<CY H'(18P]*NTy) = H' (18P NIG) < CU(PY").
k

If we plug this estimate into (32), (30) follows:

YooY h(diam(Tyn4Qy) <C Y h(UPT)) = Cu(Q).

JEJ2 kT, N2Q; #2 (m,n)eS

Now we will prove (31). Observe that it is enough to prove it for z € supp(u).
So take a fixed P, (m,n) € S, and z € P™. Suppose first that r < £(P")/2.
Since 2P™ does not intersect any other square P, (m/,n’) € S, and on 2P™

coincides with the Lebesgue measure times h(¢(P™))/¢(P™)?, we have

heEr)
(pr)?
From the property (23) of the function h, setting A = £(P)*)/(2r), (31) follows
(for 0 < r < {L(PI")/2).
Assume now that r > ((P]")/2. We set T = {(p,q) € S: PPN B(z,r) # 2}.
Since 2P, N 2Py = @ if (m,n) # (p,q), we have r > ¢(P?)/2 for any (p,q) € T.
So there exists some constant Cq2 such that

U Pg C B(Z,Clg’l").
(p,9)€T

p(B(z,r)) <C

Recall that
1
((PP) = 3 diam(T', N4Q,) < CHY (T, N4Q,),

because I'y N 2Q), # . Then, by the finite overlap of the squares 4Q,, p € Ja
(recall that the @,’s are Whitney squares), we get

Soupry<c > MU N4Qp) < C Y HN(B(z,Crar) NTy N4Q,)
(p,@)€T (p,9)€T (p,q)€S
< CHY(B(z,C127) N OG) < Cr.

Taking into account that h(t)/t is non-decreasing, we obtain

h(¢(PP

w3 e = Y SE ey
(p,9)€T (P.9)€T e

< % S U(P?) < Ch(2r) < Ch(r).

(p,)€T
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The L?(u) boundedness of the Cauchy integral operator C,, follows from the
L? boundedness of the Cauchy integral operator on L2(H|16G) by comparison, and
using the linear growth of p (which is a consequence of (31)). We leave the details
for the reader.

Remark 7 The implication (b) = (c) of Theorem 1 can be proved using arguments
closer to the ones used to prove Theorem 4 than the ones in Subsection 4.2. More
precisely, one can obtain a variant of Lemma 6 suitable for L> functions, and use
it to estimate faG Vi, [(2)dz for j € Js. Recall that, instead, in Subsection 4.2 the
integral |, oc Ve, f(2) dz was estimated with the help of some auxiliary function g;
holomorphic outside some disk D;.

6. Proof of the implication (c) = (a)

We want to prove that if the estimate of the integral (3) holds, then for any set
F C 0G we have

V(F) = CTHH(F).
Givenn > 1, let 6 > 0 be such that v(Us(F')) < v(F)+1/n. Using Vitali’s covering

theorem, it is easy to check that there exists a finite family of pairwise disjoint
balls {B(z;,7;)}jes with z; € 0G, B(xj,r;) C Us(F), such that

HU(F) < OHl(U B(z;,7;) N F)
jeJ
Moreover, using well-known elementary properties of the one-dimensional Haus-

dorff measure, since H' (F') < 0o, we may assume that the radii r; are small enough
so that H'(B(z;,7;) N F) < 3r;, and then we have

HI(F)<C> rj. (33)

Given any €, with 0 < ¢ < minjey7;/10, for each fixed j € J there are points

al, bj'7 a;,b; € C which satisfy the following properties:
) a;-',b;-' € B(w;,7;/3) NG and a; ,b; € B(wj,7;/3) NC\ G,

b) r;/3 < |a; - b;r| and /3 < la; — b} |,

c) |aj —a;| <eand |b;r —b;| <e, and
)

d

(a
(
( +

there exists a simple rectifiable arc o contained in B(z;,7;/2) N G whose

endpoints are a;r,bj, and another simple rectifiable arc o; contained in
B(zj,7/2) N C\ G whose endpoints are aj,b;.
Notice that from (33) and the properties (a) and (b), we deduce
H(F)<CY lal —bf |~ lay —b; . (34)

jeJ jeJ
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For each j € J, consider the univalued branch of the function

6= S (- S oG )

|bj' faj'|3 2

which is holomorphic on C\ a;r and vanishes at co. Let also f;~ be the univalued

branch, holomorphic on C\ o, , of the analogous function f;, vanishing at oo,
+ pt
37

£ o = I1f5 lloe < Ch3

defined like f;‘, interchanging a by a;,b; . Then we have

and

fi(2)dz = (f]) (00) = |a} — b}, fy (z)dz =0. (35)
oG oG

We set
F=3 (=1 (36)
jeJ
It is easy to check that
1 = f looc\B(a;r) = C(e) = 0 ase—0,
Thus, we deduce
[flloe < 2C13+Ce) - #J.

If we choose € such that C(e) < 1/#.J, we have || f||cc < 2Ci3+ 1, and then using
(34), (35), and (3), we get

HU(F) <Y laf — b7 :/BGZf;(z)dzz

Jje€J jeJ

f(z)dz
aa

<cr(Uer) <oy < (o + 1),

Since this estimate holds for any n > 1, we are done.

7. Proof of the implication (d) = (a)

The proof is analogous to the one of the implication (¢) = (a). We only have to
change the function f defined in (36) by a continuous function f which coincides
with f outside some small neighborhood of UjeJ(O';-r Uo; ), so that f = f on 0G,

and then we apply the estimate of the integral (4) for f.
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Xuecheng Pang, Shahar Nevo and Lawrence Zalcman

Abstract. Let F be a quasinormal family of meromorphic functions on D, all
of whose zeros are multiple, and let ¢ be a holomorphic function univalent on
D. Suppose that for any f € F, f'(2) # ¢'(2) for z € D. Then F is quasi-
normal of order 1 on D. Moreover, if there exists a compact set K C D such
that each f € F vanishes at two distinct points of K, then F is normal on D.

Mathematics Subject Classification (2000). 30D45.

1. Introduction

In this paper, we are concerned with the order of quasinormality of families of
meromorphic functions on plane domains, all of whose zeros are multiple.

Recall that a family F of functions meromorphic on a plane domain D C C
is said to be quasinormal on D [2] if from each sequence {f,} C F one can
extract a subsequence { f,,, } which converges locally uniformly with respect to the
spherical metric on D \ E, where the set £ (which may depend on {f,,}) has no
accumulation point in D. If E can always be chosen to satisfy |E| < v, F is said
to quasinormal of order v on D. Thus a family is quasinormal of order 0 on D if
and only if it is normal on D. The family F is said to (quasi)normal at zo € D
if it is (quasi)normal on some neighborhood of zp; thus F is quasinormal on D if
and only if it is quasinormal at each point z € D. On the other hand, F fails to
be quasinormal of order v on D precisely when there exist points z1, 22, ..., 2u41
in D and a sequence {f,} C F such that no subsequence of {f,} is normal at z;,
j=1,2,....,v+1.

Our point of departure is the following classical result of Gu [4].

Theorem A. Let F be a family of functions meromorphic on D, and let k > 1 be
an integer. If for each f € F and z € D, f(z) # 0 and f*¥)(2) # 1, then F is

normal on D.

The authors were supported by the German-Israeli Foundation for Scientific Research and Devel-
opment, G.ILF. Grant No. G-643-117.6/1999. The first author was also supported by the NNSF
of China Approved No. 10271122.
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Theorem A has been generalized in a number of different directions; cf., for
instance, [1], [5], [9], [10]. In the present work, we continue our study [7] of the
situation in which the condition f # 0 is replaced by the assumption that all zeros
of f are multiple and F is assumed to be quasinormal on D. Our main result in
[7] was
Theorem B. Let F be a quasinormal family of meromorphic functions on D, all

of whose zeros are multiple. If for any f € F, f'(z) # 1 for z € D, then F is
quasinormal of order 1 on D.

That F need not be normal on D is shown by the following example.
Ezample 1.1. Let D = {z: |z| < 1} and F = {f,}, where

7(z+oz)27 a?
fa(Z)*m*Z+m, OLE(C\{O}

Then all zeros of f, are multiple and f/ (z) # 1. However, f, takes on the values
0 and oo in any fixed neighborhood of 0 if « is sufficiently small, so F fails to be
normal at 0.

In certain generalizations of Gu’s Theorem, the requirement that f'(z) # 1
can be weakened to f'(z) # 1(z), where ¥(z) is some fixed analytic function on
D [5], [9], which in some cases may be required not to vanish on D. Theorem B
does not admit such an extension.

Ezample 1.2. Consider the family F = {f,} on D = {z: |z| < 1}, where

EEs
)=

Then F fails to be normal at z = 1/2 but is quasinormal of order 1 on D. Let
¢(2) = e+D/(Z=1) Then ¢(D) C D; ¢'(2) # 0 on D; and, for each w € D\ {0},
@ 1 (w) consists of countably many points of D accumulating at z = 1. Consider
the family F = {F,} on D, where F,, = f, o@. Then F is a quasinormal family of
meromorphic functions on D, all of whose zeros are multiple. Also, for any F' € F,
F'(z) = f'((2)¢'(2) # ¢(2) since f'(z) # 1 for any f € F. However, F is not
quasinormal of any finite order on D as no subsequence of F is normal at any
point of p~1(1/2).
On the other hand, we do have the following

Theorem. Let F be a quasinormal family of meromorphic functions on D, all of
whose zeros are multiple, and let ¢ be a holomorphic function univalent on D.
Suppose that for any f € F, f'(z) # ¢'(2) for z € D. Then F is quasinormal
of order 1 on D. Moreover, if there exists a compact set K C D such that each
f € F wvanishes at two distinct points of K, then F is normal on D.

Acknowledgment. This work was done while the first author (X.P.) held a research
position at Bar-Ilan University. He thanks the Mathematics Department of that
institution and his collaborators for their warm hospitality.
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2. Notation and preliminary results

Let us set some notation. We denote by A the open unit disc in C. For zy € C
and r > 0, A(zo,7) = {z:]z — 20| <7} and A'(29,7) = {2: 0 < |z — 20| < 7}
We write f, == f on D to indicate that the sequence {fn} converges to f in the
spherical metric uniformly on compact subsets of D and f, = f on D if the
convergence is in the Euclidean metric.

We require the following known results.

Lemma 2.1. Let F be a family of functions meromorphic on A, all of whose ze-
ros have multiplicity at least k, and suppose that there exists A > 1 such that
|f®)(2)| < A whenever f(z) = 0. Then if F is not normal at 2o, there exist, for
each 0 < a <k,

a) points z, € A, zp, — 2o;
b) functions f, € F; and

¢) positive numbers p, — 0

such that p® fu(zn + pnC) = gn(€) == g(¢) on C, where g is a nonconstant
meromorphic function on C, all of whose zeros have multiplicity at least k, such
that g% (¢) < g#(0) = kA + 1. In particular, g has order at most 2.

Here, as usual, g% (¢) = |¢/(¢)|/(1 + |g(¢)|?) is the spherical derivative.
This is the local version of [8, Lemma 2] (cf. [5, Lemma 1], [11, pp. 216-217]).

The proof consists of a simple change of variable in the result cited from [8]; cf.
[6, pp. 299-300].

Lemma 2.2. Let f be a meromorphic function on C such that f(z) # 0 and
f'(2) # ¢ on C, where ¢ # 0. Then f is constant

This is a special case of Hayman’s alternative; cf. [3, Theorem 3].

Lemma 2.3. Let F be a family of functions meromorphic on A, all of whose zeros
and poles are multiple. If for each f € F, f'(z) # 1, z € D, then F is normal
on D.

This is the case n = 2, k = 1 of Theorem 5 in [10].
Lemma 2.4. Let f be a nonconstant meromorphic function of finite order on C,
all of whose zeros are multiple. If f'(z) # ¢ on C for ¢ # 0, then
c(z —a)?

