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Preface

The study of idempotent elements in group algebras (or, more generally, the
study of classes in the K-theory of such algebras) originates from geometric
and analytic considerations. For example, C.T.C. Wall [72] has shown that
the problem of deciding whether a finitely dominated space with fundamental
group 7 is homotopy equivalent to a finite CW-complex leads naturally to the
study of a certain class in the reduced K-theory Ko(Zm) of the group ring Zm.
As another example, consider a discrete group G which acts freely, properly
discontinuously, cocompactly and isometrically on a Riemannian manifold.
Then, following A. Connes and H. Moscovici [16], the index of an invariant
Oth-order elliptic pseudo-differential operator is defined as an element in the
Ko-group of the reduced group C*-algebra C:G.

The idempotent conjecture (also known as the generalized Kadison conjec-
ture) asserts that the reduced group C*-algebra C*G of a discrete torsion-free
group G has no idempotents # 0, 1; this claim is known to be a consequence
of a far-reaching conjecture of P. Baum and A. Connes [6]. Alternatively, one
may approach the idempotent conjecture as an assertion about the connected-
ness of a non-commutative space; if G is a discrete torsion-free abelian group
then C}G is the algebra of continuous complex-valued functions on the dual
group G‘, which is itself a compact and connected topological space. Even
though the complex group algebra of a group G is a much simpler object
than the corresponding reduced group C*-algebra, the idempotent conjecture
for CG remains still an unproved claim when G is an arbitrary torsion-free
group. The latter problem has attracted the attention of ring theorists since
the middle of the 20th century.

On the other hand, reformulating a theorem of R. Swan [70] about projec-
tive modules over integral group rings of finite groups in terms of the Hattori-
Stallings rank, H. Bass stated in [4,5] a conjecture about the trace of idempo-
tent matrices with entries in the group algebra of a group with coefficients in a
suitable subring of the field C of complex numbers. An immediate consequence
of the validity of the conjecture is the equality of various Euler characteristics
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that can be defined for groups. Furthermore, as shown by B. Eckmann [20],
Bass’ conjecture is related to the freeness of certain induced finitely generated
projective modules over the von Neumann algebra of the group.

This book provides an introduction to the study of these problems for grad-
uate students and researchers who are not necessarily experts in the field. Our
aim is to show the unified character of the conjectures mentioned above and
present the basic elements of an area of research that has recently experienced
a revival, in view of its close relationship with deep geometric problems. At
the same time, we hope that this book will become a valuable aid to the ex-
perts as well, as it collects and presents in a systematic way basic techniques
and important results that have been obtained during the past few decades.

The pace of the book is suitable for independent study and the level of
the presentation not very demanding, assuming only familiarity with the tech-
niques of Algebra and Analysis that are usually covered during the first year
of graduate studies. Moreover, in order to facilitate the reader, we have de-
cided to include a few Appendices that detail some of the tools used in the
main text. On the other hand, we have restrained ourselves from using some
of the more advanced techniques that may be employed in the study of these
problems, such as refined tools from K-theory.

In the first chapter, we fix the notation used in the rest of the book and
properly formulate the Bass’ and idempotent conjectures. As a warm-up, we
prove the idempotent conjecture for torsion-free ordered groups and introduce
the Strebel-Strojnowski class, providing some additional examples of groups
satisfying the idempotent conjecture.

In Chap. 2, we present the simplest examples of groups that satisfy Bass’
conjecture, namely the abelian groups and the finite ones. We put the con-
jecture in a geometric perspective, by relating it, in the abelian case, to the
connectedness of the prime spectrum of the group algebra. Using some basic
representation theory, we establish the equivalence between Bass’ conjecture
for finite groups and Swan’s theorem on integral representations, which served
itself as the primary motivation for H. Bass to formulate the conjecture.

In Chap. 3, we study idempotent matrices with entries in complex group
algebras by reduction to positive characteristic. This technique was pioneered
by A. Zaleskii [75], in order to complement a result of I. Kaplansky [38] on the
positivity of the canonical trace. Using the action of the Frobenius operator in
the positive characteristic case and then lifting the result to C, we prove two
theorems of H. Bass and P. Linnell describing some properties of the support
of the Hattori-Stallings rank of an idempotent matrix.

In Chap. 4, we present another method that may be used in the study of
the idempotent conjectures, which is of homological nature. We define cyclic
homology and relate it to the K-theory and the Hattori-Stallings rank. The
nilpotency of Connes’ periodicity operator in the cyclic homology of group
algebras suggests the definition of a class C, which provides us with many
interesting examples of groups that satisfy the idempotent conjectures.
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In the last chapter, we study idempotent matrices with entries in the
reduced group C*-algebra of a discrete group and prove the integrality of the
canonical trace, in the cases of abelian and free groups. In the abelian case,
this follows from the connectedness of the dual group, whereas the free group
case is taken care of by considering a free action of the group on a tree. We
construct the center-valued trace on the von Neumann algebra of a group
from scratch (i.e. without appealing to the general theory of finite algebras)
and study its importance in K-theory. In particular, we prove the result of
B. Eckmann on the freeness of induced finitely generated projective modules
over group von Neumann algebras.

The five Appendices at the end of the book summarize the results from
Algebra, Number Theory and Analysis that are needed in the main text.

At this point, I would like to acknowledge the intellectual debt owed to
the mathematicians whose work and ideas build up this book; in particular,
to H. Bass, A. Connes, B. Eckmann, 1. Kaplansky, P. Linnell and A. Zaleskii.

Athens, Greece Toannis Emmanouwil
June, 2005
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Introduction

1.1 Preliminaries

We assume that the reader is familiar with the basic elements of Algebra and
Analysis that are usually covered during the first year of graduate studies. In
particular, we assume some familiarity with the basics of group theory (struc-
ture theorem for finitely generated abelian groups, rank of abelian groups,
solvable groups), ring theory (unique factorization in commutative rings, ten-
sor product and its relation to torsion, flatness) and field theory (field exten-
sions, Galois theory). Prerequisite notions also include the basics of topology
(completion of metric spaces, the Stone-Weierstrass theorem, connectedness
and compactness) and functional analysis (completeness, orthogonality and
bases of Hilbert spaces).

For future reference, we record the basic results from Algebra and Analysis
that are needed in the sequel in §1.1.1 and §1.1.2. We give the details of the
construction of the Kyp-group of an algebra R in §1.1.3, by means of finitely
generated projective modules and idempotent matrices, and explain the way
that traces on R induce additive maps on Ky(R) in §1.1.4.

1.1.1 Basic Notions from Algebra

In this first subsection, we discuss about a variety of topics, including exten-
sion and restriction of scalars in module categories, the order structure on the
set of idempotents of a ring and record certain basic facts about group rings.

Unless otherwise specified, all rings will be associative and unital and
all ring homomorphisms will be assumed to be unit preserving. In the same
way, all modules will be understood to be left modules. If R is a ring, then
U(R) C R will denote the group of invertible elements and nilR C R the
subset (ideal, if the ring R is commutative) of nilpotent elements. Given a
ring R, the set R°? = {r°P : r € R} can be endowed with a ring structure, by
letting r°P + s°P = (r 4 5)°? and r°P - s°P = (sr)°P for any r°P, s°? € R°P; as
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such, R°P is called the opposite ring of R. Then, a right R-module is simply
a (left) R°P-module.

I. EXTENSION AND RESTRICTION OF SCALARS. If ¢ : R — S is a ring
homomorphism then S can be regarded as a left (resp. right) R-module, by
letting r - s = @(r)s (resp. s - = sp(r)) for all r € R and s € S. For any
R-module M the abelian group S ® g M can be viewed as a left S-module,
where s- (s’ @x) = (ss') @« for all s,s" € S and € M. The resulting functor
from the category R—Mod of left R-modules to the category S—Mod of left
S-modules is referred to as the extension of scalars along ¢. On the other
hand, given ¢, any left S-module N can be regarded as a left R-module by
restriction of scalars along ¢, i.e. by letting r - = ¢(r)z for any r € R and
x € M; the resulting R-module will be denoted by N’. With this notation,
there is a natural isomorphism of abelian groups

A HOms(S ®r M,N) - HomR(M,N’) R

which is defined by letting A(f) : M — N’ be the map z — f(1®z), x € M,
for any f € Homg(S ®r M, N).

For later use, we record the following simple property of the restriction of
scalars functor.

Lemma 1.1 Let ¢ : R — S be a ring homomorphism, N a left S-module
and N' the left R-module obtained from N by restriction of scalars.

(1) If {s; 1 i € I} is a set of generators of S as a left R-module and {x; :
J € J} a set of generators of the left S-module N, then {s;x; :i € I,j € J}
is a set of generators of the left R-module N'.

(i) If the left R-module S is free with basis {s; : ¢ € I} and the left S-
module N is free with basis {z; : j € J}, then the left R-module N’ is free
with basts {s;x;:i€1,je J}.

(iii) If the left R-module S is projective and the left S-module N is pro-
jective, then the left R-module N’ is projective. O

II. THE ORDERING OF IDEMPOTENTS. If R is a ring we denote by Idem(R)
the set of idempotent elements of R, i.e. we let

Idem(R) ={e € R:e*=¢}.

It is clear that 0,1 € Idem(R). A non-trivial idempotent of R is an idempotent
e with e # 0,1. A ring homomorphism ¢ : R — S maps idempotents of R
to idempotents of S and hence restricts to a map

Idem(y) : Idem(R) — Idem(S) .

Two idempotents e, f € R are called orthogonal if ef = fe = 0; if this is
the case, the element e + f € R is also idempotent. It is easily seen that the
following two conditions are equivalent for two idempotents e, f € R:
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(i) ef = fe=e and

(ii) the element f — e € R is an idempotent orthogonal to e.
We define a relation < on the set Idem(R), by letting e < f if either one of
the equivalent conditions above is satisfied. We now state the basic properties
of that relation:

Proposition 1.2 Let R be a ring and < the relation defined above on the set
Idem(R). Then:

(i) The relation < is an order on Idem(R).

(ii) For any e € Idem(R) we have 0 < e < 1.

(iii) For any e € Idem(R) the element ¢’ =1 — e € R is an idempotent,
such that e A (1 —e) = 0 and e V (1 — e) = 1.1 We shall refer to € as the
complementary idempotent of e.

(iv) If e, f € R are two idempotents then e < f if and only if f' < €'; here,
I (resp. €') is the complementary idempotent of f (resp. of e).

(v) If e, f € Idem(R) are two commuting idempotents then the elements
ef,e+ f—ef € R are also idempotents; in fact, we have e A f = ef and
eVf=e+f—ef.

(vi) If e, f,g € Idem(R) are three commuting idempotents then we have
eA(fVg)=(eAS)V(eng).

Proof. The verification of the properties of an order for < is a routine exercise,
whereas assertion (ii) is an immediate consequence of the definitions.

(iii) First of all, we note that for any idempotent e € R the element
1 —e € R is also idempotent. Moreover, if z € Idem(R) is such that z < e
and z < 1—e, then z = ze = (1 — e)e = 20 = 0. In view of (ii) above, we
conclude that e A (1 —e) = 0. On the other hand, if y € Idem(R) is such that
e<yandl—e <y, theny=ey+ (1 —e)y=e+ (1 —¢e) =1 and hence
eV (1 —e) =1, in view of (ii) above.

(iv) It is easily seen that the equalities ef = fe = e are equivalent to the
equalities (1 — f)(1—e)=(1—-e)(1 - f)=1—-f.

(v) If e, f € R are two commuting idempotents, then the element ef is
idempotent as well. Since eef = efe =ef and fef =eff = ef, we conclude
that ef < e and ef < f. Moreover, if € Idem(R) is such that x < e and
x < f,then xef = zf = x and efr = ex = z, i.e. x < ef. It follows that
e N f = ef. Since the complementary idempotents ¢/ =1 —cand f'=1—f
are also commuting, we have e/ A f' = €’ f’. Invoking (iv) above, we conclude
thateV f= (e AfY =(f)Y =1—(1—e)(1—f)=e+ f—ef, as needed.

(vi) This is an immediate consequence of the formulae established in (v)
above. g

An ordered set (X, <) is a Boolean algebra if it satisfies the following condi-
tions:

LIf 2,y are elements of an ordered set X, we denote by x V y (resp. = A y) the
supremum (resp. infimum) of = and y, whenever that exists.
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(BAi) There exist two elements 0,1 € X, such that 0 < x < 1 for all
zcX.

(BAii) Any two elements z,y € X have a supremum z Vy and an infimum
T Ay.

(BAiii) For any # € X there is an element 2’ € X, such that x A2’ =0
and 2 V2’ =1, where 0,1 € X are the elements of (BAi) above.

(BAiv) For any z,y,z € X wehave z A (yV z) = (z Ay) V (z A 2).

Examples 1.3 (i) Let R be a commutative ring. Then, the ordered set
(Idem(R), <) defined above is a Boolean algebra (cf. Proposition 1.2).

(i) For any set X the power set P(X), ordered by inclusion, is a Boolean
algebra. Here, 0 =0, 1=X, AAB=ANB,AVB=AUBand A’ =X\ A
for any two subsets A, B C X.

(iii) If X is a topological space, then the set L(X) of all clopen (closed
and open) subsets A C X, ordered by inclusion, is a Boolean algebra (with
formulae for 0, 1, A, V and complements as in (ii) above).

Lemma 1.4 Let (X, <) be a Boolean algebra.

(i) For any element x € X the element x’ in condition (BAiii) above is
unique. We refer to it as the complement of x. In particular, ¥ = x.

(i) For any two elements x,y € X with complements ' andy' respectively,
we have x <y if and only if y < x'.

(#ii) For any two elements x,y € X with complements ' and y' respec-
tively, we have the following rules (de Morgan laws)

ANy =(xVy) and VY =@ Ay).

Here, we denote by (z V y)', (x Ay)’ the complements of x Vy and x Ay
respectively.

Proof. (i) If g € X is such that z A g = 0 and x V 2¢ = 1, then we have
=2 ANl=2"ANxVary)= (' ANx)V (2 Nzg) =0V (2’ ANzo) =2' Axg

and hence 2z’ < xg. Working in the same way, with the roles of 2’ and zg
reversed, it follows that xg < z’. Therefore, we must have z’ = xg.
(i) f z <y then y Ax <y Ay =0, i.e. ¥ Ax = 0. It follows that

Y=y ANl=yA@xVve)=Wr) VW A2)=0V W ANz)=y N2

and hence ¢y’ < z’. Conversely, if y' < 2’ then z = 2" <¢"” =y.
(iii) This is an immediate consequence of (ii) above. O

Given two Boolean algebras (X, <) and (Y, <), a morphism
w: (X, <) — (V,9)

isamapu: X — Y, such that u(0x)= Oy, u(lx)= 1y, u(zAy) = u(z)Au(y)
and u(z’) = u(z) for all z,y € X. Then, we also have u(z Vy) = u(z) V u(y)
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for all 2,y € X; this follows from Lemma 1.4(i),(iii). If u is bijective, then the
inverse map u~! is also a morphism of Boolean algebras. In that case, u is
called an isomorphism of Boolean algebras.

Examples 1.5 (i) Let ¢ : R — S be a homomorphism of commutative
rings. Then, the induced map Idem(yp) : Idem(R) — Idem(S) is a morphism
of Boolean algebras.

(i) Let f : X — Y be a map of sets. Then, the map A — f~1(A4), ACY,
is a morphism of Boolean algebras f*: P(Y) — P(X).

(iii) Let f : X — Y be a continuous map of topological spaces. Then,
the map A — f~1(A), A € L(Y), is a morphism of Boolean algebras L(f) :
L(Y) — L(X).

IIT. GROUP ALGEBRAS. The basic type of rings that will be examined in this
book is that of group algebras. If k£ is a commutative ring and G a group,
then the group algebra kG is defined as follows: As a k-module, kG is free
with basis the set GG, whereas the multiplication of kG is the unique k-bilinear
extension of the multiplication of G. Then, kG is a unital k-algebra, which is
commutative if and only if the group G is abelian. We note that any element
a € kG can be written uniquely as a sum EgeG agqg, where a, € k for all
g € G and a4 = 0 for all but finitely many g’s. For any g € G we consider the
map
pg : kG — k

which is defined by letting a — ag4, a € kG (where a can be written as a sum
> wcq Gzv as above). Then, py is k-linear, whereas

pglab) = Z{px(a)py(b) cx,y € G and zy = g}

for all a,b € kG and all g € G.

The group algebra kG associated with a pair (k, G) as above is functorial
in both k and G: If 0 : Kk — k’ is a homomorphism of commutative rings
and G a group, there is a unique ring homomorphism o : kG — k’'G with
o(rl) =o(r)l for all r € k and o(g) = g for all g € G. On the other hand, if k
is a fixed commutative ring and f : G — G’ a group homomorphism, there
is a unique k-algebra homomorphism f : kG — kG’ with f(g) = f(g) for all
ge€qG.

Let k£ be a commutative ring and G a group. We note that the group
algebra associated with & and the trivial group {1} is naturally identified
with k. Hence, considering the (unique) group homomorphism G — {1}, we
obtain a k-algebra homomorphism

e kG — k,

which is defined by letting e(a) = >_ .5 aq for any a =3 ;aq9 € kG. We
shall refer to ¢ as the augmentation homomorphism. The kernel I (k) of ¢ is
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the augmentation ideal of kG; it is easily seen that Ig (k) is a free k-module
with basis consisting of the elements g — 1, g € G \ {1}.

Remarks 1.6 Let k£ be a commutative ring, G a group and H < G a subgroup.
Then, the inclusion H < G induces an inclusion of k-algebras kH — kG. In
particular, we may regard kG as a (left or right) kH-module.

(i) Let S be a set of representatives of the left cosets of H in G. Then, the
left kH-module kG is free with basis S. Indeed, G is the disjoint union of the
cosets Hs, s € S, and hence kG = @, g kH s as left kH-modules. The claim
follows since kHs ~ kH (as left kH-modules) for all s € S. In the same way,
the right kH-module kG is free with basis any set S’ of representatives of the
right cosets of H in G.

(ii) Assume that H is a normal subgroup of G and consider the quotient
group G = G/H. We denote by g the canonical image in G of any element
g € G. Then, there is an isomorphism of k-algebras

k @ip kG ~ kG |

which identifies 1 ® g € k®rp kG with g € kG for any g € G. Here, we regard
kG as a left kH-module as above and k as a right kH-module by means of
the associated augmentation homomorphism.

Let k£ be a commutative ring, G a group and R a k-algebra. It is easily seen
that any k-algebra homomorphism from kG to R restricts to a group homo-
morphism from G to the group of units U(R). Conversely, any group homo-
morphism as above can be uniquely extended to a k-algebra homomorphism
from kG to R. Therefore, there is a natural identification

Homy_ 414 (kG, R) ~ Home,p (G, U(R)) .

In particular, let us consider a k-module M. Then, a kG-module structure
on M, which extends the given k-module structure, is determined by a group
homomorphism from G to the group AutpM of k-linear automorphisms of
M, i.e. by a k-linear action of G on M. A special case where that situation
occurs is when the k-module M is free on a G-set X; the resulting kG-module
is referred to as a permutation module. We recall that an action of a group is
called free if all stabilizers are trivial.

Lemma 1.7 Let k be a commutative ring, G a group and X a free G-set.
Then, the associated permutation kG-module M = @, k - x is free.

Proof. The decomposition X = J; X; of X into the disjoint union of G-orbits
induces a decomposition of kG-modules M = €, M;, where M, = GBxEXi k-x
for all 7. Since X; ~ G as G-sets, it follows that M; ~ kG as kG-modules for
all 4. O
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The theory of modules over group algebras possesses two important special
features. First of all, the map ¢ — ¢~ !, g € G, extends to an involution
(anti-automorphism of order 2)

7:kG — kG .

We may regard 7 as an isomorphism between the group algebra kG and its
opposite algebra (kG)°P. Consequently, there is no need to distinguish between
left and right kG-modules: If M is a right kG-module, then we may define a
left kG-module structure on M by letting g - m = mg~! for all ¢ € G and all
m € M. On the other hand, let us consider the group homomorphism

D:G—GxG,

which is given by g — (g,9), g € G. Then, if M, N are two kG-modules, we
may endow the tensor product M ®; N with the structure of a kG-module
by means of the composition

G2 G x G — Aut M x Aut,N — Auty(M @5 N) .

Here, the second arrow is defined by using the given kG-module structures
on M and N, whereas the third one is defined by letting («, 5) — a ® § for
all « € Auty, M and 8 € AutpN. We shall refer to the resulting G-action on
M ®j, N as the diagonal action.

Lemma 1.8 Let k be a commutative ring and G a group.

(i) The kG-module kG ®y kG (with diagonal G-action) is free.

(ii) Let M, N be two projective kG-modules. Then, the diagonal kG-module
M ®i N is also projective.

Proof. (i) The diagonal kG-module kG ®j kG is precisely the permutation
module associated with the action of G by left translations on the set G x G.
Since the latter action is free, the result follows from Lemma 1.7.

(ii) Since both M and N are direct summands of free kG-modules, the
tensor product M ®; N is a direct summand of a direct sum of copies of
kG ®y, kG. Hence, the result follows invoking (i) above. O

We conclude this subsection with a basic result in the representation theory
of finite groups.

Theorem 1.9 (Maschke) Let k be a field and G a finite group whose order
is invertible in k. Then, any kG-module is projective.

Proof. Let V be a kG-module and V; the k-vector space obtained from V' by
restriction of scalars. We consider the kG-module kG ®; V; obtained from
Vo by extension of scalars and the k-linear maps i : V — kG ®; Vy and
7w kG ® Vo — V, which are defined by letting
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) _
i(v) = Iel E geGg(X)g v and 7(g®v)=gv

for all v € V and g € G. It is easily seen that both ¢ and 7 are kG-linear,
whereas o4 is the identity map on V. Therefore, i identifies the kG-module
V with a direct summand of the free kG-module kG ® ;. O

1.1.2 Basic Notions from Analysis

In this subsection, we discuss about bounded linear operators on a Hilbert
space H and develop some properties of the strong and weak operator topolo-
gies on B(H). We also define the reduced group C*-algebra and the von Neu-
mann algebra associated with a discrete group.

I. LINEAR OPERATORS ON HILBERT SPACES. Let H be a Hilbert space
and B(H) the corresponding algebra of bounded linear operators. For any
a € B(H) its adjoint a* is characterized by the equalities

<a(f)ﬂ7>:<faa*(ﬂ)> »
which are valid for all vectors &, € H. Moreover, we have
ima* = (kera)® and kera* =(ima)* = (ima)* .

A subset of B(H) is called self-adjoint if it contains the adjoints of its ele-
ments. For any a € B(H) the operator norm || a|| is the supremum of the set
{lla(§)]|:1|€]| < 1} € [0,00). The algebra B(H) is complete under that norm.
A C*-algebra A of operators acting on H is a closed self-adjoint subalgebra
of B(H); in contrast to our general algebraic convention, we will not always
assume that A is unital. As an example, the (non-unital) C*-algebra KC(H)
of compact operators is the closure of the (non-unital) algebra F(H) of finite
rank operators in B(H).

For any positive integer n the algebra M, (B(H)) acts on the n-fold direct
sum H" (whose elements are viewed as column-vectors) by left multiplication.
In this way, we identify M, (B(H)) with the algebra B(H™). The following
assertions are easily verified (cf. Exercise 1.3.2):

(i) If A = (aij)i; € Mp(B(H)) then the adjoint A* = (b;;);,; is given by
letting b;; = aj; for all 7, j.

(ii) If (Am)m is a sequence in M, (B(H)) and A, = (a;j,m)i,; for all m,
then lim,, A,, = 0 (in the operator norm topology of M,,(B(H)) ~ B(H")) if
and only if limy, a;j,,m = 0 for all 4, j.

In particular, if A is a C*-algebra of operators acting on H, then M, (A) is a
C*-algebra of operators acting on H".

A linear operator u € B(H) is an isometry if «*u = uu* = 1. The operator
v € B(H) is called a partial isometry if there are closed linear subspaces
V,V' C 'H, such that v maps V isometrically onto V’ and vanishes on the
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orthogonal complement V. An operator s € B(H) is called positive if the
complex number < s(£), &> is real and non-negative for all vectors £ € H. For
any a € B(H) there is a unique positive operator |a| € B(H) with |a|? = a*a;
the operator |a| is called the absolute value of a (cf. [60, Theorem 12.33]). In
fact, if A C B(H) is any C*-algebra and a € A, then |a| € A as well [loc.cit.].

Lemma 1.10 Let a € B(H) be an operator and s =|a| its absolute value.

Then, kers = kera and ims = ima*.

Proof. First of all, we note that ker a = ker a*a. Indeed, the inclusion kera C
ker a*a is obvious, whereas for any £ € ker a*a we have

la(€)I* = <a(§),a(§) > =<a"a(§),§>=0

and hence a(§) = 0. Applying the above conclusion to the self-adjoint operator
s, it follows that ker s = ker s2. Since s = a*a, it follows that ker s = ker a.
The operator s being self-adjoint, we have im s = (ker s)* = (kera)® = ima*,
as needed. 0

Proposition 1.11 (polar decomposition) Let a € B(H) be an operator and
s =|a| its absolute value. Then, there is a partial isometry v, which maps
ima* isometrically onto ima and vanishes on the orthogonal complement
(W)J‘, such that a = vs. Moreover, the partial isometry v is uniquely
determined by these properties.

Proof. For any vector £ € H we have

<a(§),a(§)>=<a"a(§),£>=<s5(§),£>=<s(¢), 5(¢) >

and hence ||a(&)||=]s(£)]]- It follows that the map s(£) — a(§), s(§) € im s,
is well-defined and extends to an isometry

Vg :ims — ima .

We extend vy to a partial isometry v € B(H), by letting v vanish on (R)J-
It is clear that a = vs, whereas im s = ima* (cf. Lemma 1.10).

In order to prove the uniqueness of v, assume that v’ is another partial
isometry, which maps im a* isometrically onto ima and vanishes on the or-
thogonal complement (W)J-, such that a = v’s. Then, vs = v’s and hence
v and v’ agree on the image of s. Since im s = im a*, the (continuous) oper-
ators v and v’ agree on ima*. On the other hand, both operators vanish on
the orthogonal complement (ima*)*. Hence, it follows that v = v’ O

Let (e;); be an orthonormal basis of H. An operator a € B(H) is said to be of
trace class if the family (< |a|(e;),e; >); is summable. We denote by £!(H)
the set of trace class operators and define

I+l = £1(H) — [0,00)

by letting |[a 1= >, <|a|(e;),e; > for all a € L*(H). The following result
describes a few properties of £!(H).
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Theorem 1.12 (cf. [56, §3.4]) Let (e;); be an orthonormal basis of H.

(i) The set LY(H) is a subspace of B(H), which does not depend upon the
choice of the orthonormal basis (e;);. Moreover, we have F(H) C LY (H) C
K(H).

(ii) The map ||-||1 defined above is a norm (that will be referred to as the
Schatten 1-norm), which does not depend upon the choice of the orthonormal
basis (e;);. That norm endows L'(H) with the structure of a Banach space.

(iii) The subspace L (H) is a self-adjoint ideal of B(H). For all a € L*(H)
and b € B(H) we have ||ablly <|lalls - [bl] and [[bally <|[b] - [lal.

(iv) For any operator a € L*(H) the family (< a(e;),e; >); is absolutely
summable and the sum ), < a(e;),e; > does not depend upon the choice of
the orthonormal basis (e;);. The linear map

Tr:LY(H) — C,

which is defined by letting Tr(a) =, <a(e;),e;> for alla € L*(H), is such
that Tr(ab) = Tr(ba) for all a € LY(H) and b € B(H). O

II. THE STRONG AND WEAK OPERATOR TOPOLOGIES ON B(H). Let H be
a Hilbert space. Besides the operator norm topology, the algebra B(H) can
be also endowed with the strong operator topology (SOT). The latter is the
locally convex topology which is induced by the family of semi-norms (Q¢)ee,
where

Qe(a) =|la(o) |

for all £ € H and a € B(H). Hence, a net of operators (ay), in B(H) is SOT-
convergent to 0 if and only if limy ax(§) = 0 for all £ € H. The weak operator
topology (WOT) on B(H) is the locally convex topology which is induced by
the family of semi-norms (P ;)¢ nen, where

Pepla) =|<a(§),n >|

for all £,m € H and a € B(H). In other words, a net of operators (ay)y in
B(H) is WOT-convergent to 0 € B(H) if and only if limy < ax(§),n >= 0 for
all &,n € H.

Remarks 1.13 (i) Let (a))x be a net of operators on H. Then, we have

||-H—li§\na,\=O:>SOT—li§na,\=O:>WOT—1i§\na,\=O.

If the Hilbert space H is not finite dimensional, none of the implications above
can be reversed (cf. Exercise 1.3.3).

(ii) For any a € B(H) we consider the left (resp. right) multiplication
operator

Lo : B(H) — B(H) (resp. Ra : B(H) — B(H)) ,

which is defined by letting L, (b) = ab (resp. R, (b) = ba) for all b € B(H). It is
easily seen that the operators L, and R, are WOT-continuous. On the other
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hand, if the Hilbert space H is not finite dimensional, then the multiplication
in B(H) is not (jointly) WOT-continuous (cf. Exercise 1.3.3).

Proposition 1.14 Let (ax)x be a bounded net of operators on H. Then, the
following conditions are equivalent:

(Z) WoT — hm)\ ay) = 0.

(ii) There is an orthonormal basis (e;); of the Hilbert space H, such that
limy <ax(e;),e;>=0 for alli,j.

(#ii) There is a subset B C H, whose closed linear span is H, such that
limy <ax(§),n>=0 for all {,n € B.

(iv) There is a dense subset X C H, such that limy < ax(§),n>= 0 for
allg,me X.

Proof. Tt is clear that (i)—(ii)—(iii), whereas the implication (iii)— (iv) follows
by letting X be the (algebraic) linear span of B. It only remains to show that
(iv)—(i). To that end, assume that M > 0 is such that || ay || < M for all
A and consider two vectors £,n € H. For any positive € we may choose two
vectors &', 0’ € X, such that || — &' || < eand ||n— 7| < e. Since

<ax(€),n> — <ax(&),n'>=<ax(—=&),n>+ <ax(&),n—1">,
it follows that

[<ax(§),n> — <ax(§), 0 >[<[<ar(§ = &) n>] + [<axa(§),n —n'">|
<llaxll - 1€ =€ lInll +
x|l 1" - {lm ="l
SMe([[E] + [Inll +e) -

Since limy <ayx(¢'),n' >= 0, we may choose g such that |<ax(£'),n >|< e
for all A > Ao. It follows that |[<ax(§),n>] < e(1+ M| + ||n]| +e¢)) for all
A > X and hence limy <ax(£),n>= 0, as needed. O

Theorem 1.15 Let ‘H be a separable Hilbert space, r a positive real number
and B(H),, = {a € B(H) :|| a||< 7} the closed r-ball of B(H). Then, the
topological space (B(H),, WOT) is compact and metrizable.

Proof. In order to prove compactness, we consider for any two vectors &, 1 € ‘H
the closed disc

Den={z€C:lz|<r[l¢]-nl} cC

and the product space [ [, , <3 D¢y In view of Tychonoff’s theorem, the latter
space is compact. We now define the map

f:B(H), — HEJ?EHD&,7 :

by letting f(a) = (<a(§),n>)en for all a € B(H),. It is clear that f is a
homeomorphism of (B(H),., WOT) onto its image. Therefore, the compactness
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of (B(H),., WOT) will follow, as soon as we prove that the image im f of f is
closed in [[; , ¢4y Den- To that end, let (2¢ )¢, be an element in the closure
of im f. Then, the family (z¢ )¢, is easily seen to be linear in £ and quasi-
linear in 7, whereas |z¢, | < 7| & - || 0] for all &, 7. Hence, there is a vector
ag € H with || ag || < 7| & ||, such that z¢,, =< ag,n > for all £,n € H.
Using the linearity of the family (z¢ )¢, in the first variable, it follows that
there is an operator a € B(H),, such that a¢ = a(§) for all £ € H. Then,
(2zem)em = fla) € im f, as needed.

In order to prove metrizability, we fix an orthonormal basis (e, )22, of the
separable Hilbert space H and define for any a,b € B(H),.

1
d-(a,b) = anw |<(b—a)(en),em>] -
It is easily seen that d, is a metric on B(H),, which induces, in view of
Proposition 1.14, the weak operator topology on B(H),.. O

Our next goal is to prove a result of J. von Neumann, describing the closure
of unital self-adjoint subalgebras of B(H) in the weak and strong operator
topologies in purely algebraic terms. To that end, we consider for any subset
X C B(H) the commutant

X' ={a€B(H):ax==za forallz € X}.
The bicommutant X" of X is the commutant of X’. It is clear that X C X".
Lemma 1.16 For any X C B(H) the commutant X' is WOT-closed.

Proof. For any operator z € B(H) we consider the linear endomorphisms
L, and R, of B(H), which are given by left and right multiplication with
x respectively. Then, X’ = (), _y ker (L, — R;) and hence the result follows
from Remark 1.13(ii). O

If n is a positive integer and X C B(H) a set of operators, we consider the
set X I, ={zl, :z € X} C M, (B(H)) ~ B(H"). Then, the following two
properties are easily verified (cf. Exercise 1.3.5):

(i) The commutant (X - I,) of X - I, in M, (B(H)) ~ B(H™) is the set
M, (X") of matrices with entries in the commutant X’ of X in B(H).

(ii) The bicommutant (X - I,,)"” of X - I,, in M,,(B(H)) ~ B(H") is the set
X" - I,, where X" is the bicommutant of X in B(H).

Lemma 1.17 Let A be a self-adjoint subalgebra of B(H) and V C 'H a closed
A-invariant subspace. Then:

(i) The orthogonal complement V* is A-invariant.

(ii) If p is the orthogonal projection onto V', then p € A’.

(iii) The subspace V is A" -invariant.
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Proof. (i) Let ¢ € V* and a € A. Then, for any vector n € V we have
a*(n) € AV C V and hence < a(§),n >=< & a*(n) >= 0. Therefore, it
follows that a(¢) € V*.

(ii) We fix an operator a € A and note that the subspaces V and V= are
a-invariant, in view of our assumption and (i) above. It follows easily from this
that the operators ap and pa coincide on both V and V. Hence, ap = pa.

(iii) Let £ € V, a” € A" and consider the orthogonal projection p onto V.
In view of (ii) above, we have a”p = pa’ and hence a”’ (£) = a"'p(§) = pa”’ (€) €
V', as needed. O

We are now ready to state and prove von Neumann’s theorem.

Theorem 1.18 (von Neumann bicommutant theorem) Let A C B(H) be

- . ) ) —S0T
a self-adjoint subalgebra containing the identity operator. Then, A =

AT = A", where we denote by 2" (resp. JTlWOT) the SOT-closure (resp.

WOT-closure) of A in B(H).

Proof. It is clear that ./TlSOT - ZWOT. Since A C A", it follows from Lemma

1.16 that XWOT C A”. Hence, it only remains to show that A" C ﬁSOT. In
order to verify this, we consider an operator a”’ € A”, a positive real number
€, a positive integer n and vectors &1, ...,&, € H. We have to show that the
SOT-neighborhood

Neg, e (@) ={aeBH):|[(a—a")¢||<e foralli=1,...,n}

of a”’ intersects A non-trivially. To that end, we consider the self-adjoint subal-
gebra A-T, C M,,(B(H)) acting on the Hilbert space H" by left multiplication
and the closed subspace

V ={(a(&),...,a(&)) :a € A} CH".

It is clear that V is A - I,-invariant. Invoking Lemma 1.17(iii) and the dis-
cussion preceding it, we conclude that the subspace V is left invariant un-
der the action of the operator a”I, € M, (B(H)). Since 1 € A, we have
(&1,...,&,) € V and hence (a”’(&1),...,a"(&n)) € V. Therefore, there is an
operator a € A, such that

I(a"(&1),- -, a" (&) = (a(&1), -, al&n)) | <e.

Then, ||a” (&) —a(&)|| < eforalli=1,...,n and hence a € Neg, ¢, (a”),
as needed.

A von Neumann algebra of operators acting on H is a self-adjoint subalgebra
N C B(H), which is WOT-closed and contains the identity 1. Equivalently, in
view of von Neumann’s bicommutant theorem, a von Neumann algebra A is
a self-adjoint subalgebra of B(H), such that ' = N". Tt is clear that any von
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Neumann algebra A as above is closed under the operator norm topology of
B(H); in particular, N is a unital C*-algebra.

For any positive integer n we identify M, (B(H)) with the algebra of
bounded linear operators on H™. Then, a net (Ay)y in M, (B(H)) with
Ax = (@ij,2)i,; converges to the zero matrix in the weak operator topology of
M, (B(H)) if and only if the nets (a;; x)x converge to zero in the weak opera-
tor topology of B(H) for all 7, j (cf. Exercise 1.3.2). In particular, if N is a von
Neumann algebra of operators acting on ‘H, then M,,(N) is a von Neumann
algebra of operators acting on H™. An alternative proof of that assertion is
provided in Exercise 1.3.5.

We have noted that for any C*-algebra A C B(H) and any operator a € A
the absolute value s =|a| is contained in A as well. Nevertheless, if a = vs is
the polar decomposition of a (cf. Proposition 1.11), then the partial isometry
v is not always contained in A (cf. Exercise 1.3.6). We now prove that v € A
if A is a von Neumann algebra.

Proposition 1.19 Let N be a von Neumann algebra of operators acting on
the Hilbert space H. We consider an operator a € N, its absolute value s = |a |
and the polar decomposition a = vs. Then, v € N.

Proof. Since N' = N, it suffices to show that v commutes with any element
of the commutant A/'. To that end, consider an operator b € N’. Then, b
commutes with both a and s (since s € N'). Therefore, bvs = ba = ab =
vsb = vbs and hence the operators bv and vb agree on the closed subspace
ims = ima* (cf. Lemma 1.10). In order to show that these operators are
equal, it suffices to show that they also agree on the orthogonal complement
(im a*)l = kera. Since ab = ba, the subspace kera is easily seen to be b-
invariant and hence both operators bv and vb vanish therein. O

Let A C B(H) be a self-adjoint algebra of operators containing 1 and N its
WOT-closure. Then, any operator a € N can be approximated (in the weak
operator topology) by a net (ay), of operators from A. The following result
implies that the net (a))x can be chosen to be bounded.

Theorem 1.20 (Kaplansky density theorem; cf. [36, Theorem 5.3.5]) Let A
be a self-adjoint subalgebra of B(H) containing 1 and N its WOT-closure.
Then, for any positive real number r the r-ball A, = AN B(H), of A is
WOT-dense in the r-ball N. = N NB(H), of N. O

ITI. OPERATOR ALGEBRAS ASSOCIATED WITH A DISCRETE GROUP. In this
book, we are primarily interested in those operator algebras that are associ-
ated with (discrete) groups. Given such a group G, we consider the Hilbert
space £2G of square summable complex-valued functions on G with canonical
orthonormal basis (d,)4ec. In other words, £2G consists of vectors of the form
>_geG Tg0g, where the ry’s are complex numbers such that > |rg|? < oc.

The inner product of two vectors { = > g0y and £ =7, rydg is given
by

T
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<e€>=Y i

For any element g € G we consider the linear endomorphism L, of /G, which
is defined by letting

Lg (erGrmém) - ercrmégm

for any vector ZweG T30, € £2G. Tt is easily seen that L; = 1 and Ly = LyLy,
for all g,h € G. Moreover, L, is an isometry and hence L} = L;l = Ly for
all g € G. We consider the C-linear map

L:CG — B(*G)

which extends the map g — Ly, g € G. For any element a € CG we denote
its image in B((?G) by L.

Lemma 1.21 Let G be a group and L : CG — B({2G) the linear map
defined above. Then:

(i) L is an injective algebra homomorphism.
(ii) The subalgebra L(CG) C B(¢*G) is self-adjoint.

Proof. (i) It is clear that L is an algebra homomorphism. For any a =
> gec g9 € CG, where a4 € C for all g € G, we have L, = 3 g agLg
and hence L,(01) = > cqay0, € (2G. It follows readily from this that L is
injective.

(i) Let a = >~ g ag9 € CG, where a4 € C for all g € G, and consider
the associated operator L, = > 5 aqLy € L(CG). Since Ly = Ly for all
g € G, it follows that Lj =3 ;agL,-1 € L(CG). O

geG

We define the reduced C*-algebra CG of G to be the closure in the operator
norm topology of L(CG) in B(£*G); then, C}G is a unital C*-algebra. We also
define the group von Neumann algebra N'G as the WOT-closure of L(CGQG)
in B(£2G). Since N'G is closed under the operator norm topology, it contains
C?G; hence, there are inclusions L(CG) C C*G C NG C B({*G).

Remark 1.22 Assume that the group G is finite of order n. Then, the Hilbert
space (2G is identified with C™ and hence B(¢*G) ~ M, (C). Moreover,
all three topologies defined above on B({?G) (i.e. operator norm topology,
SOT and WOT) coincide with the standard Cartesian product topology on
M,,(C) ~ C™". Since any linear subspace is closed therein, it follows that

L(CG) = C:G = NG.

1.1.3 The Ky-group of a Ring

In this subsection, we define the Ky-group of a ring by means of finitely
generated projective modules and idempotent matrices and establish the
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equivalence of the two approaches. We then extend the definition of Ky to
the case of non-unital rings.

I. FINITELY GENERATED PROJECTIVE MODULES AND K. We consider a (uni-
tal) ring R and recall that an R-module P is called projective if it satisfies
anyone of the following equivalent conditions:

(i) Any epimorphism of R-modules f : M — M’ induces an epimorphism
of abelian groups f. : Homg(P, M) — Hompg (P, M").

(ii) Any R-module epimorphism M — P splits.

(iii) P is a direct summand of a free R-module.
Moreover, P is a finitely generated projective R-module if and only if it is a
direct summand of R", for some n € N. It follows that the direct sum P®Q of
two finitely generated projective R-modules P and (@ is finitely generated and
projective as well. Let Proj(R) be the set of isomorphism classes of finitely
generated projective R-modules. If P is a finitely generated projective R-
module we denote by [P] its class in Proj(R). The operation ([P],[Q]) —
[P® Q], [P],[Q] € Proj(R), endows Proj(R) with the structure of an abelian
monoid with zero element the class of the zero module.

Remarks 1.23 (i) Let ¢ : R — S be a ring homomorphism. Then, the map
[P] — [S ®g PJ, [P] € Proj(R), defines a morphism of abelian monoids

Proj(p) : Proj(R) — Proj(S) .

In this way, R — Proj(R) becomes a functor from the category of rings to
that of abelian monoids.

(ii) Assume that R is a commutative ring. In this case, the tensor prod-
uct of two finitely generated projective R-modules is also a finitely generated
projective R-module. Therefore, the abelian monoid Proj(R) can be endowed
with a multiplicative structure, by letting [P] - [Q] = [P ®g Q] for any two
finitely generated projective R-modules P, Q. This multiplication law is dis-
tributive over addition and has a unit element [R]; we shall refer to such a
structure as a semiring. This semiring is commutative, i.e. [P]-[Q] = [Q] - [P]
for any two finitely generated projective R-modules P, Q. Furthermore, if S
is another commutative ring and ¢ : R — S a ring homomorphism, then
the map Proj(y) defined in (i) above is a morphism of semirings (i.e. be-
sides being additive, it is also multiplicative and unit-preserving). In this way,
R +— Proj(R) becomes a functor from the category of commutative rings to
that of commutative semirings.

(iii) For any ring R there is a unique morphism of abelian monoids ¢ :
N — Proj(R) with 1 — [R]. If ¢ : R — S is a ring homomorphism, then
ts = Proj(¢) o tr. In the special case where the ring R is commutative, ¢t is
a morphism of semirings (for the semiring structure on Proj(R) defined in (ii)
above).
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We now define the Grothendieck group of an abelian semigroup. This con-
struction generalizes the passage from the (additive) semigroup N of natural
numbers to the group Z of integers.

Proposition 1.24 Let (S,+) be an abelian semigroup. Then, there exists a
unique (up to isomorphism) abelian group (G(S),+) and a morphism p :
S — G(S) of abelian semigroups, such that for any abelian group G and any
morphism of abelian semigroups \ : S — G there exists a unique abelian
group homomorphism A : G(S) — G with Aoy = X. The abelian group G(S)
is called the Grothendieck group of S.

Proof. We define an equivalence relation ~ on the Cartesian product S x S,
by letting (s,t) ~ (s',¢') if and only if there exists an element sy € S, such
that s +t' 4+ s9 = s’ + ¢+ s9 € S. Then, the quotient G(S) = S x S/ ~
becomes an abelian group by defining (s,t) + (s/,t') = (s + ', t + t') for any
two elements (s,t), (s',t') € G(S). Here, the identity element is the class of
(s,s) for any s € S, whereas the opposite of the class of (s,t) is the class of
(t,s). Moreover, the map

NSi}G(S)a

which is defined by letting p(s) = (s +s,s) for all s € S, is additive and
has the universal property in the statement. Indeed, let G be an abelian
group and A : § — G a morphism of abelian semigroups. Then, the map

A: G(S) — G, which is given by A((s,t)) — A(s) — A(t) for all s,¢ € S, is
well-defined; in fact, A is the unique group homomorphism with Aoy = .

The uniqueness (up to isomorphism) of the pair (G(S), ) is an immediate
consequence of the universal property. O

Remarks 1.25 Let (5,4) be an abelian semigroup and (G(S), u) the pair
defined in Proposition 1.24.

(i) Any element of the group G(S) can be expressed as the difference
between two elements of 1(S) C G(S5). In particular, p(S) generates G(5).

(ii) Assume that S is an abelian monoid with zero element 0. Then, p(0)
is the zero element of G(95).

(iii) For any s,s" € S we have pu(s) = p(s’) € G(S) if and only if there
exists s € S with s +s” = s’ + s” € S. In particular, the morphism g is
injective if and only if the semigroup S has the cancellation property.

(iv) Assume that S is a semiring; by this, we mean that S has an associative
multiplication law, which is distributive over addition and possesses a unit
element 1. Then, there is an induced multiplicative law on G(.5), which is
defined by letting (s,t) - (s/,t') = (ss’ +tt/,st’ + s't) for any two elements
(s,t),(s',t") € G(S). The triple (G(S),+, ) is a ring with unit u(1), whereas
u is a homomorphism of semirings. The ring G(S) is commutative if this is
the case for the semiring S.

(v) Let S’ be another abelian semigroup and ¢ : S — S’ a morphism of
semigroups. Then, there exists a unique abelian group homomorphism G(¢) :
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G(S) — G(S') with G(¢)ou = p/op (here, 1/ is the morphism corresponding
to S’). In this way, S — G(S) becomes a functor from the category of abelian
semigroups to that of abelian groups. If both S and S’ are semirings and ¢ is,
in addition, multiplicative and unit-preserving, then G(y) is a homomorphism
of rings (for the ring structures defined in (iv) above).

Lemma 1.26 Let G be an abelian group and S C G a semigroup, which
generates G (as a group). Then, the Grothendieck group G(S) is isomorphic
with G.

Proof. Tt is easily seen that the pair (G, i), where i : S — G is the inclusion
map, has the universal property of Proposition 1.24. O

If R is a ring then the K-theory group Ky(R) is the Grothendieck group
associated with the abelian semigroup Proj(R). For any finitely generated
projective R-module P we denote its class in Ko(R) by [P] as well. The zero
element of Ky(R) is the class [0] of the zero module. A typical element of
Ky(R) is a difference [P] — [P’], for suitable finitely generated projective R-
modules P, P’; in fact, P’ can be chosen to be of the form R"™ for some n € N.
If P, P’ are two finitely generated projective R-modules, then [P] = [P'] €
Ko (R) if and only if there exists a finitely generated projective R-module P”
such that the R-modules P @& P” and P’ @ P” are isomorphic. In this case
too, we may assume that P” = R™ for some n € N. Being a composition of
functors, the map R — K(R) is a functor from the category of rings to that
of abelian groups. In particular, a ring homomorphism ¢ : R — S induces a
group homomorphism Ky (p) : Ko(R) — Ko(5).

Remarks 1.27 (i) Assume that the ring R is commutative. Then, Ky(R) is
a commutative ring as well, with multiplication given by letting [P] - [Q] =
[P ®pr Q] for any two finitely generated projective R-modules P, Q. The unit
element is the class of the free module R. If S is another commutative ring
and ¢ : R — S a ring homomorphism, then the induced additive map
Ko(p) : Ko(R) — Ko(5) is a ring homomorphism as well. In this way,
R +— Ky(R) is a functor from the category of commutative rings to itself.

(ii) For any ring R there is a group homomorphism tg : Z — Ky(R),
which maps 1 onto [R]. The reduced K-theory group IA(?)(R) is defined as
the cokernel of tg, i.e. we let I?B(R) = cokerip. If p : R — S is a ring
homomorphism, then tg = Ky(p) o tg. If the ring R is commutative then tg
is a homomorphism of rings.

If R is a ring and e € R an idempotent, then the left ideal Re is a finitely
generated projective R-module. Indeed, if ¢/ = 1 — e is the complementary
idempotent of e, then Re & Re’ = R. Moreover, if R is commutative, then
Re ®p Re ~ Re and hence the class [Re] of Re is an idempotent of the
commutative ring Ko(R) (cf. Remark 1.27(i) above).
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Proposition 1.28 Let R be a commutative ring and consider the map
o =op: Idem(R) — Idem(Ky(R)) ,

which is defined by letting o(e) = [Re] for any idempotent e € R. Then:

(i) o is a morphism of Boolean algebras (cf. Example 1.3(i)).

(i) If S is another commutative ring and ¢ : R — S a ring homomor-
phism, then the following diagram is commutative

Idem(R) 2% Idem(Ko(R))
Idem(y) | | Idem(Ko(¢))
Idem(S) 25 Idem(K(S))

Proof. (1) It is clear that o maps 0, 1 onto [0] and [R] respectively. In order to
show that o preserves A, we note that for any two idempotents e, f € R there
is an isomorphism Re ® g Rf ~ Ref, which shows that

o(enf)=oalef) = [Ref] = [Re| - [Rf] = [Re] A [Rf] = o(e) No(f) -

Finally, for any idempotent e € R with complement ¢/ = 1 — e we have
Re @ Re’ = R and hence o(e’) = [Re'] = [R] — [Re] = [Re]’, i.e. o preserves
complements.

(ii) For any idempotent e € R we have S ®p Re ~ Sp(e) and hence
Ko(p)[Re] = [Se(e)], as needed. O

IT. Ky AND IDEMPOTENT MATRICES. If R is a ring then another (equiva-
lent) approach to the definition of Proj(R), and hence to that of Ky(R), is
A0 ¢
00)°
M, (R) into M,,11(R), for n > 1, defines the inductive system (M, (R))y;
let M(R) be the corresponding limit. In a similar way, the group GL,(R)
embeds in GL,41(R) by the map G — g ?
ing inductive system (GL,(R)), is the group GL(R). The conjugation ac-
tions of the groups GL,(R) on M, (R) for all n > 1 induce an action of
GL(R) on M(R); by an obvious abuse of language, we refer to the latter ac-
tion as action by conjugation. We note that the set of idempotent matrices
Idem(M(R)) = an}lIdem(Mn(R)) is GL(R)-invariant.

For all n we identify the ring M, (R) with the opposite of the endomor-
phism ring of the (left) R-module R™ and regard any matrix A € M, (R)
as the R-linear map A : R" — R", which is given by right multiplication
with A on the row vectors of R". For any idempotent matrix E € M,,(R) we
have im F 69~im/Ev’ = R", where ' = I, — F; in particular, the R-module
P(E) = im F is finitely generated projective. We note that the isomorphism
class of P(E) depends only upon the class [E] of the idempotent matrix F in
the limit Idem(M(R)). In this way, we obtain a map

via idempotent matrices with entries in R. The embedding A +—

. The limit of the correspond-
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6 : Idem(M(R)) — Proj(R) , (1.1)

which is given by letting 0[E] = [P(E)] for any [E] € Idem(M(R)). Since any
finitely generated projective R-module is isomorphic with a direct summand
of R™ for some n, it follows that 6 is surjective.

Proposition 1.29 Let R be a ring and E, E' two idempotent matrices with
entries in R. Then, the finitely generated projective R-modules P(E) and
P(FE') defined above are isomorphic if and only if the classes [E],[F'] €
Idem(R) are conjugate under the action of GL(R).

Proof. Suppose that the classes [E],[E’] are conjugate under the action of
GL(R). Then, we may assume that E, E' € M,,(R) for some n > 0, whereas
there exists G € GL,(R), such that B/ = GEG~!. It follows that GE =
E'G € M,,(R) and hence EG = GE' € EndgR". It follows readily from this
that @ restricts to an isomorphism between the images P(E’) and P(E) of
E’ and E respectively.

Now assume that E,E’ € Idem(M,(R)) are such that the R-modules
P(E) and P(E’) are isomorphic. Let a : P(E) — P(E’) be an R-linear
isomorphism and b : P(E’) — P(E) its inverse. We define a € EndgR" as
the composition

R"=P(E)® P(I, —E) — P(E) % P(E') - P(E')® P(I, — E') = R™,

where the first (resp. the last) unlabelled arrow is the natural projection (resp.
the natural inclusion). Then, there exists a matrix A € M, (R), such that
a = A. In the same way, using b, we define 8 € EndgR™ and let B € M,,(R) be
the matrix with 8 = B. Since a3 is the identity on P(E’), we have E'BA = E'.
On the other hand, § vanishes on P(I, — E’) and hence (I, — E')B = 0. Tt
follows that

E'B=DB and BA=F'.

In the same way, we conclude that
FA=A and AB=EFE.
The equalities above imply that
BE = B(AB) = (BA)B=FE'B=B

and
AE' = A(BA) = (AB)A=EA=A.

We now define the matrices U,V € My, (R), by letting

A I,—-F B B I,—-F
U:(In—E’ B ) and V_<In—E A >
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Using the equalities established above, it is easily verified that UV = VU =

EO0 E' 0
I5,,, whereas V<O 0>U ( 00
matrices £ and E’ in M(R) are conjugate under the action of GL(R), as
needed. (|

> . Therefore, the classes of the idempotent

We now consider the quotient set V(R) = Idem(M(R))/GL(R) of GL(R)-
orbits in Idem(M(R)). For any idempotent matrix E € M, (R) we denote
by pg the GL(R)-orbit of [E] € Idem(M(R)). Then, Proposition 1.29 implies
that the map 6 of (1.1) induces, by passage to the quotient, a bijective map

6:V(R) — Proj(R) . (1.2)
For all n,n’ € N we consider the map
Idem(M,,(R)) x Idem(M,,(R)) — V(R) ,

which maps a pair (E, E’) onto the GL(R)-orbit pggp of the idempotent
matrix

E 0
E®FE = (O E’) eEM, 1 (R).
It is easily seen that pgep = pper for any idempotent matrices F, E’,

whereas the maps defined above induce, by passage to the direct limit, a
well-defined map

Idem(M(R)) x Idem(M(R)) — V(R) ,

which maps any pair ([E], [E’]) onto the GL(R)-orbit prgr. Moreover, by
passage to the quotients, we obtain a well-defined map

V(R) x V(R) — V(R)

which maps any pair (pg, pg’) onto pgg e . For any idempotent matrices E, E’
as above, we denote, by an obvious abuse of notation, the element ppgg: by
pE @ ppr. In this way, the pair (V(R),®) is an abelian monoid with zero
element pg.

Proposition 1.30 The map 0 : V(R) — Proj(R) of (1.2) is an isomor-
phism of abelian monoids.

Proof. We already know that 6 is bijective, whereas 0(pg) = 0[0] = [P(0)] =
[0]. In order to show that 6 is additive, we consider two idempotent matrices
E, E' with entries in R and compute

0(pe @ prr) = 0([E & ')
=[P(Ee )
= [P(E) & P(E")]
= [P(E)] + [P(E)]
=0[E] + 0[E’]

= 0(pp) +0(pp/) -
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In the above chain of equalities, the third one follows since P(FE & E’)
im(E®E)=imE®imE = P(E)® P(E').

o

Corollary 1.31 Let R be a ring. Then, the map 0 : V(R) — Proj(R) of
(1.2) induces a canonical identification between the Grothendieck group of the
abelian monoid V(R) and the abelian group Ko(R).

Remark 1.32 Let R be a ring and V an abelian group. We assume that for
any positive integer n we are given a map A, : Idem(M,,(R)) — V/, in such
a way that the following conditions are satisfied:

(i) For any idempotent matrix E € M,,(R) we have A\, (E) = A41(E’),
where E' = g 8) € M, 11(R).

(ii) The A,’s are invariant under conjugation, i.e. for any idempotent ma-
trix E € M,,(R) and any G € GL,(R) we have \,(E) = \,(GEG™1).

(iii) For any idempotent matrices Ey € M,,(R) and Ey € M,,(R) we
have )\n1+n2 (El D EQ) = )"ﬂl (El) + )‘nz (E2>

Then, the A,,’s induce (in view of (i)) a well-defined map from the limit
Idem(M(R)) to V, which is invariant under the action of GL(R) (in view of
(ii)). Since the resulting map A, : V(A) — V is additive (in view of (iii)),
the universal property of the Grothendieck group and Corollary 1.31 imply
the existence of a group homomorphism A, : Ko(R) — V, which maps the
class of any idempotent matrix E € M, (R) onto A, (E).

Taking into account the description of the Ky-group of a ring in terms of idem-
potent matrices, the following density result should not be very surprising. Its
proof uses the functional calculus for elements of Banach algebras.

Theorem 1.33 (Karoubi density theorem; cf. [39, I1.6.15]) We consider two
unital Banach algebras A, B and let 1 : A — B be a continuous and injective
homomorphism with dense image. We assume that for any positive integer
n a matriz (a;j)i; € Myp(A) is invertible (in M, (A)) if and only if the
matriz (1(ai;))i,; € My (B) is invertible (in M,,(B)). Then, the induced map
Ko(v) : Ko(A) — Ko(B) is an isomorphism. O

IIT. NON-UNITAL RINGS AND K. We now extend the definition of the K-
group to non-unital rings. To that end, we consider a non-unital ring I and
let IT be the associated unital ring. Here, IT = I ® Z as an abelian group,
whereas the product of any two elements (z,n), (y,m) € I is equal to (zy +
ny + maxz,nm) € I'™. We consider the split extension

0—I—I" 57 —0,

where 7 is the projection (z,n) — n, (z,n) € I't, and define K(I) as the
kernel of the induced additive map Ko(7) : Ko(IT) — Ko(Z).

Remarks 1.34 (i) Any morphism ¢ : I — J of non-unital rings extends
uniquely to a ring homomorphism ¢* : It — J*. Moreover, the additive
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map Ko(oT) : Ko(I™) — Ko(JT) restricts to an additive map, denoted by
Ko(y), from Ky(I) to Ko(J). In this way, I — Ko(I) becomes a functor from
the category of non-unital rings to that of abelian groups.

(ii) If I is a unital ring then It decomposes into the direct product I x Z
and the definition of the group Ky(I) given above coincides with that given
previously for unital rings (cf. Exercise 1.3.7(ii)). Moreover, if ¢ : I — J
is a ring homomorphism then the additive map Ky(p) defined in (i) above
coincides with that defined earlier.

Let I be an ideal in a unital ring R and define the double D(R, I) of R along
I by letting
DR, I)={(z,y) e RxR:y—az€l}.

The ring D(R, I) comes equipped with the two coordinate projections 7; and
7o onto R. We define the relative group Ko (R, I) as the kernel of the additive
map Ky(m) : Ko(D(R,I)) — Ko(R). This group is identified with the K-
group of I by the following basic result.

Theorem 1.35 (excision in Ko; cf. [58, §1.5]) Let R be a unital ring, I C R
an ideal and D(R,I) the double of R along I. We also consider the ring
homomorphism ¢ : IT — D(R, I), which is defined by (x,n) — (n-1,z+n-1),
(x,m) € I". Then, the map Ko(o) : Ko(I") — Ko(D(R,I)) restricts to an
isomorphism p : Ko(I) — Ko(R,I). O

1.1.4 Traces and the Kjp-group

In order to study the Ky-group of a ring R, one has to examine the additive
maps from Ky(R) to various abelian groups.? In this subsection, we show
that one method of constructing such additive maps is via traces. We study
several properties of the additive map on Ky(R) induced by a trace on R, in
the unital as well as the non-unital case, and construct the universal trace

defined by A. Hattori and J. Stallings.

I. TRACES AND THE HATTORI-STALLINGS RANK. Let R be a ring and V
an abelian group. Then, a trace on R with values in V is an additive map
7: R — V, such that 7(rr') = 7(r'r) for all r,7’ € R. The set of traces on R
with values in V is easily seen to be a subgroup of the group of all additive
maps from R to V. If V' is another abelian group and f : V — V' an additive
map, then for any trace 7 : R — V the composition f o7 is a trace on R
with values in V’. On the other hand, if R’ is another ring and ¢ : R — R
a ring homomorphism, then for any trace 7 : R — V the composition 7o ¢
is a V-valued trace on R’.

We now consider the subgroup [R,R] C R, which is generated by the
commutators ' —r'r, v, € R, and let T(R) = R/[R, R] be the corresponding

2 In general, any abelian group A is determined by the functor Hom(A, _) from the
category of abelian groups to itself.
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quotient. We note that any ring homomorphism ¢ : R — S maps [R, R]
into [S, S]; hence, ¢ induces by passage to the quotients an additive map
T(p): T(R) — T(S). It is clear that any trace 7 : R — V as above vanishes
on [R, R] and hence induces an additive map 7 : T(R) — V. Conversely, any
additive map from T'(R) to an abelian group can be pulled back to a trace on
R. In this way, the group of traces on R with values in V' is identified with the
group Hom(T'(R), V) of all homomorphisms from T(R) to V. In particular,
the identity of T'(R) corresponds to the T'(R)-valued trace on R, which is given
by the projection map pr : R — T(R). We may rephrase the identification
of the group of V-valued traces on R with the group Hom(T'(R),V) as a
universal property of pg, as follows:

Lemma 1.36 Let R be a ring and pr : R — T(R) the trace defined above.
(i) Consider an abelian group V' and a trace 7 : R — V. Then, there is
a unique group homomorphism 7 : T(R) — V', such that 7 =T o pg.
(i) If S is another ring and ¢ : R — S a ring homomorphism, then the
following diagram is commutative

R &% T(R)
el 1 T(e)
S 5 7(s)

Here, ps : S — T(S) is the universal trace defined on S.

Proof. Assertion (i) was established in the preceding discussion, whereas the
proof of (ii) is an immediate consequence of the definitions. O

Our next goal is to relate the traces defined on a ring R to traces defined
on the matrix rings M, (R), n > 1. To that end, we fix n and consider the
additive map

t:R— M,(R),

which maps any element x € R onto the matrix xF;1; here, we denote by
Ei;, i,j = 1,...,n, the matrix units of M, (R). Since E1; € M,(R) is
an idempotent, it follows that ¢ maps [R, R] into the commutator subgroup
[M,,(R), M, (R)] of M,,(R). Therefore, there is an induced additive map

7:T(R) — T(M,(R)) .
On the other hand, the ordinary trace of matrices
tr: M,(R) — R

is additive and maps [M,,(R), M,,(R)] into [R, R]. Indeed, if A = (a;;); ; and
B = (bij)i,; are two nxn matrices with entries in R, then an easy computation
shows that tr(AB — BA) = 37, (aijbji —bjiai;) € [R, R]. It follows that there
is an induced additive map

r: T(M,.(R)) — T(R) .
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Lemma 1.37 Let R be a ring, n a positive integer and T, tr the additive maps
defined above.

(i) The maps T and tr are inverses of each other; in particular, they are
both bijective.

(i) If S is another ring and ¢ : R — S a ring homomorphism, then the
following diagrams are commutative

T(R) - T(M,(R)) T(M,(R)) = T(R)
Tl LT Tl 1T
T(S) —— T(M,(S)) T(M,(S)) — T(S)

Here, ¢, denotes the ring homomorphism induced by ¢ between the corre-
sponding matriz rings, whereas we have used the same symbols (¢ and tr) to
denote the maps defined above corresponding to the ring S.

Proof. (i) Since tr(xF41) = « for all x € R, it follows that tro. is the identity
on R and hence tr o7 is the identity on T'(R). The abelian group M, (R) is
generated by the matrices of the form zF;;, where x € Rand i,j =1,...,n;
therefore, the abelian group T'(M,,(R)) is generated by the classes of these
matrices modulo commutators. Hence, in order to show that the composition
7o tr is the identity map on T'(M,,(R)), it suffices to prove that

(L [¢) tI’)(iCE”) — I'Eij S [Mn(R), Mn(R)]
forallz € Rand all 4,5 =1,...,n. If i = j, this follows since

(totr)(zEy) —xEy = o(x) — xEy
=xE1 — 2By
=ak; - By — By -aEy .

In the case where ¢ # j, we have tr(zE;;) = 0 and hence
(totr)(zEij) —abi; = —vE;j = Eyj - 2By — v By - Eyj

(ii) The commutativity of both diagrams is an immediate consequence of
the definitions. ]

We now consider the commutative diagram

tr

M,(R) — R
bl L
T(M,(R)) = T(R)
where we denote by p the universal traces defined on R and M, (R). The
additive map r® = potr = trop is a trace on M,,(R) with values in T(R);
in fact, if we identify the abelian groups T(M,(R)) and T(R) by means of
tr, then 7% is identified with the universal trace on M,,(R). The trace r will
be also denoted by r& g (or simply by rmrg) and referred to as the Hattori-
Stallings trace.
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Lemma 1.38 Let ¢ : R — S be a ring homomorphism. Then, the following
diagram is commutative for any positive integer n

M, (R) 3 T(R)
LPnl s lT(W)
M, (S) 5 T(S)

Here, we denote by @, the homomorphism induced by ¢ between the corre-
sponding matriz Tings.

Proof. This is an immediate consequence of the definition of the Hattori-
Stallings trace, in view of Lemmas 1.36(ii) and 1.37(ii). O

Proposition 1.39 Let R be a ring, V an abelian group and 7 : R — V a
trace.
(i) For any positive integer n the map

Tn : M (R) — V|

which is defined by letting 7,(A) = >, 7(ai;) for any matriz A = (a;j)i; €
M, (R), is a V-valued trace on M, (R).

(i) There is an additive map 7. : Ko(R) — V', which maps the class of
any idempotent matriz E € M, (R) onto 7,(E).

Proof. (i) We note that 7, is the composition
M, (R) "5 T(R) -V,

where rgg is the Hattori-Stallings trace and 7 the additive map induced by
7. It follows readily from this that 7,, is indeed a trace.

(ii) The existence of 7, follows invoking Remark 1.32, since the restrictions
7}, Idem(M,,(R)) — V of 7,,, n > 1, define a sequence of maps satisfying
conditions (i), (ii) and (iii) therein. O

In particular, the universal trace p : R — T(R) induces for any positive
integer n the Hattori-Stallings trace rgs = p, : M,(R) — T(R). Moreover,
there is a group homomorphism

P« : Ko(R) — T(R) ,

which maps the K-theory class of any idempotent matrix E € M, (R) onto
the Hattori-Stallings trace rgs(E) = p,(F), i.e. onto the residue class of the
ordinary trace tr(E) € R in the quotient group T(R) = R/[R, R]. By an
obvious abuse of notation, we denote p. by rgg (or 7 g if the dependence
upon the ring R is to be emphasized) and refer to it as the Hattori-Stalling
rank map. If P is a finitely generated projective R-module and E € M,,(R) an



1.1 Preliminaries 27

idempotent matrix with [P] = 8(pg) (cf. Proposition 1.30), then the Hattori-
Stallings rank rgg(P) of P is defined to be the Hattori-Stallings trace (rank)
ras(E) of E. This definition is independent of the choice of E and depends
only upon the isomorphism class of P.

Proposition 1.40 (i) Let R be a ring and f : V — V' a homomorphism of
abelian groups. We consider a trace 7 : R — V and the V'-valued trace fort
on R. Then, the induced additive map (fo7). : Ko(R) — V' is the composi-
tion

Ko(R) v Loy,

where T, : Ko(R) — V is the additive map induced by the trace T.

(ii) Let ¢ : R — S be a ring homomorphism and V' an abelian group. We
consider a trace T : S — V and the V-valued trace T o ¢ on R. Then, the
induced additive map (10 ¢). : Ko(R) — V is the composition

Ko(R) "% Ky(8) = v |

where T, : Ko(S) — V is the additive map induced by the trace T.
Proof. (i) Let E = (e;5)i,; € My (R) be an idempotent matrix and compute

(fom)[E] = f(

h
=
S~—"

Since the abelian group Ko(R) is generated by the [E]’s (Remark 1.25(i)), it
follows that f o7, = (f o 7).

(ii) Let E = (es)i; € Mp(R) be an idempotent matrix and E' =
(¢(es5))i,; the corresponding idempotent matrix with entries in S. Then,

and hence we conclude that 7, o Ko(¢) = (7 0 ¢).. O

Corollary 1.41 Let ¢ : R — S be a ring homomorphism. Then, the follow-
ing diagram is commutative
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Ko(R) 5 T(R)
Ko(p) | 1 T(p)
Ko(S) ™% T(S)

Proof. This is an immediate consequence of Proposition 1.40, in view of
Lemma 1.36(ii). O

Remark 1.42 Let H be a Hilbert space, A a self-adjoint subalgebra of the
algebra B(H) of all bounded operators on H and 7 : A — C a trace. We fix
a positive integer n and consider the induced C-valued trace 7, on M, (.A)
(cf. Proposition 1.39(i)). The matrix algebra M,,(A) C M, (B(H)) is viewed
as a self-adjoint subalgebra of B(H™).

(i) We endow A C B(H) with the operator norm topology (resp. weak
operator topology) and assume that 7 is continuous. Then, the trace 7, is
continuous as well, where M, (A) C B(H™) is endowed with the corresponding
operator norm topology (resp. weak operator topology).

(ii) Assume that the trace 7 is positive; this means that 7(a*a) is a non-
negative real number for all a € A. Then, 7, is positive as well. Indeed, let us
consider a matrix A = (a;;)i; € My (A) and the adjoint matrix A* = (b;5)i,;,
where b;; = aj; for all 4,j. Then, the j-th entry along the diagonal of the
product A*A is equal to ). bj;a;;. Hence,

Z (Z bﬂa”)
Z (Z a3 aw)
Z 1ij)

In view of the positivity of 7, 7,,(A*A) is a sum of non-negative real numbers
and hence 7, (A*A) > 0, as needed.

(iii) Assume that the trace 7 is positive and faithful; faithfulness means
that the complex number 7(a*a) vanishes for some element a € A only
if @ = 0. In that case, the positive trace 7, is faithful as well. Indeed, if
A = (a;5)i; € M, (A) is a matrix with 7,(A*A) = 0, then the computation
in (ii) above shows that 7(a;;a;;) = 0 and hence a;; = 0 for all i, j.

II. THE NON-UNITAL CASE. We now consider a non-unital ring I and let 7
be a trace on I with values in an abelian group V; by this, we mean that
7 is an additive map which vanishes on the commutators xy — yz, z,y € I.
Then, 7 extends uniquely to an additive map 77 on the associated unital ring
I'™ = I®Z that satisfies 77(0,1) = 0; in fact, 77 is a trace. We define the map
7w : Ko(I) — V as the restriction of (7). : Ko(I1T) — V to the subgroup
Ko(I) € Ko(I"). If the ring I is unital, the additive map 7. just defined is
easily seen to coincide with that defined in Proposition 1.39(ii) (cf. Exercise
1.3.7(iii)).
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Example 1.43 Let ‘H be a Hilbert space, £1(H) the ideal of trace-class op-
erators and Tr : £1(H) — C the trace defined in Theorem 1.12(iv). Then,
the induced additive map Tr, : Ko(£L!(H)) — C is injective with image the
subgroup Z C C (cf. [58, Lemma 6.3.14]).

The following result will be needed in Chap. 5.

Proposition 1.44 Let v : A — B be two homomorphisms of non-unital
rings and I C B an ideal, such that ¥(a) — ¢(a) € I for all a € A. We
consider an abelian group V' and an additive map 7 : I — V' that vanishes
on elements of the form xy —yx for all x € I and y € B; in particular, T is a
trace on I. Let 7' : A — V be the additive map, which is defined by letting
7'(a) = 7(¢Y(a) — ¢(a)) for all a € A. Then:

(i) The map 7' is a trace on A.

(i) The image of the additive map 7, : Ko(A) — V is contained in the
image of the additive map T, : Ko(I) — V.

Proof. (i) For any two elements a,a’ € A we compute

m'(ad") = t[Yp(aa’) — p(aa’)]
= 7[Y(a)(a’) — p(a)p(a’)]
= 7[Y(a)((a’) — p(a))] + 7[(¢(a) — p(a))p(a’)]
= 7[(¢(a') — p(a))v(a)] + Tlp(a’) (P (a) — ¢(a))
= 7[¢p(a')¢(a) — p(a’)p(a)]
= Tl[zb(/a')a) — p(d'a)

(ii) Without any loss of generality, we may assume that the rings A and
B are unital and the homomorphisms ¢ and 1 unit preserving. Let

D=DB,I)={(x,2')eBxB:2' —xel}

be the double of B along I (cf. the discussion following Remarks 1.34) and
consider the ring homomorphism 6 : A — D, which is defined by letting
0(a) = (p(a),®(a)) for all a € A. The additive map t : D — V, which is
given by t(x,2') = 7(2' — z) for all (z,2’) € D, is easily seen to be a trace.
Since the trace 7/ is the composition

ALD-LV,
Proposition 1.40(ii) implies that 7, : Ko(A) — V is the composition

Ko(A) 9 Ky (D)

1

- V.

Therefore, it suffices to show that the image of ¢, : Ko(D) — V is contained
in the image of 7, : Ko(I) — V.

3 In fact, this assertion is really the special case of (i) above, where A = D and
©, 1 are the two coordinate projection maps to B.
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The first coordinate projection map 7 : D — B splits by the diagonal
map A : B — D and hence the additive map Ky(m1) : Ko(D) — Ko(B)
splits by the additive map Ko(A) : Ko(B) — Ko(D). It follows that Ko (D) =
Ko(B,I) ®im Ko(A), where Ko(B,I) = ker Ko(my) is the relative Ky-group.
We claim that the additive map t¢. vanishes on the subgroup im Ky(A) C
Ky(D). In order to verify this, we note that the composition

K() A
Ko(B) "2 Ko (D)

v

is the additive map induced by the V-valued trace ¢t o A on B (loc.cit.).
The claim is proved, since t o A is the zero map. In particular, it follows that
the image of t, : Ko(D) — V is equal to the image of its restriction to the
subgroup Ky(B,I) C Ky(D). We now consider the commutative diagram

Ko(I) - Ko(B,I)
! !

