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Preface

The idea for this book came when I was an assistant at the Department of Mathe-
matics and Computer Science at the Philipps-University Marburg, Germany. Sev-
eral times I faced the task of supporting lectures and seminars on complex analysis
of several variables and found out that there are very few books on the subject,
compared to the vast amount of literature on function theory of one variable, let
alone on real variables or basic algebra. Even fewer books, to my understanding,
were written primarily with the student in mind. So it was quite hard to find sup-
porting examples and exercises that helped the student to become familiar with
the fascinating theory of several complex variables.

Of course, there are notable exceptions, like the books of R.M. Range [9] or
B. and L. Kaup [6], however, even those excellent books have a drawback: they
are quite thick and thus quite expensive for a student’s budget. So an additional
motivation to write this book was to give a comprehensive introduction to the
theory of several complex variables, illustrate it with as many examples as I could
find and help the student to get deeper insight by giving lots of exercises, reaching
from almost trivial to rather challenging.

There are not many illustrations in this book, in fact, there is exactly one,
because in the theory of several complex variables I find most of them either trivial
or misleading. The readers are of course free to have a different opinion on these
matters.

Exercises are spread throughout the text and their results will often be re-
ferred to, so it is highly recommended to work through them.

Above all, I wanted to keep the book short and affordable, recognizing that
this results in certain restrictions in the choice of contents. Critics may say that
I left out important topics like pseudoconvexity, complex spaces, analytic sheaves
or methods of cohomology theory. All of this is true, but inclusion of all that
would have resulted in another frighteningly thick book. So I chose topics that
assume only a minimum of prerequisites, i.e., holomorphic functions of one complex
variable, calculus of several real variables and basic algebra (vector spaces, groups,
rings etc.). Everything else is developed from scratch. I also tried to point out some
of the relations of complex analysis with other parts of mathematics. For example,
the Convergence Theorem of Weierstrass, that a compactly convergent sequence
of holomorphic functions has a holomorphic limit is formulated in the language of
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functional analysis: the algebra of holomorphic functions is a closed subalgebra of
the algebra of continuous functions in the compact-open topology.

Also the exercises do not restrict themselves only to topics of complex analysis
of several variables in order to show the student that learning the theory of several
complex variables is not working in an isolated ivory tower. Putting the knowledge
of different fields of mathematics together, I think, is one of the major joys of the
subject. Enjoy !

I would like to thank Dr. Thomas Hempfling of Birkhaduser Publishing for
his friendly cooperation and his encouragement. Also, my thanks go to my wife
Claudia for her love and constant support. This book is for you!



Chapter 1

Elementary theory of several
complex variables

In this chapter we study the n-dimensional complex vector space C™ and introduce
some notation used throughout this book. After recalling geometric and topolog-
ical notions such as connectedness or convexity we will introduce holomorphic
functions and mapping of several complex variables and prove the n-dimensional
analogues of several theorems well-known from the one-dimensional case. Through-
out this book n,m denote natural numbers (including zero). The set of strictly
positive naturals will be denoted by N, the set of strictly positive reals by R.

1.1 Geometry of C"

The set C™ = R™ +{R" is the n-dimensional complex vector space consisting of all
vectors z = z+iy,where x,y € R"and i is the imaginary unit satisfying i> = —1.By
Z = = — iy we denote the complex conjugate. C" is endowed with the Euclidian
inner product

(zlw) := ZZﬂTJ (1.1)

and the Euclidian norm
121l = v/ (z]2)- (1.2)
C™ endowed with the inner product (1.1) is a complex Hilbert space and the
mapping
R" x R" — C", (z,y) — x + iy

is an isometry. Due to the isometry between C" and R™ x R™ all metric and
topological notions of these spaces coincide.
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Remark 1.1.1. Let p € N be a natural number > 1. For z € C" the following
settings define norms on C™:

n
2l = x|

and

n

lll, = | D 1=l

Jj=1

|-/l is called the mazimum norm, || ||, is called the p- norm. All norms define
the same topology on C™. This is a consequence of the fact that, as we will show
now, in finite dimensional space all norms are equivalent.

Definition 1.1.2. Two norms N7, Ny on a vector space V are called equivalent, if
there are constants ¢, ¢’ > 0 such that

cNy () < Ny (z) < Ny () for all z € V.

Proposition 1.1.3. On a finite-dimensional vector space V' (over R or C) all norms
are equivalent.

Proof. Tt suffices to show that an arbitrary norm |.|| on V is equivalent to the
Euclidian norm (1.2), because one shows easily that equivalence of norms is an
equivalence relation (Exercise !). Let {b1,...,b,} be a basis of V and put

M = max {||b][ ..., |ball}-

Let x € V, z = Z?Zl ajb; with coefficients a; € C. The triangle inequality and
Holder’s inequality yield

n
el < Dl bl
j=1
1 1
n 2 n 2
2 2
< Doyl > bl
j=1 j=1
< ally VAN,
Every norm is a continuous mapping, because |||z| — ||y|l| < ||= — y||, hence, ||.||

attains a minimum s > 0 on the compact unit sphere
Si={zeV||az|,=1}.

S is compact by the Heine-Borel Theorem, because dim V' < oco. Since 0 ¢ S the
identity property of a norm, i.e. that ||z|| = 0 if and only if = 0, implies that

s > 0. For every x # 0 we have
x
— €5,
[l



1.1. Geometry of C™ 3

H33||2

This is equivalent to ||z|| > s||z||, . Putting both estimates together gives

which implies

>s>0.

slally < llzll < vnM ||z, ,
which shows the equivalence of ||.|| and |||, . O
Exercise 1.1.4. Give an alternative proof of Proposition 1.1.3 using the 1-norm.
Exercise 1.1.5. Show that lim,_ ||2][, = [|2]|, for all z € C".

If we do not refer to a special norm, we will use the notation ||.|| for any norm
(not only p-norms).

Example 1.1.6. On infinite-dimensional vector spaces not all norms are equivalent.
Consider the infinite-dimensional real vector space C! [0, 1] of all real differentiable
functions on the interval [0,1]. Then we can define two norms by

[fllo := sup |f (2)]
0,1]

Tre

and
[fller = 1 lloe + 11 1 -

The function f (x) := 2™, n € N, satisfies

[flle =1, [Ifller =1+ n.

Since n can be arbitrarily large, there is no constant ¢ > 0 such that

[fller <ellfllo
for all f €C*[0,1].

Exercise 1.1.7. Show that C'[0,1] is a Banach space with respect to ||.||o:, but
not with respect to ||| -

Let us recall some definitions.
Definition 1.1.8. Let F be a real vector space and x,y € FE.
1. The closed segment [x,y] is the set

[,y ={te+(1—-t)y|0<t <1}.

2. The open segment |x,y| is the set

Je,y={te+(1-t)y|0<t <1}.
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3. A subset C' C E is called convez if [z,y] C C for all z,y € C.

4. Let M C V be an arbitrary subset. The convexr hull conv (M) of M is the
intersection of all convex sets containing M.

5. An element z of a compact and convex set C' is called an extremal point of
C' if the condition x € ]y, 2] for some y,z € C implies that x = y = 2. The
subset of extremal points of C' is denoted by 0., C.

Example 1.1.9. Let » > 0 and a € C". The set
Bl(a):={z€C"| ||z—a| <} (1.3)

is called the n-dimensional open ball with center a and radius r with respect to
the norm ||.||. It is a convex set, since for all z,w € B, (a) and ¢ € [0, 1] it follows
from the triangle inequality that

ltz+ (1=t w| <t|lz|| + (1 =8) |w|| <tr+ (1 —t)r=r

The closed ball is defined by replacing the < by < in (1.3).

Exercise 1.1.10. Show that the closed ball with respect to the p-norm coincides
with the topological closure of the open ball. Show that the closed ball is compact
and determine all its extremal points.

The open (closed) ball in C™ is a natural generalization of the open (closed)
disc in C. It is, however, not the only one.

Definition 1.1.11. We denote by R’ the set of real vectors of strictly positive
components. Let r = (r1,...,r,) € R} and a € C".

1. The set
P (a):={z€C"| |z —aj| <rj forall j=1,...,n}

is called the open polycylinder with center a and polyradius 7.

2. The set

T

T (a):={z€C" |zj—aj|=r; forall j=1,...,n}

is called the polytorus with center a and polyradius r. If r; = 1 for all j and
a = 0 it is called the unit polytorus and denoted T".

Remark 1.1.12. The open polycylinder is another generalization of the one- dimen-
sional open disc, since it is the Cartesian product of n open discs in C.Therefore
we also use the expression polydisc. For n = 1, open polycylinder and open ball
coincide. P (a) is also convex.

Lemma 1.1.13. Let C be a convex subset of C™. Then C' is simply connected.
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Proof. Let 7 :[0,1] — C be a closed curve. Then
H:[0,1] x [0,1] — C™, (s,t) — s7(0) + (1 — s) v (t)
defines a homotopy from = to 7 (0) . Since C' is convex we have
H(s,t)eC
for all s,t € [0,1]. O

As in the one-dimensional case, the notion of connectedness and of a domain
is important in several complex variables. We recall the definition for a general
topological space.

Definition 1.1.14. Let X be a topological space.

1. The space X is called connected, if X cannot be represented as the disjoint
union of two nonempty open subsets of X, i.e., if A, B are open subsets of
X, A#0,AnB=0and X = AU B, then B =0.

2. An open and connected subset D C X is called a domain.

There are different equivalent characterizations of connected sets stated in
the following lemma.

Lemma 1.1.15. Let X be a topological space and D C X an open subset. The
following statements are equivalent:

1. The set D is a domain.
2. If A+# (0 is a subset of D which is both open and closed, then A = D.

3. Every locally constant function f: D — C is constant.

Proof. 1. = 2. Let A be a nonempty subset of D which is both open and closed
in D. Put B := D\ A. Then B is open in D, for A is closed, AN B = ) and
D = AU B. Since D is connected and A # () we conclude B = (), hence, A = D.
2.= 3. Let ce Dand A:= f~1 ({f(c)}). In C, sets consisting of a single
point are closed (this holds for any Hausdorff space). f is continuous, because f is
locally constant, so A is closed in D.Since ¢ € A, the set A is nonempty. Let p € A.
Then there is an open neighbourhood U of p, such that f (x) = f(p) = f (c) for
all z € U, i.e., U C A. Thus, A is open. We conclude that A = D, so f is constant.
3. = 1. If D can be decomposed into disjoint open nonempty subsets A, B,
then
1, 2€e A

f:DH(C,ZH{ 0. 2€B

defines a locally constant, yet not constant function O
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Remark 1.1.16. In the one-variable case the celebrated Riemann Mapping The-
orem states that all connected, simply connected domains in C are biholomor-
phically equivalent to either C or to the unit disc. This theorem is false in the
multivariable case. We will later show that even the two natural generalizations
of the unit disc, i.e., the unit ball and the unit polycylinder, are not biholomor-
phically equivalent. This is one example of the far-reaching differences between
complex analysis in one and in more than one variable.

Exercise 1.1.17. Let X be a topological space.

1.
2.

If A,B C X, such that A C B C A and A is connected, then B is connected.

If X is connected and f : X — Y is a continuous mapping into some other
topological space Y, then f (X) is also connected.

The space X is called pathwise connected, if to every pair z,y € X there
exists a continuous curve
Yay - 0,1] = X

with v, , (0) = z,7,, (1) = y. Show that a subset D of C" is a domain if
and only if D is open and pathwise connected. (Hint: You can use the fact
that real intervals are connected.)

- It (Uj) ¢ 5 is a family of (pathwise) connected sets which satisfies

ﬂ Uj # Q)v

JjeJ
then (J,c ; U is (pathwise) connected.
Show that for every R > 0 and every n > 1 the set C" \ B% (0) is pathwise
connected.

Check the set
M = {ze(C ‘0<Rez< 1,Imz:sin1}u[—i,i]
Rez

for connectedness and pathwise connectedness.

Exercise 1.1.18. We identify the space M (n,n; C) of complex n x n matrices as a
topological space with C** with the usual (metric) topology

1.
2.

3.

Show that the set GL,, (C) of invertible matrices is a domain in M (n,n;C).

Show that the set U, (C) of unitary matrices is compact and pathwise con-
nected.

Show that the set P, (C) of self-adjoint positive definite matrices is convex.

Exercise 1.1.19. Let C be a compact convex set.
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1. Show that
0 C C OC.

2. Let P? (a) be a compact polydisc in C™ and T (a) the corresponding poly-
torus. Show that
Oea P (a) =T (a).

T

Remark 1.1.20. By the celebrated Krein—-Milman Theorem (see, e.g.,[11] Theorem
VIIIL.4.4) every compact convex subset C of a locally convex vector space possesses
extremal points. Moreover, C' can be reconstructed as the closed convex hull of its
subset of extremal points:

C = conv (0, C)

Notation 1.1.21. In the following we will use the expression that some proposition
holds near a point a or near a set X if there is an open neighbourhood of a resp.
X on which it holds.

1.2 Holomorphic functions in several complex variables

1.2.1 Definition of a holomorphic function

Definition 1.2.1. Let U C C™ be an open subset, f : U — C™,a € U and |.|| an
arbitrary norm in C™.

1. The function f is called complex differentiable at a, if for every € > 0 there
isad=40(g,a) > 0 and a C-linear mapping

Df(a):C" - C™,
such that for all z € U with ||z — a|| < ¢ the inequality
I (2) = f(a) = Df(a) (z = a)|| < |z = a

holds. If Df (a) exists, it is called the complex derivative of f in a.

2. The function f is called holomorphic on U, if f is complex differentiable at
alla € U.

3. The set
O U,C"):={f:U — C™| f holomorphic}

is called the set of holomorphic mappings on U. If m = 1 we write
OWU):=0(U,C0C)

and call this set the set of holomorphic functions on U.



8 Chapter 1. Elementary theory of several complex variables

This definition is independent of the choice of a norm, since all norms on C"
are equivalent. The proofs of the following propositions are analogous to the real
variable case, so we can leave them out.

Proposition 1.2.2.
1. If f is C-differentiable in a, then f is continuous in a.
2. The derivative Df (a) is unique.
3. The set O (U,C™) is a C— vector space and

D (Af +pg) (a) = ADf (a) + pDg (a)
for all f,g € O(U,C™) and all \, u € C.
4. (Chain Rule) Let U ¢ €™,V C C™ be open sets, a € U and

feo0UV):={p:U—V | ¢ holomorphic},
g€ O(V,C*). Then go f € O (U,C*) and

D(go f)(a)=Dg(f (a))oDf(a).
5. Let U C C™ be an open set. A mapping

f=1, o fm): U—-C™

is holomorphic if and only if all components fi, ..., f,, are holomorphic func-
tions on U.

6. O(U) is a C— algebra. If f,g € O(U) and g(z) # 0 for all z € U, then
Leow).

Example 1.2.3. Let U C C" be an open subset and f : U — C be a locally constant
function. Then f is holomorphic and Df (a) =0 for all a € U.

Proof. Let a € U and € > 0. Since f is locally constant there is some § > 0, such
that f (z) = f (a) for all z € U with ||z — a|| < §. Therefore

If (2) = f(a)[| =0 < ez —al

for all z € U with ||z —al| < §, i.e., f is holomorphic with Df (a) = 0 for all
acU. g

Example 1.2.4. For every kK = 1,...,n the projection
pr : C" — C, (21,...,2n) — 2x

is holomorphic and D pry, (a) = e, (the k-th canonical basis vector) for all a € C™.



1.2. Holomorphic functions in several complex variables 9

Proof. Let € > 0 and a € C". Then
Ipry (2) = pry (@) = (z —alex)| = 0 < |z —a

for all z € C"™. O

Example 1.2.5. The complex subalgebra C [z1, ..., z,] of O (C™) generated by the
constants and the projections is called the algebra of polynomials. Its elements are
sums of the form

Z Caz®

aeN"™

with ¢, # 0 only for finitely many ¢, € C, where for z € C" and o € N we use
the notation

«

2% =2t 2o

n -

The degree of a polynomial

p(z) = Z Caz®

aeN™
cq=0 for almost all «

is defined as
degp :=max{a; 4+ -+ a, | « € N ¢, #0}.

For example, the polynomial p (21, z2) := 27 + 2725 has degree 6. By convention the
zero polynomial has degree —o0o0.The following formulas for the degree are easily
verified:

deg(pq) = degp+deggq,
deg(p+¢) < max{degp,degq}.

Exercise 1.2.6. Show that for all z, w € C™ and all & € N” there exists a polynomial
g € C[z,w] of degree |a| := ||||; such that

(2 +w)* =2 +q(z,w).
Exercise 1.2.7. Show that the polynomial algebra C|[z1,..., z,] has no zero divi-
Sors.

Exercise 1.2.8. Show that the zero set of a complex polynomial in n > 2 variables
is not compact in C". (Hint: Use the Fundamental Theorem of Algebra). Compare
this to the case n = 1.

Exercise 1.2.9. Show that every (affine) linear mapping L : C* — C™ is holomor-
phic. Compute DL (a) for all a € C".

Exercise 1.2.10. Let Uy,...,U, be open sets in C and let f; : U; — C be holo-
morphic functions, j =1,...,n.
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1. Show that U := Uy x --- x U, is open in C™.
2. Show that the functions

n

fiU=C(z1,m) = [ £ (2)
j=1

and
n

g:U—C,(z1,...,%n) Hij(zj)
j=1
are holomorphic on U.

1.2.2 Basic properties of holomorphic functions

We turn to the multidimensional analogues of some important theorems from the
one variable case. The basic tool to this end is the following observation.

Lemma 1.2.11. Let U C C" beopen, a € U, f € O(U),be C" and V 1=V .y :=
{tceC|la+tbeU}. Then V is open in C, 0 € V and the function

Gap:V = C,t — f(a+1td)

is holomorphic.

Proof. From a € U follows that 0 € V. If b=0then V =C. Let b #0. If t, € V
then zg := a+tpb € U. Since U is open, there is some ¢ > 0, such that B. (zo) € U.
Put z; := a +tb. Then

20 — zell = [Ibll [to — t| < &
for all t with [tg — t| < oy e Bre (to) C V. Since gq,p is the composition of the
affine linear mapping t — a + tb and the holomorphic function f, holomorphy of
Ja,b follows from the chain rule. O

Conclusion 1.2.12. We have analogues of the following results from the one-dimen-
sional theory.

1. Liouville’s Theorem: Every bounded holomorphic function
f:C"—=C
s constant.

2. Identity Theorem: Let D C C™ be a domain, a € D, f € O (D), such that
f =0 near a. Then f is the zero function.

3. Open Mapping Theorem: Let D C C™ be a domain, U C D an open subset
and f € O(D) a non-constant function. Then f (U) is open, i.e., every
holomorphic function is an open mapping. In particular, f (D) is a domain
in C.
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4. Maximum Modulus Theorem: If D C C" is a domain, a € D and f € O (D),
such that | f| has a local mazimum at a, then f is constant.

Proof. 1. Let a,b € C". The function g4 35—, from Lemma 1.2.11 is holomorphic
on C, satisfies

Ja,b—a (O) =f (a) yJa,b—a (1) =f (b)
and

Ga,b—a (C) C f (Cn) .

Since f is bounded, g45—q is bounded. By the one-dimensional version of Liouville’s
Theorem g, p—q is constant, hence, f (a) = f (b) for all a,b € C™.
2. Let
U:={z€D| f=0near z}.

By prerequisite a € U. U is closed in D, because either U = D (if f is the zero
function) or, by continuity of f, to every z € D \ U there exists a neighbourhood
W, on which f does not vanish, i.e., W C D\ U. Let ¢ € U N D. There is a
polyradius r € R, such that the polycylinder P, (¢) is contained in D and such
that P.(c) NU # ). Choose some z € P, (c) and w € P, (c) N U. From Lemma
1.2.11 we obtain that the set Vi, ._w.p is open in C and because P, (c) is convex,
we have [0,1] C Vi —w;p. Since f vanishes near w, there exists an open and
connected neighbourhood W C C of [0,1] on which gy, ,—, vanishes. This implies
that P.(c¢) C U, so U is open in D. However, since D is connected, the only
nonempty open and closed subset of D is D itself. Hence, U = D, i.e., f = 0 on
D.

3. f (D) is connected, because D is connected and f is continuous (cf. Exercise
1.1.17). We have to show that f (U) is open. Let b € f (U). There is some a € U
with b = f (a) . Since U is open, there is a polycylinder P, (a) C U. By the Identity
Theorem f is not constant on P, (¢), since otherwise f would be constant on all of
D, contradicting the prerequisites. This implies that there is some w € C™, w # 0,
such that g, ., from Lemma 1.2.11 is not constant on V' = V, 4.p, (a)- From the
one-dimensional theory we obtain that g, ., (V) is an open neighbourhood of b.
Because

b€ gaw(V)C f(P-(a)) C f(U),
f (U) is a neighbourhood of b. Since b was arbitrary, f (U) is open in C.
4. f (D) is open in C. Since
[.| : € — [0, +o0[
is an open mapping (Exercise !), the assertion follows. O

Corollary 1.2.13 (Maximal Modulus Principle for bounded domains). Let D C C"
be a bounded domain and f : D — C be a continuous function, whose restriction
to D is holomorphic. Then |f| attains a maximum on the boundary OD.
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Proof. Since D is bounded, the closure D is compact by the Heine-Borel Theorem.
Thus, the continuous real-valued function | f| attains a maximum in a point p € D.
If p € 9D we are done. If p € D the Maximum Modulus Theorem says that f|p is
constant. By continuity, f is constant on D and thus |f| attains a maximum also
on 0D. (]

In the one-dimensional version of the Identity Theorem it is sufficient to
know the values of a holomorphic function on a subset of a domain, which has an
accumulation point. This is no longer true in more than one dimension.

Example 1.2.14. The holomorphic function

f:C%* = C,(z,w) — 2w
is not identically zero, yet it vanishes on the subsets Cx {0} and {0} x C of C2,
which clearly have accumulation points in C2.

Exercise 1.2.15. Let U C C" be an open set. Show that U is a domain if and only
if the ring O (U) is an integral domain, i.e., it has no zero divisors.

Exercise 1.2.16. Let D C C™ be a domain and F C O (D) be a family of holomor-
phic functions. We denote by

N(F)={z€eD|f(z)=0forall feF}
the common zero set of the family F.
1. Show that either D\ N (F) =0 or D\ N (F) is dense in D.

2. Show that GL, (C) is dense in M (n,n;C).
Exercise 1.2.17. Consider the mapping
f:C? = C% (z,w) — (2, 2w)
Show that f is holomorphic, but is not an open mapping. Does this contradict the
Open Mapping Theorem?

Exercise 1.2.18. Let
f: X—=F

be an open mapping from a topological space X to a normed space E. State and
prove a Maximum Modulus Theorem for f.

Exercise 1.2.19. Let D C C" be a domain, B C D an open and bounded subset,
such that also the closure B is contained in D. Let OB denote the topological
boundary of B and f € O (D). Show that

d(f(B)) c f(0B).

Does this also hold in general, if B is unbounded?
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Exercise 1.2.20. Let B} (0) be the n-dimensional unit ball and f : B} (0) — C
be holomorphic with f (0) = 0. Let M > 0 be a constant satisfying |f (z)] < M
for all 2 € B} (0). Prove the following n-dimensional generalization of Schwarz’
Lemma:

1. The estimate |f (z)| < M ||z|| holds for all z € B} (0).
2. The following estimate holds:

IDf (0)]| := sup [Df(0)z] <M.

llzll=1

1.2.3 Partially holomorphic functions and the Cauchy-Riemann
differential equations

As in real calculus one may consider all but one variable of a given holomorphic
function

(215 oyzn) = f (21, 0y 2n)
as fixed. This leads to the concept of partial holomorphy.

Definition 1.2.21. Let U C C™ be an open set, a € U and f : U — C. For
j=1,...,n define

Uj={z¢C| (a1,...,aj-1,2,aj41,...,a,) €U}

and

o~

fj : Uj —>(C,Z'—> f(al,...7aj,1,z,aj+1,...,an).
f is called partially holomorphic on U, if all E are holomorphic.

A function f holomorphic on an open set U C C" can also be considered as
a totally differentiable function of 2n real variables. Taking this point of view we
define
Ck(U):={f:U —C| fisk — times R — differentiable}

where, as usual, k£ = 0 denotes the continuous functions. In this case we leave out
the superscript. Let a € U and f € C! (U). Then there is an R-linear function

dof :R*™ = C

called the real differential of f at a, such that

f(2) = F(@)+daf (= = a) +O ||z —af).

Comparing this to Definition 1.2.1 we can say that f is C-differentiable at a if
and only if d, f is C-linear. This shows that it makes sense at this point to look a
little closer at the relationships between R-linear and C-linear functions of complex
vector spaces.
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Lemma 1.2.22. Let V be a vector space over C and V# its algebraic dual, i.e.,
V#:={pu:V —-C| pis C— linear}.
Further, we define

V# ={p:V—>C| pis C— antilinear}

= {pu:V—-C| pmis C— linear}

and
VR# ={p:V —=C| pis R— linear}.

Then Vﬂf is a complex vector space, V#,V# are subspaces of Vﬂf and we have
the direct decomposition

Vi =v*aT.
Proof. The first propositions are clear. We only have to prove the direct decom-
position. To this end let u € V# N V# and z € V. Since p is both complex linear

and antilinear we have

p(iz) =ip(2) = —ip (2),
which holds only if g = 0. To prove the decomposition property let pu € VR#. We
define

py(2) = S (p(z) —ip(iz),

i (2) = 5 (u(=) +in(iz).

NN O

An easy computation shows that py, 1o are R-linear and that p; + uy = p. Now

piz) = g (n(iz) — i (2)

= g (n(2) — i (i) = ity (2)

and
. 1 . ;
po(iz) = 5 (u(iz) +ip(=2))
1 _— ;
= =i () i (i2)) = —ipa (2),
which shows that p; € V# and p, € v O

We use this lemma in the special case

V.=C" =R" +iR".
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Let w=wu+iv € V. For j =1,...,n consider the linear functionals
dzj,dy; : C" — C, dzj (w) = uj, dy; (w) :=vj.
Clearly, dz;,dy; € VR# and
dz; (iw) = —v;, dy; (Iw) = u;.
Now define
dz; (w) = da; () + idy; (w), dzj (w) = da (w) — idy; (w).

We then have

dzj (w) = wu;+iv; =dz; (w) —ide; (iw),

dzj (w) = wu; —iv; =dz; (w) +idz; (iw).
As in Lemma 1.2.22 we obtain

dzj eVH, d5 €V,

By applying linear combinations of the dz; resp. dz; to the canonical basis vectors
€1,...,en of C" we find that the sets {dz1,...,dz,} resp. {dz1,...,dz,} are lin-

early independent over C, thus forming bases for V# resp. V¥ . Their union then
forms a basis for VR# by Lemma 1.2.22. This leads to the following representation
of the real differential d, f :

dof =Y (o (f,0) dz; + B; (f,a) dZ)) (1.4)

j=1
with unique coefficients a; (f,a), 8, (f,a) € C

Notation 1.2.23. Let a; (f,a), 3, (f,a) be the unique coefficients in the represen-
tation (1.4) . We write

0 = 0
0,1 (@)= 51 () = a5 (), f (0) 1= 5 (a) = ().
J J
Definition 1.2.24. The linear functional
n 6 n 8
Ouf ::Zai(a)dzj :C" - Ciw Zazjz_(a)wj
j=1 j=1

is called the complex differential of f at a. The antilinear functional

Ouf = ]_(%()d :C" - C,w Zazj ) w5

is called the complex-conjugate differential of f at a.
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With these definitions we can decompose the real differential
5 n\# o TE
dof =0af +0af € (C")" ® (C*)". (1.5)

These results can be summarized in

Theorem 1.2.25 (Cauchy-Riemann). Let U C C" be an open set and f € C* (U).
Then the following statements are equivalent:

1. The function f is holomorphic on U.

2. For every a € U the differential d f is C-linear, i.e., d, f € (C")#
3. For every a € U the equation 0,f = 0 holds.
4

. For every a € U the function f satisfies the Cauchy—Riemann differential
equations
0
aij(a)Oforallj1,...,n

on U.

Exercise 1.2.26. (Wirtinger derivatives) Let U C C™ be open, a € U and f €
Ct(U).

1. Show that
of of of af 1 /0f af
623 (a) (ax] Zayj ) (a) ’ 6Z (a) - 2 8l'j + Zay] (a) ’
where %, % denote the real partial derivatives.
rj ' OYj

2. Let U C C"beopen,a € U and f = (f1,..., fm) € O(U,C™). Let Df (a) =
(agr) € M (m,n; C) be the complex derivative of f in a. Show that

5fk

Okl =

forallk=1,...,mandl=1,...,n.

3. Letfj be defined as in Definition 1.2.21. Show that if f is holomorphic on U
then f is partially holomorphic and satisfies the equations

9 .
82];() fj( ;) forall j=1,...,n

Exercise 1.2.27. Let U C C" beopen and f = (f1,..., fm) : U — C™ differentiable
in the real sense. Prove the formulas

M:(%>,%—(ﬁ>for]—l ,nand k=1,...,m
82’]‘ 82’j 8zj 8J
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Remark 1.2.28. Tt is a deep theorem of Hartogs [5] that the converse of Exercise
1.2.26.3 also holds: Ewvery partially holomorphic function is already holomorphic.
The proof of this theorem is beyond the scope of this book, however, we will use
the result. Note the fundamental difference from the real case, where a partially
differentiable function need not even be continuous, as the well-known example

O7 if (1’7 ) = (070)
0 :R* >R, (z,y) — { Rz if (:cz,/y) #(0,0)

x2 +y2 bl

shows. Readers who are not familiar with this example should consider lin%) ¢ (z, ).

xr—

Exercise 1.2.29. Show that the inversion of matrices
inv:GL, (C) - GL, (C),Z — Z*
is a holomorphic mapping (Hint: Cramer’s rule).

Exercise 1.2.30. Let m € N4 and f € O (C™) be homogenous of degree m, i.e., f
satisfies the condition

ftz) =t"f(2)

for all z € C™ and all t € C. Prove Fuler’s identity
S o) =mf)
- 24
j=1

for all z € C".

1.3 The Cauchy Integral Formula

Probably the most celebrated formula in complex analysis in one variable is
Cauchy’s Integral Formula, since it implies many fundamental theorems in the
one-dimensional theory. Cauchy’s Integral Formula allows a generalization to di-
mension n in a sense of multiple line integrals. We start by considering the poly-
torus 7} (a). For a € C" and r € R} let

T' (a) ={2€C" ||z —aj| =rj, j=1,...,n}.
T (a) is a copy of n circles in the complex plane and is contained in the boundary
of the polydisc P (a). Let
f:Tr(a)—C
be continuous and define i : P (a) — C by the iterated line integral
1 n
LY L,
211 (w — Z)
T (a)
ERN / / f (w) dw ---dw,
2ri (wn = 2p) -+ (w1 — 21)’

[Wr —an|=Tn |wi—ay|=ry

h(z)
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where the notation [ —ayl=r,
of radius r;. Recall that the mtegral is independent of a particular parametrization,
so we may use this symbolic notation.

stands for the line integral over the circle around a;

Lemma 1.3.1. The function & is partially holomorphic on P (a).

