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Preface

The aim of this manuscript is to provide an introduction to the theory of piecewise
differentiable functions and, specifically, piecewise differentiable equations. The
presentation is based on two basic tools for the analysis of piecewise differentiable
functions: the Bouligand derivative as the analytic approximation concept and the
theory of piecewise affine functions as the combinatorial tool for the study of the
approximation function.

The first chapter presents two sample problems which illustrate the relevance of
the study of piecewise differentiable equations. Chapter 2 then investigates piece-
wise affine functions and piecewise affine equations, followed by an introduction to
the Bouligand derivative in the third chapter. Chapter 4 is concerned with piecewise
differentiable functions and combines the results of the former chapters to develop
inverse and implicit function theorems for piecewise differentiable equations. The
final chapter presents two applications of the results to equilibrium modeling and
parametric optimization.

This booklet is a reprint of my Habilitation Thesis of 1994. Although the history
of piecewise differentiable equations can be traced back to J.H.C. Whitehead, the
theory had not been uniformly presented when I wrote my thesis. In particular,
its relation to more recent developments in nonsmooth analysis and the theory of
piecewise affine mappings had not been sufficiently integrated. The manuscript
of the thesis has remained in sufficient demand to warrant its publication in this
series. In order to make the theory accessible to a large audience, I have tried to
keep the mathematical prerequisites at a minimal level. In fact, most parts of this
booklet can be understood with a basic knowledge of mathematical analysis. The
treatment of piecewise affine functions requires some familiarity with polyhedral
theory at the level of a standard course in linear programming. I hope the text will
serve graduate and advanced undergraduate students as a gentle introduction to the
theory of piecewise smooth functions and equations in finite dimensions and equip
them with basic mathematical intuition on the combinatorial aspects of nonsmooth
analysis that will help them conquer more advanced and more recent material. I am
grateful to Steve Robinson for his encouragement to publish the manuscript in this
series.
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Chapter 1
Sample Problems for Nonsmooth Equations

To illustrate the latter idea, suppose we are interested in a vector which is known to
minimize a function f subject to equality constraints #(x) = 0, where f:R" — R
and h:IR" — R™ are twice differentiable. Instead of working with the realistic
minimization model, one may try to determine the unknown quantity by specifying
a set of necessary optimality conditions. Assuming that V/i(x) has full row rank at
every x € IR" with i(x) = 0, a necessary condition for a point x to be a minimizer
of f subject to h(x) = 0 is the existence of a vector A € R” such that the pair
(x, A) satisfies the stationary point conditions

Vf(x)+ Vh(x)'A =0,
h(x) = 0. (1.1)

Note that a reasonable set of necessary conditions should not leave us with too many
candidates for the demanded quantity. If, for instance, the conditions are formulated
as a system of linear or differentiable equations, one would like to have as many
equations as there are unknown quantities, so that chances are good to have a unique
or at least locally unique solution. This is indeed the case for the stationary point
conditions (1.1). What are the advantages of passing from the original minimization
problem to the stationary point conditions (1.1)?

Existence and uniqueness questions: The theory of differentiable equations provides
us with a variety of tools to check whether a solution exists and whether it is
unique. For instance if the C I_function F:R"— R”" is a diffeomorphism, i.e., if
it has a differentiable inverse function, then the equation F(x) = O certainly has
a unique solution. A necessary and sufficient condition for the function F to be a
diffeomorphism is the nonsingularity of the Jacobian V F(x) at every point x € R”
and the closeness of the function F, i.e., the images F(A) of closed sets A € R”
are closed. A sufficient condition is provided by Hadamard’s theorem which states
that F is a diffeomorphism if the Jacobians V F'(x) are nonsingular and there exists
a constant o € IR such that |V F(x)™!| < « for every x € R".

S. Scholtes, Introduction to Piecewise Differentiable Equations, SpringerBriefs 1
in Optimization, DOI 10.1007/978-1-4614-4340-7_1, © Stefan Scholtes 2012



2 1 Sample Problems for Nonsmooth Equations

Algorithms: We can attempt to solve the problem by applying Newton’s methods
or one of its variants to the system of equations. If this method yields a solution
(x*,1*) of the equation, then the local optimality of x* for the minimization
problem can be verified by the use of a second-order sufficiency condition like the
positive definiteness of the matrix

VZF(*) 4+ DAV h(x")

i=1
on the nullspace of the matrix VA(x*).

Sensitivity analysis: If some of the data of the original problem is uncertain or can
be controlled, then it is often reasonable to embed the problem into a parametric
family of problems, the parameters reflecting uncertain or controllable quantities.
In the case of the stationary point conditions (1.1), we thus obtain a parametric
equation F(x, y) = 0. Given a solution x* corresponding to a parameter vector y*,
the following questions naturally arise:

1. Is the solution x* corresponding to y* locally unique?

2. If so, is there still a unique solution close to x* if the parameter is slightly
perturbed?

3. If so, what are the continuity and differentiability properties of the locally defined
solution function x(y)?

4. Can we estimate the asymptotic condition number

i [x(y) —x(y)ll
imsup ———————
y—>y* ”y -y ”

of the solution function x(y) at the point y*?

In the differentiable case, these questions are all answered by the implicit function
theorem which states that the nonsingularity of the reduced Jacobian V, F(x*, y*)
implies the existence of a locally unique solution function x(y) of the equation
F(x, y) = 0 which, in addition, is continuously differentiable with

Vx(y*) = =V F(x*, y*) 7'V, F(x*, y*).

In particular, the norm of the latter matrix is the asymptotic condition number of the
function x (y) at y*.

If a problem is more complicated than the equality-constrained minimization
problem, then necessary conditions often naturally involve inequalities in addition
to the equations. However, the trivial observation that f(x) < 0 if and only if
max{ f(x), 0} = 0 shows that inequalities can be readily turned into equations if the
differentiability assumption is dropped. The aim of this book is to explain how the
above ideas can be generalized to equations which are not necessarily continuously
differentiable. We begin with a presentation of two sample problems which can be
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naturally reformulated in terms of nonsmooth equations. To illustrate the practical
relevance of the sample problems, we first introduce a practical application, the
mathematical formulation of which leads to the general problem.

1.1 Complementarity Problems

1.1.1 Egquilibria of Dynamical Systems

The theory of dynamical systems is to a large extent concerned with the analysis
of equilibrium states. We will not go into the details of this theory but instead use
as a working definition for a dynamical system a tuple (X, 7'), where X denotes
a set of admissible states of the system, called the state space, while T is a set-
valued transition mapping which assigns to a given state x € X aset T(x) € X
of admissible subsequent states. If the system is in state x, we assume that there
is an incentive for the system to move from state x to some state y € T (x). We
neither assume knowledge about the time when the change occurs nor about the
actual choice of the state y € T'(x). The system is said to be in an equilibrium state
if there is no incentive to change the state, i.e., x € X is an equilibrium state of the
system (X, T) if T(x) = 0.

An elementary physical illustration of a dynamical system is a particle moving
in space and being driven by a vector field f :IR?> — IR?. The position x(¢) of the
particle at time ¢ changes according to the differential equation

d

X
e f(x).

In our terminology, X = IR is the state space of the system, while the transition
mapping 7" may be defined by

T(x)={y e R’|f(x)Ty > f(x)"x}.

The equilibrium condition 7(x) = @ corresponds to the well-known condition
f(x) = 0. If the particle is bound to a convex subset X of R?, then the transition
mapping T is naturally defined by

T(x)={yeX|f()y> f(x)x},
and the equilibrium condition 7'(x) = ¢ is equivalent to the variational inequality
f@) x> f(x)Ty foreveryy € X. (1.2)

Beside the classical physical interpretations, there are interesting economical
situations which can be put into the framework of a dynamical systems. Consider for
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instance a closed market with n firms, each firm producing a single product. Suppose
¢; 1s the unit production cost of firm i, while p; is the price per unit of the commodity
produced by firm i. The production costs may depend on the output x; of the
ith firm, i.e., ¢; = c¢;(x;), while, due to substitution effects, the price p; of the
commodity produced by the ith firm may also depend on the outputs of all other
firms, i.e., p; = pi(x1,...,Xx,). Defining the function d; (x) = p;(x) — ¢;(x;), the
total profit of the ith firm is given by d; (x)x;. The aim of each firm manager is to
maximize total profits. Observing a vector of joint outputs x = (x,...,x,), the
firm managers may increase or decrease the output of their firms. We assume that
the manager of the ith firm knows the cost function ¢; and that he has an idea how
the price p; changes if he changes the output of his firm, provided the outputs of all
other firms remain constant. The manager of the i th firm will increase the output of
his firm by some amount A > 0 if

di(x + Aej)(x; + A) = d;(x)x;,
where e; denotes the i th unit vector in R”. The latter inequality holds if and only if

di(x + A@i) — d,-(x)x
A

i > —d;i(x + Ae;).

Letting A tend to zero and assuming the differentiability of the function d; we thus
see that a small increase of the variable x; results in an increase in total profits as
long as

ad

x4+ di(x) > 0.
axi

Similarly a small decrease of the variable x; yields an increase in total profits if
ad;
—(x)x; + dj(x) < 0.
axi

So we may think of the system as being driven by the vector field F:R" — IR”

defined by
0

Fi(x) = a—jl:(x)xi +di(x),i =1,...,n,

The set of admissible states is the nonnegative orthant X = R” .. As before, we use
the transition mapping

T(x) ={y € X|F(x)"y > F(x)"x},

and thus a state x € IR" is an equilibrium state if it satisfies the variational
inequality

F(x)Tx > F(x)Ty forevery y € R" ;.. (1.3)
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It is not difficult to check that this is the case if and only if

x>0,
F(x) <0,
F(x)"x =0. (1.4)

An economic interpretation of the latter conditions is straightforward. In fact, in
an equilibrium situation we observe that either the manager of the ith firm has no
incentive to change the output x;, or the ith firm is out of business and there is no
incentive to start the production again. In the first situation we thus have x; > 0 and
Fi(x) = g—ij(x)x,- + d;(x) = 0, while the second situation corresponds to x; = 0
and F;(x) = g—ij(x)xi + d;(x) < 0. The latter situation occurs if the price p;(x)
of the i th product at the current overall production level x does not exceed the unit
production cost ¢; (0) of the ith firm at the zero production level.

1.1.2 Nonlinear Complementarity Problems

Problem (1.4) is directly transformed into the nonlinear complementarity problem
corresponding to a function f:IR” — IR" which is the problem of finding a vector
x € IR" such that

x>0,
f(x) =0,
fx)Tx=0. (1.5)

The nonlinear complementarity problem can be easily transformed into a nonsmooth
equation. In fact, x € R” is a solution of (1.5) if and only if

min{ f; (x),x;} =0,i =1,...,n.

We will see later on that a slightly more complicated formulation has some advan-
tages. This formulation is obtained by introducing an artificial variable z = f(x).
One readily verifies that x solves (1.5) if and only if there exists a vector z € IR”
such that

f(x)—z 0
min{xl,zl} 0
H(x,z) = : =

min{x,, z, } 0
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The advantage of the latter formulation will become apparent only later in the text
in connection with strongly B-differentiable functions. In fact, if f is continuously
differentiable, then the function H is strongly B-differentiable, while the function
min{ f; (x), x; } might not have this property.

1.1.3 Comments and References

For an introduction to the variational inequality problem and its relation to
dynamical systems we refer to the recent article [15] of Dupuis and Nagurney.
Complementarity theory has been initiated by Lemke and Howson in their article
[43] which deals with equilibria of bimatrix games. Starting with the latter
application in game theory, complementarity formulations have been used to model
a variety of equilibrium situations in economics and engineering. There is still a
vivid research activity in the field. For a collection of recent results we refer the
interested reader to the publications [10, 11], in particular, to the survey article [25]
of Harker and Pang. For a recent contribution dealing with the relation between
nonlinear complementarity theory and nonlinear programming we refer to the paper
[46] of Mangasarian and Solodov and the references herein.

1.2 Stationary Solutions of Parametric Programs

1.2.1 Multiobjective Optimization

An important problem of the engineering and management sciences is the deter-
mination of an optimal decision out of a whole set of feasible decisions. The
decision-finding process can often be supported by the use of a mathematical model.
Assuming that the different decisions can be identified with finite-dimensional
vectors, such a model may be specified by a collection of constraint functions
which determine the set of feasible decisions and a set of objective functions which
reflect the decision maker’s preferences. The aim is to find a feasible decision
which simultaneously minimizes the objective functions. Such problems belong
to the realm of multiobjective optimization, a discipline which studies various
specifications of the term “simultaneous minimization.” The most natural solution
concept is that of a Pareto-optimal decision which is a feasible decision with
the property that there is no other decision which increases at least one of the
objectives without decreasing any of the other objectives. Being theoretically very
appealing, most solution concepts for multiobjective optimization problems share a
severe practical drawback: They do not determine a unique solution for the decision
problems, so that the decision maker needs to select his “optimal” decision from a
whole set of generated solutions. In particular, it is usually not possible to provide
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the whole solution set, let alone the problem of representing it in a way which
allows the decision maker to find the “optimal” decision. In an approach to solve
this problem, one may focus attention on a reasonably large subset of “optimal”
solutions and trace this subset with the aid of finitely many parameters. The hope
is that the decision maker can identify his optimal parameters in an interactive
process. The most natural parameters for multiobjective optimization problems are
weights for the objective functions. Depending on such weights, one transforms the
multiobjective optimization problem into a parametric mathematical program by
minimizing the sum of the weighted objectives over the set of feasible decisions.
Such mathematical programs are more likely to have unique optimal solutions. One
easily verifies that every solution of a mathematical program corresponding to a
strictly positive weight vector is a Pareto-optimal solution of the multiobjective
optimization problem. The iterative procedure to determine the decision maker’s
“optimal” decision is the following. Starting with an arbitrary weight vector, one
calculates the corresponding solution of the parametric program and suggests it to
the decision maker. The decision maker may either accept the solution or, if he is
unhappy with the value of one or another of the objectives, he may increase the
corresponding weights in the hope to obtain a better decision. To decide whether
the suggested solution is acceptable, the decision maker may ask for

e A local approximation of the set of Pareto-optimal solutions

If the decision maker is unhappy with the value of a specific objective, then he may
want to increase the weight of this objective. To control the changes of the other
objectives, he may thus be interested in

* The change of the value of the objectives if the weight vector is changed

In order to get an idea how the questions of the decision maker can be answered,
we formalize the above approach. We suppose that M C R” is the set of feasible
decisions, and that the function f = (fi,..., f,) :IR"” — R’ reflects the different
objectives fi, ..., f, of the decision maker. Instead of considering Pareto-optimal
solutions we confine ourselves to the subset of all solutions of the parametric
optimization problem

min { f(x)" y|x € M}, (1.6)

corresponding to strictly positive weight parameters y € IR?,i.e., we focus attention
to the set

P
W = zEMlzzmgminxer(x)Ty,y,->O,Zy,-=1 . (1.7)

i=1

Let x* be a unique optimal solution of problem (1.6) corresponding to the parameter
vector y*. Suppose for the moment that we are able to formulate problem (1.6) as
the solution of an equation F(x, y) = 0 and that the function F : R" x R? — R”
is continuously differentiable at the point (x*, y*). In this case, we can apply the
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implicit function theorem to answer both questions of the decision maker. In fact,
if the assumptions of the latter theorem are satisfied, i.e., if the reduced Jacobian
V. F(x*, y*) is nonsingular, then there exist open neighborhoods U of x* and V' of
y* such that for every y € V the equation F(x, y) = 0 has a unique solution x(y)
in U. Moreover, the solution function x (y) is a continuously differentiable in V' and
its Jacobian at the point y* is given by

Vx(y*) = =V, F(x*, y*)_IVyF(x*, ).

In particular, the set

p
W/ (x*) = {x (") + VX (") =yl > 0. "y =1

i=1

is a local approximation of the set W defined in (1.7) at the point x*. If the decision
maker is unhappy with the value of the objective f;, he may be interested in the
quantity
ox
Vfi(X*(y*))TT(y*)
1
which approximates the change of f; corresponding to a unit increase of the weight

y;. More generally, the decision maker may provide a change vector for the weights,
i.e., a vector v € R?, the components of which sum up to zero, and be interested in

VAEEGMV (v,

a quantity which approximates the change f;(y + v) — fi(») of the objective f;
corresponding to small vectors v.

In the sequel we introduce a formulation of the stationary point conditions for
parametric programs as a parametric nonsmooth equation which will eventually
allow us to answer the questions of the decision maker analogously to the latter
approach for differentiable equations.

1.2.2 The Kojima Mapping

Let us first briefly recall some basic notions and results from mathematical
programming. We consider the parametric nonlinear program

P(y) min o 1/ (%, p)lg(x, ») = 0,h(x, y) = 0},

where the functions f:R" xR” — R, g:R" x R? — R/, and #:IR" x R? — R™
are twice differentiable. Suppose for the moment that the parameter y is fixed.
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A general scheme for the development of necessary optimality conditions for a
vector x to be a solution of a nonlinear problem is to replace the problem functions
by their first-order approximations at the point x and to find conditions which ensure
that x is the solution of the resulting linear problem whenever x is the solution of
the original nonlinear problem. In the case of the mathematical program (P (y)) the
vector x is a solution of this approximated problem if and only if the origin is a
solution of the linear program

LP(x,y) mﬁ Ve f(x, v Vieg(x, y)v < —g(x, y),

v

Vih(x,y)v = 0}. (1.8)

Duality theory for linear programming shows that this is true if and only if there
exist vectors A € R, and y € IR” such that

Vi f(x,y) + Vig(x, y)A + Vih(x, y)u = 0,
g(x,y) =0,
h(x,y) =0,
A >0,
glx,y)"x=0. (1.9)

The latter conditions are well known as the stationary point conditions or Karush-
Kuhn-Tucker conditions for nonlinear programs, i.e., a point x € R”" is called a
stationary point of (P(y)) if and only if there exist multiplier vectors A € R/, 1 €
R™, such that (x, A, i, y) satisfy the conditions (1.9). Conditions which ensure that
a local minimizer is indeed a stationary point of the problem are called constraint
qualifications. For a treatment of such conditions we refer to the standard literature
on nonlinear programming.

There are various formulations of the stationary point conditions (1.9) as a system
of nonsmooth equation. We follow an approach of M. Kojima, who introduced a
mapping F:R” x R'*" x R? — R" x R'™" defined by

/ m
Ve f(e.y) + ) max{vi, 0}Vegi (x.¥) + Y vy Vihj(x, y)

i=1 j=1
—gi(x,y) + min{v;, 0}

F(x,v,y) = :
—gi(x,y) + min{y;, 0}
hi(x,y)

hm(x,y)
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One readily verifies that there exist vectors A € RR' and u € IR” such that
(x, A, 1, y) satisfies the stationary point conditions (1.9) if and only if there exists a
vector v € IR'* such that

F(x,v,y) =0. (1.10)

We call the mapping F the Kojima mapping corresponding to the parametric
program (P (y)). Equation (1.10) thus yields a reformulation of the stationary point
conditions for the parametric program (P (y)) as a nonsmooth equation.

1.2.3 Comments and References

Many specialists in nonlinear programming have published excellent textbooks
on the subject. We confine ourselves to a reference to the classical text [19] of
Fletcher, and to Mangasarian’s book [45] which contains an extensive treatment
of constraint qualifications for nonlinear programs. The Kojima mapping was
introduced by Kojima in [31] to investigate sensitivity and stability questions for
nonlinear programs.

1.3 Appendix: Differentiability Versus Nondifferentiability

It is well known that every closed subset of R” is the solution set of a C *°-equation.
Hence every problem with a closed solution set can, in principle, be formulated as
the solution of a C*°-equation. However, the bare formulation as a differentiable
equation does not provide any benefits. To see this, let us take a closer look at a
differentiable equation which reformulates the stationary point conditions (1.10)
of the parametric program (P(y)) introduced in the latter section. Consider the
function G :IR” x R'*" x R? — R" x R'*" defined by

i m

Vef(r.y) + Y max{0,e}V.gi (x.y) + Y it Vihj(x.y)

i=1 j=1
—g1(x,y) + min{0, otf}

G(x,a,y) = :
—gi(x, y) + min{0, o}
—hi(x,y)

_hm(xv y)
(1.11)
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Clearly G is continuously differentiable. Setting o; = 3/v; fori = 1,...,/ and
aj =vjforj =1+1,...,1 + m, one readily verifies that the vector (x, v, y)
is a zero of the Kojima mapping F if and only if the vector (x, «, y) satisfies the
equation

G(x,a,y) =0. (1.12)

The reduced Jacobian V(, 4)G(x,a,y) has an (n + [ + m) x (n + [ + m) block
structure of the form
A B
-DTE O],
—-CT 00

where

1 m
A=V () + ) max{0,0)}Vigi(x,y) + > ey ;Veh(x. y),

i=1 j=1

B = (o max{0, 301}V, g1 (x, y).... 0y max{0, 3} V. g1 (x, y)).

C = V,h(x,y),
D =V,g(x,y),

and E is an/ x [ diagonal matrix with the diagonal entries
o) min{0, 3a}, ..., min{0, 3a;}.

It is not difficult to verify that this matrix is nonsingular if and only if the following
conditions are satisfied:

1. None of the multipliers ¢; vanishes.

2. The set of all active gradient vectors consisting of the gradients V, g; (x, y) with
gi(x,y) = 0 together with the gradients VA, (x,y), j = 1,...,m, constitute a
linearly independent set of vectors.

3. The matrix V7 AV is nonsingular, where the columns of V form a basis of
the orthogonal complement of the linear subspace spanned by the set of active
gradient vectors.

Note that the first requirement already implies that the Kojima mapping is differ-
entiable at the point (x, v, y), where v; = a? fori =1,...,[, and v; = «a; for
j =1+ 1,...,m. So nothing is really won in passing from the nondifferentiable
equation (1.10) to the differentiable equation (1.12). The main disadvantage of
the differentiable equation (1.12) is the fact that it does not account for the
inherent nonsmooth structure of the problem. This inherent nonsmoothness is easily
visualized by considering the elementary example

: 2 2
min{—y;x; — y2X2[x1 > 0,x > x1,x7 + x5 < 1}.



12 1 Sample Problems for Nonsmooth Equations
Clearly for positive weights y = (1, y2), the solution is given by

ﬁ()’l,yz) if y > y1 >0,

X =
RA (R S S

Although the solution is unique for every positive weight vector y, the function
x(y) is not differentiable if y; = y,. Hence the assumptions of the implicit function
theorem cannot be satisfied at these points independently of the formulation of the
problem as a differentiable equation. However, the latter points are distinguished
by the drastic change of the solution set and thus a local analysis of the function
x(y) at these points would reveal valuable information about the behavior of the
solution function. It turns out that it is indeed possible to gather information about
the behavior of the solution function at such points if the problem is reformulated
as a nonsmooth equation with the aid of the Kojima mapping. However, such
information can only be obtained at the cost of a more sophisticated analysis
since the classical implicit function theorem will not work. A presentation of the
necessary mathematical background is the main subject of this book.



Chapter 2
Piecewise Affine Functions

2.1 Elements from Polyhedral Theory

We begin this chapter with a review of some results from polyhedral theory,
a subject which provides us with the necessary combinatorial tools for the analysis
of piecewise affine functions. It is way beyond the scope of this section to serve as an
introduction to the beautiful and rich field of polyhedral combinatorics. Instead we
have confined ourselves to the mere presentation of some notions and results which
we need in the subsequent sections of this chapter. We have not included proofs of
results which are well accessible in standard textbooks.

2.1.1 Convex Sets and Convex Cones

Before we introduce polyhedral sets, we present some general notions and results
from convex analysis. For a set S € IR” we define

m
linS = {Zkisi|m eN,s; € S, A; E]R} ,
i=1
m m
affS = {ZA,‘SHWZ S N,S,’ S S,Ai E]R,ZA.,’ = 1} s
i=1 i=1
m m
convS = {Zkisi|m eIN,s; € S, A; E]R+,Z)ki = l§ ,
i=1 i=1
m
coneS {ZA,‘S,‘VHEIN,S,’ ES,A,‘ E]R+} s (21)
i=1
S. Scholtes, Introduction to Piecewise Differentiable Equations, SpringerBriefs 13

in Optimization, DOI 10.1007/978-1-4614-4340-7_2, © Stefan Scholtes 2012
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The sets 1inS, affS, and convS are called the linear, affine, and convex hull of S,
respectively, while the set coneS is called the cone generated by S. A set S € R”" is
called convex if convS = S. In particular, linS, affS, and coneS are convex sets for
every S € IR". A set S C R” is called a convex cone if coneS = S. In particular,
the linear hull of a set S is a convex cone. A convex cone C is called pointed if it
does not contain a nontrivial linear subspace, i.e., if lin{x} € C implies x = 0 for
every x € IR”. We define the dimension of a convex set S to be the dimension of the
affine subspace affS. A point x € S is called a relative interior point of S if there
exists a number & > 0 such that every point y € affS with ||y — x| < ¢ is contained
in S. The set of all relative interior points of S, denoted by relintS, is called the
relative interior of S.

There are two important set-valued mappings which relate a closed convex set
S € R” to the dual space of all linear functionals on IR”. The first mapping N is
defined by

{y e R'[yTx = yTz foreveryz € S} ifx €S,

N =
s(*) ] otherwise.

2.2)

It assigns to every point x € S the set of all linear functions which achieve their
maximum over S at the point x. The set Ng(x) is called the normal cone of S at
x € S. We recall some of its properties:

1. The normal cone of a convex set S at x € S is a closed convex cone.

2. The normal cone is a local concept, i.e., if S and S are convex subsets of R" and
U is a neighborhood of x € IR” such that SNU = S NU, then Ng(x) = Ng(x).

3. If the set S is a closed convex cone S, then Ng(x) € Ng(0) for every x € S and
the relation Ny (0)(0) = S holds.

The second mapping Fs assigns to each linear functional in IR” the set of all
maximizers x € S of the linear functional over S, i.e.,

Fs(y)={x € S|yT"x > yTz foreveryz € S} . (2.3)

The set Fs(y) is called the max-face of the closed convex set S corresponding to
the vector y € R”. The max-faces of S have the following properties:

1. Every nonempty max-face Fg(y) is convex, since it is the intersection of S with
the hyperplane {x € IR"|y” x = max,cs y'z}.

2. The nonempty intersection of two max-faces Fs(y) and Fs(z) is again a max-
face of S. In fact, if Fs(y) N Fs(z) # @, then Fs(y) N Fs(z) = Fs(y + 2):
IfX € Fs(y)NFs(z)andx € Sthen y'% > yTxandz"% > z' x and therefore
(y +2) T > (y +2)Tx. Hence & € Fs(y + z). To see the converse, suppose
X € Fs(y +z2)and x & Fs(y) N Fs(z). Since Fs(y) N Fs(z) # O there exists
¥ e Swithy'™ > yTfandz'x > z' % and as £ ¢ Fs(y) N Fs(z) one of
the two inequalities holds strictly and therefore (y +z)TX > (y + z) " &. This
contradicts X € Fg(y + z).
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3. The inclusion x € Fs(y) holds if and only y € Ng(x). This is an immediate
consequence of the definition of both mappings.

A subset X of a convex set S is called an extremal set of S if whenever a point
x € X is contained in a line segment joining two points v, w € S, then both points
are contained in X . If the singleton {x} is an extremal set of a convex set S, then x
is called an extremal point of S. If x # 0 and cone{x} is an extremal set of a convex
cone S, then cone{x} is called an extremal ray of S. The vector x is called a unit
generator of the extremal ray cone{x} if || x| = 1.

The following results are well known from convex analysis.

Proposition 2.1.1. /. If S € R" is a compact set, then convS is compact.
2. A convex compact set S C R" is the convex hull of its extremal points.
3. A closed pointed convex cone is generated by its extremal rays.

2.1.2 Polyhedral Sets and Polyhedral Cones

The decisive property of convex sets is the separation property which states that
for every z € IR” which does not belong to the convex set S C IR" there exists a
vector y € IR” such that yTz > yTx for every x € S, i.e., S is contained in a
halfspace which does not contain x as an interior point. In fact, every closed convex
set § € IR" is the intersection of all halfspaces containing S, i.e., every closed
convex set is the solution set of a possibly infinite system of linear inequalities. To
avoid the difficulties caused by an infinite number of inequalities, one has introduced
the concept of a polyhedron as the nonempty solution set of a finite system of linear
inequalities. Thus a nonempty set P € R" is called a polyhedron if there exists an
m x n-matrix A and an m-vector b such that P = {x € R"|Ax < b}. A compact
polyhedron is called a polytope. The solution set of a homogeneous system of linear
inequalities is called a polyhedral cone. A polyhedral cone is thus representable as

C = {x e R"|Ax <0}, (2.4)

where A is an m x n-matrix. Clearly a polyhedron is a closed convex set,
while a polyhedral cone is a closed convex cone. The following important result
characterizes polyhedral cones.

Theorem 2.1.1 (Farkas—Minkowski—-Weyl Theorem). A set C < R” is a
polyhedral cone if and only if there exists an | X n-matrix B such that

C={xeR'|x=B"A1eR}. 2.5)
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In other words, a convex cone C is polyhedral if and only if it is generated by a finite
set {by,...,b;} € R". If C is pointed, then we may use the unit generators of its
extremal rays as the vectors by, . .., b;. The representations (2.4) and (2.5) are called
the primal and dual representation of C, respectively. If x € C and C is given in
dual form (2.5), then a vector A € R’} such that x = BT X is called a multiplier
vector corresponding to x.

Applying the Farkas—Minkowski—Weyl Theorem to the set cone{(x, 1)|x € P}
C R"*!, one can show that P € R” is a polytope if and only if it is the convex hull
of a finite point set. In particular a polytope has only a finite number of extremal
points.

Note that the pointwise addition of two nonempty sets A, B € R” is defined
by A+ B = {a + bla € A,b € B}. An important result in polyhedral theory is
the decomposability of a polyhedron into the sum of a linear subspace, a pointed
polyhedral cone, and a compact polyhedron.

Theorem 2.1.2 (Decomposition theorem). If P C R” is a polyhedron, then there
exists a unique linear subspace L C IR”, a unique pointed polyhedral cone C CL™*,
and a compact polyhedron Q C L* such that P = L + C + Q. The set C + Q
necessarily coincides with P N L.

If P ={x € R"|Ax < b}, then L = {x € R"|Ax = 0}. The linear subspace
L is called the lineality space of P, while the cone L + C is called the recession
cone of P. The recession cone of a polyhedron P = {x € IR"|Ax < b} is the set
L + C = {x € R"|Ax < 0}. The polyhedron P is called pointed if its lineality
space vanishes, or, equivalently, if its recession cone is pointed. If P is a cone, then
we may choose Q = {0} in the decomposition. Hence every polyhedral cone can
be uniquely decomposed as the sum of its lineality space and a pointed polyhedral
cone which is contained in the orthogonal complement of the lineality space.

The normal cones of polyhedral cones at the origin are characterized by the
following useful lemma.

Lemma 2.1.1 (Farkas’ Lemma). IfC = {x e R"[a] x <0,i =1,...,m}, then
the normal cone of C at the origin is given by N¢ (0) = cone{a;|i = 1,...,m}.

In view of the Farkas—Minkowski—Weyl theorem, the latter lemma shows that the
normal cone N¢(0) of a polyhedral cone C is a polyhedral cone as well. It can be
used to describe the normal cone of a polyhedron.

Proposition2.1.2. If P = {x e R"[a/x <b;,i =1,....,m} and x € P, then
the normal cone of P at x is given by Np(x) = conef{a;|i € {1,...,m},al x = b;}.

A proof of the latter proposition is easily carried out with the aid of Farkas’ Lemma
using the fact that the normal cone is a local concept and that the polyhedron
P coincides in a neighborhood of x with the polyhedron P(x) = {x} + { y €
R'|a]y <0,i € {jla] x = b;}}.
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2.1.3 The Face Lattice of a Polyhedron

The collection of all max-faces of a polyhedron P together with the empty set is
called the face lattice of P, its elements are called the faces of P. The term face
lattice is justified by the property that the nonempty intersection of two max-faces of
P is again a max-face of P and thus there is a unique minimal max-face containing
two fixed max-faces of P. A nonempty face of P which does not coincide with
P is called a proper face. The extremal points of a polyhedron P are the faces
of dimension zero, while the extremal rays of a polyhedral cone are the faces of
dimension 1.

