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Preface

The underlying motivation for this book is the study of the algebraic homotopy
theory of nonsimply connected spaces; in the first instance, the algebraic classifica-
tion of certain finite dimensional geometric complexes with nontrivial fundamental
group G; more specifically, directed towards two basic problems, the D(2) and R(2)
problems explained below.

The author’s earlier book [52] demonstrated the equivalence of these two prob-
lems and developed algebraic techniques which were effective enough to solve them
for some finite fundamental groups ([52], Chap. 12). However the theory developed
there breaks down at a number of crucial points when the fundamental group G
becomes infinite. In order to consider these problems for general finitely presented
fundamental groups the foundations must first be re-built ab initio; in large part the
aim of the present monograph is to do precisely that.

The R(2)-D(2) Problem Having specified the fundamental group, the types
of complex we aim to study are, from the point of view of homotopy theory,
the simplest finite dimensional complexes which can then be envisaged; namely
n-dimensional complexes X with n > 2 which satisfy

n,()?):O forr <n, (%)

where X is the universal cover of X. These restrictions alone are not sufficient to
specify the next homotopy group 7,(X); nor, however, is the choice of 7,(X) en-
tirely arbitrary. We shall explain in detail throughout the book how to parametrize
the possible choices for 7, (X) as a module over the group ring Z[G] and the extent
to which an admissible choice determines the homotopy type of X.

Given a complex X as above we can construct the cellular chain complex

s Op—1 3 0
Cn—n>C,1_1 5 -~-—>C1—>C0,
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where C, = H, ()~(’, )?’_1; Z) is a free Z[G]-module with basis the r-cells of X. By
the Hurewicz theorem, the conditions () above force

Z r=0,
H.(C,)=10 1<r<n,
7, (X) r=n,

so that we may extend the above chain complex to an exact sequence

- 5 O :
C.X)=0—>m,X)>C A, ™. Bl o>z 0).

By an algebraic n-complex over Z[G] we mean an exact sequence of Z[G]-modules

3n an—l 32 31
Ay =0—>J—>A, > A, 1 > - —>A1 > A)—>Z—0)

in which each A, is finitely generated and free over Z[G]. An algebraic n-complex
Ay is said to be geometrically realizable when there exists a geometric n-complex
X of type () such that C,.(X) =~ A,. One may then ask the obvious question:

R(n): Is every algebraic n-complex geometrically realizable?

For n > 3 the R(n) problem is answered in the affirmative in Chap. 9. In fact, this is
a special case of an older and much more general result of Wall [98]. The question
that remains is genuinely problematic:

R(2): Is every algebraic 2-complex geometrically realizable?

Whilst important in its own right, the 7R (2)-problem is also of interest via its re-
lation to a notorious and more obviously geometrical problem in low dimensional
topology. First make a definition; say that a 3-dimensional cell complex X is co-
homologically 2-dimensional when H3 (f :Z) = H3(X; B) = 0 for all coefficient
systems B on X. The problem may then be stated as follows:

D(2): Let X be a finite connected cell complex of geometrical dimension 3 which
is cohomologically 2-dimensional. Is X is homotopy equivalent to a finite
complex of geometrical dimension 2?

Both D(2) and R(2) problems are parametrized by the fundamental group under
discussion; each finitely presented group G has its own D(2) problem and its own
R(2) problem. Moreover, for a given fundamental group G the D(2) problem is
entirely equivalent to the R(2) problem; to solve one is to solve the other. This
equivalence was shown by the present author in [51, 52], subject to a mild condition
on G which was subsequently shown to be unnecessary by Mannan [71].

This book is in two parts, Theory and Practice. In this Preface we give a brief
outline of the theory; a summary of the practical aspects is given in the Conclusion.

The Method of Syzygies The basic model in the theory of modules is the theory
of vector spaces over a field. However, the modules encountered in this book are
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defined over more general rings and in dealing with them it is useful to keep in
mind how far one is being forced to deviate from the basic paradigm.

Linear algebra over a field is rendered tractable by the fact that every module over
a field is free; that is, has a spanning set of linearly independent vectors. General
module theory takes as its point of departure the observation that when a module M
is not free we may at least make a first approximation to its being free by taking a
surjective homomorphism ¢ : Fp — M where Fj is free to obtain an exact sequence

0—>K1—>F()—¢>M—>O.
We find it instructive to regard the kernel K| as a first derivative of M. Setting
aside temporarily the question of uniqueness one may repeat the construction and
approximate K in turn by a free module to obtain an exact sequence

0— Ky— F1— K| — 0.

Iterating we obtain a long exact sequence

On+1 F, Oy Fn—l On—1 . 03 F2 0 Fl 0 F() M 0

Ny N N

Thus arises the notion of free resolution, made famous by the work of Hilbert on
Invariant Theory [43]. The intermediate modules K, are called the syzygies of M.
Indeed, the etymology (cv{vyo¢ = yoke) is determined by the conventional view
that the K,, are connections in this sense. Nevertheless, we prefer to regard them as
objects in their own right, as derivatives of M. Before doing this, however, we must
first answer the question we have avoided; to what extent are they unique?

At one level the most simple minded considerations show that they cannot pos-
sibly be unique; given an exact sequence

0—>K1—>F0—W>M—>0

then by stabilizing the middle term thus 0 - K1 & A — Fy & A L M—>0itis
clear that if K is to be considered as a first derivative of M then K| @ A must also
be so considered. So much must have been apparent to Hilbert. Even so, it is clear
that the pioneers of the subject considered that the syzygies ought, somehow, to be
unique. In the original context of Invariant Theory [28] this can be made to work if
the resolution is, in some sense, minimal. In our context, as we shall see, the notion
of ‘uniqueness via minimality’ fails badly. However there is indeed a sense in which
the syzygies are uniquely specified, and it is to this we now turn.

Stable Modules and Schanuel’s Lemma  According to legend, in the autumn of
1958, during a lecture of Kaplansky at the University of Chicago, Stephen Schanuel,
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then still an undergraduate, observed that if we are given exact sequences of modules
over aring A

0—>K—>A"—¢>M—>O;
0K > A" A M0

then K @ A™ = K’ @ A". In fact, Schanuel proved slightly more than this; however
it suggests that given A-modules K, K’ we should write:

K~K & K@A"=ZK @ A" forsome positive integers m, n.
When this happens we say that K, K’ are stably equivalent. The relation ‘~’
is an equivalence relation on A modules and, applied to the above exact se-
quences, Schanuel’s Lemma shows that K ~ K'; it is in this sense that syzygies
are unique.

Schanuel’s Lemma explains neatly why the attempt to force uniqueness of the
syzygy modules by minimising the resolution is, in general, doomed to failure. Thus
suppose that m is the minimum number of generators of the A-module M and sup-
pose given exact sequences

O—>K—>Am—(p>M—>O;

0> K - A" 4 M —o0.

Schanuel’s Lemma then tells us that K & A™ = K’ @ A™. We are left to solve the
following:

Cancellation Problem Does K & A™ = K’ @ A™ imply that K = K'?

In dealing with modules over integral group rings the expected answer is ‘No’;
as we shall see, cancellation is the exception not the rule. The failure of cancellation
may be starkly portrayed by representing the stable module [K] as a graph.

When M is a finitely generated A-module, the stable module [M] has the struc-
ture of a directed graph in which the vertices are the isomorphism classes of modules
N € [M] and where we draw an edge N; — N> when N> = N1 @ A. We will show,
in Chap. 1, that [M] is a ‘tree with roots that do not extend infinitely downwards’.
This graphical method of representing stable modules is due to Dyer and Sierad-
ski [24].

The extent to which cancellation fails in [M] is captured by the amount of branch-
ing. We illustrate the point with some examples; A below represents a tree with a
single root and no branching above level two; B represents a tree with two roots but
with no branching above level one; C represents a tree with a single root and no
branching whatsoever. Cancellation holds in C but fails in both A and B.
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A significant difference between finite and infinite groups is the extent of our knowl-
edge of the branching behaviour in stable modules over Z[G]. When G is finite,
the Swan-Jacobinski Theorem [46, 93] imposes severe restrictions on the type of
branching that may occur; for example, the odd syzygies $27,+1(Z) can behave
only like B and C with possibly multiple roots but with no branching above level
one; the even syzygies §27,(Z) may resemble any of the three types but nothing
worse. By contrast, when G is infinite very little is known in detail about the lev-
els at which a stable module over Z[G] may branch.! We explore this question for
some familiar infinite groups starting with the most basic case, namely the stable
class of 0.

Iterated Fibre Squares and Stably Free Modules In passing from finite groups
to infinite groups the first point of difference is the increased incidence of non-
cancellation. For finite @ non-cancellation over Z[®] is comparatively rare. By the
theorem of Swan and Jacobinski, it can only occur when the real group ring

R[®] =] [ My, (D))

i=1

fails the Eichler condition; that is when for some i, d; = 1 and D; = H is the di-
vision ring of Hamiltonian quaternions. However, the proof of the Swan-Jacobinski
theorem does not survive the passage to infinite groups and so we are forced to fall
back on other methods.

The approach which has proved profitable is the method of iterated fibre squares
which was used by Swan in [94] to consider the extent to which non-cancellation
fails in finite groups which fail the Eichler condition. We elaborate the necessary
theory of fibre squares in Chap. 3. As a working method it proceeds like this; take
a convenient finite group @ and establish the cancellation properties of Z[®] from
first principles by using the method of fibre squares. Now generalize the statement,
replacing Z[®] by R[®]; on taking R = Z[G] where G is infinite one hopes to
analyze the cancellation properties of R[@] = Z[G x @]. Some successful attempts
are exhibited in Chaps. 10 through 12.

1 Although over more general rings, for example the coordinate rings of spheres, the pattern of
branching away from the main stem may be very complicated.
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The Derived Module Category We have set ourselves the task of classifying al-
gebraic complexes and, in particular, algebraic 2-complexes. To see the relevance
of syzygies for this, suppose given a A-module M and write §2,(M) for the stable
class any nth-syzygy of M; then we may portray an algebraic 2-complex formally
as

0 &) —~ K2, "

NSNS

§2,(Z) 21(Z)

F()—»Z—»O

showing, in particular, that when X is a connected geometric 2-complex with
71(X) = G the Z[G]-module nz()? ) is constrained to lie in the third syzygy £23(Z).

The £2,, formalism was first introduced by Heller in the context of modular rep-
resentations of finite groups [39]. In that restricted setting it is relatively easy, with
suitable interpretations, to regard the correspondence M — £2,,(M) as a functor. In
more general contexts attempting to make £2,, functorial involves additional techni-
cal complications.

The first question to be answered is ‘In what category is §2,,(M) supposed to
live? As a first approximation we take the quotient of the category Mod, of
A-modules obtained by ignoring morphisms which factorize through a free mod-
ule; more precisely, we equate morphisms whose difference factorizes through a
free module; that is if f, g : M — N are A-homomorphisms we write ‘ f & g’ when
f — g can be written as a composite f — g =& o as below where F is a free mod-
ule:

N

The quotient category Der(A) = Mod s/ = is called the derived module category.
It is too crude an approximation, if only on the basis of size for, as we have imposed
no size restrictions, our modules can be arbitrarily large. We can attempt to restrict
all definitions to apply only to finitely generated modules; thus if N is a module
we say that its stable class [N] is finitely generated when N is finitely generated;
in that case, any module in [N] is also finitely generated. In the original context
of modular representation theory, such size restriction causes no difficulty. In our
more general context however, the difficulty arises that if M is finitely generated
then £2,,(M) need not be. To restrict attention to rings where this behaviour does not
occur would exclude the integral group rings Z[G] of many interesting groups [53]
(See Appendix D).

However, under a mild restriction on the ring,” if M is countably generated so
also is £2,(M); then restricting all definitions to apply only to countably generated
modules yields a derived module category Ders, (A) of realistic size.

M N

2Weak coherence. See Chap. 1.
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There is, however, a complication more subtle than mere size. Recall that any
projective module is a direct summand of a free module. Thus the above condition
‘f &~ g’ is equivalent to the requirement that f — g factors through a projective.
This has the eventual consequence for modules K, K’ over A that

K=Zpy K' < KoP=,K' ®P

for some projective modules P, P’; that is, isomorphism classes in Der correspond
not to stability classes of modules but, in MacLane’s terminology, to projective
equivalence classes® ([68), p. 101). Moreover, this applies even when all modules
under consideration are finitely generated. In the original context of modular rep-
resentation theory all projective modules are free, there is no distinction between
stability and projective equivalence and §2,, defines a functor on the derived module
category. However, in general, to obtain functoriality one must consider not £2,, but
rather its analogue using the appropriate notion of generalized syzygy; disregarding
finiteness restrictions and taking the successive kernels in a projective resolution P

E)rH—l P, On Pﬂ—l On—1 e 93 P2 &) 0 PO e M e 0

n P
N, NN

the correspondence M +— D, gives a functor D, : Dery, — Ders,. As classes of
modules £2,(M) C D, (M) and we may regard £2,(M) as a sort of polarization
state of D,,(M). We note that for most computational purposes we may legitimately
revert to £2,,(M) as Hompe(£2,,(M), N) = Hompe, (D, (M), N).

Eliminating Injectives In the late 1940s the introduction of Eilenberg-Maclane
cohomology as the derived functors of Hom completely transformed module the-
ory. The indeterminate nature of syzygies was replaced by the definiteness of com-
putable invariants. In the aftermath the syzygetic method, insofar as it was still pur-
sued, was regarded as an unwelcome reminder of a more primitive past. For us now,
however, its rehabilitation via the derived module category raises the question of
relating syzygies directly to cohomology.

Here we encounter a difficulty which is inherent in the cohomological method
itself. In the standard treatments it is shown that one may compute the derived func-
tor of Hom(—, —) either by taking a projective resolution in the first variable or,
equally, by taking an injective co-resolution in the second. Moreover, this symmetry
is not a point of esoteric scholarship, or at least, not merely so. With each variable
one has a long exact sequence obtained by systematic appeal to the properties of
the appropriate type of module. Which leads us back to the two sorts of modules
themselves.

3For countably generated modules it is technically more convenient to replace the relation of
projective equivalence by the equivalent notion of hyperstable equivalence, which is to say that
K ® A® =, K' ® A™. But again, see Chap. 1.
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Projective modules, as direct summands of free modules, were in common use?
before the name was ever applied to them; however the history and nature of injec-
tive modules is entirely different. Whereas projective modules are unavoidable, in-
jective modules are a deliberate contrivance, only introduced to have arrow-theoretic
properties dual to those of projectives [6]. Whereas projective modules are natural,
injective modules are formal. Whereas projective modules are constructible (and
we shall show how to construct some of them) injective modules are essentially
non-constructible. One needs a theorem to show they exist. Except in the most ele-
mentary cases, where the point is irrelevant, they are not describable by any effective
process. In our context this last point is the most pressing; injectives are so differ-
ent from the objects with which we must deal that, arguments of formal simplicity
notwithstanding, the need to dispense with them becomes insistent.’

The elimination of magic from homological algebra, in this case the avoidance of
injective modules, forces us in every case to use projective resolutions. Whilst dis-
pensing with the dualising services of injectives it is nevertheless essential to employ
some form of homological duality which, however weak, can be confined entirely
within the ‘projective quotient’ category. In fact, this requirement has a precedent
as does the remedy; in the cohomology of lattices over finite groups the dual arrow
theoretic properties of projectives are possessed by projectives themselves. Thus
one may dispense with injectives entirely and describe the theory solely in terms of
projectives. This is Tate cohomology, a point to which we will return. Our solution
is comparable but not quite so convenient.

Corepresentability of Cohomology  The appropriate notion, which we shall use
systematically, is that of ‘coprojectivity’; a module M is said to be coprojective
when Ext! (M, A) = 0. To see how coprojectivity works take an exact sequence

E=0—>K LFS M 0) where F is free so that K is a first syzygy of M if
a: K — N is a A-homomorphism one may form the pushout diagram

& 0—>K—i> F4 M—0
I c= la L lu
o4 (E) 0— N — lim(a,i) > M — 0

from which we obtain the connecting homomorphism § : Homy (K, N) —
Ext! (M, N) by means of §([£]) = [a+(E)]. When M is coprojective (and not oth-
erwise) § descends to give a natural equivalence § : Hompe (K, —) — Extl(M, —)
so that we may write

Ext! (M, —) = Hompe (21 (M), —).

“4For example in Wedderburn theory.

5The disadvantages, for any practical purpose, of an object about which one has to think hard
before even being able to admit its existence ought to be obvious. Doubtless some will regret
this as yet another instance of a depressing but universal trend; in Weber’s succinct phrase ‘The
elimination of Magic from the World’ ([99], p. 105).
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In other-words, when M is coprojective, §21(M) is a corepresenting object for
Ext! (M, —)® considered as a functor on the derived module category. More gen-
erally, in higher dimensions there is a corresponding corepresentation theorem

H"(M, —) = Hompe (2, (M), —)

which holds provided that H" (M, A) = 0. That is, we have replaced the de-
rived functor H" by the derived object §2,. Corepresenting cohomology in this
way is the first step towards geometrizing extension theory so as to be able to
apply it to the question of realizing algebraic complexes. Moreover, the groups
Hompe(£2,(M), N) are then natural generalizations of the Tate cohomology
groups defined for modules over finite groups.

Homotopy Classification and the Swan Homomorphism The problem of clas-
sifying algebraic complexes up to homotopy equivalence may be compared with
the simpler Yoneda theory of module extensions up to congruence [68, 101]. For
a specified fundamental group G let Alg,(Z) denote the set of homotopy types of
algebraic n-complexes of the form

Ay =0—>J—> A, > A, 11— > Ay—>7Z—0).

The stabilization X4 (A,) is obtained by adding A = Z[G] to the final two terms
thus

Yi(A)=0>JPA—- A, PA— A 1> -—>A)—>Z—0)

and Alg, (Z) also acquires a tree structure by drawing arrows A, — X (A,). More-
over the correspondence A, — J defines a mapping of trees, ‘algebraic 7,,’,

T Algn(Z) - -QnJrl (Z)

In his unpublished paper [12] Browning described the fibres 75 : Alg,(Z) — §23(Z)
for those finite groups G which satisfy the Eichler condition. In [52], generalizing
a criterion of Swan [91], we showed, still within the confines of finite groups, how
to circumvent dependence on the Eichler condition and gave a rather different de-
scription of the fibres of m>. Here we show how to extend the description of [52] to
a much wider class of rings.’

A significant difficulty lies in being able to generalize the Swan mapping. In the
original version [91] the homomorphism property of the Swan mapping is an easy
consequence of special circumstances; in the wider context it is less obvious. Again

Notice that the blank space would normally have to be co-resolved by means of injectives; the
coprojectivity hypothesis removes this necessity.

TWe note that a very special case of our classification theorem, for algebraic n-complexes over the
y sp g p
group rings of n-dimensional Poincaré Duality groups (n > 4), was given by Dyer in [23].
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take an exact sequence & = (0 — J 5N F% M- 0) where F is free; ifa: J — J
is a A-homomorphism one may again form the pushout diagram

J 5 F
Ja Iv

J — li_n)1(oz,i)

It turns out (Swan’s projectivity criterion) that lg)n(ot, i) is projective precisely when
« is an isomorphism in Der. When M and J are finitely generated one obtains a
mapping

S : Autper(J) — Ko(A)

to the reduced projective class group of A. This is the generalized Swan mapping
and is, nontrivially, a homomorphism. This result was first shown in [56]. Moreover,
despite the apparent dependence upon J, when M is coprojective it depends only
upon M and is independent of the sequence £ used to produce it. More generally, if

0O>J—>A,>A_ 1> —>A)—>Z—>0

is an algebraic n-complex and H"t1(M, A) = 0 the same mapping S : Autpe (J) —
Ko(A) again reappears independently of the sequence used to produce it. By con-
trast, however, the natural mapping vy : Auty(J) — Autpe(J) is heavily depen-
dent on J. The detailed homotopy classification of algebraic n-complexes over M
requires a knowledge of the cosets Ker(S)/Im(v;) as J runs through £2,,41(M).

Imposing the coprojectivity condition or its higher dimensional analogues does,
of course, restrict the range of applicability of the theory. In practice it is not too
serious; for example, the classification of algebraic 2-complexes over Z[G] requires
us to impose the condition

H3*(Z,Z[G]) =0.

This condition is satisfied in many familiar cases; in particular, when G is a virtual
duality group of virtual dimension # it is satisfied whenever n # 3.

Parametrizing the First Syzygy In applying the classification theorem to our
original problem one needs specific information about the syzygies §2,,(Z). In prac-
tice, this is a matter of severe computational difficulty. At the time of writing, the
only finite fundamental groups for which there are complete descriptions for all
£2,(Z) are certain groups of periodic cohomology. For infinite fundamental groups
the situation is far worse.

In the first instance we are content to study £2{(Z). Here we find that the branch-
ing properties at the minimal level are intimately related to the existence of stably
free modules; that is, to the stable class of the zero module. When G is infinite and
Ext!(Z, Z[G]) = 0 we show that the stably free modules describe a lower bound for
the branching behaviour in £21(Z) and give a complete description of the minimal
level .lei“ (Z). This is done in Chap. 13.
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Finally, in the most familiar case where Ext! (Z,Z[G]) # 0, namely when G =
F, x Cy,, we give a complete description of all the odd syzygies $22,+1(Z). By way
of illustration we conclude the book with Edwards’ solution [25, 26] of the R(2)
problem for the groups Coo X Cy.
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Chapter 1
Preliminaries

Many of the arguments in this book are formulated in terms of modules over the
group ring Z[G] where G is a specified fundamental group. Thus, in part, this book
is concerned with the general theory of modules and so, by association, with the
general theory of rings. Given the pathology of which the subject is capable there
is a tendency, frequently indulged in the literature, to present Ring Theory as a
menagerie of wild beasts with strange and terrifying properties. Regardless of ap-
pearances that is not our aim here. The rings we consider are comparatively well
behaved. However, in order to explain quite how well behaved we are forced to dis-
cuss a small amount of pathology if only to say what delinquencies we need not
tolerate.

1.1 Restrictions on Rings and Modules

The rings we encounter are typically, though not exclusively, integral group rings. In
principle we would prefer simply to say that the rings we meet will have properties
which are no worse than the worst behaviour one can expect from Z[G] where G
is a finitely presented group; but of course we must be more precise than that. The
first restriction we impose is the invariant basis number property (= IBN); that is,
for positive integers a, b:

A=A — a=b. (IBN)

Although this condition is a definite restriction it is too weak for many purposes and
there are two progressively stronger notions which are more useful; the first is the
surjective rank property (= SR):

Ifg: AN > A"isa surjective A-homomorphism then,n < N. (SR)
Finally we have the so-called weak finiteness property (= WF).
If o : A - A% s a surjective A-homomorphism then ¢ is bijective. (WF)

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 3
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It is straightforward to see that WF = SR = IBN. In [15] Cohn shows that if
there exists a ring homomorphism A — F to a field then A has the SR property.
Thus if A is a commutative ring then any group ring A[G] satisfies SR. Furthermore,
in addition to possessing the SR property, for any group G the integral group ring
Z[G] also satisfies WFE. The main details of a proof of this last were outlined in a
paper of Montgomery [75].

For reasons explained below, we also impose the following very mild restriction:

Weak Coherence If M is a countably generated A-module and N C M is a
A-submodule then N is also countably generated.

We denote by Mod4 the category of right A-modules and by Mods, the full
subcategory of countably generated modules; Mod, is then equivalent to a small
category. The force of imposing the weak coherence condition is that Mod, be-
comes an abelian category in the formal sense of [74].

There is a stronger notion; let Mod s, (= Mods,(A)) denote the category of
finitely presented right A-modules; A is said to be coherent when Mody, is an
abelian category. Ideally one would like to impose this stronger condition. However,
to do so would exclude too many significant examples.

Clearly every countable ring is weakly coherent. Hence, the integral group ring
Z[G] of any countable group G is weakly coherent. By contrast, coherence is a far
less common property. Admittedly, if G is finite then Z[G] is coherent; however,
there are many finitely presented infinite groups G where Z[G] fails to be coherent,
even some which satisfy otherwise strong geometrical finiteness conditions. For
example, if G contains a direct product of two nonabelian free groups then Z[G]
fails to be coherent. The topic is considered further in Appendix D.

Finally, we need to mention duality. We set out with the intention of always
working with right modules. Over general rings, this is not possible if one wants also
to deal with duality, for if M is a right A-module then the dual module Hom 4 (M, A)
is naturally a left module via the action

o: A XxHomuy(M,A) - Homy (M, A)
(Ao f)x) = Afx)
In general there is no way around this; there exist rings in which the category of left
modules is not equivalent to the category of right modules. However, in the case of
group rings A = Z[G] we can circumvent this difficulty by the familiar device of
converting left modules back to right modules
*:Homp (M, A) x A — Homy (M, A)
f*A = ref
via the canonical (anti)-involution g = g~!. More generally one may do this when-

ever the ring A has a distinguished (anti)-involution. With this convention the dual
module Hom 4 (M, A) so equipped as a right module is denoted by M*.
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1.2 Stable Modules and Tree Structures

Let A be a ring with the surjective rank property SR of Sect. 1.1. We denote by ‘~’
the stability relation on A modules; that is

Mi~M, < M OA"=M,dA"™

[P

for some integers n1,ny > 0; the relation ‘~’ is an equivalence on isomorphism
classes of A-modules. For any A-module M, we denote by [M] the correspond-
ing stable module; that is, the set of isomorphism classes of modules N such that
N ~ M. One sees easily that:

M is finitely generated if and only if each N € [M] is finitely generated.  (1.1)
When M is a nonzero finitely generated A-module we define the A-rank of M by

kA (M) = min{a € Z for which there is a surjective A-homomorphism

@AY — M}
Proposition 1.2 If N € [M] then for each integer a > 0, N @ A* ZN.

Proof Put u =1k, (N) and let ¢ : A* — N be a surjective homomorphism. If N =
N & A° for some a > 1 then forall k > 1, N = N @ A*®. Choose k > 1 such that
w <ka.Let hy: N — N @ A*® be an isomorphism and let 7y : N @ A% — Aka
be the projection. Then 1y o iy o pu : A* — AK¢ is a surjective homomorphism and
1 < ka. This is a contradiction, hence N 2 N & A¢ whena > 1. O

We define a function g : [M] x [M] — Z, the ‘gap function’ as follows
gNI.N) =g = N @ATE=N,® A",
where both a and a + g are positive integers.We must first show that:
Proposition 1.3 g is a well defined function.

Proof Suppose that Ny @ AP = N @ A? and also that Ny @ A" = N, @ A®. We
will show

p—q=r-—s. @)

To see this, observe that N; @ APT" = N, @ A?Y" and that Ny @ AP =
N> @ APTS_ Thus

No@® AT = Ny @ APTS,

Suppose that g + r # p + 5. Then without loss of generality we may suppose that
p+s<gq+r. Putting N3=N; @ AP™ and @ =q +r — (p + 5) we see that
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N3 @ A% = N3 where « > 0. This contradicts Proposition 1.2 above. Hence g +r =
p+sandso p—qg=r —s as claimed. O

It is straightforward to check that

g(N,N@® A®) =bp, (1.4)
g(N2, N1) = —g(Ny, Na), (1.5
g(N1, N3) = g(N1, N2) + g(N2, N3). (1.6)

Lemma 1.7 Let A be a ring with the surjective rank property and let M be a
finitely generated A-module; if K € [M] is such that 0 < g(K, M) then g(K, M) <
rka(M).

Proof Put m =rk, (M) and let ¢ : A™ — M be a surjective A-homomorphism.
Suppose that K € [M] is such that 0 < g(K,M) =k and let h : M & A? —
K @ A®tK be an isomorphism. If 7 : K @ A%tk — Atk is the projection then
moho(p@®Id): A" — A%k is also a surjective homomorphism. Hence by the
surjective rank property for A, a +k <a + m and so k < m as claimed. g

We say that a module My € [M] is a root module for [M] when 0 < g(My, K)
for all K € [M]. We show:

Theorem 1.8 Let A be a ring with the surjective rank property and let M be a
finitely generated A-module; then [M] contains a root module.

Proof If K € [M], either g(K, M) <0 or, by above, 0 < g(K, M) and g(K, M) <
rk 4 (M). Either way

g(K, M) <tka(M),

and the mapping K — g(K, M) gives a function [M] — Z which is bounded above
by rk 4 (M). Thus there exists My € [M] which maximises this function; that is,

g(Mpy, M) =max{g(K,M): K € [M]}.

We claim that for all K € [M], 0 < g(My, K). Otherwise, if there exists K € [M]
such that g(Mp, K) < 0 then g(K, Mp) < 0 and so

8(K,N)=g(K, Mo) + g(Mo, N) > g(Mo, N)

which contradicts the choice of My. Thus 0 < g(My, K) for all K € [M], and M is
a root module as claimed. O

If My is a root module for [M] we may define a height function 4 : [M] — N by

h(L) = g(Mo, L).
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Whilst ostensibly the height function depends upon My, in fact it is intrinsic to the
stable module [M]; to see this, suppose that M, and M(/) are both root modules for
[M] and consider the respective height functions A(L) = g(Myp, L) and h'(L) =
g(My, L). From (1.6) above g(Mo, L) = g(Mo, M{) + g(M|), L) so that

h(L) = g(Mo, My) + 1/ (L).

However g(Mo, M) = h(M)) > 0 whilst g(Mo, M) = —g(M, M)
—h'(My) < 0. Thus g(Mo, M) =0 and so

h(L)="h'(L).

When the ring A has the surjective rank property and M is a finitely generated
A-module we may speak unequivocally of the height function h : [M] — N on the
stable module [M].

When M is a finitely generated A-module, the stable module [M] has the struc-
ture of a graph in which the vertices are the isomorphism classes of modules
N € [M] and where we draw an edge N1 — N, when N> = N; & A. Recall that
a graph is said to be a tree when it contains no nontrivial loop. Since each module
N € [M] has a unique arrow which exits the vertex represented by N, namely the
arrow N — N @ A, it follows that the only way of having a non trivial loop in [M]
would be if N = N @ A? for some a > 0. However, this possibility is precluded by
Proposition 1.2, so that we have:

Proposition 1.9 Let A be a ring having the surjective rank property; if M is a
finitely generated module over A then [M] is an infinite (directed) tree.

Without attempting any more precise characterization of the (directed) tree struc-
tures which may arise in this way, it is evident that they are good deal more spe-
cialised than indicated by the statement of Proposition 1.9. For example, we have
already observed that a unique arrow exits any vertex. Furthermore, the existence of
root modules and the associated existence of a height function 4 : [M] — N implies
that [M] may be represented as a ‘tree with roots’. In particular if we regard the
integers Z as a directed tree in the obvious way, namely:

Z=(-—»-m+1)»>-n—->---—»>-1-0->1---->n->m+1)—--)

then it is an easy deduction from the height function, as constructed on [M], that
Z does not imbed in [M]. We may paraphrase this by saying that the roots of [M]
do not extend infinitely downwards. To illustrate the point consider again the tree
diagrams noted in the Introduction; A below represents a tree with a single root
and no branching above level two; B represents a tree with two roots but with no
branching above level one; C represents a tree with a single root and no branching
whatsoever.
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A/- B C »

These examples all actually arise; denoting the quaternion group of order 4n by
Q(4n) then A represents the stable class of 0 over the integral group ring Z[Q(24)]
whilst B represents the stable class €23(Z) over Z[Q(32)]. Any stable module in
which cancellation holds is represented by C; for example (as we shall see in
Chap. 15) the stable class €23(Z) over the group ring Z[Cs x Cy,] for any inte-
germ > 2.

1.3 Stably Free Modules and Gabel’s Theorem

The most basic cancellation problem arises when one considers [0], the stable class
of the zero module; evidently a module S belongs to [0] when, for some integers a,
b>1

S@ A= AL,

Any such module S is finitely generated. More generally, one says that a module S
is stably free when S @ A? is a free module of unspecified rank, finite or infinite.
Clearly any free module is stably free; the issue is whether a stably free module
is necessarily free. In fact, nothing new is gained by allowing infinitely generated
stably free modules as shown by the following observation of Gabel [32, 65, 67].

Theorem 1.10 Let S be a stably free A module; if S is not finitely generated then S
is free.

Proof Let Fx denote the free A module on the set X. The hypotheses may be ex-
pressed as follows:

(i) S is not finitely generated;

(ii) for some set X and some finite set Y there is a A-isomorphism & : Fy =
S@ Fy.
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Note that X is necessarily infinite. Now let = : S @ Fy — Fy be the projection;
putting

ﬁ:noh:FX—>FY

then 7 is surjective. Moreover, h induces an isomorphism # : Ker(ﬁ) —> § so that
it is enough to show that Ker(iz\) is free.

As Fy is free we may choose a right inverse s : Fy — Fyx for %. For each yevy
there exists a finite subset o (y) C X such that s(y) is a linear combination in the
elements of o (y). Put Z = Uyey o(y) and Z = X — Z. Then Z is finite so that Z
is infinite.

Now m o h: Fz — Fy is also surjective so that Fy is an internal sum (not nec-
essarily direct) Fy = Ker(iz\) + Fz. However Fz/ (Ker(’}?) N Fz) = Fy so from the
exact sequence

0 — Ker(h) N Fy — Fz — Fz/(Ker(h) N Fz) — 0
we see that
(Ker(h) N Fz) & Fy = F. (1.11)

From the exact sequence 0 — Ker(ﬁ) NFy — Ker(iz\) — Fx/Fz — 0 and the iso-
morphism Fy/Fz = F we see that

Ker(h) = (Ker(h) N Fz) ® F. (1.12)
As Z is infinite we may write it as a disjoint union Z = ¥; U W where Y] C Z is a
finite subset such that |Y1| = |Y|. In particular we may write
F= =Fy®Fwy

for some infinite subset W C X so from (1.12) we get
Ker(h) = (Ker(h) N Fz) & Fy & Fy. (1.13)
From (1.11) and (1.13) we see that
Ker(h) = Fz @ Fy = Fuw (1.14)
so that Ker(ﬁ) is free as required. O

Gabel’s Theorem confines the problem of stably free modules to the realm of
finitely generated modules. Even so, the subject admits a certain amount of pathol-
ogy; to avoid this we must impose the strongest of the restrictions of Sect. 1.1.

Given a stably free module S such that S @ A% = A” one is tempted to make a
definition of the rank tk(S) of S by

k(§)=b —a.
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This is not a definition for all rings A as in general the rank of a free module is not
well defined. It becomes a definition if A satisfies the (IBN) condition; however,
there are still problems. Cohn [15] has given an example of a ring A with the IBN
property which possesses a nonzero module S satisfying S @ A? = A so that in this
case rk(S) = —1.

The surjective rank property by itself still leaves open the possibility that there
exist nonzero stably free modules S of rank 0; that is, which satisfy S @ A = A. To
avoid this we need something stronger still; we note:

Proposition 1.15 Let S be a nonzero finitely generated stably free module over a
weakly finite ring A. Then 0 < tk(S).

When discussing the rank of stably free modules we shall, without further comment,
assume that the ring A is weakly finite. We shall say that such a ring A has the
stably free cancellation property (= SFC) when

SPA= A — g pba,

1.4 Projective Modules and Hyperstability

A module P over A is said to be projective when it is a direct summand of a
free module. Projective modules arise inevitably once cohomology is introduced.
When P is finitely generated projective then, for some positive integer n and some
A-module Q

POO= A"

Clearly stably free modules are projective but the converse is frequently false. Whilst
our interest is directed towards the existence or nonexistence of nontrivial stably free
modules, a discussion, however brief, of the general case is unavoidable.

Let P(A) denote the set of isomorphism classes of finitely generated projective
A-modules. P(A) becomes an abelian monoid under direct sum;

[P1+[Q]=[P & Q]

The Grothendieck group Ko(A) is the universal abelian group obtained from P(A).
The reduced Grothendieck group Ko(A) is the quotient

Ko(A) = Ko(A)/[A]

by the subgroup generated by the class of A and there is a surjective monoid homo-
morphism
P(A) — Ko(A).

Whereas standard K -theory typically concerns itself with computing Ko(A) we
shall be more concerned with the dual problem, calculating what is lost under



1.4 Projective Modules and Hyperstability 11

PA) — I?E)(A). At a number of points we will need to use the celebrated result
of Grothendieck [2, 4].

If R is a coherent ring of finite global dimension then I?B(R[t, iz f(T)(R).
(1.16)
Gabel’s Theorem does not extend to general projective modules. There are many
interesting rings which possess infinitely generated projective modules which are
not free. However, they cannot be ‘too big’ as the following result of Kaplansky
[62] shows:

Every projective module is a direct sum of countably generated modules. (1.17)

In recent years there has been renewed research interest on the topic of infinitely
generated projective modules. However, the question does not impact significantly
upon our considerations. We do, however, need to consider the famous ‘conjuring
trick’ of Eilenberg.

We denote by A the countable coproduct A =APAD--- PADAD---
or, alternatively, as the direct limit A% = h_r)nA" where A" C A" @ A = A"
under the inclusion x — (x, 0). Evidently a countable coproduct of copies of A is
isomorphic to A%;

AP DA D DACD AT D= A, (1.18)
In this context one has Eilenberg’s trick.
Proposition 1.19 [f P € Mod is projective then P @ A® = A%,
Proof As P is countably generated choose a surjective A-homomorphism
n:A® — P.

Putting QO = Ker(n) gives an exact sequence 0 - Q — A®® — P — 0 which splits
since P is projective. We have

P® Q=A% D

so that from (1.18), (P& Q)@ (PO Q) D - ® (PO QS (PO Q) D - =A™
which we may re-bracket as

PO(Q@®P)(QPP)®---D(Q®P)B(QDPP)B---=A°. (I
However from (I) it also follows that Q @& P = A®; substitution in (I) gives
PPEACPACD - A PAC P ... = AX

so that, from (1.18), P @ A = A as stated. O
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We shall say that a module M € Mod is hyperstable when M = My @ A for
some module My € Mods. Then M @ AP EMyD AP DA EMyPD A =M
so that we have:

A module M € Mody is hyperstable if and only if M = M @ A*°. (1.20)
The hyperstabilization M of the module M € Mod% is defined to be
M=M®A™.

Clearly the operation is idempotent; M = M. Moreover, if P € Mods is a projec-
tive module it follows easily from Eilenberg’s Trick that:

M=MaP=M® P. (1.21)



Chapter 2
The Restricted Linear Group

A celebrated result of H.J.S. Smith [47, 86] shows that when A is a commutative
integral domain which possesses a Euclidean algorithm then an arbitrary m x m ma-
trix X over A can be expressed as a product X = E4x DE_ where D is diagonal and
E., E_ are products of elementary unimodular matrices. This chapter is a general
study of rings whose matrices possess an analogue of such a Smith Normal Form.

2.1 Some Identities Between Elementary Matrices

Given a ring A we denote by M, (A) the ring of (n x n)-matrices over A and by
GL,, (A) the group of invertible n x n-matrices over A. For each n > 2, M,,(A) has
the canonical A-basis €(i, j)1<i j<n given by €(i, j),s = 8;rds. The elementary
invertible matrices E(i, j; A) (A € A) and D(i, §) (8 € A*) which perform row and
column operations are expressed in terms of the basic matrices as follows;

E@( j; =L +2xeG, j) G#J);
D(i,8) =1, + (8 — 1)e(i, i).

There are a number of familiar identities between these matrices:

EG, j;MEG, j, w)=EG, j; A+ wp); (2.1
EG. j: )7 = EG. j; —); (2.2)

(EG, j: M), E(G ki )] = EG ks A) (i #K); (2.3)
[EG, ji 2, Ek L w]=1 (i, jn{k. 1} =9). (2.4)

Here we are taking the commutator [X, Y] tobe [X, Y]= XY X1y~ L

D@, 2)D(, n) = D@, Ap); (2.5)
DG, M)~ = DG, 27; 2.6)
F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 13
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D@, ME(, jsw) = EG, j; An)D(, A); 2.7
D, ME(j, ks ) =E(j, ks w))D(@, 2) (0 €{j,k}). (2.8)

For 2 x 2 matrices we have the following identity where u € A*;

w 0] [r o][t —=t][1 O][1 wt][ 1 O]f1 u!
[0 u_l]_|:1 1][0 1“1 1“0 1][—:4 1“0 1]
It generalises to the following identity with i # j:
A w)AGG,u™") = E(j.i; DEG, j: —DE(j.i: DEG, jiu™")
x E(j,i;—w)E(@, jiu™b). (2.9)

Let X, denote the group of permutations on {1, ..., n}. For each 0 € X, there is an
n X n permutation matrix P (o) defined by

P(U)r,s = (Sr,o(s)‘
It is straightforward to see that:
P defines an injective homomorphism P : X, — GL,(A). (2.10)
The permutation matrices P (o) can be expressed as products of matrices of the
form D(i,—1) and E(i, j; £1). As X, is generated by the transpositions (i, j) it
suffices to express each P (i, j) as a product of this type. In fact, we have:

P(o)=D(j,—DEG, j: DE(j,i; —DEG, j; 1). 2.11)

It is useful to record how the permutation matrices P (o) interact with the E (i, j; A)
and D(i, §). First the action on the basic matrices €(i, j);

P(o)e(i, j) =€(0(i),0(j))P(o). (2.12)
This easily implies
P(0)E(, j; 1) =E(o(i),0(j); 1) P(0). (2.13)
Alternatively expressed:
E@i, j; MP(0)=P©)E@ '(),07(j): 1. (2.14)
Whilst
P(0)D(i,8) = D(o (i), 8) P (o). (2.15)

In the special case where A € A* we have the matrix equation

(o) (6 D=6 ) D6 )
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which generalises to

PG, NEG, j; ») = E(, j; YD, -2 YD, MEG, i 271, (2.16)

2.2 The Restricted Linear Group

For n > 2 we denote by D,,(A) the subgroup of GL, (A) defined by
D, (A)={D(1,8):8 € A™};

that is

Dy(A) = ,

0 1
and by E,(A) the subgroup of GL,(A) generated by the matrices E(i, j; A)
(A € A). From (2.7) and (2.8)

E(,ji80) i=1,
D(L,)EG, j: DA, =L EG, 1,287 j=1,
E(@, j; A) i€{i, j}

We see that:
D, (A) normalises E, (A). 2.17)

We define the restricted linear group GE,(A) to be the subgroup of GL,(A) given
as the internal product

GE,(A) = Du(A) - Ex(A).
In general GE,(A) is a proper subgroup of GL,(A) and A is said to be weakly
Euclidean when GE, (A) = GL, (A) for all n > 2. We shall examine this notion at
greater length in Sects. 2.4 and 2.5. From (2.17) we get:
E, (A) is a normal subgroup of GE,(A). (2.18)
We put £, = {P(0) : 0 € Z,).
Proposition 2.19 fn C GE, (A).

Proof 1t follows from (2.11) that P (i, j) € E, (A) for each transposition (i, j). The
conclusion follows as X, is generated by transpositions. O



16 2 The Restricted Linear Group

It is useful to have different descriptions of GE, (A). For 81,...,8, € A* let
A(61, ..., 0,) denote the diagonal matrix

31 0
)
A((Sla"'aal‘l)z .
0 8n
and put A, (A) ={ASy,...,8,) : 8; € A*}.
Proposition 2.20 A, (A) is a subgroup of GE, (A).
Proof 1t is straightforward to see that A, (A) is a subgroup of GL, (A). Note that
D(j,$8;) € GE,(A) as, by (2.15),
D(j,8) =P, ))D(A,8)P(, j)
and D(,$6), P(1,j) € GE,(A). The conclusion follows as A(Sq,...,8,) =
]_[?ZlD(j, ;). O

By (2.7) we have A((Sl,...,Sn)E(i,j;k)A(él,...,(S,,)*l = E(i,j;SiASJTl)
from which we see that:

A, (A) normalises E,, (A). (2.21)

Now A,(A), E,(A) are subgroups of GE,(A) = D,(A)E,(A) and D, (A) C
A, (A). We obtain another description of GE;, (A).

GE,(A) = A (A) - En(A). (2.22)

The constructions GE,,, E,, are functorial under ring homomorphisms. In particular,
given a surjective ring homomorphism 7 : A — B the induced map n, : E,;(A) —
E,(B) is also surjective. However unless the induced map on units 7w, : A* — B* is
also surjective then the induced homomorphism 7, : GE,(A) — GE, (B), need not
be surjective. We say that ring homomorphism 7 : A — B has the lifting property
for units when the induced map on units 7, : A* — B* is surjective. Then we have:

Proposition 2.23 Let 7w : A — B be a surjective ring homomorphism with the lifting
property for units; then 7, : GE, (A) — GE, (B) is surjective.

2.3 Matrices with a Smith Normal Form
If Aisaringand o, ..., o, € A write A(ayq, ..., a,) for the diagonal matrix

o 0
Ay, ..., o) =
0 oy,
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We shall say that X € M,,(A) has a Smith Normal Form when

X=E A(xy,...,ay)E_
for some E, E_ € E,(A) and some «y,...,a, € A. More generally, if X,Y €

M, (A) we write X ~Y when X = ELYE_ for some E, E_ € E,(A). Evidently
we have:

Proposition 2.24 Let X ~Y € M,,(A); if A is commutative then det(X) = det(Y).

The identities of Sect. 2.1 allow us to move units around; let oy, ...,0, € A
and uy,...,u, € A*. Writing D(r) = A(1, u, ) A(r, u,‘l), D=DR2)D3)---D(n)
and u = uq---u, we see that A(xquy,...,ou,)D = A(oju, a, ..., a,). How-

ever, each D(r) € E,(A) by (2.9); thus for uy, ..., u, € A*:

Aloquy, ..., puy) ~ Alaju, o, ..., 0,) whereu=uq---uy. (2.25)
Similarly for vy, ..., v, € A*:
Aoy, ..., vpa,) ~ A(Vay,ap, ...,a,) wherev=uv,---vy. (2.26)

Write T(i, j) = E(i, j; DE(j,i; —1)E(, j; 1) € E,(A); when 7 is the transposi-
tion which interchanges the indices i and j we have

Aloe(ty, -0z ) =T, Aoy, ..., an)T(f,1).
Writing an arbitrary permutation o as a product of transpositions we see that
A0 (1)s -+ Qg @m) ~ A1, ..., 0p). (2.27)
The following is useful:

Proposition 2.28 Let A be a commutative ring and suppose that X € M, (A) has a
Smith Normal Form where n > 2; if det(X) is indecomposable in A then

X ~ A(det(X), 1,..., 1).

Proof As X has a Smith Normal Form then X ~ A(«ay,...,a,) for some
a1, ..., 0, € A. By Proposition 2.24 det(X) = ]_[’r’=1 oy. As det(X) is indecom-
posable it follows that there is an index ¢ such that o, € A* for r # t. Denot-
ing by o the transposition (1, ) we see from (2.27) that X ~ A(ag(1), - -, Qg (n))
where o5() € A* for r > 2. By (2.25) X ~ A(]_['rl Qo (), 1,...,1). However
l_[’: Uo(r) = Hf:l o, = det(X). O

The Smith Normal Form is compatible with products of rings as we now proceed
to show. Suppose A = A1 x Aj is a direct product of rings. Then the projections
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7 1 A — A, induce ring homomorphisms 7, : M, (A) — M,,(A;) so that
(1, m2) : My (A) = My, (Ay) x My, (Ap) is a ring isomorphism. (2.29)
In consequence:
(1, m2) : GLyp (A) = GLy (A7) X GL,;; (Ap) is an isomorphism of groups. (2.30)

Requiring slightly more care is:
Proposition 2.31 ((, ) induces an isomorphism E,, (A) = E,(A)xE,(A)).

Proof m.(E(k,l; (A1,A2))) = E(k,[; 1) so that (71, m2) induces a group homo-
morphism (71, 72) : Ep(A) = Ep(Ay) X Epy(Az). Evidently (771, 77) is injective
since it is already the restriction of a ring isomorphism. To show that (7, 7) is
onto E,, (A1) x E,;;(Ay) we first show that:

If X € E;n(A;) then there exists X € E,, (A) such that (1, 72)(X) = (X, Id).
(%)

To prove (x) write X € Ej, (A1) as a product X = E(ki,l1; 1) --- E(kn, In; AN)
and write X = E(ki,l1; (A1,0))--- E(kn, In; (AN, 0)). One sees easily that
(71, m2)(X) = (X, Id). Similarly:

If Y € E;;(A3) then there exists Ye E;, (A) such that (i, rcz)(?) ={d,Y).
()

Surjectivity of (71, m2) now follows, for if (X, Y) € E;;, (A1) X E;, (A3) then
(X,Y) = (X,1d)(Id, Y) = (71, 1) (X) (1, 1) (V) = (1, m2)(XY). O

The existence of Smith Normal Forms is compatible with products in the
strongest sense; let X € M,,(A) and put X, = 7,.(X) € M,,(A;) for r =1, 2. Sup-
pose given sequences a, € A, (s =1,...,m, r =1, 2); with this notation:
Theorem 2.32 For any permutations o, T we have:

1 2
(@5 1ys X7 (1)

1 2
(“a(z) ) “r(z))

1 2
(@ ()2 X ()
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We shall say that the ring A is generalized Euclidean when for all m > 2,
M (A) = Ep(A)Dp(A) Ep(A). (2.33)

The terminology generalized Euclidean is taken from the classical sufficient con-
ditions for this to occur, namely those of the Smith Normal Form, which may be
re-expressed thus:

Proposition 2.34 (Smith [86]) Let A be a commutative integral domain with a Eu-
clidean algorithm; then A is generalized Euclidean.

It follows from Theorem 2.32 that:

Proposition 2.35 Let Ay, As be generalized Euclidean rings; then A1 x Ay is also
generalized Euclidean.

To consider an example, we denote by Z, the ring of residues mod r; that is,
Z, =7/n.If n is square free we may write it as a product of distinct primes n =
pip2---pk. Then Z, =F ), x --- x Fp,, where F, is the field with p elements and
o)

Zolt, t V=R, (1,07 <  x Fp 1,171,

However, each F, [, t~!1is a Euclidean ring and so is generalized Euclidean by
Proposition 2.34; from Proposition 2.35 we see that:

If n is square free then Z, [z, s generalized Euclidean. (2.36)

Another useful result is:

Proposition 2.37 Let Ay be a generalized Euclidean ring; if ¢ : Ay — Ay is a
surjective ring homomorphism then Aj is also generalized Euclidean ring.

Proof Let A € M,,(A>). First choose A € M,,(A;) such that ¢,(A) = A. Since
A1 is generalized Euclidean, we may write A= PiDP, where P; € E,,(A) and
D € D,,(Ay). Then ¢, (P;) € E;; (A3), ¢«(D) € Dy, (A3) and the required decom-
position is given by

A= g.(P)@u(D)gu(Py). =
Next consider diagonal matrices
51 0

A= ) e M, (A).
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We say that A is of restricted type when 8, ...,68,, € A* and that A € M,,(A)
is of very restricted type when §, = --- = §,, = 1. Likewise we say that a matrix
X € M,,(A) has a Smith Normal Form of restricted type (resp. very restricted type)
when X ~ A where A is a diagonal matrix of restricted type (resp. very restricted
type). From (2.25) and (2.27) it follows easily that if X € M,,(A) then:

X has a Smith Normal X has a Smith Normal
Form of restricted type Form of very restricted type

} . (238)

Given a ring A a two sided ideal J in A is of radical type when u + j € A* for
any j € J and u € A*. We say that a ring homomorphism ¢ : A — B has the strong
lifting property for units when, in addition to the lifting property for units, ¢ satisfies

aceA* < 7n(x)eB* (2.39)

It is straightforward to see that if ¢ : A — B is a surjective ring homomorphism
with the lifting property for units then:

@ has the strong lifting property for units <= Ker(p) is of radical type. (2.40)
If J is a two-sided ideal in A we shall say that a matrix U = (u;;) € M,;,(A) has

restricted form with respect to J when uz, ..., uum € A* whilst u;; € J when
i # jand i, j > 2; otherwise expressed, the image U in A/J then takes the form

* % * *
_ * up 0 0
U =
* 0 0
* 0 0  Umm

Now suppose that J is a two sided ideal of radical type in A and that U € M,,(A)
has restricted form with respect to J. As r descends from m to 2 we may, by means
of suitable row and column operations, successively kill the rth row and column
leaving units in the (7, )th places; we obtain:

Proposition 2.41 Let J be a two sided ideal of radical type in A; if U € M,,(A)
has restricted form with respect to J then U has a Smith Normal Form of restricted

type.

Lemma 2.42 (Lifting Lemma) Let ¢ : A — Abea surjective ring homomorphism
with the strong lifting property for units; if X € M,,(A) is such that ¢(X) has a
Smith Normal Form of restricted type then X also has a Smith Normal Form of
restricted type.
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Proof By hypothesis, ¢(X) has a Smith Normal Form of restricted type which, by
(2.38), we may take to be of the form

Formally, there exist E4, E_ € Em(/i) such that E, p(X)E_ = A, 1,...,1). As
@ is surjective we may now choose E’., E” € E,,(A) such that ¢(E.) = E,. One
sees easily that E/, XE’ has restricted form with respect to the two sided ideal
Ker(¢). However, as ¢ has the strong lifting property for units then Ker(¢p) is of
radical type. By Proposition 2.41, E/. X E’ has a Smith Normal Form of restricted
type. Hence X also has a Smith Normal Form of restricted type. d

2.4 Weakly Euclidean Rings

The ring A is said to be weakly Euclidean when GL,, (A) = GE, (A) for all n > 2.
As A, (A) normalises E,, (A) this is equivalent to requiring that each X € GL,(A)
has a Smith Normal Form. We may now establish a Recognition Criterion for this
property:

Proposition 2.43 Let ¢ : A — B be a surjective ring homomorphism where B is
weakly Euclidean; if ¢ has the strong lifting property for units then A is also weakly
Euclidean.

Proof Let X € GL,,,(A); then ¢(X) € GL,,(B). By hypothesis on B, ¢(X) is a prod-
uct

9(X)=D(@, DE,

where § € B* and E € E,,(B). In particular, ¢(X) has a Smith Normal Form of very
restricted type. By Lemma 2.42 and (2.38), X also has a Smith Normal Form of very
restricted type so we may write X = E. D(§, 1) E_ forsome E, E_ € E,;;(A). As
X is invertible then § € A*. It follows from (2.17) that EQ_ =DOG ', DELD@®, 1) e
E(A)andso X = D(8, 1)E where E = E/ E_ € E,;(A). O

There is a useful generalization of the notion of weakly Euclidean ring; for any
ring A the group GL,,(A) imbeds via stabilization in GL,(A) for m < n; moreover
GL,,,(A) - E;(A) is a subgroup of GL,(A) and is normalised by GL,,(A). We say
that A is m-weakly Euclidean when GL, (A) = GL,,(A) - E,(A) = for m < n. Evi-
dently if A is m-weakly Euclidean then it is A is n-weakly Euclidean when m < n.
Moreover, A is 1-weakly Euclidean precisely when it is weakly Euclidean.
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2.5 Examples of Weakly Euclidean Rings

The standard theory of reduction by row operations shows that:

Any division ring is weakly Euclidean. (2.44)
Moreover, from Smith’s Theorem Proposition 2.34, it follows a fortiori that:

Any commutative Euclidean domain is weakly Euclidean. (2.45)

Let L be a (possibly noncommutative) local ring; it is straightforward to see that
the canonical homomorphism 7 : L — L /rad(L) has the strong lifting property for
units. Moreover, as L/rad(L) is a division ring it is weakly Euclidean. Applying
Proposition 2.43 we get the following which first seems to have been observed by
Klingenberg [64].

Corollary 2.46 If L is a (possibly noncommutative) local ring then L is weakly
Euclidean.

Note that weakly Euclidean rings are closed under products; that is:

Proposition 2.47 If Ry, ..., R, are weakly Euclidean rings then Ry X --- X Ry, is
also weakly Euclidean.

We note also the following adjunct to Morita theory:

Theorem 2.48 Let R be a weakly Euclidean ring; then for each n > 1, the ring
M, (R) of n x n matrices over R is also weakly Euclidean.

Proof If V is an R-module then for each m > 1 put vim =y g...4 V; for each
———
m

m > 1 there is a ring isomorphism ¥ : Endg (V) = M., (Endg(V)) given by
Y(o)rs = msiy,

where is : V — V™ is the inclusion of the sth summand and 7, : V™ — V is pro-
jection onto the rth-factor. When V is a free module of rank n with basis {ex}1<x<n
we identify Endr (V) with M, (R). Moreover V™ then has the basis {Ei}i<t<mn
where, on writing t =n(a — 1)+ b with1 <a <mand 1 <b <n,

Ei =iq(€p)

enabling us to identify Endg (V) with M,,,(R). ¥ then becomes the ‘block de-
composition’ isomorphism

W : My (R) —> My, (M, (R))



2.5 Examples of Weakly Euclidean Rings 23

inducing a group isomorphism ¥ : GL,,,(R) = GL,,(M,,(R)). It will suffice to
show that

Y(GEmn(R)) C GEp (M, (R)).
For then, by the weakly Euclidean hypothesis on R, GE,,,,(R) = GL,,,(R) and so

GLin (M (R)) = ¥ (GLnn(R)) C GEy, (M (R))

and hence GL,, (M, (R)) = GE,,(M,,(R)) showing that M}, (R) is weakly Euclidean.
To show that ¥ (GE,,,(R)) C GE,,(M,(R)) first observe that ¥ (A,,,(R)) C
A (My(R)). As GEp; (R) = Ay (R) - Ey (R) it therefore suffices to show that

Y(E(s,1; 1)) € GEn(Mp(R))

forl <s,t<mnands##t,A€ R Writes=n(a—1)+b,t =n(a’ — 1) + b’ with
l1<a,a’ <mand1<b,b <n.Ifa=d then W(E(s,t;1)) € A, (M, (R)) whilst
ifa#a W(E(s,t; L) € Ey(M,(R)). O

For n > 2 we denote by F, the free nonabelian group of rank n, whilst F; will
denote the infinite cyclic group C.. We have the following theorem of Cohn [17]:

Theorem 2.49 For any division ring D the group ring D[ F,] is weakly Euclidean.

Let R be aring and G a group; we say that the group ring R[G] has only trivial
units when each A € R[G]* has the form A =ug foru € R* and g € G.

Proposition 2.50 Let w : A — B be a surjective ring homomorphism with the
strong lifting property for units and suppose that the ideal Ker(r) is nilpotent; if
G is a group for which B[G] has only trivial units then the induced homomorphism
7y : A[G] — B|[G] has the strong lifting property for units.

Proof Putting J = Ker(;r) observe that Ker(r,) = J[G] = {dec E,8:86,€ J}.
Now, by hypothesis, J = {0} for some M > 1. It follows that if X € Ker(r,) then
XM =0.Hence 1 — X € A[G]* as

A=-XA+X+X>+-+ XM =1,

Now let @ € A[G] satisfy 7, («) € B[G]*. We must show that « € A[G]*. By hy-
pothesis, B[G]* has only trivial units; that is 7, («¢) = ug for some u € B* and
g € G. As 7 is surjective we may choose v € A such that 7 (v) = u. It then follows
that v € A* as 7 has the strong lifting property for units. Put y = v"'ag™!; and
X =1-—y;then y =1 — X where X € Ker(s,), so that y € A[G]* by the above

and @ = vy g € A[G]* as required. O

If G is a group and X, Y are subsets of G we say that g € G is represented as
a product in X, Y when g = xy for some x € X and y € Y. We say that g € G is
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uniquely represented as a productin X, Y when, in addition, if g = x'y’ withx’ € X
and y’ € Y then x = x" and y = y’. We say that G satisfies the two unique products
condition (abbreviated to 7UP) when, given finite subsets X, Y of G with 2 < |X|
and 2 < |Y|, at least two elements of G are uniquely represented as products in
X, Y. In Appendix C we give a fuller account of this topic; in particular we will see:

Theorem 2.51 Let G be a TUP group; then for any (possibly noncommutative)
integral domain A, A[G] has only trivial units.

It is known (cf. Appendix C) that the free group F), satisfies the 7UP condition;
thus for any division ring D the group ring D[ F,,] has only trivial units. Suppose that
L is a local ring in which rad(L) is nilpotent and put D = L /rad(L); by applying
Proposition 2.50 to the induced homomorphism L[F,,] — D[F,] we may extend
Theorem 2.49 as follows:

Corollary 2.52 If L is a local ring for which rad(L) is nilpotent then the group ring
L[F,] is weakly Euclidean.

With very little change the requirement that rad(L) be nilpotent may be replaced
by the hypothesis that L is complete to obtain:

Proposition 2.53 If Lisa complete local ring then Z[Fn] is weakly Euclidean for
anyn > 1.

We may generate a useful class of examples by the triangular algebra construc-
tion. If R is aring and 7 is an integer > 2 we define

Ti(R)={XeM,(R): X;;=0fori < j};

that is 7,,(R) consists of elements of the form

Xnn

Observe that 7, (R) is a subring of M, (R). Moreover, there is an obvious surjective
ring homomorphism

§:Tw(R) = Rx - xR, 8(X)=(X11, X22, -+, Xom)-
\_\,—/
n

It is straightforward to check that & has the strong lifting property for units. From
this observation together with Propositions 2.43 and 2.47 we see that:

Proposition 2.54 If R is weakly Euclidean then T,(R) is also weakly Euclidean.



2.6 The Dieudonné Determinant 25
2.6 The Dieudonné Determinant

If P(o) is a permutation matrix then by (2.15)
P(©@)AGL, -, 8)P©) " = AGs(1), -5 80(m)-

In particular, in GE,,(A) the subgroup 3, of permutation matrices normalises the
subgroup A,(A) of diagonal matrices. We define the core subgroup C,(A) of
GE; (A) to be the internal product

Ca(A) = An(A) - 5. (2.55)

We have seen, in (2.21), that A, (A) normalises E,,(A). It follows from (2.13) that
X, also normalises E,(A). Thus C,(A) normalises E,(A). However, GE,,(A) =
A, (A) - E,(A) so that, a fortiori,

GE,(A) =Cn(A) - Ex(A). (2.56)

It is clear that A,(A) N fn = {1} so that the decomposition (2.55) is actually a
semi-direct product. Alternatively we can regard C,(A) as a semidirect product

Ca(A) = (A")" 0 Xy, (2.57)

where X, acts on (A*)" viao - (81,...,8,) = (Bs(1), - --»86(n))- Let (AP denote
the abelianization of the unit group (A*)?; that is

(A = A* (A%, AF]. (2.58)

If § € A* we denote by [8] its class in (A*)“b . One sees easily that the multiplication
map

s (A = (AP w@r,.. ., 8) =811, [84]

is a homomorphism. Moreover, 1 extends to a homomorphism from the semidirect
product

: (A" e Zy — (A by B(@1.....8:0) = [sign(@)][81]. ... [8,].

We define the proto-determinant prot, : C,(A) — (A% 10 be the homomorphism
which corresponds to i under the isomorphism (2.57); that is:

prot, (A(S1, ..., 8,) - P(o)) = [sign(@)][81]. ..., [8]. (2.59)

The proto-determinant is compatible with stabilization. For any integers k, n with
1 <k the stabilization inclusion sy, x : GL,(A) = GL,41(A)

nk(A) = (g‘ 2)
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induces the subsidiary inclusions s, i : E,(A) = E,1x(A), Spi @ Ap(A) —
Anik(A), Spk : GER(A) = GEyqk(A), Spk 2 Xn — Zptk and hence also s, i :
Cn(A) = Cp4k(A) and the following diagram commutes for each k, n with 1 <k

0L, 4 &

Copi(A) " (Axyab
T S,k 'T 1d

prot,

Ca(A) =" (A
By a weak determinant for A we mean a family {det, },<, of group homomorphisms
det, : GE,(A) — (A*)

such that

(i) det, extends prot,,; that is det,|c, (4) = prot,,;
(ii) the family {det, }o<, is compatible with stabilization; that is, the diagram below
commutes for each k, n with 1 <k:
dety i *\yab
GEpik(A) — (AY)
T S,k T Id

GE,(A) S (4%

Observe that:

Proposition 2.60 If {det,}»<, is a weak determinant for A then det,(E) =1 for
each E € E,,(A).

Proof 1t suffices to show that det,(E (i, j; A)) = 1 for each generator E(i, j; A).
When n > 3 then, by (2.3), for some r <n, E(i, j; X)) =[E(i,r; 1), E(r, j; )] so
that

det, (E(, j; A)) =det, (E(@,r; A))det, (E(r, j; 1))
x det, (E(i,r; 1)~ Mdet, (E(r, j; 1))~}

and the conclusion follows as det, takes values in the abelian group (A*)?”. For
n =2, the result follows by stabilization as

deta(E (i, j; 1)) =dets(s32(E(, j; 1)) = 1. O
It follows that a weak determinant for A is unique; that is:

Proposition 2.61 [f {det,}»<, and {det,}2<, are weak determinants for A then
det, = det), for eachn > 2.

Proof Write X € GE,(A) in the form X = C - E where C € C,(A) and E € E, (A).
Then det, (C) = prot,, (C) and det, (E) = 1 so that
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det, (X) = det, (C) - det, (E) = prot, (C).