Proof. Let b € P (a). Choose some ¢ > 0, such that |z; —a;| < r; for all z
satisfying |z; — bj| < 0, j =1,...,n. Then the function

o~

hj : Bg (bj) — (C,Zj = h(bl, N .,bjfl,Zj,bijl, AN ,bn)

is continuous. Choose a closed triangle A C B} (b;). The theorems of Fubini-
Tonelli and Goursat yield that

[z =0
OA

By Morera’s theorem ﬁ\] is holomorphic. ]

Applying Hartogs’ theorem we see that h is actually holomorphic.

Notation 1.3.2. Let oo = (a1, ..., a,) € N”. We call a a multiinder and define

o] @ =ar 4+,
a+1 : :(a1+1’-~-’an+1)?
a' : :a1!~-~an!.

For 2 € C" and a multiindex o we write

2% =2z

(020
n

and we define the partial derivative operators

olel

D% = ——
9207 - 0"

Theorem 1.3.3. Let U C C" be open, a € U, r € R, such that the closed poly-

cylinder P,Zl( ) is contained in U. Let f : U — C be partially holomorphic. Then
for all oo € N and all z € P! (a):

1. Cauchy’s Integral Formula, CIF:

a a! f(w)
D f( ) (271_@) /) (w _Z)a+1 dw
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2. Cauchy inequalities:

al
D7 ()] < % | Flre

oo

Proof. 1. We prove the formula by induction on n. The case n = 1 is known.
Chose " € R}, such that r; <7} for all j and such that P/ (a) C Pj (a) C U.
Let z = (#1,...,2n) € P (a). Then the function of one complex variable

C’_)f(zla"'aznfluc)

is holomorphic on the open disc defined by |¢ — a,| < 7},. The one-dimen-
sional version of CIF yields

1 _
fz, o 2m) = — / Fz sz 1’wn)dwn.
21 w

n — Zn

lwn—an|
For fixed w,, the function
(215 yzn—1) = (21, Zn—1,Wy)
is partially holomorphic on the polydisc defined by [z;| <7}, j=1,...,n—1.

The rest of the proof now follows by the induction hypothesis and differenti-
ation under the integral.

2. Standard estimate for line integrals over circles, as in one dimension.
O

Exercise 1.3.4. Let T™ C C” be the unit polytorus and u,v € N". Compute the
integral
1 n 17
— dc.
<2m'> / vl ¢
T"L

1.4 O(U) as a topological space

This section studies convergence in the space O (U) of holomorphic functions on
an open set U C C". To this end we introduce the compact-open topology on
O (U), which turns O (U) into a Fréchet space. The major results of this section
are Weierstrass’ Convergence Theorem and Montel’s Theorem. Readers with a
profound knowledge of functional analysis may skip the part about locally convex
spaces.
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1.4.1 Locally convex spaces

We collect some basic facts about locally convex spaces, i.e., topological vector
spaces whose topologies are defined by a family of seminorms.

Definition 1.4.1. Let k& be one of the fields R or C and V' a k-vector space. A
seminorm on V is a mapping p : V — [0, +o00[ with the following properties:

1. The mapping p is positively homogenous, i.e., p (az) = |a|p (z) for all o € k
and all x € V.

2. The mapping p is subadditive, i.e., p(x +y) <p(z)+p(y) for all z,y € V.
Example 1.4.2. Every norm ||.|| on a vector space V is a seminorm.

Example 1.4.3. Let R [a, ] be the space of (Riemann-)integrable functions on the
interval [a, b] and let

b
p:R[a,b]HR,fH/ (@) dt.

Then p is a seminorm, but not a norm, because p (f) = 0 does not imply f = 0.
For instance, take the function

1, t=a
f.[a,b]—>R,tn—>{ 0 t4a

Seminorms on vector spaces can be used to construct topologies on these
spaces. In contrast to the topologies defined by norms, topologies defined by semi-
norms need not be Hausdorff.

Lemma 1.4.4. Let I be an index set, V a (real or complex) vector space and (p;)
a family of seminorms on V. For a finite subset F' C I and € > 0 put

Upe := ﬂ {r eV |p;(z) <e}
ik

i€l

and define
U:={Upe| e>0,F CI,#F < c}.

Then the set
T :={O C V | For all z € O there is some U € i, such that x + O C U}

defines a topology on V.

Remark 1.4.5. A vector space with a topology induced by a family of seminorms as
above is called a locally convex space. The topology 7 turns V into a topological
vector space, i.e., vector addition and multiplication with scalars are continuous
mappings with respect to this topology. Locally convex spaces are studied in depth
in functional analysis.
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Proof. Trivially, 7 contains V and the empty set. Let J be an index set and
(0;) ., be an arbitrary family in 7. Put

0:=J0;
jeJ

and let z € O. Then z € O, for some index j. Since O; € T, there is some U € U
with
z+UCO; CO,

hence, O € T. Now let O, ...,0O, be open sets, i.e., elements of 7. Put

and let z € O. Since every O; is open, there are sets U; € i, such that
T+ Uj € Oj.

Every Uj is of the form
Uj = Uryse,

with F} a finite subset of I and €; > 0. Put

m

Illej,F 7UF

Jj= =1

Then € > 0 and F is also a finite subset of I. Further
UF;E C O,
thus,
2+ Up: C () (@+U;) CO. O
j=1
Exercise 1.4.6. Show that a locally convex space (V,7) is a Hausdorff space if and

only if the family (p;),.; of seminorms separates points, i.e., if for all z € V., 2 # 0
there is some index i € I, such that p; (x) > 0.

Exercise 1.4.7. Let V be a locally convex Hausdorff space whose topology 7 is
induced by a countable family (p;);cy of seminorms. Show that the definition

22_" Pn(z —9) for all z,y € V
1+pn x_y)

defines a metric on V' and that the topology 7 induced by this metric coincides
with 7.
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Remark 1.4.8. Topological vector spaces whose topologies can be induced by a
metric are called metrizable. If the topology can be induced by a norm they are
called normable. Note that the metric of Exercise 1.4.7 is not induced by a norm,
since

d(0,z) <2
for all € V. If d were induced by a norm ||.||, then for all A € C and all x € V,

d (0, Az) = [[Az| = [Al || -
If £ # 0 we can choose A with |A| > ”72”

In the abstract setting of general locally convex spaces the sets Up.. play
the role of the open e-balls BZ (0) in C™ or R™, i.e., they form a basis of open
neighbourhoods of zero. This analogy is mirrored in the definition of convergence.

Definition 1.4.9. Let (V7 (pi)iel) be a locally convex space, 7 the topology induced
by the family (p;);c; of seminorms and U the basis of neighbourhoods of zero as
defined in Lemma 1.4.4.

1. A sequence (.Tj)jeN in V' converges to the limit x € V, if for every U € U
there is some N = Ny € N, such that x —x; € U for all j > N.

2. The sequence (xj)jeN is called a Cauchy sequence, if for every U € 4 there
is some N = Ny € N, such that z;, —x; € U for all k,1 > N.

3. The space V is called sequentially complete with respect to the topology 7,
if every Cauchy sequence converges in V.

Remark 1.4.10. In functional analysis the general notion of completeness is defined
by means of so-called Cauchy nets, which are a generalization of Cauchy sequences.
The interested reader may refer to standard literature on functional analysis, e.g.,
[11]. For our purposes the notion of sequential completeness suffices.

Lemma 1.4.11. A sequence (z;) ;.\ converges to « € V' if and only if

lim p; (z; —2) =0

J—00
foralli e I.

Proof. The sequence (mj)j cny converges to x € V' if and only if for all U € i there
is some Ny € N, such that
r—z;€U

for all j > Ny . By definition of 4 this is equivalent to the condition that for every
€ > 0 and every ¢ € I there is some N; € N, such that

pi(x —zj) <e

for all j > N,. O
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Exercise 1.4.12. Let D C C" be a domain and K C D be a compact subset. Define
pic :C(D) — R by
pr (f) = flkll -

1. Show that px defines a seminorm on C (D).

2. If K has interior points, then px defines a norm on the subspace O (D) of
holomorphic functions.

3. Is O (D) complete with respect to px ?

Exercise 1.4.13. Let R [a,b], p be as in Example 1.4.3 and let R [a, b] be equipped
with the locally convex topology induced by p. Please show:

1. Restricted to the subspace C [a, b] C R [a, b] of continuous functions, p defines
a norm on C [a, b] .

2. Is (C[a,b],p) a Banach space?

1.4.2 The compact-open topology on C (U, E)

The results about locally convex spaces and the notion of convergence in these
spaces will be applied to the space C (U, E) of continuous mappings on an open
set U C C™ with values in a Banach space (E,|.|p). The reason to consider
Banach-space-valued mappings here is mainly that the results apply to scalar-
valued and vector-valued mappings at the same time. It is well known that for a
compact set K the space C (K, E) is a Banach space with respect to the norm

11,00 := sup If (2)] g -
zeK

The important fact here is the completeness of C (K, F). This can be generalized
to continuous functions defined on open sets by choosing a compact exhaustion of

U.
Lemma 1.4.14. Let U C C" be open. For every j € N define

| —

K- {z e U |2l < jodisty_ (2,C"\U) > =

} . (1.6)

<

Then the following holds:
1. Every Kj is a compact set.
2. For all j > 1 we have K; C K;+1'
3. The set U is the union of the K :

U:GKJ

=1
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4. If K is an arbitrary compact subset of U, then there is some jx € N, such
that K C KjK'

Proof. 1. Every K is the intersection of two closed sets and is contained in the
ball of radius j. By the Heine-Borel theorem K is compact.
2. The set

1
cU < j+1,dist ,C"\U) > —
{sevlah <+ Ly, Geno > )
is open, contains K; and is contained in Kj11, thus K; C K7, ;.
3. If U = () there is nothing to show. Let U # (). Since U is an open set, every
z € U has a positive distance to the complement of U, i.e., there is some j; € Ny,
such that .
diStH_” (Z,(Cn \ U) Z -
oo Jl
Also, there is some jo € N, ,such that
2]l 0 < 2

Then z € Kj,, where js := max {j1,j2} . Since every K is a subset of U, 3. follows.
4. If K is a compact subset of U the sets {KJO jE N+} form an open cover

of K. Compactness of K implies the existence of some jx € N4, such that

IK
K C U Kj,
j=1

but since the K; C K4, for all j this implies K C Kj,.. O

Remark 1.4.15. A sequence of compact sets having the properties 2. and 3. from
Lemma 1.4.14 is called a compact exhaustion. A locally compact Hausdorff space X
having a compact exhaustion is called countable at infinity. Thus, in the language
of general topology, Lemma 1.4.14 states that every open set in C” is countable
at infinity.

Using the normal exhaustion of Lemma 1.4.14 we define a topology 7., on
the space C (U, E) by the family (ij)j€N+ of seminorms

rr, :C(UE) =R, fr su}() I1f (@)l &
TEK;

(cf. Exercise 1.4.12). Note that this turns C (U, E) into a metric space as was shown
in Exercise 1.4.7.

Definition 1.4.16. The topology 7., on C (U, E) is called the compact-open topology
or the topology of compact convergence.

The name topology of compact convergence stems from the following result.
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Proposition 1.4.17. A sequence (f;),cy C C (U, E) converges with respect to the
topology 7, if and only if (fj)jeN converges compactly on U.

Proof. Let K C U be compact. By Lemma 1.4.14 there is an index jx such that
K C Kj,.. If fj — f with respect to 7., then

sup 1fi (@) = f @)llg = px (f; = ) < pr;, (f5 =) =0,
x€
hence the sequence ( fj)j e converges uniformly on K. Conversely, if

lim sup |[f; (z) — f (z)[lp = 0
cK

J—30 o

for every compact set K C U, then this holds in particular for the compact
exhaustion (1.6) . Lemma 1.4.11 implies that f; — f with respect to 7. O

It can be shown that the topology 7., does not depend upon the special
choice of the compact exhaustion, i.e., if (K J/’)jeN is any compact exhaustion of U,

then the topology induced by the seminorms p ./ coincides with 7, defined above.

We skip the proof of this, because we do not need the result in the following. The
interested reader may refer to [3] for details.

Proposition 1.4.18. (C (U, E),7.,) is complete.
Proof. Let (f;);en

set. Then ( f; |K)jeN is a Cauchy sequence with respect to the norm ||.[| . Since
(C (K,E), ||||Eoo> is a Banach space there is an fX € C (K, E), which is the

uniform limit of (fj‘K)jeN' Let z € U be an arbitrary point. There is an open

be a Cauchy sequence in C (U, F) and K C U be a compact

neighbourhood U, of z such that the closure U, is compact and is contained in U.
By the above argument we have lim;_, fJ"Uf = f7=. When we define

f:U—=C,z— lim f;(2)
j—oo

we find that f;|;— converges uniformly towards flz— = f7= € C (72) , hence, f is
continuous at z. Since z € U is arbitrary we conclude f € C (U, E). 0

Remark 1.4.19. Looking at the above proof we find that the only characteristic
we needed from the open set U was the fact that every point z € U has a compact
neighbourhood contained in U. Therefore Proposition 1.4.18 holds for the space
C (X, E) of continuous mappings on every locally compact Hausdorff space X.
A complete metrizable topological vector space is called a Fréchet space. Thus,
C (X, E) is a Fréchet space. More precisely, since multiplication in C (X, FE) is
continuous, it is a Fréchet algebra.

We return now to the investigation of the space O (U,C™) of holomorphic

mappings. As a subspace of C (U, C™) it inherits the topology of compact conver-
gence from C (U,C™).
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Theorem 1.4.20 (Weierstrass). Let U C C™ be an open set. Then O (U,C™) is a
closed subspace of C (U, C™) with respect to the topology of compact convergence.
For every o € N the linear operator

D*: O (U,C™) — O (U,C™), f — D*f

is continuous. In case m > 1, i.e., f = (f1,..., fm) the operator D has to be
applied to every component.

Proof. Since the assertion holds if and only if it holds in each component sepa-
rately, we may without loss of generality assume m = 1. Since C (U) is metrizable
it suffices to show that for every sequence ( fj)j enn C O (U) converging compactly
towards some f € C (U) we have f € O (U) and the sequence (D f;) .\ converges
compactly towards D®f. As in one variable the major tool used here is Cauchy’s
integral formula. If a € U there is a polydisc P (a), which is relatively compact in

U. The sequence (fj . Let T (a)
be the polytorus contained in the boundary of P (a). For all w € T,? (a) and all
z € P (a),

fi(w) _  f(w)

j—=oo (w — z)1 B (w — z)1

T converges uniformly towards
P;L(a)>je ; g y fleny

uniformly in w. Cauchy’s integral formula yields

f(z) = lim f;(2)

J—00

% <21m>" / (ij—(u;))ldw

T3 (r)

() [ i

T (r)

and Lemma 1.3.1 says that f is holomorphic. Moreover, by CIF we have

DYf(2) = (;m>n / (wf_(i‘glﬂdw.

Tr(r)

a

Let K C U be compact. There is a compact set K’ C U and a polyradius " € R’
such that for all @ € K the polydisc P (a) is relatively compact in K'. By the
Cauchy inequalities,

’D‘*f (a) D*f;(a)

al al

IN

1
& sup |f — fjl

(') 17 (a)

sup |[f — fj].
K/

1
< =
- ()
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Since f; converges compactly towards f and a € K is arbitrary we find that D f;
converges towards D f compactly on U, hence, D® is continuous. O

Exercise 1.4.21. Let D := { (z,w) € C*| Rez > 0,Rew >0} and

1
B:DH(C,(z,w)H/ o (1 —t)" e
0

B is called Fuler’s beta function. Please show:
1. D is a convex domain.

2. B is holomorphic on D. (Hint: Construct a sequence (B;),-, C O (D) con-
verging compactly to B.)

3. B satisfies the functional equation

B(l,w)=—, B(z+1,w) = B (z,w)

z+w

S

and the estimate
|B (z,w)| < B(Rez,Rew)

on D.
Exercise 1.4.22. Let D C C" be a bounded domain with boundary 0D and

AD) = {feC (D) | flo e O(D)}.
1. Show that A (D), equipped with the norm

[fllse := sup [f (2)]

2€D
is a complex Banach algebra, i.e., a C— algebra, a Banach space and for all
fyg € A(D) the inequality

1£9llee < 1 lloc 91l
holds.
2. The restriction mapping
p:A(D) = C(dD), f— flop
is an isometric' homomorphism of complex algebras. Is it bijective?

3. The image p(A (D)) is a closed subalgebra of C (0D) with respect to the
topology induced by |.||,, (i.e., the topology of uniform convergence) on
C(0D).1Is p(A(D)) an ideal in C (0D)?

e, Ifllee = llp (Pl for all f € A(D).
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1.4.3 The Theorems of Arzela—Ascoli and Montel

We consider the question of compactness in the spaces C (U, E) and O (U,C™)
leading to the multivariable version of Montel’s Theorem. Recall that in one vari-
able theory Montel’s Theorem is an important tool in the proof of the Riemann
Mapping Theorem. Ironically, in Chapter IIT we will use the multidimensional ver-
sion of Montel’s Theorem to give a proof that the Riemann Mapping Theorem does
not hold in C™ if n > 1. The proof of Montel’s Theorem uses the Arzela—Ascoli
Theorem, which we include in a rather general form, and which has applications
outside complex analysis as well.

Definition 1.4.23. Let (X, dx) be a metric space, (E,|.|z) a (real or complex)
Banach space, U C X an open subset and F a family of functions f : U — F.

1. The family F is called bounded if for every compact subset K C U there

exists a constant 0 < My < oo such that

sup sup ||f (z)[lp < Mk.
fEFzeK

2. The family F is called locally bounded if for all a € U there exists an open
neighbourhood V' =V (a) such that

Flyi={1la 11 €7}
is bounded.

3. The family F is called equicontinuous if for every € > 0 there exists some
6 = 6. > 0 such that

1f () = fll <e
for all f € F and all x,y € U satisfying dx (z,y) < 0.

4. The family F is called locally equicontinuous if for all a € U there is an open
neighbourhood V' =V (a) such that F|,, is equicontinuous.

Trivially, if F is equicontinuous then F C C (X, E). The next proposition
shows that for families of holomorphic functions the weaker condition of local
boundedness already implies equicontinuity. This will be used in the proof of Mon-
tel’s Theorem.

Proposition 1.4.24. Let U C C™ be open and F C O (U, C™) be a locally bounded
family. Then F is locally equicontinuous on U.

Proof. Since all norms in C™ are equivalent it suffices to consider the maximum
norm ||.||, in C™,a € U,r > 0, M > 0 such that

P (a)={2z€C"| ||z —al <r}CU



1.4. O(U) as a topological space 29

and

| e, <

for all f € F. This is possible, because U is open, P, (a) is compact and F is
locally bounded. Put

K .= Pr (CL)
2
andlet € > 0, f € F and x,y € K be arbitrary. Applying the Mean Value Theorem
in R?" to f gives

1f (2) = f Wl < llz = ylloo sup [|Df (2)]],
zeK

where
Su}gHDf(Z)H:SUp sup [[Df (2) 2|
ze

2€K 2] =1

Assume without loss of generality that

Df(z)x = (Z 81(;1212)%,,__,28*’;’,’223)%;@)

k=1 k=1

attains its maximum absolute value over K and the sphere |lz||,, = 1 in the first
component, i.e.,

— df1(2)
1
swp sup |Df (ol = sup sup |3 S0y
z€K ||z|| =1 2€K 2]l =1 |37 Y%k
< of1 (=
zEK 82]@
0
< nm%xsup‘ h(z) .
k=1 zeK aZk

For z € K = Pz (a) and ¢ € T} (a) we have for all ,

ICr — 21| > 5

This, together with the Cauchy Integral Formula, implies

1\" f1(¢) 1) 4
— — ¢
(277@) T;r{z) (Ck_zk)

< 42 sup [f1(Q)] < 4r" 2 M.
CET (a)

‘ 9f1(2)
0z
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Choosing
€

T
gives that for all z,y € K with ||z — y|| . < 0 we have

1 (@) = f W)l <&

hence, F is locally equicontinuous. ([l

Lemma 1.4.25. Let X be a locally compact and connected metric space and K C X
a proper compact subset. Then there is a compact set H C X such that K C H®
and dist (K,0H) > 0.

Proof. X is locally compact. Therefore, every x € K has an open neighbourhood
U=U(z) cC X. The set

U={U(z) |ze K}
then forms an open cover of K containing a finite subcover
Ui (z1),...,U (a)).
Since X is connected it contains no proper subsets that are both open and closed.

This implies that
l

l
Kc|JUj() ¢ JU; () = H

j=1

By construction H is compact and contains K in its interior. Since the boundary
OH is closed we have
KNoH =10,

thus,
dist (K,0H) > 0.

O
Lemma 1.4.26. Let X be a locally compact and connected metric space, K C
X a compact subset, A C K a dense subset, F a Banach space, F C C (K, E)
an equicontinuous family of continuous mappings and ( fj)j>1 C F a sequence
converging pointwise on A. Then ( fj)j>1 converges uniformly on K.

Proof. We only have to show that ( fj)].>1 is a uniform Cauchy sequence on K.
Convergence then follows from completeness of E. Let € > 0. From Lemma 1.4.25
we know that there is a compact set H containing K in its interior such that K
has a positive distance to the boundary of H. Equicontinuity of F on K implies
that we can find some é = §. such that

0<6< %dist (K,0H)
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and
€

1)~ £ Wl < 5
for all z,y € K satisfying d (z,y) < and all j > 0. The open d-balls
{Bs(z) |z € K}

form an open cover of K and because § < 3 dist (K, 0H) we have.

Kc |JBs@)c | Bs(x) cH

rzeK reEK

This open cover contains a finite subcover and because A is dense in K we can
choose finitely many points

ZTi,...,xp €A
such that

P
K c |JBs ()
=K;
(fj)jZO is pointwise a Cauchy sequence on A, hence, there is N = N, € N such
that

i) = i @i)ll < 5

for all k,;l > N and all j = 1,...,p. If x € K there is an index ¢ € {1,...,p}
such that @ € K, which implies d (z,z4) < 6. Now we can conclude that for all
k0> N and all x € K,

1 fr (x) = fi(@) < [fk (@) = fa (@)l + 1 fx () = fi (zo)l
+ i (xq) = fi (@)l
< %—F%%—%zs.

O

Theorem 1.4.27 (Arzela—Ascoli). Let X be a locally compact connected metric
space, K C X a compact subset containing a countable dense subset A C K, F a
finite dimensional Banach space over R or C, F C C (K, E) a family of equicon-
tinuous functions and (fj)j>1 C F a bounded sequence, i.e., there is a constant
C > 0 such that

sup sup || f; ()| < C.
j>laeK

Then (fj)j>0 contains a subsequence converging uniformly on K.
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Proof. Since A is countable, we may write A = {x1,z9,...}. Because of

supsup || f; (z1)[| < C
j>11>1

the sequence (f; (#1)),, is bounded in E. Since E is of finite dimension the Theo-
rem of Bolzano—Weierstrass is valid in E. Hence, there is a convergent subsequence

(for (xl))k21 of (f; (331))]21 . Because of

sup fp, (v2)|| < C,

k>1

by the same argument, we obtain a convergent subsequence

(fax (x2))k21

of (fp, (1)), » Wwhere (qx),~ is a subsequence of (pi);~; . An iteration of this
process yields a series of subsequences of (f;)

j>1
for foo Jps .- convergent in x;
fao fao Jes - convergent in xp, xy

fri fro frs ... convergent in xi,x2, T3

Here, the sequence in the k — th row forms a subsequence of the sequence in the
(k — 1) — th row. Hence, the diagonal sequence fp,, fy,, frs, ... CONVerges pointwise
on all of A. Lemma 1.4.26, however, states that the convergence is uniform on
K. O

Corollary 1.4.28. If U C X is open and (fj)j>1 s a locally bounded and locally

equicontinuous sequence, then ( fj)j>1 contains a subsequence converging locally
uniformly on U. -

Proof. Since X is locally compact every a € U possesses a relatively compact
neighbourhood V' CC U. Apply the Arzela—Ascoli Theorem on the compact set
V. O

Remark 1.4.29. In the case X = C™ a suitable choice for the set A is the set of
points in K with rational coordinates, i.e.,

A=Kn(Q+1iQ)

We are now ready to consider compact sets in the space O (U, C™) of holo-
morphic mappings. Remember that in a metric space the notions of compactness
and sequential compactness coincide. In the space O (U,C™), provided with the
topology of compact convergence, a sequence (f;) converges if and only if it con-
verges uniformly on every compact subset K of D. The next proposition states
that O (U, C™) has the Bolzano—Weierstrass property.



1.4. O(U) as a topological space 33

Proposition 1.4.30. Every locally bounded sequence (f;) C O (U,C™) contains a
convergent subsequence.

Proof. From Proposition 1.4.24 we know that every locally bounded sequence in
O (U,C™) is locally equicontinuous, hence, it contains a subsequence converging
locally uniformly on D by Corollary 1.4.28. (]

Theorem 1.4.31 (Montel). Let U C C™ be an open set and F C O (U,C™) be a
family of holomorphic mappings. Then the following are equivalent:

1. The family F is locally bounded.
2. The family F is relatively compact in O (U,C™).
Proof. 1. = 2. Let (f;) C F be a sequence. Then (f;) is locally bounded and from

Proposition 1.4.30 we know that (f;) contains a convergent subsequence. Thus, F
is sequentially compact, hence, compact.
2. = 1. Let K C U be a compact set. The function

¢ F =Ry, f= | flgllo

is continuous and since F is compact, ¢ (.7) is bounded. Hence,

sup || f < 00.
| 1l

O

Corollary 1.4.32. A subset F C O (U,C™) is compact if and only if F is closed
and bounded.

Proof. If F is compact F is closed and bounded. This holds in every metric space.
If F is closed and bounded, Montel’s Theorem states that F is compact. (]

Remark 1.4.33. Locally convex spaces in which the compact sets are exactly those
which are closed and bounded are called Montel spaces. Note the analogy to the
characterization of compact sets in R™ or C™ given by the Heine-Borel Theorem.

Example 1.4.34. Montel’s Theorem does not hold for real-analytic functions. For
instance, the family F consisting of the functions

fi :R—=R,x ~ cos(jx)
is bounded in C (R) , but not relatively compact. This can be seen as follows. Since

Ifill, <1foralljeN,

the family F is bounded. If F were compact, every sequence in F would contain
a convergent subsequence. However, on the compact set K := {7} we have

—2, if k=1mod2,] =0mod2

cos (km) — cos (Ir) = 0 ifk=0mod2,l=0mod2 ,
2 ifk=0mod2,l =1mod?2
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thus (f;|k);cy contains no Cauchy subsequence.

Definition 1.4.35. Let D C C" be a domain. A subset A C D is called a set of
uniqueness if for every f € O (D) the condition f|4 = 0 implies that f = 0.

Example 1.4.36. If D C C" is a domain, then every open subset A C D is a set
of uniqueness by the Identity Theorem. Also, every dense subset of D is a set of
uniqueness, because O (D) C C (D).

Exercise 1.4.37. Prove Vitali’s Theorem: Let D C C™ be a domain, A C D a set of
uniqueness and (fy), <y @ bounded sequence in O (D), which converges pointwise
on A. Then the sequence (fx),y converges towards a holomorphic function f €
O (D). Hint: Apply Montel’s Theorem to the set

{ fxlk € N}.

1.5 Power series and Taylor series

In one dimension Cauchy’s integral formula is used to prove that every holomorphic
function can be expanded into its Taylor series everywhere it is defined. The same
holds in several variables and the proof is also analogous. Before we come to this
we introduce general power series of n complex variables. Since N™ does not carry
a natural ordering, we start by recalling some well-known facts about summability
in Banach spaces.

1.5.1 Summable families in Banach spaces
Let (E, ||.||) be a Banach space and I be a countable set.

Definition 1.5.1. Let (an),c; be a countable family in E. (aq),c; is called ab-
solutely summable, if there exists a bijection

7:N =1,

such that the series }_, - \|@r(n)|| converges.
The following two lemmas are well-known (see, e.g., [1] Ch. 5.5)

Lemma 1.5.2. Let (aq),c; be absolutely summable in the Banach space E. Then
the following holds:

L. > ,50@pn) converges for every bijection ¢ : N — I to the same limit.

2. If I = N", the limit can be computed from the homogenous expansion

Y- (Y

aeN"? k=0 \|a|=k



1.5. Power series and Taylor series 35

Remark 1.5.3. Thanks to this lemma the expression

Z Qe = Z aT(n)

ael n>0
is well defined. We say that ) ., as converges absolutely.
Lemma 1.5.4. The following statements are equivalent.

1. The family (aq),c; is absolutely summable.

2. The series Y __;a, converges absolutely.

acl

3. There exists a constant C' > 0, such that 7 5 [laq| < C for all finite subsets
Fcl

1.5.2 Power series

Definition 1.5.5. Let (c4) be a family of complex numbers. The expression

acNn

Z Ca (Z - a)a = Z Cay...an (21 - al)al T (Zn - an)a"

aeN™ aeN™
is called a power series in n complex variables z1, ..., z, centered at a € C".

For simpler notation we will mainly consider ¢ = 0.As in one dimension, a
power series always converges for z = a, so it makes sense to ask for the set of
points in C™, on which a power series converges.

Definition 1.5.6. Let »_  _yn caz® be a power series. The interior of the set of
points on which the series converges is called the domain of convergence of the
series.

Example 1.5.7. The geometric series
>
aeN”

converges on the unit polycylinder. This can be seen as follows. Let z € P (0)
and F a finite subset of N™. Then there is some ¢ € [0,1[, such that |z;| < ¢ for
all j =1,...,n. Hence,

00
Z |Za‘ = Z |Z]|a1 ...|Zn|an < Z q0é1+~.-0¢n < qu — flq
=0

acF acl aclF
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Moreover, the limit can be computed from the homogenous expansion

%)
2= X
aeNn k=0 \|o|=k

o0 oo

- z::O z_:oz
- (Z) (2”) fl:-

As in one variable, this example can be generalized, which finally leads to
the Taylor expansion formula for holomorphic functions in n variables.

Lemma 1.5.8 (Abel). Let (cq),cn- be a family of complex numbers, ¢t € R}, such
that the family (cat®),cy» is bounded and r € R’}, such that r, < ¢ for all
k=1,...,n. Then the power series

g a2

aeN”

converges absolutely and uniformly on the closed polycylinder P? (0).

Proof. Put s := sup,eyn [catlt -+ -tom|. Since (cat®),enn is bounded, we have
0 < s <oo. Put
mix &
4= k=1 t5,

For z € P (0) we have

,roé
[caz®| < |cat®| ™

’ < sql°,

hence,

Z leaz®| < Z sql®l = q)” < 0. O

aeN? aeN?

Corollary 1.5.9 (Taylor expansion). Let U C C" be an open set, a € U, r € R},
such that P? (a) CU and f € O (U). Then the following holds:

1. The power series

Z D f (a) (2 — a)®

al
aeN?L

converges compactly on P (a).
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2. The function

s holomorphic.

3. For all z € P" (a) the equation
f(2) =35 (2)
holds.

Proof. 1. Let K C P (a) be a compact subset and T} (a) be the compact poly-
torus. By the Cauchy inequalities

74

al

a!
<7
S

flrna)

o0

Since K is compact it is bounded. Hence, for z € K the family

is bounded. The proposition now follows from Abel’s lemma.
2. It follows from 1. that
. L D f (a) o
Jr (2) = klim Z —al (2 —a)

= lal<k
compactly on P, (a). Holomorphy of polynomials and Weierstrass’ theorem imply
that j; is holomorphic on P7 (a).
3. Let 2 € P (a) be fixed. Choose p € R such that p; <rj,j =1,...,n
and

z € P (a) C P (a).