To represent the nonempty faces of a polyhedron P = {x € R"|Ax < b}, we
define for an m x n-matrix A with row vectors ay, ..., a,, and a vector b € IR” the
collection of index sets

J(A,b) = {I C {1, ...,m}|there exists a vector x € IR” with

a,-Tx:bi,iEI,a]Tx<bj,jE{l,...,m}\l}. (2.6)
and for every index set / C {1,...,m} the polyhedron
Fy = {x eR'a/x =bielalx<b.je {1,...,m}\1}. 2.7

Proposition 2.1.3. If P = {x € R"|Ax < b}, then

1. A subset F C P is a max-face of P if and only if there exists an index set
1 € 7(A,b) such that F = Fj,

2. Any two faces F;, F; corresponding to distinct index sets 1,J € % (A,b) are
distinct,

3. If I € Z(A,D), then the relative interior of the face Fy is the set G; = {x €
R"|jal' x = b;,i € I,ajrx <bj,je{l,....m\I},

4. I NJ e F(A,Db) forany two index sets I, J € (A, D).

Proof. 1. The first part is an elementary exercise. In fact, if, on the one hand, I €
(A, b), then the set F; coincides with the max-face Fp(}_;c; a;). If, on the
other hand, Fp(y) is a max-face of P, then Fp(y) = F;, where I is the maximal
subset of {1, ..., m} with the property that al x = b; for every i € I and every
x € Fp(y).

2. Let I,J € #(A,b) be distinct index sets. Interchanging the role of / and J if
necessary, we may assume without loss of generality that there exists an index
i € I withi & J. Since J € F(A,b), there exists a vector x € F; with
a,.Tx < b;. Thus x ¢ F; which shows that F; # Fj.
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3. Recall that x € P is arelative interior point of P if there exists a positive number
e such that y € P whenever y € aff P and ||y — x|| < &. One readily verifies that

aff F; = {x e R"|a] x = b;,i € I} (2.8)

for every I € #(A,b). If, on the one hand, x € F;\Gy, then ajrx = b; for
some j & I.Since G; # @, we may choose a vector y € Gy. In particular,
ajry —b; < 0.Defining z(¢) = x +¢(y — x), we first conclude that z(¢) € affF;
for every t € R. However, if 1 < 0, then alz = b; + t(a]y — b;) > b;
and thus z(t) & P. This shows that x is not a relative interior point of F;. The
reverse statement that every point of G; is a relative interior point of Fy is a
trivial consequence of (2.8).
4. If v,w € R" are vectors satisfying

alv=biielalv<bikell,....m\I,

ajrw:bj,j € J,a,Tw<b1,l ef{l,...,m}\J,

vt+w
2

then the vector satisfies

a,.TVJ;W = b eIﬂJ,akTHTW <bok el .m\UINJ):
hence I N J € Z(A,D). |

Since F; C Fy if and only if I © J, statement 1 of the latter proposition
shows that the face lattice of P = {x € R"|Ax < b} and the lattice .7 (A, b) are
isomorphic if the ordering relation is suitably defined.

The following result is concerned with the faces of the sum of two polyhedra.

Lemma 2.1.2. If Q, R C R” are polyhedrawith P = Q + R, then every nonempty
face of P is uniquely decomposable as the sum of a face of Q and a face of R.

Proof. The proof is a consequence of the fact that

Fpio(y) = Fp(y) + Fo(y).

To see this, note that

yT'x = maxyTp
pEP

=maxy’q+y'r
4<€Q
rer

= max qu + max yTr,
q€0 re€Rr
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and hence if x € P isrepresented as x = v+ w forsomev € O, w € R, thenx isa
maximizer of the linear function y” p over the polyhedron P if and only if v and w
are maximizers of the same function over the polyhedra Q and R, respectively. This
shows that the face of P corresponding to the maximizers of y7 p is the sum of the
faces of Q and R corresponding to the maximizers of the same linear function. [

As an immediate consequence of the decomposition theorem and the latter
lemma, we obtain the following corollary.

Corollary 2.1.1. The lineality space of a face of a polyhedron coincides with the
lineality space of the polyhedron.

2.1.4 Comments and References

For comprehensive treatments of polyhedral theory we refer the interested reader to
Griinbaum’s monograph [22] and to the recent book of Ziegler [82]. A comprised
account with an emphasis on linear programming applications can be found in
Schrijver’s text [73]. The standard reference for the more general results from
convex analysis is Rockafellar’s monograph [67].

The statements of Proposition 2.1.1 are stated as Theorem 17.2 and Theorem 18.5
in [67], while the Farkas—Minkowski—Weyl Theorem, the Decomposition Theorem,
and Farkas’ Lemma are proved as Corollaries 7.1a, 7.1b, and 7.1d, respectively,
in [73].

2.2 Basic Notions and Properties

We proceed by setting the basic notions for the analysis of piecewise affine function.
We start with a precise definition. A continuous function f:R” — R™ is called
piecewise affine if there exists a finite set of affine functions f;(x) = A'x + b,
i = 1,...,k, such that the inclusion f(x) € {fi(x),..., fx(x)} holds for every
x € IR". The affine functions f;(x) = A'x + b',i = 1,...,k, are called selection
functions, the set of pairs (4°,b"), i = 1,...,k, is called a collection of matrix-
vector pairs corresponding to f. The function f is called piecewise linear if there
exists a corresponding set of linear selection functions.

Similar as in the affine case, the superposition (f o g)(x) = f(g(x)) of two
piecewise affine functions f :IR” — IR” and g : R¥ — IR” is again piecewise affine.
In fact, the set of all possible superpositions of selection functions corresponding to
f and g, respectively, forms a collection of selection functions for f o g. It is easily
checked that a continuous function f:IR" — R™ is piecewise affine if and only if
all real-valued coordinate functions fi, ..., fn:IR" — R are piecewise affine. The
following result provides a useful characterization of piecewise linear functions.
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Proposition 2.2.1. A piecewise affine function f is piecewise linear if and only
if it is positively homogeneous, i.e., f(ax) = of(x), for every nonnegative real
number a.

Proof. Let f:R"— IR™ be a positively homogeneous piecewise affine function
with matrix-vector pairs (4°,b"),i = 1,...,k. If k = 1, then the claim is trivial.
So suppose that k > 2 and that b¥ # 0. We will show that for every x € IR” with
f(x) = A¥x + b* there exists an index i # k such that f(x) = A’x + b. In fact,
since f is positively homogeneous, the identity f(x) = A¥x + b¥ implies that

flax) = af(x) = adfx + ab® # Afax + b*

for every positive number @ # 1. Hence f(ax) = Afax + b* if and only if
a = 1 and thus the continuity of f shows that there exists another matrix—vector
pair (A7, ") such that f(x) = A’x+b'. Hence the matrix-vector pairs (4", b'),i =
1,...,k—1, form a collection of matrix—vector pair corresponding to f and thus an
induction argument completes the proof that a positively homogeneous piecewise
affine function is piecewise linear. |

It is a matter of plane geometry to check that a real-valued piecewise linear
function ¢ : R — R of a single variable is positively homogeneous. To prove the
general case, suppose f :R” — IR™ is piecewise linear with corresponding matrices
A', ..., AF. Fix a vector x € IR" and consider the function ¢(¢) = f(tx). If A
denotes the j th row of the matrix A’ then the component functions ¢; : R — R are
piecewise linear with selection functions A}. IX,..., A]; tx. Hence the component
functions ¢; : R — IR are piecewise linear and thus the function ¢ is positively
homogeneous, which shows that f(ax) = ¢(a) = ap(l) = af(x) for every
a>0. |

2.2.1 Representations of Piecewise Affine Functions

Typical examples of real-valued piecewise affine functions are the pointwise
maxima or minima of a finite set of affine functions, or, more generally, functions
which are built up by superpositions of finitely many maximum or minimum
functions. It is rather surprising that every real-valued piecewise affine function is
in fact a function of this type.

Proposition 2.2.2. If f:IR" — R is a piecewise affine with affine selection func-
tions fi(x) = alTx +by,..., filx) = aka + by, then there exists a finite number
of index sets My, ..., M; C{1,...,k} such that

f(x) = max minax + b;.
l<i<l jEM;
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Proof. In the first part of the proof we construct a max—min function of the required
form which is then shown to coincide with f. Removing redundant selection
functions, if necessary, we may assume without loss of generality that the selection
functions are mutually distinct, i.e.,

(ai,b;) # (aj,bj) (2.9)
for every i # j. For a permutations 7 of the numbers {1, ..., k} we define the set
M(r) = {x S ]R”Ia;(l)x +bry <0 < aj{(k)x + bﬂ(k)} .

Note that M (7r) is the set of solutions of the inequalities

(ax(y — az@) " x < —bnq) + br)
(@r@) — @z3) % < —bn) + b3

IA

(@n(e—1) — Ar(k)" X < —br—1) + brk)

and thus either empty or a convex polyhedron. Let IT be the set of all permutations
7 of the numbers {1, ..., k} with the property intM () # 0. Note that

| M) =wr", (2.10)

nell

since by definition the union of all polyhedra M (), where 7 is a permutation
of the numbers {1,...,k}, covers R" and the removal of polyhedra with empty
interior does not affect this covering property. In view of (2.9) and part 3 of
Proposition 2.1.3, the interior of the polyhedron M (7) is given by the solution set
of the strict inequalities, i.e.,

intM() = {x € R"[al )X + bray <-- < algx + b,,(k)} : (2.11)

Since f is continuous and the selection functions are mutually distinct, we can thus
find for every w € IT a unique index i, € {1,...,k} such that

f(x) = a;(i”)x + briin)
forevery x € M (sr). With the aid of the indices i,;, we define the max—min function

. T
= 4 baiirs 2.12
glx) =max min )X+ b 2.12)
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which is a function of the form required by the assertion. In order to prove that the
functions f and g coincide, we choose an arbitrary vector xy € IR”. Equation (2.10)
shows that there exists a permutation 7 € IT with xo € M (7). The definitions of
the set M (7) and the index i; yield

— T AL — 1 T A
J(¥0) = s %0 + bivipy) = _min  azy¥o + i)
and hence
S(xo) = I;Peaxie{linin 0 a;(i)xo + bxii) = g(x0). (2.13)

|

In order to prove the reverse inequality, we show that for every m# € IT the
inequality

(o) = | _min k}ai(,-)xo + bai (2.14)

for some 7 € I1. To simplify the exposition, we renumber the selection functions

in such a way that 7 is the identity, i.e., 7 (i) =i fori = 1, ...,k and hence
f(x0) < min al-Txo + b;. (2.15)
i€fiz....k}

Since 7 € I1, we can find a vector
Vo € intM(r) = {x € ]R”|alTx +b << a[x + bk} . (2.16)

Since f is piecewise affine, the image of the line segment [xo, yo] is a polygonal
path. In fact, there exists a finite number of indices i;, j = 0,...,/, and
corresponding vectors x; € [xo, yo] such that

f(x) = agx + b;; forevery j € {0,...,/} and every x € [x;,x;+1], (2.17)

where x; 41 = yo. Next, we prove that for every j € {0, ...,/} the inequalities

T
ij

a; xj + b, <al-ij +bi,i €{iy,...,k},

af yo+bi, <al yo+bii € {in.....k} (2.18)

hold. This is done by induction over j. For j = 0, the first set of inequalities is
an immediate consequence of (2.15). In fact, (2.15) implies that iy & {i,...,k},
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which yields the second set of inequalities in view of (2.16). Now we assume that
the inequalities (2.18) hold for the index j, and prove their validity for the index
j + 1. One readily deduces from the validity of the inequalities for the index j that

al x +bi; <alx +b (2.19)
forevery x € [x;, yo] andevery i € {i,...,k}. Since in view of (2.17) the identity
al xip1+bi. =alxi 1 +b; (2.20)

141 J+1 tj41 ij j+1 lj» .

holds, the inequalities (2.19) applied to x = x4 yield the first set of inequalities
in (2.18) for the index j + 1. Furthermore, (2.19) and (2.20) show that ;| ¢
{iz,...,k} and thus (2.16) yields the validity of the second set of inequalities.
Setting j = [/ and recalling that x; 11 = yo, we may apply (2.17) and the fact
that yo € M (o) to obtain

(o) = aj yo+ by, < al yo+bi, = f(y0),

which is a contradiction. Hence (2.15) does not hold and thus (2.14) holds for every
€ I1, which completes the proof of the proposition. |

The latter representation result shows that the component functions of every
piecewise affine function f:IR” — IR” can be represented as max—min functions.
Such a representation is called a max—min representation of f.

While the max-min representation has many theoretical benefits, a severe
drawback of the max—min form constructed in the latter proof is the large number
of minimum functions appearing in it. Of course the max—min representation of
a piecewise affine function is generally not unique. However, the construction of
a handy max—min form is often very difficult, if at all possible. The reader may
for instance try to construct a tractable max—min form for the Euclidean projection
onto a polyhedron (cf. Sect.2.4). In practice, a piecewise affine function is often
specified by providing a finite collection X' of subsets of R” on each of which the
function coincides with an affine function together with the corresponding selection
functions. Suppose a set of selection functions Alx + b1 i =1,...,k, is given,
and consider the sets 0; = {x € R"|f(x) = A'x +b'},i = 1,...,k. Since
f is continuous, the sets o; are closed and since f is piecewise affine, the union
of all these sets covers IR". This covering property is not affected if we remove
from the collection all sets o; with empty interior. Moreover, if the interiors of
two sets 0; and o; have a point in common, then the affine functions Alx + b
and A7 x + b/ coincide. Hence, if we require the selection functions to be mutually
distinct, the collection X' of all sets 0; with nonempty interior is a so-called partition
of R", i.e., every 0 € X is a closed subset of R” with nonempty interior, no
two distinct sets 0,0 € X have a common interior point, and the union of all
sets 0 € X covers IR". We say that a partition X corresponds to the piecewise
affine function f if f coincides with an affine function on every set ¢ € X.
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The collection X just constructed is thus a partition of IR” correspondingto f. Note
that the resulting collection of selection functions is the smallest possible and that it
is uniquely determined. We will call this collection and the corresponding partition
the minimal collection of selection functions and the minimal partition, respectively,
corresponding to f. Although minimal in number, the sets in the minimal partition
lack some desirable properties, like convexity or even connectedness. For some
purposes, however, such additional structural properties of the partition are very
useful. If P € RR” is a convex polyhedron and X is a finite collection of convex
polyhedra in R", then X is called a polyhedral subdivision of P if

1. All polyhedrain X are subsets of P

2. The dimension of the polyhedra in ¥ coincides with the dimension of P

3. The union of all polyhedra in X' covers P

4. The intersection of any two polyhedra in X is either empty or a common proper
face of both polyhedra

The polyhedral subdivision X' of P is called pointed if the lineality space of
every polyhedron vanishes. If P is a polyhedral cone and all polyhedra in X' are
polyhedral cones, then X is called a conical subdivision of P. The collection of all
J -dimensional faces of the polyhedrac € X, denoted by X}, is called the j-skeleton
of X. For a collection X of subsets of IR”, we denote by | X| the union of all sets
in X. The set | X| is called the carrier of X.

It is not clear a priori, whether every piecewise affine function can be endowed
with a corresponding polyhedral subdivision of IR”. The following proposition
shows that this is indeed the case.

Proposition 2.2.3. Every piecewise affine (piecewise linear) function f :IR" — IR"
admits a corresponding polyhedral (conical) subdivision of R".

Proof. Let f = (fi,..., fm), where the functions f; are the real-valued com-
ponent functions of f. Suppose the affine selection functions of the component
function f] are the functions (v{)Tx + ocij, i =1,... ,kj, where we assume
that (v, o) # (v{/,ocij/) for every i # i’. For a vector 7 = (my,...,7y) of
permutations m; of the numbers {1, ..., k;} we define the set

_ J T J J T J ;
M(r) = {x € ]R"|(vﬂ/_(1)) X +aﬂj(1) <...< (vﬂ/_(k/_)) x+0{nj(kj),l <j =< m}

We claim that the collection of all sets M (7r) which have nonempty interior forms
a polyhedral subdivision of IR” corresponding to the piecewise affine function f.
Clearly every set M () is a polyhedron since it can be easily transformed into the
solution set of a finite system of linear inequalities. Since the selection functions of
the components are mutually distinct, the interior of a polyhedron M () is given by

: _ J T J J T J :
intM () = {x € ]R"|(vﬂ/(1)) XFoy ) << (vﬂ/(k/)) X +a”j(k/),1 <j< m}.
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Hence every component function coincides on intM () with a single selection
function and thus f coincides with an affine function on M () if the latter set
has a nonempty interior. It remains to prove that the collection of all polyhedra with
nonempty interior constitutes a polyhedral subdivision of R”. Note first that the
union of all sets M (7r) covers IR” and that this covering property is not affected if
the polyhedra with empty interior are removed. It thus remains to prove that any two
distinct sets M (;r) and M (7r) with nonempty intersection share a common proper
face. It follows immediately from the definition of M () that the latter set can be
represented by

M(x) = v € R'Jsiin s ()0 = Vi) x < si00 () (=] + ),
1< fm,lfl,l/fkwl 7&1/}

where
. —1y: —1y/:7
Siirj () = { : Tf ﬂj_l(l.) ) ﬁj_l(l./)’
-1 ifx; (i) > m; @i".
Note that an inequality representation of M(x) N M(x) is obtained from the
representation of M () by turning inequalities into equalities whenever the relation
8ii7,j(mw) = —s; 7. j(7) holds. Hence M () N M(7) is a face of M (x). Moreover,
since for any two distinct permutation vectors 7 and 7 there exists at least one
index triple (i,i’, j) with s;;/ j () = —s;;7 j (77), and since the interior of M (r) is
the solution set of the strict inequality system, we conclude that the face is proper,
provided that intM () # @. |

If f is piecewise linear, then the we may choose oz,.j =O0forevery j =1,...,m
andeveryi = 1,...,k; and thus the sets M (;r) are polyhedral cones. O

The next property of polyhedral subdivisions is a consequence of the decompo-
sition theorem for polyhedra.

Proposition 2.2.4. If ¥ is a polyhedral subdivision of a polyhedron P C R", then
all polyhedra o € X have the same lineality space.

Proof. Consider first two polyhedra 0,6 € X with nonempty intersection and
supposed = L+Q,6 = L+ Q. where L and L are the lineality spaces of 0 and G,
respectively, and Q and Q0 are pointed polyhedra. Since the partition is a polyhedral
subdivision, o and ¢ intersect in a common face F = L + G = L+ G, where G
and G are faces of Q and O, respectively. As stated in Corollary 2.1.1, the lineality
space of a polyhedron coincides with the lineality space of its faces; hence G and
G are pointed polyhedra. The uniqueness of the lineality space of a polyhedron thus
shows that L and L coincide, i.e., if two polyhedra intersect in a common proper
face, then their lineality spaces coincide. Suppose the polyhedral subdivision ¥
is divided into two subsets, the first one containing polyhedra with lineality space
L and the other one containing polyhedra with lineality spaces different from L.
Then the above argument shows that any two polyhedra from different subsets have



26 2 Piecewise Affine Functions

empty intersection. Since the union of both subsets is closed, the polyhedron P is
the union of two closed sets with nonempty intersection. However, this contradicts
the convexity of P unless one of the sets is empty. Hence the lineality spaces of all
polyhedra in the subdivision coincide. |

For short, we call the common lineality space of the polyhedra of a polyhedral
subdivision X' the lineality space of X.

It is sometimes helpful to work with pointed subdivisions. The final result of this
section shows that every subdivision can be subdivided into a pointed subdivision.

Proposition 2.2.5. If ¥ is a polyhedral (conical) subdivision of polyhedron
(polyhedral cone) P C 1R", then there exists a pointed polyhedral (conical)
subdivision ¥ of P such that every polyhedron 6 € X is contained in some
polyhedrono € X.

Proof. Due to the decomposition theorem and Proposition 2.2.4, every polyhedron
o € X can be decomposed as 0 = L + G, where L is the lineality space of o
and 6 = o N L*. Since any two polyhedra o;, o; € X intersect in a common
face, so do the polyhedra 6; and G;. Next partition the subspace L into pointed
cones such that any two cones intersect in a common proper face. Such a partition
certainly exists since the collection of orthants in R“™ can be mapped onto L by
means of a linear function mapping R%™ one-to-one onto L. Let ¢, ..., c; be
the cones which partition the linear subspace L and let ¥ be the collection of all
polyhedra of the form o; N L* + ¢;, where o; € ¥ and j € {1,...,k}. Clearly the
lineality spaces of the polyhedra in ¥ vanish. Using the fact that 6; = 0; N L+ and
c¢; are contained in mutually orthogonal subspaces, it is not difficult to check that
two polyhedra 6; + ¢; and 6, + ¢, have nonempty intersection if and only if the
polyhedra 6; and &), have nonempty intersection and that in this case

Gi +¢c;))N(Gp+cg) =6:NG,+c; Ney.

Moreover, since 6; N 6], and c¢; N ¢, are faces of 0; and ¢ » there exist two vectors
[ €Land!’ € Lt with F;,(I') = 6; N G, and F;(l) = c¢; N¢,. Using the mutual
orthogonality of L and L=, the definition of the max-faces yields

Fore ) +1) =606, +¢j Ney.

Hence ¥ is a pointed polyhedral subdivision of P. It should also be clear that the
collection X' is a conical subdivision if X' is conical. |

2.2.2 Local Approximations of Piecewise Affine Functions

Many problems that we encounter in the sequel are local in nature, i.e., they are
concerned only with the behavior of a function in a neighborhood of a given point.
For this purpose it is convenient to have a local approximation concept at hand.
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Suppose f:IR"— R™ is a piecewise affine function with corresponding
polyhedral subdivision X' and let xo € R" be some fixed point. Define

(x0) = {o € Z|xo € o}, (2.21)

Obviously x( € int| ¥ (x)| and hence there exists an open convex neighborhood U
of zero such {xo}+U C | X (xo)|. In particular, we can find for every vectorv € R"” a
real number oy > 0 such that v € U. Hence there exists a polyhedrono € X (xo)
such that xo +ov € o and thus the convexity of o implies that xo+av € o for every
a € [0, ap]. Since f coincides on o with an affine function, say f(x) = Ax + b for
every x € o, we thus obtain
. f(xo 4+ av) — f(xo)
lim =

a—0 o
a>0

Av.

Hence, the function

f/(xo- V) = lim f(xo + O(V) — f(_xo)

a—0 o
a>0

is well defined and positively homogeneous. In fact, it coincides on U with the
function

F) = flxo+v)— f(x0) (2.22)

which is continuous. Since a positively homogeneous function is continuous
whenever it is continuous in a neighborhood of the origin, the function f’(xo;.)
is continuous. We have seen above that f”/(xo: v) achieves only values A’v, where
A" is a matrix corresponding to an affine function A’x + b’ which coincides with
f on some polyhedron o € X with xo € o; whence f”(x¢;.) is piecewise linear.
The function f”(xo;.) is called the B-derivative of f at xq. In view of (2.22), the
B-derivative contains all local information about the piecewise affine function f
since the values f(xo) + f”(xo0; x —xo) and f(x) coincide in a neighborhood of x.

A conical subdivision of R" corresponding to f”(xo;.) is given by the collection

X' (x0) = {cone(o — {xo})|o € X(x0)}. (2.23)

The latter collection of polyhedral cones is called the localization of ¥ at x¢. The
subdivision property is easily verified using the fact that a subset F’ C IR" is a face
of cone(o — {x¢}) if and only if F’ = cone(F — {xo}), where F is a face of o
with xo € F. Moreover, one easily checks that the dimension of the lineality space
of X'(xp) is p if xo is contained in the relative interior of a p-dimensional face of
some polyhedrono € X.

We comprise the above observations in the following proposition.

Proposition 2.2.6. Let f:IR" — R"™ be a piecewise affine function, X be a corre-
sponding polyhedral subdivision of R", and let x; € R".
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1. The collection X'(x) is a conical subdivision of R". If xo € X,\ X ,—, then the
dimension of the lineality space of X'(x) is p.

2. The B-derivative f’'(x¢;.) is a piecewise linear function with corresponding
conical subdivision X’ (x).

3. If f coincides with the affine function Ax + b on the polyhedron o € X(xy),
then f'(xo;v) = Av for every v € cone(o — {xo}).

4. The identity f(x) = f(xo) + f'(x0; x — x0) holds for every x € | X (x¢)|.

2.2.3 Lipschitz Continuity of Piecewise Affine Functions

An important property of piecewise affine functions is their Lipschitz continuity.
Recall that a function f:IR" — IR is called Lipschitz continuous, if there exists a
constant L such that

/()= fDII = Lilx =yl

for every x,y € RR". A suitable constant L is called a Lipschitz constant of the
function f'. In the case of a linear function, the smallest Lipschitz constant serves
as a norm, the so-called operator norm, i.e., if A is an m X n-matrix, then

A = max JAX =AY 1A
s#y e =yl #0 |z

The number || A|| is also a Lipschitz constant for the affine function Ax + b. The
piecewise affine functions inherit the Lipschitz property from the affine functions.

Proposition 2.2.7. Every piecewise affine function f:R"— IR™ is Lipschitz
continuous. If (A',bY), ..., (AX,bX), is a collection of matrix-vector pairs corre-
sponding to f, then max{||A'||, ..., ||A*||} is a Lipschitz constant for f.

Proof. Let X be a polyhedral subdivision of R” corresponding to f, let x, y € IR”,
and let [x, y] be the line segment joining x and y. Since the nonempty intersection
of a line segment with a polyhedron is either a singleton or again a line segment,
there exist numbers 0 = oy < a; < --- < @, = 1 such that each line
segment [x + o;(x —y), x + i+ (x—y)], i = 0,...,m — 1, is contained in
some fixed polyhedron o;. Since f coincides on o; with an affine function, say
f(x) = A'x + b for every x € o0;, we conclude

m—1

LFG) = FDIN < YN+ ailx = y) = f(x + @i (x = p)|

i=0
m—1

= Z(C{,’+] —ai)“Ai(x _y)”

i=0
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m—1

<Y (@i —a) A (x = )

i=0

< ( max |||Af|||) I = Il
1<i<m—1

Similarly as in the linear case, the smallest Lipschitz constant of a piecewise
linear function may serve as a norm on the linear space of piecewise linear functions.

|

2.2.4 Comments and References

Piecewise affine functions are usually studied within the framework of piecewise
linear topology as simplicial or cellular maps (cf. e.g. [26, 68]). In fact, in the
literature piecewise affine mappings are only defined with respect to a corresponding
polyhedral subdivision (cf., e.g., [16,20,30,33,59,70]). However, for our purposes,
the definition presented here is best suited. In particular, there is no problem to define
the superposition of two piecewise affine mappings. In view of Proposition 2.2.3
(cf. [72]) our definition of piecewise affine functions is equivalent to the definitions
given in the literature.

A different proof of the max—min representation result of Proposition 2.2.2 can be
found in [3]. The latter article contains also a uniqueness condition for the max—min
form given in Proposition 2.2.2. The results of Propositions 2.2.4 and 2.2.6 can
be found in the article [16] of Eaves and Rothblum. The Lipschitz continuity of
piecewise affine functions (cf. Proposition 2.2.7) is proved in the paper [20] of
Fujisawa and Kuh.

Some authors have extended the definition of piecewise affine functions by
replacing the finiteness of the number of selection functions by a local finiteness
condition (cf. e.g., [33]). We do not treat this case since the piecewise affine
functions appearing in applications are almost always built up by a finite number
of selection functions.

2.3 Piecewise Affine Homeomorphisms

After the introduction of the basic notions, we proceed to the main topic of this
chapter which is the study of the homeomorphism problem for piecewise affine
functions. We begin with some definitions. If X C R", Y C R”,and f:X — Y
is a continuous function on X, then f is called a homeomorphism if for every
y € Y there exists a unique solution x = f~!(y) to the equation f(x) = y
and the inverse function f~': Y — X is continuous. In this case, we say that f
maps X homeomorphically onto Y. The function f : X — Y is called a local
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homeomorphism at a point x € X if there exist neighborhoods U of x and V' of
f(x) such that f maps U N X homeomorphically onto V N Y. If f is a local
homeomorphism at every point x € X, then f is called a local homeomorphism.

In the sequel we will develop conditions which ensure that a piecewise affine
function f:R"— IR” is a homeomorphism. By definition, a homeomorphism
f:IR"— R" is characterized by the following three features:

Injectivity: Every image vector y € IR” has at most one preimage x € R".
Surjectivity: Every image vector y € IR” has at least one preimage x € R”.
Openness: The image of any open subset of IR” is an open subset of R”".

Our restriction to functions mapping R” into a space of the same dimension is
necessary in view of Brouwer’s theorem on the invariance of dimension which
implies that there is no homeomorphism mapping R"” into R unless n = m.
However, in the case of a piecewise affine function it is not even necessary to appeal
to the latter theorem. In fact, if f:IR" — IR” is piecewise affine and Alx + b'
is an affine selection function from the minimal collection of selection functions
corresponding to f, then the set 0; = {x € R"|f(x) = A'x + b'} has
nonempty interior. If f is a homeomorphism, then the interior of o; is mapped
homeomorphically onto f(into;) which implies that the affine function A’ x + b’
maps an open set homeomorphically onto an open set. Elementary linear algebra
thus shows that n = m.

An important property of affine homeomorphisms is the fact that their inverse
functions are affine as well. This can readily be generalized to piecewise affine
functions.

Proposition 2.3.1. A piecewise affine homeomorphism has a piecewise affine
inverse function.

Proof. We have already argued above that every affine function A’x + b’ in
the minimal collection of selection functions corresponding to a piecewise affine
homeomorphism f is itself a homeomorphism, i.e., the matrix A’ is nonsingular.
Soif f(x) = A'x + b' = y, then x = (A")"'y + (A")"'(=b"). This shows that
for every y in the image space there exists an affine function of the above type such
that #~'(y) coincides with the value of this affine function at y. The result thus
follows from the fact that the inverse function of a homeomorphism is by definition
a continuous functions. O

In this section we will be mainly concerned with the problem, how to decide
whether a given piecewise affine function is a homeomorphism or not. We try to
keep our exposition as close as possible to the well-known special case of affine
function. In fact, most of the following results are generalizations of properties of
affine homeomorphism.
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2.3.1 Coherently Oriented Piecewise Affine Functions

A particularly nice property of an affine function f:R" — RR” is the fact that any
one of the characteristic features surjectivity, injectivity, or openness implies that f
is a homeomorphism. Unfortunately, this property is not inherited by the class of
piecewise affine functions. In fact, we will show in this section that in the piecewise
affine case injectivity implies openness which again implies surjectivity, but that
none of the reverse implications hold. Hence injectivity is the key property of a
piecewise affine homeomorphism. The fact that injectivity implies openness may
be deduced from the open mapping theorem which states that a continuous injective
function which maps an open subset of R” into R” is open. In the case of a piecewise
affine function, the latter result will be a side product of the following investigations.

We start with a study of injective piecewise affine functions. Our first observation
is the fact that an injective piecewise affine function admits a collection of matrix-
vector pairs, the matrices of which are nonsingular.

Proposition 2.3.2. All matrices in the minimal collection of matrix-vector pairs
corresponding to an injective piecewise affine function f :IR" — R”" are nonsingular.

Proof. Tt (A',b"),...,(A*, b*) is the minimal collection of matrix-vector pairs
corresponding to f, then the sets 0; = {x € IRR"|f(x) = A'x + b’} have
nonempty interior. If A’v = 0 for some nonvanishing vector v € R” and some
index i € {1,...,k}, then every line {xo + av|le € R} will be mapped by the
affine function A’x + b’ onto the point A’xo + b’. Choosing xo to be an interior
point of o;, we thus obtain f(x¢o + av) = f(x¢) for every sufficiently small .
Hence the equation f(x) = f(x¢) has more than one solution, which contradicts the
injectivity of . Thus A’v = 0 implies v = 0 which shows that A’ is nonsingular.

O

The following two-dimensional example demonstrates that the nonsingularity of
the matrices is not sufficient for a piecewise affine function to be injective:

(x.y)  if(x,y) € or = {(x,y)|x = 0}

TED =1y it eo = ((xplx <0}

What is the characteristic property that destroys injectivity in this case? Note that
the collection {0, 05} is a polyhedral subdivision of R? corresponding to f and that
L = {(x,y) € R*|x = 0} is the common face of both polyhedra in the partition.
The subspace L divides IR? into two halfspaces, each halfspace containing one of
the polyhedra. Since the matrices corresponding to both linear selection functions
are nonsingular, the images f (o) and f(03) of the polyhedra o, and o, are two-
dimensional polyhedra and the image of L is a common face of both polyhedra.
The linear subspace f(L) again divides the image space into two halfspaces. The
injectivity is violated because the polyhedra f (o)) and f(0,) are contained in the
same halfspace in the image space, while the polyhedra o and o, are contained
in different halfspaces in the preimage space. The following result shows that this
situation typically destroys injectivity.
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Proposition 2.3.3. Let f:R" — R" be an injective piecewise affine function with
polyhedral subdivision X. Whenever two polyhedra o,,0, € X intersect in a
common (n — 1)-face, then so do f(o1) and f(03).