Ko(I*) % (D)

N
Here, I is the unital ring associated with I, o : I™ — D the ring homomor-
phism which is defined by letting o(x,n) = (n- 1,z +n-1) for all (z,n) € I'
and p the excision isomorphism of Theorem 1.35. It follows that the subgroup
t.(Ko(B,I))C V is the image of the composition
Ko(I) — Ko(I*) "% Ko(D) L=
On the other hand, Proposition 1.40(ii) implies that ¢, o Ky(p) is the additive
map which is induced by the V-valued trace t o o on I". Since t o p is easily
seen to coincide with the trace 7 on I T, which is associated with the trace
7 on I, the composition (1.3) is precisely the additive map 7, : Ko(I) — V.
Therefore, we conclude that t,.(Ko(B,I))= 7.(Ko(I)). O

V. (1.3)

1.2 The Idempotent Conjectures

In this section, we focus our attention to the group algebra kG of a group
G with coefficients in a commutative ring k. We give an explicit description
of the Hattori-Stallings rank on the Ky-group of kG and state Bass’ conjec-
ture in §1.2.1. In the following subsection, we examine the relation between
torsion elements in G and idempotent elements in CG and state the idem-
potent conjecture for torsion-free groups. Finally, in §1.2.3, we obtain some
interesting classes of groups that satisfy the idempotent conjecture, by using
only elementary considerations.

1.2.1 The Hattori-Stallings Rank on Ko (kG)

Let k be a commutative ring, G a group and kG the associated group algebra.
Then, the subgroup [kG, kG] C kG is the k-linear span of the set {gh — hg :
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g,h € G}. In particular, [kG,kG] is a k-submodule of kG and hence the
quotient group T(kG) = kG/[kG, kG] has the structure of a k-module. In
order to give an explicit description of that k-module, we consider the set
C(Q) of conjugacy classes of elements of G and denote by [g] the conjugacy
class of any g € G. The natural projection G — C(G) extends uniquely to a
k-linear map between the respective free k-modules

p: kG — @[g]ec(G)k -lg] -

In other words, we define p(}_, ag9) = 3_, aglg] = >}, o g)[9], where ajg =
> _zelg) Ga for all [g] € C(G). It is clear that p is surjective.

Lemma 1.45 Let k be a commutative ring, G a group and p the k-linear map
defined above. Then, ker p = [kG, kG].

Proof. For all g,h € G the elements gh and hg are conjugate and hence
p(gh — hg) = [gh] — [hg] = 0. Tt follows that [kG,kG] C ker p. Conversely,
assume that a = ) a9 € kerp and fix a conjugacy class [g] € C(G).
Then, > ¢y @2 = 0 and hence }° (1 aa® = > ¢y az(® — g) € kG. Since
z — g € [kG, kG] for all z € [g], it follows that }_ .\ a.x € [kG,kG]. This is

the case for any [g] € C(G) and hence a = 37, (Zze[g} amx) € [kG, kG], as

needed.

In view of Lemma 1.45, the map p induces an isomorphism p between the k-
modules T'(kG) = kG/[kG, kG] and @y cc(q) k- [9)- In the sequel, we identify
these k-modules by means of p and write simply T'(kG) = D jec(c) k - [9]-
Then, the universal trace kG — T(kG) (cf. Lemma 1.36) is identified with
the map p defined above. For any conjugacy class [g] we consider the coordi-
nate projection

i : T(kG) = @MEC(G)JC. [#] — k- [g] ~ k

and write any element r € T'(kG) as a sum ;g (r)[g]. We now define for
any g € G the additive map

ry : Ko(kG) — k
as the composition
Ko(kG) ™3 T(kG) 2% k

where rgyg is the Hattori-Stallings rank associated with kG. It is clear that
rg = 7, if the elements g,h € G are conjugate. By an obvious abuse of
notation, we also denote by r, the composition

M, (kG) ™2 T(kG) 2% k
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for all n > 1. With this notation, for any idempotent matrix £ € M, (kG)
the Hattori-Stallings rank ryg(E), i.e. the residue class of the trace tr(E) in
the quotient T'(kG), can be expressed as the sum > 1 rq(E)|[g].

In the next two results, we describe the functorial behavior of the r,’s with
respect to coefficient ring and group homomorphisms.

Proposition 1.46 Let ¢ : k — k' be a homomorphism of commutative
rings, G a group and ¢ : kG — K'G the extension of ¢ with ¢(g) = g for all
g € G. We consider a positive integer n, an idempotent matric E = (e;;);; €
M, (kG) with Hattori-Stallings rank rus(E) = 2, 74(E)[g] and the induced
idempotent matriz E' = (p(ei;))i; € My (K'G). Then, ry(E') = o(ry(E)) for
all g € G.

Proof. Tt suffices to verify that the following diagram is commutative for all
ge G

M, (kG) ™5 T(kG) 2 k

& | (@) | le

M, (KG) ™% T(KG) % K
Here, we denote by @, the map induced by @ between the correspond-
ing matrix rings, whereas T(¢) is obtained from @ by passage to the quo-
tients. The commutativity of the right-hand square is an immediate con-

sequence of the definitions and hence the result follows from Lemma 1.38.
O

Proposition 1.47 Let k be a commutative ring, f : G — G’ a homomor-
phism of groups and f : kG — kG’ the k-algebra homomorphism extending
f. We consider a positive integer n, an idempotent matric E = (e;5);; €
M., (kG) with Hattori-Stallings rank rus(E) = 32, 74(E)[g] and the induced

idempotent matriz B = (}v(eij))i’j € M,,(kG’). Then,

rg(E') = {ry(E):[g] € C(G) and [f(9)] = [¢'] € C(G")}
forall g € G'.
Proof. We fix an element ¢’ € G’ and consider the k-linear map
brgn  T(kG) — k ,

which maps any conjugacy class [g] € T'(kG) onto 1 if [f(g)] = [¢'] and O if
[f(9)] # [¢']. With this notation, it suffices to verify that the following diagram
is commutative
M, (kG) ™5 T(kG) 2Lk
Fal T(f) 1 |

M, (kG') ™3 T(kG') "L
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Here, we denote by fn the map induced by f between the corresponding
matrix rings, whereas T( f) is the map obtained from f by passage to the

quotients. As in the proof of Proposition 1.46, the commutativity of the right-
hand square is an immediate consequence of the definitions; hence, the result
follows from Lemma 1.38. O

Corollary 1.48 Let k be a field, G a group and E an idempotent matriz
with entries in the group algebra kG and Hattori-Stallings rank rys(E) =
2 Te(E)lg]l € T(kG). Then, there is a non-negative integer n, such that

Y reE)=n-1€k.

Proof. We assume that E € My (kG) for some ¢t > 1 and consider the aug-
mentation € : kG — k and the induced idempotent matrix E' = &,(E) with
entries in k. Then, rgs(E’) = n-1 € k for some non-negative integer n (cf.
Exercise 1.3.8). The result follows from Proposition 1.47 by letting G’ be the
trivial group therein. |

In the sequel, we shall be interested in the Hattori-Stallings rank
rus : Ko(kG) — T(kG) ,

in the special case where the coefficient ring is a subring of the field C of
complex numbers. A pair (k,G), where k& C C is a subring and G a group,
will be said to satisfy Bass’ conjecture if the map

rg: Ko(kG) — k

is identically zero for all elements g € G with g # 1. In that case, the Hattori-
Stallings rank of an idempotent matrix F with entries in kG will be equal
to n[1] € T(kG) for a suitable non-negative integer n = n(E) (cf. Corollary
1.48). We note that a pair (k,G) as above satisfies Bass’ conjecture if this
is the case for all pairs of the form (ko, Go), where kg is a finitely generated
subring of k and Gy a finitely generated subgroup of G (cf. Exercise 1.3.9).

Remark 1.49 Let k£ be a subring of the field C of complex numbers and
G a group having an element g of finite order n > 1. If n is invertible in k,
then the map r, above is not identically zero; in particular, the pair (k, G)
does not satisfy Bass’ conjecture. Indeed, it is easily seen that the element
e = %Z?:_Ol g" € kG is an idempotent and ry(e) = &, where a € {1,...,n}
is the number of elements of the cyclic group < g > which are conjugate to g
(i.e. « is the cardinality of the intersection <g> N{g]).

It follows from Remark 1.49 that certain arithmetic restrictions are necessary
conditions for a pair (k, G) as above to satisfy Bass’ conjecture. In particular,
the orders of the non-identity torsion elements of G can’t be invertible in k.
In that direction, we note the following simple result.
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Lemma 1.50 Let k be a subring of the field C of complex numbers. Then,
the following conditions are equivalent:

(i) kNQ="72.

(i) No integer n > 1 is invertible in k, i.e. ZNU (k) = {£1}.

(iii) No prime number p is invertible in k.

Proof. (i)—(ii): If a non-zero integer n is invertible in k, then L € kNQ =12
and hence n = +1.

(ii)—(iii): This is clear.

(iii)—(i): First of all, we note that we always have Z C kN Q. In order
to show the reverse inclusion, assume that there exist two relatively prime
integers @ and b with b # 0, such that § € £\ Z. In that case, there is a prime
number p which divides b but not a. Hence, there are x,y,b’ € Z, such that
b= pb' and ax + py = 1. Then,

1 ax axt/

Yy +y:xb’~g+y-1eZ~g—|—Z~1§k,
P P b b b

a contradiction. O

A group G will be said to satisfy Bass’ conjecture if the pair (k, G) satisfies
Bass’ conjecture for any subring £ C C with £ N Q = Z. In other words, G
satisfies Bass’ conjecture if the map

rg: Ko(kG) — k

is identically zero for any subring & C C with kN Q = Z and any group
element g € G with g # 1. We note that a group satisfies Bass’ conjecture if
this is the case for all finitely generated subgroups of it (cf. Exercise 1.3.9). In
the following chapters, we study Bass’ conjecture for certain classes of groups,
obtaining thereby some insight about its geometric significance.

1.2.2 Idempotents in CG

Let G be a group and CG the corresponding complex group algebra. Be-
sides the trivial idempotents 0 and 1, the algebra CG may contain non-trivial
idempotents as well. For example, if G is a group having non-trivial torsion
elements, then CG has non-trivial idempotents, in view of Remark 1.49. In
fact, there is a general method for constructing non-trivial idempotents in
CG@, by considering finite subgroups of GG. More precisely, if H < G is a finite
subgroup, then CH is a subalgebra of CG and hence Idem(CH) C Idem(CG).
The Wedderburn-Artin theory (cf. [41, Chap. 1]) implies, in view of Maschke’s
theorem (Theorem 1.9), that the group algebra CH can be identified with a
direct product of complex matrix algebras. In this way, idempotent matrices
with complex entries provide us with idempotent elements in CH and hence
in CG as well. Furthermore, identifying a matrix algebra with entries in CH
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with the appropriate direct product of complex matrix algebras, we obtain
examples of idempotent matrices with entries in CH as well. Of course, in
order to obtain explicit formulae for these matrices, one has to explicit the
Wedderburn decomposition of CH.

This technique for constructing idempotents and idempotent matrices with
entries in group algebras is illustrated in the following example (where the
verification of many details is left as an exercise to the reader).

Example 1.51 Let G = S5 be the group of permutations on three letters a, b
and c. Then, there is an isomorphism of complex algebras

CG ~ C x C x M3(C) (1.4)

(cf. [41, p.129]). The first (resp. second) copy of C corresponds to the trivial
(resp. the sign) representation of G on C, whereas the 2 x 2 matrix algebra
comes from the unique (up to isomorphism) irreducible representation of G
on C2, which is given by

(ab)»—»(? é) and (abc)»—»((l) j) .

The central idempotents of CG that correspond to the idempotents (1,0, 0),
(0,1,0) and (0,0, I2) of the Wedderburn decomposition (1.4) are the elements

€1 = é(l + (ab) + (ac) + (be) + (abe) + (ach)) ,

ey = %(1 — (ab) — (ac) — (be) + (abe) + (ach))
and

es=1—e —ex = é(2 — (abe) — (ach))

respectively. Moreover, the element of CG that corresponds to the idempotent

(0,0, E), where E = <(1) é) € M5 (C), is the idempotent
1
e= g(l + (ab) — 2(ac) + (be) — 2(abe) + (ach)) € CG .

In the same way, the element of CG that corresponds to (0,0, A), where

A= <8 (1)> € M;(C), is the element

1
a= g((ab) — (ac) — (abc) + (ach)) € CG.
The Wedderburn decomposition (1.4) of CG induces an algebra isomorphism

between My (CG) and the direct product
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MQ(C) X MQ(C) X MQ(MQ(C)) = MQ(C) X Mg(C) X M4(C) .

In this way, the idempotent

((; :1),(8 _13>,<102 é))EMg(C) x My(C) x My (M3(C)) ,

where the matrices A, E € Mz(C) are defined as above, corresponds to the
idempotent matrix

(261 +e3 —e1 —3ex +a

261 —e1 +eg+e€ ) € MQ(CG) ’

with the elements ey, e, e3,e,a € CG defined as above.

A natural question that one may ask is whether the existence of non-trivial
idempotents in a complex group algebra is due solely to the existence of non-
trivial torsion elements in the group. In particular, the idempotent conjecture
for a torsion-free group G asserts that the complex group algebra CG has no
non-trivial idempotents. Concerning the role of the field of complex numbers in
that conjecture, we can state the following result (see also Exercises 1.3.13(iv)
and 1.3.14).

Proposition 1.52 The following conditions are equivalent for a group G:

(i) The complex group algebra CG has no non-trivial idempotents.

(ii) For any field F of characteristic 0 the group algebra FG has no non-
trivial idempotents.

(iii) For any commutative Q-algebra k having no non-trivial idempotents,
the group algebra kG has no non-trivial idempotents.

Proof. The implications (iii)—(ii)—(i) are clear. We complete the proof by
showing that (i)—(ii) and (ii)—(iii).

(i)—(ii): Let F be a field of characteristic 0 and e € FG an idempotent.
Since e involves only finitely many elements of F', there exists a finitely gener-
ated subfield Fy of I, such that e € FyG. Being a finitely generated extension
of Q, the field Fjy admits an embedding into C and hence we are reduced to
the case where e is an idempotent in CG.

(ii)—(iii): Let k be a commutative Q-algebra having no non-trivial idem-
potents and consider an idempotent e € kG. In order to show that e is trivial,
we can assume (by passing, if necessary, to a finitely generated Q-subalgebra
of k as above) that k is Noetherian; cf. the proof of Corollary A.32 of Appendix
A. Then, the nil radical nil k of k is nilpotent and hence we can further assume
(by passing, if necessary, to k/nilk) that k is reduced; cf. Exercise 1.3.11. In
that case, Exercise 1.3.12 implies that k is a subring of a finite direct product
of fields of characteristic 0, say k C Fy; x--- X F,,. Then, kG C F1Gx---x F,G
and we may consider the coordinates e; € F;G of e. Since ¢; € Idem(F;G), our
assumption implies that e; € F; for all i. On the other hand, the intersection
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EGN(Fy x - x F,) CFHGx - x F,G
is equal to k and hence e € k. It follows that e is trivial. g

Remarks 1.53 (i) Let k be a subring of the field C of complex numbers, such
that the group algebra kG has no non-trivial idempotents for all groups G.
Then, kNQ = Z.* Indeed, if kN Q # Z then there is a prime number p which
is invertible in &k (cf. Lemma 1.50). In that case, Remark 1.49 shows that the
group algebra of the finite cyclic group of order p with coefficients in k£ has
non-trivial idempotents.

(ii) Even though it is not completely apparent at this point, the idempotent
conjecture turns out to be closely related to Bass’ conjecture. In fact, let
k be a subring of the field C of complex numbers and G a group. Then,
there is a generalized form of Bass’ conjecture on the Hattori-Stallings rank
of idempotent n x n matrices with entries in kG, which reduces to

e Bass’ conjecture if kN Q = Z and
e the idempotent conjecture if k = C, G is torsion-free and n = 1.

For more details on this, see Exercise 3.3.7.

1.2.3 Some First Examples of Groups
that Satisfy the Idempotent Conjecture

In this final subsection, we use some elementary considerations in order to
identify certain classes of torsion-free groups G, for which the complex group
algebra CG has no non-trivial idempotents.

I. ORDERED GROUPS. An ordered group G is a group which is endowed with
a total order, such that for any elements x,y, z € G we have

r<y=—=xz<yz and zx < 2y . (1.5)

We note that any ordered group G is torsion-free. Indeed, if x € G is an
element with x > 1, then a simple inductive argument shows that " > 1 for
all n > 1; in particular, x has infinite order. We conclude that any element
g € G with g # 1 has infinite order, since either g or g~—! is > 1.

Remarks 1.54 (i) Let G be an ordered group and consider a subgroup H C G.
Then, the restriction of the order relation of G endows H with the structure
of an ordered group.

(ii) Let (G;)ier be a family of ordered groups and assume that the index
set I is well-ordered. Then, the lexicographic order endows the direct product

4 Conversely, we shall prove that the group algebra of any group with coefficients
in a subring k£ of C has no non-trivial idempotents if k N Q = Z; cf. Corollary
3.21.
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G = ][, G; with the structure of an ordered group. More precisely, for any
two elements x = (x;); and y = (y;); of G with x # y, we consider the index
ip = min{i € I : x; # y;} and define x < y (in the group G) if z;, < y;, (in
the group Gj,).

(iii) There are torsion-free groups that can’t be ordered. For example,
consider the group G =< a,b | b=lab = a=! >. Since G is the semi-direct
product of <b >~ Z by < a >~ Z, it is torsion-free. Assume that there
is a total order on G that satisfies (1.5). If @ > 1 then ba=! = ab > b and
hence a=! > 1, i.e. 1 > a, a contradiction. A similar argument shows that the
inequality a < 1 is impossible; therefore, the group G can’t be ordered.

Proposition 1.55 An abelian group G can be ordered if and only if G is
torsion-free.

Proof. We already know that any ordered group must be torsion-free. Con-
versely, assume that the abelian group G is torsion-free. Then, G can be viewed
as a subgroup of the Q-vector space V = G ® Q. We choose a basis (¢;);cs of
V' and fix a well-ordering on the index set I. Then,

GCV = @iQei - HiQei

and hence it suffices to show that the group [], Qe; can be ordered (cf. Re-
mark 1.54(i)). Since the additive group Q of rational numbers can be ordered,
the proof is finished by invoking Remark 1.54(ii). O

The above result provides us with many examples of groups that can be or-
dered. It is known that the free product of ordered groups can be endowed
with the structure of an ordered group as well (Vinogradov’s theorem; cf. [55,
Chap. 13, Theorem 2.7]). In particular, free groups can be ordered. The rele-
vance of the class of ordered groups in the study of the idempotent conjecture
stems from the following result.

Theorem 1.56 If k is an integral domain and G an ordered group, then any
idempotent of kG is contained in k. In particular, the group G satisfies the
idempotent conjecture.

Proof. For any non-zero element a = Eg aqg € kG, where a4 € k forall g € G,
we consider the finite subset A, = {g € G : a4 # 0} C G and define the
elements max(a), min(a) € G as the maximum and minimum elements of A,
respectively. Since k is assumed to be an integral domain, it follows easily that
max(ab) = max(a) max(b) and min(ab) = min(a) min(b) for all a,b € kG\{0}.
In particular, if e € kG is a non-zero idempotent then max(e) = max(e)? and
min(e) = min(e)?, i.e. max(e) = min(e) = 1. We conclude that e € k, as
needed. O
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II. REDUCTION MODULO THE AUGMENTATION IDEAL. In order to obtain more
examples of torsion-free groups that satisfy the idempotent conjecture, we
consider for any group G the augmentation homomorphism

e:CG—C

and the augmentation ideal I = kere. The resulting extension of scalars
functor from the category of left CG-modules to that of C-vector spaces maps
any left CG-module M onto

Mag=C®ccM=M/IcM=M/<(g—1)z;9€ G,z € M > .

We are interested in projective CG-modules P for which Pg vanishes and
examine whether this vanishing implies that P itself is the zero module.

Example 1.57 Let G be a group and g € G a torsion element of order n > 1.
Then, the idempotent e = (14 g+ -+ ¢g"~!) € CG is non-trivial and
hence the projective CG-module P = CG(1 — e) is non-zero. Since e(e) = 1,
we have 1 — e € Ig. It follows that P = CG(1 —e)? C Ig(1 —e) = IgP and
hence P = P/IcP = 0.

We consider the class &, which consists of those groups G that satisfy the
following condition: For any non-zero projective CG-module P, we have Pg #
0. In view of Example 1.57, any group contained in & must be torsion-free. The
importance of class S in the study of the idempotent conjecture is manifested
by the following result.

Theorem 1.58 Groups in class S satisfy the idempotent conjecture.

Proof. Let G be a group in § and e = Zg egg € CG an idempotent, where
eq € C for all g € G. Since the augmentation €(e) € C is an idempotent,
we have £(e) = 0 or 1. In order to show that e is trivial, we may assume,
considering if necessary the idempotent 1 — e instead of e, that £(e) = 0, i.e.
that e € I5. We now consider the projective CG-module P = CGe and note
that P = CGe? C Ige = IgP. It follows that Pg = P/I¢P = 0 and hence our
assumption on G implies that P = 0. Therefore, e = 0 is a trivial idempotent,
as needed. ]

For any ideal I of a ring R we define the ideal I°° = (\°_, I". Using this
notation, we now give a criterion for a group G to be contained in S.

Proposition 1.59 Let G be a group and assume that the augmentation ideal
Ig of the group algebra CG is such that IZ = 0. Then, G € S.

Proof. Let P be a projective CG-module. We choose a free CG-module F'
containing P as a direct summand and note that P N JF = JP for any
ideal J € CG. We claim that if I € CG is an ideal such that P = IP,
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then P = I*°P. Indeed, we have P = I"P C I"F for all n € N and hence
PC,I"F)=(N,I")F =I*F. Therefore, P=PNI®F =I>P.

We now assume that Pg = P/IgP vanishes. Then, P = [P and hence
P =1 P =0, in view of our hypothesis. O

Example 1.60 The additive group Q of rational numbers is an S-group.
Indeed, letting G = Q, the group algebra CG is identified with the algebra
C[t* : a € Q] of functions on the positive real line, and the augmentation ideal
I with the ideal (t* —1: a € Q). We shall prove that G € S by showing that
I& = 0 (cf. Proposition 1.59). To that end, we note that for any = € I the

i-th derivative 42 vanishes at t = 1 for all i < n. Let z = Z;":l z;thi € I,

dt?
where the x;’s are complex numbers and the k;’s distinct rational numbers.

Then, the derivative ‘ZT* +=1 vanishes for all ¢ > 0 and hence the z;’s satisfy
the system of linear equations

Z:llkj(kj—l)"'(kj—i—Fl),IjZO, 1=0,1,...,m—1.

It is an easy exercise, which is left to the reader, to verify that the determinant
of this linear system is equal to the product Hj<j/(kj’ —k;), which is non-zero
since the k;’s are distinct. Hence, we must have z; = 0 for all j = 1,...,m,
i.e. x = 0. It follows that the ideal I& is trivial, as needed.

We now prove that S is closed under subgroups, extensions, direct products
and free products. In this way, invoking Theorem 1.58, we obtain many ex-
amples of groups that satisfy the idempotent conjecture.

Proposition 1.61 The class S is closed under subgroups and extensions.

Proof. In order to show that S is closed under subgroups, let G be an S-
group and consider a subgroup H < G. If P is a projective CH-module with
C®cy P =0, then P’ = CG ®cy P is a projective CG-module with

C®cg P =C ®cg (CG®cy P)=C®cyg P=0.

Since G € S, we have P’ = 0. On the other hand, CH is a direct summand of
CG@G as a right CH-module and hence P = CH ®cpy P is a direct summand
of P’ as an abelian group. It follows that P must be zero as well and hence
HeS.

In order to show the closure of & under extensions, let N be a normal
subgroup of a group G and assume that both N and the quotient group G =
G/N are contained in S. If P is a projective CG-module with C ®¢cg P = 0,
then P = CG ®cg P is a projective CG-module with

C®C§?:C®C§(Cé®cg P)ZC@CGp:O.

Since G € S, we have P = 0. On the other hand, as a C-vector space, P is
isomorphic to C ® cy P = Py, where P is now viewed as a CN-module by
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restriction of scalars (cf. Remark 1.6(ii)). Since the CN-module P is projective
(Lemma 1.1(iii)) and N € S, we conclude that P = 0. Hence, it follows that
GeS. O

In order to obtain another interesting criterion for a group G to be contained
in S, we need the following technical result.

Lemma 1.62 Let G be a group, (Hy)x a chain of subgroups of G and H the
intersection of the H) ’s.

(i) The intersection of the family (I, CG)x of left CH -submodules of CG
is equal to Iy CG.

(i) If P is a projective CG-module and C ®cpu, P = 0 for all A, then
C®cyg P=0.

Proof. (1) It is clear that Iy CG is contained in the intersection of the Iy, CG’s.
In order to show the reverse inclusion, let z € CG be an element with x ¢
I3 CG. We consider a set T of left H-coset representatives in G and note that
there is a decomposition of left CH-modules

CG=@,.,CH-t.

Then, we can write x = x1t; + - -+ + xpt,, where x; € CH and t; € T for
all i = 1,...,n. Since © ¢ IyCG, there exists iy with z;, ¢ Iy. Assuming
that the ¢;’s are distinct, we have titj_l ¢ H for all i # j; hence, there exists
Aij with t-t_l ¢ H)y,; for all i # j. We can now find an index A such that

Hy C Hy,, for all ¢ 7é j. Then, t; t 1 ¢ H), and hence the t;’s form part of a
system T)\ of left Hy-coset representatlves in G. Since z; € CH C CH), for
all i = 1,...,n, it follows that x = x1t; + - - - + x,t, is the expression of x
following the left CH-module decomposition

CG = @,y CH -t .

Since CH N Iy, = Iy, we have x;, ¢ Iy, ; it follows that x ¢ Iy, CG.

(ii) Let F be a free CG-module containing P as a direct summand. Since
P/Iy,P = CQ®cu, P =0, we have P = Iy, P and hence P C Iy, F for
all A. It follows from (i) above that the intersection of the family (Iy, F')x is
equal to g F'; therefore, P C Iz F. Since P is a direct summand of F' as a
CG-module and hence as a CH-module as well, the intersection P N IgF is
easily seen to coincide with Iy P. It follows that P = PN IgF = I[P, ie.
C®cy P = P/IgP =0, as needed. O

Proposition 1.63 Let G be a group and assume that any non-trivial subgroup
H < G admits a non-trivial homomorphism into a group which is contained

inS. Then, G € S.

Proof. We note that, in view of the closure of S under subgroups (cf. Propo-
sition 1.61), our assumption can be restated as follows: Any non-trivial sub-
group H < G has a non-trivial quotient group which is contained in S. In
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order to show that G € S, let us consider a projective CG-module P with
C ®ca P = 0. Then, the family F which consists of those subgroups H of G
for which C®cy P = 0 is non-empty, since G € F. We order F by the relation
opposite to inclusion and note that Lemma 1.62(ii) implies that the hypoth-
esis of Zorn’s lemma is satisfied. Hence, there is a subgroup H of G which is
minimal with respect to the property that C ® cy P = 0. If H is trivial then
C®cyg P=C®c P = P and hence P = 0. If H is non-trivial there exists
(by assumption) a proper normal subgroup N <I H such that H = H/N € S.
The CH-module P = CH ®cg P is projective and

The group H being an S-group, it follows that P = 0. Since P ~ C®cy P as
C-vector spaces (cf. Remark 1.6(ii)), we conclude that N € F, contradicting
the minimality of H. O

Proposition 1.64 The class S is closed under direct products and free prod-
ucts.

Proof. Let (G;); be a family of S-groups. We shall prove that both groups
[I; Gi and %;G; are contained in S, by using the criterion established in Propo-
sition 1.63.

To that end, let H be a non-trivial subgroup of the direct product [], G;.
Then, H maps by the restriction of a suitable coordinate projection onto a
non-trivial subgroup of one of the G;’s. Hence, the criterion of Proposition
1.63 can be applied.

Now let K be a non-trivial subgroup of the free product *;G;. Then, a
theorem of Kurosh (cf. [65, Chap. 1, Theorem 14] impies that K decomposes
into the free product of a free group and a free product of certain subgroups of
G, which are isomorphic with subgroups of the G;’s. It follows that K admits
a non-trivial homomorphism into one of the G;’s or else into Z C Q. Since
Q € S (cf. Example 1.60), the criterion of Proposition 1.63 can be applied in
this case as well. O

Proposition 1.65 The class S contains all torsion-free abelian groups.

Proof. A torsion-free abelian group G is contained in the Q-vector space V =
Q ® G. Such a vector space V is a direct sum of copies of Q and hence
contained in the corresponding direct product of these copies. The proof is
finished, since Q is an S-group (Example 1.60), whereas S is closed under
subgroups (Proposition 1.61) and direct products (Proposition 1.64). O

1.3 Exercises

1. Given two rings A and B, an (A, B)-bimodule is an abelian group M,
which is a left A-module and a right B-module, in such a way that a(mb) =
(am)b for alla € A, b€ B and m € M.
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(i) Let S be aring and L, N two left S-modules. Show that the composition
of maps endows the abelian group Homg(L, N) with the structure of an
(Ends N, EndgL)-bimodule. In particular, if R is another ring and L is
an (S, R)-bimodule, then Homg(L, N) can be naturally viewed as a left
R-module.

(ii) Let R be a ring, L a right R-module and M a left R-module. Show
that the abelian group L ® g M can be endowed with the structure of a
module over EndgL @ Endg M, by letting (f ®@¢g) - (l@m) = f(I) @ g(m)
for all f € EndgrL, g € EndgM, ! € L and m € M. In particular, if S is
another ring and L is an (S, R)-bimodule, then L ® g M can be naturally
viewed as a left S-module.

(iii) Let R, S be two rings, L an (S, R)-bimodule, M a left R-module and
N a left S-module. Show that there is an isomorphism of abelian groups

A : Homg(L ®p M, N) — Hompg (M, Homg(L, N)) ,

which is defined by letting A(f) : M — Hompg(L, N) be the map with
A(f)(m)()) = f(l®@m) for all f € Homs(L ®r M,N), m € M and [ € L.
Here, the S-module structure on L ® M is that defined in (ii) and the
R-module structure on Homg (L, N) that defined in (i) above.

(iv) Let ¢ : R — S be a ring homomorphism, M a left R-module and N
a left S-module. Letting L be the (S, R)-bimodule S (with right R-module
structure induced by ), show that the isomorphism of (iii) above reduces
to the identification A, which appears in the text preceding Lemma 1.1.

. Let 'H be a Hilbert space, n a positive integer and consider the identi-
fication between M, (B(H)) and B(H") considered in the beginning of
§1.1.2.

(i) Let a € B(H) and £ = (&1,...,8.),m = (M,---,7n) € H™. Show
that < aF;;(€),n >=<a(&;),n; > for all 4,5 = 1,...,n. In particular,
(aE;;)* =a*Ej; foralli,j=1,...,n.

(ii) Show that the adjoint A* = (b;;);; of a matrix A = (a;)i; €
M,,(B(H)) is such that b;; = aj, for all i,j =1,...,n.

(iii) Let (ax)x be a net in B(H) and fix two indices 4, j € {1,...,n}. Show
that the net (a)E;;j)x converges to the zero operator of H™ in the norm
(resp. the strong, resp. the weak) operator topology if and only if the net
(ax)x converges to the zero operator of H in the norm (resp. the strong,
resp. the weak) operator topology.

(iv) Let (Ax)x be a net of matrices in M, (B(H)) and write Ay = (aij.2)i
for all A. Show that the net (Ax)x converges to the zero operator of H™ in
the norm (resp. the strong, resp. the weak) operator topology if and only
if the net (aij,A)A converges to the zero operator of H in the norm (resp.
the strong, resp. the weak) operator topology for all 7,5 = 1,...,n.
(Hint: Use (iii) above and note that Ay = 3, ;a;; \E;; for all A and
aij7AE11 = EliAAEjl for all ’i,j, )\)
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. Let ¢?N be the Hilbert space of all square summable sequences of com-

plex numbers and consider the operators a,b € B(¢2N), which are

defined by lettlng a(fo, 61, 52, .. ) = (51, fg, .. ) and b(fo, 51, 52, .. ) =
(07507517523 .. ) for all (50351;52, .. ) S EZN

(i) Show that ||a™||=||b"||=1 for all n > 1.

(ii) Show that the sequence (a™),, is SOT-convergent to 0, but not norm-
convergent to 0. In particular, the sequence (a™),, is WOT-convergent to
0.

(iii) Show that the sequence (b™),, is WOT-convergent to 0, but not SOT-
convergent to 0.

(Hint: In order to show WOT-convergence to 0, use Proposition 1.14.)
(iv) Show that the sequence (a"b™), is not WOT-convergent to 0. In
particular, multiplication in B(¢2N) is not jointly WOT-continuous.

. Let R be a ring. For any subset X C R we define the commutant X’ of

X in R, by letting X’ = {r € R: ar = rz for all z € X}. Show that:

(i) X' is a subring of R for any subset X C R.

(ii) If X,Y are subsets of R with X C Y, then Y’ C X".

(iii) X C X" for any subset X C R; here, X" (the bicommutant of X in
R) is defined as the commutant of X’ C R.

(iv) X’ = X' for any subset X C R.

(v) The commutant R’ of R is the center Z(R) C R and R” = R.

. Let R be aring, n a positive integer and M,,(R) the corresponding matrix

ring. For any subset X C R we consider the subset M,,(X) (resp. X - I,,)
of M,,(R), which consists of all n x n matrices with entries in X (resp. of
all matrices of the form zI,, x € X). Show that:

(i) The commutant (M,,(X))" of M,,(X) in M, (R) is equal to X' - I,,,
where X’ is the commutant of X in R. In particular, the center Z(M,(R))
of M,,(R) is equal to Z(R) - I,, where Z(R) is the center of R.

(ii) The commutant (X - I,)" of X - I,, in M,,(R) is equal to M, (X").
(iii) The bicommutant (M, (X))” of M,(X) in M,(R) is equal to
M, (X"), where X" is the bicommutant of X in R. In particular, if S
is a subring of R, such that S” =S, then M, (S) is a subring of M,,(R),
such that (M, (S))" = M,(S5).

. Let A be the C*-algebra of continuous complex-valued functions on [0, 1].

We may regard A as a subalgebra of the algebra of bounded linear op-
erators on the Hilbert space L2[0,1] (under the Lebesgue measure), by
identifying any continuous function on [0, 1] with the corresponding mul-
tiplication operator on L?[0,1]. Let f € A be the function which is defined
by letting f(z) = max{0,z — 1} for all « € [0,1]. Show that the partial
isometry v € B(L?[0,1]) in the polar decomposition of f € A C B(L?[0,1])
is not contained in A.

(Hint: Since the function f is positive, v is the orthogonal projection onto
the closure of the range of the multiplication operator associated with f.)



7.

10.

1.3 Exercises 45

Our goal in this Exercise is to show that the definitions of §1.1.3 and
§1.1.4 given for a not necessarily unital ring I coincide with those given
for unital rings if I is unital.

(i) Let R, S be two unital rings. Show that the coordinate projection maps
from the product R x S to R and S induce an isomorphism of abelian
groups Ko(R x S) ~ Ko(R) & Ko(9).

(i) Let I be a unital ring and I the ring defined in the beginning of
§1.1.3.111. Show that there is an isomorphism of rings I™ ~ I x Z, which
identifies the map m : IT — Z of loc.cit. with the second coordinate
projection from I x Z onto Z. In particular, conclude that the Ky-group
of the unital ring I can be identified with the kernel of the additive map
Ko(ﬂ') : K0(1+) e Ko(Z)

(iii) Let I be a unital ring, 7 a trace on I with values in an abelian group V'
and 7, : Ko(I) — V the induced additive map. Let 7+ be the V-valued
trace on IT defined in the beginning of §1.1.4.II. Show that, under the
identification of Ko(I™) with the direct sum Ko (I)® Ko(Z) resulting from
(i) and (ii) above, the restriction of the additive map (77), : Ko(IT)— V
to Ko(I) coincides with 7.

Let k be a field and F an idempotent n X n matrix with entries in k. Show
that rgs(E) =r-1 € k, where r € {0,1,...,n} is the rank of the matrix
E, as defined in Linear Algebra (i.e. r is the maximum number of linearly
independent rows of E).

Let k£ be a subring of the field C of complex numbers and G a group.

(i) Show that the pair (k,G) satisfies Bass’ conjecture if and only if the
pairs (k’',G) satisfy Bass’ conjecture for any finitely generated subring
kK Ck.

(ii) Show that the pair (k, G) satisfies Bass’ conjecture if the pairs (k, G’)
satisfy Bass’ conjecture for any finitely generated subgroup G’ C G.

Let G be a group and consider the set

Fin(G) = {o(g) : g € G is an element of finite order} C N .

We define Ag (resp. Ag) to be the subring (resp. the additive subgroup)
of Q generated by the set {1/s : s € Fin(G)}. Show that the following
conditions are equivalent for a subring k of the field C of complex numbers:
(i) kNAg =Z.

(i) kN AL = Z.

(iii) If g € G is a torsion element with g # 1, then its order o(g) is not
invertible in k.

Moreover, show that if the group G is finite of order n, then the above
conditions are also equivalent to

(iv)kNZ-L =17
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Let R be a commutative ring having no non-trivial idempotents and con-
sider its nil radical nil R. Show that the quotient R = R/nil R has no
non-trivial idempotents as well.?

(Hint: If r € R is such that 7 € R is an idempotent, then r"(1 — )" =
0 € R for some n € N. Show that the elements "z and (1 — )"y are
complementary idempotents of R for suitable z,y € R.)

The goal of this Exercise is to show that any commutative reduced
Noetherian ring can be embedded into a finite direct product of fields.
We shall assume some familiarity with the concept of localization at a
prime ideal (cf. Appendix A). Let R be a Noetherian ring and Spec R its
prime spectrum. For any ideal I C R we denote by V' (I) the set of those
prime ideals o € Spec R that contain [; in particular, Spec R = V(0).

(i) Show that there are finitely many prime ideals g1,..., p, C R, such
that Spec R = U, V(p:).

(Hint: Argue by contradiction and assume that I C R is an ideal maximal
with respect to the property that V(I) is not a finite union of subsets of
the form V(p), p € Spec R.)

(ii) Let p1,...,pn € R be prime ideals, such that Spec R = |J, V(p;) as
in (i) above, and assume that r € R is an element whose image in R,,
vanishes for all ¢ = 1,...,n. Then, show that r is nilpotent.

(iii) Assume that the ring R is reduced and let p C R be a minimal prime
ideal. Then, show that the localization R is a field. Conclude that R
embeds into a finite direct product of fields Fy x --- X F},.

Let G be a group. The goal of this Exercise is to complement Proposition
1.52 and provide yet another condition, which is equivalent to conditions
(i), (ii) and (iii) therein. To that end, we consider a commutative ring k,
the group algebra kG and an idempotent e € kG.

(i) Show that (r—e)® =r"—(r"—(r—1)")e € kG forallr € k = k-1 C kG
and n > 0.

(ii) Assume that r,x € k are two elements, such that vz =0 = (1—r)"x
for some n > 0. Then, show that =z = 0.

(iii) Let I C k be a nilpotent ideal, & = k/I the corresponding quotient
ring and € € kG the image of e under the quotient homomorphism kG —
kG. If € is contained in k = k - 1 C kG, then show that e is contained in
k=k-1CEkG.

(iv) Assume that G satisfies the equivalent conditions of Proposition 1.52,
whereas the commutative ring k is a Q-algebra. Then, show that any
idempotent of kG is contained in k =k -1 C kG.

(i) Let G be a group and assume that the complex group algebra CG
has a non-trivial idempotent. Show that for all but finitely many prime
numbers p there exists a finite field F of characteristic p, such that the
group algebra FG has a non-trivial idempotent as well.

(Hint: Let e = > ;€59 € CG be a non-trivial idempotent and con-

5 In that direction, see also Corollary 2.15 in Chap. 2.
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sider suitable quotients of the commutative ring k = Zle, : g € GJ; cf.
Corollaries A.27 and A.22(ii) of Appendix A.)

(ii) Let p be a prime number and consider a cyclic group G of order p.
Show that the complex group algebra CG has non-trivial idempotents,
whereas for any field F of characteristic p the group algebra FG has no
non-trivial idempotents.

(Hint: Consider the left regular representation L : FG — M, (F) and
show that tr(L(e)) = 0 € F for any idempotent e € FG.)

Let G be a group, N < G a normal subgroup and G = G/N the corre-
sponding quotient. Prove the following generalization of Theorem 1.58:
If N € S and G satisfies the idempotent conjecture, then G satisfies the
idempotent conjecture as well.
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Notes and Comments on Chap. 1. The basic results from Algebra and Analysis
that are needed in the book can be found in graduate textbooks, such as [42, 60]
and [61]. The standard reference for the algebraic properties of group rings is the
encyclopedic treatise of D. Passman [55]. The Ky-group of a ring was defined by
A. Grothendieck, in order to generalize the Riemann-Roch theorem in Algebraic
Geometry [7]. For a more complete introduction to the K-theory of rings, the reader
may consult J. Rosenberg’s book [58]. The universal trace on a ring was introduced
by J. Stallings in [66], in order to give an algebraic proof of D. Gottlieb’s theorem
on finite K (G, 1)-complexes, and, independently, by A. Hattori [32]. The universal
trace for group algebras was used by H. Bass in [4,5], who reformulated accordingly
the theorem of R. Swan on integral representations of finite groups [70]; in that
direction, see also §2.2. The idempotent conjecture for the complex group algebra of
a torsion-free group is a classical problem in ring theory. The fact that ordered groups
satisfy the conjecture is folklore; see, for example, [55]. The class S was introduced
in [23], by relaxing a condition that was imposed on a group by R. Strebel [68], in
his studies on the derived series, and A. Strojnowski [69].
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Motivating Examples

2.1 The Case of Abelian Groups

Let k£ be a subring of C with kN Q = Z, G an abelian group, kG the corre-
sponding group ring and F € My (kG) an idempotent matrix. Since the group
ring kG is commutative, we have T'(kG) = kG and the Hattori-Stallings rank
ras(E) of E is precisely its trace tr(F). Hence, Bass’ conjecture for G asserts
that tr(E) € k-1 C kG. Our goal in this section is to prove that this is in-
deed the case. We consider the commutative ring i = kG, its prime spectrum
Spec R and the finitely generated projective R-module P = im E, where F
is the endomorphism of R corresponding to E. We construct a certain map
r(P) : Spec R — N, which is locally constant if Spec R is endowed with
the Zariski topology. It will turn out that the space Spec R is connected and
hence the map r(P) must be constant. If n is the constant value of r(P),
then we prove that the trace of E is equal to n -1 € R. Consequently, Bass’
conjecture for G will follow.

Before specializing to the case of the group ring of an abelian group in
§2.1.3, the discussion will concern a general commutative ring. For such a ring,
we construct the geometric rank associated with finitely generated projective
modules in §2.1.1 and study its relation to the Hattori-Stallings rank in §2.1.2.
This approach will put Bass’ conjecture in the case of abelian groups into a
more geometric perspective and exhibit the equivalence of the conjecture to
the assertion that the prime spectrum of the corresponding group ring is
connected. Having that case in mind, one may regard the validity of Bass’
conjecture for an arbitrary (not necessarily abelian) group as a generalized
connectedness assertion. On the other hand, the geometric approach of this
section is formally similar to the approach followed in §5.1.2, where we exhibit
the equivalence of the idempotent conjecture for the reduced group C*-algebra
associated with a torsion-free abelian group to the connectedness of its dual

group.
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2.1.1 The Geometric Rank Function

We fix a commutative ring R and denote by Spec R the set of all prime ideals
p C R; this is the prime spectrum of R. For any o € Spec R the localization
R, is a local ring (cf. Appendix A). We also consider a finitely generated
projective R-module P. Then, Proposition A.10 of Appendix A implies that
for any @ € Spec R the finitely generated projective R,-module P ®g R, is
free; let r,(P) be its rank. In this way, we associate with any prime ideal of
R a non-negative integer. Let

r(P):SpecR — N

be the map p — r,(P), p € Spec R. It is clear that (P) depends only upon
the isomorphism class of P.

Definition 2.1 Let P be a finitely generated projective R-module. The map
r(P) defined above is called the geometric rank of P.

Remark 2.2 The geometric rank function r(P) associated with a finitely
generated projective R-module P is the algebraic analogue of the following
geometric situation:! If 7 : E — B is a vector bundle over a manifold B,
then its rank r(E) : B — N is the function which assigns to any point b € B
the dimension r,(E) of the fibre 7=1(b), which is itself a finite dimensional
vector space. The rank function r(E) is locally constant. In particular, if the
base B is connected then the function r(E) is constant.

Our next goal is to define the Zariski topology on the prime spectrum Spec R
of R. To that end, we consider for any ideal I C R the set

V(I)={peSpecR:p2DI}.

The following lemma describes some basic properties of the V(I)’s.

Lemma 2.3 (i) (), V(la) =V (}_, La) for any family (14)a of ideals in R.
(i) V(IYUV(J) =V (1J) for any ideals I,J C R.
(11i) V(0) = Spec R and V(R) = ().
(iv) V(I) =0 only if I = R.
(v) V(I) = Spec R if and only if I C nil R.
(vi) If I, J C R are two ideals and V(I) C V(J), then for any x € J there
exists n € N such that 2™ € I.

Proof. (i) This is clear, since a (prime) ideal p contains all of the I,’s if and
only if it contains their sum.

(ii) This property simply asserts that a prime ideal contains the product
of two ideals I and J if and only if it contains one of them.

(iii) This is immediate.

! For details on this analogy, see [31].
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(iv) This too is clear since any proper ideal I is contained in a maximal
(and hence prime) ideal.

(v) We note that any nilpotent element is contained in any prime ideal.
Therefore, if the ideal I consists of nilpotent elements then [ is contained in
all prime ideals. Conversely, if s € I is not nilpotent then the localization
R[S~'] of R at the multiplicatively closed subset S C R generated by s is a
non-zero ring; as such, it possesses a maximal ideal m. The inverse image p =
{r € R:r/1 € m} of m under the natural ring homomorphism R — R[S™!]
is a prime ideal of R with s ¢ p. In particular, I € p and hence p ¢ V(I).

(vi) Assume that V(1) C V(J) and suppose that there is an element x € J,
such that no power of it lies in I. Then, the image J of J in the residue ring
R = R/I is not contained in the nil radical nil R. Therefore, we may invoke (v)
above and conclude that there is a prime ideal § = p/I € Spec R with J Z 5.
But then g is a prime ideal of R containing I with J Z p, contradicting our
assumption that V(I) C V(J). O

It follows from assertions (i), (ii) and (iii) of Lemma 2.3 that the V(I)’s form
the collection of closed sets for a certain topology on Spec R.

Definition 2.4 The topology on Spec R with closed sets those of the form
V(I), where I C R is an ideal, is called Zariski topology.

Lemma 2.5 The prime spectrum Spec R, endowed with the Zariski topology,
18 compact.

Proof. Consider a family of closed subsets (V(I,)), of Spec R corresponding
to a family of ideals (I,), of R and suppose that the intersection (1, V(I,) is
empty. If I is the sum of the I,’s then V(I) =, V() = 0 (Lemma 2.3(i))
and hence I = R (Lemma 2.3(iv)). Then, 1 € R is contained in the sum of a
finite subfamily of the I,’s; say 1 € .., I,,. This means that > ., I,, = R
and hence we may reverse the arguments above, in order to conclude that
Niz; V(Is;) = 0. We have therefore proved that the space Spec R has the
finite intersection property; hence, it is compact. |

Example 2.6 Let k be an algebraically closed field and R = k[X,Y] the
k-algebra of polynomials in two variables. In that case, it can be shown (cf.
[3]) that there are three types of prime ideals in R:

(i) ideals of the form (X — a,Y — b), where a,b € k,

(ii) principal ideals generated by irreducible polynomials and

(iii) the zero ideal 0.

One may picture the maximal ideals of R as the points of the affine plane
k2, by letting a maximal ideal (X — a,Y — b) correspond to the point with
coordinates (a,b). Then, any prime ideal p = (f), where f € R is an irre-
ducible polynomial, corresponds to the plane curve with equation f = 0, in
the sense that the maximal ideals contained in V() are precisely those of the
form (X —a,Y — b), where a,b € k are such that f(a,b) = 0.
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Having defined the Zariski topology on Spec R and regarding N as a discrete
space, the geometric rank function r(P) associated with a finitely generated
projective R-module P is a map between two topological spaces.

Remark 2.7 Let X,Y be two topological spaces and f : X — Y a map
between them. The map f is locally constant if for any « € X there exists an
open set U C X, such that € U and the restriction f |y is constant. If f
is locally constant then f is clearly continuous. Conversely, if the space Y is
discrete and f is continuous then f is locally constant. Indeed, for any x € X
the singleton V' = {f(z)} is open in Y and hence U = f~1(V) is an open
neighborhood of z in X, on which f is constant.

Theorem 2.8 Let P be a finitely generated projective R-module. Then, the
geometric rank function r(P) is continuous (i.e. locally constant).

Proof. Let p C R be a prime ideal and n = r,(P). Then, P, ~ P ®r R, ~
R{ as Rg-modules and hence there are elements p1,...,p, € P which map
onto an R -basis p1/1,...,pn/1 of P,. This means that the R-linear map
¢ : R® — P, which maps the basis elements of R™ onto the p;’s, becomes
an isomorphism when localized at p. Using Proposition A.7 of Appendix A,
we may choose an element u € R\ p, such that ¢ becomes an isomorphism
after inverting u. We now invoke Corollary A.3(i) of Appendix A and conclude
that ¢ becomes an isomorphism when localized at any multiplicatively closed
subset containing w. In particular, the localization of ¢ at any prime ideal
' C R with u ¢ ¢’ is an isomorphism

gp®1:RZ,L>P®RRp:.

It follows that o/ (P) = n for all prime ideals ¢’ C R with u ¢ ' and hence
r(P) is constant on the open neighborhood Spec R\ V (u) of p. O

2.1.2 K-theory and the Geometric Rank

In this subsection, we keep the commutative ring R fixed and consider its
prime spectrum Spec R. The set of continuous (i.e. locally constant) maps from
Spec R to the discrete space N is a semi-ring with addition and multiplication
defined pointwise; this semi-ring will be denoted by [Spec R, N]. We note that
the constant function with value 0 (resp. 1) is the O (resp. 1) of the semi-ring
[Spec R,N]. The geometric rank function associated with finitely generated
projective R-modules defines a map

r: Proj(R) — [Spec R,N] .

The next result shows that r is a morphism of semirings, for the semiring
structure on Proj(R) defined in Remark 1.23(ii).
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Lemma 2.9 (i) r(P® Q) = r(P) + r(Q) and r(P ®r Q) = r(P)r(Q) in
[Spec R, N] for any finitely generated projective R-modules P and Q.

(i) r(0) (resp. r(R)) is the constant function with value 0 (resp. 1).
Proof. Consider a prime ideal p € Spec R.

(i) Let 7, (P) = n and r,(Q) = m. The rank r,(P & Q) of P& Q at p is,
by definition, the rank of the free R -module

(P& Q)®r R, ~ (P®rR,) ®(Q®r R,) ~ R ® R = R"™™

and hence 7,(P @ Q) = n + m. Similarly, the rank r,(P ®r Q) of P ®r @ at
¢ is the rank of the free R,-module

(P®rQ)®r R, ~ (P®r R,) ®r, (Q®r Ry) ~ R}, @r, RJ = R{™

and hence r,(P ® Q) = nm.
(ii) This is clear, since the localization of 0 (resp. R) at g is the zero mod-
ule (resp. the free R,-module of rank one). |

The Grothendieck group of the semi-ring [Spec R, N] is the commutative ring
[Spec R, Z] with addition and multiplication defined pointwise. This is a spe-
cial case of the following lemma.

Lemma 2.10 Let X be a topological space. Then, the Grothendieck group
of the semi-ring [X,N] of locally constant N-valued functions on X is the
commutative ring [X,Z] of locally constant Z-valued functions on X.

Proof. For any f € [X,Z] we consider the functions f*, f~ € [X,N], which

are defined by f* = max{f,0} and f~ = —min{f,0}. Then, f = f* — f~
and hence [X,N] generates the group [X,Z]. The result then follows from
Lemma 1.26. O

Corollary 2.11 There is a ring homomorphism r : Ko(R) — [Spec R, Z],
which is characterized by [P] — r(P), whenever P is a finitely generated
projective R-module.

Proof. This is an immediate consequence of Lemmas 2.9 and 2.10, in view of
Remark 1.25(v). O

We refer to the ring homomorphism of the corollary above as the geometric
rank corresponding to R. In order to describe some of its properties and relate
it to the Hattori-Stallings rank rgg, we have to study the ring of locally
constant integer-valued functions on Spec R.

In view of the compactness of Spec R (Lemma 2.5), any locally constant
function f : Spec R — Z has a finite image, say {ay, ..., ay}. The inverse im-
age of the singleton {a;} under f is a clopen subset X; C SpecR,i=1,...,n.
The next result shows that the decompositions of Spec R into the disjoint
union of clopen subsets X7, ..., X, correspond bijectively to the decomposi-
tions of the ring R into the direct product of ideals Ry,..., R,.
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Proposition 2.12 (i) Assume that R admits a decomposition into a product
of the form []}_, R; and let e, ..., e, be the orthogonal idempotents corre-
sponding to that decomposition. Then, Spec R admits a decomposition into the
disjoint union of clopen subsets X1,...,X,,, where X; = Spec R\'V (e;) for all
i1=1,...,n

(ii) Any decomposition of Spec R into the disjoint union of clopen subsets
Xq,..., X, arises from a unique direct product decomposition of R as above.

Proof. (i) Since the e;’s sum up to 1, the ideal generated by them is R. Us-
ing the assertions established in Lemma 2.3, we conclude that ()., V(e;) =
V(> Re;) = V(R) = 0 and hence |J!_; X; = Spec R. Since the ¢;’s are
orthogonal, we have V(e;) UV (e;) = V(eje;) = V(0) = SpecR for i # j
and hence X; N X; = ) for i # j. Therefore, the open subspaces Xi,..., X,
are mutually disjoint and cover Spec R. It follows that each X;, being the
complement of a union of open sets, is also closed.

(ii) Conversely, assume that Spec R decomposes into the disjoint union of
open subsets X1, ..., X,,. Then, there are ideals I, ..., I,, of R such that X; =
Spec R\ V(I;) for all i=1,...,n. Since the X;’s cover SpecR, V(3> I,)=
Ni_; V(I;) = 0 and hence we may invoke Lemma 2.3(iv) in order to conclude
that Y7 | I,» = R. Therefore, there are elements z; € I;, i = 1,...,n, such
that .1 ; z; = 1. For any i # j the intersection X; N X; is empty and hence
V(1) = V( ;) UV(I;) = SpecR. In view of Lemma 2.3(v), we conclude
that I;1; C nil R Whenever i # j. In particular, there exists ¢ > 0 such that
(z;27)" =0 for all i # j. Since Y ;- ; x; = 1, we have

= (X)L Y ket )

Let A be the set of n-tuples of non-negative integers (ki,...,k,) for which
Yo ki = nt —n+ 1. We define a partition of A into the disjoint union of
subsets Aq,..., A, as follows: A consists of those n-tuples (ki,...,k,) € A
for which k1 > ¢, Ay consists of those n-tuples (ki,...,k,) € A for which
k1 <t and ko >t and, in general,

AZ‘Z{(k‘l,...,kn)EA:]ﬁ<t,...,k’i_1<t and k‘izt}

for all t = 1,...,n. It is clear that the A;’s are mutually disjoint. In order to
show that they cover A, we consider an n-tuple (ki,...,k,) € A and assume
that k; < t for all . Then, k; < t — 1 for all ¢ and hence nt —n+ 1 =
ki + -+ k, <n(t—1) = nt —n, a contradiction. Therefore, there are i’s
for which k; > t. If 4o is the smallest such i, then (kq,..., k) € A;y. We now
define the elements eq, ..., e, € R by letting

ei = > {TT oh s (ks ok) € A}

for all i = 1,...,n. Since the A;’s form a partition of A, (2.1) implies that
1=>"",e;. We note that for any n-tuple (ki1,...,k,) € A; we have k; > t;
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therefore, it follows that e; is a multiple of z! for all 7. In particular, e; € I;
for all ¢ and e;e; = 0 for all ¢ # j. Hence, the e;’s are orthogonal idempotents
summing up to 1 € R. Working as in (i) above, the e;’s define a decomposition
of Spec R into the disjoint union of the clopen subsets Y7,...,Y,,, where Y¥; =
Spec R\V(e;) for all i = 1,...,n. Since e; € I;, we have V(I;) C V(e;) and
hence

Y; = Spec R\ V(e;) C Spec R\ V(I;) = X;

for all i. Using the fact that the Y;’s cover Spec R, whereas the X;’s are
mutually disjoint, it is easily seen that the above inclusions can’t be proper;
hence, we have X; =Y; for all .

It only remains to show that the idempotents eq,...,e, are uniquely de-

termined by the X;’s. Indeed, suppose that €],..., e, is another sequence of

idempotents of R, such that X; = SpecR \ V(e}) for all ¢ = 1,...,n; then,
V(e;) = V(e}) for all i. The following Lemma shows that e; = ¢ for all 4,

thereby finishing the proof of the Proposition. O

Lemma 2.13 Let e,¢’ € R be two idempotents, such that V(e) = V(e') C
Spec R. Then, e = €.

Proof. Since V(e) C V(e'), Lemma 2.3(vi) implies that there exists n € N

such that ¢/ = ¢ € Re. But then ¢ = ze for some v € R and hence
e/ = ze = z(ee) = (ze)e = €’e. Since we also have V(e’) C V(e), a symmetric
argument shows that e = ee’ = e'e = €'. O

We have thus established a close relationship between the set Idem(R) of
idempotents of R and the set L(Spec R) of clopen subsets of Spec R. The
correspondence established in Proposition 2.12 preserves the relevant order
structures (cf. Examples 1.3), as shown in the following result.

Proposition 2.14 The map u : Idem(R) — L(Spec R), which is given by
e— Spec R\ V(e), e € Idem(R), is an isomorphism of Boolean algebras.

Proof. The map w is bijective, in view of Proposition 2.12, and obviously
preserves 0 and 1. The argument given in the proof of Proposition 2.12(i)
shows that u preserves complements. Therefore, it suffices to show that u is
A-preserving. But this is clear, since

ule Ae') = u(ee’)
= Spec R\ V(ee')
=SpecR\ (V(e)uV(e))
= (Spec R\ V(e)) N (Spec R\ V(&)
= u(e) Nu(e’)
= u(e) Au(e)

for all e, ¢’ € Idem(R). O

Corollary 2.15 The commutative ring R has no non-trivial idempotents if
and only if the topological space Spec R is connected. g
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We now consider the Boolean algebra morphism
v: L(Spec R) — Idem(Ky(R)) ,

which is defined as the composition

L(Spec R) “— Tdem(R) —2 Idem(Ko(R)) .

Here, o is the morphism of Proposition 1.28. If X C Spec R is a clopen subset
and e € R the corresponding idempotent (so that X = Spec R \ V(e)), then
v(X) is the class of the finitely generated projective R-module Re in the K-
theory group Ko(R). The Ko(R)-valued discrete integral associated with v
(cf. Appendix B) is a homomorphism of commutative rings

Z, : [Spec R,Z] — Ky(R) .

For any integer-valued locally constant function f on Spec R, there exist in-
tegers ai,...,a, and a decomposition of Spec R into the disjoint union of
clopen subsets Xi,..., X, such that f = Z?:l a;xx,- 1f e1,..., e, are the
orthogonal idempotents of R corresponding to the above decomposition of
Spec R and R = [[;_; R; the induced direct product decomposition (so that
R; = Re; for all i), then

() = ailRi] € Ko(R).

In particular, if f is N-valued then the a;’s are non-negative and we may con-
sider the finitely generated projective R-module @?:1 R}, which we denote
by R. Then, the formula above becomes

7(f) = [R'] € Ko(R) .

Theorem 2.16 The geometric rank r : Ko(R) — [Spec R,Z] admits the
ring homomorphism Z,, as a right inverse. In particular, r is surjective.

Proof. We have to prove that the composition r o Z,, is the identity map on
[Spec R, Z]. Let us consider a locally constant N-valued function f on Spec R
and the finitely generated projective R-module P = Rf. We shall prove that
the geometric rank r(P) of P is equal to f; since the group [Spec R,Z] is
generated by these f’s (cf. Lemma 2.10), this will finish the proof. We know
that f determines a decomposition of Spec R into the disjoint union of clopen
subsets X1,...,X,, in such a way that its restriction on X; is constant, say
with value a; € N, i =1,...,n. Let ey, ..., e, be the orthogonal idempotents
of R corresponding to this decomposition of Spec R and consider the ideals
R; = Re;,i=1,...,n. Then, P = @;_, R}". In order to show that r(P) = f,
let us fix a prime p € Spec R. Of course, p lies in one of the X;’s; without
loss of generality, we assume that p € X;j. Since f is constant on X; with
value a1, we have f(p) = a;. Before computing the rank r,(P) of P at @, we
note that X; = Spec R\ V(e1) and hence o ¢ V(e1), i.e. e1 ¢ p. We need the
following lemma.
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Lemma 2.17 Let p C R be a prime ideal. Consider a sequence eq,...,e, of
orthogonal idempotents of R that sum up to 1 and the associated decomposition
of R into the direct product of ideals Ry, ..., R, (so that R; = Re; for all i).
If eq ¢ p then:

(i) e1/1=1/1 € R, and hence (R1), = Ry,

(it) e;/1 =0/1 € R, and hence (R;), =0 for all i > 1.
Proof of Lemma 2.17. (i) Since e1 ¢ p, e1/1 is a unit of the localization R,,.
Being also an idempotent, it must be equal to 1/1 € R,,. Hence, (R1), =
R, - (e1/1) = R,,.

(ii) Since eje; = 0 for all ¢ > 1, it follows from (i) that e;/1 = 0/1 € R,
for all ¢ > 1. Therefore, (R;), = R, - (e;/1) =0 for all i > 1. O

Proof of Theorem 2.16 (cont.). In view of Lemma 2.17, we have

P, = (@?:1331)9 = @?:1 (R?L)KJ = @?:1(31)? = (Rl)gl = (Rp)al-

Taking into account the definition of the geometric rank function r(P), it
follows that r,(P) = a1 = f(p) and hence the proof is finished. O

Remark 2.18 Theorem 2.16 implies that the K-theory ring Ky(R) of the
commutative ring R is the semi-direct product of [Spec R, Z] by the ideal ker r.
Since the ring [Spec R, Z] is reduced, the ideal kerr contains the nil radical
nil Ko(R). In fact, one can show that kerr consists of nilpotent elements and
hence ker r = nil K(R) (cf. Exercise 2.3.5).

We now consider the isomorphism of Boolean algebras
u~': L(Spec R) — Idem(R) ,

defined in Proposition 2.14. Recall that if X is a clopen subset of Spec R,
then u~!(X) is the idempotent e € R, which is such that X = Spec R \ V (e).
The discrete R-valued integral associated with u=! (cf. Appendix B) is a
homomorphism of commutative rings

Zu—1 : [SpecR,Z] — R..

If f is an integer-valued locally constant function on Spec R, then there are
suitable integers aq,...,a, and a decomposition of Spec R into the disjoint
union of clopen subsets X1, ..., X,, such that f = Z?Zl aixx,;- Ifei,....en
are the orthogonal idempotents of R corresponding to the above decomposi-
tion of Spec R, so that X; = Spec R\ V (e;) for all 4, then

Ty (f) = Zizlaiei €R.
Theorem 2.19 The Hattori-Stallings rank rgs is the composition
r T,
Ko(R) = [Spec R, Z] == R,

where r is the geometric rank associated with R.



58 2 Motivating Examples

Proof. Let E be an idempotent N x N matrix with entries in R, E~the cor-
responding endomorphism of the free R-module RY and P = im E the as-
sociated finitely generated projective R-module. The geometric rank of P is
a locally constant N-valued function f on Spec R. We know that there is a
covering of Spec R by disjoint clopen subsets Xi,...,X,, and non-negative
integers ay, ..., an, such that f = Y"1 | a;xx,. The covering of Spec R by the
X;’s corresponds to a family of orthogonal idempotents e, ..., e, € R which
sum up to 1. Hence, that covering determines a decomposition of the ring R
into the direct product of ideals R; = Re;, ¢ = 1,...,n. With this notation,
we have to show that

tr(E) = ijlaiei €R. (2.2)

Since Ko(R) is generated by the classes of finitely generated projective R-
modules, this will finish the proof. In order to prove (2.2), we need the principle
described in the following lemma.

Lemma 2.20 An element r € R is equal to zero if and only the element
r/1 € Ry, is equal to zero for any prime ideal p € Spec R.

Proof of Lemma 2.20. We assume that r is zero locally and try to show that
it is actually zero. Let I = {z € R : xr = 0} be the annihilator of r in
R. If I # R, then I must be contained in a maximal ideal m C R. Since
r/1 = 0/1 € R, there exists s € R\ m with sr = 0. But then s € I and
this contradicts the assumption that I C m. It follows that I = R and hence
r =0, as needed. O

Proof of Theorem 2.19 (cont.). Let p be a prime ideal of R, R’ = R, and
E’ € My (R’) the matrix whose entries are the canonical images of the entries
of E in R’. Then, we have to show that

tr(E') = Zilaiei/l cER.

Without loss of generality, we may assume that p € X; = Spec R\ V(ey).
Then, e; ¢ p and hence Lemma 2.17 implies that e;/1 = 1/1 € R’ and
e;/1=0/1€ R for all i > 1. Therefore, the equality above reduces to

tr(E')=a1/1€ R .

We now consider the R'-module P’ = P @i R’. Being a finitely generated
projective module over the local ring R’, P’ is free; in fact, it is free with rank
the value of the geometric rank function f = r(P) at the point p € Spec R.
But p € X7 and f is constant on X; with value a;. It follows that f(p) = a1
and hence P’ ~ R'®. The endomorphism E’ of RN associated with the
matrix £’ is that induced from the endomorphism E of RY by localization.
Therefore,

P’:P@RR’:imE@RR’:im(E®1):imE7.
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We also consider the complementary submodule Q' = im(l - E) of P’ in

R'N. Being a finitely generated projective module over the local ring R’, @’
is free. Since P’ @ Q' = R'N, we must have Q' ~ R'’N~%_ We can construct
a basis of R’V combining a basis of P’ and a basis of Q. The matrix of the
endomorphism E’ with respect to that basis is diagonal with a; ones and
N — a;y zeroes along the diagonal. Since E’ is conjugate to that matrix, we
have tr(E') = a1 - (1/1) + (N —a1) - (0/1) = a1/1 € R’, as needed. O

In the sequel, we use Theorems 2.16 and 2.19 in the form of the following
corollaries.

Corollary 2.21 The Hattori-Stallings rank rgs : Ko(R) — R is a ring
homomorphism with image the additive subgroup of R generated by the subset
Idem(R) C R.

Proof. Being a composition of ring homomorphisms (Theorem 2.19), rygs
is a ring homomorphism as well. Since the geometric rank r is surjective
(Theorem 2.16), it follows that imryg = imZ,-:1. Since the image of Z,-1 is
easily seen to be the subgroup of R generated by its idempotents, the proof
is finished. ]

Corollary 2.22 Assume that the commutative ring R has characteristic 0.
Then, the following assertions are equivalent:

(i) R has no non-trivial idempotents.

(ii) The Hattori-Stallings rank of any finitely generated projective R-
module is equal ton -1 € R, for somen € Z.

Proof. (i)—(ii): If R has no non-trivial idempotents, then Corollary 2.21 im-
plies that imrygg =7 - 1.

(ii)—(i): Assume that imrgs = Z - 1 and consider an idempotent e €
R. Then, e = n -1 for some n € Z. In view of the assumption about the
characteristic of R, the equality n?-1 =n-1 € R occurs only when n = 0, 1;
hence, the idempotent e is trivial. O

2.1.3 The Connectedness of Spec kG

In this subsection, we specialize the previous discussion and consider the case
where R = kG is the group ring of an abelian group G with coefficients in
a subring k£ of the field C of complex numbers, such that kN Q = Z. We
prove that R has no non-trivial idempotents and hence conclude that the
Hattori-Stallings rank of any finitely generated projective R-module is an
integer multiple of 1 € R. It will follow that the abelian group G satisfies
Bass’ conjecture.

Proposition 2.23 Let k be a subring of C with kN Q = Z, G an abelian
group and R = kG the corresponding group ring. Then, R has no non-trivial
idempotents.
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Proof. Clearly, it suffices to consider the case where the group G is finitely
generated. Then, G =T X F, where T is a finite group and F is free abelian.
Let e = Y1 | €;9; € kG be a non-trivial idempotent, where e; € k\ {0} for
all 7 and g; # g; for all i # j. Since e is non-trivial, there is at least one i such
that g; # 1; without loss of generality, we assume that g; # 1. We now choose
an integer n > 0, in such a way that the images g7, ..., g, of the g;’s in the
quotient group G =T x F/nF satisfy:

(i) gi # g; for all i # j and

(i) g7 # 1.
Then, € = Y1 | ;g; is a non-trivial idempotent in kG. Therefore, it suffices
to consider the case where the group G is finite. This case is taken care of by
the following result. O

Lemma 2.24 Let k be a subring of C with kN Q =Z, G a finite group (not
necessarily abelian) and R = kG the corresponding group ring. Then, R has
no non-trivial idempotents.

Proof. Let n be the order of G and
L: kG — Endi(kG) ~ M, (k)

the left regular representation. Then, tr(L(a)) = na; foralla =} a49 € kG.
Indeed, by linearity it suffices to consider the case where a = g is an element
of G. In that case, L(a) permutes the standard basis of kG and hence the trace
tr(L(a)) counts the fixed points of the permutation. Since that permutation
is fixed-point-free if g # 1 and the identity if g = 1, the formula follows. In
particular, if e = 37 egg € kG is an idempotent then tr(L(e)) = nei. View-
ing L(e) as an n X n idempotent matrix with complex entries, we conclude
that its trace is an integer ¢ with 0 < ¢ < n. Therefore, e; = *tr(L(e)) is
a rational number of the form %, for some integer i between 0 and n. Since
e1 € k, our assumption shows that e; can be either 0 or 1. In the former case,
tr(L(e)) = 0 and hence L(e) is the zero matrix; therefore, e = 0. In the latter
case, tr(L(e)) = n and hence L(e) is the identity matrix; therefore, e = 1. O

Remark 2.25 The proof of Proposition 2.23 works more generally in the case
where the group G is locally residually finite. In fact, we shall prove in the
following chapter that for any group G the group ring kG has no non-trivial
idempotents, whenever k is a subring of C with kNQ = Z (cf. Corollary 3.21).

We are now ready to state and prove the main result of this section.
Theorem 2.26 Abelian groups satisfy Bass’ conjecture.

Proof. Let k be a subring of C with kN Q = Z, G an abelian group and
R = kG the corresponding group ring. Bass’ conjecture for G asserts that
the Hattori-Stallings rank of any finitely generated projective R-module is
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contained in k-1 C R. Since R has no idempotents other than 0 and 1 (cf.
Proposition 2.23), the proof follows from Corollary 2.22. 0

Remark 2.27 Let k be a subring of C with kNQ = Z, G a group and R = kG
the corresponding group ring. We already know that the Hattori-Stallings rank
of a finitely generated projective R-module is contained in k- [1] C T'(R) if and
only if it is an integer multiple of [1] € T(R) (cf. Corollary 1.48). Therefore,
it follows from Corollaries 2.15 and 2.22 that Bass’ conjecture for an abelian
group G is equivalent to the assertion that R has no non-trivial idempotents
and hence to the connectedness of the prime spectrum Spec R.

2.2 The Case of Finite Groups

Let G be a finite group, k a subring of the field C of complex numbers such
that kN Q = Z and E an idempotent matrix with entries in kG. In this
section, we prove that r4(E) = 0 whenever g # 1, i.e. that the finite group G
satisfies Bass’ conjecture. To that end, we consider the cyclic subgroup H < G
generated by ¢ and show that F induces a certain idempotent matrix E’ with
entries in kH, in such a way that ry(E) = 0 if and only if r,(E’) = 0. On
the other hand, we know that H satisfies Bass’ conjecture (being abelian) and
hence r4(E’) is indeed zero. We also establish the equivalence between the
assertion that finite groups satisfy Bass’ conjecture and a result of Swan on
induced representations.

In §2.2.1, we consider a ring homomorphism ¢ : A — B, making B a
finitely generated free right A-module, and construct a transfer homomor-
phism ¢* : T(B) — T'(A). Specializing the discussion, we consider in §2.2.2
the case of the pair of group rings associated with a group G and a subgroup
H of it of finite index. The relation between the Hattori-Stallings rank of a
finitely generated projective module over the group ring of G and that of the
associated finitely generated projective module over the group ring of H will
immediately yield Bass’ conjecture for finite groups. In §2.2.3, we explain how
the Hattori-Stallings rank of a finitely generated projective module over the
group ring of a finite group determines and is, in fact, determined by the char-
acter of the associated finite dimensional representation of the group. In this
way, we obtain Swan’s theorem on induced representations of finite groups.
It was precisely this result of Swan that Bass attempted to generalize, by
formulating the conjecture we are studying for arbitrary groups.

2.2.1 The Transfer Homomorphism

Let us consider a ring homomorphism ¢ : A — B and the induced right
A-module structure on B. Since multiplication to the left by elements of B
commutes with the right A-action, there is a ring homomorphism
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L:B— EndsB,

where L(b) = Ly is the left multiplication with b for all b € B. We assume
that there is a positive integer n, such that B ~ A™ as right A-modules. In
that case, we may fix an A-basis of B and obtain a ring homomorphism

B - EndsB ~ End(A") = M, (A) ,

which we denote by ¢j. For any ¢ > 1 we consider the homomorphism of
matrix rings
pr : My(B) — M (M,,(4)) = M (4)

which is induced by ¢7.