1 - 1 Z zZ—a *
U/—Z_U/—(I w—a

aeNn

If w e T (a) then

uniformly in w € T (a) . Cauchy’s integral formula yields

- () T [

T (a)

= ]f(z) 0
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Exercise 1.5.10. Let f € O (C") and v € N" be a fixed multiindex. Show that if
there is a constant C' > 0 such that

|f ()] < C[2¥
for all z € C", then f is a polynomial of degree at most |v|. Which result follows
for |v| =07

Exercise 1.5.11. Show that for all v € N™ the domains of convergence of a power
series ) cq2z® and its derived series ) co (DV2) coincide.

Exercise 1.5.12. Let f(2) := >, aa2z® and g(2) := > ba2® be defined by con-
vergent power series and let f (z) = g (z) for all z in some open set U C C™. Then
g = by, for all o« € N,

Exercise 1.5.13. Let w € C™ and let (co),cyn be a family in C such that (cqow®)
is unbounded in C. Show that the power series

E ca2®

aeN"™

aeN"™

diverges for every z € C", which satisfies |z;| > |w;|, j=1,...,n.

Exercise 1.5.14. Let D be a domain and f € O (D) such that the function

1£lly: D =R,z = [If (2)ll,

is constant. Show that f must already be constant (Hint: Use Exercise 1.2.27).

1.5.3 Reinhardt domains and Laurent expansion

This section studies ways to expand a holomorphic function f into a series other
than a power series. It turns out that the geometry of the underlying domain on
which f is defined plays a crucial role. The results of this chapter will lead to a
phenomenon alien to the theory in one variable, i.e., in more than one variable there
are domains D C C™ such that every function f € O (D) extends holomorphically
to a strictly larger domain. Extension phenomena will be examined in depth later
in this book. We start by taking a closer look at the geometry of the domain
of convergence of a power series. This will lead to the definition of Reinhardt
domains.

For the study of subsets of C™, sometimes a picture of the so-called absolute
space is useful. We regard the mapping

T:C" = R", (21,...,2n) — (Jz1], -, |2nl]) - (1.7)

If U C C™ the set 7 (U) is called the absolute space of U.
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Example 1.5.15. Let B be the unit ball in C? with respect to the Euclidian norm
[|.Il5 - The absolute space of B is the set

r(B) = {(Ia1]. Jzal) € B [ a2 + 2ol < 1}

which is the planar domain enclosed by the two axes and the quarter circle in the
positive quadrant in R2.

0.5

0 0.5 1 15 2

Absolute space 7(B)

Note that every point in absolute space in this picture represents a 2-torus.
Exercise 1.5.16. Determine the domains D+, Dy of convergence of the power series
f1(zw) = Z ZFw!

k,1>0

and

k2
fo(z,w) = Z szwl

k,1>0
and sketch the absolute spaces 7 (D), 7 (D).

If a power series ) co2® converges absolutely in z € C”, then by Abel’s
Lemma also the power series

3 o (Gr21)™ - ()™

converges for all (,...,(, € T!. Let
T"=T!'x.---xT'={(eC"| |(;|=1,j=1,...,n}
(S —
n times

be the unit polytorus in C™. T™ carries an abelian group structure defined by
componentwise multiplication

C-&:= (GG -

The neutral element is the vector (1,...,1) € T™.
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Definition 1.5.17. Let G be a group with neutral element e and X an arbitrary
set.

1. G is said to act on X from the left if there is a mapping
n:GxX—-X
with the properties
pe,z) =z forallx € X

and
w(ab,x) = p(a,u(b,x)) for all a,b € G and all z € X.

Actions from the right are defined in the obvious way.

2. Let E be a vector space and L (F) be the vector space of linear endomor-
phisms of E. A homomorphism

pw:G— L(E)
is called a representation of G on E.

Example 1.5.18. Representations of groups always exist, since the mapping defined
by

w1(g) :=idg for all g € G,
where idg denotes the identity mapping of F, is a representation, called the trivial
representation.

Remark 1.5.19. The concepts of group action and group representation are equiv-
alent in the following way. If 4 : G x E — E determines a left group action on a
vector space E, which has the additional property that u is linear in the second
argument, we can define a representation of G on E by

G — L(E), g pg,

where p, () := p(g,z) for all z € E. Vice versa, if i : G — L (E) is a represen-
tation of G on E, then G acts on F from the left by

p:GxE—E/(g,2) = pn(g)(z).

If D ¢ C" is the domain of convergence of some power series it is easy to see
that T™ acts on D by componentwise multiplication

HET" X D = D, (G, 2) = (Cizts -y Co) (18)
Furthermore, for every ¢ € T" the mapping
pe: D — Dz pu(C,2)

is holomorphic. Note that T™ does not act on arbitrary subsets of C"”. We use the
following notation. If = (64,...,0,) € R™ we write

e 2= (620121, ce e“g"zn) .



1.5. Power series and Taylor series 41

Example 1.5.20. Let D C C be a domain. If T! acts on D, then D is either the
whole complex plane or a disc centered at zero or an annulus centered at zero.

Proof. If T tacts on D and z € D, then D also contains the circle
Cp = {lz]e" [0<t <2rm}.

Because z € C|,) C D for all z € D we have

D= U C‘z‘,

zeD

which is either the whole plane or a disc centered at zero or an annulus centered
at zero. (]

Definition 1.5.21. A subset D C C" is called polycircular if T™ acts on D by
componentwise multiplication. If D is a domain then D is called a Reinhardt
domain.

With the above definition we can say that the domains of convergence of
power series are Reinhardt domains. Note that the property of being a Reinhardt
domain is not invariant under biholomorphic equivalence. For instance, the Rie-
mann Mapping Theorem in one variable says that every simply connected domain
D properly contained in C is biholomorphically equivalent to the open unit disk,
which is a Reinhardt domain, even if D isn’t.

Example 1.5.22. Let p € NU{oco} and r > 0. Then the ball of radius r with respect
to [|.||, centered at zero

B" (0) = {ZE(C”

I2ll, < R}

is a Reinhardt domain, because for all ( € T" and p € N,

P

n n
¢z, = { D16 = (D215 =1z,
=1 j=1

=

The case p = oo follows from Exercise 1.1.5.

Exercise 1.5.23. Let D C C" be a domain and 7 be the mapping (1.7) into absolute
space. Show that D is a Reinhardt domain if and only if 77! (7 (D)) = D.

Definition 1.5.24. For j =1,...,nlet 0 <r; < R; < +o00. Let a € C". The set
Avg(a)={z€C" | r;<l|z—a;| <Ry, j=1,...,n}

is called a polyannulus with polyradii » and R centered at a.



42 Chapter 1. Elementary theory of several complex variables

A polyannulus is the Cartesian product A; X --- x A, of one-dimensional
annuli. If @ = 0 then a polyannulus is a Reinhardt domain.

Exercise 1.5.25. Let D be a Reinhardt domain. Show that for every a € D there
are polyradii r < R such that

a€ Alg(0)CD.

In particular, every Reinhardt domain is the union of polyannuli.

Theorem 1.5.26 (Laurent expansion). Let A := A7 (a) be a polyannulus centered
ata € C" and f € O(A). Letr; < p; < Rj,.j=1,...,n. Then f has a Laurent

expansion
@)=Y calz—a)

aEZn

converging compactly on A. The coefficients c,, are given by
c., = L ! . &dw
o\ 2mi (w—a)* ™
w—a)
lwn—an|=p,  |wi—ail=p,

Proof. We prove the theorem by induction on n. The case n = 1 is known. Suppose
n > 2. For z € C™ we write
z=(21,2")

where 2/ = (z2,...,2,) € C""L. For fixed w; with |w; —a;1| = p; the function
f (w1, .) is holomorphic on As X --- x A,. By induction hypothesis we have

flo,z) = Y & a) <21m>n—1

a’eZn—1
f (wla ’LU/) /
X / . / 7(10/ ) dw’.
\wnfan|:pn |w27a2\:p2

Also, for fixed z’ we have the one-dimensional Laurent expansion

f(z1,2) = Z (z1—a1)™ %m / (f(wl’zazﬂde

wy — al)
o €L |wi—a1|=p,

Combining these two expansions yields that for all z satisfying
rj <z —a;l <pj,
for all j the equation

-2 () e e

ZTL
ac |wn—an|=p, |lwi—a1i|=p;
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holds pointwise on A. To prove the compact convergence let KX C A be a compact
set. If we put
- i . + . L
pPj = gélgkj a;l, pj - IZDGE})((LZJ a;|

and choose T Ry such that

rj<7“j_<pj_§p;'<Rj_<Rj,

we conclude from Cauchy’s integral theorem (homotopy version) that the coeffi-
cients ¢, satisfy

sgnan,

|wn—an|=ry et

|w1—a1\:r1

where )
sgno T;_, if Q >0
" T rr, ifa; <0
J’ J
Then for all z € K and all o € Z™ we obtain from the standard estimate for line
integrals over circles

n /ﬁ aj g - [og |
kaz—®“<II<Rl> II({) [ ().

=1 j =1 J o
(,IE]J'ZO djj<0 TR
With .
g=max{ 2L T
=Ry ey
and
Mg = sup |f (w)]
wEA™_ R (a)
we have v
K
Z lca (2 —a)¥| < Mg Z ¢ = " <0
acZn Q€L 1-a)
on K. O

With Exercise 1.5.25 in mind we can say that Theorem 1.5.26 holds locally for
every function holomorphic on a Reinhardt domain. We use the Laurent expansion
to give another series expansion for holomorphic functions on Reinhardt domains.

Theorem 1.5.27. Let D C C™ be a Reinhardt domain and f € O (D). For every

a € Z™ define
1y\" .
h:D*Q2H<%J‘/%i?M’ (1.9)
T”L
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where ¢ -z = ((121,--.,Cp2n) . Then fo € O (D) and the series

> fal2)

aEeZm
converges compactly on D towards f.

Proof. Since D is a Reinhardt domain for every z € D, the set
X, ={¢CeC"| (-z€ D}

is polycircular and contains the unit polytorus T". It is also open in C", because
the mapping

(— (2
is continuous. Thus, there exists an open polyannulus A, centered at zero such

that
™ cC A, C X,.

Define

ngz_)(CaC'_)f(Cz)
Then g, is holomorphic on A,. From Theorem 1.5.26 we obtain the Laurent ex-
pansion at zero

- = Y cal2) (%

agZn

with
1\" .
ca(2) = (27”) /gca(ﬁ)dg
’]I‘n
_ 1L\" [f((-2)
= (27”) / cat dg

Tn

= fa (Z) :
Choosing ¢ = (1,...,1) we find that

f(z)= Z fa (2)

agZn

pointwise on D. Let K C D be compact. Then also
™ -K:={C-z|¢eT",z€ K}

is compact by continuity of the action and is contained in D. This implies the
existence of some R > 1 such that

(R — 1) SIGJI[; ||Z||Oo <d:= diStH*HOO (Tn - K, 8D) .
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We claim that for all z € K the compact annulus
A=lcecr | L<lc]|<Rrj=

is contained in A,. This can be seen as follows. If % < ’Cj| < R, then

(| -1<R-1, 1—|¢j|§1—%:%<1%—1,

hence, \|§j]—1| <R-1.Ifze K,thenforallj=1,...,n

¢ ¢
2T - _1
Cj%j |Cj‘Zj ‘(K | ’C ‘
= ||<j{_1|‘zj|
< (R=1Dllzll
< 4,

thus ¢ -z € D. This implies { € A,. By the homotopy version of Cauchy’s Integral
Theorem we have

J
&) [ -

‘Cn‘:RSQ”an |<1|:ngnal
Put
MK:max{f(CzﬂzeK |§J’<RJ71 }
Then the standard estimate yields
My
< K
‘fa (’Z)' — Rlo“’

which implies that ) ;. fo (2) converges absolutely and uniformly on K. [
Exercise 1.5.28. Let f, be the function (1.9).

1. Show that f, is homogenous of order « on T", i.e.,

forall ( € T "and z € D.
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2. Prove the formula

fu(2) = (1) [ 1 yeiena

271
[0,27]™
Exercise 1.5.29. A domain D C C”" is called circular if T' acts on D by scalar
multiplication, i.e.,
T x D= D, (G,2) = ¢z = (Cans - - C2)
Let D be a circular domain and f € O (D).
1. Show that for all k € Z the formula
1 z
fr(2) = — fie),

9 k+1
T C

¢

defines a holomorphic function on D which satisfies

fe(C2) =" fi (2)
for all ¢ € T', 2z € D.

2. The series

>

kEZ

converges compactly on D to the function f.

3. If 0 € D then f; =0 for all k£ < 0.



Chapter 2

Continuation on circular and
polycircular domains

In one-dimensional function theory it is known that for every domain D € C there
exists a function f € O (D) which cannot be holomorphically extended to a strictly
larger domain (see, e.g., [4], Satz VIII, 5.2. We will prove this result in a general
setting in Chapter 7.). For example, the function f defined by f (2) = Y77, M s
holomorphic on the unit disc B (0) and is unbounded near every boundary point
of B} (0). Thus, it cannot be expanded to any domain strictly larger than Bi (0) .}
In n > 2 dimensions the situation changes. Here we encounter domains D hav-
ing the property that every function f € O (D) can be holomorphically extended
to a larger domain. This has many interesting consequences, which illustrate a
big difference between complex analysis in one and in more than one variable.
This chapter studies extension phenomena for holomorphic functions based on the
geometry of their domain of definition. We will encounter deeper extension theo-
rems (Riemann’s Removable Singularity Theorems, Hartogs’ Kugelsatz, Bochner’s
Extension Theorem for tube domains) in the next chapters, finally leading to the
notion of holomorphy domains and the theory of Cartan and Thullen.

2.1 Holomorphic continuation

Definition 2.1.1. Let D1, D be two domains in C™ with D; C D and f € O (Dy).
We say that f can be holomorphically extended (or continued) to D if there is a
function F' € O (D) whose restriction to D; coincides with f, i.e.,

Flp =T

IThe reader who is unfamiliar with this example should carry out a proof by considering the
values f (tele) with 0 <t < 1and @ € Q.
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Example 2.1.2. Let Pj* (0) be the unit polydisc in C™. The function
f:P(0)—C

defined by the geometric series

where
A={zeC" |Fj:1<j<mn:zj=1}.

Proposition 2.1.3. Let ) # D; C D C C" be two domains. If a function f € O (D)
allows a holomorphic extension F' € O (D), this extension is necessarily unique.

Proof. It F,G € O (D) are two holomorphic extensions they coincide on Dy, which
is open. By the Identity Theorem F' = G on D. ]

An equivalent formulation of Proposition 2.1.3 is that the restriction mapping
p:0 (D)= O(Dy).F s Fly, (2.1)

is injective. p is a (continuous) homomorphism of complex algebras, so a natural
question is under what circumstances is p an isomorphism? p is surjective if and
only if every f € O(D;) is the restriction of some F' € O (D), that is, if every
f € O(D;) allows a holomorphic continuation to D.

Definition 2.1.4. A domain D C C" is called balanced if 0 € D, D is circular and
star-shaped with respect to the origin.

Example 2.1.5. For every p € N; U {oco} and every r > 0 the ball

{z ec| |z, < r}

is a balanced domain.

Lemma 2.1.6. Let D C C" be a circular domain and 0 € D. Then there exists a
unique domain D, called the balanced hull of D, with the following properties:

1. The set D is balanced and contains D.

2. If D’ is any balanced domain containing D then D C D'.
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Proof. 1. We define D by

D:=10,1-D:={tz|te€[0,1,z € D}.
Then 0 € D C D and D is star-shaped with respect to 0, hence, connected. Since

0 € D we have _
D= |J tD.
0<t<1

The sets tD = {tz | z € D} are open, because for ¢t > 0 the mapping z — tz is a
homeomorphism. This shows that D is also open.
2. Let D’ D D be a balanced domain. Since D’ is star-shaped with respect
to the origin we have
tze D'

for all t € [0,1] and all z € D, hence, D C D' 0

Exercise 2.1.7. The domain

1 1
Dy := {z € C?| || < 5,\22| < 1} U {z € C?| |s| < 1,5 < |ze| < 1} (2.2)

is called a Hartogs figure. Determine the balanced hull Dy and sketch the sets
7(Dp) and 7 (DH) in absolute space.

Theorem 2.1.8 (Continuation on circular domains). Let D C C" be a circular
domain with 0 € D and let D be the balanced hull of D. Then the restriction

p:O(E)HO(D),FHFh)

is an isomorphism of algebras.

Proof. By Lemma 2.1.6 D is a domain. Together with Proposition 2.1.3 this shows
that p is injective. Let f € O (D). For k € N define f;, : D — C by

fu(2) = % fc(kizl)
’1'[‘1

dc.

As was shown in Exercise 1.5.29 each f is holomorphic and the series
o0
>
k=0
converges to f compactly on D. We show that this series even converges compactly

on D and thus defines a holomorphic extension F' of f. A domain in C" is locally
compact. Therefore, there is an open cover

(U)\)AGA
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of relatively compact subsets of D. Let K' C D be a compact subset. Then
K c U U tUy, = 5
0<t<1AeA

Since all sets tU, are open and K’ is compact, this open cover contains a finite
subcover, i.e., there are M, N € N such that

M N

K < |JJtUn.

k=11=1
The set
Uy,

=

K =

=1

is then a compact subset of D. Hence, the series ), fr converges absolutely
and uniformly on K. By construction we have

K' c0,1]" K.
Since for ¢t € [0,1] and z € K,

|fe (t2)] = |t i (2)| < | fw (2)]

we have
sup |fx (2)] < sup |fx (2)]-
zeK' zeK

This implies that ), fx converges absolutely and uniformly on K’. Thus the
function B

F:5—>(C72»—>ka(z)

k>0
defines a holomorphic continuation of f to the balanced hull 5, which proves the

surjectivity of p. O

Note that this theorem reveals its strength only if n > 2, because if n = 1
then every circular domain D C C containing zero coincides with its balanced hull.
Definition 2.1.9. If D C C" is a Reinhardt domain containing the origin, its
polybalanced hull D is defined as

D:={(tiz1,...,tnzn) | z€ D, t; €0,1],j=1,...,n}.

Exercise 2.1.10. Show that the polybalanced hull of a Reinhardt domain is again
a Reinhardt domain.
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Exercise 2.1.11. Determine the polybalanced hull of the Hartogs figure (2.2),
sketch 7 <Z~DH> and compare this to 7 (l~)H> .

Theorem 2.1.12 (Continuation on Reinhardt domains). Let D C C" be a Reinhardt
domain containing the origin and D its polybalanced hull. Then the following holds:
1. For all f € O (D) the series
Da
Z f (0) P
ol
aeN"
converges to f compactly on D.
2. The restriction
p;o<f)) — O(D),Fw F|p
is an isomorphism of algebras.

Proof. 1. Since 0 € D there is a polydisc P C D containing 0 such that the Taylor

expansion

V!
veNn

converges compactly on P. Thus, for all « € Z™ and all z € P we have

1\" [ f(¢?)
(m) / ¢t d
TTL

- ) [ (2 20e)

veNn

fa (2)

converges uniformly for (€T™

DVf(0) ,( L \" [ ¢
- =0 (o) [ e
']1"”

veN”®

=0 by Exercise 1.3.4

DO e
0, if o ¢ N"

Since D is a domain and P C D is open this equality holds on all of D. Theorem
1.5.27 implies

=S =S fun= Y 22O .

al
aEZm aeNn aeNn
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compactly on D.
2. Since D is open in C" there is an open cover (Uy),c, of D consisting of

relatively compact subsets of D. Then the polybalanced hulls (}:\ are relatively

compact subsets of D and form an open cover of D IfKcCDisa compact set,

then there is a finite subcover (ﬁ;) of K. Put

j=1,....m
m
) .
K = U Uy,
j=1

Then K’ is compact in D and K C K'. Now for all a € N we have the estimates

Sup‘Daf(%a DUfO) of - o |22 o]

<
K a! = Sup al a!

261’%7

zEK'

From 1. we know that > . D:{:(O) z“ converges to f compactly on D, so by the

above estimate this holds on the polybalanced hull l~), too. Hence, the function

D f(0)

F:.5—7(C7Z’—> Z TZQ
aeNn
defines a holomorphic continuation of f from D to D. O

Exercise 2.1.13. Show that the isomorphism constructed in the above theorem is
also a homeomorphism.

In the next continuation result we can weaken the prerequisite that D con-
tains the origin. The key to this is the following theorem about Laurent expansion
on Reinhardt domains.

Theorem 2.1.14. Let D be a polycircular subset of C*. We define a partition of
the set {1,...,n} by

Ip : ={ke{l,...,n} |z € D:z, =0},
Jp + ={le{l,...,n} |Vze€D:z #0}

and put
NP x7Z7P .= {a € Z" | a; > 0 for all j € Ip}.

If D is a Reinhardt domain and f € O (D) then
Df(0) o
f(z)= Z TZ
@€N'D xZ7D ’

compactly on D.



2.1. Holomorphic continuation 53

Proof. From Theorem 1.5.27 we know that ) ;. fo converges to f compactly

on D, where, as usual,
(1N [f(¢2)
fo (2) = (m) e dg.
’H‘TL

We show that for every oo € Z™ the following holds:

1. If there is some j € Ip with a; < 0 then f, = 0.

2. If a; > 0 for all j € Ip then f, (2) = D?10) ya

al

Let a € Z" be fixed such that a; < 0 for some j € Ip. Without loss of
generality we may assume j = 1, i.e., there is some z € D with z; = 0.Since D is
open there is an open disc B. (0) C C and an open polydisc P’ C C*~! such that

D' :=B.(0)x P' c D.

Laurent expansion on D’ gives

= E ca2®

a€Z™
a1 >0

implying

falz) = (;m)n Jégﬁ)d

B (2772) /CO‘H cu¢t2Mdq

WEL™
H120
— Y o (%J @H%
WEL™
H120
6‘,“

Since a1 < 0 we conclude that f, = 0 on D’. By the Identity Theorem f, = 0 on
D.
Now let av € Z™ such that a; > 0 for all j € Ip. Then the function

[0
D)
a!
is holomorphic on D, because by definition of Jp we have z; # 0 for all j € Jp.
Choosing a polydisc P C D and comparing the Laurent expansion of f on P
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with the homogenous expansion ) fo from Theorem 1.5.27 gives by analogous

arguments as above
Def(0) .
fule)= =4
on P. Apply the Identity Theorem again to see that this equation holds on all of
D. |

Corollary 2.1.15. Let D C C™ be a Reinhardt domain. Let 1 < p < n such that for
all k =1,...,p there is some z € D with z, =0 and for alll =p+1,...,n we
have z; # 0 for all z € D. Further, let

D :={(tiz1,.. ., tp2p, Zpt1,---,%n) |2€ D,0<t; <1,5=1,...,p}.

Then R
p:O(D) —O(D),F— F|,
is an isomorphism.
Proof. The proof is analogous to the case 0 € D, i.e., p =n. O

Remark 2.1.16. Note that if n =1, Corollary 2.1.15 is trivial, because in that case
we have 0 € D, which implies D = D.

2.2 Representation-theoretic interpretation of the
Laurent series

The results about Laurent expansion can be interpreted in a representation- the-
oretic framework. If D is a Reinhardt domain the action

T"xD— D, ((,z) — (-2
defines a representation
m:T" — L(O (D))
of T™ on the space O (D) of holomorphic functions on D by

m(Q) (f) (2) == f(C-2). (2.3)

For simplicity, put G := T". Generally, in representation theory, one is interested
in the simultaneous eigenvectors of the representation, i.e., in this case, in all
holomorphic functions f € O (D), f # 0, for which there is a function x : G — C
such that

m(9) (f) =x(9) f

for all g € G. This notion, of course, applies to representations of generic groups
G on a vector space V.From the fact that 7 is a representation it follows that x is
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a group homomorphism from G to (C*,-). Such group homomorphisms are called
group characters of G. For every a € Z™ we have a continuous group character

Xo G —C* (¢

Theorem 2.2.1. Let D be a Reinhardt domain, let m be the representation (2.3)
and for a € Z"™ let fo be the function (1.9). Then the following holds:

1. The eigenvectors of m are exactly those monomials 2%,z € D, € Z™, which
can be extended to all of D. In other words, if there is a z € D with z; =0
for some j, then only those oo € Z™ with aj > 0 appear.

2. For every a € Z™ the function p, : O (D) — O (D) defined by p. (f) =
fa defines a continuous projection onto the eigenspace corresponding to the
character x,,.

3. The eigenvectors of m span a dense subset of O (D).
Proof. 1. If f € O (D) with Laurent expansion f (z) = > c;n a2®, then
TN (@) =F(C2)= D cal2™
aEZ™

It follows from the uniqueness of the Laurent coefficients that f is an eigenvector
if and only if there is an o € Z™ such that f (2) = c,2%. From Theorem 2.1.14 we
obtain that a; > 0 if z; = 0.

2. From the uniform convergence of the Laurent series on the compact set

T™ - z we obtain
_ L\" [ (¢ 2)
Pa (f)(z) = (2m> /CQHdC
’]rn

_ ] B—a—
= Y e [0

Bezn o
c
= 3 G =
Gezn (2mi
In particular, p, (cq id%) (2) = ca2®.
3. This is an immediate consequence of Theorem 1.5.27. O

Remark 2.2.2. Theorem 2.2.1 gives a representation-theoretic interpretation of the
Laurent expansion of holomorphic functions on Reinhardt domains. Within this
framework there are theorems which contain the Laurent expansion theorems on
Reinhardt domains as special cases. This theory, however, requires a much deeper
background in functional analysis. The reader familiar with this theory might
have noticed that one could use the theorems of Peter—Weyl and Harish—-Chandra
(see [10], for instance) about continuous representations of compact Lie groups on
Fréchet spaces and the convergence of the corresponding Fourier series.
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2.3 Hartogs’ Kugelsatz, Special case

As an application of Corollary 2.1.15 we prove a special form of Hartogs’ Kugelsatz.
It states that every function holomorphic on a ball shell can be extended to the full
ball. As a consequence it follows that holomorphic functions of n > 2 variables have
neither isolated singularities nor isolated zeros. Taking into account that in one
variable a good part of the theory is based on the existence of isolated singularities,
especially the theory of residues with all its applications, for instance in analytic
number theory, this is a rather remarkable fact.

Theorem 2.3.1 (Kugelsatz, special case). Let n > 2, 0 < r < R < oo, |.|| an
arbitrary norm in C* and B} (0), B% (0) the balls of radius r resp. R with respect
to ||.|| (in case R = oo this means all of C™). Let

B" (r, R) := B (0) \ B} (0).
Then the restriction
p:0O(Bg(0)) - O(B"(r,R),F F|Bn(r,3)
18 an isomorphism of topological algebras.

Proof. Clearly, B™ (r, R) is a Reinhardt domain. Let ey,...,e, be the canonical
basis of C™ and fix some A € |r, R[. Then B™ (r, R) contains all vectors \e; having
A in the j-th component and zero otherwise, i.e., we have p = n in Corollary 2.1.15.
Hence,

B (r,R) = A{(tiz1,...,tpzn) |2€ B(r,R),0<¢t; <1,j=1,...,n}
{(t121,. . tnzn) |7 <|2]| < R,0<t; <1,5=1,...,n}
{zeC"0< 2] < R}

= Bgr(0).

Corollary 2.1.15 says that
p:O(BE(0)) = O(B" (1, R)), F = Flg g
is an isomorphism of algebras. It follows from Exercise 2.1.13 that this isomorphism
is also topological. ([l
This theorem has a striking consequence.

Corollary 2.3.2. A holomorphic function of n > 2 variables has no isolated non-
removable singularities.

Proof. Let f be holomorphic on an open set U C C" with n > 2 and let a € U.
By a shift of coordinates we may assume a = 0 without loss of generality. Since U
is open we can choose 0 < r < R such that

0¢ B"(r,R) C U.
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Since f € O (U) the restriction f|gn (. g) is holomorphic. By Theorem 2.3.1 there is
a unique F € O (B% (0)), which extends f holomorphically, hence the singularity
0 is removable. O

Example 2.3.3. Let Q:= B%(1,1) N (Cx {0}) and
1

f:2—=C(20)—

T
2

f allows no holomorphic extension to B2 (%7 1), because if there was an extension

reo(e()

of f, application of Theorem 2.3.1 would produce another holomorphic extension
G €0 (B;(0))

of F. This extension, however, cannot exist, because G would have to be bounded
near the point (3,0) € Bf (0), while f isn’t. Contradiction!

Exercise 2.3.4. Let Dy be the Hartogs figure (2.2) . Show that every f € O (D)
has a unique holomorphic extension to the unit polydisc in C2.

Exercise 2.3.5. Give an example that Theorem 2.3.1 does not hold for the case
n=1.

Exercise 2.3.6. Let n > 2,7, R € R} suchthat 0 <r; < R; < ocoforallj=1,...,n
and

P" (1, R) := P (0)\ PF (0

~

Show that
p: O(Plg (0)) - O(Pn (TaR)) 7f = f‘P"('r,R)

is an isomorphism.

Exercise 2.3.7. Let n > 2, P a polydisc in C" and D an open and connected
neighbourhood of the boundary OP. Show that

O(D)= 0O (DUP)

Exercise 2.3.8. Show that a holomorphic function in n > 2 variables has no isolated
Zeroes.



Chapter 3

Biholomorphic maps

In this chapter we study biholomorphic maps of domains in C™ and prove the
biholomorphic inequivalence of unit ball and unit polydisc if n > 2. We start
with examining the question when a holomorphic map locally has a holomorphic
inverse.

3.1 The Inverse Function Theorem and
Implicit Functions

Definition 3.1.1. Let U C C™ be an open set and f € O (U,C™). f is called
biholomorphic if there is a holomorphic map

g:fU)—-U
such that go f =idy and fog=1idy). If g exists we write

ft=g
Biholomorphic maps can only exist between equidimensional spaces.

Lemma 3.1.2. Let U C C" be open and f € O (U,C™) be a biholomorphic map.
Then n = m and det Df (a) # 0.

Proof. Let a € U and b := f(a). It follows from the chain rule that for the
derivatives D (f o g) and D (g o f) we have

iden = D(gof)(a) =(Dg(f(a)))Df(a),

iden = D(fog)(b) = (Df (b)) Dg(b).

If n # m then either Df or Dg would not be of maximum rank. By symmetry
of the above equations we may without loss of generality assume rg D f (a) < n.
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Then there would exist a nonzero vector z € C™ with
Df(a)z =0,

which is a contradiction to iden = D (go f) (a). Hence, n = m and rg D f (a) is
maximal, which is equivalent to det Df (a) # 0. O

The next theorem is the holomorphic version of the Inverse Function Theorem
from real calculus.

Theorem 3.1.3 (Inverse Function). Let X C C" be open, a € X and f€ O (X,C").
Then the following statements are equivalent:

1. The functional determinant det Df (a) # 0.

2. There exist open neighbourhoods
U=U(a)c X, V=V (f(a) cC"

such that f(U) CV and
flU U=V

is biholomorphic.