1) ==

for some a and b (# a) in C.

This follows from Lemma 6 (with j = 1 and k¥ = 2) and Lemma 8 (with
k=1) of [10].
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3. Auxiliary lemmas

The proof of the theorem proceeds by a number of intermediate results. The first
of these is a slight extension of Theorem A.

Lemma 3.1. Let {f,} be a sequence of meromorphic functions on A and {¢n}
a sequence of holomorphic functions on A such that ¥, = 1, where ¥(z) # 0
on A. If for each n, fn(z) # 0 and f}(z) # Yn(2) for z € A, then {fn} is normal
on A.

Proof. Suppose not. Then by Lemma 2.1, there exist points z, — z9 € A, numbers
pn — 0T and a subsequence of {f,} (which, renumbering, we continue to denote

{fn}) such that
gn(C) _ fn(znp"" pnC)

where ¢ is a nonconstant meromorphic function on C. Clearly, g,(¢) # 0 and
9 (Q) = [l (zn 4+ pnC) # Yn(2zn + pn() = (20) # 0. Since g is nonconstant, it
follows from Hurwitz’ Theorem that ¢g({) # 0 on C and then that ¢'(¢) # ¥n(20)-
By Lemma 2.2, this implies that g is constant, a contradiction.

= 9(0),

Lemma 3.2. Let {a;} be a sequence in A which has no accumulation points in A
and let {1} be a sequence of holomorphic functions on A such that ¥, = ¢
on A, where ¥(z) # 0,00 on A. Let {fn} be a sequence of functions meromorphic
on A, all of whose zeros are multiple, such that f)(z) # ¥, (2) for all n and all
z € A. Suppose that

(a) no subsequence of {fn} is normal at ay;
(b) there exists § > 0 such that each f, has a single (multiple) zero on A(ay,d);
and
() fn=f on A\ {ax}32,.
Then

(d) there exists ng > 0 such that for each 0 < n <1, fn has a single simple pole
on A(a1,n) for all sufficiently large n; and

(e) f(z) = [, ¥(¢)dC.

Remark. Since no subsequence of {f,} is normal at a1, ay is the unique accumu-
lation point of zeros in (b) as well as poles in (d).

Proof. Tt suffices to prove that each subsequence of {f,,} has a subsequence which
satisfies (d) and (e). So suppose we have a subsequence of {f,}, which (to avoid
complication in notation) we again call {f,}.

Since {f,} is not normal at aq, it follows from Lemma 2.1 that we can extract
a subsequence (which, renumbering, we continue to call {f,}), points z, — a1,
and positive numbers p, — 0 such that

gn(C) _ fn(zn + pnC)

o = 9(¢), (1)
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where g is a nonconstant meromorphic function of finite order on C, all of whose
zeros are multiple. Since ¢/,(¢) = f/(zn + pnC) # Yn(zn + pPn) = ¥(a1) and
g, = ¢’ on the complement of the poles of g, either ¢’ # v¥(a1) or ¢’ = ¥(a1),
by Hurwitz’ Theorem. In the latter case, g(¢) = ¥(a1){ + ¢, which does not have
multiple zeros. Thus ¢'(¢) # ¥ (a1) on C; so by Lemma 2.4,

IO (S0
9(0) = wlan) e @

for distinct complex numbers a and b. It now follows from the argument principle
that there exist sequences &, — a and 1, — b such that, for sufficiently large
N, gn(&n) = 0 and g, () = oo. Thus, writing z,,0 = 2n + Pnén, Zn.1 = Zn + Pniin,
we have z, ; — a1 (j =0,1), fu(zn0) =0 and f,(zn,1) = c0.

Let us now assume that (d) has been shown to hold. It follows from Lemma 2.3
that the pole of f, at z,1 is simple. The limit function f from (c) is either
meromorphic on A\ {ax}g2, or identically infinite there. Suppose first that it
is meromorphic on A\ {ax}72,. There exists 6o > 0 such that f has no poles on
I' = {2z : |z — a1l = o} and f converges uniformly to f' on I'. We claim that
f" = on A(ay,d0). Indeed, otherwise by Hurwitz” Theorem, f'(z) # ¥(z) on
A’(ay,0). Now 1/(f} — 1y,) is analytic on A(ai,dp) and converges uniformly on
I to 1/(f" — 4). By the maximum principle, 1/(f] — 1, ) converges uniformly on
A(aq,d0), so {f}} is normal at a;. However, since f},(zn,0) = 0 and f} (zn,1) = 00
and z,; — a1 ( =0,1), {f}} is not equicontinuous at a1, a contradiction.

Thus f has no poles on A’(aq,d9) and f/, = ¢ on A’(aq,dp). Hence for any
z, 20 € A'(aq1,dp)

nwwmmwzfﬁuo«~ffw@azm@fwm»

where WU/ = 4. Taking a subsequence if necessary, we may suppose that
fn(z0) = ¥(2z9) — a. We claim that @« = —¥(a;). For otherwise, taking r < do
such that

max (=) — W(a)| < o+ W(ar)],

|z—ay|=r

we have, for large n,

1 fa(2)
% |z—a1|=r fn(z) az

1 dz
- % /|z—a1|—T \I/(Z) - \Il(al) + [fn(ZO) - \I/(ZO) + \1/(0,1)] =0

However, by the argument principle, the left-hand side is the number of zeros
minus the number of poles (counting multiplicities) of f,, in A(a,r), which for
large n is at least 2 — 1 = 1. It follows that f(z) = U(z) — ¥(aq).
Suppose now that f = oo on A\ {ax}72 . Let
Z — Zn,1
Fn(2) = fn(2)

(2 —2no0)?’
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By (b), Fi.(2) # 0 on A(aq,0). Applying the maximum principle to the sequence
{1/F,} of analytic functions, we see that F,, = oo on A(aq,d). We have

Jn(zn + pnC) Fn(zn + pnC) (pn< + 2n — Zn,0)2

Pn Pn (pnC + Zn — Zn,l)

®3)
(C - 5n)2
It follows from (1), (2), and (3) that Fy,(z, + pn{) — % (a1), which contradicts
F, = oo near a;. Thus the possibility f = co may be ruled out.
We have shown that when (d) obtains, (e) does as well. Now let us show that
(d) must hold. Suppose not. Then, taking a subsequence and renumbering, we may
assume that on any neighborhood of a;, f, has at least two poles for sufficiently
large n. Keeping the notation established above, let z, 2 # 2,1 be such that
fn(zn,2) = 00 and f,, has no poles in A'(z, 1, |2n,1 — 2n,2|). Write zp 2 = 25 + pnn;.
Then z,2 — a1 but n;, — oo since the right-hand side of (2) has but a single
simple pole. Set

fn(zn,l + (Zn,2 - Zn,l)C)
Zn,2 — Zn,1 ’

Gn(C) =

Since zp,2 — 2,1 — 0, G, (C) is defined for any ¢ € C if n is sufficiently large; and
Gl (¢) # 1. Now G, (1) = c0. Also,

Ga(0) =00, G <7Z”’° Z”’l) =

Zn,2 — Zn,1

and

Zn,O - Zn,l — gn — Mn N 0,

Zn,2 — Zn,1 77; —n
s0 {Gr} is not normal at 0. On the other hand, for n sufficiently large, G,, has only
a single zero (which tends to 0 as n — o0) on any compact subset of C. Since
G, (C) # Y(zn1 + (Zn2 — 2n,1)C) = ¥(aq), it follows from Lemma 3.1 that {G,}
is normal on C\ {0}. Taking a subsequence and renumbering, we may assume that
Gn = G on C )\ {0}. Since G has only a single pole on A, conditions (a), (b),
(c), and (d) hold for the sequence {G,} (defined, say, on A(0,2)) with a; = 0
and § = 1. Thus, by the first part of the proof, G({) = ¥(¢) — ¥(ay). But this
contradicts G(1) = co. This completes the proof of Lemma 3.1.

Definition. Let 21,20 € C and put Z = (21 + 22)/2. We say that (z1,22) is a
nontrivial pair of zeros of f if

(i) f(z1) = f(22) =0 and

(i) there exists z3 such that |z3 — Z| < |21 — 22| and |f'(z3)| > 1.
Note that (ii) is equivalent to
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(ii") there exists z* such that |z*| < 1 and |h/(2*)| > 1, where

h(z) = fE+ (21— 22)2)

Z1 — 29
Since |h/(z)| > h#(2), it suffices to have h#(z*) > 1 in (ii’).

Our next result deals with the situation in which the functions f,, have more
than a single zero in each neighborhood of a point of non-normality.

Lemma 3.3. Let {f,} be a sequence of functions meromorphic on A, all of whose
zeros are multiple; and let {1, } be a sequence of holomorphic functions on A such
that ¥, = 1 on A, where 1(z) # 0,00 on A. Suppose that f](z) # ¥n(2) for
all n and all z € A. Suppose further that

(a) no subsequence of {fn} is normal at zp; and
(b) for each § > 0, f, has at least two distinct zeros on A(zo,d) for sufficiently
large n.

Then for each 6 > 0, f, has a nontrivial pair (a,,c,) of zeros on A(zg,0) for

sufficiently large n, and
{fn(dn + (an - cn)C) }

Un — Cp

is not normal on A. Here d,, = (an + ¢n)/2.

Proof. As in the proof of the previous lemma, it follows from (a) and Lemmas
2.1 and 2.4 that for each subsequence of {f,} there exists a (sub)subsequence
(which, renumbering, we continue to denote by {f,}), points z, — 2, numbers
pn — 0%, and distinct a,b € C such that

n{Zn + n —Qa 2
(@) = P2 s g6y ) E2T o (1)
Thus there exist &, — a, 7, — b so that a, = 2z, + puén — 20, by =

Zn + pun — 20 and g, (§n) = fr(an) =0, gn(nn) = fn(by,) = oo for n sufficiently
large.

By assumption, there also exist ¢, # an, ¢, — 2o, such that f,(c,) = 0.
Thus ¢, = 2z, + pn&); and £ — oo by (4). Setting d,, = (an + ¢n)/2, we see that

the function
_ Jn(dn + (an — Cn)o

ap — Cp

hn(€)

is defined for any ¢ € C if n is sufficiently large. We claim that {h,,} is not normal
at ¢ = 1/2. Indeed, we have
ay — dp, 1 by, — dy, 1
— _

an — Cn, 2 Ay — Cn

Gn — Cp
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5o {hy} fails to be equicontinuous in a neighborhood of 1/2. It follows from Marty’s
Theorem that
lim  sup h¥(¢) = oo.
TTTC-51<

Thus (ay, ¢,) is a nontrivial pair of zeros of f,, for n sufficiently large.

Lemma 3.4. Let {f,} be a sequence of functions meromorphic on A, all of whose
zeros are multiple; and let {1, } be a sequence of holomorphic functions on A such
that ¥, = v on A, where (z) # 0 on A. Suppose that f),(z) # n(2) for all
n and all z € A. Suppose further that

(a) there existd € A, ap, — d, ¢, — d, and zg € C such that for every § > 0,
n dn n — tn
(o) = Joldn (0= )2

p — Cp
has at least two distinct zeros on A(zo,0) for sufficiently large n, where
dp = (an + ¢,)/2; and

(b) no subsequence of {h,} is normal at z.

* *

Then for n sufficiently large, fn has a nontrivial pair of zeros (2, 1,2y o) such that
sy d (= 1,2) and |75, — 20| < lan — cal.

Proof. As before, it follows from Lemmas 2.1 and 2.4 that to each subsequence
of {hy,} there corresponds a subsequence (which we continue to write as {h,}),

Zn — 2p, and p, — 07 such that
N2
-0 .