Example 2.28 Let us consider the inclusion R < C. Then, C ~ R? as
real vector spaces and the associated 2-dimensional real representation of C
corresponding to the choice of the basis {1,i} of C over R, maps a complex

number a + bi (a,b € R) onto the matrix (Z _ab).
Proposition 2.29 Let ¢ : A — B be a ring homomorphism, such that
B ~ A"™ as right A-modules for some n > 1. Then, there is a unique group
homomorphism ¢* : T(B) — T(A), which makes the following diagram
commutative for allt > 1

M, (B) 5 M (4)

’I‘B i l TA

T(B) £ T(A)
Here, 7 = 7’1’33 and rB = TES are the Hattori-Stallings trace maps associated
with A and B respectively.

Proof. Let us denote by D; the above diagram. Since ¢} : B — M, (A) is a
ring homomorphism, the composition

B £ M, (4) 25 T(A)

vanishes on the set {bb’ — b'b : b, b’ € B}. Hence, this composition induces by
passage to the quotient a group homomorphism ¢* : T(B) — T(A). By the
very definition of ¢* the following diagram is commutative

B L M, (4)
! ) L
T(B) 2= T(A)
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Since the above diagram is precisely D1, we have established the uniqueness
assertion of the Proposition. In order to show that ¢* makes D; commutative
for all t > 1 as well, we consider a matrix X = (b;;) € M;(B) and the
corresponding matrix X' = ¢} (X) = (¢} (bij)) € M¢(M,,(A)) = My, (A). We
have tr(X’) = S°_, tr(¢f(bi;)) and hence

R — t

r(X') = tr(X') = Zizltr(ﬂ(bn)) = ZiZITA(ﬁ(bii)) -
On the other hand, we have

t —

o (P (X)) = ¢ (w) = " (3_Ta) = ¢ () -

In view of the commutativity of D;, we have ¢*(b;;) = r (¢} (b)) for all i;
hence, we conclude that r4(X’) = ¢* (r?(X)), as needed. O

Definition 2.30 Let ¢ : A — B be a ring homomorphism, such that
B ~ A" as right A-modules for some n > 1. The group homomorphism
©* : T(B) — T(A), defined in Proposition 2.29, is called the transfer homo-
morphism associated with .

Remarks 2.31 (i) Let ¢ : A — B be a ring homomorphism, which makes
B a finitely generated free right A-module. Even though the ring homomor-
phisms ¢y, t > 1, depend upon the choice of a basis of B as a right A-module,
the transfer ¢* is independent of that choice. This is clear, since a different
choice of a basis changes ¢} by an inner automorphism of the matrix algebra
M,,(A), whereas
M, (A) — T(A)

is invariant under conjugation.

(ii) If ¢ is the inclusion of R into C (cf. Example 2.28), then +* : C — R
is the map z +— 2Rez, z € C.

2.2.2 Subgroups of Finite Index
Let G be a group, H < G a subgroup, k a commutative ring and
t:kH — kG

the inclusion of the corresponding group rings. If S is a set of representa-
tives of the right H-cosets {gH : g € G}, then there is a decomposition
kG = @,cg s kH of right kH-modules. As every summand in this decompo-
sition is isomorphic with the free right kH-module kH, the right kK H-module
kG is free. If, in addition, the index [G : H] = card S is finite then the ring ho-
momorphism ¢ does satisfy the hypothesis of §2.2.1. In the present subsection,
we study the specific properties of the transfer homomorphism ¢* associated
with such a subgroup H < G of finite index. In order to make explicit the
dependence upon the containing group, we shall denote for any h € H (resp.
g € Q) its conjugacy class in H (resp. in G) by [h|g (resp. by [g]c)-
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Proposition 2.32 Let G be a group and H < G a subgroup of finite index.
Then, there is a function

=u(G,H): H— N\ {0},

having the following two properties:

(i) w is constant on H-conjugacy classes and

(i) For any commutative ring k the transfer * : T(kG) — T(kH),
associated with the inclusion v of the corresponding group rings, is such that

*([9]a) = S {p(h)[Aa - [ha C [gla} for all g € G.

Proof. Let [G : H] = n and fix aset S = {s1,...,s,} of representatives of the
right H-cosets in G. An element g € G induces the left multiplication map
L, on the right kH-module kG = @?:1 s; - kH. In order to represent L, by
a matrix with entries in kH, we begin by noting that L,(s;) = gs; for all
i. The element gs; € G' can be written in the form s;h; with h; € H for a
unique j € {1,...,n}; let o be the self-map of the set {1,...,n}, defined by
i — j.2 Therefore, Ly(s;) = S5(i)hi and hence the i-th column of the matrix
corresponding to Ly has h; in the o(i)-th row and 0’s in all other rows. In
particular, the trace of L is the sum of those h;’s for which o(i) = i. But
o(i) =4 if and only if sflgsi € H, in which case s{lgsi = h;. It follows that

tr(L,) = Z{si_lgsi :1<i<n and s;'gs; € H} € kH

and hence by the very definition of ¢* (diagram D; in the proof of Proposition
2.29) we have

Z{ gs g:1<i<n and s; gleH}ETk:H) (2.3)

Since any s[lgsi is conjugate to g in G, we conclude that ¢* maps [g]¢ onto
a sum (with multiplicities) of H-conjugacy classes [h]y that are contained in
[9]c. Moreover, any H-conjugacy class [h]g contained in [g]g is of the form
s; ! gsi} g for some i and hence occurs with a positive multiplicity in ¢*([g]a).
In order to complete the proof, we define for any h € H the integer u(h) as
the multiplicity considered above. More formally, for any h € H we choose an
element g € G in the conjugacy class [h|g of h in G and define u(h) as the
cardinality of the set of those integers ¢ with 1 <7 < n, for which si_lgsi eH
and [h]g = [s; *gsi]m.® It is clear that u is constant on H-conjugacy classes
and hence satisfies condition (i). By its very definition and (2.3), p satisfies
condition (ii) as well. O

2 Tt is easily seen that o is, in fact, a permutation of {1,...,n}.

3 The reader can easily provide a direct argument showing that u(h) does not
depend upon the choice of g € [h]¢ and is, in fact, strictly positive; cf. Exercise
2.3.8.
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Corollary 2.33 Let G be a group and H < G a subgroup of finite indez.
Then, there is a function

p=pG,H): H— N\ {0},

having the following two properties:

(i) u is constant on H-conjugacy classes and

(i) For any commutative ring k the transfer * : T(kG) — T(kH),
associated with the inclusion ¢ of the corresponding group Tings, maps any
element p = Z[Q}G pglgle € T(kG) (viewed as a function on G which is
constant on the G-conjugacy classes and vanishes in all but finitely many of

them) onto 32,1, p(h)pn[hlm € T(KH). O

Corollary 2.34 Let G be a group, H < G a subgroup of finite index, k a
commutative ring and ¢ : kH — kG the inclusion of the corresponding group
rings. Then, for any h € H there is a positive integer u(h) inducing a com-
mutative diagram

M, (kG) — My, (kH)

HO) | 1

oM g

Here, the bottom arrow is multiplication by u(h), whereas réG) (resp. r,(lH))
denotes the map defined in §1.2.1 just before Proposition 1.46, corresponding
to G and its element h (resp. to H and its element h).

Proof. Let X € My(kG) and X’ = 1;(X) € My, (kH). Then,
DT X = rD ()

' = D (12(x))
=* (T(G) (X))

= (Z[Q]Gr.ff’) <X>[g]a)
=, 0 (X [R]

where the third (resp. fifth) equality follows invoking Proposition 2.29 (resp.

Corollary 2.33). It follows that T}(LH)(XI) = u(h) rgG) (X) for all h € H, as
needed. O

2.2.3 Swan’s Theorem

We are now ready to prove that finite groups satisfy Bass’ conjecture. This
will be a consequence of the following result.

Proposition 2.35 Let G be a group whose center C is a subgroup of finite
index. Then, G satisfies Bass’ conjecture.
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Proof. Let k be a subring of the field C of complex numbers with kN Q = Z,
E € M(kG) an idempotent ¢ x ¢ matrix and h € G \ {1}. The subgroup
H < G generated by C and h is abelian and has finite index in G, say [G : H| =
n. We let ¢ denote the inclusion of kH into kG and consider the idempotent
matrix E' = 1 (E) € My, (kH). Then, Corollary 2.34 implies that r,(LH) (E") =

w(h) rgG) (E) for a suitable positive integer u(h). Being abelian, the group H
(H)

satisfies Bass’ conjecture (cf. Theorem 2.26) and hence 7,/ (E’) = 0. It follows
that r;lG)(E) =0 as well. O
Corollary 2.36 Finite groups satisfy Bass’ conjecture. O

Remark 2.37 Let GG be a group and E an idempotent matrix with entries in
kG, where k is a subring of C with kN Q = Z. The argument in the proof of
Proposition 2.35 shows that rp(FE) = 0, whenever h € G \ {1} is an element
of a subgroup H < G that satisfies the following two conditions:

(i) The index [G : H] is finite and

(ii) H itself satisfies Bass’ conjecture.

Using some basic representation theory, we may reformulate Corollary 2.36,
in order to obtain the following result, that served as the primary motivation
for Bass to formulate the conjecture we are studying.

Theorem 2.38 (Swan) Let k be a subring of C with kN Q = Z, K its field
of fractions and G a finite group. Then, for any finitely generated projective
kG-module P, the KG-module P @y, K is free.

In order to prove Swan’s theorem, we examine the relation between the
Hattori-Stallings rank of P and the character of the associated representa-
tion of the group G over K.

Let K be any field of characteristic 0, G a finite group and V a finite
dimensional K-representation of G; equivalently, one may describe V as a
finitely generated K G-module. We denote by « the corresponding homomor-
phism of G into GL(V). In view of Maschke’s theorem (Theorem 1.9), the
K G-module V is projective and hence we may consider its Hattori-Stallings
rank

rus(V) = Z[g]ec(G)Tg(V)[g} €ET(KG) = @[g]ec(G)K' lg] -

The character x = xv : G — K of V maps any element g € G onto the
trace of the endomorphism a(g) € GL(V).

Lemma 2.39 Let K be a field of characteristic 0, G a finite group and V
a finite dimensional K -representation of G. Then, the Hattori-Stallings rank
x(g™h)
for
1Cy

) 1 _
ras(V) of V is equal to Gl > e X(g Ylg] and hence ry (V) =
all g € G, where C, denotes the centralizer of g in G.
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Proof. We consider the induced KG-module KG ® Vj, where Vj is the K-
vector space obtained from the K G-module V' by restriction of scalars, and
define the K-linear maps

1:V—KGRrgVy and 7: KGRg Vg —V,
by letting

; 1 1

z(v)—ﬁzgec;g(@g v and 7w(g®wv)=gv

for all v € V and g € G. It is easily seen that both ¢ and 7 are KG-linear,
whereas 7 o4 is the identity map on V' (cf. the proof of Maschke’s theorem).
Therefore, the endomorphism

10mE Enng(KG RK Vo)

is an idempotent which identifies the projective KG-module V' with a direct
summand of the free KG-module KG Qg Vy. It follows that the Hattori-
Stallings rank ryg(V) of V' is equal to the class of tr(i o ) € KG in the
quotient group T(KG). Let dimg Vy = n and choose a K-basis vy, ..., v, of
Vo; then, 1 ®vy,...,1 ®v, is a KG-basis of KG @k Vy. Forany l=1,...,n
we compute

(iom)(1®wvy) fi(vl)
\G|decg gt
SETDINRL) SRt
_Zk 1[|G|ZEG :|(1®Uk)

Here, for any g € G we denote by ag;(g) € K the (k,l)-entry of the matrix
of the endomorphism a(g) € EndgV, with respect to the basis vy,...,v,. It
follows that the (k,l)-entry of the matrix of ¢ o m with respect to the basis

1®v1,...,1Qv, of KG @k V} is decakl(gfl)g and hence

1

[l

tr(iow)zzk 1|G|dec
|G|deG (Z kk(gfl))g
|G|Z e

1 -1 )
It follows that ryg(V) = Iel e xlg™ Hg] = S uec) x(g™) [g] and this
finishes the proof. O

Corollary 2.40 Let K be a field of characteristic 0, G a finite group and
V, V' two finite dimensional K -representations of G. Then, V ~ V' as KG-
modules if and only if rus(V) =rus(V') € T(KG).
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Proof. The KG-modules V, V' are isomorphic if and only if their characters x
and x’ are equal (cf. [41, Theorem 7.19]). In view of Lemma 2.39, this latter
condition is equivalent to the equality rgs(V) = rps(V’). O

Proof of Theorem 2.38. Let P be a finitely generated projective kG-module
and V = P ®; K. In view of Corollary 2.36, there is an element r € k, such
that the Hattori-Stallings rank of P is equal to r[1] € T'(kG); in fact, Corollary
1.48 implies that » must be a non-negative integer. Invoking the naturality
of the Hattori-Stallings rank with respect to coefficient ring homomorphisms
(cf. Proposition 1.46), it follows that rys(V) = r[1] € T(KG). Therefore, the
Hattori-Stallings rank of V' is equal to that of the free KG-module (KG)".
In view of Corollary 2.40, this implies that V ~ (KG)" and hence the KG-
module V is indeed free. O

Remark 2.41 We proved Swan’s theorem (Theorem 2.38) using the fact that
finite groups satisfy Bass’ conjecture (Corollary 2.36). Conversely, it is easy
to prove that finite groups satisfy Bass’ conjecture using Swan’s theorem.
Indeed, let G be a finite group, k£ a subring of C with kN Q = Z, K its field
of fractions and P a finitely generated projective kG-module. Swan’s theorem
asserts that the KG-module V = P ®;, K is free; say V ~ (KQG)" for some
r > 0. Then, rgg(V) = r[l] € T(KG) and hence ry(V) = 0 for all g # 1.
Taking into account Proposition 1.46, it follows that ry(P) = 0 for all g # 1
as well; therefore, G satisfies Bass’ conjecture.

2.3 Exercises

1. Let ¢ : R — R’ be a homomorphism of commutative rings.
(i) Show that the map J +— ¢~ 1(J), where J C R’ is an ideal, restricts to
a continuous map ® : Spec R’ — Spec R.
(ii) Consider a finitely generated projective R-module P and let P’ =
P ®r R’ be the induced finitely generated projective R’-module. Show
that the geometric rank r(P’) of P’ is the composition r(P) o ®, where
r(P) is the geometric rank of P.
(iii) (naturality of the geometric rank) Show that the diagram

Ko(R) 15 [Spec R, Z]
Ko(v) | l [@,2)

Ko(R') ™ [Spec R', Z)

is commutative, where 7 (resp. rRl) is the geometric rank associated with
R (resp. R') and [®,Z] the map f — fo®, f € [SpecR,Z)].

2. Let ¢ : R — R’ be a homomorphism of commutative rings and ® the
continuous map defined in Exercise 1(i) above.
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(i) (naturality of u) Show that the diagram

Idem(R) AN L(Spec R)
Idem(p) | L @)

Idem(R’) ur, L(Spec R')
is commutative, where u® (resp. uR/) is the Boolean algebra isomorphism
corresponding to R (resp. R’'), as defined in Proposition 2.14, and L(®)
the Boolean algebra morphism X — ®~1(X), X € L(Spec R) (cf. Exam-
ple 1.5(iii)).

(i) (naturality of v) Conclude that the diagram

L(Spec R) 5 Tdem(Ko(R))
L(e) | | Idem (Ko ()

R/
L(Spec R') “— Idem(Ky(R'))
is commutative, where v (resp. I/R/) is the Boolean algebra morphism
corresponding to R (resp. R'), as defined in the text following Corol-
lary 2.15.
(iii) (naturality of Z,) Conclude that the diagram

R
[Spec R, Z] % Ko(R)
[@,2] | 1 Ko(e)

R/
[Spec R, Z] 2 Ko(R')

is commutative, where Z® (resp. ZF') is the right inverse of the geometric
rank, that was defined in the text preceding Theorem 2.16, and [®, Z] the
map f— fo®, f€[SpecR,Z].
(Hint: This is a formal consequence of (ii) and Exercises B.3.1(iii) and
B.3.2(ii).)

3. Let R be a commutative ring, r : Ko(R) — [Spec R, Z] its geometric
rank and Ko(R) = kerr.
(i) Show that if R is a field then r is bijective.
(ii) Let F(R) be the set of all homomorphisms ¢ : R — F', where F is a

field. Show that Ko(R) = ), cr () ker [KO(R) Ho) KO(F)] .

peF

4. Let A be a commutative ring and assume that ag, aq,...,a, € A are such
that the polynomial f(T) = Y"1, a;T" is invertible in the polynomial ring
A[T]. Then, show that a; is nilpotent for alli =1,...,n.
(Hint: If A is an integral domain, then a; must vanish for alli =1,... n.
Now use Lemma 2.3(v).)

5. Let R be a commutative ring and Ko (R) the kernel of the geometric rank
r: Ko(R) — [Spec R, Z]. The goal of this Exercise is to prove that Ko(R)
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is the nil radical of the ring Ko (R). To that end, we define for any finitely
generated projective R-module P and any n € N the power series

Y(Pm) =3~ [NRPIT'(1—T)" ™" € Ko(R)[[T]] .

Here, we denote by A% P the i-th exterior power of P for all i > 0. Show
that:

(i) [AL(P @ R)] = [ALP] + [A; ' P] € Ko(R) for all i > 1.

(i) y(P,n) =vy(P® R,n+1).

(iii) The power series (P, n) depends only upon the class ¢ = [P]—[R"] €
Ko(R); let us denote it by y(z).

(iv) If x = [P] — [R"] € Ko(R) and y(z) = Ziiio vi(x)T?, then vo(z) = 1,
Mz ) = and 72(z) = [ARP] = (n = D[P] + gn(n - 1).

(v)v: Ko(R) — 14+T-Ko(R)[[T]] C U{Ko(R)[[T]]} is a homomorphism
of groups.

(vi) If z € Ko(R) and v(z),v(—z) € Ko(R)[T], then z € nil Ko(R).
(Hint: Use parts (iv), (v) and the result of Exercise 4 above.)

(vii) 4 (Ko(R)) € Ko(R)[T].

(Hint: If P is a finitely generated projective R-module, such that r(P) is
the constant function with value n, then A% P = 0 for all i > n.)

(viii) Conclude that Ko(R) = nil Ko(R).

. Let R, T be commutative rings.

(i) For any ring homomorphism ¢ : Ko(R) — T, we consider the Boolean
algebra morphism ¢ : Idem(R) — Idem(T), which is defined as the
composition

Idem(ga)

Idem(R) - Idem(K((R)) Idem(T) .

Here, o is the map defined in Proposition 1.28. We now define a map
A : Hompging (Ko(R),T) — Hompoeie (Idem(R), Idem(T)) ,

by letting A(p) = ¢ for all ¢ € Homping(Ko(R),T'). If the ring T' is re-

duced, then show that A is bijective.

(Hint: Use Exercise 5(viii) above and Remark B.8(i) of Appendix B, com-

bined with Proposition 2.14.)

(ii) Assume that R has no non-trivial idempotents and T is reduced. Then,

show that there is a unique ring homomorphism from Ky(R) into 7.

(iii) For any prime ideal p € Spec R consider the ring homomorphism
o Ko(R) — T, which is defined as the composition

Ko(R) - [SpecR,Z) =57 - T,

where r is the geometric rank, ev,, the evaluation map at g and ¢ the map
n—n-1, n € Z. If R has no non-trivial idempotents, then show that
e = o for all p, p" € Spec R.
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7. This Exercise refers to the transfer homomorphism ¢* associated with a
ring homomorphism ¢, as described in §2.2.1.
(i) Let ¢ : A — B be a ring homomorphism, such that B ~ A" as
(A, A)-bimodules (cf. Exercise 1.3.1). Show that the composition

7(4) "9 1(B) <5 T(4)
is multiplication by n.
(ii) Let R be aring, n € N and ¢ : R — M, (R) the ring homomorphism
with ¢(r) = rI, for all r € R. Show that the composition

T(R) - T(M,(R)) 5 T(R)

where 7 is the isomorphism of Lemma 1.37, is multiplication by n.

(iii) Let k& be a commutative ring, G a finite group of order n and ¢ the
natural inclusion of k into kG. Show that ¢* : T(kG) — k maps any
element » ) ccq) agly] € T(kG) onto na;y € k.

8. Let G be a group, H < G a subgroup and S a set of representatives of the
right H-cosets in G. For any pair (h,g) € H x G we counsider the subset
S(h,g) C S, which consists of those elements s € S for which s~'gs € H
and [h)g = [s'gs|lg € C(H).

(i) Show that for any = € H the sets S(h,g) and S(z~1hz,g) coincide.
(i) Show that for any z € G the sets S(h,g) and S(h,z~'gz) have the
same cardinality.

(Hint: Consider the permutation [ of S, which is defined by letting
B(s)H = xzsH for all s € S.)

(iii) If [h]e = 9]¢ € C(G), then show that S(h,g) # 0.

9. Let G be a group, Ag C Q the subring defined in Exercise 1.3.10 and k a
subring of the field C of complex numbers, such that kN Ag = Z.

(i) Assume that the group G is finite. Then, show that the group algebra
kG has no non-trivial idempotents.

(ii) Assume that the group G is abelian. Then, show that the group algebra
kG has no non-trivial idempotents and hence conclude that the pair (k, G)
satisfies Bass’ conjecture.

(iii) Assume that the center of G is a subgroup of finite index. Then, show
that the pair (k, G) satisfies Bass’ conjecture.

(iv) Assume that the group G is finite. Then, show that the pair (k,G)
satisfies Bass’ conjecture.
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Notes and Comments on Chap. 2. The analogy between finitely generated
projective modules P over a commutative ring R and vector bundles on a manifold is
based on a result of R. Swan [71], whereas the basic properties of the geometric rank
r(P) can be found in books on Commutative Algebra (e.g. in [8]). For further results
on the Ko-group of a commutative ring, the reader may consult C. Weibel’s book-in-
progress [73]. The validity of Bass’ conjecture for abelian groups was already noted
in [4]. The construction of the transfer homomorphism associated with an extension
of rings, as presented in §2.2.1, is also due to H. Bass who reformulated in [loc.cit.]
R. Swan’s result [70] on induced representations, in terms of the Hattori-Stallings
rank.
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Reduction to Positive Characteristic

3.1 The Rationality of the Canonical Trace

Let E be an idempotent matrix with entries in the group algebra kG of a group
G with coefficients in a field k. If r,(E) = 0 for all g € G'\ {1}, then Corollary
1.48 implies that m(E) = n -1 € k for a suitable non-negative integer n. In
this section, we study the value of the trace functional r; on E and show that
r1(E) is always, i.e. without any assumption on the r,(E)’s, an element of the
prime field of k (Zaleskii’s theorem). Even though we are mainly interested
in the case where kK = C, we follow closely Zaleskii’s argument and consider
initially the case where k is a field of positive characteristic. In that case, the
result is a consequence of certain basic properties of the Frobenius operator
acting on the corresponding matrix algebra. In order to lift this result to the
characteristic 0 case, we proceed in two steps and study first the case where k
is the field Q of algebraic numbers. Then, we consider the general case where
k = C, by associating with any idempotent matrix in M, (CG) a certain
idempotent matrix in M, (QG) In the meantime, we prove a positivity result
of Kaplansky, which is to play an important role in the homological approach
to the idempotent conjecture that will be presented in Chap. 4.

In §3.1.1, we consider idempotent matrices E with entries in the group
algebra kG of a group G with coefficients in a field & of characteristic p. We
study the behavior of the p-th power map on the matrix algebra M, (kG)
with respect to traces and show that 1 (E) € F,,. In the following subsection,
we lift this result to the case where k = Q and show that the trace functional
71 takes rational values on idempotent matrices in M, (QG). In order to
reduce to the positive characteristic case, we use certain basic properties of
the ring of algebraic integers. In §3.1.3, we prove Kaplansky’s theorem on
the positivity of the trace r1 on non-zero idempotent matrices with entries in
CG, by embedding the group algebra CG in the von Neumann algebra N'G.
As an immediate consequence of Kaplansky’s positivity theorem, we conclude
that r1(E) is an algebraic number for all idempotent matrices E € M,,(CG).
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We use this information in §3.1.4, combined with the existence of Q-algebra
homomorphisms from finitely generated commutative Q-algebras back to Q,
in order to complete the proof of the rationality of r1(E) for any idempotent
matrix E € M, (CG).

3.1.1 Coefficient Fields of Positive Characteristic

As explained above, even though we are primarily interested in the case of
idempotent matrices with entries in a group algebra with coefficients in a
subring k of the field C of complex numbers, we first consider the case where
the ring k is a field of positive characteristic. The goal of this subsection is to
prove the following result.

Theorem 3.1 (Zaleskii; the positive characteristic case) Let k be a field of
characteristic p > 0, G a group and E an idempotent matriz with entries in
the group algebra kG. Then, r1(E) is an element of the prime field F,, of k.
In particular, if e = deG eqg9 € kG is an idempotent, where e, € k for all
g€ G, theney € Fp, CEk.

In order to prove Zaleskii’s theorem, we study the p-th power map (Frobenius
operator) on the ring of matrices with entries in kG.
Let R be a ring and p a prime number. We consider the operator

F:R— R,

which is given by x — 2P, x € R. If R is commutative and has characteristic
p, then F' is well-known to be an additive group homomorphism (cf. Lemma
3.2(ii) below). We examine the behavior of F' with respect to addition, in the
more general case where R is a not necessarily commutative ring of charac-
teristic p.

Lemma 3.2 Let p be a prime number and R a ring of characteristic p.

(1) If (zi)icr is a finite family of elements of R and x = Y, x;, then
F(z) =), F(z;) (mod [R, R]).

(i) If R is commutative then F is an additive group homomorphism.

Proof. (i) It suffices to consider the universal case, where R is the free non-
commutative Fp-algebra on the letters (2;);cs. Then, 2 is the sum of mono-
mials of the form x; 2, - - - x;,, where iy € [ forallt =1,2,...,p; let X be the
set of these monomials. We consider the action of the cyclic group A =< A>
of order p on X, which is defined by

A
Lijy Lijy 'Iip = Tjy v - xi,,xil .

It is clear that x — A - x € [R, R] for any element x = @, x4, ---;, € X. Any
A-orbit for this action, being A-equivalent to a coset space of A, has either
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p elements or else is a singleton. The contribution to the sum of an orbit
consisting of p elements with a representative x is

p—1 . p—1
j . = = =
ijo)\ X = ijox =px=0 (mod [R,R)]).
An orbit with one element is of the form 2 for some ¢ and hence the contri-
bution of the singleton orbits is ), a¥.

(ii) This is an immediate consequence of (i), since the commutator sub-
group [R, R] is trivial if R is commutative. O

Corollary 3.3 Let p be a prime number, R a ring of characteristic p and T
a trace on R with values in an abelian group. If (z;)icr is a finite family of

elements of R and x =Y, x;, then 7(zP) = >, 7(ab). O

K3 3

We shall apply Corollary 3.3 in the case where R is a ring of matrices with
entries in the group algebra of a group G with coefficients in a field of positive
characteristic and proceed in the description of the relevant traces. We let
C(G) be the set of G-conjugacy classes and consider for any positive integer
m the subset C,,, C C(G), which consists of the conjugacy classes of elements
of order m; in other words,

Com ={lg] €C(G) : 0(g) =m} .

We fix a commutative ring k and recall that the k-module T'(kG) is free with
basis the set C(G); let (74])g be the corresponding dual basis. For any m > 1
we consider the k-linear functional

fm : T(EG) — k

which is defined by p — > 1cc mg(p), p € T(KG). Since C1 = {[1]}, it
follows that f; = ).

Lemma 3.4 For any p € T(kG) there exists an integer mog = mo(p) > 1,
such that f,(p) =0 for all m > my.

Proof. Taking into account the linearity of the f,,’s, it suffices to consider the
case where p = [g], for some element g € G. In that case, the result is clear
since fi,([g]) = 0 for all m if g has infinite order, whereas f,([g]) = 0 for all
m > o(g) if ¢ has finite order. O

We now fix a positive integer n and consider the k-algebra R = M, (kG) of

n X n matrices with entries in kG. For any m > 1, we consider the k-linear
functional 7,,, on R, which is defined as the composition

M, (kG) —= T(kG) 1=

where r = rgg is the Hattori-Stallings trace.
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Lemma 3.5 Let (T,,)m>1 be the functionals on the k-algebra M, (kG) defined
above. Then:

(i) T is a k-linear trace for all m > 1.

(ZZ) T =7T1.

(#ii) For any matric X € M, (kG) there exists a non-negative integer
mo = mo(X), such that 7,,(X) = 0 for all m > my.

Proof. Assertion (i) is clear, since 7, is the composition of the k-linear trace
r followed by the k-linear functional f,,. Assertion (ii) follows since f; = 7y,
whereas (iii) is an immediate consequence of Lemma 3.4. O

We now examine the behavior of the trace functionals defined above with
respect to idempotent matrices, in the positive characteristic case.

Proposition 3.6 Let p be a prime number, k a commutative ring of charac-
teristic p, G a group and M,,(kG) the k-algebra of n x n matrices with entries
in kG. If E € M,,(kG) is an idempotent matriz, then:

(i) Tt (E) =0 for allt > 1 and

(ii) (E) = ((E))".

Proof. Let E = (e;5)i,; = Zm eijEij, where E;; is the (4, j)-th matrix unit
and e;; € kG for all i,j = 1,...,n. We write e;; = Zg €ij.qg, where e;; 4 € k
foralli,j=1,...,nand g € G. Then, E = Zingeij’ggEij and hence
Tm(E) = Zingm(eij’ggEij)
=> . Jmciigldl)
= Zl Cita fm([9])
= Z{eiiﬂ :1<i<m,o(g) =m}

for all m > 1. In particular,

T (E) = Z{eii,g 1< <n,o(g) =p'} (3.1)

for all £ > 0. On the other hand, since £ = EP, we may apply Corollary 3.3
for the trace 7, on the ring R = M, (kG), in order to conclude that

Tm(E) = m (EP)
= thyng((eij,ggEij)p)
= Zi’ng (efiygng“‘)
= Zi,gfm (e]i?i’g[gp])
= b fnie?)
= Z{efm :1<i<n,o(¢g?) =m}

for all m > 1. In particular,



3.1 The Rationality of the Canonical Trace 7

T (B) = {ef 1 <i<n,o(g") =p'} (3.2)

for all t > 0.
(i) If t > 1 then o(g?) = p® if and only if o(g) = p'*T!. Hence, it follows
from (3.2) that

Tt (E) = Z{ef’i,g :1<i<n,o(g) = pt+1}
= (Z{eii,g 1 <i<n,o(g) = pt+1})P
= (Tp‘+1(E))p~

Here, the second equality follows from Lemma 3.2(ii) and the third one from
(3.1). Since 7t (E) = 0 for t > 0 (cf. Lemma 3.5(iii)), the equalities 7,¢(E) =
(Tpt+1(E))p, t > 1, that we have just established, imply that 7,:(E) = 0 for
all ¢t > 1.

(ii) Since o(¢gP) = 1 if and only if g = 1 or o(g) = p, (3.2) for ¢ = 0 reduces

7 (F) = Zj:lefm + Z{efm 11 <i<n,o(g) =p}
= (Z;lem)p + (Z{eu‘,g 11 <i<n,o(g) :p})p
= (n(E))P + (m(E))”
= (n(E)".
In the above chain of equalities, the second one is an application of

Lemma 3.2(ii), the third one follows from (3.1) and the last one results from
the vanishing of 7,(E), that was established in part (i). O

to

We are now ready to prove Zaleskii’s theorem.

Proof of Theorem 3.1. Tt follows from Proposition 3.6(ii) that the element
x =r(F) = n(F) € k (cf. Lemma 3.5(ii)) satisfies the polynomial equa-
tion 2P — x = 0. This finishes the proof, since the roots of that equation are
precisely the elements of the prime field F), C k. O

3.1.2 Lifting to the Field of Algebraic Numbers

Our next goal is to prove the analogue of Theorem 3.1 for idempotent matrices
with entries in the complex group algebra CG of a group G. As a first step
in that direction, we consider in the present subsection idempotent matrices
E with entries in the group algebra QG, where Q is the field of algebraic
numbers, and prove the following result:

Theorem 3.7 (Zaleskii; the case of the field of algebraic numbers) Let G be
a group and E an idempotent matriz with entries in the group algebra QG.
Then, r1(E) is a rational number. In particular, if e = eq9 € QG is an

idempotent, where eq € Q for all g € G, then e, € Q.

geG



78 3 Reduction to Positive Characteristic

In order to reduce the proof of Theorem 3.7 to the case of fields of positive
characteristic, we need a few basic properties of the ring R of algebraic inte-
gers. The following properties of R are derived at the end of §A4.2 of Appendix
A from general facts about integral dependence:

(AI1) For any algebraic number 2 € Q there is a non-zero integer n, such
that nz € R.

(AI2) Let x be an algebraic integer and z1(= x),xs,...,x, its Galois con-
ju%ates. Then, all z;’s are algebraic integers, whereas the polynomial
[I;—, (X — ;) has coefficients in Z.

(AI3) For any prime number p € Z there exists a maximal ideal M C R,
such that Z N M = pZ; then, the field R/M has characteristic p.

Proof of Theorem 3.7. Assume that E is a matrix of size n. Since z = r1(F) €
Q is an algebraic number, property (AIl) implies that there exists a positive
integer m, such that maz is an algebraic integer. Replacing the matrix E by
the block diagonal nm x nm matrix that consists of m copies of E along the
diagonal, we may assume that z € R. Let us consider the Galois conjugates
21(= x), 22, ...,z of x. Then, there are automorphisms o1, . .., oy of the field
Q of algebraic numbers, such that z; = o;(x) foralli = 1, ..., k. We know that
x; € Rforalli=1,... k, whereas the polynomial f(X) = Hle(X —x;) has
integer coefficients (property (AI2)). We also know from Galois theory that
f(X) is the minimum polynomial of = over Q; therefore, the monic polynomial
f(X) is irreducible in Q[X] and hence in Z[X] as well.

Claim 3.8 There is a finite set I of prime numbers, such that for any prime
number p ¢ II the reduction f,(X) € F,[X] of f(X) modulo p decomposes
into a product of linear factors.

Having established the above claim, we may invoke Corollary C.4 of Appendix
C and conclude that the degree k of the irreducible polynomial f(X) € Z[X]
is 1. But then f(X) =X — 27 and hence x = 21 € Z. O

Proof of Claim 3.8. Any element a € QG can be written uniquely as a sum
of elements of the form a;g;, ¢ = 1,...,t, where t is a non-negative integer,
the g;’s are distinct elements of G and the a;’s non-zero algebraic numbers.
We denote by S, the (finite) subset of Q consisting of the a;’s. If A = (a4;):;
is an n x n matrix with entries in QG, we denote by S, the union U” Saijs
this is still a finite set of algebraic numbers.

Any field automorphism ¢ of Q can be extended to an automorphism &
of the group algebra QG, by letting 5(g) = g for all g € G. By an obvious
abuse of notation, we also denote by & the associated automorphism of the
matrix algebra M, (QG). In particular, let us consider the idempotent matri-
ces 01(E),...,0,(F) and the finite set S = Ule S3,(p)- In view of property
ATIl, we may choose a (suitably large) integer [, such that ly € R forall y € S.
Then, any y € S is an element of the subring R = R[I™!] of Q. Therefore,
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the entries of &;(E) are elements of the group ring RG for all ¢ = 1,...,k
and hence each one of these matrices may be viewed as an idempotent in
M, (RG).

Let II be the set consisting of those prime numbers that divide [ and con-
sider a prime number p ¢ II. In view of property (AI3), we can find a maximal
ideal M C R, such that the residue field F = R/M has characteristic p. Since
[ is not a multiple of p, the residue class [ of [ in F is invertible and hence the
ideal m = M[I7'] C R[I7!] = R is such that

R/m =R~ /MY = (R/M)[I']=F[I"']=F.

In order to justify formally the second equality above, we note that R[[7?]
(resp. (R/M)[1~1]) is isomorphic to the quotient of the polynomial ring R [X]
(resp. (R/M)[X]) by the principal ideal generated by the polynomial X — 1
(resp. X — 1). The natural ring homomorphism R — R/m = F induces a
homomorphism of group rings RG — FG and an associated homomorphism
of matrix rings M,,(RG) — M, (FG). We fix an integer i € {1,...,k} and
consider the automorphism o; of Q, the matrix 7;(E) € M, (RG) and the
associated matrix ¢;(E) € M, (FG). In view of the naturality of the trace
functional 1 with respect to coefficient ring homomorphisms (cf. Proposition
1.46), we have

Tl(gi(E)): Ui(Tl(E)) = 0'1(31‘) =x; € R s

whereas 1 (EAE)) is the residue class 7; of z; = r1(d;(F)) in F. Since F is a

field of characteristic p, we may apply Theorem 3.1 for the idempotent matrix
0;(E) € M,(FG), in order to conclude that

xﬁ:rl(a(E)) €F,CF.

Of course, this is true for alli = 1, ..., k. Let us now consider the commutative
diagram
Z — R
1 !
F, —F

where the horizontal (resp. vertical) arrows are the natural inclusions (resp.
projections), and the induced diagram of polynomial rings

Z|X] — R[X]
! !

Fp[X] — F[X]
The polynomial f(X) € Z[X] decomposes in the ring R[X] into the product
Hle(X — x;) and hence its reduction f,(X) € F,[X] decomposes in the ring
F[X] into the product Hle(X —T;). Since 7; € F, for all ¢ = 1,..., k, this
decomposition takes place in Fp[X], i.e. f,(X) decomposes into a product of
linear factors in F,[X]. O
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3.1.3 The Kaplansky Positivity Theorem

Having proved that the trace functional 1 takes rational values on idempotent
matrices E with entries in the group algebra QG of a group G, we now consider
the general case where the entries of F are elements of the complex group
algebra CG. Our main goal in the present subsection is to prove that, for
such an idempotent matrix E, r1(E) is a non-negative real number. This
result will be strengthened in §3.1.4, where we prove that r1(E) is, in fact, a
non-negative rational number.

In order to prove that r1(E) > 0, we work with a suitable completion
of the group algebra CG; surprisingly enough, the only known proofs of the
positivity of 71 (E) involve analytic techniques. More precisely, we let the group
algebra CG act on the Hilbert space £2G by the left regular representation

L:CG — B(*G)

and consider the von Neumann algebra N'G, which is defined as the closure
of the image L(CG) in the weak operator topology (cf. §1.1.2.IIT). Recall that
the weak operator topology (WOT) on the algebra of bounded linear operators
on £2G is the locally convex topology induced by the family of semi-norms
(Pf,n)f,nesz’ where

Pela) = |< al€),n >|

for all £, € (?G and a € B({?*G). Then, NG is a C*-algebra containing
the group algebra CG ~ L(CG) as a WOT-dense subalgebra. The elements
of CG are finite linear combinations of elements of G and hence look much
simpler than those of N'G, which are operators on £2G of a certain special
form. Nevertheless, it will turn out that the passage to the von Neumann
algebra level offers certain advantages for the study of our problem. In fact,
we shall prove a more general positivity result for idempotent matrices with
entries in N'G.

We begin with a lemma describing certain properties that are satisfied by
the operators in the von Neumann algebra N'G.

Lemma 3.9 Let G be a group and consider an operator a € NG.

(i) If (64)gec: denotes the canonical orthonormal basis of (*G, then we
have <a(8,),0ny>=<a(d1),0n,> for all g,h € G.1

(ii) For any vector £ € (G and any group element g € G the family of
complex numbers (<a(d1),0, > - <&, 0;-14>), is summable and

> o <al01),00> - <€0,m1,>=<a(§),0,> .

(iii) If a(d1) = 0 € £2G then a is the zero operator.

! In fact, this property characterizes the operators in N'G; cf. Exercise 3.3.1.
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Proof. (i) First of all, let us consider the case where a = L, for some z € G.
In that case, we have to prove that < {4, dng > = <d5, 0, >. But this equality
is obvious, since xg = hg if and only if x = h. Both sides of the formula to
be proved are linear and WOT-continuous in a and hence the result follows
from the special case considered above, since N'G is the WOT-closure of the
linear span of the set {L, : z € G}.

(ii) Since £ =), <&, 0, > 6y, it follows that a(§) =), <&, 6, > a(ds).
In view of the linearity and continuity of the inner product, we conclude that

<a(f),8,> = Zx <€,6,> - <a(6,),8,>
=Y <€6,> - <a(61), 851 >
=3 <&byg> - <aldy),8,>
Y

where the second equality follows from (i) above.

(iii) If a(d1) = 0, then the equality of (ii) above implies that the inner
product < a(£),d, > vanishes for all vectors £ € £2G and all group elements
g € G. It follows readily from this that a = 0. ]

We note that the linear functional r; : CG — C, which maps an element
a € CG onto the coefficient of 1 € G in a, extends to a linear functional

7: NG — C, (3.3)
by letting 7(a) = <a(d1),d, > for all a € NG.

Remark 3.10 Let G be a group and 7 the linear functional defined above.
Then, the assertion of Lemma 3.9(i) implies that 7(a) =< a(dy), 4 > for all
a € NG and g € G.

Proposition 3.11 Let G be a group and T the linear functional defined above.
Then:

(i) T is a WOT-continuous trace.

(i) T is positive and faithful, i.e. T(a*a) > 0 for all a € NG, whereas
7(a*a) = 0 if and only if a = 0.

(iii) T is normalized, i.e. (1) = 1, where 1 € NG is the identily operator.
The trace T will be referred to as the canonical trace on the von Neumann
algebra NG.

Proof. (i) It is clear that 7 is WOT-continuous. In order to show that 7 is a
trace, we fix an operator a € N'G and note that for any g € G we have

<aLy(0g-1),04-1>=<a(61),04-1 >=<a(d1),Ly(61)>=<Lga(01),61>,

where the second equality follows since Ly = L-1. Invoking Remark 3.10, we
conclude that 7(aLy) = 7(Lga). This being the case for all g € G, it follows
that 7(aa’) = 7(a’a) for all a’ € L(CG). Since multiplication in B(£?G) is
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separately WOT-continuous (cf. Remark 1.13(ii)), the WOT-continuity of 7
implies that 7(aa’) = 7(a’a) for all ' € NG.
(ii) For any a € NG we have

T(a*a) = <a*a(ér),61>=<a(81),a(61)>=la(6:) P> 0.

In particular, 7(a*a) = 0 if and only if a(d;) = 0; this proves the final assertion,
in view of Lemma 3.9(iii).
(iii) We compute 7(1) =<d1,61>= 61> = 1. O

For any positive integer n we consider the matrix algebra M, (N'G); it is a
von Neumann algebra of operators acting on the direct sum of n copies of
(2G. The canonical trace 7 of (3.3) induces the trace

Tn : M,(NG) — C,

which maps any matrix A = (a;j);; € M,(NG) onto the complex number

St 7(ai;) (cf. Proposition 1.39(i)). The trace 7, is positive, faithful and

Tn(In) = n, where I,, is the identity n x n matrix (cf. Remark 1.42(ii),(iii)).
We are now ready to state Kaplansky’s result:

Theorem 3.12 (Kaplansky positivity theorem) Let G be a group and E an
idempotent n X n matriz with entries in the von Neumann algebra N'G. Then:

(i) The complex number 1, (F) is, in fact, real and satisfies the inequalities
0<7,(E) <n.

(i) Tn,(E) = 0 (resp. n) if and only if E is the zero (resp. the identity)
n X n matriz.

In particular, if e € NG is an idempotent then 7(e) is a real number
contained in the interval [0,1]; moreover, T(e) = 0 (resp. 1) if and only if
e=0 (resp. 1).

The following lemma will be the main technical tool in the proof of the theo-
rem. It uses some of the analytic properties of a von Neumann algebra, thereby
justifying the use of NG in the study of our problem.

Lemma 3.13 Let N be a von Neumann algebra of operators acting on the
Hilbert space H. For any idempotent e € N there is a projection f € N, such
that ef = f and fe=e.

Proof. Since e € Idem(/N), the subspace V = ime is easily seen to be closed
and N’-invariant. Therefore, Lemma 1.17(ii) implies that the orthogonal pro-
jection f onto V is contained in A/”’. Invoking Theorem 1.18, we conclude that
f € N. The equalities ef = f and fe = e follow since e and f are idempotent
operators on H with the same image. g

Proof of Theorem 8.12. In view of Lemma 3.13, we may choose a projection
F € M,,(NG), such that FE = FE and EF = F'. Then, we have
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T(E) =1 (FE) = 1,(EF) = 7, (F) = 7 (F*F) > 0
(E) = :

where the second equality follows from the trace property of 7,, and the in-
equality from its positivity. Considering the idempotent matrix I, — FE, we
may prove in a similar way that 7,,(I,, — E) is a non-negative real number as
well. But 7,,(E) +7,(I,— E) = 7,(I,,) = n and hence both numbers 7, (F) and
Tn(In — E) are contained in the interval [0, n]. If 7,,(E) = 0 then 7,,(F*F) =0
and hence F' = 0, in view of the faithfulness of 7,,. But then £ = FE =0
as well. Working similarly with the idempotent matrix I,, — E, one can show
that 7,,(F) = n if and only if E = I,. O

Corollary 3.14 Let G be a group and E an idempotent n X n matriz with
entries in the group algebra CG. Then:

(i) The complex number r1(E) is, in fact, real and satisfies the inequalities
0<r(F)<n.

(i) r1(E) = 0 (resp. n) if and only if E is the zero (resp. the identity)
n X n matriz.
In particular, if e = Zg eg9 € CG is an idempotent, where e, € C for all
g € G, then ey is a real number contained in the interval [0,1]; moreover,
e1 =0 (resp. 1) if and only if e =0 (resp. 1).

Proof. This follows from Theorem 3.12, since the restriction of the trace func-
tional 7, to the subalgebra M,,(CG) ~ M,,(L(CG)) of M, (NG) coincides
with the trace functional ry. O

The following result will play an important role in the homological approach
to the idempotent conjecture, that will be presented in Chap. 4.

Proposition 3.15 Let G be a group. Then, the following conditions are equiv-
alent for an idempotent e € CG:

(i) The idempotent e is trivial.

(it) For any g € G\ {1} we have r4(e) = 0.

Proof. 1t is clear that (i)—(ii). In order to show that (ii)—(i), let us assume
that (i) holds and write e = > ;e,9 € CG, where e, € C for all g € G.
We consider the augmentation homomorphism ¢ : CG — C. Since ¢(e) € C
is an idempotent, we have e(e) = 0 or 1. We now compute

ele) = Z{eg :g € G}
261+Z{eg:g€G,g7é1}
=e; + Z{rg(e) : [g] € C(G)a [g] 7é [1]}

= €1 .

Therefore, e; = 0 or 1; this finishes the proof, in view of the last assertion of
Corollary 3.14. g
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Our next goal is to prove that for any idempotent matrix F with entries in the
complex group algebra CG of a group G, the real number 71 (FE) is algebraic.
To that end, we need the following lemma.

Lemma 3.16 Let K, L be fields and assume that L is algebraically closed.

(i) Let K' be a monogenic algebraic field extension of K. Then, any em-
bedding of K into L can be extended to an embedding of K’ into L.

(ii) Assume that L is the algebraic closure of K. Let ¢ be an automor-
phism of K and o an embedding of L into itself that extends <. Then, o is an
automorphism of L.

(iii) Assume that L is the algebraic closure of K. Then, any automorphism
of K can be extended to an automorphism of L.

(iv) Assume that K is a subfield of L. Then, any automorphism of K can
be extended to an automorphism of L.

Proof. (i) We may regard K as a subfield of L, by means of the given em-
bedding. Let € K’ be such that K/ = K(x) and consider the minimum
polynomial f(X) € K[X] of z over K. Let y be a root of f(X) in L; then,
there is a unique K-algebra homomorphism from K’ = K(z) ~ K[X]/(f(X))
into L, which maps the class of X onto y. Since K’ is a field, this homomor-
phism is an embedding.

(ii) We have to prove that o is surjective. To that end, let us fix an element
x € L and consider its minimum polynomial f(X) € K[X]. We also consider
the polynomial g(X) € K[X], whose coefficients are obtained from those of
f(X) by applying ¢~1. Since L is algebraically closed, there are elements
T1,...,%, € L such that ¢(X) = [, (X — 2;) € L[X]. Applying o to the
coefficients of the polynomials on both sides of that equation, we conclude
that f(X) = [\, (X — o(z;)) € L[X]. But z is a root of f(X) and hence
x = o(x;) for some i.

(iii) Let ¢ be an automorphism of K and consider the embedding 2 of K
into L, which is defined as the composition

K~ K<1L.

Let A be the set of pairs (F, ), where E is a subfield of L containing K and
an embedding of F into L extending ¢. We order A by letting (E,7) < (E’,7)
if E C E’ and j extends j. By an application of Zorn’s lemma, we may choose
a maximal element (Ep,j0) in A. The maximality of (Ey, jo), combined with
part (i) above, shows that Fy = L. We now invoke part (ii) and conclude that
the embedding j9 of L into itself is actually an automorphism of L.

(iv) Let (X;)icr be a transcendency basis of L over K and consider the
subfield K’ = K(X;;i € I) of L, which is a purely transcendental extension
of K. It is clear that any automorphism ¢ of K can be extended to an auto-
morphism ¢’ of K’. Since L is the algebraic closure of K’, ¢’ can be further
extended to an automorphism o of L, in view of part (iii) above. O
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Corollary 3.17 Let x be a complex number. If o(z) is a non-negative real
number for any field automorphism o of C, then x € Q.

Proof. Letting o be the identity of C, we deduce that x is a non-negative
real number. Assume that x is transcendental over Q; then, x is non-zero
and hence x > 0. The subfield K = Q(x) of C is isomorphic to the field of
rational functions in one variable over Q and hence there is a unique field
automorphism ¢ of K that maps x onto —z. Since C is algebraically closed,
we may invoke Lemma 3.16(iv) in order to extend ¢ to an automorphism o of
C. But then o(x) = ¢(z) = —z < 0, a contradiction. O

Let us now consider an automorphism o of the field C of complex numbers
and its extension ¢ to the complex group algebra CG of a group G, which is
such that o(g) = g for all g € G. In view of the naturality of the trace r; with
respect to coefficient ring homomorphisms (cf. Proposition 1.46), we have

r1(0(E)) = o(ri(E)) (34)

for any idempotent matrix E with entries in CG, where ¢(F) is the idempotent
matrix whose entries are obtained from those of E by applying o.

Proposition 3.18 Let G be a group and E an idempotent matriz with entries
in the complex group algebra CG; then, r1(E) is an algebraic number. In
particular, if e = Zg eqgg9 € CG is an idempotent, where e; € C for all g € G,
then ey is an algebraic number.

Proof. Let x = r1(F) € C. We consider a field automorphism o of C and the
induced automorphism & of the complex group algebra CG. If E' = 5(FE) then
r1(E") = o(z), in view of (3.4). We now invoke Corollary 3.14, applied to the
idempotent matrix E’, in order to conclude that o(x) is real and non-negative.
Since this is the case for any automorphism ¢ of C, the proof is finished using
Corollary 3.17. g

3.1.4 Idempotent Matrices with Entries
in the Complex Group Algebra

In this subsection, we complete Theorem 3.7 and consider idempotent matrices
with entries in the complex group algebra of a group G. In order to prove
that the trace functional r takes rational values on the set of these matrices,
we follow a very simple strategy and associate with any such matrix E an
idempotent matrix with entries in QG. To that end, we consider the finitely
generated Q-subalgebra R of C generated by all complex numbers that are
involved in E and use a Q-algebra homomorphism from R back to Q.

Theorem 3.19 (Zaleskii) Let G be a group and E an idempotent matriz with
entries in the complex group algebra CG. Then, r1(E) is a rational number.
In particular, if e = eqg € CG is an idempotent, where eq € C for all
g € G, then ey € Q.

geG
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Proof. As in the proof of Claim 3.8, for any element a = Ele a;9; € CG,
where the g;’s are distinct elements of G and the a;’s non-zero complex num-
bers, we denote by S, the subset of C consisting of the a;’s. If A = (a;;):
is an n X n matrix with entries in CG, we denote by S, the finite subset
U;; Sa.; of C.

In particular, let us consider the subset S C C and the finitely gener-
ated Q-subalgebra R = Q[Sg]| of C. It is clear that E may be viewed as an
idempotent matrix with entries in RG. We fix a Q-algebra homomorphism
7 : R — Q; such a homomorphism exists in view of Corollary A.23 of
Appendix A. Since the complex number z = r1(E) € R is algebraic (cf.
Proposition 3.18), we have m(x) = z. The homomorphism 7 can be extended
to a homomorphism 7 : RG — QG, by letting 7(g) = g for all g € G. We
also denote by 7 the associated homomorphism of matrix rings M,,(RG) —
M, (QG) and consider the idempotent matrix 7(F) € M, (QG) In view
of the naturality of the trace functional r; with respect to coefficient ring
homomorphisms (cf. Proposition 1.46), we have

ri(T(E))=n(ri(E)) =7(x) =x .

We now invoke Theorem 3.7, applied to the idempotent matrix 7(F), in order
to conclude that x is a rational number, as needed. O

The passage from C to any field of characteristic 0 is now routine.

Corollary 3.20 Let k be a field of characteristic 0, G a group and E an
idempotent matriz with entries in the group algebra kG. Then, r1(E) is an
element of the prime field Q C k. In particular, if e = dea eqgg € kG is an
idempotent, where ey € k for all g € G, then e; € Q C k.

Proof. Let Sg C k be the finite set consisting of all elements of k that are
involved in E (cf. the proof of Claim 3.8 and that of Theorem 3.19). Re-
placing it, if necessary, by its subfield Q(Sg), we may assume that the field
k is finitely generated. In that case, there exists a subfield kg C k, which
is purely transcendental over Q with tr.deg (ko/Q) < oo, such that k is fi-
nite algebraic over it. It is easily seen that any field K of characteristic 0 with
tr.deg (K/Q) < oo is countable. Since the field C is uncountable, its transcen-
dence degree over Q is infinite. Therefore, ky may be embedded in C. We may
extend this embedding to k, by a repeated application of Lemma 3.16(i), and
hence view k as a subfield of C. Then, the result follows from Theorem 3.19. [J

The following result is an immediate consequence of the theorems of
Kaplansky and Zaleskii and supplements Proposition 2.23 and Lemma 2.24
(cf. Remark 2.25).

Corollary 3.21 The following conditions are equivalent for a subring k of
the field C of complex numbers.
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(i) kNQ=2Z.
(i) For any group G the group algebra kG has no idempotents # 0, 1.

Proof. We already know that (ii)—(i); cf. Remark 1.53(i). In order to prove
the reverse implication, let us consider a subring k of C satisfying (i), a group
G and an idempotent e = Zg eg9 € kG, where ¢4 € k for all g € G. In view of
Theorem 3.19, the complex number e; is rational and hence e; € kN Q = Z.
Since 0 < e; < 1 (cf. Corollary 3.14), it follows that e; = 0 or 1. But then e
is trivial, in view of the last assertion of loc.cit. O

3.2 The Support of the Hattori-Stallings Rank

In Chap. 2, we proved Bass’ conjecture for groups that are finite extensions
of their center (cf. Proposition 2.35). In this section, we prove a result of
Linnell, describing certain conditions on a group that are necessary for it to
be a counterexample to Bass’ conjecture. As it turns out, these conditions
are not satisfied by groups that are finite extensions of their center; therefore,
Linnell’s theorem generalizes the above mentioned result. In the spirit of the
present chapter, the approach we follow consists in replacing the subring k of
C (that satisfies the usual condition kN Q = Z) by a quotient ring R of prime
power characteristic. Then, any idempotent matrix E with entries in the group
algebra kG of a group G induces an idempotent matrix E with entries in RG.
The idea is to study the Hattori-Stallings rank rys(E) of E by examining
the corresponding rank of E. This latter rank can be analyzed by using the
action of the Frobenius operator (more precisely, of iterates of the Frobenius
operator) on the ring of matrices with entries in RG. By the same technique,
we obtain a result of Bass that concerns idempotent matrices with entries in a
complex group algebra and prove that torsion-free polycyclic-by-finite groups
satisfy the idempotent conjecture.

In §3.2.1, we consider the action of the Frobenius operator on a ring R of
prime power characteristic and then apply our results, studying the form of
the Hattori-Stallings rank of idempotent matrices in M,,(R). In the following
subsection, we prove the theorems of Bass and Linnell and state a few imme-
diate consequences concerning the idempotent and Bass’ conjectures. Finally,
in §3.2.3, we apply Linnell’s theorem to the study of Bass’ conjecture for solv-
able groups and prove that the conjecture is satisfied by the solvable groups
of finite Hirsch number.

3.2.1 Iterates of the Frobenius Operator
Let R be a ring, p a prime number and

F:R— R
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the Frobenius operator, which is given by x — 2P, x € R. If the ring R has
characteristic p, then we know that F is additive modulo [R, R] (cf. Lemma
3.2(1)). We examine the behavior of certain iterates of F with respect to
addition in the more general case where R has characteristic a power of p and
then apply our results to the study of the Hattori-Stallings rank of idempotent
matrices with entries in R.

Lemma 3.22 Let p be a prime number and R a ring of characteristic p™,
for some n > 1. Then, for any finite family (x;);cr of elements of R and any
k>n—1 we have

k k—n-+1
(Elﬁy =Y (wiwiy - ow,) (mod [R, R]) ,
where s = p" 1 and the summation on the right is extended over all s-tuples
of indices (i1,12,...,is) € I°.

Proof. We consider the universal case, where R is the free non-commutative
Z/p"Z-algebra on the letters (x;);cr. Then, (3, xi)pk is the sum of monomials
of the form xz;, x;, BREI where i, € I for all t = 1,2,...,p"; let X be the
set of these monomials. We consider the action of the cyclic group A =<\ >
of order p* on X, which is defined by

A
> ZL’Z'2 . 'l'ipkl'il .

iy Ty T
It is clear that x — A - x € [R, R] for any x = x;, 2, - - i, € X. Let X'CX
be a A-orbit; being A-equivalent to a coset space of A, X’ has p™ elements
for some m = 0,1,...,k. If card(X’) = p™ then X' ~ A/A’ as A-sets, where
A =< X" >. Let us consider an orbit X’ with p™ elements, where m > n. If
X = TiyTiy * T, € X' is a representative of the orbit, then the contribution

of X’ to the sum is

m_q1 m_q
Zp )\J-xzzp x=p"x=0 (mod [R,R]).

=0 =0

We now consider an orbit X’ with p™ elements, where m < n—1. In that case,

.. . m
any element x = x;, @, - x; , € X’ is invariant under A?" and hence under
p
n—1 . k—n+1
AP" = \® as well. But then x is of the form (x;, x4, - - - ;)P . Conversely,

any element x € X of the above form is invariant under \* = AP" " and hence
its orbit has p™ elements for some m < n — 1. It follows that the contribution
to the sum of those orbits X’ that contain p™ elements, for some m < n — 1,

is equal to
k—n+1
> (@i miy @i, )P ;

where the summation is extended over all s-tuples of indices (i1,1432,...,1s) €
IS. |:|
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Applying the result above to the case of a ring of matrices with entries in a
group algebra, we obtain an interesting property of the Hattori-Stallings rank
of idempotent matrices.

Proposition 3.23 Let p be a prime number and R a commutative ring of
characteristic p", for some n > 1. If G is a group and E an idempotent
matriz with entries in the group ring RG, then there is an integer N € N and
elements r1,..., 7y € R and g1,...,9n € G, such that

rus(E) = ZN PP [gfk] € T(RQG)

i=1°
for allk > 0.

Proof. Let E = 2?3:1 eijEij € Mg(RG), where the E;;’s are the matrix units
and e;; € RG for all 4,5 = 1,...,d. We fix an integer £ > 2n — 2 and note

that Lemma 3.22, applied to the ring M4(RG), shows that
E=FE"
d k
= Zi’jzleia‘Eij P
= (€irjiCinjo** €inj Bivjy Bingy -+ Bioj, )"

modulo [My(RG), My (RG)], where s = p"~! and the summation is extended
over all 2s-tuples of indices (i1, j1, 12, jo, - - -, 4s,7s) € {1,...,d}?**. The trace of
a commutator of matrices is zero modulo [RG, RG], whereas the trace of a ma-
trix of the form (Ei1j1Ei2j2 M 'Eisjs) o is 1 if j1 = ’ig,jg = i3, e 7.js—1 =
is,Js = 11 and 0 otherwise. Therefore, we conclude that

k—n+41

1(E) = 3 (eniseinis - €iir)”  (mod [RG, RG)) |

where the summation is extended over all s-tuples of indices (i1,143,...,1s) €
{1,...,d}*. Being an element of RG, any product e;,;,€;is " €ii; can be
written as a sum ), o;g; for suitable elements o, € R and g; € G. Using
Lemma 3.22 again, this time applied to the ring RG, we conclude that a
typical summand in the summation above is equal to

k—n k—n
(Cirininis -+ i) = ag)?
l
=> (onon - 0LgngL 9"
k—2n+2
=> (o0, 0) (90902 - 9. )P

modulo [RG, RG], where the latter summations are extended over all s-tuples
(lh,la,...,1s). Since k — 2n + 2 can be any non-negative integer, the proof is
finished by letting o, 01, - - - 01, (resp. g1, 41, - - - gi.) be one of the r;’s (resp. one
of the g;’s) in the statement. O

k—2n+2

k—2n+42
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In order to obtain a simpler form for the expression of the Hattori-Stallings
rank given in Proposition 3.23, in the special case where the ring R is finite,
we need the following lemma.

Lemma 3.24 Let k be a commutative ring and m C k a mazimal ideal, such
that the residue field k/m is finite of order pf, for some prime number p and
some f > 1.

(i) Ifr€l+m then 22’ € 14+ m™ for alln > 1.

(ii) If € k then 22" — 22’ e m™ for alln > 1.
Proof. (i) First of all, we note that p -1 € m, since the residue field k/m has
characteristic p. Therefore, p/ - 1 € m as well and hence the result follows by
induction on n, using the binomial formula.

(ii) We begin by observing that

n Fn—1) Fln—1) F_1ypf =)
P =P =zP (a:(p Dp — 1) . (3.5)

(n—

If z € m then 27’ € m? " and the result follows from (3.5), since

p/*=1) > pn=1 > n. We now assume that z ¢ m. Then, the residue class
Z € k/m = F s is non-zero and hence - l=Te¢ k/m, i.e. ' 1 el+m.

f(n—1

Invoking assertion (i) above, we conclude that 2@ =0’ e 14 mn In
view of (3.5), the result follows in this case as well. O

Corollary 3.25 Let k be a commutative ring and m C k a maximal ideal,
such that the residue field k/m is finite of order pf, for some prime number
p and some f > 1. Let R = k/m" for somen > 1. If G is a group and E an
idempotent matriz with entries in RG, then there is an integer N € N and
elements r1,...,rxy € R and g1,...,9n € G, such that

N

N f
rus(E) = Zizlri[gi] = Zizlri [gf } € T(RQG) .
Proof. Since the residue field k/m has characteristic p, it follows that p-1 € m.
Therefore, p™ - 1 € m™ and hence R = k/m"™ is a commutative ring whose
characteristic is a p-th power. Invoking Proposition 3.23, we may choose an
integer N € N and elements 71,...,7y € R and ¢g1,...,gn € G, such that
N k[ .k
rus(E) = Zizlrip [gip } € T(RG)

for all k > 0. For k = f(n — 1) and k = fn this equation becomes

N n—1) [ . f(n—1 N _ _fnl[_ . fn
rus(E) = Zi:1Fip-f( 1 [gi ¢ >} _ Ziﬂm},f [gi o } € T(RG) .

~ pf(n—1) ~ pf(n—

We now define the elements r; = ;P " ¢ R and g; = g;? "D e G for
. . ~ fn ~ pf(n— . ..
t=1,...,N. Since ;" = 7r;? o e R, in view of Lemma 3.24(ii), the
above equation can be rewritten as

N

ras(B)=3"" nilo) =Y nlor’| e T(RG)

and hence the proof is finished. O
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3.2.2 The Main Results

Let k be a commutative ring and G a group. If p =3 1cc () pgly] € T(KG),
where p, € k for all g € G, then the support supp p of p is the finite subset of
C(G) that consists of all conjugacy classes [g], for which p, is non-zero. In this
subsection, we state and prove two results of Bass and Linnell that describe
certain properties of the support of the Hattori-Stallings rank rgg(E) of an
idempotent matrix F with entries in CG.

If IT is a set of prime numbers we denote by N the multiplicatively closed
subset of N generated by all primes numbers p ¢ II; in other words, Npy is the
set of products of primes numbers p ¢ II. We also consider the subring Qpr of
Q, which consists of all fractions of the form a/b, where a € Z and b € Nyj.
It is easily seen that Qyy is the intersection ﬂpen Zp), where Z,y C Q is the
localization of Z at the prime ideal pZ for all p € II. If IT = () then Ny = N,

and Qn = Q.

Theorem 3.26 (Bass) Let G be a group and E an idempotent matriz with
entries in the complex group algebra CG. Consider the subset X C G that
consists of all elements g € G for which r4(E) # 0; in other words, X = {g €
G :[g] € supprus(E)}. Then, there is a finite set I of prime numbers, such
that:

(i) For any prime number p ¢ II the map [g] — [¢*], [9] € C(G), restricts
to a bijection of the finite set supprps(E) onto itself. In particular, there is
a positive integer u such that the elements g and g*" are conjugate in G for
all prime numbers p ¢ Il and g € X.

(ii) If g € X is a torsion element then its order o(g) is a product of prime
numbers in II.

(iii) If g € X is an element of infinite order then there exists a subgroup
K(g) of G containing g, which is isomorphic with the group (Qm,+).

Proof. Since all claims are trivial if X is the empty set, we may assume that
X # 0. As in the proof of Claim 3.8, we consider a typical element a € CG and
write a = Zf.:l a;g;, where t is a non-negative integer, the g;’s are distinct
elements of G and the a;’s non-zero complex numbers. We denote by S, the
subset of C consisting of the a;’s. If A = (a;5);; is a matrix with entries in
CG, we denote by Su the union J; ; Sa,;- We now replace C by its subring
k = Z[Sg] and view E as a matrix with entries in kG; in particular, r¢(E) € k
for all ¢ € G. For any g € X we consider the set II, that consists of those
prime numbers p € Z, for which ry(E) € pk. Since k is a finitely generated
integral domain of characteristic 0, the set II, is finite (cf. Corollary A.27 of
Appendix A). Since II; = I if [g] = [¢'] € C(G), the finiteness of the set
[X] = supprps(E) implies that the set II = UgeX I1, is also finite.

In order to prove assertion (i), we fix a prime number p ¢ II and note
that, by the very definition of II, r4(E) ¢ pk for all g € X. In particular, the
ideal pk is proper in k and hence the quotient ring R = k/pk is non-zero. We
consider the idempotent matrix F with entries in RG, which is obtained from
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FE by passage to the quotient. In view of the naturality of the Hattori-Stallings
rank with respect to coefficient ring homomorphisms (cf. Proposition 1.46),
we have

ro(E)=r.(E) € R
for all z € G, where r,(E) denotes the residue class of r,(E) € k modulo pk.
Since rg(E) ¢ pk for all g € X, we conclude that
supprirs (E) = supprps(E) = [X] € C(G) .

Since the commutative ring R has characteristic p, we may invoke Proposi-
tion 3.23 and choose an integer N € N and elements r1,..., 7y € R and
g1, .--,9n € G, such that

_ N N
_ o] — P[P

ras(B)=Y nlal =Y rlele T(RG). (3.6)

Without any loss of generality, we can make the following two assumptions

(replacing, if necessary, N by a lower integer):

o If i # j then [g;] # [g9;] € C(G). Indeed, if g; is conjugate to g; for two
indices 7 and j, then g¢¥ is conjugate to g;.’ as well. In view of Lemma
3.2(ii), we have r} + 7 = (r; + ;)P € R and hence we may reduce by one
the number of summands in both sums of (3.6). Repeating this reduction
process finitely many times, we arrive at an equation of the form (3.6)
with [g] # [g,] i i # J.

e All coefficients 7; are non-zero. Indeed, if some r; = 0 then r! = 0 as well
and hence we may remove the corresponding summands from both sums
of (3.6).

Under these two assumptions, we have
[X] =suppras(B)={lg].- . [gn]} S{g7]. - [9k ]
and
card([X]) = card(supprys(E)) = card({[g1],--.,[gn]}) = N .

Comparing cardinalities, we conclude that the inclusion above is an equality

(X] = {loal,- -, [gn]} ={lgi], - - [on ] - (3.7)
We now consider the operator

F:C(G) — (@),

which is given by [z] — [2P], [x] € C(G); it is clear that this operator is well-
defined. Even though F is, in general, neither injective nor surjective, (3.7)
shows that the restriction F|x] is a bijection of the finite set [X] onto itself.
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Since the group of symmetries of [X] is finite of order v = N! = card([X])!,
we conclude that F* is the identity operator on [X]. In particular, we have
lg] = F4lg] = [gpu], i.e. the elements g and ¢g?" are conjugate in G for all
geX.

Assertion (ii) is an immediate consequence of (i) above, in view of the
following lemma.

Lemma 3.27 Let IT be a set of prime numbers, G a group and g € G a
torsion element with the following property: For any prime number p ¢ 11
there is a positive integer u(p), such that g is conjugate to gpu(p) in G. Then,
the order of g is a product of prime numbers in II.

Proof. Let n = o(g) be the order of g and suppose that p is a prime number

w(p)
, the
uw(P) u(p)—1, nypt® -1
grom=yg" = (9")

dividing n, with p ¢ II. If m = n/p € Z then, g being conjugate to g?

element ¢ is conjugate to (gpu(p))m =

17"7" = 1. But then g™ =1, a contradiction as m < n. g

Proof of Theorem 3.26 (cont.) The following lemma shows that assertion (iii)
is a formal consequence of (i) as well. O

Lemma 3.28 Let G be a group and g € G an element of infinite order.
Consider a set II of prime numbers and assume that for any prime number
p & 11 there exists a positive integer u(p), such that g and gpu(p) are conjugate
in G. Then, there exists a subgroup K < G, such that:

(i) K contains g,

(i1) K is isomorphic with the group (Qm,+) and

(iii) K is the ascending union of a sequence of cyclic groups that are
generated by conjugates of g.

Proof. 1t suffices to consider the case where II is a proper subset of the set of
all prime numbers. In that case, we may consider a sequence (p;); of prime
numbers that are not contained in II, such that every prime number p ¢ II is
repeated infinitely often therein. We define v; = p?(p ) for all i and note that
the sequence (ky),, where k,, = [[;_, v; for all n > 0 (with the assumption
that ko = 1), is such that:

(@) vkt =k, ', € Qforall n > 1 and

(B) for any m € Ny there is an integer n > 0, such that m divides k.2
In particular, the sequence (Cy,), of cyclic groups, where C,, = Z - k' C Q
for all n > 0, is increasing (in view of («)), whereas |J,, C,, = Qn (in view of
(8)). The elements g and g¥* are conjugate in G and hence there exists z; € G
such that

x; g = gv

2 Tt is precisely at this point where we need the hypothesis that any prime number
p ¢ 11 is repeated infinitely often in the sequence (p;);.
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for all 7. We now define
h, = x129- -2, and 2z, = hngh;1

for all n > 0, with the assumption that hy = 1. Being conjugate to g, all of the
zp’s are elements of infinite order. It follows that if K, is the cyclic subgroup
of G generated by z,, then there is an isomorphism

Pn - Kn — Cn )
which maps z, onto k, ! € C, for all n > 0. Since h,x,! = h,_1, we have

Zpr = (hnghfll)“"
— hng”"hgl
= hnmglgxnh,jl
= hn—lghr_il
= Zn-—1

for all n > 1. In particular, 2,1 € K, for all n > 1 and hence the sequence
(K,)n is increasing. Moreover, the relations z'» = z,_1, n > 1, combined
with («) above, show that there is a ladder of isomorphisms

Kot_>... <_)Kn71f_>an_>... QG
‘/’Oi ‘Pnfli S"nl

Co v Cpy = Oy - € Q

It follows that the union K = |J,, K, a subgroup of G containing g = zo, is
isomorphic with the union J,, C;, = Qu. O

We now describe a few consequences of Bass’ theorem that concern the idem-
potent conjecture.

Corollary 3.29 Let G be a torsion-free group that contains no subgroup iso-
morphic with the additive group of the ring Qu, for any finite set I of prime
numbers. Then, G satisfies the idempotent conjecture.

Proof. If e € CG is an idempotent then our assumption on GG, combined with
Theorem 3.26(iii), implies that r4(e) = 0 for all g € G\ {1}. Then, e is trivial,
in view of Proposition 3.15. O

A group is called Noetherian if any subgroup of it is finitely generated. Of
course, finite groups are Noetherian. The following result can be used in or-
der to obtain less trivial examples of Noetherian groups. A group is called
polycyclic-by-finite if it is an iterated extension of cyclic and finite groups.

Proposition 3.30 (i) A finitely generated abelian group is Noetherian.
(i) An extension of Noetherian groups is Noetherian.
(iii) A polycyclic-by-finite group is Noetherian.
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Proof. (i) Tt is well-known that any subgroup of a finitely generated abelian
group is finitely generated.

(ii) Let G be a group and N < G a normal subgroup, such that N and
the quotient group G/N are Noetherian. In order to show that G is also
Noetherian, let us consider a subgroup H < G. Then, both groups H NN and
H/(HNN) are finitely generated, being subgroups of N and G/N respectively.
It follows that H is finitely generated as well.

(iii) This is an immediate consequence of (i) and (ii) above, since finite
groups are Noetherian. 0

Corollary 3.31 A torsion-free Noetherian group satisfies the idempotent
conjecture.

Proof. If p is a prime number then the group (Z[p~!], +) is not finitely gener-
ated. On the other hand, Z[p~!] C Qg for any set II of prime numbers with
p ¢ TI. Therefore, a Noetherian group contains no subgroup isomorphic with
the group (Qr, +), for any proper subset IT of the set of prime numbers. This
finishes the proof, in view of Corollary 3.29. |

Let F be an idempotent matrix with entries in the complex group algebra of
a group G. Bass’ result (Theorem 3.26) gives no information about the p-th
powers of the elements g € G for which r4(E) # 0, in the case where p € II is
one of the exceptional prime numbers therein. If we assume that E has entries
in the group algebra kG, where k is a subring of C with kN Q = Z, then we
can obtain information on the p-th power map for all primes numbers p. This
is the theme of the following result of Linnell, whose proof is very similar to
that of Bass’ theorem.

