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Preface

Recently, the non-associative algebraic analytic structures of the spaces of bounded
complex harmonic functions and harmonic functionals, which are eigenfunctions of
convolution operators on locally compact groups and their Fourier algebras, have
been studied in detail in [13, 14]. It was proposed in [13] to further the investiga-
tion in the non-abelian matrix setting which should have wider applications. This
research monograph presents some new results and developments in this connec-
tion. Indeed, we develop a general theory of matrix convolution operators on L”
spaces of matrix functions on a locally compact group G, for 1 < p < oo, focus-
ing on the spectral properties of these operators and their eigenfunctions, as well
as convolution semigroups, and thereby the results in [9, 13, 14] can be subsumed
and viewed in perspective in this matrix context. In particular, we describe the L?-
spectrum of these operators and study the algebraic structures of eigenspaces, of
which the one corresponding to the largest possible positive eigenvalue is the space
of L” matrix harmonic functions. Of particular interest are the L™ matrix harmonic
functions which carry the structure of a Jordan triple system. We study contractiv-
ity properties of a convolution semigroup of matrix measures and its eigenspaces.
Connections with harmonic functions on Riemannian manifolds are discussed.

Some results of this work have been presented in seminars and colloquia in
London, Cergy-Pontoise, Hong Kong, Taiwan, Tiibingen and York. We thank
warmly the audience at these institutions for their inspiration and hospitality, and
hope this monograph will also serve as a useful reference for the interested audience.

The author gratefully acknowledges financial support from the University of
London Central Research Fund, as well as support of the European Commission
through its 6th Framework Programme “Structuring the European Research Area”
and the contract RITA-CT-2004-505493, during his visit in 2006 at IHES, France,
where part of this work was carried out. It is a pleasure to thank several Referees for
their generous comments.
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Spectrum and eigenvalue. Matrix harmonic function. Convolution semigroup. Group C*-algebra.
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Chapter 1
Introduction

Let G be a locally compact group and 1 < p < co. In this monograph, we study
the basic structures of the convolution operators f — f* o on L” spaces of matrix-
valued functions on G, induced by a matrix-valued measure ¢ on G. This study
is motivated by recent works in [9, 10, 12-14, 16] on complex and matrix-valued
o-harmonic functions on G which are eigenfunctions of the operator f — f % 0, as
well as their applications in [45] and the fact that a system of scalar convolution
equations is equivalent to a matrix convolution equation. The ubiquity of matrix-
valued functions gives another impetus to our investigation, for example, the matrix
convolution f * ¢ of a matrix distribution f and a matrix measure ¢ on R" has been
used in [49] to study partial differential and convolution equations and recently,
applications of vector-valued L2-convolution operators with matrix-valued kernels
have been described in depth in [6], and the Fredholm properties of finite sums
of weighted shift operators on ¢” spaces of Banach space valued functions on Z"
have been analysed in detail in [54]. Convolution operators on L” spaces of real
and complex functions are well-studied in literature, however, there are at least two
new elements in the matrix setting, namely, the non-commutativity of the matrix
multiplication and the non-associative structures of the harmonic functions, which
add complexity to the subject and often require more delicate treatment. Some of
our results for matrix convolution operators are also new in the scalar case.

Among many well-known examples of convolution operators, the following is
relevant to us. Let G be a connected Lie group and let £ be a second order
G-invariant elliptic differential operator on G, annihilating the constant functions.
Then L generates a convolution semigroup of probability measures {c; };~0 on G,
giving rise to a strongly continuous contractive semigroup 7; : L”(G) — LP(G) of
convolution operators, where 1 < p < oo and

=1, T,(f)=fxo (t>0).

A function f € L*(G) satisfies T;(f) = f for all > 0 if, and only if, it is C*> and
L-harmonic on G, that is, £f = 0 (cf. [39] and [1, Proposition V.6]). Moreover,
a C? LP-function f on G satisfies Lf = ocf if, and only if, T;(f) = e f for all

C.-H. Chu, Matrix Convolution Operators on Groups. Lecture Notes in Mathematics 1956, 1
doi: 10.1007/978-3-540-69798-5, © Springer-Verlag Berlin Heidelberg 2008



2 1 Introduction

t > 0. A similar example in the matrix setting has been given in [9]. More gener-
ally, if £ is a translation invariant Dirichlet form on a locally compact group G,
then the semigroup it generates is also a semigroup of convolution operators on
LP(G). In view of these examples, it is natural to include convolution semigroups
{0: }1>0 of matrix-valued measures in our study. Also, the 1-eigenspace {f € L*(G):
[0, = f} of T;, that is, the space of bounded o;-harmonic functions on G, will be
of particular interest to us.

Now we outline the contents of the monograph. Let M, be the space of n x n
complex matrices. We first introduce, in Chapter 2, L” spaces of M,-valued func-
tions on G, denoted by L”(G,M,,), as a setting for convolution operators. We recall
some basic definitions and derive some results for scalar convolution operators in
Section 2.1, for later reference. In Section 2.2, we discuss differentiability of the
norm in L”(G,M,). When M,, is equipped with the Hilbert-Schmidt norm, we com-
pute, in Proposition 2.2.5, the Gateaux derivative of the norm of L (G, M,). This is
needed in Chapter 4 for proving some differential inequalities for matrix convolu-
tion semigroups in order to derive hypercontractive properties.

We study, in Chapter 3, the matrix convolution operators T : f € LP(G,M,,) —
f*xo € LP(G,M,), where o is an M,-valued measure. Due to non-commutativity
of the matrix multiplication, we need to introduce the left convolution operator
Lo : f — o x*; f in order to have a consistent duality theory. In the scalar case,
we have T; = Ls. This gives another perspective of the difference between the
scalar and matrix cases. We first characterise the matrix convolution operators 7,
in Section 3.1, and show they are translation invariant operators satisfying some
continuity condition. On the matrix L' space, they are exactly the operators com-
muting with left translations. This result is known to be false in the scalar case for
L? spaces if p # 1, even when G is abelian. We give precise results in the ma-
trix setting for all p. In Section 3.2, we give necessary and sufficient conditions in
Theorem 3.2.1 for weak compactness of the convolution operator T on the matrix
L' and L spaces. In Section 3.3, we focus on the spectral properties of T. We
prove various results concerning its spectrum and eigenvalues. To obtain these re-
sults, we introduce the matrix-valued Fourier transform and, for abelian groups G,
the determinant of a matrix-valued measure ¢ on G. The latter enables us to reduce
some arguments to the scalar case. Among other results for abelian groups, we ex-
tend the Wiener-Levy theorem to the matrix setting and use it to show in Theorem
3.3.23 that, for an absolutely continuous matrix-valued measure ¢ on an abelian
group G, the LP-spectrum of 75 is exactly the closure of the eigenvalues of matrices
in the Fourier image of ¢. For p = 2, absolute continuity of ¢ is not required and
the result follows from a matrix version of the Plancherel theorem for L?(G,M,).
For non-abelian groups, computation of spectrum is known to be rather complicated
and there seem to be fewer definitive results even in the scalar case. Nevertheless,
we develop a device to study the L? spectrum by identifying the left convolution
operator Ls on L?(G,M,) as an element in the tensor product C}(G) ® M, of the
reduced group C*-algebra C;'(G) and M,,. From this, we are able to deduce several
spectral results for T, and obtain an extension of the above result for L?-spectrum to
the non-abelian case. We show, in Corollary 3.3.39, that, for absolutely continuous
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symmetric 0 and disregarding 0, the L?-spectrum of Ty consists of spectrum of each
element in 6(G,), where G is the Fourier transform of ¢ and G, is the reduced dual
of G. However, for compact groups G and absolutely continuous o, the convolu-
tion operator Ty is compact and the above result for LP-spectrum of T still holds
in this case. As an application, we use the above result for L?-spectrum to describe
the spectrum, in Example 3.3.41, of a discrete Laplacian £, of a (possibly infinite)
homogeneous graph acted on by a discrete group. If, moreover, £; acts on vector-
valued functions on the graph, its spectrum is called the vibrational spectrum in [20],
because of its connection with vibrational modes of molecules, and our result also
applies for the case of M),-valued functions.
The last topic in Chapter 3 concerns the eigenspaces of T :

Hy(To, L7 (G,M,)) = {f € L”(G,M,) : f & = aif}.

For oo = ||o||, which is the largest possible non-negative eigenvalue, the functions
in Hy(T5, L’ (G,M,)) are the M,-valued L? o-harmonic functions on G. By nor-
malizing, we consider the space H, (T, L? (G, M,)) for ||c|| = 1 and discuss synthe-
sis for complex-valued harmonic functions on abelian groups. For any group G, we
show in Proposition 3.3.56 that there is a contractive projection from L” (G, M,,) onto
H\(T5,L?P(G,M,)) and that H, (T5,LP(G,M,)) = H,(Ls,LY(G,M,))*, for ||o|| =1
and 1 < p < eo. For p = oo, this result was proved in [9] and it implies that the
space H,(Ts,L”(G,M,)) of bounded o-harmonic functions carries the structure of
a Jordan triple system. The triviality of H;(75,L”(G,M,)), that is, the absence of
a non-constant function in H,(75,L”(G,My)), is a Liouville type theorem for o.
Such a Liouville theorem has been proved in [16] when G is nilpotent and © is pos-
itive and non-degenerate. When o is positive and adapted, it is not difficult to show
that H, (T5,LP(G,M,)) is trivial for compact groups G and for all p. For arbitrary
groups, we show that H; (T, L' (G,M,)) has dimension at most 7%,

In Section 3.4, we study Jordan structures of the eigenspace H,(Ts,L” (G, M,))
and discuss applications to harmonic functions on Riemannian symmetric spaces.
To put things in perspective, we first explain how Jordan structures originated from
the geometry of Riemannian symmetric spaces. It is therefore interesting that the
eigenspace H, (Ts,L”(G,M,)), which is closely related to harmonic functions on
symmetric spaces, also carries a Jordan structure. A symmetric space can be repre-
sented as a right coset space G/K of a Lie group G. Furstenberg [29] has charac-
terised bounded harmonic functions on a symmetric space Q = G/K of non-compact
type in terms of convolution of a probability measure ¢ on G. Making use of this and
of our previous results, one can show that the space H(Q, C) of bounded harmonic
functions on Q contains non-constant functions and has the structure of an abelian
C*-algebra. This gives a Poisson representation of H(Q,C). We should note that,
although this Jordan C*-approach is slightly different from [29] and is valid in the
wider class of locally compact groups, it is based on the main ideas in [29]. The
remaining Section 3.4 is devoted to determining when the space H, (T5,L”(G)) is a
Jordan subtriple of the von Neumann algebra L (G).
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The object of study in Chapter 4 is the convolution semigroup S = {0;},~¢ of
matrix-valued measures on G. Our investigation is guided by two objectives. One
is the application to harmonic functions on Lie groups. The other concerns con-
tractivity properties of the semigroup. The semigroup {o; };~0 induces a semigroup
{Ts, }+=0 of convolution operators on L”(G,M,). Hence our previous results and
techniques can be used in this context. For instance, one can show that there is a
contractive projection P : L?(G,M,) — L?(G,M,) with range

() Hi(To,.LP(G,M,)) = {f € LP(G,M,) : f = f x 0 forall 1 > 0}

t>0

which is the space of matrix L” harmonic functions for the generator of {75, }, and
is denoted by H g (G,M,,). Itis a Jordan triple system when p = . If 0; > 0, the triv-
iality of HZ (G, M,) implies that G is amenable. If {6; },~¢ is generated by the above
elliptic operator £ on a connected Lie group G, then HZ(G,C) is the space of L?
L-harmonic functions on G and it follows from the spectral theory of T that
all L? L-harmonic functions on G are constant for 1 < p < e (cf. Proposition
4.1.8), and the bounded £-harmonic functions form an abelian C*-algebra which
also admits a Poisson representation. The latter result has been proved in [1].
We should remark that the non-existence of a non-constant L” £-harmonic func-
tion on Lie groups, for 1 < p < oo, is well-known from a result of Yau [64] for
complete Riemannian manifolds. However, an analogous result for p = 1 requires
non-negativity of the Ricci curvature and cannot be applied directly to Lie groups
because Ricci curvature of a Riemannian metric can change sign in Lie groups [50].
In the last section, we extend Gross’s result on hypercontractivity for semigroups
[36] to the matrix setting, and show in Theorem 4.2.5 that the matrix semigroup
{Ts, }+>0 is hypercontractive if, and only if, its generator satisfies a log-Sobolev
type inequality.



Chapter 2
Lebesgue Spaces of Matrix Functions

In this Chapter, we introduce the notations and define the spaces L (G, M,,) of matrix
L? functions on locally compact groups G as a setting for later developments. We
recall some basic definitions and derive some results for convolution operators in the
scalar case. We discuss differentiability of the norm in L”(G,M,) which is needed
later, and compute the Gateaux derivative of the norm when the matrix space M, is
equipped with the Hilbert-Schmidt norm.

2.1 Preliminaries

We denote by G throughout a locally compact group with identity e and a right in-
variant Haar measure 4. To avoid the inconvenience of additional measure-theoretic
technicalities, we assume throughout that A is o-finite. If G is compact, A is nor-
malized to A(G) = 1.

Let 1 < p < e. Given a complex Banach space E, we denote by L”(G,E) the
Banach space of (equivalence classes of) E-valued Bochner integrable functions f

on G satisfying
1

1f1lp = ('/G||f(x)||”d?t(x)> " <o

(cf. [22,p.97]). We write L?(G) for L?(G,E) if dim E = 1. In the sequel, E is usually
the C*-algebra M,, of n x n complex matrices in which case, a function f: G — M,
is an n x n matrix (fj;) of complex functions fj; on G.

We denote by B(E) the Banach algebra of bonded linear self-maps on a Banach
space E.

Let Tr : M,, — C be the canonical trace of M,,. Every continuous linear functional
¢ : M, — C is of the form ¢(-) = Tr(-Ay) where the matrix A, € M, is unique and
llo|| = Tr(|Ag|) = Tr((A’{DA(p)l/z) which is the trace-norm ||Ag||;- of A,. We will
identify the dual M,;, via the map ¢ € M, — A, € M,, with the vector space M,
equipped with the trace-norm || - ||;,. If we equip M,, with the Hilbert-Schmidt norm

C.-H. Chu, Matrix Convolution Operators on Groups. Lecture Notes in Mathematics 1956, 5
doi: 10.1007/978-3-540-69798-5, © Springer-Verlag Berlin Heidelberg 2008



6 2 Lebesgue Spaces of Matrix Functions

llA|5s = Tr(A*A)'/2, then M,, is a Hilbert space with inner product (A, B) = Tr(B*A).
‘We note that the C*-norm, the trace-norm and the Hilbert-Schmidt norm on M,, are
related by

<11 Dler < Vol Nl < -]

and norm convergence is equivalent to entry-wise convergence in M,,.
If M, is equipped with the Hilbert-Schmidt norm, then L?(G, (M, || - ||1s)) is a
Hilbert space, with inner product

(g2 = [ Tr(/(05(0)")dA ).

Since || (x)g(x)* s < L) sg() s or fg € LA(G, My, | - [4s)). the Bochner
integral

(Wf.8)) = [ S0g0)"ar()

exists in M,, and defines an M,,-valued inner product, turning L?(G, (My,, || - |s)) into
an inner product (left) M,-module.

We denote by L*(G,M,,) the complex Banach space of M,-valued essentially
bounded (locally) A-measurable functions on G, where M,, is equipped with the C*-
norm. It is a von Neumann algebra, with predual L' (G, M), under the pointwise
product and involution:

(fe)x) = f()glx), [ffx)=f(x)"  (f,8 €L7(G,;My), x € G).

We will study convolution operators on L? (G, M,,) defined by matrix-valued mea-
sures. In this section, we first recall some basic definitions and derive some results
for convolution operators on L?(G), for later reference. One important difference in
the matrix setting is the presence of non-commutative and non-associative algebraic
structures.

We equip the vector space C(G) of complex continuous functions on G with the
topology of uniform convergence on compact sets in G, and denote by C.(G) the
subspace of functions with compact support. The Banach space of bounded complex
continuous functions on G is denoted by C,(G). Let Cy(G) be the Banach space of
complex continuous functions on G vanishing at infinity. The dual Cy(G)* identifies
with the space M(G) of complex regular Borel measures on G. Each u € M(G) has
finite total variation || and M(G) is a unital Banach algebra in the total variation
norm and the convolution product:

lul=18@). fusvi= [ [ fo)auavly) (£ €C(G).p,veM(G)

where we always denote the duality of a dual pair of Banach spaces E and F by

(,):ExF—C.
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We also write p1(f) for (f,u) = [; fdu. The unit mass at a point a € G is denoted
by 9, where &, is the identity in M(G). A measure 4 € M(G) is called absolutely
continuous if its total variation || is absolutely continuous with respect to the Haar
measure A.

Given ¢ € M(G), the support of ¢ is defined to be the support of its total variation
|o| and is denoted by supp 6. We denote by G the closed subgroup of G generated
by the support of |c|. A measure 6 € M(G) is called adapted if Gz = G. A measure
o € M(G) is said to be non-degenerate if supp |o| generates a dense semigroup in
G. Evidently, every non-degenerate measure is adapted. An absolutely continuous
(non-zero) measure on a connected group must be adapted.

By a (complex) measure 1 on G, we will mean a measure 1 € M(G)\{0}.

The convolutions for Borel functions f and g on G, when exit, are defined by

(P29 = [ oy e)arw):
(Fewe) = [ e anw):
(e = [ 16798607 due)

where /A is the modular function satisfying dA (xy) = Ag(x)dA () and dA (x~ ') =
Ag(x~NdA(x).

We denote by ¢, and ry, respectively, the left and right translations by an element
xeG:

LIG)=fT"Y),  nfO)=f0x)  (VEG)

for any function f on G. A complex function f on G is left uniformly continuous if
[[ref = fllee — 0 as x — e. It is right uniformly continuous if ||{xf — f]l<c — 0 as
x — e. We also write o f = ¢ 1 f and f for r,f.

We note that each f € C.(G) is both left and right uniformly continuous, and for
any {1 € M(G), we have f+ 4t € Cy(G) since | f(x) — f+(y)] < 1€y 1~ fIl ]
We also have

(fpsv) = (Vi) .1
where v € M(G) and we define f(x) = f(x ') and dfi(x) = du(x ). Note that

L(f)=u(f)=(f+u)(e) and [@xv=VxQ

for f € C.(G).
Let 0 € M(G). For 1 < p < e, we define the convolution operator 7 : L (G) —
L?(G) by
Ts(f)=fxo  (feL(G)).

To avoid triviality, ¢ is always non-zero for T;. The definition of 75 depends on its
domain L”(G) although we often omit referring to it if there is no ambiguity. When
regarded as an operator on L?(G), the operator Ty is easily seen to be bounded
and we denote its norm by || 75|, or simply ||75|| in obvious context. We have
1Tsll» < o]l
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A convolution operator Ty : LP(G) — LP(G) commutes with left translations:
T = Toly (x€G).

Conversely, for abelian groups G, every translation invariant operator T : L! (G) —
L!'(G) is a convolution operator T for some ¢ € M(G) [55, 3.8.4]. However, this
result does not hold for 1 < p < e, even if G is compact and abelian [44, p.85].
We will characterise the more general matrix convolution operators in Chapter 3. In
particular, the above L! result is generalized to the matrix-valued case, for all locally
compact groups.

For 1 < p < oo, we denote by ¢ its conjugate exponent throughout, that is,

1 1
+ =1, and for the dual pairing (-,-) between LP(G) and L?(G), we have
2

(f*0,h)=(fh+0) (2.2)

for f € LP(G) and h € L1(G). This implies that 75 is weakly continuous on L”(G)
for 1 < p < oo, and is weak* continuous on L*(G). In particular, 75 is a weakly
compact operator on L”(G) for 1 < p < eo. For p = 1,00, we will discuss presently
weak compactness of Ty : LP(G) — L?(G), but we note the following two lemmas
first.

Lemma 2.1.1. Let 6 € M(G) and p < oo. Let T} : L(G) — L4(G) be the dual map
of the convolution operator Tg : LP(G) — LP(G). Then T} = T5. The operator Ty :
L*(G) — L*(G) is self-adjoint if 6 = o is a real measure. The weak* continuous
operator Ty : L*(G) — L*(G) has predual T5 : L' (G) — L' (G).

Proof. By (2.2), we have (f,Tgh) = (f,T5h) for f € LP(G) and h € LY(G). The
adjoint of Ty in B(L?*(G)) is T where 0 is the complex conjugate of ©. O

Lemma 2.1.2. Let 6 € M(G) and let Tg be the convolution operator on LP (G) for
p=1,00. We have || Ts |1 = [|T5[| = [|o].

Proof. We have ||o|| = sup{|[; fdo|: f € C.(G) and | f|| < 1} in which
‘/Gfdc’ — |Fr ()] < [T+ 0]l < ol

where f+ 0 € Cy(G). Next, we have || Ty || = || Tt = | T3]l = || 5]| = || o]|. O

Remark 2.1.3. We note that || 75|, need not equal ||o|| if I < p < eo. Indeed, if o is
an adapted probability measure whose support contains the identity e and if || 75 || , =
1 for some 1 < p < oo, then G is amenable (see, for example, [4, Theorem 1]). On
the other hand, if G is amenable and ¢ is a probability measure, then ||75||, = 1 for
all p (cf. [33, p.48]).

By Lemma 2.1.2, the spectral radius of Ts € B(LP(G)), for p = 1,0, is
lim,, ||T[,‘H111 = lim, HTGnH»lz = lim, H()'”||rlz where ¢” is the n-fold convolution of
o with itself.
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Lemma 2.1.4. Let G be a compact group and let 6 € M(G) be absolutely contin-
uous. Then the convolution operator Ts : LP(G) — LP(G) is compact for every

pE[l,e].

Proof. Let 6 = h- 2 for some h € L'(G). Consider first Ty : L*(G) — L™(G).
By absolute continuity of o, we have T5(L”(G)) C C(G). Hence, by Arzela-Ascoli
theorem, we need only show that the set

{Ts(f) = Il < 13

is equicontinuous in C(G). Let € > 0. Pick ¢ € C.(G) with support K and
lo —hll; < §. Let W be a compact neighbourhood of the identity e € G. By
uniform continuity, we can choose a compact neighbourhood V. C W of e such that

€

whenever x 'y € V. Then

loc= 9yl = [ Ip(z0) — p(a)lda ()
= [ 19~ plex'lar@) < 5.
JKW

It follows that, for x~'y € V and || f||. < 1, we have

000~ Tal0)] = | 70 @A)~ [ 10z i)

< /Glf(z’l)h(w)—f(z’l)h(zy)ldl(Z)
< | f Nl ll e = By [1
< oo (1rx = @cll1 + l@x — @yl + ||y — @y][1) < €

which proves equicontinuity and hence, compactness of 75 : L”(G) — L*(G).
Likewise T5 : L*(G) — L~(G) is compact and therefore Ty : L' (G) — L'(G)
is compact.
Let 1 < p <eo. Let (h,) be a sequence in C(G) such that ||k, — h||; — 0. Then
Ts = ’}glgo Ts, in B(L?(G)), where o, = h,, - A. Hence it suffices to show compactness

of Ty on L?(G) for the case h € C(G).

Let (f,) be a sequence in the unit ball of L?(G). Then || f,||; < 1 for all n and
compactness of Ty : L' (G) — L!(G) implies that the sequence (f, * &) contains a
subsequence L'-converging to some f € L'(G), and hence a subsequence (f * 0)
converging pointwise to f A-almost everywhere. Since & € C(G), we have || fj *
Olleo < [IfillpllAllg < ||A]|q for all k, and f € L*(G). It follows that
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fixo=fly <lfixo—flhlfixo—fIZ" —0  ask—eo.
This proves compactness of T : L7 (G) — LP(G). O

Remark 2.1.5. The above result is clearly false if ¢ is not absolute continuous, for
instance, T5 is the identity operator if ¢ = J,.

A compactness criterion has been given in [48] for a class of convolution oper-
ators of the form f € L'(G) — f*F € C(G) where F € L*(G) and G is compact
abelian. Compactness of the composition of a convolution operator with a multi-
plier has also been considered in [59, 60]. Fredholmness of convolution operators
on locally compact groups has been studied in [54,59,61].

Proposition 2.1.6. Let & be a positive measure on a group G such that 6% * 67 is
adapted. Let Ts be the associated convolution operator. The following conditions
are equivalent.

(i) Ts: L ( ) — L'(G) is weakly compact.
(i) Ty : L' (G) Ll( ) is compact.

(iil) Ts : L~(G) — L*(G) is weakly compact.

(iv) Ts : L(G) — L*(G) is compact.

(V) Ts : LP(G) — LP(G) is compact for all p € [1,09].
(vi) G is compact and © is absolutely continuous.

Proof. (i) = (vi). We first prove compactness of G. Note that L' (G) has the
Dunford-Pettis property and in particular, every weakly compact operator on L' (G)
sends weakly compact subsets to norm compact sets [22, p.154]. Hence weak com-
pactness of T, implies that the operator 7?2 : L' (G) — L'(G) is compact, and so
is the operator Ty, ¢.5.5 = T2T5. Since 02 % G~ is a positive measure, the spectral
radius of T2, 52 is 0(G)*, by a remark before Lemma 2.1.4. On the Hilbert space
L?(G), the operator Ts2,52 = T, T2 is a positive operator and therefore has only
non-negative eigenvalues. The eigenvalues of T2,z € B(L!'(G)) are also eigen-
values of Tj»,5 € B(L*(G)) and therefore non-negative. It follows that 6(G)* is
an eigenvalue of the compact operator 72,5 € B(L'(G)), that is, there is a non-
zero function f € L'(G) satistying f * 62 * 6> = o(G)*f. Note that the measure
0(G) #0267 is an adapted probability measure on G. Now, by [10, Theorem
3.12], f is constant which implies that G must be compact.

