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Preface

These lecture notes are intended for advanced students and young researchers with
interests in the analysis of partial differential equations and differential geometry.
We investigate the following problems:

• What are geometrical and analytical characteristics of two-dimensional immer-
sions of disc-type in higher-dimensional Euclidean spaces Rn‹

• What can we state about the geometry of orthogonal unit normal frames for such
surfaces, as a generalization of the classical concept of unit normal vectors?

• Are there special orthogonal unit normal frames for surfaces which are particu-
larly useful for analytical and geometrical purposes, and how can we construct
such frames?

To be more explicit, we have in mind:

• Firstly, to extend treatments on elementary differential geometry of surfaces in
R
3; as presented for example in the excellent textbooks of Bär [4], Blaschke and

Leichtweiß [12], Klingenberg [80], or Kühnel [84], and to continue treatments,
for example, from Brauner [14] or Eschenburg and Jost [44], where selected
aspects of surface geometry in Euclidean spaces are already discussed, to an
analytical theory of surfaces in Euclidean spaces together with its elements of
complex analysis and partial differential equations.

• Secondly, to provide a new approach, as comprehensive as possible, to the con-
struction of orthogonal unit normal frames for surfaces which arise from certain
geometric variational problems, so-called normal Coulomb frames, together with
its elements from the theory of non-linear elliptic systems and modern harmonic
analysis.

Our lecture notes contain four chapters which are organized as follows:

• Chapter 1: Surface geometry

We present a comprehensive discussion of the differential geometry of surfaces
immersed in Euclidean spaces.

vii



viii Preface

This, in particular, includes the definition of orthogonal unit normal frames for
surfaces, one central aspect of our analysis, as well as orthogonal transitions
between them.

Furthermore, we derive the differential equations of Gauß and Weingarten
as well as the corresponding integrability conditions of Codazzi–Mainardi,
Gauß and Ricci. Based on these fundamental identities we introduce important
curvature quantities of surfaces, for example the curvature tensor of the normal
bundle which plays a particular role in our considerations.

Surface geometry benefits a lot from the theory of generalized analytic
functions. To give an idea of what this means we want to conclude the first
chapter with proving holomorphy of the so-called Hopf vector which in particular
allows us to characterize the zeros of the Gauss curvature of minimal surfaces.

• Chapter 2: Elliptic systems

This intermediate chapter begins by introducing the theory of non-linear ellip-
tic systems with quadratic growth in the gradient, and then presents some results
concerning curvature estimates and theorems of Bernstein-type for surfaces in
Euclidean spaces of arbitrary dimensions.

A famous result of S. Bernstein states that a smooth minimal graph in R
3;

defined on the whole plane R
2; must necessarily be a plane. Today we know

various strategies to prove this result, and the idea goes back to E. Heinz to
establish first a curvature estimate and to deduce Bernstein’s result in a second
step. However, minimal surfaces with higher codimensions do not share this
Bernstein property, as one of our main examples X.w/ D .w;w2/ 2 R

4 with
w D u C iv convincingly shows. It is still a great challenge to find geometrical
criteria, preferably in terms of the curvature quantities of the surfaces’ normal
bundles, which guarantee the validity of Bernstein’s theorem.

We must admit that we can only discuss briefly some points where we would
wish to employ our tools we develop in this book, but up to now we cannot
continue to drive further developments.

• Chapter 3: Normal Coulomb frames in R
4

With this chapter we begin our study of constructing normal Coulomb frames for
surfaces immersed in Euclidean space R4:

Normal Coulomb frames are critical for a new functional of total torsion. We
present the associated Euler–Lagrange equation and discuss its solution via a
Neumann boundary value problem. A proof of the “minimal character” of normal
Coulomb frames follows immediately.

Using methods from potential theory and complex analysis we establish
various analytical tools to control these special frames. For example, we present
two different methods to bound their torsion (connection) coefficients. Methods
from the theory of generalized analytic functions will play again an important
role.

We conclude the third chapter with a class of minimal graphs for which we
can explicitly compute normal Coulomb frames.
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• Chapter 4: Normal Coulomb frames in R
nC2

Now we consider two-dimensional surfaces immersed in Euclidean spaces RnC2
of arbitrary dimension. The construction of normal Coulomb frames turns out to
be more intricate and requires a profound analysis of non-linear elliptic systems
in two variables.

The Euler–Lagrange equations of the functional of total torsion are identified
as non-linear elliptic systems with quadratic growth in the gradient, and, more
exactly, the non-linearity in the gradient is of so-called curl-type, while the Euler–
Lagrange equations appear in a div-curl-form.

We discuss the interplay between curvatures of the normal bundles and torsion
properties of normal Coulomb frames. It turns out that such frames are free of
torsion if and only if the normal bundle is flat.

Existence of normal Coulomb frames is then established by solving a
variational problem in a weak sense using ideas of F. Helein [64]. This, of
course, ensures minimality, but we are also interested in classical regularity of
our frames. For this purpose we employ deep results of the theory of non-linear
elliptic systems of div-curl-type and benefit from the work of many authors:
E. Heinz, S. Hildebrandt, F. Helein, F. Müller, S. Müller, T. Rivière, F. Sauvigny,
A. Schikorra, E.M. Stein, F. Tomi, H.C. Wente, and many others.

Parallel frames in the normal bundle are often studied in the literature. These are
special normal Coulomb frames, namely those with vanishing torsion coefficients,
and so they only exist if the normal bundle is flat. In our lecture notes we will mainly
consider non-flat normal bundles and therefore nonparallel normal frames.

Parallel normal frames are widely used in physics, see for example da Costa [30]
for a geometric presentation of certain physical problems in quantum mechanics
or Burchard and Thomas [19] for an analytical description of the dynamics of
Euler’s elastic curves. The treatment of such problems in the more general context
of nonparallel normal frames is surely desirable but must be left open for the future.

Many fundamental mathematical problems are also left open: How can one
construct normal Coulomb frames on surfaces of higher topological type or on
higher-dimensional manifolds? Is it possible to combine our results with Helein’s
construction of tangential Coulomb frames on surfaces from [64]? How can one
construct Coulomb frames on manifolds immersed in general Riemannian spaces
or Lorentzian spaces? This would surely open the door to applications in general
relativity or string theory. The reader is invited to join in the discussion.

Most of the results presented here were obtained in a very fruitful collaboration
with Frank Müller from the University of Duisburg-Essen. The reader finds our
original approaches in [49, 50] and [51].

I would like to thank the members of Springer for their helpful collaboration, for
their support and for their care in preparing this work for print.

Mainz, Germany Steffen Fröhlich
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Chapter 1
Surface Geometry

Abstract We present a comprehensive discussion of the differential geometry of
surfaces immersed in Euclidean spaces.

This, in particular, includes the definition of orthogonal unit normal frames
for surfaces, one central aspect of our analysis, as well as orthogonal transitions
between them.

Furthermore, we derive the differential equations of Gauß and Weingarten as well
as the corresponding integrability conditions of Codazzi–Mainardi, Gauß and Ricci.
Based on these fundamental identities we introduce important curvature quantities
of surfaces, for example the curvature tensor of the normal bundle which plays a
particular role in our considerations.

Surface geometry benefits a lot from the theory of generalized analytic functions.
To give an idea of what this means we want to conclude the first chapter with
proving holomorphy of the so-called Hopf vector which in particular allows us to
characterize the zeros of the Gauss curvature of minimal surfaces.

1.1 Regular Surfaces

1.1.1 First Definitions

Let n � 1 be an integer. The main objects of our considerations are vector-valued
mappings

X D X.u; v/ D �
x1.u; v/; : : : ; xnC2.u; v/

�
; .u; v/ 2 B;

defined on the topological closure B � R
2 of the open unit disc

B WD ˚
w D .u; v/ 2 R

2 W u2 C v2 < 1
�
:

S. Fröhlich, Coulomb Frames in the Normal Bundle of Surfaces in Euclidean Spaces,
Lecture Notes in Mathematics 2053, DOI 10.1007/978-3-642-29846-2 1,
© Springer-Verlag Berlin Heidelberg 2012
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2 1 Surface Geometry

From the point of view of analysis and differential geometry we always want to
assume (until not presumed otherwise)

• X 2 Ck;˛.B;RnC2/ with an integer k � 4 and a Hölder exponent ˛ 2 .0; 1/; as
well as

• rankDX.u; v/ D 2 for all .u; v/ 2 B
for the Jacobian DX 2 R

2�.nC2/ of X; i.e. at each point w 2 B there is a non-
degenerate, two-dimensional tangential plane.

The mappingX thus represents a regular surface or two-dimensional immersion
of disc-type.

1.1.2 Tangential Space and Normal Space

Since X represents an immersion, at each point w 2 B there exist two linearly
independent tangential vectors

Xu.w/ � @X.w/

@u
and Xv.w/ � @X.w/

@v
;

represented analytically by the derivatives of X;1 which span the two-dimensional
tangential space TX.w/ at that point w 2 B W

TX.w/ WD span
˚
Xu.w/; Xv.w/

� Š R
2 :

Its orthogonal complement forms the normal space NX.w/ at w 2 B; i.e.

NX.w/ WD ˚
Z 2 R

nC2 W Xu.w/ �Z D Xv.w/ �Z D 0
� Š R

n ;

whereX �Y denotes the inner Euclidean product between two vectorsX; Y 2 R
nC2;

X � Y WD
nC2X

iD1
xiyi :

1.1.3 Orthonormal Normal Frames

At each point w 2 B we may choose n � 1 unit normal vectors N� D N�.w/ for
� D 1; : : : ; n; satisfying the following orthogonality relations

1Symbols like Xu; N�;u; gij;v etc. denote partial derivatives w.r.t. u resp. v:



1.2 Examples 3

N� �N# D ı�# D
(
1 for � D #

0 for � 6D #
for all �; # D 1; : : : ; n

with Kronecker’s symbol ı�# : We also use the notations ı�# ; ı#� ; or ı�# for this
symbol. Now choose the N�.w/ in such a way that:

(a) They span the normal space NX.w/ at w 2 B;
(b) They are oriented in the following sense

det
�
Xu; Xv; N1; : : : ; Nn

�
> 0:

Thanks to the contractibility of the domain B we can extend this system of
orthogonal unit normal vectors in a differentiable way to the whole domain B:

Definition 1.1. A system

N D .N1; : : : ; Nn/ 2 Ck�1;˛.B;Rn�.nC2//;

which consists of n � 1 orthogonal unit normal vectors N� D N�.w/; oriented
in the above sense, which moves Ck�1;˛-smoothly along the whole surface X; and
which spans the n-dimensional normal space NX.w/ at each w 2 B; is called an
orthogonal normal frame, or shortly ONF.

1.2 Examples

1.2.1 Surface Graphs

We consider some important examples of surfaces.

Definition 1.2. A surface graph is a mapping

R
2 3 .x; y/ 7! X.x; y/ D �

x; y; z1.x; y/; : : : ; zn.x; y/
� 2 R

nC2

with sufficiently smooth functions z� ; � D 1; : : : ; n; generating the graph.

Surface graphs are always immersions. We can specify a possible “normal frame”
consisting of the unit normal vectors

N1 D 1
p
1C jrz1j2

� � z1;x ;�z1;y ; 1; 0; 0; : : : ; 0
�
;

N2 D 1
p
1C jrz2j2

� � z2;x ;�z2;y ; 0; 1; 0; : : : ; 0
�

etc.



4 1 Surface Geometry

with z�;x and z�;y denoting the partial derivatives of z� w.r.t. the coordinates x resp.
y; and rz� D .z�;x ; z�;y/ 2 R

2 is the Euclidean gradient of z� :

Definition 1.3. These special N� are called the Euler unit normal vectors of the
graph X:

In general, Euler unit normals are not orthogonal, but by means of Gram–Schmidt
orthogonalization we can always construct an orthogonal unit basis from an Euler
unit normal vector frame.

1.2.2 Holomorphic Surface Graphs

Let us consider surface graphs of the special form

R
2 3 .x; y/ 7! X.x; y/ D �

x; y; '.x; y/;  .x; y/
� 2 R

4

with ' and  being real resp. imaginary part of a complex-valued holomorphic
function

˚.x; y/ D '.x; y/C i .x; y/ 2 C

satisfying the Cauchy–Riemann equations

'x D  y ; 'y D � x :

For example,
' C i D .x C iy/2 D x2 � y2 C 2ixy

will play a particular role in our analysis.
The associated Euler unit normal vectors of such a holomorphic graph,

N1 D 1
p
1C jr'j2

�� 'x;�'y; 1; 0
�
;

N2 D 1
p
1C jr j2

� �  x;� y; 0; 1
� D 1

p
1C jr'j2

�
'y;�'x; 0; 1

�
;

form an ONF in the normal space since we immediately verify

N1 �N2 D 1

1C jr'j2
� � 'x'y C 'y'x

� D 0:

We will repeatedly return to holomorphic graphs in the course of our considerations,
in particular when we discuss Bernstein’s principle and curvature estimates for
minimal surfaces in the second chapter, or in Chap. 3 when we prove that Euler
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unit normal frames for certain holomorphic graphs of the form .w; ˚.w// represent
normal Coulomb frames—the central topic of this book.

1.2.3 The Veronese Surface

This is the surface

X.x; yI�/ D �

�
yzp
3
;
xzp
3
;
xyp
3
;
x2 � y2

2
p
3

;
1

6

�
x2 C y2 � 2z2

�
�

with x2 C y2 C z2 D 3; � 2 R;

first described by G. Veronese. From Chen and Ludden [23] we infer the following
interesting properties which will become more clear after the study of the first two
chapters of our book.

Proposition 1.1. The Veronese surface, as a compact surface (without boundary)
in R

5, has parallel mean curvature vector and constant normal curvature. Further-
more, it has constant Gauß curvature.

A calculation shows that the parametrizationX.x; yI 1/ maps points .x; y; z/ of the
two-dimensional sphere with radius

p
3;

˚
.x; y; z/ 2 R

3 W x2 C y2 C z2 D 3
� � R

3 ;

into the four-dimensional unit sphere

S4 WD f.x1; x2; x3; x4; x5/ W x21 C x22 C x23 C x24 C x25 D 1
� � R

5

in such a way that two points .x; y; z/ and .�x;�y;�z/ are mapped into the same
point of S4: Thus, we have a parametrization of a real projective plane in R

5:

For a good introduction to the Veronese surface we refer the reader to Albrecht
[1] who presents also modern applications of it in the field of Computer Aided
Geometric Design.

The Veronese surface is a minimal surface and, as shown in Li [86], it is also a
Willmore surface in S4: These two properties make this surface so attractive for the
geometric analysis, in particular for the famous Willmore problem.

For detailed discussions about the interplay between minimal surfaces in Eu-
clidean spaces or in spheres and Willmore surfaces on the one hand, and methods of
modern harmonic analysis on the other hand, we refer the reader i.e. to Bryant [16],
Helein [64], Li [86], Rivière [99], Weiner [120], or Willmore [125]. Especially in
the fourth chapter we will employ many of Helein’s ideas and methods from [64]
for our construction of normal Coulomb frames.
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1.3 The Fundamental Forms

1.3.1 The First Fundamental Form

To apply the classical tensor calculus we introduce the notation u1 WD u; u2 WD v:

Definition 1.4. The coefficients gij of the first fundamental form g 2 R
2�2 of the

immersion X are defined by

gij WD Xui �Xuj ; i; j D 1; 2:

The differential line element of the surface w.r.t. this form then reads as follows

ds2 D
2X

i;jD1
gij duiduj :

Formally this line element results from inserting the parametric representation of
X D X.u; v/ into the Euclidean form

ds2 D
nC2X

k;`D1
ık` dx

kdx`

of the embedding space R
nC2 with Cartesian coordinates xk for k D 1; : : : ; nC 2:

Namely, we calculate

ds2 D
nC2X

k;`D1
ık`.x

k
u du C xkv dv/.x`u du C x`v dv/

D
nC2X

kD1

n
.xku /

2 du2 C 2.xkux
k
v / dudv C .xkv /

2 dv2
o
:

Notice that the first fundamental form g is invertible on account of the regularity
property rankDX D 2 for the JacobianDX of X: For its inverse matrix we write

g�1 D .gij /i;jD1;2 2 R
2�2 :

At each point w 2 B it then holds

.g ı g�1/ik D
2X

jD1
gij g

jk D ıki with Kronecker’s symbol ıki :



1.3 The Fundamental Forms 7

1.3.2 The Tensor of the Second Fundamental Forms

We come to

Definition 1.5. To each unit normal vector N� of a given ONF N D .N1; : : : ; Nn/

we assign a second fundamental form with coefficients

L�;ij WD Xui uj �N� ; i; j D 1; 2; � D 1; : : : ; n:

Notice that
Xuiuj �N� D �Xui �N�;uj

which follows directly after differentiation of the orthogonality relations Xui �
N� D 0 for all i D 1; 2 and � D 1; : : : ; n:

In case n D 1 of one codimension there is only one second fundamental form
which is uniquely defined up to orientation of the unit normal vector N:

1.3.3 Conformal Parameters

We will often work with conformal parameters .u; v/ 2 B satisfying the conformal-
ity relations

g11 D W D g22 ; g12 D 0 in B

with the area element

W WD
q
g11g22 � g212 :

This area element then represents the conformal factor w.r.t. the surface’s conformal
parametrization.

Introducing conformal parameters is justified by results like (see [107])

Proposition 1.2. Suppose that the coefficients a; b and c of the Riemannian metric

ds2 D a du2 C 2b dudv C c dv2

are of class C1C˛.B;R/ with ˛ 2 .0; 1/: Then there is a conformal parameter
system .u; v/ 2 B:
Recall that ds2 is of Riemannian type if ac � b2 � �0 > 0 in B: The regularity
condition required here is satisfied in our situation due to gij 2 Ck�1.B/ with
k � 4:

While Sauvigny’s result holds in the large, i.e. on the whole closed disc B;
another optimal result in the small goes back to Korn [83] and Lichtenstein [87],
see also Chern [24] for a simplified proof.

Proposition 1.3. Suppose that the coefficients a; b and c of the Riemannian metric

ds2 D a du2 C 2b dudv C c dv2
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satisfy a Hölder condition in B: Then for every point w 2 B there exists an open
neighborhood over which the surface can be parametrized conformally.

The uniformization principle would now guarantee the global existence of confor-
mal parameters, see i.e. the classical monographs Courant [28] or Nitsche [92] for
comprehensive discussions.

Note also the different regularity assumptions in the propositions due to different
analytical approaches. However, Hartman and Wintner in [58] pointed out that if the
coefficients a; b and c are only continuous then there need not exist any parameter
transformation into a conformal form. Thus, the weakest regularity conditions are
given by Korn and Lichtenstein.

For recent developments on this subject, namely in connection with the classical
Plateau problem for minimal surfaces, we refer the reader to Hildebrandt and von
der Mosel [67] as well as to the detailed analysis in Dierkes et al. [34].

1.3.4 Example: Holomorphic Surfaces

For w D u C iv 2 B we consider mappings

X.w/ D �
˚.w/; 	.w/

�WB �! C � C

with complex-valued holomorphic functions˚ D .'1; '2/ and	 D . 1;  2/: Real-
and imaginary part are solutions of the Cauchy–Riemann equations

'1;u D '2;v ; '1;v D �'2;u and

 1;u D  2;v ;  1;v D � 2;u :

We calculate the coefficients of the first fundamental form

g11 D Xu �Xu D .'1;u; '2;u;  1;u;  2;u/
2 D '21;u C '22;u C  21;u C  22;u ;

g22 D Xv �Xv D '21;v C '22;v C  21;v C  22;v D '22;u C '21;u C  22;u C  21;u D g11 ;

g12 D Xu �Xv D '1;u'1;v C '2;u'2;v C  1;u 1;v C  2;u 2;v D 0:

Proposition 1.4. The map X.w/ D .˚.w/; 	.w//; w 2 B; with complex-valued,
holomorphic functions ˚ and 	 is conformally parametrized.

1.3.5 Outlook and Some Open Problems

Before we go into a detailed analysis we want to discuss briefly some questions we
do not address in this book, admittedly due to our lack of knowledge, but which
should definitely be approached in the future.
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1. Riemannian embedding spaces
From the analytical and from the geometrical point of view it is of interest to
consider immersions which live in general Riemannian spaces. For example, let
X WB ! N nC2 with a .nC 2/-dimensional manifold N nC2 be equipped with a
Riemannian metric �k` satisfying

nC2X

k;`D1
�k`


k
` � �0j
j2 for all 
 D .
1; : : : ; 
nC2/ 2 R
nC2

with some real �0 > 0: The corresponding line element is then given by

ds2 D
nC2X

k;`D1
�k` dx

kdx`

from where we infer the induced line element of the surface,

ds2 D
2X

i;jD1

nC2X

k;`D1
�k`x

k
ui x

`
uj duiduj D

2X

i;jD1
�ij duiduj with

�ij WD
nC2X

k;`D1
�k`x

k
ui x

`
uj :

This form is of Riemannian type and admits a conformal parametrization.
2. Lorentz spaces and space forms

We would also like to work with immersions in pseudo-Euclidean spaces
or general hyperbolic space forms of negative curvature, since all of them
are relevant for many applications. The simplest example of such a manifold
is the four-dimensional Minkowski space R

3C1 with metric .�ij /i;jD1;:::;4 D
diag .�1; 1; 1; 1/: A generalization of our calculations to the case of positively
and negatively curved embedding manifolds will appear in future papers. We
will frequently indicate such applications from physics: In Burchard and Thomas
[19], for example, the authors employ parallel normal frames for curves in
three-dimensional space to analyse their elastic properties. The study of elastic
properties of surfaces with higher codimensions, on the other hand, would require
to approach deep analytical questions concerning Willmore surfaces.

And, to mention a second example, further applications and also new prob-
lems should open up in the analysis of classical string actions in physics. In
particular, the coupled Nambu-Goto-Polyakov action combines properties of
minimizers or critical points of the area functional and the Willmore functional
in higher-dimensional spaces, see e.g. Konopelchenko and Landolfi [82]. Such
surfaces then form the basis of physical strings.

The reader is referred to the introductory but comprehensive monograph
Zwiebach [128] who presents this theory from the point of view of classical
calculus of variations and general relativity.
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3. Higher dimensional manifolds
Various analytical problems appear when we work with higher dimensional
manifolds instead of two-dimensional surfaces. This particularly concerns the
theory of non-linear elliptic systems we employ in Chaps. 3 and 4. With the
presentation at hand we cover only the two-dimensional situation.

4. General vector bundles
Orthonormal tangential frames are considered in Helein [64], and here we
develop a theory of orthonormal frames in the normal bundle of surfaces. A
theory for arbitrary vector bundles over manifolds is definitely desirable and will
be a topic of future work.

5. Curvature flows
Another issue concerns geometric flows for surfaces in higher-dimensional
spaces, in particular the mean curvature flow, see e.g. Ecker [41] for detailed
discussions on the classical theory, or the recent paper Andrews and Baker [3]
on curvature-pinched submanifolds and their evolution to spheres. The literature
covers further numerous contributions on this problem, but mainly for surfaces
with either mean curvature vector parallel in the normal bundle or even with
flat normal bundles. It is a future aim to employ our theory of normal Coulomb
frames to control geometric flows for objects with higher codimension.

It seems that there is even a lack of a satisfactorily treatment of parallel-type
surfaces with higher codimensions. Beside the omnipresent problem of deriving
manageable expressions for various curvature quantities of parallel surfaces, one
would particularly be faced with the appearance of singularities in such a “process of
parallel displacement,” comparable with central problems from the mean curvature
flow but surely a lot easier. We will briefly discuss such surfaces in Chap. 3.

1.4 Differential Equations

1.4.1 Problem Statement

The system fXu; Xv; N1; : : : ; Nng forms what we want to call a moving .n C 2/-
frame for the immersion X: In the following we will quantify the rate of change of
this frame under infinitesimal variations.