Theorem 3.32 (Linnell) Let k be a subring of the field C of complex numbers
with kN Q =Z, G a group and E an idempotent matriz with entries in the
group algebra kG. Consider the subset X C G that consists of all elements
g € G, for whichry(E) # 0; in other words, X = {g € G : [g] € supprus(E)}.
Then:

(i) There is a positive integer u such that g and g"" are conjugate in G
foralln>1 and all g € X.

(i) If g € X is a torsion element then g = 1.

(iii) If g € X is an element of infinite order then there exists a subgroup
K(g) of G containing g, which is generated by some conjugates of g, is iso-
morphic with the additive group Q of rational numbers and lies in finitely
many G-conjugacy classes.

In the special case where k = Z is the ring of integers, we also have:

(1) r¢(E) =rgn(E) for allg € X and all n > 1.

Proof. As in the proof of Theorem 3.26, we may replace k by its subring
generated by all complex numbers occurring in the entries of £ and hence
reduce to the case where the ring k is finitely generated. Let us fix a prime
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number p. Then, p € k is not a unit, since kNQ = Z (cf. Lemma 1.50). Hence,
there is a maximal ideal m C k with p € m. Since k is finitely generated
as a Z-algebra, the residue field k/m is finitely generated as an F,-algebra.
Therefore, k/m is a finite field, say with p/ elements (cf. Corollary A.22(ii) of
Appendix A). Of course, the positive integer f = f(p) depends on p (as well
as on the chosen maximal ideal containing p). If k = Z is the ring of integers
then the unique maximal ideal of k containing p is the ideal m = pZ with
corresponding residue field k/m equal to the field F,; it follows that, in this
case, f(p) = 1.

Since [X] = supp rys(F) is a finite set, we may apply the Krull intersection
theorem (cf. Corollary A.35 of Appendix A), in order to conclude that there
exists ng € N such that ry(E) ¢ m" for all integers n > ng and g € X.
We fix such an integer n and consider the quotient ring R = k/m™ and the
idempotent matrix E with entries in RG, which is obtained from E by passage
to the quotient. In view of the naturality of the Hattori-Stallings rank with
respect to coefficient ring homomorphisms (cf. Proposition 1.46), we have

T (E) =r,(E)€ER (3.8)

for all z € G, where r,(E) denotes the residue class of r,(E) € k modulo m™.
Since 74(E) ¢ m™ for all g € X', we conclude that

supp s (E) = supprus(E) = [X] CC(G) .

We now invoke Corollary 3.25 and choose an integer N € N and suitable
elements rq,...,ry € R and g1,...,g9n € G, such that

N

N f
rus(E)= E izln[gl] E i [gz ] € T(RQG) . (3.9)
As in the proof of Theorem 3.26, we can assume (replacing, if necessary, N

by a lower integer) that [g;] # [g;] € C(G) for all ¢ # j and r; # 0 for all .
Then,

[X] =supprus(E)={[a1]. ..., [gn]} Q{[gff]7~-v[911)\rf}}
and

card([X]) = card(supprus (E)) = card({[g1], ..., [gn]}) = N .

Comparing cardinalities, we conclude that the set {[gff} ey [gf\: }} has ex-
actly N elements, i.e. [gff} + [gff} € C(GQ) if i # j, whereas the inclusion

above is an equality

() = {lga)s o Lonly ={[ o ][]} - (3.10)
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We consider the operator
F:C(G)—C(G),

which is given by [z] — [zP], [z] € C(G), and note that (3.10) shows that
the restriction /| x) is a bijection of the finite set [X] onto itself. Since the
order of the group of symmetries of [X] is N! = card([X])!, we conclude that
(FNHN'" = FF'N'is the identity operator on [X] and hence [g] = F/N'[g] =
[gpj'N!] for all g € X. For the given prime number p, we denote the positive
integer f-N! = f(p)- N! by u(p). Therefore, we have shown that the elements
g and gpu(p) are conjugate in G for all g € X.

According to Theorem 3.26(i), there is a finite set IT of prime numbers and
a positive integer ug, such that for any element g € X and any prime number
p ¢ II we have g? € X and [g] = [gpuo} € C(G).? For any prime number p € II
we consider the positive integer u(p) constructed above and define u to be
the least common multiple of uy and the u(p)’s, for p € II. For any element
2 € G the subset of N consisting of those integers t for which x and z! are
conjugate in G is easily seen to be multiplicatively closed. It follows that g
and g?" are conjugate in G for all prime numbers p and all g € X. Since any
positive integer is a product of prime numbers, we conclude that ¢ and ¢g""
are conjugate in G for all n > 1 and all g € X, thereby proving (i).

For later use, we make at this point the following claim.

Claim 3.33 For any g € X the cyclic subgroup generated by g lies in finitely
many G-conjugacy classes.

Proof. We consider the finite set II of prime numbers provided to us by The-
orem 3.26 and the function p — f(p), that was defined in the beginning of
the proof of Theorem 3.32 on the set of all prime numbers. Then, gP € X for

any g € X and any prime number p with p ¢ II. On the other hand, (3.10)

shows that gpf(p) € X for all prime numbers p and all g € X. We note that

any positive integer n can be written uniquely as the product of three integers
a,b and c, where:

e a is a product of prime numbers p ¢ I,

e b is a product of powers of the form p/®), for prime numbers p € II, and

e cis a product of prime numbers p € II, such that the power p’ divides ¢
only if i < f(p).

Let C be the set consisting of all ¢’s as above. Since II is a finite set, it is
clear that the set C' is finite as well. If a,b and ¢ are positive integers of the
above form, n = abc and g € X, then g*® € X' and hence [¢g"] = [(g?*)] is an
element of the set

3 In fact, it follows from the proof of Theorem 3.26(i) that uo can be chosen to be
equal to N!.
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O = {[z] € C(G) : there exists [y] € [X] and ¢ € C, such that [z] = [y°]} .

Both sets [X] = supprys(F) and C being finite, it follows that the set ® is
also finite. For any subset ¥ C C(G), let us denote by ¥~! the set consisting
of all [z] € C(G) for which [x71] € ¥. It is clear that if ¥ is a finite set then
the same is true for ¥~1!; in fact, card ¥ = card # 1. Since

{lg":neZy={lg":n=1}U{}U{lg™]:n=1} COU{}UD™",

we conclude that the cyclic group generated by ¢ lies in finitely many G-
conjugacy classes, as needed. O

Proof of Theorem 8.82 (cont.) We fix a conjugacy class [g] € [X]; then, [g]
is one of the [g;]’s, say [g] = [g1]. Since the [g;]’s are distinct, (3.9) shows

that 74 (E) = ry, (E) = r1. But the {gff] 's are distinct as well and hence we
may use (3.9) once again, in order to conclude that Tt (F) =T ol (E) =r.
1

In particular, it follows that ry(E) = T opl (E) € R; in view of (3.8), this
means that ry(E) = r s (E) modulo m". This being the case for all n > ny,
Corollary A.35 of Appendix A implies that rg(E) =r 7 (E) € k.

In the special case where k = Z, we have f = 1 for all prime numbers
p and hence ry(E) = 14 (E) for all such p’s and all g € X. If p is a prime
number and g € X, then ¢g? € X as well (since rg» (E) = r4(E) # 0); therefore,
Tgr(E) = rgea(E) for all prime numbers ¢ and hence r4(E) = ryrqa (E) for all
prime numbers p, q. Since any positive integer is a product of prime numbers,
we may continue in this way and conclude that r,(E) =rgn(E) for all g € X
and all n > 1. Hence, we have proved assertion (i)’.

Assertion (ii) is an immediate consequence of (i), in view of Lemma 3.27
(applied in the special case where the set II of prime numbers considered
therein is empty).

In order to prove assertion (iii), we fix an element g € X of infinite order
and note that Lemma 3.28, combined with (i) above, shows that there exists
a subgroup K < @ containing g, which is isomorphic with the additive group
Q of rational numbers and is equal to the ascending union of a sequence of
cyclic groups that are generated by conjugates of g. Hence, for any z € K
there exists a conjugate z of g, such that x = 2™ for some n € Z; in particular,
[z] = [2"] = [¢"] € C(G). It follows that if Ky < K is the cyclic group
generated by g, then [K] = [Ky] C C(G). Since the set [Kj] is finite, in view
of Claim 3.33, we conclude that the subgroup K lies indeed in finitely many
G-conjugacy classes. O

Addendum 3.34 Let G be a group and E a non-zero idempotent matrix
with entries in the integral group ring ZG. Consider the Hattori-Stallings rank
rus(E) = X gec(q) re(E)lg] and let X be the set consisting of all elements
g € G, for which r,(E) # 0. Then, Corollary 3.14(ii) implies that 1 € X
and hence the finite set [X] = supp rys(F) is non-empty; let N = card([X]).
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If g € X is an element of infinite order then the subgroup K = K(g) of G
that was constructed in the proof of assertion (iii) of Theorem 3.32 lies in the
union of 2N — 1 G-conjugacy classes. Indeed, assertion (i)’ of loc.cit. implies
that the set {[¢"] : n > 1} is contained in the (N — 1)-element set [X]\ {[1]}.
Therefore, the argument used in the final part of the proof of Claim 3.33
shows that the cyclic subgroup Ky of G generated by g lies in the union of
(N=1)+1+4(N—-1) = 2N —1 G-conjugacy classes. Since [K] = [Ky] C C(G), as
noted in the proof of Theorem 3.32(iii), we conclude that card([K]) < 2N —1.

We now describe a few consequences of Linnell’s theorem that concern Bass’
conjecture.

Corollary 3.35 Let k be a subring of the field C of complex numbers with
kNQ =17Z, G a group, E an idempotent matriz with entries in the group
algebra kG and g € G\ {1} an element of finite order. Then, r4(E) = 0.

Proof. This is immediate from Theorem 3.32(ii). O

Corollary 3.36 Let G be a group containing no subgroup isomorphic with
the additive group of rational numbers. Then, G satisfies Bass’ conjecture.

Proof. Assume on the contrary that there exists a subring & of the field C of
complex numbers satisfying the condition kN Q = Z, an idempotent matrix £
with entries in kG and an element g € G'\ {1}, for which r4(E) # 0. In view of
Corollary 3.35, g is an element of infinite order. Then, Theorem 3.32(iii) shows
that G has a subgroup K (g), which is isomorphic with the additive group Q of
rational numbers. This contradicts our hypothesis on G and therefore finishes
the proof. O

Corollary 3.37 Noetherian groups satisfy Bass’ conjecture.

Proof. A Noetherian group contains no subgroup isomorphic with the group
(Q, +); hence, the result follows from Corollary 3.36. O

Corollary 3.38 Residually finite groups and torsion groups satisfy Bass’ con-
jecture.

Proof. 1t is clear that the only element of a finite group which is divisible
by the order of the group is the identity. It follows that a residually finite
group contains no (infinitely) divisible non-identity elements. In particular,
a residually finite group contains no subgroup isomorphic with the additive
group of rational numbers. Of course, this latter statement is also true for
torsion groups. This finishes the proof, in view of Corollary 3.36. g

Proposition 3.39 Let G be a group and H < G a subgroup of finite index.
If H satisfies Bass’ conjecture then so does G.
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Proof. Assume on the contrary that there exists a subring k of the field C of
complex numbers satisfying the condition £k N Q = Z, an idempotent matrix
E with entries in kG and an element g € G\ {1}, for which r,(F) # 0. In view
of Corollary 3.35, g is an element of infinite order. Since H < G is a subgroup
of finite index, there is an integer n > 1 such that ¢g" € H. Using Theorem
3.32(i), we can find a positive integer m € nZ, such that [g] = [¢™] € C(G);
for example, we may take m = n", with v > 0 as in loc.cit. In particular, we
have

rgm(E) =14(E) #0.

Since m is a multiple of n, g™ is a power of g and hence g™ € H. Moreover,
g being an element of infinite order, we have g # 1. On the other hand, we
may use our assumption that H satisfies Bass’ conjecture and invoke Remark
2.37, in order to conclude that rp(E) = 0 for all h € H \ {1}. This is a
contradiction, since ¢"™ € H \ {1}, whereas rym (E) # 0. O

Remark 3.40 Since abelian groups satisfy Bass’ conjecture (cf. Theorem
2.26), Proposition 3.39 implies that groups having an abelian subgroup of
finite index satisfy Bass’ conjecture as well. In this way, Proposition 3.39
generalizes Proposition 2.35.

3.2.3 An Application: the Case of Solvable Groups

In this subsection, we examine Bass’ conjecture in the special case of solvable
groups and show how Linnell’s theorem (Theorem 3.32) can be used in order
to prove that solvable groups of finite Hirsch number satisfy the conjecture.*

Let G be a group and N, H < G normal subgroups with N < H. Then,
H = H/N is a normal subgroup of the quotient group G = G/N; we refer to
it as a normal subquotient of G. We may pull the conjugation action of G on
H back to G and regard H as a group with a G-action. By an obvious abuse
of language, we refer to this action as action by conjugation.

Proposition 3.41 Let G be a finitely generated solvable group which does not
satisfy Bass’ conjecture. Then, there is an abelian normal subquotient V of G
with the following properties:

(i) V is a Q-vector space on which G acts (by conjugation) Q-linearly,

(ii) the Q-vector space V' is infinite dimensional,

(i) V' has no proper non-trivial G-invariant subgroup and

(iv) there is a one-dimensional Q-linear subspace Vo C V which lies in
finitely many G-orbits.

Proof. Since G does not satisfy Bass’ conjecture, there is a subring k of the field
C of complex numbers with kN Q = Z, an idempotent matrix F with entries

4 In fact, F. Farrell and P. Linnell have shown in [28], using techniques that are
beyond the scope of this book, that all solvable groups satisfy Bass’ conjecture.
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in the group algebra kG and an element g € G \ {1}, for which r,(E) # 0.
Then, g is an element of infinite order (Corollary 3.35) and hence Linnell’s
theorem (Theorem 3.32) implies the existence of a subgroup K < G, such
that the triple (G, K, g) has the following properties:

(L1) There exists a positive integer u such that g and ¢"" are conjugate in G
for all n > 1.

(L2) The group K contains g, is generated by some conjugates of g, is isomor-
phic with the additive group Q of rational numbers and lies in finitely
many G-conjugacy classes.

The following lemma asserts that the above properties are preserved under
group homomorphisms.

Lemma 3.42 Consider a group G, a subgroup K < G and an element g € K,
such that the triple (G, K, g) satisfies conditions (L1) and (L2). Let ¢ : G —
G’ be a group homomorphism and define K' = o(K) < G'. If ¢ = p(g) # 1
then the triple (G', K',q") satisfies conditions (L1) and (L2) as well.

Proof. Tt is immediate that the triple (G’, K’,¢') has property (L1). Since
g # 1, it follows from Lemma 3.27 (with IT equal to the empty set) that ¢’
is an element of infinite order, i.e. < g > Nkery = {1}. It follows that the
subgroup K Nkerp of K intersects trivially the infinite cyclic group < g >.
Since K ~ (Q,+), in view of property (L2), this can happen only if the group
K Nker ¢ is itself trivial. But then ¢ restricts to an isomorphism K ~ K’ and
hence the triple (G’, K’, ¢') satisfies property (L2) as well. O

Proof of Proposition 3.41 (cont.) We consider the set
A={N:N<dGandg¢ N},

which, ordered by inclusion, is easily seen to satisfy the hypotheses of Zorn’s
lemma. Let N € A be a maximal element and consider the triple (é, K, y),
where G = G/N, K = KN/N and § = gN. The maximality of N in A
implies that g is contained in any non-trivial normal subgroup of G. In view of
Lemma 3.42, we may change notation (G ~ G, K ~ K and g ~ g) and
assume that the triple (G, K, g) satisfies conditions (L1) and (L2)5, whereas
g is contained in any non-trivial normal subgroup of G. In this case, G has
a unique minimal non-trivial normal subgroup V', namely the one generated
by the conjugates of g. Since the group K is generated by some of these
conjugates, in view of property (L2), it follows that K < V. Let

0: G — Aut(V)

be the group homomorphism associated with the conjugation action of G on
V, ie. let o(z)(v) = zvz~! for all z € G and v € V. We shall prove that the
pair (V, o) has all of the properties in the statement of the proposition.

5 In particular, g is still divisible in K and has infinite order.
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(i) Being a minimal non-trivial normal subgroup of G, V can have no
proper non-trivial characteristic subgroup. Since V is solvable, the derived
group DV is a proper characteristic subgroup of V; it follows that DV is
trivial and hence V is abelian. We now consider the torsion subgroup V; C V.
Of course, V; is a characteristic subgroup of V. On the other hand, g € V is
an element of infinite order and hence g ¢ V;; therefore, V; is proper in V. It
follows that V; is the trivial group and hence V is torsion-free. We also note
that the abelian group V is divisible, since it is generated by the elements
o(z)(g), € G, which are divisible in V. Being a torsion-free divisible abelian
group, V is a Q-vector space. Since Autz(V) = Autq(V), the additive (i.e.
Z-linear) action g of G on V is also Q-linear.

(ii) We claim that V is infinite dimensional as a Q-vector space. Assume
on the contrary that dimg V' = m < co. In this case, we can choose a Q-basis
{v1,...,Un} of V with v; = ¢g and consider the associated matrix representa-
tion

0:G — GL,(Q).

Since G is finitely generated, o factors through GL,, (Z[%D for some N.
Indeed, if xq,...,zs are generators of G, we may choose N to be the least
common multiple of all denominators occurring in the entries of the matrices
o(z1), 0(x7h), ..., 0(ws), 0(x71) € GLn(Q). Tt follows that the G-orbit G - vy
is contained in the subgroup @;" , Z [%] v; of V. In particular, if p is a prime
number not dividing N, then this G-orbit cannot contain #vl € V for any
positive integer u. On the other hand, property (L1) implies that there exists
a positive integer v and an element z € G, such that ¢ = xg? z~'. We may
write this equation additively and recall that g = v1, in order to conclude that
v1 = o(x)(p¥v1) € V. But then v; = p*p(x)(v1) and hence ]%vl = o(z)(v1)
is contained in the G-orbit of v;. This contradiction shows that dimg V' must
be infinite.

(iii) If V' is a proper G-invariant subgroup of V, then V' is normal in G
and hence V' = 1, in view of the minimality of V.

(iv) The group K ~ Q is a one-dimensional subspace of the Q-vector space
V lying in finitely many G-orbits, in view of property (L2). d

In order to give a concrete application of the result above, let us consider a
solvable group G and its derived series (D"G),. Then, the quotient group
D"G/D" '@ is abelian and has rank r, = 7,(G), which is equal to the
dimension of the Q-vector space (D"G/D"™'G)® Q for all n. Since G is
solvable, DG is the trivial group for n > 0 and hence r,, = 0 for n > 0. The
sum r =y 1y, is the Hirsch number h(G) of the solvable group G. It follows
easily from the definition that

h(G) = h(D'G) + h(G/D'G) (3.11)

for all ¢ > 1. If the group G is abelian then h(G) is the rank of G. The following
result can be viewed as a generalization of some well-known properties of the
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notion of rank for abelian groups to the concept of Hirsch number for solvable
ones.

Lemma 3.43 Let G be a solvable group.
(i) If N <G is a normal subgroup then h(G/N) < h(G).
(i) If A < G is an abelian subgroup then h(A) < h(G).
(iii) If A is an abelian subquotient of G then h(A) < h(G).6

Proof. (i) The derived series (D"(G/N)), of the quotient group G/N is
given by D"(G/N) = (D"G)N/N for all n. In particular, the abelian group
D"(G/N)/D"*Y(G/N) ~ (D"G)N/(D""1G)N is a quotient of the abelian
group D"G/D" G and hence r,(G/N) < 7,(GQ) for all n. Summing these
inequalities up for all n, we conclude that h(G/N) < h(G).

(ii) We use induction on the degree of solvability n of G. The result is
clear if n = 1, i.e. if G is abelian. If n > 1 we consider the abelian sub-
group D""1G < G and the quotient group G/D" G, which is solvable of
degree n — 1. The group A’ = AN D" '@ is contained in D"~'G and hence
h(A") < h(D"'@), whereas the quotient A/A’ can be embedded as a sub-
group of G/D" G and hence h(A/A") < h(G/D" 1G), in view of the induc-
tion hypothesis. Therefore, we have

h(A) = h(A") 4+ h(A/A") < (D" 'G) + h(G/D"'G) = h(G) ,

where the first equality describes a well-known property of the rank of abelian
groups and the last one is a special case of (3.11).

(iii) The subquotient A of G is a subgroup of the quotient G/N, for a
suitable normal subgroup N < G. Then, h(A4) < h(G/N) < h(G), where the
first (resp. second) inequality follows from (ii) (resp. from (i)) above. O

Corollary 3.44 If G is a finitely generated solvable group with finite Hirsch
number, then G satisfies Bass’ conjecture.

Proof. Since h(QG) is finite, Lemma 3.43(iii) implies that G does not admit an
infinite dimensional Q-vector space as a subquotient. Hence, the result follows
invoking Proposition 3.41. ]

We conclude this subsection by describing an example of Hall of a finitely
generated solvable group H, which contains an infinite dimensional Q-vector
space V' as a normal subgroup, in such a way that the conjugation action of
‘H on V satisfies the conditions in the statement of Proposition 3.41. One can
show that Hall’s group H satisfies Bass’ conjecture, by using the homological
techniques of Chap. 4 (cf. Exercise 4.3.5).

Let V be a vector space over the field Q of rational numbers with a count-
able basis {v, : n € Z} and fix an enumeration (py,), of all prime numbers,

5 In fact, this inequality holds without assuming that A is abelian, but we do not
need this more general result.
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which is indexed by the set Z. Consider the group Aut(V) of Q-linear auto-
morphisms of V' and its subgroup A generated by the automorphisms x and y,

where z(v,) = V41 and y(vy,) = po, for all n € Z. We list a few properties
of the pair (V, A):

(i) The normal subgroup A’ of A generated by y is free abelian with basis the
elements 7 "yx™, n € Z. The orbit of each basis vector v; € V under the
action of A’ is the set consisting of all scalar multiples quv;, where ¢ € Q4 is a
positive rational number, whereas X' € A’ stabilizes v; only if X' = 1.

Proof. For any n € Z the automorphism z~"yz™ € Aut(V) maps v; € V onto
Pn+v; for all i; therefore, ™ "ya™ commutes with x~"yx™ for all n,m € Z.
In particular, z7"yx" commutes with y for all n and hence the subgroup A’
is easily seen to be generated by the set {a "yz™ : n € Z}. It follows that
A’ is abelian. The claim that A’ is freely generated by the above set, as well
as the statements made about the orbit and the stabilizer of a basis vector
v; under the A’-action, follow from the fundamental theorem of arithmetic,
which asserts that the multiplicative group of positive rational numbers is free
abelian with basis the set of prime numbers.

(ii) The group A/A’ is infinite cyclic generated by the class of .

Proof. It is clear that the group A/A’ is generated by the class of x. Hence,
it suffices to verify that no non-trivial power of z can lie in A’. This follows
since the group A’ stabilizes the subspace V) = Qugy, whereas ™ maps Vj
onto V,, = Qu,, for all n.

(iii) The group A is metabelian.
Proof. This is an immediate consequence of (i) and (ii).

(iv) The A-orbit of vy consists of all scalar multiples quv,,, where n € Z and
7€ Q4 ie. Avg =, (Q4)vn

Proof. For any integer n the A’-orbit of v,, consists of the scalar multiples qu,,,
q € Q4, whereas the orbit of vy under the action of the cyclic group generated
by z is the set {v, : n € Z}. The claim follows from this, since any element
of A is the product of an element of A’ and a power of x.

(v) The one-dimensional subspace Vo = Qug C V' is contained in the union of
the A-orbits A -0 = {0}, A-vp and A - (—vp).

Proof. This follows from (iv) above.
(vi) V has no proper non-trivial A-invariant subgroup.

Proof. Let V' # 0 be a A-invariant subgroup of V and choose a non-zero
vector v = Z?:l qiVa(i) € V', where the ¢;’s are non-zero rational numbers,
the a(i)’s distinct integers and n > 0 is minimal such. We compute
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Pa)v — y(v) = Zizlpa(l)(hva(i) - Zizl(hy(va(z‘))
n n
= Zizlpa(l)(hva(i) - Zizlpa(i)%va(i)

n
= Zizl(pau) — Pa(i))4iVa(s)
= (Pa(1) = Pa(2))@2Va(2) + - - + (Pa(1) — Pa(n))nVa(n) -

Since p,1yv — y(v) € V', the minimality of n implies that p,(1yv — y(v) must
be the zero vector. It follows that n = 1 and hence v = qyv4(1). Replacing, if
necessary, v by —v, we may assume that ¢; > 0. In this case, the A-orbit A -v
of v consists of all vectors of the form qu,,, where n € Z and ¢ € Q4 (cf. (iv)
above). Since these elements generate V' as an abelian group, the A-invariant
subgroup V' must be actually equal to V.

(vii) For any v € V'\ {0} the stabilizer A, = {\ € A : A(v) = v} is trivial.

Proof. Let v = Z?Zl GiVa(7), Where the ¢;’s are non-zero rational numbers
and a(l) < -+ < a(n). Any A € A can be written as a product 2™, for a
suitable M € A’ and some m € Z. Since X restricts to an automorphism of
the subspace Qu; for all i, we conclude that

Alv) = Zi ¢ M(vai))
_ Z m)\/ ))
- Zi:lqi vara(i 5

for suitable non-zero rational numbers ¢}, ¢ = 1,...,n. In fact, ¢} is such that
the restriction of A" on Qug(;) is multiplication by qéq{l foralli=1,...,n. It
follows that A € A, if and only if m = 0 and ¢; = ¢} for all i. As noted in (i)
above, 1 = ¢} (i.e. X acts as the identity on the one-dimensional subspace
Qug(1)) if and only if A = 1. Therefore, A € A, if and only if A = 1, as needed.

We define Hall’s group H as the semi-direct product of A by V and list below
some of its properties:
() The group H is generated by z, y and vy.

Proof. In order to verify this, it suffices to show that any element of V' can
be expressed in terms of z,y and vy. But this is clear since the A-orbit of vy
generates V' as an abelian group, in view of (iv) above.

(8) Hall’s group H is solvable of (solvability) degree 3.
Proof. This follows from (iii).

(v) If N <'H is a normal subgroup then V.C N or NNV = {1}.

Proof. Since V' has no proper non-trivial A-invariant subgroup, in view of (vi)
above, it is a minimal non-trivial normal subgroup of H. Therefore, being
contained in V', the normal subgroup N NV <H is either trivial or else equal
to the whole of V.



106 3 Reduction to Positive Characteristic

(0) For any v € V' \ {0} the centralizer C, of v in H is equal to V.

Proof. 1t is easily seen that the centralizer C,, is the semi-direct product of
the stabilizer A, = {A € A : A(v) = v} by V. Hence, the claim follows from

(vii).

3.3 Exercises

1. Let G be a group. The goal of this Exercise is to show that the prop-
erty of Lemma 3.9(i) characterizes the operators in the von Neumann
algebra N'G. To that end, let us fix an operator a € B(¢>G), for which
<a(dy),0ng>=<a(d1),6,> for all g,h € G.

(i) Show that for any operator b € B({?G) and any elements g,h € G
the families of complex numbers (< a(d1),0, > - < b(dy), 0,-15 >), and
(<a(d1),0,> - <b(dzg), 01 >), are summable with sum <ab(dy), 0, > and
<ba(dg), 6p > respectively.

(ii) Assume that b € B(¢*G) is an operator in the commutant L(CG)’ of
the subalgebra L(CG) C B(£?G). Then, show that ab = ba. In particular,
conclude that a € L(CG)" = NG.

2. Let G be a finite group of order n.

(i) Cousider a positive integer ¢ and an idempotent ¢ x ¢ matrix E with
entries in the complex group algebra CG. Let

L:CG — Endc(CG) =M, (C)
be the left regular representation and

the induced algebra homomorphism. Show that tr(L:E) = nri(E) and
hence obtain an elementary proof of the theorems of Kaplansky and
Zaleskii, in the special case of a finite group.

(ii) Let k be a subring of the field C of complex numbers and consider
the trace functional r; : kG — k. Show that the image of the induced
additive map 71, : Ko(kG) — k is contained in kNZ- 1.

3. Let G be a group and E an idempotent matrix with entries in the complex
group algebra CG. Consider a normal subgroup N <G and let [N] C C(G)
be the set of all G-conjugacy classes of elements of N. Show that the sum
>_(ge[n] T9(E) is a non-negative rational number.

4. Let R be a commutative ring. The goal of this Exercise is to show that
the matrix group GL,,(R) satisfies Bass’ conjecture for all m.

(i) Assume that the ring R is Noetherian and let m C R be a maximal
ideal. Show that m™/m"*! is a finite dimensional R/m-vector space for
alln > 0.
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(ii) Assume that the ring R is finitely generated and let m C R be a
maximal ideal. Show that the ring R/m" is finite for all n > 1.

(Hint: Using Corollaries A.27 and A.22(ii) of Appendix A, show that the
field R/m is finite.)

(iii) Assume that the ring R is finitely generated and let r € R\ {0}. Show
that there exists an ideal I C R, such that the ring R/I is finite and r ¢ T.
(Hint: Let m C R be a maximal ideal containing the annihilator anng(r)
of r in R. Then, Proposition A.33(ii) of Appendix A implies that r ¢ m"
for some n > 0.)

(iv) Assume that the ring R is finitely generated and consider two distinct
m X m matrices A, B with entries in R. Show that there exists a finite ring
R’ and a ring homomorphism ¢ : R — R/, such that ¢,,,(A4) # @ (B),
where ¢, : M,,,(R) — M,,,(R’) is the homomorphism induced by ¢.
(v) Show that the linear group GL,,(R) is locally residually finite, i.e.
any finitely generated subgroup G of GL,,(R) is residually finite.” In
particular, conclude that the group GL,,(R) satisfies Bass’ conjecture.

5. Let G be a group and k a subring of the field C of complex numbers. We
consider an idempotent matrix E with entries in kG and let rgg(E) =
> (glec(c) T9(E)]g] be its Hattori-Stallings rank.

(i) Show that there is a positive integer u having the following property:
For any prime number p with p~! ¢ k and any element g € G with
rq(E) # 0, we have [g] =[g7"] € C(G).

(Hint: Review the proof of Theorem 3.32.)

(ii) Let g € G be an element of finite order with r,(E) # 0. Show that
the order o(g) of g is invertible in k.

(iii) Consider the subring A¢ C Q defined in Exercise 1.3.10 and assume
that k N Ag = Z. Then, show that ry(E) = 0 for any element g € G of
finite order with g # 1.

(iv) Assume that G is a Noetherian group, such that k N Ag = Z. Show
that the pair (k, G) satisfies Bass’ conjecture, whereas the group ring kG
has no non-trivial idempotents.

6. Let G be a group, H < G a subgroup of finite index and k a subring of
the field C of complex numbers, such that the pair (k, H) satisfies Bass’
conjecture. We consider the subring A¢ C Q defined in Exercise 1.3.10
and assume that kNAg=Z=kNZ- %, where n = [G : H]. Then, show
that the pair (k, G) satisfies Bass’ conjecture, whereas the group ring kG
has no non-trivial idempotents.

(Hint: Follow the argument in the proof of Proposition 3.39, using the
result of Exercise 5(i),(iii) above.)

" In the special case where R is assumed to be a field this result is due to Malcev
[49]; the simple proof outlined in this Exercise is due to R. Coleman.
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7. A group G is said to satisfy the generalized Bass’ conjecture if the map
ry © Ko(kG) — k is identically zero for any pair (k,g), where k is a
subring of the field C of complex numbers and g € G a group element
whose order is not invertible in k.8 In this way, Exercise 5(ii) implies that
torsion groups satisfy the generalized Bass’ conjecture.

(i) Show that a group G that satisfies the generalized Bass’ conjecture
satisfies (the ordinary) Bass’ conjecture as well.

(ii) Show that a torsion-free group G that satisfies the generalized Bass’
conjecture satisfies the idempotent conjecture.

8 By convention, co is not invertible in any commutative ring.



3.3 Exercises 109

Notes and Comments on Chap. 3. The study of idempotent matrices with en-
tries in a complex group algebra by reduction to positive characteristic was initiated
by A. Zaleskii [75], in order to prove the rationality of r1 (complementing I. Kaplan-
sky’s theorem on the positivity of r1; cf. [38]). This technique was subsequently used
by E. Formanek, who showed in [29] that torsion-free Noetherian groups satisfy the
idempotent conjecture (cf. Corollary 3.31), and H. Bass, who proved Theorem 3.26
in [4]. Bass has also proved in [loc.cit.] that the coefficients of the Hattori-Stallings
rank of an idempotent matrix with entries in a complex group algebra are algebraic
numbers and generate an abelian extension of Q; in that direction, see also [2,24]
and [54]. The relation between the integrality properties of these coefficients and
the torsion of a polycyclic-by-finite group has been studied by G. Cliff, S. Sehgal
and A. Weiss in [13,14] and [74]. P. Linnell’s result is proved in [43], by using
Lemma 3.22, which is itself due to Cliff [12]. In fact, Linnell proved Theorem 3.32
in the case where k = Z is the ring of integers. The case where k is a ring of alge-
braic integers is due to J. Schafer [62], whereas the general case was proved by J.
Moody [53]. Using the homological techniques that will be developed in Chap. 4,
B. Eckmann proved in [19] that solvable groups with finite Hirsch number satisfy
Bass’ conjecture (cf. Corollary 3.44). The validity of Bass’ conjecture for all solvable
groups has been obtained by F. Farrell and P. Linnell [28], by means of K-theoretic
techniques that are beyond the scope of this book. The construction of the solvable
group H, given at the end of the chapter, is due to P. Hall [30].
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A Homological Approach

4.1 Cyclic Homology of Algebras

In this chapter, we present another method that can be used in the study of
the idempotent conjectures, based on cyclic homology. Our goal in this section
is to define the cyclic homology groups of an algebra and then compute these
groups in the special case of a group algebra. This computation will be used
in order to obtain some results on the idempotent and Bass’ conjectures in
the next section.

For any algebra A the 0-th cyclic homology group HCy(A) coincides with
the abelianization T(A) = A/[A, A]. There is an endomorphism S of cyclic
homology of degree —2, which plays an important role in the applications to
the study of idempotents. A fundamental property of cyclic homology is its
relation to K-theory; there are additive group homomorphisms

Chn : KO(A) — Han(A)

for all n > 0, which are compatible with the operator S and coincide with the
Hattori-Stallings rank in degree 0. In this way, the ch,,’s provide a factorization
of the Hattori-Stallings rank through the higher cyclic homology groups. In
the special case where A is the group algebra of a group G, we compute these
cyclic homology groups in terms of the homology of certain subquotients of G.
Hence, in this special case, the Hattori-Stallings rank factors through abelian
groups that can be analyzed using the techniques of homological algebra.

In §4.1.1 we define the Hochschild and cyclic homology groups of an algebra
and establish the relationship between these groups and the corresponding
ones of a matrix algebra with entries therein. In the following subsection, we
construct the K-theory characters ch,, n > 0, and establish some of their
basic properties. Finally, in §4.1.3 we compute the cyclic homology groups of
a group algebra in terms of group homology.

Throughout this section, we work over a fixed field k. Unless otherwise
specified, all tensor products will be over k.
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4.1.1 Basic Definitions and Results

We consider a k-algebra A and the tensor powers A" = A®---@ A, n > 1.
We define for all n > 1 and all ¢ € {0,...,n} the k-linear operator

dn - A®n+1 A®n
7 )
by letting

ap® - ®a;a41 Q- Qap ifi<n

di(a0®"'®an):{anao®a1®...®an_1 1fz:n

for any elementary tensor ag @ - - - ® a, € A"+,

Lemma 4.1 Let A be a k-algebra and d}' the operators defined above. Then,
d?fld" d;l fd:’ whenevern > 2 and 0 <1< j <n.

Proof. We have to verify that both operators agree on any elementary tensor
a=qy® - ®a, € A", For example, if i +1 < j < n then both operators
map a onto ag®- - ® ;11 @ - ®a;a;41 Q- Qa, € A"~ The remaining
cases are left as an exercise to the reader. 0

Using the d}'’s, we now define the operators
bl by AGnFL L, p8n
by letting b, = 37" (=1)¢d} and b, = 3" (—1)d} for all n > 1.

Proposition 4.2 Let A be a k-algebra and consider the operators b, and by,
n > 1, that were defined above.

(i) The compositions b, _1b., and b,_1b, vanish for all n > 2.

(ii) The complex (C(A),b), which is defined by letting C,,(A) = A®"+1
for all n > 0 and whose differential b’ is equal to (b],)n, is contractible.

Proof. (i) Using Lemma 4.1, we compute

— 1,+] n—1 _1)itJ 7,7‘_1 n
Zz<]<n 1 d d +Zn 2>’L>J( 1) d d

’L+J711TL i+j gn—1 jn
(D)l Y pois, TV

( )a+ﬁ+1dn 1dg+z ( )"”d? 1d§L

n—2>i>j

i<j<n—1

as<f<n—2
0

and

IS Capraay
1=0 ] 0
-1 “”d” 1d"+z (1) *idp—tdn

z<]<n ) n— 1>z>_7
)

>,

)

Zz<g<n -1 Z+Jd? 11d:l + Zn 1>z>J - HJdn 1dn
D

=0.

(=)Lt ) (-1 dytdy

a<p<n—1 n—1>i>j



4.1 Cyclic Homology of Algebras 113
(ii) For all n > 0 we consider the k-linear operator

Syt ABFL _, gOnt2

which is defined by letting s,(a0 ® - ®a,) = 1 @ a) @ -+ @ a, for any
elementary tensor ag ® - -+ ® a, € A®"T1 It is easily seen that

ntl . ) Sndi 1 if0<i<n
d; S”_{ id ifz=0

for all n > 0. It follows that

n
V1sn + sno1by = D (—1 d”+1sn—#j£: sn Ldr
= 1d+zrl Csp_1d 1+Z )isp_1d?
n
= 1d+za 0 a+1$ _1dn+z Sn 1d

is the identity operator on A"+ for all n > 0. Hence, the sequence (s, ), is
a contracting homotopy for the chain complex (C(A),V). O

Definition 4.3 The Hochschild homology of a k-algebra A is the homology
of the complex (C(A),b), which is itself defined by letting Cy,(A) = A®"+1
for all n > 0 and whose differential b is equal to (by)n. We denote the n-th
Hochschild homology group of A by HH, (A) for alln > 0.

Examples 4.4 (i) Let A be a k-algebra. Then, the differential b; maps any
elementary tensor a®a’ € AQ A = C1(A) onto aa’ —a’a € A = Cy(A). Hence,
HHy(A) = A/im by is the abelianization T'(A) = A/[A, A].

(ii) If A = k then C,(A) = A®"*1 = [ for all n > 0. The operator
d? : k — k is the identity map and hence the differential b, : k& — k
is the zero (resp. the identity) map if n is odd (resp. even). It follows that
HHo(k) = k and HH, (k) = 0 if n > 0.

Remark 4.5 Let A, B be two k-algebras and f : A — B a morphism of non-
unital algebras, i.e. a k-linear map which preserves multiplication. Taking into
account the form of the differentials (by,),, it follows that

fe= (f®n+1)n 1 (C(A),0) — (C(B),b)
is a chain map. Therefore, there are induced k-linear maps

fn:HH,(A) — HH,(B), n>0.

Let A be a k-algebra. We wish to describe the Hochschild homology groups
of A in terms of the Tor functors of homological algebra (cf. §D.1.3 of
Appendix D). To that end, we consider the algebra A° = A ® A° and view
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the tensor powers A®" n > 1, as (left) A°-modules by letting a ® a’°P € A®
act on A®™ as the operator

AR ® @1 @y — a1 ® A @+ R Ap_1 ® and

G Ra® - ®ap_1 ®a, € A®™. For all n > 2 we consider the A°-module
A® @ A®"=2 which is obtained from the k-module A®"~2 by extension of
scalars, and note that there is an isomorphism of A°-modules

G s AT s A° @ AZP2

which identifies an elementary tensor a1 ® a2 ®@ - -+ ® a1 ® a, € A®™ with
(a1 ®aP) ®azs ® -+ ®anp—1 € A°®@ A®"~2. We may also view A as a right
A¢-module by letting a ® a’? € A° act on A as the operator a; — d’aia ,
a1 € A. Tensoring ¢,, with the identity operator of the right A°-module A,
we obtain an isomorphism of k-modules

Ont A A" — A@ e (A° @ AD"2) o ABNL

which identifies a tensor a ® (a1 ® a2 @ -+ Q@ ap_1 ® ap) € A @4 A®™ with
a1 @ as ® -+ @ an_1 € A9 ! for all n > 2.

Proposition 4.6 For any k-algebra A and any non-negative integer n there
is a natural isomorphism HH, (A) ~ Tor’* (A, A).

Proof. We consider the left A°-modules A®™, n > 2. Since A®" is isomorphic
with the extended A®-module A°® A®"2, it is free and hence projective. It is
clear that the operators d? : A"+ — A®" are A°-linear for all 0 < i < n;
in particular, the operator

b, s ABTL A%
is A¢-linear for all n > 1. We now consider the complex
Foaer bl ges b M gentr i genta e
In view of Lemma 4.2(ii), the augmentation
e=0b:A%? — A

makes

0— A F

an Ac¢-projective resolution of A. Therefore, the groups Tor,‘?e (A, A) can be
computed as the homology groups of the complex A® 4 F. It is an immediate
consequence of the definitions that the following diagram is commutative for
alln>1
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A ®@ge ADNF2 T0EE p@n+l
16, | | b
AR ge A®PHL Prtl g®n
Therefore, the complex A ® 4« F is identified with the Hochschild complex
(C(A),b)

It follows that
Torﬁc(A,A) = H,(A®ae F)~ H,(C(A),b) = HH,(A)

for all n and hence the proof is finished. O

The following result is an immediate consequence of the description of
Hochschild homology in terms of Tor groups. The resulting computation in
Example 4.8 will turn out to be very useful in the sequel.

Corollary 4.7 Let Ay, Ay be two k-algebras and A = A; x As the corre-
sponding direct product. Then, the projection maps from A to the A;’s induce
an isomorphism HH, (A) ~ HH,(A,) ® HH,(As) for all n.

Proof. Since A® decomposes into the direct product of the rings A¢, A5, A1 ®
AP and As @ ATP, the result follows from Proposition D.4(ii) of Appendix D,
in view of Proposition 4.6. O

Example 4.8 Let A = k[o,7]/(6? — 0,72 — 7,07). Then, there is a k-algebra
isomorphism
f:A— kxkxk

which maps @ onto (0,1,0) and 7 onto (0,0,1). Using the obvious extension
of Corollary 4.7 to the case of a direct product of finitely many k-algebras, we
conclude that HH,,(A) ~ HH,,(k)®HH,,(k)®HH, (k) for all n. In particular,
the group HH, (A) vanishes if n > 0 (cf. Example 4.4(ii)).

Let A be a k-algebra. We fix a positive integer ¢ and consider the algebra
M, (A) of t x t matrices with entries in A. As usual, we denote by E;; the
matrix units in M;(A). In order to relate the Hochschild homology groups of
A to those of M;(A), we consider the morphism of non-unital algebras

t: A— M,(A),

which maps any element a € A onto the matrix aFy; € M(A4), and the
induced k-linear maps

tn : HH,(A) — HH,(M;(A)), n >0

(cf. Remark 4.5). Our goal is to prove that the ¢,,’s are isomorphisms. To that
end, we extend the ordinary trace tr : M;(A) — A and define for any n > 0
the k-linear map
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tr, : M (A)®" ! — A®n+l

)

as follows: For any elementary tensor a = agFs,j, ® a1E;,j, ® - R anky;, j, €

M, (A)®"*HL where ag,ay,...,a, are elements of A, we define
ap ® a1 ® -+ Q ayif jo =41, j1 =42, ..., jn_1 = in and j, = ig
trp(a) =
0 otherwise

The behavior of these generalized traces with respect to the operators defining
the Hochschild complex is described in the following result.

Lemma 4.9 Let A be a k-algebra, t a positive integer and M, (A) the algebra
of t xt matrices with entries in A. Then, tr,_1d} = d}'try, for alln > 1 and all
i €{0,1,...,n}, where we have used the same notation for the d-operators that
correspond to both algebras A and My(A). In particular, tr,_1b, = bytr, for

all n and hence Tr = (try,), is a chain map between the Hochschild complezes
of M (A) and A.

Proof. It suffices to check the validity of the equality tr,_;d} = d'tr,, on the
elementary tensors of the form agEj;, ® a1E;,j, ® -+ ® anF;, j,, where the
a’s are elements of A and the E’s the matrix units in M;(A). In that case,
the result follows immediately from the definitions, in view of the way that
the matrix units get multiplied in M;(A). O

Theorem 4.10 (Morita invariance of Hochschild homology) Let A be a k-
algebra, t a positive integer and M(A) the algebra of t X t matrices with
entries in A. Then, for all n the map

tn : HH,(A) — HH,(M,(A))
s an isomorphism with inverse the k-linear map
Tr, : HH,(M(A)) — HH,(A) ,
which is induced by the chain map Tr of Lemma 4.9.

Proof. Tt follows immediately from the definitions that the composition tr, o
1"+ s the identity map on A®™+! for all n > 0. Therefore, the composition

HH,(A) ™ HH,(M(A)) = HH,(A)

is the identity map on HH,,(A) for all n > 0. In order to show that ¢, o Tr,
is the identity map on HH,,(M;(A)), we shall construct a chain homotopy
between the composition (:¥"*1), o (tr,), and the identity map of the chain
complex (C(M¢(A)),b). To that end, we consider for all n > 0 and all s €
{0,1,...,n} the k-linear operator
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¢yt M (A)#" T — M, (4)%"F2
which is defined as follows: For any elementary tensor
a=aoli;, @By, @ - ®a,B;, ; € M (A"
where ag, a1, ...,a, € A, we define ¢”(a) to be the elementary tensor
agBi1 ®a1b11 ® - Q@ ask1 @ By, @ asi1 By, g, @ @anky,j,
if jo =141, j1 =12, ..., js—1 = is and 0 otherwise. It is easily verified that

P rdr ifi<s

s—1 z
drter ifi=s>0
f”lgﬂﬁi:s+1<n+1
e ifi > s+ 1

id ifi=s=0
Bty ifi=s+1=n+1

arlen =

We now consider for all n > 0 the k-linear operator
N ysan . @n+1 @n+2
¢, = Zs:O( 1)%¢y : M¢(A) — M, (A)

and compute

n+1
z+9 n+1n
buia®u=> S LA
_ m—+1 n—+1 n
721+ZQ+23+Z4+d0 ¢0 d”+1
where ), denotes summation over the set {i < s}, >, summation over the

set {i > s+ 1}, >, summation over the set {i = s > 0} and ), summation
over the set {i = s+ 1 <n+ 1}. In view of (4.1), we have

Z + Z ZKS —1)edr Y + Zz>8+1 —1)Feditgr
= Zl<s( 1)z+s¢g fd? Zi>s+1( 1)’L+S¢?71di—1
S DI CE Ve e SR G Vet
= _Zn 1Zn oz+6¢n 1dn
3=0 a= O

= *(pn 1bn

Similarly, we have

n+1 n n m—+1
§ : +§ : 2 :_1 % ¢ 72 :i:1dz z 1
n+1 n dn+1
E : z § : i i—1
i=1 i=1
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Since di ™' ¢p = id and dZﬂd);{ = 1@+, we conclude that

b 1®p = —®, 10, +id — &y,

This is the case for all n and hence ® = (®,,),, is a chain homotopy between

the identity and (:%"*1),, o (tr,,),, as needed. O
Remark 4.11 Let A be a k-algebra. For any positive integer ¢ and any i €
{1,...,t} we may consider the morphism of non-unital algebras

i A— My(A),

which maps any element a € A onto the matrix aF; € My(A). Then, the
induced k-linear map between the Hochschild homology groups

v, HH,(A) — HH,(M,(A))
is an isomorphism for all n; in fact, ¢/, = i, where ¢, is the isomorphism of

Theorem 4.10. Indeed, the composition

I@n+1
A®n+1 L Mt(A)®"+1 tryn A®n+1

is the identity map on A®"*+! for all n > 0 and hence the composition

HH,(A) ~= HH,(M,(A)) 7% HH,(A)

is the identity map on HH,(A) for all n > 0. The result follows, since Tr,, is
an isomorphism with inverse ¢,,.

It is clear that an inner automorphism of a k-algebra A induces the identity
on the abelianization T(A) = A/[A, A]. We generalize this observation, by
proving that such an automorphism induces the identity on all Hochschild
homology groups of A.

Proposition 4.12 Let A be a k-algebra. Then, the conjugation action of the
group U(A) on A induces the trivial action on the Hochschild homology groups
HH,(A), n>0.

Proof. Let g € U(A) be a unit of A and I, : A — A the associated inner
automorphism. We consider the invertible 2 x 2 matrix

G = (g (1)) € GLy(A)

and the commutative diagram
A5 My(A) < A
Iy ] Ie | id |
A My(A) & A
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Here, I denotes the inner automorphism of Ms(A) associated with G and ¢
(resp. ¢') the morphism of non-unital algebras given by a — aFE11, a € A (resp.
a — aFs, a € A). There is a corresponding commutative diagram between
the Hochschild homology groups

HH,(A) = HH,(My(A)) < HH,(A)
Ug)n | (Ic)n | id |
HH,(A) = HH,(Ms(A)) < HH,(A)

where all arrows are isomorphisms, and hence a commutative diagram

’

HH,(A) 5" HH,(A)
(Ig)n l id l

’

HH,(A) " HH,(A)

It follows readily from this that (I,),, is the identity on HH, (A) for all n > 0,
as needed. g

In order to define the cyclic homology groups of a k-algebra A, we consider
the operator
by : A®TL , gontl

which is defined by letting ¢, (ag @ a1 ® - - ®a,) = (—1)"a, ®ag @+ ® ap_1
for any elementary tensor ag ® a; ® - -+ ® a, € A®"HL It is clear that "1 is
the identity operator on A®"*1; therefore, ¢, defines an action of the cyclic
group of order n+1 on A®"*1. The homology of Z/(n+ 1)Z with coefficients
in A®"*1 is the homology of the complex

At it gontt Mo gentt izt gontt Mo (4.2)

where N,, = 7" ¢ (cf. Example D.8(iii) of Appendix D). The following
result describes the behavior of the t’s with respect to the d-operators that

were defined at the beginning of this subsection.

Lemma 4.13 Let A be a k-algebra. Then:
(i) dgtn = (—=1)"dy,
(i) dt, = —tp_1d} 4 for alli> 0 and
_ —1)¢ L qn . if i > i
(iii) drt = Lt ydiy iz
' (=) dn gy 1<

Proof. (i) This is clear, since both operators map an elementary tensor ag ®
a1 ® - ®a, € A9 onto (—1)"ana0 ®a; @ -+ @ an_1.

(ii) This is clear as well, since both operators map an elementary tensor
a®a; @ - @a, € A9 onto (—=1)"a, ®ay @ -+ @ a;_10; @ ... @ ap_1
(resp. onto (—1)"ap—1a, ® a9 ® -+ ® ap_2) if i < n (resp. if i =n).
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(iii) The case where i > j follows by induction on j, in view of (ii) above.
In particular, we have d?t!, = (—1)% _,d? and hence

d?tizﬂ (— 1)it%—1d8tn = (—1)”“152_1612
in view of (i) above. Therefore, if ¢ < j then

dith = (1"t _ydpth " = ()T

and this finishes the proof. O

Corollary 4.14 Let A be a k-algebra. Then, b, (1 —tn) = (1 —tp_1)b), and
bl N,, = Ny,_1by, for alln > 1, where N, = >

zOn

Proof. We compute

=by—) . (D' fn |
= b = (1) - Yo D T ady
=b, =Y (~D)%ady

=V, —t, 1l
= (1 =ty 1)t

where the third equality follows from Lemma 4.13(i),(ii). We also have

o = 31 3 (Ve

ZO<1<]<n 1 1d”t3 + Zo< <z<n d"tJ
ZO<1<7<n n+1+z th 1d2+1+z it

Z <J<’L<n Z jt] d?*j

Zaﬂm( 1)%& L3 +Za+ﬁ<n(—1)ﬂt3_ldg

_Za OZB L Vot dyy

n— 1bn7

where the third equality follows from Lemma 4.13(iii). O

In view of Corollary 4.14, we may consider for any k-algebra A the double
complex Cy.(A) pictured below
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A®n+1 Lot gentl Moo gentl Lote gentl Moo
ba | ~b, | ba | ~b, |
Aen 1t gen Moot gen 1ot gen oo
by | —b, ] b1 | —b |
by | —by | b2 | —by |
482 o ge2 Mope2 I 4e2 M
bi | -v; ] b | —vy ]
A Eoq Ko e g M

The n-th row of the double complex consists of the chain complex (4.2),
computing the homology of the cyclic group of order n+ 1 with coefficients in
A®n+L On the other hand, the even-numbered (resp. odd-numbered) columns
of Cyi(A) coincide with the Hochschild complex (C(A),b) (resp. the acyclic
complex (C'(4),=b")).

Definition 4.15 The cyclic homology of a k-algebra A is the homology of the
total complex TotCyy(A). We denote the n-th cyclic homology group of A by
HC\(A) for alln > 0.

Remark 4.16 Let A, B be two k-algebras and f : A — B a morphism of
non-unital algebras. It is clear that

f** = (f®n+1)n,m : C**(A) — C**(B)
is a chain bicomplex map. Therefore, there are induced k-linear maps

fn:HCL(A) — HCy(B), n>0.

Since Hochschild homology is, in principle, easier to compute than cyclic ho-
mology, the following result turns out to be very useful for computation pur-
poses.

Proposition 4.17 For any k-algebra A there is a graded endomorphism S
of degree —2 of the complex TotC..(A), such that the associated operator in
homology fits into a natural long exact sequence (Connes’ exact sequence)
B I s B I
-— HH,(A) — HC,(A) — HC,_2(A) — HH,_1(A) — ---
By an abuse of language, the operator S will be referred to as the periodicity
operator in cyclic homology.
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Proof. Let S be the endomorphism of the bicomplex C...(A) which vanishes on
the first two columns and maps identically the i-th column onto the (i —2)-th
one for all ¢+ > 2. Then, S induces a surjective endomorphism of the complex
Tot Cyx(A) of degree —2, with kernel K equal to the total complex associated
with the double complex formed by the first two columns of C..(A). Since
the complex (C(A),—b') is acyclic (cf. Proposition 4.2(ii)), Corollary D.2(ii)
of Appendix D implies that H,(K) = H,(C(A),b) = HH,(A) for all n > 0.
Then, the long exact sequence in the statement is the one induced in homology
by the short exact sequence of chain complexes

0 — K — Tot Cy(A) =5 Tot Chy(A)[2) — 0,

where Tot Cy.(A)[2] denotes the chain complex Tot C..(A) with degrees
shifted 2 units to the left. O

Corollary 4.18 Let A be a k-algebra.

(i) The natural map I : HH,(A) — HC,(A) is bijective for n = 0 and
surjective for n = 1. In particular, the group HCy(A) is the abelianization
T(A) = A/[A, A].

(ii) Assume that HH,(A) = 0 for alln > 1. Then, the periodicity operator
S: HCp(A) — HC,_2(A) is bijective for all n > 2.

Proof. (i) This follows from the exact sequence

HHy(A) 5 HC (A) S HO_((A) 2 HHy(A) L HCo(A) S HC_5(A)
and the vanishing of the group HC,,(A) for n < 0.
(ii) This follows from the exact sequence

HH,(A) -5 HC,(A) -2 HC,_5(A) 2 HH,,_1(A)

and our assumption about the vanishing of the Hochschild homology groups
in positive degrees. O

Example 4.19 Since HHy(k) = k and HH,(k) = 0 if n is positive (cf.
Example 4.4(ii)), Corollary 4.18 implies that HC,,(k) = 0 (resp. k) if n is odd
(resp. even and > 0).

Let A be a k-algebra, ¢t a positive integer and M,(A) the algebra of ¢ x ¢
matrices with entries in A. We conclude this subsection by relating the cyclic
homology groups of A to those of M;(A). This relationship will be used in
the following subsection, in order to define the character of an element of
Ky(A) in the even cyclic homology groups of A. We consider the morphism
of non-unital algebras

t: A— M;(A),

which maps any element ¢ € A onto the matrix aFy; € M;(A), and the
induced k-linear maps
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tn: HCp(A) — HC,(M;(A)), n >0
(cf. Remark 4.16). We also consider the generalized traces
tr,, : Mt(A)(Xerl — AL >0,

that were defined earlier. The behavior of the tr,,’s with respect to the oper-
ators defining the cyclic bicomplex is described in the following result.

Lemma 4.20 Let A be a k-algebra, t a positive integer and My (A) the algebra
of t X t matrices with entries in A. Then, tr,t, = t,tr, for alln > 0, where
we have used the same notation for the t-operators that correspond to both
algebras A and M(A). In particular, tr,(1 —t,) = (1 — t,)tr, and tr,N,, =
Nytr, for alln > 0 and hence the tr,’s define a chain map Tr between the
cyclic bicomplezes of M (A) and A.

Proof. It suffices to check the validity of the equality tr,t, = t,tr, on the elem-
entary tensors of the form agE;yj, ® a1E;,j, ®---®ank;, j,, where the a’s are
elements of A and the E’s the matrix units in M;(A). In that case, the result
follows immediately from the definitions. It is clear that we also have tr, (1 —
t,) = (1 = ty)tr, and tr,N,, = Nptr,. Since the tr,’s are compatible with
the d'’s (cf. Lemma 4.9), it follows that they are compatible with the b- and
b'-operators as well. Therefore, they induce a chain map between the cyclic
bicomplexes, as needed. O

Theorem 4.21 (Morita invariance of cyclic homology) Let us consider a k-
algebra A, a positive integer t and the algebra Mi(A) of t X t matrices with
entries in A. Then, for all n the map

tn : HCp(A) — HC, (M (A))
is an isomorphism with inverse the k-linear map
Try : HC,(M(A)) — HC,(A) ,
which is induced by the chain bicomplex map Tr of Lemma 4.20.

Proof. Since the composition Tr,, o ¢, is obviously the identity map on the
group HC,,(A), it suffices to prove that ¢, is an isomorphism for all n. In
view of the naturality of the long exact sequence of Proposition 4.17, the
morphism of non-unital algebras

t:A— M,(A)

induces a morphism of long exact sequences

- HH,(4) 5 HC,(A) 5 HC,a(4) e

] ] imea |
B HH,(M(A)) -5 HC,(My(A)) -2 HC,_5(M,(A)) 2> -



124 4 A Homological Approach

We note that the ¢,,’s are isomorphisms between the Hochschild homology
groups, in view of Theorem 4.10. Therefore, we may prove by induction on n
that the ¢,,’s are isomorphisms between the cyclic homology groups as well,
using the 5-lemma. d

Remark 4.22 Let A be a k-algebra. For any positive integer ¢ and any i €
{1,...,t} we may consider the morphism of non-unital algebras

i A— My(A),

which maps an element ¢ € A onto the matrix aE;; € M;(A). Then, the
induced k-linear map between the cyclic homology groups

v, HC,(A) — HC,, (M, (A))

is an isomorphism for all n; in fact, ¢/, = i, where ¢, is the isomorphism of
Theorem 4.21. Indeed, the composition

HC,(A) 5 HC,(My(A)) 5 HC,(A)

is clearly the identity map on HC),(A) for all n and hence the result follows,
Tr,, being an isomorphism with inverse ¢,,.

As in the case of Hochschild homology, we can now show that inner automor-
phisms of an algebra induce the identity in cyclic homology.

Proposition 4.23 Let A be a k-algebra. Then, the conjugation action of the
group U(A) on A induces the trivial action on the cyclic homology groups
HC,(A), n>0.

Proof. This follows by the same argument as in the proof of Proposition 4.12,

where we use Remark 4.22 instead of Remark 4.11. O

Let A be a k-algebra. We consider two positive integers ¢,¢ with ¢ < ¢’ and
let

7= Jtwr + My(A) — My (A)
be the morphism of non-unital algebras, which maps a t x £ matrix X with

X 0). Then, 7 induces k-linear

entries in A onto the ¢ x ¢’ matrix 3(X) = ( 00

maps between the cyclic homology groups
In s HC(My(A)) — HC,,(My(A)), n>0

(cf. Remark 4.16). The following result shows that these maps are compatible
with the Morita isomorphisms.
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Lemma 4.24 Let A be a k-algebra. For any pair (t,t') of positive integers
with t <t and any integer n > 0, there is a commutative diagram

HC,(My(A)) T HC,,(A)
ol |
HC,(My(A)) X2 HC,(A)
Proof. In view of the definition of the generalized traces, the following diagram
is commutative for all n > 0

Mt(A)®"+1 tra A®n+1

2t |

M, (A)@n+1 L, gontl

This clearly finishes the proof. O

4.1.2 The Relation to K-theory

Our goal in the present subsection is to describe the relationship between
the Ky-group of a k-algebra A and the cyclic homology groups of A. More
precisely, we construct additive group homomorphisms

Chn : KO(A) — HCQH(A)7 n Z 0 ;

that have the following properties:

(i) chg : Ko(A) — HCy(A) = T(A) is the Hattori-Stallings rank and

(ii) S och,, =ch,_q for all n > 1.

Hence, the ch,,’s provide factorizations of the Hattori-Stallings rank chg = rgg
through the higher even cyclic homology groups of the algebra.

If e € A is an idempotent, we consider the element e®*+! ¢ A®7+! and
note that d (e®" 1) = e®™ for all 0 < i < n. It is equally clear that the
endomorphism ¢, of A®"+1 acts on e®"*! as multiplication by (—1)". The
following result describes the behavior of the e®”*!’s with respect to the
differentials of the cyclic bicomplex.

Lemma 4.25 Let A be a k-algebra and e € A an idempotent. Then:
(1) ban (e®2”+1) =e®2" for alln > 1,
(i) by, (e¥%) = e®?" =L for alln > 1,
(iii) (1 — tan—1)(e®?") = 2¢®?" for alln > 1 and
(i) Nop (22" T1) = (2n + 1)e®2"+ for alln > 0.

Proof. Assertion (i) is clear since by, (e®2”+1) is the alternating sum of 2n+1
copies of €¥?", whereas (ii) follows since b, _; (¢¥") is the alternating sum

of 2n — 1 copies of e®?"~1. Finally, assertions (iii) and (iv) are consequences
of the equalities t,_1 (e¥%") = —e®2" and ty,, (2" +1) = ¢®2n+L, O
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Proposition 4.26 Let A be a k-algebra and e € A an idempotent.
(i) The element

—1)"(2n)! gonr1 (Z1)"2n)! oo, (17120 —2)! oo, 4
fn(e) = (( )TL'( ) €® + ,( 2)(7L(') 6® ,< )(n( 1)' ) €® ,)

is a 2n-cycle of the complex TotCy.(A) for alln > 0 and
(i) If S is the endomorphism of the complex TotC..(A) defined in Propo-
sition 4.17, then S(€,(e)) = &n—1(e) for alln > 1.

Proof. (i) In view of Lemma 4.25, we have

b2n <(1)1:!(2n)!6®2n+1> = (1 —tan-1) <(12)(7;(§n)!e®2”)

and

()

for all n > 1. It follows that the chain &, (e) € (Tot Cyi(A))ay is indeed a cycle
for all n > 0.

(ii) This is an immediate consequence of the definition of S, in view of the
form of the &,(e)’s. O

Remarks 4.27 (i) Let A be a k-algebra and e € A an idempotent. Then,
&(e) =e € A= (Tot Cys(A))o and hence the cyclic homology class [{p(e)] is
the residue class of e € A in the quotient A/[A, A] = HCy(A).

(ii) Let A, B be two k-algebras and f : A — B a morphism of non-unital
algebras. If e € A is an idempotent then f(e) € B is also an idempotent and
[En(f(e)] = fanlén(e)] € HCoy,(B) for all n, where

f2n : HOQn(A) — HCQn(B)
is the k-linear map induced by f (cf. Remark 4.16).

We now establish a key additivity property of the cyclic homology classes that
are associated with idempotent elements as above.

Lemma 4.28 Let A be a k-algebra and e, f € A two orthogonal idempotents.
Then, e+ f € A is an idempotent and [£,(e+ f)] = [En(e)]+[&n(f)] € HCapn(A)
for alln > 0.

Proof. We consider the universal k-algebra R = k[o,7]/(0? — 0,7% — T,07T)

on two orthogonal idempotents s = @ and ¢t = 7 and the homomorphism of
k-algebras A : R — A, which is given by s +— e and ¢t — f. Then, the induced
k-linear map

)\2n : Han(R) — HCQn(A)
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is such that Ao, [€,(8)] = [€n(A(s))] = [€n(e)] (cf. Remark 4.27(ii)) and, sim-

ilarly, Aon[6n(t)] = [§n(f)] and A2n[§n(s + )] = [§u(e + f)] for all n > 0.
Therefore, in view of the additivity of Ag,, it suffices to prove that

[€n(s + )] = [€n(s)] + [€n(t)] € HCon(R) (4.3)

for all n. We note that (4.3) is valid for n = 0, since [§o(s + t)] = s + ¢,
[€0(s)] = s and [£0(t)] = t in the group HCy(R) = R (cf. Remark 4.27(i)).
Since the Hochschild homology groups of R vanish in positive degrees (cf.
Example 4.8), we may invoke Corollary 4.18(ii) in order to conclude that

S": HCy,(R) — HCy(R) =R
is an isomorphism for all n > 0. Then, (4.3) follows since

S™&n(s +1)]

s+1)]

$o(
[%)} [€o(1)]
(

= 5"[En(5)] + 5™ [€n(2)]
= 5"([&n(s)] + [€a (D))

for all n > 0. In the above chain of equalities, the first and the third ones
follow from Proposition 4.26(ii). O

Let A be a k-algebra, t a positive integer and E an idempotent ¢ X ¢ matrix
with entries in A. For any integer n > 0 we define the cyclic homology class
ch, (E) € HC5,(A) as the image of the class [£,(E)] € HC2,(M;(A)) under
the map

TI'Qn : HCQn(Mt(A)) — Hcgn(A)

defined in §4.1.1; in other words, we define ch, (E) = Tra,[¢,(F)].

Proposition 4.29 Let A be a k-algebra.
(i) We consider two positive integers t,t' with t < t' and the morphism of

non-unital algebras

7=t My(A) — My (A)
which maps a t X t matriz X with entries in A onto the matriz %(8) If
E € M,(A) is an idempotent matriz and E' = j(E) € My (A), then ch,(E) =
chn(E') € HCoy,(A) for all n.

(ii) If t is a positive integer, E € M(A) an idempotent and G € GL:(A)
an invertible matrix, then ch,(E) = ch,(GEG™') € HCy,(A) for all n.

(iii) Let t1,ta be positive integers and E1, Ey idempotent matrices with
entries in A of sizes t1 and to respectively. Then, the idempotent matriz B =
(%1 E(') ) is such that chy,(E) = chy(F1) + chy(E2) for all n.

2

(iv) Let t be a positive integer and E € M(A) an idempotent matriz.
Then, chy(E) is the Hattori-Stallings rank rgs(E) € A/[A, A] = HCy(A).
Moreover, S(ch,(E)) = ch,—1(E) for alln > 1.
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Proof. (i) We fix an integer n > 0 and consider the commutative diagram

HCay(My(A)) T2 HCy(A)
J2n J, ||
HCo, (My(A)) ™28 HCh, (A)

of Lemma 4.24. In view of Remark 4.27(ii), we have [{,(E")] = [, ((E))] =
J2n[€n(E)] and hence

Chn(El) = Tr2n[£n(El)] = (Tr2n 0.72n)[§n(E)] = Tr?n[fn(E)] = Chn(E) .

(ii) The cycle &,(GEG™1!) is obtained from the cycle &,(E) by letting the
inner automorphism I € Aut(M;(A)) associated with G act on the cyclic
bicomplex of M;(A). Since I induces the identity operator on the cyclic
homology of M;(A) (cf. Proposition 4.23), we have [¢,(GEG™1)] = [£,(E)] €
HC5,(M(A)) and hence

h, (GEG™) = Tro,[€0(GEG™)] = Tron[€,(E)] = ch,(E) € HCy,(A)

for all n.

(iii) We fix a non-negative integer n and consider the idempotent matrices
E| = <E01 8), E} = <8 E02) and EY = (%2 8) in My, 14, (A). In view of (i)
above, we have ch,(E;) = ch,(E}) and ch,,(F2) = ch, (FY). Since the matri-
ces E} and FY are conjugate, it follows from (ii) that ch, (E%) = ch,(E}) and
hence ch, (Es) = ch,(E5). Applying Lemma 4.28 to the orthogonal idempo-
tent matrices Ff and Ej, we conclude that

[6n ()] = [6n(ED)] + [6n(E3)] € HCon(My, 44, (A))

and hence
Chn(E) = Trap, [gn( /)}
1

E
= Try,[€ n(E )] + Tron [€n (E)]
= ch,(F}) + ch,(E%)
= ch,, (1) + ch, (Ey) .

(iv) First of all, we note that £ (E) = E (cf. Remark 4.27(i)). Since
trg : My(A) — A is the usual trace map, cho(E) = Trg[&o(E)] = Tro[E] =
[tro(E)] = [tr(E)] is indeed the residue class of the trace of E in the quotient
group A/[A, A] = HCy(A). In order to prove the final claim, we compute

S(chy(E)) = (S 0 Tra,)[€n(E)]
= (Trap—2 0 5)[€n(E)]
= Trop—2[S(6n(E )])]

= Trop—2[n—1(E)
—Chn_l(E)
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for all n > 1. In the above chain of equalities, the second one follows since the
Tr,’s are compatible with the periodicity operators', whereas the fourth one
results from Proposition 4.26(ii). O

In the following theorem, we reformulate the results obtained above in K-
theoretic terms.

Theorem 4.30 Let A be a k-algebra. Then, for any non-negative integer n
there is an additive group homomorphism

Chn : Ko(A) i HCQn(A) 5

such that the sequence (chy,)n has the following properties:
(i) chg is the Hattori-Stallings rank and
(i) S o chy = chyp—1 for alln > 1.
The chy,’s will be referred to as the Connes-Karoubi character maps.

Proof. We fix a positive integer n and consider the cyclic homology classes
ch,(E) € HC3,(A) that are associated with idempotent matrices E with
entries in A as above. In view of Remark 1.32, the assertions proved in Propo-
sition 4.29(i),(ii),(iil) imply the existence of a group homomorphism

Chn . Ko(A) — HCQn(A) s

which maps the K-theory class of an idempotent matrix E as above onto
ch, (E). Then, Proposition 4.29(iv) shows that the ch,’s have properties (i)
and (ii) in the statement and hence the proof is finished. O

Remark 4.31 In the special case where k is a field of characteristic 0 and A
the algebra of regular functions on a smooth affine algebraic variety X over
k, the cyclic homology groups of A can be expressed as a certain direct sum
of de Rham cohomology groups of X. Moreover, a vector bundle V' over X
determines an element [V] in the Ky-group of A and the Connes-Karoubi
characters ch,,[V] defined in Theorem 4.30 recover the classical Chern charac-
ters of V. The reader can find a detailed exposition of these results in Loday’s
book [44].

4.1.3 The Cyclic Homology of Group Algebras

In the previous subsections, we defined the cyclic homology groups of a k-
algebra A and established the relationship between these groups and the K-
theory group Ky(A). With an eye to the applications we have in mind, we
now assume that the field k& has characteristic 0 and specialize the previous
discussion to the case where A = kG is the group algebra of a group G,
which will remain fixed throughout this subsection. Our goal is to study the
structure of the inverse systems

! Note that the Tr,’s are induced by a chain bicomplex map; cf. Exercise 4.3.1.
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2 HCon (kG) -5 HChp o (kG) -2 -+ 55 HCY(KG)
and
s s s s
e HCQnJrl(kG) e HCanl(kG) — s — HCl(kG) .
In analogy with the decomposition

HCy(kG) = T(kG) = P k- [gl, (4.4)
we shall obtain a decomposition of the inverse systems above into a direct
sum of inverse systems, indexed by the set C(G) of G-conjugacy classes.

For any element g € G we consider its centralizer Cy in G and the quotient
group N, = Cy/ < g>. Using group homology in even degrees, we define the
inverse system X" (g, k) = (X2"*"(g, k)),, as follows:

lglec(@)

e If g has finite order then

Xvaen(g7 k) = @i:OHQi(Ngv k)
for all n > 0. In particular, X§""(g,k) = Ho(Ng4, k) = k. We note that
Xeven(g, k) = X2 (g, k) @ Hapn(Nyg, k) and define the structural map
X7 g, k) — X5 (. h)

to be the natural projection with kernel Ha,(Ng, k) for all n.
e If g has infinite order we consider the central extension
1—27z-% Cy— N, —1

and let oy € H%(N,, Z) be the corresponding cohomology class (cf. §D.2.2
of Appendix D). We now define

X3 (g, k) = Han(Ng, k)
for all n, whereas the structural map
X3""(g,k) = Han(Ng, k) — Hapn—2(Ng, k) = X777 (g, k)
is the cap-product with the cohomology class oy (cf. §D.2.3 of Appendix
D). In this case too, we have X§V" (g, k) = Ho(Ng, k) = k.

In exactly the same way, using group homology in odd degrees, we can asso-
ciate with any element g € G an inverse system X°%(g, k).

Remark 4.32 For any g € G the isomorphism type of the centralizer C,
depends only upon the conjugacy class [g] € C(G) and the same is true for the
quotient Ny, = Cy/ <g>. In fact, it is clear that the isomorphism types of the
inverse systems X°V*"(g, k) and X°%(g, k) depend only upon the conjugacy
class [g] of g.

We can now state the main result of this subsection on the structure of the
inverse system (HC\2,(kG), S)n, w = 0,1, as follows:
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Theorem 4.33 There is a natural decomposition of inverse systems

(ch+2n(kG)a S)n = @[Q]GC(G)X (97 k) ’
where the parity w can be even(= 0) or odd(= 1). In the even case, this
decomposition generalizes the decomposition of (4.4).