Next, we show that o is absolutely continuous. By the Dunford-Pettis-Phillips
Theorem [22, p.75], there is an essentially bounded function g : G — L!(G) such
that

= [rsar (reLo).

Now the arguments in [22, p.91] can still be applied without commutativity of G.
Leta € G. Foreach f € L! (G), we have, for A-a.e. y,
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| S0800)AA ) = Taf () = b4 To(taf))
= |t ) @)dr
= [ @ W @dn )

It follows that
g(ax)(ay) = g(x)(y)

for A-a.e. x and y. This implies that, for each f € C(G), the function

= [F@ebx 0)aAE (e 0)

is invariant under the left translations ¢, for all a € G. Using compactness of G, one
can show that F is constant A-almost every on G, as in [22, p.91], and hence we

have,
/F VA (2 //f dA(x)dA(2) 2.3)

for A-a.e. y. Let h € L' (G) be defined by
o) = [ gl 0)aAG).

We show that f* ¢ = f*h for each f € C(G) C L'(G) which then yields absolutely
continuity of . Indeed, for each k € L*(G), we have

(k, f+h) — /k /fyx1 dA(X)dA ()
= [ k) [ [ £0x et @A 0dREdA0)
= [ k) [ 105 Ds0x Y0)aARAAL) by 23))
= [ k0)f $0(3)ar() = (k. o)

which concludes the proof.

(vi) = (v). By Lemma 2.1.4.

(v) = (iv) = (iii). Trivial.

(iii) = (ii). The given condition implies that T5 : L'G) — L' (G) is weakly
compact. Repeating (i) = (v) = (iv) for &, we see that T5 : L™ (G) — L=(G) is
compact, and hence Ty : L' (G) — L'(G) is compact.

(ii) = (i). Trivial. O
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Remark 2.1.7. In (i) = (vi) above, the proof of absolute continuity of ¢ from weak
compactness of Tg € B(L'(G)) is valid for any measure ¢ on a compact group G,
without adaptedness of 62 * 2.

Corollary 2.1.8. Given a positive absolutely continuous measure ¢ on a connected
group G, the following conditions are equivalent.

() Ty : L'(G) — L'(G) is weakly compact.

(i) T : L=(G) — L*(G) is weakly compact.
(iil) Ts : LP(G) — LP(G) is compact for all p € [1,e9].
(iv) G is compact.

Proof. This is because absolutely continuous measures on a connected group are
adapted. a

Definition 2.1.9. The spectrum of an element a in a unital Banach algebra A is
denoted by Spec 4 a which is often shortened to Speca if the Banach algebra A is
understood. For 1 < p < o, we write Spec(7s,L”(G)), or simply, Spec(Tg,L?), for
the spectrum Spec 7, when regarding 7 € B(L?(G)). We denote by A(Ts,LP (G)),
or simply, A(75,LP), the set of eigenvalues of T : L (G) — LP(G).

Given any Banach algebra A and an element a € A, we define, as usual, the
quasi-spectrum of a, denoted by Spec’, a, to be the spectrum Spec 4, a of a in the
unit extension A; of A. We always have 0 € Spec’y a. If A has an identity, then
we have

Spec’y a = Spec 4 aU{0}.

We recall that
Spec(Ty,L?) = A(Ts,LP) USpec (Ts, LP) U Spec® Ty, LP)

where Spec’(T5,LP) denotes the residue spectrum of T, consisting of o €
Spec(Ts, LP)\A(Ty,LP) satisfying

(T — al)(LP(G)) # LP(G)

and Spec®(T5,LP) denotes the continuous spectrum of Ty, consisting of o €
Spec(T5,LP)\A(Ts,LP) such that

(To — al)(L7(G)) = L"(G).
Since T = T for p < oo, we have

Spec(Ts,LP) = Spec(T5,L?)
for 1 < p < oo, and also Spec(7s,L~) = Spec(T5,L").

We denote by Spec o the spectrum of ¢ in the measure algebra M(G). Note that
Spec o = Spec G since & * [l = 1 * o for each u € M(G).
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Given a locally compact group G, we let G be the dual space consisting of (the
equivalence classes of) continuous unitary irreducible representations 7 : G —
B(Hy), where Hy is a Hilbert space. Let 1 € G be the one-dimensional iden-
tity representation. For 7 € G, ¢ € M(G) and f € L'(G), we define the Fourier
transforms:

6<n>—/ n(x')do(x) € B(Hy),
)= [l )aA) € Blts).

We have f+ 0 (1) = 6(n)f(n) and [+ 6(r) = &(n)fi(r) for u € M(G).

The spectrum Specy ) 0(7) of 6(7) € B(Hy) will be written as Spec & () if
no confusion is likely.

If G is abelian, G is the group of characters and we often use the letter y to denote
an element in G. For 1 < p <2 and f € LP(G), we define the Fourier transform
fe Lq(é) via Riesz-Thorin interpolation.

A continuous homomorphism y from an abelian group G to the multiplica-
tive group C\{0} is called a generalized character. For such a character y with
|2 ()] <1, one can still define 6()) as above. The spectrum Q(G) of the Banach
algebra M(G), i.e., the non-zero multiplicative functionals on M(G), identifies with
the generalized characters x of G with | x(-)| <1, and by Gelfand theory, we have
Spec & = 6(Q(G)) which contains G(G). The spectrum of L' (G) identifies with the
dual group G and if G is discrete, then M(G) = ¢! (G) and Spec o = Specyi () 0 =

6’(6}). For arbitrary groups, we have the following result.
Lemma 2.1.10. Let ¢ be a complex measure on a group G. Then

A(Ts,L! U Speca () C Speco.
reG

The inclusions are strict in general.

Proof. Similar inclusions hold in the more general matrix setting for which a simple
proof will be given in Proposition 3.3.8. If ¢ is an adapted probability measure and
G is non-compact, then by [10, Theorem 3.12], 1 ¢ A(T,L') while 1 € Speci(o)
where 1 € G is the identity representation.

If G is abelian, then 6(G) = U, _5Spec 6 () and Example 3.3.4 shows that the

last inclusion can be strict. In fact, even the closure 6(@) may not equal Spec o by
Remark 3.3.24. O

It has been shown in [10, Lemma 3.11] that 1 ¢ Uﬂea\{l}Speca(n) if o is an
adapted probability measure on a locally compact group G. In general, there seem
to be few definitive results concerning the spectrum of 7 for non-abelian groups.
We will consider this case in Chapter 3 and prove various results there.
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We will make use of a version of the Wiener-Levy theorem, stated below, which
has been proved in [55, Theorem 6.2.4] and will be generalized to the matrix setting
in Chapter 3.

Lemma 2.1.11. Let Q be an open set in C and let F : Q@ — C be a real analytic
Sunction satisfying F(0) =0 if 0 € Q. Given an abelian group G and a function

o~ A~

f € LY(G) such that f(G) C Q, then F(f) is the Fourier transform of an L'(G)-
function.

Example 2.1.12. For the Cauchy distribution

do, (x) = n(tztﬂz)dx (t>0)

on R, we have 6;(R) = {exp(—t|x|) : x € R} = (0,1] = Spec(Ty,LP)\{0} =
AT, ,L7).

Example 2.1.13. Let G be any locally compact group and let ¢ = §, be the unit
mass at a € G. Then Ty is a translation on L”(G) and we have

Spec(T5,L”) C {a: |a| =1}.

If G="T and a = i, then L*(T) C L*(T) and Spec(7s,L”) = Spec(Ty,L?) =
0(Z) ={exp(—inm/2):n€ Z} = {+1,+i} # {o: |a| = 1}.

If G=7Zand a = 1, then Spec(T5,#%) = {o: || = 1} = Spec(Ts, 7).

If G=TR and a # 0, then Spec(75,L7) = {a: |a| =1} = A(T5,L”) as ga(f&) =
{exp(—iab): 6 € R}.

1
Next consider the measure pt = 5 (80 + 81) on R. Its n-fold convolution

P e
HZZnZ(k)ak

k=0

is a convex sum of discrete measures and we have

k=0

Spec(Tyn, L) = A(Tyn,L”) = {21;1 i (Z) exp(—ik0): 0 € R}

where, for example, Spec(7};, L) is the circle containing 0 and internally tangent to
the unit circle at 1, with sinx as a 0-eigenfunction.

2.2 Differentiability of Norm in L”(G,M,,)

We will be working with the complex Lebesgue spaces L?(G,M,,) where, for con-
venience and consistency with previous and related works elsewhere, we equip M,,
with the C*-norm unless otherwise stated. Some remarks are in order here. First,
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there is no essential difference if one chooses to equip M, with the trace norm
since it amounts to considering the space L? (G, M) which is, for p > 1, the dual of
L1(G,M,). Also, the Lebesgue spaces L”(G,M,) defined in terms of the C*, trace
and Hilbert-Schmidt norms on M,, are all isomorphic and most results for these three
cases are identical. There is, however, a difference among the three cases if one con-
siders the differentiability of the norm of L? (G, M,,) which will be needed later.

Let us first consider the differentiability of the C*-norm || - ||, the trace norm || - ||,
and the Hilbert-Schmidt norm || - ||,; on M, regarded as a real Banach space.
We recall that the norm || - || of a real Banach space E is said to be Gateaux

differentiable at a point u € E if the following limit exists

o]
t—0 t

9|ul| (x) =

for each x € E, in which case, the limit is called the Gateaux derivative of the norm
at u, in the direction of x. We note that the right directional derivative

a+||u||(x) —lim [loe + 2ox]] — ||
10 t

always exists. In fact, it is equal to
sup{w(x) : v is a subdifferential at u}
where a linear functional y in the dual E* is called a subdifferential at u if
W(x =) < [|x][ = [u

for each x € E. The norm is Gateaux differentiable at « if, and only if, there is a
unique subdifferential at u, in which case, the subdifferential is the Gateaux deriva-
tive (cf. [53, Proposition 1.8]).

The Hilbert-Schmidt norm || - ||5 on M), is Gateaux differentiable at every A €
M,\{0}. Indeed, we have

LA X = A TH(A ) (A41X)) — THA"A)

= lim
10 t 10 (A +2X || s + [|Al|ns)
Tr(A*X + X*A)

2[|Allns

1
= ReTr(A*X).
HA ||hs
Although the norm of a separable Banach space is Gateaux differentiable on a dense
G set, it is easy to see that the C*-norm and the trace norm need not be Gateaux
differentiable at every non-zero A € M.

Lemma 2.2.1. Let A € M,\{0}. The C*-norm on M,, is Gateaux differentiable at A
if, and only if, given any unit vectors &,m € C" with ||AE|| = [|[An|| = ||A]|, we have
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(A8.XE) =(An.Xm) (X €M,).

In the above case, the Gateaux derivative at A is given by

' Re(AEXE)  (XeM,)

AN = )

where & € C" is a unit vector satisfying ||AE|| = ||A].

Proof. Suppose the norm is Gateaux differentiable at A. Let & € C" be a unit vector
such that ||A[| = [|A&]|. Define a real continuous linear functional y¢ : M, — R by

1

= HA”Re<A§,X§> (X € My).

Ve (X)
Then for each X € M,,, we have

Ye(X —A) = ”;HRe (AE X — AE)

- ||,}x|\Re(<A57X€>—<A€,A5>) < IX] = lIA].

Hence ¢ is a subdifferential at A. If 1 is a unit vector in C" such that [|An|| =
[|A|l, then we must have yy = g, by uniqueness of the subdifferential, which gives
(AE,XE) = (An,Xn) for every X € M,,.

To show the converse, we note that (cf. [5, Proposition 4.12]),

llif(l)l HA+tXtH - ”AH _ Sup{ltiLI(I)l ||(A+Z‘X)f|| - HA5|| . Hé” _ I,HA&H _ ||A|}
where
A0S~ JAE] (A +0E, (A+X)E) — (AZ,48)
110 t 110 t([[(A+1X)E | + [|AS]])
(A8, XS) +(X&,AE)

2|jAfl

Hence the necessary condition implies that the above set on the right reduces to a
singleton which gives the right directional derivative. We also have

i NAFXOSN A8 _ A —X)E] - [Ag]
170 1 t|0 t
(A8, —X&) +(-X&,AS)

2[jAfl

o @+ 0g ] - Jag )
t|0 t
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This proves Gateaux differentiability at A. The last assertion is clear from the above
computation. a

10
00
its norm are of the form (¢¢,0) with |o| = 1. For any matrix X = (x;;) in My, we
have (A(e,0)7,X (r,0)T) = x15 + x21 which is independent of ¢, and the C*-norm
is Gateaux differentiable at A with derivative

Example 2.2.2. LetA = ( € M,. Then the unit vectors in C> where A achieves

J|IA|(X) =Re(A(1,0)",X(1,0)7) =Rex;.

The matrix B = ( ! ) achieves its norm at (1/2,0) and (‘/2, ‘/2); but

1
00 20 2

r . V2 2\ (ve v2)'
<B(\/2,0) ,X(v/2,0) >5£<B< S 2) ,X( . 2) >

if X is the identity matrix, say. Hence the C*-norm is not Gateaux differentiable at
B, however, we have the right I-directional derivative

B—+1tl||—||B
8+HB||(I) — lim ” =+ H ” H
10 t
g VIR EVIR 242222
T t o2

On the other hand, the trace norm || - ||, is not Gateaux differentiable at A since

A+ Xl — [|Aller _ 1]
t t

0 0
for X = (0 _1>,say.

Lemma 2.2.3. Let A € M, \{0} with polar decomposition A = u|A|. If the trace norm
I - ||ler on My, is Gateaux differentiable at A, then the Gateaux derivative is given by

I|A||w(X) =ReTr(u'X) (X € My).

Proof. We only need to show that w(X) = ReTr(u*X) is a subdifferential. Indeed,
we have |A| = u™A and

y(X —A) =ReTr(u"X) —ReTr(u*A)

< (e [[1X e = 1Al
= |1 X[ler = 1Al
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Example 2.2.4. In Example 2.2.2 above, we have u = A in the polar decomposition

of AandReTr(u*X)=0forX = <8 _(1)) , while the right X-directional derivative
is given by
A+1tX |, —||A t
10 t tl0 ¢

Due to the non-smoothness of the C*-norm and trace norm on M, we will
consider the Lebesgue spaces L? (G, (Mp, || - || »s)) with M,, equipped with the Hilbert-
Schmidt norm when we need to make use of norm differentiability later. We com-
pute below the Gateaux derivatives for L” (G, (M, || - ||ns))-

Since the function u € E +— |Ju||” is convex on any Banach space E, we have, for
O<t<landu,veE,

lJu2vl|?” < (1 =)l + 2 ][ +][P

and

t 1
P < P P
lall? < | =l o]

which gives

[l = e =w]|? <

1
(v [P =[Py < ]| = [lu]| . (2.4)

Proposition 2.2.5. Let 1 < p < eo. The norm of LY (G, (My, || - |s)) is Gateaux dif-
ferentiable at each non-zero f with Gateaux derivative

I fllp(e) = Rellfl\}f”/ (Ol *Tr(/ ()" g (x))dA (x)

f
{x:f(x)#0} H
for g € L7(G, (M, |- ).

Proof. Given A € M,\{0}, we have, by the chain rule,

d —1 d -1 *
AU = plalf ! | A+ X s = plIAL, 'ReTrA™X)
t=0 t=0
for X € M,.

Fix a non-zero f in L? (G, (M,, || - |ss))- Given p > 1 and g € L (G, (M, || - ||ns))
we have

leg ()l = -

dt|,_,

By (2.4) and the dominated convergence theorem, we have
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d
I +esll = 5| I+l
t=0 t=0

f/d
_(;dt:

. £ (x) +1g(x)[|7 A (x)
d
sy di | )+ 18I dAR)

Pl ReTr(f (x) g (x))dA (x)
{x:f ()0}

pllfIs~!

dt

which gives the formula for the Gateaux derivative at f. O

Corollary 2.2.6. For 1 < p < o, the Lebesgue space L (G, (My, || - ||1s)) is strictly
convex, that is, the extreme points of its closed unit ball are exactly the functions of
unit norm.

Proof. This follows from the fact that a Banach space E is strictly convex if, and
only if, the norm of its dual £* is Gateaux differentiable on the unit sphere. O



Chapter 3
Matrix Convolution Operators

In this Chapter, we study the basic structures of matrix convolution operators
Ts: f € LP(G,M,) — f*0o € LP(G,M,). Noncommutativity of the matrix multipli-
cation necessitates the introduction of the left convolution operator Ls : f — G %y f
for a consistent duality theory. We first characterise these operators and show they
are translation invariant operators satisfying some continuity condition. We also de-
termine when these operators are weakly compact on L' and L™ spaces.

Spectral theory is developed in Section 3. We introduce the matrix-valued Fourier
transform and, for abelian groups, the determinant of a matrix-valued measure. We
describe the L? spectrum of 75 in Theorem 3.3.23, for an absolutely continuous
matrix measure ¢ on an abelian group. For non-abelian groups, we develop a de-
vice to study the L? spectrum by identifying Ly as an element in the tensor product
C:(G) ® M, of the reduced group C*-algebra C;(G) and M,. We show that, for
absolutely continuous symmetric o, the L? spectrum of T is the union of the spec-
trum of each element in 8(@,), where © is the Fourier transform of ¢ and 6, is the
reduced dual of G. This result is used to compute the spectrum of a homogeneous
graph.

We study eigenspaces of Ty in the latter part of the Chapter. The focus is on the
eigenspace

Ha(To,L?) = {f € L"(G,M,) : To (f) = cf}

with a = ||o||, which is the space of matrix L” harmonic functions on G. We
show that H| 4| (Ts,L") is the range of a contractive projection P on L”(G,M,)
for 1 < p < oo, extending an analogous result in [9, 13] for p = co. We discuss
Liouville theorem and Poisson representation for harmonic functions and show that
dimH) g (T,L') < n? if o is positive and adapted. As an application, we use the
results to show the existence of L™ non-constant harmonic functions on Riemannian
symmetric spaces of non-compact type. Finally, we study the Jordan structures in
H)|(T5,L”) and in particular, determine when it is a Jordan subtriple of L™ (G) in
the scalar case.

C.-H. Chu, Matrix Convolution Operators on Groups. Lecture Notes in Mathematics 1956, 21
doi: 10.1007/978-3-540-69798-5, (© Springer-Verlag Berlin Heidelberg 2008
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3.1 Characterisation of Matrix Convolution Operators

We are now prepared to study the structures of matrix-valued convolution operators
f+— f* 0 on the Lebesgue spaces LP (G, M,) of matrix functions on a locally com-
pact group G, induced by a matrix-valued measure ¢ on G. Matrix convolutions of
distributions in R” have also been considered in [49].

We begin in this section by characterising matrix convolution operators. We show
they are the translation invariant operators satisfying some continuity condition. On
L'(G,M,), they are exactly the translation invariant operators, and on L*(G,M,)
they are the weak™* continuous translation invariant operators.

We note that M, is equipped with the C*-norm throughout unless otherwise
stated. A matrix A € M, is positive if (AE,&) > 0 for all vectors & € C". Let M,
denote the cone of positive matrices in M,,.

We first introduce the notion of a matrix-valued measure. By an M,,-valued mea-
sure (1 on a locally compact space G, we mean a (norm) countably additive function
u : B — M, where B is the o-algebra of Borel sets in G. Since the trace-norm || - ||,
is equivalent to the C*-algebra norm on M, and M; = (My, || - ||;+), we can regard
an M;;-valued measure on G as an M,-valued measure on G, and vice versa. We can
denote an M,-valued measure it on G by an n X n matrix u = (u;;) of complex-
valued measures (;; on G. The variation |u| of i is a positive real finite measure on
G defined by

wE =sw{ ¥ IuE)}  (EeB)
P “EecP
with the supremum taken over all partitions P of E into a finite number of pairwise
disjoint Borel sets. We define the norm of p to be ||u|| = [¢|(G). As shown in [9,
p- 21], u has a polar representation it = ® - |it| where @ : G — M,, is a Bochner
integrable function with ||@(-)|| = 1. Likewise, if u is an M -valued measure, we

define its norm by [[u]lyy = [l (G) = sup{ S [[1(ED) o).
P EEP

A function f = (fij) : G — M, is said to be u-integrable if each f;; is a Borel
function and the integrals [; fijd e exist in which case, we define, for any E € B,

the integral / fdu to be an n x n matrix with ij-th entry
E

D / Sixd ;-
T JE
‘We have

|, ae] [ | rrotortac

< /E 1£(0)ldlo] (x) 3.1)

since ||@(-)|| = 1. If we regard an M,,-valued measure [ as an M, -valued measure,
then we can also regard an M,,-valued pi-integrable function f on G as an M;,-valued
u-integrable function, with [ fdu € M;;, and vice versa.
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Let M(G,M;) be the space of all M;-valued measures on G, equipped with
the total variation norm || - ||, It is linearly isomorphic to the space M(G,M,)
of M,-valued measures on G, equipped with the total variation norm || - ||. Let
Co(G,M,,) be the Banach space of continuous M,-valued functions on G vanish-
ing at infinity, equipped with the supremum norm. Let C.(G,M,,) be the subspace of
Co(G,M,) consisting of continuous M,,-valued functions with compact support. We
denote by C,(G,M,) the Banach space of bounded continuous M,,-valued functions
on G.

It has been shown in [9, Lemma 5] that M(G, M) is linearly isometric order-
isomorphic to the dual of Cy(G,M,,), where a measure 4t € M(G, M) and a function
f € Co(G,M,) are positive if u(E) and f(x) are positive matrices for all E € B and
x € G. The above duality is given by

(,):Co(G,M,) xM(G,M;;) — C

(f.u) =Tr ( [ fdu> =3 |

where f = (f;;) € Co(G,M,) and u = (W;;) € M(G,M;) (cf. [9, Lemma 5]). Further,
as shown in [14, Proposition 2.4], (M(G,M;;),| - ||s+) is a Banach algebra in the
convolution product u * v given by

(fotev) =Tr ( L f(xy)du(x)d\/(y)) ( € Co(G.M)).

Likewise (M(G,M,),|| -||) is a Banach algebra in the convolution product and is
algebraically isomorphic to M (G, M;;).

Given a € G, we denote by &, € M(G,M,) the unit mass at a, having values
{0,I} C M,. A measure ¢ € M(G,M,) is called adapted if its variation |G| is an
adapted measure on G, that is, supp |o| generates a dense subgroup of G.

Since the matrix product is non-commutative, given a matrix valued measure
0 = (0;;) and a matrix Borel function f = (fi;) on G, besides the matrix-valued

integral / fdo defined above, we need to introduce the transposed integral
G

JRECNE

which is defined to have the ij-entry

(/(;dc(x)f(x)>ij = %/Gfkj(x)doik(x)_

We also have

| 4o

< [Ir@ldlo|). (32
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The matrix-valued convolution f * o, if exists at x € G, is defined by
rrot = [ feo

We note that the same definition of matrix convolution of a matrix-valued distribu-
tion and measure on R" has been given in [49, p.279].
We introduce the left convolution ¢ *, f to be the following integral if it exists :

o ¢ f(x) /dO' (x €G).

The subscript ¢ is used to avoid confusion with the convolution ¢ * f in the scalar
case:

o f(x) /fyxAc( Ndo(y).

Given 6 € M(G,M,), we define the measure 6 € M(G,M,) by d6(x) =do(x~),
as in the scalar case.
For complex measures (1 and ¢, we have

Lxc=0xl

for 4,0 € M(G). This formula need not hold for matrix-valued measures (,0 €
M(G,M,), instead, we have
Q%0 =[*0 (3.3)

where the fransposed convolution [ %, G is defined by

feea(n = ([, [ roai0)s) (7€ GG,
If 0 = g- A for some g € L' (G,M,), then we have

Lk 0= (l*eg) A

This is one of the reasons for introducing transposed integrals.

An M,-valued measure o is called absolutely continuous (w.r.t. 1) if its total
variation || is absolutely continuous with respect to the Haar measure A. This is
equivalent to the existence of a function i € L' (G, M,,) such that 6 = h- A. Indeed,
given the latter and given A (E) = 0 for some Borel set E C G, we have

ol(E) = [ () Pdlo| - / lo() () dlo|

/Tr ))dlo| = /a)*dc

= Tr/ ®*hd)\ = 0.
JE
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Conversely, if |o| = k- A for some k € L'(G), then ko € L' (G,M,,) and 6 =k - A.
Let 1/p+1/q = 1. Since M, has the Radon-Nikodym property, the dual
LP(G,M,)* identifies with the space LY(G,M;;) for | < p < eo, with the duality

(,"): LP(G,M,) x L{(G,M};) — C

—Tr (/G f(x)h(x)d/x(x))

(cf. [22, p.98] and [34]). Likewise L? (G, M;;)* = LY(G,M,,).
For f € L?(G,M,) and h € L1(G,M;;), we have

given by

(f%0,h) Tr(//h G (y)dA (x )):(f,&*,gm (3.4)

which is identical to (2.2) in the scalar case. The above duality is another raison
d’étre for the transposed integral ¢ %y f.
As before, given a function i : G — M,,, we define h( ) =h(x"1).

Lemma 3.1.1. Let f € L’(G,M,) and y € L1(G,M,) where 1 < p,q < oo. Then
V[ G— M, is a bounded and left uniformly continuous function.

Proof. Since Y * f has the i j-entry
(W f)ij= D Va* faj
k
the result follows from entry-wise application of the scalar result in [10,
Lemma 3.2]. O

We have
(f,h) =Tr(h=f)e)  (f €LP(G,M,), h € LI(G,M,))

and hence the following consequence.
Lemma 3.1.2. If f € L’(G,M,) and Tr (h+ f)(e) = 0 for all h € L4(G,M,), then
f=0.