1.4.2 The Christoffel Symbols

To evaluate the derivatives of X we first need the following definition.

Definition 1.6. The connection coefficients of the tangent bundle2 of the immersion
X are the Christoffel symbols

2The tangent bundle is the collection
[

w2B

fwg � TX.w/:
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� k
ij WD 1

2

2X

`D1
gk`

�
g`i;uj C gj`;ui � gij;u`

�
; i; j; k D 1; 2:

Using conformal parameters from Sect. 1.3.3, the Christoffel symbols take the form

� 1
11 D Wu

2W
; � 1

12 D � 1
21 D Wv

2W
; � 1

22 D � Wu

2W
;

� 2
11 D � Wv

2W
; � 2

12 D � 2
21 D Wu

2W
; � 2

22 D Wv

2W

with the area elementW: They decode the way of parallel transport of surface vector
fields. Of central interest will be the connection coefficients of the normal bundle
which we introduce below.

1.4.3 The Gauß Equations

With the help of the Christoffel symbols and the coefficients L�;ij of the second
fundamental form for some unit normal vector N� 2 N we can state

Proposition 1.5. Let the immersion X together with an ONF N be given. Then
there hold the Gauß equations

Xuiuj D
2X

kD1
� k
ij Xuk C

nX

�D1
L�;ij N� for i; j D 1; 2:

Proof. We follow Blaschke and Leichtweiß [12], Sect. 57 and evaluate the ansatz

Xui uj D
2X

kD1
akijXuk C

nX

#D1
b#;ijN#

with functions akij and b#;ij to be determined. A first multiplication by N! gives

L!;ij D Xui uj �N! D
nX

#D1
b#;ijN# �N! D

nX

#D1
b#;ij ı#! D b!;ij :

To compute next the akij we multiply our ansatz by Xu` and arrive at

Xuiuj �Xu` D
2X

kD1
akij gk` DW ai j̀ :
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Note that ai j̀ D aj`i due to Schwarz’s lemma. We calculate

ai j̀ D .Xui �Xu`/uj � Xui �Xu`uj D gi`;uj � a`ij
which implies gi`;uj D ai j̀ C a`ij : Thus, we infer gj`;ui C g`i;uj � gij;u` D 2ai j̀ ;

and it therefore follows

2X

kD1
akij gk` D 1

2
.gj`;ui C g`i;uj � gij;u` /:

Rearranging for the akij into the form

amij D 1

2

2X

`D1
gm`.gj`;ui C g`i;uj � gij;u` /

proves the statement. ut

1.4.4 The Torsion Coefficients

To determine the infinitesimal variation of the unit normal vectorsN� of some fixed
ONF N we need the following connection coefficients of the normal bundle.3

Definition 1.7. Let the immersion X together with an ONF N be given. The
connection coefficients of its normal bundle are the torsion coefficients

T #�;i WD N�;ui �N# for i D 1; 2 and �; # D 1; : : : ; n:

Taking N� �N# D ı�# into account we immediately infer

Proposition 1.6. The torsion coefficients are skew-symmetric w.r.t. interchanging
� $ #; i.e. there always hold

T #�;i D �T �#;i for all i D 1; 2 and �; # D 1; : : : ; n:

In particular, T ��;i � 0:

The torsion coefficients behave like tensors of rank 1 w.r.t. the lower i -index, and
therefore they depend on the parametrization.

To justify the name “torsion coefficient” we consider an arc-length parametrized
curve c.s/ in R

3 together with the moving 3-frame .t.s/; n.s/; b.s// consisting of

3The normal bundle is the collection
[

w2B

fwg � NX .w/; see Definition 1.9 below.
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the unit tangent vector t.s/; the unit normal vector n.s/ and the unit binormal vector
b.s/: Then its curvature �.s/ and torsion �.s/ are given by

�.s/ D jt0.s/j; �.s/ D n0.s/ � b.s/;

and this already clarifies the analogy to our definition of the torsion coefficients.
In fact, it was Weyl in [124] who first used the terminology “torsion”: Aus einem

normalen Vektor n in P entsteht ein Vektor n0 C d t (n0 normal, d t tangential). Die
infinitesimale lineare Abbildung n ! n0 von NP auf NP 0 ist die Torsion.4

1.4.5 The Weingarten Equations

We determine the variation of the unit normal vectorsN� of a given ONF N:

Proposition 1.7. Let the immersion X together with an ONF N be given. Then
there hold the Weingarten equations

N�;ui D �
2X

j;kD1
L�;ij g

jkXuk C
nX

#D1
T #�;iN#

for i D 1; 2 and � D 1; : : : ; n:

Proof. We follow Blaschke and Leichtweiß [12] again and determine the unknown
functions ak�;i and b#�;i of the ansatz

N�;ui D
2X

kD1
ak�;iXuk C

nX

#D1
b#�;iN# :

Multiplication by Xu` gives

�L�;i` D N�;ui �Xu` D
2X

kD1
ak�;iXuk �Xu` D

2X

kD1
ak�;i gk`

and therefore

am�;i D �
2X

`D1
L�;i`g

`m :

4From a normal vector n in P there arises a vector n0 C d t (n0 normal, d t tangential). The
infinitesimal linear mapping n ! n0 from NP into NP 0 is the torsion; see the next paragraph.
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A second multiplication by N! shows

T !�;i D N�;ui �N! D
nX

#D1
b#�;iN# �N! D

nX

#D1
b#�;i ı#! D b!�;i

proving the statement. ut

1.5 Integrability Conditions

1.5.1 Problem Statement

In view of X 2 C4.B;RnC2/ there hold various integrability conditions which we
present in this section.

In particular, a differentiation of the Gauß equations gives us necessary condi-
tions for the third derivatives of the surface vector X resp. the second derivatives
of the tangential vectors Xui in form of the Codazzi–Mainardi equations and the
famous theorema egregium:

Xui uv � Xui vu � 0

.Xui uv � Xui vu/
norm � 0 .Xuiuv �Xui vu/

tang � 0

Codazzi–Mainardi equations

(Proposition 1.8)

theorema egregium

(Proposition 1.9)

where the upper “norm” and “tang” mean the normal resp. tangential components.
The Codazzi–Mainardi equations also arise from a differentiation of the Wein-

garten equations, and this latter system is finally the source of a third system of
integrability conditions, named after Ricci, which has no counter-part in case n D 1

of one codimension.
Concerning the historical background we would like to remark that the theorema

egregium and the Codazzi–Mainardi equations for general submanifolds were first
derived by Voss in [118], while the Ricci equations are actually named after Ricci
1888. The reader finds more references e.g. in the survey articles Chen [22],
Kobayashi [81], or in the classical monographs Eisenhart [43], Schouten [110].

Analogously we will proceed with differentiating the Weingarten equations to
get
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N�;uv �N�;vu � 0

.N�;uv �N�;vu/
tang � 0 .N�;uv �N�;vu/

norm � 0

Codazzi–Mainardi equations

(Proposition 1.8)

Ricci equations

(Proposition 1.11)

To be precise, let us now start with the Gauß equations from Sect. 1.4.3, i.e.

Xuiu D � 1
i1Xu C � 2

i1Xv C
nX

�D1
L�;i1N� ;

Xui v D � 1
i2Xu C � 2

i2Xv C
nX

�D1
L�;i2N�

for i D 1; 2:We differentiate the first equation w.r.t. v;5

Xuiuv D
(

@v�
1
i1 C � 1

i1�
1
12 C � 2

i1�
1
22 �

2X

`D1

nX

�D1
L�;i1L�;2`g

`1

)

Xu

C
(

@v�
2
i1 C � 1

i1�
2
12 C � 2

i1�
2
22 �

2X

`D1

nX

�D1
L�;i1L�;2`g

`2

)

Xv

C
nX

!D1

(

@vL!;i1 C � 1
i1L!;12 C � 2

i1L!;22 C
nX

�D1
L�;i1T

!
�;2

)

N! ;

and the second equation w.r.t. u,

Xui vu D
(

@u�
1
i2 C � 1

i2�
1
11 C � 2

i2�
1
12 �

2X

`D1

nX

�D1
L�;i2L�;1`g

`1

)

Xu

C
(

@u�
2
i2 C � 1

i2�
2
11 C � 2

i2�
2
12 �

2X

`D1

nX

�D1
L�;i2L�;1`g

`2

)

Xv

C
nX

!D1

(

@uL!;i2 C � 1
i2L!;11 C � 2

i2L!;12 C
nX

�D1
L�;i2T

!
�;1

)

N! :

5For a better overview and to avoid too many commas we also use the symbol @ui �
1
i1 WD � 1

i1;ui etc.
for the partial derivatives.
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Comparing the tangential and normal parts of these two identities gives the first set
of our integrability conditions as follows.

1.5.2 The Integrability Conditions of Codazzi and Mainardi

Namely, from the identity .Xuiuv�Xui vu/
norm � 0we particularly infer the following

result (we interchange � and !).

Proposition 1.8. Let the immersion X together with an ONF N be given. Then

@vL�;i1 C � 1
i1L�;12 C � 2

i1L�;22 C
nX

!D1
L!;i1T

�
!;2

D @uL�;i2 C � 1
i2L�;11 C � 2

i2L�;12 C
nX

!D1
L!;i2T

�
!;1

for i D 1; 2 and � D 1; 2; : : : ; n:

In contrast to the case n D 1 of one codimension, i.e. for surfaces in R
3; these

equations contain the torsion coefficients introduced in Sect. 1.4.4, and this indicates
the richer geometry in the higher-codimensional situation.

1.5.3 The Integrability Conditions of Gauß

Next, from .Xuiuv � Xui vu/
tang � 0 we infer

Proposition 1.9. Let the immersion X together with an ONF N be given. Then
there hold the integrability conditions of Gauß

@v�
`
i1 � @u�

`
i2C

2X

mD1
� m
i1 �

`
m2 �

2X

mD1
� m
i2 �

`
m1 D

2X

mD1

nX

�D1
.L�;i1L�;2m �L�;i2L�;1m/gm`

for i; ` D 1; 2:

These equations actually do not contain the torsion coefficients. Rather they belong
to the inner geometry of the surface as will become more clear in the next
paragraphs. In case n D 1 they read
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@v�
`
i1 � @u�

`
i2 C

2X

mD1
.� m

i1 �
`
m2 � � m

i2 �
`
m1/ D

2X

mD1
.Li1L2m �Li2L1m/gm`

withLij D Xui uj �N denoting the coefficients of the second fundamental form w.r.t.
the one unit normal vector N:

1.5.4 The Curvature Tensor of the Tangent Bundle

The left hand side of the Gauß integrability conditions gives reason to our next

Definition 1.8. The curvature tensor of the tangent bundle of the immersion X;
also called the Riemannian curvature tensor, is given by components

R`ijk WD @uk �
`
ij � @uj �

`
ik C

2X

mD1
.� m

ij �
`
mk � � m

ik �
`
mj /

for i; j; k; ` D 1; 2:

Its covariant components are

Rnijk D
2X

`D1
R`ijkg`n :

In our case of two dimensions forX; theseRnijk reduce to one essential component:

R1111 D 0; R2222 D 0; R1222 D 0; R2111 D 0; R2221 D 0; R1112 D 0;

R1122 D 0; R2211 D 0; R1121 D 0; R1211 D 0; R2212 D 0; R2122 D 0;

R2112 D R1221 D �R2121 D �R1212 :

Let us consider this fact from another direction.

1.5.5 Gauß Curvature and the Theorema Egregium

Namely, the essential component R2112 of the Riemannian curvature tensor repre-
sents the inner curvature of the surface X:

Proposition 1.10. Let the immersion X together with an ONF N be given. Then it
holds the theorema egregium

R2112 D KW 2
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with the Gaussian curvature of the surface, defined by

K WD
nX

�D1
K� with K� WD L�;11L�;22 �L2�;12

W 2

and the area element W:

Proof. Using the Gauß integrability conditions we compute

R2112 D
2X

`D1
R`112g`2 D

2X

`;mD1

nX

�D1
.L�;11L�;2m �L�;12L�;1m/gm`g`2

D
2X

`D1

nX

�D1
.L�;11L�;22 � L�;12L�;12/g

2`g`2 D
nX

�D1
K�W

2 D KW 2 ;

and the statement follows. ut
The Gauss curvature K does neither depend on the choice of the parametrization
.u; v/ 2 B nor on the choice of the ONF N (of course, its components K� are not
invariant; we skip a proof of these invariance properties, but for similar calculations
which show the effect of rotational mappings see Sect. 1.6.4 ff.). It can be computed
from the knowledge of the first fundamental form and its first and second derivatives
by means of the Riemannian curvature tensor. This is the content of the famous
theorema egregium.

1.5.6 The Integrability Conditions of Ricci

Now we want to derive Ricci’s integrability conditions which have, as mentioned
above, no counterpart in case n D 1 of one codimension.

Let us first compute the second derivatives of the unit normal vectors of some
given ONF N W

N�;uv D �
2X

j;kD1
@vL�;1j g

jkXuk �
2X

j;kD1
L�;1j @vg

jkXuk �
2X

j;kD1
L�;1j g

jkXukv

C
nX

!D1
@vT

!
�;1N! C

nX

!D1
T !�;1N!;v

D �
2X

j;kD1

(

@vL�;1j g
jk C L�;1j @vg

jk C
2X

mD1
L�;1j g

jm� k
m2

)

Xuk



1.5 Integrability Conditions 19

�
nX

#D1
T #�;1L#;2j g

jkXuk

�
nX

!D1

8
<

:

2X

j;kD1
L�;1j g

jkL!;k2 � @vT
!
�;1 �

nX

#D1
T #�;1T

!
#;2

9
=

;
N!

as well as

N�;vu D �
2X

j;kD1

(

@uL�;2j g
jk CL�;2j @ug

jk C
2X

mD1
L�;2j g

jm� k
m1

)

Xuk

�
nX

#D1
T #�;2L#;1j g

jkXuk

�
nX

!D1

8
<

:

2X

j;kD1
L�;2j g

jkL!;k1 � @uT
!
�;2 �

nX

#D1
T #�;2T

!
#;1

9
=

;
N!

using the Gauß equations and the Weingarten equations. It holds necessarily

N�;uv �N�;vu � 0 for all � D 1; : : : ; n:

A comparison between the tangential parts would again yield the Codazzi–Mainardi
equations, and thus we drop these calculations.

Notice furthermore that the condition .N�;uv �N�;vu/
norm � 0 is trivially satisfied

in case n D 1 of one codimension due to the symmetry of the gjk and the
coefficients Lij of the second fundamental form:

T #�;i � 0 and
2X

j;kD1
L1j g

jkLk2 D
2X

j;kD1
L2j g

jkLk1 :

But in the general case of higher codimension these conditions are not trivial, rather
they yield new equations called the Ricci integrability conditions.

Proposition 1.11. Let the immersion X together with an ONF N be given. Then
there hold the Ricci equations

@uT
!
�;2 � @vT

!
�;1 C

nX

#D1
.T #�;2T

!
#;1 � T #�;1T

!
#;2/

D
2X

j;kD1
.L�;2j L!;k1 � L�;1j L!;k2/g

jk

for �; ! D 1; : : : ; n:
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Both sides of these identities clearly vanish identically if n D 1:

We will employ this Ricci integrability conditions on several occasions: For
example, when we prove invariance of the normal sectional curvatures S!� in
Proposition 1.12, in Proposition 2.4 when we give an upper bound of the S!� in
terms of the mean and Gaussian curvature, or in Proposition 3.3 when we consider
evolute type surfaces and the curvatures of their normal bundles.

1.6 The Curvature of the Normal Bundle

1.6.1 Problem Statement

In the same way as we derived the Riemannian curvature tensor from the Gauß
integrability conditions we now proceed with deriving the curvature tensor of the
normal bundle from the Ricci integrability conditions. In this section we give a
detailed introduction to this curvature quantity.

Definition 1.9. The normal bundle of the immersion X is given by

N .X/ D
[

w2B
fwg � NX.w/:

Here are some simple examples:

1. The normal bundle of a surface in R
3 is the collection of all normal lines, thus it

resembles the so-called Grassmann manifold G3;1:
2. Tubular neighborhoods of curves or surfaces are resembled by its normal bundle,

see also the parallel type surfaces in the next chapter.

In case of higher codimension the normal bundle possesses its own non-trivial
geometry so that we can assign a curvature to the normal bundle. If this curvature
vanishes identically then the normal bundle is called flat.

But, for example, the holomorphic graph X.w/ D .w;w2/ with w D u C iv has
non-flat normal bundle. Developing handy analytical methods to describe curved
normal bundles is our main concern.

1.6.2 The Curvature Tensor of the Normal Bundle

The following definition concerns a central notion of our considerations.

Definition 1.10. The curvature tensor of the normal bundle of the immersion X is
given by components
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S!�;ij WD @uj T
!
�;i � @ui T

!
�;j C

nX

#D1

�
T #�;i T

!
#;j � T #�;j T !#;i

�

D
2X

m;nD1
.L�;imL!;jn � L�;jmL!;in/g

mn :

Note that the second identity follows from the integrability conditions of Ricci. The
S!�;ij now take the role of the R`ijk: Without proof we remark that the S!�;ij behave
like a tensor of rank 2 (w.r.t. i and j ) under regular parameter transformations,
and so they are neither invariant w.r.t. parameter transformations nor on rotations of
the ONF, see below. Furthermore it is sufficient to focus on the components S!�;12
because all other components vanish or are equal to these S!�;12 up to sign.

Using conformal parameters we arrive at the representations

S!�;12 D @vT
!
�;1 � @uT

!
�;2 C

nX

#D1
.T #�;1T

!
#;2 � T #�;2T

!
#;1/

D 1

W
.L�;11 � L�;22/L!;12 � 1

W
.L!;11 �L!;22/L�;12 :

A discussion on curvatures for general connections can be found e.g. in Helein [64].

1.6.3 The Case n D 2

The definition of S#�;12 takes a special form in the case n D 2 W

S21;12 D @vT
2
1;1 � @uT

2
1;2 C T 11;1T

2
1;2 C T 21;1T

2
2;2 � T 11;2T

2
1;1 � T 21;2T 22;1

D div .�T 21;2; T 21;1/

where only � D 1 and # D 2must be taken into account. Here we use the Euclidean
divergence operator

div .�T 21;2; T 21;1/ D �@uT
2
1;2 C @vT

2
1;1 :

Furthermore, S21;12 does not depend on the choice of the ONF N what turns out as a
by-product in the next paragraph, and finally,W �1S21;12 is even parameter invariant.

Thus, we are lead to the following

Definition 1.11. The normal curvature of the immersion X WB ! R
4 is given by

S WD 1

W
S21;12 D 1

W
div .�T 21;2; T 21;1/:

This quantity now belongs to the inner geometry of the surface. The general
situation of higher codimension is considered next.
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1.6.4 The Normal Sectional Curvature

If n > 2 then the components S!�;12 actually depend on the choice of the normal
frame. So let us fix an index pair .�; !/ 2 f1; : : : ; ng � f1; : : : ; ng:
Proposition 1.12. The quantity S!�;12 is invariant w.r.t. rotations of the unit normal
frame fN�;N!g spanning the plane E D span fN�;N!g; i.e. under SO.2/-regular
mappings of the form

eN� D cos'N� C sin 'N! ; eN! D � sin 'N� C cos'N! :

Proof. For the proof we use conformal parameters .u; v/ 2 B:6 First, with the new
coefficients eL�;ij D eN� � Xuiuj D �eN�;ui � Xuj ; and taking the Ricci integrability
conditions into account, we compute

WeS!�;12 D .eL�;11eL!;12 �eL�;21eL!;11/C .eL�;12eL!;22 �eL�;22eL!;21/

D .cos' L�;11 C sin ' L!;11/.� sin ' L�;12 C cos' L!;12/

� .cos' L�;21 C sin ' L!;21/.� sin ' L�;11 C cos' L!;11/

C .cos' L�;12 C sin' L!;12/.� sin ' L�;22 C cos' L!;22/

� .cos' L�;22 C sin ' L!;22/.� sin ' L�;21 C cos' L!;21/:

Collecting and evaluating all the trigonometric squares gives

WeS!�;12 D .L�;11 � L�;22/L!;12 � .L!;11 �L!;22/L�;12 D WS!�;12

proving the statement. ut
We make the following7

Definition 1.12. The invariant quantity

S!� WD 1

W
S!�;12

is called the normal sectional curvature of X w.r.t. the plane E D span fN�;N!g:
In the special case n D 2 there is only one normal sectional curvature S; and this
quantity is independent of the choice of the ONF N:

6Note that the S!�;12 differ eventually by a Jacobian after a parameter transformation.
7For the transformation from a given ONF N to another ONFeN we only admit mappings of class
SO.n/ as described above.
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1.6.5 Preparing the Normal Curvature Vector:
Curvature Matrices

Next we set

Ti WD .T #�;i /�;#D1;:::;n 2 R
n�n ; S12 WD .S#�;12/�;#D1;:::;n 2 R

n�n :

We consider rotations

R D .R#� /�;#D1;:::;n 2 Ck�1;˛.B; SO.n//

as special orthogonal mappings in the normal space which transform a given ONF
N into a new eN by means of

eN� D
nX

#D1
R#�N# for � D 1; : : : ; n:

Lemma 1.1. There holds the transformation rule

eS12 D R ı S12 ı Rt

with Rt denoting the transposition of R:

Proof. For the proof we consider

eT #�;i D eN�;ui � eN# D
nX

˛D1

�
R˛
�;ui N˛ CR˛�N˛;ui

� �
nX

ˇD1
R
ˇ

#Nˇ

D
nX

˛;ˇD1

�
R˛
�;ui R

ˇ

#ı˛ˇ CR˛�R
ˇ

#T
ˇ
˛;i

� D
nX

˛D1
R˛
�;ui .R

#
˛ /
t C

nX

˛;ˇD1
R˛�T

ˇ
˛;i .R

#
ˇ/
t

with the agreement .R˛#/#;˛D1;:::;n D .R#˛ /
t
˛;#D1;:::;n: Thus, we arrive at the rule

eTi D Rui ı Rt C R ı Ti ı Rt :

Using this formula we evaluate (notice Ti D �Tti )

eS12 D eT1;v �eT2;u �eT1 ıeTt2 CeT2 ıeTt1 :

Namely, first
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eT1;v �eT2;u D .Ru ı Rt C R ı T1 ı Rt /v � .Rv ı Rt C R ı T2 ı Rt /u

D Ru ı Rt
v � Rv ı Rt

u C R ı .T1;v � T2;u/ ı Rt

C Rv ı T1 ı Rt C R ı T1 ı Rt
v � Ru ı T2 ı Rt � R ı T2 ı Rt

u ;

and furthermore

eT1 ıeTt2 �eT2 ıeTt1 D .Ru ı Rt C R ı T1 ı Rt / ı .R ı Rt
v C R ı Tt2 ı Rt /

� .Rv ı Rt C R ı T2 ı Rt / ı .R ı Rt
u C R ı Tt1 ı Rt /

D Ru ı Rt
v C Ru ı Tt2 ı Rt C R ı T1 ı Rt

v C R ı T1 ı Tt2 ı Rt

� Rv ı Rt
u � Rv ı Tt1 ı Rt � R ı T2 ı Rt

u � R ı T2 ı Tt1 ı Rt

since R ı Rt D Rt ı R D E
n with the n-dimensional unit matrix E

n: Taking both
identities together gives us

eT1;v �eT2;u �eT1 ıeTt2 CeT2 ıeTt1
D R ı .T1;v � T2;u � T1 ı Tt2 C T2 ı Tt1/ ı Rt

C Rv ı T1 ı Rt C R ı T1 ı Rt
v � Ru ı T2 ı Rt � R ı T2 ı Rt

u

� Ru ı Tt2 ı Rt � R ı T1 ı Rt
v C Rv ı Tt1 ı Rt C R ı T2 ı Rt

u

D R ı .T1;v � T2;u � T1 ı Tt2 C T2 ı Tt1/ ı Rt

using again Ti D �Tti : This proves the statement. ut

1.6.6 Preparing the Normal Curvature Vector:
The Exterior Product

For the following algebraic concepts of Grassmann geometry we refer to Cartan
[20] or Heil [60].