Proof. The strategy of the proof (which will occupy the remainder of this
subsection) will be to replace the double complex C..(kG) with another dou-
ble complex I'..(G, k), which admits itself a natural decomposition into the
direct sum of subcomplexes indexed by the set C(G) of G-conjugacy classes,
and then compute the homology of the total complexes that are associated
with each one of these subcomplexes.

Let M be the right kG-module which is equal to kG as a k-vector space
with right G-action given by the rule m - g = g~ 'mg for all ¢ € G and all
m € M; here, g"'mg denotes the usual product of elements in M = kG.
We also consider the G-set G"*! with diagonal action and the associated
kG-module S, (G, k) = k[G"*1] for all n. We now let

T (G, k) = M @ra Sn(G, k)

and prove the following result, relating the T',,(G, k)’s to the tensor powers
Cn(kG) = kG®" T n > 0.

Lemma 4.34 (i) There is a natural isomorphism of k-vector spaces
0, : Cn(kG) — T, (G, k) ,

which maps an elementary tensor go @ g1 ® -+ ® gn € Cpn(kG) onto the
tensor gogi -+ gn @ (90,9091, - -+, 9091 gn) € Tn(G,k) for any elements
90,915 --,9n € G and any n > 0.

(i) There is a natural decomposition of k-vector spaces

I.(G. k)~ P

where T (g, k) = k ®ro, Su(G, k) for all g € G and all n. The embedding
(g, k) — T (G, k) identifies the element 1 @ (go,-..,9n) € T'n(g, k) with
9@ (g0, ---,9n) € Tn(G k) for all g,g0,-..,9, € G and all n > 0.

Fn 7k7
wec@ "9 k)

Proof. (i) Let us consider the k-linear map
M Tn(G k) — CL(EG)

which maps an elementary tensor m® (go, - .-, gn) € I'n(G, k) onto the tensor
g, tmgo ®g0_191 ® - ® gyt ign € Cn(kG) for all m € M, go, ..., g, € G and
n > 0; here, g, 'mgo denotes the usual product of elements in M = kG. It is
easily seen that 7, is well-defined; in fact, it is the inverse of 8,, for all n.
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(ii) For any g € G we consider the kG-submodule M, = @zg[g] k-xz of M.
Then, there is a natural isomorphism of right kG-modules

M, =~ k @c, kG

which identifies g € My with 1®1 € k ®kc, kG. Since M = @ y1cc(q) My (as
right kG-modules), we have an associated decomposition

(G, k) = M Qe Sh(G, k)
- @[g]GC(G)Mg Qre Sn (G, k)

~ k LG (G k

69[9]60(@)( ke, )@kg ( )

~ k Sn(G, k
Dhiccio)f Sres Sn(G:H)
= (g, k
Dyjecie 0P

for all n, as needed. g

By means of the isomorphisms (6,,),, the differentials of the double complex
C.«(kG) induce certain differentials on the bigraded k-vector space I'y. (G, k),
which is defined by letting I';;(G, k) = I';(G, k) for all 4,5 > 0. In order to
identify these differentials, we consider for all n > 1 and all ¢ € {0,1,...,n}
the k-linear map

or : Sn(G, k) — Sp—1(G, k),

which is defined by letting 67 (go, .- -, 9n) = (g0, -+, Gis - - - » gn) for any element
(90, - -5 9n) € G™1; here, the symbol ~ over an element denotes omission of
that element. It is clear that the k-linear maps 6;* are, in fact, kG-linear for
all n,i. We also consider the kG-linear maps

(5n . Sn(G7k) — nfl(Gvk) )

which are defined by letting 8, = > .- ,(—1)6!" for all n > 1. Then, as noted
in Proposition D.6(i) of Appendix D, the §,,’s define a kG-free resolution of
the trivial kG-module k

k< So(Gk) S8 81 (G k) S O s Gk B (45)
Moreover, if we define the kG-linear maps
8 Sn(Gy k) — S,—1(GL k),

by letting 6/, = E;:Ol(—l)ié[” for all n > 1, then the §/,’s induce a contractible
chain complex
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So(G.k) <& 8,(Gok) <2 s (G

(cf. Proposition D.6(ii) of Appendix D). We now define the k-linear operators

6 :Tn(G k) — D1 (G, k)

by letting gi" =1®¢6? for alln > 1 and ¢ € {0,1,...,n}. Similarly, we define
the k-linear operators

5n( ) (gak) - Fn—l(g, k)

by letting 07(g) = 1 ® 6" for all n > 1,4 € {0,1,...,n} and g € G. The
operators just defined are related to the operators d} that were defined in
84.1.1, as described in the following result.

Lemma 4.35 (i) The diagram

Co(kG) 2 T,(G,k)
ar | Lap
Crr (kG) 22 01 (G K)

is commutative for alln > 1 and i € {0,1,...,n}.
(i) The diagram
(g, k) — T,.(Gk)
B ON Lep
Fn_l(g, k‘) — Fn_l(G, k)

whose horizontal arrows are the embeddings of Lemma 4.34(ii), is commuta-
tive for allmn > 1,47 € {0,1,...,n} and g € G.

Proof. Both assertions are immediate consequences of the definitions. |
Using the gf’s, we define the operators
Bn :Tn(G k) — Tp_1(G,k) and ), : T, (G, k) — Tp_1(G, k) ,

by letting B, = 37, (=1)10" = 1® 6, and £, = S} (=1)i6" = 1 ® 4/, for
all n > 1. Similarly, for all n > 1 and all g € G we define the operators

Bnlg) : Tnlg, k) — Tnoi(g, k) and 5(9) : Tnlg, k) — Tu_i(g, k) ,

by letting B,,(g) = 31 o(—1)701'(g9) and B,(g) = S0 (~1)'67(g); we note
that (,(9) = 1® 0, and 3],(g) =1® 4.

Corollary 4.36 (i) The compositions Bn—10n and B),_10, wvanish for all
n > 1.
(i) The 0,,’s induce an isomorphism of chain complezes
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where T(G, k) = (T,(G, k))n and 8 = (Bpn)n. Hence, the Hochschild homology
groups of kG are naturally identified with the homology groups of the complex
(I(G, k), B).

(iii) The 0,,’s induce an isomorphism of chain complexes
0:(CkG), V) — (T(G,k),3),

where 8 = (B),)n- In particular, the chain complex (I'(G, k), 8") is contractible
and hence acyclic.
(iv) There are natural decompositions of chain complexes

(N(G.k),8) = EP (T(g, k), B(g))

lg]eC(G)

and

(F(G’ k)aﬁl) = @[g]GC(G)(F(g7 k)vﬁ/(g)) )

where T(g,%) = (Ta(g: ), B9) = (Bu(@))n and F(g) = (By(g))n for al
geqG.
(v) There is a natural isomorphism

HHn(k‘G) =~ @ Hn(Cgak)

l[g]ec(G)
for alln > 0.

Proof. Assertions (i), (ii), (iii) and (iv) follow from Lemma 4.35, in view of
Lemma 4.34. Viewing the acyclic complex (4.5) as a kCj-free resolution of
the trivial kCy-module k, we conclude that the chain complex (I'(g, k), 8(g))
computes the homology groups of C, with coeflicients in k£ for all g € G.
Therefore, assertion (v) follows from (ii) and (iv). O

The action of the cyclic group of order n + 1 on Cy,(kG) induces, by means
of 0, an action on I',,(G, k) for all n > 0. In order to find a formula for this
latter action, we consider the k-linear operator

Tn : Tn(G k) — T (G, E)

which is defined by letting g ® (go,..-,9n) — (=1)"9 ® (97 9n, 905+ Gn_1)
for any elements g, go,...,9n, € G. It is easily seen that 7, is a well-defined
operator, such that 77+! is the identity on I',,(G, k). Similarly, for any g € G
we consider the k-linear operator

7u(9) : Tnlg, k) — Tnlg, k) ,

which is defined by letting 1 ® (go,...,9n) — (—=1)" @ (97 gn, 905+ > Gn_1)
for any elements gg,...,g, € G. In this case too, one can easily verify that
7n(g) is well-defined and 7, (g)"*! = id.
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Lemma 4.37 (i) The diagram

Cp(kG) 2 T, (G, k)
tn ] 1
C(kG) 2 T, (G, k)

is commutative for all n > 0.
(ii) The diagram
(g, k) — T(G, k)
(9) | L
I'n(g, k) = I'n(G, k)

whose horizontal arrows are the embeddings of Lemma 4.34(ii), is commuta-
tive for allm >0 and oll g € G.

Proof. Both assertions are immediate consequences of the definitions. |

We now consider the double complex I, (G, k), which is defined by letting
Ii;(G, k) =T;(G,k) for all 4, j > 0 and whose differentials are given in anal-
ogy with those of the double complex C..(kG), by replacing the b,’s (resp.
the b]’s, resp. the t,’s) with the (,’s (resp. the f.’s, resp. the 7,’s). The
appropriate commutation rules for the differentials of T',.(G, k) follow from
the corresponding ones for C..(kG), in view of Corollary 4.36(ii),(iii) and
Lemma 4.37(i). Moreover, the 2-periodicity of the double complex T, (G, k)
in the horizontal direction enables us to define a surjective endomorphism S of
it, in analogy with the corresponding operator defined on the cyclic bicomplex
of kG. In particular, there is an induced chain map

S : Tot T, (G, k) — Tot T, (G, k)[2] - (4.6)

Similarly, for any element g € G we consider the double complex T..(g, k),
which is defined by letting I';;(g,k) = T'j(g,k) for all 4,5 > 0 and whose
differentials are given in analogy with those of the double complex Ci.(kG),
by replacing the b,,’s (resp. the b, ’s, resp. the t,,’s) with the 3,(g)’s (resp. the
B.,(g)’s, resp. the 7,(g)’s). We also consider the chain map

S TotTyi(g, k) — TotTwi(g, k)[2] , (4.7)

which is induced from the endomorphism S of the double complex T, (g, k)
that vanishes on the first two columns and maps identically the i-th column
onto the (i — 2)-th one for all ¢ > 2.

Corollary 4.38 (i) The 0,,’s induce an isomorphism of double complezes
0 : Cii(kG) — T (GLE) .

In particular, the homology groups of the chain complex TotT'..(G,k) are
naturally identified with the cyclic homology groups of kG.
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(ii) There is a natural decomposition of double complexes

I..(G. k)~

In particular, the cyclic homology groups of kG decompose into the direct sum
of the homology groups of the complexes TotT .. (g,k), [g] € C(G).

(#ii) The periodicity operator S associated with kG is induced by the chain
map (4.6), in view of the identification of (i) above, and decomposes into the
direct sum of the operators induced by the chain maps (4.7), in view of the
decomposition of (ii) above.

F** ak .
l[glec(@) (9. %)

Proof. Assertion (i) follows from Corollary 4.36(ii),(iii) and Lemma 4.37(i),
whereas (ii) is a consequence of Lemma 4.34(ii), in view of Corollary 4.36(iv)
and Lemma 4.37(ii). Finally, assertion (iii) is an immediate consequence of
the definitions. O

We complete the proof of Theorem 4.33 by computing the homology groups
of the complexes Tot I',. (g, k) for all g € G. In fact, we shall prove that there
is a natural isomorphism of inverse systems

(Hw+2n(TOtF**(gvk))7S)n = XW(QJC) (48)

for all ¢ € G, where the parity w can be even (= 0) or odd (= 1) and S is
the periodicity operator induced by the chain map (4.7). To that end, we
consider an element g € G and let C' = C be its centralizer in G. We define

(g, k) = k ®pc Sp(C, k) and consider the map

Yo : Tn(g, k) — Ty, k) ,

which is induced by the inclusion S, (C, k) — S, (G, k) for all n. This latter
inclusion being a split monomorphism of kC-modules (cf. Exercise 4.3.2), we
conclude that the k-linear map =, is injective for all n. It follows that the v,,’s
define a monomorphism of double complexes

v : L9, k) — Tuulg, k)

where f**(g, k) is the double complex which is defined by letting fij (g,k) =
fj (g9, k) for all 4,5 > 0 and whose differentials are given by the same formu-
lae as the corresponding ones for T',. (g, k).2 Furthermore, the operator S on
.. (g, k) restricts along 7 to an operator S on I..(g, k).

Lemma 4.39 For any element g € G the monomorphism of double complezes
v : Twi(g, k) — Tis(g, k) defined above is a quasi-isomorphism. In particular,
there is a natural isomorphism of inverse systems

2 More formally, T'..(g, k) is the double complex associated with the pair (C,g),
in the same way that the double complex I'..(g, k) is associated with the pair

(G, 9).
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(H@+Qn<7btf**gpk0>,5)n::(EﬂHgn(Ith%Ag,kD,S)n,

where the parity w can be even (= 0) or odd (= 1).

Proof. In view of Proposition D.1(i) of Appendix D, it suffices to show that
~ induces isomorphisms between the homology groups of the columns of the
double complexes. As far as the even-numbered columns are concerned, we
note that the inclusion

(S(C,k),d) — (S(G,k),d)

is a morphism of kC-projective resolutions of k lifting the identity. Hence, the
chain map

v (f(% k)’ﬁ(g)) — (I(g, k), B(g))

is a quasi-isomorphism, identifying the homology groups of both sides with
H.(C,k). Concerning the odd-numbered columns, we note that the complex
(T'(g,k), =" (g)) is acyclic, in view of Corollary 4.36(iii),(iv). The same re-
sult, applied to the group C' and its element g, shows that the complex

(f(g, k), 75’(9)) is acyclic as well. 0

In view of Lemma 4.39, the existence of a natural isomorphism as in (4.8) for
an element g € G is equivalent to the existence of a natural isomorphism

(mﬁ%@mid%m)@ngxw%@,

where the parity w can be even (= 0) or odd (= 1). In other words, we may
replace the pair (G, g) with the pair (C, g). Changing notation, it suffices to
prove the existence of a natural isomorphism as in (4.8), under the assumption
that g is central in G.

Therefore, we fix a central element g € G and consider the double complex
Tiw = Tuk(g, k). We recall that

o TI'yi=T;=Fk®ieS;(G, k) for all 4,j > 0.

e The even-numbered columns consist of the complex (T',3(g)) that com-
putes the homology groups of G with coefficients in k.

e The odd-numbered columns consist of the complex (', —3'(g)), which is
acyclic.

e The n-th row of Iy, is the complex

Nn(9)

1-7n(g) 1-7n(9)
— — I, «— .-

FTL FTL

that computes the homology of the cyclic group of order n+ 1 with coeffi-
cients in T',, where the action is given by means of the operator 7,(g),
which maps 1 ® (go,...,9n) onto (=1)" @ (¢ gn,g0,---,gn_1) for all
goys---,9n € Gq.
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In order to identify the homology of the complex Tot 'y, we distinguish two
cases:

Case I: Assume that g € G is a central element of finite order. We consider
the quotient group G = G/ < ¢g> and the identity element T € G. In the same
way that the double complex I, is associated with the pair (G,g), we may
consider the double complex T.. associated with the pair (é, T). ‘We note that

the quotient map 7 : G — G induces a surjective map of double complexes
7 Dy — D

Lemma 4.40 The chain bicomplex map 7 : Ty, — T, defined above is a
quasi-isomorphism. In particular, there is a natural isomorphism of inverse
systems

(Hyqon(TotT ), S)p ~ (Hergn(Totf**),S)n

for any parity w.

Proof. In view of Proposition D.1(i) of Appendix D, it suffices to show that the
maps induced by 7 between the homology groups of the columns of the double
complexes are isomorphisms. This is clear for the odd-numbered columns,
since the relevant homology groups vanish (cf. Corollary 4.36(iii),(iv)). As far
as the even-numbered columns are concerned, we have to show that the chain
map

m: (T, 8(g)) — (T, 5(1))

is a quasi-isomorphism. In other words, we have to show that
Tt Ho (G k) — H, (G, k)

is an isomorphism for all n. This latter assertion follows from Proposition
D.21 of Appendix D, since k is (by assumption) a field of characteristic 0,
whereas the kernel of the surjective group homomorphism 7 : G — G is
finite. Finally, being a chain bicomplex map, 7 induces a map between the
homology groups of the corresponding total complexes that commutes with
the relevant periodicity operators S (cf. Exercise 4.3.1). This proves the last
assertion in the statement and finishes the proof of the lemma. O

In order to compute the homology of the complex Tot ', we consider for any
n > 0 the k-linear endomorphism g, of S, (G, k) = k[@nﬂ}, which is given
by letting

on(@0,- s wn) = Gt Dy (F1)7 (@00, Ton)

for any elements xzg,...,z, € G. Here, A, ,; is the group of permutations
of the set {0,1,...,n}, whereas for any o € A, we define & to be the
cardinality of the set of crossings {(¢,7) : 0 < i < j < n and i > 0j};
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then, (:1)5 is the sign of 0. We also consider the k-linear endomorphism 7,
of Sy, (G, k), which is given by letting

Tn(Zo, ..y xn) = (=1)"(zn, 0, - ., Tn—1)

for any elemerits 20,...,Tn € G. It is clear that the k-linear maps o, and 7,
are, in fact, kG-linear.

Lemma 4.41 (i) We have 9, = 9, © Ty, for all n.
(ii) The on’s induce a chain endomorphism of the resolution (4.5), that
corresponds to the group G, lifting the identity map of k.

Proof. (i) This is an immediate consequence of the definitions, since the per-
mutation (0,1,...,n) — (n,0,...,n—1) of {0,1,...,n} has n crossings.

(ii) Since the endomorphism gy is the identity operator on Sy (G, k), the
following diagram commutes

k<= S0 (G k)
I le
k< So(G, k)

It remains to prove that (g,), is a chain map, i.e. that the following diagram
commutes for all n > 1

Su1(G, k) <= S, (G, k)
enor | L e
Su1(G, k) <= S,(C, k)

To that end, we fix an (n + 1)-tuple x = (zg,...,2,) € " and compute

50000 = 0 Gy 2 (V20

_ 1 E o

- (n¥D)! T — (_1) §n($0'0; ce 7xan)

— 1 E § :n F+i —~

= - i:O(il) + (Iqo,...,fﬂgi,...,zgn)

Qn—lén(x) = On—1 [ijo(fl)j (:C07 o 7@3 ce axn)i|
= ijo(_m 0n1(T0s -y Ty vy )
_1\™" i+7
= mzjzoZTeA(_l)H (@705, Tr(jm1), Tr(j1)s -+ Trn) -

We note that in the very last summation the summand corresponding to
the pair (j,7) is interpreted by viewing 7 € A, as a permutation of the
set {0,...,7 — 1,7+ 1,...,n}. The equality 6,0, = 0n—10, is therefore a
consequence of the following result. O
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Lemma 4.42 Letn be a positive integer, j a non-negative integer with j < n
and T a permutation of the set {0,...,5— 1,7+ 1,...,n}. Then:

(i) There are precisely n+ 1 pairs (i,0), where i is a non-negative integer
with i < n and o a permutation of the set {0,...,n}, such that the sequences

(10,...,7(j = 1),7(j + 1),...,™) and (00,...,0(i —1),0(i+1),...,0n)

coincide.
(i1) For any pair (i,0) as in (i), we have j + 7 =i+ ¢ (mod 2).

Proof. (1) Having chosen an arbitrary element i € {0,...,n}, there is a unique
permutation o € A, 1 with the required property; namely, the one which is
defined by letting

(00,...,0(i—1),0(i+1),...,0n)=(70,...,7(j = 1),7(j + 1),...,7n)

and oi = j.
(ii) Let o be defined as above, corresponding to the choice of an element
i €{0,...,n}. In order to compute &, we have to count the cardinality of the

set of crossings
A={(z,y):0<z<y<nand oz > oy} .

Let A; be the set consisting of those pairs (z,y) € A for which z # i # y; it

is clear that
cardA; =T . (4.9)

We now consider the subsets A, and A3 of A, that consist of the pairs of
the form (i,y) and (zx,7) respectively. Since oi = j, it follows that there are
exactly card Ay elements of the set {i + 1,...,n} and i — card A3 elements
of the set {0,...,7 — 1} that are mapped under o into the set {0,...,5 — 1}.
Therefore, it follows that

card Ao +i—card A3 =5 . (4.10)

Since A is the disjoint union of A;, As and Asz, we conclude from (4.9) and
(4.10) that

o =card A = card Ay + card Ay + card A3 =7 +i+j (mod 2)
and hence the proof is complete. O

The kG-linear endomorphism g,, of S,, (é, k) induces a k-linear endomorphism
pn =10, of T,, =k ®ra Sn (57 k) for all n. We recall that the cyclic
group of order n + 1 acts on I',, by means of the operator 7, (T), which maps
1® (xo,...,2Tyn) onto (—1)" ® (zy, o, . - ., Tn—1) for any elements zg,...,z, €
G, therefore, 7, (1) = 1 ® 7.
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Corollary 4.43 (i) We have p, = pn o Ty (T) for all n.
(i) The py,’s induce a quasi-isomorphism

(T (1) — (T.6(1))
Proof. Both assertions are immediate consequences of Lemma 4.41. O

We now consider the double complex f;*, whose even-numbered columns
consist of the complex (F, ﬂ(T)) and whose odd-numbered ones vanish. Then,
Corollary 4.43(i) implies that there is a chain bicomplex map

= =/
p:F** _>F** ’

whose components are the p,’s between the even-numbered columns and the
zero maps between the odd-numbered ones. Since the maps induced by p
between the homology groups of the columns of the double complexes are iso-
morphisms (this is a consequence of Corollary 4.43(ii) for the even-numbered
columns and Corollary 4.36(iii),(iv) for the odd-numbered ones), Proposition
D.1(i) of Appendix D implies that p is a quasi-isomorphism. Being a chain
bicomplex map, p induces a map between the homology groups of the corre-
sponding total complexes that commutes with the relevant periodicity oper-
ators S (cf. Exercise 4.3.1). Hence, there is a natural isomorphism of inverse
systems

(Horrzn (Tot T ), 8) = (Hovizn (Tot ), S ) (4.11)
for any parity w. On the other hand, it is clear that

Hn(Totf;*) P, Ho-a )= B, Ho2(C. )

for all n > 0. Moreover, the periodicity operator S of the double complex f;*
induces for any n > 0 a k-linear map

S H, (Totf;*) s n_g(Totfl**) ,

which is identified with the natural projection of 69120 H,_o; (é, k) onto
®j>0 H, 9 9; (é, k) = @D,~; Hu-2i (é, k) with kernel H,, (57 k) It follows
that for any parity w there is an equality of inverse systems

(Hw+2n (Tot r**),s)n = X“(g,k) .

In view of Lemma 4.40 and (4.11) above, this establishes the existence of a
natural isomorphism as in (4.8), in the case where g is a central element of
finite order.

Case II: We now consider the case where g € G is a central element of in-
finite order. For any integer n > 0 we let o,(g) be the k-linear endomor-
phism of S, (G, k), which is defined by mapping (go, .., gn) € Sn(G, k) onto
(=1)"™"(97 9n,90,- - -, gn_1) for any (n+1)-tuple (go, .. ., gn) of elements of G.
Since g is central in G, the k-linear map o,(g) is, in fact, kG-linear.
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Lemma 4.44 (i) The operator 1 —o,(g) € EndyaSn(G, k) is injective for all
n > 0.

(ii) 85 on(g) = (=1)"08 for alln > 0.

(#i) 870, (g) = —0n—1(g)0F_ 1 for alli > 0.

() §,(1 — 0,(g9)) = (1 — 00—1(g))d}, for all n > 0.
In particular, there is an injective chain map

1- U(g) : (S(Ga k)v(sl) - (S(Gvk)aé) y
where S(G, k) = (Sp(G,k))n, 6" = (8),)n and § = (dp)n.

Proof. (i) If x € S,,(G, k) is annihilated by 1 — 0,,(¢g), then = 0,(g)z and
hence r = 0,,(g)" " . Since the iterate o, (g)" ™! is multiplication by g~!, we
conclude that (1 — g~ 1)z = 0. We now consider the cyclic subgroup H of G
generated by g and note that the group algebra kH is isomorphic with the k-
algebra of Laurent polynomials in one variable; in particular, kH is an integral
domain. Since S, (G, k) is free as a kG-module, it is free as a kH-module as
well (cf. Lemma 1.1(ii) and Remark 1.6(i)). It follows that left multiplication
by 1 — g~ ! is injective on S, (G, k) and hence x = 0.

Assertions (ii) and (iii) are immediate consequences of the definitions (see
also Lemma 4.13(i),(ii)).

(iv) This can be proved in exactly the same way as the first equality
of Lemma 4.14 was proved, using (ii) and (iii) above, instead of Lemma
4.13(1),(ii). O

We are interested in the cokernel T'(g) of the chain map 1 — o(g) of Lemma
4.44; it is the chain complex of kG-modules

51 b5g 5 On
To(g) <= Ti(g) <= - <= T, (g) PRI

)

where T),(g) = S,,(G, k)/im(1 — 7,,(g)) for all n and the §’s are induced from
the §’s by passage to the quotient. We claim that g acts trivially on T, (g) for
all n. Indeed, for any z € S,,(G, k) we have

r—g e =z—on(9)""a

)
(1 - Un(g)n+l)
= (1=ou(@) (3] onl9)'x)

and hence z — g~ 'x € im(1 — 0,(g)). Being a kG-module, im(1 — o,,(g)) is
invariant under the action of g and hence gr—z = g(z—g~ ') € im(1—0,(g)),
as needed. Therefore, the action of G on T, (g) defines by passage to the
quotient an action of the quotient group G = G/ < g > on T,(g). In other
words, T}, (g) can be endowed with the structure of a kG-module, in such a
way that the restriction of that structure along the natural k-algebra map
kG — kG is the given kG-module structure.
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Lemma 4.45 The kG-module T, (g) defined above is projective for all n.

Proof. Let us consider the kG-module
T)(9) = Sy (G, k) /im (1 — Jn(g)"“) = S5,(G,k)/(1— g’l)Sn(G7 k).
If H = <g> is the cyclic subgroup of G generated by g, then
T!(g) = k Qrr Sn(G, k) = k @k kG @rc Sn (G, k) ~ kG @rc Sn(G, k)

(cf. Remark 1.6(ii)). Since S, (G, k) is a free kG-module, it follows that T (g)
is a free kG-module. Therefore, in order to prove that T}, (g) is a projective
kG-module, it suffices to show that it is a direct summand of T7,(g). We note
that the image of the endomorphism 1 — o, (g)" ™! of S,,(G, k) is contained in
that of 1 — 0,,(g); hence, there is a kG-linear map

m: T (g9) — Ta(g) ,

which is induced from the identity of S,,(G, k) by passage to the quotient. We
also consider the kG-linear endomorphism

f=a1> onl9) s Su(Gok) — Su(Gyk) .

We note that f(1 —o,(g)) = %_H(l — 0,(9)"™!) and hence f maps the kG-

submodule im(1 — o,(g)) into im(1 — o, (g)"**). It follows that f induces by
passage to the quotient a kG-linear map

¢:Tnlg) — T,(9) -

Moreover, 1 — f = (1 — 0,(g))% for some endomorphism 1 of S, (G, k) and
hence z— f(x) € im(1—0,(g)) for all x € S,,(G, k). Therefore, the composition
m o ¢ is the identity on T, (g) and hence T, (g) is a direct summand of T (g)
as a kG-module, as needed. O

In degree 0, the endomorphism og(g) of So(G,k) = kG maps any element
x € kG onto g~ 'z. Therefore,

To(9) = So(G, k)/im(1 — 00(g)) = kG/(1 — g~ kG = kG
and hence we may consider the augmentation ¢ from Ty(g) = kG to k.

Lemma 4.46 The chain complex

k< To(g) 25 Ti(g) < oo 2T, (g) 22 -

is a kG-projective resolution of the trivial kG-module k.
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Proof. In view of Lemma 4.45, we know that T}, (g) is a projective kG-module
for all » > 0. In order to prove exactness, we consider the short exact sequence
of the augmented chain complexes

(SG KLY | Lo ( (5G8),0) (7(9).5)
00— l — el — el —0.
0 k k

Since the first two complexes are acyclic (cf. Proposition D.6 of Appendix D),
the associated long exact sequence in homology shows that the third complex
is acyclic as well. O

It is an immediate consequence of the definitions that the kG-linear en-
domorphism o, (g) of S,(G,k) induces the k-linear endomorphism 7,(g) of
Ty, =Tu(g,k) = k ke Sn(G, k); in other words, 7,(g9) = 1 ® 0,(g) for all
n. We know that 7,,(g)"*! is the identity on I',, and hence 7,,(g) defines an
action of the cyclic group of order n + 1 on I';. We note that

Hy(Z/(n+1)Z,T,) =T, /im(1 - 7,(9)
=k @1 (Sn (G, k) /im(1 — on(9))) (4.12)
=k®rc Ty ( ) -

In general, the homology groups of Z/(n+ 1)Z with coefficients in T',, may be
computed from the n-th row of the double complex T',,.

Lemma 4.47 There is a natural isomorphism H,(TotT'..) ~ H, (é, k) for
alln > 0.

Proof. Since k is a field of characteristic 0, Maschke’s theorem implies that
the homology groups of Z/(n + 1)Z with coefficients in I';, vanish in positive
degrees (cf. Example D.8(ii) of Appendix D). It follows that the horizontal
homology of the double complex I',, is concentrated in the 0-th column, where
it is given by the groups k ®ra Tn(g), n > 0 (cf. (4.12)). Moreover, the
differential induced on k ®rg T'(9) = (k ®kc Tn(g))n from the differential
B(g) = 1® 6 of the 0-th column of T',, by passage to the quotient is equal
to 1 ® 9, in view of the identification of (4.12). Then, Corollary D.2(i) of
Appendix D implies the existence of a natural isomorphism

H,(TotT,) ~ H, (k ®xc T(9),1 ®6)

for all n > 0. Since k ®rg T(9) = k ®,z T'(g), the proof follows by invoking
Lemma 4.46. g

In view of Lemma 4.47, in order to establish the existence of a natural iso-
morphism as in (4.8), in the case where g € G is a central element of infinite
order, it only remains to identify the periodicity operator
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S Hp(TotTww) — Hp—o(Tot Tuy)
with the cap-product map
afn_: Hn(éJc) — n,g(é, k) ,

which is associated with the cohomology class a € H? (@, Z) that classifies
the central extension

1—7Z-%5G6—G—1.

The proof of the latter assertion will be omitted, since it requires tools from
homotopy theory that are beyond the scope of this book. The interested reader
may consult on that matter the bibliographic sources listed at the end of the
chapter.

4.2 The Nilpotency of Connes’ Operator

We are now ready to use the results of the previous section, in order to study
the idempotent conjectures for groups that satisfy a certain homological con-
dition. This homological condition is equivalent to the nilpotency of Connes’
operator on those components of the cyclic homology of the group algebra
that correspond to conjugacy classes of elements of infinite order. It will turn
out that the resulting class C of groups is closed under several group theoretic
operations, thereby providing us with many examples of groups that satisfy
the idempotent conjectures.

In §4.2.1, we explain the rationale behind the definition of class C and
prove that groups that are residually contained in C satisfy Bass’ conjecture.
In the following subsection, we prove that C contains all abelian groups and
is closed under subgroups, free products and finite direct products. We also
examine the extent to which C is closed under extensions and establish the
relevance of class C in the study of the idempotent conjecture.

4.2.1 Idempotent Conjectures and the Nilpotency of S

Let k£ be a subring of the field C of complex numbers, G a group and kG the
corresponding group algebra. We are interested in idempotent n x n matrices
E with entries in kG. In the case where the idempotent conjecture for a
torsion-free group G is concerned, we have k¥ = C and n = 1. In the case of
Bass’ conjecture, k is a subring of C with £k N Q = Z, n any positive integer
and G any group. For any element g € G with g # 1 we examine the vanishing
of the complex number r4(E). The relevance of the equality r,(E) = 0 for the
idempotent conjecture stems from Proposition 3.15. In fact, we may restrict
our attention to the case where the element g has infinite order. Indeed, if it
is the idempotent conjecture that we are interested in, then G is a torsion-free
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group and hence any element g € G \ {1} has infinite order. On the other
hand, we already know that r4(E) = 0 if g # 1 is an element of finite order
and k a subring of C with kN Q = Z (cf. Corollary 3.35).

We are therefore lead to examine the vanishing of the additive map

rg: Ko(kG) — k

in the case where g € G is an element of infinite order. In view of the naturality
of r, with respect to coefficient ring homomorphisms (cf. Proposition 1.46),
it suffices to prove the vanishing of the additive map

rqg : Ko(CG) — C.

We note that the latter map is the composition of the Hattori-Stallings rank
ras : Ko(CG) — T(CG), followed by the projection 7y of the C-vector
space T'(CG) = CG/[CG, CG] = Dec(q) C - [#] onto C - [g] = C. Then,
Theorem 4.30(i) implies that r, coincides with the composition

Ko(CG) % HCH(CG) = T(CG) 22 C .

For the remainder of this section, we use the following notational conventions,
that apply to any element g € G of infinite order: We denote by C, the cen-
tralizer of g in G and let N, be the quotient of Cy by the infinite cyclic group
generated by g. In addition, we denote by o, € H*(N,,Z) the cohomology
class that classifies the central extension

1—2z-%0,— N, —1

(cf. §D.2.2 of Appendix D). Using Theorems 4.30(ii) and 4.33, we obtain for
all n > 1 the following commutative diagram

Ko(CG) L% HCy, (CG) 2% Xeven(g, C) = Hyp(N,, C)
” sm l J, l agﬁ,

Ko(CG) 2 Hegce) X% ¢ = ¢

(Note that the n-fold composition of cap-product maps with the cohomology
class ay is the cap-product map with the class ay; cf. Corollary D.15(iii)
of Appendix D.) Here, 7, denotes also the projection of HC5,(CG) =
Dujccie) Xn'"(z,C) onto the summand X;""(g,C) = Hau (N, C). For
later use, we record the following immediate consequence of the above discus-
sion.

Observation 4.48 Let k be a subring of the field C of complex numbers, G
a group and g € G an element of infinite order. Then, the map

ry: Ko(kG) — k
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is identically zero if there exists a positive integer n, such that the cap-product
map

ay N _: Hyp(Ng, C) — Ho(N,,C) ~C

is the zero map.

Lemma 4.49 Let N be a group and o € H*(N,Z) a cohomology class. Then,
the following conditions are equivalent:
(i) The image aq of a in the cohomology group H'(N, Q) is zero.
(i) The cap-product map o N _: H;(N, Q) — Ho(N, Q) ~ Q vanishes.
(#ii) The cap-product map o N _: H;(N,C) — Hy(N,C) ~ C vanishes.

Proof. First of all, we note that the cap-product maps
an_: H(N,Q) — Hp(N,Q) ~Q
and
aqN—: Hi(N,Q) — Ho(N,Q) ~ Q

coincide (cf. Proposition D.14(i) of Appendix D). Hence, the equivalence
(1)« (ii) follows since the dual Q-vector space Homqg (H;(N, Q), Q) is isomor-
phic with the cohomology group H*(N, Q), in such a way that the cap-product
map

aqN_: H;(N,Q) — Hy(N,Q) ~Q

is identified with aq € H*(N, Q) (cf. Corollary D.17 of Appendix D).
Since the trivial N-module C is a direct sum of copies of the trivial -
module Q, the cap-product map

an_:H{(N,C) — Hy(N,C)~C
is a direct sum of copies of the cap-product map
an_:H;(N,Q) — Hy(N,Q) ~Q.
The equivalence (ii)«(iii) follows readily from this. O

For any group N the cup-product endows the Q-vector space H*(N,Q) =
@, H'(N,Q) with the structure of an associative Q-algebra (cf. Corollary
D.13(i) of Appendix D). In view of the discussion above, we define a class C
of groups, as follows:

Definition 4.50 The class C consists of those groups G that satisfy the fol-
lowing condition: For any element g € G of infinite order the image (ag)q of
the class oy in the cohomology ring H*(N,, Q) is nilpotent.?

3 In this case, we say that a, is rationally nilpotent.
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Remarks 4.51 (i) One way of proving the rational nilpotency of a cohomology
class is by expressing it as a pullback of another class, which is already known
to be rationally nilpotent. More precisely, let us consider a morphism of central

extensions
1—7Z—C — N —1

| ! L

1—Z7Z—C"— N —1

and let o € H?(N,Z) and o/ € H*(N',Z) be the corresponding cohomology
classes. Then, « is rationally nilpotent if this is the case for o/. Indeed, o =
f*a/ is the pullback of o/ along f and hence aq = (f*a/)q = f* (ab). The
nilpotency of aq follows, since

ffH*(N',Q) — H*(N,Q)

is a Q-algebra homomorphism (cf. Corollary D.13(iii) of Appendix D).
(ii) A group G is contained in C if and only if for any subgroup C C G
and any central extension

1—Z72Z—C—N—1

the corresponding cohomology class o € H?(N,Z) is rationally nilpotent. It
is clear that this condition is sufficient for G to be a group in C. Conversely,
let G € C and consider a central extension as above. If g € C' C G is the image
of 1 € Z, then C is contained in the centralizer Cj of g in G and hence there
exists a morphism of extensions

1—Z-% 0 —N—1

I l !

1—>Zi>Cg—>Ng—>1

Since a4 is rationally nilpotent, it follows from (i) above that « is rationally
nilpotent as well.

The relevance of class C in the study of the idempotent conjectures is il-
lustrated by the next result. Recall that a group G is said to be residually
contained in C if for any element g € G with g # 1 there exists a normal
subgroup K <G, such that g ¢ K and G/K € C.

Theorem 4.52 Let G be a group.
(i) If G is residually contained in C, then G satisfies Bass’ conjecture.
(i) If G € C is torsion-free, then G satisfies the idempotent conjecture.

Proof. (i) Assume on the contrary that G is residually contained in C and does
not satisfy Bass’ conjecture. Then, there exists a subring k of the field C of
complex numbers with kN Q = Z, an idempotent matrix E with entries in kG
and an element g € G\ {1}, such that r4(E) # 0. In view of Theorem 3.32(i),
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there exists an integer u > 0 such that g is conjugate to its n*-th power for all
n > 1. Let K <G be a normal subgroup, such that g ¢ K and G = G/K € C.
Then, the image § = gK of g in G is non-trivial and conjugate to its n%-th
power for all n > 1; in particular, g is an element of infinite order. We now
consider the morphism of central extensions

1—>Zi>Cg—>Ng—>l

I ! l

1—>Zi>C§—>N§—>1

where the vertical arrows are induced by the quotient map G — G. Since G €
C, the cohomology class oy classifying the bottom row is rationally nilpotent.
In view of Remark 4.51(i), the same is true for a,; hence, there exists n > 0
such that

(ag)a =((ag)Q)" =0 € H™(Ny, Q) .

We now invoke Lemma 4.49, in order to conclude that the cap-product map
a; n_: Hgn(Ng,C) — HQ(Ng,C) ~ C
is the zero map. Therefore, Observation 4.48 implies that the map
Ty Ko(kG) — k

is the zero map as well. In particular, r4(£) = 0 and this is the desired
contradiction.

(ii) Let G be a torsion-free group contained in C and e € CG an idempo-
tent. We fix an element g € G \ {1} and note that g has infinite order. Since
G € C, we may conclude (using Lemma 4.49 and Observation 4.48, as in the
latter part of the proof of (i) above) that the map

rg 1 Ko(CG) — C

is identically zero. In particular, 74(e) = 0. Since this is the case for any ele-
ment g € G\ {1}, Proposition 3.15 implies that e is trivial. Hence, G satisfies
the idempotent conjecture, as needed. O

Remark 4.53 In the following subsection, we will complement Theorem
4.52(ii) and prove that the idempotent conjecture is also satisfied by groups
that are residually contained in the class of torsion-free groups in C (cf. Propo-
sition 4.56).

4.2.2 Closure Properties

Having introduced the class C of groups, we illustrated its importance in the
study of idempotents in group algebras, by proving Theorem 4.52. In order
to obtain specific examples of groups that satisfy the idempotent conjectures,
we establish in the present subsection the closure of C under several group
theoretic operations.
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Proposition 4.54 All torsion and all abelian groups are contained in C.

Proof. Tt is clear that torsion groups are contained in C. On the other hand,
let C' be an abelian group and g € C' an element of infinite order. Then, the
extension

1—Z2-%C—N-—1

is classified by a rationally trivial cohomology class ay, € H*(N,Z), i.e. we
have (ay)q =0 € H*(N, Q). Indeed, (a,)q classifies the central extension

1—Q—C — N —1,

where C’ is the quotient of the direct product Q x C' by its normal subgroup
{(—=n,g™) : n € Z} (cf. §D.2.2 of Appendix D). Since the group C' is abelian,
the same is true for C’. In view of the divisibility of Q, the above extension
of abelian groups splits and hence the cohomology class (ay4)q is trivial, as
claimed. O

Proposition 4.55 The class C has the following properties:
(i) C is closed under subgroups,
(i) C is closed under finite direct products and
(#i) C is closed under free products.

Proof. (i) This is an immediate consequence of Remark 4.51(ii).

(ii) Let (G;); be a finite family of groups that are contained in C and
G =[], Gi the corresponding direct product. If g = (g;); € G is an element
of infinite order, then g; € G; is an element of infinite order for some index 3.
We fix such an i and consider the morphism of central extensions

1—>Zi>Cg—>Nq—>1

| l !

1—Z% 0y — N, — 1

Here, Cy, denotes the centralizer of g; in G;, Ny, = C,, / <g; > and the vertical
arrows are induced by the i-th coordinate projection map G — Gj;. Since
G; € C, the cohomology class oy, € H%(N,,,Z) classifying the bottom row is
rationally nilpotent. In view of Remark 4.51(i), the same is true for the class
og. This being the case for any element g € G of infinite order, we conclude
that G € C.

(iii) Let G1, G2 be two groups contained in C and G = G; * G their free
product. In order to show that G € C, we consider an element g € G of infinite
order and distinguish two cases:

Case 1: The conjugacy class [g] does not meet the union G; U Ga. Using
the structure theorem for free products, one can show that, in this case, the
centralizer Cy is infinite cyclic (cf. Exercise 4.3.3). It follows that the quotient
N, = C,/ < g> is finite and hence the group H?(N,, Q) is trivial (cf. Example
D.8(ii) of Appendix D); in particular, (og)q = 0.
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Case 2: The conjugacy class [g] meets the union G; U Gs. Since the triple
(Cy, Ny, ay) depends, up to isomorphism, only upon the conjugacy class of g
(cf. Remark 4.32), we can assume that g € G1 U G, say g € G1. Then, Cy
coincides with the centralizer C 4 of g in G; and the quotient N, coincides
with the corresponding quotient N , = C1 4/ <g>. In this way, o, classifies
the central extension

1—>Zi>01,g—>N1,g—>1.

Since G € C, it follows that oy is rationally nilpotent.

Taking into account Cases 1 and 2, we conclude that the group G is con-
tained in C.

Now let (G;)ier be any family of groups contained in C and G = ;¢ G, the
corresponding free product. Using induction on the cardinality of the index
set I, one can show that G € C if I is finite. In order to show that G € C in the
general case, we consider an element g € G of infinite order. Then, there is a
finite subset I’ C I, such that g € G’ = *;cp G;. Since Cy coincides with the
centralizer C!’} of g in G’ € C, we may conclude as before that the cohomology
class ay is rationally nilpotent. Therefore, it follows that G € C. a

We are now ready to prove the generalization of Theorem 4.52(ii), that was
promised in Remark 4.53. We denote by C,, the class consisting of those
torsion-free groups that are contained in C.

Proposition 4.56 Let G be a group which is residually contained in Cso.
Then, G satisfies the idempotent conjecture.

Proof. Let e = Zg egg9 € CG be an idempotent, where ¢4 € C for all g € G.
We consider the subset A = suppe = {g € G : e, # 0} C G. It is a finite set
and hence there exists a finite family of normal subgroups (K;); of G, such
that:

(i) G/K; € Cx for all i and

(ii) the set A maps injectively under the canonical group homomorphism
G — I, G/K;.

In view of Proposition 4.55(ii), the product group [], G/K; is contained
in Coo. Therefore, Theorem 4.52(ii) implies that the image of e in the complex
group algebra of [[, G/K; is equal to either 0 or 1. It follows that card(A) <1
and hence e must be itself equal to either 0 or 1. O

We now examine the extent to which C is closed under group extensions. We
note that a group G is said to have finite homological dimension over Q if
there exists an integer n, such that H;(G,V) = 0 for all ¢ > n and all QG-
modules V. The smallest such n is the homological dimension hdqG of G over
Q (cf. §D.2.1 of Appendix D).

Lemma 4.57 Let C be a group and A < C a normal subgroup, such that
hdg(C/A) < c0. If g € A is an element of infinite order, which is central in
C, then the following conditions are equivalent:
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(i) The cohomology class o € H*(C/<g>,Z) classifying the extension
1—Z-%5%C—C/l<g>—1

is rationally nilpotent.
(ii) The cohomology class o/ € H*(A/<g>,Z) classifying the extension

1—Z-5A—A/<g>—1

is rationally nilpotent.

Proof. The implication (i)—(ii) follows from the principle of Remark 4.51(i).
In order to show that (ii)—(i), we consider the extension of groups

1—A/<g>—C/<g>— C/A—1.

Then, the associated Lyndon-Hochschild-Serre spectral sequence (cf. Theorem
D.20 of Appendix D) provides us with a decreasing filtration (F?H™), on the
cohomology group H"(C'/<g>,Q) for all n > 0, such that:

o FUH"=H"(C/<g> Q) and F"* H" =0,
FPH™/FPTYH™ is a subquotient of HP(C'/A, H" P(A/<g>,Q)),

o FLH™= ker(H"(C’/<g>, Q) == H”(A/<g>,Q)> and
o if3€ FPH™ and # € FP'H™ , then U3 € Frto gn+n',
If d = hdg(C/A) then

HP(C/A, HY(A]<g>,Q)) = Hom(H,(C/A, Hy(A/<g>,Q)), Q)= 0

for all p > d; here, the first equality follows applying Proposition D.16(ii) of
Appendix D. It follows that FPH™ = FPYLH™ for all p > d and hence

Fd-‘rlHn — Fd+2H7L _ Fd+3Hn —...=0

for all n. Since the cohomology class o’ = res(a) € H*(A/ <g>,Z) is assumed
to be rationally nilpotent, there exists n > 0 such that

res(agy) = res(aq)” = res(a)y = ag =0 € H>™(A)<g>,Q) .
Then, ag € F'H?" and hence ag(UHl) = (aa)d"'l epdtig2ndtl) — g O

Proposition 4.58 Let G be a group and K <G a normal subgroup, such that
both groups K and G/K are contained in C. If hdq(G/K) < oo then G € C
as well.

Proof. In order to show that G € C, let us consider a subgroup C < GG and a
central extension
1—Z2-%5C—N-—1.
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We have to show that the corresponding cohomology class o € H?(N,Z) is
rationally nilpotent (cf. Remark 4.51(ii)). We let § = gK be the image of g in
G = (/K and distinguish three cases:
Case 1: Assume that g =1 € G, i.e. that g € K. Then, A = KNC is a normal
subgroup of C containing g and we may consider the morphism of central
extensions

1—Z-25A—A/<g>—1

| ! !

1—7Z -5 C—0C/<g>—1

Let o/ € H?(A/ < g>,7Z) be the element classifying the top row. Then, o/
is rationally nilpotent since A < K € C. We note that the group C/A =
C/(K N C) has finite homological dimension over Q, being isomorphic with
a subgroup of G (cf. Proposition D.9(i) of Appendix D). Therefore, Lemma
4.57 implies that the cohomology class « is rationally nilpotent as well.

Case 2: Assume that § € G is an element of finite order n. Since ¢" € K, it
follows from Case 1 above that the class 3 € H?(C/ < g™ >,Z) that classifies
the central extension

1*>Zg—">C*>C’/<g">—>l

is rationally nilpotent. We now consider the morphism of central extensions

1—>Z£>C’—>C’/<g">—>1
nl I L=

1—7Z-%50— N — 1

and note that 7*a = nf (cf. Proposition D.10 of Appendix D); it follows
that the class 7*« is rationally nilpotent as well. We note that the group
homomorphism

7:C/<g">— N

is surjective with kernel a cyclic group of order n; hence, the induced map
™ H'(N,Q) — H'(C/<g">,Q)

is an isomorphism for all ¢ (cf. Proposition D.21 of Appendix D). Since
m™(aq) = (7*a)q, we conclude that the cohomology class « is rationally
nilpotent.

Case 3: Assume that § € G is an element of infinite order. In this case, we
consider the morphism of central extensions

1—Z-%C —N—1
| ! !
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where the vertical arrows are induced by the projection G — G. Since G € C,
the cohomology class ag classifying the bottom row is rationally nilpotent.
Taking into account Remark 4.51(i), we conclude that « is rationally nilpotent
as well. d

Having proved Proposition 4.58, we now consider the class consisting of those
groups G € C with hdqG < oo.

Definition 4.59 The class € consists of those groups G that satisfy the fol-
lowing two conditions:

(i) hdqG < oo and

(i1) hdgN, < oo for any element g € G of infinite order.

Proposition 4.60 The class £ consists of those groups G € C for which
th(; < 00.

Proof. Let G be a group contained in £. Then, by assumption, the homo-
logical dimension of G over Q is finite. In order to prove that G € C, let
us fix an element g € G of infinite order. Since hdqlV, < oo, the ho-
mology group Ha,(N,, Q) is trivial for n > 0 and hence H*"(N,, Q) =
Hom(Hj,(Ng,Q), Q) = 0 for n > 0 (cf. Corollary D.17 of Appendix D).
In particular, the cohomology class oy is rationally nilpotent. Since this is the
case for any element g € G of infinite order, we conclude that G € C.

Conversely, let G be a group contained in C with hdqG < oco. In order to
prove that G € £, we consider an element g € GG of infinite order. Then, there
exists an integer n > 0, such that hdqG < 2n and (ay)g =0 € H**(N,y, Q).
We shall prove that hdqV, < 2n — 1, i.e. that H;(Ny, V) = 0 for all QN,-
modules V' and all i > 2n. Let us fix a QNgy-module V; we denote by V' the
QC -module obtained from V' by restriction of scalars along the quotient map
QC; — QN,. Being a subgroup of G, the group Cj has finite homological
dimension over Q; in fact, hdqCy < hdqG < 2n (cf. Proposition D.9(i) of
Appendix D). It follows that the homology group H;(Cy, V') is trivial for all
1 > 2n + 1. On the other hand, Proposition D.22 of Appendix D shows that
there are exact sequences

agN—

Hi(Cy, V') — Hi(Ng, V) == H;—2(Ng, V) — Hi—1(Cy, V')
for all ¢ > 0. Therefore, the cap-product map
agN—: Hi(Ng, V) — Hi_5(Ng, V)
is an isomorphism for all ¢ > 2n + 2. It follows that the composition
agn— agn— agn—

Hi+2n(Ng7V) I i+2n72(Ngvv) I — Hi(Ngvv)v

is an isomorphism for all 7 > 2n. This composition coincides with the map
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Oég n_: Hi+2n(Ng,V) — Hl(Ng,V)

(cf. Proposition D.14(iii) of Appendix D) and hence with the map
(O‘g)a N Hiy2,(Ng, V) — Hi(Ng, V)

(cf. Proposition D.14(i) of Appendix D). Then, our assumption about the
vanishing of the class (ay)g implies that H;(Ng, V) = 0 for all i > 2n, as
needed. g

Corollary 4.61 (i) An abelian group G is contained in E if and only if
thG < Q.

(ii) The class € is closed under subgroups, extensions and free products of
families of groups of uniformly bounded homological dimension over Q.

Proof. (i) Since abelian groups are contained in C (cf. Proposition 4.54), this
is an immediate consequence of Proposition 4.60.

(ii) We note that the group operations under consideration preserve the
finiteness of the homological dimension (cf. Proposition D.9 and Corollary
D.19 of Appendix D). Hence, the result follows from Proposition 4.60, in view
of Propositions 4.55 and 4.58. O

We conclude with a few explicit examples.

Examples 4.62 (i) If G is an abelian group of finite rank, then hdqG is finite
(cf. Exercise D.3.1 of Appendix D). Therefore, Corollary 4.61 implies that £
contains all solvable groups with finite Hirsch number. In this way, Theorem
4.52(1) provides us with an alternative proof of Corollary 3.44.

(ii) The inclusion & C C is strict, since there are abelian groups of infinite
homological dimension over Q; cf. Exercise D.3.1 of Appendix D. In fact, the
group ‘H that was constructed at the end of §3.2.3 is an example of a finitely
generated solvable group, which is contained in C (cf. Exercise 4.3.5), while
having infinite homological dimension over Q (as it contains an infinite direct
sum of copies of Q as a subgroup).

(iii) If G is a finitely generated metabelian group, then G € C (in view
of Propositions 4.54 and 4.58). In particular, Theorem 4.52(i) implies that G
satisfies Bass’ conjecture. Invoking Exercise 1.3.9(ii), we conclude that any
metabelian group satisfies Bass’ conjecture.

4.3 Exercises

1. We are interested in chain bicomplexes C = (Cj;); j>0, which are 2-
periodic in the horizontal direction; by this, we mean that the chain com-
plexes D; = (Cj;); and D19 = (Ci42,); are identical for all i > 0, whereas
the horizontal differentials d” : Cit1; — Cj; and dh - Citzj — Citaj
coincide for all 4,5 > 0.
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(i) Show that for any chain bicomplex C, which is 2-periodic in the hor-
izontal direction, there is a chain bicomplex map which vanishes on the
first two columns and maps identically the i-th column onto the (i — 2)-th
one for all ¢+ > 2. We denote by S the induced endomorphism of degree
—2 of the homology of the associated chain complex Tot C.

(ii) Let C,C" be two chain bicomplexes, which are 2-periodic in the hor-
izontal direction, and ¢ : C' — C” a chain bicomplex map. Show that
the induced maps in homology are such that S’ oy, = ¢, _20 S for all n.
Here, we denote by S, S’ the homology endomorphisms that correspond
to C and C’ respectively.

. Let k be a commutative ring.

(i) Consider a group H, an H-set X, an H-invariant subset ¥ C X and
the permutation kH-modules M = k[X] = @D, x k- -z and N = k[Y] =
@D,y k- y. Show that N is a direct summand of M.

(ii) Let G be a group, H C G a subgroup and n a non-negative integer.
Show that the inclusion S,,(H, k) C S,(G, k) is a split monomorphism of
kH-modules, where S,,(H,k) = k[H""1] and S,,(G, k) = k[G"F1].

. Let G1, G5 be two groups, G = G * G2 their free product and g € G an

element which is not conjugate to any element of G; or G3. Show that
the centralizer Cy of g in G is an infinite cyclic group.

. Let G be a group. For any g € G we denote by C, the centralizer of g in

G and consider the quotient Ny = Cy/ < g>. Show that the following two
conditions are equivalent:

(i) G € & (cf. Definition 4.59),

(if) hdqNy < oo for any element g € G.

. Let 'H be the group that was constructed at the end of §3.2.3. Recall that

‘H is an extension of a finitely generated torsion-free metabelian group A
by an abelian group V. The goal of this Exercise is to prove that H € C.
To that end, let us fix an element g € H of infinite order.

(i) If g € V show that the cohomology class ¢ is rationally trivial.
(Hint: Use property (9) at the very end of Chap. 3.)

(ii) Show that for any element A € A of infinite order the class « is
rationally nilpotent.

(iii) Assume that g ¢ V. Show that the image of ¢ in the quotient group
A = H/V is an element of infinite order and conclude that the cohomology
class oy is rationally nilpotent.
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Notes and Comments on Chap. 4. The cyclic (co-)homology of complex alge-
bras and the characters from the corresponding Ky-group were introduced by A.
Connes in [15]. The theory was subsequently developed for algebras over an arbi-
trary commutative ground ring by J.L. Loday and D. Quillen [45]. The proof of
the Morita invariance of Hochschild and cyclic homology given here follows R. Mac-
Carthy [47]. The computation of the cyclic homology of group algebras is due to D.
Burghelea [10] (see also [1,40]). Burghelea’s proof uses tools from homotopy theory;
the algebraic proof given in §4.1.3 is due to Z. Marciniak [51]. For more details on
the subject, the reader is referred to Loday’s book [44]. The applicability of cyclic
homology in the study of the idempotent conjectures was first noticed by B. Eck-
mann [19] and Z. Marciniak [50]. The class £ was introduced by Eckmann in [19]
and studied, independently, by R. Ji [35] and G. Chadha and I.B.S. Passi [11]. A
relative version of Eckmann’s method was studied by J. Schafer in [63]. The class
C was introduced and studied in [22], as a generalization of class £, whereas [27]
pursues this approach one step further, by considering a homological condition that
takes into account the arithmetic properties of the ground ring.
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Completions of CG

5.1 The Integrality of the Trace Conjecture

Let G be a torsion-free group. The idempotent conjecture for the complex
group algebra CG can be strengthened to the conjecture about the triviality
of idempotents in the reduced group C*-algebra C}G. This latter conjecture
can be further strengthened to a conjecture about the integrality of the values
of the additive map

T« Ko(CrG) — C

which is induced by the canonical trace 7 on C;G. Some evidence for the
validity of the integrality of the trace conjecture is provided by Zaleskii’s
theorem (cf. Theorem 3.19), which asserts that for any group G (possibly
with torsion) the values of 7. on K-theory classes that come from the group
algebra CG are rational. Our goal in this section is to prove the integrality
of the trace conjecture in the cases where G is a torsion-free abelian or a free
group. We note that the idempotent conjecture for the complex group algebra
in these two cases was taken care of in §1.2.3.

After formulating the integrality of the trace conjecture in §5.1.1, we con-
sider the case of an abelian group G in §5.1.2. In that case, the C'*-algebra
CrG is commutative and can be identified with the algebra of continuous
complex-valued functions on the dual group G. In this way, both the idem-
potent and the integrality of the trace conjectures are seen to be equivalent
to the connectedness of the dual group. It will turn out that G is connected
if and only if the abelian group G is torsion-free. This approach places both
conjectures (in the abelian group case) into a more geometric perspective and
should be compared to the proof of Bass’ conjecture for abelian groups that
was given in §2.1. In §5.1.3 we consider the case where G is a free group.
In that case, there is a tree X on which the group G acts freely. The rep-
resentations of CG that are associated with the actions of G to the sets of
vertices and edges of X respectively, define a certain unital and dense subalge-
bra A C C¥G. Then, the integrality of the trace on Ky(C;G) follows from the
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integrality of its values on the K-theory classes coming from the subalgebra
A, since the inclusion of A into C}'G will turn out to induce an isomorphism
between the respective Ky-groups.

5.1.1 Formulation of the Conjecture

Let G be a group and CG the corresponding reduced group C*-algebra; recall
that C*G is the norm-closure of the complex group algebra CG under the left
regular representation L of the latter on the Hilbert space £2G (cf. §1.1.2.111).
We note that C¥G is a subalgebra of the von Neumann algebra N'G and hence
we may consider the canonical trace

7:C;G — C,

which is defined by letting 7(a) = <a(d1), 01 > for all a € C}G (cf. Proposition
3.11). It is clear that 7 is continuous, whereas its restriction to the subalgebra
CG ~ L(CG) C Cf @G is the trace functional r1. In view of Proposition 1.40(ii),

the composition
Ko(L)

Ko(CG) 5 Ko(C:G) == C
where the first arrow is the additive map between the Ky-groups induced by
the algebra homomorphism L and the second one the additive map induced
by the trace 7 (cf. §1.1.4.1), coincides with the additive map r1, induced by
the trace r;.

Remarks 5 1 (i) Let G be a group and H < G a finite subgroup of order n.
Then, e = 23 {g: g € H} € CG is an idempotent and r1(e) = 1. It follows
that the 1mage of r1, (and, a fortiori, that of 7.) contains the subgroup of
C generated by the inverses of the orders of the finite subgroups of G. In
particular, we have

7 C im{Ko(CG) Ti, c} c im[KO(c:G) T, c} cc.

(ii) If G is a group and F an idempotent matrix with entries in CG, then
Zaleskii’s theorem (Theorem 3.19) asserts that 1 (E) is a rational number.
Therefore,

1m[KO(CG) ]g Q.

(iii) Since the reduced C*-algebra C*G of a group G is a subalgebra of the
von Neumann algebra NG, we may invoke Kaplansky’s positivity theorem
(Theorem 3.12) in order to conclude that the image of the additive map 7 :
Ky(CrG) — C is a subgroup of (R, +).

The following conjecture provides a prediction for the image of the additive
map Ty, at least in the case of a torsion-free group. (The situation is more
complicated for groups with torsion; see the Notes at the end of the chapter.)
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The integrality of the trace conjecture: If G is a torsion-free group then
im [KO(C:G) LN c} —zccC.

In view of Kaplansky’s positivity theorem, the above conjecture is stronger
than the idempotent conjecture for the reduced C*-algebra of a torsion-free
group, as we now explain.

Proposition 5.2 If G is a torsion-free group satisfying the integrality of the
trace conjecture, then the C*-algebra C:G has no idempotents # 0, 1.

Proof. If e € CG is an idempotent then 7(e) is a real number contained in
the interval [0, 1], in view of Theorem 3.12. Since 7(e) € im 7, = Z, it follows
that 7(e) = 0 or 1; then, e = 0 or 1, in view of the final assertion of loc.cit. OJ

5.1.2 The Case of an Abelian Group

Our first goal is to prove that torsion-free abelian groups satisfy the integrality
of the trace conjecture. We consider an abelian group G that will remain fixed
throughout this subsection. The strategy of the proof consists in reformulating
the conjecture in terms of the dual group of G.

I. THE C*-ALGEBRA C}G AND THE DUAL GROUP. Let @ be the set of group
homomorphisms from G to the circle group S = {z € C: | z| = 1}, i.e. define

G= Hom(G7 Sl) .

Then, Gisa group with multiplication defined pointwise; in fact, G is a sub-
group of the direct product group (Sl)G =11 e S1. The usual topology
on S' induces the structure of a compact topological group on (S')¢ (Ty-
chonoff’s theorem). We note that for any two elements g, ¢’ € G the subgroup
Agg ={f €(5")C: f(Agg’) = f(9)f(g")} € (S')¢ is closed (and hence com-
pact). It follows that G = (1, ,cq
such, ( G is referred to as the dual group or character group of GG. The elements
X € G are the characters of G.

Ay 4 is a compact topological group; as

Examples 5.3 (i) The dual group Z of the infinite cyclic group Z can be
identified with S, by means of the map y — x(1), x € Z. )

(ii) Let n be a positive integer. Then, the dual group (Z/nZ) of the finite
cyclic group Z/nZ can be identified with the subgroup of S* consisting of the
n-th roots of unity (which is itself isomorphic with Z/nZ), by means of the
map x — x(1), x € (Z/nZ).

(iii) Let (G;); be a family of abelian groups and G = @, G; the cor-
responding direct sum. Then, the dual group G can be identified with the
direct product [], é\l of the family (é:)l Under this identification, a char-

acter x of G corresponds to the family (y;);, where y; is the restriction of x
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to the subgroup G; C G for all i. Using this principle, together with (i) and
(ii) above, one can determine the dual group of any finitely generated abelian

group.
(iv) Let (G;); be an inductive system of abelian groups, G = lim G; the

corresponding direct limit and (); : G; — G); the canonical maps. Then, the
dual group G can be identified with the inverse limit lim G; of the projective

«—1
system é\l i- Under this identification, a character x of G corresponds to

the compatible family (x;);, where y; = x o A; for all 4. Using this principle,
together with (iii) above, one can determine the dual group of any abelian
group, by expressing it as the directed union of its finitely generated subgroups
(cf. Exercise 5.3.1).

Let C (@) be the algebra of continuous complex-valued functions on the dual

group G. We endow G with its normalized Haar measure p. The measure p
is the unique regular Borel probability measure on G, which is translation
invariant, in the sense that

/A FO0) du(x) = /A f(xox) dp(x)
G G

for all f € C(é) and xo € G. The existence of such a measure [ on Gis a

key result, which, besides being important in its own right, will turn out to
be very useful for our purposes. The construction of p is a standard topic,
which can be found in books on Functional Analysis such as Rudin’s (cf. [60,
Theorem 5.14]).

For any element g € G we consider the evaluation map evy : G— S 1
which is given by x — x(g), x € G. It is clear that evy is a continuous

group homomorphism. We denote by Hom (@, S 1) the set of continuous group

homomorphisms from G to S'. This set is a group with multiplication defined
pointwise, whereas the map

ev:G—>H0m(@,S1>, (5.1)
which is given by g — evy, g € G, is a group homomorphism.
Lemma 5.4 (i) For any continuous group homomorphism w : G —> S the
value of the integral /Aw(x) du(x) is 1 (resp. 0) if w =1 (resp. if w £ 1).
(ii) The set 1T1Tom(CGA¥7 Sl) of all continuous group homomorphisms from G

to S* is an orthonormal subset of the Hilbert space L? (@) of square-integrable

functions on G (with respect to the Haar measure [1).
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Proof. (i) If w =1 then w(y) =1 for all x € G and the assertion follows since

u is a probability measure. If w # 1 then w(xg) # 1 for some o € G and
hence

[ w(x) di(x) = / wxox) du(x)

G
= [ wxo)w(x) du(x)
G

= ‘U(XO)/@W(X) du(x) -

It follows that /Aw(x) du(x) = 0, as needed.
a

(i) If wy, wo : G — ST are continuous group homomorphisms, we compute

<wi,we> = / w1 (x)wz2(x) dp(x)
w1 (x)wa(x) ™" dp(x)

(wiwy D) dp(x) -

Q\m\n

Therefore, the result follows from (i) above. O

N2

We now consider the composition
G <% Hom(G, 5') = (@),
which extends uniquely to an algebra homomorphism
Fo: CG — c(é) . (5.2)

Since x(g~") = x(9)~* = x(g) for all x € G and all g € G, it follows that F
is a *-algebra homomorphism.

Lemma 5.5 Let Fy be the x-algebra homomorphism defined above.

(i) The image Fo(CG) is uniformly dense in C(é)

(it) The functions evy = Fo(g), g € G, form an orthonormal basis of the
Hilbert space LQ( ) of square-integrable functions on G.

(iti) If L : CG — B({*G) is the *-algebra homomorphism associated
with the action of CG on the Hilbert space (2G by left translations, then
| Lo || =1 Fola)||co for any a € CG.

Proof. (i) Since Fy(CQ) is a *-subalgebra of C(é), which contains the con-

stant functions and separates the points of CA}’, the result follows from the
Stone-Weierstrass theorem.
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(ii) We note that C' (é) is a dense subspace of L? (é) . Since the supremum
norm of a continuous function dominates its L2-norm, it follows from (i) above
that F5(CG) is dense in L? (é) as well. Lemma 5.4(ii) implies that {ev, :

g € G} C Hom (@, .5'1) CL? (@) is an orthonormal set. Its linear span being

dense in L2 (§>7 this set is an orthonormal basis.

(iii) In view of (ii) above, we may consider the isometry
UG — LQ(@> ,

which is given by d, — evy, g € G; here, (J4)4 is the canonical orthonormal
basis of £2G. For any elements g,z € G we compute

ULgU ! (evy) = ULy(65) = U(Sg0) = evge = evgevy = My, (evy) ,

where Mey, denotes the multiplication operator on L2 (@) associated with the
continuous function ev, € C (@) It follows that the operators UL,U —1 and

M., agree on the orthonormal basis {ev, : z € G} of L? (@), hence, these

operators are equal for all ¢ € G. By linearity, it follows that UL,U~! =
Mz, (q) for any element a € CG. Since U is an isometry, we have || L, ||=
| UL,U™! || =|| Mgy || for any a € CG. On the other hand, for any

e C G the associated multiplication operator M; on L2(G) has norm
/ p p f

equal to the supremum norm || f || oo of f (cf. Exercise 5.3.2). It follows that
I Lo || = Fola)]l s for all a € CG, as needed. O

As a first consequence, we obtain the following duality result.

Theorem 5.6 (Pontryagin) The group homomorphism ev of (5.1) is an iso-
morphism.

Proof. The surjectivity of ev is an immediate consequence of Lemmas 5.4(ii)
and 5.5(ii). Therefore, it only remains to prove that the map ev is injective.
To that end, we note that the group S* contains a copy of all cyclic groups.
In particular, for any element g € G \ {1} there is a group homomorphism
) from the cyclic subgroup < g >C G to S' with v¥(g) # 1. Since S* is
a divisible abelian group, we can extend ¥ to a character y of G. Then,

evg(x) = x(9) = ¥(g) # 1 and hence ev, # 1. O

We can now provide a concrete description of the reduced C*-algebra of G,
in terms of the dual group G.

Theorem 5.7 The x-algebra homomorphism Fo of (5.2) induces a C*-algebra
isomorphism F : C:G — C’(@)
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Proof. This is an immediate consequence of Lemma 5.5(i),(iii), which implies
that the composition

—1 o~
Lcae) L= ca 2o C(G)
is an isometric *-algebra homomorphism with dense image. |

II. THE CONNECTEDNESS OF THE DUAL GROUP. The C*-algebra isomorphism
of Theorem 5.7 reduces the study of idempotent elements of C'G to the study
of clopen subsets of GG. Indeed, it is clear that the idempotent elements of the

algebra C (@) are precisely the characteristic functions of the clopen subsets

Y C G. In particular, C*G has no idempotents other than 0 and 1 if and
only if G has no clopen subsets other than 0 and G. We are therefore lead to
examine the connectedness of G.

We recall that a topological space X is called totally disconnected if its
connected components are singletons or, equivalently, if any subspace Y C
X with more than one element is not connected. The space X is called 0-
dimensional if there is a basis of its topology consisting of clopen sets. It is
easily seen that a O-dimensional Hausdorff space is totally disconnected. We
prove a partial converse of that assertion in Corollary 5.9 below.

Lemma 5.8 Let X be a topological space which is compact and Hausdorff.
(i) Assume that Y C X is a closed subspace and let © € X be a point
which can be separated from any point y € Y by a clopen set. Then, there is
a clopen set Z with Y C Z, such that x ¢ Z.
(i) For any x € X consider the subspace W = W (z) C X that consists of
all points w € X that can’t be separated from x by a clopen set. Then, W is
connected.

Proof. (i) For any y € Y there is a clopen set Z, with y € Z, and = ¢ Z,.
The open cover (Z,),cy of the closed (and hence compact) subspace ¥ has a
finite subcover; hence, there are finitely many elements y,...,y, € Y, such
that Y is a subset of the union Z = |J;_, Z,,. Of course, Z is a clopen set
and z ¢ Z.

(ii) It is easily seen that W is a closed subspace containing z. Assuming
that W is not connected, we can find two non-empty disjoint subsets W;
and Wy which are closed (in W and hence in X), such that W = Wy U Ws.
Without any loss of generality, we may assume that x € W;. Being compact
and Hausdorff, the topological space X is normal; therefore, there is an open
set U, such that W, C U and WoNU = (). It follows that the closed set U\ U
intersects W trivially and hence any point y € U \ U can be separated from
z by a clopen set. In view of (i) above, there is a clopen set Z, such that
U\UC Z and z ¢ Z. Then, the set U \ Z = U \ Z is clopen, contains x and
is disjoint from Ws. This is a contradiction, since the points of the non-empty
set Wo C W cannot be separated from x by a clopen set. O
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Corollary 5.9 A compact Hausdorff and totally disconnected space X is 0-
dimensional.

Proof. We fix an element x € X and let V' be an open neighborhood of it.
Since the connected component of z is {z}, it follows from Lemma 5.8(ii),
applied to the case of the compact space V, that any point y € V with y # x
can be separated from z by a set Z, C V, which is clopen in V. We now
invoke Lemma 5.8(i), applied to the case of the closed subset V \ V of the
compact space V, in order to conclude that there is a subset Z C V, which
is clopen in V, such that V\V C Z and x ¢ Z. Then, U =V \Z =V \ Z
is a neighborhood of x with U C V| which is clopen in X. Hence, clopen sets
form a basis for the topology of X, as needed. O

Before specializing to the case of @, we state and prove a few general results
about topological groups.

Lemma 5.10 Let I’ be a topological group.

(i) Assume that K,U are subsets of T with K compact, U open and K C U.
Then, there exists an open neighborhood V' of the identity, such that KV C U.

(i) Assume that A is a subgroup of I' containing a non-empty open subset
V. Then, A is open.

(i) If U C T is an open and compact neighborhood of the identity, then
U contains an open subgroup A.

(iv) If A<T is a closed normal subgroup, then the quotient group T = T'/A,
endowed with the quotient topology, is Hausdorff.

Proof. (i) For any v € K let W, be an open neighborhood of the identity
with yW, C U. We choose an open neighborhood V, of the identity with
V2 C W, and consider the open cover (yV;), of K. By compactness, there
are finitely many elements v1,...,7v, € K, such that K C U?=1 viVs,. Then,
V =, V,, is an open neighborhood of the identity with

KV C UiV V € U?:l%'vwzi CU Wy, U,

as needed.

(ii) Let us fix an element v9 € V. Then, V) = valV is an open neighbor-
hood of the identity and for any v € A we have vV = 'y'yglV - fyfyglA = A;
hence, A is open.

(iii) In view of (i) above, we can choose an open neighborhood V of the
identity with V. = V=1, V C U and UV C U. Then, V2 C UV C U and
an inductive argument shows that V" = Vr-ly C UV C U for all n > 1.
Therefore, A = |J7—; V™ is a subgroup contained in U. Finally, (ii) shows
that A is open.

(iv) Let m : ' — T be the quotient map, e € T' the identity element
and v € T'\ A. We have to prove that the elements 7(e) and 7(y) of T
can be separated by disjoint open sets. To that end, we consider an open
neighborhood V of e in T', such that V=V C I\ yA. Then, the open subsets
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VA and VA are disjoint. Indeed, if v1,7 € V and §1,02 € A are such
that v161 = ~2vd2, then 72_171 = 752(51_1 is an element in the intersection
V=V N~A, which is assumed to be empty. Since VANV~yA = (), the subsets
7(V) and 7(Vy) of T are disjoint. The proof is finished, since 7(V') (resp.
7(Vy)) is an open neighborhood of 7(e) (resp. of (7)) in T. O

Using the above results, we can determine the structure of the connected
component of the identity in a topological group.

Proposition 5.11 Let I' be a topological group and consider the connected
component L'y of the identity element e € I'. Then:

(i) Ty is a closed normal subgroup of T.

(ii) The quotient group T = T'/Ty is Hausdorff and totally disconnected.

(iii) If T' is compact then Ty is the intersection of the open subgroups A
of T.