Proof. Suppose (A',b"), (A%, b?) are the matrix-vector pairs corresponding to o}
and 07, respectively, i.e., f(x) = A'x+b' forevery x € 0;,i = 1,2. The continuity
of f implies that both affine mappings coincide on o N o,. Since f is injective,
Proposition 2.3.2 shows that the matrices A' and A2 are nonsingular. Note that the
nonsingular affine image of a convex polyhedron is again a convex polyhedron and
faces are mapped onto faces of the same dimension. Hence the set f (o) N 07) is a
common (n — 1)-dimensional face of the polyhedra f(o;) and f(02). If f(01) and
f(02) do not intersect in the common (n — 1)-face f(o; N 02), then there exists a
common point yy which is not contained in the affine hull of the set f(o; N 03). If
y1 is a point in the relative interior of the common (n — 1)-face f(o; N 02), then
elementary geometric arguments show that any point in the relative interior of the
line segment joining yo and y; is an interior point of both polyhedra f(o;) and
f(02). Clearly any point which is contained in the interior of both polyhedra f (o)
and f(0,) has two preimages, one of them being contained in the interior of o7 and
the other one in the interior of 0. This, however, violates the injectivity assumption.
Thus f(o1) and f(oy) intersect in the common (n — 1)-face f (o1 N 02). |

A piecewise affine function f:R"” — R"™ is said to be coherently oriented on the
polyhedron P if there exists a polyhedral subdivision X' of P with the properties

1. f coincides with an affine mapping on each polyhedrono € ¥

2. For every 0 € X the dimensions of o and f(o) coincide

3. Whenever two polyhedra o and ¢ intersect in a common (dim P — 1)-face, then
so do the polyhedra f (o) and f(5)

By abuse of language we call a piecewise affine function coherently oriented if it
is coherently oriented on IR”. Note that the dimensions of the preimage and image
spaces of coherently oriented piecewise affine mappings coincide.

The next result is an immediate consequence of the latter definition and
Proposition 2.3.3.

Proposition 2.3.4. An injective piecewise affine function f :IR" — R”" is coherently
oriented.

Proof. Let X be a polyhedral subdivision of IR” and let (A',b"), ..., (A%, bF) be
the minimal collection of matrix-vector pairs corresponding to f. By definition,
f coincides with an affine selection function on each of the polyhedra o € X.
Moreover, the matrices A’ are nonsingular in view of Proposition 2.3.2, and thus
dim f(0) = dimo = n for every 0 € X. Finally, if o and ¢ are two polyhedra
in X which intersect in a common (n — 1)-face, then Proposition 2.3.3 shows that
f(o0) and f(c) also have this property. Hence f is coherently oriented. O

The geometric condition presented in Proposition 2.3.3 can be equivalently
formulated algebraically in terms of the determinants of the corresponding matrices
Al and A%
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Lemma 2.3.1. [foy,0, C R" are n-dimensional convex polyhedra which intersect
in a common (n — 1)-face, A', A*> are nonsingular n x n-matrices, and b', b* are
n-vectors such that

Alx + b = A%x + b? for every x € o1 N 03, (2.24)

then A' (o)) + b' and A*(0») + b? intersect in a common (n — 1)-face if and only if
det(A") det(4?) > 0.

Proof. First we show that we may assume without loss of generality that

0€o Noy,

A* =1,

b' =0,

b* = 0. (2.25)

To check this, choose a vector xo € o1 N 05, and define A = (4%)"' A'. Elementary
manipulations show that assumption (2.24) is equivalent to the identity Ax = x
for every x € (07 — {x0}) N (02 — {xo}) and that the polyhedra A'(0}) + b' and
A?(02) + b? intersect in a common (n — 1)-face if and only if this is true for the
polyhedra A(o1 —{x¢}) and 05 — {xo}. Moreover, det(A") det(A%) > 0 if and only if
det(A) > 0. Hence, if the assumptions (2.25) do not hold, then we may replace o7,
0y, A', and A% by o1 — {x0}, 02 — {x0}, A, and I, respectively. To further simplify
the exposition, we next show that we may assume without loss of generality that

o1 Noy C {x € R"|x, =0}, (2.26)

To see this, note that our assumptions (2.25) imply that o; N o, is contained in an
(n — 1)-dimensional linear subspace L € IR”. Hence there exists an orthogonal
matrix Q such that QL = {x € R"|x, = 0}. Moreover, o; and o, intersect in a
common (n — 1)-face if and only if this property holds for the polyhedra Qo and
Qo0>, and A'x = x holds for every x € oy N o, if and only if QA4' QT y = y holds
for every y € Qoy N Qo,. Since A'oy and o, intersect in a common (n — 1)-face
if and only if (QA'QT)Qo and Qo, have this property and since det(QA'Q7) =
det(A"), we thus conclude that we may assume without loss of generality the validity
of the assumptions (2.26), for otherwise, we replace o, 0,, and Al by Qoy, Qoo,
and QA' QT respectively.
Defining L = {x € R"|x, = 0}, we deduce from (2.24) and (2.25) that

A'x =x foreveryx € L, (2.27)

which shows that A' has the block structure

L (10
A _(Oa), (2.28)
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where « is a nonvanishing real number since A' is a nonsingular matrix. In view
of (2.24) and (2.25), the set A'(o1) N 0 is a common face of the polyhedra A (o})
and o0,. To prove the assertion, it thus suffices to show that the dimension of the
intersection of A'(01) and 0, is (n — 1) if and only if @ > 0. Defining L™ = {x €
R"|x, > 0} and L_ = {x € R"|x, < 0}, the assumptions imply that one of the
polyhedra, say o1, is contained in L, while o0, is contained in L_. In view of the
assumptions (2.24) and (2.25) the vector x € A'(o;) whenever it is contained in
o1 N 03. Hence the inclusion

o1 Noy C Al(O'l) N oy (229)

holds and thus dim(A4'(07) N 02) > (n — 1), while dim(A4'(07) N 02) = (n — 1)
if and only if the two polyhedra can be separated by a hyperplane. Since L is the
affine hull of o7 N 03, the inclusion (2.29) shows that this separating hyperplane
would necessarily be the linear subspace L, i.e., the intersection of Al(o1) and o
has dimension (n — 1) if and only if A'(07) € L. In view of (2.27), A'(0y) € L+
if and only if L is mapped by A! into L. Using (2.28), one readily verifies that
A'(L4) = L if and only if @ > 0 which holds if and only if det(4') > 0. O

The next proposition is sometimes used to define coherent orientation.

Proposition 2.3.5. A piecewise affine function f:R"— R" with corresponding
minimal collection of matrix-vector pairs (A',b"), ..., (AX,b¥) is coherently ori-
ented if and only if all matrices A' have the same nonvanishing determinant sign.

Proof. The “if”-part is an immediate consequence of Lemma 2.3.1 and the defi-
nition of coherent orientation. To see the “only if”-part, suppose f is coherently
oriented and let X' be a corresponding polyhedral subdivision of IR” which has
the properties required by the definition of coherent orientation. In particular,
dim f(0) = dimo, whence all matrices A’ have a nonvanishing determinant sign.
Let ¥ be a subset of X' such that the determinants of the matrices corresponding to
the polyhedra in 3 have positive determinant signs, while the remaining matrices
have negative determinant signs. The assertion of the proposition is equivalent to
the statement that either the collection ¥ or the collection X \E is empty. If both
sets ¥ and X'\ ¥ are nonempty, then both carriers || and | X\ ¥| have the same
boundary which is a subset of the carrier |X,_;| of the (n — 1)-skeleton of X. If
F e X, _, is a boundary face of Yand ¥ \f] , then the subdivision property shows
that there exist two polyhedrao € ¥ \f] and 6 € X which intersect in the fact F.
Hence by definition of coherent orientation the polyhedra f (o) and f(G) intersect
in a common (n — 1)-face as well, and thus, in view of Lemma 2.3.1 the matrices of
the corresponding affine functions have the same determinant sign. This, however,
contradicts the fact thato € ¥ \f] , while & € X and thus proves that all matrices
in the minimal collection of matrix-vector pairs corresponding to f have the same
nonvanishing determinant sign. O

The following example shows that a coherently oriented piecewise affine mapping
is not necessarily injective.
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Example 2.3.1. Consider the two-dimensional vectors

vi = (1,0),vo = (1,1),v3 = (1,2),v4 = (1,3),vs = (1,4),v6 = (0, 1),
wi = (1,0),wr, = (0,1),ws = (—1,0),ws = (0,—1),ws = (1,0),ws = (0, 1).

and define f : R?> — IR? to be the piecewise linear function which coincides on
cone{v;, v;+1} with the linear mapping which carries v; onto w; and v; 4+ onto w; 41,
i = 1,...,5, and which coincides with the identity outside of the union of the
latter cones. It is easily verified that the determinants of all matrices are positive.
Nevertheless every nonzero point in IR? has two preimages.

A closer examination of the latter mapping shows that, loosely spoken, the function
f wraps IR? twice around the null vector. In particular, the mapping f is surjective
which, in fact, is typical for coherently oriented piecewise affine functions.

Proposition 2.3.6. A coherently oriented piecewise affine function is surjective.

Proof. Consider a polyhedral subdivision ¥ = {07, ..., 0} corresponding to a
coherently oriented piecewise affine function f:R" — R”". By Proposition 2.3.5,
all matrices of the minimal collection of matrix-vector pairs corresponding to f
are nonsingular, and hence all polyhedra f(0;), i = 1,...,k, are n-dimensional.
Clearly f is surjective if and only if the union of all sets f(o;), i = 1,...,k,
covers R", i.e., if and only if this set has no boundary points. Suppose this is not the
case. If the boundary of a finite union of n-dimensional polyhedra is nonempty, then
obviously there exists a boundary point, say yo which is contained in the relative
interior of some (n—1)-face F of one of the polyhedra, say f (o). Since all matrices
corresponding to the affine selection functions of f are nonsingular, the face F is
the image of an (n —1)-face of o7, which, due to the polyhedral subdivision property
of the partition, is a common face with some other polyhedron, say o,. By definition
of the coherent orientation, the polyhedra f(o;) and f(0,) intersect in the common
face F' and thus the relative interior point yo of F is an interior point of the union
of the polyhedra f(o;) and f(07). This, however, contradicts the fact the y is a
boundary point of the union of the polyhedra f(o;),i = 1,...,k. |

Another nice property of the function in the previous example is that it is open,
i.e., it carries open sets onto open sets. Again, this is a typical property of a
coherently oriented piecewise affine function. In fact, it is equivalent to the coherent
orientation.

Proposition 2.3.7. A piecewise affine function is coherently oriented if and only if
it is open.

Proof. A mere reformulation of the definition in terms of sequences shows that a
function is open if and only if for every point x¢ and every sequence y, converging
to yo = f(xo) there exist a sequence x, converging to xo such that f(x,) = y,
for every sufficiently large n € IN. Using the B-derivative f”(x¢;.) and the fact that
the values of f(x) and f(xo) + f”(x0;x — xo) coincide in a neighborhood of xy, it
suffices to find a sequence x,, such that f'(xo; x, —xo) = y» — f(xo) for sufficiently
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large n € IN. By Propositions, 2.2.6 and 2.3.5 the B-derivative of a coherently
oriented piecewise affine function is a coherently oriented piecewise linear function.
It thus suffices to show that for a coherently oriented piecewise linear function
f:IR"— RR”" the origin in the image space is an interior point of the image of any
neighborhood of zero. To see this, suppose y, converges to zero. Proposition 2.3.6
yields the existence of a sequence x,, with f(x,) = y,.If {A',..., A¥} is a minimal
set of matrices corresponding to f, then x, € {(4")"'y,|1 <i < k}, and since y,
converges to zero, so does x,. Hence the origin is an interior point of the image of
every zero neighborhood, which proves that a coherently oriented piecewise affine
function is open.

To prove the reverse statement, suppose the piecewise affine function
f:IR"— R" is open and let X' be a polyhedral subdivision corresponding to f.
Ifo € ¥ and f(x) = Ax + b for every x € o, then the openness of f shows
that A maps the interior of o onto an open subset of IR” and hence det A # 0. Thus
dim f(0) = dimo for every 0 € Y. Next suppose ¢ and ¢ intersect in a common
(n — 1)-face F and let x( be a relative interior point of F'. Since the affine selection
functions which are active on o and &, respectively, coincide on F, the set f(F)
is a common (n — 1)-face of f(o) and f(6). Hence any of the latter polyhedra
is contained in one of the halfspaces induced by the hyperplane aff /(). If the
intersection of f(0) and f(¢) contains a point y; ¢ f(F), then both polyhedra
f(o) and f(0) are contained in the same halfspace, and thus f(xo) is a boundary
point of the image f(U) of every sufficiently small open neighborhood U of x.
This, however, contradicts the openness of f and thus f(0) and f(0) are contained
in different halfspaces which shows f(0) and f(6) intersect in the common (n—1)-
face f(F). Thus f is coherently oriented. |

We have already seen in Example 2.3.1 that coherent orientation does not imply
injectivity. The following slight modification of this example shows that surjectivity
does not imply openness.

Example 2.3.2. Consider the following sets of vectors:

V) = (1,0),\/2 = (1, 1),\/3 = (1,2),1)4 = (O, 1),
wp = (1,0),W2 = (O, 1),W3 = (1,0),W4 = (O, 1),

and let f be the piecewise linear function which coincides on the set cone{v;, v; 41}
with the linear map that carries v; onto w; and v;4+; onto w;+1, 1 = 1,2,3, and
which coincides with the identity outside of the union of these cones. The matrices
corresponding to cone{v,, v,} and to cone{vy, v3} are thus given by

Al = =1 and A, = - .
0 1 2 -1
Since the determinants have different signs, the function is not coherently oriented

and thus not open. Nevertheless, f is surjective.

For future reference, we summarize the statements of the Propositions 2.3.4-2.3.7
in the following theorem.
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Theorem 2.3.1. Let f:R" — R" be a piecewise affine function.

1. If f is injective, then f is open.
2. If f is open, then f is surjective.
3. The function f is open if and only if it is coherently oriented.

The reverse implications of the first and second statement fail in general.

We conclude this section with a remarkable result on the number of preimages
corresponding to a coherently oriented piecewise affine mapping. Recall that for
a polyhedral subdivision X' of IR” the set X'; denotes the j-skeleton of X, i.e., the
set of all j-faces of the subdivision Y.

Proposition 2.3.8. If f is a coherently oriented piecewise affine function with
corresponding polyhedral subdivision X, then any two points not contained in
S (| Xu=2|) have the same number of preimages. The number of preimages of a point
contained in f(|X,—2|) does not exceed the number of preimages of points outside
of this set.

Proof. Since f is coherently oriented, every image vector has a finite number of
preimages; at most one preimage corresponding to each function from the minimal
collection of selection functions. Moreover, by Theorem 2.3.1, a coherently oriented
piecewise affine function is open; hence the number of preimages cannot drop
locally, i.e., if a vector y, has m preimages, then there exists a neighborhood of
yo such that every vector in this neighborhood has at most m preimages. This is
easily seen by choosing for each preimage an open neighborhood which does not
contain any other preimage. The vector yy is an interior point of the intersection of
the images of the chosen neighborhoods. Hence any vector sufficiently close to yg
has a preimage in each of the m disjoint neighborhoods. What are the candidates
in the image space where the number of preimages increases? Note that if y, tends
to yo and f(x,) = y,, then the nonsingularity of the matrices yields that x, is
bounded and since f is continuous, every cluster point of x, will be a preimage
of yo. Hence a small perturbation of y, cannot cause a sudden occurrence of a
new preimage somewhere far away from the preimages of y; it can only cause
a bifurcation, i.e., some of the preimages of y, split into several branches if yg
is perturbed. Such a bifurcation is certainly avoided if the function f is a local
homeomorphism at each preimage of yy. Clearly a coherently oriented piecewise
affine function f is a local homeomorphism at every point xy € into;, where o;
is a set from a partition corresponding to f. Moreover, if x( is contained in the
relative interior of an (n — 1)-face of a polyhedron from a polyhedral subdivision,
then f has locally only two active affine selection functions. Lemma 2.3.1 shows
that in this case f is a local homeomorphism if and only if the determinants of
the corresponding matrices have the same nonvanishing sign. Hence if y is not
contained in f(| X, —2]), then no bifurcation occurs, i.e., the number of preimages
cannot increase locally around y¢. Note that the set f(|X,—>|) is contained in the
union of a finite number of (n — 2)-dimensional affine subspaces. It is a matter
of elementary geometrical insight to check that any two points not contained in
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f(|X,-2]) can be joined by a polyhedral path which does not intersect f(|X,—2]).
This shows that both points have the same number of preimages and thus proves the
first part of the statement. The second part is easily checked since for every point
in f(]X,—2|), one may find arbitrarily close to this point some point which is not
contained in f(|X,—2|). As argued before, it is a consequence of the openness of f
that the number of solutions cannot drop locally; hence any point in (| X,—,|) has
at most as many preimages as the points which are not contained in f (| X,—,|). O

The latter result reveals a striking similarity between affine functions and
coherently oriented piecewise affine functions. If an affine equation Ax +b = y has
a single solution for some y = yy, then it has a single solution for all y, i.e., we can
choose any test candidate yy to establish the injectivity of the mapping. Almost the
same is true for coherently oriented piecewise affine functions, only that we have to
choose yy carefully, namely outside of the image of | X, _,|. This set, however, is a
nullset and, moreover, its complement is open and dense. So from a probabilistic as
well as from a topological point of view almost all points y, are good test points for
the injectivity of the piecewise affine function.

Since f(]X,—2|) is a finite collection of lower dimensional polyhedra, every
open set in the image space contains at least one point which is not contained in
f(|X,-2]). We thus obtain the following corollary to the latter proposition which
will be used frequently in the sequel.

Corollary 2.3.1. Let U < R”" be an arbitrary open set. If f:R"— R" is
coherently oriented and the equation f(x) = y has a single solution forall y € U,
then f is a homeomorphism.

2.3.2 Piecewise Affine Local Homeomorphisms

One readily verifies that a homeomorphism f :R” — IR” is a local homeomorphism
at every point x € R”". The elementary example f(x) = e* shows that the
reverse statement is generally false. In the affine case, however, the reverse statement
does hold, i.e., an affine function is a homeomorphism whenever it is a local
homeomorphism at some point x € R". The elementary example of the modulus
function shows that the local homeomorphism property of a piecewise affine
function at a single point does not provide any global information. However, the
main results of the present section show that a piecewise affine function is a
homeomorphism if it is a local homeomorphism at a finite number of distinguished
points.
We begin with an elementary observation.

Proposition 2.3.9. [. A local homeomorphism is an open mapping.
2. A piecewise affine local homeomorphism f :IR" — R”" is coherently oriented.

Proof. To prove the first statement, we have to show that for every sequence of
image points y* € Y converging to an image point y° € Y there exists a sequence
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of preimages x* € X converging to some point x’ € X such that f(x%) = y°

and f(x¥) = y* for every sufficiently large k € IN. To see this, choose an
arbitrary element x° € f~!({y°}). Since f is a local homeomorphism at x°,
there exist neighborhoods U € X of x” and V' C Y of y° such that f maps U
homeomorphically onto V. Since the sequence y* will eventually be captured in
the neighborhood V' of y°, we can find for every sufficiently large k € IN a unique
vector x¥ € U with f(x*) = yk, which proves the assertion. The second statement
is an immediate consequence of part 1 and Theorem 2.3.1. |

The following proposition shows that the local homeomorphism property for
a piecewise affine function is passed on from lower dimensional faces to higher
dimensional faces of a corresponding polyhedral subdivision.

Proposition 2.3.10. Let f:R" — IR" be a piecewise affine function and X be
a corresponding subdivision of R". Suppose @ # Xy = {Fi,..., F.} and let
x; € relintF;, i = 1,....r. If f is a local homeomorphism at every point x;,
i =1,....r then f is a local homeomorphism at every point xo & | Xi—1|.

Proof. In view of part 4 of Proposition 2.2.6, the piecewise linear functions
f'(x;5.), i € {1,...,r} are local homeomorphisms at the origin. Since the
latter functions are positively homogeneous, they are global homeomorphisms and
thus, using again Proposition 2.2.6, we conclude that the function f is a local
homeomorphism at every interior point of |¥(x;)|, i = 1,...,r. Given a point
xo & | Xk—1], it thus suffices to prove that there exists a vector x; such that xy is an
interior point of | X (x;)|.

To see this, note first that x is an interior point of | X (x¢)|. Moreover, every
polyhedron o; € X(xp) has a unique face G; containing xy as a relative interior
point. If G; is the face corresponding to another polyhedron o; € X(xo), then the
faces G; and G; are both faces of the common face of the polyhedra o; and o;.
Since G; as well as G; contain X, as a relative interior point, they thus coincide.
Hence we conclude that there exists a unique face G which is a common face of all
polyhedra o € X (x¢) and contains X, as a relative interior point.

Since x¢ & | Xx—1], the dimension of G is at least k and thus there exists a k-face
F;, which is a face of G. Since G is a face of o for every o € X (xy), the same holds
for the face Fj,. Since by assumption x;, is a relative interior point of Fj,, we thus
conclude that x;, € o for every o € X(xp). Hence X' (xo) € X(x;,) and since x is
an interior point of | X' (xo)], it is also an interior point of | X' (x;,)|, which completes
the proof. O

Choosing k to be the dimension of the lineality space of X, the latter proposition
implies that it suffices to check the local homeomorphism property at a finite number
of distinguished points.

During the proof of Proposition 2.3.8 we have already established the next result.

Proposition 2.3.11. A coherently oriented piecewise affine function f:R"— R"
with corresponding polyhedral subdivision X of R" is a local homeomorphism at
every point x € R"\| X, _,|.
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The following theorem contains the main results of this section. While the impor-
tance of the first statement is clear, the usefulness of the second assertion will only
become apparent in subsequent sections.

Theorem 2.3.2. . A piecewise affine local homeomorphisms f:R"— R" is a
homeomorphism.

2. Letn > 3, f:R"— R" be a piecewise linear function, and vy, ...,vy € R"
be unit generators of the extremal rays of a corresponding pointed conical
subdivision. If [ is a local homeomorphism at every point v;, i = 1,...,k,

then f is a homeomorphism.

To prove the latter theorem, one has to employ quite general results, which belong
to the realm of algebraic topology. In fact, a proof is fairly easy if one uses
Browder’s Theorem on local homeomorphisms which are covering maps and the
homotopy lifting property for covering maps. It is beyond the scope of this section
to provide proofs of these classical theorems. Nevertheless, we will introduce the
necessary topological notions to formulate them and show how they can be used to
prove Theorem 2.3.2. The reader who is willing to accept the validity of the latter
statement may skip the rest of this section. For references concerning the following
results we refer to Sect. 2.3.5 below

In order not to overload the exposition with unnecessary topological details, we
restrict ourselves to subsets X of R”, the topology on X being induced by the
Euclidean metric. Note that a closed subset of X is not necessarily a closed subset
of IR” unless X itself is a closed subset of R”. In fact, aset A € X is a closed subset
of X if the limit point of every convergent sequence in A belongs to A4, provided the
limit point is contained in X. A mapping f : X — Y is called closed if the image
f(A) of every closed subset A C X is a closed subset of Y.

We begin with a notion which is slightly stronger than the notion of a local
homeomorphism. A continuous mapping f : X — Y is called a covering map
if every y € Y admits an open neighborhood V' C Y such that f~!(V) is the
disjoint union of open sets, each of which is mapped homeomorphically onto V' by
f. A typical example of a covering map is the mapping f : R — S' given by
f(t) = (sint,cost), where S' denotes the unit sphere in IR?. One easily verifies
that a covering map is a local homeomorphism. The reverse statement, however, is
false in general. The classical example is the restriction of the above function f to
the interval (0, 47r). In fact, the point (1,0) does not admit an open neighborhood
V < (0,4m), the preimage of which is the disjoint union of open sets, each of
which is mapped homeomorphically onto V' by f. A coveringmap f: X — Y is
called finite if each vector y € Y has a finite number of preimages. It is well known
that a local homeomorphism f : X — Y is a finite covering map if the number
of preimages of every point y € Y is finite and constant. In fact, if y € Y and
f£7Y(y) = {x1....,x;}, then choose disjoint open neighborhoods V; € X of x;
which are mapped homeomorphically onto the open sets f(V;) and let U = ﬂf -
f(V;). Defining v = £7NU), where f71: f(Vi) — V; is the local inverse of
f at x;, one readily verifies that the sets V; are disjoint open sets, each of which
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is mapped homeomorphically onto the open set U and that f~'(U) = Uf=ll7i
since every point in U has precisely / preimages. Thus Proposition 2.3.8 shows that
the restriction of a coherently oriented piecewise affine function f to the carrier
| X\ X, —>| is a finite covering map. Another useful condition ensuring that a local
homeomorphism is a finite covering map can be obtained by focusing attention to
mappings with a connected image space. Recall that a subset ¥ < IR” is called
connected if Y cannot be separated by two open sets, i.e., if Y is a subset of the
union of two open sets U, V C IR", then U NV # @.

Theorem 2.3.3 (Browder’s Theorem [6], Theorem 7). Ler X C R", Y C R™,
and f:X — Y be a local homeomorphism. If f is closed and Y is connected, then
[ is a finite covering map.

A fundamental characteristic of covering maps is comprised in the so-called
homotopy lifting property.

Theorem 2.3.4 (Homotopy Lifting Theorem [78], Chap. 2.2, Theorem 3). Let
XCR,Y CR" and S C RF be setsandlet f: X — Y, p:S — X, and
H :Sx[0,1] = Y be continuous functions with H(s,0) = f(p(s)) foreverys € S.
If f is a covering map, then there exists a continuous function H:S x [0,1] - X
such that [ o H = H and I:I(s,O) = p(s) foreverys € §.

If S is connected, then the mapping H is unique as a consequence of the following
theorem.

Theorem 2.3.5 ([78], Chap. 2.2, Theorem 2). Let X C R", Y C R", and Z C
RR¥ be sets, f:X — Y beacovering map, and let G, H:7Z — X be two continuous
mappings with f o G = fo H. If Z is connected and G(z) = ﬁ(z)for some point
z€Z, then G = H.

To formulate the main theorem, we need some additional notions. A set X € R”
is called path connected if for any two points xp, x; € X there exists a continuous
function p : [0, 1] — X such that p(0) = x¢ and p(1) = x;. The function p is
called a path joining x¢ and x;. Note that a path connected set is connected, but
that the reverse statement fails in general. A loop is a path p with p(0) = p(1).
A set X € R” is called simply connected if it is path connected and every loop
can be continuously deformed into a point, i.e., for every path p : [0,1] — X
with p(0) = p(1) = xo there exists a point x; € X and a continuous function
H :]0,1] x [0,1] — X such that H(s,0) = p(s) and H(s,1) = x; for every
s €[0,1]and H(0,t) = H(1,¢) forevery t € [0, 1]. Since X is assumed to be path
connected, we may choose any point x; € X.

With the aid of Browder’s Theorem and the Homotopy Lifting Theorem, one can
prove the following result which relates local and global homeomorphisms.

Theorem 2.3.6. Suppose X C R” is path connected, Y C IR™ is simply connected,
and [ : X — Y is a local homeomorphism. If f is closed, then f is a
homeomorphism.
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Proof. By Proposition 2.3.9, a local homeomorphism is an open mapping.
Moreover, since by assumption f is closed, the set f(X) is an open and closed
subset of Y and hence coincides with ¥ which establishes the surjectivity of f. It
thus remains to show that f is injective. Suppose xo, x; € X are two points with
vo = f(x0) = f(x1), and consider a path p:[0, 1] — X joining x( and x;. Since
Y is simply connected, there exists a function H : [0,1] x [0,1] — Y such that
H(s,0) = f(p(s)) and H(s,1) = y, forevery s € [0,1], and H(0,¢) = H(1,?)
for every ¢t € [0, 1]. By Theorem 2.3.3 the function f is a finite covering map and
hence the Homotopy Lifting Theorem shows that there exists a continuous function
H:[0,1] x [0, 1] = X such that

f(ﬁ(s, t)) = H(s,t) forevery (s,t) €[0,1] x [0, 1], (2.30)

ﬁ(s,O) = p(s) foreverys € [0,1]. (2.31)

Equation (2.30) shows that ﬁ([O 1,1) € f7YH([0,1],1)) = f~ (o). Since
Jf is a finite covering map, the latter set is finite and since the set [0, 1] x {1} is
connected and H is continuous, we deduce that the set ([0, 1], 1) is connected as
well and thus consists of a single point. This implies that

H©O,1)=H(1,1). (2.32)

Since by assumption H(0,¢) = H(1,t), we can use Theorem 2.3.5 to deduce from
(2.30), and (2.32) that the functions H (0, .) and H (1, .) coincide. Thus (2.31) yields

p(0) = H(0,0) = H(1,0) = p(1),

which proves that xo = x; and thus shows that f is injective. O

Proof of Theorem 2.3.2

1. Since IR” is simply connected, it suffices to prove that a piecewise affine function
is closed. This is easily seen since a linear function maps closed sets onto closed
sets; hence the image of a closed set by a piecewise affine function is the finite
union of closed sets and thus closed.

2. Inview of Theorem 2.3.1 it suffices to prove that f is injective. Setting k = 1, we
can deduce from Proposition 2.3.10 that f is a local homeomorphism at every
point x # 0. If A', ..., A¥ is a minimal collection of matrices corresponding
to the piecewise linear function f, then the latter property shows that every
matrix A’ is nonsingular. Hence the equation f(x) = 0 has the unique solution
x = 0 and it thus suffices to prove that the function g : R"\{0} — R"\{0}
defined by g(x) = f(x) is injective. As argued above, the mapping g is a local
homeomorphism. Since n > 3, the set IR"\{0} is simply connected. In view of
Theorem 2.3.6, it thus suffices to prove that g is closed. Note that C is a closed
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subset of R"\{0} if and only if C U {0} is a closed subset of R". Since f(x) =0
holds if and only if x = 0, we deduce that f(é\{O}) = f(é)\{O} for every
subset C < IR". We have already argued in the proof of the first part of the
theorem that a piecewise affine mapping is a closed mapping. Hence if Cisa
closed subset of IR”, so is the set f(é) Thus g(C) = g(é \{0}) is closed for
every closed subset C = é\{O} of R"\{0}. |

2.3.3 The Factorization Lemma

We have seen in the last section that a piecewise affine function is a homeomorphism
if and only if it is a local homeomorphism at a finite number of distinguished points.
It has also been pointed out before that a piecewise affine function f:IR” — R”
is a local homeomorphism at x € IR”" if and only if its B-derivative f”(x;.)
is a homeomorphism. This reduces the homeomorphism problem for piecewise
affine functions to the same problem for piecewise linear functions. In view of
part 2 of Theorem 2.3.2 and the fact that every piecewise linear function admits
a corresponding pointed conical subdivision, the homeomorphism problem for a
piecewise linear function is reduced to the homeomorphism problem for a finite
number of B-derivatives. At first glance this does not seem to be a reduction of
the problem. However, note that the B-derivative f’(x;.) is taken at nonvanishing
points x. If X' is a subdivision corresponding to the piecewise linear function f* and
x # 0, then lin{x} is a subset the lineality space of the localization X’(x) which is a
subdivision corresponding to f’(x;.). So we have actually reduced the homeomor-
phism problem for a piecewise linear function to the homeomorphism problem for a
finite number of piecewise linear functions which admit a corresponding subdivision
with nonvanishing lineality space. In order to exploit this property, we would like
to factor out the lineality space. It will be shown below that this is indeed possible.
We begin with an elementary observation.

Lemma 2.3.2. If f:IR" — R" is a piecewise linear function, X is a corresponding
conical subdivision of R", and L is a linear subspace of the lineality space of X,
then f is linear on L and f(v +w) = f(v) + f(w) for everyv € L andw € L*.

Proof. Since L is a subspace of the lineality space of every cone 0 € X, L is a
subset of every cone 0 € X which shows that all linear selection functions of f
coincide on L and thus f is linear on L. Moreover, the decomposition theorem
for polyhedra yields the identity 0 = L + o N L*. Hence, if v + w € o, then
weonLt whileve L Co. Since f coincides with a linear function on o, we
thus obtain f(v +w) = f(v) + f(w). |

Let us denote by I1; the orthogonal projection onto a linear subspace L < R".
Recall that the orthogonal projection onto a linear subspace is a linear function.
If f:IR"— R”" is a piecewise linear function and L is a linear subspace of the
lineality space of a corresponding conical subdivision of IR”, then the latter lemma
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states that f is a linear function on L and hence f(L) is a linear subspace of R".
We may thus define the function f; 1 :R" — IR" by

Jro(x) = gy (f(x)). (2.33)

The piecewise linear function f;1 if called the factor of f with respect to
Lt. Recall that a linear function f is a homeomorphism if and only if for
some linear subspace L the function maps L and its orthogonal complement L+
homeomorphically onto f(L) and f(L%), respectively and, in addition, the linear
subspaces f(L) and f(L~) intersect only at the origin. One readily verifies that the
latter condition is equivalent to the requirement that f maps L homeomorphically
onto f(L) and f;1 maps L+ homeomorphically onto f(L)*. The next result
provides a generalization of this fact to piecewise linear functions.

