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To the memory of
Sergey L’vovich Sobolev
on the occasion of his centenary



Main Topics

Sobolev’s discoveries of the 1930’s have a strong influence on de-
velopment of the theory of partial differential equations, analysis,
mathematical physics, differential geometry, and other fields of math-
ematics. The three-volume collection Sobolev Spaces in Mathematics
presents the latest results in the theory of Sobolev spaces and appli-
cations from leading experts in these areas.

1. Sobolev Type Inequalities

In 1938, exactly 70 years ago, the original Sobolev inequality (an embed-
ding theorem) was published in the celebrated paper by S.L. Sobolev “On
a theorem of functional analysis.” By now, the Sobolev inequality and its
numerous versions continue to attract attention of researchers because of
the central role played by such inequalities in the theory of partial differ-
ential equations, mathematical physics, and many various areas of analysis
and differential geometry. The volume presents the recent study of different
Sobolev type inequalities, in particular, inequalities on manifolds, Carnot—
Carathéodory spaces, and metric measure spaces, trace inequalities, inequal-
ities with weights, the sharpness of constants in inequalities, embedding theo-
rems in domains with irregular boundaries, the behavior of maximal functions
in Sobolev spaces, etc. Some unfamiliar settings of Sobolev type inequalities
(for example, on graphs) are also discussed. The volume opens with the survey
article “My Love Affair with the Sobolev Inequality” by David R. Adams.

11. Applications in Analysis and Partial Differential Equations

Sobolev spaces become the established language of the theory of partial dif-
ferential equations and analysis. Among a huge variety of problems where
Sobolev spaces are used, the following important topics are in the focus of this
volume: boundary value problems in domains with singularities, higher order
partial differential equations, nonlinear evolution equations, local polynomial
approximations, regularity for the Poisson equation in cones, harmonic func-
tions, inequalities in Sobolev—Lorentz spaces, properties of function spaces in
cellular domains, the spectrum of a Schrodinger operator with negative po-
tential, the spectrum of boundary value problems in domains with cylindrical
and quasicylindrical outlets to infinity, criteria for the complete integrability
of systems of differential equations with applications to differential geome-
try, some aspects of differential forms on Riemannian manifolds related to the
Sobolev inequality, a Brownian motion on a Cartan—Hadamard manifold, etc.
Two short biographical articles with unique archive photos of S.L. Sobolev
are also included.



viii Main Topics

111, Applications in Mathematical Physics

The mathematical works of S.L. Sobolev were strongly motivated by particu-
lar problems coming from applications. The approach and ideas of his famous
book “Applications of Functional Analysis in Mathematical Physics” of 1950
turned out to be very influential and are widely used in the study of various
problems of mathematical physics. The topics of this volume concern mathe-
matical problems, mainly from control theory and inverse problems, describ-
ing various processes in physics and mechanics, in particular, the stochastic
Ginzburg-Landau model with white noise simulating the phenomenon of su-
perconductivity in materials under low temperatures, spectral asymptotics
for the magnetic Schrodinger operator, the theory of boundary controllabil-
ity for models of Kirchhoff plate and the Euler—Bernoulli plate with various
physically meaningful boundary controls, asymptotics for boundary value
problems in perforated domains and bodies with different type defects, the
Finsler metric in connection with the study of wave propagation, the electric
impedance tomography problem, the dynamical Lamé system with residual
stress, etc.
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Preface

Victor Isakov

This volume contains various results on partial differential equations where
Sobolev spaces are used. Their selection is motivated by the research inter-
ests of the editor and the geographical links to the places where S.L. Sobolev
worked and lived: St. Petersburg, Moscow, and Novosibirsk. Most of the
papers are written by leading experts in control theory and inverse prob-
lems. Another reason for the selection is a strong link to applied areas. In
my opinion, control theory and inverse problems are main areas of differen-
tial equations of importance for some branches of contemporary science and
engineering. S.L. Sobolev, as many great mathematicians, was very much
motivated by applications. He did not distinguished between pure and ap-
plied mathematics, but, in his own words, between “good mathematics and
bad mathematics.” While he possessed a brilliant analytical technique, he
most valued innovative ideas, solutions of deep conceptual problems, and not
mathematical decorations, perfecting exposition, and “generalizations.”

S.L. Sobolev himself never published papers on inverse problems or con-
trol theory, but he was very much aware of the state of art and he monitored
research on inverse problems. In particular, in his lecture at a Conference on
Differential Equations in 1954 (found in Sobolev’s archive and made available
to me by Alexander Bukhgeim), he outlined main inverse problems in geo-
physics: the inverse seismic problem, the electromagnetic prospecting, and the
inverse problem of gravimetry. While at that time one of the main achieve-
ments was the solution of the one-dimensional Sturm-Liouville and spectral
problems, he emphasized importance and possibilities of multi-dimensional
inverse problems.

I was a part of Sobolev Seminar at the Institute of Mathematics, Novosi-
birsk, the USSR, from 1971 to 1980, until he left for Moscow. When presenting

Victor Isakov
Wichita State University, Wichita, KS 67206, USA, e-mail: victor.isakov@wichita.edu

V. Isakov (ed.), Sobolev Spaces in Mathematics I1I, 1
International Mathematical Series.
doi: 10.1007/978-0-387-85652-0, (© Springer Science + Business Media, LLC 2009
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new results on inverse problems I was always aware that S.L. Sobolev followed
presentations very closely and liked new ideas and not technicalities.

Now it is hard to imagine papers on the theory of partial differential equa-
tions written without use of Sobolev spaces. The papers in this collection are
not an exception: almost all of them to some extent make use of these spaces.
Their collection shows a variety of situations where Sobolev spaces are used.
One of the main contributions of S.L. Sobolev is the introduction and use of
Sobolev spaces and generalized (weak) solutions to boundary value problems
to establish existence and uniqueness of generalized solutions to some ba-
sic boundary value problems (in particular, for hyperbolic and higher order
elliptic equations) and their relations to classical solutions. Together with
K.O. Friedrichs he can be viewed as a founding father of the contemporary
theory of partial differential equations.

Now we briefly review the contents of the volume.

M. Belishev exposes an approach to the problem of reconstruction of a
Riemannian (2 from the elliptic or hyperbolic Dirichlet-to-Neumann maps
based on representation of algebras of functions. The basic idea is that these
maps uniquely determine certain sufficiently large algebra of functions on
2, and hence the spectrum of this algebra which is isometric to §2. This
approach applies to elliptic operators at least in the two-dimensional case,
where there are strong connections between (generalized) analytic functions
and elliptic partial differential equations. For second order hyperbolic equa-
tions the needed algebra is generated by the family of projection operators.
A projection operator in this case projects onto the L?({2)-closure of waves
sent from the boundary of {2 at times from 0 to 8 < T'. This approach shows
unusual aspects of the powerful and innovative Boundary Control Method
initiated by M. Belishev and has a strong promise for new applications.

The memoir of A. Fursikov, M. Gunzburger, and J Peterson is devoted to
the theory of boundary value problems for the stochastic Ginzburg—Landau
equation. This semilinear equation models the famous phenomenon of su-
perconductivity in materials under low temperatures. The authors introduce
into the Ginzburg-Landau model (complex-valued) white noise. This change
has some regularizing effect. In addition, the system enjoys some interesting
ergodic properties. They demonstrate existence and uniqueness of weak solu-
tions. The exposition contains a convenient definition and useful properties
of the Wiener measures and of the Wiener process, discusses the Ito integral
and the Ito formula. The existence of a weak solution is proved by obtaining a
priori estimates of solutions, including the mean modulus of continuity, some
special compactness theorems, and passing to limits when the size of spatial
grid goes to zero. Finally, the existence of the strong statistical solution is
established.

The paper of V. Isakov and N. Kim contains a first proof of Carleman
type estimate with two large parameters for a general second order partial
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differential operator with real-valued coefficients. Carleman estimates are es-
timates in an L2-space with the exponential weight containing a large pa-
rameter. They are the basic tool in proving uniqueness and stability of the
continuation of solutions to partial differential equations. The continuation
of solutions is of fundamental importance for boundary control theory and
inverse problems. While their theory is well developed for scalar operators,
systems of partial differential equations present currently a formidable chal-
lenge. Some classical isotropic systems can be principally diagonalized and
handled like scalar equations, but more general and important anisotropic in
some cases can be only transformed into principally triangular ones. Then
two large parameters are essential to achieve global results. As an example,
the classical Lamé system with residual stress is handled.

The paper of V. Ivrii, one of the best known students of Sobolev, discloses
more detail about his deep research on spectral asymptotics. He considers the
weighted integral of the spectral kernel of the magnetic Schrodinger operator.
The (singular) weight is the inverse of the distance to the diagonal, so this
integral can be interpreted as the Dirac correction term related to the ground
state energy of atoms or molecules. The goal is to justify the Weyl type
asymptotic behavior of this integral, i.e., to obtain best possible estimate for
the remainder. The basic technique is the microlocal analysis and the leading
idea is to make use of (micro)hyperbolicity. An essential tool of proofs is
splitting integration domains into special zones, somehow in the spirit of the
classical potential theory. Conditions for estimates of remainders include some
assumptions on the distribution of eigenvalues and on microhyperbolicity of
the Schrédinger operator.

In their contribution, I. Lasiecka and R. Triggiani develop a complete the-
ory of boundary controllability for important partial differential equations
modeling the Kirchhoff plate and the Euler—Bernoulli plate with various phys-
ically meaningful (linear and nonlinear) boundary controls. In addition, they
consider the Schrédinger equation with the Dirichlet and Neumann boundary
controls which is of significance for plates and shells equations due to their
factorization into products of Schrodinger operators. One of the main goals
is to achieve exact controllability (i.e., driving the system into zero final state
by boundary control in a finite time) and the feedback stabilization of solu-
tions for large times. The basic tool is the semigroup theory. Very delicate
related questions concern continuity of boundary operators in Sobolev spaces.
Several proofs are given and there are references to an extensive bibliography
on the subject.

V. Maz’ya and A. Movchan obtain and justify asymptotic expansions of
Green’s functions of the transmission and Neumann problems for the Laplace
equation in a domain with several holes. The important feature of their result
is the uniformity of the asymptotic expansions with respect to the arguments
of Green’s functions. The small parameter ¢ in these expansions is the average
size of the holes. The authors employ the potential theory and the theory of
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Sobolev spaces to obtain uniform bounds of the remainder in the asymptotic
expansion of quadratic order with respect to ¢.

M. Taylor is discussing the use of the Finsler metric to study the wave
propagation. The Riemannian metric is a particular case of the Finsler met-
ric and its importance for the theory of elliptic and hyperbolic equations
is widely recognized. The author introduces the Finsler symbol, connects it
to pseudodifferential operators and hyperbolic partial differential equations,
and interprets a construction of the fundamental solution to the hyperbolic
Cauchy problem by using the Finsler symbol. He gives an example of a strictly
hyperbolic equation of the fourth order that gives rise to a non-Riemannian
Finsler metric. Finally, he describes some applications to the ergodic theory
and harmonic analysis. The main technique of this paper is the theory of
pseudodifferential operators.



Geometrization of Rings as a Method
for Solving Inverse Problems

Mikhail Belishev

To the memory of S.L. Sobolev

Abstract In the boundary value inverse problems on manifolds, it is required
to recover a Riemannian manifold (2 from its boundary inverse data (the
elliptic or hyperbolic Dirichlet-to-Neumann map, spectral data, etc). We show
that for a class of elliptic and hyperbolic problems the required manifold is
identical with the spectrum of a certain algebra determined by the inverse
data and, consequently, to recover the manifold it suffices to represent the
corresponding algebra in the relevant canonical form.

1 Introduction

1.1. About the paper. “Rings” is the original name of what is now called
“algebras” [10, 12], and “geometrization” is a representation of a commuta-
tive algebra in the form of a function algebra !. By the Gelfand theorem, any
commutative Banach algebra (CBA) is canonically isomorphic to a subalge-
bra of the algebra C({2) of continuous functions on a compact Hausdorff space
2. The role of 2 is played by the algebra spectrum (a properly topologized
set of multiplicative functionals), whereas the canonical representation is re-
alized by the Gelfand transform which maps elements of algebra to functions
on (2. Thus, being an abstract notion defined by axioms, a CBA contains
an intrinsic “geometric” object 2. The appearance of such an object from

Mikhail Belishev
St.-Petersburg Department of the Steklov Mathematical Institute, 27 Fontanka, St. Pe-
tersburg 191023, Russia, e-mail: belishev@pdmi.ras.ru
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axioms looks like a miracle and, perhaps, is one of most beautiful phenomena
in functional analysis.

A remarkable fact is that this phenomenon enables us to solve inverse
problems. Namely, the problem of determination of a Riemannian manifold
from its boundary data can be solved by the scheme

“inverse data” = proper CBA = CBA’s spectrum = manifold

The last implication is realized by the Gelfand transform. In [4], this scheme
was applied for the first time to the 2D Calderon problem consisting in the
determination of a Riemann surface from its elliptic Dirichlet-to-Neumann
map. In [4], we also conjectured that the procedure recovering a manifold from
its hyperbolic Dirichlet-to-Neumann map (the boundary control method: see
[1, 3]) can be also interpreted as a version of the Gelfand transform. In this
paper, we justify this conjecture and provide such an interpretation.

What we propose is not an universal method for solving inverse problems
(such a method does not exist!), but a unified “view from a height” at a class
of very different problems. Our considerations are essentially based on facts
and ideas of functional analysis. Fruitful applications of functional analysis in
mathematical physics were perfectly demonstrated by the outstanding math-
ematician S.L. Sobolev in his celebrated book [13]. We dedicate this paper to
his memory.

1.2. Content. In Sect. 1, we shortly recall some basic facts about CBAs
and C*-algebras and then specify this information for elliptic and hyperbolic
problems in Subsects. 2.1 and 3.1 respectively. In Sect. 2, we describe a re-
newed version of the approach [4] to the 2D elliptic (Calderon) problem. As
is shown, to recover a Riemann surface from its Dirichlet-to-Neumann (DN)
map is to determine the crown of a certain function algebra, determined by
the DN map, on the boundary. In Sect. 3, a hyperbolic dynamical system
with boundary control is introduced. Such a system can be realized in the
canonical form so that the realization possesses the features of “intuitive hy-
perbolicity:” its states propagate into a compact set with finite speed. To
construct the realization is to diagonalize a certain operator algebra deter-
mined by relevant “boundary inverse data.” The problem of determination of
a Riemannian manifold from its response operator or spectral data fits this
scheme and is considered as an example.

We use the following abbreviations:

CBA — commutative Banach algebra

cHs — compact Hausdorff space

DSBC — dynamical system with boundary control
G-transform — Gelfand transform

IP — inverse problem

DN — Dirichlet-to-Neumann
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Throughout the paper, “smooth” means “C'°°-smooth.” All Hilbert spaces
are separable. The identity operator is denoted by I.

2 Algebra Handbook

2.1. CBAs, G-transform. We recall some facts about commutative Banach
algebras (see, for example, [9, 10] for details) and introduce the Gelfand
transform which is the main device for solving IPs.

(1) A CBA is a (complex or real) Banach space A equipped with the
multiplication operation ab satisfying ab = ba, ||ab|| < |a| ||b]], a,b € A.
Until the otherwise is not specified, we consider algebras with the unit e € A,
ea = ae = a. Example: The algebra C(X) of continuous functions on a cHs
X with the norm ||a]| = max x |a(-)|. Subalgebras of C(X) are called function
algebras. A CBA is said to be uniform if ||a?|| = ||a||?. All function algebras
are uniform.

(2) Let A" be the space of linear continuous functionals on A. A functional
0 € A is called multiplicative if 6(ab) = 6(a)d(b). Example: A Dirac measure
0z € C'(X): ds,(a) = a(zp). Each multiplicative functional is of the norm 1.
The set of multiplicative functionals endowed with the x-week topology (in
A’) is called the spectrum of A and is denoted by §24. The spectrum is a cHs.

(3) The G-transform acts from a CBA A into C(£24) by the rule G : a —
a(-), a(d) := d(a), 0 € 24 and, consequently, maps A to a function algebra.
The passage from A to GA C C(£24) is referred to as geometrization.

Theorem 2.1 (Gelfand). If A is a uniform CBA, then G is an isometric
isomorphism from A onto GA, i.e., G(aa + b+ cd) = aGa + SGb+ Ge Gd
and |Gal| = ||la|| for all a,b,c,d € A and numbers a, [3.

In what follows, we deal only with uniform CBAs.

(4) If two CBAs A and B are isometrically isomorphic (we write A = B)
through an isometry j, then GA = GB, whereas the conjugate isometry
j* : B = A’ is a homeomorphism between their spectra: j*25 = 24 (so,
denoting a homeomorphism by =, we have 24 < 2g).

(5) Let A(X) C C(X) be a closed function algebra. For each xy € X the
Dirac measure d,, belongs to {24(x). Therefore, identifying ¢ = d.,, we get
the canonical embedding X C §24x).
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(6) In general, the passage from X to 24(x) can preserve or extend X2
In the last case, the set £24(x) \ X # @ is called a crown of A(X), whereas
the G-transform extends functions of A(X) from X to the crown.

(7) An algebra A(X) is said to be generic if the Dirac measures exhaust
its spectrum: §2,4x) = X. In other words, it is an algebra without crown.
A generic algebra is identical to its G-transform: GA(X) = A(X). On the
other hand, any GA (as a subalgebra of C({24)) is automatically generic, i.e.,
GG = G holds and implies 24 = 24.

2.2. C*-algebras. For a subset S of an algebra we denote by \/ S the (mini-
mal) subalgebra generated by S. In the case of an operator algebra, u-clos\/S,
s-clos\/S, and w-clos\/S denote the closures of this subalgebra in the uniform
(norm), strong, and week operator topologies respectively.

(8) A C*-algebra is a Banach algebra endowed with an involution (*)
satisfying (aa + 8b+ cd)* = aa* + Bb* +d*c* and |a*al| = ||a|*. We assume
that a C*-algebra contains the unit. Ezample: The algebra B(H) of bounded
operators in a Hilbert space H with the operator norm and conjugation.

Theorem 2.2 (Gelfand-Naimark). Any commutative C*-algebra A is iso-
metrically isomorphic (through the G-transform) to C(£24), and G(a*) = Ga.

(9) An operator algebra A C B(H) is said to be cyclic if there is a (cyclic)
element h € H such that the set {Ah| A € A} is dense in H.

2.3. Neumann algebras.

(10) A w-closed C*-algebra N C B(H) is called a Neumann algebra. Ex-
ample: Let X be a cHs endowed with a finite Borel measure p1, H = Lo, (X).
For m € L, ,(X) we denote by ad m the operator multiplying functions by
m. The algebra of bounded multiplicators N = ad L, ,(X) is a commu-
tative cyclic Neumann algebra in H?2. The following result shows that this
example is of universal character.

Theorem 2.3 (Gelfand—Naimark—Segal). 1. Any C*-algebra is isometrically
isomorphic to a subalgebra of B(H).

2. Let N be a commutative cyclic Neumann algebra in H, 1 € N'. There
exists a cHs X, a measure p on X, and a unitary operator U : H — Lo ,,(X)
such that UNU* = ad Lo, u(X).

Such a canonical representation of A is referred to as a diagonalization,
which is a synonym of “geometrization” for operator algebras.

2 See examples in [10, Chapt. ITI, Part 11, no 3].
3 Any h € Lo, ,(X) satisfying h(-) # 0 a.e. can serve as a cyclic element.
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If H is a real Hilbert space and N is commutative, cyclic, and consisting of
the self-adjoint operators, then N is isometrically isomorphic to the algebra
of the bounded multiplicators in a real La ,(X).

(11) A Neumann algebra is determined by its projections: N = s-clos\/P,
where P :={P € N'| P* = P, P? = P}.

3 Elliptic Inverse Problem

3.1. Shilov’s boundary. We provide some additional facts about CBAs
which will be used in the treatment of elliptic IP.

(12) Let A be a CBA. A set B C (24 is called a boundary if for every
a() € GA the modulo |a(-)| attains the maximum on B. Let S[A] be the

set of boundaries, The minimal boundary 0.4 := (] B does exist and is
Bep[A]

called Shilov’s boundary of A. Shilov’s boundary is a compact subset in (24.

For generic A(X) we consider J.A(X) as a subset of X.

(13) Introduce a trace map tr : a(-) — a(-)|s.4. By definitions, tr preserves
the algebraic operations and sup-norm. In other words, tr is an isometric
isomorphism from G A onto its image tr G.A which is a closed subalgebra of
C(0A). Hence tr GA = GA, which yields 2,64 < Q¢4 < 24 (see (7)).
Moreover, if A(X) is generic (i.e., 24(x) < X), then

Qaax) <X . (3.1)

(14) Let £ be a linear space, and let v be a subspace of £ x L. For a,b € L
we write atb if {a,b} € v and call v a linear relation.
Any complex CBA A determines the relation

*:= {{Ra(-),Sa(-)}| a(-) € GA} C Creat(24) X Creal(24).
Therefore, the relation

b:={{Ry, Sy} y € r GA} = {{Rtra(),Stra()}] a(-) € GA}
(- Creal(aA) X Creal(aA)

is well defined and determines the boundary algebra tr GA as follows: y =
[+ fil e tr GA if fhf.. With a slight abuse of notation, we can write

h = trx. (3.2)
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(15) Suppose that {2 is a cHs, A(f2) is a generic algebra, I" := 0 A(2) C 2
is its Shilov’s boundary, A(I") := tr GA(£2), and b € Creai(I") X Crear(I').
Assume that I" and b are given. Then we can recover A(f2) (up to an isometric
isomorphism) by the following scheme (see also Fig. 1):

Step 1. Determine A(I') = {y € C(I')| Ry b Sy}.

Step 2. Find 24y < (see (3.1)) < 2. Identifying I' > v = 6, € L4,
attach {2 to I.

Step 3. Determine GA(I') = A(02)*.
The bonus for so long and abstract introduction is that now we can solve
the 2D Calderon problem just by applying this scheme.

GA(T) =A(Q)

Lh=A(T)

Fig. 1 Recovering A(2).

3.2. 2D Calderon problem. Suppose that (2 is a 2-dimensional smooth
compact orientable Riemannian manifold (surface) with boundary I" := 92,
g is a metric tensor on {2, A is the Beltrami-Laplace operator, v = v(7y),
v € I, is the outward normal. We assume that (2 is oriented and denote
by w the volume form; upr := p(v,-) is the induced form at the boundary.
Let d be the exterior derivative on forms, x the Hodge operator, and ¢ the
codifferential.
We consider the elliptic boundary value problem

Au =10 in 2\T, (3.3)
u=f on I, (3.4)

with a real-valued function f € Lo(I"). Let u = u/(z) be a solution. With
this problem it is possible to associate the DN map A : Lao(I") — Lo(I),
Dom A = C*(I'), Af == v-Vul = %

4 In fact, realizing this G-transform, we continue the functions y € A(I") from I" onto the
crown {2\ I" of the algebra A(I").



Geometrization of Rings 11

The Calderon problem is to determine ({2, ¢) from a given A. In applica-
tions, it is also known as the electric impedance tomography problem: deter-
mine the shape of a conducting shell from the measurements at its border,
u’ being interpreted as an electric potential (voltage). The problem is solved
(see [8, 4]). Here, we describe a renewed version of the geometrization ap-
proach [4].

3.3. Algebras A(f2) and A(I"). One of the basic objects of Riemann surface
theory is the algebra of analytic functions A(£2) := {w = u + w.i| u,u. €
Creal(£2); du, = *du in 2\ I'} ([6]; see also [4]). It has the following proper-
ties.

o A linear relation u*u, determining A({2) is the Cauchy—Riemann condition
dus, = *du.

e A(£2) is a generic algebra: 240y = 2, GA(2) = A(%2) .

e By the maximum principle for analytic functions, Shilov’s boundary coin-
cides with the topological boundary: 0.A(£2) = 02 = I". Hence the algebra
A() :=trA(2) = {w|, | w € A(2)} is isometrically isomorphic to A(£2).

As aresult, if I" and the relation h determining A(I") are given, then one can
recover {2 (up to a homeomorphism) and A(£2) (up to an isometric isomor-
phism) by the scheme (15) in Subsect. 3.1.

3.4. Hilbert transform. We introduce an intrinsic operator associated with
the Calderon problem.

Let 0 be a tangent vector field on I, || =1, u(6, —v) = 1. Understanding
0 as a differentiation, for a smooth function f = f(v) on I' we denote by
df := 0f the corresponding derivative.

Let Lo(I') := Lo(I') © {constants} be the subspace of zero mean value
functions. Denote by J : Ly(I") — Lo(I") the integration

dJf=Ff, /JfMFZO, Jr=—J.

r

An operator H : Ly(I') — Lo(I"), H := AJ, is called the Hilbert transform.
By elliptic theory, H is a well defined continuous operator.

A key point is that the Hilbert transform determines the trace algebra.
Namely, as is shown in [4], the following assertion holds.

Lemma 3.1. A smooth complex function y = [ + f.i belongs to A(I") (i.e.,
y =w|, for aw € A(2)) if and only if df,df. € Ker(I+ H?) and df. = Hdf.

In other words, H determines §j which, in turn, does determine A(I").

3.5. Solving the problem. If A is given, one can recover {2 by repeating
the procedure (15) in Subsect. 3.1. Namely:
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Step 1. Find H = AJ, determine the relation b, and recover the trace
algebra A(I').

Step 2. Find 24y = (see (4.1)) < 2°. Identifying I' 3 v = 6, € Q).
attach 2 to I'. Thus, the shell is determined up to a homeomorphism.

Step 3. Applying the G-transform, get GA(I') = A(S2). Thus, analytic
functions on the shell are also recovered.

So, the shell is determined as the crown of the trace algebra. Extra efforts
are required to endow it with 2D-differentiable structure and Riemannian
metric;, For this purpose, one can use {Rw, Sw}, w € A(£2) as local coordi-
nates on {2 (see [4] for details). Note that the metric can be determined not
uniquely, but up to a conformal deformation.

Another problem is to characterize the inverse data, i.e., to find necessary
and sufficient conditions for A to be a DN-map of a shell. An efficient analytic
characterization is proposed in [7]. Note that the description of h in terms
of operator H, which is given by Lemma 3.1, provides the sharp necessary
conditions of the algebraic nature on the Hilbert transform: the set {f +
f«i| f<bf} must be a proper subalgebra in C(I).

3.6. System a. Diagonalization. Here, we present one more possible look
at the determination A = 2. We consider the problem (3.3), (3.4) as a system
a and equip it with the standard system theory attributes.

With a solution u/ we associate a 1-form (state or electric field) ef =
duf € H, where H := {e = di)| v € H'(£2),de = 0} is the space of exact
harmonic fields (see, for example, [11]) regarded as a subspace of

o [T:2)
Q
and endowed with the corresponding Lo-metric
(6’,6”)7—( — /el e L.
Q

The space H plays a role of an inner space of the system a. Note that the
Hodge star * is a unitary operator in H acting pointwise: (xe)(x) = x, e(x)
in TX(02), z € 0.

An outer space is F = Ker (I + H?) C Lo(I'). An operator W : df + ef
realizes the “input — state” correspondence; it is a continuous map from F
to H. It is easy to see that the operator equality

*W =WH (3.5)

is just a relevant version of (3.2).

5 This is a key point: a cHs §2 appears as a result of the geometrization!
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Integrating by parts, we find

(e, ey = (WfWg)y = /duf du?
o

- / (Af)g ur = / (Cdf)dg ur = (Cdf,dg)r | (3.6)

r r

where C := W*W = J*AJ = —JH is the so-called connecting operator of
the system « acting in its outer space.

The analytic function algebra A(f2) determines an operator algebra in the
inner space H as follows. In T ({2), choose an orthonormal basis e (), e2(z) :
w(e1(x),ea(z)) = 1 and represent e € H as e(x) = c1(x)er(x) + co(z)ea(x),
x € 2. For w = a+ a,i € A(f2) we define® ad w : H — H, (ad w)e =
(ac1 — asco)er + (axcr + acg)es. Let ad A(£2) C B(H) be the subalgebra
of such operators. It is easy to check that ad A(f2) is a well-defined object,
and the correspondence w +— ad w is an isometric isomorphism between the
CBAs A(£2) and ad A(£2).

In the outer space F, every trw = al,. + a1 determines an operator
ad,w : df — (a|.I+ a.|.H)df. It is easy to check that this operator is well
defined. Let adp.A(f2) C B(F) be the subalgebra of such operators. The
relation

(ad w) W = Wad,w, w e A(0) (3.7)

follows from definitions, and (3.5) is its particular case for a = 0, a. = 1.

Assume that F is endowed with a new Hilbert metric (df,dg)z :=
(Cdf,dg)r determined by the connecting operator. Then, by (3.6), W : F—
H is an isometry. Taking into account (I + H?)df = 0, we have

(Hdf, Hdg)7 = (~JH Hdf, Hdg)s = (df, —JHdg) »
— (~JHdf,dg)x = (df,dg) 7.

Hence H is a unitary operator in F (as % is in ), whereas (3.5) shows that
the operator W can be regarded as a transform that diagonalizes the Hilbert
transform H. In the mean time, W is, in fact, identical to the G-transform
of the algebra adp.A(f2) > H determined by the inverse data.

3.7. Comments. So, to solve the Calderon problem, we construct a trans-
form W which diagonalizes the Hilbert transform and transfers it to the
Hodge operator. We stress this fact because all these objects do have the
natural multidimensional analogues (see [5]) and the relevant W makes the
same: it transfers H to x. However, the Calderon problem in dimension n > 3

6 With a slight abuse of the notation: ad w multiplies by not a function, but a matrix

a —ax
ax a )’
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is so far open: roughly speaking, it is not clear, where {2 can be taken from.
The point is that, in the 2D case, {2 appears as the spectrum of a CBA,
i.e., as a result of diagonalizing not a single operator H, but an algebra
adrA(£2) 3 H (see (3.7)). Unfortunately, in the case of higher dimensions,
such a “surrounding algebra” is not found yet (if it exists).

4 Hyperbolic Inverse Problem

4.1. More about Theorem 2.3. It is important to note that the cHs
X in the representation N = Lo, ,(X) is not determined by N up to a
homeomorphism. Analyzing the proof (see, for example, [10, Theorem 4.4.3]),
we see that X appears as the spectrum of an u-closed subalgebra A C N,
A* = A provided that s-closA = A. Any A possessing these properties is
available, and it can be chosen in an arbitrary way. Once a choice has been
made, we apply the G-transform to A (in particular, find 24 =: X), get
GA = C(X) (see Theorem 2.2), and only then realize N as ad Lo, ,(X) in
Ly, ,(X), whereas A is transferred onto ad C(X) C ad L, ,(X). In other
words, one diagonalizes not A, but a pair {N, A} by choosing A, which will
play the role of continuous functions. We say that A is a supporting algebra
for M. In the problem under consideration, the choice of A is well motivated.

A measure p appears in the diagonalization process as follows. Assume that
a supporting algebra A C N is chosen. Let G : A — C(X) be its G-transform.
Choose a cyclic element h € H'. For ¢ € C(X) we define the integral (i.e., I €
C'(X) and ¢ > 0 implies I(¢) > 0) by the formula I(¢) := ([G~*¢lh, h) oL
By the Riesz—Kakutani theorem, there exists a unique measure p on X such
that

I(yp) = / pdp.
X
Then

191,00 = [ e = (67 (eo)] hh)
X

= (671" G el h), = NG lhll3, -

Hence the map U : H — Lo ,(X), Dom U = {ah| a € A}, U : ah — Ga is
a densely defined isometry and can be extended to a unitary operator from
H onto Lo ,(X), whereas UAU* = ad C(X) C ad Lo, ,(X) and UNU* =
ad Lo, ,(X). It is the transform U which diagonalizes N.

7 Since A is s-dense in N, h is also a cyclic element of A.
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4.2. System . All Hilbert spaces and algebras used in the rest of the
paper are assumed to be real. The object introduced below can be specified
as a version of an abstract dynamic system with boundary control (DSBC)
introduced in [2].

Let I' be a set with measure A. Denote G := Ly \(I') and FI :=
Lo ([0,7T7;G). We say that I' is a controlling set, t € [0,T] is a time (T" > 0 is
a final moment), F7 is an outer space, its elements are called controls.

Let H be a Hilbert space called an inner space, W : FL' — C([0,T]; H)
a linear continuous map; the images u/ := Wf are called trajectories. A
“control—state” map (control operator) WT : FT — H, WTf .= u/(T) is
also well defined. The operator CT := (WT)*WT acting in the outer space
FT . is called a connecting operator.

In addition, we assume that W is causal and possesses the steady state
property which means the following. Let DT¢ be a delay operator acting on
functions of time y = y(¢) by the rule

O, te[OaT_g)’

T, ¢ -
(D) { Y- (T—8), tell—&T]

(€ is a parameter, 0 < £ < T). The above-mentioned property means the
relation WDT-¢ = DT €W . Tt implies u/ (¢) = WTDT:¢ f and hence, to know
W7 is to know W.

All the above-introduced objects are determined by the set {1, \; H; W1}
which will be referred to as the DSBC aT.

The example, which inspires these abstract definitions, is the following.
Let 2 be an n-dimensional smooth compact Riemannian manifold®, I" := 912
the boundary, A the Beltrami-Laplace operator in (2. The system aaiem is
associated with the boundary value initial problem

ugg — Au =0 in (2\ ') x(0,T), (4.1)
uli=0 = ut|t=0 = 0 in £2, 4.2
v-Vu=f on I" x [0,T], (4.3)

where v is the outward normal, u = uf(m7 t) is the solution. Here, the inner
space is H = Lo (£2) (with measure vol), u/ (-, ) € H is a time dependent state
(wave), uf € C ([0, T);H) is a trajectory initiated by a Neumann boundary
control f € FT = Ly([0,T]; Lo(I)), and WTf := w/(-,T). The system
ki is determined by the collection {I7,volr; La(£2); WT}. Regarding the
final moment, we assume that 7" > diam (2.

4.3. Algebras N and 7. We return to a general DSBC a” and recall that
a control f € FT is a G-valued function of time: for each ¢, f(t) is an element
of L27 )\(F)

8 The orientability of §2 is not necessary
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Denote X} := {0 C I'| AN(¢) > 0}. With each o € X} we associate the
family of subspaces

FLE={f e FT| flor o =0, supp f(t) C o}

parametrized with € € [0, 7] and formed by the delayed controls? supported
in 0. The set of the corresponding states

Us =Wrrhe={u/ ()| fe F' supp f(t) Co} CH

is said to be reachable (from o, at the moment t = £). We denote by P$ the
(orthogonal) projection in H onto clos$. By definition, o/ C o”, ¢ < &
implies Pf: < Pf:: .

The family of projections

P:={Ps|oce X}, £€0,T]}

plays a central role in the further considerations. It determines a (real) Neu-
mann algebra

N = s—clos\/P C B(H)
consisting of self-adjoint operators.
T
An operator in H of the form 7, := ffdP§ is called an eikonal.'® The
0

eikonals determine the subalgebra
T = [u-dos\/{ﬁ,y ceXt, ce [O,T}}] UL C B(H)

which is also determined by the family P. By the well-known properties of the
T

operator integral / g(€) dPS, the algebra T is s-dense in A, which enables
one to use it as a gupporting algebra of NV.

Along with the family P, the pair {\, 7} is a well-defined intrinsic object
of any DSBC o belonging to the above-introduced class. It can be trivial: for
instance, in the analogue of system o, governed by the heat conductivity
equation, owing to the infiniteness of the domain of dependence, one has
PS =1 for any £ > 0 (G. Lebeau, L. Robbiano; 1994). Then, in this case,

N =T = {cI| ¢ € R}. However, the pair {N,7} does always exist.

4.4. Hyperbolicity. We will deal with the following class of systems.
A system o7 is said to be hyperbolic (write a’ € Hyp) if

9 T — ¢ is the value of delay, £ is an action time.

10 This term will be motivated later.



Geometrization of Rings 17

1. Continuity. Every PS € P is continuous with respect to ¢: ghngl, Ps = Pgl
(in the sense of s-convergence).

2. Commutativity. Pf: Pg: = Pg: Pf: for all projections in P.

3. Clyclicity. P possesses a cyclic element in H.

4. Ezhausting property. PT =1 for all o.

Property 1 is principal: the continuously extending reachable sets corre-
spond to the intuitive image of the waves propagating with finite speed. By
properties 2 and 3, the algebra A/ is a commutative cyclic Neumann algebra,
which Theorem 2.3 can be applied to. Property 4 is rather technical and is
accepted just for the sake of simplicity: it describes the case where the waves
propagate into a bounded domain and exhaust the inner space for sufficiently
large times.

In addition, we note that, by continuity, each eikonal

T

a:/wﬁ

0
has a purely continuous spectrum filling the segment [0, |7 ||] C [0, T].

4.5. Geometrization. The reason to single out the class Hyp is that any
hyperbolic system can be represented (realized) in a canonical form possessing
all features of “intuitive hyperbolicity.”

Let a” be a hyperbolic system, and let A" and 7 be the operator algebras
of o™ defined in Subsect. 4.3.

Step 1. Find the spectrum 27 =: 2'! and apply the G-transform to 7.
The transform maps 7 onto C(§2). The eikonals 7, € 7 are transferred to
the functions 7,(-) := G7,, called eikonals.

By the definition of a supporting algebra, {7,,} UI generates 7. Hence the
set of eikonals {7,(+)} supplemented with the unit function 1 = GI generates
C(02).

Each eikonal 7, is a continuous function on §2. By the well-known prop-
erty of G-transform (see, for example, [9]), the values of 7, cover the seg-
ment spec7, = [0,[|7-||] € [0,7]. Eikonals determine the subdomains
25 ={r e Q| 1,(x) <&, €20

Denote & := 29 = {2 € 2| 7,(z) = 0} and I' := 9. These definitions
determine amap I' D o +— o C T from 2}“ into a family of the closed subsets
on ['.'2

11 This is a key point: the future “wave-guide set” §2 is appearing!

12 Under some additional assumptions in the definition of Hyp, one could make this map
to be a bijection between I" and I.
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Step 2. Choose a cyclic element h € H and construct a unitary transform
U that diagonalizes the algebra A/ (see Subsect. 4.1) and represents the inner
space H in the form L, ,(2) = H := UH.

T we get its isometric copy (realiza-

Thus, along with the original system a
tion) a a7 determined by {I) \; H; WT} and governed by the control operator
wT . FT H, WT.=ywT (see the right upper corner of the diagram in

Fig. 2).

Z/{mod o Hmod

Fig. 2 Geometrization of a7 .

By isometry, the copy is a hyperbolic system. The following properties of &’
motivate our notion of “hyperbolicity.”
By the definition of U (see Subsect. 3.1),

T T
[ears| v = vavr = adna = [edad g,
0
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where X% is the indicator (characteristic function) of 25 and the last equality
is the well-known representation of a continuous multiplicator in the form of
an operator integral. By standard functional calculus rules, for a function
g=g(s), s € R, we have

T T

U /g(g)dPﬁ U* = ad [go15] /g adxo.
0 0

In particular, taking g equal to the indicator of [¢,T], we arrive at ]55 =
UPSU* = ad x§. Thus, the projection ]55 cuts off functions on the subdomain
0t

Correspondingly, for the reachable sets S := WZFT€ = UUE of the
system &’ we have

closts = UclosUs = UPSH = PSUH = [ad x5 Lo, u(£2).

Hence US is supported in 2§ and is dense in Lo, ,(£25).

Let us summarize the aforesaid. Take a control f € FT such that
supp f(t) C o. Let a/(-,t) := Uu/(t)], t € [0, T], be the corresponding tra-
jectory of &’ For fixed t = ¢ we have u/ (-, &) € ng As was shown, this leads
to suppuf (-, €) C £25. Thus, in the process of evolution, a “wave” ﬂf(~, t) ap-
pears at the set & = 29 and, as t grows, fills the increasing subdomains 2%,
i.e., propagates from & into {2 with finite speed. Loosely speaking, the passage
from the original system to its U-image visualizes the evolution. Therefore,

a’ is referred to as a geometrization of a”.

4.6. More about the example. We return to the system af,.,, on a man-
ifold. For ¢ C I' := 0 we define a metric eikonal*® (distant function)
d, := dist(-,0) € C(§2) and the family of the closed metric neighborhoods

25 ={re|d,(x) <&}, £>0.
Let x5 (-) be the indicator of £25. Note that these neighborhoods exhaust the

manifold: 27 = (2 since T' > diam 2.
Below we use the representation

T
/ dfad x§]1
0

which follows from definitions, and its operator version

13 This term is taken from applications (mechanics, geometrical optics, etc).
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T

ad d, = / ¢ dfad x5

0

for the operator multiplying functions by d,.

By the hyperbolicity of the wave equation (4.1), the inclusion f € FI1*¢
leads to suppu/(-,T) C 25 and hence to US C Lo(£25). It is important
that the last embedding is dense: by the fundamental Holmgren—John—Tataru
uniqueness theorem, the equality closts = Ly(£25) holds'* (see [1]). This
equality leads to the coincidence of projections:

P5 =ad x5, (4.4)

whereas 27 = (2 implies PI' = I. It is evident that the family P = {P5}
possesses properties 1-4 (see Subsect. 4.4) and we see that af; € Hyp.
The operator eikonals of the system o, are of the form

T

T
7 = / €dPS = (sce (4.4)) = O/ dad S =ad dy,  (45)

0

i.e., 7, multiplies by a metric eikonal and 7,1 = d,.

A simple geometric fact is that metric eikonals distinguish points of (2: if
do(2') = dy(2") for all o, then o’ = 2”. Therefore, by the Stone-Weierstrass
theorem, the family {7,1| ¢ € X} } supplemented with the unit function
generates C(£2). Turning to the pair {N,7} of the system af,.,, we find
T =ad C(N2).

The last relation implies NV = s-clos7 = s-closad C(2) = ad Lo (£2).
Hence the pair {N, 7} of the system ooy, is {ad Loo(£2),ad C(£2)}.

Realizing af;.,, in the canonical form in accordance with the scheme of
Subsect. 4.5 (i.e., diagonalizing N'), we first find the G-transform of 7 =
ad C({2). By Theorem 2.2, the image G7 is identical to 7 (namely, identifying
23 xy =0y, € 27, we get Ga = a). Further, choosing h = 1 € H as a cyclic
element of N, we get U = [, which leads to 7, = U[7,1] = 7,1 = (see (4.5)) =
d, and justifies the term “eikonal” applied to the function 7, in advance. As
a consequence of the identity G7 = 7, we get the identity of trajectories:
ul =Uuf =u'.

Summarizing the aforesaid, we conclude that the system o

. . . ~T
to 1ts geometrization ag;ep,-

T

Riem 18 identical

4.7. Inverse problem. We return to the general case of DSBC ol (see
Subsect. 4.2) and associate with it a collection {I', \; CT} referred to as the

14 In control theory, this equality is interpreted as the local approzimate boundary control-
lability of the system agi em: any function supported in the subdomain Qg filled with waves
propagating from o, can be approximated (in La-metric) with a wave generated at o.
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inverse data. A remarkable fact is that these data determine the system up
to an isometry of its inner space.

Indeed, representing the control operator in the form of the pcilar decom-
position, we have W7 = ®T|WT|, where |[WT| := [WT)*WT]? = (CT)2
and @7 is an isometry from F? onto Hmoeq := closRan|W7T| ¢ FT. The
collection {I', \; Hmoa; [WT|} determines a DSBC ol . whose trajectories
are connected with the trajectories of the original o through an isometry:
ul (@) = (8T)*[uf ()], t € [0,T]. We say that the system o, is a model
of the system o The operator [IWZ| = (CT)2 plays the role of its control
operator and its reachable sets are US,_, = (CT)2 FL€ C Humoa (we denote
by Pﬁloda the corresponding projections). The connecting operators of the
original and the model automatically coincide (see the right lower corner in
Fig. 2).

At the given level of generality, the model solves the inverse problem con-
sisting in recovering a DSBC from its inverse data. More precisely, construct-
ing the model, we obtain a system possessing the prescribed inverse data.

The inverse data of a hyperbolic a” determine its geometrization &’ .
Indeed, o’ € Hyp implies ol , € Hyp, whereas a’ and al, , are identical
just by the isometry “system <> model” realized by the operator &T . In other
words, geometrizing the model (see the transform U in Fig. 2), we obtain the
geometrization of the original.

For any hyperbolic a® (see Subsect. 4.4)

e CO7T is a positive operator in F7,

e the family of projections Ppod = {Prf1 | o € X}, € €[0,T]} possesses

properties 1-4.

odo

It is easy to see that the same conditions are sufficient for {I",\; CT}
to be the inverse data of a hyperbolic system (namely, of ol ;). So, we
obtain conditions characterizing the data; moreover, to improve or simplify

this characterization at such a level of generality is hardly possible.

4.8. Determination of manifolds. Recall two traditional settings of the
inverse problems for the system o, .

The “input — output” correspondence of the system (4.1)—(4.3) is realized
by a response operator RT : FT — FT RTf .= uf\pX[O’T]. The dynamical
IP is to recover the manifold £2'° from its response operator. Because of the
finiteness of the wave propagation speed, the response operator has to be
given for large enough T' (see [1]) and, just for the sake of simplicity, we
assume that R?7 is known for fixed T > diam{?.

The second problem is formulated as follows. Let {Ax}52, : 0 = Ao <
A <...oand {gr}, ¢ (@i, @j)n = d;j be the spectrum and the normalized
eigenfunctions of the Neumann spectral problem

15 i.e., to determine 2 up to isometry of Riemannian manifolds
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—Ap =y in 2\ T,
v-Vo=0 onI'.

The set {Ai; 0r|r}ie, is called the (Neumann) spectral data of the manifold
2. The spectral IP is to recover {2 from its spectral data.

Both IPs are solved by the boundary control method (see [1, 3]). From the
viewpoint of this paper, the role of the traditional data is just to compose
the connecting operator. Namely, we have the representations

1 o0
CT = = (STY RETJTST = 37 (e sh) sl
k=0

where the map ST : FT' — F2T extends the controls from I' x [0,T] to
I" x [0,2T] as odd functions of ¢ with respect to t = T; J*T : F2T — F2T is
¢

the integration (J?7 f)(-,t) := /f(, s)ds. In the second representation,
0

st =51 (1,8) 1= ()4 sin ()2 (T = )] @r(9)

are the functions on I" x [0, T]'6 (see [1, 3]).

Thus, both dynamical and spectral data determine the collection
{I,volp; CT}, which suffices for constructing the model of af;,,, and its
further geometrization. Since, in this case, the geometrization is identical to
the original, the manifold (2 is recovered (as a cHs, up to a homeomorphism).
Extra efforts are required to endow it with the Riemannian structure, but
these details are of technical character and we refer the reader to papers on
the BC-method.

4.9. Comments. 1. The assumption T' > diam {2 is accepted for simplicity:
in fact, given R?” for a fixed T > 0, the BC-method recovers the subman-
ifold 2L (see [1]). However, such a time optimal determination can be also
implemented in terms of geometrization.

2. For systems on manifolds, the following “characterization” of the dy-
namical data can be proposed. An operator R?*T acting in the space F27
is the response operator of a system o, if and only if the operator
— 3 (ST)*R2T J2T ST satisfies the conditions formulated at the end of Sub-
sect. 4.7. Surely, such a description can be hardly regarded to as efficient and
checkable, but we are rather sceptical of the possibility to obtain something
better. One more version of the characteristic conditions proposed in [2] also
uses Prfmdg. Then the following question arises: Whether it is possible to
characterize the data in terms of C7 in itself, not invoking these projections.
This question is still open.

16 5T’ is understood as (T —t) ol
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3. The commutativity and cyclicity of the family P is a specific feature
of systems governed by scalar equations like (4.1), whose states are scalar
functions. In more complicated case of systems with vector states (electro-
dynamics, elasticity theory), the structure of the reachable sets, as well as
properties of the corresponding projections PS, are poorly known. Anyway,
the cyclicity certainly does not hold and it is not reasonable to hope that
commutativity holds either. Most probably, the relevant algebra N is not
commutative, its spectrum is not a well-defined object,'” and geometrization
becomes problematic. This rises the following “philosophical” question: In
the case of vector systems, where can a cHs {2 appear from? As in the case
of the higher-dimensional Calderon problem (see Subsect. 3.7), the question
is open. A unified answer in terms of functional analysis could be evaluated
as a substantial progress in this area of IPs.
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The Ginzburg-Landau Equations
for Superconductivity with Random
Fluctuations

Andrei Fursikov, Max Gunzburger, and Janet Peterson

Dedicated to the memory of Sergey L’vovich Sobolev,
one of the greatest mathematicians of the twentieth century

Abstract Thermal fluctuations and material inhomogeneities have a large
effect on superconducting phenomena, possibly inducing transitions to the
non-superconducting state. To gain a better understanding of these effects,
the Ginzburg-Landau model is studied in situations for which the described
physical processes are subject to uncertainty. An adequate description of such
processes is possible with the help of stochastic partial differential equations.
The boundary value problem of Neumann type for the stochastic Ginzburg—
Landau equations with additive and multiplicative white noise is investigated.
We use white noise with minimal restriction on its independence property.
The existence and uniqueness of weak and strong statistical solutions are
proved. Our approach is based on using difference schemes for the Ginzburg—
Landau equations.

1 Introduction

This paper is dedicated to the memory of Sergey L’vovich Sobolev. His
outstanding contributions to the theory for the equations of mathematical
physics are extremely deep and influential. Indeed, since the 1960s, practi-
cally all investigations in the aforementioned field of mathematics use Sobolev
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spaces and, at the least, are thereby guided by Sobolev’s ideas. The present
paper, of course, is no exception to this common rule. Moreover, the use of
Sobolev spaces in complicated functional constructions for stochastic partial
differential equations is especially successful and effective. Note also that be-
ing the closest aide to I.V. Kurchatov in the realization of the nuclear project
in the Soviet Union after 1943, S.L. Sobolev took part in the numerical so-
lution of huge problems of mathematical physics. From that time on to the
end of his life, he had an invariable interest in the discrete approximation of
continuum objects, especially in cubature formulas. In the present paper, dis-
crete approximations are not only used, they play a crucial role in obtaining
the main results.

This paper is devoted to the mathematical study of a boundary value
problem for the stochastic Ginzburg—Landau model of superconductivity; we
hope it will promote a better understanding of the transitions that occur
between the superconducting and nonsuperconducting states.

In 1908, Kamerlingh—Onnes discovered that when metals such as mercury,
lead, and tin are cooled to an absolute temperature below some small but
positive critical value, their electrical resistivity completely disappears. This
was a great surprise since what was expected is that the resistivity of met-
als would smoothly tend to zero as the temperature also tended to zero. In
addition to this zero resistance property, superconductors are characterized
by the property of perfect diamagnetism. This phenomenon was discovered
in 1933 by Meissner and Ochsenfeld and is also known as the Meissner effect.
What they observed is that not only is a magnetic field excluded from a su-
perconductor, i.e., if a magnetic field is applied to a superconducting material
at a temperature below the critical temperature, it does not penetrate into
the material, but also that a magnetic field is expelled from a superconduc-
tor, i.e., if a superconductor subject to a magnetic field is cooled through the
critical temperature, the magnetic field is expelled from the material. One
of the consequences of the Meissner effect is that superconductors cannot be
“perfect conductors” which are idealized (and unattainable) materials that
have zero resistivity and that can be described by the linear Maxwell equa-
tions of electromagnetism. For such materials the magnetic field would not be
expelled from the material when it is cooled through the critical temperature.

Superconductivity was not adequately explained until, in 1957, Bardeen,
Cooper, and Schrieffer (BCS) [1] published their landmark paper describing
a microscopic theory of superconductivity. However, even earlier, several phe-
nomenological continuum theories were proposed, most notably by Ginzburg
and Landau [20] in 1950. The Ginzburg-Landau theory was itself based
on a general theory, introduced by Landau in 1937, for second-order phase
transitions in fluids. Ginzburg and Landau thought of conducting electrons
as being a “fluid” that could appear in two phases, namely superconduct-
ing and normal (non-superconducting). Through a stroke of intuitive genius,
Ginzburg and Landau added to the theory of phase transitions certain ef-
fects, motivated by quantum-mechanical considerations, to account for how
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the electron “fluid” motion is affected by the presence of magnetic fields.
In 1959, Gor’kov [21] showed that, in an appropriate limit, the macroscopic
Ginzburg—Landau theory can be derived from the microscopic BCS theory.
Details about the Ginzburg-Landau model can be found in [7, 13, 12, 41],
the last of which may also be consulted for details about the BCS model.

The dependent variables of the Ginzburg—Landau model are the complex-
valued order parameter ¥ and the vector-valued magnetic potential A. Phys-
ically interesting variables such as the density of superconducting electrons,
the current, and the induced magnetic field can be easily deduced from 1 and
A. The Ginzburg—Landau model itself can be expressed as a system of two
coupled partial differential equations from which ¢ and A can be determined.
One of these equations is a vector-valued, nonlinear Maxwell equation that
relates the supercurrent, i.e., the current that flows without resistance, to
a nonlinear function of 1, Vi, and A. The second equation is a complex-
valued equation that relates spatial and temporal variations of ¥ to a nonlin-
ear potential energy term. After appropriate non-dimensionalizations, there
are two non-dimensional parameters appearing in the differential equations.
One is the ratio of the relaxation times of ¥ and A, the other, known as the
Ginzburg-Landau parameter, is the ratio of the characteristic lengths over
which ¢ and A vary. These two length scales are referred to as the coherence
and penetration lengths respectively.

In this paper, we consider a simplified Ginzburg-Landau system for v in
which A is assumed to be a given vector-valued field. There are two situations
of paramount practical interest for which the use of this simplified Ginzburg—
Landau system can be justified. First, for high values of the Ginzburg—
Landau parameter, it can be shown [6, 12] that, to leading order, the mag-
netic field in a superconductor is simply that given by the linear Maxwell
equations so that A may be determined from these equations. Thus, insofar as
the other component equation of the Ginzburg-Landau model is concerned,
A can be viewed as a given vector field. A similar uncoupling can be shown to
occur for thin film samples [5] for all values of the Ginzburg-Landau param-
eter. Most superconductors of practical interest are characterized by “high”
values of the Ginzburg—Landau parameter and superconducting films are of
very substantial technological interest; the simplified Ginzburg-Landau sys-
tem we study can be used to model both of these situations. Furthermore, in
the more general case where one has to consider the fully coupled Ginzburg-
Landau equations for 1 and A, random fluctuations enter into the system
in very much the same way as they do for the simplified system, so much of
what is learned about stochastic versions of the simplified system applies to
stochastic versions of the full system.

The Ginzburg—Landau theory is applicable only to highly idealized phys-
ical contexts that do not take into account factors such as material inhomo-
geneities and thermal fluctuations due to molecular vibrations. Both these
factors play a crucial role in practical superconductivity since the former
enables large currents to flow through a superconductor without resistance
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while the latter can have the opposite effect, especially at temperatures close
to critical transition temperature (see, for example, [30, 39]). In [22], it is
shown that, within the Ginzburg-Landau framework, thermal fluctuations
are properly modeled by an additive white noise term in the Ginzburg—
Landau equation for v; the amplitude of the noise term grows as the temper-
ature approaches the critical temperature. In [4, 30], it is shown that, again in
the Ginzburg-Landau framework, material inhomogeneities can be correctly
modeled through the coefficient of the linear (in ) term in the Ginzburg—
Landau equation for ¢; random variations in the material properties can
thus be modeled as random perturbations in this coefficient which results
in a multiplicative white noise term in the Ginzburg—Landau equations. In
this paper, we treat both the additive and multiplicative noise cases. Studies
of the physics of superconductors in the presence of white noise perturba-
tions can be found in [11, 15, 23, 35, 39, 42, 43]; computational studies of
the Ginzburg-Landau equations with additive and multiplicative noise are
given in [9, 10].

In this paper, we study the stochastic Ginzburg—Landau equation written
in the following dimensionless form:

dy(t,x) + ((1V + A(z))*Y — ¢ + [¢|*¢)dt = F[Y]dW, t>0, 2 € GCR?,

(1.1)
where GG is a bounded domain, d = 2,3, and an explanation of the notation
employed on the right-hand side of (1.1) is given below in (1.3) and (1.4). On
the boundary 0G of G, we set

(iV+ A(z))p(t,z) -n=0, t>0, z€dq, (1.2)

where n denotes the unit outer normal vector to 0G.

From the view of the general theory of dynamical systems, the supercon-
ducting state is a stable steady-state solution of (1.1) (with zero right-hand
side). The disappearance of the superconducting state (when some param-
eter of the system changes) means that some other steady-state solution of
(1.1) arises and becomes stable or either time-periodic or chaotic behavior is
realized.

We emphasize that when the dynamical system became unstable, the clas-
sical derivation of the equation for the superconducting state, rigorously
speaking, looses its correctness. Indeed, in that derivation, as well as in other
derivations of such a kind, only the main “forces” controlling the situation
are taken into account and all relatively small and unessential “forces” are
omitted, implicitly assuming stability in the sense that small fluctuations of
“forces” lead to small fluctuations of the state. In unstable situations, this
argument is evidently incorrect. The alternative is to replace, in the unstable
situation, all small and unessential “forces” by white noise forcing (additive
white noise) or perhaps by white noise multiplied by a function proportional
to the state (multiplicative white noise). The physical basis of this approach
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is that, since “values” of white noise at different times are statistically in-
dependent, white noise renders a “smoothing” influence on the dynamical
system. In more rigorous terms, this means the addition of white noise to the
right-hand side of (1.1) leads to the substitution of many steady-state solu-
tions of (1.1) by the unique (ergodic) statistical steady-state solution of (1.1)
that is stable, i.e., that satisfies the mizing property. We also note that, in
stable situations, replacing unessential “forces” by additive (multiplicative)
white noise means taking into account thermal (material inhomogenety) fluc-
tuations, as was noted above.

Very important arguments that can be used to justify the physical ade-
quateness of the aforementioned modeling of superconductivity effects with
the help of the stochastic problem (1.1) and (1.2) are given by recent re-
sults about ergodicity for abstract dynamical systems, including the two-
dimensional Navier—Stokes and Ginzburg-Landau equations with random
kick forces or additive white noise. The first results in this direction were
obtained in [14, 16, 29]. In these papers, ergodicity was proved in stable sit-
uations, i.e., when the corresponding dynamical system with random forces
omitted is stable. In the case of an unstable dynamical system, ergodicity was
established in [36, 37, 38]. A detailed exposition of this topic can be found
in [28].

Taking into account all of the above discussion, the following plan for
the mathematical investigation of the superconducting state and its possible
disappearance in industrial conditions is possible.

e Proof of the existence and uniqueness of weak and strong solutions of the
stochastic boundary value problem (1.1) and (1.2).

e Proof of the ergodicity property for the random dynamical system gener-
ated by (1.1) and (1.2).

e Investigation of the disappearance of the supercoducting state in terms of
the ergodic measure P that corresponds to the stochastic problem (1.1)
and (1.2).

This paper is devoted to the proof of the first of these assertions.

The list of investigations of stochastic parabolic partial differential equa-
tions is huge because equations of such type arise in many problems of mathe-
matics, physics, biology, and other applications. Here, we cite only the earliest
papers in this field and papers closely connected with our paper. Investiga-
tions of linear parabolic stochastic partial differential equations were begun in
the middle of 1960s [8]. Nonlinear stochastic parabolic equations were studied
in [2, 33] and the stochastic Navier—Stokes system was studied in [3, 44, 45].
The paper [27] and the book [34] contain many deep results on these topics
as well as a detailed historical review. Lastly, we note the works [25, 32].

In this paper, we study the stochastic boundary value problem (1.1) and
(1.2) for the Ginzburg-Landau equation. Note that the right-hand side in
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(1.1) should be written in a more detailed way as follows:
FlYldW = r(Re(t, z)) dReW (¢, ) + ir(Imy (¢, 2)) dImW (¢, z),  (1.3)

where dW = dW (¢, x) is a complex-valued white noise and, as usual, Re z and
Im z denote the real and imaginary parts of a complex number z respectively.
In addition, r(\), A € R, is, roughly speaking,! the following function:

r(A) = max (p1, p2[Al),  p1>0,p220. (1.4)

In particular, when py = 0, (1.3) reduces to complex-valued additive white
noise. Note immediately that the main difficulties we are forced to overcome
in this paper are connected with the case ps > 0 which results in some kind
of multiplicative white noise. The form (1.3) of the random fluctuations for
the Ginzburg-Landau equation is reasonable from our point of view when,
describing Ginzburg—Landau flow in instable situation, one replaces all small
and unessential “forces” by stochastically independent fluctuations, i.e., by
white noise. Indeed, since by the definition of complex-valued white noise
dW (t, ), its real (dReW (t,z)) and imaginary (dImW (¢, z)) parts are mu-
tually independent white noises [19, Chapt. III, Sect. 1]), (1.3) gives the
maximal independent form of multiplicative white noise.

In this paper, we provide a detailed exposition of the proof of the exis-
tence and uniqueness of weak and strong statistical solutions of the stochastic
boundary value problem (1.1) and (1.2). The main feature of our exposition
is that, to prove the existence of a weak solution, we use, instead of Galerkin
approximations, approzimations by method of lines, i.e., we introduce a finite
difference approximation of the Ginzburg—Landau equation with respect to
the spatial variables. Although the method of lines is more complicated in re-
alization than Galerkin’s method, it has one important advantage: method of
lines approximations inherit the structure of the Ginzburg-Landau equation
much better than do Galerkin ones and therefore we can obtain many esti-
mates for method of line approximations that cannot be obtained for Galerkin
approximations. All these estimates we essentially use in our proof in order
to overcome difficulties arising mostly because of the multiplicative structure
of white noise. Nevertheless, one important a priori estimate which can be
derived (formally) for the Ginzburg-Landau equation we cannot yet derive
for its method of lines approximation. That is why for the three-dimensional
Ginzburg-Landau equation with multiplicative white noise, we have proved
here only the existence of a weak solution. For the two-dimensional Ginzburg-
landau equation with multiplicative white noise as well as for the two- and
three-dimensional Ginzburg—Landau equation with additive white noise, we
can prove the existence and uniqueness of both weak and strong solutions.

I In fact, r()), is the function (1.4) smoothed at points of discontinuity of its derivative.
See the exact definition given below in (3.19).
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The structure of the paper can be deduced from its content as described
above.

2 The Ginzburg-Landau Equation and Its Finite
Difference Approximation

In this section, we formulate the boundary value problem for the (simplified)
Ginzburg-Landau equations without fluctuations and define an approxima-
tion by the method of lines that will play an important role in our analysis.

2.1 Boundary value problem for the Ginzburg—Landau
equation

Let G C R?, d = 2,3, denote a bounded domain with C*®-boundary 9G, and
let Qr = (0,T) x G denote a space-time cylinder. In Qr, we consider the
Ginzburg—Landau equation for the complex-valued function (¢, x), referred
to as the order parameter,

o

o0t (iV+ A% — ¢+ %> =0 for (t,z) € Qr (2.1)

along with the boundary condition
(tV4+A)p-n=0 on (0,T)x 0G (2.2)

and the initial condition

Y(0,z) =o(x) inG, (2.3)
where V = (821 yeees a‘zd) denotes the gradient operator and A(z) =
(A, ..., A%), the magnetic potential, is a given real-valued vector field such

d ..
that divA = ) gﬁf = 0. Also, n = (n1,...,nq) denotes the unit outer nor-
g=1 "

mal vector to the boundary 0G and 1g(x) is a given initial condition. We
have

(iV + A% = (iV + A, iV + A)p
0 : o)
- Z_;(Z&vj A <x)) (’ oz; A (x)w(x)) . (24)

J
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We assume that A(z) € (C?(G))? and, for any fixed time, 1(t,z) € L?(G).

We want to introduce function spaces within which it is natural to look
for the solution of the problem (2.1)—(2.3). The Sobolev space of complex-
valued functions defined in G' and square integrable there together with their
derivatives up to order k is denoted by H*(G), k € N. Here, N denotes the
set of positive integers. In addition, we define the space

H%(G) = {¢(z) € H*(G) : (iV+A)¢p-n=0 on dG}. (2.5)
The space of solutions of (2.1)—(2.3) is defined as follows:

o

y={vt.) e (0. B4 (@) N LQr) ¢

€ L?(QT)}. (2.6)
We also study generalized solutions of the problem (2.1)—(2.3). To obtain
a weak formulation, we multiply (2.1) by the complex conjugate of ¢, de-
noted by ¢, and integrate over Q. Using the boundary condition (2.2) and
integration by parts, we obtain

/ [aa% +(IV+ A (iV+ A)— o + w2z/)¢] dedt =0.  (2.7)
Qr

Here, we will not make more precise the function space used for generalized
solutions, defined by (2.3) and (2.7) with arbitrary ¢ € L2(0,T; H(Q)), of
the problem (2.1)—(2.3) because just at this moment it is not necessary.

2.2 Approximation by the method of lines

The approximation of the solution of a partial differential equation by the
method of lines means that we approximate the continuous space variables
x = (z1,...,2zq) by a discrete grid or mesh so that we approximate the partial
differential equation problem by a system of ordinary differential equations. In
our case, we use finite difference quotients to approximate spatial derivatives.
We assume that the grid is uniform and the scale of the grid, h > 0, is a fixed,
sufficiently small number. Let an arbitrary point on the grid be denoted by
kh, where k € Z%, kh = (kih,...,kqh), and Z denotes the set of integers.
Since ¥ (z) is a function of the continuous variable x, we let v, defined on
the given grid, denote the approximation to i at the point kh.

We now define the corresponding discrete “derivatives” or difference quo-
tients; we distinguish the discrete derivatives from the continuous derivatives

82, by using the notation ;. Let 6;, denote the Kronecker delta, and let
J

ej = (§1,...,0a), j =1,...,d. We can approximate the derivative gfj by
the forward difference quotient 3; WUk = + (Ykte; — ¥r) or by the backward
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difference quotient 8;h1/1;€ = i(wk —1k—e,). The discrete divergence operator

divhi, the discrete gradient operator Vf, and the discrete Laplace operator
Ap =div, V; are then defined in an obvious manner.
Analogous to (2.4), we define

(th + Ak)Qi/)k = (’LV; + Ag, ZV: + A;C)’L/J;C

- g(z@;h + Ai) (Z‘a;‘,rhzﬂk + Ai%) ; (28)

where A, = A(kh) and Ai denotes the jth component of the vector Ay =
(AY(kR),. .., Ad(kh)).
We now approximate the domain G and its boundary 0G.

Definition 2.1. The approximate boundary Gy, is the subset of the grid
kh, k € Z¢, that consists of two parts 9G}, = 6G: U 0G, , where

(i) 0G; is the set of points kh € G such that (k + e;)h € RY\ G or
(k—ej)h € R4\ G for some j =1,...,d

and

(ii) OG; the set of points kh € R?\ G such that (k+e;)h € G or (k—e;)h €
G for some j =1,...,d.

Definition 2.2. The approximate domain G}, is the subset of points kh € G,
k € Z%; we also set G = G»\0G}, .

We introduce the following subsets of the approximate boundary dG,:

0G} (—j) = {kh € 0G] : (k +ej)h € OGy }

OGH(+7) = {kh € 0GT : (k—ehe oG, 7= Lnd (29)

and

0G;, (—j) = {kh € 0G; : (k+e;)h € 0G;} .
0G, (+7) = {kh € 0G,  (k—e)h e oG} 1077 = Liwwyd (210)
The sets G, (+7) and 0G;, (£7) are illustrated in Fig. 2.1 for a domain in
R?. In addition, we note that the sets 0G; (£j), j = 1,...,d, can possess
nontrivial pairwise intersections.

We now turn to the approximation of the boundary value problem (2.1)—
(2.3) by the method of lines. We have

Oy

o AVt Ap)* e — i + [Ye*r =0 for kh € Gy, (2.11)

and
Yi|,_y = tos for kh € Gy, (2.12)

where the notation (iV), + Ay)? is defined by (2.8).
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Fig. 2.1 The approximate boundary BG;LF is denoted by squares, and 9G, is denoted by
circles.

In order to define the analogue of the boundary condition (2.2), we first
note that the key property of this condition is that it implies the following
formula for integration by parts:

/ (1Y + AV (2)(x) do = / (1Y + A)p(2)(iV + A)d(x) da

J (2.13)

G
V€ HA(G), ¢ € HY(G).
Using (2.13), one can define a weak solution of our problem (2.1)—(2.3) with

the aid of (2.7). To define the weak solution for the system (2.11) and (2.12),
we need the following discrete analogue of (2.13):

ht " (iVy + A iV + Ag) b
kheGy,

d
=hy Yo 00k + An) (0,6 + Aldr) . (2.14)

J=1 kheGrLUdGT (—j)

We take this formula, which will be proved in the next subsection, as the
foundation for the definition of the discrete analogue of the boundary condi-
tion (2.2).
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2.2.1 Summation by parts formula

In this section, our goal is to prove the discrete analogue of (2.13) given by
(2.14).

Lemma 2.3. Let the discrete functions ¢i and vy, be defined for kh € G, U
8G:. Assume that for each function ¢y,

d
(Y @eniahe- Y i e)=0. (1)
=1 khedGi (—j) khedG; (+5)
where " "
vi=i T 4 A (2.16)

Then (2.14) holds.

Proof. Using (2.16) and setting r = k — e, we obtain

hd Z (Zv; + Ak,iVZ =+ Ak)wkﬁbk

kheGy,
d Vj _ Vj
Tk k—e; i i
=ht Y i L T+ AV 9
kheGn \j=1

d . .
S S e $ (fwean)s

J=1Lkheda;, (+3) khedG, (—7)

—i . i o
+ Z h ‘/;]d)’l‘+€j + Z <thj + Ang) djk]

rheGr\oG,, (—j) kheGp\0G,, (—j)

d
= hdfl Z [ Z (Zij + hAng) ¢k - Z iw¢r+ej]

=1 LkhedG; (—j) rh€dG; ()

d

+ht 3 3 v/ (id)k*ef‘h b +A{€¢k> .
I=1 kheGr\oG,, (=)

We add to the right-hand side of this relation the left-hand side of (2.15),

where in the second sum we use the change of variables r = k — e;. After
performing this substitution, we arrive at (2.14). O
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Thus, the relation (2.15) contains the boundary conditions we need. We
only need to write these conditions in a more convenient form.