Proof. (i) Since inversion is a homeomorphism of I', the set 'y ! is connected.
Moreover, we have e € I'y ! and hence ry 1 C Iy. Therefore, for any element
v € Ty we also have y~! € Ty and hence the connected set 4"y contains e.
But then 7Ty C I'g and hence I'y is a subgroup. In order to show that I'y is a
normal subgroup, we consider an element z € I' and note that conjugation by
x is a homeomorphism. It follows that 2Tgx ! is a connected subset containing
e; hence, 29z~ C Ty. Finally, being a connected component, Iy is closed.
(ii) Taking into account Lemma 5.10(iv), it follows from (i) above that the
quotient group I' is Hausdorff. We consider the projection map 7 : I' — T
and let X be a subspace of I", such that 7(X) contains strictly the singleton
{m(e)}. Then, XT is a subspace of I that contains strictly I’y and hence XT'y
is not connected. Therefore, there exist open subsets V;,V, C I', such that
XTIy C ViUV, with XTgNV; # 0, XToNVay # 0 and XTyNViNVa = (). Then,
m(X) meets non-trivially the open subsets w(V;), i = 1,2, and is contained in
their union. In order to show that 7(X) is not connected, it remains to show
that the intersection m(X) N w(V1) N w(V2) is empty. To that end, we note
that for any v € X the connected set vI'g is contained in the union V3 U V5
and hence we have y['g C V; for some i. Therefore, both sets XI'g N V7 and
XT'gNV; are unions of I'y-cosets. Since the intersection XI'oNV;NV; is empty,
it follows easily that the same is true for the intersection m(X) N7 (V1) Nw(V2).
(iii) If A is an open subgroup of T then A and | J{vA : v ¢ A} are disjoint
open subsets covering the connected set I'g. Since e is contained in both A
and Ty, we must have I'y C A. We now consider an element v € I' with
v ¢ Tg. Then, m(y) # w(e) € T = I'/Ty, where 7 : T — T is the projection
map. In view of the compactness assumption on I' and (ii) above, the space
T is Hausdorff, compact and totally disconnected; hence, it is 0-dimensional
(cf. Corollary 5.9). Therefore, there exists a clopen neighborhood U of 7(e)
with 7(y) ¢ U. Since U is compact (being closed), Lemma 5.10(iii) implies
the existence of an open subgroup of I' that doesn’t contain 7(7). The inverse
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image of that subgroup under the homomorphism 7 is an open subgroup A
of T with v ¢ A. O

We now return to our previous discussion about the abelian group G and its
dual group G. The following result relates the triviality of torsion elements in
G to the connectedness of G and hence to the triviality of idempotents in the
C*-algebra C}G.

Theorem 5.12 The following conditions are equivalent:
(i) G is torsion-free,
(ii) G is connected and
(iii) CFG has no non-trivial idempotents.

Proof. (i)—(ii): Assume that the dual group G is not connected. Then, Propo-
sition 5.11(iii) implies the existence of a proper open subgroup A < G. Since
A is open, the quotient group G /A is discrete. On the other hand, being an
epimorphic image of the compact group G the quotient G /A is compact. It
follows that the non-trivial abelian group G /A is finite; hence, it admits an
epimorphism onto the group Z/nZ for some n > 1. Embedding Z/nZ into S*
as the group of n-th roots of unity, we obtain a continuous homomorphism
w:G — St as the composition

@—>é/A—>Z/nZ%Sl.

It is clear that w € Hom(@,51> is an element of order n. In view of the

Pontryagin duality theorem (Theorem 5.6), there exists an element g € G of
order n, such that w = ev,. This is a contradiction, since G is assumed to be
torsion-free. R

(ii)—(i): We now assume that the dual group G is connected and consider
an element g € G of finite order n. Let A be the kernel of the continuous
homomorphism ev, : G — S. The group A consists of those characters
X € é, for which the subgroup {x(¢’) : i =0,1,...,n — 1} C S is trivial. It
is easily seen that a subgroup A C S' is trivial if and only if |z — 1| <+/3 for
any z € A (cf. Exercise 5.3.3). Therefore, we conclude that

A:{Xeéz|x(gi)—1|<\/§ foralli=0,1,...,n—1}.

It follows that A is an open subgroup of G. Since G is connected, we must
have A = G and hence evy = 1. Then g = 1, in view of Theorem 5.6.
As we have already noted before, the equivalence (ii)«(iii) follows from

the existence of the isomorphism C;G ~ C' (é) of Theorem 5.7. O

Remark 5.13 In view of the Pontryagin duality theorem, the topological
group G determines (and is, of course, determined by) the abelian group G.
In this way, every algebraic property of G corresponds to a certain property
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of the topological group G. It is in that spirit that one should view the equiv-
alence of assertions (i) and (ii) in Theorem 5.12.

III. THE INTEGRALITY OF THE TRACE. Having verified the C*-algebraic ver-
sion of the idempotent conjecture for torsion-free abelian groups, we now prove
that these groups satisfy the integrality of the trace conjecture. To that end,
we note that the Haar measure p on the dual group G induces a continuous
linear functional

7:0(@)—@,

which is given by f — [5 f(x) du(x), f € C(CA?) Since the algebra C(@) is
commutative, 7 is a trace. The following result shows that the isomorphism
of Theorem 5.7 identifies 7 with the canonical trace 7.

Proposition 5.14 The linear functionals T o F and T are equal.

Proof. We recall that F(L,) = ev, for all g € G. The C*-algebra C;G being
the closed linear span of the L,’s, it suffices to verify that (ToF)(Ly) = 7(Ly),
i.e. that 7(evy) = 7(Ly) for all g € G. Since evy =1 if and only if g = 1 (cf.
Theorem 5.6), Lemma 5.4(i) implies that T(evy) = [5evy(x) du(x) is equal
to 1 if g =1 and vanishes if g # 1, as needed. O

Corollary 5.15 The additive map 7. : Ko(C;fG) — C, which is induced by
the canonical trace T, coincides with the composition

Ko(crq) %) KO(C(G)) T c,

where Ko(F) is the isomorphism between the Ko-groups induced by the C*-
algebra isomorphism F and T, the additive map induced by the trace T.

Proof. This is an immediate consequence of Proposition 5.14, in view of Propo-
sition 1.40(ii). O

Having established the equality 7. = 7. 0 Ko(F), we can prove the main result
of this subsection.

Theorem 5.16 Torsion-free abelian groups satisfy the integrality of the trace
conjecture.

Proof. Let G be a torsion-free abelian group. In order to show that the image
of the additive map 7, : Ko(C*G) — C is the subgroup Z C C, it suffices
(in view of Corollary 5.15) to show that this is the case for the image of the

additive map 7, : Ko (C’ (CAT')) — C. To that end, we fix an idempotent

! As another illustration of this principle, one can prove that an abelian group
is a torsion group if and only if its dual group is O-dimensional (cf. [33,
Theorem 24.26]).
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matrix E = (e;;);,; with entries in C(@) For any y € G the matrix E(x) =

(ei5(x))i; is an idempotent matrix with entries in C and hence its trace
tr(E(x)) is a non-negative integer. Therefore, the continuous function tr(E) =

> i€ii € C’(é) maps G into the discrete space Z. In view of Theorem 5.12,

the space G is connected; hence, the map tr(E) must be constant. It follows
that there exists an integer n, such that tr(E(x)) = n for all x € G. We now
compute

7.[E] = 7(tx(E)) = /atr(E(x)) dp(x) = /G ndu(x) = n /G dp(x)=n ez

and this finishes the proof. O

5.1.3 The Case of a Free Group

Our main goal in the present subsection is to prove that free groups satisfy
the integrality of the trace conjecture as well. To that end, we consider a free
action of such a group on a tree and study the induced representations of the
reduced group C*-algebra.

I. GRAPHS, TREES AND GROUP ACTIONS. An oriented graph X consists of
a set V' (whose elements are called vertices), a set E°7 (whose elements are
called oriented edges) and maps

o: B —V t:E" —V and r: E°" — E°" |

which are such that ror = id and £ or = 0. For any oriented edge e € E°" the
vertex o(e) (resp. t(e)) is called the origin (resp. terminus) of e. The involution
r is said to reverse orientation and the oriented edges e and r(e) are said to
have opposite orientation (or, simply, to be opposite to each other). The set
FE of un-oriented edges of X is the quotient of E°" modulo the equivalence
relation generated by the relations e ~ r(e), e € E°.

A path p on the graph X is a sequence of edges p = (eq, . .., e, ), such that
t(e;) = o(ejy1) for all i = 1,...,n — 1. We say that a path p as above has
origin o(eq), terminus t(e,) and passes through the vertices t(e;) = o(e;41),
i =1,...,n — 1. The path p = (e1,...,e,) is reduced if e;11 # r(e;) for
alli=1,...,n— 1. A loop around a vertex v € V is a path with origin and
terminus at v. The graph X is called connected if for any two vertices v,v’ € V
there is a path (or, equivalently, a reduced path) p with origin v and terminus
v’. A graph X is called a tree if it is connected and has no reduced loops.
Equivalently, a graph X is a tree if and only if for any two vertices v,v' € V
with v # v’ there is a unique reduced path p with origin v and terminus v';
this path, denoted by [v, '], is called the geodesic joining v and v'.
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The number of vertices of a tree exceeds the number of un-oriented edges
of it by 1. In order to make that assertion precise, we let X be a tree and fix
a vertex vy € V. For any vertex v € V with v # vy we consider the geodesic
[vo,v] = (e1,...,e,) and define the map

AV \{vw} — FE,
by letting A(v) be the equivalence class of the oriented edge e,,.

Lemma 5.17 Let X be a tree and fix a vertex vy € V.

(i) The map A defined above is bijective.

(ii) Let vy € V be another vertex and consider the corresponding map
N VA A{vi} — E. Then, AM(v) = N (v) for all but finitely many vertices
v eV {vo,v)}

Proof. (i) We define a map
k:E— V\{uv}

as follows: We consider an oriented edge e € E°” and let v = o(e) and v = t(e).
Since e is not a loop, at least one of the vertices v, v’ is different than vg. If
one of these vertices is vg, then we let the other vertex be the image of the
un-oriented edge {e,r(e)} under k. We now assume that none of the vertices
v,v" is vy and consider the geodesics [vg,v] and [vg, v]. It is easily seen that
the absence of reduced loops in X implies that precisely one of the following
two conditions is satisfied:

[vg, v] consists of the geodesic [vg,v'] followed by r(e) or
e [vg,v’] consists of the geodesic [vg, v] followed by e.

In the former (resp. the latter) case, we let v (resp. v’) be the image of the
un-oriented edge {e,r(e)} under k. It is an immediate consequence of the
definitions that the compositions x o A and A o k are the identity maps of the
sets V' \ {vg} and E respectively. In particular, X is bijective.

(ii) Assume that the geodesic [vg,v(] joining vy and v{ passes through
the vertices vy, ...,v,-1. We fix a vertex v € V' \ {vg,v1,...,0n-1,0)} and
note that the absence of reduced loops in X implies that precisely one of the
following three conditions is satisfied:

the geodesic [vg, v] consists of the geodesic [vg, v(] followed by [v{, v] or
the geodesic [v), v] consists of the geodesic [v(, vo] followed by [vg, v] or
there is an index i € {1,...,n—1}, such that the geodesic [vg, v] consists of
the geodesic [vg, v;] followed by [v;,v], whereas the geodesic [v), v] consists
of the geodesic v}, v;] followed by [v;,v].

In any case, the geodesics [vg, v] and [v(), v] have the same final edge and hence
A(v) = XN (v). O
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Let X1, X5 be two graphs. Then, a morphism
a: X, — Xo
is a pair of maps
ay Vi — Vo and apger : E{T — EY"

between the sets of vertices and oriented edges of the two graphs respectively,
such that ooager = ay 0o, toager = ay ot and roagor = agor or. In other
words, if e; € EY" is an oriented edge of X; with origin v;, terminus v] and
opposite edge €1, then the oriented edge agor(e1) € ES" has origin ay (v1),
terminus ay (v}) and opposite edge agor(g1). It is clear that ago.r induces, by
passage to the quotient, a map

OéEIEl—>E2

between the un-oriented edges of the two graphs. The composition of two
morphisms of graphs is also a morphism of graphs. A morphism of graphs «
as above is an isomorphism of graphs if both maps ay and agor are bijective.
An automorphism of a graph X is an isomorphism of X onto itself; it is clear
that composition endows the set of these automorphisms with the structure
of a group.

Let o : X7 — X5 be an isomorphism of trees, fix a vertex vy € Vi
of X; and consider the associated bijection \; : Vi \ {v1} — FE;. We also
consider the vertex vy = ay(v1) € Va of X5 and the corresponding bijection
Ao : Vo \ {va} — Es. Then, it is easily seen that

apol =Xoal , (5.3)

where af, denotes the restriction of ay to the subset V3 \ {v1} C V5.

Let G be a group and X a graph. We say that G acts on X if we are given
a homomorphism of G into the group of automorphisms of X. Equivalently,
the group G acts on X if it acts on the sets V and E°" of vertices and oriented
edges of X respectively, in such a way that o(g-e) = g-o(e), t(g-e) = g-t(e)
and r(g-e) = g-r(e) for any group element g € G and any oriented edge
e € E°". In that case, the group G acts on the set E of un-oriented edges
of X, in such a way that the quotient map E°" — F is G-equivariant. The
action of G on X is said to be free if G acts freely on the sets V' and E of
vertices and un-oriented edges of X respectively.

Example 5.18 Let G be a group and consider a subset S C G. Then, the
Cayley graph X = X(G, S) of G with respect to S is defined as follows: The
set V' of vertices of X coincides with G, whereas the set E°" of oriented edges
is the subset of the Cartesian product G x G, consisting of those pairs (g, g’)
for which g=1g’ € S or ¢'"'g € S; in other words, (g,g') € E°" if and only
if ¢ = gs for some element s € G with s € S U S~ Any oriented edge
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(9,9") € E°" has origin o(g,¢') = g and terminus t(g,¢’) = ¢’, whereas its
opposite edge is defined by letting 7(g,¢") = (¢’,g). The following assertions
are easily verified:

(i) If 1 € G is the identity element, then the set of vertices that can be
joined by a path with the vertex 1 consists of the vertices g € <.S >, where
< S > is the subgroup of G generated by S. In particular, the Cayley graph
is connected if and only if G can be generated by S.

(ii) The set of loops around a fixed vertex of the Cayley graph is in bijective
correspondence with the set of sequences (s1,€1, $2,€2, .- ., Sn,€n), Where s; €
S,e; = +1 € Z for all i and [] ;s;" = 1 € G. In this way, the set of
reduced loops corresponds to the set of sequences as above, which are such
that (s;y1,€i+1) # (i, —¢&;) for all 4. In particular, the Cayley graph has no
reduced loops if and only if the set S generates freely the subgroup <S> C G.

(iii) It follows from (i) and (ii) above that the Cayley graph is a tree if and
only if the group G is free on S.

For any pair (G, S) as above, the group G acts on the Cayley graph X =
X(G, S) by left translations. More precisely, for any group element g € G and
any vertex v = ¢’ (resp. any oriented edge e = (¢’, ¢”)) we let g-v = gg’ (resp.
g-e = (g9',99")). If the group G has no element of order 2, this action is
easily seen to be free. In particular, we conclude that a free group acts freely
on a tree.?

Proposition 5.19 Let X be a tree, vg € V a vertex of X and
AV \{w} — FE

the associated bijection. We consider a group G acting on X and fix an element
g € G. Then, g-\(v) = X(g-v) for all but finitely many v € V \ {vo,g~ 1 -vo}.

1

Proof. We consider the vertex g—" - vy and let

N:V\{g - w}—E

be the associated bijection. Since the element g € G induces an automorphism
of the tree X, which maps the vertex g=! - vy onto vy, it follows from (5.3)
that g- ' (v) = M(g-v) for all v € V\ {g~!-vg}. This finishes the proof, since
A(v) = N (v) for all but finitely many vertices v € V'\ {vg, g% -vo} (cf. Lemma
5.17(i)). O

II. FREE ACTIONS AND THE ASSOCIATED REPRESENTATIONS OF C)'G. Let G
be a group acting on a graph X. Then, we may consider the unitary repre-
sentations Uy and Ug of G on the Hilbert spaces £2V and ¢2E respectively,
which are defined by letting Uy (¢)(d,) = d4.0 and Ug(g)(de) = d4. for all

2 In fact, it can be shown that any group G that acts freely on a tree is free (cf.
[65]).
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g € G,v €V and e € F; here, we denote by (§,)yev and (0.)cecp the canon-
ical orthonormal bases of the Hilbert spaces £2V and ¢2E respectively. Let
V =;Vi and £ = J; E; be the orbit decompositions of the G-sets V' and
FE and consider the induced orthogonal decompositions of Hilbert spaces

PV = *V; and PE=P (E;.

Bev. i Cr-@ e,

Then, the operators Uy (g) and Ug(g) restrict to unitary operators
Uv,(9) : °V; — 2V, and Ug,(g) : (°E; — (°E;

for all 4,7, in such a way that Uy (g9) = @, Uv,(9) and Ug(g) = @, Uk, (9)
for all g € G.

In the special case where the action of G on X is free, the orbits V; and
E; are isomorphic as G-sets with G for all i, j. Then, the Hilbert spaces £2V;
and (2E; are isomorphic with /G, in such a way that the operators Uy, (g)
and Ug, (g) are identified with L, € B(/*G) for all indices i,j and all g € G.
It follows that the unitary representations Uy and Upg induce, in this case,
unique *-algebra representations

my : CrG — B(f?V) and 7p:C'G — B({’E),

such that my(Lg) = Uy(g) and ng(Ly) = Ug(g) for all g € G. Since the
representations my and mp are direct sums of the regular representation of
C!G on (*G, we have

Imv(a)|=llall and |7e(a)]=]a] (5.4)

for all @ € C}@G. Furthermore, we may invoke Remark 3.10, in order to con-
clude that

<my(a)(dy),0p>=71(a) and <wg(a)(d.),de>=7(a) (5.5)

for all a € CG, v € V and e € E, where 7 is the canonical trace on C}G.
We now consider a tree X and fix a vertex vg € V. If A: V\ {vg} — E
is the associated bijection, we consider the continuous linear operator

P=P, :*’V — (’E,
which is defined by letting P(d,) = dx(,) if v # vo and P(dy,) = 0.

Lemma 5.20 Let G be a group acting on a tree X and consider the associated
unitary representations Uy and Ug of G on €2V and (?E respectively. We fix
a vertex vg € V and let P : {2V — (?E be the linear operator defined above.
Then:

(i) PP* = 1 and P*P = 1 — po, where py € B({*V) is the orthogonal
projection onto the 1-dimensional subspace C - 6,, C (*V.
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(ii) The operator Uy (g) — P*Ugr(g)P € B({*V) is of finite rank for all
geG.

(iii) Assume that G acts freely on X and let my and 7g be the induced
representations of C*G on (*V and (?E respectively. Then, the operator
my(a) — P*rg(a)P € B((?V) is compact for all a € C}G.

Proof. (i) This is straightforward, since the operator P* : {?E — (?V maps
de onto dy-1(.) for any un-oriented edge e € E.

(ii) We note that Uy (g)(dy) = 040 for all v € V and [P*Ug(g)P](dy) =
Ox-1(g-a(v)) for all v € V'\ {vg}. Since

A g Aw) =g-v<=g-Av) =g v)

for all v € V \ {vo,g7! - vo}, Proposition 5.19 shows that the operator
Uy (g9) — P*Ug(g)P vanishes on ¢, for all but finitely many vertices v € V. In
particular, Uy (g) — P*Ug(g)P is of finite rank.

(iii) It is an immediate consequence of (ii) above that the operator
my(a) — P*rg(a)P € B((?V) has finite rank (and is, therefore, compact)
for all a € L(CG). Since the ideal of compact operators is closed in B(¢£?V),
the continuity of the map a — 7y (a) — P*rg(a)P, a € CrG, finishes the
proof. O

III. FREE ACTIONS AND THE SUBALGEBRA A C C}G. Let G be a group
acting freely on a tree X and consider the associated representations my and
7g of CXG on 2V and ¢*E respectively. We fix a vertex vy € V and let
P : 1’V — (2F be the linear operator constructed above. We denote the
operator P*mg(a)P by wg(a) for all a € CG; then,

g CrG — B(?V)

is easily seen to be a x-homomorphism of non-unital algebras. Moreover, since
the operators P and P* have norm 1, we have

I7E(a) || <] (5.6)

for all a € C*G. We recall that the ideal £!(¢?V) of trace-class operators
on 2V consists of those bounded operators f € B(¢2V') for which the family
(<] £1(ds), 0y >)pey is summable (cf. Theorem 1.12) and define

A=A, ={acCiG:my(a) —7g(a) € LYV} .
In other words, the linear subspace A C C}G fits into a pullback diagram
A = C:G

Ty —7E | T

L2V — B(£2V)
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We note that there is a linear functional
Tr: LY(PV) — C,

which maps any trace-class operator f € L!(¢2V) onto Y, o\, < f(6y),0, >
(loc.cit.), and consider the induced linear functional

7 A—C,
which is defined by letting 7/(a) = Tr [ry (a) — Tg(a)] for all a € A.

Proposition 5.21 Let G be a group acting freely on a tree X, fiz a vertex
vo € V and consider the pair (A,7') defined above. Then:

(i) A is a subalgebra of C*G containing L(CQG); in particular, A is unital
and dense in C}G.

(i) The linear functional 7' coincides with the restriction to A of the
canonical trace T on C¥G. In particular, T is a trace on A.

Proof. (i) For any a,a’ € A we have

v (ad) — 7 aa )=y (a)my (@) — 75 (a) 75 ()
=y (a)(mv(d') = () +(7v(a) — 7e(a))TE(d) .
Since £!(¢2V) is an ideal in B(¢£2V), it follows that aa’ € A and hence A is a
subalgebra of C*G. Finite rank operators being contained in £1(¢2V'), Lemma
5.20(ii) implies that 7y (L,) — 7g(Ly) € L1(£2V) for all g € G. It follows that
L, € Afor all g € G and hence L(CG) C A.
(ii) We consider an element a € A and compute

7(a) = Tr[rv(a )—ﬁ( )]
*Zev (v (a *WE( )1(6), 00>

U) 8y >)
, P(6,)>)

In view of (5.5), we have < my(a)(d,),d, > = 7(a) for all v € V, whereas
the inner product < 7g(a)P(d,), P(d,) > is equal to 7(a) if v € V \ {vp}
and vanishes if v = vg. Therefore, it follows from the computation above that
7 (a) = 7(a). O

(
( U) 51,> - <P*7rE(a)P(
( (6v)

7j)(5>—<7TE()

Corollary 5.22 Let G be a group acting freely on a tree X, firx a vertex
vo € V and consider the pair (A, 7') defined above. Then, the additive map 7., :
Ko(A) — C, which is induced by the trace ', coincides with the composition

K()(A) KO( ) KO(C*G) T* C,
where Ko(¢) is the additive map induced by the inclusion ¢ : A — C*G.
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Proof. This is an immediate consequence of Proposition 5.21(ii), in view of
Proposition 1.40(ii). O

In view of the Corollary above, the following result reduces the study of the
additive map 7, to the study of 7..

Proposition 5.23 Let G be a group acting freely on a tree X, fiz a vertex
vg € V and consider the subalgebra A C C}G defined above.

(i) If U € M, (A) is a matriz with entries in A, which is invertible in
M., (C*QG), then U is invertible in M, (A).

(ii) The inclusion ¢ : A — C}G induces an isomorphism of groups Ko(¢) :
Ko(A) = Ko(CG).

Proof. (i) Let B = M, (B((*V)) = B((?V @ ---® (*V) be the algebra of
bounded linear operators on the direct sum ¢2V & --- @ £2V of n copies of
¢V and consider the ideal £ = M,,(£!(¢?V)) C B. The xrepresentation my
of C*G on £V induces a x-representation

Iy : M, (C:G) — B

of M,,(CG) on the n-fold direct sum ¢?V & --- & (2V. In the same way,
the *-homomorphism of non-unital algebras 7z induces a *-homomorphism
of non-unital algebras

g : M,(C:G) — B.
Since M,,(A) consists of those matrices A € M,,(C*G) for which Iy (A) —
Mg(A) € L, in order to prove that the inverse U~! € M, (C’G) of U is
contained in M,,(A), we have to show that IIy (U‘l) — g (U‘l) e L. Itis
easily seen that IIy (Uﬁl) —1lg (U*I) is equal to

Ty (U1) [Ty (U) = ()] T (U) + Ty (U ) [Ty (1) = Tp(1)]

where I, is the identity n x n matrix. This finishes the proof, since £ C B is
an ideal, whereas I,, € M,,(A) (cf. Proposition 5.21(i)).

(ii) Let || - |1 be the Schatten 1-norm on the ideal £1(¢2V) of trace-class
operators (cf. Theorem 1.12(ii)) and define a new norm on A, by letting

llall[=llall + v (a) = 7£(a) |2

for any a € A, where || - || is the norm of the C*-algebra C;G. We note that
for any a,a’ € A we have
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<lla|l - [lmv(a’) —mE(@) |
+la’ [ - [rv(a) = 7B(a) (i -

The second inequality above is a consequence of Theorem 1.12(iii), whereas the
last one follows from (5.4) and (5.6). Since ||aa’ || < | a||-||a’|, it follows that
llaa" || <|llalll-]]|a’|]| and hence (A,]||-]|]) is a normed algebra. Moreover,
the ideal of trace-class operators being complete under the Schatten 1-norm,
it is easily seen that (A,|||-|||) is a Banach algebra. The inclusion

v (AT — (CRGL-DD

is continuous, since the ||| |||[-norm dominates the | - |-norm, and has dense
image (cf. Proposition 5.21(i)). In view of (i) above, we may finish the proof
invoking the Karoubi density theorem (Theorem 1.33). O

Proposition 5.24 Let G be a group acting freely on a tree X, fiz a vertex
vo € V and consider the pair (A, ') defined above and the induced additive
map 7, : Ko(A) — C. Then, im7, =7 C C.

Proof. The class of the unit element 1 € A in the group Ko(A) gets mapped
under 7/ onto 7/(1) = Tr(1 — P*P) = Tr(py) = 1 € C; here, py € B(£2V) is
the orthogonal projection onto the 1-dimensional subspace C-4,, (cf. Lemma
5.20(i)). It follows that Z C im 7/. In order to prove the reverse inclusion, we
note that the image of the additive map

Tr, : Ko(L'(*V)) — C,

which is induced by the trace Tr on £(¢2V), is the group Z of integers (cf.
Example 1.43). Since Tr(ab) = Tr(ba) for all a € L1(£2V) and b € B(£*V) (cf.
Theorem 1.12(iv)), the result follows invoking Proposition 1.44(ii), applied to
the case of the morphisms of non-unital algebras

Ty, TE : A — B(?V)
and the ideal £1(£2V'), endowed with the trace Tr. O

IV. THE INTEGRALITY OF THE TRACE. We can now prove the main result of
this subsection.
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Theorem 5.25 Free groups satisfy the integrality of the trace conjecture.

Proof. We consider a free group GG and fix a tree X on which the group acts
freely; for example, X may be the Cayley graph X (G, .S) of G associated with
a set S of free generators (cf. Example 5.18). We choose a vertex vy € V
and consider the corresponding pair (A, 7). In view of Proposition 5.23(ii),
the inclusion ¢ : A — C}G induces an isomorphism between the respective
Ky-groups. Therefore, in order to show that the image of the additive map
Tw + Ko(CFG) — C is the subgroup Z C C, it suffices to show that this is
the case for the image of the composition

Ko(A) Y kocra) = C.

In view of Corollary 5.22; the latter composition coincides with the additive
map 7, : Ko(A) — C, which is induced by the trace 7’. Therefore, the result
follows from Proposition 5.24. 0

Corollary 5.26 If G is a free group, then the C*-algebra C:G has no non-
trivial idempotents.

Proof. This is an immediate consequence of Theorem 5.25, taking into account
Proposition 5.2. O

5.2 Induced Modules over NG

Let k be a subring of the field C of complex numbers with kNQ = Z and K its
field of fractions. We consider a finite group G and let P be a finitely generated
projective kG-module. Then, Swan’s theorem (Theorem 2.38) asserts that the
induced KG-module KG Qg P is free. Since KG is a subring of the complex
group algebra CG@G, it follows that the CG-module CG ®y¢ P is free as well. In
this section, we prove a generalization of that result to the case of a possibly
infinite group G, which is due to Eckmann. More precisely, let us consider a
subring k C C with kN Q = Z, a group G and a finitely generated projective
kG-module P. The von Neumann algebra N'G of G is an algebra containing an
isomorphic copy of the complex group algebra CG and hence of the group ring
kG as well. Then, Eckmann’s theorem asserts that the N’G-module NG ®c P
is free. This generalizes Swan’s theorem, since NG ~ CG if the group G is
finite.

The proof of Eckmann’s theorem is based on certain properties of the
center-valued trace t on N'G. We construct the trace ¢ and prove the prop-
erties that we need in §5.2.1. In the following subsection, we extend t to ma-
trix algebras with entries in N'G and obtain explicit formulae for the image
under ¢ of idempotent matrices with entries in CG, in terms of their Hattori-
Stallings rank. Finally, we prove Eckmann’s result using Linnell’s theorem
(Theorem 3.32).
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5.2.1 The Center-Valued Trace on NG

Let G be a countable group that will remain fixed throughout this subsection
and consider the action of the group algebra CG on the Hilbert space £2G by
left translations. The associated algebra homomorphism

L:CG — B(*G)

identifies CG with the self-adjoint algebra L(CG) of operators on £2G, in such
a way that L = L, for any element g € G. We recall (cf. §1.1.2.11) that the
weak operator topology (WOT) on the algebra B(¢2G) is the locally convex
topology defined by the family of semi-norms (P, )¢ ez, where

Pepla) =|<a(§),n>]

for all £, € £2G and a € B((?>G). In other words, a net (ay)x of bounded
operators on £2G is WOT-convergent to 0 € B(¢2G) if and only if the net of
complex numbers (< ax(§),n >)x converges to 0 € C for all vectors &,n €
£2G. Then, the group von Neumann algebra NG is defined as the WOT-
closure of L(CG) in B(¢2G). In view of von Neumann’s bicommutant theorem
(Theorem 1.18), N'G coincides with the bicommutant (L(CG))” of the self-
adjoint algebra L(CG) in B(£?G). We note (cf. Proposition 3.11) that there
is a WOT-continuous, positive, faithful and normalized trace functional

T: NG — C,

which is defined by letting 7(a) = <a(d1),d; > for all a € NG. Moreover, for
any positive integer n there is an associated WOT-continuous, positive and
faithful trace functional 7,, on the matrix algebra M,,(N'G), which maps a
matrix (a;j);; € M, (NG) onto >, 7(ai;).

Let ZG be the center of the von Neumann algebra N'G; it is clear that
ZG = NG N (NG), being WOT-closed, is itself a von Neumann algebra of
operators on £2G. Our goal in this subsection is to construct a trace

t=tqg: NG — ZG,

which is WOT-continuous on bounded sets, maps ZG identically onto itself
and is closely related to the trace functional 7. The importance of ¢ in the
study of idempotent matrices with entries in N'G will be illustrated by proving
(in the following subsection) that the induced additive map

is injective.

I. THE TRACE ON CG. We begin by defining ¢ on the group algebra CG. To
that end, we consider the subset Gy C G, consisting of all elements g € G that
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have finitely many conjugates. Since the cardinality of the conjugacy class of
any element g € G is equal to the index of the centralizer Cy of g in G, we
conclude that Gy = {g € G :[G : Cy] < oco}. We denote by C¢(G) the subset
of C(G) that consists of those conjugacy classes [g], for which g € Gy.

Lemma 5.27 Let Gy and C¢(G) be the sets defined above. Then:

(i) Gy is a characteristic (and hence normal) subgroup of G.

(ii) For any commutative ring k the center Z(kG) of the group algebra kG
is a free k-module with basis consisting of the elements (g = > {x : x € [g]},

9] € C(G).

Proof. (i) It is clear that Gy is non-empty, since 1 € Gy. We note that for
any two elements gi,g» € G the intersection Cy, N Cy, is contained in the
centralizer of the product g;g>. In particular, if g;, g2 € Gy then

G : Cg1g2] <[G: Cqg, N ng] <[G: 091] G : ng] <00

and hence g1g2 € Gy. For any element g € G we have C; = C,-1; therefore,
g~! € Gy if g € Gy. We have proved that Gy is a subgroup of G. In order
to prove that Gy is characteristic in G, let us consider an automorphism
o0 : G — G. Then, o restricts to a bijection between the conjugacy classes
lg] and [o(g)] for any element g € G. In particular, g € Gy if and only if
o(g) € Gy.

(ii) Tt is clear that the subset {([g] : [g] € C;(G)} C kG is linearly indepen-
dent over k. Moreover, x(jsz~" = (| for all # € G and hence (|, € Z(kG)
for all [g] € C¢(G). In order to show that the (j,’s form a basis of Z(kG), let
us consider a central element a = 3° - ay9 € kG, where a4 € k for all g € G.
Then, a = zaz~! for all z € G and hence a, = Gy-14, for all g,z € G. There-
fore, the function g — a4, g € G, is constant on conjugacy classes. Since its
support is finite, that function must vanish on the infinite conjugacy classes.
It follows that a is a linear combination of the (|4 ’s, as needed. O

We now define the linear map
to : CG — Z(CG) ,
by letting to(g) =0 if g ¢ Gy and ty(g) = ﬁ([g] ifgeGy3

Proposition 5.28 Let to : CG — Z(CG) be the C-linear map defined
above. Then:

(i) to is a trace with values in Z(CGQG),

(i) to(a) = a for all a € Z(CG),

(#ii) to(aa') = ato(a’) for all a € Z(CG) and @’ € CG (i.e. ty is Z(CG)-
linear) and
3 This definition is imposed by the requirement that ¢y extends to a trace on the von

Neumann algebra N'G with values in ZG, which is WOT-continuous on bounded
sets and maps ZG identically onto itself; cf. Exercise 5.3.5.
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(iv) the trace functional r1 on CG factors as the composition

cG % z(cq) L
where 11 s the restriction of r1 to the center Z(CG).

Proof. (i) Since tg is C-linear, it suffices to show that to(g) = to(g’) whenever
[9] = [¢'] € C(G). But this is an immediate consequence of the definition of
to.

(i) We consider an element g € Gy with [G : Cy] = n and let [g] =
{91,---,9n}. Then, to(g;) = to(g) for all i = 1,...,n and hence

to(Clg)) = to (Z:;lgi) = Z;lto(gi) = nto(g) = (g -

Since tg is C-linear, the proof is finished by invoking Lemma 5.27(ii).

(iii) We consider an element g € Gy with [G : Cy] = n and let [g] =
{91,...,9n}; then, g; € Gy for all i = 1,...,n. If ¢ € G is an element with
g' ¢ Gy, then (G5 being a subgroup of G, in view of Lemma 5.27(i)) g;9’ ¢ G
for all i =1,...,n. In particular,

to(Gag) = to(D_9i9') =D tolgig) =0 = gtols) -

We now assume that ¢’ € Gy and consider the conjugacy class [¢/] =
{9%,--.,9.,}, where m = [G : Cy]. Then, for any j = 1,...,m there ex-
ists an element x; € G, such that g} = a:jg’xj_l. Since ([q is central in CG,
we have ([gg; = :z:jc[g]g’xj_l and hence (o being a trace, in view of (i) above)
to (C[g]gé) =1 (C[g]g’) for all j =1,...,m. It follows that

m

il = t0(Ci) = 10D g ) = D t0(Cla1s}) = mto (Gpg)

where the first equality is a consequence of (ii) above, since the element (jg)(41
is central in CG. We conclude that

1
to(Ca19') = - ClaiClo) = Garto(9')
in this case as well. Therefore, we have proved that tg (Qg]g’) = ([gto(g’) for
all ¢’ € G. Since this is the case for any g € Gy, the linearity of o, combined
with Lemma 5.27(ii), finishes the proof.
(iv) It suffices to verify that the linear functionals ] o tg and r; agree on

g for all g € G. But this follows immediately from the definitions. O

II. THE WOT-CONTINUITY OF THE TRACE ON L(CG). In order to extend
the trace tg defined above to the von Neumann algebra N'G, we consider the
linear maps
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A:CG— CGy and c:CGy — Z(CG),

which are defined by letting A map any group element g € G onto g (resp.
onto 0) if g € Gy (resp. if g ¢ Gy) and ¢ map any g € G onto [(;:716‘9]([9]'
Then, ty can be expressed as the composition

CG 2 CGy -5 Z(CG) . (5.7)

Viewing the algebras above as algebras of operators acting on £2G by left
translations, we study the continuity properties of A and ¢ and show that
both of them extend to the respective WOT-closures.

The map A of (5.7). We begin by considering a (possibly infinite) family
(Hs)ses of Hilbert spaces and define H to be the corresponding Hilbert space
direct sum. Then, H = @, .gHs consists of those elements & = (£5)s €
[L.cs Hs, for which the series Y- g ||&s |12 is convergent. (Here, we denote for
any s € S by || -||s the norm of the Hilbert space H;.) The inner product on H
is defined by letting <&,n>= )" g <&, ns > for any two vectors § = (&)
and n = (ns)s of H, where < _, _ > denotes the inner product of H, for all
s € S. The Hilbert spaces Hg, s € S, admit isometric embeddings as closed
orthogonal subspaces of H by means of the operators ts : Hs — H, which
map an element & € H, onto the element t5(&5) = (ns)s € H with ng = &
and 1, = 0 for s’ # s. Then, the Hilbert space H is the closed linear span of
the subspaces ts(Hs), s € S. For any index s € S we also consider the projec-
tion P, : H — H,, which maps an element £ = (£5)s € H onto & € H,. Tt is
clear that P; is a continuous linear map with ||Py]| < 1 for all s € S. Moreover,
for any vectors £ € ‘H and ns € Hs we have < Ps(§),ns >s = <&, ts(ns) >;
therefore, P; = % is the adjoint of ¢s for all s € S.

Let us consider a bounded operator a € B(H) and a vector £ = (&5)s € H.
Then, the family (Psats(§s))s € [[,cg Hs is also a vector in H, since

D s IPa(@) 2 <Y llans(&) |2
<lal? ), g eI 55)
=llal? Y lEI2
= llal?lel*".

This is the case for any £ € H and hence we may consider the map

Ala): H—H,

which maps an element £ = (&;)s € H onto A(a)(&) = (Psats(&s))s € H. Tt is
clear that the map A(a) is linear. Moreover, it follows from (5.8) that A(a)
is a bounded operator; in fact, we have || A(a) || <|| a||. Therefore, we may
consider the map

A B(H) — B(H)
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which is given by a — A(a), a € B(H). The map A is linear and continuous
with respect to the operator norm topology on B(H); in fact, || A < 1.4 Tt is
easily seen that

A(a)ts = tsPsats (5.9)

for all @ € B(H) and all indices s € S. Since A is a contraction, it induces by
restriction to the r-ball a map

A, : (B(H)), — (B(H)),

for any radius r. Of course, A, is continuous with respect to the operator
norm topology on (B(H)).

Lemma 5.29 The map A, defined above is WOT-continuous for any r.

Proof. Let (ax)x be a bounded net of operators in B(H), which is WOT-
convergent to 0. In order to show that the net (A(ay))x of operators in B(H)
is WOT-convergent to 0 as well, it suffices, in view of Proposition 1.14, to
show that limy <A(ax)(§),n>= 0, whenever there are two indices s,s € S
and vectors s € Hs and 1y € Hy, such that & = 15(&) and n = 1e (s ).
Since

A(G‘)\)(g) = A((l)\)bs(fs) = LSPSGALS(ES)

(cf. (5.9)), the inner product < A(ax)§,n>=<A(ar)&, ts(ns) > vanishes if
s # s'. On the other hand, if s = s’ we have

< Afar)(€),n >

< LsPsa)\Ls(gs); Ls(ns) >
=< Psa)\Ls(gs)ans >
=< a)\//s(fs)>bs(773) >,

where the last equality follows since Py = (. Since WOT-limy ay = 0, we
conclude that limy <A(ay)(§),n>= 0 in this case as well. O

In order to apply the conclusion of Lemma 5.29, we consider the group G and
a subgroup H < G. If S is a set of representatives of the left cosets of H in G,
then the decomposition of G into the disjoint union of the cosets Hs, s € .S,
induces a Hilbert space decomposition (G = @, ¢*(Hs). We consider the
operator

A B(1*G) — B(*G) ,

which is associated with that decomposition as above. In particular, let us fix
an element g € G and try to identify the operator A(L,) € B(¢*G). For any
x € G there is a unique s = s(z) € S, such that € Hs. Then,

* The decomposition H = @, s H. identifies the algebra B(H) with a certain
algebra of S x S matrices whose (s, s")-entry consists of bounded operators from
H, to Hs for all s,s" € S. Under this identification, the linear map A maps any
a = (ass')s,s’cs onto the diagonal matrix diag{ass : s € S}.
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A(Lg)(0z) = A(Lg)ts(0z) = tsPsLgts(6z) = tsPsLg(6z) = tsPs(4a) ,

where the second equality follows from (5.9). We note that gz € Hs if and
only if ¢ € H and hence A(Lgy)(d;) is equal to t5(0g5) = 045 if g € H and
vanishes if g ¢ H. Since this is the case for all € G, we conclude that

| Lgjifge H
A(Lg){o ifg¢ H

In particular, A(L,) is an element of the subalgebra L(CH) C B(¢*G). (We
note that here L(CH) is viewed as an algebra of operators acting on ¢2G.)
Hence, A restricts to a linear map

A: L(CG) — L(CH) C B({*G) .

Corollary 5.30 Let H be a subgroup of G and consider the linear operator
A : L(CG) — L(CH) C B(?G), which is defined above. Then:

(i) The operator A is a contraction.

(i) The map

A, : (L(CQG)), — (L(CH)), € (B(*Q)), ,

induced from A by restriction to the respective r-balls, is WOT-continuous for
any . O

The map c of (5.7). Having established Corollary 5.30 (that will be applied in
the special case where H = G), we turn our attention to the map ¢ of (5.7).
We begin by considering a group N together with an automorphism ¢ : N —
N. Then, ¢ extends by linearity to an automorphism of the complex group
algebra CN, which will be still denoted (by an obvious abuse of notation)
by ¢. We also consider the associated automorphism L, of the algebra of
operators L(CN) C B(f*N), which is defined by letting Lg(Lqs) = Lg(q) for
all a € CN. On the other hand, there is a unitary operator ® € B(¢2N), such
that ®(0;) = g4y for all 2 € N; here, we denote by (6;).en the canonical
orthonormal basis of /2.

Lemma 5.31 Let N be a group and ¢ an automorphism of N.

(i) The associated isometry ® of the Hilbert space (2N is such that Lyayo
®=>doL, €B(*N) for alla € CN.

(ii) The automorphism Ly of the algebra L(CN) is norm-preserving and
WOT-continuous.

Proof. (i) By linearity, it suffices to verify that Ly, o® = ®oL, forallz € N.
For any element y € N we have

(Lo(z) © ®)(0y) = L) (Go()) = dp(2)é(y) = Op(ay) = P(0ay) = (P 0 Lz)(0y) -

Since the bounded operators Ly(,) o ® and ® o L, agree on the orthonormal
basis {d, : y € N} of the Hilbert space (>N, they are equal.
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(ii) For any a € CN we have Ly, = ®o Ly 0 &1 in view of (i) above.
Since ® is unitary, it follows that || Ly ||=| La || for all a € CN and
hence Ly is norm-preserving. On the other hand, the map b +— ®obo &1,
b € B({2N), is WOT-continuous (cf. Remark 1.13(ii)). Being a restriction of
it, Ly is WOT-continuous as well. O

We now assume that N is a group on which the group G acts by automor-
phisms. Then, for any g € G we are given an automorphism ¢, : N — N,
in such a way that ¢, 0 ¢, = ¢4y for all g,¢’ € G. There is an induced ac-
tion of G by automorphisms (¢4), on the complex group algebra CN and
a corresponding action of G by automorphisms (Lg,), on the algebra of
operators L(CN) C B({2N). More precisely, for any g € G the automor-
phism ¢, : CN — CN is the linear extension of ¢, € Aut(N), whereas
Ly, : L(CN) — L(CN) maps L, onto Lg (4 for all a € CN.

If the G-action on N is such that all orbits are finite (equivalently, if for
any element € N the stabilizer subgroup Stab, has finite index in G), then
we define the linear map

c¢: L(CN) — L(CN),

as follows: For any element x € N with G-orbit {x1,...,2,»} C N, where
m =m(z) = [G : Stab,], we let ¢(L,) = = >, L,, € L(CN).

Lemma 5.32 Assume that G acts on a group N by automorphisms, in such
a way that all orbits are finite, and consider the linear endomorphism c of the
algebra L(CN) defined above.

(i) Let x be an element of N and H < G a subgroup of finite index with
H C Stab,. If |G : Hl =k and {q1,...,gr} is a set of representatives of the
right H-cosets {gH : g € G}, then ¢(L,) = %ZLI Ly, (2)-

(i) The operator c is a contraction.

(iii) The map

¢r: (L(CN))r — (L(CN)); ,

induced from c by restriction to the r-balls, is WOT-continuous for any r.

Proof. (i) Since H is contained in the stabilizer Stab,, we have ¢4(z) =
¢g(x) € N if gH = ¢g'H. Therefore, the right hand side of the equality
to be proved doesn’t depend upon the choice of the set of representatives of
the cosets {gH : g € G}. Let {s1,...,8m} be a set of representatives of the
cosets {gStab,, : g € G}, where m = m(z) = [G : Stab,]. Then, the G-orbit
of z is the set {¢s, (x),...,¢s, ()} and hence

1 m
C(Lw) = —21:1[1@551 (z) -

m

If {uy,...,u;} is a set of representatives of the cosets {gH : g € Stab,},
where [ = [Stab, : HJ, then the set {s;u; : 1 < i <m , 1< j <1}
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is a set of representatives of the the cosets {¢gH : g € G}. In particular,
k =[G : H] =[G : Stab,] - [Stab, : H] = ml. Since the u;’s stabilize z, we
have ¢4, (7) = ¢, (x) for all i, j and hence

1

1) = 5 = £ o = £ S

as needed.

(ii) Let a = >°!_, a;z; € CN, whereq; € Cand z; € N foralli =1,...,r
We consider the subgroup H = ﬂ:zl Stab,,, which has finite index in G, and
fix a set of representatives {g,...,gx} of the cosets {¢gH : g € G}. We note
that L, = Y _;_, a;L,,, whereas Ly, (@) = Sy aiLg, (a:) forallj =1,...,k.
Hence, it follows from (i) above that

C(La):ZZZIGiC(in) ZZ 1 kzj 1 ¢g] xi) kzj 1 d’_q](a .

Since || Ly, (a) | = || Lo || for all j = 1,...,k (cf. Lemma 5.31(ii)), we may
conclude that || ¢(Lg) || < || Lo || and hence ¢ is a contraction.

(iii) Let (ax)x be a net of elements in the group algebra CN, such that
the net of operators (L,, ) is bounded and WOT-convergent to 0 € B(¢£2N).
For any index A\ we write ay = ZmeN ax,.x, where the ay ,’s are complex
numbers, and note that

<La>\(51)76z > = <Zw’€Na)\’m/6z/’6z > =0axgz

for all z € N; in particular, it follows that limy ay ; = 0 for all z € N. In order
to show that the bounded net (c¢(L,,))x of operators in L(CN) C B(¢2N) is
WOT-convergent to 0 as well, it suffices to show that

limy <¢(La,)(0y),0.>=0

for all y,z € N (cf. Proposition 1.14). For any pair of elements z,z’ € N we
write x ~ 2’ if and only if z and 2’ are in the same orbit under the G-action,
whereas m(z) denotes the cardinality of the G-orbit of x. Then,

C(Lax) = Zre ax, IC(L )
= en Mm(w)z{Lr' @~}
= Zaﬂe]\/‘z{ A,z m(m) X ~T }Lz

and hence

<e(Lay)(6y),8:> =Y {aramisy i@~ 2y}

Since limy ay,, = 0 for each one of the finitely many z’s in the G-orbit of

zy~ !, we conclude that limy <c(Lg,)(dy),8, > = 0. O
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Let H be a Hilbert space, S a non-empty index set and H() the Hilbert space
direct sum of the constant family of Hilbert spaces (Hs)ses with Hs = H for
all s € S. For any bounded operator a € B(H) there is an associated linear
operator a®) : H) — HS) which maps an element (&,), € H®) onto
(a(&5))s. The map a®) is well-defined, since for any (&), € H®) we have

S e P< Y alPleP=lal? Y 1& P < oo

It follows that the operator a(®) is bounded and || a®®) || <| a ||. In fact, we
may fix an index s € S and consider the restriction of a(®) on the subspace
ts(H), in order to conclude that ||a(*) | = | a|. Hence, the linear map

v B(H) — B(H<S>) ,

which is given by a — a(®), a € B(H), is an isometry and we may consider its
restriction to the r-balls

vy (B(H))y — (B(H(S)))T .

Then, a net (ax)x in (B(H)), is WOT-convergent to 0 if and only if this
is the case for the associated net (af\s))  of operators on H%). Indeed, if

WOT-lim aE\S) = 0, then we may consider the restriction of the aE\S)’s on the

subspace t,(H) C H®), for some index s € S, in order to conclude that WOT-
limy ay = 0. Conversely, assume that the bounded net (ay)x of operators in
B(H) is WOT-convergent to 0. Then, for any pair of indices s, s’ € S and any
vectors £, &' € H, we have

< aE\S)Ls(g)7LS'(£I) >=< Lsak(g),bsf(g/) > = { < a*(%)vgl > ﬁ: i ; ji

where the first equality follows since a(¥)i; = 15a for any operator a € B(H).
In any case, we conclude that lim) < ag\s)bs(f), ts(€') >= 0 and hence the

bounded net (a&s)))\ is WOT-convergent to 0 (cf. Proposition 1.14).

Corollary 5.33 Assume that G acts on a group N by automorphisms, in
such a way that all orbits are finite. We consider a group N’ containing N
as a subgroup and let ¢ be the linear endomorphism of the algebra L(CN) C
L(CN') C B(£?N'"), which is defined as in the paragraph before Lemma 5.32.
Then:

(i) The operator ¢ is a contraction.

(i) The map

¢t (L(CN)), — (L(CN)), ,

induced from c¢ by restriction to the r-balls, is continuous with respect to the
weak operator topology on (L(CN)), C (B(¢(?N")), for any r.
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Proof. For any element a € CN we denote by L, (resp. L) the left trans-
lation induced by a on the Hilbert space (>N (resp. (?N’). If S C N’ is a
set of representatives of the cosets {Nxz : © € N'}, then the Hilbert space
PN' = @, .5 ?(Ns) is identified with ((2N)S)_ in such a way that L/, is
identified with L5 for all a € CN. Therefore, assertions (i) and (i) are im-
mediate consequences of Lemma 5.32(ii),(iii), in view of the discussion above.
(]

The continuity of ¢t on L(CG). Since L : CG — L(CG) is an algebra iso-
morphism, it follows that the center Z(L(CG)) of L(CG) coincides with
L(Z(CQ)), where Z(CQG) is the center of CG. In particular, the linear map
to : CG — Z(CG) of Proposition 5.28 induces a linear map

t: L(CG) — Z(L(CQ)) ,

by letting t(La) = Lyy(q) for any a € CG. Using the results obtained above,
we can now establish certain key continuity properties of t.

Proposition 5.34 Let t : L(CG) — Z(L(CQ)) be the linear map defined
above. Then:
(i) t is a contraction and its restriction

tr - (L(CQ))r — (Z(L(CQ))),

to the respective r-balls is WOT-continuous for any r,

(it) t is a trace with values in Z(L(CG)),

(i) t(Lq) = Lq for oll L, € Z(L(CG)),

(i) t(LoLy) = Lat(Lg) for all L, € Z(L(CQ)) and Ly € L(CG) (i.e. t
is Z(L(CG))-linear) and

(v) the canonical trace functional T on L(CG) factors as the composition

L(CG) -5 Z(L(CR)) == ¢,
where T' is the restriction of T to the center Z(L(CG)).

Proof. (i) Let Gy < G be the normal subgroup consisting of those elements
g € G that have finitely many conjugates and consider the linear map

A L(CG) — L(CGy)

which is defined on the generators Ly, g € G, by letting A(Ly) = L, if
g € Gy and A(Ly) =0 1if g ¢ Gy. The orbit of an element g € G under the
conjugation action of G is the conjugacy class [g] € C(G), a finite set with
[G : Cy] elements. We consider the linear map

c: L(CGy) — L(CGy) ,
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which maps L, onto ﬁ Y ALy s x € [g]} for all g € Gy. It is clear that the
composition
L(CG) -2 L(CGy) - L(CGy)

coincides with the composition
L(CG) - Z(L(CG)) — L(CGy) .

Therefore, (i) is a consequence of Corollaries 5.30 and 5.33. The proof of
assertions (ii), (iii), (iv) and (v) follows readily from Proposition 5.28. O

III. THE CENTER OF N'G. Our next goal is to identify the WOT-closure of
the center Z(L(CG)) of L(CG) with the center ZG = NG N (NG)’ of the
von Neumann algebra N'G. We note that

Z(L(CG)) = L(CG) N (L(CG)) € L(CG)" N (L(CG))" = NG N (NG)' .

- WOT
Hence, ZG being WOT-closed, we have Z(L(CQG)) C Z@G. In order to
prove the reverse inclusion, we need a couple of auxiliary results.

Lemma 5.35 Let a € ZG be an operator in the center of the von Neumann
algebra NG. Then:

(i) For all g,h € G we have <a(d1),0,-144 > = <a(d1), 5 >.

(i1) The inner product <a(d1), 04> depends only upon the conjugacy class
lg] € C(G) and vanishes if g ¢ Gy.

(i1i) For any g € G we have

a((sg)zzmecf( o a(61),6.> L, (8y) € G,

where Cy(G) = {[z] € C(G) : x € Gy} and () = Y {2’ : 2’ € [z]} for all
[z] € C;(G).

Proof. (i) We fix the elements g, h € G and compute

<a(51),5971hg> = <a((51),Lg71(5hg)>

<Lj_1a(d1),0ng>

= <Lga(d1),0ng >

= <aL g(01),0ng >

= <a(dy),
),

=< a(51

Ohg
op >
In the above chain of equalities, the third one follows since L*_, = L, the
fourth one since a commutes with L,, whereas the last one was established in
Lemma 3.9(i).

(ii) It follows from (i) that the function g — < a(d1),d4 >, g € G, is
constant on conjugacy classes. Being square-summable, that function must
vanish on those elements g € G with infinitely many conjugates.
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(iii) It follows from (i) and (ii) above that

a(d1) = Z[x]ecf(G) <a(81),0,> > {du 2’ € [x])}

= lec, (@) < a(él), Oy > L(:[l'] ((51) .

(5.10)

On the other hand, for any g € G the operator L, commutes with a (since
a € ZG) and L, for any x € G (since the L¢ s are central in L(CG); cf.
Lemma 5.27(ii)). Therefore, we have

a(ég) = aLg((51)
= Lga(él)

= Z[I]ch(c) <a(51), Oy > LQLC[m] ((51)

= 2ipmiee, i@ <00 > LaaLy(0)

= Z[w]ECf(G) <CL((§1),6$ > LC[m] ((59) .
In the above chain of equalities, the third one follows from (5.10), in view of
the continuity of L,. O

Corollary 5.36 Let a € ZG be an operator in the center of the von Neumann
algebra NG and b € (Z(L(CQ)))’ an operator in the commutant of Z(L(CQG))
in B((?G). Then, for any two elements g, h € G the family of complex numbers
(<a(61),0> - <b(dg), 051 >)zcq is summable and

> i <l01), 02> - <b(8y),0,-11,> = <ba(dy), 0> -
Proof. In view of the continuity of b, Lemma 5.35(iii) implies that

ba(d,) = Z[z]ecf(c) <a(é1),8,> bL, (J,)

- Z[w]ec (@) <a(51)’6z> LC[m]b(ég)

_Z <a(81),6,> L,b(d,) .

In the above chain of equalities, the second one follows since b commutes with
L¢,, € Z(L(CG)) for all [z] € C;(G) (cf. Lemma 5.27(ii)), whereas the last
one is a consequence of Lemma 5.35(ii). Therefore, we have

<ba(dy),0n> =Y, . <a(81),0,> - <Lsb(dy), 0n>
=g <a(01).80> - <b(8y), L (0n) >
=D g <001), 80> - <b(8y), Ly-1(0n) >
= ZIEG <a(61),0,> - <b(3y),0p-1p>

where the first equality follows from the continuity of the inner product map
< _,dp> and the third one from the equalities L} = L,-1, x € G. ]
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We are now ready to prove the following result, describing the center of the
von Neumann algebra N'G.

Proposition 5.37 The center ZG of the von Neumann algebra NG is the
WOT-closure of the center Z(L(CQG)) of the algebra L(CG) in the algebra
B((2G) of bounded operators on (>G.

Proof. As we have already noted, the von Neumann algebra ZG contains
the WOT-closure of Z(L(CG)). On the other hand, the WOT-closure of the
self-adjoint algebra Z(L(CG)) coincides with its bicommutant in B(£2G) (cf.
Theorem 1.18). Hence, it only remains to show that ZG C (Z(L(CG)))", i.e.
that any a € ZG commutes with any b € (Z(L(CG)))’. Let us fix such a pair
of operators a, b. Since a € ZG C NG, we have

<a(€),5n>= Y, <a(01),8s> <& 81>

x

for all £ € /G and h € G (cf. Lemma 3.9(ii)). In particular, we have

<ab(dy),0n>= > i <(01),85> + <b(8y), 0,1y, >

xT

for all g, h € G. Therefore, Corollary 5.36 implies that
<ab(dy),0n > = <ba(dy), on >
for all g, h € G and hence ab = ba, as needed. O

IV. THE CONSTRUCTION OF t ON N'G. Using the results obtained above, we
can construct the center-valued trace ¢ on the von Neumann algebra N'G of the
countable group G. We note that the countability of G implies that the Hilbert
space (2@ is separable. For any radius r we consider the r-ball (B(£2G)), of
the algebra of bounded operators on ¢2G. Then, the space ((B(¢£2G)),., WOT)
is compact and metrizable; in fact, we can choose for any r a metric d, on
(B(£*2@)),, WOT), in such a way that

dy(a,a’) = dar(a' — a,0) (5.11)

for all a,a’ € (B({?G)), (cf. Theorem 1.15 and its proof). In view of Kaplan-
sky’s density theorem (Theorem 1.20), the r-ball (N'G),. is the WOT-closure
of the r-ball (L(CQ)),.. It follows that ((N'G),., WOT) is also a compact metric
space; in particular, it is a complete metric space. In fact, (NG),, WOT) can
be identified with the completion of its dense subspace ((L(CG)),, WOT). As
an immediate consequence of the discussion above, we note that any operator
in NG is the WOT-limit of a bounded sequence of operators in L(CG). Using
a similar argument, combined with Proposition 5.37, we may identify the com-
plete metric space ((£G),.,, WOT) with the completion of its dense subspace
((Z(L(CQ))),, WOT). It follows that any operator in ZG is the WOT-limit
of a bounded sequence of operators in Z(L(CG)).
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We now consider the linear map t : L(CG) — Z(L(CQG)) of Proposition
5.34. We know that ¢ is a contraction, whereas its restriction ¢, to the respec-
tive r-balls is WOT-continuous for all r. Having fixed the radius r, we note
that the continuity of ¢o, at 0 implies that for any e > 0 there is § = d(r,e) > 0,
such that

dar(a,0) < § = da,(t(a),0) < e
for all a € (L(CG))s,. Taking into account the linearity of ¢ and (5.11), it

follows that
dy(a,ad’) < § = d,.(t(a),t(d")) < e

for all a,a’ € (L(CQ)),. Therefore, the map
by + (L(CG)),, WOT) — ((Z(L(CG))),, WOT)

is uniformly continuous and hence admits a unique extension to a continuous
map between the completions

te: (NG),, WOT) — ((2G),, WOT) . (5.12)

Taking into account the uniqueness of these extensions, it follows that there
is a well-defined map
t: NG — ZG ,

which is contractive, extends ¢t : L(CG) — Z(L(CG)) and its restriction to
the respective r-balls is the WOT-continuous map ¢, of (5.12) for all r.

Theorem 5.38 Let ZG be the center of the von Neumann algebra NG and
t: NG — ZG the map defined above. Then:
(i) t extends the trace to : CG — Z(CQ), in the sense that the following
diagram is commutative
CG % 7(CG)
L] lL
NG+ zG
(i) t is contractive and its restriction to bounded sets is WOT-continuous,
(iii) t is C-linear,
(i) t is a trace with values in ZG,
(v) t(a) = a for all a € ZG,
(vi) t(aa’) = at(a’) for alla € ZG and o' € NG (i.e. t is ZG-linear),
(vit) the canonical trace functional 7 on NG factors as the composition

NG -4 za L C,

where 7' is the restriction of T on ZG.
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The trace t will be referred to as the center-valued trace on N'G.

Proof. Assertions (i) and (ii) follow from the construction of ¢.

(iii) As we have already noted, for any a,a’ € NG there are bounded
sequences (an)n and (al,), in L(CG), such that WOT-lim,, a,, = @ and WOT-
lim,, a,, = a’. Then, for any A, \’ € C the sequence (Aa,, + Nal,), is bounded
and WOT-convergent to Aa + A'a'. In view of the linearity of ¢t on L(CG), we
have t(Aa, + Nal,) = M(a,) + Nt(al,) for all n. Since ¢t is WOT-continuous
on bounded sets, it follows that t(Aa + Na’) = At(a) + Nt(a').

(iv) We recall that multiplication in B(¢2G) is separately continuous in the
weak operator topology (cf. Remark 1.13(ii)). For any element a € L(CG) the
map o — t(aa’) — t(a'a), o’ € NG, is WOT-continuous on bounded sets and
vanishes on L(CG), in view of Proposition 5.34(ii). Therefore, approximating
any operator of NG by a bounded sequence in L(CG), we conclude that
t(aa’) = t(a’a) for all o’ € NG. We now fix a’ € NG and consider the map
a — t(aa') —t(a'a), a € NG. This latter map is WOT-continuous on bounded
sets and vanishes on L(CG), as we have just proved. Hence, using the same
argument as above, we conclude that ¢(aa’) = t(a’a) for all a € NG.

(v) We know that any operator a € ZG is the WOT-limit of a bounded
sequence of operators in Z(L(CGQG)); therefore, the equality t(a) = a is an im-
mediate consequence of Proposition 5.34(iii), in view of the WOT-continuity
of t on bounded sets.

(vi) We fix an operator a € Z(L(CG)) and consider the map a’ — t(aa’) —
at(a'), @’ € NG. This map is WOT-continuous on bounded sets and vanishes
on L(CG) (cf. Proposition 5.34(iv)). Approximating any operator of NG by a
bounded sequence in L(CGQG), we conclude that t(aa’) = at(a’) for all ' € NG.
We now fix an element o' € NG and consider the map a — t(aa’) — at(a’),
a € ZG. This map is WOT-continuous on bounded sets and vanishes on
Z(L(CQ)), as we have just proved. Hence, approximating any operator of
ZG by a bounded sequence in Z(L(CQ)), it follows that t(aa’) = at(a’) for
all a € ZG.

(vii) Since the trace 7 is WOT-continuous, the equality 7 = 7" o ¢ follows
from the WOT-continuity of ¢ on bounded sets, combined with Proposition
5.34(v), by approximating any operator a« € NG by a bounded sequence of
operators in L(CG). O

Before proceeding any further, we explicit the center-valued trace ¢ defined
above, in the special case where the group G is finite.

Remarks 5.39 (i) Let R = M,,(C) be the algebra of n x n matrices with
entries in C. Then, the center Z(R) C R consists of the scalar multiples of
the identity matrix I,,. We note that the matrix units E;; satisfy the following
equalities:
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o Ei;=FE;E;;—Ej;E;iti#}j,
L] Ez — Ejj = EijEji - EjiEij for all Z,] and
° Z:'l:l E,;,=1,.

It follows that there is a unique C-linear trace ¢ : R — Z(R), which is the
identity on Z(R); t is given by letting t(A) = A 1 for all matrices A € R.

(Here, we denote by tr the usual trace of a matr?x.)

(ii) Assume that the group G is finite. Then, the von Neumann algebra
NG is isomorphic with the complex group algebra CG. We assume that G
has r mutually non-isomorphic irreducible complex representations Vi, ..., V.,
and let x1,..., X, be the corresponding characters. We consider the dimen-
sions n; = dimV; = x;(1), ¢ = 1,...,r, of these representations and the
Wedderburn decomposition

CG ~ H;Mm (C) .

This decomposition identifies any element a € CG with the r-tuple of matrices
(01(a),...,0r(a)), where g;(a) € M, (C) is the matrix describing the action
of a on V; = C™ for all ¢ = 1,...,r; in particular, tr(g;(a)) = x;(a) for all
i=1,...,7. The center

Z(CG)QH;lZ(Mm(C)): " C.1,

i=1

is the direct product of r copies of C. Therefore, in view of (i) above, the
center-valued trace t : NG — ZG is identified with the map

t:CG—>H::10~In

i 7

which is defined by letting t(a) = (X“a)[m, . Xn—wfn) for all a € CG.

ni

5.2.2 Matrices with Entries in NG

In this subsection, we fix a countable group G, the associated von Neumann
algebra N'G and its center ZG. For any positive integer n we consider the
algebra M,,(NG) of n x n matrices with entries in NG. Then, M,(NG) is
a von Neumann algebra of operators acting on the n-fold direct sum ¢2G @
- @ LG, with center Z(M,,(NG)) = {al,;a € ZG} (cf. Exercise 1.3.5(i)).
The center-valued trace t, defined in Theorem 5.38, induces the trace

tn : M,,(NG) — Z2G ,

which maps any matrix A = (a;;)i; € M, (NG) onto Y7, t(a;;) € ZG (cf.
Proposition 1.39(i)).
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Proposition 5.40 For any integer n > 0 the trace t,, : M,,(NG) — ZG
defined above has the following properties:

(i) tn(al,) = na for alla € ZG,

(i) t,(aA) = at,(A) for all a € ZG and A € M,,(NG) (i.e. t,, is ZG-
linear) and

(i1i) The trace functional T, on the matriz algebra M, (N'G), which is
induced by the canonical trace T on N'G, factors as the composition

M, (NG) =z 7 ¢,

where 7' is the restriction of T on ZG.

Proof. (i) Tt follows from Theorem 5.38(v) that ¢, (A) = tr(A) for all matrices
A € M,,(ZG). In particular, t,(al,) = na for all a € ZG.

(ii) Let us fix an element a € ZG and a matrix A = (a;5);; € M,(NG).
Then, aA = (aa;j);,; and hence

tp(aA) = Zizlt(aaii) = Zizlat(aii) = azizlt(ah) = at,(A) ,
where the second equality follows from Theorem 5.38(vi).
(iii) For any matrix A = (a;;);; € M,,(NG) we compute

n

() =3 rlai) =Y r(ta) =7(30 Hai)) = 7(ta(4)),
where the second equality follows from Theorem 5.38(vii). O

Our goal is to demonstrate the usefulness of the t,’s in the study of idempo-
tent matrices with entries in N'G. As a first result in that direction, we may
reformulate Kaplansky’s positivity theorem (Theorem 3.12), as follows:

Corollary 5.41 Let n be a positive integer. Then, the following conditions
are equivalent for an idempotent matriz E € M,,(NG):

(i) E=0,

(i1) t,(E) = 0, where t,, is the trace induced on the algebra M, (NG) by
the center-valued trace on NG.

Proof. Tt is clear that (i) implies (ii). On the other hand, the implication
(ii)—(i) is an immediate consequence of Theorem 3.12, in view of Proposition
5.40(ii). O

At this point we have to introduce some general concepts. We recall that a
bounded operator v on a Hilbert space H is called a partial isometry if there
are closed subspaces V, V' C H, such that v maps V isometrically onto V'
and vanishes on the orthogonal complement V+. In that case, the adjoint u*
maps V' isometrically onto V' and vanishes on the orthogonal complement
V'L, Therefore, u*u = py and uu* = py- are the orthogonal projections onto
the subspaces V' and V' respectively and hence
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uu'u =vu and uwruu* =u*. (5.13)

If e, f are two projections on H, then e < f if ef = fe = e (cf. §1.1.1.II); in
that case, the (closed) subspace im e is contained in im f, whereas the operator
f — e is the orthogonal projection onto the subspace (ime)* Nim f. We write
e< fife< fande#f.

Definition 5.42 Let A/ be a von Neumann algebra of operators acting on a
Hilbert space ‘H and consider two projections e, f € N.

(i) The projections e, f are called equivalent (more precisely, equivalent
rel AV) if there is a partial isometry v € A/, such that e = v*u and f = wu*;
in that case, we write e ~ f.

(ii) The projection e is called weaker (more precisely, weaker rel A') than
f if there is a projection ¢’ € N, such that ¢ ~ ¢’ and ¢’ < f; in that case, we
write e < f.

(iii) The projection e is called strictly weaker (more precisely, strictly
weaker rel ) than f if e X f and e # f; in that case, we write e < f.

In particular, for any positive integer n we may apply the concepts of equiva-
lence and weak ordering of projections to the special case of the von Neumann
algebra M,,(N'G) of n x n matrices with entries in N'G. The following result
describes the behavior of the ZG-valued trace t,, with respect to these con-
cepts.

Proposition 5.43 Let n be a positive integer and E, F' two projections in the
von Neumann algebra M, (N'G) of n x n matrices with entries in NG.

(i) If E ~ F then t,(E) = t,(F).

(ii) If E < F then t,(E) # t,(F).

(iti) If E < F then t,(E) # t,(F).

Proof. (i) Let U € M,(NG) be a partial isometry, such that £ = U*U and
F =UU*. Then,

tn(E) = ta(U*U) = t,(UU*) = t,,(F) ,

where the second equality follows since %,, is a trace.

(i) In view of the additivity of ¢, it suffices to show that ¢, (F — E) # 0.
Since E' < F', the operator F' — E is a non-zero projection and hence the result
follows from Corollary 5.41.

(iii) Let ' € M,(NG) be a projection, such that £ ~ E’ and E’ < F.
Then, we must have E’ < F and hence t,(E) = t,(E’) # t,(F), in view of
(i) and (ii) above. O

Using the comparison theory of projections in the algebra of matrices with
entries in NG (cf. Appendix E), we may complement the assertion of Propo-
sition 5.43(i), as follows:
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Proposition 5.44 Let n a positive integer. Then, the following conditions
are equivalent for two projections E, F in the von Neumann algebra M, (NG)
of n X n matrices with entries in NG:

(i) E~F,

(ii) t,(E) = t,(F) € ZG, where t,, is the trace on M,,(NG) induced by
the center-valued trace on NG.

Proof. (i)—(ii): This is precisely the assertion of Proposition 5.43(i).

(ii)—(i): Assume on the contrary that the projections E, F' € M,,(N'G) are
not equivalent, whereas t,(F) = ¢,(F). Then, we may invoke Corollary E.8
of Appendix E, in order to find a central projection C € Z(M,(NG)), such
that CE < CF or CF < CE. In view of Proposition 5.43(iii), we conclude
that in either case we have

tn(CE) # to(CF) . (5.14)

Taking into account the form of the matrices in the center of the algebra
M, (NG), it follows that C' = al,, for some a € ZG (in fact, a must be itself
a projection). Then, Proposition 5.40(ii) implies that

tn(CE) = t,(aE) = atn(E) = aty(F) = t,(aF) = t,(CF) .

This contradicts (5.14), proving therefore that the projections F, F' must be
equivalent if t,,(E) = t,,(F). O

In order to reformulate the previous results in K-theoretic terms, we note that
the center-valued trace t induces an additive map

ty : Ko(NG) — Z2G

which maps the class of any idempotent n x n matrix E with entries in NG
onto ¢, (E) € ZG (cf. Proposition 1.39(ii)). Using the results obtained above,
we shall prove that ¢, is injective, thereby justifying the use of the center-
valued trace in order to represent K-theory classes in Ko(NG).

Remark 5.45 Let A be a von Neumann algebra and P a finitely generated
projective N-module. Then, there is a positive integer n and an idempotent
endomorphism « of the free N-module N, such that P = im a. Viewing N
as the set of row-vectors of size n, we can find an idempotent n x n matrix
E with entries in AV, such that o = E is given by right multiplication with
E. Since the matrix E* is idempotent as well, we may invoke Lemma 3.13, in
order to find a projection F' € M,,(N), such that E*F = F and FE* = E*.
Taking adjoints, we conclude that FE = F and EF = E. It follows that
EF = F and FE = E and hence 1mE im F. Therefore, P is the image
of the idempotent endomorphism F : N — N™, which is given by right
multiplication with F'.
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Theorem 5.46 Let t, : Ko(NG) — ZG be the additive map induced by the
center-valued trace t.

(i) If P,Q are two finitely generated projective N'G-modules, such that
t«[P] = 1.[Q] € ZG, then P and Q are isomorphic.

(ii) t. is injective.
Proof. (i) In view of Remark 5.45, there is a positive integer n and two
projections E,F € M, (NG), such that P = im E and Q = imﬁ, where
E,F: (NG)" — (NG)" are the maps given by right multiplication with E
and F respectively. Since t.[P] = t.[Q], we conclude that

to(E) = t,[E] = t,[P] = t.[Q] = t.[F] = to(F) € 2G .

Then, Proposition 5.44 implies the existence of a partial isometry U €
M, (NG) with E = U*U and F = UU*. Using (5.13) for U, it follows

that the 2n x 2n matrix V = I r In[; is invertible with inverse
v I,-F FO EO0
-1 _ n . -1
| V- <In 5 U >, whereas V (O O) V= = <O 0>. Therefore,

Proposition 1.29 implies that the finitely generated projective AN'G-modules
P and @ are isomorphic.
(ii) This is an immediate consequence of (i). O

Example 5.47 Assume that the group G is finite and has » mutually non-
isomorphic irreducible complex representations Vi, ..., V,. with corresponding
characters x1,...,xr. We consider the dimensions n; = dimV; = x;(1), i =
1,...,r, of these representations and the Wedderburn decomposition

CG ~ H;le (C) .