- hn(zn +pn<) X
an(C) = T - ¢(Zo)ﬁ on

Thus there exist &, 0 — b, &,,1 — a so that z, j = 2p, + pp&n,j — 20 (j =0,1)
and gn(fn,o) = hn(zn,o) = o0, gn(gn,l) = hn(zn,1) = 0. By (a), there exist
Zn2 — 20, Zn2 # Zn1, such that h,(z,2) = 0. Setting 2,2 = 2, + pnén2, we
have &, 2 — oo. Now put

Zp i = dn + (an —cn)zn + pulan —cn)én; 7=0,1,2.
Clearly 2 ; — d, j = 0,1,2. Define

* *
Z, 1t 2, 0 * *
2 + (Zn,l - Zn,2)<

* * )
Zn,1 T #n,2

Then {G,} is not normal at ( = 1/2. Indeed,

2€n,0 - gn,l - 511,2

Gn ( (s — 6ra) ) 00, G,(1/2) =0.

Since (26n.0 — &n1 — &n2)/2(&n1 — &n2) — 1/2, {G,} is not equicontinuous at
¢ = 1/2. As before, it follows from Marty’s Theorem that (z;; , z;; 5) is a nontrivial
pair of zeros of f,. Now |Z:‘L1 - z:2| = |an — ¢nl| |2n1 — #n2|; therefore, since
Znj — 20 (J = 1,2), we have |2} | — 2} 5| < |an — ¢, for large enough n, as
required.

Ga(C) = al
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Lemma 3.5. Let {f,} be a sequence of functions meromorphic on A, all of whose
zeros are multiple, such that f)(z) # 1 for all n and all z € A. Suppose that

(a) {fn} is normal on A’(0,1), but no subsequence of {fn} is normal at 0; and
(b) there exists 6 > 0 such that f,, has a single (multiple) zero on A(0,0) for all
sufficiently large n.

Then there exists a subsequence of {fn} (which we continue to call {fn}) such that
for any a € C, f,, —a has at most two zeros (counting multiplicity) on A(0,1/2).

Proof. Taking a subsequence and renumbering, we may assume that f, = fon
A’(0,1). By Lemma 3.2, f(z) = z. Suppose that |a| < 2/3. Taking T to be the
circle {|z| = 3/4} traversed once in the positive direction, we have

!/
i/ﬂd,?:%i‘ 1 dz=1.
2mi Jr fn(2) —a 27 Jrz—a
However, the left-hand side is the number of a-points of f, minus the num-
ber of poles of f, inside I', counting multiplicities. By Lemma 3.2, there exists
0 < § < 3/4 such that f, has a single simple pole on A(0,4) for n sufficiently
large. Since f, converges uniformly to z on {z : § < |z| < 3/4}, there exists N;
such that if n > Ny f,, has a single simple pole in A(0, 3/4). Hence for n > Ny, f,
takes on the value a (counting multiplicities) exactly twice on A(0, 3/4).
Suppose now that |a] > 2/3. Let I be the circle {|z| = 5/9} traversed in the
positive direction. Then
!
i, 7”(2) dz — L 1 =0,
2w Jpo fu(2) —a 2mi Jpz —a
so the number of a-points minus the number of poles of f,, (counting multiplicity)
inside I is 0 for large m. It follows as before that there exists Ny such that f;,
takes on the value a exactly once (counting multiplicities) on A(0,5/9) if n > Ns.
Dropping the elements f,, with n < max(N7, N2) and renumbering, we obtain the
desired sequence.

Lemma 3.6. Let f be a meromorphic function on C, all of whose zeros are multiple,

such that f'(z) # 1, z € C. Then either
(i) f is rational; or
(ii) there exist nontrivial pairs (an,cpn) of zeros of f such that |an, — cp] — 0
and a sequence of functions

hn(o =

which is not normal on A; here d,, = (ay, + ¢,)/2.

f(dn + (an — Cn)o

ap — Cp

Proof. Suppose f is not rational. Then by Lemma 2.4, f has infinite order, so
there exist z,, — oo and ¢,, — 0 such that

S(A(zmen), f) = // L ey — o (5)

™
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Indeed, otherwise there would exist € > 0 and M > 0 such that S(A(¢,e), f) < M
for all ¢ € C. From this follows

*l #()? dedy = O(r?
s =2 [ UFE ey = 06,

so that (cf. [11, p. 217]) f would have order at most 2, a contradiction. In particular,
there exist 2 € A(zp,e,) such that f#(z2}) — oo. Let fu(2) = f(z + 2). Then
no subsequence of {f,} is normal at 0.

Suppose there exists 6 > 0 such that f,, has only a single (multiple) zero &,
on A(0,d). Since no subsequence of {f,} is normal at 0, &, — 0 by Theorem A.
Thus, again by Theorem A, {f,} is normal on A’(0, 9). It follows from Lemma 3.5
that there exist n; < ng < --- such that for any a € C, f,,, — a has at most two
zeros (counting multiplicity) on A(0,6/2). Thus, for large enough k,

S(A(znysen), f) < S(A(0,6/2), fn,) <2

which contradicts (5).
Thus, for each § > 0, f,, has at least two distinct zeros on A(0, §) for suffi-
ciently large n. The result now follows immediately from Lemma 3.3.

Lemma 3.7. Let {f,} be a sequence of functions meromorphic on A, all of whose
zeros are multiple, and let 1 be a non-vanishing holomorphic function on A. Sup-
pose that

(a) {fn} is quasinormal on A;
(b) fl(z) #Y(z) for z€ A andn=1,2,3,...;

(¢c) no subsequence of {fn} is normal at 0.

Then there exists 6 > 0 such that f,, has only a single (multiple) zero on A(0,9)
for sufficiently large n.

Proof. For otherwise, we may suppose that for any 6 > 0, f, has at least two
distinct zeros on A(0, §) for sufficiently large n. By Lemma 3.4, f,, has a nontrivial
pair of zeros in A(0,d) for n large enough. Therefore, some subsequence of {f,}
(which, as usual, we continue to call {f,}) has a nontrivial pair of zeros (z,, wy)
such that |z,| < 1/n, |w,| < 1/n. There exists & > 0 such that f, == f on
A’(0,6"). We claim that f # 0. Otherwise, f, — 1 = — on A’(0,4’). But no
subsequence of {f/} is normal at 0. Since 1/(f! — ¢) is holomorphic, f;, = 1 on
A’(0,4") , a contradiction.

Thus there exist o > 0 and 1 < s < 2 such that f does not vanish on
{00 < |z| < sdo}. For 1/n < dg, let (an,cyn) be a nontrivial pair of zeros of f, in
A(0, 69) whose distance is minimal. Clearly, a, — ¢, — 0. Set d,, = (an, + ¢p)/2.
Then d,, € A(0,dp); and, passing to a subsequence, we may assume that d, — a,
so |a| < dg. Since f and f, have no zeros on {z : §y < |z| < sdo} if n is large
enough, (an,c,) is a nontrivial pair of zeros of f,, on A(0, sd9) whose distance is
minimal.
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Set

ey Jal o —)0).
Gp — Cn

Then for each ¢ € C, h,(¢) is defined if n is sufficiently large. Clearly, all zeros of

hy, are multiple and h} (¢) # ¥(dn + (an — ¢n)¢). We claim that no subsequence

of {h,} is normal on C. Otherwise, taking a subsequence and renumbering, we

would have h, == h on C. Since (an,¢,) is a nontrivial pair of zeros of f,,
hn(£1/2) = h),(£1/2) = 0, and sup |h},(z)| > 1. It follows easily that ' (¢) # v (a)
A

on C and that h is nonconstant. Since all zeros of h are multiple, Lemma 2.4
shows that A must be transcendental. It then follows from Lemma 3.6 that there
exist infinitely many nontrivial pairs (§x,ny) of zeros of h such that { — oo and
€~ — 0, and zf with |27 — (& + 14)/2] < € — mi| and W% (z7) — oo,

Fix k such that h#(z;) > 2 and |, — nk| < 1. Then there exist &, — &
and 1, — 7Nk such that for n sufficiently large, hn(§nk) = An(Mnk) = 0 and
|25 = (§nk + M0k) /2] < 1€nk — Mk Put

52,;; =dp+ (an - Cn)gn,ka n:,k =dnp + (an - Cn)nn,kv Z:L,k) =dn + (an - Cn)zl;k
Then

* *
* Sn,k + nn,k

gn,k + Mn,k
Z’I‘L,k‘ 2 - 5

2

<lan = cnl [&nk = Ml = €0k = Mkl
where £, — a, 7, — a and |a| < sdo; also, for n sufficiently large,
\fr (2 )l = B (z0)] = b (z) > 1. We conclude that (£ ., n} ;) is a nontriv-
ial pair of zeros of f,, on A(0, sdp). However,

= lan — el |2}

|§;,k - n:,k| = |an — cnl |§n,k - nn,kl <lan — cnl

if n is sufficiently large. This contradicts the fact that (a,,cy,) is a nontrivial pair
of zeros of f,, in A(0, sdp) whose distance is minimal.

Thus no subsequence of {h,,} is normal on C. Let E be the set on which {h,}
is not normal. Suppose that for each ¢ € F, there is a neighborhood on which h,,
has only a single (multiple) zero for sufficiently large n. Then by Lemma 3.1, {h,}
is quasinormal at each point of E and hence on all of C. Let (, € E. Taking a
subsequence, we may assume that no subsequence of {h,} is normal at ¢, and
that {h,} converges locally spherically uniformly on C\ Ey, where Fy C E is a
discrete set containing (. By Lemma 3.2, h,, == ¥(a)(¢ — o) on C\ Ey. Taking
additional subsequences and diagonalizing, we may assume that no subsequence
of {h,} is normal at any point of Ey. We claim that Ey = {(o}. Indeed, otherwise
there exists (1 € FEy, (1 # (p; then, as before, it follows from Lemma 3.2 that
ha(¢) 25 $(a)(C — Go) on €\ Eo, so that ¢ = o, By = {Co}, and ha(¢) =5
P(a)(¢ — ¢p) on C\ {¢o}. But this contradicts h(+1/2) = 0.

Thus there exists (o € E such that for each § > 0, there exists a subsequence
of {h,,} (which we continue to call {h,,}) such that each h,, has at least two distinct
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zeros in A((p, 8) for sufficiently large n. Then by Lemma 3.4, for n sufficiently large,
fn has a nontrivial pair of zeros (wy, 1, wy, 5) such that wy, ; — a (j =1,2) and
lwy, 1 —w, 5| <lan —cp|. This contradicts the fact that (a,, c,) is a nontrivial pair
of zeros of f,, in A(0, sd9) whose distance is minimal.

4. Proof of the theorem

We may assume that D = A. Suppose that F is quasinormal on A but not quasi-
normal of order 1 there. Then there exists a sequence {a}} C A with no accumu-

lation point in A such that a* # a} and a sequence {f,} C F such that f, = f on
A\ {a}} but no subsequence of {f,} is normal at a] or a3. By Lemma 3.7, there
exists § > 0 such that f, has a single (multiple) zero on A(a},d) for all sufficiently
large n and j = 1,2. By Lemma 3.2,

1) = [ (0 = 0() - o(a3)
for z € A\ {ax}. Since ¢ is univalent, a} = a3, a contradiction.