2.2.2 Boundary conditions for the system (2.11)

Since G € R4, d = 2,3, is a bounded domain with C*°-boundary 0G, at each
point z € OG the main curvatures of the surface OG are well defined. When
d = 2, the curve G has at x € G one main curvature (usually called the
curvature). We denote the modulus of this curvature as x(z). When d = 3,
we denote by k(z) = max{|ki(z)|, |k2(z)|}, where k;(z), j = 1,2, are the
main curvatures of G at the point x. We set

K = max k(z) .

z€0G

We take a ball of radius r < 1/ and touch this ball at any « € OG from each
of the two sides of the surface 0G. Decreasing the radius r, we can position
this ball so that it will not intersect G at any point other than the point

x of contact of the ball and OG. We denote such a radius r(z) by ro(z), set
ro = 121(19% ro(z), and assume that

To
h . 2.17

<10 (2.17)
Let kh € OG;. The point (h € G, is called the closest to kh if

dist(£h, kh) = h. The following lemma holds.

Lemma 2.4. Let 2 C R?, d = 2,3, be a bounded domain with C>-boundary
OG, and let h satisfy (2.17). Then, if d = 2, each point kh € OG; has one or
two (not more) closest points th € 0G, (as illustrated in Fig. 2.2.) If d =3,
each point kh € 6G2‘ has one, two, or three closest points th € 0G/, .

We have to make more precise what is needed to ensure that the relation
(2.14) is valid for every {¢x, kh € G, UOG} }. For this relation, (2.15) should
be true for every {¢y, kh € G}, i.e., for each kh € G} the coefficient be-
fore ¢,, in (2.15) should be equal to zero. First, we calculate these coefficients
and write down the boundary conditions for the d = 2 case.

(i) kh € OG; possesses only one closest point from 0G, . ‘Then either
kh € OG} (+7) or kh € OG; (—j) for some j. In the first case, ij—ej =0 and,
by virtue of (2.16), '

Uk = Yo, (1 +ihA]_ ), khedGf(+j) withj=1,2. (2.18)

In the second case, Vk](z + hAi) = 0 and therefore
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3G /

7 i€

kh
\ CatN Y

Fig. 2.2 In the figure on the left, the point kh € HGZ (filled circle) has one closest point
Lh € 0G, (open circle). In the figure on the right, the point kh € 8G;f has two closest
points ¢h € 0G, .

A
O
29

wk-&-ej

Lt ihal” kh € 0G/ (—j) with j =1,2. (2.19)
v Ay,

Y =

(ii) kh € BG; possesses two closest points from 0G, . Then three different
cases are possible.

21) k)h € 0Gf (+1) N 0G| (+2). In this case, V', + V2 =0 and, by
2.16),

205, = (L4 ihA_,,) Yhoe, + (L+ihAZ . )i—e, - (2.20)
(2) kh € OGS (—1)NOG; (—2). In this case, Vi (i+hAL)+ V2 (i+hAZ) =0

and

Vkter (1 — ihAL) + Ypte, (1 — ihAZ)
2+ 12 ((A})? + (47))
(3) kh € QG:[(—j) N OGS (+¢) for 1 < j,£ < 2, £ # j. In this case,
V(1 —ihAy) -V, =0and

i = (2.21)

Ve, (1= ihAL) + e, (1 +iRAL_, ) (2.22)
Vi = 2 + h2(Al)? ' '

For the d = 3 case, the derivation of the boundary conditions is absolutely
the same, but the number of distinct cases is larger. Note that, for our pur-
poses, we need only two things from the boundary conditions. First, that the
formula (2.14) holds and second, that for each kh € GGZ, 1y is expressed in
terms of vy, th € 0G, . That is why it is quite enough for us to write down
boundary conditions for both the d = 2 and d = 3 cases as follows. We have
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3
e = (alf jtnre, + ag n-e,)  Vkhe oG, (2.23)
j=1

where ai ; are certain coefficients (that can be written down explicitly) such

that if a;:,j # 0, (a5, ; # 0) then h(k+e;) € G}, (correspondingly h(k—e;) €

3
0G}, ). Moreover, 0 < ) \azj\Q + \a;j\Q < ¢, where ¢ does not depend on h.
= :

3 The stochastic Ginzburg—Landau Equation

In this section, we provide the formal definition of the Wiener process, the
Wiener measure, and some related concepts. Then these results are used in
the formulation of the stochastic problem for the Ginzburg-Landau equation.

3.1 Wiener process

We have an abstract probability space (2, X, m(dw)), where {2 is the set of
elementary events; X is a o-algebra of subsets of {2 (if 2 is a metric space,
X is a Borel o-algebra, i.e., X' = B({2) is the o-algebra generated by all open
subsets of 2); and m(dw) is a probability measure defined on X. Recall that
a set A is of m-measure zero if there exists B € X such that m(B) = 0 and
A C B. The g-algebra 2™ is called the completion of X' with respect to m if
X is the family of all subsets of the form A U B, where A is of m-measure
zero and B € Y. In the sequel, we change X' on Y™ i.e., we will consider the
o-algebra X' that is complete with respect to m.
Let
W: 02— C(0,00; L*(G)) =C

be a measurable mapping, i.e., for all B € B(C), {w : W(-,-,w) € B} € X.
The probability distribution of W is the measure A defined on B(C) by the
formula

AB)=m({we 2 : W(-,-,w)e B}) VBeB(C). (3.1)
W(t,xz,w) is called a Wiener process if A(B) is a Wiener measure. In the
following definition, we assume that C consists of real-valued functions.

Definition 3.1. A(B) for B € B(C) is called a Wiener measure if its Fourier
transform A is of the form

1

A(w) = /ei[w’”]A(dW) = 2BV vy e = C5°((0,00) X G), (3.2)
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[, 0] = Z G/ w(t, 2)o(t, z) dadt . (3.3)

Here, B(v,v) is the quadratic form

//t/\s<l€(v(t,-),v(s,~))> dtds , (3.4)
00

where t A s = min(t, s) and (f, g) / flx ) dz. Here, K is a self-adjoint,

where

nonnegative trace class operator in L2 (G) called the correlation operator of
A; we have

K'=K>0, S=SpK= Z Aj < oo (Sp is the spur-trace), (3.5)
j=1

where \y > Ao = -+ = A = -+ = 0 is the set of all eigenvalues of the
operator K.

Evidently, (3.1)—(3.4) imply that
/ W (t, 2,0)W (s, 9, w)m(dw) = £ A s K(z,y) (3.6)

where W (t, z,w) is a Wiener process and K(z,y) is the kernel of the operator
K from (3.4) and (3.5).

Lemma 3.2. The following conditions hold.

1. For any operator K : L*(G) — L?(G) satisfying (3.5) there exists a
unique Wiener measure A on C with the correlation operator K.

2. For any ¢,v € L*(G)

/(W(t»-)¢(-)><W(s7 YN AAW) =t N s(K, ). (3.7)

C

3. Let S = SpK be defined by (3.5). Then

/||W(t, Wiz A(dW) =S Vi>0. (3.8)

4. W(t,x,w) is a process with independent increments, i.e., for any 0 <
T<s<H,
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A({W : W(tv ) - W(Sv ) € Bh W(Ta ) € BQ})

=A{W : W(t,-) = W(s,-) € Bi})A{W : W(r,-) € Ba})
V B1, By € B(L*(@)). (3.9)

For the proof, see [18].

Recall that, given a Wiener measure A(B), B € B(C), one can easily con-
struct a Wiener process for which A(B) is a probability distribution. Indeed,
we take the probability space (2, X, m(dW)) = (C, B(C), A(dW)) and define
a Wiener process W (¢, z,w) as follows: for each W € C, W (t, z,w) = W(t, x).
Clearly, this map W (¢, z,w) satisfies the definition of a Wiener process.

Below we use Wiener processes W (¢, x,w) defined on the space C = C+iC
of complex valued functions, where recall that C = C(0, c0; L?(G)). Taking
into account [19, Chapt. III, Sect. 1], we give the following definition.

Definition 3.3. The random process W(t,z,w), t > 0, z € G, w € 2, is
called a complex Wiener process if

W(t,z,w) = ReW(t,z,w) +ilm W (t, z,w), (3.10)

where Re W (t, z,w) and Im W (¢, z,w) are real-valued Wiener processes on
(2, X, m(dw)) and W (t, z) satisfies the equality

/W(t,x,w)W(&y,w)m(dw) =0 Vt>20,s>0, ae z,yeG. (3.11)
It is clear that (3.11) is equivalent to the conditions

tAs Kz, y) = /Re W (t, z,w)Re W (s, y,w)m(dw)
(3.12)
= /ImW(t,x,w)ImW(s,y,w)m(dw)

and

tA s Kia(z,y) = /Re W (t, z,w)Im W (s, y,w)m(dw)
(3.13)

—/ImW(t,x,w)ReW(s,y,w)m(dw),

where the first identities in (3.12) and (3.13) are the definitions of K11 (z,y)
and Ki2(z,y) respectively. By virtue of (3.13), Ki2(z,z) = 0 and therefore
the Wiener processes Re W (¢, ) and Im W (¢, z) are independent. Moreover,
(3.11) implies that

tAs K(z,y) = /W(t,x,w)W(s,y,w)m(dw)
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— 2t A s(lCn(x, y) — iK1 (z, y)) , (3.14)

where the first identity is the definition of K(z,y). The function K(x,y) is a
non-negative definite kernel; this means that

//K(x,y)z(y)z(x) dedy >0 VY z(z) € L*(G). (3.15)
G G

Here, z(z) is a complex-valued function. As in the real-valued case, we sup-
pose that the operator Kz = [ K(z,y)z(y) dy is not only non-negative self-
€]

adjoint, but is a trace class operator in L?(G), i.e.

/IC(Q:,QU) dzr < oo. (3.16)
G

Moreover, we assume that the kernel K satisfies the inequality:

d_ 52
/ ( 9 K(m,y))‘ dr < 0o. (3.17)
U 0z, 0y; /ly=a

Finally, we denote by A(B), B € B(C), the Wiener measure, i.e., the dis-
tribution of a complex Wiener process W (¢, z) from (3.10) and by Ar(Br),
Br € B(C), and A;(By), Br € B(C), we respectively denote the Wiener mea-
sures of the Wiener processes Re W (t,z) and Im W (¢, ). It was mentioned
above that the Wiener processes Re W and Im W are independent. Therefore

A(]B) = AR(BR)AI(B]) VB=Br+iB;, Bpr,Bre€ B(C) (318)

3.2 The stochastic problem for the Ginzburg—Landau
equation

Let 7(\) be the function max{p1, p2|A|}, A € R!, smoothed in a neighborhood
of the points A = +p1/p2, where p; > 0 and p2 > 0 are given scalars. More
precisely, we define r(\) as

r(A) € C2RY), () =r(AD,

P " (\) > 0 for Py < 501

r'(A) > 0 for A > )
W 2p2 2p2 2p2 (3.19)

3
r(A) = max{p1, pa|A|} for A € R!\ {2[)012 <D< 22} .
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For each real-valued function f()\), A € R, and complex number ¢ = Re ) +
tIm ), we denote

flWl = f(Rey) +if (Im)). (3.20)

Moreover, we set, for each complex z = Re z + ilm z,

Flb)z = f(Re))Re z + i f (Im))Im z . (3.21)

This notation will be used throughout the paper. Using this notation, the
stochastic Ginzburg—Landau equation we consider has the form

dw(tv .’E) + (Zv + A)21/1 -+ WJ‘Q/(/) = ?[w(ta $)}dW(t, x) ) (322)

where, as in (2.1), (t,7) € Q7 = (0,T) x G and the operator (iV + A)? is
defined in (2.4). W (¢, x) on the right-hand side of (3.22) is a complex Wiener
process introduced in the previous subsection, i.e., W(t,z) = ReW(t,x) +
Im W (t, z) and dW (¢, z) is the corresponding white noise. 7(-) is the function
defined in (3.19). The solution (¢, z) of (3.22) is a complex-valued random
function defined on the same probability space (2, X, m) in which the Wiener
process W (t,z) = W(t,z,w), w € {2, is defined, i.e.,

Y(t,x) = Re(t, z,w) +ilmy(t,z,w), w € £,

is a X-measurable function with respect to w.
Note that we interpret the right-hand side 7(¢))dW of (3.22) in the sense
of (3.21), i.e.,

?[w(t, a:)] dW (t, x)

. (3.23)

=r(Rew(t,z))dRe W (t,z) + ir(Im W (t,z))dlm W (t,z).
Each component of the random force should be proportional to the corre-
sponding component of the solution. We introduce p; in the definition of
r(A) given in (3.19) because, should the solution be sufficiently small, the
consideration of additive white noise as a random force is more natural. For-
mally, the function defined in (3.19) multiplying the white noise dW allows us
to consider the case of additive white noise (when p; > 0, po = 0) and multi-
plicative white noise (when p; > 0, p2 > 0). However, note that the majority
of the difficulties we are forced to overcome are connected with multiplicative
white noise.

Equation (3.22) is supplied with the boundary condition (2.2) and the
initial condition (2.3). In this case, the initial function ¥g(z) = ¥o(z,w),
w € 2, is a random function, defined on the same probability space as the
Wiener process W (¢, z), that has values in L!(G); 9o : 2 — L'(G). Moreover,
we assume that 1o (z,w) and W (t, z,w) are independent.

Finally, note that Equation (3.22) is understood as an Ito differential equa-
tion. This means that, by definition, (3.22) is equivalent to the equation
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)+ / (19 + AP0(s,2) — ¥(5,2) + [P (5,2)] ds
0 , (3.24)

= /?[zp(s,x)]dW(s,x) + o(z) .

0

A more precise definition of the stochastic integral on the right-hand side of
(3.24) will be given later.

4 Discrete Approximation of the Stochastic Problem

To prove the main result about the existence of a solution for the stochastic
Ginzburg—Landau problem, we approximate this problem by the method of
lines. In this section, we study these approximations. We begin with the
approximation of the Wiener process defined in Sect. 3. For this we need
some preliminaries.

4.1 Definition of a projector Py, in L*(G)
For each point kh € GY, k = (k1,...,kq), we define

1 1
Qr={z=(21,...,24) €G : h(kj—2)§xj <h(kj+2), j=1,....d}.
(4.1)
If kh € 0G, (—m) and kh # 0G,, (£n) for each n # m, we set

Qr={z=(21,...,24) €G :
T € [W(km — 3), h(km + 1)), zj € [h(km — 3), M(km + 3)), V5 # m}.
(4.2)
Analogously, for kh € 0G, (+m) such that kh # 0G; (£n) for all n # m, we
set

Qr={z=(21,...,2q4) €G :
T € Wk — 1) h(ks + 3)). 25 € Bk — 5). Ak + 1)), 5 # ).
(4.3)
Remark 4.1. We note that the change from (4.1) to (4.2) consists of increasing

the interval z,, € [h(ky, — 3), h(ky, + 5)) from the right and, in (4.3), this
interval is increased from the left.

For each kh € 0G, (—m)NOG, (—n), kh # 0G, (£p), if p # n, p # m, we
define
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Qr={z=(21,...,24) €G :
€ [h(kj - %)7h(kj +1)),j =n,m; z, € [h(k:ﬂ - ;)7h(kiﬂ + %))2’4 2
The sets Qi for kh € 0G, (+m) N 0G, (£n), kh # O0G;, (£p) for p # n,
p # m, and for kh € 0G; (—m) N OG,, (+n), kh # 0G,, (£p), p # n, p # m,
are defined analogously to (4.4), but with the changes noted in Remark 4.1.
Finally, if d = 3, then for each kh € 0G, (—m) N 0G, (—n) N 0G,, (—p),
we set

1 .
Qr={z=(z1,...,23) € G : z; € (h(k; — 2),h(/€j +1)),7=1,2,3}.
(4.5)
In the other cases when kh € 0G, (£m)NOG, (£n)NOG, (£p), the set Qy is

defined analogously by taking into account Remark 4.1. Important properties
of the sets @ defined in (4.1)—(4.5) are as follows:

a. for each k, ¢ € ZP such that kh € Gy, th € G}, and k # ¢, the relation
Qr N Qe = D is true;

b |J &=6

kheGy,

For each set @ defined in (4.1)—(4.5) we put

V@)= [ do.

Qk

Clearly, V(Qg) = h? for Qy, defined in (4.1) and, if h is small enough, which
is the situation we consider, then

d 2
}1 <V(Q) < <;’> h?  for Q. defined by (4.2)-(4.4) (4.6)
and
R 3\*
8 <V(Qk) € (2> h?  for Qy defined by (4.5). (4.7)

The space L?" = L?>"(G}) is defined as the set of lattice functions f =
{fx,kh € G} supplied with the scalar product and norm given by

(E.g)ren =h" > foge  and  |fl|7.0 =kt D> ISP, (48)

kheGy kheGy

respectively. We introduce the operator Py as follows:

Pyt L2(G) — L2M(Gy) such that (Pyf)x = V="(Qx) / F) de.  (4.9)
Qk
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Then, taking into account (4.6) and (4.7), we obtain

2

1Puflfer =1 V2(Qu)| [ fa) de
Qk

kheGy,

<nt 3 vI@) [ @] do
Qk

kheGy,

<8 / F@)? do = 8] f|2a(cr - (4.10)
G

4.2 Approximation of Wiener processes

Now let (£2, X, m) be the probability space 2 3 w — W(t,z,w) € C, where
W (¢, x,w) is the complex-valued Wiener process introduced in Sect. 3.1; recall
that we defined C = C(0, 00; L*(G)). In a similar manner, we let C;, denote
Cj, = C(0,00; L*"(G})). Then the operator (4.9) defines the operator P, :
C — Cyj,. Using this operator, we introduce the projection of the Wiener
process on the space Cj, as follows:

W (t,w) = {Wi(t,w), kh € Gy} = P,W (¢, -, w), (4.11)

where W (t,-,w) = W(t, z,w) is the initial Wiener process. We will show that
Wi (t,w) is a scalar Wiener process and W(t,w) is a vector-valued Wiener
process by calculating their probability distributions. Let A be the distribu-
tion defined by (3.1). Recall that, by definition (see [44]),

Py A(Bn) = Py A(Br) = AP, 'Br) ¥ By € B(Ch), (4.12)

where P B, = {w € C: Pyw € By}. This definition is equivalent to the
expression

/ F(W)P; A(dW) = / F(PyW)A(dW) = / FPW(,w))m(dw) (4.13)
Ch C 0
for every F' for which at least one integral from (4.13) is well-defined. Note

that the operator Py : L?"(G}) — L?(G) is the adjoint of the operator (4.9)
and is defined as

2 In addition to the standard notation Py A, we also introduce PE A in order to avoid
confusion in (4.15).
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(P f) () = Y bV QRXG (), z €, (4.14)

kheGp

where f = {f.} € L*"(G},) and X, () is the characteristic function of the
set Qp, i.e., Xg, (x) =1 for z € Q) and Xg, (x) =0 for z # Q.
Taking into account (3.2), (4.13), and (4.14), we have

FIA(v) = PAv) = / 3 O S )
Ch
i [ (PaW) (D)3 (1)) 2 dt o (4.15)
= / e o A(dW) = / e VPRI A (W)
Cp C
=e —3B(P;v, th)

By virtue of (3.4) and (4.14),

B(v,v) = B(Pv,Piv) = //t/\s h2d Z Kjrvi(t)v;(s) dtds,

jheGy
kheGy,
(4.16)
where
Kt = V1@V Q) / / K(z,y)Xg, ()Xo, (y) dzdy  (4.17)

Q] Qk

and KC(x,y) is the kernel defined in (3.14). The corresponding correlation
operator K is defined by the equality

//IC (z,y)u(y)v(z) dedy = (Ku,v)r2q) YV u,v € L*(G). (4.18)

The equality K = K* implies that (z,y) = K(y, z) and therefore K;, = Kg;.
Formulas (4.15)—(4.18) show that W (¢, w) is defined. In other words, the ma-
trix K = ||h9KC;;]| is reduced to diagonal form by the unitary transformation
O = |0l ie.,

0*K@ =1L, where L = ||Li| = ||6;r] - (4.19)

Here, 1, are the eigenvalues of the operator K = |h4KCiz|. Since (3.15) implies
the positive semidefiniteness of I, the inequalities ug > 0 hold.

Lemma 4.1. The bound
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Z i < C’/IC(L:E) dr < o0 (4.20)

holds, where K(x,y) is the kernel (3.14) and C > 0 does not depend on h.
Proof. By virtue of (4.17),

Sy =K =h YV EQ) [ [ K)o, ()Xo, () dedy.
i i J Qj Qj

(4.21)
It is well known that

z,y) = Aej(x)e;(y) (4.22)
j=1

where e;j(x),A; are the eigenfunctions and eigenvalues corresponding to
K(z,y). From this equality we have

ZA lej(@)] le; (y)]

_ (4.23)
< 3 (@) + les)?) = 5 (K 2) + Ko )

J:1

Substituting this inequality into (4.21), we find

Z/,L]\hdZV (Qj) /ICxa: dm+/l€y, )

éC’/IC(x,a:) dx < oo

(4.24)

The lemma is proved a
We set

v(t) = O*v(t) and W(t,w) =O0"W(t,w). (4.25)

Since ©* = ©~!, we have, by (4.15), (4.16), and (4.19), that

-3 ' t/\S(}/(\:V(t)7V(S))L2,h dtds

o—g
O%g

FiA(v) =e

S
o3
O%g

" tAs(KOV(L),0% (s s))2,n dtds
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Okg

oo
[ tAs K'Y ik (8) Tk (s) dids
0 k

Il
)

} d

ORS

oo
" tAspr R (t)Uk(s) dids
0

m(dw) .

k

H/ deW,;(t,u)ﬁk(t)dt
0

k9

Hence,

iT(VV(t,w),V(t))dt ihd [ W (t,w) % () dt
/e o = /e L Ot ). (4.26)

]

This equality implies that the scalar Wiener processes I;Vvk(t,w) for kh €
G}, are independent. For the definition of independence of scalar Wiener
processes, see [26, p. 55].

4.3 The Ito integral

Together with the probability space (£2, X', m) and the Wiener process W (¢, x)
introduced in Sect. 3, we consider the increasing filtration X, (see [26, p. 52]),
i.e., a collection of o-fields X; C X, defined for each ¢, such that Xy, C X}
for t > s. Also, we assume that W (t,-) is X;-measurable for every ¢ and
W(t+h,-)—W(t,-) is independent on ;. The last statement means that for
every A € ¥; and B € B(L*(G))

m(Am{W(t+h, V=Wt € B}) - m(A)m({W(t+h, V=Wt € B}) .

Then W (t,z) is called the Wiener process relative to the filtration X, and
the pair (W(t,-), X) is called a Wiener process.

The operator P, defined in (4.9) generates the operator P, : B(L?(G)) —
B(L*"(G},)) and therefore generates the operator of filtrations

Py 5 — Shy, (4.27)

where, by definition, By, € X}, ; if there exists a set B € X} such that B, =
P, B. Tt is clear that the pair (W (t), X4 +) is a Wiener process.

Recall (see [26, p. 66]) that a vector-valued function f(¢,w) given on
(0,00) x £2 is called X}, adapted if it is X} ;-measurable for each ¢ > 0.
By T we denote the set of all X}, ; adapted vector-valued functions which are
B(0,00) ® X measurable (recall that X, = P,X) and satisfy
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E7f2(t) t =
0

where we have used the definition of the mathematical expectation. Here
f = (f1,...,fx) where K is the number of points in the grid kh belonging
to Gj: K = #{k‘ eZ7%: khe Gh}.

It is well known (see [26, p. 68]) that the Ito integral of a X} ;-adapted
function is defined as follows:

Re—

/f )2 dt m(dw) < oo,
0

oo

/ (t)d = hme (tjs1) — W(t;)), (4.28)

0

where sup; [t;11 — t;| — 0 and this limit is understood in the sense of the
space L%(£2,m). Here, in accordance with (3.20) and (3.21),

K
£(t)dW = > (Re fi(t)dRe Wi(t) + ilm fi,()dIm Wy (t)).
k=1

By the definition of X}, ;-adaptiveness of f(t), we have, since EW (t) = 0,

B [E0dW(0) = tin Y- E (E) (W(t) - W)
0 1=0

= ZE (?(Q)) E((W(tj+1) = W(t;))) =0.

=0

(4.29)

4.4 The discrete stochastic system

We consider the following discrete analogue of the stochastic Ginzburg—
Landau equation given in (3.22):

dn(t) + {(iVh + AR)?¢r(t) — Vi (t) + [ () (t) } dt

= T[yn ()] dWi(t) (430)

where Wi(t) = Wi(t,w) are the scalar Wiener processes introduced in
Sect. 4.2, dWy(t) is white noise, ¥ (t) = {x(t),kh € Gp} is the unknown
stochastic vector-valued process that we seek, and r(\) is the function given
n (3.19). As was the case for (3.22), the right-hand side of (4.30) is inter-
preted in accordance with (3.20) and (3.21). If 9, (t) = Re ¢y (t) + tIm ey (t)
and dWy(t) = dRe Wi (t) + idIm Wy (¢), then, by definition, we have

e (8)] dWi(t) = r(Re by (£))dRe Wi (£) + ir(Im 4y (£))dIm Wi () . (4.31)
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We assume that the solution 4 (¢) = {¢x(t)} of the system (4.30) satisfies the
initial condition (2.12) and the boundary condition (2.23).

The problem (4.30), along with (2.12) and (2.23), is the differential form
of the Ito system that by definition is equivalent to the integral form

bilt) = o — / [V + A)2n(r) — du(r) + [on(r) Pe(r)} dr
’ (4.32)

t

+ / Flee(r)]dWi(r) kh € G

0

combined with the boundary condition (2.23). The Ito integral from (4.32)
is defined by (4.28).

4.5 The Ito formula

To derive a priori estimates, we use the Ito formula written in convenient
form; it is formulated as follows. Let (W (¢), X, 1) be a Wiener process, where
W (t) is defined by (4.11) and X}, ; is defined by (4.27). Suppose that o (t,w)
is a K x K-matrix-valued function® with elements o ¢(t,w) that are 2 x 2
real-valued matrices, i.e., o4 o(t,w) = 0k, (t,w), 4,5 = 1,2. The functions
Ok,t,i,j (t,w) are assumed to be X}, -adapted random functions, B(0, co) x X,
measurable, and satisfy

E/|0Mtw E//|0Mtw)\ |dt m(dw) < oo.

We set, by definition,

otdWHt) ={ 3 Frot)dW(t), kheGnl,

LheGy,

where
3k7gde = (O’k’ngldRe Wy + 0k7g7172d1m W@)

+ ’L'(O'k7g7271dRe Wy + 0k7g7272d1m Wg) .

3 Recall that K = #{k € Z? : kh € G}}.
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Let b(t,w) be a K-dimensional vector-valued random process (with com-
plex components b;(t,w)) that is jointly measurable in (¢, w), X} t-adapted,
T

and /|bs\ dr < oo a.s.

Definition 4.2. A continuous, X} ;-adapted CX-valued random process
P(t,w) = (¢1,...,9¥K) has the stochastic differential

dp(t) = G (t)dW (t) + b(t)dt (4.33)

if and only if, a.s. for all ¢,

t t

W(t) =1y + / & (s)dW (s) + / b(s) ds. (4.34)

0 0

Theorem 4.3 (Ito’s formula). Let u(x) be a real-valued, twice continuously
differentiable function of x € CX, and let 1(t) be the random process from
Definition 4.2. Then u(v(t)) has a stochastic differential and

Z d% (;Zj(t) dip;

2u(v(t))
+ Z( 81/)]81/1n i+ 81/)]81/)n ek

N 82u(¢(t))d%dwn L OPu()

0Y; 0y, 00,

In addition to calculating the products di;di,, di;dyy,, diy;di,, and
di;dipy,, one has to take into account the followmg rules for calculatlng prod-

ucts of independent Wiener processes W (t) = ReW + ZImW

dwjdwn) : (4.35)

dRe W, (t)dRe Wy (t) = dIm W; (£)dIm Wy, (t) = pu8;5dt
(4.36)
dRe W, (t)dt = dlm W (t)dt = 0, dRe W;(t)dIm Wy (t) = 0.

The proof of the Ito formula is given in [26] for the case of real-valued
functions. One can easily reduce the case of complex-valued functions to that
of real-valued functions by treating C¥ as R?X.

To derive a priori estimates, we will need the following corollary of (4.36).
(Below we will use the definition (4.31).)

Lemma 4.4. The following relationships hold:
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(FlnldWi)” = (FlnldWi)® = (r2(Repe) — r*(Im W))Z 1Ok 1y (4.37)
and

(FlowldWe) (Fee)dWe ) = (r* (Rewsy) +r(m ) Y 100 1y, (4.38)

where py, are the eigenvalues of the correlation operator (4.17) for the Wiener
process W (t) and Oy; are elements of the unitary matric given in (4.19) that
reduces (4.17) to diagonal form.

Proof. We begin from the proof of the following corollaries of (4.36):

(dRe Wy)? = (dlm Wy)? =Y Ok [*udt  and  (dRe W) (dIm W) = 0.
J

(4.39)
By virtue of (4.25), Wi, = > Ok;dW; and therefore, using (4.36), we obtain
J

—~ —~ 2
(dRe Wi)? = (3 (Re OpjdRe W; — Tm O;dlm I¥;))

J

J
_ Z((Re O4;)? + (Im @kj)Q)ujdt =" 1Oy Pyt
J

The second and third equalities in (4.39) are proved in the same manner.
By (4.31), (4.36), and (4.39), we have

(?[wk]dwkf = (r(Re Yy )dRe Wy, + ir(Im 9y )dIm Wk> ’
=r?(Re ¢y )(dRe Wy )? — 72 (Im 4 ) (dIm W,)?

+ 2ir(Re 1y )r(Im ¢ )dRe Wi dIm W,

=(r*(Revr) — r*(Imy)) Z Ok P dt .

J

This equality and the fact that its right-hand side is a real function prove
(4.37). The relation (4.38) is proved analogously. O

5 A Priori Estimates

In order to prove the solvability not only of the discrete stochastic system
(4.30), (2.12), and (2.23), but also of the main stochastic problem (3.22),
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(2.2), and (2.3), we have to establish a number of a priori estimates for the
system (4.30).
5.1 Application of the Ito formula

We take the function u(1)) from Theorem 4.3 as

u(@p) =h? Y (O = (O, (5.1)

hkeGp

where p = 1 or p = 2. Applying (5.1) in the Ito formula with the stochastic
differential du defined in (4.35) and using (4.37) and (4.38), we obtain

Al (0)7, = 0 S {pluel ™ (Vedvr + vndis)

k
1
+ yp (0= DO (vidvndyn + v, du,)
02|20V dydy, )

= 1S plnl2 2 (— 0 6V + A)Pin + 2w ? — 20l dt

k

+ Y, Pl dWy — i (iVy + Ag)2ebdt

+ ¢kﬂ1/fk}de} + ;p(P O

(iﬂi {(=(iVh + Ap)* Uk + tr — [l *vr) dt + ?[wk}de}2

F R { (6T + A2+~ o) de + P} )
+ PP n PO (— (0 + Ap) 0 + o — P

+ P lunldWi { (=(0Vh + A0+ e — [ ) dt + FlundaWi | |

so that
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O35,
= 137 plen P72 (~2Re (V4 iV + Ar) ) + 20l — 20l e
k
+ 2Re (1, laWi) |

+h" Y~ {plp — Dl PO Re (1) (1 (Re i)

k

—r?(Im ) > Ok P
i

+ 22070 (12 (Re i) + r2(Im ) )Zwem py fot.

(5:2)
where >° = Y . Applying (2.14) with ¢, = |x|**~21, to the first term
k kheGp,
on the right-hand side of (5.2) results in
—h% Y 2pli| T Re (4 (iVh + Ak) i)
kheGy,
_ (5.3)
1S 9pRe { (G605, + Ao, (605, + AD (el ~>40n) ) } :
jk
where, for brevity, we use the following notation:
> (G0 + A, (0], + Ao )
jk
. | (5.4)
Z o (000 + Apwn) (0] 0k + Ajon) -
J=1 kheGLUAGT (—7)
Below, we will also use the notation i when in (5.4), Ay, = {A]} is

k
absent. Moreover, in the next subsection we use the following notation which
is closely related to (5.4):

IVE 7 2m = Z| Sl —Z oo hwl. (55)

J=1 kheGLUIG ()
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5.2 A priori estimate for p =1

The following assertion holds.

Theorem 5.1. Let a random process {1p(t)} = {1r} have the stochastic dif-
ferential (4.30). Then 1 satisfies the estimate

t
Ellp®)]72n + E{ (VRS2 + (7 0n) dr

(5.6)
CQ (E”’l?bOHL? h ) Clta
where the constants C7 and Cy do not depend on h.
Proof. The equality (5.3) for p = 1 can be rewritten as follows:
—htY " 2Re {0, (V5 + Ag) i} = —h?Y 2 ’ (10, + A] Nl
k ik
Here and in the sequel, we use the notation >, = > as well as the notation
k kheGp,
(5.4). We substitute this equality into the right-hand side of (5.2) to obtain
dll|Z2.n
p— , 2
= —2n | 3 |@of, + ADwa| = D2 (el — ) | @t
ik k
d PN (5.7)
+2h"Re Y (47 [Yx]dW)
k
+h? Z(TQ(Rewk) + T2(Imwk)> Z Ok %1 dt .
k J

By virtue of the definition (3.19) for the function r(X) and (3.20), we have

el = Ir(Re wr)|* + [r(Im ) |2 < C(1+ [n(1)])? . (5-8)
An equivalent integral form of the Ito differential is written as

t

(1) 20 +2 / wt | SIG0s, + Alwnl? + S loul* | dr

0 Jk

. / BS Re (6,7 eldW)
0 k
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t

:/ (S0l + 3 O Prslr i ) dr + 4 (5.9)
J

) k
Thus, assuming that 1 (¢) is a X}, + adaptive vector function, we apply the

mathematical expectation to (5.9). Then, taking into account (5.8), (4.29),
the bound " [O;|%1; < > pj, and (4.23), we obtain
J J

E||¢<>||L2h+2E/hd 105, + AL (1) OF + ool | ar

ik

<E / C (1|2 + 1) dr + Elltbo|| -
0

(5.10)
Using the fact that
(V7 + Ayl > [Vl = Clunl?, (5.11)
we obtain from (5.10) that
Bl (0) 2 + 2Ef (175120 + 10300 ) a7
(5.12)

t
<G (Ef 10|20 dr +t) T EllpolZan -
0

Note that the term [t |? from (5.11) with kh € OG; can be estimated by
||| p2.» by virtue of (2.23) and the bounds following that inequality. Now,
by applying the Gronwall inequality to (5.12), we finally obtain the desired
estimate (5.6). ]

5.3 A priori estimate for p = 2

We now establish the following bound.

Theorem 5.2. Let a random process 1p(t) = {1x} have the stochastic differ-
ential (4.30). Then v satisfies the estimate

E()]4un + E / (e \|L5h+hdZ| b Pl? | dr



The Ginzburg-Landau Equations 57

<O (L+ Byl 7a) e (5.13)
where C and Cy do not depend on h.

Proof. Taking into account that

Vrte; — Y = hd) i, (5.14)

we obtain
Wk+ej ‘2¢k+ej - |¢k|2wk = ‘wk-i-e_j |2 (wk-‘,—ej - wk) + wk (|¢k+€j ‘2 - ‘ka)

= Wk+ej ‘2hajr¢k + wk (wk-&-ej (¢k+ej - ¢k) + wk (wk-&-ej - wk))

and therefore

Re { (9 94) 05 (1wnlv)}

= [Vhte; 1210F Vrl? + Re ((0F ¥r)*ptpse,) + [0k 7105 Px]?

(5.15)
> 10} Url? (10, 2+ 1041 = [l e, )
3 2 2
> |05kl [¥nl
In addition,
i S (AL ) 9n201) = ARVl [0
J (5.16)

> —Ce|vr|* — eV |

so that

(v (A, V) (e *465))

A
= 1m (e Y F (e, e, — [00*00))
J
Aj
= I (Y (e, — )i,

J

e, — U)W, +00)))  (5.17)
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= Im (ZAJ k) 1/%1/Jk+pj + RO (e, + 1/%)))

WV

=2 107 bl ([Wrore, 12 + lalltre, | + nl?)
J

WV

e S0 Pl — O (e, | 4 i)
J J
Using (5.15)(5.17), we obtain
Re (V] + A)n, GV + Ai) (1wn )
= Re (Vi . Vi ([ *05)) — Im (T 0, Axln[?0)
I (Yr( ARV (0 200)) + [ A

d d
3
>, > 107 e 1n]® = Cellvon]* + D [hre; 1) — el Vi vkl |0 -
j=1 j=1

(5.18)
Now we substitute (5.18) into (5.3) and subsequently use this inequality in
(5.2). As a result, taking into account (5.8), we obtain the inequality

dlllfn < hdz( (3 — 42)[0] el )t
+ > {Clwrl* + elwrl® — 4oy} dt (5.19)
k

+ 3 (2Re (9 TlwnldWi) + C (10l + ")t )
k

Rewriting (5.19) in integral form and taking the mathematical expectation
of the obtained inequality, we obtain the estimate

Ellg®)l|74.n +E/hd (ZI ntnl? wk2+2|wk|6) dr

(5.20)

< CE/hdZ (k] + [owl® + 1) dr + Ellpo|74 -
0 k
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Applying the bound (5.6) to the right-hand side of (5.20) and applying after
that the Gronwall inequality, we obtain the final estimate (5.13). O

Note that, in addition to the estimates (5.6) and (5.13) corresponding to
the cases p = 1 and p = 2, one can prove by induction analogous estimates
for arbitrary natural p; specifically, we have

t

Ellp )75, + / (7 )IILZIZZTBM+hd2\3ﬁhwk\2l¢kl2@’” dr
I

0

< Gy (L4 Ellebo(t)ll],.0) ©
(5.21)
We will not prove the estimate (5.21) for p > 3 because, for our purposes,
the estimates (5.6) and (5.20) will suffice.

5.4 Auxiliary Wiener process

We will need a more general projection of the initial Wiener process than
(4.11). Roughly speaking, the new projection contains not only coordinates
from (4.11), but also their difference gradients at points kh. To be precise, in
a manner similar to (4.9), we define for, f(z) € L*(G),

P20 = VQw) / F(@) dz, for kh e Gn, (5.22)
pr(f) for kh € 9G] is calculated by p{(f) with kh € 9G;, using (2.23),
(5.23)
and
0 0
, DPrye, (f) =R (f) ~ ‘
pi(f) =i " T L AL for khe GLUOGH (=) (5:24)

for j =1,...,d. We denote
Grn={(.k) : j=0,kh€Gp; j=1,...,d,kh € G, UIG] (—j)}
and introduce the projector
P LA(G) — LAGh); P = {ph(f), G k) € Gh} (5.25)
where the scalar product in LQ(C/?;) is defined in the standard way:

for w={ul,(j,k) €Gr}, v={v],(j,k) € Cn},
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(u, )Lz(G, Z “k“k
(j,K)EGH

Note that the components ui of u € LQ(éh) with j # 0 are expressed via the
components u!), by the formula analogous to (5.24):

0 0
wi = e TR g0 g d, kheGpUIG(—7)
S = . wup forj=1,....d, h n\—J1)-

We can calculate the operator (P/)* : L2 (é\h) — L?(G) which is adjoint to
(5.25) using (2.14) which is summation by parts:

(P}?fvg)Lz((;\h):hd Z pi(f)gi

(G,k)ECH,

—hdZ (@07, + ADP" (1)), + AL)g + b > ph(f)gp

kheGy,

=0t S (g + (V7 + A iV + Angp)

kheGh,
(5.26)
so that
(Pt = > hVTHQi)(9R + (iV;, + A iV + A)gp) Xi(x) -
kheGy,
(5.27)

Analogous to (4.11), we introduce the vector-valued process
AW (t,w) = PAW (¢, w) = {pL(W (L, w) = AWL(®), (j,k) € G} (5.28)

Here, pQ (W (t,-,w)) = Wk(t,w) for kh € G}, where W¥(t,w) is the Wiener
process from (4.11). In order to define pk(W( ,w)) by (5.24), one has to
know W*(t,w) with kh € OGT. These Wiener processes are defined by for-
mula (2.23) via W™ (t,w) with mh € G},. Repeating the calculation in (4.13)
and (4.15), where the projector (4.9) is changed to the projector (5.25) and
L?" is changed to LQ(Gh) we find that the process (5.28) is a vector-valued
Wiener process. Moreover,
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://MS > KRRl ()l (s) dtds, (5.29)
0 0

(j1,k1)€GH (j2,k2)E€Ch

where IC?”,S are defined by (4.17) with the upper indices (0,0) omitted,

Kt = (60}, + ALY (i, + ARy, Geske) € Gnoje # 0,0 = 1,2,
A , (5.30)
and ’Cﬁ’f;l? and ng’ljf}C? are defined similarly (correspondingly, the second or

first operator (i@;‘h + Aff) in (5.30) should be omitted). It is clear that
SALIpE = / AW (6,0) AW (5, w)m(dw) (5.31)

where the scalar Wiener processes AW,g(t,w) are defined in (5.28). Defi-
nitions (4.17), (5.30), and (5.31) of the operator AKX = {hK;'*}2} imply
that ICfl],fQ = Kii’ill and therefore there exists a unitary transformation
A = {9%11 23,;22 (i.e., A0* = {9@)7,;11 = (A40)~') that reduces the operator AK
to diagonal form:
AO*AKAO = AL, where AL ={L]"2} = {0}, j,0m mpl . (5.32)
We set - o
AW (t,w) = A*AW (t,w) = {W} (t,w)} . (5.33)

Then calculations analogous to (4.25) and (4.26) show that the scalar Wiener

processes ,W,g (t,w) are independent and therefore, for their differentials, the
following Ito table analogous to (4.36) is true:

dRe W} (t)dRe W2 (t) = dIm Wi (t)dIm W2 (t) = ]} 6}, s Oy iyt

dRe W} (t)dt = dlm W (t)dt = dRe W} (t)dlm W} (t) = 0.
(5.34)
Now we are in a position to prove the following analogue of (4.39).

Lemma 5.3. For scalar Wiener processes AW,{(t) defined in (5.28) the fol-
lowing relationships hold:

(dRe AW})? = (dIm AW})? = >yl |0l [*dt, dRe AW] dIm AW] =0.
(m,()Eé\h
(5.35)

Proof. By virtue of (5.33),
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AWl = > ol W (5.36)

k,m
(e,m)eq,

Therefore, taking into account (5.34) and the fact that the transformation
Af = ||0ilm|| is unitary, we obtain

(dRe AW})* = Re6)" dReW!, — Im 6} dim W)’
2 [Refh; |

l,m

=3 > (Re6}!,Re 0, dRe W dRe W,

£,m £y,m

(5.37)
I 074, Tm 6,52 dTm W, dTm W2, )
y
=Dl dt.
lm
The other relations in (5.35) are proved in a similar manner. O

Lemma 5.4. The following equalities hold:

dRe AW]dRe AW} = dIm AW} dIm AW} =", Re (6,607) dt
l,m

dRe AW]dIm AW =0,

(5.38)
where j =1,...,d.
Proof. Similar to (5.37), we find
dRe AW]dRe AW = 3" ut, (Re 6], Re6(, + m 63!, Im 67" ) dt
l,m
(5.39)
=3 ke (630,008,) dt.
lm
All the other equalities from (5.38) are proved in a similar manner. O

We will need the following lemma.

Lemma 5.5. Let i, denote the eigenvalues from (5.32). Then uf, >0 and
the following estimates hold:

Sooublelt < > uh, (5.40)

(e,m)ea, (6,;m)eGy,
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0 i, n0,¢ V4

S R < S (5.41)
(£.m)€Ch (em)€Ch

Proof. To show that u‘ > 0, we have to prove that the operator AKX =
{hKC32 32 } is positive semi-definite. Let v = {v}} € L?(Gp). Then, by virtue
of (5.30) and (2.14), we obtain

2d gl 0, J _ 12d 0,0 ,0,0
h E E Ky mUm i = h E Ky mVm vy,
. — — kheG
(,K)€Gn (£;m)EGH mhedy

+h2Y "N ((ia;h + A7) i, + Afn)/cg;‘jn) (0, + Ap, )05, (105, + AL v}
7,k £m

EOD ((iajh + ADKY0 00 (107, + Aol

7,k mheGy,

+R2E TN (o), + ALK (10, + AL vl vl
khEGh, Z,m

= h* Z Z Kg:?n (14 (Vi + Ap)?) 00, (1 + (iV + Ap)2) 0}
kheGp mheGy,

/ K () (PR 0) () (P)*0) () dardy > 0

GxG
(5.42)

because the positive semi-definiteness of the operator K was assumed in (3.5).
To prove (5.40), it is enough to note that since the matrix {Gifn} is unitary,

we have e e
Yool = Y0 a0 =1
(¢,m)eGr, (e,m)eq,

and therefore |9i’)€n|2 < 1 for each (4, k), (¢,m). Thus

[Re (6000m) | < 1605 10025, <1
which implies (5.40) and (5.41). O
Lemma 5.6. The following bound is valid:

d
fn <C K(z,z) dx + Oz, 0y, K(z,y) dr+1), (5.43)
X wmeo(f > [ ekt e+1)

(L,m)eG, =G
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where the constant C' does not depend on h and KC(x,x) is the kernel (3.14).

Proof. By virtue of (4.17) and (5.30), we have

Sou=nt Y K =h+I, (5.44)
(],k)GGh (],k)GGh
where -
Li=h'> Ky, L=h"Y K (5.45)
k ik
By virtue of Lemma 4.1, we have
= Z py < C/IC(L:E) dx . (5.46)
JheGy G
From (5.30), we have
L= 03 (0], + AD (i9f, + Ah)KLS)| (5.47)

(3:F)

Note that, in fact, the summation in (5.47) is performed over (j, k) such that
kh € Gj, and (k+e;)h € G}, because, by virtue of (5.23) and (2.15), all other
summands in (5.47) vanish. Therefore, taking into account that ICO O = Kim
is defined by (4.17) and after changing variables in the integrals (4 17) in the

appropriate terms connected with zafthg 21, we obtain

I = / (107, (@) + A7 (@) (05, (4) + AV (1)) K(w,9)| _do+ . (5.48)
o)

Here, 8;h('r)lc(x7 y) = (’C('ra y)_lc(x_e]hv y))/h’ 6;h(y)lc('ra y) = (’C(.T, y)_

K(z,y —e;jh))/h, and G°(h) = > Q, where G) = G\~ G}, (see Def-
kheGY

inition 2.1 in Sect. 2.2), and Qj are the sets are defined in (4.1). The term

J arises because of the summation of some terms connected with ICgﬁk with

kh € 0~ Gy,. It is easy to see that
<, (5.49)

where C' does not depend on h. Using the representation
y) = Z Arer(x)e (y)

we obtain from (5.48) and (5.49)
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BI< A [ 1695 + Aw)er @) o+ 1

"oGom)

(1450 [ (Tre@P +le@?) dr) (550

T Go(n)
(1+ZA/|W )2+ le(@)?) dz)

where the last inequality estimating the finite difference by the derivative can

z+h
be obtained by using the elementary equality u(x +h) —u(z) = [ u'(y) dy.
The bounds (5.46) and (5.50) imply (5.43). O
5.5 A priort estimates for Apy
In addition to (5.1) and (5.5), we introduce the notation
A7 = > [Anyil?, (5.51)

kheGp,

where the values ¢ with kh € BGZ (we need these values to define Apy)
are defined with the help of (2.23). We will also need the following estimate.

Theorem 5.7. Let a random process 1p(t) = {¢x} have the stochastic differ-
ential (4.30). Then v satisfies the bound

(1T 9Ol + [ 140 dr)
0 (5.52)

E(IV 5 woll320) + Coe® (E(lwholLn) + 1),
with constants Cs and C' independent of h.

Proof. We apply the Ito formula to the function u () = hdZ\( h + Al

to obtain

= hdZ '+ AL du, (105, + A7 )r)
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RS (07, + AL)w, (105, + A})dir)
7.k

h , ; . ;
+, > (0], + Af)dr, (105, + AL)day )
7.k

(5.53)

=T1+I+1I,

where I, I, and II are the first, second and third terms of the right-hand
side of (5.53) respectively. Applying (2.14) and (4.30) and using the notation
(ZV; + Ag, ZV;{ + Ak) = (ivh + Ak)Q, we obtain

=TS 0V + A2, = { = B3 |GV + Ax) 22
k

k

PRSI0, + ALl — (05, + AD (P, (9, + ALye)
.k

+h? S {?[wk]de(th + Ak)%k} .

k
(5.54)
Since I is the complex conjugate to I, we obtain from (5.54) that
T+1=—2n" " |0V + Ap)? g2t + Y Cix(thn, 0, tbr)dt
kheGh, j.k
(5.55)

+ht ST TGV + A2}
kheGp

where Cj(Yr, ijhz/)k) admits the bound

et 00| < € (1l® + 107 e Pl + 107,00 1) (5.56)

with constant C' independent of j, k, h.

Let us consider the term II. Applying (2.14), (4.30), and using the notation
Dydt for the term with the differential dt in (4.30) and taking into account
(4.36) and (4.25), we have

21l = h?y ((z'ajh + AD)(Dydt + Py dWi)
I
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(i0h, + AL)(Dydt + ?[wk]de))

_ hdZ( b+ AL (FlkldWi) (05, +Ai)(ﬂwk}de)) - (6557)

Using the equality
ap1bry1 — apby = apy1(brr1 — br) + (aps1 — ax)by
and the definitions (3.20) and (3.21), we obtain

(@03, + AL (FlldWi)

= Plithyyo, 100, + AL AWy + (107, Flbx] — ALFliy oo, ] + ALF[UR]) AW, .
(5.58)
Using (5.58) and the definition (5.28) of the scalar Wiener process AW} (t),
we obtain, from (5.57),

— . . . 2
211 = WY [Flity., JAAW + (10, 7] = AlFlivey e, ) + AT AW
Jik

=J1+Jo+ Js,
(5.59)
where

Ty = by Plity o JAAW] Plithy . JAAW] (5.60)
7.k
Jy = hdZZRe { Flithpre, JAAW (107, 7ln] — ALty 4] +Ai?[wk])dAW,8},

(5.61)
and

Js = hdZ| (107, 7lon] — ALFlivy o, ] + ALl dAWR|”. (5.62)
By virtue of (3.20), (3.21), and (5.35), we obtain from (5.60) that

hdz (IM Vrse,) + 12 (Retnge,)) D phl000 [Pdt.  (5.63)

(e,m)eq,

Similarly, (5.38) and (5.61) imply
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Jo = 2hdZ{ (Im e, )dRe AW (— (9F, r(Im4y,) )dIm AW

+ Al (r(Rety) — r(Impre, ))dRe AWP) + 7(Re Ypte, )dlm AW}

(= 0}, r(Re vy )dRe AWP + A] (r(1m ) — r(Re Gy, ))dlm AWY) }

- thZ{AJ ( (I yeye, Jr(Re ) — 72 (Im Y, )

r(Re e, Jr(Tmy) = r*(Revnse,)) S by Re (64,007,) bt
(Z,m)eé\h
(5.64)

In addition, by (5.35) and (5.62), we have
Jy = hdZ{ — 9}, r(Im oy, )dlm AW

+ Al (r(Re ) — r(Im ¢y, ))dRe AWP)?

+ (9F,r(Re vy )dRe AWY + A (r(Im y,) — r(Re Yy, ))dIm AW,?)2}
= hdZ{ o (Im ) + (07,r(Re i)

+ (A1) ((r(Re ) — r(Im e, )’
+ (r(Im ) = r(Re Yre,))? } D ik 600, 2t (5.65)

l,m

Now relations (5.59), (5.63), (5.64), and (5.65) and Lemmas 5.5 and 5.6 imply
that

IT = "djk (b, Prye, 07, 0 dt (5.66)
J.k
where

|djk (Vhs Pres» 05, k)| < C(1+ [Wnl* + [Whte, | + 107,00 7)  (5.67)

with constant C' independent of j, k, h.
Relations (5.53), (5.55), and (5.66) give
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A4S0, + ADel?) + 200 3 [V + A2l
7,k kheGy,

= (Cix(thr, 0, 0n) + djk (Y, Yrpe,, OF k) )t
I

(5.68)

+h% S {FRlAWR (i, + Ag)2}
khGp,

Writing the differential Ito formula (5.68) in integral form and applying the
mathematical expectation, we obtain

BV, + A)$(0)2 +2/||(ivh+A)2¢(T)||iz‘h dr)
0

C (5.69)
([ hd;{<cjk(wk, 0500) + (e Vs, O n) )
0 )

+E(GV + A)oll72n)

where A = {A kh € G, UG} (—j)}. Doing a simple transformation with
the first term on the left-hand side of (5.69), applying the bounds (5.56) and
(5.67) to the right-hand side of (5.69), and then applying to the result the
inequalities (5.6) and (5.13) results in (5.52). O

6 Existence Theorem for Approximations

The aim of this section is to prove an existence theorem for the stochas-
tic system (4.30), (2.12), and (2.23). First, we recall a well-known existence
theorem for stochastic equations which we will use in our analysis.

6.1 Preliminaries

Recall the existence theorem for stochastic equations proved in [24, pp. 165-
173]. Let W (t) = W (t,w) be a di-dimensional real-valued Wiener process on
(£2,2,m), Xy C X be the increasing filtration (see Sect. 4.3) complete with
respect to o-algebra m-measurable sets Y, and coordinated with W (t), i.e.,
(W (t), X;) is a Wiener process.

We consider the stochastic equation
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dé(s) = o(s,&(s))dW (s) +b(s,&(s))ds, s>1t, and &(t) =£€°(1), (6.1)

where t > 0 is fixed and £°(¢) is a X;-measurable d-dimensional vector. The
integral form of (6.1) is

€0 =0 + [ otrgtr) W)+ [brenar.  ©62)
i i
By the solution of (6.2) we mean a d-dimensional process £(s) = &(s,w)

that is Xs-measurable in w for all s > t, is continuous in s and defined for
w € 2 and s € (t,00), and satisfies (6.2) for all s € [¢, 00) almost everywhere.
Additionally, o(s,z) € L?'°¢ (in s), b(s,z) € LY°¢ (in s), and they are
defined on £2 x (t,00) for all z € R? and have values in (d x d; )-matrices and
in R? correspondingly. We assume that o and b are continuous on x for all
(s,w) and, for each T, R € [0,00) and w € {2, the bound

T
/ sup [||o—(s,g;)||2+ |b(s7x)|}ds < (6.3)

) lal<R

holds.

Theorem 6.1 (see [24, p. 166]). Let the following conditions hold.

(i) Lipschitz condition: For any R > 0 there exists a function K,.(R) > 0
belonging to LYV1°¢ as a function of (w,r) such that for all |z|,|y| < R,
r>0, and w € {2,

2(z —y,b(r,z) = b(r,y)) + o(r,2) = o(r,y) | < K (R)lz —y[*. (6.4)
(ii) Growth condition: For all z € E%, r >0, and w € 2
2(2,b(r,2)) + [lo(r,2)||* < K (1)(1 + |2]). (6.5)

Then the stochastic equation (6.1) has a solution and any two solutions are
identical.

6.2 Bounded approximations

Theorem 6.1 is not applicable to the problem (4.30), (2.12), and (2.23) be-
cause (4.30) has the term [t(¢)|?¢(¢) that does not satisfy the growth condi-
tion (6.5). Moreover, (4.30) holds for k € Gj; due to the boundary conditions
(2.23), the function k — 1% (-) should be defined for k € G, as well.

The requirement that 1y is defined for kh € OG) does not bring any
difficulties because it is enough for us to put into (4.30) an expression for ¥y,
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with kh € BGh given in (2.23) and after that to solve the Cauchy problem
(4.30) and (2.12).

Temporarily, we modify (4.30) to an equation that satisfies the conditions
of Theorem 6.1. To this end, we introduce the function ynx € C*°(0, 00) such
that

t, t € [0, N],
~n(t) = < increases monotonically, ¢ € (N, N + 1), (6.6)
N1, t>N4+1,

and consider the system

e () + {(Vh + A2 (1) = 0t) + v (0P (8) e o
6.7

= Tk ()| dWy(t)

instead of (4.30). We consider the problem (6.7) and (2.12). In this problem,
the functions ¥y (t) and Wy (t) are complex-valued. (Recall that 7[¢ ()W (t)
in (6.7) is understood in the sense of (4.31).) If we introduce the real and
imaginary parts of these functions, substitute them into (6.2), and separate
the real and imaginary parts of the resulting equations, we obtain a sys-
tem that satisfies all the conditions of Theorem 6.1. Therefore, the following
theorem holds.

Theorem 6.2. The problem (6.7) and (2.12) has a solution, and any two
solutions with identical initial data (2.12) are identical.

We apply to (6.7) the same arguments that were applied to (4.30) that led
us to the bound (5.6). Then we obtain the following bounds for the solution

Yr(t) = YN (t) of (6.7) and (2.12):

t
1" (1) 200 +2 / 165 + AV |2
0

D (e W) ()] ds
—2/hdZRe («pk e ]de)
/ S |2+ 0w P N | s+ [l
J

This is the analogue of (5.9); after some transformations, we obtain the final
inequality
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t
B~ Ol +E [ (IVF4 120 oo
6.9

0
TS (o (PR (7)) dr < Cac (Elollian +1)
k

6.3 Solvability of the discrete stochastic system

Recall (see [26, p. 54]) that a random variable 7 = 7(w), w € {2, that takes
values in [0, oo] is called the stopping time (relative to Xy) if {w : 7(w) >t} €
X, for every t € (0, 00).

Let M < N. We introduce the (random) Markov moment

inf{r >0 : ||~ (1,w)||22 > M} for w € 2

- 6.10
) {OO if [ (r,w)ll L2 <M V7 >0. (6.10)

Clearly, Tas(w) is the stopping time. For fixed ¢ > 0 we set tyr = ty(w) =
t A T (w), which is the stopping time as well.
We substitute ¢ = #/(w) with M/h? < N into (6.8) and obtain

tar

o DB+ 2 [ (16T + A8 e+ [9¥ L)
0

/ wk LA }de) (6.11)

= [ 3 IR+ sl IR de + b3
0 k

We note that we have changed the term hdZ’yN("l/J,]cv(S)‘Qﬂ’(/)éV(s)F to

™ (s )| 720 because, for s < ta, ™ (s $)2,, < M/h? < N and there-
fore for every k, |4 (s)|*> < N. This justifies the aforementioned change.
Therefore, repeating the derivation of (6.9) from (6.8), we find that (6.11)
implies the bound

Bl 6a0l3an + B [ (1908 9)Fan + 19V (5)14:) ds
0 (6.12)

< Coe (E|ltpgl32n +1)
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where C7 and C' do not depend on N.
Taking into account the definition of ¢3;(w) and the arguments written
before (6.12), we see that 9™ (s) satisfies not only (6.7), but also the equation

o )+ [ [0V + AP0 6) = 0 () + 0 ()Pt ()] ds
OtM (6.13)
- / r [ () AW () + by
0

It is clear that for each N; satisfying M < N < N; the vector-valued function
PN (s) = ™ (s,w) (that evidently exists) satisfies (6.13) as well for almost
all w e 2 and s € (0,¢tp(w)). This implies that for almost all w € 2

YN (s,w) = Yy (s,w) Y kh € Gy for s € (0,ta(w)) (6.14)

Indeed, ¥ (s), as well as "' (s), satisfies (6.13) in which the term
[ (s)|?9n (s) is changed to yn, (|7 (s)?) ¥i (s). But for this equation,
all solutions are indistinguishable.

The equality (6.14) permits us to define the vector-valued function (s, w)
as follows:

Ur(s,w) =0 (s,w), kheGn YN>M/hY se(0,tyw). (6.15)

By virtue of (6.12), the function (s, w) defined in (6.15) satisfies

tm
Ellpta)lFon + E [ (V)72 + 9b(s)] 1) ds
0 (6.16)

< CoeE (|[pg|13 20 + 1)

and the inequality in (6.16) is true since, by definition, ¢y < t.
Lemma 6.3. For almost allw e 2, tpr /'t as M — oo.

Proof. The definitions of 73y and ¢ imply that for each My > M the in-
equalities
™ S T™my, tm Sta <t (6.17)

hold. Then, by the monotone convergence theorem, there exists too(w) < ¢
and 7o (w) < oo such that Ty (w) — Teo(w) and tp(w) — to(w) < t as
M — oo for almost any w € (2. Suppose that there exists a set b C X
satisfying m(b) > 0 such that to(w) < t for all w € b. This means that for
each M > 0, 7i(w) = tym(w) < t for w € b and therefore 7o (W) = too(w),
w € b. The definition (6.15) of ¢y(s,w) and (6.8) imply that for almost all
w € 12, [|9(s)]|2 ., is continuous for s € (0, 7o (w)). Due to the continuity for
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almost all w € 2, Ty (w) < Tar+1(w) < -+ < T4 (w) < ---. Recall that for
w € b, Tm(w) = Too(w) < t. Hence, by (6.10), we obtain

/||1/17M W17 2nm (dw)>(M—1)/m(dw)—>oo as M — oo .

(6.18)
Since for w € b, Tar(w) = tar(w), we obtain, by (6.16),

/Ildf (o (W), w)lIF2nm(dw) < Ell3p(tar)lfn < Cre®lwpgll7an  (6.19)

for M — oo. But (6.19) contradicts (6.18) and therefore the proof is complete.
O

By Lemma 6.3, (6.10), and the fact that ¢, = ¢ A 7ps for almost all w € 2
the function

tam (UJ)

G(tar,w) = [ (tar (W), wl[72 + / (IVEY ()2 + () an) ds

0

increases monotonically as M — co. By (6.16) and the Beppo Levi theorem,
the function G(t,w) is well-defined for a nonrandom value ¢. Hence,

t
Ellgp@®)l|72n + E/ (Vi) + [l9(5) 1 1an) ds < Coe||3h]|72n -
0

(6.20)
Therefore, the function (s, w) defined in (6.15) can be extended up to a
function defined for every nonrandom ¢ > 0, and this function satisfies (4.32)
and is equivalent to (4.30). Uniqueness of the obtained solution of (4.32)
follows from (6.15) and the uniqueness of 17" (s,w). Applying the arguments
of Sects. 5.3 and 5.5 to ¥y (s,w), we find that 14 (s,w) satisfies the estimates
(5.13) and (5.52).

Thus, we have proved the following theorem.

Theorem 6.4. There exists a continuous X} ¢-adapted random process
{Y(t,w)} = {Yr(t,w),kh € GL} given for t > 0 and such that (4.32) holds
for all t > 0 with probability one. This process ¥ (t,w) satisfies the inequali-
ties (5.6), (5.13), and (5.52). The process ¥ that satisfies the aforementioned
properties 1S unique.

Definition 6.5. The random process {¥(t,w)} = {Yr(t,w),kh € G} that
satisfies all the properties mentioned in Theorem 6.4 is called the strong so-
lution of (4.30), (2.12), and (2.23) or (what is equivalent) the strong solution
of (4.32).
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To prove the solvability of the stochastic problem for the Ginzburg—Landau
equation, we need certain additional bounds for the strong solution of (4.32).
These bounds will be proved in the next section.

7 Smoothness of the Strong Solution with respect to t

We establish two estimates for the solution of the problem (4.30), (2.23), and
(2.12). Specifically, we estimate the mean maximum and the mean modulus
of continuity. In both estimates we follow [44, pp. 352-360].

7.1 Estimate of the mean maximum

In this subsection, we present a result for the mean maximum of the solution
of the problem (4.30) and (2.12).

Proposition 7.1. Let 1(t) be the strong solution of (4.30) and (2.12). Then
E(l|(t)|| Lo o,r;021)) < C(T) < oo for any T > 0, (7.1)

where C(T') does not depend on h.

Proof. We obtain from (5.8) and (5.9) that

t

(0120 < b0l 2an + / 2 (4620 +1) Y gy dr
J

0
(7.2)

+2 [ 37 Re (wrlunldi)

0
and from this estimate, along with the Gronwall inequality, we obtain

t

2t pj 23 pi(t—7)
1012 < llbolZane T +C / ¢ Re S eaW) (7)

0 k

) uyT)pg dr
J
(7.3)
=2ty
Multiplying both sides of (7.3) by e 7  and taking the maximum over

t € [0,T], we obtain
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AL M 2 2
sup (e 7 lp()[[72n | < lltbollz2n +C2+ sup [[M]], (7.4)
te[0,T] t€[0,T]

where M = (My(t), kh € Gy), and

m=c | e 7" Re (4 ()] AW (r)
0

The process My(t) is a martingale with respect to the flirtation Xy (see [44,
p. 353]). This, due to the Birkholder-Gaudi inequality, implies

E sup [ My (t)| < [C(T)]2;
[0,7]

see [44, p. 353]. Therefore, taking the mathematical expectation of both sides
of (7.4), we obtain (7.1). O

Similarly to Proposition 7.1, using (5.56), (5.67), and (5.68) (instead of
(5.8) and (5.9)), one can prove Proposition 7.1°. Let v(t) be the strong solu-
tion of (4.29) and (2.12). Then

BVl peorr2m < C(T) < oo for any T >0, (7.5)

where C(T') does not depend on h.

7.2 Estimate of the auxiliary random process

We introduce the seminorm

ll(t1) — (t2)| L2.n

o = 3 VT >0. 7.6
[Yllcg I it — o] (7.6)
[t1—t2]<1
Recall that the function () is defined in (3.19).
Now define \
dp
S(\) = / . 7.7
9=/ (7.7)

In accordance with the general definition (3.20) and (3.21), we denote

S[r(t)] = S(Retpr(t)) +iS(Im ey (t))

S[r]z = S(Revr)Re z + iS(Im (1)) Im 2
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for each complex number z. Applying the Ito formula to S[(¢)], i.e., applying
the Tto formula to the function S(Re) and to the function S(Imy), we
obtain

as[un ()] = =5[] (Y + A% () — 0n(t) + [al? ) dt
(7.9)
5 (el Pl AW + 55" [ (r2 ] [V )2)

Here,

S [ Fl] AW,

= S’ (Rey)r(Re vy )dRe Wy, + iS" (Im 4y, )r(Im 4 )dlm Wy, = dW,
(7.10)
and the last equality holds because of (7.7). Note that the first term on
the right-hand side of (7.9) should be understood in the same sense as was
indicated in the second relation of (7.8). Moreover, by virtue of (4.39) and
(7.7),

§”[¢k]?[1ﬁk]?[¢k] (dRe W},)? = ;S"(Re )2 (Re Yy ) (dRe Wy, )?

+ 8" (Im )r? (Im o) (dlm WW,)?

1

= =, (P Rew) +ir' (mv)) D 10w uydt (7.11)
JheGy

1 2 !

= 0w Pasr il
J
As a result, we obtain from (7.9)—(7.11) and (7.7) that

as ()] = {~rT[0r] ((Vn + Ax) 2k — ¥ + 164 20%)

. (7.12)
=7 [¥n] > \ij\2uj}dt + dWy,
J

where the equality is understood in the sense of (3.20) and (3.21). Now using
the results from [44], we derive an estimate for ||S(¢)|cg , -
Denote Z(t) as
Z(t) = S[p(t)] - W) (7.13)

Equalities (7.12) and (7.13) imply
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: d
Zut) = 3 Z(t)
= — (P (9 A — i nlPo) — 7T 3 100 Py )

J

(7.14)
Lemma 7.2. For any T > 0 the inequality
T
12,5 < C{1+ ([ UAOIan +IVESOI e+ O]
‘ 0 (7.15)

1/2
@) )dt) )
holds, where C does not depend on h.
Proof. By virtue of (7.14) and (3.19), we have

1Z(D)1Z2n < Cr (AR @12 + VPO Z2n + 19 @720 + [19]|Gon +1)

and therefore

1Z(®)][ 2 < CL2 (| Anp (@)l 2 + [V ()] 2n
(7.16)

Hip @l en + Y@l 7en +1).
This inequality implies

to

1Z(t2) — Z(t2) | o < / |Z(8)]| 2t

t1
to

<G / (RO lz2n + 1 AR(O) 2 + [ VF @) |2

t1
i lFen +1)dt

to

<O[( [ WA + 1759 O+ [0 2

t1

B 50n]dt) b2 — )2 + (02— 1)

By using the definition (7.6), we obtain the desired result (7.15). |
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Recall that the Levi modulus is the function X(¢) = [t Int|*/? and the norm
Wllcy 1, is defined as

[W(t1) = W(t2)l[p2.n
||W||CL‘T,h, = sup o .

0Kty <tg<T N(tg —tl)
[t —ta|<1/e

(7.17)

Recall that A, = PjA is the distribution of the Wiener process W (t) from
(4.11), where A is the distribution of the initial Wiener process (see (3.1)).
The measure Ay, is defined on B(Cp,), where Cj, = C(0, 00; L*"(G},)). In [44,
p. 356] the following assertion was proved.

Lemma 7.3. There exist positive constants C1 and Cy independent of h (and
of Ap) such that for any a > 0

T 2
A = 4, ({W €Ty, - [[W]le, , > Cia}) < CoT \/a%—a /2Tr - (7.18)

where Tr, = > pj is the trace of the correlation operator K defined in
JheG

(4.17) and below (4.18) and corresponding to the Wiener process W (t).

Lemma 7.4. The process S[Y(t)] with function S defined in (7.7) satisfies
the bound

T
ISR, ., <26 [1+ ] (140220 + V502
0
(7.19)
HIB O + 9O )] +2AWIE, ., .

where C1 does not depend on h.

Proof. The bound (7.19) directly follows from (7.13) and Lemma 7.2 if we

1
take into account that |ty — t1|'/2 < R(ty —t;) = |(t2 —t1)In |ty — tl||2 for
|t2 —tl‘ < (13. O

Theorem 7.5. Let ¥(t) be the solution of the stochastic problem (4.30),
(2.23), and (2.12). Then the bound

B|ISWI, ., < C(T). (7.20)
holds, where C(T') does not depend on h.