Definition 1.13. The exterior product

^WRn � R
n �! R

N ; N D
 
n

2

!

D n.n � 1/

2
;

can be introduced by means of the following rules:

(E1) The mapping R
n � R

n 3 .X; Y / 7! X ^ Y 2 R
N is bilinear, i.e. it holds
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.˛1X1 C ˛2X2/ ^ .ˇ1Y1 C ˇ2Y2/

D ˛1ˇ2 X1 ^ Y1 C ˛1ˇ2 X1 ^ Y2 C ˛2ˇ1X2 ^ Y1 C ˛2ˇ2X2 ^ Y2
for all ˛1; ˛2; ˇ1; ˇ2 2 R and X1;X2; Y1; Y2 2 R

n:

And ^ is skew-symmetric,

X ^ Y D �Y ^X

for all X; Y 2 R
nI in particular, it holdsX ^X D 0:

(E2) Let e1 D .1; 0; 0; : : : ; 0/ 2 R
n; e2 D .0; 1; 0; : : : ; 0/ 2 R

n etc. be the standard
orthonormal basis in R

n: Then we define

e1 ^ e2 WD .1; 0; 0; : : : ; 0; 0/ 2 R
N ;

e1 ^ e3 WD .0; 1; 0; : : : ; 0; 0/ 2 R
N ;

:::

en�1 ^ en WD .0; 0; 0; : : : ; 0; 1/ 2 R
N :

From this setting we immediately obtain

Lemma 1.2. The vectors ek ^ e` with k 6D ` form a basis of R
N which is

orthonormal w.r.t. the Euclidean metric, i.e.

.ei ^ ej / � .ek ^ e`/ D
(
1 if i D k; j D `; i 6D j; k 6D ` etc.

0 else
:

Lemma 1.3. For two vectors X D .x1; : : : ; xn/ and Y D .y1; : : : ; yn/ it holds

X ^ Y D
X

1�i<j�n
.xiyj � xj yi /ei ^ ej :

Proof. We compute

X^Y D
 

nX

iD1
xi ei

!

^
0

@
nX

jD1
yj ej

1

A D
nX

i;jD1
xiyj ei^ej D

X

1�i<j�n
.xiyj �xj yi /ei^ej ;

proving the statement. ut
Let us consider an example: For n D 3 we have

e1 ^ e2 D .1; 0; 0/; e1 ^ e3 D .0; 1; 0/; e2 ^ e3 D .0; 0; 1/;

and for two vectors X D .x1; x2; x3/ and Y D .y1; y2; y3/ we compute
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X ^ Y D x1y2 e1 ^ e2 � x1y3 e1 ^ e3 C x2y1 e2 ^ e1 C x2y3 e2 ^ e3
�x3y1 e3 ^ e1 C x3y2 e3 ^ e2

D .x1y2 � x2y1/e1 ^ e2 C .x3y1 � x1y3/e1 ^ e3 C .x2y3 � x3y2/e2 ^ e3
D .x1y2 � x2y1; x3y1 � x1y3; x2y3 � x3y2/:

Note that the usual vector product X � Y in R
3 does not coincide with the exterior

product X ^ Y; since

X � Y D .x2y3 � x3y2; x3y1 � x1y3; x1y2 � x2y1/ 6D X ^ Y:

Without proof we want to collect some algebraic and analytical properties of the
exterior product.

Lemma 1.4. For arbitrary vectors A;B;C 2 R
n there hold

• .�A/ ^ B D �.A ^ B/I
• .AC B/ ^ C D A ^ C C B ^ C I
• .A ^ B/ui D Aui ^ B C A ^ Bui :

Finally, let X D .x1; x2; 0; : : : ; 0/ and Y D .y1; y2; 0; : : : ; 0/ such that

X; Y 2 span fe1; e2g:

Then it holds

• X ^Y ? span
˚
X ^ e3; : : : ; X ^ en; Y ^ e3; : : : ; Y ^ en; e3 ^ en; : : : ; en�1 ^ en

�
:

1.6.7 The Curvature Vector of the Normal Bundle

Now let us come back to the transformation rule for the matrixeS12 from Sect. 1.6.5
which turns out to be the basis for the definition of the following geometric curvature
quantity.

Definition 1.14. The curvature vector of the normal bundle is given by

S WD 1

W

X

1��<#�n
S#�;12 N� ^N# :

Here ^ denotes the exterior product between two vectors in R
nC2 from the previous

paragraph. If n D 2 then S can be identified with the scalar normal curvature S:

Proposition 1.13. The curvature vector of the normal bundle neither depends on
the parametrization nor on the choice of the ONF. In particular, its length
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jSj D p
S � S D

vu
u
t

1

W 2

X

1��<#�n
.S#�;12/

2

represents a geometric quantity, the so-called curvature of the normal bundle. ut
Proof. We check the invariance w.r.t. rotations:
Using our transformation rule from Sect. 1.6.5 we get

nX

�;#D1
eS#�;12 eN� ^ eN# D Pn

�;#D1
Pn

˛;ˇD1eS#�;12.R˛�N˛/ ^ .Rˇ#Nˇ/

D Pn
�;#D1

Pn
˛;ˇD1.R�˛/teS#�;12R

ˇ

# N˛ ^Nˇ

D Pn
˛;ˇD1 S

ˇ
˛;12 N˛ ^Nˇ

which already proves the statement. ut
We want to point out that due to our definition we can distinguish positive and
negative signs of the normal curvature S in the case n D 2: In contrast to this
special situation, the normal curvature is vector-valued if n > 2; so that in general
we can not speak of “negatively” or “positively” curved normal bundles.

It seems that from the point of view of geometric analysis, immersions with
prescribed normal curvature vector S have not been considered so far. For example,
as far as I am aware, results concerning curvature estimates and theorems of
Bernstein-type for such special surfaces, comparable e.g. with Bergner and Fröhlich
[8], Jost and Xin [76], Wang [119] or Xin [127], do not exist. For a short discussion
on this subject we refer to the next chapter.

1.6.8 The Hopf Vector

Let an immersion X in R
3 with second fundamental form Lij be given. In 1950,

Hopf [72] showed that the following complex-valued function

L11.w/� L22.w/� 2iL12.w/

is holomorphic if the scalar mean curvatureH of X is constant.
As an application of the integrability conditions of Codazzi and Mainardi we

want to conclude this first chapter with a generalization of Hopf’s result for minimal
surfaces of arbitrary codimension. In particular, this will allow us to characterize the
zeros of their Gaussian curvature.
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We start with

Proposition 1.14. Let the conformally parametrized minimal surface X together
with an ONF N be given. Then its complex-valued Hopf vector

H D .H1; : : : ;Hn/ 2 C
n with H� WD L�;11 �L�;22 � 2iL�;12

satisfies the first-order Pascali system

H t
w WD 1

2
.@u C i@v/H

t D 1

2
T ı H t

with the complex-valued matrix T D .T #�;1 C iT #�;2/�;#D1;:::;n 2 C
n�n :

The proof of this proposition makes use of the following

Lemma 1.5. Let the conformally parametrized minimal surfaceX together with an
ONF N be given. Then there hold

@wH� D
nX

#D1

n
.�L#;11 C iL#;12/T

�
#;1 � .L#;12 C iL#;11/T

�
#;2

o

for all � D 1; : : : ; n:

Proof. Consider the auxiliary functions

H �
� WD L�;11 � iL�;12 ; � D 1; : : : ; n;

satisfying 2H �
� D H� due to L�;11 D �L�;22 for all � D 1; : : : ; n: From the

Codazzi–Mainardi integrability conditions from Sect. 1.5.2 we infer

@vL�;11 � @uL�;12 D
nX

!D1
L!;12T

�
!;1 �

nX

!D1
L!;11T

�
!;2 ;

@uL�;11 C @vL�;12 D �
nX

!D1
L!;11T

�
!;1 �

nX

!D1
L!;12T

�
!;2 :

using conformal parameters together with the conformal representation of the
Christoffel symbols from Sect. 1.4.2 Therefore,

@wH �
� D 1

2
.@uL�;11 C @vL�;12/C i

2
.@vL�;11 � @uL�;12/

D � 1

2

nX

!D1

�
L!;11T

�
!;1 C L!;12T

�
!;2

�
C i

2

nX

!D1

�
L!;12T

�
!;1 �L!;11T �!;2

�
:

Rearranging proves the statement. ut
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Proof of the proposition. First we note that

.�L#;11 C iL#;12/T
�
#;1 � .L#;12 C iL#;11/T

�
#;2

D �.L#;11 � iL#;12/T
�
#;1 � i.L#;11 � iL#;12/T �#;2

D �H �
# .T

�
#;1 C iT �#;2/ D H �

# .T
#
�;1 C iT #�;2/

which implies

@wH� D 1

2

nX

#D1
.T #�;1 C iT #�;2/H# or @wH t D 1

2
T ı H t :

This proves the proposition. ut
Consequently, we can apply the local similarity principle for generalized analytic
vector-valued functions from Wendland [121], Theorem 5.3.3, Buchanan [17] or
Buchanan and Gilbert [18], Chap. 3, which states that the Hopf vector H can be
represented in the form

M ı ˚
in a sufficiently small neighborhood˝ � VB of a point w0 2 VB; with a non-singular
and continuous matrix M 2 C

n�n satisfying det M 6D 0; and a holomorphic column
vector ˚ 2 C

n: Furthermore, if H 6� 0 then H has there at most isolated zeros of
finite order.8

The point is that the zeros of the Hopf vector H agree with the zeros of the
Gaussian curvatureK of the minimal surface X: To see this we compute

jH� j2 D .L�;11 �L�;22/2 C 4L2�;12 D .L�;11 C L�;22/
2 � 4.L�;11L�;22 � L2�;12/

D 4.H2
� �K�/W

2 D �4K�W
2

for all � D 1; : : : ; n: Therefore,

jH j2 D
nX

�D1
jH� j2 D �4

nX

�D1
K�W

2 D �4KW2 :

Corollary 1.1. Either the Gaussian curvature K of the minimal immersion X

vanishes identically and the surface is a plane, or there exist at most isolated zeros

of K in every compact subset � � VB:
In case n D 1 of one codimension, the Hopf function H 2 C turns out to be
holomorphic as a solution of the classical Cauchy–Riemann equation since there
are no torsion coefficients.

8For this generalization of Carleman’s theorem see Wendland [121], Theorem 5.3.8.



Chapter 2
Elliptic Systems

Abstract This is an intermediate chapter which first introduces into the theory of
non-linear elliptic systems with quadratic growth in the gradient, and which presents
secondly some results concerning curvature estimates and theorems of Bernstein-
type for surfaces in Euclidean spaces of arbitrary dimensions.

A famous result of S. Bernstein states that a smooth minimal graph in R
3;

defined on the whole plane R2;must necessarily be a plane. Today we know various
strategies to prove this result, and the idea goes back to E. Heinz to establish first
a curvature estimate and to deduce Bernstein’s result in a second step. However,
minimal surfaces with higher codimensions do not share this Bernstein property, as
one of our main examples X.w/ D .w;w2/ 2 R

4 with w D u C iv convincingly
shows. It is still a great challenge to find geometrical criteria, preferably in terms
of the curvature quantities of the surfaces’ normal bundles, which guarantee the
validity of Bernstein’s theorem.

We must admit that we can only discuss briefly some points where we would wish
to employ our tools we develop in this book, but up to now we can not continue to
drive further developments.

2.1 The Mean Curvature Vector

2.1.1 Mean Curvature and Mean Curvature Vector

Elliptic systems with quadratic growth in the gradient of the form

j
Zj � a0jrZj2

with the Euclidean Laplace operator 
 and the Euclidean gradient r will play
an important role in our analysis. It particularly turns out that the Euler–Lagrange
equations for normal Coulomb frames satisfy such non-linear elliptic systems.

S. Fröhlich, Coulomb Frames in the Normal Bundle of Surfaces in Euclidean Spaces,
Lecture Notes in Mathematics 2053, DOI 10.1007/978-3-642-29846-2 2,
© Springer-Verlag Berlin Heidelberg 2012
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The construction of normal Coulomb frames thus requires a profound knowledge
of analytical properties of the underlying geometrical objects. For this reason
we devote this intermediate chapter to present some basic facts of conformally
parametrized immersions with prescribed mean curvature vector H as the standard
example of a non-linear elliptic system of the type from above.

Definition 2.1. Let the immersion X together with an ONF N be given. Then the
mean curvature HN� of an immersion X w.r.t. an unit normal vector N� 2 N is
defined as

HN� WD 1

2

2X

i;jD1
gij LN� ;ij D LN� ;11g22 � 2LN� ;12g12 C LN� ;22g11

2W 2
:

Consider an ONF N D .N1; : : : ; Nn/; and set H� WD HN� for abbreviation.

Definition 2.2. The mean curvature vector H 2 R
n of the immersionX is given by

H WD
nX

�D1
H�N� :

For surfaces in R
3 there is, up to orientation, exactly one unit normal vector N and

thus exactly one mean curvature

H D L11g22 � 2L12g12 C L22g11

2W 2
:

Nevertheless, sometimes ones speaks of the mean curvature vector H D HN even
in this case of one codimension.

It misleads to believe that the mean curvature vector H could replace this special
unit normal vector N for surfaces in R

3: This is not the case since, for example, for
minimal surfaces it always holds H � 0 while, of course, N does not vanish.

Definition 2.3. The immersion X is called a minimal surface if and only if

H � 0 in B :

The property H � 0 does neither depend on the choice of the normal frame N nor
on the choice of the parametrization.

In fact, in general it holds: The mean curvature vector H neither depends on the
parametrization (if we only admit regular parameter transformations which do not
affect the orientation of the unit normal vectors N� 2 N/ nor on the choice of the
ONF (if we only admit transformations of class SO.n/ between those frames).

Minimal surfaces are the topic of a huge amount of literature: Courant [28],
Nitsche [92], Osserman [94], Dierkes et al. [34], Colding and Minicozzi [27],
Eschenburg and Jost [44] to enumerate only some few significant contributions and
to illustrate the importance of this surface class in the fields of geometric analysis.
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2.1.2 Parallel Mean Curvature Vector

Surfaces with constant mean curvature vector generalize the minimal surface
concept. They actually play a central role in modern geometric analysis of surfaces
with one codimension n D 1 which are immersed in Riemannian or Lorentzian
spaces. We refer the reader e.g. to the classical textbook Kenmotsu [78], or to
the extensive works of Große-Brauckmann, Heinz, Hildebrandt, Karcher, Korevaar,
Kusner, Lawson, Meeks, Sauvigny, Sullivan, Wente, and many others; see for
example [54] and the references therein.

So assume now that the mean curvature vector of the immersion X satisfies

jHj � const in B ;

where, of course, H � 0 is allowed. Differentiation yields

nX

�D1
H�H�;ui D 0;

and therefore
nX

�D1
H�H�;ui �

nX

�D1

nX

#D1
H�H#T

#
�;i D 0

since the double sum is zero due to T #�;i D �T �#;i :
We want to associate this property with the following concept.

Definition 2.4. The mean curvature vector H of the immersionX is called parallel
in the normal bundle if the normal parts of the partial derivatives @uiH vanish
identically, i.e. if there hold

@?
uiH � 0 in B for i D 1; 2:

For reasons of simplicity we want to concentrate on the case n D 2 of two
codimensions. Then the following interesting result holds true (see e.g. Chen [21],
or Kenmotsu and Zhou [79] and the references therein).

Proposition 2.1. If the mean curvature vector H of the immersion X WB ! R
4 is

parallel in the normal bundle then it has constant length. If additionally H 6D 0;

then it holds S � 0 for the scalar curvature of the normal bundle.

Proof. The identities

@?
uiH D

nX

�D1
H�;ui N� C

nX

#D1
H#N

?
#;ui D

2X

�D1
H�;ui N� C

2X

#D1

2X

�D1
H#T

�
#;iN� D 0
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for i D 1; 2 can be written in the form

H1;u D H2T
2
1;1 ; H1;v D H2T

2
1;2 ; H2;u D �H1T

2
1;1 ; H2;v D �H1T

2
1;2 :

Thus, we compute

1

2
@ujHj2 D H1H1;u CH2H2;u D H1H2T

2
1;1 �H1H2T

2
1;1 D 0;

1

2
@vjHj2 D H1H1;v CH2H2;v D H1H2T

2
1;2 �H1H2T

2
1;2 D 0

and infer jHj2 � const: Moreover, it holds

0 D @uvH1 � @vuH1 D H2;uT
2
1;2 CH2@uT

2
1;2 �H2;vT

2
1;1 �H2@vT

2
1;1

D �H1T
2
1;1T

2
1;2 CH1T

2
1;1T

2
1;2 CH2@uT

2
1;2 �H2@vT

2
1;1

D �H2.@vT
2
1;1 � @uT

2
1;2/

D �H2SW

and analogously 0 D �H1SW: Therefore, either X is a minimal immersion with
H � 0; or if not then it is a surface with mean curvature vector of constant length
greater than zero and with flat normal bundle. The statement is proved. ut

2.1.3 The Mean Curvature System

From the Gauß equations in connection with the conformal representation of
the Christoffel symbols from Sect. 1.4.2 we now derive an elliptic system for
conformally parametrized immersionsX with prescribed mean curvature vector H:

Proposition 2.2. Let the conformally parametrized immersion X of prescribed
mean curvature vector H together with an ONF N be given. Then it holds


X D 2

nX

#D1
H#WN# D 2HW in B:

Proof. From the Gauß equations we infer


X D .� 1
11 C � 1

22/Xu C .� 2
11 C � 2

22/Xv C
nX

#D1
.L#;11 CL#;22/N#

D
nX

#D1
.L#;11 C L#;22/N# :
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Here we take into account that

� 1
11 C � 1

22 D Wu

2W
� Wu

2W
D 0;

� 2
11 C � 2

22 D � Wv

2W
C Wv

2W
D 0

as well as
L#;11 C L#;22 D 2H#W

from the definition ofH#: The statement follows. ut
This system generalizes the classical mean curvature system

4X D 2HWN in B

from Hopf [72] in case n D 1 of one codimension with the scalar mean curvature
H 2 R and the unit normal vector N of the surface X:

In particular, we infer that conformally parametrized minimal surfaces represent
harmonic vectors, i.e. it then holds


X D 0 in B

which offers the possibility to apply the powerful tools of complex analysis to the
differential geometry of minimal surfaces. We will discuss this fact later.

2.1.4 Quadratic Growth in the Gradient: A Maximum Principle

Now we want to give a geometric application of the classical maximum principle
for subharmonic functions. Namely, assume there is an upper bound jHj � h0 in B
be given such that for the conformally parametrized immersionX it holds

j4X j � 2h0W � h0jrX j2 in B

on account of

WD
p
.Xu �Xu/.Xv �Xv/� .Xu �Xv/2 D

p
.Xu �Xu/2

DjXujjXuj � 1

2

�
X2

u CX2
u

� D 1

2

�
X2

u CX2
v / D 1

2
jrX j2 :

Thus, the surface vectorX is solution of a non-linear elliptic system with quadratic
growth in the gradient.
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Proposition 2.3. LetX WB ! R
nC2 be a conformally parametrized immersion with

prescribed mean curvature vector H: Let jHj � h0 in B; and suppose that

h0 sup
.u;v/2B

jX.u; v/j � 1:

Then it holds the geometric maximum principle

max
.u;v/2B

jX.u; v/j2 D max
.u;v/2@B jX.u; v/j2 :

Proof. We remark that the statement is obviously true without the assumption on the
conformal parametrization since introducing a conformal parameter system .u; v/ 2
B does not affect the maximum norm of the representation X.u; v/: Nevertheless,
using conformal parameters we compute


jX j2 D 2
�jrX j2 CX � 4X� � 2

�jrX j2 � h0jX jjrX j2�

D 2jrX j2.1 � h0jX j/ � 0:

Therefore, the vector jX.u; v/j2 is subharmonic, and the statement follows from the
classical maximum principle. ut
Surfaces X with the property

h0 sup
.u;v/2B

jX.u; v/j � 1

are also called small solutions of the mean curvature system in contrast to large
solutions which do not necessarily obey the maximum principle. We will encounter
this fact later again. Minimal surfaces are always small in this sense.

The method of proof we presented here goes already back to Heinz (see also
Sauvigny [107], vol. 2, Chap. XII). For further considerations we refer e.g. to
Dierkes [33] and the references therein.

2.2 Curvature Estimates

2.2.1 Problem Statement

With this intermediate chapter we also want to draw the reader’s attention to the
problem of curvature estimates and Bernstein-type theorems for minimal surfaces
in higher-dimensional Euclidean spaces. In particular, we have in mind to confront
some of the methods and results from this field of geometric analysis with the
concepts of extrinsic differential geometry which we developed in the first chapter.
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This plan must be left incomplete due to its complexity. We will therefore
concentrate on some “light” versions of curvature estimates and their immediate
consequences, and we will only discuss briefly more profound approaches and
methods.

2.2.2 Estimate of the S #
�;12

Our first observation is based upon the representation formula

S!�;12 D 1

W
.L�;11 �L�;22/L!;12 � 1

W
.L!;11 � L!;22/L�;12

of the normal curvature tensor from Sect. 1.6.2. Applying the Cauchy–Schwarz
inequality gives us

jS!�;12j � 1

2W
.L2�;11 C 2L2�;12 C L2�;22/C 1

2W
.L2!;11 C 2L2!;12 C L2!;22/:

On the other hand we verify

2H2
� �K� D L2�;11 C 2L�;11L�;22 C L2�;22

2W 2
� L�;11L�;22 � L2�;12

W 2

D L2�;11 C 2L2�;12 C L2�;22

2W 2

so that we arrive at the

Proposition 2.4. Let the immersion X together with an ONF N be given. Then the
components S!�;12 of the curvature vector of its normal bundle can be estimated as
follows

jS!�;12j � .2H2
� �K�/W C .2H2

! �K!/W for all �; ! D 1; : : : ; n:

In particular, immersions with the property

2H2
� �K� � 0 for all � D 1; : : : ; n

have flat normal bundle: S!�;12 D 0: But, in general, bounds for jS!�;12j can only be
achieved by establishing bounds for the curvatures and the area element W:

The special case of two codimensions n D 2 leads us to

jS jW � .2H2
1 �K1/W C .2H2

2 �K2/W D 2jHj2W �KW
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due to S D 1
W
S21;12: Integration then yields the estimate

2

ZZ

B

jHj2W dudv �
ZZ

B

jS jW dudv C
ZZ

B

KW dudv

which we will employ at the end of Sect. 2.2.11. Guadalupe and Rodriguez in [55]
derive this integral inequality in case of compact surfaces without boundary.

The Willmore functional ZZ

B

jHj2W dudv

on the left hand side enjoys a special attention of the geometric analysis due to its
complexity of its non-linear, fourth-order Euler–Lagrange equations, but also due
to its wide range of applications in mathematical biology, chemistry, or physics,
see e.g. the pioneering work of Helfrich [65] who discusses the significant role of
higher-order geometric functionals in R

3 of the general form

ZZ

B

n
˛ C ˇ.H �H0/

2 C �K
o
W dudv

in the theory of so-called elastic bilayers, ˛; ˇ; � and H0 being material constants.
We want to refer the reader to the classical monograph [125] for Willmore’s

own introduction into the fascinating problem of determining immersions which are
critical or even minimal for this functional named after him.