Repeating the calculation gives det),(X) = prot, (C) so that det,, = det,. 0

2.7 Equivalent Formulations of the Dieudonné Condition

We say that A is a Dieudonné ring when A possesses a weak determinant. In this
section we derive a simple necessary and sufficient condition for A to be Dieudonné,
namely that for each n > 2

Dy (A) N Ey(A) = Du([A", A™]),

where
D, ([A*, A*]={D(1,h) : h € [A*, A*]}.

We shall also show that when {det,}><, is a weak determinant for A then the se-
quence

1 = E,(A) C GEn(A) X% (a%)® - 1

is exact. We begin by observing:
Proposition 2.62 D, ([A*, A*]) C E,,(A) for each n > 2.

Proof First consider the case n = 2. Then for «, 8 € A*,
apa”t 0] [ 1 O][1 —[ 1 O0][1 «B”!
o '] ot 1f{O0 1 ||t 1][0 1
1 01 a™!
X -1
—Ba 1{[0O 1

apa”t 0
0 B!

from which we see that:
] € Ex(A). 0

Replacing 8 by f~! and taking @ = 1 we obtain the following, which is also a
consequence of (2.9)

~1
|:’30 g] € Ex(A). 1D

afa~! 0

. —1g-1 07 _
Taking the product [“’5“ 0 p ] = [ P

1 1][%1 2] we conclude that

—1p-1
[“ﬁ"‘o p ?} € Ea(A). (IIT)
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The statement for n = 2 now follows as [A*, A*] is generated by the basic commu-
tators [, B] = B! B~ whilst for n > 2 the conclusion follows by stabilization
as

Dy ([A*, A™]) = 50,2(D2([A, A™])) C s,2(E2(A) C Ep(A). -

It should cause no confusion to identify A* with D,(A) and [A*, A*] with
D, ([A*, A*]). In particular we shall write

GE,(A) = A*-E,(A) and GE(A) = A* - E(A),

where
E(A) = li_r)nE,, (A) and GE(A) = li_I)nGE,,(A).
Whenever 2 < k < n we have, by Proposition 2.62, a sequence of inclusions
[A*, A*]C A*NE(A) C A" NE,(A) C A" NE(A).
Let g, : (A*)”b — GE,(A)/E, (A) be the composition fj, = v, o [ ], where
[1n: A*/[A*, A*] = A*/A* N E,(A)
is the natural surjection and
Uyt A*/A* 0 Ey(A) > A*Ey(A)/Ey(A) = GE,(A)/Ey(A)
is the Noether isomorphism v, ([6],) = & - E,(A). Let s be the composition

floo = Voo © [ oo : (A*)ah — GE(A)/E(A) where voo = li_r)n‘)n and [Joo = h_r)n[]n
We get a commutative diagram with exact rows

1= A*NE(A)/[A%, A*] — (AH% S GE(A)/E(A) — 1

T ioc,n ”Id T Soo,n
1 = A*N E,(A)/[A*, A*] = (A*)b L GE,(A)/E,(A) — 1 (2.66)
T in,k ||Id T Sn,k

1 = A*NER(A)/[A*, A*] = (A" K3 GEi(A)/Er(A) — 1

where the mappings iso.n, in ks> Sco.n» Sn.k are induced by stabilization. Note that
ioo.n» in k are injective whilst s« ,, Sp & are surjective.

The homomorphism A* — K{(A) = GL(A)/E(A); 6 — D(1,8) - E(A) in-
duces a canonical mapping i : (A% — K (A). As we now see, the Dieudonné
condition on a ring A can be expressed in a number of ways. The conditions below
are comprehensive without being exhaustive.

Theorem 2.64 For any ring A the conditions below are equivalent:

(i) A admits a weak determinant,
(i) A*NE,(A) =[A*, A*] for each n > 2;
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(i) A*NE(A) =[A*, A*];

(iv) the canonical mapping i, : (A*)“b — GE,(A)/E, (A) is an isomorphism for
eachn > 2;

(v) the canonical mapping i : (A*)b — GE(A)/E(A) is an isomorphism;

(vi) the canonical mapping i : (AH® = K (A) is injective.

Proof The equivalence of (ii) and (iii) follows directly from the definition of E(A)
as 121)1 E, (A) whilst the equivalence of (ii) with (iv) and (iii) with (v) follows directly
from the exactness of the rows in (2.66). Thus it suffices to show that (i) <= (ii)
and (iii) <= (vi).

(i) = (ii) Let {det, }2<,, be a weak determinant for A. As det,(E) = 1 for any
E € E, (A) then det,, induces a homomorphism (det, ). : GE,(A)/E, (A) — (A*)b,
Thus consider the diagram

in (dety)«
GE,(A)/En(A)

(A*)ab (A*)ab

A*
where fj,, is the homomorphism of (2.66) and i : A* — GE,(A)/E, (A) is the ho-
momorphism i(§) = D, (1, 8) - E,;(A). Computing we see that
0n([8]) = Du(1,8) - E4(A) and  (det,)s(Dn(18) - En(A)) =[]
so that (det,)4 o f,, = Id|( Axyab. I particular, f, is injective. However, by (2.66),
Ker(1,) = A* N E;(A)/[A", A™]

and so A* N E,(A) =[A*, A*]. This proves (i) = (ii).
(il) = (i) From the filtration

[A*, A*] C A* N ER(A) C A*NE,(A) C A* @
we obtain a commutative diagram with exact rows

1= En(A) — GE(A) L A*/A* N E,(A) — 1

T Sn,k T Sn,k T On,k
1> Ex(A) — GE(A) B A*/A* N Er(A) —> 1 (ID)
T Sk.1 T Sk.1 T Ok, 1

1> A% A" > a* L aqax a4 51

in which y, is the composition y, = v~! o (), where (), : GE,(A) = GE,(A)/
E,(A) is the canonical mapping and v~ : GE,(A)/E,(A) = A*/A* N E,(A)



30 2 The Restricted Linear Group

is the inverse of the Noether isomorphism already considered. Here the mappings
sy are induced by stabilization and the oy, x are the appropriate quotient mappings
from the filtration (i). By hypothesis A* N E,(A) = [A*, A*] so that each oy, k is
the identity and (II) becomes

1= En(A) — GE,(A) % (A% 1

1 su 1 sux I
1= Ex(A) — GE(A) B (49 - 1 (I1T)
P sk P sk |l1d

1> [A*, A > A% Y ana

Evidently yx is a homomorphism and we claim it extends prot;. To see this, first
note that s 1(8) = D (1, 8) so that, by commutativity, yx(sx,1(8)) = [§]. By (2.11)
we have
PG, 1)=sk1(-DE,1;1)E(l,i; —1)E(i,1; 1) and hence
Ye(P @, 1) = yi(si i (=D)y(EG, 1, DE(L s —DEG, 15 1))
=[-Uw(EG L DEQ,i; —DEG, 1; 1)).

However E(i, 1; DE(1,i; —D)E(, 1; 1) € Ker(y) so that yx(P(i, 1) = [—1]. Now
PG, j)= PG, 1)P(j, )P, 1) so that

Ye(P (i, j)) = v (P D)y (P, D)y (P, 1) = [=1[-1][-1] = [-1].

It follows by induction that y; (P (0) = [signo]. Also Dy (r,8) = P(1,r)Di(1,6) X
P(1,r) so that

Yi(Di(r, 8)) = yi(P(1, r)) vk (D (1, 8) i (P (1, 1)) = [—1][8][—1] = [8].

However A(S1,...,0;) = Hle Dy (r,6,), hence yx(A(S1,...,6k)) = [611[82] -
[6%]. Thus

Vi(A@1, ..., 8,) P(o)) = [sign(o)][811[82] - - - [&k]

and so y, is a homomorphism extending prot,. Moreover, as is clear from (III)
above, {y,}2<, 1s compatible with stabilization; that is {y;,}><, is a weak determi-
nant for A and so (i) = (i).

(iii) <= (vi) The canonical mapping i : (A*)®’ — K(A) is simply the compo-
sition

(A*)eP oo, GE(A)/E(A) C GL(A)/E(A)

so that, by exactness of the rows in (2.66), Ker(i) = Ker(leo) = A* N E(A)/
[A*, A*]. In particular, A* N E(A) = [A*, A*] <= i is injective. This proves
(iii) <= (vi) and completes the proof. Il
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The proof of Theorem 2.64 shows more than the formal statement. As there is at
most one weak determinant for A, the proof that (il) = (i) and, in particular, the
diagram (IIT) shows that:

Corollary 2.65 If {det,}2>, is a weak determinant for A then for each n the se-

quence 1 — E,(A) — GE,(A) pacg (AH = 1 is exact.

We note that the condition ‘A* N E>(A) = [A*, A*]” occurs, albeit obliquely, in
Cohn’s study of GL, [16]. Cohn shows that for those rings A which are ‘universal
for GE5’ there is an isomorphism GE(A)/E2(A) = (A*)® ([16], Theorem (9.1)).
Although not expressed as such, his proof may be re-arranged to give the condition
‘AN Ey(A) = [A*, A*] directly.

2.8 A Recognition Criterion for Dieudonné Rings
We begin with a straightforward group-theoretic observation:

Proposition 2.66 Let ¢ : G — H be a surjective group homomorphism; then
¢ G — H® is an isomorphism <= Ker(¢) C [G, G].
Proof (=) First note the inclusions
[G.G]C¢™'(IH,H]) CG, (%)
Ker(p) C o~ '([H, H]) CG. ()

We have a Noether isomorphism ¢ : G/¢~'((H, H]) — H/[H, H] = H*® whilst
(xx) gives an exact sequence

1— ¢~ '((H, H])/IG,G] = G/[G,G] = G/~ "({H, H]) — 1.

Moreover, the induced map ¢ : G — H® is the composition ¢** = @ o v. Thus
we have an exact sequence

ab
1—> ¢ '((H,H)/IG.G] —» G ¥5 H® - 1

in which, by hypothesis, (p“b is an isomorphism. Hence [G, G] = (p_l ([H, H]) and
so Ker(¢) C [G, G] by (). This proves (=).

(<) Conversely suppose that Ker(¢) C [G, G]. Then we have an exact se-
quence

1 - [G, G]/Ker(¢) — G/Ker(p) ——> G — 1.
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As ¢ is surjective there is a Noether isomorphism ¢, : G/Ker(¢) — H. Define
v:uogo*_l:H—) G.

Then v is surjective and the diagram below commutes where g, g are the canon-
ical homomorphisms:

G 8 gab
pdv "

H

H & pab

Let v? : H® — G be the homomorphism induced from v via the universal
property for abelianization. Then v“? is surjective. Moreover ¢ o v = iy =
@’ o v’ =1d so that v?? is also injective and hence is an isomorphism with
(v*)~1 = ¢ In particular, ¢? is an isomorphism. This proves (<=) and com-
pletes the proof. g

In what follows we adopt the convention that ]_[fvz | Ar means Ajp ---Ay; more-
over, for a ring homomorphism ¢ : A — B, ¢, will denote the induced map on
units

Ou=a* 1 A¥ > B*.

We have a Recognition Criterion for Dieudonné rings.

Theorem 2.67 Let ¢ : A — B be a ring homomorphism such that

() @y : A* — B* is surjective and
(>ii) q)gb S (A" — (B*)P s an isomorphism.

If B is a Dieudonné ring then so also is A.

Proof By Theorem 2.64 we must show [A*, A*] = A*N E(A). However, [A*, A*] C
A* N E(A) by Proposition 2.62 so it suffices to show that A* N E(A) C [A*, A*].
Thus let § € A* N E(A). Then ¢(8) € B* N E(B). However, B is a Dieudonné ring
so that, by Theorem 2.64, we may write

N
0(8) =] [ler, /]

r=1

with «,, B, € B*. Now ¢, : A* — B* is surjective so that we may choose
ay, By € A* such that (&) = a; and ¢(B;) = B;. Put

N
y =[] B1erar A%,

r=1
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Then ¢, (y ~'8) = 1; that is, y ~'8 € Ker(¢, ). However, <pfl’b is an isomorphism so
that, by Proposition 2.66, Ker(gp,) C [A*, A*]. Hence we may write § = yn for
some n € [A*, A*]. Thus § € [A*, A*] as y, n € [A*, A*]. O

The standard theory of the determinant over a commutative ring shows that:
Any commutative ring is a Dieudonné ring. (2.68)
The theorem of Dieudonné [21] shows:
Any division ring is a Dieudonné ring. (2.69)
We give a complete proof of (2.69) in Appendix A. More interestingly, the group

rings of certain infinite groups satisfy the Dieudonné condition. For example:

Proposition 2.70 Let G be a finitely generated TUP group such that H\(G,Z)
is torsion free. Then for any commutative integral domain A the group ring A[G]
satisfies the Dieudonné condition.

Proof Asnoted in Theorem 2.51, the 7UP condition guarantees that A[G] has only
trivial units; that is

A[G]"Z A* x G.

Let v: A[G] — A[G“’] be the canonical mapping. As Gb =~ H\(G; Z) is finitely
generated and torsion free then G is a free abelian group of finite rank and so also
satisfies the 7UP condition (see Appendix C). In particular, A[G?*] also has only
trivial units; that is

A[Gab]* g A* X Gab.
The canonical mapping v thus induces a surjection v : A[G]* — A[G®*]* and an
isomorphism
v:(A[GT)™ = A[G™T*.

Moreover, A[G??]* is its own abelianization. As A[G??] is commutative it satis-
fies the Dieudonné condition. Thus A[G] also satisfies the Dieudonné condition by
Theorem 2.67. [l

As examples of groups G satisfying the hypotheses of Proposition 2.70 we may
take, for example, any finite product G = G x --- x Gy where G; is either a free
group or the fundamental group of an orientable surface (cf. Appendix C).

2.9 Fully Determinantal Rings
To a ring A is associated a canonical homomorphism i : (AH > K (A). We

shall say that A is fully determinantal when i admits a left inverse. Given such
a left inverse 8 : K1(A) = (A*)? then composition with the canonical mappings
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Vp 1 GLy(A) — K1 (A) gives a family {8, }2<, of group homomorphisms

8y =80 vy : GLy(A) — (A*)*
making the following diagram commute for each k, n with 1 <k:

Sntk

GLy 11 (A) 55 (AP
Tsn,k Tld
GL,(A) 25 (A%)yab

The family {6,}2<, is then said to be a full determinant for A. As i has a left
inverse it is injective. The restriction 8, : GE,(A) — (A*)4P is then the (unique)
weak determinant of A which exists by virtue of the injectivity of i; hence §, ex-
tends prot,, : C,(A) — (A*)?_ Clearly one has:

If A is Dieudonné and weakly Euclidean then A is fully determinantal. (2.71)
In particular, as division rings are both Dieudonné and weakly Euclidean then
Any division ring is fully determinantal. (2.72)

We note that a commutative ring A is fully determinantal as there is a natu-
ral choice of left inverse for i induced from the standard determinant construc-
tion. However, in contrast to weak determinants, full determinants, where they
exist, need not necessarily be unique. This may be true even in the commuta-
tive case. In general, if 7 : (A*)?? — K{(A) has a left inverse then any full de-
terminant of A is unique only when there is no nontrivial group homomorphism
Coker(i) — (A*)0,

In conjunction with the Dieudonné condition the additional condition of being
weakly Euclidean is sufficient but not necessary for the possession of a full de-
terminant. Every commutative ring is fully determinantal but very few are weakly
Euclidean. Less trivially, as the following shows, there are examples of noncom-
mutative rings which are fully determinantal and, in general, very far from being
weakly Euclidean.

Theorem 2.73 If A is a commutative integral domain then the group ring A[Fy] is
fully determinantal.

Proof Let k be the field of fractions of A. As both Fy and CY satisfy the TUP
condition then k[Fy]* = k* x Fy and k[CN]* = k* x CY so that (k[Fy]*)* =
k* x CO’\;. We saw in Proposition 2.70 that k[ Fy] satisfies the Dieudonné condition.
Moreover, by the theorem of Cohn Theorem 2.48 k[ Fy] is weakly Euclidean. Thus
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k[ Fy] is fully determinantal; moreover, Proposition 2.61 and the weakly Euclidean
condition guarantee the determinant is unique.

Let 6,, : GL,,, (k[Fn]) — (k[ F, N]*)“b be the determinant; there is a commutative
diagram

GLy (K[Fy1) : GL (K[C])

k* x CY

where 1 : GL,, (k| Fn]) — GL, (k[CéVO]) be the homomorphism induced from the
abelianization Fy — C ol\é Evidently this imbeds in a larger commutative diagram

D

GLy (A[FN]) GLy (A[CY))
J i
GLy (K[Fy)) : GLn (KICY])
Sm det
k* x X

As A[COA;] is commutative, if X € GLm(A[CéVO]) then det(X) € A[Col\é]*. However,
again by the TUP condition, A[CY 1* = A* x CY. From the commutativity of the
above diagram, if X € GL,,(A[Fy]) then 8,,(j (X)) € A[CY]* = A* x CY. Once
more by the TUP condition (A[Fy]*)?? = A* x Cévo. We define a homomorphism
8), : GLn (A[Fn]) — (A[Fn]")“? by

8, =38moj.

Again by Proposition 2.70, A[ Fy] satisfies the Dieudonné condition and it straight-
forward to see that &), extends the weak determinant dy, : GE, (A[Fy]) —
(A[Fy1%)?". Finally the diagram below commutes
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GL, (A[Fn]) GL, (k[Fn])
Smm A*xcN < k*xcl Smm

j
GL (A[FN] GLy, (k[FN])

in consequence of which A[Fy] is fully determinantal as claimed. O



Chapter 3
The Calculus of Corners and Squares

This chapter is a systematic study of projective modules via the decomposition
of rings into fibre squares. The genesis of this approach was geometric, namely
‘Mayer-Vietoris patching’ for vector bundles. Its translation into pure algebra was
effected by Milnor in [73] and subsequently extended, notably by Karoubi [63]. In
its original formulation, the method aimed to describe the stable structure of pro-
jective modules. However, our treatment is heavily influenced by that of Swan in
[94], wherein the method is adapted to the dual ‘unstable’ theory; that is, the study
of what is lost on stabilization.

3.1 The Category of Corners

By a corner A we mean a quintuple A= (A, A_, Ay, o1, ¢_) where A, A_, Ag
arerings and ¢4 : AL — Ap, ¢— : A_ — Ao are ring homomorphisms. We portray
a corner conventionally as

A
A= o
AsE A

If B= (B4, B_, By, ¥+, ¥_) is also a corner then by a corner morphism 4 : 4 — 5
we mean a triple 2 = (hy, h_, hp) of ring homomorphisms A, : A, — B, making
the following diagram commute.

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 37
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A_

\_\
o_ B_

P+ _

Ay A7
h_\ h(\
{2

By By

There is evidently a category Corners whose objects are corners and whose mor-
phisms are as described above. A group valued functor G : Rings — Groups applied
to a corner A gives a diagram of group homomorphisms

G(AD)
G(A) = b G

GA) 7% gag

We write

G(A) =ImG(p:)\G(A9)/ ImG(p-).

The set G(A) has a distinguished point, denoted by #, namely the class of the iden-
tity from G(Ag). The correspondence A — G(A) defines a functor G : Corners —
Sets, to the category Sets, of based sets and basepoint preserving maps. When ¢,
@_ are understood we write this as G(A) = G(A1)\G(Ap)/G(AL).

The functors we use most often are G = GL,,, E,,, GL (= h_r)n GL,), E (= h_r)n E,).
However, over any ring A

GLy(A) - Enyi(A) = Enqi(A) - GLy (A);

thus writing GE,, x(A) = GL,(A) - Ep+x(A) we see that GE,, x(A) is a subgroup
of GL,4+«(A) and we shall also employ the functor A = GEj, x(A). For k > 1 the

stabilization operator
X 0
X+ ( 0 Ik)

induces mappings s, x : GL,(A) — GL,1x(A) and s, : E;(A) — Eux(A).
These satisfy sy m = Sn+k.m—k © Snk for 1 <k < m. In addition, there is stabilization
map sr’l’k :GL, (A) — GE, k(A).
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3.2 Modules over a Corner

By a module over a corner A we mean a triple M = (M4, M_, o) where M,
M_ are modules over A, A_ respectively with the property that My ® Ag =
M_ ® Ag and where o : M_ ® Ag —> M4+ ® Ay is a specific Ag-isomorphism. If
N = (N4, N_, B) is also a module over A then by an A-morphism f : M — A
we mean a pair f = (f4, f—) where f, : My — N, is a homomorphism over A,
such that the following commutes:
—®Id
M_® A > N_® 49
Lo Y
®Id
M+®A0f+—> Ny ® Ao
There is a category Mod 4 whose objects are modules over the corner .4 and whose
morphisms are as described above. Observe that AMod 4 has coproducts given by

MON =M, &N+, M_®N_;a® p); foeg=>/+ D&+, f[-Dg).

We may transfer properties of A,-modules to .A-modules in an obvious way; thus
say that an A-module M = (M1, M_; «) is finitely generated when M, is finitely
generated over A, for o =+, —. Similarly we may transfer the notion of exactness.
Firstly observe that (0, 0; Id) is a zero object in the category of .4-modules in the
formal sense of category theory. Now suppose given a sequence £ of .A-modules
thus:
(ig,i—) (p+.p-)
E=0— Ky, K_3y) = (My, M) "5 (04, 03 B) — 0);

then we say that £ is a short exact sequence of .A-modules when, for o = +, — the
sequences

0—>KUE>M0&>QG—>0 and 0—>KG®AOE>MG®AOE> 0s®A)—0

are all exact. Here a certain degree of circumspection is called for as we cannot,
a priori, guarantee that — ® Ay is an exact functor. The following condition will be
sufficient for our purposes.

Proposition 3.1 If the sequences 0 — K, 2 M, Lid Qs — 0 are split exact for
o =+, — then £ is a short exact sequence of A-modules.

The corner A gives rise to a family of finitely generated modules over itself

as follows; note that there is a canonical isomorphism 7 : A4y ® Ag S AL® Ag
which, by (a slight) abuse of notation, we may confuse with Id : A9 — Ap; then for
n > 1 write F,(A) = (A", A" ;1d,,); we refer to F,,(A) as the global free module
of rank n over A. A finitely generated A module P will be said to be globally
projective when there is an isomorphism P @& Q = F,(A) for some n and some A
module Q.
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3.3 Classification of Modules Within a Local Type

For an A-module M = (M4, M_; ) the pair (M4, M_) is called the local type
of M. The following shows that local type is an isomorphism invariant.

Proposition 3.2 Let M = (M, M_;a), N = (N4, N_; B) be modules over the
corner A; then M ZEAN = My =4, Ny foro =+, —.

Proof Let f = (f+, f-) : My, M_;a) — (N+,N_; B) be an A-isomorphism
with inverse g = (g+,g-) : (N+,N_; B) = (My,M_; ). Then f; : My — N,
is an A, -isomorphism with inverse g, : Ny — M. Il

For a local type (M4, M_) put

ISO(M_®A0,M+®AO):{“:M—®A0—>M+®Aosuch}_

that « is an Ag isomorphism

There is a two-sided action

Autg, (M) xIso(M- ® Ag, My ® Ag)x Auty_(M_) — Iso(M_ ® Ay, M1+ ® Ap)
(hy,a,h_) > [hi]oao[h_]

where we write [h,] =he ® 1 : My @ Ag = My ® Ag. Then if L(M, M_) de-
notes the set of isomorphism classes of .A-modules of local type (M, M_) there is
evidently a surjective mapping

f:lso(M_® Ag, M @ Ag) > L(My,M_)
f(@) = [(My,M_, )]

It is straightforward to see that:
Proposition 3.3 1 induces a bijection
02 Auta, (Mp)\Tso(M_ ® Ag, My ® Ag)/ Auts (M_) —> L(My, M_).

Evidently Proposition 3.3 gives a complete classification of .4-modules within a
local type.

3.4 Locally Projective Modules and the Patching Condition

We say that an .A-module £ is locally free when £ = (A", A", ) for some « €
GL,(Ap). Likewise an A-module M = (M4, M_; &) is locally projective when
M, is projective over A, for o =+, —. Recall that a finitely generated .A module
P is globally projective when there is an isomorphism P @ Q = (A", A", I,) for
some n and some A module Q. Clearly we have:

A globally projective A-module is locally projective. 3.4
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Although the converse is false in general, it is, as we will show later in this chapter,
true under favourable conditions which are relatively easy to satisfy. We begin with
a useful simplification:

Proposition 3.5 Let P = (P4, P_;a) be a finitely generated locally projective
A-module; then there exists a finitely generated locally projective A-module Q =
(Q+, O_; B) such that P & Q is locally free.

Proof Suppose that P = (P4, P_;a) is a finitely generated locally projective
A-module. We may choose projective modules K, K_ over A4, A_ respectively
so that for some positive integers a, b,

PL@®K, =AY, P_dK_=A".

Putting K4 = K4 @ A% and K_ = K_ @& A% we see that P, @ K, = A%th
for o0 =+, —. So also (P, ® Ag) @ (Ky ® Ag) = Ag“’ for o = +, —. However
Py ® Ag = P_ ® Ag; putting Q, = K, @ A§+b we see by Schanuel’s Lemma that
0+ ®Ag = Q- ® Ag. Choose an isomorphism §: Q_ ® Ag = 04 ® Ag; then
Q= (Q4+, Q_; B) is alocally projective .A-module and

POQR=(PL® 0+, P B0 ;0@ p).

However, P, @ O, = A?,(‘”b) so that (P+ ® Q4, P— ® Q_; o @ B) is locally free.
O

The ‘finite generation” hypotheses in Proposition 3.5 may be dropped with suit-
able modifications which we leave to the reader. Next we observe that the classifica-
tion of modules within a local type given by Proposition 3.3 becomes slightly more
concrete when we classify locally free modules. Given a corner .A we denote by

Isomorphism classes of .4-modules of the form
(A", A" ; ) where o € Iso(A”. ® A, AL ® Ag) |

Identifying Ay ® Ag = Ap = A_ ® Ap we have Iso(A” ® Ag, A’} ® Ag) =
GL,(Ap); then Proposition 3.3 reduces to a bijective correspondence:

U : GLy (A) = GLn (A)\GLy(A0)/GLn(A_) —> LT (A). (3.6)

Likewise there are stabilization operators oy, ¢ : LF,(A) - LFn1k(A) induced
from the correspondence P — P @ (Ak ,Ak_ ; Ir). Moreover the diagram below
commutes:

GL,(A) 5 GLyrr(A)
Vn \L Vn+k \L (37)

On,k

LFn(A) — LFn+x(A)

Now consider the following condition on corners A;
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‘Patch: For each integer n > 1 and each o € GL,(Ap) there exists k > 1 and
B € GLx(Ap) such that o« @ B = [h4][h_] for some hy € GL,+x(A+) and h_ €
GLy1k(A-).

Theorem 3.8 For any corner A the following conditions are equivalent:

(1) every finitely generated locally projective A-module is globally projective;
(ii) every finitely generated locally free A-module is globally projective;
(iii) A satisfies Patch.

Proof (i) = (ii) is clear since a (finitely generated) locally free .A-module is lo-
cally projective.

(i) = (i). Let P = (P4, P_; @) be a finitely generated locally projective
A-module; by Proposition 3.5 there exists a finitely generated locally projective
A-module Q" = (Q’,, O"_; B) such that P & Q' is locally free. By hypothesis,
P & Q is now globally projective over A; that is, there exists a finitely generated
A-module Q" such that P @ Q' @ Q" = (A}, A" ; I,,) and so P is globally projec-
tive over A.

(iii) = (ii). Let (A", A" ; @) be a locally free .A-module. By hypothesis, A sat-
isfies Patch so that there exists a positive integer k and an element 8 € GLy(Ag)
such that for some hy € GL,4x(A+), h— € GL,41x(A-)

a@®p=[h][h-].

It follows from (3.6) that (A", A" ; &) ® (AK, AX; B) = (A"TF, A" I, 1), Thus
(A", A" ; ) being a direct summand of a globally free module is globally projec-
tive.

(i) = (iii). Let o € GL,(Ap); then £ = (A", A" ;«) is a locally free
A-module. By hypothesis, there exists an .A-module Q = (Q4, O_; y) such that

Lo o= A%, AN 1)

for some k > n. Write k = m + n where m > 1; in particular, AZ‘JF” =0, @ AL
Hence putting X = (Q+ ® A%, O_ ® A" ; y @ I,) we see that

LK (AT A Lyion).

However £ @ K = (A" A" o @ B) where B =y @ I, € GLyim(Ag) =
GL(Ap). That is, given @ € GL,,(Ap) there exists 8 € GL;(Agp) such that

(A%, A" o) @ (AR, A% B) = (AfHE, AT 1),
By (3.6) there exist hy € GLyyk(Ay), h— € GLyy((A_) such that « @ B =

[24+][h—] so that A satisfies Patch. This proves (ii) = (iii) and completes the
proof. U
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3.5 Completing the Square

By a square A we mean an octuple A = (X, A, A, Ao N+, 1—, @+, o) where /T,
Ay, A_, Ag are rings and ny, n—, ¢4, ¢_ are ring homomorphisms making the
diagram below commute:

A 5a
A={ln o
A B Ao

If B= (B, By, B_, Bo; &4,&_, ¥4, %) is also a square then by a morphism of
squares f : A — B we mean a 4-tuple f = (f, [+, f=, fo) of ring homomorphisms
such that, for 0 =+, —, & f = fone and Vs fo = fops. Evidently there is a cat-
egory {Squares} whose objects are squares and whose morphisms are as described.
We say that the above square A is a fibre square when n4 X n_ maps A isomor-
phically onto the fibre product Ay Xy A_ ={(x1,x_) € Ay X A_:pi(xy) =
@—_(x_-)}. Given a corner A= (A4, A_, Ag, ¢+, p—) We can construct a canonical
fibre square

A Sa
A= ¢7T+ ifﬂ—
Ar 24

where A = A4 X4 A_ and my, w_ are projections. The construction A — A defines
a functor

~: {Corners} — {Fibre squares}.

In this section we show that, for any corner .4, there is a natural 1-1 correspondence

Isomorphism classes of Isomorphism classes of
finitely generated globally ¢ <— finitely generated
projective .4-modules projective A-modules

Let M be a module over A and observe that M Q¢ n. Ao =M ®gy,n, Ao. Thus
there is a canonical isomorphism : (M ®,_ A_) ®,_ Ao —> (M ®r, Ay) ®y, Ao
making the following commute

f
(M ®z_A_) ®:p, Ag — (M ®n+ A+) ®<p+ Ap
= bvs

Id
M ®¢_n_ A() — M ®(p+n+ A()

where vy : (M Qr, A_) ®y, Ao —> M Ry, z, Ao is the canonical isomorphism. Thus
an A-module M gives rise to a module (M ®p, Ay, M Qz, Ay;lh)

over A. If f: M — N is a homomorphism of A modules then putting fo =



44 3 The Calculus of Corners and Squares

f®Id: M ®z, Ae > N ®z, Ay, the correspondences M — (M ®z, Ay,
M @z, Ay;b); f = (fy, f-) determine a functor

r: Modz — Mod4.
Note that r is additive functor; that is, there is a natural equivalence:
r(M@® N)~r(M)®r(N). (3.9

Note that we have a literal equality A= (A4, A_,1d); moreover, making the
identifications A, = Z@na As and Ag = As ®y, Ag We may write r(?f) =
(A4, A_,1d). By additivity, we have r(Z”) = (A", A", I,). If P is a finitely gen-

erated projective A-module then writing P @ Q = A" we see that r(P)®r(Q)=
(A", A", I,) so that r(P) is a finitely generated globally projective .A-module. Thus
r induces a mapping

Isomorphism classes of Isomorphism classes of
r: finitely generated — 1 finitely generated globally
projective A-modules projective .A-modules

We will show that r is a bijection with inverse induced by an additive functor
(,): Mody — Modj.
Thus when M = (M, M_, @) is an A module define
My M_ o) ={(my,m_)eMi xM_:a[m_]=my},

where [ms] =ms ® 1 € My ®y, Ao. If (A4, A-) € Ay x4, A_ then o (Ay) =
@_(A_) so that, for (my,m_) e (M4, M_, o),

alm_A_]l=alm_Jo_(A)=[myloy(Ay) =[myri]
Hence (M, M_, o) acquires the structure of an A-module via the action:
My, M_,a) x Ay X A_ — (M, M_,a)
(my,m_)e Ay, o) = (myry,m_2-)
If f=(f,fo): (M4, M_,a) > (N4, N_, B) is a morphism of .A-modules then
(fl=f+xf-: My, M_,a) > (N4, N_, B)

is an X—homomorphism; thus the correspondences (M, M_,a) — (M4, M_, @),
S+ {f) define a functor

< ’ > : MOdA — Modf’f
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Note that (, ) is also additive; there is a natural equivalence:
(MeN) = (M) N). (3.10)

Next define a natural transformation v : 7 o () — Idpqod 45 let M = (M4, M_, ) €
Mod 4. For 0 =+, — the projection p, : M4 x M_ — M, defines a morphism of
modules

Po: (M, M_,a) > M,

over the ring homomorphism 7, : A— A, and hence induces a homomorphism of
As-modules

Vo =ps Q@1: My, M_,a) Qrn, Ay —> M.

Then vy = (v4,v_) tro (M4, M_, @) - My, M_, ) is a homgmomhism of
A-modules. Relative to the identiﬁ’c\ations A=(A4,A_1d), Ay = A ®y, Ay and
Ap=As ®y, Ao we may write r(A) = (A4, A_, Id), so that:

Proposition 3.11 v(4, 4 1a)=1d: (A1, A_,1d) > (A4, A_,1d).

We note that the natural transformation v is additive; that is relative to the above
equivalences:

v 0
wm%( ot N) (3.12)

Proposition 3.13 vp : r(P) — P is an isomorphism if P is a finitely generated
globally projective A-module.

Proof Write (A", A", I,) as an n-fold direct sum

(A% A" L) = (AL AT @ - @ (A, AL Td).

n

From Proposition 3.11, (3.12) we see that v ATA 1) is an isomorphism. Now sup-
pose that P is a finitely generated globally projective .A-module; then there exists an
A-module Q such that, for some positive integer n, P & Q = (A", A", I,,). Thus,
by above, vpg o is an isomorphism. However, writing

~ [P 0
VPaQ ~ ( 0 UQ)
we see that both vp and vg are isomorphisms. U

Next we define a natural transformation § : Id Mod; = () or thus; let M be a

module over X; for 0 =+, — define My = M ®5, As and for x € M put 6, (x) =
X ®x, 1. Then

Syt M— My x M_, 8(x)=(84(x),5_(x))
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defines an A-homomorphism 8y, : M — (M4, M_,t) = (r(M)). After making
the identifications Ay = A ®;, As and Ag = Ay ®y, Ag wWe may write r(A) =

(A4, A_,1d) so that, from the equality A= (A4, A_, Id) and relative to these iden-
tifications:

Proposition 3.14 57 =1d: A — A.

Note that § is also additive; that is relative to the above equivalences

Sy O
5M@N~<34 8N>' (3.15)

In the manner of the proof of Proposition 3.13 it follows that § 7 is an isomorphism.
If P is a finitely generated projective A-module then writing P & Q = A" for some
positive integer n and appealing to (3.15) we see that:

Proposition 3.16 If P is a finitely generated projective A-module then § p:P—
(r(P)) is an isomorphism.

We have the useful consequence that:

Corollary 3.17 Let P = (P4, P_; a) be a finitely generated projective A-module;
then for o =+, — there is an Aq-isomorphism Py = (15)«(P) = P Qg As.

It follows easily from Propositions 3.13 and 3.16 that:

Theorem 3.18 For any corner A the functor r induces a 1-1 correspondence

Isomorphism classes of Isomorphism classes of
r: finitely generated — 1 finitely generated globally
projective A-modules projective A-modules

In Theorem 3.18 the inverse to r is induced from (, ). Likewise in the following,
which is now an immediate consequence of Theorem 3.8 and is a re-interpretion of
Milnor’s Theorem [74] in our context.

Theorem 3.19 (Milnor) If the corner A satisfies the condition Patch then the func-
tor r induces a 1-1 correspondence

Isomorphism classes of Isomorphism classes of
r: finitely ginemted — 4 finitely generated locally
projective A-modules projective A-modules
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In the next two sections we consider some commonly occuring conditions under
which the patching condition is attained.

3.6 Practical Patching Conditions

We introduce a sequence of progressively stronger conditions which guarantee that

A satisfies Patch.

W: For each n > 1 and each y € E, (Ag) there exist m > 1, hy € GL,4,,(AL),
h_ € GLy4,u(A-) suchthat y @ I, = [hi][h_].

Proposition 3.20 A satisfies VW — A satisfies Patch.

Proof Let o € GL,(Ap). Observe that, as is well known,

a 0\ (1 a\/ 1 0\(1 a\(1 —1\[1 0\[1 -1
0 «1)J7\0 1/)\=a! 1J\0 1/\0 1 1 1)J\o 1

_ 0
sothata@alz(ga_l

GLyy+m(A4) and h_ € GLyp4m(A-) such that o & alel, = [A+]1[h—-]. Now
putk=n+mand B =o' @ I,; thus o ® B = [hy][h_] so satisfying Patch. [

) € E»,(Ap). By condition W there exists m > 1, hy €

We say that A is E-trivial when E(A) = E(A{)\E(Ag)/E(A_) consists of a
single point.

Proposition 3.21 A is E-trivial => A satisfies W.
Proof Suppose that A is E-trivial and let y € E,(Ap). We must show that there

existm > 1, hy € GL,4,,(A+), h— € GL,,4,,(A_) such that y @ I, = [h4][h_].
Let 7 denote the stabilization of y;

~ (v O .
Y= (O ]OO> € E(Ag) = ngnoo En(Ao).

By E-triviality, 7 may be written as 7 = [y ][y_] with y, € E(A,). However, from
the definition E(Ay) = limy_ o0 En(As) there exists N > n such that

Vo)si = 0 ifi¢jandi>Norj>N,
YOUZN1 ifi=j >N,

Define the N x N matrix hs over Ay by (hs)ij = (Vo )ij for 1 <i, j < N. Then
hs € GLNy(Ay) and h, = y,. Moreover, putting m = N —n we have y & [, =
[A+][h—] in satisfaction of condition W. O
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For n > 2 we say that A is E,-trivial when Ej (A) = 1 for all k > n; that is, when
Er(A\Er(Ag)/Er(AD) coriists of a single point for k > n. Evidently if A is E,-
trivial and n < N then A is En-trivial. Moreover an easy stabilization argument
shows:

Proposition 3.22 A is E,-trivial for some n => A is E-trivial.

Observe that:

If A'is E,i-trivial then s,  : GL,(A) — GE, x(A) is bijective. (3.23)

The strongest of these conditions is E5 triviality. This in turn is implied by the
following condition M which was the original patching condition introduced by
Milnor [74].

M: A= (A4, A_, Ay, ¢4, p_) satisfies M when either ¢ or ¢_ is surjective.

Suppose that ¢ : Ay — Ao is surjective. Then for each k > 2 the induced homo-
morphisms ¢4 : Ex(A4+) = Eyx(Ap) are surjective and so Ex(A4+)\Ex(Ao) consists
of a single point; a fortiori Ex(A4+)\Ex(Ao)/Er(A_) consists of a single point.
Similarly, Ex(A4+)\Ex(Ag)/Er(A_) consists of a single point when ¢_ : A_ — Ay
is surjective. Thus we see that:

Proposition 3.24 A satisfies M = A is E,-trivial.

To summarize, we have a chain of implications:

M = Ep-triviality = E,-triviality = E-triviality = W = Patch.

3.7 Karoubi Squares

Let S be a multiplicative submonoid of a ring A; we say that S is regular when §
is central in A and contains no zero divisors. In that case we obtain a ring Ag by
formally inverting the elements of §; thus the elements of A g have the form ( %) with
the familiar rules for addition and multiplication of fractions and the mapping A —
Ag; A — (%) is then an injective ring homomorphism. By a Karoubi homomorphism
we mean a 4-tuple (A, B, ¢, S) where

(i) A, B arerings and ¢ : A — B is a ring homomorphism.
(ii) S is a regular submonoid of A and ¢(S) is a regular submonoid of B.
(iii) Foreach s € S, the natural mapping ¢, : A/sA — B/¢(s)B is an isomorphism.
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Given a Karoubi homomorphism (A, B, ¢, S) one may construct a commutative
square of ring homomorphisms, the associated Karoubi square

A 4B
i v

Ag 2B S
where i, v are the canonical inclusions. In [63] Karoubi showed:

Proposition 3.25 The square associated to a Karoubi homomorphism (A, B, ¢, S)
is a fibre square.

Proof Suppose that ($) € As and b € B satisfy @($) = v(b). Then pa = by(s).
Thus from the commutativity of the following square

A % B

g Lo
A/sA Y B/sB

we deduce that ¢.(f(a)) = 0. However, ¢, is an isomorphism so that fj(a) = 0
and hence a = sa’ for some a’ € A. Thus (%) = (%) and so i(a’) = (£). More-
over @(a’s) = bo(s) so that p(a")@(s) = be(s). As ¢(s) is not a zero divisor then
@(a") =b.1If a” € A also satisfies i(a”) = (%) and ¢(a”) = b then injectivity of i
shows that a” = a’, so verifying the fibre square property. 0

Denote by E, (s, B) : the subgroup of E, (B) generated by elementary
matrices of the form E (i, j; ¢(s)b) where b € B;
&n(s, B) : the image of E, (s, B) in E, (Bgs).

Let n > 3 and suppose given s, v € S; then for all » € B we have the following
inclusion:

Lemma 3.26 E(i, j; —(55))Ex(s*v%, BYE(, j; (555)) C Ea(s, B).

Proof When k, [ are indices 1 < k,l <n with k #1[ and b, B € B we denote by
W(k,l, b, B) the following expression

2,2
ikt = (e () ()

As &,(s%v2, B) is generated by the matrices E(k,[; (@)) with 8 € B it suf-

fices to show that each W (k, [, b, B) € £, (s, B). Recalling that i # j, there are four

cases:

Casel i # 1 and j # k; then W(k,1,b,B) = E(k,[; (£9E)) where g/ =
@(sv?)B € B.
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Casell i #1 and j = k; then W(k,1,b, B) = EGi,1; (L) E(j, 1; (L)
where ' = —@(s?v)bp and B” = ¢(s*v?)B. Clearly B/, 8" € B.

CaseIll i =/ and j # k; then W(k,1,b, ) = E(k,i; (L)) Ek, j; (292))
where 8 = ¢(s2v?)B and B = ¢(s*v)Bb. Again g, B” € B.

In each of Cases I, II, III it is straightforward to see that W (k, [, b, B) € &, (s, B).

CaselV i =1 and j = k. Here for n x n matrices X, Y we write [X, Y] for the
commutator [X, Y] = XYx-ly-!. Asn>3 we may choose an index m # k, [;
then

e (H52)) =20 (#52)) £ (4572))]

Now take X = E(j,m; (%§2)), ¥ = E(m,i; (2522)) and Z = E(, j; (Gi5)-
Similar computations to Cases II and III show that Z-'X7 € &,(s, B) and
Z7'YZ € &,(s, B). However,

Wk,1,b,B)=2"'[X,Y1Z=[2"'xZ,27'YZ]
so that W(k, 1, b, B) € £,(s, B). This completes the proof. Il

Proposition 3.27 Let n > 3 and let s € S; then for each x € E,(Bs) there exists
t € S such that x~1&,(t, B)x C &,(s, B).

Proof E,(Bs) is generated by elements of the form E(i, j; (%)) where b € B and
v € S. Thus we may write x as a product

X =XmXm—1-""X1,

where x, = E (i, ji; (#)). It suffices to show that for each r, 1 <r < m there
exists # € S such that

X1 - X)) " En(tr, BY (X Xp—1 -+ - x1) C En(s, B).

Forr =1puts = szvf. Then the result follows from Lemma 3.26. Suppose proved
forr — 1 and put ¢, = trz_lvrz. Then by Lemma 3.26, x,‘lg,, (t, B)x, C E,(tr—1, B).
so that

Gt x) " (4, BY)xy (1 -+ x1)

C (xp—1-- 'xl)_lgn(trflv B)(xp—1---x1).
By induction (x,_1x,—2 -+ x1) "' Eu(ty—1, B)(Xr—1X,—2 - - x1) C En(s, B) so that
(XpXp—1++ ’xl)_lgn(trJrl’ B)(xrxy—1---x1) C&u(s, B).

This completes the induction and the proof. U
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We denote by &,(As), &£,(B) the respective images of E,(As), E,(B) in
E,(Bs). Observe that £,(B) =&, (1, B).

Proposition 3.28 &£,(B)E,(As) C £,(As)EL(B).

Proof We first show that if b € B and x € £,(Ays) then E(i, j; (?))x € &,(As) x
&n(B). Clearly x € E, (Bys) so that, by Proposition 3.28 there exists ¢ € S such that
x1&,(t, B)x C £,(1, B). Now A/tA = B/¢(t)B so that we may write b = ¢(a) +
tb’ for some a € A and b’ € B. Then E(i, j; (%)) =E(,j; (@))E(i,j; (’—i’,)).
Hence

e (o LI e ()

However E (i, j; (29))x € &,(As) whilst x "E(, j; ())x € (1, B) = £(B)
so that E(i, j; (%))x € &,(As)E,(B) as claimed.

As &, (B) is generated by elements of the form E (i, j; (%)) with b € B it follows
that yx € &,(As)E,(B) for an arbitrary element y of £,(B). Hence &,(B)E,(As) C
En(As)E,(B) as required. O

It follows immediately that:
Corollary 3.29 &,(As)E,(B) is a subgroup of E, (Bs) provided n > 3.
Corollary 3.30 E,(Bs) =&,(As)Eq(B) forn > 3.

Proof E,(Bs) is generated by elements of the form E(i, j; (ZE_};;)) where b € B

and s € S. By Corollary 3.29 it suffices to show that each such generator can be ex-
pressed as a product E (i, j; (Z((—i’)))) =xy withx € £,(As) and y € &,(B). However,
for b € B and s € S then we may write

b=g(a) +p(s)b'

so that
by M) <b_>
<g0(s)>_<(p(s) 1)
Then E(i, j; (40)) = E(i, j; (AN EG, j; (§)) € E(A5)En(B). O

We obtain the following which Swan [94] attributes to M.P. Murthy and A. Vorst.

Corollary 3.31 Let (A, B, ¢, S) be a Karoubi homomorphism; then the corner as-
sociated to (A, B, ¢, S) is E,-trivial for all n > 3.
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3.8 Lifting Stably Free Modules

Let A be a ring; if kK > 1 is an integer by S(k, n) we mean the standard exact se-

quence 0 — AX L Akt BAn ) where

0 X
iy)=|": and p|:|=x
y y
By Aut; (S(k,m)) we mean the subgroup of GLyy,,(A) consisting of A-auto-

morphisms @ of A¥*” for which there exists @ € GL,,(A) making the following
diagram commute:

0> Ak L Aktm Boqm

| @y al

0= Ak L aktm Boagm g

The property of being m-weakly Euclidean can be re-phrased thus:

Proposition 3.32 If A is an m-weakly Euclidean ring and X € GLyyp, (A) then X
can be factorised as X =a oY where @ € Aut(S(k,m)) and Y € Ej,(A).

Lemma 3.33 Let A be a fibre square satisfying Patch in which the corner ring Ag
is m-weakly Euclidean and let Sy, S— be stably free modules of rank m over A,
A_ respectively such that

S+ ®Ag=S_® Ag = A

Then for some k > 1 there exists an Ag-isomorphism h:S_ Q@ Ag — S+ ® Ag and
an element Jiym € Exqm(Ao) such that

(Ss. S_i ) @ AF = (AR ARE T

Proof For 0 = 4+, — choose Ag-isomorphisms 7, : Sy ® Ag — Ag’. As S, is

stably free of rank m over A, then for some k, > 1 S, & A]é" = ’;"”m. Take
k = max{ky,k_} so that S, @ A¥ = AKX+ Make a specific choice of exact se-

quences 0 — A ELS Altm 22 Sy — 0 over Ag. After tensoring with Ay and com-
posing the final projection with 7, we obtain exact sequences over Ag thus:

Fyp 10— Ak L2 Akam 0 qm 0 (0 =4, ).

Choose a left splitting for F; that is, an Ag-homomorphism 7, : Ag”’ — A’(‘) such
that ry o j, = Id. Then define X, : A16+’" — Al @ Al(‘) by

XO’ (X) — (napa (X)) .

7o (X)
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One verifies easily that X, is a congruence

Fo 0—> Ak J7, qltmlols qm
X 4 = J1d I X Jd
Stem) N\ Ak L qktm T, qm 0

By the Five Lemma X € GLy4,,(Ap). By Proposition 3.32 X, can be factorised as
X, = ,BUY where ,BU € Aut; (S(k,m)) and Y, € Ef4,,(Ag). Write

Stkym)y [0 Ak L Akt Zoam g
W | = b 1d s Vo
Skm) o ak s altm Zoam S0

Juxtaposing X, and o, we obtain

7 0— Ak 7, pktm Dol qm g
Xo | Vi By, lud
Stk,m) = 0— Ak 5 ALt T A 0
@ 4 lu la, ey
S(k, m)

0— Ak s aktm T,4m

1

Composing and noting that @, = //3;_ , wWe obtain a commutative diagram:

0— AK 2% Jo Altm 1288 5 ® Ag — 0
\l,ld \LYO’ »l/arrﬂrr
0—>Ak Ak-‘rm i Am -0

Inverting the diagram for o = 4 and composing we get

O—>A](‘)L>AS+’" i>S_®Ao -0
J 1d l, YJIY, J nllalla,n,
O—>A’5A>A’6+m $S+®Ao -0

On putting h = nllallo{_n_ S ® Ap = Sy ® Ag and Jipm = Y;lY_ €
Er+m(Ap) then as A is assumed to satisfy the patching condition we obtain an
exact sequence of projective A-modules

(p+p)

(J) (Alfm,Akfm; Jetm) (S4,S—; h) —

0— (A%, A% 1d)

Splitting the above exact sequence and observing that (A’_‘H Ak 1d) = A% now gives
an isomorphism (S, S_; h) ® Ak =~ (A]f:’m, Ak, Jr+m) as claimed. O
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Corollary 3.34 Let Abea fibre square which is E-trivial and in which the corner
ring Ao is m-weakly Euclidean; let m <n and let S1, S_ be stably free modules of
rank n over Ay, A_ respectively such that

St ®A)=S_Q Ag = Af;

then_there exists a stably free module S over A such that n+(§) = St and
T_(S)=S_.

Proof The hypothesis of E-triviality guarantees that A satisfies the patching con-
dition. As m < n then Ay is, a fortiori, n-weakly Euclidean so we may apply
Lemma 3.33 to obtain an integer k > 1, an isomorphism 4 : S+ ® Ag — S— ® Ag
and an element Ji4, € Ex4,(Ag) such that

(S, S_ih) @ A* = (AR ARt g,

Put S = (S, S_; h); then forall u > 1, S @ A¥ @ Ar = (AkFn Akt gy @ A
Put N =k + n; then

Jv O
INtp = [ 0 ,M] € Entyu(Ao).

Furthermore (AY, AN Jy) @ Ar = (A ANT#: Jy 1) so that
S Altmz= (AT AN ).

E-triviality guarantees that for u sufficiently large Jy,, defines the trivial class in
GLNML(.Zl\) in which case (ATH‘, ANFH. INp) = AN+L and

3‘@ A‘kﬂi ~ A\k+n+l/-‘

We have shown that S is stably free and by construction 7r+(§) = S; and
7_(S) = S_. This completes the proof. 0

Let SF,(A) denote the set of isomorphism classes of stably free modules of
rank n over the ring A. A ring homomorphism ¢ : A; — A induces a mapping
@ :SFu(A1) = SF,(A2) by 9(5) =S ®y Ar. We obtain:

Theorem 3.35 Let A be an E-trivial fibre square in which Ag is m-weakly Eu-
clidean and satisfies SFC;, then wy X wm_ : SF,(A) > SF,(Ay) x SF,(AZ) is

surjective for each n > m.

Proof It Sy, S_ are stably free modules of rank n over A, A_ respectively then
both Sy ® Ag and S— ® Ap are stably free of rank n over Ag. As Ag has prop-
erty SFC then S4 ® Ag = Ajj = S— ® Ap and the conclusion is a consequence of
Corollary 3.34. U
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Corollary 3.36 Let A be an E-trivial fibre square in which A is weakly Euclidean
and satisfies SFC; then w1 x w_ : SF,(A) —> SF, (A1) x SF,(AL) is surjective
foreachn > 1.

3.9 Stably Free Modules of Locally Free Type

Let A be a corner which satisfies Patch; we set ourselves the task of parametrizing
the set SF(A) = Unzl SF,(A) of stably free modules over the fibre completion

A in terms of computable invariants of A. In Sect. 3.8 we gave conditions on A
whereby nontrivial stably free modules of rank n over A4, A_ survive to be non-
trivial over A. We now take the modules over A4, A_ to be trivial (i.e. free) of
rank n.

We saw in (3.6), (3.7) that there are commutative diagrams

GLy(A) 5 GL, 1 (A)
Vn \L Vn+k \L
LFn(A) 25 LF,x(A)

in which the maps v, v, are bijective. We may compare our task with a more
familiar aspect of algebraic K -theory, the computation of the direct limit

m(LF (A), 03 1) = Hm(GLy (A), 51.4)-

Our problem is dual to this; we wish to compute Ker(li_r)n) rather than Im(li_r)n).
Writing * for the class of Atk in £ F n+k (A) we see that:

Z e LFy(A)isstably free <= o0,x([Z]) =% forsomek>0. (3.37)

Put Z,(A) = {¢ € GL,(A) 2 Sp k(&) = * for some k > 1} and put

ZAW)=]]2.A

n>1
Z(A) is the singular set. From (3.37) we see that:
Vp: Zn(A) —> SF(A) N LF,(A) is bijective. (3.38)

We say that A is locally n-free when SF,(A-) = SF,(A4) = {}; then ev-
ery stgply free A/:module of rank n is locally free over A so that SF,(A) =
SF,(A)NLF,(A) and (3.38) becomes:

vyt Z(A) = SF n (;f) is bijective when A is locally n-free. (3.39)

The problem is now to describe the sets Z,(A) at least to the point of saying whether
or not Z,(A) is trivial. The most obvious way of forcing Z, (A) to be trivial is to
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require all s, 4 to be injective. Formally:

Suppose that s, x is injective for all k£ > 1; then Z,(A) = {x}. (3.40)
If A is locally n-free and each s, : GL,(A) —> GL,41(A) is injective
then SF,(A) = {x}. (3.41)
One can extend this argument; observe that for 1 <k < m, Sy m = Sutk.m—k © Sn.k

so that if both s, ,, and s, ; are bijective then s, 1% m—x s also bijective and hence
injective; thus if A is also locally (n + k)-free then SF,, 14 (A) = {x}; that is:

Corollary 3.42 Suppose that, for each k > 0, A is locally (n + k)-free and that
each sy i is bijective; then A has no nontrivial stably free module of rank > n.

To apply this we seek restrictions which ensure that each s, ; is bijective. We
first observe a criterion for surjectivity:

Proposition 3.43 Let A be a E,1+1-trivial corner in which Aqg is weakly n-
Euclidean; then the stabilization map s, i : GL,(A) — GL, 4 (A) is surjective for
k>1.

Proof We have a commutative diagram

i
GEy  (A-\GEy, (A0)/GEp (A1) ——— GEy (A-)\GLy 11 (A0)/GEy k(A+)

!/
Sn,k 2

Sn,k

GLn(A-)\GLn(A0)/GLn(A4) ———> GLy 1k (A-)\GLy1x(A)/GLy4k(A4)

where [, > are the canonical mappings and s,/l’ ¢ 1s also a stabilization mapping. As
in (3.23), the hypothesis that A is E,-trivial implies that s;?’ ¢ 18 bijective. More-
over, as Ao is assumed to be weakly n-Euclidean then f; is the identity mapping.
The conclusion now follows from the surjectivity of the canonical mapping . [

In the above we note that if A, A_ are also weakly n-Euclidean then the nat-
ural map 1> is also a bijection. Thus repeating the above proof with this stronger
hypothesis we obtain:

Proposition 3.44 Let A be an E,-trivial corner in which Ay, A_ and Ag are
all weakly n-Euclidean; then the stabilization map s, i : GLy(A) — GLy4r(A) is
bijective for k > 1.

It now follows from Corollary 3.42 and Proposition 3.44 that:
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Corollary 3.45 Let A be an E,H_l -trivial corner in which in which Ay, A_ and A
are all weakly n-Euclidean and have no nontrivial stably free modules of rank > n;
then A has no nontrivial stably free module of rank > n.

There are many variations one can make on the above. Without attempting to
be exhaustive we concentrate on those that occur most frequently, namely Karoubi
squares and Milnor squares. We observed in Corollary 3.31 that Karoubi squares are

E,,-trivial for m > 3; thus:

Corollary 3.46 Let A be a Karoubi square in which A4, A_ and Ay are all weakly

2-Euclidean; if A4, A_ have no nontrivial stably free modules of rank > 2 then A
has no nontrivial stably free module of rank > 2.

Likewise by Proposition 3.24 Milnor squares are E,,-trivial for m > 2; hence:

Corollary 3.47 Let A be a Milnor square in which Ay, A_ and Ag are all weakly
Euclidean and where A4, A_ have property SFC; then A has property SFC.

Some examples have slightly different though equally favourable hypotheses.
We say the corner A is pointlike in dimension one when GL1(A) = AT\AG/AY is
a singleton. Likewise A is said to be of locally free type when it is locally n-free for
all n. Again using the E,-triviality of Milnor squares, the following consequence of
Proposition 3.44, though crude, is nevertheless useful:

Corollary 3.48 Let A be a corner of locally free type satisfying the Milnor patch-
ing condition; suppose also that Ag is weakly Euclidean and that A is pointlike in
dimension one; then A has property SFC.

Proof As A*\A{/A% consists of a single point then each sy 4 is injective. Now
each s1 4 is surjective by Proposition 3.43. The result now follows from Corol-
lary 3.42. g

However, a more refined analysis is possible when the constituent rings are com-
mutative.

3.10 Corners of Determinantal Type

Suppose that in the corner A the bottom ring Ao is fully determinantal. There are
then additional set valued functors which make if easier to analyze GL,. First,
however, we establish some basic properties of homomorphisms involving fully
determinantal rings. Thus suppose given a ring homomorphism ¢ : B — A in
which A is fully determinantal with determinant d, : GL,(A) — (A*)® (1 < n).
Then ¢ induces homomorphisms ¢, : GL,(B) — GL,(A) and, by composition,
dp@s : GLy(B) — (A*)® . We define

Im, (¢) = Im(d,@x) C (A%,
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Thus we can define a pointed set D,, (A) by
Dy (A) = Imyy (p-)\ (A9 / Imy (1),
where the distinguished point * is the class of 1. By stabilization it is evident that:
If A is fully determinantal then Im,,(¢) C Im, 4+« (¢) for 1 <k. (3.49)
The inclusions Im, (¢s) C Imy, 44 (¢s) for 1 <k induce pointed surjections
Tu ket D (A) = Dygr(A)

and it easy to see that 7w, ,» = Tytk m—k © Tn i for 1 <k < m. The determinant
d, :GL,(Ag) — (A(’;)“" is surjective and induces a surjection, denoted by the same
symbol,

d, : GL,(A) — D,(A).

Moreover the following diagram commutes for 1 < k;

GLy(A) 2% GLy ik (A)
»l« dy »l« dn+k
Dn(A) 25 D (A)

Now suppose that A is a fully determinantal ring with determinant {d,f }1<n. We say
that a ring homomorphism ¢ : B — A is compatibly determinantal with respect to
{d,f} when B admits a full determinant {3, }o<, making the following commute for
each n:

GL,(B) & GL,(A)
16 4 du
(B*)ab _(p) (A*)ab

Then given u € Im, (¢) there exists X € GL,(B) such that d,¢.(X) = u. Choose
A € B* such that [A] = 8, (X) € (B*)® and let

A
A=AG, 1) = . € GL,(B)
1

so that 8,(A) = [A] = 6,(X). However, 98, (X) = dp@«(X) =u. As A =51,-1(1)
it follows that ¢d,s1 ,—1(A) = u. By the stabilization property of determinants
8nS1,n—1 = &1 and so @81 (A) = u. Thus u € Im;(¢) and hence Im, (¢) C Im;(¢p).
Together with (3.49) it follows that:

If g : B — A is determinantal with respect to {d”}
then Im, (¢) =Im;(p) foralln > 1. (3.50)
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A corner A will be said to be compatibly determinantal when Aq is commutative
and the homomorphisms ¢, : A, — Ao are compatibly determinantal with respect
to the canonical determinant of Ag. The fact of Ay being commutative immediately
implies that:

Di(A) = GL{(A) when A is compatibly determinantal. (3.51)

Moreover, when 4 is compatibly determinantal it follows from (3.50) that
Im, (¢s) = Im (¢, ) for n > 1. Hence:

If A is compatibly determinantal then D, (A) = GL;(A) and each 7, ; = 1d.
(3.52)
We obtain an improvement on Corollary 3.45.

Theorem 3.53 Let A be a compatibly determinantal corner of locally free type in
which Ay is weakly Euclidean; if A satisfies the Milnor patching condition then A
has property SFC.

Proof We saw in Proposition 3.44 that each s x : GL1(A) — GLi41(A) is surjec-
tive. However, commutativity of the diagram below shows that dj is left inverse
to §1,k.

GLi(A) 25 GLi1(A)

l d diyy
GLi(A) % GLiW)
Hence s « is bijective and the result follows from (3.40). Il

As any homomorphism between commutative rings is compatibly determinantal
we obtain:

Corollary 3.54 Let A be a corner of locally free type in which all rings are com-
mutative and Ao is weakly Euclidean; if A satisfies the Milnor patching condition
then A has property SFC.

3.11 A Bound for the Singular Set

Let A be a compatibly determinantal corner; then clearly dy : GL; (A) — Dy (A) is
surjective. Moreover, (A’(;)‘”’ = Aj;. We define the exceptional fibre & (A) by

E(A) =d ' ().

Evidently & (A) C GL(A) and 5, 1 (& (A)) C Ey4k (A). Moreover, £, (A) contains
the distinguished point of GL, (A). Thus A — &, (A) defines a functor

&n : {Compatibly determinantal corners} — SETS,
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and we have a commutative diagram:

En(A) 25 & k(A

N N
GLy(A) =5 GLy 1 (A)
i/ dy \l/ dn+k

TTn,k

Dy (A) =5 Dyix(A)

Suppose A is compatibly determinantal and that ¢ € Z,(A); then ¢ € GL, (A) and
S,k (¢) = * for some k > 1. From the commutativity of the diagram

GLy (A) 25 GLyix(A)
»l/ dy »l/ dn+k
CLi(A) 2% GLi(4)

it follows that d,,(¢) = * so that ¢ € £,(A). Hence:
Let A be compatibly determinantal; then Z,(A) C &,(A) forn > 1. (3.55)
If B is a fully determinantal ring with preferred determinant {d?} we define
SLy(B) = {X € GLu(B) | d,(X) = [1] € (B)*"}.

Proposition 3.56 Let ¢ : B — A be a compatibly determinantal ring homomor-
phism; if Y € GL,,(B) then there exist A € GL,(A) and Y',Y" € SL,(B) such that

0 (Y) = (YN A = Apu(Y").

Proof Let (8,)1<n denote the determinant of B which renders ¢ compatible. Choose
y € B* such that [y] =8, (Y) € (B*)?” and put

y
I'=A@y,1)= _ € GL,(B).

1

Now put A = @, (I'), Y =YI'!and Y’ = I'"'Y. Then ¢.(Y) = (YA =
A, (Y"). Moreover

(Y =8y N=lyily '1=11]

so that Y’ € SL, (B). Similarly, Y € SL,(B). O

When A € A we denote by (1), its class in Im,, (¢—)\ A/ Im, (¢4).
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Lemma 3.57 Suppose that A is compatibly determinantal and that X € GL,(Ayp)
satisfies (d, (X))n = (1)n; then there exists X, € SL,,(Ay) (0 € {—, 0, 4}) such that

X =9 (X-)Xop+(X4).

Proof The hypothesis that X € GL, (Ap) satisfies (d, (X)), = (1), means that there
exist Z_ € GL,(A_) and Z € GL,,(A4) such that

dn(X) = @_(dn(Z2)p4(dn(Z4)) € A
Put Y_ = Z=' Yy = Z7'. Then ¢_(dy(Y-))dn(X)p4 (dn(Y1)) = 1 € A% Thus
dplo-(Y_) X o1 (Y] =1€ A, ()

By (3.55) we may write ¢_(Y_) = ¢_(X_)A_ and ¢4 (Y4) = ALy (X4) where
A_, Ay € GL,(Ap), X— € SL,(A_) and X € SL,(AL). Putting Xo=A_XA4
then

X =9 (X-)Xop+(X1).
It suffices to show that Xy € SL,(Ag). However, X_ € SL,(A_-) and X, €
SL,(A4). Thus we have ¢_(d,(X-)) = ¢4 (dn(X4)) = [1] € Aj. Hence
dn(X0) = ¢ (dn(X-))dn(X0)p+(dn(X 1))
= dn—(X_)dn(X0)dnp1 (X 1)
= dplo—(X-)Xop+(X4)]
=dplo-(X)A_XA 9 (X))
=dplo-(Y_)Xo(Y1)]
=1
so that X € SL,,(Ag) as claimed. Il

We denote by (X), denote the class of X € SL,(Ao) in SL,(A) and by [Y] the
class of Y € GL, (Ap) in GL,(A). We define a mapping t : SL, (A) — GL,(A) by

7:(X) =[X].