To prove the second assertion of the theorem, suppose that F is quasinormal,
but not normal, on A. By the previous paragraph, F is quasinormal of order 1
on A, so there exist zp € A and {f,,} C F such that f, = f on A\ {20} but no
subsequence of {f,} is normal at zg. As before, it follows from Lemma 3.7 that
there exists ¢ > 0 such that f, has a single (multiple) zero on A(zp, d) for all large
n and from Lemma 3.2 that f,(z) 2 f(z) = fzzo ¢’ (€)d¢ on A\ {zp}. In fact, since
¢ is analytic on A, the convergence is uniform on compact subsets of A\ {z}.
Since all zeros of f,, are multiple and f,, = f on A\ {2}, any zero of f must also
be multiple. It follows that for any compact subset K C A, at most finitely many
fn can vanish more than once on K. For otherwise, there would exist z; € K,
21 # zo, such that f(z1) = f/(21) = 0, which contradicts f'(z1) = ¢’(21) # 0. This
completes the proof.
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1. Introduction

In this semi-expository paper, we examine the backward shift operator

R
z

on the classical Hardy space HP. Though there are many aspects of this operator
worthy of study [20], we will focus on the description of its invariant subspaces
by which we mean the closed linear manifolds £ C HP? for which BE C £. When
1 < p < oo, a seminal paper of Douglas, Shapiro, and Shields [8] describes these
invariant subspaces by using the important concept of a pseudocontinuation de-
veloped earlier by Shapiro [26]. When p = 1, the description is the same [1] except
that in the proof, one must be mindful of some technical considerations involving
the functions of bounded mean oscillation.

The p > 1 case involves heavy use of duality and especially the Hahn-Banach
separation theorem where one gets at £ by first looking at £+, the annihilator of
£, and then returning to & by +(£+). On the other hand, when 0 < p < 1, HP
is no longer locally convex and the Hahn-Banach separation theorem fails [12]. In
fact, as we shall see in § 4, there are invariant subspaces £ # HP, 0 < p < 1, for
which +(£1) = HP. Despite these difficulties, an ingenious tour de force approach
of Aleksandrov [1] (see also [6]), using such tools as distribution theory and the
atomic decomposition theorem, characterizes these invariant subspaces.

The first several sections of this paper are a leisurely, non-technical, treat-
ment of the Douglas-Shapiro-Shields and Aleksandrov results. In § 5, we focus on
some new results, based on techniques in [4], which give an alternative description
of certain invariant subspaces of HP. As a consequence, we eventually wind up
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characterizing the weakly closed invariant subspaces of HP. In § 6, we make some
remarks about the invariant subspaces of the standard Bergman spaces LY when
0<p<l

2. Preliminaries

We begin with some basic definitions and well-known results about the Hardy
spaces HP. A detailed treatment can be found in [11]. For 0 < p < oo, let H?
denote the space of analytic functions f on the open unit diskD = {z € C: |z| < 1}

whose LP integral means
27
- de
0\ |p
| ireenrg

are uniformly bounded for » € (0,1). These means increase as r /1 and we define

. 2 i do 1/p
I i= tim ([ istergs)

For almost every (with respect to Lebesgue measure on the unit circle T := D)
e, the radial limit

lim f(re)

r—1-
exists and we denote its value by f(e?), or perhaps f*(e?) when we want to
emphasize this almost everywhere defined boundary function. Moreover,

27 ) 4o 1/p
= ([ 1rer )

One can show that f € HP? satisfies the pointwise estimate
[FEI<2YP| fllp(1 =277, 2 €D.

As a result, for 1 < p < oo, the quantity ||f||, defines a norm that makes H? a
Banach space while for 0 < p < 1, || f — g[|} defines a translation invariant metric
that makes H? a complete metric space. In either case, f(re®) — f*(e?) almost
everywhere and in the norm (metric) of LP. When p = oo, H* will denote the
bounded analytic functions on D with the sup-norm || f|| := sup{|f(z)| : z € D}.

Since f — f* is an isometry of H? to LP, one can regard H? as a closed
subspace of LP. In fact, at least when 1 < p < oo, we can think of H? in the
following way

H? ={f € LP: f(n) =0 for all n < 0},
where f(n) is the nth Fourier coefficient of f. This follows from the F. and M.
Riesz theorem [11, p. 41].
Every function f € HP can be factored as f = ¢O, where ¢ € H* with
|p* (€?)] = 1 almost everywhere (such functions are called ‘inner functions’) and
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© € HP has no zeros on D and satisfies
do

2
1 — * (10
0z O0)| = [ oz je"(e")| T

(such functions are called ‘outer functions’). Moreover, except for a unimodular
constant, this factorization is unique.

Identifying the dual, (H?)*, of H? with a space of analytic functions on D is
often, but not always, the key to understanding the structure of its invariant sub-
spaces. The dual pairing between H? and (HP)*, as a space of analytic functions,
is the following ‘Cauchy pairing’. For analytic functions

fz)= Zanz” and g(z) = Z bp2"
n=0 n=0
on the disk D, define
= i na n7 2.1
{fig):= lim ;a r (2.1)

whenever this limit exists. A simple computation with power series shows that if
(f,g) exists, then
2w . do

(f.0) = Jim [ freygre )3

For 1 < p < o0, the dual of H? can be identified with H?, where ¢ is the
conjugate index to p, and this comes somewhat easily. Notice that for f € H? and
g € H% we have f, — f in H? and g, — g in H%, where f,.(z) := f(rz). Thus, by
Hoélder’s inequality,

2m
o= [ e

0
Certainly, the linear functional f — (f, g) is continuous on HP? for fixed g € HY.
On the other hand, if ¢ € (HP)*, the Hahn-Banach extension theorem says that

2w
1= [ rae (22)

0
for some g € L?. Using the continuity of the Riesz projection operator P : LY — H4Y

P ( Z a(n)eiw) _ Zg(n)eine
n=—o00 n=0
and the identities
27 do 27

fose= [ fPgse =5, Py)

0 s 0 27

one can replace, in (2.2) and hence (2.1), the above g € L? with a unique function
in H?. A little technical detail shows that norm of the linear functional f — (f, g)
is equivalent to the H? norm of g. Thus (H?)* can be identified with H? via the
dual pairing in (2.1).
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When p = 1, the above analysis breaks down. Certainly if £ € (H')*, then

2w
w=[ rig
0 m
for some g € L°°. However, when one tries to imitate the above analysis and
replace g with Pg in the above integral, there are problems. For one, P(L>) =
BMOA 2 H*, where BMOA are the analytic functions of bounded mean oscil-
lation'. Secondly, there are f € H' and ¢ € BMOA, for which fg ¢ L'. These
technical problems are not insurmountable since, for f € H' and g € BMOA, the
quantity (f,g) (as in (2.1)) does indeed exist and f — (f, g) defines a continuous
linear functional on H!. In fact, these are all the linear functionals on H'. Another
technical detail says that the norm of f — (f, g) is equivalent to the BMOA norm
of g. In summary, we can identify the dual of H' with BMOA via the dual pairing
n (2.1). See [13, Ch. 6] for more details on all this.

When 0 < p < 1, surprisingly, there are non-trivial bounded linear functionals
on HP. Surprisingly since when 0 < p < 1, (L?)* = (0) [7]. The theorem here is
one of Duren, Romberg, and Shields [12] and says that if ¢ is a bounded linear
functional on H?, then there is a unique g belonging O, a subspace of the disk
algebra, so that £(f) = (f, g). Conversely, for g € O,, f — (f, g) defines an element
of (HP)*. The space Og, for § > 0, is the set of analytic functions g on the disk
for which

lglls := sup 9811~ [2]) < o0,
where, if g(z) = > anz™,

ZT'(n+1+a)
[0l (2) .= — L a,2"
97() ; I'(n+1)
is the fractional derivative of g of order a. The classes Og can be equivalently
characterized as Lipschitz or Zygmund spaces. For example, if 1/2 < p < 1, then

Oy, is the space of analytic functions on ID which have continuous extensions to D~
and such that
e _ g(ett
) e
o#t |0 —t]t/p!

For other p’s, one requires the derivatives (depending on p) of g to have certain
smoothness on T. In general, the smaller the p, the more derivatives of g that need
to satisfy a Lipschitz or Zygmund condition on T in order for g to belong to O,.
One can show that the norm of the functional f — (f,g) is equivalent to the O,

g € L! is of bounded mean oscillation BMO if

1
loll = llgl 1 +sup—/|g—g1|de<oo,
1 I Jg

where g = ||} / gdf and |I| is the length of an arc I C T. BMOA := BMONH' .
1
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norm of g 2. Thus we identify (H?)* with O, when 0 < p < 1 via (2.1). Again,
consult [12] for the details.

3. The backward shift on H? for 1 < p <

If 1 < p < oo, notice that the backward shift B on H? is the Banach space adjoint
of the forward shift operator Sf = zf on H?, that is to say

(Bf,9) = (f,Sg), feHP, geH.

Thus if £ & H? is an invariant subspace for B, then
Eti={ge H": (f,9) =0 Vf €&},

the ‘annihilator’ of £, is an S-invariant subspace of H9. A celebrated theorem of
Beurling [11, p. 114] says that £+ = ¢H? for some non-constant inner function ¢.
By the Hahn-Banach separation theorem,

£=*(e") = H(oH"),

where for A € H?, L A:={f € H? : (f,g) = 0,Vg € A} is the ‘pre-annihilator’ of
A. So the problem of describing £ is reduced to characterizing, in some function-
theoretic way, this pre-annihilator +(¢H?).

The function theoretic tool, the concept of a pseudocontinuation, used here
was developed by Shapiro in some earlier work [26] and we now take a few moments
to point out some basic facts about pseudocontinuations. Suppose that h is a
meromorphic function on D and H is a meromorphic on D.. There is no a priori
reason why the non-tangential limits of A (from D) and H (from D.) need to
exist. But if they do, and they are equal almost everywhere, we say that H
is a ‘pseudocontinuation’ of h. Two representative examples of functions with a
pseudocontinuation are the following.

Example 3.1.

1. If h is an inner function, then

H(z)= —

h(1/z)
is a pseudocontinuation of k. This follows from that fact that A*h* = 1 almost
everywhere. Also notice, for example, that if & is a Blaschke product whose
zeros accumulate on all of the circle, then h, although a pseudocontinuable
function, will not have an analytic continuation across any point of the unit
circle.

2Technically ||g||s is only a semi-norm on Og. One can make this a true norm by adding in
[g(0)| + |g’(0)] + - - - + |g{L1/BD) | where |z] is the greatest integer less than .
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2. Another example of a pseudocontinuation is when h is a Cauchy integral

) = [ dule®)

where p is a finite Borel measure on T that is singular with respect to
Lebesgue measure. If H is the above Cauchy integral but with z € D, one can
show that h and H are H? functions (for 0 < p < 1) on their respective do-
mains [11, p. 39]% and so have finite non-tangential limits almost everywhere.
Notice that

M@MU@—Aﬂ&@%WW%

where P,(e'?) is the Poisson kernel. Using a classical theorem of Fatou [11,
p. 39], which says that

27
/ P.(e®)dp(e™) — 2mp' ()
0

for almost every e? as z — €, and the fact that y is singular (and so p/ = 0
almost everywhere), one can show that the non-tangential limits of h and H
are equal almost everywhere.

Let us make a few general comments about pseudocontinuations. The first
is that they are unique. Indeed, if H; and Hy are two pseudocontinuations of
h, then H; — H is a meromorphic function on D, that has zero non-tangential
limits almost everywhere. A classical theorem of Privalov [16, p. 62] says that any
meromorphic function that has zero non-tangential limits on a subset of T with
positive Lebesgue measure must be identically zero. Hence h can have only one
pseudocontinuation. Here is why we use non-tangential limits rather than radial
limits in the definition of a pseudocontinuation. If radial limits were used, then
pseudocontinuations would not be unique. Indeed, there are non-trivial analytic
functions on I which have radial limits equal to zero almost everywhere [5] - thus
the zero function would be a pseudocontinuation without the original function
being the zero function. Certainly, when we are talking about H? functions this
cannot happen since the non-tangential limits exist almost everywhere anyway.
But in general, we need to make this important distinction.

