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Introduction

The n-dimensional metaplectic group é\[/)(n, R) is the twofold cover of the symplec-
tic group Sp(n,R), which is the group of linear transformations of X = R™ x R"
that preserve the bilinear (alternate) form

(&), (] == n) + (v, &). (0.1)

There is a unitary representation of évp(n, R) in the Hilbert space L?(R"), called
the metaplectic representation, the image of which is the group of transformations
generated by the following ones: the linear changes of variables, the operators of
multiplication by exponentials with pure imaginary quadratic forms in the expo-
nent, and the Fourier transformation; some normalization factor enters the defini-
tion of the operators of the first and third species. The metaplectic representation
was introduced in a great generality in [28] — special cases had been considered
before, mostly in papers of mathematical physics — and it is of such fundamental
importance that the two concepts (the group and the representation) have become
virtually indistinguishable. This is not going to be our point of view: indeed, the
main point of this work is to show that a certain finite covering of the symplectic
group (generally of degree n) has another interesting representation, which enjoys
analogues of most of the nicer properties of the metaplectic representation. We
shall call it the anaplectic representation — other coinages that may come to your
mind sound too medical — and shall consider first the one-dimensional case, the
main features of which can be described in quite elementary terms.

It may not be an exaggeration to claim that among the foundational objects
of classical analysis, the one-dimensional Gaussian function e™™" occupies one
of the foremost positions: it is central in Fourier analysis and special function
theory, everywhere in probability and, through its appearance in theta functions,
it is basic in modular form theory as well. With the help of some of its satellites
— the Heisenberg representation and Bargmann—Fock transform, the metaplectic
representation, the Weyl calculus — it lies again at the core of fundamental methods
of harmonic analysis or partial differential equations; it is also the basis of some
mathematical techniques used in quantum field theory.

A starting point of the present work might be the fact that there is an alter-
native to this function, leading to a different kind of analysis but with a possibly
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wide range of influence too: this is the Bessel function |z|2 I_ 1 (m 2?), which lies in
the null space of the (formal) harmonic oscillator. It has at infinity the considerable
growth of the more obvious function \x\*é e’ therefore, it cannot, in general,
occur in integrals on the real line of the usual type. Actually, the development
of the present analysis requires that we stray away from the usual one in several
aspects. Possibly the only mathematical object which will remain as it stands, at
least formally, is the Heisenberg representation: but a new notion of integral —
not destroying the invariance under translations — will be needed, and the Fourier
transformation and associated Weyl calculus of operators will be replaced by some
different, quite parallel objects; finally, the usual L? scalar product will have to be
changed to an indefinite pseudoscalar product.

Turning to the n-dimensional case, let us first recall that the role of the ho-
mogeneous space Sp(n,R)/U(n) in analysis is well documented. On one hand, it
is the set of complex polarizations of X, i.e., the set of complex structures on
this space such that the symplectic form appears as the imaginary part of some
(Hilbert) scalar product on X’; on the other hand, it is a Hermitian domain (Siegel’s
domain), a natural place for analysis in Bergman’s style. What is more important
here is that one may realize the space L2(R"™) as a space of vector-valued functions
on Siegel’s domain, in a way that makes the metaplectic representation appear as
quite natural. To introduce the anaplectic representation, we substitute for Siegel’s
domain a finite covering (™ of the space U(n)/O(n) of real polarizations of X,
i.e., the space of Lagrangian subspaces of X. Again, we consider a certain space of
vector-valued functions on X(")| getting in a natural way a new representation of
some covering of the symplectic group as a result. These functions can in turn be
identified with scalar functions on R™: however, in contradiction to the metaplectic
case, the class of functions on R™ which enter the new analysis consists only of
functions which extend as entire functions on C". The one-dimensional case of
this analysis coincides with the one hinted at above. A common point of the meta-
plectic and anaplectic representations is that each of the two groups of operators
normalizes the group of operators arising from the Heisenberg representation: the
latter one is formally the same in both cases. The anaplectic representation (only)
can be enriched by a rotation of ninety degrees in the complex coordinates on C",
an operation that corresponds to the matrix (=27 % ).

The development of anaplectic analysis calls for mathematical techniques
rather different from the usual ones, as it depends as much on elementary real
algebraic geometry as on Hilbert space methods. Some of the main questions that
have to be tackled concern the analytic continuation of functions, and depend on a
careful examination of the singularities of certain fractional-linear transformations;
homotopy considerations often play a role too.

Except in the one-dimensional case, it seems unlikely that one could define
a space of functions on R”, invariant under the full anaplectic representation, and
on which an invariant pseudoscalar product could be defined. However, anaplectic
analysis is not concerned solely with representation by the same name. In anaplec-
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tic analysis, the spectrum of the harmonic oscillator L is Z rather than 3 + N,
and the usual creation and annihilation operators become raising and lowering
operators; also, unless n = 1, all the eigenspaces of L are infinite-dimensional.
Provided that n £ 0 mod 4, one can build, in a way unique up to normalization,
a pseudoscalar product on the space generated by the eigenfunctions of L just
alluded to, with respect to which the infinitesimal generators of the Heisenberg
representation are self-adjoint.

Despite its many similarities with the usual analysis, anaplectic analysis dif-
fers from it in two major respects. First, there is no natural embedding of, say,
the group of one-dimensional anaplectic transformations into the group of two-
dimensional ones, that would generalize what is obtained, in the usual analysis, by
regarding one of a pair of variables as a parameter. On the other hand, there is in
the usual analysis a class of quite simple functions, to wit the exponentials with a
second-order polynomial (the real part of which has a positive-definite top-order
part) in the exponent, which resists all operations taken from the Heisenberg repre-
sentation or the metaplectic representation. No comparable class can be described
in such simple terms in anaplectic analysis. This is why non-trivial identities can
sometimes be obtained by calculations the analogues of which, in the usual anal-
ysis, would not produce anything interesting: examples will occur in Section 10.

In the last chapter, we imbed the one-dimensional anaplectic analysis into
a one-parameter family of analyses. There is one such analysis for every complex
number v mod 2, v ¢ Z: the case when v is an integer should be regarded as
leading to the usual analysis, the case when v = —; mod 2 is that considered
in Section 1. In each case, there is a translation-invariant concept of integral, an
associated Fourier transformation and v-anaplectic representation. When v is real,
v ¢ Z, there is on the basic relevant space 2, a pseudoscalar product, invariant
both under the Heisenberg representation and under the v-anaplectic representa-
tion: besides, this latter representation, when restricted to the space of even, or
odd, functions on 2, (this depends on whether v €]—1, 0[+2Z or v €]0, 1[+27Z), is
unitarily equivalent to one of the representations of the universal cover of SL(2,R)
as made explicit in [18]; not surprisingly, the series that occurs here is one which
does not occur in the Plancherel theorem for the group under consideration.

It is our hope, and belief, that anaplectic analysis will prove useful in several
domains: in quantum mechanics (especially in relativistic quantum mechanics),
in partial differential equations, in special function theory. Let us only observe to
start with that a mathematical analysis based on a harmonic oscillator unbounded
from below cannot fail to help in questions in which we would like to have time
circulate just as well in two directions. Also, the pseudoscalar product which oc-
curs in the one-dimensional anaplectic analysis has a striking similarity to that
which plays a role in the covariant formulation [5, p. 384] or [3, p. 68] of quantum
electrodynamics. Concerning the possibility of using anaplectic analysis in partial
differential equations, this only has, as yet, the status of wishful thinking. We
have, however, initiated the study of the anaplectic Weyl calculus: though we have
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mostly dealt, up to now, with its more formal aspects only, one may expect that
some kind of new pseudodifferential analysis will eventually emerge. Under the
name of “Krein spaces”, the subject of linear spaces with an indefinite metric is
currently under much scrutiny, in particular in connection with spectral problems
of an unusual type (cf. for instance [19]); such a kind of problems has also been
considered by several authors [1, 2] for reasons having to do with PT-symmetry.
Anaplectic analysis certainly provides a special domain of research related to this
question, with a rich harmonic analysis of its own. Also, when it is completed, the
anaplectic pseudodifferential analysis might be a useful tool for this kind of prob-
lems in general. Some possible connection between the one-dimensional anaplectic
pseudodifferential analysis and a variant of the Lax—Phillips scattering theory for
the automorphic wave equation has been briefly hinted at at the end of Section 10.
Finally, but this goes beyond our current projects, there is the question whether
some version of the anaplectic representation could be developed in the case of local
fields such as the fields of p-adic numbers or their quadratic extensions, thus follow-
ing in the steps of Weil’s celebrated paper [28] on the metaplectic representation.

Let me apologize to M. Gell-Mann and Y. Ne’eman [8] for my choice of a
title: I simply could not resist its poetic appeal. On the other hand, the first section
of this volume will show that no other choice was possible.



Chapter 1

The One-dimensional
Anaplectic Representation

In this chapter, we introduce one-dimensional anaplectic analysis in an elementary,
though probably somewhat puzzling, way. The trick is to relate the functions u on
the real line to be considered — they all extend as entire functions — to uniquely
defined 4-tuples of functions. This is not as strange as it might seem, especially in
connection with the study of the Fourier transformation: in mathematical tables
dealing with this transform, functions are always split into their even and odd
parts. Here, the introduction of the four functions fo, fi, fio, fi,1 (¢f Definition
1.1) is up to some point a matter of convenience, since the last two can be obtained
from the first two by analytic continuation. The first ones are not exactly the even
and odd parts of u: however, fo (resp. f1) characterizes the even (resp. odd) part
of u, while enjoying better estimates near + oo. The first example, in Proposition
1.2, will make matters clear. A fundamental definition is that (Proposition 1.16)
of the linear form Int which substitutes for the notion of integral: in connection
with the Heisenberg representation — which is formally defined in the usual way —
it makes it possible to define the anaplectic Fourier transformation, from which it
is easy (Theorem 1.20) to obtain the anaplectic representation in general.

However, the proof of some major facts (including the characterization, given
in Theorem 1.8, of the space 2(), requires that one should construct the anaplec-
tic representation as the direct sum of two representations taken from the full
non-unitary principal series of SL(2,R). This is the object of Section 2: also, the
decomposition (c¢f. Proposition 2.3) of analytic vectors of such a representation
into their entire and ramified parts will play a role in several parts of this work. It
is the characterization given in Theorem 1.8 that prepares the way for the defini-
tion of the anaplectic representation in the n-dimensional setting, to be developed
in Chapter 2. We suggest that the reader satisfy himself with a look at the defini-
tion ((2.3) and (2.6)) of the representation 7, ., at the statements of Proposition



2 Chapter 1. The One-dimensional Anaplectic Representation

2.3 and of Theorems 2.9-2.11, otherwise jump directly from Section 1 to Section
3 or even Section 4, using the technical Section 2 mostly for reference. Another
possibility is to continue the reading of Section 1 with that of Sections 11 and 12,
coming back only later to the n-dimensional case.

Possibly the most specific feature of the one-dimensional anaplectic repre-
sentation (which extends to the higher-dimensional case) is that it includes the
complex rotation R such that (Ru)(x) = w(iz): note that rotations by angles

5"y n € Z, are not permitted in general. Since the conjugate, under R, of the
operator A = 72 (z + Lo
analysis because of its effect on the ground state z — e * of the harmonic oscil-
lator — is the “creation” operator A*, the distinction between A and A*, usually
so essential, blurs out, and the spectrum of the anaplectic harmonic oscillator is

Z instead of % + N.

) — also called the annihilation operator in the usual

— 7T

1 The one-dimensional case

A representation 7 of a Lie group G in some complex linear space ) is a homo-
morphism 7 from G to the group of linear automorphisms of §: we shall usually
concern ourselves with non-unitary representations.

Consider the Hilbert space § = L%(R). Given u € § and (y,n) € R?, the
function 7(y,n) v defined as

(w(y,m) w)(z) = u(z — y) > (L.1)

still lies in L2(R). An elementary calculation shows that one has

m(y.n) 7y ) = 7wy +y' n+n)e™ VT, (1.2)

Enlarging the group R? to the so-called Heisenberg group which is the set-theoretic
product R? x S! endowed with the law of composition defined as

(y,n; €®). (v 15 €)= (y +y/ o+ 5 OOy Yy (1.3)

one gets a unitary representation, the Heisenberg representation. Denoting as )
and P the (unbounded) self-adjoint operators on L?(R) that consist respectively
in multiplying by z or taking (2i7)~! times the first-order derivative, one may also
write, in the sense of Stone’s theorem relative to one-parameter groups of unitary
operators,

w(y,n) = ¥V (1.4)

we shall also use this notation later, outside the context of unitary operators, then
taking it as a definition of the operator on the right-hand side.
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Still with the same Hilbert space $§ = L?(R) as before, consider instead of
R? the group SL(2,R): it is generated by the elements

(Gar)s GO (%6), (1.5)

where a is an arbitrary positive number and c is an arbitrary real number. It is im-
possible to find a representation of SL(2, R) in L?(R) such that the automorphisms
m(g) associated to the three transformations above should be respectively:

1

(i) the transformation u — v, v(z) = a=2 u(a"'z);

)
(i) the multiplication by the exponential exp (imcx?);
(iii) e~ times the Fourier transformation F, normalized as

oo

(Fu)(€) = / w(z) e~ gy (1.6)

— 00

To see this is immediate, since the fourth power of (% §) is the unit matrix,

while F* = I despite appearances, dropping the factor e~ 4 in the definition of
the transformation (iii) would only make matters worse, though it is a little bit
harder to see. The difficulty is that if some matrix g € SL(2,R) can be written as
g =gi-..gk, where all factors are of the special type described in (1.5), the prod-
uct 7(g1) ... m(gx) depends on the decomposition chosen, not only on g: however,
the corresponding indeterminacy in such a definition is not that bad, since the
unordered pair £7(g1) ... 7(gx) depends only on g. To remedy it completely, one
constructs a group “more precise” than SL(2,R), namely the metaplectic group
S’E(ZR), a twofold covering of SL(2,R): this means a connected Lie group to-
gether with a homomorphism: S’E(Z R) — SL(2,R), the kernel of which has two
elements. That such a group exists is a consequence of the fact that the funda-
mental group, in the topological sense, of SL(2,R), is Z (since SL(2,R) has the
homotopy type of its compact subgroup SO(2)), of which Z /27 is a quotient group:
the two elements of S’E(ZR) which are sent to some given g € SL(2,R) by the
homomorphism in question are said to lie above g. One can then show that there
exists a unitary representation Met of SL(2,R) in L?(R), the metaplectic represen-
tation, such that, given g € SL(2,R), the unordered pair + w(g) as defined above
should coincide with the pair {Met (1), Met(v2)}, where {71, 72} is the pair of
points in the metaplectic group lying above g.

To proceed towards the anaplectic representation, we may start from a com-
plexification of the Heisenberg representation (1.1): that is, we want to substitute
for the generic pair (y,n) € R? a pair of complex numbers; elements of the complex-
ified Heisenberg group will then be triples (y,7n; w) with (y,7) € C? and w € C*.
Of course, it is clear that, in this case, m(y,n) can no longer operate within the
space L2(R), and that we must substitute for this space an appropriate space 2 of
entire functions of one variable; also, it is impossible to preserve unitarity. So as to
introduce the anaplectic representation, and above all to connect it to the Heisen-
berg representation, it is suitable to introduce first the definition of a certain space
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20, which is to play the role of a set of analytic vectors of the anaplectic represen-
tation. It will be clearly explained in the remark following the proof of Theorem
2.9 why the use of analytic vectors, at least at this first stage, is essential.

Definition 1.1. Let us say that an entire function f of one variable is nice if on one
hand f(z) is bounded by a constant times some exponential exp (7R|z|?), on the
other hand the restriction of f to the positive half-line is bounded by a constant
times some exponential exp (—mex?): here, R and ¢ are assumed to be positive.
The space 2l consists of all entire functions w of one variable with the following
properties:
(i) the even part Ueyen of u coincides with the even part of some nice function f
satisfying the property that the function z — fo(iz) 4+ i fo(—iz) is nice too;
(ii) the odd part ueqq of u coincides with the odd part of some nice function f;
such that the function z — f1(iz) — i f1(—iz) is nice as well.
It will be proven below (Corollary 1.7) that given u € 2, a pair (fy, f1) satisfying
the above properties is of necessity unique: for short, we shall refer to the pair
(fo, f1) as the C2-realization of u. We shall go one step further, associating with
u the C*-valued function (indifferently written in line or column form), called the
the C*-realization of u,

I = (fo, f1, fio, fin) (1.7)
with

fro) =" " foliz) + foliz),

fa) =" 1T (R~ fi(-i2). (19)

All four components of f are thus nice functions in the sense of Definition 1.1.

Here is a basic example.

Proposition 1.2. Set, for x real,

$(x) = (m|z])2 I_y (ra?), (1.9)
with [17, p. 66] o
L(t) = ;)m!r((23+m+1) (1.10)

fort > 0. The function ¢ lies in .

Proof. Clearly, ¢ extends as an entire even function. Note [17, p. 139] that it has
the considerable growth of |z| 2 e as |z| — oo. Set, however, for z > 0,

Y(x) = 2272 g2 K (7 x?)
= (w2)? [[_1(ra?) — I (r2?)]. (1.11)

_1
4
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From (1.10), this is the restriction to (0, c0) of an entire function, the even part of
which coincides with ¢: but now (loc. cit.), 1(z) goes to zero, as x — oo, just like
z=2 e~™_ On the other hand, for = > 0,

V(i) = (wx)? [[_1 (r2?) F 1 (r2?)], (1.12)
as can be seen from a careful use of (1.10), so that

P(iz) +i(—ix) = (1 +1) YP(x). (1.13)

Consequently ¢ € : note that the C*-realization of ¢ is (1, 0, 1, 0). O
We shall prove presently that the map (fo, f1) — w introduced in Definition

1.1 is one-to-one, and we take this opportunity to prove at the same time a few
related lemmas which will be put to use later. All this is related to the Phragmén—

Lindel6f lemma, an extension of the maximum principle to angular regions which
can be found in many textbooks, including [26, p. 496]:

Lemma 1.3. Let f be an entire function of one variable, let S be the sector defined
by the inequality |Argz| < °T for some a €]0,2[, and let § €]0,a~[. Assume
that one has |f(z)| < exp(\z\‘?) if z € S and |z| is sufficiently large. Then, if the
restriction of f to the boundary of S is bounded, f is bounded in S. Moreover, if
f(2) goes to zero as z goes to infinity along any of the two sides of the sector, f(z)
goes to zero in a uniform way as z goes to infinity while staying in S.

Lemma 1.4. Let f be an entire function satisfying some estimate
If(z)| < Cem®° 2 ec, (1.14)
together with some estimate
1f(z)] < Ce 2™ z>0. (1.15)
Then there exists 0y > 0 such that
1f(ze®)| < Ce ™" z>1, (6] < 6. (1.16)
Proof. With some A > 0 to be chosen later and an arbitrary v > 1, set

D(z) = exp (27(0 + Z'A)egwr 2%) f(z ey ), (1.17)

4~ i
log, |®(z)] < C|z|* for z in this sector with |z| large. When z = |z| e~ 47, one
has

a function considered in the sector |Arg z| < and satisfying the estimate

1®(2)] < 2™ | £(12))] < C;

when z = |z eg, one has

|®(2)] < C exp <27T|z|2 (5 cos " — Asin " + R)) ,
g yoo2
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a bounded expression if A is chosen large enough. Then, by the Phragmén—Lindelof

lemma, ® is bounded in the whole sector and, for 0 < Arg z < 2’;, one has
|f(2)] < C exp (=27 Re ((6 +i4)2?)) : (1.18)
when z = |z|ei9, 0<o< 2’;, one has
Re ((6 +iA4)2%) = |z|*Re ((6 + iA)eQie)
= |22 (8 cos 26 — A sin 26)
)
> 2 (1.19)
2
if # is small enough. The same holds if —27; < # < 0, considering instead the
function z — f(Zz). O

In a similar way, one can prove the following:

Lemma 1.5. Let g be a function defined and holomorphic in some angular sector
around the positive half-line, satisfying for some pair of positive constants C, R
and every z € C the estimate

lg(2)| < C eI, (1.20)
Assume that, for some § > 0, one has the inequality
lg(z)| < Ce 2% >0 : (1.21)
then, there exists 6y > 0 such that
lg(ze?)| < Ce ™", z>1, ||0] < 6. (1.22)

Lemma 1.6. Let f be an entire function such that, for some pair of positive con-
stants C, R,
2
|f(z) < Cemf:7 2 e, (1.23)

If there exists § > 0, such that
@)+ |fim)| <Ce™™, zeR, (1.24)

the function f is identically zero.

Proof. By Lemma 1.4,
f(ze) < Ce 2™ 151,0<0<0,: (1.25)

now the half-width of the sector 8y < Argz < 5 is < 7, so that the Phragmén—
Lindelof lemma applies and shows that f(z) goes to zero, as |z| — oo, in a uniform
way in the first quadrant. The same goes with the three other quadrants, so that

the lemma is a consequence of Liouville’s theorem. O
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Corollary 1.7. Let u € 2, the space of entire functions introduced in Definition
1.1. Then the pair of nice functions fo, f1 the existence of which is asserted there
18 unique.

Proof. Taking the difference of any two such pairs, one remarks that if fy is nice,
odd and if the function z — fo(iz) + ifo(—iz) = (1 — i) fo(iz) is nice too, then
fo = 0 according to the lemma that precedes; something similar goes with f;. O

We now show how the vector (fo, f1, fi0, fi,1) can be rebuilt from the knowl-
edge of u € A. We shall postpone to the next section the proof that, given an
entire function u satisfying some global estimate |u(z)| < C e™RI=” the additional
properties expressed below in terms of the pair (wg,w;) whose definition follows
characterize the fact that u lies in 2.

Theorem 1.8. Let u € . Set, for o real and large enough,

wo(o) = / e u(ze” T ) dz,

— 00

1—¢ [ 2 in
wi(o) = 5 Z/ e ™" gu(re 4 )dx. (1.26)

—00
On the one hand, each of these two functions extends as a holomorphic function,

still denoted as wo (resp. wi), in some strip |Im o| < . On the other hand, for
|o| large enough, wo(o) and wi(o) admit the convergent expansions

wo(o) = Z ano " |0"_%, wy (o) = Z byo "1 \0|_% (1.27)

n>0 n>0

so that, for R large enough, wo (resp. w1) extends as a holomorphic function,
denoted as wo (resp. wy), in the part of the Riemann surface of the square root
function lying above the set |z| > R: the two continuations of the two functions
under consideration are related by the equations, valid for o real and large,

wo(oe™) = —iwo(—0o), Wy (0 e™) = —iwy(—0). (1.28)

Finally, the C*-realization of u can be obtained, in terms of wy and wi, by the
formulas (involving semi-convergent only integrals in the first two cases), valid for
x > 0 only,

o0

fo(z) = 272 x/ wo (o) eimo’ do,

— 00

fiolx) = 972 x/ wo (o) g~imoa’ do,

— 00

filz) = /OO wi (o) gimoe® do,

(o) e7 ™ g, (1.29)

ol
&
[
I
g 8
g
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Proof. Let (fo, f1, fio, fi1) be the C*-realization of u. Since the even part of u
coincides with that of fy and the odd part of w coincides with that of f;, one can
substitute fo (resp. f1) for w in the integral defining wg (resp. wy). Using Lemma
1.4 together with the global estimate of u, one sees that the integral

wi (o) = /0 ” goa? fozxe™T)dx (1.30)

can also be written, for o real and large, as

14+4¢ [ _._ o
wg (o) = 2_22/0 e "M fox) dx (1.31)

this makes it possible to write
wp (o) — 22 / e—imoa fo(z)dx = / e~ o’ [folz eST) +i folx e q )] dx
0 0
—a +i)/ roat pwe'Tyde.  (132)
0

With a new deformation of contour, made possible by a new application of Lemma
1.4, this time to the function f; o, one finds that, for large o,

wo(o) = 22 /0 m[e—imf fo(@) + €™ fio(z)] da. (1.33)

The same method, starting from the identity

1—14 [ in 1414 [,
! / e’ rfi(ve 4)dr=— e / eimo’ z fi(—iz) dx, (1.34)
2 Jo 2 Jo
shows that -
wi (o) = / 2 [ f (@) + 7% 1, | (2)] da. (1.35)
0

Since the four components of f are nice in the sense of Definition 1.1, the equations
(1.33) and (1.35) show that wy and w; indeed extend as holomorphic functions in
some open strip containing the real line.

The expansion of wy (o) for large o can be derived directly from (1.26): indeed,
the estimate |u(z)| < C exp (7R|z|?) and Cauchy’s inequalities make it possible
to write

Ueven (T €7 i chx (1.36)
E>0

with |ex] < C (27;61?))6: since [ e~ g2k gy = T (k+ 1) (ro)~*=2, the expansion
(1.36) can be integrated term-by-term against e~™%" 4z, leading to the first series
expansion (1.27) as soon as o > 2R; the same goes with w; (o) for large . We
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now prove (1.28), which will also imply the validity of these series expansions for
—o large.
To do this, we go back to (1.26) and, for large o, accompany, up to 0 = m,

the change o — o€ by the change of contour z — ze~ B , ending up, with
u;(x) = u(izx), with the pair of equations

wo (o e™) = —i/ e’ ui(xe” T ) dz,
~ T 1—1 > —rox? —ir
wy(oe'™) = 5 e zui(re 1) du. (1.37)
Now, if u € 2 is associated to the vector (fo, f1, fio, fij1), it is immediate to check
(more about it in Proposition 1.13, which does not depend on any previous result)
that u, is associated to the vector (fio, —¢ fi1, fo, — f1): using (1.33) and (1.35)
and comparing the results obtained if one utilizes the C*-realization of u or that
of u;, one obtains the relation (1.28).
The inversion formulas (1.29) are obtained from (1.33) and (1.35), using the

change of variable y = w; followed by the Fourier inversion formula. O

Examples. (i) Take for some non-negative integer n, and z € R,
u(z) = [z"2 I, (na?), (1.38)

so that u extends as an entire even function. One finds if ¢ > 0, using [17, p.
66,91],

wo(o) =2(=1)" / e~moT p2nty T (m2?) dx
0
1
=(=1)"2"ig"ir <n+ 4) (1+40%)~ "4, (1.39)
Clearly, for o > 1,

W (0 e™) = —iwp(0) = —iwe(—0), (1.40)
which confirms (1.28). Using (1.29), one finds for « > 0

folw) = (~1)" 22 7~ 2?2 K, (ma?), (1.41)

n

and it is indeed immediate to check that the even part of the continuation of fjy as
an entire function coincides with u, and that the conditions of Definition 1.1 are
satisfied. Thus u € 2: the particular case when n = 0 is the function 72 ¢, where
¢ is the function introduced in Proposition 1.2.

(ii) More generally, with n = 0,1,... and j € Z, one defines two (disjoint) classes
in A by the consideration of the functions

PO ety and POTURRL L (rat) (142)
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Indeed, setting u(z) = |z|* I,(7 2?), assuming that p + 3 = 2n or 2n + 1 with
n=0,1,... so that u should be analytic and even, one finds [17, p. 91]

wp (o) =2 (—i)p+é / ot e J,(ra?) dx
0
. A A+1 —1-A —1-X o
= (=i)T2T (p+ >W2 1+0? 4Pﬂ< ),L%
i (o] (RSNl (P R

where the Legendre function involved is even (resp. odd) in the case when —p+ Agl
is an even (resp. odd) integer [17, p. 170]. On the other hand, the continuation g
can be found from the expression [17, p. 47]

P 1+
1 F(p+/\+1) 142 1) 2 ¢4
—97F _i)Pta El 2 P 2 1
A+l pl-A 1
; 1; 1.44
sz1< A Ty +2,p+,1+02> (1.44)

since, if o > 1, 1+(Ulew)2 can never be a real number > 1 so that, in the continuation

process, the argument of the hypergeometric function remains in a domain where
this function is uniform: this makes it possible to conclude.

(iii) On the other hand, the function u(z) = e~™*" does not belong to 2. For wy,
as obtained by an application of (1.26), is given for o > 1 as wo(0) = (o — i)~ 2:
indeed, this function extends as an analytic function in the strip [Im o| < 1.
However, following the determinations of the square root, one notices that, for
o > 1, one has the relation 10y (0 €™) = —wo(—0) rather than the relation (1.28). A
large class of entire functions not in 2l is the class 9 of multipliers of 2 introduced
in Proposition 1.15 below which, as proven there, only intersects 2 trivially.

(iv) If the four components of the C*-realization of some function in 2 are all less,
on the positive half-line, than a multiple of exp(—mex?) for some specific ¢, it is
clear that they can all be multiplied without harm by any even entire function of
2 globally less than a multiple of exp(ma|z|?) for some a < &: the same goes, as a
consequence, for the function in 21 we started out with.

As an explicit example of function in 2l obtained in this way, take for some
6 €]0, 7 [ the function defined for € R as

u(z) =2 || Li(MCQ cos0) L}L(mcz sin 6). (1.45)
Note that this is the product of two factors, each of which is a rescaled version of
the function ¢ from Proposition 1.2: also note that we explicitly discard the case
when the two rescaling factors would be the same. Applying (1.26), one finds with
the help of [10, p. 95] the equation

1 1 2 1
wo (o) = 22 3 (sin 26)~ 2 Q s (:in29> , (1.46)
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where the function D,i is the Legendre function of the second species defined for

t>1 as
L(Or) . 513
t)y=" ‘2720 74 o a2 1.47
Q,g() Qif(i) 4 ok <8’8’4’ > ( )

it is analytic for ¢ > 1. It is immediate that the equation (1.28) linking the two
continuations of wy is satisfied. Using the equation (1.29) again, we find for « > 0,
using [17, p. 194], that

4 \ sin 260

o0 2
fo(z) =27 (sin 26)~ 2 / Q_s (U + 1) cos (moa?) do
0

1
T 4

= <2> z K (m2? cos0) I_1 (ma?sinh). (1.48)

Of course, this is the result we expected: but the proof above also shows that w is
no longer in 2 in the case when 6 = 7, since then the function wq in (1.46) ceases
to be analytic at o = 0.

As a matter of fact, this example may be connected to the family in the
example (i), since one has the so-called Neumann series [17, p. 125]

n sin 2n—3 1
)=y D < 29) (ra?)? 4} I,y (ra?). (149)

3
nzon!I‘(4+n) 2

(v) Other examples of functions lying in 2, or not lying in that space, will be given
in Remark 1.2, at the end of this section.

One last pair of lemmas in the Phragmén—Lindel6f spirit will be useful later.

Lemma 1.9. Let g be an entire function of one variable such that, for some pair
of positive constants C, R, the estimate

lg(z)] < Ce¥ Bl 2 e, (1.50)

holds. If |g(x)| is less than C e~ ™| for some 6 > 0 or if |g(z)| + |g(iz)| goes to
zero, as x is real and goes to £00, g s identically zero.

Proof. In the first case, we argue just as in the proof of Lemma 1.6, starting from
Lemma 1.5 in place of Lemma 1.4, thus ending up with an application of the
Phragmén-Lindel6f lemma in some angle of half-width < 7. The second case is
easier. (]

Lemma 1.10. Let f be an entire function satisfying some estimate

If(z)| < Cem™® e, (1.51)
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together with some estimate

1f(z)] < Ce 2™ 2 >0. (1.52)
Assume, moreover, that for every € > 0, there exists C > 0 such that

|f(xiz)| < Ce™, z>0. (1.53)

Then, for every B € [0, 5[, f(z) goes to zero, as |z| — oo and |Argz| < 3, in a
uniform way.

Proof. Since the function z — f(Z) satisfies the same assumptions as f, one may
interest oneself in the sector 0 < Argz < 3 only. Set

D.(2) = f(2) exp (me 22 e7) (1.54)

for some ¢ €]0,d[ and some a € [0, 7| to be determined later. From Lemma 1.4,
one gets
. 2
D (ze) <Ce ™0 250, 0<60<6b,. (1.55)

On the other hand,
2
| @ (i) = | f(iz)[e7m=" 3 (1.56)
goes to zero as & — 00 so that, as an application of the Phragmén—Lindel6f lemma,
®_(xe?) goes to zero, as x — oo, uniformly for § < 6 < 5. Now, with z = z +1y,

Re (2% e ™) = (2% — y?) cosa + 2zy sina (1.57)

is > 0 provided that f/ > 1;03;‘;0‘, an expression that is less than 3 if « is chosen

close enough from 7. O

Proposition 1.11. For any complex y,n, the transformation

rlyo) = em (190 P)

defined by the equation (1.1) preserves the space 2.
Proof. Abbreviating m(y,0) = e~2i"vF a5 Ty, one may verify that 7,u is given, in

the C2-realization, as

(Tny_Tfny‘FTyfl +Tyf1)> :

(1.58)
then, the other two components of the C*-realization of the same function are

(o) =y oty fok =70 1)

1 . .
(hiyo, hiy1) =<2(Tz‘y fio+ Toiy fio FiTiy finx — i T—iy fin),

1, . .
2(_ZTiyfi,O+'LTiyfi,0+7iyfi,1+7iyfi,l))3 (1.59)
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as a consequence of Lemma 1.4, all the components are nice in the sense of Defini-
tion 1.1. We also need the explicit formulas relative to m(0,7n) = e?™% abbreviated
as 77: the C*-realization g of 77 u is given as

(90,91)= (;(T"fo-FT"fo-FT”fl -7 f1), ;(T"fo—Tﬂ'fo—FT"ﬁ +T”f1)>

(1.60)
and
Lo in —in ;i ;i
(gi,Oagi,l): 2(7' fz‘,o+7' fi,O_ZT fi,l +T fi,1)7 (1~61)
1 ) ) . )
2(1'7'“7 fio—37 " fio+ 7" fia+T77 fi,l))- O

Proposition 1.12. On analytic functions of x on the real line, define the operator

Q as the operator of multiplication by x, and the operator P as 22171' ddx. The space

A is preserved under the action of the algebra generated by @ and P.

Proof. In the C*-realization, the operator Q or P expresses itself as f — h with

h(z) = (2 f1(2), 2 fo(2), 2 fi1(2), =2 fio(2)) (1.62)
in the first case, and
1
h = % (f{v f(l)v _fi,,lv fi/,O) (163)
in the second one. O

Obviously, the multiplication by z preserves the space of nice functions in-
troduced in Definition 1.1, and the same holds for the operation of taking the
derivative by virtue of Lemma 1.4 (together with Cauchy’s integral formula for
the derivative).

It is immediate to check how some basic symmetries on 2 transfer to the
C*-realization: the formulas below thus constitute a proof that the symmetries
under examination do preserve 2.

Proposition 1.13. Define the linear operators R (for rotation) and R? by the
equations

(R?u)(2) = u(~—=2), (Ru)(z) = u(iz); (1.64)
define the antilinear operator C (for conjugation) by the equation
(Cu)(z) =u(z) f zeR or (Cu)(z) =u(z), z € C. (1.65)

The operations R?, R, C transfer respectively, in the C*-realization, to the oper-
ations

f=(fo, f1, fio, fix) = h = (ho, h1, hio, hin) (1.66)
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with

Zo f;)c fio g;()
(h:o) = ( fi,; ) or (3{1,1) or (C’fi,lo> . (1'67)
hi1 —fin —if1 Cfi

We can now define the scalar product on 2, at the same time proving that
it is non-degenerate.

Proposition 1.14. Let ( | ) be the scalar product on 2 defined, in the C*-realiza-
tion, as

(h[f) (1.68)
=22 /O (ho(2) fo(z) + ha(x) f1(x) + hio(x) fio(x) — hix(2) fir(x)) da.

This scalar product is non-degenerate.

Proof. Obviously, the subspaces of 2 consisting of all even (resp. odd) functions
are orthogonal with respect to ( | ). On even, the scalar product is positive-
definite. On the other hand, it follows from (1.62) and (1.68) that the operator @
is self-adjoint with respect to ( | ): the non-degeneracy of the scalar product on
the odd part of 2 is then a consequence of its non-degeneracy on the even part
together with the equation (Q%ulu) = (Qu|Qu). O

Proposition 1.15. Let 9 denote the space of all entire functions m satisfying for
some pair (R, C) of positive numbers the estimate

Im(z)| < C ™Rl zeC (1.69)
and the property that, for every € > 0, one has for some C' > 0 the estimate
[m(x)] + |m(iz)| < C e z eR. (1.70)

Then, for every u € 2, the product mu belongs to A as well. The intersection
M N A reduces to zero.

Proof. If u € 2 is associated to the vector f as before, the function mu is then
associated to the vector h, with

hO(Z) = meven(z) fO(Z) + modd(z) fl (Z)v
h1(2) = moda(2) fo(2) + Meven(2) f1(2) (1.71)

and

hio(2) = Meven(12) fio(2) — iMmoda(iz) fi1(2),
hi1(2) = imoda(iz) fi,0(2) + Meven(i2) fi1(2), (1.72)

which proves the first part.
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Since the assumptions relative to m are invariant under the symmetry R?
introduced in Proposition 1.13, one may, in the proof of the second part, deal
separately with the even and odd parts of m; in view of Proposition 1.12, one may
even consider only the case when m is even. Thus, assuming this to be the case,
and that m € M N, let f, reducing in this case to (fo, 0, fio0, 0), be the vector
associated with m. Since m is the even part of fy, (1.8) yields the equations

(1 =) foliz) = (1 +1i) fio(x) — 2im(ix),
(1 =) fo(=iz) = 2m(ix) — (1 +1) fio(z), (1.73)

which show, since m € 9, that | fo(iz)| is, for every e > 0, a O(e™*") as x — Fo0.
Lemma 1.10 thus shows that fo(z) goes to zero, as |z| — oo, in any closed sector
contained in the half-plane Re z > 0. Exchanging the roles of fy and f; ¢, and using
the result already obtained for fy, one finds that fo(2) also goes to zero, as |z| — oo,
in any closed sector contained in the quadrant defined by —7 < Argz < —7 or
5 < Argz < 7. One concludes with the help of the Phragmén-Lindel6f lemma
together with Liouville’s theorem. O

We now define a substitute for the notion of integral, to wit a translation-
invariant linear form on .

Proposition 1.16. If f = (fo, f1, fio, fi1) is the C*-realization of some function
u €U, set

Int [u] = 22 /Oo(fo(x) + fio(z)) dz. (1.74)
0
For every y € C, with (e~ 27 YF u)(2) = u(z — y), one has
Int [e~ 2" ¥P 4] = Int [u]. (1.75)

Proof. Set v = e~2"¥" 4. From the proof of Proposition 1.11, one has

22 Int [v] = /Ooo[fo(m —y)+ folz +y) + fiolz —iy) + fiolz +iy)dz  (1.76)
4 [T1hG =) = Ao+ + e i) i fuale + i) de

The second line is

I3

/i,fl(z)dz—“ zfi,l(z)dz:/Zfl(z)dz—/:fm(iz)dz (1.77)

—1

= [ e - ey =0,

-y
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Now that Int [v] reduces to the first line of the equation above, one can write

0 1 0 iy
22 Int [v — u] = / fo(z)dz — /Ou fo(z)dz+ | fio(z)dz - /0 fio(2)dz
-y —iy

= Ay[fo(—z) — fo(z) +1 fi)o(—iz) —1 fl’o(lz)} dz, (178)

which reduces to zero since
fio(iz) = fio(—iz) = i (fo(2) — fo(—2)). (1.79)
O

From Proposition 1.15, an entire function such as y + e~2"*¥ lies in 9, thus
is never in 2: however, it may serve as a multiplier of such a function.

Definition 1.17. Given z € R, define the function e, € MM as e, (y) = e~ 2", For
any u € 2, the anaplectic Fourier transform F,,,u of u is defined as

(Fana v)(z) = Int [e, u. (1.80)

In view of (1.71), (1.72), a fully developed version of the preceding definition is
(Fanau)(z) = 22 / foly) cos2mzy dy — 22 z/ fi1(y) sin27wzy dy (1.81)
0

0
+22 /0 fi.o(y) cosh2mzy dy — 22 i/o fi1(y) sinh 27zy dy.

It will be shown later that the transformation F,,, preserves the space 2. In
anaplectic analysis, the function ¢ introduced in Proposition 1.2 is just as basic
as the Gaussian function in usual analysis. In particular,

Proposition 1.18. The function ¢ is normalized, i.e., (¢p|$) = 1. One has
fana ¢ - ¢
Proof. The first part is a consequence of (1.68), (1.11), (1.13) and of the formula
[17, p. 101]
/ (K (nt)?dt =272 . (1.82)
0

Using (1.81) and (1.13), one finds
(Fana @) (x) =2 T2 / y2 Ki(m y?) (cos 2mxy + cosh 2mxy) dy. (1.83)
0

This integral can be computed, even though it could hardly be found from the
inspection of books devoted to special functions. Instead, consider the harmonic
oscillator, acting on functions of x,

, 1@

L=ra?—
[ P

(1.84)
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where the first term on the right-hand side stands for the operator of multiplication
by 7 x2. Using the differential equation of Bessel functions

KI(t) + 1K;(t) - (1 4 ’;j) K, (t) =0, (1.85)

it is a routine matter to check that L¢ = 0. Using an integration by parts and
this equation, one sees, splitting the integrand of the right-hand side of (1.83) as
a sum of two terms, that the first of the two integrals thus obtained satisfies the
differential equation

1 2 o 1 d,
2 K1 () cos _ 2V1(y —
<7m 4m dm2> </o y* Ky (my )connydy> dmdy ly= K (my™)(y=0),
(1.86)

a non-zero constant; the same integration by parts, with cosh in place of cos, would
lead to the negative of that constant. Adding the two equations, one sees that the
function Fana ¢ is also a (generalized) eigenfunction of the harmonic oscillator,
corresponding to the eigenvalue 0. Since both ¢ and F,,, ¢ are even functions,
they are proportional. From (1.10), one finds

?(0)= _ 5 (1.87)

and from (1.83) and [17, p. 91],

(Fana ®)(0) =274 z74T (i) : (1.88)

The two results agree as a consequence of the duplication formula of the Gamma
function [17, p. 3]

1

I'(z)T (z + ;) = (2m)2 2272 1(22). (1.89D)

We shall see in the next section that the spectrum of the harmonic oscillator
in the space 2 is Z, and that all its eigenfunctions can be built from ¢ with the
help of a pair of raising and lowering operators, which substitute for the usual
creation and annihilation operators.

We are now in a position to give a characterization of the anaplectic repre-
sentation, first giving the definition of the anaplectic group itself.

Definition 1.19. The anaplectic group SL;(2,R) is the subgroup of SL(2,C) gener-
—1
0
SL(2,C) will lie in SL;(2,R) if and only if all its entries are real, or all its entries
are pure imaginary.

ated by SL(2,R) together with the element ?) In other words, a matrix in
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Remark 1.1. A maximal compact subgroup of SL;(2,R) consists of the union of
two disjoint circles: the subgroup SO(2), and the class (" %)SO(2) consisting
of all matrices of the kind (/%% 758 with § € R. Now, if one considers the
canonical embedding of these two circles in SU(2), a maximal compact subgroup
of SL(2,C) homeomorphic to the 3-sphere S®, one finds that they are linked in a
non-trivial way (just like two fibers of the Hopf fibration, or two adjoining elements

of a chain). Indeed, consider the set of matrices

a— (1—a?—b%)} b s
) esu@), bER, a2+ b2 <1,
( b ot (1—a2—p)bi) €U@,  abeR @+
(1.90)

a homeomorphic image of the unit disk. The boundary of this set is just the first
circle SO(2), while the intersection of this set with the second circle reduces to the
point ( Bi (Z)) corresponding to the center of the disk. Thus, topologically speaking,
even though the anaplectic group is simpler than the metaplectic group (it is an
honest linear group, while the definition of the latter one involves some covering
space), there is still some non-trivial topology remaining in its embedding into
SL(2,C).

The following theorem, which sums up the main properties of the one-dim-
ensional anaplectic representation, will be proved in the next section.

Theorem 1.20. There is a unique representation Ana of the anaplectic group in
the space A with the following properties:

(i) if g € SL(2,R) is one of the first two matrices from the set of generators given
in (1.5), and if u € A is given in its realization as a scalar-valued function,
the associated transformation Ana(g) is given on u by the same formula as
in the case of the metaplectic representation;

(ii) one has Ana (( ° §)) = Fana;

(iii) one has Ana (('9)) =R, as introduced in Proposition 1.13.
When restricted to the subgroup SL(2,R) of the anaplectic group, this representa-
tion is pseudo-unitary, i.e., it preserves the scalar product introduced in Proposition
1.14.

Finally, given (y,n) € C?, and with e*™ MQ~YP) = 1(y. 1) as defined in (1.1)
and (1.4), one has

Ana(g) e2im (nR—yP) Ana(gil) = 2im (" Q—y'P) (1.91)
ifg=1(2%) € SLi(2,R) and g (V) = (g:) The transformations ™ (1Q—vP)
with (y,m) € R? also preserve the scalar product.

Observe, from Proposition 1.13, that the transformation R is not pseudo-
unitary: instead, given v and u € 2, one has (Rv|Ru) = (R? v |u).

Remark 1.2. The anaplectic representation does not extend as a holomorphic rep-
resentation of the group SL(2,C): however, given u € 2, one can always define
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Ana(g)u for g in some complex neighborhood of SL(2,R) in SL(2,C), depending
on u. For instance, considering the basic function ¢ used throughout this section,
one can define, as an element of 2,

(Ana((2,%))9)(@) =a~d ga)  or  (Ana((19))9)(x) = 4(z) e’

(1.92)
not only for a > 0 or ¢ € R, but also for a = €, § € R, || < 7 or |Im ¢| < 1.
Indeed, the function wg associated with ¢ by means of (1.26) is the function
oc—C(1+02) 4 (withC=2"4rg"i I'(})); that associated with the first (resp.
the second) of the two functions above is

o Ce 7 (02 +e 40 (resp. 0"—>C[1+(O’—C)2]7‘11> ;o (1.93)

that each of these two functions is associated to some element of 2 is a consequence

of Theorem 1.8. The same shows (taking § = 7 or ¢ = i) that, on the contrary,

the entire function defined for z > 0 as = — (7 z)? ‘]*i(ch) or the function

x — ¢(x) e~ does not lie in 2.
Remark 1.3. Let us anticipate a point which will be of importance only later, but
which may already be helpful for a good comprehension. There exist two theories
of the anaplectic representation and related concepts: the one we are developing,
and another one, based on the introduction of a space ¥, analogous to the one
in Definition 1.1 but for which the properties of fy and f; are exchanged. Though
certainly similar, the two theories, as will be shown at the end of Section 7, are
not equivalent in the representation-theoretic sense.

In particular, in this context, the median state ¢ (introduced in Proposi-
tion 1.2) of the harmonic oscillator (1.84) would have to be replaced by the odd
(analytic) function

¢ (z) = —(r |2)* (signz) [ (ra?) : (1.94)

observe that this function does not lie in 2 (it lies in A%). On the other hand, it is
still an eigenfunction, corresponding to the eigenvalue 0, of the harmonic oscillator.
The function ¢! will show up again — without our having done anything to invite
it — at the end of Section 10.
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2 Analytic vectors of representations of SL(2,R)

This rather technical section is needed at various places in this work, to start with
the proof of the converse of Theorem 1.8: it will also make it possible to com-
plete the proof of Theorem 1.20, and to show that the one-dimensional anaplectic
representation decomposes as a sum of two well-known irreducible representations.

Remark 2.1. The representation m,. to be introduced presently will be needed,
in the present work, only for the values of p which are integers or half-integers: it
is the pairs (—},0) and (3,1) that are needed for the understanding of the one-
dimensional anaplectic representation; the other quoted values of the parameter p
will be needed in Sections 3 and 6. It is possible, to some extent, to develop some
analogue of the one-dimensional anaplectic representation based on the use of the
pairs (p,e) and (p+1,1—¢) for general values of p. However, unless p = — é, the
operators that substitute for the operators ) and P of position and momentum
do not generate a finite-dimensional Lie algebra. Still, some of the theory subsists,
and though we have decided against taking this more general case here, we have
refrained, in some lemmas, from specializing the parameter p when this did not
lead to any significant simplification: this may save space on another occasion. Let
us also mention that if, instead of the two pairs (—,0) and (},1), one considers
the two pairs (—%, 1) and (é,O)7 one ends up with the analysis briefly reported
about in Remark 1.3.

For every real number o # 0, and «a € C, let us set
(o) = |s|* sign s. (2.1)
It will be convenient, too, to set
lo|* if e =0,
ol = 2.2
o2 {<0>°‘ if e =1. (2:2)
Let us recall the definition of the full non-unitary principal series [14, p. 38]:

aog — C

(Tpe((& ) w)(o) = | = bo +d| 71" w (_ba+d

)a pe(c7€:071a
(2.3)

in which w is a function on the real line: we also abbreviate 7, as 7,. Recall
that it is unitary in the case when Re p = 0, in which case the Hilbert space to use
is L2(R) (this is the case of the two principal series). So far as questions related
to unitarity are concerned, we shall be more interested, however, in the case of the
complementary series, i.e., preal #0, —1 < p < 1, and € = 0: the representation

is then unitary on the Hilbert space defined by the norm ||| |||, such that
e _r
el = [ 10015 w)(o)P do. (2.4)
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with D = 2; 680: here, |D|~% stands for the operator of convolution by the
Fourier transform of the function s |s|=2.

We prefer to consider instead of the Hilbert space just defined its image under
the inverse Fourier transform: we shall thus set w = v = Fv, where our convention
regarding the normalization of F has been made in (1.6). The new Hilbert space
is then the space 7, consisting of all (classes of) measurable functions v on R
such that

Joll2 = [ sl el ds < . (2
and we denote as m, the unitary representation on H, defined as
mo(9) = F ' #,(9) F, g€ SL(2,R). (2.6)

Let us remind the reader, at this point, that the operator of multiplication
by the function s — |s|7” is an intertwining operator from the representation
7, to the representation m_,. On the Fourier side, it transfers to the operator
(intertwining the representation 7, and the representation #_,) of convolution by
a distribution which coincides, for ¢ # 0, with the function

) lo| 71t (2.7)

when 0 < p < 1, this locally summable function is just the distribution we are
looking for; when —1 < p < 0, the latter should be understood as the derivative,
in the distribution sense, of the (locally summable) function

(0)”. (2.8)

Let us first make the space of C°°-vectors of the representation 7, explicit.
Assuming that w lies in this space, set w; = |D|~2w. Since 7,((19)) is just the
operator of translation by the vector ¢ € R, and the operator |D|~2 commutes
with translations, the function w; must lie in the intersection of all Sobolev spaces
on the real line. Applying the Cauchy—Schwarz inequality to the integral giving w
in terms of F~lw = |s|2 F~lw;, where the function s — (1 + s2)% (F~ wy)(s)
lies in L?(R) for all k, shows that w is a C°° function on R in the usual sense.
Next, since the space of C°°-vectors of the representation 7, is preserved under

the transformation associated with the matrix (¢ '), the function

UH»W_kﬁw<—1> (2.9)

g

extends as a C° function near 0 as well. Actually, it is easily seen that the
two conditions just found, namely that both functions w and 7,((9 ")) w lie in
C*(R), characterize the sought-after space.
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We now characterize the operator L, which is the generator, in the sense of
Stone’s theorem, of the one-parameter unitary group associated with the restric-
tion of the representation m, to the subgroup K = SO(2) of SL(2,R), in other
words the operator such that

t

explitLy) =, (i b)) (2.10)
Thus, L, =F"'L,F, with

. 1d
w =
r i dt

w () (211)

t=0
From (2.3), one immediately gets, in the case when w € C§°(R), the equation

. 1
fow=—
P = T o

[(02 +1) dd + (p+ 1)0} w (2.12)

so that, when acting on some appropriate subspace of H,,

1 & p-14d
p + s (2.13)

L,=— .
P 271'st2 47 ds

The generalized eigenfunctions, corresponding to real (generalized) eigenval-
ues, of the first-order differential operator L,, are given as

pt1

wh(o) = (1402)""2 F (1 —io)?k

P
gv_rtt (1 —io k
=A+a)7 2 L) (2.14)

where the second fractional power is a principal determination on the plane cut
along the negative real half-line; the corresponding eigenvalue is any real number k.
On the other hand, using (2.3), one finds

it — . 2%k
~ t _ it k 7p+17]C . & ez |0'Sln +COS |
(ﬂ—p((Z:g czlsn;))wp> (J):(1+02) 2 (1_20_)2 ( 9 5 :

Jsins —|—cos§
(2.15)
this is the same as e’ wk(0) if and only if k is an integer. This shows that
the self-adjoint extension of ﬁp given by Stone’s theorem is that for which a
complete orthogonal set of eigenfunctions is the sequence (w"pC Jkez above, the
ktP-eigenfunction corresponding to the eigenvalue k.
The corresponding sequence of eigenfunctions of L,, denoted as (vﬁ)ke% is
defined by the equation vk = F~1wk.
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We now come back to the general case of the full non-unitary principal series
(7p,e) as recalled in (2.3), in which, for the time being, p could be an arbitrary
complex number: we still set

Tpelg) = F L 7,:(9) F, g € SL(2,R). (2.16)

Despite the fact that the representation 7, . is generally non-unitarizable,

one may nevertheless introduce the space 6’;"6 of all functions w € C*°(R) which
satisfy the property that the function

1
o lo|Zt P w (— ) is C°° near 0 (2.17)
o

as well. In the case when pisreal, 0 < |p| < 1, and € = 0, it coincides, as remarked

in (2.9), with the space of C'*°-vectors of the representation 7, discussed above.

Under the inverse Fourier transformation, the space Cp7, transfers to a space of

distributions v = v(s) of course denoted as (O

The operator 7,.(g) preserves the space é;,’f’s for every g = (2%): that
it does so when g = (97!), in which case we set 7,.(g)w = wy, is just the
condition (2.17). Since

X - ao —c¢
(e w)e) = b d w77
. —bo+d
:\—ao—&-c\sl Py (—aa+c>7 (2.18)
the inequality
2
) T ac+ bd 1
(~bo +d)” + (a0 + 0)* = (a® + 1?) (J_a2+b2> a2+ 12
1
> e (2.19)

and the condition (2.17) show that if w € C'Sf’s,

the real line for every g € SL(2,R): that it lies in the space é;f’s too is found
after applying ﬁp’e((? o )) again.

One still defines the operator IA/p’E by the same formula as (2.11), after sub-
stituting 7, for @,: only it is to be understood that, on the o-side, all operators

the function 7,.(g)w is C* on

are to act on the space 6’;"’5 (no Hilbert space is present in general in the picture).
The result of the computation is that IA/p’E is always given by the formula (2.12),
whether € = 0 or 1. One may check that, indeed, IA/,,VE preserves the space 6’;"’5 by
observing that this operator commutes with the operator 7, -(({ ')) involved in
(2.17): only, do not forget that, when e = 1, the square of the transformation just
alluded to is not the identity, but minus the identity.
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For every integer k € Z, one sets

wh (o) = (1+02)" "3 7k (1 —ig)?H1, (2.20)

in both cases, one gets a function in the space C7,.

N cos ! —sin ! . .
Under the map 7, (.7 2 ) ), the function w* , transforms to e®** w*
’ sin , cos ; P P

and the function wk ; transforms to e/"+2)%wk . Tt is easily seen that the se-
quence (w’;’e)kez constitutes a sequence of eigenfunctions of the operator ﬁp,g
acting within the space 6’;05, the k*-eigenfunction so defined corresponding to
the eigenvalue k (resp. k + %) in the case when € = 0 (resp. 1); there is no other
eigenvalue, and each eigenspace is one-dimensional.

The image under F~! of the space O is denoted as C°°; also, one sets

pe pe?
Lye=F "L, F and of =Fluwk_ (2.21)
Provided that Re p > —1, v’;)s is a locally summable function: in particular,
0 2 Wp-;l P
Vpo(s) = F(P;rl) |s|2 K¢ (2n]s]) (2.22)
and
1 d
a6 = (1= 5 g, ) o)
2 71'p;‘r2 pt1 p+1
= o) [\s\ 2 Ko (2mls)) + (5) " Ko (27T|s|)} . (2.23)
2

In the next section, we shall indicate how, imitating the procedure well-known
in the case of the harmonic oscillator, one can inductively build the sequences
(v’,f,o)kez and (11’571) kez with the help of creation operators. This can only be done
if one tackles two such sequences simultaneously, which is another reason why
piecing together two irreducible representations, as we have done in Section 3 and
as we shall do again in the next one, is essential to our purpose.

In view of the important role played by the spaces 6;06 and CP<, the following
characterization of the latter space is useful.

Proposition 2.1. Assume that Re p > —1 and p ¢ Z. Then v € Co if and only
if v is a function on the real line with the following properties:

(i) vis C*° outside 0;

(ii) v and its derivatives are rapidly decreasing at infinity;
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(iii) near 0, v admits an expansion

v(s) ~ag+ais+asst+ -
+ 8|2 (bo + b1s + bas® + -+ -) (2.24)

where any specified derivative of the remainder shall be O(|s|™) with N as
large as one pleases provided the expansion is pushed far enough.