Proof. We take the mathematical expectation of both sides of (7.19) and, to
estimate the right-hand side, we use Lemma 7.3 and the bounds (5.6), (5.13),
and (5.52). As a result, we obtain (7.20). O
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7.3 Estimate of the mean modulus of continuity

We define the norm
[(t1) — (t2)ll L1

Wlororimny =  suw ’ 2
CL(0,T; LY M (Gy)) 0<ty<ta<T N(t; — t2) 2y
[t1—t2|<1/e
where
bl = bt S (722

kheGp

Note that by virtue of definitions (7.7) and (3.19), the function S(\) possesses
the inverse function R(S)

R(S(\) = A. (7.23)
Lemma 7.6. There exists a constant C > 0 such that
A1 = A2| SO+ M|+ [A2]) [S(A1) = S(A2)] YV A1, A € R, (7.24)

Proof. Let A1 > Ag. Then S(A1) > S(A2). By virtue of (7.23) and (7.7),
R'(S(\)) = r(\) > 0. Therefore, using the Lagrange theorem, we obtain

AL — A2 = R(S(M1)) — R(S(A2))

< sup R(S(u)IS(A) — S(2)| < R'(S(A1)) [S(A\) — S(A2)|

HE[A2,A1]

<O+ M|+ [A2) [S(A) = S(A2)] -
(7.25)
O

Theorem 7.7. Let ¥ (t) be the strong solution of the stochastic problem
(4.30), (2.23), and (2.12). Then the following estimate holds:

E”,l/JHCL(O,T;LLh(Gh)) <C(T). (7.26)

Proof. 1t is enough to prove the bound
l$llcrorpin@n)) < C (1 + s lp (@)1 + ||5(¢)||?;L,T,h> (7.27)

because, after taking the mathematical expectation of both sides of (7.27)
and using (7.20) and (7.1), we obtain (7.26). Substituting A; = Re ¢ (¢;),
i=1,2,or \; = Imy(t;), i = 1,2, into (7.25) gives

RS Jn(t) — Pr(ta)]

kheGp,



The Ginzburg-Landau Equations 81

SCA A+ 9 zar + [[(E2)llL2n)S[p(E)] = Sl (E)] 2 -

Dividing both parts of this bound by the Levi modulus and taking into ac-
count the definitions (7.17) and (7.21), we obtain

[¥llcrorpn(@ny < OO+ e 1@l L2m) ISR O]l e,z -
€lo,

This inequality clearly implies (7.27). O

8 Compactness Theorems

In order to pass to the limit in the stochastic equation (4.30), we need some
compactness theorems which we present in this section.

8.1 On compact sets in L*(G)

For almost all w € {2 the strong solution ¥ (t) of Equation (4.30) belongs to
L2(0,T; L*"(GY)), where L?"(G},) = P,L?*(G) is the space defined before
(4.8). Let 1 < p < oo. Similarly to the space L?"(G}), we can introduce
the space LP*"(G},) of vector-valued functions v = {, : kh € G} } supplied
with the norm

112 iy = B0 S Tl (8.1)

kheGp

Clearly, LP"(G}) = P,LP(G), where the operator P, is defined as well as
the operator P from (4.9). As in (4.10), one can prove that the operator
Py, : LP(G) — LP"(G},) is bounded. We define the space

H) ,(Gr) = {4 € L*"(Gy,), ¥ is defined on OG} by (2.23)} (8.2)

and the norm (see (5.5)):

191y, = RS (080l + [vnl?)

Js
=hty > (0l + el) -

=1 kheGLUAGT ()

We can identify the space LP"(G) (as well as the space (8.2) ) with
subspaces of functions belonging to L?(G) by the operator (4.14):

LPh s qp = {yn} — (@) = Y b, (2) € LP(G), (8:4)

kheGp
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where X, () is the characteristic function of the set @y (i-e., Xg,(x) = 1,
for x € Qi, Xg,(xz) = 0 for z # Q) and the sets Q are defined by (4.1)-
(4.5). We denote by Ep’h(G) the subspace of LP(G) formed by identifying
(8.4). The following assertion follows from (4.6)—(4.7) and a bound similar to
(4.10).

Proposition 8.1. The spaces LP""(G},) and LP"(G) are isomorphic (so the
norm (8.1) is equivalent to the norm of LP"(G) C LP(G)) and the isomor-
phism is defined by (8.4).

In the space L2"(G), the norm (8.3) generates the norm

d ) 2
onliy = [ (ST TN e ) a s9)

G

To calculate the finite difference in (8.5), we assume that ¢, (x) is defined
on U Qr and, on sets Q, kh € G, ¥p,(z) is defined with the help

kheGRUIG
of (2.23).

More precisely, in order to determine the finite difference quotient (¢, (x+
ejh) —¥n(x))/h, we use the polyhedra

d 1 1., .
Qr={z=(z1,...,2q) € R" : z; € [h(k; — 2)),h(kj+ 2)),] =1,...,d}
(8.6)

for each kh € Gj, UG, defining ¢y (z) for z € Q) with kh € G (£m)
by (2.23). Then for kh € 0G; (£m) we change the polyhedra (8.6) in the
definition of the quotient (¢n(x+ emh) —¥n(x))/h on the appropriate set Q
from (4.2)-(4.5).

We denote by ﬁ;\,h(G) = P;H} ;,(Gr), where Py is the operator (4.14)
and Hix,h(Gh) is the space (8.2) with the norm given by (8.3). Similar to
Proposition 8.1, the following assertion holds.

Proposition 8.2. The operator (4.14) establishes an isomorphism between
H} ,(Gy) and H} ,(G), i.e., the norms (8.3) and (8.5) are equivalent with
constants independent of h.

Proof. One can easily obtain the necessary estimates with the help of the
explanation near (8.6) and the relations (4.6) and (4.7). O

Below, we assume that h = h,, = 27 "hg — 0 as n — oo. For each R > 0
we set

Br(Hj,) = {v € L*"(G) : [Wlgy, , <R} (8.7)

and

Br(H") ={¢ € H'(G) : |[Ylh < R}. (8.8)
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Lemma 8.3. For each R > 0 the set

Or = |J Br(H},,)UBr(H") (8.9)

n=1
is compact in L*(G) and in L*(G).
Proof. We choose from an arbitrary sequence v, € @r a subsequence con-
verging in L?(G). Two cases are possible: (i) there exists ng > 0 such that

no ~
VYm € U Br(HY, )UBRgr(H') for each m; (ii) there exists a subsequence
n=1 e

{m'} of the sequence {m} such that 1, € BR(}AI}M” ) and ny, — 00 as
m’ — oo. "
In the first case, we can choose a subsequence {m'} C {m} such that
no ~
(@) Y € U Br(H},, ) for all m’" € {m'} or (b) ¢y € Br(H") for all
n=1 )
m’ € {m'}. For case (a), we can choose a converging subsequence {t,}

no ~
from {4y, } because |J Br(H} , ) is a finite dimensional closed bounded
h=1 o

set. For case (b), we can choose a converging subsequence {1, } because, as
is well known, the embedding H'(G) C L2(G) is compact.
In the second case, we can choose a subsequence {¢,»} C {t,} weakly

converging to 1(z) in L2(G) as m" — co. Moreover, by virtue of the defini-
tions (8.7) —(8.9), for each € there exists 6 > 0 and N > 0 such that for all h
satisfying ||h|| < 6 and for allm > N,

/ () — mlz — )P < e (8.10)

Then, by (8.10), we use standard arguments to choose a subsequence {94} C
{thm} such that |j1pg — 1| 2(q) — 0 as ¢ — oo (see [40, Chapt. 1, Sect. 4]. O

8.2 Compact sets in the space of time-dependent
functions

Let Fy, FE, and E; denote reflexive Banach spaces such that the embeddings
FEy C F C E; are continuous and the embedding Ey C E is compact. Then
the Dubinsky theorem (see [44, p. 131-132]) can be stated as follows.

Theorem 8.4. Let1 < q,q1 < 00, and let M be a bounded set in Lqy(0,T; Ey)
consisting of functions u(t) equicontinuous in C(0,T; E1). Then M is rela-
tively compact in Lg, (0,T; E) and C(0,T; Ey).

We establish some variants of this theorem which we will need. First, let
us apply this theorem to the following situation. We introduce the space
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W = {¢(t,z) € L*(0,T; HY(G)) N C¥(0,T; L*(G))}, (8.11)
where
CH0,T:L4(G)) = {(t,2), (Lw) € (0,T) x G -

l9(t1,-) —¥(t2, )L

0<t1<ta<T N(tz — tl)
[ty —to|<e—1

||/(/)||CL,T,1 =

+ sup (|0t )zia) < oo},

0<t<T
(8.12)
where again R(t) = [¢tInt|2 for t > 0.
Theorem 8.5. The set
BrW) = {¢(t,z) e W : |[¢[lw < R} (8.13)

is compact in the space L*((0,T) x G) N C(0,T; L(Q)).

Proof. To apply Theorem 8.4, we take Ey = H'(G), E = L*(G), E1 = L}(G),
and M = Br(W). Clearly, M consists of functions that are equicontinuous
in C(O,T, El) O

Let

Wi = {¥(t,z) € L*(0,T; H} ,(G)) « |[¥llcy s

[9(t, ) = ¥(t2,)llLre

- i + su ta : < 0
0<ty <P2<T N(t2 — tl) ogth Hw( )”Ll(G’) }
[t1 —to|<e1
(8.14)
and
BrWh) ={¢Y e Wy : [¥llcp oy + ”w”L?(O,T;I?;‘h(G)) <R}. (8.15)

Since W), consists of functions equicontinuous in C(0,7; L'(G)), the fol-
lowing assertion holds.

Proposition 8.6. The set (8.15) is compact in the space L*((0,T) x G) N
C(0,T; LYG)).

The following theorem then holds.
Theorem 8.7. For each R > 0 the set

O = U Br(Wh, ) U BR(W) (8.16)

n=1
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is compact in Zr = L*((0,T) x G) N C(0,T; L'(@)). Here, h,, = ho2™™ and
Br(Wh) and Br(W) are the sets (8.15) and (8.13) respectively.

Proof. By virtue of Theorem 8.5 and Proposition 8.6, the sets Br(W,,) and
Br(W) are compact in L*((0,T) x G). Now, to complete the theorem, we
apply the proof sketched in Lemma 8.3. a

9 Weak Solution of the Discrete Stochastic Problem

Our aim here is to pass to the limit as h — 0 in the problem (4.30), (2.12), and
(2.23) in order to prove an existence theorem for the boundary value problem
(3.22), (2.2), and (2.3) for the stochastic Ginzburg-Landau equation. For this
purpose, we need the definition of a weak solution of (4.30), (2.12), and (2.23).

9.1 Definition of the weak solution for the discrete
problem

Recall that we suppose that the initial condition from (2.3) is a random
process, i.e., P¥o(z) = Yo(z,w) , z € G, w € £2, and we suppose that the map
Yo : 2 — L*(G) is measurable, i.e., 1o : X — B(L*(Q)) where (2, X, m) is
the initial probability space. Moreover, we assume that the random value g
and the Wiener process W (t, z,w) defined in Sect. 3 are independent, i.e., for
each B € B(C(0,00; L*(G)) and b € B(L*(@Q)),

m({w : W(,,w) € By(,w) € b})
(9.1)
=m({w : W(,w) € BYm({w : tho(-,w) €b}).

Now we construct certain projections of ¥o(-,w) and W(-,-,w). Using the
projection Py, : L*(G) — L*"(G},) defined in (4.9), we can define the pro-
jection Ppipo(w) and P,W (t,w) defined on (2, X, m) and taking the values
Puibo(w) € L>MGy) and P,W (t,w) € C(O,oo;z2’h(G)) respectively. More-
over, using the projection P} : L>"(G)) — E2’h(G) C L*(G) defined in
(4.14), we can define the projections P} Pr)((-,w)), w € {2, with values be-
longing to C(0,00; L2"(G)) C C(0, 00; L%(G)). So, using the notation

P, =P;P,, (9.2)

where P, is the operator (4.9) and P; is the operator (4.14), we define the
random value R R
235w — Py, w) € L*"G) c L*(G) (9.3)
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and the Wiener random process
Q23w — (BW)(,-,w) € C(0,00; L*"(G)) C C(0,00; L*(G)).  (9.4)

The relationship (9.1) for ¥g(-,w) and W (-, -, w) implies the independence of
P, (¢o(-,w)) and P,W (-, -, w).

Note that the increasing filtration X corresgonding to the Wiener process
W (t,x,w) corresponds to the Wiener process P, W (¢, z,w) as well.

We define the space of functions

Uy, = L*1°¢(0, o0; f]}l’h(G)) N CE(0,00; LY(G)) N L%1°¢(0, 00; LS(@)), (9.5)

where the index I means the Levi modulus |tInt|'/2 for ¢t € (0,1/e). It is
clear that U}, is a Frechet space with seminorms

etz = Nl 20,11, ) + 18 lero,rinr@y + Wl Loo,ryxa) - (9-6)

With the aid of the solution (¢, w) of the problem (4.30) and (2.12), we
can define the random process

N3w— (PY)(,w) =p(,w) €Uy (9.7)

The space Uy, from (9.5) is well connected with the solution )y, but we will
need also in the following a more extensive separable Frechet space for the
solution; we have

Z = L*1°°(0, 00; L*(G)) N C(0, 00; LY (G)) (9.8)
with finite seminorms given by

1Yl zr = 1l L20,m;220)) + 1Yl ey, T >0. (9.9)
We will also use the spaces
Zr = L*(0,T; L*(G)) N C(0,T; LY(@)),

. (9.10)
Un.r = L0, T; HY ,(G)) N CE(0,T5 LY(G)) N L8((0,T) x G)

supplied with the norms (9.9) and (9.6) correspondingly.
Recall that B(Z) is a Borel o-algebra of the space Z and By, (Z) = B(Z)N
Up,. By virtue of Theorem 2.1 from [44, Chapt. 2], By, (Z) C B(Up).

Definition 9.1. The weak statistical solution of (4.30), (2.12), and (2.23) is
the probability distribution of the random process (9.7), i.e.,

vh(B) =m({w : ¢n(-,-,w) € B}Y) VY BeDBy,(Z). (9.11)



The Ginzburg-Landau Equations 87

9.2 The equation for the weak solution of the discrete
problem

Taking the integral form of the Ito equation (7.12) and applying the operator
P from (4.14) we obtain

Lu(¥n) = S[ipn(t, )] = S[tono(-)]
[ {r )] (90 + Pad@)n(r.2) — i+ inln) (g 1)

[\ '—‘o\w

Plon] Y 1O P X, )V (Q1) ! fdr = PaW (£, 7).
J.k

Let o be the restriction operator of functions f(t,-) at t =0, i.e., vof =
f(0,-). We consider the operator

An = (yo. Ln) : U — L' (2) x Z, (9.13)

where Ly, is the operator given in (9.12).

Proposition 9.2. The operator (9.13) is continuous.

Proof. The proof of this assertion is obvious because the space H }1’ »(G) form-
ing the space U, is finite dimensional. a

We want to use the operator (9.13) to rewrite the weak solution (9.11)
in some other form. Recall that the full preimage of the set B x By, where
B e Z, By € LY(@), is defined as follows:

2, 1(By x B) = { €Uy, = b = (y01, Lnab) € By x B} . (9.14)

By virtue of Proposition 9.2, 2, '(By x B) € B(Uy). This full preimage is
strictly connected to the solution vy, (¢, z) of the problem (9.12). Indeed, we

have
1/Jh(t,35,w) = 'l/}h(tuxqu('aw)vW(T € (Ovt)7'7w))
(9.15)
= A (t, 2,90 (w), W(T € (0,1),,w))

where, in contrast to (9.14), 2; " is the inverse (i.e., uniquely valued) operator
of the operator ;. The domain of the operator (9.15) is the set of initial
conditions and right-hand sides, where the solution of (4.30), (2.12), and
(2.23) exists and is unique and therefore the solution of (9.12) possesses the
same property. This domain is given by

DY) = (P LY(G), B,W) | (9.16)
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where W is the image of the Wiener process defined in Sect. 3:
W= {W(,w),we N2}, W(,,w)is a Wiener process. (9.17)
Definition (9.17) implies that
W is a A-measurable set . (9.18)
Now for each By € B(L'(G)) and B € B(Z), we can write (see [44, p. 343])

(A4vn)(Bo x B) = (A, (Bo x B))

vn({tbn € Uy, = Aoy, € BBy x P,BY)

m({w : ﬁhwo(~,w) € IghBo,ﬁhW(-, Lw) E IghB})

= Py u(Bo) x P A(B) = ju(Bo) An(B) .
(9.19)
The relation

(A5v)(Bo x B) = pn(Bo)An(B) ¥ By € B(LY(@)),B € B(Z)  (9.20)

is the desired equation for the weak statistical solution v}, defined in (9.11).

10 Passage to the Limit in a Family of v},

To take this limit, we need certain additional compactness results which we
present here.

10.1 Compactness of the family of measures vy,

Recall that h,, = ho27"™. First, we establish some estimates for v;,, We denote
by I'r the restriction operator on the interval (0,7, i.e.,

I'rp =01 - (10.1)
Let Zp = I'r Z and

vnr(C) = v (L1 C) VY C € BUr). (10.2)
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Theorem 10.1. Suppose that the distribution u(dig) of the initial condition
Yo(x,w) satisfies the inequality

/ (I%ollZ2(@y + IV%0ll72(ay + 1Pl Lagay ) 1(dibo) < oo (10.3)

Then the measure vy satisfies the estimates

/ (||1/J(t»')\|2L2(G) + /(HV;?/J(% M2 + ||¢(t7')||i4(c))dt)VhT(d¢)
0

Zr

< (4 [ olPutdun)

L2(G)
(10.4)
t
[ (et + [l ->||26(G)>dr) vr ()
Zr
(10.5)
<Cac®(i+ [ unlu(dvo).
12(G)
and
[ (10 omam@n + ¥l ) mrdt < CT), (100)

Zr

where the constants Cy, Cs, and C do not depend on h and T and C(T') does
not depend on h.

Proof. From the usual definition (10.2) and (9.11) of the measure v, and
Propositions 8.1 and 8.2, we can immediately derive (10.4) from (5.6), (10.5)
from (5.13), and (10.6) from the bounds given in (7.1) and (7.26). O

Our goal is to prove the weak compactness of the measures vy, . For this
purpose, we use the following well-known theorem which is proved, for ex-
ample, in [19] .

Theorem 10.2 (Prokhorov). A family M of measures defined on the Borel
o-algebra B(Z) of a separable Banach space Z is weakly compact if
(a) sup{u(Z) : p € M} < o,

(b) for any e > 0 there exists a compact set K C Z such that sup{p(Z\K) :
weE M} <e.

Lemma 10.3. The set of measures vy, 7, n € N, is weakly compact on
Zr = L*((0,T) x G)NC(0,T; L (Q@)).
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Proof. We use Theorem 10.2. Since vy, 7 are probability measures, the con-
dition (a) of the Prokhorov theorem is satisfied. We must check condition
(b) of the theorem. For a compact set K we take the set O introduced in
(8.16). By Theorem 8.7, O is compact in Zp. Note that the measure v,
is concentrated in L2(0,T; L>"*(G)) and therefore

supp vp, N Or = Br(Wp, ) Nsupp vp, T - (10.7)

Therefore, using (10.7) and the Chebyshev inequality as well as the bounds
(10.4)—(10.6), we obtain

Up,r(d) = / Vh,7(di))

L2(0,TxG)\Or LZ(O,T;Ez'hk(G))\BR(th) (108)

1 C
< o [ (Wlioray, @+ 1Wlcsr Jmr(d) < .

where C' does not depend on k. The inequality (10.8) implies that the measure
vy, satisfies condition (b). Therefore, the assertion of the lemma follows from
Prokhorov’s theorem. O

10.2 Passage to the limait

In this section, we demonstrate that the set of measures vy, , n € N, is weakly
compact on Z and thus we can choose a subsequence that converges weakly
to v in Z.

Theorem 10.4. The set of measures vy, , n € N, is weakly compact on Z.

n’

Proof. The proof is similar to the proof given in [44, p. 361]. O

By virtue of Theorem 10.4, we can choose from the sequence of measures
{vn,.} the subsequences {vp,; } that converges weakly to v on Z, i.e.,

vp, — v as j— oo weakly on Z. (10.9)

We will show that the measure v is the weak solution (see Definition 12.1
below) of the stochastic problem (3.22), (2.2), and (2.3).

11 Estimates for the Weak Solution

We first prove an estimate for v,.
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11.1 An estimate for vy

In order to prove the analogue of the estimate given in (5.52), we have to
define the second finite difference Apipy(x) for ¢y (z) € ZQ’h(G).

Assuming that the lattice function ¥ = {¢;} satisfies (2.23), we can then
define the norm

191172, () =1 Y (18wl + Vel + [l (11.1)
khEG),

We set
H3,(Gr) = {¢ € L*"(Gy),

(11.2)
1 satisfies (2.23), supplied with the norm (11.1) }.
We also define the space fliyh(G) along with its norm as
H3 ,(G) = PyH3 ,(Gh),
(11.3)

onliss, = [ (180n@) + V3 6n(a) + (o)) do.

G

Note that in a neighborhood of G, the finite difference |Ayvy(z)|? is calcu-
lated as was explained near (8.5). More precisely, to calculate the difference
| Aptbn (2)|?, we use the polyhedra @, from (8.6) and, after these calculations,
we change these polyhedra in a neighborhood of 92 on appropriate polyhe-
dra; see (4.2)—(4.5). The value of ¥y (x) on this polyhedra @y is defined by
(2.23).

The following assertion which is analogous to Propositions 8.1 and 8.2 can
be proved .

Proposition 11.1. The spaces H3 ;,(G1) and fl}%yh(G) are isomorphic and
the norms in (11.3) and (11.1) are equivalent.

The following theorem easily results from the estimate (5.52).

Theorem 11.2. The measure vy satisfies the estimate

t
J (195600 + [ 1800916, dr)nr(aw)
0

Zr (11.4)

<Cie® (14 [ (19460l + ol ey (o).
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Recall that h,, = 27"hg. Below we will need modifications of Theo-
rems 10.1 and 11.2, where on the left-hand sides of the inequalities in these
theorems we need to replace V+ and A with V+n and A, respectively.
In addition, vp 7(dy) must be changed to vp, 7(d) for n > m. To establish
such estimates, we prove some preliminary lemmas in the next section.

11.2 Preliminary lemmas

In this section, we provide several preliminary results which will be needed
to prove estimates for the measure v.

Lemma 11.3. Let ug, k=1,...,N, h > 0, be a lattice function. Then

| u u Y g |?
k+n — Uk k+1 — Uk
DN <> *h (11.5)
k=1 k=1
Proof. Since (aj + -+ + a;)* < jlad + -+ + a?) for positive a1,...,a;, we
have
N 2 2
—n
Uk4+n — U o Z Z Uk+5 — Uk+] 1
n2
k=1 k=1 |j=1
N—n n 2
Z Uk+j uk+j 1

k=1 j=1

2
Uk41 — Uk
h

hE

<

B
I

1

where to obtain the last inequality we have taken into account that the previ-
ous sum can be represented as the sum of groups of identical summands and
the number of identical summands in each group are not more than n. O

Lemma 11.4. Let ug, k=0,...,N, h > 0, be a lattice function. Then

- 2
Ukgn — 2Up + wpn |? Z Upy1 — 2Uk +up_1
E (11.6)
2
k=n (’I’Lh) k=
Proof. Fork=1,...,N —1 we set Apur = tug+1 —2ux+ur—1. One can prove

that

n—1

Uk — 2Up + Up—p = Z]AhukJrn Pt (=) A
Jj=1 Jj=1
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Therefore,
Nz_:n Uk+n _2uk+uk—n 2
k=n (nh)Q
By Z (ZJ | Atk n—j? +Z (n—§)? | Anu—j] )
k=n j=1
N-1 Ahuk
<Ly (thmn if +Z|Am i) <4
k=n = k=1

because the maximal number of elements in each group of identical summands
in the penultimate sum is 2n. a

For the approximate domain Gp,, U BG% we intend to define the first and

second finite difference quotients Vzm and Ay, withm <n.Forj=1,...,d
denote

Gh, (+shm) = {k € Z* : khy, € G, , (k+2"""¢;)hn € Gi, UOG] } .

Clearly, for each kh, € Gy, (+7j;hm), the difference quotient 8 o Uk =
(Upqan—me, — Uk)/hm is well defined. In an analogous manner, we denote

Gh,(—jshm) = {k € Z% : khy, € G, , (k —2""™¢;)hn € Gi, UOG] } .

Let

d d
Gho(H3hm) = () Gh (+dshm);  Ghy(=ihm) = [) Gho(=Gi hin) (11.7)
j=1

d
G, (hm) = [) (G, (435 han) N G,y (=5 o)) - (11.8)

It is clear that the subsets (11.7) and (11.8) of Gj,, ﬂ(‘?GIﬂ satisfy the following

properties: for all kh,, € Gy, (+; him), the operator Vzmuk is well defined and,
for kh,, € Gy, (hi), the operator Ay, uy is well defined.
We are now in a position to prove the following lemma.

Lemma 11.5. For each ¢ € L*"(G},,)

2
neo >0 IV k] <Vl (11.9)
khn€Gh,, (+3hm)

and
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RS 1Bl <41 n, % 6 ) - (11.10)
khn€Gh,, (hm)

Proof. The bound (11.9) is a direct corollary of Lemma 11.3 and the bound
(11.10) follows directly from Lemma 11.4. O

Denote

Ghn)=  |J @, (11.11)

khn eGhn (hwn)

where the sets Q. are defined by (4.1) with A = h,,. Then, using the operator
Py defined in (4.14), we immediately obtain from Lemma 11.5 the following
assertion.

Lemma 11.6. For each () € ﬁi,hn(G)

/ Vi, b@)| de < 0/ Vi o(@)| de (11.12)
G(hm) G
and
/ |Ahm¢($)|2d1‘ < C’/\A;%17b(gv)|2clgyg7 (11.13)
G(hn) G

Recall that calculation of the functions from (11.12) and (11.13) near the
boundaries of G and G(hy,) should be made as was explained near (8.5) and
(11.3) with h = h,,. where C' does not depend on ¥, n, or m.

At last we are now able to prove the following corollary of Proposition 7.1
and Theorems 10.1 and 11.2.

Theorem 11.7. Let the distribution p(dig) of the initial condition 1o (z,w)
satisfy (10.3). Then for each m < n the measures vy, r(dy) satisfy the esti-
mates

T
J (] 130,660, + IV, 97 o 1,) ) o)
Zr 0
<Cr (1 + / (I%ollZ2(qy + 1ol zace) + ||V¢0||2L2(G)>Mo(d¢o),
L*(G)
(11.14)
where the constant Cp depends only on T'. Moreover,

J 2 19 908 a6 (@) < OT) <00 YT >0, (11.15)
te (0,
T

where the constant C(T) does not depend on hy, or hy, 1.
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Proof. The theorem follows immediately from Lemma 11.6, Proposition 7.1,
and Theorems 10.1 and 11.2. O

11.3 Estimates for the measure v

We are now in a position to prove the main theorem of this section. We set

HLY(G) = {u(a:) € HY(G) : Au(x) € L*(G),
) , . (11.16)
lullF ) = / (|Aul? + [Vul* + |u]?)dz < oo}.
G
Theorem 11.8. Let the distribution u(dig) of the initial condition o satisfy

(10.3). Then the statistical solution v constructed in (10.9) is supported on
the space

supp v C L?1°°(0, 00; HL(G)) N L%°(0, 00; LY (G)) N CE(0, 00; LY (@) .
(11.17)
Moreover, the following estimates hold. For every T > 0 there exists a con-
stant Cp depending only on T such that

T
J ([ 129136) + 1961206, + 16 s v )
Ur 0

<Orfte [ (ol + 4ol + I960la)a(dbo)]
L2(G)

(11.18)

/(||1/)||2Loo(o,T;L2(G)) + VY7 0.1:22(ay) v (deh) < C(T) <00 VT >0
Ur
(11.19)
and

/ [¥ller o, (@ (dy) < C(T) < oo VT > 0. (11.20)

Proof. Let ¢r(N\) € C*(Ry), ¢pr(\) = X for A < R, and ¢gr(\) = R+ 1 for
A > R+ 1. Then the bound (11.14) implies the inequality

T
/ o / IV () s + 18 60 s

0
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~

() Eaqe) dr )vn,r(d) < Cr

=Cr(1+ / (I%ollZ2(qy + 1ol zaca) + 1IV¥ollZ2(qy) #(dibo) -
L2(G)
(11.21)
Since the functional under the integral on the left-hand side of (11.21) is
bounded and continuous on the space Z from (9.8), we can pass to the limit
as n — oo in (11.21). As a result, we obtain

T
/¢R / (IVE o N2y + 1R (T T2 (G )
0 (11.22)

(7,3 c) dr )vr(de) < C

Using the Beppo Levi theorem, we can pass to the limit in (11.22) as R — oo
to obtain

T
/ / MLz (@) + 1Br (7 ) 260
0 (11.23)
()3 2(e) dr )vr(dy) < Cr
It is easy to prove that
|An, ull z2(G(hm)) = 1AullL2c) < o0
(11.24)

IV ullL2 Gy — VullLzg) < oo

as h, — 0 if and only if u € HY4(G). Passing to the limit in (11.23) as
hm — 0, with the help of the Fatou theorem and taking into account (11.24),
we find that the measure v (dy) satisfies the inequality

T
[ [ 1l i et < G (11.25)
0

and therefore it is supported on the space L*(0,T; H4(G)). Since the em-
beddings H}(G) C HY(G) C L%(G) are continuous when the dimension of
G = d < 3, the norm ||ul|zs is continuous on H}(G). Therefore, using as the
above function ¢r(\), we can pass to the limit as n — oo in the term of the
inequality (10.5) containing [|¢)||6 (). As a result, we obtain
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T
// (7, Moy dr vr(d) < Cr . (11.26)
0

The inequality (11.19), as well as the bound (11.20) can be obtained with the
help of the method used in [44, p. 363]. O

12 The Equation for the Weak Solution of the
Stochastic Ginzburg—Landau Problem

Roughly speaking, the weak solution is a measure satisfying a certain equa-
tion. We begin with the formal derivation of this equation.

12.1 Definition of the weak solution

The stochastic Ginzburg—Landau equation can be written as the Ito differ-
ential equation (3.22) with boundary and initial conditions (2.2) and (2.3)
respectively. We let dW (¢, x) denote the white noise corresponding to the
Wiener process defined in Sect. 3.1, 1o(z) = vo(z,w) € L4HG) N HY(G) is a
random initial condition with distribution u(diy), and 1o (z) and W (t, z) are
independent. Let S(\) be the function given in (7.7). Applying formally the
Ito formula to the function S( (¢, z)) and writing the resulting Ito differential
in integral form, we obtain

L(Y) = S[(t, )] - Sl (@)
+ [ (P {69 + A@)P0(r.) ~ v(r.a) + ()}
0

P () dr = Wi(t,),
(12.1)

where K11(z, x) is defined in (3.14).
We introduce the spaces

Ur = L*(0,T; HA(G) N CL0,T; LN(G) N LE((0,T) x G), T >0, (12.2)
and

U = L*>1°°(0, 00; H3(G)) N CE(0, 00; LY(G)) N L51°¢(0, 00; LS(G))  (12.3)
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with the norm for space (12.2)

[l = 1Vl L20.182 ) + ¥l czo,r:1 () (12.4)

and with the topology for the space (12.3) defined by the seminorms (12.4)
with arbitrary 7" > 0.
Similarly, we consider the continuous operator

A= (y,L) : U —LG)x Z. (12.5)

Repeating formally the derivation of the equation for the weak statistical
solution of the approximation for the Ginzburg—Landau equation, we obtain
the following analogue of (9.20):

(A ) (By x B) = u(Bo)A(B) ¥ By € B(LY(G)), Be B(Z).  (12.6)

Definition 12.1. The probability measure v on B(U) is called the weak
statistical solution of the stochastic Ginzburg-Landau equation (3.22) if it
is concentrated on U, satisfies the inequalities (11.18), (11.19), and (11.20),
and satisfies (12.6), where 2 is the operator from (12.5) and (12.1).

12.2 The first steps of the proof for v to satisfy (12.6)

We will show that the measure v defined in (10.9) satisfies (12.6). Since the
other properties in Definition 12.1 are already proven for v, this gives that
v is a weak statistical solution of the stochastic Ginzburg-Landau equation.
We can show that (12.6) is equivalent to the equality

/m%wW@wmwwo=/ﬁwmmwm/¢wmAww> (127

for all n € Cy(L?(GQ)) and ¢ € Cy(C(0,00; L}(G)) (recall that Cy(H) is the
space of bounded, continuous functions on the Banach space H) in the same
way as the analogous assertion was proved in [44, p. 364].

We already proved that there exists a strong stochastic solution of the
problem (9.12). Therefore, (9.12) implies (9.20) and (9.20) implies that

Ew%mWMwm:/mﬁ%mwm/wﬁwmwm, (12.8)

where P, is the operator defined in (9.2). Performing a change of variables
on the left-hand side of (12.8), we obtain

/m%ﬁmwumﬁmwmwo
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:/mﬁ%Mwm/wﬁwmmm. (12.9)

We derive (12.7) by passing to the limit in (12.9) as h = h; — 0.

Since for each 1y € L2(G) and W € C(0, 00; L*(G)) we have Priho — tho
as h — 0 in L%(G) and P,W — W as h — 0 in C(0, 00; L(G)), we have the
following formulas:

/mﬁ%mw%»a/mmmww>
(12.10)

/wﬁwmwwwa/wwmww>

as h — 0.

We now pass to the limit on the left-hand side of (12.9). By virtue of the
arguments in [44, p. 364], it is enough to prove (12.7) only for cylindrical
functionals ¢, i.e., for ¢ that actually depend only on a finite number of
arguments and is constant with respect an infinite part of the arguments.
But each such functional ¢(u) can be approximated by a finite sum of the

form '
qS(u) ~ Z ez[u,vk]7
k
where -
[w, vg] ://uvkdmdt.
0 G

Consequently, we can modify gb(Lh(]/D;z/))) in (12.9) using eilLn(Pav)o] | We
can now write

/MWEMM@MEMD%MM«1/MWEMk““HW”%ww.mzn>
We pass to the limit as h — 0 on the right-hand side of (12.11).

Taking v € L?(0,00; H*(G)), v(t,z) = 0 for t > t,, where H?(G) is the
usual Sobolev space, we can rewrite (9.12) as follows:

[Ln(¥),v] = fin(@)+ fon(¥) + fan(yp) with Pty changed on v, (12.12)

where

fin() =

/{S(zﬁ(tw) ~ Sy Py ()
G
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t

+/(T (7, @) [P (r, @) — (7, x)) dr}v(t,:c) dzdt, (12.13)
0

fon(¥) = ;O/G/O/T/

(12.14)
Z Xo, (@)V(Qr) ™6k /? /%)dﬂ)(t x) dzdt,
kh,jheGp,
and
fan(y) =

7 (12.15)

/ /T ' th+PhA( ) 1/)(7,30))11(15,36) drdzxdt ,

0G0

where recall that r—1[¢(7, x)]z, z € C, is understood in the meaning of (3.20)
and (3.21). First of all, we rewrite f3 (1)) by summing by parts. We suppose
that each v(z) € H?(G) is extended onto G(e) = {x € R? : p(x,G) =
infycq |z — y| < €}, where ¢ > 0 is fixed, by a fixed extension operator
£ : H*(G) — H?*(G(g)) and we denote this extension Ev(zx) by v(x). Thus,
for small enough h, the difference quotients B}J[j v(z) = ; (v(z +ejh) —v(z)),
j=1,...,d, are well defined for almost all x € G.

Lemma 12.2. The expression (12.15) is equivalent to

fa.n (¥
/// r(n @) (Vi = iByA@))¥(r,2)) Vi vt @)

+7"‘1[¢( D)V + PuA@)e(r, 7)) PuA(z)v(t, z)
(12.16)

d
+3 (0 (@)

(V: - zl/D\hA(x — he;)Y(r,x — hej)>v(t, m)} drdxdt

for each Y(1,x) = ﬁ\hw(r, x) € LQ(O,oo;ﬁi’h(G) with the space ﬁi’h(G)
defined in (11.3), v(t,x) € L*(0,00; H*(G(¢)), and v(t,z) =0 for t > t,.

Proof. We denote
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(r,z) = (Vi — iPy A2)¥(r, o)

= {0y —iP A (2))(r,2),5 = 1,...,d} ={¢(r,2),j = 1,....d}

and rewrite (12.15) as

fanw) = [ [ [t
0G 0 (12.17)
( > (@, - Py AT ()0 (7, x)) o(t,z) drdadt .
Taking into account the identity
@)y g(@) = 5 (f(@)g()) — (@ F(2))glx — hey)
and summing by parts, we obtain
d (o]
— 0, ¢’ (1,x))v(t, ) drdzdt
L[ [T
d (o]
Z (r, 2)](¢ (7, 2)))v(t, z)
s
(12.18)

_(a};rqu( o)) (¢ (x — he;))v(t, .T)} drdxdt

t

7// DN (7,20} o(t, )
0

0

M&

I
-

J

+(, r [ (r, ) (@ (x — hej))v(t,z) drdadt .

Note that the term with the integral over OG is equal to zero because ¥ (7, x) €

fIiyh(G) and by virtue of Lemma 2.3. The relations (12.17) and (12.18) imply
(12.16). |

Now we have to pass to the limit as A — 0 in the integral

/ (o) elEn 90 () = / (010l o O+ o) ()

(12.19)
To do this, we first have to study f2,5(¢) and f3 ().
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12.3 Investigation of fan()

For f2 () we prove the following result.
Lemma 12.3. The following relation holds:

Z XQ] |8]k?‘ luk?

kh,jk€Gy, (12.20)
= Z’CTTXQT(JJ) — K(z,z) ash—0ae x€G,

where K(z,y) = 2(Kq11(x,y) —iKi2(x,y)) is the correlation function (3.14) of
the Wiener process W (t,x) and K(x,x) = 2K11(x, x).

Proof. Recall that the matrix ©p; from (4.19) is unitary, i.e.,

S 0mkOik = 0mi  and Y OunOki = i (12.21)
k k

We can rewrite (4.19) as follows:

Z @UIC[T@HC = 5jkuk . (12.22)

Ir

Multiplying both parts of (12.22) by ©,,,;, summing over j, and using (12.21),
we obtain

> KinrOrk = Ot (12.23)

Multiplying both sides of (12.23) by ©,, summing over k, and using (12.21),
we obtain

K:m] = Z @kajkMk . (12.24)
k

Multiplying both sides of (12.24) by Xg,, (2)Xg,(y) and summing on m, j
such that mh € G, and jh € Gy, we obtain

Z]ijXQm XQ] Z,U,k Zka@]kXQm )XQ]. (y) . (1225)

Setting y = = in (12.25) and using (4.17), we obtain

Yoy 1Cmk* X, (2) = Y Knmda,, (2)
k m

m

:;XQm(x)VQ(Qm)/ /K(m,y) dady .

Q’"L Q’"L
(12.26)
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Clearly, the right-hand side of (12.26) tends to 2K11(z, z) for almost all z € G
as h — 0. O

12.4 Subspaces of piecewise linear functions

The investigation of f3 (1) is more difficult. First, we introduce the space
of piecewise linear functions on G. For kh € G} we consider the piecewise
linear function

1, x = kh,
ex(xz) =140, x ¢ cube with tops (k+e;)h,j=1,...,d,
piecewise linear otherwise.
(12.27)
We define PLy(G) as the linear space of functions generated by the basis
{ex(z), kh € G} and restricted to G. If this space is supplied with the norm
of L?(G), we use the notation PLy(G) as well. If PL(G) is supplied with

the norm
lullbry = 1IVyulZa) + luliz)

we denote this space as PL}(G). If it is supplied with the norm
[ullBrzn = [ AnullF2q) + IV ullZaq) + lullf2q)

then we denote this space as PL%(G). (For the calculation of V;fu and Aju
in these norms the functions ey (z) with kh € G} and with coefficients from
(2.23) should also be used.)

Theorem 12.4. There exist constants Cy1 and Cs, independent of h, such
that for every u € PL}.(G)

Cill9jullz2(cy < 10 ,ullteqy < C2llOjullagy, =1,...,d.  (12.28)
Proof. The estimates are established with the help of direct calculations. O

Note that the second estimate in (12.28) holds for each u € H*(G), where,
in the definition of 6;;#, a certain extension operator Es : H(G) — H(G(9)
is used, where G(9) is a neighborhood of G with dist(0G,0G(d)) = § with
0 > 0 is fixed.

Theorem 12.5. There exists a topological isomorphism
Ry, : L*"(G) — PL,y(G). (12.29)

Moreover, the following estimates for the operator Ry hold:
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[Rhullpri(e) < Cl”“”ﬁ[}q’h(c) < Co||Ruullpry(a) (12.30)

IRl prz ey < Cillullzs @ < Coll Rntllprz o - (12.31)
h a0 (@) h

Proof. The isomorphism Ry, is established as follows. For each u(z) € E2’h(G)
we take

Ru(kh) = u(kh) ¥ kh € G, UdG; . (12.32)

(For calculating u(kh) for kh € OG; we use the boundary conditions (2.23).)

Since in both the spaces 52”1((?) and PLy(G) the values of the points kh €
G U OG] define the function uniquely for each z € G, (12.32) establishes
the isomorphism. The estimates (12.30) and (12.31) are proved by direct
calculations. O

12.5 The measures vy, and their weak compactness

We need the following analogue of the compactness lemma given in Lemma 8.3.

Lemma 12.6. For each R > 0 the set

0r = ) Ba(PLL (G)) U BR(H(G)) (12.33)

n=1

is compact in H(G) if Br(H) = {x € H : ||z|lg < R} for each Hilbert
space H.

Proof. Similarly to Lemma 8.3, it suffices to choose from the sequence uj €
Br(PL}, ) a subsequence convergent in H'(G). Clearly, we can choose a
subsequence u,, — @ weakly in H'(G) because, by virtue of (12.30) and
(12.31), u, € Br(PLj, ) C Br(H'(G)). The following bound holds:

/ 05 0m(a) s < C / 07, 050(@)|Pdz < Cilldllpae,  (12:34)
G G

where C' and C; do not depend on h. Indeed, the first inequality follows
clearly from (12.28) and the second is a corollary of the discrete analogue of
the elliptic theory. Recall that by the definition of ||[¢||p 12(G), the boundary
condition for ¢ is fixed by (2.23). Since the right-hand side of (12.34) with
¥ = uy, is bounded by C1 R, (12.34) implies that for each € > 0 there exists
& > 0 such that for h < §
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/ |(Vum (z — ejh) — Vum(x))2 dr < e.

By this inequality we can choose a subsequence {uy} C {un} strongly con-
verging in H!(G). O

Using Lemma 12.6 analogously to Theorem 8.7, we can prove the following
theorem.

Theorem 12.7. For each R > 0 the set

Or = |J Br(Whr)U Br(Wr) (12.35)

n=1
is compact in L*(0,T; HY(G)) N L*(0,T : L*(G)) N C(0,T; L*(G)), where

Wit = L*(0,T; PL%M(G)) NCL(0,T; LY(92)),

12.36
Wr = L?(0,T; HL(G)) N CE(0,T; L1 (2)) N L6(0,T : L5(G)) ( )
and where HY(G) is the space defined in (11.16).
Clearly, the isomorphism (12.29) generates the isomorphism
Ry : L*(0,T; HY ,(G)) — L*(0,T; PLE(G)).- (12.37)

Using (12.37) and the weak solution v, (dy) defined in (9.11), we can define
the following measure 7y, 7 on L(0,T; PL}(Q)):

Unr(B) = var (R, 'B) ¥V B € B(L*(0,T; PLi.(Q))) . (12.38)

The definition (12.38), the estimates (10.4) and (10.6) for vp7, and the in-
equalities (11.14) and (12.31) imply the following inequality for the measures
f/\hnT:

T
[ ([ 1Bz 0+ s oo )ohr < Cr - (1239)
0

with Cp independent of h.

Using this estimate, the compactness result in Theorem 12.7, and the
Prokhorov theorem (see Theorem 10.2), by following the proof of Lemma 10.3,
we obtain the following result.

Theorem 12.8. The measures Up,r(w) are weakly compact on L2(0,T;
H(G)). Moreover,

Uh, T — vr ask — oo weakly on L?(0,T; HY(G)), (12.40)
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where hy, is a subsequence of the sequence h; in (10.9), vp = I'*rv, where vr
is the measure (12.40), v is the measure (10.9), and I'r is the operator (10.1).

Proof. Tt was already explained that U, 7 — Uy weakly on L?(0,T; H'(Q)),
where U is a certain measure. To prove I 7 v = Dy, we have to take into
account the fact that

RyPou—u ash—0 YuelL*G). (12.41)

Indeed, by virtue of (12.38),
/ F()Pnr(du) = / F(RuBro)vnz(du)

if f(u) is continuous on L?((0,T) x G). Passing to the limit as & — 0, with
the help of (12.41), we obtain vp = vp = I *p v. O

12.6 The final steps for passage to the limait

Now we are in a position to pass to the limit in (12.19). Let Nj, = R, ' be
the operator inverse to (12.29). The equality (12.38) can be rewritten as

vhr(B) = Up (N, 'B) V¥ B € B(L*(0,T; L*(G)) (12.42)

and using this, we can rewrite (12.19) in the form

/ n(yoep)e’ Dy (i) = / (o Npu)e'ttr N1, (du) . (12.43)

The most difficult term for passing to the limit in (12.19) as h — 0 is the
term f3,(Npu) from (12.16). In that integral, u(r,z) € L*(0,T; PL;(G)).
But as follows from the lemma formulated below, the operator Nj can be
extended from PL}(G) to HY(G).

Lemma 12.9. The operator Nj, can be extended from PL}(G) to H'(G).
Moreover, for each u € HY(G)

IViu—Vullp2q)y =0 ash—0. (12.44)

Proof. In addition to the basis {ex(z), kh € G}, UG} }, we introduce in PLy,
an associated basis {e}(z), kh € Gj, UOG; } that is defined by the condition

/ e;(@)et (z) do = by, (12.45)
G(9)
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where 6y, is the Kronecker symbol and G(§) = {z € R? : p(z,G) =
inf e | — y| < 8} is a neighborhood of G containing the set U Qk

kheG UG
with Qp defined in (4.1)-(4.5) and (8.6). To construct {e}(x)}, we look for
these functions in the form

gilr) = Y. ane(a), (12.46)

JhEGLUIG

where ay; is the solution of the system of linear algebraic equations obtained
after substitution (12.46) into (12.45). By the definition of the operator Ny,

Npf(z) = Z fiXq,(x), where f(x)= Z frex(z) € PLy

jheGLUOGT kheGLUIG,

and X, () is the characteristic function of the set ;. The extension of this
operator on H!(G(9)) is defined as follows:

kheGLUIG

Naf@)= Y XQ_j(x)/ f(@)er () d (12.47)
(9)

The relation (12.44) is verified by direction calculations. O

Using Lemma 12.9, it is easy to prove the following result.

Lemma 12.10. (a) For each sufficiently small h the functional fsp(Npu)
defined in (12.16) is continuous in u € L*1°°(0, 00; H'(G)).

(b) For each u € L*1°°(0, 00; HY(G))

Fan(Nw) no / / / {ﬁ[u(T,x)}((v—iA(x))u(T,x))vu(t,m)
0 G 0

—

—r~Hu(r, )] ((iV + A(x))u(r, ) A(z)o(t, x) (12.48)

d
+ 3 (0 Hulr, 2)]) (V= iA()u(r, 2) ol x)} drdadt .

j=1
Lemmas 12.3 and 12.10 imply the following assertion.

Lemma 12.11. (a) For each sufficiently small h the functional [Lp(Npu),v]
is continuous in u € L>1°¢(0, 00; HY(G)) N L*1°¢(0, 00; L*(Q)).

(b) For each u € L?'°¢(0, 00; H*(G)) N L*1°¢(0, 00; L*(G))

[L1(Npu),v] = [Ly(u),v] as h— 0, (12.49)
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where

Lutu)] = [ [{(Stutt.2) - SGouc.2)
0

r=Hu(r, )] (Ju|*u(r, ©) — u(r, ) dT}v(t,m)
L dTK
2r[u(7',m)] 7K (z,z)v(t, x)

{F\l [u(r, 2)]((V = iA(2))u(r, 2)) Vo(t, z)

+r/—\1[u(7, x)] ((ZV + A(x))u(T, J:))A(x)v(t, x)

3 (@ ru(r, 2)]) (V — iA(z))u(r, x))v(t,m)}dT}dxdt

(12.50)
and where the index w in [Ly(u),v] means that (12.50) is the weak form of
the operator L.

Now we are in a position to prove the main lemma.

Lemma 12.12. The following relation holds:

/ (You)eltLr(¥)¥lyy (dyp) 1o / (yop)etlw )l (dap) | (12.51)

where v(di) is the measure from (10.9) and (L (¥, v] is defined in (12.50).

Proof. By virtue of (12.42), it is sufficient to prove

/n(voNhu) AL (NR) 21T () o /n(’you)ei[L”(“)’v]y(du). (12.52)

Theorem 12.8 and the continuity on L2’1°°(0 s HY(G)) N C(0, 00; LY(G))N
L41°¢(0, 00; L4(@)) of the functional u — e?lFw(®):lyg () imply

/77(70”)6’““’(")’”]ﬁh(d“) - /77(70,u)eiL“’(“)’"]V(dU), h—0. (12.53)

By virtue of Theorem 12.7, for each R, the set O defined in (12.35) is
compact in L%(0,T; HY(G)) N L*((0,T) x G) N C(0,T; L*(G)), where T is
chosen in such a way that v(t,x) = 0 for ¢ > T". Thus, by Lemma 12.11, for
each R > 0,

Yo(Npu)ellbnNawvl oo (q)eilbe @l a5 — 0 (12.54)
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uniformly over u € éR. In addition, for every & > 0 there exists R > 0 such
that

/ o (N (Ve 0, (du) < &V I, (12.55)

Qr
where Qr = L?(0,T; HI(G))\éR. The relations (12.53)—(12.55) imply (12.52).
O

Thus, we obtain from (12.9)—(12.11) and (12.51) the equality

/ (Yo )e v W)ty (dy) = / (o) p(dibo) / WU A @AWY (12.56)

for each v(t,z) € L2(0,00; HY(Q)), v(t,z) = 0 for t > t,. Now we are in a
position to prove (12.7).

12.77 Proof of the equality (12.7)

By virtue of Theorem 11.8, the statistical solution v(dy)) (more precisely, its
restriction vr(diy) on the time interval (0,7")) is supported on the space Wr
defined in (12.36).

Theorem 12.13. The weak statistical solution v(dy) satisfies Equation (12.7)
for each n € Cy(L*(G)) and ¢ € Cy(0,00; L*(G)).

Proof. The main step of the proof is to show that, besides (12.56), the weak
statistical solution v(dy) satisfies the equality

/n(vow) By (dy) = /n(wo)u(dwo)/ ilw.ol A(qw) (12.57)

for each v(t,z) € L?(0,00; H(G)) with v(t,z) = 0 for t > t,, where L(1))
is the strong form of the operator L defined in (12.1). Recall that H}(G) =
{u(z) € HY(G) : u|oc = 0}; we must prove that

[Lw(t),v] = [L(¥),v] Vv e L*0,00; Hy(G)),v =0 for t > t,. (12.58)

By virtue of definitions (12.1) and (12.50) of L(¢) and [L.(¢),v], to prove
(12.58) we have to establish the equality

7//tr ' ((i 4+ VA(2)*¢(r, z) dr v(t, x) dedt
0 0
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_ 7/] (P, D) (F ~ 1A@)b (7, 2)Vo(t,2)
0 G 0

(12.59)

—

+r ()] (iV + A(@)y (1, 2)) Ax)u(t, o)

d
+ Z (8j7"_1[¢(7', 2)]((0; — iA(z))p(r, z))v(t, x)} drdzdt .

To prove this equality, one has to integrate by parts in the first term on
the right-hand side and take into account that v|se = 0. This integration
by parts is well justified because v(dy) = v, (dy) is supported on Wy, and
therefore, in (12.58), ¥ € Wy, .

Consequently, (12.56) with v € L?(0,00; H}(G)) and (12.58) imply (12.57).
Since both parts of equality (12.57) are continuous functionals with respect
to v € L%((0,T) xG) with v = 0 for ¢t > T for arbitrary T' > 0, (12.57) can
be extended by continuity of v € L?((0,T) x G) (v =0 for t > T) for each
T > 0. Now (12.7) follows from (12.57) for each cylindrical n and ¢ and, after
that, for arbitrary n € C,(L%(GQ)) and ¢ € Cy(0, o0; L2(Q)). O

13 Certain Properties of the Weak Statistical Solution v

In this section, we show that the statistical solution v(dv) is supported on
solutions 1 of Equation (12.1) and these solutions ¢ satisfy the boundary
condition (2.2) on 0G.

13.1 Boundary conditions

The following easy assertion is true.

Lemma 13.1. Let HL\(G) and H?(G) denote the spaces defined in (11.16)
and (2.5) respectively. Then

H3(G) = {¢ € HY(G) : (iV+ A -nloc =0} = H, (13.1)

where n is the unit outer normal to OG and the last identity is the definition
of H.

Proof. 1t is enough to prove the inclusion HC H?(G) because the inverse
inclusion is evident. If ¢ € H, then
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Ay =feLl*G), (V+ A nlog=0. (13.2)

This boundary value problem is elliptic because its boundary condition sat-
isfies the Lopatinsky condition. That is why the inequality

1Vl a2c) < Cllfllzzey = ClAY] L2(q)

holds, where C' does not depend on 1. This inequality implies HcC H2(G).
O

Recall that the space Uy is defined in (12.2).

Theorem 13.2. For each T > 0 the restriction vr(dy) of the statistical so-
lution v(di) on the time interval (0,T) is supported on the space Ur.

Proof. Since vy (di) is supported on the space Wy defined in (12.36), we have
to prove, by virtue of Lemma 13.1, that there exists a vy (dy)-measurable set
F C Wr such that vp(F) =1 and (iV+A)yY-n|sg = 0 for each ¢p € F. Taking
n =11in (12.56), we differentiate this equality twice on v € L2(0, 00; H*(Q))
such that v(¢,2) =0 for ¢t > T. As a result, we obtain

/ (Lo (a2 P (dg) = / WPl Ap@wy,  (13.3)

where w € L%*(0,T; HY(G)) is arbitrary. We take v = 0 in (13.3) and
then integrate by parts on the left-hand side of this equality as we did
in (12.59). This integration by parts is well-justified because the inclu-
sion u € L?(0,T; H'(G)) implies that u|sq € L?(0,T; H'/?(0G)) and, as
is well-known (see [17, 31]), the inclusion ¢ € L2(0,T;HL(G)) implies
(iV + Ay - nlpc € L2(0,T : H-/2(0G)).

Since ulag # 0, in contrast to (12.58), after integration by parts we obtain

/(/T//tr/\l[?/f(ﬂ ) (V = iA(2)Y(r,2)) - nu(t,z) drdadt
086G 0 (13.4)

HL).ul) vr(du) = [ WP (aw).

Instead of u(t,z)in (13.4), we now take the sequence u, (¢, x) that satisfies
the properties:
a.  up(t,z) — 0in L2((0,T) x G);
b. for each n, u,(t,x)|aq = O (t,z), where v(t,z) € HL(0,T; H'/?(0G)
is fixed.

Passing to the limit in (13.4) as n — oo and after that integrating by parts
on the left-hand side of the resulting equality, we obtain
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T
[ (] [l - ia@)st.o) - njofe.z) dede) vr(a) =o.

0 oG
(13.5)

Now we choose a countable dense set {v,,} in L?(0,T; H'/?(G)) and, for each
n, put v, in (13.5). As a result, for each n we obtain the measurable set
F, C W such that

I/T(fn) =1,

T (13.6)
//r‘l[w(t,m)]((v —iA)Y(t,z) - n)vp(t,z) dedt =0 Yy € F,.

0 oG

We take F = (| Fy. Clearly, vr(F) = 1 and

P (t )] (V= iA@)(t ) - n)[orwoe =0 Y eF.  (13.7)

Since 7~ (Re(t,z)) > 0 and r~(Ime (¢, z)) > 0 for all (¢,z) € (0,T) x G,
(13.7) implies

vr(F) =1, (V+ At 2) - nlorxec =0 YVieF.

These equalities complete the proof of the theorem. a

13.2 Solvability for almost all data

Recall that the initial measure p is supported on the space H!(G) and the
Wiener measure A is supported on the set W defined in (9.17).

Theorem 13.3. (a) For ux A-almost all data (1o, W) there exists a solution
¥ €U of the problem (12.1).

(b) The weak statistical solution v is supported on solutions of the problem
(12.1) and (2.2).

Proof. Since U defined in (12.3) is a separable Frechet space, by the Riesz
theorem (see [19]), for any N > 0 there exists a compact set Ky C U such

that
1

N
The continuity of the operator (12.5) implies that AK y is compact in L' (G) x
Z and therefore AK x € B(LY(G) x Z). We set

v(Ky)>1— (13.8)
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Fy = UKy N{H'(G)x W}, F=|] Fx. (13.9)
N=1

Since H'(G) € B(L'(G)) (see [44, Theorem 2.1]) and the set W is A-
measurable, each set from (13.9) is p x A-measurable. By virtue of (12.6),

vV HYG) x W) = p(HY(G)) - AW) =1. (13.10)

Thus, taking into account (13.8)-(13.10), we obtain

fx A(F) = v(A7'F) > v~ Y HYG) x W) N fj Ky)
N=

(13.11)
=v({J Kn) 2 Jim y(Ky) =1.
N=1
Directly from the definition A™'F = {¢) e U : Ay € F'}, we obtain
Feu. (13.12)

The relations (13.11) and (13.12) prove statement (a) of the theorem. We set

K= (| Kn)na= (H'(G) x W). (13.13)
N=1
The relations (13.8), (13.10), and (13.13) imply v(K) = 1, and the relations

(13.9) and (13.12) imply that AK = F. The last two relations prove statement
(b) of the theorem. O

14 Uniqueness of the Weak Statistical Solution

The main step in proving the uniqueness of a weak statistical solution for the
stochastic Ginzburg-Landau problem is a proof of uniqueness for (12.1) with
fixed (non-stochastic) data (o (z), W (¢, x)).

14.1 Reduction of uniqueness for statistical solution v
to uniqueness of the solution for (12.1)

Let F and K be the sets (13.9) and (13.13) respectively. In Theorem 13.3,
we proved that the set F'is u x A-measurable, K is v-measurable,
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(WxA)(F)=1, v(K)=1, and AK =F, (14.1)

where 2 is the operator (12.5), v is a weak statistical solution, y is the initial
measure, and A is the Wiener measure.

Lemma 14.1. If, for each initial datum (v, W) € F, an individual solution
¥ of the problem (12.1) and (2.2) is unique in K, then the statistical solution v
of the stochastic Ginzburg-Landau problem (3.22), (2.2), and (2.3) is unique.

Proof. In Theorem 13.3, we proved that each weak statistical solution v cor-
responding to the given initial measure p and the Wiener measure A is sup-
ported on the set K defined in (13.13). Since for each datum (¢, W) € F,
the solution % of (12.1) and (2.2) is unique in K, the full preimage

AP ={peK :ApeF} (14.2)

consists of the unique element ¢ € K for each given datum (¢, W) € F.
Therefore, a weak statistical solution v(d) is defined uniquely by the formula

v(B) =v(BNK) = u(ywB)A(LB) V BeBU). (14.3)

a

14.2 Proof of the uniqueness of the solution of (12.1)
and (2.2): the first step

Suppose that for a given datum (i, W) € F there exist two solutions
Y (t,x) € K,i=1,2, of the problem (12.1) and (2.2). Then

L(y1) — L(¢2) = 0, (V1 = P2)|t=0 =0, (14.4)

where L is the operator defined in (12.1). Denote
o(t,x) = S[1(t, x)] — S[pa(t, x)] . (14.5)
Since ¥; € K C U, i = 1,2, where U is the space (12.3), the relations
(12.1) and (14.4) imply that for each T > 0, o(t,z) € H'(0,T; L*(Q)), i.e.,

o is differentiable in ¢. Thus, we can differentiate both parts of (14.4) with
respect to t. Doing this, we obtain by (12.1):

0o (t, ) + =[] {(iV + A)2b1 — o + i1 21}
[ {(iV + )%ty — b + [tha[24h2)} (14.6)

+(r'[th1]) = r'[2]) K11 (x, ) = 0.
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Multiplying (14.6) by o(¢,x) and integrating over G, we obtain
1
28t||0(t’ WMz + T+ T+ T3+ Ty =0,
where

1= [ (FIIHGT + A7)~ Tl (6 + A3 o e,

G

7= [ (P~ 7 el )o e

G
7, = [ () = lwa)) (ons(z:2))o do
G
and

To= [ (7T} - (v P} )o do.

G

Taking into account

V. S[(t, )] = r L[ (t )] Ve ib(t, x)
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(14.7)

(14.8)

(14.9)

(14.10)

(14.11)

(14.12)

and performing a transformation analogous to the one in (12.59), we obtain

T z/\an(t,x)\Q de +Ts +Tg+T7 +Tg + Ty,

where

/ —1 [a]{i Ao} — 1 1[¢1}{2A¢1}> Vo dz,

T_l [1]{iV1} —r— 1[¢2]{2V¢2} A(z)o dx,

(T ) { A1} — r=1[ol{A(2)t2} - A(z)o da,

"
i

d
/(Zaﬂ“ 1 ¢1 {6j’¢1 28 r— wg {6J¢2})U dl‘,
G

Jj=1

and

(14.13)

(14.14)

(14.15)

(14.16)

(14.17)
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d - d o
T = / (D Til{iAien} = Y o [wal{iA%s} o do. (14.18)
G I=1 j=1

We estimate these terms in the following three subsections.

14.3 Estimation of the terms Ty to Ty, T7, and Ty

We begin with a generalization of the bound (7.25). Let r(X), S(\), and R(X)
be the functions (3.19), (7.7), and (7.23) respectively. Since by (7.23) we have
A = R(S(A)), we obtain

1=R'(S(\)S'(N) = = R'(SO) = r(\), (14.19)

where we have used (7.7). Therefore, for a real-valued function f(A) €
C1(R!), we obtain, by the Lagrange theorem and (14.19),

f2) = f(M1) = f(R(S2)) = f(R(S1)) < sup  [f/(N)r(N)] [S2 = S,

AE[ALA2]

(14.20)
where we have used the notation S; = S(\;), i = 1,2. For f(\) = A/r(\) the
function f’(A)r()A) is bounded and therefore, by (14.20), (3.20), and (3.21),
the term (14.9) admits the bound

ITy| < C/|a(t,x)\2 d . (14.21)
G

Since A(x) € C%(G), we obtain in an analogous manner that

T < 0/|a(t,x)\2 do (14.22)
G

and

T3] < C/ K11 (z,2)||o(t,z)|? dx. (14.23)

We impose on the correlation function K11 (z, x) the following additional con-
dition:*

4 Note that when dimG = 2, condition (14.24) follows from condition (3.17). Indeed, using

o0

the well-known representation K(z,y) = > Aje;(x)e;(y) of the trace class kernel, one can
=1

easily derive from (3.17) that K(z,z) € W] (G) C L?(G) (the last enclosure follows from

Sobolev embedding theorem).
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Kii(z,x) € LP(G) with p > 1 if dim G = 2 and (14.24)
with p > 3 if dim G = 3. '

Suppose that d = dim G = 2. Using the Sobolev embedding theorem
(H*(G) C LY(G) for s > d(} — 111))7 the interpolation inequality |l s <
Cllull1z®|lull3n for 0 < s < 1, and the notation =1- , we obtain from
(14.23) that

Ts| < ClKulleelloll 2 < CliKul e llol3
(14.25)
X 11L100—2 022 ENO || el pe O]l T2 -
< ClKu oo a0 1522 < ellolZ + CellCullL, ol

The proof of (14.25) in the case d = dim G = 3 is absolutely the same. Do-
ing elementary algebraic transformations and using (14.20) and the Sobolev
embedding theorem (C(G) C H?(G) for d < 3), we obtain

|T4] \/OT ehi]hy — 1~ 111121/12“1/)1

T alie| (1 — [6]2)) o] da
(14.26)

<q/wﬁwﬂwwﬁﬂwﬂw%m

< C( A+ [llFe + 12lF) [lof* do

ifd=dim G <3
After elementary transformations, we obtain by (14.20) and the Sobolev
embedding theorem

73l < c/<

Reyo  Rey
r(Imvs)  r(Imhy)

< C/ (Hm;ﬁz Il |Tm ¢y |
G

Im 1)y Im )y

(Reypz)  r(Rev)

DA-VU dz

1 _ 1
r(Rev1) r(Res)

(Re ibg)

1 1

|R61/J2 — Re’LlJl‘
r(Tm ) h r(Im 1g) ‘ ) Vol dz

r(myn) [Re 1]
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< 0/<1+ ]+ 92 (IS (Re ) — S(Re (12)|
G

(I 1) - S(Im (¥)]) Vo de
(14.27)

< O+ Wil mze + [all ) / o] Vol dz

< el Vollieg + Ce(L+ ¥l ey + ¥l i) / o da .

To bound Ty, we first do some simple transformations using (14.12) to obtain

== [ty (T30

G
- :gjgj)) (VS(Re ) - A)Tm ¢2)
—iigilgf)) (VS(Imay) - A)Re gy
—i 7:((11211522)) (VS(Im ) - A)Reviz) fo do
so that
T, = _/ ({(Z/((Pljfgll)) VReo - ATm1; + VS(Re )
A i) = e 0 ey (e~ s
—i{ 7: &111511)) VImo - ARed,

r'(Imy) v/ (Imapg)
+VS(IH1¢)'A[( r(Imey)  r(Im w2)>Re¢1

+7 ) Re v — Re)] })or e
(14.28)

A simple bound of the right-hand side of (14.28) and the use of (14.20) gives



The Ginzburg-Landau Equations 119

|To| < C/IVUI ] lo| + [Veba| (14 1] + [1ha]) o] da. (14.29)
G

Using the same tools as in (14.25), we have (when dim G < 3)
[ bl + el 9l of? s
< C(1+ [9nllLs + v2llLe) [Vellzs o7
S CA+IVellze + IVl L2) Vel rrellol Fs 4
(14.30)

SO+ |Vrllee + V02l 2) V| 1o [0l 2 ol 22 o 17

< e||Val|2.

4
+Ce (L4 [Vl 22 + V92ll22) " V2| 2 g2l |01 2

Using (14.29) and (14.30), we obtain

4
|To| < el Vollfe + Ce(1+ [ Viillzz + |Vl 2) ||V1/)2||2L2”¢2”%12”0(”%2 ~ )
14.31

14.4 Estimation of Ty and Ty
Using (14.12), we obtain
T _/ <V1m¢2 . V1m¢1>
6 J r(Revs) r(Ret)

.{ VReyn VRe ¢
L CARAE wa)) Aode

so that
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—z(:g:i zzgvsme ) — :g: ZSVS(Re uzl))} Ao dx
B —r(Im o) o r(Imag) B r(Iman) -
-/ {( ey T (e ~ o)) TS0 )
a (14.32)
—r(Re )
—z( r Im¢2§ VReo
(:g”flzz; - :Ei‘izii)vsmwl)) Ao da.
Estimating with the help of (14.20), we obtain the bound
5] < [ {1+ [aIVa + r(im do)r(Re )
G
—r(Rez)r(Im )| [V }o| dx
< [Ha+1ahIVol + (rme) — rmenb®ed) (g0
G

+r(Im (¢1)[r(Re ¢r) — r(Re (%)\)IV%I}\GI dzx

< 0/<1+ W) Vol o] + (1 + [ + [ol?)| V| |of? d.
G

We assume now that d = dimG < 2. Then
[ + 0P Ve o de
SO+ [[91ll7ee + 92l 212) Vel Lsllol| 7

< C(LA+IlallFn + l2lzn) ol gasllolz, -

2/3 1/3
< C(U+ Iz + 0elz) a3 N s ol 2 (1 Vo 2 + o]l )

16/3 2/3
< el Voll2a + Ce (L + [l + 12l )l 515 lo |2 -
(14.34)

Now (14.33) and (14.34) imply
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|Ts| < €| Vo2

(14.35)
16/3

+Cs{(1 + il + 102l 1) I|¢2||H2)2/3}||0'”%2 .

Finally we estimate the term Tg. By virtue of (3.20), (3.21), and (14.5)
and through the use of the notation [VS]? = |[VRe S|? + i|VIm S|2, we can
write

T = [ (PSP - 7wl Sla)?)o do

G
— [ (T = Pl (VS [alP+ Pl (VST = (VS [l o o
G

(14.36)
Bounding (14.36) with the help of (14.20) and (14.5), we obtain

131 < [ (1oPI96? + Vol [ol(Ven| + [V0a)) da. (1431)

G

Assume that d =dim G < 2. Then

/\GIQ\V%\Q dz < |0l 24V erllTa < lolFp IVl 2

< llollezllolla [Vl L2 1]l a2

e(IVolli: + llollz) + Cellolza Vel Za 14117

and

[ 1961 101V n] + 952 da < ol 190 21Tl + [Vdel)
<Nl IV lz2 (1951 s + 903 2/0)
< (Ile12°19al35 + 19 el 2l )
(Vw5 a2 + 19975

<ellVol3a + Cellol3a (Il e 6113 + il a3 +1)

The last two inequalities and (14.37) imply
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I Ts| < || Vol Z: + Csllolliz(Ilvwlll‘izllwlllip + IV 22 llv2)fe + 1) :
(14.38)

Remark 14.1. We estimated all the terms except Tg and Ty under the as-
sumption that d = dim G < 3. We cannot estimate the terms Tg and Ty
under this assumption. We are forced to assume that d = dim G < 2 when
we bound Ty and Tg.

14.5 Uniqueness theorems

We are now in a position to prove a uniqueness theorem for individual solu-
tions of the problem (12.1) and (2.2).

Theorem 14.2. Let d = dim G = 2, and let the correlation function
K11(z,z) for the Wiener measure A belong to LP(G) with a certain p > 1.°
Then for each datum (o, W) € F a solution v € K of the problem (12.1)
and (2.2) is unique. (Here F' and K are the sets defined in (13.9) and (13.13)
respectively.)

Proof. Assume that, for a datum (¢, W) € F there exist two solutions
and 5. Then for the function o defined in (14.5) the following estimate is
derived from (14.7) and (14.13):

1
28t||0(t, M3z + / Voot 2)|? de < |Ta| + -+ |Tol . (14.39)
G

Using the estimates (14.21), (14.22), (14.25)—(14.27), (14.31), (14.35), and
(14.38), we obtain

Orllo(t, MLz +IVo(t, )z: <e(IVolt,)lI7e + lolz:)

+(Ce+ C(L+ Wl + Iealls) (L4 98115 + 1V9252) ) ol
(14.40)

By virtue of (11.18) and (11.19), for each 7" > 0 the following inclusions
hold:

Y1 € L®(0,T; LA(G)), Vb € L=(0,T; L*(Q)), Ay € L*(0,T; L*(G))
(14.41)
for ¢ = 1,2. Since the v; satisfy the boundary condition (2.2), we have, by
virtue of the estimates for the solution of the elliptic boundary value problem,

5 The last condition follows from the assumptions (3.16) and (3.17).
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||1/)i||%12(c) < C(||A¢i||%2(G) + ||V7J’i||2L2(G) + ||¢i||2L2(G)) fori=1,2.
(14.42)
The bounds (14.41) and (14.42) imply that for each T > 0 the following
estimate for the expression from the right-hand side of (14.40) holds:

(Cot Ut In B +al3e) A+ IV HI T 82) ) b < o0 (14.43)

St~

Therefore, moving the term ¢||Vo||2, from the right-hand side of (14.40) to
the left-hand side and applying to the result the Gronwall inequality, we find
that o(t,z) = 0. O

Lemma 14.1 and Theorem 14.2 imply the following result.

