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FOREWORD

This IMA Volume in Mathematics and its Applications
MODELING OF SOFT MATTER

contains papers presented at a very successful workshop with the same ti-
tle. The event, which was held on September 27-October 1, 2004, was an
integral part of the 2004-2005 IMA Thematic Year on “Mathematics of Ma-
terials and Macromolecules: Multiple Scales, Disorder, and Singularities.”
We would like to thank Maria-Carme T. Calderer (School of Mathematics,
University of Minnesota) and Eugene M. Terentjev (Cavendish Laboratory,
University of Cambridge) for their superb role as workshop organizers and
editors of the proceedings.

We take this opportunity to thank the National Science Foundation
for its support of the IMA.

Series Editors
Douglas N. Arnold, Director of the IMA
Arnd Scheel, Deputy Director of the IMA



PREFACE

The physics of soft matter in particular, focusing on such materials as
complex fluids, liquid crystals, elastomers, soft ferroelectrics, foams, gels
and particulate systems is an area of intense interest and contemporary
study. Soft matter plays a role in a wide variety of important processes
and application, as well as in living systems. For example, gel swelling
is an essential part of many biological processes such as motility mecha-
nisms in bacteria and the transport and absorption of drugs. Ferroelectrics,
liquid crystals, and elastomers are being used to design ever faster switch-
ing devices. Experiments of the last decade have provided a great deal
of detailed information on structures and properties of soft matter. But
the integration of mathematical modeling and analysis with experimental
approaches promises to greatly increase our understanding of underlying
principles and provide a predictive power. The articles presented in this
volume share such an integrated approach and span several areas of applied
and computational mathematics, continuum and statistical mechanics.

Several articles deal with interfacial phenomena in soft matter, from
both, static and dynamic points of view, including a survey on evolution
of interfaces in complex fluids, and on the role of surface forces in bulk
ordering. A related article deals with the role of line tension in wetting.
Modeling of nano-composite films of nematic liquids is the topic of one of
the works, that also explores the effective conductivity properties of such
a composites. There are two articles in the subject of elastomers with two
distinctive thrusts: studies of stripe phenomena, and also swelling of gels
made of liquid filled networks. Ferroelectricity in smectic C* liquid crys-
tals is also presented pointing to the challenges of nonlocal electric phe-
nomena due to the spontaneous polarization in the material. New models
of nonrigid particulate systems is the subject of one of the articles, that
addresses the problem of stress transmission and isostatic states of such
systems. One of the articles is devoted to the non-equilibrium statistical
mechanics of nematic liquids and the Fokker-Planck equation. Workers
in areas of complex and non-Newtonian fluids may benefit from the article
on constitutive equations involving the orientational order parameter. This
work establishes comparisons among well known theories of non-Newtonian
fluids.

The editors wish to thank all the contributors of the volume and also
the speakers and participants of the IMA workshop on soft matter physics.
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viii PREFACE

The goal of this volume is to motivate the applied mathematics and the
soft matter physics communities to continue collaborative tasks of identi-
fying beautiful and novel scientific problems and set the stage for further
research.

The editors wish to thank the IMA staff for all their assistance, and
especially Patricia V. Brick and Dzung N. Nguyen for their efforts in making
this volume possible.

Maria-Carme T. Calderer

School of Mathematics

University of Minnesota
http://www.math.umn.edu/%7Emecc/

Eugene M. Terentjev

Cavendish Laboratory

Cambridge University
http://www.poco.phy.cam.ac.uk/~emt1000
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AN ENERGETIC VARIATIONAL FORMULATION
WITH PHASE FIELD METHODS FOR
INTERFACIAL DYNAMICS OF COMPLEX FLUIDS:
ADVANTAGES AND CHALLENGES

JAMES J. FENGS§*, CHUN LIUt, JIE SHEN?, AND PENGTAO YUES

Abstract. The use of a phase field to describe interfacial phenomena has a long and
fruitful tradition. There are two key ingredients to the method: the transformation of
Lagrangian description of geometric motions to Eulerian description framework, and the
employment of the energetic variational procedure to derive the coupled systems. Several
groups have used this theoretical framework to approximate Navier-Stokes systems for
two-phase flows. Recently, we have adapted the method to simulate interfacial dynamics
in blends of microstructured complex fluids. This review has two objectives. The first is
to give a more or less self-contained exposition of the method. We will briefly review the
literature, present the governing equations and discuss a suitable numerical schemes,
such as spectral methods. The second objective is to elucidate the subtleties of the
model that need to be handled properly for certain applications. These points, rarely
discussed in the literature, are essential for a realistic representation of the physics and a
successful numerical implementation. The advantages and limitations of the method will
be illustrated by numerical examples. We hope that this review will encourage readers
whose applications may potentially benefit from a similar approach to explore it further.