Given f € L'(G,M,), the measure f- A € M(G,M,) has total variation

1721 =1£-21(6) = [ 1) lante) = 11y

by [22, p.46] and we can therefore, as in the scalar case, identify L (G,M,) as a
closed subspace of M(G,M,), consisting of absolutely continuous M,,-valued mea-
sures on G. Moreover, L' (G, M,,) is a right ideal of the Banach algebra M(G,M,)
since

(f-A)rp=(fru)-A
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for f € L'(G,M,) and u € M(G,M,,). Likewise, we identify L! (G, M) as an ideal
in the Banach algebra M (G, M;)).

We now define matrix convolution operators. For | < p < e and 6 € M(G,M,,),
we define 75 : L?(G,M,) — LP(G,M,,) by

Ts(f)=f+c  (f€LP(G,M,)).

We also define the left convolution operator Ly : LP(G,M,) — L?(G,M,) by

Lo(f)=0xf  (f€LP(G,M,)).

To avoid triviality, o is always non-zero for 75 and Ls. The operators 75 and Lg
are well-defined since, as in the scalar case [10, Lemma 2.1], one can show that
[£ %], < [ Fllpllo] and 0% £, < | fll,llo]). using (3.1) and 3.2).

In contrast to Lemma 2.1.2 where a convolution operator 7 on L*(G) has norm
|75l = ||o|| for a complex measure o, it is possible to have || Ts || < ||o]| if T is
matrix-valued for Ty defined on L= (G, M,,).

Example 3.1.3. Let G = {a, ¢} and define a positive M-valued measure ¢ on G by

O'{a}—((l)g) and O'{e}—<gg>.

Then [0|(G) = [lo{a}|[ + [lo{e}|| =3.

Let f € L(G,M,) with f(a) = (a;;) and f(e) = (b;;). I || f|| < 1, then |a;2|?> +
lax|* < 1and |by1|> + |ba1|> < 1. Hence

by1 2ap2
O =
ot = (3 3e2)
1
< (b >+ [ba1)* + 4lar|* +4lanl*)2 < V5.

Likewise, we have

Irsotell = (40 5| < vs.

azy 2by

Therefore we have || * 6|l < V/5 < 3 = ||o|| and ||T5||~ < ||c|. This difference
from the scalar case is due to the presence of the trace Tr in the norm of &:

ol =sup{

Tr/Gfdo" . f € Co(G,M,) and ||f]| < 1} .

Although we have || [; fdo|| < ||T5 ||, the value |Tr [ fdo| = |ai1|+2|bas| could
exceed || 75 ||co-

Lemma 3.1.4. Let 0 € M(G,M,). Then for p < o, the dual map of Ts :
LP(G,M,) — LP(G,M,) is the convolution operator Lz : LY(G,M;) — L1(G, M.
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The weak* continuous operator Ty : L”(G,M,) — L”(G,M,) has predual
Ls: L"(G,M}) — LY(G,M}).

Proof. This follows from the duality in (3.4). O

As noted before, L (G, M,,) is linearly isomorphic to L? (G, M;;) and the latter is
identified with L? (G, (M,,|| - ||s+)), equipped with the norm

it~ ([ rottanco)’

for 1 < p < oo, and likewise for L*(G,M;). Hence a continuous linear map 7 :
L?(G,M,) — L?(G,M,) can be regarded as one on LP(G,M;;), and vice versa,
although the norm ||T'(|p(g u,) differs from ||T'||»( ar) in general. Nevertheless,
T1r(G.m,) @0d Tpp(G yy) have the same spectrum.

We regard L (G, M,,) as a left M,,-module by defining

(Af)(x) =Af(x)  (x€G)

for A € M, and f € LP(G,M,). In this case, every convolution operator Ty is
My,-linear, that is, T is complex linear as well as

Is(Af) =ATs(f) (A€M, f€LP(G.M,)).
Also Ty is invariant under left translations:
0T = Toly (X S G).

We characterise below T; among left-translation invariant M,-linear operators on
LP(G,M,).

We note that, since we adopt the right Haar measure on G, the right translation r, :
L’ (G,M,) — LP(G,M,) is an isometry and the dual r} : LY(G,M}) — L1(G,M})
satisfies 7§ = r,—1 whereas the left translation ¢, has dual £f = Ag(x){, 1. For 1 <
p < oo, we have [ 6(f)]l, = L6 () f]]-

Lemma 3.1.5. Let B € M,,. If Tr(BA) = 0 for every positive invertible matrix A € My,
then B=0.

Proof. We have Tr(B) = 0. For every positive matrix A, the matrix A + rlll is invert-
ible and we have Tr(BA) = Tr(B(A + ,111)) =0. Hence B=0. O

Evidently Cy(G,M,) is also a left M,,-module.

Lemma 3.1.6. Let v : Co(G,M,) — M,, be a continuous M,-linear map. Then
there is a unique 6 € M(G, M) such that

w(f) = /('}fdo (f € Co(G,My)).
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Proof. Let A be a positive invertible matrix in M,,. Define a continuous linear func-
tional @ € Cy(G,M,)* by

o(f) =Tr(Ay(f)  (f € Co(G,Mn)).

By [9, Lemma 5], there is a unique measure ty € M(G,M,) such that

THA(f) = Tr ( / fduA) (f € Co(G. M)

which implies
et = ot =1r ([ 4t ) =1 ([ ramat) )

for f € Co(G,M,). Define o € M(G, M) by 6(E) = ua(E)A~! for each Borel set
E C G.By (3.5), we have

Tr ( /;fduAA‘) —Tr ( /;fduBBl) (f € Co(G. M)

for every positive invertible matrix B € M,. By the isomorphism between
Co(G,M,)* and M(G, M), we have 6 = upB~" for every positive invertible B € M,
from (3.5), and also

Tiy()m) =T ( [ aoB) (e GG,
Therefore we have
v(r)= [ fdo  (rec(G.M,)
by Lemma 3.1.5. The uniqueness of o is clear. O
Proposition 3.1.7. Let T : L™ (G,M,)) — L*(G,M,) be a bounded M,-linear map

satisfying
0T =TI, (x€G).

Then there is a unique measure o € M(G,M,,) such that
Tf=fx0c for feCy(G,M,).
Proof. Let (ug) be a bounded approximate identity in L'(G). Then
up
vg = :
up
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is a bounded approximate identity in L'(G,M,). Let Ug = vg - A. Since vg is di-
agonal, one verifies readily that ug «/h = h*vg for h € L'(G,M,). The measure

Ug =vgAg- A is absolutely continuous, where v/ﬁ_\A/G € L'(G).
Let f € Co(G,M,). Then we have Tf x ug € C»(G,M,) by Lemma 3.1.1. By
(3.4), we have

(Tflig,h) = (Tf ug+h)=(Tfhxvg)  (heL'(GM,))

which implies that the net (T f  lig) weak*-convergesto T f in L™ (G, M,).
Define an M,-linear map yp : Co(G,M,) — M, by

vp(f) = (Tf*ug)le)  (f€Co(G,My)).

By Lemma 3.5, there is a unique measure og € M(G,M,;), which can be regarded
as an M),-valued measure, such that

vplf) = [ fdoy for feCo(G.i,)
and for x € G, we have

T+ Hp(x) = (T Ep)(e) = (L TF ) (e)
= (T 1)< Bp)e) = W (lr ) = [ L1 fdoy = F5y(v).

The net (op) is norm bounded in M(G, M) since

ol =sup {1 | sy s € CoG.y) and 1 < 1 < 7.

By weak* compactness, (0g) has a subnet (o;) weak*-converging to some ¢ €
M(G,My).

Given f € C¢(G,M,), the net (f x G,) weak*-converges to f * & in L”(G,M,).
Indeed, for each i € C.(G,M,,) C L'(G,M,,), we have

(h, f % Gy) = Tr/GE*fdoy — (h,f%O)

where h+ f € C.(G,M,). Note that the net (f Oy) is norm bounded in L*(G,M,,)
since || f * &y|| < ||f||-||Gy||- By density of C.(G,M,) in L'(G,M,), we deduce that

<k7f*6-7’> - <k7f*6>

for each k € L'(G,M,)).
Hence for each f € C.(G,M,,), we have

Tf=w"-UmTfx,=w"limf+G,= f*C
Y Y
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which implies Tf = f* G for all f € Co(G,M,). Finally, the uniqueness of G is
evident. O

Remark 3.1.8. In the conclusion of the above result, we cannot expect 7 = T on
L*(G,M,) in general. In fact, even in the case of a translation invariant operator 7'
on £*(Z), T # Ts can occur on C,(Z) [44, p.78].

We have the following characterization of convolution operators on L™ (G, M,,).

Proposition 3.1.9. Let T : L*(G,M,)) — L”(G,M,) be a bounded M,-linear map.
The following conditions are equivalent.

(i) T = Ts for some 6 € M(G,M,).
(ii) T is weak™ continuous and 6, T = TV, for all x € G.

Proof. We need only prove (ii) = (i). By weak* continuity, 7" has a predual T :
L'(G,M}) — L'(G,M). By Proposition 3.1.7, there is a measure 6 € M(G,M,)
such that

Tg=gxo for geCy(G,M,).

We use the duality Co(G,M,)* = M(G,M}). Let f € L'(G,M}) C M(G,M;’). Iden-
tify both T.f and & *, f as absolutely continuous measures in M(G,M;). For
g € Co(G,M,), we have, by (3.4),

Hence T.f = G #¢ f. As f was arbitrary, this gives T, = Ls and T = Ty. O
Next we characterize convolution operators on L” (G, M,,) for p < co.

Proposition 3.1.10. Ler 1 < p < o and let T : LP(G,M,)) — L”(G,M,) be a
bounded M,-linear map. The following conditions are equivalent.

(i) T = Ts for some 6 € M(G,M,).
(ii) 6T = T¥, for all x € G and T maps C.(G,M,,) into Cp(G,M,,) continuously in
the supremum norm.

Proof. We show (ii) = (i). Define an M,,-linear map v : C.(G,M,) — M, by
W(f) = Tf(e) (f € Cc(Gan))'

Then y is continuous by condition (ii). Hence, as before, there is a measure o €
M(G,M,) such that

w()= [ sao

for f € C.(G,M,) and we have

THE) = THe) = T(6 f)E) = Wt f) = [ 1 fdo = F+5().
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For any h € L”(G,M,), there is a sequence (f) in C.(G,M,) converging to / and
therefore
Th=1lmTf, = lim f,*0G =hx*0.
n—o0 n—ro0

We strengthen the above result for p = 1 in the next corollary.

Corollary 3.1.11. Let T : L' (G,M,)) — L'(G,M,) be a bounded M,-linear map.
The following conditions are equivalent.

(i) T = Ts for some 6 € M(G,M,).
(i) £, T =TV, forall x € G.

Proof. For (ii) = (i), it suffices to show that T maps C.(G,M,) into C,(G,M,)
continuously in the supremum norm. Since the dual 7* : L*(G,M}}) — L=(G, M)
is weak* continuous and commutes with left translations, we have 7" = T}, for some
p € M(G, M), by Proposition 3.1.9. It follows that 7 = Ly which maps C.(G,M,)
into Cp(G,M,,) continuously in the supremum norm. O

Corollary 3.1.12. Let G be a compact group and let T : L”(G,M,) — L”(G,M,,)
be a bounded M,-linear map. The following conditions are equivalent.

(i) T = Ts for some 6 € M(G,M,).
(ii) £, T =TV, forall x € G.

Proof. For (ii) = (i), we prove that 7' can be extended to a left-translation invariant
operator on L' (G, M,,) and hence Corollary 3.1.11 applies.

Given that G is compact, we have L*(G,M,,) C L' (G,M,,). By Proposition 3.1.7,
there exists 4 € M(G,M,,) such that T f = f« u for all f € C(G,M,,) and hence

T A1l = 11 mlle < [l f 1]

Since C(G,M,) is || - ||1-dense in L' (G, M,,), we can extend T to an M,-linear oper-
ator on L' (G, M,,) commuting with left translations. O

3.2 Weak Compactness of Convolution Operators

For 1 < p < o, the operator T : L7 (G,M,) — L"(G,M,) is weakly compact. In
this section, we determine weak compactness conditions for 75 on L!(G,M,) and
L*(G,My).

Theorem 3.2.1. Let 6 € M(G,M,,) be a positive measure such that |G|> *|G|* is
adapted on G. The following conditions are equivalent.

() Ts : L'(G,M,) — L' (G,M,,) is weakly compact.
(i) Ts : L=(G,M,) — L=(G,M,) is weakly compact.
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(iil) Ly : L' (G,M,) — L' (G,M,) is weakly compact.
(iv) Lg : L*(G,M,) — L*(G,M,,) is weakly compact.
) Ts : LY(G,M,)) — L' (G,M,,) is compact.
(vi) Ts : L= (G, M) — L=(G,M,,) is compact.
(vii) T : LP(G,M,,) — L (G,M,,) is compact for all p € [1,0).
(viiil) G is compact and © is absolutely continuous.

Proof. We first prove the equivalence of (i) and (viii). The equivalence (ii) <= (viii)
can be proved analogously.

Let o = (oy;) and let Ty : L'(G,M,) — L'(G,M,) be weakly compact. We
define the coordinate projection P; : L'(G,M,) — L'(G) by

Pij(fij) = fij

for (f;j) € L'(G,M,). Then P; is a contraction since

L1 < [ 1elaa ).
Let D : L'(G) — L'(G,M,) be the natural embedding
f
D(f)=| -
f
Then each scalar convolution operator Tg;; : L'(G) — L'(G) is the composite

T5,; = PijTsD and hence weakly compact.
Let 4 € M(G) be the positive measure

U=Trooc =011+ + Ou-

We show that supp u contains (and hence equals) supp |o|. Let x € supp |o| and let V
be an open subset of G containing x. We need to show (V) > 0. Suppose u (V) =0.

Given a partition V = UEk’ the positivity of the matrices o (E)) implies
k

Y llo(Ell < Y Tro(Er) < ¥ u(Ex) = u(V) =0.
k k k

It follows that |o| (V') = 0 which is a contradiction. Hence |t |(V) > 0 and this proves

X € suppU.
Likewise we have supp it D supp|o]|. It follows that

supp u?  fi* = (supp pt)2(supp )2 O (supp|o|)2(supp|G1)2) = supp|o|** |G|

Hence u? * i” is a positive adapted measure on G. The convolution operator
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Ty =Y Ty, :L'(G) — L'(G)
k

is weakly compact. By Proposition 2.1.6, G is compact. By Remark 2.1.7, each com-
plex measure 0;; is absolutely continuous, say, 0;; = h;; - A for some h;; € L'(G). It
follows that o = (h;;) - A is absolutely continuous.

Conversely, if G is compact and ¢ = @ - |o| is absolutely continuous. Then each
0ij = w;j - |o] is absolutely continuous and by Proposition 2.1.6 again, the scalar
convolution operator T, : L'(G) — L'(G) is weakly compact. Given f = (f;;) €
L'(G,M,), we have

(Tof)ij = X, fix* Ok = 3, Toy, (fi) -
k k

If || f][1 < 1, then [, |fij(x)|dA(x) < [; ]| f(x)]|dA(x) < 1. Therefore entrywise com-
putation implies that 75 maps the closed unit ball of L' (G,M,) onto a relatively
weakly compact set, that is, 75 is weakly compact.

The equivalence of (iii), (iv) and (viii) follows from the fact that, by Lemma
3.1.4, Ly : LY (G,M,) — L'(G,M,) has dual T3 : L”(G,M}) — L*(G,M;) and
Lo : L*(G,M,) — L”(G,M,) has predual T5 : L'(G,M}) — L'(G,M}), hence
one can apply (i) and (ii) to T3, noting that absolute continuity of o is equivalent to
that of G.

Finally, (viii) implies that each convolution operator Tg,; : L”(G) — LP(G)
is compact, by Lemma 2.1.4. Similar arguments as before show that T :
LP(G,M,) — LP(G,M,) is compact for all p € [1,eo], giving (vii). This concludes
the proof. O

3.3 Spectral Theory

In this section, we describe the spectrum of the convolution operator T and study
its eigenspaces.

Definition 3.3.1. Given a measure ¢ € M(G,M,,), we denote by Spec o the spec-
trum of ¢ in the Banach algebra M(G,M,). By a previous remark, it is also the
spectrum of ¢ regarded as an element in M (G, M;)).

Given an operator T : LP(G,M,) — LP(G,M,), we denote by Spec(T,L”
(G,M,)) and A(T,L”(G,M,)) its spectrum and the set of eigenvalues respec-
tively. The continuous and residual spectra are denoted by Spec®(T,LP(G,M,,)) and
Spec’(T,LP(G,M,,)) respectively. We note that, these spectra and eigenvalues re-
main unchanged if, in L (G, M, ), we change the C*-norm on M, to the trace norm or
the Hilbert-Schmidt norm. As before, if no confusion is likely, we write Spec (T, LP)
for Spec (T, L7 (G,M,)) and A(T,L?) for A(T,L?(G,M,,)).

Lemma 3.3.2. Let 6 € M(G,M,). Then for 1 < p < oo with conjugate exponent g,
we have
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() A(Ts, LY (G,M,)) C AM(T,LP(G,M,)) C A(T5,L=(G,M,)) and they are equal
if G is compact,
(ii) Spec (T5,LP (G, M,))
= A(T5,LP(G,M,)) UA(Lg,L9(G,M:)) USpec® (Ts, LP(G,M,)) for p < oo,
(iil) Spect(Ts,L"(G,M,)) = Spec®(Ls,L1(G,M}})) for 1 < p < oo,
(iv) Spec (Ts,L?(G,M,)) C Spec 6 = Spec(Ts, L' (G, M,)) = Spec(Ts, L= (G, M,)).

Proof. (i) The first inclusion is a simple consequence of LP x L' C L!. Let
o € A(Ts,LP(G,My)) and let f € LP(G,M,)\{0} satisfy f* o = af. Then by
Lemma 3.1.2, we can pick & € L9(G,M,) such that h* f € L=(G,M,)\{0}
and (E*f) x 0 = a(%*f). So o € A(T5,L”). If G is compact, we have
LP(G,M,) C L'(G,M,) for all p.

(i1) This follows from the fact that

Spec’ (T5,LP) C A(T5,LY) C A(To,LP) U Spec’ (T, LP)

(cf. [24, p.581]).

(iii) Let 1 < p < oo and let a € Spec®(Ty,LP). Then o € Spec(Lg,L?) and
(Ts — ad)(LP(G,M,)) = LP (G, M,) implies that Ly — ol : L(G,M*) — L9(G, M)
is injective. Hence o € Spec”(Lg,L7) U Spec®(Lg,L7). If o € Spec”(Lg,L7), then
the proof of (ii) implies o € A(T,L?) which is impossible. So a € Spec®(Lg,L?).
Likewise Spec®(Lg,LY) C Spec®(Ts,L”).

(iv) If a ¢ Speco, then o — ad, is invertible in M(G,M,) and hence T; —
ol : LP(G,M,) — L?(G,M,) is invertible with inverse f € LP(G,M,) — f *
(6 —aé8,)"! € LP(G,M,). Therefore o ¢ Spec (Ts,L” (G, M,,)).

Next we show Speco C Spec(T5,L'). Let o be a complex number such that
Ty —al : L'(G,M,) — L'(G,M,) is invertible. We show that & — &, is invertible
in M(G,M,). Let (vg) be an approximate identity in L' (G) weak* converging to the
unit mass 6, € M(G). Let

VB
Vg = e LY(G,M,).

VB

Then (V) w*-converges to the identity o, € M(G,M,).

Let S: L'(G,M,) — L'(G,M,) be the inverse of Ts — ol = Ty_g4s,. Then
S(Vg)* (0 — ad,) = vg. By choosing a subnet, we may assume that the net (S(Vg))
weak* converges to some i € M(G,M,). Foreach h € C.(G,M,), the net (h*S(Vg))
in L (G, M,) weak* converges to /i U since

(khxS(vg)) = (ke h,S(Vg)) (ke Ce(G,M)).

Hence for every f € L'(G, M), we have, by (3.4),
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(fhxS(vg)* (0 —ad,)) = ((0—oad)* f,h*S(Vg))
— (6 —ad,) *¢ f h* )
= <f7h*u*(o—_a3€)>

and also (f,h*S(Vg)* (0 —aé,)) = (f,h*Vg) — (f,h*&,) which implies
w*(o—ad,) =0

since h € C.(G,M,) was arbitrary. Thus ¢ — o, has a left inverse in M(G,M,,).

It follows from T;_g5,7y = I that § = T, which gives T, T5_45, = I and
(0 — 00, ) * L = O,. Therefore ¢ — .0, is invertible in M (G, M,).

Finally, we show Spec(Lz,L'(G,M,)) = Spec o and note that

Spec(Ts,L”(G,M,)) = Spec(Lg,,L1 (G,M,)).

If o ¢ Speco, then L — ol = Lg_ 5, is invertible with inverse L where  is the
inverse of ¢ — a8, in M(G,M,,) and we can use the formula v * 11 = V % I in (3.3).

Conversely, if Lz — o is invertible with inverse S : L' (G,M,) — L'(G,M,,),
then (G — ad,) * S(Vg) = Vg where (Vg) is the above approximate identity and
we may assume S(Vg)) weak* converges to some u € M(G,M,). For each h €
C.(G,M,), the net (S(Vg) *, h) weak* converges to [+ h since

(k,S(Vg) *¢h) = (hxk,S(Vp)).
We have

(f:(0—0de) % xoh) =1%n<f7(5—065e)*55(\7ﬁ)*eh> =(f,8.xh) (feL'(G,My))

which implies (¢ — o6, ) *; it = 8, and (0 — @ &,) * I = &,. As before, 6 — 0.8, is
then invertible in M (G, M,,). O

Example 3.3.3. The last inclusion in condition (i) in Lemma 3.3.2 is strict in gen-
eral. Let o be any adapted probability measure on a non-compact group G. By [10,
Theorem 3.12], we have 1 ¢ A(Ts,LP(G)) for 1 < p < eo,but 1 € A(Ts,L”(G)).

Example 3.3.4. Condition (ii) in Lemma 3.3.2 does not hold for p = e and con-
dition (iii) does not hold for p = 1,e. Consider the Laplace operator A/2 on the
Euclidean space R?, which generates a convolution semigroup {o; };~¢ of measures
on R¢:

doy(x) = exp(—||x||*/2t)dx.

1
(27t)d/2

We have 6, = o; and the convolution operator Ty, : L*(R?) — L*(R?) is not
weakly compact by Corollary 2.1.8. We have A(Ty,,L”) = 6,(R?) = (0,1] (cf.
Proposition 3.3.16), where

6,(z) =exp(~1||z|*/2)  (z€RY)
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is the Fourier transform of 6. Now 0 € Spec’ (75, L™ (R?) since o; is absolutely con-
tinuous and we have L= (R¢) x 6; C C(R?) # L™(R?). Also 0 € Spec®(T5,,L' (R?))
since T, : L' (R?) — L'(R?) has dense range by injectivity of 75, on L™ (R?).

A function f € L*(R?) is an eigenfunction for 1 € A(Ty,,L”) for all £ > 0 if, and
only if, Af = 0, in which case f is constant. By Example 3.3.3, 1 ¢ A(Tg,,L"(R%))
for 1 < p < co. In fact, the closure of A has no L? eigenfunction and A(7g,,L*(RY)) =
0. However, we have Spec(Ty,, LP(R9)) = [0, 1] for 1 < p < eo (cf. Theorem 3.3.23).

Example 3.3.5. The inclusion in (iv) in Lemma 3.3.2 is strict in general, for p €
(1,00), even if G is abelian, by Remark 3.3.24. It has been shown by Sarnak
[56] that for 0 € M(T), where T is the circle group, one has Spec(7s,L”(T)) =
Spec(Ty,L*(T)) for 1 < p < oo if Spec(Ts,L*(T)) has zero capacity. We give a
condition for Spec(T,L”(G)) = Spec(Ts, L' (G)) in Proposition 3.3.6.

Let a ¢ Spec (Ts,L?). Then the resolvent
R(a,Ts) = (ol — T5) ™' : LP (G, M,)) — LP(G,M,)

is M,,-linear and commutes with left translations. Indeed, for A € M,,, x € G and
feLl(G,M,), we have

(o0 —T5)(AR(a, T5) f) = A(o— T5)R(a, To ) f = Af
(o0 —Ts)liR(0,Ts) = Uy(0t — T )R(0, T ) = 4 .

Applying R(e, T ) to the left of both equations, we get R(a, T ) (Af) = AR(o, Ts) f
and (yR(o,Ts) = R(at, T )x. In particular, for p = 1, the resolvent R(a,T5) is a
convolution operator by Corollary 3.1.11. This gives an alternative proof of § = 7},
in Lemma 3.3.2 (iv). For arbitrary p and || > |||, we have
- 1
R((X,To-) = 26 a”+1 TGn
=

- |
and the series it = Y ot o" converges in M(G,M,) which gives R(a, Ts) = Tj,.
n=0

For the LP-spectrum to be identical with the L'-spectrum, it is both necessary and
sufficient that all resolvents be convolution operators.

Proposition 3.3.6. Let | < p < oo and 6 € M(G,M,). The following conditions are
equivalent.

(i) Spec (75, L7 (G,My)) = Spec (To, L' (G, My)).
(i) R(et, Ts ) is a convolution operator for each a ¢ Spec (Ts,L?).