Proof. The direction 2. = 1. was just proven. Let det f (a) # 0. From the real
version of the Inverse Function Theorem we obtain the existence of open neigh-
bourhoods

U=U(a)CcX,V=V(f(a) cC"
and a real differentiable map
g:V-U
such that
fog=idy, gof=idy.

We have to show that ¢ is actually holomorphic. To this end we note that fog =
idy is holomorphic. The Cauchy—Riemann differential equations then say that

near a we have
0— 0 B (8 f ) Jg
=—fog=|—=0g)o==.
W 2z ow
97 is invertible near a = g (f (a)) by the real Inverse Function Theorem, hence,

0z

dg
50 =0

near f (a), i.e., g is holomorphic near f (a). O

As in real calculus we obtain the holomorphic version of the Implicit Function
Theorem.
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Theorem 3.1.4 (Implicit Functions). Let X C C™, Y C C™ be open sets, f €
O(X x Y,C™),
N (f) ={(z,w) e X xY | f (z,w) =0},
and (a,b) € N (f) such that rg % (a,b) = m. Then there are open neighbourhoods
U = Ufa)CX,
W = WO CcY

and a holomorphic function

h:U—-W

having the property that (z,w) € (U x W) N N (f) if and only if w = h(z),
(z,w) e U x W.

Proof. We apply the Inverse Function Theorem. From

of

rga—w(a,b):m

it follows that there are open neighbourhoods
U=U(a) CX,W=W(b)CY,V=V(a0)CXxY
such that the mapping
F:UxW =V, (z,w)— (z f(z,w))

is biholomorphic. By eventually shrinking U we may assume that U x {0} C V.
Let pre. denote the projection onto the first n coordinates. Then we can write

F~' = (pren, H): V - U x W
and we can define a holomorphic function h: U — W by
h(z) :=H (2,0).

Now if (z,w) € U x W such that w = h(2) = H (2,0), then (z,w) = F~!(2,0).
Hence,
(2,00 = F (F7'(2,0)) = F (z,w) = (2, f (z,w)),

ie., f(z,w) = 0. Conversely, if (z,w) € (U x W)NN (f), then there is some v € V
such that
(z,w) = F~! (v) = (pren (v), H (v)),
thus,
F(z,w) = (2, f (z,w)) = F (F7' (v)) =v = (v/,0"),
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where

vV =(vi,.. ), V= (Vng1s e Ungm) -

This implies
U,:'Zv v :f(z,w) =Y

thus,
w=H(@w)=H(@,0)=h({)="h(z).

Corollary 3.1.5. Let f € O (CQ) ,
Yi=N(f)={2€C?| f(2) =0},

X::{zemng(z);eo}

2

and let pr;, denote the projection onto the k-th coordinate. Then the following
holds:

1. The set X is open inY.
2. Every a € X has an open neighbourhood W = W (a) C C? such that
pry|xnw : X NW —pry (X NW)
is a homeomorphism.
Proof. 1. The mapping ¢ : C2 = C : 2z +— 0872 (z) is continuous, thus,
X=Yny ' (C\{0})

is open in Y.
2. Let a = (a1,a2) € X. By the Implicit Function Theorem there are open
neighbourhoods W; = W, (a;) C C,j = 1,2 and a holomorphic function

h:W1—>W2

such that
(bl,bg) € (Wl X Wg) ny

if and only if
bQ = h(bl), (bl,bg) S W1 X W2 = W.

Let z,w € W N X satisfy pr; () = pry (w). Then
pry (2) = h(pry (2)) = h (pry (w)) = pry (w),
i.e., z = w. This shows that

prylxaw : X NW — pry (X NW)
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is bijective. Since pr; is holomorphic and non-constant, it is a continuous and open
mapping. Therefore, the inverse mapping

(pry |me)_1 tpr (X NW) = XNnW
is continuous. O
Example 3.1.6. Consider the function

f:C?->c, (z1,22) — 21 —exp (z2) .

Then Y = N (f) = {(exp(,¢) | ¢ € C} and because of
of 2
——(2z1,22) = —exp(z2) # 0 for all (z1,22) € C
82’2

we have in this case X =Y. X carries the structure of an Abelian group by
(21, 22) - (w1, ws) := (z1w1, 22 + w3)

with neutral element
(1,0) = (exp0,0).

The inverse element to (exp z, z) is (exp (—z), —z) . If we define the functions
Exp:C— X,(+— (exp¢, ()

and
log: X — C, (expw,w) — w,

then log is holomorphic! and satisfies
log (z - w) = log z + log w

and
logoFxp =idc, Fxpolog =idx .

X is called the Riemann surface of the logarithm.

Exercise 3.1.7 (Riemann surface of the square root). Let
f:C%* = C,(21,20) — 21 — 23.

1. Determine X,Y as in Example 3.1.6.

Lie., to every a € X exists an open neighbourhood U C C2? and a holomorphic function

f:U — C such that f|xnv = log|xnu.
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2. Define an Abelian group structure on X and a holomorphic function

Vi X — C\ {0}
such that
VETB = VAV
for all z,w € X.
3. Determine a holomorphic function (.)*: C\ {0} — X which satisfies

(.)2 o \/ = idx, \[O ()2 = 1d(C\{O} .

Exercise 3.1.8. Let A C C? be the set of solutions of the system of holomorphic
equations

sin (Zl + 22) — Z%Zg = 0,

exp(z1) —exp(z2) = z3.

Show that there is an open neighbourhood U C C of zero and a holomorphic

mapping
p:U— A

such that ¢ (0) =0 and ¢ : U — ¢ (U) is a homeomorphism.

3.2 The Riemann Mapping Problem

A high spot in every introductory course on function theory in one variable is
Riemann’s Mapping Theorem, which states that every simply connected domain
D properly contained in C is biholomorphically equivalent to the open unit disc.
This is especially remarkable, because a purely topological property — simple
connectedness — implies a very restrictive analytical property. In more than one
variable, however, there are simply connected domains which are not biholomor-
phically equivalent. In particular, this holds for unit ball and unit polydisc. This
fact was first discovered by H. Poincaré in 1907 [8] by proving that the groups of
holomorphic automorphisms of B} (0) and P;* (0) are not isomorphic if n > 1.

Theorem 3.2.1. Let
By (0)={z€C"| |z[l, <1}

be the Euclidian unit ball and
P (0)={z€C" [zl <1}
the unit polydisc in C™. Then there exists a biholomorphic map
F: Pl (0)— Bf(0)

if and only if n = 1.
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Proof. Since Bi (0) = P} (0) we can choose F' = id, if n = 1. Let n > 1. Assume
that F is holomorphic. For fixed w € P} (0) C C we define the mapping

F
F,: P (0)—C" 2 — 37 (2, w).

Let (z})jeN C P} 1(0) be a sequence converging towards the boundary dP;*~* (0)
and define
Fj: P! (0)— B (0),w+— F (z;-,w) .
Then
sup sup ||F; (w)[| <1,

JEN wePL(0)

i.e., the sequence (Fj);y is bounded in O (P{(0),C"). By Montel’s Theorem

there exists a subsequence (F}, ), converging compactly on P} (0) to a function

ke
®: P! (0) — B} (0).
By Weierstrass’ Theorem @ is holomorphic. Because of

lim z; € 9P}~ (0)

Jj—o0

for every w € P} (0) the sequence

(),

converges towards the boundary
AP (0) = {2 € C" | |zx| =1 for at least one k}.

Put

ay = lim F (2}, w) € By (0).

J—00

We claim that a,, € 9B} (0). This can be seen as follows: if a,, ¢ 9B} (0) then

P (0) 3 lim (25, w) = F~' (ay) € F~H (B} (0)) € PP (0),

which is a contradiction, because PJ* (0) is an open set. Hence,
® (P (0)) Cc BT (0).

This shows that the function
w = (| (w)ll,
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is constant on Pl (0), which is equivalent to ® = const. = 1., as was shown in
Exercise 1.5.14 This implies

0=9"(w) = khﬂnolo Fj (w) = lim F, (2},),

k—o0

thus
lim  F,(2)=0.
2/—dP;'~1(0)

Hence, F,, is continuously extendible to the boundary P}*~* (0) by
Fw|aplnfl(0) = 0.

Applying the Maximum Modulus Theorem to every coordinate function of F,
we find that F,, = 0. Now if e, = (0,...,0, l)T denotes the n-th canonical basis
vector of C™, we have

0=F, () =DF (Z,w) ey,

thus,
det DF (2, w) = 0.

This, finally, contradicts the Inverse Function Theorem. O

Exercise 3.2.2. Show that P (0) and B} (0) are homeomorphic for all n > 1. Hint:
Consider the mapping

ifz=0
= if z #0.

<I>:P1"(O)—>(C”,z»—>{ II2]

Exercise 3.2.3. Show that the mapping

¢: PE(0) — B; (0), (2,w) — (z,wV1— z0)

1

is bijective and that ¢ and ¢~ are real-analytic.

Exercise 3.2.4. An automorphism of a domain D C C™ is a biholomorphic self-map
f:D—D.

1. Show that the set Aut (D) of automorphisms of D forms a group with respect
to composition.

2. Show that if Dy, Dy are biholomorphic domains, then Aut (D;) and Aut (D3)
are isomorphic as groups.

3. Prove that Aut (D) acts on D by the mapping
Aut (D) x D — D, (f,2) — f(2)
Exercise 3.2.5. Show without using Theorem 3.2.1 that if
[+ P (0) — B (0)

is a linear isomorphism then n = 1. (Hint: Note that f has an extension F to all
of C™. Consider F (0P (0)) .
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3.3 Cartan’s Uniqueness Theorem

The following theorem by H.Cartan can be viewed as an n-dimensional analogue
of Schwarz’ Lemma.

Theorem 3.3.1 (Cartan). Let D C C" be a bounded domain, a € D and
f:D—D

a holomorphic map satisfying f (o) = a and Df (a) = idgn . Then f is the identity

mapping.

Proof. Without loss of generality we may assume a = 0. Let 7 be a polyradius
with 0 < ||r]|, < 1 such that the polydisc P := P, (0) C P C D. Let p; () be the
homogenous polynomial of degree j defined by

D f (0)
b (@)= 3 2O 0
la|=j '
Then we have the expansion on P,
F()=3pi(2).
Jj=0
From f(0) =0 and Df (0) = idcn we deduce that this expansion actually has the
form
f=id+> p;
Jjzk
with k& > 2. Since f (D) C D we can consider the iterated mapping
fMi=fo--wof:D—D.
—
m times
Computation gives
f™ =1idp +mpy + terms of higher order. (3.1)

Now we can estimate for all m € N,

mpilpll, = sup| S P00

2€P | |a=k :

[N

11l -

Since D is a bounded domain and f (D) C D we have || f||, < oo. The right-hand

side of the above estimate is independent of m. From this we conclude py = 0 for
all k > 2. Hence, f =idp . (]

Da(]:l!c((]) P

[VANVAN

2

i.e., the vector with polynomial coefficients Z\a|§j
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Remark 3.3.2. The theorem is false, if D is not bounded. This can already be seen
in one dimension. For instance, consider the function

f:C—=C,z—expz—1.

Corollary 3.3.3. Let D1, Do be bounded circular domains in C" such that 0 €
Dy N Dy and f : D1 — Dy a biholomorphic mapping with f (0) = 0. Then f is
linear.

Proof. For t € R define
F,:Dy — Dy, z+— 1 (e_itf (e“z)) .

Then F; (0) = 0 and DF; (0) = idgn, hence, by Cartan’s Uniqueness Theorem,
F; =idp, . This implies 4 _
f(ez)=¢€"f(z). (3.2)

Expansion of f into a series of homogenous polynomials gives

j=0
thus o)
i i ij 3.2 i
f(etz):ij(etz):Zeﬂpj(z) = Zetpj(z).
j=0 j=0 j=0
Hence, for all t € R,
0= ij (z) e’ (ei(j_l)t — 1) .
j>0

Comparing coefficients we find that p; = 0 for all j # 1, i.e., f = py, which is
linear. ([l

Exercise 3.3.4. In this exercise we give an alternative proof of Theorem 3.2.1. For
a € B} (0) let [a] denote the subspace of C™ spanned by a. Let

P,:C" — [d]
denote the orthogonal projection onto [a] and
PL.Cc" - [a]J‘

the projection onto the orthogonal complement of [a] . Let

and define

where (z|a) denotes the standard inner product in C".
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. Show that ¢, (B} (0)) C B} (0).

Prove the equations
Dy, (0) = —s2P, — s,P;

and
Dy, (a) = —s>P, — s; ' P+

(Hint: Tt is useful to determine explicit formulas for P,z and P;-z.)

Show that Pq © Py = ldB{’(O) .

The group Aut (B} (0)) acts transitively on B} (0), i.e., for every pair
(z,w) € By (0) x By (0)

there is some g € Aut (B} (0)) such that g (z) = w.

If D Cc C” is a circular, bounded domain containing the origin and

F:D — B} (0)
a biholomorphic map, then there exists some T' € GL,, (C) such that

T (B (0)) = D.

Conclude again that B} (0) and Pj* (0) are not biholomorphically equivalent
ifn>2.
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Analytic Sets

In this chapter we give an introduction to analytic sets. Roughly speaking, analytic
sets are sets whose elements are locally solutions of holomorphic systems of equa-
tions. We will introduce the notion of codimension of an analytic set and show that
in most cases analytic sets are “thin enough” that holomorphic functions defined
outside an analytic set can be extended across the analytic set.

4.1 Elementary properties of analytic sets

Definition 4.1.1. Let D C C™ be open. A subset A C D is called analytic in D, if
A is closed and for every a € A there exists an open neighbourhood U C D and
finitely many functions fi,..., fm € O (U) such that

ANU ={2€U | fi(2) == fm (2) =0}.

Example 4.1.2. The empty set () and D itself are analytic in D. D is the zero set
of the zero function on D, ) is the zero set of the constant function f = 1. If
Ay, Ay are analytic in D then so are Ay U Ay and A1 N As. If an analytic set A is
the union of two proper analytic subsets, then A is said to be reducible, otherwise
1rreducible.

Example 4.1.3. If V is a k-dimensional (affine) subspace of C", then V is an
analytic in C™.

Proof. By a shift of coordinates we may assume that V is a proper, non-affine
subspace of C™. Let {b1, ..., bx} be a basis of V. Then there are vectors bg41,...,bn
such that {by,...,b,} forms a basis of C". For z = > ", a;b; let pr; : C" — C
denote the linear projection defined by

pr; (2) == .
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Then pr; is a holomorphic function for all j and

n

V:N(prk+1,...,prn): m N(prj).
j=k+1

Since intersections of closed sets are closed, V is closed in C™. O

A k-dimensional subspace of C™ has codimension n — k. This notion can be
generalized to analytic sets. In the case of a k-dimensional (affine) subspace of C™
both notions coincide.

Definition 4.1.4. Let A C D be an analytic set, a € A and m € N. We say that
codimg, A > m

if there is an m-dimensional affine complex subspace F containing a such that a
is an isolated point in £ N A. We say that

codimg A =m
if codim, A > m, but codim, A % m. If A # () we define

codim A := inf codim, A.
a€A

Example 4.1.5. If f: D — C is a holomorphic function, f # 0, then the zero set

N(f):=f1({o})
has codimension 1.

Proof. If n = 1 the assertion is trivial. Let n > 1. Let a € N (f). Since f # 0
there is an open and connected neighbourhood U = U (a) C D such that f (b) # 0
for some b € U,b # a. Let

E1 =aqa + (Cb

be the complex line through a and b.F; N U is connected and one-dimensional,
thus, a is an isolated zero of f|g,nv, i-e.,

codim, N (f) > 1.

If codim, N (f) > 2 there would exist a two-dimensional complex subspace Fs
containing a such that a is an isolated point in Eo N N (f). From Chapter 2,
however, we already know that holomorphic functions in more than one variable
have no isolated zeroes, thus codim, N (f) # 2. (]

Proposition 4.1.6. Let D C C™ be open and A C D be an analytic set. Then the
following holds.
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1. If codim A > 1, then D\ A is dense in D.
2. If D is connected and if the interior A° of A is non-empty, then A = D.
3. If D is a domain and A # D, then codim A > 1.

Proof. 1. Let a € A. There is a complex affine subspace F of dimension > 1 such
that a is an isolated point in £ N A. This implies that for every k > 1 there is
some

zp € B%L (a)NE,

which is not contained in A. Hence, the sequence (zj),~, is contained in D \ A
and satisfies N

lim z;, = a.
k—oo

2. Let a € A°. There are an open and connected neighbourhood U = U (a) C
D and holomorphic functions fi,..., f, € O (U) such that
UNA={ze€U| fj(z)=0,j=1,...,m}.

Since a € A° we have U N A° # () and U N A° is open in D. The Identity Theorem
implies

fi=rr = =0,
ie., U=UNAC A, hence, a € A°. Since a was an arbitrary element of A° this

shows that o
A° = A°,

As was shown in Lemma 1.1.15, the only non-empty subset of a domain D which
is both open and closed is D itself.

3. Leta€ A, U, fi,...,fm € O(U) as above. 2. implies A° = (), because
A # D by prerequisite. Then there is some b € U such that fi (b) # 0 for some
ke {l,...,n}. Let E be the complex line through a and b, i.e.,

FE :=a+ Cb.
Then ANU C N (fx) and
(ANE)NUCN(fi)yNUNE.

N (fx) NUNE consists only of isolated points, because otherwise the holomorphic
function of one variable

f:CoCA— fr(a+ AD)

would have a non-isolated zero, while not being the zero function, which contra-
dicts the Identity Theorem. O

Exercise 4.1.7. Which of the following sets A are analytic in D 7
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1. D=C", A=S"""1:={zeC"| ||z]|, =1}
2. D=M (n,n;C), A= GL, (C).
3. D=C", A cC C"a discrete subset.

Decide in each case, if A is analytic in D, whether A is the zero set of some

feo(D).

Exercise 4.1.8. Let U C C",V C C™ be open sets and f € O(U,V). Let ACV
be analytic in V. Show that f~! (A) is analytic in U.

Exercise 4.1.9. Show that a k-dimensional (affine) subspace V' of C™ has codimen-
sion n — k in the sense of analytic sets.

Exercise 4.1.10. Let A;, A be analytic sets. What can you say about
codim (41 N As)
and
codim (A U Ay)?
Exercise 4.1.11. Let p,q € N, p,q > 1, ged (p,q) = 1 and consider the analytic set
Apg = {(z,w) € C* | 2F —w? =0}.
1. Show that the mapping
¢:C— Apg, ¢ (¢1,¢")
is a holomorphic homeomorphism.

2. Show that there is no function 7 holomorphic in a neighbourhood U of 0 € C?
such that

’L/J (@] ¢|¢’1(U) - id(b*l(U) .
(Hint: By Euclid’s Algorithm there are a, b € Z such that ged (p, q) = ap+bq.)
3. Show that ¢ (T) C T2
4. Let ¢; :==pr;o¢,j =1,2 and
7 ]0,1] — T, t s 2™,
Compute the winding numbers of the curves ¢, o v at zero and interpret

this result geometrically. Can you sketch ¢ (T) in the case (p,q) = (2,3)?
(Imagine the torus T? embedded in R3.)
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4.2 The Riemann Removable Singularity Theorems

Analytic sets give rise to continuation results for holomorphic functions, which are
independent of the geometry of the underlying domain of definition. In one vari-
able theory the Riemann Removable Singularity Theorem states that holomorphic
functions which are defined outside an isolated point a and which are bounded near
a can be extended across a. The next theorem generalizes this result to analytic
sets.

Theorem 4.2.1 (1** Riemann Removable Singularity Theorem). Let D C C" be
open, A C D an analytic set with codim A > 1 and f € O (D \ A) a holomorphic
function, which is locally bounded at A, i.e., for every a € A there is an open
neighbourhood U such that

fliovaynu

18 bounded. Then f has a unique holomorphic continuation F : D — C.

Proof. If F exists it is unique, because D \ A is dense in D and F is continuous.
(Note that D need not be connected, hence, we cannot apply the Identity Theorem
on D!). If n = 1 the result is known, so we consider the case n > 2. Since a global
extension is also a local extension, uniqueness of F' implies that it is enough to
prove the theorem in a neighbourhood of each a € A. Hence, without loss of
generality, we may assume that

A={z€D|fi(z) == fn(z) = 0}.

From codim A > 1 we deduce that there is a complex line E through a such that
a is an isolated point in A N E. By change of coordinates and shift of the origin
we may assume that a = 0 and F is the z,-axis. Choose some r > 0 such that the
polydisc

Pr0)={z€C"| |zl <7}

is contained in D. Then there is 0 < § < r such that
{zeC" |21 =+ =241 =0,|2,| =6} C P (0)\ A.
Since D \ A is an open set there is some € > 0 such that
R:={zeC"| |z|<eji=1,...,n—1,|z,] =6} CD\ A
For every w’ € C"~! with |w3| <egj=1,...,n—1 the set
W, = {(w',z) | |2a] <71}
intersects A only in isolated points, because f; (w', z,) # 0 for |z,| = d. Define

U:={2z€C"| |z|<e,j=1,....,n—1,|z,] < I}
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e ACAS
z
F:U—-C,z= (2,2, — SR,
—C,z=(z Z)HQM, c— 2 ¢
[¢l=6
Then F is continuous and partially holomorphic in the variables z1,...,z,_1. We

show that F is also partially holomorphic in z,. Let 2/ € C*~! be fixed such that
|#'|| o <e. Then the function of one complex variable

e Q) =f(<.C)

is holomorphic on the disc defined by |¢| < r with the possible exception of iso-
lated points. Near these points ¢ is bounded, because f is bounded. The Riemann
Removable Singularity Theorem in one dimension states that ¢ can be holomor-
phically extended to the whole disc. Cauchy’s Integral Formula yields

f(2) =¢(zn) = % / g’i(i)dCZF(z)
=5~
on U\ A. O

Corollary 4.2.2. Let D C C" be a domain, A C D an analytic subset with
codim A > 1. Then D \ A is connected.

Proof. Assume D\ A =UUYV, where U,V are disjoint, nonempty open subsets of
D\ A. Then the function

1, ifzeU

f:UUV_’(C’ZH{ 0, ifzeV

is holomorphic and bounded near A. By Theorem 4.2.1, f has a holomorphic
extension F' € O (D). Since D is connected the Identity Theorem then implies
that F = 0 and F' = 1, which is absurd. O

Theorem 4.2.3 (2"¢ Riemann Removable Singularity Theorem). Let D C C" be
open and A C D an analytic set with codim A > 2. Then the restriction

p:0(D)—O(D\A),f— flp\a
s an isomorphism of complex algebras.

Proof. Let a € A and f € O(D\ A). By applying Theorem 4.2.1 we see that it
suffices to show that f is bounded near a. Without loss of generality assume a = 0
and that a is an isolated point in A N E, where

E={ze€C" |z = =2z,2=0}.
Hence, there are 0 < v’ < r such that

{2€C" |21 = =2,0=0, 7 <|z,_1],|2a| <7} C D\ A.
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Since D \ A is open there is £ > 0 such that the compact set
K:={2e€C"| |z <ej=1,....n—2, 1" <|zp_1|,|za| <71}

is contained in D \ A. Compactness of K implies that f is bounded on K. f can
be holomorphically extended to

K/ Z{ZE(Cn| |Zj|<€7j:17"'an_2? ‘Zn—l‘,lzn|<7n}

and from the Maximum Modulus Theorem we deduce

< [ flrlleo < 00

[ fleonayne o
Hence, f is bounded near zero. O

Exercise 4.2.4. Give an example of a real-analytic function f : R?® — R such that
R2"\ N (f) is not connected.

Exercise 4.2.5. Let A,, C GL,, (C) denote the set of regular right upper triangular
matrices. For which n > 2 is the restriction

O(GL, (C)) = O(GL, (C)\ Ay), f = flaL, o)A,

an isomorphism of complex algebras?

Exercise 4.2.6. Let f,g € O (C"™) such that |f (2)| < |g(2)| for all z € C™. Show
that f is a multiple of g, i.e., there is some A\ € C such that f = Ag.



Chapter 5

Hartogs’ Kugelsatz

The goal of this chapter is to state and prove a theorem of Hartogs known
as the “Kugelsatz”. We encountered a special case of the Kugelsatz already in
Chapter 2, where it was shown that every function holomorphic on a ball shell
B(r,R) = {z€C"|r < ||z|l, < R} has a unique holomorphic extension to the
full ball Bg (0). While this special case is the origin of the name “Kugelsatz”
(Kugel is one possible German word for ball) the general case of the Kugelsatz
yields the result that every function holomorphic on the complement D\ K C C"
(n > 2) of some compact set K, provided this complement is connected, can be
holomorphically extended across K. As a consequence we will see that the zero set
of a holomorphic function in more than one variable is never compact unless it is
empty.

5.1 Holomorphic Differential Forms

We start by giving a brief introduction to holomorphic differential forms in C™, but
assume that the reader is (at least roughly) familiar with the calculus of differential
forms in R™. Let us first collect the necessary basics from linear algebra.

5.1.1 Multilinear forms
Let V be an n-dimensional real vector space and denote by
V# .= {u:V — R | p R-lincar}
its algebraic dual. For k£ € N we then consider the so-called k-th outer product
k
/\ V# = {p: V¥ - R| p R-multilinear and alternating} , (5.1)

where 0 )
/\ V# .= R and /\ V# .= V7#,
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An element u € /\k V# is called an alternating k-form or simply a k-form. k is
called the degree degp of . As is known from linear algebra, if vy,..., v, are
linearly dependent then

,LL(’Ul,...,’Uk) =0

for every p € /\]C V# which implies
k
N\ V#={0}ifk>n.

This in mind we define

AvE =@M\ vE. (5.2)

k>0

IfT:V — W is a linear mapping and w € /\]C W# we define a k-form T*w €
A" V#, called the pullback by T, by

T w(v1,...,0%) :=w (Tv,...,Tvg). (5.3)

Denote by Sy the symmetric group of k variables, i.e., the set of permutations of
the numbers 1, ..., k. For o € Sj the signum of ¢ is defined by

igno := _ b=y |
o 1gg§k0(i)—a(j) (5.4)

sign o equals +1 if it takes an even number of transpositions to reorder the numbers

into their original order 1,...,k and —1 if this number of transpositions is odd. It
is easy to see that a k-form satisfies

(v, ... v) =signo - pu (va(l),...7vﬂ(k)) )

If ue A’ V# and w € N’ V# are two p- resp. g-forms we define their product
pAwe NPTIV# by

PAW (VL. Vp,y Uptd, Uptq) (5.5)

1 .
:}Tq' Z signo - p(vi, ..., 0p) W (Vpt1s .-+, Uptq) -
T 0€8p4g

By bilinear continuation this defines a mapping
A /\V# X /\V# — /\V#,(w,w’) —w AW,

which turns A V# into an associative unital algebra called the exterior algebra of
V#,
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Lemma 5.1.1. The mapping (w,w’) — w A w’ has the following properties:
1. The wedge-product A is R-bilinear and associative.

2. The wedge-product A is a natural mapping, i.e., if T is a linear mapping,
then
T* (wWAW) =T w AT

3. The equation 1 A w = w holds.

4. Commutation formula:

deg w deg w’
wAW = (=1)7"YEY W Aw.

5. If degw is even, then w Aw = 0.

6. If gy, ...,y € V# and vy,...,vp €V, then

(g Ao A ) (Vs ok) = det (g (07))7 -

7. If {e1,..., e} is a basis of V#, then
{Ejl/\“'/\Ejk|1§j1<"'<jk§n}

is a basis of /\k V#. In particular,

k n
; #
dimg /\ V7 = < k:)
Proof. Left to the reader. |

We now turn to the complexification of a real vector space V. To this end we
note that the mapping

J:VxV-=VxV(uv)—(—v,u)

is bilinear and satisfies J2 = —id. Hence, V x V becomes a complex vector space
Ve by the definition
i (u,v) :=J (u,v) = (—v,u)

satisfying i - (V' x {0}) = {0} x V, hence,
Ve=V&iV. (5.6)
If VC# denotes the real dual space of V¢ then

ko w k . - .
/\ Ve = {,u : V& | 1 is R-multilinear and alternatlng}
k k
= N Vvtei/\ v*
is a complex vector space. We define conjugation in /\k VC# by

a(vr, . vg) == p(vg, .., vg). (5.7)
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Exercise 5.1.2. Let wy,wq,w, be alternating p-, ¢- and r-forms. Under what con-
dition does the equation

Wp Nwg Awr = wr Awg N wyp

hold?

5.1.2 Complex differential forms

We introduce complex differential forms on open sets in C™. All definitions and
results can be transferred to complex manifolds as well.

Definition 5.1.3. Let X C C™ be an open set and a € X.

1. If v : |—¢,e[ — X is a real differentiable curve with 7 (0) = a, then the vector

is called a tangent vector at a.

2. The set T, X of all tangent vectors at a is called the real tangent space of X
at a.

Exercise 5.1.4. Show that the tangent space T, X of an open set X at a € X is all
of C™.

Remark 5.1.5. One may ask why we give a rather complicated definition of tangent
space of an open set in C™ if it turns out to coincide with all of C™. The reason
is that this definition of tangent space also generalizes to differentiable manifolds.
The real dual space 77 X of T, X is called the real cotangent space of X at a.

Definition 5.1.6. A mapping w from X into the disjoint union
w:X — U /\(TféX)C
acX

is called a complex differential form of degree k if for all a € X,

w(a) € /\k (TfEX)[C7

i.e., if for all @ € X,
w(a) : (T,X)" - C

is R-multilinear and alternating.
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Example 5.1.7. If f € C! (X), then the real differential

af : X — U A(fo)c,

acX

" /0 0
a daf:2<éé(a)dzj+é)zi(a)d7)

of f is a complex differential form (cf. (1.4)). Especially the differentials

dzj = dpr; =dz; +idy;,
d?j = dﬁ:dxj—zdyj

are complex differential forms.

Combining Lemma 1.2.22 and Lemma 5.1.1 we see that a complex differential
form w of degree k can generally be written as a finite sum

w= Y ardz NdzJ, (5.8)
finite
where for k = p + ¢,
dzr @ =dzyy N Ndz,, 1<y <+ <iip <,
dzy : =dzj N Ndzj,, 1 < g1 < <jg <,

ar,; : X —C.

Definition 5.1.8. w is called a smooth differential form of degree k, if all functions
ar,y in (5.8) are smooth, i.e., ay; € C* (X,C).

Notation 5.1.9. We write

E(X) : =C*(X,0),
E¥(X) : ={w|w smooth complex differential form of degree k on X},
EPI(X) @ =qw= Z ar,ydzr Ndzy | ar,g smooth, #I =p,#J =¢
finite

Remark 5.1.10. It is easy to see that
&X)= P e (x).
p+q=k

If (Kj),cy is a compact exhaustion of X and a € N" we can define a countable
family of seminorms

Pjn EX) =R, f Su}? | D f (2)]
zeK;
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which turns each £P:7 (X)) into a Fréchet space. The Fréchet structure of £P+7 (X)
is induced by the Fréchet structure of £ (X), since every differential form

w= Z ar,ydzr Ndzy € EPY(X)
finite

can be identified with its set of coefficients ar ; € £ (X). In particular, this means
that a sequence

Wp = Z aLdez]/\dZGE”’q (X)

finite
converges to some w =3 ;.. arydzr Adzy € EP9(X) if and only if

lim ay j.,, =ay jforall I, J.

n—oo

The exterior derivative

If w= Zfim-te ar,jdz; A dzy is a smooth complex differential form all a; ; are
differentiable functions. Thus we can define a mapping

wiodwi= Y dagy Adzr Adzg, (5.9)

finite

called the exterior derivative of w. If w = ay s is a differential form of degree zero,
i.e., a smooth function, the exterior derivative is simply the real differential of a; ;.
The following properties are easily verified and the proof is left to the reader.