Lemma 2.3.3 (Factorization Lemma). If f:R"— R" is a piecewise linear
function, X a corresponding conical subdivision of R", and L a linear subspace
of the lineality space of X, then f is a homeomorphism if and only if f maps
L homeomorphically onto f(L) and the factor f, 1 maps L homeomorphically
onto f(L)*.

Proof. Clearly, if f is a homeomorphism, then it maps L homeomorphically onto
f(L). We may thus assume that f has the latter property and show that f is a
homeomorphism if and only if f; 1 maps L+ homeomorphically onto f(L)*. To
simplify the exposition, we define g: L+ — f(L)* by g(x) = f;1 (x). Clearly if
f maps L homeomorphically onto f(L), then the linear subspaces L+ and f(L)*
have the same dimension, say m. Hence, if N is an m x n-matrix with Nf (L)% =
R"” and M is an n X m-matrix with M R™ = L, then the functionh = Nogo M :
R” — IR™ is a piecewise linear mapping and g is a homeomorphism if and only
if 4 is a homeomorphism. In view of Theorem 2.3.1, the assertion of the lemma
is thus equivalent to the statement that the homeomorphism property of any of the
functions f or g implies the injectivity of the other one.

To prove this, we consider the equation f(x) = y, and let v = [I;(x) and
w = I1; 1 (x). The equation f(x) = y is thus equivalent to the two equations

sy (fv+w) = Hpy(y),
Lemma 2.3.2 yields
fv+w)= fv)+ f(w). (2.35)

Since f(v) € f(L), the identity IT ;)1 (f(v)) = 0 holds, and, by definition of the
function g, g(w) = I1 ;)1 (f(w)). Thus, in view of (2.35) and the linearity of the
orthogonal projection equations (2.34) are equivalent to
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FO) =)y — f(w),
gw) = Iy (y). (2.36)

If, on the one hand, g is a homeomorphism, then w is uniquely determined by the
second equation, and since by assumption f maps L homeomorphically onto (L),
vis uniquely determined by the first equation; hence f(x) = y has a unique solution
and thus f is injective. If, on the other hand, f is a homeomorphism and y is an
arbitrary point in f(L)%, then the equation f(x) = y has a unique solution x
which can be uniquely represented as x = v 4+ w with v € L and w € L. Since
f(v+w) =y if and only if v and w satisfy equation (2.36), and since y € f(L)=*,
we conclude that g(w) = y has a unique solution and thus g is injective. O

We close this section with a collection of some useful results concerning the
factors of piecewise linear functions.

Proposition 2.3.12. Let f:R"— R" be a piecewise linear function, X be a
corresponding conical subdivision, let L be a linear subspace of the lineality space
of X, and let f, 1 be the factor of f with respect to L*.

1. The collection ¥ = {o N L |0 € X} is a conical subdivision of L*.
2. The factor f;1 coincides with an affine function on each cone o N L*.

3. If f is coherently oriented on R", then its factor f; 1 is coherently oriented on
Lt

Proof. 1. Since L is a subset of the lineality space of o, we may decompose o as
o=L+oNL: (2.37)

Hence Lemma 2.1.2 shows that F is a face of o if and only if F = L + F N
L+ and F N L+ is a face of ¢ N LL. Moreover, since L and L' are mutually
orthogonal, we obtain

dim F = dim L + dim F N L*. (2.38)

To see that the nonempty intersection of two cones in ¥ is a common proper face
of both cones, note that, 2.37 implies thatoc N6 = L + (6 N L) N (G N LY)
for every 0,6 € X. Hence if F is the common proper face of o and ¢, then the
cones o N L+ and & N L+ intersect in the face F N L+ which is proper in view of
(2.38). Moreover, since dimo = n for every 0 € X, we deduce from (2.37) that
dimo N L+ = dim L. Finally, the collection of all polyhedrac N L+, 0 € X,
certainly covers L and thus forms a polyhedral subdivision of L.

2. This assertion is trivial since 0 N L C o and f; 1 is linear on each cone o € X.

3. We have already seen above that the function f;1 coincides with an affine
function on every cone o N L~ and that the collection of all cones o N L=+,
o € X, is a conical subdivision of L. To prove that f; . is coherently oriented
on L=, we first show that for every o € ¥ the decomposition

f0) = f(L)+ fri(@nL?) (2.39)
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holds. Note that Lemma 2.3.2 yields the identity f(v +w) = f(v) + f(w) for
every v € L and w € L. Hence (2.37) implies that

f() = f(L) + f(o NLb). (2.40)

In particular, f(L) is a subspace of the lineality space of f(o). Hence the
decomposition theorem for polyhedra shows that f (o) = f(L)+ f(o)N f(L)*
and a fortiori I ;)1 (f(0)) = f(o) N f (L)*. Combining the latter identities,
we thus obtain f(0) = f(L) + Iy;)L(f(0)). Since (2.40) implies that
1)1 (f(0)) = M ;1)1 (f(o N L1)), we thus conclude that

flo) = f(L)+ My (f (0N LE)), (2.41)

which in view of the definition (2.33) of f; 1 yields (2.39).

Since f is coherently oriented, the polyhedra f(o) are n-dimensional and
thus (2.39) shows that dim f; 1 (0 N L*) = dim L*. Moreover, in view of the
first statement of the present proposition the two polyhedra o and ¢ intersect in a
face of dimension (n— 1) if and only if the polyhedrac N L+ and 5 N L+ intersect
in a face of dimension (dim L+ — 1). Similarly, we deduce from (2.39) that the
polyhedra f(o) and f(6) intersect in a face of dimension (n — 1) if and only if
the polyhedra f; 1 (0 N L) and f;1 (6 N L) intersect in a face of dimension
(dim f(L) — 1). Since f is coherently oriented, the dimensions of L and f(L)
coincide. Hence we conclude that the polyhedra f; 1 (6 N L) and f, 1 (6 N LY)
intersect in a face of dimension (dim L+ — 1) whenever the polyhedra o N L+
and & N L+ have this property. Thus f; 1 is indeed coherently oriented on L.

|

2.3.4 The Branching Number Theorem

For practical purposes, the most important necessary condition for a piecewise affine
function to be a homeomorphism is its coherent orientation. Given a collection
of matrix-vector pairs corresponding to a piecewise affine function, this condition
is easily checked. We have already given an example which shows that coherent
orientation is not sufficient for a piecewise affine function to be a homeomorphism.
One might now try to develop criteria which are necessary and sufficient. However,
necessary and sufficient criteria are nothing else but restatements of the definition
and, although shedding light on the problem, are usually not very helpful in practice.
It is much more appropriate to look for sufficient conditions which are on the one
hand applicable to a large class of piecewise affine functions and, on the other hand,
are relatively easy to verify. There are of course two structures on which one can
impose additional assumptions; the collection of matrix-vector pairs on the one
hand, and the polyhedral subdivision corresponding to a piecewise affine function,
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on the other hand. Note that both approaches are not independent since admissible
subdivision structures contain information about admissible matrix-vector pairs and
vice versa. The subdivision structure is, however, more geometric in spirit and thus
corresponding conditions are easier to envision. Moreover, it turns out that the
condition which we discuss below can be nicely applied to some important examples
of piecewise affine functions. This is the main reason to confine our presentation to
sufficient conditions which rely on the subdivision structure.

It turns out that a decisive property of a polyhedral subdivision in the context of
sufficient homeomorphism conditions is the maximal number of full-dimensional
polyhedra containing a face of a given dimension. We therefore introduce the k-th
branching number of a polyhedral subdivision X of a polyhedron P € RR”" as the
maximal number of polyhedra in ¥ containing a face of dimension (dim P — k),
where k € {1,...,dim P—[} and ! is the dimension of the lineality space of X'. One
readily verifies that the first branching number of X' is 2, provided that X' does not
consist of the set P alone. The following lemma shows that the branching numbers
do not grow if one passes from a polyhedral subdivision X' of R" corresponding
to a piecewise affine function f to the localization” X’(x) corresponding to the B-
derivative f’(x;.), or, in the case of a conical subdivision and a piecewise linear
function, to the subdivision corresponding to a factor of f (cf. Proposition 2.3.12).

Lemma 2.3.4. Let X be a polyhedra subdivision of R" and letk € {2,...,n —1},
where [ is the dimension of the lineality space of X.

1. If x € R", then the k-th branching number of the localization X' (x) does not
exceed the k-th branching number of X.

2. If X' is a conical subdivision of R" and L is a subset of the lineality space of X,
then the k-th branching number of the subdivision ¥ = {o N L+|o € X} of L+
does not exceed the k-th branching number of X.

Proof. 1. Recall that X¥'(x) = {cone(c — {x})|]c € X,x € o}. The assertion
is an immediate consequence of the fact that a subset F/ C IR” is a face of
cone(o — {x}) if and only if F’ = cone(F — {x}), where F is a face of o with
x € F. Clearly the dimensions of F’ and F both coincide with the dimension
of lin(F — {x}) and hence if a face F’ of dimension (n — k) is contained in
cone(o — {x}), then the corresponding face F' has also dimension (n — k) and is
contained in the polyhedron o.

2. To see the second assertion, note that a set F C IR” is a face of dimension (1 —k)
of acone o0 € ¥ if and only if F N L~ is a face of dimension (dim L+ — k) of
the cone o N L*. O

The following theorem is the main result of this section. It shows how the
branching numbers can be used to decide whether a piecewise affine function is
a homeomorphism.

Theorem 2.3.7. Let f:IR" — R" be a piecewise affine function with correspond-
ing polyhedral subdivision X and let | be the dimension of the lineality space of X.
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If either | = (n — 1) or there exists a number k € {2,...,n — l} such that the k-th
branching number does not exceed 2k, then f is a homeomorphism if and only if it
is coherently oriented.

Proof. Proposition 2.3.11 states that a coherently oriented piecewise affine function
is a local homeomorphism at every point in R"\ ¥, _,. Hence if the dimension of
the lineality space of X isn — 1, then f is a local homeomorphism and thus in view
of Theorem 2.3.2 a homeomorphism. So we may assume that [ < (n — 2).

In view of Proposition 2.3.10 and Theorem 2.3.2, it suffices to prove that
f is a local homeomorphism at every point of xo € |X;| which by part 4 of
Proposition 2.2.6 is equivalent to the homeomorphism property of the piecewise
linear function f'(x¢;.). Recall from Proposition 2.2.6 that a conical partition
corresponding to f'(xo; .) is given by the localization X’(xo). Part 1 of Lemma 2.3.4
shows that the k-th branching number of X’ (x,) does not exceed the k-th branching
number of Y. Hence the assertion of the theorem holds for piecewise affine
functions if it holds for their B-derivatives which are piecewise linear functions.
So we may assume without loss of generality that f is a piecewise linear function
and that X' is a corresponding conical subdivision of IR”. The result is proved by
induction over the dimension 7.

If n = 2, then our assumption/ < (n—2) shows that X’ is pointed and that k = 2.
Hence ¥ consists of four pointed polyhedral cones. Since f is coherently oriented,
every pointed cone is mapped by f onto a pointed cone. In view of Corollary 2.3.1,
the statement for n = 2 is thus an immediate consequence of the elementary fact
that it is not possible to cover IR? twice with four pointed cones.

Now suppose that n > 3 and that the claim holds for all piecewise linear
functions f:IRY — R? with 2 < ¢ < (n — 1). We distinguish two cases:

1. Suppose first that k = n and that the (n — 1)-st branching number is greater
than 2(n — 1). In this case, X' is pointed since by assumptionn = k < n —[.
Moreover, since the nth branching number does not exceed 27, the collection ¥
consists of at most 2n cones. Since the (n — 1)-st branching number is greater
than 2(n — 1), there exists an extremal ray in X which is contained in at least
2n — 1 cones, say oy, ...,02,—1. Let v be a unit generator of this extremal ray.
Since f is coherently oriented, f(v) # 0 and the images f(o) of the pointed
cones 0 € X are pointed as well. Hence the vector — f(v) is not contained in
any of the pointed cones f(0;), i = 1,...,2n — 1 since by assumption any of
the latter cones contains the vector f(v). Since the finite union of closed sets is
closed, there exists an open neighborhood U of — f(v) which does not intersect
the union of the cones f(o;),i = 1,...,2n — 1. Since a coherently oriented
piecewise linear mapping is surjective and X consists of not more than 2n cones,
every vector y € U has at least one preimage and all preimages of the vectors
y € U are contained in the remaining cone 0y, € X. Since f is coherently
oriented, 0,, contains at most one preimage of y € U and hence Corollary 2.3.1
shows that f is a homeomorphism.

2. If k = n and the (k — 1)-st branching number does not exceed 2(k — 1), then
we may replace k by (k — 1) without violating the assumptions of the theorem.
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It thus remains to prove the assertion for the case k < (n—1). If, on the one hand,
X is pointed, then Theorem 2.3.2 shows that it suffices to prove that f/(x;.) is a
homeomorphism at every point x € | X |\| X|. If, on the other hand, / > 1, then
Proposition 2.3.10 and Theorem 2.3.2 show that it suffices to prove that f”(x;.)
is a homeomorphism at every point x € X;. In any case, Proposition 2.2.6
shows that the corresponding subdivisions X’(x) have a lineality space L with
dimension 1 < p < n — k. Since f is coherently oriented, Lemma 2.3.2 shows
that f maps L homeomorphically onto f”’(x;L). In view of Lemma 2.3.3 it
thus suffices to show that the function g(y) = T/ (,,)1 (f'(x;y)) maps Lt
homeomorphically onto f/(x; L)*. Proposition 2.3.12 shows that g is coherently
oriented with corresponding subdivision ¥ of L. Lemma 2.3.4 states that the
subdivision X inherits from X the property that the k-th branching number does
not exceed 2k. Applying nonsingular linear transformations, we may assume that
Lt = f’(x; L)+ = R""”. Hence the induction assumption shows that g maps
L+ homeomorphically onto f”(x; L)+ and thus f is a local homeomorphism at
x which in view of Theorem 2.3.2 completes the proof. |

2.3.5 Comments and References

It has already been observed in the early papers dealing with piecewise affine
mappings that the determinant signs of the matrices corresponding to the selection
functions play an important role in connection with the homeomorphism problem
(cf. Theorem 2.3.1). Rheinboldt and Vandergraft have proved in [59] that a
piecewise affine mapping is surjective, provided that all determinants of the matrices
corresponding to a set of selection functions have the same nonvanishing sign
(cf. also [8, 48]), and Schramm has shown in [70] that such mappings are open.
In [33] Kuhn and 6wen introduced the term coherent orientation for piecewise
affine mappings which admit a collection of selection functions, the matrices of
which have the same nonvanishing determinant sign, and showed that injective
piecewise affine mappings are coherently oriented. They have also indicated the
geometric meaning of coherent orientation which we have used as a definition
(cf. Proposition 2.3.5).

The problem of local versus global homeomorphisms has been intensively
studied in the literature. The general theorems on covering maps and local home-
omorphisms of Sect.2.3.2 remain valid for arbitrary metric spaces X and Y.
Theorem 2.3.3 is due to Browder (cf. [6, 33], Sect. 4.2). Further conditions which
ensure that a local homeomorphism is a covering map are given in [50]. Theorems
2.3.4 and 2.3.5 can be found in Spanier’s book [78] as indicated. The introduction
of covering map theory to the study of piecewise affine functions is due to Schramm
(cf. [70]) and has been further exploited in [33] to prove the branching number
theorem for the important special case of the second branching number. The general
branching number theorem has been proved in [72].



50 2 Piecewise Affine Functions

The factorization results of Sect.2.3.3 can be found in the article [16] of Eaves
and Rothblum. The latter paper extends most of the results which we have presented
in this section to piecewise affine mappings over general ordered fields.

Sufficient homeomorphism conditions which rely on the matrix-vector pairs
rather than the subdivision can be found e.g., in the articles [20] of Fujisawa and
Kuh, [30] of Kojima and Saigal, and in the recent paper [58].

2.4 Euclidean Projections

To illustrate the results developed in the present chapter, we proceed with an analysis
of Euclidean projections onto polyhedra. This class of mappings is a particularly
important subclass of piecewise affine functions and has numerous applications,
one of which is outlined at the end of this section.

The Euclidean projection I1s onto a closed convex set S C IR” is the mapping
which assigns to each point x € R” the unique point [7g(x) € S which has minimal
Euclidean distance to x. The existence of a minimizer follows from Weierstass’
Theorem which implies that a continuous function which has compact lower level
sets has a minimizer on every closed set. The uniqueness is a consequence of the
convexity of S and the trivial fact that the midpoint between any two distinct points
on a sphere has smaller distance to the center of the sphere than the endpoints. As
an illustration of the mapping I1s, we first calculate the Euclidean projection onto a
line segment

owl={tv+ (1 —-)w|0 <t < 1}.

Since the result will be used in the sequel, it is convenient to formulate it as a lemma.

Lemma 2.4.1. Ifv and w are distinct vectors in R", then

v if x—=Tw—-v)<0
—W'(w—
My (x) =g v+ —E\)fcv—:;T?v/Vv—:; W= if0<x—=—vTw-=v)<w-=»T(w-y)
w if w=»"w=v)<x-vw-v)

Proof. Elementary geometric arguments show that the unique point of the line

aff[v, w] which has minimal Euclidean distance to x is the point v+ Efv t;rxt :; (w—v).

)T (e o .
EX_V)# < 1, then the latter point is the closest point to x on the line
w—v) (w—v)

segment [v, w]. Clearly the endpoint v is the closest point to x on the line segment
[v, w] if the angle between (x —v) and (w —v) is obtuse, i.e., if (x —v)T (w—v) <0,
while w is the Euclidean distance minimizer to x if the angel between (x — w) and
(v — w) is obtuse, i.e., if (x —w)T (v — w) < 0. The identity

Hence if 0 <
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x=w'=—wy=w-»"w-—v)—(x-»w-v

thus proves the assertion. |

We note that for every closed convex set S € R” the equation [Tg(x) = s
holds if and only if ITj; }(x) = s for every s’ € S. The next result establishes the
nonexpansiveness of the Euclidean projection with respect to the Euclidean norm.

Proposition 2.4.1. Let S C R" be a nonempty closed convex set and x,y € R".
Then

15 (x) = s < llx = .

Proof. Define v = Ilg(x) and w = [Is(y). If v = w, then the inequality holds
trivially. If v # w, then the convexity of S implies that v = [}, ,j(x) and w =
I}, (y) and hence Lemma 2.4.1 yields that

x—v)Tw=v)<o0
and
y—-—wl(v—w)<o.
Summing up both inequalities, we obtain
V=w=w < x=y»"'-w).
Schwarz’s inequality thus yields
v =wl* < llx = yllllv = wll

which establishes the assertion of the proposition. O

Beside the definition of the Euclidean projection by means of a minimal principle
there is an equivalent “dual” characterization of this mapping based on the normal
cone concept.

Proposition 2.4.2. For every nonempty closed convex set S € R" and every s € S
the following identity holds:

5 (s) = {s} + Ns(s).

Proof. We have to prove that ITg(x) = s if and only if (x — s) € Ng(s). By
definition of the normal cone a vector v is an element of Ng(s) if and only if the
set S is a subset of the halfspace H(s,v) = {y € R"|v"y < vIs}. We thus have
to prove that for every x € IR” the equality ITs(x) = s holds if and only if S C
H(s,x —s). To see this, recall that I[Tg(x) = s if and only [T )(x) = s for
every s’ € S. Lemma 2.4.1 shows that the latter statement holds if and only if
(x —5)Ts’ < (x —s) s foreverys’ € S,ie. ifandonlyif S € H(s,x —s). O
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2.4.1 The Euclidean Projection onto a Polyhedron

Next we show that the Euclidean projection onto a polyhedron is piecewise affine.
Before we present this result, we calculate the Euclidean projection onto an affine
subspace S of R”, hereby using the result of Proposition 2.4.2. Recall that any
affine subspace S is representable as the intersection of a finite number of (n — 1)-
dimensional hyperplanes with linearly independent normals.

Proposition 2.4.3. If S = {x € R"|Ax = b}, where A is an m X n-matrix with
full row rank and b € R"™, then ITs(z) = (I — AT(AAT) ' A)z 4+ (AT (AAT)~1)b.

Proof. By Proposition 2.4.2 the vector x € S is the Euclidean projection of the
vector z € IR” if and only if

z € {x}+ Ns(x).
It is an immediate consequence of the definition that the normal cone of the affine
subspace S € R” at a point x € S is the orthogonal complement of the linear

subspace S — x which is independent of x. In view of the representation of S, we
thus obtain

Ns(x) ={A"yly e R"}.

Hence the Euclidean projection 75 (z) can be determined by solving the equation

(5)-Go) (7).

and thus the assertion of the theorem follows from the identity

(1 A7) a (1 — AT(4AT) 1A AT(AAT)—I)
a0) T\ aany 4 —aanyr )

|

The latter proposition shows that the Euclidean projection onto an affine space is
an affine function. In order to prove that the Euclidean projection onto a polyhedron
P is a piecewise affine function we recall from Proposition 2.1.3 that the faces of a
polyhedron P = {x € R"|Ax < b} can be indexed by elements of the collection

J(A,b) = {I C{1,... ,m}|there exists a vector x € R" with

alx =bii€lajx<bj.je{l.....om\I}, (2.42)
where the vectors ay,...,a, form the rows of the m x n-matrix A, while the
numbers by, ..., b, are the components of the vector b € R™. The collection of

all sets
Fi={xeR'a/x=0/iel},lecI(AD), (2.43)
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is the collection of all nonempty faces of P. Moreover, Proposition 2.1.2 and part 3
of Proposition 2.1.3 show that the normal cone of P at a relative interior point x of
the face Fy is given by

N; = conefa;|i € 1}, (2.44)

where Ny = {0} by definition.

Proposition 2.4.4. Let P = {x € R"|Ax < b}, where A is an m X n-matrix
and b € R", let #(A, D), Fi, and N be defined by (2.42)—(2.44), respectively. If
z € Fi + Ny for some I € J(A,b), then [1p(z) = IIs,(z), where S; = {x €
R"|alx = b;,i € I}.

Proof. Ifz € F; + Ny, then z € {x} + N; for some x € F;. Since, on the one hand,
Proposition 2.1.2 implies that N; € Np(x), we obtain z € {x} + Np(x) and, in
view of Proposition 2.4.2, x = I1p(z). Since, on the other hand, N; € N, (x) =
lin{a;|i € I}, we obtain z € {x} + Ng,(x) and since x € S;, Proposition 2.4.2
shows that x = [Ty, (z). Thus I1p(z) = s, (2). O

2.4.2 The Normal Manifold

The normal manifold induced by the polyhedron P = {x € R"|Ax < b} is defined
to be the collection of all polyhedra P; = F; + Ny, I € #(A,b), where ¥ (A, b),
Fy, and Ny are defined by (2.42)—(2.44), respectively. Note that the normal manifold
is independent of the representation of the polyhedron since every set P; is the sum
of a face F; of P and the normal cone N; of P at a relative interior point of this
face. We will see below that the normal manifold is a polyhedral subdivision and
that its second branching number is 4. To prove this result, we use the following
lemma.

Lemma 2.4.2. . If I € Z(A,b), then every face of the polyhedron Fy is of the
from Fy, for anindex set J € Z(A,b) with I C J.

2. If I € F(A,b), then every proper face of the cone Ny is of the form Ny, J €
J(A,b),J CI,J #1.

3. If1,J € J(A,b) are two distinct index sets such that Py N Py # @, then

(a) PPNP;=FNF;+N NNy,
(b) F; N Fyis a common proper face of I and Fy,
(c) Ny NNy = Ninyisacommon proper face of Ny and Nj.

Proof. 1. The first assertion is a trivial consequence of the fact that every face of
F; is representable as {x € F1|a,fx =0,k € K} forsome K C {1,...,m}\I.
Taking the maximal index sets K, we thus conclude that every face of Fj is
indeed of the form F;, J C I, J € Z(A,b).
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2. To see the second assertion, note that every proper face F of N; is generated by
a subset of the vectors a;, i € I. Solet J C I be a maximal subset of / such
that F = N,. Since F is proper, J # [I.In order to see that J € ¥(A,b),
recall that every face is a max-face, i.e., there exists a vector v such that the
points of F are the maximizers of v/ x over x € N;. Since J was assumed to
be maximal, we conclude that vi'a; = 0 for every j € J, and vI'ax < 0 for
every k € {1,...,m}\J, which shows that J € .#(A4,b). To see the converse
let J € Z(A,b) with J C I, J # I.In particular, there exists a vector v € IR”
such that vi'a; = 0 forevery j € J and v''a; < O forevery k € {1,...,m}\J.
Hence the set N is the set of maximizers of the linear function v7 x over x € N;
and thus a face of N;. The face is proper since for every i € I\J the strict
inequality v/'a; < 0 holds.

3. (a) Note first that by the definition of the sets P; and P; the inclusion

(FiNF)+N/NNy) S P NPy

holds. To prove the converse inclusion, we note that z € P; N Py if and only
if there exist two vectors x € F; and y € F; such that

ze ({x}+ NNy} + Ny). (2.45)

Since by Proposition 2.1.2 the inclusion N; € Np(x) holds for every x €
Fy, (2.45) implies

z€ ({x}+ Np(x) N({y} + Ne(y)). (2.46)

which in view of Proposition 2.4.2 is equivalent to x = I1p(z) = y and thus
proves that

HP(Z)EFIQFJ. (247)

Moreover, since x = I[1p(z) = y, (2.45) also shows that
z—1II(z) e Nt NNy,

which proves the inclusion P; N P; € (F; N Fy) + (N; N Ny).

(b) Recall that (2.47) holds for every z € P; N P;. Since the latter set was
assumed to be nonempty, we thus conclude that F; N F; # (. The assertion
thus follows from the fact that the nonempty intersection of any two distinct
faces F; and F; of P is a proper face of both faces F; and Fj.

(c) Note first that the inclusion N;q; € N; N Ny is trivial. To see the converse
inclusion, let v, w € IR” be two vectors satisfying
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aiTvzb,-,i € I,akTv<bk,k e{l,...,mH\I,

alw=bj.jeJ.alv<b.le{l,...m\J. (2.48)
Note that y7v = 0 for every y € N; and y"w = 0 for every y € N; and
thus

yI(v+w)=0 foreveryy € N; N Nj. (2.49)

Ify € Niytheny = Yo,y Aiai + Zje]\] Ajaj, for some multipliers
Ai > 0.If y & Niny, then at least one of the multipliers A;, j € I\J,
is nonzero and hence y7 (v + w) < 0. In view of (2.49), we deduce that
y & Ny N Ny and thus Ny N Ny C Np\s. Since the same holds with the
roles of I and J interchanged, we conclude that Ny N N; € N;ny. The
assertion that N;n, is a common proper face of N; and N, is an immediate
consequence of part 2 and the trivial observation that I N J € .#(A, b) for
every I,J € Z(A,b). |

With the aid of the latter lemma, one easily proves the following important result.

Proposition 2.4.5. The normal manifold induced by a polyhedron P is a polyhe-
dral subdivision of R", the second branching number of which is 4.

Proof. Let P = {x € R"|Ax < b}. The full dimensionality of the sets F; + Ny,
I € J(A,b) is an immediate consequence of the fact that F; contains a relative
interior point x and that the set N; spans the subspace lin{a;|i € I}, while the
set F; — {x} spans its orthogonal complement. The covering property is also easily
verified since for every z € IR” there exists a unique face F; of P containing the
point x = I1p(z) in its relative interior. Since by Proposition 2.4.2 the identity x =
IIp(z) holds if and only if z € {x} + Np(x) and by Proposition 2.1.2 Np(x) = N;
for every relative interior point x of F;, we conclude that z € F; + N;. The fact that
the nonempty intersection of any two polyhedra P; and P; of the normal manifold
is a common face of both polyhedra is a direct consequence of Lemma 2.1.2 and
part 3 of Lemma 2.4.2. We thus conclude that the normal manifold induced by a
polyhedron is indeed a polyhedral subdivision.

To see that the second branching number is 4, note that Lemmas 2.1.2 and 2.4.2
show that every face of a polyhedron P; = F; + N;, I € .#(A,b), is of the form
F = F; + Nk, where J,K € #(A,b) with K € [ C J, and, moreover, that
F; + Ng € Pj for some index set I e (A, b) if and only if K C I c J.
Since K C J, the sets F; and Nk are contained in mutually orthogonal subspaces
of R" and thus dim(F; + Nkx) = dim F; + dim Ng. Since K € #(A,b), we
deduce from the definition of Nx and Fg that dim Ny = (n — dim Fx). Hence
dim(F; + Ng) = (n—2) if and only if dim F; = (dim Fxg —2.) Since K € I € J
for I € Z(A,b) if and only if F; and F; are faces of the polyhedron Fg and F;
is a face of Fy, the proof is complete if we can show that every face of dimension
(dim Fg —2) of the polyhedron F is contained in precisely two faces of dimension
(dim Fg — 1).

To see this, recall that
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Fy = {x eR'afx = bk eK.alx<b;,je {1,...,m}\1<}.
Since K € .#(A,b), there exists a vector v € R" with
a,{v =by,k € K,a]Tv <bj,jefl,....mi\K.

To simplify the exposition, we make some additional assumptions which do not
affect the face lattice of Fx. First of all, since the face lattice of a translation of a
polyhedron is the collection of all translated faces, we may assume without loss of
generality that v = 0 and thus

by =0 for every k € K
bj >0 forevery j e{l,....m\K. (2.50)

Secondly, since any vector in IR” can be uniquely decomposed as the sum of a
vector in a linear subspace and of a vector in its orthogonal complement, any vector
aj, j ¢ K, is the sum of a vector ¢; € lin{ax|k € K} and a vector d; € {x €
]R"|a,{x = 0,k € K}.If j ¢ K is an arbitrary index and x € R” is a vector
with aka = by for every k € K, then, in view of (2.50), the vector x satisfies the
inequality ajrx < b; if and only if it satisfies the inequality dij < b;. Since the
faces of the polyhedron Fg do not depend on its representation, we may replace a;
by d;, if necessary, and thus assume without loss of generality that

a; € linfaglk € K}*+ forevery j € {1,...,m}\K. (2.51)
j {ax| Y J

Finally, we may delete redundant inequalities from the representation of Fx and
assume that for each j € {1, ..., m} the constraint aij < b; is necessary, i.e., the
set of feasible solutions increases if the inequality is removed. Note that every face
of dimension (dim Fg — 1) is of the form Fgy;;, where j ¢ K. In order to prove
the assertion that every face of dimension (dim Fx — 2) is contained in precisely
two faces of dimension (dim Fx — 1), it thus suffices to show that the dimension of
the nonempty intersection of any three distinct faces of the from Fgyy;y, j & K, is
less than (dim Fg — 2). In view of (2.51), it suffices to check that any three vectors
aj,aj, and a;, with j; € {1,...,m}\K are linearly independent, provided there
exists a vector x € Fg with

alx =bj.i=123. (2.52)

If two vectors are linearly dependent, say a;, = aaj,, then we deduce from (2.50)
and (2.52) that « > 0. Hence one of the constraints is redundant, which contradicts
the assumption that all inequalities are necessary. Therefore any two vectors are
linearly independent and the equation
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Alajl + Azajz + A3aj3 =0

implies that either all multipliers A; vanish or all of them are nonzero. If one of
the multipliers, say A;, is positive, while another multiplier, say A,, is negative,
then either a;, € cone{a;,,aj,} or a;, € cone{a; ,aj,}, depending on the sign of
A3. Both implications contradict the non-redundancy assumption in view of (2.52).
Therefore the multipliers are either all positive or all negative. However, if this
is the case, then a;, € cone{—aj,, —aj,}, which in view of (2.52) contradicts the
assumption (2.50) and thus proves the linear independence of the vectors a;,,a,,
and a ;. |

We note that we have actually shown in the final part of the latter proof that every
ridge of a polyhedron is contained in exactly two facets, a fact which is well known
in polyhedral theory. This is the geometric reason why the second branching number
of the normal manifold induced by a polyhedron is 4.