Proof. (i) = (ii). Given a ¢ Spec(7s,L?), we have o ¢ Speco and hence
(6 —ad,)*xu =pux(c—ad) =08 for some u € M(G,M,). It follows that
(Ts —al)Ty = Ty (Ts — al) = I on LP(G,M,,) and hence R(ot, T5) = Tj,.
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(i) = (i). Let o ¢ Spec(Ts,L”(G,M,)). Then R(o,T5) = Ty, for some u €
M(G,M,). We have (Tg — o) Ty = Ty (Ts — al) =1 on L' N LP, and hence on L'.
Therefore o ¢ Spec (Ty,L"). O

Let 7 € G. Given 6 € M(G,M,) and f € L'(G,M,), we define their Fourier
transforms by

5() = [ (L, @ m)(x (09 L, )(x) € My © B(Hy)

Fm = [ @@ mtiaw
fo F(mer)dA) -+ o finlOm( AW

= . . €M, ® B(Hy)
fo TG )dA) -+ o fn (R )A

where M, ® B(Hz) = B(C" ® Hy) is a matrix algebra over 5(Hy) and the Hilbert
space tensor product C" @ Hy, identifies with the direct sum of n-copies of Hy. For
1 € G, we have

f(t):/cfdl e M,.

o~

In contrast to the scalar case, f/*\O'(n) need not equal &(7)f (7). Instead, we
have

o x f(m) = 6(m)f(r)

although one still has f/*\O' = chr if G is abelian. However, if we define
7(0) = [ (1, 9 W) (W0 @ Ly, ) (x) = 5(x) 36
and 7(f) = / f(x) @ mw(x)dA(x), then, as in [9, p.36], we have
JG

n(f+0)=n(f)n(o).

If f(n) =0forall T e 6, then f = 0. Indeed, we have

/;ﬁ,(x)n(xfl)dux) —0  (neG)

which gives f;; = 0 for all i, j. If G is abelian, then 7 is a character and we have

G(n) = /Grc(x*l)do'(x) e M,
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fim= /G FE)R()dAR) € M,
For abelian G, the inverse of 77 € G is given by
m(x) =mx ") (x€G)
and we have 6(7) = cAN)'(rc). Hence
{n(c):meG} = {g(n) :meGy={6(n): 1 G} (3.7)

Given u € M(G,M,,) and a function f : G — M,,, we define their rransposes by
pointwise transpose:

We note that
(wre ) = T

Foreach € (A}, the Fourier transform

fim) = ([, 7o w0

is a matrix of operators in M, ® B(Hy) and we have
() = ([ 26 dus0) =ty
It follows that, for each 6 € M(G,M,,), we have
Speco () = Speco/j(n). (3.8)
Lemma 3.3.7. Let 6 € M(G,M,) and 1 < p < . Then
Spec (T, L7 (G,My)) = Spec (Lyr,LP (G, M,,)).

Proof. If oo € C and Ty — ol has an inverse S € B(LP(G,M,)), we define ST €
B(LF(G,My)) by
SHH =S (FEL(GM).

Then L;r — ool has inverse ST Indeed, given f € L”(G,M,,), we have

(Lor —ad)S"(f) = 0"+ S(f)" —aS(f)" = (6" *S())") —as(f)"
= S(f)xo—aS(f) = f =S (Ler — al)(f).

The arguments can be reversed. O
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Proposition 3.3.8. Let 0 € M(G,M,,). Then

A(Ts,L! U Spec () C Speco.
reG

Proof. Let a € A(Ts,L') with f* 0 = af for some nonzero f € L' (G,M,).
Then there exists 7 € G such that f( m) #0. We have (o7 *ng) =fxo=oaf.
Hence (67 %, f7) = afT and o/'\T(n)fT( ) = ol f x0 [T (1) = chT( ) which gives
((/)'?(n) - ocl)ﬁ(n:) = 0. Therefore O/'\T(TE) — ol is not invertible, that is, o €
Specc/)'?(n:).

If o ¢ Spec o, then ¢ — 0.0, has an inverse € M(G,M,,) and hence

(6T —ad,) s+’ = (u*(c—ad,))! =8 =u’ + (67 —ad,).

It follows that, for all = € G, we have (GT/—\aSe)(n)[ﬁ(n) =1= ;ﬁ(n)

(O'T/—\Oc5e)(7r), that is, (/F\T(Tc) — o is invertible in M,, ® B(Hy). This proves
the last inclusion. O

We first develop a matrix spectral theory for abelian groups, and consider non-
abelian groups later. We need to extend the Plancherel theorem to the matrix setting.
For this, denote by M, > the vector space M, equipped with the Hilbert-Schmidt
norm and consider the Hilbert space L?(G, M, ) with inner product (-, -),, written

as <'7 >
Lemma 3.3.9. (Plancherel Theorem) Let G be abelian and let f € Ll(G M, 2)

12(G,My2). Then |[flls = ||/ and the mapping f € L (G, M,2) NI2(G,M, 2) —
fel? (G M,,2) extends to a unitary operator F : L*(G, My, ») — L? (G M, ).

Proof. The proof is similar to the scalar case, we outline the main steps which re-
quire matrix manipulation, for clarity. Let f € L' (G, M, ») N\L*(G,M,,») and let f* :
G — M, be the involution f*(x) = f(x~1)*. Then f* € L'(G,M, ) N L*(G,M,>)
and f*(y) = f(y)*. The function i = f  f* belongs to L' (G,M,2) N L*(G,M,)
and has Fourier transform % = f f* Consider the scalar function Tro 2 whose

Fourier transform Tro equals Tro h=Tro f f* which is non-negative on G.
By Lemma 3 1.1, Troh =Tro fx f* is continuous. Hence, by the scalar result,

Troh=Trohe L' (G) which gives h € L!(G, M, ) since [ A(Y)||ns < v/nl[2(Y) |11, <
/nTr(h(y)) by positivity of the matrx i (y). We also have

Troh(e / Troh(y

where dy is the Haar measure on G. It follows that



40 3 Matrix Convolution Operators
171 = 1o ( [0 Ferar) = ethce)
=10 ( [ 16707 a0)) = 13

We can now extend the isometry f € L'(G,M,2) NL*(G,M,>) — fe Lz(a,Mmg)
to an isometry F : L*(G,M,,) — L*(G,M,>) and it remains to show that JF is

surjective. Indeed, if g € Lz((A},Mmz) satisfies (ImF,g) = 0, then we have, for each
¢ € L*(G,M,),

F@.0=1( [0 @) =1( [ 7o) =0

where the map F' : L*(G,M, ) — L*(G,M, 1) is constructed similarly. Hence
F'(g) =0in L*(G,M,) and g = 0 in L*(G,M,,>). o

Given a subset £ C M,,, we denote by
AE ={o € C:det(A—ol) =0 for some A € £}

the set of all eigenvalues of the matrices in £. Using Lemma 3.3.9, the L?-spectrum
of 75 on an abelian group can be determined without difficulty. We prove a lemma
first.

Lemma 3.3.10. Let Q be a locally compact Hausdorff space and let f be an element
in the algebra C,(Q2,M,) of bounded continuous My,-valued functions on Q. Then
the spectrum of f in this algebra is given by

Specf =A{f(w): o € Q}.

Proof. Since C,(Q,M,) = C(Q,M,), where Q is the Stone-Cech compactification,
it is straightforward to show, using determinant, that

Specf =A{f(0): 0 € Q} D A{f(w): ® € Q}.

To see the reverse inclusion, let o be an eigenvalue of f(®) for some @ € Q with
o =limg wg and wg € Q. Then we have limg det(f(wg) — o) = det(f(®) — o) =0.
If det(f(wg) — &) = 0 for some f, there is nothing to prove. Otherwise, let € > 0
and choose |det(f(wg) — a)| < €". Let & be the eigenvalue of f(wg) — ol with the
least modulus. Since determinant is the product of eigenvalues, we have |[£| < €.
Now o +& is an eigenvalue of f(wg) and [(o+ &) — | = || < &. This proves that
o is in the closure of A{f(®) : ® € Q}. O

Remark 3.3.11. The above arguments also show that, if f vanishes at infinity, then
we have 0 € A{f(0): ® € Q}.
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Proposition 3.3.12. Let G be abelian and o € M(G,My,). Then the convolution op-
erator Lg : LZ(G,Mmz) — L2(G,M,,,2) is unitarily equivalent to the multiplica-
tion operator Mz : h € LZ(G,M,,@) — Oh € LZ(G,M,,@) via the Fourier transform
F:[X(G,My ) — L*(G,M,2), that is,

FLs = M3 F
and we have Spec(Ty,L*(G,M,)) = A{G(Y) : y € G}.
Proof. Define a map v : L™ (G,M,) — B(L*(G,M,,)) by

v =F '(fFR)  (f€L™(G.My2),h € L*(G,Mp)).

One can verify readily that y is injective and also an algebra homomorphism. More-
over, Y is a *-homomorphism. Indeed, given f € L™(G,M,) and h,k € L*(G,M,»),
we have

(k2 w(f)h) = (k,F 1 (f*F(h)) = (F(k), f*F(h))
—Tr ( /Gf(k)( f*f(h))*dl) —7Tr ( /G F(K)F(h)* fdl)

=Tr ( /G f}'(k)}'(h)*d?t) = (fF(k),F(h))
= (F ' (fF(k)),h).

Hence y is an isometry (cf. [62, Corollary 1.5.4]) and L“((A},M,,) identifies as a
unital C*-subalgebra of B(L*(G,M,,2)). We have 6 € L*(G,M,,) and

~

y(6)(h)=F "(6F(h)=F (F(oxh))=0*h=Ls(h)  (h€L*(G,M,2))
that is, W(G) = Ls and FLs = Mgz F. Also we have
Spec(Lg,L?) = Spec2(G.m,,)) V(0) = SPec; G 1.\ O

where the second equality follows from that L“(G,Mn) is a unital C*-subalgebra of
B(LZ(G,MM)) (cf. [62, Proposition 1.4.8]). Since T = L, we obtain

Spec(T5,L?*) = Spec(T%,L*) = Spec(Lg,L*) = Spech(a_MH)S’

and hence, noting that C,(G,M,) is a unital C*-subalgebra of L=(G,M,)),

Spec(Ty,L?) = Spech(aMn)& = Spech(ayMn)CN)'

which is the closure of A{G(y) : ¥ € G} by Lemma 3.3.10 and (3.7). O
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To define Fourier transform for 1 < p < 2, we use the Hausdorff- Young inequal-
ity as in the scalar case.

Lemma 3.3.13. (Hausdorff-Young) Let G be an abelian group and let 1 < p < 2.
Given f € LP(G,M,) N L' (G,M,), we have f € L4(G,M,) and || f|4 < n*||f]| -

Proof. Let u be the Haar measure on G such that we have the Hausdorff-Young
inequality N
1Allg < 117l

for h € LP(G)NL'(G) (cf. [27, 4.27)). Let f = (f;;) € LP(G,M,) N L' (G, M,,). For
7 € G, the Fourier transform f(7r) is the matrix ( fij(m)) € My, and we have

R 1/q ) R q/2
(f1rmiganm) < | [ (;j|ﬁj<n>|2> au ()

R q 1/q
( A (zm;w) du(n))

S lfiillg <nPf1lp-
ij

1/q

IN

IN

IN

O

Since LP(G,M,) NL'(G,M,) is | - || ,-dense in L (G, M,), the above lemma im-
plies that, for 1 < p < 2, the Fourier transform f € L”(G,M,) L' (G,M,) — f €
L1(G,M,) has a unique extension to a bounded linear operator on L” (G, M,), which
will still be denoted by f — f and called the Fourier transform of LP (G,M,).

To obtain further spectral results for abelian groups G, we introduce a use-
ful device, namely, the determinant of a matrix-valued measure. Let ¢ = (0; j) S
M (G, M,,) where G is abelian. We define its determinant, det o, which is a complex-
valued measure, by convolution:

deto =) sgn(T)0y¢(1) %+ * Opr(n)
T

where 7 is a permutation of {1,...,n}. This is well-defined since G is abelian. We
can now define the adjugate matrix of o, Adjo € M(G,M,), by convolution such

that
deto

(Adjo)xoc=0x(Adjo) = )
deto

Given that G is abelian, G is the group of characters and we have

-~

deto(n) =deté(nr) (€ G).

We have the following matrix version of a Tauberian theorem.
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Lemma 3.3.14. Let G be abelian and let 6 € M(G,M,). Then the following condi-
tions are equivalent.

(i) For each f € L=(G,My,), f * c =0 implies f is constant.
(ii) For each f € L”(G,M};), 6 *; f = 0 implies f is constant.
(iii) det & (7) # O for every m € G\{1}.
Proof. The equivalence of (i) and (iii) has been proved in [12].

(i) = (iii). Suppose det &' (1) = 0 for some 7T # 1. We can find a non-zero vector
& =(&,...,&) € C" such that 6(7)& = 0. Define a function f € L™(G,M;) by

& &
fx)=m(x)| : :
&n én
We have

o f(x) = [ dofi )

/ g &

—x() [ 2 Do) | 1
G £y &

but f is non-constant.
(iii) = (ii). Consider the complex measure detc whose Fourier transform sat-

isfies (m(n) #0 for each w € G\{1}. Let f = (fij) € L~(G,M;;) be such that
% f=0.Let fT and 67 be the transposes defined pointwise. Then

F707 () = [ 17 (v )do” (3) = (04 £)(0) =0
G

for A-a.e. x € G. Therefore

deto”
FT = fTxol xAdjc” =0
deto”

which gives fg xdeto = 0 where fg = fji € L”(G). We can apply the equivalence
(i) < (iii) to deto and L=(G). This implies that fj; is constant for all 7, j. Hence f
is constant. O

Remark 3.3.15. In the above lemma, (i) = (iii) can be extended to non-abelian
groups in which case, (i) or (ii) implies that 0 is not an eigenvalue of &(7) for
each 7 € G\{1}. However, (iii) = (i) fails for non-abelian groups. Let & be an
adapted probability measure on a non-amenable group G. Then there exists a non-
constant function f € L*(G) such that fx o = f (cf. [13, Proposition 2.1.3]). By [10,
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Lemma3.11], 0'/—\36(71) is invertible in B(H) for every T € G\{1} while f satisfies
f*(0—0,) =0. This reveals a different spectral phenomenon between abelian and
non-abelian groups.

Proposition 3.3.16. Let G be abelian and let 6 € M(G,M,). Then
A(T5,L7(G,M,)) = A{G(m) : w € G}
and A(Ts,LP) C AG(G) for all p < .

Proof. Let o be an eigenvalue of T so that f* o = o.f for some non-zero f €
L (G,M,).If f is constant and equal A € M,, say, then @A = Ac(G) = AG (1) gives
A(6(1) — al) = 0. Hence 6 (1) — alf is not invertible since A # 0, that is, ¢ is an
eigenvalue of 6(1).

If f is non-constant, then f * (0 — @8,) = 0 and Lemma 3.3.14 imply that there

is some 7 € G such that detc — .8, () = 0. Hence

L —

det(o(n) — o) = deto — ab.(m) =0

that is, o is an eigenvalue of 6 (7).

Let o € A{G(n) : w € G} and say, ot is an eigenvalue of &(7). Then there exists
a non-zero vector & = (&;,...,&,) € C" such that 6(n)*& = a@&. Define a non-zero
function f € L*(G,M,) by

El"'éﬂ
0---0
fx)=m(x) : : (x€G).
0.0 0
Then we have
51 En El En
0---01]_ 0 0
fxo(x)=rmn(x) : : o(m) =an(x)
0 O 0 0
since E0---0 E0---0
sm | i i|=al i
E,0--- 0 020

Hence f+ 0 = o f and o € A(T5,L7).
The last assertion follows from Lemma 3.3.2 (i). O
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Proposition 3.3.17. Let G be abelian and let 6 € M(G,My,). Then we have
A{G(n): 7 e G} C Spec(Ty, L)

forall p € [1,).

Proof. First, consider the case 1 < p < 2. Let & be an eigenvalue of 6(7) for some
7 € G. We show that

To —al : L’ (G,M,) — L"(G,M,)

is not invertible. Suppose otherwise, it has a bounded inverse S : L?(G,M,) —
L?(G,M,) which commutes with left translations. Let K be a compact subset of G
with positive Haar measure and define the function k € LP(G,M,) NL*(G,M,) by

XK
k:
XK
where xg is the characteristic function of K. By surjectivity, there exits

h € LP(G,M,) such that
hxo—oah=k

which, as G is abelian, gives ho — oh = k almost everywhere on G. Let D:
L?(G) — L?(G,M,,) be the natural embedding

f

D(f)=| -
f

Given 1 <i,j <mn, let y: L?(G,M,) — L?(G) be the projection onto the ij-

component: y(g) = g;;j for g = (gij). Then the mapping yoSoD: L?(G) — L?(G)
commutes with left translations and by [44, Corollary 4.1.2], there exists a function

-~

¢ € L”(G) such that

~ —_— -~

hij = w(h) = ySD(mxx) = @ wxx € L”(G).

It follows that i € L=(G, M,,).
Let {Vg} be a net of neighbourhoods of 7 decreasing to {x}. Since Vg has posi-

tive Haar measure, we can find yg € Vg such that H;I\(YB)”Mn < ||ZHW and

h(¥5)6(¥p) — oth(y5) = k(1p).-

Therefore

|detk(yp)] < [h(yp)|l3, | det(S (y5) — 00)| < ||h]|"] det(G(yp) — )]
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where & is continuous, giving
0 < A(K)" = |detk(m)| < ||| det(G (n) — )| =0

which is a contradiction. Therefore T5 — f is not invertible and a € Spec(7y,LP).
For 2 < p < oo, the conjugate exponent ¢ satisfies 1 < g < 2 and the above argu-
ments are applicable to Lz which commutes with left translations. Hence we have

Spec(Ts,LP) = Spec(Lg,L7) D Ag(é) =AG(G).
O

The reverse inclusion for the above result requires absolute continuity of ¢. To
prove it, we use a Wiener-Levy type theorem and we first develop some technical
tools by adapting the ideas for the scalar case in [55] to the matrix setting.

Let G be an abelian group. We begin by noting that, given a compact set K con-
tained in an open set W in the dual group G, one can find a function f € L' (G, M,)
such that

~ [ Im, on K
10 onG\W.

Indeed, one can find i € L'(G) whose Fourier transform h equals 1 on K, and van-
ishes outside W. Then the diagonal

satisfies the requirements. Let
AGM,) = {f: f €L (G,M,)}.

Then, as in the scalar case, A((A},M,,) is a Banach algebra under the pointwise prod-
uct and the norm

A= A1

Naturally, we call A(@,M,,) the matrix Fourier algebra of G.

Lemma 3.3.18. Let G be abelian and let f € L'(G,M,). Given { € G with a neigh-
bourhood W C G of £, and given € > 0, there exists a function h € L' (G, M,,) with
|2]]1 < € such that h =0 on G\W and

in some neighbourhood of €.
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Proof. This follows easily from the scalar result. Let f = (f;;). By [55,
Theorem 2.6.5], we can find h;; € L'(G) with |||, < &/n? such that ;; = 0
outside W and E()/) - i:,\,()/) = j‘;(é’ ) in some neighbourhood V;; of (. Let
h= (h;j) € L'(G,M,). Then

1/2
il = [ 10 d20) < [ <z|h,-,»<x>|2> e
‘ ij (X X }12 € =
<3 Itlaie) <o () =

n2

and we have /1 = (ﬁ;) =0 outside W with f(y) — h(y) = £({) in the neighbourhood
th‘j of §. O
i.J

Lemma 3.3.19. Let G be abelian and let f € L' (G,M,). Given & > 0, there exists a
function v € L' (G,M,,) such that its Fourier transform v has compact support and

If=fxvli<e
Proof. We assume f = 0. We first note that the set
{v € L'(G,M,) : ¥ has compact support}

is dense in L! (G, M,,). Indeed, by the scalar result, given f = (fi;) € L'(G,M,) and
for § > 0, one can find v = (v;;) € L' (G, M,) satisfying

o
lvij — fijllh 2

and v;; has compact support. Since the support of v is contained in U suppv;;, it is

ij
also compact. As before, we have

0
v = £l < X llvig = fijlle <n? (nz) =0.
LJ

Now, since L' (G, M,) has an approximate identity, we can find u € L'(G,M,,) such
that || f — f *ul|; < &/2. Choose v € L' (G, M,,) such that v has compact support and

[lu— vl <

€
2/l £l

Then we have

1f = vl < IF = Frulli+1Fx w=v)[l <e.
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Definition 3.3.20. Let G be an abelian group. A function y : G — M, is said to
belong to A(G,M,) locally at { € G if there are a neighbourhood V of { and a
function f € A(@,M,,) such that y = fon V.If G is not compact, we say that
v belongs to A(G,M,) at o if there are a compact set K C G and a function f €
A(G,M,) such that y = f on G\K.

Lemma 3.3.21. If a function y : G — M, belongs to A(@,M,,) locally at every
point of G, including = if G is not compact, then we have y € A(G,M,,).

Proof. First suppose y has compact support K C G. Then there are open sets
Vi,..., Vi and functions fi,... fx € A(G,M,) suchthat K C Vi U---UV, and y = f;
on V;. Choose open sets W; C Vi with compact closure W; C V;and K C W;U---UW,.
As noted earlier, we can find h; € A(G,M,) satisfying

~ I on W;
" 10onG\V.

We have l//iz\,- = f,'iz\,' € A(@,Mn) for each i which implies
w=y(l—(1=h)(1—h)-(1—h)) € A(G,M,).

Now, without any assumption on y, since Y belongs to A(@,M,,) at oo, there
are a compact set K C G and a function g € A(G,M,) such that y = g out-
side K. Therefore y — g has compact support and by the above arguments, we have
y—g € A(G,M,) and hence y € A(G,M,). O

A holomorphic map F : E — F between complex Banach spaces has a series
expansion around a point zg € E of the form

|
F(z)= Y, 1 D'F(20)(z=20,...2=20)
n=0"""

where D"F (z9) : E" — F is the n-th derivative of F at zo. We will use another form
of the Taylor series for a holomorphic map F : M,, — M,, which is more suitable
to our purpose. We note that, when equipped with the Hilbert-Schmidt norm || - ||,

the Hilbert space M, identifies with the complex Euclidean space C" via
(zij) EMy— (Zi1,- 120152125+« 1202, - -+ Znn) € cr.
Therefore, by considering each ij-th entry of
F=(F):C" —M,,
its Taylor series near w = (w;;) can be written in the form

F(z) =Y Ac(z—w)"
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where Ay € M, and we adopt the usual convention of multi-indices: Kk =

(Kit,. .., k) and w* = wil' - w¥m_ We note that the neighbourhoods of w can be

described by any norm on M, since all norms are equivalent on M,,.
We are now ready to derive a matrix version of a Wiener-Levy type theorem. We
note that each f € A(G,M,,) vanishes at infinity and therefore the closure of its range

in M,, contains 0 if G is not compact.

Theorem 3.3.22. Let fe A(@,M,,) and let U be an open subset of M,, containing

the closure f( ) Then for any holomorphic map F : U — M, satisfying F(0) =0
if G is non- compact, there exists a function ¢ € A(G M,,) such that

We will denote @ by F(f)

Proof. We need to show that the function F o f : G —> M,, belongs to A(@,Mn). By
Lemma 3.3.21, it suffices to show that F o f belongs to A((A},M,,) locally at every
point of G U {eo}. Fix € GU {eo} and define f (o) = 0

Regardu as a subset of (M, || - ||lns) = C" and let F&) =w=(Wil,...,wm) €
C". Choose £ > 0 such that F has the Taylor series expansion

F(z) =F(w)+ Y Ac(z—w)"

which converges absolutely for ||z —wl|,,» <€, where A
By Lemma 3.3.18, and by Lemma 3.3.19 if { = oo, we can find a function g =
(gij) € L'(G,M,,) with ||g||; < &/n? such that

F) =7(8)+a(v)

in some neighbourhood of {. On G, consider the M,-valued function
D Axg®
K

where, for K = (K1, ..., Kmn), g* is the complex function

gF =g x o x g
on G, and gf;j is the K;;-times convolution g;; * - - - * g;;. We have

gl < llguill{™ -+ llgmall ™

and [g;;(x)| < [lg(x)[Ins < nllg(x) s, implies

1/2 1/2
(zw%) < (zn2|g|%) = (n*lg})? <.
i,j LJ
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Therefore the series
ZI\AKIIIIgnIIK“ Ngnnll T

converges. Hence the series Y, Axg" converges in L!(G,M,) to a function, say,

h € LY(G,M,). We have
h= ZAKg/.\llK” ,,,g’;;lKnn
K

and
F(f(7)) = F(F(0)+ X Aclf(7) — F(§))F

= F(f(£) + X Ag(7)

~

= F(f($) +h(y)

in a neighbourhood of ¢ and, we can find a function /z; € A(@,M,,) which equals
the constant F(f({)) in a smaller neighbourhood. This proves that F o f belongs to
A(G,M,) locally at every point of GU {eo}. O

We can now describe the L”-spectrum in the abelian case.

Theorem 3.3.23. Let G be abelian and let 6 € M(G,M,,) be absolutely continuous.
Then we have N

Spec(T5, L7 (G,M,)) = A{o(r) : & € G}
for1 < p <o
Proof. Let 6 = h- A for some h € L'(G,M,). We first consider p = 1. Suppose
o ¢ AG(G) = Ah(G). We show that

Ty —al:L'(G,M,) — L'(G,M,)

is invertible. We have o ¢ A(Ty,L") for if fe L' (G,M,) satisfies f* (0 —ad,) =
then f(G — a) = 0 where, for all y € G, the matrix 6(y) — o is invertible in M
since det(6(y) — o) # 0 and hence f(y) =

It remains to show that 75 — « is surjective. Consider the continuous function
v : M, — C given by

y(A) =det(A — o) (AeM,).

We note that the compact set 1//( (A)> does not contain 0. Otherwise, we have

0 = y(A) for some A = limg h(yB) with € G. It follows that limg det( (v8) —
o) = det(A — a) = 0 and one argues as in the proof of Lemma 3.3.10 to get a
contradiction that o € Aﬁ(@) We can therefore find an open set V in C containing
Y (ﬁ(é)), but not 0. This gives an open set / = y~!(V) in M, containing E(é)
such that, for each A € U, the matrix A — o is invertible in M,,.
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We consider two cases : (iA) o #0and (il) @ = 0. N

Case (i). This occurs if G is non-compact since / vanishes at infinity and 0 €
AZ(G\) by Remark 3.3.11. We define a holomorphic map F : U/ — M, by F(z) =
z(z—a)~!. By Theorem 3.3.22, there exists f € L' (G, M,) such that f = F (h). Then
we have f(y) = F(h(y)) = h(y)(h(y) — &) for y € G.