Theorem 14.3. Let the assumptions of Theorem 14.2 hold. Then the weak
statistical solution v of the Ginzburg-Landau equation (3.22) is uniquely de-
fined by the initial measure u and the Wiener measure A.

We consider now the case of additive white noise when d = dim G = 3.

Theorem 14.4. Let d = dim G = 3 and r(\) = p1, and let Ki1(z,z) €
L?(G) with p > g, where K11(x,y) is the correlation f unction for the Wiener
measure A. Then for each datum (1o, W) € F a solution ¢ € K of the
problem (12.1) and (2.2) is unique. (Here, F' and K are the sets defined in
(13.9) and (13.13) respectively.)

Proof. Taking into account the proof of Theorem 14.2; it is enough to es-
tablish the bound (14.40) that follows from (14.39) and the estimates for
|T;], 5 = 2,...,9. Recall that, except for j = 6 and 8, estimates for all |T}]|
were obtained for d = dim G < 3. So we have to estimate |Tg| and |Tg|. Since
r(\) = constant, the equality d;77' = 0 holds and therefore, by (14.17),
Ts = 0. By virtue of (14.5), (14.12), and (14.15), we obtain for r(\) = p;:

sl = | [ i¥0 - Alw)o da| < &lVolaey + Celloliae
G

This complete the proof of estimate (14.40) and the proof of the theorem. 0O
Lemma 14.1 and Theorem 14.4 imply the following result.

Theorem 14.5. Let the assumptions of Theorem 14.4 hold. Then the weak
statistical solution v of the Ginzburg-Landau equation (3.22) is uniquely de-
fined by the initial measure p and the Wiener measure A.
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15 The Strong Statistical Solution of the Stochastic
Ginzburg-Landau Equation

Here, we construct the strong statistical solution, prove its uniqueness, and
show that it satisfies not only Equation (12.1), but the problem (3.22), (2.2),
and (2.3) as well.

15.1 Existence and uniqueness of a strong statistical
solution

Recall that, in Sect. 3, an abstract probability space ({2, X, m(dw)), a ran-
dom Wiener process W : £2 — C(0, co; L?(G)), and a random initial condition
Yo : 2 — LY(G) were introduced such that g (t,w) and W (¢, x,w) are inde-
pendent. In addition, the Wiener measure A(dW) is a probability distribution
of W(t,z,w) and p(dio) is a probability distribution of the initial condition
1o(t,w). Above, we proved the existence of a weak statistical solution v(I"),
I' € B(U), that satisfies (12.6) with the operator 2 defined in (12.1) and
(12.5). Based on this existence theorem, we proved in Theorem 13.3 that
there exists an p x A-measurable set F, defined in (13.9), such that for each
datum (o, W) € F there exists a solution ¢ € K of (12.1) (the set K is
defined in (13.13)). Moreover, in Theorem 14.2, we proved that this solution
1 is unique in K. This means that the operator

A= (L,y) ' F—K, (15.1)
where L is defined in (12.1), is uniquely defined. We introduce the set
Q={we?: W(,w);W(,,w)eF}. (15.2)
Since, by (13.11), u x A(F) = 1 we obtain
m(2)=1. (15.3)

We define the random function

(L/}/O)il (¢0('7w)7 W(v '7w)(t7x)7 w € QO»

(15.4)
0, wE \ .

Y(t, x,w) = {

Analogous to the approach in [44, Chapt. 10, Proposition 4.3], one can
prove the measurability of the map

P (2,2) — U, BU)). (15.5)
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The relations (15.4) and (12.6) imply that the weak statistical solution v(di)
is a probability distribution of the random map (15.4). By definition, the
random map (15.4) satisfies (12.1) for m-almost all w € 2. Theorem 14.2
implies that the solution (15.4) and (15.5) is defined uniquely by the random
datum (¢o(-,w), W(-,-,w)).

Note that the assumption (10.3) on the initial measure p(dig) implies that
the initial random value v (¢, w) satisfies

[ (10l6) + ¥ 80ll0) + lolfaqe ) mide) < 0. (15.6)

Moreover, Theorem 11.8, (2.5), and (13.1) imply that the following inequali-
ties hold:

T

[ (1o + [ (161 + 19150 dt)m(d)
iz 0 (15.7)

<Cr(1+ [ (Il @) + IWollbae)) Jmd)

and

[ 1llcroras@ym(an) < Cr(1+ (ool Hivollks@)m(do)).
Ur

(15.8)
Thus, we have proved the following result.

Theorem 15.1. Assume that the random initial value o(z,w) and the
Wiener process W (t,x,w) are independent and 1o satisfies (15.6). Then the
definition (15.2) and (15.4) of the strong statistical solution ¥ (t,x,w) is cor-
rect. Y (x,w) satisfies (12.1) for m-almost all w and, by virtue of this equation,
Y is defined uniquely by the datum (Yo(-,w), W(-,-,w)). Moreover, 1 satisfies
the bounds (15.7) and (15.8).

15.2 On one family of scalar Wiener processes

In order to complete our investigation, we have to prove that the random
process (15.4) satisfies the stochastic Ginzburg-Landau equation (3.22) or
(what is equivalent) (3.24). To do this, we have to provide some preliminary
results.

Since the function K(z,y) from (3.14) is the kernel of the correlation
operator for the complex Wiener process W (t,z,w) and this operator is
self-adjoint non-negative and of trace-class one, the set of all eigenfunctions
{e;(x),j = 1,2,...} of this operator composes an orthonormal basis in the
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complex space L%(G). Moreover, if Ay > Ay = -+ > A\, = --- > 0 are the
corresponding eigenvalues, then the following identity holds:

K(z,y) = Nej(@)e;(y). (15.9)
j=1

We introduce the following family of scalar (complex-valued) Wiener pro-
cesses:

W;(t,w) = /W(t,x,w)ej () dx forj=1,2,... (15.10)
G
Then, evidently,
W(t,z,w) = Wj(t,w)e;(x). (15.11)
j=1
Recall that for each random function f(w) the following notation is used:
Ef = /f(w)m(dw). (15.12)
Q
Lemma 15.2. For the Wiener processes (15.10) the following identities hold:
EW;(t)Wn,(s)=0 VjmeN (15.13)
and
EW;(t)Wn(s) =t A s Amdjm , (15.14)

where 0y, is the Kronecker delta symbol.

Proof. To prove (15.13), we substitute (15.11) into (3.11), multiply the re-
sulting inequality by e;(x)en(y), and integrate with respect to « and y. To
prove (15.14), we substitute (15.11) into (3.14) and repeat the steps indicated
above. O

As is well-known, (15.13) and (15.14) are equivalent to the independence
of W;(t) and Wp,(s) for each j and m and to W;(t) and W,,(s) for j # m.

Consider now the question of the independence of Re W} (t) and Im W,,(s)
that are defined by

W, (t) = Re W, () + ilm W, (¢) (15.15)

Lemma 15.3. For the Wiener processes Re W;(t) and Im Wi, (s) the follow-
ing identities hold:

1
E ReW;(t)Re Wy, (s) = E Im W, (t)Im W, (s) = 2t NS SjmAm  (15.16)
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and
E ReW;(t)ImW,,(s) =0. (15.17)
Proof. Substitution of (15.15) into (15.13) and (15.14) gives
E ReW;(t)Re Wy, (s) — E ITm W, (t)Im W, (s)

(15.18)
+iE Re W;(t)Im W, (s) + ¢E Im W;(t)Re Wi, (s) =0

and
E ReW;(t)Re Wy, (s) + E Im W, (¢)Im W, (s)

—tE ReW;(t)Im Wi, (s) +1E Im W;(t)Re Wy (s) = Nt As 6jm s
(15.19)
respectively. In fact, (15.18) and (15.13) are four linear algebraic equations in

terms of four unknown quantities. Solving these equations, we obtain (15.16)
and (15.17). O

15.3 Equation for a strong statistical solution

We are now in a position to prove that the strong statistical solution ¥ (¢, x),
constructed in Sect. 15.1, satisfies the Ginzburg-Landau equation (3.22) or,
what is equivalent, (3.24). Here, we understand the Tto integral in (3.24) using
the decomposition (15.11):

U(t.) + / (669 + 4)%(s. ) — w(s,2) + 05, )20 (s,2) ) ds
(15.20)

:i/? (5,2) {5 (2)AW ()}) + Yo (x)
0

Jj=1

The integral on ds in (15.20) is understood as a Bochner integral for a function
with values in L?(G). To explain the meaning of the stochastic integral in
(15.20), we first write, using (3.20) and (3.21), the identity

t

/?[w(s,x)}{ej(x) dW;(t)} = Ree;(z /r Re (s, ) dRe W;(s)
0

0

—Ime;(z) /T(Rew(s,x) dIm W;(s)
0
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+i{Ree;(s /r (Im (s, x)) dlm W;(s)

0
(15.21)

+Imej(s)/T(Im¢(s,a:)) dRe Wj(s)} .
0
The stochastic integrals on the right-hand side of (15.21) are understood in
the usual classical sense (see, for example, [26]) for each fixed x € G because
(s, x) € L*(0,T H*(G)) C L*(0,T;C(G)).

Multiplying both parts of (15.21) by an arbitrary v(x,w) € L*(G x £2),
integrating on x over G, squaring, applying Doob’s inequality (see [26, p.
174], and taking into account (15.16), we obtain, for each T > 0,

. 2

E sup /v(m)/?[w(s,x)]{ej(x)de(s)}dx

te[0,T]
G 0

t€[0,T]

/ /'U )| les(@)] Ire (S,x)]\dm)2ds

0 G

— F sup O/t(;/v(x)ﬂ s, z)|{e;(x)dzdW;(s)}

(15.22)

S CONE[v)72(1+ E||¢||%2(0,T;H2(G))> ,

where C' does not depend on j. Since > A; < C, the inequality (15.22)

J
proves that the series on the right-hand side of (15.20) converges weakly in
L2(G x §2). Thus, all terms in (15.20) are well-defined.

Theorem 15.4. Let the conditions of Theorem 15.1 be fulfilled. Then the
random process Y(t,x,w) defined in (15.4) satisfies Equation (15.20).

Proof. We apply the Ito formula (see [26, Chapt. 6, Sect. 5]) 6 to the stochas-
tic integral S[¢(¢,z)] that is defined by (12.1). Note that, by (15.11), the
stochastic integral from (12.1) can be rewritten as follows

6 In [26], the Ito formula has been proved for a finite-dimensional vector-valued Wiener
process W (t) = (W;(t)),j =1,...,n. In order to extend this proof to a stochastic integral
with an infinite-dimensional vector-valued Wiener processes as in (15.20), it is enough to
apply the arguments that were used above to explain the meaning of the stochastic integral
in (15.20).
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dS[p(t, o) + 1[BBGV + A2(E 2) — (t2) + [¥20(t, )}

1~
—|—27" Y)Kq1(z, x) Zej

(15.23)
By virtue of (15.16) and (15.17), for the calculation of dW;(t)dW,(t) in the
Ito formula, we can use the identities

1
dRe Wdee Wm = dIm W]dIm Wm = 2)\j(5jmdt (1524)
and
dRe W;dIm W,,, = dRe W;dt = dImW,,,dt =0 Vm,j. (15.25)

Recall that the functions r(A), S(A), and R(A) are defined in (3.19), (7.7),
and (7.23) respectively. We apply Ito’s formula to the functional [ R[S(¢,z)]-
a

v(z) dz, where v(z) € L?(G). We have

d/R[S[w(t,x)] dx—/R’ 1{dS} - v(z) dz

R”[ [¢]1{dS,dS}v(x) dz

(15.26)

By (7.7) and (7.23), R'(S(\))

r(A). Using this and (15.23), we obtain

/ RIS{dS} - v(x) do = / F{dS} - v do

__/?M{F—\lw(NJrA) w(t,w) = ¢+ [P*y)

G

1,
+2r WK (z,2)} - dmdt—!—Z/ Vl{e;(z)dW;(t)} (15.27)

= - / ((GV + AP (t2) — v + [

G
1o, [
+ T e ) o(a) dt+ Y [ Flul{es (@) @)}

This term can be rewritten by using (3.20) and (3.21) as
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/ R[S[][{dS}o(z) de = / Flul{dS}o da

_ / (r(Rew)dRe § + ir(1m §)dIm 8 ) v d
(15.28)

By virtue of (15.23)—(15.25) and (15.28), we can rewrite the second term on
the right-hand side of (15.26) as

/ R7[S[Y]]{dS, dS}v(z) dz

_ ; / (0re 57 (R(Re S))dRe SdRe S + 0t sr(R(1m §)) dlm § dlm S ) di

1
2

/(T/(Re P)r(Rey)dRe W dRe W

ir (Im 3 )r(Im )dlm W dlm W)v dz

;/<r/(Re )r(Re ) Z (dRe W;Ree; — dlm W Ime;)

J

(Z (dRe Wy Re e, — dIm Wy, Im em)>

m

+ir' (Im ¢)r(Im ¢)) ( Z dIm W;Re e; + dRe W;Im ej>
J

. ( Z dlm W,,Re e, + dRe W,,,Im em> ) v(z) do

:é/( '(Re)r(Re ) Z)\\e]

+ir (Im ) (Im ) Z)\\e] ) ) dwdt =T

(15.29)
By (15.9) and (3.14), " Ajle;(2)]|? = 2K11(x, ) and therefore the right-

J
hand side of (15.29) is equal to the expression

T= /ﬁ[w]{r[w]Kll(%m)}v(x) dadt . (15.30)
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Taking into account that, on the left-hand side of (15.26), R[S[¢ (¢, z)]] =
¥ (t, x), we obtain from (15.26), (15.27), (15.29), and (15.30) the final formula

/ W(t, 2)o(z) do + / (Y + AP(t,2) — o + [ o(a) de

X_:/ Vl{e; (2)dW; (8) Yo da

(15.31)

This equality holds for each v(z) € L?(G). Clearly, this equality is equiva-
lent to

dy(t,x) + {(iV + A)PP(t,x) — (t,x) + [t z)PP(t, x) } dt

> (15.32)
= ul{ D es@aw; (1)}
j=1
and (15.32) is equivalent to (15.20). o
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Carleman Estimates with Second
Large Parameter for Second Order
Operators

Victor Isakov and Nanhee Kim

Abstract We prove Carleman type estimates with two large parameters for
general linear partial differential operators of second order. Using the second
large parameter, from results for scalar equations we derive Carleman esti-
mates for dynamical Lamé system with residual stress. These estimates are
used to prove the Holder and Lipschitz stability for the continuation of solu-
tions under pseudoconvexity assumptions. So, the first uniqueness and sta-
bility of the continuation results are established for an important anisotropic
system of elasticity without the assumption that this anisotropic system is
close to an isotropic system.

1 Introduction

While the main idea to use special exponential weight in energy integrals
belongs to Carleman, the language and technique of this paper heavily use
Sobolev spaces and their properties. Also the more general idea of exploit-
ing various concepts of energy in mathematical physics (in particular, in
the elasticity theory) leads naturally to weak solutions and it was pioneered
by Sobolev in the 1930s. So our work is deeply influenced by discoveries of
Sobolev.

We consider the general partial differential operator of second order

A= i a*0;0k + > b0; +c

k=1
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in a bounded domain 2 of the space R" with real-valued coefficients a’* €
CY(92), b7, c € Loo(£2). The principal symbol of this operator is

= d* (@) (1.1)

We use the following conventions and notation: sums are taken over
repeated indices j, k,l,m = 1,...,n; O = (O1,...,0n), D = —i0, a =
(a1,...,qp) is a multiindex with integer components, (¢ = < (o D*
and 0% are defined similarly; v is the outward normal to the boundary of a
domain; C' denotes generic constants (different at different places) depend-
ing only on the operators A or A g, the function ¢, and the domain 2. The
dependence on additional parameters will be indicated. We recall that

(@ = (3 [1oma?)

|(x|<k9

is the norm in the Sobolev space Hx)(£2) and |||z = ||[|(o is the L?-norm.

A function v is called pseudoconvez on {2 with respect to A if 1 € C2(2),
Az, Vip(x)) #0, z € £2, and

S o000 4 04 (6

9G; O
0A , 0A A ,
2 (acka’“agj akAaCjaCk)3j¢(xa£) > K¢ (1.2)

for some positive constant K, any £ € R", and any point x of {2 provided
that

Alw; ) = Zag (2,)0;9(x) = 0. (13)
We use the weight function
p=e"". (1.4)
Let 0 = y7p and 2. = 2N {Y(x) > €}.

Theorem 1.1. Let v be pseudoconvex with respect to A in £2. Then there are
constants C and Cy(7y) such that

/03_2|°‘|62W\8°‘u|2 < C/BQT(’D‘AUF (1.5)
2 I7;
for allu € CZ(02), |a| <1, C <7, and Co(y) < T.

The weighted energy type estimates with large parameter 7 were first in-
troduced by Carleman in 1939 to prove the first uniqueness of continuation
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results for elliptic systems with nonanalytic coefficients in the plane. The idea
of Carleman turned out to be extremely fruitful; in the 1950-70s, this idea
was applied to many important partial differential equations. Hormander [6]
linked it to the pseudoconvexity condition for the theory of functions of sev-
eral complex variables and to energy estimates for general hyperbolic equa-
tions. At present, there are several interesting (and, in some cases, complete)
results on Carleman estimates and the uniqueness of continuation for second
order equations, including elliptic, parabolic, Schrodinger type, and hyper-
bolic equations [10, 15].

However, systems of partial differential equations still remain a serious
challenge. The only available general result is the celebrated theorem of
Calderon in 1958 which is applicable mainly to some elliptic systems. There is
a progress for the classical dynamical isotropic Maxwell and elasticity systems
[5, 8]. The uniqueness of continuation results for some anisotropic systems
(including thermoelasticity system) was first obtained by Albano and Tataru
[1] and Isakov [9]. In these papers, it was crucial to use Carleman type es-
timates with two large parameters (1.5) first introduced and applied to the
classical elasticity system in [8]. In [3], Theorem 1.1 (for C*°-coefficients) was
stated without proof, and, in [4], there are not complete proofs for isotropic
hyperbolic equations.

As an important application of Theorem 1.1, we consider an elasticity
system with residual stress R [11, 12, 16]. This system is anisotropic. At
present, there are results on the uniqueness of continuation and identification
of its coefficients under the assumption that the residual stress is “small”
(without a quantitative estimate of smalnness). In [17], there are theorems
about the uniqueness of identification for some coefficients of the residual
stress under quite complicated conditions and from all possible boundary
data. We derive the global uniqueness of continuation in 2y C {2 under some
pseudoconvexity conditions on a weight function v defining (2y. In Theorems
1.2-1.4 below, z € R? and (z,t) € 2 C R%. The residual stress is modeled
by a symmetric second rank tensor R(z) = (Tjk(x))?’kzl € C?(2) which is
divergence free: V- R = 0. We denote by u(z,t) = (u1,ug,uz)’ : 2 — R?
the displacement vector in {2 and introduce the operator of linear elasticity
with the residual stress

Aru = pdiu—pAu— A+ p)V(div u) — VAdiv u—2¢(u)Vu —div ((Vu)R),

(1.6)
where p € C1(£2) is the density and \, u € C?(§2) are the Lamé parameters
depending only on z, £(u) = (5 (d;u; + 0ju;)). Let

O R) =07 =) HOsk H Tk .y
Jk

and o = Typ.
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Theorem 1.2. Let ¢ be pseudoconvex with respect to O(u; R); O(N + 2u; R)
in 2. Then there are constants C and Cy(7y) such that

/(0(\V‘mu|2 + |V div ul® + |V, ¢ curl uf?)
7}

+ o (Jul®* + | div u|* 4 | curl ul?))e?™%

<cC / (1A Rul? + V(A gu)[2)e?* (L.7)
(9]

for allu e H(OS)(Q), C<v,Ch<T.

In [11], this result was obtained for “small” R.
We consider the Cauchy problem
Agu=f in 2, u=gy, du=g; on [ CIf, (1.8)

where I' € C3. By standard arguments [10, Sect. 3.2], the Carleman estimate
in Theorem 1.2 implies the following conditional Hélder stability estimate for
(1.8) in 25 (and, consequently, the uniqueness in {2q).

Theorem 1.3. Suppose that all the coefficients \, u, p, R are in C*(§2). Let
¥ be pseudoconver with respect to O(u; R); O(A+2u; R) in £2¢. Assume that
20 C RUIT. Then there exist C(5),x(0) € (0,1) such that for a solution
uc H(3)(_Q) to (18)

lall(2)($25) < C(F+M17”F”), (1.9)
where
F=If]l1)(£20) + lIgoll(5)(I") + llgall 2y (L), M = |lul[(2)(£2).

In Theorem 1.4, we assume that 2 = G x (=T, T) and the system (1.8)
is t-hyperbolic. Using the known theory [2], one can derive the sufficient
condition

0<A, 0<2uls+ R on {2

This condition is satisfied when any eigenvalue of the matrix R is strictly
3
greater than —2u. Such a situation happens when, for example, > Tfj < 4p?

3,7=1
on (2. We use the conventional energy integral

Bt u) = /(\&u\z + IVl + [ul?)(,b).
G
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Theorem 1.4. Suppose that \, u, p, R are in C*(£2). Let 1 be pseudoconvex
with respect to O(w; R); O(A 4 2u; R) in 2. Assume that

P <0onGx{-T,T}, 0<4vonGx{0}.
Then there exists C such that for a solution u € Hs(§2) to (1.8)
E(t;u) + E(t; Vu) < C([[][0)(£2) + lIgoll5) (1) + llgalles) (1)) (1.10)

The paper is organized as follows. In Sect. 2, we describe two kinds of
known sufficient conditions of pseudoconvexity for two kinds of functions 1
with respect to a general anisotropic hyperbolic operator A. Also, we give a
simple new condition of pseudoconvexity in the case, where R is small rel-
ative to constants p, p, A, and explicitly describe this smallness condition.
Section 3 is central. Here, we prove Theorem 1.1 by using an explicit form
of pseudoconvexity conditions for second order operators such that one can
trace the dependence on the second large parameter . The crucial part of
the proof is Lemma 3.2 which gives a bound on the symbol of a differential
quadratic form. To find a suitable form of this bound was a decisive step in
deriving Theorem 1.1. In the remaining part of Sect. 3, we complete the proof
by applying the standard Fourier analysis methods augmented by proper lo-
calization and the use of large parameter 7. In Sects. 4-6, we modify methods
in [10, Chapt. 3], [11], and [12] to derive from Theorem 1.1 the Carleman es-
timates, as well as local (Holder type) and global (Lipschitz type) stability
estimates for the lateral Cauchy problems for the system (1.6). Finally, we
discuss open problems and their possible solutions.

2 Pseudoconvexity Condition

It is not easy to find pseudoconvex functions 1 with respect to a gen-
eral anisotropic operator, in particular, the hyperbolic operator A = 92 —

n

S oal kaja,c. In the isotropic case, explicit and verifiable conditions for
=
Y(x,t) = |z — B — 02t were found by Isakov in 1980 and their simplifiica-
tions were given in [10, Sect. 3.4]. In the case of general hyperbolic equations,
Khaidarov [14] showed that the same function 1) is pseudoconvex if the prop-
agation speed determined by A is monotone in a certain direction. The most
suitable choice of v is 1(z,t) = d?(z, 3) — 6%t2, where d is the distance in the
Riemannian metrics determined by the spatial part of A. This choice leads, in
many cases, to an exact description of the uniqueness domain. Lasiecka, Trig-
giani, and Yao [15] showed that this function is indeed pseudoconvex when d?
is convex in the Riemannian metric. Romanov [18] gave a simple independent
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proof and emphasized that the negativity of sectional curvatures is sufficient.

The known conditions of pseudoconvexity in the anisotropic case are hard
to verify. For example, the conditions in [15, 18] impose restrictions on the
second partial derivatives of a/*. In applications, residual stress is relatively
small [16]. Motivated by these reasons, we give a simple sufficient condition
of pseudoconvexity for R, where the “smallness” of R is explicit, contrary to
the conditions in [11, 12].

We use the matrix norm

1

IR| = (ijvﬂ)

J,k=1

Lemma 2.1. Let 6, s be some numbers, 5 € R", p, A\, u constants, Assume
that a matrix R is symmetric positive at any point of {2 and

21p0* + 3| R + pl ||| VR|||z — 8] < 2u* on £2. (2.1)
Let

g2 <V 2.2
) (2.2)

Then the function (x,t) = |x — B|> — 0*t> — s? is pseudoconvex with respect
to the anisotropic wave operator A = O(w; R) in 2N {|x — B> > 0*t?}.

Proof. By definition, we need the positivity of the quadratic form

0A0A | " AN A A
Z 68’“%5 Ok Z (<6k8£]>8£k a’“Aagjag,)aW'

A direct calculation with

Ae,Q) = - << Zr;‘“cjck

7,k=1

yields
H = —86%3 + 8271:(;( Sl )
j=1 k=1
+ Zn: {( — Z anakrﬂfz> ( - i( Zn: TkmEm + ufk)>(2(x - ﬂ)])}
=1 m=1

Jik=1

- ; (-1 3 Onriméién ) (- i(rjkwajk))@(x—mj)}

jk=1 l,m=1
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= —iuﬂ&lz - ieQ > kil + 52 > (( ZW@CY
Jk=1 Jj=1 k=1

+ 2u&; ( Zn: Tjk&c) + Mzﬁf)
k=1

{(Zawa) ( Z_ Pom€m + 16 ) (2 = 0);)}

(2 rmtin) (ri + ) (2 = 51}

Hence
8 o2 8o S
H=— pble = 6% Y rididn
P P k=1

n

* /i i (ZW&“ pz/‘ Z TJngg’“) 2“ e
i=1 k=1 Jk=1

. 3 (S0 00ae) (X rinten + 16 (- 90}
g, k=1 =1 m=1

L3S i) (o #s0) - m
Pyt Py

2 e (4 -0) K s

G k=1

8
-~ Z |9k R|€] |z — 5| Z P + 118k |||
k.f

n

4
_p Z 10k RYI1€]* rik + pdjkll(@ = B);1,

G k=1
where we used the relation
n
| > raesme] < IRIIEln
J,k=1

which follows from the Cauchy—Schwartz inequality. Using this inequality
again, we conclude that
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8 [ 12
w5 (1) le = R+ VRl - A

Hence the positivity of H follows from (2.1).
Since |z — B|% > 62, we have

n

Az, Vi () = 4642 — ’Z4|m -3 T;kél(m — )iz — Bk

J,k=1

< 4((0% - ‘p‘)\x—m?— 3 T;’“ (x— B);(x — B)x) <0

J,k=1

on 2N {|z — B* > 6?t?} by the condition (2.2) and the definition of £2y. So,
V1 is not characteristic on this set. O

3 Proof of Carleman Estimates for Scalar Operators

In the following, {(p)(z) = £ 4 iTVe(x). We introduce the differential
quadratic form

F(x,7,D, D)vv = |A(x, D +itV(x))v|* — |A(z, D —itVp(z))v[*. (3.1)
This quadratic form is of order (3, 2) since the coefficients of the principal

part of A are real valued. By [6, Lemma 8.2.2], there exists a differential
quadratic form G(x, 7, D, D) of order (2, 1) such that

/g(:v,D,D)vv = /]—'(:r,D7D)vv (3.2)
2 Q
with the symbol

G(e,7.6,6) = Zamkank ©.7.6,0), C=&+in, at n=0,
where

f(.’b, T, Ca C) :A(1'7 <+'LTV90)A($7 C - iTV(,O)—A(l'7 C - ZTV(,O)A(.%, C + ZTV(:O)

Lemma 3.1. We have

0A 0A 0A
J
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N 824 924
+2JZA(8C’C%c " 0,0, akw), (3.3)

where A, O A, ... are taken at (x,((¢)(x)).

Proof. Indeed, at n =0

Zaxkam ,& + i, & — in)

0A
=, Z Ok (z e (x, &+ itV)A(x, & — itV )

— 1Az, + itV ) g?
k
0A

_ iaCk (2,6 —1tV)A(z, & + itV )

0A
+iA(x, & —iTV) 9 (

(x7§ - iTV(p)

x, &+ iTV(p))

=i 3001 (@ DA G — o @ CoDAG D).

9k

Using the fact that i(zw — zw) = —23(zw), we yield

G(w,7,6,€) = —uzak(ac (2, C(9) (@) Az, C(9(2)))

2 2
235 (o, (o) + 0,00, 1 (21l Ao, L)

0A 0A 0A 0A

+ 0, ) oo (10D —irDidkp o (00D o0 CleD) (B

¢,
by the chain rule and % = 470;0kp. Observing that, in the notation of
k

z

Lemma 3.1, A(,{(p)) = A, —S(zw) = S(2w) and reminding that the coeffi-
0A 0A

cients of A are real-valued and, consequently, > 9,0k 9, ¢ is real-valued,
k U85

we obtain (3.3) from (3.4). O

The following differentiation formulas are obtained from (1.4) and are used
in the proofs below:

95 = 100;1 , 9;0up = vp0;0kt) + 70Ok (3.5)

By these formulas and Lemma 3.1, a standard calculation yields
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T_lg(.’b,’r,f7£) = g1(1'77',£,£) + gg(.’b, Tagvg) + gg,(.’b, Tagvg) + g4(.’E, Tagvg)u

(3.6)
where

Gi(2,7,€,6) = 8y ) " aM (€m&y + 070 thOY) 0040,
Ga(w,7.6,6) = 4y Yy a0’ (02010 i) + 2661050 — 6DV,

Gs(w,7,6,8) = 4vp(2) " 0;a" 9 p&im

= 3 @ (O™ O + a0 ) (€6 — 020,0010)),
(.76 ) = 1770 (2 X0 ™ 6ndyw) + 202 (3 @ 0y0m0)
(D a™ (Gt — Poon) (3 e o000) ).

Note that the terms of 77'G with highest powers of \ are collected in G,.

Proof of Theorem 1.1. First, make the substitution u = e~7%v. It is obvious
that D (e ™%v) = e~ "?(Dy, + i70kp)v. Hence

Z a?*D;Dy(e”"%v) = Z a?*e=T?(D; + it0;p)(Dy, + iTORp)v.

Accordingly, the bound (1.5) is transformed into

Z/ﬁ*laua%ﬁ < c/|A(,D+¢Tw)v\2. (3.7)
2 2

Lemma 3.2. Under the assumptions of Theorem 1.1, for any ¢ there is C
such that

(z,¢(@) (@)

IC(p)(2)]?
(3.8)

1) 2K — 20)|C(@) (@) < TG 7,£.6) + ()02

for allC <~, £ €R™, and x € (2.

Proof. By homogeneity, we can assume that |((¢)|(z) = 1. In the proof, we
use the relation

n

Az, C(p) (@) = Y a?* (&8, — 0°0;90k) + 20 Y a?F ol

k=1 jik=1

= A(z,€) — o Az, Vip(x)) + 2i0 » gg (z,€)0;0(x). (3.9)
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To show (3.8), we use the pseudoconvexity of ¥ and consider four cases.
Case 1.

o=0, Z xg () = (3.10)

Then ‘ ‘
o =0, Za]kﬁj&c =0, Za]k§j3k¢ =0,

and from (3.6) we find
1g('r’ 07 g’ 5)

=290 Y 9;000207 "€ 2aM & + Ay Y a0’ (266m 00 — EEmDiY)

2
_279023 Bkz/)ag 8&4 27902((3k8‘4> 0A (0 A) 0%A )51‘1/1(%5)

9¢;/ O 9¢;0Ck
Z 2vpK
by the pseudoconvexity of 9 (1.2).
Case 2
o <6, YAz, &) —a*A(x, Vi(x)))| < 6, (3.11)

where § is a (small) positive number to be chosen later.
Using (3.6) as in Case 1, bounding the terms with o2 by —C~yd, and
dropping the second (positive) term in G4, we obtain

G2, 7,6,8) 2 29 ) 20760 2aM G000 — Cypd®
+yp Y a*Oa™ (266050 — Ei&mOY) + dvp2 ) 9 (aM T D)
— 4y Y (&6 — 07 0;00k0) Y (Oma™ Ot + '™ 0,0 1))
+ 87290( > ajmimajw) i
— o (7 M (&6 — o?0u0) ) (D a " )

> 290 ( 32 00402072046 + 2 0 0™ (2616050 — Ei6mIY))

- C’Y‘P5+8’Y<P’Y(Zajk§jak¢>2a (3.12)

due to (3.9) and (3.11).
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In addition to (3.11), we assume that

‘Z (,£)9;9(x)| < (3.13)
Then
h(z,&,0) = 9;00(x)20™ (2)ém 20" ()&
+23 " a*0a7™ (2) (2616 0 () — &Em Db (z))
> K —¢(6) (3.14)
by the continuity arguments, compactness of the set
M = {(w,£,0) 1w € 2, €] + 0°|Vip()|” = 1},

and (3.11). Here, €(d) — 0 as 6 — 0.

Indeed, assuming the opposite of (3.14), we yield a positive number £; and
a sequence (z(k),&(k),o(k)) € M such that h((xz(k),£(k),o(k)) < K—¢e1 and
(3.11), (3.13) hold with § = k~1. Since M is compact (by extracting a subse-
quence, if necessary), we may assume that (z(k),&(k),o(k)) — (2,£,0) € M
as k — +oo. By continuity, h(z,&,0) < K — 1. On the other hand, by the
choice of the sequence, using that 1 < v, we find that (z, £, 0) satisfies (3.10).
Hence, by case 1, h(z,&,0) > K and we obtain a contradiction.

Because of (3.14), the right-hand side of (3.12) is greater than

V(2K —€(6) — C6) = vp(2K — o).

Here, we let § </, so that £(0) + C'§ < 9. From now on, we fix such § and

denote it by §p. We can choose g to be dependent on the same parameters
as C.
If

‘Z Jfg ]w )26(%

then, using (3.11) with § = Jp, we conclude that the right-hand side of (3.12)
is greater than

—Cyp + 879105 = 192K
when v > 8715, %(C + 2K).
Finally, the condition (3.11) with ¢ = d¢ implies (3.8).
To conclude the proof, we observe that, by (3.9), in addition to (3.11) only
the following cases 3 and 4 are possible.

Case 3. o > dg, |[YRA(z, ((p)(x))]| < do.
Using (3.6), as above we yield
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TG (2, 7, €,€) = —Cyo(x) + Ga(z, 7,£,€)

[by dropping the first (positive) term in G4, using that Vi) is non-
characteristic, and bounding the last term in G4 from (3.9) and the
do-smallness of |[yRA|]

—Cp(z) +8CT1%pd] > 27¢(2)K,
when we choose v > C2.

Case 4. |vA(z, ((p)(x)] > do.

From (3.6) we similarly have

T'G(2,7,£,8) + v1o(x)C1 Az, C () ()]
—Cryp(x) — CY*0|A(z, ((9) ()] + 7C1 v A(z, {(¢)(z))]?
> —Cryp(x) — Cye(z) |y Az, ((9) ()] + 79Cr v A(z, C(9) ()]

~Crpla) + Crp@) VA, (o))l (5 A, o)) —1)

p(@) ! Al o))

(
(

> ~Or(e) + Orp() A, )N (o 1) +70) ' 3

> Kvyp(x)

if01>25§+0;§K. 0
We fix zy € §2, introduce the norm
il = ([ Hor S ICAE)
€12 +7'27 ©*(20) |V (wo)?

and observe that

vfll-1 < CT7H|v]|2. (3.16)

Lemma 3.3. There is a function £(6;7y) — 0, as 6 — 0 and ~ is fized, and
C(v) such that

77 1(G(z0,7, D, D) — G(,7, D, D))vv| < &(6;7) Z 7272l |92, (3.17)
jal<1
||| A(zo, D +iTV(x0))v — A(, D + itV )v|||*,
<@ +00) Y Orela) P [loml @

lal<1
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for all v € CZ(B(z0;9)).

Proof. By (3.6), we have
7 YG(20,7, D, D) — G(,7,D, D))vv
= 3" ((p(w0)a* (z0) — p()ai® (2))djv(x)Opv(x))

+ 7772 (p(0) )’ (20) — pl(wo)?ad" v (z)v(x)

+92 " ((p(x0)al (o) — p(@)al’ (2))05v(x) v (x))
+ 9472 (p(x0)?alf (w0) — p(0)%alf () )v(@)v (),

where a{k are continuous functions determined only by A and . Since
lp(z0)™al® (x0) — p(x)™al® (z)| < e(8;7) for & — xo| < 6, (3.17) follows
by the triangle inequality.
We have
[l|A(zo, D 4+ itV p(z0))v — A(, D + itV)v||| -1
< ||| =@ o) — a)@; ~ 7s0(0)) @5 — ronelwol)o|
< C(5+T_1)H(5—T390)UH2

< (E(Gy) +C)r ) Yo rleljar|)? (3.19)

| <1

by [6, Lemma 8.4.1].
Furthermore,

[l|A(, D+itV(xo))v — A(, D +itV)vl||-1
= [[|32 a0 — 7050(20)) (O — Tk (0))
— (0 = 79;) O — 7)1
H‘ > a7 (72 (0;0(20) Dk ok (0) — 0;0kp)
+ 270550~ 0yp(w0)0k + T@s0k )|
<Y 7 (9500kp — 950(x0)Bkip (o)) || 1
+2) 7050 — 950(0) k0]l -1 + 7 Y |110;0kp0]l| -1

Using the property of the norm (3.15), we find
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A, D + itV — A(, D + itVp(x0))v]|| -1
<O Y |la7* (900K — D50(0)Dkp(0))v] |2
+2) 11050 — 950(w0))kvll2 + Y 100k 0011

Te(8;7)lvll2 +(837) Y [19kvll2 + C()lJoll2

< (@) +C)r ) Y Mo,

| <1
Using (3.19), we have
[[A(zo, D +iTVp(xo))v — Az, D +itV(2))v||| -1

< |A(zo, D +itVip(z0))v — A(x, D + itV p(z0))v||| -1
+ [|[A(z, D + Z'TV@(JJO))U — Az, D +itV(z))v||| -1

< (@GN +CHT D T2,
o<1
The proof of the lemma is complete. O

Now, we continue the proof of Theorem 1.1. By the Parseval identity,
(rVelao) )1 [lovufds < 2m) " [ ICPm () @)lote) e

Hence, multiplying the inequality (3.8) by |0(¢)|?, v € C3(2.), and integrat-
ing over R, we yield

C ™M ye(xo) Y /vw ()21l |0 ?

|| <1

<77t [ Glan7. DDyt aptaayy? [ 1A SN 56y

) (wo)[?

/ G(zo,7, D, Dyvv + 7@($0)V2|\|A($07D+iTV<P(330))U\H2_1

’1/ngD D)vv +¢(6;7) Z . 2'“'/\8“1}\2

| <1

+79(20)7?[[|A(, D + iTV)u[[24

+ (@G +Cy)r2) Y 2'@'/\3%42 (3.20)

| <1
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for v € C2(£2. N B(xo,9)). Here, we used Lemma 3.3 and the elementary
inequality a? < 2b% + 2(b — a)?. Choosing 6§ > 0 small and 7 large enough so
that (20)~'yp(zo)(yTe(x0))2 21 > (e(0;7) + C(y)7=2)7r2~ 212l we absorb
the second and fourth terms on the right-hand side of the 1nequahty (3.20)
to arrive at the inequality

3 / (yrep(o)) 21l |9%02

la|<1
<o / G(,7, D, Dyov + mye(ea) 2|l A( D+ irVa)l|P ).

As above, by choosing large 7 > C(v), one can replace ¢(xg) on the left-hand
side of this inequality by ¢. Using (3.1), (3.2), and the property (3.16) of the
norm ||| |||—1, we conclude that

|| <1

< C||A( D +irVe)vl[5 + C(y)r7HA( D + iVl

for v € C3(B(z0;6)). Choosing 7 > C(v), we eliminate the second term on
the right-hand side. Now, the bound (3.7) follows by the partition of unity
argument. Since our choice of g depends on +y, we give this argument in some
detail.

The balls B(xg;dp) form an open covering of the compact set (2. Hence
we can find a finite subcovering B(x;;d0) and a special partition of unity
x;(;7v) subordinated to this subcovering. In particular, x; € C3(B(zo;; o),
0<x; <1, and ZX? =1 on {2. By the Leibniz formula,

9% (xjv) = x;0%v + (9%x;)v,

A(,D+itVe)(x,v) = x;AGLD +itVe)v Z aPri=18198y
IBI<1

with |a®| < C(v). Hence, applying the Carleman estimate (3.7) to x;v and
using the elementary inequality |a + b|? > Ja® — b%, we obtain

Z/ 3— 2|o¢|‘X aav|2 Z/ 3‘ aa X]

|a|<1 |a]=1

< ClIxGAGD + itV + C(y) Y 727 2Pa%|3.
B1<1

Summing up over j = 1,...,.J and using that ) x3 = 1, we yield
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DOl E T S Rl

lal<1 lal=1,j<J

< OJAG D +irVe)uls +Cly) Y 727 2P1|0%||3.
I81<1

Since the highest powers of 7 are in the first term on the left-hand side,
choosing C(7) < 7, we absorb by this term the second term on the left-hand
side and the second term on the right-hand side. ad

4 Proof of Carleman Estimates for Elasticity System

Lemma 4.1. Let |V¢| > 0 on §2. Then for a second order elliptic operator
A there are constants C and Co(y) such that

7/0472”'627@\3%\2 < 0/062780\,4@\2 (4.1)
2 0

for allv € C3(92), |a| <2, C <, and Co(vy) < 7.

Proof. We apply the Carleman estimate in [4]

3"V lloilolemegvu| < C ||e™ A, D)ul| (4.2)

l]<2
tou=oc2v. By the Leibniz formula,
80‘(0511) =020% + TéAw,l(J;,D)v, lal = 1,2,

A(z, D)(02v) = 02 A(z, D)v + 72 A (z, D)v,

where A,, is a linear partial differential operator of order m with coefficients
bounded by C(v). Using these relations with || = 1 and the triangle in-
equality, from (4.2), we get

VA loe™ Vol |=C()||re™ || < C llo2e™ Az, D)u||+C(y) Y lIr2em@o%u|.

lal<1

Similarly, when |a| = 2,
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Ve[ = C(v) Y [lem?0% ]|
lal<1

< Cllo2e™ A(w, D)l + C(7) D [[72e™¢0%||.

|| <1

Summing the inequalities over |a| < 2, we yield

v Y et Tem o] — C(y) Y i Illeme o

<2 lal<1

< Cllo2e™ Av|| + C(v)||T2e7¢0v||.

Since 0 = 7yp, 1 < v, 1 < ¢, the second terms on the left-hand side and on
the right-hand side are absorbed by the first term on the left-hand side by
choosing 7 > C(7). O

Proof of Theorem 1.2. We want to apply Carleman estimates to the system
Apru = f. Unfortunately, we have no Carleman estimates for systems. To
use Carleman estimates for scalar equations, we extend this system to a new
principally triangular system. By the standard substitution (u,v = div u,
w = curl u), the system (1.6) can be reduced [11, Proposition 2.1] to a new
system, where the leading part is a special lower triangular matrix differential
operator with the wave operators on the diagonal:

f
D(/’(’v R)u = p + Al;l(ua U)a

£ ,
O(A + 2u; R)v = div ) + ZV(”:) -0j0ku+ Az1(u,v,w), (4.3)
jk

f ,
O(u; R)w = curl +ZV(T]k> x 0;0ku+ Az (u, v, w),
poiE N
where Aj,; are first order differential operators.

Applying Theorem 1.1 to each of seven scalar differential operators forming
the extended system (4.3) and summing up seven Carleman estimates, we get

/(0|Vm7tu|2 + 0|Vm7tv|2 + 0|Vm7tw\2 + 03\u\2 + 03\11\2 + 03|w\2)62“‘"
19,

0/ (ARU + [V(Agu)[2)e2 + 0/ Z 10,0u[2e2™%

7,k=1
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+C /(\Vu|2 + | Vau|? + [VW|? + [uf* + 0% + |[w|?)e??.
0

Taking 7 > 2C, we can absorb the third integral on the right-hand side by
the left-hand side arriving at the inequality

/(0|Vm7tu|2 + 0|Vm7tv|2 + 0|Vz7tw\2 + 03\u\2 + 03\11\2 + 03|w\2)62w
19,

0/ (ARU + [V(Agu)[2)e2 + 0/ Z 0,0ku2e2™.  (4.4)

7,k=1

To eliminate the second order derivatives on the right-hand side, we need
the second large parameter v. By Lemma 4.1,

/ Z |0;0pul?e®™¢ < C/U\AUF e
7,k=1

<C /J(\Vv|2 + |[Vw]|?)e?7
C’/ (E2 + [VE[2)e2™® + C /|a D227,
2

where we used the known identity Au = Vv — curl w and (4.4). Choosing
v > 2C, we see that the second order derivatives term on the right-hand side
is absorbed by the left-hand side. This yields

/ Z |9;0,u)?e*™¢ < c/ £ + |VE]2)e7%.
0 Jk=1

Using again (4.4), we complete the proof of (1.7). O

5 Holder Type Stability in the Cauchy Problem

Proof of Theorem 1.3. Since the surface I' € C? is noncharacteristic for Ag,
we can uniquely solve Agu = f on I" for 9%u in terms of f, gy, g1, and their
tangential derivatives. Moreover,

l02ull ) (D) < CCI sy (D) + ligoll sy (1) + llgall s (1)-

By extension theorems, for f € H(é)(F) we can find u* € H(s)(§2) such that
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u' =go, du" =g, 33 Y= 8311 on I'
and
Jul5(22) < CF. (5.1)

Let
v=u-—u" (5.2)

The function v solves the Cauchy problem
Apv=f—Apu* in 2, v=0, 9v=0 on I CIfN. (5.3)
Moreover, due to our construction of u*, we have
O>v=0 on I. (5.4)

To apply the Carleman estimates of Theorem 1.2, we need the zero Cauchy
data on the whole boundary. To achieve it, we introduce a cut-off function
X € C*({2) such that x = 1 on “QS and x = 0 on 2\ 2. By the Leibniz
formula,
ARr(xv) = XARrv + Ayv,
ViARr(xv) = XV Arv + Agv,

where A1, Ay are matrix linear partial differential operators with bounded
coefficients of orders 1, 2 depending on x. Moreover, A; =0, As =0 on Qg.

Using the Cauchy data (5.3), (5.4), we conclude that v € H?S)(Q). Hence, by
the Carleman estimate of Theorem 1.2, we have

/ (Ve div (0¥)] + [V ctl (xv) 2 + [xv]2)e27
<C [P + (AR )P + [VEF + [V (Anu) + [Arv] + |Aavf)e
2

for C < ~,Cy < 7. Shrinking integration domain on the left side to !2345
(where x = 1) and splitting integration domain of |Azv|? into _Qg and its
complement we yield

/ (IVa div (V)| + Vo p curl (v)[?) + |v[*)e?"?

235
4

<C [URF + 1(Ana)P + VAP + Vo (Anu) )™
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e / (|ALv]® + [Agv[?)e*™? < CF?e™ + C||v| 7y (2)e°72,

2\Q25
2

where we used the definition (1.9) of F' and bound (5.1). Let & = supp over
2 and $5 = supyp over 2\ Qg. Letting @1 = infy over (2345 and replacing ¢
on the left-hand side of the preceding inequality by @1, we yield

(111120 (25 + 1V div V[ (259) + [V curl v] 2 (2 )2
< OF2e2m® —|—C||v||?2)(())e27¢2. (5.5)

Note that @5 < &q.
We remind an interior Schauder type estimate for elliptic equations with
zero Dirichlet data on I™:

[0]l2)($25) < Cl|Av]l(0)(£225) + Cl|vl[ 0y (£235 ).
Using, in addition, the equality A = V div — curl curl, we obtain
V][22 (25) < C(|IVI[7o) (235) + [V div V[T (235) + ||V curl v[[7; (235 ).
Hence from (5.5) we have
[IVIIE2) (25) < CF2XE70) 4 Cllv[[fy) (2)e*7 7). (5.6)

If |v]2)(2)F~' < C, then ||v||(2)(£2) < CF. Otherwise, we let 7 = (& +
D1 — Dy) " og(||v|(2)(2)F~1). Then the bound (5.6) implies

1vll2)(425) < CIvll2)(2)' =" F"

b — P
with k = > +1@1 _2¢2. Combining both cases, we yield

1v]l2)(25) < C(F + ||[v[l(2)(£2)' 77 F").

Using the equality u = v + u*, the triangle inequality, (5.1), and the
elementary inequality (a + b)" < a” + b, we obtain (1.9) and complete the
proof. a

6 Lipschitz Stability in the Cauchy Problem

Proof of Theorem 1.4. As the proof of Theorem 1.3, we introduce functions
u*, v and we use the relations (5.1) and (5.3). We introduce the following
energy integrals for the hyperbolic system of elasticity with residual stress:
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/ 8tv +\vV|2+|v|2)(,t), E(t) = E(t;v) + E(t; Vv).
G

Dividing the system (1.8) by p and differentiating with respect to the spatial
variables, we obtain the extended system with the same principal part

pApv =p ',
prAROV = 0;p  F — (90 P AR)ViIn 2 =G x (-T,T), j=1,2,3,
where f* = f — Apu*, with the zero boundary value conditions

v=0, 0;v=0 on I'=0Gx(-T,T).
By standard energy estimates for hyperbolic systems (see, for example, [2]),
CTHE0) — [[£*]|1)(2) < E(t) < C(B(0) +[|f*]|1y(2), te (=T.T).
(6.1)
We choose a smooth cut-off function 0 < x(¢) < 1 such that xo(t) =1 for
—T+2<t<T—25and x(t) =0 for |t| > T — 0. It is clear that

Ar(xv) = xf* +2p0: x0v + pafxv,
(6.2)
VAgr(xv) = xVE* +2p0;x0: Vv + pd2xVv.

As in the proof of Theorem 1.3, xv € H(OS)(_Q). Hence, by Theorem 1.2 (with
fixed 7),

[ (V0P o+ (9 (0 Vg curl () P)
2

+ 0 ([xvf? + div (xv) 2 + | eurl (xv)[?) ) 7%

<cC / (ARG + VARG 2)e27
(94

<O [P+ 19 P [ (0 + v + 09V +[TvP)e)
N Gx{T—-26<|t|<T}

in view of (5.3).

Shrinking the integration domain {2 on the left-hand side to G x (0,0)
where x = 1 and choosing 1) by e?7(17%) < ¢27¢ gince 1 —§ < ¢ on G x (0, )
and 7% < ¢27(1=29) gince p < 1 — 26 on G x (T — §,T), we have



Carleman Estimates 157

0
627'(1—5)/E(t)dt < C(/(|f*|2_|_ |vf*‘2)62‘mp+0€27'(1—25)
0 n

T
X / /(|8tv\2 + V2410, Vv|* + |Vv\2)).
T2 @
Hence
5 T
e%ﬂ—ﬁ/ixw /JPF VE*2)e27¢ 4 Ce?r(1-20) /'Eamg.
0 17225

Choosing ¢ = sup ¢ and using (6.1), we find
Q

T(1— 0 T * TU= T *
2070 L B(0) = ORI} (2)) < CoPTATEVE(0) + CeMT 1|7 (12)).

To eliminate the first term on the right-hand side, we choose 7 (depending

on C) so large that e 2™ < J, and, using the energy estimates (6.1), we
finally get

E(t;v) + E(t; Vv) < O[|f[1)(£2).
As in the proof of Theorem 1.3,

Bt w) + B(t; Vu) < C(IIF]]) (2) + B(t;u”) + B(t; Vu') )
(18110 (2) + [ AR [l (2) + 0”5 (7) + [19,0°] |3 (D))

(1) (2) + 1ol ) (1) + gl 2 (D))

The proof is complete. O

7 Conclusion

We believe that the Carleman estimates in Theorem 1.1 can be applied to
other important systems of mathematical physics, for example, to transver-
sally isotropic elasticity system and some anisotropic Maxwell systems. We
expect that by using an appropriate version of Theorem 1.1 (with norms in
Sobolev spaces of negative order), as in [7], one can obtain the Carleman
estimate (1.7) without terms with div u and curl u on the left-hand side and
VARru on the right-hand side. It is probably challenging to obtain Theorems
1.1 and 1.2 with boundary terms (i.e., without assuming that the functions
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u are zero at the boundary). However, such a generalization seems feasible
and it would be quite useful for applications. In particular, then in Theo-
rems 1.3 and 1.4, one can replace ||f][(1)(£20) + [|go] (g)(F) + Hg1||(g)(F) by
I1£11(0y(£20) + llgoll(1y(L") + l|g1ll(0y(I") and reduce the regularity of I" to C*.

It is realistic to combine the proof of Theorem 1.1 and that of Carleman es-
timates for general anisotropic operators [9, Sect. 3.2] (including Schrédinger
type operators) to obtain such estimates with two large parameters. In par-
ticular, one has to adjust the concepts of the principal symbol and the pseu-
doconvexity condition. Possible applications would imply the uniqueness of
continuation, controllability, and inverse problems for anisotropic systems of
partial differential equations for plates and shells. Currently, there are no
theoretical results in this important area.

Next we will apply Theorems 1.1 and 1.2 to identification of elastic param-
eters (p, u, A and 7 ) with arbitrary residual stress from additional boundary
data, as it was done in [12, 13] for small residual stress.
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DMS 04-05976 and DMS 07-07734) and Emylou Keith and Betty Dutcher
Distinguished Professorship at Wichita State University.
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Sharp Spectral Asymptotics for Dirac
Energy

Victor Ivrii

To the Memory of my Teacher Sergey Sobolev

Abstract I derive sharp semiclassical asymptotics of

/\6h(fv7y,0)IQW(fv,y) dz dy,

where ey, (z,y,7) is the Schwartz kernel of the spectral projector and w(zx, y)
is singular as x = y. I also consider asymptotics of more general expressions.

1 Introduction

In the series of papers [7, 3, 5, 4] devoted to the sharp asymptotics of the
ground state energy of heavy atoms and molecules, it was needed to calculate
Dirac correction term!' which in that approximation was equal to

def _
I = //\e(x7y,7)\2|x—y| Yz dy, (1.1)

where e(z,y,7) is the Schwartz kernel of the spectral projector E(7) of the
(magnetic) Schrodinger operator

Victor Ivrii
University of Toronto, 40 St.George Str., Toronto, Ontario M5S 2E4, Canada, e-mail:
ivrii@math.toronto.edu

1 Representing Coulomb interaction of electrons with themselves which should not to
be counted in the energy calculation and should be subtracted from the Thomas—Fermi
expression.

V. Isakov (ed.), Sobolev Spaces in Mathematics 111, 161
International Mathematical Series.
doi: 10.1007/978-0-387-85652-0, (© Springer Science + Business Media, LLC 2009
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1 ,
A= (SR @A V), P=hD-uv,  (12)
7.k

7~ 0 and h — +0 (while either g — 400 or remains constant). Actually,
the corresponding part of these papers was originally more complicated, but
it was reduced to the problem above.

Then I =< h~%"!, where d is the dimension (d = 3 in the above papers),
and it was needed to prove that I = Z + O(h~%"1%9) with Z defined by the
same formula, but with e(x,y, 7) replaced by

ey (z,9,7) = (27h)~ / e ) g (13)
9(y,8)<SV (y)+27

and with a small exponent § > 0; for the magnetic Schrédinger operator
it was needed to prove as p < h~% only. The expression (1.3) is a Weyl
expression for e(x,y, ) for operator with coefficients frozen at point y.

However, I believe that the asymptotics of the expression (1.1) or more
general one is interesting by itself and that there are sharp asymptotics. Still
my attempts to derive it were not very successful and, in [2], I made some
claims which I could not sustain at that time. So, in this paper, I just want
to bring some degree of the order to this matter.

I am going to consider a matrix h-differential operator A(x, hD) and find
asymptotics of

1= // (e, y, T (@)ely, o, ) (y) da dy (1.4)

with a matrix-valued function w(x,y) such that

w(z,y) def 2(z,y;x — y), where the function {2 is smooth
in B(0,1) x B(0,1) x B(R\ 0) and homogeneous of degree (1.5)
—k (0 < K < d) with respect to its third argument?

and with smooth cut-off functions 1, 1.

The main part of asymptotics should have a magnitude of h=¢~*, and I
would like to get a remainder estimate O(h!=4=%).
One can also consider a more general expression

I, % / /w(ml,...7:cm)e(x17$2,7)¢2($1)
X e

(z%, 2%, 7) - e(a™, a7y (20)dat - - - da™ (1.6)

2 In other words, it is the Michlin-Calderon-Zygmund kernel.
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. def
with ™! = 2, 1 = 91 etc., and

w(zt,. .., z™) def Qxt, . a™ {2 — 27 Cigm), where
the function §2 is smooth in B(0,1)™ x B(R?\ 0)™~! and
homogeneous of degree —(m — 1) with respect to {2’ —
mk}1<j<k<m. Moreover,

|DZﬁD>l(’_Q‘ < Cﬂyy|zl‘,,€,|51| . |Zm|fﬁf|ﬁ"‘l

as Z:|zk|2 =1, sz =0,
% k

where x = (z!,...,2™), z = (z},..., 2™ })

, ete.

However, I will leave it for another paper since not of all my arguments I
was able to implement in this case.

The main part of asymptotics should have a magnitude of h=4( see
Theorem 2.6), and I would like to get a remainder estimate O(h!~¢=(m=1)x),

I am also leaving for another paper a similar, but much more delicate and
difficult analysis for the 2-dimensional magnetic Schrédinger operator(1.2)
with trajectories having many loops.

m—1)k (

Remark 1.1. (i) To avoid the necessity to cut-off with respect to hD, one
needs to assume that its symbol satisfies

la(@, )7 < ClEIT™ s €] = Co (1.8)

as a € ¥ (one can weaken this condition, but I leave it to the reader).

(ii) One needs to assume that a is semibounded from below which under (1.8)
is equivalent to

(a(@, &v,v) = o> as [¢] > Co; (1.9)

otherwise, instead of E(7), one should consider E (7, 72) e E(m2) — E(11);
I leave it to the reader as well.

The problem studied here is not exactly microlocal due to singular kernel
w. However microlocal methods (see f.e. [6]) play a crucial role. Microlo-
cal methods telling us where and in what direction distribution belongs to
Sobolev space H?®. The other application of Sobolev spaces is more explicit
since we need to apply imbedding theorems just to estimate properly contri-
bution of zone near diagonal = = y.

This paper consist of three sections. In Sect. 2, I derive asymptotics with
the sharp remainder estimate, but with the implicit Tauberian approximation
for e(x,y,0). In Sect. 3, I replace it by the expression (1.3) without deterio-
rating the remainder estimate for scalar operators under mild nondegeneracy
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condition (Theorem 3.19) and for certain matrix operators (Theorem 3.20(i))
and with some not sharp remainder estimates for other matrix operators
(Theorem 3.20(ii)). I just mention that for larger x we need less restrictive
conditions to operator.

2 Estimates

2.1 Special case

Let us assume first that w = 1 but relax conditions to 1, ..., %, assuming
only that ¥q,...,%,, € L. This is definitely not the case I am interested in,
but one needs to make few clarifications first. Then

L & TeE(r) o E(T) s ET) - - B(T)m i1 (2.1)

containing m factors E(7).
Under the condition (1.9), it is known (see, for example, [6]) that if the
L°° norms and diameters of supports of ¥ and ; are bounded, then

lvEmvll, <Ot asr| <, (2.2)

where || - ||, and || - |; denote the operator and trace norms respectively.
Then, since the operator norm of F(7) does not exceed 1, I conclude that
|Im| < ch™?. So,

If 1; € L™ and I, is given by (2.1), then |I,,,| < Ch™% (2.3)

Further, let us assume that

a(z, ) is microhyperbolic on energy level 0. (2.4)

Then as (2.4) is fulfilled on supports of v, 11, it is known (see, for example,
[6]) that

Il (E(r) = E(r")¢rll < C(r = 7|+ AT 1A~ as|r| <eu, [7'] <. (2.5)

Here and for a while, T" =< 1, but I want to keep a track of it.

Since this property holds under wider assumptions than microhyperbolic-
ity, I will assume so far only that (2.5) holds.

Then
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\Tr’ ((E(T) — E(7')) o E(r2) 3 E(73) - - E(Tm)¢m+1) ‘ (2.6)

does not exceed the right-hand expression of (2.5) either, as |7| < ¢; and
therefore, due to the standard Tauberian arguments (second part; see, for
example, [6]) the following inequality holds:

0
1 ((E0) 17 [ Frs e (arOU0) dr) 2B ()

X 3 B(13) - - - E(Tm)me) ’ < CT *h1, (2.7)

where T use my standard notation x and x in the future and x(t) = x(¢/7T)
etc. (see, for example, [1]). Here and below, Tr’ is the “scalar trace” of an
operator and does not include taking the matrix trace tr.

Here and below, U(t) = eth”"t4 ig the propagator of A and u(z,y,t) is its
Schwartz’ kernel.

So, with O(T~'h'~4) error one could replace one copy of E(0) in I,, by
its standard implicit Tauberian approximation

0
Wt [ R (e 00 (0) dr (2.8)

and in by the virtues of the same arguments, I can do it with another copy
of E(0). Therefore,

Proposition 2.1. Under the condition (2.5), with an error O(T~ h'=%) I,
18 equal to

T / Foanie (X (0)U (01X (2)U (8205 -+ U (b bn1) ) dr
e (2.9)
witht = (t1, ...y tm), T=(T1,...,Tm).

Note that here one can take any 7' € [Ch'~?, ¢] (but then the error depends
on T'). Further, note that as dist(suppt;, suppyj4+1) = (co +¢)T, where here
and below ¢ is the upper bound of the propagation speed on energy level
0 and zm+! x!, the expression (2.9) as m = 2 or a similar expression as
m > 3 become negligible, and I arrive at

Corollary 2.2. If, in the frames of Proposition 2.1, dist(suppt;, supptj11) >
(co +¢€)T for some j=1,...,m, then |I,,| does not exceed CT~*h'~<.
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2.2 Smooth case

The next step is to assume that w is a smooth function. Without any loss of
generality, one can assume that w is also compactly supported (since 1, Y1
are). Then from

w(zh ... a™) :/w(yl,...,ym)é(yl —zt .y — 2™ dy
= /w’(yl, o y™eyt =2ty 0y™ — ™) dyt - dy™  (2.10)
one arrives at
I, = /w’(yl, o y™ Dyt ™) dyt - dy™ (2.11)

with Ja(y!,...,y™) defined by w = 1 and v;(z) redefined as 9;(x)0(y’ — z),
where here and below 0(x) = 0(z1) - - - 0(z4). Then I immediately arrive at

Proposition 2.3. Let w and 1, ...,%¥y be smooth functions, and let the
condition (1.9) be fulfilled. Then |I,,| < Ch~<.

Remark 2.4. As m = 2 and w,91,¢2 € L™ |Io] < Ch~¢ obviously (it
follows from the estimate ||y Ev[, < Ch~%/2, where | - ||, is the Hilbert—
Schmidt norm). Can one prove the similar result for m > 37

Proposition 2.5. Let w and 1, ...,%¥y be smooth functions, and let the
conditions (1.9) and (2.5) be fulfilled. Then

(i) with an error O(T~'h*=9) I,,, is equal to

o= [ [ e R (rt)ule o ) ()

TER—™

X xr(ta)u(a®, 2, ta)is(2°) - - U(tm)¢m+1($m+l)) drda’---dz™ (2.12)

. def
with ™+ = g1,

(ii) Further, if dist(suppy;,supp®jt1) = (co +¢)T' for some j = 1,...,m,
then |I,| does not exceed CT~ h*~4, where so far T =< 1.

2.3 Singular homogeneous case

Theorem 2.6. Let the conditions (1.9) and (1.7) be fulfilled. Then |I,,| <
Ch—d—(m—l)fi.
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Proof. Let us replace 2(x,z) by 2(x,2)3(z*/v1) - B(z™ /vm), where ; > h
and f3, 8 are functions (on R?) similar to y, x respectively. Then, similarly to
the analysis of the smooth case, one can estimate the contribution of such a
partition element to I,,, by

Ch™ () " o o ) (2.13)

and the summation with respect to v; = v = h results in the value of this
expression as 7; = 7 and the total estimate becomes what is claimed.
However, one needs to consider the other partition elements when some of
B(27/~;) are replaced by 3(z7 /7). So we get “sandwiches” consisting of the
factors
e<xk7 xk+17 T)/B(Zk+1/’7k+1) T /B(Zj/’yj)e(xjv 'TjJrla T)

with j > k and in between them the factors 3(z* /7).

Let J be the set of indices appearing in 3(z* /) (for a given type of a
“sandwich”). One can see easily that the contribution of each “sandwich” to
I,, does not exceed

r—1
O | B / el dz) = on T x4,
i U=l<m 73,

where r is the number of factors of each type. Then, after the summation

with respect to y; = <, one gets the same expression with v; = 7, i.e,
Ch=drpm=r)+d=r)(r=1) — Cp=dry=rm=-1+d(r=1) which is exactly what
we want as y < h. a

It immediately follows from the proof of a stronger condition
Proposition 2.7. Let the conditions (1.9) and (1.7) be fulfilled. Then replac-
ing 2(x,2z) by 2(x,2)3(z/7) -+ B(2™/v) results in the error not exceeding

Chd=m=Dr,=r (2.14)

Now, let us assume, instead of the condition (2.4) or (2.5), that

a(z, ) is microhyperbolic on the energy level 0 and micro-
hyperbolicity directions are (at each point) £ - ¢ * with (2.15)
fg = Eg (3:, g)

Proposition 2.8. Let the conditions (1.9), (1.7), and (2.15) be fulfilled. Then
replacing 2(x,z) by 2(x,2z)3(z' /) - B(z™/7) results in the error not ex-
ceeding

Chpl=d=(m=2)k, —1-r (2.16)

3 So, £z =0.
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This is equivalent to taking T =< v in (2.8) and plugging the Schwartz kernel
of it instead of e(x,y,0) in the definition of I,,.

Proof. Proof follows from the combined arguments of the proofs of Theorem
2.6 and Proposition 2.1; in this case, one needs to consider only “sandwiches”
containing at least one factor B(z7 /;) with v; > « which accounts for a factor
h/~; and the summation with respect to partition results in an extra factor

h/~. O

So, one needs to study the expression (2.12) with some 7" = T*; I remind
that the remainder estimate contains the factor 7% ~!. One can decompose
X7~ (t) into the sum of x,(t) and xr(t) with 7' running between 7" and T*
and also one can take T'= Ch. Then the expression (2.12) becomes the sum
of similar expressions with xp(t) (with 7" = T*) replaced by ¢;r,(t) where
either ¢; =xand T <T; <T* or ¢p;j =x and T; =T.

0
In this expression, as ¢; = x one can replace [ (...)dr by (...)|r=o

simultaneously replacing h=!x7(t) by it 'xr(t) = T 1or(t) with ¢(t) =
it71x(t); so we get a modified expression (2.12) with r factors x,(t;) and
7; snapped to 0 for j € J, r = #J and the integration over R~ (™=7) and
(m — r) factors ¢r(ty), k ¢ J; furthermore, the factor h=™ is replaced by
W g T

Proposition 2.9. Let the conditions (1.9) and (2.15) be fulfilled, and let w
be a smooth function,

w=0((Jz" —2®| + - + 2™ — 2')F). (2.17)
Then I, = O(h*~9) as K > 1 and I, = O(h'=?|logh|) as K = 1.

Proof. Proof follows from the combined arguments of the proofs of Theorem
2.6 and Proposition 2.1 like in Proposition 2.8. Here, however, the main
contribution (as K > 1) is delivered by the zone {|z* —z?|+---+|z™ — 2| <
1}. |

One can consider certain generalizations, but I will do it later.

3 Calculations

Now, our purpose is to go from the implicit Tauberian expression (2.12) to a
more explicit one.
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3.1 Constant coefficients case
Let us first consider the case A(z,£) = A(§). In this case,

e(r,y,7) = (27rh)_d/eih71<m_y’5>E(§) dg, (3.1)

where F(£, 7) is the matrix projector corresponding to A(&). Then

I, = (2h)—dm / / VE(EL,0) - B(E™,0)

w et (@ e )+ @7 e @) b €M) gt gam gel L gem . (3.2)

From now and until the end of the paper I am assuming (3.3)
that m = 2. ’

Without any loss of generality, one can assume that either w(x,y) is of the
form

w(x,y):()(é(x—ky),x—y). (3.4)

or it is of the same singular type as before, but multiplied by (xp — y).
However, in the latter case (under microhyperbolicity condition), one can
apply a Tauberian approximation for e(z,y,7) equal 0 with the remainder
estimate O(h'~4|x — y|™1) (in the same trace class as before) which leads to
I =~ 0 with the sought remainder estimate O(h!=4").

In the former case (3.4), we get

= / J(z) da, (3.5)
where

T (@) = 2(27h)~2 / / / Qa, 2)E(E,0)E(n, 0)e™ =61 dzdedn
= G(z)h~ 47", (3.6)
with
Ga) = [ [ @6~ wE(E 0B, 0) dsan, (3.7)

and
Q(z,¢) = 2(2m) "2 / Q(z, 2)e"*%) dz. (3.8)
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One always can take {2 having compact support with respect to z (since we
had originally cutoffs 1 (z1), ..., ¥, (z™).

Remark 3.1. (i) One can easily generalize (3.5)—(3.8) to m > 2.

(ii) The integral (3.8) converges as |z| < 1 since £ < d. On the other hand,
it defines a distribution with respect to ¢ which is positively homogeneous of
degree  — d and also is smooth as ¢ # 0; thus, 2 € Ll and (3.7) is well
defined. However, generalization to m > 2 is not that easy.

3.2 General microhyperbolic case

Note first that, due to the microhyperbolicity condition (2.15), one should
take T < v as m = 2*. Otherwise, as T € [Ch'~% T*], T* is a small constant,
the contribution of [T'/2,T|U [-T, —T/2] would be negligible.

To calculate u, let us apply the successive approximation method on the
time interval [~7T,T] with h'=% < T. Then, plugging the successive approxi-
mation into any copy on that interval, we arrive at an error in u in the trace
norm equal to O(h=%(T?/h)"), where n is the number of the first dropped
term (starting from 0). This leads to the error in I O(h=9="(T?/h)"y~")
as T > +. Since, under the microhyperbolicity assumption (2.15), we need
to consider only 7' < =, the error is O(h~4(T?/h)"T~*). However, if we just
take u = 0, then we get an error O(h!=IT~17%).

Finding T from the equation

h*d(TQ/h)n _ hl*del’

we get
T = h(n+1)/(2n+1) (39)

(which is greater than A'~% with § > 0) and this leads to an error
O(hlfdf(n+1)(ﬁ+1)/(2n+l)). (310)

Proposition 3.2. Let the conditions (1.9), (1.7), and (2.15) be fulfilled. Then

(i) Using successive approzimation as |t| < T given by (3.2) and taking u =0
otherwise, we get I with an error given by (3.10).