Proof. The case when £ = 0 was treated (for a rather different purpose) in [24,
Prop. 2.1]: for the sake of completeness, let us give a proof of the case when & = 1.
First, from the expansion

2
2|s|5K5(27rs):7r—§r<—g’)r( ;p>
(71'5)2m ) (7.‘.8)2m
_ 2.25
% Zm!f‘(—‘2’+m+l)+‘7rs‘ mzom!l“(ngerl)  (2.29)

m>0

and from (2.23), one sees, writing |s|?T! = (s)?s and s|s|’~! = (s)?, that each
of the functions v2+2j’1 with j = 0,1,... satisfies near s = 0 the expansion
(2.24). Take now an arbitrary function v in the space Cp%, and let w = Fv. The
Taylor expansion near o = 0 of the function (cf. (2.17))

(o (251)) w)(0) = (o) w (— 1) (2.26)

a

can be written if so wished as

oy -,

V)~ i) a4 o?) T ok B (1t )

—o(1—io)(14+0%) % (p+mo®(1+0>) " +--.) (2.27)

expand the even and odd parts of the product of the left-hand side by —10)"
d th d odd f th d f the left-hand side by (1—1 !

in the manner indicated), from which one gets the expansion at infinity

)T

)t ). (2.28)

iw(e) ~(1—io)(1+02) % (Bo+ B (1+

0'2 +...
to(1—io)(1+0%) %" (otm (140" 4

Then, using the relation (Fv9,)(0) = (1—io) (14+02) 2, one gets the expansion
iv(s) ~Bo Ug,l(s) + 6 U2+2,1(5) +ee

1 d
T gim ds (10 Vpr21(8) F 71 Upraa(s) ), (2.29)
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which leads to (i) and (iii) since a remainder term from the expansion (2.28) of w at
infinity, on the other hand, can only contribute to v some extra term differentiable
on the real line as many times as one pleases. That v is rapidly decreasing at
infinity can also be seen from (2.28) since, apart from the first one, all the terms
in this expansion of w are summable, even the more so after one has taken their
derivative any number of times; setting apart a finite number of terms will work
in the same way in connection with a derivative of v.

In the reverse direction, we observe that the non-smooth part of the expansion
near s = 0 of the function 1)271 starts with a term like (s)? and the expansion of
g vp, o starts with a term like (s)?s, in both cases with non-zero coefficients;
also, in both cases, the terms that follow are the same, multiplied by some even
power of s. Assuming (i),(ii) and (iii) to hold, this makes it possible to successively
choose the coefficients (g, B1,...,%0, 71,--. SO as to recover an expansion near
s = 0 of the kind (2.29), where the remainder, if pushed far enough, will be as
many times differentiable on the real line as one pleases, while still being rapidly
decreasing at infinity. The argument above linking the behaviors of v near 0 and
that of w near oo can then be reversed. O

Even though the representation 7, is not unitarizable, one may consider on

Cp%., in the case when p is real, 0 < |p| <1, the Hermitian form defined as

(v1]v2)pe = /_00 Is|2” 01(s) va(s)ds : (2.30)

it is positive-definite only in the unitarizable case, in which it is just the scalar
product associated with (2.5). It transfers to the space C7< as

1 p+5
(wl\wz)ﬁ,s=(—i)5w%+f’ p+s / / U_T‘ )d dr,  (2.31)

a genuine integral only when 0 < p < 1, but an expression that can still be
given a meaning when 0 < |p| < 1, and is easily shown to be invariant under the
representation 7, ..

We now introduce a space obviously related to the notion of analytic vectors,
though it also makes sense in the absence of any useful Banach space structure.

Definition 2.2. Given p € C and ¢ = 0 or 1, we denote as C“ the space of
real-analytic (complex-valued) functions w = w( ) on R such that the function
(defined for o # 0)

(o) =lolz (- ) (2.32)

a

extends as an analytic function on R too.
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Proposition 2.3. Assume that p € C, p is not an integer, and Re p > —1. The
image of the space C;. under the inverse Fourier transformation F~1 is the space
Cy . of functions v on R\{0} with the following properties:

ent ram

(i) there exist two entire functions v*™ and v
part and the ramified part of v) such that

(corresponding to the entire

v(s) = v (s) + |5 V"™ (s), s ER; (2.33)
(ii) there exists R >0 and C > 0 such that
[t ()] + [v™(s)| < Ce*™ Bl s e (2.34)
(iii) there exist 6 > 0 and C > 0 such that
lu(s)| < C e ?2mdlsl, s real, |s| > 1. (2.35)

Proof. The map w — (1 + io)w, is an isomorphism from 6;5 onto 5;;’71’175.
On the other hand, using Lemma 1.5 and Cauchy’s integral formula to evaluate
v'(s), the conditions (2.33)—(2.35) associated to the pair (p,e) transfer to the same
conditions, in association to the pair (p—1,1—¢), under the map v — (1+,} 4)v.
It is thus no loss of generality to assume that € = 0 and that Re p is as large as
one pleases: this will be tacitly assumed so as to let us feel more secure, as it will
sometimes transform semi-convergent only integrals into genuine ones.

Next, if w lies in é;fs, so do its even and odd parts though, of course,
the representation 7, . does not preserve the corresponding decomposition of this
space: we may thus prove the direct part (properties of v = F~lw € Cp. in
terms of those of w) under the additional assumption that w has a definite parity
indexed by n (n =0 if w is even, 1 if w is odd). Then, we shall first prove that

there exist two entire functions v*™ and v™™ such that
v(s) = v (s) + s” V™(s) (2.36)
for s > 0 and that v satisfies the estimate

lu(s)| < Ce 279 s>1: (2.37)

observe that, of necessity (since p is not an integer), v®™* must then have the
parity associated with 7, and v™™ that associated with € + n mod 2. Next, we
shall show that v, initially regarded as a function on ]0, oo, admits an extension
v as a function on the Riemann surface of the logarithm; finally, we shall prove

that there exist positive constants C, R such that
[5(se™)| < C e R (2.38)

forall s >1 and 0 € R.
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Thus, assuming that Re p is large, start from a given function w € 5;;’)0,
with the parity associated with 7, so that there exists a function h holomorphic
in the complement of some disk centered at zero with a radius < R, with a finite
limit at infinity, such that

w(o) = |o| " h(o), c€R, |o| >R: (2.39)

observe that the conditions just stated are equivalent to the condition (2.32) of
Definition 2.2 as seen with the help of the Laurent expansion of w. We then split
the integral defining v = F~'w as the sum of three terms,

-R R [eS)
’U(S) — / e2i7rsa ’IU(G') dO’ + / e2i7rsa ’IU(G') dO’ + / eQiTrsa ’LU(O') d(T, (240)
—00 -R R

denoted as I1(s), I2(s), I3(s): obviously, I5(s) extends as an entire function of s,
satisfying an estimate with the same right-hand side as (2.38).

Lemma 2.4. Assume that Re p > —1, p ¢ N, and let h(o) = ), ~oan0™ ", an
absolutely convergent series for o > R', some positive number < R. Consider the
(possibly improper) integral

F(s)= / 2™ a=1=P (o) do. (2.41)
R
Set, for s € C,

(s) =) _an Z F(F(p T o= (2ims), (2.42)

n>0 j=1 p +nt 1)
and, for s € R\{0},
By(s) = / e a1=p (g, (2.43)
R

an improper integral if Re p <0 (recall that Re p > —1). Then, x and ¥ are both
entire functions, and satisfy the estimate

IX(s)] + |w(s)| < C 2 1Sl sec (2.44)
for some R with R’ < R"”, which may be assumed to be < R; next, one has
Bo(s) = Bg°(s) — By(s), (2.45)

where the function B§ extends as an entire function satisfying, given any R" < R,
the estimate ,
|BY(s)| < C ¥ CR-EDIsl - e, (2.46)
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and, for s € R\{0},

By (s) = ;w%ﬂ’ 11:((1;3))) |s |”+z£§ é”; (s)? . (2.47)
Finally,
F(s) = x(s)Bo(s) + (s) ¥ (2.48)

for s € R\{0}.

Proof. Since |a,| < C R'™, one may write, whenever R” > R/,

1 n (2
> lanl 1 ﬁ*jl) 2mls)" <CY R ”‘ () )
n>0 " n>0 P "

2
<C 1+Z WRH

n>0

< CeQﬂ'R \s|7 (249)

which yields the estimate regarding x. In the same way, with R” = (RR')2,

T(p+7) PR
> la n\Z (2m|s[)* ™ RTPT
n>0 Jj= 1Fp+n+1

o (23|I R
<C)R Z(pm (p+n)

n>0 Jj=1

11 n 1\n—
- n\ (27[s|R7)"
SCRPY (LY 9
j=1

= (n—j)!
< Ce¥’'slRl=r(R — R")~1. (2.50)

This completes the estimate concerning .

The integral By(s), for a given value of p, can be connected, if Re p > 0, to
the same integral where p—1 is substituted for p, by means of an obvious integra-
tion by parts: in this way, we can satisfy ourselves with proving all facts concerning
this function only in the case when —1 < Re p < 1. Then, B§°(s), as expressed
in (2.47), is just the finite part of the improper integral [~ €*™*? =" do, i.c.,

—p x
B§°(s) = lim.=o [E +/ e 7170 i (2.51)
P e

(still involving an improper integral), and B{(s), which is the finite part of the
same integral taken from 0 to R, clearly extends as an entire function of s satis-
fying the estimate

|BS(s)| < Ce¥ Bl secC. (2.52)
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Setting

Bn(s):/R 2T TP g (2.53)

one has

Bn(S) _ e2i7rRs Z F(P(p +J) (2’L'7T8)n7j prfj + (2%7‘(8)” F(p + 1) B()(S)

= p+n+1) IF'lp+n+1)
(2.54)
for all n > 0, as one can see by induction; next, if s is real and > 0,
F(s) =Y an Bn(s), (2.55)
n>0
which yields the sought-after decomposition of F'(s). |

End of Proof of Proposition 2.3. We apply Lemma 2.4 to the function I3(s) and
to the function

L(s) = (—1)" / 20757 =1=0 (o doy, (2.56)
R
both only defined for s > 0. With the notations of Lemma 2.4, remarking that
x(=s) = (=1)"x(s), (2.57)

one thus has

Is(s) = x(s) (B§®(s) — Bo(s)) +1(s) e,
Ii(s) = X(5) (B§®(=s) = By (=) + (=1)"9p(—s) e 271, (2.58)

and the only functions of s which fail to be entire on the right-hand sides of the
two equations are B§°(+s): however,

e B(s) +e” 2 B (—s) =0, (2.59)

as it follows from (2.47) together with the duplication formula (1.89) of the Gamma
function. Adding the two equations that precede, one finds that (2.33) is satisfied
for s > 0 provided one defines

0 (s) = (1= ¢™) (577 B32(5) x(5), (2.60)
0 (8) = To(s) — x(5) (B (s) + BY(=)) + (s)eX ™ o (—1)p(—s)e 27,

Since s PBg°(s) is a constant for s > 0, it is clear that v*™™ and v°"*, initially
defined for s > 0, extend as entire functions of s, with the parity prescribed in
(iv). Also, the estimate (2.38) follows from the estimates, established in lemma
2.4, concerning the functions x and . In this direction, only the estimate (2.37),
regarding the exponential decrease of v near the real positive half-line, remains to
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be proved. Choose § > 0 such that R — ¢ > R’ and small enough so that o + ¢4’
should remain, when 0 < ¢’ < and —R < o < R, in a domain where w extends
as a holomorphic function: we can then write

o(s) = / e2ms(0410) (5 + i6) do, (2.61)

which leads to (2.37).
In the reverse direction, we now establish the properties of

o0

w(o) = / e 257 y(s) ds (2.62)
—00

as a consequence of the properties of v stated in Proposition 2.3. Again, one may

assume that Re p is large: however, in view of a formula which will have subsequent

use, it is better not to assume that € = 0. We first note that the pair of functions

v and v"™™ whose existence is asserted in (2.33) is of necessity unique. Next, if

9(s) = v(—s), the function © has a decomposition similar to (2.33) with
(,lv))ent — (,Uent)\/ and (,D)ram — (_1)5 (,Uram)v . (263)

consequently, so do the even and odd parts of v. On the other hand, the estimate

(2.35) also holds for veyen and wvoqq if it does for v. We may thus work under

the additional assumption that v (or w) has the parity associated with 7: then,

again, v®"" (resp. v™™) has the parity associated with 7 (resp. € +n mod 2).
From (2.62), rewritten as

w(o) = /0 (1) 4 =2imsa] () ds, (2.64)

one sees that, to start with, w is indeed analytic on the real line. We still have to
show that there exists some function h = h(c) holomorphic for large |o|, with a
finite limit at infinity, such that

w(o) = | —o|Z'7" k(o) for o € R, |o] large. (2.65)

We shall show presently that the function w, considered on ]0, 00|, ad-
mits a holomorphic continuation @ to the part of the Riemann surface of the
logarithm lying above the complement of some disk centered at zero: setting

h(o) = ~(—1)4504‘“)111(0), the remaining problems will be to show that, for large
0 >0, h(oe™) =c'*?w(—0), in other words that

W(oe™) = (—1)"T e Py(0), o >0 and large, (2.66)

and that, as o > 0 goes to oo, iL(O’ e?) admits a finite limit independent of ¢.
Starting from (2.64), we take advantage of Lemma 1.5 to write

w(o) = /0 (—1)7’e22i“emo‘7 o(se'?) et ds

+/ 6_2”55%600ﬂ(se_wo)e_wo ds, (2.67)
0
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then of (2.34) to write, for ¢ > 0 and large,

i

w(o) = i/ooo =277 [(_1)i(se T ) — #(s e~ T )] ds, (2.68)

Using (2.33) together with parity considerations, one remarks that

i inp inp

(—1)"o(s ei‘;) —d(se"2)=(=1)"[e 2 —(=1)%e” 2 |s” 0™ (is)

2 ‘1—e
_ (—1)" ™

L(3)T(*57")

sP T (is) (2.69)

so that

(o) 211 /oo p —2mso ram(_g) d (2.70)

w(o) = — o sPe v —is) ds, .
L(3T 57" Jo

an equation obviously valid even in the case when v has no definite parity. A

contour deformation using (2.34) yields for o > 0 large and arbitrary ¢ € [0, 7]

the equation

~ % 2mi® > —2mso ) ram - —1 —1
w(ae¢)=—r(s+p)r(2_s_p)/o sP eI yram (_jg 1) ¢ i1HR)0 gg . (2.71)

2 2

indeed, if ¢¢ is the least upper bound of all ¢ € [0, 7] such that (2.71) holds for
some given o > 2R, then it holds also when ¢ = ¢¢ in view of the estimate (2.34).
Next, another deformation of contour makes it possible to write also

2mi€

D(37)T(* 75

w(oei%) =— = /oospe*%"sefi(mf%) v”m“(—zlse*i‘bl)e*i(Hp)‘zsl ds
0

(2.72)
provided that ¢g < ¢1 < ¢o + 3, which implies (using complex continuation in
order to substitute o e*(#1=%0) for ¢ in the last equation) that (2.71) holds with ¢,
substituted for ¢g: thus ¢¢ = 7, in which case, comparing (2.71) to (2.70), one just
finds (2.66). Also, (o e®)1+7 @ (0 e'?) goes to some finite constant independent of
¢ as 0 — oo, as the change of variable s+ * shows. O

Observe that any v € C}, is characterized by any of the two terms v°™ and
s+ |s|2v™@™(s) from the decomposition (2.33) or, which amounts to the same, a
non-zero v € C'. cannot reduce to either one of the two terms above. For, in the
first case, the entire function v°™* has to be exponentially decreasing at 400 on
the real line (a consequence of (2.35)), thus v°"* = 0 according to Lemma 1.9. The
second case is proved in the same way.

Proposition 2.5. Assume that p € C, p is not an integer, and Re p > —1; let
e =0 orl. Let v* be an entire function, satisfying for some pair C, R of positive
constants the estimate

lu(s)| < Ce* Bl s ec. (2.73)
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Consider the function w defined for large o > 0 by the equation

2mi® = p ,—2Ts0 . . .
w(a):_F(E;p)F(z—E—P)/O sP e 2Ty (—is) ds : (2.74)

2
it extends as a holomorphic function w on the part of the Riemann surface of the
logarithm lying above the complement of some disk centered at zero, satisfying the
equation

W(oe*™) = e 2P (o). (2.75)

In order that there should exist a function v € CJ. such that v™™ = v*, it is
necessary and sufficient that w (defined for large o > 0) should extend as an
analytic function (still denoted as w) on the real line, satisfying for large o > 0

the equation ‘ ‘
w(oe™) = (=1)"T e w(—0). (2.76)

If such is the case, the function v is given as v = F lw.

Proof. All that needs being done is showing that w satisfies the condition (2.65):
it suffices to rework the very last part of the proof of Proposition 2.3, that begins
at the equation (2.70), after one has broken down, for simplicity, v* into its even
and odd parts. O

Examples. 1) If we apply (2.74) with € = 0 and

o D(OT(%7)
s ;(Hlj sT8Ip(2ms) s >0, (2.77)

2

vi(s) =—
we find [17, p. 91]
or’st oo
_ 4 —27rsch 2 d
w(o) F(pgl)/o s2e s (2ms) ds
=(1+0%) "%, (2.78)
2) If we apply (2.74) with € =1 and

sz D(CVEPD(APY 0,
or(s) = 5 TOROTORT) g [ngl(%s)—fpgl (27rs)] s>0, (2.79)

L("?)
we find (loc. cit.)
2’3 [P 0 Corso .
w(o) = _F(pgz) ; 52 e [Jp;1(27rs)—|—sz;1 (271'5)] ds

— (140>~ "2 (1 o). (2.80)
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Thus, in the first case, w coincides with the function introduced in (2.20) as wp 0}
in the second case, it agrees with the function wp 1: of course, this is only for
the purpose of showing the practical value of the “inversion formula” provided by
Proposition 2.5, since the function v* we started from is none other, in the first
case, than the function (v);)™™, as can be verified from (2.22); in the second

case, v = (v ,)™™, a consequence of (2.23).

The following is a converse to Theorem 1.8, leading to a characterization of
the space A which will make the higher-dimensional generalization possible.

Theorem 2.6. Let u be an entire function of one variable, such that |u(z)| <
CemRI=I for some pair (C,R) of positive constants. Recalling (1.26), set, for o
real and large enough,

wo(o) = / e’ u(x e*if)dx,

1—4 [ im
wy (o) = 9 ! / e~ zu(re 4)dx, (2.81)

and assume that the functions wg and wy extend as analytic functions on the real
line and admit when |o| is large the convergent expansions (1.27). Then u € 2.

Proof. In view of Definition 2.2, the validity of the series expansions under con-

51derat10n show that the functlon wp lies in the space C“ 1o and that w; lies in

. Set vg = Flwy € C¥ 1o and vy = F lw; € C ;- Using the decomposi-

tlon of the functions vy and v1 into their entire and ramlﬁed parts as provided
by Proposition 2.3, we set

en 1:2 ram mz
po-sine (3o (3)

filz) = vemt ( ;) 272 gyt (f) , (2.82)

so that the functions fp and f; extend as entire functions. Using (2.33), in the
present case

-1 ram
vo(s) = vg™ (s) + |s| 2 05" (s),

vi(s) = v§(s) + (s)2 v (s), (2.83)

a pair of equations valid for every real number s, we find that, on the positive
half-line, one has

folz) =272 20y (m;> ; fi(z) = (J;> : (2.84)
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by the same considerations, we find that the functions f; o and f; 1, defined ac-
cording to (1.8), are given as

fio(z) = 272 20y (_x;> , fii(x) =v (—m;> , x> 0. (2.85)

Applying the results of Proposition 2.3 again, it follows that the four functions
fo, f1, fi,0, fi are nice in the sense of Definition 1.1. Next, we use (2.70), in this
case

0o ) )
1 1 _ . _ 2 1
wo(0)=22/ 572 2SI (jg)ds :2/ eI g <— 5 )dx,
0 0

oo oo . 9
w1(0):—221>i/ sée_zmc’viam(—is)dsZ—i/ e‘””zxzv{am (—Z;U >d$.
0 0
(2.86)

Since, in view of (2.82), one has

P n2

—ir ix? _im 1—1 1T
(fo)even(ze™ ) = vg™ (_ 2 >’ (f1)oda(ze™ 4 ) = 2 z o™ (_ 2 >,

(2.87)
the equations (2.81) will remain valid if, in the first (resp. the second) one, one
substitutes for the function w the function fy (resp. f1). By an elementary prop-
erty of the Laplace transformation, it follows that the even part of w coincides
with that of fy and that the odd part of u coincides with that of f;. [l

It will be handy in the sequel to have an explicit expression of
Tpe(g)v = F ' Fpe(g) Fo. (2.88)

Proposition 2.7. Assume that p € C, p # 0, and that —1 < Re p < 1. Let
g = (Zg), and let v € C’;,’f’s. If b=0, one has

(Tp.e(9)v)(s) = lal- 17 2 as v(a™2s). (2.89)
If b# 0, one has
(ocg)o)(s) = [ €U0 b, (b, 0y (o) (290)
with
5 4
kpo(b;s,t) = [b] ™" [4 cos 71'2p char(st < 0) (—i) K, (;\/—st> (2.91)

g ator 0 (005 (i (1) (frvr)) |
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and

4
kp1(b;s,t) =b"" |4isin 71'20 char(st < 0) (s) |t~ 2 K, (;]-\/—st>

- Coi”,;p char(st > 0) (s)2 |t~ 2 ( <|b \/8t> <|b \/st>>} (2.92)

Proof. In the case when b = 0, the result immediately follows from the equation

(Fmpe(g)0)(0) = |l (Fv) (a? (o = ). (2:93)

a

itself a consequence of (2.3). Assuming b # 0, and starting from (2.3) again, we
find

(7 (9)0)(s) = /oo 0 dt/oo | = bo 4+ d|=1" exp 2ir (sa a7 - ) do

—0o0 —00 —bo +d
= |o|-** / w(t) Ape(bys,t) eV (1tat) gt (2.94)
with -
Apc(bys,t) = / | —ofZ17r 20T do, (2.95)

a semi-convergent integral in view of the assumptions made about Re p. We thus
need a lemma:

Lemma 2.8. If st <0,

A, o(bys,t) =4 cos " |b\p| |2 |¢|" 2 (4;\/—815)

and
_p 47T

Ay q(bys,t) =41 sin |b\p< Vet K, <|b \/—st> . (2.96)

If st >0,
Y P P
A, o(b; = Plslz [t | J-
ottty = T 5 (o (rve) =, (vt )

and

A,,,l(b;s,t)z—coiﬂ,;p b7 ()5 ¢4 (J_p<|b \/st> <|b m)). (2.97)
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Proof. One must evaluate, for s € R and [ € R, the integral
I= / o iPeim(s0=0) 4o (2.98)
0

for complex s and 8 with Im s > 0, Im 3 < 0, one has [17, p. 85]
I =2(—is)? (if)~% K,(2 (—2ims)? (2in3)?). (2.99)
Following with care the complex determinations, one then finds
I=2e""% 55375 K,(4n\/s8) if s>0,83>0 (2.100)
and (using also [17, p. 66-67])

I=25%|8]7% K,(—4iry/—s0)
™ p p iTp imp
= S1BIE (¢8I pamy/—sp) — eV g (amy/—58)) (2101
iy S 15 (/) = F Ay am/=s) (2100
if s> 0, 8 <0; the two other cases can be obtained by complex conjugation. [

End of Proof of Proposition 2.7. All that needs being done is plugging the results
of Lemma 2.8 in (2.94). O

The following theorem proves the existence of the anaplectic representation
of the group SL(2,R) in the space 2 as asserted in Theorem 1.20, at the same
time showing the equivalence between this representation and the direct sum of a
pair of classical irreducible representations.

Theorem 2.9. There is a unique representation Ana of the group SL(2,R) in the

space A satisfying the conditions (i) and (ii) of Theorem 1.20. It is equivalent to

the direct sum of irreducible representations T_10®7TL g, restricted to the space

C¥, , ®CY . The intertwining operator is given by the map ©: (vo,v1) — wu,
27 27

as defined in (2.82), to be completed by the equations Ueven = (f0)even; Uodd =

(f1)odd-

Proof. The net result of Theorems 1.8 and 2.6, together with Definition 2.2, is
that the operator (vo, vi) — (fo, f1) defined in (2.82) is a linear isomorphism
from C¥ 10 eC “;1 onto the space 2, when functions lying in the latter space are
expressed in their C2-realization. Next, we show that this operator © intertwines
the representation 7_1 (@1 ; with a representation of SL(2,R) on 2 satisfying
the properties (i) and (ii) of the statement of Theorem 1.20, hence taken as a
definition of the anaplectic representation. Let us start with the more difficult
one: it follows from Proposition 2.7 that, for s > 0, one has

(b)) = [ 1ol [etare < 0) ey (2102

— 00

+ char (t > 0) (cos 4mV/st — sin 47V/st) | v(t) dt
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and

oo

(ryal(% ) =1 [

— 00

It {Char (t < 0) e~4mV/slt (2.103)

— char (t > 0) (cos 47V st + sin 47r\/st)] v(t) dt.

It is obvious how to extract the ramified parts of the two functions of s just made

explicit: setting s = 2* where we assume that = > 0 as well, and making the

2
change of variable ¢t = j:y; on each of the two half-lines, one obtains

2 oo 2 2
(7‘(’,;’0((_01 0)) o)™ <9¢2 ) =/ Yy [Uo (1;2 > cos2mxy 4 vg (_y2 ) cosh27rxy} dy
0

(2.104)

or, using (2.84) and (2.85),

2

(1 0(( % b)) o)™ 2)=2% / [fo(y) cos 2may + fioly) cosh 2may] dy

(2.106)
and

-1 01 @’
2 a4 ()
=224 / [fi(y) sin 2wxy + fi1(y) sinh 27zy] dy.  (2.107)
0

According to (2.82), what remains to be done is checking that the last two functions
of x > 0 just computed agree respectively with the even and odd parts of the
function Fana u: this follows from (1.81).

To check that the transformation (vg,v1) — u also intertwines the restric-
tions of the anaplectic representation and of the representation m_ 1o®m1y to

the subgroup of SL(2,R) consisting of all matrices (‘Z Z) with b =0 is an easy

matter, in view of the formulas, displayed in Proposition 2.7,
a -3 - a — _
(77—%70((0 agl))%)(s):‘ﬂ 2ug(a?s), (W;,l((o agl))m)(s):(a) 2v1(a™?s),

(70 (D)) ()=eug(s),  (mya ((AD)w)(5) =¥ v (s):
(2.108)



2. Analytic vectors of representations of SL(2,R) 39

using (2.82) to extract the even and odd parts of the function corresponding to
the pair (m_1 o ((§ J2)) o, ™11 ((§ 1)) v1), we only have to check that the
ramified part (in C*, ) of the function s — vo(a™?s) is the function s —
3
|a| v?™ (a~%s) and that the ramified part (in CY ) of the function s+ vi(a™2s)
3

is the function s+ |a|~! v1*™(a~2s): this takes care of the first of the two matrices
considered in (2.108), while what concerns the second one is even simpler. O

Remark 2.2. The use of the map u — wu; has been found to be essential in the
whole development of anaplectic analysis, as it made the consideration of the four-
vector (fo, f1, fi0, fi,1) possible: then, allowing real translations in the picture
also demands that translations by pure imaginary numbers should be considered
as well. This is why we have been led to the use of entire functions or, equiva-
lently, to the consideration of analytic vectors only of the pair of representations
(m_ 10, T} 1)~ Of course, some enlargement (for instance, using C°° vectors rather
than analytic vectors) would be possible, but then the functions v would cease to
live on the complex plane, only on the union RU4%R. One should also remark that

complex rotations z + Ax, |A| =1, do not preserve the space 2l unless \* = 1.
For a later use, we compute the image under © of the pair (v° 0), where

— ; 07
the first function was defined in (2.22):

2 1 21 5
0230(8) = pry bl Ky @nlal) = Il (U @ l) =y @mlaD)
(2.109)
then, (2.33) yields
0 ent Qéﬁi -1
(23 0™ @) = =yl Cr s,
0 ram Qéﬂ-i 1
02 0™(6) = "1y Islt oy 2rla), (2.110)
so that, for z > 0, (2.82) gives
folw) = 2T e (L (rat) + 1y () (2.111)
) = X —11 (T 1\TTX .
0 ]_"(411) 4 T4
and, finally,
0 (" 10) = (folown = 2 6 (2112)
—20 - 0)even — 5 .
0 (1)

with ¢ as introduced in Proposition 1.2.
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We may now complete the proof of Theorem 1.20.

Theorem 2.10. The anaplectic representation of SL(2,R) in A is pseudo-unitary
with respect to the (pseudo-)scalar product introduced in Proposition 1.14, and so
is the Heisenberg representation in the same space. Defining R as in Proposition
1.13, there is a unique extension of the anaplectic representation as a representa-
tion of the group SL;(2,R) such that the condition (iii) of Theorem 1.20 should
be satisfied. The equation (1.91) defining the adjoint action of operators from the
anaplectic representation on those from the Heisenberg representation is valid.

Proof. The representation m_ 10® 1, preserves the pseudo-scalar product on
the space C¥, ;& CY | defined, if u = (4)) and v = (,]), by the equation
2 29

(u|v) = (uolvo)_1 o+ (urlv1)1 4

_ /oo (1512 o (s) vo(s) + 5|7 % @1 (s) v1 ()] ds. (2.113)

(v]v)= / 5 o0(5) 5% o0 (=8 +5 ug (5)2 — 57w (5) P1ds
RN )

Using (2.84) and (2.85), one sees that this reduces to

2
+

2 2 2

+m
2

(v]v) = 22 /Ooo[lfo(fﬂ)l2 +1fio(@)? + @) = |fia ()] da, (2.115)

which is just the definition (1.68) of (f|f), where f is the C*-realization of the
image of v under the intertwining operator ©.

Next, we verify (1.91) in the case when g € SL(2,R), which can be done
by looking only at the action of generators of this group. The only non-trivial
equations to be proven are

fana e2’L7T nQ — 672171' nP fanaa fana e2’L7T yP _ 62171' yQ fanaa (2116)

which can be done in the usual way, starting from Definition 1.17 of the anaplectic
Fourier transformation and using the invariance of the linear form Int under
translations.

To show that the Heisenberg representation is pseudo-unitary reduces, thanks
to (1.91), to the fact that the operators e*7 7% with € R preserve the scalar
product. Now, this is a consequence of Proposition 1.14 defining the scalar prod-
uct together with the fact (a straightforward if tedious verification) that, with
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2

(90, 91, gi.0» gi1) as defined in (1.60) and (1.61), one has |gio|> — |gi.1]* = | fi.0
| fial?

Some remaining details concerning the operator R must still be checked.
From (2.89), the image, under the representation m_1 (@® 1 y, of the matrix —1,
is the operator (vo, v1) — (vo, —v1): under the intertwining operator (2.82), it
transfers to the operator (fo, f1) — (fo, —f1), which is the expression, in the C2-
realization, of the symmetry operator u +— . This shows that R? = Ana(( " °;))
and, to complete the proof that Ana extends as a representation of the group
generated by SL(2,R) together with the matrix (Bi v ), we must still show that

i

mam((* Necan (% F) e

for every (%) € SL(2,R). The case when b = 0 is immediate in view of the
condition (i) taken from the statement of Theorem 1.20 (and used towards the
definition of the anaplectic representation). What remains to be done is checking
the equation

(R Fana @) () = (Fana Ru)(x). (2.118)

Now, (1.67) gives the C*-realization of Ru in terms of that of w: then, the
expanded version (1.81) of the anaplectic Fourier transformation yields

(FamRu)(e) =2 [ fioly) cos2may dy—2¢ [ fialy) sinznay dy
0 0

+ 22 / fo(y) cosh2mzy dy — 22 / f1(y) sinh 27zy dy,
0 0
(2.119)

and a similar calculation gives the left-hand side of (2.118). Finally, extending
(1.91) to the case when g € SL;(2,R) is immediate, and we have already signalled
that the pseudo-unitarity of the anaplectic representation ceases to hold when
extending it from SL(2,R) to SL;(2,R).

This concludes the proof of Theorem 2.10, accordingly that of Theorem 1.20
as well. (]

The infinitesimal version
Ana(g) Q Ana(g™') =dQ — b P, Ana(g) PAna(g™!) = —cQ+aP, (2.120)

where g = (%), of the relation (1.91), is of course valid too, and can be proved
(though other ways of doing it are possible) by differentiation of (1.91) along the
generator of a one-parameter subgroup of SL(2,R): going the other way around
(from the infinitesimal relation to its exponentiated version) would of course be
prevented by the lack of unitarity. In particular, one obtains the familiar-looking
relations

FanaQFpt =—P,  FuaPF.L=0Q. (2.121)
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Starting from the function ¢ as defined in Proposition 1.2, we now study the
harmonic oscillator L, introduced in (1.84), in the anaplectic setting.

Theorem 2.11. The spectrum of the harmonic oscillator in the space A is Z, and
for every j € Z the eigenspace corresponding to the eigenvalue j is generated by
the function @7, with

¢ =A%¢ ifj>0 & =AUl if j<o, (2.122)

where the operators A* and A are defined by the usual equations

1 1 d 1 1 d
2 (x—Qﬂ_ dm)’ A=m2 <$+27r dgg)' (2.123)

The functions ¢, j € Z are pairwise orthogonal with respect to the (pseudo)-
scalar product (1.68). The function ¢ is normalized and one has (¢*+!|pkt1) =

(k+5) (6" [¢%) and (67*[¢7F) = (=1)* (" | ¢*) for k > 0.

Proof. One has ¢° = ¢, a function in the kernel of L as mentioned in the proof
of Proposition 1.18, and the usual formal argument then shows that L ¢/ = j ¢/
for every j € Z. With the help of the matrix decomposition, valid for 0 < ¢ < m,

[ cost sint) 1 0 0 1) //(sint)™ 0 1 0
96> =\ _sint cost) \cotant 1)\—1 0 0 sint ) \cotant 1)/’

(2.124)

A*

one finds, for every uw € 2, and t €]0, 7],
(Ana(gs) u)(z) = €™ feotant g (y — (sin t)é u(y sint) e'™ yQCOtant)(ac) (2.125)

so that

1 d?
47 dx?

1d
1 dt

(Ana(gy) u)(x) = [w 2 - ] (Funa 0)(2) (2.126)

t=7

or, using the group property,

1d
L=-—
i dt

cost sint
=0 Ana ((— sint cost)) : (2.127)

If one compares this equation to (2.10) (noting that here, ¢ substitutes for %) and
one makes use of the equivalence between the representations Ana and 7_ 10®
T provided by Theorem 2.9, one sees, from the argument developed between
(2 20) and (2.21), that the operator L has no eigenfunctions besides those already
found: the ones corresponding to even (resp. odd) eigenvalues are the images, under
the appropriate intertwining operator, of eigenvalues of the operator Lfé (resp.
L) in the space Cf;,o (resp. 0‘571)' In each case, the eigenvalue of the operator

Li% to consider is half the corresponding eigenvalue of L.
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That ¢ is normalized was proved in Proposition 1.18. That the ¢/ ’s are
pairwise orthogonal can most quickly be seen from the fact that the ones with an
even (resp. odd) j arise from eigenfunctions of the operator L_1 , (cf. (2.13)) or
Ly, under the intertwining operator ©, and the fact that this latter operator lets
the pseudo-scalar products on C* 10 &) C’ i1 and on 2 correspond to each other

(2.115). The computatlon of (¢* \d)k) based on the relations A*A — I — 3 and

AA* =L+ 2, is done in the usual way: that the result is different is of course a
consequence of the shift in the eigenvalues. O

The following pair of technical propositions will be useful towards the end of
Section 6.

Proposition 2.12. Given any complex number p such that p ¢ Z and Re p > —1,
and € =0 or 1, each of the two operators

1 d 1 d
R=1- d T=1 2.128
2 ds an + 2m ds ( )
operates from Cp% to Cp24 4_. and from C. to C;_q,1_.. Each of the two op-
erators
1

1 d
R;f, = <s ds + 2ms — p> and T; =9

d
9 <—sd8 +27s + p> (2.129)

acts from CJ, to C2441_. and from CJ_to Cpy,_.. If pisreal and —1 < p <
0, one has

(01| Rva)p1—c = (Rhvr |v2)p11, (2.130)
and
(’Ul |T’U2)p l—e — (T;’Ul ‘1)2);,_;,.175 (2131)

o0
whenever vy € C’p and vy € p+1 .

1—e

Proof. With some restrictions on Re p, one could use Proposition 2.1 for the first
part, only noting that

-1
|52 = |sI?

e 1812 =p1slE=

d
— L =0. 2.132
(521 p) s =0 (2132)

However, for general values of p, one must go back to the definition (2.17) of
the space o> and, with R= FRF Y T=FTF, RL = }_RL]:*l7 TPJr =

P,
]:TJ F~1, one must compute

R=1—io, T =1+io, (2.133)

~ 1 d d ~ 1 d d
Rl = — —i 1), Th = j 1).
P 27 (Uda Zda+p+ ) £ 2 (Jda—’_zda—’_p—’_ )
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Obviously, the four operators just made explicit preserve the space of C*° (or
analytic) functions on the real line; also (going back to (2.17)), one may check the

identities
s N o~ 1
ol () (=) =it (1l (<))
~2-p (Bt YN nt (1ot 1
ol = (Ryw) (=) = =i Ry (ol w (=) ), (2.134)

and the same goes with the pair (f, fg ).
The second part of Proposition 2.12 is obtained from (2.30), with the help of
an integration by parts, also using (2.132) again. |

The importance of the four operators discussed (or their images under the
commutation by the Fourier transformation) stems in particular from the following
formulas, connecting the eigenfunctions of various operators L, . as introduced in
(2.20) and (2.21).

Proposition 2.13. One has

R”’;,o = v’;_Lh Rle = v’;i'io,
Tvlp“)o = 11];:1171, TU";1 = 11571’0 (2.135)
and
Rjvko=—, (o= 2k+ ekl Rioki=—) (r—20) ek
Tioh, = ;ﬂ (p+2k+1)v51,,  Thos, = ;ﬂ (p+2k+2)vhfl . (2.136)

Finally, one has the identities
T/ ,R=RT!, RI_T=TR. (2.137)

Proof. Using (2.21), one is reduced, in order to prove (2.136), to a corresponding
set of equations in which all operators should be replaced by their hat-covered
versions, and the v’s by the corresponding w’s: since the latter ones were made
explicit in (2.20), the verification is straightforward, and so is that of the last pair
of equations. O



Chapter 2

The n-dimensional
Anaplectic Analysis

A definition of the space 2 which generalizes to the n-dimensional setting is
obtained with the help of Theorem 1.8. There, the fact that an entire function u
lies in A is expressed in terms of the behavior of its pair (wg, wi1) of quadratic
transforms, and of the analytic continuation thereof. Something similar will be
taken as a definition of the space 2™ in Section 4, but it is essential to realize that
this is far from a straightforward generalization. Indeed, starting with functions
on R"™, one ends up, under the quadratic transformation, with pairs of functions
(the second one vector-valued) on some space Sym,, of dimension "(";1): thus,
except in the one-dimensional case, the quadratic transformation can only identify
the space of functions on R™ under consideration with a very small space (cf.
Remark 5.2) of functions on Sym,,. Also, the (non-unitary) representation theory
of the symplectic group is not as helpful in the n-dimensional case as in the one-
dimensional one.

The first section of this chapter is the easy one. We introduce the function
® which is the rotation-invariant function in the null space of the n-dimensional
harmonic oscillator. In just the same way that, in the usual analysis, all Hermite
functions can be obtained by applying differential operators with polynomial coef-
ficients to the rotation-invariant Gaussian function, we here obtain the “anaplectic
Hermite functions”. There is, however, a major novelty (and difficulty) in the fact
that the null space of the harmonic oscillator is now infinite-dimensional, whereas
its classical counterpart is generated by a single ground state.

Serious work starts in Section 4. Representing functions on R™ by their
quadratic transforms, which live on Sym,,, we are faced with the problem of letting
fractional-linear transformations associated with symplectic matrices act on this
space. As will be recalled in Section 6, there is a well-defined non-singular action of
the symplectic group by holomorphic transformations of the Siegel domain which
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. . n(n+1) . . .
is the complex tube Sym, + iR 2 , and this action can be used to provide a

definition of the metaplectic representation. Here, the action is more troublesome
since it is quite singular. We must then first add to the space Sym,, its “points at
infinity”, i.e., compactify it by means of a Cayley transform, next move to some
finite cover of the result. This leads to the correct definition of the space A(™): it
is, however, not trivial to prove (Theorem 4.18) that the function ® lies in that
space.

Section 5 is concerned with the definition and study of the anaplectic rep-
resentation. Section 6 points to both resemblances and differences between the
metaplectic and anaplectic representations. A Hecke style theorem exists in con-
nection with the spherical decomposition of the anaplectic Fourier transformation.
On the other hand, far from being invariant by the anaplectic action of the max-
imal compact subgroup of the symplectic group, the “median state” ® of the
harmonic oscillator transforms in a complicated way: we make some calculations
explicit in the two-dimensional case.

There is no question that the anaplectic representation is a more complicated
object than the metaplectic representation. This can be seen from the fact that, in
the usual analysis, there is a class of very simple functions, namely the Gaussian
functions, that is stable under all metaplectic transformations. Nothing of the
sort exists in the anaplectic analysis. Nevertheless, the anaplectic analysis has a
coherence of its own, which will show again, in a striking way as we hope, in
Section 10, devoted for the most part to the one-dimensional anaplectic Weyl
calculus (which also makes use of the space 2(?): some of this coherence subsists
in the higher-dimensional case.

3 The anaplectic harmonic oscillator in dimension > 2

First, we need to generalize Proposition 2.3 by the consideration of integral values
of the parameter p: we also need to consider the case when p is half an integer
> ;, but this case has already been taken care of by Proposition 2.3. There is no
change in the definition of the space 6:,{6 of analytic functions w on the real line
which satisfy the property that the function

1
o |o|ct P w (— > is analytic near 0 (3.1)
g
as well. We are really interested only in the pairs (p,0) with p =0, 1, ... and
(p,1) with p =1, 2, .... The result depends on the parity of p+¢.
Proposition 3.1. Let the pair (p,e) with p=0,1,... and € =0 or 1 be given.

In the case when p + € is even, the image of the space é;j)g under the inverse
Fourier transformation F~' is the space C%_ of functions v on R\{0} with the
following properties:
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ent ram

(i) there exist two entire functions v*™ and v (corresponding to the entire

part and the ramified part of v) such that
v(s) = v (s) + s” (log (27|s|) v"*™(s), s €ER; (3.2)
(i) there exists R >0 and C > 0 such that
[Uen ()| 4 [0 (s)| < C e I8l s €C; (3.3)
(iii) there exist 6 >0 and C >0 such that
lu(s)] < C e~ 2mdlsl s real, |s| > 1. (3.4)

In the case when p + € is odd, the condition (i) must be replaced by the
condition

(i) there exist two entire functions v°™ and v™™ such that
v(s) = v (s) + [s[£ 0™ (s), sER (3.5)

(so that there is in the case when p+e€ is odd no change from the statement
of Proposition 2.3, originally valid only for Re p > —1, p not an integer).

Proof. Before we give it, let us note that a modification, or suppression, of the
factor 27 within the logarithm would not change the ramified part of w (it is the
one we are mostly interested in), only its entire part. There are few changes to be
made in order to prove Proposition 3.1, along the lines of that of Proposition 2.3.
In the proof of the direct part (properties of v = F~!w under the assumption
that w € 5;)”76)7 we may still, without loss of generality, consider only the case
when e = 0, and the only change occurs in Lemma 2.4. Indeed, we must now set

B{°(s) = Pf / 2™ g=17P o
0

-1
. (2ims)P — (2ims)* /°° dimso 1 }
= limg_, [ log 0 + TP+ e g7 P do
Lo 2 ki) 5

(3.6)
where the symbol Pf stands for “finite part”. From [10, p. 335],
/OO im0 =l=P g = (2ims)” [1“(0 —2imds) — *imos pi (_-l)m " 1
5 p! ’ = (=2imds)m !
(3.7)

with )
(0, —2imds) = — — log (27|s|) — log § + Z;T sign s + o(d) (3.8)
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so that, up to some error term which goes to 0 as & — 0, one has

oo ) ; P
/ Xm0 a17P g ~ (ZW'S) (1 + ! +- 1)
5 p! 2 P

2ims)P /
_ ZZ'S) <7 + log (27|s]) + log 6 — Z;T signs)

s—p P71
p'mZ:O

setting £k =j —m — 1 — p, one can write the last sum as

m

67 M=l (2ims)ITmTIP L (3.9)

JO']'

p—1 p—1 p—1

1 ) N m! ) - !
N Z(Qms)kék P Z e (p— k- 1) =Z(227r8)k5k o (p—pk)k!'

k=0 m=p—k— k=0
(3.10)

This finally yields

2irs)? 1 1 ’
BgO(s)z(z;f) <1+2+~-~+p—’y—10g(27r|s|)+Z;Tsigns>. (3.11)

Since, if p is even,
1 2ems)P 1 1
(B&°(s) + B5°(—s9)) = (2ims) 1+ _ 4+ —v—log(2m|s|) (3.12)
2 p! 2 P
whereas, if p is odd,

i (2im|s|)P

, (B(s)+ B3 (=) = 1 T (313)

a look at the part of the proof of Proposition 2.3 that immediately follows the
proof of Lemma 2.4 yields the desired result.

The following special cases are illuminative: set, as in Section 2, wg (o) =
(1+02)"2 and w1 (o) = (1402)"" so that wo € égjo and wy o € é{fo. Then

, (F wo0)(s) = Ko(2ns)
= —y Io(27|s]) +22 nf% (27|s|) — log (x|s|) Io(27|s|) (3.14)

and

(F wio)(s) = e 2mlsl (3.15)
the condition (i) or (i)’ is indeed satisfied; also, (F~!wq,0)"*™(s) = —2 Io(27|s]|)
and (F~twi o)™ (s) = e 275,
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In the reverse direction, the proof of Proposition 2.3 adapts without modifi-
cation in the case when p+ ¢ is odd, so we assume that it is even. Again, we may
assume that v, or w = F v, has the parity associated with 1 = 0 or 1: then, v°®*
(resp. v™™) still has the parity associated with 1 (resp. €+ 7). Following the part
of the proof of Proposition 2.3 that starts at (2.62), the first modification occurs
at (2.69), which must be replaced by

i

(—1)"5(se? ) —d(se”7)

= s [oF (togiams) + 7 ) - (07T (logtens + 7 )]

(3.16)
since p 4 ¢ is even, the bracket on the right-hand side reduces if ¢ = 0 to
—im cos 'y, and if € =1 to —im sin . Thus, in all cases,

w(o) =—m (cos 71'2p + sin 7T2p) / §P 72T I (i) ds, (3.17)
0

which leads after the same changes of contour as in Section 4 to the equation, valid
for large o, _
w(oe™) = (=1 w(o), (3.18)

in our present case just the same as (2.66). O

Next, we note that Proposition 2.7, devoted to the explicit calculation of the
transformations m,.(g), g € SL(2,R), still applies without modification in the
case when p is half an integer. Assuming thus that p = 0,1,..., one notes that
there is no change from (2.89) in the case when g = (2%) with b = 0. On the
contrary, the integral kernel k,.(b;s,t) that occurs in (2.90) is now given by the
equations

2(=1)% s
oo =0 1
47 4
x [2K, V/—st | char (st <0) — 7Y, Vst | char (st > 0) |,
I |b]
23 4
kp1 = 2” (—1)"3" (s)5 |t|=% J, (;Tm) char (st > 0) (3.19)

if p is even, and

2 pt1 g 4
kpo= " (-1) 2 (s> Jp( W\/St) char (st > 0),

b t b
2i(~1)"2" [ (s))?
kp1 = b ( ] ) (3.20)

X [2 K, <4W\/—st> char (st < 0) — 7Y, (T;

b \/8t> char (st > 0)]
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if p is odd: here Y, denotes, in the usual way [17, p. 66], the second solution of
Bessel’s differential equation, the use of which cannot be avoided in the case when
p is an integer so that J, and J_, are proportional. To prove the equations that
precede, the easiest way is to take the limit as p tends to some integer of the
integral kernels as made explicit in Proposition 2.7.

We now proceed towards a description of the eigenfunctions of the anaplectic
harmonic oscillator
1 - 0?

dr 2’
j=1 Oz;

LM = 7|z - (3.21)

which is formally the same as the usual harmonic oscillator in dimension n: how-
ever, just as in the one-dimensional case, we are interested in its eigenfunctions
of a quite different nature. Recall that the eigenfunctions of the usual harmonic
oscillator are the so-called Hermite functions: suffice it to say that the linear space
they generate coincides with the set of products of the function z +— exp(—m|z|?)
by arbitrary polynomials in the variables x;. We first generalize and analyze this
notion.

Definition 3.2. Define on R" the analytic function
B(w) = |o] 2" Loza ( [2]?). (3.22)

The anaplectic Hermite functions are the images of ® under arbitrary differential
operators in the algebra Clz, aam] generated by the operators of multiplication by
x; and the operators 82]_, 1<j5<n.

In Section 2, we described the anaplectic Hermite functions in the one-
dimensional case, and we shall tacitly assume that n > 2 in what follows. In
the n-dimensional case, the anaplectic Hermite functions are not quite as easy to
visualize as the usual Hermite functions: for, on one hand, they are not the prod-
ucts of some fixed function by polynomials; on the other hand, the tensor product
of n eigenfunctions of the one-dimensional anaplectic harmonic oscillator is not
an n-dimensional anaplectic Hermite function. For a good understanding of the
anaplectic Hermite functions, we need to reduce the operator L(™ by means of
the action of the group O(n), which commutes with it. Recall that, if one identifies
R™\{0} with the product (0,00) x S*~! by the use of “polar coordinates” (r,&),

. . 2
one can write the usual Laplacian 8‘12 as
J

? n-10 1
A= Agn-1, 3.23
8r2+ T 8r+r2 st (3.23)
where Agn-1 is the Laplace—Beltrami operator on the unit sphere of R™. The
spectral decomposition of L2(S™"1) calls for the very classical use of spherical
harmonics: let us recall (¢f. for instance [27, p.324]) that, given ¢ = 0,1,... a
spherical harmonic of degree /¢ is the restriction to the sphere of any harmonic
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polynomial homogeneous of degree ¢. Denote as Pol(n,¢) the space of all poly-
nomials on R™ homogeneous of degree ¢, and denote as Harm(n,¢) its subspace
consisting of harmonic polynomials: one has the direct space decomposition

Pol(n, ¢) = 691[,20 |2[?? Harm(n, £ — 2p), (3.24)

where |z|?? stands for the operator of multiplication by that function. From the
equation (3.23), it follows that if }* € Harm(n,£), its restriction Y* to the unit
sphere is an eigenfunction of Agn-1 for the eigenvalue —¢(¢ + n — 2): also, all
eigenfunctions can be obtained in this way. A function u on R™\{0} written in
polar coordinates as

u(r,€) = f(r) Y*(€), (3.25)

where Y* is a spherical harmonic of degree /, satisfies in R™\{0} the equation
Ly = ku for some x € R if and only if the function f satisfies the differential
equation

e+ e - [

. . +4n?r? —drk | f(r) =0. (3.26)

Any function u € C*°(R™\{0}) which is a simultaneous eigenfunction of the
pair (L, Agn-1) (this makes sense since the use of polar coordinates makes it
possible to consider that Agn-1 acts on functions defined on R™\{0}) for the
pair of eigenvalues (k, —£({ +mn — 2)), with £ =10,1,..., is a function of the kind
(3.25). Indeed, for a given ¢, let (Yz’m)lgmgdz be an orthonormal basis of the
space of spherical harmonics of degree ¢ and, for » > 0 and £ € S™!, write

u(ré) =3, fm(r)YH™(€) with
fn(r) = / u(rn) Y™ () do(n). (3.27)
Snfl

Computing the left-hand side of (3.26) with f replaced by f,, and using (3.23)
together with the equation Agn 1 Y%4™ = —(({ +n — 2)Y*™ one finds, as a
consequence of the equations L™ u = ku and Agn-1u = —({ +n — 2) u, that
fm satisfies the equation (3.26). Now, this equation is of Fuchs type, and the roots
of its indicial equation are ¢ and 2 —n — ¢: when n > 2, only the root ¢ is non-
negative for £ > 0. Solving the equation by means of indeterminate coefficients,
one finds the following;:

Lemma 3.3. Let « € Z and let ¢ = 0,1,.... The linear space E,; of analytic
functions u on R™ which are joint eigenfunctions of the pair (L™, Agn_1) for the
pair of eigenvalues (i, —£(£+n—2)) consists of the functions u(r,€&) = f(r) Y*(€),
in which Y is an arbitrary spherical harmonic of degree ¢ and f is a solution
of (3.26) of the form f(r) = r* h(T;), where h is analytic in a neighborhood of
[0,00[. Given £, the space of such functions f is one-dimensional.
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The anaplectic Hermite functions introduced in Definition 3.2 can be char-
acterized as follows.

Theorem 3.4. The linear space of anaplectic Hermite functions is generated by the
union of the spaces E,, with k € Z, £ =0,1,..., and k+{ even.

Remarks 3.1. (i) An anaplectic Hermite function may coincide with an ordinary
Hermite function, but only under the assumption that n = 0 mod 4: in this
case, for every ¢ = 0,1,...and j = 0,1,..., the functions in the space E
are Hermite functions in both the ordinary and the anaplectic sense whenever
k= 5 + £+ 2j. Since every ordinary Hermite function can be obtained from the
ground state of the usual harmonic oscillator by the application of some operator in
the algebra Clz, 8‘1]7 it follows that, in the case when the dimension is divisible by
4, all usual Hermite functions are also anaplectic Hermite functions. For instance,
if m = 4, an application of (3.45) below shows that (3 A;fz)(b = —23 ¢=rlal?
and ZA? & = —23 ¢m*l’; these two anaplectic Hermite functions correspond
respectively to Kk = 2 and —2, and the first one is also, of course, an ordinary
Hermite function.
(ii) Theorem 3.4 is also valid in the one-dimensional case. Note that, in this case,
the notion of spherical harmonic still makes sense as the restriction of a harmonic
polynomial: the condition that & 4+ ¢ should be even excludes, as it should, the
function ¢ introduced at the end of Section 1 and, more generally, all functions
in the space Y. The function ¢! will reappear at the end of Section 10.

In order to prove Theorem 3.4, we first substitute for the operators z;, £j
the operators

1 9 1 1 9
At =q3 (o — Aj = : 2
1 (xﬂ 21 81:;-)’ o (xf Ton am)’ (3:25)
which generate the same algebra.
Next, if u(r,&) = f(r) Y*(¢), where Y* is a spherical harmonic of degree £,

if Y is the homogeneous extension of Y to R™ of degree ¢, which is a harmonic
2
polynomial, and if f(r) =’ h(", ), one has, reverting to the coordinates x;,

u(z) =h (”"22> V() (3.29)

also, the equation (3.26) can be rewritten, in terms of h, as

sd2 +(£+n)d—47r2s+27m] h(s)=0: (3.30)
ds? 27 ds ' '
let us denote the differential operator on the left-hand side as M, , ¢.

The proof of Theorem 3.4 requires several lemmas which will also be useful
later (Section 8), which explains why these are stated in a more precise way than
what would really be needed for our present purpose. In the first one, we link
solutions of the equation (3.30) relative to the pair (x, £) or to the pair (k=£1,£+1).
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Lemma 3.5. Given an analytic function h on the real line, and £ > 0, set

@i = [s (h() h’<s>) S ) e

If the equation My, ..¢h =0 is satisfied, then both equations My, 141,041 Oth =0
and M, x—1.0+1 Oh = 0 are; in the other direction, if any of these two latter
equations is satisfied and if, moreover, the equation My, ,ch = 0 is satisfied at
the origin, it is satisfied at every point of [0,00[. If the equation M, . oh =0 is
satisfied, both equations My, ,q1,0—1 6§ h=0 and M, .—10-1 0ch=0 are.