It is clear that Im(f) C &,(A) where &,(A) is the exceptional fibre. It follows im-
mediately from (3.55) that:

E(A)—unﬁ’n (A) is surjective for any compatibly determinantal corner A. (3.58)

There is a corresponding mapping E: E, (A — &,(A) by E: (X) = [X]. More-
over if Ag is weakly Euclidean then SL,(Ag) = E,(Ap)) so that the assignment
X — (X) € SL,(A) induces a surjection v : E,(A) — SL, (A) making the follow-
ing commute.
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v

N

En(A)

E,(A) SL,(A)

It follows immediately that:

Let A be a compatibly determinantal corner in which Ag is weakly Euclidean;

then §: E,(A) — &, (A) is surjective. (3.59)

‘We obtain an analogue of Theorem 3.53.

Theorem 3.60 Let A be a _compatibly determinantal locally free corner in which
Ay is weakly Euclidean; if A is Karoubi then every nontrivial stably free A-module
has rank 2.

Proof When A is Karoubi we saw in Corollary 3.31 that E, (A) = {x} for 3 <n.
Thus by (3.59) the only possibilities for £, (A) and hence Z,,(A) to be nontrivial are
n =1, 2. However, together with Proposition 3.43, the argument of Theorem 3.53
shows that s;  is bijective for k > 2 so that Z;(.A) = {*}. Thus the only possibility
for Z,(A) to contain a nontrivial elements is n = 2. The result now follows from
(3.39). O



Chapter 4
Extensions of Modules

In this chapter we develop the classical theory of module extensions and, in partic-
ular, its interpretation in terms of cohomology. As explained in the Introduction, to
achieve our intended application it is necessary to avoid injective modules. In con-
sequence a feature of our treatment is the development of the exact sequences of Ext
using only projective modules.

4.1 The Category of Extensions
We denote by Extk the collection of exact sequences of A-modules and homomor-
phisms

E=(0— EL— Eg— E_—0)

in which the modules E, Eg and E_ are all in Mod,. ExtlA can be regarded as a
category by taking morphisms to be commutative diagrams of A-homomorphisms
thus:

E 0> Er—>Ey— E_—0
Vh= Vie Lk Lie
F 0— Fy—> Fp— F_—> 0

For A, B € Mod,, Extk (A, B) will denote the full subcategory of Ext£1 whose
objects E satisfy E_ = A and EL = B. If E,F ¢ Extk(A,B), a morphism
¢ :E—F is said to be a congruence when it induces the identity at both ends

thus:
E 00— B—FEy—A—0
Vo= lld e |1
F 0—-B—>F— A—>0
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We write ‘E = F’ when E F are congruent. By the Five Lemma, congruence is
an equivalence relation on Exti‘ (A, B). We denote by Extk(A, B) the collection
of equivalence classes in Extk(A, B) under ‘=’. Elementary considerations show
that Ext' (A, B) is equivalent to a small category, so that Ext'(A, B) is actually a
set. When the ring A is understood we omit the suffix and write Exth (A,B) =
Ext'(A, B), Ext) (A, B) =Ext'(A, B).

For any A-modules A, B there is a distinguished extension, the trivial extension

T=0->B2BopA™ A>0),

where ig(b) = (b, 0) and w4 (b, a) = a. An extension

F=0-BLx2 a0

is said to split when it is congruent to the trivial extension; that is, when there exists
an isomorphism ¢ : X — B @& A making the following diagram commute:
J P
0—-B - X —>A—-0
1 1dg X | 1d4
0B SBoA L A0

F is said to split on the right when there exists a A-homomorphism s : A — X such
that p os =1dy. F is said to split on the left when there exists a A-homomorphism
r:X — Bsuchthatro j=1Idp.

Suppose that F = (0 — B J, x5 A 0) is a short exact sequence of

A-modules; if ¢ : X — B @ A is a splitting there is a right splitting s given by

s = (pfl oig whereiys : A— B @ A is the standard inclusion i 4 (a) = (0, ). There

is also a left splitting r given by r = wp o ¢ where 7p : B @ A — A is the projec-
tion wp(b,a) = b. Conversely, if s : A — X is a right splitting, there is a splitting ¢
whose the inverse, (p_l , takes the form

¢~ (b,a) =ip(b) +s(a),
whilst if » : X — B is a left splitting, there is a corresponding splitting ¢ given by
p(x) = (r(x), p(x)).

To summarize, we have shown the well known:

fF=0—1B LxBas 0) is a short exact sequence of A-modules; then
F splits <= F splits on the right <= F splits on the left. 4.1)

In Sect. 4.2 we shall see that Ext! (A, B) possesses a natural group structure in which
the class of the trivial extension acts as the identity. In order to describe the group
multiplication we first recall some natural constructions on Ext'(A, B).
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Pushout Let A, By, B> be A-modules; if f : B — B is a A-homomorphism and
E=(0— B, - Eg > A— 0) € Ext'(4, B) we put

f*(E)=(o—> B2—j>1i_n>1(f,i)—E>A—>0),

where h_r)n(f, i)=(B2® Eo)/Im(f x —i) denotes the colimit and j is the injection
Jj:By— li_II)l( f,1); j(x) =[x, 0]. The correspondence E — f.(E) determines the
‘pushout’ functor f : Extl(A, B)) — Extl(A, B»). If in addition g : By — B3, itis
straightforward to see that

(g o [)«(E) = g« fx(E).
Furthermore, there is a natural transformation vy : Id — f, obtained as follows:
E 0— By BN Ey —A—0

Yvp = Ir v lu ,
S+(E) 0— By — lim(f,i) > A—0

where v: Eg — li_r)n(f, i) is the mapping v(x) = [0, x].

Pullback Let A;, Ay, B be A-modules; if E= (0 - B — Ej 4 Ay —> 0) €
Ext'(A,, B) and f A1 — A isa A-homomorphism we put

f*®)=(O0— B—1lim@®, ) > A1 —0),

where l(iﬂl(n, f)=Eo x A1 = {(x,y) : n(x) = f(y)} is the fibre product and
n.f

€ : Fy — Aj is the projection €(x,y) = y. If g: A» - A3 is a A-homomorphism,
it is straightforward to see that (g o f)*(E) = f* o ¢g*(E). The correspondence
E — f*(E) thus defines the ‘pullback functor’ f* : Extl(Az, B) — Extl(Al, B).
There is a natural transformation ¢ : f* — Id defined by:

f*E) 0—-B—Fy— A1—0
Ly = lid Ju Vf ,

E 0—B—Ey—> Ay—0
where o : Fo — Ey is the projection po(x, y) = x.
Direct Product Let Ay, A>, B, B> be A-modules and for r =1, 2 let
E(r)=(0— B, — E(r)o— A,— 0) e Ext"(A,, B,).
Then E(1) x E(2) = (0 — By x By = E(1)g x E(2)g —> A1 x A,—0) is exact,
and we get a functorial pairing x : Ext' (A1, B;) x Ext' (A, B») — Ext' (A; @ A»,

B1 @ B»). Generalizing the statement of (4.1) for right splittings we have a criterion
for a pushout extension to be trivial.
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Proposition 4.2 Let £ = (0 — A 5N BLc— 0) be an exact sequence of
A-modules and let oo : A — N be a A-homomorphism; then the following two state-
ments are equivalent:

(1) o, (&) splits;
(ii) there exists a homomorphism & : B — N making the following diagram com-
mute:

A B

N

Proof Suppose that «,(£) splits and let ¢ : li_r)n(ot, i) - N @ C be a splitting. In
particular, the following diagram commutes:

0—A-> B Lc—o
la Y J 1de

0—>N—]>1'£1)1(a,i)i>C—>O
J 1dy o { 1de

0—N-Y% Noc S c—0

On putting @ = 7y o @ o v it is easy to check that the diagram

i

A B

N

commutes as required. This proves (i) = (ii).

Conversely, if there is a homomorphism & : B — N such that & o i = « then the
mapping r : lgl)l(a, i) — A given by r[x, y] = x + &(y) is a left splitting for ().
Thus (i) = (i) and this completes the proof. U

Corresponding to Proposition 4.2 is the dual statement for a pullback extension
to be trivial:

Proposition 4.3 Let £ = (0 — A LBl co 0) be an exact sequence of
A-modules and let y : M — C be a A-homomorphism; then the following two state-
ments are equivalent:

1) y*(&) splits;
(ii) there exists a homomorphism y : M — C making the following diagram com-
mute:
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<
<

B

C

Proof Suppose that y,(€) splits and let ¢ : 1(i£1(p, y) — A @ M be a splitting. In
particular, the following diagram commutes:

0— A AeM ™ M—0
J 1da $o! J 1dy

o—>AL>1(iLn(a,i)i>c—> 0
Ve v Ly

0o—4-5 B Lc—o

On putting p =vo g~ ! oip where iy : M — A @® M is the standard inclusion, it is

easy to check that the diagram
M

<1
<

)4

B C

commutes as required, and this proves (i) = (ii).
Conversely, if there is a homomorphism p : M — B such that p oy = y then the
mapping s : M — 1<iLn(p, y) given by

s(x) = (¥ (x), x)

is a right splitting for y*(€). Thus (ii)) = (i) and this completes the proof. O

4.2 The Group Structure on Ext!

There is a natural group structure on Ext! (A, B) which we proceed to describe; first
note that direct product gives a functorial pairing

x : Ext' (A1, B)) x Ext! (A2, By) — Ext'(A| @ As, B| @ B).
For A-modules A, By, B; there is a functorial pairing, external sum,

@ :Ext' (A, B)) x Ext' (A, B,) > Ext! (A, B| @ By)
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givenby &1 ® & = A*(E] x £). Where A: A — A x A is the diagonal. The addi-
tion map + : B x B — B can also be regarded as a A-homomorphism

a:B®B— B:; a(by, by) = b1 + by.

Combining external sum with pushout, we obtain the ‘Baer sum’ [5]; let &, €
Ext! (A, B) for r =1, 2, and define the Baer sum | + &, by

S +&H =010 E) (=A™ (€1 x &)).
This gives a functorial pairing
+:Ext!(A, B) x Ext' (A, B) - Ext' (A, B).

It is straightforward to see that congruence in Ext' is compatible with Baer sum.

From the identity on diagonal maps (A x Id) o A = (Id x A) o A we see easily
that for £, &, & € Ext' (A, B) then £ @ (&, @ &) = (€1 ® &) @ &3. Furthermore
by ass?ciativity of addition (in B) there is a commutative diagram of morphisms
in Ext

E®E)DE z E1®(&2D &)
vl 1®v
0 (E1DE)DES vo(v@1) vo(1®v) E1Dax(ErdE3)

G0 EDENDE))  — > 0 D (& DE))

in which each v is an instance of the natural transformation v, : Id — «, and in
which y and c are congruences. It follows immediately that:

Proposition 4.4 If &), &, &3 € Ext' (A, B) then & + (& + &) = (E1 + &) + &3.

Rather more easily, commutativity of addition and the obvious congruence
E®F =F @ E show that:

Proposition 4.5 If £, F c Ext' (A, B) then E + F=F + €£.

We denote &£ the extension £ = (0 — B 5N X2 A 0) and by 7T the trivial
extension7 =(0— B— B® A — A— 0).
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Proposition 4.6 If £ c Ext' (A, B) then £+ T = €.
Proof We may write
E@T=0—>BxBI Xx(BoA)S A—0),
A

where X X(B @ A) = {(x,b,a) € X x B x A: px) =a}, j xi(b;,by) =
A

(j(b1),b2,0) and w(x, b, a) = p(x). There is a morphism of extensions

coT [0-BxBE xxBoAS A0
A
ta = Vo la L1

0— B EN X —- A—=0

where, as above, a(by, by) = by + by and &(x, b,a) = x + j(b). Clearly a admits
the canonical factorization

EBOT S aladT)SE,

where ¢ : a4 (€ ® T) — £ is a congruence. The result follows since (£ ® T) =
E+T. O

We denote by —& the extension —€ = (0 — B BN XxZA- 0).
Proposition 4.7 If £ € Ext' (A, B) then £+ (=) =T.

Proof First observe that A*(€ x —&) may be identified, by an obvious natural con-
gruence, with the extension

(0—>BxBJ—X]>X X X£>A—>0),
pP,—p

where pi(x1,x3) = p(x1). There is a homomorphism @ : X x X — Ker(p) de-
p.—p
fined by

a(x1, x2) = x1 +x2.

On putting @(x1, x2) = j 1 @(x1, x2) (= j~1(x1 + x2)) we see that the following
diagram commutes:
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BxB — X x X
p—p
o o
B
It follows from Proposition 4.2 that £ + (=€) =T. O

Observe that we have a congruence

0—>B;j>X—'”>A—>O
Jud -1 i

0>B-1sxB A0

so that the additive inverse of £ is equally well represented by the extension
0—B—h x5 4 0).
Corollary 4.8 Ext!(A, B) is an abelian group with respect to Baer sum.

Observe that if Q is projective then any exact sequence (0 > N — X — Q — 0)
splits. However 0 € Ext! (Q, N) is defined by the split sequence so that:

If Q is a projective A-module then Ext! (Q, N) =0 for any N. 4.9)

If f:A — Ay is a A-homomorphism the correspondence & — f*(€)
gives a functor f*: Extl(Az, N) — Extl(Al , N); it is straightforward to see that
[ &1+ &) = f* (&) + f*(&) so that f induces a homomorphism of abelian
groups f*:Ext!(A,, B) — Ext' (A1, B).

Similarly, if g : B — By is a A-homomorphism the correspondence & + g.(£)
gives a functor g, : Ext! (A, By) — Ext! (A, By) and

8+(E1 + &) = g (&) + g+(&2).

Thus g induces a homomorphism of abelian groups g : Ext' (A, B;) — Ext!(A, By).
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4.3 The Exact Sequences of Ext!

Given an exact sequence of A-modules £ = (0 — A —’> BE o 0), there is a
mapping & : Hom (A, N) — Ext!(C, N), the connecting mapping, given by

3(a) = [ax(E)].
It is straightforward to check that:
6 :Homu(A,N) — Ext! (C, N) is a homomorphism of abelian groups. (4.10)

We again omit the suffix when the ring A is understood and write HomlX (A,B)=
Hom!(A, N). From (4.10) we obtain a sequence of abelian groups

0 — Hom(C, N) *> Hom(B. N) > Hom(A, N) - Ext'(C, N)

2, Ext' (B, N) 5> Ext!(A, N). (%)
We will show that:

Theorem 4.11 The sequence (x) is exact for any A-module N.

Proof Exactness of the segment 0 — Hom(C, N) LN Hom(B, N) 5 Hom(A, N)
is straightforward, so it suffices to verify exactness in the following:

Hom(B, N) > Hom(A, N) = Ext'(C, N), (4.12)
Hom(A, N) > Ext'(C, N) & Ext! (B, N), (4.13)
Ext'(C, N) > Ext!(B, N) 55 Ext' (4, N). (4.14)

To prove exactness of (4.12), let B € Hom(B, N) and consider the natural transfor-
mation

& o4 5 B L So
v = J Boi v J1d
BoD«(®) \0>N —limBoii)>C —0

Since the following diagram commutes
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N

it follows from Proposition 4.2 that the extension (8 o i).(E) splits. However
§o0ix(B) =(Boi)«(E) sothat § oi, =0 and Im(i,) C Ker(s).

To show that Ker(§) C Im(i,) suppose that « € Hom(A, N) satisfies §(«) = 0.
Then a, () splits, so that by Proposition 4.2 there exists a homomorphism making
the diagram

N

commute. Thus o = i*(8) and Ker(§) C Im(i,) as required.
To prove exactness of (4.13), let « € Hom(A, N); then there a natural transfor-
mation vy : € = a,(€) given by

£ 045 B Rcso
i/pa: J/D( \Lva J/Id
ay(€) O—>N—>1i_r>n(a,i)1>C—>0

Since the following diagram commutes

lim(a /)

it follows by Proposition 4.3 that the extension p*w,(€) splits. However, p*5[£] =
[p*a.(E)] so that p*8 = 0 and Im(8) C Ker(p*) .



4.3 The Exact Sequences of Ext! 73

Suppose that F = (0 — N Axdcos 0) e Extl(C, N) satisfies p*[F] = 0.
To show Ker(p*) C Im(8) we must show that [F] = §(a) (= [a4(E)]) for some
a € Hom(A, N). Since p*F splits then, by Proposition 4.3, there exists a homo-
morphism p : B — X making the following diagram commute:

B

X

C

Since g o poi = poi =0 it follows that Im(p o i) C Ker(p) =Im(j) = N. In
particular, there is a unique homomorphism « : A — N such that j oo = poi. The
mapping v: N @ B — X given by

v(x,y)=j(x)+ p(y)
vanishes on Im(a x —i) so induces a homomorphism ¥ : 1i_n)1(a, i) — X. Hence it

also induces a congruence ¥ : a,(£) — F as follows:

0—>N—>1'£)n(a,i)£>C—>0
\LIdN \Ll’) \LIdC

0o—N-L- x Lc—o

that is, [F] = [a«(E)] = §(«) as required.
To prove exactness of (4.14), we first show that Im(p*) C Ker(i*).Let¢ : A — C

be the zero homomorphism and F = (0 > N —J> XAco 0) e Ext' (C,N). Then
lim(n, ) =Ker(n) @ A=Im(j) DA=N S A

showing that the extension ¢*(F) splits. As p oi = ¢ then i* o p*([F]) =
(p o D)*[F] = 0 so that Im(p*) C Ker(i*). To show that Ker(i*) C Im(p*) let

F=0O—N Lxtpos 0) be such that i *(F) is trivial. Then by Proposition 4.3,
there exists a homomorphism i : A — X making the following commute:

X

Define Y = X/Im(f), andlet § : X — Y be the canonical mapping, f(x) = x +Im(f).
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Since pono i =0, there is a homomorphism g : Y — C given by
q(x +Im() = p o n(x).
It is straightforward to check that the following sequence is exact
G=0—NZLy L c—0
and also that the square below commutes.

X - B
o lp
vy & ¢

We may therefore construct a congruence of extensions h:F— p*(G) as follows:

0—>N-- x LB_—o0
»leN i,v »l/ldB

O—>N—>1<i£1(q,p)£>3—>0

where v(x) = (4(x), n(x)); thatis, [F] = p*[F].

The above results have natural duals. We record the main statements. Given an
exact sequence £ = (0 > A SBic— 0) there is a mapping d : Hom(M, C) —
Ext! (M, A) given by 3(y) = [y*()]. One sees easily that:

The connecting map o : Hom(M, C) — Ext! (M, A) is additive. (4.15)

From this we obtain a sequence of homomorphisms of abelian groups:
0 — Hom(M, A) 5 Hom(M, B) 23 Hom(M, C) -> Ext'(M, A)

X Ext' (M, B) &5 Ext' (M, ©). (%)

Theorem 4.16 The sequence (xx) is exact for any A-module M.

The proof of Theorem 4.16 is step-by-step dual to that of Theorem 4.11. We
leave the details to the reader.

We refer to () as the direct exact sequence and to (xx) as the reverse exact se-
quence. They are functorial on Mod, in a way which, for the sake of precision, we
formalize. Thus let Exact(n) denote the category whose objects are exact sequences
of abelian groups of length n

E=(FE —>E— ---— E,_1—> E,)
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and whose morphisms are commutative diagrams

E Ey—~>E)—---—E, | > E,
=11 \ \ \
F F1—>F2—>~-~—>Fn_1—>Fn

There is a full subcategory Exactg(n) of Exact(n) consisting of objects
E=(FE —~>E,— ---—E, 1> E,)

in which the first arrow E; — Ej is injective. We may thus portray the objects
of Exacty(n) as exact sequences (0 > E; - Ey — --- —> E,_| — E,). Given

an exact sequence of A-modules £ =(0— A — B 2B 0) then (k) gives a
covariant functor Hom(E, —) : Mod 4 — Exacty(6)

Hom(E, —) = (0 — Hom(C, —) 2 Hom(B, —) 5 ... & Ext' (B, —)
5 Ext' (4, -))
whilst (xx) gives a contravariant functor Hom(—, £) : Mod  — Exacty(6)

0 — Hom(—, A) - Hom(—, B) 2% Hom(—, C) > Ext' (. A)

X Ext (=, B) 5 Ext! (=, O).

4.4 The Standard Cohomology Theory of Modules

We begin by recalling briefly, without proofs, the basics of the Eilenberg-Maclane
cohomology theory [13, 68]. Let M be a A-module; a resolution of M is an exact
sequence of A-homomorphisms
o o ok o €
A=(--—> A, > A1 > > A)g—> M—0),

abbreviated to A = (A, — M). We say that a resolution A is projective (resp. free)
when each A, is a projective (resp. free) A-module. Projective resolutions will be
denoted thus P = (P, — M) and free resolutions thus F = (F, — M):

Every A-module has a free (and hence a projective) resolution. 4.17)

If A= (A, —> M), B= (B, — M>) are resolutions and f : M| — M is a module
homomorphism then by a morphism of resolutions, ¢ : A — B over f we mean a
collection (¢,) of A-homomorphisms completing a commutative diagram:

~--—>A,1—>An_1—>--~—>A0—>M1—>O

A
lo= o e oo 1o
B

o> B,—>B,_1—> > By—> M,— 0
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Such a morphism over f is also called a [ifting of f. Given a A-homomorphism
f: My — Mj, morphisms ¢, ¢ : A — B over f are said to be homotopic over f
(written ¢ >~ ¢ 1) when there exists a collection n = (1,),>0 of A-homomorphisms
Ny : Ay = B,41 such that

i) @o—vo=01no and @(i) ¢ —Yr =010 +1,10, forallr > 1.

Let f : M; — M, be a A-homomorphism; if B = (B, — M>) is a resolution and
P = (P, — M) is a projective resolution, then:

Proposition 4.18 There exists a lifting f : P — B of f; moreover any two liftings
of f: My — M, are homotopic over f.

If M, N are A-modules then choosing a projective resolution P = (P, — M) of
M we construct a cochain complex (P, 3) thus:

pN _ Homu (P, N) forr >0,
r 0 forr <0,

where for r > 0, 9N : PN — P is the induced map 9} () = & 0 9,. We denote
by Hp (M, N) the cohomology of this cochain complex; that is

Chi
Ker(Hom(P, N) “3' Hom(Pyy1, N
HE (M, N) = erfom(Py, N) = Hom(Pir 1. N)) -y oy

3*
Im(Hom(P;_;, N) = Hom(Py, N))

Here H](,)(M, N) = Ker(Hom(Po,N)iHom(Pl,N)) and Hl],‘(M, N) =0 for
k<0.If Q= (Q« — L) is a projective resolution of L, f: M — L is a
homomorphism and f : P — Q is a lifting over f then the induced maps
rN : Hom(Q,, N) - Hom(P,, N) give rise to homomorphisms in cohomol-
ogy frQ : H6(L,N) — Hp(M,N) which are independent of the particular
lifting of f. Given a projective resolution R — K and a homomorphism g :
L — K then (g o f)pr: Hﬁ(K, N) — Hl’}(M, N) satisfies the transitivity prop-
erty:

(go f)i;R = fl;ngaR'
In particular if P, Q are projective resolutions of M and Hp(M,N) (resp.
HS(M , N)) is the cohomology computed using P (resp. Q) then there is a transi-
tion homomorphism tpg = Idik,Q : H(’S(M ,N) — Hp (M, N).If Ris also a projective
resolution of M then
IPR = IPQ © IQR

whilst in the special case where Q =P then tpp =1d : Hy(M, N) — Hp(M, N). It
follows that each transition homomorphism fpq is an isomorphism and t;é = 1Qp.
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In particular:
The isomorphism type of Hp (M, N) is independent of P. (4.19)
Moreover:
There is a natural equivalence of functors fp : Hom(—, N) = HI(,)(—, N). (4.20)

We may eliminate the subscript P from Hy by making, for each module M, a spe-
cific choice of projective resolution P(M) for M. We then write

H*(M, N):H;‘(M)(M, N).
Moreover, if f: L — M is a homomorphism we write
fF= fIZ“(M)P(L) :H"(M,N)— H"(L, N).

In the special case of a projective module P, as a projective resolution of

P we may take (--+ > 0—-> 0— P Ay N 0) where € = Idp. It follows
that:

If P is projective, then for any n > 1, H" (P, C) =0 for any module C. (4.21)

4.5 The Cohomological Interpretation of Ext!

We first give a model for the cohomology group H'!(M, N) which confers cer-
tain advantages at the cost of a slight degree of unconventionality. By a projective

0-complex over A we mean a short exact sequence P = (0 - K A S VN 0)
where P is projective. Given such a projective 0-complex we define

Hom(K, N)
Im(Hom(P, N) > (Hom(K, N))

Hp(M,N) =

We first show that this construction is functorial on morphisms of projective
0-complexes. Specifically, given a morphism of projective 0-complexes

P 0>K5> PSS M0
lo= ¢<ﬂ+' oo oo
Q 0> K505 M50

we construct an induced morphism ¢* : H ]Q (M',N) — H713(M , N). To do this ob-
serve that the induced map

(p)* :Hom(K', N) — Hom(K, N)
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has the property that Im(Hom(Q, N) 2> (Hom(K’, N)) C Im(Hom(P, N) >
(Hom(K, N)) since if « = j*(B) for B € Hom(Q, N) then ¢7 (o) = ¢ j*(B) =
i*¢5(B). We define

¢* :H5(M',N) — Hp(M, N)

to be the homomorphism induced from @7 : Hom(K ’’N) - Hom(K, N). It is
straightforward to check that this construction is functorial on morphisms of pro-
jective O-complexes; that is, if ¢ : P — Q, ¥ : @ — R are morphisms as follows:

P 0-K— P->M— 0
Lo dor  doo o
Q =|0—-K'—-0—->M-—>0
Ly ve Lo Ju-
R 0—-K'->R—->M'—0

then (Y ¢)* = ¢*¢*. Next we show that ¢* depends only upon ¢_.
Proposition 4.22 If ¢ : P — Q has the property that ¢y = 0 then ¢* = 0.
Proof We have a commutative diagram

0K PSM— 0
Vor Leo Jo
0K 502 M =0

from which it is clear that Im(gg) C Ker(n) =Im(j). Put $ = j " 'gg: P — K’ so
that the following diagram commutes:

K P
P+ %0
J
K’ (0]

As @3 (B) =i*(B¢) € Im (Hom(P, N) — Hom(K, N)) for B € Hom(K’, N) it fol-
lows that p* = 0. g

Corollary 4.23 If o1, ¢ : P — Q satisfy (¢1)— = (¢2)— then (p1)* = (p2)*.
Proof For then (g1 — ¢2)— =0 so that (g1 — ¢2)* =0 and so ¢} = 5. O

We can now liberate this construction from global dependence upon the cate-
gory of projective O-complexes, at least in part; suppose that P, Q are projective
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0-complexes
P=0— K> PSM-0),
Q=0—K' %02 M -0

andthat f : M — M'isa A-homomorphism. By the universal property of projective
we may construct a lifting f of f thus:

P 05K PSM—0

Vi= Vi A df

Q 0— K' % 0 (N
We may then define f3q : Hy(M', N) — HL(M,N) by ffq = ( f£)*. This is
meaningful since if f is another lifting of f then ( f —f )+ =0and so ( r=( f ).

The construction f — fpg is functorial in the following sense; suppose that P,
9, R are projective 0-complexes

P=0— K ->P—> M —0),
9=0—- K —- Q0— M —0),
R=0—-K'—- R—-> M —0)

andg: M — M', f: M’ — M" are A-homomorphisms ; then
(fo8)pr =28pafor-

We note that the suffices P, Q are analogous to the roles of bases in the change of
basis formula in linear algebra. There is a particular special case one should con-
sider, namely the effect of lifting the identity; in the case of projective 0-complexes
over the same module M thus

P=0— K — P —>M-—0),
P=0—K —-P —->M—0)
we will write tpp = (Id M)%,P. Although this notation consciously suppresses the
module M it should cause no confusion. We obtain the general transformation rule.
fpo =P fpoToo-
We proceed by showing that the model we have just given for H' is isomorphic to

the standard model. Specifically, we will show:

Proposition 4.24 I[f P=(0— K — P — M — 0) is a projective 0-complex and
Q=(¢— 0y~ Qy—1 = -+ —> Qo —> M — 0) is a projective resolution then
there exists an isomorphism igp : H71>(M, N) — Hé(M, N) which is natural in the
sense that the following diagrams commute:
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HLH(M, N) Hy(M, N)
™o rQ
H}, (M, N) Hp (M, N)

Proof Let P=(0— K LPS M 0) be a projective 0-complex. Then we may
extend P to a projective resolution

0 Op— 03 0, 0
P=(-—-P 2P 5. 2p3p2%pPpSM->0

in which Py = P and, on factorising 9,41 : P,4+1 — P, as

Or41
Pri P;
HN irg1
K1
with 7,1 surjective and i, injective, in which K1 = K and i1 =i. In particular,

we have a pair of short exact sequences

0> K > P> M—0,
0— K22> P1£1>K]—>0.
N iN
From the exact sequence 0 — Hom(K,,, N) = Hom(P,, N) = --- we see that rr,N

is injective for r = 1, 2. Now we have a diagram in which the row is exact and the
triangle commutes:

N N
i 5
0 Hom(K{,N) —— Hom(P;,N) — Hom(K>, N)
8 '
Hom(P,, N)

Since nzN is injective and Bév = név o iév then Ker(aév ) = Ker(iév ) so that, by exact-
ness nlN :Hom(K{, N) —> Ker(aév) is an isomorphism. Since yrlN :Hom(K{, N) —
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Hom(Pj, N) is injective it follows that nIN induces an isomorphism

N Hom(Kq, N)
jTl .

- N
Im(Hom(Py, N) = Hom(K, N))

N
Im(Hom(K;, N) = Hom(P;, N))

N:N

Im(Hom(Py, N) i Hom(P;, N))

7!
As above Ker(3)Y) = Im(Hom(K, N) — Hom(P;, N)) and 3 = zVil so that
nlN induces an isomorphism, denoted by tpp, thus

N Hom(K 1, N) Ker(3))
tpp = Tyl N — Im(Z)N) .
Im(Hom(Py, N) — Hom(K, N)) 1
However
Hom(K{, N Ker(3
H713(M, N): Om( 1 ) and H}l(M, N):LIZ\/)
Im(3)

N
Im(Hom(Py, N) - Hom(K, N))

so that fpp gives an isomorphism fpp : H71;(M, N) — Hll(M, N). In general if Q
is an arbitrary projective resolution of M we define

hop = toplipp : Hp (M, N) — Hy(M, N),

where P is a projective resolution of M extending P. That this is independent of
P can be seen easily from the fact that if P’ is also a projective resolution of M
extending P then the following diagram commutes:

Hy,(M,N)
1
Hb (M, N) -
ipp
HL(M,N)
This completes the proof. d

Let P=0— K > P —- M — 0) be a projective 0-complex. Given a
A-module N and a homomorphism f : K — N we may form the pushout sequence
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thus:

P 0—>K—i> P SM->0
Vv = Vo L L1
S+ (P) O—>N—>li_n)1(f,i)—>M—>O

It follows that we have a group homomorphism vp : Hom(K, N) — Ext!' (M, N)
given by vp (f) = f«(P). If « € Ext! (M, N) is represented by the extension

a=0—>N—->A—->M—0)

then from the universal property of projectives there is a morphism of extensions
lifting the identity of M thus:

P 0> KS5PSM—0
Ve = legr Lg JUd
o O->N—>A—-> M—>0

It follows by general nonsense that (g )«(P) = « so that:

Proposition 4.25 vp : Hom(K, N) — Ext!(M, N) is surjective.

Proposition 4.26 Ker(vp) =Im(Hom(P, N) LN Hom(K, N)).
Proof Given a pushout morphism

P 0>K5 P S M0
Vo= Vool 2t
FP) - \o— NS lim(f.i) % M—0

we see that f(P) =0 if and only if f.(P) splits. By (4.1), Proposition 4.2 there
exists a homomorphism f : P — N making the following diagram commute;

i

K P
f f i
N lim(f, i)

equivalently, f =i*( f ) or alternatively f € Im(Hom(P, N) LN Hom(K,N)). O

As
Hom(K, N)

Im(Hom(P, N) > Hom(K, N))

Hp(M,N) =
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then denoting the map induced by vp by the same symbol we see that:
Proposition 4.27 vp induces an isomorphism vp : H71J (M,N) = Ext'(M, N).

This construction is compatible with the transition isomorphisms constructed
above in the sense that the following diagram commutes:

PQ
HLH(M, N) Hp, (M, N)

Ext! (M, N)

4.6 The Exact Sequences in Cohomology

LetE=0— A Lph C — 0) be an exact sequence of A-modules. If P is a
projective module it is straightforward to see that the induced sequence

0 — Hom(P, A) %3 Hom(P, B) % Hom(P, C) — 0

is exact. More generally,

If P, — M is a projective resolution of M then the sequence of cochain complexes

0 — Hom(Py, A) 5) Hom(Py, B) Eidd Hom(P,, C) — 0 is exact. (4.28)

Applying the cohomology functor to (4.28) gives a long exact sequence in coho-
mology

e H™Y M, O) S HY (ML A S B (M, B DS HY (M, ©)
L M, A) > -

in which the terms H” (—, N) are zero for r < 0. In view of the natural equivalence
HO(M, —) = Hom(M, —) the initial portion of the sequence can be written:

0 — Hom(M, A) 5 Hom(M, B) 2% Hom(M,C) > H' (M, A)
' BB H' M, C)— -

The above is the direct exact sequence; in addition, there is a reverse exact sequence
as we now proceed to establish. Thus suppose given a commutative diagram of
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A-modules and homomorphisms

0>X5v5z50
bea bes dec (4.29)
0>A5BECcS0

in which both rows are exact and €4, €p, €c are all surjective. It then follows that:

Lemma 4.30
(1) j(Ker(eq) C Ker(ep);
(i) w(Ker(ep) C Ker(ec) and

(iii) the sequence 0 — Ker(e4) N Ker(ep) KLY Ker(ec) — 0 is exact.

Proof (i) and (ii) are clear. Moreover, in (iii) j : Ker(e4) — Ker(ep) is injective
since it is the restriction of the injective mapping j : X — Y, and since w o j =0
then evidently

Im(j : Ker(e4) — Ker(ep)) C Ker(m : Ker(ep) — Ker(ec)).

It suffices to prove:

(a) if y € Ker(ep) satisfies w(y) = O then there exists x € Ker(e4) such that
Jjx)=y.
(b) if z € Ker(ec) then there exists y € Ker(eg) such that 7(y) = z.

(a) Let y € Ker(ep) satisfy w(y) = 0. Choose x € X such that j(x) = y. Then
ies(x) =€pj(x) =€p(y) =0.Howeveri is injective so that € 4 (x) = 0. As required
there exists x € Ker(e4) such that j(x) = y.

(b) Let z € Ker(ec) and choose y; € Y such that w(y;) = z. Then

pep(y1) =ecm(y1) =€c(z) =0,

so that €p(y1) € Ker(p) = Im(i). Now choose a € A such that i(a) = €p(y1), and
choose x € X such that e4(x) =a. Then epj(x) =ies(x) =€p(y1). Put y =y, —
J(x). Then y € Ker(ep) and 7w (y) =7 (y1) — 7j(x) =7 (y1) =z. U

Lemma 4.31 Let0— A > B 5 C — 0 be an exact sequence of A-modules and
homomorphisms, and let €4 : P — A and €c : Q — C be surjective homomor-
phisms in which P, Q are projective. Then there exists a surjective homomorphism
ep: P ® Q — B making the following diagram commute

0— P—j> P@Qg 0—0
Ve da e

0-A5 B Bcso

where j(x) = (x,0) and w(x,y) =Y.
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Proof Since p : B — C is surjective and Q is projective then there exists a homo-
morphism €¢ : Q — B making the following diagram commute.

0

Put g = (i€s,€c) : P @ Q — B. Itis easy to check that the diagram

0>PLHPa05 00
Ve dea e

0->A> B Bc-o0
commutes. To see that € is surjective, let b € B and choose z € Q such thatec(z) =

p(b). Then b — €¢(z) € Ker(p) = Im(i). Choose a € A such that i(a) = b — €¢(z)
and choose x € P such that €4 (x) =a. Then € (x, z) = b and €p is surjective. [

Theorem 4.32 Let £ = (0 > A > B Zc— 0) be an exact sequence of A-
modules and let P, — A and R, — C be projective resolutions. Then there is a
projective resolution Q, — B and exact sequence of chain complexes 0 — P, —
QO+« — Ry — 0 covering £.

Proof Let (P, — A) and (R, — C) be projective resolutions. For each n write
DA =Im(3;") (= Ker(d* |) € P,—1)

and consider the canonical factorization of 3; through its image

P, Py

where 17 is inclusion and €/ (x) = 3 (x). Likewise there is a canonical factoriza-
tion of a,,C . When convenient we will suppress the symbols nfl‘, nf denoting inclu-
sions, and for inductive purposes it is convenient to write D} = A and e_Al =€l

>
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and likewise DOC
of the form

=C and efl =

0

\
0— DA

o
0— P

Vel
00— DrA_]

-
0

in which rows and columns are exact, where j,.(x)

4

Extensions of Modules

€. We shall consider commutative diagrams D,

0 0

o !
-, pB I, DpC
Ik €
PR X R

\: ef—l s 6:11

ir— B Pr—1 C
—) Dr—l - Dr—l

\: 2

0 0

— 0

— 0

— 0

= (x,0) and 7, (x, y) =y, and

where nf‘, an , nrc , are set-theoretic inclusions, so that, in particular, i, is the restric-
tion of j, and p, is the restriction of 7.

We argue by induction; the inductive base will be to construct Dy ; the inductive
step will be to construct D,, from D,,_. It is more convenient to treat the inductive
step first. Suppose D, is constructed. From it we may extract the top row

in—1 pn 1

&1 =(0— DA | 2= DB 5 DE

 —0)

and in addition we have surjective homomorphisms e Y DA ., and ec R, —
Dn{1 where P,, R, are projective. We may therefore apply Lemma 4.31 to obtain

a commutative diagram

0 0 0
Vo v
0— DA I pB P pC L9
Ym Ik 4t
Dy=l0— P, SPoOR, 2> R, —0]:
\: 6?4 \ 5571 \ enc—l
in—1 Pn—1
0— DA, pE =5 p¢, —o0
{ 2 J
0 0 0

where e P, ®R, — Dn | 1s surjective, DB Ker(EB) and where nf is the in-

clusion of DB in P, @ R,,. Thus all columns are exact. Also 0 —> DA —*> pB 2",
DS — 0 is exact by (4.29) so that D, is a commutative diagram of the requlred
type.

With only a slight modification the same argument now establishes the induction

base, starting with the exact sequence & = (0 — A —l> B2 c— 0) (corre-
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sponding to n = 1) described for purposes of formal agreement as

& =(0— D} =% DE L% DE — 0).

We now put @, = P, ® R, and define 35 : 0, — Q0,1 by 3% =nB oeB. Then it
is straightforward to check that

oy B
Qi—>B=(—>0,—>0p1—~> =01~ 01—~ A—0)

is a projective resolution of B. Moreover, the infinite commutative diagram in (4.33)

below gives an exact sequence of projective resolutions 0 - P, — Q. — R, — 0
covering the initial exact sequence 0 - A — B — C — 0. 0

In the construction below at each level Q,, = P, @ R,,. However, in general 8,f #*
ot 0y

Jn

0O— P, — 0, — R, —0
Lo daf L af
0— P, jn—_l> On—1 71,,__; R,.1 — 0
Lok, Vol 1ac,
: : : (4.33)
Vot $af daf
0— Py LN Qo SN Ry —0
Jet I e €€
0o— A - B L ¢ —o
\2 |2 J
0 0 0

Applying the cohomology functor we get. as promised, a long reverse exact se-
quence

S YA N S EY(C N D HY(BN) S HY(ALN)
_5> Hn_H(C, N)ﬁ)

Here H"(—, N) = 0 for r < 0; in view of the natural equivalence HO M, —) =
Hom(M, —) the initial portion of the sequence can be written:

0 — Hom(C, N) > Hom(B, N) > Hom(A, N) > H'(C, N)

2y H' B, N)S HY(A,N)— -
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Up to this point we have preserved the notational distinction between cohomology
H'(—, —) and the group of extensions Ext' (—, —). In the light of Proposition 4.27 it
will frequently seem pedantic to maintain the distinction. Furthermore (and without
any explicit appeal to Yoneda’s cohomological interpretation of higher extensions
[101]) we shall, as and when seems appropriate, adopt the standard convention of
writing

Ext"(M,N)=H"(M,N).



Chapter 5
The Derived Module Category

Linear algebra over a field is rendered tractable by the fact that every module over
a field is free; that is, has a spanning set of linearly independent vectors. Over more
general rings, when a module M is not free we make a first approximation to its
being free by taking a surjective homomorphism ¢ : F — M where F is free. The
kernel Ker(¢) may then be regarded as the ‘first derivative’ module of M. These
considerations may be made precise by working in the ‘derived module category’,
the quotient of the category of A-modules obtained by quotienting out by mor-
phisms which factorize through a projective. The invariants of this first derivative
lead to a nonstandard definition of module cohomology.

5.1 The Derived Module Category

If f: M — N is a morphism in Mod 4 we say that f factors through a projective
module, written ‘ f ~ 0’, when f can be written as a composite f = & o thus

f
M N
n\ /5
P

where P € Mod, is a projective module and n: M — P and £ : P — N are
A-homomorphisms. As projective modules are direct summands of free modules
the condition ‘ f & 0’ is evidently equivalent to the requirement that f : M — N
factors through a free module. We define

(M, N)={f e Homa(M, N): f ~0}.

On taking either & or n to be zero we see that 0 € (M, N). Moreover, if
f,8: M — N are A-homomorphisms and f = o o 8, g = y o are factorizations

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 89
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through the projectives P, Q respectively; then

f—g=(a, y)(i)

is a factorization of f — g through the projective P & Q. It follows that:
(M, N) is an additive subgroup of Hom, (M, N). 5.1
We extend =~ to a binary relation on Hom 4 (M, N) by means of
frg <— [f—-g=0.

So extended, & is an equivalence relation compatible with composition; that is given
A-homomorphisms f, f': My — My, g, g’ : M| — M, then:

frf and grg = gofmgof. (5.2)

We obtain the derived module category Der = Der(A), whose objects are right
A-modules, and in which, for any two objects M, N, the set of morphisms
Hompe (M, N) is given by

Hompe (M, N) =Homs (M, N)/(M, N).
Since (M, N) is a subgroup of Hom 4 (M, N), it follows that:
Hompe (M, N) has the natural structure of an abelian group. (5.3)

We extend these considerations to the functor Ext!; suppose that f, g : M| — M
are A-homomorphisms such that f ~ g and let

f-s
M1 M2
o

be a factorization of f — g through a projective Q. Then application of Ext! (—, N)
yields a factorization

fr-g*
Ext!(M>, N) Ext! (M, N)

N

Extl(Q, N)

of (f —g)* = f*—g* through Ext' (Q, N). As Q is projective then Ext! (Q, N) =0
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by (4.9); thus if f ~ g then f* = g* : Ext!(M>, N) — Ext!(M{, N); that is:

For any A-module N, the correspondence M +— Ext! (M, N) defines

a contravariant functor Ext! (—, N) : Der — Ab. 5.4

We obtain a useful characterization of projective modules.

Proposition 5.5 For any module Q over A the following are equivalent:

(i) Q is projective.

(i) Hompe (Q, N) =0 for all A-modules N .
(iii)) Homper (N, Q) =0 for all A-modules N.
(iv) Hompe (Q, Q) =0.

(v) Ext'(Q, N) =0 for all A-modules N.
(vi) H'(Q, N) =0 for all A-modules N .

Proof The implications (i) = (ii) = (iv) and (i) = (iii) = (iv) are clear. To
see that (iv) = (ii), suppose that Hompe,(Q, Q) = 0; then Idp ~ 0. However any
A-homomorphism o : Q — N can be written as « = @ o Idg so that & 2 0, by (5.2).
Thus Hompe(Q, N) = 0 as required; moreover the proof that (iv) = (iii) follows
similarly, on factorizing B : N — Q in the form g =1Idg o 8.

To show that (i) = (i), suppose that Hompe.(Q, N) = 0 for all A-modules N,
let «: Q - N be a A-homomorphism and let p : M — N be a surjective
A-homomorphism. To show that Q is projective it suffices to show there exists
a A-homomorphism @ : Q — M making the following commute:

0

Q)
R

M

N

However, since by hypothesis Hompe(Q, N) = 0 then « factors through a projec-
tive P:

As p is surjective, there exists a homomorphism /é\: P — M such that £ = p o?
making the following diagram commute:
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-~

Hence taking @ = & o 1 we see that p o @ = « as required, and this establishes the
equivalences (i) <= (ii) <= (iii) <= (iv). The implication (i) = (v) simply re-
states (4.9) so to complete the proof it suffices to show that (v) = (i). Let O be a
A-module and let p : F — Q be a surjective homomorphism from a free module F.
Putting K = Ker(p), from the exact sequence

0—>K—j>F—p>Q—>O

then from Sect. 2.1 we obtain the exact sequence

0 — Hom (0, K) 2> Hom(F, K) L> Hom (K, K) > Ext' (0. K).

Under the hypothesis of (v) for Q, we have Ext! (Q, K) = 0 so that the above exact

sequence reduces to 0 — Hom 4 (Q, K) LA Hom, (F, K) EN Hom, (K, K) — 0.In
particular, j* : Hom4 (F, K) — Hom4 (K, K) is surjective. Choosing a homomor-
phism r : F — K such that r o j = j*(r) = Idg, r is then a left splitting of the
sequence

O—>K—j>F—p>Q—>O.

Thus F = K @ Q, and hence Q, being a direct summand of the free module F, is
projective. This proves (v) = (i). The equivalence of (v) and (vi) follows from the
cohomological interpretation of Ext! so completing the proof. U

Suppose that E : Mod 4 — Ab is an additive functor. We say that E descends to
Der(A) when there is a functor E : Der(A) — Ab making the following diagram
commute

MOdA Ab

[]

les]

Der(A)

(5.4) may be extended to give:
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Let E: Mod, — Ab be an additive functor; then
E descends to Der(A) <= E(Q) = 0 for any projective module Q. (5.6)

The functor E may be either covariant or contravariant. By Proposition 5.5
H"(Q, N) =0 for any projective module Q, so that:

Proposition 5.7 H"(—, N) descends to Der(A) for eachn > 1.

Let M, P be A-modules with inclusion iy : M — M @& P and projection
wy M@ P — M;if P is projective then iy o my =~ Idy; by means of the fac-
torization:

Id—iprompy

MoP MoP

As myy o iy = 1Idyy it follows that:

Proposition 5.8 Let M, P be A-modules with P projective and let iy : M —
M@ P and mpy : M & P — M denote respectively the canonical inclusions and
projections. Then iy and my are mutually inverse isomorphisms in Der.

This gives a criterion for deciding when A-modules become isomorphic in Der:
Theorem 5.9 Let M|, M, be modules over A; then
M| Z2pe My < M| ® Py =4 M> & P> for some projectives Py, P>.
Proof The implication (<) is an easy deduction from Proposition 5.8. To show

(=), suppose f : M1 — M> is a A homomorphism which defines an isomorphism
in Der. Then by Proposition 5.7,

f*: H*(My, N) = H*(M,, N)

is an isomorphism for all k > 1. Let n : F — M> be a surjective A-homomorphism
where F is a free module over A and let p : My & F — M, be the A-homo-
morphism p(x,y) = f(x) + n(y). Since both i and f are isomorphisms in Der it
follows from the factorization
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that p is also an isomorphism in Der. Put K = Ker(p). Applying H*(—, K) to

the exact sequence 0 — K S M &F £ M, — 0 we get an exact sequence in
cohomology

0 — Homy (M3, K) LN Hom/ (M| & F, K) LN Homy (K, K) % H'(M>, K)
L H'\ M @ F, K).
Since p is an isomorphism in Der, p* : HY(M,,K) - HY (M, @ F, K) is an iso-
morphism and the above exact sequence reduces to
0 — Hom (M3, K) LN Hom (M @ F, K) l—> Hom, (K, K) — 0.

Choosing r : M} & F — K such that i*(r) = Idg we see that r o i =Idy;. In par-

ticular, r splits the sequence 0 — K S M 1D F 2 M> — 0 on the left, so that
M| & F =4 My ® K. Now F is projective since it is free. To establish the conclu-
sion as stated it remains to show that K is projective.

Since p is an isomorphism in Der then p* : H*(M,, N) — H*(M| & F, N) is
an isomorphism for all k > 1 and any coefficient module N. Appealing to this in the
following portion of the long exact sequence

H' My, NY D H' (M, @ F.N) 5 H' (K, N) 2 H2(M. N) &> H2(My @ F,N)

we see easily that H'(K, N) = 0 for all A-modules N. Thus K is projective by
Proposition 5.5, and this completes the proof. g

5.2 Coprojectives and De-stabilization

‘We first recall.

Proposition 5.10 (Schanuel’s Lemma) Forr =1,2 let (0 — D, i) P, i’) M—0

be short exact sequences of A-modules in which Py and Py are projective; then
Di®P, =D, P.

Proof Form the fibre product Q = P; fo P={(x,y)e Pix P: fi(x) = f2(y)}.
1,J2

There is a short exact sequence 0 — Dy — Q o P1 — 0 where m(x,y) = x.
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The sequence splits as Pj is projective, so that Q = D, @ P;. Likewise, as P; is

projective, the short exact sequence 0 — D; — Q i3 P, — 0 with mo(x,y) =y
also splits, and Q = D @ P,. Now D| @ P; = Q = D, @ P as claimed. O

There is a dual form of Schanuel’s Lemma which holds in restricted circum-
stances. To analyse the restriction condition, we first observe that Baer extension
theory [5, 68] may be formulated within an arbitrary Abelian category D [74]. Then
the dual category D* obtained by formally reversing the directions of arrows is also
an Abelian category; one has the obvious identity

Exth (N, M) = Exth. (M, N),

and every theorem in D has a corresponding dual in D*. In the abelian category
Mod,, Schanuel’s Lemma may be traced back to the fact that Extl(A, N)=0.
It follows that if one wants the dual form of Schanuel’s Lemma to hold in Mod 4
(rather than in the formal dual to Mod4) then the dual condition Ext! (N, A) =0
becomes significant.

To formulate the dual version of Schanuel’s Lemma efficiently, we first consider
a pair of exact sequences in Mod 4

E=O0—>KH5>PAM>0:. F=0>K>50%5N->0

in which P and Q are projective and form the pushout square

J

K 0
i no
np
P lim. j)

where li_r)n(i, Jj)=(P ® Q)/Im(i x —j). Taking the canonical inclusions and pro-
jections

ip:P—>P®Q; ipx)=(x,0);
ip:0—>P®Q; ig(y)=(0,y);
ap:P®Q— P, mp(x,y)=x;
To:P®O— 0; molx,y)=y

thenput np =poip;ng =poig where u: P® Q — (P ® Q)/Im(@ x —j) is the
identification map. Then there are internal direct sum decompositions

P ®Im(j) =Im(ip) +Im(i x —j), (5.11)

Im(i) ® Q =Im(ig) +Im@i x — ). (5.12)
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Note that pomp : P @ Q — M vanishes on Im(i x —j) and so induces a homo-
morphism

Ep:limG, j) - M; &p(lx, y]) = p(x).
Similarly gomrg : P® Q — N vanishes on Im(i x — j) and so induces a homomor-
phism

o :1im@, j) = N; &o(lx, yD) =q ().

From the internal direct sum decompositions (5.11), (5.12) we obtain exact se-
quences

OeQE@ﬁﬂiMeQ (5.13)
0— P % lim(i. j) % N - 0. (5.14)

We obtain the following (weak) dual form of Schanuel’s Lemma:

Theorem 5.15 Let E=(0— K > P B M —>0): F=0—> K> 0% N —0)
be projective 0-complexes in Mod 4. If Ext'(M, Q) = Ext' (N, P) =0 then

M®QO=N®P.
Proof Since Ext' (M, Q) = 0 then (5.13) above splits giving an isomorphism
lim(i, j) =M & Q.
Similarly, since Ext! (N, P) =0 then (5.14) splits showing also that
lim@, )=N& P
from which the result is obvious. O

We turn the hypotheses of Theorem 5.15 into a definition; we say that a
A-module M is coprojective when Ext' (M, Q) = 0 for any projective module Q.
We first note:

Proposition 5.16 The following conditions upon a module M are equivalent:

(i) M is coprojective;

(i) Ext'(M, A)=0;

(iii) H'(M, Q) =0 for any projective module Q;
(iv) H'(M, A) =0.

Proof The equivalences between (i) and (iii) and (ii) and (iv) follow from Proposi-
tion 4.27. The implication (i) = (ii) is trivial. To prove (ii) = (i) suppose that
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Ext!(M, A) = 0. If F is a free module, F = P, A; with A; = A for each i, it fol-
lows from the additivity properties of Ext! that Ext! (M, F) = @, Ext!(M, A;) 0.
By representing Q as a direct summand Q @ Q' = F we see that Ext'(M, Q) ®
Ext' (M, Q') 2 Ext! (M, F) = 0 and so also Ext' (M, Q) 0. O

The following de-stabilization result is essential at a number of points:

Proposition 5.17 Let 0 — J & Qg EN Q1 > M — 0 be an exact sequence of
A-modules in which Qq, Q1 are projective; if M is coprojective then Q1/j(Qo)
is projective.

Proof Leti:J — J @& Qo be the inclusion, i (x) = (x,0),and letw : J & Q¢ — J
be the projection (x, y) = x. Put L = li_r)n(i om, j); then we have a commutative
diagram

£ 05> J®00> 01— M—0
v = Lier Lv W ;
(i 07)+(&) 0>J®Q —~L—> M—0

where v: Q1 — L= 1i_n)1(i om, j) is the natural map. As

H'(M,J & Qo) =H' (M, J)® H'(M, Qo)

and H'(M, Qo) =0 it follows that 77, : H' (M, J & Q¢) — H'(M, J) is an isomor-
phism; likewise iy, : HY(M, J) — H' (M, J ® Qo) is an isomorphism. However,

meoiy=1d: H' (M, J)—> H' (M, J),

hence that iy o m, = (iom), =1d: HY (M, J & Qo) — H' (M, J & Qo).

Let c =cg € H'(M, J & Qo) be the element classifying the extension £. Then
(i o)« (E) is classified by (i o w)«(c) = ¢. Thus (i o 7)4(€) is congruent to £, so
that L = Q1, and in particular, L is projective. Now put § = li_r)n(rr, J). Itis straight-
forward to check that S = Q1/j(Qo), thus it suffices to show that § is projective.
We have a commutative diagram

74 (E) 00— J—> S—>M-—0
3 v(@) = Vi b J1d ,
(iom)s (&) 0-J®Qy—L—>M—0

where  : S — L is the induced map on pushouts. We obtain a commutative diagram
for any coefficient module B;

H'(M,B)— H'(L,B)— H'(J ® Qy, B) > H*(M, P)
{1d 4w i 1
H'(M,B)— HY(S,B)—» H'(J,B)—> H?*M,P)
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Clearly 1d : Hk(M, B) — Hk(M, B) is an isomorphism for k = 1,2, and as
Qo is projective, i* : H'(J @ Qo, B) — HY(J,B) is an isomorphism. Thus
wr Hl(L, B) — Hl(S, B) is surjective. However, since L is projective,
H'(L,B) = 0. Hence H'(S, B) = 0 for all coefficient modules B, so that, by
Proposition 5.5, S = Q1/j(Qp) is projective, as desired. O

5.3 Corepresentability of Ext!
Let P=(0— K LPS Mo 0) be a projective O-complex; then for any
A-module N we define

Hp(M, N) = Hompe (K, N).

Functoriality of this construction is similar to that of H713(M , N) introduced in

Sect. 45. f P'=0—> K > P 5 M - 0)is a projective 0-complex and
f:M' — M is a A-homomorphism then we can lift f to a morphism

P 0K 5P Am—o
/o= Vo bR f
P 0> K-> PS M—0

Then f4 induces a homomorphism fpp : Hompe (K, N) — Hompe (K', N) by
means of

fpp@=ao fi.

Then since Homper (K, N) = H},(M, N) and Homper(K', N) = H},, (M, N) we
have defined

fpp Hp(M,N) — Hp (M, N).
Likewise if P, Q are projective 0-complexes over M we denote by
tpg: Ho(M, N) > Hp (M, N)
the transition isomorphism obtained by lifting the identity tpg = (Id M)}‘;Q. Defin-
ing (K, N) ={ax € Hom, (K, N) : @ &~ 0} we see that if
P=0—>K->PSM—0)

is a projective 0-complex then Im(Hom(P, N) 5 Hom(K, N)) C (K, N).

Let Ap : Hom!(K, N)/Im(i*) — Hom!(K, N)/(K, N) be the natural surjec-
tion. Then Ap defines a homomorphism Ap : H71;.(M ,N)— H;D(M , N) so that we
have an exact sequence

0— (K, N)/Im(i*) — Hh(M, N) “Z 25 (M, N) — 0. (5.18)
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The mappings Ap are compatible with transition; that is we have commutative dia-
grams

™o

H5(M, N) Hp(M, N)
rQ Ap
™o
Ho (M, N) Hp(M, N)
Moreover, with the above notation:
Proposition 5.19 There is a commutative diamond.:
Hom, (K, N)
[1p 573
vp
HL(M,N) Ext!(M, N)
Hp(M, N)

The mappings [ 1p, 8p, vp, Ap, up depend only upon the congruence class of P
and are described thus:

[]p is the canonical surjection from the description
Hom, (K, N)

Hp(M,N)= = ;
Im(Hom(P, N) — Hom(K, N))

8p :Homu (K, N) — Ext!(M, N) is the mapping §p(f) = f«(P);

vp H71,(M ,N) — Ext! (M, N) is the mapping described in Proposition 4.27;
P H71,(M, N) — H%D(M, N) is the mapping described in (5.18);

up : Ext! (M, N) — ”H%D(M , N) may be described intrinsically as follows: repre-
sent & € Ext!(M, N) by the extension ¢« = (0 - N EN 14 M- 0); by the uni-

versal property of projectives there exists a morphism f : P — « over the identity
of M thus:

P 0>KS5PS M0
lf= ‘l’f‘*: $ fo 4 ldy ;
o 0>N3AE M0
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then we define up (o) = [f+] € Hompe (K, N) = H%)(M, N). It is easy to verify
that up ovp = Ap.

Let P=(0—> K > P> M — 0) be a fixed projective O-complex; then the
correspondences N +—> H713(M ,N) and N — H%D(M , N) are (covariant) functors
Mod 4 — Ab and the homomorphism Ap : H},(M, -) — H;D(M, —) is a surjec-
tive natural transformation. It is straightforward to check:

The natural transformation A-p : H713 M, —-)— 7—[%; (M, —) is surjective.  (5.20)

It is natural to ask under what conditions A-p is a natural equivalence. By defi-
nition H;; (M, A) =0 so a necessary condition is that H71; (M, A) =0. By Proposi-
tion 5.16 this forces M to be coprojective. Conversely, suppose M is coprojective.
We have an exact sequence

0— (K, N)/Im(i*) — Hbh(M, N) “Z HL(M, N) - 0;

to show that Ap is an isomorphism it suffices to show that (K, N) C Im(i*). Sup-
pose that f : K — N factors through a projective, say f =& on, where n: K — Q
and & : Q — N, with Q projective. Construct the pushout exact sequence

0>K> PS5 M—0
L w

0— Q—>1i_n)1(;7,i)—>M—>0

where u : P — li_r)n(n,i) is the mapping u(x) = [0,x]. As M is coprojective
Ext!(M, Q) = 0 and the exact sequence 0 - Q — li_r)n(n, i) > M — 0 splits. If
r:li_n)l(n,i)—> Q is a left splitting then n =ropoi and f =foropoi =
i*(& or o). In particular, f € Im(i*); we obtain the following which was pointed
out by Humphreys in his thesis [44]:

H71> M, —) A—>P H%;(M, —) is a natural equivalence < M is coprojective. (5.21)

Alternatively, observing the diamond of Proposition 5.19 and appealing to Proposi-
tion 4.27 we have:

Ext!(M, —) = ’H%;(M , —) is a natural equivalence < M is coprojective. (5.22)

5.4 The Exact Sequences in the Derived Module Category

In Chap. 4 with any exact sequence of A-modules £ =(0— A — B 2B 0) we
associated two distinct exact sequences, namely the direct exact sequence:
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0 — Homu (M, A) 3> Hom, (M, B) Lidd Hom, (M, C)

2 Ext' (M, A) 3 Ext! (M, B) 25 Ext! (M, C)

and the reverse exact sequence:

0 — Homy (C, N)£>HomA(B,N) l—*> Hom, (A, N) —8> Extl(C, N)

2, Ext' (B, N) 5 Ext! (A, N).

These sequences are functorial on the category Mod; we now consider how to
modify these sequences so as to become functorial on the derived category. We deal
first with the direct sequence. Here the difficulty lies in the nature of the first few
terms

0 — Hom (M, A) 25 Hom, (M, B) 5 Hom (M., C)

since the correspondence M +— Hom, (M, N) is evidently not fuctorial on Der.
The obvious remedy is to replace Hom 4 (M, N) systematically by Hompe, (M, N).
There is a cost for doing this; if i : A — B is injective then, in general,

Hompe (M, A) s Hompe,(M, B) need not be injective; so we do not expect to
be able to extend to the left by 0. We state our conclusions as a theorem and elabo-
rate the remaining detail in the proof:

Theorem 5.23 Let £ = (0 > A LBl C — 0) be an exact sequence of
A-modules; then for any A-module M there is an exact sequence:

Hompe (M, A) -5 Hompe (M, B) 2 Homper (M, C) 25 Ext' (M, A)
5 Ext' (M, B) 2% Ext! (M, ©).
Proof First note that for any A-homomorphism f : X — Y and any A-module M,
the induced map f, : Homy (M, X) — Hom 4 (M, Y) satisfies f, (M, X) C (M,Y)

and so induces a homomorphism f : Hompe (M, X) — Hompe (M, Y).
It follows that the sequence

Hompe (M, A) 55 Hompe (M, B) 25 Hompe (M., C),

is well defined and satisfies py o iy, = 0. Thus Im(i,) C Ker(p,). To show that
Ker(ps) C Im(i,) suppose that § € Hom, (M, B) is such that p o 8 factorizes
through a projective Q thus:
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We must find « € Homy, (M, A) such thag\i* () = B. Since Q is proje(’:Eive and p is
surjective, there exists a homomorphism & : Q — B such that £ = p o &; in particu-
lar the diagram below commutes:

Q/M
YN

Now B —Eo n € Homy (M, Ker(p)) since p(8 —Eo n) = 0. Since Ker(p) = Im(i)
we may define o = i’l(,B —Eo n) € Homy (M, A). Then B — i, (@) = 0 by virtue
of the identity B — ix(at) =& o 1.

Next we show that the connecting homomorphism 9 : Homy(M,C) —
Ext! (M, A) vanishes on (M, C). Recall that 9 is defined by 3(y) = [y*(E)]. If
¥ =& on is a factorization of y through a projective Q then £*(£) € Ext' (Q, A) is
trivial since Q is projective. Thus y*(£) = n*£*(€) is also trivial, so that d(y) =0
for y € (M, C). The connecting homomorphism 9 : Hom4 (M, C) — Ext'(M, A)
induces a homomorphism 9, : Hompe (M, C) — Ext! (M, A). Furthermore, it is
clear from the above that

poB
C

B

Im(3,) = Im(3) = Ker(i* : Ext' (M, A) — Ext' (M, B)).