(i) In particular, this is the sharp remainder estimate O(h'~9=") as
k= (n+1)/n; (3.11)

in particular, as kK = 2, one can skip all perturbation terms and get the same
answer (3.4)—(3.7).

4 And Tj < |27 — 2771] in the general case.
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On the other hand, if we cannot skip some term, then this is given by the
same formulas (3.4)(3.7) as before, but with the factor h=9=*** instead of
h=4=% and with {2 replaced by 2, positively homogeneous of degree —x + s
(provided that these formulas have sense!). Then, as long as s < k, one can
see that these terms are less than the remainder estimate and we arrive at

Proposition 3.3. Let the conditions (1.9), (1.7), and (2.15) be fulfilled. Then

(i) As k > 1, formulas (3.4)~(3.7) provide an answer with the remainder
estimate O(h'=4=").

(ii) As k < 1, formulas (3.4)—(3.7) provide an answer with the remainder
estimate O(h2 TR =d=r5=8) with an arbitrarily small exponent § > 0.

3.3 Scalar case

Let us completely analyze the case of a scalar operator A.

3.3.1 Assume first that w = 1 and 11,49 are smooth functions. Then one
can rewrite (2.9) with m = 2

B2 / Fovn it iy (X ()X (E2) 61 U (1)62U (12) ) dr
(11,72)ER—2
(3.12)
with T = T which is the largest value for which the remainder estimate
O(T~'h'=?) for the standard asymptotics was derived; here, T* < 1.
If we replace some copies of x(tx) by xr,(tx) with Ch < T}, < T*, then
0

one can replace also the operator h~* / (...)dre by T7'(...)|re=0 and x
—00
by it~ 1.

If we do it with both k = 1,2, then we get a term O(h~%) (the better
estimate is actually possible) and the summation with respect to all partitions
with respect to T4, Ty results in O(h~¢|log h|?) which differs from the proper
estimate by |logh|? factor. If we replace some copies of xr(tx) by xu(tx),
then we do not make a transformation with respect to these factors, but we
gain a factor h due to the size of the support. So, after the summation with
respect to partition, we arrive at estimate O(h~¢|log h|>~") for I, where r is
the number of y,,(t;) factors.

On the other hand, the expression (3.12) is equal to

h_2TI‘ / Ft1—>h*17'1,t2—>h*17'2 (XT (tl)XT (t2)¢1¢2,t1U(t1 + t2))) dr

(11,72)ER™2

(3.13)
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with ¢, = U(t)ypU(—t).
Applying a standard approach, we arrive at

I~ seghm (3.14)

n=>0

where Z = 75 is defined by (2.12).
Let us replace in (3.13) ¢+, by 92. Plugging ¢; o = %t tz,me=7E7,
we arrive at

thr/O(/ pr(t, 7)1l (£)eth T dt) dr, (3.15)

R

where pr(t,7) = p(t/T,7), T <0,

1 1
p(t,7) = —n A1 /XT(Qt + Z)XT(Zt —2)z 7 sin(h ' T2r)dz  (3.16)
R

is C§°([—2,2]) and one can prove easily that
107 (p(t, 7) FX2(t/2))| < Cpum (1 + |7|TH™H) ™™ Ym,nVr <0. (3.17)

Then, due to (3.17), only the zone {|7| < h'~} gives a nonnegligible
contribution to this error and due to the microhyperbolicity condition there
| Trap U (t)| < Ch=9(1 + [t|h=1)~™ which, together with (3.17), implies

Under the microhyperbolicity condition (2.4), the expres-
sion (3.15) is equal modulo O(h'~?) to the same expression (3.18)
with p replaced by x?(/2).

On the other hand, if we replace ¥2 ¢, by 12+, — 12 = tﬂ%,tl’ then we can
apply the same transformation as before just getting rid of one factor h~!
and the integration with respect to 71, which simply snaps to 0, resulting in
expression, similar to (3.15), but with pws replaced by

§(t7.2) = 2m) b / xr@xnlt - e de (3.19)
R

which satisfies an inequality similar to (3.17)
107 p(t, )| < Cr (1 + |7|TH™H) ™™ Ym,n Vr < 0. (3.20)

and therefore,
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Under the microhyperbolicity condition (2.4), this new

(3.15)-type expression is O(hlfd). (3.21)

So, we are left with the expression (3.15) with p(t) = x?(¢/2), but due to
the standard theory, we get modulo O(h'~%) the expression

Trp1o E(0) = (2mh) ¢ / / Y11y dx dE. (3.22)
{a(z.€)<0}
So, T is given by (3.22) modulo O(h'~%) and therefore,

g = —d in (3. . .
o = (21) / / / g it dE (3.14) (3.23)

3.3.2 Then, in the general smooth case, we get

Proposition 3.4. Let w and i1, ..., be smooth functions, and let (1.9)
and the microhyperbolicity condition (2.4) be fulfilled. Then with an error
O(T~'h'=%), where T < 1 here, the decomposition (3.14) holds with

= 7r*d wl(x, x x x) dx dé. .
o = (21) / /{ oy S ) dr (3.24)

Proof. The proof follows from the standard decomposition (2.10)—(2.11). O

3.3.3 Consider now the case of singular homogeneous w. First, let us consider
7., defined by (2.12) with w = 1 and 91,42 replaced by 91 5, 24 which are
some smooth functions scaled at some point z with the scaling parameter
v € (h'=9,h%). To have the microhyperbolicity condition sustain scaling, we
replace it by (2.15). Then (3.14) implies

T~ Y st h Ty (3.25)

n,m2=0

and, obviously,

—d ~ /. m+d
(27) / /{a(w’gKO}wl,v(m)wgﬁ(m)dxdg A (3.26)

m>=0

One can see easily that, in (3.25), the terms with m = 0 would be the same
for the operator A% = ag(z,hD), where ag(z,¢) is the principal symbol of
A; this z is not necessarily the original one, but the distance between them
should not exceed ¢; similarly, in (3.26), the term with m = 0 coincides with
the left-hand expression with a(z, ) replaced by a(z,€).

What is more, under the condition (2.15), the integration with respect to
x is not needed, so all these results would hold (without factor v¢ in the
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decomposition and estimates) without it; thus one can take z = x (or y, does
not matter).
Thus, we arrive at

Proposition 3.5. Let 7' be defined by (2.12) with w = 1 and 11,2 replaced
by ¥1,~, Y2~ which are the same smooth functions scaled at some point z with
the parameter v € (h'=%,h%). Let T be defined the same way, but with U (t)
replaced by U°(t) = eh 14" where A° = a(z, hD) and later = is set to x.
Then T' — T9 = O(h'=94%)
Now, we can calculate Z in the scalar case:

Proposition 3.6. In the frames of Proposition 3.5, as w satisfies (2.7) and
k> 07T —1I° = Oh'=7%), where I° is defined for constant-coefficient
operator obtained by freezing coefficients of A at point x (or y, does not
matter).

Proof. Consider three zones: {|x —y| > 71} with vy < b, {y < |z —y| S}
with 79 =< h'=% and {|z —y| < v}. Then the contribution of the first zone
to the reminder for Z and Z° does not exceed Ch'~9y; 17" = O(h'=4")
(while the main parts are 0); in virtue of Proposition 3.5 and decomposition
of Subsect. 2.2, the contribution of the second zone to Z —Z° does not exceed
O(hl—d,y—n) — O(hl—d—n).

In the third zone, one can apply the method of successive approximations
resulting in

T — IO ~ h—d Z %glnkh—d+n—m+k—ﬁ,}/2m—n.
m4n+k>1

However, since a final answer does not depend on +, only the terms with
2m = n are posed to survive just resulting in (3¢ + o(1))h=4F1=%. O

Summarizing the results of Sect. 2, Proposition 3.6, and formulas (3.5)—
(3.8), we arrive at

Theorem 3.7. Let A be a scalar operator satisfying the conditions (1.9) and
(2.15). Then

= / T (@)1 ()b () da + O(R1=0"), (3.27)

where

J(x) = 2(2wh)~21 /// E(aj,f,O)Q(m,z)E(x,n,O)eihﬂ“’f_") dzd&dn

= 2(2mh) 2 / / / Qz, z)e™EE dzdgdn
a(z,£)<0, a(xz,n)<0}

= G(z)h 4", (3.28)

with
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G(z) = / / E(e,€,0) (2. & — )z, n,0) dedy

- / / € — ) dedn, (3.20)
(z,£)<0, a(z,n)<0}

and £ is defined by (3.8).

Remark 3.8. (i) Alternatively, one can prove this theorem using oscillatory
integral representation of u(z,y,t) as |[t| < T =e¢.

(ii) Alternatively, one can replace one or both copies of  in E(z,.,.) or in
a(z,0) by y.

Remark 3.9. We refer to formulas (3.27)-(3.29), (3.8) as to the standard
Weyl expression even in the matrix case. However, in this case, the third
parts of (3.27),(3.28) should be skipped.

3.4 Schrodinger operator

Now, my goal is to weaken and eventually to get rid off the microhyperbolicity
condition for scalar operators. I start from the Schrodinger operator.
For the Schrodinger operator the condition of microhyperbolicity (2.15)
means that
V > ep. (3.30)

If this condition is violated, let us introduce scaling functions p(x), v(z) in
the usual way v = ¢|V| and p = v/
Then, the contribution of B(x,v(x))? to the remainder does not exceed

C(h/p7)17d7H77H = Chlfdfnpdflfn,ydfl (331)
with p = p(z) and v = y(z) and then the contribution of the zone

{(@,y) o —yl <ev(@)} (3.32)
(where, automatically, v(z) =< 7(y)) to the remainder does not exceed
C’hl_d_“/pd_1+“’y_1 dx (3.33)

1/2 here it becomes

and with p =~
Cpl—d—r / A(A=348)/2 g (3.34)

obviously, it is O(h'~97%) provided that either d + x > 3 or
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V] +|VV] = eo. (3.35)

and d + k£ > 1 (which is surely the case).
Remark 3.10. (i) Note that (3.35) is the microhyperbolicity condition (2.4).

(ii) Actually, one should take py > Ch and thus to add Ch'/? and Ch?/3 to
p,y respectively (but it does not affect our conclusion due to the standard
fact that if py < h, then heg < 1) and the condition (3.35) is not needed.

Consider now the complement of the zone (3.32). Let us redefine there y(z)
as y(z,y) = 3|z — y| and, in this zone, the condition (3.35) is not needed as
one can see easily after rescaling B(x,v(x,y)) to B(0,1) due to Proposition
2.5.

Therefore, as v > () the contribution of B(x,~)? \ {zone (3.32)} to the
remainder does not exceed the same expression (3.31) with p = v/2. Then
the contribution of the complement of the zone (3.32) to the remainder does
not exceed

Chl=d=x // |z — y| (@ IER)/271=d g gy, (3.36)
{lz—y|Zemax(v(z),v(y))}

One can see easily that the expression (3.36) is O(h!=4"") as d + k > 3 (so
this case is already covered).

Further, the expression (3.36) does not exceed the expression (3.34) with
v = v(z) and the expression

Cpl—d—r / (|logy(z)| + 1) dx (3.37)

as d + Kk < 3 and d + kK = 3 respectively and both these expressions are
O(h'=?=%) under the condition (3.35).

Again, we get O(h'~9¢7%) provided that either d + x > 3 or the condition
(3.35) is fulfilled. So, we arrive at

Proposition 3.11. Consider the Schrédinger operator. Let either d + k >
3 or the condition (3.35) be fulfilled. Then the standard Weyl asymptotics
(3.27)—(3.29), (3.8) holds with the remainder estimate O(h'=4=").

This completely covers the case d > 3. Furthermore, after Proposition 3.11
is proved, we can introduce scaling functions v = p = e(|V| + |[VV[*)V/2 +
Ch'/? and then, applying the same arguments, we arrive at

Proposition 3.12. Consider the Schrédinger operator. Let either d+ k > 2
or the condition
V| +|VV|+|V2V] > ¢ (3.38)

be fulfilled. Then the standard Weyl asymptotics (3.27)—(3.29), (3.8) holds
with the remainder estimate O(h'=4=%).
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This completely covers the case d = 2. As d = 1 we get the required
remainder estimate under the condition (3.38).

Now, combining this with the arguments of the proof of Theorem 4.4.9 of
6], we get®

Proposition 3.13. Consider the Schridinger operator with d = 1, k >
0. Then the standard Weyl asymptotics (3.27)—(3.29), (3.8) holds with the
remainder estimate O(h'=47"),

Remark 3.14. Actually, all above results hold as k = 0 as well with the
singular exception of d = 1 when the remainder estimate O(1) is recovered
under the condition
> IVIVIz e (3.39)
IBISK

without it the remainder estimate is O(h~%) with arbitrarily small § > 0.

3.5 Scalar case. 11

3.5.1 Let us consider general scalar operators.

Remark 3.15. (i) Actually, instead of the condition (1.9), one can make
a cut-off with respect to ¢ replacing functions ;(x) by pseudodifferential
operators 9;(x, hD) with smooth compactly supported symbols;

(ii) Alternatively, we can replace E(0) by E(r,7") = E(7) — E(7') with con-
ditions satisfied for a — 7 and a — 7’ instead of a.

(iii) Alternatively, we can replace E(0) by

B(r) = / B0, 7)o(+) dr’ (3.40)
R

with smooth function ¢ s.t. [ (7')dr’ = 1.
R
In all these cases, obvious modifications of the final formulas are needed.

Now, we can introduce scaling functions
v(2,6) = (|Veal® +lal) + CR*®, p(z,€) =4"*(@,&)  (341)

and repeat arguments of the previous subsection; then the expression (3.33)
will be replaced by Ch!'=4=%M with

M _ /pli—l,y—l dmdé— = /(‘V§a|2 + |a‘)(N*3)/2 dxdé- (342)

5 T am leaving easy details to the reader; see also the proof of Theorem 3.19.
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(in the zone {py > Ch}). Therefore, we arrive at the remainder estimate
O(h'=4=%) provided that M = O(1) as now the integral in M is taken over
B(0,1).

This is definitely the case as k > 3. Assume now that the microhyperbol-
icity condition (2.4) is fulfilled. Then M = O(1) as k > 1; otherwise, this
condition becomes

/\V§a|“*1 dp<oo as0< k<1, /|log |Vealldp < oo (3.43)
b %

with X' = {a(z,£) = 0} and dyp = dxd€ : da measure on X.
Thus, we arrive at the following generalization of Proposition 3.11:

Proposition 3.16. Let A be a scalar operator satisfying the condition (1.9).
Assume that the uniform version of the condition®

a=V¢a =0 = rank Hess¢ea > 7 (3.44),

1s fulfilled. Then

(i) As r + k > 3 the standard Weyl asymptotics (3.27)—(3.29), (3.8) holds
with the remainder estimate O(h'=9="%);

(ii) Under the condition (2.4), as r + k > 1 the standard Weyl asymptotics
(3.27)-(3.29), (3.8) holds with the remainder estimate O(h'=4=%).

Proof. In contrast to standard asymptotics, we need to consider not points
(z,€), but pairs (z,£; y,n) and the pure standard arguments work in the zones

{(@,&y,m) o —yl <ey(z,8),1¢ —n| <ep(z,€)} (3.45)

where also y(y,n) =< v(z,§) and p(y,n) < p(x,&). Analysis in the complimen-
tary zone I postpone until the proof of Theorem 3.19, where it will be done
in more general settings. O

Now, introducing scaling functions

1/2

Y@, 8) =e(|Vecal® +al) "+ ChY2, p(z,) =7(,8) (3.46)

and repeating the same arguments we arrive at the following generalization
of Proposition 3.12:

Proposition 3.17. Let A be a scalar operator satisfying the condition (1.9).
Assume that the uniform version of the condition (3.44), is fulfilled. Then as

r+ Kk > 2, the standard Weyl asymptotics (3.27)-(3.29), (3.8) holds with the
remainder estimate O(h!=47%).

6 Te., |a| + |Vea| < € implies that Hess¢ea has r eigenvalues which absolute values are
greater than e.
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Again, combining this with the arguments of Theorem 4.4.9 of [6] we arrive
at the following generalization of Proposition 3.12.

Proposition 3.18. Let A be a scalar operator satisfying the conditions (1.9)
and (3.44)1, and let k > 0. Then the standard Weyl asymptotics (3.27)—(3.29),
(3.8) holds with the remainder estimate O(h'=47%),

3.5.2 Now, we can prove our main result for scalar operators:

Theorem 3.19. Consider scalar operator. Let the conditions (1.9) and

> |[VEa| > e (3.47),,

0<k<n

with some n be fulfilled. Let w satisfy (2.7) and k > 0. Then the stan-
dard Weyl asymptotics (3.27)—(3.29), (3.8) holds with the remainder estimate
O(ht=d=r),

Proof. Part I. In this part of the proof, we consider at each step only the
zone (3.45), where v will be defined in different ways later. The treatment of
the complementary zone will be described in Part II.

So, we proved the statement of the theorem under the condition (3.44);
which is equivalent to (3.47)s.

Let us apply an induction with respect to n. Assume that, under the con-
dition (3.47),, the required estimate is proved.

In the general case (without the condition (3.47),), we can introduce scal-
ing functions in the manner similar to (3.41):

~v(zx, &) :5( Z |vlga‘N/(n—k+1)>(n+l)/N +Ch(n+1)/(n+2)7
0<k<n
p(x,&) =4 2, ¢) (3.48)n

with N = (n+ 1)l

Therefore, under assumption of induction, we get again the remainder
estimate Ch!~%+* M with M given by (3.42), where this time the right-hand
expression becomes

M= / A (E=n=2)/(n41) g de. (3.49),,
under the condition (2.4) this expression becomes

K— n n— w1
M= [ g[S [k (350,
5 5 1<k<n
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which is O(1) under assumption |V2+1a| > g (as lower order derivatives
with respect to £ are close to 0). This is exactly the condition (3.47),41.

So, now we have a proper estimate under the condition (3.47),+1 instead
of (3.47)y, but now we also need the condition (2.4).

Without the condition (2.4), we would need something different; for ex-
ample, ignoring the integration with respect to x, one should assume that
rank(VgHa) + Kk > n + 2, where the rank of multilinear symmetric m-form
G is d — dimKerG; KerG = {x : G(z,2?,...,2™) = 0 V22, ..., 2™}. This is
rather unusable.

Instead, I want to weaken the condition (2.4), replacing it by

> VLV > e (3:-5)n+1,m
2<j<n+1, lim+j5:(n+1)<1

for some m > 0 which is not necessarily an integer. Obviously in our assump-
tions (2.4) coincides with (3.51),41 1.

Let us run a kind of nested induction. So, let us assume that, under the
conditions (3.47)n+1 and (3.51),41,m, the remainder estimate O(h*=97%) is
proved.

Now, we can go to something similar (3.46):

1/N
V(z, &) = 6( > IV'EVQGIN‘””) +7,
k,:kin+l:m<1
y = CRID/(mint2) i ) = o (mFD)/(n4D) (g gy, (3.52)m
n+1

T 4+ ) (n+1) — (m+ 1k — (n+ 1)1

Then we recover the remainder estimate Ch'~4=% M with M defined by (3.42)
which is now
M= /771+(m+1>(~71)/(n+1> dude = /p7<n+1>/<m+1>+<m71> dude.

(3.53)nm
Under the condition (3.47),+1, we can assume without any loss of generality
that

a(%f) = Z b](.’E,g/) ;H_l_jv bO - ]-7 bl = Oa (354)
0<js<n+1

we can always reach it by change of coordinates and multiplication of A by
an appropriate positive pseudo-differential factor. Then

p= &l +p, p=7F(z,&)mT/ D),

7= > Ve V5by[ e+t 4.
3.k, (k+7)m~+(l:m)<1

(3.55)
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Then

M = /ﬁf(n+1)/(m+1)+ﬁ dl'dgl = /§71+(m+1)ﬁ/(n+1) dl'dé-/ (356)nm

(with an extra logarithmic factor as the power is 0). Then M = O(1) as
(m+1Dkr/(n+1)>1. (3.57)

Moreover, M = O(1) provided that there exists (j,k,1) with [VEVLb;| >
eo and either k > 1, (k+j5—-1):n+1:m <1, sgjm1y < lorl >1,
(k+j):n+(1—-1):m <1, spqji-1 < 1.

Therefore, one can derive easily

If the remainder estimate O(h'~97*) holds under the con-
dition (3.51)p41,m/ for every m’ < m, then it also holds (3.58)
under the condition (3.51),41 m.-

On the other hand, there exists a discrete set {m,},=12. . with m; <
mg < ... such that if the condition (3.51),,11 », is fulfilled for m = m,, then
it is fulfilled for all m € (m,, m,41) as well.

This justifies induction with respect to m running this set and therefore,
the remainder estimate O(h'~9~*) holds under the condition (3.51),,11., no
matter how large m is. However, if m is large enough, the condition (3.57) is
fulfilled and we do not need the condition (3.51),,+1,, anymore.

This concludes induction with respect to n. a

Proof. Part II. However, in contrast to standard asymptotics, we need to con-
sider not points (x, ), but pairs (z, &;y,n) and the pure standard arguments
work in the zone (3.45).

It follows from the standard theory that if Qx and @, have symbols sup-
ported in e(pg,v.)- and e(py, vy )-vicinities of (z,§) and (y,n) respectively,
then

1Q=EQyll < Ch™(paa) 2 (pyy) ™/ (3.59)
moreover, if either |z —y| > €97y, or |€ — 1| = €ops, then
1QaEQyll < Ch ()2~ ()2, (3.60)

Surely, the same will be true with (z,&) and (y,n) permuted.
Then the contribution of such a pair to the error estimate does not exceed

Ch (o) > M pyyy) Y2 | — y| =" (3.61)

if |z —y| = €ova-
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Otherwise, the contribution of the pair 1,Q. and @, to the error esti-
mate does not exceed Ch'=%(p,7.)¥? 1 (pyv,)¥?y~", where 1, (1 — ;)
are supported in {|x —y| > v} and {|z — y| < 2y} and v > hp, L.

Furthermore, since

QeEQy| < Ch!=4pl/2=1y 1 pld/2 (3.62)

due to the standard arguments, the contribution of the pair (I —;)Q, and

@y to the error does not exceed C’hz_zdpg_ngv;Q’y;’yd_“ Plugging v = hp; !,

we estimate the contribution of the pair @, Q4 by
CRY= T (paya) 2 oy )2 0l + CR2 = 2 5y 2 pyy (3.63)

which is larger than (3.61).
In these estimates, we do not need nondegeneracy condition and therefore,
as (y,n) and (z, &) are given, we can take

pe = py = |z —yl” + 1€ —nl, 7% = wlr —y|+ 1€ =", (3.64)

where p = 77 on the corresponding step of our analysis. Then as (z,() are
fixed contribution of {|z — 2| <, |y —z| <7, [{ = ¢ < p, In—(I < py |z —y[+
|€ —n[*? > e} to the error does not exceed this expression

ORI =T (o)™ + OB~ (py) 2", (3.65)

where the second term is less than the first one.
Then the total contribution of the zone in question to the error does not
exceed

Ch'~? /// VR0 dydn T dy (3.66)

where equation is taken over {7y > v, } and the integral in question is equiv-
alent to Mh'~? where M =1 as o(k — 1) > 1,

3 = [[[ 1ot dyan (3.67)

as o(k — 1) =1 and, due to (3.47),, M =< 1 as well,

3 = [[[ 2@ aya (3.68)

as o(k — 1) < 1, and, on each step of the induction, we already proved that
M =1. g
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3.6 General microhyperbolic case. 11

Let us consider a matrix operator. Let A;(z,§) be eigenvalues of its principal
part. Then |V, ¢ ;| < ¢ and microhyperbolicity with respect to £ means that

Aj (@8 <o = (EN))(@,§) 2 e0 Vi (3.69)

Let us consider the zone
Uy = {(2,€) 1N S minfAel}, (3.70)
and let us define here
ol Lef min |\ | + l’y (3.71)
k#j 2

and p = . Consider the zone

{y=le—yl+1€—nl+~} (3.72)

and rescale & — x/7, & — £/, A\x — A\¢/7, h — h/y? preserving the micro-
hyperbolicity condition (2.15) and simultaneously making an operator with
[Ak| = 1 for k # j and therefore, the analysis of this operator is not dif-
ferent from the scalar one. Unfortunately, we cannot use the nondegeneracy
conditions of Subsects. 3.4-3.5 which would not survive this, but the micro-
hyperbolicity condition survives and we assume that (2.15) is fulfilled.

Then as the main part of the asymptotics is given by the standard Weyl
expression (3.27)—(3.29), the contribution of the zone (3.72) (intersected with
{7y = Co~}) to the remainder does not exceed

_o\1—d—Kx _
Ri= [l Ty,
2in{v=Cn}
= Cpl-d=r / Y2 dg; (3.73)
Zin{y=v}

with X = {(z,£) : \; =0} and dp; = dzdf : d\; density on it.

Let us fix v = Ch'/2. Then, in the complementary zone, Up; {|\j|+| x| <
Cy} one needs just to make a rescaling x — z/7, € — £/~ which sends h to
1 and no microhyperbolicity condition would be needed and the contribution
of this zone would not exceed

Ry, = C’h*d*"/Qmeas{\)\j\ + |kl < Ch1/2}- (3.74)
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So, the total contribution of the zone U;i{; to the remainder is given by

2 B+ 2 ek Bk
Assuming that

0i (X5 [Ak] < 1) +t "meas{|A;| + [\i| < t} = O(t"), (3.75)

we get, under the additional assumption r + x > 2 (which is always fulfilled
as r > 2), that R; = O(h'~97%) while R}, = O(h?) with

1 T
q=—d 2;‘<&+2, (3.76)

which is O(h'~97%) as well.

On the other hand, as r + x < 2 we get that R; = O(h?), R}, = O(h?)
with ¢ given by (3.77).

Finally, as r+x = 2 we get R; = O(h'=%"|logh|) and R, = O(h'=47%).

Assume temporarily that no more than two eigenvalues can be close to 0
simultaneously. Then we are already done since, in the zone complimentary
to (3.72), we redefine v = (|x — y| 4 |£ —n|) and apply the same rescaling as
before and one does not need microhyperbolicity condition.

Let us apply the induction by m assuming that no more than m eigenvalues
can be close to 0 simultaneously. Then we can define on each step

v(z,€) = EJ:gﬁgmg}glglkk(x,ﬁ)l +7 (3.77)

and repeat all above arguments. We arrive at

Theorem 3.20. Let the conditions (1.9), (1.7), (2.15), and (3.75) be fulfilled.
Then the standard Weyl asymptotics (3.27)-(3.29) holds with the remainder
estimate

(i) which is O(h*=3=(m=1r) g5 1 4+ 5 > 2;

(ii) which is O(h?) with q defined by (3.76) as r+qx < 2 and O(h*~4=*|log h|)
asr+ Kk =2.

Remark 3.21. The condition (3.75) is fulfilled provided that Aj; = {};
A = 0} are smooth manifolds of codimension r and |\;| =< |Ag]
dist((x, ), Ajx) in its vicinity; this assumption should be fulfilled for all j # k.

)l
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Abstract Uniform stabilization with nonlinear boundary feedback is asserted
for classes of hyperbolic and Petrowski type multidimensional partial differ-
ential equations with variable coefficients (in space), as a consequence of the
continuity (boundedness) of the corresponding purely boundary control —
boundary observation open-loop map of dissipative character, of interest in
its own right. The interior is assumed inaccessible. There are explicit hyper-
bolic/Petrowski type dynamical PDE classes where such a property holds
and classes where it fails. When available, it has a number of attractive and
unexpected consequences. In particular, when accompanied by exact control-
lability of the corresponding open-loop linear model, it implies uniform stabi-
lization with optimal decay rates—when a nonlinear function of the boundary
observation closes up the loop, to generate the corresponding boundary feed-
back dissipative problem.
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Hyperbolic/Petrowski Type PDEs with Boundary
Control
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Sobolev spaces are the established and universal language of partial differ-
ential equations: they permeate the settings within which partial differential
equations are studied and analyzed. This is, in particular, the case of the mod-
ern control theory of partial differential equations. Here, desired behaviors of
the solutions of dynamical systems are actively synthesized by an appropriate
choice of input or control functions, in order to achieve the pre-determined
goals. In the case of partial differential equations, control functions are typi-
cally, and most challengingly, sought to act on the boundary of the bounded
spatial domains, whereby the precise link between the Sobolev regularity of
boundary control function and the Sobolev interior regularity, or Sobolev
boundary regularity of a suitable trace, of the solution becomes critical. The
present paper fits in the aforementioned framework.

1.1 A key open-loop boundary control-boundary
observation map: orientation

In this paper, we focus on a suitable open-loop boundary control — bound-
ary observation regularity property of dissipative character for linear (second
order and first order) hyperbolic and Petrowski type multidimensional PDEs.
Besides being of interest in itself, this property—when it holds —opens the
door to a variety of optimal control/min-max purely boundary problems;
and, moreover, it has unexpected links and consequences. This will be elab-
orated below with more details. Thus, in this paper, we revisit a boundary
— boundary regularity issue already studied in our past efforts [48, 49]. Now
we complement these references by providing new insight, new positive and
negative examples, new connections. Moreover, we extend these references’
setting (by considering equations with variable coefficients in space in the
principal part), as well as their scope (by encompassing a markedly larger
class of nonlinear boundary feedbacks with no a priori assumptions near the
origin). Indeed, here we choose to pursue the link between the validity of this
open-loop boundary control — boundary observation regularity property of
the original linear problem and its consequences on the uniform stabilization
of a corresponding closed-loop problem with monlinear dissipative bound-
ary feedback. We do so, both at the abstract level, as well as for several
“concrete” and explicit classes of hyperbolic and Petrowski type multidimen-
sional PDEs, with variable coefficients (in the space variable). Within such
dynamics, there are explicit PDE classes—originally identified in [48, 49],
and further expanded here—where such a property holds and classes where
it fails. As indicated above, when such (strong and desirable) boundary con-
trol — boundary observation regularity property is established, a number of
attractive and unexpected consequences follow. First, it permits the setting,
and consequent study, of the optimal control, or min-max game theory prob-
lem with a purely boundary control/boundary observation cost functional.
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Second, it implies (but generally it is not implied by) a desirable interior
regularity result, from the boundary control to the solution in the interior,
of the type that has been shown for first order hyperbolic systems [15, 71],
and for second order hyperbolic equations with Dirichlet boundary control
[26, 27, 22], [31]-]38], [41]-[44], [63, 46, 87], and their numerous successors.
Third, it provides an explicit link between two open-loop controls—the one
for the original conservative system and the one for the dissipative system—
that steer the same initial condition to rest, along their respective dynamics.

Finally, when accompanied by exact controllability (equivalently, contin-
uous observability) of the corresponding linear model, it implies uniform
stabilization with optimal decay rates—according to the strategy laid out
in [24] in the case of wave equations and exported to many other dynam-
ics [47] (shells), [51] (Schrodinger equations)—when a nonlinear function of
the “open-loop dissipative” boundary observation closes up the loop, to gen-
erate a corresponding boundary feedback, closed-loop, dissipative nonlinear
problem. A distinctive feature of said uniform stabilization strategy of the
nonlinear boundary problem is that optimal decay rates for the energy of
the closed-loop boundary nonlinear feedback system can be derived via an
explicitly constructed, nonlinear, monotone, first order, separable ordinary
differential equation, without any a priori knowledge of the behavior of the
dissipation at, or near, the origin (which is the region responsible for the
decay rates).

In our presentation here, we opt to emphasize, at first, the desirable con-
tinuity property of the aforementioned boundary control — boundary obser-
vation open-loop map, and to reveal its dissipative character, in the context
of concrete PDE models, where it has, moreover, a physically attractive in-
terpretation. For each class given here where such boundary — boundary
linear map is bounded (continuous), we then present the ultimately sought-
after nonlinear stabilization result for the corresponding closed-loop bound-
ary dissipative problem. This is obtained by simply taking the open-loop
map, applying a suitable nonlinear function to it (in particular, the identity),
and closing up the associated loop.

We begin with the most challenging case: second order wave equations
with variable coefficients (in the space variable). Here, we provide and put
together a clean, consequential presentation of the results of [48, 49] (as they
stand in references difficult to retrieve, as the publication of that journal
has been discontinued for over a year due to a change of publishing policy,
it is not handy to utilize [49] to correct an erroneous statement which oc-
curred in [48], which, however, required a minor correction in the proof to
reach the opposite conclusion). As already noted, for this class of wave equa-
tions under Dirichlet-boundary control, establishing the desired continuity
property of the (Dirichlet-) boundary control — (Neumann-) boundary ob-
servation is a challenging task of regularity theory, which goes well beyond
the results and techniques of the otherwise comprehensive treatment of reg-
ularity of [22, 26, 27]. In our proof presented in Sect. 4, it requires, in fact,
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an additional pseudodifferential analysis in the “elliptic sector” of the dual
(or Fourier) variables. We also provide—at the end of Sect. 2—classes of
PDEs where the aforementioned boundary control — boundary observation
open-loop map fails to be bounded (continuous): typically, these PDE models
involve the Neumann boundary control, and thus fail to satisfy the Lopatin-
ski condition. See, however, Sect. 9, involving the Schrédinger equation with
Neumann boundary control with respect to two state spaces H¢(£2), € > 0,
and LQ(Q)

Throughout the paper, the PDE classes will be based on the following
second order differential expression

- 0 ow
Aw = Z axz <aij(l‘) a$]>

i,j=1

(1.1.0)
with Y ai(2)&& >a Y &, z€2, a>0,

,j=1 ,j=1

with real coefficients a;; = aj;, of class C?, satisfying the uniform ellipticity
condition for some positive constant a > 0. When supplied with suitable
homogeneous boundary conditions (such as in (4.1.6)), A becomes a negative,
self-adjoint operator. We recover (A) in the case of constant coefficients.

1.2 An historical overview on regularity, exact
controllability, and uniform stabilization of
hyperbolic and Petrowski type PDEs under
boundary control

At first, naturally, PDE boundary control theory for evolution equations tack-
led the most established of the PDE classes—parabolic PDEs—whose Hilbert
space theory for mixed problems was already available in close to an optimal
book-form [60, 65] since the early *70s. Next, in the early ’80s, when the study
of boundary control problems for (linear) PDEs began to address hyperbolic
and Petrowski type systems on a multidimensional bounded domain [28, 8]
(see the books [5, 39, 46] for overview), it faced at the outset an altogether
new and fundamental obstacle, which was bound to hamper any progress.
Namely, that an optimal, or even sharp, theory on the preliminary, founda-
tional questions of well-posedness and global regularity (both in the interior
and on the boundary, for the relevant solution traces) was generally miss-
ing in the PDEs literature of Mixed (Initial and Boundary Value) Problems
for hyperbolic and Petrowski type systems [60]. Available results were often
explicitly recognized as definitely non-optimal [65, Vol. 2, p. 141]
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Hard analysis energy methods.

A happy and quite challenging exception was the optimal—both interior and
boundary—regularity theory for mixed, non-symmetric, non-characteristic
first order hyperbolic systems, culminated through repeated efforts in the
early ’70s [15, 70, 71]. Its final, full success required eventually the use of
pseudodifferential energy methods (Kreiss’ symmetrizer). Apart from this
isolated case, mathematical knowledge of global optimal regularity theory
of hyperbolic and Petrowski type mixed problems was scarce, save for some
trivial one-dimensional cases. Thus, in this first incipient phase, one may say
that optimal control theory [28, 8, 60] provided a forceful impetus in seeking
to attain an optimal global regularity theory for these classes of mixed PDE
problems. To this end, PDE (hard analysis) energy methods—both in differ-
ential and pseudodifferential form—were introduced and brought to bear on
these problems. The case of second order hyperbolic equations under Dirich-
let boundary control was tackled first. The resulting theory that turns out to
be optimal and does not depend on the space dimension [26, 27, 45, 22, 61].
It was best achieved by the use of energy methods in differential form. The
case of second order hyperbolic equations, this time under Neumann bound-
ary control, proved far more recalcitrant and challenging (in space dimension
strictly greater than one), and was conducted in a few phases. The additional
degree of difficulties for this mixed PDE class stems from the fact that the
Lopatinski condition is not satisfied for it. Unlike the Dirichlet boundary con-
trol, the Neumann boundary control case requires pseudodifferential analysis.
Final results depend on the geometry [34, 36, 38, 45, 76].

Naturally, in investigative efforts which moved either in a parallel or in a
serial mode, the conceptual and computational “tricks” that had proved suc-
cessful in obtaining an optimal, or sharp, regularity theory for second order
hyperbolic equations, were exported, with suitable variations and adapta-
tions, to certain Petrowski type systems (see, for example, [31, 32, 35, 40,
41, 43, 44, 62, 64]. The lessons learned with second order equations served
as a guide and a benchmark study for these other classes. To be sure, not
all cases have been, to date, completely resolved. The problem of optimal
regularity of some Petrowski systems with “high” boundary operators is not
yet fully solved. However, a large body of optimal regularity theory has by
now emerged, dealing with systems such as: Schrodinger equations; plate-
like equations of both hyperbolic (Kirchhoff model) and non-hyperbolic type
(Euler—Bernoulli model), etc. Subsequently, additional more complicated dy-
namics followed, such as: system of elasticity, Maxwell equations, dynamic
shell equations, etc. A rather broad account of these issues under one cover
may be found in [39, 62, 64, 45], [46, Vol. 2], etc.
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Abstract models of PDE mixed problems.

Simultaneously, and in parallel fashion, the aforementioned investigative ef-
forts since the mid-70’s also produced “abstract models” for mixed PDE
problems, subject to control either acting on the boundary of, or else as
a point control, within a multidimensional bounded domain: [2, 93, 94] for
parabolic problems; [80, 26, 27] for hyperbolic problems. Though, in particu-
lar; operators arising in the abstract model depend on both the specific class
of PDEs and on its specific homogeneous and nonhomogeneous boundary
conditions, one cardinal point reached in this line of investigation was the
following discovery: that most of them—but by no means all [7, 23, 86]—are
encompassed and captured by the abstract model:

Y= Ay+ Bu, in [D(A")], y(0) =yo €Y, (1.2.1)
where U and Y are, respectively, control and state Hilbert spaces, and where:

(i) the operator A : Y D D(A) — Y is the infinitesimal generator of a
strongly continuous (s.c.) semigroup eAtonY,t>0;

(ii) B is an “unbounded” operator U — Y satisfying B € L(U; [D(A*)]) or
equivalently, A='B € L(U;Y). Above, as well as in (1.2.1), [D(A*)]’ denotes
the dual space with respect to the pivot space Y, of the domain D(A*) of the
Y-adjoint A* of A. Without loss of generality, we take A= € L(Y).

Many examples of these abstract models are given under one cover in
[5, 39] and [46, Vols. 1-2]. They include the case of first order hyperbolic sys-
tems quoted before, where again the need for an abstract model came from
boundary PDE control theory, and was not available in the purely PDE the-
ory per se. See [46, Subsect. 10.6] and [48, Subsect. 4.1]. Accordingly, having
accomplished a first abstract unification of many dynamical PDE mixed prob-
lems, it was natural to attempt to extract—wherever possible—additional,
more in-depth, common ‘abstract properties,” shared by sufficiently many
classes of PDE mixed problems. For the purpose of this note, we focus on
three “abstract properties:” (optimal) regularity, exact controllability, and
uniform stabilization.

Regularity.
The variation of the parameter formula for (1.2.1) is

y(t) = ey + (Lu)(t); (1.2.2a)
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t

(Lu)(t) = / eA=7) Bu(r)dr;

0
(1.2.2b)

T
Lru = (Lu)( /eATtBu t)dt.
0

Per se, the abstract differential equation (1.2.1) is not the critical object of
investigation. It is good to have it, inasmuch as it yields (1.2.2). The key
element that defines the crucial feature of a particular PDE mixed problem,
is, however, the regularity of the operators L and L. This is what was
referred to above as “interior regularity:” the control v acts on the boundary,
while Lu is the corresponding solution acting in the interior. Accordingly,
this pursued line of investigation brought about a second, abstract realization
[26, 27, 28, 45]: that of determining the “best” function space Y for each class
of mixed hyperbolic and Petrowski type problems, such that the following
interior regularity property holds:

L : continuous L2(0,T;U) — C([0,T];Y), (1.2.3)

for one, hence for all positive, finite T'. Presently, such space Y is explicitly
identified in most (but by no means all) of the mixed PDE problems of
hyperbolic or Petrowski type. [The case Y = [D(A*)]’ is always true in the
present setting, and not much informative, save for offering a back-up result
for (1.2.1).] An equivalent (dual) formulation is given in (1.2.4) below [27,
28, 8].

For the mixed PDE classes under considerations, achieving the regularity
property (1.2.3) with the “best” function space Y is the accomplishment
of hard analysis PDE energy methods, tuned to the specific combination of
PDE and boundary control, which first produce, for each such individual
combination, a PDE-estimate for the corresponding dual PDE problem. The
precursor was the multidimensional wave equation with Dirichlet control [26,
27, 22]. All such a priori estimates thus obtained on an individual basis admit
the following “abstract version:”

Li = B*e™t . continuous Y — Lo(0,T;U), (1.2.4)

where Lr is defined by (1.2.2b) [26, 27, 22].

In PDE mixed problems, property (1.2.4) is a (sharp) ‘trace regularity
property’ of the boundary homogeneous problem, which is dual to the corre-
sponding map Ly in (1.2.2b): from the L2(0,7T; U)-boundary control to the
PDE solution at time 7', see many examples in the books [39, 46]. Indeed,
such a PDE estimate is both nontrivial and unexpected, and typically yields
a finite gain (often é) in the space reqularity of the solution trace over a
formal application of trace theory to the optimal interior regularity of the
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PDE solution. Some PDE circles have come to call it “hidden regularity,”
and with good reasons. It was first discovered in the case of the wave equa-
tion with Dirichlet control [27]. It should be referred to, more precisely, as
“hidden sharp regularity.”

Only after the fact, if one so wishes, functional analytic methods can be
brought into the analysis to show that, in fact, the abstract trace regularity
(1.2.4) is equivalent to the interior regularity property (1.2.3) [27, 28, 8].
[Needless to say, this can actually be done also on a case-by-case basis for
each PDE class.] This is the spirit of abstract, unifying treatments of optimal
control problems for PDE subject to boundary (and point) control, that can
be found in books such as [39, 5] and [46, Vol. 2]. As mentioned above, the
regularity (1.1.4) is equivalent to the regularity (1.2.3) by a duality argument
[27, 28, §].

Surjectivity of Lt, or exact controllability.

In a similar vein, we can describe the second abstract dynamic property of
model (1.2.1) or (1.2.2); namely, the property that the input-solution operator
L, defined in (1.2.2b), satisfies

Lt be surjective : L2(0,T;U) — onto Y7, (1.2.5)

where Y7 C Y. In the most desirable case Y7 is the same space Y as in
(1.2.3). This is, in fact, often the case with hyperbolic and Petrowski type
systems, but is by no means always true [example, second order hyperbolic
equations with Neumann control, Euler—Bernoulli plate equations with con-
trol in “high” boundary conditions]. For time reversible dynamics such as the
hyperbolic and Petrowski type systems under consideration, the functional
analytic property (1.2.5) is re-labelled “exact controllability in Y7 at t = T7”
in the PDE control theory literature. By a standard functional analysis result
[77, p. 237], property (1.2.5) is equivalent by duality to the following so-called
“abstract continuous observability” estimate:

T
|L32I| > Crllz] or / |B et e3dt > Crllal}, VeeYi, o (1.26)
0

perhaps only for T sufficiently large in hyperbolic problems with finite speed
of propagation, which we recognize as being the reverse inequality of (1.2.4),
at least when Y7 =Y, and T is large.

The crux of the matter begins now: How does one establish the validity of
characterization (1.2.6) for exact controllability in the appropriate function
spaces U and Y;—in particular, if we can take Y7 = Y—for the classes of
multidimensional hyperbolic and Petrowski type PDE with boundary con-
trol? The answer is: by appropriate PDE-energy methods, tuned to each
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special class/problem. Negative results on exact controllability are given in
[79, 85].

Uniform stabilization.

One may repeat the same set of considerations, in the same spirit, when
it comes to establishing uniform stabilization of an originally conservative
hyperbolic or Petrowski type system, by means of a suitable boundary dis-
sipation. The abstract characterization is an inverse type inequality such as
(1.2.6), except that it refers now to the boundary dissipative mixed PDE
problem, not the boundary homogeneous conservative PDE problem. The
particular abstract inequality will be given below in (1.3.12), in the context
under discussion. Typically, establishing the uniform stabilization inequality
for the class of hyperbolic, or Petrowski type PDEs under discussion is more
challenging, sometimes by much, than obtaining the corresponding special-
ization of the continuous observability inequality (1.2.6). Negative results on
uniform stabilization are given in [82, 84].

Constant coefficients versus variable coefficients.

Here the situation regarding the aforementioned three properties is clear:

(1) Regularity of solutions (PDE specialization of the “abstract trace regu-
larity” (1.2.4)): variable coefficients (in time and space) in the principal part
and in the lower order terms are benign (provided they are suitably smooth).
That is, the PDE tricks (energy methods) which work in the case of constant
coefficients in the principal part and no lower order terms, when applied to
the more general variable coefficient case, produce lower order terms that can
be readily absorbed in the sought-after estimates. This has been known since
the 1986 paper [22] on second order hyperbolic equations.

(2) Continuous observability and uniform stabilization estimates (PDE
specialization of (1.2.6) and (1.3.12)). Here, the situation is drastically dif-
ferent. Even the presence of energy-level terms, particularly with variable
coefficients, represents a major additional difficulty. A further serious level
of difficulty is encountered in the case of variable coefficients (in space) in
the principal part. To overcome these serious challenges, a few new methods
have been introduced. The authors have favored energy methods in a suitable
Riemannian metric defined in terms of the coefficients a;;(x) of the principal
part A in (1.1.0). For Riemannian geometric methods in exact controllability
and uniform stabilization, we refer to [10], [53]-[55], [89, 91, 92], [95]-[97].
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1.3 Abstract setting encompassing the second order
and first order (in time) hyperbolic and Petrowsksi
type PDEs of the present paper

The correct abstract setting for the present classes of PDE-problems here
considered was given in [19], [46, Chapt. 7, p.663], and used in [48].

A second order equation setting.

Let H, U be Hilbert spaces, and let
(h.1)  A:H D D(A) — H be a positive self-adjoint operator;

(h.2) Be L(U;[D(A2)]'); equivalently, A~28 € L(U; H).
We consider the open-loop control system
v + Av = Bu, v(0) = vg, v(0) = vy, (1.3.1)
as well as the corresponding closed-loop, dissipative feedback system
wy + Aw + BB wy =0,  w(0) = wg, we(0) = wy. (1.3.2)

We rewrite (1.3.1) and (1.3.2) as first order systems of the form (1.2.1) in the
space Y = D(A2) x H:

p [;)t((tzf))] =4 B(t)} fBu {w(t)] — Ap {w@) ]; (13.3)

01 0 I . . [0
=[O a0 f ] ammm =8 s

with obvious domains. The operator Ar is maximal dissipative and thus the
generator of a s.c. contraction semigroup e4¥t, t >0, on Y [46, Proposition
7.6.2.1, p. 664].

Setting y(t) = [w(t), w:(t)], yo = [wo,w1], we have that the variation of
parameter system for the w-problem is

t

[;U((?)} = y(t) = eAFtyy = eAlyy — /eA(t*T)BB*eAFTyOdT (1.3.5a)
¢

= eMyo — {L(B e o) } (1), (1.3.5b)

recalling the operator L defined in (1.2.2b).
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A first order equation setting

We now consider a first order model with skew-adjoint generator. Let Y and
U be two Hilbert spaces. The basic setting is now as follows:

(a.1) A= —A*is askew-adjoint operator Y D D(A) — Y, so that A =S5,
where S is a self-adjoint operator on Y, which (essentially without loss
of generality) we take positive definite (as in the case of the Schrédinger
equation of Sect. 6 below).

Accordingly, the fractional powers of S, A, A* are well defined.

(a.2) B is a linear operator U — [D(A*2)], duality with respect to Y as a
pivot space; equivalently, Q = A :Be L(U;Y) and B*A*": € LY;U).

The first order setting under (a.l) and (a.2), includes the second order
setting under (h.1) and (h.2).

Under assumptions (a.1) and (a.2), we consider the operator Ap : Y D
D(AF) — Y defined by

Apx =[A—BB*|x; t e D(Ap) ={x €Y :[A—BB*lz €Y}. (1.3.6)

Proposition 1.3.1. Under assumptions (a.1) and (a.2) above, we have, with
reference to (1.3.6):

(i) We have
D(Ap) = A~2[I —iQQ*]"'A~2Y C D(A2) C D(B*); (1.3.7a)
Apt = A7:[1 —iQQ*) 1A~ € L(Y). (1.3.7b)

(ii) The operator Ap is dissipative; in fact, mazimal dissipative, and hence
the generator of a s.c. contraction semigroup e*F* on'Y, t > 0. [Similarly,
the Y-adjoint A}, is the generator of a s.c. contraction semigroup on Y, with

A"F1 given by the same expression (2.7b) with “+7 sign rather than “—" sign
for the operator in the middle.]
(iii) Hence the abstract first order, closed-loop equation
y=(A-BB")y, y(0)=yeY (1.3.8a)

(obtained from the open-loop equation

7= An+ Bu (1.3.8b)
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with feedback w = —B*y) admits the unique solution y(t) = eAFtyy, t > 0,
satisfying the energy identity

t
ly®I5 + 2/ IB*y(D)lIGdr = lyo(s)llF,  0%s <t. (1.3.8¢)

In particular,

0o ) .
J1B Y@l dr =l (1.3.84)
0

Proof. (i) Let © € D(AFp). Then we can write
Apx =[A— BB*|lx = A2[[ — (A2 B)(B*A™2)|Ax
= A2 —iQQ* A 2z =f€Y, (1.3.9)

with Q = A=2B € L(U;Y) by assumption, and A* = B*A*~2 € L(Y;U),
its dual or conjugate. Here, we have used (a.1): A* = —A, so that A*2 = Az,
hence A=2 = jA~2, finally B*A~2 = iB*A*~2 = iQ*. It is clear that the
operator [I —iQQ*], where QQ* € L(Y) is nonnegative, self-adjoint on Y, is
boundedly invertible on Y. Thus, (1.3.9) yields

r=Ap f = A2 —iQQ*|'A": f € D(Ap), f €Y, (1.3.10)

and (1.3.7a-b) is proved. Then the identity in (1.3.7a) plainly shows that
D(Ar) C D(A2), while D(A2) C D(B*) by assumption (a.2). Part (i) is
proved.

(ii) We next show that Ap is dissipative. Let @ € D(Ap). Thus, = €
D(Az) = D(A*2) C D(B*) by part (i). Hence we can write if (|, ) is the
Y -inner product:

Re(Arz,7) = Re([A — BB*]z,z) = Re(z,z) — || B*z||? (1.3.11a)
< —||B*z||> <0 V€ D(Ar), (1.3.11b)

since Re(Az,z) = Re{—i||A2z||2} = 0, where each term in (1.2.11a-b) is
well-defined. Thus, Ap is dissipative.

Finally, since A" € £(Y) by part (i), then (A\g—Ap)~' € L(Y) as well for
a suitable small Ay > 0, and then the range condition: range(Ao— Ar) =Y is
satisfied, so that Ar is maximal dissipative. By the Lumer—Phillips theorem
[69, p. 14], AF is the generator of a s.c. contraction semigroup on Y. The
same argument shows that A} is maximal dissipative.
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(iii) A standard energy method: one takes the Y-inner product of (1.3.8a)
with y, uses 2 & [ly(t)|3 = Re(y,y)y, as well as Re(Ay,y) = 0 for A skew-
adjoint, and integrates in time. O

Remark 1.3.1. One can, of course, extend the range of Proposition 1.3.1, by
adding to A a suitable perturbation P: either P € L(Y) or else P relatively
bounded dissipative perturbations as in known results [69, Corollary 3.3,
Theorem 3.4, p. 82-83] for instance, and still obtain that [(A+ P) — BB*] is
the generator of a s.c. semigroup (of contractions in the last two cases). O

The main thrust of references [48, 49].

The main thrust of authors’ prior efforts in [48, 49] (two references very diffi-
cult to obtain, due to problems of the journal, which was also discontinued for
some time) dealt with a question which was raised in [9, Theorem 3] only in
connection with the second order system (1.3.1), (1.3.2) subject to assump-
tions (h.1) and (h.2) that precede (1.3.1). However, in view of [48, Propo-
sition 1.3.1] likewise extended the same question to the first order systems
(1.3.8a-b) subject to assumptions (a.1) and (a.2) that precede Proposition
1.3.1. For both problems we have A* = —A, the skew-adjoint property of
the free dynamics generator. With reference to the systems (1.3.1), (1.3.2),
the question was: Is it true that exact controllability of (1.3.1) on the state
space Y = D(A2) x H by means of Ly(0,T;U)-controls is equivalent to
uniform stabilization of (1.3.2) on the same space Y7 Reference [48] ex-
tended this question also in reference to the systems (1.3.8a-b), in order to in-
clude, for instance, also the Schrodinger equation case of Sect. 4. Henceforth,
{A, B, Ap,Y,U} refer either to (1.3.5) or to (1.3.8), indifferently. Quantita-
tively, we may reformulate the above equation as follows: Is the continuous
observability inequality (1.2.6) [which characterizes exact controllability of
(1.2.1) with A and B asin (1.3.4) or as in (1.3.8b)] equivalent to the inequal-

ity

T
/ 1B A talZdt > erlle Tz Vaey, (1.3.12)
0

which characterizes the uniform stability of the w-problem (1.3.2) or the
y-problem (1.3.8a)7 In our case, A is skew-adjoint A* = —A. Thus, exact
controllability of {A, B} (that is of (1.3.1) or (1.3.8a)) over [0, T'] is equivalent
to exact controllability of {A*, B} over [0, T]. In other words, in our case, the
inequality (1.2.6) is equivalent to

T
/||B*eAtx||?]dt S|z VazeY. (1.3.13)
0
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Thus, the present question is rephrased now as follows: Is the inequality
(1.3.12) equivalent to the inequality (1.3.13)7

In one direction, the implication: uniform stabilization of (1.3.1) or (1.3.8b)
[i.e., (1.3.12)] — exact controllability of (1.3.1) or (1.3.8b) [i.e., (1.3.13)] was
shown by Russell [72, 73] some 30 years ago, by virtue of a clean soft argu-
ment.

In the opposite direction, we have the following:

Claim 1.3.1 ([48]). With reference to the second order equations (1.3.1),
(1.3.2) [respectively, the first order equations (1.3.8a-b), assume the preced-
ing assumptions (h.1) and (h.2) [respectively, (a.1) and (a.2)]. Then, the
implication: the exact controllability of (1.3.1) or (1.3.8b) [i.e., (1.3.13)] =
uniform stabilization of (1.3.2) or of (1.3.8a) [i.e., (1.3.12)] holds, if one adds
the assumption that

the operator B*L: continuous Lo(0,T;U) — L2(0,T;U). (1.3.14)

Remark 1.3.2. We remark that if B is, in particular, a bounded operator,
B € L(U;Y), then [condition (1.2.3) and] condition (1.3.14) is, a fortiori,
satisfied. Thus, in this case, exact controllability of (1.3.1) or (1.3.8b) implies
(and is implied by [72, 73]) uniform stabilization. We recover (with the simple
proof of Sect. 3) a 30-year-old well-known result of [74] (based on the same
finite-dimensional proof of [66]). O

Reference [48] gave an extension of Claim 1.3.1, which involved a nonlinear
feedback version. This is reported below.

A first nonlinear extension of Claim 1.3.1.

In place of Equation (1.3.8a) (hence (1.3.2)), we consider the following non-
linear version

yt = Ay — Bf(B*y), y(0)=yo €Y, (1.3.15a)

under the same assumptions (a.l) for A and (a.2) for B, where f is a
monotone increasing, continuous function on U. It is known [19, 21] that
A — Bf(B*) generates a nonlinear semigroup of contractions—say Sp(t)—
which yield the following variation of parameter formula for (1.3.15):

v = Sp(thyo = eyo — {L(F(B*Sr(-)yo)} (1), (1.3.15b)

and obeys the energy identity

T
ISP (D)ol = ly(DIE = lyO)IF — 2/(f(B*y),B*y)Udt- (1.3.16)
0
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Proposition 1.3.2. In addition to the standing assumptions, we assume that

(i) The operator B*L is continuous L9(0,T;U) — Lo(0,T;U), as in
(1.3.14);

(i) mlullf < (f(u), wo; [1f@)lv < Mllully for all u e U.

Then the exact controllability of (A, B) implies the exponential stability of
Sk(t), i.e., there exist positive constants C,w > 0 such that the solution of
(1.3.14) satisfies

ly@)I < Ce™|lyoll3- (1.3.17)

Proof. Step 1. We first show that for any yo € Y, we have via assumption (i)
= (1.3.14) and (ii),

||B*6A'y0||L2(O,T;U) < (1 + kTM)”B*SF( ’ )yOHLQ(O,T;U)v (1318)

where kr = |||B*L||| in the uniform operator norm of £(L2(0,T;U)). Indeed,
(1.3.18) stems readily from (1.3.15), which yields

B*eMyg = B*Sp(t)yo + {[B*L|f(B*Sk(- )yo}(t). (1.3.19)
Hence, invoking assumption (1.3.14) on B*L, we see that (1.3.19) along with
the upper bound on f in the RHS of (ii) at once implies (1.3.18).

Step 2. The exact controllability assumption on the pair {A, B}, equiva-
lently on the pair {A*, B}, guarantees characterization (1.3.13). This, com-
bined with (1.3.18), yields then, for any yo € Y:

T
1Sr@wolly < loll? < Cr / 1B*eAtyo 2 dt
0

T
<Cr(1+ked) [ 15Ot (1.3.20)
0

where the first inequality is due to (1.3.16). [In the linear case, f(u) = u, the
proof stops here, see (1.3.12).]

Step 3. The energy identity (1.3.16), when combined with (1.3.20) and (i),
gives

HSF(T):UOH%’
T

T
< Cr(1+ kr M) / | B* S (t)yol 2t +2 / (B*Sr(t)yo. £(B* S (t)yo))vdt
0 0
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T
< (Cr(1+ krM)m™" +2 / B*Sk(t)yo, f(B*Sk(t)yo))y di
0

= (Or(1+ krd)m™ +2) (SOl — [Sr(wolF) . (13.21)

The above identity implies that ||Sp(T)|y < v < 1, which, in turn, im-
plies exponential decays for the semigroup. The proof of Proposition 1.3.2 is
complete. a

References [48, 49] argued convincingly, on the base of a wealth of explicit
hyperbolic or Petrowski PDE illustrations, that showing uniform boundary
stabilization for such classes can be done more conveniently directly, by estab-
lishing the concrete version (on a case-by-case basis) of the abstract inequal-
ity (1.3.12) [which characterizes the uniform stabilization of the w-problem
(1.3.2), or the y-problem (1.3.8a)], rather than seeking to first establish the
boundedness (1.3.14) of the operator B*L and then invoke (even in the linear
case f(u) = u = identity) Proposition 1.3.2. This is so since showing (1.3.14)
for B*L is either a more challenging task [as in the case of the wave equation
with Dirichlet boundary control of the subsequent Sect. 4]; or else the proof
of a result such as (1.3.14), or technically comparable to it and very close
to it, is actually built in to existing proofs of regularity/exact controllabil-
ity /uniform stabilization of some (surely, not all) Petrowski type systems,
for example, the case of the Schrodinger equation with Dirichlet control of
Sect. 6 below].

More critically, there are hyperbolic/Petrowski type PDE problems (as
those identified in [48, 49], and at the end of Sect. 2), where the boundedness
condition (1.3.14) on B*L fails, yet the corresponding uniform stabilization
results hold, and had been known since the early ’80s. In short: assump-
tion (1.3.14) is far from being a necessary condition for uniform stabilization
within the hyperbolic/Petrowski classes of PDEs. Negative examples include:

(i) the wave equation with feedback dissipation in the Neumann boundary
condition in the finite energy space H1(£2) x La({2) [48, Sect. 6];

(ii) the Schrodinger equation with feedback dissipation also in the Neu-
mann boundary condition in the state space H'(§2) [48, Sect. 8], and the
present Sects. 9.1 and 9.2.

As explained in the introductory Subsect. 1.1, our main aim in the present
paper is different: Having established [48, 49] that a PDE problem possesses
the property that the boundary control — boundary observation map B*L is
bounded as asserted in (1.3.14), what is the physical /control-theoretic mean-
ing; what are the positive implications that can be derived? The next sections
answer these questions on a case-by-case basis.
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2 Open Loop Problem (1.2.1): From B*L Bounded to L
Bounded, Equivalently B*e4"* Bounded

We return to the abstract equation (1.2.1)
§ = Ay + Bu, in [D(A")], y(0) =yo €, (2.1)

where U and Y are the control and the state (Hilbert) spaces, in the setting
of Subsect. 1.3 which encompasses second order models (for hyperbolic and
Petrowski type PDEs) under the abstract assumptions (h.1) and (h.2) spec-
ified there, as well as first order models (such as the Schriodinger equation
and first order hyperbolic systems) under the abstract assumptions (a.1) and
(a.2). The star * in the adjoint B* refers to the assigned spaces U and Y.
Thus, the operator B* L, per se, refers unequivocally to the space U and Y,
which have helped its definition. The present section is devoted to the follow-
ing set of implications for the open-loop problem. The operators L and Lp
are defined in (1.2.2b), and provide the solution to (2.1) according to formula
(1.2.2a).

Theorem 2.1 ([49]). We consider the problem (2.1) either under assump-
tions (h.1) and (h.2), or else (a.1), (a.2) of Subsect. 1.3, with respect to the
control space U and the state space Y. Explicitly, this means that A = — A*
is skew-adjoint operator Y D D(A) — Y, thus generator of a unitary group
onY with eAt = e A, teR, and A~2B e L(U;Y).

Moreover, assume that

B*L € L(L2(0,T;U)). (2.2)
Then, in fact,
L is continuous: L3(0,T;U) — C([0,T);Y), (2.3)
where (2.3) is equivalent to

B*eA't = B*e™ At . continuous Y — Ly(0,T;U). (2.4)

Proof. We report two proofs [49].

Proof #1. Start with u smooth, say u € C1([0,T]; U),u(0) = 0, so that by

parts
t

x(t) = /eiAsBu(s)ds e C'([0,T7; ’D(Ai‘)). (2.5)
0
By skew-adjointness of A = —A*, as well as by (2.2), we then estimate from

(2.5), recalling (1.1.2):
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2
CTHUHLQ(O,T;U)

t

T
((B*Lu)(t), u(t)), dt = / / eAt=%) Bu(s)ds, Bu(t) | dt  (2.6)
0

0 Y

I
St~ O\ﬁ

O/ e~ 4% Bu(s)ds, e ' Bul(t) O/T (av )Ydt (2.7)

2

T T
1 [d 1 RS
=, / it (z(t),z(t))ydt = 9 l=(T)|ly = 5 /e Bu(s)ds (2.8)
0 0 Y
. T T
=, e_AT/eA(T_s)Bu(S)dS ~ /eA(T_S)Bu(s)ds (2.9)
0 0
= cr || Lrulf} . (2.10)

Then the estimate in (2.10) can be extended to all uw € Ly(0,T;U),
| Lrull} < constrllull], ooy ¥ u € La(0,T;U). (2.11)
Then it is well known [8, 30], [46, p. 648] that (2.11) yields (2.3). O

Remark 2.3. Theorem 2.1 can be extended to A of the form A = iS + kI,
with S a self-adjoint operator on Y and k € R, so that A* = —A + 2kI, and
et = e Ate2kt T this case, we start with (B* Lu, u;)y, with u; = e~ 2% u(t),
u € Ly(0,T;U). |

Proof #2. An alternative, perhaps more insightful, proof of Theorem 2.1 is
as follows. For L in (1.2.2b) and its adjoint L* we have [46] for « smooth

t

(B*Lu)(t) = / B*eAt=7) By(r)dr; (2.12)
0
T T

(L*Bu)(t) = / B A (70 Bu(r)dr — / B A=) By(r)dr, (2.13)

using the skew-adjoint assumption A* = —A. Thus, adding up (2.12) and
(2.13) yields, using again skew-adjointness:
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T
(B*Lu)(t) + (L*Bu)(t) = / B*eAt=7) Bu(r)dr (2.14)
0
T
= B* A1) [ A7) By(7)dr (2.15)
/

T
= B*eATY) / AT Bu(r)dr.  (2.16)
0

Finally, recalling Ly from (1.2.2b) and its adjoint [46], we rewrite (2.16)
in the following form:

B*Lu+ L*Bu = LLru, u€ Ly(0,T;U). (2.17)

[We note that by taking the Lo(0,T; U)-inner product of (2.17) with u, we
obtain
2(Lu, Bu) 0,70y = |Lrully, € Ly(0,T;U), (2.18)

thus recovering the identity buried in (2.9).] Equation (2.18) shows, again,
the implication (2.2) = (2.11), hence (2.3), as is well known [30], [46, p. 648].

The proof #2 is complete. O
Finally, the equivalence between (2.3) and (2.4) is well known [8, 30, 46]
(by duality). The proof of Theorem 2.1 is complete. O

Corollary 2.1. Assume that the assumptions of Theorem 2.1 regarding the
open-loop problem (2.1) (= (1.2.1)) hold. Then the following regularity result
holds: The map

{yo,u} €Y x La(0,T;U)
— B*y = B*Lu+ B*e™y € Ly(0,T; U) (2.19)

18 continuous.

Consequences.

PDE mized problems where the reqularity (2.3) of L is false: a fortiori, the
reqularity (2.2) of B*L is false (yet uniform stabilization of the corresponding
dissipative problem holds). Alternative strategy for uniform stabilization of the
corresponding nonlinear boundary dissipative problems.
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Yo €Y

i y = Ay + Bu - B*ye Ly,(0,T;U)

(boundary observation)

Fig. 1 Open-loop regularity {I.C., boundary control} — boundary observation, under
the assumption B*L € £(L2(0,T;U), for the system (1.2.1), in the setting (a.1), (a.2) of
Subsect. 1.3

These PDE-mixed problems were already noted in [48, Sect. 6 (Examples
6.2 and 6.3) and Sect. 8] and [49, Remark 4.5]. These are all PDE-mixed prob-
lems where B*L fails a fortiori to satisfy the regularity property (2.2), yet
uniform stabilization (under appropriate geometrical conditions) does hold
in each case, as has been known since the early 80’s. This re-confirms one
of the points of [48] that assumption (2.3) for B*L made in Theorem 3.1 to
yield uniform stabilization (generalizing Claim 1.3.1 of Subsect. 1.3) is gener-
ally too strong (and no advantage to check, when it holds); even in the linear
case. In these (and other PDE) cases, there is, however, an alternative strategy
to obtain uniform stabilization with nonlinear boundary feedback: namely,
along the general approach of [24], originally carried out for waves, which
was already exported to other dynamics: shells [47], Schrodinger equations
on the state space Lo(f2) with Neumann feedback dissipative control [51].
(See subsequent Sect. 9.) We briefly indicate the list of the aforementioned
PDE problems.

Example #1. The open-loop wave equation in {2, dim {2 > 2, with Neu-
mann boundary control g € L2(0,T; La(I1)) = Lo(X1), and its corresponding
closed-loop dissipative system:

vy = Av wy = Aw in @; (2.20a)

v(0, ) = o, v(0,-) =v1 [ w(0, ) =wo, we(0, -) =wr in 2 (2.20b)

vl =0 wls, =0 (2.20¢)
v g ow w s

= = t 5
v -, v -, (2.20d)

with Q = (O,T} x 2, X; = (O,T} x I, i=0,1; ' =Tyuly, Iy # o,
I'oNI'y =¢; h-v < on Iy for a coercive smooth vector field A on 2. For
the theory of sharp/optimal regularity of the mixed v-problem we refer to
[34, 36, 38, 45], [46, Subsect. 9.4, p. 857 for dim {2 = 1], [76].
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In particular, for dim §2 > 2, g € L2(0,T'; Lo(I")) does NOT imply v €
C[0,T); HX(£2)), not even v € Hi*=(Q), for all ¢ > 0 [and & = 0 only for flat
boundary (parallelepiped)]. In fact, {v,v;} € C([0,T]; H3(2) x H~3(£2)) is
the best result, for general 2. See counterexample in [36, p. 294]. Uniform
stabilization of the w-problem is given in [83]. Exact controllability of the
corresponding nonlinear problem is given in [88]. Exact controllability for
the corresponding boundary value problem is given in [88].

Example #2. The Euler—Bernoulli plate model in dim {2 = 2, with free
boundary condition:

vy + A0 +v =0 in (0,T] x 2=Q; (2.21a)
v(0, -) = wo, (0, -) =v; in (2 (2.21b)
[Av + (1 =n)Biv]s =0 in (0,T]x I'= X} (2.21c)

aaAVv +-nBw| =gin s (2.21d)

where 0 < 1 < 1 is the Poisson modulus and B; and By are the usual bound-
ary operators, defined, say, in [16, 17], [46, Vol. 1, p. 249]. Here, with reference
to the problem (2.21a-d), the space of finite energy is Y = H?(£2) x La(£2).
Yet, for dim {2 > 2 the map g — Lg = {v, v+} defined by the problem (2.2.1a—
d) is not continuous Lo(X) — C([0,T]; H2(£2) x L2(£2)). Nevertheless, exact
controllability /uniform stabilization results for the corresponding dissipative
problem on such a space H?(£2) x Lo(§2) of finite energy are given in [16, 17],
with geometrical conditions relaxed or eliminated by virtue of the sharp trace
results in [44].

Example #3. Another negative example where uniform stabilization
is known, yet the operator B*L € L(Ly(0,T;U)), is given by the Euler—
Bernoulli plate equation with boundary control only in the ‘moment’ Awl|y;,
as considered in [40, 14]. Here, the class of controls is Lo(0,T; H2(I")),
and the space of exact controllability and uniform stabilization is Y =
[H?(2) N H}($2)] x La(£2). Exact controllability (without geometrical con-
ditions) is established in [40], while uniform stabilization is proved in [40]
(under geometrical conditions), and in [14] (without geometrical conditions).
Optimal regularity of L is given in [46, pp. 1023 and 1029]: it shows that it
would take the class H2-2 (X)) of controls—thus with an extra %—derivative
in time—to obtain L continuous into C([0,T]; [H?(£2) N Hi(2)] x L2(£2)).
Thus, by Theorem 2.1, B*L ¢ L(L2(0,T]; Hz(I')).