Given g € L' (G, M,,), we define

1
u =
o

(8*f—2g)

Then we have (75 — af)(u) = g since

o~ A~

(e (0~ o) =lh—0)= (&~ Dh-0)= | @~ 0)~gh+ag) =&

Hence T — ol is invertible and o ¢ Spec(T,,L'). This proves Spec(7s,L') C
AG(G).

Case (ii). If a = 0, then A(Yy) is invertible in M,, for all y € G and we can apply
Theorem 3.3.22 to the holomorphic function F(z) = z~! to obtain a function f €
L'(G,M,) satisfying f(y) = h(y)~! for all y € G. Given g € L'(G,M,), we have
g = Ts(u) for u = g f. Hence Ty is invertible which also proves Spec(T, L") C
AG(G).

Now it follows from Proposition 3.3.17 that Spec(7s,L*) = Spec(Ts,L') =

~

AG(G). The same conclusion for 1 < p < e follows from Lemma 3.3.2 and
Proposition 3.3.17. a

Remark 3.3.24. The above result extends the known description of the scalar L”-

spectrum for abelian groups: Spec (75, L” (G)) = 6’(6) if o is absolutely continuous.
Without absolute continuity, the result is false for p # 2 (see, for example, [52,66]).

Corollary 3.3.25. Let G be a discrete abelian group and 6 € M(G,M,,). Then we
have Spec(Ts,L*(G,M,)) = A(T5, L= (G, M,,)).

Proof. Since Gis compact, the set A&(@) is closed by continuity of 6 and the deter-
minant function det. Hence the result follows from Theorem 3.3.23 and Proposition
3.3.16. O

Given an abelian group G, the Fourier algebra A(G) = (L'(G)) is abelian and
its spectrum identifies with G. Hence the spectrum of each element f € A(G) is the

closure of f(G). The matrix Fourier algebra A(G,M,) is non-abelian and we have
the following spectral result.

Corollary 3.3.26. Let G be an abelian group. The quasi-spectrum of an element n
in the Banach algebra A(G,M,) is given by Spec'h = Ah(G)J{0}.
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Proof. First, assume that G is non- compact. Then as remarked before, we have

0 € Ah(G). Let o € Ah(G)\{0}. We show h/a has no quasi-inverse in A(G,M,);
otherwise, let g be its quasi-inverse, then 7/ ot + g = (h/a)g implies

(af —0g(y) (el —h() =1  (y€G).

Taking determinant both sides, we get a contradiction since det(o — Z(YO)) =0 for

some ) € G. Hence we have Aﬁ(@) C Spec'h.

To see the reverse inclusion, we show that Spec’ 7 C Spec(Tor,L1 (G,M,)) and in-
voke Theorem 3.3.23, where 6 = - A. Indeed, if 75 — B1: L' (G,M,)) — L' (G, M)
is invertible for some f3 # 0, then we can find fe L! (G M,,) such that f«h— ﬁf h
giving f(h B)=hand h/B+ f = (h/B)f. Hence h/B has quasi-inverse f and
B ¢ Spec’ .

Finally, if Gis compact, then G is discrete and A(G M,) is unital and the identity

is the constant function on G taking value I € M,,. Similar arguments as above yield
Spech C Spec(Ty, L' (G,M,)). This completes the proof. O

In connection with the results above, we consider, given ¢ € M(G,M,,) and f €
L'(G,M,), the existence of solution to the matrix convolution equation & * ¢ = f in
L'(G,M,).

Proposition 3.3.27. Let G be abelian and o € M(G,M,,). The following conditions
are equivalent.

() Ts : L' (G,M,) — L' (G,M,) has dense range.

(ii) Lg : L' (G,M,)) — L'(G,M,) has dense range.
(iii) deto(7) # 0 for each m € G.
Proof. (i) = (iii). Condition (i) is equivalent to injectivity of 75 = L :
L*(G,M}) — L*(G,M;) which, by Lemma 3.3.14, implies that deto () # 0
for T € G\ {1}, or, deto(m) # 0 for & € G\{1}. Pick h € L' (G, M,,) such that

deth(1) = det / hd, 0,

for instance, one can choose /4 to be a diagonal matrix with a diagonal entry k €
L'(G) satistying [;kdA # 0. Condition (i) gives a sequence (h,) in L'(G,M,) such
that (4, * o) is norm convergent to 4. It follows that

h() = 11,1111%\6(0 = lim, (1)3 (1) #0
which implies that det (1) # 0.

(iii)) = (i). We show that Ls is injective. Let f € L*(G, M) satisfy ¢ *, f = 0.
Applying Lemma 3.3.14 to &, we conclude that f must take constant value A € M,,,
say. Then

8(1)A = 6'*[f:0

implies that A = 0 since G(1) is invertible.
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(i1) <= (iii). Condition (ii) is equivalent to injectivity of the dual map L*& =T5:
L=(G,M?) — L=(G,M}), that is, 0 ¢ A(Ts,L™(G,M*)) = A(Ts,L=(G,M,)). The
last equality holds because M} = (M,,|| -||1) and a bounded M -valued function can
be regarded as a bounded M,,-valued function, and vice versa. O

Corollary 3.3.28. Let G be abelian and o € M(G,M,,). The following conditions
are equivalent.

() Ty : L'(G,M,)) — L'(G,M,) is surjective.
(ii) Lg : L' (G,M,) — L'(G,M,) is surjective.
(iv) 0 ¢ Speco.

Proof. By Lemma 3.3.2 and its proof, we have Spec & = Spec(Lz,L' (G,M,)) and
we only need to show (i) = (iv) <= (ii).
(i) = (iv). By Proposition 3.3.27, we have 0 ¢ A(75,L”(G,M,)) and hence
0 ¢ A(Ty,L'(G,M,)) by Lemma 3.3.2. Therefore Ty is invertible on L' (G, M,,).
Similar arguments yield (ii)) = (iv). O

Example 3.3.29. Let o be the Gaussian measure on R. Then the convolution op-
erator Ty : L' (R,M,) — L'(R,M,) is not surjective, but has dense range. In fact,
if G is a non-discrete abelian group and if ¢ = f - A is absolutely continuous, then
Ty : L'(G,M,) — L'(G,M,) is never surjective, for otherwise, we would have
f=hxo =hxf for some h € L'(G,M,) which gives f(7) = h(%)f(%), with
f(#) = 6(7) invertible for all 7 € G by Proposition 3.3.27, and hence (%) = I
for all € G which is impossible.

We note that surjectivity of Ty : L' (G,M,) — L'(G,M,) implies invertibility of
Ts : LP(G,M,) — LP(G,M,), for 1 < p < e, by Lemma 3.3.2 (iv); but the converse
need not be true by Remark 3.3.24, since there are abelian groups G for which one
can find y € M(G) with Spec u\Spec (T, L?(G)) # 0.

We have the following criterion for surjectivity of Ty on L?(G,M,,).

Lemma 3.3.30. Let H be a Hilbert space and T € B(H) with adjoint T*. Then T is
surjective if, and only if, SpecTT* C [c, o) for some ¢ > 0.

Proof. We first note that the range 7'(H) is closed if, and only if,
SpecTT* C {0} UJc,)

for some ¢ > 0 (cf. [6, p.95]).
Let T be surjective. Then T*(H) is closed by the above remark, and we only need
to show 0 ¢ Spec TT*. Since H = T*(H) & T*(H)", we have

H=TT*(H)+T(T*(H)*)=TT*(H).

By self-adjointness, TT* is injective and O ¢ Spec TT*.
Conversely, 0 ¢ SpecTT* implies that H = TT*(H) and T is surjective. O
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Corollary 3.3.31. Let G be an abelian group and 6 € M(G). The following condi-
tions are equivalent.

() To : L*(G) — L*(G) is surjective.
(i) |6(G)| C [c,0) for some ¢ > 0.

Proof. Let o be the complex conjugate of 6. We have Spec 7575 = SpecToT; =

SpecT;, = 0% 6(G), where 6% 6(G) = |6(G)|? since 6+ = 66 = |6/2. Now
Lemma 3.3.30 gives the result. O

For any group G, the operator Ty : L'(G,M,) — L'(G,M,) has dense range
i, and only if, 0 ¢ A(Ls,L™(G,M})) = A(Lg,L™(G,M,)) = A(Tsr,L=(G,My)),
the latter equality follows from the fact that (G *, f)7 = fT x &7 for every f €
L*(G,M,).

Corollary 3.3.32. Let 6 € M(G,M,) be such that T : L' (G,M,,) — L' (G,M,) has
dense range. Then 0 is not an eigenvalue of 6 (1) for each € G.

Proof. Injectivity of Lg : L*(G,M,) — L=(G,M,) implies that 0 is not an eigen-
value of & () for © € G\{1}}, by Remark 3.3.15. The rest of the proof is similar to
that of (i) == (iii) in Proposition 3.3.27. O

A complex-valued measure o is called symmetric if 6 = . Extending this no-
tion, we call an M,,-valued measure o symmetric if 6 = o, The above remarks give
the following result.

Proposition 3.3.33. Ler 6 € M(G,M,) be symmetric. The following conditions are
equivalent.

() Ty : L'(G,M,) — L'(G,M,) has dense range.
(i) L : L' (G,M,)) — L'(G,M,) has dense range;

Corollary 3.3.34. Given a symmetric ¢ € M(G,M,), the following conditions are
equivalent.

() Ty : L'(G,M,)) — L'(G,M,) is surjective.
(ii) 0 ¢ Speco.

Proof. Condition (i) implies 0 ¢ A(T5,L' (G,M,)). O

We now develop a device to study the spectrum of Ty : L?(G,M,) — L*(G,M,)
for non-abelian groups G. We will show that 77 identifies with an element of the
C*-tensor product C;(G) ® M,» of the reduced group C*-algebra C;(G) and M.
From this, we deduce several results about the spectrum Spec (Ty, L (G, M,)). We
first recall some basics of group C*-algebras. Since we use the right Haar measure
A on G, we define the group C*-algebra of G by the right regular representation
p : G — B(L*(G)) which is given by
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p()h(y) =h(yx)  (xy€G,heB(L*(G)).

We note that L' (G, M,,) is a Banach -algebra in the convolution product and the
involution

Fo) =066 (k€6

where * denotes the involution in M,, and A is the modular function of G. The
regular representation p extends to a representation of the Banach algebra M(G),
still denoted by p:

pu)() = [ plhdu() =h+fi (1€ M(G).heLX(G))
and for f € L'(G) C M(G), we have f&g €L'(G) and
PUNNE) = [ FOIM)arG) =h+FRglx)  (heLX(G))

The reduced group C*-algebra C;:(G) is defined to be the norm closure p (L!(G))
in B(L?(G)). The group C*-algebra C*(G) is the C*-completion of L'(G), that is,
the completion with respect to the norm

17 = sup{l ()]}

where the supremum is taken over all -representations 7 : L' (G) — B(Hy). The
regular representation p of L!(G) extends to a representation p’ of C*(G) and we
have p’(C*(G)) = C}(G). Although p is injective on L'(G), its extension p’ need
not be so on C*(G). In fact, p’ is faithful on C*(G) if and only if G is amenable.

To put our device for T in perspective, we make use of C*-crossed products
which extend the above construction of C*(G). Let (A, G, ) be a C*-dynamical
system, that is, A is a C*-algebra, G a locally compact groupand B :1 € G— f; €
Aut . A is a homomorphism to the automorphism group Aut.4 of A such that the map
t € G PBi(x) € Ais continuous for all x € A. We refer to [51] for an exposition of
C*-dynamical systems and C*-crossed products.

Let L'(G,.A) be the Lebesgue space of .A-valued A-integrable functions on G. It
is a Banach algebra with the following product and involution:

f-h(x) = /Gﬁy(f(xy’l)’I(Y)WL () (f,heL'(G.A)x€G)

F10) =060 DB(FY) (FELNG A)xEG)
where * denotes the involution in A. The C*-crossed product G x g A is defined

to be the C*-completion of L!(G,.A). In particular, if A = C, then the action f3 is
trivial, that is, each f3; is the identity map of A, and the crossed product G xg C
reduces to C*(G).
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Given A C B(H), let L>(G,H) be the Hilbert space of H-valued L? functions
on G, with respect to the Haar measure A. One can construct, as before, a regular
representation B’ : G x g A — B(L*(G,H)) satisfying

B/ = [ B(70)) () (.9

for f € L'(G,A),h € L*(G,H) and x € G. The image (G x g A) is the reduced
C*-crossed product G x g, A.

Given a C*-dynamical system (A, G, 1) in which the action t is trivial, the crossed
product G x; A is the projective C*-tensor product C*(G) ®max A, while the reduced
crossed product G X, A is the injective C*-tensor product C; (G) ®min A.

We identify M > with the unique C*-tensor product M,, ® M,, and embed M,, into

M,> viathe map A € M, — Iy, ® A € M,2, where Iy, ® A : C"” — C" is a linear

n
map.

If we identify M, with the vector space C" via the map
2

(bll) e Ml’l — (bllv"' 7bnl7b127"' 7bn27~~~ 7b1n7~~~ 7bnn) e Cn (310)
then for each B = (b;j) € M,, = C" in (3.10), we have
bui
bn1
(Im, ®A)(B) = . . | =48 (3.11)
bin

bnn

where AB is regarded as a vector in C” asin (3.10).

Now, given an absolutely continuous ¢ € M(G,M,), we are ready to identify the
convolution operator Lg : L*(G,M,) — L*(G,M,) as an element in the reduced
C*-crossed product G XM, .

Proposition 3.3.35. Let ¢ € M(G,M,) be absolutely continuous. Let M, » be the
vector space M, equipped with the Hilbert-Schmidt norm. Then the convolution
operator Lg : L*(G,M,2) — L*(G,M,») is an element in the C*-tensor product
Ci(G)®@M,p.

Proof. Leto = f- A forsome f € L'(G,M,). Let 1® f : G — M, be the function
Qo)) =, f(x)  (x€G).

Then we have 16 f € L' (G, M,).
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Consider the C*-dynamical system (M,»,G,1) in which M, acts on the Hilbert
2 . . .. .
space C" and the action t is trivial. The regular representation

VG x, My — B(L2(G,C™))

is as defined in (3.9). We have, by (3.11),
V(10 f)h(x) = /G(l O NG (h(xy)dAy)  (heL*(G,CT).x€G)
= [ (@ FOD () w)

= [ rO)a)an )
= Lsh(x)

where M, » is the Hilbert space C" . Hence Ls="10f)e(Gx Mp)=C:G)®
M,. O

Remark 3.3.36. In the above proof, if we regard G x; M,» as the tensor product
C*(G) ® M,», then the regular representation 1’ is just the representation p’ ® 1 of
C*(G) ® M2, where p’ is the regular representation of C*(G) and 1 the identity
representation of M,».

Proposition 3.3.35 provides us with a useful device to compute the spectrum
Spec (Ty, L*(G,M,)). Indeed, we noted before that the spectrum does not change
if one replaces the norm of M,, by the trace norm or the Hilbert-Schmidt norm, and
therefore we have

Spec (T, L*(G,My)) U{0}
= Spec(Ty,L*(G,M,;)) U{0}
= Spec (L&,LZ(G,MmQ)) u{0}
= Speci(12(Gm, ) Ls U{0}
= SPeCy 126, ) Lo
= Spec ’C:(G)®M”2 Ls
where, we note that, given an element a in a C*-subalgebra A of another one B, the

two quasi-spectra Spec’ya and Specza are equal. The C*-algebra C;'(G) @ M,
has an identity if G is discrete, in which case, we have Spec (T,L*(G,M,)) =

Specc; (Gyem,, Ls-

Corollary 3.3.37. Let G be a discrete group such that C}(G) has no proper projec-
tion. Then the spectrum Spec (Ts,L*(G)) is connected for each 6 € M(G).

Proof. Since C;(G) is projectionless, functional calculus implies that every element
in Cf(G), in particular Lg, has a connected spectrum. O
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It has been conjectured by Kadison that the reduced C*-algebra C;(G) of a tor-
sion free discrete group G is projectionless. The free groups of at least two genera-
tors verify this conjecture, as well as some others (cf. [2, p.90]).

The spectrum of a C*-algebra A is defined to be the space A of (equivalence
classes) of non-zero irreducible representations 7 : A — B(Hy) of A [23, 3.1.5].
Given a self-adjoint element a in a unital C*-algebra A, we have

Specya = U Spec g, T(a)

TEA

(cf. [23, 3.3.5]). In fact, the above equality holds for an element a € A satisfying
o € Specqa <= a— o1 hasno left inverse in A. (3.12)

If A is non-unital, with unit extension A; = A @ C, then we have the identification
A 1= AU {®} where o is the one-dimensional irreducible representation of A| an-
nihilating A (cf. [23, 3.2.4]). In this case, for a € A satisfying (3.12) in A{, we have
the quasi-spectrum

Spec a = Spec, a = lJ Spec(a)
TEGA\I
= | J Specn(a) U Spec w(a) = | J Spec(a) U {0}.

TEA TEA

The spectrum 67(5) identifies with G [23, 13.93] where each 7 € G is identified
as the irreducible representation of C*(G) satisfying

n(f) :'/Gf(X)ﬂ(X)dl(X) (f € LY(G) c C*(G)).

The spectrum C#(G) identifies with the following closed subset of G, the reduced
dual of G: R o R

G, ={1p':1€C:(G)y={neG:kermt Dkerp’}
where p’ is the right regular representation of C*(G). In general 6, # G, but they
coincide if G is amenable [23, 18.3].

Lemma 3.3.38. Let ¢ € M(G,M,) be symmetric. Then for o € C, we have o €
Spec(Lg,L*(G,M,2)) if, and only if, Ls — ol has no left inverse in B(L*(G,M,»)).

Proof. Let i = 0 — a8, Then i = u” and L = L — aul.
It suffices to show that if L; has a left inverse S : L*(G,M,2) — L*(G,M,>),
then Lﬁ has a right inverse. Taking dual, we have I = L;ilS* =T,8% thatis, f =

S* f % u for each f € L?(G,M,,). It follows that

fr= ) =l (SN =1+ (ST (f €LX(G,My2))
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by symmetry of y. Define R : L*(G, M, 2) — L*(G,M, ) by

R(f)=(S"F)" (f €L7(G,My2)).
Then we have
LaR(f) =[x R(f) =i (S ) = f
for each f € L*(G,M,,). Hence R is a right inverse of L. O

Corollary 3.3.39. Let G be a locally compact group and ¢ € M(G,M,,) be ab-
solutely continuous and symmetric. Then we have

Spec (To,L*(G,M,)) U{0} = [ J Speco(m) U{0}.

neG,
If G is discrete, {0} can be removed.

Proof. By absolute continuity, we identify ¢ as a function in L'(G,M,) and con-
sider L in C;(G) ® M,». By Lemma 3.3.38, L satisfies (3.12) and hence

Specc (jem , Lo = U Specy(Ls)u{0}
Ye(GH(G)oM 2 )™
= |J Spec(r®1)(Ls)U{0}.
teC;(G)

Let 1 = 1p’ € G, C G where T € C?(E) and p’: C*(G) — C}(G) is the right
regular representation.
Let F € L'(G,M,) be the function

F=100=
o

We can write F = ¥;; F;j ® e;j, where F;; € L' (G) and {e;;} is the canonical matrix
unitin M,». By Remark 3.3.36 and as in the proof of Proposition 3.3.35, we have

(t21)(Lz) = (t@1)('1e0))
= (t@1)(p'®1) (ZFU@%)
ij
=27 (Fj) @ eij = D m(F)) @eij
i 17
n(o)
= = Iy, @ 7(0).
n(0o)
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Hence Spec (7® 1)(Lg) = Spec (I, ® n(0)) = Spec (o) = Spec g(n), by (3.6).
It follows that R
Spec’cﬁ((;)@anLg = | J SpecouU{0}.
neG,
Hence, by (3.8), we have
Spec Ty, L*) U {0} = Spec s (G)em , L5
— | Speca” (z) U{0} = | J Spec(x) U{0}.

TEGGV TEGGV

If C;(G) has an identity, the above arguments can be applied to the spectrum of
L5 instead of its quasi-spectrum. a

Example 3.3.40. The Heisenberg group

Ixz
H= Oly |:x,yzeR
001

is amenable and we have (cf. [27, 6.51])
H={Yup:a,b eR}U{T :1 € R\{0}}

in which |
Xap : (X,3,2) € H i M) € T,

G H — BL2(R)) and (x.y,2)f(w) = 5O flwtx) (f € L2(R))

where an element in H is naturally denoted by (x,y,z).

For 0 € M(H), the set U__; Spec G () is given by

{Ae—zni(awh)')do-(x,y,z)2a,bE]R}U{SpeC/HTt(fx,fy,xyfz)dc(x,y,z):t#O}

which yields the spectrum Spec (T, L?(H)) if o is absolutely continuous and sym-
metric.

If o is the unit mass 5(x707z) or 5(0%0) where y # 0 and x or z is non-zero, then
the translation operator T, has spectrum Spec (75, L= (H)) = T. This follows from

Proposition 3.3.8 since |J_ g Spec 6(t) =T where

3(x,0,z) (Xap) = o 2miax . 3(0%0) (Xap) = o 2miby

-~

S0 (T)f(W) = P f(w—x);  o0)(T)f (W) = e 27V f(w)

with Spec (/‘5\(x707z)(1,) = e’z’”’zgx(@) and Spec (/‘5\(07),’0)(1,) = {e 2V 1y € R} (cf.
Example 2.1.13).
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Example 3.3.41. An important problem in spectral geometry is the computation of
the spectrum of the Laplacian. One can use Corollary 3.3.39 to compute the spec-
trum of a discrete Laplacian £; of a homogeneous graph.

A graph (V,E) is called a homogeneous graph [19] if the vertex set V is a homo-
geneous space of a discrete group G with a graph condition, by which we mean G
acts transitively on V by a right action (v,g) € V x G — vg € V so that V is repre-
sented as a right coset space G/H of G by a finite subgroup H and the edge set E is
described by a finite subset K = K~! C G in that (v,u) € E if, and only if, u = va for
some a € K. We denote a homogeneous graph by (V,K), with the edge generating
set K, and by |K]| the cardinality of K. We note that (V,K) is a Cayley graph if H
reduces to the identity of G.

Given a homogeneous graph (V,K) with weight given by a positive symmetric
measure ¢ on G supported by K, satisfying |K| =Y ,cx 0{a}, the discrete Laplacian
L4, acting on real or complex functions f on V, is defined by

L4 0) = g T ()= f)oa)
(0}
—f*(5e—|K|>(V) (vev)

which is a convolution operator on V = G/H, as defined in (3.15). The opera-
tor I — L is the transition operator. For a Cayley graph (V,K), it follows from
Corollary 3.3.39 that the L*-spectrum of L is given by

- U {Spec (2 o{a}|K|17r(a)> ‘me 6}

ack

If we let £, act on M,-valued functions on V, the L?-spectrum of £ is an example
of a vibrational spectrum [20] for the graph (V,K) and in this case, one can also
describe the spectrum using Corollary 3.3.39.

Recently, Corollary 3.3.39 has been extended to the setting of homogeneous
spaces in [7, Theorem 2.3] which can be used to describe the spectrum of £; for
any homogeneous graph (V,K).

It may be of interest to note that the L?>-spectrum of certain transition operator
on the discrete lamplighter group, the wreath product Z,wr Z, has been used in [35]
to construct a counterexample to a conjecture of Atiyah concerning the L>-Betti
numbers of closed manifolds.

Corollary 3.3.42. Let G be a finite group and let 6 € M(G,M,,) be symmetric. We
have

A(Ts,07(G,M,)) = Spec (Ts, 0P (G,M,)) = Spec (T5, 1> (G, M,))=A{G(n) : T € G}

forall p€10,1]
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Proof. Since G is finite, each 7w € 6, =G and /7 (G,M,) are finite-dimensional and
hence Corollary 3.3.39 yields the result. O

The symmetry condition can be removed from the above result. In fact, the result
is true for compact groups and absolutely continuous o.

Proposition 3.3.43. Let G be a compact group and o € M(G,M,,). Then we have

Spec (To, L7 (G,My,)) O | J Spec(m) D A(Ts, L7 (G, My))
neG

forall p € [1,).

Proof. The last inclusion follows from Lemma 3.3.2 (i) and Proposition 3.3.8. For
the first inclusion, we need only consider 1 < p < oo by Proposition 3.3.8.
Since G is compact, we have L”(G,M,) C L'(G,M,) and all irreducible rep-
resentations of G are finite dimensional. Let & € SpecG(m) for some 7 € G.
where Spec o () = Specc;?(n:) by (3.8). Then (/)'\T(n) is a matrix and we have
det(cﬁ(n) — 0y, 2B(1,)) = 0. Since detr(e) = 1, we can find a compact neigh-
bourhood K of e such that detmr(x~!') > 1/2 for all x € K.

Suppose, for contradiction, that L,r — ol : LP(G,M,) — L"(G,M,) is invert-
ible. Then there exists & € L”(G,M,) such that

XK
ol s h—oh= )
XK
where yx is the characteristic function of K.
Since h € L'(G,M,), we have
Xk
oTh—oah=
Xk

on G. In particular, we have

o~ o~

O/'\T(Tt)h(ﬂ) —oh(rm) =

which gives the contradiction
0 = det(c7 (1) — o) deth(n) = det (67 (n) — o)h(r))

_ (/Kdetnt(xl)d?t(x)>n > zln/m(K)" >0,



3.3 Spectral Theory 63

This proves non-invertibility of L,r — o, thatis, o€ Spec (Lyr, L") =Spec (1o, L),
by Lemma 3.3.7. O

Corollary 3.3.44. Let G be a compact group and 6 € M(G,M,). If © is absolutely
continuous, then we have, for all p € [0, ),

Spec (Ts,L7(G,My)) = A(To,LP(G.M,)) = | ] Specd(n).

neG

Proof. This follows from the fact that 75 is a compact operator in this case, by the
proof of Theorem 3.2.1. O

Without absolute continuity of ¢, the above result is false, as noted in Remark
3.3.24.