Another consequence of Privalov’s uniqueness theorem is that if A has an
analytic continuation to a neighborhood U of e? and a pseudocontinuation H,
then h = H on U N D, that is to say, pseudocontinuation is compatible with the
classical notion of analytic continuation.

The point at infinity is important. The function h(z) = e certainly has an
analytic continuation across T. However, it does not have a pseudocontinuation as
we have defined it above since H(z) = e* has an essential singularity at infinity.

3The Hardy space of the extended exterior disk D := {z € C : 1 < |z| < oo} is defined by
HP(De) := {f(1/z) : f € HP}. Note that if f € HP, then f(e??) is the boundary function for a
function belonging to HP(De), the function being f(1/Z).
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The interested reader is invited to consult [23] for a more detailed discussion of
pseudocontinuations.

The function theoretic description of +(¢H?) is the following well-known
theorem.

Proposition 3.2 (Douglas-Shapiro-Shields). Let ¢ be an inner function and 1 <
p < oco. For f € HP, the following are equivalent:
L fetoHY)
2. f* € HP N ¢H[, where H = {f € H? : f(0) = 0}.
3. The meromorphic function f/¢ on D has a pseudocontinuation to a function
fo € HP(D.) with fg(co) = 0.
It is important to note that the space
HP N GHE = {f € H? : f* = ¢*h*,h € HY}* (3.3)
must be understood as a space of functions on the circle and not on the disk.
For fixed 1 < p < oo and inner function ¢, we let EP(¢) be the collection of HP
functions that satisfy one of the equivalent conditions in Proposition 3.2. Since
EP(¢) is an annihilating subspace, it is closed in HP?. It also follows from the above

argument that EP(¢) is invariant. Combining this with what was said above, we
have the following summary theorem.

Theorem 3.4 (Douglas-Shapiro-Shields). For 1 < p < oo, a subspace € & HP, is
invariant if and only if € = EP(¢) for some inner function ¢.

Before proceeding to the p = 1 case, we mention a few other items of interest.
Using a Morera type argument, one can show that every f € £P(¢) has an analytic
continuation to the set

C\{1/z:z€0(¢)}, where o(¢):= {z eD: lif\n_glf lp(N)| = 0} 5,

Note that ¢ has an analytic continuation to C \ {1/Z : z € o(#)} [13, p. 75-76].
Furthermore, by the compatibility of pseudocontinuation with analytic continua-
tion, the analytic continuation of f/¢ to D \ {1/Z : 2z € o(¢)} must be equal to
};, the pseudocontinuation of f/¢.

Another interesting item is that if f = B¢, then

[flae = \/{B"f :n=0,1,2,...} = £(¢),

where \/ is the closed linear span in the H? norm. This says that £P(¢) is a ‘cyclic
invariant subspace’ generated by f = B¢. While we are mentioning cyclic vectors,
there is a celebrated result that determines exactly when a particular f € HP is
‘cyclic’, that is to say [f]g» = HP.

4Recall from the preliminaries that f*(e?®) = lim,_ ;— f(re*?) almost everywhere.

5 A basic fact about inner functions is that if ¢ = bs,, where b is a Blaschke product and s, is a
singular inner function with associated positive singular measure p on T (all inner functions can
be factored this way), then o(¢) is the closure of the zeros of b together with the support of p.
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Theorem 3.5 (Douglas-Shapiro-Shields). For 1 < p < oo, a vector f € H? is non-
cyclic for the backward shift if and only if f has a pseudocontinuation of bounded
type, i.e., there is a meromorphic function ]? on De, that can be written as a
quotient of two bounded analytic functions on D., such that f 18 a pseudocontin-
uation of f.

Though this theorem is both necessary and sufficient, the hypothesis (having
a pseudocontinuation of bounded type) is not something easily tested. There are
some obvious examples of cyclic vectors like

/(=2 and e?

which are not meromorphic on D., and

Z 1+1/n)

which has a pseudocontinuation, but not of bounded type (too many poles). Notice
that we are using the uniqueness of pseudocontinuations here and the fact that
if a function has an analytic continuation across a point of the circle, then the
analytic continuation must agree with its pseudocontinuation. Along these lines,
the vector /1 — z is a cyclic vector since its pseudocontinuation, which must be
v/ 1 — z, can not have a branch cut. Less obvious examples of cyclic vectors are H?
functions given by Hadamard gap series [27] such as

z) = Z 27"2%"  or Fabry gap series [2] f(z) = Z 27’

Actually, both of these gap series have the following stronger pathological property:
There exists no 1 < R < oo and no meromorphic function f on {z:1 < |z| < R}
such that the nontangential limits of f and f agree almost everywhere. See also
[23] for further details and other pathological examples of this type.

The p = 1 case is a bit pesky and poses some technical challenges that were
overcome by Aleksandrov (see [1] or [6, p. 101]). If £ C H' is invariant, then £ is
an S-invariant subspace of BMOA, closed in the weak-* topology BM O A inherits
by being the dual of H'. However, the description of these S-invariant subspaces
is not as simple as pBMOA (¢ inner), as in Beurling’s theorem for HP. In fact,
¢BMOA may not even be a subset of BMOA. That is to say, ¢ may not be a
‘multiplier’ of BMOA [30]. The second technical challenge is that the dual pairing
between H' and BMOA is

27 _d9

li — .
S f) T (36)
and not simply

27
fig. (3.7)
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This may not seem like a major difference but the proof of the Douglas-Shapiro-
Shields theorem makes use of the F. and M. Riesz theorem [11, p. 40—41]

9

1
5 feH, (3.8)

/ emdu(@) =0 n=0,1,2,... < du(d) = f(e)
[0,27]

for which we need to write the dual pairing (f, g) as an integral, as in (3.7), and
not as a limit of integrals, as in (3.6). Nevertheless, one can show that £ N H? is
not equal to H?, is closed in the norm of H?, and is invariant and hence takes
the form £2(¢) (Theorem 3.4). Using the (H', BMOA) duality, one can show that
E%(¢) is dense in £'(¢). Here £'(¢) := H' N ¢H, or equivalently, the space of H*
functions f such that f/¢ has a pseudocontinuation to a function E € H'(D,.)
that vanishes at infinity. Thus £1(¢) C €. The other inclusion is also a bit tricky
but nevertheless true. The summary theorem here is the following.

Theorem 3.9 (Aleksandrov).

1. A subspace & G H' is invariant if and only if € = EX(¢) for some inner
function ¢.

2. If f = Bo, then [flm = EL(¢), that is to say EX(¢) is cyclic.

3. A wvector f € H' is non-cyclic, i.e., [flgn # H', if and only if f has a
pseudocontinuation of bounded type.

4. The backward shift on H? for 0 < p < 1

Characterizing the invariant subspaces of H? when 0 < p < 1 poses special chal-
lenges. For example, HP (0 < p < 1), with its metric topology, is no longer locally
convex and the Hahn-Banach separation theorem, a key tool in understanding the
p > 1 case, failsS.

Example 4.1. For each 6 € [0,2x], the function (1 — e~%2)~! belongs to H? for
all 0 < p < 1 and so we can consider the following subspace of H?:

1

When z is on the unit circle, we have
1z
l—e®z Z—e
and so £ C H? N HY # HP. As an aside, one can show that indeed & = H? N HY
(see [1] or [6, p. 116]). Again we remind the reader that HP N HY is a space

7P
i0 eHO

6The Hahn-Banach extension theorem also fails in HP (0 < p < 1). Indeed, there is a closed
subspace A of HP and a continuous linear functional on A which cannot be extended continuously
to all of HP [12].
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of functions on the unit circle (see (3.3)). We claim that £+ = (0). Indeed, if
g=>,b,2" € O, = (HP)* belongs to £, then for all 0,

1 el o ) .
0= (T 0) = lm Yo R = tim g0 =7(e"),

r—1-
making g the zero function.

Example 4.1 shows that describing an invariant subspace £ of H? (0 < p < 1)
by first examining £+ and then returning to £ via the Hahn-Banach separation
theorem £ = 1 (&%) is of no use here. In the above example, £ # HP, but +(£1) =
+(0) = HP?. As it turns out though, the invariant subspaces of H? (0 < p < 1)
can be characterized but the description is not the same as before (namely EP(¢)
spaces) and the proof is much more difficult, involving many advanced tools in
analysis. This complicated but beautiful characterization was accomplished by
Aleksandrov [1] and we spend a few moments stating his result.

With the use of duality out, one must discover what functions belong to
a given invariant subspace almost by hand. Given 0 < p < 1 and an invariant
subspace £ C HP, we notice that £ N H? is a closed (in the H? norm) invariant
subspace of H? which, by the Douglas-Shapiro-Shields theorem (Theorem 3.4),
equals £2(¢) for some inner function ¢. If £ N H? = (0), which can indeed be the
case by Example 4.1, we take the ¢ to be the constant function ¢ = 1. This makes
sense since £2(1) = H2N HZ = (0) (F. and M. Riesz theorem — (3.8)).

Let F' C T be the following set

. 1
— 0 .
F._{e e?l‘.l ewzeg}.

One can show that F' is a closed subset of T and that o(¢) T C F. Also consider
a function
k:F —NN[1,n,l,

where
n, :=max{n € NN[1,1/p)}, (4.2)
defined by
) 1
0y .= j 1 e .
k(e") max{jENﬂ[ S M) A=) 65}

Note that a simple integral calculation shows that (1 —e™"2)~7 € HP for all
j € NN [1,n,]. One can show that if Fy is the set of isolated points of F', then
k(e?) = n, whenever ¥ € (F'\ Fy) U (o(¢) N T).

With these three parameters ¢, F, k, form the space EP(¢, F, k) of functions
f € HP such that

1. f*e HPN d)H_g, or equivalently f/¢ has a pseudocontinuation to a function

fo € HP(D.) that vanishes at infinity;
2. f has an analytic continuation to a neighborhood of T \ F;
3. At each ¢ € Fyy\ 0(¢), f has a pole of order at most k(e').
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Before moving on, let us give a non-trivial example of a function belonging
to EP(¢, F, k). This example will become important later on.

Example 4.3. Suppose F' C T is a closed set of Lebesgue measure zero. We assume,
as usual, that o(¢) N T C F. Consider the function

_ [ _dp(e)
e e
where p is a finite Borel measure on T whose support is exactly F'. As mentioned
earlier in Example 3.1, Ku|D € HP and Kpu|D. € HP(D,) and moreover, since p is
singular with respect to Lebesgue measure, these two functions are pseudocontin-
uations of each other. Furthermore, Ky has an analytic continuation across T \ F
and at each isolated point of F', Ku has a pole of order one. Finally, note from
Example 3.1, that the inner function ¢ has a pseudocontinuation

~ 1
P(z) = =—=, z€ D
¢(1/7)
and so Kp/¢ has a pseudocontinuation K/ q~5 which belongs to HP(D) and van-
ishes at infinity. Thus Ku € EP(¢, F, k), at least when F has Lebesgue measure
Zero.

Though somewhat involved to prove, one can show that EP(¢, F, k) is a non-
trivial closed invariant subspace of H? (invariance is clear, closed is what is difficult
to prove). Furthermore,

E CEP(o,Fk).
To obtain the reverse inclusion, Aleksandrov defines the space
1 . )
P o2 e 1. a 0
eP(p, F k) =& (q/))\/{(l ¢ € Fij=1,2,... k(e )}. (4.4)
From the very definition of the parameters ¢, F’ and k, it follows that
eP(o, F k) C E.
What is very difficult to prove here is that
e’ (¢, F. k) = EP(¢, F' k). (4.5)

Aleksandrov’s proof of this fact is quite involved and uses, among other tricks,
distribution theory and the Coifman atomic decomposition theorem for H?. To
summarize, we have the following.