From the exactness of the exactness of the original direct exact sequence on Mod 4
that the segment

Hompe (M, C) %5 Ext' (M, A) 53 Ext! (M, B) & Ext' (M, C)

is well defined and exact.
Finally we must show the segment

Homper (M, B) 25 Hompe (M, C) 25 Ext' (M, A)

is exact. It is easy to see that 9, o p, = 0 so it suffices to show that Ker(d,) C Im(px).
Suppose that y € Hom, (M, C) satisfies d(y) = 0; that is, y*(€) splits. Then by
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Proposition 4.3 there exists a homomorphism y : M — B making the following
diagram commute:

B

Then p.(y) = y, and Ker(d,) C Im(ps) as claimed, and this completes the
proof. 0

We stress the functoriality of the above; as in Chap. 4, let Exact(6) denote the
category whose morphisms are commutative ladders with exact rows thus:

Al —> Ay > A3 —> Ay — A5 — Ag

S S S O

Bl—>Bg—>B3—>B4—>B5—>B()

With £ as above, for any A-module M we write Hom(M, £) for the direct sequence
as modified above; that is:

Hompe (M, A) 25 Hompe (M, B) %5 - 55 Ext' (M, B) 23 Ext!(M, ©):
then the correspondence M +— Hom(M, £) defines a contravariant functor
Hom(—, &) : Der — Exact(6). (5.24)

For a A-homomorphism f : X — Y it is clear that f* : Homy (Y, N) —
Hom 4 (X, N) has the property that f,((Y, N)) C (X, N) so that there is induced
a well defined mapping f* : Hompe: (Y, N) — Hompe (X, N). It follows that for

any exact sequence of A-modules £ = (0 — A 5N BAc— 0) and any A-module
N there is a sequence

Hompe(C, N) > Homper (B, N) > Hompe (A, N) (5.25)

which, so far, we do not claim is exact. There is also a sequence

Ext'(C, N) 5 Ext' (B, N) 5> Ext' (4, N) (5.26)

and the first difficulty arises in attempting to link them up. For the corresponding
situation over Mod, there is a connecting homomorphism 6 : Hom4 (A, N) —
Ext! (C, N) given by 8(at) = [a4(E)]. Without some extra condition, in general 8
does not factorize through Hompe (A, N); the appropriate condition is to require C
to be coprojective:



104 5 The Derived Module Category

Proposition 5.27 Let £ = (0 > A SBlc— 0) be an exact sequence of
A-modules. If C is coprojective then the connecting homomorphism
§ : Homu (A, N) — Ext'(C,N) given by 8(a) = [ax(E)] factors through
Hompe (A, N) according to the diagram below; in particular, Im(8,) = Im(§).

s

N A

Hom'Der(A s N)

Hom, (A, N) Ext'(C, N)

Proof Suppose that « € Hom4 (A, N) factors through a projective Q:

o

NS

Then o4 (E) = &1« (E). As C is coprojective then [14(£)] € Ext! (C, Q) =0, so
that §(a0) = [tx(E) = [E«n4(E)] = Ex[(E)] = £4x(0) = 0. In particular, § vanishes
on (A, N) so that § : Hom4 (A, N) — Ext!(C, N) factors through Hompe (A, N)
thus:

A N

8

N

Hompe (A, N)

Hom (A, N) Extl(C, N)

hence Im(§,) = Im(8), as claimed. Il

In consequence, we obtain:

Proposition 5.28 Ler € = (0 — A LBLlc— 0) be an exact sequence of
A-modules in which C is coprojective; then for any A-module N we have an ex-
act sequence:

Hompg,(C, N) L Hompe, (B, N) l—*> Hompe (A, N) 8—3 Ext! (C,N)

2, Ext' (B, N) 5 Ext!(A, N).
Proof Exactness of the segment

Hompe (A, N) 3 Ext'(C, N) 2> Ext'(B, N) 2 Exi! (A, N)



5.4 The Exact Sequences in the Derived Module Category 105

follows from Theorem 4.11 using the fact that Im(8,) = Im(§). It suffices to show
that the sequence

Hompe (C, N) £ Hompe (B, N) > Homper (A, N) 25 Ext! (C, N)

is exact. However, it follows directly from (5.25) that both §,0i* =0and i*o p* =0
so that Im(i*) C Ker(8,) and Im(p™*) C Ker(i*). It suffices to show that

(a) Ker(8x) C Im(i*) and
(b) Ker(i*) C Im(p*).

For (a), suppose that [«] € Hompe (A, N) is the class of « € Hom (A, N) and
satisfies 8, ([a]) = 0. Then 6 («) = 0 and so there exists 8§ € Homy4 (B, N) such that
1*(B) = a. If [B] denotes the class of 8 in Hompe (B, N) then i*([8]) = [«] and so
Ker(8,) C Im(i*) as required.

For (b), let B € Hom4 (B, N) and suppose that § o i factors through a projec-
tive Q.

Boi

N

We must find y € Homy4(C, N) such that p*(y) & B. First note that we have a
commutative diagram of exact sequences

A N

< 0—A—> B c—o0
v | = Yoo | 1dc
1+(E) 0— Q- lim(n.i) = € — 0

As Ext! (C, Q) = 0 the extension 7,(£) splits, so that, by Proposition 4.2, there
exists a homomorphism 7 : B — N such that j oi = 7. Then (8 —&n) oi =0, so
that 8 — &7 induces a homomorphism B/Im(i) — N. Identifying B/Im(i) with C,
there is a unique homomorphism y : C — N defined by the condition that

y()=(@B-§on)(x) whenpx)=y((xeB, yeO).

Tautologically 8 — p*(y) = & o 1}; however & o 5 factors through the projective Q
so that p*(y) = B, and [p*(y)] = [B] € Hompe (B, N) as required. O

Whilst, for fixed N, the correspondence X — Ext! (X, N) is functorial on Der,
in general, for fixed M, the correspondence Y +— Ext! (M, Y) is not functorial on
Der. Similar to the proof of (5.21) we have:

Ext' (M, —) is functorial on Der <= M is coprojective. (5.29)
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From the point of view of functoriality the modified reverse sequence Proposi-
tion 5.28 has a hybrid nature. Whilst the initial stage

N > (Hompe(C, N) £ Hompe (B, N) = Hompe (A, N))

is functorial on Der the final stage N — (Ext' (C, N) LN Ext!(B, N) L Ext!(A, N))
is not, in general, functorial on Der. However, denote by Hom(E, N) the sequence

Homper(C, N) 2> Hompe (B, N) > - -- X Ext' (B, N) > Ext! (A, N)

it transpires that if A, B, C are coprojective then the correspondence
N +— Hom(&, N) defines a covariant functor Hom(E, —) : Der — Exact(6). Rather
more useful is the observation that if only B, C are coprojective then the correspon-
dence N — Hom(&, N) is functorial on Der as far as

Hompe (C, N) 2> Hompe (B, N) > Hompe (A, N) = Ext! (C, N)
L Ext'(B, N).

This is true, for example, when C is coprojective and B is projective (cf. Theo-
rem 5.41 below.)

5.5 Generalized Syzygies

A module D is said to be a generalized first syzygy of a M when there is an exact
sequence of A-homomorphisms of the form (0 - D — P — M — 0) where P is
projective. The above sequence may be transformed by the addition of a projective
module Q thus:

0O->DPO—>PHO—>M—0

showing that if D is a generalised first syzygy then so also is D & Q. In particu-
lar, a module M may have many generalised first syzygies, which are distinct as
A-modules. Nevertheless by Schanuel’s Lemma and the criterion of Theorem 5.9
they become isomorphic in Der; that is:

Corollary 5.30 Let Dy, Dy both be generalised first syzygies of the A-module M
then
Dy Zper Ds.

Thus to any A-module M we associate a unique isomorphism class Dy (M)
in Der represented by any generalised first syzygy of M; formally, we have
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D € D (M) if and only if there exists an exact sequence 0 > D' — Q - M — 0
such that for some projective modules P, P’

DoP=D@P.

We refer to Dy (M) as the first derived module of M. It is natural to imagine that
each D € Dy (M) is a generalised syzygy; that is, occurs in an exact sequence

0—-D—-> Q00— M-—0,

where Q is projective. We caution the reader against taking this attractively simple
view as, in general, it is false.! It is, however, correct under the additional hypothesis
that M is coprojective, as we now prove:

Proposition 5.31 Let A be a ring and let M be a A-module such that H' (M, A)=0.
Then each D € D1(M) occurs in an exact sequence 0 — D — S — M — 0 where
S is projective.

Proof We may choose an exact sequence S = (0 > K 5 Fx B M- 0) where
X is a set of generators for M. Since D € D1(M) then, by definition, there are
projective modules P, Q such that D & P = K & Q. We may now modify S to get
an exact sequence

0>K®Q5Fy®0D M—0,
where i’ =i ®1d: K & QO LN Fx @ Q and where p’ is the obvious composite of p

with the projection Fx @ Q — Fx.Nowletgp: D@ P = K & Q be an isomorphism.
Putting j = i’ o ¢ we get an exact sequence

0>DaPLFyd0b M—o0.

Evidently j induces an imbedding j : P — Fx & Q. Putting S = (Fx @ Q)/j(P)
and identifying D with (D @ P)/P we get an exact sequence

0D sE M—o,

where j,, 7 are induced by j and p’ respectively. Now H!(M, A) =0, by hypoth-
esis, so that S is projective by Proposition 5.17. g

We may modify an exact sequence of A-modules 0 - D — P — M — 0 so as
to have the form0— D —- PH Q — M d Q — 0. If P, Q are both projective then

1For example, if Co, denotes the infinite cyclic group and Z is the trivial module over A = Z[Coo]
then Z occurs in an exact sequence 0 - A - A — Z — 0. Thus A € D1(Z). As A ~ 0 then
0 € D{(Z). However, in any exact sequence 0 — 0 — X — Z — 0 the module X is isomorphic to
Z and so is not projective.
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so alsois P @ Q and we obtain:
Di(M & Q) =D(M) if Q is projective. (5.32)

Thus D1 (M) depends only upon the isomorphism class of M in Der rather its iso-
morphism class as a A-module. The construction may be iterated; D (M) itself has
a generalised first syzygy Dy (D;(M)) and we may write recursively D, (M) =
D (D,(M)). We refer to D, (M) as the nth derived module of M. Evidently we
have:

D0 (M) =Dy (D, (M)). (5.33)
Generalised syzygies arise as the intermediate steps in projective resolutions; let
R 3
P=(- > P, 3P —> - — P3P SM—0)
be a projective resolution of M and consider the canonical factorization of 9,

On
Pn Pn—l

Dl‘l

where D, =1Im(d,), i,, : D, — P, _1 is the inclusion and where ¢, (x) = 9, (x). The
resulting decomposition breaks (P, — M) into a collection of connected short exact
sequences

0D PSS M- 0
0D, 5P, 15 ' D, =0

and shows, recursively, that D,, € D, (M). In this connection we have the phe-
nomenon of dimension shifting in cohomology. Thus suppose that

0>D5PS M0 (%)
is an exact sequence of A-modules with P projective, and let
Sn ) n
(= On=b Q1= = Q1= Qo— D —0) )

be a projective resolution of D. Splicing (x) and () together we get a projective
resolution of M

Sn s i
(o> Qp 3 Qut > o> Q1= Qg = P> M —0)
which, on re-indexing thus

Py=P; dy=ion;



5.6 Corepresentability of Cohomology 109

Puy1 = 0Onp; Ont1 =36;

we see in particular that, forn > 1, H"(D, N) = Htl (M, N). Expressed in terms
of derived modules, we have more generally, that for any A-modules M, N:

Proposition 5.34 H"(D,,(M), N) = H"""™ (M, N) for m,n > 1.

5.6 Corepresentability of Cohomology

In Sect. 4.5, for a projective 0-complex P = (0 > K LPpS M 0), we intro-
duced the notation
Hp(M, N) =Hompe (K, N)

and constructed a natural transformation Ap : H71;.(M ,N) — H;;(M , N) where
H713(M , N) is a (nonstandard) model for H'(M, N). Here we generalize this; we
now take P to be a projective (n — 1)-complex

in Op—1 02 02 a1 €
P=O0O—-K,—-> P,y > P, »—> ---—> P> Phy—>M—0)

and construct a natural transformation Ap : H;; (M,N)— 7—[”73 (M, N) where
"(M, N) = Hompe; (K, N)

and where H{;(M , N) is a corresponding (nonstandard) model for H" (M, N). We
begin with the latter and to elucidate its features we mimic the discussion of Sect. 5.3
in greater generality but less detail. Let

‘n 3,1, 3717 ) )
P=(O—> Knl—>Pn,1 —)1 Pn72 —)2—2> P1—1> P0—€>M—>O)

be a projective (n — 1)-complex and let

0 9 Ok— 9 a
P:( SIP/C—,;P](,l k—>l~~'—2>P1—1>P0—E>M—>0)

be a projective resolution extending P. Then we define

Hom(K,, N)

HJ (M, N) = - .
ImHom(P,_1, N) = Hom(K,, N))

To consider the effect of morphisms suppose given a morphism of projective n-
complexes

0> Ky 2 Ppy— --—>Py— M—0
Vo o oo Lo

O—>K,’lﬂ> On1—-—> Q0 —>M—>0

P
o
Q
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We construct an induced morphism ¢* : Hé(M’, N) — H;’D (M, N). To do this ob-
serve that for the induced map

(¢+)* : Hom(K,, N) - Hom(K,, N)

we have

Im(Hom(Qp_1, N) 22 Hom(K’, N)) C Im(Hom(P,_1, N) -5 Hom(K,, N)).

n’
We define
¢*H4H(M',N) — Hj (M, N)
to be the homomorphism induced from ¢ : Hom(K,, N) — Hom(K,, N). As in
Corollary 4.23, ¢* depends only upon ¢_ that is:

Proposition 5.35 If ¢y, @5 : P — Q satisfy (¢1)— = (¢2)— then (¢1)* = (¢2)*.

It is straightforward to check that this construction is functorial on morphisms
of projective n-complexes; that is, if ¢ : P —> 9, ¥ : Q@ — R are morphisms as
follows:

P 0—>K,—> P,_1—> > Php—> M— 0
o Lor o Yoo oo
Q =|0-K,->0,-1—> > Q0 —> M—->0
v vy v dvo Ly
R 0—>K/—> Ry_1—> --—> Ry—> M'—0

then (Y ¢)* = @*y*. Suppose that P, Q are projective n-complexes as below.
P=0— K,,gP,,,l — .. > Py—> M —0),
Q=0— K, Qy1—--— Qg— M —0)

and suppose that f : M — M’ is a A-homomorphism. By the universal property of
projectives we may construct a lifting f of f thus:

P O—>Knﬁ>Pn,1—>~~—>P0—> M— 0
v /= Vi e Vi df
Q 0—>K,/,£'>Qn_1—>-~-—>Q0—>M/—>O

and define f;;Q : Hé(M’, N) — Hpj(M, N) by f;;Q = (f)*. The construction

f = fpo is again functorial; if in addition R is a projective n-complex over M"”

andg: M — M’, f : M’ — M" are A-homomorphisms; then
(fo®)pr=28P0fOR:

We show that this model for H" is isomorphic to the standard model; specifically
that:
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Proposition 5.36 If P is a projective n-complex over M, and Q is a projective res-
olution over M then there exists an isomorphism igp : H7”3 (M,N) —> H6 (M, N)
which is natural in the sense that the following diagrams commute:

H!Y(M, N e HI(M, N
Q( ’ ) Q( ’ )
™o PQ

" tpp "
Hp (M, N) Hp (M, N)

Proof Given a projective n-complex P=(0 — K, AP Po— M—0)

. . d E) E) ]
extend P to a projective resolution P = (--- ﬁ;l Py X...3 P 4 Py S M- 0)

where

Or41

Pr+1 Py

TTr41 irt1
K1

is the canonical factorization of 9,41 : P41 — P, in which w4 is surjective and
ir+1 injective. In particular, we have short exact sequences

i

0— K|— PO—E> M— 0
3K >0

ir1
0-) Kr+1 r_)

N iV
From the exact sequence 0 — Hom 4 (K,, N) - Hom4(P,, N) — --- we see that
each 7/ is injective. Now we have a diagram in which the row is exact and the
triangle commutes:

aN iNl

n n+
0 Hom(K,,N) —— Hom(P,,N) —— Hom(K,+1,N)
arﬁrl ﬂ)ﬁl
Hom(Py+1, N)
As nﬁl is injective and 8,Ilv+l = nﬁl ) iflVH then Ker(aleH) = Ker(iflvﬂ);
by exactness n,llv : Hom(K,, N) — Ker(aflvH) is an isomorphism. Since

7N : Hom(K,, N) — Hom(P,, N) is injective it follows that 7" induces an iso-
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morphism

N Hom(K,, N)
nn

: &
Im(Hom(P,_1, N) - Hom(K,,, N))

N
Im(Hom(K,,, N) 2 Hom(P,, N))

aNiN '
ImHom(P,—1, N) =" Hom(P,, N))

Y :
As above Ker(3), ) = Im(Hom(K,, N) = Hom(P,, N)) and 3 = nNilV so that
7 induces an isomorphism, denoted by fpp, thus

Hom(K,, N) Ker(dY )
=l ; — e
ImHom(P,_1, N) > Hom(K,, N)) "
However
Hom(K,, N
Hiy(M, N) = om(. V) and
Im(Hom(P,_1, N) - Hom(K,, N))
Ker(d". )
Hn M,N — n+1
PN =06

so that fpp gives an isomorphism fpp : H;’;(M, N) — Hp(M, N). In general if
Q is an arbitrary projective resolution of M we define

top = toptpp : Hjy (M, N) — HB (M, N),

where P is a projective resolution of M extending P. If P’ is also a projective reso-
lution of M extending P then the diagram below commutes:

HI’Z,(M, N)
up/v
H}(M. N)
ipp
Hl’l (M, N).

It follows that figp is independent of the choice of P so completing the proof.  [J
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Evidently Im(i,iv) C (K,, N) C Hom(K,, N) so that we obtain an exact se-
quence

0— (K,, N)/Im(iV) — Hom(K,, N)/Im(iV) — Hom(K,, N)/(K,, N) = 0.

Denoting by Ap: Hom(K,, N)/ Im(i,llv) — Hom(K,, N)/(K,, N) the canonical
surjection we now have a short exact sequence

0— (K, N)/Im(i,iv) — Hp(M, N) oy Hp(M,N)— 0.
We can extend the definition of H’, (M, N) to n =0 by writing
(M, N) =Hompe (M, N) =Homs (M, N)/{M, N).
We arrive at the Corepresentation Theorem for cohomology.

Theorem 5.37 Let M be a A-module such that H" (M, A) = 0 where n > 0 and let
‘P be a projective (n — 1)-complex over M; then Ap : H7"D (M,N) — ’H"P(M, N) is
an isomorphism for any A-module N .

Proof We first consider dimension shifting in the nonstandard model. Suppose that

dy Gl . . .
P=0—Kyy1 > P, —---—> P 4 Py — M — 0) is a projective v-complex
and that 0 <m < v. Let

3,+]
Pr+1 Pr
NN /:Jrl
KrJrl

be the canonical factorization of 9,41 : P,41 — P, in which m,4 is surjective and
ir4+1 injective. By the m-coskeleton P (m) of P we mean the exact sequence

dy Om
P=0—Kyy1—> P,— - — Pyuy irg P, — K,;, — 0).

Observe that P(m) is a projective (v — m)-complex In the particular case where
v=n — 1 we see that

H " (K, N) = Hj,(M, N)

Moreover Ap = Apy); that is:
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HY " (K, N) = (M, N)

\ AP (m) \ Ap

HE o (Kn, N) = His(M, N)

By hypothesis H" (M, A) =0 so that H'(K,,_1, A) = 0; hence by (5.21)
APn—1) H’}J(n_l)(Kn—l ,N) — H'})(,,_l)(Kn—]a N)
is an isomorphism. By above, Ap : H5 (M, N) — Hp, (M, N) is an isomorphism. []

The above Corepresentation Theorem is proved in the thesis of Humphreys [44].
We note that the case n = 0 in Theorem 5.37 distinguishes between finite and infinite
groups. Thus let A = Z[G] be an integral group ring acting trivially on Z.

If G is finite then H*(Z, A) = Z and H*(Z,Z) = 7/\G|. (5.38)
If G is infinite then H*(Z, A) = 0 and ’HO(Z, 7)=1. (5.39)

Note also that in the case n = 0 the definition is entirely independent of P so
retaining complete definiteness of description we may omit the subscript and write

HO(M, N) = Hompe (M, N).
In general, we may omit the suffix P and write H" (M, N) = Hompe (D, (M), N)
for all n > 0, with the understanding that Dy(M) is the class of M in the derived

module category Der and that doing so renders the notation imprecise in that it only
defines H" (M, N) up to isomorphism;

H'(M,N)=Hp(M,N) (=Hompe(Ky, N)).
The groups H" (M, N) are the generalized Tate cohomology groups. As we shall
see, they have some (and in some restricted contexts all) of the properties one might

expect of cohomology groups defined on the derived category Der (as opposed to
the category Mod 4 of A-modules).

5.7 Swan’s Projectivity Criterion
In this section we generalize the criterion for projectivity given by Swan [91]. Let

P=0—>D-5PB M0
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be a projective 0-complex. If @ : D — D is a A-homomorphism we have a mor-
phism of exact sequences;
P o— bp 5 P LM —o0
v = o v Jd
ax(P) 0— D L lim(e,i) > M —0
Putting S(o) = h_rr)l(a, i) we obtain:

Proposition 5.40 If o is an isomorphism in Der(A) then S(a) is a projective
A-module.

Proof By Theorem 5.23, (5.24) any N € Mod, gives a commutative ladder with
exact rows:

HON, D)5 HON, PY D HON, M) > Ext! (N, D)
i, Oy \L Vi J, Id i, O
HON, D) 3 HON, S(a)) =5 HON, M) > Ext' (N, D)

Evidently Id is an isomorphism on HO(N , M). Moreover, since « is an isomor-
phism in Der then o is an isomorphism on both HO(N , D) and Ext! (N, D). Since
P is projective then HO(N, P) = Hompe (N, P) = 0. It now follows easily that
HON, S(a)) = 0. Thus for any A-module N it follows that Hompe, (N, S(«)) = 0.
Thus S(«) is projective by Proposition 5.5, and this completes the proof. U

The converse is true provided that M is coprojective.

Theorem 5.41 If Ext!(M, A) =0 then S(a) is a projective A-module if and only
if a is an isomorphism in Der.

Proof By Proposition 5.40 it suffices to prove (=). Assume that S(«) is pro-
jective; as P is also projective then HO(P, N) = H(S(a), N) = 0 and also
Ext' (P, N) = Ext! (S(a), N) = 0 for any A-module N. Taking N = D then from
Proposition 5.28 (which is where we require the hypothesis that Ext! (M, A) = 0)
we obtain a commutative diagram with exact rows:

0— HO(D, D) %> Ext!(M, D) — 0
J o J1d
0— H°(D, D) L Ext!(M, D) — 0

In particular, o™ : HO(D, D) — HO(D, D) is bijective. We may choose a
A-homomorphism 8 : D — D such that «*(8) = 8 o « ~Id. Then
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a*(@oB)=(xopB)ou
=ao(Bow)
~aold
~ldoo
= o*(Id).
By injectivity of o* : HO(D, D) — H°(D, D) it follows that o o f ~ Id, and

a:D — D is an isomorphism in Der. This proves (=) and completes the
proof. d



Chapter 6
Finiteness Conditions

As no restrictions were placed on the modules involved, the derived module cate-
gory Der of Chap. 5 has an absolute character. This is unrealistic, and in practice it
is necessary to limit the size of modules. Although our primary interest is in mod-
ules which are finitely generated, it is inconvenient to impose this restriction from
the outset. We assume that the ring A is weakly coherent and initially restrict at-
tention to modules which are countably generated. The appropriate derived module
category is denoted by Dery,. Recalling that any countably generated module M
has a hyperstabilization M=M&® A, the objects of Der, have a convenient rep-
resentation as hyperstable modules. Thereafter we consider the difficulties involved
in imposing the more stringent restriction of finite generation; compare [84].

6.1 Hyperstable Modules and the Category Der

A will denote a weakly coherent associative ring with unity. and Mods
(= Modxo(A)) will denote the category of countably generated right A-modules.
If f:M — N is a A-homomorphism between countably generated A modules
M, N we write ‘f &y, 0, when f can be written as a composite f = & o n, for
some countably generated projective module P € Mody,, and A -homomorphisms
n:M— Pand&: P — N thus:

M N

77\‘ /; (6.1)
P

For M, N € Mody we define (M, N)oo ={f € Homy (M, N) : f =~ 0}.

Proposition 6.2 If M, N € Mody then (M, N)oo = (M, N).

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 117
DOI 10.1007/978-1-4471-2294-4_6, © Springer-Verlag London Limited 2012
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Proof 1t is clear that (M, N)s, C (M, N). Suppose that M, N are countably gen-
erated A-modules and that f : M — N has a factorization f = & o n through a
projective P € Mod, as in (6.1). Choose a projective Q € M 4 and a specific
isomorphism ¢ : P @& Q — Fx where Fyx is the free A-module on a set X. Let
ip:P—>P&®Q,np: P& Q — P denote respectlvely the canonical inclusion
and projection. Modify the factorization as f = £ o 1) where E=ftompo ¢~ and
n=¢oipon: M — Fx.As M is countably generated there exists a countable sub-

set Y C X such that Im(7) C Fy C Fx. Take E = 5\ Fy; then we have a factorization

/ £
Fy
showing that f ~, 0. g

f

M N

P

Corollary 6.3 Let M, N € Modu; then Homper, (M, N) = Hompe (M, N).

The inclusion functor i : Modss(A) — Mod, induces a functor iy : Derge —
Der. Then the above shows:

iy : Deroo — Der imbeds Der, as a full subcategory of Der. (6.4)

In particular:
M gDerm N — Ly (M) ;'Der l*(N) (65)

For countably generated A-modules M,N there is no distinction between isomor-
phism in Dero, and isomorphism in Der. Moreover we have a criterion for recog-
nising isomorphic objects in Der, namely that corresponding hyperstabilizations be
isomorphic over A.

Proposition 6.6 If M|, M, are countably generated A-modules then the following
statements are equivalent:

(1) My Epe Ma;
(i) My @ P =4 My & P, for some countably generated projectives Py, Ps;

(i) My =, M.

Proof (i) = (ii): Let My, M3 be countably generated A-modules and suppose
that M| =per M3. In Theorem 5.9 we showed that there exist for some projective
modules Pj, P, such that M| & Py =4 M, ® P>. However, since M| M, are count-
ably generated it is not difficult to show that P;, P, can be chosen to be countably
generated. In fact, we showed in Theorem 5.9 that if there is a A homomorphism
f : M — M; which defines an isomorphism in Der and if n : F — M> be a sur-
jective A-homomorphism where F is a free module over A then there is an isomor-
phism of A-modules M} & F =4 M, & K where K is projective. However, since
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M is countably generated we may choose F = A®°. Then if M is countably gener-
ated so also is M| @ F and therefore so also must be K. The implication (i) = (ii)
follows on taking P = F and P, =K.

(i) = (iii): Suppose that M1 & P; =4 M, & P, for some countably generated
projective modules Py, P,. Then M| & Py @ A® =4 M, ® P, d A®°. By Eilenberg’s
trick, P @ A® = A® sothat M| @ A =4 My @ A

(iii) = (i): Now follows directly from Theorem 5.9 since ]T/I\, =M; ® A% and
A is projective. O

6.2 The Category Dergp

At the outset we imposed the condition that the ring A should be weakly coherent,
with the consequence that the category Mods, of countably generated A-modules
and A-homomorphisms is abelian. Our constructions so far, though entirely univer-
sal, come with the standard drawback to universality namely that they are essentially
infinite in character. In this section we begin the task of imposing finiteness condi-
tions on our constructions.

We shall denote by Modg, (= Modgn(A)) the category of finitely generated
A-modules and A-homomorphisms. In general, and in many cases of interest, the
condition of weak coherence is not strong enough to guarantee that the category
Modg, is abelian. There would seem to be two ways to proceed; either

(a) to strengthen the hypothesis on A from weak coherence and so force the cate-
gory Modg, to be abelian or

(b) to maintain the hypothesis of weak coherence but instead analyse the conse-
quent limitations to imposing finiteness conditions upon our constructions.

We choose (b) to avoid eliminating many cases of interest. (See Appendix D.)

If f: M — N is a A-homomorphism between finitely generated A modules M,
N we write ‘ f =g, 0°, when f can be written as a composite f = & o n, for some
finitely generated projective module P € Modg,, and some A-homomorphisms
n:M;— Pand &: P — M, thus:

f

N

For M, N € Modg, we define (M, N)a, = {f € Homu (M, N) : f =g, 0}. The
proof of the following is very similar to that of Proposition 6.2; we leave changes to
the reader.

M N

If M, N € Modg, then (M, N)an = (M, N). 6.7)

Corollary 6.8 Let M, N € Modgn; then Homper, (M1, M2) = Hompe (M1, M>).
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The inclusion functor i : Modg, — Mod 4 induces a functor i, : Derg, — Der.
Then the above shows:

iy : Dergn — Der imbeds Dergy as a full subcategory of Der. (6.9)
In particular:
If M, N € Modg, then M ZDers, N = ix(M) Eperix(N). (6.10)

For finitely generated A-modules My, M, there is thus no distinction between
isomorphism in Dergy, isomorphism in Der or, indeed, isomorphism in Dero,. We
have given a criterion for recognising isomorphic objects in Dery,, namely that
corresponding hyperstabilizations be isomorphic over A. Although the same iso-
morphism criterion then holds for objects in Dergy, it has the disadvantage of be-
ing expressed outside the category Dergpn. A slight strengthing of the argument of
Proposition 6.6 however gives a criterion which is intrinsic to Dergp:

Proposition 6.11 Let M|, M, € Modgp; then the following conditions are equiva-
lent:

(i) My Zper Ma;
(i) My @ P =4 My & P for some finitely generated projective modules Py, Pa;
(iii) there exists an integer a > 1 and a finitely generated projective module P such

that Mi @ A=, M, @ P.

Proof 1Tt is evident from Theorem 5.9 and Proposition 6.6 that (iii) = (i) = (i).

Suppose that M|, M, are finitely generated A-modules, let f : M| — M, be
a A-homomorphism which defines an isomorphism in Der and let n : A — M,
be a surjective A-homomorphism. Then, as in the proof of Theorem 5.9, the exact
sequence

a (ig)

0O—-K—>M oA My, — 0

splits and so M| @ A% = M, @ K. It follows that K is finitely generated, and, as
again in the proof of Theorem 5.9, K is projective. This shows (i) = (iii) and
completes the proof. g

6.3 Finiteness Conditions and Syzygies

If M € Mody then M is finitely generated if and only if there exists an exact
sequence of A-homomorphisms

Fo— M — 0,

where Fj is finitely generated and free over A. In this case we shall also say that M
is of finite type in dimension zero, abbreviated to FT(0). More generally, if n > 1
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we say that M is of finite type up to dimension n, abbreviated to FT(n), when there
exists an exact sequence of A-homomorphisms

0, On—1 el 0 n
Fop—>Fi1 > -5 F—>Fp—>M-—0,

where F; is finitely generated free over A for O < r < n. The following is easily
verified:

Proposition 6.12 Let M € Modg, and let n > 1. Then M satisfies condition FT (n)
if and only if there exists an exact sequence of A-homomorphisms

0, On—1 9 d
PP S B3 S Moo,

in which each P, is finitely generated projective over A.

Proposition 6.13 Let M, N be right A-modules such that N € [M]; then as
A-modules, N is finitely generated if and only if M is finitely generated.

If M is a finitely generated A-module, then, by Schanuel’s Lemma, there is a
well defined stable module £2{(M) determined by the rule that §£2{(M) = [§2] if
there exists an exact sequence of A-modules of the form

0> 2 —>A>M—0,

where a is a positive integer. It may or may not be true that 2 is finitely generated.
However, this depends only on M, and not the particular representative §2 of £2{ (M)
which is chosen. We say that £21 (M) is finitely generated when £2 is finitely gener-
ated for at least one (and therefore for any) representative §2 € £21(M). Otherwise
we say that £21(M) is infinitely generated. Regardless of whether or not §21(Z) is
finitely generated, the stable module £21 (M) is called the first syzygy of the finitely
generated module M.

We say that M is finitely presented when both M and £21(M) are finitely gen-
erated; equivalently, M is finitely presented when there exists an exact sequence of
A-modules of the form

0> 2> A" > A > M — 0.

We then write £2,(M) for the stability class of £2; again by Schanuel’s Lemma, the
stability class [§2] of £2 depends only upon M, and we write

(M) =[£2].

As before, we say that §£2,(M) is finitely generated when at least one element
2 € £22(M) is finitely generated (then every £2 € £25(M) is finitely generated).
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Otherwise we say that §2>(M) is infinitely generated and again, in any case, when
M is finitely presented the stable module 2, (M) is called the second syzygy of M.
In general, if M is a finitely generated module and the stable modules £2;(M),
£2,,—1 (M) are defined and finitely generated, then there exists an exact sequence

0= 2> A1 5 ... 5 A 5 A9 5 M — 0,

and the stable class [§2] then defines the nth-syzygy £2,,,(M), which again may or
may not be finitely generated. We note the following:

Theorem 6.14 The following conditions are equivalent for any ring A:

(1) if M is a finitely presented A-module and §2 € §21(M) then S2 is also finitely

presented,

(1) if M is a finitely presented A-module then §2,,(M) is defined and finitely gen-
erated for alln > 2;

(iii) if M is a finitely generated A-module such that $21(M) is finitely generated
then $2,,(M) is defined and finitely generated for all n > 2;

(iv) in any exact sequence of A-modules 0 — 2 — A? — A* — M — 0 in which
a, b are positive integers, the module 2 is finitely generated,

(v) in any exact sequence of A-modules 0 — 2 — A — A% in which a, b are
positive integers, the module S2 is finitely generated.

A ring A which satisfies any of these conditions (i)—(v) is said to be coherent.
Otherwise we shall say that A is incoherent. It is straightforward to see that when
G is finite its integral group ring Z[G] is coherent. By contrast (see Appendix D)
many familiar finitely presented infinite groups have incoherent group rings.

We note that if £2,,(M) is defined then it represents D, (M) in the sense that

Je2,M) = JeD,(M).

It is useful to think of £2,, (M) as a ‘polarized state’ of D,,(M). A more exact relation
between them is considered in Proposition 6.17 below.

6.4 Graph Structure on Hyperstabilizations and the Action of E;

Let M € Mods, be hyperstable. We say that M is finitely determined when there
exists a finitely generated A-module M such that

M= My A®.

My is then said to be a finite form of M.If Misa finitely determined hyperstable
module we write (M) for the set of isomorphism classes of finite forms of M; that
is:

(M )—{NEMOdhn. _AM}/_

‘We then have (1\//7 ) = (M). It follows also that if M is of type FT(1) then the gener-
alised syzygy D1 (M) is finitely determined. More generally:
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Proposition 6.15 Let M € Modgy; if M satisfies condition FT(n) then D, (M) is
finitely determined for 1 <r <n.

We note that the converse to Proposition 6.15 is false. If A is a ring with the
oo-kernel property (see Appendix D) then there exists an exact sequence

0> P5 a0l b,
where a, b are positive integers and P is a projective module of infinite rank. Taking
M =1Im(f), we get an exact sequence

O—>P—i>A“'—f>M—>O,

where M is finitely generated, and hence also an exact sequence

wof

0P A® B g™ 41 .

Thus D;(M) = P & A = A by Eilenberg’s trick. Thus D (M) is finitely deter-
mined (by A" for any positive integer n, or even by 0). However, M does not satisfy

. 9
FT(1), for otherwise there would be an exact sequence A€ 2 AL M — 0andso
we would have an exact sequence

0— Im@3;) — A4 L M — 0,

in which Im(9,) is finitely generated. However, comparison of this with the exact
sequence

O—>P—>A“—f>M—>O,

would show, by Schanuel, that P & A4 = Tm(9;) ® A%, and since Im(9;) is finitely
generated, P would also be finitely generated. Contradiction.

By Proposition 6.6 the isomorphism class of a finitely generated A-module M in
Der is entirely determined by the isomorphism class in Mod 4 of its hyperstabiliza-
tion M. We put

(M)={N € Mods,: N =, M}/ =.

In Sect. 1.2 we considered the stable module [M] as a directed graph. The construc-
tion generalises straightforwardly to (M); that is, we take (M) to be the directed
graph in which the vertices are isomorphism classes of finitely generated A-modules
N for which N = M and where we draw an arrow N — N @ A for every isomor-
phism type N.

Proposition 6.16 Let M be a finitely generated A-module; then the graph (M) is
a disjoint union of trees each of which has the form [M @ P] where P is a finitely
generated projective module.
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Proof If N is a finitely generated A-module such that N = M then [N1] is contained
as a subgraph in (M). In particular, if P is a finitely generated projective module
then Aﬁe\P >~ M so that [M & P]is contained in (M ). Furthermore, if N=M then,
by Propositions 6.11 and 6.6, N ~ M @ P for some finitely generated projective
module P and so N € [M & P]. It follows that

(M) =M & P,

P

where P runs through the isomorphism classes of finitely generated projective mod-
ules. However, if P, Q are finitely generated projectives then either M & P ~
M @& N, in which case [M @ P]=[M & Q],or M & P # M & N, in which case
[M & PIN[M & Q] =0. Thus (M) is a disjoint union of trees

(M) =] [iM @ P,
P;

where P; runs through a set of isomorphism classes of finitely generated projectives
for which the graphs [M @ P;] are pairwise distinct. U

We note the following:

Proposition 6.17 Let M be a finitely generated A-module with nth generalized
syzygy Dn(M); if $2,(M) is defined and finitely generated then §2,(M) comprises
a connected component of (D, (M)).

Let mo(M) denote the set of connected components of (M). The stable class
[N] € (M) is thus the connected component of (M) which contains N; there is
an action of the reduced projective class group Ky(A) on the set wo(M) given by:

o Ko(A) x 1o(M) —> 1o(M)
[P]e[N] = [PON]

It follows from Proposition 6.11 that this action is transitive. Moreover, as I?B(A) is
abelian any two points in 7o (M) have the same stability group. In particular, putting

Stab(M) = {[P] € Ko(A): M & P ~ M}.

We obtain:
If M is a finitely generated A-module then there is a 1 — 1 correspondence

mo(M) «<—> Ko(A)/ Stab(M). (6.18)

Stab(M) is thus an invariant of the hyperstability class of M. In particular, |f0(A)|
is an upper bound on the number of connected components of (M). Moreover, in
the simplest case, namely M = 0, then Stab(0) = {0} and the number of connected
components of (0) is precisely |E0(A)|. We give an example taken from the calcu-
lations of Swan [94]:
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Example 6.19 Take A = Z[Q(36)] where Q(36) = (x, y|x® = y%, xyx = y); then
I?o (A) = Z/28Z/2 so that o ([0]) has precisely four connected components; these
are drawn below, the height function being the normalized Z-rank of the A-modules
involved:

BN e N NN

Here the tree labelled 0 is simply the stable class of the zero module; that is, the tree
of stably free modules over Z[ Q(36)]. There is a useful relationship between stabil-
ity groups:

Proposition 6.20 If M is a module of type FT(1) then Stab(M) C Stab(D1(M)).

Proof Let £ =(0— K - A - M — 0) be an exact sequence and suppose that
P is a finitely generated projective module such that M @& P ~ M. We show that
K®P~K.

Interpreting the relation M @ P ~ M as meaning M @ P & A” =, M @& A€ for
some b, ¢ > 0 then we may modify £ to give two new sequences

El=0—>K—> A""oP > Ma P A’ - 0);
E=0— K — A 5 M@ A — 0).

Since M® P @ AP =, M @ A° then K @& P @ A°T? =, K & A+ by Schanuel’s
Lemma and so K @ P ~ K as claimed. O

More generally, if M is of type FT(n) then D, (M) is finitely determined for 1 <
r <n; Stab(D,(M)) is then defined also for 1 <r <n and we have the following:

Proposition 6.21 Let M be a module of type FT (n) then
Stab(M) C Stab(D{(M)) C - C Stab(D,,_1(M)) C Stab(D,,(M)).
Proposition 6.22 Let M € Modsy be a module of type FP(n); that is, suppose there

exists an exact sequence 0 - P, — P,_1 — --- — Py — Py — M — 0 where
each P, is finitely generated free over A; then Stab(M) = 0.
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Proof By Proposition 6.21 we have inclusions
Stab(M) C Stab(D1(M)) C --- C Stab(D,,—1(M)) C Stab(D,(M)).

Since D, (M) is represented by the finitely generated projective module P, we see
that Stab(D, (M)) = Stab(P,) =0. g

If A =Z[G] is the integral group ring of a group G then applying the hypothesis
of Proposition 6.22 to the trivial module M = Z requires G to have finite coho-
mological dimension and hence to be torsion free. By contrast, when the group G
is finite it may occur that there are modules M for which Stab(M) is a nontrivial

subgroup of ﬂ)(Z[G]).

Example 6.23 (The stable class [Z] over Q(2")) Take G to be a finite group and
M = Z to be the trivial module and recall the Swan module construction; that is,
consider the canonical exact sequence 0 — [ — Z[G] S Z — 0 where I denotes

the augmentation ideal. For any nonzero integer » we define the Swan module (I, r)
by

Lr)y=e'(r)

so that (I, ) occurs in an exact sequence 0 — I — (I,r) €—>/r Z — 0. It follows by
dualising Swan’s projectivity criterion Sect. 5.7 that (I, r) is projective exactly when
r is coprime to |G|. In that case, since Ext" (Z, Z[G]) = O for all r > 1, we may apply
the dual Schanuel Lemma to deduce that:

Proposition 6.24 If G is a finite group and r is coprime to |G| then
Zo (1, r)=Z&Z[G].

In the case where G is the quaternion group Q(2") of order 2" (n > 3), it is
known [94] that (I,3) represents the nontrivial class in I?;)(Z[Q(Z")]) =Z/27
so that for any finitely generated projective module P over Z[Q(2")] by Propo-
sition 6.24 Z & P ~ Z. It follows that over G = Q(2"):

Proposition 6.25 Stab(Z) = Ko(Z[Q(2")]) = Z/2Z.

In the same way that Proposition 6.20 is deduced from Schanuel’s Lemma, the
following is obtained from the dual version of Schanuel’s Lemma.

Proposition 6.26 Let M € Modg,; if Ext'(M,A) = 0 then Stab(M) =
Stab(Dy(M)).

Proof Let £ =(0— K - P —- M — 0) be an exact sequence with P finitely
generated projective. It follows from Proposition 6.20 that Stab(M) C Stab(K). We
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must show that Stab(K') C Stab(M). Suppose that Q is a finitely generated projec-
tive module such that K @ Q ~ K. We show that M & Q ~ M.

Interpreting the relation K @ Q ~ K as meaning K @ Q @ A” =, K @ A€ for
some b, ¢ > 0 then we may modify £ to give two new sequences

E=0->K®00A" > P30® A" > M—0);
EH=0—>KPA > PP A - M—0).
Since K & Q ® AP =, K @ A€ then from the dual version of Schanuel’s Lemma
MOPOHA =, MOPDQOD A" ()

Choose a finitely generated projective module P; such that for some d > 0
P @ P; = A4, Then applying @ P to each side of (x) we obtain

M& AT =, Mp QAT (%)

and so M & Q ~ M as claimed. O
In the same way that Proposition 6.21 follows from Proposition 6.20 we have

Proposition 6.27 Let M € Modg,(A); if Ext" (M, A) =0for 1 <r <n then
Stab(M) = Stab(D1(M)) = - - - = Stab(D,,_1(M)) = Stab(D,(M)).
We say that a A-module M has projective cancellation when for projective mod-
ules P, O
If M is a right (resp. left) A-module we denote by M* the dual left (resp. right)
A-module M* =Hom, (M, A).
Proposition 6.28 If M™* = 0 then M has the projective cancellation property.

Proof Suppose that M & P = M & Q where P, Q are projective. Then M* @ P* =
M* @& Q*. However, since M* = 0, then P* = Q* and so P** = Q**. Thus
P=Q. O

More particularly, the set SF 4 of nonzero stably free A modules is a semigroup
under @ and for any A-module M there is a semigroup action of SF 4 on the stable
module [M]

SFy x [M] — [M]

S,J) +—>SaJ

This action clearly has implications for the tree structure in [M]. For example, when
M has the projective cancellation property then the tree SF imbeds in the stable
class [M] via S — M & S. Thus from Proposition 6.28 we obtain:
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Corollary 6.29 If M* =0 then the tree SF 1 (A) imbeds in the stable class [M].

Example 6.30 (The stable class [Z] over an infinite group G) Let A denote the
integral group ring A = Z[G] of a group G. Furthermore, we denote by Z the (right)
module over Z[G] whose underlying abelian group is Z on which G acts trivially.
First note that:

Proposition 6.31 If G is infinite then Hom 4 (Z, A) = 0.
Proof Recall that A = Z[G] consists of functions « : G — Z with finite support.

The element « € A then has the canonical representation o = ), ;@8 Where
¢ : G — Z is the characteristic function of g

geG

1 ify=g,
0 ify#g.

Let f:Z — A be a A-homomorphism; to show f = 0 it suffices to show that
F(1)=0.Write f(I) =a =}, eg; thenforh € G,

gy) =

FA-RY = F)

:Z(xgg/h_\l

geG

= Z oayny.

yeG

However, Z is a trivial module over A so that f(1) = f(1-h~") for all h € G.
Comparing the coefficient of T in the two expressions we see that oy = o for all
h € G. Thus ag = oy, for all g, h € G. However, « has finite support and G is
infinite, so choosing i ¢ Supp(c) we see that ag = o, = 0 for all g € G. That is,
f(1)=0andso f =0 as required. O

It follows that:

Corollary 6.32 If G is infinite then the tree SF 4+ of nonzero stably free modules
over L[ G] imbeds in the stable class [Z)] of the trivial module.

Similarly, if Z, is the Z[G]-module structure on Z where G acts via a group
homomorphism o : G — {£1} = Aut(Z) then again Hom 4 (Z,, A) =0 and SF
likewise imbeds in [Z, ].



Chapter 7
The Swan Mapping

In his fundamental paper on group cohomology Swan [91] defined, for any finite
group G, a homomorphism (Z/|G|)* — I?Z)(Z[G]) which, in this restricted context,
has since been used extensively both in the classification of projective modules [94]
and the algebraic homotopy theory of finite complexes [52]. We extend the definition
so that, for suitable modules J over reasonably general rings A, it takes the form
Sy i Autpe(J) = Ko(A).

7.1 The Structure of Projective 0-Complexes

We consider projective 0-complexes; that is, exact sequences
O—-J—->P—>M—0)

where P is projective. Such a complex is said to be of finite type when both M and
J are finitely generated and to be stably free when P is stably free.

The set SF of isomorphism classes of finitely generated stably free modules
is precisely the same as [0], the stable class of the zero module. It follows from
Sect. 1.3 that SF has a well defined height function. In this case the height of
S € SF is called the rank, rk(S); it may be calculated as follows:

k(S)=r < S@A‘=AT
We first prove:

Theorem 7.1 Fori =1,21let & = (0 — J; —> S; > M — 0) be a stably free 0-
complex of finite type in which M is coprojective; then

h(J1) =h(J) <= 1k(S1)=1k($).

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 129
DOI 10.1007/978-1-4471-2294-4_7, © Springer-Verlag London Limited 2012
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Proof (=) As Ji, Jo» € 21(M) and h(J;) = h(J>) then J; @ AN = J, @ AN for
some positive integer N. Stabilizing by AV we get

Ve =0— oA - sie A" - M- 0).

Comparison of stabilizations gives M & S; @ AN =M @ S, @ AN by the dual
version of Schanuel’s Lemma. As Sj, S> are finitely generated stably free then
S;i @ A™ = A" for some positive integers m, ny, ny. Thus M & AN+ >
M @ AN*"2 and so ny = ny. However tk(S;) + m = n; so that tk(S;) = rk(S>)
as claimed.

The proof of (<) is similar but uses Schanuel’s Lemma rather than its dual.
O

For a positive integer 1, as abbreviation we write X} (y) in place of X f" y);
that is:

1) =0->Ne A" 2 paa ™ M 0).

Proposition 7.2 Let o, = (0 — J; Kl P, L M, — 0) be projective 0-complexes
of finite type for r = 1,2 and let h : M| — M> be an isomorphism; then for some
m € Z there exists a morphism over h

j1pId
@) [0 h oA’ S peam I My 0
Vv = Vv 4 vo L
o2 0— J2 £> P2 B)Mz—)()

in which ¥, Vo are surjective.
Proof Suppose given a morphism of exact sequences thus;

0>A5 BA Cc> 0
dve dInw g

0> A5 B 5 -0
if g: C — C’ is an isomorphism then

(1) i :Ker(y4+) — Ker(yp) is an isomorphism and
(i1) yp is surjective < Y is surjective.

With our hypotheses, as P; is projective there exists a morphism f : o) — a3
over h:

o 0—>J1£>P1£1>M1—>0
Vr = Ve Lo dh

o2 0—>J2£>P2£2>M2—>0
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As J is finitely generated there exists a surjective A-homomorphism p : A™ — Js.
Defining Y4 : J1 & A™ — Jp, Yo : P1 & A™ — P, by

/ (;C) = fr(x) +u(y); Yo (i) = fo(z) + j o u(y)

the following diagram commutes

i1 dld
0 J1® A" " S P am 2T My — 0
3 vy ' v dh
0— Jr kLY P B)Mz—)()

and gives a morphism v : X' (1) — a2 in which ¥y : J} @ A™ — J; is surjective
by construction; thus vy : Py & A™ — P, is surjective by our initial remark. O

Fix a morphism ¢ : «; — o between projective 0-complexes of finite type

o] O—>J12>P15>M1—>0
v = v Lo L )
o2 0—>J2£>P2£§M2—>0

where h : My — M; is an isomorphism and ¥y : J; — J> is surjective. Then
Yo : Py — P> is surjective and, as in Proposition 7.2, ji : Ker(y;) — Ker(yy)
(= K) is an isomorphism.

Proposition 7.3 With this notation there exists an isomorphism over h thus

o 0— i 4 Py ﬂl>1‘41_>0
2i(a) 0_>J2€9K’2611>dKP269K52>M2—>0

Proof Since P; is projective there exists a homomorphism r : P; — K which splits

the exact sequence 0 - K — P @ P> — 0 on the left. Define ¢4 : J1 > J, & K,
oy P1— P,® K by

RO (o)
P4 (x) = . ; po(y) = :
7o ji(x) r(y)
Then the following diagram commutes

0— J1 ﬂ) P1 ﬂl)1\41—)0

oy oo dh

i»®ld
0> HheaK S ok B M0

Since ¢q is an isomorphism it follows that ¢ is also an isomorphism. O
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Theorem 7.4 Let o = (0 — J, X P, L4 M, — 0) be projective 0-complexes of
finite type (r = 1, 2) and suppose that h : M1 — M is an isomorphism. If [P1] =
[P2] € Ko(A) then there exist n1, ny € Zy such that Z‘:’_‘ (1) Ep Z‘_"f (a2).

Proof By Proposition 7.2 we first construct a morphism v : X" (a1) — o in which
both ¥4 and ¥ are surjective. Then by Proposition 7.3 there exists an isomor-
phism ¢ : X7 () — Ef(az) where K = Ker(vy) (2 Ker(¥4)). As[P1]=[P2] €

EO(A) it follows that K is stably free. In particular, K @ A? = AP for some a, b.
Applying X¢ to ¢ gives an isomorphism over /:

T : ZLET (@) = L) ().

However, ¢ (X (1)) Z1qy, Z‘f’m (a1) and since K @ A* = A” we may identify
2 f )(0r2) =14y, Z’i (a2). X (¢) now gives the required isomorphism over & on
taking ny =a +m and np = b. O

7.2 Endomorphism Rings

Ifao=0—Jy— Py —> My — 0)and 8 =(0— Jg — Pg— Mg — 0) are pro-
jective O-complexes and f : My — Mg is a A-homomorphism it is a consequence
of the universal property of projective modules that then there exists a morphism
}"E; over f

o 0= J, % P, 2% M, -0
V fpa = i«fﬂ_a Vi L f
p O—)JlgﬁpﬁﬁMﬂ—)O

Although the homomorphism fgy : Jo — Jg need not be unique, it becomes
unique if we work instead in the category Der; if ggo : Po — Pg is a lifting of
g: My — Mg then:

frg = fﬁa%gﬂa- (7.5

For any projective O-complex «, the correspondence py ( f) = fuo determines a ring
homomorphism p, : Endpe (M) — Endpe(Jy). When My = Mg (= M say) we
denote any morphism J, — Jg obtained from a lifting of Idys by kg thus

o 0= J, % P, B M0
kg = { kg Vg 1d
p 0—>Jﬁ£;>Pﬂﬂ;M—>O

It is straightforward to see that

pp(f) = kpapa(f)kap. (7.6)
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Note that the natural map v : End4 (M) — Endpe: (M) is also a ring homomor-
phism with Ker(v) = P(M, M) ={f € Endy,(M) : f =~ 0}. It follows from (7.5)
that Ker(v) C Ker(py) so that py : End 4 (M) — Endpe (J) descends to a ring ho-
momorphism denoted by the same symbol

Lo - End’Der(M) g EndDer(J)~

In general p, need not be injective. It is not immediately clear whether p,, is neces-
sarily surjective; however it becomes clear as soon as M is coprojective.

Theorem 7.7 Letao = (0 — J EAY S VN 0) be a projective O-complex; if M is
coprojective then py : Endper (M) — Endpe(J) is an isomorphism of rings.
Proof 1Tt suffices to show that

(D pq : Endg (M) — Endpe (/) is surjective; and
D) Ker(py) =P(M,M)={a € Homy (M, M) : a = 0}.

Clearly (I) implies that p,, is surjective whilst (IT) implies p, is injective. To show
(I), observe that Hompe (P, J) = Ext' (P, J) = 0 so that the modified exact se-
quence of Sect. 5.4,

Hompe, (P, J) > Hompe (7, J) 25 Ext' (M, J) & Ext' (P, J)

reduces to an isomorphism & : Endpe (/) =, Ext! (M, J). Since M is coprojective
then Ext! (M, P) = 0. From the exact sequence

(I) Hom (M, P) 23 Hom (M, M) 2 Bxt! (M, J) LY (=Ext!(M, P))

it follows that End 4 (M) —6> Ext' (M, J) is surjective. Given [g] € Endpe,(J) there
exists f € Ends(M) such that 9(f) = 6.([g]); that is, there is a congruence
c:gi() = f*(a)

g« () 0— J— lim(g.j) — M —0

e = J 1dy e 3 ldy
f*(a) O—>J—>1(iLn(p,f)—>M—>0

In addition, there are natural maps v; : @ — g.(@) and v; : f*(a) — « thus

o 0—J-L P ZmM—o
»LVI = \Lg i,vl \LIdM 5
g«(@) 0— J — lim(g, j) — M — 0

lw = 1y I Ir

a 0—J-L P L ymM—o
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In the composition (&t = vy o c o vy : ¢ — «, the mapping g : J — J is induced over
f M — M showing that p(f) = [g] as required. This proves (I).

For (II), observe that p =6 16 9 where 8, is the isomorphism already noted and
9 :Hom (M, M) — Ext!(M, J) is the boundary map of the exact sequence

oo 55 Hom, (M, P) %5 Hom, (M, M) 2> Ext' (M, D) 55 Ext' (M, P) 5 ...

Thus Ker(p) = Ker(d), so it suffices to show that Ker(d) = P(M, M). From (III),
in addition to the surjectivity of d we note that Ker(d) = Im(p,) C P(M, M). Sup-
pose, conversely, that o« € P(M, M); that is, « factors through a projective Q;

Since p is surjective then by the universal property of the projective Q there exists
a homomorphism & : Q — P such that§ = poé:

Q/M
YN

Hencea =&on=p oéo nand o = p*@o n) € Im(py). Thus P(M, M) C Im(p.)
and Ker(p) = Im(py) = P(M, M) as required. This shows (II) and completes the
proof. d

o
p M

7.3 The Dual Swan Mapping

Fix a projective 0-complex ¢ = (0 — J EN VN 0)andlet f: M’ — M be a
A-homomorphism.

Proposition 7.8 If f defines an isomorphism in Der then f*(«) is a projective
0-complex.
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Proof Consider the natural morphism

@ [0—1J —i>1(iLn(p,f)i>M/—>O
b o= ba Tl Ly
o 0—J L P L mM—o

For brevity we write 1(121 = 1(i£1(p, f). Given a A-module N on applying the co-
homology exact sequence extending Hom 4 (—, N) we obtain a commutative ladder
with exact rows

Ext!(M, N) %5 Ext!(P,N) %% Ext!(J, N)-> Ex2(M, N)
b e L Vs
Ext!(M', N) -5 Ext! (lim, N) % Ext!(J. N) 2 Ex@(M', N)

Since f* and Id are isomorphisms it follows that v* : Ext! (P, N) — Ext! (1<i£1, N)is
surjective. However, Ext! (P, N) = 0 since P is projective. Thus Ext! (l(ir_n, N)=0
for arbitrary N, and so, by Proposition 5.5, l(iLn( p, f) is projective as claimed. [

Let o« = (0 — Jy £ Py LeQy VAN 0) be a projective O-complex of finite type
and f: M — M a A-homomorphism which defines an automorphism of M in the
category Der; then by Proposition 7.8 above,

FH@) =0 Jo = lim(pa, f) > M — 0)

is a projective 0-complex, also of finite type, and hence defines a class [1(i£1( Do, )] €
IF(VO(A). The correspondence

5°(f) = Mim(pe. f)]
defines a mapping S Autpe (M) — I?B(A), the dual Swan mapping associated
with .. Evidently congruent projective O-complexes give the same dual Swan map-

ping; that is:

Proposition 7.9 Let o, B be projective 0-complexes of finite type; if « = B then
e =3P,

If « is a projective 0-complex of finite type and K is a finitely generated projec-
tive module then X J’f (o) is also a projective O-complex of finite type. Moreover, the

stabilization operator X f commutes with pullback; that is:

Proposition 7.10 X (f*()) = f*(ZX ().
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Furthermore, if f: M — M is a A-homomorphism and f ‘o — « is a lifting of
f to « then there is a lifting Z‘f f): Z‘f () > X f (a) constructed as follows:

5K () 0— Lok PokS M—0
UPIGES | foud Ve |7

K [ o
T (@) 0— JudK W p ok I M—0

It now follows easily that:
Proposition 7.11 S¥+ @ (f) =S5 (f) + [K].

In the special case where K = A" we have [A"]=0¢ m so that by Propo-
sition 7.11:

Proposition 7.12 ST = e,

Leta=(0— Ju 25 P, 28 M — 0), p=0— J3 2 Py 2 M — 0) be projec-
tive 0-complexes of finite type; we write o =j; B when there exists a commutative
diagram

« 0> Jy B P, B M0
Vo= bor do LW
p A L VN

@ is then said to be an isomorphism over the identity; with this notation:
a=yp = =5~ (7.13)

Proof Let ¢ : @ — B be an isomorphism over Idy;:

« 0> Jy B P, B M0
Vo= bor do W
p 0> L P m—o

Then ¢ x1d : Py x M — Pg x M is an isomorphism of A-modules whose restriction
is a A-isomorphism ¢ x Id : l(iLn(pa, id) = 1<ir_n(p/3, f) for each f € Endpe(M).
Hence S%(f) = SP(f). O

Corollary 7.14 Let
a=0—> Iy B P B M0, B=0->I2% P % M0

be projective 0-complexes of finite type. Then

=8 «— [P,]=[Psle Ko(A).
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Proof If §% = 5P then in particular S (Id) = S (Id). The implication (=) now
follows since S% (Id) = [P,] and P (Id) = [Pg]. Suppose conversely that [Py] =
[Pgl. By Theorem 7.4, X" (a) =y X™(B) for some n, m. Thus §E @ — §E"B)
by (7.13). The implication (<=) now follows from Proposition 7.12. Il

Corollary 7.15 For r = 1,2 let F, = (0 > J, 25 A" % M — 0) be free
0-complexes over the finitely presented module M; then S¥1 = S¥2.

Proof [AM]=[A"]=0¢ I??)(A) so the conclusion follows by Corollary 7.14. U
If F is a free O-complex of finite type over the finitely presented module M then
writing

M =S¥

allows us to define the dual Swan mapping 51‘7 T Autpe (M) — I%(A); that is, if
F=0—J% A" %m0

then

SM () =[lim(pr, 1.

By Corollary 7.15 the definition depends only upon M and not upon the particular
choice of F.

We now proceed to show that SM s a homomorphlsm for the remainder of this
section we fix a finitely presented module M and write S = SM . We first establish
the following composition property:

Proposition 7.16 Let o be a projective O-complex of finite type; then for all f, g €
Autpe (M)

S¥(fg)=8"@(g).

Proof We compute that S (fe)= [1<i£1( p, fg)] using the commutative diagram

('@ [0—> Ju = lim(p. fg) > M —> 0

v = J1d g ]

o J

0— J,— P, Lom—o0
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Likewise §/" (@ (g) is computed using the commutative diagram

& F* (@) O—>Ja—i>1(i£1(m,g)£>M—>O
$ ve l1d v ls
) = 0—>Ja—i>1(iLn(p,f)£>M—>O
dvs lu by lr
* O—>Jai> Pai> M—0

which contains the two pullback squares

. T . i)
lim(p, f) —> M lim(r1, g) —> M
bvs g 1 v Le

. m
P Lom lim(p, f) —> M

and gives I ()= [1<i£1(m, g)]. As the following square is also a pullback

lim(r1. ) > M

\ij"’g \Lfg
P, oM

the conclusion follows from the resulting isomorphism lim(p, fg) = lim(ry, g).
< < 0

Proposition 7.17 Leta = (0 — J, X P, M- 0) be a projective 0-complex of
finite type; then for each f € Autpe,(M)

() = S(f) + [Pal.

Proof Writea = (0 — J, EN P, 2 M- 0)andletF=0— J —> A" > M — 0)
be a free 0-complex. Then ShF=0—>J® P, > A"® Py, —> M — 0) has the
property that [A" & P,] = [Py]. and so, by Corollary 7.14, S¢ =57 ® Now by
Proposition 7.11 we see that g ® (f)= §F( f) + [Py]. The conclusion follows
as SF =3, U

Corollary 7.18 S : Autpe (M) — Ko(A) is a homomorphism.

Proof Let f, g € Autpe (M) and let O-complex F = (0 — J — A" L VN 0) be
a free O-complex. Then, by Proposition 7.16,

S(fe)=8"®(g).

However, f*(F)=0— J — 1(iLn(p, f) — M — 0) so that, by Proposition 7.17,

$°®)(g) = S() + [tim(p. )] = [lim(p. )] + S(g).
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However, §(f) = [1<i1_n(p, f)] so that AL (g)= §(f) + :ST(g), and hence

S(fe)=5(f)+ S(g). O

7.4 Representing Projective 0-Complexes

Let M be a finitely generated coprojective module of type F (1) and let J € £21(M);

then we know that there exists an exact sequence o = (0 — J Lp2 M 0)
where P is finitely generated projective; in fact, P may be taken to be stably free.
Given any A-homomorphism g : J — J we recall that g, () is the exact sequence

gal@) = (o—> N lim(g, j) 5 M — 0),

where h_r)n(g, J) is the pushout l'g)n(g, J)={ & P)/Im(g x —j). To simplify the
discussion we adopt some notation; « will denote a fixed projective 0-complex as
above; B =(0—J SES M- 0) will denote an otherwise arbitrary element
of Ext! (M, J); g, h will denote A-homomorphisms g, s : J — J. With notation as
above:

B =g«(a) forsomegeEndy(J); (7.19)
gx(@) =hy(a) <= [g]l=[h]€Endpe(J); (7.20)
g« (@) is a projective O-complex <= [g] € Autpe(J); (7.21)
BEya <+ B=g.(a) forsomeg e Auty(J). (7.22)

Proofs of (7.19) and (7.20) Consider the exact sequence

Homper (P, J) > Homper(J, J) 25 Ext' (M. J) 2> Ext' (P, J).

Since P is projective then Hompe (P, J) = Ext!(P, J) = 0 so that we have a
isomorphism &, : Hompe(J, J) — Ext!(M, J) given by 8,([g]) = g«(«). Equa-
tions (7.19) and (7.20) follow immediately. O

Proof of (7.21) Consider the natural homomorphism

o 0—>J—j> P 2o m—o0
b = be o v Lu
8«(e) 0— J — lim(g, j) => M —> 0

The exact sequence from Hompe,(—, N) gives a ladder with exact rows

Hompe (J, N) > Ext' (M, N) 5 Ext! (lim, N) S Ext'(J, N)
Ve i e e
Hompe (J, N) > Ext' (M, N) &> Ext'(P, N) L> Ext'(J, N)
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By hypothesis, g* is an isomorphism; so also is Id. It follows that v* is injective.
However Ext! (P, N) = 0 so that also Ext! (li_n)l, N) = 0. Since this is true for arbi-

trary N it follows that li_r)n(g, J) is projective. This proves (<—=).

To show (=) note that Hompe, (P, N) = 0 since P is projective. If li_r)n(g, j)is
also projective then Ext!(P, N) = Ext! (121’)1, N) =0 for any A-module N. Since
M is coprojective, we may apply the (modified) reverse exact sequence from
Hompe;(—, J) to obtain a commutative diagram with exact rows:

0 — Hompy (J, J) -> Ext' (M, J) — 0
1g* lud
0 — Hompe(J, J) -> Ext' (M, J) = 0
In particular, g* : Hompe,(J, J) — Hompe (J, J) is bijective. We may choose a
A-homomorphism 4 : J — J such that g*(h) =h o g ~1d;. Then
g'(goh)=(goh)og
=go(hog)
~gold
~g
whilst evidently g*(Id) ~ g. Since g* : Hompe(J, J) — Hompe,(J, J) is injective

then g o h & 1d, and so g : J — J is an isomorphism in Der . This completes the
proof. U

Proof of (7.22) Suppose that 8 =y «; then there is a commutative diagram

o 0>J5pP2 M0
lé= lg Jg lud ,
B 0> JS5EB M0

-1
where g, go are A-isomorphisms. Putting gg(o) = (0 — J BosE M- 0) then
the above commutative diagram may be modified to give a congruence

gt o p
gu(a) 0—-J > PS> M—->0
le = lid lg Ju
p 0—J 5 EL M—0

There is also a conguence ¢’ : g, (a) — gu(ar) given by ¢’[x, y] = jh~'(x) + y as
follows;

gy [0— = lim(h, j) "> M —0
e = J1d N J1d
gu(@) je! p

00— J = P— M—0
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The composite c o ¢’ : g«(a) — B gives the required congruence g, (a) = 8.
Conversely, if 8 = g, () for some g € Aut,(J) then since g4(o) = g« () there
is also a congruence c : gg(a) — B which we write thus:

gt op
g#(a) 0O—-J > P—>M-—=0
Ve = Jid e W
p 0575 EA M=o

Equivalently we have an isomorphism g : @« — B over Idy;:

o 0—>J—j>P—p>M—>O
lé= g lea J1d
B O—>J—L>E—p>M—>O O

7.5 The Swan Mapping Proper

A finitely generated module J is said to be tame when J € §21 (M) for some finitely
generated coprojective module M. Observe also that this forces M to be finitely

presented and so the dual Swan mapping SM is well defined, as in Sect. 7.3. We first
note:

Proposition 7.23 If M is a finitely presented coprojective module and J € $2{(M)

then J then occurs in a 0-complex o = (0 —> J LEL M- 0) in which E is
stably free.