A further class of examples (Schrédinger equation with Neumann bound-
ary controls) is deferred to Sect. 9.
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3 Closed-Loop Nonlinear Feedback System: Uniform
Stabilization with Optimal Decay Rates

We return to the closed-loop nonlinear version (1.3.15),
ye = Ay — Bf(B'y), y(0)=wo €Y, (3.1)

under the same assumptions (a.1) for A and (a.2) for B of Subsect. 1.2 (which
also covers the second order setting of Subsect. 1.3 under assumptions (h.1)
and (h.2).

Preliminary assumptions (for well-posedness).

(H.1) The operator A satisfies assumption (a.1) of Subsect. 1.3; the opera-
tor B satisfies assumption (a.2) of Subsect. 1.3.

(H.2) The function f, f(0) = 0, is continuous U — U and monotone in-
creasing
(f(u1) — fluz),ur —u2)y 20 Y ug,ue €U.

Under these assumptions, as noted below (1.3.15), it is known [19, 21] that
A — Bf(B*) generates a nonlinear semigroup of contractions—say Sp(t)—
which yields the following variation of parameter formula (3.1):

y(t) = Sr(thyo = e*'yo — {L(F(B*Sr(-)yo) }(1), (3-2)

and obeys the energy identity

T

(T2 = llyoll2 -2 / (F(B"y). B*y)udt. (3.3)
0

Additional assumptions (for uniform stabilization).

(H.3) The function f satisfies f(0) = 0 and there exists a (real-valued)
continuous, concave function h : R* — R* strictly increasing, with 2(0) =
0, such that

IF @ + lullf < h((f(u),u)v) YueU. (3-4)
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See the end of the present Sect. 3: in the case of a substitution (Nemytski)
operator, (H.3) is a property, not an assumption.
We next rescale h by setting

E(.):h(f). (3.5)

In order to state our main result on stabilizations, we need to introduce some
functions. As in [24, 51], we set (with Cr = max{2, 4kr}, with kr = ||| B*L|||;
see (3.11) below)

H(z) =z + gCTh (;) :

positive for z > 0,continuous, strictly increasing, H(0) =0; (3.6)

pla) =H '(z) -

positive for > 0, continuous,strictly increasing, p(0) =0; (3.7)

q(z) =z — (I +p)~'(x) = p(I +p)~*(x) = (I +p) " 'p(x) :
positive for x > 0, continuous, strictly increasing, ¢(0) =0. (3.8)

In particular, H, p, ¢, do not depend on the initial energy ||uo|ly. We can
now state the main uniform stabilization result of the present paper in the
direction of [24, 25, 51]. Subsequent sections will provide a set of several PDE
illustrations.

Theorem 3.1. With reference to the nonlinear problem (3.1), assume the
structural hypotheses (H.1), (H.2) on {A, B, f} for well-posedness, as well as
(H.3). Moreover, assume that

(H.4) the linear open-loop problem (1.1.1) (= (2.1) is exactly controllable
on the state space Y, over the interval [0,T], 0 < T < oo, within the class
of Ly(0,T;U)-controls u;

(H.5) the open-loop, boundary — boundary map B*L is continuous
(bounded) on Lo(0,T;U).

Then the semigroup solution S () in (3.2) describing the solution of the
closed-loop dissipative nonlinear problem (3.1) (as guaranteed by [19, 21] by
virtue of (H.1), (H.2)) decays to zero on the space Y as T — +oo uniformly
with respect to all initial data yo in Y. More precisely, its decay rate is de-
scribed by the following nonlinear ODE in the scalar function s(t) (nonlinear
contraction)
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jt s(t) +q(s(t)) =0, s(0) = [ly(0)lly, (3.9)

where q is defined in (3.8), and hence does not depend on the initial energy
llyolly - This means that the solutions Sg(t)yo of (3.1) satisfy

1SE@)yolly < s(t)(lyolly) O ast /" +oo, (3.10)
uniformly in yo € Y. [Paper [24, Theorem 2, p. 511] also provides uniform

decay rates in the presence of only the boundary damping|

Proof. We start as in the proof of Proposition 1.3.2, and then modify the
argument as to fall in the original treatment of [24], refined in [51].

Step 1. We apply B* on both sides of the solution formula (3.2), and obtain
for yo € Y:

B*eMyy = B*Sp(t)yo + {[B*LIf(B*Sr (- )yo) }(¢). (3.11)

We next invoke assumption (H.5): Setting kr = |||B*L]||| in the uniform
operator norm of L(L2(0,T;U)), we estimate from (3.11),

* A
| B*e yO”%g(O,T;U)

<2 B*Sp( ol L0mw) + 267 1.F(B*Sr (- yo)llia0.r0) (3.12)

T
<Cr / |B*Sr(twoll? + £ (B*Sr(tyo)||2] dt (3.13)
0
T
(by (34) <Cr / b ((F(B* S (t)yo), B*Sr(t)yo)y di (3.14)
0
T
<TCh | / (F(B*Sr(t)yo), B* Sr(H)yo)udt | - (3.15)
0

In going from (3.14

) to (3.15) we have invoked the Jensen inequality [18,
p. 38]. Thus, recalling (3.5)

, we rewrite (3.15) as

T
/ | B*eAtyo|2dt < TCrh /(f(B*sFa)yo),B*sFu)yo)Udt . weY.
0

(3.16)
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Step 2. The exact controllability assumption on the open-loop problem
(1.2.1), in short, on the pair {A, B}, equivalently on the pair {A*, B}, guar-

antees characterization (1.3.13). This, combined with (3.16), yields then, for
any yo € Y:

T
luoll2 < Cr / | B* Aty dt
0

T

<TCrh /(f(B*sFu)yo),B*SF<t>yo>Udt . (3.17)
0

Step 3. From the energy inequality (3.3) with y(¢) = Sr(t)yo, we have by
virtue of the estimate (3.17),

||SF(T)Z/0||§/

T

< ol +2 / (F(B*Sr(t)yo). B*Sr(t)yo)udt (3.18)
0

T
(by (3.17)) < [2] + TCrh(-)] / (f(B*Sr(t)yo), B*Sr(t)yo | dt (3.19)
0

U
T T 2 2
o5 63) < |1+ 50riC)] [l - 1=l (3.20)

= H [llyoll5 = 1SF(Twoll¥] (3.21)

with the map H defined in (3.6). Thus, as the map H is invertible on RT,
from (3.21) we obtain

HY(1SP(Toll3) < llyoll¥ = 17 (T)yoll3 (3.22)
or with y(T') = Sp(T)yo:

ly(MIF + H= gD ) < lyoll3- (3.23)

Step 4. To the inequality (3.24), we can now apply [24, Lemma 5.1], with
p=H~!and q as (3.7), (3.8), to obtain (3.9), (3.10), as desired. O
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In the case of a Nemytski operator, (H.3) is a property, not an
assumption.

In the case where the function f is a Nemytski operator (operator of sub-
stitution), assumption (H.3) automatically follows from monotonicity of the
feedback f and the imposed growth condition. Thus, in this case, (H.3) is
really a property, not an assumption.

To be more specific, we apply assumption (H.3) with

U=Lo(I), f:U — U given by f(u)(@) = g(u(z)),  (3.24)
where the scalar function g(s) satisfies the following two conditions:
(i) g € C(R), g(0) =0, g is monotone increasing;
(i)
m|s|? < g(s)s < Ms*,  for |s| > 1. (3.25)

Lemma 3.1. Under assumptions (i) and (ii) above, the function f: U — U
satisfies hypothesis (H.3).

Proof. Since g is monotone increasing and satisfies (i), we have [24, 25, 51]:
there exists a function ho monotone, ho(0) = 0, concave such that [24, 25, 51]

52 +9%(s) < ho(sg(s),  |s| < 1. (3.26)

We next claim that the function h in assumption (H.3) is given by

h(s) = (meas I')hg ( 3 ) + (1 * M2> s, (3.27)

meas I’ m

where hg is a function constructed below from g. This follows by direct com-
putations. In fact ([24, 25, 51]),

|ww%+M%:/W+wmwwzﬁﬁw+mmm%ﬂ (3.28)

r r

We split the last integral into two complementary parts. By use of both
inequalities in (3.25), we have:

[w?(2) + lg(u(z))]*]dz < /(1 + M) u(@)| u(z)|dl (3.29)

{zelu?(x)>1} r

< 1+M2/u(3:)g(u(x))df. (3.30)

m
r



Linear Hyperbolic and Petrowski Type PDEs 213

By (i), there exists (and is computable [24, 51]) a continuous, monotone
increasing, concave function hg, ho(0) = 0, such that

52+ g2(s) < holsg(s)), |s| < 1. (3.31)

Hence, by (3.31),

/ [2(2) + lg () Plde < / ho(u(@)g(u(@)dl  (3.32)

{zelu?(z) 21} r

< h , .
(meas meas I’ /u (3.33)
T

where, in the last step, we have again invoked the Jensen inequality [18, p. 38].
Combining (3.30) and (3.33) on the RHS of (3.28) yields

: 1+ M?
2 2 <
Il -+l < |neas Ty (1 )+ 12| [ut@latutenar,
r
(3.34)
and (3.4) of assumption (H.3) is verified, via (3.24), with the function f
defined in (3.27). O

4 A Second Order in Time Hyperbolic Illustration: The
Wave Equation with Dirichlet Boundary Control and
Suitably Lifted Velocity Boundary Observation

4.1 From the Dirichlet boundary control g for the wave
solution {v,vs} to the boundary observation gj| I
via the Poisson equation lifting z = A v,

Let A be the differential expression defined in (1.1.0).

Linear open-loop and nonlinear closed-loop dissipative systems.

In this subsection, let {2 be an open bounded domain in R™, n > 1, with
sufficiently smooth boundary I'. We consider the open-loop linear wave
equation on {2 (with variable coefficients) with Dirichlet boundary control
g € Lo(0,T; Lo(I')) = Lo(X), and its corresponding nonlinear closed-loop
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boundary dissipative system:

vy = Awv; wi, = Aw in @; (4.1.1a)

w(oa ) = Wo, wt(07 ) = wi in {2,

a(A7 1’Il)t)
ov

v(0, +) = vo, ve(0, ) = v1; (4.1.1b)

vz = g; wly =f [ } in X, (4.1.1c)
r

with @ = (0,T] x £2; ¥ = (0,T] x I'. Moreover, the operator A is defined by

(4.1.6) below: Ay = —Awp, D(A) = H?(2) N H}(£2). Here, 8‘91/ denotes the

co-normal derivative w.r.t. A. The nonlinear function f will be specified in

Subsect. 4.4 below.

Regularity, exact controllability of the v-problem; uniform
stabilization of the w-problem for f = identity.

References for this subsection include [3, 12, 26, 27, 29, 42, 63, 64, 22, 56, 91,
95, 53).
We begin by introducing the (state) space of optimal regularity

1

Y = Ly(02) x [D(A2)] = Ly(2) x H-H(02). (4.1.2)

Theorem 4.1.1 (regularity [26, 27, 22]). Regarding the v-problem (4.1.1),
with yo = {vo,v1} = 0, the following regularity result holds for each T > 0
(the definition of L given here is i n line with the abstract definition of the
operator L throughout this paper) : the map

L:g— Lg={v,v} is continuous

. (4.1.3)
La(2) — C([0,T); Y = Lo(2) x H1(2)).

Theorem 4.1.2 (exact controllability [12, 29, 81, 64, 91, 95, 37, 50, 53]).
Given any initial condition {vg,v1} € Y and T > 0 sufficiently large, there
exists a g € Lo(X) such that the corresponding solution of the v-problem
(4.1.1) satisfies {v(T),v:(T)} = 0.

Theorem 4.1.3 (uniform stabilization [29, 41, 91]). With reference to the
w-problem (4.1.1), with f(u) =u, uw € I' (identity), we have

(i) the map {wo, w1} € Y = Ly(2) x [D(A2)]" — {w(t), w,(t)} defines a
s.c. contraction semigroup et on Y
(i)
8(A_1wt)

o € Ly(0, 00; Lo (1)) (4.1.4)

’w|2=
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continuously in {wo, w1} € Y;

(iii) there exist constants M > 1 and 6 > 0 such that
w(t) At | Wo wo
we(t) wy w1y

All three theorems above are obtained by PDE hard analysis energy meth-
ods (suitable energy multipliers). As usual, the most challenging result to
prove is Theorem 4.1.3 on uniform stabilization: this, in addition, requires
a shift of topology from L(f2) x H~1(£2) (the space of the final result) to
H}(2) x La(82) (the space where the energy method works). This shift of
topology is implemented by a change of variable: this is the same change of
variable that is noted below in (4.1.10).

< Mef(gt
Y

. t>0. (4.1.5)

Y Y

Abstract model of v-problem.
With reference to (1.1.0), we let

Af = —Af, D(A) = H2(Q2) N HL(RQ): D: H(I') — H*2(02), s € R,
p=Dg<={Ap=0in 2; p|r=gin I'}.

(4.1.6)
The abstract model for the v-problem in (4.1.1) is [29, 26, 27, 80]
v = —Av + ADg; vt _ 41V By (4.1.72)
tt = 9; dt v | = v g; L.
[ o011 . [o o]l
[0 e[ 8] m ]

where * for B and D refer to different topologies, and where the Dirich-
let map D is defined in (4.1.6). Moreover, with B* defined by (Bg,z)y =
(9, B*x),(r), with respect to the Y-topology in (4.1.2), we readily find the
expression in (4.1.7).

A ‘dissipative-like,” open-loop, boundary control — boundary
observation linear problem. The operator B*L.

Given the v-problem in (4.1.1a-b-c) (LHS) with open-loop Dirichlet-control
g, the argument below introduces a lifting of the velocity v, : 2 = A w,.
Indeed, with yo = {vg,v1} = 0, we show below that
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B*Lg=B* = D*u(t;yo=0)=D*AA v (t;yo=0) (4.1.8)
ve(t; 90 =0)
o 4 . __az(t)_
_81/A ’Ut(t, Yo = 0) = o ] (419)
2(t) = A ui(ty0 = 0) € C((0, T D(A?) = Hy (2)) (41.10)

continuously in g € Lo(X).

Indeed, to obtain (4.1.8), (4.1.9), one uses the definition of L in (4.1.3)
followed by the definition of B* in (4.1.7) and the usual property D*A = — 00
on H}(£2) [29, Equation (1.10)]. Finally, the regularity of z in (4.1.10) follows
from the regularity (4.1.3) on v, with H~1(£2) = [D(A2)]". The new variable
z(t) defined in (4.1.10) satisfies the following dynamics: abstract equation,
and corresponding PDE-mixed problem

Z = Az + Dgt in Q7 (4111&)
s =—Az+ Dgs 2(0,) =0, 2(0, -) = 21 in £ (4.1.11b)
=0 in Z. (4.1.11c)

Indeed, the abstract z-equation in (4.1.11) (left) is readily obtained from the
abstract v-equation in (4.1.7), after applying throughout A~! and jt to it,
and using the definition of 2(¢) in (4.1.10). Moreover, since z(t) € Hi({2)
from (4.1.10), then z satisfies the Dirichlet boundary condition in (4.1.11c).
Moreover, in addition to the a priori regularity for z in (4.1.10), we also have
that for z;:

2z = A"y = A7 = Av + ADg] = —v + Dg € Ly(0,T; Lo(£2))
(4.1.12)
continuously in g € La(X),

as it follows from v € C([0, T]; L2(£2)) by (4.1.3) and Dg € Ly(0,T; Hz (£2))
by (4.1.6) with s = 0. We next provide an interpretation of the new variable
z via the Poisson equation. From (4.1.10) we have

Az = —v(t, ;90 = 0) in £2; (4.1.13a)
Az = v (t;y0 =0); or
zlp =0 on I. (4.1.13b)
1
z(t; o) = — 9 /G(m,t;xo)vt(t,x;yo = 0)dx, (4.1.14)
T

]
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G( ) being the associated Green function on {2 (with ¢ a parameter) [11].
Thus, z is the solution of the corresponding Poisson equation with zero Dirich-
let boundary data and with —v; as a forcing term.

v
wave
5 9. B
9, v-problem > EPOI,E‘Z(.)H > 9 > gi r= BAaV‘ “le
(4.1.1) " quation vip

Fig. 2 Open-loop boundary control g — boundary observation gi Ir.

v
ware Poisson z 0- 0z
» v-problem > Eauati > 9 - 5
(4.1.1) vy quation Vip v
- Nonlinear -
Feedback f

Fig. 3 The corresponding closed-loop boundary dissipative {w, ws}.

Key boundary — boundary regularity question.

With the optimal regularity of the variable z given by (4.1.10), we consider the
corresponding Neumann trace (boundary observation) and ask the question
(recalling (4.1.8)—(4.1.9)):

Does | € L,(0, 7 Lo(1))?
ov|p
(4.1.15)

i.e.,

Is B* L continuous Ly (0,T; Lo(I")) — L2(0,T; Lo(I7))?

The question is not trivial when dim {2 > 2. For dim {2 = 1 it holds readily
(see [48]).

In general, a positive answer to question (4.1.15) does not follow directly
by trace theory from the optimal interior regularity (4.1.10) of 2. In fact,
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a positive answer to question (4.1.15) would correspond to a “% gain” in

Sobolev-space regularity (in the space variable) over a formal application of
trace theory to (4.1.10).

It turns out that the answer to question (4.1.15) is in the affirmative [49].
However, this sharp result does not follow entirely from the wealth of opti-
mal regularity results and techniques for Mixed Problems (Initial Boundary
Value Problems) for second order hyperbolic equations with Dirichlet homo-
geneous and nonhomogeneous boundary conditions, as given in [22, 26, 27],
even though reference [22] provides a critical part of the proof (see Remark
4.1.1 below). The remaining part of the proof is also critical and challenging
and is obtained by using a pseudodifferential analysis in the corresponding
“elliptic sector” in the dual (Fourier) variables.

Main result.

The main result of the present Subsect. 4.1 is the following:

Theorem 4.1.4. Let §2 be a sufficiently smooth bounded domain in R™,n >
2. We consider the v-problem in (4.1.1a—c) (LHS), and zero initial conditions:
v(0,-) = v4(0,-) = 0 on 2. Then the regularity in (4.1.15) holds. This is to
say, the open-loop map

g— B*Lg=D*v, = — gz is bounded on Lo(X), z=A"tv,. (4.1.16)
v

Remark 4.1.1. We note the marked contrast between the seriously challenging
result (4.1.15) or (4.1.16) of the open-loop map g — — 8“48_:” |r of the v-
problem (4.1.1a—c) on the one hand, and on the other hand, the much easier
counterpart result of the corresponding closed-loop map given by (4.1.14)
for the closed-loop boundary dissipative w-problem in (4.1.1a—) (RHS) with
f = identity, which may be thought of as being obtained from the v-problem
by closing up the loop, whereby the output — 8’4(;:“ is required to coincide
with the input g. (Compare Figs.2 and 3.) O

The energy method on the mixed PDE z-problem (4.1.11) fails to
show that gi € L3(0,T; L2(I)), continuously in
g €L2(0,T; La(I')), except in the 1-dimensional case.

To make our point, it will suffice to consider the case A = A. See the end
of Subsect. 1.2. As in [22], multiplying the PDE problem (4.1.11) by h - Vz,
with h a C2-vector field on §2, with h|r = v on I', and using the boundary
condition (4.1.11c), we obtain the identity [22, Equation (2.27), p. 157
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2
1 0z
Tt dX¥
2 Jo=o ()
X

= /(T—t)HVz~Vde+ ; /(T—t)[zf — |V2|?]div hdQ
Q Q

+ [ 2th-VzdQ — | (T —t)Dgih - VzdQ. (4.1.17)
[

[Since z; is only Lo in time (see (4.1.12)), we have used the multiplier (7' —
t)h - Vz, to eliminate the terms at ¢t = 0 and ¢ = T. Otherwise, one takes
preliminarily ¢ in the class (4.1.19) below, and uses just the multiplier A-Vz.]

Thus, the a priori regularity of {z, z;} in (4.1.10) and (4.1.12) guarantee
that all first three integral terms on the RHS of (4.1.12) are well defined,
continuously in g € Ly(X). Hence from (4.1.12) we obtain

;/(T_t) (gj>2dzz(9(||g”%2(2)) —/(T—t)Dgth.Vde. (4.1.18)
by Q

Letting now g be (temporarily) in the class
g€ C(0, T Lo(I))  g(T) = 9(0) =0, (4.1.19)
dense in Lo(X), we see by integration by parts in ¢ with use of (4.1.19),

followed by the usual divergence theorem, that

T
—/(T—t)Dgth-VdeZ//Dgh-Vth_th—Fl.o.t. (4.1.20)
Q 0 N

T T
://%dmt—//zth-wpg)drzdt
0o r 0 N

T
—//Dgztdiv hd2dt+1.0.t., (4.1.21)
00

in view of z/p = 0 by (4.1.11c). The last integral term in the RHS of
(4.1.21) is well-defined continuously in g € Ly(X), by (4.1.12) on z; and
Dg € Ly(0,T; H2(£2)). Thus, from (4.1.18) we obtain via (4.1.21)
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T
/<2i> = (9 IQIILQ(E) +//Zth V(Dg)ds2 dt. (4.1.22)
= 0

One-dimensional case.

In the one-dimensional case, say 2 = (0, 1), with A = A = 9,,, and boundary
conditions v|z—9 = ¢, v|z=1 = 0, we then have that (Dg)(x) is a linear
function of z: (Dg)(z) = —gz+g¢,9 € R, 0 < z < 1. Thus, we have V(Dg) =
—g (constant), and we get

92\ 2
(5:) a==01al.cx)). (41.23)
X

thus re-proving— in a more complicated way!—the result of [26, Subsect. 4.7].

Multidimensional case: dim {2 > 2

In this case, the a priori regularity of z; € L2(0,T;Lo(f2)) and Dg €
1

Lo(0,T; H2 (£2)), hence |V(Dg)| € Lo (0, T; (HZ)(£2))') [65, p. 85] show that,

roughly speaking, “1” space derivative is apparently missing in order to have

the integral term on the RHS of (4.1.22) well defined.

Remark 4.1.2. The above Theorem 4.1.4 was first stated in [1] (see the esti-
mate (2.7) in p. 121). We believe that the proof that we give in Subsect. 4.2
below is essentially self-contained and much simpler than the sketch given
in [1]. The idea pursued in [1] is based on a full microlocal analysis of the
fourth order operator A(D? — A) [where the extra A is used to eliminate
Dy from the z-dynamics z; = Az + Dy, (see (4.1.11a)), as ADg, = 0]. The
subsequent microlocal analysis of [1] considers, as usual [1], three regions: the
hyperbolic region, the elliptic region, and the “glancing rays” region. The lat-
ter is the most demanding, and it is unfortunate that no details are provided
in [1] for the analysis in the glancing region, except for reference to author’s
Ph.D. thesis.

By contrast, our proof in Subsect. 2.2 below [49] invokes, for the most
critical part, the sharp regularity of the wave equation from [22]—which is
obtained via differential, rather than pseudo-differential /micro-local analysis
methods. In addition, standard elliptic (interior and) trace regularity of the
Dirichlet map D is used. Thus, by simply invoking these results in Equation
(4.1.12) above for z;, we obtain—by purely differential methods, the critical
result on azt of Step 1, Equation (4.2.3). This then provides automatically

the desired regulamty of aj microlocally outside the elliptic sector of the
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D’Alambertian O = D?— A, where the time variable dominates the tangential
space variable in the Fourier space (see (4.2.11) below).

Thus, the rest of the proof follows from PDO elliptic regularity of the
localized problem. 0O

4.2 Proof of Theorem 4.1.}

Step 1. Let g € Lo(X). Then the following interior and boundary sharp
regularity for the v-problem (4.1.1a—c) (LHS) is known [22, Theorem 2.3,
p. 153; or else Theorem 3.3, p. 176 (interior regularity) plus Theorem 3.7,
p. 178 (boundary regularity)]

{v,v,} € C([0,T); La(2) x H1(12)); 88 v| € HY(Y) (4.2.1)
vz

continuously in g (as noted in (4.1.3)). Moreover, elliptic regularity of the
Dirichlet map gives Dg € Lo(0,T; H2(£2)), and thus

881/ Dg € Lo(0,T; HY(I)). (4.2.2)

[This result can be proved by interpolation between

Ah =0in {2 oh 5
L = h € Ly(£2) and e H =(I),
hir=ge H2(I) Ov|r
and
Ah=0in 2 9h L
) = he€ H'(2) and e H 2(I). ]
hlp=geH:(I) w|p
Next, using (4.2.1) and (4.2.2) in (4.1.12) yields
0 0 0 _1
W= "o, + 'y Dge H(X). (4.2.3)

The above relation provides us with the desired regularity of gf/ microlocally
outside the elliptic sector of the D’Alambertian O = D? — A; i.e., when the
dual Fourier variable o (corresponding to time) dominates the dual Fourier
variable |n| (corresponding to the space tangential variable). A quantitative
statement of this is given in (4.2.11) below.

Step 2. It remains to show that the Lo regularity of gi holds also in
the elliptic sector. This is done by standard arguments using localization of
the PDO symbols. We use standard partition of unity procedure and local
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change of coordinates by which (2 and I' can be identified (locally) with
Q= {(z,y) €eR", 2z >0,y € R T = {(z,y) € R", z = 0,y €
R"™~1}. The second order elliptic operator A is identified in local coordinates
(Melrose-Sjostrand) with A = D2 + r(a, y) D2 + lot, where lot (which result
from commutators) are first order differential operators and r(z, y) D stands
for the second order tangential (in the y variable) strongly elliptic operator.
Since solutions v satisfy zero initial data, we can also extend v(t) by zero
for t < 0. For t > T we multiply the solution by a smooth cutoff function
¢(t) = 0,t = 3T,¢(t) = 1,t < T. Thus, in order to obtain the desired
solution, it amounts to consider the following problem:

wy = Aw = Agw + lot(v) in @, w|z = g; w(0, -)

~ (4.2.4a)
=w(0, -) =01in 2, supp w € [0, 27

[the solution w in (4.2.4a) should not be confused with the solution w of
the closed-loop dissipative problem in (4.1.1a—c) (RHS)]. Here, Ay = D2 +
r(x,y)D} is the principal part of A and v is the original solution v = Lg of
the v-problem on the LHS of (4.1.1a—c). Below, we write w = u + y, where
u, y satisfy (4.2.5) and (4.2.6), respectively. As a consequence, we obtain

{w,w} € C([0,T); La(2) x H~'(£2)) continuously in g € Ly(X). (4.2.4b)
Here and below, we call u the solution of
wy = Aou in Q, ulz = g; u(0, -) =u(0, -) =0in 2, (4.2.5a)

{u,us} € C([0,T); Lao(2) x H~'(£2)) continuously in g € Ly(X), (4.2.5b)

the counterpart regularity statement of (4.2.1) for v in (2. Likewise, we in-
troduce the following nonhomogenous problem:

yir = Aoy + fin Q, yls =0, y(0,-) =4:(0,-) =0in 2, (4.2.6)

where f = lot (v) results from the presence of the lower order terms applied
to the original variable v in (4.2.1). Thus, recalling that v € C([0,T]; L2(£2))
by (4.2.1), we obtain

feC([0,T); H'(£2)), hence {y,y:} € C([0,T]; Lo(2) x H~1(2)) (4.2.7)

[22, Theorem 2.3, p. 153] continuously in g € La(X).
By the principle of superposition, we have w = u+y, as announced above.

Step 3. In this step, we handle the y-problem (4.2.6). We first recall from
(4.1.16) that our original objective is showing that D*v, € Lo(X) contin-
uously in g € Lo(X). Moreover, we recall that v in {2 is transferred into
w = u + y, on the half-space 19 (locally). Thus, by (4.2.6), (4.2.7), what
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suffices to show for y is the following regularity property
f — D*y; : continuous Ly(0,T; H~(2)) — Ly(0,T; Lo(I')),  (4.2.8)

whereby D*y; is ultimately continuous in g € Lo(X). However, the above
property (4.2.8) is known from [22, Theorem 3.11, p. 182] and has been used
in the past several times. In fact, set A = —Ag, with D(A) = H2(2)NH (2)
and rewrite (4.2.6) abstractly as: y; = —Ay + f. Apply A~! through-
out and set ¥ = A~ly € C([0,T];D(A)) via (4.2.7). Moreover, A1 f €

Lo(0,T; HY(82)), again by (4.2.7). Thus, ¥ solves the problem

Wy = AW + A7 f in Q, W]z =0, W(0,-) =%(0,-)=0in 2. (4.2.9)
We further have that A~ly, € C([0,T]; HL(£2)), again by (4.2.7). Finally
we recall that D*AA™ly, = — aayllft [46, (4.1.9)]. One can simply quote [22,
Theorem 3.11, p. 182] or [46, Equation (10.5.5.11), p. 952] to obtain the
desired regularity (4.2.8):

0 ~

D*yy = — Py U, € Ly(X), continuously in g € Ly(X). (4.2.10)

Step 4. Having accounted for the lot(v) in Step 3—which are responsible
for the y-problem—we may in this step set y = 0 and thus identify w with
u : w = u. Thus, it remains to consider the problem (4.2.5) in w, involving
only the principal part of the D’Alambertian. Let X € SO(@) denote the
PDO operator X(x,y,t) with smooth symbol of localization x(z,y,t,c,n)
supported in the elliptic sector of O = D7 — D} — r(x,y)D;, where the
principal part of the D’Alambertian is written in local coordinates. The dual
variables 0 € R', n € R*~! correspond to the Fourier variables of t — io,
y — in. Thus, supp x € {(x,9,t,0,m) € Q x R x R"~1 2 —r(0,y)|n|* < 0}.
The established regularity (4.2.3) and the fact that |o| > ¢|n| on supp x imply

(I—X)izeLﬂE% (4.2.11)

0

a statement that |o] gj , and thus a fortiori |n| gj, are in L, in time and space
in the (hyperbolic) sector |o| > ¢|n|. On the other hand, returning to the
problem (4.2.5) for u, rewritten as Ou = 0 and applying X, we see that the
variable Xu satisfies

OXu = —[X,0/ue H'(Q). (4.2.12)

where henceforth we take for Q an extended cylinder based on 2 x [T, 2T].

Indeed, this last inclusion follows from [X,0] € S(Q) and the priori reg-

ularity (4.2.5b) for w implying v € L2(Q), which jointly lead to [X,OJu €
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H~Y(Q). Moreover, Xu|p = Xg € Ly(X). Furthermore, still by (4.2.5b) and
the fact that supp u € [0, gT | we have, by the pseudo-local property of pseu-
dodifferential operators, that (Xu)(2T) € C=(£2), (Xu)(=T) € C*(£2). We
conclude that Xul,q € L3(0Q), a boundary condition to be associated to
(4.2.12). Since OX is a pseudodifferential elliptic operator, classical elliptic
theory, applied to

0Xue H(Q), Xulyg € L2(0Q)
—the elliptic problem obtained above—yields
Xue H2(Q)+ H'(Q) c H2(Q), (4.2.13)

where the first containment on the RHS of (4.2.13) is due to the boundary
term, and the second to the interior term. Next, we return to the elliptic
problem: Az = —v; in Q, 2|y = 0 from (4.1.13), with a priori regularity
noted in (4.1.10). The counterpart ¢ of the above elliptic problem in the half-
space Q (locally) is: Az = —u, in Q, 2|5 = 0 (we retain the symbol z in Q)
as we are identifying w with w in the present Step 4 (due to the results of
Step 3). Applying X throughout yields

d

AXz = —Xuy + [A, X]z = — dt

Xu+ L‘Zt,x} u+[A X]z (4.2.14)

Note [A, X] € S1(Q) and (4. Xx] e S9(Q). Hence, by the a priori regularity
n (4.2.5b) for v and in (4.1.13) for z, we conclude

L;lt,x] u+[A, X)z € Ly(Q). (4.2.15)

Moreover, by (4.2.13), $Xu € Hq _ 1)(Q) where we have used the

anisotropic Hérmander spaces [13, Vol. III, p. 477], H(7,L7(§)(ij)7 where m is
the order in the normal direction to the plane z = 0 (which plays a distin-
guished role) and (m + s) is the order in the tangential direction in ¢ and y.
Via (4.15), we are thus led to solving the problem

AXz € H(O),;)(Q) + L2(Q), (Xz)|z=0. (4.2.16)
By elliptic regularity (note that AX is elliptic in @), we obtain again

0 ~
5, Y2 € La(2). (4.2.17)

Combining (4.2.17) and (4.2.11) yields the final conclusion

Xze H3(Q),
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) ) ) -
oy 7= U =X) ) 24X 2 Ly(E), (4.2.18)

and Theorem 4.1.1 is proved. O

Remark 4.2.1. Having established Theorem 4.1.4, we may then return to iden-
tity (4.1.22). Since its LHS is finite by Theorem 4.1.4, we conclude that

T

//zth -V(Dg)df2dt < oo,
2

0

a result that is not apparent, save for the 1-dimensional case as in (4.1.23).

4.3 The half-space problem: A direct computation
In this subsection, we consider the wave equation defined on a 2-dimensional

half-space, with Dirichlet boundary control. So let

Q=R ={(z,y): >0, y e R" 1},

. (4.3.1)
I'={(0,y): y eR" '} = 2]s—0.

On (2 we consider the wave equation with Dirichlet boundary control:

Vit = Vgz + Dov in Q = (0,00] x £2; (4.3.2a)
v(0, ) =0, v(0,-)=01in £2; (4.3.2b)
vy =g in ¥ =(0,00) x I, (4.3.2¢)

n—1
where g € Ly(0,00; Ly(I")) and D2v = 83;21), y=[y1,...,Yn—1]. We have
? = 0
seen in Subsect. 4.1, Equation (4.1.8), that for the problem (4.3.2) we have

B*Lg = D*v;. (4.3.3)

Theorem 4.3.1. With reference to the half-space problem (4.3.2a—c), we
have in the notation of (4.3.3), (5.1.8), (5.1.9):

0z
ov | (4.3.4a)
is continuous on Lo(X), X = (0,T) x I.

g — B*Lg = D"v(t;y0 = 0) = —
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Proof of (4.3.3). Our proof is inspired by [36, Counterexample, p. 294], for a
different type of result.
Goal: Given T' > 0 and g € L2(0,T; Lo(I")), we extend g by zero for t > T
It will then suffice to show that
e "(B*Lg)(t) € La(0,00; Lo(I)), (4.3.4b)
for a fixed constant v > 0.

Step 1. Let (7, x,n) denote the Laplace-Fourier transform of v(¢, z,y):
Laplace in time t — 7 = v+ 140, v > 0, 0 € R, and Fourier in y — in,
n € R"71, leaving 2 > 0 as a parameter. We then obtain for the solution of
(4.3.2) vanishing at x = oo:

720 = Bpe — 0?0 or B(r, @) = Glr, e VTP > 0

4+ n* = (3 + [l = 0®) + 2ine. (4.3.5)

Step 2. Let ¢ € Lo(0,00; Lo(I')). We consider the Laplace equation in
2, with Dirichlet boundary condition on I" given by ¢ a.e. in ¢, i.e., in the
notation for D in (4.1.6):

u = Dy, where uy, + Diu=0in 2; ulp =@ in I. (4.3.6)

The solution u = Dy of the problem (4.3.5) is given by the well-known
formula in the transformed variables [11, Subsect. 9.7.3, p. 375]:

U(r,z,m) = Do(r,2,1m) = Br,n)e” MV (7,7) e Rx R"™L, 2> 0. (4.3.7)

Step 3. According to (4.3.4), it suffices to show that, for a fixed constant
~v > 0, we have with Lo(X) = L2(0, 00; La(I)):
(e*QVtB*Lgm)LQ(EM) = (e*MtD*vt( Yo = 0),u) < ooV g,u€ La(Xs).
(4.3.8)

Step 3(i). First, we establish that: for all g, u € L2(0,00; Lo(I")) = Lo(Xo ),
we have

(e*htB*Lg7 u) La(Sw)

(4.3.9)

:27r

]. 7 2 2 o~ o~
/ T/eiw HinFre=tnlray | G(r, n)a(r, n)do dn,
0

n
RS,

where R, denotes the n-dimensional Euclidean space in the variables o and

n € R*L ]
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Proof of (4.3.9). Recalling (4.3.3), the Parseval identity for Laplace trans-
forms [6, Theorem 31.8, p. 212] and (4.3.5), (4.3.7), we compute (~ indicates
the Laplace transform in (4.3.12)), where 7 = v + io:

(e7*7(B*Lg)(t), u(t)) 1, 0.00:10(1)

_ / "2 (B* Lg,u) 1yt (4.3.10)
0
(by (4.3.3)) /e (D vy, u) gy (rydt = /e_Q'Yt(Ut,Du)LZ(Q)dt
0 0
(4.3.11)
1T .
(by (6, 0. 212) = [ (@(r..9), Du(r,,9) oy (4.3.12)

=, ///T’U (tyz,m D’LL(T x,n)dx do dn (4.3.13)
77
an

(by (4.3.5),(4.3.7)) ///Tng —VrHnPe G eI de do dn

R’Vl
(4.3.14)
~or // / VTl e lnleqy | G, nya(r, n)do dn,
R’Vl
(4.3.15)

and (4.3.15) establishes (4.3.9), as desired. In (4.3.12), (4.3.13), we have in-
voked Parseval formula for Laplace ¢ — 7 [6, p. 212] and Fourier transform
y — in; while in (4.3.14), we have recalled (4.3.5) and (4.3.7) with ¢ = g.

Step 3(ii). With 7 = v + io, let

(oo}

H(o,m) Ea/e*\/ﬁ*'"'z’ch —Inle gy, (4.3.16)
0
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It is immediate to show that |H(o,7n)| is uniformly bounded for all (o,n) €
R -
0-7”7
|H(o,n)] < C < o0, forallc € R*, n e R"™1. (4.3.17)

Indeed, set
A+iB=+\/m2+n]2, A2 —B?>=72+n*>—-0?% AB=2y0. (4.3.18)

Then we first note from (4.3.18) that

|H(o,n)| = U/e*\/ﬂﬂnl%e*'""ﬂdm
0

o]
<ec = c h(o,n). (4.3.19)
| Al + [n| + | B
In the elliptic region, say {|o| < 2|n|, % + |n|*> > 1}, we readily have from
(4.3.19) that h(o,n) < 17l < 2. On the other hand, solving the system in

[nl
(4.3.18) by elementary computations, we obtain

87202

A? =
(0> =0 =12)? + 169202} + (0 = pf* = ?)

2
~ |"/77|2 —1, (4.3.20)
| o/n|

say for 0% + |n|? > 1, whereby then (4.3.18) gives: B ~ o. Hence, by (4.3.19),

o] o
h(o,n) < ~ =1.
[B] o
Thus,
|H(o,n)| < C < o0, forall o € R', n e R" 1. (4.3.21)

Then (4.3.9) and (4.3.21) yield the desired conclusion:

(e B*Lg, u) 50l < Cllgll oz lull Loz (4.3.22)

and thus (4.3.3) holds for the wave equation on the n-dimensional half-space
n > 2. O

The argument above is very transparent and shows exactly what is go-
ing on in order to gain the additional derivative on the boundary in the
present case.
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4.4 Implication on the uniform feedback stabilization
of the boundary nonlinear dissipative feedback
system w in (4.1.1a—c)

We return to the feedback dissipative nonlinear system w defined on the RHS
of (4.1.1a—c) which we rewrite here for convenience

Wy = Aw in Q; (4.4.1a)

w(0, -) = wo, w(0, -) =wy in 2 (4.4.1b)
(A w .

wly =f [ ( By t) F] in X, (4.4.1c)

We now specialized the abstract uniform stabilization Theorem 3.1 to the
present boundary dissipative feedback problem (4.4.1). To this end, we note
that:

(i) the structural assumption (H.1) holds in the setting of Subsect. 4.1;

(ii) the required exact controllability assumption (H.4) of the linear open-
loop v-problem (4.1.1a—c) (LHS) also holds on the space Y in (4.1.2) within
the class of Lo(0,T;U)-controls, U = Lo(I"), T > 0 sufficiently large, by
virtue of Theorem 4.1.2;

(iii) the boundedness assumption (H.5) of the open-loop boundary —
boundary map B*L is guaranteed by the (nontrivial) Theorem 4.1.4.

Thus, under assumptions (H.2) and (H.3) (Sect. 3) on the nonlinear func-
tion f, with U = Lo(I"), we obtain a nonlinear uniform stabilization result.

Theorem 4.4.1. Let the function f in (4.4.1c) satisfy assumptions (H.2)
and (H.3) of Sect. 3, with U = Lo(I"). Then the conclusion of Theorem 3.1
applies to the nonlinear feedback w-problem (4.1.1a—c) (RHS). Thus, if s(t)
is the solution of the nonlinear ODE with q explicitly constructed in terms of
the data of the problem, we have

wo

w1

(4
wt(t)

Remark 4.4.1. The above result can be extended to the case where the equa-
tion also contains an interior dissipative term

< s(t)
La(2)x H-1(£2)

N0 ast /" +oo.
Ly (Q)xH-1(2)

(4.4.2)

wy = Aw + R(w), (4.4.3)
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1

along with (4.4.1b—c). With H~1(02) = [D(A2)]’, see (4.1.2), we have

(u1,u2)g-1(0) = (A_lul,UQ)Lz(Q). The nonlinear operator R is assumed
to satisfy two assumptions:
(r.1)
R : continuous Lo(2) — H™1(12). (4.4.4)

(r.2) There exists a Frechet differentiable operator IT : Lo({2) — real line,
with IT(w) > 0, w € Ly(£2), such that

(R(w), 2)pr-1(0) = (A"RW), D)oy = —(T' W), gy (445)
where I’ is the Frechet derivative of IT. Next, re-labelling R as R =
(RA)A™! = RgA™!, Ry = RA, we can rewrite (4.4.5) since A is (positive)
self-adjoint, as

(R(w)7z)H’1(Q) = (RO(Ailw)vAilz)Lz(Q) = _(H/(w)aZ)Lz(Q)a (446)

and then, if we let Ry = (Ro)’, with Ry : Ly(£2) — real line, we can take

II(w) = —Ro(A™'w) so that (IT'(w), 2) = —(Ro(A™ w), A7 2) 1, 0)

(4.4.7)
as required. A class of examples includes
(Eo)() = [ 1sas2 = [ |sfr=2Isas (4.45)
0 0
whereby then
Ro(s) = (Ro)(s) = q|s|?7%s, R(w)=qlA  w|T 2 A w. (4.4.9)

For n = 2,3, we can allow any ¢ € [1,00) (on the strength of Sobolev
embedding).

Remark 4.4.2. The nonlocal character of R (containing the term A~ !w) is in
line with the nonlocality of the feedback .A~!. For the case of the Kirchhoff
equation of Subsect. 5.2, the corresponding R will be local. O

The proof of uniform stabilization of (4.4.3), (4.4.1b—c) under the assump-
tions of the nonlinear term R(w) of the present remark will be given in [52].
It depends, among other things, on a unique continuation property of the
wave equation with a time-space-dependent potential [56, 91]. O
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4.5 Implication on exact controllability of the (linear)
dissipative system under boundary control

We return to the w-dissipative hyperbolic problem (in the linear case f(u) =
u € Lo(I')) on the RHS of (4.1.1a—c), which we now turn into a controlled
problem under boundary control. Thus, we consider

Y = Ay in Q; (4.5.1a)

y(0, ) = yo, (0, ) =y in £ (4.5.1b)
O(A Ly) .

y‘x — 81/ ¢ - +u In Zv (4510)

with A defined by (1.1.0) and A defined by (4.1.6). In (4.5.1c), u is the
Dirichlet boundary control. As an immediate consequence of Theorem 4.1.4
and (1.3.8d), we have the following corollary.

Corollary 4.5.1. Consider the open-loop v-problem on the LHS of (4.1.1a—
c). Let T > 0 be sufficiently large. Given any L.C. {vg,v1} € L2(2)x H1(£2),
let g be the Ly(0,T; Lo(I))-Dirichlet control that steers {vo,v1} to rest {0,0}
at time T, i.e., g is such that the corresponding solution of the v-problem
satisfies v(T) = ve(T) = 0. [This is guaranteed by Theorem 4.1.2.] Then, with
reference to the y-problem (4.5.1a—c), the Dirichlet boundary control

. a(Ail’Ut)

€ Lo(0,T; Lo(I)) (4.5.2)
v r

u=gyg
steers the initial condition {yo,y1} = {vo,v1} € La(2) x H1(§2) to rest
{0,0} at the same time T, i.e., u is such that the corresponding solution of
the dissipative controlled y-problem in (4.5.1a—c) satisfies y(T') = y+(T) = 0.

Proof. For uw =0 and {yo,y1} € Y, the closed-loop boundary regularity

8(A’1yt)
ov

is the easy result (1.3.8d). For the open-loop v-problem on the LHS of (4.1.1a—
—1

c) with g € Lo(0,T; Lo(I")) and {vg,v1} = 0, the property that a(ABV " e

L2(0,T; Lo(I)) is precisely statement (4.1.16) of Theorem 4.1.4. Then the v-

problem in (4.1.1a—c) and the y-problem (4.5.1a—c) with {yo,v1} = {vo,v1}

and u as in (4.5.2) coincide. O

‘1“ S LQ(O,T; LQ(F))
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5 Corollary of Section 4: The Multidimensional
Kirchhoff Equation with ‘Moments’ Boundary Control
and Normal Derivatives of the Velocity as Boundary
Observation

In this section, we consider the hyperbolic Kirchhoff equation on an open
bounded domain 2, dim (2 > 1, with boundary control acting on the ‘mo-
ment’ boundary conditions. Because of the special nature of the boundary
conditions, this mixed PDE problem can be converted into a wave equa-
tion problem—more precisely, the z-problem (5.1.11) in Subsect. 5.1—modulo
lower order terms. Thus, the positive results of Subsect. 5.1 can be invoked.
As a result, we likewise obtain that B*L € L(L2(0,T;U)) for the present
class of Kirchhoff equations.

5.1 Preliminaries. The operator B*L

Linear open-loop and nonlinear closed-loop dissipative systems.

Let A be the second order differential expression in (1.1.0). In this subsection,
{2 is an open bounded domain in R", n > 1, with sufficiently smooth bound-
ary I'. We consider the open-loop Kirchhoff equation in {2, with boundary
control acting in the ‘moment’ boundary condition (actually, the physical
moment, in dim {2 > 2, is a slight modification of our boundary condition),
and its corresponding closed-loop dissipative system:

vie — YAvy + A% = 0; wy—yAwy + Aw =0 in Q; (5.1.1a)
v(0,)=v0,v:(0,)=v1;  w(0,)=wo,we(0,)=w1 in £2;  (5.1.1b)
Bwt

vl =0, Avlg =g; w|EEO,Aw\2=f(— ‘F> in X, (5.1.1¢)

ov
with @ = (0,7] x 2; ¥ = (0,7] x I'. In (5.1.1a), v is a positive constant,
~ > 0 (this is critical to make (5.1.1) hyperbolic). By aay we actually denote
the co-normal derivative with respect to A, as in Subsect. 4.1.

Regularity, exact controllability of the v-problem; uniform
stabilization of the w-problem for f = identity.

References for this subsection include [41, 14]. We begin by introducing the
(state) space of optimal regularity
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Y = D(A) x D(A?) = [H2(2) N HL(Q)] x HL(R), (5.1.2)

where AY = —At as in (4.1.6). For the stabilization result, we topologize Y
with an equivalent norm, in which case we use the notation

Y, = D(A) x D(A2); (5.1.3a)

(fl’fQ)D(Aé) = ((I+’Y.A%)f1,f2)L2(Q),f1,f2 € 'D(.A%) = H&(Q) (5.1.3b)

=

Theorem 5.1.1 (regularity [41]). Regarding the v-problem (5.1.1), with yo =
{vo,v1} = 0, the following reqularity result holds for each T > 0 : the map
L:g— Lg={v,v:} is continuous

, . . (5.1.4)
Ly(X) — C([0,T]; Y = [H*(2) N Hy (2)] x Hy (£2))-

(The definition of L given here is in line with the abstract definition of the
operator L throughout this paper.)

Theorem 5.1.2 (exact controllability [41, 14]). Given any initial condi-
tion {vo,v1} € Y and T > 0 sufficiently large, then there exists a g €
Lo(X) such that the corresponding solution of the v-problem (5.1.1) satisfies
{o(T), v (T)} = 0.

Theorem 5.1.3 (uniform stabilization [41, 14]). With reference to the w-
problem (5.1.1), we have

(i)
1
the map {wo, w1} € Y, = D(A) x D(A}) — {w(t), we(t)} (5.1.5)
defines a s.c. contraction semigroup et on Y.;
(i)

Mt 100, 00 Lo(I')) (5.1.6)

Aw|s = —
wls ov

continuously in {wo, w1} € Yy;

(iil) there exist constants M > 1 and § > 0 such that

w(t) At | Wo wo
e
wy(t) w1 w1y
This result was first shown in [41] for {2 strictly convex. Then this geomet-
rical condition was eliminated in [14]. All three theorems above are obtained

by PDE hard analysis energy methods (energy multipliers). As usual, the
most challenging result to prove is Theorem 5.1.3 on uniform stabilization.

< Me™% , t=0.  (51.7)

Yy

Y, Y,
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Abstract model of v-problem [41].

Let A and D be the operators in (4.1.6). Then the abstract model for the
v-problem in (5.1.1) is [41, Equations (2.7) and (2.9), p. 70]

vy = —(I +~7A) " Ao+ A~ Dyl; i LZ] =A [U} +Bg;  (5.1.8)

Ao 0 7.
[T +rA)TTA 0]

0 I

(5.1.9)
o= [—(uw)—lADg] - [”

:| = D*Al‘z.

With B* defined by (Bg2,z)y, = (g2, B*®)r,(r) with respect to the Y,-
topology in (5.1.3), we readily find the expression in (5.1.9).

Reduction of v-model to a wave equation model, modulo lower
order terms.

The operator B*L.

With yg = {vg,v1} = 0, we see that B*L : go — %”,j

* « | v(t;90 = 0) .
B'Lg2 =B =—D*Ave(t;yo =0
g2 |:'Ut(t, yO = 0) Ut( ZJO )
8vt
= 5y Ly =0), 5.1.10
ov (% %0 ) ( )
recalling the standard property that D*A = — 2 on Hg(12).
v
Kirchhof
9, v-problem CO—I;ormal . vy
(5.1.1) vy dulr o |p

vy

Fig. 4 Open-loop boundary control — boundary observation o |
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v
Kirchhof
9, o-problem . Co—gormal . _ﬁvt
(5.1.1) v avlr ov |
Nonlinear
h -«
Feedback f

Fig. 5 The corresponding closed-loop boundary dissipative nonlinear problem {w,w¢}.

Goal.

Our goal in this section is to show the following result.
Theorem 5.1.4. For the v-problem (5.1.1) we have

B*L € £(L2(0,T; Lo(I)). (5.1.11)

Proof. Reduction of v-model to a wave-model. Using [41, (C.3), p. 100]

1 1
(I+~A) A% = “j - 721+ 2 (I +~A)~" on D(A) (5.1.12)

in the v-equation (5.1.8), we find

-1
Av_Dg [T _(I+~4) (v+A~'Dg), (5.1.13)

Uit = —
v 72 72

where v|xy = 0 by (5.1.4). Motivated by (5.1.13), we then introduce the
abstract equation

uy =) Au— 1 Dyg in Q; (5.1.14a)

D
Uy = — “i“ - 79, or { u(0,-) =0, u (0, ) =0in £2; (5.1.14D)
uly =0 in X. (5.1.14¢)

We note that the u-problem in (5.1.14) differs from the v-problem in (5.1.13)
only by lower order terms in v, and smoother terms in g. Thus, the u-problem
and the v-problem possess the same regularity. In particular, recalling (5.1.4),
we have

{u,u} € C(0, T]; [H?(52) N Hy (2)] x Hy (£2))

: . (5.1.15)
continuously in g € La(X).
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Thus, in light of (5.1.10), in order to prove (5.1.11), we equivalently establish
that: with reference to the u-problem (5.1.14), we have

0
the map g — (;j/t is continuous Lo(X) — Lo(X). (5.1.16)

Indeed, statement (5.1.16) follows at once, if we introduce the new variable
z = € C([0,T]; H} (£2)), continuously in g € La(X). Then the u-PDE prob-
lem in (3.1.14) becomes essentially the z-PDE problem in (4.1.11), rewritten
here for convenience:

Ztt = Az + Dgt in Q7 (5117&)
zyp = —Az+Dgy§ 2(0,-) =0, 2(0,-) =z1in 2;  z=wu (51.17b)
2z =0 in 2. (5.1.17¢)

with same a priori regularity as in (5.1.10): z = u; € C([0,T]; H}(£2)). For
this z-problem, the statement

0
the map g — aj is continuous Lo(X) — Lo(X), (5.1.18)

equivalent to (5.1.16) has been proved in Subsect. 4.1, Theorem 4.1.4. Hence
the desired conclusion (5.1.11) is established and Theorem 5.1.4 is proved. O

5.2 Implication on the uniform feedback stabilization
of the boundary nonlinear dissipative feedback
system w in (5.1.1a—c)

In this subsection, we focus on the w-problem (5.1.1a—c). We seek to specialize
to it the abstract uniform stabilization Theorem 3.1. To this end, we note
that

(i) the structural assumption (H.1) holds in the setting of Subsect. 5.1;

(ii) the required exact controllability assumption (H.4) of the linear open-
loop v-problem (5.1.1a—c) (LHS) also holds on the space Y, in (5.1.3a) within
the class of L2(0,T; U)-controls with U = Lo(I"), T > 0 sufficiently large, by
virtue of Theorem 5.1.2;

(iii) the boundedness assumption (H.5) of the open-loop boundary —
boundary map B*L is guaranteed by the (heavy) Theorem 5.1.4.
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Thus, under assumptions (H.2) and (H.3) (Sect. 3) on the nonlinear func-
tion f, with U = Lo(I"), we obtain the following nonlinear uniform stabiliza-
tion result.

Theorem 5.2.1. Let the function f in (5.1.1¢) satisfy assumptions (H.2) and
(H.3) of Sect. 3 with U = Lo(I"). Then the conclusion of Theorem 3.1 applies
to the nonlinear feedback w-problem (5.1.1a—c) (RHS). Thus, if s(t) is the
solution of the nonlinear ODE with q explicitly constructed in terms of the
data of the problem, we have

wo

w1

[+
wt(t)

Remark 5.2.1. The above result can be extended to the case where the equa-
tion also contains an interior dissipative term

< s(t)
1
D(A)xD(A2)

N Oast /" +oo. (5.2.1)
1
D(A)xD(A?)

wy — yAwy + Aw = R(w), (5.2.2)

along with (5.1.1b—c) (see [52]). The inner product of the second component
space is:

(ur,u2) 1 = (Ayui,u2)r,() (duality pairing). (5.2.3)

D(A?)
The nonlinear operator R is assumed to satisfy two assumptions:

(r.1)

1

R continuous D(A) — D(.A%) =D(A2); (5.2.4)

(r.2) There exists a Frechet differentiable operator II: D(A) — real line,
with IT(w) > 0, w € D(A), such that

(A R@).2),) 3 = @)D = (0@ Drsey. (6:25)

where IT’ is the Frechet derivative of II.
Thus, in the case, we can take

I(w) = —/ﬂi(w)d(z; (R) =R. (5.2.6)
(7]
For instance,
R(s) = qls|]*"%s; R(s)=|[s]?>0, 1<q< 0. (5.2.7)

As in the case of the wave equation of Subsect. 4.4, this result depends on a
unique continuation result. O
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5.8 Implication on exact controllability of the (linear)
dissipative system under boundary control

We return to the w-dissipative hyperbolic problem (in the linear case f(u) =
u € Lo(I')) on the RHS of (5.1.1c), which we now turn into a controlled
problem under boundary control. Thus, we consider

Yt — YAYu + A%y =0 in Q; (5.3.1a)

y(0, ) =9o,u:(0, <) =91 in L (5.3.1b)
d

yls =0, Ayl = f <— vt ) in X, (5.3.1c)
ov |p

with A defined by (1.1.0) and A defined by (4.1.6), v > 0. In (5.3.1¢), u
is a boundary control. As an immediate consequence of Theorem 5.1.4 and
(1.3.8d), we have the following corollary.

Corollary 5.3.1. Consider the open-loop v-problem on the LHS of (5.1.1a—
c). Let T > 0 be sufficiently large. Given any 1.C.{vo,v1} € [H*(2) N
H(02)] x HE($2), let g be the Ly(0,T; Lo(I"))-boundary control that steers
{vo,v1} to rest {0,0} at time T, i.e., g is such that the corresponding solution
of the v-problem satisfies v(T) = vi(T) = 0 [this is guaranteed by Theorem
5.1.2]. Then, with reference to the y-problem (5.3.1a—c), the boundary control

8 Yt

€ Lo(0,T; Lo(IN)) (5.3.2)
ov |

u =g+
steers the initial condition {yo,y1} = {vo,v1} € Y = [H*(2) N H}(2)] x
HL(82) to rest {0,0} at the same time T, i.e., u is such that the corresponding
solution of the dissipative controlled y-problem in (5.1.1a—c) satisfies

y(T) = y(T') = 0.
Proof. For uw =0 and {yo,y1} € Y, the closed-loop boundary regularity

6yt

v ‘1“ S LQ(O,T; LQ(F))

is the easy result (1.3.8d). For the open-loop v-problem on the LHS of
(5.1.1a—c), with g € L2(0,T;Lo(I")) and {vo,v1} = 0, the property that
0

(;l)/t|[' € Lo(0,T;Lo(I")) is precisely statement (5.1.16) = (5.1.11) of The-
orem 5.1.4. then, the v-problem in (5.1.1a—c) and the y-problem (5.3.1a—c)
with {yo,y1} = {vo,v1}, and w as in (5.3.2) coincide. |
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6 A First Order in Time PDE Illustration: The
Schrodinger Equation under Dirichlet Boundary
Control and Suitably Lifted Solution as Boundary
Observation

In this section, we provide a program parallel to that of Sect. 4 or 5, this
time, however, involving the first order in time Schrédinger equation with
Dirichlet control. Here, the solution does not encounter the challenge of the
wave equation with Dirichlet control of Sect. 4. This means that for wave
equation with Dirichlet control, the complete regularity theory of the corre-
sponding mixed problem [22] (direct estimate), as well as the corresponding
exact controllability /uniform stabilization theories (reverse estimates) of the
literature [29, 81, 64], are not sufficient. Consequently, an ad hoc nontriv-
ial proof is needed to establish the continuity of the boundary control —
boundary observation map B*L, as in Sect. 4. In the present case of the
Schrédinger equation, the situation is quite different. The available literature
already contains the key result that the present boundary control — bound-
ary observation map B*L is bounded [19, 32, 48], albeit explicitly in the
case of constant coefficients in the principal part (A = A in (1.1.0)). As well
known since the 1986 paper [22] on wave equations—and as explicitly noted
a few times in [48], the same proof of the constant coefficient case such as A
in (1.1.0) only produces lower order terms which are then readily absorbed
in the estimates. Moreover, unlike the case of the wave equation treated in
Sect. 4, we can provide in this section an addition system-theoretic result
on the corresponding transfer function B*L(\) [here ~  denotes Laplace
transform], which admits a direct, operator-theoretic, independent proof, in
particular not invoking the PDE-based proof for the continuity of B*L (see
Subsect. 6.4 below).

6.1 From the Dirichlet boundary control u for the
Schrodinger equation solution y to the boundary
observation gilp, via the Poisson equation lifting
z=A"1y

Let A be the differential expression defined in (1.1.0).
Linear open-loop and nonlinear closed-loop feedback dissipative
systems.

Let 2 be an open bounded domain in R", with sufficiently smooth C'-
boundary I". We consider the following open-loop problem of the Schrédinger
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equation defined on (2, with Dirichlet-control u € Lo(0,T; Lo(I")) = Lo(X),
and its corresponding boundary dissipative version

ys = —iAy; wy = —iAw in Q; (6.1.1a)
y(0, ) = yo; w(0, ) =1wo in $2; (6.1.1b)
O(A~L
ov r

with Q = (0,7] x £2; ¥ = (0,7] x I'. Moreover, the operator A is defined
below in (6.1.4) as Aw = —Aw, D(A) = H?(2) N H} (). Here, aa denotes
the co-normal derivative w.r.t. A. The nonlinear function f will be specified

in Subsect. 6.2 below.

Regularity, exact controllability of the y-problem; uniform
stability of the w-problem.

Paper [32] gives a full account of the (optimal) regularity and exact controlla-
bility of the open-loop y-problem in (6.1.1), as well as the uniform stabiliza-
tion of the corresponding closed-loop w-problem. Regularity issues of interest
here are also contained in [20, pp. 175-177] and [46, Chapter 10].

Theorem 6.1.1 (regularity [32, Theorem 1.2]). Regarding the y-problem
(6.1.1) with yo = 0, for each T > 0 the following interior reqularity holds
(the definition of L given here is in line with the abstract definition of the
operator L throughout this paper) :

the map L : v — Lu =y textiscontinuous Ly(X) — C([0,T]; H1(£2)).
(6.1.2)

Theorem 6.1.2 (exact controllability [32, Theorem 1.3], [91]). Let T > 0.
Given yo € H=(£2), there exists u € L2(0,T; La(I")) such that the corre-
sponding solution to the y-problem (6.1.1) satisfies y(T) = 0.

Theorem 6.1.3 (uniform stabilization [32, Theorems 1.4 and 1.5], [91]).
With reference to the w-problem in (6.1.1) with f(g) = g € Lo(I") (iden-
tity), we have

() the map wo € H=1(£2) — w(t) defines a s.c. contraction semigroup on
[D(A2)) = H}(92);
(i) w|s € La(0, 00; La(I)) continuously for wo € H=(£2);
(

iii) there exist constants M > 1 and § > 0 such that
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lw(t)|| < Me™* |||, t >0, (6.1.3)
with || || the H=1(82)-norm.

All three theorems above are obtained by PDE hard analysis energy meth-
ods (suitable energy multipliers). The most challenging result to prove is
Theorem 6.1.3 on uniform stabilization: this, in addition, requires a shift of
topology from H~'(£2) (the space of the final result) to H}(£2) (the space
where the energy method works). This shift of topology is implemented by a
change of variable: this is the same change of variable that is noted below in
(6.1.8), and that is needed to establish the desired regularity of B*L.

Abstract model of y-problem.

We let
A = —Ay, D(A) = H*(2) N Hy(2); (6.1.4)
p=Dg<— {Ap=0in 2; p|pr=gon I} o

Then the abstract model (in additive form) of the y-problem (6.2.1) is [32,
Equation (1.2.2)]

1

§ = iAy—iADu = iAy+Bu, y(0) =yo € Y = [D(A2)] = H ' (2); (6.1.5)

B=—iAD hence B* = iD* (6.1.6)

where the * for B and D refer actually to different topologies, as the following
computation yielding B* in (6.1.6) shows. Let v,y € Y. Then

(B’LL, y)Y = —Z(ADU, y)[D(Aé NK = _'L(D’LL, y)Lz(Q)

= —i(u, D*y)L,(r)y = (us BY) Lo(r)- (6.1.7)

A ‘dissipative-like,” open-loop, boundary control — boundary
observation linear problem. The operator B*L.

With reference to the y-problem in (6.1.1), we show that B*L : u — —i 57|

)
B*Lu= B y(t;yo=0) = —i o | | (6.1.8)
ov|p

2(t) = A y(t;y0 = 0) € C([0, T); D(A2) = HE(2)), (6.1.8b)

where z satisfies the following dynamics—abstract equation, and correspond-
ing PDE-mixed problem:
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—iAz —iDu in Q;

Zt

(6.1.9a)
2 =1Az —iDu 2(0,-)=20=0 in §2; (6.1.9b)
25 =0 in X. (6.1.9¢)

Indeed, to obtain (6.1.8)—(6.1.9), one uses the definitions in (6.1.8) and
(6.1.6),

B*Lu = B*y(t;yo = 0) = iD*AA™y(t; yo = 0)
0z

=iD*Az(t) = —iay,

(6.1.10)
as well as the usual property D*A = — 2 on D(Az) = H{ () from (32,
Equation (1.21)]. The abstract z-equation in (6.1.9) follows from the abstract
y-equation in (6.1.5) after applying A~! and using the definition of z(¢) in
(6.1.8b). Since u(t) € Hg(£2), then the abstract z-equation yields its PDE
version in (6.1.9b).

We next provide an interpretation of the new variable z via the Poisson
equation. From (6.1.8b) we have

Az = —y(t;yo = 0) in §2; (6.1.11a)
Az = y(t;yo = 0);
@ =yltiyo =0); or {z|p -0 on I (6.1.11D)
1
z(t; ;o) = — o /G(Lt;xo)y(t,x;yo = 0)dx, (6.1.12)
Q

G( ) being the associated Green function on {2 (with ¢ a parameter) [11].
Thus, z is the solution of the corresponding Poisson equation with zero Dirich-
let boundary data and with —y as a forcing term.

Schrédinger Poisson 2 9- $0z Ay
> y-problem Equation g 0 ¥ laltT 0 e
(6.1.1) d Vi

Fig. 6 Open-loop boundary control u — boundary observation gi Ir-

Key boundary — boundary regularity question.

With the optimal regularity of the variable z given by (6.1.8b), we con-
sider the corresponding Neumann trace (boundary observation) and ask the
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U . Yy Poisson 4 a- .92
» Schrodinger > Equation > ov . > iy
Nonlinear
-« -
Feedback f

Fig. 7 The corresponding closed-loop boundary dissipative nonlinear problem.

question (recalling (6.1.10)):

Does 07| € Ly(0,T: Lo(I'))?
ov|p
(6.1.13)

i.e.,

Is B*L continuous Lo (0,T; Lo(I")) — L2(0,T; Lo(I7))?

The answer is affirmative. It does not follow directly by trace theory from
the optimal interior regularity (6.1.8b) of z. In fact, a positive answer to
question (6.1.13) would correspond to a “% gain” in Sobolev-space regularity

(in the space variable) over a formal application of trace theory to (6.1.8b).
Theorem 6.1.4. With reference to (6.1.8) and (6.1.13), we have
B*L : continuous L2(0,T; Lo(I")) — L2(0,T; Lo(I)); (6.1.14a)

equivalently, with reference to (6.1.10),

the map u — glz/ is continuous La(0,T; Lo(I")) — L2(0,T; Lo(I7)).  (6.1.14Db)

This result (6.1.14) is explicitly stated and proved in [20, Proposition 4.2,
p. 175], explicitly in the case of constant coefficients A = —A. Here, the reg-
ularity (6.1.8) for z is established in [20, Equation (4.14)] by energy methods
(via the multiplier h-Vz, h|r = v) without first establishing the y-regularity
(6.1.2) in Theorem 6.1.1. This result (6.1.14) also follows from [43, iden-
tity (2.1), Lemma 2.1] (built with the multiplier h - Vz) with f = —iDu €
La(0,T;D(Ai9)) and the a priori reqularity z € C([0,T]; HE(£2)) in (6.1.8)
for z: the latter uses, by contrast, the y-regularity (6.1.2) in Theorem 6.1.1.
The two avenues chosen in [20] and [32] are very closely related and based on
the same energy method and duality. The expression “double duality” was
used in [20] as duality was used twice.
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As noted in the introduction of Sect. 6, the case of variable coefficients (op-
erator A) can be proved in exactly the same way as in the case of constant
coefficients, as the presence of variable coefficients only contributes lower
order terms that can then be readily absorbed in the estimates. This obser-
vation is well known since the 1986 paper [22] on wave equations, and was
also noted several times in [48, Remark 4.1, statement just below Equation
(4.2.3), etc.].

6.2 Implication on the uniform feedback stabilization
of the boundary nonlinear dissipative feedback
system w in (6.1.1a—c)

In this subsection, we focus on the w-problem (6.1.1a—c). We seek to specialize
to it the abstract uniform stabilization Theorem 3.1. To this end, we note
that

(i) the structural assumption (H.1) holds in the setting of Subsect. 6.1;

(ii) the required exact controllability assumption (H.4) of the linear open-
loop y-problem (6.1.1a—c) (LHS) also holds on the space Y = H~1(£2) in
(6.1.5) within the class of L2(0,T;U)-controls, with U = Lo(I"), T > 0
arbitrary, by virtue of Theorem 6.1.2;

(iii) the boundedness assumption (H.5) of the open-loop boundary —
boundary map B*L is guaranteed by Theorem 6.1.4.

Thus, under assumptions (H.2) and (H.3) (Sect. 3) on the nonlinear func-
tion f, with U = Lo(I"), we obtain the following nonlinear uniform stabiliza-
tion result.

Theorem 6.2.1. Let the function f in (6.1.1c) satisfy assumptions (H.2)
and (H.3) of Sect. 3, with U = Lo(I"). Then the conclusion of Theorem 3.1
applies to the nonlinear feedback w-problem (6.1.1a—c) (RHS). Thus, if s(t)
1s the solution of the nonlinear ODE with q explicitly constructed in terms of
the data of the problem, we have

lw®)lr-1(0) < s@)|wollr-1(2) \ 0 ast /" +oo. (6.2.1)

6.3 Implication on exact controllability of the (linear)
dissipative system under boundary control

We return to the w-dissipative Schrodinger problem (in the linear case f(u) =
u € Lo(I')) on the RHS of (6.1.1a—c), which we now turn into a controlled
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problem under boundary control. Thus, we consider

vy = —iAv in @Q; (6.3.1a)

v(0, ) = o in £2; (6.3.1b)
(A 1w .

Vg =i (81/ ) +pin X, (6.3.1c)

with A defined by (1.1.0) and A defined by (6.1.4). In (6.3.1c), p is the
Dirichlet boundary control. As an immediate consequence of Theorem 6.1.4
and (1.3.8d), we have the following corollary.

Corollary 6.3.1. Consider the open-loop y-problem on the LHS of (6.1.1a—
c). Let T > 0 be arbitrary. Given any 1.C. yo € H=(R2), let u € L2(0,T;
Lo(I")) be the Dirichlet control that steers yo to rest {0} at time T, i.e., u
is such that the corresponding solution of the y-problem satisfies y(T) = 0.
[This is guaranteed by Theorem 4.1.2.] Then, with reference to the v-problem
(6.3.1a—c), the Dirichlet-boundary control

9(A™1y)

w=u—1
o |

€ Ly(0,T; Lo(I)) (6.3.2)
steers the initial condition vo = yo € H~(£2) to rest {0} at the same time

T, i.e., p is such that the corresponding solution of the dissipative controlled
v-problem in (6.3.1a—c) satisfies v(T) = 0.