Theorem 4.6 (Aleksandrov). For fized 0 < p < 1 and parameters ¢, F, and k
above, the space EP (¢, F, k) is an invariant subspace of HP. Moreover, every proper
invariant subspace of HP is of the form EP(¢, F, k).

We close this section with a few remarks. The characterization of the cyclic
vectors remains the same: f is non-cyclic if and only if f has a pseudocontinuation
of bounded type. One can also show, as in the HP case when p > 1 but with a
more complicated vector, that EP(¢, F, k) is a cyclic subspace (i.e., generated by
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one vector). Later on (Theorem 5.6) we will give an alternative characterization
of EP(¢, F, k). The curious reader might be wondering why the parameters F' and
k are not needed in the 1 < p < oo case. Notice that (1 —e™"2)~7 ¢ H! for any
0 €[0,27) and j € N.

5. A closer look at Aleksandrov’s theorem

Aleksandrov’s theorem says that when 0 < p < 1, a non-trivial invariant subspace
of HP takes the form EP (¢, F, k) (as described in §4). In this section, we show that
under certain natural conditions, there is an alternative description of EP (¢, F, k).
To do this, we will characterize the weakly closed invariant subspaces of HP.

Let us say a few words about the weak topology on H? (0 < p < 1). The
reader can refer to [12] for further details and examples. Recall from § 2 that (H?)*
can be identified (with equivalent norm) with a Lipschitz or Zygmund space O,
by means of the pairing

A set U C HP is ‘weakly open’ if given any fy € U, there is an ¢ > 0 and
g1,---,9n € Op so that

N H :|(f ~ fogpl <} CU.

j=1
Since the family of semi-norms

{pg(F) = f,9)] 9 € Op}

on HP separates points, standard functional analysis says that (H?, wk) (H? en-
dowed with the weak topology) is a locally convex topological vector space [24, p.
64]. Furthermore, (H?, wk)* = Op. As a consequence, a linear manifold £ C H?
is weakly closed if and only if it satisfies the Hahn-Banach separation property: If
f & E, thereisa g € O, so that ¢ L E but (f,g) = 1, i.e., each point not in E
can be separated from E by a bounded linear functional [24, p. 60]. Viewing this
another way,

clos g wryE =+ (EY), (5.1)

where, for C C O, 1C := {f € H? : (f,¢) =0 Vc € C} is the pre-annihilator of
C. Finally notice that if E' is weakly closed then FE is closed in the metric topology.

There is a containing Banach space BP of HP namely, the weighted Bergman
space of analytic functions f on D for which the quantity

2w 1 ) a0
Il o= [ [ et = r2ar 22

is finite. Certain standard facts about BP are that HP? is a dense subset of BP and

[fllBe < Apllfllaw, f e HP,
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that is to say, the containment H? C BP is continuous. Moreover, BP is a Banach
space and (BP)* can be identified (with equivalent norm) with the space O, via
the dual pairing in (2.1), i.e.,

oo

(f,g) = lim Zanar".

Thus B? and H? have the same continuous linear functionals. Using this fact along
with the Hahn-Banach separation theorem, applied to the Banach space BP, one
can show that if F is a linear manifold in H?, then

clos(gr wiy = (closBpE) N HP.

See [12, Lemma 8] for details.

For the rest of this section we will assume that 1/2 < p < 1. For other values
of p, most of the results are still true but the notation becomes cumbersome
since the description of O, changes very much with p. That being said, we fix
1/2 < p < 1, an inner function ¢, and a closed set F C T. Without loss of
generality, we assume that o(¢) N'T C F. Define

Z(¢p, F) :={g € O, : g€ pH>, g|F =0}".

One can easily observe that Z(¢, F') is an ideal of O,. What is more difficult to
prove is that when O, is endowed with the weak-* topology it naturally inherits
by being the dual of BP, then Z(¢, F) is weak-* closed. In fact, every non-zero
weak-* closed ideal of O, is of the form Z(¢, F'). There is a direct proof of this
result (with an equivalent weak-* topology on Op) in [21]. Another, perhaps more
indirect, proof is found in [4, Thm. 3.2]® Also, Z(¢, F) # (0) if and only if

2m
/ log dist(e®, o(¢) U F)d—9 > —00 (5.2)
0 2m

(see [32]). In fact, if (5.2) holds, then there is a g € A® (¢(®) has a continuous
extension to D~ for all k) such that g € Z(¢, F) \ (0) and g generates Z(¢, F')
in the sense that the smallest weak-* closed ideal containing ¢ is Z(¢, F'). In this
case, ¢, the inner part of g, must be ¢ and ¢! ({0}) N T must be F [15].

It is worth repeating here that we are assuming, to avoid technical details,
that 1/2 < p < 1. In this case, n, = 1 (see (4.2)) and so for ¢, F, k as before,

EP(p, F k) =EP(o, F\1).
Proposition 5.3. £7(¢, F, 1)+ = Z(¢, F).
"Recall that functions in Op have a continuous extension to D~ and so the notation g|F = 0
makes sense.

8The characterization of the ideals of functions ‘smooth up to the boundary’ has been well worked
over [15, 17, 18, 19, 25, 31].
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Proof. Let g € Z(¢, F). Then g € ¢H> and so g annihilates £2(¢) (being the
annihilator of ¢H? in H?). Also, for ¢ € F,

1 —( i
<m79> =7(e 9) =0.

Recalling the definition of e?(¢, F, 1) from (4.4), we see that g annihilates e? (¢, F, 1)
and hence, by Aleksandrov’s approximation (4.5), EP(¢, F, 1). For the other direc-
tion, suppose g € O, annihilates £P(¢, F,1). Then g annihilates £%(¢) as well as
(1—e72)~! for all ¥ € F. It follows now that g € Z(¢, F). O

This proposition yields the following corollary.

Corollary 5.4. The following are equivalent.

1. EP(¢, F,1) is weakly closed.
2. Condition (5.2) is satisfied.
3. EP(@, F, 1) is not weakly dense.

Before getting into the proof, let us set some notation. For f € HP, let [f]
denote the linear span of {B"f :n =0,1,...}, [f]ur the closure of [f] in the HP
metric, and [f]., denote the weak-closure of [f]. From the definitions of the metric
and weak topologies follow the inclusions

1€ [flme C [flw- (5.5)

Proof of Corollary 5.4. We will show that (1) < (2) and (2) & (3). If £P(¢, F, 1)
is weakly closed, it is not weakly dense and so by Proposition 5.3,

(0) # EP(¢, F,1)" =Z(¢, F).

Since Z(¢, F') # (0), then (5.2) must be satisfied. So (1) = (2).

For the other direction, we assume (5.2) is satisfied. We will show that
EP(¢, F,1) is weakly closed by showing it has the Hahn-Banach separation prop-
erty. Let fo € HP \ (0) satisfy (fo,g) = 0 for all g € EP(¢, F, 1)+ = Z(¢, F). We
will show that fy € EP(¢, F,1).

Since Z(¢, F) is an ideal, then 2"Z(¢, F) C Z(¢, F') and, by using the identity

(B" fo,9) = (fo,2"9) =0, n=0,1,2,..., g €L(¢,F),
we see that
(f,g) =0for all g € Z(¢, F) and f € [fo].
But since [fo]* # (0) (since Z(¢, F) # (0)), then [fo], # HP and hence, by (5.5),

[folu» # HP.
It follows now, by Aleksandrov’s theorem (Theorem 4.6), that

1 17

[folar = EP(Y, H, 1) = eP (¢, H, 1) = E2(3) \/ {

where 1 is inner and H is a closed subset of T. We assume, as always, that
o(y)NT C H. Let g1 € Z(¢, F) so that ¢4, (the inner part of g1) is equal to ¢
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and g; 1({0})N'T = F. This is possible since we are assuming (5.2) and so we can
invoke a result in [15] (the ideals are singly generated).

Since g1 L [fo]me, then g1 L £2(¢)) and so g1 € YH>. It follows now, since
bg, = &, that ¢ divides ¢ and so E2(v)) C E%(¢). Notice again that g1 L [fo]u»

and so
1 e e HY.
91 \/{ 6192 - € }

This means that

1 . .
<m791> =71(e”) =0, ¢’ € H.

Since ¢g71({0}) N T = F, then H C F and so, again using Aleksandrov’s approxi-
mation theorem EP (¢, F, 1) = eP(¢, F, 1) and EP (¢, H,1) = eP (¢, H, 1),

fo € [folmr =EP (Y, H,1) C EP(, F, 1).
Thus EP(¢, F, 1) satisfies the Hahn-Banach separation property and hence is weakly
closed. Hence (2) = (1).

Finally, from (5.1) and Proposition 5.3, notice that for any ¢ and F', the weak
closure of EP(¢, F 1) is

H(EN(D, F)T) = TI(9, F),
Thus £P(¢, F, 1) is not weakly dense if and only if (5.2) is satisfied. Hence (2) < 3).
O

The following is our alternative description of EP(¢, F,1). The theorem and
proof is very similar to a result for weighted Bergman spaces in [4] but, for the
sake of completeness, and since there are enough differences, we include it anyway.

Theorem 5.6. If (5.2) is satisfied, then EP (¢, F, 1) is the space of functions f € HP
such that

1. fg € H!

2. f/¢ has a pseudocontinuation to an }\; € HP(D.) with }\;(oo) =0,
where g € A% with ¢, = ¢ and g~ ({0})NT = F.
Proof. Since T, (the weak-* closed ideal generated by g) is equal to Z(¢, F'), then,
by the equality £P(¢, F,1) = (¢, F), we need to show that an f € HP satisfies
the two hypotheses of the theorem if and only if f € +Z,.

Let ¢© = g be the inner-outer factorization of g. If f € HP satisfies the two
hypotheses of the theorem, then for almost every 6,

(f) () = fo(e)B(e”).
The right-hand side of the above equation is the boundary function for
fo(2)8(1/7)

which belongs to H? (D, ). Moreover, by the assumption that fg € H', this bound-
ary function belongs to L' and so, by a classical theorem of Smirnov [11, p. 28],
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(f9)(e") is the boundary function for a function belonging to H'(DD.). Hence, by
the F. and M. Riesz theorem (3.8),

2
o —inpdO
/ (fg)(e)e ™5 =0, n=0,1,2,...
0 s

By our dual pairing between H? and O,, and the fact that fg € H', we conclude
that
2m ) ) 46
(f,2"g) = / (fg)(e®)e ™ — =0, n=0,1,2,...°
0 2m
This shows that f annihilates the weak-* closed S-invariant subspace of O, con-
taining g. One can prove (see [4, Thm. 3.2]) that any weak-* closed S-invariant
subspace of Oy, is an ideal and so f € +Z; (the weak-* closed ideal generated by g).
Conversely, suppose f € +Z,, or equivalently f € £P(¢, F,1). By the defi-
nition of EP(¢, F, 1), f satisfies the second (pseudocontinuation) condition of the
theorem and so we just need to show that fg belongs to H'. To this end note that
for any integer n > 1,

—_— dA
() =nt [ FEFGET (L
where dA is area measure on the disk . For ease in notation, let
gn := (2 1g) i),

We also assume that n > 1/p so that fg,(1 — |z|?)" is bounded on D. This is
possible since g,, is bounded on D, since we are assuming that g € A*°, and all H?
functions f satisfy the growth estimate |f(z)] < Cy(1 — |z|)~/? (recall this from
§2).