Proof The proof is a refinement of Proposition 5.31. Let
S=0— K-> A" 2 M0

be an exact sequence. Since J € £21(M) then J & A = K @ AP. for some integers
a, b > 0. We may now modify S to get an exact sequence

O—>K69Abi>A”+b£>M—>0.

Choosing an isomorphism ¢ : J @ A¢ — K @ Ab, put j =i’ o ¢; we get an exact
sequence

O—>JGBA“—j>A"+b£>M—>O.
Define E = A" /j(A%); then we get an exact sequence

o=0—>J—>E—>M-—0)
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and E is projective by Proposition 5.17. Hence the sequence
0> A*—> A" 5 E50

defining E splits so that E @ A? = A"t?; that is, E is stably free. 0

A 0-complex « as in Proposition 7.23 is also said to be tame; note that then both
M and J are finitely geneated. We shall associate to each tame module J a mapping
Sy :/\Autper(l) — I?B(A), the Swan mapping of J. S; may be regarded as the dual
to SM, the coprojectivity hypothesis on M being necessary for the duality.

Thus let « = (0 —> J LEL Mo 0) be a tame O-complex. In Sect. 7.2
we constructed a ring isomorphism p,, : Endpe (M) — Endpe (J); we denote by
Ue - Endper(J) — Endper (M) the inverse isomorphism; with this notation:

Proposition 7.24 For any g € Autpe:(J) g+() = g (2)* ().

Proof An easy chase of definitions shows that the following diagram commutes

Ext'(M, J)

Hompe (M, M) Hompe(J, J)

that is, pu(f)«(@) = f*(a) for f € Hompe (M, M). Equivalently, g.(ax) =
e (g)*(a) for g € Hompe (J, J). O

Suppose that ¢« = (0 - J LEL M- 0) is a tame O-complex and let
g1, 82 J — J be A-homomorphisms; if g1 = g» then, as M is coprojective, the ex-
act sequences (g1)« () and (g2)« () are congruent so that li_r)n(gl, HE li_r)n(gz, J).

By (7.21) above, if g defines an isomorphism in the derived module category then
li_r)n(g, J) is projective. As both M and J are finitely generated then li_n>1(g, J) is also

finitely generated and we obtain a function
Se: Autper(J) = Ko(A);  Salg) = [lim(g, /-

Clearly Sy = Sg when « is congruent to 8. Hence directly from Proposition 7.11
we obtain:

Proposition 7.25 For any f € Autpe(J), So(f) = e (na (f)).

We proceed to show that, in a tame 0-complex « of this type, S, depends only
on J,. The proof is a not entirely obvious dual version of Corollary 7.14. First
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we consider the dual notion of stabilization; if a is a nonnegative integer the co-
stabilization X% () of « is the extension

i d
S ) =0—J 5> E® A ™S M@ a7 5 0),

where j :J - E @& A? is the composition of j with the canonical inclusion
E — E @ A“. One may check directly that the dual result to Proposition 7.12 holds,
namely:

Proposition 7.26 Sxa ) = S,.

Leta:(OaJﬂEa@)MAO),,B:(OﬁJﬂEﬂﬂMﬁO)betame
0-complexes in which J, = Jg = J. We write « =  when there exists a commuta-
J

tive diagram of the form

o 0> J% E, %% M, >0
lo= Y de o
p 0> T8 Eg 2 my— 0

@ is then said to be an isomorphism over the kernel.

Proposition 7.27 If o, B are tame 0-complexes such that o = B then S, = Sg.
J

Proof Let ¢ : @ — B be an isomorphism over J:

o 0> 7% E, % M, — 0
Jo= Mg‘ o Lo
p 0> T8 Eg 2 My 0

Then Id x ¢ : J x Py — J x Pg is an isomorphism of A modules and for each
g € Endpe, A(J) restricts to a A-module isomorphism Id x ¢ : Im(g X —jy) —

Im(g x —jg) inducing an isomorphism H_r)n(g, Jo) = li_r)n(g, Jjg). Thus Sy (g) =
Sp(g) as claimed. O
Theorem 7.28 Let a, B be tame 0-complexes with Jy = Jg; then Sy = Sg.
Proof Write
Ja Pa s pp
a=0—>J>E,—>M;—>0) and B=0—J— Eg— Mg—0),

where E,, Eg are stably free. We consider a sequence of decreasingly special
cases.
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Case I Firstly suppose that My, = Mg = M (say) and let S = S/‘/‘\/’ be the dual
Swan homomorphism of Sect. 7.3. As E,, Eg are stably free it follows from

Corollary 7.14 that S¢=88=S.In particular, 5% is a homomorphism by Corol-
lary 7.18. By (7.6), pg(f) = kgapa (f)kap for f € Autpe(M). Since 1y = p;l it
follows for g € Autpe,(J) that
Ma(8) =Apaitp(8)rap,
where Ag = 11p(kap) € Autpe(M). Then S%(hpq) = —5% (hap) since Apalap =
Id and S¢ is a homomorphism. Thus
Su(2)) = 5%(1ta(2))

= 5% (Apattp(&)hap)

= 5% (pa) + 5% (115 () + S (ap)

= 5% (hpa) + S%(1p(2)) — S (A par)

=5 (1p(2))-

However, §% = 57, so that S, (g)) = 5P (115(g)) = Sg(g)) and S, = Sg as claimed.

Case II Next suppose that there is an isomorphism of A-modules f : M, S M 8
then f induces a canonical isomorphism over the kernel f*(8) = B, so that
J

Sr«gy = Sg by Proposition 7.27. However, there is a congruence a = f*(f) so
that Sy = Sy+(g) and the result follows.

General Case Then

a=0—>J— Ey—> My, — 0), B=0—J— Eg— Mg—0).

Put o1 = Z‘E’S((x) thuso; =0— J - E, @ Eg > My, ® Eg — 0). Since E,,
Eg are finitely generated stably free, so alsois E, ® Eg. Moreover, we may choose
N > 1 such that E, @ AV, Eg® AN are both free.

ar=3Ya)=0—J > E,@Es® A" - M, @ Eg® AV - 0).

Then Sy, = S, by Proposition 7.26. However ap = X' («) where Eg & AN = pa
so that Sy = Sy, by Proposition 7.26. Thus Sy = Sy,. Similarly Sg = Sg, where
B1 = Z‘f‘” (B). However, since M,,, Mg are coprojective then M, ® Eg = Mg ® E,
by the Dual Schanuel Lemma, Thus S, = Sg, by Case II above, and so S, = Sg
as required. d

Now let J be a tame module occurring in a tame 0-complex

a=0-=J5ESB M= 0):
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we associate to J a mapping
Sy : Autper(J) — Ko(4)

by the rule S; = S,. S, is the Swan mapping of J. By Theorem 7.28, S is inde-
pendent of the tame 0-complex « in which it occurs. Finally we establish:

Theorem 7.29 S, : Autpe (J) — Ko(A) is a homomorphism.

Proof Start with a tame 0-complex « = (0 - J — E — M — 0). As E is stably
free then £ @ A = A" for some integers a, n > 0. Thus we may co-stabilize to get

Y @) =F=0—J— A" - N — 0),

where F = E®AYand N =M @ A?. As §; = S, = Sy it suffices to show that Sg is
a homomorphism. However, from Proposition 7.25 we get that Sp(f) = S¥ (ur(f));

whilst from the definition immediately following Corollary 7.15 we see that SF =
SN . Thus

Se(f) = SN (up(f)).

Thus forall £, g € Autpe(J) we have Sp(fg) = SN (ur(f8)) = SN (ur (f)1r(g)).
However, S¥ is a homomorphism by Corollary 7.18, so that

SN (ur(£)ur(2)) = SN (ue(£)) + SN (ur(9)) = Sk (f) + Sr(2).

Hence Sr(fg) = Sr(f) + Sr(g) and this completes the proof. Il

7.6 Stabilising Endomorphisms
Let J, P be modules over A; we represent elements of the direct sum J & P as
column vectors (;‘ ) where x € J and y € P. There are obvious inclusions and pro-
jections

ij:J—>J®P; ip:J—>J®P;

i1<x>=<’a>; ip(y)z(‘y’>;

ny:JOP—J; np:JHP— P;

()= ()

Any endomorphism « : J @ P — J @& P may be uniquely represented by a 2 x 2

matrix
o o
o= JJ JP ’
apj app
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where aps = mrais. There is a ring homomorphism e : End 4 (J) — End s (J & P)

e(y) = (g Iffp).

When P is projective then Idp & 0; it then follows that e descends to a ring homo-
morphism e, : Endpe(J) — Endpe(J @& P). Moreover, the diagram below com-
mutes:

€

Autper (J) > Autpe(J © A)

S\ % (7.30)

Ko(A)

Proposition 7.31 If P is projective then e, : Endpe (J) — Endpe (J @ P) is an
isomorphism of rings.

Proof Tt suffices to show e, is bijective. The mapping p : End (J @ P) — End4(J)
defined by p(«) = ary is a surjective homomorphism of abelian groups and clearly
pe =1d. Observe that Idjgp = ijmy + ipmp (= 1d). Expanding Id o @ o Id for o €
End, (J @ P) gives the familiar identity

a=ijayywy +ijouyprp +ipapymy +ipappmp. (%)
We claim that:
ar~(0 <— ay;~0. (%x)

Observe that if o &~ 0 then 7 ;i ; &~ 0 which, since «j; = iy, proves (=).
Conversely, since P is projective then ajp ~ 0, apy =~ 0 and app ~ 0 so that
by (%)

xR ijugymy. (k)

If «;; =0 then o &~ 0. This proves (xx) from which it follows that p descends to a
homomorphism of abelian groups o, : Endpe;(J @ P) — Endpe(J); [a] — [ay 7]
Since pe = Id then p.e, = Id so that p, is surjective. However, p, is also injective
by (xx). Thus p, is bijective. Hence e, = p_ ! is also bijective as required. 0

7.7 Full Modules

Let J be a tame module and let« = (0 — J —]> E — M — 0) be a tame 0-complex
with E stably free. The Swan mapping S; : Autpe (J) — Ko(A) may be described
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by
Sy(f) = Mim(f, )]

Note that there is a canonical morphism

o O—>]—j> E - M—-=0

by = L7 v lud
Sa(a) 0 J—lim(f,j) > M0

If f:J — J is an isomorphism of A-modules then, by the Five Lemma, v iy E —
li_rr)l(f, j) is also an isomorphism of A-modules. Hence [li_r)n(f, NDI=1E] € Ko(A).
However, E represents 0 in I?B(A) so that:

Proposition 7.32 If f € Auta(J) then S;(f) =0 € Ko(A).

There is natural homomorphism v/ : Aut,(J) — Autpe(J) which assigns to
f € Aut4(J) its class modulo ‘~’. Thus we see from Proposition 7.32 that:

Proposition 7.33 If J is a tame module then Im(v’) C Ker(Sy).

We shall say that J is full when Im(v’) = Ker(S;). In this section we will show
that when J is tame then some stabilization J @ A" is full. Firstly we write

r(J) =min{s > 1 : there exists a surjective A-homomorphism A® — J}.
A ring A is said to have a stable range when there exists an integer n > 0 such that
there is no nontrivial finitely generated stably free module S with n < rk(S). We
write o (A) = n when there is a nontrivial stably free module of rank = n but none

of rank > n. This definition of ¢ (A) is normalized so that o (F) = 0 when F is a
field. Moreover, if A has no stable range we write o (A) = 4-00.

Theorem 7.34 Let J be tame; if max{r(J),o(A) + 1} <n then J & A" is full.

Proof In essence the proof repeats Theorem 7.4 with more precise book-keeping.
Since J is tame we may first choose a free 0-complex of finite type

E=0—J5 A" 2 M- 0).
Let n be a positive integer such that max{r(J),o(A) + 1} <n and choose a

A-homomorphism g : J & A" — J @ A" such that [g] € Ker(S;jga»). Write g as a
matrix with respect to the direct sum J @ A"

g= 800 801
810 811
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and put f =goo:J — J. Then [g] = e.([ f]) so that [ f] € Ker(S) by commutativ-
ity of (7.30). It will suffice to show that:

o fa

There is an element F € Aut,(J ® A") of the form F =
fio

) . (1.35)

For then [F] = e.([f]) = [g] and so [g] € Im(v’) as required since F is a
A-automorphism of J @ A". Given f obtained from g as above, construct the
pushout sequence f,(€) together with the canonical morphism vy : &€ — fi(€) ;

£ 0—J-1 am Pm—so
dvy = Ve I fo 1 1dy
£ \o— 75 tim(f.j) > M —0

Since r(J) < n choose a surjective A-homomorphism fy; : A — J and construct
a morphism of exact sequences thus

1@ (0—seaE amgan om0
Lo = I T
f+(&) 0— J —5lm(f.)) "> M—>0

where ¢ = (f, fo1) and o = (fo, i o fo1).- As fo1 is surjective so also is ¢o and we
have an exact sequence C = (0 — Ker(¢p) L Am g An BLN li_r)n(f, j) —> 0).

As f € Autpe(J) then li_r)n( f, J) is projective, so that on splitting K
Ker(go) & lim(f, j) = A" & A"

and Ker(¢p) is also projective. Since f € Ker(S) then H_II)I( f, J) is stably free, so that
Ker(go) is also stably free. Furthermore, rk(Ker(¢o) + rk(im(f, j)) =m +n. On
comparing £ with f,(£) we see from Theorem 7.1 that rk(li_r)n(f, Jj) =1k(A™) =m.

It follows that rk(Ker(pg) = n. However, since o (A) + 1 < n then Ker(¢g) = A”.
Choosing a specific isomorphism ¢ : A" — Ker(¢p) we may re-write /C to give an
exact sequence of the form

K'=0— A" 5 A" @ A" 5 lim(f, j) — 0).

Letr = (ro, r1) : A™ @ A" — A" be a left splitting of X'. Taking

F:(f, f01>’ FO:(fo ifo1)
roj 1 ro 11
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we may construct a morphism F:x 1(E) = T (f(E)) as follows:

1(E) 0—Joa ™ Amgan om0
I F = VF _ I Fo 3 1dy
ZE(f+(E) O—>J®A"ﬂ>ili_r)n(f,j)69A"i>M—>O

Now Fj is a A-isomorphism since it is constructed from a splitting of X'. Ex-
tending by zeroes on the left, it follows from the Five Lemma that F is also a
A-isomorphism; taking F to be the fulfilment of the promise at (7.35), the proof
is now complete. O



Chapter 8
Classification of Algebraic Complexes

By an algebraic n-complex over Z[G] we mean an exact sequence of Z[G]-modules

O On—1 d2 01
Ek=0—->J—>E,—-E, | > ---—>E —>Ey—>Z7Z—0)

in which each E, is finitely generated and stably free over Z[G]. The notion is
an abstraction from a cell complex X with 71(X) = G for which m, (X) =0 for
0 < r < n. In this chapter we use the Swan homomorphism of Chap. 7 to classify
algebraic n-complexes up to homotopy equivalence.

8.1 Algebraic n-Complexes

An algebraic n-complex may be described in two slightly different ways; the naive
definition, which for operational purposes we regard as secondary, views an alge-
braic n-complex £ as a chain complex of stably free A-modules

9 Op—1 o 0 9
0> Ey 3 Ep > 3 Ey3El = Eg—0 (%)

which is exact at E, for 0 < r < n. The condition ‘stably free’ rather than the more
obvious ‘free’ is made for technical convenience. For n > 2 there is, up to con-
gruence [68, p. 84], no difference between the two. By analogy with the Hurewicz
Theorem, it is useful to think of H, (E) as an ‘algebraic m,,’; putting

m,(E)=Ker(0,: E, > E,_1)
enables us to write E in augmented, co-augmented form as an exact sequence
O 02 0
E=0—n,(E) > E,— ---— E| > Eg— Hy(E) — 0).
Thus in this description an algebraic n-complex is an exact sequence
j an a2 31 €
0O—-J>E,—---—>E —-Ey—M—0 (k%)

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 151
DOI 10.1007/978-1-4471-2294-4_8, © Springer-Verlag London Limited 2012
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of A-homomorphisms in which all modules are finitely generated and each E, is
stably free.

More general is the notion of a projective n-complex by which we mean an exact
sequence

P=0—m,P)— P, 2% .. 3 P 2 Py HyP)— 0)

of A-homomorphisms in which each P, is projective.

Corresponding to the two descriptions are two different notions of homotopy. In
the geometric version, if f, g : Cx — D, are chain maps then f is homotopic to g
(written f ~ g) when there are A-homomorphisms 7, : C;, = D, such that, for
each n:

Su = &n = Ontr10n + Nu—10y.

As is well known if f >~ g : C, — D, are homotopic chain maps then H,(f) =
H,(g) for all r. In particular 7, (P) is an invariant of chain homotopy type.

The appropriate notion of homotopy for the augmented/co-augmented descrip-
tion is weak homotopy equivalence. A chain mapping h : P — Q between projec-
tive n-complexes P, Q is a weak homotopy equivalence when the induced maps
hy : HOP) — Hp(Q) and A, : 7, (P) — 7,(Q) are isomorphisms. By hypothesis,
H,(P)=H,(Q)=0for 1 <r <n — 1 so the mappings &, : H-(P) - H,.(Q) are
automatically isomorphisms. The following is essentially due to J.H.C. Whitehead
(cf. [52, 100, p. 177]):

Proposition 8.1 If f : Cx — D is a chain map between (nonnegative) projective
chain complexes then the following statements are equivalent,

(1) H.(f) is an isomorphism for each n;
(i) there exists a chain mapping g : Dy — Cy such that f o g ~1d and g o f ~1d.

For projective n-complexes both weak homotopy equivalence and elementary
congruence are equivalence relations; this is false for more general extensions.
The question now being essentially a matter of taste, we choose, for practical pur-
poses, the description which includes augmentation and co-augmentation as pri-
mary. Given a module M we denote by Alg, (M) the set of homotopy equivalence
classes of algebraic n-complexes over Id,s. We have seen, in Sect. 1.2, how the sta-
ble module [M] has the structure of a tree. Alg, (M) also acquires the structure of
an infinite directed graph on drawing arrows of the form

E—-Y E)=0->J/0A—-E,dA—>E,_1— - --+-— E|—> Ey—> M —0).

The correspondence E — m,(E) gives a mapping of graphs m, : Alg,(M) —
£2,41(M) from which it is easy to see that Alg, (M) contains no loops. In Sect. 8.3
we shall prove that Alg, (M) is connected and hence is a tree. We note that the clas-
sification theorem which we establish assumes a much simpler form for hyperstable
complexes [55].
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8.2 A Cancellation Theorem for Chain Homotopy Equivalences

The following cancellation theorem is perhaps well known but as there is no conve-
nient reference in the literature we give a proof:

Theorem 8.2 Let Q be a projective m-complex and for r = 1,2 let P(r) be a pro-
Jjective (n + m)-complex decomposed as a Yoneda product P(r) =P (r) o Q for
some projective (n — 1)-complexes P (r); then P(1) ~P(2) = P, (1) @ P, (2).

Yoneda product,! or cutting and splicing, is treated at greater length in, for exam-
ple the book by Maclane [68, p. 229]. However, its meaning here should be entirely
clear from context. Thus given a projective n-complex

P=0—>J—>P,—---— Php—>M—0)
we decompose it thus P =P o P_ where

P,=0—>J—>P,—> > P —>2—0);
P.=0—>2—>P—M-—D0).

Likewise, given a chain mapping f : P — Q between projective n-complexes

P O—-J—> P,—---—> P> M— 0
Vr= Vi Ak Vo L fm
Q 0—-J —-0,— =01 —> M —>0

we decomposeitas f = fro f-:PyoP_ - Q4 0Q_

P_ 0—- 22— Php—> M— 0

= Yre 4 dfu ;

Q_ 0> 2 - Qy— M —0

P, 0O—-J—> P,— > P — 2—0
Ve = Vi A L A fe
Q. 0—-J —->0,—--—>01—>R2—>0

Starting from (7.5) as base, an obvious inductive argument shows that when P, Q
are projective:

If g, h: P — Q are chain mappings then hy ~ gyy = hj ~ gJ. (8.3)
On taking F = P and g = Id we obtain the useful special case of (8.3):

If A : P — P is a chain mapping then iy ~ Idyy = hy ~1d;. (8.4)

! An interpretation of Yoneda product as composition in the derived module category is given in
the thesis of Gollek [33].
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Now let & : P — Q be a chain mapping between projective n-complexes over
hy : M — M and suppose that iy = Idy,. We shall produce a chain mapping
g : P — Q over Idys in which g; = hy. In the case n = 0, choose a factorization
Idys —hpy = & o n through a projective module X. Then since g : Qo — M is sur-
jective and X is projective there exists a homomorphism £:X — Qo such that
E=gqo é so that the diagram below commutes:

XZ/M
2N

Qo

Put go = ho + £o n o p. It is straightforward to check that the diagram below com-
mutes as required:

Idy —hy

M

0> J5 Pl M—0
»l«h( dgo Jldy
0—>J - Qoﬁ)M—>O

P
¥
Q
When n > 0, decompose both P and Q as Yoneda products P=P o P_ and Q =

Q4 0Q_, and also decompose & as h = h o h_; by the case n = 0 already proved
there exists a chain mapping f : P_ — Q_ of the form

P_ 0—- 22— Php—> M—0
Vr= Yhe L fo {ldu
Q- 0> 02 - 0)— M—0

Since fo = hg, the spliced mapping g = h4 o f is well defined and takes the form:

| 0O—J—> P,— -+ P — Ph—> M—0
L= Yy I fo dldu
Q 0—-J—->0,—--—>01—> 00— M—->0

For a chain mapping 4 : P — Q between projective n-complexes over M we have:
If hps ~ 1dys then there exists a chain mapping g : P — Q over Idy,

P 0O—J—> P,— ---— P> M—0
le= ler den Jeo {ldy (8.5)
Q 0->J —-0,— = Q> M—=0

in which gy =hy.

Proof of Theorem 8.2 Write Q= 0—- K - Q,;, > -+ — Qo — M — 0) and
P.(r)=0— J@r)— Pyin(r) — -+ — Pyuy1(r) > K — 0) and suppose given
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a homotopy equivalence /1 : P (1) o Q S P, (2)0Q. Decompose hash =hioh_:

Q 0->K—>0,—--—>Q0y—>M—0
dho = dhg dho | ldy ;
Q 0>K—>0u,—> —>Qy—>M—0

P, (1) 0—-J1) - Ppyn(1)—»> -+ > Ppy(1) > K—>0

Lhy = 4 hy 4 hnn 4 B d hg
P.(2) 0—->J2)— Pysn2Q)— -+ —> Pp412)—> K—>0

Evidently J(r) = w4+, (PL(r) o Q). Since h is a homotopy equivalence and
hy:J()— J(2) is just the induced map

Tntn () : Ty P (1) 0 Q) — 7wy (P4 (2) 0 Q)

then £ ; is an isomorphism of A-modules; (8.4) applied to z_ shows that hg ~ Idg;
(8.5) applied to h gives a chain mapping g : P4 (1) — P, (2) in which g; = hy
thus:

P (1) 0—>J1) = Ppyn(1) = -+ = Ppy1(1) > K—0
»Lg = »L hy »1/8/11+n »Lngrl »l/ldK
P, (2) 0—-J2)—> Py4n2)—> -+ —> Pyt 12)—> K—0

By construction gy = hy so gy is a A-isomorphism. Since P4 (1), P (2) are pro-
jective (n — 1)-complexes then g : P4 (1) — P4 (2) is a homotopy equivalence. [

8.3 Connectivity of Alg, (M)

FE=0—-J—E,— E,_1 —--+— Ey— M — 0) is an algebraic n-complex
with n > 0 we denote by X', ¥ the ‘external’ stabilization operators

YIE)=0—>JPA—-E,PA—>E,_ 1~ - —>Ey—> M—0);
Y E\=0—-J—>E,—---—>E —>Ey®dA—>M>dA—0).

For n > 1 there is also an ‘internal’ stabilization operator between the (n — 1)th and
nth stages, denoted by L thus:

LE)=0—-J—E,®dA—E,_ 1 ®A—E, ,—> ---— M—0).
Evidently L (E) differs from E by an elementary congruence; that is:
Proposition 8.6 L(E)=E.

For n > 1 we decompose algebraic n-complexes systematically as Yoneda prod-
ucts E=E, o E_ where



156 8 Classification of Algebraic Complexes

EE=0—->K—E,1—>---—Ey—>M—0) and
E,=0—-J—>E,— K—0).

Writing L(E) = L(E) 4+ o L(E)_ forces identities amongst the various constructions:
LE); = ¥_(E,), ®8.7)
LE)-=2X,(E_). (8.8)

We denote by X, ¥* and L* the k-fold iterates of the respective operators. We
proceed to prove:

Theorem 8.9 Let E, F be algebraic n-complexes over modules M, M’ respectively
and suppose that h : M — M’ is an isomorphism. Then for some positive integers

a, b there exists a homotopy equivalence 1 : Z’i E) ;h Z‘f_ (F) over h.

Proof We prove it by induction, noting that the induction base, the case n = 0, is
already established as Theorem 7.4. Write

E,=0—J—E,— K—0),

EE=0—->K—>E, 1—--—>Ey—M-—0);

F,=0—J - F,—> K —0);

F_.=0—-K —-F,_1—»---— Fy— M —0);
sothat E=E; oE_ and E = F oF_. By induction choose a homotopy equivalence
£ X(ED) = Z‘j’_(F_) over h. This gives an isomorphism &k : K @& A€ —

K’ @ A?. Apply the case n =0 to X< (E;), X4(F,) to get an isomorphism of
0-complexes over £k

Er: U5 (By) —>g B2 ZA(FS).

We may now splice &, together with £_ along £k to obtain a homotopy equivalence
over h

£:D9LYE) —>p ZLLYF).
However E = L°(E) so that Y{(E) = Y¢(L°(E)) and likewise Ef’r(F) =
2P (LY(F)). Let ¢ : X¢(E) — Y4 (L(E)) and 7 : Z(L4(F)) — ZL(F) be con-
gruences; the required homotopy equivalence over & is given by n =mw o & ot :
T4(E) —> Zb(F). O

It follows from Theorem 8.9 that Alg, (M) is connected, so that:

Corollary 8.10 Alg, (M) is a tree for each n > 0.
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8.4 Comparison of Trees

For a finitely presented A-module M denote by Stabg (M, —) the collection of exact
sequences of the form S = (0 - J — § — M — 0) where S is finitely generated
stably free. By Schanuel’s Lemma J is finitely generated and J € £21(M).

IfS=(0— J — § — M — 0) also belongs to Stabo(M, —) write S Zq,, S’
when there exists a morphism ¢ : S — S’ of the following form:

0—-J—>S—> M—=0

oy oo | ldy
0-J =-S5 -M—=0

Then =yq,, is an equivalence relation on Stabo (M, —); we denote by Alg,(M) the
set of equivalence classes of Staby (M, —) under =yq,,. Alg,(M) has the structure
of a directed tree on drawing S — X4 (S). For S=0—->J - S—> M — 0) €
Stabg(M, —) we have seen that J € £21(M); the correspondence

S=0—>J—>S—>M-—0)— J(=1))

induces a mapping of directed trees f : Algy(M) — £21(M). From Proposition 7.23
we have:

Proposition 8.11 If M is coprojective then 1y : Algy(M) — §21(M) is surjective.

To elucidate the structure of Alg, (M) in terms of 21 (M) it is necessary to com-
pute the size of the fibres 17! (J) for J € £2(M). We first prove:

Theorem 8.12 IfE=(0—J > ELZ M —>0),E =0— J 5 E' 5 M—0)
are extensions then E Z1q,, E' if and only if h,(E) = E’ for some A-isomorphism
h:J—J.

Proof To prove (=) suppose given an isomorphism over the identity

E 0>J5 EL M0
Vi= Ui Lk b
E 0->JLEL M0

so that, in particular, 4 : J — J' is a A-isomorphism. By definition, %, (E) is the

extension obtained by the pushout construction

E 075 EL M=o
b = Ui bw  lu
h+(E) 0—>J > H_r)n(h,j)gM—>O
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Note that by the Five Lemma, since % is a A-isomorphism then the pushout map-
ping vy : E — li_r)n(h, j) is also a A-isomorphism. Then the following diagram com-
mutes:

h,(E) 0—>J/—L>li_n>1(h,j)£>M—>0

Vit = J1d 3 ho J1d :

E 0->J5 EL Moo
that is, fzvh_ s the required congruence h.(E) = E’. Conversely, let i : J — J' be
a A-isomorphism and suppose that c is a congruence h,(E) = E':

h.(E) 0— J’—L>1i_1)n(h,j)1>M—>O
le = J1d d o J1d
E 0-JL EL M-o0

Recall the natural pushout morphism vy, : E — h,(E);

E 075 EL Mo
b = I v lud
h+(E) 0—> J/—‘>1'£1)1(h,j)1>M—>o

Then ¢ o vy, : E — E is an isomorphism over Idy, as required. 0

Now assume that M is coprojective and let J € £21(M). The relation = (iso-
morphism over Id) is an equivalence relation on Stabg(M, J). Let (S) denote the
equivalence class of S under =. It is tautological that the elements of 7, L(J) are
precisely the distinct equivalence classes (S) as S runs through Stabg (M, J).

Choose a specific stably free 0-complex of finite type

E=0—>J5E% M-0)
and define a mapping « : Ker(S;) — 710_1 (J) by
K(LfD = (f«(E)).
It is straightforward to verify that « is well defined; moreover, from (7.19) we have:

Kk 1s surjective. (8.13)

fF=0—J EAY . VN 0) and & € Aut4(J) then (h.(F)) = (F) by (7.22).
Now suppose that f € Ker(S;). Then fi(E) is a stably free 0-complex of finite type.
Taking F = f,.(E) we see that (h, f(E)) = (fx(E)); that is:
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k((RILfD) = k([ f]) forall h € Auty(J) and all [ f] € Ker(Sy). (8.14)
Thus there is a surjective map k. : Im(v)\ Ker(S,;) — 75 ' (/) given by
kx(Im)f]D = (f«(E)).

Suppose that «,(Im(v;)[ f]) = k. (Im(vy)[g]). Then f.(E)=yq,, g«(E). By (7.22)
there exists & € Auty(J) such that h.(f.(E)) = g«(E). Thus [hf] = [g] €
Autper(J) by (7.20); that is [k][f] = [g]. However [h] € Im(v;) so that
Imwy)[f]=Im(vy)[g]. Thus k, : Im(v;)\ Ker(S;) — n(;l(l) is injective and so
also bijective. We have shown:

Theorem 8.15 Let M be a finitely presented coprojective module; then for each
J € 21(M) there is a bijection k, : Im(vy)\ Ker(S;) <— 71()_1(]).

It is now immediate from the definition that:

Proposition 8.16 Let M be a finitely presented coprojective A-module and J €
21(M); then |y ' (N =1 <= J is full.

If M is a finitely presented module we denote by ri (M) the minimal value of
r(J) as J runs through 21 (M). It follows from Theorem 7.34 that:

Proposition 8.17 Let M be a finitely presented coprojective A-module; if §21(M)
does not branch at levels > n then Algy(M) does not branch at levels >
max{n,ri(M),o(A) + 1}.

Proposition 8.18 Let M be a module of type FT (n+ 1) such that Ext"*1 (M, A)=0;
then m, : Alg, (M) — §2,+1(M) is surjective.

Proof Let E = (0 — J’—J>Eni"> 32>E1 ﬁ>E0—€>M—>O) be an algebraic

n-complex and let J € §2,41(M). Decompose E as a Yoneda product E=G o F
where

G=(0_>J’l>Enﬁ>K—>0);

n—1

9,
F=0>KS5E, 15 % E S M0

with K = Ker(d,_1) = Im(d,) and where ¢ is the inclusion of K in E,_;.
Since J, J' € £2,41(M) there exist positive integers a,b and a A-isomorphism
v J @® A — J & AP. Consider the stabilization

jdld
PUEES

G =0T @ E,& AP " K - 0)
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and modifyitto G| = (0 > J @ A* N E,® AP ai;[ K — 0) where t = (j ®Id) o).
By dimension shifting Ext! (K, A) = Ext"t!(M, A) = 0 so that K is coprojec-
tive. By the de-stabilization lemma of Proposition 5.17 there exists a stably free
0-complex

G=0—J5E "MK 0

such that X¥¢ (G2) = G1. Putting E’ = G; o F we see it takes the form
=0—>J—>E,—>--—E —Ey—>M—0).

Now E’ is an algebraic n-complex with 7,(E’) = J and 7, is surjective as
claimed. O

8.5 Counting the Fibres of x,

Om—1

Let F_ = (0—>K—>E — --~E>E0—€>M—>O) beastablyfree (m — 1)-

Bm m
complex and let F; = (0 — J EN Eptk " E, S K—>O0bea stably

free k-complex so that the Yoneda product

j O 0 d
FioF_.=0—>J5E,u™S .  3E3ESM-0)

is a stably free m + k-complex. Here 9,, =t o €. There is an additive functor again
given by Yoneda product, # : Ext‘*1 (K, J) — Ext"***1(M, J); G~ GoF_. By
standard dimension shifting the mapping # : Ext*T1(K, J) — Ext" k1 (M, J) de-
fined by #[G] = [G o F_] is an isomorphism of abelian groups. Let Stab.(A, B)
denote the subset of Ext‘t1 (A, B) represented by exact sequences of the form

O>BSE%S. . N ES A0
where E, is stably free:

Proposition 8.19 The mapping # : Extt1(K, J) — Ext"t*+1 (M, J) given by
#[G] =[G o F_] induces a bijection # : Staby (K, J) — Stab,, (M, J).

Let G1, G, € Staby (K, J); if G| =~ G then clearly G| o F_ ~ G, o F_. It fol-
lows that there is a well defined mapping 1 : Alg, (K, J) — Alg,, (M, J) given
by 8([G]) = [G o F_]. Moreover, it is then clear that the diagram below com-
mutes.



8.6 Realizing Algebraic n-Complexes for n > 3 161

Stabi (K, J) Stab, 1 (M, J)
[ Ik [ Im
Alg, (K, J) : Alg,, (M, )
T Tk

$2k11(K) = 2pyk1 (M)

We give preference to the description §2,,x+1(M) over §2;4+1(K). Asboth [ ]y and
# are surjective then from the commutativity of the above diagram:

Proposition 8.20 The mapping 1 : Alg, (K, J) — Alg,, . (M, J) is surjective for
each J € Qpyp+1(M).

The commutativity of the bottom triangle in the above diagram shows that f re-
stricts to a surjective mapping  : 7, ! J) — n,;}r ¢ (J); in fact a stronger statement
is true:

Theorem 8.21 The mapping 1 : n,:l(J) — n,;j_k(J) is bijective for each J €
mti+1(M).

Proof We have see that § is surjective. However if G| o F_ >~ G o F_ then, by
Proposition 8.18, G| >~ G so that { is also injective. O

In the special case k = 0, by dimension shifting Ext!(K,A) =
Ext”"t1(M, A) = 0 so that K is coprojective. In this case we compute the fibre
710_1(1) exactly by Theorem 8.15 to get a bijection Im(v;)\ Ker(Sy) < nO_I(J).
Composing with the bijection f we obtain:

Theorem 8.22 IfExt" (M, A) =0 then for each J € $2,,+1(M) there is a bijec-
tive mapping 1 : Tm(v;)\ Ker(S;) —> ;1 (J).

8.6 Realizing Algebraic n-Complexes for n > 3

In this section we take A = Z[G] where G is a finitely presented group. We consider
algebraic n-complexes A, over the trivial module Z; that is, we assume that the
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algebraic complexes considered have the property that Hy(A,) = Z. We will show
that, when n > 3, all such algebraic n-complexes are geometrically realizable.
Suppose given a finite presentation G = (X1,..., X, | Wi, ..., W,) of G and for
each s > r + 1 make a choice of a trivial relator WY’ for k > 1 denote by ¥ k(g) the
presentation
SR = (X1, X | Wi W, W W),

r r

It is straightforward to see that:
ZL(C(G) = Cu(ZHG)). (8.23)

An algebraic 2-complex A, is realizable precisely when it is homotopy equivalent
to C,(G) for some finite presentation G; it follows from (8.23) that:

If the algebraic 2-complex A is realizable then each Ek(A*) is also realizable.
(8.24)

Proposition 8.25 Let A, be an algebraic n-complex where n > 3; if Afkn_l) is real-
izable then so also is A,.

Proof Without loss of generality we may suppose that A, is free over A. Suppose
that Ai”_l) is realizable by the finite connected (n — 1)-complex ¥ with 7 (Y) = G;
then A7~! ~ C,(Y) where

Ci(Y)=(0— 1y—1(¥Y) = Ch1(¥Y) = --- = C1(Y) = Co(Y) = Z — 0)

is the cellular chain complex of Y. Consider the factorization of the boundary map
8y through its image K thus

By exactness of A, and the Hurewicz Theorem K = nn_l(?) Em,—1(Y). Let
€1,...,€q be a Z[G]-basis for A,. Identifying K with 7,_1(Y) then each n(e;)
is represented by a mapping «, : "1 — Y. Let X be the finite n-complex obtained

by attaching n-cells e’l', e, e"; toY viaay,...,aq:
d

_ n

x=rUlls
(e}, j=1

Then A, ~ C.(X) so that A, is realizable as claimed. O
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Theorem 8.26 Every algebraic 3-complex is realizable.

Proof Let A, =(0— J - A3 —> Ay - A - Ap —> Z — 0) be an algebraic
3-complex with 2-skeleton

AD=(0—> K - Ay— A > Ag— Z— 0).

Choose a finite presentation G for G. By Theorem 8.9 E“(Aiz)) ~ ¥bC.(G)
for some a,b > 1. Hence by (53,1), T9(AP) ~ C.(ZG). As Ci(ZG)
is tautologically realizable then Z“‘(A,(kz)) is also realizable. Now consider
AL=0—>J—> A3® A" > Ay ® A - A — Ag — Z — 0). Then A,? =
2“(Ai2)). As 2“(Ai2)) is realizable then A/, is realizable by Proposition 8.25.
However, A, >~ A/, so that A, is realizable. O

From Proposition 8.25 and Theorem 8.26 we obtain immediately:

Corollary 8.27 Every algebraic n-complex is realizable for n > 3.
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Chapter 9
Rings with Stably Free Cancellation

The ring A has the stably free cancellation property (abbreviated to SFC) when for
any A-module S and any positive integers m, k

S®A"TZ AR — s Ak (SFC)

As noted in Chap. 1, the theorem of Gabel ensures that every stably free A-module
is free precisely when A has the SFC property; thus we may concentrate our discus-
sion on finitely generated modules.

There is a stronger property than stably free cancellation; the ring A is projective
free when every finitely generated projective A-module is free. As a fundamental
notion projective freeness is inconveniently restrictive; even so, it is a property too
useful to be ignored and we make use of it at a number of places. For rings of Laurent
polynomials the two notions are connected via the theorem of Grothendieck [4] that
I?o(A[t, iD= I?B(A) if A is a coherent ring of finite global dimension. Under this
hypothesis, if A[,7~!] has property SFC then

Alt, t_l] is projective free <= I?O(A) =0.

9.1 Group Algebras and the Retraction Principle

Given aring R and a group G we are interested in the relationship between R and
R[GT] in the context of the SFC property. In one direction the relationship is straight-
forward; we say that ring A is a retract of B when there are ring homomorphisms
i:A—> Bandr:B — A suchthat r oi =1Idy. If M is a module over A it then
follows that ryi.(M) = M. Suppose that A is a retract of B; if S is an A-module
such that § @ A” = A¥H then i, (S) @ B™ = B**™ If B has SFC then i (S) = B¥
and so S = i, (S) = A*; that is:

Let A be a retract of B; then B has property SFC = A has property SFC. (9.1)

As an example, R is a retract of the group ring R[G] viai: R — R[G];i(a) = al
and € : R[G] — R; E(Zg ag8) = Zg ag so that:

If R[G] has property SFC then so also does R. 9.2)

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 167
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Thus we may focus our interest on:

Question Let R be a ring satisfying SFC; for which groups G is it true that R[G]
also satisfies SFC?

In this chapter we give some, more or less standard, examples of rings with the
SFC property. In Chaps. 10, 11 and 12 we consider the above Question in detail with
reference both to examples where the SFC property persists for R[G] and also to
cases where it fails. As a convenient class of rings with the SFC property we begin
with:

9.2 Dedekind Domains

A Dedekind domain R is a commutative Noetherian integral domain which is inte-
grally closed in its field of fractions k(R) = k. When R is Dedekind a theorem of
Steinitz [11, 87, 88] allows us to classify finitely generated torsion free R modules.

The set J(R) of nonzero ideals in R is a commutative monoid under mul-
tiplication. We write Pic(R) for the set of isomorphism classes in J(R). It is
known that Pic(R) is finite and acquires a group structure from the monoid struc-
ture on J(R). An R-module M is said to be forsion free when the mapping
M — M Qg k;m+— m ® 1 is injective; if M is a nonzero finitely generated tor-
sion free R-module then:

OM=1---® Jy, where J, € J(R).
Moreover if M’ = J| @ --- @ J), is another such direct sum then
(i) M=M= p=mand [J]---J1=[J; - Ju] € Pic(R).
It follows that:
Ko(R) = Pic(R). 9.3)

In general, of course, I%(R) # 0; that is, Dedekind domains are not usually projec-
tive free. However, it follows easily from the Steinitz classification that:

Any Dedekind domain R has the SFC property. 9.4)
There are two notable cases where R[G] continues to have stably free cancellation:
Free Group Algebras When A is a ring we denote by A(X) the free algebra over
A on the set X. If Fy is the free group on X we may describe the group algebra
A[Fyx] as the localization A(X, X~!) of A(X) obtained by formally inverting each

x € X. By generalising an earlier argument of Sheshadri [85], Bass showed ([2],
p. 213) that:

If R is a Dedekind domain then R(X, X ') has the SFC property. 9.5)
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In the original context of Sheshadri’s argument, R was a commutative principal ideal
domain and | X | = 1. Bass’ generalization shows rather more than we have indicated,
namely that if P is a finitely generated projective module over A = R(X, X~!) then
P =i.(Py) & A™ where Py is an ideal (necessarily finitely generated projective)
of Randi: R — R(X, X _1) is the inclusion. Taken to its logical conclusion, She-
shadri’s original proof actually shows something stronger (cf. [19]):

R(X, X ) is projective free R is a commutative principal ideal domain. (9.6)

Although it does not concern us directly we note that the same arguments establish
the corresponding results for free algebras; namely:

If R is a Dedekind domain then R(X) has the SFC property. 9.7)

If R is a commutative principal ideal domain then R(X) is projective free. (9.8)

Free Abelian Group Algebras When A is aring we denote by A[7'] the polyno-
mial algebra over A on the finite set T'. If F. ?b is the free abelian group on 7 we may
describe the group algebra A[F;fb ] as the localization A[T, T~'] of A[T] obtained
by formally inverting each ¢ € T'. In the aftermath of the Quillen-Suslin proof of the
Serre conjecture [81, 90], it was shown ([67], p.189) that:

If R is a Dedekind domain then R[T, T '] has the SFC property. (9.9)

The same considerations apply to polynomial algebras to give:

If R is a Dedekind domain then R[T] has the SFC property. (9.10)

9.3 Free Group Algebras over Division Rings

Let I" be a commutative integral domain with field of fractions k; if I" is a Dedekind
domain then I" is maximal in k in the sense that if I"" is a subring of k such that
' C I'" Ck then either I'" = I" or I'" = k. Here of course we allow, as a special
case, the possibility that I" = k. It is natural to ask to what extent the results of
Sect. 9.2 generalize if I" is replaced by a proper subring of a noncommutative divi-
sion ring. As we shall see in Chap. 12, however, the attempted generalization fails
badly, even in the comparatively simple case where I is a maximal proper subring
of the rational quaternion algebra.

In Sect. 9.2 we observed that when R is a Dedekind domain both the free group
algebra R(X, X~!) and the free abelian group algebra R[T,T~'] have the SFC
property. These two cases intersect only when | X| = |T| = 1; that is, in the case of
the group ring R[Cco] of the infinite cyclic group Cuo.
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For a ring A we may represent the group algebra A[Coo] as the ring A[x, x~!]
of Laurent polynomials in the variable x with coefficients in A; that is:

N
Alx,x 1= a(x):Zarxr:n,NeZ, ar€Ay.

r=n

Ifa(x)= Zﬁ\’:n a,x" € Alx, x~'] we define the length X(o) to be N — n provided
ap #0 and ay # 0. If A = D is a (possibly noncommutative) division ring then
A defines a Euclidean valuation on D[x, x~!] allowing us to apply the division al-
gorithm. We may thus conclude that D[x, x~1is a (left and right) principal ideal
domain. It follows that:

D[x, x~ '] is projective free for any division ring D. 9.11)

The discussion of Sect. 9.2 now bifurcates sharply. On the one hand, if X =
{x1,...,x,} the free group algebra D(X, X~!) is isomorphic to the free product
of D-algebras

D(X, XY= Dlxi,x; 1%+ % Dlxn, x;, '],

where the coefficients D are identified in the various copies. Then a result of Dicks
and Sontag [20], generalizing earlier results of Cohn, shows that:

D(X, X~} is projective free for any division ring D. (9.12)
Hence
D(X, X~ satisfies SFC for any division ring D. (9.13)

The situation for free abelian group algebras is entirely different; one may gen-
eralize arguments of Dicks-Sontag [20], Ojurangen-Sridharan [76] and Parimala-
Sridharan [79] to show that for any noncommutative division ring D

DIT, T~ possesses nontrivial stably free modules whenever [T'| >2. (9.14)

9.4 Local Rings and the Nakayama-Bourbaki Lemma

Denote by rad(A) the Jacobson radical of a ring A (cf. [66], Chap. 2). Recall that
an ideal m of A is radical when m C rad(A) and that the ring A is said to be local
when A /rad(A) is a division algebra. For the avoidance of doubt, in what follows,
there is no assumption that a local ring need be commutative unless specified.

Proposition 9.15 Let m be a two-sided radical ideal in a ring A and let M be a
finitely presented flat A-module; then
M @, (A/m) is free over A/m — M is free over A.

This criterion clearly derives from Nakayama’s Lemma. However, the form in
which we use it is a special case of a statement from Bourbaki ([11] p. 83, Propo-
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sition 5). Any finitely generated projective A-module M satisfies the hypotheses of
Proposition 9.15. Moreover, if M is stably free then M ® 4 (A/m) is stably free
over A/m; we see that:

Corollary 9.16 Let m be a two-sided radical ideal in a ring A; then
A/mhas SFC = A has SFC.

To apply this in the first instance, take A to be local and m = rad(A). Then the
division ring A /m has the SFC property so that we obtain:

Corollary 9.17 If A is a local ring then A has SFC.

Next suppose that A is a local ring so that D = A/rad(A) is a division ring.
The canonical mapping ¢ : A — D induces a surjective ring homomorphism
0« AX, X1y - D(X, X~y in which Ker(p,) = rad(A)(X, X~!). In general
rad(A)(X, X~ 1) is not a radical ideal in A(X, X~!). In two special cases, however,
it is. Firstly when rad(A) is nilpotent; we may then apply (9.13) and Corollary 9.16
to show that;

If A is alocal ring and rad(A) is nilpotent then A (X, X~ has SFC. (9.18)
Secondly rad(A)(X, X!} is again a radical ideal when A is complete. The same

formal argument applies to show:

If A is a complete local ring then A(X, X ') has SFC. (9.19)

9.5 Matrix Rings

We briefly consider stably free cancellation over rings of matrices; fix n > 1 and let
C(n) and R(n) denote respectively the set of n x 1 and 1 x n matrices over A;
Al

A2
C(n)= s hieAgs Rm) ={(A1,22,..., M) A € A}

An
Then C(n) is a M,;(A)-A bimodule whilst R(n) is a A-M, (A) bimodule and we
have additive functors
@ZMOdM”(A)—>MOdA; (D(M)ZM@Mn(A) C(n),
lI/IMOdMn(A)—>MOdA; Y(N)=N®x R(n).

Morita’s Theorem is the easily verified statement that, up to equivalence, @ and ¥
are mutually inverse. If S is a stably free module of rank k over M, (A) then @ (S)
is stably free of rank kn over A. Now if A has property SFC then & (S) = A",
Likewise @ (M, (A)k) =~ A% However @ is injective on isomorphism classes so
that S = M,,(A)* and we have shown:

A has property SFC =  M,,(A) has property SFC. (9.20)
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9.6 Iterated Fibre Products

When A is a direct product of rings A = A| X A, the projection maps 7, : A — A,
induce additive functors (77, ), : M4 —> M, and yield an additive functor

(1, 2) : Mg —> Ma; X May; (1, 1) (M) = (1)« (M), (72)(M)).
Forr=1,21eti,: A1 — A denote the canonical injection; that is:
i1(ar) = (a1, 0); i2(az) = (0, a2).

Then i1, i» are homomorphisms of ‘rings without identity’; that is, they are addi-
tive and multiplicative but do not preserve the multiplicative identity. Even so they
induce additive functors (i, ) : M4, — M4 so that we also get an additive functor

(i1,02) : My, x My, — Myu; (i1, i) (M1, M2) = (i1)«(M1) @ (i2)«(M>)

which is an equivalence of categories with inverse (i1, 2). Moreover, the A-module
S is stably free over A if and only if S; = (71;)(S) is stably free over A;. It follows
easily that

A1 x Aj has property SFC <= A, has property SFC fori =1,2. (9.21)

Now suppose that A, B are classes of rings, closed under isomorphism; for each
integer n > 1 we define a class of rings .7, (B, A) iteratively thus;

(i) Re J1(B,A) if and only if R € B;

(i) R € J,(B,A) if and only if there exist R; € Jyx(B,A), Ry € J;(B,A) with
k 4+ [ = n such that either
(a) R isisomorphic to a fibre product

R B R
Im e
R ﬂ>A

which satisfies the Milnor condition and where A € A or
(b) R=R; X R.
(Although we choose not to express it so, the condition (b) could be regarded
as a degenerate case of (a) by allowing fibre products over the ‘zero ring’.)

We define the class J (B, A) of iterated fibre products with building blocks B and
amalgamations A by

JB.A) =] 7B, A).
n>1

We note for the record that:

If B is a class of commutative rings then each R € J (B, A) is commutative.
(9.22)

Morever, this construction is compatible with the formation of group rings. Thus if
A is a class of rings and G is a group we denote by A[G] the class of rings of the
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form A[G] where A € A. Then it is straightforward to verify that for any classes of
rings A, B and any group G

J B, A)[G]=TB[G], A[GD). (9.23)

By (9.21), the SFC property is closed under direct product; thus it is straightforward
to iterate the conclusion of Corollary 3.54:

Theorem 9.24 Let A be a class of weakly Euclidean commutative rings and let B be
a class of commutative rings possessing the SFC property; then each R € J (B, A)
has the SEC property.

Let L denote the class of rings L of the form L = L x --- x L,, where each L;
is a commutative local ring with nilpotent radical. Then by Corollary 2.46, Proposi-
tion 2.47, each L € L is weakly Euclidean. Next take D to be the class of Dedekind
domains. Then each D € D has SFC by (9.4). It now follows from Theorem 9.24
that:

If R € 7(D, L) then R has the SFC property. (9.25)

We can improve on this example. With the same notation, and taking G = C, for
any L € L, the group ring L[Cx] is weakly Euclidean by Proposition 2.47 and
Corollary 2.52. Moreover, for D € D, D[Cx] has property SFC by (9.5). Thus each
R € J(D[Cx], L[Cx]) has the SFC property. However, if R € J(D, L) then, as
noted in (9.23), R[Cx] € J(D[Cx], LICx]). It follows that:

For each R € J(D, L), R[C] has the SFC property. (9.26)



Chapter 10
Group Rings of Cyclic Groups

In this chapter we begin the detailed study of the SFC property for group rings of
the form Z[F,, x @] where F, is the free group of rank n > 1 and @ is finite. In
the first instance we consider the rings Z[F,, x C,,] where C,, is the cyclic group of
order m.

As Z[®] is aretract of Z[F,, x @] it follows that a prior condition for Z[F,, x @]
to have stably free cancellation is that Z[@®] should also have this property. The
question of stably free cancellation for Z[®] and related rings has been studied
extensively by Swan [92-94] and Jacobinski [46], building upon earlier work of
Eichler [27].

10.1 Stably Free Modules over Z[®]
Take @ to be a finite group; one may begin with a general finiteness statement which
is a consequence of the Jordan-Zassenhaus Theorem [18, 102]:

SF,(Z]P)) is finite for each n > 1. (10.1)

A preliminary consequence of the Swan-Jacobinski generalization of Eichler’s work
is that a stably free module of rank > 2 is necessarily free; that is:

|ISFL(Z[®])|=1 whenn > 2. (10.2)
In consequence of which:
Z[ @] has the stably free cancellation property <= |SF(Z[®])|=1. (10.3)

Swan also gives a sufficient condition for Z[@®] to have stably free cancellation. To
explain this, we consider the real group ring R[@]; by Wedderburn’s Theorem we
have

R[®]= [ [ M4 (D).

i=1
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where D; is R, C or H, the last being the division ring of Hamiltonian quaternions

i ()

We say that @ satisfies the Eichler condition when H is not a factor of R[@]; that
is, when the case D; = H and d; = 1 does not occur. Swan’s first theorem gives a
sufficient condition for Z[®] to have stably free cancellation [92, 94].

If @ satisfies the Eichler condition then |SF 1 (Z[®])| = 1. (10.4)

The Eichler condition rules out the existence of nontrivial stably free modules in
very many cases and has the advantage that it is relatively easy to check. It is, how-
ever, not a necessary condition and further analysis of the problem is rather more
intricate. Evidently it is the presence of quaternionic factors that causes problems
and as test cases we may consider the generalized quaternion groups Q(4n) (n > 2):

Q(@n) = (x, ylx" = y*, xyx = ).

It is straightforward to check that | Q(4n)| = 4n; moreover
R® x Mr(R)"=2/2 5 H"/? n even,

RIQ@m] =] ) .
R® x Mr(R)"D/2 % C x H*D/2 5 odd.

Evidently each Q(4n) fails the Eichler condition. In his remarkable paper [94] Swan
shows:

Z[Q(4n)] has the SFC property if and only if n < 5. (10.5)
In particular:
Z[Q(4n)] has at least one nontrivial stably free module whenever n > 6. (10.6)

In [94] Swan also gives explicit calculations of |SF{(Q(4n))| for n < 10 and in
addition for the cases n = 12, 15, 21. Moreover, employing results of Vigneras [97],
he also estimates the asymptotic growth of |SF (02Ky).

In studying stably free cancellation over Z[ F,, x @] we are, in effect, attempting
to generalize the results of Swan from Z[®] to A[®] where A = Z[ F},]. The extent
to which this is possible is still problematic. In this chapter and the next we show
that A[®] has SFC in the cases @ = C),, D, where p is an odd prime. However, as
we shall also see, as @ becomes only slightly more complicated the SFC property
fails. When « is a field similar results hold for the group rings k[C%, x @] although
[59] with different justifications. However, the group rings k[F,, x @] always have
SEC.

10.2 Stably Free Cancellation for Z[F, x C,]

In this section we show that, when p is prime, the group ring Z[F, x C,] has the
SFC property. As Z[C)] is a retract of Z[F, x Cp] this implies the well known
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statement that Z[C),] has the SFC property and it is instructive first to demonstrate
this point. Throughout this chapter, cy(x) will denote the cyclotomic polynomial
corresponding to a primitive dth root of unity. When p is prime clearly ¢, (x) =
xP~1 4 xP=2 4 ... 4+ x 4+ 1. We denote by R(p) = Z[x]/cp(x) the ring of integers
in the cyclotomic field

Q(¢p) = QIxI/GxP T +xP7 2 4 fx 4 ).

When p is understood we simply write R(p) = R. To begin we note ([38], pp. 525—
526) that

R is a Z-lattice of rank p — 1in Q(¢)). (10.7)
(¢ — DR hasindex p in R. (10.8)

Moreover, if 1 <k < p — 1 then the correspondence ¢ — ¢¥ induces an automor-
phism R > R.Inparticular (¢¥ —1)R = (¢ —1)R and hence (¢ —1)/(¢ — 1) € R*.
Thus

1+¢+---+¢c5"eR* whenever2<k <p—1. (10.9)

As ¢ has order p and |F;| = p — 1 then under the canonical homomorphism

R — F), we see that { — 1. In particular, given k € F}", the unit 1 +¢ + --- + ¢k!
maps to k under R — F,; that is:

The canonical homomorphism R — F), has the lifting property for units. (10.10)

The factorization x” — 1 = (x — 1)c,(x) gives rise to a fibre square

ZIx]/(xP —1) =5 Z[x]/cp(x)
b Iv
Zixl/(x—1) —> F,

where F), is the field with p elements and v is reduction mod p. After making the
identifications Z[Cp] = Z[x]/(x? — 1) and Z =Z[x]/(x — 1) this becomes

Z[C,] == R
Zp={ ln Lo
Z 5 ¥,

As the ring homomorphism R — F, is surjective then Z(p) has the Milnor patch-
ing property. Moreover, both Z and R are Dedekind domains and so have the SFC
property by (9.4). Thus Z(p) is of locally free type; furthermore F, is weakly Eu-
clidean. Finally, it follows from (10.10) that Z(p) is pointlike in dimension one. As
the hypotheses of Corollary 3.48 are satisfied we conclude:

If p is prime then Z[C ] has property SFC. (10.11)

Of course, (10.11) is special case of Swan’s Theorem (10.4) as R[C,] =
R x C?=D/2 hag no quaternionic factors. Nevertheless, whereas the Swan-
Jacobinski Theorem requires that the coefficients of the group ring should at least lie
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in a Dedekind domain, we may use the above proof as a model in more general con-
texts. Let F}, denote the free group of rank n. By applying the functor — ®z Z[ F,]
to Z(p) we obtain another Milnor square

Z[F, x C)] == RI[F,]
Z(p)[Fu]= N Ly
ZIF,) -5 Fo(F)

As F, is a TUP group then for any integral domain A, the group ring A[F,] has
only trivial units. It follows easily from (10.10) that:

The induced map on units v : R[F,]* — F,,[Fn]* is surjective. (10.12)
Hence:
Z(p)[Fy,] is pointlike in dimension one. (10.13)

If X ={x1,...,x,} is a generating set for F;, then the group ring A[F},] may be
described alternatively as A(X, X’l) = A(xl,xl_l, .. .,xn,xn’l), the ring of Lau-
rent polynomials in noncommuting variables x1, ..., x,,. Moreover, as Z and R are
Dedekind domains then both Z(X, X~!) and R(X, X~!) have the SFC property by
(9.5). Finally F, (X, X_l) is weakly Euclidean by Theorem 2.49. Thus Z(p)[F,]
satisfies all the hypotheses of Corollary 3.48 and so:

Z[F, x Cp] has the SFC property for each prime p. (10.14)

10.3 Stably Free Cancellation for Z[C, x C,]

Let d be a positive integer and let ¢; € Q be a primitive dth root of unity. The dth
cyclotomic polynomial ¢y is then

)= [] &x—=eh.

(r,d)=1

Although ¢, (x) is ostensibly a polynomial over Q it is actually defined over Z and
is irreducible over Q. When A is a nonempty finite set of positive integers we define

calx) = ]_[ca(x).
acA

The next proposition is presumably well known but difficult to locate within the
literature:

Proposition 10.15 Let A be a finite nonempty set of positive integers and let d be a
positive integer such that d € A; then for some nonzero integer N

Z[x]/((ca(x)) + (ca(x))) = (Z/N)((ca(x)) + (ca(x))).
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Proof First consider ¢4(x), c4(x) as polynomials over Q. It is clear from definitions
that c4(x), c4(x) have no common factor over Q. A fortiori they have no common
factor over Q. Hence there are rational polynomials «(x), B(x) such that

a(x)cq(x) + B(x)ca(x) = 1.

After clearing fractions there exist integral polynomials a(x), b(x) and a positive
integer u such that a(x)cq(x) + b(x)ca(x) = u. On taking

N =min{p € Z; : a(x)cqg(x) + b(x)ca(x) = u; a(x), b(x) € Z[x]}
we see that Z[x]/((cq(x)) + (ca(x))) = (Z/N)[x]/((ca(x)) + (ca(x))). U

By a cyclotomic ring we mean one of the form Z[x]/(c4(x)) where A is a
nonempty finite set of positive integers. There are two examples of importance for
us. Firstly, if m is a positive integer we may represent the integral group ring Z[C,,]
in the form Z[x]/(x™ — 1). Thus x™ — 1 = c4(x) and so Z[C,,,] = Z[x]/ca(x)
where A is the set of positive divisors of m; that is:

For each positive integer m > 2 the integral group ring Z[C,,] is a cyclotomic ring.
(10.16)

Let 1 (G) denote the integral augmentation ideal of the finite group G; then the Z[G]
dual 7*(G) has a natural ring structure, namely the quotient Z[G]/(X) by the two-
sided ideal generated by X' = Zg g. Writing B ={b € Z, : b divides m and b # 1}
we see that then 1*(C,) = Z[x]/(cp(x)); thus:

For each positive integer m > 2, I*[C,,] is a cyclotomic ring. (10.17)

Recall that in Sect. 9.6 we considered the class of iterated fibre products 7 (D, L)
where D is the class of Dedekind domains and L is the class of finite products of
local rings each with nilpotent radical. Then we have:

Proposition 10.18 If R is a cyclotomic ring then R € J (D, L).

Proof We must show that Z[x]/(ca(x)) € J(D, L) whenever A C Z 1is a finite
nonempty set of positive integers.

The proof is by induction on |A|. If |[A| =1 then c4(x) = c4(x) where A = {a}.
Then Z[x]/(c,(x)) is the ring of integers in the algebraic number field Q[x]/(c,4 (x))
([10], p. 88). In particular, Z[x]/(ca(x)) = Z[x]/(c4(x)) is a Dedekind domain and
so belongs to J1 (D, L).

Now suppose that it is established that Z[x]/(cp(x)) € J5(D, L) when |B| <
k — 1 and suppose that |A| = k. Choose d € A and put B=A — {d}. Then c4(x) =
cq(x)cp(x) and we have a fibre product

Z[x]/(ca(x)cp(x)) — Z[x]/(cp(x))
2 A
Z[x]/(ca(x)) — Zlx]/(ca(x)) + (cp(x))

in which the arrows are the identification maps. In particular, all arrows are surjec-
tive and the square satisfies the Milnor condition. Again Z[x]/(cq(x)) € J1(D, L)
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as in the induction base. Now |B| =k — 1 so, by induction, Z[x]/(cp(x)) €
Jik—1(D, L). Finally, if N > 2 then by Proposition 10.15 Z[x]/(c4(x)) + (cp(x))
is a finite product of local rings, each with nilpotent radical and so

Z[x]/(ca(x)) =Z[x]/(ca(x)cp(x)) € Tk (D, L).

In the case where N =1 then Z[x]/(ca(x)) = Z[x]/(cqa(x) x Z[x]/(cp(x)) and

again Z[x]/(ca(x)) € Jx (D, L). This completes the proof. O
From (9.26) and the above it now follows that:

Corollary 10.19 Let S be a cyclotomic ring; then S[Coo] has property SFC.

In particular, writing Z[Cs X C;] = R[C] wWhere R = Z[C,,,] we see that:

Theorem 10.20 For any positive integer m > 2 the group ring Z[Coo X Cy,] has the
SFC property.

Theorem 10.20 is a result of Bass and Murthy [3]. The above proof is, however,
more direct than the original.

10.4 Stably Free Modules over Z[ F,, x C4]

Evidently Theorem 10.20 provides a partial generalization of (10.14), so it is natural
to ask whether (10.14) generalizes completely; that is:

Question Does Z[ F;, x Cy,] have the SFC property when n > 2 and m is not prime?