In e.g. Palmer [95] and the recent work Dall’Acqua [31] we find uniqueness
results for the Willmore problem for special boundary data. Dall’Acqua et al. [32]
prove existence and classical regularity of Willmore surfaces of catenoid-type which
were observed phenomenologically e.g. by Fröhlich and Große-Brauckmann using
Ken Brakke’s surface evolver, see [47]. Concerning the general boundary value
problem we want to refer to Schätzle’s paper [108].

Moreover, Rivière [98, 99] extends techniques and results e.g. from Helein [64]
to derive a non-linear differential equation in a divergence-type form for critical
points of the Willmore functional—the basis for further existence and regularity
investigations.

Some of Helein’s results, on the other hand, will play an important role in our
considerations in the fourth chapter.

Let us finally remark that the integral over the Gaussian curvature on the right
hand side of the above inequality can be expressed by the Gauß–Bonnet formula in
terms of the geodesic curvature �g of the immersion X along the boundary curve
@B; ZZ

B

KW dudv D
Z

@B

�g ds � 2�;
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see e.g. Blaschke and Leichtweiß [12] for more details on this famous identity
connecting analysis, topology and differential geometry.

And the conformally invariant functional

ZZ

B

jS jW dudv

measures the total normal curvature of the surface. In Sakamoto [101] we find the
probably first investigations on critical points of this functional, and this should open
new fields in classical differential geometry.

2.2.3 The Special Case of Holomorphic Minimal Graphs

We want to specify the foregoing estimate

jS jW � 2jHj2W �KW

in case of holomorphic minimal graphs.

Proposition 2.5. Let the minimal graph X.w/ D .x; ˚.w// on B with a holomor-
phic function

˚.w/ D '.w/C i .w/

be given. Then it holds

S.w/ D �K.w/ for all w 2 B :

Proof. Making use of the special ONF (see Sect. 1.2.2)

N1 D 1
p
1C jr'j2 .�'u;�'v; 1; 0/;

N2 D 1
p
1C jr'j2 .'v;�'u; 0; 1/

we will compute the Gaussian curvatureK and the normal curvature scalar S: Since
X is minimal we already know jS j � .�K/; and we will verify S D �K:

For this purpose, we first note

L1;11 D 'uup
1C jr'j2 ; L1;12 D 'uvp

1C jr'j2 ; L1;22 D 'vvp
1C jr'j2
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as well as

L2;11 D � 'uvp
1C jr'j2 ; L2;12 D 'uup

1C jr'j2 D � 'vvp
1C jr'j2 ;

L2;22 D 'uvp
1C jr'j2

what leads us to (recall W D 1C jr'j2)

K1 D L1;11L1;22 �L21;12
W 2

D 'uu'vv � '2uv

.1C jr'j2/3 ;

K2 D L2;11L2;22 �L22;12
W 2

D �'2uv C 'uu'vv

.1C jr'j2/3 :

Thus, the Gaussian curvature of the holomorphic graph turns out to be

K D 2
'uu'vv � '2uv

.1C jr'j2/3 :

Now let us come to the calculation of S W We have

T 21;1 D 	
@u.1C jr'j2/� 1

2


.�'u;�'v; 1; 0/ �N2

C 1
p
1C jr'j2 .�'uu;�'uv; 0; 0/ �N2

D 1

1C jr'j2 .�'uu;�'uv; 0; 0/ � .'v;�'u; 0; 1/

D 'u'uv � 'v'uu

1C jr'j2 ;

and analogously

T 21;2 D 'u'vv � 'v'uv

1C jr'j2 :

Compute now the derivatives

@uT
2
1;2D

'uu'vv C 'u'uvv � '2uv � 'v'uuv

1C jr'j2 � 2.'u'vv � 'v'uv/.'u'uu C 'v'uv/

.1C jr'j2/2 ;

@vT
2
1;1D

'2uv C 'u'uvv � 'vv'uu � 'v'uuv

1C jr'j2 � 2.'u'uv � 'v'uu/.'u'uv C 'v'vv/

.1C jr'j2/2 :
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A final calculation of

S D 1

W
.@vT

2
1;1 � @uT

2
1;2/

would then show the stated identity.
ut

2.2.4 Minimal Surfaces in R
3

Bernstein in 1914 proved the following result (see [10] and Hopf [70, 71]).

Proposition 2.6. A minimal graph X.x; y/ D .x; y; �.x; y// satisfying the mini-
mal surface equation

.1C �2y/�xx � 2�x�y�xy C .1C �2x/�yy D 0;

defined on the whole plane R
2 and with continuous partial derivatives of first and

second order, is necessarily a plane.

This result characterizes insistently the non-linear character of the minimal surface
equation in contrast to its linearization


� D �xx C �yy D 0;

the Laplace equation, which actually possesses non-flat solutions over R2:
Bernstein’s proof relies essentially on his

Lemma 2.1. Let � D �.x; y/ be bounded and twice continuously differentiable,
and suppose it solves

A�xx C 2B�xy C C�yy D 0

with coefficients A; B and C which depend on .x; y; �; �x; �y; �xx; �xy; �yy/ and
fulfill AC � B2 > 0: Then it necessarily holds � � const:

Bernstein verifies that u D arctan �x is a solution of such a differential equation, and
the boundedness of u implies his proposition.

While Bernstein’s method was topological in its nature, Heinz [61] in 1952 gave
a completely new proof of Bernstein’s principle for minimal graphs by establishing
a curvature estimate first, what requires deep analytical estimates of the derivatives
of the conformally parametrized minimal surface vector from above and an estimate
for its area element from below.

For a comprehensive presentation of the theory of plane harmonic mappings
together with this estimate of the area element we also want to refer to Duren [40].
For complete treatments of the theory of non-linear elliptic systems of second order
with quadratic growth in the gradient we refer the reader to Heinz [62], Sauvigny
[107], vol. 2, or Schulz [111].
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The point we want to stress is that Bernstein’s principle fails for minimal graphs
with higher codimensions, for .w;w2/ is obviously a counter-example. One should
find geometric conditions which make this principle hold again.

2.2.5 How a Curvature Estimate Could Work

Let the minimal graph on the closed disc BR of radius R > 0 together with an
ONF N be given. We introduce conformal parameters and obtain a harmonic vector-
valued mappingX WB ! R

nC2:
The Gaussian curvatureK�.0; 0/ in the origin .0; 0/ 2 B w.r.t. an arbitraryN� 2

N can be estimated by

�K�.0; 0/ � jL�;11.0; 0/jjL�;22.0; 0/j C jL�;12.0; 0/j2
W.0; 0/2

where in the enumerator

jL�;ij .0; 0/j � jN�.0; 0/jjXuiuj .0; 0/j � jXuiuj .0; 0/j

or
jL�;ij .0; 0/j � jN�;ui .0; 0/jjXuj .0; 0/j:

Thus, the problem we are faced with is to find (a) upper bounds for the second
derivatives of X; or for its first derivatives and the first derivatives of N� in the
origin, and (b) to establish a lower bound for the area element W.0; 0/:

2.2.6 Estimate of the Area Element from Below:
The Heinz Lemma

Let the minimal graph X.x; y/ D .x; y; �1.x; y/; : : : ; �n.x; y// on the closed disc
BR of radius R > 0 be given. Introduce conformal parameters .u; v/ 2 B such that
it holds


X.u; v/ D 0 in B:

We now consider the harmonic plane mapping

f .u; v/ WD �
x1.u; v/; x2.u; v/

�
; .u; v/ 2 B:

SinceX.x; y/ is a graph, this mapping represents the reparametrization of the graph
into the new form X.u; v/; and therefore the scaled plane mapping

F WB �! B via F.u; v/ WD 1

R
f .u; v/
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can be chosen with the properties (see e.g. Sauvigny [107], vol. 2):

• F is one-to-one and satisfies F.0; 0/ D .0; 0/:

• F maps the boundary @B positively oriented and topologically onto @B:
• JF .u; v/ > 0 in B for the Jacobian of F:

The Heinz lemma on harmonic plane mappings with all these properties states now
the following universal estimate.

Proposition 2.7. With the Heinz constant CH D 27
4�2

	 0:6839 : : : it always holds

jFw.0; 0/j2 C jFw.0; 0/j2 � CH :

This estimate immediately implies a lower bound for the area element, namely

W.0; 0/ D 1

2
jrX.0; 0/j2 � 1

2
jrx1.0; 0/j2 C 1

2
jrx2.0; 0/j2

D R2jFw.0; 0/j2 CR2jFw.0; 0/j2 � R2CH :

Actually, Heinz first proved

jFw.0; 0/j2 C jFw.0; 0/j2 � 1 � 2�

3
C 4

�
	 0:1788 : : :

while the sharp form given in the proposition above goes back to Hall [57], see e.g.
Duren’s monograph [40] for more details.

Thus, for a complete curvature estimate it remains to estimate the derivatives of
X and/or the derivatives of the unit normal vectorsN�:

2.2.7 Minimal Surfaces with Controlled Growth

Let the minimal graph be conformally parametrized via X WB ! R
nC2: We have

jL�;11jjL�;22j C jL�;12j2 � jXuujjXvvj C jXuvj2 :

Due to 
X D 0; potential theory yields a universal constant C1 2 .0;1/ such that

jXuiuj .0; 0/j � C1 sup
.u;v/2B

jX.u; v/j D C1 sup
.x;y/2BR

jX.x; y/j;

see e.g. Gilbarg and Trudinger [53], Theorem 4.6. Now we arrive at the following
curvature estimate and theorem of Bernstein-type from Fröhlich [48].

Theorem 2.1. Let there exist a constant ˝ 2 .0;1/ such that the minimal graph
X WBR ! R

nC2 satisfies the following growth condition

jX.x; y/j � ˝R"
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with some " 2 Œ0; 2/: Then it holds the curvature estimate

jK�.0; 0/j � 2C 2
1˝

2

C 2
H

� R
2"

R4
:

Thus, if the minimal graph is defined over the whole R2 then it is a plane.

The last statement in this theorem follows after performing the limit R ! 1:

This result is sharp in the following sense:X.w/ D .w;w2/; defined on the whole
plane R2; has quadratic growth, i.e. " D 2 in the terminology of our theorem, and it
is obviously not a plane!

We also want to mention that our theorem generalizes the classical Liouville
theorem from complex analysis.

It arises the question whether the critical growth " D 2 has something to do with
the non-vanishing of the scalar curvature of the normal bundle. This question must
be left open.

2.2.8 The First and Second Variation of the Area Functional

Now we want to draw the reader’s attention to curvature estimates for stable minimal
surfaces. For this purpose we first consider immersionsX WB ! R

nC2 which (a) are
critical for the area functional

A ŒX� WD
ZZ

B

W dudv with W D
q
g11g22 � g212 ;

and (b) for which its second variation is always positive.
For the next two results we especially refer to Sauvigny [102].

Proposition 2.8. The immersion X WB ! R
nC2 is critical for A ŒX� if its mean

curvature vector vanishes identically, i.e. if

H � 0 in B:

In other words, minimal surfaces are stationary for the area functional.

Proposition 2.9. The second variation of A ŒX� w.r.t. an unit normal vector N� 2
N for a conformally parametrized minimal immersion X WB ! R

nC2 reads

ı2�A ŒX� D
ZZ

B

�jr'j2 C 2K�W'
2
�
dudv

C
nX

#D1

ZZ

B

n
.T #�;1/

2 C .T #�;2/
2
o
'2 dudv

for arbitrary ' 2 C1
0 .B;R/:
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In case n D 1 of one codimension there is only one unit normal vector w.r.t. which
we can evaluate the second variation. Thus, we would then arrive at

ı2A ŒX� D
ZZ

B

�jr'j2 C 2KW'2
�
dudv

since the integral over the squared torsion coefficients drops out.

2.2.9 Stable Minimal Surfaces

The second variation leads us directly to the

Definition 2.5. The minimal surface X is called stable if it holds

ı2NA ŒX� � 0 for all ' 2 C1
0 .B;R/

and all unit normal vectorsN:

For fixed ONF N and fixed test function ' 2 C1
0 .B;R/ we could sum up all the n

stability inequalities ı2�A ŒX� � 0 for � D 1; : : : ; n to get

ZZ

B

jr'j2 dudv � 2

n

ZZ

B

.�K/W'2 dudv

� 1

n

nX

�;!D1

ZZ

B

n
.T !�;1/

2 C .T !�;2/
2
o
'2 dudv;

again for all test functions ': Note that H � 0 and K � 0 for the minimal surface.
It must be remarked that the right hand side of these inequalities depends on the

choice of the ONF N while the left hand side does not. Thus, it arises the question
whether there exists an ONF N with controlled torsion coefficients such that the
difference at the right hand side stays positive for all ':

In the next two chapters we will construct special Coulomb-gauged ONF’s for
which we can in fact control the torsion by means of the curvature of the normal
bundle (and certain smallness conditions in case n > 2).

In particular, we will show that if the normal bundle is flat then there exist an
ONF N which is free of torsion, and then the minimal surface is stable if

ZZ

B

jr'j2 dudv � 2

ZZ

B

.�KN/W'
2 dudv

for all test functions ' 2 C1
0 .B;R/ and all unit normal vectors N: It will turn

out that the curvature of the normal bundle acts as a barrier for the existence of
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orthogonal unit normal frames with vanishing torsion coefficients. So if we set

T WD
X

1��<!�n

n
.T !�;1/

2 C .T !�;2/
2
o

in the general case T > 0; when we can not expect existence of torsion-free ONF’s,
we obtain from the above stability inequality after partial integration

0�
ZZ

B

�
jr'j2 C 2

n
.KCT /W'2

�
dudv D

ZZ

B

�
�
'C 2

n
.KCT /W'

�
' dudv:

The Schwarzian eigenvalue problem which arises from here,

�
' C �.K C T /' D 0 in B; ' D 0 on @B;

was first considered in Barbosa and do Carmo [5], later in Sauvigny [102, 104] in
his studies of minimal surfaces with polygonal boundaries, but, however, always
without taken the curvature of the normal bundle into particular account.

Thus, also here it remains the question whether we can characterize stability of
minimal surfaces in terms of the eigenvalues of that Schwarzian eigenvalue problem,
and how these eigenvalues depend on the curvature of the normal bundle.

Sauvigny applied his results to prove uniqueness for minimal surfaces spanning
so-called extreme polygonal boundary curves, see e.g. [103]. Moreover, in [106]
he establishes compactness and finiteness results for stable and unstable small
immersions with constant mean curvature spanning regular, extreme Jordan curves.

Concerning new results on finiteness for minimal surfaces with polygonal
boundaries we want to draw the reader’s attention to the papers Jakob [73–75]. In
this context we would also like to refer to a recent result of Bergner and Jakob [9]
on the non-existence of branch points for minimal surfaces in R

nC2:
Finally, we want to remark that already Wirtinger in [126] proved the absolutely

area minimizing property of holomorphic minimal surfaces w.r.t. compactly sup-
ported variations which implies stability in the sense of our definition from the
beginning. This minimizing character is also discussed in Eschenburg and Jost [44]
by means of modern calibration methods.

2.2.10 Osserman’s Curvature Estimate and a Generalization

In 1964, Osserman [93] proved the following

Proposition 2.10. Assume that at each point of a minimal immersionX in R
nC2 all

unit normal vectors make an angle of at least ! > 0 with a fixed axis in space. Then
for the Gauß curvature K.P / at some point P D X.w0/; w0 2 B; with interior
distance d > 0 to the boundary, it holds
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jK.P /j � 1

d2
� 16.nC 1/

sin4 !
:

In particular, if the surface is defined over the whole R2; then it is a plane.

A connection of Osserman’s !-condition with the curvature of the normal bundle
of complete minimal graphs is not known to us. However, his result is sharp in the
sense that the holomorphic graph .w;w2/; w 2 R

2; does not obey the !-condition.
A refinement of Osserman’s proof together with applications of potential the-

oretic methods enabled us in Bergner and Fröhlich [8] to prove the following
curvature estimate for graphs with prescribed Hölder continuous mean curvature
vector.

Proposition 2.11. Let the graph

X.x; y/ D �
x; y; �1.x; y/; : : : ; �n.x; y/

�

of prescribed mean curvature vector

H D H.X;Z/

be given, .X;Z/ 2 R
nC2 �SnC1 with SnC1 � R

nC2 being the .nC 1/-dimensional
unit sphere. Suppose that X.u; v/ represents a conformal reparametrization of this
graph. Assume furthermore

1. The mean curvature vector H D H.X;Z/ satisfies

jH.X;Z/j � h0 for all X 2 R
nC2 and Z 2 SnC1

and
jH.X1;Z1/ � H.X2;Z2/j � h1jX1 � X2j˛ C h2jZ1 �Z2j

for all X1;X2 2 R
nC2 and Z1;Z2 2 SnC1; with real constants h0; h1; h2 2

Œ0;1/ and with some ˛ 2 .0; 1/:
2. The surface represents (or contains) a geodesic disc Br .X0/ of radius r > 0 and

center X0 2 R
nC2 (see the next paragraph for details).

3. With a real constant d0 > 0; the area of this geodesic disc Br .X0/ can be
estimated by

A ŒBr .X0/� � d0r
2 :

4. At every point w 2 B; each normal vector ofX makes an angle of at least ! > 0
with the x1-axis.

Then, for an arbitrarily chosen ONF N there exists a constant

� D �.h0r; h1r
1C˛; h2r; d0; sin!; ˛/ 2 .0;1/
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such that it holds the curvature estimate

jK�.0; 0/j � 1

r2

˚
.h0r/

2 C�
�

for all � D 1; : : : ; n:

In particular, if H � 0; and therefore h0; h1; h2 D 0; and if the minimal graph is
defined over the whole plane R2; then X.x; y/ must be affine linear.

A few words to the assumptions in this theorem: Since X is a conformally
parametrized graph with prescribed mean curvature vector H; it is a solution of


X D 2

nX

�D1
H�WN� D 2HW in B:

Together with the first assumption we arrive at the following non-linear elliptic
system with quadratic growth in the gradient (see Sect. 2.1.4)

j
X j � h0jrX j2 in B:

The first and second derivatives (in the interior) of such a system can be controlled
if X is either a small solution in the sense of

h0 � sup
.u;v/2B

jX.u; v/j < 1;

or if a growth condition for the area as required is known such that a smallness
condition can eventually be forced by means of the Courant–Lebesgue lemma in
connection with a geometric maximum principle.

On the other hand, the assumption on the universal angle! as well as the required
graph property are needed (a) to ensure that also the plane mapping

f .u; v/ D �
x1.u; v/; x2.u; v/

�
; .u; v/ 2 B ;

solves a non-linear elliptic system with quadratic growth in the gradient, and (b) that
it is one-to-one with F.0; 0/ D .0; 0/; positively oriented and topologically on the
boundary, and possesses a positive Jacobian in B; see Sect. 2.2.6.

Most of our inputs were already discussed in the foregoing paragraphs. But also
here the question remains open whether these assumptions can be connected to the
inner geometry of the normal bundle.

2.2.11 On the Growth of Geodesic Discs

At least we can give a partial answer to this question regarding the growth condition
for geodesic discs. Is it valid to require such a condition at all? In Bergner and
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Fröhlich [8] we computed directly

A ŒX� � 192�r2

for geodesic discs of the holomorphic graph .w;w2/; where r > 0 is chosen
sufficiently large. Note that in this special case the scalar curvature S of the normal
bundle vanishes asymptotically.

If S is otherwise everywhere strictly larger than a positive constant for some
immersion X WB ! R

4 (or smaller than a negative constant), we can show

Proposition 2.12. Let a minimal surface X WB ! R
4 be given such that the scalar

curvature S of its normal bundle satisfies

S.u; v/ � S0 > 0 for all .u; v/ 2 B

with a fixed real number S0 > 0:
Suppose furthermore that X represents (or contains) a geodesic disc Br .X0/ with
geodesic radius r > 0 and with center X0: Then for the area of this disc it holds the
estimate

A ŒBr .X0/� � �r2 C S0�

12
r4

Proof. Let the geodesic disc Br .X0/ be given parametrically as X.�; '/ with
geodesic polar coordinates .�; '/ 2 Œ0; r��Œ0; 2��:With the area element

p
P.�; �/;

the line element ds2P w.r.t. this coordinate system takes the form

ds2P D d�2 C P.�; '/ d';

with smooth P.�; '/ > 0 for all .�; '/ 2 .0; r� � Œ0; 2�/ satisfying

lim
�!0C

P.�; '/ D 0; lim
�!0C

@

@�

p
P.�; '/ D 1

for all ' 2 Œ0; 2�/: For these results and for the following identities we refer
the reader e.g. to Blaschke and Leichtweiß [12]. In particular, with the geodesic
curvature �g of the surface, the integral formula of Gauß–Bonnet gives

rZ

0

�g.�; '/
p
P.�; '/ d' C

�Z

0

2�Z

0

K.�; '/
p
P.�; '/ d�d' D 2�:

For curves with � D const it holds

�g.�; '/
p
P.�; '/ D @

@�

p
P.�; '/ for all .�; '/ 2 .0; r� � Œ0; 2�/;
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and therefore, together with �K � jS j � S0 > 0 (see Sect. 2.2.2) we can estimate

@

@�

2�Z

0

p
P.�; '/ d' D

2�Z

0

�g.�; '/
p
P.�; '/ d'

D 2� �
�Z

0

2�Z

0

K.�; '/
p
P.�; '/ d�d'

� 2� C
�Z

0

2�Z

0

S0
p
P.�; '/ d�d'

D 2� C S0A ŒB�.X0/�

� 2� C S0��
2

for all � 2 .0; r�: Integration over the radius coordinate yields

2�Z

0

p
P.�; '/ d' � 2��C S0�

3
�3 ;

and a further integration over � D 0 : : : r shows

A ŒBr .X0/� D
rZ

0

2�Z

0

p
P.�; '/ d'd� � �r2 C S0�

12
r4

proving the statement. ut
At least for certain stable minimal geodesic discs we can show that their areas grow
quadratically in the radius r: Namely, let us start again from the stability inequality

ı2!A ŒX� D
ZZ

B

jr'j2 dudv C 2

ZZ

B

K!W'
2 dudv

C
nX

�D1

ZZ

B

n
.T �!;1/

2 C .T �!;2/
2
o
' dudv

� 0

for all ' 2 C1
0 .B;R/ and using conformal parameters. Since for the non-positive

Gauß curvatureK we know

K! �
nX

�D1
K� D K;
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we have the estimate

ı2!A ŒX� � D2A ŒX� WD
ZZ

B

jr'j2 dudv C 2

ZZ

B

KW'2 dudv

for all ' 2 C1
0 .B;R/: The integral D2A ŒX� agrees with the functional of the

second variation for minimal surfaces in R
3 such that in this situation the condition

D2A ŒX� � 0 for all ' 2 C1
0 .B;R/

actually defines stability for minimal surfaces X WB ! R
3:

Sauvigny in [102] revives this condition to define (strict) stability for minimal
immersionsX WB ! R

nC2: It holds the

Proposition 2.13. Let the geodesic disc Br .X0/ be stable in the sense of

D2A ŒBr .X0/� � 0 for all ' 2 C1
0 .B;R/:

Then its area can be estimates by

A ŒBr .X0/� � 4�

3
r2 :

For the proof we refer the reader to Gulliver [56] and Sauvigny [105].
Two concluding remarks are due: First, and this follows from Sect. 2.2.2, we

estimate

S0

ZZ

B

W dudv �
ZZ

B

jS0jW dudv �
ZZ

B

.�K/W dudv;

that is, if S0 6D 0 then the curvatura integra is not finite for complete minimal graphs.
And secondly, and this is to round out the beginning of this paragraph, Micallef

in [88] showed that if a minimal graph is complete and stable, and if its area
growths quadratically, then it is holomorphic. Wirtinger in [126] proved that
holomorphic minimal surfaces area absolutely area minimizing w.r.t. compactly
supported variations, see our discussion in Sect. 2.2.9 above.