Proof. A straightforward computation yields the equations

d d
+2m ) My ke =My x—1041 +27 ),
ds ’ ’ ’ ds

d d
(ds — 27T> Mn,ml - Mn)ﬁ+1’(+1 (ds - 27T> 5 (332)
as well as the equations
d n d n
(s ds 27s + 9 + {4 — 1) My 0 = My t1,0-1 (8 ds 2ws + 9 + {4 — 1) ,
b om0 1) My = M S
S ds s 9 n,kl — n,k—1,40—1 1| S ds s 9
(3.33)
The lemma immediately follows. |
Lemma 3.6. Given Y‘ € Harm(n,¢) with £ >0, and o € C", set
—1
SV = (5 4e-1) (@ V),
2
Sa V' = )Y = ‘”2‘ Sa Y, (3.34)

where {a, VY') = Z Q; az , and the function S5 V' is to be interpreted as
zero in the case when ¢ =0, even if n = 2. Then,

So V' € Harm(n, £ — 1), S+ Yt e Harm(n, £ +1). (3.35)
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Proof. Since A Y’ =0, one has
A(STY) =2(a, VY') =nS; V' = 2(x, V(S5 V), (3.36)
which reduces to zero as a consequence of Euler’s identity relative to the function
S(; yf. 0
It will be convenient to denote as hX Y¢ the function on the right-hand side
of (3.29):
2

Lemma 3.7. Given a € C", set Ao =}, a; Aj, Al = >_;a; Aj. Then, for any
function u € E,; 4, one has

(hR Y)(x) = h ('“2) V(a). (3.37)

Acu € By 1 4-1® Ew_1 441, A u€Eeii1o1®Eaii041: (3.38)

more precisely, in the case when uw= hX V¢, the decompositions just quoted can
be made explicit as

Agu=Tru+Tiu, Alu=T  u+T (3.39)
with
T, (hR Y =(6,h)R S, Y, T (hRYYH = (0h) K ST YL
TV (hRY)=EEnR S, Y, TR YY) = @) R SEYL (3.40)
Proof. Since [L™ A,] = —A, and [L("), A%] = A% one has
Ay (hR YY) eKer (L™ —k+1)  and  Af (WK YY) € Ker (L™ — k —1).

Writing for short (3.41)
21 = g Yt 2 — gE L, (3.42)

so that
CRONAES |9;|2 AR A (3.43)

one has

o= o (23] 6(7) )
:”§h<x;> <04,33>375+2; {(a,a:)h’(':l;'z) ye+h<|$2|2> <a,Vy‘}
o))

Z[* _oo1 | e L /n ER
x(QZ +z +2W1(2+£ l)h L )2 (3.44)
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which leads to the expression (3.39) of A, (h X Y*), once the notation of the
present lemma and that of Lemma 3.5 have been sorted-out. The same goes for
the function Af, (hX )°).

That T} (h X y‘) lies in Ey_1 41 and the three analogous statements is
a consequence of Lemma 3.5. (]

Proof of Theorem 3.4. First, the function & itself lies in FEjp g, i.e., is invariant
under rotations and an eigenfunction of L™ for the eigenvalue 0: this follows
most easily from its definition (3.22) together with the differential equation (3.30).
Then, that all anaplectic Hermite functions lie in the space linearly generated by
all spaces E,, with x4+ ¢ even follows from (3.38).

In the reverse direction, we use induction with respect to £. First, we show
that every function in some space E.o with x even is an anaplectic Hermite
function. The operator > A;TQ (resp. > Ajz) commutes with rotations and sends
the space E, o into Exi20 (resp. En_20), and all spaces under consideration are

2
one-dimensional: we only need to show that if u(x) = h(‘w?‘ ) is analytic, non-

zero and satisfies the equation Ly = ku for some k = 0,2,..., it cannot be
annihilated, say, by the operator
1 0 n
*2 2 .
E A" =7zl —|—47TA—E x]amj—Q. (3.45)

In terms of the function h = h(s) such that u(z) = h( ol

5 ), the pair of operators
> A;Q and L™ — g can be written as

%2 1 d2 n d 2
ZAj = o {8d82+(2—47rs) ds—|—477 s—mn|,
1 [ > nd

L™ _ = —
m 2 sd52+2ds

—4n%s + 27TK:| : (3.46)

using the pair of differential equations ) A;?2 u=0, (L™ —k)u =0 in the same
way as the one we would use to compute the resultant of two polynomials, lowering
the order of one equation at each step, we find that a non-zero solution can exist
only if 26 =n —4 and h(s) = Cs2" €™ or 2x = —n and h(s) = e?™*: the
second case can be discarded since we are only interested in the case when « > 0,
and the first one, when not reducing to the second one (when n = 2) can be
discarded because h would be non-analytic near 0. When k=0, —2,..., it works
in the same way, only replacing the operator A;f2 by > AJQ».

We are now in a position to start the induction with respect to ¢. Let v €
E. 41 for some ¢ = 0,1,... with £+ 1+ &' even. If ¥ > 0, we set &' =
x+ 1 and will show that v is a linear combination v = AS wj, each w; lying
in the space Ej ¢: similarly, if «’ < 0, we would set ¥ = k — 1 and use the
operators A; instead of the A7’s; let us consider the first case only. By Lemma
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3.3, one has v(z) = (\:v\ ) X*+1(x) for some polynomial X“l € Harm(n, ¢ + 1).

Define h as the solution of the differential equation 72 (h — S+ b)) =g, ie.,
O*h = g, such that (M, . ¢h)(0) =0, i.e., ((+ 2)h'(0) + 27k h(0) = 0: this is
indeed possible for some appropriate choice of the constant of integration since
2r(L+ 5 + k) #0 (as £ >0, kK > —1 and ¢+ & is even). Since g is a solution
of the equation My, 41,0419 = 0, it follows from Lemma 3.5 that h satisfies the
equation M, . ¢h = 0.

For every 57 =1,...,n, apply Lemma 3.6 to the harmonic polynomial BX o ,
7

of degree ¢. Denoting as ( /) the jth vector of the canonical basis of R™, one has
(since X**! is harmonic)

o Xttt n -1 o [oXxtt
ZS]) 8.73]' :(2+£_1> ;890]< 81‘]‘ )ZO (347)

so that 8X . A
Z Séy Z i o, =((+1)x+t: (3.48)
consequently, Lemma 3.7 implies that
ZA* 8/’\,’% _(@n) XZSJr a;\(fﬂ
={+1)yg & X = (e +1)v (3.49)

this concludes the proof since, for every j, the function h X aX - " liesin E... 0O

We now connect the radial part of an anaplectic Hermite function, also a
joint eigenfunction of the pair (L™, Agn-1) of the kind introduced in Lemma
3.3, to the spaces of analytic vectors of the representations 7, .

Theorem 3.8. Assume n > 2, and let £ =0,1,.... If Y* is a harmonic polynomial
2

homogeneous of degree £ and u(x) = h(lzzl YVi(x) is a joint eigenfunction of the

pair (L, Agn-1) for the pair of eigenvalues (k, —{({+n—2)) with K+ an even

integer, so that u is an anaplectic Hermite function according to Theorem 3.4, the

function h is the ramified part of some function in the space C%_ ~24¢ fmod2”

Proof. Whatever the value of (p,e), one may define, as in (2.20),

p+l+te
—prite

(1 —ig)?te (3.50)

. . . . w _ n—2
and the function v¥_ = F~lwh _ which lies in C¥_. Set p = ";% 4+ {, and

b - = (vk )™ Tt suffices to prove, for every k € Z, the equations

Mpoke hig=0  and My, apq1,e hEy =0 (3.51)
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since, up to the multiplication by some constant, each of these two equations has
only one solution analytic near zero. It is immediate that the function w = w’;’e
satisfies the differential equation

d
[(1+02)d +(p+1)a+2k+e}w=0, (3.52)
g
so that its inverse Fourier transform v = v’;)s satisfies the equation
sd2 +(1- )d—4 *s+2m(2k+e)| v=0 (3.53)
ds2 P) 4o —AT ™ € =0. .

According to Proposition 2.3 and Proposition 3.1, in the case when p+ ¢ ¢ 2Z,
the function s — |s|? h(s) must satisfy the same equation; in the case when
p+e € 2Z, it is the part involving the factor log|s| of the image of the function
s — s” (log|s|) h(s) under the same differential operator that must vanish. In both
cases, we find the equation

2

d 2
Sd82+(1+p)ds—47r s+2n(2k+¢)| h=0, (3.54)

which is exactly the sought-after equation. O
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4 Analysis on the space of Lagrangian
subspaces of R?"

The first thing to do, so as to generalize the anaplectic analysis to the n-dim-
ensional setting, is to define an appropriate space (™), generalizing the space
20 of analytic functions introduced, in dimension 1, in Definition 1.1; also, we
need to define the proper notion of anaplectic integral, generalizing the linear
form Int defined in Proposition 1.16. Though the space 20 has, according to
Section 1, several possible definitions, the proper definition of the n-dimensional
generalization (™ must be based on Theorem 1.8.

Most of the difficulties of the n-dimensional case are linked to the analysis of
fractional-linear transformations on the space of symmetric matrices. We denote
asI',, the cone of positive-definite matrices in the linear space Sym,, of all real
symmetric matrices of size n x n, a subspace of the space Sym%, consisting of
symmetric matrices with complex entries. If ¢ € Sym,,, we shall also write o > 0
to mean that o lies in I',, and we shall denote as I the identity matrix of the

appropriate size. On the space SymS, we shall use the norm o — ||| which is
the operator norm associated to the canonical norm | | on C".

Definition 4.1. Given any entire function u on C™ with the property that for
some C > 0, one has |u(z)| < Ce ™= for all z € C", we define the quadratic
transform, or Q-transform of u, as the pair of functions defined on the part of
I, +iSym,, characterized by the condition Re (0 — RI) > 0 as follows: (Qu)g
is the scalar function defined as

(Qu)o(o) = / e ™) y(ze™ T) da, (4.1)
and (Qu); is the C™-valued function defined as
(Qu)i(o) = / (I+io)z.e ™) y(ze™ 7)) da, (4.2)

in other words the function the jth component of which is

(Qu)gj)(a) = /R (xj +1 Z Ojk mk> e gy (g e*if)dx, ji=1,...,n.
" k
(4.3)

As a preparation for the study of the action of fractional-linear transforma-
tions on the quadratic transform of u, we need a combinatorial lemma, best proved
with the help of Wick’s theorem, a tool more familiar in connection with Feynman
diagrams [9].

Lemma 4.2. For every multi-index o € N*, the function of T € I'y, defined as

Lo(7) = (det 7)~ > / e

n

22) 1 dx (4.4)
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is a polynomial in the entries of the matriz 7. Also, for every T € Symg,
@ F a
el 1) <25 T ' (4.5)
r |g\)
where the Gamma ratio is to be understood as % in the case when a = 0. Given
a multi-index B and an index j=1,...,n, set
Js (1) = (det 1) / e ) 2B (271 da (4.6)

the first part of the statement concerning the function I, holds just as well for
Js, i, and the inequality (4.5) is still valid for this function after one has replaced

laf by |8l 1.

Proof. Given N > 1 and 2N distinct letters 1,...,2N, a pairing of the set
{1,...,2N} is any unordered partition w of this set into blocks with two elements
each: thus, the number of possible pairings of such a set is 1.3....(2N — 1), a
number denoted as (2N —1)!! by physicists. If a value k; in the set {1,2,...,n}
is ascribed to each letter i, a pairing of the set {1,...,2N} is compatible with
this assignment of values if the two letters in any given block are assigned the same
value. Clearly, there is no pairing compatible with the given assignment unless, for
each j = 1,...,n, the number of letters assigned the value j is an even number
2N;: if such is the case (then, of course, Y N; = N), the number of pairings
compatible with the assignment is [];(2N; —1)!!. Wick’s theorem is the fact that
the value of the integral

/ e l=l® Thy Ty dT (4.7

coincides with (2m)~Y times the number of pairings of the set {1,...,2N} com-
patible with the assignment of values i — k;. Of course, this is immediate to see

since
N; oo
_ 2 1 d 7 _ 2
/ e 7T|(13| xkl"'kuNd'r:H <—7T d>\> / e W/\Jm.jdl'j
n : 7
J

—0o0

Aj=1

= (2m) N [JeN; -, (4.8)

J

but it is very useful when Feynman diagrams are considered.

Given « € N with |a| = 2N, fix any sequence ji,...,jon of integers in
[1,n] such that the number of such integers equal to 1 is aq,... the number of
such integers equal to n is ay,, so that, after a change of variables,

1

I () = /n el (Tém)jl < (T21)j,, da. (4.9)
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Let w € O(n) be such that T2 = wpw™l where p is diagonal with entries
W1, -,y after an orthogonal change of variables, one finds
—T|T 2
In(r) = Z (wjhkl Hky) + (wij,kz)N ko ) / el Ty - Thoy d.
k1,....kan "
(4.10)

Using Wick’s theorem, one can write

(27T)N In(r) = Z Z(wjl,kl Hky) + (ngN,ng kan ) (4.11)

ki,....kan @

where w describes the set of all pairings of {1,...,2N} compatible with the
assignment ¢ — k;: the effect of the sum over w is simply to put the right
coefficient ((2m)™ times the value of the integral immediately above) in front of
the sum that follows. One can commute the two summations, writing instead

(27T)N IOé(T) = Z Z (wj1,k1 /J’kl) T (wj2N7k'2N /J’k2N)7 (412)

w  assignments i—k;

compatible with w
where, this time, @ runs through all pairings of {1,...,2N}. Describe the generic
pairing w as the collection of sets {as, be}, with 1 < ¢ < N. The term associated
with w in the sum (4.12) is thus obtained when choosing all assignments i — k;
such that k,, = ky, for all ¢: we denote as 7, the common value of these two
numbers. Finally, the term associated with w in the sum (4.12) can be written as

N
Z H wjag;”'é M72"4 wjbe,’rg : (413)

r1,...,rNE[l,n] £=1

since T = w p? w'rANSPOE one has

N
2 —
E Wiag,me ey Wiv,sre = Tjay,db,s (4.14)

’r’g:l
so that the term we are interested in from the sum (4.12) reduces to [[, 75,,,;,,-
Also, if a #0 and 7 € Symg,

(@)1l [Io(7)] < (o= 1)) 1! (max |7jx]) 2
o T o
D T (4.15)
Iy
which completes the proof of the part of the lemma concerning I,.
The integral defining Jg, ;(7) can be non-zero only if |5] is odd, say 2N —1.

Since
1

(r22); = > (7 )k (T2 2)k, (4.16)

k
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it is immediate that

Ts, (1) =D (7 )k Ty (7), (4.17)

k

denoting as (k) the multi-index of length 1 with a 1 at the kth place. Thus, going
back to (4.9), we must associate with [ a sequence ji,...,Jan—1 as explained
there, substituting for the last integer jon an index k free to run from 1 to n.
Using the result of the preceding computation, as reported right after (4.14), we
must extract from each term [[, 7;,, ;,, . in which it is no loss of generality to
assume that j,, > jo, for every {, the omly factor 7;,, 5, for which b, =k,
and sum it against (771);z, ending up with d,,, ;: this completes the proof of the
lemma. (]

As an example of this recipe, in any dimension,

(det 7')_% /12_7T<T71“”’“”>3UT1 Ty Tyg Ty AT
1
- 4n2

Corollary 4.3. Let u be an entire functzion on C™ satisfying for some pair of
constants the estimate |u(z)| < Ce™ 121" The functions defined, for T € Sym,,
such that det7 #0 and 7' —RI =0, as

[Tn,rz Tra,ra T Trors Trayra T Troyrs Tro,rs ] . (4.18)

7 (det 7) 72 (Qu)o(r 1)
and the vector-valued one

7 (det )2 (Qu)i(r ) (4.19)

extend as analytic functions, denoted as (Q™ u)g and (Q"Vu); respectively, to
the neighborhood of 0 in SymS defined by the inequalities max || < 72171;

Proof. If w(x) =" cyn Caxz®, one has if 771 — RT > 0 the series expansion

i

(Q™ w)o(7) = (det 7) 2 / e wa) u(re” +)dx

= Y e T L) (4.20)
aeN"

|| even

On the other hand, one has u(z) = ) cyn Ca 2%, where the assumption relative
to u and Cauchy’s integral formula on the polydisk with radii (p,...,p) make it

possible to write |cq| < C p~lo e™Rp®; by Stirling’s formula,

(mnR) 3

lcal <C 7
NG

, a #0. (4.21)
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The convergence of the series (4.20) in the neighborhood of 0 indicated follows
from these inequalities together with the inequalities (4.5) and a new application
of Stirling’s formula. The proof is similar for what concerns the function (Q™Yu);:
only, it is the terms with |a| odd from the series expansion of u which will play
a role now since, with the notation used in (4.17),

inv j _imlal .
Q@™ )P (1) Y cae” 4T gy (r) +ida, (7)) (4.22)
|2\E§dd O

We now need to recall the following basic facts (¢f. for instance [16]) regarding
the symplectic group Sp(n,R), the subgroup of SL(2n,R) whose elements g are
characterized as follows. Consider the symplectic form [, | which is the bilinear
form on R*"xR?" = (R"xR") x (R"xR") such that [(§), (7)] = —(z,n)+(y,&):
a linear transformation g of R?" lies in Sp(n,R) if and only if one has [gX,gY] =
[X,Y] for every pair (X,Y) of vectors of R?". Writing matrices of size (2n)x (2n)
in block-form, with all blocks of size n x n, one can characterize the fact that a

matrix g = (A 58) lies in Sp(n,R) by the condition that g~ = (fé, 7AB//>,

denoting as A — A’ the transposition map. This can be made explicit as
AD'—BC'=1, AB'=BA', CD' =DC' (4.23)
or, equivalently,
D'A-BC=1, AC=C'A, BD=DDB. (4.24)

It is then an elementary thing to verify that if such is the case, and if a matrix
o € Sym,, is such that the matrix —B’c + D’ is invertible, then the matrix
(A0 —C")(—=B'o+ D')7! is also symmetric.

This fractional-linear transformation on the argument of functions on Sym,,
will enter our definition of the anaplectic representation.

Lemma 4.4. Let (A 58) € Sp(n,R). Assuming B # 0, let € > 0 be the smallest
non-zero eigenvalue of the matriz BB'. For o € Ty, such that o—e~2 || D | I = 0,
the matrix B — D s invertible. If A # 0, the matrix A — C is invertible if

o—g 2 |C||I > 0, denoting as €' the smallest non-zero eigenvalue of AA'. If
B =0 (resp. A=0), the matriz D (resp. C) is invertible.

Proof. Regarding BB’ as a positive-definite endomorphism of its image Im (BB’),
one may define (BB')™! as well as (BB')"2: for any z € Im B’, one has z =
B’ (BB')~! Bz since the difference between the two sides lies in Im B’ NKer B =
{0}, which implies that

2| = |B' (BB')"' Bz| = |(BB')" 2 Bz| < &2 |Bz|. (4.25)
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Next, we observe that Ker BN Ker D = {0} since A'D —C'B = 1. Given z €
R"™ x #0,set x =y+ 2 with y € Ker B and z € Im B’: then

((6 B— D)z, Bz) = (¢ Bz, Bz) — (Dz, Bz)
= (0 Bz, Bz) — (B'Dx, 2)
= (0 Bz, Bz) — (D'Buz, z)
= (0 Bz, Bz) — (Bz, Dz). (4.26)

Thus

(0 B=D)al |Bz| = ||o~" ||~ |B2|* ~ |B2||D2]
> |0~ |7 B2~ |B2| | D |2]
> [lle7! 7 =72 | D] | |B2P, (4.27)

where we have used (4.25). Since Bz = Bz, one sees that, under the condition
o—e~2 | D||I > 0,0nehas (¢ B—D)z # 0 if Bz # 0: but, since Ker BNKer D =
{0}, (¢ B— D)z cannot vanish either if Bz =0 since this would imply Dz =0
as well.

The part concerning the matrix ¢ A—C' follows from the fact that the matrix
(AB) (58)=(Z5&) liesin Sp(n,R) just as well. O

Corollary 4.5. Given a symplectic matrix (é B, the open subset of Sym, con-
sisting of all real symmetric matrices o such that —B' o+ D’ is invertible is dense
in Sym,,.

Proof. Let o9 € Sym,, be arbitrary. The matrix

o9 —1 A B 0 I\ (—00B+D 09pA—-C+o9gBoy—Doyg
(7 )@ o) (5 ) - )
(4.28)
lies in Sp(n,R) too, so that, applying Lemma 4.4, the matrix 7(—c9 B+ D)+ B
is invertible whenever 7 € I'), is such that 7 — RI > 0 with R large enough.

Taking 7 = (09 — o)~} with 09— 0 in I, with a norm < R™!, we conclude that
(00 — o)t (=09 B+ D)+ B is invertible, and so is, consequently, —o B+ D. [

A full description of the singularities of the fractional-linear transformation
— (Ao — C") (=B’ o + D')~!, which will enter the definition of the anaplectic
representation, is now required. Note that this is the transformation associated
to the inverse of g if one defines (g,0) +— g.0c = (C + Do) (A+ Bo)~! when
g = (A B). This would be a group action of Sp(n,R) in Sym,, if it were not for
the fact that it is not everywhere defined. It is so, however, in the case when B = 0,
in which it reduces to o — D! (0 — DC') D’~". Writing a matrix g € Sp(n,R)
as g = g1 g2, where the upper-right block of g; is zero, reduces the analysis of
the fractional-linear transformation associated to g~' to that associated to g, *.
Thus, the following lemma makes a first reduction of the problem possible.
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Lemma 4.6. Given g = (A B) € Sp(n,R), there exists a matriz Q0 in the compact
group Sp(n,R) N O(2n) (isomorphic to U(n)[11, p. 453] under the map R+iS —
( A 1‘%), where R and S are the real and imaginary parts of the unitary matriz
R+ 1iS), such that the upper right block of the matriz g is zero.

1

Proof. Set R = A'(AA’ + BB')"2, S = —B'(AA' + BB')"2: this makes sense
since, applying an observation made in the beginning of the proof of Lemma 4.4

to the matrix g~ = (_DC/, 7AB,/), we note that Ker B’ N Ker A’ = {0}. Using
(4.23), one checks that R'R+ S'S = I, R'S = S’R, which is one of the (two)
ways to check that the matrix Q = ( % 2) lies in the group Sp(n,R) N O(2n).
Applying again the equation AB’ = BA’, one sees that, indeed, the upper-left

block AS + BR of the product ¢ is zero. |

Next, we desingularize, by means of the Cayley transform [16, p. 35] and com-
pactification, the action of the compact group Sp(n,R) N O(2n): the verification
of the following proposition is straightforward.

Proposition 4.7. Let ¥: = U(n) N SymS, and let ¥ be the dense subset
consisting of all matrices in X whose set of eigenvalues does not include 1. The
Cayley map o — Z = (0 —il)(oc +il)~' is a one-to-one map from Sym,

into X, the image of which is exactly X8 ; the inverse map is Z — i (I +
Z)(I—Z)~. The (almost always defined, cf. Corollary 4.5) action of the compact
subgroup Sp(n,R) N O(2n) of Sp(n,R) on Sym, extends as an action on the
compactification of this space, as follows. The generic element of this group is
the matrix Q = (7Rs 1%), where R and S are the real and imaginary parts of
a generic matriz R+ 1S in the group U(n) and, under conjugation under the
Cayley transform, the action of such a matriz transfers as the map Z — (R —
iS)Z(R+1iS)™L, an action without singularities on the whole of ¥.

As a consequence of the group action, the compactification ¥ can be iden-
tified with the homogeneous space U(n)/O(n), and it has a natural base point.
It is also immediate that this space can be identified with the set of Lagrangian
subspaces (of dimension n) of R?": it suffices to associate with the class of the
matrix R+¢S € U(n) the linear subspace of R” @R"™ ~ C™ which is the image of
R™ under R+ .S, since the canonical symplectic form on R™ @ R" vanishes when
evaluated on pairs (Rx @ Sz, Ry ® Sy) in view of the relation —S"R+ R’ S = 0.
The map Z ~— det Z from ¥ onto S! is a fibration [20, p. 31], the fiber of which
can be identified with the homogeneous space SU*(n)/O(n) ~ SU(n)/SO(n), a
simply connected space, so that (loc. cit., p. 91) the map det induces an isomor-
phism from the fundamental group 71(X) onto 71(S!) ~ Z.

The space U(n)/SO(n), a twofold covering of ¥, can be identified with the
space of oriented Lagrangian subspaces of R?". Giving a point in this space above
some point Z € ¥ is tantamount to choosing one of the two square roots of det Z.
We shall need, mostly, the n-fold covering X" of %, which is the space suitable
for a definition of (det Z)n .
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Definition 4.8. Noting that 3, as a smooth submanifold of U(n), is an analytic
space, we shall say that a dense open subset of ¥, or of any of the finite covering
spaces of X, is connected in the strong sense if its complementary is contained in
some analytic subset of codimension > 2. An admissible function on 2™ ghall be
any partly defined analytic function on X", with a domain of definition connected
in the strong sense.

Remark 4.1. Our demands regarding the domain of definition of F' may look a
little technical: they are made so as to ensure that any finite set of admissible
functions should have a common connected dense domain.

The group Sp(n,R) N O(2n) ~ U(n) acts on (™ if n = 1 or 2, but
for no other value: for, under the action made explicit in Proposition 4.7, det Z
transforms to (det (R +.5))~2det Z, which, given R+iS € U(n), only makes
it possible to define, in a canonical way, the square root of the determinant of
(R—iS)Z(R+iS)~! in terms of that of detZ. On the other hand, when
n = 1, one might use instead of U(n) the quotient of this group by {+I}. To
get at the nth root of the determinant, we must substitute for U(n), minimally,
the n-fold covering of the group U(n)/{£I}: however, representation-theoretic
reasons will impose later that we use instead the n-fold covering U™ (n) of
U(n). A point in U™ (n) is characterized by a point R +iS in U(n) to-
gether with an nth root of det(R +iS). The map R +1iS — (% 3) ex

tends as an isomorphism from U (n) onto the n-fold covering Spgﬁ,)np(n,R) of
SPeomp (1, R) = Sp(n,R) N O(2n). Finally, this covering is a maximal compact
subgroup of the n-fold covering Sp™ (n,R) of Sp(n,R) (recall that the twofold
covering of Sp(n,R) is the metaplectic group). To make matters perfectly clear,

as will be needed in the next section, if a point of Spgﬁ,)np(n, R) is characterized

by a member of Sp,,(n,R) together with the value (det (R — iS))n of some
nth root of det (R —i5)), it should act on (™ as the map Z# — Z7 inducing
on ¥ themap Z — Z; = (R—iS)Z(R+iS)~! and completely characterized
by the equation (det Zfé)le = (det (R —i8))~ (det Z#)n.

As a homogeneous space of U(n), ¥ has an invariant measure du(Z), unique
up to normalization: it will be convenient to characterize its restriction to the dense
subset Y8 in terms of the inverse Cayley transform o =i (I +Z) (I — Z)~! of
Z. As can be found in [16, p. 33], the jacobian of the transformation o — 7 =
(C+ Do) (A+ Bo)~t, where defined, is (det (A + B o))~ 1: thus, specializing
to the case when the symplectic matrix under consideration is the matrix € that
occurs in Proposition 4.7 and noting that, in that case,

det (1 £41) = (det (R+ So)) *det (R+iS)det(c +4il), (4.29)

one sees that one can take, as a U(n)-invariant measure on X,

n

du(Z) = (det (I +02))~ "% dm(o), (4.30)

where dm is a Lebesgue measure on the linear space Sym,,.
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The action of the full symplectic group on ¥ is not as simple as that of
the maximal compact subgroup considered in Proposition 4.7: however, it is still
non-singular, as shown by the following lemma together with Lemma 4.6 and the
observation that if g = (4 %) € Sp(n,R), go=DoD' +CD'.

Lemma 4.9. Given A € GL(n,R), the function f on X which transfers and
extends the transformation o +— A'c A of Sym,, is analytic. Given C € Sym,,,
the function h on % which transfers and extends the transformation o — o —C
is analytic as well. Both analytic homeomorphisms keep the matrix Z = I fized.
The direct images of the invariant measure du on X under the diffeomorphisms
f and h are given by the equations

Jedit _ e ap+t (det (I - £(2)) )”“

du |det (I — Z)]
hedp  (|det (I —h(Z))] "
du ‘( det (1 - 2)| ) | #31)

Proof. Set P = (AA’)~1, a positive-definite symmetric matrix, which shows (use
the spectral decomposition of P) that the matrix I + ﬁf,’ Z is invertible if Z
is unitary: note that we allow ourselves the fractional notation when dealing with
commuting matrices. One has

I-pP I-pP _\"
(I+P+Z><I+I+PZ>
=U+P) ' I-P+(I+P)ZJ]I+P+(I-P)Z]" (I+P), (4.32)

hence, since I+ P =A"""' (A + A1),

MHH4U<I_P+Z><I+I_PZ>1(A+A1)1

I+P I+pP
—AU+Z-PU-2)[I+Z+P(I-2)]"A""
=[AI+2)-A T -2)AT+2)+ A (T-2)": (4.33)

when det (I — Z) # 0, i.e., when Z lies in the image >'*8 of the Cayley map,
this can also be written as

A (I+2) I -2 "A-NAT+2)I-2Z) " A+17 1, (4.34)

which is just the definition, according to Proposition 4.7, of the matrix f(Z) in
the case : however, the new formula

f@ﬁﬂA+A”)G;§+Z>O#;;ﬁzydm%A*rl (4.35)
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defines f(Z) as a non-singular function of Z on the whole of ¥. Still, we must
show that the right-hand side of (4.35) lies in ¥ for every Z € X: however, the
tiresome verification can be dispensed with, remembering that >'°& is a dense
subset of X.

In just the same way, given C' € Sym,,, the matrix I+ ,.¢

2% 1-C
since | ,, IC_C || <1 (again, use the spectral decomposition of C'), and we consider
the matrix

Z, is invertible

C c -
2i 1 — Z\| |1 z 211 —C)! 4.

(2¢ +C){2iI+C’+ ]{—FQU—C ] (21 ), (4.36)
which depends analytically on Z € ¥. In the case when Z € ¥*°8, it can also be
written as

[~C+@2iI+C)Z]2il-C+CZ]!
=[i(I+2)—(C+iD(I-2)][iI+2)+(-C+il)(I-2)]""

I+Z _ I+Z N\
—(ZI_Z—C—ZI> <’LI_Z—C+ZI> , (4.37)

which is just the definition of h(Z) in this case.

That f and h keep the unit matrix in ¥ fixed is seen by direct inspection
of the equations (4.35) and (4.36).

The computation of the Radon—Nikodym derivatives of the measures f,. du
and h., dp with respect to dp is an immediate consequence of (4.30) together with
the equation dm (A’ o A) = |det A|"*! dm(c) and the observation that, if Z is
the Cayley transform of o, one has det (I + %) = |det } (I — Z) |72 O

Corollary 4.10. There is a unique homomorphism x from Sp(n,R) into the
group of analytic automorphisms of X which extends the homomorphism from
Sp (n,R) N O(2n) into the latter group provided by Proposition 4.7, and reduces
to the transformation f or h when dealing with one of the two special elements
of Sp (n,R) considered in Lemma 4.9: this action of Sp (n,R) on X extends the
transfer, under the Cayley map, of the partially defined action (g,0) — g.oc =
(C+ Do) (A+ Bo)~t of the symplectic group on Sym,,. There is a unique con-
tinuous homomorphism x from the group Sp(") (n,R) into the group of analytic
automorphisms of X" with the following property: given § € Sp(") (n,R) above
some point g € Sp (n,R), the analytic automorphism X(g) of L™ lies above the
analytic automorphism x(g) of X.

Proof. The part concerning x follows from Corollary 4.5, Lemma 4.6, Proposition
4.7 and Lemma 4.9. We have already shown, in the remark that followed Definition
4.8, how to let the canonical maximal compact subgroup of the metaplectic group
operate on ©("). Extending this action to an action of the full group Sp™ (n,R)
only requires that one should lift to an action on %(™) the action on ¥ of sym-

plectic matrices of the kind (‘3 1) with A= A"> 0, orof the kind (£ 9) with
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C = C’: this is possible in a unique way since each of these two sets of matrices is
homeomorphic to a linear space, namely Sym,,. O

We now rephrase Corollary 4.3 in a way suitable to our needs, combining
it with the use of the Cayley map. First, we note that if Z € ¥"® is such that
det (I + Z) # 0, the eigenvalues p; of the unitary matrix Z can be uniquely
written as p; = e i with —7 < f; < m: since this leads to a determination of
the argument of det Z, the set of such matrices Z naturally imbeds into X,
Setting 7= —i (I —Z)(I+Z)~!, so that Z should be the image under the Cayley
map of the matrix 77!, one sees that the eigenvalues of the real symmetric matrix

7~1 are the numbers

1 j 0;
it T Cotan 7, (4.38)
1-— uj 2
so that the condition 77! — RT = 0 which occurs in Corollary 4.3 can be written
as O<tan92-" < p
Theorem 4.11. Let uw be an entire function on, C™ satisfying for some pair of
constants (C,R) the estimate |u(z)| < C e ™. Let V't be the set of matrices
7 € Y8 the eigenvalues of which can be written as p; = e~ with 0 < 6; <

and 0 < tan 02-" < 11%: when Z € V', the matriv T € Sym,, defined as T =

—i(I—2)(I+2Z)~L is invertible and satisfies the condition 7—!— RI > 0, which
makes it possible to define

(Ku)o(Z) = |det (I — Z)|"2 (Qu)o(i (I + Z)(I — Z)7Y)
and the vector-valued function
(Ku)1(Z) = |det (I — Z)|"2 (Qu)1 (i (I + Z)(I — Z)7Y). (4.39)

The functions (Ku)g and (Ku)1, hereafter referred to as the K-transforms of u,
extend as analytic functions to the neighborhood V of I in X consisting of all
matrices Z whose eigenvalues can be written as e~% with —m < 0; < m and

0.
[tan 7§ | < 2.

Proof. In terms of the eigenvalues of Z as denoted above, those of the real sym-
metric matrix 7= —i ([ — Z)(I+ Z)~! are the numbers tan 92" : thus, in the case
when 77! — RI > 0, one has

1
2

(K u)o(2) :‘ det | *‘2” (Q™ u)o(7)
=275 (det (I +72))4 (Q™ w)o(7), (4.40)

so that it follows from Corollary 4.3 and the fact that the map Z — 7 is analytic
in V that (Ku)o(Z) extends as an analytic function of Z in the mentioned
neighborhood of the identity matrix: note here that all entries of a positive real
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symmetric matrix are majorized by its greatest eigenvalue. The same works of
course with the other Q-transform of u. We shall also use the inversion formula

(Qu)o(o) =22 (det (I+O’2))_‘11 (Ku)o((oc —iI)(o+iI)7Y), (4.41)
valid when Z = (o —il)(oc+il)~! liesin V7. O

Remark 4.2. It is important to realize that, under the Cayley map, the image Z
of a matrix o will go to the identity matrix in ¥ if and only if each eigenvalue
of o goes to 4oo: the theorem that precedes thus goes much further than the
Definition 4.1 of the OQ-transforms of w, originally given under the assumption
that all eigenvalues of o (here, o = 771) are close to + oo. Note that the func-
tion (Qu)o (resp. (Kuw)o) lives on a part of Sym,, (resp. ¥): the domain of the
second one is small enough, so that one may regard it as well, as explained just
before the statement of Theorem 4.11, as defined in some neighborhood of the base
point of $(7),

Definition 4.12. Let u be an entire function on C", satisfying for some pair (C, Ry)
of positive numbers the estimate |u(z)] < Cem il for every z € C". Let
(Qu)op(o) and (Qu)1(o) be its O-transforms, as defined in (4.1) and (4.2) under
the assumption that o € Sym,, is such that ¢ — Ry I > 0. Let (Ku)o(Z) and
(Kw)1(Z) be the functions of Z € ¥ defined, under the assumption that the
matrix Z is close enough to the identity matrix, in Theorem 4.11.

We shall say that the function u lies in the space A if the following
condition is realized: the functions (Ku)g and (Ku); initially defined in some
neighborhood of the base point of X, also regarded, as explained before Theorem
4.11, as defined in a neighborhood of the base point of (™) extend as admissible
functions on the space X(": recall from Definition 4.8 that this means that they
can be given a dense and open domain of definition, connected in the strong sense,
in which they are to be analytic functions.

If u € 2A™ and if the domain of definition of (Ku)y contains the point
e'™ I = e~ I (cf. Definition 4.8), we set

Int [u] =22 (Ku)o(e ™ I). (4.42)

Remark 4.3. The image, under the Cayley map, of the origin of Sym,,, is the
point —I = e™ I € ¥: the equation (4.42) may thus be considered as a version of
what might seem to be the more natural equation Int[u] = (Qu)o(0); however,
the Cayley map sends Sym,, into X, not ) (unless n = 1) and it may not
be possible in general to use (4.41) to find a natural analytic extension of (Qu)g
to some open dense subset of Sym,,. For instance, in the two-dimensional case,
Theorem 4.19 will give the example of an important function v whose K-transform

(defined on the twofold cover ©(2) of X)) is regular at the point (e;w e%) but

singular at the point (ez; 0 )

e i
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Theorem 4.13. Let u € A™). For every A € GL(n,R), the function v on C"
defined as v(z) = |det A|~2 u(A~'z) lies in A™ too. For every C € Sym,,, the
function w on C" defined as w(z) = u(zx)e™ %) lies in A™ as well.

Proof. 1t is immediate, from Definition 4.1, that if ¢ — R > 0, one has

(Qu)o(0) = |det A2 (Qu)o(A' 7 A),
(Qu)1(0) = |det A|2 (I +io) (A~ +i A 0) " (Qu)i (A’ 5 A). (4.43)

Let f be the analytic homeomorphism of ¥ defined in Lemma 4.9, which is the
transfer, under the Cayley map, of the automorphism o +— A’ A of Sym,,. Using
Theorem 4.11, one sees that, whenever Z is the image, under the Cayley map, of
some o € Sym,, with ¢ — RI > 0 and R large enough, so that one should have
both ¢ — RI =0 and A 0 A— RI = 0, one has

det (I - f(2))

1
2

(Ko)o(Z) = ldet A2 | =3 Vo T | (Kuo(£(2)). (4.44)
Note, using (4.31), that this can also be written as
fodp 2(n1)
oz = (")) sy (4.45)

in particular, the extra factor extends as an analytic non-zero function on X. For
safety, one may also check this last fact from the equation (a consequence of (4.35)
with the notation of the proof of Lemma 4.9)

I-P I—-P
— = (A’ -1 _ -1 / —1y—1
I-f(Z)y=(A"+A ){I (I+P+Z)(I+I+PZ) ](A+A )", (4.46)
which yields, after a short calculation,
L[ det (I — f(2)) |2 A AT I—P |
Al2 = 1 Z . (4.4
|det Al det (I — 2) det 5 x | det ( +I+P ) (4.47)

How to make f a bijection of X(") (rather than ) onto itself was indicated at
the end of the proof of Corollary 4.10. The same kind of computation works with
the function (K wv)p, only putting in front of the right-hand side of the equation
playing the same role as (4.44) the extra linear operator (I+io) (A~ 1+i A’ o)~ =
2(I+ ﬁf,’ Z=H71 (A=14+ A’)~! corresponding to the operator in front of the right-
hand side of the second equation (4.43): after a straightforward computation, this
can also be written as

; [A+A'*1 - (A-A’*l)(f(Z))*l], (4.48)

an expression which will be useful later.
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Concerning the function w, we find that
(Qu)o(o) = (Qu)o(o — C),
(Qu)i(o) = (I +io) (I +i(o—C)) " (Qu)i(o —C), (4.49)
so that, with h as defined in Lemma 4.9, and appealing to (4.31) again,

1
2

det (I — h(Z))

() o I oz
h* du 2(”14-1)
("M@ )" w2 (4.50)
One may also check that
iC -t
(I-2)"Y(I-h2)= (I + (I - Z)) ; (4.51)
in the equation for (K w)i(Z), we need to put in the extra linear operator
iC iC -t iC iC
I-— z-! =1 = A 4.52
(NN I N () (152)

in front of the right-hand side, as it follows from the second equation (4.49).
We note for future reference the following equation: if the domain of the
K-transforms of u € A contains the point €™ I € £ one has

Int [z — u(x) e (€] = 23 (det (I + C?)" 4 (Ku)o (e“r L= ! C) : (4.53)
I+:iC

before proving it, we note that the eigenvalues of the matrix ﬁ_zg cannot be real
numbers < 0, so that they have arguments in | — 7, 7[; as explained just before
Theorem 4.11, this matrix can thus be viewed as an element of (") rather than
%2, which gives the matrix '™ 7.!C a meaning as an element of the same covering
space. In order to prove (4.53), we write in the case when Z is the image under
the Cayley map of some matrix ¢ € Sym,, such that o > RI with R large,

using (4.50), (4.51) and (4.37),

(K (z = u(z) e E520))o(2)

- {det (I + ZQC (I- Z))] {det (1 - ’20 (I - Z))}
x (Ku)o (mC+ (20 I+C)2Z) (2] -C+CZ)): (4.54)
this leads to (4.53) after one has noted that the question of determination of the

fourth roots that occurs in the last expression can be dealt with by means of a
homotopy argument, since C' connects to the zero matrix in Sym,,. O
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Theorem 4.14. In the one-dimensional case, the space U  coincides with the
space A introduced in Section 2.

Proof. Assume that « € 2: in terms of the pair of functions (wp, wy) used in
Theorem 1.8, one has

(Qu)o(o) = wo(o), (Qu)i(o)=(1+14) (1+io)wi(o). (4.55)
Under the relation z = g;z the points of R with o large correspond to the points

z=2e"" of ¥ =S' with # > 0 small: then, ¢ = cotan g. Under this condition,
the expansion at infinity of wy provided by the above-mentioned theorem yields

(Ku)ole™) = (2 cos g) > an (tan §>n (4.56)

n>0
Next, under the same conditions, (4.41) gives

1
2

(Qu)p(o) = (2 sin g) (K u)o(e™ ™). (4.57)

Using (4.56) and (4.57), one first sees that since the function (Qu)g is analytic on
the real line, the function (u)o extends as an analytic function to the neighbor-
hood of the base point of the universal cover of ¥ characterized by the inequalities
—e < 6 < 27 for some € > 0 (use the first of the two equations mentioned when
6 is close to 0, the second one in 10, 27]).

Assuming again that o is large, we observe that when the real number r

goes from 1 to —1, the point ro moves from o to —o in Sym,,. In the process,
r(l+e’i9)—(l—e7ig) _

the Cayley transform z of ro moves along the path r — P (Ite—10) 4 (1—e—i0) =

i 0
: +z EZE 2 | so that the argument of z undergoes a change from the value —6 to the

value —(2m — #). Thus, one has, starting from (4.41),

(Qu)o(—O') = (2 sin Z) : (’Cu)o(ei(Q—%r))7 (458)

it being understood that, in the right-hand side of this equation, it is now the
above-mentioned analytic extension of the function (K)o that is now being used.
The same formula links the functions (Qu); and (Ku);.

On the other hand, still for large o, (1.27) yields

do(oe™) = —io 2 Z(—l)" ano " =—i <tan Z)é Z(_l)" an (tan Z>n

n>0 n>0

_ <2 sin ;’) (K w)o(c®) (4.59)

so that the condition (1.28) from Theorem 1.8 is equivalent to
(Ku)o(e' 02y = (Ku)o(e?). (4.60)
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It shows that the function (K u)o satisfies the demands made in Definition 4.12, as
it extends in this case as an analytic function on 3 = S'. The same computations
are valid if interested instead in the function (K u)j.

The argument that precedes can be reversed, proving the identity of the
spaces A and .

In the particular case when wg(o) = (1 + 02)*}1, which corresponds, up to
normalization, to the case when u is the median state of the anaplectic harmonic
oscillator, one may note that the function 22 (Ku)o reduces to the constant 1:
nothing so simple will, or can occur in the higher-dimensional case. Finally, our
present definition of the anaplectic “integral” coincides, in the one-dimensional
case, with that of Section 1. The argument goes as follows. From (4.42), one has
Int[u] = 22 (Ku)o(e™): from (4.57) and (4.55), this is the same as wo(0) the
value at ¢ = 0 of the analytic extension of wy on the real line. To find this value,
we appeal to the equation (1.33), which provides an integral representation on the

whole real line of wq: setting ¢ = 0 in the right-hand side of this equation, we
find Int [u] as defined in (1.74). O

Theorem 4.15. For general n, any Gaussian function x+— e~ ™ 9@ where Q(x)
is a quadratic function of x with a positive-definite real part, lies in A™ if and
only if the dimension is divisible by 4.

Proof. Take a Gaussian function of the species indicated in the statement of the
theorem: in order to prove that it lies in (™ there is no loss of generality, as a
consequence of Theorem 4.13, in assuming that u(z) =e™™ zI* . One has, if o > 0,
(Qu)o(o) = (det (o — iI))~2, and the other quadratic transform of u is zero.
Here,

(det (0 —il)"2 =[J(o; —i) 2 =% JJ(A+i0y)2, (4.61)
J J
where, as a constant policy, square roots of complex numbers in the plane cut
along the negative half-line always have positive real parts: the function on the
right-hand side is analytic in the whole linear space Sym,,. Applying the definition
of (@™ u)y in Corollary 4.3, we find

(Qinv U)O(T) _ (det T)ié (Q’U,)()(Til) _ H(l _ Z’Tj)fé, (462)

If the eigenvalues p; = e~ of some matrix Z € ¥ satisfy 0 < 6; < 7 one has,
using (4.38) and (4.41),

(Ku)o(Z) =[] (2 cos 92]')—% 11 (1 — i tan 95) T2 (det2)h,  (4.63)

J J

a function which extends analytically to the n-tuple cover (™ of ¥ if and only
if n is divisible by 4. One should note that, if such is the case, whether one
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is dealing with the standard n-dimensional Gaussian function or a more general
one, the function (Ku)y is always globally defined on the whole of £(")| as a
consequence of Lemma 4.9. O

Remark 4.4. It follows from Remark 3.1 that if n = 0 mod 4, e~7l21” is even
an anaplectic Hermite function; since "22 € —% + Z, the function ® recalled in
Theorem 4.18 to follow is in this case an elementary (not only a Bessel) function
[17, p. 72]. Instead of a positive-definite quadratic form @ in the exponent, we
might as well have taken a negative-definite one: in the next section, it will be
shown that, quite generally, the space (™ is invariant under the change z — iz.

In order to study our next, and main, example, we need a pair of lemmas.

Lemma 4.16. Assume that the dimension n is > 2. The subset A of ¥ consisting
of matrices Z at least one eigenvalue of which is not simple is an analytic subset
of codimension 2.

Proof. We first make a few observations concerning the structure of eigenspaces of
matrices Z € ¥, i.e., matrices which are both unitary and symmetric. The complex
conjugate of such a matrix is also its inverse, so that if £ € C™ is an eigenvector
of Z corresponding to the eigenvalue A, one has A= A"1 and Z71¢ = A1 ¢ as
well as Z & = A ¢&: it follows that one has the two equations Z (Re £) = ARe ¢ and
Z (Im &) = AIm &. Next, assuming that the eigenvalue A of Z has multiplicity
at least 2, one can find some complex two-dimensional linear subspace E of the
eigenspace of Z corresponding to the given eigenvalue with a basis consisting of
two vectors in R™. Indeed, if the vectors Re £ and Im & considered so far are
not proportional, there is nothing more to be done; if this is not the case, doing
the same as before with a new eigenvector 1 of Z corresponding to the same
eigenvalue and C-independent from &, we consider either the pair (Re 7, Im 7)
if these two vectors are independent, or a pair consisting of non-zero vectors, one
taken from the pair (Re &, Im &) and one from the pair (Re n, Im 7). Next, we
observe that both E and the orthogonal subspace E+ of C" are stable under
the action of Z and that each of them has a linear basis consisting of real vectors:
in particular, considering the restrictions of Z to each of these two subspaces, one
gets a unitary transformation (of £ or E1) which is again symmetric in the sense
made possible by such a basis.

The set A is of course an algebraic subset of ¥ (it can be defined by the van-
ishing of the discriminant of the characteristic polynomial of Z), and its dimension
is one more than that of the set consisting, for any given A € C with |A| = 1,
of all pairs (F,Y) with the following properties: E should be a two-dimensional
subspace of C™ generated by a pair of vectors in R", and Y should be a unitary
and symmetric linear automorphism of E-+. Now, the space of two-planes E has
dimension 2n —4 and, for any given F, the set of unitary symmetric transforma-
tions of E+ has the dimension of Sym,,_,, i.e., (n=2)(n=1) " which gives A the

2
n(n+1) 9.

dimension 9
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One may note that, when n = 2, the set A reduces to the circle {Z =
eI, ¢ € R}, while Sym, is three-dimensional. O

Contrary to X, X\A has a complicated fundamental group, the more so in
higher dimensions. However, we shall take advantage of the following:

Lemma 4.17. Let Z° € ™8 be a matriz with only simple eigenvalues. The se-
quence

m (278 N (2\AQ), Z2°) — m(B\A, Z2°) — 1 (%, Z2°) — 0 (4.64)
induced by the embeddings Y8 N (X\A) — X\A — X is ezact.
Proof. The composition map : 3*8 N (X\A) — ¥ can be factored through the

: . n(n+1) . .
space X8 homeomorphic to R . , so that the corresponding composition

of homomorphisms is zero. Next, that the homomorphism in the middle of the
sequence above is onto is a consequence of Lemma 4.16, since A cannot disconnect
> either globally or locally. We shall prove the following, which is slightly more
than what remains to be done.

Let By:t+— Z(t), 0 <t <1, be a continuous loop in X\A, starting from a
point Z(0) € ¥**8: assume that the loop [y is homotopically trivial as a loop in
Y. Then, there exists a homotopy (8s)o<s<1 of loops at Z(0) in the space X\A,
with the following two properties: for any pair (s, t), the matrices Ss(t) and Boy(t)
are proportional (by a scalar factor of modulus 1), and the image of (1 is entirely
contained in X'°&.

To start with, there exist uniquely defined numbers 9?, 1 < j < n, with
0 <6 <. <Y < 2m, such that the eigenvalues of Z(0) are the numbers
M? = ¢%%]. Since the eigenvalues of Z(t) are always distinct, they can be followed
up as continuous functions ¢~ p;(t), 0 <t <1 for j=1,2,...,n; also, one can
uniquely set 1 (t) = e~*%®) ¢, being a continuous function : [0,1] — R with
0;(0) = 9?. Of necessity, one has 61(t) < --- < 6,(t) for all values of ¢. Since
09 — 6| < 27 for every pair j, k and 0;(t) — Ox(t) ¢ 27 Z for j # k, one has
10,(t) — 0x(t)| < 27 for every pair j, k and every t € [0, 1].

As 0,(t) — 27 < 01(t) for all ¢t and 69 — 27 < 0 < 69, one can construct a
continuous function w: [0,1] - R with w(0) =0 and 0,(t) — 27 < w(t) < 01 (t)
for all ¢. We now show that one may also demand that w(1) = 0, for which it
suffices to prove that 6, (1) = 0% and 6;(1) = 6. Indeed, since By is a loop,
there is for every j an integer m; € Z such that 6;(1) — 6,(0) = 2w m;. For any
pair (j, k), one has

21 (mj —my) = (0;(1) — 0;(0)) — (0x(1) — 0x(0))
= (0;(1) — 0x(1)) — (0;(0) — 0,(0)), (4.65)

a number < 27 in absolute value since both terms are and they have the same
sign. Thus m; = m, a constant. Now, det Z(t) = e~ 2% (") a continuous deter-
mination of the logarithm of which is the function ¢+ —i > 6;(¢). As the loop
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t — Z(t) is homotopically trivial in ¥, one has

0="> 0;(1)=>_6;(0) = (8;(1) — 6;(0)) = 2w nm, (4.66)

so that m = 0.
Then, for every j,

0 < 01(t) — w(t) < 0;() — w(t) < Oa(t) — wlt) < 2, (4.67)
so that, setting Bs(t) = **“() Z(t), we are done. O

Theorem 4.18. In any dimension, the function ®(x) = |x|2_2n Inos (7 |z|?) intro-

duced in (3.22) lies in A™). The K-transform of ® is analytic on the part of (™)
lying above Y\A.

Proof. We shall assume n > 2, since the one-dimensional case has already been

—n

treated. From [17, p. 84], setting C,, = 2’ 41‘(5)4 "' one has

1
(m)zC’n/ elal®t (1 _2yi-1 g (4.68)
1

Definition 4.1 implies that, for o > 0, (Q®)g(o) is well defined (while the odd
O-transform of @ is zero) and that

(Q(D =C, / -1 dt / 677T<0'£E,£E> ei‘n’t|a:|2 dx

= — 2571 [det (0 — it)] "2
—Cnll(l £2Y171 [det (o — it)] "+ dt

=C, /2 cos"? w H (o5 —1 sinw)*é dw (4.69)
if {o1,...,0,} is the set of (positive) eigenvalues of . Moving to the half-circle
~v from —i to ¢ on the right of 0, one can write

20, ne

(QP)o(o) = ; /(1+z2) 2 H(1+20jz—z2)_édz: (4.70)
gl

J
it is understood (recalling that, for the time being, o; > 0 for every j) that, when
z € 7, the arguments of 1+2% and 1420, z— 2% are to be taken in | -7, 7[. After
a change of contour, made possible since, under the present assumptions regarding
o, the zeros of 1+ 20;2 — 2% can only lie outside the strip 0 < Re z < 1, one

may transform the hyperelliptic integral above to

(Q®) _20/ 1—)"" (+2iajt+t2)*%dt. (4.71)
j
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This equation shows that the function o +— (Q ®)o(c), initially defined for o € 'y,
extends as an analytic function on Sym,, even as a holomorphic function on the
open subset of Sym€ consisting of matrices such that no eigenvalue o; of o
should lie in the union of the closed half-lines from ¢ to ico and from —i to
—i00. At the same time, the last equation shows that (Q®)o(—0) = (Q P)o(0)
for all o.

If Z=(oc—il)(c+il)~! isthe image of o € Sym,, under the Cayley map,
the definition of the function (K ®)g given in Theorem 4.11 yields

(K ®)o(Z) = |det (I — Z)|72 (Q®)o(0)
=275 (det (I + 02))4 (Q®)o(0), (4.72)

and the equation (4.71) provides a definition of the function (K ®)o as an analytic
function on the image X% of the Cayley map.

Next, we show that the function (IC®) takes the same value at any pair
of matrices Z and e’ Z, assuming that both matrices lie in the open set X'°8.
To do this, we go back to the expression in the middle of (4.69) of (Q ®)o(o)
and transform it further, under the renewed assumption that o € T',, setting
sinw = tanh £ so that

(Q®)o(0) = C, / H o, cosh& —i sinh &)™ 2 de : (4.73)

—1971

since o¢; = cotan 92j if {e” ... } is the set of eigenvalues of the Cayley

image Z of o, one can write, pr0V1ded that 0 < 6; <7 for all j,

1
2

(K®)o(Z)=2"2 H (sin V=2, / (coshf cotan 6;] —1q sinh§> de¢

=273 C, / <cosh (5 - Z?)) de. (4.74)

Obviously, the last formula remains valid whenever —7m < §; < 7w for every j.
On the other hand, a change of contour of integration £ — & — 12‘1’ is possible
provided that all numbers 6; + ¢ remain in the interval | —m, 7| as well, leading
to the required invariance. In particular, in the case when 6; €]0, 7| for every j,

one may also write
(K®)o(2) =272 C, /_Z H (Cosh (5 - i(ej; ”)>>2 dé : (4.75)
J

this last equation is actually valid under the sole assumption that 6; €]0, 27| for
every 7, thus provides an explicit integral expression of (I @) to the whole of 3*°8.



78 Chapter 2. The n-dimensional Anaplectic Analysis

We now need to continue analytically the function (K @)y from this open
dense subset of ¥ to the part of the universal cover %(>) of ¥ lying above ¥\A,
and to show that the resulting function is invariant under the covering map of the
identity of degree n. For the first part, we have to show that if two continuous
loops 71 and 7 within 3\A are homotopic as loops within ¥, the analytic
continuation of (K @)y along either loop ends up with the same final value. It
is no loss of generality to assume that the initial point Z° of the loops under
consideration lies in X"&. These two loops do not, generally, define the same
element of 7 (X\A, Z%): however, there exists a loop By at Z°, within \A,
such that o ~ Gy -1, where the right-hand side denotes the composition of loops
[20, p. 60]: of course, since 77 and 2 are homotopic as loops in ¥, the first factor
Bo is homotopically trivial as a loop in X. What has to be shown is that the
continuation of the function (K @) along such a loop yields the same value at the
initial and final points. Taking advantage of Lemma 4.17, we may substitute for
the loop [y the loop 1 as introduced there: since the equation (4.75) provides a
global definition of (K @)y in X8, it is clear that, continuing this function along
(1, one will reach the same value at the two endpoints.

Finally, the element of 7 (2, Z°) associated with the loop ¢+ 2™t Z0 0 <
t <1,is n times the canonical generator of this fundamental group: again, (K ®)
remains constant along any such loop.