In the remaining section, we study the eigenspaces of the convolution operator
Ts : LP(G,M,) — L (G,M,) for c € M(G,M,).

Definition 3.3.45. Let 1 < p <eoand 6 € M(G,M,,). For each o € C, we define the
space
Ho(T5, L7 (G,My)) ={f €L”(G,My) : fx0 = of}

which may be written as Hy(Ts,LP) for short. If o € A(T5,LP(G,M,)), that is,
if o is an eigenvalue of Ty, then Hy(T5,LP(G,M,)) is the a-eigenspace of Ty in
LP(G,M,).

By abuse of language, we call Hy(T5,LP) the ‘o-eigenspace’ of Ty even if o ¢
AT, LP(G,M,)). The a-eigenspace Hy(Ls,LP(G,M,)) of Ls : LP(G,M,) —
L?(G,M,) is defined likewise.

Plainly Hy (75, L?) is a left invariant subspace of L?(G,M,,). One is interested in
the dimension and the description of Hy (T, L ). For compact groups and absolutely
continuous o, the a-eigenspaces are finite dimensional for & # 0. We discuss later
spectral synthesis for eigenfunctions for abelian groups.

Proposition 3.3.46. Let G be a compact group and 6 € M(G,M,) be absolutely
continuous. Then Ty is a compact operator on LP(G,M,) for each p € [1,e| and
hence dimHy (Ts,LP (G,M,,)) < oo for all a2 # 0.

Proof. This follows from Theorem 3.2.1. O

)
Example 3.3.47. For the probability measure do(x) = S;: 2xdx on R, the
X

eigenspace Hy(T5,L*(R)) is infinite dimensional. We have the Fourier transform

2t

o(t)= ) X-22()  (t€ER)

and Spec(Ty,L*(R)) = 6(R) = [0, 1]. By [10, Corollary 3.14], 1 ¢ A(Ts,L*(R)),
but 0 € A(T5,L*(R)). Indeed, for a < b, let g, , € L*(R) be defined by
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e lax _ e*tbx

ga,b(x) = ix
whose Fourier transform g, ;, equals 27 ), ;) on R\{a,b} and it follows that
ga/J,*\O' =2,50=0
if (a,b) N[—2,2] = 0 and the eigenspace Hy(T5,L*(R)) contains
{gaJJ : (aab) N [_272] = 0}

which is infinite dimensional.

Definition 3.3.48. An eigenspace Hy(T5,LP (G, M,)) is said to be trivial if it con-
sists of only constant functions.

We note that, if 6(G) # Iy,, then the constant function 1 : G — M, taking
value I, does not belong to H,(7Ts,L”(G,M,)). Nevertheless, H,(T5,L”(G,M,))
can still contain a non-zero constant function f(-) = A € M,, where, for instance,
Iy, — A can be taken to be the support projection of Iy, — 6(G) (cf. [10, Example 1]).

Definition 3.3.49. For o = ||o||, the functions in Hy (75, L?(G,M,)) are called the
M,,-valued L? o-harmonic functions on G.

By normalizing, it suffices to study the space H;(7s,L”(G,M,)) of o-harmonic
functions for ||o|| = 1. Thus, in this case, 1 ¢ A(7s,L7(G,My)), equivalently,
H,\(Ts,L7(G,M,)) = {0}, denotes the absence of a non-zero M,-valued L?
o-harmonic function on G. If ¢ is an adapted probability measure on G, then
we have 1 ¢ A(T5,LP(G)) for p < o unless G is compact, as shown in [10].

Example 3.3.50. Let a € R\ {0} and consider the non-adapted probability measure
o= é (8, + 6_4) on R. We have

~

A(T5,L”) = 6(R) = {cosax:x € R} = [—1,1]
and the 1-eigenspace H; (T5,L”(R)) is infinite dimensional [13, Example 2.7.3].

For ||o|| = 1, the triviality of H(T5,L*(G,M,)) is a Liouville type theorem for
bounded harmonic functions on G. It has been shown in [16] that, given a nilpo-
tent group G, if 6 € M(G,M,) is positive, non-degenerate and ||| = 1, then
H\(T5,L”(G,M,)) is trivial (see also [40]). A Liouville theorem has also been
proved for almost connected [IN]-groups in [15]. For arbitrary p, we have the fol-
lowing result.

Proposition 3.3.51. Let G be a compact group and let 6 € M(G,M,,) be positive,
adapted and ||o|| = 1. Then Hy(Ts,L? (G, M,,)) is trivial for 1 < p < co.
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Proof. Since G is compact, we have L”(G,M,) C L'(G,M,) and it suffices to con-
sider the case for p = 1. Let f € H{(T5,L'(G,M,)). Let {ug}p be a bounded ap-

proximate identity in L' (G) and let

up
v = '
ug

Then yg + f — fin L'(G,M,). Each Y * f is a bounded continuous M,-valued
o-harmonic function on G and must be constant, by [9, Proposition 21]. It follows
that f is constant. O

Example 3.3.52. In contrast to the scalar case where H,(Ts,L”(G)) D C1 for a
probability measure o, one can have H, (T, L*(G,M,)) = {0} for a positive matrix
measure ¢ with ||o|| = 1. Let F, be the free group on two generators a and b. Let
0 € M(G,M,) be supported on {a,b} and defined by

oo 31 ow1- (33

Then o is a positive adapted measure on F> with ||o|| = 1. Given f = (f;j) €
HZ(G,M>), we have f;; * 011 = fii and fip * 00 = fip, where |[/fij * 0jj]| <
lfijllllojjll and ||o11]| = ||G22|| < 1 imply fij =0 forall i, j. Hence Hy (G,M>) = {0}.

We now consider the question of synthesis for eigenfunctions in the case of
abelian groups. For each f € L?(G,M,), we denote by

L(f)=lin{l.f:x€ G} C LP(G,M,)

the linear span of the left translations of f in L?(G,M,).

We first observe that ¢(f) # LP(G,M,,) for each eigenfunction f € Hy(T5,L?).
Indeed, if ¢(f) = LP(G,M,) for some O-eigenfunction f, then for each h €
C.(G,M,), there is a sequence (f,) in £(f) converging to & in L’(G,M,) which
givesh*o:lil?lfn*G:Oand

/hdazh*o(e)zo,
G

contradicting o # 0. Since « is an eigenvalue of T if, and only if, 0 is an eigenvalue
of T5_ s, the assertion is true for any o-eigenfunction f.

Given f € LP(G,M,) and ¢ € L1(G,M,), we have fx @(x) = ({,-1f) * ¢(e) for
each x € G. Hence ((f) = L(G,M,) if, and only if, ¢ = 0 for any ¢ € LY(G,M,)
satisfying f* @ = 0.

It follows that, for each eigenfunction f € Hy(T5,L” (G, M,)), there exists a non-
zero function ¢ € L9(G,M,,) such that f* @ = 0. If G is abelian, then Wiener’s
Tauberian theorem implies that for each eigenfunction f € Hy(Ts,L'(G)), its
Fourier transform fhas azeroin G.
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To highlight the idea behind synthesis, we consider the scalar case. First, for ¢ €
M (R) with compact support, the continuous O-eigenfunctions in L” (R) are the mean
periodic functions on R which have been analysed completely in the classic paper
[58] of Schwartz. In particular, these functions can be synthesized from the so-called
exponential polynomials, in other words, in the space C(R) of complex continuous
functions on R, the subspace of mean periodic functions is the closed linear span of
the mean periodic exponential polynomials. This result has been extended to locally
compact abelian groups by Gilbert [31] and Elliot [26]. We now apply these results
to our eigenspaces.

A complex function on R is called an exponential polynomial if it is of the form

p(x)e™

where p(x) is a polynomial with complex coefficients and y € C. More generally, a
complex function on R”" is called an exponential polynomial if it is of the form

p(x1,...,xn)exp(iyixr + -+ iYuxn)

_ i i . .
= Z iy owigX] X eXp(iY1X1 + - 4 1YXn).
OSil7"'7il‘l§k

It is clear that a bounded exponential polynomial on R” reduces to a constant mul-
tiple of a character.

Proposition 3.3.53. Ler 0 € M(R) have compact support. For o € A(Ts,L”(R))
and f € Hy(T5, L7 (R)) NC(R), we have

0(f) =lin{RN(f)}

and hence, R
Hy(Ts,L”) =1lin{RNHy(T5,L™)}

where the closure is the weak* closure.

Proof. Let 4 = 6 — otd,. Then p has compact support in R and Hy (T5,L7) =
Ho(Ty,L™).

Let f € Hy(Ty,L”) NC(R) so that f*u = 0. By [58], there is a net (pg) in
C(R) converging to f uniformly on compact subsets of R, where each pp is a linear
combination of exponential polynomials pg, , ..., pg, which belong to the closure of
£(f). in the topology of C(R). We have pg. =0 for j =1,... k. Since {(f) C
L>(R), each p p; must be bounded and is therefore a constant multiple of a character.

Also pp, belongs to the weak* closure £(f) for if it is the limit of a net (hy) in £(f)
in the topology of C(R), then for each k € C.(R), we have

<k,hy>—<k,1?ﬁ,->:/ k(x) (hy(x) = pp; (x))dA(x) — 0.

suppk
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Hence each pg belongs to lin{G N £(f)} which implies f € lin{G N £(f)} and the
result follows. O

The above result depends on the property of spectral synthesis in R, proved
in [58], that f can be approximated by exponential polynomials belonging to the
closure of ¢(f) in C(R). This property is lost in R” for n > 1. For instance, if
f:R? — R is the function f(x,y) = x+y, then the closure of ¢(f) in C(R?)
contains no exponential polynomials except the constants. Nevertheless, it is still
true that each f € C(R") satisfying f * ¢ = of can be approximated by exponen-
tial polynomials y satisfying y * 0 = oy although y need not lie in the closure of
£(f). In fact, this is even true for locally compact abelian groups, due to the results
of [26,31]. To explain the details, we first describe the exponential polynomials on
an abelian group G. A real character on G is a continuous homomorphism from G to
the additive group R. A complex function on G is called an exponential polynomial
if it is of the form

P01, xj(x)Tlx)  (x€G)

where p(-) is polynomial with a finite number of variables and complex coefficients,
X1, .., are real characters on G, and 7 is a generalized character on G.

We note that a non-zero real character y on G must be unbounded, for if y (x) # 0,
then |y (x")| = n|x(x)] — e as n — oo. If p()1,..., ;)7 is bounded, then it must
be a constant multiple of a character on G. Indeed, since 7(-) # 0, the function
p(x1,-..,x;) must be bounded which implies that the product y; - -- ; = 0 for oth-
erwise, there exists y € G such that y; (y)--- x,(y) # 0, giving

Lt (") ()| = T e ()t (9) ] oo (> o)

if iy +---+1i; # 0. Hence p reduces to a constant and the boundedness of 7 implies
that T must be a character.
Let P(G) be the set of exponential polynomials on an abelian group G.

Proposition 3.3.54. Let G be an abelian group and let 6 € M(G) have compact
support. For each o € A(T,LP(G)) where 1 < p < oo, we have

Hy(Ts,L7)NC(G) Clin" {y € P(G) : w* 0 = oy}
where ¢’ denotes the closure in C(G).

Proof. As before, the measure 4 = ¢ — 0, has compact support and given f €
Ho(T5,LP)NC(G), we have f* i = 0. By [31, Theorem 3.2], there is a net (yjp) in
C(G) converging to f uniformly on compact subsets of G, and each yj is a linear
combination of exponential polynomials ¥ € P(G) satisfying v x t = 0. Hence we
have

yp €lin{y € P(G) : y*0 = ay}
which completes the proof. O
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We note that Hy (Ts,L”) NC(G) = Hy(Ts, L) if © is absolutely continuous.
For 1 < p < oo, we denote as usual by LZ)C(G) the space of Borel functions f
on G satisfying f|x € LP(K) for every compact subset K C G. The topology of
L}, .(G) is defined by the norms | - || (k) from compact subsets K of G. We have
(G).

Lr(G)cLy,
Corollary 3.3.55. Let G be an abelian group and let 6 € M(G) have compact sup-
port. For each o € A(T,LP(G)) where 1 < p < oo, we have

Ho(Ts,L7) Clin' ™ {y € P(G): y+ 0 = ay}

«—loc»

where denotes the closure in L} (G).

Proof. Let f € Hy(Ts,L?) and let € > 0. Choose u € C.(G) such that ||ux* f — f]| , <
€. We have u* f € Hy(Ts,L”) NC(G) and by Proposition 3.3.54, there exists a net
(wg) inlin{y € P(G) : y* 0 = oy}, converging to u f uniformly on compact sets
in G. Given a compact subset K of G, there exists Sy such that ||y —ux f||p(x) < €
for B > By and hence

lwg = fllzek) < llwp —ux flloy + lux f = fllrx) < 2€

for B > Bo. O

We now consider L” harmonic functions for arbitrary groups G. It has been
shown in [9, Proposition 14] that, for ||| = 1, the eigenspace H;(Ts,L” (G, M,))
is the range of a contractive projection P : L*(G,M, ) — L= (G, M,,). There are two
interesting consequences of this result. First, the space H;(7s,L”(G,M,,)) carries a
Jordan algebraic structure which will be discussed further in Section 3.4. The sec-
ond consequence is that, if G is non-amenable, then H, (Ts,L” (G, M,,)) # M,1, for
positive o with ||| =1 [9, Corollary 19]. The existence of a contractive projection
P onto the 1-eigenspace is also true for 1 < p < oo, shown in the following result
which extends [10, Theorem 2.3], with analogous proof. We outline the main steps
of the arguments.

Proposition 3.3.56. Let ¢ € M(G,M,) with |[c]] =1 and let 1 < p < oo
Then there is a contractive projection P : LP(G,M,) — L(G,M,) with range
H\(Ts,L7(G,M,)) and P commutes with left translations. Further, the projection
P is the dual map of a contractive projection Q : L1(G,M,) — L1(G,M,) and
H\(Ts,L7(G,My)) = H,(Lg,L1(G,My))".

Proof. The convolution operator T : LP(G,M,) — L?(G,M,) is weakly continu-
ous when L?(G,M,,) is equipped with the weak topology. Forn = 1,2,..., we have

n—times

P LN
Ton =T50---0Tg.
o c o

Let K = co{Ton :n=1,2,...} be the closed convex hull of {7T» : n=1,2,...} with
respect to the product topology of L (G, M,,)~’ (@M where LP(G,M,) is equipped
with the weak topology. Then K is compact. Define @ : L — K by
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OA)(f)=A(f)xc (MK, fell(G M,)).

It is straightforward to verify that @ is well-defined and continuous. Therefore, by
the Schauder-Tychonoff fixed-point theorem (cf. [24, p. 456]), there exists P € K
such that ®(P) = P which is the required contractive projection. Since Tgn com-
mutes with left translations, so does P.

We note that P(f « 6) = P(f) * 6 = P(f) for each f € LP(G,M,) since

Ton(f+0) =Ton(f) % 0.
Next, apply the same construction as above to the left convolution operator

Ls: f€LI(G,M,) — cx*,f € LY(G,M,)
to yield a contractive projection
0:L(G,M,) — LI(G,M,)

with range H; (Lz,L?(G,M,)), and satisfying Q(G *,g) = 6%, Q(g) = Q(g) for g €
L1(G,My,). We show that P = Q*. Let f € LP?(G,M,). Then for each g € L1(G,M,,),
we have

(8,0"fx0) = (0%8,Q"f) =(Q(0*8). f)
= (0g,f) = (8, Q" f)-

Hence Q*f * 0 = Q*f. Likewise one can show o *, P*g = P*g for each g €
L1(G,M,). We now have PQ* = P since

(8,PO"f) = (QP"g,f) = (P"g,f) = (¢, Pf)

for g € L1(G,M,,) and f € L’(G,M,). Therefore Pf = PQ*f = Q*f.
Finally, as in the proof of [10, Corollary 2.5], we have H;(Lz,LY(G,M,))" =
Q(Lq(Gan))* = Lp(GvMl’l)/Q(Lq(GvM”))L = Hl (To'va(Gan))' o

Remark 3.3.57. By the above construction of P, there is a net of measures (U ) in
the convex hull of {c” : n = 1,2,...} such that

P(f) = w'-lim f + g
forevery f € LP(G,M,). We note that P could be 0 by Example 3.3.52.

The above construction does not apply to the case p = 1. Nevertheless, we will
prove a dimension result for the eigenspace H (Ty, L' (G,M,)). We need to prove
the following lemma first.

Lemma 3.3.58. Let 0 € M(G,M,) be a positive, adapted measure with ||c|| = 1.
Then for every w € G\{1}, the operator I — (o) is invertible in M,, @ B(Hy), where
1 is the identity operator.
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Proof. For compact groups G, this result was proved in [9, Lemma 20]. We only
need to remove the compactness assumption in [9, Lemma 20] which was used to
ensure dim 7w < 0. Fix w € G\ {1}. It suffices to show that / — (o) has a left inverse
in M, ® B(Hy). Indeed, since (1®7)(c®1)=(c®1)(1®r) and o(-)" = o(-),
the same arguments would imply that

I—rn(o)' =1- / (ler)(x )d(oc®1)(x)

has a left inverse, that is, / — (o) has a right inverse.

Now, if I — n(o) has no left inverse, then (M, @ B(Hyz))(I — m(0)) is a proper
weakly closed left ideal of M,, ® B(Hy) and hence there is a proper projection p €
M, ® B(Hy) such that (M, ® B(Hz))(I — n(0)) = (M, @ B(Hz))p. Therefore I —
n(o) = (I — n(o))p which gives n(c)(I — p) = I — p and we can pick a unit vector
& € (I-p)(C"® Hy). It follows that 7(c)&é = & and now, analogous to the proof
of [9, Lemma 20], one obtains

Litemwe.&dio|e) =

which implies Re((1®7)(x)&, &) =1 forall x € supp || and hence (1@ 7)(x)E =&
for all x € G, by adaptedness of |o|.

Let {ey,...,e,} be the standard basis of C". Then & = Y, e, ® & for some
&i,...,& € Hy and we have

zek@)gk:z,(l@n) ek®€k zek@)ﬂf
k

which implies 7(x)&; = & for all x € G, and in particular, for some & # 0. Hence

7 = 1 by irreducibility of 7, contradicting 7 € G\{t}. This completes the proof.
O

The following result generalizes [10, Theorem 3.12].

Proposition 3.3.59. Let 6 € M(G,M,) be a positive, adapted measure with |c||=1.
Then dimH; (Ty,L' (G, M,)) < n* and n? is the best possible bound.

Proof. Let f € HL(G,M,). Then, for all 7 € G\{1}, we have 7(f) = n(f *0) =
n(f)n(o) and hence w(f)(I — n(o)) = 0 which implies 7(f) = 0 by Lemma 3.3.58.
Let

LY(G. M) = {heL‘(GM /hd/l o}

which is a closed subspace of L' (G,M,). Note that f(1) = Jg fdA and the above
yields
Hg(G,My) ML (G, My) = {0}.

Pick h € L'(G) such that [;hdA # 0. Then
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¢ Ly(G,My).

For any g = (g;;) € L'(G,M,), let

ay = (/(;gijda) (/Ghdx>l.

Then

g+ LY (G, M,) = (a;)) +LY(G,M,).
h

Hence L} (G, M,) has co-dimension n? in L'(G,M,) and dim H(Ts,L'(G,M,)) <n?.

If G is compact and o is diagonal with each diagonal entry the same probabil-
ity measure on G, then f = (f;;) € Hy(Ts,L' (G,M,)) if, and only if, each f;; is
constant. Therefore we have dim H (T5, L' (G,M,)) = n? in this case. O

Example 3.3.60. Let 1 be an adapted probability measure on a locally compact
group G # {e} and let 6 € M(G,M,) be given by

_(m0
"‘(oae)'

Then o is an adapted positive M,-valued measure on G, but ||| = 2. We have
dimH; (Ts,L' (G,M,)) = o, indeed, it contains the functions

(53)

Example 3.3.61. Let o = §; be the unit mass at i = /—1 in the circle group T.
Then o is not adapted and a continuous function f is in H, (75, L”(T)) if, and only
if, f(z) = f(—iz). Hence H,(T5,LP(T)) is infinite dimensional as it contains the
functions {z*" :n=1,2,...}.

for every f,h € L'(G).

We have the following characterisation of harmonic functions for nilpotent
groups.

Proposition 3.3.62. Let G be a nilpotent group and let 6 € M(G,M,) be positive,
symmetric and ||c|| = 1. Then we have, for 1 < p < co,

Hy(T5, L7 (G.My)) = {f € L"(G.My) : f, 1 = f = f()6(G) ¥a € suppa}.
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Proof. Given f € LP(G,M,) satisfying the condition on the right-hand side of the
above equality, we have

[ s hdsm) = [ fx)do(y) = f()0(G) = ().
JG supp o

To show the reverse inclusion, let G4 be the closed subgroup of G generated by
supp |o|. Since o is symmetric, we have |6| = |67 | = |o| and (supp |o]) ' = supp
|o| and hence |o| is a non-degenerate measure on the nilpotent group Go. Each
bounded left uniformly continuous M,,-valued o-harmonic function f on G restricts
to a o-harmonic function on G¢, and by [16, Theorem 4], f is constant on G¢. In
particular, we have

fla')=fle)  (acsuppo).

Now pick any f € H(Ts,L?(G,M,)). For each y € L1(G,M,), the function
y* f is bounded and left uniformly continuous, by Lemma 3.1.1, and also it is
o-harmonic. Hence we have, for each a € supp o,

(f = for, W) =Te(§x f)(e) = Te(§x f)(a™') =0

which yields f — f,-1 = 0 in L?(G,M,,). This, together with the equation f = f* o,
then implies f(:) = f(-)o(G). O

Under the conditions of the above result, H;(75,L”(G,M,)) is a subalgebra of
L~(G,M,) which is not always true in general. We study the non-associative alge-
braic structures of the eigenspace H; (Ts,L”(G,M,)) in the next section.

3.4 Jordan Structures in Harmonic Functions

Let 0 € M(G,M,) with ||| = 1. In this section, we study the Jordan structure
in the space H,(T5,L”(G,M,)) = {f € L(G,M,) : f*oc = f} of bounded M,-
valued o-harmonic functions on G, and discuss applications to harmonic functions
on Riemannian symmetric spaces. It has been shown in [9] that the existence of a
contractive projection from L™ (G, M, ) onto its subspace H; (Ts, L™ (G, M,)) induces
a Jordan ternary algebraic structure on H; (7Ts,L”(G,M,)) which is non-associative
and is usually different from that of L™ (G, M,,). It is natural to ask when these two
structures coincide, that is, when H; (75, L (G, M,)) is a subalgebra or a Jordan sub-
triple of L (G, M,,). We will consider the scalar case of H| (T5,L”(G)) for a complex
measure ¢. The matrix space H, (T5,L”(G,M,)), but with a positive measure G, has
been studied in [14].

It would be useful to explain first the background of Jordan structures for mo-
tivation. The close relationship between Jordan algebras and differential geome-
try is well-known [43], in particular, Jordan structures occur naturally in the study
of Riemannian symmetric spaces. It is therefore interesting that Jordan structures
also occur in the 1-eigenspace H, (T5,L”(G,M,)) of the convolution operator T on
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L*(G,M,), which is closely related to harmonic functions on Riemannian symmet-
ric spaces, as we will explain below.
Let Q be a simply connected Riemannian symmetric space. Then € is a product

Q=QyxQ; xQ_

where € is Euclidean, Q. is of compact type and Q_ is of non-compact type
[37, p.244]. Since Qg and € have non-negative sectional curvatures, the bounded
harmonic functions on these manifolds are constant by a result of Yau [65], and from
the viewpoint of harmonic functions, we will only be concerned with symmetric
spaces of non-compact type.

We now explain how Jordan structures arise in symmetric spaces. Recall that a
Riemannian symmetric space is a connected Riemannian manifold M in which every
point x is an isolated fixed point of an involutive isometry sy : M — M (which is
necessarily unique). Let € be a Riemannian symmetric space. Then it is diffeomor-
phic, and hence identified with, the right coset space G/K of a Lie group G by a
maximal compact subgroup K, where G is the identity component of the isometry
group of Q and K is the isotropy subgroup {g € G: gx =x} ata pointx € Q. Let g
be the Lie algebra of G and let Ad : G — Aut(g) be the adjoint map. Then the ad-
joint Ad(sy) : g — g is an involutive automorphism, giving a Cartan decomposition
g = €D p where

t={Xeg:Ad(sy)(X)=X}

and
p={Xeg:Ad(s,)(X)=—-X}.

Moreover, p identifies with the tangent space 7, at x € Q.

If Q is non-compact and is Hermitian, then in the above construction, the tangent
space p = T,Q has the structure of a Jordan triple system and Q identifies with a
convex domain in p via the Harish-Chandra realization (cf. [47,57]). In fact, this
construction can even be extended to infinite dimensional manifolds in which case
p becomes a JB*-triple in a suitably chosen norm and €2 identifies with the open unit
ball of p. We refer to [41, 63] for details and to [11] for some recent related results.
For our purpose, we only need to explain the concept of a JB*-triple.