Proof. (Same as the proof of Corollary 4.5.1, mutatis mutandi.) For u = 0 and
Yo € H~1(£2), the closed-loop boundary regularity 8‘48;19 |r € L2(0,T; La(I))
is the (easy) result (1.3.8d). For the open-loop y-problem on the LHS
of (6.1.1a—), with u € Lo(0,T;L2(I")) and yo = 0, the property that
—1
O(Aay y)|[‘ € Ly(0,T; Ly(I')) is precisely statement (6.1.14b) of Theorem
6.1.4. Then the y-problem in (6.1.1a—c) and the v-problem (6.3.1a—c) with
vg = yo and p as in (6.3.2) coincide. O

6.4 Aﬂmptotic behavior of the transfer function:
(B*L)(A) = O(A~(279)), as positive A /' +oco. A
direct, independent proof

In this subsection, we provide a decay rate of the transfer function H(\) =

—

B*L(\) as positive A /" 400. The proof is operator-theoretic and direct;
in particular, it does not invoke the PDE-based result on B*L of Theorem
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6.1.4. If 7 denotes the Laplace transform, define via (1.2.2b) on L and the
convolution theorem

—

H(\) = BL(\) = B*R(\,iA)B = iD*R(\;iA)(—iAD), A>0 (6.4.1)
- (D*Ai—s) [A5+25R()\,iA)] (Ai—fD), (6.4.2)

with € > 0 arbitrary, where we have recalled (1.2.2b) for Z()\) = R(\, A)B,
and (6.1.6) for B* and B.

Proposition 6.4.1. With reference to the transfer function H(\) in (6.4.2),
the following asymptotic estimate holds with € > 0 arbitrary:

Oy = [z
IE ) 2oy N £ acry

=0 ()\11€> , as positive A / 400. (6.4.3)

Proof. Step 1. Recalling the basic regularity Ai—=D € L(Ly(I'); Ly(£2)) of
the Dirichlet map, we obtain from (6.4.2), where in the present proof || - || is
the £(Lz(§2))-norm:

i = |57z
IH M 2Lary) (M) L(La(T))

=0 (JI43=ROiA)), A>0.  (644)

Step 2. Since (iA) is the generator of a s.c. contraction group on the space
Ly(£2), the Hille-Yosida theorem yields the resolvent bound

R()\,iA <1, A > 0. 6.4.5
A

Moreover, since (14)R(X,iA) = AR(\,iA)—1I, X\ > 0, the above bound (6.4.5)
implies:
|AR(A,iA)|| < const, A > 0. (6.4.6)

Step 3. By interpolation between (6.4.5) and (6.4.6) [65], we then deduce

C

[APRO A < ),

A>0.

(6.4.7)
Then, substituting (6.4.7) into the RHS of (6.4.4), we obtain the estimate
(6.4.3) (with 2e replaced by ¢), as desired. O

o<o<t iRl <,
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This is, apparently, a sought-after result in “system theory.”

7 Euler—Bernoulli Plate with Clamped Boundary
Controls. Neumann Boundary Control and Velocity
Boundary Observation

The present section deals with the Euler—Bernoulli plate equation with
“clamped” boundary controls (in any dimension), while “hinged” boundary
controls will be considered in Sect. 8. In either case, the corresponding results
of optimal regularity, exact controllability and uniform stabilization—all ob-
tained by PDE energy methods—have been known since the late 80’s—early
90’s. Moreover, the regularity result B*L € L(L2(0,T;U)) is also true for
each of the aforementioned Euler—Bernoulli mixed problems. This was noted
in [48], explicitly in the case of constant coefficients (which, as noted several
times in [48] and in the present paper, admits a direct and straightforward
extension to the (space) variable coefficient case, where additional lower order
terms are readily absorbed in the estimates). This result is contained in the
treatments of the aforementioned literature cited as a built-in block, rather
than singled out in an explicit statement. Below, we extract the necessary
details from the literature, as done in [48]. After this, on the basis of Theorem
3.1, we provide a new closed-loop feedback stabilization result with nonlinear
boundary feedback.

7.1 From the Neumann boundary control of the
FEuler—Bernoulli plate to the boundary observation
—Az|r, via the Poisson lifting z = A v,

Let A be the differential expression defined in (1.1.0).

Linear open-loop and nonlinear closed-loop feedback

dissipative systems.

Let {2 be an open bounded domain in R™ (n = 2, in the physical case of
plates) with sufficiently smooth boundary I". We consider the following open-
loop problem of the Euler—Bernoulli equation defined on {2, with Neumann
boundary control go € L2(0,T; Lo(I")) = Lo(X), as well as its corresponding
boundary dissipative version:
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v + A%v = 0; wy + A2w =0 in@; (7.1.1a)
U(Oa'):U07 Ut(ov')zvl; w(oa ) = Wo, wt(07 ) =w in Q’ (711b)
v|lg =0; w|s =0 in X; (7.1.1¢)
ov| ow 1 .

ov| = 92; o ‘2: [fA(AT wy)] ) in X, (7.1.1d)

with @ = (0,T] x £2; ¥ = (0,T] x I'. Moreover, the operator A is defined
below in (7.1.6) as Aw = A?w, D(A) = H*(2) N HZ(£2). Here, 2 denotes
the co-normal derivative w.r.t. A. The nonlinear function f will be specified
in Subsect. 7.2 below.

Regularity, exact controllability of the v-problem; uniform
stabilization of the w-problem.

References for this subsection include [62, 64, 31] for the v-problem and [68]
for the w-problem. These references give a full account of these three prob-
lems. We begin by introducing the (state) space (of optimal regularity)

1 1

X = Ly(2) x [D(AD)]);  [D(AD)]) = H2(2); D(A:) = HX(). (7.1.2)

Theorem 7.1.1 (regularity [62, 64]). Regarding the v-problem (7.1.1), with
yo = {vo,v1} = 0, the following regularity result holds for each T > 0 (recall
the definition of L in (1.2.2b)): the map

L: gy — Lgs = {v, v} is continuous (7.1.3)
Ly(2) — C([0,T); X = Lo(2) x H2(12)). o

Theorem 7.1.2 (exact controllability [63, 64, 68]). Given any initial condi-
tion {vo,v1} € X and T > 0, there exists go € La(X) such that the corre-
sponding solution of the v-problem (7.1.1) satisfies {v(T),v:(T)} = 0.

Theorem 7.1.3 (uniform stabilization [68]). With reference to the w-problem
(7.1.1), we have

(i) the map {wo, w1} € X = La(2) x [D(A2)] — {w(t), w:(t)} defines a
s.c. contraction semigroup et on X;
(i)
ow

o, | = [AAT w)]s € La(0,00; Lo (1))
Vis

continuously in {wo, w1} € X; (7.1.4)
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(iil) there exist constants M > 1 and § > 0 such that

H{wt ]H {me t>0.  (7.15)

All three theorems above are obtained by PDE hard analysis energy meth-
ods (suitable energy multipliers). As usual, the most challenging result to
prove is Theorem 7.1.3 on uniform stabilization: this problem, in addition,
requires a shift of topology from X = Lo(£2) x H~2(2) (the space of the final
result) to HZ(£2) x La(£2) (the space where the energy method works). This
shift of topology is implemented by a change of variable: this is the same
change of variable, noted below in (7.1.10), that is needed to establish the
desired regularity of B* L.

3], e

Abstract model of v-problem.

We let
Ay =A%), D(A) = H'(2) N H{($2);
3 (7.1.6a)
Go: H°(I') — H* 2(2), s € R;
5 . O
p=Gag2 <= SA°p=01in 2; p|r =0, =gsy. (7.1.6Db)
ov |

Then the second order, respectively first order, abstract models (in additive
form) of the v-problem (7.1.1) are [68, 31]

d [ v v
vy + Av = AG2gs; dt [’Ut:| =A [Ut] + Bgo; (7.1.7)
o 0 I . o 0 . | L1 | _ v
PN VA RPN S PR 1 P

where * for B and G» refer actually to different topologies. With B* defined

by (Bg2,z)x = (g2, B*x)r,(r) with respect to the X-topology, we readily

find the expression in (7.1.8), since the second component of the space X is
1

[D(A2)]".

A ‘Dissipative-Like,” Open-Loop, Boundary Control — Boundary
Observation Linear Problem. The operator B*L.

With yo = {vg, v1} = 0, we show that
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B*Lgs = B* [Z%;f;% ::%ﬂ — Giultiye = 0) = —[Az(®)]r;  (7.1.9)

2(t) = A (L yo = 0) € C([0, T);D(A?) = H2(2))

) . (7.1.10)
continuously in go € L2(X).

The new variable z(t) defined in (7.1.10) satisfies the following dynamics:
abstract equation, and corresponding PDE-mixed problem

st A% = Gaga nQ;  (7.1.11a)
2(0, ) =20 = 0; 2/(0, -) = 21 in

0z .
Z|g:07 o 2:0 in 3. (7.1.110)

Zy + Az = Gagoy (7.1.11Db)

Indeed, to establish (7.1.9) (right), (7.1.10), one uses the definition in (7.1.9)
(left), followed by (7.1.8) for B*, to obtain

B*Lgs = Gyu(tyo = 0) = G5 AA vy (t;50 = 0)
_ G As(t) = —Az(D)|r, (7.1.12)

where, in the last step, we have recalled the usual property G5 A = —A | on
D(A2) = HZ(£2) [68, Equation (1.11)] and [4, Equation (1.20), p. 49]. The
abstract z-equation is readily obtained from the abstract v-equation, after
applying throughout A~! and ddt to it, and using the definition of z(t) in
(7.1.10), whose a priori regularity in (7.1.10) follows from (7.1.3), (7.1.2).
Since z(t) € HZ(§2), both boundary conditions are satisfied and the abstract
z-equation leads to its corresponding PDE-version. By (7.1.19) below, and
within the class (7.1.20), we can take z; = 0.

Interpretation of z.

We next provide an interpretation of the new variable z via an elliptic
problem-lifting. From (7.1.10), we have

A% = vy (t;90) in 2
Az = v (t;y0 = 0); or Oz

=0 =0.
2lr T oL

Remark 7.1.1. As already noted, the change of variable v; — z in (7.1.10)
and the resulting z-problems in (7.1.11) are precisely the same that were used
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v
g2 EB _ Elliptic z=A" v —Az|p

> .
v-problem . Equation
t

Fig. 8 Open-loop boundary control go — boundary observation —Az|r.

v
_ ot =A"ly, —Az
g> E-B . Elhpt.lc # »”f (—A')h" o ‘F
v-problem v Equation
t
- Nonlinear -
Feedback f

Fig. 9 The corresponding closed-loop boundary dissipative nonlinear problem {w,w;}.

in [68, Subsect. 2.1] in obtaining the uniform stabilization, Theorem 7.1.3,
directly; the only difference is the specific form of the right-hand side term
(thus, the letter p was used in [68, Equation (2.11)], while the letter z is used
now for a closely related, yet not identical system). In both cases, however,
a time-derivative term occurs (in our case G2gzt), which will require—in [O-
T.1] as well as in Step 6 in the proof of Lemma 7.1.1 below, an integration
by parts in t, to obtain the sought-after estimate. 0O

Theorem 7.1.4. With reference to (7.1.9), we have
B*L : continuous La(0,T; La(I')) — L2(0,T; Lo(I)) (7.1.13a)
equivalently, with reference to (7.1.11),

the map go —Az|x is continuous

7.1.13b
LO.T5Lo(D) - LT La(r)).

As pointed out in [48], this result, though not explicitly stated, is built-in
in the treatments of [68] of Theorem 7.1.3.

Proof. Step 1. Basic energy identity. As mentioned repeatedly, it suffices to
confine to the constant coefficient case A = A. We return to the basic identity
of the energy methods [68, Equation (2.24), p. 287], which we use with a
vector field h satisfying (as usual in obtaining trace regularity results [22])
the additional condition h|p = v. Thus, with h-v =1 on I, for the solution
2z of a priori regularity z € C([0,T]; H2(£2)) as in (7.1.10), we have
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1
9 /(AZ)QdZ = RHS; + RHS; + bo 7; (7.1.14)
Py

RHS; = /Az div[(H + H")V2)dQ + ; /zAzA(diV h)dQ; (7.1.15)
Q

Q
1
RHS; = —/Ggggt h-VzdQ — 5 /Ggggtz div hdQ); (7.1.16)
Q Q
v, 1 . T
bor = [(zt,h-V2)aly + 2[(zt,z div h)alp - (7.1.17)

Step 2. Estimate for RHS;. From the a priori regularity (7.1.10) for z, we
immediately find that

RHS, = O (||gg||%2(2)) Y gy € Lo(5). (7.1.18)

Step 3. Regularity of z;. To handle RHSy (by integration by parts in ¢,
precisely as in the proof of the uniform stabilization Theorem 7.1.3 given in
[68, p. 283-289], we need the regularity of z;. By (7.1.10) and the v-equation
(7.1.7), we obtain

z(t) = A oy = A7 [~ Av + AGags]
= —v+ Gagz € L2(0,T; La(£2)) continuously in g2 € Lo(X),  (7.1.19)

by recalling that v € C([0,T]; L2(£2)) (see (7.1.3)) and that Gags €
L(0,T; H3 (£2)), by virtue of (7.1.6a) with s = 0 on Gy and ga € Lo(X).

Step 4. Estimates for RHSy and by for smoother g2. Henceforth, to esti-
mate both RHS, and by 7, we at first take g within the smoother class

g2 € C([0,T]; L2(I")), g2(0) = go(T) = 0. (7.1.20)

This initial restriction is dictated by the fact that z; in (7.1.19) is only in Lo
in time.

Lemma 7.1.1. In the present setting, we have
RS = O (l92l30sy) s bor = O (loels ) - (7.1.21)

for all go in the class (7.1.20).
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Step 5. Proof of (7.1.21) for b r. First from (7.1.10) and (7.1.3), (7.1.2),
we have since v;(0) = v = 0:
2(0) =0, 2(T)= A" u(Two =0) € D(A?) = Hi(9),
continuously in gg € La(X). (7.1.22)

Next, for go in the class (7.1.20) used in (7.1.19), we compute since v(0) =
Vo = 0:

2¢:(0) =0, 2(T) = —v(T) € La(£2), continuously in g € La(X), (7.1.23)

where the regularity follows from (7.1.3). Using (7.1.22), (7.1.23) in (7.1.17),
we readily obtain, as desired:

bor = (Zt(T),h~VZ(T))Q+;(Zt(T),Z(T) div h)p = (9(||g2||%2(2))7 (7.1.24)

for all go in the class (7.1.20). Thus, (7.1.21) (right) is proved.

Step 6. Proof of (7.1.21) for RHS,. The most critical terms of RHSy to
estimate is the first term in (7.1.16). As in the direct proof of the uniform
stabilization Theorem 7.1.3 given in [68, p. 287], we integrate by parts in t,
with g2 in the class (7.1.20), thus obtaining

T

/Ggggt thdQ: /ngg h zdf? —/Gggg hVthQ, (7125)
Q P Q

0

where the first term on the right-hand side of (7.1.25) vanishes, since g2(0) =
92(T") = 0. Moreover, the usual divergence theorem [68, Equation (2.31),
p. 288] yields with h-v = 1:

T

//Gggzh . Vztdﬂ dt

0 0
T T

://Ggg 'l/dth—//Zth'V(Gggg)d.th
0TI 0 0

T

- //szt div hd2dt = O(|gall?, 5): (7.1.26)
0 N

for all go in the class (7.1.20). The indicated estimate in terms of g in
(7.1.26) follows by virtue of z; € Lo(0,T; L2(£2)) (see (7.1.19)); Gage €
Ly(0,T; H2(£2)) by (7.1.6a) with s = 0 on Ga; and thus |V(Gags)| €
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Ly(0,T; H: (£2)), all bounded by the Lo(X)-norm of gs. A similar estimate as
(7.1.26) holds, a fortiori, for the more regular second term in the definition
of RHS; in (7.1.16). Accordingly, we obtain (7.1.21) for RHSs.

Step 7. We can then extend the estimates (7.1.21) for RHS, and by 7 to all
g2 € Lo(X), by density, starting from the class (7.1.20). Using these extended
estimates, as well as (7.1.18) in (7.1.14), we finally obtain

(@24 = Ollgal ) ¥ g2 € Lal2) (7.1.27)
x
and (7.1.13b) is proved. The proof of Theorem 4.3.4 is complete. O

7.2 Implication on the uniform feedback stabilization
of the boundary nonlinear dissipative feedback
system w in (7.1.1a—d)

In this subsection, we focus on the w-problem (7.1.1a—c). We seek to specialize
to it the abstract uniform stabilization Theorem 3.1. To this end, we note
that

(i) the structural assumption (H.1) holds in the setting of Subsect. 7.1 (see
Subsect. 1.2);

(ii) the required exact controllability assumption (H.4) of the linear open-
loop v-problem (7.1.1a-d) (LHS) also holds on the space X = Ly(£2) x
H=2(£) in (7.1.2) within the class of Ly (0, T;U)-controls, with U = Ly(I"),
T > 0 arbitrary, by virtue of Theorem 7.1.2;

(iii) the boundedness assumption (H.5) of the open-loop boundary —
boundary map B*L is guaranteed by Theorem 7.1.4.

Thus, under assumptions (H.2) and (H.3) (Sect. 3) on the nonlinear func-
tion f, with U = Lo(I"), we obtain the following nonlinear uniform stabiliza-
tion result.

Theorem 7.2.1. Let the function f in (7.1.1d) satisfy assumptions (H.2)
and (H.3) of Sect. 3, with U = Lo(I"). Then the conclusion of Theorem 3.1
applies to the nonlinear feedback w-problem (7.1.1a-d) (RHS). Thus, if s(t)
is the solution of the nonlinear ODE with q explicitly constructed in terms of
the data of the problem, we have
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w(t) Wo
wy(t) wq

7.3 Implication on exact controllability of the (linear)
dissipative system under boundary control

N0 ast / +oo. (7.2.1)
La(2)x H-2(02)

X

La(2)x H=2(£2)

We return to the w-dissipative Euler—Bernoulli problem (in the linear case
f(u) = uw € Lo(I')) on the RHS of (7.1.1a-d), which we now turn into a
controlled problem under boundary control.

Thus, we consider

v+ A% =0 in Qs (7.3.1a)
y(0.+) = yo, 40, ) =1 in 2 (7.3.1b)
ylz =0 in 2 (7.3.1¢)
W= AU uin 2, (73.14)

ov|s

with A defined by (1.1.0), and A defined by (7.1.6). In (7.3.1d), u is the bound-
ary control. As an immediate consequence of Theorem 7.1.4 and (1.3.8d), we
have the following corollary.

Corollary 7.3.1. Consider the open-loop v-problem on the LHS of (7.1.1a—
d). Let T > 0 be arbitrary. Given any 1.C.{vo,v1} € X = Lo(2) x H=2(2),
let g2 € La(0,T; Lo(I")) be the Neumann-boundary control that steers {vg,v1 }
to rest {0,0} at time T, i.e., g is such that the corresponding solution of the
v-problem satisfies v(T) = vi(T) = 0 [this is guaranteed by Theorem 7.1.2].
Then, with reference to the y-problem (7.3.1a~d), the boundary control

u=gy— AA y)|r € La(0,T; Lo(I)), (7.3.2)

steers the 1.C. {yo,y1} = {vo,v1} € X to rest {0,0} at the same time T,
i.e., u is such that the corresponding solution of the dissipative controlled
y-problem in (7.3.1a-d) satisfies y(T') = y(T') = 0.

Proof. Similar to that of Corollary 6.3.1, Corollary 5.3.1, Corollary 4.5.1,
mutatis mutandi.

a
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8 Euler—Bernoulli Plate with Hinged Boundary
Controls. Boundary Control in the ‘Moment’
Boundary Condition and Suitably Lifted Velocity
Boundary Observation

The present section deals with the Euler—-Bernoulli plate equation with ‘mo-
ment’ boundary controls (in any dimension). Here also the corresponding
results of optimal regularity, exact controllability, and uniform stabilization—
all obtained by PDE energy methods (suitably multipliers)—have been
known since the late 80’s, at least in the constant coefficient case, with fur-
ther advances in exact controllability /uniform stabilization also in the vari-
able coefficient case, where the passage from constant coefficient to variable
coefficient is critical and challenging (unlike the case of optimal regularity)
[96, 55, 10].

8.1 From the ‘moment’ boundary control of the
FEuler—Bernoull: plate to the boundary observation
%fj |r, via an elliptic lifting z; = A v,

Linear open-loop and nonlinear closed-loop feedback dissipative
systems.

Let, again, {2 be an open bounded domain in R™ (n = 2 in the physical case
of plates) with sufficiently smooth C?-boundary I". We consider the follow-
ing open-loop problem of the Euler—Bernoulli equation defined on §2), with
boundary control go € L2(0,T; La(I")) = Lo(X), in the ‘moment’ boundary
condition, as well as its corresponding boundary dissipative version:

vt + A% = 0; wys + A%2w =0 in Q; (8.1.1a)
v(0,) =vo, v¢(0,) =v1; w(0, -) = wo, we(0, -) =w1 in £2; (8.1.1b)
v|g =0; wlg =0 in X (8.1.1¢)
0 .
Ao| =g Aw| =f (8 (AlwnyF) in ¥, (8.1.1d)
z z v

with Q@ = (0,7] x £2; X = (0,T] x I'. Moreover, the operator A is defined
below in (8.1.6) as Af = —Af; D(A) = H?(2) N H(£2). Here, 2 denotes
the co-normal derivative w.r.t. A. The nonlinear function f will be specified

in Subsect. 8.2 below.
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Regularity, exact controllability of the v-problem; uniform
stabilization of the w-problem.

References for this subsection include [32, 35, 40, 63, 64, 59, 20]. We begin
by introducing the (state) space of optimal regularity

Y =D(A?) x [D(A?)] = HL Q) x H (). (8.1.2)

Theorem 8.1.1 (regularity [32, Theorem 1.3, Equations (1.22) and (1.23),
p. 203]). Regarding the v-problem (8.1.1) with yo = {vo,v1} = 0, the following
reqularity result holds for each T > 0 (recall the definition of L in (1.2.2b)):
the map

L: gy —Lgs = {v,v} is continuous Lo(X) — C([0,T7]; (8.1.3a)
Hg (£2) x H™1(92));

— vy continuous Ly(X) — Ly (0,T; [D(A2)] = V); (8.1.3b)

V =D(A?) ={he€ H*(): h|p = Ah|p =0} (8.1.4)

[warning: the operator A in [32, Theorem 1.3] is A = A? in our present
notation for A, see [32, Equations (1.5) and (1.6)]].

Theorem 8.1.2 (exact controllability [20, 59]). Given any initial condition
{vo, 1} €Y and T > 0, there exists a go € La2(X) such that the corresponding
solution of the v-problem (8.1.1) satisfies {v(T),v:(T)} = 0.

Remark 8.1.1. Exact controllability of the v-problem (8.1.1) with two bound-
ary controls: v|x = g1 and Av|x = g2, g1 € H}(0,T; Lo(I)), g2 € L2(X) was
previously obtained in [35, Theorem 1.2], [63, 64]. A different exact boundary
controllability result with g = 0 and g5 € L2(0, T} H> (I')), however, in the
space [H?(2) N HE (2)] x La(£2) was obtained in [40, Theorem 1.1]. O

Theorem 8.1.3 (uniform stabilization [20]). With reference to the w-problem
(8.1.1), we have

(i) the map {wo, w1} € Y = D(A2) x [D(A2)] — {w(t), w(t)} defines a
s.c. contraction semigroup et on Y
(i)
8A_1wt
v

Aw|y = € Ly(0,00; Lo(I)) (8.1.5)
continuously in {wo, w1} € Y;

(iil) there exist constants M > 1 and § > 0 such that
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L], =l o] )

All three theorems above are obtained by PDE hard analysis energy meth-
ods (suitable energy multipliers). As usual, the most challenging result to
prove is Theorem 8.1.3 on uniform stabilization.

< Me—(st
Y

, t>0. (8.1.6)
Y

Y ‘

Abstract model of v-problem.

We let
Ap = —Ap, D(A) = H*(2) N Hy(£2); 617
Amm|Gy : H¥(I') — H*T3(), s € R, o
0 = Gags <= {A%p=0in 2; ¢|r =0, Ap|r = go on I'}, (8.1.8)

and we recall the Dirichlet map D : H*(I') — H**2(£2) defined in (6.1.4):
@ =Dgs <= {Ap=0in2; p|r=goon T'}; Gy = —-A"'D, (8.1.9)

where the last relationship is taken from [32, Remark 3.2, p. 211]. Then the
second order, respectively first order, abstract models (in additive form) of
the v-problem (8.1.1) are [32, 35]

d
vy + A% = A2Gags = —ADgs; it [;’J =A [;’t] + Bgo; (8.1.10)

A= [_Az 0], Bgs = |:A2G292:|, B L“J = G5 Axy = —D* o, (8.1.11)

where x for B, and G5 and D, refer to different topologies. With B* defined by
(Bg2, )y = (g2, B*x),(r) with respect to the Y-topology defined in (8.1.2),
we readily find the expression in (8.1.11) also by virtue of Gy = —A~1D.

‘Dissipative-like,” open-loop, boundary control — boundary
observation linear problem. The operator B*L.

With yo = {vg, v1} = 0, we show that
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:_%))] = G3Av(tyo = 0) = —D*vi(t;yo)  (8:1.12a)

4 9
= o A L, (t o = 0) = oy (1) (8.1.12b)

t) = A u(t;yo = 0) € ([0, T); D(A2) =V
z(t) v(t;yo = 0) € C([0,T); D(A2) = V) (8.1.13)
continuously in g; € L2(X).

Indeed, to obtain (8.1.12a-b), one uses the definition in (8.1.11) for B*, fol-
lowed by the usual property that G3A% = aay on D(.Aé) [32, Lemma 3.1,
Equation (3.7), p. 212] or D*A = —aay on D(A2) = HL(2) [43, Equation
1.21)].

| le]e regularity of z(t) noted in (8.1.13) follows from (8.1.3a) for v, and

D(A2) = H}(£2). The new variable z(t) defined in (8.1.13) satisfies the fol-
lowing dynamics: abstract equation, and corresponding PDE-mixed problem

2t + AQZ = AGQQQ

Zit + A2Z = AGQQQ = —Dgg in Q; (8.1.14&)
=—Dgs} 2(0,-) =0, 2(0,-)=0 in {2, (8.1.14b)
|z =0,4A2z|5s =0 in X, (8.1.14¢)

The abstract z-equation in (8.1.14) (left) is readily obtained from the abstract
v-equation in (8.1.10), after applying A~! and using the definition of z(t) in
(8.1.13). Since z(t) € D(A2) =V (see (8.1.4)), both boundary conditions are
satisfied and the abstract z-equation leads to its corresponding PDE-version.

Interpretation of z.

We next provide an interpretation of the new variable z via an elliptic
problem-lifting. From (8.1.13), we have

A?z = vyt 50 = 0);

Zt|p = Azt‘p = 0

Az = v(t;90 = 0); or {

Remark 8.1.2. As already noted, the change of variable v — z in (8.1.13)
and the resulting z-problems in (8.1.14) are precisely the same that were
used in [20, Equations (2.7), (2.8), (4.3)] in obtaining there the uniform sta-
bilization, Theorem 4.5.3, directly; the only difference is that, in [20, Equa-
tions (2.8), (4.3)], g2 is expressed in feedback form: go = D*Ap; = aay pt €
L5(0,00; L2(I')) in the notation of [20]. Thus, the letter p was used in [20],
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‘ -1 %\,
g2 E-B Elliptic %t = Ay, o- v
™ v-problem " Liftin g ) g
V-pro o g 2
Fig. 10 Open-loop boundary control go — boundary observation %ZJ r
v
Ozt
92 E-B Elliptic *=A"'w - ov 1T
> > o > >
v-problem Lifting ov
UVt r
Nonlinear
- -
Feedback f

Fig. 11 The corresponding closed-loop boundary dissipative nonlinear problem {w,w;}

while the letter z is used now. Thus, the techniques in the proof of the next,
sought-after result are contained in [20] and indeed in [35, 64]. O

Theorem 8.1.4. With reference to (8.1.12), we have
B*L: continuous La(0,T; Lo(I")) — Lo(0,T; Lo(1)), (8.1.15)

equivalently, with reference to (8.1.14),

2t . .
the map go — 18 continuous
ov |y (8.1.16)

L2(0,T; Lo(I")) — La(0,T; La(I)).

We will see in the proof below that this result, though not explicitly stated,
is built-in in the treatments of [20, 32, 35, 63, 64] of Theorem 8.1.1.

Proof. Step 1. Basic energy identity. As mentioned repeatedly, it suffices (for
regularity purposes) to confine to the constant coefficient case A = A. We
return to the basic identity of the energy method [20, 32, 35, 64], which we
use with a vector field h satisfying (as usual in obtaining trace regularity
results [22]) the additional condition h|r = v. Thus, with h-v =1 on I, for
the solution z of a priori regularity z € C([0,T]; D(A2) = V) as in (8.1.13),
we have (for example, [35, Equations (2.29) and (2.32)] and [32, Equations
(2.1) and (2.4)])
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1 A 2 2
2/ <86VZ> + (%ff) 1dE:RH81+RH82+bO,T; (8.1.17)
Py

RHS; :/HVAZ~VAde+/HVzt~VztdQ
Q Q

1
—|—2 / (IVz]* = [VAz[?) div hdQ +/th(diV h) - VzdQ; (8.1.18)

Q Q
RHS,; = —/DQQVAZ dQ; (8.1.19)
Q
bo.r = — [(21,h - VAZ) 1y g - (8.1.20)

Step 2. Regularity of z;. To handle RHS;, we need the a priori regularity
of 2ty

2= A u(tyo = 0) € O([0, T]; D(A2) = HY(2))

. . (8.1.21)
continuously in gs € Lo(X),

as it follows from (8.1.13), (8.1.3a), and H~'(£2) = [D(A2)]’ (see (8.1.2)).
Step 3. Estimate of RHS;. By (8.1.13) for z and (8.1.21) for 2z, we obtain

[VAz|, [Vz| € C([0,T]; L2(£2)), continuously in go € Lo(X).  (8.1.22)
Using (8.1.22) in (8.1.18) readily yields
RHS, = O (||gQ||%2(2)) Y g2 € Lo(2). (8.1.23)

Step 4. Estimates of RHSy and by r. From (8.1.19) and (8.1.20), by virtue
of (8.1.21), (8.1.22), we readily obtain

RHS2 + bo,r = O (||92”%2(2)> Y g2 € La(X). (8.1.24)

Step 5. Final estimate. Using (8.1.23)—(8.1.24) in (8.1.17) yields

1 9Az\?  (0z\*| )
) o) (o) |42 =0 (gl ) Ve La(2), (8.125)
X

and (8.1.25) a fortiori proves (8.1.16), as desired. The proof of Theorem 8.1.4
is complete. a
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Remark 8.1.3. In this case, the proof of Theorem 8.1.4 is easier than the
proof of uniform stabilization in [20]. But Claim 1.3.1 or Theorem 3.1 (the
nonlinear version) require also exact controllability.

8.2 Implication on the uniform feedback stabilization
of the boundary nonlinear dissipative feedback
system w in (8.1.1a—d)

In this subsection, we focus on the w-problem (8.1.1a—d). We seek to specialize
to it the abstract uniform stabilization Theorem 3.1. To this end, we note
that

(i) the structural assumption (H.1) holds in the setting of Subsect. 8.1 (see
Subsect. 1.2);

(ii) the required exact controllability assumption (H.4) of the linear open-
loop v-problem (8.1.1a-d) (LHS) also holds on the space Y = H(§2) x
H=1(£) in (8.1.2) within the class of Ly(0,T; U)-controls with U = Ly(I"),
T > 0 arbitrary, by virtue of Theorem 8.1.2;

(iii) the boundedness assumption (H.5) of the open-loop boundary —
boundary map B*L is guaranteed by Theorem 8.1.4.

Thus, under assumptions (H.2) and (H.3) (Sect. 3) on the nonlinear func-
tion f, with U = Lo(I"), we obtain the following nonlinear uniform stabiliza-
tion result.

Theorem 8.2.1. Let the function f in (8.1.1d) satisfy assumptions (H.2)
and (H.3) of Sect. 3, with U = Lo(I"). Then the conclusion of Theorem 3.1
applies to the nonlinear feedback w-problem (8.1.1a-d) (RHS). Thus, if s(t)
1s the solution of the nonlinear ODE with q explicitly constructed in terms of
the data of the problem, we have

wo

wy

< s(t)
H}(2)xH=1(R2)

N0 ast / 4oo.

HE(2)x H=1(2)
(8.2.1)

8.3 Implication on exact controllability of the (linear)
dissipative system under boundary control

We return to the w-dissipative Euler-Bernoulli problem (in the linear case
f(u) =u € Ly(I')) on the RHS of (8.1.1a-d), which we turn into a controlled
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problem under boundary control. Thus, we consider

Yy + A%y =0 in Q; (8.3.1a)
y(0, ) =yo, (0, -) =y1 in £ (8.3.1b)
ylz=0 in % (8.3.1c)
Myls = o (A7'ylr) +u in 3, (8:3.1d)

with A defined by (1.1.0) and A defined by (8.1.7). In (8.3.1d), w is the bound-
ary control. As an immediate consequence of Theorem 8.1.4 and (1.3.8d), we
have the following corollary.

Corollary 8.3.1. Consider the open-loop v-problem on the LHS of (8.1.1a—
d). Let T > 0 be arbitrary. Given any 1.C. {vo,v1} € Y = H}(2) x H71(02),
let go € Lo(0,T; Lo(IN)) be the ‘moment’ boundary control that steers {vg,v1}
to rest {0,0} at time T > 0, i.e., g2 s such that the corresponding solution
of the v-problem satisfies v(T) = vi(T) = 0 [this is guaranteed by Theorem
8.1.2]. Then, with reference to the y-problem (8.3.1a~d), the boundary control

9
u=go— o (A7Yy,) € Ly(0,T; Ly(I)), (8.3.2)

steers the 1.C. {yo, 11} = {vo,n1} € Y = HY(2) x H71(2) to rest {0,0} at
the same time T > 0, i.e., u is such that the corresponding solution of the
dissipative controlled y-problem in (8.3.1a~d) satisfies y(T') = y(T) = 0.

Proof. (See the proof of Corollaries 7.3.1, 6.3.1, 5.3.1, 4.3.1, mutatis mu-
tandi) For u = 0 and {yo,y1} € Ha(£2) x H=1(£2), the closed-loop boundary
regularity aAa_:yt |r € La(0,T; Lo(IN)) is the (easy) result (1.3.8d). For the
open-loop v-problem in the LHS of (8.1.1a—d), with g2 € L2(0,T; Lo(I")) and
{vo,v1} = {0,0}, the property that 0’4(;:“ |r € La(0,T; Lo(I)) is precisely
statement (8.1.16) of Theorem 8.1.4. Then the v-problem (8.1.1a~d) and the
y-problem (8.3.1a—d) with {yo,y1} = {vo,v1} and v as in (8.3.2) coincide. O

8.4 Asymptotic behavior of the transfer function
(B*L)(A) = O(A~(279)), as positive A /' +oco. A
direct, independent proof

In this subsection (as in Subsect. 6.4 for the Schrodinger equation with Dirich-
let control), we provide a decay rate of the transfer function H(\) = B*L(\)
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as positive A ' +00. The proof is operator-theoretic and direct; in partic-
ular, it does not invoke the PDE-based result on B*L of Theorem 8.1.4. If
7 denotes Laplace transform, define via (1.1.2b) on L and the convolution
theorem:

—

H(X) = B*L(A\) = B*(\,A)B, A >0, (8.4.1)
where A, B, B* are the operators in (8.1.11).

Proposition 8.4.1. With reference to the transfer function H(\) in (8.4.1),
the following asymptotic estimate holds, where € > 0 arbitrary:

—— 1 L
| H M 2oy = I1B* LN Loy = O (/\§E> as positive A /" +o0.

(8.4.2)
Proof. Step 1. From A in (8.1.11), we readily obtain

)\(}\2 + A2)71 ()\2 +.A2)71
RN A) = , A>0 (8.4.3)

— AN+ AL AN+ A2

Combining (8.4.2) with the definition of B in (8.1.11) yields
—(\+A*)7TAD

R(M\, A)B = , A>0. (8.4.4)

A\ + AH)~TAD

Finally, combining (8.4.3) with the definition of B* in (8.1.11) yields
H(\) = B*R(\, A)B = AD* AN + A%)"'D, A>0 (8.4.5)
= A(D* A7) A2 T2 (N2 4 A2) "1 (Ai7°D), (8.4.6)

€ > 0, where A is defined in (8.1.7). [Compare with (6.4.2) for the Schrédinger
equation with Dirichlet control.]

Step 2. Recalling the basic regularity A<D € L(Ly(I'); Ly(£2)) of the
Dirichlet map, we then obtain from (8.4.6), where || - || is the £(L2(§2))-norm:

IEO)ezary = 1B L ooy = A0 (4202 + 4371, A > 0.

(8.4.7)
[Compare with (6.4.4).] Next, we use that: (—.A42) is a negative, self-adjoint
operator on Lo(§2), hence the generator of a self-adjoint contraction semi-
group on Ly(§2). Hence

_ 1
IR (s, = A = [I(n] + A*) 7 < e X >0, A>0. (8.4.8)
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A% R(u, —A?)|| < const, (8.4.9)

where (8.4.9) follows from (8.4.8) and A%2R(u, —A?) = I — uR(u, —A?).
Step 3. By interpolation between (8.4.8) and (8.4.9) [65], we then deduce

C
(A% R(p, —A?)|| < o B A >0,0<0<1. (8.4.10)

Thus, for our case of interest 20 = % +2¢, and A > 0, u = A2, we obtain

e C c
|A2F2ER(N — A% < (210 = 3 A > 0. (8.4.11)

Substituting (8.4.11) into (8.4.7) yields (8.4.2) (with 2¢ replaced by ¢), as
desired. O

This is, apparently, a sought-after result in ‘system theory.’

9 The Multidimensional Schrodinger Equation with
Neumann Boundary Control on the State Space
H'(£2) and on the State Space L2 (f2)

9.1 Ezxact controllability /uniform stabilization in
H'(2),dmN >1

Here, to make our point, it suffices to consider the canonical case of the
multidimensional Schrodinger equation:

iy — Ay = 0; iwg — Aw = 0 in Q; (9.1.1a)
y(0, ) = yo; w(0, ) =wo in £ (9.1.1b)
Y|z, = 0; wlg, =0 in 20; (9.1.1c)
dy ow .

ol = u € Ly(X); ovly = —wy in Xy, (9.1.1d)

where I' = o Uy, I'oNITy = ¢, [y #0, h-v < 0in [y for a coercive
smooth vector field h(z) on 2. We then leave more general situations (vari-
able coefficients in the principal part; energy level H!(2)-terms with variable
coefficients, etc.) to the literature [87, 91], etc. We focus on the exact con-
trollability /uniform stabilization results.
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Theorem 9.1.1 (exact controllability [67, 59, 87, 90, 91]). Let T > 0 be
arbitrary. Then the y-problem in (9.1.1) is exactly controllable on the state
space HJ, (£2), with Ly(X1)-controls, ¥y = (0,T] x I.

Theorem 9.1.2 (uniform stabilization [67, 59, 87, 91]). (i) The w-problem
in (9.1.1) is well-posed in the semigroup sense on the space H}O(Q); i.e., the
map wo — w(t) = ey defines a s.c. semigroup e*rt on Hy, (£2), which
is contraction in the equivalent norm of D((—Ap)?).

(ii) Moreover, the w-problem is uniformly stable on HF, (£2) : there eist
constants M > 1, 6 > 0 such that ||eAFt|| < Me™%, t > 0, in the uniform
operator norm.

Remark 9.1.1. First, Lebeau [59] shows the result under more general “ge-

ometric optics” conditions. Next, the case where -|x, = 0 is replaced by
g; |2, = 0 for both the y and the w-problem is much more challenging, it
requires an additional geometrical condition [57]. |

9.2 Ezxact controllability /uniform stabilization in
Ly (92), dim 2 >1

In this subsection, the state space will be Lo(£2). Thus, along with the open-
loop y-problem in (9.1.1a~d), we consider the following closed-loop boundary
dissipative linear problem [58] and its corresponding nonlinear version [51]:

g + Av =0, ug+Au in Q=(0,T]x2; (9.2.1a)

v(0,) =10, (0, -) = uo in £2; (9.2.1b)
ov ) _Ou .

vz =0; ) | =ivs |z =05 =ig(u)in 2, (9.2.1¢)

¥; = (0,T)x I}, k = 0,1. These problems were introduced in [58] (linear case)
and [51] (nonlinear case) and deal with (well-posedness and) uniform stabi-
lization results on the state space L2(£2), a much more demanding task than
the state space H'(£2) of Subsect. 9.1. It requires an a priori energy estimate
at the Lo(§2)-level [58], while the natural energy space for the Schrodinger
equation (where energy methods work) is H'(§2). The passage from H'(£2)
to La(£2) is accomplished by a pseudodifferential change of variable [58]. Sub-
sequently, [89] provided a direct analysis of the exact controllability property
of the open-loop Schrodinger equation with Lo (0,T; La(17))-Neumann con-
trol, for a much more general problem than the y-problem in (9.1.1a—c) and
on a Riemannian manifold.
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Theorem 9.2.1 (exact controllability, special case of [89]). Let T' > 0. As-
sume that Vd -v < 0 on Iy, for a strictly convex function d (or, more gen-
erally, h - v < 0 on Iy for a coercive vector field h). Then the y-problem
(9.1.1a—c) is exactly controllable on the state space Lo(2), within the class of
L2(0,T; Lo(I))-controls.

Theorem 9.2.2 (uniform stabilization [58, Sect. 11]). With reference to the
closed-loop linear dissipative v-problem in (9.2.1a—c), we have

(a) the map vo — v(t) defines a s.c. contraction semigroup on Lo(£2);

(b) assume h-v < 0 on Iy as in Theorem 9.2.1; then the strongly continuous
semigroup of part (a) is uniformly (exponentially) stable on La(S2) : there exist
constant M > 1 and 6 > 0 such that

lo@)llza(2) < Me™* |lvoll Loy, t > 0. (9.2.2)

Theorem 9.2.1 of the present subsection improves by one unit in the scale
of Sobolev space regularity Theorem 9.1.1 of Subsect. 9.1. In the next sub-
sections, we analyze the regularity of the operator L and the regularity of
the operator B*L corresponding to the open-loop y-problem (9.1.1a—c). A
full statement of well-posedness and uniform stabilization of the nonlinear
boundary feedback problem w is given in [51] (following and refining the
strategy of [24] for wave equations.

The regularity result is considered (at least in the negative sense for dim
2 > 2) in Subsect. 9.3 below.

9.3 Counterexample for the multidimensional
Schrodinger equation with Neumann boundary
control: L & L(L4(0,T; Lo(I'); L2(0,T; H5(12)),

e > 0. A fortiori: B*L ¢ L(L2(0,T;U)), with B*
related to the state space H=(§2) and control space
U = Ly(I')

The present subsection complements Subsects. 9.1 and 9.2. Here, the focus
will be on the multidimensional case dim {2 > 2. Two main results of negative
character are given, with the second being implied by the first by virtue of
Theorem 2.1.

(1) With reference to the boundary — interior map L defined in (1.3),
we show by means of a counterexample that L ¢ £(Lo(X); Lo(0,T; H(£2)),
though H'(£2) is the space of exact controllability /uniform stabilization, as
seen in Subsect. 9.1. Even more drastically, we show that

L& L(Ly(5); Ly(0,T; H(2)) Ve > 0. (9.3.1)
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This negative result is the counterpart of the negative result for wave equa-
tions with Lo(X)-Neumann control given in [36, Counterexample, p. 294]
which was already invoked in Sect. 6. The present proof is an adaptation of
that given in [36].

(2) As a consequence of part (1) via Theorem 2.1, we deduce that B*L ¢
L(L2(0,T;U)) in the present case, where the star * in B* refers to the control
space U = Lo(I") and the state space He(12).

Counterexample.
It suffices to consider the Schrédinger equation on a 2-dimensional half-space,

the setting of Subsect. 4.3, with Neumann boundary control. Hereafter, let
Q2 =RJ and I' = 2],—¢ as in (4.3.1). On 2, we consider the problem

10 = gz + Vyy in Q = (0,00) x 2 (9.3.2a)
v(0,-)=0 in {2, (9.3.2b)
Vgla=o =g in ¥ =(0,00) x I (9.3.2¢)

Goal: We want to show that: given T° > 0, there exists some g €
LQ(O,T,LQ(F)) such that

Lg=v¢ Ly(0,T; H(2)) Ve>0. (9.3.3)

To this end, it suffices to show that there exists g € L2(0,00; Lo(I")) such
that

e " (Lg)(t) = e "w(t) ¢ Ly(0, 00; H(£2)), (9.3.4)
no matter which constant v > 0 we choose.
Proof of (9.3.4.). Step 1. Let (7, x,n) be the Laplace-Fourier transform of
v(t,z,y): Laplace in time ¢ — 7 = v+ 40, v > 0, 0 € R, and Fourier in

y —in, n € R, leaving x > 0 as a parameter. We then obtain for the solution
of (9.3.2), where n? + it = (n°> — o) +iv:

. o~ o~ 2/\ ~

1TU = Vgy — 70 .
{A U et = SO Vo

U,(7,0,m) = g(,m) V(2 — o) +iy

(9.3.5)

Step 2. For fixed v > 0, we define (by adaptation of [36, Equation (2.18)])
the (bad) region B, of the first quadrant of the (o, n)-plane by

_ 2. 2 2
B, ={(o,n) eR*: 0" +n=>1:|n" —0o| <1}, (9.3.6)

comprised between the two parabolas n? — ¢ = =1 in the first quadrant,
around the parabola n? = o. We note that in B3, we have
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in B, : o ~n% [P —0)+ivl~1 <[ —0)+iv] < V1+7% (9.3.7a)

V2 —o)+iv=a+if; 7’ -o=ao"-p% 208=n;
a=Rey/ (2 — o) +iy~ 1. (9.3.7b)
Step 3. In order to establish the negative result (9.3.4), it is sufficient to

prove that: there exists g € Lo(0, 00; La(I")) such that, recalling (9.3.5), we
have

ol AT’ — —o)+iyx
el =l 90 Revi-orting g 1,00, 00, 10(2)). (9.38)
V(0% =) +in)|
To this end, we compute as \zé\ = |z|§; z = pe?:

/ / / o[ 52483,

BZ?; 0

= ///‘sz |§(T’ 77)|2 e—Re\/(n2—0)+i'y zdajdadn
[(? = o) + 7]
B, 0

(9.3.9)
2
//| o ‘9 )| 1 dody (9.3.10)
+ 17 Re\/n — o)+ iy
(v 03.7) ~ [ [ Wf[ato,m) oo, (9.3.11)

BZ,

where in the last step we have invoked (9.3.7a-b). Thus, it suffices to take a
function g(o,n) which is L2(B7,), and no better, on B}, , and zero elsewhere,
to obtain for the corresponding solution v:

///\77|25|v| B}, =00 Ye&>0; (9.3.12)

B, 0

hence such a g is the sought-after function producing the negative conclusion
(9.3.4). O
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9.4 The operator B*L, with U = Ly(I") and state space
L,(2) of the open-loop y-problem (9.1.1a—d)

In this subsection, we return to the open-loop y-problem in (9.1.1a-d) and
compute the corresponding boundary control — boundary observation oper-
ator B*L with respect to the control space Lo(I") and the state space La(2).
Then we establish that B*L is bounded on Lo(0,T; Lo(I")), at least in the
(computable) case of the half-space.

Abstract model [43, 46], [58, Subsect. 11.2]
. The abstract model of the open-loop y-problem in (9.1.1a—c) is

iye = A(y — Nu); y = —iAy — ANu on [D(A)], (9.4.1)
where A is the positive, self-adjoint operator: La(£2 D D(A) — L2(12),

0
A = — Ay, —Ay, D(A) = {f € H*(2): flr, =0, ai = o}, (9.4.2)
Iy
and N is the Neumann map [46],
: oh
h=Ng<={Ah=0in {2; h|p, =0, =g,; (9.4.3)
ov|p

N :H$ (') — H* 3 (), s€R; (9.4.4a)
N :Ly(I') — H3(2) C H272(02) = D(Ai79), & > 0; (9.4.4D)

0 on Ip;
N*A*p=N*"Ap = v € D(A) [26]; (9.4.5)

—pon I,

B=—-AN; B'g=-N"Ag=g, (Bu,9)r,2) = (u,B*9)r,r), (9.4.6)

so that the star x of the adjoint refers now to the control space Lo(I") and the
state space La(f2). Accordingly, with reference to the y-problem with yo =0
we have by (9.4.6)

Lu=vy, B*Lu=—-N*Ay|r, =vy|n,. (9.4.7)

Is the operator B*L bounded on Lo(0,T; Lo(I'))? The answer is in the
affirmative (unlike the case of Subsect. 9.3 on the state space H®({2)), at
least for the Schrédinger problem defined on the half-space.
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The half-space case.

We return to the problem (9.3.2a—c) with control now called g € Lo(0, T}
Lo(I") which we extend by zero for ¢ > T'. In Laplace (in time)-Fourier (in
the tangential variable) the solution is given by (9.3.5)). Thus, we have (with
Fl = F)

o~ N g(r.n)
B*Lg|r =9(1,2 =0,n) = — o (9.4.8)
V(2 = o) +iy
Since \/ ) 4+ iy = v > 0, we readily obtain
// B(r, 2 = 0,1)|2do dy = // 'g 7 ’7  do dy (9.49)
first first \/ Z’y‘
quadrant quadrant

// |9(7,n)|?do dn < oo, (9.4.10)

first
quadrant

and then
e""B*Lg = v|r € La(0,00; Lo(I")), v >0, g € La(0,00; Lo(I")), (9.4.11)

and hence
B*Lg =v|r € Ly(0,00; La(I)), for g € L2(0, 00; L2(I)), (9.4.12)

as desired. It is likely that the boundedness of B*L in the present case holds
for any bounded domain, but this needs to be established.
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Uniform Asymptotics of Green’s
Kernels for Mixed and Neumann
Problems in Domains with Small Holes
and Inclusions

Vladimir Maz’ya and Alexander Movchan

To the memory of S.L. Sobolev

Abstract Uniform asymptotic approximations of Green’s kernels for the har-
monic mixed and Neumann boundary value problems in domains with sin-
gularly perturbed boundaries are obtained. We consider domains with small
holes (in particular, cracks) or inclusions. Formal asymptotic algorithms are
supplied with rigorous estimates of the remainder terms.

1 Introduction

There is a wide range of applications in physics and structural mechanics
involving perforated domains and bodies with defects of different types. Di-
rect numerical treatment of such problems is sometimes inefficient, especially
for situations where the right-hand sides in the equations and/or boundary
conditions have singularities. Asymptotic approximations are important for
problems of this kind and sometimes can be directly incorporated into com-
putational algorithms if desirable.

Asymptotic formulas for Green’s kernels of several classical boundary value
problems under small variations of a domain were obtained in the pioneering
paper [2] by Hadamard. These asymptotic approximations are related to the
case of a regqularly perturbed domain, when the boundary 92, of the perturbed
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domain approximates the limit boundary 942 in such a way that the angle
between the outward normals at nearby points of 02 and 0f2. is small.

Asymptotic approximations in [2] are not uniform with respect to the inde-
pendent variables. Results on uniform asymptotic approximations of Green’s
kernels in various singularly perturbed domains are formulated in [5]. De-
tailed derivation and analysis of uniform asymptotic formulas for Green’s
functions of the Dirichlet problem for the operator —A in n-dimensional
domains with small holes are given in [6]. In particular, the asymptotic ap-
proximation, obtained in [6], for Green’s function of the Dirichlet problem in
a two-dimensional domain (2. with an inclusion F. = {x : e~!x € F'} has the
form

1 _
log 1§ —nl

G:(x,y) = G(x,y) + g(&n) + g(§,00) + g(oc0,m) + o .

27
log(arpRg_l)

€]

1
]
<G(x, 0) + o 108

-9(&, 00)>

(G0 + 5 10— gtoeim)) +06e), (1)

where & = ¢ !x, 7§ = ¢y, G and g are Green’s functions of “model”

interior and exterior Dirichlet problems in “limit” domains {2 and R? \ F,
independent of €; Ry and rp are the inner (with respect to O) and outer
conformal radii of {2 and F respectively (see [8, Appendix GJ).

Approximations of this type are readily applicable to numerical simula-
tions. For example, in Fig. 1 we show the regular part of Green’s function G,
in a two-dimensional domain with a small circular inclusion. The results on
two diagrams are practically indistinguishable, while in Fig. 1a the data are
obtained via the uniform asymptotic approximation, whereas Fig. 1b presents
the result of independent finite element computations produced in COMSOL
(courtesy of Dr. M. Nieves).

The aim of the present paper is to derive and justify asymptotic approxi-
mations of Green’s kernels for singularly perturbed domains whose boundary,
or some part of it, supports the Neumann boundary condition. Although the
corresponding asymptotic formulas to be obtained and (1.1) are of similar na-
ture, the former have some new features and require individual treatments.
We also derive simpler asymptotic formulas, which become efficient when
certain constraints are imposed on the independent variables.

Sections 2 and 3 deal with the Dirichlet—-Neumann problems in two-
dimensional domains with small holes, inclusions or cracks. Section 4 gives
the uniform approximation of Green’s function for the Neumann problem in a
domain of the same type. Finally, in Sect. 5 we formulate similar asymptotic
approximations of Green’s kernels in three-dimensional domains with small
holes or small inclusions.
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Asymptotic formula
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Fig. 1 (a) Regular part of Green’s function, computed via the asymptotic formula (1.1).
(b) A finite element computation (in COMSOL) for the regular part of Green’s function.
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2 Green’s Kernel for a Mixed Boundary Value Problem
in a Planar Domain with a Small Hole or a Crack

Let {2 be a bounded domain in R?, which contains the origin O, and let F be a
compact set in R?, O € F. We suppose that the boundary 942 is smooth. This
constraint is not essential and can be considerably weakened. We assume,
without loss of generality, that diam F = 1/2 and dist(O,02) = 1. We
also introduce the set F. = {x : e7x € F}, with ¢ being a small positive
parameter. The boundary OF' is required to be piecewise smooth, with the
angle openings from the side of R? \ F' belonging to (0,27]. In the case of a
crack, OF and OF; are treated as two-sided. We assume that 2. = 2\ F; is
connected, and in the sequel we refer to it as a domain with a small hole (or
possibly a small crack).

Let GgN) denote Green’s function of the operator —A with the Neumann
data on JF; and the Dirichlet data on 9f2. In other words, GgN) is a solution
of the problem

A,GMN(x,y) +6(x—y) =0, x,y€ 12, (2.1)
M (x,y) =0, x€0, y € {2, (2.2)

)
85; (x,y) =0, x€0F,, y € (2. (2.3)

Here and elsewhere, the Neumann condition is understood in the varia-
tional sense.

In this section, we construct an asymptotic approximation of GgN) (%,¥),
uniform with respect to x and y in 2.

2.1 Special solutions of model problems

While constructing the asymptotic approximation of GgN), we use the vari-
ational solutions G(x,y),P(e7'x),((e7'x) and N(e~!x,e7ly) of certain
model problems in the limit domains 2 and R? \ F. It is standard that all
solutions, introduced in this subsection, exist and are unique. We describe
these solutions.

1. Let G be Green’s function for the Dirichlet problem in (2:
G(x,y) = (2n) tlog|x —y|™' — H(x,y), (2.1)

where H is the regular part of G, i.e., a unique solution of the Dirichlet
problem
AH(x,y) =0, x,y € 02, (2.2)



Green’s Kernels for Mixed and Neumann Problems 281

H(x,y) = (2m) tlog|x —y|™!, x€an, ye . (2.3)

2. We introduce the scaled coordinates & = ¢~ !x and n = ¢~ 'y. The

notation ¢ is used for a unique special solution of the Dirichlet problem:

AC(§) =0 in R*\ F, (2.4)
((§) =0 for £€OF, (2.5)
(&) = (2m) og €] + (oo + O(€]7") as €] — o0, (2.6)

where (- is constant.
Also, it can be shown that { is the limit of Green’s function G of the
exterior Dirichlet problem in R? \ F

C(m) = |51\1m g€ m), (2.7)
where
AcG(&m) +6(6E—n) =0, &neR*\F, (2.8)
G(&m) =0, £€IF, neR*\ F, (2.9)
G(&,m) is bounded as |&| — co and 1 € R? \ F. (2.10)

The representation (2.7) follows from Green’s formula applied to ¢ and G.
Here and elsewhere, Br = {X € R? : |X]| < R}. We derive

((m) = — Jim. / C(€) AcG (€, m)de

Br\F

a¢(&)
¢

G (&,m)

= lim [ (G(&m) ol )ast

R—o

|§|=R

- (&)

—n i [ g€ el dse =Gloem). (211)
I§I=R
which yields (2.7).
3. Let N'(&,7m) be the Neumann function in R? \ F defined by
N(&mn) = (2m) " log|€ —n|™" — hn(&m), (212)

where hy is the regular part of N subject to

Achn(€,m) =0, &neR*\F, (2.13)



282 V. Maz’ya and A. Movchan

Ohpn 1 9 R 9
hn(€,m) — 0 as |&] — oo, nGRQ\F. (2.15)

We note that the Neumann function N used here, is symmetric. This
follows from Green’s formula applied to U(X) := N(X,€&) and V(X) :=
N(x,n), where & and n are arbitrary fixed points in R? \ F. We have

Un) — V(€) = lim / {V(X)AmU(X)—U(X)AXV(X)}dX

R—>ooBR\F
. 9 0
~ Jim / (V(X) 13 UX) = U(X) 51 VX)JaSx
IX|=R
: 2 —1 —1 —1 X‘ : (X‘ - 6) -2
— - Jim (47R) XI[R{aogm—n +oE)(T g e +Ow™)

X (X—mn)

~(log[X ¢ + O (T T

+O(R™2)) }as, = 0.

Thus,
0=U(n) -V =Nn§ -N(En).

4. The vector of dipole fields D(€) = (D1(€), D2(€))T is a solution of the
exterior Neumann problem

AD(€) = 0 in R?\ F, (2.16)
887;]' €) =n, for £€OF, j=1,2, (2.17)
Dj(§) — 0 as [§] — o0, j=1,2, (2.18)

where nq and no are components of the unit normal on OF.

2.2 The dipole matrix P

The dipole fields Dj,j = 1,2, defined in (2.16)—(2.18), allow for the asymp-
totic representation (see, for example, [8])

2

DiE) = 5 D i +00E ), (21)
k=1
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where |€] > 2, and P = (ij)ikzl is the dipole matriz.

The symmetry of P can be verified as follows. Let Br be a disk of suf-
ficiently large radius R centered at the origin. We apply Green’s formula to
& —D;(€) and Di(§) in Bg \ F', and deduce

[ {6-2@? " - bute), (6 - Dy }as

e o€
OBR
- [ -pien ") as, 2.2)

OF

where 0/dn is the normal derivative in the direction of the interior normal
with respect to F'. In the limit, as R — oo, the integral on the left-hand side
of (2.2) tends to —Py;, whereas the integral on the right-hand side becomes

- [&5ras+ [0 @ as
OF OF

— dyumeas(F) + [ VD,(€) - VDu(E) de
R2\F
where meas(F') stands for the two-dimensional Lebesgue measure of the set

F. Thus, the representation for components of the dipole matrix takes the
form

Py = —djpmeas(F') — / VD;(§) - VD () dE, (2.3)
R2\F

which implies that the dipole matriz P for the hole F is symmetric and
negative definite.

2.3 Pointwise estimate of a solution to the exterior
Neumann problem

In this subsection, we make use of the function spaces L(R*\ F), W, (R?\
F) and W;””(@F). The first of them is the space of distributions whose
gradients belong to Ly(IR? \ F). The second one is the usual Sobolev space
consisting of functions in L,(R? \ F) with distributional first derivatives in
L,(R?\ F). Finally, W;””(&F) stands for the dual of the space of traces on
OF of functions in Wz}, (RZ\F), p+p =pp'.

The following pointwise estimate will be used repeatedly in the sequel.
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Lemma 2.1. Let U € Li(R?\ F) be a solution of the exterior Neumann
problem

AU(€) =0, £ €R*\F, (2.1)
ier =), ccor (2:2)
U —0 as [€] — oo, (2.3)

where /0n is the normal derivative on OF, outward with respect to R? \ F,
and ¢ € Lo (OF),

JEGE (2.4)
oF
We also assume that o
JEGINGIEE (25)

OF

where ¢ is the same as in (2.7). Then

sup {(|¢] + DIUE)[} < Cllell Lo or): (2.6)
EER2\F

where C' is a constant depending on OF.

Proof. Let B, denote the disk of radius r centered at O, and let W4 (B, \ F')
be the space of restrictions of functions in W3 (R*\ F) to B, \ F. By the W,
local coercivity result [7], U € W (By \ F) for any p € (1,4), and

1 llwy oy < C (Il vm oy + 10 LaBm) )- (2.7)
The first term on the right-hand side of (2.7) satisfies
el 0 < Cllelzom, (28)
From (2.1) and (2.2) it follows that

IVUI2, oy = / U(©)(€)dS < U nom el maom.  (29)
oOF

Note that, by the Sobolev trace theorem,

UL 0r) < ClUllwp(B2\F) (2.10)

for any ¢ < oo (see, for instance, [4, Theorem 1.4.5]). From our assumptions
on F' it follows that
’8C (€

O] < cen (211)
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where 0(€) is the distance from € € OF to the nearest angle vertex on JF.
Hence

0
| [0 & as| < vz om (212)
OF

for any ¢ > 2. This inequality, together with (2.10), shows that the left-hand
side in (2.12) is a semi-norm, continuous in W3 (Bs \ F). Moreover,

a¢ o -1 9 _
o (&)dsS = ngnoo(%r) / dle| log |£] dS = 1.
oF §1=R

Now, the Sobolev equivalent normalizations theorem [4, Sect. 1.1.15] implies
that the norm in W4 (B \ F) is equivalent to the norm

0
IVUlacoam +| [ U@ ©as]

OF

Combining this fact with (2.10) and using (2.5), we arrive at
1Ul|L2or) < CIIVU || Ly @2\ F)- (2.13)
Then, (2.9) and (2.13) yield
VUl Lo®2\F) + Ul 220F) < CllollLaor)- (2.14)
By (2.10), the norm in W3 (B3 \ F) is equivalent to the norm

IVU||LyBs\F) + U]l Lo(aF)-

Hence
1Ulzamorm < C(IVUla@om) + 10 20m) ) (2.15)

which, together with (2.14), gives

1UllLyBs\F) < Cll@llLyor)- (2.16)

Substituting the estimates (2.8) and (2.16) into (2.7), we arrive at
1Ullws\r) < CllellLooF)- (2.17)

Recalling that W (B2 \ F) is embedded into C(Bs \ F) for p > 2, by another
Sobolev theorem (see [4, Theorem 1.4.5]), we obtain

sup |U| < Cll¢llL..or)- (2.18)
Bo\F

Since U(€) — 0 as |§] — oo (see (2.4) and (2.5)), we have the Poisson formula
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27
1 U@,e)

_ / _ 0
U(&) - 7T§R pei(gfg/) _ 1d9 I 5 - pe I (219)
0

which, together with (2.18), implies for [€] > 1 that

(1+[ENIU€)] < € max [U(€)] < Cllgll o ow)- (2:20)
£€oB,
Applying (2.18) once more, we complete the proof. O

2.4 Asymptotic properties of the regular part of the
Neumann function in R? \ F

Lemma 2.1 proved in the previous section enables one to describe the asymp-
totic behavior of the function hy defined in (2.13)—(2.15).

Lemma 2.1. The solution hy(&€,n) of the problem (2.13)—(2.15) satisfies the

estimate
D(n)-§

omlel? < Const (1 + |n|)~t|€]72 (2.1)

hN(ga TI) -

as |¢] > 2 and n € R?\ F.

Proof. The leading-order approximation of the harmonic function hy(€,n),
as |€] — oo, is sought in the form

2m) 7 €T (Cr& + Caéa).

Applying Green’s formula in B \ F' to hx(€,m) and D;(§) — &;, and taking
the limit, as R — oo, we obtain

Jm [ (i@ " k- i) T Yas
|x|=R
= [0 - &) ase, (2:2)

OF

where 0/0n is the normal derivative in the direction of the inward normal
with respect to F. As R — oo, the left-hand side of (2.2) becomes

lim / {- o (Ci61 + Cata)gy JRES

27 R—+o0 R3
|x|=R
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27

1 . . _
= RETDO (CycosO + Cysinf)R™1¢;d0 = —C;. (2.3)
0

Taking into account the definition of the dipole fields D; (see (2.16)—(2.18))
and the definition of the regular part 4y of the Neumann function (see (2.13)—
(2.15)) in R?\ F, we can reduce the integral Z on the right-hand side of (2.2)

to the form . 9
I= 277{ / (Dj(ﬁ)an5 (loglé —nl’l)
OF

0
—log |& — n\’langpj(ﬁ))dss

+ / (nj log|¢ —m|™" = ¢ aig (log € — n|‘1))d55}. (2.4)
OF

The second integral in (2.4) equals zero. Applying Green’s formula to the
first integral in (2.4), we obtain

o | (P05, (10l =nl"")

OF

0
_ —_pl? : - _D.
logl€ —n["" ; Di(€))dSe = ~D;(n) (2.5)
Hence from (2.3)—(2.5) it follows that
Cj=Dj(n), j=1,2. (2.6)
We note that the function

(€ m) + D) Ve, log el ) (2.7

is harmonic in R? \ F, both in & and n, and it vanishes at infinity. Using
(2.17) and (2.14), we obtain

0

o, (Bt&m) + Dn) e, 1omel™))

_ 9 1 -1
= g, (&) +0Ve(( oglel ™)

— Vg{;ﬂ_ log(l€llg —nl ™) }

1 26-m -
= pep™ 11 e €TOUET) e
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as n € OF and |€| > 2. We also note that

0
/ oy (15 (€) + D) Vel logl€l)ds, =0.
oF

Consider the problem (2.1)-(2.3) in the formulation of Lemma 2.1, where
the variable & is replaced by 7, the differentiation is taken with respect to
components of 1, and the function U is changed for (2.7), with fixed €. In
this case, the right-hand side ¢ in (2.2) is replaced by

0

1 -1
o, V&) 1 Ve Toglel).

Then using (2.8) and applying Lemma 2.1, we obtain (2.1). O

Using the notion of the dipole matrix, from (2.1) and Lemma 2.1. we derive
the following asymptotic representation of h .

Corollary 2.1. Let |€| > 2, and |n| > 2. Then

e =, Z el * Ol ) (2:9)

2.5 Maximum modulus estimate for solutions to the

mixed problem in (2. with the Neumann data on
OF,

In the sequel, when estimating the remainder term in the asymptotic repre-
sentation of G¢(x,y), we use the following assertion.

Lemma 2.1. Let u be a function in C(£2;) such that Vu is square integrable
in a neighborhood of OF.. Also, let u be a solution of the mixed boundary
value problem

Au(x) =0, x € 2, (2.1)
u(x) = p(x), x€ 0N, (2.2)
gz (x) = e(x), x € OF., (2.3)

where ¢ € C(082), 1. € Loo(OF), and

/ Ye(x)ds = 0. (2.4)
OF.
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Then there ezists a positive constant C, independent of € and such that

[ulloo.y < llellcen) +eCllvell. or.)-

Proof. (a) We introduce the inverse operator
MN:yp —wv
for the boundary value problem

Av(€) =0, £ €R?\ F,

ov
o &) =v(&), £ €OF,

v(§) — 0as €] — oo,

where ¢ € Lo (OF'), and
[ g0
oF

In the scaled coordinates £ = e~ !x, the operator 9. is defined by

(MNetpe) (x) = (N)(8),
where 9 (x) = e~ 1p(e 7 x).
(b) We look for the solution u of (2.1)—(2.4) in the form
= V(x)+ W),
where V' = 91.1., and the function W satisfies the problem
AW (x) =0, x € (.,

ow
on
W(x) = p(x) — V(x), x€ 0.

(x) =0, xe€dF.,

By Lemma 2.1, we have

max V| = max [ Nve] < eCll 1. or.

= =

Hence, as follows from (2.15) and (2.16),

I%%X\W| < [lellc@a) + eCllvell L. or.),

(2.5)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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and, by the weak maximum principle for variational solutions (see, for exam-
ple, [1, pp. 215-216]) of (2.13)—(2.15), we obtain

U(lzaX\W| < lelleon) +eCllYellnaF.)- (2.18)

The result follows from (2.16), (2.18) combined with (2.12). O

2.6 Approximation of Green’s function GgN )

The required approximation of GgN) is given in the next theorem.

Theorem 2.1. Green’s function GgN) (x,y) for the boundary value problem
(2.1)—(2.3) with the Neumann data on OF. and the Dirichlet data on 012 has
the asymptotic representation

GV (x,y) = Glx,y) + N(e"x,e7hy) + (2m) " log(e ™! [x — )

+eD(e 'x) -V, H(0,y) +eD(e'y) - V, H(x,0) + 7:(x,y), (2.1)

where
[re(x,y)| < Const &2 (2.2)

uniformly with respect to x,y € £2.. Here, G, N', D, and H are the same as
in Sect. 2.1.

Proof. We begin with the formal argument leading to (2.1). First, we note
that

N(e7'x,ety) + (2m) M log(e Hx — y]) = —hn(e 'x,e71y),
and then represent GgN) (x,y) in the form
G (x,y) = G(x,y) — hn(e "%, y) + pe(x,y). (2.3)

By the direct substitution of (2.3) into (2.1)—(2.3) and using Lemma 2.1, we
deduce that p.(x,y) satisfies the boundary value problem

Azpe(x,y) =0, x,y € §2,

pe(x,y) = hn(e 'x,e71y)
€ y\y X 9
- 27TD(5> gp TOE) forxenyen,  (24)

and
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Ope 0
= H
on. (x,5) O, (x,¥)
=n-V,H(0,y)+O() forx € dF.,y € (2. (2.5)

Hence, by (2.2), (2.3) and (2.16)—(2.18), the leading-order approximation of
pe 18
eD(e7'x) -V, H(0,y) +eD(cy) - V,H(x,0),

which, together with (2.3), leads to (2.1).
Now, we prove the remainder estimate (2.2). The direct substitution of
(2.1) into (2.1)—(2.3) yields the boundary value problem for r.:

Apre(x,y) =0 for x,y € (2, (2.6)

'y)

—eD(e'x) -V, H(0,y) —eD(e'y) - V,H(x,0) (2.7)
for x € 902, y € (2,

re(x,y) = hy(e7'x, 67

W) o VaH ) -y (D(s‘1x> - VwH<0,y))
—saim (’D(E‘ly) -V, H(x, 0)) (2.8)

for x € OF;, y € 2.