2.4.3 An Application: Affine Variational Inequalities

To illustrate the results developed in the present section, we show how they can
be used to answer existence and uniqueness questions for the solution of an affine
variational inequality

(Cx+d)Tx>(Cx+d)Ty foreveryy e P ={ze R"|Az < b}, (2.53)

where A and C are m x n- and n X n-matrices, respectively, b € R”, and d € R".
In Sect. 1.1.1 we have indicated how variational inequalities can be used to model
equilibrium situations of dynamical systems.

Let us first show how the variational inequality (2.53) can be turned into a
piecewise affine equation. Note that the definition (2.2) of the normal cone mapping
Np shows that x solves the variational inequality (2.53) if and only if Cx + d €
Np(x) which in view of Proposition 2.4.2 is equivalent to the equation

Ip(x +Cx +d) = x. (2.54)
Using the results developed in the former sections, one easily proves the following

existence and uniqueness result.

Theorem 2.4.1. Let A and C be m X n- and n X n-matrices, respectively, b € R™,
d e R", letay,...,a, bethe row vectors of A, and let ¥ (A, b) be defined by (2.6).
Choose for every I € 9 (A, b) a maximal set of linearly independent vectors from
{a;|i € 1} and store these vectors in the rows of a matrix M. If all matrices

(I—MIT(MIMIT)_IMI)C —MIT(M]MIT)_IM],Z' S f(A,b),
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have the same nonvanishing determinant sign, then the variational inequality (2.53)
has a unique solution.

Proof. Since the variational inequality (2.53) is equivalent to the (2.54), it suffices
to prove that the function I7p(x + Cx + d) — x has a unique zero. In view of
Propositions 2.4.4 and 2.4.5, the mapping I1p(x + Cx + d) — x is piecewise affine
with affine selection functions

g, (x +Cx +d)—x.

Moreover, the normal manifold induced by P is a polyhedral subdivision corre-
sponding to the mapping [1p(x + Cx + d) — x. In view of the assumptions and
Proposition 2.4.3, we deduce that I7p (x + Cx + d) — x is coherently oriented, and
in view of Theorem 2.3.7 and Proposition 2.4.5, the latter mapping thus has a unique
Zero. a

Specifying the polyhedron P, we can use the latter theorem to develop the well-
known existence and uniqueness conditions for the linear complementarity problem
of finding a vector x € IR" which satisfies

x>0, Sx+r>0, (Sx+r)Tx=0, (2.55)
where S is an n x n-matrix and r € IR”. Note that (2.55) is equivalent to
max{—x,—Sx —r} =0.

Since HIR”+ (z) = max{z, 0}, the complementarity problem is equivalent to (2.54)
withC = —S,d = —r,and P = R"4,ie., A = I and b = 0 in the formulation
(2.53). Since Z(1, 0) is the collection of all subsets of / C {1,...,n}, the matrices
M in the above theorem contain the row vectors ¢;, i € I, where e; is the ith unit
vector in R". Hence the matrix D' = M (M;M])~' M| is a diagonal matrix with
diagonal entries
I 1 ifiel,
bii = 0 otherwise.

The rows N, il of the matrix
N' = T-M/(M;M])"'M))C—M] (M M])"'M,

are therefore given by

yi_f—e dfiel

2.56
! —S; otherwise, ( )

where S; denotes the ith row of the matrix § = —C. Since N/ = —I for
I ={1,...,n}, the assumption of the above theorem is satisfied if all determinants
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of the matrices N/, I C {1,...,n}, are negative. In view of the Laplace expansion
and the special form (2.56) of the matrices N/, this is equivalent to the requirement
that all principal minors of the matrix S are positive. In the terminology of linear
complementarity theory, a matrix with the latter property is called a P-matrix.
Summing up, we have proven the following well-known result as a corollary of
Theorem 2.4.1:

Corollary 2.4.1. If S is a P-matrix, then the linear complementarity problem
(2.55) has a unique solution.

2.4.4 Comments and References

For a detailed account on the Euclidean projection, we refer to Zarantonello’s article
[81] and to Singer’s book [77]. By a result of Pang the Euclidean projection I1p can
be locally decomposed as

Mp(x +y) =Hp(x) + Hcy(y),

where C(x) = cone{z € P —{ITp(x)}|(ITp(x)—x)" x = 0} is the so-called critical
cone at [Tp(x) (cf. Lemma 4 in [53] and Corollary 4.5 in [61]). In particular, the
latter result implies that the B-derivative of I1p is given by

p(x;y) = e ().

The Euclidean projection onto polyhedra has been further studied by Robinson in
[66], where the normal manifold is introduced and analyzed in connection with
normal maps induced by linear transformations (cf. also [55]). The branching
number theorem has been first proved by Ralph in [56]. His proof differs from
ours by the use of purely geometric arguments. In particular, he does not exploit
the representation of the polyhedron as a system of linear inequalities (cf. [71]).

The results of Theorem 2.4.1 are related to the results of Robinson in [66], where
the affine variational inequality is transformed into a normal map. For a first account
on the well-known existence and uniqueness result for the linear complementarity
problem (cf. Corollary 2.4.1), we refer to the paper [69] of Samelson, Thrall, and
Wesler. A comprehensive survey of the linear complementarity problem is given in
Murty’s book [47].

2.5 Appendix: The Recession Function

In this appendix to the chapter on piecewise affine functions, we introduce the
recession function and study the relationship between a piecewise affine function
and its recession function. The recession function of a function f:R" — R is
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defined by

fOO(x) — alim f(ax)’

—>00 o

provided the limit exists for every x € R". If f is piecewise affine, then the latter
limit always exist since for every x there exists a polyhedron o in the corresponding
polyhedral subdivision such that «x € o for every sufficiently large @ > 0. Hence
if (A%, b") is the corresponding matrix-vector pair, we obtain

Alax + b B
” =

f®(x) = lim A'x

o—>00
In particular, the recession function of an affine function f(x) = Ax + b is the
linear function f*°(x) = Ax.

The recession function has some interesting properties which are reminiscent of
the properties of the B-derivative. In particular, the recession function is piecewise
linear. This is easily seen by considering a max—min representation of a real-valued
piecewise affine function f:IR” — IR (cf. Proposition 2.2.2), i.e.,

f(x) = max min a]Tx +b;,

I<i<l jeM;
where alTx +bq,..., a,{ + by are selection functions corresponding to f and M; €
{1,...,k},i =1,...,1. The recession function of f is easily calculated as

[e’e) : T
X) = max min a; x
YANCY I<i<k jeM; 77

which is a piecewise linear function. Since a function f:R" — R™ is piecewise
linear if and only if its component functions are piecewise linear, we obtain the
following result.

Proposition 2.5.1. The recession function of a piecewise affine function is piece-
wise linear.

Beside its piecewise linearity, the recession function has a second property in
common with the B-derivative, namely the existence of a chain-rule.

Proposition 2.5.2. If f:R"— R” and g : R* — R" are piecewise affine
functions, then

(fog)® =fTog™.
Proof. Let us fix some vector x € R¥ and suppose
glax) = Alax + b’

for every sufficiently large a > 0, i.e., g°(x) = A’x. Note that the following two
limits both exist:
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(/0 0™ = tim LECLD
(10 g™)(w) = tim LE4D,

Since f is Lipschitzian (cf. Proposition 2.2.7), there exists a constant L such that

bi
o

f(Alax + by f(Alax)
[

-

Letting « tend to infinity, we conclude that (f o g)*®°(x) = (f*° o g%°)(x). O

The main result of this appendix states that the recession function f*° of a
coherently oriented piecewise affine function f preserves enough information to
decide whether or not f is a homeomorphism.

Theorem 2.5.1. A coherently oriented piecewise affine function is a homeomor-
phism if and only if its recession function is a homeomorphism.

Proof. Let X' be a polyhedral subdivision corresponding to the piecewise affine
function f:R"— IR". Recall that the recession cone of a polyhedron 0 € X
is the set of all vectors y € IR” such that ¢ + cone{y} € o C 0. Setting
g(x) = x — xo for some vector xy € o, one readily deduces from the latter chain
rule that f*°(y) = Ay, provided the function f coincides on ¢ with an affine
function Ay + b. Since for every y € R” there exists a polyhedron 0 € X such
that oy € o for every sufficiently large ¢ > 0, every y € R”" is contained in the
recession cone of some polyhedrono € X'. Hence if f is a piecewise affine function
with corresponding collection of matrix-vector pairs A, ph,. .., (Ak , bk), then
the collection of matrices A', ..., A* corresponds to the recession function f .
Moreover, if ¢ is the recession cone of 0 € X, then 0 = 6 + ¢ for some polytope
6 and f(o) = f(6) + f*(c), i.e., f(c) is the recession cone of f(o). Let
Cyx be the collection of all n-dimensional recession cones of polyhedra o € X.
We have already argued above that the collection of all recession cones of polyhedra
in X covers R". If we remove the cones with nonempty interior, this covering
property is not affected; whence the cones in Cx cover R”. We also note that
the intersection of the interiors of any two distinct cones ¢ and ¢ is empty for
otherwise the corresponding polyhedra 0,6 € X would have a common interior
point. To see this, let 0 = {x € R"|Ax < b}and o = {x € R"|Ax < b}, where
none of the rows of the matrices A and A vanishes. In this case the intersection of
the interiors of the corresponding recession cones ¢ and ¢ is given by

int(c) Nint(¢) = {x € R"|Ax < 0, Ax < 0},

and one readily verifies that «x € int(c) N int(c) for every x € int(c) N int(¢) and
every sufficiently large o > 0.
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Suppose first that f is not a homeomorphism and let & be an element of X' with
n-dimensional recession cone ¢. By Corollary 2.3.1

fec Y ro. 2.57)

cex\{5}

If x + ay € 6 for every @ > 0, then the latter inclusion shows that there exists a
polyhedron 0 € ¥\{G} such that x + ay € o for every sufficiently large & > 0.
Hence y is contained in the recession cone of o and thus the recession cone of the
polyhedron f(&) is a subset of the union of the recession cones f(0), 0 € Y\{5}.
Since f*°(c) is the recession cone of f (o), we thus deduce from (2.57) that

@ | reo. (2.58)
cF#C

Since ¢ has nonempty interior and f*° is coherently oriented and coincides with a
linear mapping on ¢, the cone f°°(¢) has nonempty interior as well. Hence (2.58)
implies that there exists at least one cone ¢ € Cx\{c} such that

int £°°(c) Nint () # 0.

If v is an element of the latter set, then v has a preimage in the interior of ¢ and in
the interior of ¢. We have already seen above that the interiors of ¢ and ¢ have no
common points. Hence v has at least two preimages and f°° is not injective. Thus
f is a homeomorphism if f*° is a homeomorphism.

The converse is proved in a similar way. If f is a homeomorphism, then

intf(o) Nintf(6) =0

whenever o # &. Since the interiors of two polyhedra with n-dimensional recession
cones have a nonempty intersection whenever the interiors of the recession cones
have a nonempty intersection, we deduce that

int f*°(c) Nint f*°(¢) = 0

for every two distinct recession cones ¢,¢ € Cyx. Since the union of all cones
in Cx covers IR”, we may use Corollary 2.3.1 to deduce that f*° is indeed a
homeomorphism. |

As an example of the simplification one can achieve in passing from a piecewise
affine function to its recession function, we calculate the recession function of the
Euclidean projection I1p onto a convex polyhedron P C IR".

Proposition 2.5.3. If P is a convex polyhedron with recession cone C, then
ne=Ic.
P
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Proof. Let P be decomposedas P = Q +C, where Q is a compact polyhedron and
let x € IR". Since 11, is piecewise affine, the set ITp (cone{x}) polygonal line, i.e.,
pieced together by a finite number of line segments. Hence there exists a direction
v € IR" and a positive real number & such that

MHp(ax) = Mp(ax) + (¢ — &)v (2.59)

for every @ > @. It follows from the definition of the recession function that
I1g°(x) = v. Moreover, since ITp(ax), [Tp(&x) € P, we conclude that v € C.
The definition of the Euclidean projection I1p yields

lleex — M p(ax)|| < flex — pll. (2.60)
for every « > & and every y € P. Since P is the sum of Q and C, we may set
y=¢qg-+4+c,q€ Q,c e C,andsince xC = C for every ¢ > 0, we obtain from
(2.59) and (2.60) the inequality

lax — p(ax) +a@v—av| < ||lax — g — ac|| (2.61)
foreveryq € Q,c € C, and o« > &. Dividing both sides by « and letting o tend to

infinity we conclude that |x — v|| < ||x — ¢|| for every ¢ € C, hence I[I¢(x) = v.
O



Chapter 3
Elements from Nonsmooth Analysis

3.1 The Bouligand Derivative

The success of the derivative concept for smooth functions relies on the following
properties of the derivative:

e The function g(x) = f(x0) + V. f(x0)(x — x0) is a first order approximation of
the function f at xo, i.e. g(xo) = f(x0) and

i G 8@l _

=[x = o

0.

* The first-order approximation, being an affine function, is considerably simpler
than the original function.

* The existence of calculus rules allows the calculation of the derivative even for
complicated composed functions.

In an attempt to generalize the derivative to a class of nonsmooth function, one has
to try to preserve the latter properties in some sense. A natural extension of the
classical derivative is the Bouligand derivative, a concept which we have already
used in the latter chapter for a local analysis of piecewise affine functions.

Let U € RR” be an open set and let f:U — IR™ be a function. If for every
y € R”" the limit

£ ) = lim ~ (fx + @) f()

a>0

exists, then f is called directionally differentiable at x, and the function f”(xo;.)
is called the directional derivative of f at xo. If f is directionally differentiable at
X0 and the function g(x) = f(xo) + f’(x0; x — xp) is a first-order approximation
of f at xo, then f is called Bouligand differentiable (B-differentiable) at x, and
the function f’(xo;.) is called the B-derivative of f at x,. The classical definition

S. Scholtes, Introduction to Piecewise Differentiable Equations, SpringerBriefs 65
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of Fréchet differentiability (F-differentiability) is recovered by requiring that f is
B-differentiable at x( and that f”’(xo;.) is a linear function. In this case the function
f’(x0;.) is called the F-derivative of f at xo. We call the function f : U — R”
B-differentiable (F-differentiable) if it is B-differentiable (F-differentiable) at all
points of the open set U.

While the B-derivative concept preserves the first-order approximation property
of the classical F-derivative, the approximation function is not necessarily affine any
more. Nevertheless, it is still considerably simpler than the original function since
the directional derivative of a function is positively homogeneous, i.e.,

[ (x0; Ay) = Af(x0; y) forevery A > 0. (3.1)

In fact, if B = aA for a positive real number A, then § tends to zero from above if
and only if o does so; hence

fim = (FCx0-+ aky) = f50) = A fim (/3o + By) = S0,

a>0 B>0

The directional differentiability of a function is only of limited interest since the
directional derivative provides a rather poor local approximation of the function. In
fact, the function f:R?> — R defined by

0if x; < {/|x1], orif x; =0,
fx1.x0) = .
1 otherwise
has a vanishing directional derivative at the origin without even being continuous
at this point. The approximation properties of the B-derivative are much better. The
proofs of the following facts are straightforward and therefore omitted.

Remark 3.1.1. 1. If f:U — R™ is B-differentiable at xo € U, then f’(xp;.) is
continuous if and only if f is continuous.

2. If f:U— R™ is a function, xo € U, and g:R" — R is a positively homoge-
neous function with

i I G0 +3) — f(xo) —gW _
1m =

07
y=0 (a4l

then f is B-differentiable at xo and f”(xo; y) = g(y).
3. A function f:U — R™ is B-differentiable at xo € U if and only if its component
functions f;:U — R, i = 1,...,m, are B-differentiable at x.

An unrenounceable property for the practical use of the B-derivative is the existence
of calculus rules which, in fact, are mere restatements of the classical rules. The most
important calculus rule is the following chain rule.
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Theorem 3.1.1. If U € R" and V < R? are open sets and f:U— R" and
g:V — R" are continuous and B-differentiable at the points xo € V and g(xo) €
U, respectively, then the function f o g is B-differentiable at xo and

(f 08) (xo:y) = f'(g(x0): &' (x0: 7).
Proof. Define the functions

rr(z) = f(g(xo) +2) — f(g(x0)) — f'(g(x0):2).
re(¥) = g(xo + y) — g(xo) — g'(x0: )
rrog(¥) = f(g(xo + ) — f(g(x0)) — f'(g(x0): & (x05 ¥))

in suitable neighborhoods of the origin in R” and IR”, respectively. The definition
of the B-derivative yields

rr@ =0 and lim re(y) =0

i = (3.2)
=0 |zl =0 |y

Since  f'(g(x0); g’(x0;.)) is positively homogeneous, the second part of
Remark 3.1.1 shows that it suffices to prove that

o IO _

(3.3)
=0yl

As a consequence of the positive homogeneity of the B-derivatives, we obtain

7 oeII_ [1f(g(xo + ¥)) = fg(x0) = f'(g(x0); &' (xo; YD)

Iyl Iyl
_ I Ge(x0) + 8" (x03¥) + re(9) = f(g(x0)) — f"(g(x0); & Cxo3 )|
Iyl
_ lrp(&"Gros y) 4+ re () + /(8 (x0)5 8" (x03 ¥) + e () — (8 (x0); &' (x03 )

Ry

ll7r(g" (x05 ¥) + re W)
Iyl

+ Hf (g(xo);g' (Xo; L) + ’g(y)) —f (g(xo);g' (Xo; L)) H
i) ™ Iyl Iyl

In order to complete the proof, it thus suffices to show that

i 78 G0 ) + reW)I _

0 3.4)
y=>0 Iyl
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and

lim Hf (g(xo);g’ (x0§ l) 4+ 0 )) iy (g(xo>:g’ (xo; L)) H ~0
lim i) v

(3.5)

The latter identity is a mere consequence of (3.2) and the continuity of the
B-derivatives f’(g(xo);.) and g’(xo;.) which these functions inherit from the
functions f and g (cf. Remark 3.1.1). To see (3.4), note that

(o)l i)

The continuity of g’(x;.) and (3.2) implies the existence of a bound M > 0 with

()l 5) =

for every y in a neighborhood of the origin. Since g’(xo; y) + r¢(y) tends to zero
as y tends to zero, we may thus use (3.2) to deduce (3.4). O

7 (&' o3 ) + rg DI _ NIy (8" (0 y) + rg D) (
[yl =g’ (xory) + el

The following corollary is an immediate consequence of the chain rule and the
derivatives of the functions f(x;,x;) = ax; + Bxz, f2(x1,x2) = x1x2, and
fa(xy,x2) = ';—;, where the last function is defined only if x, # 0.

Corollary 3.1.1. Let f,g:U — R be continuous B-differentiable functions and
a,B € R. Then

(af + Bg) (xo;y) = af(x0: y) + Bg (x0: ),
and
(f8) (x03¥) = g(x0) f'(x0; ¥) + f(x0)g" (x03 y)-
If g(xo) # 0O, then

(f)’ (o y) = g(x0) £/ (x0: ¥) — f(x0)g (x05 y)
=) (xo1y) = : .
g g(xo)

Example 3.1.1. As an illustration of the chain rule, we calculate the B-derivative of
the max-min function

x) = max min f;(x
f() = max min f; (x).

where M; C {1,...,k}foreveryi = 1,...,[, and the functions fi,..., fy:U—> R
are C'-functions defined on an open subset U of IR”. Note first that the piecewise
linear function

V) = max min v;
f( ) 1<i<l jEM; /
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is B-differentiable in view of Proposition 2.2.6 and that the functions f; are by
assumption F-differentiable. Hence Theorem 3.1.1 shows that f is B-differentiable.
To calculate the B-derivative of f at xy € U, we use the chain rule of Theorem 3.1.1.
For z € ]Rl, we define

h(z) = max z;,

I<i<l

andfori € {1,...,1} and v € IR*, we define
gi(v) = minv;.
A direct application of the definition of the directional derivative yields

K (z;u) = max u;,
(z;u) il

p .
gi(viw) = min w;
o jenoy 7’

where /(z) = {i|h(z) = z;} and J;(v) = {j € M;|g(v) = v;}. Now we can use the
chain rule to calculate the B-derivative of f ) =h(g1(v),...,g1(v)) as

f'(viw) = max min w;,
iel(v) jei(v)

where
5oy = {7 € i min vy =,
[w)={ie{l,....k})|Ji() #0, f(») = min v, .
PeJi(v)

A final application of the chain rule thus yields

f'(x;y)= max  min Vfix)'y.
ieT (/) j € (f()

3.1.1 The B-Derivative of a Locally Lipschitz Continuous
Function

An important class of nonsmooth functions are the locally Lipschitz continuous
functions. Recall that a function f:U — R"™ is called Lipschitz continuous on V. C
U if there exists a constant L such that

I/ (x) = fWIl = Lilx =yl (3.6)
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for every x,y € V, i.e., the distance between two function values can be bounded
by a linear function of the distance between the arguments. A constant L satisfying
(3.6) is called a Lipschitz constant for f on V. The function f is called locally
Lipschitz continuous, if every point x € U admits a neighborhood V' € U on
which f is Lipschitz continuous. Note that a locally Lipschitz continuous function
f:U— R™ is Lipschitz continuous on every compact subset of U. Originally,
S.M. Robinson introduced the B-derivative as the directional derivative of a locally
Lipschitz continuous function. The reason that this definition is equivalent to ours in
the case of a locally Lipschitz continuous function is a consequence of the following
theorem.

Theorem 3.1.2. Let U C R”" be an open set, and let f:U — R™ be a locally
Lipschitz continuous function which is directionally differentiable at xy € U.

1. If L is a Lipschitz constant for f in a neighborhood of x, then L is a global
Lipschitz constant for f'(xo;.).
2. The function f is B-differentiable at x.

Proof. The first part is a direct consequence of the definition of the directional
derivative. In fact,

£ Cxoz y) = f' (x0:2) |

1
lim a”f(xo +ay) — f(xo + az)|
0

o>

IA

1
lim —L|ay — oz
a—0
a>0

Lily —z|.

To prove part 2, we have to show that

i /G = o) = fTxorx — xo)ll _
im =

0.
x> I = xol

Suppose this is not the case. Then there exists a sequence of vectors y, € IR”
converging to the origin such that

i 1 G0+ ym) = f(xo) = f'(x01 v
im

m=>00 [ yml

# 0. 3.7)

Since the unit sphere in IR” is compact, we may assume without loss of generality

that the sequence II§ w converges to a vector y on the unit sphere, for otherwise
m

we choose a suitable subsequence. Setting «,, = || v ||, we may use part 1 of the
theorem and the positive homogeneity of the directional derivative to conclude that
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0 < 1/ CGo+ ym) = f(x0) = f'(x01 )l
- I yml

1
= a—”f(xo + ym) = f(xo + amy) + f'(xo:0m¥) — f'(X0: Ym)
+ f(XO + Ofm);) - f(xO) - f/(xO;Olm)j)“

1
5 (I/(xo + ym) = f(xo + am P + ILf' (x0: 0t 7) = f(x0: ym) )

m

IA

1
+a—||f(xo + amy) — f(xo) — f'(x0:0m )|l

Ym 1 _ _
<2L|=— - yH + || = (f(x0 + am¥) — f(x0)) — f’(xo;y)H :
fomm fomm
Since o, = ||ym|l is a nullsequence and Z—:: tends to y, the definition of the

directional derivative yields

o 1 Gro 4 yi) = f o) = £7Cror yu) |

li 0,
m=>00 [[yml
which contradicts (3.7) and thus proves the assertion. |

An important tool for the applications of the classical differential calculus is
the fundamental theorem of the calculus which relates derivatives and integrals.
The following proposition yields an extension of this result to locally Lipschitz
continuous B-differentiable functions.

Proposition 3.1.1. Ler U € R" be an open convex set, f:U — R"™ be a locally
Lipschitz continuous B-differentiable function, and let xo,x, € U. The function
¥ [0,1] = R™ defined by y(t) = f'(xo + t(x; — Xo); X1 — Xo) is Lebesgue
integrable and

1
ﬂmzfﬁwféfhrH@rw&m—mW-

Proof. Note first that, in view of the chain rule, the function ¢ (1) = f(xo +1(x; —
Xo)) is locally Lipschitz continuous and B-differentiable and that

¢'(t) = f'(x0 + t(x1 — x0); X1 — X0) = Y (1),

provided the derivative ¢’ exists at the point 7. Since ¢(0) = f(xo) and ¢(1) =
f(x1), it thus suffices to show that the ordinary derivative

(0  tim PO =90

T—>t T—1
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exists for almost all ¢ € [0, 1], that ¢’ is Lebesgue integrable, and that the identity

1
$(0) — p(1) = /0 ¢/ (1)dt (3.8)

holds. By a classical result of Lebesgue the function ¢ has the required properties
if it is absolutely continuous on [0, 1], i.e., if for every number ¢ > 0, there exists a
number § > 0 such that for every n € IN and every collection of pairwise disjoint
intervals (o, Bx) € [0, 1], k = 1,...,n, with total length

> (B — ) <6,
k=1

the inequality

D lp(Br) — plan)| <&

k=1

holds. To see this, note first that the locally Lipschitz continuous function ¢ is
Lipschitz continuous on the compact set [0, 1]. Let L > 0 be a Lipschitz constant
for the function ¢ on [0, 1], &¢ > 0 be an arbitrarily chosen positive real number,
and set § = % If (k, Bx) € [0,1], k = 1,...,n, is a finite collection of pairwise
disjoint intervals with total length

> (B —ax) < 6.
k=1
then the Lipschitz inequality yields

Y 1pB) —pe) S LY 1B —eul <
k=1 k=1

which shows that ¢ is indeed absolutely continuous on [0, 1]. a

3.1.2 Strongly B-Differentiable Functions

In applying the classical calculus, one often encounters situations in which the
continuous dependence of the derivative on the argument plays an important role.
The following proposition shows that for locally Lipschitz continuous
B-differentiable functions this favorable situation can only occur if the function is
indeed F-differentiable at the respective point.
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Proposition 3.1.2. Let U be an open neighborhood of xo € R" and let f:U — R"
be locally Lipschitz continuous and B-differentiable. If for every fixed direction
y € R”" the function f'(x;y) as a function of x is continuous at xo, then f is
F-differentiable at x.

Proof. We have to prove that f’(xo;.) is linear. Since the directional derivative is
positively homogeneous, it suffices to prove that it is additive as well. To see this,
fix two nonvanishing directions y,z € IR". In view of Proposition 3.1.1 and the
continuity of the function f’(.;z) at xo we obtain

0

IA

/' (x0:y +2) = f'(x059) = f(x0:2) |

1
= lim || (f(xo + ay + az) = f(xo +ay)) = f(x0; 2l

a>0

a—0 oy
a>0

1 1
= lim ||—/ Sf(xo + oy + taz;az)dr — f'(x0;2) ||
0

1
lim [ f'(xo + oy + tazz) — f(x0:2) | dr

a>0

IA

1
— [ tim 17+ oy + raz2) — f il
O o—>

a>0

:0,

where the exchange of the limit and the integral is allowed as a consequence
of Lebesgue’s bounded convergence theorem which is applicable in view of the
continuity of the function f”(.;z) at the point xo. In fact, since the function f”(.;z)
is continuous at x(, we may choose an arbitrary bound K > 0. The continuity yields
the existence of a real number § > 0 such that

I f"(xo +viz) — f'(x0:2)| < K

forevery ||v|| < 6. 1f0 <« < and ¢ € [0, 1], then

S B
(YRR E
lay + razll < a(yll +zllzl) < eyl + llzl) <.

and hence
If'(xo + ay + taziz) = f/(x0:2)[| = K
forevery 0 < o < Hyngm and every ¢ € [0, 1]. |

Note that the latter proposition does not claim that the function f is continuously
F-differentiable in a neighborhood of the point xy. In fact, the B-derivative of the
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function f(x,y) = |x|y in a fixed direction (v, w) € IR? is a continuous function
of the argument (x, y) at the origin. Nevertheless, f is not F-differentiable in a
neighborhood of the origin and thus not continuously F-differentiable at this point.
A concept which is somewhat weaker than continuous differentiability but
considerably stronger than B-differentiability is the strong B-differentiability of a
function. If U € IR” is an open set and f, g:U — R™ are two functions, then g is
called a strong first-order approximation of f at xo € U if f(x¢) = g(xo) and

. (/) —g() = (f@) —g@)I _
1m =

0050 ly —z]|

0.

A B-differentiable (F-differentiable) function f:U — R™ is called strongly
B-differentiable (F-differentiable) at x, if the function g(x) = f(x¢) + f/(x0;x —
Xo) is a strong first-order approximation of f at xo, i.e., if

I (/) = f@) = (f'(xor y = x0) = f/(xo: 2= xo0)|| _
1m =

090 Iyl

0.

Setting z = X, one readily verifies that a strong first order approximation of f
is a first order approximation of f. We will see in the subsequent section that
the strong approximation property can be used to generalize the classical inverse
function theorem. However, before we present these results we show that strong B-
differentiability is implied by the continuity of the B-derivative as a function of the
base point.

Proposition 3.1.3. Let U C R" be an open neighborhood of xo andlet f:U — R™
be a locally Lipschitz continuous and B-differentiable. If for every y € R”" the
Sunction f'(.;y) as a function of x is continuous at xo, then f is strongly F-
differentiable at x.

Proof. It has already been shown in Proposition 3.1.2 that f is F-differentiable at
Xxo. Consider two sequences of distinct vectors y,, z,, which both converge to x.
We have to prove that

o NG m) = f @) = (O3 ym = X0) = f' (03 2m = X)) | _

li 0. (3.9
m—00 lym = zmll
Set
Ym — Zm
Yy = ——————.
lym = zmll

In view of Proposition 3.1.1 and the F-differentiability of f at x, the relation (3.9)
is equivalent to

1
lim H/ G+t — zm); vi)dt =V f(x0)vi || = 0. (3.10)
0

m—>00
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Since it suffices to prove the latter relation for every convergent subsequence of the
sequence of vectors v,,, we may assume that v,, converges to a vector v and thus
obtain

1
H/O f/(Zm +t(Ym — zm)ivim)dt =V f(x0)Vim

1
= /0 ”f/(zm + t(ym —Zm)iVm) — f/(zm + t(ym _Zm);‘_))”dt

1
+ / 1 F G+ 1 (e = 2)i ) — £ (03 )t
0
IV £ G0 G = vl

If L is a Lipschitz constant for f in some open convex neighborhood of x(, then
part 1 of Theorem 3.1.2 shows that for sufficiently large m € IN the first and third
summand are bounded by L ||v,, — || and thus converge to zero. The convergence of
the second summand is a consequence of the continuity of f’(.;v) and Lebesgue’s
bounded convergence theorem, which, in view of the continuity assumption, implies
that

1
Jim [0 G 10— 205 = f i

1
= / lirnoo | £ G@m + t(Ym — z2m); V) — [ (x0;V)||dt = 0. U
0o M

3.1.3 Comments and References

The notion of a Bouligand derivative has been introduced by Robinson in [64] for
locally Lipschitz continuous functions. Most of the properties of B-derivatives can
be found in the book [14] of Demyanov and Rubinov. For a comparison of the
properties of various differential concepts, we refer to the article [75] of Shapiro.
A proof of Theorem 3.1.2 can be found in the paper [51] of Pallaschke, Recht, and
Urbanski.

In the proofs of the Propositions 3.1.1-3.1.3 we have used some results from
Lebesgue integration theory. For an account on the subject, we refer to the book
[32] of Kolmogorov and Fomin. In particular, Lebesgue’s bounded convergence
theorem can be found in Chap. 8, Sect.30.1, while Lebesgue’s Theorem on the
integrability of the derivative of an absolutely continuous function is presented in
Chap. 9, Sect. 33.2.

Strongly B-differentiable functions have been introduced and studied by
Robinson in [61].
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3.2 Inverse and Implicit Function Theorems

We have seen in the introductory chapter that many problems in optimization and
equilibrium theory can be formulated as the problem of finding a solution of an
equation

f(x) =0,

where f:IR" — R" is a continuous, not necessarily differentiable function. An
important question is how the solution of the problem changes if the data is
perturbed. Assuming that the perturbation of the data is controlled by a finite
dimensional parameter y € IR, one can formulate this problem as a parameterized
equation

Sfx.y) =0.