2.2.12 Curvature Estimates for Higher-Dimensional Minimal
Graphs

The next result, which goes back to Hildebrandt, Jost and Widman [68], states a
Bernstein-type result for higher-dimensional minimal surface graphs in Euclidean
spaces of arbitrary dimensions.
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In particular, it contains a gradient bound of the graph a priori which essentially
reflects the fact that a generalized Gauß map of the surface (concerning this, see also

Hoffman and Osserman [69]) must be contained in a geodesic ball of radius
p
2�
4

in
the so-called Grassmannian manifold Gr;s:

Proposition 2.14. Let z˛ D f ˛.x/ with ˛ D 1; : : : ; s and x D .x1; : : : ; xr / 2 R
r

be C2-regular, and let it generate a r-dimensional minimal graph

X.x; y/ D �
x1; : : : ; xr ; f 1.x1; : : : ; xr /; : : : ; f s.x1; : : : ; xr /

�
:

Let there furthermore exist a real number ˇ > 0 such that

ˇ < cos�t
�

�

2
p
t K

�

with

K WD
�
1 if t D 1

2 if t � 2
and t WD min fr; sg :

Assume finally that

vu
u
tdet

 

ıij C
sX

˛D1

@f ˛

@xi
@f ˛

@xj

!

i;jD1;:::;r
< ˇ:

Then the functions f 1; : : : ; f s are affine linear on R
r ; and the minimal graph is an

affine linear r-dimensional plane.

In subsequent works, e.g. Jost and Xin [76], Wang [119], or Xin [127], one finds
various improvements of this result as well as generalizations to surfaces with
prescribed mean curvature vector.

Also here the question must be left open how the assumption on the gradient
bound stands in connection with our geometrical and analytical concepts of the
normal bundle. We expect that it can be weakened at least in the special case r D 2

of surfaces in view of other results where less restrictive assumptions are required,
see e.g. Fröhlich [46] and the references therein, and combine them for instance
with the discussions from Barbosa and do Carmo [5, 6], and Ruchert [100].

Finally we want to mention the curvature estimates and theorems of Bernstein-
type for minimal submanifolds with flat normal bundle from Smoczyk et al. [113],
where e.g. classical methods from Schoen et al. [109] and Ecker, Huisken [42] were
employed. In Fröhlich and Winklmann [52] we succeeded in proving similar results
for graphs of dimension m 2 Œ2; 5� but with prescribed mean curvature vector. Can
one find methods and techniques comparable to the ones presented in this book to
establish more general results for submanifolds with arbitrary normal bundles?



Chapter 3
Normal Coulomb Frames in R

4

Abstract With this chapter we begin our study of constructing normal Coulomb
frames, here for surfaces immersed in Euclidean space R

4:

Normal Coulomb frames are critical for a new functional of total torsion. We
present the associated Euler–Lagrange equation and discuss its solution via a
Neumann boundary value problem. A proof of the “minimal character” of normal
Coulomb frames follows immediately.

Using methods from potential theory and complex analysis we establish various
analytical tools to control these special frames. For example, we present two
different methods to bound their torsion (connection) coefficients. Methods from
the theory of generalized analytic functions will play again an important role.

We conclude the third chapter with a class of minimal graphs for which we can
explicitly compute normal Coulomb frames.

3.1 Torsion-Free Normal Frames for Curves and Surfaces

3.1.1 Curves in R
3

In this third chapter we want to work out methods for a new analytical description
of the normal bundles of surfaces in R

4: This particularly contains the construction
of so-called normal Coulomb frames together with a comprehensive discussion of
their regularity properties.

To begin with we consider a regular arc-length parametrized curve c.s/ in R
3

with

unit tangent vector t.s/ D c0.s/;

unit normal vector n.s/ D t0.s/
jt0.s/j and

unit binormal vector b.s/ D t.s/ � n.s/:

S. Fröhlich, Coulomb Frames in the Normal Bundle of Surfaces in Euclidean Spaces,
Lecture Notes in Mathematics 2053, DOI 10.1007/978-3-642-29846-2 3,
© Springer-Verlag Berlin Heidelberg 2012
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4

The torsion �.s/ of this curve is then given by

�.s/ D n.s/0 � b.s/ D �n.s/ � b.s/0 :

Now we introduce a new unit normal frame .en;eb/ by means of a SO.2/-action, i.e.
by a usual rotation, as follows

en D cos' n C sin ' b; eb D � sin ' n C cos' b

with an angle of rotation ' D '.s/: The new torsione� associated to this new frame
then results from the following computation

e� Den0 �eb D .�' 0 sin' n C cos' n0 C ' 0 cos' b C sin ' b0/ � .� sin' n C cos' b/

D ' 0 sin2 ' � sin2 ' .b0 � n/C cos2 ' .n0 � b/C ' 0 cos2 '

D ' 0 C �:

In particular, constructing an ONF .en;eb/ which is free of torsion, i.e. which fulfills
e� � 0; by starting with a given ONF .n; b/; reduces to solving the problem

' 0.s/ D ��.s/; '.s0/ D �0

with some initial value �0:

Proposition 3.1. Rotating an initial ONF .n; b/ by an angle

'.s/ D �
sZ

s0

�.�/ d� C '0

with arbitrary '0 2 R generates an ONF .en;eb/ which is free of torsion.

Such a torsion-free ONF is also called parallel because all of its derivatives are
tangential to the curve, that is parallel to t.s/: Moreover, they are special normal
Coulomb frames what will become clear in the following.

Parallel ONF’s for curves are widely used in geometry and mathematical physics.
We want to refer again to Burchard and Thomas [19] and the references therein for
an application of such frames in the theory of Euler’s elastic curves, see our short
discussion in Sect. 1.3.5.

3.1.2 Torsion-Free Normal Frames

The question now arises whether there is a similar construction of torsion-free
ONF’s for two-dimensional surfaces.
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In this chapter we focus on the case of two codimensions n D 2: So let us given
an ONF N D .N1;N2/: By means of the SO.2/-valued transformation

eN1 D cos' N1 C sin ' N2 ; eN2 D � sin ' N1 C cos' N2

with a rotation angle ' we get a new ONF eN D .eN1; eN2/:

Lemma 3.1. Let X WB ! R
4 be given. Then there hold the transformation

formulas
eT 21;1 D T 21;1 C 'u ; eT 21;2 D T 21;2 C 'v in B

for the torsion coefficients T #�;i and eT #�;i of two ONF’s N resp. eN:

We omit the proof of this lemma which follows the same lines as our calculation
from the beginning of this chapter. Rather we want to compute an angle ' which
carries N into a new ONF eN which is free of torsion, i.e. which satisfies

eT 21;1 D 0 and eT 21;2 D 0 everywhere in B :

Obviously, ' then has to solve the linear system

'u D �T 21;1 and 'v D �T 21;2 :

Recall that such a system is solvable if and only if the integrability condition

0 D �@v'u C @u'v D @vT
2
1;1 � @uT

2
1;2 D div .�T 21;2; T 21;1/ D SW in B

is satisfied with the scalar curvature S of the normal bundle from Sect. 1.6.3 and the
area element W of the immersion. Since there always exists an ONF N thanks to
the special topology of the domain of definition B; we have

Theorem 3.1. The immersionX WB ! R
4 admits a torsion-free ONF N if and only

if the scalar curvature S of its normal bundle vanishes identically in B:

Such a torsion-free ONF is again parallel in the sense that its derivatives have no
normal parts, for the Weingarten equations from Sect. 1.4.5 now take the form

N�;u D � L�;11

W
Xu � L�;12

W
Xv ; N�;v D � L�;12

W
Xu � L�;22

W
Xv

for � D 1; 2 and using conformal parameters.
Note also that such an ONF is not uniquely determined, rather we can rotate

the whole frame by a constant angle '0 without effecting the torsion coefficients,
because the above differential equations contain only derivatives of ':

We want to remark that existence of parallel frames in case of vanishing curvature
S � 0 is in fact well settled. With our next considerations we want to establish
existence and regularity of ONF’s if the normal bundle is curved, and such new
frames will replace the concept of parallel frames in this more general situation.
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3.1.3 Examples

But first we want to discuss some elementary examples of surfaces with flat normal
bundle.1

1. Let us begin with spherical surfaces characterized by the property

jX.u; v/j D 1 for all .u; v/ 2 B:

We immediately compute

Xu �X D 0; Xv �X D 0;

i.e. X itself is our first unit normal vector, say X D N1: A second one follows
after completion of fXu; Xv; N1g to a basis of the whole embedding space R4:

Then the ONF .N1;N2/ is free of torsion because there hold

T 21;1 D N1;u �N2 D Xu �N2 D 0; T 21;2 D N1;v �N2 D Xv �N2 D 0:

2. A special example of such a spherical surface is the flat Clifford torus, given by
the product (see e.g. do Carmo [36], Chap. 6)

X.u; v/ D 1p
2
.cos u; sin u; cos v; sin v/ 
 S1 � S1 :

We assign a moving 4-frame fXu; Xv; N1;N2g consisting of

Xu D 1p
2
.� sin u; cos u; 0; 0/; Xv D 1p

2
.0; 0;� sin v; cos v/

as well as

N1 D 1p
2
.cos u; sin u; cos v; sin v/; N2 D 1p

2
.� cos u;� sin u; cos v; sin v/:

This special ONF N D .N1;N2/ is free of torsion. In another context, Pinl in [96]
and [97] discusses examples of spherical surfaces already introduced by Killing,
namely first

Y.u; v/ D .sin u sin v; cos u cos v; sin u cos v; cos u sin v/;

1In Sect. 2.1.2 we have already discussed surfaces with parallel mean curvature vector and a
possible connection to the curvatures of their normal bundles.
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a parametrization which was later considered again by Lawson in [85] in the
more general form

.cos˛u cos v; sin ˛u cos v; cos u sin v; sin u sin v/

and who proved that every ruled minimal surface in S3 is of this form for some
constant ˛ > 0; as well as

Z.u; v/ D 1

2
.cos u C cos v; sin u � sin v; sin u C sin v;� cos u C cos v/:

These three mappingsX; Y andZ are spherical, and therefore they admit torsion-
free orthonormal normal frames. Actually, they are flat since the first fundamental
forms g are Euclidean, i.e.

g.X/ D
�
1 0

0 1

�
; g.Y / D

�
2 0

0 2

�
; g.Z/ D 1

2

�
1 0

0 1

�
:

However, from the geometric point of view, Killing’s examples have interesting
projections into the three-dimensional subspaces.

3. Next, we want to consider so-called parallel-type surfaces: The immersion

R.u; v/ D X.u; v/C f .u; v/N1.u; v/C g.u; v/N2.u; v/

is said to be parallel to X if the tangential planes of R and X are parallel at
corresponding points. Whether surfaces in higher-dimensional spaces are parallel
or not depends on the scalar curvature S of the normal bundle.

Proposition 3.2. Let f; g 6D 0: If R is parallel to the immersion X WB ! R
4; i.e. if

there hold
Rui �N� D 0 for all i D 1; 2; � D 1; 2;

at corresponding points, then S � 0:

Proof. For the proof we use the Weingarten equations and compute the normal parts
R?

u and R?
v of the tangential vectors Ru resp. Rv w.r.t. X; that is

R?
u D fuN1 C guN2 C fN?

1;u C gN?
2;u D .fu � gT 21;1

�
N1 C �

gu C f T 21;1
�
N2

as well as

R?
v D fvN1 C gvN2 C fN?

1;v C gN?
2;v D �

fv � gT 21;2
�
N1 C �

gv C f T 21;2
�
N2 :

The condition that R is parallel to X then leads us to the first order system
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fu � gT 21;1 D 0; fv � gT 21;2 D 0;

gu C f T 21;1 D 0; gv C f T 21;2 D 0:

Now differentiate the first two equations and make use of the others to get

0 D fuv � gvT
2
1;1 � g@vT

2
1;1 D fuv C f T 21;1T

2
1;2 � g@vT

2
1;1 ;

0 D fvu � guT
2
1;2 � g@uT

2
1;2 D fvu C f T 21;1T

2
1;2 � g@uT

2
1;2 :

A comparison of the right hand sides shows

0 D �g@vT
2
1;1 C g@uT

2
1;2 D �g � SW:

Similarly we find 0 D f � SW; and this proves the statement. ut
We will see that in case S � 0 there is a torsion-free ONF N: Back to the first order
system above, the proposition can be completed by stating f; g � const:

Parallel-type surfaces are widely used in geometry and mathematical physics, see
e.g. da Costa [30] for an application in quantum mechanics in curved spaces. In this
context we would also like to refer the reader to the classical textbook Dirac [35];
for recent developments with applications in quantum string theory see e.g. Dorn
et al. [38].

4. Finally we want to consider evolute-type surfaces. Again we consider the
variation

T .u; v/ D X.u; v/C f .u; v/N1.u; v/C g.u; v/N2.u; v/:

The mapping T is then called an evolute surface to X if the tangential planes of
T agree with the normal planes of X at corresponding points.

Proposition 3.3. Let f; g 6D 0: If T from above is an evolute surface to the
immersion X WB ! R

4 then X has flat normal bundle, i.e. it holds S � 0:

Proof. Using conformal parameters .u; v/ 2 B together with the Weingarten
equations we compute the tangential parts of Tu and Tv; that is

T >
u D

�
1 � f

L1;11

W
� g

L2;11

W

�
Xu �

�
f
L1;12

W
C g

L2;12

W

�
Xv ;

T >
v D �

�
f
L1;12

W
C g

L2;12

W

�
Xu C

�
1 � f L1;22

W
� g L2;22

W

�
Xv :

Then the conditions
Tui �Xuj D 0 for i; j D 1; 2

leads us to
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W � fL1;11 � gL2;11 D 0; W � fL1;22 � gL2;22 D 0;

fL1;12 C gL2;12 D 0:

Now use the Ricci integrability conditions to evaluate the scalar normal curvature

fgSW D f .L1;11 � L1;22/gL2;12 � f .gL2;11 � gL2;22/L1;12
D �f 2.L1;11 � L1;22/L1;12 � f .W � fL1;11 �W C fL1;22/L1;12

D �f 2.L1;11 � L1;22/L1;12 C f 2.L1;11 �L1;22/L1;12 D 0:

This proves the statement. ut
For this and further developments we refer to Cheshkova [25].

3.2 Normal Coulomb Frames

3.2.1 The Total Torsion

But what happens if S 6� 0‹ Clearly, there is no parallel frame, and it is therefore
desirable to construct ONF’s with similar features. For this purpose we make the

Definition 3.1. The total torsion T ŒN� of an ONF N D .N1;N2/ is given by

T ŒN� D
2X

i;jD1

2X

�;#D1

ZZ

B

gij T #�;iT
#
�;jW dudv:

Using conformal parameters with the properties

g11 D g22 D W �1 and g12 D 0;

and taking the skew-symmetry T #�;i D �T �#;i of the torsion coefficients into account,
reveals the convex character of the functional of total torsion for a fixed surface,

T ŒN� D 2

ZZ

B

n
.T 21;1/

2 C .T 21;2/
2
o
dudv:

We remark that T ŒN� does not depend on the choice of the parametrization (we
only admit transformations which leave the unit normal vectors unaffected). But it
depends on the choice of the ONF N; and it arises the question whether there are
ONF’s for which the functional of total torsion attains a smallest value.
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3.2.2 Definition of Normal Coulomb Frames

Clearly, if the immersionX admits an ONF N which is free of torsion, then it holds
T ŒN� D 0 for this special frame. On the other hand, we can make T ŒN� as large as
we want by choosing ' sufficiently “bad.”

Our goal is therefore to construct orthogonal unit normal frames which give
T ŒN� a smallest possible value. Therefore our next

Definition 3.2. The ONF N D .N1;N2/ is called a normal Coulomb frame if it is
critical for the functional T ŒN� of total torsion w.r.t. to SO.2/-valued variations of
the form

eN1 D cos' N1 C sin' N2 ; eN2 D � sin ' N1 C cos' N2 :

In the following we will compute and solve the Euler–Lagrange equation for normal
Coulomb frames. We will furthermore establish various regularity properties for
them. It particularly turns out that they are actually parallel, or free of torsion, in the
special case of flat normal bundles.

3.2.3 The Euler–Lagrange Equation

We already computed in Sect. 3.1.2 the transformation between the torsion coeffi-
cients,

eT 21;1 D T 21;1 C 'u ; eT 21;2 D T 21;2 C 'v :

This gives us immediately the difference between the new and the old total torsion
by means of a partial integration (see Sect. 3.2.1, use conformal parameters)

T ŒeN� � T ŒN� D 2

ZZ

B

jr'j2 dudv C 4

ZZ

B

.T 21;1'u C T 21;2'v/ dudv

D 2

ZZ

B

jr'j2 dudv C 4

Z

@B

.T 21;1; T
2
1;2/ � � ' ds

�4
ZZ

B

div .T 21;1; T
2
1;2/' dudv

with � denoting the outer unit normal vector at the boundary @B:
Thus, we have proved the following criterion for a critical ONF N D .N1;N2/:

Proposition 3.4. Let the ONF N D .N1;N2/ be critical for the functional T ŒN� of
total torsion. Then, using conformal parameters .u; v/ 2 B; the torsion coefficients
T #�;i of this ONF satisfy the first order Neumann boundary value problem
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div .T 21;1; T
2
1;2/ D 0 in B; .T 21;1; T

2
1;2/ � � D 0 on @B

with the Euclidean divergence operator div:

The conservation law structure of this Euler–Lagrange equation explains the
terminology normal Coulomb frame in analogy to Coulomb gauges from physics.
We follow Helein [64] where he suggests to adopt this name from physics to
differential geometry and harmonic analysis.

3.3 Constructing Normal Coulomb Frames,
and Their Properties

3.3.1 Construction via a Neumann Problem

How can we construct a normal Coulomb frame N from a given ONF eN‹ For a
critical ONF N we have to solve the boundary value problem

0 D div .T 21;1; T
2
1;2/ D div .eT 21;1 � 'u;eT 21;2 � 'v/ in B;

0 D .T 21;1; T
2
1;2/ � � D .eT 21;1 � 'u;eT 21;2 � 'v/ � � on @B

in virtue of the Euler–Lagrange equation from above. Therefore the

Proposition 3.5. The given ONF eN transforms into a normal Coulomb frame N by
means of the SO.2/-action if and only if


' D div .eT 21;1;eT
2
1;2/ in B;

@'

@�
D .eT 21;1;eT

2
1;2/ � � on @B

holds true for the rotation angle ' D '.u; v/.

What can we state about the solvability of this Neumann boundary value problem?
We know that (see e.g. [29])


' D f in B;
@'

@�
D g on @B

is solvable if and only if the following integrability condition holds

ZZ

B

f dudv D
Z

@B

g ds:
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But this condition is obviously fulfilled in our situation:

ZZ

B

div .eT 21;1;eT
2
1;2/ dudv D

Z

@B

.eT 21;1;eT
2
1;2/ � � ds:

Theorem 3.2. Starting from a given ONF eN it is always possible to construct a
normal Coulomb frame N for the immersion X WB ! R

4 which is critical for the
functional T ŒN� of total torsion. In particular, if X 2 Ck;˛.B;R4/ with k � 4;

then
N� 2 Ck�1;˛.B;R4/ for N� 2 N ; � D 1; 2:

For a general orientation on Neumann boundary value problems we refer the reader
to the classical monograph of Courant and Hilbert [29]. Some detailed regularity
analysis is also contained in our fourth chapter.

3.3.2 Minimality of Normal Coulomb Frames

Let N be a normal Coulomb frame. Using conformal parameters we compute

T ŒeN� D T ŒN�C 2

ZZ

B

jr'j2 dudv

C 4

Z

@B

.T 21;1; T
2
1;2/ � � ' ds � 4

ZZ

B

div .T 21;1; T
2
1;2/' dudv

D T ŒN�C 2

ZZ

B

jr'j2 dudv � T ŒN�

for a comparison ONF eN; taking into account that the boundary integral and the
integral over the divergence vanish due to the Euler–Lagrange equation. From the
parameter invariance of the functional of total torsion we then obtain

Theorem 3.3. A normal Coulomb frame N for the immersion X WB ! R
4

minimizes the functional of total torsion, i.e. it holds

T ŒN� � T ŒeN�

for all ONF eN resulting from a SO.2/-action applied to N: Equality occurs if and
only if ' � const:

Note that a normal Coulomb frame remains T -critical if it is rotated by a global
constant rotation angle '0:
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3.4 Estimating the Torsions of Normal Coulomb Frames

3.4.1 Reduction for Flat Normal Bundles

Let again .u; v/ 2 B be conformal parameters. We want to consider normal
Coulomb frames in case of flat normal bundles S � 0; that is

SW D @vT
2
1;1 � @uT

2
1;2 D div .�T 21;2; T 21;1/ � 0:

If N is such a normal Coulomb frame then the Neumann boundary condition

.T 21;1; T
2
1;2/ � � D 0

from the Euler–Lagrange equation says that the vector field .�T 21;2; T 21;1/ is parallel
to the outer unit normal vector � along @B: Thus, a partial integration yields

ZZ

B

SW dudv D
Z

@B

.�T 21;2; T 21;1/ � � ds

D ˙
Z

@B

q
.T 21;1/

2 C .T 21;2/
2 ds:

In particular, S � 0 implies

T #�;i � 0 on @B for all i D 1; 2 and �; # D 1; 2:

On the other hand, differentiate 0 D @vT
2
1;1 � @uT

2
1;2 w.r.t. u and v and take the

Euler–Lagrange equation @uT
2
1;1 C @vT

2
1;2 D 0 into account. Then we arrive at


T 21;1 D 0 ; 
T 21;2 D 0

showing that T 21;1 and T 21;2 are harmonic functions. The maximum principle gives

T #�;i � 0 in B for all i D 1; 2 and �; # D 1; 2:

Theorem 3.4. A normal Coulomb frame N for an immersion X WB ! R
4 with flat

normal bundle S � 0 is always free of torsion. In other words, it is always parallel.

To summarize our considerations so far: We have proved existence and regularity of
ONF’s which are critical for the functional of total torsion. If additionally the scalar
curvature S of the normal bundle vanishes identically, such normal Coulomb frames
are free of torsion.
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3.4.2 Estimates via the Maximum Principle

Next we want to consider the case of non-flat normal bundles. From the Euler–
Lagrange equation we know that the torsion vector .T 21;1; T

2
1;2/ of a normal Coulomb

frame is divergence-free. Thus the differential 1-form

! WD �T 21;2 du C T 21;1 dv

is closed since for its exterior derivative we calculate

d! D �@vT
2
1;2 dv ^ du C @uT

2
1;1 du ^ dv D div .T 21;1; T

2
1;2/ du ^ dv D 0:

Poincaré’s lemma therefore ensures the existence of a differentiable function �
satisfying (see e.g. Sauvigny [107], vol. 1, Chap. I, Sect. 7)

d� D �u du C �v dv D !:

This finally implies
r� D .�u; �v/ D .�T 21;2; T 21;1/:

A second differentiation, taking account of SW D div .�T 21;2; T 21;1/; leads us to the
following inhomogeneous boundary value problem

4� D SW in B; � D 0 on @B:

To justify the homogeneous boundary condition we note that

r� � .�v; u/ D 0 on @B

for normal Coulomb frames because .T 21;1; T
2
1;2/ is perpendicular to the normal �:

Therefore it holds � D const along @B: But � is only defined up to a constant of
integration which can be chosen such that the homogeneous boundary condition is
satisfied. Thus, Poisson’s representation formula for the solution � reads

�.w/ D
ZZ

B

˚.�I w/S.�/W.�/ d
d�; � D .
; �/ 2 B ;

with the non-positive Green kernel of the Laplace operator 4 (see e.g. Sauvigny
[107], vol. 2, Chap. VIII, Sect. 1). We want to give an integral estimate for this kernel
to establish an estimate for the integral function � W Namely, note that

 .w/ D jwj2 � 1

4
solves 4 D 1 in B and  D 0 on @B:
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Therefore we conclude

ZZ

B

j˚.�I w/j � 1 d
d� D 1 � jwj2
4

� 1

4
:

Lemma 3.2. Let .u; v/ 2 B be conformal parameters. The integral function � of the
above Poisson problem with the scalar curvature S of the normal bundle satisfies

j�.w/j � 1

4
kSW kC0.B/ in B ; �.w/ D 0 on @B:

Well-known potential theoretic estimates for the Laplacian (see e.g. [107], Chap. IX,
Sect. 4, Satz 1) now ensure the existence of two constants c1 2 .0;1/ and c2.˛/ 2
.0;1/ such that

k�kC1.B/ � c1kSW kC0.B/
holds true, or also an estimate for the higher derivative

k�kC2C˛.B/ � c2.˛/kSW kC˛.B/

for all ˛ 2 .0; 1/:2 With the foregoing C1-bound we can formulate the main result
of the present chapter.