Let e; € CG be the central idempotent which acts as the identity on V; and
induces the zero map on V; for all j # i.° Then, there is an isomorphism of
left CG-modules CG - e; ~ V™ for all i = 1,...,r. Since x;(e;) = n; for all i,
whereas x;(e;) = 0 if j # 4, we conclude that

it Vi) = £ [V = tu[ei] = tles) = (0,...,0,1,,,0,...,0)

(cf. Remark 5.39(ii)) and hence t,.[V;] = (0,...,0,%.7”“0,...70) for all
i=1,...,r. If V is any finite dimensional complex representation of GG, then
V~@,_, Vll for suitable non-negative integers lq,...,[.. Taking into ac-

count the additivity of t., we conclude that t.[V] = (i—ll[nl, e LInr). In

' N,
this way, applying Theorem 5.46(i) to the special case of a finite group, we
recover the Krull-Schmidt theorem, which asserts that two finite dimensional

® Under the Wedderburn decomposition, e; corresponds to the r-tuple of matrices
0,...,0,In,;,0,...,0).
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complex representations V ~ @@;_, Vil" and V' ~ @._, Vil;’ are isomorphic if
and only if the r-tuples of integers (I1,...,1,) and (I1,...,1.) coincide (cf. [41,
Theorem 19.21]).

We conclude this section by proving Eckmann’s generalization of Swan’s theo-
rem on induced representations (Theorem 2.38) for arbitrary groups. We note
that the group algebra CG is viewed as a subalgebra of the von Neumann
algebra N'G, by means of the algebra homomorphism L. For any positive
integer n we consider the induced algebra homomorphism

L, : M,(CG) — M, (NG) .
We also consider the Hattori-Stallings traces
rC¢ . M, (CG) — T(CG) and V¢ :M,(NG) — TNG) .
Lemma 5.48 (i) The composition

rce) ™ rwa) L za |

where T'(L) is the map induced from the algebra homomorphism L by passage
to the quotients and t is that induced by the center-valued trace t, is given by

[ weta, ifl9) € C(G)
[9] { 0 lo] ol £ CAC)

for all [g] € C(G). Here, C;(G) is the subset of C(G) consisting of the finite
conjugacy classes and (g = Y {x : x € [g]} € CG for all [g] € Cs(G).
(i) There is a commutative diagram

M, (CG) £ M, (NG) = 2@

<o | el

rice) " rwa) L z6

for all n > 1, where t, is the trace on M, (NG), which is induced by the
center-valued trace t.

Proof. (i) This is an immediate consequence of Theorem 5.38(i), which implies
that the composition

CG 5 NG -5 26,
maps any element g € G onto ﬁng] (resp. onto 0) if [g] € C;(G) (resp. if

9] & C4(G)).

(ii) The commutativity of the square on the left follows from the functorial-
ity of the Hattori-Stallings trace (cf. Lemma 1.38), whereas the commutativity
of the square on the right follows from the definition of %,. O
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Corollary 5.49 Let P be a finitely generated projective CG-module with
Hattori-Stallings rank rps(P) = 3 ecic) T9(P)lg] € T(CG) and consider
the finitely generated projective NG-module P = NG ®cg P. Then,

P)
[P = rg(
P Z[g]ecf,tor(G) (G : Cy)

Lg[g] € Z2G R

where Cy 1or(G) is the subset of C(G) consisting of the finite conjugacy classes
of elements of finite order.

Proof. Let n be a positive integer and E an idempotent n x n matrix with
entries in CG, such that P is the image of the endomorphism E of the free
left CG-module (CG)™, which is associated with E. Then,

rCE(E) = rus(P) = Z[Q]EC(G)TQ(P) 9] - (5.15)

If B/ = L,(E) € M,,(NG), then P’ is the image of the endomorphism E'
of the free left NG-module (MG)™, which is associated with E’. We now

compute
t.[P']

t«[E']

tn(E")

(tj oLy)(E)

(t oT(L)o TCG) (E)

= (o T0) (3, oy (Pl

rq(P)
[glecs (@) [G:Cq] ~Clal

In the above chain of equalities, the fourth one follows from Lemma 5.48(ii),
the fifth one from (5.15) and the last one from Lemma 5.48(i). On the other
hand, Bass’ theorem implies that any element g € G with ry(P) # 0 is
conjugate to infinitely many powers of it (cf. Theorem 3.26(i)). Therefore, if
g € Gy is an element of infinite order then ry(P) = 0. O

We are now ready to state and prove Eckmann’s generalization of Swan’s
theorem. We note that if k is a subring of the field C of complex numbers
then the group algebra kG, being a subalgebra of CG, may be viewed as a
subalgebra of the von Neumann algebra N'G.

Theorem 5.50 (Eckmann) Let k be a subring of the field C of complex num-
bers with kN Q = Z and kG the corresponding group algebra. If P is a finitely
generated projective kG-module, then the left NG-module NG Qg P is free.

Proof. Let rus(P) = X ecic) T9(P)lgl € T(kG) be the Hattori-Stallings
rank of P and consider the finitely generated projective CG-module Py =
CG @i P. Then, ry(Py) = ry(P) for all g € G (cf. Proposition 1.46) and
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hence rps(FPo) = X jgeciq) Te(P)lg] € T(CG). Invoking Corollary 5.49, we
conclude that

rq(P)
[91€Cs tor(G) [G : Cg] Clal 2

NG @ra Pl=t. NG @cg Pol=

where Cy 10 (G) is the subset of C(G) consisting of the finite conjugacy classes
of elements of finite order. In view of Linnell’s theorem, r,(P) = 0 for any
element g € G\ {1} of finite order (cf. Theorem 3.32(ii)); hence,

’I"l(P)
[G : Cl]

t. (NG ®@ra Pl= L¢yy =m(P)-1€ 2G .

The complex number ri(P) is rational, in view of Zaleskii’'s theorem
(Theorem 3.19), and non-negative, in view of Kaplansky’s positivity theorem
(Corollary 3.14(i)). Since r1 (P) € k and kNQ = Z, it follows that n = r1(P) is
a non-negative integer. We note that ¢, [(NG)"]| = t.[I,] = t,(I,) =n-1 € ZG
(cf. Proposition 5.40(i)) and hence t.[NG Qrg P]=t.[(NG)"| € ZG. There-
fore, we may invoke Theorem 5.46(i) in order to conclude that the NG-
modules NG @i P and (NG)™ are isomorphic. O

Remarks 5.51 (i) The assertion of Theorem 5.50 can be reformulated in
K-theoretic terms, as follows: For any subring k of the field C of complex
numbers with kN Q = Z, the additive map

Ko(kG) — Ko(NG)

between the reduced K-theory groups (cf. Remark 1.27(ii)), which is induced

by the composition kG — CG L, NG, is the zero map.

(ii) The arithmetic condition on the coefficient ring k can’t be omitted
from the statement of Theorem 5.50. Indeed, if G is a group with torsion,
then there are always finitely generated projective CG-modules, such that
the induced N/G-modules are not free (cf. Exercise 5.3.10 below).

5.3 Exercises

1. Show that the dual group Q of the additive group (Q, +) of rational num-
bers can be identified with the subgroup of the countable direct product
[152,S* of copies of S, which consists of those sequences (z,), that
satisfy the equalities z;‘ﬂ =z for all n > 0.

2. Let T" be a compact topological group with Haar measure pu.

(i) Show that u(U) > 0 for any non-empty open subset U C T'.

(ii) Let f € C(I') be a continuous function on I' and M/ the associated
multiplication operator on L?(T'). Show that the operator norm of My is
equal to the supremum norm of f.
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(Hint: In order to prove that || My || >|| f || «, consider a point vg € T’
with | f(70) | =] f ||co- For any & > 0 choose an open neighborhood U of
70, such that | f(70) | 2= 1] f(7) |2 < & for all v € U, and test with the
function i € L?(T).)

3. Show that a subgroup A C S is trivial if and only if |z — 1| < v/3 for all
z € A

4. Let H be a Hilbert space, A C B(H) a unital self-adjoint subalgebra and
N = A" its WOT-closure.

(i) Show that the center Z(N) of A contains the WOT-closure of the
center Z(A) of A.

In contrast to the situation described in Proposition 5.37, the inclusion
Z(A)" C Z(N) may be proper. In fact, it is the goal of this Exercise
to provide an example where Z(A)” # Z(N).® To that end, we let H,
be an infinite dimensional Hilbert space and consider the Hilbert space
H=HydC.

(ii) For any a € B(Hp) and any scalar A € C we consider the linear map
T(a,\) : H — H, which maps any element (v, z) € H onto (a(v)+Av, Az).
Show that T'(a,\) € B(H).

(iii) Consider the ideal F C B(Hy) of finite rank operators and let A =
{T(a,\) : a € F, X € C}, in the notation of (ii) above. Show that A is a
unital self-adjoint subalgebra of B(H), whose center Z(.A) consists of the
scalar multiples of the identity.

(iv) Let A C B(H) be the subalgebra defined in (iii) above. Show that the
center Z(A") of the bicommutant A" is 2-dimensional and conclude that
the inclusion Z(A)" C Z(A") is proper.

5. Let G be a countable group, NG the associated von Neumann algebra
and ZG its center. We consider a C-linear trace t' : NG — Z@G, which
is WOT-continuous on bounded sets and maps ZG identically onto itself.
The goal of this Exercise is to show that ¢’ coincides with the center-valued
trace t constructed in Theorem 5.38.

(i) Let g € G be an element with finitely many conjugates and Cj its
centralizer in G. Show that t'(L,) = ﬁLC[g] € Z2G.

(ii) Let (gn)n be a sequence of distinct elements of G. Show that the
sequence of operators (L, ), in B((?G) is WOT-convergent to 0.

(iii) Let g € G be an element with infinitely many conjugates. Show that
t'(Ly) = 0.

(iv) Show that ¢/ =t.

6. A group G is called i.c.c. (infinite conjugacy class) if any element g €
G\ {1} has infinitely many conjugates. Equivalently, G is an i.c.c. group
if the subgroup Gy C G, defined in the paragraph before Lemma 5.27, is
trivial.

(i) Show that the free group on n > 2 generators is i.c.c.

5 The following example was communicated to me by E. Katsoulis.
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10.

7

8

(ii) Let So be the group consisting of those permutations o of the set
N = {0,1,2,...}, for which there is an integer ny = ng(o), such that
o(n) = n for all n > ny. Show that S is an i.c.c. group.

Let G be a countable i.c.c. group (cf. Exercise 6 above.)

(i) Show that the center ZG of the von Neumann algebra N'G consists of
the scalar multiples of the identity operator 1 € B(£2G).

(ii) Show that the center-valued trace ¢t on N'G is such that t(a) = 7(a)-1,
where 7 : NG — C is the canonical trace and 1 the identity operator on
2G.

(iii) Show that the additive map 7. : Ko(NG) — C, which is induced
by the canonical trace 7, is injective.

. Let G be a countable group and e € CG an idempotent.

(i) Consider the operator L, € NG and show that || ¢(Le) || < 1, where ¢
is the center-value trace on the von Neumann algebra N'G.
(Hint: Use Lemma 3.13.)

lrg (e)?

(ii) Show that 3 i) cc.(q) ‘&a,r <1, where we denote by Cy the central-

izer of any element g € G and let C;(G) be the subset of C(G) consisting
of the finite conjugacy classes.”

. Let G be a countable group and consider the complex group algebra CG,

the associated von Neumann algebra NG and its center ZG.

(i) Let t be the center-valued trace on N'G. Show that ¢(a*) = t(a)* for
all a € NG.

(ii) Let n be a positive integer and consider the trace ¢,, which is induced
by the center-valued trace ¢ on the matrix algebra M, (N'G). Show that
tn(A*) =t,(A)* € ZG for all A € M,,(NG).

(ili) Let ¢, : Ko(NG) — ZG be the additive map induced by the center-
valued trace t. Show that the subgroup imt, consists of self-adjoint oper-
ators.

(Hint: Use Lemma 3.13.)

(iv) Let P be a finitely generated projective CG-module. Show that
rg-1(P) =rg(P) for all g € Gy.

Let G be a countable group. In this Exercise we examine the extent to
which the assertion of Theorem 5.50 (in its equivalent formulation stated
in Remark 5.51(i)) is valid for finitely generated projective modules over
the complex group algebra CG. To that end, we consider the additive map
in reduced K-theory

Ko(L) : Ko(CG) — Ko(NG) ,

which is induced by the algebra homomorphism L. Our goal is to show
that the image im K(L) is a torsion group if and only if the group Gy is
torsion-free.®

A stronger version of this inequality was obtained by I.B.S. Passi and D. Passman

in [54].
This result is essentially due to B. Eckmann [21].
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(i) If the group G has non-trivial torsion elements show that the subgroup
im Ko(L) C Ko(NG) is not a torsion group.

(Hint: Assume that g € G is an element of finite order n > 1 and consider
the idempotent e = 1 Y"1 gi € CG.)

(ii) If the group Gy is torsion-free show that the subgroup imlf(vo(L) -
I?o(./\/G) is a torsion group.

Let A be a von Neumann algebra of operators acting on a Hilbert space
‘H and consider an abelian group V and an additive V-valued trace 7 on
N. It is the goal of this Exercise to show that 7 vanishes on nilpotent
elements of .7 To that end, we consider a fixed element a € N.

(i) For any non-negative integer n we let p,, € B(H) be the orthogonal
projection onto the closed subspace ima™ C H. Show that the sequence
(pn)n is a decreasing sequence of projections in N, such that p,11ap, =
apy, for all n > 0.

(ii) For any positive integer n we consider the complementary projection
€n = Pn—1 — Pn € N. Show that e;p; = 0if 0 <7 < j and hence conclude
that e,ae,, = 0 for all n > 1.

(iii) Show that 7(ae,) = 0 for any positive integer n.

(Hint: Use the trace property of 7.)

(iv) If a is nilpotent, then show that 7(a) = 0.

(Hint: In the notation above, if p, =0 thene; +---+e, =1.)

Let G be a group and A a nilpotent matrix with entries in the complex
group algebra CG. Show that r,(A) = 0 for any element g € G5.1°
(Hint: Assuming that G is countable, compute the operator ¢, (A") € ZG,
where n is the size of A and A’ = L,,(A). Then, use Exercise 11(iv) above.)

9 The following argument was communicated to me by A. Katavolos.

19 This result is proved by I.B.S. Passi and D. Passman in [54].
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Notes and Comments on Chap. 5. The relevance of the integrality of the trace
conjecture in the study of idempotents in the reduced C*-algebra of a torsion-free
group G was first noted by A. Connes [15], J. Cuntz [17], M. Pimsner and D.
Voiculescu [57]. In the case where the group G has non-trivial torsion elements, P.
Baum and A. Connes had conjectured in [6] that the image of 7 is the subgroup of
Q generated by the inverses of the orders of the finite subgroups of G. This latter
conjecture was disproved by R. Roy [59]. Subsequently, W. Liick [46] formulated a
modified version of that conjecture, according to which the image of 7, is contained
in the subring of Q generated by the inverses of the orders of the finite subgroups
of G. The identification of the reduced C*-algebra of an abelian group G with the
algebra of continuous functions on the dual group G and the relation between the
existence of non-trivial torsion elements in G to the connectedness of G are standard
themes in Harmonic Analysis (cf. [33]). The proof of the integrality of the trace
conjecture for free groups, which was presented in §5.1.3, is due to A. Connes [15].
In that direction, it should be noted that M. Pimsner and D. Voiculescu have proved
in [57] that the additive map 7. induces an isomorphism Ko(C;G) ~ Z, in the case
where the group G is free. A center-valued trace ¢, such as the one defined on NG in
85.2.1, can be defined for any finite von Neumann algebra; the construction of ¢ in
that generality can be found in Chap. 8 of [36]. Eckmann’s theorem (Theorem 5.50)
was proved in [20] (see also [64]). The relevant induction map (cf. Remark 5.51(1))
is studied in [25] for any coefficient ring k C C. Further applications of the use of
NG in the study of the Hattori-Stallings rank of idempotent matrices with entries
in group algebras can be found in [26].
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Tools from Commutative Algebra

In this Appendix, we present those results from Commutative Algebra that
were used in Chaps. 2 and 3. For more details on the subject, the reader is
referred to the specialized books [3] and [52] or the encyclopedic treatise [8].

A.1 Localization and Local Rings

I. LOCALIZATION. Let R be a commutative ring and S C R a multiplicatively
closed subset containing 1. The localization R[S™!] of R at S is the ring
obtained from R by formally inverting the elements of S. More precisely,
R[S~1] consists of the equivalence classes of pairs of the form (r,s), where
r € R and s € S, under the equivalence relation defined by the rule

(r,s) ~ (r',¢") if and only if there exists sg € S such that sosr’ = sos'r

for r,7” € R and s,s’ € S. We denote the equivalence class of a pair (r, s),
where r € R and s € S, by r/s. Addition and multiplication in R[S™!] are
defined by the rules

r/s+r'/s' = (s'r +sr')/ss" and (r/s)- (r'/s") = (r1")/(ss")

for r,7’ € R and s,s’ € S. It is straightforward to verify that these operations
are well-defined and endow R[S~!] with the structure of a commutative ring.

Remark A.1 Let S be a multiplicatively closed subset of a commutative ring
R containing 1. Then, the group of units U(R[S™1]) of the localization R[S~
consists of those formal fractions z = r/s € R[S™!], where r € R and s € S
are such that there exists t € R with rt € S. Indeed, it is clear that an element
x of that form is invertible with inverse st/rt € R[S™!]. Conversely, if 2 =
r/s € U(R[S™1]) and =1 =1'/s’ € R[S™1], for some 7’ € R and s’ € S, then
rr'/ss' = 1/1 € R[S™!] and hence there exists s” € S with rr's” = ss's” € R.
Then, the element ¢ = r’s” € R is such that rt = r's” = ss's” € S, as
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needed. In particular, assume that the multiplicatively closed subset S has
the following property: If » € R is such that there exists t € R with rt € .S,
then r € S.! In that case, the group of units of the ring R[S™!] consists of
the fractions r/s with ;s € S.

We now consider the map
A=Agps:R— R[S,

which is given by r — r/1, r € R. It is clear that X is a ring homomorphism;
as such, it endows the localization R[S™!] with the structure of a commuta-
tive R-algebra. The following Proposition characterizes R[S™!] as the univer-
sal commutative R-algebra in which the elements of S (more precisely, their
canonical images) are invertible.

Proposition A.2 Let R be a commutative Ting, S C R a multiplicatively
closed subset containing 1, R[S™] the corresponding localization and \ the
ring homomorphism defined above. Then, for any commutative ring A and
any ring homomorphism ¢ : R — A with the property that p(S) C U(A),
there erists a unique ring homomorphism ® : R[S~ — A with ® o X\ = .

Proof. Given a pair (A, ), we may define ® by letting ®(r/s) = ¢(r)p(s)~! for
all r/s € R[S™!]. It is easily seen that ® is a well-defined ring homomorphism
and ® o A = ¢. The uniqueness of ¢ satisfying that condition follows since
r/s=Ar)\(s)"' € R[S™!| forallT € R, s € S. O

Corollary A.3 (i) Let R be a commutative ring and T C S C R two multi-
plicatively closed subsets containing 1. If S’ is the multiplicatively closed subset
of R' = R[T~Y] consisting of the elements of the form s/t, where s € S and
t €T, then there is a unique homomorphism of R-algebras

R[S — R[S7Y].

Moreover, this homomorphism is bijective and identifies (r/t)/(s/t') with
rt'/st for anyr € R, s € S and t,t' € T.

(i) Let R be a commutative ring and s,t € R two elements with u = st.
If S, T and U are the multiplicatively closed subsets of R generated by s, t
and u respectively? and T' is the image of T in R' = R[S™!], then there is a
unique R-algebra homomorphism

R [T — R[UT'].

Moreover, this homomorphism is bijective and identifies (r/s™)/(t™ /1) with
rs™t" /u"T™ for any r € R and n,m > 0.

! This property can be rephrased by saying that the complement I = R \ S is such
that IR C 1.

2 By this, we mean that S consists of the powers s™, n > 0, of s and similarly for
T and U.
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Proof. Assertion (i) follows since R'[S’~!] is the universal commutative R-
algebra in which the image of S consists of invertible elements. Similarly, the
claim in (ii) is a consequence of the observation that the universal commutative
R-algebra in which the images of s and ¢ are invertible is precisely the universal
commutative R-algebra in which the image of their product w is invertible. [J

Our next goal is to prove the flatness of localization. To that end, we let S
be a multiplicatively closed subset of a commutative ring R containing 1 and
fix an R-module M. We then consider the R[S~1]-module M[S~!], which is
defined as follows: As a set, M [S~1] consists of the equivalence classes of pairs
of the form (m,s), where m € M and s € S, under the equivalence relation
defined by the rule

(m,s) ~ (m/,s") if and only if there exists so € S such that sgpsm’= sgs'm

for m,m’ € M and s,s’ € S. We denote the equivalence class of a pair (m, s),
where m € M and s € S, by m/s. Addition and the R[S~!]-action on M[S™1]
are defined by the rules

m/s+m'/s = (s'm+sm')/ss’ and (r/s)-(m'/s") = (rm')/(ss")

for m,m’ € M, r € R and s, € S. It is straightforward to verify that
these operations are well-defined and endow M[S™!] with the structure of an
R[S~ !]-module.
Pursuing further the analogy with the construction of the ring R[S™!], we
consider the map
A=Ays: M — M[ST!],

which is given by m +— m/1, m € M. Then, X is R-linear and has the universal
property described in the following result.

Proposition A.4 Let R be a commutative ring, S C R a multiplicatively
closed subset containing 1, M an R-module, M[S™!] the R[S™!]-module de-
fined above and \ : M — M[S™] the corresponding R-linear map. Then,
for any R[S™']-module N and any R-linear map @ : M — N’ there exists
a unique R[S™1]-linear map ® : M[S™'Y — N with ® o A\ = . (Here, we
denote by N' the R-module obtained from N by restricting the scalars along
the natural homomorphism R — R[S™!].)

Proof. Given a pair (N, ), we may define ® by letting ®(m/s) = (1/s) - p(m)
for all m/s € M[S™1]. Then, ® is a well-defined R[S~!]-linear map such
that ® o A = ¢. The uniqueness of ® satisfying that condition follows since
m/s = (1/s)-A(m) € M[S™!] for all m € M, s € S. O

Corollary A.5 Let R be a commutative ring, S C R a multiplicatively closed
subset containing 1 and M an R-module.

(i) There is an R[S™']-module isomorphism M ®@p R[S™!] ~ M[S™1],
which identifies m @ 1/s with m/s for allm € M and s € S.
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(ii) If there exists an element s € S such that sM = 0, then the R[S™1]-
module M ®@r R[S™!] vanishes.

(iii) If the R-module M is finitely generated and the R[S~']-module M @
R[S™Y] vanishes, then there exists s € S such that sM = 0.

Proof. (i) This follows from Proposition A.4, in view of the universal property
of the R[S~™!]-module M ®p R[S™}].

(ii) If s € S and m € M are such that sm = 0, then m/1 =0/1 € M[S™!].
Therefore, if sM = 0 then M @ R[S™!] ~ M[S~1] = 0.

(iii) Assume that M is generated over R by mq, ..., m,. Since the module
M[S™1] ~ M ®r R[S™!] vanishes, we have m;/1 = 0/1 € M[S™!] for all
i = 1,...,n. But then there exists for each i an element s; € S, such that
sim; = 0. If s = H?=1 s; € S then s annihilates all generators mq, ..., m, of
M and hence sM = 0. (]

Corollary A.6 Let R be a commutative Ting and S C R a multiplicatively
closed subset containing 1. Then, the R-module R[S™1] is flat.

Proof. In view of Corollary A.5(i), we have to verify that the functor M —
M[S™1], M an R-module, is left exact. In other words, we have to verify that
for any submodule N of an R-module M the map N[S~!] — M[S~!], which
maps n/s € N[S™1] onto n/s € M[S™!] is injective. But this is clear from the
definition of equality in the modules M[S~!] and N[S~1]. O

II. LOCALIZATION AT A PRIME IDEAL. An important class of multiplicatively
closed subsets of a commutative ring R is that arising from prime ideals. If
p C Risa prime ideal (i.e. if p is a proper ideal of R such that the quotient ring
R/p is an integral domain) then the complement S = R\ p is multiplicatively
closed and contains 1. The corresponding localization is denoted by R, and
referred to (by an obvious abuse of language) as the localization of R at p. For
example, if R is an integral domain then 0 is a prime ideal and the localization
Ry is the field of fractions of R.

The following result describes a property of localization that was used in
a crucial way in §2.1.1, in the proof of the continuity of the geometric rank
function associated with a finitely generated projective module.

Proposition A.7 Let R be a commutative ring, M (resp. P) a finitely gen-
erated (resp. finitely generated projective) R-module and ¢ : M — P an
R-linear map. Assume that ¢ C R is a prime ideal, such that ¢ becomes an
isomorphism when localized at . Then, there exists an element u € R\ p,
such that ¢ becomes an isomorphism after inverting u (i.e. when localizing at
the multiplicatively closed subset U C R generated by u).

Proof. The localized map ¢®1 : M ®@r R, — P®gr R, being bijective, the k-
flatness of Ry, (cf. Corollary A.6) implies that both ker p®@r R, and coker p®pr
R, vanish. Since the R-module coker ¢ is finitely generated, Corollary A.5(iii)
implies that there exists s € R\ p such that s - cokerp = 0. Let S be the
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multiplicatively closed subset of R generated by s; we note that S C R\ p. If
R' =R[S7!], ¢’ = p®1 and ¢’ = pR[S™}], then the R-flatness of R’ and the
vanishing of coker ¢ ® g R’ (cf. Corollary A.5(ii)) show that there is a short
exact sequence of R’-modules

0—kero@r R — M®@rR *5P@rR —0.

Since the R'-module P @ R’ is projective, this short exact sequence splits; in
particular, the R’-module ker ¢’ = ker ¢ @ g R’ is finitely generated. We note
that

ker o' ®@p R,y = kerp ®r R, =kerp ®r R, =0,

where the second equality follows using Corollary A.3(i). Hence, we may invoke
Corollary A.5(iii) once again in order to find an element ¢ € R’ \ o' with
t' - ker ¢’ = 0. Without loss of generality, we assume that ¢’ = ¢/1 for some
t € R\ p. Let U (resp. T') be the multiplicatively closed subset of R (resp.
R’) generated by u = st € R\ p (resp. by t'). Then,

kero @p RU Y =kerp®@r R'[T" ' =ker¢ @r R[T""] =0,

where the first (resp. third) equality follows from Corollary A.3(ii) (resp.
Corollary A.5(ii)). Since u = st annihilates coker ¢, Corollary A.5(ii) implies
that coker p @ R[U~1] = 0. It follows that the map

e®1: M@ RU Y — P®r RU!
is an isomorphism and this finishes the proof. O

IIT. LOCAL RINGS. A commutative ring is called local if it has a unique
maximal ideal. For example, any field is local, whereas the ring Z is not.

Remarks A.8 (i) It is clear that any proper ideal in a commutative ring
consists of singular (i.e. non-invertible) elements. In fact, if R is a local ring
then its maximal ideal m is precisely the set of singular elements. Indeed, if
r € R is not invertible then the ideal Rr is proper and hence contained in the
(unique) maximal ideal m, i.e. r € m.

(ii) As a converse to (i), we note that if the set of singular elements of a
commutative ring R forms an ideal I, then R is a local ring with maximal
ideal m = I. This is clear since any proper ideal J of R consists of singular
elements and is therefore contained in I.

(iii) If R is a commutative ring and o C R a prime ideal, then the local-
ization R, is a local ring with maximal ideal

pR, ={r/s:reps¢ pt CR,.

This is an immediate consequence of (ii) above, as soon as one notices that
an element of the localization R,, is invertible if and only if it is of the form
r/s, with r, s ¢ p (cf. Remark A.1).
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Our next goal is to show that any finitely generated projective module over
a local ring is free,® a fact used in the very definition of the geometric rank
function associated with a finitely generated projective module in §2.1.1. To
that end, we need the following lemma.

Lemma A.9 Let R be a commutative ring, I C R a proper ideal and M
a finitely generated R-module satisfying the equality IM = M. Then, there
exists an element r € I such that (1 +r)M = 0. In particular, M is trivial
(i.e. M = 0) if either one of the following two conditions is satisfied:

(i) (Nakayama) R is a local ring or

(ii) R is an integral domain and the R-module M is torsion-free.

Proof. It M = """ | Rm; then IM = %" | Im; and hence we can write
m; = Z?zl rijm;, for suitable elements r;; € I. It follows that the matrix

1—ry1 —ri2 o0 =71
—To1 1—rap s —Top
A= . . . € M,,(R)
—Tn1 —Tn2 - 1- Tnn

annihilates the n x 1 column-vector

S
Il

Multiplying the equation A -7 = 0 to the left by the matrix adj A, we deduce
that the element det A € R annihilates all of the m;’s. Since these elements
generate M, we conclude that (det A)M = 0. It is immediate by the form of
the matrix A that det A = 1 + r, for a suitable element r € I.

(i) Assume that the ring R is local with maximal ideal m. Since the ideal
I is proper, we have I C m and hence 1+ r ¢ m. In view of Remark A.8(i),
we conclude that 1 + r is invertible in R. The equation (1 + )M = 0 then
shows that M = 0.

(ii) Assume that R is an integral domain, whereas M is torsion-free and
non-zero. Then, the equation (1 + r)M = 0 implies that 1 + 7 = 0. But then
1 = —r € I, contradicting our assumption that I is proper. O

Proposition A.10 Let R be a local ring and P a finitely generated projective
R-module. Then, P is free.

Proof. Let m be the maximal ideal of R and k = R/m the residue field. Then,
P/mP = P ®g k is a finite dimensional k-vector space; hence, it has a basis

3 In fact, any projective module (not necessarily finitely generated) over a local
ring is free; this result is due to I. Kaplansky [37].
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x1,..., T, for suitable elements z1,...,z, € P. We shall prove that the z;’s
form a basis of P by showing that the R-linear map ¢ : R™ — P, which
maps (ry,...,r,) € R" onto ryz1 + ...+ r,x, € P is an isomorphism. The

exact sequence of R-modules
R™ %5 P — cokerp — 0
induces the exact sequence of k-vector spaces

k"@P®Rk—>cokergp®Rk—>0.

Since ¢ ® 1 is bijective, the k-vector space coker p ® g k vanishes. Therefore,
Nakayama’s lemma implies that the finitely generated R-module coker ¢ is
actually zero and hence ¢ is onto. We note that the short exact sequence of
R-modules

0 —kerg — R" 2 P—0

splits, since P is projective. It follows that the R-module ker ¢ is finitely
generated, whereas there is an induced (split) short exact sequence

0—kerpork — k" 2 Pogk —0.

As before, Nakayama’s lemma implies that ker ¢ = 0 and hence ¢ is 1-1. O

A.2 Integral Dependence

Let us consider a commutative ring R and a commutative R-algebra T. An
element ¢ € T is called integral over R if there is a monic polynomial f(X) €
R[X], such that f(t) =0 € T. It is clear that elements in the canonical image
of R in T are integral over R; if these are the only elements of T that are
integral over R, then R is said to be integrally closed in 7. On the other
extreme, the algebra T is called integral over R (or an integral extension of
R) if any element ¢ € T is integral over R. The following result establishes a
few equivalent formulations of the integrality condition.

Proposition A.11 Let R be a commutative ring and T a commutative R-
algebra. Then, the following conditions are equivalent for an elementt € T:

(i) t is integral over R.

(i) The R-subalgebra R[t] C T is finitely generated as an R-module.

(iii) There is a finitely generated R-submodule M C T containing 1, such
that tM C M.

Proof. (1)—(ii): Assume that t is integral over R. Then, there is an integer
n > 1 and elements rq,...,7,_1 € R, such that

b " ity =0€T.
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It follows that " is an R-linear combination of 1,¢,...,t"~! and hence R[t] =
Z?;OI Rt' is a finitely generated R-module.

(ii)—(iii): This is clear, since we may choose M = R][t].

(iii)—(i): Let M =Y | Rm; C T be an R-submodule of 7" that contains
1 and is closed under multiplication by t. Then, there are equations of the
form tm; = 22‘;1 rijmyj, ¢ = 1,...,n, for suitable elements r;; € R. It follows
that the n x n matrix

t—ry1 —ri2 o —Tip
—To1 t—Tog - —Top
A=| , T e M ()
—Tn1 —Tn2 - t— Tnn

annihilates the n x 1 column-vector

S
I

Multiplying the equation A - = 0 to the left by the matrix adj A, we deduce
that the element det A € T annihilates all of the m;’s. Since these elements
generate the R-module M, it follows that det A annihilates M in particular,
det A = (det A)1 = 0. Then, the expansion of det A provides us with an
equation that shows ¢ to be integral over R. O

Corollary A.12 Let R be a commutative ring, T a commutative R-algebra
and U a commutative T'-algebra.

(i) If t1,...,tn, € T are integral over R, then the finitely generated R-
subalgebra Rty, ..., t,] C T is finitely generated as an R-module.

(i) If u € U is integral over T and T is integral over R, then u is integral
over R. In particular, if U is integral over T and T integral over R, then U
is integral over R.

Proof. (i) We use induction on n, the case n = 1 following from Proposi-
tion A.11. Since t,, is integral over R, it is also integral over R[t1,...,t,—1].
Therefore, Proposition A.11 implies that R[t1,...,t,] = R[t1,...,tn_1][tn] is
finitely generated as an R[t1,...,t,—1]-module. By the induction hypothesis,
R[t1,...,tn—1] is finitely generated as an R-module and hence R|[t1,...,t,] is
finitely generated as an R-module (cf. Lemma 1.1(i)).

(ii) Since u is integral over T, there is an integer n > 1 and elements
to,...,tn_1 € T, such that

Uty w4 tiu+to=0€U .

This equation shows that u is integral over the ring R’ = Rl[to,...,tn—1].
It follows from Proposition A.11 that R'[u] is finitely generated as an R’-
module. But R’ is finitely generated as an R-module, in view of (i) above, and
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hence R’'[u] is finitely generated as an R-module (cf. Lemma 1.1(i)). Using
Proposition A.11 once again, we deduce that u is integral over R. O

Corollary A.13 Let R be a commutative ring, T a commutative R-algebra
and R' ={t € T : t is integral over R}. Then:

(i) R' is an R-subalgebra of T and

(i1) R is integrally closed in T.
The R-algebra R’ is called the integral closure of R in T.

Proof. (i) For any t1,t2 € R’ the R-algebra R[t;,ts] is finitely generated as
an R-module, in view of Corollary A.12(i). Since R|[t1,t2] contains 1 and is
closed under multiplication by ¢; £ ¢5 and ¢1to, Proposition A.11 implies that
t1xto, t1to € R'. It follows that R’ is a subring of T'. Since r-1 € T is obviously
integral over R for any r € R, it follows that R’ is an R-submodule of T' (and
hence an R-subalgebra of it).

(ii) This is an immediate consequence of Corollary A.12(ii). O

The next result describes some basic properties of the integral closure of a
domain in an extension of its field of fractions.

Lemma A.14 Let R be an integral domain, K its field of fractions, L an
algebraic extension field of K and T the integral closure of R in L.

(i) For any x € L there exists r € R\ {0}, such that rx € T. In particular,
L is the field of fractions of T'.

(i) Any field automorphism o of L over K restricts to an automorphism
of T over R.

Proof. (i) Any element x € L is algebraic over K and hence satisfies an
equation of the form

-1
Tt Ay 2" g =0,

for an integer n > 1 and suitable elements rg,...,r, € R, with r, # 0.
n—1

Multiplying that equation by 7'~ ", we obtain the equation
()™ 4+ 11 (rp2)" ™ o 2 () 7 g =0

Hence, r,x is integral over R, i.e. 7,z € T.
(ii) Any element ¢t € T satisfies an equation of the form

"y " it g =0,

for an integer n > 1 and suitable elements rg,...,r,_1 € R. If ¢ is an auto-
morphism of L over K, then the element o(t) € L satisfies the equation

o) +rp_10(t)" 4 ro(t) +10=0.

Hence, o(t) is integral over R, i.e. o(t) € T. Considering the automorphism
o1 of L over K, it follows that ¢ maps T bijectively onto itself. O
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Having the ring Z of integers in mind, we examine the case where R is a
principal ideal domain or, more generally, a unique factorization domain.

Lemma A.15 A unique factorization domain is integrally closed in its field
of fractions.

Proof. Let R be a unique factorization domain and K its field of fractions. An
element x € K is not contained in R if it can be expressed as a quotient of
the form a/b, where the elements a,b € R\ {0} are relatively prime and b is
not a unit. If such an element z is integral over R, it satisfies an equation of
the form

" bz =0 K,

for an integer n > 1 and suitable elements rq,...,r,—1 € R. Multiplying that
equation by b", we obtain the equality

a" +rp_1ba™ " e " =0 € R. (A1)
Since b is not a unit, it has a prime divisor p. Then, p divides the sum
Poo1ba™ V4 b a4 b = b(rn,lan_l 4" 20+ Tob"_l)

and hence (A.1) implies that p divides a™. But the prime p does not divide a,
since a and b are relatively prime, and this is a contradiction. O

Corollary A.16 Let R be a unique factorization domain, K its field of frac-
tions, L a Galois extension field of K and T the integral closure of R in L.
Let x € T and consider its Galois conjugates x1(= x),xa,...,xg. Then, the
polynomial f(X) = Hle(X — z;) has coefficients in R.

Proof. First of all, we note that the z;’s are contained in T', in view of Lemma
A.14(ii); therefore, f(X) is a polynomial in T[X]. Being a symmetric polyno-
mial in the x;’s, any coefficient y € T of f(X) is invariant under the action of
the Galois group of L over K and hence y € K. Since TN K = R, in view of
Lemma A.15, we conclude that y € R. O

Corollary A.17 Let R be a principal ideal domain contained in an integral
domain T and assume that T is integral over R. Then, for any prime element
p € R there exists a mazimal ideal m C T, such that RNm = pR; in that
case, the field T/m is an extension of R/pR.

Proof. First of all, we note that elements of R that are invertible in T" must be
already invertible in R; this follows from Lemma A.15, since T is integral over
R, whereas the principal ideal domain R is a unique factorization domain.*
In particular, a prime element p € R is not invertible in 7" and hence the
ideal pT" C T is proper. If m C T is a maximal ideal containing pT’, then the

4 In fact, one doesn’t need the assumption that R is a principal ideal domain; cf.
Exercise A.5.1.
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contraction R N m is a prime (and hence proper) ideal of R containing pR.
But pR is a maximal ideal of R and hence RN'm = pR. O

We now specialize the above discussion and consider the subring R of Q
consisting of those algebraic numbers that are integral over Z; this is the
ring of algebraic integers. The following three properties of R are immediate
consequences of the general results established above.

(AIl) For any algebraic number € Q there is a non-zero integer n, such
that nz € R.

(AI2) Let x be an algebraic integer and z1(= x),xa,...,z, its Galois con-
ju%ates. Then, all x;’s are algebraic integers, whereas the polynomial
[I;_;(X — ;) has coefficients in Z.

(AI3) For any prime number p € Z there exists a maximal ideal M C R,
such that Z N M = pZ; then, the field R/M has characteristic p.

A.3 Noether Normalization

I. FINITELY GENERATED ALGEBRAS OVER FIELDS. In order to obtain some
information on the structure of finitely generated commutative algebras over
a field, we begin with a few simple observations on polynomials.

Lemma A.18 Let R be an integral domain of characteristic 0 and consider
m distinct polynomials f1(X),..., fm(X) € R[X]. Then, there exists to € N
such that for all t € N with t > to the m elements fi(t),..., fm(t) € R are
distinct.

Proof. For any i # j, the equation f;(X) = f;(X) has finitely many roots in
R. Since N C Z is contained in R, the set A;; = {t € N : fi(t) = f;(t)} is
finite. Being a finite union of finite sets, the set A = (J,,; A;; is finite as well.
We now let ty = max A and note that if ¢ € N exceeds to, then ¢ ¢ A;; (ie.

O

Filt) # £5(1)) for all i # j.

Corollary A.19 Let <k§1))j,...,<k§m))j € N"™ be m distinct n-tuples of
non-negative integers. Then, there are positive integers ty, ..., tn, witht, =1,
such that the m integers Z?:1 tjkj(-l), e Z;’:l tjk:§m) € N are distinct.

Proof. For all i = 1,...,m, we consider the polynomial
fi(X) = ijlkj X" e Z[X].

In view of our assumption, the polynomials fi(X),..., fm(X) are distinct.
Hence, we may invoke Lemma A.18 in order to find ¢t € N, ¢t > 0, such that

the m integers 37, /€§1)t”*j7 D D) k§m)t"*j € Z are distinct. The proof
is finished by letting t; = ¢"~7 for all j = 1,...,n. O
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Let k be a commutative ring, R a commutative k-algebra and k[X7, ..., X,]
the polynomial k-algebra in n variables. Then, for any n-tuple of elements
(r1,...,7,) € R™ there is a unique k-algebra homomorphism

r:k[Xy,...,X,) — R,

which maps X; onto r; for all i = 1,...,n. The image of a polynomial
f(Xq,...,X,) € k[Xy,...,X,] under r is denoted by f(r1,...,7,) and re-
ferred to as the evaluation of f at the n-tuple (r1,...,75).

In particular, let us consider n other variables Yi,...,Y,_1, X and the
corresponding polynomial algebra R = k[Y1,...,Y,—1, X]. If ¢1,...,t,—1 are
positive integers, then the n-tuple (Y; + X%, ...V, + X1 X) € R"
induces a homomorphism of k-algebras

E[X1,...,X,] — R=k[V1,...,Y,_1,X],

which maps X; onto Y; + X% foralli=1,...,n—1 and X,, onto X. For any
polynomial f(Xy,...,X,) € k[X1,...,X,] the element

gYi,.. .. Y 1, X)=fVi + X", ... )Y, 1+ X" X)ER

may be viewed as a polynomial in X with coefficients in k[Y7,...,Y,_1]. If
the degree of g in X is m, then we can write

f+ X" Y+ X X)) = Zzogi(Yh LY )X' (A2)

where g;(Y1,...,Y,_1) € k[Y1,...,Y,_4] for all ¢ and ¢,,,(Y1,...,Yn—1) # 0.

Corollary A.20 Let k be a commutative ring, X1,...,Xn, Y1, Yp_1,X
independent indeterminates and f(X1,...,X,) € k[X1,...,X,] a non-zero
polynomial. Then, there are positive integersty,...,t,_1, such that the leading
coefficient gy (Y1, ..., Yn_1) € k[Y1,...,Y,_1] of X in the expression (A.2) of

g(Yl, .. -aYn—hX) = f(Yl +Xt1, .. -7Yn—1 +Xt"71,X) S k’[Yh. .. ,Yn_l,X]
is a non-zero element of k.

Proof. Let aXiCl .-+ Xkn be a monomial of the polynomial f(Xi,...,Xp,),
where a € k is non-zero and the k;’s are non-negative integers. For any
choice of positive integers ti,...,t,_1, it is clear that the monomial in
Yi,...,Yn1,X of the summand a(Y; + Xt )R ... (Y, _; + Xtn-1)kn-1 Xkn
of g(Y1,...,Y,_1,X) with the highest degree in X is the product

athkl L thflkn—len — athkl"F“"'Ftnflkn—l"Fkn ’
whereas all other monomials of a(Y; + X% )kt ... (Y, | + Xtn-1)kn—1 Xkn have
degree in X strictly less than t1k1 +---+t,_1kn_1 + ky. In view of Corollary
A.19, we may choose the positive numbers ¢1,...,t,_1, in such a way that the
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exponents t1ky+- - -+t,_1k,_1+k, that result from the various monomials of
f(X1,...,X,) are distinct. Then, the largest of these exponents is the degree
m of g in X, whereas the leading term g,, X™ is of the form a’X™ for some
non-zero element a’ € k. O

We are now ready to state and prove the normalization lemma.

Theorem A.21 (Noether normalization lemma) Let k be a field and R a
finitely generated commutative k-algebra. Then, there exists a k-subalgebra
Ry C R, such that:

(i) Ro is a polynomial k-algebra and

(i) R is an integral extension of Ry.

Proof. Let R = k[ry,...,ry,] for suitable elements 71, ..., r, € R. We shall use
induction on n.

If n =1, then either r; is algebraically independent over k, in which case
we may let Rg = R, or else 7 satisfies a (monic) polynomial equation with
coefficients in k, in which case dim; R < oo and we let Ry = k.

Assume that n > 1 and the result has been proved for k-algebras gener-
ated by n — 1 elements. If the elements rq,...,r, are algebraically indepen-
dent over k, we may let Ry = R. If not, there exists a non-zero polynomial
f(Xq,...,X,) € k[Xy,...,X,], such that f(r1,...,m,) = 0. In view of Corol-
lary A.20, we can find positive integers t¢1,...,t,—1 such that the leading
coefficient g, (Y1,...,Yn-1) € k[Y1,...,Yn_1] of X in the expression (A.2) of
the polynomial

g(Ylw--;Yn—laX) = f(Yi —|—Xt1,...7Yn_1 —|—Xt"_l,X) S k’[Yl,...,Yn_l,X]

is a non-zero element a € k. Replacing the polynomial f(Xi,...,X,) by
a tf(Xy,...,X,), we may assume that g,,(Y7,...,Y,_1) = 1. Then, g may

be viewed as a monic polynomial in X with coefficients in k[Y7,...,¥,_1].
Let rf = r — 7l .0/ | = rn_q1 — " and consider the k-subalgebra
R =k[r{,...,r_1] € R. Tt is clear that R = k[r1,...,r,] can be generated
by r{,...,rh_1,mn and hence R = k[r},...,rl,_1,mn] = R'[ry]. Since
g(ris- - Tho1,ma) = f(r1 J’_szl)' o Tho1 +7ﬁf¢n7177ﬂn)
= f(ri,. .oy rne1,mn)
Ty, 18 a root of the monic polynomial g(r{,...,r,_;,X) € R'[X]. Therefore,

R = R'[r,] is a finitely generated R’-module and hence R is integral over
R’ (cf. Proposition A.11). In view of the induction hypothesis, there exists
a k-subalgebra Ry C R/, such that Ry is a polynomial k-algebra and R’ is
integral over it. Since R is integral over R’, we may invoke Corollary A.12(ii)
and conclude that R is integral over R as well. ]

Often, we apply Noether’s normalization lemma in the form of one of the
following corollaries.
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Corollary A.22 Let k be a subring of a field K.

(i) If K is integral over k, then k is a field.

(i) If k is a field and K is finitely generated as a k-algebra, then K is a
finite algebraic extension of k.

Proof. (i) If a is a non-zero element of k, then a~! € K is integral over k and
hence
a~" 4 bn,la_"'H R bla_l + bO -0 ,

for an integer n > 1 and suitable elements by, ..., b,—1 € k. Multiplying that
equation by ™!, we conclude that

a4 by 14+ +ba" 2 +ba™ =0

and hence a~! € k.

(ii) In view of Noether’s normalization lemma, we can find a polynomial
k-algebra Kj contained in K, such that K is integral over it. Using the result
of part (i), we conclude that Ky is a field. Being a polynomial algebra over k,
Ky can be a field only if Ky = k. Therefore, K is an integral (i.e. algebraic)
extension of k. O

Corollary A.23 Let k be an algebraically closed field and R a finitely gener-
ated commutative k-algebra. Then, the set Homy_ a14(R, k) is non-empty.

Proof. Let m C R be a maximal ideal. Then, the field K = R/m is finitely
generated as a k-algebra and hence Corollary A.22(ii) implies that K is an
algebraic extension of k. Being algebraically closed, k has no proper algebraic
extensions; therefore, K = k. It follows that the quotient map R — R/m is
a homomorphism of the type we are looking for. O

IT. FINITELY GENERATED ALGEBRAS OVER UFD’S. We now turn our atten-
tion to finitely generated commutative algebras B over a unique factorization
domain A. Our goal is to examine the prime elements of A that are invertible
in B.

In general, if A is an integral domain and @ € A a non-zero element, we
denote by A[a~!] the A-subalgebra of the field of fractions of A generated
by a=!. If M is an A-module then M[a~?] denotes the A[a~']-module M ® 4
Ala™1].

We begin with a generalization of Noether’s normalization lemma.

Lemma A.24 Let A be an integral domain and B a finitely generated com-
mutative A-algebra, which is torsion-free as an A-module. Then, there is a
non-zero element a € A and an Ala™1]-subalgebra By C Bla™?], such that:
(i) Bo is a polynomial Ala=*]-algebra and
(ii) Bla™!] is integral over By.
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Proof. Let B = Alz1, ...,y for suitable elements 1, . .., x, € B and consider
the field of fractions K of A. Since B is torsion-free as an A-module, it can
be regarded as a subring of the finitely generated commutative K-algebra
R =K ®us B = K[z1,...,z,]. In view of Noether’s normalization lemma,
there is a polynomial K-subalgebra Ry = K[Y1,...,Y,,] C R, such that R is
integral over it. Replacing, if necessary, Y; by s;Y;, for a suitable s; € A\ {0},
we may assume that Y; € B for all i = 1,..., m. Then, for any A-subalgebra
T C K the T-subalgebra T[Y1,..., Y] C Ry is contained in T ®4 B C R.
Since z; € R is integral over Ry, there is a monic polynomial f;(X) €
Ro[X], such that f;j(z;) = 0 for all i = 1,...,n. The polynomial f;(X) in-
volves finitely many elements of Ry = KJY7,...,Y},;], whereas each one of
these involves finitely many elements of K. It follows that there is a non-zero
element a; € A, such that f;(X) is a polynomial in X with coefficients in
A[ai_l,Yl7 ..., Y] € Ro; hence, x; is integral over A[ai_l,Yl7 ..., Y] Let-
ting a = H;L=1 a; € A, we conclude that all of the x;’s are integral over
By = Ala=',Y1,...,Y,,]. Since the integral closure of By in R is a Bo-
subalgebra and hence an Ala~!]-subalgebra of R (cf. Corollary A.13(i)), it
follows that A[a=!,z1,...,x,] is integral over By. This finishes the proof,
since Ala=!,xq,...,2,] = Ala™'] ®4 B = Bla™}]. O

Proposition A.25 Let A be a unique factorization domain and B a finitely
generated commutative A-algebra, containing A as a subring. Then, up to as-
sociates, there are only finitely many prime elements p € A that are invertible
in B.

Proof. The torsion submodule B; of the A-module B is easily seen to be an
ideal of B. Since A is a subring of B, the unit element 1 € B is not contained
in B;. Therefore, B; is a proper ideal of B and hence the quotient B = B/B;
is a mon-zero A-algebra. Since a prime element p € A that is invertible in B
is also invertible in B, we may replace B by its quotient B and reduce to the
case where the finitely generated commutative A-algebra B is torsion-free as
an A-module.

Let K be the field of fractions of A. Being torsion-free as an A-module,
B can be regarded as a subring of the finitely generated commutative K-
algebra R = K ®4 B. In view of Lemma A.24, there is a non-zero element
a € A and a polynomial Ala~!]-subalgebra By C Bla™!], such that Bla~!] is
integral over it. Let Rp = K ®4[,-1) Bo C R. Being a localization of A, the
subring A[a~!] C K is also a unique factorization domain (cf. Exercise A.5.2).
Invoking Gauss’ lemma, we conclude that the same is true for the polynomial
Ala=1]-algebra By. Then, Lemma A.15 shows that By is integrally closed in
its field of fractions and, a fortiori, in Ry. We now consider the commutative
diagram

K — Ro — R
7 7 7
Ala7Y] — By — Bla™!] «— B
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where all arrows are inclusions. Since any element of B[a~!] is integral over
By, which is itself integrally closed in Ry, we conclude that the intersection
Bla='] N Ry is equal to By. Therefore, it follows that

BNKCBlaNK=Bla'|NRyNK =ByNK = Ala™'],

where the last equality is a consequence of the fact that By is a polynomial
Ala~1]-algebra. Hence, if a prime element p € A is invertible in B then p~! €
BN K C Ala™!. It is easily seen that this can happen only if the prime p
divides a. The proof is finished, since, up to associates, there are only finitely
many such primes. O

Corollary A.26 Let A be a unique factorization domain and B a finitely
generated commutative A-algebra. Consider an element x € B and assume
that no power ™, n > 1, is torsion as an element of the A-module B. Then,
up to associates, there are only finitely many prime elements p € A for which
T € pB.

Proof. Consider the localization B’ = B[S™!] of B at the multiplicatively
closed subset S consisting of the powers of . Then, B’ = B[Y]/(zY — 1) is a
finitely generated commutative A-algebra, which, in view of the assumption
made on x, contains A as a subring. Hence, Proposition A.25 implies that,
up to associates, the set of prime elements p € A that are invertible in B’
is finite. This finishes the proof, since any prime element p € A for which
x € pB is necessarily invertible in B’. Indeed, if x = pb for some b € B, then
pl=0b/zenB. O

In particular, letting A = Z, we obtain the following corollary.

Corollary A.27 Let k be a finitely generated commutative ring of character-
istic 0. Then, there are only finitely many prime numbers that are invertible
in k. If, in addition, k is an integral domain, then for any x € k\ {0} there
are only finitely many prime numbers p € Z for which x € pk. O

A.4 The Krull Intersection Theorem

I. THE ASCENDING CHAIN CONDITION. We begin by developing a few basic
properties of Noetherian rings and modules.

Proposition A.28 Let R be a commutative ring. Then, the following condi-
tions are equivalent for an R-module M :

(i) Any submodule N C M 1is finitely generated.

(i) Any ascending chain of submodules of M has a mazimum element.
If these conditions hold, then M 1is said to be a Noetherian module.
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Proof. (i)—(ii): Let (IV;); be an ascending chain of submodules of M and con-
sider the union N = J,; V;. By assumption, there are elements x1, ..., z, that
generate the R-module N. Since there are only finitely many of them, all of the
x;’s are contained in N;, for some index ig. Therefore, N = Z?zl Rx; C N,
and hence N = Nj, is the maximum element of the given chain of submodules.
(ii)—(i): If a submodule N C M is not finitely generated, then we may use
an inductive argument in order to construct a sequence of elements (z;); of
N, such that the sequence of submodules (NV;);, where N; = Z;Zl Rz, for all
1 > 0, is strictly increasing. But the existence of such a sequence contradicts
condition (ii). O

In particular, a commutative ring R if said to be Noetherian if the regular
module R is Noetherian.

Lemma A.29 Let R be a commutative ring.

(i) Any submodule and any quotient module of a Noetherian module is
Noetherian.

(i) If0 — M — M — M" — 0 is a short exact sequence of R-
modules and M', M" are Noetherian, then M is Noetherian as well.

(iii) If R is a Noetherian ring then any finitely generated R-module is
Noetherian.

Proof. (i) If N is a submodule (resp. a quotient module) of a Noetherian
module M then any submodule of N, being also a submodule (resp. a quotient
module of a submodule) of M, is finitely generated.

(ii) This follows since any submodule of M, being an extension of a sub-
module of M by a submodule of M’ is finitely generated.

(iii) By an iterated application of (ii), it follows that any finitely gener-
ated free R-module is Noetherian. Since any finitely generated R-module is a
quotient of such a free module, the result follows from (i). O

Lemma A.30 Let R be a commutative ring.

(i) If R is a principal ideal domain, then R is Noetherian.

(i) If R is a quotient of a commutative Noetherian ring, then R is
Noetherian as well.

Proof. (i) This is immediate, since any ideal of R is principal (and hence
finitely generated).

(ii) If R is a quotient of a commutative ring T, then any ideal I of R is a
quotient of an ideal J of T'. If T is Noetherian, then J is finitely generated as
a T-module and hence [ is finitely generated as an R-module. ]

In order to obtain non-trivial examples of Noetherian rings, we need the fol-
lowing result of Hilbert.

Theorem A.31 (Hilbert basis theorem) If R is a commutative Noetherian
ring, then so is the polynomial ring R[X].
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Proof. Let I be an ideal of R[X] and consider the increasing sequence of ideals
(Jn)n of R, where J,, C R consists of the leading coefficients of all polynomials
in I that have degree < n. We also consider the ideal Jo = J,, Jn. Since R
is Noetherian, the ideal J,, is finitely generated for all n € N U {oco}. Hence,
for all n there is a finite set of polynomials F,, C I, having degree < n, whose
leading coefficients generate J,,.

We claim that if ng = max{degg : g € F}, then I is generated by the
(finite) set F = FoUFy U---UF,,_1 U Fy. Indeed, let us consider a non-zero
polynomial f € I and show that f € >  p R[X]g, by using induction on
n = deg f. Assume that elements of I having degree < m are contained in
> ger R[X]g and suppose that n < ng. Then, the leading coefficient of f is an
R-linear combination of the leading coefficients of the polynomials in F,, and
hence the polynomial f— Egan 1y X" 98 9g € [ has degree < n, for suitable
elements ry € R, g € F,. In view of the induction hypothesis, we conclude
that f— > cp rgXndeesg > ger R[X]g; since F,, C F, it follows that
f €3 ,cr R[X|g. Now suppose that n > ng. Since the leading coefficient of
f is an R-linear combination of the leading coefficients of the polynomials in
F, the polynomial f — deFm ry X" 98 9g € I has degree < n, for suitable
elements rqy € R, g € F. In view of the induction hypothesis, we conclude
that f — ZgEFoo rgXndeegg € deF R[X]g; since Fso C F, it follows that
f €3 ,cr R[X]g in this case as well. O

Corollary A.32 Any finitely generated commutative ring is Noetherian.

Proof. Being a principal ideal domain, the ring Z is Noetherian (Lemma
A.30(i)). Therefore, an iterated application of the Hilbert basis theorem shows
that the polynomial ring Z[X7, ..., X,,] is Noetherian for all n. Since any fi-
nitely generated commutative ring is a quotient of such a polynomial ring, the
result follows from Lemma A.30(ii). O

II. THE INTERSECTION OF THE POWERS OF AN IDEAL. We now study the
intersection of the powers of an ideal in a commutative Noetherian ring.

Proposition A.33 Let R be a commutative ring, I C R an ideal and M a
Noetherian R-module.

(i) Assume that N, L are two submodules of M, such that N is mazimal
with respect to the property N N L = IL. Then, for any r € I there exists
n € N, such that "M C N. In particular, if 1 is finitely generated, then
I'M C N fort>0.

(ii) Assume that the ideal I is finitely generated and consider a submodule
L of M, such that L C (", I"M. Then, IL = L.

Proof. (i) We fix an element r € I and consider for any non-negative integer
¢ the submodule M; C M consisting of those elements x € M for which
riz € N. Since the R-module M is Noetherian, the increasing sequence (M;);
of submodules of M must be eventually constant; hence, there exists an integer
n € N such that M,, = M, ;1. We claim that
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("M+N)NL=NNL. (A.3)

Of course, the D-inclusion is clear. Conversely, let z € (r"M + N)N L. Then,
there are elements € M and y € N, such that z = r"z +y € L. Since rz €
IL=NNLCN, wehave 7"z =rz —ry € N and hence = € M, = M,.
Therefore, vz € N and hence z = r"x +y € N, i.e. z € NN L. Having
established (A.3), the maximality of N implies that M + N = N and hence
r™"M C N.

If the ideal I is generated by elements ry, ..., r; and nq,...,n, are positive
integers, then I* C Zle ri"R, where t = 1+ Zle(ni —1). Indeed, it is easily
seen that any summand in the expansion of a typical product

k

szlzle’f'i&gl) — (Zi_l’/‘isgl)) . (Zf_l’risz@)) .. (Zf_lrisgt)> ,

where all sgl)’s are elements of R, is divisible by r;" for at least one i. In
k

particular, it follows that I*M C > iy riM. Having chosen the n;’s in such
a way that r[""M C N for all 7, it follows that I'M C N.

(ii) Consider the class consisting of those submodules N C M that satisfy
the condition N N L = IL. This class is non-empty, since it contains IL.
Applying Zorn’s lemma, we may choose a submodule N C M maximal in
that class. By part (i), we have I'M C N for some t >> 0 and hence L C
N, I"M C I'M C N; therefore, L= NNL=1IL. O

Theorem A.34 (Krull intersection theorem) Let I C R be a proper ideal of
a commutative Noetherian ring R and consider a finitely generated R-module
M. Then, the submodule L = (), I" M is trivial (i.e. L = 0) if either one of
the following two conditions is satisfied:

(i) R is a local ring or

(i) R is an integral domain and M a torsion-free R-module.

Proof. Since R is a Noetherian ring, the ideal I is finitely generated, whereas
Lemma A.29(iii) shows that the R-module M is Noetherian. Therefore, Propo-
sition A.33(ii) implies that IL = L. Since M is Noetherian, L is finitely gen-
erated; hence, the proof is finished by invoking Lemma A.9. g

Corollary A.35 Let k be a finitely generated integral domain and I C k a
proper ideal. Then, (), I"™ = 0.

Proof. This follows from Theorem A.34, in view of Corollary A.32. g

A.5 Exercises

1. Let T be a commutative ring, which is integral over a subring R C T.
Then, show that U(R) = RNU(T).
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2. Let R be a unique factorization domain and S C R a multiplicatively
closed subset containing 1. Show that the localization R[S™!] is a unique
factorization domain as well.

3. Let k be a field and R a finitely generated commutative k-algebra.

(i) Give an example showing that the set Homy_ 4;4(R, k) may be empty
if k is not algebraically closed.
(i) If k is the algebraic closure of k, show that Homy_ 414 (R, k) # 0.

4. Show that the conclusion of Proposition A.25 may be false if either
(i) the commutative A-algebra B is not finitely generated or
(ii) the structural homomorphism A — B is not injective.



B

Discrete Ring-Valued Integrals

Let X be a compact space and C(X) the associated algebra of continuous
complex-valued functions, endowed with the supremum norm. A regular Borel
measure 4 on X induces a continuous linear functional Z,, on C(X), namely
the functional f — [ fdu, f € C(X). Moreover, the Riesz representation
theorem (cf. [61, Theorem 6.19]) asserts that any continuous linear functional
on C(X) arises from a unique regular Borel measure p in this way.

In this Appendix, we consider a discrete version of the above process
and consider measures (more precisely, premeasures) which have values in
an abelian group A. Since A will have, in general, no topological structure,
we suitably restrict the class of functions that can be integrated. In fact, we
consider only the locally constant integer-valued functions on X; these are
precisely the continuous functions from X to the discrete space Z. It will turn
out that the algebra (in the measure-theoretic sense) of subsets of X on which
the measure has to be defined is that consisting of the clopen subsets of X.
The special case where A = R is a commutative ring and the measure of any
clopen subset of X is an idempotent therein is of particular importance for
the applications we have in mind.

B.1 Discrete Group-Valued Integrals

Let us fix a compact topological space X and consider the set L(X) consisting
of the clopen subsets Y C X. We note that L(X) is a subalgebra of the
Boolean algebra P(X) of all subsets of X (cf. Examples 1.3(ii),(iii)). Since
X is compact, any continuous function f on X with values in Z takes only
finitely many values, say aq,...,a,. We assume that the a;’s are distinct and
note that the inverse image of the singleton {a;} C Z under f is a clopen
subset X; of X for all ¢ = 1,...,n. Then, f = Z?:l a;xx,; we refer to that
equation as the canonical decomposition of f. It is clear that a decomposition
f= Z;":l bjXy,, where b; € Z and Y; € L(X) for all j = 1,...,m, coincides
with the canonical one if the following two conditions are satisfied:
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(i) The integers b1, ..., by, are distinct and

(ii) The clopen subsets Y7, ...,Y;, of X are non-empty, mutually disjoint
and cover X.
The set of all locally constant integer-valued functions on X is a commutative
ring with operations defined pointwise; we denote this ring by [X, Z]. We note
that the map Y — xy, Y € L(X), is an isomorphism of Boolean algebras

X : L(X) — Idem([X, Z]) . (B.1)

Indeed, xy and xx are the constant functions with value 0 and 1 respectively,
whereas for any two clopen subsets Y)Y’ C X we have

Xyny’ = Xy Xy’ = Xy N Xy’

and

Xyuy’ =Xy + Xy’ —Xyny’ =Xy T Xy’ — Xy Xy’ =Xy V Xy -

We now let £ be a Boolean algebra of subsets of a set {2 and A an abelian
group. An A-valued premeasure p on L is a function p : £ — A satisfying
the following two conditions:

(ul) (@) =0 and

(12) if Yi,...,Y, € L are disjoint, then p(J;_, Yi)= >, u(Y;).

Given an A-valued premeasure p on the Boolean algebra L(X) of clopen
subsets of X, we may define for any function f € [X,Z] with canonical de-
composition f=>"" , a;xx, the element Z,,(f) = >, a;u(X;) € A.

Definition B.1 The element Z,,(f) € A defined above is called the discrete
A-valued integral of f with respect to the premeasure L.

Lemma B.2 Let X be a compact space, A an abelian group and p an A-
valued premeasure on L(X).

(i) If a1, ..., a, are integers, Xu,..., X, mutually disjoint clopen subsets
covering X and f =31 aixx,, then T,(f) =Y i, aip(X;).

(i) T (f + 9) = Tu(f) + Zu(g) for all f,g € [X,Z)].

Proof. (i) Let f = Z;n:l bjxy, be the canonical decomposition of f; then, the
Y;’s are mutually disjoint and cover X. It follows that X; is the disjoint union
of the family (X; NYj), for all i =1,...,n and hence

[= ZiaiXXi = Ziai (ZjXXij) = Zmaimeyj . (B.2)

Similarly, the X;’s being mutually disjoint and covering X, Y; is the disjoint
union of the family (X; NYj;); for all j =1,...,m; hence,

f= ZjijYj = Zjbj (ZiXXij) = Zi7jijXimn - (B.3)
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Since the family (X;NY); ; consists of mutually disjoint sets, we may compare
the decompositions of f in (B.2) and (B.3) in order to conclude that whenever
X; NY; # 0 we have a; = b;. Since p(0) = 0, it follows that a;u(X; NY;) =
b;u(X; NY;) for all ¢, j. Therefore, using the additivity of p (property (u2)),

we have
=2 bin(¥y)
-3 ()
= Z bin(X; NY;)
= Z az.u (XiNY;)
S (z xnv)
S i
K3
(ii) Let f = >, aixx, and g = ZT:l bjXy, be the canonical decom-
positions of f and g respectively; then, f + g = Z” (a; + bj)xx,ny;. Since

the family (X; NY}); ; consists of disjoint clopen subsets covering X, we may
invoke (i) above and the additivity of p in order to conclude that

Tu(f+9) =), (ai+b)u(XinY;)

3]

:Zi aip(X;NY; +Z bJuXOY)
:Ziaz(z XmY) Zb(z XmY))
—Zatu +Z bu(Y;
=TZu(f) +Zu(9) ,

as needed. O

With the notation established above, we can state the following discrete ver-
sion of the Riesz representation theorem.

Proposition B.3 Let X be a compact space and A an abelian group.

(i) For any A-valued premeasure p on L(X) the associated discrete A-
valued integral Z,, : [X,Z] — A is a homomorphism of abelian groups.

(ii) Conversely, for any group homomorphism p : [X,Z] — A there is a
unique A-valued premeasure 1 on L(X), such that ¢ =1,.

Proof. (i) This is precisely Lemma B.2(ii).

(ii) Given a homomorphism ¢ : [X,Z] — A, define an A-valued map pu
on L(X) by letting u(Y) = p(xy) for all Y € L(X). Since xg is the constant
function with value 0, it follows that (@) = 0. If Y1, ...,Y,, are disjoint clopen
subsets of X and Y = (J_, Y;, then xy = Y1 | xv;; therefore,

nY) = o) =3 el) =3 ul¥i)

and p is indeed a premeasure. By the very definition of pu, it follows that the
group homomorphisms Z,, and ¢ coincide on the set {xy : Y € L(X)}. Since
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this set generates the group [X, Z|, we conclude that Z,, = ¢. The uniqueness
of u satisfying that condition is clear. O

For a topological space X and an abelian group A, we denote the set of A-
valued premeasures on L(X) by M(L(X); A). We note that M(L(X); A) has
the structure of an abelian group, where the sum p + p’ of two premeasures
w, ' € M(L(X); A) is defined by letting (u + p/)(Y) = p(Y) 4+ ¢/(Y) for all
Y € L(X).

Corollary B.4 Let X be a compact space and A an abelian group. Then, the
map p— I, p € M(L(X); A), is an isomorphism of groups

T: M(L(X);A) — Hom(|X,Z], A) .

Proof. In view of Proposition B.3, it only remains to show that Z,,4 ,» = Z,+Z,
for all p, ' € M(L(X); A). For any Y € L(X) we have

Ty (xy) = (p+p")(Y) = p(Y) + 1/ (V) = Tu(xy) + T (xy) -

Since the group [X,Z] is generated by the characteristic functions of clopen
subsets Y € L(X), it follows that the homomorphisms 7,1, and Z,, +Z,,/ are
equal. O

B.2 Idempotent-Valued Premeasures

In this section, we examine the special properties that are enjoyed by the
integrals considered above, in the case where the abelian group A is endowed
with the structure of a commutative ring.

Let £ be a Boolean algebra of subsets of a set 2, R a commutative ring
and v : £L — Idem(R) a morphism of Boolean algebras. Then, v associates
with any Y € £ an idempotent v(Y) € R, in such a way that the following
properties are satisfied:

(v1) v(0) =0 and v(Q) =1,

@2) v(YUY) =v(Y)+v(Y)— v )r(Y') for all Y,Y' € £ and

W3) v(Y NY ) =v(Y)v(Y') for all Y)Y’ € L.

Lemma B.5 Let £ be a Boolean algebra of subsets of a set Q and consider a
commutative ring R.

(i) If v : L — Idem(R) is a Boolean algebra morphism then v is a
premeasure on L, such that v(2) = 1.

(i) Conversely, assume that v is a premeasure on L with values in the set
of idempotents of R, such that v(}) = 1. If 2 € R is not a zero-divisor then
v: L — Idem(R) is a Boolean algebra morphism.

Proof. (i) It suffices to verify that v satisfies property (2). To that end, let us
consider two disjoint subsets Y, Y’ € L. Since v is A-preserving (property (v3))
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and v(0) = 0, we have v(Y)v(Y') = v(Y NY’) = 0. But v is V-preserving as
well (property (v2)) and hence v(YUY”') = v(Y)+v(Y)—v(Y)v(Y') = v(Y)+
v(Y"). Using induction on n, one can prove that whenever Y,...,Y, € L are
mutually disjoint and Y = |J}"_, V;, then v(Y) = Y7, v(V5).

(ii) By assumption, v satisfies property (v1). Since property (v2) is a
consequence of properties (12) and (v3),! it suffices to prove that v satisfies
property (v3). To that end, we note that whenever Y7,Y5 € L are disjoint, the
idempotents e; = v(Y7) and es = v(Y2) are orthogonal. Indeed, in that case,
e1 +e2 =v(Y1) +v(Ye) = v(Y1 UY2) is an idempotent and hence

e1+ex = (e1 +e2)? =e§+e§ + 2e1e9 = e1 + ez + 2eqez .

Therefore, 2e;e5 = 0 and hence eje5 = 0. Nowlet Y, Y’ € Land e = v(YNY”).
Then, Y\ Y’ € £ is disjoint from Y NY" and »(Y \ V') = v(Y) — e (in view
of property (u2)). Therefore, e(v(Y) —e) = 0 and hence e = e? = ev(Y).
Similarly, one can show that e = ev(Y”). Finally, since the subsets Y\ Y’ and
Y\ 'Y are disjoint, we have

0=v\Y)

w(Y)—e
=v(Y)r(Y’
=v(Y) (Y’
=v(Y) vy’

(Y'\Y)

Jw(Y') —e)
g—el/( )—ev(Y)+e
) —

—e—e+e

and hence (Y NY’) =e=v(Y)v(Y’). O

We now consider a compact topological space X, a commutative ring R and
study the discrete R-valued integral Z,,, associated with a Boolean algebra
morphism v defined on the algebra £ = L(X) of clopen subsets of X with
values in Idem(R).

Lemma B.6 Let X be a compact space, R a commutative ring and consider
a Boolean algebra morphism v : L(X) — Idem(R). Then:

(1) Z.(f9) = T(f)Tu(g) for all f,g € [X,Z].
(ii) If 1 is the constant function on X with value 1 € Z, then T,,(1) = 1.

Proof. (i) Let f = Y1 aixx, and g = >, bjxy, be the canonical de-
compositions of f and g respectively; then, fg =), j @ibjXx,ny; . Using the
additivity of Z,, and property (v3), we conclude that

L(fg) = Y, aib(XinY))
= Ziyjaibjy(xi)u(yj)
(S ) (5 )
=ZL,(Z(9) -

(ii) This is clear, since 1 = yx and v(X) = 1. O

! Tndeed, property (1:2) for v is easily seen to imply that v(YUY”') = v(Y)+v(Y')—
v(YNY') forall Y,Y' € L.



232 B Discrete Ring-Valued Integrals

Proposition B.7 Let X be a compact space and R a commutative ring.
(i) For any Boolean algebra morphism v : L(X) — Idem(R) the associ-
ated discrete R-valued integral T, : [X,Z] — R is a ring homomorphism.
(i) Conversely, for any ring homomorphism ¢ : [X,Z] — R there is a
unique Boolean algebra morphism v : L(X) — Idem(R), such that p =1,.

Proof. (i) This follows from Lemmas B.2(ii) and B.6.

(ii) Given a ring homomorphism ¢ : [X,Z] — R, we may consider the
premeasure v : L(X) — R defined in the proof of Proposition B.3; recall that
v(Y) = @(xy) for any Y € L(X). Then, v is the unique premeasure satisfying
Z, = ¢; we have to show that v takes values in the set Idem(R) and is a
Boolean algebra morphism with values therein. Since xy is an idempotent in
the function ring [X, Z] and ¢ is multiplicative, it is clear that v(Y") € Idem(R)
for all Y € L(X). But then v is the composition

L(X) 25 Hem([X, Z]) "™ Idem(R) |
where y is the isomorphism (B.1) and Idem(p) the morphism of Boolean
algebras induced by ¢. In particular, it follows that v is a morphism of Boolean
algebras, as needed. 0

Remarks B.8 (i) Let X be a compact space and R a commutative ring.
Then, we can reformulate Proposition B.7 as the assertion that the map

7 : Hompeore (L(X ), Idem(R)) — Homping([X, Z], R) ,

which is given by v — Z,, v € Hompole (L(X),Idem(R)), is bijective.