The question is how a given solution x( corresponding to an initial parameter vector
Yo varies as a function of the parameter. The preferable situation is the functional
dependence of the solution on the parameter, i.e., to each parameter vector y there
exists a unique solution vector x(y) solving the equation f(x,y) = 0. However,
such a global behavior cannot be expected in general. For instance the equation
f(x,y) = x> —y = 0, has a unique solution if y = 0, two solutions for every
y > 0 and no real solution for y < 0. The solutions in the (x, y)-space form the
graph of the function y(x) = x2. If the function_f is slightly perturbed in such
a way that the solution set of the new function f in the (x, y)-space is close to
the solution set of the old function f, then the new equation f(x,y) = 0 will
also have two solutions for some parameter vectors y, i.e., the unpleasant situation
persists under small perturbations of the function f. Since this situation is in a sense
typical for nonlinear equations, we focus attention on local existence and uniqueness
questions. If U and V are subsets of R” and IR”, respectively, f :U x V — R" is
a function, then the equation f(x, y) = 0 is said to determine an implicit function
x(y) at the point (xg, yo) € U x V if f(x¢, yo) = 0 and there exist neighborhoods
U C U and V C V such that for every y € V the vector x(y) is the unique solution
of f(x,y) = 0 in the set U. Of course, one is not only interested in the existence
and local uniqueness of a solution but also in the properties of the implicit function.
Questions arising in this context are for instance:

¢ Is the implicit function continuous?

» Is it possible to estimate the distance of x(y) from the original solution xy =
x(yo) in terms of the distance from y, to y?

e Is the implicit function locally Lipschitz continuous and if so, how can we
calculate a Lipschitz constant in a neighborhood of y,?

e Is the implicit function differentiable at yy and if so, how can we calculate its
derivative at the point yy?

Statements which provide conditions for the existence of an implicit function are
called implicit function theorems. For smooth functions, the following classical
implicit function theorem holds.
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Theorem 3.2.1. Let f : R"XIR" — R" be a C"-function, r > 1, and let (x¢, yo) €
R" x R™ be such that f(xo,y0) = 0. If Vi f(x0, yo) is a nonsingular matrix,
then the equation f(x,y) = 0 determines an implicit function x(y) at (xo, o).
Moreover the function x is a C"-function and its Jacobian at the point yy is given by

Vx(yo0) = — Vi f(x0, ¥0) "'V f (0, y0)-

We will not prove this result since it is a special case of a more general implicit
function theorem which will be stated and proved later. There are three properties
which make the latter theorem extremely useful in applications:

* The implicit function x inherits the differentiability property of the function f.
* The condition is verifiable, provided the Jacobian of f is known.
» The Jacobian of x at y( can be easily calculated with the aid of the Jacobian of
S at (xo, yo)-
A straightforward generalization of the assumption of the implicit function theo-
rem to nonsmooth functions would be the requirement that f”((xo, yo); (-,0)) is
invertible, which in the C!-case is equivalent to the nonsingularity of the restricted
Jacobian V, f(xo, y0). In the nonsmooth case, however, the latter condition does
not guarantee that the equation f(x, y) determines an implicit function at (x¢, yo).
The following example exhibits a particularly simple nonsmooth equation which
satisfies the latter condition without determining an implicit function.

Example 3.2.1. Consider the parametric nonlinear complementarity problem

CP(e) x1,x, >0,
1 1
Silxi,x2) = E(xl + x2) — Z(xl +x+8)2>>0

S(x1,x0) = %(M + x2) — %(M +x+€)?2>0
f(x)'x=0.

A reformulation of CP(¢) as a parametric nonsmooth equation can be done via

F(x1,x2,8) =

1 1
min{xl,z(xl +x2)—Z(x1 +x2+8)2} ~ (O)

. 1 1 0
min {xz, E(XI + x7) — Z(XI + X + 8)2}

The vector (x1, x2) = (0, 0) solves CP(0). Moreover, using the theory of piecewise
affine functions or direct calculation, one easily verifies that

. 1
mm{yl, E(YI + yz)}

F/((O, 070)7 (ylv V2, 0)) =

. 1
min y y2, E(YI + 2)



78 3 Elements from Nonsmooth Analysis

is a homeomorphism. In fact, its inverse is the function

Gz, 2) = (max{zl, 2z — zz}) '

max{zz,22 — 21}

Nevertheless, the equation F(xi, X, €) = 0 does not determine an implicit function
at (0,0, 0). In fact, define the function ¢ : (—oo, %) — R by

p(e) =1—e—+/1-2¢.

Note that ¢ is a C°*°-function and

1
J1=2¢

1 3
¢ (8):( 1_25) ’

Hence ¢ is a strictly convex function and ¢ = 0 is its unique minimizer; thus

¢'(e) =1+

$(e) > ¢(0) =0

for every nonvanishing & < % Using the latter inequality, a direct calculation yields

_ (min{¢p(e),0}\ _ min{0, 0} _ (0
F9).0.01= ( min{0, 0} ) =FO.06).0) = (min{¢(s),0}) - (0)

for every ¢ € (—o0, %). Moreover, ¢(¢) = 0 if and only if ¢ = 0. Hence the
equation F(x, x2,€) = 0 has at least two distinct solutions for every nonvanishing
e € (—oo, %) and thus does not determine an implicit function in a neighborhood
of (0,0,0).

The latter example is the starting point for our study of parametric nonsmooth
equations. Our aim is to provide conditions which ensure that the invertibility of
the restricted B-derivative f”((xo, y0); (.,0)) implies the existence of an implicit
function x(y) determined by the equation f(x,y) = 0 in a neighborhood of a
solution (xo, yo).

A particularly easy form of a parametric equation is the right-hand side pertur-
bation

fx) =y,

of an equation f(x) = 0, where x, y € IR”. In this case, the equation f(x)—y=0
determines an implicit function at (xo, yo) if and only if the function f has a
local inverse function at xo. The additional requirement that the inverse function
is continuous leads to the local homeomorphism problem for the function f at the
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point xo. We have already introduced the notion of a homeomorphism in connection
with piecewise affine functions. We say that a function f :U — V mapping a subset
U of IR” into a subset V' of IR™ is invertible if the equation f(x) = y has a unique
solution x = f~!'(y) € U forevery y € V. The function f~! is called the inverse
function of f. Thus a continuous function is a homeomorphism if and only if it
is invertible and open, i.e., the images of open sets in U are open sets in V. In
the following we will be mainly concerned with Lipschitz homeomorphisms, i.e.,
invertible functions f:U — V with the property that f and f~! are Lipschitz
continuous on U and V, respectively. There are also local versions of the latter
notions. The function f : U — V is called invertible at x; € U if there exist
neighborhoods U < U of x, and V C V of f(xo) such that the equation
f(x) = y has a unique solution x = f_'(y) € U for every y € V. The

X0

function f;' : V — U is called a local inverse of f at xo. If f and Sl are
Lipschitz continuous on U and V, then f is said to be Lipschitz-invertible at xp. A
function which is Lipschitz-invertible at x, is sometimes also called a local Lipschitz
homeomorphisms at x.

There are three celebrated theorems of L.E.J. Brouwer which are related to the
homeomorphism problem.

Open mapping theorem: If U C R" is open and f:U — R" is continuous and
injective, then f is open.

Invariance of domain: If U, V are subsets of R" and f:U — V is a homeomor-
phism, then boundary points of U are mapped onto boundary points of V.

Invariance of dimension: [f U C R"” and V' C R™ are open sets and f:U — V
is a homeomorphism, then n = m.

Note that the last statement can be directly deduced from the second result by
embedding the space of smaller dimension into the space of larger dimension. The
latter results belong to the heart of combinatorial topology. We omit the proofs since
they are quite involved and can be found in standard textbooks on the subject (cf.
Sect.3.2.4).

Verifying whether a given function is a homeomorphism or not is usually very
difficult. In the case of a C’"-function, however, the following inverse function
theorem provides a tool to check whether a given function is locally Lipschitz
invertible or not.

Theorem 3.2.2. If U C R" is open and f:U— R" is a C"-function, r > 1,
then f is locally Lipschitz invertible at xq if and only if the Jacobian V f(xy) is
nonsingular. Moreover, the local inverse of [ is a C"-function in a neighborhood

of f (xo).

We will not prove this theorem here since a generalization is proved later on for
strongly B-differentiable functions. As in the case of the implicit function theorem,
the question arises, whether the invertibility of the B-derivative of a nonsmooth
function is a sufficient criterion for the function to be invertible. The following
modification of Example 3.2.1 shows that this is not the case in general.
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Example 3.2.2. Consider the function

1 1

min ! z;, = (z1 + 22) — - (21 + 22)*
2 4

H(z1,22) = 1 1

min {Zz, E(Zl +22) — Z(Zl + Zz)z}

An application of the chain rule yields

min{yl, %(M + YZ)}
H'((0,0): (y1,y2) = 1
min { Y2, E(yl + YZ)}

The B-derivative of H at the origin is a homeomorphism and its inverse function is
given by

Ge1.20) = (max{m,Zm - zz}) _

max{z,,222 — 21}

Nevertheless, H is not invertible at the origin. To see this, let F' be the function
defined in Example 3.2.1, i.e.,

. 1 1
min %xl, —(x1+x)— =1 +x2+ 5)2}

2 4
F(x1,x2,€) = 1 1
min %x25 E(xl + X2) — Z(xl +x2+ 8)2}

A direct calculation shows that

1
1 1 5
H (x1 + 75 %2 + 58) — % = F(x1,x2,¢).
—&
2

Choosing ¢ € (—oo, %), Example 3.2.1 yields the solutions (¢(g) + %8, %s) and
(%8, ¢(e) + %8) of the equation

H(zi,22) =
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The solutions are distinct for every nonvanishing & < %, i.e., H is not injective in a
neighborhood of the origin.

Inverse function theorems, being special cases of implicit function theorems, are
not as special as it might seem at first glance. In fact there is a classical approach to
create implicit function theorems from inverse function theorems.

Lemma 3.2.1. Let U,V be subsets of R" and R™, respectively, f : U x V —
R" be a function, and let (xo,y9) € U x V, zo0 = [f(xo0,y0).The equation
f(x,y) —z = 0 determines an implicit function x(y,z) at (xo, yo) if and only
if the function g(x,y) = (f(x,y),y) has a local inverse at (xo, yo). In fact, if
g 0w) = (&5 (i), g7 (vow) € U x V. then x(7.2) = 7' . ).

Proof. The equation f(x,y) = z holds if and only if g(x,y) = (z,v). If, on
the one hand, the function g has a local inverse function at (x, yo), then there
exists a neighborhood W C U x V of (xg, yo) which is bijectively mapped onto
a neighborhood g(W) of (zo, y9). Hence the equation f(x,y) = z has a unique
solution x = g7 !(z, y) for every (y,z) € g(W). If, on the other hand, there exist
neighborhoods U of xg, V of yo, and W of 7o) such that the equation f(x,y)—z =20
has a unique solution x(y,z) € U for every (y,z) € V x W, then g(x, y) maps
UxV bijectively onto W x V and its inverse is givenby g7 (2, y) = (x(¥.2). ).

O

Remark 3.2.1. The latter lemma shows that the equation f(x,y) = 0 determines
an implicit function x(y) at (xg, yo), provided that g(x,y) = (f(x,y),y) has a
local inverse at (xg, yo) and that in this case the implicit function x(y) is given by
x(y) = g:'(»,0). However, the converse of this statement is not true in general.
A trivial counterexample is provided by function f(x,y) = x2. The equation
f(x,y) = 0 determines the implicit function x(y) = 0 at (0,0). However, the
equation f(x, y) = z has no solution for z < 0 and thus g does not have an inverse
function at the origin.

The classical implicit function theorem can be proved with the aid of the corre-
sponding inverse function theorem using the latter lemma. This shows that every
inverse function theorem yields an implicit function theorem and we can thus focus
attention to inverse function theorems.

We close this section with an elementary but very useful lemma which charac-
terizes local Lipschitz homeomorphisms.

Lemma 3.2.2. A locally Lipschitz continuous function f:U — R" is a local
Lipschitz homeomorphism at x if and only if there exists a neighborhood V. C U
of xo and a constant | > 0 such that || f(x1) — f(x2)|| > l||x1 — x2|| for every
X1, xp € V.

Proof. Recall that f is a local Lipschitz homeomorphism at x if and only if there
exist neighborhoods V' of xo and W of f(x¢) and a locally Lipschitz continuous
mapping g: W — V such that for every x € V and y € W the equation f(x) =y
holds if and only if x = g(y). Suppose on the one hand that f is a local Lipschitz
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homeomorphism at xo. If we choose / > 0 in such a way that % is a Lipschitz
constant of g in W, then

1 1
lrr = xall = lg(y1) =g = Iy = y2ll = 71/ Ce) = f ),

which proves the inequality.

Suppose on the other hand that the inequality holds for all x;, x, in a neigh-
borhood V of x¢ and let W = f(V). The validity of the inequality implies that
f(x1) = f(xp)if and only if x; = x,, i.e., f is injective. Hence there exists an
inverse function g: W — V with the property that f(x) = yforx € Vandy e W
if and only if x = g(y). Moreover, if x; = g(y1) and x, = g(y,), then

1 1
lg(D) =gl = x1 = x2ll = 717G = S = Fllyr = 2l

whence g maps V' homeomorphically onto W. Since V' is a neighborhood of x, the
invariance of domain theorem shows that W is a neighborhood of f(x) and thus f
is a local Lipschitz homeomorphism at x. |

3.2.1 B-Derivatives of Local Lipschitz Homeomorphisms

We have seen in Example 3.2.2 that the Lipschitz invertibility of the B-derivative of
a nonsmooth function does not necessarily imply the local Lipschitz invertibility of
the function. The aim of this section is to study the relation between the Lipschitz
invertibility of the B-derivative and the Lipschitz invertibility of the function. We
begin with an elementary observation about positively homogeneous functions.

Proposition 3.2.1. Let f:IR" — R” be a positively homogeneous function.

1. If f is invertible at the origin, then f is invertible on R" and the inverse f~'is
positively homogeneous.

2. If f is a local Lipschitz homeomorphism at the origin, then f is a Lipschitz
homeomorphism.

Proof. 1. Letu € IR” be an arbitrary vector. The positive homogeneity of f implies
that f(x) = uif and only if f(Ax) = Au for every A > 0. Since f is invertible
at the origin, there exists a A > 0 such that f(x) = Au has a solution x;. Hence
f (%xl) = u, which proves the surjectivity. Moreover, if f(x) = f(y), then
f(Ax) = f(Ly) for every A > 0. The local injectivity of f yields Ax = Ay
for some A > 0 and thus x = y, which shows that f is injective. The positive



3.2 Inverse and Implicit Function Theorems 83

homogeneity of f~! is easily seen since f~!(Au) is the unique solution to the
equation f(x) = Au. Hence { /™' (Au) = [~ (u).

. Using the first statement, it suffices to prove that every Lipschitz constant L of a

positively homogeneous function f in a neighborhood U of the origin is a global
Lipschitz constant for f. To see this, let x, y € R" and choose A > 0 such that
Ax,Ay € U. Then

1/ = fO = 31700 — FanI = 5 Llix = Ayl = Lix =y o

The following theorem illuminates the relation between the local Lipschitz

invertibility of a B-differentiable function and of its B-derivative.

Theorem 3.2.3. Let U C R" be open and f :U — R" be a continuous function
which is B-differentiable at xo € U.

1.

If f is a local Lipschitz homeomorphism at xo, then its B-derivative f’(xo;.)
is a Lipschitz homeomorphism. Moreover; the local inverse function f~' is B-
differentiable at f(xy) and its B-derivative is the inverse of the function f'(xo;.).
If f'(xo;y) = 0 implies y = 0, then there exists a neighborhood V- C U of x
such that the only solution of the equation f(x) = f(xo) in the set V is x = X.
If the B-derivative f'(xy;.) is a Lipschitz homeomorphism, then f(xg) is an
interior point of (V') for every neighborhood V. C U of xy.

Proof. Considering the function f (x) = f(x — x0) — f(xp) instead of f if
necessary, we may assume without loss of generality that xo = f(xo) = 0.

1.

Since f is a local Lipschitz homeomorphism at xo, Lemma 3.2.2 yields the
existence of a constant / > 0 and a neighborhood U of x, such that

1F o) = DI = 2lix =y

forevery x,y € U. Hence

1
£/ (xo:v) — f'(xosw)l = |l lim a(f(xo +av) — f(xo +aw))|l

a>0

v

lim /|jav — aw||
a—0

a>0

Ly =wl.

which, in view of Lemma 3.2.2, shows that f’(xo;.) is a local Lipschitz
homeomorphism at the origin and thus a Lipschitz homeomorphism.

To see the second part of the statement, let 2(y) = f'(xo;y) and let L be
a common Lipschitz constant of 27! in IR” and of ™' in a neighborhood V' of
f(xp). Define

yv) = [ (f(x0) +v) = xo
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forv e V —{f(xp)}. Since f~!:V — f~1(V) is a homeomorphism, we obtain
y(v) =0 if and only if v =0.
Moreover, a direct application of the definition of y(v) yields
Iyl = 17" (f(x0) +v) = fH(F o))l < L],
v=f(xo+y)— f(xo),

and

lim [y()| = 0. (3.11)

lIvl—0

With these properties, one easily verifies that the following chain of inequalities
holds for every nonvanishing v € V — { f(x¢)} :

o2 e 40— 1 ) o))
. v
_ LI (o + ) = x0) =]
. vl
LIS Gy 0) = fo + y0) + f(o)
. vl
_ LIS Go+30) = f(0) = £y
. I

If ||v|| tends to zero, then the B-differentiability of f together with (3.11) implies
that the last term tends to zero and thus all the other terms tend to zero as well.
In particular,

LTG0 0 = S ) o
Ivl—0 vl B

0.

Since the inverse of a positively homogeneous function is again positively
homogeneous, the latter identity shows that 2~! is indeed the B-derivative of
£~ at the point f(xo).

2. We have to show that there exists a positive real number § such that x, is the only
solution to the equation f(x) = f(xo) in the ball with radius §. By assumption
the equation f/(xo; ¥) = O has the only solution y = 0. Hence the positive
homogeneity of the B-derivative yields

£ Geo: I = ellyl
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for every y € R”", where ¢ > 0 is the minimum of the continuous function
| //(xo0;.)|| on the compact unit sphere. Due to the approximation property of the
B-derivative, we can find a real number § > 0 such that

£ (xo +y) = f(x0) = ' (xo: )| < el ¥

for every y € IR” with 0 < ||y|| < §. Combining both inequalities, we obtain

If(xo 4+ y) = f(x0) = f' o I < [1f (xo: W)

The triangle inequality immediately implies

0 < |f(xo+y) = f(xo)

forevery y € R" with 0 < ||y| < 6, i.e., xo is the only solution of the equation
f(x) = f(x0) in the ball around x with radius §.

3. We have to prove that for every sufficiently small ¢ > 0 there exists a real number
8 > 0 such that for every z with ||z|| < § the equation f(xo+y) = f(xo)+zhas
a solution y with || y| < e. Setting 2(y) = f’(xo; y), the equation f(xo + y) =
f(x0) + z is equivalent to the fixed-point equation

g() =y —h'(f(xo+ ) — f(x0) —2) = ».

If L is a Lipschitz constant of the function 2™, then we obtain

gl = lly =k~ (f (xo + ) = f(x0) = 2|
< 1B () = h™ (f(xo + ) = f(x0))
HIATH(f (oo + ) = f(x0)) = h™ (f (xo + ) = f(x0) =2
< L(If"(x0:y) = f(x0 + ) + f(xo)|l + Izl

We have to show that for every ¢ > 0 there exists a real number § > 0 such that
for every ||z|| < § the function g, has a fixed point y, with || y.|| < . Brouwer’s
fixed-point theorem states that every continuous function which maps a convex
compact set into itself has a fixed point. Since g, is continuous, it thus suffices to
provide positive numbers § and € < ¢ such that ||g.(y)| < & for every ||z|]| < §
and every ||y|| < &. The B-differentiability of f* shows that there exists a number
& such that
1/ (xo + y) = f(x0) = f'(x0: W < illyll

for every ||y|| < & Choosing & = min{&, e} and § = 57

above estimation of ||g,(y)|| that

, we conclude from the
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1 &
<L|— — | <é
gzl = (2L Il + ZL) <é

for every ||y|| < & and every ||z|| < §, which proves the assertion. |

3.2.2 An Inverse Function Theorem

The following theorem can be readily used to generalize the classical inverse func-
tion theorem to the class of locally Lipschitz continuous strongly B-differentiable
functions.

Theorem 3.2.4. Let U C R" be an open set and f, g:U — R" be locally Lipschitz
continuous functions. If g is a strong first order approximation of f at xo, then
f is a local Lipschitz homeomorphism at x¢ if and only if g is a local Lipschitz
homeomorphism at xy.

Proof. Suppose g is a local Lipschitz homeomorphism at x¢. Then there exists a
constant / > 0 such that

lg(y) —g@I = Iy -zl

for every x, y in a neighborhood V' € U of xy. Moreover, the strong approximation
property shows that for every ¢ > 0 there exists a real number § > 0 such that

(/) = f(2) = (g(y) —g@)Il = elly ==zl

whenever ||y — xo|| < § and ||z — xo|| < §. Hence

/D) = @I = I(g(y) —g@) —[(f(2) = f(¥) — (g —gW)]I
> [lg(y) —g@| = I(f@— () —(glx) — g
>y —zll —elly —zll

Choosing ¢ < [, we thus obtain a positive constant [ = [ — & such that

LfO) = fF@I =1y —z]

forevery y,z € V with ||y —x¢|| < § and ||z—xo| < §. Lemma 3.2.2 thus shows that
f is alocal Lipschitz homeomorphism at x¢. Since g is a strong approximation of f
at xo if and only if f is a strong approximation of g at x,, we have thus completed
the proof. O

The following corollary is an immediate consequence of the definition of a strong
B-derivative.
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Corollary 3.2.1. If the locally Lipschitz continuous function f:U — IR" has a
strong B-derivative at Xy, then f is a local Lipschitz homeomorphism at x if and
only if its B-derivative is a local Lipschitz homeomorphism at the origin.

3.2.3 Hadamard’s Theorem

We close this chapter with an extension of Hadamard’s Theorem to locally Lipschitz
continuous B-differentiable functions. The original version of this theorem states
that a C'-function f:IR” — IR" which is a local diffeomorphism at every point x €
IR" is a global diffeomorphism provided the set of all matrices V f(x)~!, x € R",
is bounded.

The basis for a proof of the latter theorem is the continuation property. A
continuous mapping f:R" — R”" has the continuation property for a path ¢q :
[0, 1] — R" if for every a € (0, 1] and every continuous function p:[0,a) — R”
satisfying f(p(¢)) = q(¢) forevery ¢ € [0, a) there exists a number p(a) such that
p(t) tends to a p(a) if ¢ tends to a from below. Note that the continuity of f and
q implies that f(p(a)) = ¢(a). The following lemma is a variant of the Homotopy
Lifting Theorem 2.3.4.

Lemma 3.2.3 ((cf. [49], (5.3.4))). Let f:IR"— R" be a local homeomorphism,
r:[0,1] = R” be a path, and H :[0, 1] x [0, 1] — R" be a continuous function such
that H(s,0) = f(r(s)) for all s € [0, 1]. If for each s € [0, 1] the function f has
the continuation property for the path H (s, ) then there exists a unique continuous
mapping H: [0,1] x[0, 1] = R” such thatH( 0)=rand fo H = H. Moreover;
if H(s,1) = H(0,t) = H(1,t) for every s,t € [0, 1], then r(0) = r(1).

With the aid of the latter lemma, it is possible to prove the following generalization
of Hadamard’s theorem.

Theorem 3.2.5. Let f:R"— R" be a B-differentiable local Lipschitz homeomor-
phism at each point x € R". If there exists a constant [ > 0 such that

I/"Ges )l = L]yl forevery x, y € R”, (3.12)

then f maps R" homeomorphically onto R".

Proof. The proof is based on the fact that f has the continuation property for every
locally Lipschitz continuous B-differentiable path ¢ : [0, 1] — IR". To see this, let
a € (0,1] and p:[0,a) — R" be a continuous function with f(p(t)) = ¢(¢t) for
every ¢ € [0,a). Since f is a local homeomorphism, the identity

p(t) = f(q(t)) (3.13)
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holds in a neighborhood of 7, where f~! is a local inverse of f at p(f). Since ¢ as
well as f~! are locally Lipschitz continuous and B-differentiable, so is the function
p. In order to see that

lim p() = p(a) G149

t<a

exists, we first apply the chain rule and part 1 of Theorem 3.2.3, and conclude from
(3.13) and the assumption of the theorem that

1
lp'(: D < 7||q’(t: D] (3.15)

for every t € (0,a). Since any locally Lipschitz continuous function is globally
Lipschitz continuous on compact sets, there is a global Lipschitz constant L for ¢
and hence

llg"(v;w)ll < Lilwll (3.16)

forevery v € (0, a) and every w € IR. Combining the inequalities (3.15) and (3.16),
we thus obtain

L
Ip'(t: )| < 0 (3.17)
for every ¢ € (0, a). Hence we conclude from Proposition 3.1.1 that
L
lp(t) = pto)ll = 7 — tol (3.18)

for every fo,1; € (0, a) and thus, in view of the Cauchy convergence criterion, the
limit (3.14) exists which establishes the continuation property of f for Lipschitz
continuous B-differentiable paths.

In order to establish the surjectivity of f, fix a vector xo € R", set yo = f(xo),
and choose an arbitrary vector y; € R”". Define a path ¢ : [0, 1] — IR” by ¢(¢) =
ty; + (1 —1)yo. Setting H(s,t) = q(t), we may apply Lemma 3.2.3 and obtain the
existence of a path p:[0,1] — R”" with p(0) = xp and f o p = ¢. In particular,
f(p(1)) = ¢q(1) = y; which proves that f is surjective.

To see that f is injective, let xo, x; € R” with f(xo) = f(x;). Define the path
r(s) = (1—s)xo+sx; and consider the mapping H :[0, 1] x [0, 1] — IR” defined by

H(s,t) =tf(xo) + (1 —1) f(sx; + (1 —s)xp).

Clearly H satisfies the assumptions of Lemma 3.2.3 and H(s,1) = H(0,7) =
H(1,¢) forevery s,t € [0, 1]. Hence xo = x; and thus f is injective.

The openness of f is a direct consequence of the local homeomorphism property
(cf. Proposition 2.3.9). O
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Recall that by Theorem 2.3.6 a local homeomorphism f:IR” — IR” is a homeo-
morphism if and only if f is closed. It would be interesting to have a direct proof
of the fact that a function f satisfying the assumptions of Hadamard’s Theorem is
a closed mapping without referring to Lemma 3.2.3.

3.2.4 Comments and References

For a proof of the invariance of domain theorem, we refer to the classical monograph
[1] of Alexandroff and Hopf or to Spanier’s book [78]. A proof of the open mapping
theorem based on degree theory can be found in Deimling’s book [12].

Lemma 3.2.2 and part 1 of Theorem 3.2.3 are due to Kummer (cf. [35],
Lemma 1, and [37], Lemma 2). The local surjectivity result of Theorem 3.2.3
was essentially already known to Alexandroff and Hopf (cf. [1], p. 477478, in
particular “Bemerkung I’ and “Bemerkung II” p. 478). The proof given here is
based on an idea of Halkin (cf. [24,39]). For an account on Brouwer’s fixed-point
theorem we refer to [49]. As a reference for the inverse function theorem for strongly
B-differentiable functions we mention Robinson’s articles [61, 65]. For an account
on the continuation property, in particular for a proof of Lemma 3.2.3, we refer to
the monograph [49] of Ortega and Rheinbold. The proof of Theorem 3.2.5 is close to
the proof of the classical theorem given in Schwartz’s book [74] (cf. [74], Theorem
1.22, and [49], (5.3.10)). For a more general result in the context of strongly
B-differentiable functions we refer to Theorem 3.3 in Robinson’s paper [65].

3.3 Appendix: Inverse Function Theorems of Clarke
and Kummer

There are some inverse function theorems close in spirit to the classical inverse
function theorem for differentiable functions which are applicable to general locally
Lipschitz continuous functions. They all incorporate one or another generalization
of the Jacobian of a differentiable function. The most important of these concepts is
F.H. Clarke’s notion of the generalized Jacobian of a locally Lipschitz continuous
function f:IR" — IR” which is defined by

af (x0) = Convﬂcl{Vf(x)|||x —xol| <e&,x € 2},

e>0

where 2 C R” is the set of all points where f is F-differentiable (cf. [9]). In
other words, the generalized Jacobian is the convex hull of all limit points of
Jacobian sequences V f(xy), where the sequence of base-points x; € §2 converges
to xo. The basis of the differential theory of locally Lipschitz continuous functions



90 3 Elements from Nonsmooth Analysis

is Rademacher’s Theorem which ensures that the set of points where a locally
Lipschitz continuous function fails to be F-differentiable is a Lebesgue nullset. This
classical result is used to prove the following proposition.

Proposition 3.3.1 ([9], Proposition 2.6.2). If f:IR" — R™ is a locally Lipschitz
continuous function, then df(xo) is a nonempty convex compact set of m X n-
matrices.

Clarke’s generalized Jacobian was the first analytic device to deal with nonsmooth
equations and is still very useful for many purposes. In particular, it can be used to
formulate an inverse function theorem.

Theorem 3.3.1 (Clarke’s Inverse Function Theorem [9], Theorem 7.1.1). Let
f:IR"— R" be a locally Lipschitz continuous function. If all matrices in the
generalized Jacobian 0f (xo) of f at the point xo € R" are nonsingular, then f
is a local Lipschitz homeomorphism at x.

The main drawback of Clarke’s inverse function theorem is the fact that it involves
the nonsingularity of a generally infinite number of matrices. Moreover, it is not as
close to the classical theorem has one might think. In the C '-case, the nonsingularity
of the Jacobian matrix is a necessary and sufficient criterion for a function to be a
local Lipschitz homeomorphism. Kummer gave a simple example, which shows
that this is not the case for Clarke’s condition (cf. [36]). He provided necessary
and sufficient conditions for a locally Lipschitz continuous function to be a local
Lipschitz homeomorphism in terms of a generalized directional derivative

Af(xoiy) = (el { UCEERRS

[|lx —x0l| <&,0<a<e

e>0

In other words, A f(x¢; y) consists of all limit points of sequences of vectors

_ S +any) — f(xn)

ay

n

where the sequence of vectors x, tends to x( and the sequence of real «,, tends to
zero from above.

Theorem 3.3.2 (Kummer’s Inverse Function Theorem [35], Theorem 1). A
locally Lipschitz continuous function f:R"— R" is a local Lipschitz homeomor-
phism at xo € R" if and only if 0 € A f(xo;y) for every nonvanishing vector
y e R".

Despite the theoretical benefits of the inverse function theorems of F.H. Clarke and
B. Kummer, they share the drawback that their assumptions are not very handy
in applications. In particular, one cannot hope to find a finite algorithm for their
verification. This is due to the fact that in general locally Lipschitz continuous
functions do not admit a sufficiently simple local approximation scheme.



Chapter 4
Piecewise Differentiable Functions

4.1 Basic Notions and Properties

We start with some basic notions. Let U be a subset of R” and let f;:U — IR",
i = 1,...,k be a collection of continuous functions. A function f:U — IR" is
said to be a continuous selection of the functions fi,..., f; onthe set O C U if
f is continuous on O and f(x) € {fi(x),..., fr(x)} for every x € O. A function
f:U— R" defined on an open set U C IR" is called a PC"-function, for some r €
IN U {oo} if for every x¢ € U there exists an open neighborhood O € U and a finite
number of C”-functions f;:O— IR, i = 1,...,k, such that f is a continuous
selection of fi,..., fy on O. A set of C"-functions f;:0O— R", | = 1,...,k,
defined on an open neighborhood O C U of xy is called a set of selection functions
for the PC"-function f at x¢ if f(x) € { fi(x),..., fi(x)} forevery x € O.

If we say that a function f is a continuous selection of the functions fi, ..., f,
we tacitly assume that the domains of definition of all functions coincide and that
f is a continuous selection of the functions f; on the common domain. A PC’-
function is thus a function which is everywhere locally a continuous selection of
C’-functions. P C'-functions are also called piecewise differentiable functions.

Examples of piecewise differentiable functions can be found in the introductory
chapter. In fact, the nonsmooth equations presented there all involve piecewise
differentiable functions if the data functions of the original problems are sufficiently
smooth.

The superposition g o f of two PC’-functions f and g is again a PC’-
function. In fact, if f is a continuous selection of the C”-functions fi,..., fk
in the open neighborhood O of xy and g is a continuous selection of the C’-
functions g1, . .., g; in the open neighborhood V of f(x), then go f is a continuous
selection of the C"-functions g; o fi, i € {l,....k}, j € {l,...,1} in the
open neighborhood f~1(V) N O of x¢. In particular, a function f:U — R™ is a
P C"-function if and only if each component function f;, i = 1,...,m, is PC".
Moreover, scalar multiples and finite sums of P C"-functions are again PC", and, in
the case of real-valued functions, the product as well as the pointwise maximum or
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minimum of two P C"-functions is PC". In particular, the maximum and minimum
operations readily allow the construction of piecewise differentiable functions. More
sophisticated examples will be considered later.