Theorem 3.5. Let the conformally parametrized immersion X WB ! R
4 with

normal bundle of scalar curvature S be given. Then there exists a normal Coulomb
frame N minimizing the functional of total torsion, with torsion coefficients
satisfying

kT #�;ikC0.B/ � C1kSW kC0.B/ and kT #�;ikC1C˛.B/ � C2.˛/kSW kC˛.B/
for all ˛ 2 .0; 1/ with real constants C1 2 .0;1/ and C2.˛/ 2 .0;1/:

In particular, for flat normal bundles with S � 0 we recover that normal Coulomb
frames are free of torsion.

3.4.3 Estimates via a Cauchy–Riemann Boundary Value
Problem

Consider again the Euler–Lagrange equation for a normal Coulomb frame together
with the formula for the scalar curvature of the normal bundle, that is

@uT
2
1;1 C @vT

2
1;2 D 0; @vT

2
1;1 � @uT

2
1;2 D SW:

2The constants c1; c2 and C1; C2 below depend also on the domain B:
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We want to discuss a second method to control the torsion coefficients of a normal
Coulomb frame which is strongly adapted to the case of two codimensions: Namely,
we will prove that a complex-valued torsion 	 from the next lemma satisfies a first-
order differential equation which can be solved using methods from Vekua [117].
Theorem 3.5 will be replaced by an estimate of certain Lp-norms of SW:

Lemma 3.3. Let N be a normal Coulomb frame. Then the complex-valued torsion

	 WD T 21;1 � iT 21;2 2 C

solves the inhomogeneous Cauchy–Riemann equation

	w D i

2
SW in B;

Re
	
w	.w/


 D 0 for w 2 @B

using conformal parameters w D .u; v/ 2 B with the setting ˚w WD 1
2
.˚u C i˚v/:

Proof. We compute

2	w D 	u C i	v D .@uT
2
1;1 C @vT

2
1;2/C i.@vT

2
1;1 � @uT

2
1;2/ D 0C iSW 2 C

as well as

Re
	
w	.w/


 D Re
	
.u C iv/.T 21;1 � iT 21;2/


 D uT 21;1 C vT 21;2

D .�T 21;2; T 21;1/ � .�v; u/ D r� � .�v; u/ D 0

with the integral function � from the previous paragraph. ut
We say that 	 solves a linear Riemann–Hilbert problem. There is a huge complex
analysis machinery to treat such a mathematical problem. The reader is referred e.g.
to Bers [11], Begehr [7], Courant and Hilbert [29], Sauvigny [107], Vekua [117],
Wendland [121].

Let us now derive an integral representation for the complex-valued torsion 	:

Lemma 3.4. The above Riemann–Hilbert problem for the complex-valued torsion
	 of a normal Coulomb frame possesses at most one solution 	 2 C1.B;C/ \
C0.B;C/.

Proof. Let 	1; 	2 be two such solutions. Then we set

˚.w/ WD wŒ	1.w/ � 	2.w/�

and compute immediately

˚w D 0 in B; Re˚ D 0 on @B:
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Thus the real part of the holomorphic function ˚ vanishes on @B; and the Cauchy–
Riemann equations yield ˚ � ic in B with some constant c 2 R: The continuity of
	1 and 	2 implies c D 0 since ˚.0; 0/ D .0; 0/: ut
Our Riemann–Hilbert problem can now be solved by means of so-called generalized
analytic functions for which we want to present some basic facts (see the references
above for more comprehensive presentations).

For arbitrary f 2 C1.B;C/ we define Cauchy’s integral operator by

TBŒf �.w/ WD � 1
�

ZZ

B

f .�/

� � w
d
d�; w 2 C:

Lemma 3.5. There hold TBŒf � 2 C1.C n @B;C/ \ C0.C;C/ as well as

@

@w
TBŒf �.w/ D

�
f .w/; w 2 B
0; w 2 C n B :

Proof. For a detailed proof see e.g. Vekua [117], Chap. I, Sect. 5. We only verify the
complex derivative: Let fGkgkD1;2;::: be a sequence of open, simply connected and
smoothly bounded domains contracting to some point z0 2 B for k ! 1: Let jGkj
denote its area. With the characteristic function � we compute (see [107], Chap. IV,
Sect. 5)

1

2i jGkj
Z

@Gk

TBŒf �.w/ dwD 1

2i jGkj
Z

@Gk

0

@� 1
�

ZZ

B

f .�/

� � w
d
d�

1

A dw

D 1

2�i jGkj
ZZ

B

0

B
@f .�/

Z

@Gk

1

w � �
dw

1

C
A d
d�

D 1

2�i jGkj
ZZ

B

f .�/ � 2�i�Gk.�/ d
d�

D 1

jGkj
ZZ

Gk

f .�/ d
d�:

Here we have used Cauchy’s integral formula

Z

@Gk

g.w/

w � �
dw D 2�ig.�/
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for a holomorphic function g with � 2 Gk: Applying the integration by parts rule in
complex form ZZ

Gk

d

dw
f .w/ d
d� D 1

2i

Z

@Gk

f .z/ d z

we get in the limit

d

dw
TBŒf �.w/ D lim

k!1
1

2i jGkj
Z

@Gk

TBŒf �.w/ dw D f .z0/

for all z0 2 B: The statement follows. ut
Next we set

PBŒf �.w/ WD � 1
�

ZZ

B

(
f .�/

� � w
C � f .�/

1� w�

)

d
 d� D TBŒf �.w/� 1
w

TBŒwf �
� 1

w

�
:

Then Satz 1.24 in Vekua [117] states the following

Lemma 3.6. With the definitions above we have the uniform estimate

ˇ
ˇPBŒf �.w/

ˇ
ˇ � C.p/kf kLp.B/; w 2 B;

where p 2 .2;C1�; and C.p/ is a positive constant depending on p.

Using this result (which remains unproved here) we obtain our second torsion
estimate, now in terms of Lp-norms, the main result of this paragraph.

Theorem 3.6. Let the conformally parametrized immersion X WB ! R
4 be given.

Then the complex-valued torsion 	 of a normal Coulomb frame N satisfies

j	.w/j � c.p/kSW kLp.B/ for all w 2 B

with a positive constant c.p/; where p 2 .2;C1�:

For a flat normal bundle with S � 0we thus verify again our results from Sect. 3.4.1.

Proof. Let us abbreviatory write

f WD i

2
SW 2 C1.B;C/

to apply the previous results. We claim that the complex-valued torsion 	 possesses
the integral representation
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	.w/ D PBŒf �.w/ D � 1

�

ZZ

B

(
f .�/

� � w
C � f .�/

1 � w�

)

d
 d�; w 2 B:

Then the stated estimate follows at once from the above lemma.

1. First we claim

wPBŒf �.w/ D 1

�

ZZ

B

f .�/ d
 d�C TBŒwf �.w/ � TBŒwf �
� 1

w

�
:

Let us check this identity:

1

�

ZZ

B

f .�/ d
d�C TBŒwf �.w/ � TBŒwf �.w �1/

D 1

�

ZZ

B

f .�/ d
d� � 1

�

ZZ

B

�f .�/

� � w
d
d� � TBŒwf �.w �1/

D � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

: : : : : : D � w

�

ZZ

B

f .�/

� � w
d
d�C 1

�

ZZ

B

� f .�/

� � 1
w

d
d�

D � w

�

ZZ

B

f .�/

� � w
d
d�C w

�

ZZ

B

� f .�/

� w � 1
d
d�

D � w

�

ZZ

B

 
f .�/

� � w
C � f .�/

1 � � w

!

d
d�:

2. Next, taking f D i
2
SW into account, we infer

Re
˚
wPBŒf �.w/

� D 0; w 2 @B;

what follows from

TBŒ
1
2
iwSW �.w/ � TBŒ

1
2
iwSW �.w �1/

D � 1

�

ZZ

B

i

2

�SW

� � w
d
d�C 1

�

ZZ

B

i

2

�SW

� � w �1

D � i

2�

ZZ

B

 
�

� � w
C �

� � 1
w

!

SW d
d�:
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The entry in the brackets is a real number since it holds

1

w
D w

jwj2 D w on @B:

Investing
@

@w
PBŒf �.w/ D f .w/;

which follows from Lemma 3.5 and our representation of PBŒf �.w/; we
conclude that PBŒf �.w/ solves the Riemann–Hilbert problem for 	: The
above uniqueness result for the Riemann–Hilbert problem proves the stated
representation. ut

3.4.4 A Gradient Estimate for Torsion Vectors of Constant
Length

The question remains how we can prove pointwise estimates for the torsion
coefficients T #�;i .w/ of normal Coulomb frames in terms of the scalar normal
curvature S.w/: At least we want to present the following special result concerning
the gradients of the T #�;i for torsion vectors of constant length.

Theorem 3.7. Let the conformally parametrized immersion X WB ! R
4 together

with a normal Coulomb frame N be given. Assume that there hold

T 21;1 6D 0; T 21;2 6D 0 and jT 21;1j2 C jT 21;2j2 D const in B :

Then there hold the pointwise estimates

j@ukT
#
�;i .w/j � jS.w/jW.w/ for all w 2 B

and for all i; k D 1; 2 and �; # D 1; 2:

Proof. For abbreviation we set

f WD T 21;1 ; g WD T 21;2 :

Then the Euler–Lagrange equation together with the definition of the scalar normal
curvature S read

fu C gv D 0; fv � gu D SW in B:

Moreover, differentiating f 2 C g2 D const w.r.t u and v yields

fugv � fvgu D 0 in B
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taking the assumption f; g 6D 0 into account. We arrive at

f 2
u C fugv D 0; f 2

v � fvgu D SWfv

fugv C g2v D 0; fvgu � g2u D SWgu

�
implying

jrf j2 D SWfv

jrgj2 D �SWgu
:

The Cauchy–Schwarz inequality thus gives

jrf j2 � 1

2
.SW /2 C 1

2
f 2

v � 1

2
.SW /2 C 1

2
jrf j2 ;

and an analogous estimate holds true for jrgj2: We finally infer

jrf j2 � .SW /2 ; jrgj2 � .SW /2 in B;

and the statement follows. ut

3.4.5 Estimates for the Total Torsion

The previous results allow us to establish immediately lower and upper bounds for
the total torsion T ŒN� of normal Coulomb frames N: In particular, Theorems 3.5
and 3.6 show

Theorem 3.8. Let the conformally parametrized immersion X WB ! R
4 with a

normal Coulomb frame N be given.
Then there hold

T ŒN� � 4C 2
1 �kSW k2

C0.B/

with the real constant C1 2 .0;1/ from Theorem 3.5, as well as

T ŒN� � 2c.p/2�kSW k2Lp.B/
for all p 2 .2;C1� with the real constant c D c.p/ from Theorem 3.6.

The question remains open whether there even exist an integral estimate of the form

T ŒN� � �1

ZZ

B

jS jqW dudv

with some sufficiently chosen constant �1 2 .0;1/ and q � 1: Notice, as already
mentioned briefly in part, that the difficulties are hidden behind pointwise or higher-
order Lp-estimates of S andW:

The following lower bound for the total torsion of normal Coulomb frames N is
a special case of a general estimate which we will prove later when we consider the
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general case of higher codimension. We will therefore only state the result without
giving a proof.

Theorem 3.9. Let the conformally parametrized immersion X WB ! R
4 with a

normal Coulomb frame N be given. Assume S 6� 0 and krSk2
L2.B/

> 0 for the
scalar curvature S of its normal bundle. Then it holds

T ŒN� �
 kSk2

L2.B/

.1 � �/2S2ŒX IB�� C
2krSk2

L2.B/

S2ŒX IB��

!�1
S2ŒX IB��

with the functional

S2ŒX IB�� WD
ZZ

B�

jS j2W dudv;

and where the radius � 2 .0; 1/ is chosen such that S2ŒX IB�� > 0:

3.5 An Example: Holomorphic Graphs

We consider again graphs

X.w/ D �
w; ˚.w/

�
; w D u C iv 2 B;

with a holomorphic function ˚ D ' C i : We want to show that its Euler unit
normal vectors represent a normal Coulomb frame if it holds j˚ j D const along the
boundary curve @B: This is true e.g. for the choice ˚.w/ D wn:
First, there hold

g11 D 1C jr'j2 D g22 ; g12 D 0

due to the Cauchy–Riemann equations 'u D  v, 'v D � u; therefore also


' D 
 D 0;

i.e. the graph X D X.u; v/ is conformally parametrized and represents a minimal
surface in R

4 satisfying

X.u; v/ D 0 in B:

Its area elementW > 0 is given by

W D 1C jr'j2 D 1C jr j2 ;

and its Euler unit normal vectors are
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N1 D 1p
W
.�'u;�'v; 1; 0/; N2 D 1p

W
.� u;� v; 0; 1/:

For the associated torsion coefficients we have

T 21;1 D 1

W
.�'uu'v C 'uv'u/ D 1

2W

@

@v
jr'j2 ; T 21;2 D � 1

2W

@

@u
jr'j2 :

Consequently, due to the special form of W we infer

div .T 21;1; T
2
1;2/ D @

@u

�
1

2W

�
@

@v
jr'j2 � @

@v

�
1

2W

�
@

@u
jr'j2

C 1

2W

@2

@v@u
jr'j2 � 1

2W

@2

@u@v
jr'j2

D 1

2W 2

@

@u
jr'j2 @

@v
jr'j2 � 1

2W 2

@

@v
jr'j2 @

@u
jr'j2 D 0:

Thus the Euler–Lagrange equation for a normal Coulomb frame is satisfied.

In order to check the boundary condition from the Euler–Lagrange equation for the
total torsion we introduce polar coordinates u D r cos!; v D r sin!: Note that

1

r

@

@!
D u

@

@v
� v

@

@u
:

In our case we obtain

.T 21;1; T
2
1;2/ � � D 1

2W

�
u
@

@v
� v

@

@u

�
jr'j2 D 1

2W

@

@!
j˚wj2 on @B

with the complex derivative ˚w D 1
2
.˚u � i˚v/:

We infer that the boundary condition from the Euler–Lagrange equation is satisfied
if and only if @

@!
j˚wj vanishes identically at the boundary curve @B:

Thus we have proved

Proposition 3.6. Let the conformally parametrized minimal graph .w; ˚.w// with
a holomorphic function ˚ D ' C i be given. Then its unit Euler normal vectors
N1 and N2 form a normal Coulomb frame N if ˚w does not depend on the angle !
along the boundary curve @B:

As mentioned, this result applies to our well-known examples

X.w/ D .w;wn/ with n 2 N:



Chapter 4
Normal Coulomb Frames in R

nC2

Abstract Now we consider two-dimensional surfaces immersed in Euclidean
spaces R

nC2 of arbitrary dimension. The construction of normal Coulomb frames
turns out to be more intricate and requires a profound analysis of nonlinear elliptic
systems in two variables.

The Euler–Lagrange equations of the functional of total torsion are identified as
non-linear elliptic systems with quadratic growth in the gradient, and, more exactly,
the nonlinearity in the gradient is of so-called curl-type, while the Euler–Lagrange
equations appear in a div-curl-form.

We discuss the interplay between curvatures of the normal bundles and torsion
properties of normal Coulomb frames. It turns out that such frames are free of
torsion if and only if the normal bundle is flat.

Existence of normal Coulomb frames is then established by solving a variational
problem in a weak sense using ideas of F. Helein (Harmonic Maps, Conservation
Laws and Moving Frames, Cambridge University Press, Cambridge, 2002). This, of
course, ensures minimality, but we are also interested in classical regularity of our
frames. For this purpose we employ deep results of the theory of nonlinear elliptic
systems of div-curl-type and benefit from the work of many authors: E. Heinz, S.
Hildebrandt, F. Helein, F. Müller, S. Müller, T. Rivière, F. Sauvigny, A. Schikorra,
E.M. Stein, F. Tomi, H.C. Wente, and many others.

4.1 Problem Formulation

In this fourth chapter we want to generalize the previous considerations to the case of
higher codimensions n � 2:We start with computing the Euler–Lagrange equations
for the functional of total torsion

T ŒN� D
2X

i;jD1

nX

�;#D1
gij T #�;i T

#
�;jW dudv

S. Fröhlich, Coulomb Frames in the Normal Bundle of Surfaces in Euclidean Spaces,
Lecture Notes in Mathematics 2053, DOI 10.1007/978-3-642-29846-2 4,
© Springer-Verlag Berlin Heidelberg 2012

75
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for an ONF N D .N1; : : : ; Nn/: It turns out that these equations form a non-linear
elliptic system with quadratic growth in the gradient.

We will prove existence and regularity of parallel normal frames in case of
vanishing curvature of the normal bundles as well as of critical points of T ŒN�
in the general situation of non-flat normal bundles. Our main intention is to discuss
analytical and geometrical properties of such normal Coulomb frames.

4.2 The Euler–Lagrange Equations

4.2.1 Definition of Normal Coulomb Frames

In this section we derive the Euler–Lagrange equations for T -critical ONF’s N: For
this purpose we first mention that due to do Carmo [36], Chap. 3 we can construct
a family R.w; "/ 2 SO.n/ of rotations for a given skew-symmetric matrix A.w/ 2
C1.B; so.n// by means of the geodesic flow in the manifold SO.n/:

In terms of such rotations we consider variations eN of a given ONF N by
means of

eN�.w; "/ WD
nX

#D1
R#� .w; "/N#.w/; � D 1; : : : ; n:

To be precise, the family of rotations is given by

R.w; "/ D �
R#� .w; "/

�
�;#D1;:::;n 2 C1.B � .�"0;C"0/;SO.n//;

with sufficiently small "0 > 0 such that

R.w; 0/ D E
n ;

@

@"
R.w; 0/ D A.w/ 2 C1.B; so.n//

hold true with the n-dimensional unit matrix E
n: Such a matrix A.w/ is the essential

ingredient for defining the first variation of the functional of total torsion.

Definition 4.1. An ONF N is called critical for the total torsion or shortly a normal
Coulomb frame if and only if the first variation

ıAT ŒN� WD lim
"!0

1

"

˚
T ŒeN� � T ŒN�

�

vanishes w.r.t. all skew-symmetric perturbations A.w/ 2 C1.B; so.n//:
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4.2.2 The First Variation

We want to compute the Euler–Lagrange equations for normal Coulomb frames in
the sense of the foregoing definition.

Proposition 4.1. The ONF N is a normal Coulomb frame for the conformally
parametrized immersion X WB ! R

nC2 if and only if its torsion coefficients solve
the following system of Neumann boundary value problems

div .T #�;1; T
#
�;2/ D 0 in B; .T #�;1; T

#
�;2/ � � D 0 on @B

for all �; # D 1; : : : ; n; where � is the outer unit normal vector along @B:

As already mentioned in the previous chapter, the conservation law structure of these
Euler–Lagrange equations motivated us to use the terminology “Coulomb frame,”
and with this we actually follow a suggestion of Helein [64].

Proof. Use conformal parameters and consider a one-parameter family of rotations

R.w; "/ D �
R#� .w; "/

�
�;#D1;:::;n 2 SO.n/

as above. Expanding around " D 0 yields

R.w; "/ D E
n C "A.w/C o."/:

Applying R.w; "/ to the ONF N gives the new ONF eN in the form

eN� D
nX

#D1
R#�N# D

nX

#D1

˚
ı#� C "A#� C o."/

�
N# D N� C "

nX

#D1
A#�N# C o."/:

Now we compute

eN�;u` D N�;u` C "

nX

#D1

�
A#
�;u`N# C A#�N#;u`

�C o."/

for the derivatives of these new unit normal vectors. Consequently, the new torsion
coefficients can be expanded to

eT !�;` D eN�;u` � eN!

D N�;u` �N! C "

nX

#D1

�
A#
�;u`N# C A#�N#;u`

� �N! C "N�;u` �
nX

#D1
A#!N# C o."/

D T !�;` C "A!
�;u` C "

nX

#D1

˚
A#�T

!
#;` C A#!T

#
�;`

�C o."/;
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and for their squares we infer

.eT !�;`/
2 D .T !�;`/

2 C 2"

�
A!
�;u`T

!
�;` C

nX

#D1

�
A#�T

!
#;`T

!
�;` C A#!T

#
�;`T

!
�;`

�
�

C o."/:

Before we insert this identity into the functional T ŒN� we observe

nX

�;!;#D1

˚
A#�T

!
#;`T

!
�;` CA#!T

#
�;`T

!
�;`

� D
nX

�;!;#D1

˚
A#�T

!
#;`T

!
�;` C A#�T

#
!;`T

�
!;`

�

D 2

nX

�;!;#D1
A#� T

!
#;`T

!
�;` D 0

taking the skew-symmetry of the matrix A.w/ into account. Thus the difference
between T ŒeN� and T ŒN� computes to (note A!

�;u`
T !�;` D A�

!;u`
T �!;`)

T ŒeN� � T ŒN� D 2"

nX

�;!D1

2X

`D1

ZZ

B

A!
�;u`T

!
�;` dudv C o."/

D 4"
X

1��<!�n

ZZ

B

n
A!�;uT

!
�;1 CA!�;vT

!
�;2

o
C o."/

D 4"
X

1��<!�n

Z

@B

A!� .T
!
�;1; T

!
�;2/ � � ds

� 4"
nX

1��<!�n

ZZ

B

A!� div .T !�;1; T
!
�;2/ dudv C o."/:

But A.w/ was chosen arbitrarily which proves the statement. ut

4.2.3 The Integral Functions

Interpreting the Euler–Lagrange equations as integrability conditions, analogously
to the situation considered in Sect. 3.4.2, we find integral functions

�.�#/ 2 Ck�1.B;R/

satisfying

r�.�#/ D � � T #�;2; T #�;1
�

in B for all �; # D 1; : : : ; n;
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using again conformal parameters. The boundary conditions .T #�;1; T
#
�;2/ �� D 0 now

imply
r�.�#/ � .�v; u/ D 0 on @B

with the unit tangent vector .�v; u/ at @B; and we may again choose �.�#/ so that

�.�#/ D 0 on @B for all �; # D 1; : : : ; n:

Note that the matrix .�.�#//�;#D1;:::;n is skew-symmetric.

4.2.4 A Non-linear Elliptic System

With the above integral functions we now define the quantities

ı�.�#/ WD
nX

!D1
det

�
r�.�!/;r�.!#/

�
; �; # D 1; : : : n:

The matrix .ı�.�#//�;#D1;:::;n is also skew-symmetric. The special nature of the
ı�.�#/ will be worked out in following paragraphs.

The aim in this paragraph is to establish an elliptic system with quadratic growth
in the gradient of �.�#/ for normal Coulomb frames.