Lemma 5.1.11. The exterior derivative satisfies:
1. The equation d o d = 0 holds.

2. The exterior derivative of a wedge-product is given by

d(wAw')=dwAw' +(=1)"w A do'.

3. For all f € £(X) we have df = df .
4. The mapping d is C-linear.

5. The mapping d can be decomposed into d = d’' +d"”, where d’,d” are induced
by

d : EX)=EVNX), f—df:= Z%dzj,

d" o E(X) - EM(X), f—df: ia—f



5.1. Holomorphic Differential Forms 85

6. The equations

d/ o d/ — d// o dl/ — 0,
d/odl/+d/lod/ — 0
hold.
7. We have
7 = dF,
TF o= d7.

Remark 5.1.12. We encountered the mappings d’,d” already in Chapter 1, where
we used the notation df = d’'f and df = d”f in (1.5). For the rest of the book
we will use the more general d’,d”, because they apply to both functions and
differential forms. We also already know that a function f € £ (X) is holomorphic
if and only if d”f = 0, which is just a short formulation of the Cauchy—Riemann
Differential Equations. This leads to the notation

ar(X) = ker(é’p*O(X)d—/;Sp’l(XD (5.10)

= w = Z ardzr GJGO(X)

finite
QP (X) is called the space of holomorphic differential forms of degree p on X.

Definition 5.1.13. A holomorphic differential form w € QF (X) is called ezact or
total if there exists a n € QP71 (X), called a primitive of w, such that w = dn. w
is called closed if dw = 0.

Lemma 5.1.14. Every exact differential form is closed.
Proof. This follows from d o d = 0. ]
Example 5.1.15. The differential form
w=dz ANdz € Q*(C"),n > 2,
is exact, because w = dn with 17 = z1dzs. The differential form

w=z1dza Adzg € Q*(C"),n >3

is not exact, because
dw =dz; Ndzg Ndzz # 0,

thus, w is not closed.
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Remark 5.1.16. It can be shown that on an open subset X of C™ the equation dw =
1 can always be solved locally, i.e., for every a € X there is an open neighbourhood
U, such that the equation dw = 7 has a solution that is valid on U. This follows from
a result known as Poincaré’s Lemma, which will be discussed in the exercises. For
this and also in the following chapters we need the following notion from general
algebra(see, for example, [7]).

Definition 5.1.17. A sequence (Ej7<pj)jeN of vector spaces (groups, rings, mod-

ules,...) E; and corresponding homomorphisms ¢;+ Ej — Ejiq is called an ezact
sequence of vector spaces (groups, rings, modules,...), if img p; =kerp; , for all

J-
Example 5.1.18. Let G be a group with neutral element e and N <1 G a normal
subgroup. Let inc denote the natural inclusion, 7 : G — G/N the canonical
projection

m(g):=g+«N:={gxn| neN}

for all g € G and let ¢ be the trivial homomorphism ¢ (g) := e for all g € G. Then
the sequence

(™ NG TGN S (e} (5.11)

is exact. It is customary to write 0 instead of {e} and to omit the trivial homo-
morphisms inc and ¢ if the choice is clear from the context, so the sequence (5.11)
would usually be written

0—-N-—-G5G/N—o.
Definition 5.1.19. An exact sequence of the form

0-F 3B %E -0 (5.12)
is called a short exact sequence.

Lemma 5.1.20. If 0 — F; hie Es i E3 — 0 is a short exact sequence, then ¢ is
injective and ¢, is surjective.

Proof. By definition ker ¢; = imginc = 0, hence, ¢; is injective. ¢, is surjective,
because img ¢, = ker ¢ = Es. O

Exercise 5.1.21. Let X C C be a simply connected domain, A C X a discrete
subset and
w:i=fdz € QM (X \ A).

Show that w is exact if and only if res, f = 0 for all a € A.

Exercise 5.1.22. Let f : C — C\ {0} be a holomorphic function and w := fT/dz.
Determine a function g € O (C) such that dg = w.



5.1. Holomorphic Differential Forms 87

Exercise 5.1.23. Let X C C" be an open set and F = (f1,...,fn) € O(X,C").
Find a relation between df; A --- Adf, and dzy A -+ Adz,.

Exercise 5.1.24. Let 0 < p,q <n, X,Y, Z be open subsets of C"and
f:Z->Y ¢g:Y > X

holomorphic mappings. For w € £P4 (Y') we define the pullback f* by f*w := wo f.
Please show:

1. f* is a linear mapping
frEn () — 0 (2)
which satisfies
(go f) = frog*, idy =idgra(x).
2. The pullback commutes with all outer derivatives, i.e., if 9 € {d,d’,d"”} then

[ (0w) =9 (f*w).

Exercise 5.1.25. Let 1 < p < n and X C C™ be a domain, which is star-shaped
with respect to the origin. We put

p
k—1 7
Oiq.ip i= Z (—1) zikdzil JANCRIAN dZZ,c A\ dzik+1 JANEERIVA dzip,
k=1

where dz/; means that this factor is omitted. Let
n= fdzy, N---Ndz;, € QP (X).
We define an operator I : QP (X) — QP71 (X) by
1
In(z):= (/ tP=1f (t2) dt> Tiy..i
0

and extension by linearity. Please show:

1. The equation doy.., = pdz1 A -+ A dz, holds.

2. For j=1,...,nwehave dz; No1..p = —0j1..p+ zjdz1 N+~ Ndzp.

3. For all w € QP (X) we have I (dw) + d (Iw) = w.

4. (Poincaré’s Lemma) The sequence

0-C—0X)L2' (X)) 2a"(X)=0

is exact. (C is identified with the set of constant functions on X.)
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5. Interpret Poincaré’s Lemma in the case n = 1. Which classical theorem in
function theory of one complex variable corresponds to it?

Exercise 5.1.26. Let X C C" be an open set, which is star-shaped with respect to
the origin and let by,b2,b3 € O (X) such that

3
g % =0 on X.
. 8zj

Jj=1

Show that the system of partial differential equations

ofs 0f _
822 823 - b
oh _ofs _
323 821 N 2
oh_on
(92:1 (92:2 o 3

has a solution f = (f1, f2, f3), f; € O(X). Is this solution unique? (Hint: Apply
Poincaré’s Lemma.)

Remark 5.1.27. The first statement of Remark 5.1.16 follows from Poincaré’s
Lemma in the following way: if X is an open subset of C", every a € X has
a star-shaped open neighbourhood U C X, for instance, an open ball, on which
Poincaré’s Lemma holds. In particular, Poincaré’s Lemma says that the mapping

d

L) L om ()

is surjective. Note that even though the equation dw = 7 always has a local
solution near every point a € X this does not mean that it has a global solution.
For example, take n =1, X = C\ {0} and n = dz—z. Finding a global solution w
of the equation dw = 1 would mean finding a global logarithm function on all of
C\{0}, which does not exist. When diving deeper into the question of the existence
of global solutions of the equation dw = n it is well known that one encounters
merely topological obstructions, which lead to the notion of the so-called de Rham
cohomology groups. The interested reader may refer to [9)for more details on this

matter. General cohomology theory is studied in depth in Algebraic Topology.

5.2 The inhomogenous Cauchy—Riemann Differential
Equations

A differentiable function f of one complex variable is holomorphic if f is a solution
of the homogenous Cauchy—Riemann Differential Equation

of

£—0.



5.2. The inhomogenous Cauchy—Riemann Differential Equations 89

It is natural to ask also for solutions of the more general equation

af

az - ()07
where ¢ is a differentiable function. We will answer this question, at least in a
special case.

Proposition 5.2.1. Let U C C™ be an open set and let ¢ : CxU — C be a smooth
function such that for all w € U the function

(¢ (Cw)
has compact support. Define f : C x U — C by

¢ (¢, w)

f(zw):= 271'2 Sy T2 2d¢ A dC.
Then f is smooth on C x U and satisfies
of _
0z

Proof. Let z € C be fixed. Every ¢ € C can be expressed in polar coordinates
¢ =z+rexp(it),
so d¢ A d{ = —2ir dr A dt. Hence,
1 27 e}
f(z,w):—f/ / v (z+rexp (it),w)dr Adt,
™ Jo 0
which shows that f exists and has the stated properties with respect to the para-

meter w. Now let (a,w) € C x U be fixed. Then, if we replace ¢ by ¢ + z in the
integral,

0 1 [0 d¢ A d¢
a{( W)= 5 af( FHGw) Cg 3
Replacing 8% by 2 5 and(by(—awe find
of 1 [dp, (AL
g(a,w) = 9 CFZ(QW) ‘—a
I p(Gw)
= g [ a(%E).
I¢—al>e

By Stokes’ Theorem, applied to B, (a)\ B (a) for suitable r > ¢, the latter equals

L e (Gw) ) 1 o :
— 1 ? = — 1 it
271 si}(l)’l‘l* / ¢ — d 271 sir(IJlJr/o 4 (a e 7w) at
|¢—al=e
= ¢l(a,w). 0



90 Chapter 5. Hartogs’ Kugelsatz

5.3 Dolbeaut’s Lemma

Proposition 5.3.1. Let P’ C P C C™ be polydiscs such that P’ is concentric and P’
is a compact subset of P. Let p > 0,¢q > 1. Then to every w € P9 (P) satisfying
d"w = 0 there exists some 7 € £P4~1 (P’) such that

d"n=w|p.
Proof. For v =0,...,n we use the following notation for index sets I C N:
I <v:<= maxI <v.
Put

A, (P):=(we &P (P)|lw= Z ar,jdzr Ndz;
I,J<v

Then {0} = A9 C A; C --- C A, = EP1(P). We use induction on v. If v = 0
then w = 0, because ¢ > 1, so we can choose 77 := 0. Now assume the proposition
holds for j = 0,...,v — 1. Choose some open concentric polydisc P” such that P”
is compact and

P cP'CcP'CP

and let w € A, (P) satisfy d”w = 0. w can be written in the form

w = Z a]”]dZ]/\dZ.

I,J<v
It follows from J < v that
day, g
~ =0forall &k > v,
oz,
i.e., the coefficients ar ; depend holomorphically on z,41,...,2,. Now we can

decompose w into
w=dz, No+j,

where 8 € A,_1 (P) and

o= Z b[JdZ[/\dZ
I,J<v—1

with coefficient by, 7, which coincide with some a;/ ;- up to the sign. In particular,
they depend holomorphically upon z,41,...,2,. There exists a smooth function
X : P — C with compact support such that

Xlpr = 1.
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Proposition 5.2.1 states that for x - by s there exist smooth functions c;,; € € (P”)
such that

8CI,J —b |

oz LIlP

and the ¢y ; depend holomorphically upon 2,41, ..., z,. Put

vi= Z C[’]dZ[/\dZ.
I,J<v—1

Then
d"y =dz, No|pr + 8

with some § € A, _1 (P”). Thus, w — d’v|p» = B|x» — ¢. In particular,
Blpr =6 € Ay_1 (P"), d" (Blpr — ) = 0.
The induction hypothesis yields that there is 7 € EP9~1 (P’) such that
&' = (3= 8)|pr

Choose 1 := v|ps + 7. Then n € EP471 (P’) and

d//,,7 — d//’Y|P’ _|_ d//T
= wlp+@B=98|p+ (B9
- W|P/7
proving the proposition. (I

Lemma 5.3.2. Let (Ek)kzo be a family of complete metric spaces and let
'Yk:Ek_’Ekfla ]ﬂZl

be continuous mappings such that v, (Ey) is dense in Ej_q for all £ > 1. Then
there exists a sequence (xk)kzo with zj € E} such that

Vi (T) = Tp—1.
Proof. Let x1 € Ey be an arbitrary element. Put zg := v, (1) and define
Zoo 1= To1 1= Lo, T1p = T1] ‘= L.
Let € > 0 be arbitrary. Then z;;, € F;, j = 0,1 and
7 (1) = 21,1, d(w)1,250) =0 < 27 'e.
By induction on k£ > 1 we obtain elements x;, € E;, j =0,...,k, such that

V; (xjk) =Tj_1k, d(acjk,acj7k,1) < 27 ke,
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Then, if £ > 1+ 1 > j, the triangle inequality yields

k—(1+1)
d(@jrxp) <Y A @ikomr Tjk-m-1)

m=0

k—(I+1)

Z 27 Ftme =g (271 —27F)

m=0

IN

which shows that (1), - is a Cauchy sequence in £;. Hence, since Ej; is complete,
xj = klim x 1, exists in Fj. x; satisfies
— 00
Y5 (xzj) = lim Y5 (xjr) = lim @1 =2j1 € Bj_y
k—o0 k—o0
by continuity of ;. |

Theorem 5.3.3 (Dolbeaut’s Lemma). Let P C C™ be a polydisc and p + q = n.
Then the sequence

00— (P) - P (P Lgrt(p) L ... Lo gra(p) 0
s exact.

Proof. Let ¢ > 1 and w € 77 (P) such that d’w = 0. We have to show that there
is some 1 € £P971 (P) such that d''n = w. Let

P,cP,CPCPC---CP

be an exhaustion of P by concentric and relatively compact polydiscs. Define for
k eN,
My = {ne &=t (P) |d"n=wlp,}.

Lemma 5.3.1 says that My # (), so we have
@#M()CM1CM2C"'
(with the suitable restrictions of the elements). Let 7, € M. We proceed by

induction on ¢. If ¢ = 1 and o', " € My, then d" (' —n") =0, i.e., ¥ — 0’ €
QP (Py) . Consider the mappings

,(/}k; : QP(Pk)_)Mkan'_)n+nk7
Tt QP (P) = QP (Pr—1) ,n =04 () — n_) -

1), is surjective, 7 is continuous and has dense image, because the Taylor polyno-
mials of the coeflicients of n+mn, —n;_, approximate the coefficients of an arbitrary
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element of QP (Py_1). Furthermore, if p, : My — Mj_; denotes the restriction,
the diagram
Qr (P, & QP (P_q)
(I A
M, 2 M,

commutes. From Lemma 5.3.2 we obtain holomorphic p-forms o) € QP (P) , such
that 74 (o) = og—1. Put

Ny = Vg (0k) = o) + 1.

Then 7, |p,_, = M,_1- Hence, we can well-define n € EP°0 (P) by n|p, := 1, for all
k. Then
d"n|p, =d"or +d"ny =0+ wlp,,

i.e., d’n = w. The case ¢ = 1 is thus proven. Let now ¢ > 2 and ',y € M. From
the induction hypothesis we obtain o € £P9~1 (P) such that d’o = 7' — 7", i.e.,
the mapping

¢k . 51“172 (Pk) N Mk,O' — d'a + 1

is surjective. Define
T EPIT2(Py) — EPIT2 (Peoa) 0 = 0 4y,

where d"’vy,_; = ok — ok—1. T} is continuous and since to every compact set
K C Pj_; there exists a smooth function s € £ (Py), whose support is contained
in P,_y and which satisfies s|x = 1, 7 has dense image. The diagram

EPa=2(P) Tk, EP—2 (Pe_1)
(o L
M, L, My 1

commutes. It follows again from Lemma 5.3.2 that there are o, € £P972 (P) such
that 7y (0%) = ox_1. Finally, define n € EP9~1 (P) by

nlp, = mny +d"oy.
Then d'n|p, = d"n, = w|p,, L.e., d'n=w. O

Corollary 5.3.4. Let n > 2 and let w € £%' (C™) have compact support and satisfy
d’"w = 0. Then there is a smooth function f: C" — C with compact support such
that d" f = w.

Proof. By Dolbeaut’s Lemma there is a smooth function h € £ (C") = £%0 (C")
such that d’h = w. Let K be the support of w. There is a bounded ball B such
that K € B C B. On C"\ B we have d’h = 0, i.e., h is holomorphic outside B.
It follows from Theorem 2.3.1 that h has a unique holomorphic continuation g to
C™. Put f := h — g. Then the support supp f of f is closed per definition and
contained in B, so it is compact and d’f = d"h —d"g = d"h = w. O
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5.4 The Kugelsatz of Hartogs

Hartogs’ Kugelsatz generalizes Theorem 2.3.1. In order to give a proof we need
some basic results from general topology.

Lemma 5.4.1. Let X be a locally connected topological space, W C X and a,b €
W. Then the following defines an equivalence relation ~ on X :

a ~ b:<= There is a connected set U C W such that a,b € U.

Proof. a ~ a, because X is locally connected. Symmetry is trivial. If a ~ b and
b ~ c then there are connected sets U,V C W such that a,b € U, b, c € V. Because
beUnNYV the set UUV is connected and contains a, b, ¢, hence, a ~ c. O

Definition 5.4.2. The equivalence class of an element a € W under the above
relation is called the connected component of a in W. We denote it by We. If a is
not specified W denotes any connected component of W.

Lemma 5.4.3. Let X be a locally connected topological space, W C X an open
subset and a € W. Then the following holds:

1.
we= | W (5.13)
Vcw

V' connected
aec

2. Wis open in X.

3. Let K be a compact subset of C". Then C" \ K contains exactly one un-
bounded connected component.

Proof. 1. 1If b € W there is a connected subset U C X that contains a and b, i.e.,
the inclusion “C” holds. On the other hand, if b is contained in some connected
set V, which also contains a, then b ~ a, hence, b€ W°. o

2. The assertion is trivial if W = 0. If W # (0 let a € W, i.e., W = W Since
W is open and X is locally connected there is a connected open neighbourhood U
of a, which is contained in W. Thus, U C W, which shows that W is open.

3. Put V := C"\ K. Since K is compact, it is closed and bounded. Therefore,
V is open and there is some r > 0 such that K C B}’ (0). Then C™ \ B (0) is an
unbounded and connected set, which is contained in V.Choose

aeC"\B!(0)cCV

and let V% denote its connected component in V. Then C™ \ B” (0) C V*, hence,

Ve is an unbounded connected component in V. If V is an arbitrary unbounded
connected component of V' then

VN (C"\ By (0) # 0.
Since C™ \ B" (0) C V*, we conclude V = V', O
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Theorem 5.4.4 (Kugelsatz). Let X be an open set in C",n > 2 and K C X a
compact subset such that X \ K is connected. Then the restriction

p:0(X)— O(X\K)
is an isomorphism of C-algebras.

Proof. As usual, we only prove that p is surjective. Choose an open and relatively
compact set C' such that K C C C X and a smooth function ¢ : X — [0, 1] with
compact support supp ¢ such that
ple=1.
Let f € O(X \ K) and define the smooth function
. (I—9(2) f(2), fze X\ K
h'X_”C’ZH{ 0, ifze K -

Then

h‘X\suppap = f|X\suppga~ (514)

In particular, we have d”f = d”h = 0 outside supp ¢. d’h can thus be extended
by zero outside X, i.e., d’h € £%!(C"). The support of d”h is a closed subset
of the compact set supp , hence it is itself compact. We obtain from Corollary
5.3.4 that there is a function g € £ (C™) with compact support, which satisfies
d"g = d"h. g is holomorphic on C™ \ supp ¢, because of d”h = 0 outside supp .
Since d’h = d"g, we can define a holomorphic function F : X — C by

F:=h—g.

We claim that F' is the desired holomorphic extension of f. This can be seen as
follows. If W denotes the unique unbounded connected component of C™ \ supp ¢
the Identity Theorem implies that g vanishes on W, because supp g is compact. It
follows from the fact that X is an open set and from

OW C 9(C™\ supp p) = dsuppyp C X
that X N W # (). Now note that X N W is an open set and that
D+£XNWCXN(C"\suppy) =X \ supp ¢.
It follows from (5.14) that
Flxow = hlxaw = flxaw.

From ¢|x = 1 we obtain K C supp ¢, thus, X \ supp C X \ K. By prerequisite
X\ K is a domain and F|x\ g and f coincide on the open nonempty subset X NWW.
Hence, the Identity Theorem implies

F|X\K:fa

and the proof is complete. ([l



96 Chapter 5. Hartogs’ Kugelsatz

Corollary 5.4.5. Let D be a domain in C",n > 2, and f € O (D). Then the zero
set N (f) is not compact.

Proof. If f is the zero function the proof is trivial. Let f # 0. It was shown in
Example 4.1.5 that in this case the analytic set N (f) has codimension 1. Corol-
lary 4.2.2 states that D\ N (f) is connected. The function % is holomorphic on

D\ N (f).If N (f) were compact the Kugelsatz would imply that there is a holo-
morphic function F' € O (D) such that
1
Floww = 5

Multiplication by f yields F'- f =1 on D\ N (f). Since f is not the zero function,
D\ N (f) is a nonempty open subset of the connected set D \ N (f), thus, the
Identity Theorem says that F'- f = 1 on all of D, contradicting f|n(s) = 0. a

Example 5.4.6. The statement of the corollary does not hold for real analytic
functions. For example, the zero set of the function

f:C" = Czm |22 -1
is the compact unit sphere in C™.

Example 5.4.7. The zero set of the polynomial p (21, ..., 2,) = 21 is {0} x C*~ 1
which is not compact if n > 1.

Exercise 5.4.8. Give examples that the Kugelsatz does no longer hold if X \ K is
not connected or if n = 1.

Exercise 5.4.9. Let n > 2 and K C C™ be a compact and convex set. Let X :=
C™\ K and f € O (X) be a nonconstant function.

1. Show that there is a sequence (2;) ;. in X such that lim [f (z;)| = oo.
j—oo
2. Can one of the prerequisites compact resp. conver be weakened such that 1.
still holds?
3. Does 1. also hold if we only demand f to be smooth?

Exercise 5.4.10. Let D be a bounded domain in C™,n > 2, with connected bound-
ary 0D. Let -
AD)={fec(D) | flpeO(D)}

and
p: A(D)—C(0D), f — flop.
1. Let f € A(D). Find the implications in the following two statements:
(a) N (5)NX 0.
(b) N (p(f)) #0.
2. Determine the set {f € A(D) | |p(f)| = const.}.



Chapter 6

Continuation on Tubular
Domains

An especially important class of domains in C™ are tubular domains (or tube
domain), i.e., domains of the form D := Q 4 iR", where Q2 is a domain in R™. ) is
called the basis of the tubular domain D. In particular, C™ = R™+iR"™ is a tubular
domain with basis R™. The aim of this chapter is to give a proof of a continuation
theorem due to Bochner, which states that every function holomorphic on a tubular
domain D can be holomorphically extended to the convex hull of D. Bochner’s
Theorem, unlike Hartogs” Kugelsatz, holds also in dimension 1. However, if n = 1
the theorem is trivial, because every tube domain in C coincides with its convex
hull.

6.1 Convex hulls

Recall from Chapter 1 that for a subset X of a real vector space the convex hull
conv (X) of X is the smallest convex set that contains X, i.e.,

conv (X) = m C.

C' convex
COX

If X ={x0,...,Zm} is a finite set, then conv (X) is called the simplex spanned by
LOy+--sLym-

Example 6.1.1. The convex hull of the set {0,1,i} C C is the closed triangular
surface A with corners 0, 1, 1.

In R™ the convex hull of a set X can be computed as the union of all simplices
spanned by a maximum of n+1 elements of X. This is the content of the following
lemma due to Carathéodory.
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Lemma 6.1.2 (Carathéodory). Let X C R™. Then the convex hull of X is given
by

conv (X) = Z)\:rj zj € X, A\ €1[0,1], Z =
=0 7=0

Proof. “O”: Let zg,...,xm € X and let A; € [0,1], Zj oAj = 1. We show by
induction on m > 1 that ijo Ajx; € conv( ). If m =1 this is an immediate
consequence of the convexity of conv (X). Assume that the proposition holds for
m — 1. If A,;, =1 then all other A\; vanish and nothing is to show. If A\, < 1 then

=

m—

Z)\jmj = AnZm + (1= A) T _])\ xj

= 1 the induction hypothesis yields that

m—1 Y
=2

J=0

Because of > 37" 174

x; € conv (X).

m

Hence,

m
Z Az = Am@m + (1 — M) Ym € conv (X)),
§=0
because it is a convex combination of the two elements ,,, ¥, € conv (X).
“27: Using the first part of the proof it is easy to see that

m n

COHV(X): U Z/\jxj IjGX,)\jE[O,l},Z)\jZl

m>1 | j=0 =0

To complete the proof we have to show that for m > n every convex combination
S j—o Aj&; can be written as a convex combination Z )\jxj. We may assume
that A; > 0, otherwise we simply drop the summand. Slnce m > n the vectors

Ty — LQy..-3 L1 — TQ

are linearly dependent in R". Thus, there are coefficients o; € R, j = 1,...,m,
not all of them zero, such that

O_ZO‘J xTj — o)

Put ag := — 37", a;. Then 337" ja; = 0 and

m
E ozja:j =0.
3=0
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After an eventual renumbering we may assume that “j\‘—f‘ < % for all 7 > 0. In
J
particular, ag # 0. We can now put

-~ Ck')\o
Aji= A — . sJ — Oa )
j J o m
Then Ao = 0, A; > 0 for j > 0 and
R ST S S
Jj=1 7=0 7=0 7=0
Finally,
D_Nwj =3 M= 2o ) asws =) A,
3 ) 0 = X
Jj=1 7=0 7=0 7=0
which completes the proof. (I

If we identify C™ with R?" the lemma is valid for subsets of C™ as well.
Another useful, but less geometric characterization of the convex hull of a compact
set can be given by means of linear functionals. Let, as usual, ((C")# denote the
algebraic dual of C™, i.e., the space of all linear functionals y : C* — C.

Lemma 6.1.3. If K C C™ is a compact set, then its convex hull is compact and
given by

CeEK

conv (K) = m {z eC”

#e((cn)#

Rep(z) < sup Rep (¢) } . (6.1)

Proof. Denote by S = {)\ € R¥nt! ‘ Aj€[0,1],3°0 1A = 1} the 2n-dimen-
sional unit simplex. By Carathéodory’s Lemma conv (K) is the image of the con-
tinuous mapping

2n
K25 8 — €™, (ko - hamy Ao -+ Aan) = Y Ak
j=0

Since K?"*! and S are compact, conv (K) is compact. Denote the right-hand side
of (6.1) by K. For every p € (C™)* the linear functional Rep : C* — R is R—
linear. Thus, K is convex. Since K C K, we also have conv (K) C K. On the
other hand, if p ¢ conv (K) the Hahn—Banach separation theorem (see, e.g., [11],
Theorem II1.2.4) states that there is an R-linear functional i : C* — R such that

7i (p) > supfi (K). We define i € (C")* by the complex-linear extension

p(z) = p(z) —ip(iz),
which satisfies Re pu (p) = i (p) > sup o (K) = supRe p (K). O
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Exercise 6.1.4. Let U C R" be a subset. Please show:

1. If U is open then conv (U) is open in R™.

2. If U is bounded then conv (U) is bounded.
Exercise 6.1.5. Determine the convex hull of the sets

Xy = {(z,y) eR* [ 1< 2? +¢* <2}
and
Xy :=X1U{(0,0)}.

Sketch the relevant sets.
Exercise 6.1.6. Let D = Q 4 iR" be a tubular domain in C". Please show:

1. D is convex if and only if € is convex.

2. The convex hull satisfies conv (2 4+ iR™) = conv () + R™.

Exercise 6.1.7. Let D = Q4 iR"™ be a tubular domain in C" and let T' € GL,, (R)
be a regular real matrix.

1. Show that D' := T (D) is a tubular domain, D" = Q' + {R".
2. If the basis Q is star-shaped with respect to the origin then so is .

6.2 Holomorphically convex hulls

Formula (6.1) describes the convex hull of a compact set in terms of linear func-
tionals. Replacing the linear functionals by holomorphic functions leads to the
definition of the holomorphically convex hull of a subset K C C™.

Definition 6.2.1. Let U C C™ be open and K C U. The set
} 62)

I?U = ﬂ {Z eU
U)
is called the holomorphically convex hull of K with respect to U.

[f (2)] < sup | (2)
Feo( CeEK

From the definition it is immediate that K C IA(U. If K is a compact set we
have sup |f (K)| < oo in (6.2), otherwise it might happen that this supremum is
infinity. In most cases we will consider compact sets K. It is important to notice
that the holomorphically convex hull of a set depends on the surrounding open
set U.

Remark 6.2.2. Replacing the set O (U) by an arbitrary family F of functions on
U leads to the general notion of F-convex hull. For instance, if we take F to be

the family of monomials
{z%| a e N"},
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we obtain the monomially convexr hull. If F is the family of polynomials

anzo‘ keN

la| <k

we speak of the polynomially convex hull and so on.
Example 6.2.3. Let T be the unit circle in C. Then
Tex =T
and R
Tc = Bji (0).
Proof. The functions idcx and % are holomorphic on C* and both have constant
CcX

absolute value 1 on T, which shows that z € Tex if and only if |z] = 1. Since id¢
is holomorphic and has constant absolute value 1 on T, we see that

T¢ € BL(0).

On the other hand, if f € O (C) and |z| = r > 1 the Maximum Modulus Theorem
implies that the function

attains its maximum on the circle T (0) = dBL (0) . Thus, z ¢ T¢, which shows
that BY (0) C Te. O

To get acquainted with the definition the reader should check the following
properties of K.

Lemma 6.2.4. Let K C L C U C V C C” be subsets such that U,V are open.
Then

1. Ky = (I?U)
U
2. I?U C EU.

3. IA(U is closed in U.
1 (RNU), = Ky
5. Ky C Ky.
Lemma 6.2.5. Let U C C" be open, K C U compact. Then the following holds.

1. The holomorphically convex hull is contained in the convex hull: I?U -
conv (K).
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2. f M C U\ K is a connected component, which is relatively compact in U,
then M C Ky.

Proof. 1. If € ((C")# we regard the holomorphic function
f=expop|y € O(U)
which satisfies | f| = exp o Re u and thus we obtain from (6.1) that
Ky C conv (K).

2. Let f € O(D). Since M C U\ K is a relatively compact connected component,
we have OM C U and thus OM C K. The Maximum Modulus Theorem implies
that for all z € M,

|f ()| < sup |f (OM)] < sup|f (K],

hence, z € IA(U. O

Example 6.2.6. We generalize Example 6.2.3. Let
K:=8""1 ={zeC"| |z|,=1}

be the unit sphere. Then

Ken = B (0)
and
7 _ T=S' ifn=1
CMOF T BR0)\ {0}, ifn>1

Proof. We have conv (Szn*l) = B} (0). The only relatively compact connected
component of C"\ K is B} (0). Lemma 6.2.5 gives

B} (0) € Ken € BT (0).

Since also K C IA{@” it follows that

Kcn = B (0).
We know from Example 6.2.3 that for n = 1 we have [?C\{O} =T.If n > 2 we can

apply the Kugelsatz to extend every function holomorphic on C" \ {0} to C™ and
can thus apply the above argument, which shows that

Kenvgoy = By (0) )\ {0} for n > 2.

Note that IA(@L\{O} is compact in C™ if and only if n = 1. O
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For a proper subset U C C™ let U¢ := C™ \ U denote the complement with
respect to C™. We consider the boundary distance function

distgy : C" — R, z +— dists (U, 2) := ing’U {lIz —w|| . }-
we

For any subset A C C" we define

distes (A,0U0) := ing distoy (2) .
z€E

distyy is uniformly continuous and its zero set coincides with C™ \ U.