O’Shea [78] has answered this question in the negative when m is divisible by
p2 for some prime p. He shows that Z[F,, x C,] then has infinitely many isomor-
phically distinct stably free modules of rank 1. Below we give the simplest case,
m = 4; our account is a slight variation on O’ Shea’s original argument. We begin
with the Milnor square

ZIx1/(x* = 1) = Z[x]/(x*> + 1)
A= ¢ I
Zix1/(x? = 1) = Falx]/(x2 = 1)
Writing A[C,] = A[x]/(x"" — 1) this becomes
Z[C4]— R

A= J J
Z[Co] — F2[Cr]

where R = Z[x]/(x> + 1). We write R = Z[i] where i> = —1.
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Let G be a group with the property that B[G] has only trivial units whenever B
is an integral domain. Tensoring with Z[G] we obtain

Z[G x C4s] >  R[G]
AlG] = \ {
Z[G x C2] — F1[G x (3]

Proposition 10.21 Z[G x C3] has only trivial units.

Proof Write A = Z[G] and C, = (r]t> = 1) so that Z[G x C2] = A[C>] and let
u=1uy + ust € A[C>2]*. We claim that either u; = 0 or up = 0. Thus consider the
ring homomorphism

@:A[C] > Ax A; ¢la+bt)y=(a+Db,a—D).

Then ¢(u) € A* x A* sothat u; +uy € A* and u; —up € A*. As A =7Z[G] has
only trivial units then

up+uz =mg; uy —uz =mh,
where n; =41 and g,h € G.
2uy =mg+mh; 2up =mg —mbh.
If h # g then u; ¢ Z[G]. Thus h = g and the four possibilities for the pair (11, 2)
give (u1 =g,u2=0); (u; =0,ur=¢); w1 =—g,up=0); (1 =0,up =—g) and

so either u; = 0 or up = 0 as claimed. In either case, u is a trivial unitin Z[G x C3].
O

We denote by [u] the class of u € Fo[G x C2]* in Z[G x C2]*\F2[G x C2]*/
R[G]*. Putting s =t 4+ 1 € F2[G] we have s2 =0. When « € F»[G] we regard
1 4+ sa as an element of F2[G x C;] via the identifications

I+s5a~1Q014+a®seF[G]RF[C2] =F>[G x Ca].

Observe that 1 + sa € Fo[G x Ca]* with (1 +sa)" ! =1 + sa.
Write « € F»[G] in the form o = desupp(a) agg. Then ‘a; =0’ is equivalent to

the statement that ‘1 ¢ supp(x)’. Observe that if 1 & supp(c) then 1 & supp(garg™")
forany g € G.

Proposition 10.22 Let «, B € F32[G] be such that a1 = 1 = 0; if [1 + sa] =
[1+sB] then |supp(e)| = |supp(B)].

Proof The class [1 + sa] consists of all elements of the form vy (w1) (1 4+ sa) vy (wy)
where w; € Z[G x Cp]* and wy € R[G]*. As Z is an integral domain then Z[G]
has only trivial units. By Proposition 10.21 the units of Z[G x C5] are also trivial
so that

wy = n18t°,
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where g € G n; = *£1, e1 € {0, 1}. Likewise R is also an integral domain so that
wy = uh where h € G and u € R*. However R* ={1,i, —1, —i} so that

wy = nphi®?,

where h € G np = %1, e; € {0, 1}. We note that st° = s in Fo[G x C;] for any
exponent e and that vy (i) = vi(t) =¢. As v.(—1) =1 we have

v(w) (1 + sa)v(wr) = (ght' T2 + 519142 (garh)) = (ght 12 + s(gah)).

Let my : Fo[G x C2] — F2[G] denote the homomorphism induced from the pro-
jection 7 : G x C, — G. Then 7,(t) = 1 and 7,.(s) = 0 and so w(ght® ¢ 4
s(gah)) = gh. Thus if v(w1)(1 + se)v(wa) = 1 + 5B then h = g~ and v(wi)(1 +
sa)v(wa) =1411€2 4 5(gag™"). Hence

1+sB =112 4 5(gag™").

If 19172 =t then (1 + B) + 18 = gag ™! + (1 + gag™"). This is a contradiction as
1 & supp(B) and 1 ¢ supp(gag™"). Thus 112 = 1 so that 8 = gag~! and hence
Isupp(er)| = [supp(B)|. O

We now specialize to the case where G = F,, = (x|, ..., x,|0) is the free group
on n generators where n > 2. Let Z denote the set of positive integers and let
A C Z, be a finite subset. For g € G we put

pa(@) =) g €Fa[Fy]

acA

and we define A = DA (xlxle_l) + pa(x2) € Fa[F,,]. Then with the above notation:
Proposition 10.23 |supp(A)| = 2|A| and 1 & supp(A).

It follows from Propositions 10.22 and 10.23 that the image of the mapping
{Finite subsets of Z1} —> Z[F,, x C21*\F2[F, x C21*/R[F,]*,
A - [1+sA]
is infinite. In particular, let A(k) ={r € Z4 : 1 <r <k}; then:

Proposition 10.24 The classes {[1 + SAE)]} 1<k are pairwise distinct.
Proposition 10.25 1 +sAe [F2[F, x C1*, F2[F, x C2]*].

Proof As x| + s € F[F,, x Cp]* with (x| +s5) 1= xl_l —i—sxl_2 one checks easily
that

(1 +5)(L+5pax2)(x1 +5) 7 (1 +5pae2) ™!
=1 +s(x1pa2)x; ! + pax2)).
However, xlpA(xg)xl_l = pa (x1x2x1_1) so that

14 sA=(x1 + )1 +spax2)) 1 + )71 +5pae) ™.
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Now consider the Milnor square

Z[F, x C41 >  R[F,]
AlF,] = v \
Z[Fy x C2] > Fa[Fy x (3]

and the stabilization maps oy, m+k : GLy (ALF,]) = GLyyk (ALF,]).

Proposition 10.26 For each finite subset A C Z
o12(I1 + sA]) = x € GLy(A[F]).
Proof By Proposition 2.62 it follows that o12(n) € Ex(F2[F, x C2]) if n €
[F2[F, x CT*, F2[F, x C2]*]. By Proposition 10.25 it follows that
o12(1 + sA]) = x € E2(A[F,)).
However, E»(A[F,]) = {*} as A[F,] satisfies the Milnor condition. O
It follows from (3.39) that the classes {[1 + sAf@)]}]Sk represent pairwise non-

isomorphic locally free modules of rank 1 which become free after a single stabi-
lization; that is:

Corollary 10.27 For each n > 2, Z[F, x C4] admits infinitely many distinct iso-
morphism classes of stably free modules of rank 1.



Chapter 11
Group Rings of Dihedral Groups

In this chapter we continue the study of stably free cancellation over the integral
group rings Z[F, x @] in the case where @ is the dihedral group of order 2m
defined by the presentation

m—1

)

Our main result, first proved in [57], is that Z[F;, x D] has SFC when p is an odd
prime. This breaks down for p = 2. Although Z[C«, x D4] still has SFC (the case
n = 1) when n > 2 a result of O’Shea shows that Z[F,, x D4] has infinitely many
isomorphically distinct stably free modules of rank 1.

D2m=<x»y|xm=y2=1ayx=x

11.1 Stably Free Cancellation for a Class of Cyclic Algebras

We recall the cyclic algebra construction: suppose that 8 : B — B is an involution
on a commutative ring B and let b € B satisfy 6(b) = b. We define the cyclic ring
C(B,0,b) to be the (two-sided) B-module C(B,0,b) = B + By which is free of
rank 2 over B with basis {1, y} and with multiplication determined by the relations

yi=b,  yE=0()y (£€B).

In the special case where b = 1 we simply write C(B, 6) and when 6 is clear from
context we abbreviate this to C(B). In this section we take B to be the cyclotomic
ring R = R(p) where p is an odd prime. Then R has an involution 6 defined by
6(¢) =¢~'. Thus C(R) is the free R-module of rank 2 with basis {1, y} and multi-
plication given by:
ye=¢lyn o yr=1

So defined, C(R) becomes an algebra over the fixed ring Ry = {x € R:0(x) = x}.

We now take p to be an odd prime and, as in Sect. 10.2, take R = Z[{]/c,(¢). Let

0 : R — R be the involution corresponding to complex conjugation; then Ry = Z[u]
where i = ¢ + ¢! and it is known that:

Ry is the ring of integers in Q[u]. (11.1)
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We noted in Sect. 10.2 that R is a Z-lattice of rank p — 1 in Q[¢,] and that
(¢ — DR hasindex p in R. In fact ([38], p. 525):

(¢ —1P~'=pu for some unit u € R*. (11.2)

It follows that R/ p is a finite local ring and that rad(R/ p) is the kernel of the canon-
ical surjection R/p — R/(¢ — 1)R =F,. Indeed, the correspondence ¢ > ¢ — 1
induces an isomorphism

F,t1/t" "= R/pR. (11.3)
There are corresponding statements for Ry;
Ry is a Z-lattice of rank (p — 1)/2. (11.4)
(. — 2) Ry has index p in Rp; moreover: (11.5)
(1 —2)P=D/2 = py for some unit w € R, (11.6)

Thus Ry/p is also a finite local ring in which rad(Rg/p) is the kernel of the
canonical surjection Ro/p — Ro/(1u — 2)Ro = F,. Likewise the correspondence
s — pu — 2 induces an isomorphism

F,ls1/sP~ V2= Ry/pRy. (11.7)

Let (¢) denote the subgroup of R* generated by ¢. It is known (cf. [31], p. 212 ) that
the mapping () x R; — R*; (¢*, u) — ¢*u is an isomorphism. We have already
observed that ¢ maps to 1 under the canonical mapping R — F,. From (10.10) we
see also that:

The canonical homomorphism Ry — F, has the lifting property for units. (11.8)

We construct a ring homomorphism ¢ : C(R) — M3(Rg) to the ring M>(Ry) of
2 x 2 matrices over Ry via the assignments

1 1 -1 1
¢(§)=(M_2 M—1>; w(y)=<0 1>.

To verify that ¢ defines a ring homomorphism we must check that

i) 9@ =1Id; (i) e)?*=Id; (i) @) =e@) 'e().

The relations (ii), (iii) are straightforward. To see (i) put

1— —
C:(l_;:l _§§_1>6GL2(R®Q).

Then one may check easily that

- 0
Co)C! = (g é_l)-

Evidently (Co(¢)C~1)? =1d so that ¢(¢)? = Id as required.

¢ is injective and Im(gp) is a subring of index p in M>(Ry), (11.9)

b
Im(¢)={<cwa_2) d) :a,b,c,deRo}. (11.10)
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We note also that
pM>(Ro) C Im(gp). (11.11)

For any ring A we denote by A;(A) the diagonal subring of M>(A); that is:

AQ(A):{(%I 602>25i€A}.

It is clear from (11.10) that:
A2(Ro) C Im(g). (11.12)

We now repeat the construction modp. The same formal assignments

N Y (-1
E= =2 pu—1)t 7 0 1

define a homomorphism ¢, : C(R/p) — M2(Ry/p) and we see also that:
A2(Ro/p) C Im(gy). (11.13)

Now suppose given u, uz € rad(Rg/p); then we may write u; = (1 —2)x; for some
Xi € Ry/p. By (11.13) choose & € C(R/ p) such that

(X1 0
and put n = (u — 2)&. As (n — 2)P=D/2 = p then nP~V/2 =0 € C(R/p). Putting
v=1+4+ne€C(R/p)* we obtain an addendum to (11.13).

If uy, uy € rad(Ry/ p) then there exists v € C(R/p)* such that

_(1+um 0
<P*(U)—< 0 l+u2). (11.14)

We note that ¢, fails to be injective. Instead, (11.11) gives a filtration
pIm(p) C pMa(Ro) C Im(p) C M2(Ry).

Identifying C(R/p) = C(R)/pC(R) with Im(¢)/p Im(¢) and ¢, with the projec-
tion Im(p)/pIm(p) — M2(Ro)/pM>(Ro) = M2(Ro/p) we see there is an exact
sequence:

0— Mz(Ro)/Im(<p)—>C(R/p)ﬁ M>(Ry/p) — 0. (11.15)
Now consider the following square:
¢
C(R) M>(Ro)

@

C(R/p) M>(Ro/p)
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As it stands, (I) is not a fibre square. We may modify it in two ways so as to be-
come so. The first modification is to replace C(R/p) by C(R)/pM>(Ry) with the
homomorphisms adjusted appropriately thus:

[
C(R) M>(Ro)

C(R)/pM>(Ro) M>(Ro/p)

The second way of modifying it is to replace C(R) by the formal pullback C (R) of
the corner associated with (I) thus:

C(R) M>(Ro)

s i )

C(R/p) M>(Ro/p)

Both (I) and (T) are now fibre squares. We note:
Proposition 11.16 C(R) is a retract of C(R).

Proof The surjection r :_C(R/p) — C(R)/pM>(Ro) induces a homomorphism of
fibre squares r : (I) — (I)

C(R) C(R)
N\ N\
M>(Ro) “ { M>(Ro)
C(R/p) - C(R)/pMa(Ro)
N \
Ma(Ro/p) = Ma(Ro/p)

Furthermore, it follows from the universal property of pullbacks that there is a
unique homomorphism i : C(R) — C(R) making the following commute:
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C(R)
M>(Ro)
T4 ﬂ
Px
C(R/p) M>(Ro/p)
It is straightforward to show that r o i = Id. g

Lemma 11.17 Let A = (501 52) with 8; € (Ro/p)*; then A = ga*(v)u(Z) for some
v eC(R/p)*, A € GLy(Ry).

Proof Consider the diagram

Ro/p
f v
ol
Ry F,

where § is reduction mod p, fj; is reduction mod p — 2 and v is the unique ho-

momorphism. Note that Ker(v) =rad(Ro/p). Given A = (50‘ 32) with 8; € (Ry/p)*
then v(8;) € F%. By (11.8) there exist §; € R; such that f;(5;) = v(8;). Put y; =

1(8;) € (Ro/p)* and put

~ 51 0 . _(n O
A_<O 52>6GL2(R0), r_<0 m)eGLz(Ro/p).

Putu; =8y, ' —1then Al ! = (“B”l ]fuz) and u; € rad(Ro/p) as v(u;) = 0. By
(11.14) there exists v € C(R/p)* such that ¢, (v) = AI'"!. Hence A = ¢, (v)I" =

Ox (U)E(A~) and this completes the proof. O

There is a surjective ring homomorphism v, : R/p — F, making the following
commute:
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R
R/p F

Ty P

Applying the cyclic algebra construction we obtain a commutative diagram

C(R)

7N

C(R/p) - C(F,)

*

As Vi : R/p — F, has nilpotent kernel, the kernel of the induced map
Vs : C(R/p) — C(F)) is also nilpotent. However, C(F,) = F,[C2] =F, x F, has
the SFC property. By the Bourbaki-Nakayama Lemma Proposition 9.15 we have:

C(R/ p) has the SFC property. (11.18)

We can now show:
Theorem 11.19 C(R) has the SFC property.

Proof Note that, as fj : M2(Ro) = M2(Rp/ p) is surjective, the fibre square

T—

C(R) M>(Ro)
- ' (T
D«
C(R/p) M>(Ro/ p)

satisfies the Milnor condition. Moreover as R is a Dedekind domain, it has the SFC
property so that:

(i) M3>(Ro) has the SFC property.

Now R/ p is a finite local ring and so is weakly Euclidean. It follows that:
(i) M>(Ro/p) is weakly Euclidean.

We saw in (11.18) that:

(iii) C(R/p) has the SFC property.
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To show that C{ (R) has the SFC property it suffices, by Corollary 3.48, to show that
(T) is pointlike in dimension one. Thus suppose that X € M (Ro/p)* = GLy(Ro/ p).
As Ry/p is weakly Euclidean we may decompose X as a product X = AE in which
E € E>(Ro/p) and

8§ 0
A=(0 1>; 8 € (Ro/p)".

As f: Ry — Ro/p is surjective we may choose Ee E>(Ro) such that E = E(E)
By Lemma ll 17 we may write A = go*(v)u(A) so for some A € GLz(Ro) Thus
X = w*(v)u(AE) where v € C(R/p)* and AE € = GL(Ry). Thus (I) is pointlike in
dimension one and this completes the proof that C (R) has the SFC property. O

As C(R) is a retract of 5(R) it follows from (9.1) that:

Corollary 11.20 C(R) has the SFC property.

11.2 Extending over Free Group Rings

In this section we extend the conclusion of Sect. 11.1 from R to the group
ring R[F,]. Explicitly, identify R[F},] with R ® Z[F},] and replace 6 by 6 ® 1 :
R ® Z[F,] = R ® Z[F,]. Tensoring with Z[ F,], the square (I) of Sect. 11.1 now
becomes

¢
C(R[F,]) M>(Ro[Fr])

C(R/plFx])

M (Ro/ pLFu])

__ As before, this fails to be a fibre square and we replace it by the formal pullback
C of the corner associated with (I) thus:

o~

C M, (Ro[F.])
n+ ! D
C(R/p)[Ful M>((Ro/ p)[Fn])
From the formal properties of pullback and — ®z Z[ F,,] we see that:
C=C(R)[F,]. (11.21)

In particular, it follows directly from Proposition 11.16 that:

C(R)[F,]is a retract of C. (11.22)
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Note also that it follows directly from (11.13) that:
A2(Ro/ p)[Fnl = A2((Ro/p)[Fn]) CIm(gy). (11.23)

Now suppose given u1, us € rad(Ro/p)[F,]; then we may write u; = (u — 2)x; for
some x; € (Ry/p)[Fn]. By (11.23) choose & € C(R/p)[F,] such that

_(x1 O
(p*(é)_<0 xZ)

and put n = (u — 2)&. As (u —2)P~D/2 = p then n?~D/2 =0 e C(R/p)[F,]. It
follows that 1 +n € C(R/p)*. Putting v = 1 + n we obtain an addendum to (11.23):

If uy, uy e rad(Ro/p)[F,] then there exists v € C(R/p)[F,]* such that

_ [ 1+u 0
w*(v)—< 0 1+u2>. (11.24)

Before showing that C possesses the SFC property we first establish the analogue of
Lemma 11.17.

Lemma 1125 Let A = (! ;) with 8 € (Ro/p)*[Ful; then A = . (v)a(A) for
some v € C(R/p)[Fal*, A € Ay(Ro[Fol)*.

Proof Consider the diagram
(Ro/p)[F]

PR

Ro[Fy] Fp[Fn]

where f is reduction mod p, fj; is reduction mod p — 2 and v is the unique homo-
morphism and note that Ker(v) =rad(Ry/p)[F].

Now suppose given A = (%1 52) with &; € (Ro/p)[F,]*. As F, satisfies the

TUP! condition F p[Fu] has only trivial units so we may write v(J;) = a;g; with
o € F; and g; € F,. By (11.8) there exist @; € R such that f;(&;) = ;. Now
define

Si=a&igi € RoLF. I vi =1(8) € (Ro/p)LFu]*;
5

! f) € GLy(Ro[ Fy));
2

0
e ( 4 y2> € GLy((Ro/ p)[Fa)).

I'See Appendix C.
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Then H(Z) =T and AT ! = (HE)“‘ lfuz) where u; = Siyl._l — 1. Moreover
u; € rad(Ry/p)[Fy] as v(u;) = 0. By (11.24) Shoose v € C(R/p)[F,]* such that

@«(U) = AT'"'. Then A = ¢, (V)T = ¢, (V)1(A) and this completes the proof. [

There is a surjective ring homomorphism v, : (R/p)[F,] — F,[F,] making the
following commute:

R[Fy]

(R/PF] - FyLF)]

*

Applying the cyclic algebra construction we obtain a commutative diagram

C(R)[Fn]

C(R/p)[Fn]
One checks easily that the surjective homomorphism vy : C(R/ p)[F,] — C(F,)[ F;]
has nilpotent kernel. However C(F,)[F,] = Fp[F, x C2] =Fp[F,] x Fy[F,] and
from Bass’ generalization of Sheshadri’s Theorem [1, 2], or alternatively by the
Theorem of Cohn [17], F,[F,] has the SFC property. It follows from the Bourbaki-
Nakayama Lemma that:

C(R/p)[F,] has the SFC property. (11.26)

C(Fp)[Fy]

*

We can now show:
Theorem 11.27 C has the SFC property.

Proof Note that, as § : Ma(Ro[F,]) — M2((Ro/p)[Fy,]) is surjective, the fibre
square

c M (Ro[Fy])

T4 ] (/I\)

Px

C(R/p)[Fn] M>((Ro/ p)[Fn])
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satisfies the Milnor condition. Moreover, we saw in (11.26) that C(R/p)[F},] has
the SFC property. As Ry is a Dedekind domain then Ry[F;] has the SFC property
by (9.5). Thus M>(Ry[F},]) also the SFC property by (9.20). In addition, by Theo-
rem 2.51 of Chap. 2, (Ro/p)[F,] is weakly Euclidean and so also My ((Ro/p)[Fn))
is weakly Euclidean. By Corollary 3.48, to show that C has the SFC property it is
enough to show that ) is pointlike in dimension one.

Suppose that X € M2((Ro/p)[Fu])* = GL2((Ro/p)[Fn]). As (Ro/p)[Fn] is
weakly Euclidean we may write X = AE where E € E>((Ro/p)[Fy]) and

A=(g ‘1)) 5 € (Ro/PIFT"

As 2 Ro[Fn] = (Ro/p)[Fy] is surjective we may choose Eec E>((Ro)[Fr]) such
that £ = u(E) By Lemma 11.25 we may write A = go*(v)u(A) so for some
Ae GLy((Ry)[Fr]). Thus X = (p*(v)u(AE) where v € C(R/p)[F,]* and AE €
GL>(Ro[Fn]). Hence (I) is pointlike in dimension one; this completes the proof that
C has the SFC property. O

As C(R)[F,] is a retract of C we see that:
C(R)[F,] has the SFC property. (11.28)

11.3 Stably Free Cancellation for Z[C, x D3]

We begin by considering again the fibre square

7[C,] = R
Z(p)=1{ I Iy
y/ - F,

familiar from Sect. 10.2. We note that Z(p) may also interpreted as a diagram of
involuted rings. We denote all involutions by 6. On Z[C,] we take 6 to be the
canonical group ring involution 8(x) = x~!. So defined, 6 projects forward to the
‘complex conjugation’ on R, 8(¢) = ¢ ~'. In turn this induces an involution on R/ p.
Finally we take 6 to be the identity on both Z and F,. Applying the cyclic algebra

construction functorially to Z(p) we obtain the commutative square
n

ZIDy,] C(R)
‘ ' (11.29)
Z[(C5) F,[C2]

Theorem 11.30 Z[D> ] has the SFC property.
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Proof Note that in (11.29) both f and v are surjective. Moreover, as the cyclic alge-
bra construction preserves pullbacks we see that (11.29) is both a fibre square and
satisfies the Milnor condition. We also note that:

(1) Z[C2] has the SFC property by (10.11);
(i) C(R) has the SFC property by Corollary 11.20;
(iii) F,[C2]=F, x F), is weakly Euclidean.

Thus to show that Z[D;,] has the SFC property it suffices to show that (11.29) is
pointlike in dimension one. To see this, observe that a unit u € F,[C>] has one of
two forms:

(1) « -1 where o eF’;,;
(i1) o -y where y is the nontrivial element of C>.

By (10.10) the canonical map on units R* — F7, is surjective. If u € F,[C2]* is of
type (i) then write u = v(a - 1) for some & € R*. Similarly if u is of type (ii) we
may write u = v(a - y) for some @ € R*. In any case the map on units v : C(R)* —
F,[C>]" is surjective so that (III) is pointlike in dimension one. Hence Z[D;,] has
the SFC property. O

The verification of the SFC property for Z[F, x D;p] is parallel to that for
Z[D;,]. We indicate the changes involved. Applying — ®z Z[F;] to (11.29) yields
a fibre square:

Z[F, x DZp] C(R)[Fy]
€ v (11.31)
Z[F, x (7] FplF, x (2]

We note that (11.31) satisfies the Milnor condition as f : Z[ F}, x C2] — F,[Fy, x C3]
is surjective. Moreover, both Z[F,, x C»] and C(R)[F,,] have the SFC property by
(10.14) and (11.28) respectively. Also F,[F;, x C2] =F,[F,] x Fp[F,] is weakly
Euclidean. Thus, again by Corollary 3.48, to show that Z[F,, x D;,] has the SFC
property it suffices to show that the square (11.31) is pointlike in dimension one. We
show that the map on units v : C(R)[F,1* — F,[F, x C2]* is surjective.

To see this note that, by the TUP property of F,, F,[F,] has only trivial units
so that a unitu € F[F, x C2] =F,[F,] x Fy[F,] has one of two forms:

(a) «-g where « GF;‘, and g € F;
(b) «-gy where o € F;, g € F,, and y is the nontrivial element of C,.

By (10.10) the canonical map R* — F} is surjective. Again by the TUP
property for F, the induced map R[F,]* — F,[F,]* is also surjective. As
y is a unit in C(R)[F,] then in either case (a) or (b) u is in the image of
v:C(R)[F,]* — Fp[F, x C2]*. Thus (11.31) is pointlike in dimension one and
so by (3.37):
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Theorem 11.32 Z[F, x D5, has the SFC property.?

11.4 Stably Free Modules over Z[ F,, x D4]

It is easier to handle Dy via its alternative description as C, x C,. We start with the
Milnor square

Zix,yl/(x2 = DO? =1 > Zyl/(* = 1)
l ¢
Zix]/ (x> —1) — Fa[t]/(> = 1)

which we rewrite as

Z[Cy x C2] — Z[C]

C= \2 \2
Z[C2]  — FCal.

We first establish:
Proposition 11.33 Z[Cy, x C> x C3] has property SFC.

Proof The group ring F»[C3] is a local ring and F,[C3])/rad = F,. Moreover, the
canonical homomorphism F,[C,] — F> has the strong lifting property for units.
As Coo has the TUP property then by Proposition 2.50 the induced homomor-
phism f : (F2[C2])[Coo] — F2[Co] also has the strong lifting property for units. As
F>[C] is weakly Euclidean by Theorem 2.49 it follows from Corollary 2.52 that
F3[Coo X C2] = (F2[C2])[Coo] is also weakly Euclidean. Tensoring C above with
Z[C~] and making the obvious identifications gives us the Milnor square

Z[Coo X C3 x C3] == Z[Ca x C3]
(e v
Z[Coo x C2]  —5 F[Coo X (3]

Now Z[C x C>] has property SFC by (10.14) and we have observed above that

F7[Cs x C3] is weakly Euclidean. The hypotheses of Corollary 3.54 apply; the

conclusion that Z[C, x C2 x C2] = A[C2 x C3] has property SFC now follows.
O

The conclusion of this theorem fails when Cy is replaced by a free group of
higher rank. By slightly modifying the argument of O’Shea given in Sect. 10.4, we
proceed to show that Z[F,, x C> x C>] has infinitely many stably free modules of
rank 1 whenever n > 2.

2When n = 1 this can be regarded as saying R[D3p] has stably free cancellation where R =
Z[t,t~ '] is the ring of Laurent polynomials over Z. The corresponding result over the ring Z[¢] of
genuine polynomials was established by Strouthos using Quillen patching [89].
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Tensoring the Milnor square C above with Z[ F;, ] we obtain

Z[F, x Cy x C] » Z[F, x C;]
ClFy]= \’ \!
ZIF, x C]  — Fo[F, x (7]
Here we denote by (u) the class of u € Fo[F), >5§2]* inZ[F, x C2]*\F2[F,, x C2]*/
Z[F, x Cp]*. With the same definition of A(k) a very similar proof to Proposi-
tion 10.24 shows that:

Proposition 11.34 The classes {(1 + sATl;))} 1<k are pairwise distinct.

The remainder of the argument is formally identical with that of Sect. 10.4.
It remains true that 1 + sA(k) € [Fa2[F,, x C1*,F2[F,, x C2]*] and so the classes
(1+ SAF(\]JC)) map to * under the stabilization maps o7 7 : GL{(C[F,]) — GL2(C[F,)).
We see that:

Corollary 11.35 For each n > 2, Z[F,, x Cy x C3] admits infinitely many distinct
isomorphism classes of stably free modules of rank 1.



Chapter 12
Group Rings of Quaternion Groups

In this chapter we extend the study of stably free cancellation for Z[F;,, x @] to the
cases where @ is the quaternion group Q(4m) of order 4m defined by the presenta-
tion

Q4m) = (x, y|x™ = y*, xyx = y).

Here we find a marked contrast with the dihedral and cyclic cases. We first show
by a delicate calculation that Z[C, x Q(8)] has infinitely many distinct stably free
modules of rank 1. Whilst this result might seem unduly specific, it nevertheless
implies a similar conclusion for Z[F;,, x Q(8m)] whenever m,n > 1. We conclude
with a brief survey of what is known for the group rings Z[F,, x Q(4m)] when m is
odd.

12.1 An Elementary Corner Calculation

We adopt the following notation throughout:

Z ;) = the local ring obtained from Z by inverting all primes g # p;
2( p) = the ring of p-adic integers; that is, the completion of Z,) at p;

6( p) = the field of p-adic numbers; that is, the field of fractions of Z P)-

For a prime p we denote by T (p) the corner

Zplt. 17"
T(p)=1 _ R/
Q) = Qult, 17"

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 199
DOI 10.1007/978-1-4471-2294-4_12, © Springer-Verlag London Limited 2012


http://dx.doi.org/10.1007/978-1-4471-2294-4_12

200 12 Group Rings of Quaternion Groups

so that GL (T (p)) = GLy(Q(p))\GL2(Qqp)lt, 1™ 1)/GLy(Zp)lt, 1~ ']). For n > 1
we put

1 = ~
Z(n) = (O 11’) € GLy(Q(plt, 17 'D).

Theorem 12.1 The matrices Z(n) represent pairwise distinct classes in GLy(T (p)).
Proof Suppose that the assertion is false; then for some integers m, n with 1 <

m < n there exist X € GLy(Q(p), Y € GLy(Zplt,t7"]) such that Z(m) =
XZ(n)Y. For convenience we express this in the form

X 'Zm)=Zm)y. )

-1 _ a b . o A B
e (D)

where a, b, c,d € a(p) and A,B,C,D e z(p)[t, t_l]. Expanding (I) gives

a b+a> [l [
7= A+CS B+DTY a
c d+c7 C D

Write

Now write A=) A;t"; B=)_ B.t";C=)_,Cit"; D=)"_D,t" and equate
constants and coefficients of #". Equating entries in the (2, 1) position we see that C
is a constant polynomial; that is:

Co=c and C,=0 forr>0. {1D)

Now substituting back and equating entries in the (1, 1) position we get

that is

Ag=a; A, =——; A, =0 forr#0,n. av)
A similar calculation for the (2, 2) position gives

Do =d,; D, =—; D, =0 forr#0,m. V)

Substituting back and equating entries in the (1, 2) position gives

B=b+ (g)t’" - <i>t" — (%)t’"”.
P P P
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Now since 1 < m < n we see that

~ a ~
bZB()EZ(p); (;)ZBm EZ(,,),

d ~ c ~
(;) =—B, € Z(p); (?) =—Buin € Z(p).

Write a = pa; b= B;c=p’y;d = ps where a, 8, y, 8 € Z,,). Substitution gives

<p(¥ —pyt" B+at™ —§t" — ytm‘”’)
Py pd+ pyt™

and det(Y) = p (otS — By), and 1n particular, det(Y) is, by calculatlon a con-
stant polynomial. Now Y € GLZ(Z(p)[t =17 so that det(Y) € (Z(p)[t D=
As the unit group of Z(p)[t t~1] consists of polynomials of the form wuz™
with u € Z( ) and m € Z and, as we have already calculated, det(Y) is a

constant polynomial then det(Y) € Z () However (aé — By) € Z(p) so that
det(Y) = p*(ad — By) ¢ /Z\?p)' This is a contradiction. Thus Z(m), Z(n) represent
distinct classes in GLy (T (p)). O

12.2 Local Properties of Quaternions at Odd Primes

For any commutative ring R the quaternion algebra (— ! I{I ) is obtained by imposing
on the free R-module of rank 4, with basis elements {1, i, j, k} the (associative)
multiplication determined by

k=ij=—ji

We put 2 = —1) However it is not a max-
imal order. We denote by I' the unique maximal order containing £2. It may be
described explicitly as I" = spang{1, i, j, w} where = %(1 +i+ j+ k). We note
a classical result of Hurwitz [45]; (see also [83, p. 83]):

I' is a (noncommutative) principal ideal domain. (12.2)

For each prime p put £2(,) = 2 ®z Z(p) and I,y = I" ®z Zp) It follows from
(12.2) that Iy is a principal ideal domain for every prime p. By contrast, neither £2
nor £2(2) is a principal ideal domain; both have infinite global dimension. However,
when p is odd, £2(,) = I'(p) so that:

£2(p) is a principal ideal domain for each odd prime p. (12.3)
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Now put §(p) =2 Qz 2(p). When p is odd there is a ring isomorphism ﬁ(p) =
M>(Zp)) with the ring of 2 x 2 matrices over Zp). For the sake of completeness
we give a proof beginning with:

Proposition 12.4 Let R be a commutative ring in which 2 is invertible and in
which there exist £, 1 € R such that £* + n* = —1; then there is an isomorphism

of R-algebras
1’ 1 ~ ( )
= [Wz R .

Proof One shows easily that the R-linear map 6 : (= ie_l) —> M>(R) defined by

om=(g O oo=(" o)

S (& m ) < n =& )
0(j) = ; 0(k) =
() (n ¢ (k) S
is a ring homomorphism and is bijective when 2 is invertible in R. g
To show that the equation &2 + n> = —1 has a solution in 2( p) we begin by

showing it has a solution in F, the field with p elements (compare [77, p. 162]).
Note that in F), the set (F;)2 of nonzero squares is a subgroup of index two in F},.
If x, y € % — (F%)? then

X
5 € (F%)7.

As a preliminary observation note that the mapping ¢ : F, — Fp; ¢ (x) =x + 1
has the property that F), = {y/(1), ¥2(1), ..., ¥?(1)}.

Proposition 12.5 For any odd prime p there exist§,n € ¥, such that & 2yt =—1.

Proof There are two cases according to whether or not —1 is a square in F,. First
suppose that —1 is not a square and consider the restriction of i to (F;)z. As-

sume that ¥ ((F%)?) C (F%)%; then for all r > 1, ¥ ((F5)?) C (F%)%. However
1 € (F%)? so that Fj, = {y(1), y*(1), ..., ¥7 (1)} C (F5)?. This is a contradic-
tion as 0 ¢ (F;‘,)2. Thus there exists & € F;‘, such that €2 4+ 1 ¢ (F;)z. However,
—1 ¢ (F%)* so that

E+1
-1 =

—1-& e )%
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that is, there exists n € F; such that n> = —£% — 1 so solving the equation & L
n> = —1. The case where —1 is a square is trivial; if 5 € F, satisfies n*> = —1 then
choosing £ = 0 the equation £ + 5> = —1 is again solved. 0

Corollary 12.6 For any odd prime p, (*i:;l) = My(F)).

We proceed to show that £2 + > = —1 has a solution over 2(,,). To avoid
making a formal statement of Hensel’s Lemma we proceed as follows; say that
a ring homomorphism ¢ : L — L has property L when (i) ¢ is surjective and
the induced map on units ¢ : L* — L* is also surjective; (i) 2 is invertible in Z;
(iii) Ker(¢)? =0

Proposition 12.7 Let ¢ : L—>Lbea ring homomorphzsm with property E and
suppose that € € L and n € L* satisfy £ + n* = —1. Then there exist é;: eL and
neL* such thatgo(?;)—é‘; and ¢ (M) = n and such that/é2 2=-1

Proof As ¢ is surjective, choose E € L such that (p(g) =£&. As ¢ is also surjective
on units choose u € L* such that ¢ () = n; then

o1+ 8+ =1+E2+n*=0.

Both 2 and u are invertible in L so put k = 2u(1 —l—é + u?) € Ker(p) and

7= u —k. Then (1) = ¢(n) = n as ¢(k) = 0. Moreover, k2 = 0 as Ker(¢)? =
Hence

14+ 824+ =1+E>+u?> —2uk=0

d /52 + 7% = —1 as required. Furthermore, 7 € L* as 7(u + k) = u? and
L U

The canonical homomorphism ¢, : Z/p"+t! — Z/p" has property £ when p is
odd. Choose &, n € F, with  # 0 so that £% 4+ n? = —1 and apply Proposition 12.7
iteratively to the homomorphisms ¢, to construct a sequence {(&,, n7,)}1<, With
&, € Z/p" such that (i) & =& and n; = n; (ii) for each n > 1, @, (§nq1) = &,
OnMug1) = Ny and n,yy € (Z/p"tH*; (iii) €2 + 2 = —1. Identifying Z(,,) with
L{n(%) it follows that:

Corollary 12.8 For each odd prime p there exist E,ﬁ € 2@ such that
242 =—1

Corollary 12.9 For any odd prime p, 1 =1 MZ(Z(p))
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12.3 A Quaternionic Corner Calculation

In this section p will denote an odd prime. Start from the corner

Ziplt.t™']
o
Qlt, t7 11— Qqplt, ¢t

=1,-1

Then applying the functor ( ) we obtain the corner

(L=l

Zpyler=1]

QA(p) =

—1,—1 —1,—1
(Q[t,l‘fl]) g (Q(p)[t’t—l])

We will show that the unit set G—Ll(Q( p)) is infinite. To see this, first modify the
above by replacing ( [t = 1 ) by (=L o L) thus;

)

Ziplrt=']

Q(p) = L
e = GG i)
Observe that ( —[1 t_} ) = (= )[t +~11. However, ( Q ) is an integral do-

main. It follows from the two unique products’ criterion (Appendix C) that
(*‘Q )t, 7 !] has only trivial units; ((= Q”)[t = (*1’*‘)* x {t* 1k e Z).

The powers ¢ € (=

L)* are central in (

—1,—1
pltr=1]

W) and can equally well be re-

)*. On taking double cosets we see that:

Q ]
garded as originating in (

Proposition 12.10 GL;(Q(p)) = GL,(O(p)).

We repeat, for emphasis, that the sets GL1 (Q( p)) and GLl(Q( p)) are identical.
Now as in Sect. 12.2 choose E ne Z(p) such that S + 7% = —1; the assignments

1'_)(1 0>. l,}_)(o 1>.
1) -1 0)°

N &
JH( —s H(—é i

define an isomorphism 6 : (’;tll]) M> (6( mlt, +~11) which in turn induces

a homomorphism of corners 6 : Q(p) — M (T (p));
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M2(2(p)[t’ )

—1,-1 —1,-1
(=) (Q(p)[z,rl])

AN N

MZ(Q([?))

Mz(a(p) [t,t71])

As 6y is an isomorphism we see that:

The induced map 6, : GL1(Q(p)) — GL1(Ma2(T (p))(= GLx(T (p)) is surjective.

(12.11)
It now follows that GL; (Q(p)) is infinite. To be precise put
=1+ (i A'+§k}r”e< Lo )
n) = —{i —7j = |;
2p Qplt, 171
then:
1z ~ _
Oo(C(n))=Zn) = (O i’) e GLy(Qplt, ¢ ). (12.12)

Then from Theorem 12.1, Proposition 12.10, (12.11) and (12.12) it follows that:

Theorem 12.13 The elements {{(n)}1<n represent pairwise distinct classes in

GL1(Q(p)).

12.4 Stably Free Modules over £2[¢,¢™!]

Taking as regular submonoid S = {p” : r > 0} it is straightforward to see that the
following is a Karoubi square:
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Taking Laurent polynomial rings we obtain another Karoubi square

Q' > (=Dl

Q(p) = 0
(=gt~ ']»(—1 Dl 1 B

which we may identify as the fibre square completion of the corner Q(p). As we
saw in Theorem 12.13, the unit set GL{(Q(p)) is infinite. It follows from (3.6) that:

Proposition 12.14 For any odd prime p there are infinitely many distinct pm]ecnve
modules over $2(,)[t,t™ Y which are locally free of rank 1 relative to Q(p)

As we observed in (12.3), when p is odd £2) is a principal ideal domain and we
may apply Grothendieck’s Theorem (Sect. 1.4) to conclude that KO(SZ( mlt, 1~ 1]) =
KO(Q( »)) = 0. Thus every finitely generated projective module over £2,)[t, 1™ is

stably free. However, Q/(\p) being Karoubi, satisfies the patching condition; hence
by Theorem 3.8 and Proposition 12.14 we have:

Theorem 12.15 For any odd prime p, there are infinitely many distinct stably free
modules of rank 1 over 2y [t,t7'].

Now consider the following fibre square where 2, = 2 ® Z[%]:

QU -5 2l
K= o 1 v
Q171 = (Zg Dl !

Then K is Karoubi and so is E- surjective (Sect. 3.7). As (_1(’)_1) is a division
ring then (—)[t t~11 is weakly Euclidean by Theorem 2.49 and has property

SFC by (9. 13) as K satisfies the hypothes1s of Corollary 3.36 there is a surjection
:SF1(R[t,t7') = SF1(2(p[t,t~'1). From Theorem 12.15 we now conclude
that:

Theorem 12.16 $2[t,1~'] has infinitely many distinct isomorphism classes of sta-
bly free modules of rank 1.

It is paradoxical that in the context of quaternion algebras it is the odd primes
which behave badly. Though the details need not concern us here it can be shown
that £27)[t, 1~ 11 has no nontr1v1al stably free modules.

Observe that the ring Z(p) [t,t7'] has Krull dimension equal to 2. It follows
from Sushn s stability theorem [67, p. 111] that Z( » [t s 4- -weakly Euclidean;

thus ( L1 )[t 1, belng isomorphic to the ring M» (Z(p) [z, t71]),is 2- -weakly Eu-

chdean. Moreover, ( )[t +~17 also has property SFC and both (= _1)[t 1
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and (_(;;p_)]

Theorem 12.15, it follows from Corollary 3.45 that:

)[t,t~'] are weakly Euclidean with property SFC. Thus, in contrast to

When p is odd, £2()[t, f‘] has no nontrivial stably free module of rank > 1.
(12.17)

12.5 Stably Free Modules over Z[Co, x Q(8)]

We again recall the cyclic algebra construction for involuted rings; given an invo-
Iution @ on a ring A and an element a € A such that (a) = a, the cyclic algebra
C(A,0,a) is defined to be the free A-module of rank two with basis {1, y} and
multiplication determined by yA =6 (1)y; y> =a.

Next note that the factorization x* — 1 = (x2 — 1)(x2 + 1) gives rise to a fibre
square

ZIx]/(x* = 1) 5 ZIx]/(2 4+ 1)
J 7y do-
ZIx1/(x2 = 1) L5 Falxl/(x2—1)

We write the cyclic group of order n in the form C,, = (x | x* = 1) and, for any
ring A, make the identification A[C,] = A[x]/(x" — 1). The above fibre square
then becomes

Z[C4] — Z[i]

(x) = 2 \2
Z[C] — F2[(C3]

where Z[i] = Z[x]/(x2 + 1) is the ring of Gaussian integers. Now write

0®) =(x,y|x*=)" x*=1, yxy ' =x71).

Cy is contained with index 2 in Q(8) and conjugation by y induces on Z[C4] the
canonical involution ™ : Z[C4] — Z[C4], g = g~ '. Applying the cyclic algebra
construction to the involuted ring (Z[C4),”) with fixed element x2 we see that

ZIQ(®)]=C(Z[C4l, ™, x7).

The canonical involution ~ induces involutions on the remaining corners of the
above square; in turn, it induces complex conjugation (denoted below by 6) on Z[i]
and the identity on both Z[C>] and F>[C>]. Moreover, the fixed elements corre-
sponding to xZ are, again in turn, —1 in Z[i] and 1 in both Z[C>] and F>[C3]. Ob-
serve that C(Z[i], 6, —1) is isomorphic to 2 = (_I’Z_1 ). Applying the cyclic algebra
construction to (x) we obtain the fibre square:

e Z[0(8)] — 2
M= 2 2
Z[Cy x C2] — F2[Cy x (7]
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Taking tensor product — ® Z[z, t~!] we obtain another fibre square

N Z[Coo x Q®)] —> Q[t,17']
Mit,t7 1= ! l
Z[Coo X Cy x Co] —> Tlt,t71]

where 7 =F[Cy x Co]. If € : T =F,[Cy x C3] — Fy is the augmentation and
m = Ker(¢) then m?> = 0. Thus 7 is a local ring with nilpotent radical and hence
T1t, '] is weakly Euclidean by Corollary 2.52. Furthermore, 7 [z, '] has prop-
erty SFC by (9.18); that is:

Tle,t™'is weakly Euclidean and has property SFC. (12.18)

Clearly M[t t~!1 is a Milnor square and so has the patching property. Thus
M[ ¢t~ 1] satisfies the hypotheses of Corollary 3.36 so that SF | (Z[Cx x Q(8)]) —
SF1(R2[t,t71)) is surjective. From Theorem 12.16 we now see:

Theorem 12.19 Z[C~ x Q(8)] admits infinitely many isomorphically distinct sta-
bly free modules of rank 1.

There is a corollary of Theorem 12.19 which, though obvious, is still per-
haps worth pointing out. Suppose that G is a finitely generated group such that
Hi(G; Q) # 0. This condition is equivalent to the existence of a surjective group
homomorphism p: G — C. Putr = p xId: G x Q(8) = C x Q(8). Choosing
g € G so that p(g) =t the correspondence (¢, g) — (g, g) determines a homomor-
phismi : Coo x Q(8) — G x Q(8) suchthatr oi =Idc, xg(s); thatis, Coo x Q(8)
isaretract of Coo x Q(8). If {S¢ }gex is an infinite collection of pairwise nonisomor-
phic stably free modules of rank 1 over Z[Co x Q(8)] then {i, (Sg)}sex is likewise
an infinite collection of pairwise nonisomorphic stably free modules of rank 1 over
Z[G x Q(8)]; hence we obtain:

Corollary 12.20 If G is a finitely generated group with Hi(G; Q) # 0 then
Z[G x Q(8)] admits infinitely many isomorphically distinct stably free modules of
rank 1.

12.6 Extension to Generalized Quaternion Groups

It is convenient to treat the generalized quaternion groups as two different families:

D) Q(8m)=(x,y|x?" =y? xyx=y) where m is arbitrary.
(ID) Q(4m) = (x,y|x™ = y*, xyx =y) where m is odd.

We begin with (I); we reduce the problem for the groups Q(8m) with m > 2 to
that of Q(8) considered already in Sect. 12.5. Thus supppose m > 2 and take the
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following Milnor square where g, (x) = x" ' +x""2 4 ... 4+ x + 1

ZIx)/ M — 1) 5 Z[x)/gm(xY)
v J (12.21)
Zix/(x* = 1) — (Z/m)[x]/(x* = 1)

Now take 6 to be the canonical involution on Z[x]/(x*" — 1) = Z[C (4m)]; 0 (x") =
x¥"="_Observe that 6 induces involutions on the other corners. As the above square
is now a commutative diagram of involuted rings, we may apply the cyclic algebra
construction; that is we introduce a new variable y subject to the relations yx" =
x¥="y and y? = x>" = 6(x>"). We get a Milnor square

CZIC@m)],6,x¥) > C(ZIx1/qm(x*), 6, x¥™)

v \2
C(C4),0,x) — C(Z/m,0,x%)

which, on putting C(m) = C(Z[x]/qn (x*), 6, x*™), we may write as

Zodm] -5 Cm)
vl ! (12.22)

Z[Coo x Q(@)] — (Z/m)[Q(3)].
Now put E(m) = (Z/m)[Cx X Q(8)]; tensoring (12.22) with Z[C] and we obtain:

Z[Coo x Q(8m)] —5 C(m)[Cool
v ! (12.23)
ZICx x Q)] —>  E(m)

To proceed we must examine the structure of £(m) = (Z/m)[Cso x Q(8)]. We first
deal with the case m = 2; then Z/m is the field F, and we have:

Proposition 12.24 F,[Q(8)] is a local ring with nilpotent radical.

Proof Observe that Q(8)“b = Cy x €7 and that F[C; x C3] is a local ring; indeed,
the augmentation homomorphism € : Fo[Cy x C2] — F> is surjective with nilpotent
kernel. Now the projection Q(8) — Q(8)* induces a surjective ring homomor-
phism

b:F2[Q(8)] — F2[Cr x C2].

In terms of the presentation Q(8) = (x, y |x? = y?, xyx = y) it is straightforward
to see that Ker(f) is spanned by the elements {1 + z, x + xz, y + yz, xy + xyz}
where z = x> = y%. Moreover, 1 + z is central and (1 + z)?> = 0. Thus Ker(f) is
nilpotent. The result now follows as € o fj : F2[ Q(8)] — F is surjective with nilpo-
tent kernel. O

Proposition 12.25 For each e > 1, (Z/2°)[Q(8)] is a local ring with nilpotent rad-
ical.
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Proof For e = 1 this is simply Proposition 12.24. When e > 2, the natural projection
Z./2°¢ — F, induces a surjective ring homomorphism § : (Z/2°)[Q (8] — F2[Q(8)].
Composition with € o f as per Proposition 12.24 gives a surjective ring homomor-
phism (Z/2°)[Q (8] — F, with nilpotent kernel. O

Proposition 12.26 For each e > 1, £(2°) is weakly Euclidean and has property
SFC.

Proof £2°) = (Z/2°)[Q(8][Cx] is weakly Euclidean by Corollary 2.52 and
Proposition 12.25. Likewise, from (9.18) and Proposition 12.25 it follows that £(2¢)
has SFC. O

Turning to odd primes, we have:

Proposition 12.27 £ (p°) is weakly Euclidean and has property SFC for any odd
prime p and any e > 1.

Proof For any commutative ring A in which 2 is invertible it is easy to see that

A[OB) = A X AxAxAX (_l/’;l)

Taking A = Z/ p° then, as in Corollary 12.6, Proposition 12.7, (% = My(Z/p°)
and so

E(P™) = (L) p9)[Cool® x Ma((Z] p)[Coo)).

Now (Z/p®)[Cwo] is weakly Euclidean, by Corollary 2.52 and has SFC , by (9.18).
Thus M>((Z/p¢)[Cx]) is weakly Euclidean, by Theorem 2.48 and has SFC, by
(9.20). The result now follows from Corollary 2.46 and (9.21). O

In general, write m as a product of powers of distinct primes m = 2° pf‘ e pz"
sothat Z/m = Z/p°! x --- x Z/p® and hence

Em)=E(p") x -+ x E(po).
It follows from Propositions 12.26, 12.27, Corollary 2.46 and (9.21) that:
For any integer m > 2, £(m) is weakly Euclidean and has property SFC. (12.28)
The square in (12.23) satisfies the hypotheses of Corollary 3.36. It follows that
Y xn: SFI(Z[Coo x QBm]) = SFI(Z[Coo x Q(B)]) x SF1(C(m)[Coc])

is surjective. In general the task of giving a complete description of SF 1 (C(m)[Cx])
is complicated; ignoring this factor we nevertheless see that:

Foreachm > 2, SF(Z[Cx X Q(8m]) i SF1(Z[Cso x Q(8)] is surjective.
(12.29)
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From Theorem 12.19 we see that:!
SF1(Z[Cs x Q(8m)] is infinite when m > 1. (12.30)

If G is a finitely generated group with H;(G; Q) # 0 then Co, x Q(8m) is a retract
of G x Q(8m) so we also obtain:

Let G be a finitely generated group with H;(G; Q) # 0; then
SFI1(Z]G x Q(8m)]) is infinite for each m > 1. (12.31)

In particular, we could take G = F}, to be a finitely generated free group.
We now suppose that m > 1 is odd and turn to the groups Q(4m); consider the
following Milnor square where g, (x) = x" "1 +x"2 4 ... 4+ x + 1:

ZIx)/ = 1) 5 Z[x]/gm(x2)
v ) (12.32)
ZIxl/(x> = 1) — (Z/m)[x]/(x*=1)

In applying the cyclic algebra construction, as m is odd, the relations y?> = x™ and
x? =1 at the bottom lefthand corner force y> = x and so allow us to eliminate x at
this position. We then obtain a Milnor square

C(Z[C(2m)],0,x™) —"> C(Z[x]/qm(xz),e,xm)
v J
Zyl/o* -1 —  (@Z/mIyl/o*-1)

which we may write as:
Z[Q(4m)] - C(ZIx1/qm(x2), 0, x™)

vl ! (12.33)
Z[CH] — (Z/m)[CH)]

Now let F), be the free group of rank n. We shall write XC(m, n) = C(Z[x]/qm D),
0, x™)[F,] and F(m,n) = (Z/m)[F, x C4] = ((Z/m)[C4])[F,] so that we have a
Milnor square:

ZIF, x 0(4m)] —= K(m,n)
v l (12.34)
Z[F, x C4] —> F(m,n)

Given a commutative ring A in which 2 is invertible one sees easily that

A[CH]Z A x AxA[1)/(t>+1). (12.35)

IThis generalizes a result of Pouya Kamali; in his thesis [61], using a different system of fibre
squares, Kamali was able to show that SF|(Z[Cx x Q(8m]) is infinite when m > 1 is not a
power of 2.
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When p is an odd prime (Z/p“)[t]/(t2 + 1D =Z/(p*) xZ/(p?) if p=1 mod 4
whilst (Z/p®)[t]/(t*> + 1) is a local ring with nilpotent radical if p = 3 mod 4. If
m is not a prime power we write it as a product of powers of distinct odd primes
m=p{' - pXsothat Z/m = Z/p! x --- x Z/p®. Collecting our results we see
that in each case (Z/m)[C(4)] is a finite product of local rings each with nilpotent
radical. In consequence of Corollary 2.46 and Proposition 2.47 we now have:

F(m, n) is weakly Euclidean. (12.36)
Likewise from (9.18) and (9.21) it follows that:
F(m, n) has property SFC. (12.37)
Thus the square in (12.34) satisfies the hypotheses of Corollary 3.36. It follows that
Y xn:SFIZIF, x Q(4m]) > SF1(Z[F, x C(2) x C(Q)]) x SF1(K(m,n))

is surjective. Again the task of giving a complete description of SF(K(m, n)) is
complicated. If we ignore SF|(K(m, n)) we see that:

SFi(Z[F, x Q(@4m]) iﬁ) SF1(ZL[F, x C4]) is surjective for m odd.  (12.38)
From Corollary 10.27 SF|(Z[F,, x C4]) is infinite when n > 2; thus:
SFi(Z[F, x Q(4m)]) is infinite when m is odd and n > 2. (12.39)

When m is odd the problem for n = 1, that is for Co, x Q(4m), is rather more
delicate. We pose the following question for any odd integer m > 1:

Is SF1(Z[Cx x Q(4m)]) infinite? (12.40)



Chapter 13
Parametrizing $21(Z): Generic Case

In this chapter we will take G to be a finitely generated group and we denote by
SF+ the isomorphism classes of finitely generated nonzero stably free modules
over Z[G]. As before we denote by £21(Z) the first syzygy of Z over Z[G]; that
is, the stable class [J] of any module J which occurs in an exact sequence of
A-modules

0->J->A">Z-0

where A = Z[G]. We have previously seen that both £21(Z) and SF; have the
structure of trees in which the roots do not extend infinitely downwards and, for
certain G at least, we considered the structure of SF in some detail. Here we
seek to parametrize £21(Z) by SF +; that is, the ‘unknown’ by the ‘known’. We will
show that, under suitable conditions, there is a height preserving mapping of trees
Kk : SF4+ — §21(Z); compare also [54]. We then proceed to establish conditions
under which « is injective and/or surjective. The problem divides naturally into two
cases, according to whether Ext!(Z, A) is zero or not.

Generic Case: Ext!(Z, A)=0
Singular Case: Ext'(Z, A) #0

The Generic Case admits of a reasonably complete conclusion, which we detail
below. The Singular Case, however, is more intricate and is considered in Chaps. 14
and 15.

13.1 Minimality of the Augmentation Ideal

Evidently a mapping « with the properties considered above must transform the
minimal level of SF; to that of £21(Z). Therein lies our first difficulty. The minimal
level of SF consists simply of the isomorphism classes of stably free modules of
rank 1. By contrast, the minimal level of §21(Z) is less easy to characterize. To
explain this, let € : Z[G] — Z denote the augmentation homomorphism; then the
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augmentation ideal Z = Ker(€) represents an element of £2{(Z), occuring as it does
in an exact sequence

0—-ZT—>A—->7Z—0.

As the middle term A has minimal rank we may expect thereby that Z lies at the
minimal level of £21(Z). Unfortunately, this need not be the case. As we note below,
7 fails to be minimal when G is a free group of rank > 2. Our first task is therefore
to establish reasonable conditions which guarantee that 7 does indeed lie at the
minimal level of §£21(Z).

In what follows we assume, without further comment, that G is a finitely gener-
ated group with integral group ring A = Z[G]; we establish:

First minimality criterion 7 is minimal in £21(Z) if Ext!(Z, A) = 0. (13.1)

Proof Let h: J @ AP —> T @ A® be an isomorphism of A-modules. From the

extension0 > 7Z — A >Z — 0 defining Z we may construct a succession of exact
sequences thus:

0>T@A* 5> A S 750,
0> J@® AP L a2t S 750
0—->J—>S—>7Z—0,

where S = A%t /j(AP) and j =i oh. Evidently Hom 4 (S, Z) # 0. Moreover, since
Ext!(Z, A) = 0 then S is projective by Proposition 5.17. In particular, the exact
sequence

0> AP 5 AT 5550

defining S splits and there is an isomorphism A**! = Af @ S. Applying
Hom 4 (—, Z) we see that

2ot = 7P @ Homy(S, Z)

and since Hom 4 (S, Z) # 0 it follows that 8 < « + 1 so that § < « as required. [
The necessity for some minimality criterion is shown by the following:
Proposition 13.2 Let G = I' * Cyo; then T fails to be minimal in $21(Z).

Proof Write I for the integral augmentation ideal of G; when G = I" x A we see
that ([34], p. 140)

I = Ir ®zir ZIG]) & (Za ®z14] ZIG)).

On taking A to be the infinite cyclic group C, = (#|@) the following exact sequence

0— Z[Co] =2 Z[Co] <> Z — 0
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shows that Z¢, = Z[Cx] and hence Z¢,, ®z(c..] ZIG] = Z[G]. On substituting
A = C in the above we see that

Z6 = (Zr ®zir) ZIG)) ® Z[G];
hence Zr ®z[ Z[G]) lies below I in .QIG(Z). O

Taking I" = F,_1 one sees iteratively that Zr, = Z[F,]" so that T, departs
progressively from minimality as n increases. Moreover, even when I is the trivial
group, Proposition 13.2 still shows that O lies below Z¢_ in .QIC“ (Z).

13.2 Parametrizing $21(Z) in the Generic Case

In this section we will continue to take G to be a finitely generated group and put
A = Z[G]. Moreover, we assume that Ext! (Z, A) = 0 so that, by (13.1), we know
that:

Min: 7 is a minimal element in £2(Z).

As before we denote by SF 4+ the isomorphism classes of finitely generated stably
free modules over Z[G]. A consequence of the weak finite (= WF) property for A
is that a finitely generated nonzero stably free module S over A = Z[G] has a well
defined rank rk(S) > 1 defined by 1k(S) = m <= S @ A" = A" In what follows
S will denote a finitely generated nonzero stably free module over A = Z[G]. When
k(S) = m we have Hom 4 (S, Z) @ Hom4 (A™, Z) = Homy (A™ 1", Z). However
Homy (A¥, Z) = ZF so that Hom 4 (S, Z) & Z" = 7" From the classification of
finitely generated abelian groups it follows that:

If rk(S)=m then Homu(S,Z)=7Z". (13.3)

In particular we see that there exists a nonzero A-homomorphism 7 : § — Z. The
possibility of comparing §2;(Z) with SF. arises from:

Theorem 13.4 Let n: S — Z be a nonzero A-homomorphism; then

(1) Ker(n) € $21(Z);
(ii) ifrk(S) =1 andn' : S — Z is also a nonzero A-homomorphism then Ker(n') =
Ker(n);
(i) if S = A™ then Ker(n) =T @ A™!.

Proof (i) First consider the special case where n is surjective. On applying
Schanuel’s Lemma to the exact sequences

0—>Ker(n)—>S—n>Z—>0; 05>T—>ASZ—0

we see that Z @ S = Ker(n) @ A and for any positive integer k, Z @ S @ AF =
Ker(n) @ A1, As § is stably free S @ A¥ = A"k for some k. Hence for some k,
T Atk = Ker(n) & A*1 and so Ker(n) € §21(Z). If n is only assumed to be
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nonzero then Im(n) = (d) for some nonzero integer d. Putting & = %n we see that &
is surjective. The conclusion now follows from the above special case as Ker(n) =
Ker(§).

(ii) As rk(S) = 1 then Hom,(S,Z) = Z. Let £ € Hom4 (S, Z) be a generator.
Then for some nonzero integers n, n’ we have n = n& and ' = n’¢ and so Ker(n) =
Ker(¢) = Ker(n') as required.

(iii) For 1 <i <m put ¢; = € o w; where € : A — Z is the augmentation ho-
momorphism and 7; : A™ — A is the ith projection. As {€;}1<i<m is a Z-basis
for Homy (A™,Z) =Z™ a given A-homomorphism 71 : A™ — Z may be expressed
uniquely in the form

n=x1€1+ -+ Xmén
for some x; € Z. Regarding X = (x1, ..., Xp) as the Z-linear mapping x : Z" — Z

Y1
x| : =X1Y1+ -+ XmYm
Ym

then n = x o €, where €, : A — Z™ is induced coordinate-wise by €. The Smith
normal form applied to x gives « € E,(Z) making the following commute

Zm
\
o

Zm

Z

where p; is projection onto the first factor and where the integer n(= ny) gen-
erates the (nonzero) ideal (xi,...,x,) of Z. As € : A — Z is surjective then
€ : Ep(A) — E,(Z) is surjective so that there exists @ € E,, (A) making the fol-
lowing commute:

A €x z7m
\
o

A €x z7m

Z

N

Thus Ker(n) = Ker(x o €,) = Ker(np; o €,). However, Ker(np o €,) = Ker(p1 o €4)
as n # 0. The conclusion follows as Ker(pj o €,) =7 & A" 1. d

For k > 0 we define £21 (k) to be the set of modules in £2(Z) at height k; that is:
Jeik) < JDA'=ZIT® A forsomen>1.
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Likewise we define SF 1 (k) to be the set of modules in SF at height &; that is
SeSF (k) = S@a"=a

When S is a nonzero finitely generated stably free A-module we denote by [« (S)]
the set of isomorphism classes of all A-modules which occur in an exact sequence

0—>J—>S—>7Z-—0.
It follows from (13.3) and Theorem 13.4 that:
[« (S)] is a non-empty subset of §21(Z) for each S € SF. (13.5)

We regard « as a relation (that is, a multi-valued function) « : SF 4 ~~ £21(Z); that
is, k(S) is a well defined element of £21(Z) only when [« (S)] consists of a single
element. Again from Theorem 13.4 it follows that:

k (S) is well defined provided that either tk(S) =1 or S is free. (13.6)
We also note that:
If J € k(S) then h(J) =1k(S) — 1. (13.7)

The height and rank functions on SF; are related by 4(S) = rk(S) — 1. Thus (13.7)
can be rephrased to say that the relation « is height preserving; that is:

If J € «(S) then h(J) = h(S). (13.8)

Proposition 13.9 If Ext!(Z, A) = 0 then given any J € 2\(Z) there exists S €
SF 4 such that J € [k(S)]; that is, the relation k is surjective.

Proof Let 0 > 7 Laszo 0 denote the defining exact sequence for Z and

suppose that J @ A™ =7 @ A". Choose an isomorphism & : J & A™ T G A"
and consider the exact sequence

0>JoA" 5 A0 A" T Z -0,
where j = (( ®Id)oh and w : A @ A" — A is the projection. Putting S =
(A A™)/j(A™) we have an exact sequence 0 — J — § — Z — 0. By hypothesis,
Z is coprojective, and so, by the ‘Desuspension Lemma’ Proposition 5.17 it follows
that S is projective. On splitting the exact sequence 0 — A” — A"t - § 5 0t
follows that § @ A™ = A"+! so that S is stably free and, from the exact sequence
0—J—> S— Z— 0, it follows tautologically that J € [« (S)]. Il

The discussion now splits into two cases, according to whether G is finite or
infinite. We note that both cases do, in fact, occur. When G is finite the condi-
tion Ext' (Z, A) = 0 holds automatically in consequence of the Eckmann-Shapiro
Lemma. As an example with G infinite we may take any virtual duality group of
(virtual) dimension > 2.
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13.3 Case I: G Finite

Let I" be an infinite tree with a height function 4 : I' — N whose minimal level
h~1(0) describes the ‘roots’ of the tree. We say that I" is a fork when there is no
branching except at the minimal level; that is, when |2~ (n)| for n > 1. The diagram
(13.10) below illustrates the notion, with (A) showing proper branching and (B)
representing the trivial case where there is no branching at all.

A B

(13.10)

We note that when I", A are forks any level preserving mapping pu : I" — A is
completely described by its restriction to minimal levels p : I'™" — A™" [t js a
consequence of the theorem of Swan-Jacobinski [18, 46, 93] that when the group
G is finite then both SF 4 and £2(Z) are forks. As in Sect. 8.4, for J € §2|(Z) we
denote by o (J) the ‘Swan multiplicity’

o (J) = Im(vy)\Ker(Sy)l,

where S; : Autpe(J) — I?Z)(A) is the Swan mapping and vy : Auty(J) —
Autpe,(J) is the natural mapping. The situation for finite G may be stated thus:

Theorem 13.11 Let G be finite; then

(1) « :SF4 — §21(Z) is a surjective level preserving mapping; in addition
(i) if J € 24 (Z) lies above the minimal level then k()| = 1; furthermore
(iii) if J € 2" (Z) then k=YD =a ().