We note that every term on the right-hand side of (2.8) has zero average on
OF., and hence
Ore (X, y)

o 82 =0. (2.9)

OF.

From Lemma 2.1 it follows that
lhn(e 'x,e7y) —eD(e7y) - V,H(x,0)| < Const &2 (2.10)

uniformly with respect to x € 82 and y € (2.. Since |D(¢)| < Const |¢]71,
as |€] — oo, and V,H(0,y) is smooth on (2., we deduce

leD(e'x) - V,H(0,y)| < Const £2 (2.11)

uniformly with respect to x € 92 and y € (2. By (2.10) and (2.11), the
modulus of the right-hand side in (2.7) is bounded by Const &2 uniformly in
x €0 and y € (2.

It also follows from the definition of the dipole fields D;(§),j = 1,2, and
the smoothness of the function H(x,y) for all x € 9F;, y € {2, that

n-V,H(x,y)—¢ 0

on <D(e—1x) . vzH(o,y))‘ < Const ¢ (2.12)
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and 5
‘5871 (’D(Ely) -V, H(x, 0))‘ < Const € (2.13)

uniformly with respect to x € OF., y € {2.. These estimates imply that the
modulus of the right-hand side in (2.8) is bounded by Const ¢ uniformly in
x € 0F: and y € (2..

Using the estimates on OF. and 9f2, just obtained, together with the
orthogonality condition (2.9), we deduce that the right-hand sides of the
problem (2.6)—(2.8) satisfy the conditions of Lemma 2.1. Applying Lemma
2.1, we find that [|r.||;_(o.) is dominated by Const €2, which completes the
proof. O

2.7 Stmpler asymptotic formulas for Green’s function
Gw)

Here, we formulate two corollaries of Theorem 2.1. They contain simpler
asymptotic formulas, which are efficient for the cases when both x and y are
distant from F. or both x and y are sufficiently close to F.

Corollary 2.1. Let min{|x|,|y|} > 2¢. Then the asymptotic formula holds

e2 xT' __y

42 %27 |y|?

62 T T
el pp PYHO) +

GM(x,y) = G(x,y) —
v |27>v JH(x, 0)}

+20(Ix|72 + [y 7?), (2.1)

where H is the regular part of Green’s function G in {2, and P is the dipole
matriz for F, as defined in (2.1).

Proof. Using (2.9) for the regular part hy of the Neumann function in R?\ F,
together with the asymptotic representation (2.1) of the dipole fields D; in
R2\ F, we obtain

+ |yl
G) kayyk ( 5 [x| )
Mxy) = Goxy) = 4 Z 2tz T O 1yl

2
1 9 x, OH yr OH
e 2 {23 (1 o, 09+ g2 gy, O0)

+ 20(Ix 2 + Iy 2) } + O(e?). (2:2)



Green’s Kernels for Mixed and Neumann Problems 293

Combining the remainder terms and adopting the matrix representation in-
volving the dipole matrix P, we arrive at (2.1). O

Formula (2.1) becomes efficient when both x and y are sufficiently distant
from the small hole F.. Compared to (2.1), formula (2.1) does not involve
special solutions of model problems in R? \ F', while the influence of the hole
F' is seen through the dipole matrix P.

Corollary 2.2. The following asymptotic formula for Green’s function GgN)
of the boundary value problem (2.1)—(2.3) holds:

GgN)(X, y) = (2m) tlog|x —y|™t — hn(e7x,e7y) — H(0,0)
— (x—eD(e %)) - V. H(0,y) — (y —eD(¢'y)) - V, H(x,0)
+ O + x> + [y[*) (2.3)

for x,y € §2.. (Needless to say, €2 in the remainder can be omitted if the
interior of F is nonempty and contains the origin.)

Proof. Using the Taylor expansion of H (x,y) in a neighborhood of the origin,
we obtain

GM(x,y) = —H(0,0) —x - V,H(0,y) —y - V,H(y,0) + O(x]* + |y|?)
+ N x,e7y) — (27) L loge
+eD(e %) -V, H(0,y)
+eD(ey) - V,H(x,0) + O(c?). (2.4)

By substituting

N(Ex,e7y) = 2n) tloglx —y| ™t + (27) tloge — hn(e 'x, e ty)

into (2.4) and rearranging the terms, we arrive at (2.3). O

3 Mixed Boundary Value Problem with the Dirichlet
Condition on OF,

In the present section, the meaning of the notation {2, F', and F., already
used in Sect. 2, will be slightly altered. Hopefully, this will not lead to any
confusion. Let {2 be a bounded domain with smooth boundary, and let F
stand for an arbitrary compact set in R? of positive logarithmic capacity [3].
As in Sect. 2, it is assumed that diam F' = 1/2, and dist(O,02) = 1. We
also set F. = {x: e 'x € F}.
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We consider the mixed boundary value problem in a two-dimensional do-
main 2. = 2\ F. with the Dirichlet data on OF; and the Neumann data
on 0f2.

Green’s function GéD) of this problem is a weak solution of

2,GP) (x,y)+6(x—y) =0, x,y€ 2, (3.1)
GP)(x,y) =0, x€F., y€ L, (3.2)

(D)
ag; (x,y) =0, x€dN, ye . (3.3)

Before deriving an asymptotic approximation of G (x,¥), uniform with
respect to X,y € {2, we outline the properties of solutions of auxiliary model
problems in limit domains.

3.1 Special solutions of model problems

1. Let N(x,y) be the Neumann function in {2, i.e.,

AN(x,y) +d(x—y) =0, x,y €, (3.1)
0 (N(x v) + (2m) ' log \x|) =0, x€dR, yen (3.2)
anw b b ) b .
and 9
/N(X, y) O, log |x|ds,; = 0. (3.3)

The condition (3.3) implies the symmetry of N(x,y). In fact, let U(x) =
N(x,z) and V(x) = N(x,y), where z and y are fixed points in 2. Then,
applying Green’s formula to U and V' and using (3.1)—(3.3), we deduce

Uly) - V(z) = / (VAU ()~ U(x) A,V (x)) dx

0

- / (U60) (1o lx) = Vi) (loglx))ds

= o /Nxz o, (log|x|)d /ny log|x\)) }ZO,

where 0/0n; is the normal derivative in the direction of the outward normal
on 912. Hence N(y,z) = N(z,y).
The regular part of the Neumann function is defined by
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R(x,y) = (2m) ' log[x —y| ™" = N(x,y). (3.4)
Note that 9
R(0,y) = —(2m) 2 / log |x\8n log |x|ds,, (3.5)
o0

which is verified by applying Green’s formula to R(x,y) and (27)~!log|x|
as follows:

RO.¥) =, [ Rixy)A, (log x))dx
2

1 P )
=, / (R(x,y) o, (05 /]) ~ log x| 8an(x,y))ds$, (3.6)

o8

where 9/0n, is the normal derivative in the outward direction on 942. Taking
into account (3.2), (3.3), and (3.4), we can write (3.6) in the form

1 _, 0 0 _
RO.¥) = 1, [ (losx =y, (ogx)) ~loglx] ;) (log x—y|~"))ds,
o8 !

1

-|-27T / log |x| Biw (N(x,y))ds. (3.7)

on
The first integral in (3.7) is equal to zero, while the second integral in (3.7)
is reduced to (3.5) because of the boundary condition (3.2).
As in Sect. 2, the notation £ and 1 will be used for the scaled coordinates
&€ = e 'x and n = e~ 'y. The corresponding limit domain is R? \ F.

2. Green’s function G(&,n) for the Dirichlet problem in R?\ F is a unique
solution to the problem (2.8)-(2.10). The regular part h(£,n) of Green’s
function G(&,m) is

h(&,m) = (2m) 'log|€ —n|~" — G(&,m). (3.8)

3. Here and in the sequel, D(§) denotes a vector function, whose compo-
nents D;, j = 1,2, satisfy the model problems

AD;(§) =0, £€R’\F, (3.9)
D;(§) =&, & € 0F, (3.10)
D;(&) is bounded as |§| — oc. (3.11)

We use the notation D$° = limlslﬂoo D;(¢) and D> = (D$°, D3°)T.
Application of Green’s formula to D; and the function ¢, defined in (2.4)-
(2.6), gives
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o0 ¢(8)
D = —/gj 5, 05 (3.12)
OF

Here and in other derivations of this section, /9n on OF is the normal
derivative in the direction of the inward normal with respect to F.

We also find an additional connection between D; and ¢ by analyzing the
asymptotic formula (compare with (2.6))

C(€) = (2m) " log |€] + (oo + Zagfj O(€[2), 1€ — o0, (3.13)

and showing that
ap = —Dp°. (3.14)

Let us apply Green’s formula to &; and (:

[ ase= [{6%5 —ce)5 Yase
OF

OF

o o€
=g [ (6] a|s| C(6) gy iS¢

|§|=R

Fngnoo / Zaé’fjdsgzaj. (3.15)
¢/=R

Then formulas (3.15) and (3.12) lead to (3.14).

3.2 Asymptotic property of the regular part of Green’s
function in R? \ F

Asymptotic representation at infinity for the regular part of Green’s function
in R?\ F is given by the following lemma.

Lemma 3.1. The regular part (3.8) of G satisfies the estimate

Const

1< g 6

2
h(g,m) = (2m)"Hlog €[~ + C(m) — Z

Jj=1

as |¢] > 2, and p € R?\ F.

Proof. Let
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2
B&m) = h(g,m) — (2m) " log €|~ +C(n) — Z

2 e
We have
AB&m) =0, neR*\F,
. En , Infy _ €
n 'n
B(E, 10 1-2 —
€m ==y o (12 ) g
1 §-m -
- ‘4w|s\2{‘"‘2 ~2€. 1"+ oqel) (32
for n € OF. By (2.4)—(2.6) and Green’s formula,
_ a¢(n)
=~ [ o, Mas,,
oF
which, together with (3.2) and (2.11), implies
1B(€, 00)| < C €]
Hence the maximum principle gives (3.1). O

3.3 Maximum modulus estimate for solutions to the
mixed problem in (2. with the Dirichlet data on OF,

Lemma 3.1. Let u be a function in C(£2:) such that Vu is square integrable
in a neighborhood of 012. Let u be a solution of the mized problem

Au(x) =0, x € (), (3.1)
gz (x) = ¥(x), xedn, (3.2)
u(x) = p:(x), x €Ik, (3.3)

where ¥ € C(02), pe € C(OF;), and

/w(x)ds = 0. (3.4)
09

Then there exists a positive constant C such that

lull e < lleellc@ry + ClYlcoo)- (3.5)
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Proof. (a) First, we introduce the inverse operator
Ny —w (3.6)

for the interior Neumann problem in (2

Aw(x) =0, x€ 12, (3.7
ow
on (x) =¢(x), x€ 90, (3.8)
with ¥ € C(92) and
/ ¥(x)dS, = 0 and / w(x) 8871 (log x])dS, = 0. (3.9)
o on

Applying Green’s formula to w(x) and N(x,y) in {2, we obtain

1

P
’ (log \x|)) ds,.

ong

w(x)

wy) = [ (Nexyveo +

o

Then the unique solution of (3.7)-(3.9) is given by
w(x) = /N(X, V) (y)dSy, (3.10)
o
and
m(E;LX|U)| < CllYllepa)- (3.11)
(b) The solution u of (3.1)—(3.3) is sought in the form
u(x) = w(x) + v(x), (3.12)

where w = M is defined by (3.10), whereas the second term v satisfies the
problem

Av(x) =0, x€ (2, (3.13)
g:; (x) =0, x€ 00, (3.14)
v(x) = @ (x) —w(x), x € IF.. (3.15)

According to the estimate (3.11) and the maximum principle for variational
solutions of (3.13)—(3.15) (see, for example, [1]), we have

rr})ax|v| < leelle@r) + CllYllcoo)- (3.16)

€
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Finally, using the representation (3.12), together with the estimates (3.11)
and (3.16), we obtain the result (3.5). This completes the proof. O

3.4 Approximation of Green’s function GgD)

We give a uniform asymptotic formula for Green’s function solving the prob-
lem (3.1)-(3.3).

Theorem 3.1. Green’s function GgD)(x, y) for problem (3.1)—(3.3) admits
the asymptotic representation

GP)(x,y) = G(e'x,e7ly) + N(x,y) — (2m) ' log |x — y|~! + R(0,0)

+eD(ey) - VyR(x,0) + eD(e7 %) - VL R(0,y) 4+ 7-(x,¥), (3.1)

where G, N, R, D are defined in (2.8)—(2.10), (3.1)—(3.3), (3.4), (3.9)—(3.11),
and
re(x,y)| < Const &7,

which is uniform with respect to x,y € (2.

Proof. First, we describe the formal argument leading to (3.1). Let p.(x,y) =
GP (x,y) — G(e7x,e7ty). This function satisfies the problem

Amps(X7 Y) = 07 X7y € ‘967 (32)
pe(x,y) =0 when x € 9F;, y € (2, (3.3)
and
dpe 0 /1 —1 1, -1
oo (ey) = =0 (o loslx =y —hExeTY)) (34)
o /1 1
=~ (5 s =y = Nixy)
9 (1 1y 1
o (o o8+ hex27Yy)).

where x € 012, y € (2.. Here, h(€,n) is the regular part of Green’s function
G in R?\ F. Taking into account (3.4), we deduce that

pe(x,y) = —R(x,y) + R(0,0) + Re(x,y), (3.5)

where R(x,y) is the regular part of the Neumann function N(x,y) in {2, and
R is harmonic in {2, and satisfies the boundary conditions
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ORe D
ong YT on

1
(277 log |x| + h(sflx,sfly)) for x € 012, y € {2, (3.6)
Re(x,y) =x-V.R(0,y) +O(?) for x € OF., y € 0.. (3.7)

The asymptotics of h(&, 1) given by Lemma 3.1, can be used in evaluation
of the right-hand side in (3.6).
The boundary condition (3.7) can be written as

Re(x,y) —eD(€) - VLR(0,y) = O(e?),

for x € OF;, y € 2. In turn, the boundary condition (3.6) is reduced to

o {Re(6y) = D) ¥, Rx.0)} = 0C),

when x € 92, y € (2. Hence the representation (3.5) of p. can be updated
to the form

Pe (X, y) = _R(Xv y) + R(Ov 0) (38)
where the principal part of Rgl)(x, y) compensates for the leading term
of the discrepancy £2¢ - V, (D(n) . VyR(x,O))’x:O brought by the term
eD(n) - V4R(x,0) into the boundary condition (3.3) on OF;. This leads to
the required formula (3.1).

For the remainder r.(x,y) in the asymptotic formula (3.1) we verify by
the direct substitution that

AI’I“E(X, Y) =0, x,y € {%, (39)
and that the boundary condition (3.2) implies
Te (X, y) = R(Oa Y) - R(07 0) +Xx- V$R(07 y)

—eD(x/¢) - V,R(0,y) + O(e®) = O(£?) for x € Qw., y € 2., (3.10)

where D(x/g) = e !x for x € w,, and formula (3.5) was used to state that
R(0,y) is independent of y. In turn, the second boundary condition (3.3),
together with formula (3.1), yields

Ore 0 1 1 1 1
o ey) = o (B e Ty) —, logf )
P
— _1 . 2
DEY) -, (VyR(x,O))+O(6)
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2
-° i=1 Dj(s ly) 8711 <27TT;|2)
j=

0

— 71 .
eD(e7y) on,

(VyR(x, 0)) +0(£2) = 0(e?), (3.11)

for x € 902, y € (2.
It can also be verified that

13
/ on, re(x,y)dS; = 0.
o0

Indeed,
/ (x,y)dS, = / Gle'x, e y) + ! log [x =yl
ong 8nT ’ 2 x|

+eD(ety) - V,R(x,0) + eD(e'x) - V. R(0, y)}dSw

= 5/ 821 {D(Eily) : Vy((277)71 log|x —y|™' = N(x, y)) ‘ }dSﬂC

y=0

- 0 1
_2ﬁ/anx{D(e 9 P}de_O
982

Using (3.10), (3.11), together with Lemma 3.1, we complete the proof. O

3.5 Simpler asymptotic representation of Green’s
function G

Two corollaries, which will be formulated here, follow from Theorem 3.1.
They include simplified asymptotic formulas for Green’s function, which are
efficient for the cases where both x and y are distant from F. or both x and
y are sufficiently close to Fg.

Corollary 3.1. Let min{|x|, |y|} > 2¢. Then the asymptotic formula (3.1) is
simplified to the form

GP)(x,y) = N(x,y) — (2m) "' loge + (o + R(0,0)

+ (2m) " log(|x[y]) — D°° (x|~ + yly[ ™)
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+eD¥ - (Vo R(0,y) + VyR(x,0) + O(E*[x| Ty, (3.1)

where R is the reqular part of the Neumann function N in 2.
Proof. The estimate (3.1) can be written in the form

h(&,m) = (2m) " log([€]In) ™" — ¢

2
€ o Tj Yj 21| =1, |—1
prE( 2, + %) . 2
+ 277; AN + |2 +O0E X[ yl™) (32)

Using (3.8), (3.1), and (3.2), we obtain

1 1 Ix|[yl
G =—_1 1 o
e (xy)=—, loge+ 0g|x_y|+<
£ = cof Tj Yj 21— 1] |—1
- D )+o
27TZ i \|x[2 + ly|2 +OE X y[)

j=1
+ N(x,y) — (2m) ' log [x —y|™' + R(0,0)
+eD* - (V,R(x,0) + V. R(0,y)) (3.3)
+ 2207 + [y 7)-

Rearranging the terms in (3.3) and taking into account that the remainder
terms in the above formula are O(e?|x|~!|y|™!), we arrive at (3.1). O

Formula (3.1) is efficient when both x and y are sufficiently distant
from F..

The next corollary of Theorem 3.1 gives the representation of GgD), which
is effective for the case where both x and y are sufficiently close to Fg.

Corollary 3.2. The following asymptotic formula for Green’s function GgD)
of the boundary value problem (3.1)—(3.3) holds

G (x,y) = Ge 'x,e7ty) — (x —eD(e'x)) - V. R(0,y)
— (v —eD(¢'y)) - V4 R(x,0) (3.4)
+ O(Ix* + |y + %),
for x,y € 2. (The term €% in the remainder can be omitted if the interior

of F' is nonempty and contains the origin.)

Proof. Using the Taylor expansion of R(x,y) in a neighborhood of the origin,
we reduce the formula (3.1) to the form
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GP)(x,y) = G(e 'x,7'y) = R(x,y) + R(0,0)
+ eD(ety) - Vy R(x,0) +eD(e'x) - V. R(0,y) + O(e?)
=G(e'x,e7y) (3.5)
- x-V,R(0,y) —y-V,R(x,0) + O(x|* + |y|?)
+eD(ety) - V, R(x,0) + eD(e7'x) - V. R(0,y) + O(e?).

By rearranging the terms in the above formula, we arrive at (3.4). O

4 The Neumann Function for a Planar Domain with a
Small Hole or Crack

It is noted in the previous sections that boundary conditions of Dirichlet type
were set at a part of the boundary of {2.. Now, we consider the case where
0{2. is subject to the Neumann boundary conditions. Here, the set F; is the
same as in Sect. 2.

The Neumann function N.(x,y) for 2. C R? is defined as a solution of
the boundary value problem

AgNe(x,y) +0(x—y) =0, x,y€ £, (4.1)
82 <N5(x, y) + (27) ' log X|> =0, x€00, y€ (), (4.2)
gge (x,y) =0, x€9F., y € (2. (4.3)

In addition, we require the orthogonality condition, which provides the sym-
metry of N.(x,y)

i log |x|dS, = 0. (4.4)

/NA&wa

o9
The regular part R.(x,y) of the Neumann function is defined by

1 _
Wb@X—Y\l—NA&y)

RAxy%=2

4.1 Special solutions of model problems

As in the previous sections, we consider two limit domains independent of the
small parameter e: the domain 2 (with no hole), and the unbounded domain
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R?\ F that represents scaled exterior of the small hole. As always, the scaled
coordinates € = ¢ 'x and n = ¢~ 'y will be used.

The Neumann function N(x,y) of 2 is defined by (3.1)-(3.3), and the
regular part R(x,y) of N(x,y) is the same as in (3.4).

We use the vector function D already defined in Sect. 2.

Another model field to be used is the Neumann function A'(£,n) in R2\ F,
as in (2.12), whose regular part hy satisfies the problem (2.13)—(2.15).

4.2 Maximum modulus estimate for solutions to the
Neumann problem in 2.

First, we formulate and prove an auxiliary lemma required for the forthcom-
ing estimate of the remainder term in the approximation of N..

Lemma 4.1. Let u be a function in C(£2:) such that Vu is square integrable
in a neighborhood 0f2.. Also, let u be a solution of the Neumann boundary
value problem

Au(x) =0, x € (2, (4.1)
gz (x) =(x), xeadn, (4.2)
DL = pelx), x € OF, 43)

where p € C(012), pe € Loo(0F:), and

/ pe(x)ds =0 and /w(x)ds =0. (4.4)
09

OF.

We also assume that

0
| [ute) ) (1ogxl)ds| < const {[Wllcon +elleclzaiors}.  (45)
o1

Then there exists a positive constant C independent of € and such that

lulleca,) < C{lIWllcoe) +ellvellror.) }- (4.6)

Proof. (a) We use the operators 9t and Mg, of the model problems (2.7)—(2.9)
and (3.7)—(3.9) introduced in Sects. 2 and 3.

(b) We begin with the case of the homogeneous boundary condition on
012, i.e.,
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Auq(x) =0, x € (X, (4.7)
8U1 -

o () =0, x €00, (4.8)
M) o.(x), x €OF (4.9)
on = Pe , €5 .

where the right-hand side (. is such that
/ pe(x)ds = 0.
oF.
The operator . is defined as in (2.11), so that

(Mepe)(x) = (NMp)(§),

1 1

where &€ = e71x and . (x) = e Lp(e 7 x).
The solution u; is sought in the form

0
up = MN.g. — Ng (an (msgs)arz)7 (4'10)

where g. is an unknown function such that

/Q@M%ZQ
OF
By Lemma 2.1, we have
Mg(&)] < Cellgllr.or) (4.11)
and
max [Nege| < Cellgell e o) - (4.12)

=

From (4.10) it follows that 2 u1(x) = 0 when x € 92, and on the bound-
ary OF; we have

e = ge + Scge, (4.13)
where

0 0
Seg: = _871 (mg(an (mggg)aﬂ)) on OF;. (4.14)

Taking into account Lemma 2.1 and the definitions of Mg, and N., as in (3.6)
and (2.6), (2.11), we deduce that

max [V(Meg.)| < const 22lgc |1 or)

and
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1SegellL(or.) < const €2||gz|lL(oF.)-

Owing to the smallness of the norm of the operator S, we can write

9|l oF.) < const |l@ellL. (or.)-

Following (3.10), (3.11), (4.10), and (4.12), we deduce (4.5) and

max s < const. [l (or) (4.15)

€

(¢) Next, we consider the problem (4.1)—(4.4) with the homogeneous data
on Jw,. The corresponding solution uy is written in the form

ug = Ny + v, (4.16)

where the harmonic function v satisfies zero boundary condition on 02,
whereas the condition (4.9) is replaced by

0 0
anv(x) = “on (‘ﬁrﬂﬁ)(x), x € OF,

and, by part (b),
II}?X|U| < const [[¢]lcan)-

€

The function v and hence us satisfies (4.5).
Following (3.10), (3.11), and (4.16), we deduce

rr(lzax\ug\ < const |[Ylc(an)- (4.17)

=

Combining the estimates (4.15) and (4.17), we complete the proof. O

4.3 Asymptotic approximation of N,
Now, we state the theorem, which gives a uniform asymptotic formula for the
Neumann function N,.

Theorem 4.1. The Neumann function N:(&,n) of the domain (2. defined in
(4.1)—(4.4) satisfies

N.(x,y) = N(x,y) — hn(e'x,e7ly)
+eD(e7 %) - V. R(0,y)
+eD(e'y) - V,R(x,0) + 7o (x,y), (4.1)

where
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re(x,y)| < Const &2 (4.2)

uniformly with respect to x,y € (2.

Proof. We begin with a formal argument leading to the approximation (4.1).
Consider the first three terms on the right-hand side of (4.1). Let

ri(x,y) = No(x,y) = N(x,y) + hn(€,m) —cD(€) - Vo R(0,y).  (4.3)
The function rél) is harmonic in (2., and the direct substitution into the
boundary conditions (4.2) and (4.3) gives

arl) a1 ]
oy == (, loglk—y7)+ 0 (hn(eT'xTy))

ong 1 Ny

+n-V,.R(0,y) —¢ 0 D(e'x) - V,R(0,y) + O(e)

ong
=0(e) for x € OF;, y € (2, (4.4)
and
art) ) -
e (6¥) = 0 (hy(e7x,27y)) + O

0

=eD(ey) - " V,R(x,0) + O(e?)

0
for x € 092, y € (2. (4.5)

Thus, rgl) can be approximated as

rél)(x, y) =eD(cy) - V,R(x,0) + 0(£?),

and, together with the representation (4.3), this leads to the required formula
(4.1).

Finally, the direct substitution of (4.1) into (4.1)-(4.3) yields that the
remainder term r.(x,y) satisfies the problem (4.1)—(4.4), with

< Const &2
max |9(x,y)| < Const e

and

—1, -1
< S
max |pe(e7 " x,e7y)| < Const e

for all y € {2.. Then the estimate (4.2) follows from Lemma 4.1. O
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4.4 Sitmpler asymptotic representation of the
Neumann function N,

Two corollaries, formulated in this section, follow from Theorem 4.1. They
include asymptotic formulas for the Neumann function, which are efficient
when either both x and y are distant from F. or both x and y are sufficiently
close to F.

Corollary 4.1. Let min{|x|, |y|} > 2¢. Then

62 XT yT
Ne(xv y) = N(Xv y) - A2 ‘X|2 ‘y‘g

&2 ¢ xT yT
+ 27T{‘XPPva(o,y) + |y|2’PVyR(X,O)} (4.1)
+20(x|7* + [y|7?),
where R is the regular part of the Neumann function N in {2, and P is the
dipole matriz for F, as defined in (2.1).

Proof. The proof is similar to that of Corollary 2.1, and it uses formula (2.9)
for the regular part hy of the Neumann function in R?\ F, together with the
asymptotic representation (2.1) of the dipole fields D; in R?\ F. O

Next, we state a proposition similar to Corollaries 2.2 and 3.2 formulated
earlier for Green’s functions GgD) and GgN).

Corollary 4.2. The Neumann function N, defined by (4.1)—(4.4), satisfies
the asymptotic formula

N.(x,y) = (27) tlog|x —y|™' — R(0,0) — hy (e 'x,e7 ty) (4.2)
— (x—eD(e'x)) - V. R(0,y) — (y —eD(ey)) - V4 R(x,0)
+O(|x* + |y[” +€%),

for x,y € .. (As in Corollaries 2 and 4, €2 in the remainder can be omitted
if the interior of F is nonempty and contains the origin.)

Proof. The proof is similar to that of Corollary 2.2 and employs the linear
approximation of the regular part R of the Neumann function in a neighbor-
hood of the origin. O

Although the formulation of Corollary 4.2 is valid for all x,y € (2, the
asymptotic formula (4.2) becomes effective when both x and y are sufficiently
close to F..
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5 Asymptotic approximations of Green’s kernels for
mixed and Neumann problems in three dimensions

This section includes asymptotic formulas for Green’s kernels GgD), GgN) and
N, in 2. C R3. The special solutions of model problems differ from the cor-
responding solutions used for the two-dimensional case. The uniform asymp-
totic formulas of Green’s kernels are accompanied by simpler representations,
which are efficient when certain constraints are imposed on the independent
variables. The proofs, which do not require new ideas compared with the
two-dimensional case, are omitted.

5.1 Special solutions of model problems in limait
domains

Here, we describe the functions G, G, N, and N defined in the limit domains
and used for the approximation of Green’s kernels.

1. The notation G is used for Green’s function of the Dirichlet problem

in 2 C R3:
G(x,y) = (4nlx —y[)™! = H(x,y). (5.1)
Here, H is the regular part of G, and it is a unique solution of the Dirichlet

problem
A H(x,y) =0, x,y € {2, (5.2)

H(x,y) = (dr|x —y|)™', x€dn, ycn. (5.3)

2. Green’s function G for the Dirichlet problem in R? \ F is defined as a
unique solution of the problem

AG(€Em) +8(E—m) =0, EneR’\F, (5.4)
G(&:m) =0, £€IF, neR>\F, (5.5)
G(&,n) —0 as|¢] - coand n e R3\ F. (5.6)

Here, F is a compact set of positive harmonic capacity.
The regular part h of Green’s function G is

h(€,m) = (4rl€ —n|)~" — G(&,m). (5.7)

3. The components of the vector field D(§) = (D1(£), D2(§), D3(€)) (com-
pare with (3.9)—(3.11)), for £ € R\ F, satisfy the problem

AD;(€) =0, €€R’\F, (5.8)
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D;(§) =¢&;, €€ 0F, (5.9)
D;(&) -0 as |€| — oo. (5.10)

We use the matrix T = (7;;,)3 k=1 of coefficients in the asymptotic repre-
sentation of D; at infinity

3
7T
— X e oe™) (5.11)
k=1

The symmetry of 7 is verified by applying Green’s formula in Bg \ F' to
& — Dj(§) and Dy (§) and taking the limit R — co. We have

8 B/ {6 - Dien 5 ~ put)( - Pl Jas

+ / Dy (€) (azgfg) - nj)dS —0, (5.12)

where 9/0n is the normal derivative in the direction of the interior normal
with respect to F'. As R — oo, the first integral Z(0Bg) on the left-hand side
of (5.12) gives

oD ;
Am Z(0Bg) = lim / {& a|kg(£) ~ Dul8) % pas
OBRr
3 3
T ! > TubetydS = T (5.13)

The second integral Z(OF') on the left-hand side of (5.12) becomes

—/ﬁkndeJr/Dk(E)a%]f)
oOF OF

— 5,0 meass(F) + / VDL(€) VD;(€)de,  (5.14)
R3\ F

where measg(F') is the three-dimensional Lebesgue measure of F'. Using (5.13)
and (5.14), we deduce

Tij = 0 measg(F) + / VDy(§) - VD;(§)d¢, (5.15)
RS\ F



Green’s Kernels for Mixed and Neumann Problems 311

which implies that 7 is symmetric and positive definite.

4. The Neumann function N(x,y) in 2 C R3 and its regular part are
defined as follows:

AN(x,y)+6(x—y) =0, x,y € 2 CR?, (5.16)
0 (N(x y) - (47r)—1\x|—1) =0, x€d, yen (5.17)
an‘r ) 9 ) )
and 9
-1 o
/N(x, y) on, |x| " dsy =0, (5.18)
o0

where the last condition (3.3) implies the symmetry of N(x,y). The regular
part of the Neumann function in three dimensions is defined by

R(x,y) = (4m)"!x —y|7' = N(x,y). (5.19)

5. In this section, the notation A'(£,n) is used for the Neumann function

in R3\ F', where F is a compact closure of a domain with a smooth boundary,
and A is defined by

N(fﬂ?) = (47()_1‘6_7”_1 —hN(ﬁ,T[), (520)
where hy is the regular part of N subject to

Achn(€m) =0, &neR’\F, (5.21)

dhn 19
(ga 77) - A ang

hn(€,m) — 0 as €| — oo, n €R3\ F. (5.23)

-1 3

The smoothness assumption on JF here and in the sequel is introduced for
the simplicity of proofs and can be considerably weakened. In particular, the
case of a piece-wise smooth planar crack can be included.

We note that the Neumann function N just defined is symmetric, i.e.,

N(&n) =N®n,§).

6. The definition of the dipole vector field D(&) = (D1(€),D2(€), D5(€))
is similar to (2.16)—(2.18) with ¢ € R3 \ F. The components of the three-
dimensional dipole matrix P = (ij)i x—1 appear in the asymptotic repre-
sentation of D; (&) at infinity

3

1 Pk _
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Similar to Sect. 2.2, it can be proved that the dipole matrixz P for the hole
F' is symmetric and negative definite.

5.2 Approxrimations of Green’s kernels

The following assertions hold for uniform asymptotic approximations in
three-dimensional domains with small holes (or cracks) or inclusions.

Theorem 5.1. Green’s function GQN) (x,y) for the mized problem with the
Neumann data on OF. and the Dirichlet data on 0f2 has the asymptotic
representation

G (x,y) = Glx,y) +e "N %7 ly) = (4m) x —y|

+eD(e %) -V, H(0,y) + eD(c ty) - VyH(x,0)+r.(x,y), (5.1)

where D is the three-dimensional dipole vector function in R*\ F, and N is
the Neumann function in R3 \ F, vanishing at infinity. Here,

[re(x,y)| < Const &2 (5.2)
uniformly with respect to x,y € (2.

The proof follows the same algorithm as in Theorem 2.1.
Now, we give analogues of Corollaries 2.1 and 2.2 formulated earlier in
Sect. 2.7.

Corollary 5.1. Let min{|x|, |y|} > 2¢. Then the asymptotic formula (5.1) is
simplified to the form

¢ (x,y) = G(x,y)

+ i{ |’;T3 PV,H(0,y) + |§|T3 PV, H(x,0)}
e X'y
(4m)? |x[* " [y]?
+ O + (x| + [yD Pyl ), (5.3)

where H is the regular part of Green’s function G in {2, and P is the dipole
matriz for F, as defined in (5.24).

The next assertion is similar to Corollary 2.2 of Sect. 2.7.

Corollary 5.2. The following asymptotic formula for Green’s function GgN)
holds
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G (x,y) = "N (e x,e7y) — H(0,0)
— (x—eD(e7'x)) - Vo H(0,y) — (y —eD(¢"'y)) - V, H(x,0)
+ O(* + x|* + |y|?) (5.4)

for x,y € Q.. (As in Corollary 2.2, €% in the remainder can be omitted if the
interior of F' is nonempty and contains the origin.)

In turn, for the case where the Neumann and Dirichlet boundary conditions
are set on 0f2 and JF; respectively, the modified version of formula (3.1) is
given by

Theorem 5.2. The Green’s function GgD)(x, y) for the mized problem with
the Dirichlet data on OF; and the Neumann data on 02, admits the asymp-
totic representation

G (x,y) =e'G(e'x,e7y) + N(x,y) — (47) '[x — y|~' + R(0,0)

+eD(ety) - V,R(x,0) +eD(e'x) - VL R(0,y) + 7(x,¥), (5.5)

where
re(x,y)| < Const &2,

which is uniform with respect to x,y € (2.
The proof is similar to that of Theorem 3.1. We note that unlike the two-
dimensional case, in three dimensions no orthogonality condition is required

to ensure the decay of the solution of the exterior Dirichlet problem in R3\ F.
The analogues of Corollaries 3.1 and 3.2 are formulated as follows.

Corollary 5.3. Let min{|x|, |y|} > 2e. Then the asymptotic formula (5.5) is
simplified to the form

GP)(x,y) = N(x,y) + R(0,0)

+ i{ ’j; TV,R(0,y) + f; TV, R(x, 0)}
3 xT y
S Am2 xPP T jy P
+ O + (x| + [yDIx Pyl ™), (5.6)

where R is the regular part of the Neumann function N in 2, and T is the
matriz of coefficients in (5.11).

The next assertion is similar to Corollary 3.2 of Sect. 3.5.

Corollary 5.4. The following asymptotic formula for Green’s function GgD)
holds
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G (x,y) =c7'G(ex,e7y)
— (x —eD(e7'x)) - Vo R(0,y) — (v — eD(e7"y)) - V, R(x,0)
+ 02 + x]2 + |y)?) (5.7)

for x,y € £2.. (The term €2 in the remainder can be omitted if the interior
of F' is nonempty and contains the origin.)

Finally, we consider the Neumann function N.(x,y) for £2. C R3. Here,
Q. = 2\ F., and F; is the small hole with a smooth boundary. We define
N, as a solution of the following boundary value problem

AzNe(x,y) +0(x—y) =0, x,y € £, (5.8)

9 1) o
o, (NE(X, y) — (4m) x| ) =0, x€dn, ye ., (5.9)
gﬁjﬁ (x,y) =0, x€0F., y € (2. (5.10)

In addition, we require the orthogonality condition, which provides the sym-
metry of N.(x,y)

0,
/Ns(x, y)an\x| 1ds, = 0. (5.11)
o0
The asymptotic approximation of N. is given by

Theorem 5.3. The Neumann function N.(€,m) for the domain (2, defined
in (5.8)—(5.11) satisfies the asymptotic formula

N.(x,y) = N(x,y) —e 'hy(e x,e7y) +eD(e %) - VL. R(0,y)
+eD(ey) - VyR(x,0) + 7o (x,y), (5.12)

where
Ire(x,y)| < Const &2 (5.13)

uniformly with respect to x,y € (2.. Here, D is the three-dimensional dipole
vector function in R3\ F, and hy is the reqular part of the Neumann function
N in R3\ F, vanishing at infinity. The Neumann function N in 2 and its
regular part R are the same as in (5.16)—(5.19).

The proof follows the same algorithm as in Theorem 4.1.
At last, we formulate analogues of Corollaries 4.1 and 4.2 for the Neumann
problem in 2.

Corollary 5.5. Let min{|x|, |y|} > 2e. Then N.(x,y) is approzimated in the
form
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E3 XT yT
NE(X7 Y) = N(X7 Y) - (477)2 |X‘3 |y|3
63 XT yT

x ) , 14

+ 477{ e PYRO3) + PV R(x OFSECEE)

+ 0 + (x| + yDIx 3yl ™),

where R is the reqular part of the Neumann function in {2, and P is the
dipole matriz for F, as defined in (5.24).

When both x and y are sufficiently close to F;, the asymptotic approxi-
mation of NV, is given in the next assertion.

Corollary 5.6. The Neumann function N. satisfies the asymptotic formula
Ne(x,y) = e "N 'x,e7ty) — R(0,0)

— (x —eD(e7'x)) - Vo R(0,y)

— (y —eD(e7'y)) - V4 R(x,0)

+ 0 + x|* + |y[*) (5.15)

=)

for x,y € .. The term €? in the remainder can be omitted if the interior of
F' is nonempty and contains the origin.
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Finsler Structures and Wave
Propagation

Michael Taylor

Dedicated to the memory of
the Great Analyst S.L. Sobolev

Abstract We discuss connections between the study of wave propagation for
general classes of hyperbolic PDEs (beyond the “standard wave equation”)
and aspects of Finsler geometry. In particular, we investigate how understand-
ing of the behavior of differential operators (and pseudodifferential operators)
arising in such study can enhance one’s understanding of Finsler geometry.
We also discuss a problem in harmonic analysis motivated by a construction
of Katok in Finsler geometry, which gives rise to an interesting variant of the
Pinsky phenomenon, for pointwise Fourier inversion.

1 Introduction

A Finsler metric on a smooth manifold M is a C*° function
F:TM\0— (0,00) (1.1)
with the following properties:
F(z, ) = AF(z,v) YveTyM\0, Xe€(0,00), (1.2)

and, if we set
1
fw,v) = L F(,0)?, (1:3)
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then
D?f(z,v) is positive definite, (1.4)

as a symmetric bilinear form on T, M, for each z € M and each nonzero
v € Ty M. The hypotheses (1.2)—(1.4) say that F(z,-) defines a “Minkowski
norm” on T, M for each x € M.

An example of a Finsler metric is F'(x,v) = g, (v,v)"/*, where g is a Rie-
mannian metric tensor on M. Many objects studied in Riemannian geometry
are of interest in the broader context of Finsler geometry. For example, one
looks for “length minimizing” curves ~ : [a,b] — M, extrema for

1/2

L(y) = / F(y(t),7/ (1)) dt, (1.5)

a

with fixed endpoints. As is the case for Riemannian geometry, L(vy) is invari-
ant under reparametrization of 7; one normalizes by demanding that v have
constant speed, i.e., F(v(t),7'(t)) = ¢. Furthermore, as in the Riemannian
case, it is effective to look at the problem of extremizing

b
E(y) = / FOr(t). A/ (1)) d. (1.6)

There is a standard technique for converting the Euler—Lagrange equation
for extrema of (1.6) to Hamiltonian form, via a Legendre transform

Z:TM\O— T*M\ 0. (1.7)

The hypothesis (1.4) serves to guarantee that = is a diffeomorphism (extend-
ing to a bi-Lipschitz map = : TM — T*M). The geodesic flow on TM \ 0 is
carried by = to the flow on T*M \ 0 generated by the Hamiltonian field Hg,
or H, = ®?Hg, where

1
P=FoZt o= 2@52 =fo=z"h (1.8)

Details on this are given in Sect. 2.

It is shown that @(x,&) satisfies analogues of 1.2-1.4, i.e., @(x,-) defines
a Minkowski norm on T M for each x € M. We call such &(x, ) a Finsler
symbol. Calculations done in Sect. 2 show that the correspondence F' +— @ is
reversible; not only does each Finsler metric determine a Finsler symbol, but
also each Finsler symbol determines a Finsler metric.

Thus, there are two approaches to defining a Finsler structure. One is to
specify directly a Finsler metric F(z,v). The other is to specify directly a
Finsler symbol @(x, ). The correspondence
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F(z,v) < &(z,€) (1.9)

has been the object of some study. R. Miron and colleagues call M equipped
with a Finsler symbol &(z,§) on T*M a “Cartan space,” and the correspon-
dence (1.9) the “Finsler—Cartan £-duality.” See [6], particularly Chapt. 7,
for a discussion. This correspondence is also very much in evidence in Ziller’s
presentation [13] of a construction of Katok [5].

One purpose of this note is to point out how the approach of specifying and
studying a Finsler symbol arises naturally in the analysis of problems in wave
propagation. The connection between Finsler symbols and wave equations
is readily explained. Finsler symbols are principal symbols of first order,
elliptic, self-adjoint pseudodifferential operators, and such pseudodifferential
operators arise in the analysis of various hyperbolic PDEs. For the standard
wave equation for u = u(t, z) defined on R x M:

Ut — Au = O, (110)

where A is the Laplace-Beltrami operator defined by a Riemann metric ten-
sor on M, the solution is given in terms of e¥#V=4 and the symbol of v/—A
is @(x, &), the length of £ € T* M given by the inner product on T induced
by the Riemann metric tensor. This is all within the Riemannian geometry
setting. However, other hyperbolic PDEs give rise to first order pseudodif-
ferential operators whose symbols are frequently other Finsler symbols (see
Sect. 3 for further development of this theme).

In Sect. 4, we recall some Finsler metrics on spheres, produced by Katok
[5] to have geodesic flows with notably few closed orbits. We embark on our
second main goal of this note, which is to study the spectral behavior of
the pseudodifferential operators associated with these Finsler metrics. We
consider eigenfunction expansions of certain piecewise smooth functions, in
terms of the eigenfunctions of these operators, and examine their pointwise
behavior. We find that interesting variants of the Pinsky phenomenon arise,
producing in some cases infinite sets of points at which such an eigenfunction
expansion has an oscillatory divergence.

Sobolev introduced methods of functional analysis that transformed the
theory of partial differential equations. He was particularly instrumental in
applying his new ideas to the theory of linear hyperbolic equations. These
ideas have a strong influence on the analytical techniques of this paper.

2 Finsler Metrics and Finsler Symbols

As stated in Sect. 1, here we work out the application of the Legendre trans-
form to converting the problem of extremizing (1.6) to a Hamiltonian differ-
ential equation. The standard recipe (see [10, Chapt. I, Sect. 12]) for defining
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the Legendre transform = in (1.3) is Z(z,v) = («, &), with

&E=D,f(x,v). (2.1)

Then the Euler-Lagrange equation for (x, v) is converted to the Hamiltonian
equation

(xlugl) = (Ds% —Dyp) = Hy, (2.2)
where

p(2,8) = Do f(z,v)v = f(z,0) = f(2,0). (2:3)

The first identity in (2.3) is the general prescription (see [10, Chapt. I,
(12.17)]) and the second is a consequence of Euler’s identity D, f(z,v)v =
2f(z,v), valid when f(z,v) is positively homogeneous of degree 2 in v.
Note that since ¢ is constant on each integral curve of H,, it follows that
f(v(t),7(t)) is constant on the image (y(t),+'(t)) under Z~! of such a inte-
gral curve. Such a curve is then a constant-speed extremum for (1.5).

It is easily verified that the hypothesis (1.4) of strong convexity implies
that (2.1) provides a diffeomorphism = : TM\0 — T*M\0. Note in particular
that

D,&(z,v) = D2 f(x,v) € T) @ Ty ~ Hom(Ty, T)). (2.4)

We also note that
v(z,§) = Dep(w, ). (2.5)

This follows from the first part of (2.2) since also v = 2. We can also deduce
(2.5) directly from (2.3) and (2.4), as follows. First, differentiate p(z,&) =
f(x,v), obtaining

Dep(x,€) Do€(x,v) = Dy f(2,0). (2.6)
Then plug in (2.4), to get
Dep(x,€) D f(x,v) = Dy f(,v). (2.7)

On the other hand, Euler’s identity gives
ngf(x,v) :D,Uf(l',’l)). (28)

Comparing the left-hand sides of (2.7) and (2.8) and noting that D2 f(x,v)
is invertible, by (1.4), we have the asserted identity (2.5).

Having the function ¢(x,€&) on T*M \ 0, we define &(x,&) : T*M \ 0 —
(0,00) by

1
Pl €) = LB, (29)
Clearly, @ is C* on T*M \ 0, and, parallel to (1.2),

D(x,N) = \P(x,§) YVEET* M\O0, A€ (0,00). (2.10)
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We also claim the following analogue of (1.4) holds:
Dggo(x, £) is positive definite, (2.11)

as a symmetric bilinear form on T*M, for each x € M and each nonzero
& € Ty M. In other words, &(z,£) produces a Minkowski norm on each space
T M. To see this, write

Dip(,€) = Dev(z,€)
— (Dy&(x,0)) " (2.12)
= (D3 f(a,v) ",

where the first identity follows by differentiating (2.5), the second by the
chain rule, and the third by (2.4).

3 Finsler Symbols, Pseudodifferential Operators, and
Hyperbolic PDEs

A smooth function p(x,&) on T*M \ 0, homogeneous of degree m in &, is
the principal symbol of a pseudodifferential operator p(x, D), uniquely de-
termined up to an operator of degree m — 1, given in local coordinates by a
Fourier integral representation:

p(, D)u = (2m)" / / P, ©)uly) =€ dy de. (3.1)

Here, p(x, &) is possibly regularized for small |£|. One says p(z, D) is elliptic
if |p(z, &)| = C|&|™ for large ||, and strongly elliptic if Re p(x, &) > C|¢|™ for
large |£|. In particular, a Finsler symbol @(x, &) is the principal symbol of a
special sort of strongly elliptic, first order, pseudodifferential operator, which
can furthermore be taken to be self-adjoint.

Real-valued, first order symbols arise in the analysis of strictly hyperbolic
PDEs, as we now briefly describe. Let

m—1
P(x,Dy,Dy) = Di* + Y Ap(w, D) Df (3.2)
k=0

be a differential operator of order m, in this case a positive integer. (One
could have t-dependent coefficients, but for simplicity we take coeflicients
independent of ¢.) Here, Dy = (1/i)0:, Dy = (1/i)0s, and Ag(x, Dy) is a
differential operator of order m — k. The principal symbol of P(x, Dy, D,) is
a polynomial in (7,£), homogeneous of order m:
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m—1
Pp(w,m,) ="+ > Af(x, )k (33)
k=0

The operator (3.2) is said to be strictly hyperbolic if for each £ # 0 the symbol
P,, has m roots 7 = A\g(z, &), all real and distinct, so

Pm(vav f) = (T - )‘1('73’5)) T (T - /\m(377§)),

AM(2.6) < - < Am(a,6). (34)

The functions Ag(x, §) are smooth on T* M\ 0 and homogeneous of degree 1 in
&, hence are the principal symbols of first order pseudodifferential operators.
The analysis of solutions to the partial differential equations P(z, Dy, Dy )u =
0 is essentially equivalent to the analysis of the pseudodifferential evolution
equations

ou
ot

In either case, short-time approximate solution operators (known as para-
metrices) can be constructed in the form

= i\ (z, D)u. (3.5)

S(t)f = (2m)" / / Fak(t,z,y, )00 dyde. (3.6)

The phase functions 0 solve eikonal equations:

00y,

ot - )\k(.’b, dwek)u ak(ou‘ra yvg) = (.’E - y) : gu (37)

and the amplitudes ay(t,z,y,&) are symbols of order zero, with asymptotic
expansions whose terms solve a succession of transport equations. For details
one can see [9, Chapt. 8].

The standard Hamilton-Jacobi approach to solving (3.7) brings in the
flow generated by the Hamiltonian vector field Hy, . In particular, when the
symbol A (z,€) (or its negative) is elliptic and A\ (z,£)? is strongly convex,
the integral curves of this flow correspond to geodesics of the Finsler metric
associated to Ag(z, &), by the correspondence defined in Sect. 2.

The flow generated by H), defines the way the solution operator Sk(t)
in (3.6) moves singularities of f. More precisely, f has a “wave front set,”
WEF(f), a closed, conic subset of T*M \ 0, whose projection onto M is the
singular support of f, and the wave front set of Si(t)f is obtained from
WF(f) by applying the flow generated by H),. (Details can be found in [9,
Chapt. 8], [10, Chapt. 7], or [4, Vol. 3].) In particular, if Agx(z,£) is a Finsler
symbol, and if f = §,, the point mass concentrated at p € M, then the
singular support of e”A’“(z’D)@, is equal to the “sphere” X, (p), of points
of Finsler distance [t| from p, for small |¢| (with modifications once caustics
form).
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The symbols A(z, &) that can arise in (3.4) from hyperbolic PDEs need
not be elliptic, and even if such A(z, &) is elliptic, A(x,£)? need not be
strongly convex. However, when these properties hold, the wave propagation
has particularly nice properties. One indication of this, the tame behavior of
e\ @D)§ for small |t|, was described above. The operator A(z, D) (typically
taken to be self-adjoint) also has nicer spectral properties when A(z, &) is a
Finsler symbol than one finds in more general cases. We mention one example
here. The following result is Theorem 5.2.1 in [8], though the term “Finsler
symbol” was not used there.

Proposition 3.1. Let A be a first order, self-adjoint pseudodifferential opera-
tor on a compact manifold M , whose principal symbol is a Finsler symbol. Let
{¢r : k € ZT} be an orthonormal basis of eigenfunctions of A, Apr = \p@k,
and consider the Riesz means of order d:

Shiw) = Y (1= Fe. (3.9

M <R

~

where f(k) = (f,ox)r2. Then, given

ve 12Tl Un ) 39
and L1 1
d>0(p) = max{n‘p - 2‘ - 2,0}, (3.10)
one has
X0f — f in LP-normas R— oo Y fe& LP(M), (3.11)

and more generally E%f — f in Li-norm for all f € LI(M), as long as
q € [p.p'] (and q # o).

Remark 3.1. Since A in Proposition 3.1 is elliptic, if p € (1, c0),
(A% +1)7%/2 . LP(M) — H*P(M), isomorphically, (3.12)

where H*P (M) is the LP-Sobolev space. Since these operators commute with
E}S%, we have the following corollary. In the setting of Proposition 3.1, if p
and ¢ satisty (3.9)—(3.10) and p > 1, then

X%f — f in H*P-normas R—oco Vfe H*P(M), (3.13)

and more generally such convergence holds in H®9%-norm, for f € H*9(M)
provided that ¢ € [p,p'].

We next present a simple class of examples of fourth order, strictly hyper-
bolic PDEs that give rise to non-Riemannian Finsler symbols. Namely, we
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consider operators whose symbols have the form

Py(1,€) = (7% = 9(€)) (7% = h(§)) + aq(§). (3.14)
Here, g(£) and h(§) are positive definite quadratic forms:
9(&) = ¢*¢ikk,  n(E) = WP, (3.15)

q(§) is a real-valued polynomial in £, homogeneous of degree 4, and a € R.
We assume that

9(&) = n(E) = Clef? (3.16)
for some C' > 0. Then the roots 7 = A(&) of P, satisfy

2 =x©? =T L g - ne) - aage. @am)

It is clear that as long as a € R is sufficiently small one has four distinct, real
roots, which are small perturbations of the 4 roots at a = 0:

—V/9(&) < —V/h(€) < Vh(E) < /g(€). (3.18)

It is also clear that as long as a € R is small enough, then each A\(£)? is
strongly convex.

By contrast, here is a construction of some symbols of third order, strictly
hyperbolic PDE, at least one of whose roots is a non-Finsler symbol. Namely,
we consider symbols of the form

Qa(7,€) = 7(7% = g(€)) + aq(§). (3.19)

Here, g(&) is a positive definite quadratic form, as in (3.15), and ¢(&) is a
real-valued polynomial in £, homogeneous of degree 3. At a = 0, the three

roots are
~V9(6) <0< V/g(8), (3.20)

and for small real a we get real roots that are small perturbations of these.
A calculation shows that A(§) = 0 perturbs to

aq(é“)
g(§)

Thus, for small a, A2(§) is a small perturbation of a constant multiple of
q(€)/g(&). For example, we can pick q(¢) = £3 and g(&) = |¢|?, and get small
perturbations of

A2(§) = + O(a?[¢]). (3.21)

A(E) = & _ 8 if n=2 (3.22)
€2 & +¢5’ ' '

Figure 1 represents a graph of the singular support of e
t > 0, when A(§) is given by (3.22).

#A(D)§ for some fixed
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Fig. 1 Singular support of e®*D2)§, AE) = |§|’2§S’.

The singular supports for different values of ¢ are dilates of each other. The
three cusps form immediately, in contrast to the behavior of e”AcSp when A
has a Finsler principal symbol.

The symbol A(¢) in (3.22) is also nonelliptic. The following is an elliptic,
non-Finsler symbol:

B £ 11

Figure 2 shows the singular support of e/**(P)§ for such A(€), at a fixed ¢t > 0.

N

Fig. 2 Singular support of e} (P)§, \(€) = |€| =25 + (11/10)|€].

4 Katok’s Construction and Its Harmonic Analysis
Counterpart

Katok [5] constructed Finsler metrics on the sphere S™ whose geodesic flows
have remarkable properties, further explored in [13]. Here, we recall these
metrics, bring in the associated pseudodifferential operators, and discuss a
problem in harmonic analysis that arises in investigating these operators.



326 M. Taylor

The Finsler metrics that arise here belong to a special class known as
“Randers metrics.” Generally, a Randers metric on a manifold M has the
form

F(z,v) = gm(vav)l/Q + ga (v, X), (4.1)

where g, is a Riemannian metric tensor on M and X a real vector field on
M, satisfying g, (X, X) < 1. (This condition on X is necessary and sufficient
for strong convexity (1.4).) In such a case, the correspondence (1.9) yields a
“Randers symbol” on T* M, having the form

@(x7§) = hr(§7£)1/2 + <K €> = /\<x7£) + 77('73’5)7 (42)

where h, is a positive definite quadratic form on 7)) M and Y a real vector field
on M, satisfying (Y, &) = h,(y,£), ha(y,y) < 1. For the reader convenience we
sketch the calculation establishing this fact in Appendix (Sect. 5). If X # 0,
then h, is not the form on T M dual to g,.

The symbol (4.2) is the symbol of a pseudodifferential operator of the form

A=vV-A+c—iV = A—iY, (4.3)

where A is the Laplace—Beltrami operator on M for the metric tensor dual
to h, and c¢ is a nonnegative constant. One can take ¢ = 0, but sometimes
another choice of ¢ will be more interesting.

The Katok examples are most naturally described by directly specifying
&(x,€). Let hy be the quadratic form on T%S™ dual to the standard metric
tensor (which we denote g) on the unit sphere S™, and let Y generate a
rotation. We require g,(Y,Y’) < 1 on S™. We assume furthermore that

Y=aY, -l<a<l, (4.4)

where Yy generates a periodic group of rotations Rg(t), of minimum period
2m. (If n =2, Y necessarily has this form.)

The analysis of the geodesic flow of such a Finsler metric is equivalent to
the analysis of the flow generated by Hg, with @ given by (4.2). In the present
case, this is simplified by the fact that Hg = H + H,,, and the vector fields
Hy and H, commute; hence their flows commute. In other words, if Fk is
the flow generated by Hg, then, with obvious notation,

Fp = F}oFs. (4.5)

Now, F} corresponds to the geodesic flow on the standard sphere S™, which
is very well understood. Meanwhile }"f, is simply the flow on 7*S™ induced by
the action of Ro(at) on S™, and that is also a straightforward object. Putting
these together, we certainly have some good hold of the flow generated by Hg.

Here is one notable phenomenon. The flow generated by H) is “perfectly
focusing” at times t = km, k € Z. For k odd one has geodesics from p focusing
at the antipodal point —p € S™, and for k even the geodesics focus back at
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p. Now, for the flow generated by Hg, we see that orbits arising over p € S™
focus at time ¢t = 7 at Ro(wa)(—p). If Ro(t) leaves p and —p invariant, this
point is —p. Otherwise, it is some other point, as long as « € (—1,1), but
a # 0. One gets a second focusing, at time 27 and location Ry(27a)p, and
generally a kth focusing, at time k7 and location Ry (kma)((—1)*p).

An obvious dichotomy arises according to whether a € (—1, 1) is rational
or irrational. In the former case, the flow F% is periodic, and in the latter
case it is not. Part of the thrust of [5] and [13] lay in showing that, in the
latter case, FL has remarkably few closed orbits. We refer to these papers
for more on the dynamical properties of Fj, and turn our attention to the
spectral properties of the operator A, given by (4.3).

In the case we are considering, with A the Laplace-Beltrami operator on
the standard sphere S™, it is natural to take ¢ in (4.3) to be

c= (”;1)2. (4.6)

This produces the following pleasant result (see. for example, [10, Chapt. 8,
Sect. 4]):

n—1
Spec/l—{ 9 +/€.k—0,172,...}. (4.7)
Also, under the hypothesis (4.4) on Y, we have
Spec (—iY) = aZ (4.8)

since Spec 1Yy = Z.

Furthermore, the operators A = v/—A + ¢ and Y commute. This fact
carries more information than the fact that the Hamiltonian vector fields H
and H, commute; the latter result is equivalent to the statement that the
commutator [A,7Y] is a pseudodifferential operator of order zero. Since A
and 1Y commute, 1Y preserves each eigenspace of A, and we have

-1

Spec A C Spec A + Spec (—iY) = (n )

n Z+) +aZ. (4.9)

Also we have ‘ ‘
eth = ity (4.10)

The dichotomy of « being rational or irrational is seen here to be mani-
fested on an operator level. The rational case yields periodicity:

a="c¢ Q = Spec WA C Z = ' tHAm)A — itA (4.11)
12

while the irrational case does not.

In the remainder of this section, we discuss how the dynamical and op-
erator theoretical results described above bear on the question of conver-
gence of the eigenfunction expansion of a function f on S™, in terms of the
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eigenfunctions of the operator A given by (4.3), with Y given by (4.4). As we
will see, separate analyses are required according to whether « is rational or
irrational.

The object of our study is

Srf(x) = Y (fr95) @s(2), (4.12)

AjSR

where {(; : j > 0} is an orthonormal basis of L?(S™) consisting of eigenfunc-
tions of A, Ap; = A\jp;. We can write (4.12) as

Srf = xr(A)/f, (4.13)

where xg(A) =1 for |A| < R, 0 for |A\| > R. (It is sometimes convenient to
set xr(A) =1/2 for |\| = 1, and to adjust (4.12) accordingly.)
A broad class of functions ¥(A) of the operator A can be analyzed as

)=, [ dmea, (4.14)
27
where -
O(t) = / Y(N)e M, (4.15)
In particular, (4.13) can be rewritten as
st(x):i / Smth A f(z) dt. (4.16)

Applications of such a formula to the pointwise behavior of Sgf(z) as R — oo
have been given in [7, 1, 2, 11, 12], amongst other places. The emphasis has
been on A = v/—A + ¢ in these papers, but many of the results carry over in
a straightforward manner to A of the form (4.3).

A good understanding of the behavior of u(t, z) = €4 f(x), which satisfies
an evolution equation of the form (3.5), leads to results on the behavior of
(4.16) as R — oo. This works neatly when u(¢, x) is a wave on R x M, where
M is noncompact and the waves scatter off to infinity. When M is compact,
as it is here (M = S™) the fact that the range of integration in (4.16) is
t € (—o0,00) requires further work. The case A = A was handled in [7,
Sect. 6], by the following device. When A = A, the spectrum, given by (4.7),
consists of integers (if n is odd) or half-integers (if n is even), so we have
periodicity:

ei(t+27rz/)A _ eitA (417)

b
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with v = 1 for odd n and v = 2 for even n. In such a case, one can replace
(4.14) by
1 ~
v =, [ e, (4.18)
27y
R/(27VZ)

where now

b(t) = i w(llj)e*i’“t/”. (4.19)
k=—o0

In particular, with ¢(k/v) = xr(k/v), we have

Rv . 1
~ ikt SIn(RA+ 5 )t
bt)= > eV = (Sin 2 ), (4.20)
k=—Rv 2v

at least as long as Ry is an integer. Thus, we can replace (4.16) by

1 sin(R+ ,)t
Sef) =, / (Sin ) it ) (4.21)
R/(2nvZ) v

Now, we are integrating over ¢ on a circle, which is compact, so local analysis
of waves suffices to treat the behavior of (4.21) as R — oo (with Ry integral).
Formula (4.21) works more generally, as long as A has the form (4.3)-
(4.4) with « rational, as a consequence of (4.11) (we might have to double
v). Thus, the analysis in [7, Sect. 6] applies with little change to this more
general situation.
To illustrate the results, let us take n = 3, pick p € S3, a € (0,7), and let

flz) =1, dist(z,p) <a,

é, dist(z,p) = a, (4.22)

0, dist(x,p) > a.

In the case o = 0, analyzed in [7, Sect. 6], one has pointwise convergence
Srf(z) — f(z) for all x € S3, with two exceptions, namely x = p and
x = —p. At these two points, Sgrf(p) and Srf(—p) exhibit an oscillatory
divergence. This type of behavior, discovered first for Euclidean space Fourier
inversion when f is the characteristic function of a ball in R3 by Pinsky, is
called the Pinsky phenomenon. The analysis of this Pinsky phenomenon as
carried out in [7] involves the analysis of the focusing of the wave u(t, z) =
e f(z). An analysis of the behavior, valid uniformly in a neighborhood of
such a focus, is contained in results in [12, Sect. 8]. One also has a Gibbs
phenomenon, on a neighborhood of the sphere {z : dist(x, p) = a}, analyzed
(in a more general context) in [7, Sect. 11].

In the more general situation where A is given by (4.3)-(4.4) with «
rational, the same results hold, except that now the Pinsky phenomenon
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is manifested at all the points Rg(kma)((—1)¥p) of focusing for the wave
u(t,z) = €4 f(x). For a rational this is a finite set of points in S3. There are
analogous results for other functions f, and also results in other dimensions,
as one can see by adapting results in [7] and [11, 12].

If « is irrational, the periodicity (4.17) fails. Such a situation also holds
for the analogue of Sgf = xr(A)f when A = /—A + c on a typical compact
Riemannian manifold. These cases are harder to analyze when the compacti-
fication trick is not available, but some successful techniques have been devel-
oped. An approach initiated in [1] and further developed in [2] and [11, 12],
amongst other places, involves breaking Sgrf into two pieces:

Srf(x) = Spf (@) + Ty f(x), (4.23)
where we pick 8 € C§°(R) with 8(¢) =0 for |t| < a, 0 for |[t| > a + 1 (given

some a > 0) and define

% f(a) = / SINRE 50 eitA £ () dt. (4.24)

T t

The following result is Proposition 1 of [11]. In that paper, we took A = /—A,
but the analysis is the same for any positive, self-adjoint elliptic pseudodif-
ferential operator of order 1, on a compact manifold M, of dimension n.

Proposition 4.1. Fiz x € M and assume that, for R > 1, ¢ € (0,1],

Yo lei@)? <R + (e, R)R, (4.25)
RN <R+e
with
Rlim v, R)=0 Ye>0; lin% o(e) =0. (4.26)
—00 e—

Assume that f € TT~-("=3)/2(M), i.e.,

> (el <CR (Y. (4.27)

RSN SR+1

Furthermore, assume that there exists Ty € (0,00) such that u(t,z) =
e A f(x) satisfies
u(-,x) € Li,(R\ [T, To)). (4.28)

Then for each B € C§°(R) such that B8(t) =1 for [t| < Ty + 1, we have
lim |Sgf(x) - Spf(x)| = 0. (4.29)
There are three conditions to verify, and we claim they can be verified

when M = S3, Ais given by (4.3)-(4.4), and f is given by (4.22) (with some
exceptions, when Ry(t) is given by (4.38), as we will discuss below). First we
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address the issue of when (4.25) holds. The following result, inspired by [3],
is Proposition 2 of [11].

Proposition 4.2. Fiz x € M. Assume that the Hamilton flow-out (via Hg,
where P is the principal symbol of A) of T, M\O0 lies over x for only a discrete
set of times t. Assume that, except for t = 0, any caustic of this flow-out lying
over x has order < (n —1)/2. Then we have

> lei@)? < CeR™ 4 4(e, R)RMY, (4.30)
R <R+e

fore € (0,1], Re€ (1,00), with

Rlim v(e,R)=0 Vee(0,1]. (4.31)

Let us return to the setting M = S3, and let A be given by (4.3)—(4.4).
Let us suppose that Ry (¢) acts on S® C R* as

Rolt) = (Po(t) po(t)>  oolt) = (cost —sint) . (432)

sint cost

In such a case, the hypotheses of Proposition 4.2 hold for each z € S3, so
(4.25)—(4.26) hold. As for (4.27), it is a general fact that if M is a compact
Riemannian manifold and {2 C M is a smoothly bounded set, then

xo € II°(M), ie., > xa @) <CR2 (4.33)
RN <R+1

This is a special case of results proved in [2] (see also [11, Sect. 4]). This
yields (4.27), when n = 3.

As for (4.28), when f is given by (4.22), then for zx = Ro(kma)((—1)*p)
one sees that u(-, z;) will not be L! in an interval about t,f = *+km, due to
focusing, but u(-, z) € L (R\{—kn, kr}) (if  is irrational), since there will
not be any other focusing at xy. (If «v is rational, there will be other focusing
at zp, infinitely many times, but the previous analysis has taken care of the
behavior of Sgf(z) in that case.) If = ¢ {xy : k € Z}, then u(-,x) € L (R).
Consequently, (4.28) holds for all x € S® when f is given by (4.22), as long as
«a is irrational. Thus, the conclusion (4.29) holds, and the pointwise behavior
of Sgf(x) as R — oo is controlled by the behavior of Sg (x), with

BeCER), Bt)=1 for |t|<To(z)+1, (4.34)

and with Tp(x) as described above.

As mentioned, the methods of [7] apply to Sg (x). The behavior is as
follows. Let
O(p) = {Ro(kma)(—1)*p) : k € Z}. (4.35)
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For « irrational and Ry(t) given by (4.32), this set is dense in the circle
C(p) ={Ro(t)p:t € R} (4.36)
We have pointwise convergence
Snf(@) = f(z) ¥x¢Om). (4.37)

On the other hand, if x = 2, € O(p) and [ satisfies (4.34), then the Pinsky

phenomenon is manifested for Sg (x). Since (4.29) holds, this implies that

Skrf(xr) does not converge to f(xy), but has an oscillatory divergence.
Results are similar, up to a point, when instead of (4.32) one has

Rol(t) = (pO(t) I) L, I= (é ?) . (4.38)

In this case, the points in
F ={(0,0,a,b)! € R*: a® +b* =1} (4.39)

are fixed points for the action of Ry. The compactification trick still works if
a € Q, so from here on we concentrate on the case o ¢ Q. In this case, the
hypotheses of Proposition 4.2 hold for x € S? if and only if x ¢ F. Hence
(4.25) holds for z € S\ F, but we do not have this result for z € F. To
be sure, (4.27) still holds, if f is given by (4.22). In such a case, (4.28) holds
unless

peF and z € O(p), (4.40)

where O(p) is given by (4.35), but we do not have (4.28) if (4.40) holds. (Note
that p € F = O(p) = {£p}.) Hence, in this situation, we conclude that

xe S\ F, x¢O(p) = Srf(zx) — f(z), (4.41)

as R — oo, when f is given by (4.41). Furthermore, the Pinsky phenomenon
is manifested if x € S3\ F and z € O(p). However, if z € F, then Proposition
4.1 is not applicable, and at this point the behavior of Sgf(z) as R — oo is
not known (at least, not to this author).

Remark 4.1. When A is given by (4.3)—(4.4) and A is the Laplace-Beltrami
operator on S™, then the eigenfunction expansions (4.12) are expansions in
spherical harmonics, whatever the value of a. However, the order in which
these spherical harmonics enter the expansion is strongly affected by the

choice of a. One might compare this situation with phenomena discussed in
[12, Sect. 10].

Remark 4.2. As noted in [13], the Katok construction can be extended, re-
placing S™ by any compact, rank-one symmetric space, such as a complex
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or quaternionic projective space. It turns out that spectral behavior similar
to (4.7) also holds for these other cases, and our analysis of Sgf(z) can be
carried out in this greater generality. See [7, Sect. 7] for the case a = 0.

5 Appendix. Randers—Randers Duality

Here, we show that if &(z,&) is a Finsler symbol of Randers type, then the
associated Finsler metric F(z,v) is also of Randers type (and conversely).
This recovers part of Theorem 7.4.3 in [6].

There is no need to record x dependence, and we can consider without loss
of generality (&) = ®(£)?/2, of the form

ol€) = (1l +5-6)" = IR+ (-7 +1El6-8), ()

with [£]2 =€+ &, |b] < 1. A calculation gives

¢ ¢
v=Dep(@) = (g +5-) o+ o) =v2el©) 0+ ). 6

Our task is to write f(v) = ¢(§) explicitly as a function of v. To begin, we
have from (5.2) that
3

v
b+ > = . (5.3)
€] \/Qf(v)
Subtracting b gives a vector of length one, hence the identity
v v [v]? b-v 9
= —b)- -b)= -2 + [b]%. (5.4)
<¢2f<v> ) (ﬁf(v) ) 2fw) V2 w)
This gives for F'(v) = /2f(v) the quadratic equation
(1= b )F? +2(b-v)F — |v]* =0, (5.5)
and hence
F)=— "0 R bR (56)
1—10)2  1—1b)?
In other words,
F(v)=yv-Qu+c-v, (5.7)
where
b
c=- e (5.8)

and
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(1= [p)[v]* + (b v)?
(1—1[b?)? ’

The strong convexity of f(v) is already known, so we see that F'(v) is of
Randers type.

v-Qu= (5.9)
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