(ii) The discussion about discrete ring-valued integrals in this Appendix
was motivated by the various constructions associated with the geometric rank
in §2.1. Having that special case in mind, we chose to consider only locally con-
stant integer-valued functions. In fact, we could have replaced the ring Z by
an arbitrary commutative ring k and insisted that the abelian group A (resp.
the commutative ring R) be a k-module (resp. a commutative k-algebra). In
exactly the same way as above, one can define for any A-valued premeasure
(resp. for any Idem(R)-valued Boolean algebra morphism) on L(X) a cor-
responding A-valued (resp. R-valued) integral defined on the class of locally
constant k-valued functions on the compact space X and obtain identifications

M(L(X); A) ~ Homy ([ X, k], A)

and
HomBoole (L(X), Idem(R)) >~ Homk_Alg([X, k], R) .

B.3 Exercises

1. Let X, X’ be compact topological spaces and f : X — X' a continuous
map. We also consider the Boolean algebra morphism L(f) : L(X') —
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L(X), which is given by Y/ — f=1(Y'), Y' € L(X") (cf. Example 1.5(iii)).
(i) Let A be an abelian group and g an A-valued premeasure on L(X).
Show that p/ = po L(f) is an A-valued premeasure on L(X’) and

Iy =ZI,0(f.2Z):[X"\Z) — A,

where [f,Z] : [X',Z] — [X,Z] is the map g+ go f, g € [X', Z].2
(ii) (naturality of Z with respect to the topological space) Let A be an
abelian group. Show that the following diagram is commutative

M(L(X); A) -2 Hom([X, Z], A)
L | |5z
M(L(X"); A) -5 Hom([X', Z], A)

where L(f)* is the map u — po L(f), p € M(L(X); A), and [f,Z]* the
map ¢ — ¢ o [f, Z], ¢ € Hom([X, Z], A).

(iii) Let R be a commutative ring. Show that the following diagram is
commutative

Hom poore (L(X), Idem(R)) —= Hom pging ([ X, Z], R)
LH* |l L .21
Hom poore(L(X"), Idem(R)) — Hom ging ([X’, Z], R)

where L(f)* and [f, Z]* are the restrictions of the corresponding maps in
(i) above.

2. Let A, A’ be abelian groups, o0 : A — A’ a group homomorphism and X
a compact topological space.
(i) Show that if y is an A-valued premeasure on L(X), then p/ = ooy is
an A’-valued premeasure on L(X) and

I, =001,:[X,Z) — A".

(ii) (naturality of Z with respect to the abelian group) Show that the
following diagram is commutative

M(L(X); A) - Hom([X, Z], A)
ol | o
M(L(X); A') - Hom([X, Z], A')

where we denote by o, both maps p — oo p, p € M(L(X); A), and
¢ — 0o, ¢ e Hom([X,Z], A).

2 If we denote the values of 7, and Z, using the standard [-sign, the equality
I, = Iy o [f,Z] takes the familiar form of the change of variables formula:

Jxr 9(z) ' (2) = [ g(f(t)) du(t) for all g € [X', Z].
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(iii) Let R, R’ be commutative rings and 7 : R — R’ a ring homomor-
phism. Show that the following diagram is commutative

Hom poore(L(X), Idem(R)) — Hompging([X, Z], R)
Idem(T)x l l T
Hom poore(L(X), Idem(R')) - Hom ging ([X, Z], R)

where Idem(7) is the Boolean algebra morphism induced by 7 and
Idem(7). (resp. 7«) the map given by composing to the left with Idem(r)
(resp. with 7).

. Let £ be a Boolean algebra of subsets of a set {2 and R a commutative

ring. Prove the following strengthening of Lemma B.5:

(i) Let v : £L — Idem(R) be a function satisfying properties (v2) and
(v3). If v(0) = 0, then v is a premeasure.

(ii) Conversely, assume that v is a premeasure on £ with values in the set
of idempotents of R and let v(2) = e € Idem(R). If 2 € R is not a zero-
divisor then v(Y) € Re for allY € £ and v is a Boolean algebra morphism
from £ to the algebra of idempotents Idem(Re) of the commutative ring
Re.

. The goal of this Exercise is to show that the regularity hypothesis about

2 € R can’t be omitted in Lemma B.5(ii). To that end, let 2 be a finite set
and £ = P() its power set. Consider the commutative ring R = Z/2Z =
{0,1} and define an R-valued map v on L, by letting v(Y) = 0 (resp. 1)
if the subset Y C Q has an even (resp. odd) number of elements. Show
that:

(i) v is a premeasure on £ with values in Idem(R).

(ii) If © has an odd number of elements then v(2) = 1.

(iii) If © has more than one elements, then v : £ — Idem(R) is not a
Boolean algebra morphism.
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Frobenius’ Density Theorem

Let f(X) € Z[X] be a monic polynomial of degree n without multiple roots in
C. For any prime number p we may reduce f(X) modulo p and obtain a poly-
nomial f,(X) € Fy,[X]. Even if the original polynomial is irreducible in Z[X],
it may very well happen that its reduction modulo p is reducible in F,[X].
Moreover, the partition of n induced by the degrees of the irreducible factors
of fp(X) in F,[X] may vary with p. We also consider the roots ai,...,a,
of f(X) in C and the corresponding splitting field K = Q(ay,...,a,). The
Galois group T" of K over Q may be viewed as a subgroup of the group S,, of
permutations on n letters, by restricting its action to the a;’s. Counting the
lengths of the cycles in the cycle decomposition of an element v € I' C S,,, we
obtain a partition of n. In this way, we obtain partitions of n by two different
methods:

(i) by factoring f(X) modulo prime numbers and

(ii) by viewing elements of the Galois group I' as permutations of the roots
of f(X).
It turns out that these two methods are related to each other; it is the goal
of the present Appendix to describe this relationship. As a consequence, we
prove that an irreducible monic polynomial f(X) € Z[X] decomposes into the
product of linear factors modulo p for all but finitely many prime numbers
p only if deg f(X) = 1. This fact played an important role in the arguments
that were used in §3.1.2, in the proof of Zaleskii’s theorem.

Frobenius’ theorem is related to Dirichlet’s theorem on primes in arith-
metic progressions; for further details on these results, the reader may consult
the lucid exposition [67].

C.1 The Density Theorem
Let us fix a monic polynomial f(X) € Z[X] of degree n. We assume that f(X)

has n distinct roots ay,...,a, in C. For any prime number p we consider the
quotient map Z — F,, and the induced map between the polynomial rings
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Z[X] — F,[X]. In this way, f(X) induces a monic polynomial f,(X) €
F,[X] of degree n, its reduction modulo p. The polynomial ring F,[X] being
a unique factorization domain, we may write
R I €
£3) =T 6 x)

where s, is a positive integer and gfp ) (X) a monic irreducible polynomial

in F,[X] for all i = 1,...,s,. Moreover, this decomposition is unique up to

the ordering of the factors. We let nz(-p ) = deg ggp )(X ) for all 4 and note that
n=>3y:", nl(p). Therefore, assuming that the ordering is such that ngp) > ngp)

whenever i < j, we obtain a partition of m, in the sense of the following
definition.

Definition C.1 Let n be a positive integer. A partition 6 of n of length s is a
sequence (ni,...,ns) of positive integers, such that n =", n; and n; > n;
for alli < j.

Let II be the set of all prime numbers and A,, the set of all partitions of n.
The above considerations show that the monic polynomial f(X) induces a
map

O I — A,

where §;(p) = (n(lp), ce nff;)) is the partition of n associated with the degrees

of the irreducible factors of the reduction f,(X) € F,[X] of f(X) modulo
p for all prime numbers p. We say that d7(p) is the decomposition length
type of the polynomial f(X) modulo p. For example, if f(X) is irreducible
modulo p, then its decomposition length type modulo p is (n). On the other
hand, if f(X) decomposes into the product of linear factors modulo p, then
or(p) =(1,...,1).

We now consider the splitting field K = Q(ay, ..., ay) of f(X) and the cor-
responding Galois group I'. Any element « € I' permutes the roots ag, ..., a,
and hence defines an element 7 in the group S,, of permutations on n letters.!
We may decompose 7 into the product of disjoint cycles

S
7= Hi;1cl(d) ’
in such a way that each one of the n letters appears once and only once in
the decomposition. (Hence, cycles of length 1 are allowed.) Moreover, this
decomposition is unique up to the ordering of the cEV)’s. We let nz(-v) be the
length of the cycle cl(-w
the cycles is such that n(’Y) > ngw for all i« < j. Since n = Zf;l nE’Y), the

i
ngw, . ,nﬁ?) is a partition of n. In this way, we obtain a map

forall ¢ =1,...,s, and assume that the ordering of

sequence (

! The map v — 7 depends on the given parametrization of the roots of f(X). If
we relabel the roots, the permutation 4 will change by an inner automorphism of
Sn.
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(5} :T'— A, ,
which is defined by letting 0% () = (ny), .. ,nij)) € A, forall y €T'.2 We
say that 0%(7) is the cycle pattern type of +. For example, the cycle pattern
type of the identity element 1 € T is (1,...,1). In fact, the map v +— 7 being
an embedding of I into S,, 1 is the only element v € I' with 8% (v) = (1,...,1).
The relationship between the maps §; and 5} is described by Frobenius’

density theorem. In order to state the result, we need the notion of density of
a set of prime numbers.

Definition C.2 LetII be the set of all prime numbers. Then, a subset Iy C II
is said to have density d if the limit

card (Ilo N [0, n]) m card{p : p € Iy,p < n}
"card(TIN[0,n])  "card{p:p prime,p < n}

lim
erists and equals d.

For example, a finite set of prime numbers has density 0. It follows that the
density of a set I of prime numbers is 1 if the complement IT \ TIj is finite.
We are now ready to state Frobenius’ density theorem.

Theorem C.3 Let f(X) € Z[X] be a monic polynomial of degree n without
multiple roots in C. We consider the Galois group T' of f(X) and the maps
dr and 5} defined above. We fix a partition § € A,, and let Il5 = 5;1(5) and

/ d (T
s = 6[1(6). Then, s has a density which is equal to M.

The following consequence of the density theorem played an important role
in the argumentation of §3.1.2.

O

Corollary C.4 Let f(X) € Z[X] be a monic irreducible polynomial, which
splits completely into the product of linear factors modulo p for all but finitely
many prime numbers p. Then, the polynomial f(X) is linear.

Proof. Being irreducible in Z[X], the polynomial f(X) has distinct roots in
C; let I be its Galois group. Then, the order NV of T" is equal to the degree of
the splitting field K of f(X) over Q. We apply Frobenius’ density theorem to
the special case of the partition § = (1,...,1) of n = deg f(X). In view of our
hypothesis, the set II; in Theorem C.3 consists of all but finitely many prime
numbers and hence its density is 1. Since the set T's is the singleton {1}, we
have 1 = % and hence N = 1. It follows that K = Q, in which case the roots
ai,...,a, of f(X) are rational numbers. The ring Z being integrally closed in
Q, in view of Lemma A.15, we conclude that a; € Z for all ¢ = 1,...,n and
hence f(X) =[], (X —a;) in Z[X]. Since the polynomial f(X) is irreducible
in Z[X], we must have n = 1. O
2 Since the sequences of lengths of the cycles in the cycle decompositions of two

conjugate permutations are the same, the map 6'f does not depend on the labelling
of the roots of f(X) (cf. footnote (1)).
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C.2 Exercises

1.

Let ' be a finite group acting on the non-empty finite set X. For any
v € T' we consider the fixed set Fix(y) = {x € X : v = x} and denote
by v, its cardinality. Similarly, for any z € X we consider the stabilizer
Stab(z) = {v € ' : v = 2} and denote by p, its order.

(i) Show that 3° cpvy =3, cx Ha-

(ii) If the action is transitive, then show that 3 v, =|T'|.

(iii) Assume that the action is transitive. If Fix(y) # 0 for all v € T', then
show that X is a singleton.

. Let f(X) € Z[X] be a monic irreducible polynomial, whose reduction

fp(X) € Fp[X] has a root in F,, for all but finitely many prime numbers
p. The goal of this Exercise is to prove that f(X) is linear (generalizing
thereby Corollary C.4).

(i) Let T’ be the Galois group of the polynomial f(X). Show that any
element of T" fixes at least one root of f(X) in C.

(ii) Show that the polynomial f(X) has only one root in C and hence
conclude that deg f(X) = 1.

(Hint: Use Exercise 1(iii) above.)

. Let a be an integer with v/a ¢ Z. Show that there are infinitely many

prime numbers p for which a is the square of an integer modulo p and
infinitely many prime numbers p for which @ is not the square of any
integer modulo p.
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Homological Techniques

In this Appendix, we collect the basic results from Homological Algebra that
were used in Chap. 4. Our goal is not to present a complete treatment on
group homology, but rather to state the results needed in the book and place
them in the perspective of the general theory. Consequently, we shall give no
proofs of the statements to be made and refer instead the interested reader
to specialized books on the subject, such as [9, 34] and [48].

D.1 Complexes and Homology

D.1.1 Chain Complexes

We fix a ring R. A chain complex of left R-modules is a pair (C,d), where
C = @,>,Ci is a graded left R-module and d = (d,,), a homogeneous R-
linear endomorphism of C of degree —1, satisfying the equality d*> = 0 (d is the
differential of the complex). The chain complex (C, d) is presented pictorially
as

Co oy do o
The elements of the submodule ker d,, (resp. imd,11) of C;, are referred to as
n-cycles (resp. n-boundaries). The homology H(C,d) of (C,d) is the graded
R-module, which is given in degree n by H,(C,d) = kerd,/imd,;. The
complex (C,d) is called acyclic if H,(C,d) = 0 for all n.

Let (C,d) and (C’,d") be two chain complexes. Then, a chain map

p:(Cd) — (C',d)

is a homogeneous R-linear map of degree 0 from C to C’, such that ¢d = d’ .
A chain map ¢ as above induces R-linear maps

on  Hy(C,d) — H,(C',d")
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for all n. If these latter maps are isomorphisms, the chain map ¢ is called a
quasi-isomorphism. In particular, an isomorphism of chain complexes (defined
in the obvious way) is a quasi-isomorphism. Two chain maps

e (Cd) — (C',d)

are called homotopic if there exists a homogeneous map X~ : C — C’ of
degree +1, such that XY’d + d'X = ¢ — . In that case, the maps induced in
homology by ¢ and v are equal, i.e.

on = Hy(C,d) — H,(C',d")

for all n. A chain complex (C,d) is called contractible if the chain endomor-
phisms id¢ and 0 of (C,d) are homotopic. It follows that a contractible chain
complex is acyclic. A chain map ¢ : (C,d) — (C’,d’) is called a homotopy
equivalence if there exists a chain map ¢ : (C’,d") — (C,d), such that the
compositions ¢ and e are homotopic with the identity maps id¢ and ide
respectively.

If ¢ : (C,d) — (C',d’) is a chain map then the kernel of the R-linear map
¢ : C — (" is a graded d-invariant R-submodule of C; therefore, (ker ¢, d) is
a chain complex. Similarly, (im ¢, d’) is a chain subcomplex of (C”,d"). In this
way, one extends the notion of exactness to the category of chain complexes
and maps. In particular, one may consider a short exact sequence of chain
complexes

0 — (C',d) = (C,d) 2> (C",d") — 0.,
A short exact sequence as above induces a long exact sequence of R-modules

s H,(C',d') 2 H,(Cd) 2 Hy(CV,d") 25 H,y o (Cd) — -
The notions of cochain complexes, cochain maps and cohomology can be
defined in the same way, by considering differentials of degree +1.

D.1.2 Double Complexes

A double chain complex (or chain bicomplex) of left R-modules consists of a
bigraded left R-module C = @1 ;>0 Cij together with R-linear maps dj, and
d,, which are homogeneous of degrees (—1,0) and (0, —1) respectively and
satisfy the equalities d% =0, d% =0 and dpd, + d,dp, = 0. The map d, (resp.
d,) is referred to as the horizontal (resp. vertical) differential of the double
complex.

If (C,dy, dy,) and (C’, d},, d,) are chain bicomplexes, then a chain bicomplex
map

P (Cv dhvdv) - (Clv lfw ;)

is a homogeneous R-linear map of degree (0,0) from C to C’, such that pd, =
d ¢ and pd, = d,,p. It is clear that a chain bicomplex map ¢ as above restricts
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in the horizontal direction to a chain map between the rows (Ci;,d)) and
(Cj,d},) for all j. Similarly, ¢ restricts in the vertical direction to a chain
map between the columns (Ci., d,) and (Cl,,d.) for all i.

For any double complex (C,dp,d,) there is an associated (total) chain
complex (Tot C,d), which is defined by letting (Tot C),, = @ Cj; for all
n and d = dj, + d,. Moreover, any chain bicomplex map

i+j=n

¢ (Codp,dy) — (C',d},, dy)
induces a chain map
Tot ¢ : (Tot C,d) — (Tot C",d’) .
We say that ¢ is a quasi-isomorphism if this is the case for Tot .

Proposition D.1 Let ¢ : (C,dp,d,) — (C',d},,d,) be a chain bicomplex
map. Then, ¢ is a quasi-isomorphism if either one of the following two con-
ditions is satisfied:

(i) ¢ restricts to a quasi-isomorphism between the columns (Cix,dy) and
(CL,,d.) for alli.

(i) @ restricts to a quasi-isomorphism between the rows (C.j,dn) and
(C1.,d}) for all j. O

*j

Corollary D.2 Let (C,d},d,) be a double complezx.
(1) If the rows (Cy;,dp) are acyclic in positive degrees for all j, then the

chain complexes (TotC,d) and (@J Coj/dhC’lj,a> are quasi-isomorphic.

(i) If the columns (Cix,d,) are acyclic for all i > 0, then the complex
otC,d) 1s quasi-isomorphic with the 0-th column (Cos,dy ).
TotC,d) i ) hic with the 0-th col Cos, d O

The notion of a double cochain complex can be defined in the same way, by
considering differentials of degrees (+1,0) and (0,+1).

Examples D.3 (i) Let R be a ring and (C, d) (resp. (C’,d’)) a chain complex
of right (resp. left) R-modules. Then, there is a chain bicomplex of abelian
groups (C ®r C',d® 1,+1 ® d'), consisting of C; ®g C} in degree (i, j); the
signs + and — in the vertical differentials alternate in order for the operator
dpndy, + dydp to vanish. We note that there are natural maps (called Kiinneth
maps)

KHZ(C) ®R HJ(C/) e H_j(TOt(C ®R Cl))

for all i,j > 0, which are given by letting [z;] ® [2}] — [z; ® 2] for any
homology classes [z;] € H;(C) and [2}] € H;(C"). Similar remarks apply to
cochain complexes and cohomology.

(ii) Let R be a ring, (C,d) a chain complex and (C’,d’) a cochain complex
of left R-modules. Then, there is a double cochain complex of abelian groups
(Hompg(C,C"),d*, £d.,), which consists of Hom g (C;, C"7) in degree (i, j). Here,
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d* and d!, denote the additive maps between the Hom-groups induced by d
and d’ respectively. We note that there are natural maps

H (Tot Homp(C, ') — Homp (H;(C), HY(C))

for all 4,j > 0, which are given by mapping a cohomology class [f] €
H*i(Tot Homg(C,C")) onto the R-linear map from H;(C) to H’(C") induced
by the component f;; € Homg(C;, C7) of f.

D.1.3 Tor and Ext

As an example of the notions introduced above, we define the functors Tor
and Ext. To that end, let us fix a right R-module M and a left R-module N.
For any R-projective resolutions

0—M——P, and 0+— N - Q,

we may consider the chain complexes of abelian groups P, g N, M ®p Q.
and the double complex P, ®g Q. (cf. Example D.3(i)). Then, there are quasi-
isomorphisms

In particular, we may define the Tor-groups by letting
Torf(M,N) = H, (P, ®g N)~ H,(Tot(P. ®r Q.))~ H,(M ®r Q.)

for all n. If /
0—M<— P and 0— N Q'

*

are also R-projective resolutions of M and N, then there are chain maps
p:P,— P, and v:Q., — Q.

that satisfy the equalities ¢ = ¢’ and n = n'¢yg and are unique up to
homotopy with that property. These chain maps are homotopy equivalences
and hence there is a commutative diagram of quasi-isomorphisms
e®1 | Tot(p@v) | 10y |
’ 187’ ’ ry €'l ’
Pl @r N < Tot(P.®rQ,) — M ®zrQ.
It follows that the definition of the Tor-groups is independent of the chosen
resolutions, in the sense that the vertical quasi-isomorphisms in the diagram
above induce identifications in homology.
The behavior of the Tor-groups with respect to direct sums is described
in the next result.
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Proposition D.4 (i) Let R be a ring, (M;); a family of right R-modules and
(Nj); a family of left R-modules. If M = €; M; and N = €D, Nj, then the
inclusions M; — M and N;j — N induce an isomorphism of abelian groups
Torf (M, N) ~ D, ; Torf(M;, N;) for all n.

(ii) Let Ry,...,Rs be rings and R = [[._, R; their direct product. For
each i = 1,...,s we consider a right R;-module M; and a left R;-module
N;. Then, the abelian group M = @;_; M; (resp. N = @_, N;) has the
structure of a right (resp. left) R-module and there is a natural isomorphism
Torf (M, N) ~ @:_, Tor¥(M;, N;) for all n. O

In order to define the Ext-groups of two left R-modules M and N, one con-
siders a projective resolution

0«— M «— P,
of M and an injective resolution
0—N—I
of N. Then, there are induced quasi-isomorphisms of cochain complexes
Homp(Py, N) — Tot Hompg(Py, I*) «— Homp(M,I*)
(cf. Example D.3(ii)) and one defines for any n

Ext}(M,N) = H*(Hompg(P., N))
~ H"(Tot Homp (P, I*))
~ H"(Hompg(M,I*)) .

Remarks D.5 (i) Let R be a ring, M a right R-module and N a left R-
module. In degree 0, there is an identification Tory (M, N) ~ M ®g N. The
groups Torﬁ (M, N) vanish for all n > 0 if either M or N is projective (or,
more generally, flat) as an R-module.

(ii) Let R be a ring and M, N two left R-modules. In degree 0, there is an
identification Ext% (M, N) ~ Hompg(M, N). The groups Ext’ (M, N) vanish
for all n > 0 if either M is projective or IV is injective as an R-module.

(iii) Let (C,d) and (C’,d’) be two chain complexes of abelian groups, such
that either one of them is free. Then, the homology of the double complex
(C®C,d®1,£1®d) fits into a natural short exact sequence

0— (H(C) ® Ho(C'))n S H, (Tot(C ® ")) — (Tor(H, (C), Hy(C")))n_1—0 ,

where

(H(C)@ H(C)n = €D, Hi(C) @ Hy(C),

i+j=n
K is the Kiinneth map (cf. Example D.3(i)) and

(Tor(Hy(C), H(C'N)nr = P, Torf (Hi(C), H;(C"))

for all n. In particular, if the complexes (C, d) and (C’, d’) are free resolutions
of the abelian groups M and M’ respectively, then the chain complex Tot(C' ®
C") is a free resolution of M ® M’, provided that TorZ (M, M') = 0.

i+j=n
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D.2 Group Homology and Cohomology

D.2.1 Basic Definitions

We now consider a commutative ring k, a group G and specialize the above
discussion to the case where R is the group algebra kG. For any left kG-
module M we define the homology groups H, (G, M) and the cohomology
groups H"(G, M) of G with coefficients in M, by letting

H, (G, M) = Tor*(k,M) and H"(G,M) = Ext}(k, M)

for all n. Here, k is viewed as a (right and left) kG-module, by means of the
trivial G-action. In particular, if

0k« P,
is a resolution of k by projective right kG-modules, then
H, (G, M) = H,(P, kg M)

for all n. This definition doesn’t depend upon the chosen resolution. More
precisely, if

0 k< P!

is another kG-projective resolution of k, then there is a unique up to homotopy
chain map ¢ : P, — P, satisfying ¢ = €', which is a homotopy equivalence
and induces a canonical identification

H, (P, ®xg M) ~ H,,(P. @1c M)

for all n. Similarly, the cohomology groups H"(G, M) of G with coefficients
in the left kG-module M can be computed by using a projective resolution
Q. of the trivial left kG-module k, as the cohomology groups of the cochain
complex Homy;(Qx, M).

In order to describe the so-called standard resolution of k, we let

Sn(G, k) = K[G"] = @ {k - (g0, -9n) : (g0, .- -, gn) € G}

for all n > 0, with left (resp. right) kG-module structure induced by the left
(resp. right) diagonal action of G on G™*!; in particular, So(G, k) = kG. For
allm > 1 and i € {0,...,n} we define a k-linear map

57 S (Gy k) — Su_1(GL k)

by letting
5?(90779%) = (gov"wg]\ia"'vgn)
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for any element (go,...,g,) € G™T!; here, the symbol ~ over an element
denotes omission of that element. It is clear that the k-linear maps 6" are, in
fact, kG-linear for both left and right actions. We now define the operators

671’6; : Sn(Gak) - n71<G7k) )
by letting
n . n—1 .
bn=3 . (D)W and &,=% (~1)5

for all n > 1.

Proposition D.6 Let k be a commutative ring and G a group.
(i) The chain complex

k< So(GL k) <5 81(GLk) <2 o En 5 (G k) B

where € is the augmentation, is a free resolution (S(G,k),d) = (S«(G,k),9)
of k as a trivial left or right kG-module.
(i) The chain complex

’

’ ’ 5/ L
So(Gyk) < S1(GL k) <22 - 2 S (G k)

is contractible as a complex of left or right kG-modules. In particular, it is
acyclic. O

In order to describe the functoriality of the (co-)homology groups, let us con-
sider a group G and a homomorphism f : M — M’ of left kG-modules.
Then, there are induced additive maps

fe: Hy(G M) — H,(G,M") and f.: H"(G,M) — H"(G,M")

for all n. On the other hand, let ¢ : G — G’ be a group homomorphism.
Then, ¢ induces a k-linear chain map

¢:8(G, k) — S(G k).

For any kG’-module M we denote by M, the kG-module obtained from M
by restriction of scalars along ¢. Then, the chain maps

$® 1:5(G,k) ®kc My — S(G/7k) Rrar M

and
Hom((g, 1) : Homyer (S(G', k), M) — Homy (S(G, k), M)

induce additive maps



246 D Homological Techniques
¢t Hy(G,My) — H,(G',M) and ¢*: H"(G',M) — H"(G, My)
respectively for all n.

Remarks D.7 (i) Let k be a commutative ring, G a group and M a left kG-
module. Then, the homology groups H, (G, M) and the cohomology groups
H™(G, M) depend only upon the action of G on the abelian group M. In order
to make this assertion precise, let us denote by M’ the ZG-module obtained
from the kG-module M by restriction of scalars. Since

S« (G, k) = S«(G,Z) ®zc kG and S.(G,k) = kG ®zc S«(G,Z)
as right and left kG-modules respectively, we have

Tork (k, M) = H,,(S.(G, k) @rc M)
= Hn(S*(G, Z) KRza M/)
= Tor%%(Z, M')

and
EXtZG(k}, M) = Hn(HOHlk(;(S* (G, k’), M))
= H"(Homzq (5+(G, Z), M"))
= Extyo(Z, M),

i.e. Ho(G, M) = H,(G,M') and H"(G, M) = H"(G, M") for all n.

(ii) Let G be a group, M a left ZG-module and g € G a fixed element. We
consider the inner automorphism (conjugation) I, € Aut(G) and let M, =
Mj, be the ZG-module obtained from M by restriction of scalars along I,.
We also consider the ZG-linear map

Ag M — M, ,
which is defined by m — gm, m € M. Then, the compositions

H,(G, M) 2% 1, (G M) Y 1 (G M)

and

*1—1
(G, M) Y i) Y B e

can be shown to be the identity operators for all n.
Examples D.8 (i) If G is a group and M a left ZG-module, then
Hy(GM)=ZRzg M ~M/<gm-—-m:g€G,meM>
is the coinvariance M¢ of M (cf. Remark D.5(i)) and
H°(G,M) = Homzg(Z, M) ~{m € M : gm =m for all g € G}

is the invariance MY of M (cf. Remark D.5(ii)).
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(ii) Let k be a field of characteristic 0 and G a finite group. Then, in view
of Maschke’s theorem (Theorem 1.9), the groups H,(G, M) and H"(G, M)
vanish for all » > 0 and all kG-modules M (cf. Remarks D.5(i),(ii)).

(iii) Let G be a finite cyclic group with generator 7. Then, the chain
complex

YRR fe Rl feBRRY, feR iy JeREANY/ e i

where N = > {t : t € G}, is a ZG-free resolution of Z. In particular, for any
ZG-module M the homology groups of G with coeflicients in M are computed
as the homology groups of the chain complex

N

MET g A N

1- 1—
— M

M M

Similarly, the cohomology groups of G with coefficients in M are computed
as the cohomology groups of the cochain complex

In particular, H,,(G, M) = H,+2(G,M) and H"(G,M) = H""?(G, M) for
all n > 0.

Let k£ be a commutative ring and G a group. Then, G is said to have finite
homological dimension over k if there exists an integer n > 0, such that
H;(G,M) = 0 for all ¢ > n and all kG-modules M. The smallest n with
this property is the homological dimension hdyG of G over k. In this way,
Example D.8(ii) implies that hdyG = 0 if G is a finite group and k a field of
characteristic 0.

Proposition D.9 Let k be a commutative ring.

(i) If G is a group of finite homological dimension over k and H < G
a subgroup, then H has finite homological dimension over k as well; in fact,
hdpH < hd,G.

(i) If (G;); is a family of groups of uniformly bounded homological dimen-
sion over k and G = *x;G; the corresponding free product, then G has finite
homological dimension over k; in fact, hdi,G < max{1, max; hdyG;}.

(ii3) If (G;); is a directed system of groups of uniformly bounded homolog-
ical dimension over k and G = hm G; the corresponding direct limit, then G

has finite homological dzmenszon over k; in fact, hdG < max; hdpG;. O

D.2.2 H? and Extensions

Let G be a group and M a left ZG-module. Then, an extension of G by M
is a group X having M as a normal subgroup with X/M ~ G, in such a way
that conjugation induces the given action of G on M. Two extensions
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1—-M—X—>G—1 and 1 —M — X —G—1

are called equivalent if there is a group homomorphism f : X — X’ that fits
into a commutative diagram

1— M — X —G—1

[ £l [
1l— M — X' — G —1

There is a bijective correspondence between the set of equivalence classes of
extensions of G by M and the cohomology group H?(G, M), such that the
equivalence class of the semi-direct product M x G corresponds to the zero
element of H%(G, M). In this way, the functorial behavior of H? corresponds
to certain operations on extensions. In order to explicit these operations, let
us consider an extension

1—M 55X 56 —1
and the corresponding cohomology class o € H?(G, M).

Functoriality in the coefficient module: Let M’ be another ZG-module and
f+ M — M a ZG-linear map. We consider the ZX-module M/ ob-
tained from M’ by restricting its G-module structure along 7w and note that
{(=f(m),2(m)) : m € M} is a normal subgroup of the semi-direct product
M! x X. The corresponding quotient group X’ fits into the commutative
diagram

1— M- X 5G—1

A

’
™

1— M5 x a1
where +/ and f’ are obtained by composing the natural maps into M’ x X
with the projection onto X', whereas 7’ maps the class of an element (m/, )
in X’ onto w(z) € G. Then, the G-module structure induced on M’ by the
extension in the bottom row of the above diagram is its original G-module
structure and the element of H2(G, M') which classifies that extension is the
image fia of a under the map

fe: H}(G, M) — H*(G,M") .

Functoriality in the group: Let G’ be another group and ¢ : G’ — G a group
homomorphism. We consider the subgroup X" = {(z,¢') € X x G’ : w(x) =
#(g’)} of the direct product X x G’ and note that it fits into the commutative
diagram
1— M- X' s @ —1
[ ¢l

1—M-5 X 5 G —1
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where ¢ and 7" are the restrictions to X" of the projections of X x G’ onto
X and G’ respectively, whereas ¢ maps m € M onto (¢(m),1) € X”. Then,
the G’-module structure induced on M by the extension in the top row of
the above diagram is the one obtained by restricting its original G-module
structure along ¢, thereby identifying it with My. Moreover, the element of
H?(G', M) which classifies that extension is the image ¢*a of o under the
map

¢*: H*(G,M) — H?*(G',M,) .

Proposition D.10 Consider a morphism of group extensions with abelian

kernels
1— M — X — G —1

Fl ! ¢l
1— M — X — G —1
If a« € H*(G, M) and o' € H*(G',M’) are the cohomology classes classifying
these extensions, then f.a = ¢*a’ € H*(G,M'). O

D.2.3 Products

We fix a group G and consider the standard resolution S, = (S«(G, Z), ) of
the trivial G-module Z. We recall that S,, = Z[G""!] is projective both as a
left and as a right ZG-module. The chain complex Tot(S, ® S.) is a resolution
of Z®Z = 7Z (cf. Remark D.5(iii)), consisting of projective left (and right)
ZG-modules (the group G acts diagonally on the tensor product; cf. Lemma
1.8(ii)). Hence, there is a left ZG-linear chain map

A" S, — Tot(S, ® S,) ,

which commutes with the augmentation maps to Z and is unique up to ho-
motopy with this property. Similarly, there is a right ZG-linear chain map

A" S, — Tot(Sx ® Sy) ,

which commutes with the augmentation maps to Z and is unique up to ho-
motopy with this property. Chain maps A’ and A” as above are homotopy
equivalences and are referred to as diagonal approximations.

We now construct a specific diagonal approximation

A: S, — Tot(S, ® S.)

called the Alexander-Whitney map. To that end, we define in degree n the
additive map

Ani Sy — @ 5@,

by letting Ay (go, -, 9n) = Doi0(90s- -+ 9)@(Gis - - -, gn) for all (n+1)-tuples
(90, ---,9n) € G"TL.
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Lemma D.11 The Alexzander-Whitney map A = (A,), is a chain map,
which is ZG-linear for both left and right actions and commutes with the
augmentation maps to 4. O

Using the Alexander-Whitney map, we define the cup- and cap-products.

Cup-products: Let M, N be left ZG-modules and M ® N the corresponding
tensor product, viewed as a left ZG-module with diagonal action. Then, there
is a morphism of cochain complexes

_U _: Tot(Homzg(S«, M) ® Homz;(Sx, N)) — Homzg(S., M ® N)

(cf. Example D.3(i)), which is defined as follows: For any a € Homzg(S;, M)
and b € Hong(Sj, N), the element a Ub € Homzg(S;4j, M ® N) maps any
T e G.”‘JH C Siyy with Ajpjz =37 07k ® 7] € D)oy Sk ® S) onto
(=D%a(z;) ® b(z}) € M ® N. The induced additive maps

_U_:HYG,M)® H’(G,N) — H/(G,M®N), i,j >0,

are called cup-product maps. Some basic properties of them are summarized
in the next result.

Proposition D.12 The cup-product maps have the following properties:

(i) (associativity) Let L, M and N be left ZG-modules. Then, for any
cohomology classes o € H'(G, L), 3 € H (G, M) and v € H*(G, N), we have
(@UB)Uy=aU(BU~y) € HTITHG Lo M@ N).

(ii) (graded-commutativity) Let M, N be left ZG-modules. Then, for any
cohomology classes o € H'(G,M) and 3 € H/(G,N), we have a U 3 =
(=) (BUa), where 7 : N®@ M — M ® N is the flip map.

(#1) (naturality with respect to the coefficient modules) Let M, N, M’ and
N’ be left ZG-modules. Then, for any ZG-linear maps f : M — M’ and
h: N — N’ there is a commutative diagram

H{(G,M)® H!(G,N) =5 H*i(G,M @ N)
Fo®h. | 1 (feh).
H(G,M'")® HI(G,N') == H"™(G,M' @ N')
for alli,j > 0.
(iv) (naturality with respect to the group) Let G' be another group and

0 : G — G a group homomorphism. Then, for any ZG-modules M, N there
is a commutative diagram

H{(G,M)® H!(G,N) = H"(G,M® N)
e @p* | L
H(G' M) HI(G',N') =5 H*i(G',M’' @ N)
for all i,j > 0. Here, M' = M, and N' = N, denote the ZG'-modules
obtained from M and N respectively by restriction of scalars along . O
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In particular, let us consider a commutative ring k, viewed as a trivial G-
module. Then, the multiplication k¥ ® ¥ — k enables one to consider the
composition

HYG, k) @ HI (G, k) =5 H (G, k® k) — H™I(G, k)
for all 7, j > 0; these maps are referred to as cup-product maps as well.

Corollary D.13 Let k be a commutative ring.

(i) (k-algebra structure) The cup-product maps defined above endow the
cohomology H*(G, k) = @, H (G, k) with the structure of an associative and
graded-commutative k-algebra.

(i) (naturality with respect to the coefficient ring) Let K be another com-
mutative ring and f : k — K a ring homomorphism. Then, the induced
map

f« : HY (G, k) — H*(G, K)

s a ring homomorphism as well.
(#i) (naturality with respect to the group) Let G' be another group and
¢ : G — G a group homomorphism. Then, the induced map

0" H*(G, k) — H*(G',k)
is a homomorphism of k-algebras. O

Cap-products: We consider again two left ZG-modules M, N and their tensor
product M ® N (with diagonal G-action). Let a € H"(G, M) be a cohomology
class, represented by a ZG-linear map a : S,, — M. We denote by S,[n] the
complex, which is given in degree i by S;_,, and whose differential is (—1)"0,
and consider the composition

S, ©za N 22 Tot(S. © 5.) @z¢ N 22" 5. [n] @26 (M & N) |

where (1®a®1)9" maps an elementary tensor (z; ;) @y € (S;®S5;)@zac N
onto the tensor (—1)"z; @ (a(z;) ® y) € S; ®zc (M ® N) (resp. onto 0) if
j =n (resp. if j # n).! The induced additive maps

an_:H;(GN)— H;_,(GGM®N), i>0,

depend only upon the cohomology class « and are called cap-product maps.
Some basic properties of them are summarized in the next result.

! Here, we regard S, and Tot (S« ® S.) as complexes of right ZG-modules by letting
any element g € G act as left multiplication by g~*. As such, the complexes S,
and Tot(S. ® S,) provide us with projective resolutions of the trivial right ZG-
module Z; cf. the discussion at the beginning of §D.2.4.
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Proposition D.14 The cap-product maps have the following properties:
(i) (naturality with respect to the coefficient modules) Let M, N, M' and

N’ be left ZG-modules. Then, for any ZG-linear maps f : M — M’ and
h: N — N’ and any cohomology class « € H"(G, M) there is a commutative
diagram

Hi(G,N) 5 H;_n(G,M®N)

ha | | (s@n).
Hi(G,N"Y 0 H,_ (G, M’ ® N")

for alli > 0.

(i) (naturality with respect to the group) Let G' be another group and
¢ : G' — G a group homomorphism. Then, for any left ZG-modules M, N
and any cohomology class « € H™(G, M) there is a commutative diagram

Hi(G',N") *20- H,_(G', M @ N')
e | 1 .
Hi(G,N) “5 H; (G,M®N)
for alli > 0. Here, M' = M, and N' = N, denote the ZG'-modules obtained
from M and N respectively by restriction of scalars along .
(iii) (composition) Let L,M and N be left ZG-modules. Then, for any
cohomology classes « € H"(G, M) and 8 € H™(G, L), the composition

an_ BsN—

H;(G,N) —S H;_,(GGM®N) — H;_p_m(G,L®M ® N)
coincides with the cap-product map
yN_:H(G,N)— Hi_p_n(G,L&M®N),
where v = U« € H"W™(G,L @ M), for all i > 0. O

In particular, let k be a commutative ring (viewed as a trivial G-module) and
a € H"(G, k) a cohomology class. Then, we may consider for all ¢ > 0 the
composition

Hi(G, k) "5 Hi_ (G, k@ k) — Hi_n(G, k) ,

where the latter map is induced by the multiplication of k. These maps are
referred to as cap-product maps as well.

Corollary D.15 Let k be a commutative Ting.

(i) (naturality with respect to the coefficient ring) Let K be another commau-
tative ring and f : k — K a ring homomorphism. Then, for any cohomology
class o € H™(G, k) there is a commutative diagram

afn_

HZ(G, ]{i) E— Hz_n(G, ki)
£l A
Hi(G, K) ““% H,_,(G,K)
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for all i > 0. Here, axg = f.«a is the image of o in the cohomology group
H"(G,K).

(i) (naturality with respect to the group) Let G’ be another group and
¢ : G' — G a group homomorphism. Then, for any cohomology class o €
H"™(G, k) there is a commutative diagram

Hi(G' k) 5 H;_p (G k)
o ] 1 o
Hi(G.k) “5 Hi_,(G.k)

for all i > 0. Here, &' = ¢*a is the image of « in the cohomology group
H"(G' k).

(i) (composition) For any cohomology classes « € H™(G,k) and 8 €
H™(G, k), the composition

H’L(G? k) % Hi—n(G7 k) Bij Hi—n—m(Ga k)

coincides with the cap-product map
Y n-: HZ(G7 k) B Hifnfm(Ga k) ’
where v = U« € H"W™(G, k), for all i > 0. O

D.2.4 Duality

In this subsection, we briefly investigate the extent to which group cohomology
is dual to group homology.

We fix a commutative ring £ and a group G. First of all, we define the
(co-)homology groups of G with coefficients in right kG-modules. To that end,
we consider the involution

7: kG — kG

of the k-algebra kG, which is defined by letting 7(g) = ¢! for all g € G.
If U is a right kG-module, we let U be the left kG-module obtained from U
by pulling back its right kG-module structure along 7. In other words, we
define g - u = ug~! for all ¢ € G and u € U. Then, the (co-)homology of G
with coefficients in U is defined as the (co-)homology of G with coefficients
in U. We note that the right kG-module U is projective if and only if the
left kG-module U is projective. Moreover, if U’ is another right kG-module
then a k-linear map f : U — U’ is a homomorphism of right kG-modules
if and only if the map f : U — U’ is a homomorphism of left kG-modules.
Therefore, we conclude that

Homkg(U, U/) = HomkG ([7, /U//) .

It follows that the cohomology groups H™(G,U), n > 0, of G with coefficients
in the right kG-module U can be computed using a resolution
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0k P,

of k by projective right kG-modules, as the cohomology of the cochain com-
plex Homyg(Ps, U). In a similar way, it turns out that the homology groups
H,(G,U), n > 0, of G with coefficients in the right kG-module U can be
computed using a resolution

O&k;Q*

of k by projective left kG-modules, as the homology of the chain complex
U Rra Q*

We now consider a left kG-module M and a k-module J. Then, the k-
module U = Homy (M, J) has a natural structure of a right kG-module, which
is obtained by using the left G-action on M (cf. Exercise 1.3.1(i)). If

0— k< P,

is a resolution of k by projective right kG-modules, then there is a natural
identification of cochain complexes

Homyg (P., Homy (M, J)) — Homy (P, ®xg M, J)
(cf. Exercise 1.3.1(iii)). In this way, we obtain k-linear maps
Oc.m,g - H(G,Homy (M, J)) — Homy (H, (G, M), J)
for all n > 0 (cf. Example D.3(ii)).

Proposition D.16 Let M be a left kG-module, J a k-module and consider
the k-linear maps 6 = ¢ ar,; defined above.

(i) For any cohomology class o € H™(G, Homy (M, J)) the k-linear map
0(a) € Homy(H,(G, M), J) is the composition

an_

Ho(G,M) 25 1y (G, Homy, (M, J) & M) = Homy(M, ) &g M < J |

where ev denotes the evaluation homomorphism.
(i) If J is an injective k-module, then 6 is an isomorphism for alln. O

Corollary D.17 Assume that k is a field, viewed as a trivial G-module. Then,
there is an isomorphism H"™(G,k) ~ Homy(H, (G, k), k), which identifies a
cohomology class a € H"(G, k) with the cap-product map

an_: H,(G, k) — Hy(G,k)=k

for alln > 0. O
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D.2.5 The (co-)homology of an Extension

Let us now consider a group G, a normal subgroup N <G and the correspond-
ing quotient @ = G/N. Our goal is to describe the relationship between the
(co-)homology groups of G with coefficients in a ZG-module M and certain
(co-)homology groups of N and @. This relationship can be properly described
by using the notion of a spectral sequence. Instead of giving the details of the
construction of the Lyndon-Hochschild-Serre spectral sequence, we adopt an
ad hoc point of view and state a few results that make the techniques used in
Chap. 4 intelligible.

Our first objective is to compute the homology groups H,, (G, M), n > 0.
We denote by M’ the ZN-module obtained from M by restriction of scalars
and consider the homology groups H;(N,M’), j > 0. For any g € G we
let I, € Aut(N) be the conjugation by g and define My = M}g to be the
ZN-module obtained from M’ by restriction of scalars along I,. If

)\g:M/—>M;

is the ZN-linear map, which is defined by letting \j(x) = gz for all z € M’,
then the composition

H;(N, M) 2% (v ) S (v,
is an additive endomorphism g, of the group H,; (N, M"). In this way, we obtain
an action g of G on the homology group H; (N, M’). This action being trivial
on N (cf. Remark D.7(ii)), we conclude that the group H;(N,M’) admits a
natural Z@Q-module structure for all j > 0. In particular, we may consider the
homology groups H;(Q, H;(N, M")) for all i, j > 0.

Theorem D.18 Let G be a group, N <G a normal subgroup and Q = G/N
the corresponding quotient. We consider a ZG-module M and let M' be the
Z N -module obtained from M by restriction of scalars. Then, for allmn > 0 the
homology group H, (G, M) admits a natural increasing filtration

O:FlengFOHngFlHnganlenanHn:Hn(GaM)a

having the following properties:

(i) The group F,H,/F,_1H, is a certain subquotient of the homology
group H,(Q, H,—p(N, M'")) for all p,n.

(i) The group FoH,, is the image of the map

Hn(N7MI)—> Hn(G7M) ’

which is induced by the inclusion N — G.
(iii) The group F,,_1H, is the kernel of the map

Hn(G7 M) — Hn(Q7MN) 5

which is induced by the natural maps G — Q and M — My O
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Corollary D.19 Let k be a commutative ring, G a group, N < G a nor-
mal subgroup and @ = G/N the corresponding quotient. If the groups N,Q
have finite homological dimension over k, then G has also finite homological
dimension over k; in fact, hd,G < hdy N + hdiQ. (|

There is a result analogous to Theorem D.18 for the cohomology groups of
G with coefficients in M. As in the homology case, the conjugation action of
G induces a natural ZQ-module structure on the groups H’(N, M’). More
precisely, for any element g € G the action of ¢ = gN € Q on H’(N,M’) is
given by the composition
g n Ag)s rj NN j ’
H(N,M") == H (N,Mg) = H/(N,M'),

where M} Ag and I, are defined as above.? In this way, we may consider the
cohomology groups H*(Q, H’ (N, M")) for all 4,5 > 0.

Theorem D.20 Let G be a group, N <G a normal subgroup and Q@ = G/N
the corresponding quotient. We consider a ZG-module M and let M’ be the
Z N -module obtained from M by restriction of scalars. Then, for alln > 0 the
cohomology group H™(G, M) admits a natural decreasing filtration

H"(G,M)=F'H"D>F'H"D> .- D F'"H" D F""'g" =0,

having the following properties:

(i) The group FPH™/FPTYH™ is a certain subquotient of the cohomology
group HP(Q,H" P(N,M")) for all p,n.

(ii) The group FYH™ is the kernel of the map

H"(G,M)— H"™(N,M")

which is induced by the inclusion N — G.
(i4i) The group F"H™ is the image of the map

H"(Q,MN) — H"(G, M),

which is induced by the natural maps G — Q and MY — M.

(iv) Assume that M = k is a commutative ring, viewed as a trivial ZG-
module. Then, for any cohomology classes o € FPH™ and o/ € FP'H™ we
have U of € FPP FHntn’ O

We conclude our discussion with two results concerning the special cases of
an extension as above, where the normal subgroup N < G is either finite or
infinite cyclic.

2 We note that the ZQ-module structures defined on the (co-)homology groups of
N with coefficients in M’ are compatible with the duality maps 0; cf. Exercise
D.3.6.
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Proposition D.21 Let k be a field of characteristic 0 and 7 : G — @ a
surjective group homomorphism with finite kernel. We consider a kQ-module
V and let V; be the kG-module obtained from V by restriction of scalars along
7. Then, the natural maps

T Ho (G, Vi) — Hp(Q,V) and 7 : HY(Q,V) — H"(G, V)
are isomorphisms for all n > 0. O

Proposition D.22 Let
1 —Z—G-5Q—1

be a central extension and o € H*(Q,Z) the corresponding cohomology class.
We consider a ZQ-module V' and let V; be the ZG-module obtained from V
by restriction of scalars along w. Then, there are exact sequences

afn_

Hn(G7 Vﬂ') i) Hn(Q; V) — n72(Q7 V) — nfl(Ga V?T)

for alln > 0. O

D.3 Exercises

1. Let G be an abelian group. The goal of this Exercise is to prove that G
has finite homological dimension over Q if and only if it has finite rank.
(i) If T C G is a torsion subgroup, then show that hdqZ = 0 and hence
conclude that hdqG < hdq(G/T).

(ii) If G = Z", show that hdyG = n for any commutative ring k.

(iii) If G = Q™, show that hdyG = n for any commutative ring k.

(iv) If G has finite rank, show that G has finite homological dimension
over Q.

(v) If G is an abelian group of infinite rank, then show that G does not
have finite homological dimension over any commutative ring k.

2. (i) Let (C,d), (C',d’") and (C”,d") be chain complexes of abelian groups.
Show that the associativity isomorphisms

(C;eCHaCy ~Cia(CiaCy), ijk>0,
induce an isomorphism of chain complexes
Tot(Tot(C @ C")® C") ~ Tot(C @ Tot(C’ @ C")) .

We view this isomorphism as an identification and denote the resulting
chain complex by Tot(C @ C' @ C").

3 We note that Q acts trivially on Z, since the extension is assumed to be central.
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(ii) (coassociativity of the Alexander-Whitney map) Let G be a group
and S, = (9.(G,Z), ) the standard resolution of the trivial G-module Z.
Show that the Alexander-Whitney map

A: S, — Tot(S. ® Si)

induces a commutative diagram
A
S — Tot (S, ® Sy)

Al Tot(A®1) |

Tot(S, © S.) &% Tot(8, © S, © S.)

(iii) (existence of counit for the Alexander-Whitney map) Let G be a group
and S, = (94(G,Z), ) the standard resolution of the trivial G-module Z.
Note that Sy = ZG and define

e: S, — Z[0]

to be the chain map which is given by the usual augmentation in degree
0 and vanishes in positive degrees. Show that there is a commutative
diagram
Tot(S, ® S,) < 5, =5 Tot(S, ® S.)
Tot(e®1) l || J, Tot(1R®e)
Tot(Z[0] ® Si) =~ S. =~ Tot(S. ® Z[0])

where A is the Alexander-Whitney map.

. Let G be a group and S, = (S«(G,Z), ) the standard resolution of the

trivial G-module Z. We consider three ZG-modules L, M and N and
two cohomology classes a € H*(G,M) and 8 € H™(G,L). The goal
of this Exercise is to prove Proposition D.14(iii). To that end, let us fix
representatives a : S, — M and b : S,, — L of o and [ respec-
tively and consider the representative ¢ = bUa : Sp1m — L ® M of
vy=pBUa€ H"™(G,L® M).

(i) Show that the following diagram is commutative

Tot (S @ Si) ®za N (18281)° Si[n] ®zc (M @ N)

Tot(A®1)®1 | | A1l

Tot(S, ® S, ® S.) @z N “E 298V Tot(S, @ S.)[n] ©z¢ (M ® N)

Here, (1 ® 1 ® a ® 1)9" maps an elementary tensor (z; ® z; ® xx) @y €
(Si ® Sj ® Sk) ®za N onto the tensor (—1)"+ " (z; @ z;) ® (a(zy) ®y) €
(S; ® Sj) ®za (M ® N) (resp. onto 0) if k = n (resp. if k # n).

(ii) Show that the composition

an_ BsN_

Hy(G,N) 5 H, (G, Mo N) 25 Hy_y_1n(G,L® M ® N)
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is induced by the composition
Sy ®za N — Tot(S, ® 5. ®5,)®zag N — Si[n+m|Qzg (LOMQN) ,

where the first chain map is (Tot(A ® 1) o A) ® 1 and the second one
is(1®b®a®1)9. Here, (1 ®b® a® 1) maps an elementary tensor
(z;@2; @) @y € (9 ®5; ®Sk) ®z N onto (—1)™Fmitmig, @ (b(z;) ®
a(zr)®y) € S;Qza (L®M Q@ N) (resp. onto 0) if j = m and k = n (resp.

if j #mor k #n).
(iii) Show that the cap-product map

yN_:H(G,N) — H;_p_mn(G,L& M & N)
is induced by the composition
Sy Qza N — Tot(S, ® 5. ®85,) ®zg N — Si[n+m]|®zg (LOIMRN) ,

where the first chain map is (Tot(1 ® A) o A) ® 1 and the second one is
(1®b®a®1)9".

(iv) Prove Proposition D.14(iii).

(Hint: Use the coassociativity of A; cf. Exercise 2(ii) above.)

. Let G be a group and S, = (S.(G,Z), ) the standard resolution of the
trivial G-module Z. We consider a left ZG-module M, an abelian group J
and the right ZG-module U = Homgz (M, J). The goal of this Exercise is to
prove Proposition D.16(i), in the case where the coefficient ring k therein
is that of integers (the proof for a general k is similar). To that end, let
us fix a cohomology class a € H"(G, U), represented by a homomorphism
a: S, — U of right ZG-modules.

(i) Show that the map

(1®a®1)9" : Tot(Sy @ Si)n ®za M — Sy @za (ﬁ ® M) )
followed by the natural quotient map
SO®ZG([7®M> ~U@M —U®gze M,
coincides with the composition

Tot(Sy ® Si)n ®za M 2 Sn ®@za M a®y U®zg M.
Here, € denotes the map
Tot(e ® 1) : Tot(Sy @ Si)n, — Tot(Z[0] ® Si)pn =~ Sy,

where ¢ is the counit defined in Exercise 2(iii) above.
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(ii) Show that the cap-product map
an_: Hy(G, M) — HO(G,17®M)
is induced by the additive map
0@ 18, ®z6 M — U gza M= Ho(G,0 M) .

(iii) Prove Proposition D.16(i), in the case where k = Z.

The goal of this Exercise is to show that the duality homomorphisms
0c .5 of Proposition D.16 are natural with respect to the group G, the
coefficient module M and the dualizing module J.

(i) (naturality with respect to the group) Let k be a commutative ring, ¢ :
G'" — G a group homomorphism, M a left kG-module and J a k-module.
We denote by M’ the left kG’-module obtained from M by restriction
of scalars along ¢ and consider the right kG-module U = Homy (M, J).
Then, the right kG’-module U’ obtained from U by restriction of scalars
along ¢ is identified with Homy(M’, J). Show that the following diagram
is commutative for all n > 0

H™(G,U) 2, HY (G, U")
a0 | . L 0gr
Homy, (Ho (G, M), J) 2% Homy,(H,(G/, M'), J)
Here, (¢.)" denotes the transpose of ¢. : H,(G', M')— H, (G, M).
(ii) (naturality with respect to the coefficient module) Let k& be a commu-
tative ring, G a group, f : M’ — M a homomorphism of left kG-modules
and J a k-module. We consider the right kG-modules U’ = Homy (M’ J)
and U = Homy (M, J) and note that the transpose F' = ft : U — U’
of f is kG-linear. Show that the following diagram is commutative for all
n >0
H™(G,U) EiR H™(G,U")
Oc. s | L0
Homy.(H (G, M), ) T2 Homy (H, (G, M) )
Here, (f.)" denotes the transpose of f. : H,(G,M’) — H, (G, M).
(iii) (naturality with respect to the dualizing module) Let k be a commu-
tative ring, G a group, M a left kG-module and 7 : J — J’ a homomor-
phism of k-modules. We consider the right kG-modules U = Homy (M, J)
and U’ = Homy (M, J’) and note that the induced map T' =7, : U — U’
is kG-linear. Show that the following diagram is commutative for alln > 0

H™(G,U) LR H™(G,U")

0c a0 | 1 OG0

Homy (H, (G, M), J) == Homy,(H, (G, M), .J")
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Here, the map 7, in the bottom row is that induced by 7 between the
Hom-groups.

. Let G be a group, N < G a normal subgroup and @ = G/N. The goal
of this Exercise is to show that the Z()-module structures defined in
§D.2.5 on the (co-)homology groups of N with coeflicients in restricted
Z(G-modules are compatible with the duality homomorphisms 6 of Propo-
sition D.16. To that end, we consider a left ZG-module M, an abelian
group J and the right ZG-module U = Homgz (M, J). We fix an element
g€ Gandlet g =gN € Q.

(i) Show that the left ZQ-module structure on H, (N, M’) defined in
the text induces a right Z@-module structure on the abelian group
Homg (H,(N,M'),J), in such a way that ¢ € Q acts as the composition
of the transpose

((Iy)«)" : Homg (H, (N, M"),J) — Homz(Hn(N, M;), J)
of (Ig)«: Hy (N, Mé) — H, (N, M’), followed by the transpose
((/\g)*)t : Homg (Hn (N, Mé), J) — Homgz(H, (N, M’),J)

of (Ag)« : Hy(N,M') — H, (N, M}).
(ii) Show that the right ZN-module U, obtained from the right ZN-
module U’ = Homgz(M’', J) by restriction of scalars along the automor-
phism I, : N — N is identified with Homg (M;, J), whereas the trans-
pose

pg U, — U’

of the map A\, : M’ — M, defined in the text is a homomorphism of
right ZG-modules.

(iii) Show that the cohomology group H™(N,U’) admits a right ZQ-
module structure, in such a way that ¢ € Q) acts as the composition

o (N, U Y (v, 0t) ek 5 (N,

(iv) Show that the duality homomorphism
9N7M/7J : Hn(N, U/) — IIOInz(]{n(]V7 M’), J)

is a homomorphism of right ZQ-modules for all n > 0.
(Hint: Use the naturality of # with respect to the group and the coefficient
module; cf. Exercise 5(i),(ii) above.)
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Comparison of Projections

In this Appendix, we examine a few basic properties of the lattice of projec-
tions in a von Neumann algebra A'. We begin by reviewing the concepts of
equivalence and weak ordering and then consider the notion of the central
carrier of a projection. Our main goal is to prove the comparison theorem,
which states that any two projections in A/ can be cut by a central projection
into comparable sub-projections (for the precise statement, see Theorem E.7).
This fact was used in a crucial way in §5.2.2, in order to prove the injectivity
of the additive map t,, which is induced in K-theory by the center-valued
trace t on the von Neumann algebra of a group.

Of course, our presentation here is very limited, aiming only at those re-
sults that are necessary for the proof of the comparison theorem. For a more
complete treatment of the structure theory of projections in a von Neumann
algebra, the reader may consult specialized books on the subject, such as [18]
and [36].

E.1 Equivalence and Weak Ordering

Let B(H) be the algebra of bounded linear operators on a Hilbert space H.
Any projection e € B(H) is completely determined by its range V = ime,
which is a closed linear subspace of H; indeed, e maps identically V onto itself
and vanishes on the orthogonal complement V. Conversely, for any closed
linear subspace V' C ‘H there is a (unique) projection in B(H) whose range
is V; we denote that projection by py. Two projections e, f are orthogonal
(i.e. ef =0) if and only if ime L im f. If e, f are two commuting projections,
then ef is the projection onto the subspace imeNim f. Given two projections
e and f, we write ¢ < f if ef = fe = e (cf. §1.1.1.1T); in that case, the
(closed) subspace im e is contained in im f, whereas the operator f — e is the
orthogonal projection onto the subspace (ime)Nim f. If e, f, ¢ are projections
in B(H), such that e < f and ¢ commutes with both e and f, then ce < cf.
The correspondence V' +— py defines an isomorphism of lattices between the
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lattice of closed subspaces of H and that of projections in B(H). For example,
if (e;); is a family of projections and V; = ime; for all 4, then the supremum
e = sup, e; is the projection onto the closed linear subspace V' of H, which
is generated by the V;’s (i.e. V.= 3. V;). In the special case where the ¢;’s
are orthogonal to each other, V is the orthogonal direct sum of the V;’s and
e=>y €.t

Recall that a linear operator u € B(H) is called a partial isometry if there
are closed linear subspaces V, V' C H, such that u maps V isometrically onto
V' and vanishes on the orthogonal complement V+. In that case, the adjoint
u* maps V' isometrically onto V' and vanishes on the orthogonal complement
V'L; therefore, we have u*u = py and uu* = py.2 Let e = py and €/ = py»
be two projections in B(H). Then, the existence of a partial isometry w, such
that u*u = e and wu* = €/, is easily seen to be equivalent to the condition
dim V = dim V', where dim denotes the Hilbert space dimension.

We work with a fixed von Neumann algebra N of operators acting on the
Hilbert space H.

Lemma E.1 The following conditions are equivalent for a closed subspace
VCH:

(i) py €N,

(ii) the subspaces V and V* are N”-invariant and

(i) the subspace V' is N'-invariant.

Proof. (1)—(ii): For any vector ¢ € V and any operator a € N’ we have
a(§) = apy(§) = pva(§) € impy = V; therefore, V is AN'-invariant. The
same argument, applied to the complementary projection 1 — py, shows that
V4 =im(1 — py) is N-invariant as well.

(ii)—(iii): This is obvious.

(iii)—(i): In view of Lemma 1.17(ii), the A’-invariance of V' implies that
the projection py is contained in N = N. O

Corollary E.2 Let (e;); be a family of projections in N. If e € B(H) is the
supremum of the e;’s, then e € N. In particular, if e;e; = 0 for i # j, then
diei €N

Proof. Since e; € N, Lemma E.1 implies that the subspace V; = ime; is N'-
invariant for all 7. Then, the closed linear subspace V' = )" Vj is easily seen to
be A-invariant as well. The result follows from another application of Lemma
E.1, since e = py. Il

We recall that two projections e, f € N are called equivalent rel A/ if there is
a partial isometry u € N, such that e = u*u and f = wu*; in that case, we
write e ~ f. Equivalently, e ~ f if there is a partial isometry u € N, which
maps im e isometrically onto im f and vanishes on the orthogonal complement

! Here, the infinite sum is understood as the SOT-limit of the net of finite sums.
2 An algebraic description of partial isometries is provided in Exercise E.2.1.
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(ime)*t. It follows easily that the equivalence rel N is indeed an equivalence
relation. We now state and prove a few basic properties of that relation, that
are needed in the sequel.

Proposition E.3 (i) Assume thate, f € N are projections with e ~ f. Then,
for any central projection ¢ € N' we have ce ~ cf.

(i1) Consider an operator a € N and let V (resp. U) be the closure of
the range ima of a (resp. of the range ima* of a*). Then, py,py € N and

bv ~puU-

Proof. (i) Let u € N be a partial isometry which maps im e isometrically onto
im f and vanishes on the orthogonal complement (im e)*. We shall prove that
ce ~ cf, by showing that cu € N maps im ce isometrically onto imcf and
vanishes on the orthogonal complement (imce)*. Since ue(H) = u(ime) =

im f = f(H), we have
cu(ce(H)) = cuce(H) = ctue(H) = cue(H) = cf(H).

For any vector £ € imce = imeNime we have cu(§) = ue(§) = u(§) and
hence || cu(&) ||=|u(€) ||=] & ||. It follows that cu maps the subspace im ce
isometrically onto imcf. Since u vanishes on (ime)* = im(1 — e), we have
u(1 —e) = 0 and hence

2

cu(l —ce) = cu— cuce = cu — c*ue = cu —cue = cu(l —e) = 0.

Therefore, cu vanishes on the subspace im(1 — ce) = (im ce)*, as needed.

(ii) Since a,a* € N, the subspaces V = ima and U = ima* are easily
seen to be A’-invariant. Therefore, Lemma E.1 implies that py,py € N. If
a = u |a| is the polar decomposition of a (cf. Proposition 1.11), then « maps
U isometrically onto V and vanishes on the orthogonal complement U~. The
proof is finished, since the partial isometry « is contained in the von Neumann
algebra A (cf. Proposition 1.19). O

Proposition E.4 Let (V;); and (V/); be two orthogonal families of closed
subspaces of H, which are such that py,,py; € N and py, ~ py; for all i.
Then, . pv, ~ Eipvi/.

Proof. Tn view of Corollary E.2, we know that »,; pv;, >, pys € N. For any
index 4 there is a partial isometry u; € A/, which maps V; isometrically onto
V! and vanishes on the orthogonal complement V,-. Let V (resp. V') be the
orthogonal direct sum of the family (V;); (resp. (V});). Then, any vector £ € H
admits an orthogonal decomposition § = . & +n, where & € V; for all ¢ and
n € VL. Then, we have

Yo lw)P=>" l&l®<lel®, (E.1)

with equality if and only if n = 0 (i.e. if and only if £ € V). It follows that
the sum ) . u;(§;) is a well-defined element of V’. Hence, we may consider
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the linear map u : H — H, which is defined by mapping any element £ € H
onto Y. u;(&), where £ = 3. & + 1 is the orthogonal decomposition of &
as above. In view of (E.1), the operator u is bounded; in fact, u maps V
isometrically onto V’ and vanishes on the orthogonal complement V. Since
>ipv, = pv and >, py; = pyv, it only remains to prove that the partial
isometry u € B(H) is an element of the von Neumann algebra A. To that
end, we consider an operator a in the commutant A/ and prove that ua = au.
Since the projections py and py, are contained in N, Lemma E.1 implies that
the subspaces V+ and V; are a-invariant for all i. We now fix a vector & € H
and consider the decomposition £ = >, & + 7, where & € V; for all ¢ and
n € V+. Then, a(§) = >, a(&) +a(n) is the associated decomposition of a(§),
since a(&;) € V; for all i and a(n) € V1. Hence,

> alé) + a(m)
iuia(fi)
Jaui(&:)
iui(fi))
€,

where the third equality follows since the operator u; € A/ commutes with
a € N’ for all i and the fourth one is a consequence of the continuity of a.
This is the case for any vector ¢ € H and hence ua = au, as needed. O

ua(§)

/N

u

o
NINg

I
Q
S

We now define the central carrier of a projection in A; this notion will be our
main technical tool in the proof of the comparison theorem.

Proposition E.5 Let e € N be a projection with range V (so that e = py )
and consider the closed linear subspace U = [NV]|™ of H generated by the set
NV ={a(€) : a € N,&E € V}. Then, the projection ¢ = py € B(H) has the
following properties:

(i) c is a projection in the center of the algebra N,

(ii) e < ¢ and

(111) if ¢’ is a projection in the center of N with e < ¢, then ¢ < ¢'.
The projection c is called the central carrier of e.

Proof. (i) In order to show that ¢ € NN A, we shall prove that the closed
linear subspace U is invariant under both N’ and N/ = N (cf. Lemma E.1).
To that end, it suffices to show that the set N'V is invariant under N and V.
It is clear that A’V is A-invariant. On the other hand, e = py is a projection
in NV and hence the subspace V is N-invariant (loc.cit.). It follows easily from
this that NV is N-invariant as well.

(ii) The algebra A is unital and hence V. C NV C [NV]~ = U; therefore,
e=py <py==c.
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(iii) Let ¢’ be a central projection in A/ with range U’ and assume that
e < . Since ¢ € N, the subspace U’ is invariant under N/ = N (loc.cit.).
Moreover, e < ¢ and hence V C U’. It follows that

NV ={a(l):aeN,£€V}C{a(l):aeN, €U} CU’
and hence U = [N'V]~ C U’. Therefore, c = py < pyr = ¢'. O

We now relate the orthogonality of the central carriers of two projections in
N to the existence of non-zero equivalent sub-projections.

Proposition E.6 The following conditions are equivalent for two projections
e, feEN:

(i) The projections e and f have no non-zero sub-projections, which are
equivalent rel .

(i) We have eaf =0 for alla € N.

(iii) c(e)e(f) = 0, where c(e) and c(f) are the central carriers of e and f
respectively.

Proof. ()—(ii): Assume that there is an operator a € N with eaf # 0 and
consider the projection py onto the closed linear subspace V = imeaf; then,
0 # py < e. The subspace V is easily seen to be N’-invariant and hence
Lemma E.1 implies that py € N. Since the operator fa*e = (eaf)* € N is
non-zero as well, the same argument shows that the projection py onto the
closed linear subspace U = im fa*e is a projection in N with 0 # py < f.
Therefore, py and py are non-zero sub-projections of e and f respectively,
which are equivalent rel A, in view of Proposition E.3(ii). It follows that if
(i) holds then eaf =0 for all a € N.

(ii)—(iil): Assume that eaf = 0 for all a € N. Then, for any a,b € N we
have ea*bf = 0 and hence for any vectors {,n € H we compute

<ae(§),bf(n)>= < ea’bf(n)>=0.

It follows that the closed linear subspaces [Ne(H)]™ and [N f(H)]~, which
are generated by the sets Ne(H) = {ae(§) : a € N,§ € H} and Nf(H) =
{bf(n) : b € N,n € H} respectively, are orthogonal to each other. Since
c(e),c(f) are the orthogonal projections onto [Ne(H)]™ and [N f(H)]™, it
follows that c(e)c(f) = 0.

(iii)—(i): Assume that c(e)c(f) = 0 and consider two projections €', f' € N’
with ¢/ < e, f/ < f and ¢’ ~ f’. Then, there is a partial isometry u € N,
which maps ime’ isometrically onto im f’ and vanishes on the orthogonal
complement (ime’)*; in particular, we have u = f'ue’. Since ¢’ < e < c(e)
(cf. Proposition E.5(ii)), we have ¢’ = €’c(e). Arguing similarly, we conclude
that f" = f'c(f). We now compute

u= flue’ = f'c(flue’cle) = f'ue’cle)e(f) =0,
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where the third equality follows since ¢(f) is central (cf. Proposition E.5(i)).
Hence, we conclude that ¢/ = v*u =0 and f’ = uu* = 0. O

Recall that, given two projections e, f € N, we say that e is weaker than f
rel AV if there is a projection e’ € N/, such that ¢ ~ ¢’ and ¢’ < f; in that case,
we write e < f. The projection e is strictly weaker than f rel A if e < f and
e o4 f; in that case, we write e < f.

We are now ready to state and prove the main result of this Appendix.

Theorem E.7 (comparison theorem) For any two projections e, f € N there
is a central projection ¢ € N, such that ce < cf and (1 —c)f =< (1 —c)e.

Proof. We consider sets of ordered pairs P = {(e;, f;) : ¢ € I'}, such that:

(i) e, f; are projections in N with e; ~ f; for all 4,

(ii) e; < e and f; < f for all ¢ and

(111) €icj; = 0 and flfj =0 for all 7 ?é ]
Let P be the collection consisting of the sets P as above; then, P # ),
since {(0,0)} € P. Ordering the set P by inclusion, we note that it satis-
fies the assumptions of Zorn’s lemma. Therefore, P has a maximal element
P = {(eﬁ, ﬁ) 1i € 7}. We now consider the projections eg = e — ) . & and
fo = [f =3, fi, which are contained in N (cf. Corollary E.2). If ¢/, f' € N
are non-zero sub-projections of eq and fy respectively with ¢/ ~ f/, then
PU{(e,f")} is an element of P which is strictly bigger than P. In view
of the maximality of P, we conclude that the projections eg, fo € N have
no non-zero equivalent sub-projections. Hence, Proposition E.6 implies that
c(eg)e(fo) = 0, where c(eg) (resp. ¢(fo)) is the central carrier of eg (resp. of
fo); since eg = egc(eg) (cf. Proposition E.5(ii)), we have

c(fo)eo = eoc(fo) = eoc(eo)c(fo) = 0.

Using Propositions E.3(i) and E.4, we conclude that

c(fo)e = c(fo)eo + C(fo)zia:

This finishes the proof, by letting ¢ = ¢(fo). O
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Corollary E.8 Let e, f € N be two projections, which are not equivalent rel
N. Then, there is a central projection ¢ € N, such that ce < cf or cf < ce.

Proof. In view of Theorem E.7, there is a central projection ¢y € N, such that
coe S cof and (1—co)f = (1 —c¢p)e. We shall finish the proof by showing that
coe < cof or (1 —co)f < (1 —co)e. To that end, we argue by contradiction
and assume that cpe ~ ¢of and (1 — ¢o)f ~ (1 — ¢p)e. In that case, we may
invoke Proposition E.4 and conclude that

e=cet+(l—co)e~cof +(1—co)f=Ff,

contradicting our assumption that e ¢ f. O

E.2 Exercises

1. Let H be a Hilbert space and u € B(H) a bounded linear operator. Show
that the following conditions are equivalent:
(i) u is a partial isometry,

(i)’ u* is a partial isometry,

(i) v = uu*u,

(i) v* = u*uu®,

(ili) w*u is a projection and
(iii)” wu* is a projection.

2. Let N be a von Neumann algebra of operators acting on the Hilbert space
H. Two projections e, f € N are called unitarily equivalent in A if there
is a unitary operator u € N, such that f = u*eu. Show that the relation
of unitary equivalence in N implies that of equivalence rel N.

3. Let NV be a von Neumann algebra of operators acting on the Hilbert space
H. Then, N is called finite if there is no projection e € N with e # 1,
which is equivalent to 1 rel .

(i) Assume that A is finite and let e, f € N be two projections, such that
e < f and e ~ f. Then, show that e = f.

(Hint: Use Proposition E.4.)

(ii) Assume that two projections in A are equivalent rel A if and only if
they are unitarily equivalent in A/ (cf. Exercise 2 above). Then, show that
N is finite.

(iii) Let G be a group and N'G the associated von Neumann algebra. Show
that the von Neumann algebra M, (NG) of n X n matrices with entries
in NG is finite for all n > 1.

(Hint: Use Proposition 5.43(i),(ii).)

4. Let N be a finite von Neumann algebra of operators acting on the Hilbert
space H (cf. Exercise 3 above). The goal of this Exercise is to show that
two projections in N are equivalent rel N if and only if they are unitarily
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equivalent in N (cf. Exercise 2 above).? To that end, let e, f € N be two
projections with e ~ f.

(i) Show that 1 —e ~1— f.

(Hint: Argue by contradiction, using Corollary E.8.)

(ii) Show that e and f are unitarily equivalent in N.

3 In view of Exercise 3(ii) above, it follows that a von Neumann algebra A is finite
if and only if the relation equivalence rel N coincides with unitary equivalence in

N.
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