Lemma 6.2.7 (Thullen’s Lemma). Let U C C™ be a proper open subset and K C U
compact. If u € O (U) satisfies

lu(2)| < distoy (2) for all z € K,
then for every f € O (U) and all a € Ky the Taylor series
a
converges to fon {z €U | ||z —a| < |u(a)|}.
Proof. For ¢t € ]0,1[ put
M, .= {z € U | There is w € K such that |z —wl| <t|u(w)|}.
We claim that M; is compact. For every z € M; there is some w € K such that
2]l < llwllg + lu (w)],

so M, is a bounded set, because K is compact and v is continuous. Let (z;) jen C

M; be a sequence converging to some z € M;. Then there is a sequence (wj)jeN -
K such that

12 — walloo < tfu(wn)].

Since K is compact there is a subsequence of (wj)j ey converging to some w € K.
Without loss of generality we assume that (wj)j cn itself converges to w. If w = 2
then z € M;. Otherwise, we obtain from the triangle inequality

Iz = wlloe < llz = 2l + 125 = wjll oo + lws —wll -

Taking the limit j — oo yields

0<z—w| <tlu(w)| < |u(w)| < distye (w) .
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It follows from the definition of distye that z € U, hence, z € My, i.e., M, is closed.
By the Heine-Borel theorem, M; is compact. Let f € O (U). The compactness of
M, implies that there is some C}; > 0 such that

sup | f (My)| < Cy.

Since M; contains the polytorus T}, ()| (w) the Cauchy Inequalities yield for every
a € N” that
’ D f (w)

a! tlel |“(w)|‘a| < Ch.

sup
weK

The function D*f - u!®! is holomorphic on U, hence, the same estimates apply
to w € Ky. Choosing w = a yields the convergence of the Taylor series for
Iz —all < lu(a)l. O

Corollary 6.2.8. Let U, K be as in Thullen’s Lemma and let a € I?U .Then every
function f € O (U) has a holomorphic extension to the polydisc Pd'ﬁst(KﬁU) (a).

Proof. Apply Thullen’s Lemma to the constant function
u = disto (K,0U). O
Lemma 6.2.9. Denote by ey, ..., e, the canonical basis of C" and put
A :=10,1]e; U[0,1] es.

ForaE]O,%[let

nglva;xl_FxQSla }

Qe = {x1e1 + zoe2 1‘1-‘1-3?2—6(.’17%-‘1-.’17%) <l-¢

and
1
Aezz{x—i—iyEA ‘y%—&—yggwj:Ofoer?)}.
€

Further, let D = Q + iR™ be a tubular domain such that conv (A) C . Then for
all n e R,

Qs + i77 C (As + Z‘77)D'
Proof. We can assume that n = 0, because D = D +in, so the general case follows
from the case n = 0. Regard the set

< <
M, = {2161+2262€C” 0 <Rez,Rezy,Rez; + Rezy <1, }

stz —c(z+23)=1-¢
For z = z + 1y € M, we have

xl—&-xg—zs(x%—i—x%)—i—s(y%—&—y%)=1—€, 0< x1,20, x1 + 22 < 1.
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If z € M., thenx%—&—x%gml + x5 <1 and
e(l—(af+23))+e(yi+ys) =1—z1— a2 < 1. (6.3)

It follows that y? +y3 < é, hence, M. is compact. Since € < % we have for z € M.,

0
8—21(21—1—22—5(2%—&—25)):1—25227&0.

The Implicit Function Theorem shows that z; is locally a function of z5 (and vice
versa). It follows that every nonconstant holomorphic function on M, attains its
maximum absolute value on

oM, = {z€ M. | Rez; =Rezg =0o0r Rez; + Rezy = 1}.

Every holomorphic function f € O (D) thus satisfies for every z € M, the estimate

()] < sup |7 (90 )

If Rez; + Rezy = 1 for some z € M., equation (6.3) implies y; = y» = 0 and
2?2+ 23 =1,1ie., 2z € {e1,ea}. Hence, OM. C A., so

[f (2)] < sup|f (A,

which implies M, C (KE)D . In particular, (&)D contains the set

0§I1,I27I1+1’2§17 }

r_
Qe = {58161—’—96262 1 +xp—c(af+ad)=1-—¢

From tA. C A, for all t € [0, 1] we obtain
QE: U tQ;C (Ae)D- u
t€(0,1]

Exercise 6.2.10. Let
D:={zeC"|1<|z|, <3}

and
Ki={zeC"| |z, =2}.

Determine Kp.

Exercise 6.2.11. Let U C C™ be an open set and let K := {p} C U consist of a
single point. Determine K.

Exercise 6.2.12. Let K C C" be a compact set. Show that IA((Cn is compact.
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Exercise 6.2.13. Let D C C" be a domain and K C D a compact subset. Show
that Kp is the union of K with all relatively compact connected components of
D\ K. (Geometrically: Kp arises from K by “filling the holes of K”.)

Exercise 6.2.14. Let D C C™ be a domain and K C D a compact subset. Show
that ~
disteo (K, 9D) = disto (KD, aD)

in the following cases:

1. n=1.

2. n arbitrary, D = B} (0).
Exercise 6.2.15. Let

2 2

z— —

2

K:—{(z,w)€C2 5

+ | \2>1 1
w —w =
_47

1 N
+z|224}m3?<o>

and
f:C" > R,(z,w) — exp (Rez — Rew).

Determine all maxima of f on K. (Hint: Regard Kce.)

6.3 Bochner’s Theorem

Now we have all the technical tools to prove the main result of this chapter.

Theorem 6.3.1 (Bochner). Let D = Q + iR™ C C" be a tube domain. Then the
restriction

p:O(conv (D)) = O(D),f— flp
18 an isomorphism of complex algebras.

Proof. As usual, we only have to show that p is surjective, i.e., that every function
f € O(D) can be extended to the convex hull conv (D).

Step 1: In this first step we assume that the basis Q of D is star-shaped with
respect to some p € ). By a shift of the coordinate system we may assume p = 0.
If D = C” there is nothing to show, so we assume D # C". If Dy, Dy are two
tubular domains such that all holomorphic functions on D can be extended to
D1, D5y and if their bases 1, are star-shaped with respect to the origin, then

DlﬂDgzglﬂQg+iRn

is a tubular domain. In particular, D;NDyND # 0. If f; € O (D;) are holomorphic
extensions of f € O (D), then

f1|DmD2mD = f2|DlﬁD2ﬂD7
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hence, by the Identity Theorem, they coincide on D; N Dy. We obtain thus a
holomorphic continuation to the tubular domain D; U D3, whose basis is also
star-shaped with respect to the origin. Let D be the union of all tubular domains,
whose bases are star-shaped with respect to the origin and to which all holomorphic
functions can be extended. By the above argument,

D =Q+iR"

is a tube domain with the same property and D contains D. We show that the
basis Q is convex. If z, 2" € Q are linearly dependent elements then the segment
[x, 2] is contained in €2, because () is star-shaped with respect to the origin. If z, 2’
are linearly independent over R, then there is a regular matrix T' € GL,, (R) such

that Tox = e1,T2' = e3 and T (5) is a tube domain whose basis is star-shaped

with respect to the origin (see Exercise 6.1.7). Hence, without loss of generality
we may assume T = e1,z = ey. Let A be chosen as in Lemma 6.2.9 and let
0 < ¢ < infdistgp (A). We consider the set

E = {te [0, 1] ’tconv(A) CQ} 30,

which is open in [0, 1], because Q is open and conv (A) is compact. Let t € E and
O<e< % and put
Li.:=(1—¢)tconv(A).

From Lemma 6.2.9 we obtain that there is a compact set K C R" such that
Lt,a C (f,A + ZK)B

Choosing u to be the constant function v = dist (tA—i—z'K, 50) in Thullen’s

Lemma 6.2.7 we see that the Taylor series of every function ]76 o (5) converges

at some point a with Rea € L; . for ||z — a| . < §, i.e., on the set a + 0P (0). If
a’ is another point with Rea’ € L, . then the intersection

By (a) N B3 ()

is convex. If this intersection is # ) there is some a” € [a,a’]. This implies Rea” €
L, ., thus, «” € D. It follows that the two holomorphic continuations of f to P ()
and to Pj* (a’) coincide. We obtain a holomorphic continuation to the tube domain

L, .+ P35 (0) + iR".
Maximality of D implies

Li.+ P (0)+iR" C D.
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Put ¢ := (1—¢€)t+46. Then
tconv (A) C Ly + PP (0) +iR™.

Letting ¢ — 0 we obtain that

tconv (A) € D

for every t < t 4 4. It follows that sup E = 1, i.e., E = [0,1]. Thus, conv (A) C Q.
Since conv (A) contains the segment [eq, ez], € is convex.

Step 2: In the second step we free ourselves from the assumption that the
basis © of D is star-shaped. Let 2 C R™ be an arbitrary domain. By a shift of
coordinates we may assume that 0 € 2. Let

D = Q+iR"
be the maximal tube domain, which is star-shaped with respect to the origin, such

that to every f € O (D) there is an fe @) (N) which coincides with f near the

origin. From Step 1 we know that D is convex. We only have to show that D C D.
This is clear if Q C Q , otherwise let 2 € Q \ Q. The pathwise connectedness of €
implies that there is a contlnuous curve

7:[0,1] = Q, v(0) =0, (1) =

Put s :=sup {t € [0,1] ‘ v ([0,t]) C ﬁ} and x5 := 7y (s). Then

s ¢ Q, (6.4)

because otherwise openness of Q would imply that s = 1, i.e., x = x5 € ﬁ, which
contradicts the choice of x. Let Q5 C  be an open convex neighbourhood of

zs, f € O(D) and ]76 o (ﬁ) such that fand f coincide near the origin. Put

I:= {te [0, s] ‘f:f near 7([0,15])}.

Then I is an open subinterval of [0,1] and 0 € I. Put 7 := sup . Assume 7 < s.
Then v (k) € Q. If U is an open connected neighbourhood of v (7) contained in
DN D there is a 79 < 7 with 79 € I and v (10) € U. Hence, f and f coincide in
an open neighbourhood of 7 (7¢) and thus, by the Identity Theorem, on all of U,
which contradicts the choice of 7. This shows that 7 = s and there is some 71 < s
with v (71) € Cj. Using the same argument as above we see that f and f coincide
on an open subset of the tubular domain

D, := Qg +iR",
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and thus, on all of the convex domain Dy NnD, defining a holomorphic continuation
of f to Dy UD. In Step 1 we saw that the maximal domain Dy,,x, which is star-

shaped with respect to x5 and to which all f € O (DS U D) can be extended,

is convex. Hence, Dpax is star-shaped with respect to the origin. Because of the
maximality of D we conclude D, C D. This, however, implies D, C D, which
contradicts (6.4) . Finally, we can conclude that

D cC D,
hence, every f € O (D) has a holomorphic extension to conv (D) C D. O
Corollary 6.3.2. Let f € O (C™) be an entire function and let
Q= [) {zeR"| f(z+iy) #0}.

yEeR?

[e]
Then every connected component of the interior Qy of Qf is conves.

Proof. Let C; be a connected component of €2y and put Dy := Cf + ¢R". Then
% € O (Dy) . By Bochner’s Theorem % has a holomorphic extension to conv (Dy) ,
hence

N (f) Nconv (Dy) = 0.

This shows that if z,2" € Cy and ¢ € [0,1],
fltz+ (1 —t)z" +iy) #0for all y € R,

hence, tz+ (1 —t)z’ € Cy. O



Chapter 7

Cartan—Thullen Theory

In the preceding chapters we have learned that in C™ with n > 2 there are many
domains with the property that every holomorphic function on the domain can
be holomorphically extended to a strictly larger domain. Those domains were not
domains of holomorphy in the intuitive understanding that a domain of holomor-
phy should be the maximal domain of existence of some holomorphic function. In
this chapter we will work on the task to characterize those domains D C C™, on
which no simultaneous extension phenomena occur.

7.1 Holomorphically convex sets

In Exercise 6.2.12 we saw that for every compact set K C C™ the holomorphically
convex hull K¢n is compact. It is a trivial observation that no function f € O (C™)
can be extended to a larger domain in C™. However, we also know from the Kugel-
satz, that every function holomorphic on the domain C™\ {0},n > 2, can be
extended to an entire function. We also saw in Example 6.2.6 that the holomor-
phically convex hull of the unit sphere in C™ \ {0} is not compact if n > 2. This
turns out to be a crucial observation.

Definition 7.1.1. Let U C C" be an open set. U is called holomorphically convex
if for all compact subsets K C U the holomorphically convex hull K;; is compact.

Remark 7.1.2. In general we speak of F-convezity if in the above definition the
family O (U) is replaced by the family F of functions on U, e.g., monomial con-
vexity, polynomial convexity etc.

Example 7.1.3. C™ is holomorphically convex (Exercise 6.2.12), while C™ \ {0}
isn’t unless n = 1. (see Example 6.2.6).

Holomorphic convexity of a domain D can be used to assert the existence of
certain unbounded holomorphic functions on D.
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Lemma 7.1.4. Let D C C™ be a holomorphically convex set. Then D has a compact
exhaustion (K j)j en by holomorphically convex sets.

Proof. From Lemma 1.4.14 we know that D has a compact exhaustion (Cj),cy -
Holomorphic convexity of D implies that the sets (/C']\) p are compact. Put

—

Kl = (CI)D-

Then K; is compact and K; coincides with its holomorphically convex hull. We
inductively assume that K1, ..., K,, are holomorphically convex compact sets such
that K; C K5, for all j = 1,...,m — 1. Since (C}j) . is a compact exhaustion
there is some index [, such that K, C C7 . Put

JEN

-

Kipy1 = (Olm)D-

This construction yields the desired exhaustion . O

Lemma 7.1.5. Let D be a domain and €' C D an arbitrary subset. Then for every
€>0,M >0andpe D\ Cp there is a function f € O (D) such that
sup [f (C)] < e

and
|f (p)| > M.

Proof. Since p ¢ Cp there is a function g € @ (D) such that

0 <suplg(C)| <lg(p).

O 102)] I W e e
5"2<sup|g<c>| 1) = or

If we put

then 6, A > 0 and

AMgp)| = 146>1,
1 (suplg (C)|
Asuplg (C)| = <+1 < 1.
=T
Now put f := ()\g)k for a sufficiently large k. O

Lemma 7.1.6. Let (K j)j cn be a compact exhaustion by holomorphically convex
sets of the domain D C C" and let w; € K41 \ K for all j > 1. Then there is a
function f € O (D) such that

Tim [ ()] = oc.
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Proof. We inductively construct a sequence f; by the following. Put f; = 0. By

Lemma 7.1.5 we may assume that we have constructed fi,..., fi, such that for
all j =1,...,m the following holds:
1filr, |l < 27, (7.1)
-1
1wl > G414+ | fe(w))] - (7.2)
k=1

Since w41 ¢ (I?n:l)D Lemma 7.1.5 produces a holomorphic function f,,+1 €
O (D), which also satisfies the estimates (7.1),(7.2). It follows from (7.1) that

the series
>

Jj=20
converges compactly on D. Hence, by Weierstrass’ Theorem, f := > j>o0 [j defines
a holomorphic function on D, which by (7.2) satisfies -

[ wp)| = 15 (wi)] =D e (wp)l > 5+ 1= |f (w))]
k>0 k>j
k#j

for all j > 2. O

Lemma 7.1.4 and Lemma 7.1.6 can be combined to give a characterization of
holomorphic convexity that gives a hint of what holomorphic convexity has to do
with the problem of finding domains without simultaneous extension phenomena.

Proposition 7.1.7. Let D C C" be a domain. The following are equivalent:
1. D is holomorphically convex

2. For every sequence (wj)j ey € D without accumulation point in D there is
an f € O (D) such that sup|f (w;)| = co.
jEN

Proof. 1. = 2. : Using Lemma 7.1.4 we find a compact exhaustion (Kj)j>0 of D
by holomorphically convex sets. If (wj)j>0 C D has no accumulation point in D
there are sequences (k;), (I;) C N such that

wy, € Ky, \ K, forall j >0.

The existence of the desired f follows then from Lemma 7.1.6.
2. = 1.:Let K C D be compact and let (w;).., C Kp be a sequence. Then

for all f € O (D)

§20
sup | f (w;)| < [[f[x o < oo
320

The condition 2. implies that the sequence (wj)j>0 must have an accumulation

point w € D, but since the holomorphically convex hull K p is closed, we even
have w € Kp. Hence, Kp is compact. O
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Remark 7.1.8. If D is a bounded holomorphically convex domain, Proposition
7.1.7 especially says that to every boundary point p € 9D there is a function
fp € O (D), which is unbounded near p and thus cannot be extended across any
part of the boundary, which contains p.

Example 7.1.9. Every simply connected domain D C C is holomorphically convex.

Proof. From the Riemann Mapping Theorem we obtain a biholomorphic function
©:D — B 0).

If (2;),5¢ C D is a sequence without accumulation point on D then

(¢ (Zj))jzo

is a sequence in B1 (0) without accumulation point in Bj (0). Since the unit disc
is bounded this sequence must have an accumulation point in D on the boundary
T. Hence, the function

2 = Z Zk!

k>0
is unbounded on (¢ (2;)),5 - O
Remark 7.1.10. In fact, the assumption that D is simply connected is superfluous:
every domain in C is holomorphically convex. This will be a consequence of the
Theorem of Cartan—Thullen.

Definition 7.1.11. A continuous mapping f : X — Y between topological spaces
is called proper if for every compact subset K C Y the inverse image f~! (K) is
compact in X.

Proposition 7.1.12. Let X € C*, Y C C™ be domains and f : X — Y a proper
holomorphic mapping.

1. If Y is holomorphically convex then so is X.
2. If f is biholomorphic and X is holomorphically convex then so is Y.

Proof. 1.: Let K C X be compact and put C := f (K). C is compact, because f
is continuous. Since Y is holomorphically convex, the holomorphically convex hull

éy is compact. Hence, f~! (éy) is compact, for f is a proper mapping. Since

closed subsets of compact sets are again compact, we have that
/7 (Gy)nX e
is compact. Let z € Kx and ¢ € O (Y). Then

(o) ()] < max|(p o ) (2) = max e (O]
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It follows that
F()ely ={CeY | [l < lplelly Yo € O(Y)},

thus, I?X c ft (éy) N X. Since I?X is closed and f~1 (63/) N X is compact,

we conclude that i x 1s compact. Hence, X is holomorphically convex.
2. : If f is biholomorphic, then f~! is a proper holomorphic mapping and
part 1. applies. ([

Example 7.1.13. The set S := {(z/, zp) €CM | Imz, > ||z’||§} is called the Siegel

upper half plane. It is holomorphically convex, because S is biholomorphically
equivalent to the unit ball B} (0) by the Caley map

c: By (0) — S, (2, 2,) — (2,0 (1 —2p)).

1+ 2z,

The inverse mapping is given by

24 1
-1 . n / A
c .S—>Bl(0),(w,wn)»—>i+wn(w, 2(z wn)>

The reader should carry out the details, i.e., he should show that

c(BY (0)) € S, ¢ (S) € BY (0)

1

and ¢, ¢+ are inverse to each other.

Exercise 7.1.14. Let D := B (0) \ [0, 1] . Determine a function f € O (D), which
is unbounded on every sequence (zj)j>0 C D without accumulation point in D.

Exercise 7.1.15. Let U C C" be an unbounded open set and f : U — C™ a con-
tinuous mapping such thatH lim ||f (2)|| = co. Show that f is a proper mapping.

z||—o0

Exercise 7.1.16. Is the set {z € C" | 1 < ||z, < 3} holomorphically convex?

7.2 Domains of Holomorphy

Definition 7.2.1. A domain D C C”" is called a domain of holomorphy if the
following holds: if ) # V C U C C™ are domains with the properties

H1 V C D,
H2 For every f € O (D) there is a F € O (U) such that f|yv = F|v,
then U C D.
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We shall later see that a domain in C™ is a domain of holomorphy if and only
if it is holomorphically convex (Theorem of Cartan—Thullen). Before we come to
this deep result, we examine the notion of domain of holomorphy in more detail.
One can interpret Definition 7.2.1 in such a way that, on a domain of holomorphy,
there are functions which cannot be holomorphically extended across any part
of the boundary. We have seen such an example in dimension 1 by the function
f(z) =20 2*' which is holomorphic on the open unit disc, but cannot be
extended across the unit circle. So we can say that the unit disc in C is a domain
of holomorphy. In fact, this is true for every domain in C.

Example 7.2.2. Every domain D C C is a domain of holomorphy.

Proof. Assume there are domains V' C U C C with the properties H1, H2 of
Definition 7.2.1, but such that U ¢ D. Then there is some a € U \ D. Consider
the holomorphic function

:C C .
fiC\{a) = Cor ——
The restriction f|p is holomorphic, because a ¢ D. H2 implies that there is a
holomorphic function F € O (U) such that F|y = f|y. The Identity Theorem

yields that
1

zZ—a

F(z)=

for all z € U \ {a}. This, however, is absurd, because F' is continuous at a, hence,

bounded in a neighbourhood of a, while z — ﬁ is not. O

Proposition 7.2.3. Let D C C" be a domain such that for all a € 9D there is a
larger domain D, D D and a holomorphic function f € O (D,) such that

a€ D,, f(a)=0, DNN (f)=0. (7.3)

Then D is a domain of holomorphy.

Proof. Assume that D is not a domain of holomorphy. Then there are domains
) #V Cc U C C" with the properties H1, H2 of Definition 7.2.1, but U ¢ D.
Since V. C U C D, there is a connected component W of U N D, which contains
V.If g€ O(D),F € O(U) such that g|y = F|y the functions coincide on W by
the Identity Theorem. Let v : [0,1] — U be a path such that v (0) € V, v (1) ¢ D
and put

T:=inf{t €[0,1] |y (¢t) ¢ D}.

Then 7 > 0, a := v(7) € dD. By prerequisite there is a domain D, D D and a
holomorphic function f € O (D,) such that (7.3) holds. Since WNN (f) = (,there
is a holomorphic function F' € O (U) such that

1

w
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In particular, f (y(¢)) F (v (¢)) =1 for all ¢ < 7. Continuity implies
f(a) F(a) =1,
which is a contradiction to f (a) = 0. O

Corollary 7.2.4. Let D C C" be a domain of holomorphy and f € O (D), f # 0.
Then D\ N (f) is a domain of holomorphy.

Proof. From Corollary 4.2.2 we know that D\ N (f) is a domain. The case N (f) =
() is trivial, so we assume N (f) # (0. Let ) £V C U C C" satisfy the conditions
of Definition 7.2.1 and assume U € D\ N (f), i.e., we assume that D \ N (f) is
not a domain of holomorphy. Then there is some

acUNAD\N(f)).

Case 1: a € N (f).
Then f(a) =0, f(2) # 0 for all z ¢ N (f), hence we can put

D,:=D>D\N(f)

in Proposition 7.2.3.

Case 2: a € OD.
Let g € O (D). Then the restriction g|p\n(y) is holomorphic. Thus, there is
F € O(U) such that

‘Fl\/:glv7 VCD\N(f)CD

Since D is a domain of holomorphy, we conclude U C D. This, however, contradicts
a € VNUNOID, because D is open and thus, D NdD = (). O

Example 7.2.5. The set GL,, (C) C M (n,n;C) = C"* of regular matrices is a
domain of holomorphy, because the determinant function

det : M (n,n;C) — C

is holomorphic and GL,, (C) = M (n,n;C) \ N (det).

Our next result shows that all convex domains in C™ are domains of holo-
morphy. In particular, balls and polydiscs are domains of holomorphy.

Proposition 7.2.6. If D C C" is a convex domain, then D is a domain of holomor-
phy.

Proof. This is clear, if D = C™. If D # C"™ there is some a ¢ D. By the Hahn—
Banach separation theorem there is a real linear form p satisfying

p(2) < p(a)
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for all z € D, because D is convex. Put
pe :C" = Crzo p(z) —ip(iz).
Then p¢ is C-linear and pc (2) # pe (a) for all z € D. For every a € 0D we put
Do :=C", f:=pc — pe (a)

and use Proposition 7.2.3 (]

Exercise 7.2.7. Show that a tube domain {2 4 iR" is a domain of holomorphy if
and only if Q C R™ is convex.

Exercise 7.2.8. Which of the following sets is a domain of holomorphy?
L {(z,w) e C?*| |2| < |w| < 1} (Hartogs’ triangle).
2. P,(C) (the set of self-adjoint positive definite matrices).
3. GL, (C)\ U, (C).

Exercise 7.2.9. Does Corollary 7.2.4 still hold if we replace the zero set N (f) of a
single holomorphic function f € O (D) by the simultaneous zero set

N (fi,-.-, fe) =

J

N (f)

k
=1

of k functions f1,..., fr € O(D)?

7.3 The Theorem of Cartan—Thullen

The Theorem of H.Cartan and P.Thullen says that the notions of holomorphically
convex domain and domain of holomorphy coincide. Another characterization is
given by means of the boundary distance function.

Lemma 7.3.1. Let X € D C C" and assume
distoo (K,9D) = disto (I?D, 8D> .

Then K p is compact.

Proof. By Lemma 6.2.5 we have Kp C conv (K) , which is bounded, because K
is. We have to show that IA(D is closed in C". Since IA(D is closed in D by Lemma
6.2.4 we have — .

KpnD=Kp.

The prerequisite and the compactness of K yield
0 < disteo (K, OD) = dista (f{D, aD) — distoo (fTD aD) ,

hence, [A(iD N OD = (. This implies Kp = IA(iD. O
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Theorem 7.3.2 (Cartan—Thullen). Let D C C™ be a domain. Then the following
are equivalent:

1. The domain D is a domain of holomorphy.

2. For all compact subsets K C D the equation
disteo (K, 9D) = disto (I?D, aD)

holds.
3. The domain D is holomorphically conver.

Proof. 1. = 2. Let D be a domain of holomorphy, K C D a compact subset and
r:= diste, (K,9D). Then

7 > disteo (I/(\'D, 3D> , (7.4)

because K C Kp. Let z € Kp and U := rPl (z) be the concentric polydisc of
polyradius r centered at z. Choose V' to be the connected component of z in DNU
and let f € O (D). It follows from Thullen’s Lemma that

gw)y= 3 2@ e

|
aeNn @

defines a holomorphic function on U and that g = f near z. Hence, we obtain from
the the Identity Theorem that ¢ = f on V. Since D is a domain of holomorphy,
we can conclude U C D. This implies

disteo (2,0D) > r for all z € Kp. (7.5)

2. = 3. This was shown in Lemma 7.3.1.

3. = 1. Since it is clear that C” is a domain of holomorphy we may assume
D # C™. We know from Proposition 7.1.7 that to every sequence in D, which has
no accumulation point in D there is a holomorphic function, which is unbounded
on this sequence. The idea is now to construct a sequence that has every point of
the boundary as limit point. The corresponding function cannot be extended at
any point outside D, which shows that D is a domain of holomorphy. In order to
construct this sequence we consider the set

DN (Q"+iQ")
—~—D

of rational points in D. For z € D let P (z) denote the connected component
of P (z) N D, which contains z. Since Q"+iQ™ is countable, also the set

P o= {P/p\(/z)D z€ DN (Q"+iQ"),r € Q" P! (2) SZD}
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is countable. Let
P:N—=P,j— P

be bijective and let (Kj)j>0 be a compact exhaustion in the sense of Lemma 7.1.6.
We recursively construct a sequence (wj,lj+1);5, in D x N such that for every j,

wj € PN (Klj+1 \Klj)

in the following way: Choose an arbitrary wg € Py N (K1 \ Kp). Having chosen
(wj—1,1;) fix some w; € P;\ Kj; and a number /;,; such that w; € Kj, . This is
possible, because (Kj)j>0 is an exhaustion of D. Lemma 7.1.6, applied to (Kj)j>0
yields a function f € O (D) satisfying -

| (w))] > j for all .

We show that this function is not extendible at any point outside D. Assume, that

this is wrong. Then there is a polydisc P} (z0) € D with 2o € D on which the

Taylor series jf (29) of f at zy converges. f and jy (z0) coincide on the connected
D

— —~— D
component P (z9) . Now we recursively construct a sequence ( P} (zx)
k>0

—~— D

in P with 2z € P} (2) and 0 <t < k%rl for all k£ > 0 such that

D
Py, (zes1)  CC P (2k)

D

D D
Then the corresponding wj, € Pf; (2;) form a subsequence of (w;), in Pf; (20) ,

which converges to some w € P{ (z0). Now this implies a contradiction, because
although j; converges on P} (20), we have

7 ()l = Jim | (w5)| = oo,
which is absurd. g

We use the Cartan—Thullen Theorem to identify several domains as domains
of holomorphy.

Proposition 7.3.3. Let D C C", D’ C C™ be domains of holomorphy and f : D —
C™ a holomorphic mapping. Then every connected component of Q := f~1 (D’)
is a domain of holomorphy.

Proof. Let K C f~1(D') be a compact set. For every g € O (D') we have go f €
O (D), hence,

lg (f(2)] < sup |g(w)| for all z € Kq.
we f(K)
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This implies f (z) € ﬁ[?) p forall z € Kg. Since D is holomorphically convex by
the Theorem of Cartan—Thullen, we have

Koc Kp=KpcD.

Continuity of f and holomorphic convexity of D’ imply

f (EQ) cf (I?g) CF(K)p =f(K)p, CD.

Thus, ?Q C f~1(D') = Q. It follows that Kqis compact, i.e., € is holomorphically
convex and we can apply the Cartan—Thullen Theorem. O

Example 7.3.4. Let f1,..., f;, € O(C™). The set
Q:={zeC"| |f;(»)| <1, j=1,...,m}

is called an analytic polyhedron. Every connected component of 2 is a domain
of holomorphy, for we can put D := C", D' := P*(0) and f := (f1,..., fm) in
Proposition 7.3.3.

Exercise 7.3.5. Give an example that the union of two domains of holomorphy
(with nonempty intersection) need not be a domain of holomorphy any longer.
What can you say about intersections of domains of holomorphy?

Exercise 7.3.6. Show that for a domain D C C” the following two statements are
equivalent:

1. The domain D is a domain of holomorphy.

2. A closed subset K C D is compact if and only if sup |f (K)| < oo for every
feoO (D).

7.4 Holomorphically convex Reinhardt domains

We conclude this chapter with the characterization of those Reinhardt domains
which are domains of holomorphy. It turns out that a complete Reinhardt domain
is a domain of holomorphy if and only if it is the domain of convergence of a power
series. Another characterization is given by the geometric notion of logarithmic
convexity.

Definition 7.4.1. A Reinhardt domain D C C" is called logarithmically convez if
the set

log 7 (D) := {(log|21],...,log|z,|) | z€ DN (C*)"} C R"

is convex. It is called complete if P, (0) C D for every z € DN (c)".
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Proposition 7.4.2. Let D C C" be the domain of convergence of a power series
> acnn €az®. Then D is a complete logarithmically convex Reinhardt domain.