With this fixed n, let A € D and note, using the definition of EP(¢, F, 1), that

f*f(A)

€EP(o, 1 1)
and so, since g annihilates EP ((;S7 F,1),
f=f(A f— f ndA
0= (—"2 — / gn(1— |2]2)"—. (5.7)
7r
Let
.2\ _
GO = n!/gi"(l Arad /fg" @ L)
z—A T

Elementary facts about Cauchy transforms of bounded functions on the plane [33,
p. 40] show that G and H are continuous functions on C and satisfy the Lipschitz-
type condition

|G(A1) — G(A2)] < Cg|A1 — Az|log (5.8)

1
A1 = Xo|

9Note, by the dominated convergence theorem and the fact that fg € H! and so frgr — fg as
r — 1, that frgr — fg = (frgr — f9)9/9r + f9(gr/gr — G/g) converges to zero as r — 1.
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Furthermore, by (5.7),
FNVGAN) =H(\), AeD. (5.9)

A computation with power series shows that for 0 < r <1
G(e?/r) = re”g(re'?)
and so for r > 1/2,
(f9)(re)| < C[If(re)Gre) | + | f(re”)| |G(re™) = G(e/r)]] . (5.10)
|

By (5.9), the first term on the right-hand side of the above is equal to |H (re®)
which is uniformly bounded in r and 6. For the second term, notice from (5.8
that

|G(T’6i0) - G(ew/r)| < Cg(1—r1)log T

and so, by (5.10),

. ) 1
|(Fg)(re”)] < Cr+ Co| f(re)|(1 — 7) log T—. (5.11)
Since HP C BP then, for any 0 < r < 1,
1 2m
v, dl
Sl > [ @9 [ (s s
r 0 2
1 2w
., db
> [amsrr [t as
r 0 2T
de
> W= =t [
0 2
and so )
g . df
A il < C.(1— 171/p.
| ez < ca-n)
Combining this with (5.11) along with the fact that 1/2 < p < 1 (and so
1— 2—1/1)1
( ) o8 1—7r
is bounded in ), we conclude that
2m
o df
| aeeng
0 e
is uniformly bounded in 7. Hence fg € H'. O

For other p, not in (1/2,1), the above theorem is still true, though the proof
is more technical since the resulting ideal EP(¢, F,k)* will involve the zeros of
the derivatives of g on the circle. The proof presented here needs to be changed
slightly and for this we refer the reader to [4] where there is a similar result for the
invariant subspaces of BP. Notice that since every weakly closed invariant subspace
is also closed in the metric of HP, we have shown the following corollary.
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Corollary 5.12. For 0 <p < 1 and ¢, F, k satisfying the condition

2m
- db
/ log dist(e”?, o (¢) U F)=—— > —o0, (5.13)
0 27
EP(¢, F,k) is a non-trivial weakly closed invariant subspace of HP. Conversely,
every non-trivial weakly closed invariant subspace of HP takes the form EP(¢, F, k)

for some ¢, F, k satisfying (5.13).

6. The Bergman spaces L?, 0 <p <1

We end with some remarks about the invariant subspaces of the Bergman spaces!®

L? (0 < p < 00) of analytic functions f on D for which

1/p
1l = ( / Ifl”dA> <.

The quantity | f — g||, defines a norm when 1 < p < oo while |[f — g||} defines
a translation invariant metric when 0 < p < 1. In either case, one can use the
pointwise estimate

@ ST PIfllp(L = =) 7P, z €D

to show that LP is an F-space [9, p. 51]. For f € LP routine integral estimates
show that Bf € LP. Using the above pointwise estimate, one proves that the graph
of B is closed and so, by the closed graph theorem (which is valid in an F-space
[9, p. 57]), B is continuous on L?.

When 1 < p < oo, one can make heavy use of duality to show that if £ is a
non-trivial invariant subspace of LP, then every f € &£ has a pseudocontinuation
of bounded type. Moreover, when 1 < p < 2, there is a complete description of
€ [3, 4, 22]. We pause for a moment to remark that in order for f € £ to have a
pseudocontinuation, it must first have non-tangential limits almost everywhere on
T. This is automatic for H? but not for L?. There are indeed examples of functions
in LP (or in any of the weighted Bergman spaces such as BP) which do not even
have radial limits almost everywhere [11, p. 86]. Such poorly behaved functions do
not belong to non-trivial invariant subspaces of L2.

When 0 < p < 1, can we say anything about the invariant subspaces of L2? In
this case, L? is not locally convex and so, as in H? (0 < p < 1), duality is of little
use. J. Shapiro [28, 29] showed, assuming 0 < p < 1 as we will do from now on,
that L2 C BP/? and this containment is continuous. Moreover, L? and BP/? have
the same set of continuous linear functionals (via the same ‘Cauchy duality’ as in
(2.1)), namely Oy, /5. As in the H? case, there is a corresponding weak topology on
L% induced by O, /5 and if A is a linear manifold in L%, then

clos(zr wiyA = (closps/2A) N LE. (6.1)

10Two nice references about Bergman spaces are the following books [10, 14].
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If £ is a norm-closed invariant subspace of B?/2, then £+ is an S-invariant
subspace of O/, and hence a weak-* closed ideal which, as before (see also [4,
Thm. 3.2]), is of the form Z, (the weak-* closed ideal generated by g) for some
g € A%®. By the Hahn-Banach theorem, which is applicable here since B?/? is a
Banach space, we have & = 17,. One can prove [4] that f € BP/2 belongs to
L1, if and only if (i) fg € HY; (ii) f/¢, (Where ¢, is the inner part of g) has a

pseudocontinuation fg, € N*(D,) I which vanishes at infinity. Combining this
with (6.1) we have the following result.

Theorem 6.2. Let 0 < p < 1 and & be a non-trivial weakly closed invariant subspace
of LY. Then there is a g € A* such that £ is the set of f € LY such that

1. fge H.

2. f/¢q has a pseudocontinuation ]/”;; € NT(D.) which vanishes at infinity.

Certainly if £ is a weakly closed invariant subspace of L2, then £ is closed in
the metric of L2. Is every closed invariant subspace weakly closed? In HP?, this is
not the case (see Corollary 5.12). Though we do not have a proof, we conjecture
that every closed invariant subspace of LP is indeed weakly closed. In HP?, the
space £ = \/{(1—e"?2)71: 0 < 0 < 2r}, where |/ is the closed linear span in the
metric topology of HP, is a proper closed invariant subspace that is weakly dense.
This same example, with the linear span in H? replaced by the closed linear span
in the metric topology of LP, is certainly weakly dense. However, since L} C L2
with continuous inclusion, and since the linear span of {(1—e~2)~1: 0 < 0 < 27}
is norm dense in L}, we see that £ is dense in the metric topology of LP. We end
with the following open question.

Question 6.3. For 0 < p < 1, what are the closed (in the metric topology) invariant
subspaces of LP?
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Abstract. Recently, G.M. Phillips [6], [7] has introduced the g-parametric
Bernstein polynomials denoted by B, (f,z,q), 0 < ¢ < 1. In [6] the investi-
gation of the properties of these polynomials is based on some generalization
of divided differences and on the Newton interpolation formula. A. II'inskii
and S. Ostrovska [4] have considered linear operators B (f, z, q) which were
derived by means of By (f,x,q) with the help of an informal passing to the
limit for n — oo. In this paper we give another more natural proof of the
main results of [6], [4]. Moreover, for the Voronovskaya’s asymptotic formula
we obtain the estimate of the remainder term. We also consider the modifi-
cation of these operators in order to improve the degree of approximation of
twice differentiable functions.

Mathematics Subject Classification (2000). 41A10, 41A25.

Keywords. approximation, g-Bernstein polynomials, central moments, inequal-
ities.

1. Introduction

The classical Bernstein polynomial of degree n for f € C[0, 1] is given by
~ [k
B,.(f,z) = — | pn , 1.1
(F.2) §f<n)p 4(2) (1)

Pos(2) = <Z> 2 (1 — z)" k. (1.2)

This construction is due to S. Bernstein [1]. These polynomials possess many re-
markable properties and are the leading special case in the theory of approximation
by positive linear operators (p.l.o.) (cf., e.g., [8, 9, 10]).
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In 1997 G. M. Phillips [6] generalized the Bernstein polynomials in the fol-
lowing way. Let 0 < ¢ < 1 and denote by

n], =[] =14+q+ - +¢" ! forneN; [0] =0; (1.3)
[n)!=1][2]...[n] for n e N; [0]! = 1; (1.4)

n [n]!
<k>qm k=0,1,...,n; (1.5)

if k <0ork>mn then (Z)q = 0. The notation (1.5) is due to Gauss [3, p. 16]. The
g-Bernstein polynomials G.M. Phillips defined by formulas

n(fr2,q) = if(i)pnw:@ (1.6)

k=
P, q) = (Z) 2F(1—2)(1 - zq) ... (1 —zg"*1). (1.7)

For the special case ¢ = 1 we have B, (f,z,1) = B,(f,z). As p,(z,q) > 0 on [0,1]
therefore B, (f,z,q) is p.l.o.

2. Main identities

From (1.3)—(1.5) we have

[K] + ¢"[n — k] = [n], (2.1)
)0, e
-G, e

"o (1) - (") , (@4)

In order to consider the approximation properties of p.l.o. B,(f,x,q) we shall
derive the following identities:

B,(1,z,q) =1, (2.5)
B,(t,z,q) =z,
B,(t*,z,q) = z° + (1[75 CE) (2.7)

These formulas are the generalization of those for classical Bernstein polynomi-
als. Our proofs are based on (2.1)—(2.4) and are essentially different from the
proofs in [6].
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3. Proofs of relations (2.5)—(2.7)
We shall obtain (2.5) by induction. The case n = 1 is immediate. In fact,

Bi(1,z,9) = pio(z,q) + p11(z,q) = (1 —z) +z = 1.

Assume that (2.5) is true for n — 1, in other words B,_1(1,2,¢) = 1. Using (2.2)
we get

pok(z,q) = { (Z B i)q + g (n ; 1) }mk(l —z)...(1—zg" )

= 2pn-1k-1(2,q) + (1 — 2)pn—11(qr,q).

Then because of the induction hypothesis we have

Bu(1,2,q) = par(,q9) = 2Bp-1(1,2,q) + (1 —2)Bn_1(1,q2,9) = 1.
k=0

The equality (2.6) is readily derived from (2.5) with the help of (2.3). Indeed,

n

BML%Q)Z%}M% q) :I?an Lk-1(2,q) = .

k=0
We shall prove now the following recurrence formula

n— 1™

B, (t™ 2,q) = B,(t™, x,q) — [ e (1—2)Bp_1(t", zq,q). (3.1)

In the special case m = 1 we shall obtain (2.7) from (3.1). We write explicitly

n m+1l /.
Bu(t™ m,q) =) Efjmﬂ (k> P1—2)1—2q)...(1—z¢" ") (3.2
k=0 q

and transform the first factor using (2.1) and (2.4) in the following manner:
e () (e ()
KRNV (R ] k),

[n
Ejm ( ) - [n[n]:z]m [n[k]T]m (n N 1>qq’“. (3.3)

Finally, if we substitute (3.3) in (3.2) we get (3.1). In fact, according to (2.6) and
(3.1) we find for m =1

-1 1—
Bo(,a,q) = o — 21— pypg =02y TLED)
] ]
We conclude from (3.1) that for m <n
deg B, (t™, z,q) = m. (3.4)

Possibly the recurrence formula (3.1) is new even for the classical Bernstein
polynomials. Another recurrence relation for B, (t™, ) is stated in [9, p. 28].
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4. Approximation theorem

If 0 < ¢ < 1 then by (2.7)
lim {B,(t*,r,q) —2°} = (1 — ¢)z(1 — ).

Consequently, the polynomials B,, (2, x,q) do not converge to #2 in (0,1) as n —
oo. In what follows it is assumed that 0 < ¢, < 1. It is easy to see that if ¢, — 1
for n — oo then

lim [n],, = +o0.

n—oo
In fact, there exists for every qo, 0 < ¢o < 1, such a number ng that [ng]q, >
271(1—gqo)~t. But for n > ng such that g, > go we have [n]q, > [no]q,. Therefore,
if ¢, — 1 then

lim B, (t*,z,q,) = 2°.

n—oo

It should be noted that as [n],, < n then
B.(t*,7,q,) — 2* > B, (t*, ) — 2* 0<z<1).