Given a set of selection functions fi, ..., fx fora PC"-function f at a point xo,
we define the active index set at the point xy by

Tp(xo) ={i €{l,....k} | f(x0) = fi(x0)}- (4.1)

The selection functions f;, i € I7(xo), are called active selection functions at xo.
Since the functions f; are C” and a fortiori continuous, the relation f(x) # fi(x)
persists in a neighborhood Uy, of xq, whence /¢(x) C I7(xo) for every x € Uy,.
So, if we are only interested in local properties of the function f in a neighborhood
of xo, which will be mainly the case throughout this chapter, we may assume that
S is a continuous selection of the functions f;,i € [y(xp). In some cases it is
reasonable to exclude superfluous indices from /¢ (xp). Consider for instance the
following function of two variables:

S(x.y) = (max{x, y}, min{x, y}).

A set of selection functions for such max-min-type P C”-functions can be con-
structed by combining all selection functions of the components. In our example this
yields the functions (x, x), (x, ¥), (¥, x), and (y, y). All these selection functions
are active at the origin. Nevertheless, the functions (x, x) and (y, y) are not essential
for building the function f. In fact they are only active on the principal diagonal,
which is a lower-dimensional set. This observation leads us to the introduction of
the set of essentially active indices

I5(x0) = {i €{l,... k}|xo € clint{x € U| f(x) = fi(x)})},

where we assume that the C”-functions fi, ..., fr form a set of selection functions
for the P C”-function f at x(. A selection function f; is called essentially active at
xoifi € Ifev(X()).

Our first result shows a piecewise differentiable function is everywhere locally a
continuous selection of essentially active selection functions.

Proposition 4.1.1. If f:U — IR" isa PC"-function and xo € U, then there exists
a collection of selection functions for f at xo which are all essentially active.

Proof. We will prove the assertion by induction on the number k of selection
functions. If f* admits a single selection function at xo, then this selection function
coincides with f in a neighborhood of x( and is thus essentially active. So suppose
the assertion holds for every P C"-function defined on U which admits a collection
of less than k selection functions at xo and let fi,..., fy:O— R™ be a set of
selection functions corresponding to the P C”-function f at xo. Assuming that not
all selection functions are essentially active, we will reduce the number of selection
functions for f" at xo. By definition an index i is essentially active at x, if there exists
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a sequence X, converging to xo with x,, € int{x € O|f(x) = fi(x)}. Thus, if the
index i € {1,...,k} is not essentially active at x¢, then there exists a neighborhood
V of x¢ with

V Nint{x € 0 f(x) = fi(x)} = 0. 4.2)

Moreover, if X € O with f(X) = fi(¥) and f(X) # f;(X) forevery i # j, then
these relations persists in a neighborhood of X due to the continuity of f and f; and
the assumption that f is a continuous selection of the functions f, ..., fi. We thus
obtain X € int{x € O] f(x) = f;(x)} and, in view of (4.2), x ¢ V. Hence for every
x € V thereexists anindex j € {1,...,k}\{i} with f(x) = fj(x), and thus f isa
continuous selection of the functions f;,i € Iy(x0)\{i} on the open neighborhood
V of x¢. An induction argument thus completes the proof. |

4.1.1 Local Lipschitz Continuity

In this section, we prove the important fact that a piecewise differentiable function
is locally Lipschitz continuous. First of all, it is not difficult to verify that every C -
function is locally Lipschitz continuous. In fact, if f:U — R is C land O C Uis
a compact neighborhood of xy, then the continuity of the gradient mapping shows
that there exists a number L such that

IVl = L

for every x € O. Choosing a convex subneighborhood V' € O of x,, we thus obtain

1
1) = )] = H [ VG100 -

1
5/0 IVf(x +t(y —x)Illy —x|de
< Ly —x|

for every x,y € V. We will show in this section that every continuous selection
of locally Lipschitz continuous functions is locally Lipschitz continuous, thus
implying this property for the special case of piecewise differentiable functions.
In order to prove this result, we make use of the following elementary lemma.

Lemma 4.1.1. Let ¢ : [0, 1] — R™ be a continuous function and let Ay, ..., A; C
R™ be closed sets. If $([0, 1]) C U _, A;, then there exist real numbers 0 = t, <
.-+ < t; = 1 and corresponding indices iy, . . . ,ij—1 such that

(). 9(tj+10} S Ay
forevery j =0,...,1—1
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Proof. The proof of this assertion is done by induction on the number /. The claim
is certainly true if / = 1. In fact, in this case we may choose fp = 0, t; = 1, and
io = 1. Suppose the assertion of the lemma holds for all curves ¢ : [0, 1] — R” and
at most / — 1 closed sets A;, and suppose the function ¢ : [0, 1] — R” and the sets
Ay, ..., A; satisfy the assumptions of the lemma. Let iy € {1,...,/} be an index
with ¢ (0) € A4;, and define

t; = sup{t € [0,1]|¢(¢) € Aj,}.

The continuity of ¢ and the closedness of 4;, imply that ¢ (¢;) € A;,. If on the one
hand #; = 1, then the assertion holds witht{ = t, = ---=f andiyp =i} = --- =
ij—1. On the other hand, if #; < 1, then the maximality of #; shows that ¢(¢) & A;,
for every t; < ¢t < 1 and the continuity of ¢ yields ¢(#;) € A;, for some index
iy # io. Hence the continuous function (1) = ¢(#; + t(1 — t;)) defined on the
interval [0, 1] passes through the [ — 1 closed sets A;, i € {l,...,k}\{io}. The

induction assumption thus yields a sequence of numbers 0 = #) < --- <1, =1
and indices iy, . .., i;—» such that

D). B0} € 4

for every j = 0,....,0 —=2.Settingt; =1, +1;—1(1 —t;) for j = 1,...,[ and
ij=ijqforj=1,.. ., 1 — 1 thus yields the assertion. O

The following result is easily established with the aid of the latter lemma.

Proposition 4.1.2. Let V C R" be a convex set and f;:V — R™,i =1,...,1, be

Lipschitz continuous on V with Lipschitz constants L;,i = 1,...,1.If f:V — R"
is continuous and f(x) € { fi(X),..., fi(x)}, then f is Lipschitz continuous on V
with Lipschitz constant L = max{Ly, ..., L;}.

Proof. Fix x,y € V and define ¢(¢t) = (x + ¢(y — x)) forz € [0, 1] and

Ai ={¢ OIS () = fi(p(0)).1 €0.1]}

fori = 1,...,1. Since the functions f and ¢ are continuous, the sets 4; are closed.
Hence Lemma4.1.1 yields the existence of real numbers0 = 7y <t} < --- <t = 1
and indices io, . .., {;—1 such that {¢(¢;), ¢ (t;+1)} € A;; forevery j =0,...,[—1.
Due to the definition of the sets A;, we thus obtain

S +t(y—x) = fi;(x +1;(y —x))
fx+t401(y —x) = fi;(x +1j+1(y — X)) 4.3)
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forevery j =0,...,/ — 1. Since

-1

FO)=f) =) fr+ 600 =x) = flx + 101y — %)),

J=0

we deduce from (4.3) and the assumptions of the proposition that

-1

1fG) = SO = | D fiy e+ 1, (p = X)) = fiy (x + 101y — X))
j=0
-1
<Y G+ =x) = fiy(x + 141y — )]
j=0
-1
< ZL:', llx =yl +1—1;)
j=0
-1
<max{Li,.... Li}llx =y Y (tj+1—1))
j =0

Lilx =yl 0

The main result of this section is a direct consequence of the latter proposition and
the fact that C!-functions are locally Lipschitz continuous. It is formulated in the
following corollary.

Corollary 4.1.1. Every piecewise differentiable function is locally Lipschitz con-
tinuous. A Lipschitz constant in a neighborhood of xg is given by the maximum of
the Lipschitz constants of the selection functions.

4.1.2 B-Differentiability

The B-differentiability of piecewise differentiable functions is of fundamental
importance for our study of this function class.

Proposition 4.1.3. Let f:U — R” be PC'-function, let fi,..., fi: O — R™ be
a collection of C'-selection functions for f at xo € O C U.

1. The function f is B-differentiable at xo and its B-derivative is a continuous
selection of the F-derivatives of the essentially active selection functions, i.e.,

S (o5 y) € {V fi(xo)yi € I§(x0)}.
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2. In addition, the function is directionally continuously differentiable in the
following sense:
[0+ yiy) = fl(xoiy),
lim )=0.
y=0 Iyl

Proof. Let ¢p(t) = f(xo +ty)and ¢;(t) = fi(xo+1ty),i € If(xo), be defined on
a suitably small interval (-6, §). Then ¢ is a PC! function with ¢(0) = ¢;(0) and
for every t € (—8,8) we have ¢(t) € {¢:i(¢) | i € I;(xo)}. Since the functions ¢;
are continuously differentiable, the relation

$:(1) = $:(0) + /0 #/(s)ds

holds and hence, reducing § if necessary, we deduce from ¢!(0) # qb} (0) that
@i(t) # ¢;(¢) for every ¢t € (0,8). Therefore there exists an index set / < [ )ep(xo)
such that ¢{(0) = ¢}(0) for every i,j € I and ¢(t) € {$:(t) | i € I} for
every ¢t € (0,8). Considering subsequences {o, } corresponding to different active
functions, one easily verifies that

1
¢'(0:1) = lim —($(@) — $(0)) = ¢/(0) (44)

for every i € I. Hence ¢ is directionally differentiable at the origin and

¢'(0:1) € {¢;(0) | i € 1(0)}.

This proves the first part of the proposition. To see the second part, let y, be a null
sequence. Since f is PC! there is an index sequence i, € I )ep(xo) with f(xo +
) = fi, (xo + yu) for all sufficiently large n. Notice that also f(xo) = f;, (xo) as
i€l )ep (xo). It suffices to prove the equation for all subsequences of y, with a fixed
index i, = i. Since f; is continuously differentiable we have

fim J1G0 F vn = yn) = (fiCxo + ) + V fi (o + yu) (=yn) _

n—>00 l[ynll

Oa

and the B-differentiability of f implies

fim &0+ ) = (f(x0) + f'Coiyn))
im =

n—00 [[ynll

0.

Combining these two equations we obtain
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S (xo + yus yn) — f/(x0: yn)

lim
n—00 lyall
~ lim Ji(xo + yu—yn) = (filxo + yu) + V fi(x0 + yu)(=yn))
n—00 vl
Lo S(xo + yu) = (f(x0) + f'(x0: yn))
m
n—00 | yal

Note that the second statement of the latter proposition cannot be generalized
to locally Lipschitz continuous B-differentiable functions which can be seen by
considering the function

1
x%sin— if x # 0,

f(x) = X
0 ifx =0

The function f is F-differentiable on IR with

1 1.
F(x) = 2xsm;+cos; ifx #0,
0 if x =0.

Moreover, since the derivative f” is locally bounded, the mean value theorem
implies the local Lipschitz continuity of f. Nevertheless, setting 7, = ﬁ, we
obtain

FO+t:1) = f'tn) = 1.

which does not converge to f/(0; 1) = 0 as n tends to co.

4.1.3 Strong B-Differentiability

Beside the continuously differentiable functions, there is an important class of
strongly B-differentiable but not necessarily F-differentiable P C'-functions. This
is the class of PC !-functions for which the points where the function fails to be
continuously differentiable is locally contained in a conical set. Recall that a set
C C R"is called a cone if Ac € C forevery ¢ € C and every A > 0.

Proposition 4.1.4. Let f:U — R" bea PC'-functionandlet fi, ..., fi: O — R"
be a collection of C'-selection functions for f at xo € O C U. If there exists a
neighborhood V. C O of xo and a collection Cy,...,C; € R" of closed cones
such that
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1. R" = U'_
2. Foreveryi € {1,...,1} there existsanindex p(i) € {1, ...k} suchthat f(x) =
o) (x) forevery x € V N ({xo} + C;)

then f is strongly B-differentiable at xy.

Proof. A direct application of the definition shows that the function f is strongly
B-differentiable at x; if and only if the function f defined on U — {xo} by f(x) =
f(x — xp) is strongly B-differentiable at the origin. Since the function f satisfies
all assumptions of the proposition for the origin instead of xo, it suffices to prove
the claim for the function f. Hence we may assume without loss of generality that
xo = 0, which simplifies the exposition of the proof. Moreover, taking a smaller
neighborhood if necessary, we may assume that V' is convex.

Our first observation is that the directional derivatives f/(0; y) and fp’(i )(O; y)
coincide in the direction y € C;. In fact, if y € C;, then f(ay) = f,i(ay) for
every sufficiently small « > 0, which shows that

') =V fi,(0)y (4.5)

for every y € C;. The proof is now carried out in two steps:

1. In the first step we show that for any two points y, z € V there exist real numbers
0=ty <---<t; = landindices qo, ...,q/—1 € {1, ..., k} such that the vectors
v; =y +t;(z— y) satisfy the identities

FO) = f0v)) = fo, (v;) = £, (0:v))
JOi40 = f1O0:v41) = fg, 041 = £ (0iv;41), (4.6)

where j € {0,...,] — 1}. Setting ¢(t) = y + t(z — y), Lemma 4.1.1 yields
real numbers 0 = 1y < --- < f; = 1 and indices igp,...,i;—; such that

{p(t;).¢(t;41)} S C;, forevery j = 0,....1 — 1. Setting v; = ¢(t;) =
y+tj(z—y)forj =0,...,[, we thus obtain

ivis1} € G 4.7)

Since y,z € V and V is convex, the vectors v; are all contained in V' and since
the set C;; are cones, we conclude from (4.7) that f(av;) = fpu;(av;) and
S(avit1) = fpia;(@vj4r) forevery o € [0, 1]. Setting g; = p(i;) and applying
the definition of the directional derivative thus prove the identities (4.6).

2. Now we are ready to prove the assertion of the proposition. Let ¢ > 0 be
arbitrarily chosen. Proposition 3.1.3 yields the strong F-differentiability of the
selection functions f, at the point xo = 0. Hence there exists a number § > 0
such that

1 fp (@) = fp(w) = f(0:0) + f,(0:w)]| < eflu—wl| (4.8)
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for any two points u, w € V with ||u| < § and ||w| < § andevery p € {1,...,k}.
Let y,z € V with ||y|| < & and ||z|| < 8. According to part 1 there exist reals
0 =1t <...<1t =1 andindices qo,...,q—1 € {1,...,k} such that the
pointsv; =y +t;(z—y), j =0,...,] — 1, satisfy (4.6). Since the vectors v,
are contained in the line segment joining y and z, we obtain ||v;|| < & for every
j =0,...,1. Since vyp = y and v; = z, we further obtain

I—1

FO=f@=f"O: )+ £/ 0:2) = Y (fO)=f D)= f 0:0)+ f (0:v;41)).

j=0
Hence (4.6) and (4.8) yield

If() = f@) = f(0:y) + £ (0:2)l
-1
=D S0) = i) = F1O:v) + £(0:v)41)

=0

I—1
< Z I fq; (Vi) = S, (Vi+1) — f,,/j 0;v;) + f,,/j 0:vj41]]
=0

-1
< elvi —vinl
Jj=0

-1

= elly =2l — ;)
j=0

=elly —zl.

Since € > 0 was chosen arbitrary and y,z where arbitrary points in V' with
|¥]l < & and ||z]| < 8, we conclude that f is strongly B-differentiable at xo. [

4.1.4 Continuous Differentiability

We close the analysis of the differentiability properties of piecewise differentiable
functions with the proof that a P C"-function is r-times continuously differentiable
in a generic point set. As a first result, we mention Rademacher’s Theorem which
states that a locally Lipschitz continuous function defined on a subset of R" is
F-differentiable at all points outside of a Lebesgue nullset. Since a P C"-function
is locally Lipschitz continuous (cf. Corollary 4.1.1), this statement carries on to
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P C"-functions. However, as far as higher order derivatives are concerned, the
Lipschitz property is of no use. In fact, if g : R — IR is a continuous function,
then the function

) = /0 ¢(s)ds

is continuously differentiable and a fortiori locally Lipschitz and f’(¢) = g(¢) for
every ¢ € R. Taking as g a continuous nowhere differentiable function thus yields
a locally Lipschitz continuous function f which is nowhere twice differentiable.
Here, P C"-functions behave much nicer. In fact, the following result shows that a
P C"-function is r-times continuously differentiable in a generic point set.

Proposition 4.1.5. Let U and be an open subset of R", and f:U — R"™ bea PC"-
function. There exists an open and dense subset U’ C U such that [ is r-times
continuously differentiable on U’.

Proof. Let fi,..., fr: O — R™ be a set of C"-selection functions for f at a point
xo € U. Clearly f is r-times continuously differentiable on the set

k
0" = Jintfx € 0| f(x) = fi(x)}

i=1

which is a finite union of open sets and thus itself open. Let us show that O’ is
a dense subset of O. To see this, we fix a point X € O and construct a sequence
X, € O’ which converges to x. Since O is open, there exists a real number & such
that every closed ball B(x,«) with center X and radius 0 < o < & is a subset of
O. Since f is a continuous selection of the functions f;,i = 1,...,k, the set O is
representable as

k
0= Jtxeolfx = fi)y.

i=1

Thus we obtain

k
B(%,a) = [ J{x € B(x,0)| f(x) = fi(x)}

i=1

for every 0 < a < «. Baire’s Theorem states that at least one of the closed sets
{x € B(x,a)|f(x) = fi(x)},i = 1,...,k, has an interior point, say x,, which is
also an interior point of the larger set {x € O| f(x) = f;(x)} and thus an element
of O’ N B(x,a). Hence if &, is a null sequence of positive reals with ¢, < @, then
the sequence of vectors x,, is contained in O’ and converges to X.

So we can construct for each x € U a neighborhood O, and an open subset
0. C O, which is dense in O, and has the property that f is r-times continuously
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differentiable at every point in O,. Taking the union of all set O, we obtain an
open set which is dense in U and has the property that f is r-times continuously
differentiable at every point in the set. |

4.1.5 Comments and References

Piecewise differentiable functions are not coherently defined in the literature. The
study of these functions started with Whitehead’s paper [79] on C'-complexes,
where he introduced piecewise differentiable mappings on polyhedral subdivi-
sions (cf. also [29]). In view of Proposition 4.1.4 such functions are strongly
B-differentiable and hence the inverse function theorem of Sect. 3.2.2 is applicable.
The notion of continuous selections of differentiable functions has been introduced
in the article [27] of Jongen and Pallaschke to extend the classical critical point
theory to nonsmooth functions (cf. also [3,41]). Real-valued piecewise differen-
tiable functions have been introduced by Womersley in [80] and extensively studied
by Chaney in connection with nonsmooth optimization problems (cf. [7] and the
references herein). For further results on real-valued P C’-functions we refer to
[38]. Our presentation of the subject is close to the exposition in [40], where
also most of the results can be found. Continuous selections of locally Lipschitz
continuous functions have been studied in Hager’s paper [23]. For an account on
Rademacher’s Theorem we refer to Federer’s book [17]. Baire’s Theorem can be
found in the book [32] of Kolmogorov and Fomin.

4.2 Piecewise Differentiable Homeomorphisms

In this section, we will be interested in the local homeomorphism property
for piecewise differentiable functions. A function f:U — R”" which is a local
homeomorphism at xo € U < R” is called a local PC"-homeomorphism (local
C’-diffeomorphism) at xo if f as well as its local inverse function are PC’-
functions (C"-functions) in a neighborhood of x¢ and f(x), respectively. The next
result shows that we may apply any inverse function theorems for locally Lipschitz
continuous functions to recognize P C"-homeomorphisms.

Proposition 4.2.1. A PC"-function f:U — R" is a local PC"-homeomorphism
at xo € U C R" ifand only ifit is a local Lipschitz homeomorphism at xy.

Proof. Since by Corollary 4.1.1 a PC"-function is locally Lipschitz continuous,
every local P C"-homeomorphism is certainly a local Lipschitz homeomorphism.
To see the converse, let f be a local Lipschitz homeomorphism at x. Lemma 3.2.2
shows that there exists a neighborhood O C U of x( and a constant [ > 0 such that

I/ +y) = Ol = 2]yl (4.9)
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for every x,y € R” with x,x + y € O. Moreover, since f is PC’, it is B-
differentiable at every point x € O and thus we can find for every ¢ > 0 a number
8 > 0 such that

£G4 y) = f@) = frea )l < ellyll (4.10)

for every ||y|| < §.1In view of the positive homogeneity of f”(x;.), we deduce from
(4.9) and (4.10) that

LA el = 2y (4.11)

for every y € RR”". Reducing the neighborhood O if necessary, we may select
a collection of C”-functions f,..., fr:O— IR" which are essentially active
selection functions for f at xo. Hence foreachi € {1, ..., k} there exists a sequence
of points x! € U, m € IN, converging to x, such that

xfn eint{x e U|f(x) = fi(x)}.
In particular, f is F-differentiable at every point x/, and
[ y) = Vi)
The inequality (4.11) thus yields

IV fi o)yl = 1yl

for every y € IR”. Due to the continuity of V f;, the latter inequality holds also for
the limit point xy. Hence V f;(x¢)y = 0 if and only if y = 0 and thus V f; (x¢) is
a nonsingular n x n-matrix. The classical inverse function theorem for C”-function
thus shows that every selection function f; is a local C"-diffeomorphism at x.
Since f was assumed to be a local Lipschitz homeomorphism, its local inverse is
continuous. To prove that f —lisa PC’-function, it thus suffices to show that

W e i o). ST (4.12)

for every v close to f(xo), where the function fi_1 is the local inverse function of
f; defined in a neighborhood of f(xo). Note that f(x) = v for some x € O if and
only if there exists a selection function f;(x) = v. If v is close enough to f(xo),
then the latter equation has a unique solution x = f;~!(v) in a neighborhood of xo,
which proves (4.12) for every v in a sufficiently small neighborhood of f(x¢). O

The following inverse function theorem is the essence of this chapter.

Theorem 4.2.1. Let f:U — R" be a PC"-function and let fi,..., fr:O— R"
be a collection of C"-selection functions for f at xo € O C U. If there exists a
neighborhood V- C O of xy and a collection Cy, ..., C; € R" of closed cones such
that
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1. R" = U'_
2. Foreveryi € {1,...,1} there existsanindex p(i) € {1, ...k} suchthat f(x) =
o) (x) forevery x € V N ({xo} + C;)

then f is alocal P C"-homeomorphism at x if and only if its B-derivative f'(xo;.)
is a homeomorphism.

Proof. Proposition 4.2.1 shows that f is a PC"-homeomorphism at x¢ if and
only if it is a local Lipschitz homeomorphism at xy. In view of Proposition 4.1.4
the function f is strongly B-differentiable and thus Corollary 3.2.1 shows that
f is a local Lipschitz homeomorphism at xo if and only if f/(xo;.) is a local
Lipschitz homeomorphism at the origin. In view of Proposition 3.2.1, the positively
homogeneous function f”(xo;.) is a local Lipschitz homeomorphism at the origin
if and only if it is a Lipschitz homeomorphism. By Proposition 2.3.1 a piecewise
affine homeomorphism has a piecewise affine inverse function and thus, in view of
Proposition 2.2.7, a piecewise affine function is a homeomorphism if and only if it
is a Lipschitz homeomorphism which completes the proof. |

4.2.1 An Implicit Function Theorem

Theorem 4.2.1 can be used in connection with Lemma 3.2.1 to prove the following
implicit function theorem for P C”-functions. Instead of formulating the result in
its most general form, we use the theory of piecewise affine functions, in particular
Theorem 2.3.7, to make the result accessible for many applications.

Theorem 4.2.2. Let U € R"” x R” be open, f : U — R" be a PC’-function,
and let

(x°,¥%) € U be a vector with f(x°,y%) =0,

fioeonf ¢+ O — TR" be a collection of selection functions for [ at
(x’y)eocU,

X be a conical subdivision of R" x R™ with a lineality space of dimension l.

If

1. For every 0 € X there exists an index j, € {1,...,k} such that f(x,y) =
i, (x, ) for every (x.y) € O N (0 + {(x° y*)})

2. Either (n+m—1) < 1 or there exists a natural numberk € {2,...,(n+m—1)}
such that the kth branching number of ¥ does not exceed 2k

3. All matrices Vy f;,(x°,y°), o0 € X, have the same nonvanishing determinant
sign

then

1. The equation f(x,y) = 0 determines an implicit PC"-function x(y) at (x°, y°)
2. The implicit functions x j, (y) determined by the equations f; (x,y) =0,0 € X,
form a collection of selection functions for the P C"-function x(y) at y°
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3. For every w € R™ the identity v = x'(y°; w) holds if and only if v satisfies the
piecewise linear equation f'((x°,y°); (v,w)) =0

Proof. Having the classical approach for the construction of implicit function theo-
rems from inverse function theorems in mind (cf. Lemma 3.2.1 and Remark 3.2.1),
we first prove that the function F/:U — R" x IR" defined by

F(x,y) = (f(x,y).y)

is a PC"-homeomorphism at (x°, y°). The assumptions of the theorem ensure that
the function F satisfies the assumptions of Theorem 4.2.1. Thus it suffices to prove
that the B-derivative of F is a homeomorphism. Due to assumption 1 and the fact
that the sets o are cones, we deduce from the definition of the B-derivative that

F'((x°, y): vow) = (Vs £, (X% Y0 + Yy £, (2%, yO)w, w) (4.13)

for every (v,w) € o. Hence the conical subdivision X corresponds to the B-
derivative of F at (x°,y%). In view of assumption 2 and Theorem 2.3.7, the
B-derivative of F at (x°, y°) is a homeomorphism if and only if it is coherently
oriented which, in view of (4.13), is equivalent to the fact that the matrices

(vmn NIRRT y°>) oex, (4.14)

have the same nonvanishing determinant sign. Performing successive Laplace
expansions over the last m rows shows that the determinants of the latter matrices
coincide with the determinants of the matrices V, f;, (x°, y°), which have the same
nonvanishing sign by assumption. Hence F is a P C"-homeomorphism at (x°, y°)
and thus Lemma 3.2.1 and Remark 3.2.1 show that the equation f(x,y) = 0
determines an implicit function at (x°, y°) and that x(y) = F_'(0, y), which is
locally a P C"-function since F~! is locally PC".

To prove the second assertion, we note that the functions F;, (x, y)=(fj, (x, ),
y) form a collection of selection functions for F at (x°, y°), and that all these se-
lection functions are local C”-diffeomorphisms at (x°, y°) since the corresponding
Jacobians have nonvanishing determinant. Hence the locally defined functions F ];1
form a collection of selection functions of the P C"-function F~! at F(x°, y°) and
thus x(y) = F;'(0,y) is a continuous selection of the C”-functions x;, (y) =
(F;,)71(0,y), 0 € X, in aneighborhood of y°.

In order to see the final assertion, let

D(y) == (x(»).y) = F1(0.y). (4.15)
Hence
D'(y%w) = (' (Y% w). w)
= (F7'((0,y%): (0. w)). (4.16)
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In view of part 1 of Theorem 3.2.3, (F~")’((0, y°): (., .)) is a homeomorphism and
the identity

(v.w) = (F71'((0. y%): (0, w))
holds if and only if
F'(x°, y%): (v, w)) = (0, w). (4.17)

In view of (4.16) and the definition of F, we thus obtain that v = x’(y°; w) if and
only if v satisfies the equation

S 9% (v, w)) =0, O

Beside the determination of x’(x°;w) by solving a piecewise linear equation,
there is also a combinatorial result which may be used to determine the latter
derivative:

Proposition 4.2.2. Suppose the assumptions of Theorem 4.2.2 are satisfied
andw € R™.

1. There exists a cone 0 € X such that

(0) € (foja(xo’yo) Vy £ (X%, 30w, W)) o (4.18)
w 0 1

2. The inclusion (4.18) holds if and only if
=V fi, (x°, yo)_lVyij % yOw,w) e o (4.19)
3. If w € R™ satisfies (4.18), then
X (w) = =V f, (0 ) TV 5, (0 YO

Proof. We use the notations of the proof of Theorem 4.2.2.

1. To see the first assertion, note that every cone o is mapped by F;, onto aset M, €
R" x R™ and that the sets M,, 0 € X, cover a neighborhood of F(x°, %) =
(0, y°) in the image space IR” x R™ since the function F(x,y) = (f(x,y),y),
which is a continuous selection of the functions F,_, is a P C"-homeomorphism
at (x°,9). Set 2% = (x°, y°) and fix a vector § € R" x R™. The surjectivity
property yields the existence of a cone o € X, anull sequence o, and a sequence
zx € o such that

Fj, @) + axé = F;, (& + z). (4.20)
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Since F, is a local diffeomorphism at Z°, the sequence z; can be chosen so that
it converges to the origin. Passing to a subsequence if necessary, we may also
assume that

2k

lim =
k=00 ||z ||

Il

Note that 7 € o since the latter cone is closed. The differentiability of F;  yields

F, (2 +z)— Fj, (&)

li =VF; ({)z.
ol B R
In view of (4.20) we thus obtain
. (0973 ON\=
lim — =VF; (z')z,
O T — @)

which shows that § € VF; (2%)o.
2. The equivalence of the inclusions (4.18) and (4.19) is readily verified since the
inverse of the matrix

(fojggxosyo) Vy s (Ixo,yo)) 4.21)

is given by

(Vx fi ();O, YO =V fi, (X0 yo)l‘1 Vy fi, (X% 59 ) , (4.22)

3. To see the second assertion of the proposition, recall from the last part of
Theorem 4.2.2 that
x'(y%;w) = vif and only if f/((x°, y°); (v,w)) = 0. (4.23)
Now let w € R™ be a vector satisfying (4.19) and set
v=—=V,f;, c° )V, f5, (x% yO)w (4.24)
the inclusion (4.19) and assumption 1 of the theorem imply that
f()c0 + av, y0 +aw) = fj, (xo + av, y0 + aw)

for every sufficiently small « > 0. Hence it follows immediately from the
definition of the B-derivative that

S 0w) = f7 (050 (v, ). (4.25)
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In view of (4.24), we obtain

Fi (050 v w))
= =V [, YWV £, 0 3 TV £, (0L w4 Yy, (2 y 0w = 0,

and thus (4.23) and (4.25) yield

X% w) = =V, £, % )7V, £ (0, 0w O

4.2.2 A Bound for the Condition Number

In the latter section we have developed an implicit function theorem for parametric
problems which can be formulated as a parametric P C!-function. The theory of
condition is concerned with the behavior of the solution function to a parametric
problem in the vicinity of a given parameter value. We will not go into the details of
the theory of condition but instead only investigate the asymptotic condition number
of the solution function. The absolute asymptotic condition number of a function
f:U— R™ defined on an open set U C R” at a point x° € U is defined by

£ = 1))

k(£ x%) = lim sup 0]

o I

(4.26)

Since we are not dealing with other types of condition numbers, we will call
i (£, x°) simply the condition number of f at x°. Note that «( f, x°) provides some
information about possible changes of the function values of f in terms of changes
of the argument. In fact, for every ¢ > 0 there exists a § > 0 such that

1f () = FOO = (e (£x%) + ) lx — 27

for every ||x — x°|| < §. The following proposition shows how to calculate the
condition number of a B-differentiable function.

Proposition 4.2.3. If f:U — R" is a continuous B-differentiable function defined
on an open set U C R" and x% e U, then

k(fox") = max f'(x%y).
Iyli=1

Proof. Since f is B-differentiable, the continuity of f implies the continuity of the
B-derivative f/(x’;.) Hence there exists a vector y* € IR” with ||y*|| = 1 and

£y = (%)
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for every y € IR” with | y|| = 1. Thus we have to prove the identity

b o £ = FGO)]
p

0 S PGS ] P (4.27)
x—>x0 llx — x|

To see that the left-hand side does not exceed the right-hand side, recall that the
definition of the B-derivative yields for every ¢ > 0 the existence of a number § > 0
such that

1f ) = £ = 1) = FE0) = £/ x = x| + (L 6% x = x|
< ellx =2 + 1LF GOy e =0

for every x € U with ||x — x°|| < §. Hence

oo 100 = £
P

0
s < e G0y
x—>x0 [[x — xO

for every ¢ > 0, which proves that the left-hand side of (4.27) is at most as large
as the right-hand side. To see the converse inequality, note that by definition of the
B-derivative

1yt — f)

_ *0 0, %
lim ; =Ty
>0
Setting x, = x° + %y* and recalling that || y*|| = 1, we thus obtain
) = fEO)|
lim =~ = | /*(x% )|
n—oolx, — X0

which shows that the left-hand side of (4.27) is at least as large as the right-hand
side and thus completes the proof. O

The following corollary is an immediate consequence of the latter proposition
and the fact that the B-derivative is a continuous selection of the F-derivatives of a
set of essentially active selection functions. Recall that the norm of an m x n-matrix
A is defined by

1Al = max [[Ay].
Iyll=1

Corollary 4.2.1. If U C R”" is open, f:U— R™ is a piecewise differentiable
function, and fi,..., fr: O— R™ is a collection of selection functions for f at
x% e 0 CU, then
k(fx%) = max VAR
)

iE[?(XO
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Proof. Since f/(x%;y) € {Vf£;,(x)y|i € I?(xo)}, one readily verifies that

max || f/(x% y)| < max max [Vfi(x")y|

lIyll=1 lIyll=1 161‘;()(0)

= max max |V £y

ie[l‘}(x") lyll=1
0
= max ||Vf£i(x")|. |
ie/j(xo)

4.2.3 Comments and References

A generalization of the inverse function Theorem 4.2.1 is given in [40], while a
more general formulation of the implicit function Theorem 4.2.2 can be found in
the paper [61] of Robinson. For a degree theoretic approach towards inverse and
implicit function theorems for P C"-functions we refer to Pang’s article [52] and to
the recent paper [54] of Pang and Ralph. The absolute asymptotic condition number
has been introduced in Rice’s paper [60] on the theory of condition which contains
a nice introduction to the subject.