Proof. Abel’s Lemma implies that D is a complete Reinhardt domain. Let x,y €
log7 (D) and ¢ € [0,1]. We choose z,w € D and A > 1 such that Az, \w € D and
forall j=1,...,n,

zj =log|z|, y; = log|w;].
Since the power series ) | yn Ca2® converges at Az and Aw there is some constant
0 < C < oo such that

mapx {[eal N[22 e A |} < €.
aeNn

It follows that for all ¢ € [0,1] and all a € N™ we have the estimate
‘Ca‘ )\\a| ‘Za|t |wa|1—t <C.

Abel’s Lemma implies that ) yn 2™ converges near

&= (Iaal fon ™"zl Tl 1))
ie., & € D. We conclude that for all ¢ € [0, 1],
te + (1 —ty) € logT (D),

hence, log 7 (D) is convex. O

Proposition 7.4.3. Let D be a complete logarithmically convex domain. Then D
is monomially convex.

Proof. Let F := {2* | @« € N"} be the family of monomials and for K C D denote

) |

the F - convex hull of K in D. We have to show that K #ND is relatively compact
in D for every compact set K C D. By the Heine-Borel theorem Kz is compact,
so it suffices to show that Kz does not intersect the boundary of D. Compactness
of K implies that there is a finite cover of K consisting of polydiscs PT”( -

Kr:=) {zeD | |f (2)] Sgg}glf(()

fer

w®)
D,l=1,... k, where w®) € D and wj(-l) #0for j=1,...,n. Put

W = {w(l), e ,w(k)} .
Then I/(\'y.- - Wf. The proof is complete if we show that W;ﬂaD = (. Let w € 0D

and put
w* = (log |wy],...,log|wy]).
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Obviously, w* € 9 (log T (D)) . By prerequisite, log 7 (D) is convex, thus, the Hahn—
Banach separation theorem states that there is a linear functional

L(§) = Z’ngja 7; €ER

Jj=1

such that
L(§) < L(w*) forall £ €logT (D).

Observing that
¢ €log7 (D) implies {x € R" | z; < §foralj=1,... ,n} ClogT (D) (7.6)

we deduce that the coefficients ; are nonnegative. Let W* C logT (D) be the
finite set of points which corresponds to W. Density of Q in R implies that there
are rational numbers

g > 2 0

such that for L (&) := > i—14;&; we have
L(€) < L(w*) for all &€ € W*. (7.7)

This equation remains true if we multiply both sides with the common denomi-
nator of the numbers ¢i,...,¢n, so we may assume that g; € N. Let m, be the

monomial
Qp

My (2) 1= 2% =27 - z0m,

Then sup [mq (W)| < |mq (w)], ie., w ¢ Wy For the remaining points p € 9D
we can renumber the coordinates so that there is an index 1 < k, < n such that
pj #0for 1 <j<k,and p; =0 for j > k,. Let

prekp 1 C" — CP (21, ..., 2) (21, 21,)

be the projection onto CF». Then log 7 (prer, ) is convex and satisfies equation
(7.6) . Hence, we can apply the same argument as above to pres, (p) and obtain a
monomial m in 21, ..., 2k, satisfying

sup |m (W)| < |m (p)|,

ie,pé¢ W]—'. This completes the proof. O

Corollary 7.4.4. If D is a complete logarithmically convexr Reinhardt domain, then
D is holomorphically convex.

Proof. This is trivial, since all monomials are holomorphic. O

We can now give a complete characterization of the domains of convergence
of a power series.
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Theorem 7.4.5. Let D be a complete Reinhardt domain with center 0. Then the
following are equivalent.

1. D is the domain of convergence of a power series.
2. D 1is logarithmically convez.

3. D is monomially convexr.

4. D 1is holomorphically convex.

5. D is a domain of holomorphy.

Proof. 1. = 2. Proposition 7.4.2.

2. = 3. Proposition 7.4.3.

3. = 4. Corollary 7.4.4.

4. = 5. Theorem of Cartan—Thullen.

5. = 1. By Cartan—Thullen and Proposition 7.1.7 there is a function f €
O (D) which is unbounded near every boundary point of D. The Taylor series of f
converges on D and since f is unbounded near every boundary point, it obviously
does not converge on any domain strictly larger than D. O

Example 7.4.6. The set {(z,w) € C?| |z| < 1} is a complete logarithmically con-
vex Reinhardt domain, for it is the domain of convergence of the power series

(see Exercise 1.5.16).

Example 7.4.7. Every convex complete Reinhardt domain is logarithmically con-
vex, because every convex set is a domain of holomorphy by Proposition 7.2.6.

Exercise 7.4.8. Give an example of a complete Reinhardt domain which is not
logarithmically convex.

Exercise 7.4.9. Let r > 0.

1. Show that the set
D, = {(z,w) € C*| |zw| < r}

is a complete Reinhardt domain.
2. Show by direct computation that D, is logarithmically convex.

3. State a power series which has D, as domain of convergence.



Chapter 8

Local Properties of holomorphic
functions

Every student remembers from his first (or, at least, second) course on calculus
that the function
0, ifx=0

:R—R
/ - ’xH{ , ifx#0

e
is of class C*°, but its Taylor series represents f only at the origin, since f*) (0) =0
for all £ € N. One major difference between real and complex analysis is that a
holomorphic function on a domain is determined completely by local information.
If two holomorphic functions f,g € O (D) coincide on an open subset U of a do-
main D they coincide on all of D by the Identity Theorem. Locally, a holomorphic
function is represented by its Taylor series. In this final chapter we study holo-
morphic functions from this local point of view, i.e., we do not take into account
the domain of definition of a function, but only its local representation. This leads
to the concept of germ of a holomorphic function. An equivalent approach is to
examine the rings C{z1,...,2,} resp. C|[z1,..., z,]] of convergent resp. of for-
mal power series and to study algebraic properties of these rings. The reader not
familiar with the algebraic concepts needed in this chapter may refer to [7].

8.1 Local representation of a holomorphic function

8.1.1 Germ of a holomorphic function

Definition 8.1.1. Let X C C" be an arbitrary subset and f : X — C™ a mapping.
We say that f is holomorphic on X, if there is an open set Uy C C" with X C Uy
and a holomorphic mapping gy : Uy — C™ such that gy|, = f.
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Notation 8.1.2. We write OX for the set of all holomorphic functions on X in the
sense of the above definition, i.e., OX consists of all pairs (U, g), where U is an
open set containing X and g € O (U).

OX has no natural algebraic structure, because of the variable domains of de-
finition of the functions in @X. To get rid of this problem we define an equivalence
relation on OX by the following:

Definition 8.1.3. We call (U, f) € OX and (V,g) € OX equivalent modulo X,
written

fxa (8.1)
if there is an open set W C U NV with X C W such that flw = g|lw.
The reader easily checks the next lemma.

Lemma 8.1.4. Formula (8.1) defines an equivalence relation on OX. An equivalence
class of (U, f), denoted by

fX7
is called a germ of f modulo X. The quotient
Ox 1= 0¥ [~
X

carries the structure of a commutative unital complex algebra by the definitions

Fx+ox = +9x
}X'!.JX : :(f'g)Xa
My =)y AeC.

Every germ in Ox has a well-defined value at every point of X. If we want to
stress the dimension of the surrounding space we also write ,,Ox . We are especially
interested in the case where X consists of a single point a. In this case we write

L]
O, resp. ,O,. A function germ f carries all the local information about f in a
neighbourhood of a and so does the Taylor series of f at a. It is a natural question
to ask about the relationship between the algebra of germs at a and the algebra of
convergent power series at a. Before dealing with this question in detail we note
that we can restrict ourselves to the case where a is the origin: if f is holomorphic
near a we consider the translation

Taf (2):=f(a—2). (8.2)

Then 7,f(0) = f(a) and 7,f is holomorphic near zero. Hence, 7, induces an
isomorphism of algebras

O — O, fo = (Taf)y. (8.3)
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Lemma 8.1.5. Oy is an integral domain.

Proof. Let f,, g.]o be nonzero function germs. Then no representative f,g of those
germs is the zero function near 0, hence, fg # 0 by the Identity Theorem. This
L]

implies (fg), # 0. O

8.1.2 The algebras of formal and of convergent power series
Abel’s Lemma states that a power series

S e

aeN”

converges near zero if and only if there is some r € R" with r; > 0 for all j =
1,...,n such that (car®),cyn is bounded. By the Identity Theorem a convergent
power series is determined completely by its set of coefficients (ca),cnn , thus, it
can be identified with the mapping

n
N" - C,a +— cq,

where the numbers ¢, satisfy the conditions of Abel’s Lemma. Dropping these
convergence conditions leads to the concept of formal power series. Formal power
series can be considered over arbitrary commutative unital rings R.

Definition 8.1.6. Let R be a commutative ring with unit 1. A formal power series
with coefficients in R is a mapping

N" = R, — cq

where ¢, € R. This mapping is denoted by the symbol

Z Ca X,

aeN"?

where X = (X1,...,X,,) and X1,...,X,, are indeterminates over R. The set of
all formal power series with coefficients in R is denoted by

R[[X1,...,X,]]-
A formal power series f =) yn CaX® has a well-defined “value at zero”

f(0):=co..0-

Notation 8.1.7. If R is a ring and a4, ...,a; € R we denote by

(a1,...,a)
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the ideal in R generated by aq, ..., q;. If we want to emphasize the ring or if there
is danger of confusion with the tuple with components a1, ..., a; we will write
(a1,...,a1)p

to make clear the difference.
For the proof of the following we refer to [7], Ch. IV, §9.
Theorem 8.1.8. Let R be a commutative unital ring. Then the following holds.

1. R[[Xy,...,X]] is a commutative unital ring by the definitions
D aaX+ Y baX 1 =) (aa+ba) X,
aeN? aeNn N
(Z aaxa> A DXt s = ) X
aENn BENn YENR
where

Cy = Z aqbg.

a+p=y
Moreover, if R is an algebra over a field K, then R[[X1,...,X,]] becomes a
K-algebra by putting

A Z o X = Z (Aca) X4, N e K.

aeNn aeNn

2. R[[X1,...,Xy]] contains the polynomial ring (algebra) R[X1,...,X,] as a
subring (subalgebra).

R[[Xy,.., Xo]l = (R[[X1, .. Xna]) [[Xa]]

4. If R is Noetherian, then so is R|[[X1,..., X,]].
5. If R=K is a field, then K[[X1,...,X,]] is a factorial algebra.

The statements of the above theorem can be proved in a purely algebraic
manner, since no notion of convergence is involved. When considering questions
of local complex analysis one works over the field C of complex numbers and
in the subalgebra C{z1, ..., z,} of convergent power series. While the first three
statements of the above theorem are proven in exactly the same way, besides the
fact that convergence of the relevant series must be checked separately, the fourth
and fifth statements require deeper insight into the structure of C{zy,...,2,},
which is defined as follows.
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Definition 8.1.9. The set of convergent power series at zero is defined by

C{z1,...,2n} = { Z Ca 2™

aeN"™

Ir e R, sup |cq|r® < oo .
aeNn

We have a chain of strict subalgebras
Clz1y-y20) SC{21,.. ., 20} S Cl[21,- -+, 24]] -

In an obvious fashion one can define power series at an arbitrary point a and obtain
the set C{z; — a1,...,2n — an}, but just as in the case of germs of holomorphic
functions it is immediate that the algebras

C{z1—a1,...,2n —an}

and
Clone s m}
are isomorphic. The following result is no surprise.

Lemma 8.1.10. The complex algebras ,Op and C{z1,...,z2,} are isomorphic. An
isomorphism is given by

jOZ nOO_)(C{Zla"'7Zn}7fO'_>j0f,

where jof is the unique Taylor series expansion of a representative f of f,.
Proof. Left to the reader. O

Thanks to this lemma we need not distinguish between germs of holomorphic
functions and convergent power series. The next lemma gives us first insight into
the analytic structure of the algebra of convergent power series. These results will
be needed in the proof of the Weiserstrass Preparation Theorem.

Lemma 8.1.11. For r € R"} let

B(r):= { Z caz®

aeNn

sup |cq |t < o0
aeN?

and

[y s B(r) = R, Z caz® Z lea] 7.

aeN? aeN?
Then the following holds:

1. The set B (r) is a complex algebra without zero divisors, which satisfies

C{z1,...,2n} = U B(r).

TERi
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2. If s < r (componentwise) then B (r) C B (s).
3. The inclusion B (r) C O (P (0)) holds.
4. The mapping ||.||,, defines a norm on B (r).

5. The norm (B (r), ||.||(T)) is a Banach algebra.
6. If f=D>",caz™ € B(r) then

o) < Ml
x| = Ta

for every a € N".

Proof. 1. and 2. are left to the reader.
3. Since every convergent power series determines a holomorphic function on
a polydisc we have
B(r)c O(P™(0)).
4. It is clear that || f||,, = 0 if and only if f = 0 and that [Af]|,) = [Al[f]l
for all A € C. To see that the triangle inequality holds let f = > aq,2® and
9= o baz® Then

1 +gllyy = 3 laa+balr®

aeNn

Z |aa|ra+ Z |boz|"“a

aeN™ aeN™
= flly + gl -

5. With the notation as in 4. we have

Ifally = (Z aaza> > agz’

aEeNn BENn

IA

(r)

= Z Z agbg | 27

yEN™ \ a+pB=y (r)

= Z Z aabg| 7

YEN" |a+B=y

< Z Z lawbs|r? Dby the triangle inequality
YEN™ a4fB=v
= <Z |aa|7"a> > 1bslr? | = 1Sl gl -
aeN” BeENn
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Let (fj);59 C B(r) be a Cauchy sequence with respect to ||.|[,,. We identify f;
with the holomorphic function on P (0) defined by z — f; (z). If K C P (0) is
a compact subset then

sup [f; (2)] = sup
zeK zeK

IA
)
Sl
3
Q

aeN"™

= Hfj”(r)

Hence, since (f;) ;- is a Cauchy sequence with respect to |||, , (f;);5, converges
compactly on P (0). We apply Weierstrass’ Theorem on compact convergence to
see that there is some holomorphic function

feO(p(0)

such that
lim sup |f; (2) — f ()| = 0.

)70 e K

The Taylor series of f at zero is an element of B (r) by Corollary 1.5.9. Hence,
B (r) is complete with respect to |||, .
6.1f f=>5 cpz” and a € N" then

[E .
2 =leal + Y leal ™,

ﬂGN"
BFa
ie.,
f f
ea] = I ||(7~) Y e || H(m O
BeN™
B
Definition 8.1.12. Let f =) _yn caz® € C[[21,...,2,]] be a formal power series.
The order (or subdegree) of f is defined as
B oo, if f=0
Ordf'—{ min{|a] | ca £ 0}, if f#£0

Example 8.1.13.
ord (zi1 + 29 sin (2122)) =3,

because

—1)k
sin(122) = 212+ 3 g (1)
k>1 :
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Lemma 8.1.14. Let f,g € C[[z1,..., zy]] . Then the following holds:

1. The order satisfies

ord fg = ord f 4+ ord g.
2. The estimate
ord (f 4+ ¢g) > min {ord f,ord g}
holds.
3. The algebra C[[z1,...,2,]] of formal power series is an integral domain.
4. We have ord f = 0 if and only if f is a unit in C[[z1,...,2,]] .

Proof. 1. Every formal power series f = » Coz® has a unique expression as
aeN
a series of k-homogenous polynomials

fZZPk(f),
k=0

where

P (f) = Z Ca?®.

le|=k

Then ord f = min{k > 0| Py (f) # 0}. It follows that

I
e +

fg

J=0 k+i=j
= Y P;(f9),
j=0

which implies

ord fg = min{k+1 e N| P, (f) P (9) # 0}
= min{k e N| P, (f) #0} +min{l e N| P, (g) # 0}
= ordf+ordg.

2. Since
f+g: Z (aa+ba)zaa
aeNm
we have
ord(f+g¢9) = min{|a| | an + by # 0}

\%

min {min {|¢| | aq # 0} ,min {|a| | by # 0}}
min {ord f,ord g} .
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3.1f f,g € C[[z1,...,24s]] are # 0 they are of finite order. From 1. we deduce
ord fg =ord f + ord g < o0,

thus, fg # 0.
4. Iford f = 0 then f = f(0) € C*, thus % € C*, i.e., f is a unit. Vice versa,
if f is a unit there is a formal power series g such that fg = 1. It follows from 1.
that
0=ord1l =ord fg =ord f + ord g.

Since the order of a power series is always nonnegative it follows that ord f = 0. O

Proposition 8.1.15. Let m := {f € C[[21,...,24,]] | f(0) =0} be the set of non-
units in C[[z1,...,2,]] . Then m is a maximal ideal in C{[z1,..., 2,]] . Moreover,
m is unique.

Proof. The evaluation mapping
go:Cllz1, ..., 2] = C, f+— f(0)
is a surjective algebra homomorphism with kernel ker eg = m. The quotient

Cllz1s.--y2n]] /m

is isomorphic to the image of g by the well-known isomorphy theorem from general
algebra. Since g is surjective this image is C, which is a field. Hence, m is a maximal
ideal. Let n be another maximal ideal in C [[z1, ..., z,]] . Then n contains no unit of
Cllz1,- .-, 2n]], 1-e., n C m. However, since n is maximal, it follows that n =m. O

Remark 8.1.16. A ring (algebra) with a unique maximal ideal is called a local ring
(algebra). We have thus proven that C[[z1, ..., 2z,]] is a local algebra. The same is
true for the algebra of convergent power series and the proof is identical.

Exercise 8.1.17. Show that a ring (algebra) is local if and only if its nonunits form
an ideal. Prove that this ideal of nonunits is necessarily the unique maximal ideal.

Proposition 8.1.18. The maximal ideal m is generated by z1,..., zy,.

Proof. Clearly, z1,...,2z, € m. Since m is an ideal, m also contains the ideal
(21,...,2n) generated by z1,...,2,. On the other hand every f € m has order
> 0, hence, f is divided by some z;, which proves that m C (z1,...,2,). O

A common misperception, especially for students who are just beginning to
learn algebra, is that properties of a ring (or some other algebraic structure) etc. do
not necessarily hold for a subring. We have just seen that C[[z1,. .., 2z,]] is a local
algebra. The set of polynomials C|z1,...,2,] is a subalgebra of C[[z1,...,2,]],
however, we have the following:

Example 8.1.19. C|[zy,..., z,] is not a local algebra.
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Proof. If C|z,...,2,] were a local algebra its nonunits would form an ideal in
Clz1,.-.,2s]. However, the units in C|[zy,..., z,] are precisely the nonzero con-
stant polynomials. For example, the polynomial

f=1+=

is not a unit. By the same argument as in Proposition 8.1.15 it is shown that a max-
imal ideal m in C[z1,..., z,] is the ideal generated by z1,...,z,. If C[z1,...,2,]
were a local algebra m would contain f. However, then m would also contain the
constant 1, because m contains z; and since it is an ideal it also contains the
difference

f — 21 = 1.
This implies m =C [z1, ..., z,], which is false. |

Exercise 8.1.20. Let f € C{z1,...,2,}. Show that
tim [ /]y = 17 (0)].

Exercise 8.1.21. Let R, be the complex algebra of either formal or of convergent
power series and let m be the maximal ideal in R,,. For k € Ny we define

mk:: Zflfk fjem’j:L...,ki.

finite
Prove the following statements:

1.
m* ={feR,|ordf>k}.

2. Each mF is an ideal in R,,.

3. Determine a minimal set M) of generators for m* and prove an explicit
formula for the number of elements of M.

4. Show that m is a principal ideal in R,, if and only if n = 1.

Exercise 8.1.22. Let R,,, m be defined as in the previous exercise and put
U:={m"|keNy}.
We define a set 7 of subsets of R,, by
M €T : <= Forall fe M there is some U € U, such that f+ U C M,

where f+U = {f +u|u € U}. Prove the following statements:
1. The set 7 defines a topology on R,,.
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2. The set U is a fundamental system of neighbourhoods of 0, i.e., every neigh-
bourhood of 0 € R,, contains an element of /.

3. The equation

() m* ={0}

E>0
holds.
4. The topology 7 is Hausdorff.

(T is called the m-adic or Krull topology on R,,.)

5. A sequence (fj)j>1 C R, is called a Cauchy sequence if to every U € U there
is some ng € N such that

fe — fi e Uftor all k,l > nyg.

It is called convergent with limit f € R, if to every U € U there is some
ng € N such that
f— fr €U for all k > nyg.

Show that every Cauchy sequence in (R,,7) converges, i.e., R, is complete
with respect to the Krull topology.

6. Let f € R, ord f > 0. Show that the series
)
> 1
k=0
converges with respect to the Krull topology and determine the limit.

8.2 The Weierstrass Theorems

In this and the following sections R, = C{zi,...,2,} denotes the algebra of
convergent power series. In case n = 1 it is a simple consequence of the Taylor
expansion that a holomorphic function which has a zero of order k at the origin
can locally be written in the form

f(z)=2"n(2) (8.4)

with a holomorphic function h satisfying h (0) # 0. In particular, h is a unit in
C{z}. The zero set of f near the origin thus coincides with the zero set of the
monomial z*. The generalization of this rather basic observation to dimension
n is the celebrated Weierstrass Preparation Theorem, which, together with the
Weierstrass Division Formula, is the subject of this section. These theorems and
their consequences are of fundamental importance in the local investigation of the
zero sets of holomorphic functions. We start by generalizing formula (8.4).
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Definition 8.2.1. An f € R, is called z,-general of order m if there is an h €
C{zn}, h(0) # 0 such that

F(0,...,0,2,) = 2"h(2p).

Example 8.2.2. If n =1, by (8.4), every f € Ry is z;1 - general. However, if n > 1
this need not be the case. For instance

f(z1,22) := 2122 € Ry

is neither z1- nor z;-general.

Lemma 8.2.3. Let f1,..., fr € R,\{0}. Then f1,..., fx are z,-general if and only
if their product f - - fx is z,-general.

Proof. “=":1If f1,..., fr are z,-general of order m; then

k
fl T fk (07 s 707Z7l) = Z7T1+m+mk H hj (Zn)

=1
with h; € Ry, h(0) # 0.
“<”: Let
froo fu(0,...,0,2,) = 2z h (2n)
with some h € R,,, h (0) # 0. Let 1 < j < k. Then
A S

aeNn

hence,
fj (0’ -0, Z’ﬂ) = Cg)j)o + Z 753)2,5.
E>1
If f;(0,...,0,2,) = 0 then also fi--- fx(0,...,0,2,) = 0, contradicting the z,-
generality of fi--- fx. Thus, f;(0,...,0,2,) # 0. If C(()J.-.)‘o # 0 then f; is a unit in

R, thus, z,-general of order 0. Otherwise, f; is z,-general of some order m; >
0. O

It turns out that in the Weierstrass Theorems z,-generality of some power
series is a crucial prerequisite. Therefore, the following result is important.

Proposition 8.2.4. Let hq,...,h; € R,, with hy --- hy # 0. Then there are complex
numbers ci,...,c,—1 and a shearing

defined by
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such that for all j =1,...,n,
o*hj :=hjoo

is zn-general of some order m;. In particular, since o is linearly invertible, thus
biholomorphic mapping it induces an algebra automorphism

c*: R, — Ry. (8.5)

Proof. Let g € R,, g # 0. Because of the absolute convergence we can freely
reorder terms and can thus write g as a sum of j-homogenous polynomials

9(z)=> g (2).

Jj=0
Let m := ord g.Then g; = 0 for j < m and g,, # 0. Hence, there is a vector
(wl,...,wn) S cn

such that g, (wi,...,wy,) # 0. By continuity we may without loss of generality
assume wy, # 0. Put

cj = ﬁ, =1,...,n—1

Wn,

Then
U*gj (0,...70,25”) = Gy (Clzna"wcnflznwzn)
= Z}]zgj (Clv"‘vcnflal)a
hence,
0*g(0,...,0,2z,) = 2z Zgj+m (c1yevvsen_1,1) 20 | = 2 f (20),
Jj=20

fO0) = gmnler,...,cn_1,1) #0.
In particular, this holds for g := hy - - - hy.
0" (h1-+-hp)=0"hy---c"hy

is z,-general, which is equivalent to all c*hq, ..., oc*hj being z,-general by Lemma
8.2.3. 0

Example 8.2.5. The germ defined by
f(z1,22) :=sin (2%22)
is neither z1- nor z;-general, because

f(0,22) = f(21,0) = 0.
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However, with the shearing o defined by

g (21,22) = (Zl + Z92, 22)
we have
c*f(z1,22) = sin ((zl + 22)2 22)
(-1)* k42 _2k41
= ) o ()"
|
= (2k +1)!

( 1)k 2k+1

2% +1\  epis_s
= Z(2k+ | ( ] )Z{22+ J7

k>0

hence,

o*f(0,25) = Z 2k+1l k8
k=0

_ 3
- 2 +Z 2k+1 ’
k>1

i.e., 0* f is zg-general of order 3.

Exercise 8.2.6. Let f (21, 22,23) := 212223 cos (21 + 22z3) . Determine a shearing o
such that o* f becomes zs-general of order 3.

Exercise 8.2.7. Let f € R,. Show that f is z,-general of order m if and only if
there are f € R,—1,k > 0, such that for z = (2, z,,) we have

=) ful@
k>0
and min{k € N| f;. (0) # 0} =m

Exercise 8.2.8. Prove in detail that for a shearing o the induced map ¢* from (8.5)
is an algebra automorphism.

8.2.1 The Weierstrass Division Formula

Weierstrass’ Division Formula is an analogue for the division with remainder in
Z or in the polynomial ring K[X], where K is a field. The proof of the theorem
requires the following auxiliary result.

Lemma 8.2.9. Let € R} and let

feO(P(0),f#0
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be z,-general of order m > 0. Then there is an s € R} and polydisc
P (0) € B (0)
such that for all a € C"~! satisfying |a;| < sj, j = 1,...,n — 1, the mapping
zn— f(a1,...,an-1,2n)
has m zeros in the disc B} (0).
Proof. Since f is z,-general of order m, the function
zn = [(0,...,0,2,)

has an isolated zero of order m in z, = 0. Therefore, there is some s, € ]0,7,]
such that

f(0,...,0,2,)#0
for all z,, satisfying 0 < |z,| < s,. Compactness of the circle
p:={zn €C| |zn| = sn}
implies

e:=min|f(0,...,0,2,)] > 0.
Zn€p

Let 1’ := (r1,...,7,—1). There is a compact set K C P%~'(0) with 0 € K such
that K X p is a compact subset of P (0), hence, f|xx, is uniformly continuous.
This implies that to the chosen € there is some é > 0 such that for all z € C™ with
l|z]| . < 0 we have

|f(zl,...,zn)—f(O,...70,zn)|<§.

Let a € C"~! such that |ja, < ¢ and put
D : ={z,€C|0< |z <sn},

F : D—>C,z,— f(a1,...,0n-1,%n),
G : D—Cz,— f(0,...,0,2,).

Then for all z, € p we have the inequality
|F (2n) = G (20)| < |G (2n)]-

By Rouché’s Theorem, F' and G have the same number of zeros in D. (|

For the proof of the Weierstrass Division Formula we need a simple, but useful
result from functional analysis, which is an analogue of the classical geometric
series.



140 Chapter 8. Local Properties of holomorphic functions
Lemma 8.2.10. Let (A, ||.||) be a Banach algebra with neutral element e and let
a € A be an element such that

lle —all < 1.

Then a is invertible in A and the inverse element is given by the Neumann series

a_lzz:(e—a)k.

k>0

Proof. Let sy, := Z?:o (e —a)’ and let k > . Then

n . n
lsk—sill = > (e—a)| < > fe—al®
Jj=m+1 j=m+1

Since |le —al| < 1 we see as in the case of the geometric series that (si),~, is a
Cauchy sequence in A. A is complete, thus, (si),~, has a limit s € A. If we regard

k k
spa = (e —a)’ Ze—a —(e—a))
Jj=0 Jj=0
k kt1
= Ze—a Ze—a
3=0 j=1
= e—(e—a)"?,

k+1

since lim [le —al|”"" = 0 we conclude that
k—o0

lim sp =a .
k—oo

(]

Theorem 8.2.11 (Weierstrass Division Formula). Let f € R, be z,-general of
order m and let g € R,,. Then there is a unique power series ¢ € R,, and a unique
polynomial v € R,,_1 [z,] of degree < m such that

g=qf +r.

Proof. Uniqueness: Suppose we have

g=qf+r=qf+re.

Without loss of generality we may assume that f, g1, g2, 71,72 are all holomorphic
on some polydisc P (0) . By Lemma 8.2.9 there is some s € R}, s < r (componen-
twise) such that for fixed 2’ := (21,...,2,—1) satisfying |z;| < s;,j=1,...,n—1,
the function

zn = (2, 2n)
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has m zeroes in the disc B;” (0) . Hence, the function

Zn = (1 — q2) [ (2, 20)

has m zeroes in B} (0). However, because

(1 —q2) f=r2—71 € Ryy1 [20]
is a polynomial of degree < m, ro — r; must be the zero polynomial. Since f # 0
and because R,, has no zero divisors, we conclude
q1 = q2.

Existence: If m = 0 then f is a unit in R,, and we can put

qg=gf tr:=0.

If m > 0 we write

F) =3 fe(2) 2k

k>0

with fr € R,—1,min{k € N | f; (0) # 0} = m. After multiplication with a suitable
unit we may assume that f,,, = 1. We define g, € R,,—1 by

g(z) = anzo‘

aeNn
=: Z agr () 2F
k>0
m—1
= > a2+ D g ()2,
k=0 E>m
i.e., if we put
m—1 o)
by (2) =Y gk () 2}, ag (2) ==Y grim () 2%
k=0 k=0

we have a unique decomposition

9(2) = 2ag () + by (2). (8.6)

We apply Lemma 8.1.11 to find some 7 € R" such that g, f € B (r). Consider the
linear operator

Ty:B(r) = B(r),g— agf + by
Then T} is injective, because ag, b, are uniquely determined by (8.6). With the
notation of Lemma 8.1.11 we have

gy = S gellry 7% = laglly ri + 15g1l -
k>0
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Thus,

||ng_g||(r) lag (f—ZL”)II(T>

gl 17 = 2l -

IA

We can choose 0 < ¢ < 1 and ||r||,, small enough such that
1=z llry < eri’

This implies that
1Trg — QH(T) <ellgllyy

thus, the linear operator id —T' has operator norm < 1. Applying Lemma 8.2.10
we conclude that the Neumann series

> (d-Ty)"

k>0

converges to T 1 This shows that the operator Ty is bijective, which completes
the proof. O

Remark 8.2.12. If we drop the condition that f must be z,-general, the division
formula becomes false. For instance, we regard the function f (21, 22) := 2122 and
decompose z; in two different ways:

z1 = 1'2122+(—21)22+21
= (24 1) 2122+ (—21) 22 + (—=21) 20 + 22,

thus, uniqueness is no longer given.

8.2.2 The Weierstrass Preparation Theorem

The Weierstrass Preparation Theorem is fundamental in the local study of the
zero set of a holomorphic function, because, among other things, it says that near
the origin the zero set N (f) of a function f coincides with the zero set of a so-
called Weierstrass polynomial w, which we obtain from a unique decomposition
f = ww, where u € R, is a unit. This means that N (f), together with the
natural projection C* — C"! is locally a branched covering of C"~' with m
branches. Furthermore, it can be used to obtain deeper insight into the algebraic
structure of the ring of convergent power series or, if you prefer, the ring of germs
of holomorphic functions.