Consequently, the degree of approximation of 2 by B, (t?,z, g,) for arbitrary rate
of convergence of ¢, to the unity is worse than the degree of approximation of 2
by B, (%, z).

So-called central moments of p.l.o. play a significant role in the theory of
approximation by sequence of p.l.o. For the ¢g-Bernstein polynomials let us denote
them by

Snm(2,q) = Bp((t —x)™, z,q). (4.1)
For m = 2 using (2.5)—(2.7) we find immediately
Sua(eq) = U2, (12)

As the conditions (2.5) and (4.2) take place then by a well-known general result
due to Popoviciu (see [8, p. 13]) we obtain:

Theorem 4.1. For any f € C[0,1] the following inequality holds

|Bu(f,2,00) — F(2)] < 20(f, /Sna (@ 4n)) < 20(£,27 ' [n]02),  (4.3)

where w(f,s) denotes the modulus of continuity of the function f on the segment

0, 1].

Therefore, the sequence B, (f,x,q,) converges uniformly to f for each con-
tinuous function f if and only if

lim ¢, = 1. (4.4)

n—oo
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5. Generalization of Voronovskaya’s theorem

In this section we will follow the method due to S. Bernstein [2] (see also [9, §6]).
First of all we shall find the explicit formula for S,3(z, q). Using (3.1) and taking
into account (2.5)—(2.7) we obtain
z(1—2) z(1-2x) 1 9
B,(t3,x,q) = 2% + - 11— — ) (1+¢*n—-2=x). (5.1)
[] [] ]

On the other hand, if we express ¢> at the following form

t3 = 2® + 32%(t — ) + 3x(t — 2)* + (t — 2)?

and use the g-Bernstein polynomial, then we get
22(1 —x)
[n]
By (5.1) and (5.2) we finally obtain the explicit expression
z(1—2)(1 - Qnx)

B, (t*,2,q) =2® +3 + Sns(z, q). (5.2)

Sn3(937Q) = [n]2 ) (53)
where Q,, = 2 + q(1 — ¢"~1). Therefore,
3 s P0-2) ol - 0)(1 - Qur)
B,(t°,x,q) =x°+3 + . (5.4)

[n] [n]?
The analogous calculation can be applied to Sya(z,¢). Substituting (5.4) in (3.1)
and comparing the obtained result with the formula
3(1 - 2(1—2)(1 -
(L) | 220000~ Que)
[n] ]

similar to (5.2), we easily receive the important inequality

Bu(t*,2,q) = 2* + 6~

+ Sna(z, q), (5.5)

x(1—x)
Spa(z,q) < K221 5.6
Here and further K denotes a positive absolute constant.
Theorem 5.1. For any f € C?[0,1] the following inequality holds
')zl —=x Krx(l—=x —1
Bu(f.x.0) — (@) - LD KEUZ) o ghy (5

2 [n] qn B [n] qn

Let f € C?)[0,1] and = € [0, 1] is fixed. By Taylor’s formula we may write

£t = £y + T2y ¢ Dy
:f@)+i%gﬁfzy+ﬂgﬂﬁfxf+mﬂﬁnﬂ,(5&
ra(fotz) = LG =@ (g (5.9)
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where & is situated between = and t, therefore, |{; — x| < |t — z|. Applying p.l.o.
B, (f,z,q) to (5.8) we obtain

Bn(fazaqn) - f(ﬂf) - f"(ll?)% S Bn(|7’2|7x7Qn)a

because S,1(x,q) = 0. For the estimate of the remainder ro we shall use the
well-known inequality w(f, A\§) < (1 + A*)w(f, ). We have

(&) — F"(@)] < w(f", 1€ — al) < w(f" |t — )
< w(f", a2 (1 + [nlg, (t — 2)2).
Hence,

Bn(|rals 2, qn) < %w(f’C (n]g.* ) (Sn2 (2, @) + [n]g, Sna(; qn))

1 ~1ox(l—x)
< —w(f” 2 1 .
< gl il T 1+ K)
The proof is complete. (I
Corollary 5.2. If f € C?[0,1] and q,, — 1 as n — oo, then
1
. x
tim i, (Bulf.2.0) — £(2)) = L0001 ) (5.10)

uniformly on [0,1].

It is of interest the fact that for the function f(t) = t? takes place the exact
equality

Wlau {Balt,,00) — %) = 3 (a)"e(1 )
without passing to the limit.
Corollary 5.3. If the function f is convex on [0,1] then
Bu(f.x,q) = f(x). (5.11)

Evidently, it suffices to verify (5.11) for f € C?[0,1]. Using the first line of
(5.8) we get

n 2
Ba(f.2.0) = (@) + 3 3 /(&) (% - x> puk(,) > ()
k=0

as f"(x) > 0 for every z.
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6. Modification of ¢-Bernstein polynomials

Let f € C0,1] and let

z(l—x

(2T])Bn(fl/7x7Q) (61)
denote the linear operator which represents some modification of p.l.o. B, (f,z,q).
The special case ¢ = 1 is due to S. Bernstein [2] (see also [9, §7]). Applying
D, (f,x,q) instead of B, (f,z,q) to f € C?[0,1] we are able to improve consider-
ably the degree of approximation. In this connection we shall prove the following
theorem.

Dn(f7x7Q) = Bn(f7x7Q) -

Theorem 6.1. If f € C®[0,1] then

KI(I — I) " -3

WWU s[nla.?)- (6.2)
Combining (5.7) and (4.3) we get immediately (6.2). Obviously,

|Dn(fa Z, C]) - f(m)l

< Bn(f,z,q) - f(ZZJ) - f”(gj)

This establishes the statement.

Concerning the modification of the classical Bernstein polynomials for f €
C™[0,1], v > 3, see [9, §7]. For the further application of our idea of modification
to B,(f,r,q) in the case f € C*[0,1], v > 3, we have need of bounds for the
central moments S, 2m (, ¢) for every natural number m. For our purpose it suffices
to show that

[Dn(f; 2, qn) — f(@)] <

z(1—x) n z(1—x)

2[n] 2] 1" (@) = Bu(f", . q)|-

x(1—x)
[n]™
These inequalities take place for the classical Bernstein polynomials for all m. If
0 < g < 1 then (6.3) holds in the special cases m = 1 and m = 2 according to (4.2)
and (5.6). It would be of interest to know if (6.3) is true in general case. (See [10]).
Recently, S. Ostrovska [5] has published very interesting paper concerning
the approximation of an analytic function f in the z-plane by B, (f,z,q) if it is
assumed that ¢ € (1, 00).

7. P.l.o. introduced by S. Ostrovska and A. IV’inskii

In 2001 A. Iinskii and S. Ostrovska [4] introduced a certain new set of p.l.o.
and denoted it by Boo(f,x,q), 0 < ¢ < 1. These p.l.o. were derived by means of
B, (f,z,q) with the help of an informal passing to the limit for n — oco. As we
shall see the behavior of Buo(f,,q) is very similar to that of B,(f,x,q). In [4]
the investigation is based on some probabilistic considerations as in the original
basic note [1] due to S. Bernstein. Our method is different from the authors’ one
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and is similar to the discussion in §§2—6. For a sake of simplicity we shall apply
the notation A,(f, ) instead of Boo(f,z,q).
Let 0 < ¢ < 1; it is valid the following Euler’s identity:

S 7t (@)

i g.a-m o =Tl 7y

where -
v(@) = [[ - za"). (7.2)

s=0

In order to deduce (7.1) we may use the expansion of the function p(z) = (1/¢(x))
in the power series for 0 < z < 1.
Obviously, we have

Y(x) = (1 —x)p(qr), @(gz) = (1 —z)p(z). (7.3)
Hence,
b)) |
PO=1 eI a-g.a-a& Y

Thus (7.1) is established and the series in the left-hand side converges uniformly
to the unity in [0,1 — €]. P.Lo. in question A,(f,z) for f € C[0,1] is defined by

Zf (1- qu ), (7.5)
zFp(x

Par(T) = i a.. (1)qk)' (7.6)

On account of (7.1) the equality
x) = quk(a:) =1 (7.7)

k=0

holds. It is easy to see also that

Ayt z) = Z(l — " per(z) = pr,Lk 1(z) = . (7.8)
k=0

It is not difficult to verify the following recurrence formula
A (T x) = A, (™ x) — (1 —2)A, (1™, qx). (7.9)
Indeed, it suffices to observe that
¢“pa(@) = (1 = 2)pgr(q).
Hence,
(1= a") " pgr(x) = (1 = ¢")"par(z) — (1 —2)(1 — ¢") " par(qz)-

Let us note that it is possible to obtain (7.7)—(7.9) as limits of (2.5), (2.6)
and (3.1) for n — oo.
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It follows from (7.9) that for any positive integer m the analytic function
Ay(t™, x) is a polynomial of exact degree m.
Putting m = 1 into (7.9) we get immediately

At x) =27+ (1 — ¢)x(1 — ). (7.10)
If we denote a central moment of p.l.o. A, by
Sm(Ag,x) = Ag((t — )™, x) (7.11)
then by (7.7), (7.8) and (7.10) we have
So(Ag,z) =1, S1(4q,z) =0, S2(Aq,2) =(1—q)z(1 —z). (7.12)

Later we shall establish results analogous to the preceding theorems on ap-
proximation by g-Bernstein polynomials.

8. Approximation by p.l.o. A,

We shall consider an approximation of the function f € C0,1] by A,f assuming
that 0 < ¢ < 1 and ¢ tends to the unity. Taking into account (7.12) and applying
the general Popoviciu’s theorem we obtain

Theorem 8.1. If f € C[0,1] then

[Ag(F,2) = F@)] < 200, [S2(Ag0) S 200, 5VT= 0 (8)

Consequently, according to (7.10) and (8.1) the sequence {A,, f} converges
uniformly to any f € C[0, 1] if and only if ¢,, — 1 for n — oo. In order to establish a
theorem of Voronovskaya’s type it is enough to estimate the fourth central moment
S4(Ag, x). Now the consideration is easier then in §5. Using (7.9) and (7.11) we
get immediately

S3(Ag, ) = (1 - ¢)*z(1 — 2)(1 — (¢ + 2)z). (8.2)

Further, applying (7.9) for m = 4 and taking into account (8.2) we obtain required
inequality
Si(Ag,z) < K(1—q)%z(1 — ). (8.3)

Theorem 8.2. If f € C?[0,1] then

A(fo2) — f(2) — 24 @)a(1 - ) < K(1 - qa(l — 2)w(f", VT —g). (8.4)

2

For the proof of (8.4) a slight variation of the argument of §5 may be made.
We have just to apply (8.3) instead of (5.6).

Corollary 8.3. If f € C?[0,1] then

_A(fix) — fa) _ f(2)
(}1—% 1—¢q 2

z(1 —x) (8.5)

uniformly on [0, 1].
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Of course, for f(t) = t? we have because of (7.10) the exact equality
(332)"
2
Corollary 8.4. If the function f is convex on [0,1] then Aq4(f,z) > f(z).

Ag(t*,2) —a® = (1—q)

z(1l — x).

For f € C®[0,1] we define the modification of p.l.o. Aq(f, x) by the formula

Coll2) = Ag(F,2) — 15 L1~ ) Ay ). (3.6)

The following statement is similar to Theorem 6.1 and is the immediate conse-
quence of Theorems 8.1 and 8.2.

Theorem 8.5. If f € C?[0,1] then
Ca(f,2) = f(2)] < K(1 = q)z(1 — 2)w(f", /1 - q). (8.7)
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