Proposition 4.2. Let a normal Coulomb frame N for the conformally parametrized
immersion X WB ! R

nC2 be given. Then the integral functions �.�#/ are solutions
of the boundary value problems


�.�#/ D � ı�.�#/ C S#�;12 in B; �.�#/ D 0 on @B ;

where ı�.�#/ grows quadratically in the gradient r�.�#/:
Proof. Choose .�; #/ 2 f1; : : : ; ng � f1; : : : ; ng and recall the identity

S#�;12 D @vT
#
�;1 � @uT

#
�;2 C

nX

!D1

n
T !�;1T

#
!;2 � T !�;2T #!;1

o

for the components of the normal curvature tensor.
Together with r�.�#/ D .�T #�;2; T #�;1/ we arrive at


�.�#/ D @vT
#
�;1 � @uT

#
�;2 D �

nX

!D1

n
T !�;1T

#
!;2 � T !�;2T #!;1

o
C S#�;12

D
nX

!D1

n
�.�!/v �.!#/u � �.�!/u �.!#/v

o
C S#�;12

proving the statement. ut
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4.3 Examples

4.3.1 The Case n D 2

In this case there is only one integral function �.12/ satisfying


�.12/ D S21;12 in B; �.12/ D 0 on @B:

This is exactly the Poisson equation with homogeneous boundary data from
Sect. 3.4.2 where we used the notations � D �.12/ and SW D S21;12:

4.3.2 The Case n D 3

If n D 3 we have three relations


�.12/ D �.13/v �.32/u � �.13/u �.32/v C S21;12 ;


�.13/ D �.12/v �.23/u � �.12/u �.23/v C S31;12 ;


�.23/ D �.21/v �.13/u � �.21/u �.13/v C S32;12 :

Proposition 4.3. Let a conformally parametrized immersion X WB ! R
5 together

with a normal Coulomb frame N be given. Let

T WD .�.12/; � .13/; � .23//; and recall S D 1

W
.S21;12; S

3
1;12; S

3
2;12/

with the normal curvature vector S from Sect. 1.6.7. Then it holds


T D Tu � Tv C SW in B; T D 0 on @B

with the usual vector product � in R
3: Thus, the vector T solves an inhomogeneous

H -surface system with constant mean curvature H D 1
2

and vanishing boundary
data.

Namely, compare it with the mean curvature system in R
3 from Sect. 2.1.3, i.e.

4X D 2HWN in B:

IfX additionally satisfies the conformality relations, then it would actually represent
an immersion with scalar mean curvatureH:

Let us come back to the above differential system. From Wente [122] we infer1

1See also Sect. 4.5.1, and consult Sect. 4.5.3 for a new proof of Wente’s result.
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Proposition 4.4. Let the immersion X WB ! R
5 with flat normal bundle S � 0 be

given. Then it holds T � 0:

In other words: A normal Coulomb frame for an immersion in R
5 is parallel - insofar

it exists at all. The missing existence proof together with classical regularity results
will be discussed later.

4.4 Quadratic Growth in the Gradient

4.4.1 A Grassmann-Type Vector

The latter example gives rise to a final definition of the following vector of
Grassmann type

T WD �
�.�#/

�
1��<#�n 2 R

N ; N WD n

2
.n � 1/:

In our examples above, this vector T works as follows:

T D �.12/ 2 R for n D 2;

T D �
�.12/; � .13/; � .23/

� 2 R
3 for n D 3:

Analogously we define the Grassmann-type vector

ıT WD �
ı�.�#/

�
1��<#�n 2 R

N :

Then the proposition from Sect. 4.2.4 can be rewritten in the form


T D �ıT C SW in B; T D 0 on @B:

From the definition of ıT we immediately obtain

j
Tj � c jrTj2 C jSW j in B

with a suitable real constant c > 0:

4.4.2 A Non-linear System with Quadratic Growth

The exact knowledge of this constant c > 0 will become important later.



82 4 Normal Coulomb Frames in R
nC2

Proposition 4.5. Using conformal parameters .u; v/ 2 B; it holds

j
Tj �
p
n � 2
2

jrTj2 C jSW j in B:

Proof. We already know

j
Tj � jıTj C jSW j in B:

It remains to estimate jıTj appropriately. We begin with computing

jıTj2 D
X

1��<#�n

(
nX

!D1
det

�r�.�!/;r�.!#/�
) 2

� .n � 2/
X

1��<#�n

(
nX

!D1
det
�r�.�!/;r�.!#/�2

)

:

Note that only derivatives of elements of T appear on the right hand side of jıTj2:
Moreover, this right hand side can be estimated by jTu ^ Tvj2 since Tu ^ Tv has
actually more elements.2 Thus using Lagrange’s identity

jX ^ Y j2 D jX j2jY j2 � .X � Y /2 � jX j2jY j2

we can estimate as follows

jıTj2 � .n � 2/jTu ^ Tvj2 � .n � 2/jTuj2jTvj2 :

Taking all together shows

j
Tj � p
n � 2 jTujjTvj C jSW j �

p
n � 2

2
jrTj2 C jSW j

which proves the statement. ut
In the special case n D 2 we immediately verifyf

j
� j � jSW j in B

with the scalar normal curvature S D S:

2In particular, elements of the form det .r� .�!/;r� .!0#//2 appear in jTu ^ Tvj2; but they do not
appear in the right hand side of the inequality.
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4.5 Torsion-Free Normal Frames

4.5.1 The Case n D 3

As we mentioned above, the only solution (with finite Dirichlet energy) of the
elliptic system


T D Tu � Tv in B; T D 0 on @B;

is T � 0; see Wente [122]. This is exactly the situation for conformally parametrized
immersionsX WB ! R

5 with flat normal bundle S D 0:

A proof of Wente’s result would follow from asymptotic expansions of the
solutions T in the interior B and on the boundary @B as we will employ in
Sect. 4.5.4. For such asymptotic expansions we particularly refer to Hartman and
Wintner [59], Heinz [63] or Hildebrandt [66]. But a new and simple proof is
presented as a corollary in paragraph Sect. 4.5.3.

Corollary 4.1. Suppose that the immersion X WB ! R
5 admits a normal Coulomb

frame. Then this frame is free of torsion if and only if the curvature vector S
vanishes identically.

This is a special case of a general result we will discuss in Sect. 4.5.4.

4.5.2 An Auxiliary Function and a New Proof of Wente’s
Result

To handle the general case n � 3 we need some preparations. Let us start with the

Lemma 4.1. Let the conformally parametrized immersion X WB ! R
nC2 together

with a normal Coulomb frame N be given. Assume S D 0: Then the function

˚.w/ D Tw.w/ � Tw.w/ D
X

1��<#�n
�.�#/w �.�#/w

with the complex derivative �w D 1
2
.�u � i�v/ vanishes identically in B:

Proof. We will prove that ˚ solves the boundary value problem

˚w D 0 in B; Im.w2˚/ D 0 on @B:

Then the analytic function 	.w/ WD w2˚.w/ has vanishing imaginary part, and
the Cauchy–Riemann equations imply 	.w/ � c 2 R: The assertion follows then
finally from 	.0/ D 0:
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1. In order to deduce the stated boundary condition, recall that �.�#/ D 0 on @B:
Thus all tangential derivatives vanish identically because

�v�.�#/u C u�.�#/v D �Im.w�.�#/w / D 0 on @B

for all �; # D 1; : : : ; n:

The boundary condition now follows from

Im .w2˚/ D Im
�

w2 Tw � Tw

�
D Im

�
w2

X

1��<#�n
�.�#/w �.�#/w

�

D
X

1��<#�n
Im
n�

w�.�#/w

��
w�.�#/w

�o

D 2
X

1��<#�n
Re
�
w�.�#/w

�
Im
�
w�.�#/w

� D 0

on the boundary @B:
2. Now we show the analyticity of ˚ with the aid of the identities


�.�#/ D 4�
.�#/
ww D �ı�.�#/ :

Interchanging indices cyclically yields

2˚w D 4Tw � Tww D 4
X

1��<#�n
�.�#/w �

.�#/
ww D 1

2

nX

�;#D1
�.�#/w 
�.�#/

D 1

4

nX

�;#;!D1

n
�.�!/v �.!#/u �.�#/u � �.�!/u �.!#/v �.�#/u

o

� i

4

nX

�;#;!D1

n
�.�!/v �.!#/u �.�#/v � �.�!/u �.!#/v �.�#/v

o

D 1

4

nX

�;#;!D1

n
�.!#/v �.#�/u �.!�/u � �.�!/u �.!#/v �.�#/u

o

� i

4

nX

�;#;!D1

n
�.#�/v �.�!/u �.#!/v � �.�!/u �.!#/v �.�#/v

o

which shows ˚w D 0: The proof is complete. ut
This lemma gives us an interesting geometric interpretation of the present situation:
Namely, there hold
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Tw � Tw D 0; or equivalently

Tu � Tu D Tv � Tv ; Tu � Tv D 0 in B:

This means, in other words, that in case S � 0 of flat normal bundle the mapping
T fulfills the conformality relations.

Does this observation implies further consequences? However, it is the key for
our next considerations.

4.5.3 A New Proof of Wente’s Result

But before the following remark is due: As Frank Müller pointed out in his lecture
notes [90], the above proof provides a generalization of Wente’s result from [122].

Corollary 4.2. Let the immersion X solve the mean curvature system

4X D 2HWN D 2HXu �Xv in B

in case n D 1 of one codimension with vanishing boundary data X D 0 on @B and
scalar mean curvatureH 2 C0.B;R/: Then it holdsX � 0 in B:

Sketch of the proof. Let again

˚ WD Xw �Xw D 1

4
.X2

u � X2
v /� i

2
Xu �Xv :

Then we verify

˚w D 1

4
Xu � 4X � i

4
Xv � 4X D 0 in B

as well as

Im .wXw/ D Im .ei'Xw.e
i'// D � 1

2

@

@'
X.ei'/ D 0 on @B:

As in the proof of the previous lemma, we infer

Im .w2˚/ D 0 on @B;

and the statement follows as above. ut
Note that the same is true for immersions with prescribed mean curvature vector
H in the general case n � 1 if we additionally assume the conformality relations
for X , since then it holds
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4X D 2

nX

#D1
H#WN#

as we know from Sect. 2.1.3. Thus, Xu and Xv would again be orthogonal to 4X
as needed in the proof. But the point is that Wente’s result is independent of such a
parametrization.

4.5.4 The Case n > 3

The main result of this section is the

Theorem 4.1. Suppose that the immersion X WB ! R
nC2 admits a normal

Coulomb frame N: Then this frame is free of torsion if and only if the curvature
vector S of its normal bundle vanishes identically.

Proof. Let N be a normal Coulomb frame. If it is free of torsion then S vanishes
identically. So assume conversely S � 0 and let us show that N is free of torsion.
Consider for this purpose the Grassmann-type vectorT from above. Because it holds
Tw � Tw � 0 by the previous lemma, we find (now independently of n)

jTuj D jTvj; Tu � Tv D 0 in B;

i.e. T is a conformally parametrized solution of


T D � ıT in B; T D 0 on @B:

According to the quadratic growth condition

jıTj � cjrTj2

from Sect. 4.4.1, the arguments in Heinz [63] apply3: Assume T 6� const inB . Then
the asymptotic expansion stated in the Satz of Heinz [63] implies that boundary
branch points w0 2 @B with Tu.w0/ D Tv.w0/ D 0 are isolated. But this contradicts
our boundary condition Tj@B D 0: Thus, T � const D 0 which implies �.�#/ � 0

for all �; # D 1; : : : ; n; and the normal Coulomb frame is free of torsion. ut
The existence of torsion-free resp. parallel ONF’s for surfaces with flat normal
bundle is well established in the literature, we refer e.g. to Chen [21]. With the
previous and the following results we provide alternative methods.

3LetX 2 C2.B;Rn/ solve the elliptic system 4X D Hf.X;Xu; Xv/withX2
u D X2

v ; Xu�Xv D 0,
where jf .x; p; q/j � �.jxj/.jpj2 C jqj2/: Then if Xu.w0/ D 0 for some w0 2 @B; but Xu 6� 0;

the following asymptotic expansion Xw.w0/ D a.w�w0/`Co.jw�w0j`/ holds true for w ! w0;
where a 2 C n f0g with a21 C : : :C a2n D 0; and ` 2 N n f0g:
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4.6 Non-flat Normal Bundles

We mainly want to focus on surfaces with non-flat normal bundles, and with normal
Coulomb frames we introduce a concept which replaces parallelism in the normal
bundles if such bundles are curved. We begin with establishing possible upper
bounds for the torsion coefficients of normal Coulomb frames.

4.6.1 An Upper Bound via Wente’s L1-Estimate

Let k � kLp.B/ denote the Lebesgue Lp-norm. We want to prove the

Proposition 4.6. Let N be a normal Coulomb frame for the conformally parame-
trized immersion X: Then the Grassmann-type vector T satisfies

kTkL1.B/ � n � 2
2�

krTk2
L2.B/

C 1

4
kSW kL1.B/ :

Proof. 1. For 1 � � < # � n; ! 2 f1; : : : ; ng with ! 62 f�; #g; and given integral
functions �.�#/ we define the functions y.�#!/ as the unique solutions of


y.�#!/ D � det
�r�.�!/;r�.!#/� in B; y.�#!/ D 0 on @B:

Wente’s L1-estimate from Wente [123] together with Topping [116] then yields
the optimal inequalities4

ky.�#!/kL1.B/ � 1

4�

�
kr�.�!/k2

L2.B/
C kr�.!#/k2

L2.B/

�

for all 1 � � < # � n; ! 62 f�; #g: In addition, we introduce the Grassmann-
type vector Z D .z.�#//1��<#�n as the unique solution of


Z D SW in B; Z D 0 on @B:

We use Poisson’s representation formula and estimate as follows (see e.g. [107])

jZ.w/j D
ˇ
ˇ
ˇ̌
ˇ
ˇ

ZZ

B

˚.�I w/S.�/W.�/ d
d�

ˇ
ˇ
ˇ̌
ˇ
ˇ

� kSW kL1.B/

ZZ

B

˚.�I w/ d
d�

4In 1980 H. Wente proved: Let ˚ 2 C0.B;R/ \ H1;2.B;R/ solve 
˚ D �.fugv �
fvgu/ in B with ˚ D 0 on @˝ and f; g 2 H1;2.B;R/; then k˚kL1.B/ C kr˚kL2.B/ �
Ckrf kL2.B/krgkL2.B/ : Following Topping [116] we may set C

2
D 1

4�
after applying Hölder’s

inequality.
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setting � D .
; �/; which leads us to

jZ.w/j � 1

4
kSW kL1.B/

with the Green function �.�I w/ for
 in BI see e.g. Sect. 3.4.2 where we proved

ZZ

B

˚.�I w/ d
d� � 1

4
:

2. Now recall that


�.�#/ D �
nX

!D1
det .r�.�!/;r�.!#//C S#�;12 D

nX

!D1

y.�#!/ C
z.�#/ :

Taking account of the unique solvability of the above mentioned Dirichlet
problems with vanishing boundary data, the maximum principle yields

�.�#/ D
X

! 62f�;#g
y.�#!/ C z.�#/; 1 � � < # � n:

Now we collect all the estimates obtained and get (we rearrange the summations
and redefine some indices of the sums)

kTkL1.B/ �
X

1��<#�n

X

! 62f�;#g
ky.�#!/kL1.B/ C kZkL1.B/

� 1

4�

X

1��<#�n

X

! 62f�;#g

�
kr�.�!/k2

L2.B/
C kr�.!#/k2

L2.B/

�

C 1

4
kSW kL1.B/

D 1

4�

(
X

1�!<�<#�n

�
kr�.�!/k2

L2.B/
C kr�.!#/k2

L2.B/

�

C
X

1��<!<#�n

�
kr�.�!/k2

L2.B/
C kr�.!#/k2

L2.B/

�

C
X

1��<#<!�n

�
kr�.�!/k2

L2.B/
C kr�.#!/k2

L2.B/

�
)

C 1

4
kSW kL1.B/
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D 1

2�

X

1��<#�n

X

! 62f�;#g
kr�.�#/k2

L2.B/
C 1

4
kSW kL1.B/

D n � 2

2�
krTk2

L2.B/
C 1

4
kSW kL1.B/ :

This proves the statement. ut
The dependence on the total torsion krTk2

L2.B/
has an unpleasant effect for higher

codimensions n > 2: We do not know how we could get rid of this.

4.6.2 An Estimate for the Torsion Coefficients

We are now in the position to prove our main result of this section.

Theorem 4.2. Let N be a normal Coulomb frame for the conformally parametrized
immersion X WB ! R

nC2 with total torsion T ŒN� and given kSW kL1.B/: Assume
that the smallness condition

p
n � 2

2

�
n � 2
2�

T ŒN�C 1

4
kSW kL1.B/

�
< 1

is satisfied.
Then the torsion coefficients of N can be estimated by

kT #�;ikL1.B/ � c; i D 1; 2; 1 � � < # � n;

with a non-negative constant c D c.n; kSW kL1.B/;T ŒN�/ < C1.

Proof. From Sects. 4.4.2 and 4.6.1 we have the following elliptic system

j
Tj �
p
n � 2
2

jrTj2 C jSW j in B; T D 0 on @B;

kTkL1.B/ � n � 2
2�

krTk2
L2.B/

C 1

4
kSW kL1.B/ � M 2 Œ0;C1/ :

The smallness condition ensures that we can apply Heinz’s global gradient estimate
from Theorem 1 in [107], Chap. XII, Sect. 3, obtaining krTk1 � c.5 This in turn
yields the desired estimate. ut

5This theorem states: Let X 2 C2.B;RnC2/ be a solution of the elliptic system j
X j �
ajrX j2 C b in B with X D 0 on @B and kXkL1.B/ � M: Assume aM < 1: Then there is
a constant c D c.a; b;M; ˛/ such that kXkC1C˛ .B/ � c.a; b;M; ˛/:
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It remains open to prove global pointwise estimates for the torsion coefficients
without the smallness condition. As mentioned above, we would particularly like
to get rid of the a priori dependence of T ŒN�:

4.7 Bounds for the Total Torsion

4.7.1 Upper Bounds

From the torsion estimates above we can easily infer upper bounds for the functional
of total torsion

T ŒN� D 2
X

1��<#�n

ZZ

B

n
.T #�;1/

2 C .T #�;2/
2
o
dudv

for normal Coulomb frames N: For example, the previous theorem yields an
estimate of the form

T ŒN� � 2
X

1��<#�n

ZZ

B

n
kT #�;1k2L1.B/ C kT #�;2k2L1.B/

o
dudv

DW C.n; kSW kL1.B/;T ŒN�/

but it remains to solve this inequality for T ŒN�: Thus, let us mention briefly a second
way which works for small solutions T W
Multiplying


T D �ıT C SW

by T and integrating by parts yields

Proposition 4.7. For small solutions kTkL1.B/ <
2p
n�2 it holds

T ŒN� D 2krTk2
L2.B/

� 4kTkL1.B/kSW kL1.B/
2 � p

n � 2kTkL1.B/

:

The reader is referred to Sauvigny [107] where such small solutions of non-linear
elliptic systems are constructed. Let us emphasize that the case nD 2 is much
easier to handle: The classical maximum principle controls kTkL1.B/ in terms of
kSW kL1.B/; and no smallness condition is needed to bound the functional of total
torsion.
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4.7.2 A Lower Bound

We want to establish a lower bound for the functional of total torsion.

Proposition 4.8. Let N be a normal Coulomb frame for the conformally parame-
trized immersion X: Assume that the curvature vector of its normal bundle satisfies
S 6� 0 and krSkL2.B/ > 0: Then it holds

T ŒN��
 p

n � 2 kSkL1.B/ C
kSk2

L2.B/

.1 � �/2S2ŒX IB��C
2krSk2

L2.B/

S2ŒX IB��

!�1
S2ŒX IB��

with the functional
S2ŒX IB�� WD

ZZ

B�

jSj2W dudv;

and where the radius � 2 .0; 1/ is chosen such that S2ŒX IB�� > 0:
Proof. 1. Because of S 6D 0 there exists a � D �.S/ 2 .0; 1/ with the property

S2ŒX IB�.S/� > 0; and this � D �.S/ serves as the radius � from our
assumption. Now we choose a test function � 2 C0.B;R/ \ H

1;2
0 .B;R/ with

the properties

� 2 Œ0; 1� in B; � D 1 in B� ; jr�j � 1

1 � � in B:

Multiplying
T D �ıT C SW by .�S/ and integrating by parts yields

ZZ

B

rT � r.�S/ dudv D
ZZ

B

� ıT � S dudv �
ZZ

B

� jSj2W dudv:

Taking

jıTj � p
n � 2 jTujjTvj �

p
n � 2
2

jrTj2

from Sect. 4.4.2 into account, we estimate as follows
ZZ

B�

jSj2W dudv �
ZZ

B

� jSj2W dudv

�
ZZ

B

�
ˇ
ˇıT � Sˇˇ dudv C

ZZ

B

ˇ
ˇrT � r.�S/ˇˇdudv

� kSkL1.B/

ZZ

B

� jıTj dudv C
ZZ

B

jr�j jSj jrTj dudv

C
ZZ

B

� jrSj jrTj dudv
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�
p
n � 2

2
kSkL1.B/

ZZ

B

jrTj2 dudv

C "

2

ZZ

B

jSj2 dudv C 1

2".1� �/2

ZZ

B

jrTj2 dudv

C ı

2

ZZ

B

jrSj2 dudv C 1

2ı

ZZ

B

jrTj2 dudv

with arbitrary real numbers "; ı > 0. Summarizing we arrive at

S2ŒX IB�� �
 p

n � 2

2
kSkL1.B/ C 1

2".1� �/2
C 1

2ı

!

krTk2
L2.B/

C "

2
kSk2

L2.B/
C ı

2
krSk2

L2.B/
:

2. Now we choose " WD 1

kSk2
L2.B/

S2ŒX IB�� > 0: Rearranging for S2ŒX IB�� gives

S2ŒX IB�� �
 p

n � 2 kSkL1.B/ C
kSk2

L2.B/

.1 � �/2S2ŒX IB�� C 1

ı

!

krTk2
L2.B/

C ıkrSk2
L2.B/

:

And since krSkL2.B/ > 0 we can insert ı WD 1
2

krSk�2
L2.B/

S2ŒX IB�� to get

S2ŒX IB�� � 2�krTk2
L2.B/

setting � WD p
n � 2 kSkL1.B/ C

kSk2
L2.B/

.1 � �/2S ŒX IB�� C
2krSk2

L2.B/

S2ŒX IB�� :

Together with T ŒN� D 2krTk2
L2.B/

we arrive at the stated estimate. ut

4.8 Existence and Regularity of Weak Normal Coulomb
Frames

4.8.1 The Dirichlet Problem for the Poisson Equation

To introduce the function spaces coming next into play we consider the Dirichlet
boundary value problem
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�.u; v/ D r.u; v/ in B; �.u; v/ D 0 on @B: .DP/

Let us abbreviate this problem by (DP).

4.8.2 Schauder Estimates

Assume that r 2 C˛.B;R/ holds true for the right hand side r: The classical
potential theory shows that there exits a solution � of (DP) which satisfies the
following estimates

k�kC1.B/ � c1krkC0.B/
or, if one wants to establish higher regularity,

k�kC2.B/ � c2.˛/krkC˛.B/ :

The constants c1; c2 2 Œ0;1/ depend on the domain B; while c2 additionally
depends on the Hölder exponent ˛ 2 .0; 1/: We refer e.g. to Gilbarg and Trudinger
[53], Kalf, Kriecherbauer and Wienholtz [77], or Sauvigny [107].

4.8.3 Lp-Estimates

Now let r 2 L2.B;R/: Then a weak solution � 2 H1;2.B;R/ of (DP) is of class
H2;2.B;R/; and it holds the a priori estimate

k�kH2;2.B/ � C
�k�kH1;2.B/ C krkL2.B/

�
:

In particular, if r 2 Hm�2;2.B;R/ for the right hand side, we have higher regularity

k�kHm;2.B/ � C
�k�kH1;2.B/ C krkHm�2;2.B/

�
:

For detailed considerations we refer the reader to Dobrowolski [37], Satz 7.4,
Gilbarg and Trudinger [53], or Sauvigny [107].