The proof of Theorem 4.18 is over. Let us emphasize again, however, that
when restricted to X8, the function under study is analytic everywhere, without
our having to exclude the points of A: this is what made it possible to avoid the
very complicated discussion of the fundamental group of 3\ A. Unless n =1, the
continuation of (K ®)y to X(™ will have genuine singularities at some points of
this space lying above A. The following theorem will make matters especially clear
in this respect. O

Theorem 4.19. Assume that n = 2. When Z € 3“8, denoting the eigenvalues of
Z as e and e=% with 6; and 0 in )0, 2], one has

1 11,06,
CoD)=, oo o (g mmt M)
If Z# € £ lies above the matriz Z just introduced but Z# # Z (i.e., Z# lies

in the other sheet of the twofold cover of X), and under the additional assumption
that Z ¢ A, one has

1 11 0, — 0
(K ®)o(2%) = 0-0a| oFy (27 o7 15 —cotan” ' 2) : (4.77)
4

~ 2|sin 4

Proof. The beginning of the computation is valid in any dimension. We temporar-
ily assume again that Z € ¥ has the eigenvalues e~% with 0 < 6; < 7. Starting
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from (4.73), one may write
(Q®)o(0) = C, / de H / exp (—mt; (o cosh& —i sinh€)) ¢, >t (4.78)
using [17, p. 86], this can be written as
(@0(e) =2Cn | e )_1 <7T JO Xy gj)2> dt. (4.79)
As seen after changing t; to 7;t; in the integral that precedes, one has
(Q™ ®)o(r): = (det 7)™ (Q)o(r )
= (Q®)o(7), (4.80)

an equation to be used later.
Using (4.72) and performing in the integral (4.79) the change of variables

>

5, one gets the final expression

(K®)o(2)=2"2"C, /R (H tj)_i‘ Ko <7r

an expression obviously valid whenever 6; €] —w, 7| for every j.

We now specialize to the two-dimensional case, in which one can compute
(K ®)o(Z) explicitly. Setting ¢ = 3% and assuming max (|6;],]2]) < 7, one
has

_ L= [~ 2 9 dtq dts
(K®)o(Z) = 7T/0 /O Ko <7r VB + 20t cos ¢+t2> R

tj — tj Sin

i
) dt, (4.81)

: . th—t 4t1t dty dt
Using the new variables ¢ = ", € R, r = (tl_lt;‘)2 > 0, so that \/1tlt22 =
dtdr  one finds
V()

T AU A GRS T
& dr
27T/0 \/r(1+r)(1+r cos? ‘225)

or, performing the new change of variable z = l}rT and using [17, p. 54] the
integral representation of the hypergeometric function,

(4.83)

1 1 1 1 9 10} —3
(K®)o(Z) = é / x72(l—x)" 2 <1 + 2 tan > dx
21 cos 5 /0 2
1 11 01 — 05
= F ;15 — tan? : 4.84
2 cos 1% 1 <2’ gl Ty > (4.84)

this proves the equation (4.76).
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To compute (K ®)o(Z#) in the case when Z# is a point above Y\A in the
other sheet of £(®), we must use analytic continuation. With #; and 62 distinct
and both in ]0,27[, we may assume that 62 < 6; < 03 + 7, since this can be
relaxed later, using analytic continuation; it is no loss of generality to assume that,
simply, Z = (‘57591 6_132) In the computation that follows, it is handy, taking
advantage of the invariance of the function (K @)y under rotations Z ~— e'? Z,
to set Ay = 0: of course, one then does not have Z € ¥ any longer, since

one of the two eigenvalues of Z becomes 1, and the matrix (6_(;61 (1)) must be

interpreted as the point of (2 which is the limit, as ¢ > 0 goes to 0, of the
matrix (8_1 (SHE) o (32+5) ) One can now make explicit a loop in ¥ at Z, with an
image contained in ¥\ A, the class of which will be a generator of the fundamental
group of ¥ at Z. This is the loop t+— Z(t) defined as

01 . . 0y
(1—4t) cos "5 —i sin

0
(1—4t) cos 921 +i sin 921 if te [O, ;L
Z(t) = 0 1 (4.85)
. 3—4t V/(2t—1)(2—2t) . 1
exp 6y (\/(Zt—l)(2—2t) o > if te[,1].

Note that Z(3) = ( 151 0). The first half of the path is the limit, as ¢ — 0,
of a path that lies entirely in 3*°® (it is given explicitly, with a small abuse of

(1—4t) Cotan 621 0
“+o0
essential to distinguish the entries 400 and —oo in the lower right corner, which

would correspond to the same point of ¥ but not to the same point of (%)),
Along this path, the pair of arguments of the eigenvalues of Z(t) moves from
(=01, 0) to (—(2m — 61), 0): consequently, the logarithm of det Z(¢) moves from
—i61 to —i(2m —61). On the other hand, the trace i6; (3 — 4t) of the matrix in
the exponent of the definition of the second part of the path ¢+ Z(t) decreases
by 2i6 as t goes from ; to 1 so that, at ¢ =1, log det Z(¢) reaches the value
—i (01 4+ 27). Thus, the loop under examination indeed defines a generator of the
fundamental group w1 (X, Z(0)).
Following up the function (IC®), along the first half of the loop is easy, as
this path almost lies in ¥™°8: one simply has to perform the change 6; — 27 —6;
n (4. 75) replacing also the ambiguous factor (cosh (£ + ”))_5 by the value

language, as the Cayley map of the path ¢ +— ( ), where it is

i

\smhﬁ\ 2 e~ 75188 ohtained by the limiting process as € > 0 goes to 0. On

3—4t V(@t-1)(2— 2t)> are

the other hand, the eigenvalues of the matrix ( y

(2t—1)(2—2¢) 0
the numbers 2 — 2t and 1 — 2¢: consequently, for ; < t < 1, the eigenvalues
of the matrix Z(t) are the numbers e =20 and ¢ (1=28) From what has

been said above concerning the first part of the loop, the pair of arguments of the
eigenvalues of Z(}) must be set at the values 61 — 27 and 0; for j <t <1, the
arguments relative to Z(t) must thus be set at the pair of values 6; (2 — 2t) — 27
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and 6, (1—2t), ending up at ¢ = 1 with the pair of arguments (—2m, —6;). Moving
along the loop ¢ +— Z(t) thus calls for substituting the pair (27, 61) for the pair
(61, 0). This finally leads to the equation (4.77) if one uses again the invariance of
the function (K ®)y under the map Z — e~%%2 Z, which concludes the proof of
Theorem 4.19. (]

One should note that, after it has been extended to the part of ©(?) above
Y\A, the function (K ®)o is singular exactly on the closure of the set of points
above X8 N A not in X8, Thus, the pullback in () of A C ¥ is the disjoint
union of two circles, one of which is the exact singular set of this function.

To have some idea of the size and nature of the singularity, let us revert, in
the case when Z? lies in the second sheet of £(2), to coordinates relative to the
point o € Sym, of which Z is the Cayley transform. We may set o = (qu g ):
then the determinant and trace of o are p? —¢? —r? and 2p, and the discriminant
of the characteristic polynomial of o is

disc (0) = (o1 — 02)® =4 (¢* +r?). (4.86)
Still denoting as e~ and e~ the eigenvalues of Z one has

i (0102) (01 — 1) (o2 + 1) [1+O’10’2+i(0’1—0’2)}2

= = 3 4.87
(o1 +1) (02 — 1) (1+02)(1+02) (4.87)
so that
0, —6 di 4(q? +r?
s 0 e T sy
2 (1+o07)(1+03) 4p*+(1-p*+¢+7?)
a quantity equivalent to aifpg;l as disc (o) — 0: note that this condition just

means of course that ¢ approaches A. If such is the case, we set 2 = cotan 2 01292 ,

an expression which goes to infinity just like

a1 4
ta= sin? 91202 ™ gin? 91502
[4+ (tro)?]?
~ . 4.89
disc (o) (4.89)

Finally, in view of the expansion [17, p. 48] of the hypergeometric function
at the argument —z with = > 1, one finds

2

m!

S m+ L
wonz) = L asant 3 (T )

m=0

X [logm—w <m+ ;) - (; —m) +2w(m+l)] (—z)™™, (4.90)

where 1 is the logarithmic derivative of the Gamma function. Thus, the size of
the singularity is that of the logarithm of disc (o).
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5 The n-dimensional anaplectic representation

We here define and study the anaplectic representation of the group Sp(”)(n, R)
in the space ™). Given u € A™, it will not be possible to define Ana(g)u for
every g € Sp™(n,R), only for all g in some open dense subset of that group,
depending on wu.

Let us comment briefly on this point, lest it should unduly worry the reader
and lead him to conclude that this disqualifies the object under study as a genuine
representation. Indeed, one may also regard the anaplectic representation as a
homomorphism into a group of only partially defined operators. In this way, this
is not too different from the case with more usual representations, for instance
the metaplectic representation. Consider the one-dimensional function z s e
and its transform under the metaplectic transformation associated with one of the
two points above some matrix g € SL(2,R); let g = nak be the decomposition
of g associated with the usual Iwasawa decomposition G = NAK of the group
G = SL(2,R). Then, the transform under study will be an (analytic) function
on the real line for every g except for those such that & = + (,01 (13), since

the corresponding metaplectic transformation is either e~'4 F or e'4 F~'. Of
course, the answer to the difficulty (in the metaplectic case) lies in the fact that
the space of all analytic functions on the line is not a well-chosen one. The genuine
difficulty with the anaplectic representation is a “topological” one, and is linked
to the fact that it is not unitarizable: cf. Section 8, however, for steps towards
the construction of some appropriate pseudoscalar product. The constructions in
the present section rely on elementary algebraic geometry, not on Hilbert space
methods. It is clear, however, that at some point, it will be necessary to give a
characterization of appropriate spaces of analytic functions, or analytic functionals,
on R™ with a more controlled behavior, by means of corresponding properties
of their IC-transforms: Remark 5.2 below at least gives some indication in this
direction.

We must also emphasize the fact that our aim is not to construct the anaplec-
tic representation as an abstract one, i.e., up to equivalence. The space on which
it operates has to be realized as a space of functions on R"”, in a way which makes
the anaplectic representation and the Heisenberg representation act in a coherent
way.

That the anaplectic representation should be more singular than the meta-
plectic representation can be traced to several reasons, one of which has to do with
the fact that, corresponding to any “energy level” of the anaplectic harmonic os-
cillator, there is (unless n = 1) an infinite-dimensional eigenspace: contrary to the
ground state of the usual harmonic oscillator, which is invariant under all trans-
formations in the image, under the metaplectic representation, of the maximal
compact subgroup (isomorphic to U(n)) of the metaplectic group Sp(n,R), the
median state ® of the anaplectic harmonic oscillator is only invariant under the
action of the subgroup of Sp™(n,R) above the much smaller group O(n). This
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is the crux of the matter since, as will be seen, ® does not admit partial anaplec-
tic Fourier transforms in any obvious sense, only a global one: in contrast, the
standard Gaussian function is invariant under all partial Fourier transformations.

We first recall from Corollary 4.10 that the partially defined action of the
symplectic group Sp (n,R) on Sym,, as given just before Lemma 4.6, extends as
an analytic, fully regular action on X: one may also lift this as an action of the
group Sp™ (n,R) on %™, Set

G (D () e

1 1
o=, (A=iB+iC+D), B= (-iA+B+C+iD):  (52)

i.e.,

—/

’ ’ -1 /
since (ég)—lz(_Dc,_A]? ),onehas (%g) :(_O‘B, :ﬁ),sothat
ad —pp =1, —af +pa' =0 (5.3)

or, equivalently, -

ada-pB=1, a'p—-pa=0. (5.4)
With the help of Proposition 4.7 and Lemma 4.9, one may check that the action
(9,2) — [9] (Z) of Sp(n,R) on ¥ is given by the equation

9™1(2)= (' +a' 2) () =i Z)7". (5.5)

Exercising care, one may also denote as [¢~!] the analytic homeomorphism of »(n)
associated with some element g~! of Sp(”)(n,R) in conformity with Corollary
4.10.

The aim of the present section is to prove the existence of a representation
g — Ana(g) of the group Sp™ (n,R) in the linear space A", characterized by
the equations, where Z stands for a point of £ not in the image under [g] of
the singular set of the KC-transforms of u € A,

oo un(z) = (7 " @) et @),

(K Ana (g) u)1(2) = ([g_dt dp (Z)) 2(n+1)

< la—ip (g7 1(2)7 . (Kun(lg™1(2):  (5.6)

note that, in the matrix o —43([g7!](Z))~! on the second line, and contrary to
its occurrence elsewhere in these two equations, [¢g71] (Z) must be interpreted as
a point of ¥ rather than X("): in this section, we decided against the too heavy
notation Z# used elsewhere to distinguish such a point of (™ from its projection
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Z in X. In the case when g reduces to the matrix (‘3 A,0_1 ) with det A > 0 (resp.
(L9)), we shall be led to defining Ana (g) as one of the two transformations u — v
or u — w that occurred in Theorem 4.13: that the formulas above are correct in
this case will be checked in the proof of Theorem 5.10. In general, for a given g,
Ana (g) u will be defined only under some assumption relative to the singular set
of K u. Let us refer the reader to the beginning of this section for a discussion of
this point.

We now start the work necessary towards the completion of the announced
result: essentially, we need to construct the anaplectic Fourier transformation and
see its connection with the Heisenberg representation. First, we consider the op-
erator © connecting functions on some part of Sym,, to functions on some part
of X, defined as in Theorem 4.11 by the equation

: (5.7)

(©w)(Z) = |det (I — Z)|"* w ('”Z>

‘-z

when using this operator, it will always be tacitly assumed that Z lies in the image,
under the Cayley transform, of the set of matrices o € Sym,, with ¢ — RI > 0
for some large R.

But first, we must fix the notation concerning a non-redundant set of coor-
dinates on the linear space Sym,,. If o = (0jx)1<jk<n, We set o(;;) = oj; and, if
J#k, oky = 20 thus, whether j # k or not, o) is thought of as depending
on the unordered pair (j,k). In this way, we get coordinates on Sym,,, and we
note the equations

0 0

(ox,x) = zjxy,

n?

(ox,2) :2ZUjkmj. (5.8)

J

aJ(jk) al'k
Lemma 5.1. Given j, ¢ with 1 < j, £ <n, let 79° be the symmetric matriz such
that (9% z,2) = xjx0 for all x € R™. One has for every C' function w on
Sym,, the equation

@( w ) = DU Qu, (5.9)
00 o)
where, denoting as ng the matriz
, 1 ,

Vit = 0 U= 2) (I - Z), (5.10)

one has
. 1 .
DU = Vyge = o Re Tr((I - Z)"tvih
1
= VVij - 4 Im (I - Z)jg : (5.11)

the operator Vi denotes the first-order derivative along the vector Vgl, tangent
z
to X" at Z.
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Proof. Let us abbreviate as 7 the matrix 77¢. Using (4.50) and (4.36), we obtain

1
2

w(hy(Z))

ow d l ‘ det (I — hy(2)) (512)

6(80'(jg)) - dt det (I — 2)

t=0

with

—1
t t
hi(Z) = (20T —tT) {2”;7+Z] [I—QZ_II”Z} (2iT+t7)"". (5.13)

Here, the analytic transformation h; can be regarded just as well as an

analytic automorphism of ¥ or (™ as explained in Corollary 4.10. Of course,
ho(Z) = Z, and we note that

: d 1
Vit = m(2) =,

= (I—-2)r% (I~ 2): (5.14)

t=0

for safety, one may check that this is, as it should be, a vector tangent to X or
Y™ at Z since it is a symmetric matrix and its image under the multiplication
on the left by Z~! is indeed antihermitian. On the other hand,

d det (I —h(2)) |* d PNE
= I—-t(I-Z2 J°
dt ‘ det (T — 7) ge| At -t =27V
. 1 1,56
= Re Tr (I — 2)=- V). (5.15)
We also note, using the equation
; 1
(sz)rs = 9 (6jr6ls + 6js6l7“) (516)

for the entries of the matrix 77, that the vector (I — 2)~'V3' = L (I - 2)
satisfies )
T (I -2)" Vi) = —; (I—2);. (5.17)

]

Remark 5.1. With the differential operator P9 we have the first instance of a
situation that will (fortunately) recur in the present section: the coefficients of this
operator are analytic functions defined on the whole of Y. Therefore, there will be
no difficulty when the need arises to let such an operator act on functions defined
on some open subset of ¥ or of any covering space of .

Proposition 5.2. If u lies in A", so does Qpu = zpu for every £=1,... n.
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Proof. As an immediate consequence of Definition 4.1, one has if o — R I > 0 with
R large enough

(Q(weu))o(0) = e~ T (I +i0)™ (Qu)i(e)® (5.18)
(the ¢th component of the vector-valued function on the right-hand side): in other
words ‘ i
(Q(zew)o(o) == ¢ 7 Y (I +io)y! (Qu)i7 (o)), (5.19)
k

denoting as (I +io),' the (¢k)th entry of the matrix (I+140)~!. Also, using the
first of the two equations (5.8), one finds

i

(Qzru)i(o) == " (I+i0) (Ru)(o), (5:20)
where Ru is the vector-valued function such that
. 0
R (o) =, 7 (Qulo(o), (521)
00
in other words
(Q (zpu)D (o) = _eﬁ zk:(]+ia)jk Do (Qu)o(0). (5.22)
According to Lemma 5.1, one has
(K (ew)(2) = e > (- * D) (Ku)o(Z2) (5.23)
T I1-Z ), ’

and what remains to be done is showing that, for every r, the coefficients of the
operator >, (I —Z), ! D*Y extend as analytic functions on X: indeed, when this
has been done, the equation just found, linking two functions defined in some part
of X, will automatically provide an extension of the left-hand side to the connected
dense open subset of X(") where the right-hand side is defined and analytic.

In the operator under study, there is a scalar term >, (I — Z) ' (I — Z)j
which has obviously no singularity on ¥, and a first-order operator which is the
derivative along the vector >, (I — Z),,! VF*: this latter operator is obtained just
like the first-order part of the operator in (5.11), except for the fact that the matrix
77¢ € Sym, must be replaced by the matrix

S I-2z) = ; [E"(I-2)"'+(I -2 E™], (5.24)
k

where BT is the matrix with a 1 at the place indicated and zeros elsewhere: the
extra matrix I — Z which occurs on both sides in the right-hand side of (5.10)
is exactly what is needed so that this vector, when viewed in the Z-coordinates,
should become extendable as an analytic function on the whole of 3, which finally
proves that Qpu lies in A™). O
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Proposition 5.3. If u lies in A™, so does Pyu = u forevery £=1,...,n.

217r aa:g

Proof. Using (4.1), an integration by parts and (5.8), we find

(Q(Pru))o(o) =e 7 Zwk/ xp e y(ze”

n

i

1) dx

I, (H"w (Quh)w (o), (5.25)

the ¢th component of the vector-valued function e~ o (I+io)~' (Qu);(0). On
the other hand,

i

e 4 i

(Q(Pw){ (o) = /n(%‘ +i Y ojpay)e T ;; (u(ze 7)) dx

2 k

i

[277 (x; +ZZng xr) ZO’@T T, — zojg] dz, (5.26)

which may also be written, using (5.8) again, as

(Q(Pu){ (o) = [ 270y, +ZZ% +6Je+wge}<9u)o(o)-

T

(5.27)
We must study the transfer, under the operator © defined in (5.7), of the operators

0
Ljp=2 T 05 s
g Z 7 o
M =2 war Tik 4 0 + (0j0), (5.28)
kr O (kr)
where (0j¢) stands for the corresponding operator of multiplication. Since the first

one is much easier to study than the second, we concentrate on the latter one. The
operator MUY =© My ©~1, expresses itself, as a consequence of Lemma 5.1, as

1-Z

4 I+2 I+2
Jjé _ ;
XZ_Z(’I—Z) <I Z) V7",

kr

2Z ( HZ)ZT (Zig)w (I = 2k, (5.30)

, I+7
MUY = 2V e —Im B(Z) + (z * ) | (5.29)

with
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and we must show that the coefficients of the operator M9 extend as analytic
functions on 3: again, the whole difficulty lies in the presence of coefficients of the
matrix (I —Z)~ %

First, using (5.16), we find that the linear combination

. I+7 I+ Z
ATt :§ i kr 5.31
Tr (ZI_Z>jkT <ZI_Z>ET ( )

has its entries given by the formula

A 1 I1+7Z I1+7Z I1+7Z I1+7Z
(A7), = 0 (iI+Z> <i1+Z> (iI+Z> (iI+Z> 0 (5.32)
a ip a qt a ja a pt
it follows that the entries of the matrix
ge 1 0
Xy =, I -2) A" (1-2) (5.33)
i
are given as
(XY )re = 4 [+ 2)je I+ Des + (T + 2)3s T+ Z)er] (5.30)
and, consequently, extend as analytic functions on X. Next, we write
1 A+ 7 )
0=, % (i17), ta+ D
R A
9 <z I_Z.(QI— (I—Z)))Z.
j
I1+Z 1
=1 |1 I+ 7))y 5.35
i(i117), F 2t 2 (5.35)

remembering that the matrix 4 ffg is real — it is the inverse Cayley transform of

Z — we finally get

I1+Z
m B(Z) = (z Ijz>“ + ; m (I + ) : (5.36)

therefore, the first term on the right-hand side will just annihilate, in (5.29), the
last singular term in the same equation; the remaining term }Im (I + Z)y; does
extend analytically to the whole of X. O

Corollary 5.4. All anaplectic Hermite functions lie in A,

Proof. This follows from Definition 3.2 and the last two propositions. O
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Theorem 5.5. Let u € A" . For every n € C", the function uy, defined as uy(x) =
u(z) e~ 2™ ) Jies in A,

Proof. For ¢ € Sym,, with ¢ — RI >0 with R large enough, one has

7Y dx,

n

(Quy)o(o) z/ e~ ™) oxp (- ored (n,z)) u(xe”

—2meT n)® -
:/ e~ (oTT) Z (=2me <) % u(re 4 )dr. (5.37)

|
aeN» @

Given any multi-index o = (aq,...,a,) € N® with an even length |«|, denote
as [5] the multi-index § € N such that 3; =[] for all j: then a=2[5]+~
for some multi-index ~ all components of which are 0 or 1, which we split as a
sum of multi-indices of length 2 in an arbitrary way. The first of the two equations

(5.8) then makes it possible to associate to each multi-index o € N™ with an even

length a multi-index & € N "5 with the following properties:
1 9\* 1
a® e To) = (—ﬂ_ 80) e TomT) |a| = ) la] and a&!= B(] I,

(5.38)
We must now check that the K-transforms of w, satisfy the hypotheses of
Definition 4.12. It is convenient, to that effect, to split u into its even and odd parts
and examine its KC-transforms one at a time. So far as estimates are concerned,
we shall concentrate on the study of (Ku)o under the assumption that u is even:
the complications related to the study of the three other types of KC-transforms
are of an inessential nature, only calling for the consideration of multi-indices of
possibly odd length rather than even, in which case another appeal to Proposition
5.2 may be needed. From Lemma 5.1, we get the identity

(K (zj20u)o(Z) = :r DU (Ku)o(2) (5.39)

with DUY  as defined there. Starting from (5.37), and noting that, from their
definition in Lemma 5.1, the operators DY) commute pairwise, we find, with &
as introduced in (5.38),

i

(Kuo(2)= Y- O T 0 (kupo(z) (5.40)
aeN"” ’
|| even

finally, given any compact subset of the open, dense and connected subset 2 of
(") to which the K-transforms of u extend as analytic functions, there is some
constant C' > 0 such that the estimate

1D (Ku)o(Z)| < [;‘] 1c's (5.41)
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holds there, a consequence of the analyticity of the coefficients of the operator
DUY on the compact space X(™: the analyticity on Q of the function (K u,)o
follows. U

Under the assumption that the point e*™ I € 2(™ lies in the domain of
analyticity of the KC-transforms of u, we shall exploit later the identity

(_Qiﬂ- U)a a

Int [u,] = Z ol Int [z — 2% u(x)], (5.42)
aeN™

a consequence of (5.40) together with (5.39) and Definition 4.12: it is valid without

any assumption of parity regarding u.

Theorem 5.6. Let u € A" satisfying the property that the point ™I € B
lies in the domain of analyticity of its K-transforms, and let x € R™. Setting
ug(y) = u(y) e 27 &Y s0 that the function u, lies in A™) according to Theorem
5.5, we set

(Fanat)(z) = Int [uy] (5.43)

and call the transform u +— Fanau the anaplectic Fourier transformation. The
function Fanau is well defined as an element of the space A™. One has, for
every u € AM,

1 0

2 Oz

1
Fona < Ou ) =Ty (fana U) and Fana (x] U) =

2 Oz (Fana 1)

(5.44)

Proof. That, for every z € C", the function y — u,(y) lies in 2™ was proved in
Theorem 5.5. Then, by definition, Int [u,] =24 (K u,)o(e'™ I), and we first prove
that, as a function of z, this is an entire function majorized by C e™Rl=” for some
pair (C, R). Indeed, assuming, say, that u is even, we find, starting from (5.40)
and using (5.41) in the middle of the sequence that follows,

1 i a
) DRI L SONEL)

ol
aeN™

|| even

1 gl 18] .28
24 4w C
2 (o Um0

2 exp (47C |z|?) : (5.45)

n

| Int [u;]| = 24

IN

a similar estimate holds in the case when w is odd, using the analyticity property
of the vector-valued function (Fapaw)i.
Next, we show that one has

(K (Fanaw))o(2) = (Ku)o(e'™ Z),
(K (Fana))1(Z2) = —i (Ku)y(e'™ Z) - (5.46)
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one may observe at once that this amounts to a verification of (5.6) if one de-
cides that the anaplectic representation should associate the anaplectic Fourier
transformation to the matrix g= (% ().

Starting from (5.42), one finds

—92i)led
Fuaw)@) = 3 )

ol 2% Int [y — y“ u(y)]. (5.47)
aeN”

We now prove the second equation (5.44). Let (j) be the multi-index of
length 1 with 1 at the jth place: from (5.47),

_oim)l8l
1 9 . > (-2iy® B2~ Int [y — y° u(y)] :

- -Fana = .
gim 9a; T O =g 2 g
BEN
Bij=1
(5.48)
it suffices to set B = a + (j) to find the expression, again obtained from (5.47),
of (Fana (yju))(x). The same trick works towards the proof of the first equation

(5.44).

Next, assuming o = RI with R large, one can write (using (5.47))

(Q fana U)O(O') = / e—ﬂ(az,z) (‘Fana U) (m e iI ) dl‘

—2im)lel i
—Z eyt [T e Ty

—Z 271'64 |

where the summability is ensured by the estimate

nt [y — y* u(y)] / e~ ™OmE) 1 gy, (5.49)

n

[Tty =y u(y))| < [5] 107 (5.50)

a consequence of the definition (4.42) of the linear form Int together with (5.39)
and (5.41), and the easily proven inequality, valid when o — R1I > 0,
< (xR~ 2" m . (5.51)

—m(ox,x) @
/n e % dx 5

The same estimates make it possible to write, under the same assumptions regard-
ing o,

— (—277@? y)a —m(oz,x) .«
(Qfanau)()(o)_lnt yHu(y)Z al ne % dx

=1Int |y+— u(y)/ e~ low,7) exp(—271'ezZr (m,y>)dx]

— Tnt [y — u(y) (det o)~ eiﬂfly’w] : (5.52)
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Thus, applying the definition contained in Theorem 4.11, we find, under the as-
sumption that Z lies in the domain denoted as V* there,

(K Fans 0)0(2) = et (14 2)| 1t |y = uty) e (7 7o) | = 559

we may then apply (4.53), finding as a result

n 1 I —iC
5 2\\— 4 T
(det (I +C*))" 4 (Ku)o (e I—|—iC’>

(5.54)

(K Fana w)o(Z) = |det (I + Z)|72 2

with C' =} 777 € Sym,,, which reduces, since then ;% = Z and det (I+C?) =
227 | det (I + Z) |72, to the first of the two equations (5.46).

In order to prove the second equation, we start with a convenient expression
of (Ku)1(Z) for u € A™ and Z € V*: recalling (4.2), we find from (4.39) the

equation

(Ku)(2) = |det (I — Z)|~ / (- IQ_ZZ> 2. exp (—m<<§i—§> mx>>

u(ze” T Ydz (5.55)

or, extending, componentwise, the definition of the first Q-transform to the case
of vector-valued functions,

(Ku)(2) = e (/c (m — (- 12_ZZ)m.u(m)>>O(Z). (5.56)

To compute (Q Fana u)gj)(a) according to (4.3), we have to insert, on the
second line of (5.52), the extra factor z; +1i ), ojr x, which would also arise

from the application to the integral under the integral sign of the operator
—e 3 [a?;_,- +i) 05k agk ]: with the help of (5.8), this leads to the equation

(Q Fana u)gj)(a) — 7 Int {y — u(y) (det g)*% eim (o y.y)

Z ((Ul)je +i Z Ojk (Ul)ke> yz] (5.57)
k

L
or

1

(Q Fana u)gj)(g) =e" A Int [y — u(y) (det U)_; eim (o7 yy)

(?Jj -1 Z(O’il)jl yz) ] (5.58)
¢
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or finally, in vector form,

(QFanau)1(o)=e" T (deto)~ 2 Tnt [y»—> (I—iol)y.u(y)e”<‘7_ly’y>] . (5.59)

From the last equation, applying again (4.39) and (4.53), we find for Z € V+
the equation

(K Fana )1(2) = |det (I = Z)| % (Q Fana ) ( HZ)

‘1-z

1 i I Z _; n 1
=|det (I —Z)|"2e 4 <detiItZ> 24 (det (I +C?))"4

27 e
</c <y - y.u(y)> )O <e” Hzg) . (5.60)
with C' = 1 ﬁg € Sym,,: finishing the computation as was done right after (5.54)
and comparing the equations (5.60) and (5.56), one sees that the second equation
(5.46) is satisfied.

The proof of Theorem 5.6 is over. It is essential, at the same time, to remark
that the identities (5.18) and (5.20) used in the proof of Proposition 5.2, together
with (5.47), show that the knowledge of the Q, or K-transforms of u € (™) entails
that of the function u itself: note that we have not characterized, as this was not

needed, the image under the pair u + ((Qu)o, (Qu)1) of the space A™). O

The space 2™ is invariant under the Heisenberg representation:

Theorem 5.7. Let u € A™). For every (y,n) € C* x C", the functions Up: T
u(x) e ) and wvy: x> u(r —y) lie in A, The singular set of the K-
transform of v, (i.e., the complement, in Y™ of the open set where both K-
transforms of v, are analytic) is independent of y, and the linear form Int, when
defined, is invariant under translations.

Proof. The fact that the first function lies in 2A(™ was the object of Theorem 5.5:
the proof also showed that the singular set of u, is independent of 7. It relied,
essentially, on the fact that the coefficients of the operators DU%) | involved in the
proof of Proposition 5.2, are analytic on the whole of ¥: the same proof will do
for the function v, only replacing the family of operators {DU9} by the family
of operators {L(ﬂ), M(ﬂ)}, the conjugates under © of the operators introduced
in (5.28). The equation (5.37) must be replaced by

(Quy)o(o) = e im{oa,a) / e~ (@) exp(—27rei<Ir (oy,x)) u(x e_if)dx7

; —2meT oy)® in
— i (oa,a) /n e~ (ox,x) Z ( 7760(4! Uy) e U(J? e 4 )dl‘ .
aeN”
(5.61)
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then, for Z € V', the definition given in Theorem 4.11 yields

15 e 1 )lal «
oz = ¥ CTC T (T ) vtz s

ol
aeN"

|| even

a sum all terms of which, except the first one, vanish at Z = €™ I so that, applying
the definition (4.42) of the linear form Int, one sees that Int[v,] = Int[u]. To
answer a possible question, let us note that it would not have been possible to
reduce the study of the operator v — v, to that of the operator u — u, by
an application of the obvious exponentiated analogue of (5.44) because, contrary
to the definition of vy, that of Fan.u demands that the point €™ I should lie
outside the singular set of the IC-transform of w. (]

As a generalization of Definition 1.19, we now introduce the general anaplectic
group.
Definition 5.8. The anaplectic group Sp,(n,R) is the matrix group generated by

the symplectic group together with the element (in block-form) <_é I iOI>'
We now complete our list of generators of the anaplectic representation by
the definition of the transformation R of the space A that shall eventually be

associated with the above matrix.

Theorem 5.9. Set wu;(z) = u(iz), z € C". The linear map R:u — u; is an
automorphism of the space U™ . The K-transforms of the function u; are given
by the equations

(Kui)o(Z) = (Ku)o(Z71),
(Kui)1(Z2) =i Z (Ku)1(Z71). (5.63)

Here, in its occurrence as the argument of the K-transform of w, Z=' is defined by
means of the global analytic automorphism of () that extends the map Z — Z~!
from VT to V as introduced in Theorem 4.11.

Proof. Setting u(z) = > cnn Cax®, one finds as a consequence of Corollary 4.3
and with the notation of the proof there of the equation, valid if ¢ — RI > 0 for
some large R,
(Qu)o(0) = (detd) > (Q™ u)o(0™) = (deto) 2 > cae™ 4 Io(oh).
aeN™

|| even

(5.64)

To compute (Qu;)o(o), we must substitute for the argument ze™~ T of the func-
tion u under the integral in (4.20) the new value ze's so that we must multiply
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I,(c71) by e getting

(Qui)o(0) = (deto) 3 S cae " L(oh) (5.65)

aeN™
|| even

as a result. Consequently, for Z € V*, the subset of ¥ or X(") introduced in
Theorem 4.11,

_imlal A —-Z
(Kw)o(Z) = |det (I — 2)| an 1 a(_ZI+Z>’

‘aFN"
ina -7
(Kug)o(Z) = ldet (I - 2)[ 72 Y cae " I, (—iI+Z>. (5.66)
aeN™

|| even

Now, changing Z to Z~! changes —i I +Z to its negative: since, as it follows

from the proof of Lemma 4.2, the polynomial I, is homogeneous of degree ‘2|
in the entries of its matrix argument, one finds that the first of the two equations
(5.63) is indeed satisfied. There are two new changes to consider if interested in
the vector-valued K-transform of w; in terms of that of w. First, from (4.2),
we have to change the extra matrix I +i0 to I — 40, which amounts, in the
transformation from (K u) (Z) to (Ku;)1(Z), to inserting the extra matrix 17¢7

I+i71
ﬁg ., i.e., the matrix —Z: next, with obvious notations, one

has zu(ze 7)=e7 (zu)(ze 7)) but zu(@zed)=e" 7 (zu)(zreT) so that
we must also insert an extra factor —i in order to get a correct formula, finally
ending up with the second equation (5.63). Considering the analytic continuation
of (Ku;)o or (Ku;)1 as characterized by this pair of equations, one sees that wu;
lies in the space A("™). (I

computed at 7 =1

Now, we note that the symplectic group is generated by the set of matrices
of the species (‘g A,Ofl ), (L79) together with the matrix (° {). Indeed, from
Lemma 4.6, any matrix g in the symplectic group decomposes there as

B Aq 0 R S\ _ Ay 0 I 0 R S (5.67)
“\a, A7) \-s R} \o aA7')\4c 1)\-S R '

with a matrix ( % 2) associated to some unitary matrix R+ 5.

Next, if S is invertible,

(—RS 15%) B <1§ S+Rois> <_01 é) <511R ?) (5.68)

Finally, even if S is not invertible, the matrix —R sine + .S cose which occurs

: R S se I —sinel ‘o . . .
in the product (f4 ) (¢e] ~snel) is for generic values of e. Indeed, since
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SR = RS’', the matrix R'S preserves Im (R’ R), and R’ (—R sine+ S cose) is
generically invertible as an endomorphism of that space; similarly, S’ (—R sine +
S cose) is an invertible endomorphism of Im (5 .S) except for a finite set of values
of ¢: finallyy, RRR+S5'S=1.

Remark 5.2. We have not characterized the image of (™ under the Q or K-
transforms: still, one may note that the scalar O-transform of any u € (™
d E

must lie in the kernel of every differential operator of the kind 9oy Doiemy
7 m
17}

900 aa:?cm) , as a consequence of the first equation (5.8). What we need to know,
however, is that a function u is characterized by its pair of Q or K-transforms:
obviously, it amounts to the same, in this context, to use the transforms of one
or the other species, and we shall use the first ones. Denoting, for r > 0 as
Uraq(r) the average of the function u on the sphere of R™ centered at the origin
with radius r, it follows from (4.1) and the elementary properties of the Laplace
transformation that if u € A™) is such that (Qu)o(c) =0 forall o = RI with R
large enough, then wu,,q is identically zero. Using Lemma 5.1 and (5.18), one sees
that, assuming also that the vector-valued Q-transform of u vanishes under the
same assumption regarding o, the radial part of the product of u by an arbitrary
polynomial must be zero too, thus u itself must be zero.

We are now in a position to state the main result of the present section. Before
doing so, let us refer the reader again to the slight abuse of language explained
right after (5.6): in the two equations below, [g7!](Z), as an argument of the
function (Ku)y or (Ku)i, denotes an element of X(™); but in its last occurrence
in the second equation, it denotes the corresponding element of ¥ = U(n) N SymS.
The same could be said about the occurrence of Z as an argument of the Radon-
Nikodym derivative in both formulas, though in this case it does not really matter:
for all transformations [g~!] of X(™) associated with elements of Spgzl)np(n,R) (cf.
remark following Definition 4.8) are measure-preserving.

Theorem 5.10. Let g € Sp'™ (n,R) and v € A™, and assume that the point
[97Y(I), as defined as an element of £ by (5.5) together with Corollary 4.10,
does not lie in the singular set of the pair Ku: = (Ku)o, (Ku)1). Then, there is
a unique function v € A™ such that the pair of equations introduced in (5.6)

oz = (" @) et @), (5.69)

won) = (¥ 1 @) " s is @) oo @)

holds. Setting v = Ana(g) u, one gets a representation by means of partially defined
operators in the following sense: if g and g1 lie in Sp™ (n,R), if I does not lie
in the image under [g] or under [g1 g] of the singular set of Ku, one has

Ana(g1) Ana(g) u = Ana(g; g) u. (5.70)
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This representation extends as a representation of the group Sp(™ (n,R), the cov-
K3

ering of the anaplectic group generated by Sp(") (n,R) together with the matriz

(_615“ ro ), in which the transformation associated with this matriz is the trans-
forngati(fr; 53 introduced in Theorem 5.9.

Finally, the anaplectic representation combines with the Heisenberg represen-
tation in a way which can be characterized by the following formulas, involving the
(vector-valued) infinitesimal operators Q = (xj)1<j<n and P = (,_ aij)lgjgn

of the latter one:

-1
Ana (é g) Q Ana ((é g) ):D'Q—B’P,

-1
Ana <é, g) P Ana ((é f;) ) — _C'Q+ AP (5.71)

Proof. What is left to do is only combining results already obtained here and
there, though there is quite a number of details to check. First, if Ana(g)u is well
defined, the singular set of its KC-transform is included in the image under [g] of
the singular set of the K-transform of wu: the two conditions before (5.70), which
mean that Ana(g)u and Ana(g; g)u are well defined as elements of (™), thus
imply that the left-hand side of this equation is well defined too.

We start with the verification of (5.69) for ¢ in some set of generators of the
group Sp(”)(n,R). If g= (’8 A/O—l) with det A >0 or g=(/79), we are dealing
with a matrix, in the symplectic group, that connects to the identity matrix by
means of a path within a set of matrices of the same species, so that it can also, in
a canonical way, be interpreted as an element of the covering group Sp™ (n,R),
and there are no difficulties involved in the distinction between this space and the
symplectic group itself. The image, under the anaplectic representation, of these

two matrices, is defined as
(Ana (2 %) w)(z) = (det A) "2 u(A™" x),
(Ana (L9) u)(z) = u(z) ™ (C=2) (5.72)

we now check that the equations (5.69) are correct in this case. In the first (resp. the
second) case, we have, with the recipe provided in (5.2), (o=} (A+ AYH, B=
: (A1 = A)) (resp. (a =1+ i€ B3 =9)), which makes it immediate to check
that [¢7!] coincides in the two cases under study with the transformation f
(resp. h) introduced in the third line of (4.33) or the second one of (4.37): then,
the equations concerned with the scalar C-transforms were given in (4.45) and
(4.50); finally, the extra matrix o —i8([g7!](Z))~! is the same as that which
occurred in the proof of Theorem 4.13, in (4.48) or (4.52).
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Let us consider now the matrix g = (% {) € Sp(n,R): it can also be

considered as an element of Sp(")(n,R) if one writes it, in the usual way, as
g= ( (cos 5)I (sin )1

—(sin 3) I (cos 5) I
tion Fapa: in this case, « = —i I, 8 = 0, which would lead us to setting [¢g71](Z) =
—Z. However, from the remark following Definition 4.8, since (det ((cos § +

) . We associate with it the anaplectic Fourier transforma-

isin 7)) I))é = eiT, [¢7!] must be regarded more properly as the automorphism
of (™ such that [g~'](Z) = €™ Z: that the equations (5.69) are correct with

this meaning are then a consequence of (5.46).

The elements of group Sp™ (n,R) considered so far constitute a set of gen-
erators in the case when the dimension is odd. What remains to be considered, as
a consequence of (5.67) and (5.68), but only in the case when n is even, is the
case of a matrix g = (‘3 A,O_l) with det A < 0, and orthogonal if so wished.
One can extend the definition given in (5.72), but only after one has specified a
determination of a square root of det A, which requires of course that one should
substitute for the matrix g € Sp(n,R) one of the two elements of the metaplectic
group above it: since Sp(") (n,R) is a covering of the metaplectic group when n
is even, this choice can be made within the former group. There is then a unique
choice that makes the equations (5.69) valid.

In order to prove that our present definition of Ana(g) for g in a set of gener-
ators of the group Sp(") (n,R) extends as a representation, we can then consider in-
stead the same problem dealing, in place of functions u € (™), with pairs (g, 11)
of functions on £(™) (the second one vector-valued), subject to the transformations
characterized by the pair of equations (5.69). In view of Corollary 4.10, the first
of these two equations certainly defines a group action: what remains to be done
is tracing the effect of the extra linear factor in the second equation, and checking

that it leads to the equation (5.70) too. Setting (%2 ZZ) = (%i 21) (% g), one

has to check the equation

az =B ([(91.9)7'1(2))7
= (a1 =ifi(lgr 12N (@—iB([(g19)7'1(2)7") (5.73)

or, setting W = [g7'](Z), the equation

oy —i B2 (g7 (W)~}
=(ar—iBLW ) (a=iB([g "I W)™) (5.74)

or, finally, the equation

az (i +a& W) —ifBy(a/ —if W)
=( —iW H)a@f +a W) —iB(a —if W), (5.75)
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where the difference of the coefficients of the matrices I, W and W~ in the two
sides are given respectively as

i(azf = facd) —icn(af —Ba’)+if(ad —B3),
azd = —ar(ad — B ) (5.76)

and

—Blaf —pa). (5.77)

Using the equations as = oy a+ £ 3, B2 = a1 B+ 1 @, together with (5.3), this
is the result of a straightforward computation.

In order to extend the representation Ana as a representation of Sp(™) (n,R),
(]

we have to check that R? = Ana ((eig d eig I) )7 which is obvious by the very

definition of the transform on the right-hand side, and that

(2 8)-am((4 F))m e

say for every (4 B) € Sp(n,R) close to the identity so as not to have to distin-

guish between such a matrix and its interpretation as an element of Sp(") (n,R).
Recalling (5.63), noting that the diffeomorphism Z + Z=' of ¥ or %™ is

measure-preserving and that, under the map (4 2)+— (4, ), the pair (a, B)

changes to (@, —f), we only have to verify the equation concerned with the vector-
valued K-transforms of the two sides of (5.78), which demands checking that

iZa—if(d —if Z7H6p +a' Zz7H Y
=la+if@ +if 2)(—if +d 2)7] x i(=if +a' Z) (@ +if Z)"":
(5.79)

applying (5.3) again, this is a straightforward task.

Finally, checking (5.71) can be done by a case-by-case verification, assuming
that (4 5) reduces to (4 ,21), (L) or the element above (% 7) that is
associated with the anaplectic Fourier transformation: in the last case, this is just
(5.44), while in the first two cases, it follows from (5.72).

Let us note that the version of (5.71) in which the Heisenberg representation
itself, rather than its infinitesimal version, is involved, is not more difficult to
ascertain. O
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6 Comparing the anaplectic and
metaplectic representations

In the last section, we introduced the anaplectic representation and anaplectic
Fourier transformation: to familiarize ourselves with it, we shall discuss here some
matters pointing both to resemblances and differences with the usual analysis. One
question that certainly calls for an answer is the reason why partial anaplectic
Fourier transforms, or whichever transformations take their place, are so much
harder to discuss than their classical counterparts; also, combining the new analysis
with the theory of spherical harmonics, we shall bring to light the analogue of
Hecke’s theorem.

So as to really understand the profound similarity between the anaplectic
and metaplectic representations, we shall start with a realization of the latter one
in terms fully comparable to our construction of the former one: though the fact
that the metaplectic representation is conveniently described through its action on
Gaussian functions could not escape anyone interested in it [22, 12], the following
does not seem (to our knowledge) to have been written in explicit terms.

Theorem 6.1. Given u € L*(R") set, for o € Sym- with Re o > 0,

(Mu)o(o) = / e o) () da,

n

(Mu)1(o) = /n (I+io)z. e ™% y(z) dr, (6.1)

a definition which should of course be compared to (4.1),(4.2). The metaplectic
representation Met of Sp(n,R) in L*(R™) can be traced on the M-transforms

as follows. For every element g of the metaplectic group Sp(n,R) above some
element (é B) of the symplectic group, there is a continuous choice of a deter-
mination of the square root of det (i B'o + D') for o € SymS with Re o > 0,

such that, for every u € L*(R™), the following pair of equations, to be compared
to Theorem 5.10, should hold:
(MMet (2 3)) wo(o)
=[det (i B'o+ D)2 (Mu)o((A 0 —iC") (i B o+ D')~1),
(MMet (& 5)) wa(o)
=[det(iB'o+D) 2 (I+io)[iBo+D +i(Aoc—iC) "
(Mu)1((A o —iC") (i B o+ D)™"). (6.2)
Proof. This is much easier than the corresponding theorem concerning the anaplec-
tic representation, partly (but not only) due to the fact that we may rely on the

already known existence of the metaplectic representation. Let us recall that it is
characterized by the fact that it associates with the matrices g = (‘3 A,Oq) with
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detA>0 or g=(}9) the same transformations (acting this time on L?*(R™))
as those defined in (5.72), and that it associates with the matrix (°; {), regarded

as the value at the time ¢ = § of the block-matrix ( %!, $nt) in Sp(n,R), the

—sint cost
transformation e~ 4" F. It then suffices to verify the following two facts: first,
by a case-by-case study, that the equations (6.2) are correct whenever (4 B) has
one of the special three forms indicated; next, that the set of equations (6.2) is
compatible with the group structure.
For what concerns the first part, only the case of the matrix (% {) is really
different from the corresponding analysis in the proof of Theorem 5.10. One has

the equation

_imn _imn

M (=¥ Fu))olo) =e %" (det o) 2 (Mu)o(0o) (6.3)

and, a consequence of

-1

F(I+i0)z.e ™) = (deto) 2 (I —io Va.e ™7 =% (6.4)
the equation

imn inn 1 I—ioc™ !

M(e™ 4+ Fu))i(o)=e + (deto) 2 Itiot (Mu)1(o), (6.5)
from which checking the pair of equations (6.2) is immediate.

For the second part, the first thing to do is of course checking that the map
(9,0)— (Do+iC)(—iBo+A)~!, with g = (& B), is a group action. Now this is
the conjugate by the matrix (9 /) of the map (g,0) — (Ao—iB)(iCo+D)™*:
that this is an action follows from the fact [16, p. 32] that it corresponds to the
usual action Z — (AZ + B)(CZ + D)~! on the generalized upper half-plane
Sym(g +14I',,. The rest can be proved in just the same way as was developed, in the
anaplectic case, between (5.73) and (5.76). All that has to be done concerns the
extra linear factor that occurs in the vector-valued M-transforms, and requires
that we should check the identity

[iByo+D+i(Ajo—iC)] ' [I+i(Ajo—iC})(iB)o+ D))
x[iB (Ajo—iCy) (i Byo+D}) ' +D'+i A (Ayo—iC}) (i Byo+ D)) ' +C' 7t
=[i (A, + Bh) o +Cy+ Dy~ (6.6)

if (22752)=(2'5") (4B), astraightforward task. O

Remark 6.1. The comparison between this presentation of the metaplectic repre-
sentation and the definition, in Theorem 5.10, of the anaplectic representation,
puts forward the role of polarizations of the phase space R™ x R", considered only
as a linear space with a symplectic structure (an alternate non-degenerate bilinear
form denoted as (X7, X32) — [X1, X2]), in both constructions. In the first case (cf.
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[4, 13] in connection with theta functions, [23, p. 218] in connection with pseu-
dodifferential analysis), a complex polarization means a (linear) complex structure
characterized by an automorphism J of the phase space such that J2 = —I sat-
isfying the extra conditions that J should preserve the symplectic form and that
the symmetric bilinear form (X1, X3) — [J X1, X2] should be positive-definite. A
real polarization is just a Lagrangian subspace of the phase space, i.e., a maxi-
mal linear subspace on which the symplectic form vanishes identically. Now, the
set of complex polarizations is just (loc. cit.) the complex tube consisting of all
o€ Symg with Re o > 0, and the set of real polarizations is the space ¥ of
Proposition 4.7. Thus, Theorem 6.1 (resp. 5.10) is based on the realization of a
certain space of functions on R" as a space of vector-valued functions on the set of
complex polarizations (resp. on some finite covering of the set of real polarizations)
of the phase space.

One of the most striking differences between the metaplectic representation
and the anaplectic one (when n > 2) lies in their action on the ground state
(metaplectic case) or median state (anaplectic case) of the harmonic oscillator.
For the ground state is invariant, up to phase factors of absolute value 1, under
the image by the metaplectic representation of all elements above matrices in the
compact subgroup Speouy,, (7, R): it will be seen that, on the contrary, some one-
parameter subgroups of this group lead, under the anaplectic representation, to a
quite non-trivial action on the median state: this is so even though the groups under
consideration also yield operators which commute with the harmonic oscillator.
The same phenomenon holds at all energy levels of the harmonic oscillator, and
the reason for this lies in the fact that eigenspaces of this operator are finite-
dimensional in the usual case, and always infinite-dimensional in the anaplectic
analysis. For simplicity, we shall consider here only the case when the dimension
is two.

Lemma 6.2. Assume that the dimension is 2 and set

2
ijzﬂxjxk—l g Q=1< g — T2 a) (67)

A7 Ox; Oz’ i\ 0z 0z

and recall that the (formal) harmonic oscillator is L = Li; + Laa, an operator
which commutes with €, and that

. 1 1 9 1 1 9
A =m (m]_2’ﬂ' 3%)7 Aj=m (m3+277 axj>' (6.8)

The only non-trivial commutation relations among the four operators Ay — i As,
Ar+iAg, AT —i AS, AT+ i A, are

[Ay —iAg, AT +i AL = [AL +iAg, A} —i A3 = 2. (6.9)

One has
2 L11 = Al AT + AT A17 2 L22 = A2 A; + A; A2 (610)
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and
(A1+1As) (AT —i A5) = L+1-Q, (A1 —iAg) (AT +iA5) = L+1+Q: (6.11)
in particular, setting
1 1
B* = 5 (A7 — 1 A%) (A1 —1i Ag), B = 5 (A7 +1A%) (A +1i Ag), (6.12)

one can see that the linear space generated by the (formal) operators B, B* and
Q has the structure of the Lie algebra sl(2,R) since

[, Bj=2B, [Q, B*|=-2B*, [B, B*]=q. (6.13)

Proof. The straightforward computations are made somewhat easier by the use of
2
the complex coordinate z = x1 41 z2, so that Q = z 882 -z 882 L=mn|z>?=1 92

T 020z
and
1 1 1 1
Al—iA2:7T2<z+ a), A1+iA2:7r2<z+ a),

m Oz m 0%
AT +iAS =7 <Z_7r8z>’ Al —iAS =7 <Z_7r8z>' (6.14)

Using (6.9) and (6.11), one finds

B*B:i(L—l—Q)(L+1+Q), BB*:i(L—HQ)(LH-Q). (6.15)
O

We here interest ourselves in the restriction of the anaplectic representation
of Speomp(2;R) to the subspace Ker L of 22 consisting of all functions in the
kernel of the anaplectic harmonic oscillator. This question has no analogue in clas-
sical analysis, for all eigenspaces of the harmonic oscillator are finite-dimensional:
in particular that corresponding to the lowest eigenvalue is one-dimensional. Here,
all such eigenspaces are infinite-dimensional, and within the space Ker L, the ac-
tion of the afore-mentioned compact group remains to be analyzed: of course, the
decomposition of this space under the action of rotations is a special case of the
study made in Section 3 — though we shall make it even more explicit in this case
— and what is left is analyzing the group generated by an operator such as L1,
i.e., in some sense, the group ¢ +— exp (it L11). Of course, no Stone’s theorem is
available in the present context, since there is no Hilbert space structure in the
anaplectic analysis, but, at least on the germ level (¢f. Theorem 5.10), this can be
defined as the map ¢ +— Ana(g:), with g; defined as below, in Proposition 6.4.
In particular, for ¢ = —7, we should get some anaplectic analogue of the partial
Fourier transformation with respect to the first variable.

We should warn against the emotional appeal, in the anaplectic environ-
ment, of such concepts as partial Fourier transformations. There is no natural
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embedding of the group of one-dimensional anaplectic operators into the group of
two-dimensional anaplectic operators that would “freeze” the remaining variable
in the way familiar in the usual analysis.

Lemma 6.3. Assume n = 2. Within the space Ker L, the operators Li; and
% (B+B*) coincide. A linear basis of the subspace consisting of anaplectic Hermite
functions (cf. Section 3) is given as the family (P7);ez with ®o = © defined by
the equation ®(z) = Iy(7 |z|?) and

=B ifj>0, & =BVao ifj<o. (6.16)

Ezxplicitly, one has, with x, +ixy = |z|e®, if j >0,
Li(m|zf?) 7297, (6.17)

and &7 = @J.

Proof. Using the relations (a consequence of (6.14) and of the expression of L in
terms of the complex coordinate 2)

[L, Ay £iAy) = —(Ay £ Ay),  [L, AT +iAf]=Ar +i A}, (6.18)

it is immediate that [L, B] = [L, B*] = 0 so that B and B* act as endomor-
phisms of Ker L: when acting on an eigenfunction of 2, B (resp. B*) increases
(resp. decreases) the eigenvalue by 2 (a consequence of (6.13)) so that one has,
reverting to the complex coordinate z,

I (2) = gj(m22) 279 27 (6.19)

for some holomorphic function g; to be determined, with go(p) = Io(p): it is no
loss of generality to assume that j > 0. One immediately finds

(A] —iAy)®I = e gj(mzz) 277 77t

+ 2 g;(m 22) PR AR o jgi(mzz) 2777127 (6.20)

and, applying ; (A*{ — i A3) to the preceding result, one sees that the equation
(6.19) relative to ®/*1 will still be verified provided that

d? d j(G+1)

1
: = |- 2] - (p) : 6.21
gj+1(p) P 4 +2j dp+p ) 9;(p) (6.21)

2
using the equation [ ]’ —i I; = I; 1, as well as the second-order differential equation

of modified Bessel functions (to be found in all books on special functions), we
end up with (6.17). O
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Using (6.15) and remembering that the functions ®7 lie in Ker L and satisfy
QPI = —25 P’ one sees that

1
2

1

2
) &~ and B*cbf:—<j—2

2
) U1 if j>1.
(6.22)
Of course, B* ®J = ®It! and Bd 7 = &~U+D) under the same assumption.
If ¥ lies in Ker L, one has (Li; + Lo2) ¥ = 0 and (as a consequence of
(6.10))

B<I>j:—<j—

1 1
L1 v = 2(L11—L22)\I/: 4(A1AT+ATA1—A2A;—A;A2)\I/
1
=L A 43 40, (6.23)

which is just the same as } (B + B*) ¥ as it follows from (6.12). This should
make the operator exp (it L11), considered within Ker L, computable in principle,
in view of (6.13).

To do this, we shall make use of the generalized (projective) discrete series
of representations of SL(2,R), of which we hardly need to know more than the
definition. Recall that a projective representation m is just like a representation,
except for the fact that instead of an equation like m(g1) 7(g) = m(g19), one only
demands that one should have 7(g1) 7(g) = 6(g1, 9) 7(g19), where 6(g1, g) is some
complex number of modulus 1. Under the assumption that 7 > 0, consider the
Hilbert space of all holomorphic functions f in IT with

1112 :=/H|f(Z)|2(Im ) du(z) < co. (6.24)

There exists a unitary projective representation 7 of SL(2,R) in this Hilbert
space, characterized up to scalar factors in the group exp(2iw7Z) by the fact that

(@) )() = (—cz+a) "' f ( dz = ) (6.25)

—cz+a

if g= (Z Z) and ¢ < 0. In all this the fractional powers which occur are those
associated with the principal determination of the logarithm in the upper half-
plane.