Proof Let S € SFy. If h(S) =0, that is, if tk(S) = 1, then «(S) is well defined
by (13.6) above. If h(S) > 1, that is, if rk(S) > 2, then § is free and so x(S) is
well defined, again by (13.6). Thus « is a mapping, and by (13.8), is level pre-
serving. Finally, as G is finite then from the Eckmann-Shapiro Lemma it follows
that Ext!(Z, A) = 0. Thus « is surjective by Proposition 13.9 and this proves (i).
Moreover (ii) is simply the statement that neither £2{(Z) nor SF ; branch above the
minimal level which follows, as we have already noted, from the Swan-Jacobinski
Theorem. Finally (iii) follows from Theorem 8.15. O

It follows from Theorem 13.11 that if SF . is a trivial fork then so also is
£21(Z). As we indicated in Sect. 10.1, this is the case for very many but not all finite
groups G. For example, in the case of the quaternion group Q(4n) = (x, y|x" = y?,
xyx = y) Swan shows that SF is a nontrivial fork whenever n > 6. In some (and
probably all) such cases £21(Z) is also nontrivial [50].
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13.4 Case II: G Infinite and Ext (Z, A) =0

This case differs from the Case I in relation to behaviour with respect to duality.
When M = A we note that the evaluation map Hom4 (A, A) > A; f+— f(l)isan
isomorphism; that is:

AT= AL (13.12)
Evidently (M & N)* = M* @ N* so we see easily that:
If P is projective then P* is also projective and P** = P. (13.13)

The converse to (13.13) is false in general. The simplest example is to take the
trivial module Z with G infinite; then as we observed in Proposition 6.31, Z* =
Homy (Z, A) = 0. Thus Z* is (trivially) projective whilst Z is not. This example has
the following consequence:

Proposition 13.14 If G is infinite and ExtlA (Z,A)=0thenI*= A.

Proof Applying Hom 4 (—, A) to the augmentation sequence

0T5ASZ50

gives a long exact sequence in cohomology from which we extract the follow-

ing portion: Homy (Z, A) — A* l—> T* — Ext!(Z, A). Now Homx(Z, A) =0 by
Proposition 6.31 whilst Ext! A(Z, A) =0 by hypothesis. Thus T* = A* = A. O

More generally, suppose J € £21(Z) so that, for some m, n, we have J @ A™ =
T & A"; dualization then gives J* @ (A*)" Z2T* @ (A*)" so that, by (13.12) and
Proposition 13.14

J*@AmEAn—H.

Thus J* € SF4 when J € £21(Z) and dualization gives a mapping § : £21(Z) —
SF 43 8(J) = J*. There is also a duality involution 6 : SF; — SF ,0(S) =

6 o 8 =1d, which we are careful to distinguish notationally from §. We make this
discussion precise:

Theorem 13.15 If G is infinite and Ext', (Z, A) = 0 then

(i) the correspondence J +— J* = Homy(J, A) defines a surjective height-
preserving mapping of trees 8 : 21(Z) — SF +;
(ii) the inverse relation 8~ satisfies 8~' = k o 0; moreover
(iii) the induced mapping on minimum levels § : .Q{ni“(Z) — S]:I_Ei“ is bijective.

Proof By the preceding remarks the correspondence J +— J* clearly defines a func-
tion 6 : £21(Z) — SF 1. To show that § preserves height first observe that 7 is at the
minimal level by (13.1). If J € £2{(Z) then for some k >0 J @ A" =T @ A™*
and h(J) = k. The preceding calculation now gives J* @ A" = A™+k+1 5o that
rk(J*) =k + 1 and so h(J*) =k and § preserves levels.
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To show that § is surjective, suppose S € SF4, so that, for some a > 1,
S @ A4 = A™F4 On taking duals we see that S* @ A% == A™ %4 5o that we also have
S* € SF4. By (13.3) choose a nonzero homomorphism 7 : §* — Z. Replacing Z
by Im(n) = Z if necessary we may suppose that  : $* — Z is surjective. It follows
from Theorem 13.4 that Ker(n) € £21(Z). We proceed to show that § (Ker(n)) = S.
As in Proposition 13.14, applying Hom 4 (—, A) to the sequence

0— Ker(n) > §* 5 72— 0

gives an exact sequence: Homy (Z, A) — S** EN Ker(n)* — Ext!(Z, A). As be-

fore, the two end terms are zero leaving an isomorphism j* : §** = Ker(n)* so
that §(Ker(n)) = §** = § as claimed. Hence § is surjective, completing the proof
of (1).

That there is equality of relations ' = k o 6 is the statement that

Jek(SH] < §WU)=ES.

This is implicit in the proof of (i). To make it explicit, first suppose that J € [k (Sx)].
Then there exists an exact sequence 0 — J — S* — Z — 0. Repeating the argu-
ment of (i) gives J* = §** so that, as $** = § we have §(J) = S.

Conversely, suppose that J € £21(Z) has the property that 6(J) = S. In Proposi-
tion 13.9 we showed:

(1): Jex(T)] forsome T € SFy.

That is, there is an exact sequence 0 - J — T — Z — 0. Dualizing as in (i) above
we see that §(J) = J* = T*. However, §(J) = S. Thus S = T* and so T = S*. By
(1) it follows that J € [k (5*)], and this proves (ii).

To complete the proof we show that § : .Q{nin(Z) — S]-"’}rﬁn is bijective. We
showed in (13.6) that the relation x actually defines a function « : S}"}r‘i“ —
Qfmn (Z). Moreover, as 6 and § are both level preserving we have mappings

0:SFI™ - SFI™  §:Q"Z)— SF"

in which 6, being self inverse, is bijective and § is surjective. In what follows, where
it is not explicit we assume that all mappings are restricted to the minimum levels
in both 2;(Z) and SF .. From (ii) above we see that k6 = Id. Conjugation by
6 =6~ now gives

(1) 66k =1d.

Thus « is injective. However, we showed in Proposition 13.9 that « is surjective.
Explicitly, given J € £2/""(Z) there exists S € SF such that J € [«(S)]. As «
preserves levels then § € Sfﬂfi“ and, in this case, by (13.6) «(S) is a single well
defined element. Thus « : S]-'Ti“ — .Qi“i“(Z) is invertible. From (1) we now see
that § =0~ ' ok : .Q{“i“(Z) — S}"Ei“ is bijective as claimed, so completing the
proof. U
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Parametrizing £21(Z): Singular Case

In this chapter we work under the blanket assumption that G is a finitely gener-
ated group with abelianization G and integral group ring A = Z[G], and that
ExtlA (Z, A) #0. Then G is necessarily infinite. We investigate minimality of Z in
£21(Z) and first establish:

Second minimality criterion: 7 lies at the minimal level of £21(Z) if G“? is finite.

This second criterion also applies to many cases where Extk (Z, A) =0 although we
do not need to use it there. We employ it in Sect. 14.3 to give examples of groups G
with infinite splitting in £2(Z).

14.1 The Second Minimality Criterion

Let R be a (not necessarily commutative) ring R which is free as an algebra over Z;
the augmentation homomorphism €g : R[G] — R is again defined by €(g) =1 for
all g € G and we denote by Ir(G) = Ker(er) the augmentation ideal over R. Let N
be a A-module on which G acts trivially. Observing that Ext}e[G](A, N) =0 then

from the augmentation exact sequence 0 — Ir(G) 5N AL RS 0we get an exact
sequence in cohomology
& Homgg1(A, N) > Homg(G(Ir(G), N) > Exthyg,(R, N) = 0.

For « € Homg[gj(A,N) and g € G, i*(@)(g — 1) = a(i(g — 1)) = a(g) — a(l).
However G acts trivially on N so that «(g) = «(1)g = a(1) and i*(a)(g — 1) =0
forall g € G. Hence i*(«) = 0 since Iy is generated over R by elements of the form
g — 1. The right hand end of the above exact sequence simplifies to an isomorphism

8 : Homg()(Ir(G), N) = Exth (R, N).
In the special case where N = R we obtain:

Homg(g)(Ir(G), R) = Exty (R, R). (14.1)
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By regarding R as a trivial module over Z[G] the same argument shows:
Homgz[61(1z(G), R) = ExtIZ[G](Z, R). (14.2)
However Ig(G) = Iz(G) ®z R and we have by ‘change of rings’ that
Homgz;6)(1z(G), R) = HomgG)(Ir(G), R). (14.3)
We obtain isomorphisms Hompg[G|(Ir(G), R) = Ext}e[G](R, R)= Extlz[G](Z, R).
Finally, ExtIZ[G](Z, R) = H'(G, R) whilst by the Universal Coefficient Theorem
H'(G, R) = Homg(H,(G; Z), R) = Homz(G"”, R).
Hence we see that there are isomorphisms
Hompg[g1(Ir(G), R) = Ext}e[G](R, R) = Homgz (G, R). (14.4)

Note that if ¥ is a finitely generated abelian group then Hom(¥, Z) # 0 except in
the case where ¥ is finite. Reverting to the special case where R = Z and A = Z[G]
we see that:

G is finite <= Ext\(Z,2)=0 <= Hom,(Z,Z)=0. (14.5)

Second minimality criterion Z is minimal in 21 (Z) if G? is finite. (14.6)

Proof Suppose that Z @ A = J @ A®; we must show that b < a. Clearly
Homa(Z,Z) ® Homa (A%, Z) =Homu(J,Z) ® HomA(Ab, 7).

Under the assumption that G is finite we see that Hom 4 (Z,Z) =0by (14.4) and
s0 Z% = Hom (J, Z) @ Z”. Thus Z” imbeds as a subgroup of Z¢ and so b <a. [

We shall say that the ring R is forsion free when its additive group is torsion free;
we note the following useful deduction from (14.4):

If G* is finite and R is torsion free then Homg(G|(Ir(G), R) =0. 14.7)

We note that the conditions of the two minimality criteria are independent. Let
M(1) be the condition that Ext!, (Z, A) = 0 and M (2) that G“? is finite. When G is
a free abelian group of finite rank N > 2, G satisfies Poincaré Duality in dimension
N, and so Ext"(Z, A) =0 for r £ N [60]. In particular, G satisfies condition M(1).
However, G* = G is infinite and so G fails the condition M(2). Conversely, take
G = Hj x H> to be the free product of nontrivial finite groups Hy, H;. If F denotes
the kernel of the natural mapping G — H; x H; then by the Kurosh subgroup
theorem (for example in the form given in [41, p. 118]) F is a free group of rank
(|H1| — D(|H2| — 1) = 2. Put 2 =Z[F]; F has finite index in G so applying the
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Eckmann-Shapiro Lemma we conclude that Exth (Z, 0= ExtIQ (Z, $2). Since F is
a (generalized) duality group of dimension 1 it follows that Ext}2 (Z, $2) # 0; thus
Extl, (Z, A) # 0 and so G fails condition M(1). However, G* = H{* x H? so
that G satisfies M (2).

14.2 Parametrizing £2;

Again we seek to parametrize §2{(Z) by SF . A difficulty arises according to
whether the map induced from the augmentation e, : Extl (Z, A) — Extl, (Z,Z)
is injective or not. In the injective case we obtain a conclusion which though weaker
and more fragmentary than that of Chap. 13 is nevertheless of interest; the case
where €* fails to be injective is much more obscure.! Thus we assume throughout
this section that:

G Infinite and «, : Ext!, (Z, A) — Ext!, (Z, Z) Is Injective

Note that as G is finitely generated then Extk (Z,2)= H'(G,Z) = G/ Torsion
is a finitely generated free abelian group. Since €, : Ext£1 (Z, A) — Extk (Z,7) is
injective we see that:

Extk (Z, A) is a finitely generated free abelian group. (14.8)

Next suppose S is a stably free module of rank 1 and that S @ A" = A", It follows

that Extly (Z, S) @ Extl, (Z, A)" = Ext}(Z, A) ® Ext}(Z, A)". As Ext}(Z, A) isa
finitely generated free abelian group we conclude that:

If § is a stably free module of rank 1 then Ext!,(Z, §) = Ext!(Z, A).  (14.9)

Suppose we are now given a stably free module S of rank 1. It follows from (13.3)

that Hom 4 (S, Z) = Z so that there is a surjective homomorphism 7 : § — Z which
is unique up to sign. Thus there is an extension

S=0—J5 5% 7-0).

We denote by [S] the congruence class of S in Ext!(Z, J). With this notation and
the ambient hypothesis we have:

Theorem 14.10 Ext},‘ (Z,J) = Z and [S] is a generator.

I'This case arises for groups which contain a nonabelian free group of finite index; for example,
SLy(Z).
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Proof First consider the augmentation sequence (0 — Z 5N Z[G] - Z — 0). Since
[P Extk (Z,A) — Ext% (Z,Z) is injective the exact sequence

Hom (Z, A) — Hom 4 (Z, Z) — Ext!, (Z,T) — Ext\ (Z, A) 5 Ext!, (Z, Z)

reduces to Hom 4 (Z, A) - Homy(Z,Z) — Exti‘ (Z,7) — 0. However, as G is in-
finite, Hom 4 (Z, A) = 0 so that ExtlX (Z,7) Z=Homy (Z,Z) = Z. In the general case

where S = (0 — J 5N sAz— 0) then J & A =T & S by Schanuel’s Lemma.
Hence

ExtL(Z, J) ® Ext\ (Z, A) = Ext}(Z,T) ® ExtY(Z, S) = Z ® Ext}(Z, A).

It follows from (14.8) that Extl‘(Z, NEZ Take X=0—>J > X —>Z—0)
to represent a generator of Ext A(Z J) = Z. We will show that [S] = £[X].
Then Ext A(S J) =0 as § is projective so that from the exact sequence

Hom, (S, J) —> Hom, (J, J) —> ExtA(Z J) — 0 we see that the mapping 6 :
Homu(J,J) — ExtA (Z, J); 6(0x) = a4(S) is surjective.

Hence we may write [X] = [, (S)] for some o € Homy(J, J). However, [X]
generates Exth (Z, J) = Z so that for some n € Z we may write [S] = n[X’]. Thus
[X] = nla.(X)]. Writing [« (X)] = m[X] for some integer m we obtain [X] =
mn[X]. As mn € Z and [X] is a generator of Ext!(Z, J) = Z then mn = 1 so that
n=-=l1 O

We have seen, (13.6), that «(S) is well defined when S is a stably free module of
rank 1 and that, when G is infinite and Ext! (Z, A) =0, « gives a bijection

K SFIN s QMing).
As we now see, « continues to be injective on SF7} min ynder our present hypothesis:

Theorem 14.11 ¢, : Extl‘ (Z,A) — Extk (Z, Z) is injective and G is finitely gener-
ated infinite then k : SF'" — $2\(Z) is injective.

Proof Let S, S’ € SF| and suppose that «(S) = «(§') = J We must show
that § = §'. There are exact sequences S = (0 - J —> § 57— 0);
S=0—>J5>¢ i) Z — 0) and, by Theorem 14.10, both [S], [S’] generate
Exth (Z,J) = Z so that [S'] = £[S]. Replacing ¢’ by —¢’ if necessary we may
suppose that [S’] = [S]. Thus there is a congruence

S 075 § 5 20
c) = | cd I
S /

O—>J1> S S 750

and c : S — S’ is the required isomorphism. O
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14.3 Infinite Branching in 21(Z)

We are careful not to over-interpret the statement of Theorem 14.11. Although it
remains true that the image of SF’ Ti“ under « lies at the same height as the class
[Z] of the augmentation ideal, the minimality criteria of Sects. 13.1, 14.1 no longer
apply and, in the absence of further information, we are careful not to claim that
image of SF' r}r‘i“ lies within Qim“(Z). Indeed, €* is injective when G = Co, yet the
minimal level of £21(Z) is represented by 0. However, as we shall see in Sect. 16.3,
in the case where G = Co, X @ and @ is nontrivial and finite then Q{“i“(Z) is
represented by [Z].

In earlier chapters we showed the existence of groups G which admit an infinite
number of stably free modules of rank 1 over Z[G]; then by Theorem 14.11, £21(Z)
displays an infinite amount of branching. We illustrate this with some examples. In
what follows we take Q(8m) to be the generalized quaternion group of order 8m

O@®m) = (x,y | x*™ =y xyx =y).

Begin by taking G = CY x @ where @ is a nontrivial finite group; put A = Z[G]
and Ag = Z[CY]. Then Ext!(Z, A) = ExthO(Z, Ag) by the Eckmann-Shapiro
Lemma. As C oj\é is a Poincaré Duality group of dimension N it follows [60] that

Z N=1,

ExtL (Z, A) = {0 V=2 (14.12)

By direct calculation one may first show:

€x :Exta[cw](Q, Q[Cx]) — Exté[cw](Q, Q) is an isomorphism. (14.13)

We now prove:
Proposition 14.14 ¢, : Ext), (Z, A) — Ext! (Z, Z) is injective.

Proof The statement for N > 2 is trivial by (14.12) so that it suffices to con-
sider the case N = 1. In this case, again by (14.12), Exth(Z, A) =2 Z so that
it suffices to prove that, taking rational coefficients, the corresponding map
€4 - Exté[G](Q, Q[G)) — EthQ[G] (Q, Q) is nonzero. This follows from the iso-
morphism already noted in (14.13) by applying the Kiinneth Theorem with rational
coefficients to G = Co x @ above. Il

‘We obtain:

Theorem 14.15 Let G = Cévo X Q(8m) where N > 1 and m > 1; then 21(Z) has
an infinite amount of branching at the level of L.

Proof 1t follows from Theorems 13.15 and 14.11 that « : SF$in — £21(Z) is injec-
tive. However, by (12.31) Z[G] admits infinitely many isomorphism types of stably
free modules of rank 1 and this completes proof. O



226 14 Parametrizing £21(Z): Singular Case

In the above, by (13.1), Z is minimal in £21(Z) provided N > 2. We shall see, in
Sect. 16.3, that 7 is still minimal when N = 1. Anticipating this result, the above
conclusion may be strengthened to conclude that, for N, m > 1:

£21(Z)™" is infinite for G = Cévo x Q(8m). (14.16)



Chapter 15
Generalized Swan Modules

Let G = Coo x @ where @ is a nontrivial finite group. In this chapter, subject to
conditions on @, we begin the task of parametrizing the first syzygy $21(Z) over
Z[G]. We do so via a generalization, introduced by Edwards in his thesis [25], of a
type of module first studied by Swan. The original Swan modules arise as follows;
let @ be a finite group and let € : Z[@] — Z be the augmentation homomorphism.
For n € Z we take n : Z — Z to be the homomorphism x > nx. The eponymous
Swan module (Z, n) is defined as (Z, n) = l(iLn(e, n). From the commutative diagram

07T — (T,n)—=>7Z —0
J1d N In
057 — Z[®] = Z —0

we see that (Z, n) imbeds in Z[®] as a Z-sublattice of index n. The main properties
of the (Z, n) were established by Swan [91]. Indeed, this was the original context
for the projectivity criterion of Chap. 5; Swan showed that (Z, n) is projective over
Z[®] if and only if n is a unit mod |@|. This and other aspects generalize in a
manner which we now proceed to describe.

15.1 Quasi-Augmentation Sequences and Swan Modules

A module S over a ring A is said to be strongly Hopfian when for all integers n > 1
any surjective A-homomorphism ¢ : S® — § is necessarily an isomorphism.
It is straightforward to see this entails an apparently stronger property, namely,
that if ny < ny and ¢ : St 5 gm2) g surjective homomorphism then ¢ is an
isomorphism and n; = ny. An exact sequence of finitely generated A-modules

S=0— S_ 5N So LS S+ — 0) is called a quasi augmentation sequence when
So is stably free and when S S_ satisfy the following conditions;

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 227
DOI 10.1007/978-1-4471-2294-4_15, © Springer-Verlag London Limited 2012


http://dx.doi.org/10.1007/978-1-4471-2294-4_15

228 15 Generalized Swan Modules

(i) Extly (S, A)=0;

(i) Sy, S— are strongly Hopfian;
(iii)) Homu4(S—, S4) =0.
By a Swan module relative to S we mean a A-module M which occurs in an exact
sequence of the form

Eu=0—>S_—>M— S5, —0).
Until further notice, A will denote a group ring R[®] where @ is a finite group and
R is a ring subject at least to the following restriction ():
() R is free over Z and satisfies the weak finiteness condition of Sect. 1.1.

At the outset we do not assume that R is commutative. Whilst further restrictions
will be imposed on R as we progess, the condition (f) will be assumed to hold
without further mention. We first consider:

(15.1) The Standard Augmentation Sequence Let @ a finite group and take A
to be the group ring R[®]. The augmentation map €r : R[®] — R, GR(ZW app) =
> ¢ 4y 1s a ring homomorphism and gives an exact sequence

R=0—Ig > R[®] L R—0)
where Ig = Ker(eg) and i is the inclusion; with this notation we have:
Proposition 15.2 R is a quasi-augmentation sequence over R[®P].

Proof As in (14.4), Homg(e)(Ir, R) = Exty 4 (R, R) = Homgz(®“?, R). As @ is
finite and R is free over Z then Hompg[¢|(Igr(®), R) = 0. The weak finiteness as-
sumption on R also implies that R is strongly Hopfian as a module over R[®]. As
IR is free of rank |@| — 1 over R then Iy is also strongly Hopfian. Finally, by the
Eckmann-Shapiro Lemma, Exty (R, R[®]) = Exty (R, R) =0. O

(15.3) The Augmentation Ideal of Z[C,, x @] as a Swan Module In the origi-
nal context of finite groups the integral augmentation ideal is not a Swan module.
However, it is so in the case of C, x @. What follows is a special case of Proposi-
tion 15.2 but we repeat the details for emphasis. Take R = Z[C] = Z[t, +~17 and,
asin (15.1), take

R=(0—Ig > R[®] 5 R 0).

In addition to the R-augmentation €, we also have the Z-augmentation for Cog,

€0 :R—>7Z1; ex(t)=1;

then the exact sequence 0 — R AR Z 5 0isa complete resolution for Z
over R. Finally, we have the Z-augmentation of C, X @, €7(t ® ¢) = 1. Observe
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that €z = €, 0 €g so that 7 = Ker(ez) occurs in the following diagram in which
both rows are exact:

0
\

0O—-Ig—>717 — R =0
I N bi—1
0—Ig—> A BRSO
| €x
V4

\
0

We see from the exact sequence 0 — Ig — Z —> R — 0 that Z is a Swan module
over R; in Swan’s notation one would describe itas Z = (Ig,t — 1).

(15.4) The Dual Augmentation Sequence For this example, begin by taking R
to be a commutative ring satisfying (1) and again take A = R[®] where @ is a
finite group. Now take the R[@]-dual R* of the above sequence which, by the
0-dimensional case of Eckmann-Shapiro is isomorphic to the R-dual.

R*=(0— RS RIS 1% — 0).

Although R and R[®] are always self-dual, I;g is not isomorphic to /g unless @ is
cyclic.

The Swan modules obtained here are simply the R[G]-duals of those obtained
from the standard sequence and it is largely a matter of taste as to which we use.
In the case R = Z, Swan explicitly uses both [91, 94]. The dual sequence does,
however, have the practical advantage that I is naturally a ring, being isomorphic
to the quotient R[G]/(X) where X is the principal two-sided ideal in R[G] with
generator the sum of the elements in G.

Our discussion throughout has been framed in terms of right modules. The re-
quirement here that R be commutative is only made to avoid having to consider left
R-modules upon dualizing. However, provided R possesses an (anti)-involution (if,
for example, R is itself a group ring over a commutative ring) then one may relax
this condition in the conventional way, replacing the R- dual by the conjugate dual
with respect to the involution on R.

(15.5) The Quasi-Augmentation of a Stably Free Module of Rank 1 As a varia-
tion on (15.1), again take A = R[@] where @ is finite and take a stably free mod-
ule S of rank 1 over A satisfying S & A™ = AMHL - Assume, in addition, that R
has the SFC-property. Then Hom 4 (A, R) = R so that Hom 4 (A™, R) = R™ and
so Hom (S, R) & R™ = R™*1, From the assumption that R has SFC we see that
Hom 4 (S, R) = R. In particular, there is a surjective A-homomorphism :S — R
which is unique up to multiplication by a unit in R. We claim that we have a quasi-
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augmentation sequence

S =(0— Ker(n) > S5 R —0).

‘We must show that Ker(#) is strongly Hopfian and Hom 4 (Ker(#), R) = 0.

For the first, note that for some m, S @ A™ = A"l As A is free of rank |D|
over R, and as R has the SFC property then S is also free of rank |@]| over R.
Splitting S over R we see that Ker(#) is free of rank |@| — 1 over R. Hence Ker(#)
is strongly Hopfian. Finally, comparing & with R and using Schanuel’s Lemma we
see that

Ker(n) ®AZIr & S.
Thus
Hom 4 (Ker(n), R) @ Hom4 (A, R) = Homx (S, R) = R.

As Homy (A, R) = R it follows that Hom 4 (Ker(n), R) = 0 and S is a quasi aug-
mentation as claimed.

As an example, we may take R = Z[F,,] to be the integral group ring of the
free group of rank m. Then R has the SFC property and R[®] is the integral group
ring Z[ F,;, x @] of the direct product. Taking @ = Q(8p), as in Chap. 12, there are
infinitely many stably free modules of rank 1 over R[®]. Of course, if S is free then
we simply retrieve the first example. However, when S is not free then Ker(n) need
not be isomorphic to Ir; then the Swan modules obtained are distinct from, though
stably equivalent to, those of (15.1).

15.2 Generalized Swan Modules and Rigidity

Fix a quasi augmentation S = (0 — S_ 4 So £ S+ — 0) and consider Swan mod-
ules relative to S. They have the property of being rigid in the sense that the exact
sequence which defines them is essentially unique; that is:

Proposition 15.6 Let M, N be Swan modules defined by exact sequences

Eu=0—5 SmMESs, 50:; Ey=0->5 >5nLs —o0).
Then M = N ifand only if Eyy = EN.
Proof The implication (<) is trivial. To prove (=), suppose that f : M — N

is an isomorphism of A-modules. Then the homomorphism ¢ o f oi:S_ — Sy is
necessarily zero, and so f induces homomorphisms on both kernels and cokernels:

0> S_. 5M% 5. >0
df- 'i«f yn

0> 5 A N%s 5o
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that is, f induces a homomorphism of exact sequences f : £y — Ey. We must
show that f} and f_ are isomorphisms.

To show that f, is an isomorphism observe that f. is evidently surjective and
so is an isomorphism by the strong Hopfian property. It now follows easily that f_
is an isomorphism. Hence f : &y — &y is an isomorphism of exact sequences as
claimed. g

A module M over A is said to be a generalized Swan module (relative to S) when
it occurs in an exact sequence

SM:(O—>S(1")—>M—>SEF")—>O)

for some positive integers m, n. As in the case of Swan modules the defining se-
quence £y of M is then essentially unique. The proof of this requires a slight re-
finement of Proposition 15.6.

Theorem 15.7 (Rigidity Theorem) Let M1, M> be generalized Swan modules rela-
tiveto S:

51:(0—>S(_“)—i>M1—¢>S$})—>0); 82:(0—>S(_m)—j>M2£>S§f)—>O);

then My = M, if and only if £| = &;.

Proof Suppose that f : M| — M> is an isomorphism of A-modules. By interchang-
ing M1 and M, and replacing f by f~! we may, without loss of generality, assume
that v < n. The homomorphism ¥ o f oi : S(_“) — S_(:’) is necessarily zero, and so f
induces homomorphisms on both kernels and cokernels and hence a homomorphism

of exact sequences f : & — &;

0—>S(_”)—i>M1—W>S£LU)—>O
R T
0— ™ L py L s 0

As f is an isomorphism it is surjective and so f is also surjective. As Sy is strongly
Hopfian and v < n then f is an isomorphism and v = n. By extending the sequence
to the left by zeroes and using the Five Lemma it follows that f_ is also an isomor-
phism and so f induces an isomorphism of exact sequences f : Ey — En. Also
nw=m [l

Observe that in the course of proving Theorem 15.7 we also proved:
Proposition 15.8 Let M, N be generalized Swan modules relative to S thus:
E=0->S"5m5sV 50 &H=0-5"D M5 s 0

if M\ = My then w=m and v = n.
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A generalized Swan module M given by an exact sequence

0— ™5 m5 s o)

is said to be of type (m, n). If m = n we simply say that M is of rank m. If m #n
we say that M is of mixed type. As an nontrivial example of mixed type we may
consider:

(15.9) The Integral Augmentation Ideal of Z[F,,, x @] as a Swan Module Let
X1, ..., Xy be a free generating set for F;, and let @ be a nontrivial finite group.
Taking R = Z[ F,,,] we have a complete resolution of Z over R

X
0—-R" —SR—7Z-—0,
where X = (x; — 1, ..., x;, — ). We obtain a commutative diagram with exact rows

O—>Ig—~>» I —R"—>0
I N X
0— Ig — R[®] 2 R -0

showing that 7 is a generalized Swan module of type (1, m).

15.3 Classification of Generalized Swan Modules

Until further notice all generalized Swan modules will be taken relative to a fixed
quasi augmentation sequence S = (0 - S_ — § — S; — 0). Relative to S the
Rigidity Theorem (15.7) reduces the isomorphism classification of generalized
Swan modules of type (m, n) to the isomorphism classification of exact sequences
of the form (0 — sm Lok Sf) — 0). Up to congruence, that is, requiring iden-
tity maps on each end,

0 8™ 5 9 —>S£L")—>0
J1d N J1d

0—8s™ 52725850

such exact sequences are classified by Ext! (ng'), S(_m)). To allow for classification

up to isomorphism, however, we must allow arbitrary automorphisms on the ends.
There is a natural right action of Auty, (S_(f)) on Ext! (Sj_m), S(_m))
Ext! (8", 5™) x Auts(S™) — Ext! (5", s
(€. B) = B*(E)
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Likewise there is a natural left action of Aut (S(_m)) on Ext! (S ("), S(_m))

Auty (8™ x Ext! (81, 5™ - Ext!(s”, s™)
(@, &) — a4 (&)

As is well known (see, for example, [68], p. 67, Lemma 7.6), the two actions com-
mute in the sense that a, 8*(E) is congruent to B*, (£) so that we get a two sided
action

Auty (8) x Ext' (8%, 8" x Auts (S™) — Ext! (81, s™)
(@&, B) = afRE)
We get the following:
Theorem 15.10 Let S be a quasi augmentation; then there is a 1 — 1 correspon-

dence

Isomorphism classes of
generalized Swan modules } <—> Aut(S(_m))\Extl (Sf), S(_m))/Aut(SEF")).
of type (m, n) over S

We can describe this in terms of ‘coordinates’: if o denotes a sign o = % put
T, = End 4 (S, ) and make the identifications
Ends (") = My (T-); Auta(S™") = GL, (T-),
Enda(SY") = My(Ty):  Auta(SY") = GL(Ty).

Let M, »,(A) denote the set of m x n matrices with entries in a set A. The additivity
properties of Ext! allow us to identify

Ext' (81, $") «— M, ,(Ext' (S}, S_))
via the correspondence & — (7w (£)) 1<r<m,1<t<n Where 7" : s
b

— S_ is pro-
jection to the r*"-factor and i; : S_ — S s inclusion of the "-summand. Since

S is stably free then S_ is a representative of the first syzygy £21(S+). Moreover, as
Ext!(S;, A) = 0 the corepresentation formula (5.22) for cohomology holds to give

Ext! (S, S_) = Homper(S—, S_) = Endper(S-).

Write ® = Endp,,(S-) then again since Ext! (S4, A) = 0 there are ring isomor-
phisms Endper(S+) = Endpe(S—) = @. In coordinate terms the natural surjective
ring homomorphisms End 4 (S(,m)) — Endper(S(,m)),EndA (Sf)) — Endper(Sf))
become surjective ring homomorphisms M,,(T-) — M,,(®), M,(Ty) - M,(O)
which we write in the form X, — [X,] and the above two sided action, in coordi-
nate terms, becomes

GLu(T-) X My n(©) X GLy(Ty) — M, 4(O)
(vaav X+) = [X,]O{[X+]

We get the following coordinatised version of the Classification Theorem:
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Theorem 15.11 (Classification Theorem) Let S be a quasi augmentation; then
there is a 1 — 1 correspondence

Isomorphism classes of
generalized Swan modules y <— GLy(T-)\M;, ,(®)/GL,(T).
of type (m, n) over S

When m = n it is convenient to record the details of this correspondence explic-
itly. Given f € Endper(Sﬁﬂ)) we may form the pushout extension

0 §™ L gm Sim) -0
vl 1
0— 8 S lim(f,i) > S{" >0
Denote by Iso,, (S) the set of isomorphism classes of generalized Swan modules of
type (m,m) over S. By making the identification M,,(®) < Endper(S(_m) ) the bi-

jection of Theorem 15.11 in the direction GL,, (T-)\M,,,(®)/GL,,(T+) — 150, (S)
is given by the mapping

lim : GLyy (T )\Mu(©)/GLy (T1) = 150, (S);  [f1+=> Lim(f, 0).

This allows a parametrization of Iso,, (S) expressed entirely in terms of @. To see
this, observe that we have a commutative diagram:

V2

En(T-)\Mp(©)/En(T5) GLn (T-)\My(®)/GLn (T)

o lim (15.12)
—>
En(©@)\Mp(0)/En(O) 150, (S)

Here vq, v, are the obvious maps. Note that the fibres of v, are quotients of
GLm (T—)/Em(T—) X Em (T+)\GLm (T+)-

To describe m, note that as E,,(T,) — E,(®) is surjective then v; is a bijection.
Defining 7 = h_r)novz o (vy)~! the diagram commutes as required. Since v; and h_r)n

are bijective and v; is surjective then 7 is also surjective. Moreover v maps the
fibres of v, bijectively to the fibres of 7 so that we obtain:

Corollary 15.13 (Parametrization) Let S be a quasi augmentation; then there is a
surjective mapping

7 En(O)\Mp(0)/Ep(©) — 150, (S)

each of whose fibres is a quotient of GLy, (T-)/ Ep (T-) X Ep(T:)\GLy (T4).
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Suppose that X € M;,,(®) is a matrix representing the generalized Swan mod-
ule J. When, as above, ® is commutative it follows from Corollary 15.13 that the
ideal (det(X)) < ® depends only on J; thus when J is a generalized Swan module
we may define an ideal (det(J)) <t ® by the rule:

(det(J)) = (det(X)) when X € M,,(®) is a matrix representing J . (15.14)

15.4 Completely Decomposable Swan Modules

The Classification Theorem 15.11 shows that Swan modules of rank 1 are of the
form M (6) where, for 6 € @, M(0) = li_r)n(@, i) is obtained from the pushout dia-
gram

s 5 s
16 {

S_ —>1i_r>n(9,i)

This description requires the identification Ext' (S, S_) = Endpe(S—) = ©. Us-
ing the alternative identification Ext! (S, S_) = Endpe,(S4) under the canonical
isomorphism p : Endpe (S—) — Endpe(S+) there is also a pullback description
M (©) =1lim(n, p(6))

lim(n, p(0)) — Sy
J 1p®

A L s,.

As a special case of the parametrization theorem Corollary 15.13, the isomorphism
class of M (0) is determined entirely by the equivalence class (6) of 0 in T*\® /T,
that is:

MO)=M(n) <<= 0=[a_]ufay] forsomea_ €T, apeT]. (15.15)

From Theorem 5.41 we obtain the original form of Swan’s projectivity criterion
[91]; that is:

M(9) is projective <= 6eO. (15.16)

Relative to S, S itself is described as S = M (1). We similarly obtain the original
form of Swan’s isomorphism criterion [91]:

MO)=S <<= 6O=[a_]lay] forsomea_eT* a; eT;]. (15.17)

More generally, for 61, ...,60, € © weput M(61,...,0,,) =MO1)D--- D M(6Op).
A generalized Swan module of this form is said to be completely decomposable.
There is an obvious generalization of (15.16):

M0y, ...,0,) is projective if and only if each §; € O*. (15.18)
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Denote by D, (®) multiplicative submonoid of M, (&) consisting of diagonal ma-
trices thus

01 0
A(@l,,em)z 7

0 Om
D, (©)* will denote the group of invertible diagonal m x m matrices over ©.
We note that whilst a surjective ring homomorphism ¢ : ®; — ©, induces a sur-
jective monoid homomorphism ¢y : D, (1) — D, (®>) the corresponding in-
duced map on unit groups ¢y : D, (©1)* — D,,(@2)* is, in general, not surjective.
Up to isomorphism M (0, ..., 6,,) is classified by the image of A(6y,...,6,) in
GL,,,(T-)\M,,,(®)/GL,,(T4) thus:

Proposition 15.19 Relative to S every generalized Swan module is completely de-
composable if and only if the natural mapping

1:Dn(O) = GLy (T-)\Mp (@) /GLin (T4)
is surjective.

The Parametrization Corollary 15.13 can be applied, in particular, to completely
decomposable modules. In the notation of Sect. 2.3, for arbitrary 6;, u; € ©:

A(@l,...,em)NA(/.L],...,/.Lm) - M(elv'-'vem);M(Ml9'--9/-'bm)' (1520)

The considerations of Sect. 2.3 now give isomorphism relations between completely
decomposable modules. In particular, from (2.25) we obtain:

Proposition 15.21 Let 6; € O for 1 <i < m; then
M(Q],...,Gm)éMO_[Gi, 1,...,1).
i

Note that, by (2.27), the factors in the product [ [; 6; may be taken in any order.

To ensure simplicity of discussion, for the remainder of this section we will sup-
pose that T, T_ and hence © are all commutative. These restrictions allow a useful
generalization of (15.15):

Proposition 15.22 M@, 1,..., D =EM(u,1,...,1) << 0) = (u).

m m

Proof For (=),if MO, 1,...,1) = M(u,1,...,1) then by Theorem 15.11 there
exist X, € GL,,(T,) such that

[X_140,1,..., D[X+]1= A, 1,..., 1).



15.4 Completely Decomposable Swan Modules 237

Thus [u4_]10[u+] = p where u, = det(X,) € T.5; thatis, (9) = (). The implication
(<) is trivial. O

Corollary 15.23 If M0y, ...,6,) , M(61, ..., 8,) are projective then
M@, ....00) MGy, ....0p) <]‘[9i>=<]_[5,~>.
i i

Proof Since M (61, ..., 0y) is projective then §; € ®* for each i, and so, by Propo-
sition 15.21, M(61,...,6m) = M([];6:,1,...,1). Likewise, M(81,...,8m) =
M (]_[i 8i,1,...,1). The conclusion now follows from Proposition 15.22. O

Essentially the same argument as (15.18) now shows:

Corollary 15.24 If M (01, ..., 6y) is projective then

M®O1,....00) =SB ®S — <1_[9i>=<1>'

m

We now restrict S to be of the form S = (0 —- S_- - A — S; — 0); that
is, S = A. With this restriction we obtain two statements which are familiar from
Swan’s original context but are perhaps surprising in this degree of generality:

Theorem 15.25 Let M = M (6, ..., 6,,) be completely decomposable and projec-
tive of rank m; then for some projective Swan module P of rank 1, M is a direct
sum

M=PoA" .
And also:
Theorem 15.26 If M (01, ..., 0y) is stably free then it is free.

Theorem 15.27 (Decomposition Theorem) If ® is generalized Euclidean then, rel-
ative to S, every generalized Swan module is completely decomposable.

Proof Let § : Dp(©) = En(ONEn(©), 1 : Dp(®) — GLu(T)\Mp(O)/
GL,,(T) denote the canonical mappings. It is straightforward to see that the fol-
lowing diagram commutes where vy, v, are as in (15.12).
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Ep(©)\M,(©)/En(©)

1) vavy

D (©) GLn(T-)\Mn(®)/GLn(T)

It follows directly from the generalized Euclidean hypothesis that § is surjective
whilst vav;” Vis surjective as in the proof of Corollary 15.13. Thus f is surjective.
0



Chapter 16
Parametrizing £21(Z) : G =Cx x P

Both first and second minimality criteria fail in a case of particular interest, namely
when G is a direct product G = F x @ in which F is a free group and @ is finite.
As we observed in Proposition 13.2, when @ is the trivial group, the conclusion also
fails. Nevertheless, using a rather more intricate argument, we are still able to show
that the conclusion is sustained when the finite factor @ is nontrivial; that is we shall
show:

Third minimality criterion: 7 lies at the minimal level of £2;(Z) when G is a
direct product F,, x @ where F,, is a free group of rank m > 1 and @ is finite and
nontrivial.

The results of this section first appeared in [58]. The proof requires a knowledge of
all the syzygies £2,(Z) over Z[ F,, x C;;] so we begin by giving a complete resolution
of Z in this case.

16.1 The Syzygies of F,, x C},
Let F;, denote the free group of rank m > 1 given in the obvious presentation
Fn = (tlw--’th)-

Then the algebraic Cayley complex gives a complete resolution of Z over Z[ F,,] as
follows:

0— Z[F, " - Z[F,,] > Z — 0.
where
T=@—1,... 0, —1).

For any group @, we may identify Z[F,,, x @] = Z[F,] ® Z[®] where tensor prod-
uct is taken over Z. Given a complete resolution

On O On— a
A=Coo Ay A, B3 4,05 5 A B A0S Z-0)

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 239
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for Z over Z[®]. We proceed to construct a complete resolution C for Z over
Z[F, x ®]:
Put Rm) =R®---® R where R = Z[F,,]. Put Co = R ® Ag and for n > 1
——

m
write

CH=R(m)® A,_1, C, =R® A,.

Whenn =1 we put A; =(T ® 1,1 ® 91). For any n > 2 and any signs o, T we
define Z[F},;, x @]-linear maps (A,)s: : C; — C_; as follows:

(Ap)+4+ == ®-1); (An)4-=0;
A)-+=T®1; (An)——=1® 9,

and put

A (@oer Qe _ (1@ 0
" (An)f+ (An),, T®l 1®an '

We obtain homomorphisms A, : C, — C,—; over Z[F,, x @] where C, =C,;F &C,, :
An n A)l*

Theorem 16.1 C = (--- — Coiy ' C 2 0oy ' . B0 M0y S 20

is a complete resolution for Z over Z[ F,, x ®].

We now specialise to the case where @ is the cyclic group of order n; ® = C,, =
(y|y"™ = 1). Take the usual periodic resolution of Z over Z[C,,]

—1 -1 —1
L Bzien’S zic) S S zic, 3 zic,’S zic,1 S 72— o,

where ¥ =) ""_, y". The tensor product resolution of Theorem 16.1 then assumes
the form:

Aop_
C=( o A2 A2 8 28 24 4 S 7 50,

where A1 =(T® 1,1 ® (y — 1)) whilst for k > 1

Ay (T1OG=D 0 . A (1®F 0
2k = T®1 1) =11 10(3-1)"

Evidently this resolution is periodic in dimensions > 2. In particular for all k > 1
we have:

Im(Az) = Im(Ay), (16.2)
Im(Azk41) = Im(A3). (16.3)

In the odd case we can improve on this. We first make an elementary observation:
suppose X, M1, M, are modules over a ring A and that & = (Z;) X—>M & M,
is a A-homomorphism. Let & : M| & M, — M> be the projection; then with this
notation:



16.2 Two Calculations 241

Proposition 16.4 The sequence 0 — Im(hy|Ker(n,)) — Im(h) it Im(hy) — O is
exact.

We now obtain
Theorem 16.5 Im(Ay11) =EIm(A)) =T forallk > 1.

Proof Observe that Ayqq = (Agl) where g = (—1 ® X', 0). We may now apply
Proposition 16.4 to get an exact sequence

0 — Im(g|Ker(a;)) — Im(Ay1) = Im(A}) — 0.

Observe that Im(A1) = Z. Moreover, one calculates easily that g o A, = 0; that is,
&lIm(A,) = 0. However, Im(A;) = Ker(A1) by exactness of C so that the above exact
sequence reduces to an isomorphism Im(Azx1) =Im(A) =7 as claimed. O

The conclusions of (16.2) and Theorem 16.5 are worthy of emphasis; when G =
F, x Cy, the syzygies §2x(Z) (k > 0 ) are completely periodic of period two: that is;

m k odd,
() = Im(A;) keven. (16.6)

This syzygetic periodicity should be contrasted with the cohomological behaviour.
Whilst it is true (a special case of Farrell-Tate cohomology [29]) that the coho-
mology of G = F,,, x C, is periodic in dimensions > 2, this cohomological pe-
riodicity breaks down in dimension 1; for example, Extk(Z,Z[G]) # 0 whilst
Ext}, (Z, Z[G]) = 0.

16.2 Two Calculations

Given a ring R and a finite group @ we consider R as a bimodule over the group
ring A = R[®] where @ acts trivially.

Proposition 16.7 Endper4)(R) = R/|P|.

Proof Any A-homomorphism 8 : A — R is a multiple § = be where b € R and ¢
is the R-augmentation R[®] — R. Any A-homomorphism y : R — A is a multiple
y = ce* where ¢ € A and €* : R — A is the R-dual of ¢; that is €*(1) = Z¢E¢ ¢

where {q3}¢€¢ is the canonical R-basis of A = R[®]. Observe that €*(1) lies in
the centre of A and that ee*(1) = |®@|. Suppose that « = Sy is a factorization of «
through A™ where

y = : :R— A" and B=(bie,...,byue): A" — R.
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Then « is completely determined by a(1) =) ; bjee*()c; = (3, bici)|®|. Con-
versely, if @ = A|@| for some A € A then « factors through A since o = Ae o €*;
with the above notation

a:R— R factors through A" <<= «a=A|®| forsomeie A.

The result now follows as o € End 4 (R) factorizes through a projective module if
and only if it factorizes through some A™. U

We now specialize to the case where R is the integral group ring R = Z[F},]
where F, is free group of rank m > 1 and where @ = C, so that A = R[C,] =
Z[F,, x C,]. We denote by Z the integral augmentation ideal of Z[F;, x C,]. From
the exact sequence 0 - Z — A — Z — 0 we get, by dimension shifting, that

Proposition 16.8 Ext“"!(Z, N) = Ext* (Z, N) for any A-module N.
Proposition 16.9 Ext\"(Z, Z) = Ext"1(Z, 7) for k > 1.

Proof Clearly Ext’;e (Z, R) =0 for k > 2 since F,, has cohomological dimension
one. Moreover, as Fy, is a subgroup of finite index in G = F,;, x @ it follows by the
Eckmann-Shapiro Lemma that Ext”jx (Z, A) =0 for k > 2. By dimension shifting as

in Proposition 16.8, we see that Ext’jx (Z, A) =0for k > 1. Hence the exact sequence
Ext*(Z, A) — Ext*(Z,Z) — Ext**1(Z,7) - Ex¢*T1(Z, A)

reduces to an isomorphism Ext’j‘ Z,7)= Ext]j;’l (Z,T). However, again by dimen-
sion shifting, Extljf'l Z,7)= Ext]jx (Z,Z) so that ExtIXH(Z, 7)= Extljf'l (Z,1) for
k>1. O

Proposition 16.10 Ext’, (Z,7) =Z/n.

Proof The Kiinneth Theorem applied to G = F,, x C,, shows that Ext%1 (Z,72) =
Z/n; thus Ext% (Z,7) =Z/n by Proposition 16.9; now apply dimension shifting as
in Proposition 16.8. 0

By (16.6) 7 is arepresentative of §23(Z) over A=Z[F,, x C,]. As Exti (Z, A)=0
the corepresentation formula Theorem 5.37 gives an isomorphism Hompe(Z, N) =

Exti1 (Z, N) for any A-module N; on taking N =7 we obtain:

Corollary 16.11 Endpe,(Z) =Z/n.

16.3 The Third Minimality Criterion
Let G be a direct product of groups G = ¥ x @ and make the abbreviations

A=7Z[G]; R=Z[¥];, I=IzG).
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With the identifications A = Z[¥ x @] = Z[¥] ®z Z[P] = R[P] we may write
€ =€7,uxp = €7 wER, ¢; We obtain a commutative diagram of A-homomorphisms
in which the rows and the right hand column are exact.

0
2
0— Ip(®) > T — Ker(ezw) - 0
I N N
€R.®
0— Ig(®) > A — R -0
lezw
Z
J
0
In particular A is an extension of the form:
0— Ig(®)—> A— R— 0. (16.12)
Specializing to the case where ¥ = F;, = (x1, ..., X;,) is the free group of rank m

we obtain a complete resolution (0 — R™ X R Ll Z — 0) for Z over R where

X=(x1—1,...,x, —1). Then Ker(ez, r,) = R™ so that
Z is an extension of the form 0 — Ig(®) —Z — R™ — 0. (16.13)

Now specialize further to the case where @ is a nontrivial finite group and put
n=|®o|>1.

Proposition 16.14 If L € [Z] then L # 0.

Proof Otherwise one would have Z @ A" = A°® for some r,s > 1. That is, Z is

stably free and so G has cohomological dimension 1. This is a contradiction, since

G = F,, x @ has infinite cohomological dimension. d
We note the following:

Proposition 16.15 Hom 4 (Iz(®), R) =0.

Proof By (14.1) it suffices to show that Ext}e[(p](R, R) = 0. However, by (14.4), as
R is free over Z, Ext}e[G](R, R) = (&’ /Torsion) ®z R = 0 since & is finite. [

Now suppose that £ € [Z], so that LD A =T P AP for some a,b > 0. We
shall establish a sequence of increasingly better estimates for the relative sizes of 7

and L:

Proposition 16.16 a <b+m.
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Proof From the exact sequence
0 — Hom, (R™, R) — Homu(Z, R) — Homs(Ig(®), R)

and Proposition 16.15 we see that Hom,(Z,R) = R™. It follows that
Homu(Z @ A?, R) = RPT™: since £L & A% =T @ AP then Homy (L & A%, R) =
Hom, (£, R) @ R* = R"™™. Thus Hom (£, R) is a projective R-module. By the
Bass-Sheshadri Theorem [1, 2] Hom 4 (£, R) is free and so Hom 4 (£, R) = Rbtm—a
since R has the invariant basis property. Hence a < b + m. U

Next we show:
Proposition 16.17 a < b+ m and Hom 4 (L, R) = Rb+m=a £ (.

Proof Choose an isomorphism i : L ® A - T & AP Since Homa(Z & A?, R) =
R there exists a surjective homomorphism p : Z @ A” — R**™_ We know from
Proposition 16.16 that a < b+m, so suppose thata = b+m. Then Hom, (£, R) =0
so that the restriction p o h ¢ : £ — R is zero. Likewise, we may choose a surjective
homomorphism ¢ : A — R? in which Ker(g) = Ig(®)“. Abbreviating Ig(®) to
I then in the following diagram
. 0,
0> L&15 5 Lo @Y
dh
0 Ig®IL> T A 5 Rim 0

RY —0

p o h vanishes on £ @ Iy. Thus there exist unique homomorphisms /4_ and h
making the following diagram commute:

0> L1 5 roar Y g S0
= Y by

0—Ir@l5 > Teab & RAm 0
As h is bijective and the rows are exact hy : R® — RP*™ is surjective and, by
hypothesis, a = b + m. Now R = Z[F,], being an integral group ring, is weakly
finite [75]. Thus /&4 is an isomorphism. It follows from the Five Lemma (extending
the rows to the left by zeroes) thath_ : LD I — 1 Ig“ is also an isomorphism. Now
IR is free of rank n — 1 over R where n = [@| > 1. As LD [ = Ig“ it follows that
L is stably free and hence (by the theorem of Bass-Sheshadri [1, 2]) free over R. In
particular

tkr(L)=n—1Db+m—-—a)<mn—-1)b+m—a)=0.

This contradicts Proposition 16.14. Hence ¢ < b + m and Hom,(L, R) =
Rb+m7a ?é 0. 0

Proposition 16.18 If L ® A =T ® A thena <b+ 1.
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Proof Since Hom (L, R) = Rt~ choose 7 : £ — RP*~% to be a surjective
A-homomorphism and put £y = Ker(r). Let g : L @® A? — T @ A” be the inverse
of the isomorphism 4 considered above, and consider the following diagram with
exact rows:

0> Ig@lt > T@ab L grm

ls
0> Lo@ 14 Laar "5 ghtm—ag ra

Making the obvious identification of R?*”~¢ @ R® with R**" we note that
(r,Id) o g vanishes on I & Iz since Hom(/g, R) = 0 so that, again using the fact
that R is weakly finite, g induces an isomorphism of exact sequences

0> Ig@Ib > Teab L gm0

s ¥ d g+
aJ a @D pbym
0= Lo®Ig > LDAY = R —0

Thus LoD Iz =1 2“. Computing R-ranks we obtain
tk(Lo)+ (n—Da=m—-D(kB+1)
sothat tk(Lg) =(mn —1)(b+1—a). Hence 0 <b+1—aandsoa <b+ 1. O
We first consider the special case where @ = C,,.
Proposition 16.19 7 is minimal in §21(Z) when G = F,;, x C,,.

Proof Suppose that £ € [Z] and that LH A =T & AP thena <b+1 by Proposi-
tion 16.18. Suppose that a =b + 1. Then b +m — a =m — 1, so that, as in Propo-
sition 16.17, there exists a surjection 7 : £ — R™~! with Ker(r) = L. As in the
proof of Proposition 16.18, rkg(Ly) = (n — 1)(b + 1 — a) = 0; thus Ly = 0 so that
the surjection 77 : £ — R™~! is an isomorphism of A-modules. Thus

Enchr (»C) =My (EndDer(R))-

Now as L is stably equivalent to Z then, by Corollary 16.11, Endpe (L) =
Endpe;(Z) = Z/n. In particular, Endpe, (L) is finite. However, by Proposition 16.7,
Endper(R) = R/n which is an infinite ring so that M,,_1(Endpe,(R)) is also in-
finite. From this contradiction we conclude that a < b and that Z is minimal in
21(Z). O

Before proceeding to the general case we make a general observation. Suppose
G is a group and let i : H C G be the inclusion of a subgroup H with finite index
k>2.Let

T =Ker(eg : Z|G] — Z); To=Ker(ey :Z[H] —> Z)
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be the respective integral augmentation ideals and let § : i*(Z) — i*(Z)/Zo be the
canonical mapping. If {xg, x1, ..., xr—1} is a complete set of coset representatives
for G/H with xo = 1 then i*(Z)/Zy is free of rank k — 1 over Z[H] on the basis
{6(xr — D}i<r<k—1. It follows immediately that:

Proposition 16.20 i*(Z7) =To @ Z[H]*!.
We can now establish the final minimality criterion in the general case:

(16.21) Third Minimality Criterion 7 lies at the minimal level of £21(Z) when G
is the direct product F,,, x @ where @ is finite and nontrivial and m > 1.

Proof Put A =Z[F,, x ®] where G = F,,, x @ and @ is a nontrivial finite group.
As usual let Z = Ker(e : Z[ F,;, x @] — Z) denote the integral augmentation ideal.
We shall prove that if £@& A% = T @ A® then a < b. We may write A = R[®] where
R =Z[F,,]. By the special case already established we may suppose that @ is not
cyclic. Take C,, C @ to be a nontrivial cyclic subgroup and put H = F;,;, x C,, and
k=|G/H|=|®|/n. Put A9 = R[C,] and let Zy = Ker(e : Z[F,, x C,] > Z) be
the integral augmentation ideal of F;, x C,,. From the hypothesis £ @ A% =T @ A”
it follows that

(L) ®i* (A =i*(T) @i*(A)P.

However, i*(A) = AS and by Proposition 16.20, i*(Z) = Zy @ Ai‘)_l. Thus
i*(L) ® A](‘)“ =70 Agb"’k_l. Now, by Proposition 16.18, ka < kb + (k — 1) and
soa <b. O

16.4 Decomposition in a Special Case

In this section we consider generalized Swan modules defined relative to a quasi
augmentation sequence in which § = A is the ambient ring; that is

S=0—S5_— A58, —0).

We denote by © the characteristic ring. When © is generalized Euclidean we saw in
Sect. 15.4 that all generalized Swan modules decompose as a sum of Swan modules
of rank 1. Unfortunately this hypothesis is too restrictive for our intended applica-
tion. For the remainder of this section we shall impose the following hypothesis £
(= Existence) which will ensure the existence of a decomposition of suitable gen-
eralized Swan modules:

&: The characteristic ring © is commutative and there exists a surjective ring ho-
momorphism ¢ : @ — @1 x --- x @, such that each O, is generalized Euclidean
and such that ¢ has the strong lifting property for units.
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We denote by ¢, : @ — @, the composition of ¢ with the projection
O XX Oy —> O,.
In consequence of Proposition 2.35 we note that:
®1 x --- x O, is generalized Euclidean. (16.22)

A fortiori, @] x --- x @, is weakly Euclidean, so that, as ¢ has the strong lifting
property for units then by Proposition 2.43:

O is weakly Euclidean. (16.23)

We observed, (15.14), that a generalized Swan module J defines an ideal (det(J)) <
©® by the rule (det(J)) = (det(X)) where X € M,,(®) is any matrix representing J .

Theorem 16.24 Let b € © and let J be a generalized Swan module of height k
over S such that (det(J)) = (b); suppose that ¢(b) is not a zero divisor and for
each r that ¢, (b) is indecomposable in ©,; then for some y € O*

J = M(yb) @ A*.

Proof Let J be classified by a matrix X € M;11(®). We may identify the matrix
¢(X) with the sequence (¢1(X), ..., ¢,(X)) where ¢,(X) € My4+1(0,). Observe
that ¢, (X) has a Smith Normal Form as, by hypothesis, @, is generalized Euclidean.
As (det(J)) = (b) then (det(X,)) = (¢-(b)) and as ¢, (b) is indecomposable in O,
then

¥r¢r(b) 0
@r(X) ~ .
0 ‘ 1
for some ¥, € ©). By Theorem 2.32 ¢(X) has a Smith Normal Form of very re-
stricted type

Ve(b) 0
p(X) ~ . :
0 . 1
where ¥ = (y1,..., ¥u) € (O] x -+ x Oy)*. Hence by Lemma 2.42 and (2.38) X

also has a Smith Normal Form of very restricted type

8 0
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Moreover § = det(X) as © is commutative and likewise y pb = det(¢(X)). How-
ever (det(J)) = (b) so that det(X) = yb for some y € ®. Hence

J = M(yb) ® A*.

It only remains to show that y € @*. However ¢(y)¢(b) = y¢(b) and by hypoth-
esis, ¢(b) is not a zero divisor. Thus ¢(y) =y € (O x --- x ®,)*. As ¢ has the
strong lifting property for units it follows that y € @* as required. 0

16.5 Eliminating Ambiguity in the Description

With the hypotheses of Theorem 16.24 we see that b is not a zero divisor in ©. It is
natural to consider the following:

Question Let b be a non-zero divisor in ® and let y € @* be a unit. When is it true
that M (yb) @ A¥ = M (b) & A*?

As in Sect. 16.4, in this section we consider generalized Swan modules defined
relative to a quasi augmentation sequence in which S = A is the ambient ring; that
is

S:(O—)S_—>A—'7>S+—>0).

However, the arguments of this section require us only to impose the following
hypothesis:

WE: The characteristic ring @ is commutative and weakly Euclidean.

By (16.23) the property WE follows from the hypothesis £ considered in
Sect. 16.4. Here we are concerned specifically with the relations which exist be-
tween M(y), M(yb), M(1)(= A) and M (b) when y € ®*. We recall from (15.16)
that the condition y € ®* is precisely equivalent to M (y) being projective. If y €
®* and m > 0 we say that y is (m + 1)-liftable when, for some «y € GL;,41(T})

y =detloy (@1)p—(a)],

where Ty =End4(S+), T- =EndA(S-) and ¢4 : GLyy4+1(T5) — GLy4+1(®) is the
canonical representation.

Proposition 16.25 Suppose that y € ©®* and that b € O is not a zero divisor; then
M(yb)® A" =M(b) ® A™ < y is (m + 1)-liftable.

Proof (=) For arbitrary ¢ € ® the module M(c) & A™ is parametrized by the

matrix
c O
4© = (o 1m>
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given in block 1 x m form. The condition that M (¢) ® A™ = M (d) ® A™ is precisely
that there should exist oy € GLy,+1(Ty) such that

A(e) = gy (ap) Ald)g—(a-).

However, @ is weakly Euclidean so that we may write

P+ (ay) = Ex A(det[p (ar4)]); ¢ (o) = A(det[p_ (- ) DE -

for some E;, E_ € E;;4+1(®). Now suppose that y € ©®*, b € @ is not a zero
divisor and M (yb) & A™ = M (b) & A™; then

A(yb)) = E; A(det[p (1)) A(b) A(det[p_(x-DE_.
Taking determinants we see that

yb =det[p (a4)p—(a_)]b.

However, as b is not a zero divisor in ® then

y = det[p4 (1) (p—(a-)]

and y is (m + 1)-liftable. This proves ().
To prove (<), suppose that y € ®* is (m + 1)-liftable so that for some o €
GLy11(T5)

y = detlpy (a4)(p—(@-)].

Hence

A(yb) = A(det[py (o)) A(b) A(det[p— (). ()

As above write ¢4 (o) = EL A(det[o+ (ay)]); o—(a—) = A(det[gp—(e_)]) E_ for
some E, E_ € E,;+1(©). Equivalently

(Ep) 'oip(ay) = Adetlpp(ap)]);  A(detlp_(a-)]) = p_(a_)E_".
Substituting in (*) gives
A(yb) = (E4) ' oy () Ab)p_(a_)E~". (%)

Now the canonical maps T, — @ are surjective so that there exist s € E;;+1(Ty)
such that ¢, (85) = E,. Thus

A(yb) =g (B a) Ab)p_(a—p="h) (k%)

from which it follows that M (yb) & A™ = M(b) & A™. This proves (<) and
completes the proof. O



250 16 Parametrizing £21(Z) : G = Coo X @

As a special case, 1 is not a zero divisor in ® and M (1) = A; hence:
M@y)® A" Z A" —  y e ©Fis (m + 1)-liftable. (16.26)
Comparing Proposition 16.25 and (16.26) we see:
M@yb) @ A" =Mb)® A" = M(y)® A" = A" (16.27)
‘We note the special case of (16.27) when m = 0:
Myb)=Mb) — M(y)=A. (16.28)

We note that in (16.27) and (16.28) it is not necessary to specify that y € @*. In
each case this is forced, either by the projectivity criterion (15.16) or (recall that
® is commutative) by taking determinants and using the fact that b is not a zero
divisor.

16.6 Complete Description of the First Syzygy (Tame Case)

Let G = Co x @ where @ is a nontrivial finite group. In this section, subject to
certain restictions on @, we complete the description of the first syzygy £21(Z) over
Z[G]. We adopt the following notation

R=Z[Col=Z[t,t7'],
A=R[®]=Z[C x D],
r= Z ? € R[P),

ped
R=(0— Ig > R[®]%L R — 0).

Evidently the augmentation sequence R is a quasi-augmentation. Observe that X' is
central in A = R[®] and spans a two-sided ideal (X) so that R[@]/(X) is naturally
aring. We shall further assume the following conditions (I) and (II); these constitute
the ‘tame case’.

(D R[®]/(X) has the SFC property;
(II) Every stably free A-module of rank 1 is free.

We observe that the characteristic ring ® (= @ (R)) is commutative and takes the
form

O =R/|P|=(Z/|P)It, 17 "].

Writing @] as a product of powers of distinct primes |®| = pf' .- pr we see that

Z/|®]| is a product of local rings Z/|®| = Z/pf1 x - x Z/py"; we make the iden-
tification

O = (Z/pH[t, t 7T x - x (Z/p)[t, 17 1.
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The ring homomorphism v, : Z/ perlt, 11— F,. [z, +~11, obtained by factoring
out the radical of Z/ p;”, is surjective and it follows from Proposition 2.50 that each
v, has the strong lifting property for units. Hence the surjective homomorphism
Y=V X+ XV 60 — O x--- X O also has the strong lifting property for
units. As @, =F,[1, t~!1is a Euclidean domain then ®; x - -- x @, is generalized
Euclidean and hence:

The augmentation sequence R satisfies the hypothesis £ of Sect. 16.4.  (16.29)

Proposition 16.30 Hom4(Z, R) = R.

Proof Applying Hom4(—, R) to the exact sequence (0 — Ig — Z LR 0)
gives an exact sequence 0 — Homy (R, R) — Homu(Z, R) — Homy (IR, R).
However Hom 4 (Ig, R) = 0 so that Hom, (Z, R) = Homu (R, R) = R. O

Proposition 16.31 If J € $21(Z) has height k then Hom 4 (J, R) = R+,

Proof To say that J is at height k means that J @ A" =7 @ A"**_ Thus
Hom(J, R) @ Hom (A, R)" = Homu (Z, R) ® Hom (A, R)" .