Note that we must require r 2 L2.B;R/ to infer higher regularity � 2 C0.B;R/

becauseH2;2.B;R/ is continuously embedded in C0.B;R/ by Sobolev’s theorem.
But if only, on the other hand, r 2L1.B;R/; then a weak solution � 2 H1;2.B;R/

of (DP) satisfies a priori

k�kLq.B/ � CkrkL1.B/ for all 1 � q < 1 ;

kr�kLp.B/ � CkrkL1.B/ for all 1 � p < 2:
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A function � 2 H1;2.B;R/ is not necessarily continuous, or, in other words,
a right hand side r 2 L1.B;R/ is too weak for a good regularity theory for our
purposes.

4.8.4 Wente’s L1-Estimate

The situation changes dramatically if the right hand side r possesses a certain
algebraic structure. Namely, assume that

r D @a

@u

@b

@v
� @a

@v

@b

@u
.RHS/

with functions a; b 2 H1;2.B;R/: Then it holds again r 2 L1.B;R/; but a solution
� 2 H1;2.B;R/ is actually of class C0.B;R/ and satisfies Wente’s L1-estimate

k�kL1.B/ C kr�kL2.B/ � 1

4�
krakL2.B/krbkL2.B/ I

see Helein [64], or the original approach of Wente [123].
We already used this inequality in Sect. 4.6.1 for establishing an upper bound for

the total torsion of a normal Coulomb frame.
The idea of the proof of Wente’s inequality follows from an ingenious partial

integration of the right hand side r which is actually given in curl-form, and using
the conformal invariance of the differential equation. An approximation of a and b
by smooth functions an; bn forming a Cauchy sequence with continuous limit would
complete the proof.

4.8.5 Hardy Spaces

Wente’s discovery can be considered as the starting point of the modern harmonic
analysis. Its general framework is the concept of Hardy and Lorentz spaces.

From Helein [64] we will quote two definitions of Hardy spaces leading to equiv-
alent formulations of the theory. For profound and comprehensive presentations of
the underlying ideas and methods of harmonic analysis we refer to Moser [89] and
Stein [114]; see also the recent paper of Sharp and Topping [112]. Finally we refer
to Duren [39] for the classical theory of Hardy spaces in complex analysis.

Definition 4.2. (Tempered-distribution definition)
Let 	 2 C1

0 .R
m/ such that

Z

Rm

	.x/ dx D 1:
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For each " > 0 we set

	".x/ D 1

"m
	."�1x/;

and for � 2 L1.Rm/ we define

��.x/ D sup
">0

j.	" ? �/.x/j:

Then � belongs to the Hardy space H 1.Rm/ if and only if �� 2 L1.Rm/ with norm

k�kH 1.Rm/ D k�kL1.Rm/ C k��kL1.Rm/ :

Definition 4.3. (Riesz–Fourier-transform definition)
For any function � 2 L1.Rm/ we denote by R˛� the function defined by

F .R˛�/ D 
˛

j
j F .�/.
/

with the �-Fourier transform

F .�/.
/ D 1

.2�/
m
2

Z

Rm

e�ix�
�.x/ dx:

Then � belongs to the Hardy space H 1.Rm/ if and only if

R˛� 2 L1.Rm/ for all ˛ D 1; : : : ; m

with the norm

k�kH 1.Rm/ D k�kL1.Rm/ C
mX

˛D1
kR˛�kL1.Rm/ :

Consider again our Dirichlet problem (DP) with (RHS): Let a; b 2 H1;2.B;R/; and
denote by a 7!ba and b 7!bb its extensions in H1;2 to the whole space R

2 such that
these mappings are continuous from H1;2.B;R/ to H1;2.R2;R/: Then, referring
again to Helein [64], it holds r 2 H 1.R2/:

4.8.6 Lorentz Interpolation Spaces

Thus, this latter fact becomes especially important when we consider solutions � of
(DP) together with the special right hand side (RHS).
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Definition 4.4. Let ˝ � R
m be open, and let p 2 .1;C1/ and q 2 Œ1;C1�: The

Lorentz space L.p;q/.˝/ is the set of measurable functions �W˝ ! R such that

kf kL.p;q/ WD
0

@
1Z

0

˚
t
1
p ��.t/

�q dt
t

1

A

1
q

< 1 if q < C1

or kf kL.p;q/ WD sup
t>0

t
1
p ��.t/ < 1 if q D C1: Here �� denotes the unique non-

increasing rearrangement of j�j on Œ0;meas˝�:

Lorentz spaces are Banach spaces with a suitable norm. They may be considered as
a deformation of Lp: Notice that (see [64], Sect. 3.3)

L.p;p/.B/ D Lp.B/ ; L.p;1/.B/ � L.p;q
0/.B/ � L.p;q

00/.B/ � L.p;1/.B/

for 1 < q0 < q00: Then:

(a) If � 2 H1;2.B;R/ solves (DP), (RHS) with r 2 H 1.R2/ then @�

@x
;
@�

@y
2

L.2;1/.B/:

(b) In this situation we have � 2 C0.B;R/:

4.8.7 The General Regularity Result

Summarizing we can state the following regularity result, taken from Helein [64],
Chap. 3, Sect. 3.3.

Proposition 4.9. Let � 2 H1;2.B;R/ solve (DP) with a right hand side r given as
in (RHS) with a; b 2 H1;2.B;R/: Then @�

@u ;
@�

@v 2 L.2;1/.B/; and it particularly holds
� 2 C0.B;R/:

4.8.8 Existence of Weak Normal Coulomb Frames

In case n D 2 we constructed critical points of the functional T ŒN� of total
torsion by solving the Euler–Lagrange equation directly and verified their minimum
character. Now, in the general situation, we construct critical points by means of
direct methods of the calculus of variations. We start with the following

Definition 4.5. Let m 2 N; m � 2: For two matrices A;B 2 R
m�m we define their

inner product

hA;Bi WD trace .A ı Bt / D
mX

�;#D1
A#�B

#
�



4.8 Existence and Regularity of Weak Normal Coulomb Frames 97

as well as the associated norm

jAj WD
p

hA;Ai D
vuu
t

mX

�;#D1
.A#� /

2 :

Helein proved in [64], Lemma 4.1.3, existence of weak Coulomb frames in the
tangent bundle of surfaces. We want to carry out his arguments and adapt his
methods to construct weak normal Coulomb frames in our situation. Additionally
we want to present a method to establish classical regularity of such ONF’s.

In the following we always use conformal parameters .u; v/ 2 B:
Proposition 4.10. There exists a weak normal Coulomb frame

N 2 H1;2.B/ \ L1.B/

minimizing the functional T ŒN� of total torsion in the set of all weak ONF’s of class
H1;2.B/ \L1.B/.

Proof. We fix6 some ONF eN2Ck�1;˛.B/ and interpret T ŒN� as a functional F .R/
of SO.n/-regular rotations

R D .R#� /�;#D1;:::;n 2 H1;2.B; SO.n//

by setting

F .R/ D
nX

�;#D1

2X

iD1

ZZ

B

.T #�;i /
2 dudv D

ZZ

B

�jT1j2 C jT2j2
�
dudv

where Ti D .T #�;i /�;#D1;:::;n (see Sect. 1.6.5) and

N� WD
nX

#D1
R#�
eN# ; � D 1; : : : ; n:

Choose a minimizing sequence

`R D .`R#� /�;#D1;:::;n 2 H1;2.B; SO.n//

and define

`N� WD
nX

#D1
`R#�

eN# :

6Note that now we start fromeN and transform into N:
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As in Sect. 1.6.5 we find7

`Ti D `Rui ı `Rt C `R ıeTi ı `Rt

which implies

`Ti ı `Tti D .`Rui ı `Rt C `R ıeTi ı `Rt / ı .`R ı `Rt
ui C `R ıeTti ı `Rt /

D `Rui ı `Rt
ui C `R ıeTi ı `Rt

ui C `Rui ıeTti ı `Rt C `R ıeTi ıeTti ı `Rt :

In particular, we conclude

trace .`Ti ı `Tti / D trace .`Rui ı `Rt
ui /C 2 trace .`R ıeTi ı `Rt

ui /C trace .eTi ıeTti /;

or using our notion of a matrix norm

j`Ti j2 D j`Rui j2 C 2h`R ıeTi ; `Rui i C jeTi j2 : (4.1)

Furthermore, taking j`R ıeTi j D jeTi j into account, we arrive at the estimate

j`Ti j2 � �jeTi j � j`Rui j
�2

a.e. on B for all ` 2 N:

Now because theeTi are bounded inL2.B;Rn�n/; and since `R is minimizing for F ,
the sequences `Ti are also bounded in L2.B;Rn�n/: Thus, the `Rui form bounded
sequences in L2.B;Rn�n/ in accordance with the last inequality. By Hilbert’s
selection theorem and Rellich’s embedding theorem we find a subsequence, again
denoted by `R, which converges as follows:

`Rui * Rui weakly in L2.B;Rn�n/; `R ! R strongly in L2.B; SO.n//

with some R 2 H1;2.B; SO.n//. In particular, going if necessary to a subsequence,
we have `R ! R a.e. on B as well as

lim
`!1

ZZ

B

j`R ıeTi � R ıeTi j2 dudv D 0

according to the dominated convergence theorem. Hence we compute in the limit

7Note that the proof of this identity remains true for R 2 H2;1.B; SO.n//\H1;2.B; SO.n//:
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lim
`!1

ZZ

B

h`R ıeTi ; `Rui i dudv

D lim
`!1

 ZZ

B

h`R ıeTi � R ıeTi ; `Rui i dudv C
ZZ

B

hR ıeTi ; `Rui i dudv

!

D
ZZ

B

hR ıeTi ;Rui i dudv:

In addition, we obtain

lim
`!1

ZZ

B

j`Rui j2 dudv �
ZZ

B

jRui j2 dudv

due to the semicontinuity of the L2-norm w.r.t. weak convergence. Putting the last
two relations into the identity

j`Ti j2 D j`Rui j2 C 2h`R ıeTi ; `Rui i C jeTi j2

we finally infer

lim
`!1 F .`R/ D lim

`!1

ZZ

B

�j`T1j2 C j`T2j2
�
dudv

�
ZZ

B

�jRuj2 C jRvj2
�
dudv C 2

ZZ

B

�hR ıeT1;Rui

ChR ıeT2;Rvi
�
dudv C

ZZ

B

�jeT1j2 C jeT2j2
�
dudv

D
ZZ

B

�jT1j2 C jT2j2
�
dudv

D F .R/

where Ti D .T #�;i /�;#D1;:::;n denote the torsion coefficients of the ONF N with entries

N� WD
nX

#D1
R#�
eN# :

Consequently, N 2 H1;2.B/ \ L1.B/ minimizes T ŒN� and, in particular, it
represents a weak normal Coulomb frame. ut
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4.8.9 H
2;1

loc
-Regularity of Weak Normal Coulomb Frames

To prove higher regularity of normal Coulomb frames we make essential use of
techniques from harmonic analysis. Consult eventually our foregoing brief overview
from Sects. 4.8.1 to 4.8.7 and the references we gave there. Recall that we always
use conformal parameters .u; v/ 2 B:
Proposition 4.11. A weak normal Coulomb frame N 2 H1;2.B/\L1.B/ belongs
to the regularity class H2;1

loc .B/.

Proof. 1. The torsion coefficients T #�;i of the normal Coulomb frame N are weak
solutions of the Euler–Lagrange equations

div .T #�;1; T
#
�;2/ D 0 in B

for all �; # D 1; : : : ; n: Hence, by a weak version of Poincare’s lemma (see
e.g. [13], Lemma 3), there exist integral functions �.�#/ 2 H1;2.B;R/ satisfying

@u�
.�#/ D �T #�;2 ; @v�

.�#/ D T #�;1 in B

in weak sense.
Thus, the weak form of the Euler–Lagrange equations can be rewritten as

0 D
ZZ

B

˚
'u@v�

.�#/ � 'v@u�
.�#/

�
dudv D

Z

@B

�.�#/
@'

@t
ds; ' 2 C1.B;R/;

where @'

@t
denotes the tangential derivative of ' along @B: Note that �.�#/j@B

means the L2-trace of �.�#/ on the boundary curve @B (see e.g. the textbook Alt
[2], Chap. 6, Appendix A6.6).8 Consequently, the lemma of DuBois–Reymond9

yields �.�#/ � const on @B , and by an ordinary translation we arrive at the
boundary conditions

�.�#/ D 0 on @B:

2. Thus, the integral functions �.�#/ are weak solutions of the second-order system


�.�#/ D �@uT
#
�;2 C @vT

#
�;1 D �N�;v �N#;u CN�;u �N#;v in B

8Let 1 � p � 1: Then there is a uniquely determined map S WH1;p.B/ ! Lp.@B/ such that
kS.�/kLp.@B/ � Ck�kH1;2.B/:Additionally, it holds S.�/ D �

ˇ̌
@B

if � 2 H1;2.B;R/\C0.B;R/.
The map S is called the trace mapping.
9Its one-dimensional version is the following: Let f 2 L1.Œa; b�;R/ and

R b
a f .x/'

0.x/ dx D 0

for all ' 2 C1.Œa; b�;R/: Then f � const almost everywhere.
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where the second identity follows by direct differentiation. By a result of
Coifman et al. [26],10 the right-hand side of this div-curl type equation belongs
to the Hardy space H 1

loc.B/ and, hence, the �.�#/ belong to H2;1
loc .B;R/ by

Fefferman and Stein [45].11 Consequently we find

T #�;i 2 H1;1
loc .B;R/ \L2.B;R/:

We next employ the Weingarten equations

N�;ui D �
2X

j;kD1
L�;ij g

jk Xuk C
nX

#D1
T #�;iN#

in a weak form. For the coefficients of the second fundamental form we have
L�;ij D N� � Xuiuj which leads us to L�;ij 2 H1;2.B;R/ taking Xui uj 2
L1.B;RnC2/ and N 2 H1;2.B/ \L1.B/ into account. Hence we arrive at

N�;ui 2 H1;1
loc .B;R

nC2/ and N 2 H2;1
loc .B/

for our weak normal Coulomb frame.
Notice that T #�;i 2 H

1;1
loc .B;R/ \ L2.B;R/ and N# 2 H1;2.B;RnC2/ \

L1.B;RnC2/ imply
Pn

#D1 T #�;iN# 2H1;1
loc .B;R

nC2/ by a careful adaption of the
classical product rule in Sobolev spaces which is explained in the lemma below.
Modulo this property the statement is proved. ut

So let us come to the following lemma to complete the proof.

Lemma 4.2. It holds
nX

#D1
T #�;iN# 2 H1;1.B;RnC2/:

Proof. It holds T #�;iN# 2 L2.B;RnC2/ since T #�;i 2 L2.B;R/ and N# 2
L1.B;RnC2/: We show that T #�;iN# has a weak derivative, i.e. we prove that

T #�;i @uj N# CN#@uj T
#
�;i 2 L1.B;RnC2/

is the weak derivative of T #�;iN#: In other words

10Let � 2 H1;2.R2;R/: Then f WD det .r�/ 2 H 1.R2/; where kf kH 1.R2/ � Ck�kH1;2.R2/ I
see Sect. 4.8.5 above.
11Let � 2 L1.R2;R/ be a solution of �
� D f 2 H 1.R2/: Then all second derivatives of �
belong to L1.R2;R/; and it holds k�x˛xˇkL1.Rm/ � Ckf kL1.Rm/ for all ˛; ˇ D 1; 2:
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ZZ

B

.T #�;i @uj N# CN#@uj T
#
�;i /' dudv D �

ZZ

B

.T #�;iN#/'uj dudv

for all ' 2 C1
0 .B;R/: For such a test function ' define

 D T #�;i' 2 H1;1
0 .B;R/\ L2.B;R/:

We want to verify

ZZ

B

N#;uj  dudv D �
ZZ

B

N# uj dudv:

For the proof we approximate  with smooth functions  " 2 C1
0 .B;R/ in the

sense of Friedrichs. Then  " !  in H1;1.B;R/ \ L2.B;R/; and  D 0 outside
some compact set K �� B: We now estimate as follows

ˇ̌
ˇ
ˇ
ˇ
ˇ

ZZ

B

.N#;uj  CN# uj / dudv

ˇ̌
ˇ
ˇ
ˇ
ˇ

D
ˇ̌
ˇ
ˇ
ˇ
ˇ

ZZ

B

.N#;uj  
" CN# 

"
uj / dudv

ˇ̌
ˇ
ˇ
ˇ
ˇ
C
ˇ̌
ˇ
ˇ
ˇ
ˇ

ZZ

B

N#;uj . �  "/ dudv

ˇ̌
ˇ
ˇ
ˇ
ˇ

C
ˇ̌
ˇ
ˇ
ˇ
ˇ

ZZ

B

N#. 
"
uj �  uj / dudv

ˇ̌
ˇ
ˇ
ˇ
ˇ

� kN#;uj kL2.B/k �  "kL2.B/ C kN#kL1.B/k "uj �  uj kL1.B/
taking ZZ

B

N#;uj  
" dudv D �

ZZ

B

N# 
"
uj dudv

into account. Because k �  "kL2.B/ ! 0 and k "
uj

�  uj kL1.B/ ! 0 for " ! 0

we arrive at the identity stated above. Now we use the product rule and calculate

ZZ

B

.T #�;iN#;uj CN#@uj T
#
�;i /' dudv

D
ZZ

B

N#;uj  dudv C
ZZ

B

N#@uj T
#
�;i ' dudv
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D �
ZZ

B

.T #�;i'/uj N# dudv C
ZZ

B

N#@uj T
#
�;i ' dudv

D �
ZZ

B

@uj T
#
�;iN#' dudv �

ZZ

B

T #�;i 'uj N dudvC
ZZ

B

N#@uj T
#
�;i' dudv

D �
ZZ

B

.T #�;iN#/'uj dudv:

This proves the lemma. ut

4.9 Classical Regularity of Normal Coulomb Frames

Our main result of this chapter is the proof of classical regularity of normal Coulomb
frames. An essential tool on our road to regularity are again the Weingarten
equations from the first chapter.

We present the next proof without giving detailed references.

Theorem 4.3. For a conformally parametrized immersion X 2 Ck;˛.B;RnC2/
with k � 4 and ˛ 2 .0; 1/ there exists a normal Coulomb frame

N 2 Ck�1;˛.B/

minimizing T ŒN�:

Proof. 1. We fix some ONF eN 2 Ck�1;˛.B/ and construct a weak normal Coulomb
frame N 2 W 1;2.B/ \ L1.B/: We then know N 2 H2;1

loc .B/: Defining the
orthogonal mapping R D .R#� /�;#D1;:::;n by R#� WD N� � eN# we thus find

N� D
nX

#D1
R#�
eN# and R 2 H2;1

loc .B; SO.n// \H1;2.B; SO.n//:

In particular, we can assign a curvature tensor (in matrix form)

S12 D �
S#�;12

�
�;#D1;:::;n 2 L1loc.B;Rn�n/

to N by formula

S#�;12 D @vT
2
�;1 � @uT

#
�;2 C

nX

!D1
.T !�;1T

#
!;2 � T !�;2T

#
!;1/:

Moreover, from Sect. 1.6.5 we infer S12 2 L1.B;Rn�n/:
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2. Introduce the matrix � D �
�.�#/

�
�;#D1;:::;n 2 H1;2.B;Rn�n/ by

@u�
.�#/ D �T #�;2 ; @v�

.�#/ D T #�;1 in B;
�.�#/ D 0 on @B:

Then the definition of the normal curvature tensor gives us the non-linear system


�#� D �
nX

!D1
.@u�

.�!/@v�
.!#/ � @v�

.�!/@u�
.!#//C S#�;12

in B together with �.�#/ D 0 on @B: On account of S12 D .S#�;12/�;#D1;:::;n 2
L1.B;Rn�n/; a part of Wente’s inequality yields � 2C0.B;Rn�n/; see e.g.
Brezis and Coron [15]; compare also Rivière [98] and the corresponding bound-
ary regularity theorem in Müller and Schikorra [91] for more general results. By
appropriate reflection of � and S12 (the reflected quantities are again denoted by �
and S12) we obtain a weak solution � 2 W 1;2.B1Cd ;Rn�n/\C0.B1Cd ;Rn�n/ of


� D f .w;r�/ in B1Cd WD fw 2 R
2 W jwj < 1C d g

with some d > 0 and a right-hand side f satisfying

jf .w; p/j � ajpj2 C b for all p 2 R
2n2 ; w 2 B1Cd ;

with some reals a; b > 0: Now, applying Tomi’s regularity result from [115]
for weak solutions of this non-linear system possessing small variation locally in
B1Cd , we find � 2 C1;�.B;Rn�n/ for any � 2 .0; 1/ (notice that Tomi’s result
applies for such systems with b D 0; but his proof can easily be adapted to our
inhomogeneous case b > 0).

3. From the first-order system for �.�#/ we infer Ti 2 C˛.B;Rn�n/: Thus, the
Weingarten equations for N�;ui yield

N 2 W 1;1.B/

on account of N 2 L1.B/; and we obtain from Sobolev’s embedding theorem

N 2 C˛.B/:

Inserting this again into the Weingarten equations, we find

N 2 C1;˛.B/:



4.9 Classical Regularity of Normal Coulomb Frames 105

Hence, we can conclude R D .N� � eN#/�;#D1;:::;n 2 C1;˛.B;Rn�n/; and the
transformation rule S12 D R ıeS12 ı Rt from Sect. 1.6.5 implies

S12 D �
S#�;12

�
�;#D1;:::;n 2 C˛.B;Rn�n/

Now the right-hand side of the equation for 
�.�#/ belongs to C˛.B;R/; and
potential theoretic estimates ensure � 2 C2;˛.B;Rn�n/. Involving again our first-
order system for the �.�#/ gives Ti 2 C1;˛.B;Rn�n/; which proves

N 2 C2;˛.B/

using the Weingarten equations once more. Finally, for k� 4, we can bootstrap
by concluding R 2 C2;˛.B;Rn�n/ and S12 2 C1;˛.B;Rn�n/ from the
transformation rule for S12 and repeating the arguments above.
The proof is complete. ut
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Math. Z. 12, 154–160 (1922)
125. T.J. Willmore, Riemannian Geometry (Oxford Science Publications, Clarendon Press,

Oxford, 1993)
126. W. Wirtinger, Eine Determinantenidentität und ihre Anwendung auf analytische Gebilde und

Hermitesche Massbestimmung. Monatsh. Math. Phys. 44, 343–365 (1936)
127. Y.L. Xin, Curvature estimates for submanifolds with prescribed Gauss image and mean

curvature. Calc. Var. 37, 385–405 (2010)
128. B. Zwiebach, A First Course in String Theory (Cambridge University Press, Cambridge,

2004)



List of Names

Alt, W., 100
Andrews, B., 10

Baker, C., 10
Barbosa, J.L., 46, 52
Begehr, H.W., 66
Bergner, M., 27, 46–48
Bernstein, S., 41
Bers, L., 66
Blaschke, W., 11, 13, 49
Bourgain, J., 100
Brakke, K., 38
Brezis, H., 100, 104
Buchanan, J.L., 29
Burchard, A., 9, 54

Cartan, H., 24
Chen, B.-Y., 5, 33, 86
Chern, S.S., 7
Cheshkova, M.A., 59
Coifman, R., 101
Colding, T.H., 32
Coron, J.M., 104
Courant, R., 8, 32, 61, 62, 66

da Costa, R.C.T., 58
Dall’Acqua, A., 38
Deckelnick, K., 38
Dierkes, U., 8, 32, 36
Dirac, P.M., 58
do Carmo, M., 46, 52, 56, 76
Dobrowolski, M., 93
Dorn, H., 58

Duren, P., 41, 43, 94

Ecker, K., 10, 52
Eschenburg, J., 32, 46

Fefferman, C., 101
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