Consider now the linear basis {H, X, Y} of s((2,R) defined as

N A T S L O L

so that the triple above satisfies the same commutation relations as the triple
{Q, B, B*} in (6.13), and set

Ly = dﬂ'(H

m(exp t H) (6.27)

)= dt|—o
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and, in a similar way, Lx = dn(X), Ly = dn(Y): explicitly, one has

d d d

Ly=-2z_ —(t4+1), Lx=—_, Ly =22
a dz ( ) X dz Y dz
by construction, the three operators just defined, taken in this order, satisfy the
same commutation relations as the three operators 2, B, B*. On the other hand,
an easy computation yields the corresponding Casimir operators (when the oper-

ators in the latter triple are considered as acting only on Ker L) as

+(r+1)z: (6.28)

1., 1
02 =
47 T

(6.29)
and it is immediate to check that in the case when 7 = 0, which we assume from
now on, the algebras of formal differential operators generated by the two triples
{Q, B, B*} and {Ly, Lx, Ly} are isomorphic. We now let the function ®°, a
solution of the equation ©2@° = 0, correspond to the function ¢°(z) = z~2 in
the upper half-plane (where the argument of z is chosen in (0, 7)), since this is a
solution of the corresponding equation Lz ¢° = 0: then, for j > 1, we set

& (2) = (z2 ddz +z>j (1) = ;3 (j— ;) 24,

(;S_j(z):(—(i)j(z_é):;;...(j—;) 27, (6.30)

and one verifies the equations

1 1 1—172 1
—y (Lx Ly + Ly Lx) =, Ly = 47, ~, (BB +B"B) -

2 2
[:X ¢J = - <.] - ;) ¢j717 ‘CY ¢7J = - (.] - ;) ¢7j+17 .] > 17 (631)

which are the analogue of (6.22).

With Lx + Ly = (22 - 1) ddz + z, the operator that corresponds to B + B*,
one can compute the exponential exp (’2t (Lx 4+ Ly)): f+— fr in an explicit way,
say for t in the range 0 <t < 7. There is no need to state any definite Cauchy
problem to that effect, since we only want to use the result to guess a formula
regarding the exponential of the operator ; (B + B*). Still, we start with the
remark that if 0 <ty < T sothat 0 < tan ! < A\g < 1 when 0 < t < tg, the

2 2
open subset w of the upper half-plane defined by the conditions

1

|22 =1+ (At — Ao) Im 2z > 0, o < |2] < o
0
is non-void. Given a holomorphic function f in the upper half-plane, the differ-

ential equation f; = exp (¥ (Lx + Ly)) f can then be solved at least for z € w
and 0 <t <ty by the formula

zZEwW (6.32)

t

B = o iz g (PO (63

cos 5 1—zztan2
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since the first condition (6.32) ensures that the argument of f on the right-hand
side of this equation lies in the upper half-plane: indeed, the imaginary part of the
argument has the sign of (Im z) (1—tan® })+ (|z|2 1) tan § > (tan 1) [|z]2—1+
(Ao 1 X\o) Im z]. In particular, denoting as CH ehe the square-root of ¢ —1 computed,
under the assumption that Re ¢ > 0, with the usual rule in this half-plane, one

finds, recalling that ¢°(z) =z~ 2,
1 AN £\ "2
(°)(2) = , 22 (1 — iz tan ) (1 —iz" ! tan ) : (6.34)
€os 2 2 right 2 right

the second condition (6.32) makes it possible to expand each of the two factors as
a series, getting as a result

(0°)e(2) = ! ¢ Z Pz +m)I(; +n) (z tan ;)ern 22 (6.35)

T Ccos m!n!
2 m,n>0

or, using the functions ¢’ defined in (6.30),

=2 ¢(2) (6.36)
JEZ
with
1 L T(y +m)D(y +j+m) (i tan £)*mT
(t) =
ex(t) mcos i T mZ:O 1+J+m) m!

(i tan t)j 11 22 t
= oF 1;— 6.37
jlcos ! IH gt h 2 (6.37)

for every j > 0.
cost 0 —sint O
Proposition 6.4. Set g, = (m?ﬁ(l) D 0) For |t| < T, one has the convergent
00 0 1

exrpansion

ztan ‘9‘ 11 t .
A )P = 2) j ;4] + 1; — tan® oI )

Proof. We first prove that the sum of the series on the right-hand side, evahéated
at z € C? is absolutely convergent and (for |¢| < 7) majorized by C e B2 for
any R > 3. Starting from the expression (6.17) of (Iﬁ( ), and using [17, p. 84], we
find

™

» 1 . ) ‘
¥(e)= (21— im)7 () / ST e o2 dg (6.39)
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using then the first expression (6.37) of the coefficients c;(t), we obtain

> lei®)]197(2)]

=0

IN

i > (ﬂWZP:>jequ L5 +m)T (5 +j+m) [tan >+
t 1
-

cos § o\ 2 P+ )T +j+m)  m!
m>0
712 | fan t|>j
2 2 t
<aaemll Y ( L 3 (tan )2, (6.40)
jZO F(Q +]) mZO 2

which leads to the absolute convergence of the series on the left-hand side and the
claimed estimate.
Next, we show that, denoting as W, the function on the right-hand side of
(6.38), so that in particular ¥y = @, one has
d W,

g = in v (6.41)

By the very definition of the function (¢°); above as a solution of the differential
(0] .
equation d(ﬁt)t =4 (Lx +Ly)(¢"); and the expansion (6.36), one has

> )¢ Z ¢i(t) (Lx + Ly) ¢, (6.42)
JEZ ]EZ

which leads, in view of (6.31), to

S = o [eol) @+ + D60 (qsf“—(j—;) ¢j—1>

JEZ j>1
+ 3 o) (asf—l—(j—i) ¢j+1> - (6.43)
j<—1

this is nothing but the shortest way to check that the complicated (hypergeometric)
coefficients ¢;(t) verify a certain collection of differential equations, one of which
is, for instance,

. 2
ci(t) = ; (le(t) - (j + ;) Cj+1(t)> jiz2 (6.44)

In view of the analogous equations (6.22), relative to the sequence (®7);cz, and
of the fact that L1y ®J = } (B+ B*)®7 for every j € Z, one finds the differential
equation (6.41) as a consequence of the definition of ¥; as the right-hand side
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of the expansion (6.38), the necessary estimates involved having been treated,
essentially, in the beginning of the present proof.

Under the assumption that [t[ < 7, we are now in a position to define the
quadratic transforms (Q U,),(c) and (K ¥;),(Z) (where p =0 or 1), the first
one for ¢ € Sym, with ¢ —RI > 0 for some R > g, the second one for Z € £(2)
close enough from the identity matrix. The operator Li; transfers as an operator
on the scalar part of the Q-transform as the operator

0 0 i 0 )
) ) = M 6.45
' 8‘7(11) I %Jlk i a""(M) - 2 o= Odo1 * 2 1 ( )

in terms of the set of operators introduced in (5.28): this is proved by an application
of (5.8) to the definition (4.1) of the scalar Q-transform. Next, Lemma 5.1 and

the proof of Proposition 5.3, between (5.29) and (5.36), make it possible to obtain
the transfer of the operator Li; as the operator

. i . 1 1
i DL + ) MAD — |:VVZ11 — 4Im (I—-2)11 +VX; — 4Im (I+2)11
(6.46)
acting on the scalar part of the K-transform. Recall from (5.10) that V' =
z(I—Z)( 0) (I —Z) and from (5.34) that X' =2 (I+2Z) () I+ 2).
Consequently, the operator Li; transfers to the operator

V= with Z=—((19)Z+2Z(}9). (6.47)

On the other hand, note that g, ' = (%) with R = (°%! (1’) and S =
(st 8 so that (5.69), which we here recall, using Proposition 4.7, a

(K Ana () w)o(Z) = (K)o (<57 0) Z (¢7°9)), (6.48)

yields

CZ (K Ana (g0) wo(2)] = =iV (1 0) 747 (1 0y [(KAna(g)wo(2)]:  (6.49)

comparing this differential equation to (6.41) with the help of (6.47), we obtain
the claim of Proposition 6.4 since we do not have to worry about the vector-valued
parts of the K-transforms as we are dealing only with even functions here. ]

Remarks 6.2. (i) From the result of Theorem 5.10 and the analysis of singularities
of the function (K ®)y in (4.84), it follows that the function Ana(g;) ® is well
defined as an entire function satisfying the usual estimate not only for [t| < 7,
but in fact for |[t| < 7. On the other hand, for ¢ in this range of values, and z € C,
the series on the right-hand side of (6.38), evaluated at z, is absolutely convergent
and its sum is majorized by * (cost)~tem(1+Itan D) I=I*; this is a consequence of
the estimates

1B (2)| < <”; > e’ jez zeC (6.50)
s
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and |oFy (|j] + 3. 5: 03] + 1;—tan? %)| < 1, where the last estimate follows from
the integral representation [17, p. 54] of the hypergeometric function, and the first
one is based on the expression (6.17) of ® together with the classical integral
representation [17, p. 84] of the modified Bessel function I;. As a consequence of
Proposition 6.4 and of [17, p. 40|, one thus has in particular

. il
Ana(gyy) @ =2 % (F((;j 242 )2 P/ (6.51)

again, this is quite different from the usual analysis, in which the ground state of
the harmonic oscillator is invariant under partial Fourier transformations as well
as under the global Fourier transformation.

A closed formula for Ana(gy)® will be given in the course of the proof of
Theorem 10.13.

(ii) The same works with the other energy levels of the (anaplectic) harmonic
oscillator: assuming that « € Z is even, so that (c¢f. Section 3) the space Ker (L—k)
should contain a radial function, we start with such a function ®%°. How to
construct such a function was indicated in the proof of Lemma 3.6: if K =0,2,...,
and hi(t) = &, + (1 —2t) & +¢— 1] h(¢), then the function hy(r|z|2) will lie in
Ker (L — x — 2) if the function h(m|x|?) lies in Ker (L — x); something analogous
works on the other side of the spectrum of L, only replacing the operator > (A;f)2
used in the proof of Lemma 3.6 by > A?. The operators B and B* also operate
within the space Ker (L — k), and one defines, just as in Lemma 6.2,

I = B om0 if j >0, &% = BUI @0 if j <0. (6.52)

Using (6.15), one finds, for j > 1,

BO™ = (-4 G+ @7 BT O =~ ) @I
(6.53)
Since the second equation in (6.29) must be replaced by
e -t TH (6.54)
2 4 4 '

we must take this time 7 = |k| which leads, since the first operator in (6.28) is

2z +73) =-2(272) (2 L +3) (22), to substituting for (6.30) the defining
) 10 L

set of equations ¢7(z) = F(If(tl)jl) 2173, Since, now, Lx + Ly = (22 —1) 34

2

(1 4+ 1) z, the equations (6.33) and (6.34) must be replaced by

—7—1 —7—1 . t
t . t z —1 tan
fi(z) = (cos 2) (1—22 tan 2) f(l—iztan2t> (6.55)

2
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and
N N N
(¢O)t(2) = (cos ) Pt (1 — 1z tan ) (1 — iz ! tan )
2 2 right 2 right
(6.56)
this finally leads, under the same conditions as before, to the expansion
Ana(g;) ®"° Zc t) dr (6.57)
JEZ
with
Ot +45) (itan )7 T+1 741 t
. t — 2 2 2 . , ; . 1’ —t 2
Ci]() F(;—FJ)F(T;l)j'(cos é)_’__i_l 2F1< 9 9 7+ an 9
(6.58)

for every j > 0.

Proposition 6.4 has brought to light a major difference between the anaplectic
analysis and the usual one: on the contrary, the following shows a strong analogy,
the passage from the usual analysis to the anaplectic one only calling for the
replacement of the discrete series of SL(2,R) by the (full, non-unitary) principal
series.

Hecke’s theorem, in classical Fourier analysis on R"™, is the equation [7, 21]

()

where )¢ denotes any harmonic polynomial homogeneous of degree ¢, and the
map h +— hy is given by the Hankel transformation

o0 PR
hi(s) :zm'*‘/o h(t) (t> Tn_2 (47 V/st) dt. (6.60)

S

n—2

In other words, setting k(t) =t¢"2 t¢h(t)and ki(t) =t"2 +*hy(t), one has

n—2

ki(s) = 2mi" /0oo k(t) (3) o oo (dnV/st)dt : (6.61)

t

in terms of the discrete series (Dpy1) _ of the metaplectic group ﬁ(l R)

as normalized in [25, p. 61] (we considered another realization of the same series
of representations in (6.25)), one has

ki =" Do g ((90)) K. (6.62)

where the matrix is to be interpreted as cos 3 sin 3
p — sin ’2’ cos 72‘ N
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We shall generalize Hecke’s formula to the anaplectic case: but first, we need
to make an observation concerning the expansion of Fourier transforms of functions

v € Cp .. Under the Cayley map o — et0 = g;z, 0 < 6 < 2m, the condition

for w = Fuv to belong to the space 6’;5 given in Definition 2.2 transfers to the
fact that the function e~ 2 — |sin g\; 1=/ w(cotan g) extends as an analytic
function on the whole circle, invariant (resp. changing to its negative) under the
map 60— 6+ 27 mod 47 in the case when € =0 (resp. 1). Consequently, there
exists a unique sequence (cy)rez of complex numbers, satisfying the estimate
lek] < C (14 €)~*l for some € >0 and C > 0, such that, for every o € R,

. k
1—1i0 .
w(o)=(1+0%)""2 Y e <1+w> if £ =0,

kEZ

k
w(o) = (1+0%)~ ch <1+ 0) (I1—-io) ife=1. (6.63)

kEZ

In the theorem that follows, we shall have to assume a little more, namely that
the function on the circle considered above extends as a holomorphic function (of
e in general, or even € in the case when ¢ = 0) on C\{0}. This is tantamount
to saying that the sequence (cj)rez satisfies the following condition: given any
number M > 1 there is some C' > 0 such that |cx| < C M~I* for all k € Z.

Theorem 6.5. Let Y be a homogeneous harmonic polynomial of degree £; let € = 0

or 1 according to whether ¢ is even or odd. Let v € C%_ 24 e and, setting p =
2

"2+ 0 and w = Fv, assume that the function e 7 - |sin §|-1=7 w(cotan §)
extends as a holomorphic function on the punctured complex plane Then the func-

tion of x € R™ defined as u(x) = vram(‘gﬁ)y‘(m) lies in the space A™. Its
anaplectic Fourier transform can be obtained by the formula

(s (3w <y|2> )) @ = () ) V@),  (664)

where the function vy is linked to v by the equation (to be compared to (6.62))
vr =702, ((54)) v (6.65)

Proof. Using the notation in (2.20),(2.21), which extends without modification
to the case when p is an integer, one derives from (6.63) the series expansion
V=) pcnCh U’;,sv so that, in a sense which will be analyzed at the end of the
proof,
u = couy + Z [k uf + c_puy ] (6.66)
k>1
with

ug(z) = (vy )™ (|x| > Vi) : (6.67)
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recall that £+ ¢ is even. From now on, we shall assume that
V(@) = (x1 —iwp) (6.68)

this does not lead to any loss of generality since we can use the invariance of the
anaplectic Fourier transformation under rotations together with the fact that the
group O(n) acts irreducibly on the linear space of harmonic polynomials of a
given degree £. From the results of Section 3, in particular Theorem 3.8 and the
proof thereof, it follows that all the functions u’g are anaplectic Hermite functions
in the sense of Definition 3.2: indeed, from (3.51), one sees that such a function
is an eigenvalue of the harmonic oscillator for the eigenvalue x = 2k + ¢ so that,

from one assumption of Theorem 6.5, x + ¢ is even.

Lemma 6.6. For every £ > 0, setting p = "52 + ¢ with £+ € even, one has
) (x)=(p+1—e)' |27 (=1)° (21 —ixp) — 0 +1 0 uf(z).  (6.69)
(+1 81'1 8$2 4

For every k=0,1,..., one then has
1\ T+ %9
k *2 0
= A
" <2> L7+ 5 + k) (> >W’
1\ 1 +459)
-k _ [ _ 2 2 0
up _< 2) - “+k (> A) u. (6.70)

One has

PR (_1)k U]Z if £ is even, (6.71)
ana Yy — (_1)k (—Z) U? if ¢ is odd. .

Proof. We first perform a certain number of calculations under the additional
assumption that p is an arbitrary complex number such that p + ¢ ¢ 2Z and
Re p > —1. A consequence of Proposition 2.12 is the following set of equations, in
which we assume that v is some element of C.:

ram __ ram ram __ ot ram
(T;v) = Rov™™", (Ro)™™ =TL o™,
ram __ ram ram __ pf ram,
(Rhv)™™ =Ty (To)™ =R o™ (6.72)

it is understood that, in what precedes, the ramified part of v makes reference
to the decomposition, provided by Proposition 2.3 or Proposition 3.1, of elements
of C}_, while the ramified part of TT v or RT v is taken, according to Proposi-
tion 2.12, in the space Cp,;_., and that of Tv or Ruv is taken in Cp ,,_..
For instance, to prove the first of these four equations, it suffices to remark that
(IsI722 ) T (Isl2) = R.

We first use this set of equations to prove (6.69). Proposition 2.13 gives

0 p+1l o o _ P .o
TPT Y0 = on UptiD R; Vo1 = T g Vo100 (6.73)
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so that
0 ram 27 0 \ram 0 ram 27 0 \ram
p+1,1 = 0,0 ) p+1,0 = - p,1 )
(Vpr1,1)™"(s) p+1R(U )M (s) (Vpr1,0)™"(s) pT(v )" (s)
(6.74)
a pair of equations that can be summed up as
ram — d ram
a6 = (o1 =27 [on 1 = L 6. 6)

This equation is also valid at any integral point pg > 0 with pg + ¢ even, in view
of the fact that, if such is the case, one has

(V) ™™ (5) = Resp—p, ((v5,.)™"(s)) : (6.76)
to prove this relation, we use the defining relation
Uy (8) = (vg.) ™ (s) + Isl2 (v}, )™ (5) (6.77)

together with the Taylor expansion
512 = [s[2° |s|"~7 = s [L+ (p — po) log [s| + -+ -]. (6.78)

Noting that, for any smooth function v, one has

T Gy RS Co

one finds (6.69) as a consequence of (6.75).
Next, Proposition 2.13 yields for every k& =0,1,... the pair of relations

tk _PT2k+1+4e 4y fok_ PET2k+1—e
RT v, = o AR TR,v,; =— o U, e

. (6.80)

Using (under the renewed assumption that Re p > —1 and p+ ¢ ¢ 2Z) the
equations (a consequence of (6.72), in which all ramified parts are taken with
respect to the space C},)

(RTjv)™™ =11 | Rv™™,  (TRiv)™ =Rl _ Tv™™ (6.81)
and making the compositions of two differential operators involved on the right-
hand side explicit, one thus obtains the equations, valid for £ =0,1,...,

(p+1+2k+e) (o5t

ram
pe)

]. d2 d ram
=, {8 gt (p+1—4rs) gt 4% s — 27 (p + 1)} (vh)™,  (6.82)
—(p+1+2k—¢) (v, FH)"™"
1 d2 d 2 _k\ram
= o |5 gs2 +(p+1+4rs) ds +4m’s+2m(p+1) | (v,F) (6.83)
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Again, these last two equations are still valid if p = 0,1,..., and p+ ¢ is even,
by the argument using (6.76).
On the other hand, for any smooth function v, one has the relations

A ((xl—mz)%<|$2|2>>
:(ml—im2)5A<v<22>>+2€($1—im2y”/(22>7
(Zagn,) (im0 (7))
= (o1 — iz2)" (Z 2 aij +e> <U <”;2>> : (6.84)

using also the expression (3.46) of the radial part of the operator A;z and a
similar one concerning the operator > Af, one finds

(Z A;f2> <(x1 —iaa)tu <x22> ) — (21 —iz2)' (D) <|“””2|2> :
(Z Ag) ((ml —iaa)tu (”022> ) = (21 —i@2)! (DFv) (””;) . (6.85)

where
_ 1 d? n d 9 n
D = o |:8d82+(2+€—4ﬂ'8> ds+47r 8—27T(2+£):|,
1 d? n d n
T 2 :
Dt = {sd$2+(2+£+4m) o A 8+27r(2+€)} : (6.86)

comparing this pair of operators to the ones occurring in (6.83), we obtain (6.70).

We first prove (6.71) in the case when ¢ = 0: to start with, it follows

from (2.22) that the ramified part of the function v9_, O(s) is a constant times
22

n—2

|s|~ 2 Inos (27 |s]), so that, according to the definition of the function ® in Def-

inition 3.2, the function u agrees with ® up to the multiplication by some

constant. Also, u} is invariant under the anaplectic Fourier transformation, a
consequence of (4.81) together with (5.46). The equation (6.69), together with the
pair of equations (5.44), shows that the equation (6.71) is indeed the correct one
when ¢ = 0: to derive the general case, involving possibly non-zero values of k,
one may rely on the pair of equations (6.70) together with

Fana &b = —i A Fanar  Fana Aj = i Aj Fana, (6.87)

again a consequence of (5.44). O
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End of Proof of Theorem 6.5. We now proceed to show, with the help of (6.70)
again, that u itself lies in A . In view of Definition 4.12, the main problem is to
transfer the operator > A;fz or ) A% to an operator acting on the K-realization,
in the sense of Theorem 4.11, of functions in A™).

Starting from the expression (3.45) of 3 A;Q, we use Definition 4.1 to observe
that the operator (7 |z|?) of multiplication by the function indicated transfers to
the O-realization (only scalar such transforms have to be considered here since we
are dealing with even functions only) as the operator i Zj aa?jj) ; using Lemma
5.1, we then obtain that the same operator transfers to the IC-realization as the
operator % [V(I,Zyz + ;Im Tr Z]. Next, — ! A = Fona (7 [2]?) Fopl, transfers to

24

ana
the latter realization, as a consequence of the first equation (5.46), as the operator

1 [—V<I+Z>2 - 411 Im TrZ]. Finally, the operator — 3 «; 82- — & transfers to the
24 J
first realization as the operator 2 szzl Ok 80(8jk) + 7, to the second one as the

operator Vji_z2 — % Re Tr Z, as seen after a short calculation using Lemma 5.1
again, also (5.16). Adding the results of the three computations that precede, we
see that the operator > A;?2 transfers to the KC-realization as the operator

; 1
i [V(I,Z)z N ] +;Im T Z+V; 72— ,Re TrZ
21 21

1 o 1 .
=2Vt Tz =2Tr ) — Tr(Z7Y): (6.88)

note that the matrix I is a linear combination with complex coefficients of the two
(u

one may regard the derivative along the vector I as the operator  , Z‘? " since we
77

2 2
matrices ;f) and (I'giz) . both in the tangent space to ©(") at Z: alternatively,

are dealing with functions analytic on open subsets of 2, the complexification of
which agrees locally with Symg. Only the last addition has to be performed again
to find that Y A? transfers to 2V g2+ , Tr Z =2Tr (Z J, Z) — ) Tr Z. From the
estimate regarding the sequence (ck)rez made explicit just before the statement
of the present proposition, it follows that the series (6.66) defining w converges
in the space 2™ since the corresponding series of K-transforms converges in the
space of functions analytic in the open subset of ¥™ where the function (K u9)o
is analytic as a consequence of Theorem 4.18 and (6.69).

The Hecke-type formula announced in (6.64) finally follows from the equation

(—1)F vk _, if e=0,
e O E L, = 2 the 6.89
o (GO o=\ Cp i, o=t O
24,

obtained as a consequence of (2.20). |
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7 The dual anaplectic analysis

Eigenfunctions of the usual type of the harmonic oscillator L™ with the same
parity correspond to eigenvalues of L™ that differ by some even integer, since
even (resp. odd) such eigenfunctions can only correspond to eigenvalues x with
k — 5 even (resp. odd). The same is the case with anaplectic Hermite functions,
except for the fact that the shift by 7 is not present any more: this has been
shown in Theorem 3.4. In the usual analysis, there is nothing one can do about
this. However, as we shall see in the present short section, there exists a dual
anaplectic analysis, the development of which starts with the consideration of the
spaces FE, ¢ of eigenfunctions of the pair (L™, Agn-1) with & 4 £ odd. Our
interest in this matter does not reduce to the need for completeness. Indeed, such
a kind of eigenfunctions of the harmonic oscillator may enter the picture whether
we want it or not: an example will arise in Theorem 10.14, to be preceded by
(10.73).

The first example of a function in Fy ; is the function z + @1 |2|~2 In (7 |z]?).

Note that, in the one-dimensional case, it is a multiple of the function ¢? introduced
in (1.94).

Theorem 7.1. Let x — (£, x) be an arbitrary non-zero real linear form on R™.
The linear space consisting of all images of the odd function

Vi(z) = (& @) 2| Iy (w |a]*) (7.1)

under arbitrary operators in the algebra C|x, aam] is generated by the union of the
spaces By ¢ with k€ Z, { =0,1,... and k+{ odd. It contains the even function

V() = o] ' 1 (x fo) — Locs ( [2f2)] (7.2)

and, unless n = 2, it could be generated in the same way after V' has been
substituted for \IJE

Proof. Using the rotation operators x; agk — Tk 8?%,, one sees that it is no loss
of generality to assume that (£, ) = x; for some j, in which case we denote
\Ifg as \I!E That \I/E lies in the null space of the formal harmonic oscillator is a

—-n

consequence of the equation (3.26) with f(r) = r’s In(nr?), £=1 and x=0.
The proof of Theorem 3.4 adapts with trivial changes. Concerning the function
U4, we only observe that one has

2

_1 " * 1 —n
V=2 Y AT w2 Ay Ut = ) vl (7.3)
j=1

as seen by a straightforward computation. O
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Remark 7.1. When n = 2, Ui(z) = —22 1 e*”“”‘z, which explains why this
function is annihilated by the lowering operator Aj. More generally, the Gaussian
function z — e‘”'””'z, which lies in E,, with & = g and ¢ = 0 when n is
even, is a dual anaplectic Hermite function if and only if n =2 mod 4: compare
Remark 3.1. When this is the case, all Hermite functions of the usual type are also

dual anaplectic Hermite functions.

To prepare for the definition of the dual anaplectic space (Ql("))h, let us
introduce the (2n)-fold covering X(2") of ¥, i.e., the space suitable for a definition
of (det 2) 2n | also a twofold covering of (™. A loop ¢ — e Z, 0 < ¢ < 27 in
¥, lifts as a loop in £ but not in (") the corresponding map: £ — (217
from the initial point of the path to its end point defines the unique non-trivial
covering automorphism w(in) of ¥ above the identity of X(™). The following
generalizes Definition 4.12.

Definition 7.2. Under the same initial assumptions regarding the analytic function
u on C" as in Definition 4.12, we shall say that u lies in (Ql("))h if the following
holds: the functions (Ku)p and (Ku); extend as analytic functions in some open
subset of (") connected in the strong sense and invariant under the automor-
phism wéi?); moreover, each of these two functions changes to its negative under
W

(n) -
Remark 7.2. Recall that the points €™ I and e "I of £(2") are distinct. It is
necessary — for the sake of coherence with the parameter-dependent situation of
Section 11 — to generalize the definition (4.42) of the linear form Int, in the present
context denoted as Int®, according to the following normalization:

Int? [u] = 23 (Ku)o(e™ " I). (7.4)
The following generalizes Theorem 4.14.

Theorem 7.3. The space (Ql(l))h consists of all entire functions u of one vari-
able which satisfy the following condition: there is a C*-valued function f =
(fo, f1, fio, fin), the components of which are nice functions in the sense of
Definition 1.1, related by the equations (to be compared to (1.8), noting the sign
changes),

Fio() =1 1T (foliz) — i fol—i2),
ful) =" " (hli2) +ifi(=i), (7.5

such that the even part of u coincides with that of fo and the odd part of u
coincides with that of f1. If such is the case, the 4-tuple f is unique. One has

Intf [u] = 24 i / " (ol@) - Fuole)) de. (7.6)
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Proof. We shall not rewrite the variant of the part of Section 2 needed to that
effect though, as pointed out in Remark 2.1, this is a straightforward if time-
consuming task. Since only a change of sign is required here and there, we shall
be satisfied with the verification that all that precedes works in the case when
u = ¢f, the basic function of the dual anaplectic analysis introduced in (1.94).
Consider the function introduced in (1.11) and defined, for = > 0, by the equation
Ylz) =22 22 K (m2?). We now consider the 4-tuple f = (0, v, 0, ) instead
of the vector (¢, 0, ¥,0) considered in the proof of Proposition 1.2. The odd part
of ¢ is just the function ¢%, so that this function lies in the space A* introduced
in Remark 1.3. We have to show that it lies in the space (Ql(l))h according to
Definition 7.2.
Starting from Definition 4.1, we obtain, for o > 0,

o0

(Q(bh)l(o'):(l-l-%(f)/ mqﬁh(me*iﬁf)e*mﬂﬁdfb

—0o0

=22 7(1—i)(1+io) / z? Ji(ﬂmz)e_”zz‘ dx
0

:_zéwér(D (1-—i)(1+io)(1+02) 5. (7.7)

0

Then, from (4.39), if 0 < 6 < , recalling that ¢ = cotan §

corresponding under the Cayley map to the point e~* € S,

is the point of R

(K ¢*)1(e79) = —r72T (i) (1+41) e 7, (7.8)

indeed a function of Z = e~*? that extends as a function on the twofold covering
of S and changes to its negative under the map 6+ 6 + 27.

We finally check the normalization constant that enters the equation (7.6), to
be compared to (1.74). To do this, of course, we must use this time an even function
in A% = (Ql(l))h, for instance the function  +— x ¢*(x) which is associated to the
4-tuple h = (ho, 0, hi o, 0) with ho(z) = z¢(z), i.e., h = (z1, 0, —x 1), 0). One
has

hence, for 0 < 0 <,

(K(z¢"M))o(e ") =2"4ix il (i) sinz (7.10)
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and, in particular,
Int [z ¢°] = 22 (K (2 ¢"))o(e"™) =24 in 4 T <3> : (7.11)
On the other hand, the integral
22§ /Ooo(fo(x) — fiol@))de =4n"2i /Oooxi K (r2?)dz (7.12)

has the same value, according to [17, p. 91] again. ([l

The following analogue of Theorem 4.15 is immediate.

Theorem 7.4. The Gaussian function = +— e~mlel® (or any function x s e~ 7 Q)
where Q(x) is a quadratic function of x with a positive-definite real part) lies in

the space (‘21("))h if and only if n=2 mod 4.
Proof. Tt suffices to use the equation (4.63), here recalled,
(Ku)o(Z) =275 (det Z) ™+, (7.13)

observing that the function on the right-hand side extends as an analytic function
on X" if and only n is even: if n = 0(resp. n = 2) mod 4, this function is
invariant (resp. changes to its negative) under the automorphism wgi?) of »(2n)
defined just before Definition 7.2.

One can develop the dual anaplectic analysis in the same way as that used, in
Sections 4 and 5, for the anaplectic analysis: there are no changes worth mentioning
— apart from a sign change in the analogue of (1.72), which will be mentioned later
— except in the proof of the following analogue of Theorem 4.18.

Theorem 7.5. In any dimension n, the dual anaplectic Hermite functions intro-

duced in Theorem 7.1 lie in the space (Ql("))h. The singular set of the K-transforms
of any such function is contained in the pullback of the set A introduced in Lemma
4.16.

Proof. The analogue of Proposition 5.2, to the effect that the space 2™ is in-
variant under the algebra C [z, 8893]’ works just as well for the space (Ql("))h. In
particular, the one-dimensional case of Theorem 7.5 is thus a consequence of The-
orem 7.3. We first consider the case when n > 3, since the case when n = 2 is
somewhat special. Indeed, from Theorem 7.1, we may in the first case reduce the

problem to proving that the function ¥ lies in (A()".



7. The dual anaplectic analysis 121
Using [17, p. 84], one can write (7.2) as the integral

1 2
‘P”(m>=21*27r2*3/ el [2”'“””' 1—2)i": —(1—)i" 3| at
1 n—2
1 n n 3 1 2 n 3 2
=2 7“7“72/ (L+t)(1—t?)i 2 e ™ol gy, (7.14)
—1

The same computation as in (4.69) leads, if o > 0, to
1
(QU")o(0) = Dy / (1+1t)(1—t>)i2 [det (o —it)] > dt (7.15)
~1

with D, = —2'=%7i~2 Then, just as in (4.74), but with the extra factor

(141t) (1—#2)"2 which becomes e¢ when ¢ = tanh¢, one finds, with the notation
there,

(IC\I/“)O(Z):2_3Dn/_:H (cosh (g_i;)f'»é o€ de (7.16)

if —m <6; <m for every j, or

oo

11 <cosh (5—i(9j2_ ”)>>é efde (7.17)

J

(KU%o(Z)=2"% D, i /

— 00

if 0; €]0, 2x[ for every j, an assumption that covers the case when Z € ¥™&N
(X\A).

With the help of Lemma 4.17 and of the proof of this lemma, the problem
of continuing analytically this integral reduces to the same problem along the
special paths ¢ — e’® Z. The change of contour of integration ¢ — & — 12¢ shows
that along such a path, (K ¥%)y(Z) undergoes the multiplication by e~'%: this
concludes the proof of Theorem 7.5 in the case when n # 2.

The case when n = 2 is more complicated. We must consider instead of W¥
the odd function

b T o o1 1 sinh 7w|z]?
Wi@) = [Ty (rlef) = 2wy
1 L 2
:2_2x1/ e It gt (7.18)
-1

hUsing Definition 4.1, one obtains the vector-valued part of the Q-transform
of ¥ as

1

(QUY) (o) =272¢ 7 / (I+io) (,o,) emions) dx/ el gt (7.19)
R2

—1
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Setting o = (%), one can write this as
L in (1+’Lp) 1¢] +ir 87“
(QU) (o) =227 te ( iig%" | V(o) (7.20)

.. 0
w 8p+ 2  Or

with

1 1
V(o) = / e~ (0T %) gy / ¢imle®t gy — / et (o —it)] "} dt,  (7.21)
R2 1

-1

an equation valid when o > 0. Hence

(W), (0) =278t /1 (ﬂﬂp) (q_it)_w2> [det (o — it)] 2 dt.

1 r (t - 1)
(7.22)
The vector in the integrand can be decomposed as

((1—|—ip) (q—it)—ir2> . (det(a—it)—(l+iq) (1—t)+(1—t)2>
r(t—1) ir(t—1) ’
(7.23)
so that

v (7.24)
with
Wo(o) = /11 [det (o — i )]~ dt,
Wi(o) = /_11 (1—t)[det (0 —it)] "2 dt,
Wa(o) = / 11 (1= 1)2[det (o — i £)]~% dt. (7.25)

Our problem is to first extend the three terms as analytic functions on the
whole space Sym,, next, after having expressed the results in terms of the Cayley
transform Z of o and multiplied each term by |det (I — Z )\*é —recall that this
operation from functions of ¢ to functions of Z changes a Q-transform into the
corresponding K-transform — to analyse the analytic continuation of the linear
combination in (7.24) to X(4. The proof follows closely that of Theorem 4.18.
Denoting as o; and oy the eigenvalues of ¢ initially assumed to be positive-
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definite, and setting ¢ = tanh¢ in the integrals that precede, we find

dg

Wo(o) = /OO H (0j cosh & — i sinh 5)_5 cosh¢’

—00 j=1,2

Wi (o) :/oo [T (o) cosh € — i sinh €)72 e€ de,

—o0 =12
[e’e] 5 625
— . 3 — 7 <1 T2 . 2
Wa (o) /_Ooj_l 1|2(aj cosh & — i sinh &) coshé d¢ (7.26)

0. . 0;
105 ., if 0j = cotan

If the eigenvalues of the Cayley transform Z of o are e~ 5

this can be rewritten if 0 < 6; <7 as

o= ()T (o= %)

—0 j=1,2

_.6’1.9230O i0; 735
Wi(o) = (sm 5 Sin 2) /_ij2 (cosh (5 9 )) es d¢,

0 0\: [™ i0;\\ ¢ e%
Wa(o) = <sm 21 sin 22> /_OojHQ <cosh <£— 2J>> COShgdf. (7.27)

Notwithstanding the presence of cosh { in the denominator of two of the
integrands, the change of contour & — &4 *5 is still possible when |w| < 7,
leading to the expression

Wo(o) = (sin921 sin922>2 /Im s H (cosh <§—i§j>> 2 coii&’ (7.28)

j=1,2

which makes it possible, if one chooses w close to 7, to cover the case when 6,
and 62 both lie in ]0, 27[, i.e, the case when Z € X'8. One has in this case
det (I — Z)|~2 = 3 (sin 921 sin 922)_5, a scalar factor the multiplication by which
transforms each of the factors in front of the right-hand sides of (7.27) into a
function with an obvious analytic continuation to 3. Our sole remaining problem
lies with the three integrals in (7.27), the second one accompanied, as indicated
by (7.24), by the vector (_11;“1 ) This goes essentially like the end of the proof
of Theorem 4.18, starting with the use of Lemma 4.17, which reduces the problem
of analytic continuation to that along paths ¢ — e~ %% Z, originating at points
Z € Y8 (X\A). It is no loss of generality to assume that Z is diagonal, say

7 = (e_“}l ), in which case the extra vector in front of Wi(o) in (7.24) reduces,

o102
on the path, to (714@; <61+¢)>, a vector which comes back to its initial value
when ¢ = 27.



124 Chapter 2. The n-dimensional Anaplectic Analysis

There is, however, a novelty, in that in the continuation along such a path, we
shall have to cross poles of the function ¢ — (cosh&)™! in the integrands of Wy (o)

T

and Wy (o). Fortunately, the residues at £ =7 (and, eventually, =7 +ikm),

to wit J] (sin ezj )=2 and — ][] (sin ezj )~ 2, cancel off in the sum Wy (o) + Wa(o)
in view of the extra factors in (7.27). To obtain the analytic continuation of an
integral such as (7.28) along the path indicated, we may accompany the change
0; — 0; +i¢ (which corresponds to the map Z +— e~'? Z) by the change of
contour £ +— &+ ’2¢ , only jumping over the values ¢ = 7w+ 2km, as made possible
by the analysis above of residues. When ¢ = 27, we then obtain instead of the

right-hand side of (7.28) the expression

RN 0\ P de
(sm o S0 2) /Im s H (cosh (5— 29>> cosh (€ + i)’ (7.29)

j=1,2

the negative of the preceding one: under the map ¢ — £ + im, the same sign

change occurs in the functions e® and Cj:flg from the integrals (7.27) defining
Wi(o) and Ws(o). This concludes the proof of Theorem 7.5. O

Remark 7.3. In the one-dimensional case, let f§: u — u? be the linear operator:
2 — A% defined in the C*-realization as (fo, f1, fio, fi1) = (f1, fo, fi1, fio)- It
intertwines the two versions (on 2 and 2?) of the Heisenberg representation: in-
deed, the equations (1.58) and (1.60) which express the operators from the Heisen-
berg representation in terms of the C*-realization lead to the formulas

Ty ut = (1, u)", b = (17 u)" (7.30)

However, the anaplectic and dual anaplectic representations are not equivalent,

as seen from the equation (Fapau)? = —ana ul: it is understood that the dual

anaplectic Fourier transformation that occurs on the right-hand side should again
be defined by the equation (1.80), after the linear form Int has been replaced by
Int". We now proceed towards the necessary verifications: uninteresting as they
are, these depend on rather extensive calculations which we now sum up.

The first point is to note that the C*-realizations

F = (fo, f1, fio, fin) and  f=(fo. f1. fio, fi1)

of u € and Fanau are linked by the relations

folz) =22 /0 [(cos 2mzy — sin 27zy) fo(y) + e 2™ fi0(y)] dy,
file) =22 /OOO[—(COS 2mzy + sin 27zy) f1(y) + e 2™ fi1(y)] dy,
Fro(w) = 25 / (™2™ fo(y) + (cos 2mzy — sin 2ray) fio(y)] dy,

fia(x) = 22 /Ooo[—e_zmy fi(y) + (cos 2wy + sin 27zy) fi1(y)] dy.  (7.31)
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This can be verified as a consequence of the results of Section 2. Express f in
terms of (vg, v1) € C¥ ! 70@031 by means of (2.84) and (2.85), and do the same for
f in terms of (@, 91). According to Theorem 2.9, one has ¥y = m_10((215))vo
and 70 = T 1(( 0 (1))) v1, and the operators vy +— 09 and vy — 77 involved here
were made explicit in (2.102) and (2.103). This, and some patience, leads to the
four equations (731) NOW, set h = (ho, hl, h@o, hi,l) = (fl, f()7 fi,17 f@o), the
C*-realization of u® On one hand, the transform under Ff . of this function is
given (compare (1.81)) as

(Fi . uf)(z) = 22 z/ [ho(y) cos2may dy — i hy(y) sin2mzy
0
— hio(y) cosh2mzy — i by (y) sinh2ray| dy, (7.32)

where we must explain the sign changes from the former reference. First, comparing
the definitions of Int and Int?, one sees the reason for the presence of the coefficient
22 4 in front of the new integral, as well as the need for a global sign change of the
sum of the last two terms. However, there is still another sign change, in the term
concerning h; 1, due to the following reason: our derivation of (1.81) was based on
the use of the linear form Int and of the first equation of each of the two pairs
(1.71) and (1.72): now, in the dual anaplectic analysis, it is immediate that, so
that the formulas remain true, one should change the coefficient ¢ that appears on
the right-hand side of the second formula to —i. On the other hand, the function
(Fana)? can be obtained as the sum of the even part of f; and the odd part of

fo, which leads to the negative of the preceding result.
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8 The pseudoscalar product in n-dimensional
anaplectic analysis

The anaplectic analysis does not reduce to a study of the anaplectic representa-
tion: it is also meant for providing an analysis on appropriate spaces of functions
containing the anaplectic Hermite functions, as introduced in Definition 3.2. It
is in this latter sense only that the present section provides an answer to the
construction of a “natural” pseudoscalar product, actually a unique one up to
normalization.

We start with the construction of a non-degenerate pseudoscalar product on
the linear subspace of A generated by the anaplectic Hermite functions such
that, for every j, the operators A; and A7 should be formally adjoint to each
other. We shall show that such a pseudoscalar product exists if and only if n £ 0
mod 4: similarly, such a pseudoscalar product exists on the comparable subspace
of (Ql(”))h if and only if n # 2 mod 4. We tacitly assume that n > 2 in this
section.

In the usual analysis, it is easy to define spaces of functions, such as S(R™),
containing all Hermite functions and invariant under the Heisenberg representa-
tion: the situation is more complicated in the anaplectic analysis. Though the
definition of a Heisenberg-invariant linear space, on which the pseudoscalar prod-
uct would be meaningful, might still be possible, we have chosen to make a simpler
construction, based on the consideration of a pair of spaces: then, the Heisenberg
representation, restricted to the smaller of the two spaces involved and valued into
the larger one, will preserve the pseudoscalar product.

Let us start with the necessity of the condition n # 0 mod 4 (resp. n # 2
mod 4) in the anaplectic (resp. dual-anaplectic) analysis. Set

B =Y A3,  B=> A (8.1)

and recall from the beginning of the proof of Theorem 3.4 that
B*Z E&O — En+270, BZ E,.i’() d E,Q_Q’o. (82)

If we Ey,o, u(z) = h(lglz), one has (B*u)(x) = hl(‘xj), where the function hq
is given in terms of u by the equation (3.46): moreover, if h(0) = 1, it follows
from the equation (3.30) (with ¢ = 0) that h'(0) = —*™", so that hy(0) = —k— 3.
Consequently, if f. o denotes the (unique) function in E, ¢ such that f. 0(0) =1,
one has n

B" fao = ~(k+ ) fut2o0- (8.3)

Similarly,
n
B fH,O = (2 — K) f,.i_270. (84)

In particular, B* f.o # 0 when x > 0. On the other hand, assuming that we
are dealing with a pseudoscalar product for which the operators A; and A} are
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formally adjoint to each other for every j, we may compute (B* f.o|B* fr0) as
(BB* fr,0] fx,0): it follows from the preceding two equations that

BB* fuo = (n - g‘ + 2) (m + Z) Fro- (8.5)

As a consequence, (B* fqo|B* fso0) = 0 in the case when & = 7 —2
(this is an admissible value of x in the case when n =0 mod 4, as indicated in
Theorem 3.4), so that the pseudoscalar product is zero when restricted to the one-
dimensional joint eigenspace of the pair (L™, Agn-1) generated by the function
J7 0 hence no non-degenerate pseudoscalar product satisfying our demands can

exist on 2A™). The case of the dual anaplectic analysis (on (Ql(”))h) follows just as
well.

Denote as nda the usual rotation-invariant measure on the sphere S™~! with
total mass %ET;). For any pair (k,¥), recall that the equation (3.30) has only a
one-dimensional space of solutions analytic at 0, and that such a solution does
not vanish at 0 if not identically zero. We may thus use on the finite-dimensional
vector space E, the (Hilbert) norm defined as

ube=tho | [ y‘*<x>|2da<x>r (56)

if u=hXY".

Lemma 8.1. If V¢ is a harmonic polynomial, homogeneous of degree £, one has

/ IV V2 do(2) :z(n+2z—2)/ V2 do(a). (8.7)
Sn—1 Sn—1

Proof. Using the homogeneity, one may transform the left-hand side of the identity
to be proven into an integral on the unit ball, finding

2

/4
‘ay da. (8.9)

02 _ _
/S IV V2 do(z) = (n+ 2 2)/ o

B

n -
J

Since A Y’ = 0, this reduces, by Stokes’s formula, to

A
/SM VY2 do(z) = (n+2¢—2) XJ:/S Vi, o, do(z)  (8.9)
:z(n+2z—2)/ V2 do(a). 0
Snfl

Theorem 8.2. Assume that n % 0 mod 4, and let EM — Prez,tenEi,e be the

K+ even
linear space gemerated by all anaplectic Hermite functions on R™. Consider on
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E™) the pseudoscalar product characterized by the fact that the subspaces Eo
corresponding to different pairs (k,f) are pairwise orthogonal, together with the
equation, valid for u € E, ¢,

(8.10)

(ulu) =

where 2 T(L— 7 4 #=)
g =278 (2m)" 5 (F("+£)) a7t 20) 8.11
e : () =

recall that the norm || |l¢ on Ex,e has been defined in (8.6). The pseudoscalar
product so defined is non-degenerate on E) and, for every j, the operators A;
and A are formally adjoint to each other with respect to it. The pseudoscalar
product is characterized by the last property up to the multiplication by an arbitrary
non-zero constant.

All that precedes goes as well with the linear space similarly defined in relation
to the dual anaplectic analysis, provided that n £ 2 mod 4.

Proof. Assume that u € E, is of the kind u = h X Y* with the notation (3.37).
We have to show that, whenever v € Eq_1 441 & Eix_1¢-1, one has (v|Aju) =
(Ajv|u): indeed, unless v lies in the direct sum indicated, both sides of the equa-
tion to be verified are zero, a consequence of Lemma 3.7. Thus, set

v=g RXT 4 g @A (8.12)

In accordance with Lemma 3.6, set

0 0+1 ‘1"2 0—1
x])}:Z —+ Z* s

2
ps XU T2 |93|2 Tt oY= 8ty |93|2 St-2 (8.13)
J - 2 ’ J - 2 ) N

where each of the polynomials Z¢*!, z¢=1 72 7¢ Sf S*~2 is harmonic and
homogeneous of the degree indicated in the exponent.
From the equation (3.30), note that

2n(k — 1)
+ 5 -1

21K ,

W) ==, h(0),  g5(0)=— 92(0). (8.14)
I

Applying the polarized version of the definition of the pseudoscalar product given

in the statement of the present theorem together with Lemma 3.7, one gets on one

hand

m (v] Aju) = Ye—1,e41 §1(0) (R(0) + / X' x) 2 (z) do ()

+€—1

+ Yio—1,0-1 G2(0) 2 o

h(0) /SH;H (2) 21 (2) do ().
(8.15)
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Now, h(0)+.,- h'(0) = /;EZ; " h(0). Also, since two spherical harmonics of different

degrees are always orthogonal, it follows from (8.13) that

ﬂ“@zMudez/ 2, X (@) V! (@) do (),

Sn—l Sn—l
/‘ X“%@Z“%mdd@:Q/‘ 2 X7 ) V(@) do(w),  (8.16)
Sn—l Snfl
so that
1 0+ 75—k _ 041 ’
2 (v] Aju) = Yu-1,041 g4 n gl(O)h(O)/ v, X (2) Y () do(x)
+ 7 _—
1 .
Frerer 2 pOn0) [ 527 @)Y @) dota).
Snfl

(8.17)

On the other hand, in the same way of proof,

el = (T3 ) aono) [ 7@ ot
e (0200) = 5 OVRO) [ 8@V (@) dole)
Sn—l
==t L 0OMO) [ @)Y @) doto)
Sn—l
om0 [ e X @Y @) do),

+ ’YR,Z -
(8.18)

In order to show that the operators A; and A} are formally adjoint to each other
with respect to the given pseudoscalar product, it thus simply remains to check
the two equations

+5 -k 0+ 7
Ve—1,0+1 £+,2L = kL x

45 -1 K+l+ 75 —2
k—1,0— =Tk 5 8.19
VYr—1,0—1 - Vil npe—1 ( )

an elementary task.

Since k £ £ is even (resp. odd) when considering the anaplectic (resp. dual
anaplectic) analysis, it is clear from a look at the coefficients 7, ¢ that the pseudo-
scalar product under consideration is always non-degenerate. More precisely, in the
case of the anaplectic analysis, set

k1:K;£+[Z], kzzﬂ—g—[n]l (8.20)
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it is then immediate that the sign of v, ¢ is that of €, €2, where ¢; =1 if k; is

non-negative or even, and ¢; = —1 if k; is negative and odd. The same goes in
the dual anaplectic analysis, setting this time
k+L+1 n 1 k—0—1 n 1
=y +{4_2]’ 2=y _{4_2} (521

It is only in the one-dimensional case that the condition x even (resp. k odd) is
sufficient, in the anaplectic (resp. dual anaplectic) analysis, to ensure that 7, ¢ > 0:
this is the reason why, in this case, the restriction of the anaplectic representation
to the even (resp. odd) functions is unitarizable.

We now turn to the question of uniqueness, starting with an arbitrary non-
zero pseudoscalar product for which the operators A; and A7 are adjoint to each
other for every j. In the anaplectic analysis — from now on in this section, we shall
satisfy ourselves with this case only — we may assume that the equation (8.10) is
valid for u in the one-dimensional space Ej . Next, we show that if this equation
is valid for u € E, ¢ for a certain number &, it is also valid for the pair (x+2,0):

indeed, with the notation from the beginning of this section, and recalling (8.3)
and (8.5), one finds

K— 1542
(fat2,0 0) = Kjg (fs01fx0), (8.22)
and it suffices to check the equation ~.i20 = R;EJr 2 Vr,0- Substituting B for
2

B*, one may instead move from a pair (x,0) to the pair (k —2,0) so that the
equation (8.10) is now valid whenever ¢ = 0 (in which case, of necessity, & is
even).

To finish the proof, it remains to be shown that if (8.10) is valid for some pair
(k, ), it is also valid for the pair (k4 1,£+ 1). Indeed, since, as a consequence of
our assumptions, the operators L™ and Agn-: are formally self-adjoint on E(")
there is no need to consider a pair of functions lying in two different spaces of the
decomposition EM =g E. ¢ Thus, let v1 = g1 X Xf“ and vy = go X Xf“ be
two elements of F, 11 ¢4+1. Going back to the end of the proof of Theorem 3.4, we
solve the equation Of hy = g2 with ho in the null space of the operator M, . ¢

this can be done in the case when x > —1, and we have indicated in the proof of

241
Theorem 3.4 the modification to be done in the other case. Then hy X ag’;j lies

in E, ¢ for every j, and one has (3.49)

Z A <h2 X agﬂﬂ) = ((+1) v, (8.23)

(va]01) = (£+1) 12(( ag‘f“) |4, Ul), (8.24)

Thus
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a number which we can compute by assumption after we have substituted for A; vy
its projection (¢f. Lemma 3.7)

n -1 oxtH
T v = (5@_;,_1 91) X ST XZ+1 = —|—€ (6[4_1 91) X 1 (825)
©) ()1 (2 ) Ox;
on the space Ej ¢. Recalling from Lemma 3.5 that (0,11 91)(0) = ;2:;@ g1(0), we
obtain
axf+1 axf+1
=Y ((+1)""he(0 2 do(z). (8.26
(02 02) = e (€+ 1) al0) Z/Sn o Tn o). (826)
Using the equation
T4+ l+k
g2(0) =72 2 Lo 0 (8.27)
2

a consequence of the definition of the operator 9 in Lemma 3.5 and of the equation
(3.30) relative to hg, and the equation

8X5+1 8X5+1 B
Z / 5 - do(z) = (04 1)(n+20) Xy xf do(x), (8.28)
Sn—1 l'] mj Sn—1

a polarized version of Lemma 8.1, we obtain

LAY 00 [ T e (s29)

vg | 1) = X
(v2 [ 01) = e 7T72L+£+I€ 2 gn-1

this is the desired result since the coefficient in front of the right-hand side agrees
with Yey1,041. O

Remarks 8.1. (i) Note that v_, ¢ = (—1)" v, ¢

(ii) In the case when n = 0 mod 4, the coefficient 7, is still defined, in the
anaplectic analysis (i.e., when & + ¢ is even), if and only if & — ¢ = 7 +2j
for j = 0,1,...: then, this coefficient is also non-zero. But the direct sum of the
corresponding spaces Ej ¢ is nothing else, as observed in Remark 3.1, than the
space of usual Hermlte functions. A variant, to wit that obtained by substituting

n K—4£
(=1)~F Fi,l(_ +; 3 R for the — formally identical — fraction PO=44" ) taken from

r(3+"3%)
the right- hand 51de of (8.11), would make it possible to consider instead the mock-
Hermite functions, defined as the images of the usual Hermite functions under
the change of coordinates x — iz: though absolutely devoid of applications, this

observation is still necessary for a good comprehension.

While we are at it, let us briefly show that, in the case when n = 0 mod 4, the
anaplectic and metaplectic representations coincide when both are regarded only
on the space generated by usual Hermite functions: in other words, the anaplectic
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analysis does not bring anything new in this case. Indeed, if u is such a function,
it follows from (4.42) together with some easy considerations starting from the
definition of (Ku)p in Theorem 4.11 that

Int [u] = lim._ / u(ze i79)) do = e / u(z) dx. (8.30)

n

Then, the definition of Fana in Theorem 5.6 shows that Fanau = e 1" Fu, where
the last transformation is also the image, under the metaplectic representation, of

the matrix (% {). The rest of the assertion follows.

In Theorem 8.2, the pseudoscalar product (u|u), with u € E(™ has been
defined in terms of the decomposition u = Zme U ¢. This double series is very
annoying so far as questions of convergence are concerned. We now show how to get
rid of the index k, at the benign price of having to substitute (£,m), 1 <m < dy,
the dimension of the space of spherical harmonics of degree ¢, for £. In the process,
all the coeflicients ~, ¢ will disappear.

The first thing to do is to separate the even and odd values of k € Z, setting
k= 2k+e, e =0 or 1:since E™ is the space of anaplectic Hermite functions, s+
must be even, which means that e is characterized as having the same parity as .
For every £ =0,1,..., let (Y“”)lgmgdz be an orthonormal basis of the subspace
of L?(S™~1) consisting of spherical harmonics of degree ¢, and extend Y*™ as a
homogeneous polynomial Y*™ of degree ¢. According to Theorem 3.8, one has for

every pair (k,f) the equation ugk4ee = (’UIZ—2+£ )™ 1YY where the function
22+
k

v, . was defined in (2.20), (2.21), and the harmonic polynomial V!, dependent on

(k,£), can be decomposed as YV’ =" g om YO
Instead of the decomposition of w considered so far, we now set

w=> Prmu, (8.31)
l,m
where
PZ,mu = Z Ak ¢m (('Ulfx;z_i_lvs)ram) X ye’m~ (832)
k
Setting
_ k
go,m = zk: Ole,bm Vn—2 g s (8.33)
a function in the space C¥%_, +ee (do not forget that we are currently dealing with
2+,

functions u in the algebraic sum of the spaces E, ¢), we may finally write

w=>(gem)™™ R Y, (8.34)

£m

where the ramified part is taken with a reference to the space C%_, R
22+,
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We shall presently show that (u|w) then reduces to an expression

(U | U) = Z Cy (gl,m ‘ gZ,m) ";2+g’57 (835)

lm

where the (pseudo-)scalar product on the right-hand side denotes that introduced
in (2.30). There is, however, a difficulty, in that the number ";2 + ¢ which occurs
here at the place of p is generally far from being < 1: we thus first extend this

notion, without any change to the notation.

Lemma 8.3. Let a function ve € C}. be given for all complex p with Re p > —1,
and assume that, as a function of p wvalued in C*°(R*), it is holomorphic in the
given half-plane; make the same assumptions regarding another function vy, only
changing p to p. Then, as a function of p, the expression (v |v2),., as defined
in (2.30) in the case when p is real and 0 < |p| < 1, extends as a holomorphic
function of p in the half-plane from which all the points such that p—e =1,3,...
have been deleted.