A JB*-triple is a complex Banach space Z, equipped with a Jordan triple prod-
uct {+,-,-} : Z x Z x Z — Z which is symmetric and linear in the outer variables,
conjugate linear in the middle variable and satisfies the Jordan triple identity

{avbv{xvyvz}} = {{a,b,x},y,z} - {xa {b,a,y},z} + {xvyv {a,b,z}},
and for each v € Z, the linear map

Dvyv):zeZ—{vvz}€Z

itD(v,v

is Hermitian, that s, ||e )|| = 1 forall € R, and has non-negative spectrum with

1Dy, v) ]| = [|vI|*.
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Example 3.4.1. The upper half-plane {z € C: Imz > 0}, with the hyperbolic metric,
is a symmetric space diffeomorphic to the coset space SL(2,R)/SO(2) and is of non-
compact type. The Lie algebra g of SL(2,R) is the algebra of 2 x 2 real matrices
with trace 0, and in the Cartan decomposition g = £ @ p, the subalgebra ¢ consists
of skew-symmetric matrices while the subspace p consists of symmetric matrices,
which has a complex structure

()= (57)
x =y -y —x
and is a JB*-triple with the Jordan triple product

(X.v,7} = ;(XYZ—i—ZYX) (X,Y,Z €p).

To complete the picture, we note that a bounded domain in a complex Banach
space is symmetric if, and only if, it is biholomorphic to the open unit ball of a JB*-
triple [41]. We refer to [63] for further details of JB*-triples and symmetric Banach
manifolds.

The space L™ (G, M,) is a JB*-triple with the Jordan triple product

(el = (e g )
where g* denotes the usual involution * in L™ (G, M,):
&) =gx) eM, (x€G).
In fact, any C*-algebra A is a JB*-triple with the following triple product:
{a,b,c} = ; (ab*c+cb*a) (a,b,c € A).

The following result has been proved in [9].

Lemma 3.4.2. Let G be a locally compact group and let 6 € M(G,M,,) with ||c||=1.
Then the 1-eigenspace Hy(Ts,L”(G,M,)) of Ts on L*(G,M,) is a JB*-triple. If ¢
is a probability measure on G, then H|(T5,L*(G)) is an abelian C*-algebra.
Proof. We describe the Jordan triple product in H;(7s,L”(G,M,)), but re-

fer to [9] for details. By [9, Proposition 14], there is a contractive projection
P:L*(G,M,) — H,(Ts,L”(G,M,)) which induces the JB*-triple product

1
{f,e,h}= 2P(fg*h +hg"f)

on Hy(Ts,L”(G,M,)), using [28].
If o is a probability measure, then the constant function 1 is in H;(7s,L”(G))
which becomes a unital abelian C*-algebra in the product

fohi={f.10}.
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Given a probability measure ¢ on G, it has been shown in [13, Theorem 2.2.17]
that the C*-product f - h in H,(Ts,L”(G)), for uniformly continuous f and h, is
given by

(F-me) =tim [ ey dpaly) (€ 6)

where (L) is a net in the convex hull of {c” : n = 1,2,...}. We now show that,
modulo a projection, the C*-product is pointwise.

Proposition 3.4.3. Let 6 be a probability measure on G. Then there is a projection
72 € Cp(G)*™* such that

(f - M x)z(&) = f(h(x)z(e)  (x€G)
Sfor f.h€ H(Ts,L”(G))NC(G), where &, € Cp(G)* is the evaluation map at x € G.

Proof. We observe that H (T, L™ (G)) NC(G) is an abelian C*-algebra in the prod-
uct f - h. Therefore the identity map 1 : H, (T5,L”(G)) NC(G) — Cp(G) is a linear
isometry between C*-algebras, and by [18, Proposition 2.2; Theorem 3.10], there is
a projection z € C,(G)** such that

Wf-hz=uf)hz  (f,he H(T6,L7(G))NC(G))
where the product on the right hand side is that of C,(G)**. O

A JB*-triple is called a JBW*-triple if it has a predual. Since T is weak* con-
tinuous on L= (G, M,), it follows that H, (T5,L*) is weak* closed in L*(G,M,,) and
is a JBW*-triple.

Now we consider harmonic functions on a symmetric space Q = G/K of non-
compact type. Let A be a G-invariant second order elliptic differential operator
on €, vanishing on constants. Such an operator is called a Laplace operator in [29].
Furstenberg [29] has shown that there is a K-invariant absolutely continuous prob-
ability measure ¢ on G such that a bounded continuous function f on € satisfies
Af = 01if, and only if,

f(Ka)= /G f(Kya)do(y)  (Ka€Q=G/K) (3.13)

where K-invariance of 6 means do (kx) = do(xk) = do(x) for k € K (see also [30,
Theorem 5]). Let ¢ : G — G/K be the quotient map. Then (3.13) can be written as

foq=fogq+o (3.14)

where we recall that fg/q denotes the function fg/q(x) = foq(x!). As K is com-
pact, we assume that the Haar measure A on G is chosen so that A(K) = 1 and the
Haar measure on K is the restriction of A to K. Also, there is a G-invariant measure
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v on G/K, unique up to a constant multiple and can be chosen so that v = A og~!
(cf. [27,p.57]). In fact, v is a Riemannian measure on Q. Let L” (Q) be the Lebesgue
spaces of v, for 1 < p < eo. Since Q is complete, all L”(Q) A-harmonic functions
on € are constant, for | < p < oo, by a result of Yau [65]. We will discuss the case
for p =1, below.

The above discussion leads naturally first to the consideration of the homoge-
neous space of an arbitrary locally compact group G by a compact subgroup K. In
this case, we fix a G-invariant measure Vv = A o qfl on Q = G/K as before and let
LP(Q,M,) be the Lebesgue spaces, with respect to v, of M,,-valued L” functions on
Q, for 1 < p < eo. Then the map

j:fELp(Qan) ’_’foqeLp(Gan)

is a well-defined isometric embedding by the change-of-variable formula

Lis@lravie) = [ Iifoq)da ).
G
We define a linear map Q : L”(G,M,) — LP(Q,M,) by

Q(g)(KX)Z/I;g(yX)dl(y) (g €L7(G,Mp)).

Then Q is a contraction because Jensen’s inequality gives

10)I; = [ o) (Kl av(x)

= /G H/Kg(yX)dMy)

< [ 180,202 ()

dA(x)

p
My

= [ [ 181, 8607 aA0da0) = sl

Further, Q is surjective since one verifies readily that Qj is the identity map on
LP(Q,M,). It follows that

jO: LP(G,M,) — L”(G,M,)
is a contractive projection with range j(LP(Q,M,)).

Let o0 € M(G,M,). Then the convolution operator T : L?(G,M,) — L?(G,M,)
induces the operator T/, = QT j on L (Q,M,) in the following diagram:
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LP(G,M,) 2% LP(G,M,)

i |0

LP(QM,) 2 1P (Q,M,).

Actually, we have

T3(N(K) = [ f(Kny)do(y) (.15)

and we call T} the convolution operator on LP(Q,M,) defined by 6 € M(G,M,).
The above integral is denoted by f * 6(Kx). By Fubini theorem, we also have 7.0 =
OTs and jT) = Tsj which will be used repeatedly in the proof below.

Lemma 3.4.4. Let 6 € M(G,M,) and 1 < p < eo. Then we have

(i) Spec(T%,LP(Q,M,)) C Spec(Ts,LP (G,M,));
(i) A(TL,LP(Q,M,)) C AT, LP(G,M,));
(iii) Q(Ho(To,LP (G, My))) = Ho(Tg,LP (Q,My)) for o € A(Tg,LP(Q,My)).

If||o|| = 1, then the 1-eigenspace H\ (T}, L*(Q,M,)) is a JB*-triple.

Proof. (i) Given that T; — af has a bounded inverse S : L?(G,M,) — L?(G,M,,),
for some o € C, we have O(Ts — @)Sj = Qj = I;»(qum,)- Hence (T — a)QSj =
(TL0 — 0Q)S)j = QT — @)Sj = Iy, and o & Spec(T4, L7 (Q.M,)).

(ii) This follows from the fact that T} f = o f for some f € LP(Q,M,) implies
that Ty jf = jTLf = ajf € LP(G,M,).

(iil) Given g € Hy(T5,LP (G, My)), we have

T50g = 0Tog = Qg € Hy(T5, L7 (Q,M,)).

On the other hand, if f € Hy (T}, LP(Q,M,)), then we have Ts jf = jT,f = o jf €
Ho(To L7 (G,M,)) and £ = Q(jf).

Finally, by Lemma 3.4.2, the 1-eigenspace H; (T5,L”(G,M,)) is a JB*-triple for
llo|l = 1. If we identify H, (T},L”(2,M,)) as a subspace of L™ (G, M,,) via the em-
bedding j, then (iii) implies that it is the range of the contractive projection Q on the
JB*-triple H (T5,L” (G, M,)) and hence is itself a JB*-triple by [42]. O

Let 0 € M(G,M,) and Q = G/K as above. Motivated by the condition in (3.14),
we introduce the following space, for p = 1, e:

HP(QM,) = {f € LP(QM,): jfxc=jf, jf(-k)=jf(),VkeK}. (3.16)

Lemma 3.4.5. Let Q = G/K where G is unimodular. Let 6 € M(G,M,) be K-
invariant and let p =1 or «. Given f € H(T},L"(Q,M,)), the function

f(Kx):=f(Kx"")  (x€G)
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is well-defined and we have fe HP(Q,M,). Further, all maps in the following com-
mutative diagram are surjective:

H\(Ty,L7(G,M,)) -2+ HP(Q,M,)
il /i~

Hy (T}, LP(Q,M,))
where the map ~ is an isometry and Q(f) = é_(\f) For p = oo, the condition of
unimodularity of G can be dropped.

Proof. Let f € H (T},L"(Q,M,)). Given Kx = Kz with x = kz for some k € K, we
have

fKx ") = f(Kz 'k
= '/Gf(Kz’lk’ly’l)dG(y)

= [fkzty do(y)
= f(Kz)

by K-invariance of ¢. Hence fis well defined and fe L’ (G,M,) by unimodularity
of G. Moreover, we have jf: jf=jf+oand ]f~( k)= Jf() for all k € K, that is,

feHN(QM,).
The map ~ is clearly isometric. To see that it is surjective, pick any g €

HP(Q,M,) and define g’ : Q — M,, by
g (Kx) =g(Kx ") (x€G).

Then g’ is well-defined since jg(-k) = jg(-) fork € K. Also, g’ € H,(T},LP(G,M,))
with g/ = g. O

We now give an application to A-harmonic functions on Riemannian symmetric
spaces. Let Q = G/K be a symmetric space of non-compact type. We have already
noted that there is no non-zero L” A-harmonic function on Q, for 1 < p < e, by
a result of Yau [64]. However, an analogous result for L' A-harmonic functions on
complete manifolds requires non-negativity of the Ricci curvature (cf. [46]) whereas
Q has non-positive sectional curvature (cf. [37, p.241]). Nevertheless, our previous
results can be applied to Q in this case. The space H(Q, C) below has been defined
in (3.16).

Proposition 3.4.6. Ler Q = G/K be a symmetric space of non-compact type. Then
there is no non-zero L' A-harmonic function on Q. The space H*(Q,C) contains
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non-constant functions and is exactly the space of bounded A-harmonic functions
on Q. Moreover, H*(Q,C) is linearly isometric to an abelian C*-algebra.

Proof. Let 6 € M(G) be the absolutely continuous K-invariant probability measure
introduced in (3.13). By Proposition 3.3.59, H,(Ts,L' (G)) = {0} since G is not
compact. Let f € L'(Q) be A-harmonic. We can choose a bounded approximate
identity (ug) in C(G) such that the net (jf *ug) L'-converges to jf € L' (G) with
Jf *ug bounded on G. The convolution

frug(Kx) := jf *ug(x) (x€G)

is a well-defined function on Q. As in [29, p.367], there is a Laplace operator Aon
G satisfying _
A(jf) = (Af)oq.

Hence jf *ug is a bounded A-harmonic function on G, and we have

A(f +up)og=Aj(f +up) = A(jf xug) = 0.

Therefore f ug is a bounded A-harmonic function on €, and by (3.14), we have

((frup)og)*o=((frug)og)

for each 3. We note that the semisimple Lie group G is unimodular and hence g €
L'(G) — g € L'(G) is an isometry. It follows that fog* o = fog, thatis, foq €
H\(Ts,L'(G)) and must be 0. Hence f = 0.

Next, the functions in H (€, C) are all A-harmonic on , by the condition (3.14).
Conversely, given a bounded A-harmonic function f on €, then f satisfies (3.14) and
we have, by [29, Theorem 4.1],

i) = [ f ek k)

for all x,y € G. It follows that, for each & € K,
ifm) = [ fxhke)da (o = [ Jf()ar®) = s, G7

Therefore f € H*(Q,C).

We now show that H=(€,C) contains non-constant functions. Suppose other-
wise. Let f € H|(Ts,L”(G)). By K-invariance of o, it is readily verified that the
function F' : Q — C given by

F(Hx):=f(x')  (x€G) (3.18)

is well-defined in L*(Q) and satisfies ]77 * 0 = ]77 Hence jF is a bounded A-
harmonic function on Q and must be constant by assumption. It follows from (3.18)
that f is constant. Hence all bounded o-harmonic functions on G are constant and
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therefore G must be amenable (cf. [13, Proposition 2.1.3]), contradicting that G/K
is of non-compact type.

Finally, since o is a probability measure, the 1-eigenspace H;(Ts,L”(G)) is
an abelian C*-algebra by Lemma 3.4.2. Hence H;(T},L™(2)) is also an abelian
C*-algebra since, by Lemma 3.4.4, it is the range of a contractive projection on an
abelian C*-algebra. The last assertion then follows from Lemma 3.4.5. O

Remark 3.4.7. In the setting of Proposition 3.4.6, it has also been shown in [29,
p.373] that H;(T5,L”(G)) is an abelian C*-algebra, by a different method using
probability, but it has not been observed in [29] that H(Q,C) is also an abelian
C*-algebra.

Remark 3.4.8. We take the opportunity here of noting a missing remark in [14],
before [14, Corollary 4.11], namely, that the map f(Ha) := f(Ha™") there is well-
defined for Af = 0 because jf(-k) = jf(-) for all k, as in (3.17) above.

Example 3.4.9. The space H~(Q2, C) is infinite dimensional for the upper half-plane
Q={z€C:Imz >0} =SL(2,R)/SO(2) which is of non-compact type.

An application of Proposition 3.4.6 gives an alternative approach to the Poisson
representation of harmonic functions on non-compact symmetric spaces given in
[29, Theorem 4.2].

Corollary 3.4.10. Letr A be a Laplace operator on a symmetric space Q = G/K of
non-compact type. Then there is a compact Hausdorff space Il with a probability
measure W on 11, and an action (x,®) € G X I1 — x- ® € I1 such that for each
bounded A-harmonic function f on Q, there is a unique continuous function fon IT
satisfying

f&9) = [ flr-o)du@) (k0.

Proof. By Proposition 3.4.6, the space H*(Q,C) of bounded A-harmonic functions
is an abelian C*-algebra. Let IT be the pure state space of H*(Q,C). Then IT is
weak* compact Hausdorff and H*(Q, C) is isometrically isomorphic to the algebra
C(IT) of complex continuous functions on I, via the Gelfand map f € H*(Q,C) —
f € C(IT), where

flo)=o(f) (feH(QC).0e).
Define a probability measure u € C(I1)* by
w() = F(K).
For each x € G, the right translation r, : H*(Q,C) — H*(Q,C) defined by

(rof)(Ka) = f(Kax) (Ka€ Q=G/K)
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is an isometry and induces a surjective linear isometry 7, : C(IT) — C(IT) given by
R =rf
for f € H*(Q,C) . Hence, by the Banach-Stone theorem, 7 is a composition oper-
ator on C(I1):
m(f)=fo¢
for some homeomorphism @, : IT — II. Since ¢y, = @, o @, for all x,y € G, the

map
(x,0) eGxMM—x-0:= @ (0) €Tl

is an action of G on IT. For every f € H*(Q,C), we have

F(Kx) = (rof ) (K) = p(ref)
= uifor) = [ floo)du(@)

:iéf@.me@» (x€G).

O

We now study the JB*-triple H;(75,L”(G)) for ||o|| = 1. Our main concern
is the compatibility of the Jordan structures in H;(75,L=(G)) with the ones in its
ambient space L”(G). The two structures are different in general. We determine
below exactly when they coincide.

A linear subspace V of a JB*-triple Z is called a subtriple if it is closed with
respect to the triple product in Z which is equivalent to saying that f € V implies
{f,f,f} €V, by the polarization identity

8{f,g:h} =3 BY(f+Bg+vh),(f+Bg+vh),(f+Bg+vh)}.

B4:y2:1

Our task is to determine when the eigenspace H, (T5,L”(G)) is a subtriple of L(G).

We shall denote {f, f, f} by f () in any JB*-triple. If a JB*-triple V has a predual
which is necessarily unique, then its Jordan triple product is separately weak*-
continuous and V' contains nonzero tripotents, these are the elements v € V satis-
fying v) = v in which case ||v| = 1.

Lemma 3.4.11. Let Q be a locally compact space and let [l be a probability mea-
sure on Q. Let f € L*(Q, 1) satisfy

/Qf(3)dy: (/Qfdu>(3) and ‘/Qfdy‘_/g|f|du.

Then f is constant [L-almost everywhere.

Proof. If [o|fldu = 0, there is nothing to prove. We may therefore assume
Jolfldu =1 by normalizing. The second condition of the lemma implies that
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f = B|f| u-almost everywhere, for some complex number  of unit modulus. By
the first condition,

[ rPan—p ( A IfIdu) o | BlsFdu.

We have 2|f]? < |f]* +|f] and
2<2 [ IfPdu < [ 7Pau+ [ \flan =2
Q Q Q

which gives 2|f|> = | f|* + | f| and hence |f| = 1 u-almost everywhere. 0

Example 3.4.12. If f : Q — R satisfies [, f2du = (fgfdu)z, then f is constant
u-almost everywhere, but the same conclusion fails if one replaces the square in

3
the integrals by the cube, for instance, f) f>(x)dx = 0 = ( Jof (x)dx) for f =

In what follows, L= (G) is equipped with the Jordan triple product { f, h,k} = fhk
as before.

Lemma 3.4.13. Let G be a locally compact group and let & be a complex measure
on G with ||6|| = 1 and the polar representation ¢ = ® - |G|. The following condi-
tions are equivalent.

(i) H(T5,L=(G)) is a subtriple of L (G).

(ii) For each f € Hi(T5,L”(G)), we have f®) x 6 =0 A-ae. on f~'(0) and f =

o(y)f,-1 A-ae.on G\f1(0), for |o]-a.e. y.

Proof. (i) = (ii). First, pick an extreme point u in the closed unit ball of
H,(T5,L=(G)). This is possible because H;(T5,L”(G)) has a predual. By [13,

Proposition 2.2.5; p.16], H(T5,L”(G)) is the range of a contractive projection P
on L”(G) such that H, (T, L”(G)) is a JB*-triple in the Jordan triple product

[fvhvg]:P{fahak} (fahakeHl(TGvLm(G)))
and also [f,u,u] = f. Since H (Ts,L”(G)) is a subtriple of L(G), we have
f=1fuu) = {fuu} = fluf’. (3.19)

Since ||u]|.. = 1, we may assume |u| < 1 on G, by re-defining u to be 0 on a A-null
set if necessary. Let

E={xeG:u®(x) = u@)ux)u(x) = u(x) = ux o(x)}.

Then A (G\E) = 0. Choose any z € ENG\ f~'(0). We have |u(z)|*> = 1 since u(z) =
u(z)u(z)u(z). Therefore
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— ()| = | ute o0l < [ e oblidiol) <

We also have, as oo = 1,

. . ®3)
[t 00 dole) =ute) =u(e) = ( [ ey Hotdlel))

By Lemma 3.4.11, u(zy~")w(y) is constant for |c|-almost every y € G. Hence
u(z) = u*o(z) = u(zy~")w(y) for |o|-almost everyy €G.
Now pick any f € H(Ts,L”(G)). Then £ € H,(T,L*(G)) by condition (i),
and for £ (x) = f(x)f(x) f(x) = fO) % o(x), we have f<3> %0 (x)=0if f(x)=0
Next, condition (i) implies that the function {f,f,u} = |f|*u belongs to
H,(T5,L7(G)). Let

N=ENn{xeG: f(x)=f*o(x)and |f|*(x)u(x) = |f|*u*xoc(x)}.

Then G\N is a A-null set. Letx € N and f(x) # 0. It follows from (3.19) that u(x) # 0
and hence we have

IP@u) = (P <o) = [ 7P o)
x / 7P dlol)
JG
which gives

/Glflz(xy’l)dlcl(y) =P =f 0P

=| [ st Howidolo)
( / o Do)
< [1rw)Pdlolo).

Hence the above inequalities are equalities and the last one implies that | f(xy~!)| is
constant for |o|-almost every y € G. Also

st 00l = [ 1o lalol) = [ Lrea bl

implies that f(xy~')w(y) is a constant multiple of |f(xy~ D @(y)| = |f(xy~")|, and
hence constant, for |o|-almost every y € G, yielding f(x) = f(xy ") o(y) for |o|-
almostevery y € G.
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(i) = (i). Let f € H|(T,L”(G)). We show f0®) € H|(T5,L=(G)). Indeed, for
A-ae.xin G\f~1(0), we have

1950 = [ 12 webdsls) = [ 12 @ 0)dolw)
= [ D wdlol) = 1.
For A-a.e. xin f~1(0), we have

) =0= P xox).
O

We note that the eigenspace H,(T5,L”(G)) is weak* closed in L”(G) and
H\(T5,L=(G)) N Cyp(G) is weak* dense in H|(Ty,L”(G)). The latter is a conse-
quence of the existence of a bounded approximate identity (yg) in L'(G). Given
f € Hy(T5,L7(G)), the convolution yg * f belongs to Hy(Ts,L7(G)) N Cy(G),
where Y (x) = yg(x~ '), and the net (g * f) weak* converges to f since, for each
h e L'(G), we have

(h f) = lim{yg *h. ) = lim(h, Y = ).

Theorem 3.4.14. Let G be a locally compact group and let 6 be an absolutely con-
tinuous measure on G with ||o|| = 1 and the polar representation 6 = ® - |c|. The
following conditions are equivalent:

(i) H\(T5,L=(G)) is a subtriple of L (G);
(i) H\(T5,L7(G)) ={f € L”(G) : f = ©(y)f,-1 for|o|-ae.y € G}.

Proof. (i) = (ii). Given f € L*(G) satistying f = @(y)f,1 for |c|-almost every
y € G, it is easily verified that f is o-harmonic.

Conversely, for each f € H|(Ts,L”(G)), absolute continuity of ¢ implies that
f*0 € Cp(G) and that we may assume, by re-defining if necessary, that f = f x &
on G. By Lemma 3.4.13, we have f(x) = o(y)f(xy™!) for |c|-a.e.y € Gif f(x) #0.

Suppose f(x) =0. Then . f(x) # 0 for some left translate , f of f. We have ,f €
H\(T,L=(G)), and |f|? of = {f,f af } € Hi(T,L=(G)) by condition (i). Hence

0=/ af(x) =] af *o(x)
= [Pty ow)dlol )

= fta) [ 17y )Pdlo]()

which implies | f(xy~!)| =0as well as f(x) = 0= f(xy~ ") w(y) for |o|-almost every
yeG.

(ii) = (i). If f € H|(Ts,L”(G)), then condition (ii) implies that £ is also in
H,(T5,L”(G)). Hence H (T, L7 (G)) is a subtriple of L”(G). O
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If o is a probability measure on G, then H;(Ts,L”(G)) contains constant func-
tions and if it is a subtriple of L™ (G), then it is also a *-subalgebra, and vice versa,

since {f,1,h} = fhand f* ={1,f,1} in L*(G).

Corollary 3.4.15. Let ¢ be an absolutely continuous probability measure on a lo-
cally compact group G. The following conditions are equivalent:

(i) H\(T5,L=(G)) is a *-subalgebra of L (G);
(i) H|(T5,L*(G)) is a subtriple of L*(G);
(i) H,(T5,L7(G)) ={f € L(G) : f = f,-1 Va € suppc}.

Proof. (ii) = (iii). Let f € H,(Ts,L”(G)). By absolute continuity of &, we may
take f to be continuous. By Theorem 3.4.14, the open set {y € G : f # fy,-1} is
disjoint from supp o. O



Chapter 4
Convolution Semigroups

In this Chapter, we study matrix harmonic functions and contractivity properties of
a semigroup of matrix convolution operators {7g, };~0 where ||o;|| = 1. We show
that, for 1 < p < o, there is a contractive projection P : L?(G,M,) — LP(G,M,)
whose range is the intersection of 1-eigenspaces of {7, }:

(Hi(To, . LP(G,M,)) = {f € L’ (G,My) : f = f* & forall > 0}

t>0

This is the space of matrix L” harmonic functions for the generator of the semigroup,
and it is a JB*-triple if p = oo, in which case it is nontrivial if o; are positive and G
non-amenable.

If £ is a second order G-invariant elliptic operator on a connected Lie group G,
annihilating constant functions, or more generally, a translation invariant Dirichlet
form on a locally compact group G, then it generates a convolution semigroup
{Ts, }+>0 and our results can be applied to this setting. For instance, one can derive
a Poisson representation for L™ £-harmonic functions on G, and show that all L?
L-harmonic functions are constant for 1 < p < oo,

We study hypercontractivity of the semigroup {75} in the last part of this
Chapter. We show that Gross’s seminal result on hypercontractivity and log-Sobolev
inequality can be extended to the matrix setting.

4.1 Harmonic Functions of Semigroups

Let G be a connected Lie group and let £ be a second order G-invariant elliptic
differential operator on G, annihilating the constant functions. A C2-function on G
is L-harmonic if Lf = 0. By [39, Theorem 5.1], £ generates a convolution semi-
group of absolutely continuous probability measures {0; };~0 on G, giving rise to a
semigroup 7; : L”(G) — L”(G) of convolution operators

L(f)=rfxo (t>0)

C.-H. Chu, Matrix Convolution Operators on Groups. Lecture Notes in Mathematics 1956, 87
doi: 10.1007/978-3-540-69798-5, (© Springer-Verlag Berlin Heidelberg 2008
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(cf. [1, p.134]). The intersection of eigenspaces

()Hi(To,.L7(G)) = {f € L"(G) : f+0; = f forall 1 > 0}

>0

is the space of L L-harmonic functions on G (cf. [1, Proposition V.6] and [25,
Theorem 5.9]). More generally, for any locally compact group G, if a self-adjoint
operator £ in I? (G) is a Dirichlet form (cf. [21]) and if £ commutes with left trans-
lations, then it generates a convolution semigroup e '~ : LP(G) — L*(G).