In [40, 54] more general conditions have been studied which relate local
invertibility of a piecewise differentiable function to invertibility of its B-derivative.
The paper [40] extends the differential topology approach to P C '-maps initiated by
Jongen and Pallaschke in their seminal paper [27] to vector-valued functions. One of
the results in [40] states that a P C'-map has a local P C'-inverse at a point x if its
B-derivative at x is invertible and every collection of at most n of the gradients of the
essentially active selection functions of the components is linearly independent. The
approach of Pang and Ralph in [54] is based on degree theory. They show, e.g., that a
P C'-function has a local P C'-inverse at x if its B-derivative at x is invertible and
every Jacobian of the essentially active selection function of the original function
forms an essentially active selection function of the B-derivative. In [44, 58] the
degree theoretic approach has been used to prove the following implicit function
theorem:

Theorem 4.2.3. Letr U € IR", V € R™ be open sets and f:U x V — R" be
a PC"-map with C"-selection functions fi, ..., fu. Then the following statements
are equivalent:

1. The equation f(x,y) —z = 0 determines an implicit P C" -function x(y,z) in a
neighborhood of a solution (X, Yo, 20)-

2. The matrices V fi(xo,Y0), i € I}e, (X0, ¥0), have the same nonvanishing
determinant sign and the piecewise linear equation
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f/((x07 y0)7 (u,V)) —-—Ww= O

has a unique solution u(v, w) for every v € R™ and w € R".

For m = 0, one obtains the most general P C"-inverse function theorem. The latter
theorem has been applied to mathematical programs with normal map constraints in
[44] and to composite nonsmooth equations in [58].

4.3 Appendix: A Formula for the Generalized Jacobian

Generally the calculation of Clarke’s generalized Jacobian can be quite difficult due
to the lack of exact calculus rules. For piecewise differentiable functions, however,
there is a representation of the generalized Jacobian at hand once a set of essentially
active selection functions is known. A similar result is stated as Proposition 4 in
[34].

Proposition 4.3.1. IfU is an open subset of R" and f :U — R" isa P C'-function
with C ! selection functions f;:O0— R", i =1,...,k, atxo € O C U, then

9f (xo) = conv{V fi(xo)li € I (x0)}-

Proof. By definition

I5(x0) = {i e{l,...,k}|xo € cl(int{x € O] f(x) = f,-(x)})};

hence for every i € [ }e,(xo) there exists a sequence of points x, € int{x €
O|f(x) = fi(x)}, and thus f is Fréchet differentiable at x, and V f(x,) =
V fi(x,). The continuity of V f; implies V f;(xo) € 9f(x¢), which proves the
inclusion

9f (xo) 2 conv{V fi(xo)|i € I} (xo)}.

To see the converse inclusion, let x, be a sequence of points converging to x¢ such
that 1" is F-differentiable at each point x,, and that the sequence of Jacobians V f (x,)
converges. This implies that the B-derivative f'(x,;.) is a linear function. Recall
from Proposition 4.1.1 that f is locally a continuous selection of the functions f;,
i eI (xo) and from Proposition 4.1.3 that the B-derivative of a P C '-function
is a contlnuous selection of the F-derivatives of the selection functions. Hence
for each sufficiently large n € IN there exists an index i, € I¢ (xo) such that
V f(x,) = Vfi (x,). Considering the subsequences with constant indices, one
readily verifies that

lim V/(6,) € {V fi(x)li € I (o).
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This proves the inclusion

9f (xo) S conv{V fi(xo)|i € I7(x0)}.

and thus completes the proof of the theorem.
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Chapter 5
Sample Applications

5.1 Variational Inequalities and Normal Maps

The notion of a normal map has been introduced by S.M. Robinson as a device
for the treatment of nonlinear variational inequalities. Here, a variational inequality
induced by a closed convex set S € IR” and a function f :S — IR” is the problems
of finding a vector x € S which satisfies

f(@)x > f(x)Tyforevery y € S. 5.1

In view of the definition (2.2) of the normal cone, the variational inequality can be
equivalently formulated as a so-called generalized equation

0e{—f(x)} + Ns(x). (5.2)
Recall that by Proposition 2.4.2 the identity
Ns(x) + {x} = I (x) (5.3)

holds, where [Ty is the Euclidean projection onto S. Hence the variational inequality
(5.1) as well as the generalized equation (5.2) are equivalent to the fixed-point
equation

Hs(x + f(x)) = x. 5.4
The latter equation is closely related to the so-called normal equation
fUIs(2) + s5(2) = z. (5.5)

In fact, if x solves (5.4), then z = x + f(x) solves (5.5), while x = [15(z) solves
(5.4) whenever z solves (5.5). The normal equation (5.5) determines the zeros of the

mapping
fs=folls+IIg—1

S. Scholtes, Introduction to Piecewise Differentiable Equations, SpringerBriefs 113
in Optimization, DOI 10.1007/978-1-4614-4340-7_5, © Stefan Scholtes 2012
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S.M. Robinson called the latter mapping the normal map induced by the function f
and the closed convex set S. Naturally the question arises why the latter mapping
should be preferred to the mapping ITg o (I 4+ f) — I, the zeros of which correspond
directly to the solutions of the variational inequality (5.1) in view of its equivalence
to (5.4). In fact, we have successfully used the latter function in Sect. 2.4.3 to analyze
affine variational inequalities. However, in the nonlinear case the latter formulation
has a severe drawback. In most applications of variational inequalities, the function
f is a C!'-function. In this case the normal map fs is differentiable at all points
where [T is differentiable, while the set of points where the function [T o (I 4
f) — I fails to be differentiable may have a more complicated structure. To get an
idea of this phenomenon, consider the real-valued functions g(x) = f(]x|) and
h(x) = | f(x)| of a single variable x. If f is differentiable, then g is differentiable
at all points except perhaps at the origin, while 7 may be nondifferentiable at all
points where f vanishes. The following proposition exploits the property that the
nondifferentiability points of fg coincide with the nondifferentiability points of ITg.

Proposition 5.1.1. If P € R" is a polyhedron and f:R" — R" is a C"-function,
then fp is a strongly B-differentiable P C"-function.

Proof. Let P = {x € R"|Ax < b} and suppose ay,...,a, are the row vectors
of A. In view of Proposition 2.4.4 the function fp is a continuous selection of the
functions

follg, + s, — 1.1 € .7(A,b), (5.6)

where S; = {x € R"[a] x = b;,i € I}, and .7 (A, Db) is defined by (2.42). By
Proposition 2.4.3 the functions ITg, are affine. Hence the latter selection functions
are C"-functions and thus fp is a P C"-function. Moreover, Proposition 2.4.4 shows
that fp coincides with a selection function on each polyhedron of the normal
manifold included by P. Since a polyhedral subdivision ¥ of R" coincides in a
neighborhood of a point x with the polyhedral subdivision {{x} + 0’|0’ € X'(x)},
where X’(x) is the localization (2.23) of X' at x, we deduce from Proposition 4.1.4
that fp is indeed strongly B-differentiable at each point x € R". O

5.1.1 A Homeomorphism Condition for Normal Maps
of Polyhedra

As a consequence of Proposition 5.1.1 the normal map fp is a PC'-function,
provided that f:R" — R” is a C'-function and that P is a polyhedron. Propo-
sition 4.1.5 thus yields the existence of an open and dense subset §2 of R” such
that f is continuously differentiable at every point x € £2. The following theorem
provides a global homeomorphism condition for the normal map fp in terms of the
determinants of the Jacobian of fp in £2.

Theorem 5.1.1. Let P C R” be a polyhedron, f:IR" — R" be a C"-function, and
let §2 be a dense subset of R" such that fp is F-differentiable for every x € S2.
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If all matrices V fp(x), x € §2, have the same nonvanishing determinant sign and
if there exists a positive real | such that ||V fp(x)~'|| < I for every x € £, then fp
is a global P C"-homeomorphism.

Proof. We prove the theorem for the case that the determinants of the matrices
Vfr(x), x € £2, are positive; the proof for the case of negative determinants
is mutatis mutandis the same. If all determinants are positive, then the second
assumption of the theorem implies that there exists a number y > 0 such that

det(V fp(x)) >y forevery x € £2. 5.7

As in the proof of the latter proposition we assume that P = {x € R"|Ax < b},
where A has row vectors ay, . .., a, and use Proposition 2.4.4 to deduce that fp is
a continuous selection of the C"-functions

fr=folls, +1Is, — 1,1 € 7(A,D), (5.8)

where S; = {x € R"|alx = b;,i € I}, and that fp coincides with f; on the
polyhedron P; = F; 4+ N; of the normal manifold, i.e., given a point x € R”",
the function fp is a continuous selection of the C"-functions f;, x € Py, in a
neighborhood of x. Since the polyhedron P; has nonempty interior, the set £2 N
intP; is dense in P; and hence we deduce from (5.7) and the second assumption of
the theorem that

det(V f1(x)) = y
IV i)~ <1 (5.9)

Since the B-derivative fj;(x;.) is a continuous selection of the F-derivatives
V fi(x), x € P, we deduce from the first inequality of (5.9) that every B-derivative
fp(x;.) is coherently oriented. Moreover, a conical subdivision of IR” correspond-
ing to the piecewise linear function f7(x;.) is the localization (2.23) X'(x) of the
normal manifold X' induced by P. In view of Lemma 2.3.4, the second branching
number of the localization does not exceed the second branching number of the
normal manifold which, in view of Proposition 2.4.5, does not exceed 4. Thus
Theorem 2.3.7 shows that f7 (x;.) is a homeomorphism. Since by Proposition 5.1.1
the function fp is strongly B-differentiable, we thus conclude that fp is a local
P C"-homeomorphism. Using the second inequality of (5.9), we obtain

If ()l = i IV f1(x)y]

> min —————— [y
rxepr IV fr ()7

%

1
iy

for every y € IR". Thus Hadamard’s Theorem 3.2.5 shows that fp is indeed a
homeomorphism. |
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5.1.2 Comments and References

For an account on variational inequalities we refer to the recent survey article [25]
of Harker and Pang. An introduction to generalized equations can be found in
Robinson’s paper [62]. Normal maps have been studied by Robinson in [61,63,66],
by Pang and Ralph in [54], and by Kuntz and the author in [40]. The result presented
here is complementary to the results in [63].

5.2 Sensitivity Analysis for Mathematical Programs

In this section we use the implicit function theorem to develop conditions which
ensure that a parametric mathematical programming problem

P(y) mni{r; {f(x.»)|g(x,y) <0,h(x,y) =0}

xe

has locally a unique solution and to investigate properties of the solution function.
We assume throughout this section that the functions f : R" x R? — R, g :
R" x R? — R/, and 4 : R" x R? — R"™ are C’"-functions with » > 2. The
minimization is carried out over the variable x € R”, while the vector y € RR”
serves as a parameter which might reflect uncertainties in the problem data or control
variables. Throughout this section, we assume that we are given a stationary point
x° of the mathematical program P(y°) for a fixed parameter vector y° € R” and
we are interested in the following questions:

1. Is the solution x° locally unique for the fixed parameter vector y°?

2. If the first question is answered affirmatively, does there exist a locally unique
stationary point x(y) close to x* if y is close to y°?

3. If the second question is answered affirmatively, which conditions ensure that
the stationary points x(y) are local solutions of the programs P(y) for y close
to yo?

4. If the second question is answered affirmatively, what are the properties of the
stationary point mapping x(y)?

(a) Is the function x(y) piecewise differentiable?
(b) Can we calculate a collection of selection functions at y°?
(c) Can we calculate the B-derivative of x(y) at the point y°?

We emphasize the necessity to find algorithmically verifiable conditions to treat the
latter questions.
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5.2.1 Sensitivity Analysis of Stationary Solutions

We have already seen in the introductory chapter that the stationary points of the
mathematical programming problem P(y) correspond to the zeros of the Kojima
mapping F :R” x R'* x R? — R" x R'™ which is defined by

! I+m
fo(-x, y) + Zmax{v,-,O}VXgi (x7 y) + Z Vjvxhj ()C, y)
= j=l+1
F(x,v,y):= —g1(x,y) + min{v, 0} 7

—gi(x,y) + min{y;, 0}
_h(xv y)

i.e., x is a stationary point of the program P(y) if and only if there exists a
vector v € R’ such that F(x,v,y) = 0. Clearly F is a P C"!-function,
provided the data functions determining the program P(y) are C”-functions. The
function F is a C"~'-function in a neighborhood of any point (x°,v°, y°) with
nonvanishing components vl.o, i = 1,...,1. Note that in this case the stationary
point x° admits Lagrange multipliers (A°, 1°) € R’ x R” which satisfy the strict
complementarity condition, i.e., A; > 0 for every i with g;(x°,y%) = 0. If
some of the components vio, i € {l,...,1}, are vanishing, then the function F is
locally a continuous selection of C”"~'-functions. The objective of this section is to
analyze the local properties of the function F in a neighborhood of a general point
(x°,1°, %) € R” x R/ x R”. As a consequence of Theorem 4.2.2 we obtain the
following sensitivity result for the stationary points of parametric programs.

Theorem 5.2.1. Let (x°,1°,y%) € R" x R'*" x R” be a zero of the Kojima
mapping F corresponding to a parametric programming problem P(y) with C”-
data, r > 2. Let

AW = {8 € (=1, 1}|8; = signv? if v? # 0}, (5.10)

and define for § € A(v°) the C"~'-function

/ I+m
V, fx, )+ Zmax{&, 03v; Viegi(x, y)+ Z viVihj(x,y)
i=1 j=l+1

Fs(x,v,y):= _gl(an)_'min{Sl,O}Vl

—gi(x, y)—min{d;, 0}v,
—h(x,y)
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If all matrices V(X,V)Fg(xo,vo,yo), 5 € A(UO), have the same nonvanishing
determinant sign, then the following statements hold.:

Implicit function: The equation F(x,v,y) = 0 determines implicit PC"~'-
functions x(y) and v(y) at (x°,v°, y°).

Selection functions: The collections of all implicit functions xs(y) and vs(y)
determined by the equations Fs(x,v,y) = 0,8 € A(V°), are collections of selection
Sfunctions for x(y) and v(y).

B-derivative of the solution function: If we define

!
A0,y = VI 00 + ) max{u!. 03V g (x0, y°)

i=1
[+m

02 0,0

+ Z Vi Vichi(x®, yo),
j=l+1

!
B(x* 00,y = VI, f(x°y") + ) max{v{. 0}V? g (x°. ")
i=1
[+m
+ Z U?nyhj(xo,yo),
Jj=l+1

L") ={i e{l.....[}p) =0},
14 (0°) = {j €l I > o},

10 = {s e {l,....[}]p? < 0},

then for every w € RR™ the quadratic program

QP(x’, v’ y’, w) min %ZTA (0 )z + 2" B (x°00)) w
subject to
Vegi (1% 2= —Vyg (x°.y0) w.i € 1o (v°).
Vag) (3090 2 =~y (3090 w.j € Iy ().
V. hi (xo, yO)T 7= —=Vyhi (xo, yO)T wk=1...,m,

has a unique stationary point z(w) with unique corresponding Lagrange multipliers
0
Aw), y(w), u(w)) € ]R:f(” ) x R+ x R™ and the relations
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X' (% w) = z(w),

Ai(w) ifi € Iy(v°) and A; (w) > 0,

Vegi (x°, ¥ v(w) = Vy g (X%, yO)w if i € Io(v°) and A;(w) = 0
V(% w) = ori € 1_(v°),

yi(w) ifi € I4(v°),

Wi—i(w) ifie{l+1,....,01 +m}

hold.

Proof. Since the nonvanishing sign of a number is locally constant, the set
0% = {(x,v,y) € R" x R'*" x R”[signy; = signv? if v° # 0}
is an open neighborhood of (x°, v°, y°). Setting
os(V)={(v, . w) e R* x R x R?|§; u; > 0,i € I,(v°)}, (5.11)
the definitions of Fs and A(v°) show that for every § € A(v°) and every
(x,v,y) € 00°) N (a5(°) + {(x°,v", y))})

the identity F(x, v, y) = Fs(x, v, y) holds. It is easily seen that the collection of all
cones 05(v°), § € A(vY), is a conical subdivision of R” x R'™ x R” with lineality
space

L={w.pu,w) e R" x R x RP|u; = 0,i € I,(v°)}.

Note that the codimension (n + [ + m + p —dim L) of the lineality space L equals
the cardinality of I,(v°). If the codimension is larger than 1, then every face of
codimension 2 is contained in exactly four cones. In fact, a face of codimension
2 of a cone is obtained by turning two inequalities into equalities. Thus this face
is contained in the four cones which correspond to the four different possibilities
to turn two equalities into inequalities. Hence the second branching number of the
conical subdivision is 4. Since by assumption the matrices V(y ,) Fs(x, v°, y°) have
the same nonvanishing determinant sign, we may apply Theorem 4.2.2. The first two
assertions follow immediately from the statements (1) and (2) of Theorem 4.2.2.
To see that the third assertion is a direct consequence of Part 3 of Theorem 4.2.2,
note that
FI(x°0% y%): (v.n.w) =0

if and only if
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AQO YO+ BEO 0 yw Yy maxdn. 03Vegi (2, )

ielp(v)
+ >0 Vg ) + ) Vi (0, %) = 0,
JEI (V) k=1

— Vg (X% )Ty =V, 8 (x%, y°) T w + min{n;, 0} = 0,i € I,(v"),

—V,g; (xo, yO)Tv -V,g; (xo, yO)Tw =0,j € I+(v0),

— Vg (X% y) Ty = Vy g (x°, y) T w + 1y = 0,5 € 1-(v°),

— Vihi (x°, 9Ty — Vyhk(xo, YW w=0k=1,...,m.
Eliminating the forth set equations which has free 7n, variables, the left-hand
side of the latter equation coincides with the Kojima mapping corresponding to

the quadratic program QP (x°,v°, y°, w). Thus the third assertion of the theorem
follows immediately from statement (3) of Theorem 4.2.2. a

In view of the definition of the functions Fs and the set A(UO), the reduced
Jacobians of Fs, § € A(UO), have the following block structure:

A BsC
Vo Fs(x°0%,y%) = | =DT Es 0 |, (5.12)
—CT 00
where
1. A is an n x n-matrix with
/ m+1
A= Vﬁxf(xo, O + Zmax{&,O}v?fog(xo, O + Z U?foh(xo, y%)
i=1 j=l+1
! m—+1
= VA0 4+ Y maxdw), 03V2 g (%, y) + Y vIVE A, y0),
i=1 j=l+1

where the equality is due to the fact that § € A(v°) (cf. 5.10)
2. Bgsisann x [-matrix defined by

38 = (max{als O}ngl (xOs y0)7 et maX{Sls O}ng[ (xOs yo))

(O8]

. C is the n x m-matrix V, h(x°, y*)T

. D is the [ x n-matrix V, g(x°, y°)"

5. Esisan/ x [-matrix the ith column of which is the vector — min{§;, O}e;, where
e; 1s the ith unit vector in R/

~
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A natural question is how we can exploit the block structure of the matrix (5.12) to
simplify the calculation of the determinant sign of the matrices Vi, ., Fs(x, v°, y°),
8 € A(vY). A first observation is the fact that for §; = —1, the (n + i)th column
of the matrix (5.12) is the (n + i)th unit vector in R" ™" Using the Laplace
expansion for the determinant, we can thus delete the (n 4 i)th row and column of
the matrix without changing the determinant. Definition 5.10 shows that for every
i € {l,...,1} with v < 0 and every § € A(V°) the identity §; = —1 holds.
Deleting all columns and rows corresponding to negative components of §, we thus
conclude

Remark 5.2.1. For every § € A(v°) the identity

A M;sC
det (Ve Fs(x%, 0%, y%) = det | =M 0 0 |, (5.13)
—-CcT" 0 0

holds, where Mj is a matrix the columns of which store the gradients V, g; (x°, y°)
with §; = 1.

Note that the columns of the matrix M; consist of all gradients of active inequality
constraints with positive multipliers and, in addition, some of the gradients of
active inequality constraints with vanishing multiplier, according to our choice of
§ € A(v°). Each such matrix is a submatrix of the largest of these matrices which
consists of all column vectors V,g;(x°, y°) corresponding to active inequality
constraints. If we denote this largest matrix by M, we thus obtain as a necessary
condition for all matrices on the right-hand side of (5.13) to have a nonvanishing
determinant that the block matrix (M, C) has full column rank. This condition
is known as the linear independence constraint qualification. It implies that the
Lagrange multiplier vector A° corresponding to the stationary solution x° is unique,
which in turn implies the uniqueness of v°. We thus conclude

Remark 5.2.2. 1f all matrices V(. Fs(x°,1°, ), § € A(v°), have a nonvanishing
determinant sign, then the program P(y°) satisfies the linear independence con-

straint qualification at the stationary point x°.

Te latter fact enables us to use the following elementary lemma from linear algebra
for a further exploitation of the block structure of the matrix on the right-hand side
of (5.13).

Lemma 5.2.1. Let A and B be n x n-matrices and let B = (V, W), where V is an
n x (n —m)-matrix and W is an n x m-matrix. If det(B) # 0 and V' W = 0, then
gt AW Z deWIW) det(VT AV)

-wT 0 )  det(B)? ’
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Proof. Consider the (n + m) x ((n — m) + m + m) block matrix

Vvow
070
Interchanging m columns yields

Vow m B0
det(OI 0)—(—1) det(OI)

= (=1)" det(B)
# 0. (5.14)

Since VT W = 0, we obtain

viav o viaw

T
(07%) (L) (7o) =( 0 o —wiw
WTAV WTW WT AW

and thus in view of (5.14)

viav o0 vTaw
0 0o -wr'w|. (5.15)

( A W
det
WTAV WTw WT AW

- det
w7 0) det(B)2 ¢

Since the matrix B is nonsingular, the submatrix W has full column rank. Hence
the matrix W7 W is nonsingular and we can calculate

0o -wiw _(WITW)TTWTAWWTW)t (WTw)~! (5.16)
WTW WT AW N —WTw)™! 0 o
The latter identity shows that
-1
0o -w'w 0

0, viaw =0

( )(WTW WTAW) (WTAV)
and thus the Schur complement formula yields

viav. o vTAaw r
det| 0 0 -wiw | = det(WgW ;/@’Ag) det(V"AV)
wrav wiw wTaw

-wWTw 0

= (=" det(WTAW WTW) det(VTAV)
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= (=1)"det(-WTW)detWTW)det(VT AV)
= detWTW)*>det(VT AV).

Equation (5.15) proves the assertion of the lemma. |

Setting W = (M, C), where M; is the matrix defined in Remark 5.2.1, we can
immediately apply the latter lemma to prove the following result:

Remark 5.2.3. 1If the program P(y°) satisfies the linear independence constraint
qualification at x°, then for every § € A(v°) the equality

A MsC
sign det —MST 00 =signdet(V8TAV5) (5.17)
-CT 0 0

holds, where the columns of the matrix Vs form a basis of the nullspace of the matrix
T
(Ms.C)".

5.2.2 Sensitivity Analysis of Local Minimizers

In the preceding section, we have investigated the local change of a stationary point
as a function of the parameter. Here, we will be more interested in the change of a
local minimizer as a function of the parameter. We will see that the key towards the
analysis of the local minimizers is played by the following second-order sufficiency
condition.

Second-order sufficiency condition: If x° € R”" is a stationary solution of the

program P(y°) and A° € R'*™ is a corresponding Lagrange multiplier, then

x¥ is a local minimizer provided that w” Aw > 0 for every nonvanishing vector

w € R” satisfying
Vh(x°, yO)w =0
Vgi(x% y9)Tw =0if A? > 0,
Vg (x%yHTw <0 if)k(} =0and g;(x° y%) =0,
where

i m+1
A=V )+ ) AVELE ) + Y AGVEAGRS Y.
i=1 j=I+1
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We have not incidentally denoted the latter matrix by the symbol A. It does indeed
coincide with the matrix A4 used in the representation (5.12) of Vi, ) Fs(x°, v°, y°),
where the vector

o (A0 ifeither AV > Oori € {{ +1,...,] +m},

- 5.18
’ g: (x0, y9) otherwise, (5.13)

v

is chosen in such a way that F(x°,v°, y°) = 0.

Proposition 5.2.1. Let x° be a stationary point of the mathematical program P (y°)
and suppose the linear independence constraint qualification holds at x°. Let
A% u’ e ]R[+ x IR™ be the Lagrange multiplier vector corresponding to x°, and
let V' be a matrix whose columns form a basis of the linear subspace

L={zeR"Vh(x’y)z=0V,g(x" y) z=0.if 1) > 0}.

If the matrix VT AV is positive definite, then there exist open neighborhoods U €
R? of y* and V. < R" of x° such that for every parameter value y € U there
exists a unique stationary solution x(y) € V of the program P(y). Moreover, x is
a PC"'function of the parameter y and every stationary solution x(y) is a local
minimizer of the corresponding program.

Proof. Defining v° by (5.18), we obtain F(x°,v° y°) = 0. Note that VT AV is
positive definite if and only if w’ Aw > 0 for every nonvanishing vector w € L.
If we define

Ly = 1z € R"|V,h(x° y))z=0,V, g (x°, y*) 2= 0,if v > 0
Vig; (% y) 7z =0,if v? = 0and §; = 1{,

then Ls € L and thus w” Aw > 0 for every nonvanishing vector w € Lg. If the
columns of Vs form a basis of the subspace L, we can thus deduce that the matrix
VSTAV(; is positive definite and as thus has a positive determinant. In view of the
linear independence assumption, Remarks 5.2.1 and 5.2.3 and Theorem 5.2.1 can
be readily used to prove the local existence of a piecewise differentiable stationary
point mapping x(y). To see that for y close enough to y° the stationary point x(y)
is a local minimizer, note that the assumptions of the corollary imply the second-
order sufficiency condition. Since x depends continuously on the parameter y, so do
the matrix A as well as the equality system defining L. Since w” Aw > 0 for every
nonvanishing vector w € L if and only if the latter inequality holds for every w € L
with unit norm, we deduce that w” A(y)w > 0 for every w € L(y) as long as y is
sufficiently close to y°. O
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Remark 5.2.4. If the assumptions of the corollary are satisfied, then the objective
function of the corresponding quadratic program QP (x°,v°, y°, w) exhibited in
Theorem 5.2.1 is strictly convex over the feasible region and thus its unique
stationary solution is a minimizer.

5.2.3 Comments and References

The standard introductory text to sensitivity analysis is Fiacco’s book [18]. Our
treatment of the subject follows the approach of Kojima in [31]. He called a
stationary solution which satisfies the conditions of Theorem 5.2.1 a strongly stable
stationary solution. A survey of equivalent characterizations can be found in the
paper [28] of Klatte and Tammer. The directional derivative of the solution function
has been investigated under weaker assumptions in a number of articles (cf. e.g.
[2,4,5,13,21,42,57,76]).
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Index

A

active index set, 92

active index set, essentially, 92
affine hull, 14

B

B-derivative, 47, 65

B-derivative, of a piecewise affine function, 27

B-derivative, of implicit functions, 103, 105

B-differentiability, of PCr-functions, 95

B-differentiable, 65

B-differentiable, strong, 74

Baire’s Theorem, 100, 101

Bouligand differentiable, 65

branching number, 47

branching number, branching number theorem,
47

branching number, of a normal manifold, 55

C

carrier, 24

closed mapping, 40, 41

coherent orientation, on a polyhedron, 32

complementarity problem, 5, 6

complementarity problem, linear, 58

complementarity problem, nonlinear, 5

condition number, absolute asymptotic, 107

condition number, of a B-differentiable
function, 107

condition number, of a piecewise differentiable
function, 108

cone generated by a set, 14

connected, 41

connected, path, 41

connected, simply, 41

S. Scholtes, Introduction to Piecewise Differentiable Equations, SpringerBriefs

continuation property, 87

continuous differentiability, of PCr-functions,
100

continuous selection, 91

convex cone, 14

convex cone, pointed, 14

convex hull, 14

convex set, 14

covering map, 40, 41

covering map, finite, 40, 41

D

Decomposition Theorem, 16
diffeomorphism, local, 101

dimension of a convex set, 14

directional derivative, 65

directionally differentiable, 65

dual representation of a polyhedral cone, 16

E

equilibrium, 3

Euclidean projection, 113

Euclidean projection, onto a convex set, 50
Euclidean projection, onto a polyhedron, 52
extremal point of a convex set, 15

extremal ray of a convex cone, 15

extremal set of a convex set, 15

F

F-derivative, 66
F-differentiable, 66
F-differentiable, strong, 74
face lattice of a polyhedron, 17
face of a polyhedron, 17
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face, proper, 17

factor, 44, 45, 47

factorization lemma, 44

Farkas’ Lemma, 16
Farkas—Minkowski—Weyl Theorem, 15
first order approximation, strong, 74
first-order approximation, 65
first-order approximation, strong, 86
Fréchet differentiable, 66

G
generalized equation, 113, 116
generalized Jacobian, 89

H

Hadamard’s Theorem, 87
homeomorphism, 29
homeomorphism, local, 30, 38, 41
homeomorphism, local Lipschitz, 101
homeomorphism, local PCr-, 101
homeomorphism, local, at a point, 30
homotopy liftin, 41

Homotopy Lifting Theorem, 87

1

implicit function, 76

implicit function theorem, 76

Implicit Function Theorem, for PCr-functions,
103

invariance of dimension, 30, 79

invariance of domain theorem, 79

inverse function, 29, 79

inverse function theorem, 79, 87

Inverse Function Theorem, for PCr-functions,
102

invertibility, 79

invertibility, Lipschitz-, 79

K
Kojima mapping, 10

L

lineality space, of a polyhedron, 16

lineality space, of a subdivision, 26

linear hull, 14

linear independence constraint qualification,
121, 124

Lipschitz homeomorphism, 79

Lipschitz homeomorphism, local, 79

Index

local Lipschitz continuity, of PCr-functions, 95
localization, 27, 47
loop, 41

M

matrix-vector pair, 19

max-face of a closed convex set, 14
max-min representation, 23
multiobjective optimization, 6
multiplier vector, 16

N

nonlinear program, parametric, 8
normal cone, 14, 51, 113

normal equation, 113

normal manifold, 53, 55

normal map, 114, 116

(0]
open mapping theorem, 79
orthogonal projection, 43

P

P-matrix, 59

parametric program, 116

partition, 23

partition, minimal, 24

path, 41

PC-function, 91

piecewise affine function, 19

piecewise affine function, coherent orientation,
41

piecewise affine function, coherently oriented,
32,34, 35, 37,38

piecewise affine function, injective, 32, 37

piecewise affine function, open, 35, 37

piecewise affine function, surjective, 36, 37

piecewise affine functions, surjective, 35

piecewise differentiable, 91

piecewise linear function, 19

pointed polyhedron, 16

polyhedral cone, 15

polyhedron, 15

polytope, 15

primal representation of a polyhedral cone, 16

R
Rademacher’s Theorem, 90, 99, 101
recession cone of a polyhedron, 16
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recession function, 59 strong B-differentiability, of PCr-functions, 97
relative interior of a convex set, 14 subdivision, conical, 24
subdivision, pointed, 24

subdivision, polyhedral, 24
S

selection function, 91

selection function of an affine function, 19
selection function, active, 92

selection function, essentially active, 92
selection functions, minimal collection of, 24
separation property of convex sets, 15
skeleton, 24, 37 \%

stationary point, 9, 117 variational inequality, 3, 113, 116
stationary solution, strongly stable, 125 variational inequality, affine, 57

U
unit generator of an extremal ray, 15
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