Proof. Clearly, in view of the properties of v; and vy expressed in Proposition
2.1, and (in the case when p = ¢ = 0) in Proposition 3.1, the integral (2.30)
continues to make sense for any complex p with —1 < Re p < 1, thus providing
the sought-after continuation in the given strip. For p real with 0 < p < 1, we
switch to the expression (2.31), with w; = Fuv; and wy = F vy. Since, when p
is complex with a positive real part, the integral

/ / o — 7[R P [(1 4+ 0) (1 + 7)) 72 e o4 do dr (8.36)

is convergent, it follows from the estimates |w;(co)| < C'(1 + 02)~2 Re pt1) (4
consequence of (2.17)) that, under the given assumptions, the integral (2.31) makes
sense, and is a holomorphic function of p, in the half-plane Re p > 0. Locating
the poles of the coefficient in front of (2.31), one obtains the present lemma. O

Corollary 8.4. Assume n %= 0mod 4, and let £ =0,1,..., e =0 or 1 with e +¢
even. Then, for every k € Z,
PG+ k4550
n 74
(7 +k+ <3

(’U’fl_z ‘ 'Ulfx—’z

n—2 =72
> Hle 2 +Z,e) 5 tHle

(8.37)

Proof. Since, with p = ";2 + ¢, one necessarily has p —e — 1 ¢ 2Z, one can use
analytic continuation, deriving this result from Lemma 8.3. (]

Remark 8.2. Of course, even when Re p > 1, the equation (2.30) remains valid
in the case when each of the two functions v; and vy is square-integrable with
respect to the measure |s|7”ds on the real line.

We now need to compute (v*

"2 _)"*™(0), under the assumptions of Corol-
2 “5
lary 8.4.
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Lemma 8.5. Assume Re p > —1 and ¢ =0 or 1. One has

Pt 1 )
(1}0 )ram(o) _ sin g(efpl) x F(P‘Fg—E)F( P+;+E) if p—E€ 7é Oa 27 RN} (8 38)
Pe Pt . .
_cos g(e’;‘ip) x p(p+§fe)lp(p+;+s) if p—e=0,2,....
Proof. From (2.22), (2.23) and (2.25), one finds that
T —pte
’UO ram g :7‘(’p+é ( 2 ) p—5#0’27...: 8.39
p,€

1 b
F(p+2+s)
this reduces to the first formula above after one has treated the Gamma function

on the top by the formula of complements. The second case is then an immediate
consequence of the residue formula (6.76). ]

Corollary 8.6. Assume that n £ 0 mod 4, and that €+ is even. For any k € Z,

one has .
e (271')24'[

k ram _ k
(’U";2+£,5) (O) - (_1) €n X (—1) 2 F(721, +£)7 (8'40)
with
9 Coi n if n is odd,
En = N e (8.41)
= in if n =2 mod4.
4

Proof. Consider first the case when k= 0. With p = "52 + ¢, the condition that
p—e#0,2,... just means that n is odd (use the assumptions relative to n and
to € 4 £). In this case, an application of the first equation (8.38) gives

ntl
(V02 , )™™(0) = (—1)=" T o X P ! , . (8.42)
3 the €os 4 Py +o+ 290G +5+5)

and one obtains the claimed formula as a consequence of the duplication formula
of the Gamma function; the same goes in the other case.
Set, as in (3.51), h’fL_2+ = (v* )re™_ It has been found there that one
2

le mo e,
has My ok1ee hE_, = 0, where the differential operator involved was defined
2

+4,e
in (3.30). As a consequence,

@k ) (0). (8.43)

k / _
(h ) (O) - Y + 721 ”;2+€,5

—2
"y e

Finally, using the equation (6.82), here giving

n k41 ol / n k+1
(2 +£+2k+5> WL, )= 2 T, )(0) - (2 +e) mE L, (0),
8.44)
one finds that
REEL(0) = (—1)FRE (0). (8.45)

n;2+278 71;2-"-[,8
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Theorem 8.7. Assume that n %0 mod 4. Under the assumption that u € E™ s
given as the linear combination (8.34), here recalled for convenience,

u = Z (ge,m)™™ & YO, (8.46)
lm
one has
(ulu)y =2 Y 2 (gem | Geam)n-2 g e (8.47)
lm
! if n is odd
with € + £ even and &2 =< 2 ' s 0dd,
72 if n =2 mod4.

Proof. According to Theorem 8.2, and with the notation in (8.31)—(8.34), one has

(ufu) = Z%He,z |(U’f»;2+g75)ram(0)\2 Z \Oék,z,m|2
m

k4
w, PO ="+ k4555
2 ¥4 +4 4 2 2
=¢ 22 |ak,Z,m| ) (8.48)
”k%;n (" +k+ 39
whereas
k k
(Gem | gem) n2 g = > lekeml? (V2 y [Vn2yy )no2 e (8.49)
k

It suffices to compare the last expression to (8.48) and to make use of Corollary 8.4.
O

Remarks 8.3. (i) We have assumed n > 2 throughout. However, one may check
with the help of (2.113), (2.82) and Theorem 2.9 that, in the one-dimensional
case, the expression of (u|u) above agrees with that introduced in Section 1.
Indeed, there are only two normalized “spherical” harmonics to be considered, to
wit Y0(z) =272 and Y'(z) = 22z, in which case, comparing (8.46) to (2.82),
one obtains the relations gy = 22 Vo, g1 = V1.

(ii) If, instead of the decomposition (8.46), the function w expresses itself as a
linear combination

uw= " (gep)"™™ B VP, (8.50)

L,p

in which, for each /, the set of functions Y%P is an arbitrary finite collection of
harmonic polynomials homogeneous of degree ¢, the equation (8.47) transforms to

wla) =22 323 (9o | ge)mm o / PP () You(z) do(z).  (8.51)
¢ p.q snt
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(iii) We shall also have to consider functions u given by the decomposition (8.46),

in which, for each pair (¢,m), g¢n will be an arbitrary function in C’“;,2+ZE,
22+

tpe 8SID (8.33).
Provided that the series on the right-hand side of (8.47) is convergent, it will
then still serve as a definition of (u|wu): but one must first verify that the map
gr— g geCy_, tee is one-to-one; the argument given just before Proposition
2 +E,
2.5 applies just as well in the case when p+¢e € 2Z,Re p > —1.

not necessarily a finite linear combination of the functions v* _,
2

Our aim is to define a pair of linear spaces of functions, containing E(™, such
that the operators of the Heisenberg representation map the smaller one into the
larger one, the definition of the pseudoscalar product on a pair of functions from
the larger space being possible. To start with, with the help of results of Section 3,
we shall study the operator of multiplication by e7(®%) as expressed by means
of the series of the exponential. First, some algebra:

Lemma 8.8. Let )¢ be a harmonic polynomial, homogeneous of degree £, and let

g € C’“;,QHE, with £+ ¢ even. Set u = g™ X YV’ and g = g(s). With the
22+,

notation of Lemma 3.6, one has the identity
(,x)u=(sg)™ B STV + g™ K S, V' (8.52)

it is understood that the ramified part of a function h occurring in some expression
explicitly written in the form h'™@™ X yois always taken with a reference to the

‘5_2+Z,76,—theory, with £ + €' even. In a similar way, one has for every 3 € C"
theQequation

(B, V)u = {s g - (n ; 2 + E) g} X St YVt (¢ K Sy YL (8.53)

Proof. Before we give it, let us remind the reader that the definition, in Proposition
2.3, of the ramified part of some function v in the space C} ., was dependent on
the choice of the pair (p,¢), even though we chose to dispense with making this
dependence explicit in the notation. Clearly, from (2.33), if v lies in this space,
it also lies in the space C_; ;_., but its ramified part in the latter space is the
function s — sv™™(s) if v"™™ is its ramified part in the first space. On the other
hand, v™" is also the ramified part of the function s — swv(s) in the C¥ ;,_.-
theory. The preceding justification works only if p 4 € is not an even integer, but
the exceptional case is covered just as well with the help of Proposition 3.1.

Starting from Lemma 3.6, i.e.,

2
(,z) V' = STV + |f”2| So ) (8.54)

we write

(. 2) u(z) = g (

|z

) ) ey e (1)) ey e5)

2 2
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ram

where g is the ramified part of g in the C¥%_, _-theory. One obtains the first
22+,

+¢
formula with the help of the argument in the beginning of the present proof. For

the second one, starting from Lemma 3.6 again, we write

(v = (", +e) o (1) 55790
ol ol

ey (1) |59+ 1y 55 99@] . 650

and we observe, setting p = ";2 + ¢, that pg*@™ + s (¢g™™)’ is the ramified part of
g in C¥ ;. and that (¢"*™)" is the ramified part of s¢' —pg in C%\ ;.. O

Under the same assumptions as in Lemma 8.8, one can give a formula for the
function (o, x)? u, j=0,1,..., to wit

(o, z) u = Z (s*+g)™ K SS9 ) (8.57)
leil,...,bj:il

in the preceding expression, ¢y stands for the number of +1’s in the sequence

t1,...,t5. Of course, the ramified part is taken within the space C"%QHH where,

by definition, =1t 4+ -4+ ¢; =214 —J.
Consequently, if w = 37,  (ge,m)™*" K VO™ our aim is to define wu, =
2im(, Q) ¢ by means of the series

p2imla, @) Z Gy (8.58)
¢

e

271' J X —zm’
Ge=> ( .,) S Y 5 gei) ™ RS LS VR (8.59)
J J: vi==%1,..,;=%1 m/

in which the index m’ characterizes the choice of an arbitrary vector in an or-
thonormal basis of the subspace of L?(S™!) consisting of spherical harmonics of
degree ¢ — 1: of course there is no such index unless ¢ — 7 > 0.

The functions (ga )y, which enter the decomposition Gy =37, (o) X
V4™ associated to the choice of an orthonormal basis of the space of spherical
harmonics of degree ¢ can be obtained as linear combinations of the functions
(8*+ go—z,m/)™™™, where, in view of the following lemma, the coefficients are all less

than (2;7!)] x 2 2" 3% ]

Lemma 8.9. With the notation of Lemma 3.6, one has

20
[ sy dota) < L [ e,
Sn—1 - Sn—1

5+l

n+30—2
[ sy < el [ e (s60)
Sn—1 2 Sn—1



138 Chapter 2. The n-dimensional Anaplectic Analysis

Proof. From the inequality [(a, VY*)| < |a||V Y| and the definition of S5 Y’
in Lemma 3.6, one finds, with the help of Lemma 8.1,

-2
[ sy Pds@ < (re-1) " laPeurae-2) [ Y Pdoto)
S?’L*l 2 S?’L*l
(8.61)
which leads to the first inequality. From the second equation (3.34), one finds

1
[ sivPae sz | [ eny P [ sy P,
Sn—l Sn—l 4 Sn—l
(8.62)
which leads to the second inequality. O
Definition 8.10. We shall say that a real-analytic function w on R™ lies in the
space S*(R"™) if the following conditions hold:
(i) for every (¢,m), the function wug,, defined on ]0, co[ by the equation
2

wnly) = [ I ) doe) (5.63)

can be written as ugm = (ge,m)™™ for a (necessarily unique: c¢f. Remark
8.2) function ggm € C%_,

> +Z,s;
(ii) one has for some constant C' > 0 depending only on u the estimates
dar 041 2\—1(n+e
d p(]:ggym)(a) < OPHHL L (1 4 02) 72 (GHEHD), (8.64)
o

We shall say that the function u lies in the space So(R"™) if the condition
(ii) is replaced by the condition (ii)’:

< CPHHLpL (14077250 (1 4 07275,
(8.65)

o ()] e

Remarks 8.4. (i) Since the dimension dy = (ZHT(L;E);)TE%_?’)I of the space of spheri-

cal harmonics of degree £ is a O(£"~2), the definition is independent of the choice,
for every ¢ =0,1,..., of the orthonormal basis (Y*™),),.

(ii) As will be proved presently, the space S®(R™) is well adapted to the study of
an operator such as €?7(® @ and the space S,(R"™) to that of the (translation)
operator 7% P) What can be seen without difficulty, from Lemma 8.8, is that
the operator @ (resp. P) is an endomorphism of the first (resp. the second) of
these two spaces. We now describe how these are related to each other.

The equation (8.63) leads to the series (8.46), and we define, as a generaliza-
tion of Theorem 6.5,

Fana = Z (m?"ﬂ,e(( l 5))9z,m)ram VA (8.66)

£m
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The space S*(R™) may not be contained in the space 2A(") | defined by completely
different means — we have not found it necessary to examine thls seemingly difficult
question — so that we may not rely on the definition of the anaplectic Fourier
transformation as given there. We must of course not rely, then, on the properties
of the anaplectic Fourier transformation as given in Section 5: however, the only
fact needed in what follows is the equation Fana (8, P) Fark = (8, Q), which can
be seen from an application of Lemma 8.8 and (8.66), only paying attention to
the fact that ramified parts have to be taken, in each instance, in the appropriate
space. From (2.3), one has

_n_y 1
ot (U ))<= ol Faen) (=) (5.67)
and, under the transformation w +— wq, with wi(o) = | — U|;gfew(—i), the

operator X = ? transfers to (—1)°Y, with Y; =0? @ + (7 +¢)o. This shows
that the spaces S®(R™) and Se.(R™) are the images of each other under the

anaplectic Fourier transformation.

(iii) Our third remark concerns the estimate of (gem | gg,m)nngrLE, as rendered

necessary towards the convergence of the series (8.47) defining (v | ). On one hand,
it follows from (2.31) and some elementary transformations of the coefficient in
front of the integral there that, unless n =2 and ¢ =0,

(9emlgem)n 240 e

L—e
—1) 2 (=i)F (2m)2*t n—a
=y "Wz / / o —71e2 T (Fgem)(0) (Fgem)(r) dodr.
4 9 +7)

(8.68)

4sin

On the other hand, one has

> > n—4 n n 4
/ / lo— 7]c 2 +Z(1+02)_4_§(1+72)_4_§d0d7

§2"54+‘*/ / max (|o], |7))"2 H (1 +02) " i"2 (1+72) i 2dodr

2
n ¢ 1
<2 (F(F<+ | f)2)> <2’ e, (8.69)
m+
4 2

From the [-factor in front of the right-hand side of (8.68), it is clear that
the series defining (u|wu) converges in the case when u € S*(R").

Also, since the pseudoscalar product (ge,m | gg)m)n;szﬁ is left unchanged
when g, is changed to its image under 7rn52+575(( O (1))), the same can be said

in the case when u € S¢(R™), and the map Fapa from Se(R™) to S*(R™) defined
by (8.66) preserves the pseudoscalar product.
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(iv) As a last remark, all functions in the space E(™ lie in S*(R™) (then, a
consequence of a preceding remark, also in S, (R")) Indeed, from the finite de-

composition (8.33) and the expression (2.20) of wk _ 2. = = Fok_ IR one sees
that it suffices to prove the following lemma.
Lemma 8.11. For some absolute constant C > 0 one has
p
’ (a0 T 1 o)) ’ <ot pl (14077 (870)
g
for every p>—1, 2a €Z and p=0,1,....
Proof. Use Cauchy’s formula
dr e , p! (1+422)""3' —a(1—iz)2
14 02 a(]— 2“) - / dz.
doP (( +of)T T (1—io) 20T J|s—o)= (z — o)ptl :
(8.71)
O

Proposition 8.12. Let u € S*(R™). For every a € C" the function wu, =
2™ Q) gy lies in S*(R™) too. If a € R™, one has (uq |ua) = (u|u).

Proof. We first study the function ue, for small |«|, by means of the series (8.58).

The problem lies in giving suitable estimates for the functions dp » F (9a) g.m>

where the functions (ga)zas: are the ones that enter the decomposmon of Gy as

defined right after (8.59). Since

dP . _, drte+
i F G g | = @m 7 | P (F o)
< (2m) " O (g )1 (1 o2) 2 (BTt (8.72)

one finds, writing ¢4 — 7 = j — ¢4, observing that ¢4 —7 > 0 and using the
estimates regarding some coefficients proved just after (8.59), that

<y Z Z 2" 3% Japt

>0 ti=%1,...,0;=41 m/
(2m) "4+ c<p+ff+1>+<w+> (p+uy)! (140272 G+ (8.73)

e

do_p (f(ga [m

Now, the dimension of the space of spherical harmonics of degree ¢ —7 is at most
CL4L—-D)" 2 =0, (14 L4j—20)"2
SCLU+1D)" 21 45— 1 )" 2<CL+1)"2e=D0=0) - (8.74)
On the other hand,

(Cem 2 (ptes) L < (p+ )+ (8.75)
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for some constant Cy depending only on (C,n). Thus,

’ 1(n
dc,l,p (F (9a)gm) (o) | < Ch CPHAL (04 1) 2 (1 + 0?72 (2 FHHP)
23 i 4
> 77,‘04) (p+)+Cihy . (8.76)
320 :

this leads to the required estimates in the case when |a| <} (23 7)1, since the
last series can then be made explicit as

pl(1—237]a|) P+ Cyexp (22 7 Ca|al). (8.77)

Of course, the new constant C' which makes the analogue of (8.64) has changed in
the move u +— u,, but the domain of convergence of the series does not depend on
C, so that the operator e™{® @) can be iterated as many times as needed, and
is thus seen to act within the space S*(R™) without any restriction on |o|. O

The preceding proposition also shows that the space S,(R™) is invariant
under the action of translations. However, some more effort is needed in order
to combine the operators from the Heisenberg representation of the two different
species.

Definition 8.13. We shall say that a real-analytic function v on R"™ lies in the space
Se(R™) if, with the same notation as in Definition 8.10, the following conditions
hold: for some constant C' > 0 depending only on w and all integers p, ¢, ¢,
such that p>0,¢>0,p>r and £ >0, £+ r > 0, one has

5 d
do

dpP

T (Fom)(©)

< Ot (p 4 )1 (14 02) 2GHAD (1467273, (8.78)

0% ()l

The first thing to note is that S2(R™) C S*(R™) N Se(R™): for the first
inclusion, take ¢ = 0 and p = r; for the second one, take p =r = 0.

Next, we shall prove that anaplectic Hermite functions lie in the space
Se(R™): this requires a pair of lemmas.

Lemma 8.14. Under the assumptions that p, q, £, r are integers such that p >
0,¢q>0,p>7r and £>0,f+r >0, one has for some absolute constant C > 0,

p
doP

<O (p )t (L4 0?) 2 GFH (14 672)7E (8.79)

d .
s +(’; Fl+1)0)? © (1402250
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Proof. Set =} (" + (). One sees by induction that

P v ab, (10?7 if p is even,
B I A L W T
with
Mt ==2(utm—1ap, 4,
a%—l:2(u+m—1)bfn_1—2<u+m—;>bfn: (8.81)

now, p > ; so that |u+m — 1] < u+ m, which is < p+p for m < p: from the
last two equations it thus follows that

p p

L'(2p+p)
max lab,] 2| | < 42+tp . (8.82)
=, Z;H I'(2p)
=7 m="}
Next, we show by induction on ¢ that
d n dr
2 2y—
4 4 1 B
0 o+ a1+ 0%)
r ALP (1 4 g2)=#—m if p+ q is even,
_ Z2§m§p+q ( ) N . p q ‘ (883)
Zr;lSmSp+qB,?ﬁpU(1+O') H if p+¢qisodd:
here, the index m only runs through integers in both equations, and one has
BIFP = (r —2m) AZP + 2 (u+m — 1) ALP |, (8.84)

ATFLP = (p —1 —2m) BER 4+ (dm +2u—r — 1) BE? — 2 (u+m —1) BL? .

Note that |r—2m|+2|p+m —1] < 2m—r+2(m+p) < dm+2u+ £ <
4(m+p) <4(u+p+q) and that |r+1—2m|+[dm+2u—r—1]+2|p+m—1| <
@Cm—r+1)+(@m+2u—r—1)+2 (p+m) = 8m~+4p—2r < 8m—+4u+2¢ < 8 (m+u):
it follows that

max <Z |A9P| Z |B?,’Lp|> < g2ntpta 1—‘(2/;2;5)4- Q). (8.85)

This implies the announced estimate in the case when |o| > 1, in view of the
inequality
I'(v+p)
I'(v)
valid if ¥ >0 and p=0,1,.... Indeed, if v < p, one has

(v +p) < (2p—1)!
Lv) = (p—D!

< 8"t pl (8.86)

< 4Pp) (8.87)
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by Stirling’s formula, while by the same, if v > p > 1,

F(g(j)p) < () = (2]3]/-17) <P < () tEpl (8.88)

To prove (8.79) for small values of |o|, another expression of the left-hand
side of (8.83) is needed: setting 1 =0 if p is even, n =1 if p is odd, one can see
that

, d n 7 gp ) N pta )
1 —H _— 591N 4P (1 —p—m .
[a d0+(2+€>0] (Lo =g Z;ncm(ﬂ) (8.89)
m="4
with
CLFYP = (r+q+n—2m) CLP + 2 (u+m —1)CLP . (8.90)

Again, |u+m—1| < p+p+q when m < p+q. On the other hand, |[r+g+n—2m| <
max (¢,p)+ |¢+n—2m| < 3(p+p+q)+ 1. From all this one finds, by induction,
that

d dr n
[0® &t (Z +lt+r)olt +02)"2 (30
T2p+p+q) o
< O?mtrta ol (1+0%)H 2, 8.91
which implies (8.79) for |o| < 1, if one remarks also that p+5 > J (% +(+p) >
s (0 +L+7). O

Lemma 8.15. Given p > 0, let V, be the linear space generated by all functions
of the kind (d‘i)j (1 +02)_p;1_m with 7 =0,1,... and m=0,1,.... If a and
b are two integers such that 0 < a < 2b, the function Y. defined as

pt1

Yap(0) =(1+0%) "2 P(1—io) (8.92)
lies in V.
Proof. If a =1, one must have b > 1 so that g,-1 € V,. One can then write
i d

p+1+2bdo bop-1- (8.93)

P1,p = o +
Next, assume that for some a > 1, the function 9, lies in V, whenever a < 20,
and consider a function 9,41, with a+1 < 2b: then, to start with, the functions
Ya—1p—1 and Ye_1p lie in V,. Now, writing (1 — i0)? = —(0%+1)+2— 2io,
one obtains

pt1

Yat1p = —Ya—1b—1+ 2%a—1p — 20 (1 + 02)* 2 by (1-— ia)afl (8.94)
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and it only remains to prove that the last function on the right-hand side lies in
V, too. This follows from the equation

d

i Va1t (a=1) Yuma oy = = (p41420) (140%) 75 0 (1-i0)"", (8.95)
in which the second term on the left-hand side is present only if a # 1. ]
Proposition 8.16. All anaplectic Hermite functions lie in the space Sg(R™).

Proof. Tt suffices to show that this space contains every function of the kind g™ X
V! with w = Fg coinciding with the function w’p‘“)o as made explicit in (2.20),
with p = "52 +¢ and ¢ even, as well as every function of the kind g™ K Y¢+1
with w = Fg coinciding this time with the function w’; +1,1- We first show that
all the functions w’; o and w¥ o+1,1 lie in the space V), introduced in Lemma 8.15.
If £k=0,1,..., this follows from this lemma and from the equations (2.20), here

rewritten for convenience:
_1/n — .
w’i 2 (1+02)"2GH07k (1 — )2k

(1402 2(5+0-k=1 (] _j 5)2kt1, (8.96)

1e0l0) =

k
Wn— 2+/+11( ):

when k > 1, one may also write
—k _ .k —k _ k=1
wn;Z_,'_AO - w";2+£,0’ wn;2+z+171 wn 2_,’_[_,'_1 13 (897)

so that the general case when k € Z is taken care of, as the space V, is stable
under complex conjugation.
To settle the even case of the proposition, we thus have to show that, with

d J 1/n
— 1 2y (5 +6)—m 8.98
w=(g) are , (399)
where 7 =0,1,... and m =0,1,..., and under the assumptions relative to the

set (p, q, ¢, r) taken from Definition 8.13, one has

d n dP
[0 o +(2 —|—€—|—7")J]qd pw(o)’

< Ol (p L )1 (14 02) 2B (14 072)78 . (8.99)

This is an immediate application of Lemma 8.14. Only, some shift in the
parameters is needed, replacing the set (p, ¢, ¢, ) there by the set (p', q, ¢/, ')
with p =p+4, ! = ¢+ 2m,r =r — 2m, so that the conditions p’ > 0, ¢ >
0,p/ >7', ¢/ >0,¢ 471" >0 are still satisfied. Also, on the right-hand side, the
coefficient C**P+9t1 (p 4+ ¢)! will have to be replaced by

, 1 , ,
CHPHatl (pyg) 1 x 02t (p(;i;r)jl) < CHPHITE (ptg) | x O PO ),
(8.100)
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which is all right since, in the situation under discussion, the pair (m,j) is fixed.
The odd case of the proposition is taken care of in the same way, only observing
(because of the condition p’ > r + 1 to be checked now in the case when m = 0,
so as to be able to substitute £+ 1 for ¢ in the exponent on the right-hand side
of (8.99)) that one now has j > 1. O

Theorem 8.17. All the operators from the Heisenberg representation map the space
S:(R™) into Se(R™). They preserve the pseudoscalar product.

Proof. We already know that the operators e¢*7{® @) preserve the space S®(R")
and that the operators e2™(%P) preserve the space S, (R™). It thus suffices to show
that, for |o| small in some absolute way (|| < 272 7~ will do), the operator
e Q) preserves the space Sg(R™). The proof of this follows that of Proposition
8.12 with almost no change. One may rewrite (8.78) as

[0® d(i + (Z +0) ol dcf:')p (F (5" (ge-z:m)) (@)

< (2m) 7 QT PRt (4 ) (14 02) "2 GO (14 072)73. (8.101)

The estimate (8.73) becomes

d n dP
2 q
lo do + (2 +&)l doP

> r >

>0 ti=%1,.,0;=%1 m/

(F (9a)g.m)(0

x2 2 3% |aff Ottt (p 4 4 ) (14 02) "2 5D (1 4 o72) 8,

(8.102)
and (8.76) is changed to
d n dr
2 q
< O CPHHEL (4 1) 2 (1 4 ¢2) 72 (340
—2y-1¢ (2g m |a])? N j+1
x(L+o72)72 Y T (p+ )+t (8.103)
Jj=0 '
the last series can also be made explicit, this time as
(p+q)! (1 =22 m|a) P 91 + Cy exp (27 7 Cs |al). (8.104)

That, in the present context, an operator such as e2/™(8: P) ¢2im(@ @) with «
and 0 in R"™, preserves the pseudoscalar product is a consequence of Proposition
8.12 and Remark 8.4 (iii). |

As observed in Remark 8.4 (i), the definition of the space S*(R™), though
associated to the choice of the canonical Euclidean structure on R™, does not
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depend on the choice, for every ¢ =0,1,..., of the orthonormal basis (Ygm)m of
spherical harmonics; the same is true of the spaces So(R™) and Sg(R™). Moreover,
the pseudoscalar product does not depend on such a choice.

Another transformation easy to study is the transformation w — wy with
ux(z) = A2 u(\x), where A > 0. If u is given by the series (8.46), one has
uy = Z&m f,\)m X ye’m with

Fem(s) = A3 g2m (A2s) : (8.105)

now, this function is just the ramified part, in the C%_,
2
he,m defined as

N Z’E—theory, of the function

hem(s) = A272 7 gp 1 (A25). (8.106)

This provides a decomposition of the form (8.46) for the function uy and, since
(hem | h[7m)n;2+e’e = (gem | gz7m)n;2+e’e as can be verified from the definition
of these expressions in Lemma 8.3, the transformation wu +— wuy) preserves the
pseudoscalar product defined as an extension of (8.47). It is immediate, on the
other hand, that this transformation preserves each of the spaces S*(R"), S.(R™)
and Sg(R™).

Remark 8.5. One question which we shall leave unanswered at present is whether
the pseudoscalar product is left unchanged, on some appropriate space, by more
general operators from the anaplectic representation. It is true that, since the
infinitesimal generators @; and Py (j,k =1,...,n) of the Heisenberg represen-
tation are formally self-adjoint, on E(") or on any of the spaces introduced in
Definition 8.10 or 8.13, there may be some hope that their symmetrized quadratic
combinations, still in some sense the infinitesimal operators of the anaplectic repre-
sentation, might enjoy the same property. However, the problem has to do with the
construction of some invariant space of functions, on which the pseudoscalar prod-
uct would make sense. For all we know, it is not excluded that a space comparable
to those already introduced might do, in the case of transformations associated to
linear changes of coordinates. However, let us indicate some rough reason why it
is very unlikely that a space such as S*(R"), Se(R") or S2(R™) could have such
an invariance with respect to general transformations from the anaplectic repre-
sentation. Going back to Sections 4 and 5, one sees that the Q-transform of any
anaplectic Hermite function is analytic on the whole of Sym,,: in other words, the
K-transform of such a function is analytic on the subset of ¥, or X("), denoted
as 28 in Proposition 4.7. This property is likely to hold also in the case of a
function taken from a space consisting of series of anaplectic Hermite functions —
though, in the case of the three spaces just referred to, we have not made such a
verification. But, except for the case of linear changes of coordinates, the equations
(5.69) from Theorem 5.10 show that, in general, the K-transform of the image of
the basic function ® of Theorem 4.18 (the rotation-invariant median state of the
anaplectic harmonic oscillator) under some anaplectic transformation ceases to be
regular on '8 because it has singularities which are moved in the process.



Chapter 3

Towards the Anaplectic
Symbolic Calculi

In the first section of this chapter, we study the anaplectic analogue of the Barg-
mann—Fock realization of functions on the real line. It is, again, a realization by
means of functions of two variables: however, the differential equation that char-
acterizes the image of the transformation is associated to a second-order operator
rather than a first-order one (the gauge-transformed aaz -operator of the classical
theory). Just as in the usual analysis, the Bargmann—Fock transformation depends
on some additional structure: a harmonic oscillator or, equivalently, a complex
structure on the phase space (here, R? as we consider only the one-dimensional
analysis) compatible in some sense with the symplectic structure. The same is
needed again, both in the usual analysis and here, when introducing the Wick
symbolic “calculus” of operators. As will be observed, the fact that there is, in the
anaplectic analysis, no fundamental difference between the raising and lowering op-
erators (in contradiction to the creation and annihilation operators of the classical
analysis), since they are conjugate to each other under the complex rotation by
ninety degrees, has an algebraically interesting consequence (c¢f. Proposition 9.11)
in the Wick calculus, and in the related notion of “Wick ordering” of operators.

Section 9 should not be regarded as an important one: only it answers some
very natural questions, besides stating and proving a few lemmas for a later use. All
practitioners of pseudodifferential analysis are familiar with the fact that the Wick
symbol of an operator is only a very smoothed up version of another species of
symbol, to wit the Weyl symbol, thus leading to a considerable loss of information
(which does not mean that the consideration of such a kind of Gaussian-regularized
symbol in pseudodifferential analysis is not helpful [22], but it should not be used
in place of the Weyl symbol in a systematic way).

The second section of this chapter should be regarded as an introduction
to the anaplectic analogue of the Weyl calculus: recall that, at least on R™, the
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Weyl calculus is often considered as synonymous with pseudodifferential analysis.
A concept dual to that of Weyl symbolic calculus is that of Wigner function: in the
usual analysis, the Wigner function associated with a pair of functions on the real
line is a function of two variables with two possible interpretations, one of which
is as the Weyl symbol of the rank-one operator associated with the given pair of
functions. In anaplectic analysis, the corresponding concept is also important in
another respect. It provides the simplest bilinear operation from pairs of functions
in some appropriate subspace of 2 to functions in the space 2A®): even the tensor
product is more difficult to deal with. In particular — though this is harder to prove
than the corresponding fact from classical analysis — the Wigner function of two
anaplectic Hermite functions of one variable is an anaplectic Hermite function of
two variables.

In higher dimension, however, the Weyl calculus has been hardly touched
upon, in Remark 10.5. It is of course only when the formal structure of the anaplec-
tic analysis has been completely elucidated that one can seriously hope to find for
this new pseudodifferential analysis a proper domain of application: one should
still consider all this, at present, as an exercise in harmonic analysis rather than
a new tool in partial differential equations. The main difficulty with anaplectic
analysis, more heavily felt in the higher-dimensional case, has already been ex-
perienced in Section 6, and is related to the fact that there is no class of very
simple functions, stable under the anaplectic representation, that would play the
role usually played by Gaussian functions: but this is also, after all, what makes
it the source of developments of possible independent interest, such as Corollary
10.12 or Theorem 10.14. Though it may be too early to tell, we also feel that
the approach to a possible extension of the Lax—Phillips scattering theory briefly
reported in Remark 10.4 may be promising.

9 The Bargmann—Fock transformation
in the anaplectic setting

The usual Bargmann—Fock transformation is an isometric linear transformation
from the space L?(R) to a subspace of L?(IR?), to wit that consisting of functions
V on R? which, in terms of the complex variable z = z + iy, become antiholo-
morphic after they have been multiplied by the function z — exp (7 |2|?). The
Bargmann-Fock transformation u +— V is defined by the equation

V(z +iy) = (X7 @90y ) (9-1)

involving the scalar product in L?(R) (linear with respect to the second entry),
the Heisenberg transformation 7(z,y) = €™ ¥2=*P) introduced in (1.1), and the

Tt

normalized fundamental state x(t) = 21 e~ of the harmonic oscillator.
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The condition characterizing the functions V in the image of the Bargmann—
Fock transformation can be stated as the differential equation

(882 + ”;) V—o. 9.2)
Set
vt () ()
21 or dy
=—217T [88; +§y22 —2iw<y§x—m§;> —7r2(m2+y2)]7 (9.3)
so that

2 (0 TZ 0 Tz
_7r<8z_ 2)<az+ 2>_A—1. (9.4)

Consequently, for V' in the image of the Bargmann—Fock transformation, one has
(A — 1)V = 0 but, of course, this second-order equation carries less information
than the equation (9.2).

Remark 9.1. The Bargmann—Fock transformation depends on the choice of the
canonical complex structure on R? (any other specified complex structure com-
patible with the symplectic structure of R2, i.e., for which the imaginary part of
a product zZz' of complex coordinates should coincide with the value —zy’ + yx’
of the canonical two-form of R? on the corresponding pair of points, would do just
as well, only changing x to the ground state of some transformed version of the
harmonic oscillator).

We now study the analogue of the Bargmann—Fock transformation in the
anaplectic setting, substituting for L?(R) the space 2 together with its indefinite
scalar product, and for x the function ¢ introduced in Proposition 1.2.

Proposition 9.1. Let ¢ be the median state of the harmonic oscillator introduced in
Proposition 1.2. Given u € U, define the function U on R? through the equation

Ulz,y) = (e W2"g | ) (9.5)

involving the Heisenberg representation and the indefinite scalar product in . The
function U extends as an antiholomorphic function of (x,y) in C2, after x and
y are given independent compler values. For some constant C > 0, the estimate
\U(z,y)| < C exp (m(x? 4+ y?)) holds for every (z,y) € R%. Moreover, U satisfies
the differential equation

AU =0, (9.6)

with A as introduced in (9.3).
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Proof. Recall from the proof of Proposition 1.2 that the C*-realization of ¢ is
(v, 0, %, 0), with 1 as defined in (1.11). Combining (1.58) and (1.71) with the
definition (1.1) of 7(x,y), we find that the C*-realization of e™*¥ 2™ WQ—zP)y
is the vector (ho, hl, hi,07 hi71) with

ho(t) = ; [W(t — ) €27 4 (L + 2) e 2V,
hi(t) = ; [W(t — ) 2T — (t + 2) e~ 27V,
hio(t) = ; [W(t — iz) €™t + ot + iz) e 2™,
hia(t) = ; [~ (t — ix) ¥t 4 ap(t + iz) e~ 2™V, (9.7)

Since these four functions extend as entire functions of the complex variables x
and y, it follows from the definition, in Proposition 1.14, of the scalar product in
2, that the function U extends as an antiholomorphic function of (z,y) in C2.
The estimate concerning U(z,y) is obvious, in the case when y = 0, from the
relations (9.7) and the estimate of the function I, 1 (rz?) at infinity. In general,
if @+iy=re? set g= (0" 5m0): one has Ana(g)¢ = ¢ since, under the
intertwining operator © introduced in Theorem 2.9, this equation is equivalent to
the equation 7_1 o(g) vgé)o = vgé)o proved in (2.15). Using (1.91), one can then
write

Ulz,y) = (Ana(g) e """ ¢|u) = (77" ¢| Ana(g™") u), (9-8)

which reduces the estimate of U(z,y) to that of U’(r,0), where U’ is defined by
the same equation as U, only in association with the function Ana(g~!)u instead
of w. Set

F(x,y;t) = e ™Y 2™Vt ) (t — 1) (9.9)

and observe after a straightforward calculation using the equation

P (t) — Am 2 (1), (9.10)

which expresses that i, just like ¢, lies in the kernel of the harmonic oscillator,
that

02 02 ) 0 0 9, 9 9

P + ay? + 2im (y P —xay> —7mi(x*+y )] F(z,y;t) =0: (9.11)
the same equation holds if F'(—x, —y;t), F(ix, —iy;t) or F(—ix, iy; t) is substituted
for F(z,y;t). Thus, after having been multiplied by e=*"*¥  the four functions in
(9.7) are annihilated by the second-order differential operator just introduced,
which, not forgetting the complex conjugation since the function ™ ¥Q—zP)y
occurs on the left of the scalar product that defines U(x,y), finishes the proof of
Proposition 9.1. ([l
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Remark 9.2. Let us emphasize that it is the equation AU = 0, not the fact that U
is an antiholomorphic function of two variables, that plays here the same role as
the antiholomorphy condition (9.2) of the usual Bargmann-Fock transformation.

To characterize the image of 20 under the map u +— U defined in (9.5), we
need a number of lemmas. This is a little more cumbersome than one would like
since, in view of the absence of a genuine (positive) scalar product on 2, one has
to use instead only that on Cfl’o, depending on Propositions 2.12 and 2.13 to
cover the other part C"f’l as W6211, finally transferring everything on 20 with the
help of O. ’

Lemma 9.2. Let pe C, p#0, —1 <Re p < 1. For every k € Z, one has

F( 1*p+25+2k )

_ k k
|slzP v e = p(LHetet2hy V_pe (9.12)
2

Proof. From (2.22) and (2.23), one sees that the equation to be proved indeed
holds in the case when k = 0. Next, Proposition 2.12 implies that

1
T/ Rk, = (p+2k+1+e)vit!

2m pe
1
RT!,of, o= (—p+2k+1+e)vt}L: (9.13)

note that the two equations are related since, as observed in Proposition 2.12,
T;_l R= RTJ . Starting from the product-of-operators formula

d d p
_f P = .14
sl g sl =+ (914)
we also note that
S22 T) s 1slE = R(s),  |sl=7 Rlsle = (s7H) 1T, (9.15)
where (s*!) is the operator of multiplication by s*!: consequently,
|s|=7 (T_, R) |s|? = RTT,. (9.16)

From (9.13), (9.16) and the case k = 0 of (9.12), one can derive (9.12), for every
k > 0, by induction. The case when k£ < 0 is handled in a similar way, using
instead of the operators which occur in (9.13) the operators R;Ll T and TR o
which lower the energy level. (|

Lemma 9.3. Let p € R, 0 < |p| < 1. One has

F( 1*P+2€+2k:)
F( 1+p+25+2k) :

k

(vk Ve

P

(9.17)

Jpe = mPt!
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Proof. From the definition (2.30) of the scalar product, together with the preceding
lemma, one finds, using Plancherel’s formula in the middle,

. . F( 1*P+2€+2k:) oo . L
('Up,s | Up,e)p’f =n’ N 1+p+s+2k) / 'Dp,s(s) 'Ufp,s(s) ds
) _
F( 1*P+2€+2k:) oo X A
= ) / @t (o) u*, (0)do,  (9.18)
2 _
which leads to the formula indicated after one has made use of (2.20). g

Remark 9.3. As a consequence, (vh o [vF )p0 > 0 forall k € Z but (vf | [vk,),1 >

0 if and only if k& > 0: for, otherwise, 25" + k and 2'5‘) + k are separated by the
integer k4 1 < 0. Of course, this fits with the fact that m,. is associated with a
definite scalar product if € =0, not if € = 1.

Lemma 9.4. Let p € R, 0 < |p| < 1. Given any v in the space C%_, there exist

pe’
C >0 and ¢ €]0,1[ such that
(WF V)l <COHL ke (9.19)

Conversely, given any sequence (ag)kez of complexr numbers satisfying for some
pair C' >0, § < 1 the estimate |ax| < C ¥ for every k € Z, there is a unique
v ey, such that (v’p“)s |v)pe = ak for every k.

Proof. We first treat the case when € = 0 to be in a position to use Hilbert space
methods. Let v € C¥, v=F "w. In view of (2.30), one has

(v o | 0)p0 = / 7 o(s) [s|Pu(s) ds

— 00

= [ atolo) oo (9.20)

— 00

with wy = |D|"Pw € 559,0 (a consequence of Proposition 2.3), or

(v o | 0)po = / (14075~ (1 1 i0)* wy (o) do

— 00

:/oo (1402 <1+ia>kw1(a)daz (9.21)

oo 1—i0

recall (2.32) that the functions ¢ +— wi(c) and o — |o[?~twi(—]) are analytic
on the real line. In particular, as ¢ € C, |o| — oo, one has for some constant
C > 0 the estimate |w;(c)] < C(1+|o|?) 2" .

Assume that k& > 0: for 0 < € < 1, the integrand extends as a holomorphic
function in a neighborhood of the closed domain limited by the real axis and the
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parabola {0 = z +ie(1+2?) : z € R}, and we first check that one can move
the contour of integration from the real axis to the parabola by showing that, for
fixed k, the integral of the same function as above, taken on the vertical segment
{o = A+itV1+A42: 0<t<e1 + A2} goes to zero as A — oo. Since, on this
segment, |do| = v/1+ A2 dt and the integrand (for fixed k) is at most

Cll+02"3 (14012 <Cl+0%?
— O+ A2 —2(1+ A) + 2041+ A%¢]7!

2iA
V1+ A2

where the second factor is integrable on (0, 00), we are done. We thus come back
to (9.21), in which we interpret the integral, with the same integrand, as taking
place on the above-specified parabola, and estimate the result as k — oo. From
the second expression (9.21), all that remains to be done, so as to complete the
proof of the first part of Lemma 9.4, in the case when k > 0, is to remark that
the supremum of Hfzfﬂ as o lies on the parabola, is < 1, an elementary task.
In the case when k& — —oo, the same proof works, only substituting —e for e.

In the other direction, we rely on the fact, mentioned just after (2.15), that
the sequence (w’ﬁfyo) kez is a complete orthogonal set in the Hilbert space consisting
of all w with || wl||, < oo, i.e., with |D|~2w € L*(R). Thus v can be found as
v = F 'w provided that, defining w as

w=ax [[wflll,* w. (9.23)
kEZ

=C(A+AH -2+ tt (9.22)

we are able to show that w € 6;0. We abbreviate the expression above as

w= brwky, (9.24)

keZ

where, in view of Lemma 9.3 and of Stirling’s formula (which proves that ||| w’;p 15!

<O (1+]k])?), the sequence (by)rez satisfies the same hypothesis as the one we
have made about the sequence (ax)kez. Then,

wio) =3 b (1402 "F (1 * ic’)k (9.25)

1—io0
kez

and

. k
ol (= )= S b (14 0?) (Hw) . (9:26)

1—1io
keZ

and all that remains to be proven is that both functions extend as holomorphic
functions of ¢ to some neighborhood of the real line. Now, this comes from the
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fact that, given any positive number 6 < 1, and A > 0, one has

+1

1—i(x+ie)|T <5 (0.27)

SUP-A<z<Aly | (x4 de)

_ 1+e—ix
Tl —e+ix

if € > 0 is small enough. Alternatively, the last few lines can be replaced by the
argument immediately preceding the statement of Theorem 6.5. This concludes
the proof of Lemma 9.4 in the case when ¢ = 0, and we now treat the other case.
If -1<p<0,and v e}y, weuse Proposition 2.13, then Proposition 2.12,
writing
k k k
(Up,l |U)p71 = (R Up+1,0 |U)p71 = (Up+l 0 |RTU)p+1,O (9.28)
to find the required estimate, since R}:v € C}1q o according to Proposition 2.12.
In the case when 0 < p < 1, we use instead the equations

(UI;,1 ‘ U)p,l =27 (p— 2k — 2)_1 (RT 1 Uﬁﬂ 0 ‘ U)pJ
— —2m(p— 2k —2)~ (A*L 4| Ro)poro: (9.29)
Finally, the same lines work in the reverse direction since, in view of (2.133)
and (2.134), the condition Riv € C%,,, or Rv e C¥ | implies that v € C¥:
in the first case, use Propomtlon 2.3 and observe that the operator R;f, is elliptic

on the real line. O

Proposition 9.5. Let (¢;)jez be the sequence of eigenfunctions of the anaplectic
harmonic oscillator introduced in Theorem 2.11. Given any function u € 2, the
set of scalar products of u against the functions ¢; satisfies for some constants
C >0 and ¢ €]0,1] the estimate

wjun<c[gq!@®@, j ez (9.30)

Conversely, given any sequence (a;)jcz of complex numbers satisfying for some
C >0 and ¢ €]0,1] the inequality

|%|<C{Uq!@®@, jez, (9.31)

there exists a unique function u € A such that aj = (¢7 |u) for all j.

Proof. Under the intertwining operator ©: C* 10 &) C — 2 introduced in The-

orem 2.9, this is essentially a rephrasing of Lemma 9. 4 only, we have to take care

of the normalization of the eigenvectors involved. Recall from Theorem 2.11 that,

for every j >0, one has ¢/ = A*¢ and ¢—7 = Al¢p with A* =72 (Q —iP) and

A=m2 (Q +iP). Under the isomorphism © the operators ) and P transfer to
22 d

0 1Qoe=2: (2 é) and  ©7'PO=_ ( 0 d8> (9.32)

2T des-i-é 0
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so that, with the notation of Proposition 2.12, the operators A* and A transfer
respectively to

0 R
T 0

0 T

@1A*@:(27r)5< ) and  ©71AO = (27)> (RZ o)’ (9.33)

1 3
It has been shown in (2.112) that, with o = 2;(7{)4 , one has
4

0
a®1p= (”50) : (9.34)

one can then see, using the set of formulas from Proposition 2.13, that, for k£ > 0,
one has

a@—1¢2k:2kr(}lj_k) U’ié’o 7
I'(y) 0

a® g = (—1)F 2" F(é(;k) (”?,o) 039

and, for k> 1,

) <U0k> . (9.36)

The proposition is then a consequence of the characterization of the space

C,. given in Lemma 9.4, and of the fact that the map © transforms the scalar

product on C¥, /@ CY, into that on 2. ]
29 29

Theorem 9.6. Let u € 2 and let U(xz,y) be the function defined on R? in (9.5)
or its extension as an antiholomorphic function in C2. Recall that it satisfies for
(z,y) € R? the equation AU = 0, with A as introduced in (9.3). For some C >0
and some § €]0, 1], the estimate

UG i)l +10G,—i)] < Cexp () 12P) (9.37)

holds for every z € C. Conversely, let U be any antiholomorphic function in C2,
satisfying for (x,y) € R? the equation AU = 0. Assume moreover that, for some
C > 0 and some ¢ €]0,1[, the inequality (9.37) holds. Then, there exists a unique
function u € A such that U is associated to u under (9.5).
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Proof. Let (z,y) € R?, and let 2z = x + iy. It is convenient, here, to set 7. =
e?imWQ=zP) e for any u € A, (r.u)(t) = u(t — x)e?(*=32)¥. Recalling that

w%<t 1d> and A:w%<t+ld>, (9.38)

4 C2m dt 27 dt

we note that, for every u € 2, one has the pair of equations

(; + W;) T, U= —r2 T2 (Au),
z
0 Tz 1 "
(82 - ) o= b7 (). (9.39)

Recalling Theorem 2.11, we thus find for every j > 0 the equations

( 9 772>j Ulz,y) = (1Y 72 (1, 677 | ),

0z + 2
0 J j .
(5= ) v =t oo (9.40)

In particular, this gives some of the Taylor coefficients of U at 0 € R? in terms
of the scalar products (¢? |u), to wit

<<§Z>w> 0) = (=1)7 72 (¢ |u), ((aaZ)jU) (0) = 7% (¢ |w). (9.41)

As a consequence of Lemma 9.2, one thus finds for some pair C, § with § < 1,
and every 7 =0,1,..., the estimate

J J - ,

| ((;x i) ) ol ((;x i) ) |z )] erat
(9.42)
Since U extends as an antiholomorphic function of (z,y) € C?, the two terms
on the left-hand side express the derivatives of all orders, evaluated at 0, of the

holomorphic functions of one variable z — U(z,iz) and z+— U(z, —iz). Now, it
is an elementary fact, based on the use of Cauchy’s inequality

SO0 < inase (R supygl 7)), (9.43)

valid for any entire function of one variable, and on Stirling’s estimate jT2ez ~
i [2]122, that the validity of the inequalities (9.42) is equivalent to that of (9.37).

All the arguments can be reversed, after we have proved that any antiholo-
morphic function U on C2, the restriction of which to R? satisfies the differential
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equation AU = 0, is characterized by the pair of functions z +— U(z,iz) and
z +— U(z, —iz). Now, if one knows the Taylor expansion at 0 of these two functions,
one also knows, reverting to the notation z = x + iy for =z, y real, all derivatives
(2)U() or (£)7U(0) relative to the restriction of U to R?. Finally, writing
the differential equation as

20 0. [0 _o nP
W@Z@ZU_{Zaz_Zaz+ 2 ]U’ (944)

one sees that, if 7 > 0, k > 0, one has

()7 G e)o=lee 2 () (2) )

(9.45)
which makes it possible, by a descent process, to compute all mixed derivatives of
U at 0 in terms of the marginal ones above. O

The following proposition will play an essential role at the end of the next
section too. We wish to call the attention of the reader, especially the one interested
in special function theory, to the pleasant phenomenon that occurs on the first line
of (9.51) below: the integral to be computed appears as a sum of two integrals,
neither of which could be expressed in such elementary terms (they would require
the use of Struve’s functions [17, p. 113]).

Proposition 9.7. Let ¢ be the median state of the harmonic oscillator introduced
in (1.9). For every (y,n) € R%, one has

™

(70 g ¢) = 1o (

(v + ) (9.46)

where the pseudo-scalar product on the left-hand side is the one in 2, introduced
in Proposition 1.14.

Proof. We first recall that Ana(kg)¢ = ¢ for every 6 € R, and kg = (%% 50 9):

this was proved in the proof of Proposition 9.1, just before (9.8). Then, it suffices,
as a consequence of (1.91), to prove (9.46) in the case when y = 0. Recall from
Jo
(2.111) and (2.112) that the C*-realization of ¢ is the vector f = <J90> with
0

fo(m)=2§7r_éxé Ki(WIQ), x> 0. (9.47)

We must apply (1.68), denoting as h the C*-realization of the function 2™ ¢:
in our present case, not forgetting that ¢ is even,

ho(x) = fo(x) cos2mn x,
hio(z) = fo(x) cosh2mnz, (9.48)
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and

(™9 | ) = 22 /OO (cos 2z + cosh 2mnz) (fo(x))? d. (9.49)
0

From the expression of fy recalled in (9.47) and [17, p. 98], one has

23 [ ,
(fo(z))? = ’ x/ K, (272 sinh t) g 2ma’ cosht gy
T 0
2 [ o
= (sinht)"2 e =™ ¢ dt (9.50)
T Jo
and
(eZian é ‘ ¢) — 1/ blnht 5 dt/ (e2i7r17:v + 6271-7;9;) 6727‘{'1/‘2€t d
0 —00
= / e~ smht (e LN + e 2et "2) dt
T Jo
2 1
= (cosh ) ds
7 Jo V1 - s2
= Io(™" ) (9.51)
according to [17, p. 84]. O

Proposition 9.8. With z, y € R?, and z = x + 1y, the anaplectic Bargmann—Fock
transform ®7(x,y) of the j-cigenstate ¢’ (in A) of the harmonic oscillator is
given by the equations, valid for j >0,

& (z,y) = (1) > (;)] Io.; <”§2> :
O (2, y) = 7 (;)J o (”'5'2> (9.52)

with

Io;(t) = (jt - 1>j Io(t) and  Io_;(t) = (;t + 1>j In(t).  (9.53)

Proof. Proposition 9.7, together with (9.5), shows that the anaplectic Bargmann—
Fock transform of the function ¢ itself is the function

®(z,y) = Io (g (2% + y2)) : (9.54)
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Next, applying (9.40) with ¢ in place of w, one finds, for j > 0,

¥ (2,y) = (0| ¢") = (¢ | 720) = (7207 | 9)

) J

i (gt ) B

i (0 7\’
— et () =) e (9.55)
and, similarly,
) - J
@*j(x,y) =2 (882 + ;) O(z,y). (9.56)

]

Remark 9.4. In relation to the characterization, given in Theorem 9.6, of the image
of the anaplectic Bargmann-Fock transformation, note that ®7(z,iz) is identically
zero if j < 0, and ®7(z,—iz) is zero if j > 0.

We now come to the question of defining the anaplectic analogue of the
Wick symbol, or Wick “symbolic calculus” of operators. Our definition — which,
as explained in the introduction of this chapter, can have at most limited value —
is modelled after one way of introducing the notion of Wick symbol in the usual
analysis, but such a comparison would be misleading if carried too far: for, in the
usual case, there is coincidence between the notion of Wick symbol and, in the
other direction, that of Wick ordering of an operator. It will turn out that this
coincidence ceases to hold in the anaplectic case: this is why we shall call the
species of symbol to be introduced now the coherent state symbol or CS-symbol.

Definition 9.9. Let T be a linear endomorphism of 2. Recall that 7, =27 (¥@—=F)
if z=2+1iy. We define the CS-symbol of T as the function T on R? such that
(abusing the notation (z, z), in the physicists’ way, to really mean (z,y))

fSj(z‘/? 2) = (Tz¢ ‘ T(TZ¢)) (957)

Proposition 9.10. The CS-symbol is covariant under the Heisenberg transform, i.e.,
if & is the CS-symbol of the operator S =71, T 7,-1 =7, T 7_,, one has

S(z,2)=%(z— 2,z — 7). (9.58)

Also, the CS-symbol is covariant under the restriction of the anapleqtic repre-
sentation to the subgroup SO(2) of SL;(2,R), i.e., setting (gfﬁg 2;‘;“99) .z =

ez, the CS-symbol of the operator Ana(g)T Ana(g—') is the function z
T(g71.z, g71.2) whenever g € SO(2).
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Proof. Recalling (1.2), one has 7, 7, = exp (im Im (2'Z)) 7,4, so that

S(z,2) = (10| (12 T 7—2)(7:9))
= (sz’ Tz¢ | T (sz’ Tz ¢))
= (Toew @ T (To-29)) (9.59)

since the two extra scalar factors of absolute value 1 on the two sides cancel off.

For the second part, we use the fact, shown on the occasion of the proof
of Proposition 9.1, that ¢ is invariant under the transformations Ana(g), g €
SO(2). Also, we use the equation (1.91) linking the Heisenberg and anaplectic
representations, noting that when g € SO(2), the linear action of g on R? that
occurs in (1.91) and the action z +— g¢.z as defined in the proposition indeed
correspond under the map (x,y) — = + iy. Thus,

(m=¢ | Ana(g) T Ana(g™") 7.¢) = (Ana(g™") 7¢ | T Ana(g ") 7.¢) (9.60)
= (Tgfl.z Ana(g_l) ¢ ‘ TTgfl.z Ana(g_l) ¢)
(

9
=6(g tz,g712). O

We now compute the CS-symbol of any operator in the algebra generated
by the operators ) and P or, which amounts to the same, A and A*. Given
any polynomial in the formal indeterminates A and A*, the associated Wick-
ordered operator is that obtained by letting the operator A act before A*, and the
associated anti-Wick-ordered operator is that obtained by letting A* act before
A. For instance, given the polynomial E(A* A) = A*J A¥  (where A*, A are
considered as formal indeterminates), its associated Wick-ordered operator is the
operator A*7 A*. and its associated anti-Wick-ordered operator is A* A*7.

Proposition 9.11. The CS-symbol of the operator A* A* is

. ] ! f) 1 _\ i 1 —
(rola ar) =3 (1) (5) c T T izt ahapr o)
= () () ey

and the CS-symbol of the operator A* A*7 is

. 1 ! f) 1 _ 1
(o 454 7.) =5 (1) (M) T T O iyt izt (o2)
2 (1) (1) vy

Proof. Tt is a straightforward consequence of the definition (2.123) of the operators
A* and A, and of the definition of 7, that

A, =1, A+ 72 27, A r, =71, A" iz, (9.63)
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By induction,

k J .
k 1 4 1
k. _ k—t 14 *J J \j—¢ £
A TZ_Z<€> (7r2z) A and A TZ_Z([) (7r2,z)1 T, A,
=0 £=0

O (9.64)
To conclude, it suffices, so as to prove (9.61), to write (7.¢|A* A¥71.¢) =
(A7 7,¢| AF 7.4) and to use the first of the preceding equations, together with

the fact that 7, is a pseudo-unitary operator on 2, finally to use the result of
Proposition 2.11. The second equation is proved in the same way. (Il

Remarks 9.5: (i) It is essential to note that, despite the fact that the very definition
(9.57) of the CS-symbol looks like the definition of the Wick calculus in the usual
analysis, the CS-symbol treats the Wick and anti-Wick orderings on an absolutely
equal footing, as can be seen from Proposition 9.11. An a priori explanation of
this phenomenon lies in the existence of the basic symmetry R of 2: as it follows
from the pair of equations (2.123), the conjugation by R changes A into i A*
and A* into ¢ A. This is in striking contrast with the usual analysis, in which the
creation and annihilation operators bear no such relation.