In this section we study convolution semigroups {0; };~¢ of matrix-valued mea-
sures on a locally compact group G and our focus is on the harmonic functions of
the semigroup, namely, the intersection of eigenspaces:

(Hi(To, . LP(G,M,)) = {f € L’ (G,My) : f = f* & forall > 0}

t>0

We show that it is the range of a contractive projection on L? (G, M,) and the space
M=o Hi(Ts,,L”(G,Mp)) carries the structure of a Jordan triple system. We show
how these results can be applied to £-harmonic functions on Lie groups.

By a (one-parameter) convolution semigroup of M,-valued measures on a lo-
cally compact group G with identity e, we mean a family {0; },~¢ of measures in
M(G,M,) satisfying

@) [lof| =1,
(il) oy* 0 = Oyys,
(iii) 6, = w*-limo;
t|0

where the weak* topology on M(G,M,) is defined by the duality, as in [9,
Lemma 6],

(fol) =Tr /G fdu  (f €Co(G,M), 1t € M(G,M,)).

We note that, if { 0; };~ are probability measures, then condition (iii) above is equiv-
alent to the following condition in [39] for a convolution semigroup:

(iv) 1if(I)1 0;(V) = 1 for every open set V containing e
t
in which case, we have

fle)= ltif}}(f, o) for each f € C(G). “4.1)

Remark 4.1.1. Although one could adopt the weaker condition ||c;|| < 1 for (i)
above, we use ||o;|| = 1 instead for the purpose of discussing harmonic functions.

Let {0;}/~0 be a convolution semigroup of M,-valued measures on G. Given
h € C.(G,M,), we have

<g7h*o-t>:<§*h76:l> (geCC(G7M">)
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which implies that (h* o;) weakly converges to i in L? (G,My,) ast | 0, for | < p<eo.
It follows that {o; };~0 generates a strongly continuous contractive semigroup of
convolution operators

Tv=1, T,:fel’(G,M,) v fxo, € LF(G,M,)

for 1 < p < oo, where f = w- lif(r)l T, f since, for each g € C.(G,M,,), we have
t

(T:f,8) = {f:8)| < [(Tif,8) = (Tih, g)| + [(Tih, &) — (h, &) + [{h, 8) — (&)
< 2|f = hllllgll+ |2+ 01, 8) — (h, &)

which can be made arbitrarily small for 7 | 0 by choosing & € C.(G,M,).

If {0, };~0 are probability measures, the semigroup {7;},>0 : L' (G) — L'(G) is
also strongly continuous by (4.1).
Example 4.1.2. For a family {o; };~¢ of measures, the condition that lil%l lo:|(V) =

t
1, for every open set V containing e, is not sufficient to yield f = w- lifg)l T.f in
t

LP(G,M,). Let {0; };~0 be a family of signed measures on R defined by

do;(x) = tlz @ (x)dx

where t > 0 and
x for—t <x<t

0 otherwise.

w0 ={
Then ||o;|| = 1 and lifg)l |o:| (V) = 1 for every open interval V containing 0. Let f =
t
Xo.1) € L'(R) be the characteristic function of (0, 1). For ¢ < 1/2, we have

2=

22 for —r <x<t,

Tf(x)=(f*x0)(x) = 2x—x>+1>—1

22 forl —r<x<1+¢,

0 otherwise

and <]}f,x(07;)> =—t/3-» <fvx(0,§)> inL'(R)ast | 0.

Lemma 4.1.3. Let 1 < p < oo and let T; : L’ (G,M,)) — LP(G,My) be a strongly
continuous one-parameter semigroup of bounded operators, with generator L,, and
domain Dom(L,) C LP(G,Mp). Let f € LP(G,M,) and o € C. The following con-
ditions are equivalent:

OLf=e*f  (1>0);
(ii) f € Dom(L,) and L,f = af.
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Proof. (1) = (ii). We have

ot

1 e
1. T — = 1 = .
im (Lf=f)=lim"f=oaf
Therefore f € Dom(L,,) and L, f = o f.
(ii) = (i). We have T, f — f = [{ T.L, fdx = o [ T, fdx. Hence

d
it Lf=olLf

which gives T, f = ™ f. O

Let S = {o; : t > 0} be a convolution semigroup of M,-valued measures on G.
We consider the semigroup of convolution operators 7; : L (G, M,) — L?(G,M,,),
where 1 < p < oo, defined by

=1, L(f)=fxo; (r>0).

A function f € LP(G,M,) is called S-harmonic or (6} );~o-harmonicif f = f*o; in
LP(G,M,) for allt > 0. Let

HE(G,M,) ={f €ELP(G,M,): f = fxo;forallt >0} = (H(T5,,L”(G,M,))

>0

be the Banach space of M,-valued S-harmonic L” functions on G. Let £, be the
generator of {T; },>¢ : L?(G,M,)) — LP(G,M,,) for 1 < p < e. Then

HE(G,M,) = {f € Dom(L,) : L, f =0}

by Lemma 4.1.3. Since {7; };>¢ is contractive, Lemma 4.1.3 implies that, if o is an
eigenvalue of £, then |exp(o)| < 1 for all # > 0 and in particular, Rear < 0.

We define S = {G; : 1 > 0} where da;(x) = do,(x ). By (3.3), S is also a
one-parameter convolution semigroup of measures on G, with respect to the con-
volution .

The following result extends Proposition 3.3.56, with analogous proof. We out-
line the main steps of the arguments.

Proposition 4.1.4. Let 1 < p <o andlet S = {0, },~0 be a convolution semigroup of
M,-valued measures on G. Then there is a contractive projection Ps : L (G,M,) —
LP(G,M,) with range H%(G,M,) and Ps commutes with left translations. Further,
Jor 1 < p <o, the projection Ps is the dual map of a contractive projection Qg :
L9(G,My) — L(G,M,) and H5(G,M,) = HL(G,M,)* where

ﬁg(GaMn) = mHl (LEmLp(GaMn))'

t>0
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Proof. Foreacht >0,letT; : L”(G,M,) — LP(G,M,) be the convolution operator

Ti(f) = f o

We have ||T;|| < 1 and T; is weakly continuous when L?(G,M,) is equipped with
the weak topology. Let K = co{T; : t > 0} be the closed convex hull of {7; : 7 > 0}
with respect to the product topology 7 of L?(G,M,)" (GMn) where LP(G,M,) is
equipped with the weak topology. Then K is compact. Define @, : K — K by

D (A)(f)=A(f) * o (Ae K, felP(G,M,)).

It is straightforward to verify that @, is well-defined and 7 -continuous. Since o *

O; = O * Oy, the family {®; },~( is a commuting family of continuous affine maps

on K and by the Markov-Kakutani fixed-point theorem (cf. [24, p. 456]), {®; }+~¢

has a common fixed-point Ps € K which is the required contractive projection.
The projection Qg is constructed similarly via the maps

g € LY(G,M,) — W:(A)(g) = G #¢ A(g) € LY(G,M,)

with A € K = co{T; : 1 > 0}and T;(g) = G; +/&.

The proof of Ps = j‘§ is similar to the arguments for Proposition 3.3.56, noting
that Ps(f + 0;) = Ps(f) * o = Ps(f) for each f € L?(G,M,) and Q5(0; %/ &) =
61+ Q5(g) = Qg(g) for each g € L(G,M,).

Finally, we have HL(G,M,)" = Q5(L)" ~ L?/P(L1)* ~ HE(G,M,) where
L1 =L1(G,M,). O
Remark 4.1.5. By the above construction of Ps, there is a net of measures (L) in
the convex hull of {o; : £ > 0} such that

Ps(f) = w"-lim f+ Lo
forevery f € L”(G,M,).
Corollary 4.1.6. Then space HZ (G,M,) is a JBW*-triple.

Proof. Since HZ(G,M,) is the range of the contractive projection Ps : L*(G,
M,) — L=(G,M,) in Proposition 4.1.4, it is a JB*-triple with the following Jor-
dan triple product

{F.8 1} = L Rs(fg"h+ hg' ).

Asthemap f € L”(G,M,) — f*0; € L(G,M,) is weak* continuous, Hg (G, M,) is
weak* closed in L”(G,M,,) and has a predual, that is, it is a JBW*-triple. O

As before, let 1 : G — M,, be the constant function with value I € M,,.
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Proposition 4.1.7. Ler S = {0, }/~0 be a convolution semigroup of positive M-
valued measures on a locally compact group G such that {0} # HZ(G,M,) C M, 1.
Then G is amenable.

Proof. If f € H(G,M,) and f = Al for some A € M, then we have A1 = fx0; =
Ao;(A)1 for all + > 0. Hence

HZ(G,M,) = {A1:A € M,,A=Ac,(G), Vi > 0}.

Let Ps: L*(G,M,) — HZ(G,M,) be the contractive projection in Proposition 4.1.4
and let Ps(1) = Al. Then ||A|| < 1 and by Remark 4.1.5, we have A > 0 in M,, and
A #0,forif 0 # f = Bl € H3(G,M,), then BPs(1) = B1.

We can find a state ¢ of L°(G,M,,) such that ¢(Ps(1)) = 1 (cf. [62, p.130]).
Since Ps commutes with left translations, we have Psly(f) = {xPs(f) = Ps(f) for
all f € L”(G) and x € G, where Ps(f) is a constant function. It follows that ¢ o P is
a left-invariant state of L*(G,M,) and the function

m:heLl”(G)— o(P(hal))eC
is a left-invariant mean. Hence G is amenable. O

We now apply the above results to the heat semigroup on a Lie group. We write
HE(G) for HE(G,C). Let G be a connected Lie group and let £ be a second order
G-invariant elliptic differential operator on G, annihilating the constant functions.
Then L generates a convolution semigroup {o; },~¢ of absolutely continuous proba-
bility measures on G, giving rise to a strongly continuous one-parameter semigroup
(T; )10 of convolution operators on L”(G) for 1 < p < eo. The generator £, of
(T});>0 in LP(G) coincides with £ on C°(G). Our first application is the following
uniqueness result.

Proposition 4.1.8. Let G be a connected Lie group. For 1 < p < oo, all LP L-
harmonic functions on G are constant.

Proof. Let S ={0; }+~0 be the semigroup of absolutely continuous probability mea-
sures generated by £. Then HZ(G) contains the space of L” £-harmonic functions
on G. Since G is connected, each o; is adapted and by [10, Theorem 3.1], we have
HE(G) C Hy(Ty,,LP(G)) C C1. o

It has been shown by Yau [64] (see also [32]) that all L” A-harmonic functions on
a complete Riemannian manifold are constant, for 1 < p < e, where A is the Laplace
operator of the Riemannian metric of the manifold. This result is false for p = 1,00,
but is true if in addition, the manifold has non-negative Ricci curvature [46, 65]. As
shown by Milnor [50, Theorem 2.5], almost any Lie group admits a left invariant
Riemannian metric for which the Ricci curvature changes sign. Although the L!
result for manifolds cannot be applied directly to all Lie groups, it follows from
Proposition 4.1.8 that all L! A-harmonic functions on Lie groups are constant. For
the case p = oo, Proposition 4.1.7 gives an alternative proof for the amenability of a
Lie group if all bounded A-harmonic functions on it are constant.
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As another application of Proposition 4.1.4, we give a Poisson representation
of bounded L-harmonic functions on Lie groups, similar to the construction in
Corollary 3.4.10. Let S = (07 )~0 be the semigroup generated by £. The functions
in HZ(G) are exactly the bounded £-harmonic functions on G. Since 1 is an ex-
treme point of the unit ball of HZ(G), by Corollary 4.1.6, HZ (G) is a an abelian von
Neumann algebra with product and involution:

f-g=Ps(fg), [ =Ps(f) =w"-lim [+ o =Ps(f) = f

where [y € co{o; : > 0} is a probability measure.
Let Q be the pure state space of H5(G). Then Q is weak* compact Hausdorff
and HZ (G) is isometrically isomorphic to the algebra C(Q) of complex continuous

functions on €2, via the Gelfand map f € Hg(G) — f € C(Q), where

~

flo)=o(f)  (feH5(G),0cQ).

Proposition 4.1.9. Let L be a second order G-invariant elliptic differential operator
on a connected Lie group G, annihilating the constant functions. Then there is a
compact Hausdorff space Q with a probability measure |1 on Q, and an action
(0,x) € QX G — - x € Q such that for each bounded L-harmonic function f on
G, there is a unique complex continuous function fon Q such that

10 = [ flo-vdu@)  (xe0).

Proof. Let S be the semigroup of probability measures on G generated by L. Let Q
be the pure state space of HZ(G). Define a probability measure 4 € C(2)* by

u(f) = fle)

where f € HZ(G) — f € C(Q) is the above Gelfand map and e is the identity of G.
For each x € G, the left translation ¢, : H3(G) — Hg(G) induces a surjective

linear isometry /, : C(Q) — C(Q) given by
L) = s
for f € HZ(G). Hence 7, is a composition operator on C(Q):
G(f) = Fo o

for some homeomorphism @, : Q — Q. Since ¢y, = @, 0 @, for all x,y € G, the
map
(0,x) EQXG—0-x:=¢, 1(0) €Q

is a (right) action of G on Q. For every f € HZ(G), we have
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1) = Lerfle) = n(B i)
= u(Fogc)= [ Flovi(@)duw)

- [ flo-xau@)  xea).
O

Example 4.1.10. An unbounded self-adjoint positive operator £ on L?(G) is called
a Dirichlet form if it satisfies the Beurling-Deny conditions as in [21]. A concrete
example is the second order elliptic operator £ discussed above. The operator —£L
generates a contractive semigroup e '* : L>(G) — L?(G) which can be extended
to a contractive semigroup 7, (¢) : L?(G) — LP(G). If £ commutes with left trans-
lations, that is, if the left translation ¢,f lies in the domain of £ for every f in
the domain and x € G, and Ll f = (. Lf, then e ', and also T,(t), commutes
with left translations and hence 7j (¢) : L' (G) — L' (G) is a convolution semigroup
Ty (t) = Tg, by Corollary 3.1.11. Further, the contractivity of e "~ on L*(G) implies
that T, (1) = T5, on L” for all p < o, by Proposition 3.1.10. Hence the above re-
sults on semigroups, for instance, Proposition 4.1.4, can be applied to 7,,() and the
L p-harmonic functions. The LP-spectrum Spec (L, L?) of the generator £, satisfies
exp(t Spec (L, L)) C Spec (Tg,,L7).

4.2 Hypercontractivity

We now discuss hypercontractivity of convolution semigroups 7; = Ty, : LP(G,
M,) — LP(G,M,). We are concerned with the question of ‘smoothing’ of the
semigroup {7;},~0, that is, the question of contractivity of 7, as an operator from
LP(G,M,) to L1(G,M,) for some g > p. We extend Gross’s seminal result in [36] on
hypercontractive semigroups to this setting. For this purpose, the appropriate norm
to use for M, is the Hilbert-Schmidt norm and the setting for the remaining section
will be that of the spaces L” (G, (My, || - ||ns)) which will be denoted by L” (G, M, »)
to simplify notation. Recall that LZ(G,MM) is equipped with the inner product

(.82 = [ Tr( (@80 )aAL)

If there is no confusion, we write (-, -) for (-,-);.
Given a measure ¢ € M(G,M,,), we define its adjoint 6* € M(G,M,) by

6" (E)=0(E)" €M,

for each Borel set E C G. Recall that d6(x) = do(x ).
We first discuss positivity of the semigroup {7;}. Let —L be the generator of
{T;}1>0 in L*(G,M,»). For f,h € L*(G,M,,), we have
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/h(f*?y*)*dxz/ (h+G)f*dA.
JG G

It follows that the domain of the adjoint of — L is given by
1 ~
D(-L*) = {f €L*(G,M,2): 1%1 ,(F%6] — f) exists in Lz(G,M,,,z)}
! ;

and L is self-adjoint if, and only if, 6; = o; for all z > 0.
Since ||oz|| = 1, we have ||T;||» < 1 for all 7 > 0 and hence L is a positive operator,
that is,

(Lf,f) >0

for each £ in the domain D(£) C L*(G, M, ) of L. Therefore the operator £'/? is
well-defined. We define the quadratic form of L to be the quadratic form Q with
domain D(L), given by

O(f.g) = (Lf.g) = (L'2f, L) (f,g€D(L))

where we use the same symbol Q for the associated symmetric bilinear form.

Let M,} = {A*A : A € M,;} be the positive cone in the C*-algebra M,. We call
a function f € LP(G,M, ) positive and denote this by f > 0, if f(x) € M, for
A-almost all x € G. Given a function f : G — M,,, we define the functions f*, |f] :
G — M, by

F =" and [fl(x) =[] = (f@) X)) (x€G).

If f* = f, we define the positive and negative parts of f by f*(x) = f(x)™ and
S~ (x) = f(x)~ respectively.

Amap T : LP(G,M,») — L(G,M, ) is called positivity preserving, in sym-
bol, 7 > 0, if f > 0 implies Tf > 0 for f € L?(G,M,>). Since C.(G,M,») C
L?(G,M, ), a convolution operator T : L”(G,M, ) — L”(G,M,,>) is positivity
preserving if, and only if, ¢ > 0.

A semigroup {7; };>¢ of operators on L” (G, M, ») is called positive if T, > 0 for all
t > 0. The semigroup {7; };>¢ induced by a convolution semigroup {o; };~o of M-
valued measures on G is positive if, and only if, o; > O for all # > 0. The following
conditions for the positivity of a semigroup {7; };>¢ in terms of its generator £ in
L? (G,M, ) are well-known in the scalar case. The proof for the matrix-valued case
is similar to [21, Theorem 1]. We note that, for a positive operator £ in a Hilbert
space H and for o > 0, the operator & + £ has a bounded inverse on H.

Proposition 4.2.1. Let £ be a self-adjoint positive operator in L*(G,M, ) and
let —L generate a semigroup {T;};>0 of operators on L*(G,M,). Let Q be the
quadratic form of L. The following conditions are equivalent.

1) T; >0 fort > 0.

(ii) Given ¢ = @* € D(L'/?), we have |@| € D(L'/?) and Q(|@]) < Q(p).
(iii) Given @ = @* € D(L£'/?), we have |@| € D(LY?) and Q(¢*, ¢~)
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(iv) For o0 > 0, the map (o« + L)™' : L*(G,M,2) — L*(G,M,,) is positivity pre-
serving.

Proof. (1) = (ii). Let ¢ € D(Ll/ 2). Then by positivity preserving of 7;, we have
(o, 0) = (To" ~To", 0" —¢)
=(To" ")+ (Lo .0 )~ (Tio",07) —(Ti9",¢")
< (Tilol, lol)-

Hence
Hu-Tlolloh < (- T)0.0)

and limsup, o (I = T)|¢],||) < (L!/2¢,L'/2¢). It follows that |@| € D(L'/?)
and Q(|¢|) < ().

(i1) < (iii). This follows from
40(9".07)=0(¢l) - (o)
where @, || € D(£'/?) implies that o* € D(L!/?).

(iii) = (iv). Fix a > 0. Denote K = D(L£'/?) which is a Hilbert space with respect
to the inner product

(y. @)1 = (L9, L) + aly, 9).

Let J: K — L2(G,M,,72) be the natural embedding. Then, for v € K, f €
L*(G,M,>), we have

(W, (a+L)" o = (LPy, LV (a+ L) )+ oy, (a+ L)' f)
= ((a+ L)y, (a+L)""f))

Therefore J* f = (ot + L)~ f. Let y = J* f. We have

(wl,lwh = Q(wl) + o[yl [wl])
< O(y) +aly,y) = (v, y)1.

Let f > 0. Then

(wl,J"
(lwl,f)
>y, f) =W, = (v, y)1.

Hence (o + L) ' f =T f =y =|y| >0.

(lwl,wh
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(iv) = (i). This follows from

t —n
T = lim (1+ E) .
n—oo n

O

Given two functions f,h € L?(G,M,,), we denote by (f,h)s the function x €
G — Tr(f(x)h(x)*), and define

Flas = (> 1)1

which gives | f|ns(x) = || f(x)||5s forx € G.
To simplify notation, we will write |f]| for | f|s in the rest of the chapter where
confusion is unlikely.

Lemma 4.2.2. Let h € L*(G,M,,»)\{0} for all s € (1,p). Then ||h||s is a differen-

tiable function of s and

d 1 _
solnl= Lntts ([ roginla ~ aigioglal. )
JG

Proof. This follows from a simple computation of

d d 1/s
hlly = hJ*
atnl= o (Lne)
1 1 d
= e (= " t0g [ AP / ns
H |S( S2 Og/G| | +S||h||§ GdS| |>

where the integrals are with respect to the Haar measure A. O

In the remaining chapter, the integrals on G are with respect to the Haar
measure A.

Lemma 4.2.3. Let {T;},>0 be a strongly continuous contractive semigroup on
LP(G,M,2) where Ty =1 and 1 < p < eo. Let ¢ > 0 and p(t) be a real continuously
differentiable function on [0, c), with infimum p(0) = p. Given ¢ € C°(G,M,,»), the
function | T,@| ) is differentiable att = 0 and

d 1— . ) d
ol Vel =relloll” [or2( 5

PO, "
P

.0)
t=0 hs

+ (/.o ioeiol-lolzioelol, ).
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Proof. We have

d

1
dr tzOIIE(PHp(,) = lim | (17l po) — I Tooll)

. 1 1
—tin{ (10l - 1Tl,) + | (1T~ o)}

where, by the chain rule and Proposition 2.2.5, we have

d
im (17501, - |(P||)—3|T0(P|p< zw)

— Relg]l! /|<p|ﬂ 2Tr( ( ,OT"”>)'

By the mean value theorem and Lemma 4.2.2, there exists #; € (0,¢) such that

1
, (IToll0) - IIthpllp)

1-
=P gl ([ 1m0l og Tl [Tl gl Tl ).
Letting + — 0 above and putting the two limits together, we get the result. O

Remark 4.2.4. In the above lemma, we can write

- _ o d
welioly* 1021 (o (5] 70)) =" " 1o
b t=0

Indeed, by the chain rule and the Gateaux derivative of the Hilbert-Schmidt norm
I - | ns» we have, for x € G,

ITffpl2

d d
G IToP @ = 2AT0l) L I1T000)he

— 20102100 s ( 500
= ReTH(Tio(0) T 9L2)).

The following result for matrix semigroups, extending a result of Gross in [36],
answers the above question of smoothing the semigroup {7; },>¢ induced by a con-
volution semigroup {o;},~o of M,-valued measures satisfying 6;" = o; > 0. The
condition for hypercontractivity of {7; };>¢ is a log-Sobolev type inequality of in-
dex p for its generator £, for each p € (1,00). The proof is based on a differential
inequality, as in [36]. See also [3, 17].

We say that an operator £ in LZ(G,MM) generates a contractive semi-
group {T;};>0 on LP(G,M,,) if each T, maps L*(G,M,,) N LP(G,M,,) into
L*(G,M,2)) NLP(G,M,>), and is contractive in the L”-norm.
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Theorem 4.2.5. Let —L be a self-adjoint operator in L? (G,M,>), generating a pos-
itive strongly continuous contractive semigroup {T; };>0 on LP(G,M,») for all p.
Given a > 0 and b > 0, the following conditions are equivalent.

() {T; }1>0 is hypercontractive, that is, for each p € (1,e0) andt > 0,
119l < e"lloll, (9 €CT(GM,))

where p(t) =1+ (p— 1" and m(t)=b (p'=p®) ).
(ii) For each p € (1,00) and ¢ € C.(G,M,,>), L satisfies the inequality

2
ap 2
Plog|p|PdA < — PR sdA+|@l[B(b+1 D).
/Glfpl og|o|"dA < 4(,;_1)/(;"”' e (L, 9)nsd +||ol[(b+log|l¢]})

Proof. Let ¢ € C7°(G,M,2)\{0}. For ¢ € [0,00), let F (1) = e "|[T;]| ;) where
m(0) =0 and p(0) = p. We have

1 d

d
logF(t) = —m'(t) + T.p
f ( ) ( ) ||Tt(p||p([) ’l‘H t Hﬂ(l)

d

where, by Lemma 4.2.3, we have

1
logF (1) = —m'(0)+ ,
=0 el

p'(0) </
+ lp["log|o|” —[lol[jlog @]} ) -
Pl \Ja ! 8

p—2
M | 1ol Re (Lo, 0);,

For (i) = (ii), we note that F'(0) < 0 since F(t) < F(0) for all . Hence

d
log F(t) <0 and we have
dt|,_,

. 2 . / 2
p -2 m'(0)p )
Ploglo|l < — / P Re (L@, Q)+ ”( +lo P,
/G|<p| elol"== ) Jo1#I" RelLo@hstllollp { ) Floglel

We note that p(¢) and m(z) solve the differential equations

pt)> _ ap® 3
P 4oy PO
and ) )
’"g/)g)” —b, m(0)=0
Hence we have pz ap2 m’(O) )
PO " 4p-1 " o) P

and (ii) holds.
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Conversely, (i) implies

d
= logF (1) <
F(0) = ar|,_,otF =0

where F(0) = ||@|| . It follows that F(r) < F(0) for all ¢, giving

e " ONT0l1p) < llllp-

Remark 4.2.6. In the scalar case ¢ € C°(G), we have
/lel”’zRe (Lo, @)n =Re /Gﬁfplfpl”’zfp

which can be written as Re [ L@@, where ¢, = (sgn@)|@|?~! and

sons I;ifz#o,
2= 0 ifz=0.

Hence, modulo some constants, the inequality in Theorem 4.2.5 (ii) is identical to
that in (2.1) of [36].
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