Evidently Hom 4 (A, R) = R so that, by Proposition 16.30, Hom4(J, R) & R" =
R"*+1 Thus Hom 4 (J, R) is a stably free R-module of rank k + 1. As previously
observed, R has the SFC property hence Hom 4 (J, R) = R**! as claimed. d

In what follows we employ duality, converting the left A-module M* =
Hom, (M, A) to a right A-module via the involution on A = R[®] obtained from

p—g
I, has a natural ring structure; in fact I3 = A/(X). (16.32)

There is a natural transformation given by t : M — M™*; j(x) (o) = a(x). In general
ty need not be an isomorphism; it is however in a number of important cases:

b: A — A™ is an isomorphism; (16.33)
f: R — R™ is an isomorphism. (16.34)

On extending the exact sequence R one place to the left by zeroes and applying f
we obtain a commutative diagram:

O—>0—>IR—>A3§R
Vo4 e Uy

O—>O—>I;*—>A**3§R**
Applying the Five Lemma in conjunction with (16.33) and (16.34) we see also that:

f:Ig — Ig™ is an isomorphism. (16.35)
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We now assume hypothesis (I) of the preamble to prove:
Proposition 16.36 If K is a A-module satisfying K @ Iy = I,}; then K = I,l;_a.

Proof Choosing a A-isomorphism h: K @ Iy — 1 1}3, we obtain a commutative dia-
gram

(% 2)
0 g
KIS — K*&(I5)
\L h \L h**
b
oSy

in which &, h**, 1% and f? are isomorphisms. Thus g : K — K** is an isomor-
phism. Also the dual mapping 4™ : (I;,)’7 — K* @ (I)* is an isomorphism; thus
K* is a stably free module over the ring /5. By hypothesis (I) K* = (I;g)b_” and so
K**= (I;;*)b_“ = Iz_“. However, K = K** so the result follows. O

Corollary 16.37 Any module J € §21(Z) is a generalized Swan module over R.
Moreover

rkr (J) = height(J) + 1.

Proof The condition that J has height = k in £2{(Z) means that there is a
A-isomorphism v : T & A" = J @ A™. Now Hom(J, R) = R**! by Propo-
sition 16.31. Choosing an R-basis {11, ..., nx+1} for Hom 4 (J, R) gives an exact
sequence 0 — K — J —> R¥+1 5 0 where

n1(x)

n2(x)
n(x) = , e R*! and K =Ker(n).

Nke+1(x)

It will suffice to show that K = 111§+1_ Let 1 denote the surjective homomorphism
obtained by regarding Z as a Swan module over R thus; 0 — I — T K R-o.
Consider the following diagram:

0 Ig@ I 5 T At & R R 0
Y
0> Kl — J®A" S RHIgR™ 50
where i = (’56"?+k) and 7= (gﬁ,,). As Hom, (Ig, R) = 0 we see that 7 o U re-
R R

stricts to zeroon Ig @ [ g’+k ; thus v induces A-homomorphisms v_, vy making the
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following commute:

0 Ig@ I > T A"t B R R - 0
1o XY R v
0> K@l — Joa" S RMIgR" 50

As v is an isomorphism v, is necessarily is surjective. However, R” %! has
the strong Hopfian property so that v; is an isomorphism. By extending the se-
quence one place to the left by zeroes one may apply the Five Lemma to show that
v_ IR K @ 1 is an isomorphism. By Proposition 16.36, K = I5™! and
this completes the proof. U

We next show that the modules in £2{(Z) at levels k > 1 are entirely determined
by those at level 0.

Theorem 16.38 Let G = Coo X @ where @ is a nontrivial finite group and suppose
that hypothesis (I) is satisfied; if J € §21(Z) is a module at height k then there exists
a unity € ©* such that

JZM@y(—1) @ Ak,

Proof Let J € §21(Z) be a module at height k. We have seen in Corollary 16.37
that J is a generalized Swan module of rank k£ 4+ 1 over R. Moreover, as
J € £21(Z) then J ~ 7. Hence (det(J)) = (det(Z)) = (¢t — 1). However t — 1 is
indecomposable in &, = F, [, t~'7and r — 1 is not a zero divisor in the prod-
uct O x -+ x Oy ZFp, [t,t7]x -« x Fp, [t,¢7!]. The result now follows from
Theorem 16.24. Il

AsZ=M(t — 1) and (t — 1) is not a zero divisor in @ it follows from (16.26)
that:

MyGt—1)®A" =T A" < ye®is(m+ D-liftable.  (16.39)

This is a specific instance of (16.26) combined with (16.27). Moreover, we have the
following specific instances of (16.27) and (16.28):

Miyt—1)@A" =T A" < My)od A" =A™, (16.40)

We note the special case of (16.40) when m = 0:
Myt—1)=1L <— M@y =A. (16.41)

Finally we adopt the hypothesis (II) to arrive at:

Theorem 16.42 Let G = Co, X @ where @ is a nontrivial finite group and suppose
that conditions (I) and (Il) are satisfied; then every J € §21(Z) is uniquely of the
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form
J =T @ Ak
for some k > 0; in particular, $21(Z) = [L] is straight.
Proof Let J € £21(Z) have height(J) = k; then by Theorem 16.38, for some

y €O, J=M(y(t—1))® A*. As J is stably equivalent to Z then for some m > 1,
J @ A" =T @ A" Tt follows that

Myt —1)@® A"k =T g A"k,
By (16.27) M(y) @ A"k = Am+k+1. that is, M(y) is a stably free A-module of

rank 1. By hypothesis (Il), M(y) = A; hence M (y(t — 1)) = Z by (16.41). Hence
J =T & A¥ which is the desired conclusion. O



Chapter 17
Conclusion

In this chapter we draw our results together. We first present the solution of the
R(2)-problem for C, x Cp,. This was first achieved by Edwards in his thesis
[25, 26]. The account given here simplifies Edwards’ argument at a number of
points. We then present some duality results for higher syzygies. We conclude by
giving a survey of the current status of the R(2)-D(2) problem.

17.1 The R (2) Problem for C, x C,,

Recall from the Introduction the statement of the 2-dimensional realization prob-
lem:

R(2): Let G be a finitely presented group. Is every algebraic 2-complex over Z[G]
geometrically realizable?

Similarly we say that J € §£23(Z) is geometrically realizable when there exists a
finite connected 2-complex X with 71(X) = G such that 7> (X) = J; this leads to
an analogous problem:

> Realization Problem: Let G be a finitely presented group. Is every J € §23(Z)
geometrically realizable?

We saw in Proposition 8.18 that if Ext3(Z, Z[G]) = 0 then 75 : Alg,(Z) —
£23(Z) is surjective. In this case, an affirmative answer to the R(2) problem thus
gives an affirmative answer to the 7 realization problem or, in the contrapositive,
a negative answer to the m realization problem gives a negative answer to the R(2)
problem. Moreover, in some cases the two problems are equivalent. We shall say
the finitely presented group G is of type FT(3) when the trivial module Z is of type
FT(3) over Z[G]:

Theorem 17.1 Let G be an infinite finitely presented group of type FT (3) such that
Ext3(Z, Z[G]) = 0; then the R(2) problem for G is equivalent to the m realization
problem for G.

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 255
DOI 10.1007/978-1-4471-2294-4_17, © Springer-Verlag London Limited 2012
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Proof By the above remarks it suffices to show that if each J € §23(Z) is realiz-
able then each algebraic 2-complex over Z[G] 1s reahzed up to homotopy equiv-

alence. Thus suppose that A, = (0 — J — Ap —> Al —> Ao — Z — 0) is an al-
gebraic 2-complex over Z[G]. By Theorem 8.22 the set of homotopy classes of
algebraic 2-complexes B, which realize J as ‘algebraic 7>’ in 1-1 correspondence
with Im(v;)\Ker(S;) where

Sy : Autpe(J) — Ko(ZIG1)

is the Swan mapping and vy : Auty(J) — Autpe(J) is the canonical map-
ping. When G is infinite, Endpe(J) = Z so that Autpe(J) = {£1} and, in fact,
Im(vy)\Ker(S;) consists of a single point. Thus A, represents the unique homotopy
type which realizes J as algebraic 7. By hypothesis, J is realized geometrically
as J = m(X) where X is a finite 2-complex with 1(X) = G, so that C,(X) also
realizes J as algebraic 7. By uniqueness of A, C, (i )~ A, and so A, is realized
geometrically. g

We now specialise to the case G = Coo X Cp,. By Theorem 10.20, A =
Z[Cx x Cy] has the SFC property Write C,,, = (y | y*) and let X' denote the
sum of elements in C,, = (y | Y™), ¥ =Y 1 y Put R =Z[Csx] and S =
Z[C,,]1/(X); then S is a cyclotomic rlng,

S=7Z[y)/qn(y) where gu(y)=y"""+ - +y+1.
By Corollary 10.19, R[C,,]/(X) = S[Cso] has the SFC property; it follows that:
Coo X Cy, satisfies the tameness conditions (I), (IT) of Sect. 16.6. (17.2)

By (16.21) the augmentation ideal Z is a minimal element of £21(Z). Moreover, we
saw, (16.6), that in this case §£23(Z) = £21(Z) so that Z is also a minimal element of
§£25(Z); then:

Theorem 17.3 T is geometrically realizable when G = Co X Cpy,.

Proof Write Coo = (t | 0), Cpp, = (y | y" = 1) and put A = Z[Cx x Cy]. Then
Cso X Cy, has the (balanced) presentation

G=(t,y|lty=yt,y" =1)
whose algebraic Cayley complex takes the form
Cu(@) = (0— Ker(dg) - 4> 5 42 =5 45 25 0),

where

AM=(t-1D®1,1(y—1)); A2=<—1®(y—1) 0 )

t-Hel 18X
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However we saw in Sect. 16.1 that there is a complete resolution for Z over A which
begins:

2 M 2 A

I e N L LN S AN

with Ay, A, as above and with

A “1®Z 0
=\le-Del 1e6-1)"

By exactness we may re-write Cy.(G) = (0 — Im(A3)— A2 224 857 0).
However, by Theorem 16.5, Im(A3) = Im(A;). Again, by exactness, Im(A;) =
Ker(e) =7 so that C(G) finally takes the form

CoG)=0—>T>A2B A2 457 50).

Now C.(G) = C«(Xg) where Xg is the geometric Cayley complex of G so that 7
is geometrically realized. O

‘We now arrive at the theorem of Edwards [25, 26]:

Theorem 17.4 (T.M. Edwards) The R(2) problem for G = Co X C,, has an affir-
mative solution for any m > 2.

Proof Put A =7Z[G]and R = Z[C]; then A =i, (R) where i is the standard inclu-
sion Coo = Coo X Cyy, . By the Eckmann-Shapiro Lemma, Exti1 (Z,NHE=E Exti (Z,R).
However Ext’l‘e (Z, R) =0 for k # 1. Hence Exti (Z, A) = 0. By Theorem 17.1, it
suffices to show that each J € §£23(Z) is geometrically realizable. By Theorem 17.3
7 is geometrically realised as 72 (G(0)) where

GO)=(t,y|ty=yt,y").

Take W(1), ..., W(k) to be trivial relators (for example, W (r) = (tyt_ly_l)’) and
put

Gky=(t,ylty=yt,y", W(),..., W(k)).

One sees easily that m(G(k)) =EZ & AF and so each Z & A* is geometrically real-
isable.

Now in this case, from (16.6), §23(Z) = £21(Z). Also we showed in Theo-
rem 16.42 that £21(Z) is straight and that Z is the unique module at the minimal
level. Thus each J € £23(Z) has the form J =7 @ AF and so is geometrically real-
izable. U

Edwards’ original proof deals directly with £23(Z) and does not make use of the
identity £23(Z) = $21(Z). Also, the theorem is technically easier to prove when m
is square free; the Swan module arguments required for a detailed description of
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§£23(Z) are then less complicated. In particular, the characteristic ring @ is gener-
alized Euclidean, all generalized Swan modules are completely decomposable and
the elaboration of Sect. 16.4 becomes unnecessary.

17.2 A Duality Theorem for Syzygies

Let G be a finitely presented group with integral group ring A = Z[G] and such that
Z has a finitely generated free resolution over A of the form

O—-F,—>F_1— - —F—7Z—0. (17.5)

We say that G is a Poincaré Duality group of dimension n ( = PD"-group) when in
addition

Z r=n,

Ext', (Z, A) =
XEal ) 0 r#n.

The fundamental group of a closed aspherical n-manifold is a PD"-group [60]. The
following is a straightforward consequence of iterating the ‘de-stabilization lemma’
Proposition 5.17.

Proposition 17.6 Let G be a PD"-group; then for 2 <k <n —1, J € 2;(Z) if
and only if there exists an exact sequence of the form (17.5) in which

J=Ker(og_1: Fr_1 = Fr_»).

Theorem 17.7 Let G be a PD"-group; then for each k, 2 < k <n — 1, the duality
map J — J* =Homy (J, A) defines a mapping of trees

Ok : 21(Z) — 211 (Z).
an 8n—l a2 31 €
Proof Let (0 > F, — F,_1 — ---— F1 — Fy — Z — 0) be an exact sequence

as in Proposition 17.9 and consider its canonical decomposition into short exact
sequences

0— Ji ﬁ) Fir_ T[k—;l Ji1—> 0 F(k)

where Jy = Z, mo = €, J1 = Ker(¢), J, = F, and j, = 9,, and where J; =
Ker(dx—1) for2 <k <n —1.By (1.16), Jy € 24 (Z) for2 <k <n — 1. Also

Ext"(Z, A)=0 forr #n. (%)

since G is a duality group of dimension n. Dualizing the exact sequence F(1), and
using the fact that Hom 4 (Z, A) =0 and Ext!(Z, A) = 0, we obtain an isomorphism

0> Fo 2 Jr—o. F(1)*
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Since Ext! (Jy_1, A) = Ext(Z, A) = 0, dualization of F(k) for2 <k <n—1, gives
an exact sequence

* ﬂ:—l * jl? * *
0—>J;_, = F_, = J; =0 F(k)

Finally, on putting A = Ext"(Z, A) = Ext!(J,_1, A) then dualization of F(n)

,_ oy
0—>J" | B F* | 3 F > A0 F(n)*
Splicing the sequences F(1)*, ..., F(n)* together gives an exact sequence
O—>Fy—>F >+ > F _|—>F, —-A—0, F*

whose the canonical decomposition into short exact sequences consists precisely of
the sequences F(1)*, ..., F(n)*. In particular, for2 <k <n — 1

JE =Ker(d, | : Ff — F{'\)) € 2u11-1(4)

and J — J* defines a mapping 8 : 2¢(Z) — $2,41-k(A). However, A =
Ext"(Z, A) from which the stated result follows. O

Repeating the argument we obtain:

Theorem 17.8 Let G be PD"-group; then for 2 < k <n — 1 the duality map
J — J* = Homy(J, A) defines an isomorphism of trees § = & : 2x(Z) —
2y41-k(Z); moreover, § o § =1d.

Proof Fix k such that 2 <k <n — 1; as in Theorem 17.7, there is a finite free
resolution

A O 9 ]
0> E, S E1 5 . 3E3ESZ—0 E

in which J = Ker(0 : Ex — Ex—1). Dualization, as in Theorem 17.7, gives a finite
free resolution

o o o 3
0O>E;—>Ef>- > E | >E—>A—>0 E*

in which J* = Ker(a,jH : E,f — Elt+l)‘ However, A = Z, so we may repeat the
argument to obtain a finite free resolution

PEE
07171

R ar Ei ¢
O—>E*>E* - - S>E">E>Z—0 E**

in which Ker(o;* : E* — E;*,) = J**. Now for homomorphisms between free
modules, dualization is self inverse. In particular, 9" : E;* — E;*, is equivalent to
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Ok : Ex — Ex—1,and so J** = Ker(9;*) = Ker(d;) = J. Thus § 0§ =1d : 24 (Z) —
£21(Z). This completes the proof. g

A generalization of Theorem 17.8 to more general duality groups (cf. [9]) may
be found in the thesis of Humphreys [44]. We stress that the dimension shift in
Theorem 17.8 is correctly stated; £2; is dual to £2,,+1—¢ rather than to £2,,_x. Also,
in Theorem 17.8, §; preserves heights in the sense that h(é;(J)) = h(J) for all
J € 2t(Z). In the case where G is a PD* group Theorem 17.8 reduces to an iso-
morphism of trees

§:25(Z) > 2,(Z).

In fact, the result proved is slightly more precise, namely & gives an identifi-
cation of £23(Z), the tree of ‘algebraic m,’, with £2,(Z)*, the tree formed by
‘dual relatlon modules’. Likewise, for PD° groups duahty gives a self-isomorphism

§:823(7) it £23(Z) and an isomorphism § : £24(Z) — §25(Z). However, for n > 6,
duality provides no obvious simplification for low dimensional homotopy theory.

Finally, when G is a PD? group then £23(Z) = SF and duality gives a self-
isomorphism of trees

5 2(Z) — 2,(Z).

This result can be regarded in two ways: either as a self isomorphism as indicated
or as an isomorphism of the stable module §2,(Z) with its dual £2,(Z)*. The first in-
terpretation seems related to the duality theory for 3-manifolds observed by Hempel
[40] and Turaev [96]. The second, with a somewhat different justification, extends
to a larger class of groups as we now see.

17.3 A Duality Theorem for Relation Modules

In the traditional language of combinatorial group theory by a relation module'
of a finitely presented group G we mean any module J which occurs in an exact
sequence over Z[G] where Fy, F are finitely generated and free thus:

0—->J—>F —>Fp—>7Z—0.

Again from the ‘de-stabilization lemma’ Proposition 5.17 it follows easily that:

Proposition 17.9 Let A be a ring, let n be an integer > 2, and let M be a finitely
generated A-module such that Ext" (M, A) =0 for 1 <r <n, and such that 2,(M)
is finitely generated for | <r <n—1; thenforeach J € $2,,(M) there exists an exact
sequence of the form 0 — J — F,_| — -+ — Fy > M — 0 where Fy, ..., F,—
are finitely generated and free over A.

ISometimes, in view of [30], called a Fox ideal.
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Theorem 17.10 Let G be an infinite finitely presented group such that
Ext'(Z, A) = Ext*(Z, A) = 0;
then, for each K € §2,(Z), K** = K ; moreover K* % K ifExt3(Z, A)EZ.

Proof Let K € §2>(Z); by Proposition 17.9, there exists an exact sequence

0>K—>FA3F—>7Z->0 0)

where Fy, Fy are finitely generated and free over A; (0) decomposes into a pair of

short exact sequences (0 — K —k> Fi XL 0), 0— L i> Fo X 7 - 0. Since
G is infinite and Ext! (L), A) = Ext3(Z, A) = 0 these dualize to give respectively
an exact sequence

0L S S k50 M
and an isomorphism
0— Ff 5 L* > 0. )

Transforming (I) using the isomorphism A* gives an exact sequence

o *
0 F S S ko, 0"
where, of course, 3] = (A o w)* = 7* o A*. Dualizing (0)* gives an exact sequence

ok

a
0— K* — F* 5 F3* — Ext'(K*, A) — 0. (0)**

For homomorphisms between free modules, dualization is self-inverse so that
07" F"™* — Fy™ is equivalent to 9y : F1 — Fp . In particular, we have K** =
Ker(9;*) = Ker(d;) = K, proving (i). In addition, Coker(d{*) = Z, so that
Ext! (K*, A) 2 Z. If Ext*(Z, A) 2 Z, then Ext'(K, A) 2Z, and so K* % K, com-
pleting the proof. d

17.4 The Current State of the R (2)-D(2) Problem

In the wake of Perelman’s solution of the Poincaré conjecture the R(2)-D(2) prob-
lem is perhaps the most significant and recalcitrant problem left in low-dimensional
topology. In its R(2) formulation a successful affirmative solution requires a num-
ber of steps to be carried out; having prescribed a fundamental group G one needs to
be able to give explicit descriptions of a number of things; firstly the stable module
§£25(Z); secondly Alg,(Z[G]) and the fibres of m : Alg, (Z[G]) — $23(Z); finally,
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for each algebraic 2-complex A, over Z[G] one needs to be able to construct a finite
presentation G of G such that C,(G) >~ A,.

By contrast, a successful negative solution would require a choice of fundamen-
tal group G and a description of a specific algebraic 2-complex A, € Alg,(Z[G])
together with a proof that no finite presentation of G realizes A,. However, as at
present no one has any idea what the details of such a proof might involve, until
some progress in this direction is forthcoming one’s best hope is to try to solve the
problem affirmatively along the lines already indicated. To review progress to date
we first consider the case of finite fundamental groups.

The first successful solution of any R(2) problem was that obtained for finite
cyclic groups by Cockroft and Swan in [14]. Thereafter, the problem was taken up
in a series of papers by Dyer and Sieradski (cf. [24]) and subsequently the (sadly
unpublished) work of Browning [12] achieved an affirmative solution of the R(2)
problem for finite abelian groups. A major difficulty in Browning’s approach was
that it subjected the real representation theory of the finite group G to the severe
technical restriction of satisfying the Eichler condition, whereby in the Wedderburn
decomposition

m
RG] =[] Ma (D)
i=1
the case d; = 1 D; = H is not allowed. This restriction precludes the possibility of
considering the generalized quaternion groups and thereby many interesting exam-
ples are excluded.

In [52] the present author circumvented Browning’s approach and, for groups of
free period 4, gave an explicit faithful parametrization of Alg,(Z[G]) by the tree
SF 4 of nonzero stably free modules. This led to the existence, in [50], of an exotic
2-complex over the group ring Z[Q(32)]. More generally this parametrization, cou-
pled with the calculations of Swan [94], implies the existence of exotic 2-complexes
over the group rings Z[ Q (4m)] of the quaternion groups Q (4m) for m > 6 (cf. [52],
Chaps. 9 and 10). These exotic complexes are not obviously realized by finite pre-
sentations and provide the first really serious candidates for a negative solution of
R(2)-D(2). The calculations of Beyl and Waller in the case of Q(28) would seem
to indicate that any realizing presentation would have to be very complicated [8].

Since [52] was published there has been some small progress in the finite case.
Recent work [82] by the author’s student Jonathan Remez has solved the R(2) prob-
lem for G(21), the non-abelian group of order 21, in such a way as seems likely to
generalize to other metacyclic groups. Remez’ result relies heavily on cohomologi-
cal periodicity; G(21) is the smallest group of minimal cohomological period 6. To
date the only published solution of R(2)—D(2) for a finite non-abelian non-periodic
group seems to be Mannan’s solution [69, 70] for the dihedral group of order 8.
However, as this book was being typeset (October 2011) the author’s student Sea-
mus O’Shea successfully generalized Mannan’s approach to answer the question
affirmatively for some other non-periodic dihedral groups, including D1, D2g, D2g
and Dgg.
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In all cases where the R(2) problem has been solved the first and main difficulty
to be overcome is to obtain an accurate description of the minimal level in $23(Z).
However, the difficulties when G is finite are as nothing compared to those when
G is infinite. In [52] the author gave an affirmative solution for free groups. It is
approximately the same level of difficulty (cf. [25]) to give an affirmative solution
for the free abelian groups of ranks 2 and 3. However, beyond these examples the
only other infinite groups for which the R (2) problem has been successfully solved
are the groups Co, X C,, for which the solution was given in Sect. 17.1.

For infinite groups our present ignorance of the extent to which non-cancellation
occurs in £23(Z) is almost total. As a first approximation we have concentrated on
documenting this phenomon in §21(Z) where there is a direct relation with non-
cancellation in the stably class of O; that is, with the existence of non-trivial stably
free modules.

The groups considered in detail here are of the form F;,, x @ where F}, is the free
group of rank n and @ is finite. Stably free modules over other infinite groups were
previously studied by Martin Dunwoody both individually [22] and in association
with his student Paul Berridge [7], and by Harlander and Jensen [37]. The groups
studied by Dunwoody were the trefoil group G = (x, y | x3 = y?) and the quotient
G /D?(G) by the second commutator subgroup D?(G); Harlander and Jensen addi-
tionally studied the Baumslag-Solitar group (x, y | xyZx~! = y3).

In relation to the R(2)-D(2) problem, however, the results of Dunwoody-
Berridge-Harlander-Jensen are deceptive; the stably free modules obtained are con-
structed using exotic presentations of the groups involved. Nor is it clear that in any
of these cases the R(2) problem has definitely been solved; only that some exotic
homotopy groups are realized by some correspondingly exotic presentations.

By contrast, our construction of stably free modules over groups of the form
F,, x @ is done purely module theoretically. These modules are not obviously asso-
ciated with any group presentation.” The situation is perhaps most clearly illustrated
for the groups F,, x C,, where n > 2 and some p? divides m. The kernel construc-
tion of Theorem 13.4 still gives a mapping of trees SF — £21(Z) and (as in this
case §21(Z) = §23(Z) cf. Sect. 16.1) so also a mapping of trees k : SF 4+ — £23(Z).

O’Shea’s observation (cf. Sect. 10.4) shows that for these groups SF 1 has infi-
nite branching at the minimal level SF7. It seems likely that x (§F1) is also infinite.
However, at the time of writing this is not known. The implications for the R(2)—
D(2) problem show up very clearly in this case; if it could be shown that «x (SF1)
is infinite then to solve the R(2) problem affirmatively for F,, x C,, one would
be required to find an infinity of explicit finite presentations to realize algebraic
2-complexes which are obtained via a purely module theoretic construction.

2Added in proof, October 2011: A very recent paper of Harlander and Misseldine, Homology,
Homotopy and Applications 13 (2011), 63-72, takes a similar approach. They consider algebraic
2-complexes defined purely algebraically over the fundamental group of the Klein bottle, using
earlier results of V.A. Artamonov on the existence of stably free modules in this case.



Appendix A
A Proof of Dieudonné’s Theorem

In this appendix we give a proof of the result of Dieudonné [21] that any division
ring is fully determinantal. Throughout this section, without further mention, D will
denote a division ring and we continue the notation of Chap. 2. The arguments,
though still of course valid when D is commutative, are non-trivial only when D is
non-commutative. First consider the set 7, of upper triangular matrices over D

7;,+:{XGM,,(D):XJ-,~:Of0r1§i < j<n}.
Also the set 7, of lower triangular matrices

T, ={XeM,D):X;;=0forl <i<j<n}
Both sets are multiplicative submonoids of M, (D). Moreover one has:

Proposition A.1 Let X €T, where s = {+, —}; then
(1) X isinvertible <= X;; # 0 for each i;
(ii) if X is invertible then X~' € T*.

It is necessary to study the interaction of 7,7, 7,~ with the permutation matrices
P (o). We first note that the two sets are conjugate under the action of a specific
permutation matrix, namely the following product of disjoint 2-cycles

[n/2]

6= H(r,n —r).
r=1

Then 6% = 1Id and

Proposition A.2 P(0)7, P(0)=T,*.

F.E.A. Johnson, Syzygies and Homotopy Theory, Algebra and Applications 17, 265
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One also has:

Proposition A.3 Let U € T, be invertible and suppose for some o,t € X, and
some L € T, that P(o)UP(t) = L; then o = v~ and L;; =U@p),zg) foralli.

Proof Put p =0 o t. If p ## 1Id then there exists i such that p(i) < i so that
Ly@y,i =0 as L is lower triangular. However a straightforward computation shows
that

Uz i),y = Lp@i),i =0

contradicting invertibility of U. Hence p =1d, 0 = 7! and Lyiy,i = Uz, for
all i.

We define U, = {X € 7:l+ : X;; =1 forall i}. It follows from Proposition A.1
that U, is a subgroup of GL, (D). In fact, each X € 7:14‘ is a product of elemen-
tary matrices E(i, j; D) with i < j so that, in fact, U, is a subgroup of E, (D).
A straightforward calculation shows that:

If X €U, and D € A, (D) then D~'XD e U,. (A4)

Similarly we put £, ={X € 7, : X;; = 1 for all i}. Then again £, is a subgroup
of E,,(D) and:

If X €L, and D € A,(D) then D™'XD € L,,. (A.5)

We note the following:

Lemma A.6 Let L' € L,,_y, put L = (%)/ (1)) € L, and let o be the cyclic permuta-

tiono =@m,m~+1,...,n—1,n) where m <n.Then P(6)LP (o)~ € L,.

Proof Put X = P(c)LP(c)~". Thenforall r,s X,y = L,-1(,y 515 In particular,
for all r, X, = Ls-1( 5-1¢ = | so that it suffices to show that if r < s then

Lo-14y6-1(5) = 0. Put J ={1,...,n} — {m}; there are three cases to consider:

Casel r,seJandr <s:
As o~ !is increasing on J then o~ (r) < o' (s) and so Lo-14y.6-1(5) =0as Lis
lower triangular.

Casell 1 <r <s=m:
Then o~ !(r) =r <n =0"!(s) and so again Ly-14y0-1(5) =0 as L is lower
triangular.

CaselIll r =m <s:

As L is the stabilization L = (L/O

01
o '(r)=nand 07!(s) =s — 1 so that Ly-1(4y.6-1(s) = Ln,s—1 = 0. This com-
pletes the proof. O

) then L, s—1 = 0. However, in this case
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By a UCL decomposition of X € GL, (D) we mean a product
X=UCL,

where U €U, C € C,(D) and L € L,,. There are well known existence and unique-
ness theorems for /C L decompositions. We include proofs for completeness.

Theorem A.7 (Existence of UCL decompositions) Let D be a division ring and let
X € GL,(D) where n > 2; then X has a UCL decomposition.

Proof When n =2 write X = (* 7). 1f d # 0 then take

(! bd="\ (a—bd~'c 0 1 0
—\o 1 0 d)\d7'c 1

whilst if d = 0 and ¢ # 0 take

=) E 06 )

Both of these decompositions are /CL and as X is invertible one of these two
possibilities holds.

Suppose n > 3 and that the existence of a L/CL decomposition is established for
n —1.For X € GL, (D) put

m =max{s:1 <s <nand X, # 0},

d=Xun sothatd #0,

n
Ur=[]EG.n: Xmd™",

s=1

In ifm= 1,
L= m—1 -1 .
[L E(m,s;d™' X, if2<m.

Note that the definitions of U; and L; are independent of the order in which the
products are taken and that Uy € U, and L| € L,,. Put

X1 =U;"'xL
Then X is invertible and has a single nonzero entry in row n, namely
(Xl)n,m =d (: Xn,m)

and that this is also the unique nonzero entry in column m. We proceed via two
special cases.
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CaseI m <nand d = 1. Then define X' = (X] )1<r5<n—1 € My—1(D) by

r,s

X = (Xl)r,s s<m-—1,
(XDrs+1 m=s.

Then

()f) ‘f) = X1P(),

where o is the cyclic permutation o = (m,m+1,...,n—1,n). As X’ is evidently
invertible we may write inductively

X'=v'c'r

where U' eU,_1, C' € C,_1(D) and L' € L,,_|. Now put

_ (U 0\, ,_(C 0. , (L0
U2_<0 1)’ CZ_(O 1)’ L={o 1)

Then X P(0) = UC, L) is alUCL decomposition. Put Cp = CéP(U)’1 € C,(D)
and L, = P(U)L/zP(O')_l. Evidently X| = U,C, L, and this is a Y/CL decompo-
sition as, by Lemma A.6, L, € L£,. However, X| = Ufl XL;1 so that

X=UCL

is aldC L decomposition where U = U U,, C = Cp and L = L, L. This completes
the proof in Case .

Casell m=nandd=1.
The details in Case II are similar to Case I but simpler as we do not need to involve
the permutation o. In this case we may write X directly as a stabilization of some

X' € GL,_(D) thus:
X 0
X1 = <0 1) .

Taking a UC L decomposition X' = U’C’'L’ we then write X| = U,C, L, where

U0 c' 0 L o
=0 1) e=(0 ) e=(6)

Then again X = UCL is a UCL decomposition where U = U1U;, C = C, and
L = L, L1 and this completes the proof in Case II.

General Case Here we know only that d # 0. Then putting ¥ = XD(n,d ") we
see that Y is in one or other of the special cases just considered and so has a UCL
decomposition

o~

Y=UCL.
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Put C = CD(n,d) € Cy(D) and put L = D(n,d)"'LD(n,d). Then L € L, by
(A.5) and so

X=UCL

is a UCL decomposition. This completes the proof. O
There is also the following weak uniqueness theorem for /CL decompositions.

Theorem A.8 Let D be a division ring and let X = U1C1L| and X = U>,Cy L, be
UCL decompositions of X € GL,(D); then C; = C;.

Proof Write C; = P(1)A and Cy = P(o)I" for some 0, T € X, and I', A €
A, (D). Put

U=Uy'Uiely; L=LLi'e€Lly,;, W=ILA"

Then W is invertible lower triangular and Pl e HUP()=W. By Proposition A.3

o~ =171 5o that o = . It now suffices to show that I" = A. Now again by Propo-

sition A.3 for each i
Wii=Ui)ciy=1

so that W € £,,. However, W = ('L’ (I'A~Y) and (I'LI""Y) € £, by (A.5).
Thus I"'A~! € £,,. However I"A™! is diagonal. Thus "'A™! =1, and I" = A as
required. O

Given a division ring D we define a function d,, : GL,(D) — (D*)4P thus: if
X € GL, (D) write X as a UCL-decomposition X = UCL and put

dn(X) =prot, (C).

By Theorem A.8 this expression for d,(X) is independent of the particular UCL-
decomposition chosen. We proceed to show that {d,, }»<, is a determinant for D. The
first requirement is to show that each d,, is a homomorphism. It follows immediately
from the definition that:

Proposition A.9 If X € GL,(D), U e, and L € L, then d,,(UXL) = d,(X).
In particular, when restricted to C, (D), d,, coincides with prot, so that;
dn(AQ1, ..., 80) P(1)) = [sign(T)][81]- - - [8,]. (A.10)
We also have:
Proposition A.11 If X € GL,,(D) and A € A, (D) then

dn(AX) = dn(A)dn(X) = dn (X A).
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Proof Write X as aldCL decomposition X = UCL. Then AX = (AU A HY(AC)L
is a UCL decomposition as AUA™! €U, and AC € C, (D). Thus

dn(AX) = prot, (AC) = prot, (A) prot,, (C) = d, (A)d, (X).
Similarly XA = U(CA)(A™'LA) where A~'LA € £, and CA € C,(D); thus
dn (X A) = prot, (CA) = prot, (C) prot, (A) = d,(X)d,(A). O

The calculation below is the most delicate part of the proof that d,, is a homo-
morphism:

Lemma A.12 Let | <i < j <n;then forany o € X,
dy(P@i, ))E(, j; D)P(0)) = [—1][sign(o)].

Proof If D =0 then E(i, j; D) = I, and the result follows from (A.10) on
taking t = (i, j)o. Suppose that D # 0. By (2.14) and (2.15) we may write
P(@, j)E(, j; D)P (o) in two distinct forms namely

P, J)E(, j;D)P (o)

E@, j; D YDG, =D YD, D)P(@)E(@'(j),0 ') D7") (A)
= jor
PG, ))P@)E@ ™' (),07'(j); D) (B)
Both forms are always correct but their usefulness varies depending upon the inter-
action of o with (i, j). There are two cases:
Casel o~ 1(i) <o~ 1(})).
The (A) form is a UCL decomposition as E(i, j; D~') € U,, DG, —D ') x
D(j,D)P(c) €Cu(DP) and E(c~(j),01(i); D1 € L£,,. In this case
dy(P(i, ))E(i, j; D) P (o)) = prot, (D(i, =D~ ")D(j, D) P(c))
= prot, (D(i, =D~ D(j, D)) prot,,(P(c))
= [—1][sign(o)].

CaseIl o7'(i) > o~ 1()).
The (B) form is a UCL decomposition as P(i, j)P(c) € C,(D) and E(c~'(i),
o~ 1(j); D) € L,,. Moreover

dn(P(i, )E(, j: D) P(0)) = prot, (P (i, j) P(0))
= [—1][sign(o)].

The result is the same in each case. O
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We are now in a position to prove:

Theorem A.13 Let X € GL,(D); then for any T € X,
dn (P (1) X) = [sign(7)]d, (X).
Proof We first take T = (i, j) where i < j. Write a UCL decomposition X in the
form
X=U(P(0)A)L,
where U €eU,, L € L, and A € A, (D) so that

dn(X) = [sign(0)]dn (A).

Put D =U; ; and define U' = UE(, j; —D); U" = P(i, j))U'P(i, j). Then U’ €
L, and U/ i= 0. A straightforward calculation now shows that U” € U,,. However,

PG, )X =U"P@, ))E(i, j, D)P(c)AL

so that applying (A.10), Proposition A.11 and Lemma A.12 in succession we see
that

dn(P (i, )X) = dn(P(i, )E(, j, D)P(0))dn(A)
= [—1][sign(0)]d, (A)
=[—1]d, (X).

The result in general follows by induction on writing 7 as a product of transposi-
tions. U

Corollary A.14 Let X € GL,(D); then for any L € L,
dy(LX) =d,(X).
Proof Let 0 be the product of 2-cycles 6 = ]_[E":/f] (r,n—r)andput U =6L6. Then

L =0U¢0 and as in Proposition A.1 U € U,,. Moreover applying Proposition A.9 and
Theorem A.13 we see that

dy (LX) = d,(0U6X)
= [sign(6)1d, (U6 X)
= [sign(6)1d, (0X)
= [sign(6)1°d, (X)
=d,(X). O
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Corollary A.15 For any division ring D, d, : GL,(D) — (D*)? is a homomor-
phism.

Proof LetY, Z € GL,(D) and write Y as a UCL decomposition thus
Y=U(P(o)A)L

so that d,(Y) = [sign(o)]d,(A). Now applying (A.?), (A.?), (A.?) and Corol-
lary A.14 in succession we obtain
d,(YZ)=d,(UP(c)ALZ)
=dy(P(o)ALZ)
= [sign(0)]d,(ALZ)
= [sign(0)]d, (A)d,(LZ)
= [sign(0)]d, (A)dn(Z).

Thus d, (Y Z) = d,(Y)d,(Z) as required. Il

When D is a division ring the homomorphism prot, : C, (D) — (D*)“b extends
to a homomorphism d,, : GL, (D) — (D*)?? . This is the theorem of Dieudonné [21].
It is straightforward to check that {d, }»<, is compatible with stabilization in that the
diagram below commutes for each k, n with k > 1.

detyk

GL, (D) =" (D"
Tsn,k TId

det,

GL,(D) = (D*%



Appendix B
Change of Ring

B.1 Extension and Restriction of Scalars

Let ¢ : R — S be a ring homomorphism; if M € Modg we put g (M) =M ®, S
where, in addition to bi-additivity, the tensor symbol for M ®,, S satisfies the identity

mr®s=m®Q @(r)s.

Then M ®,, S acquires the structure of a module over S under the action (m ®1) -5 =
m ® s. We obtain a functor ¢, : Modg — Modg (‘extension of scalars’) by1

Px (M) =M ®(p S,
where the action on an R-homomorphism 4 : M| — M> is given by
(MM ®@s) =h(m) ®s.

There is also a functor ¢* : Modg — Modpg (‘restriction of scalars’) obtained by
allowing R to act on the S-module N by means of n - r = n¢(r) where n € N and
re R.If M € Modg, N € Mods there is a natural mapping

Homg (M, ¢*(N)) — Homs(¢s(M), N),
v(Hm®s) = f(m)-s.

It is straightforward to check that v is additive. Suppose that v( f) = 0; then in par-
ticular, forallm e M f(m) =v(f)(m ® 1) =0 and so f = 0. Hence v is injective.
Finally, suppose that « : ¢, (M) — N is a homomorphism of S-modules. We obtain
a homomorphism of R-modules & : M — ¢*(N) by means of a(m) =a(m ® 1)
so that v(a) = «. Thus v is also surjective and we obtain the following adjointness
isomorphism:

v : Homg (M, ¢*(N)) —> Homg(¢s(M), N). (B.1)

Lo, and ¢* are also called ‘base change * and ‘co-base change’ respectively.
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The extension of scalars functor ¢, enjoys the following properties:

@ is additive; that is @, (ED; aM)= b, <1 ¥+ (M;) for an arbitrary collection
(M;);cr of R-modules. (B.2)
@«(R) =S. (B.3)

If Fx(R) denotes the free R-module on the set X, then it follows from (B.2), (B.3)
that ¢, (Fx (R)) = Fx(S). Moreover, if P is a projective R-module then P is iso-
morphic to a direct summand of some Fy(R). By additivity, ¢, (P) is isomorphic
to a direct summand of Fx (S); that is:

@+ preserves both free modules and projective modules. (B.4)
Moreover ¢, preserves the ‘relative size’ of modules in that:

@« (M) is finitely generated (resp. countably generated) over S

if M is finitely generated (resp. countably generated) over R.  (B.5)

In general, ¢, is not exact; that is, it does not take short exact sequences to short
exact sequences. In the contexts we encounter, however, S is free as a module over
R and then g, is exact; more generally:

@4 1s exact if S is flat as a module over R. (B.6)
Turning to the restriction of scalars functor ¢* we have:

@* is additive; B.7)
@* is exact. (B.8)

In general, however, ¢* enjoys fewer nice properties than ¢, and, without extra
hypotheses, ¢* fails to preserve either free modules or projectives. If, however, S is
free over R, say S = Fx (R), then ¢*(Fy (S)) = Fxxy(R). Moreover, by additivity,
if P is isomorphic to a direct summand of Fy(R) then ¢*(P) is isomorphic to a
direct summand of Fxy(R):

@™ preserves both free modules and projective modules if S is free over R. (B.9)

B.2 Adjointness in Cohomology

Here we assume given a ring homomorphism ¢ : R — § in which S is flat over R.
Given a free resolution

(Fk—->My=(G—>Fyp1>F,—> -—>F—>F—>M-—0)
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of M over R then, as ¢, is exact,
o« (Fy — M)
=( = 0 (Fyyg1) = 0(Iy) = -+ = @ (F1) = 0 (Fp) = @ (M) — 0)

is also exact and by (B.4), ¢.(Fy) is free over S. Hence the cohomology groups
H"(p4«(M), N) may be computed in the form

!
H (g0 (M), N) = Ker(Homg (¢ (Fy), N) —' Homg (@« (Fyt1), N)).

Im(Homg (¢« (Fn-1), N) % Homg ((¢s(Fy), N))

However, the adjoint isomorphism Homg (¢, (F},), N) = Homg(F,, ¢*(N)) induces
corresponding isomorphisms

Ker(Homg (¢« (Fn), N) — Homg (@« (Fp+1), N))

= Ker(Homg (Fy, 9™ (N)) — Homs(Fy11, 9™ (N)));
Im(Homg (¢« (Fr—1), N) — Homs (¢« (Fy), N))

= Im(Homg (Fy—1, ¢*(N)) — Homg(Fy, 9™ (N)))

which descend, by naturality, to isomorphisms of quotients to give the following
cohomology adjointness isomorphism for any R-module M and any S-module N:

H"(p(M), N) = H" (M, ¢*(N)). (B.10)
From the cohomological interpretation of Ext! it follows that
Exty (¢« (M), F) Z Extp(M, ¢*(F)).

Under the hypothesis that S is free over R, if F is a free S-module then ¢*(F) is
free over S and it follows that Exté(w*(M), =0 «<— Ext}e(M, R) = 0. Hence,
with the proviso that § is free over R it follows that

M is coprojective over R <=  ¢.(M) is coprojective over S. (B.11)

B.3 Adjointness in the Derived Module Category

Recall (Sect. 5.1) that for R-modules M, M, we define
(M, My) ={f € Homg (M, M>) : f =0},
where ‘f ~ 0’ means that f factors through a projective. If M € Modg, N €

Modgs then, by (B.1), there is a bijective mapping v : Homg(M, ¢*(N)) —
Homg (¢« (M), N). Moreover, as ¢, preserves projective modules it follows that
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v((M, p*(N))) C {(px(M), N). Clearly v is already injective on (M, p*(N)).
Now suppose that the S-homomorphism f : (M) — N factors through the
S- prOJectlve Q. 1If f M — ¢*(N) is the R-homomorphism such that v( f )= f
then f factors through ¢*(Q). If S is free over R then ¢*(Q) is R-projective so
that v : (M, p*(N)) — {(p«(M), N) is surjective. Thus if S is free over R then v
restricts to a bijective mapping v : (M, 9*(N)) — {(¢«(M), N) and so induces an
isomorphism of abelian groups:

v - Homper(r) (M, ¢* (N)) —> Homper(s) (9+ (M), N). (B.12)

B.4 Preservation of Syzygies and Generalized Syzygies by ¢, ¢*

We now assume the blanket condition that S is free over R. Then ¢, is exact and
preserves projective modules. In particular, if

0>K5>PANSDO

is an exact sequence of R modules in which P is projective then 0 — ¢, (K) 5N

@« (P) LS ¢« (N) — 0 is an exact sequence of S modules in which ¢, (P) is projec-
tive. Thus we see

@«(D1(N)) = D1(¢«(N)). (B.13)

Likewise if 0 — J LFA Mo 0 is an exact sequence of R modules in which

F is finitely generated and free then 0 — ¢, (J) N @« (F) LS ¢«(M) — 0 is an
exact sequence of S modules in which ¢, (F) is finitely generated and free and
S0 @ (821(M)) = 21(psx(M)). More generally, if £2,(M) is defined then so is
$2n(px(M)) and

@«(82,(M)) = $2,(9+(M)). (B.14)

Similarly, as S is free over R then ¢* preserves projectives so that:
@*(Dy(N)) = D (9™ (M)). (B.15)

Finally, if in addition S has finite rank over R then ¢* preserves finite generation so
that if £2,,(N) is defined so also is £2,,(¢*(N)) and

9" (2, (N)) = 2, (¢™(N)). (B.16)

B.5 Co-adjointness and the Eckmann-Shapiro Lemma

The inclusion H < G of a subgroup H in a group G induces a ring homomorphism
denoted i : Z[H] < Z[G] and so an ‘extension of scalars’ functor iy : Modz g —
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Modgz;c) and a ‘restriction of scalars’ functor i* : Modzjg; — M odgz;m. Evi-
dently Z[G] is free of rank |G/ H| over Z[ H]. Moreover, the adjointness formula of
(B.1) translates into isomorphisms

v :Homgz g (M, i*(N)) — Homgzg(ix(M), N). B.17)

In the context of group theory the adjointness theorem is traditionally called ‘Frobe-
nius reciprocity’. In view of (B.9) there are corresponding isomorphisms in coho-
mology:

v Bxty (M, i*(N)) — Extly (i (M), N). (B.18)

However, in the special case where H has finite index in G there is the unusual
circumstance that in addition to the canonical adjointness isomorphism there is a
second co-adjointness isomorphism

v:Homgz[G (N, ix(M)) — HOInZ[H](i*(N)v M);

that is, i, and i* are simultaneously mutual left and right adjoints without being
mutually inverse. To see this, note that for any right module Z[ H]-module M, the
Z[H]-dual Homgz (M, Z[ H]) admits a natural left Z[ H]-module structure, given
by

(h-@)m)=h-e@m).

However, in the special case where M = Z[G], Homz g (M, Z[ H]) is naturally a
(Z[H] — Z[G]) bimodule, with natural right Z[G]-module structure given by

(p-8)x) =p(g-x).

Evidently Z[G] also has a natural (Z[H] — Z[G]) bimodule structure, given by
translation on either side. In fact, we have:

Proposition B.19 There is an isomorphism of (Z|H] — Z[G]) bimodules
Z[G] > Homgy(ZIG], Z[H]).

Proof Let p ={p1, ..., pn} be a complete set of representatives for the quotient set
H\G; that is:

n
G=|JHp:i where Hpi N Hp; =@ ifi # j.

i=1

Put ); = pl._l. Then A = {Aq,...,A,} is a complete set of representatives for
G/H. As a left Z[ H]-module, Z[G] is free on {p1, ..., p,}. Moreover, as a left
Z[H]-module, Homzy|(Z[G], Z[H]) is free on {A{, ..., Ay}, where A; : Z[G] —
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Z[H] be the right Z[ H]-homomorphism given by

n
)AL,' (Zthj) =h;.
j=1

It follows that there is an isomorphism pf left Z[H]-modules v : Z[G] —
Homgzy(Z[G], Z[H]) given by v(p;) = A;, and straightforward computation
shows that v is equivariant with respect to the right G action. d

Proposition B.20 When H has finite index in G there are natural isomorphisms
Homgz ) ((i*N), M) = HomgG)(N, i(M)).

Proof We make use of a different model for i,. Put £(M) = Homgz;z(Z[G], M)
where the right Z[G] structure on £(M) is given by

(a-g)(x) =alxg™h.

There is a preliminary natural equivalence vy : £(M) — M ®z;y) Homz;g(Z[G],
Z[H]). By Proposition B.19 above, there is now an equivalence

v2: M ®zn) Homz g (Z[G], Z[H]) - M Qz(H) Z[G] = ix(M)
which is natural both in M and with respect to the right Z[G] action. Then
v=wov:EM)— i,(M)
is a natural equivalence. The homomorphism v : Homgig)(N,E(M)) —
Homgz[g1(* (N), M) given by [ («)](n) = a(n)(1) is an isomorphism. Composing
with the induced map from v~ gives the co-adjoint isomorphism

Yv =1 HomgzG (N, ix(M)) — Homgz ;1 (i*(N), M). O

Still assuming that H has finite index in G then again from (B.9) there are cor-
responding ‘Eckmann-Shapiro’ isomorphisms in cohomology:

v 1 Exty g (N, i (M) — Extly  (i*(N), M). (B.21)



Appendix C
Group Rings with Trivial Units

In what follows, R will denote a (possibly noncommutative) ring with unit
group R*. When G is a group, the group ring R[G] is described formally as the
set of functions « : G — R whose support supp(«) is finite; addition and multipli-
cation in R[G] are then given by

(@ + B)(g) = () + B(2),
@B)(g) =Y a(gh™")B(h).

heG
With each g € G one associates an element g € R[G] by

N | h=g.
2(h) = &
0 h#g

and every element & € R[G] is written uniquely as a sum o =}, o) % (8)8-
When a € R* the element ag is a unit in R[G]. Units of this form are said to be
trivial; otherwise expressed, if « € R[G]* then:

o istrivial <= |supp(a)| =1. (C.1)

We say that R[G] has only trivial units when every unit « € R[G]* is trivial. Let A,
B be nonempty subsets of G and g € AB ={ab:a € A,b € B}; we say that g is
uniquely represented in AB when given a,a’ € A, b, b’ € B then

/

g:ab:a/b/ == a=ua and b=V"b.

We put U(A, B) = {g € G : g is uniquely represented in AB}. The group G is
said to have the two unique products property when, for any finite subsets A, B
of G:

TUP: 2<|A| and 2<|B] = 2<|U(A,B)|.
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We note that for any x, y € G xUU(A, B)y =U(x A, By). The following is useful in
simplifying calculations:

Forany x,y e G |U(xA, By)|=|U(A, B)|. (C2)

The following [80] gives a convenient sufficient condition for R[G] to have trivial
units.

Theorem C.3 Let R be a (possibly noncommutative) integral domain; if G satisfies
the TUP condition then R[G] has only trivial units.

Proof Let a € R[G]*; put B =a~! and write « = 37" 4,838 =Y ', bshy
where supp(o) = {g1, ..., &n}, supp(B) = {h1, ..., h,} so that a,, by # 0 foriach
r, s. Now suppose that o nontrivial so that 2 < m. If n = 1 write 8 = bh so

that o = b~ 1h~! is trivial, contradiction. Thus 2 < n; by the TUP condition
2 < |U(supp(a), supp(B))I.

Without loss of generality we may suppose that supp(«), supp(f8) are indexed so
that g1h1 and g, h, are uniquely represented as products in supp(«) supp(8); then
in the expression

m n ,.\
af = Z Zarbsgrhs

r=1s=1

the coefficients of g1h and g,,h, are respectively a1b; and a,,b,. As A is an in-
tegral domain these are both nonzero. Thus 2 < |supp(«f)|. In particular, «f # 1,
which is a contradiction. Thus « is a trivial unit. O

One sees easily that no nontrivial finite group can be 7UP; it follows that:
Every TUP group is torsion free. (C4)

The TUP notion originates in the thesis of Higman but has undergone some refine-
ments since (cf. [80]). In particular, the following, though not explicitly stated in
this way is essentially due to Higman [42]:

Theorem C.5 Suppose that for every nontrivial finitely generated subgroup H
of a group G there exists a TUP group I'y and a nontrivial homomorphism
oy :H— I'y;then Gis TUP.

Proof Let A, B be finite subsets of G such that 2 < min{|A|, | B|}. We show by
induction on |A| + |B]| that 2 < |U(A, B)|. For the induction base take |A| =
|B| = 2. By left translating A by some element x € A, right translating B by some
element y € B and appealing to (C.2) we may assume A = {1, a}, B = {1, b}, then
AB ={l,a,b,ab}.If a # b then {a,b} CU(A,B) andso 2 < |U(A,B)|. Ifa=>b
then AB{1, a,a?}. Asa # 1 then also a # a? so the only way to obtain {/(A, B) < 2
is to have > = 1. But then AB = C; is a finitely generated subgroup of G which
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admits no nontrivial homomorphism to any torsion free group, contradicting the
hypothesis on G. Hence a® # 1 and 2 < [U(A, B)|.

For the induction step suppose that A, B are finite subsets of G with 2 <
min{|A|, | B|} and assume, given finite subsets A’, B’ of G, that

2 <|U(A’, B")| provided that 2 < min{|A’|, |B’|} and |A’| 4+ |B'| < |A| + |B|. (%)

We must show that 2 < |U{/(A, B)|. After suitable left and right translation to A, B
respectively we may suppose that 1 € AN B. Let H be the subgroup of G generated
by AU B and let ¢ : H — I" be a nontrivial homomorphism to a TUP group I.
We first claim that:

There exist aj, a» € A and b1, by € B such that ¢(a;)¢(b1) and
@(a2)@(by) are uniquely represented in ¢ (A)@(B). (k%)

If it is the case that 2 < min{|@(A)|, |¢(B)|} then (xx) follows from the TP prop-
erty for I". When |¢(B)| = 1 then, by nontriviality of ¢, |¢(A)| # 1. Thus choosing
ai,az € Asothat p(ar)e(1), p(az)e(1) are uniquely represented in 9 (A)p(B) ver-
ifying (x) in this case. Similarly, when |¢(A)| = 1 then |¢(B)| # 1 and we may
again verify ().

Now put A’ = ¢~ (p{ar,a2}) N A and B’ = ¢~ (p{b1, b)) N B. If ¢4 and ¢/
are both injective then a1b; and axb; are uniquely represented in AB. If ¢4 is not
injective choose i such that |9~ !¢ (a;)| > 2. There are two cases;

either (i) |p ')l =1 or (i) lo el >2.

If (i) then choosing a; € A’ such that ¢(a)) = ¢(a;) and a; # g; it is easy to
see that a;b; and a;b; are uniquely represented in AB. If (ii) then put K = {k €
Ker(gp) : ajk C A} and L = {l € Ker(p) : [b; C B}. Then K, L are subsets of G
with 2 <min{|K|, |L|} and |K |+ |L| < |A| + | B]. By induction, choose k1, k> € K,
l1,1> € L such that kjl, kI are uniquely represented in K L. Then a;k1l1b; and
aikalb; are uniquely represented in A B, so that in every case we have shown that
2<|U(A, B)|. O

The most obvious example is:
The infinite cyclic group Co is TUP. (C.6)

The group G is locally indicible' when every nontrivial finitely generated subgroup
H C G admits a surjective homomorphism ¢ : H — Cy; this amounts to taking
I'y uniformly to be C, in the hypotheses of Theorem C.5. Thus as a consequence
of Theorem C.5 we obtain the following, which was explicitly proved by Higman
in [42]:

Every locally indicible group has the 7UP property. (C.7)

'Higman’s original terminology [42] is ‘indicible throughout’.
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In particular, free groups are locally indicible so that:
Free groups have the TUP property. (C.8)

One notes the following general properties:

A subgroup of a TUP group is TUP. (C9
The class of TUP groups is closed under extension. (C.10)
A locally TUP group is TUP. (C.11)
A right ordered group is TUP. (C.12)

Higman also showed:

The class of locally indicible groups is closed under both extension
and free product. (C.13)
It follows from this that a great many torsion free groups familiar from low dimen-

sional topology are 7UP; for example the fundamental groups of surfaces of genus
> 1.



Appendix D
The Infinite Kernel Property

Throughout we work in the category of unitary associative rings which are aug-
mented by means of a (necessarily surjective) ring homomorphism € : A — Z.
Morphisms in this category are commutative triangles of ring homomorphisms

When M is a A-module, we write M ® 4 Z = M Q. Z. If P is a countably generated
projective A-module, then, for any ring homomorphism ¢ : A — A, P Qg Ais pro-
jective and countably generated over A. Over Z, every projective module is free of
uniquely determined rank. Thus if P is a countably generated projective A-module
then P ® 4 Z = Z* for some uniquely determined value of & (¢ =1, 2, ..., 00), and
we define the rank, rk(P) of P by means of tk(P) = o =rkz (P ® 4 Z). We say that
A has property KC(co) when there exists an exact sequence

0— P— Ab > a9,

where a, b are positive integers and P is a projective A-module of infinite rank.

Proposmon D.1 Let A C A be an extension of augmented Z-algebras, and suppose
that A is free as a (left) A-module; if A has property K(00) then so also does A.

Proof Suppose that A has property KC(00); that is, there exists an exact sequence

of A-modules 0 — P > Ab % A“ where a,b are positive integers and P is
A-projective of infinite rank. Since A is free as a left A-module, the functor—® 4 A
is exact. Since A% ® 4 A = A” we obtain an exact sequence

0—)P®A/i—i>/ib—(p>/ia.
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Moreover P ® 4 Ais /i-projective, and (P ® 4 /i) ®3 Z=PQpZsothat PRy A
also has infinite rank. Hence A has property K(o0). 0

We recall the following from Sect. 6.3:

Theorem D.2 The following conditions are equivalent for any ring A:

(1) if M is a finitely presented A-module and §2 € §21(M) then X2 is also finitely

presented,

(i) if M is a finitely presented A-module and then §2,(M) is defined and finitely
generated for all n > 2;

(iii) if M is a finitely generated A-module such that §21(M) is finitely generated
then $2,,(M) is defined and finitely generated for all n > 2;

(iv) in any exact sequence of A-modules 0 — 2 — AY — A% — M — 0, where
a, b are positive integers, the module S2 is finitely generated,

(V) in any exact sequence of A-modules 0 — 2 — A — A?, where a,b are
positive integers, the module S2 is finitely generated.

A ring A which satisfies any of these conditions (i)—(v) is said to be coherent.
Otherwise we shall say that A is incoherent. Let Mod ¢, (A) denote the category of
finitely presented A-modules. We may express the condition alternatively thus:

Ais coherent < the category Mod s, (A) is abelian. (D.3)

Clearly we have:
Proposition D.4 [f A has property K(00) then A is incoherent.
Writing cd(M) for the cohomological dimension of the A-module M we have:

Proposition D.5 Let M be a finitely generated A-module such that, for some
m>2,

1) $21(M), ..., 2,_1(M) are defined and finitely generated,
(i1) $£2,,(M) is infinitely generated,
(iii) cd(M) < m;

then A has property K(00).
Proof By (i), there exists an exact sequence

0—> 02— A1 ... 5> A1 > A0 > M — 0, (*)
where ey, ..., e,—1 are positive integers. By (iii), there is an exact sequence

O—-P,—>P, 1—>--—>P —>Phy—>M-—DO. (%)
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Comparing () and (%) by means of Swan’s generalization of Schanuel’s Lemma
[91], we see that

ReQ=P, 00

for some projective modules Q, Q’. In particular, §2, being a direct summand of
the projective module P, @ Q’, is necessarily projective. However, by (ii), §2 is
not finitely generated. The sequence 0 — £ — A%—1 — Am-2 shows that A has
property K(00). O

These considerations apply when A is the integral group ring A = Z[G] of a
group G. We say that a group G has property /C(oo) when the integral group ring
Z[G] has property K(00); likewise, we say that G is incoherent when Z[G] is inco-
herent. If H is a subgroup of G, then the induced ring extension Z[H] C Z[G] is a
morphism of augmented Z-algebras. Furthermore, as a left Z[ H]-module, Z[G] is
free on the basis G/H. From Proposition D.1 we see that:

Proposition D.6 Let H be a subgroup of a group G; if H has property K(o0) then
so also does G.

For subgroups of finite index, the relation is one of equivalence:

Proposition D.7 Let H be a subgroup of finite index in a group G; then
H has property K(oo) <= G has property K(00).

Proof By Proposition D.6, it suffices to show (<=); thus suppose that there is an
exact sequence of Z[G]-modules

0— P — Z[G)’ — Z[G]",

where P is a projective Z[G]-module of infinite rank. Let i : H < G be the
inclusion so that i* is the functor which restricts scalars from Z[G] to Z[H].
Then i*(Z[G]) = Z[H]%; applying i* to the above gives an exact sequence
0— Q— Z[H’ — Z[H]% where Q = i*(P). However,

0 ®ziH1Z = (P ®zi6]1 ZIG)) @71 Z
= P ®z16) (ZIG] @z 1)
= P @76 Z°
= (%)
=7,
Thus Z[ H] also has property K(c0). O

In consequence, possession of property K(oo) is an invariant of commensurabil-
ity class.
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If G, H are commensurable then
H has property K(oc0) < G has property K(00). (D.8)

As usual we denote by Z the trivial Z[ H]-module having Z as underlying abelian
group. Suppose that the group G is finitely generated by the set {xy, ..., x,}. Then

we have an exact sequence of Z[G]-modules Z[G]¢ —a> Z[G] 5 Z — 0 where € is
the augmentation map, and 9 is the Z[G]-homomorphism defined by the 1 x g ma-
trix d = (x; — 1, ..., xg — 1). The augmentation ideal Z = Ker(¢), being isomorphic
to Im(9), is finitely generated. As .QIG(Z) is represented by Z we have:

If G is finitely generated then .QIG (Z) is finitely generated. (D.9)

Recall that the cohomological dimension cd(H) of the group H is the same as
the cohomological dimension cd(Z) of the trivial Z[ H]-module Z. If cd(H) <2,
then any representative of §25(Z) is projective; from Proposition D.5 we obtain im-
mediately:

Proposition D.10 Let H be a finitely generated group; if cd(H) < 2 and §2,(Z) is
infinitely generated, then Z|H) has property K(00).

Corollary D.11 Let H be a finitely generated group; if cd(H) <2 and §22(Z) is
infinitely generated, then H is incoherent.

We proceed to produce a class of groups satisfying the hypotheses of Proposi-
tion D.10. Thus for n > 2 let F,, be the (nonabelian) free group of rank n, and let
F1 = Cx be the infinite cyclic group. Choose n > 2, and let ¢ : F;, — Co be a
surjective homomorphism; we define H (1, ¢) to be the fibre product

H(nsgo):anX(pFn ={(x,y) € Fy x Fy : p(x) = @(y)}.
Proposition D.12 H (n, ¢) has property K(00).

Proof 1t is easy to check that H (n, ¢) is both a normal subgroup and a subdirect
product of F,, x F,. The finite generation of H (n, ¢) thus follows from [48] (1.21).
The argument of Grunewald ([35], Proposition B) now shows that, over H (n, ¢),
the derived module §27(Z) is infinitely generated. Finally, since cd(F,,) = 1 and
H(n, ¢) is a subgroup of F,, x F), then cd(H (n, ¢)) <2. O

From Propositions D.6, D.10 and D.12 we see that:

Corollary D.13 Let G be a group which contains a subgroup isomorphic to
H(n, ¢); then Z[G] has property K(00).

In particular, F> x F, contains a copy of every H (2, ¢) so that F> x F, has
property /C(co). Furthermore, for m, n > 2, F, is contained as a subgroup of index
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m — 1in F> so that as F,, x F, is commensurable with F> x F» then F,,, x F, also
has property [C(oo). Thus from Propositions D.7 and D.10 we obtain:

Theorem D.14 Let G be a group which contains a copy of F,, x F, for some
m, n > 2; then Z[G] fails to be coherent.

One may observe that a group G contains a copy of F,,, x F,, for some m,n > 2
precisely when G contains a copy of Foo X Foo. Thus a group G which contains a
copy of Fso X F also has property X(oc0), and again fails to be coherent.

It follows from these observations that many familiar infinite groups fail to be
coherent; in particular, this is true of ‘most’ semisimple lattices. To see this, in gen-
eral terms, note that by the Arithmeticity Theorem of Margulis [72], a typical lattice
I' in a general noncompact semisimple Lie group is arithmetic; that is, there is an
algebraic group G defined and semisimple over Q such that I" is commensurable
with the group Gz of points which stabilize an integer lattice under a faithful rep-
resentation. It suffices to consider the case where G is Q-simple of real rank > 2.
Then, except in low dimensional cases, G contains a proper semisimple algebraic
subgroup H x K. By a result of Tits [95], both Hz and Kz contain nonabelian free
groups. Thus Gz contains a copy of F,,, x F;, and so has property K(co). Hence I,
being commensurable with Gz, also has property K(00).

It is also true that ‘most’ poly-Surface groups fail to be coherent. For example,
let

- X —>G—> X, —> 1

be a group extension where X, denotes the fundamental group of a closed surface of
genus n > 2. Using, for example, the arguments of [49], it is straightforward to see
that if the operator homomorphism ¢ : X, — Out(X}) fails to be injective then G
contains a subgroup of the form Fi, X Fi, and so fails to be coherent. However, our
arguments do not settle those cases (cf. [36]) in which the operator homomorphism
is injective.
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