For the sake of comparison, let us consider the case of the usual Wick calculus,
in which the scalar product is that of L?(R) and the basic function x is the
normalized Gaussian function x(t) = 21 et Exactly the same proof as above,
together with the relation ||A*7x||?> = j! and the annihilation relation Ay =0,
shows on one hand that

(rox | A% AF ) 2@y = (w2 2)7 (w2 2)F, (9.65)

on the other hand that

(x| 4 47 i = 3 (7) (1) rmbap i ts oo

£>0
of course there is in this setting a definite privilege for the Wick ordering of oper-
ators.

(ii) In view of the commutation relations
[A, A7) =A™ and  [A*, AF] = —k AR (9.67)

immediate by induction, one sees that if & is the CS-symbol of [A, T, where ¥ is
the CS-symbol of T', one has & = 7~ 2 882 T; similarly, the CS-symbol of [A*, T]
s 6=-71":2%.

(iii) If S = A*A* one has RSR™' =tk A7 A** in view of the relations just
recalled, so that, for every operator S with symbol & in the algebra generated
by A and A*, the CS-symbol of R.SR~! is the function z+ &(iz,iz): observe
that ¢z is not the conjugate of iz and that, in this expression, & is implicitly
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extended as a holomorphic function of two independent variables. This relation
is not a relation of covariance and, recalling that R = Ana(( 319)), the reason
why the proof of Proposition 9.10 does not apply to this case is that R does not
preserve the scalar product on 2: instead, one always has (Rv|Ru) = (R?v|u),
where R? is the parity transform.

The properties (ii) and (iii) can be generalized to the case when T is an
arbitrary linear endomorphism of 2:

Proposition 9.12. Let T be the CS-symbol of an endomorphism T of A. The
CS-symbol of the commutator [A, T] is T2 88237, and the CS-symbol of the
commutator [A*, T) is —m~ 2 2 T. The CS-symbol of the operator RT R~ is
the function zw— %(iz,iz), after T has been extended as a holomorphic function
of two variables.

Proof. Starting again from the relation 7, = €2 W@=2P) one gets

1 d

T) = 2imy’ Q o= 2imy’ Q 9.68
[Q? ] 2,”7 dy/ /=0 (e e ) ( )

so that the CS-symbol of [Q, T is the function

1 d
2im dy’ Y

N | _8 0 N
/:OT(z zy,z—Hy)—QW( 82 9% (2, 2); (9.69)

in a similar way, the CS-symbol of [P, T is the function ,! (2 + J) . This
proves the first part.

For the second one, we are not entitled to the notation 7, any longer, since
z and y will take complex values, and we revert to the notation 7 (z,y). It is a
straightforward task to check the relations

R(z, &) R™ = m(~ix, iy), tr(x, &) R = m(iz, —iy), (9.70)

so that (remembering that R is not unitary, but self-adjoint) the symbol & of
RT R is given, for z = z + iy with z,y real, as

6(z,y) = (n(z,y) | RT R m(w,y) ¢)
R(z,y) | TR n(w,y) )

(—iz,iy) R | T w(iz, —iy) R~ ¢)
(—ix,iy) ¢ | Tw(iz, —iy) P) (9.71)

™

(
= (
= (
= (r

since ¢ is invariant under R. Such a function is the value on the pair (iz, —iy) of a
holomorphic function of two variables: it amounts to the same to say that it is the
value on the pair (z —iy,x + iy) of a holomorphic function of two variables. [
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10 Towards the one-dimensional anaplectic
Weyl calculus

The anaplectic analysis (not only representation) is quite different from the usual
analysis in many aspects. The most immediate deep difference shows itself in the
existence of invertible operators in the Lie algebra of the complexified Heisenberg
representation. Besides being of possible independent interest, the following fact
will be technically useful in the proof of Theorem 10.8.

Theorem 10.1. For every a € C such that Re o # 0, the operator Dy = P —a Q)
is an automorphism of the space 2.

Proof. Under the automorphism 7R of 2 introduced in Proposition 1.13, the
operator D, transfersto ¢ D_,: as a consequence, we may assume that Im o > 0.
Next, with g = (2 %) such that a = #7t¢ it follows from (2.120) that

P —aQ = (a+bi)" " Ana(g) (P —iQ) Ana(g™ ) : (10.1)

it is thus no loss of generality to assume that « = ¢, which we do from now on.
Writing the equation D;v = u to be solved as Av = e u, we note, as it
follows from Theorem 2.11, that this implies (¢* |v) = 72 (¢*~! |u) if k> 1, and
(using also A*A =L+ 1) (k+1)(¢*|v) = 72 (¢*~! |u) if k < 0. The estimates
which, according to Proposition 9.5, permit us to recognize a sequence of numbers
as being the sequence of scalar products of a function in 2 against the ¢;’s make
it possible to conclude. (Il

In the present section, we concern ourselves with the problem of building a
good (Weyl style) symbolic calculus of operators in the anaplectic environment.
It is a good idea to start with one version of the defining formula of the ordinary
Weyl calculus:

0p(8) = | (F &) exp (2im (1Q — yP) dy (10.2)

and to analyse its ingredients. In the usual case, this formula expresses the op-
erator Op(6) — say, acting on Schwartz’s space S(R)) — with symbol & as an
integral superposition of operators taken from the Heisenberg representation. This
rule makes the correspondence Op a covariant one under two distinct repre-
sentations. First, under the Heisenberg representation: the symbol of the opera-
tor %™ (M@=vP) Op(&) =2 (12=¥P) s the function (or distribution) (z,&)
&(z —y, £ —n). Next, recalling that Met is the metaplectic representation (revis-
ited in the beginning of Section 6), one has, for every g € §/L(2, R), the relation

Met(g) Op(&)Met(g ') = Op(Gog™). (10.3)
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The second property holds provided one defines F as the symplectic Fourier
transformation (the one that commutes with all linear transformations of R? in
SL(2,R), not only the orthogonal ones):

F&)w.) = [ Sln) ) dyay (10.4)

In the anaplectic case, it is important to realize that this definition can only
work and be of interest if one goes anaplectic all the way: let us analyse the meaning
of the ingredients of the formula (10.2) in the anaplectic analysis. We are certainly
familiar with the Heisenberg representation, which is formally the same as in the
usual analysis: it satisfies the Heisenberg relation (1.2) as well as the covariance
relation (1.91), which is a good starting point. Now, the symbol & should lie in
A2 or, to have a very general class of operators, in the dual of this latter space,
and the Fourier transformation should of course be the anaplectic one. But this
does not exhaust the list of ingredients of the formula (10.2). The most hidden one,
in some sense the one most difficult to deal with in a satisfactory way, is concerned
with the pointwise product of functions, which seems to occur on the right-hand
side when you apply the operator under consideration to a function y and evaluate
the result at a given point. Now, the pointwise product is not a good operation
in the anaplectic analysis, and one should interpret instead the formula above in
a weak sense, i.e., one should aim at defining the scalar product (¢ | Op(&) x)u:
recall from Proposition 1.14 that the scalar product, even though not a pre-Hilbert
one, is still non-degenerate. The answer, again taken from the usual Weyl calculus,
consists in writing this scalar product as the result (&, W (1, x)) of testing the
linear form & against some function W (1, x) of two variables, called the Wigner
function of ¥ and x.

In the case of the usual analysis, the Wigner function W (v, x) of a pair
(x, %) of functions on the line, say in Schwartz’s space S(R), is the function on
R? defined by

W (1, x)(x,&) =2 /_00 (x4 t) x(x —t) et dt. (10.5)

It enjoys a double status: first, it is the Weyl symbol of the rank-one operator
u — (|u) x; next, for every symbol & € S’(R?), one has the identity

(0100(©)0) = [ S(0. &) W) (w.) da (10.6)

which is exactly what we had in mind. By transposition, it is immediate that the
two covariance formulas mentioned above have versions which express instead the
covariance of the Wigner sesquilinear machine itself: we shall not display these
here, but their anaplectic analogues, to be displayed and proved in Proposition
10.4, are fully similar.
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From a certain point on, it will be necessary to consider functions lying in a
specific linear subspace of 2: note that we have already come across this type of
function in Theorem 6.5.

Definition 10.2. A function u € 2 will be said to lie in Ry if it satisfies the
following condition, to be compared to the one in Proposition 9.5: for any M > 0,
there exists some constant C' > 0 such that

@ oi<c| ], ez, (107)

it amounts to the same to say that u admits a series expansion u = Zj cj &,

where the coefficients satisfy, for M arbitrarily large, some estimate |¢;| <

C ([‘;‘} D=t M~Vl. In an equivalent way, if @~ u = (%) and if wy = Fvo, wy =
. . 1 .

F vy, the functions 6 +— |sin §|72 wo(cotan §) and 6 — (sin g>—§ wy (cotan §)

extend as holomorphic functions on the punctured complex plane.

We generalize an alternative expression of (10.5) to the anaplectic setting,
and shall show that the Wigner function of any two functions in 2y is a function
(of two variables) in the space ). When this is done, we can claim — we shall
not return to this point — that we have defined, in a weak sense, the operator
Op(6) with symbol &, as a linear operator from 2y to the complex anti-dual of
that space, whenever & is linear form on (). The covariance of the calculus will
follow provided that we define the linear action of SL(2,R) on the dual space of
A2 by duality.

Definition 10.3. Given x and 1 € 2, the anaplectic Wigner function W (v, ) is
the function on R? defined as

W (W, x)(2,€) = 2 (T FHED ) ), (10.8)

where the pseudo-scalar product on the right-hand side is the one introduced in
Proposition 1.14.

The first thing to note is that, in the usual analysis, this definition — with
the usual scalar product in place of the one in 2 — would agree with the above-
given ones: the verification is an easy matter, in view of the expression (1.1) of the
operator e27m(MQ-yFP),

From now on, we drop the subscript 2 to denote the pseudo-scalar product
in that space. The covariance properties of the anaplectic Wigner function are
expressed as follows:

Proposition 10.4. Let (y,1) € R? and g € SL(2,R) be given. For any pair (1, x)
of functions in A, one has

W (2 (7 g, 2 (IO ) (2,€) = W (0, ) (2 = 9,€ = ),
W (Ana(g) 1, Ana(g)x) =W (¥, x)og~". (10.9)
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Proof. From Definition 10.3, one has

W(eZiTr (nQ—yP) w7 eziﬂ- (nQ-yP) X) (1"7 g)
= 2 (e (me PHEQ) (2in(y P=n Q) 4| 2im(y P=n @) ) (10.10)

so that the first equation appears as a consequence of (1.2). On the other hand,

W (Ana(g) ¢, Ana(g) x)(,€) = 2 (""" F+49) Ana(g) ¥ | Ana(g) x)
= 2 (Ana(g™) €47 PO Analg) ) :
(10.11)
according to Theorem 1.20, this is the same as 2 (e*™(~%' P& Q) 4} | ) provided
that (?)zgil(?). O
We shall now show that the Wigner function of any two functions in 2 lies
in A, This requires a number of lemmas.

Lemma 10.5. With Q = (z) and P = ,! & one has the identities, valid for
arbitrary pairs (1, x) € AU:

W@ = (0= 0 o ) W W = (4 000 ) Wi,
WQu) = (o4 5 g ) W WPe = (€= 1 o) Wi,

(10.12)

Proof. One has the identities
2im (—yP+nQ) _ 2w (zn—y§) Yy n
W(y, e X)(z,€) =e W (¥, x) (m -2 =), (1013)

a consequence of Definition 10.3 and (1.2). Then,

W Q) = - 0 W mR y)(w,6)

C 2m 877|
n=0
1 a 2iman n
. T (4, (—)) 10.14
sir o (e () (2.6~ (10.14)
n=0
which yields the first desired result, and the second identity on the first line is
obtained in exactly the same way. The expression of the difference W((nQ —
yP)y, x) — W, (nQ — y P)x) can be thought of as an infinitesimal version of
the first covariance relation stated in Proposition 10.4. O

Lemma 10.5, together with Theorem 10.1 (which shows in particular that
any odd function in 2 is the image of some even function in that space under
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an operator such as A) makes it possible to reduce the proof that the Wigner
function W (v, x) of any two functions in 2 lies in 2A®) to the case when x
and 9 are even. Then, the Wigner function is even too: when applying Definition
4.12 of A towards proving that it lies in that space, we may then dispense with
the study of the vector-valued K-transform of W (), x) and concentrate on the
study of (KW (, X))o-

Theorem 10.6. Let ¢(z) = (w|z|)2 I (m 22) be the median state of the harmonic
oscillator, as introduced in Proposition 1.2. One has

W(¢,0)(x,€) = 2Io(2m (2% + €2)). (10.15)

Proof. This follows from Proposition 9.7. It should be compared to the equation
W(x, x)(z,&) = 2 exp (—27 (22 +£2)) which, in the usual analysis, gives the Weyl
symbol of the operator of projection, in L?(R), on the space generated by the

7TZL‘2

normalized ground state x(z) = 2i e~ of the usual harmonic oscillator. O

Remark 10.1. Just like its analogue in the classical theory (to wit, the function
2 6*277(”5%”52))7 the function W (¢, ¢) is normalized in the sense corresponding to
the pseudoscalar product introduced, in higher dimension — here 2 — in Section
8. Indeed, from Proposition 9.7, one has (W(¢, ¢)|W (¢, ¢)) = 2(P|P) with
®(z,8) = Ip(m(2? + £€2)). Now, going back to Theorem 8.7, one writes @ =
9o ® YO0 with Y00 = (27)~2 (the normalized constant on the unit circle), so
that g5%"(s) = (27)2 Io(2ms). From (3.14), one then finds that goo = —(7)2 v3,

so that, as shown in Corollary 8.4, (go,0|g0,0) = ”22. One concludes with the
help of (8.47). This remark may have possible significance in the future, when
the anaplectic pseudodifferential analysis is more fully developed: indeed, it would
be nice if, just as in the usual case, the pseudoscalar product on the space of
symbols would just correspond to the polarized form of some indefinite version
of a Hilbert—Schmidt squared norm. At present, this is true if one stays entirely
within the realm of anaplectic Hermite functions.

Theorem 10.7. Define, on R?, the pair of differential operators

1 [o* 52 1/ 0 )
A:27T(x2—|—§2)—8ﬂ_<8x2+8£2>, Q:i<ma£—§am>7 (10.16)

the first one of which is simply the conjugate, under the change of wvariables
(2,€) — (223,22€), of the harmonic oscillator in two variables L® introduced
in (3.21). For every j € Z, let ¢/ be the eigenfunction in A, as introduced in
Proposition 2.11, of the one-dimensional harmonic oscillator corresponding to the
eigenvalue j. Then, given any pair of integers j, k, the Wigner function W (g7, ¢*)
is the analytic function on R? characterized, up to normalization, by the eigen-
value equations

AW(S,¢") = (G+R)W(d,¢"),  QW(¢,¢") = —k)W(¢’,¢"). (10.17)
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Proof. Introduce on R? the complex structure for which ¢ = x + i€ is a complex
coordinate and set, in the usual way,

0 1/0 .0 0 1/0 0
ac = 2 <8x - ag) S (83@ T ag) ' (10.18)
Introducing the operators
1 /- 1 0 1 1 0
. T _ 5 _ . — 5 -
Right' =7 (C o aC) , Right = 7 (C+ 9 8{) ,
1 1 0 1/ 1 0
T = 2 — _ = 2
Left' =7 (C o 3C> , Left = (C—i— o 8C> , (10.19)

and recalling that
A*=nm2(Q—iP), A=n2(Q+iP), (10.20)
one derives from Lemma 10.5 the equations
W (3, A"X) = Right! W(¥,x), W (¢, Ax) = Right W (¢, x),
W(A*p, x) = Left! W (1, x), W (A, x) = Left W (¢, x). (10.21)
On the other hand, noting that
1 o2

A=2m(C— o¢ OF" (10.22)
one has the commutation relations
[A, Right'] = Right', [A, Left] = Left,
[A, Right] = —Right, [A, Left] = —Left : (10.23)

the first of the two equations (10.17) follows after one has verified it directly, in
the case when j = k = 0, from the result of Proposition 9.7. The second one
is obtained from the expression 2 = ( 59( - é?i’ from which the commutation
relations

[, Right'] = —Right",  [Q, Left'] = Left!,
[, Right] = Right, [2, Left] = —Left (10.24)

follow. That the pair of eigenvalue equations as given has only a one-dimensional
space of analytic solutions is an easy matter too. (Il

Theorem 10.8. Let x and ¢ € o, and let W (¢, x) be the Wigner function of
the pair ¥, x as introduced in Definition 10.3. The function W (¢, x) lies in the
space A2 . More precisely, the K-transform (KW (¥, x))o, (KW (b, x))1) of
W, x), as introduced in Theorem 4.11, extends as an analytic function on the
open set of matrices Z# € £?) lying above Y\A, where we recall that A is the
set of matrices in X? with a double eigenvalue (these are scalar matrices since
we are concerned here with the two-dimensional case).
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Proof. First recall from the observation following the proof of Lemma 10.5 that we
may assume that ¢ and x are even functions, and we have to study the analytic
continuation of the function (KW (v, x))o- Using Definition 10.2, we write

v=3b;¢¥, x=) o™ (10.25)

jEZ kez

with the ¢7’s as introduced in Theorem 2.11, and the sequences (b) and (cg)
satisfying for every M > 0 the estimate |by| + |cx| < C (k)" M~I*I. The
problem is to prove the convergence towards an analytic function, in the part
of ¥ above X\A, of four series, one of which (the other three ones are quite
similar) is 37,54 x>0 bj Ck Left® Right®* W (4, x). The rest of the proof is similar
to that of Theorem 5.5: we show that an operator such as

1 62

12 o2 (10.26)

- 1.0
Left?> = 7 |(? +

¢+ 0 ¢ ¢
transfers on the K-transform of a function on R? as a first-order differential
operator with coefficients analytic throughout X(?). Concerning the first term on
the right-hand side of (10.26), this has already been proved in (5.39): the same
goes for the last term 59;2, which is the conjugate of a term such as the first one

under a (two-dimensional) anaplectic Fourier transformation, this latter operation
corresponding (cf. (5.46)) to a global analytic diffeomorphism of %(?). Next,

=0 0 0 0 0
2 = ; - : 10.27

$oc ”am+5ag+’<mag §8x> (10.27)
the sum of the last two terms is an infinitesimal generator of the (analytic) action
of the maximal compact subgroup of Sp(2,R). Finally, = aaz +& 385 transfers on

the Q-transform level to the operator —25° ik Ok aa‘?m — 2, an operator already
’ J

considered in the proof of Proposition 5.3, which would have been written there
as —» . Lj; (c¢f (5.28). This concludes the proof of Theorem 10.8. O

There is another approach to Theorem 10.8, based on a computation of the
Q-transform of the Wigner function of a general pair (¢, x), and on an attempt
(which proved too complicated) at finding the analytic continuation of the inte-
gral obtained as a result. We reproduce part of the argument, since it gives new
significance to a known identity involving hypergeometric functions, or Legendre
functions.

Lemma 10.9. Let v € A, and assume that v satisfies, for some pair (C, €) of
positive constants, the estimate

lv(x e 7 )| < C’e*””Q,x eR. (10.28)
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Then one has the identity

Int [v] = /OO v(ze T)da. (10.29)

—0o0

Proof. Let (fo, f1, fio, fia1) be the C-realization of v: as shown in (1.33), one
has for large o the equation

/ e’ v(ze T)dx =22 / [eﬂ”‘m2 folz) + eimor’ fio(x)]dz - (10.30)
—o0 0

now both sides of the equation extend as holomorphic functions of ¢ in some
half-strip {o € C: Re ¢ > —e&, |Im o| < €}. In particular, under the current
assumptions, the identity just recalled is still valid for ¢ = 0: this proves the
lemma, in view of the definition (1.74) of the linear form Int. O

The following lemma expresses a new connection between the anaplectic rep-
resentation and the Heisenberg representation.

Lemma 10.10. Lgt u € A, satisfying for some pair of constants C, R the estimate
lu(z)| < C e ™27 Let a, ¢ be a pair of real numbers > R+ 1. Then the function
uy defined as the (ordinary) integral superposition

U :/ e~2m(azttee) pame T (o P+EQ) y gy d¢ (10.31)
R2
lies in A and can be made explicit as

1 ac—1 _ 2c
uy = _ (ac+ 1)*é Ana(gr)u with g1 = (“5‘){1 agi*f) . (10.32)

2 ac+1 ac+1

Proof. We abbreviate e 7 as k and make u; explicit as

ui(t) = / e2m (az®+ce?) u(t — 2k~ x) et et Ra)€ gy d¢. (10.33)
R2
Now -
/ 67277652 e—Amag AT rtE d¢ = (26)7é ezc” (évflit)27 (1034)
so that

i > a2 TRt
up(t) = (20)7é e tQ/ e2mas® T =T u(t — 2k x) dr, (10.35)

a convergent integral since a — c¢~! > R. The same inequality makes it possible
to use the deformation of contour associated with the translation z +— x + ";7
followed by the change of variable y = —2z, ending up with the equation

1 i1rt2 e ™ — TR
= e e / e (ome T DR o= B Wy () dy - (10.36)
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or
]- N ac— o0 TR ac—
up (t) = e ’m 2 1 / e (actl) ty o= %50 v u(k™y) dy. (10.37)
(8¢c)2 —o0
Setting
. ac—1 2 - ac+1
oly) =uly)e e, (10.38)

the function v lies in 2 according to Proposition 1.15, and it also satisfies the
condition that makes the application of Lemma 10.9 possible: hence

]. ac—1

uy (1) = 50! e "2 ' Ing [u]. (10.39)

Using Definition 1.17 of the anaplectic Fourier transformation, this is the same as

—ac—1
2c

]. ac—1 ac—1 2

n(t)= e Fa (e uy) e )<

50! t) (10.40)

or, from the characterization of the anaplectic representation given in Theorem
1.20,

1
ur = (ac+1)7>

1 0 —32c 0 0 1 1 0
X Ana <( 20" > <ac+1 T ) ( > ( 20" ) > ’ (10.41)
120 1 O 2c ! -1 0 120 1

finally leading to the matrix g¢g; indicated in the statement of the lemma. O
We now need to transfer to the space éf 1 o the scalar product of two even
2

functions in 2A. If u! and w2 are two such functions, let (“65) and (“65) be

1

associated to u' and u? respectively by the map (1.26), recalled in (2.81). By

Theorem 2.10, one has (u' |u?)o = (wg |wg)y | where, as defined in (2.4),
1o
(whludys , = [ b (DI ud)e)ar: (10.42)
—2:0 —o0

the variable denoted as t here was formerly denoted as o, a letter reserved for
another use here.

Lemma 10.11. With the notation just introduced, set, for any number z % 1 on

the unit circle,
1 14 1+ 2z
= 1— 2
P == st (7).

P == (ol (177)). (10.43)
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The functions f! and f? extend as real-analytic functions on the unit circle. One
has

2 - dz
whld)sy, = [ FEre T (10.40)
If g1=(25)€SL(2,R), setting
1 (il)(a1b1)(1—1)_( 7)eSU(1 1), (10.45)
’V—QZ- —i1 c1 di i i) \pa ’
one has
N 1,2y 2 A -l E a1z — B 9, \ dz
(Wfé,o(gl)wﬂwo)n_%yo—i |Z|:1‘ Prz+ai| 2 f —Biz+a f(2) 5

(10.46)

Proof. That f! is analytic on the unit circle was shown in Theorem 4.14, as

a consequence of the expansmn (1.27) of the function w} at infinity. Now, the

function \D\ 2w} lies in C¥ o thus admits at infinity a convergent expansion of

the kind 3, o, ant™"[t]7 3, from which the analyticity of the function f2 follows

as Well Under the (one- dlmenslonal) Cayley transform ¢ =1 |72 or z = ZZ? one
s 2|1 — 2|72 % = dt, from which one finds (10.44) from (10.42).
From the definition of the representation 7 _ 10 In (2.3), one has
aq t— C1
=|—bit+di|"2 10.47
(ol b)) = |- ore+a~ud (4075 ). (10.47

and it is a straightforward matter, using the Cayley map, to obtain (10.46) as a
consequence. (Il

Corollary 10.12. For every x > 0 one has

2
1+3: 11 A 11 -1
L 1—at) = D15 — . 10.4
2-F1<472a ) .’E) 2F1<2727 ) <$+1>> (0 8)

Proof. With ¢(z) = (r|z|)2 I_:1 (z2?), and

4

u(z, ) = W(o, ¢)(x,&) = 21Io(27 (z* + £)), (10.49)
in other words, with the notation used in Theorem 4.18 (2-dimensional case),
u(z,§) =28(22 x, 22 £), (10.50)

from which it is immediate, denoting as ¢ € Sym, a symmetric matrix such that
o = RI for some large R, that

(Qu)o(20) = (Q®)o(0), (10.51)
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an identity connecting the quadratic transforms of u and ®. Let e~ and e~%2
be the eigenvalues of Z = (6 —iI)(c+i1)~!, and assume to avoid any discussion
of sign that 6; and 6, are positive and small, and 61 > 6. Since det (I — Z) =

4 sin 9 sin %, it follows from (4.84) that

PO P TN

sin sin 2 11 01— 0

(Q@)o(a)z( CO2S 91,922) 2F1<2,2;1;—tan2 14 2). (10.52)
4

On the other hand, assuming from now on that o = (¢9), the result of Lemma
10.10, together with (10.8), is that

(Qu)o(20) = (ac+1)"2 (Ana(g1) ¢ | §)a. (10.53)
It has been verified in the proof of Proposition 9.5 that

0 1p= 1:(1)3 (”OO;,O> (10.54)

W’ (1) = (Foly o)1) = F(}T)Z (1+1%)"4. (10.55)
Then [17, p. 412]
(ID]2 w®, )(t) = F (2572 5|3 K1 (27 |s])) (¢)
=2iwir<3> (14271, (10.56)

With the notation introduced just before Lemma 10.11, we thus set w{ = wi =

w® , ,, which leads (with the notation of this lemma) to
3

1 5 3
fl(z):2_i7r_il"<4>7 fz(z)=2—17r—4r<4> : (10.57)
consequently, f1(z) f?(z) = 417r. Applying Lemma 10.9, and noting that
a=ac—1—1i(a+c), B=i(c—a), (10.58)
we obtain
1 . . _1 dZ
(Qu)o(20) = _. li(c—a)z+ac—14+i(a+c)|72 . (10.59)
24w |z|=1 z
In terms of #; and 6, one has a =i ii:iii =, ', , thus
an P
L 01402 iy 01402 iy 01—02
co
ac—1= Z 2o, atc= _bH; >, c—a= _w; >, . (10.60)
sin 5 sin 5 sin 7y sin g sin 7y sin g



174 Chapter 3. Towards the Anaplectic Symbolic Calculi

. _ . 01+6 .
Setting p = tan ;% and 2= e! (Wt "2?), we obtain

(Qu)o(20) _1/2”

(sin % sin %2)2 27

1
2ip .l
1 g d;

+1+N26 w

/ { 1+u) 14 p?
! dpg 1Th de
/1[1+ 1+u) 1+u2} V1-¢

1 2 -1
4p 4p Iun R _1
{1+(1+M2)2_1+M2+1+M2 n2(1=m)"2dn

1
4 si T
,usmw] do

_ 1{(1—@4 8
o L(L+p?)?  14p?

2\ 1 2y 171, )
1 (1447 / [1+8u(1+u)n} pb (1=t dy
0

} n7E(1—n)"2 dy

T 1-p (1—p)*
(1+p2)2 11 8u(l+u?)
= F ;1 — . 10.61
Comparing this result to (10.52), we obtain
11 _ 11 8u(1 + p?)
F L =) =1 —p)t oF ;1 — 10.62
2 1(2721 ) ,u> ( :u) 21(472’ ) (1_,u)4 ( )

for 0 < p < 1, but one still has —8‘(‘&;‘)‘;) < 1 if g > —1, which makes it possible
to use analytic continuation to claim the validity of (10.62) for —1 < p < 1. Note
that this equation provides the analytic continuation to all real values of p of
the integral that led to the right-hand side of (10.62): it is in another attempt
at a proof of Theorem 10.8 that we were led to the series of transformations
which produced this identity. Setting = = }fﬁ, one obtains the aesthetically more
satisfying equation (10.48).

Using [17, p. 51] and [17, p. 52], one may write this equation as

1+t 2\ 2x
mi}l ( 222 ) - <1+m2> m*é <1+x2>' (10.63)

This last identity can also be found as a consequence of the equation (11) in [17,
p. 157], applied to the right-hand side, and of the first equation concerning P# in
[17, p. 153], applied to the left-hand side. O

In the usual Weyl calculus, there is a simple link between the Weyl symbol f
of some operator and its integral kernel k, which may be expressed as the formula

k(s,t) = (Fy f) (sgt s t> , (10.64)
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where Fy ! denotes the inverse partial Fourier transformation with respect to
the second variable. In the case of a rank-one operator, built from a pair of L?
functions, this can be written as

Kol = 5w (1), (10.65

an equation which can also be derived from (10.5).

As a preparation — among other reasons — towards the study of the tensor
product of two functions in the space 2y, we now generalize this formula to the
case of the anaplectic analysis. Two important differences will appear. First, as
already mentioned, there is no genuine concept of partial Fourier transformation,
since “freezing” one of a pair of variables is not possible. However, as done in
Section 6, one may consider instead the anaplectic transformation Ana(g), with
g as introduced in Theorem 10.13 below: recall that this would yield exactly the
transformation Fj L if the metaplectic representation were used in place of the
anaplectic one.

In the anaplectic analysis, it will be necessary to add two or four terms of the
preceding kind, on the right-hand side, to obtain an analogue of (10.65). In the
null space of the formal harmonic oscillator, there are two linearly independent
functions ¢ and ¢° (the odd one, introduced at the very end of Section 1): ulti-
mately, this will imply that the Wigner function contains more information than
the tensor product.

Theorem 10.13. Let 1) and x lie in the space p: then the tensor product x ® v
lies in A2 . Moreover, assuming that 1) (resp. X) has the parity associated with
0 =0o0r 1 mod 2 (resp. that associated with 6" = 0or 1), and setting g =

6001
001 o |, one has the identity
010 0

x(s)«ﬁ(t):j1 3 ¢ (Ana(g) W(e, X)) (5'32+5t,s’s—st>. (10.66)
e=%+1
e'==+1

Proof. We first prove the identity above in the case when ¢ = xy = ¢, the ba-
sic function introduced in Proposition 1.2. Since Ana(g) is not really a partial
Fourier transformation, we must prove directly, in view of their immediate use, the
unsurprising formulas (in which x, £ is taken as the pair of independent variables
on R? and (£) stands for the operator of multiplication by ¢)

1 0

0 = —2i7 (£) Ana(g), Ana(g) (§) = % Of

Ana(g) o

Ana(g) : (10.67)
these are an immediate consequence of (5.71). On one hand, W (¢, ¢) satisfies

the equation ,; (x g& ¢ 51) W (¢, ¢) = 0 (which expresses the invariance of

W (¢, ¢) under rotations); on the other hand, W(¢, ¢)(z,&) = 2®(22x, 22¢),
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with & as defined in Theorem 4.18, so that W (¢, ¢) lies also in the null space
of the operator 2 (22 + &%) — ¢! ( 59:2 + 59;2) (a transfer of the two-dimensional
harmonic oscillator). In view of (10.67), the image of W (¢, ¢) under Ana(g), as
a function of (z, &), vanishes under the action of either of the operators

1 9 , e\ 1 (1 8 92
—m§+4ﬂ_ o 0¢ and 7r<2m + 2>_47r (2 8x2+28§2>’ (10.68)

; sotti — I ¢
Finally, setting s =2+, t =2—3,

the operators in (10.68) transfer to

1[4, o 1 62 1 0? 5 o 1 (0% 07
47 st 472 9s? + 472 Ot2 and m(s" 1) 47 \ Os? + ot?
(10.69)

one sees that, under this change of variables,

respectively.

Hence, the function (s,t) — (Ana(g) W (@, ¢))(°1", s —t) lies in the null
space of the two formal standard harmonic oscillators Ly and L;, with respect
to the two variables. It is not even with respect to s and t separately, but it
is globally even. Since the null space of the one-dimensional standard harmonic
oscillator is generated by ¢ and ¢, the function under consideration is a linear
combination of the functions ¢ ® ¢ and ¢° ® ¢?. Finally, the even part (with
respect to s, t or both) of the function (Ana(g) W (¢, ¢))(*5*, s —t) coincides
with a multiple of the function ¢ ® ¢. The normalization constant does not play
any role at present, and we may thus assume that the identity (10.66) is valid in
the case when 1 = x = ¢, granted that we shall prove a more precise result later.

Next, we show that the identity (10.66) is valid for every pair (i, x) of
anaplectic Hermite functions, by showing that if it is true for such a pair, it is also
true for the pair obtained by applying the raising or lowering operator to either of
the functions 1, x: one of the four verifications goes as follows. In view of (10.21),
one has W (A, x) = Left W(4, x). Then, in view of (10.67), one has

Aualg) W(Aw, ) = Analg) (2= i€+ () =i 0)) W(o.

1 0 1 0 ¢

=72 (m— N 2) Ana(g) W (i, x), (10.70)

and the operator in front of the right-hand side transfers, under the change of
variables (s,t) — (z,&) = (¢ stet e's —et), to the operator enz2 (t + o gt).
On one hand, A has the parity associated with §4+1 mod 2 if ¢ has the parity
associated with d; on the other hand, this operator indeed transforms the function
(x ® ¥)(s,t) into the function (x ® Aw)(s,t).

Finally, if ¢ and x lie in 2y, and each of the two functions has some definite
parity, one may use the expansions (10.25) to obtain a convergent expansion of

the Q-transform of (y ® v)(s,t) in the domain {0 € Symy: o = RI} for some
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large R; at the same time, the equation (10.66), together with Theorem 10.8,
takes care of the convergence, in the space of functions analytic in the part of
¥ above ¥\A, of the corresponding series of K-transforms. This provides the
analytic continuation of the K-transform of (x ® 1)(s,t), thus completing the
proof of Theorem 10.13. (]

The link between W (¢, ¢) and ®, already used, can be written as W (¢, ¢) =
22 Ana (4,%) @ with A= 272 (19): since g (4 2%) gt = (%) with

0 A 0 A 0 B!
B= (2;2 2% ), one has
272 (Ana(g) W (¢, ¢))(z,€) = (Ana(g) ®) (222, 272¢). (10.71)

We have seen in the proof of the last theorem that there exist two constants
Cy and C7 such that the identity

s+t

s t) — o 6(s) 6(8) + C1 ¢(s) 65(1)  (10.72)

holds. Setting

U1, 22) = Co ¢(“”Q) ¢>(“27“) Lo (“;”2> o (“ 7”2),

1
22 2 2

this can be written as the simple equation ¥ = Ana(g) ®. We shall find the values
of the two unknown coefficients by a comparison of the quadratic transforms of
the two sides, which will provide us with an opportunity to apply the definition of
the two-dimensional anaplectic representation from Theorem 5.10.

Theorem 10.14. The wave equation

2 P
(apQ ~ og ” W) f=0 (10.74)

admits a solution satisfying on the plane q =0 the initial conditions

fp, 0,7) = Wj (F (i))z [4p? + (p* — 1% — 1)1,

of -3 3\ 2 2 2 21-3%
Py (p,0,r)=27"2 (T 4 [Ap”+ (p° —r° —1)%] "4, (10.75)
given by the equation
1 11 a-+q
— — 2 - 10.7
fooa.m) == i (5 it T ) (10.76)

where
1
o=, VAP + (PP = =2 = 12 (10.77)
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This solution is defined and analytic in the complement, in R3, of the branch of
hyperbola {(p,q,7): 7 =0, ¢= \/p2 +1}.
The coefficients that make the equation (10.73) walid are Cy = 272 and
1

C) = 2;“ . If they are so chosen, one then has
fo.a,r) = QW) ((P57,7,))- (10.78)

Remark 10.2. Despite the fact that the function f is locally summable on R3, it
is not a solution, in the distribution sense, of the wave equation in the whole of
R3, only in its domain of analyticity. On the other hand, since the wave equation
is invariant under the change (p, ¢, 7) — (p, —q, ), one can also find an explicit
solution of the Cauchy problem obtained after one has changed the coefficients in
front of the right-hand sides of the two equations (10.75) in an arbitrary way.

Proof. With f(p,q,r) as defined by (10.76), and (when ¢ =0) a =
3 \/4p%+ (p? — r2 — 1)2, one has, with the help of several formulas from [17, p.
40], together with the formula of complements,

f(p, 0, 7) = oF (; ;; 1 —1) a2 = (2m) 3 (F (i))z a2 (10.79)

and
of 1 11 3 3 s
aq (pa 07 7’)— 2 |:2Fl <2a 27 17 _1> _QFl <2a 2721 _1>:| a 2
1 3 3 2 3
— 9 g (r (4)) a=}. (10.80)
Setting

1
b=, VA4 (02— 2 =12+ 12, (10.81)

one has a = /b2 + ¢2. Tt follows that a — ¢ > 0 (while the argument of the
hypergeometric function is always < 1) except when b =0 and ¢ > 0, i.e., r =0
and ¢ = \/ p? + 1: this makes the domain of analyticity of the function f explicit,
as indicated.

Take the generic matrix in Sym,, to be

g:(p“J r ); (10.82)

r pP—q
also, with = = (x1,x2), set

U(z) = ¢ <$1;$2> é <$12—é$2> ’ Uh(x) — ¢h <$12‘E$2> ¢h (3512—21)352) .
(10.83)
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With s = “1%%2 ¢ = *17%2 ope has
22 22

(cx, z) = (p+71)s®+2qst+ (p—7)t2. (10.84)

Let us recall Definition 4.1 of the quadratic transform:

(QU)o(o) = / e otr) 4205t (0-) ) 4o~ T gy g(e= T ¢) dsdt;  (10.85)
]R2

a similar definition holds for the Q-transform of U%, also an even function of the
pair of variables x1, x4, or s, t, even though, contrary to U, it is not even with

respect to s and ¢ separately. The equation (10.85) and some obvious parity
considerations make it immediate that

0

9 (QU)o(c) =0 and  (QU%o ((23)) =0. (10.86)

q=0

On the other hand, in the case when ¢ = 0, {(ox, ) reduces to (p +
r) 52+ (p—r)t2. At such points o the computation of the integral (10.85) reduces
to computations from the one-dimensional case already made, and we get from
(1.26) and (1.39) (the latter one with n = 0) that

@0 () =" (r (i)) (4 (4 h (Lt (=)

3 2
- 1
= ”22 (r <4>> [Ap® + (p* —r? —1)4 4. (10.87)
Next,
0 (QU%o(0) = —277/ e () (=) '] gy (;ﬁh(e_iI s) (;ﬁh(e_iir t) dsdt :
3(] q=0 R2
(10.88)
it is time to recall from (1.94) that
9F(s) = —(m |s|)* (signs) Iy (w5°), (10.89)

an odd function, so that s s #%(e~'T s) is an even function, coinciding for s > 0
with —e~ 7 72 52 J (7 s?). With the help of [17, p. 91], one finds

0

04 q:O(QUh)o(o) — 2272 (r <i>>2 4p? + (® =2 — 12" (10.90)

Comparing the Cauchy data, on the plane ¢ = 0, of the function f, as given by
(10.79) and (10.80), and those of (Q ¥)g, with ¥ as defined in (10.73), we obtain
that (10.78) can hold only if the coefficients Cy and C; have the values indicated.
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Taking Remark 5.2 into account, the only point that remains to be proved is
that

f(p,q,m) = (QAna(g) @) (("}7,1,))- (10.91)

Since we already know that both sides extend as analytic functions in the comple-
ment, in the space Syms,, of some algebraic subset of dimension 1, it is sufficient
to prove this identity for (p,q,r) in an arbitrary non-void open subset of R?: we
shall assume that p is large and that |¢| and |r| are small, so that the matrix o
should be close to a large multiple of the identity matrix.

Let Z = g;% be the image of ¢ under the Cayley map. With our present
g=(45) as defined in the proof of Theorem 10.13, the equations (5.2) and (5.5)
give a=(49), B=0and [g7(2)=(§2) Z (§2). Here,

7 — 1 (QOf(qfi)?fr2 %r )
(p+1i)2—q2—12 2ir p?—(q+i)?—r? )’
so that
l9711(2) = ! (”2‘@‘”2”2 o ) (10.92)
(p + i)2 —q2% —r? 2r —p*+(g+i)’+r? ) ’

An application of Theorem 5.10 and Theorem 4.19 leads to an expression of
(K Ana(g) ®)(Z) as some function of the ratio of the eigenvalues e~ and e~#92
of the matrix [g7!](Z) that occurs in (10.92). One finds that, for some order of
the two eigenvalues, one has

i) _ 100 10.93

¢ ig+b’ (10.93)
with b as defined in (10.81). However, the angle 91292 must be determined
mod =, and we have to decide which of the two equations (4.76) and (4.77) must
be taken. This can only be done by connecting the matrix g to the identity
through the path (g:)o<i<7, where g, = (458) with A =D = ({ .2,) and
C = -B = (3,2,), which implies 3 = 0 again and o = ( %), so that
l901(2) = (5..%) Z (g )

In the case when r = 0, all these computations simplify, since

pP—q+i

_ p+q—:: 0
l9:'1(2) = ( PR i b > , (10.94)

+ 0
the image under the Cayley map of the matrix (poq (p—q) cos t—sin t ), provided that

(p—q) sint4cost

p > q, which can be assumed. Theorem 4.19 thus implies that it is the equation
(4.76) that has to be used under the assumptions above, in which |r| and p — |g|
are small. In the case when 7 = 0, comparing the ratio of the eigenvalues of
the matrix in (10.94) taken at ¢ = 7 to the expression (10.93), one sees that
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e~%1 (resp. e7'%2) actually denotes the upper-left (resp. lower right) entry of
that matrix. The equation (10.94) again then shows that, as ¢ moves from 0 to
7, the first eigenvalue e~*% of [g;” '1(Z) is a constant, 6; being a small positive
number, while the argument 6s of the inverse of the second eigenvalue moves
from a small positive number to a number close to 7. Thus, at the end of the
path, sin 91;92 < 0, and since, from (10.93), R qub, one sees that
coS 91592 = — 2, from which cos? 91192 = S

The equation (10.76) then follows from (4.76) together with the fact that if
o € Sym,, and Z € ¥(? are linked by the Cayley relation, the Q-transform of
U at o and the K-transform of this function at Z are linked by the relation
(recalling (4.39))

(K W)o(Z) = ; (det (I + 02))4 (QW)o(o) : (10.95)

with ¢ asin (10.82), det (I + 0?) = 4a?. O

Remark 10.3. When (p,q,7) = (sinh&, cosh&, 0) describes the branch of hyper-
boloid which is the singular set of the function (Q Ana(g) ®)o, the corresponding

zz;z (6 %) of the compactification ¥ of Sym, moves from (')

to ((1) _01). Thus, the closure of this branch in ¥, and a fortiori that in X2,
is not a closed curve: the second one is just one half of the singular support of
the function (K Ana(g) ®)o, which, according to what was said at the very end
of Section 4, consists of one circle (in the appropriate parametrization: cf. end of
proof of Lemma 4.16). The other circle of interest there, half of which lies in the
Cayley image of Sym, (the first sheet of %(?)), is defined here by the equations
r=0, qg= —\/p2 + 1: it does not intersect the singular support of (X Ana(g) ®)o,
but it constitutes half of the singular support of (K Ana(g=1) ®)o.

point Z =

Remark 10.4. Solutions of the wave equation (10.74) are of interest since [15] they
provide solutions of the equation ( g; + (A= }))h =0 involving the Laplace—
Beltrami operator A on the upper half-plane II, hence connect to the Lax—Phillips
scattering theory for the automorphic wave equation. More precisely, consider the
analytic diffeomorphism

1 __Re z
(t,z)— o= (pJTrq piq) =et (II;CZZ ‘1;‘122 > (10.96)
Im z Im z

from R x II to the cone C defined by the inequalities (p?> —¢*> —72 > 0, p > 0).
Under this change of variables, accompanied by the transformation h— f = ez h,
the wave equation (10.74) inside C' relative to f is equivalent to the automorphic
wave equation above concerning h. It is also an essential part of the Lax—Phillips
theory that a solution A of the latter equation is characterized by its pair of
Cauchy data ho(z) = h(0,2) and hq(z) = %}Z (0, 2).
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Any quadratic transform, in the style of Definition 4.1, leads to a solution
of (10.74): in particular, with any even-tempered distribution & on R2, one may
associate the function (compare (4.1))

fo0.1) = [ (e e () v (10.97)

Noting that, under the change of coordinates (10.96), one has

—t \x—z§\2
Im 2z

(0(e), (&)=

one sees that the Cauchy data, on the upper half-plane, of the function h associ-
ated to f in the manner indicated above, are

; (10.98)

2
) = [ 8.0 exp( A ) i d,
/ &(z,€) exp( x_252> [w N 1] dede. (10.99)

Im 2z Im z 2

Now, the pair of functions just made explicit has a nice interpretation in
terms of the Weyl calculus on the real hne Indeed, consider the two functions
ui(s) =24 e~ and ul(s) = 23 w2 se~™ | the normalized first two eigenstates
of the (usual, or metaplectic) harmonic oscﬂlator. For any g = (2%) € SL(2,R),
with z = *t% set u. = Met(g) u; and ul = Met(g)us, where the indeterminacy,
by the factor +1, inherent in the fact that we have not singled out either of the two
points in the metaplectic group lying above g, is of no consequence in what follows.

Renormalizing the Weyl calculus Op as Op,, with Op (&) = Op((z,§) —
S(221, 22£)), one has [25, p. 17]

ho(2) = (u2 | Opy(8) 1) | miz) =, (110p (&) ul). (10100

This played a basic role in the development of automorphic pseudodifferential
analysis (loc. cit.). It has also been a major incentive towards the development of
anaplectic analysis and our interest in quadratic transforms in general. We have
some reasons to believe that, along similar lines, some connection can be found
between anaplectic pseudodifferential analysis and a variant of the Lax—Phillips
theory, putting forward the one-sheeted hyperboloid in place of the two-sheeted
one. Numerous unexpected facts, however, have occurred so far in the development
of anaplectic analysis: as a consequence, we shall refrain, as yet, from making any
conjecture as to whether this may be of any significance in connection with modular
form theory.

Remark 10.5. Let us finally discuss whether anything can be done in the higher-
dimensional case. Provided that n # 0 mod 4, a pseudoscalar product has been
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introduced in Section 8: it makes sense, in particular, on the space denoted as
Se(R™) so that, making use of Theorem 8.17 and starting from two functions in
the space S¢(R™), one can define their Wigner function by the equation

W (0, x)(z, &) = 2" (b7 PHEQ) 4| ), (10.101)

a generalization of (10.8): the new coefficient 2" (instead of 2) is taken in analogy
with the corresponding formula from the usual analysis.

As a consequence of Proposition 8.16, this definition makes sense, in partic-
ular, in the case when ¢ and 1 are anaplectic Hermite functions. Lemma 10.5
generalizes, leading to the equation

1 0

W(,Qjx) = <33j ~ dir 0g,

> W (4, x), (10.102)
in which the operator (); is the operator that multiplies functions of = by zj,
and to the three other analogous equations.

Denote as ®( the function denoted as ® in Theorem 4.18, which is a
rotation-invariant function in the null space of the harmonic oscillator L™, and set
U = W (@™, &™), One might expect that, as is the case in the one-dimensional
analysis (Theorem 10.6), the function (z, £) — ¥(27 2z, 272¢) should be a mul-
tiple of the function ®(2"): however, we shall explain the reason why this is not
the case. The analogous fact, in the usual analysis, holds in any dimension (only
Gaussian functions are involved then).

Let us use the equation (10.102) and the related ones. Since the function
&™) is annihilated by the infinitesimal generators Mjr = Q; P, — Qi P; of the
rotation group, computing the Wigner function W(®™ Mz ®™) as well as
the one in which the operator Mj; acts on the left-hand side, one obtains that
the function ¥ is annihilated by two operators: first, the first-order differential
operator x; aik — Tk 82,- +¢; agk —& a?,- , next a second-order differential operator
N1, which it is more difficult to take advantage of, and to which we shall come back
later. Consequently, the function ¥ is invariant under the linear transformations
associated with the matrices (in block-form) (§9) with Q € SO(n). Next, the
function @ lies in the null space of L("): by the same trick, this leads again to a
pair of equations, to wit

5 o1 0% 0?
Z(xj +&5) 1672 (ax? + 35]2

0 0

v=0, > (m] o, 13 ax]) v =0.
(10.103)
The first of these equations means that the function W(2-2z, 272¢) lies in the
null space of the harmonic oscillator L(?™) in 2n variables; the second one means
that ¥ is invariant under the one-parameter group of linear transformations, an

infinitesimal generator of which is associated to the matrix (% §).
Now, except in dimension 1, a function ¥ of (z,€) invariant under the
linear transformations (x,&) — (Qx, Q€) with Q € SO(n) as well as under the
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transformation (z,§) — (x cosf — £ sinf, = sinf + & cosf) does not have to be
rotation-invariant. In dimension 2 (resp. > 3), it only has to be of the kind F(«, ()
with o =} (|2 + [¢[*) in both cases, and 3 = z1s —x2&1 (resp. 33, (5 & —
71 &;)%). The equation N ¥ = 0 referred to above, in which, actually, Nj =
Ti&h— Tk &+ oo (agfgmk — 861??9931 ), becomes, in terms of (o, (), a second-order

equation which reduces to the equation J (%205 + %;5 — 1672 F) + 2a 59: gﬁ =0
when n = 2, to a comparable one in higher dimension: together with the condition
which expresses that the first equation (10.103) is satisfied, it should in principle
make the function ¥ computable as a series, in a way resembling that used in the
first part of Section 6; we have not completed the calculations.

Only observe that, as soon as n > 2, F' cannot be a function of « alone.
One may note that the method just developed gives a new proof of Theorem 10.6
(the one-dimensional case). Also, it may be useful to point again at the difference
of structure — already felt in Section 6 — between the function ®(™ from the
anaplectic analysis and the Gaussian function of the usual analysis. Contrary to
the first one, the latter one is an eigenfunction of the partial harmonic oscillators
as well (in particular, it is invariant under the partial Fourier transformations):
this, ultimately, leads to the associated Wigner function being invariant under
the group Sp(n,R) N O(2n), which is sufficient to ensure that it depends only on
|z[* + €]



Chapter 4

The One-dimensional Case
Revisited

It has been our claim, based on the fact that the image of the ground state of the
harmonic oscillator under the Heisenberg algebra is a dense subspace of L?(R"),
that, in some sense, the harmonic oscillator leads in a natural way to a fairly
wide section of classical analysis. In the first section of the book, it has been
shown that, in the one-dimensional case, the same construction, starting with the
even function in the null space of the harmonic oscillator in place of the Gaussian
function, leads to a new species of analysis, to wit the anaplectic one: the spectrum
of the harmonic oscillator is then Z instead of é +N.

Our construction of the one-dimensional anaplectic analysis was based on
the consideration of the complementary series of representations of SL(2,R), as
described in Section 2: it was only after some transformations that we arrived at
the definition, given in Section 1, of the space 2 in terms of the C*-realization of
functions therein. As it turns out — but this is a fact that we discovered only long
after we had embarked on the whole project — this presentation of the anaplectic
analysis is just the one appropriate towards a more general theory, depending on
one (complex) parameter.

We here show that, for any complex number v mod 2, starting with the ap-
propriate generalized eigenstate of the harmonic oscillator, one finds a new anal-
ysis, and a new space 2,. One has Ql_; = 2 but, for reasons to follow, the
parameter v must not be confused with the parameter p from the beginning of
Section 2. We shall assume that v ¢ Z: for any value of v ¢ Z, the Heisenberg
representation and some appropriate representation of some covering of SL(2,R),
to be called the v-anaplectic representation, preserve the space 2, .

The r-anaplectic representation coincides with the anaplectic representation
from Section 1 in the case when v = —! mod 2 and with the dual anaplectic
representation as developed, on the space 2!, in Section 7, in the case when v €
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5—1—2 Z.1f v is areal number, half of it (its restriction to the subspace of even or odd
functions according to whether v €] — 1,0[+2Z or v €]0,1[4+2Z) is unitarizable
and is equivalent to a certain representation taken from the series denoted as
C’LST) by Pukanszky in [18]. More precisely, the series of unitary representations
from (loc. cit.) that fits within the present considerations is the one for which
q= 136: it does not participate in the Plancherel formula for the universal cover of
SL(2,R).

Our main interest in this development comes from the fact that it certainly
changed our point of view about the role of the anaplectic representation and
analysis in general, initially thought of as being dual to the usual analysis, but
given now a more considerable range. To put things into a different perspective, in
association with any complex number v mod 2, there is a well-defined species of
mathematical analysis (including a concept of integral and Fourier transformation
and, in the case when v € R, a pseudo-scalar product) for which the spectrum of
the even part of the harmonic oscillator is % + v + 27Z; that of the odd part is
—% + v + 27Z. Only the case when v € Z is excluded: it corresponds to the usual
analysis.

11 The fourfold way and the r-anaplectic
representation

Let L =maz?— 417r dd; be the standard harmonic oscillator. Near each of the two
endpoints + oo of the real line, the equation Lf = (v + ;) / has two solutions,

one that behaves like |z|” e~ ™ 5”2, the other like |z|~¥~1e™ =*: this is an immediate
consequence of the WKB method. It is only when v =0,1,... that one can find
a solution of the equation on the whole real line (in this case a Hermite function)
equivalent to a constant times |z|" e™™ @* as well near + 0o as near — o0c. If v ¢ N,
one must satisfy oneself with a solution with a good behavior near + oo only, in
which case it will, of course, be extremely far from lying in L?(R). In [17, chapter
8], such a generalized eigenfunction is called a parabolic cylinder function, and the
solution of the equation Lf = (v + %) f normalized by the condition

flz) ~ (2712 2)” e xr — + 00, (11.1)

is denoted as f(z) = D, (272 z).

Our first task in this section is to build an appropriate space 2, of entire
functions of one variable containing the function u that is the even part of the
function f just defined, and stable under the Heisenberg algebra. We refer to
Definition 1.1 for comparison: note that the definition that follows is exactly that

of 2 in the case when v = —1.
Definition 11.1. Let v ¢ Z, and consider the space of C*-valued functions f =
(fo, f1, fio, fin) with the following properties: each component of f is a nice
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function in the sense of Definition 1.1, and the components are linked by the
following equations:

fio(z) = 1;2(;)1;) [671‘; (v+1) foliz) + '3 () fo(—ix)} ,
I'(-v)

fi,l(l') = (QW);

[e—”z” filiz) +e's fl(—ix)]. (11.2)

The space 2, is the image of the space of functions so defined under the map
f +— u, where the even (resp. odd) part of w is the even part of fy (resp. the odd
part of f1). We shall also refer to f as the C*-realization of u.

Remark 11.1: The space 2, depends only on v mod 2: for if (fo, fi, fio, fi1)
is a C*-realization of u when the parameter v is considered, one may regard

(fo, J1, 9i,05 9i,1), With
gio=—(W+ D)@ +2)" fio,  gin=—(w+D)E+2)" fir, (113)

as a C*-realization of u in the space 2, ;2. We shall always assume, however, that
a value of v has been fixed: we do not make any limitation, to begin with, about
the value of v, save for the standing assumption that it should not be integral.

One should also note that, when v € % + 27, the space 2, coincides with
the space gh considered in Remark 1.3 and in Section 7: simply observe that
if (fo, f1, fio, fi1) is the C-realization of some function in A% in the sense of
Theorem 737 then (f()7 fl7 fi707 fi,l)7 with f@o = 2‘]?1'70 and fi,l = -2 fi,la is a
C*-realization of the same function in 21, in the sense of Definition 11.1. The
normalisation to follow of the integral — anii, as a consequence, that of the Fourier
transformation and of the whole analysis — is fully compatible, in the cases when
v = F3, with that formerly introduced in 2 and A respectively.