Definition 8.2.13. A polynomial
w=2+am-12p "+ +ag € Rn_1 [z

which satisfies a; (0) = 0 for all j =0,...,m—11is called a Weierstrass polynomial
of degree m.
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Example 8.2.14.
w(z1,22) 1= 25 + 22 (1 —cos® z1) + 27 +expzy — 1
is a Weierstrass polynomial of degree 3 with
as (21) =0, ay (z1) = 1 —cos® 21, ag (21) = 2} +expz — 1.

Theorem 8.2.15 (Weierstrass Preparation Theorem). Let f € R, be z,-general of
order m € N. Then there are a unique Weierstrass polynomial w € Ry, _1 [z,] and
a unique unit u € R, such that

f=u-w.

Proof. We apply the Weierstrass Division Formula to the function germ defined
by
g(z1, .0 2,) =2

to obtain unique elements ¢ € R,,,r € R,_1 [2,] with degr < m such that

zZy =qf +r
We write
r(z)=r( 2, = ij (2/) 2=,
j=1

From the z,-generality of f we obtain that there is a unit h € C{z,} such that

q(0,...,0,2,) f(0,...,0,2,) = q(0,...,0,2,) 21 h(2n)
= 2" —1r(0,2,).
If we put a; := —b; forall j =1,...,m and
r(z) =) a; (),
j=1

we see that

q(0,...,0,2,) 2 h (zn) = 20"+ Y a; (0) 277
j=1

If z,, = 0 this implies a,, (0) = 0. Iterating this process m times gives that

i.e., 27" —r is a Weierstrass polynomial. Hence,

2" =q(0,...,0,2,) 21" h (2n) ,
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which for z, # 0 implies
1=¢q(0,...,0,2,) h(zn).
Since h (0) # 0 we conclude that ¢ (0) # 0, i.e., g is a unit in R,,. Now we can put
ui=q o, wi=z
which completes the proof. ([l

Remark 8.2.16. There are analogues of the Weierstrass Division Theorem and
the Weierstrass Preparation Theorem for differentiable real-valued germs. Those
analogues are known in the literature as Malgrange’s Theorems. The interested
reader may find details in [2].

Example 8.2.17. Let f (21,29) 1= 3%t (e*2 — e‘zl)3 € C{z1,22}. Then

00 3
F0) = (6”—1)3:<2Z!>

i.e., f is zo-general of order 3 and we obtain the decomposition f = uw, where

3

L (Z1+22)k
ulz ) = ,; G+ |

w(z1,22) = (214 22)° =23 4 32027 + 3232, + 25

Exercise 8.2.18. Let f be defined as in Example 8.2.17 and let g (z1,22) 1= 23.
Find the decomposition

g=qf +r

according to the Weierstrass Division Formula.

Exercise 8.2.19. Let wy,...,ws; € Ry,_1[2,] be normed polynomials. Show that
every w; is a Weierstrass polynomial if and only if their product

s
w = H wj
Jj=1

is a Weierstrass polynomial.

Exercise 8.2.20. Let f € R,, be z,-general of order 1.
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1. Deduce the Weierstrass Preparation Theorem from the Implicit Function
Theorem.

2. Vice versa, use the Weierstrass Preparation Theorem to prove the following
version of the Implicit Function Theorem: Let f € R, satisfy

F =0, 20 20

Show that there is a unique ¢ € R, _1, which satisfies
4 (0) = 0) f (Zla ¥ (zl)) =0near 0 € (Cn_l.

8.3 Algebraic properties of C{zy,...,2,}

Two well-known important theorems in the theory of polynomial rings in indeter-
minates X1, ..., X, are the following results:

Theorem 8.3.1 (Hilbert’s Basis Theorem). Let R be a commutative ring with
unit 1. Then R is Noetherian if and only if the polynomial ring R[X1,..., Xp]
1s Noetherian.

Theorem 8.3.2 (Gauss). Let R be a commutative ring with unit 1. Then R is a
factorial ring if and only if the polynomial ring R[X1, ..., X,] is factorial.

The Weierstrass Theorems can be used to obtain equivalent results for the
algebra R,, of convergent power series. Before we come to that let us stress the im-
portance of Hilbert’s Basis Theorem for the investigation of systems of polynomial
equations.

Example 8.3.3. Let F C R:=C][z,..., 2z,] be an arbitrary family of polynomials

and
N(F)= ) N()

feF

their common zero set. Then there is a finite family
F1 C R,

which has the same zero set, i.e., the eventually infinite (or even uncountable)
system of equations has a solution equivalent to the solution of a finite system of
equations. This can be seen as follows. If we put

I=INF)= (] =
FCa
a Ideal in R

then J is an ideal in R, the so-called vanishing ideal of N (F). By Hilbert’s Basis
Theorem, J is finitely generated, say, by functions fi,..., f;, € R. Hence,

N(F)=N(f1, - fm)-
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We now come back to R,.
Theorem 8.3.4. R, is a Noetherian algebra.

Proof. We use induction on n. If n = 0 then R, = C, which is a field, thus
Noetherian. Now assume that R,,_; is Noetherian and let a <« R,, be an ideal.
Let f € a, f # 0. By Proposition 8.2.4 we may assume without loss of generality
that f is z,-general of order m, because every shearing induces an automorphism
of R,. If m = 0 then f is a unit, hence, a = R,, - f = R,. If m > 0 the Weier-
strass Preparation Theorem says that there are a unit v € R,, and a Weierstrass
polynomial w € R,,_1 [z,] such that

f=uw,

ie.,
uwlf =w€anN Ry [zn] < Ru_1[2a]

R,,_1 is Noetherian by induction hypothesis, so R, _1 [z,] is Noetherian by Hil-
bert’s Basis Theorem. Hence, there are finitely many polynomials

g1,---,91 € Rnfl [zn]

which span J := aN R,,_1 [2,] . If g € a is an arbitrary element we obtain from the
Weierstrass Division Formula a unique decomposition

g=q-(u'f)+r
with r € J, hence,
ge(frg,--9) = (91,5 q1) -

This shows that
aC (g1,-.--,91) =3 Ca,

i.e., a is finitely generated. (|

It is important to notice that this is a local result, which becomes false in
the global case.

Example 8.3.5. O (C) is not Noetherian.
Proof. For k € N regard
J,:={fe€O(C) | f(m)=0forallme N,m > k}.
Then Jy, is an ideal in O (C) and we have an ascending chain
JoCTJ1CTIrC---. (8.7)
By the Weierstrass Factorization Theorem there is an f; € O (C) such that
N(fi) ={k+1|leN},

i.e.,, fr € Jr+1 \ Jx. This means that the chain (8.7) does not terminate. Hence,
O (C) is not Noetherian. O
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Lemma 8.3.6. Let w € R,,_1 [2,] be a Weierstrass polynomial. Then the following
are equivalent:

1. The polynomial w is prime in R,_1 [2,].
2. The polynomial w is prime in R,,.

Proof. We first note that an element p of a ring R is a prime element if and only
if the quotient R / (p) 18 an integral domain and that for every unit u € R, the
element g := uw is z,-general. Furthermore, w and g generate the same ideal in
R,,. Consider the inclusion

i:Rp_1l2n] — Rn

and natural projection
W:Rn—>Rn/(g).

We also have a projection
7 Ry—1[2n] = Rn-1[20] /(w) -

Put a :=mwoi and let f € R,,. The Weierstrass Division Formula gives a unique
decomposition
f=ag+r

with ¢ € R, and r € R,,_1 [2,]. Since qg € (g) we see that « is surjective. We
have g = uw, thus, w € ker o, i.e.,

(w) C kera.
Also, if h € ker « there is some b € R,, such that
h =bg =buw € (w),

i.e., ker o C (w) . Hence, by the Isomorphism Theorem from algebra, we obtain an
isomorphism

¢: Ru—1[2n] /() = Bu/(g) »

which makes the diagram
Roalzm] =5 R/
T e

Rn—l [Zn] /(w)

commutative. This shows that w is a prime element in R, _; [z] if and only if it is
prime in R,. O

Theorem 8.3.7. R, is a factorial algebra.
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Proof. We use induction on n. If n = 0 then Ry = C. Since C is a field it contains
no elements # 0, which are not units, so it is trivially a factorial ring. Now suppose
that R, _; is factorial and let f € R,. Once again, by Proposition 8.2.4, we may
assume without loss of generality that f is z,-general of some order m, because f
can be factored into prime components

f=pip
if and only if the sheared germ ¢* f can be factored into prime components
o' f=(o"p1)---(o"pr).
The Weierstrass Preparation Theorem gives a unique decomposition
f=uw

with a unit v € R,, and a Weierstrass polynomial w € R,,_; [z,] of degree m. By
induction hypothesis R,,_; is factorial, so we can use Gauss’ Theorem to see that
R,,—1 [2n] is factorial, too. Hence, w can be factored

Vs

= V]‘.-.
W= wy wye.

into a product of prime elements wy,...,ws € R,—1 [2,]. We have seen in Exercise
8.2.19 that all w; are Weierstrass polynomials, because w is one. Lemma 8.3.6
finally states that all w; are also prime in R,,. O

Remark 8.3.8. This theorem gives even deeper insight into the local structure
of the zero set of a holomorphic function near the origin. If f € R, then there
is a shearing ¢ such that o*f is z,-general and ¢*f = uw by the Weierstrass
Preparation Theorem, where the unit u has no zeroes near the origin. Furthermore,
w factors into prime components w1, ...,ws. Thus, we have near the origin

N(f) = o /(N (0" f)) =07 (N (uw))
= o (Nw)

1
9
L
-
=
€
=3
1
Q
L
-
=
©
N

Example 8.3.9. Let f € Ry be defined by
f(z1,22) == €772 =1 — 21 + 20.

Because of f(0,0) =0, f is not a unit. Taylor expansion gives

B (71 — 2 )j
f(ZhZz) = (21 - 22)2]22% ﬁ
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The series

o (2
wlenm) =2

is a unit in Ry, because u (0,0) = 3 # 0. The factor
g(z1,22) == 21 — 22

is prime in Rs, because it is a Weierstrass polynomial in z;. Hence, by Lemma
8.3.6 it is prime in Ry if and only if it is prime in Rj [21]. Since the degree of g
with respect to z; is 1, g is irreducible in Ry [21] and since R; [21] is a factorial
ring, it is also prime. Hence, we have the prime decomposition of f in Ry given by

f=u-g°

Theorem 8.3.10 (Hensel’s Lemma). Let w € R,,_1 [2,] be a normed polynomial of
degree m > 0, such that for some s € N,

S

w(0,...,0,2,) = H (20 —¢j)"™ (8.8)

j=1
with pairwise distinct complex numbers c; and mj € N, my +---+ms =m. Then
there are uniquely determined normed polynomials

Wi, ws € Rp_1 [2n]
such that the following holds:
1. The polynomial w has a factorization w = szl wj.
2. For each wj we have w; (0,...,0,2,) = (zn —¢;)™ , j=1,...,s.
3. The wj are pairwise relatively prime in Ry,_1 [zy] .

Proof. We use induction on s. If s = 1 the proposition is clear, for we can choose
w1 :=w. If s > 1 we consider

q(21y. s 2n) i=w (21, Zno1,2n + €1).

Then ¢ € R,,—1[z,] is a normed polynomial and ¢ is z,-general of order mq,

because
S

q(0,...,0,2,) = 2" H(zn +c1 —¢y)
j=2
and ¢; # c¢; for j > 1. From the Weierstrass Preparation Theorem we obtain a

unit v € R,, and a Weierstrass polynomial ¢; € R, _1 [z,] of order m; such that
q = uq; . Define

w1 (Z) L= (217"'7Z7l—172n_cl)7

W(z) ¢ =u(z1,.ey 201,20 —C1) -
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Then w = wyw', wy is normed and w’ (¢1) # 0. By construction, w’ must also be a
normed polynomial in R,_1 [z,] and it follows from w = wyw’ and (8.8) that

W (0,...,0,2,) = H(zn—cj)mj.
j=2

Now we proceed by induction to uniquely factor w’ in the same way, which proves
1. and 2. We also may assume by induction that ws,...,ws are pairwise relatively
prime. We only need to show that w; is relatively prime to all w;, 7 > 1. This,
however, is clear, because otherwise w (0,...,0,2,) and w; (0,...,0,2,) would
have a common factor, which is not the case, because all ¢; are distinct, i.e., 3.
also holds. (]

Definition 8.3.11. Let A be a local Noetherian complex algebra with maximal ideal
my, X an indeterminate over A and let

7 AIX] = (A[X] /ma ) [X]

be the canonical projection. A is called Henselian if the following holds: if f €
A[X] and

T(f)=p1-p2
is a decomposition into relatively prime normed polynomials

p1p2 € (ALX] /) [XT,

then there are polynomials fi, fo € A[X] such that f = fi1 - fo and 7 (f;) = p;,
j=1,2.

Remark 8.3.12. Consider the inclusion
1:C—A

and the projection

W:A—)A/mA.

Since m4 is a maximal ideal, .A/mA is a field, which contains 7 (C) = C as a
subfield. Because A is Noetherian

Al I7(©

is a finite field extension and because C has characteristic zero, this extension is

simple, i.e., there is some a € A/mA such that

A/mA%(C(a).
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Let p, € C[X] be the minimal polynomial of a. By the Fundamental Theorem of
Algebra, p, splits into linear factors over C, from which we conclude that a € C,

ie.,
Al =cC
Theorem 8.3.13. The algebra R,, is Henselian.
Proof. The mapping
T Ry [zn] = Clzn),w(2) —» w(0,...,0,2,)
satisfies the prerequisites of Hensel’s Lemma. O
Exercise 8.3.14. Give another proof that O (C) is not Noetherian by showing that
J:={f€0O(C) | f(k)=0 for almost all k € N}

is an ideal in O (C), which is not finitely generated.
Exercise 8.3.15. Is O (C) a factorial ring?
Exercise 8.3.16. Let p,q € N and f (21, 22) := 28 — 2.

1. Show that f is irreducible in Ry if ged (p, q) = 1.

2. Let p = q. Determine the prime factorization of f in Rs.

8.4 Hilbert’s Nullstellensatz

Let D C C be a domain, V' a nonempty open subset of D and f,g € O (D) such
that

N (flv) © N (glv) # V. (8.9)
For all ¢ € O (V) we define a divisor on V' by

divyp: V — N,z +— divp(z) := zero order of ¢ at z.
Then it is easily seen that
div gy = div ¢ + div 1. (8.10)

Let a € V and K C V be a compact neighbourhood of a. Then div f and divg
attain at most finitely many positive values on K by the Identity Theorem. From
this and from (8.9) it follows that there is some m € N such that

mdivg (z) > div f (z) for all z € V.

From (8.10) we obtain that on V the equation

0 < mdivg— div f = div (gf)
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holds, which means that the meromorphic function 2" has at most removable
singularities on V. By the Riemann Removable Singularities Theorem there is an
h € O (V) such that

hf=g™,
i.e., fly divides ¢™|y in O (V). In the words of Algebra we can say that ¢ |y lies

in the principal ideal of O (V) generated by f|y. Hilbert’s Nullstellensatz (zero
set theorem) generalizes this result to power series in n variables.

8.4.1 Germs of a set

As with germs of functions we define an equivalence relation on subsets of C™ by
the following.

Definition 8.4.1. Let X, Y CC* and a € X NY.

1. We call X and Y equivalent at a if there is an open neighbourhood U of a
such that

XNnU=YnU.

2. An equivalence class of X under this equivalence relation is called a germ of
X at a and will be denoted by

Xa-
L]
If the point a is not of importance, we simply write X for any germ of X.

3. If X,Y are set germs, we define

XAy : =(xXny),
XUy : =(XUY),
X C Vies XNY =X

4. If f €, Oy is represented by some f € O (U), where U C C" is a neighbour-
hood of the origin, we put

N (f> = N ().

5. If Xy is a germ at zero and f €, Oy, we say that f vanishes on X if

fen (i),
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L] L]
6. The germ X is called an analytic germ if there are finitely many germs fi, . ..
L]
fr €n Op such that

X = QN(fJ> — N (frye i f)°

Lemma 8.4.2. If X and Y are analytic germs, then so are X NY and X UY.

Proof. Let U,V be neighbourhoods of zero such that X and Y can be written as

X = (zeUlfh() = =fi(z)=0}",
Y = {zeV]gG)=-=g()=0}".
Then
XY ={zeUnVIfi()==fi(z)= g1(z) = =g () = 0}"
and
)'(u)'f:N({}iéj|1§¢gk,1§jgz}>. O

One of the problems when dealing with analytic sets, i.e., solutions of holo-
morphic equations, is that there is no structure on these sets that allow one to
make computations. A very common way to solve this problem is to translate
questions of analysis or of geometry into the language of Algebra. This is basically
what algebraic geometry is about, where solutions of polynomial equations are
studied by examination of associated ideals in the ring of polynomials. We copy
this idea for our purposes.

Proposition 8.4.3. Let X be an analytic germ at zero and A C Oy. We define

(%) ={icol ke (i)

and

Then the following holds:
1. The set J (X) is an ideal on Oy, called the vanishing ideal of X.

2. The set N (A) = N ((A4)) is an analytic germ.
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Proof. 1. Let },ée J (5() andi.ze Og. Then
).(CN<}) AN (3) N(J'”,Zz) CN<}’+EJ)
Sccjv(})uzv(;;) N<};3>.

This shows that ].”—i— g’y eJ (X> and ].” ;L eJ (5() ,le, J (5() is an ideal in O.

and

2. The ideal (A) generated by the elements of A can be written as

(A4) = { S Fihy

finite

since Oy is a commutative ring with 1. From Theorem 8.3.4 we know that O

is Noetherian, so there are finitely many function germs f,,..., fi € A, which

generate (A) . Hence,
N((A) =N (<f1fk)> .

j=1

N<J.“1,...,fk> cN(}>,

ie,, N((A)) C N(A). Now, forall j =1,...,k, we have {}} C A. From this we

N(4)C N ({fj}) - N <}j> ,

N(A) C ﬁN (}’j) = N((4)).

Let } € (A). Then

which implies

conclude

SO

It can be shown easily that N ((A)) does not depend on the choice of generators
of (A). The reader may carry out the details. O



8.4. Hilbert’s Nullstellensatz 155
Example 8.4.4. The vanishing ideal of the set germ defined by the origin is
J ({O}) = {f € Op | f vanishes on {O}}

{f holomorphic near 0| f (0) =0}

m,

the unique maximal ideal in Oy.

Example 8.4.5.

N (Og) = ;QON (f) =0,

because Oy contains the constants.

Exercise 8.4.6. Let X,Y be analytic germs and let a, b be ideals in Opy. Show the
following:

LIEXCY, then:i<1'/) 3 <X) .
2. It X £V, thenj()}> ;AJ(}./) .
3. If a C b, then N (b) C N (a).

4. The inclusion a C J (N (a)) holds.

Exercise 8.4.7. An analytic germ X is said to be reducible if there is a decompo-
sition

X=YUZ,
where Y, Z are analytic germs properly contained in X. If no such decomposition
exists, X is said to be irreducible.
1. Show that an analytic germ X is irreducible if and only if its vanishing ideal
J (X) is a prime ideal in Oy.
2. Is the germ X at zero defined by the set
X :={(z,w) € C* | zw = 0}

irreducible? If X is reducible, determine its irreducible components.
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8.4.2 The radical of an ideal

In the introductory example we saw that the condition (8.9) that the zero set of
some function f is contained in the zero set of a function g leads to the algebraic
statement that f divides a certain power of g, or, equivalently, that a power g™
of g lies in the ideal (f) generated by f. This observation leads us to the following
definition.

Definition 8.4.8. Let R be a commutative ring with 1 and let J be an ideal in R.
The radical of J in R is defined as

radJ := {z € R | There is some m = m, € N, such that 2™ € J}.
Example 8.4.9. Consider the ideal 4Z = (4) C Z. Then
rad (4) = {k € Z | There is some m € N, such that 4|k™} = (2) = 2Z.

Example 8.4.10. Let m C R,, be the maximal ideal. Then

radm = {f € R, | There is some m € N, such that f (0) = 0}
{f€R7t|f(0):O}
m.

Lemma 8.4.11. Let R and J be as in Definition 8.4.8. Then
1. 3 Crad7.
2. The radical rad J is an ideal in R.
3. If J is a prime ideal, then rad J = 7.

Proof. 1. This is clear, because x = z! for all x € R.
2. Let z,y € rad J. Then there are m,, m, € N such that

e y™ e 7.
Let m := my 4+ my. Since R is commutative we can apply the Binomial Theorem:

m m m -
Gty =3 (k)xy 3

k=0

If K < m, then m — k > m, and since J is an ideal this implies that
xkymfk cJ
for all k =0,...,m, hence, since J is additively closed, we have

r+yeradd.
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Now let » € R be an arbitrary element. Since x™= € J and J is an ideal we also
have
rMegMs € 3,

i.e.,, rx € radJ. Hence, rad J is an ideal in R.
3. Let J be a prime ideal and let x € radJ. Then 2™ € J for some m € N.
Assume that m > 1. Then
™ =™l e,

Since J is a prime ideal, this implies that x € J or 2™~ ! € J. If € J we are done,
otherwise we proceed by induction to see that x € J. Thus,

radJ C 7.
Together with 1. this proves 3. ]

Proposition 8.4.12. Let X be an analytic germ. Then
N (3 <X>) - X.
Proof. Let J (X) be generated by fi,..., fr. Then
N(j (x)) - N(fl,...,fk> 5 %,
X = N(g'l,...,g.l> CN(g.j) forall j=1,...,1.
Therefore, g.j eJ ().(> forall j=1,..., . If N (TJ (5()) were not contained in

ven(a())k

This would imply that Y ¢ N (53) for all j, i.e.,

).( there would be some

.&j‘Y 7é 07

which contradicts the fact that éj eJ (X) andY e N <3 <X>> . a

Remark 8.4.13. Proposition 8.4.12 gives rise to considering the following. Let X
be the set of all analytic set germs at zero and let J be the set of all ideals in Oy.
Then we have mappings

N:J—X,3~ N(J)
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and
TJ:%—>3,X»—>TJ<X>.

Proposition 8.4.12 says that the composition IV o J is the identity mapping on X.
In particular, J is injective and N is surjective. It is now a natural question to ask
what the composition JoN looks like and whether there is a one-to-one relation
between analytic germs and ideals in Oy. Hilbert’s Nullstellensatz answers this
question.

As we have seen in Example 8.4.9 it is not always true that J =rad J for an
ideal J, whereas this equation holds, for example, if J is a prime ideal. Our next
aim is to find a general way to express the radical of an ideal.

Proposition 8.4.14. Let R be a commutative ring with 1 and let x € R. Then the
following are equivalent:

1. z is nilpotent, i.e., there is some m € N such that ™ = 0.
2. z € p for all prime ideals p < R.

Proof. 1. = 2. If ™ = 0 for some m € N then
zz™ 1t ep

for all prime ideals p. Since p is prime we have x € p or ™! € p. If x € p we are
done. If ™~! € p we proceed by induction to find again that = € p for all prime
ideals p.

2. = 1. Assume that ™ # 0 for all m € N. We consider the multiplicatively
closed set

S:={a? | jeN}

and the set
G :={b|bideal in R,bNS =0}.

Then G is inductively ordered by inclusion and G # (), because (0) € G. If
b1 C byC ---

is an ascending chain of elements of GG, their union

b:=|Jb,

j=0
is an ideal, which satisfies

bnS=J(b;nS) =0,

=0
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so b € G. By Zorn’s Lemma, G has a maximal element p. We claim that p is a
prime ideal. Assume the contrary. Then there are u,v € R\ p such that

uv € P.

Denote by (ﬁ, u) the smallest ideal in R which contains p and u. Then

P& (pu) ¢ G,
because p is maximal in G. This implies that

(p,u) NS #0.
Analogously,

(p,v) NS #0D.

Then there are my, mo € N such that
2™ € (p,u) NS, 2™ € (p,v) NS.
Hence, there are o, 3,0/, 3 € R, p,p’ € p such that
™ = ap+ fu, 2™ = o'p’ + .
Since S is multiplicatively closed we have
S sx™ 2™ = afvu+ Bo'up’ + ad'pp’ + BB uv € p,

i.e., SNp # 0, which contradicts p € G. Hence, p is a prime ideal. By prerequisite
this implies that € p, but this contradicts the fact that no power of x meets p.
Hence, ™ = 0 for some m € N. O

Corollary 8.4.15. The radical radJ of an ideal T is the intersection of all prime
ideals p which contain J :
radJ = N p.

pDJ
p prime ideal CR

Proof. Apply Proposition 8.4.14 to the factor ring R/ . O
Exercise 8.4.16. Let a be an ideal in Oy.

1. Prove the equation N (a) = N (rada) .

2. Show that rada C J(N (a)).

Exercise 8.4.17. Find an example of a commutative ring R with unit element 1
and an ideal J <« R with the following two properties:

1. The equation rad J = J holds.
2. The ideal J is not a prime ideal in R.
Exercise 8.4.18. Let f € Op, f # 6 Show that there is a prime ideal p in Oy,

which contains no power of f.
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8.4.3 Hilbert’s Nullstellensatz for principal ideals

Hilbert’s Nullstellensatz in the analytic version states that
J(N (a)) =rada

for all ideals a in Oy, i.e., there is a bijective relationship between analytic germs
and radical ideals, i.e., ideals, which coincide with their radicals. In particular, this
establishes a one-to-one correspondence between irreducible germs of analytic sets
and their vanishing ideals, as was shown in Exercise 8.4.7. With the knowledge
we have gained so far, however, we are only able to prove Hilbert’s Nullstellensatz
in the case where a is a principal ideal. Those readers interested in a proof of the
general case are referred to [6], §47. We need another auxiliary result.

Lemma 8.4.19. Let f,g € R,, have greatest common divisor ged (f,g) = 1. Then
there are a shearing o, germs A\, u € R, and p € R,,_1, p # 0 such that

p=2A"(f)+po*(g).

Proof. From Proposition 8.2.4 we obtain a shearing o such that ¢* (f) and ¢* (g)
are zp-general, so by the Weierstrass Preparation Theorem we find units u, v €,, Oq
and Weierstrass polynomials P,Q € R,,_1 [z,] such that

o () = uP, 0" (g) = vQ. (8.11)
Then
1 = ged(f,9)
= ged (0" (f), 0" (9))
= ged (uP,vQ)
= ng(P,Q),

i.e., P,@Q are relatively prime in R,. Thus, they are also relatively prime in
R, —1[2n]. Let F be the quotient field of R,_;. Then there are some P/, Q',T €
F [z,] with

deg T < min {deg P,deg Q}

such that
P=PT, Q=Q'T.
If we write
deg T f (Zl > 1)
T 21, y2n) = E : e zju
( n) ZO 9j (Zlv azn—l) n
j=
we find that
deg T deg T degT

H 9; | T(2) = Z fi () 2, H gi ().
j=0
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This implies that P, @ are also relatively prime in IF [z,,] . Since F [z,,] is a principal
ideal ring we conclude that there are A, B € F [z,] such that

ged (P,Q) = 1 = AP + BQ.

We can then find a, 3 € R,_; and X', i/ € R,,_1 [2,] such that

A:%/, B:‘[“;. (8.12)
Putting
pi=af, :=Npu™, p:=pav?
we obtain from (8.11) and (8.12) that
p=Ad"(f) +po"(9),
which proves the lemma. ([l

Theorem 8.4.20 (Hilbert’s Nullstellensatz ). For all f € Oy we have

3(v(F)) =rea(F).

Proof. We identify the germ f € Oy with the Taylor series of a representantive
f € R,,. Since R,, is a factorial ring we can decompose f into prime powers

f= I g

SO

Let p; := (p;) be the principal ideal generated by p; and let
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Then for every j = 1,...,r there is some r; € R,, such that

vi Vi Vi
x 7’] p],

thus,

T T T
ol = Hx”j = Hr}’j Hp';j =rfe(f).
j=1 j=1  j=1

——

=r

It follows that .
M, Crad(f),

j=1
so what is left is a proof that J (N (p)) = (p) for an irreducible p € R,,. Fur-
thermore, we know from Proposition 8.2.4 and from the Weierstrass Preparation
Theorem that it is no loss of generality if we assume that p is an irreducible
Weierstrass polynomial. Let f € J (N (p)). We have to distinguish two cases.

Case 1: ged (p, f) = p.

This means that p divides f in R, so f € (p).

Case 2: ged (p, f) = 1.

We claim that this cannot happen. Use Lemma 8.4.19 to find a shearing o
and the mentioned A\, u € Ry, q € Ry—1 [2n], ¢ # 0, such that

q=Xo"(f)+ po* (p). (8.13)

There is some s > 0 such that all representatives from equation (8.13) are holo-
morphic on the symmetric polydisc P? (0). On P! (0) we have

c(0)=0,0"p(0,...,0,2,) = 2"
for some m € N. Lemma 8.2.9 yields that there is a polydisc

P (0) C P"(0)

P
such that for all (z1,...,2,-1) € P&_l pus) (0") the function
1 Pn—1
2n — 0" (p) (21, -+, 2n)

has exactly m zeroes in the one-dimensional disc defined by |z,| < p,,. Now we
have the result that if f € J(N (p)), then

o" (f) €I (N (o (P))),

SO
o™ (f) IN(@=(p)) = 0.
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Applying this to (8.13) we find that

Y=0forall 2/ € P! oF
q(z')=0forall 2’ (pl,...,p",l)(o)

The Identity Theorem implies ¢ = 0, which contradicts the choice of ¢. This shows
that the case ged (p, f) = 1 is impossible. O

Exercise 8.4.21. Determine generators for the vanishing ideals of the following
analytic set germs at zero:

1.
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standard inner product

norm
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ball in C™ with center a and radius r

in C™ with center a and polyradius r

in C" with center a and polyradius r

unit polytorus

set of complex m x n— matrices

group of regular n X n— matrices

group of unitary n X n— matrices

set of positively definite n X n— matrices
boundary of the topological space X

set of extremal points of X

derivative of f at a

space of holomorphic mappings f: X — Y
algebra of holomorphic functions f: D — C
projection onto the k — th coordinate

algebra of complex polynomials in n variables
algebra of formal power series

algebra of convergent power series

zero set of the family F

k— times real differentiable mappings f: X — Y
real differential of f at a

algebraic dual space of the vector space V'
complex rsp. conjugate-complex differential of f

partial derivatives of f

absolute space of D
restriction mapping
ball shell in C™ with radii 7 and R
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P"(r,R)
Aut (D)
codim, A

codim A
S2n71

AV
dw
ar(X)
Wa

con (X)
Q +iR™
Ky
disteo (X,Y)
OX
farf
Ox, Oa
Taf
ord f

m

g
o

X

2(%)
radJ
AcCcCB

Register of Symbols

polydisc shell in C™ with polyradii r and R
group of automorphisms of D

codimension of the analytic set A at the point a
codimension of the analytic set A

Euclidian unit sphere in C”

k — th outer product of the vector space V
outer derivative of the differential form w

set of holomorphic differential forms of degree p
connected component of the point a in W
convex hull of X

tubular domain with basis €2

holomorphically convex hull of K in U

distance of X and Y with respect to ||.||

set of holomorphic functions on a subset X C C"

germ of the function f at a resp. at an arbitrary point
algebra of function germs on the set X resp. at a
translate of f by a

order of a power series f

maximal ideal in R,,

shearing or permutation

germ of the set X
vanishing ideal of the germ X

radical of the ideal J
A is a relatively compact subset of B
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