Corollary 1.7, to the effect that the map f +— w is one-to-one, immediately
extends: that v ¢ 14 27 shows that fp is unique; that v ¢ 27Z shows that f;
is. Unless v € —% + Z, the space 2, is not invariant under the complex rotation
by ninety degrees. However, the following holds:

Proposition 11.2. The map u — u;, with u;(x) = u(iz), is a linear isomorphism
from A, to A_,_1. If (fo, f1, fio, fin) is the C*-realization of u in the 2, -
analysis, that of w; in the ™A_,_1-analysis is

(hOa hla hi,07 hi,l) = CV (f’i,07 —1 fi,la an —1 fl?) (114)
with
(11.5)
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Proof. The equations (11.2) can be inverted as

P Fg:)f) [ fuoliz) +e7% fuo(=in) |
fl(l‘) = F(l +11/) |:€1; (V+1) f171(2$) + e 121r (V+1) f171(—21,')] . (116)
(2m)’

It is then immediate that the C*-valued function h defined above qualifies
as the C*-realization of some function in 2A_,_;: that this function is just u; is
proved in a straightforward way, only relying on the duplication formula (1.89). O

Theorem 11.3. For any v ¢ 7Z, the Heisenberg transformations m(y,n), with
(y,m) € C2, preserve the space U,. The C*-realizations h and g of w(y,0)u
and 7(0,n)u respectively are given in terms of the C*-realization of u by the
same relations as in Proposition 1.11.

Proof. For instance, we claim that

ho(@) = , (ol — 1) + ol +) + fale —4) — fala +)),
m@) = , (ole 1) — fole +) + fule —v) + ala +))
hio(e) = 5 (o — i) + fola +i9) + furw —in) — i fir o + i)
hia(e) = 5 (=i fuole = i) +3 Fiole + i) + fia(e — i) + fiale +i)) - (117

2

the very tedious verification that the link between (ho, h1) on one hand, (h;0,hi1)
on the other hand, is still given by the equations (11.2), is of course straightforward;
that (7(y,0) %)even (resp. (w(y,0)u)oaq) coincides with the even part of hg (resp.
the odd part of hi) does not require a new verification. (Il

We define the Q-transform and the K-transform of a function u € 2, by
the same formulas as the ones from Section 4:

(Qu)o(o) = / e~ u(x e_T)dac7 o large (11.8)

— 00

and, for z on the unit circle, z =e~* with # > 0 and small,

1 1
(Cuolz) = 1 — 21~} (Qu)o ( 1jj> . (11.9)
Similarly, (¢f. Definition 4.1),
(Qu)i(o) = /00 (1+io)x e~ u(xe*if)d% (11.10)

and the transform from (Qu); to (Ku); is the same as that from (Qu)y to
(]C U)O-
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Proposition 11.4. Let u € A, be associated with the four-vector f. The Q-
transform of w extends as an analytic function on the real line, given by the
equations

(Qu)o(o) =% F2)
X lQ oS 7;/ /0 e~imo folx) dx + 122(71);) /0 eimo @ fio(x) dx] (11.11)
and

(Qu)i(0) =e'®" lQi cos 7;/ /000(1 +io)ze T fi(2) da

. (27()% > . iro x? () dx
+ZF(—1/)/O (I+io)xe fia(x)d 1 (11.12)

Proof. The proof is similar to the beginning of that of Theorem 1.8. We set wy =
(Qu)o (note that, for consistency with (1.26), we cannot use here the notation
wy for (Qu)p) and

wile)= [ e e Dar=eT [T e oo,

3im

wg (o) :/Ome—”f fo(ze’¥ ) dw. (11.13)

With A =ed (14 e™), one has

’lU()(O’)—A / e*iﬂ'o'aj2 fO(x) de :/ 6771'0'(1:2 [_eim/ fO(x eii‘f)"-fo(l'e?’iw )] di
0 0
(27'(')% in ( +1) /OO _ 2 i
= ez VW e " fiolwed)dr: (11.14
o 0 (veT)de: (1114)

with a new change of contour of integration in the last integral written, this leads to
the equation (11.11). The proof of (11.12) is the same, substituting p =i (1+€'™)
for A. |

We can now generalize Theorem 1.8, as well as a part of Theorem 4.14.

Theorem 11.5. Let v € C, v ¢ Z, and let uw € . For a certain sequence (an)n>o0
of coefficients, one has for o € R with |o| large enough the convergent expansion

(Qu)o(a):e_i’; (v+3)signo Zana—n |0,‘—;’ (11.15)
n>0

and a similar one for (Qu)i(o).
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The C*-realization of u can be recovered, in terms of u, by the following four
formulas, valid for x > 0 and involving semi-convergent integrals:

eii27r (VJré) o . 2
folw) = S / (Qu)o(o) €™ ** dor,

2 cos 7y o
fiolz)=(@2m) 2 e 7 W) (=) 2 / (Qu)o(o) e ™" do,
im (v41)
— e 2 > (QU)l(O') imo 2
hilw) = 2 cos Y /_oo 14io © de,
‘ . 7; 7i7r(';+1) _ o (Qu)l(g) —imo x?
firlx)=(2m) 2 € I'(—v) [m ltio (0)e do. (11.16)

The K-transform of u extends as a pair of analytic functions on the universal
cover of the circle ¥ = {z: |z| = 1}, such that

(Ku)o(e?) = =™ (v+3) (K U)O(ei(e—%))’
(Cu)1(e) = e ("+3) (JC ), (£102). (11.17)

Proof. The validity of the pair of expansions (11.15) for o real and large is proved
in just the same way as the corresponding one in Theorem 1.8: of course, for the
time being, the extra phase factor in front of the right-hand sides of (11.15) should
be regarded as a matter of convenience. -

Again, we denote as Wy = (Qu)o and (Qu); the holomorphic extensions of
wo = (Qu)p and (Qu)i, initially considered for o real and large, to the part of
the Riemann surface of the square-root function lying above some set {z: |z| > R}
with a large R. The first equation (1.37) can be carried out without any change,
and the second one becomes

(oo}

(@vu)l(a e'm) = / e~ (1—io)zui(ze +)de. (11.18)

—o0
In other words, for large o,
1—io

Wy (o em) = —i(Qu;)o(o), (/Q\Zb)l((f eiﬂ) = 14+io

(Qu;)1(o). (11.19)
Not forgetting that w; lies in 2_,,_; rather than %,, we may use the result of
Proposition 11.2, coupled with that of Theorem 11.3, to find the following equation
after some straightforward calculations with the Gamma function:

~ iy _ —iT (v+3) (271-)é /00 —imox? .
wo(oe™)=e [F(—V) ; e fiolz) dz

+ 2 cos 7;1// eimo T folz)dx |, (11.20)
0
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in other words -
(Qu)o(oe™™) = e ™) (Qu)o(—0) : (11.21)

in a similar way, -
(Qu)i(oe™) =e ™ (Qu)y(—0). (11.22)

The last two equations make it possible to derive the expansions (11.15) near —oco
from those near +oo.

The equations (11.16) can be obtained from (11.11) and (11.12) by inverting
a Fourier transformation.

From (11.9) and (11.16) it follows (since ¢ = cotan § corresponds to z =

e~ under the Cayley map, and |1 —z| = 2 sin g for 0 < 6 < 27) that, for 8 > 0
and small, one has

(Ku)o(e ™) =272¢ 7 F2) Za" (tan Z) (cos Z) . (11.23)
n>0

As explained in the proof of Theorem 4.14, if 0 < 6 < 2, the point e *?™=¢) ¢ 3
can be reached as the image of —o under the Cayley map, so that, using (11.21),

. in n 0 —2
(]Cu)o(e*z(%rf@)):Q* e 2 (v+3 )Zan< tan > <0052> . (11.24)

n>0

On the other hand, the analytic extension of (Kwu)o near z = 1 (¢f Theorem
4.11) leads, for 6 > 0 and small, starting from (11.23) again, to

(Ku)o(e) =272 ¢ 7 is DN a, ( tan9>n (cos§>_;. (11.25)

n>0
The first equation (11.17) follows; the second is proved in the same way. (I

We now compute the K-transform of some basic function ¢* € 2,,. Since [17,
p. 326] D_, (2m2z) = 74 a2 K (7 22), one sees, comparing ¢~ 2 to the function
¢ introduced in Proposition 1.2, that ¢ = 224 qi)_%: we have not deemed it
necessary to have the present normalization of d)_é (made for bimplicity in the
definition of the C*-realization) agree, in the case when v = —2, with that of ¢
from Section 1; anyway, it is only when v is real and v €] — 1, 0]U2Z that the
even part of the v-anaplectic representation to be introduced below turns out to
be unitarizable.

Theorem 11.6. Let v ¢ Z, and let ¢¥ be the function in 2, the C*-realization of
which is the function

f(z) = (D, (272 2), 0, D_,_1(272 z), 0). (11.26)
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One has, for 0 <0 <2,

v—1 1
. 2 i
(K" )ole=®) =~ " "7 edr+2)0, (11.27)

NG

Proof. That the functions fy and f; o taken from the components of f are linked
by the equation (11.2) is a consequence of [17, p. 325]. As given in [17, p. 330],
one has if £ > 0 the equation

v—2

° _ 2 1 2 2 _1 v 1 2—v 5—1
€ ! _ : _ . . .
/0 e D,(27z2 z)dx F(2;”) (1+¢) 2F1< 90 90 g £+1> :
(11.28)

thus, with the principal determination of the square root function in the right
half-plane,

v—2

oo, 22 1 v 1 2—v o+i
—imox dr = 1 P\~ _ . .
/0 € fO(l') X F(2;V)( +ZU) 2-F1< 9’ 9’ 9 ’U—’L.>7
—v—3
R 2 1 14v 1 34v o—1
T fiolx) de = L—io)” "o ; -
/0 e fola)de F(3;”)( io) 22F1< 2 72 2 U+z>

(11.29)

Thus, after some calculations using the duplication formula of the Gamma func-
tion,

(Q¢")o(0) =A(1+ig)é2p1< v 1 2-v o+i>

2792 2 T

.1 1+v 1 34v o—1
+B(1—1i0) 22F1< 9 79 o ’U+i> (11.30)
with
i 2;7'( in 1 2571'
A:ez(VJré) B o, B:ez(”+2) 3 .
P TR T(SY) D5 T-5)T)
(11.31)
Now, if z=e"" 0 < 6 < 27, one has for every u € 2,,
AN 0
(Ku)o(z) = (2 sin ) (Qu)o | cotan o) (11.32)

which leads to

2727 27

- 1 1 »
teTe B 2F1< ;V72;3—;—V;e’9>]. (11.33)

: 1 ir 4 1 2— )
(ICQZ)V)O(@_ZG) =92 2 |:€_ 4 ef A oF (_V . v, ezO)
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As unpalatable as they may seem, these computations offer two safeguards:
first, the fact that we already know the result in the case when v = —é
yes, (11.27) is compatible with the result in the last paragraph of the proof of
Theorem 4.14, taking into consideration the coefficient « from (9.35) — next, that
the function 0 +— (K ¢")o(e~") must extend as an analytic function near 0 in
view of Theorem 4.11. Now, in view of the singularities of the two hypergeometric
functions occurring in (11.33) near the point z = 1, this can only happen if the

two singularities cancel off. They do, thanks to the equation [17, p. 48]

1+v 1 3+v i F(S;y)l—‘(—g) _im(v41)  i(vt1)e
2 1( 9 9’ 9 ) F(%) € 2 e 2 ( )
T 34+v (v ; 1 9_ ]
$+12/ ) gig (—ie?) oF (—V, ; Y ew) :
LS TSY) 2720 2
the end of the computation is straightforward. O

Remark 11.2. As a consequence of [17, p. 330], the function ¢” itself, i.e., the
even part of the first component of its C*-realization (11.26), is characterized by
the rather simple integral expression, valid if —2 < Re v <0,

v

i T2

¢(ze” +) et /Oo 1 cos 2mat dt (11.35)

re 4)= et e e 2 cos 2mxt dt. .
I'(-v) 0

Besides the function ¢” introduced in Theorem 11.5, we now introduce, still

in the 2, -analysis, the odd function ¥**! with the C*-realization

h(z) = (0, Dys1(2m2 2), 0, (v + 1) D_,_o(27> ). (11.36)
Again, the link (11.2) between the two non-zero components, which can be written,
since FZE:{) =-T(-v—1), as
I'(—v-—-1 imu imu
((2”)1 V6% Dyor(it) + €% Dysr(—it)] = —Dy_a(t), (11.37)
T) 2

can be found in [17, p. 328].
In the next lemma and its proof, and in the proof of the proposition that
follows, we (abusively) abbreviate as D,,, for any value of o the function = +—

DM(27T§‘ z): no confusion can arise. Recalling that A = 72 (x + Loy, A =

1

o ddgﬁ)7 note the relations

ADV = I/Dl,,l, A* Dl, = DV+1 (1138)

T2 (z —

which, made explicit as
m2a D, (21 ) + D, (22 2) = v D,_1 (27> ),
m2a D, (21 ) — D,(2n2 1) = Dy (272 ), (11.39)

can again be found in (loc. cit., p. 327).
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Lemma 11.7. In the 2, -analysis, for every j € Z, the C*-realization of ¢*+27 is

T(v+2j+1)
. —_1) .
(DMJ, 0, (=1) Fwi1)  D-v-zi-t 0)

and that of Y* T2+ s
T(v+2j+2)
0, Dyigits, 0, (=1 D yoois).
( s Dysajyr, 0, (—1) T+ 1) 2] 2)

Proof. In the 2, 4o;-analysis, the C*-realization of ¢* ™% is
(D425, 0, Doy2j-1, 0)
and that of 127+ ig
(0, Dyyojr1, 0, (v + 25 +1) D95 2).

On the other hand, Remark 11.1 indicates how to link the C*-realizations of the
same function in any pair of spaces 2, and 2, 2. Let us give one example of
such a calculation, say that corresponding to an odd function *T%*1 under
the assumption that j > 0. Only the second and fourth components of the C*-
realizations under consideration are non-zero: the second one is the same in both
cases while, in order to transform the f; -component with respect to the real-
ization in the A, 2;-analysis into the corresponding one in 2(,-analysis, we must

j T(v+2j+1) 0

multiply it by (—1) T(v+1)

Proposition 11.8. Let v € C\Z. The eigenfunctions of the (formal) harmonic
oscillator L lying in the space U, are exactly, up to the multiplication by arbitrary
constants, the functions ¢*+27 and VT2 with j € Z: the first (resp. the
second) one corresponds to the eigenvalue v+2j+ 3 (resp. v+2j+ 3). One has
the relations

A¢V+2j _ (1/ + 23) ¢V+2j71’ A* ¢l/+2j _ wy+2j+17
Awu+2j+1 _ (1/ +25 + 1) ¢V+2jv A* ¢V+2j+1 _ ¢V+2j+2. (11.40)

Proof. Since it is just as easy here as in Section 1 to show that the space 2, is
invariant under the symmetry u — 4, one may assume that one is dealing with an
eigenfunction of L with a definite parity. Now, a function ¢* or ¥**! can only lie
in A, if u—v €27, as shown by the equations (11.17). In view of the expression
of L as a product of annihilation and creation operators, all that remains to be
done is checking the equations (11.40). In order to do this, we first observe that
if (fo, f1, fi.0, fin) is the C*-realization of some function u € 2, that of Awu is
(A fl, 14f()7 A* fi,17 —A* fi,O) and that of A*u is (A* fl, A* fo, Afi71, —A fi,O)-
To see this, we just combine the two equations (1.62) and (1.63), still valid in
our case (they are also the infinitesimal version of (11.7) and the analogous one,
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though a direct proof is even easier). Let us then check, for instance, the equation
for Aqyv+23t1: the C*-realization of this function in 2, is

T +2j+2)

(ADV+2j+17 O’ A (_1) F(l/ + 1)

D,_3j_2,0)

I(v+25+2)
I'v+1)
;Tw+2j+1)

I'v+1)

= ((v+2j 4+ 1) Dyyay, 0, (—1) D, 21, 0)

= (l/ + 25 4+ 1) (Dy+2j7 0, (—1) Dl,,gjfl, 0), (1141)

i.e., the C*-realization of the function (v + 2j + 1) ¢ "%, O

Here is a converse to Theorem 11.5, which extends Theorem 4.14.

Theorem 11.9. Let u be an entire function of one variable, satisfying for some
pair C, R of positive constants the estimate |u(z)| < Ce™BI: recall — as the
one-dimensional case of Theorem 4.11 — that, for 0 > 0 and small, the functions
(Kuw)o(e™®) and (Ku)1(e™) are analytic functions of the variable z = e~ and
assume that they extend as analytic functions on the universal cover of ¥ = S*
satisfying the quasi-periodicity conditions (11.17). Then w lies in the space 2, .
Proof. 1t is no loss of generality to assume, in the present proof, that —g <
Re v < } (cf. Remark 11.1), a condition invariant under the change v — —1 — .
The proof splits into two quite similar parts according to the parity of u: we shall
assume first that it is an even function. Denote as z +— 2z~ (5T1) the analytic
function on the real line (viewed as the universal cover of the unit circle) that
coincides with e? (*+2) on the point z = e~ with 0 < § < 27: the condition
(11.17) means that (Ku)o(z) is the product of z~(373) by a function analytic
on the unit circle. We define the coefficients c¢,, n € Z, by the equation

(Ku)o(z) =2=GF) 3 ¢, 2 (11.42)

nez

note that |c,| < C (14 ¢)~!" for some pair of positive numbers C, e. We shall
take advantage of Theorem 11.6 and rebuild the C*-realization (fo, 0, fi0, 0) of
u by defining fy as the sum of the series

—v ]. -
fol2) = > cn2t e wér< ) v +n> Dy_on (272 2). (11.43)
nez

We use when n > "9 the integral formula [17, p. 328]

2
—Tz
e

1
DIJ—QTL(QTFZ Z) = F(—V + 2n

) / prrnel o= (G 42w 2 g (11.44)
0
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and, when n < 8¢ 2% the formula (loc. cit.)

1
2\ 2 o0 2
Dy_gn(Qﬂ'%z):(_l)n< ) emz/ o Cos<gy—2w52t> I
0

7r
(11.45)
We note, for large n, the Stirling estimate
1-v 1+v—2n
F( 2 +’I’L) :’]Té 2 §0272nnin+é+Rc2ven§02—2nn7n+ien
I'(—v + 2n) [(—=5+n)
(11.46)
and, when —n is large, the estimate
]. - e v
‘r( ) )| <O nm=T elnl < @ | InE el (11.47)

From what precedes, there exist two sequences (ap)n>1 and (bp)n<—1 such
that

v 1-—
> a2t A F( 2 ’ +”> Dysn (2% 2)
n>1

e S, [ g
n>1 0
and

+2

"M e" 2 cos (7;1/ — 272 zt) dt : (11.49)

2 oo
g e . — eTrZ g b’I’L /
n<—1 n<—1 0

moreover, one has the estimates

lan| < C(14¢)"m27" =t e,
bn| < C (1 + &)~ M2l |p = Inl+ 5 elnl, (11.50)

so that

S an tTRe v F2Tl < Ol (1) TH(2(1 4 €)) T Re e
n>1

2
<C <1+t§’> exp 2(1t+ €)> : (11.51)

the same estimate holds for the sum > _ , |b,| "¢ ¥~2". This shows the conver-
gence of the series (11.43) defining fy(z), at the same time proving that the entire
function fo(z) is bounded by some exponential of the kind C e™®I=I".
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Starting from fp as defined in (11.43) and using Lemma 11.7, one finds
(changing n to —n as an index in the series)

— (Y —n)
n+1 -1 2
fiolz %C_ P I'(—v —2n)

D_y_y_on(272 2), (11.52)
a series the coefficients of which, when estimated by means of Stirling’s formula,
behave in a way quite similar to those of the series for fy(z).
To analyze the behavior of fy(x) as & — oo, we use for z > 0 the equation
(11.16):
e 7 (v+3) o0 . 2
D,(2r2x) = o X / (Q¢")o(0) e™* do, (11.53)

2 cos 7 o

in which (a consequence of (11.33) together with (11.32))

2; Wé 1 o+1\?2 (+z)

v = 140%) 74 : 11.54

(Qd) )0(0) 1—1(151/) ( +o ) (O’—Z) ( )

it is understood that the fractional power on the right-hand side is that which
takes the value 1 at o = 4o0.

Transforming the semi-convergent integral (11.53) into a convergent one by

means of an integration by parts and using (11.43), we find for = > 0 the equation

17r (l/+

—irx fo(x) = . ch

7T
22 cos ez,

oo
2 d
X / 6271'0' xr
o do

For 0 < é; <1 one has L—rgi < |gi§§if;| < ifgi With the help of the estimate

len| < C (14¢)7 ", the contour deformation o +— o+id; makes it possible to verify
that, as £ — 400, one has [fo(z)| < Ce~™" for some pair of positive constants
C, 0. The same estimate goes for the function f;o(z). Finally, the function in
2, a C*-realization of which is (fo, 0, fi0, 0), certainly coincides with the even
function u we started with, since the two functions have the same Q-transform:
now, if an entire function v(z) = Y ,5,ax 2" is bounded by some exponential

g —1

. %(y—i—%)—n
(1+02)h (GH.) ] do.  (11.55)

C e™Bl2I” knowing the expansion, as o — 400, of o2 (Qu)(o) (c¢f. Theorem 4.11
and Corollary 4.3, in the present easy one-dimensional case) as a power series in
o1, makes it possible to recover the coefficients ay.

In the odd case, nothing much is changed: only, we need to compute (just as
we did in Theorem 11.6 in the even case) the K-transform of a function such as
¥+, The proof of the following theorem will thus make the proof of the present
one complete. O
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Theorem 11.10. One has

v—1
. in 2 i
(p (e ) = =T [ et (11.56)
2

Proof. From (11.8) and (11.10), one has for every u € 2, the identity

(QA*u) (o) =e (14i0) (Q ((ﬁﬁ— ! d) u>>0(0): (11.57)

271'% v dzx

now the operator on the right-hand side can also be written as

1

pig2o 1 g4 T
271'% de 2

(L + A? — ;) : (11.58)

it thus transforms the function ¢* into the function

1

v= ”22 (v o” +v(v —1)¢"2), (11.59)

a consequence of Proposition 11.8. This makes it possible to compute (K¢¥1); =
(K A* ¢¥)1 since, using Theorem 11.6, one finds

1 v—1

; T2 2 2 71'; i 1 227 i 3
(Kv)o(e™ ) = v _y e2 200 Ly (y—1) _y e2 (v=2)0
2 T3 r(%;
v—3
2 i .
= r(ff) e (FR0 (1 ). (11.60)
2

To obtain (K¢ *+1);(e~%), we still have to multiply by €7 (1 + icotan§) =

—2eT lf:_gie, getting the result announced. U

Definition 11.11. Given u € 2, we set

Int [u] = e'7 (via) {2 oS 7T2V /000 folx) dr + 122(71):) /O°° fio(z) d$]~ (11.61)

Remark 11.3. In view of (11.3), the definition of the linear form Int only depends
on v mod 2: this is one of the reasons for the presence of the phase factor in front
of the right-hand side.

Theorem 11.12. The linear form Int is invariant under the (real or complex)
Heisenberg translations 7(y,0). In terms of the K-transform of w, one has

Int [u] = 22 (Ku)o(e ™). (11.62)
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Proof. Writing

Int [u] = « /OOO folx)dz + 5 /OOO fio(x)dz, (11.63)

one notes the relation o = 273 F(fl’l)
(2m)2

Proposition 1.16, using the first and third relations (11.7) so that, with v =
m(y,0) u,

cos ’y’. One may then follow the proof of

tutfo] =, [ fole — )+ folo + ) + 8 (fuale = i) + frolo + i)} da

+1/Ooo[awx—y)—f1<:c+y>)+m<fi,1<m—z’y>—fi,1<m+z*y>>1dx:

2
(11.64)

just as in the proof of Proposition 1.16, one writes the second line as

«

5 i/fl(Z)dZ - A

Yy
fi,l (’LZ) dz
2 -y

- [ z Z_ﬂr(_y) ’ e fi(=2)+ e fi(2)] dz
_Q/yfl( M (2m)5 /y[ fi(=2)+ €% fi(2)] dz, (11.65)

an expression that reduces to zero in view of the relation between « and 3. Then

(&%

tut fo ] = ( (;fo(z)dz—/oyfo(z)dz>
+i25 ( i Fuoliz) dz — /0 ’ Fioliz) dz)
1

Yy
=, | a2~ o) + 18 (fo(=i2) = Froi2)]dz, (1166)
0
an expression which reduces to zero again in view of the same relation, together
with (11.2).
Using the expression (11.11) of the analytic extension of the function (Qu)o
to the whole real line, one sees that

Int [u] = (Qu)o(0) : (11.67)

that this agrees with 22 (K u)o(e~*™) is immediate in view of (11.9) since, as the
points of ¥ = S! in the image of Sym; = R under the Cayley map are the points
e " with 0 < @ < 27, the point 0 € R is obtained as the inverse Cayley image
of the point z = e™". O

Definition 11.13. The v-anaplectic Fourier transformation F7Y, . is defined by the

equation ‘
(FY au)(x) = Int [y — e 27 y(y)), u €. (11.68)

ana
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It is of course the integral form Int from the v-theory that has to be used

here: again, the transformation F7,, only depends on v mod 2.

Theorem 11.14. The v-anaplectic Fourier transformation is a linear automor-
phism of the space A,. One has the equations
(K (Flraw)o(z) = €™ F2) (Ku)o ('™ 2),

ana

(K (FY  u)i(2) = e™ (Ku)i(e™ 2). (11.69)

ana

Proof. Set v = F},, w. From Theorem 11.3 (which sends us back to the equations

(1.60) and (1.61) from Proposition 1.11) and Definition 11.11, one finds

i

v(z) =e 2 (v+3) {2 cos 7;” / (fo(y) cos 2mxy — i f1(y) sin 27zy) dy
0

(2m)’}

+ I'(—v) /Ooo(fi’o(y) cosh 2wy — i f;1(y) sinh 27zy) dy |. (11.70)

It is immediate that v extends as an entire function: using estimates of the kind
|2y (74i6)| < o7 (e y et évQ)’ (11.71)

one sees also that, for complex z, v(z) is bounded by some function C em BRI’
Applying Theorem 11.9, the only remaining problem is computing the K-transform

of v. For o > 0, one has

e 2 i 1 imy?
/ e T cos(2rxe” 4 y)dr=0"2¢ o
— 00
& 2 im 1 imy?
/ e "% cosh(2nze 4 y)dr =02 o (11.72)
—o0

so that (11.8) yields
A S imy2
(Qu)o(o) = s wty) g3 [2 cos 7;1/ / foly)e = dy
0

(mz %t ]
o | e ¥ ay ] i)

similarly,
oo ] ; imy2
/ e_”zzmsin(27rme_4wy)dx:eza_gye ,
— 00
> 2 i i 3 imy?
/ e ™" xsinh(2rxe 4 y)dr=e+ 0 2ye o (11.74)
—00
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and

iTy

(Qu)i(o)=e?" 072 (1+i0) {2 cos W; /0 yfily)e i dy

(27‘(); o0 71-,”42
F(_V)/O yfia(y)e™ = dy|. (11.75)

Comparing (11.73) and (11.75) respectively to (11.11) and (11.11), we obtain
for large o the pair of relations

(Qu)o(0) = 072 (Qu)o(—0 ),
(Qu)i(0) = —io~2 (Qu)i(~a 1), (11.76)

from which the equations (11.69) follow, as a consequence of (11.15). O

Proposition 11.15. Let v € C\Z. The maps u— v, v(z) =a 2 u(a"‘z), a > 0

and u+— w, w(x) = gimea’ u(x), ¢ € R, are linear automorphisms of 2A,. With
z=1e""Y let df = fzz be the rotation-invariant measure on ¥ = S'. Define the

analytic automorphisms F, and F°¢ of the circle by the equations

(@>+1)z+a®—1
(a2 —1)z+4+a2+1’

(2 —ic) z +ic

Fa = . ]
(2) —icz+2+1c

Fe(z) = (11.77)

and note that, given any covering ) of X, finite or infinite, Iy, and F°¢ uniquely
lift up as analytic automorphisms of X preserving the base point z = 1. The
transfer of the two maps uwr— v and wvw— w just introduced to the K-realization
is given by the equations (involving the Radon—Nikodym derivatives of Fy, and F€)

o) = (75, )" ),

(Kv)1(2) :i <a+a1 - aF_(“Z_) ) (Ff;;e (2)>4 (Kw)1(Fa(2)),  (11.78)
and

a5, @) wwnre).

(K w)s (2) :; <1+ ’; - 2;f(z)> <(F29 a0 (z)>4 (Kw)1(Fa(2)).  (11.79)

Proof. 1t is immediate that if f = (fo, f1, fi.0, fi1) is the Ci-realization of u,
the function v (resp. w) admits the Cl-realization z — a2 f(a~'a) (resp.

. 2 . 2 . 2 . 2
(eZﬂ'CZL‘ an eurcac fl’e—urcz fi,Oa e—urcac fi,l))-
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On the other hand, for large o,

(Qu)o(0) = a2 (Qu)o(a®s), (Qu)i(0) = a? 11:2-2?0 (Qu)o(a®a),
(Qw)o(0) = (Qu)o(o — ), (Qu)i(o) = Hl;(;ic) (Qu)i(o —c). (11.80)

Under the Cayley transformation o +— z, the maps o + a?c and o+ o —c

transfer to the maps given in (11.77): one may recopy (4.35) and (4.36), or redo
the calculation in this trivial case. A straightforward calculation shows that the
Radon—Nikodym derivatives of the transformations F, and F° of the circle are
given as

Frdf G o\ " (F°)df AN
a :<a2cos22+a2sin22> , (F°) :(l—csin9+czsin22> ,

de de
(11.81)
which makes it immediate to verify the equations (4.31) in this case:
* _ 2 c\* _ c 2
i _ oy |1=FG)* (Fo)"do _|1—F°(2) (11.82)
do 1—2 db 1—=z2

The proof of (11.78) and (11.79) then follows that of (4.44) and (4.48) on one
hand, of (4.50) and (4.52) on the other hand. O

Consider the group G2 consisting of matrices ( A “) such that the fractional-

vp
. . A . .
linear transformation z — 7? i preserves the unit circle, in other words the group

of matrices characterized by the conditions
A+ |ul? = v + |pf?, A =vp. (11.83)
Since

L=xp—pv)*=\?p* —2Re (Avp) + |pl* [v]?
= AP 1ol* = 2 AP [l + [l [v? = AP (p? = |0l?) = [ul? (AP = [vf?)
= (A2 = [ul®) (AP = ), (11.84)

one has |A| # |u|: let G1 be the subset of Ga characterized by the condition

[A| > |p|, which implies |A| > |v| too. Writing the first of the two conditions
2 2

(11.83) as  |A|> + ‘Vl‘/\llfl = [v|2 + [p|?, or (A — |V]?) (IA]* — |p|?) = O, one sees

that |\ = |p|, from which |u| = |v| too. The equation 1= Ap— pv then yields

A= NP pl? = Appv = AP (|pf = [ul?) > 0, and a7 = —|uf? V> + ANapo =

V|2 (|p|? — |u|?) > 0 as well, which (together with what precedes) implies that



11. The fourfold way and the v-anaplectic representation 203

(

A and v = fi. Finally, G; consists of all matrices in SL(2,C) of the kind
‘/{) It is a group, isomorphic to SL(2,R) under the map

= >

g—TgT™ ", where T=272 (1, 1), (11.85)

The group G, isomorphic to G1/{£I}, of transformations z — l’;::‘; of

the unit circle, is exactly the group of birational (in the z-“coordinate”) auto-
morphisms of the unit circle of topological degree +1. If g = (2%), we denote
as [g] the analytic automorphism just considered in association to the matrix

;\1 f—\‘) =T gT~': it is readily checked that this is in complete agreement with the
equations (5.1) to (5.5) of the n-dimensional case. In an explicit way, one has
A\ _1(a—ib+ic+td —a—ib—ic+d) (11.86)
g A 2 \-a+ib+ic+d a+ib—ic+d )’ '

in particular, with the notation of Proposition 11.15, [g] coincides with F, in

the case when ¢ = (gagl)_l, with F° in the case when g = (i(l))_l; when
01

g=(2% 0)_1, [g] is the rotation z+— —z = €™ 2.

Let N =1,2,... or oo, and consider the (2N)-fold cover of Gy (if N = oo,
this means the universal cover), which can be identified to the N-fold cover G(V)
of G = SL(2,R). On the other hand, if £N) denotes the (2N)-fold cover of
¥ = S!, the preceding group can also be identified with the group of analytic
automorphisms of (V) lying above birational automorphisms of ¥ of degree
+1. In particular (compare Corollary 4.10), the N-fold cover GN) of G acts on
YN and we still denote as g — [g] the corresponding group homomorphism.

In Theorem 11.9, the K-transform of a function in 2, has been defined as
a pair of (everywhere analytic, in contradiction to the higher-dimensional case)
functions on X(°): however, in view of the quasi-periodicity condition (11.17), we
may also, in the case when v is rational, regard it as defined on V) provided
that N (5 + 411) € Z. All that precedes gives the following analogue of Theorem
5.10 a meaning.
Theorem 11.16. Let N = oo if v ¢ Q; if v € Q, let N be either co or any
integer > 1 such that N (4+1) € Z. In accordance with (5.1), for every g € GIV)
above some matriz (2Y), set (% g) =S () S~ with S=2"2 (}1). Given
u € Uy, there is a unique function v € A, such that, for every z € LNV,

o= (45 @) a1 o),

-1 i
one = (¥ 57 @) -G ol ). (s

Setting v = Ana, (g)u, one defines a representation Ana, of G in 2A,.
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Let P = 2; di and let @ be the operator of multiplication by x, the argu-

ment of all functions in A, under consideration. For any g € GW) above some

matrix (Z Z) € G, one has the relations

Ana, () Q Ana,(g7') =dQ — b P, Ana,(g) PAna,(g7') = —cQ +aP.
(11.88)

Proof. Based on Theorem 11.14 and Proposition 11.15, it follows the proof of The-
orem 5.10, though it is of course simpler in two respects: this is the one-dimensional
case, and the functions on £(V) under consideration have no singularities. On the
right-hand side of the second equation (11.87) and (11.69), one finds

Ana, ((95)) = e "W A (11.89)
where the matrix on the left-hand side is to be understood as the element

exp;r(,olé) of GW), O
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12 The pseudoscalar product on 2,

In this last section, we define an invariant pseudo-scalar product on 2,. Also, we
shall identify the representation Ana,, acting on the even or odd (depending on
v) part of 2, with a unitary representation from Pukanszky’s list [18].

To harmonize the notation with those from (loc. cit.), we introduce the fol-
lowing linear basis of the Lie algebra of SL(2,R) or of any of its covering groups:

1 /0 -1 1 /1 0 1 /0 1
ZO_2(1 0>’ 51_2<0 —1)’ 52_2(1 0)' (12.1)
Next, we denote as Hy, Hi, Ho the infinitesimal operators of the wv-anaplectic
representation, normalized as

d
H;=i

Ana, (e!%) : 12.2
dt na, (e"*7) (12.2)

t=0

our first task is to make these operators explicit. There is no question of domain
here: all the operators to be considered preserve the space 2, .

Proposition 12.1. One has

1 i/ d 1 1 1 &
Ho=— L  Hi=— (2% 1), Hy=—_(na?+ .
2 2 7T

Proof. One has

s 0), w1

now, by the very construction of the v-anaplectic representation, one has

(Ana (< 0, @) = dule™ba),  (Anay((}9) u)(@) =™ (),
(12.5)
from which the computation of H; and Hy + Hs, follows.
Of course, the computation of Hy requires more care. Setting g = e**°, one

t o t
has ¢ = (COS? i ), and the matrix (% '6) associated to g by the recipe

sin ;, cos ; B a
it
of Theorem 11.16 is the matrix (e 20, ) Next, the matrix (2 ’—;) associated
0 e 2
it
to the matrix ¢~' under the equation (11.86) is the matrix (e 02 9, ), so that
e 2

[g71(z) = e7®2 for z € ¥ or in any covering space of . The formulas in
Theorem 11.16 thus imply

(KC Ana, (e ") u)o (2) = (K u)o(e™" 2),
(K Ana, (') u)y (z) = e2 (Ku)(e " 2) : (12.6)
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as a verification, one may note that e "% = (_01 (1)), the matrix which gives

eim (”Jré)]:;’na under the v-anaplectic representation, and that the equations
(12.6) indeed reduce to (11.69) when ¢ = —m. One thus has the identities

(K Hywole ™) =i (Kuo(e™),

(K Hyu)1(e™ %) = <—; +idd9> (Ku)i(e”)). (12.7)

We must now transfer the harmonic oscillator to the C-realization. From
(11.11), we find for large o, after an integration by parts, the identity

(QLu)o(a):/Oo <—i7rm2 i > (™) u(we=T)da

oo  4r da?
. oy d 1
=i [((1+0°) , 4+ _o| (Qu)e(o): (12.8)
do 2
in view of the relation (Ku)o(e™%) = (2 sin g)_é (Qu)o(cotan ), valid for > 0

and small, and of the relation (1+02) & = —2 & one finds that (K Lu)o(e™?) =
Mo (0 — (Ku)o(e™)) where Mg expresses itself as the composition of operators

CONTE [ d 1 e[ 6\ _.d
Mo = <51n2> i {—2 4o + 2cotanQ] <51n2> =—2i e (12.9)

In a similar way, one finds that

(QLu)l(o):/_o:o (-im;?—; d‘;) (™ (1+io)z) . ulwe T)dx
=i [(1+02) dci —l—;a—i] (Qu)1 (o) : (12.10)

thus (K Lu)i(e™®) = My (0 — (Ku)1(e™%)) with M; = Mg + 1. The first
equation (12.3) follows. O

Remark 12.1. In some sense (no Stone’s theorem is available here yet), one may
write .
i 1 i

e ) FU o — exp (— ) L) : (12.11)
a formula very close to the usual e~'4 F = exp (— ’;T L): the classical case roughly
corresponds to v € 27 — and, if one wishes to extend Proposition 11.2, the case
when v 41 € 27 corresponds to the conjugate of the classical analysis under
the map wu +— u; — but there is a phase shift by the factor ¢4 inherent in the
anaplectic analysis.
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The following proposition is the result of an immediate calculation.
Proposition 12.2. Set H, = Hy +iHy, H_ = Hy —i Hy. One has

A*A:L—;, AA*:L+;, A?=2iH, A =—2iH_. (12.12)

On the other hand, H} — H3 — HE = 3.

Under the assumption that v isreal, v ¢ Z, we can now build a pseudo-scalar
product on 2, invariant under the r-anaplectic representation.

We shall consider the case when v €] —1,0[+2Z, in which, as will be seen,
it is possible to build a pseudoscalar product on 2, positive-definite on (2, )even-
In the case when v €]0,1[+2Z, one can build a pseudoscalar product positive-
definite on (2, )odd- To avoid routine developments, we shall specialize in the first
case.

In Theorem 12.3 below, we shall define the pseudoscalar product (u|u) where
u € (Ay)even, in terms of the expansion (11.42) of the K-transform of w. This
would suffice to establish its existence and main properties. However, we deem it
preferable to first give a more natural definition, based on the already known case
when v = —J. If 4 € (A)even, the pseudoscalar product (u|u) in A = ™A1 can
be expressed as

(u]u) = _4171' /]R2 lo — T‘ig (Qu)y(0) (Qu)o(r) dodr : (12.13)

it is understood that the integral has to be interpreted in a regularized sense, as
defined between (2.7) and (2.8), or with the help of an integration by parts or, as
a third possibility, using analytic continuation with respect to the exponent. To
check this equation, one goes back to the fact that if u € 2 is associated to the

pair (¥) asin Theorem 2.9, one has, as given in (2.113),

(uu) = /OO |5/ vo(s)|? ds (12.14)

— 00

or, in terms of wg = F v,

(wlu)= [ (o) (DI} wo)(o) do (12.15)
where the operator |D|2 was defined right after (2.4). Since (F|s|2)(c) =
- lo|~ 2, the equation (12.13) follows.

Transferring the result to the K-realization of u in place of the Q-realization,
we obtain

(u]u) = 2 / \e*w — e*i”\*g (K u)o(e*w) (K u)o(e*”’) dodn, (12.16)
T Jgixst

with the same precautions concerning the meaning of the integral.
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We shall extend this expression to the case of the space (2, )even, but some

modification has to be done first. If the matrix (2 ‘/{) is linked to g € SL(2,R)

by the equation (11.86), and if one sets e~ % = [g](e~1), it is immediate that

[g];(;fgl = |pe” " 4+ \|~2: setting also e~ = [g](e~"™), and using (11.87) together
with » )

7i91 77;7]1 — 671 = 67’”]1

e - e = ) - ) - 12.17

™) ™) = 8 e sy (1217)

one can see that the right-hand of (12.16), considered for u € 2l,,, is invariant under

the transformations Ana(g) with g of the form (¢ a91 ) (there is no need for such

matrices to replace SL(2,R) by a covering group). However, it is not invariant

under the transformations associated with elements of GN) above matrices in

SO(2) because such transformations [g] do not preserve the set {e~?:0 < 6 <

27}. We thus substitute for (12.16) the following definition, some ingredients of

which will be defined immediately below:

e7 (v+3)
(ufu) = 4m (sin7v) (cos 7))
1

Ny

« T, o / e — e~ (Ku)y(e™) (K u)ole™™) dody. (12.18)
En,

Though it is not really needed, it is assumed, for simplicity, that N7 goes to infinity
through the integers. The set Ey, is defined as the set of pairs (6, ) such that
0<0<2rNy, 0<n<27rNy, 0 <6 —n < 2m. The divergent integral is given
the meaning obtained by analytic continuation, replacing the exponent —g by A
with Re A > —1. It can be shown in a direct way — though there are a few lengthy
details in the proof — that (u|u), so defined, makes sense for every u € 2, and
that one obtains in this way a Hermitian form invariant under the restriction of the
v-anaplectic representation to the subspace of even functions: there is no a priori
explanation for the phase factor, needed for reality and positivity, assuming that
v €] —1, 0[. We shall be satisfied, however, with using this definition in a heuristic
way, computing with its help the scalar product of any two even eigenstates of the
v-anaplectic harmonic oscillator: it is understood that the polarized form of (u |u)
which we are using is antilinear with respect to the function on the left.

Recalling Theorem 11.6, one has (K ¢*T27)(e=%) = C,, 4 9; e2 “+212)0 with

p—1

1
C,= 21“(21;:)2 . Set, for Re A > —1,

L@V, ¢V T2) = Cyaj Copop

! / e — 7| 2 (W F2iH5) 0 05 (WH2E43)0 gogp  (12.19)
N] ENl

X lile_wo

Performing the change of variables (6, n) — (0, £) = (8, § — ), the domain of the
variable £ is (0, 27) and, for given &, that of the variable 6, to wit (0, 27 N7) N
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(&, €+27Ny), differs very little from (0, 2wN7) since the integral is to be multiplied
by, : this shows that Iy(¢**%7, ¢**2%) is zero if j # k, and that

27 ) )
IN(¢"F, ¥ T20) = C2 oy x 2w / e — 1P ema (FUFEge (12.20)
0

The integral is to be found in [17, p. 8]:

i

w = (w425
9r+1 / (sine e~ FTNEge —9r €7 ( B ’ Paen
0 F(z()‘+y)+3+4)r(2(>‘_’/)_]+4)
(12.21)
Using analytic continuation, we thus find
T (v +3)
V2 | 25y ez 2 I v+2j L v+2j
(¢ [477) 4m (sinmv) (cos 7)) —3 (677, 677
o 1 2 2 (_1)j F(_é)
- - . TV CD+2j (27T) v+1 . v .
4 (sinmv) (cos ) LS+ (=5 —7)
1
= _Tw+2j+1), (12.22)

2

where the last expression occurs after some manipulations involving the formula
of complements and the duplicatioP formula of the Gamma function. As a verifi-
cation, this gives (qﬁ_% |6~ é) =7, an equation equivalent to the normalization
condition for ¢ € A since, as already observed just before Theorem 11.6, one
has ¢ = 22 w4 ¢~ 2. One should note that, since v €] — 1, 0], this is a positive
number, which explains our choice of the phase factor in the definition (12.18).

Since — for brevity — we have not given all details concerning the justification
of the formula just quoted, we shall use the result of the preceding computation
as a definition.

Theorem 12.3. Let v €] — 1, 0[. For every u € (UAy)even, thus characterized, in
the sense of (11.42), by the expansion

(Ku)o(z) = (510 ch 277, (12.23)
JEL
define (u|u) as the convergent series
T2 3 (Y +j+1)

cos? Y = L' +5)

(u]u) = lcj]2. (12.24)

This is a positive-definite scalar product on (A, )even, which coincides when v =

—% with the one defined in Section 1. It is invariant under the restriction to this

space of the v-anaplectic representation. Finally, this latter representation, acting
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on the completion of (U, )even wWith respect to the scalar product just introduced,

is unitarily equivalent with the representation C’th) taken from [18], with q = 136
and T € [0,1] characterized by the further condition T = —% (v+ ;) mod 1.
Proof. In view of Theorem 11.6, one may also write
1—v_ . _ 1 1—v . V24
u=Yy 272 ]7r2F< ) —j> cj ¢t (12.25)

JEZ

Since, for any u € 2, the K-transform of u is analytic on V), one has |c;| <
C (14 &)71! for some pair C, € of positive constants, a fact already used in the
proof of Theorem 11.9: this proves the convergence of the series defining (u |u).
The verification that, when u reduces to some function ¢**27, the expression of
(u|w) given by (12.24) coincides with that given by (12.22) is again a consequence
of the duplication formula and of the formula of complements of the Gamma
function. It follows in particular that, when v = —;, the new scalar product
coincides with the one we already know.

The invariance of the scalar product under transformations Ana,(g), g €
G™) lying above some rotation matrix, is immediate. What remains to be checked
is the effect of the transformations Ana,(g) with g = (g agl )7 a>0or g=
(L9). Since Ana, has already been constructed as a representation within the
space (A, )even, it suffices, in view of (12.2), to show that the operators H; and
H, are formally self-adjoint within that space: using Proposition 12.2, one may
prove instead that A2 and (A"k)2 are formally adjoint to each other or, which
amounts to the same, that (A2 ¢* 27 | g7 +2k) = (¢ +% | (A*)? ¢*+2F) for every
pair (j, k). Now, with the help of Proposition 11.8, one has

(A2 g7 +2 | g +2k) = ik (V+27) (V25 — 1) (¢ T2 | v T2,
(6" [ (A7) ¢F2%) = 840 (7727 [ 97F2), (12.26)

and the right-hand sides of these two equations coincide thanks to (12.22).

To compare the representation just discussed, after completion, with the ones
from Pukanszky’s list [18], we first recall, with the notation from the beginning
of the present section borrowed from (loc. cit.) — of course the notation there
does not refer to the v-anaplectic representation, but to an arbitrary irreducible
unitary representation of the universal cover of SL(2,R) — that exp (—2iw Hy) =
Ana, (e?™) and, using the first equation (12.6), that one has the identity

(K Ana, (™) u)o(2) = (Ku)o(e 2™ 2) : (12.27)

this is the same as €™ (“"F2) (Ku)o(z) as a consequence of (11.17). Now, in [18],
a certain number 7 € [0,1] is characterized by the equation exp (—2im Hy) =

e~%™7 I in our case, we must then take 7 = —J (v + ) mod 1, as indicated.
This implies that 7 = —) (v +3) if v €] -1, —3] and 7= —) (v —3) if
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veEl— é, 0[: in both cases, 7(1—-7) < ¢ = 136, the number obtained in Proposition
12.2 from the consideration of the Casimir operator of the representation. This
proves the sought-after unitary equivalence with the representation C’(T); also
recall from [18] that, since ¢ < < , the representation under study does not occur
in the Plancherel formula for the universal cover of SL(2,R). It is elementary
to verify that all values of 7 € [0,1] such that 7 (1 —7) < 2 are obtained in
this way. Only, note that all that precedes would break down if we had v €]0, 1]
instead of | — 1, O[: in this case, we would find a unitary representation from the
consideration of the odd part of the r-anaplectic representation, taking this time
T=—,(v—3) modl. O

It is now an easy matter to complete the invariant scalar product on (2(,)even
into an invariant pseudo-scalar product on 2.

Theorem 12.4. Let v €] — 1, 1[. For every u € U, characterized by the pair of
expansions (cf. (11.42))

Ku)o(z =z 2 (rt2) ciz
5 s
JEL
Ku)(z) =223 ¢z, 12.28
j
=

define (u|u) as the convergent series

2
1+ s
DY+ ) cos?

(ulu) =

. v+14+2j
2F( 1) 2 F( ) 2 12.29
[ ) ST Ak o () 1) PRCEE )

The pseudoscalar product so defined on 2, is invariant under the v-anaplectic
representation as well as under the Heisenberg representation, and coincides with
the one already known when v = —é. It is positive-definite on the space gener-
ated by even eigenfunctions of the harmonic oscillator L, as well as on the space
(orthogonal to the precedent) generated by odd eigenfunctions of L with a positive
etgenvalue; it is negative-definite on the orthogonal complement of the sum of these
two spaces, i.e., on the space generated by odd eigenfunctions of L with a negative
etgenvalue.

Proof. Recall from (11.56) that

v—1, .

. in 2 2 T 27 i
cw (e = e L) e, (12.30)
—J

2

One now has

. 1—u_j 1—1/_ . -1 v+25 _im C v+2j5+1
U_]‘EZZQ > T 2 J) T ¢ e’ V—‘r2]w - (1230
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In particular, this leads to

w2215 (v +25) (v+25+1) NG

(2 g2 = w v (p(1=v _
cos? L5 +4) (5 =)

ov+2j 13 v 1—v -1
- 2j+1) (T (— - ) r —j
sin v (v+2j+1) ( 2 J ( 2 j))
1
= T +2j+2), (12.32)

an expression which should be compared to (12.22): note that this scalar product
is positive if j =0,1,... negativeif j = —1,-2,....

What remains to be done is to show that A and A* are adjoint to each
other in the space 2,: now, using Proposition 11.8, one gets

(A2 | H2Et) = Gy (v + 29) (V271 [+,

(¢V+2j |A* ¢u+2k71) — 5jk (¢V+2j |¢l/+2j)7 (1233)
and the two right-hand sides are identical in view of (12.22) and (12.32); in the
same way,

(A* ¢V+2j ‘¢V+2k+1) _ 5jk (wl/+2j+1 |wl/+2j+1)7

(¢y+2j ‘Awu+2k+l) _ 5jk (1/ + 2j + 1) (¢V+2j | ¢u+2j) . (12.34)
this concludes the proof of Theorem 12.4. O

In the next theorem, we generalize to the case of the v-anaplectic analysis the
definition of the pseudoscalar product given, when v = —%, in Proposition 1.14.
The only proof we could find depends on computations, but the result certainly

puts forward, again, the role played by the “fourfold” presentation of the analysis.

Theorem 12.5. Let v €] — 1,0[. For every u € 2, characterized by its C*-
realization as introduced in Definition 11.1, one has

(Ifiol? = [finl?) | da. (12.35)

I(v+1)
I'(—v)
Proof. The proof consists in verifying that the polarized version, temporarily de-
noted as (( | )), of the right-hand side gives the correct result when applied to

any pair of eigenfunctions of the v-anaplectic harmonic oscillator.
Let us denote as A the logarithmic derivative (traditionally denoted as )

of the Gamma function, i.e., a(z) = 1;/((;)): the formula of complements of the

Wl =2t [ [fo|2+|f12+

Gamma function can be written [17, p. 14] as

A(z) — A(l — z) = —wcotan 7z. (12.36)
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Just as in Lemma 11.7 and its proof, we abbreviate as D, the function =z —
D#(27r5 x). The computation starts from the equation (loc. cit., p. 330)

00 1—p Iz
A NG
/ D?dx =273 (5") =al=3%), (12.37)
0 (—p)
With L=mnz%— 417r ddx,“ we use Green’s formula

oo oo 1
/ Lh. fdz = / hLfdet | (W(0)F(0) - £'(0)h(0)) (12.38)
0 0
together with the following [17, p. 324]

1 1
T2 v+41 T2

o D (0)=-2 2 . (12.39)
L('3") Y I'(=3)
Since D,y9; is an eigenfunction of L for the eigenvalue v + é + 2j, this yields
after some trivial computations the result

D,(0) =22

(] — k)/ DV+2j Dy+2k dx (1240)
0
1 1
=22, QVTIth { . ‘ ]
(Y =)T(=5—k) T(5" =k)T(=5 —j)

valid for any pair (j, k) € Z?: similarly,

k—j) /0 D_y i1 D_yg—1dx (12.41)
= 27(% : 27V7j7k7; |: 24v . ! 14+v - 24v ! 1+v . :| :
F( 2 _])F( 2 +k) F( 2 +k)r( 2 +J)
Since, as shown in Lemma 11.7, the C*-realization of the function ¢**% is
(Dyg2j, 0, (—1)7 F(f'(tzﬁfsl) D_, _5j_1,0), we easily verify, using also

2
('Y =)= — k)’

LMY + ) D(*5 +k)
M(—v)T(v+1)
that, if j # k, one has ((¢*+% | ¢*T2F)) = 0.
The proof that ((¢V T2+ | p¥+2k+1)) = ( is entirely similar.
Now, let us compute the values of the form (( | )) on pairs of identical

eigenfunctions of the v-anaplectic harmonic oscillator, in which case we may start
from a direct application of (12.37). One has

("% | 9" *2)) [/ D} dx (11:(( +2]+1 / D2, i 1d4
(12.43)

= (—1)** (12.42)
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With the help of (12.37), this can be written as

ko BT () ()
(12.44)

an expression which, thanks to the functional equation (12.36), reduces to
5T(v 4+ 2j 4 1). Now, this agrees with the scalar product (¢*27|¢”+%), as seen
from (12.22). The same computation works when dealing with odd eigenstates of
L in the space 2. O

Finally, the v-anaplectic analysis should lead, eventually, to a Weyl-like sym-
bolic calculus of operators, which may start with the computation of a Wigner
function, this being defined, as an extension of Definition 10.3, as

WY (1, x)(z,€) = 2 (X PHERQ) 4 | y)g, . (12.45)

It satisfies the same covariance properties as those expressed in Proposition 10.4

in the case when v = —%.

Proposition 12.6. One has
W(6",¢") (&) = T(v+1) e > ) Ry (v L dr (a® +€7)). (12.46)

Proof. Our main interest in this proof is showing how easy it is to compute in the
v-anaplectic analysis, in view of the fact that the Heisenberg representation is still
available.

First, we note that Lemma 10.5 extends with no change whatsoever to the
v-anaplectic analysis, and that most of Theorem 10.7 does, by way of consequence:
the only argument from the proof of that theorem that does not is the computation
(with the notation there ) of AWY(¢¥, ¢”). However, one sees immediately that

A = Right' Right + Left' Left 4+ 1 : (12.47)
consequently, using (10.21),

AWD(¢V7 ¢V):WD(¢D7 A*A¢D)+WD(A*A¢I/’ ¢D)+WD(¢D7 ¢D)
= QU+ 1)WY (", ¢¥) (12.48)

so that, again, W¥"(¢", ¢¥) is an eigenfunction (with a new eigenvalue) of the
(rescaled, in the same way as in Theorem 10.7) harmonic oscillator in two variables.
Using the rotation invariance, one may write W (¢, ¢) = f (27 (2®+£2)), where
the function f is an analytic function on [0, oo[ satisfying the differential equation

2v+1)

'+ 1 THOE <1 — . > f#)=0: (12.49)
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using this differential equation, and the already known value of f(0) = 2(¢” | ¢"),
we arrive at the expression (12.46).

Needless to say, one could compute in just the same way, as in Theorem
10.7, the Wigner function of any two eigenfunctions of the v-anaplectic harmonic
oscillator on the line. (]

Remark 12.2. We shall stop short of developing a higher-dimensional v-anaplectic
analysis for general values of v However, let us just indicate that, if one sets

WY (¢, ¢")(x,6) =T(v +1) ®, (222, 22¢) (12.50)

(this is the needed rescaling transformation: ¢f. Theorem 10.13; the coefficient is
chosen so that ®,(0,0) = 1), so that, a consequence of [17, p. 275]

. 1
O, (z,6) =" /164@2%2”(1 Fr(1—t) . (12.51)

™

It is an easy matter, generalizing what has been done in Section 4, to follow the
continuation of the two-dimensional K-transform of ®, to the universal cover of
¥=U2)N Symg. For, starting in the same way as in the proof of Theorem 4.18,
we arrive at the following analogue of (4.74):

(K ®,)0(2) = 2 /O;e(2V+1>f 11 (cosh(&—i?))édf: (12.52)

- %
cos
2 Jj=1,2

here, e~ ande~%2 are the eigenvalues of Z € %, and we start under the as-
sumption that 0 < 6; < 7. With the method of Section 4, one then sees that
the function (K ®,)o extends as an analytic function on the part of the universal
cover of ¥ lying above the subset of matrices with only simple eigenvalues, and
that it is multiplied by the factor e~ (2**t1i™ when Z is changed to Ze%*". In
other words, the function Z — (det Z)2 “+2) (K ®,)o(Z) extends as an analytic
function on a connected dense open subset of %(?) (the twofold cover of X): the lo-
cation and nature of the singularities of this function is similar to those of (I ®)o,
as described at the very end of Section 4.
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