Key words. Energetic variational formulation, phase field methods, Cahn-Hilliard
equation, two-phase flows, complex fluids, free interfacial motions.

AMS(MOS) subject classifications. 76A02, 76A15, 76A05, 76M30, 76T20,
76T10, 76R99, T6M45,76M22, 76D45, 76B10, 76D05.

1. Introduction. Most complex fluids have complicated internal mi-
crostructures, whose conformation is coupled with the macroscopic dynam-
ics of the material [1]. On the one hand, this coupling gives rise to novel flow
behavior. On the other hand, it plays a central role in achieving desirable
structure and property in advanced engineering materials. Complex fluids
are often used in composites, of which polymer-dispersed liquid crystals
and polymer blends are good examples [2, 3]. In these two-phase systems,
the components are separated by myriad interfaces that move and deform
with the flow; the interfacial morphology to a large extent determines the
dynamics of the mixture.

A fluid-mechanical theory for two-phase mixtures of complex fluids
has to contend with two difficulties: the moving internal boundaries (or
internal transition regions) and the complex rheology of the components.

*(jfeng@chml.ubc.ca).

tDepartment of Mathematics, Penn State University, University Park, PA 16802
(1iu@math.psu.edu).

tDepartment of Mathematics, Purdue University, West Lafayette, IN 47907
(shen@math.purdue.edu).

$Department of Chemical & Biological Engineering and Department of Mathematics,
University of British Columbia, Vancouver, BC V6T 1724, CANADA.

1



2 JAMES J. FENG ET AL.

The former is a well-known mathematical difficulty. The movement of
the interfaces is naturally amenable to a Lagrangian description, while the
bulk flow is conventionally solved in an Eulerian framework. A great deal
of effort has gone to reconciling these two considerations in a numerical
scheme [4]. The latter difficulty stems from the fact that the rheology of
each component depends on the internal microstructure, which is coupled
with the flow field [5, e.g.]. Thus, these materials feature dynamic coupling
of three disparate length scales: molecular or supra-molecular conformation
inside each component, mesoscopic interfacial morphology and macroscopic
hydrodynamics. The complexity of such materials has for the large part
prohibited theoretical and numerical analysis.

A conceptually straightforward way of handling the moving interfaces
is to employ a moving mesh that has grid points on the interfaces and
deforms according to the flow on both sides of the boundary. This has
been implemented in boundary integral and boundary element methods
[6-8], finite-element methods [9-11] and a finite-difference method [12, 13].
Besides the overhead in keeping track of the moving mesh, these meth-
ods break down when large displacement of internal domains causes mesh
entanglement or when the interfaces undergo singular topological changes
such as breakup and coalescence. Thus, these methods have been lim-
ited mostly to single drops undergoing relatively mild deformations. As an
alternative, fixed-grid methods have been developed that regularized the
interface [4]. These include the volume-of-fluid (VOF) method [14, 15}, the
front-tracking method (16, 17] and the level-set method [18-20]. All these
approaches have the advantage of converting the Lagrangian description
of a geometric motion into the Eulerian description. Instead of computing
the flow of the two components with matching boundary conditions on the
interface, these methods represent the interfacial tension as a body force
or bulk stress spread over a narrow region covering the interface. Then a
single set of governing equations can be written over the entire domain and
solved on a fixed grid in a purely Eulerian framework.

The phase-field method is also a fixed-grid method; it differs from
those aforementioned in that the interface is diffusive in a physical rather
than numerical sense. Thus, it is also known as the diffuse-interface model.
More precisely, the diffuse interface is introduced through an energetic
variational procedure that results in a thermodynamic consistent coupling
system. The basic idea was derived from the consideration that the two
components, though nominally immiscible, does mix in reality within a
narrow interfacial region. A phase-field variable ¢ is introduced, which can
be thought of as the volume fraction, to demarcate the two species and
indicate the location of the interface. A mixing energy is defined based on
¢ which, through a convection-diffusion equation, governs the evolution of
the interfacial profile. The phase-field method can be viewed as a physically
motivated level-set method, and Lowengrub and Truskinovsky [21] have ar-
gued for the advantage of using a physically determined ¢ profile instead
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of an artificial smoothing function for the interface. When the thickness of
the interface approaches zero, the diffuse-interface model becomes asymp-
totically identical to a sharp-interface level-set formulation. It also reduces
properly to the classical sharp-interface model in general.

The idea of diffuse interfaces can be traced back to van der Waals
[22-25], and has since been developed for numerous applications, e.g.,
phase transition and critical phenomena {26, 27], solidification and dendritic
growth in alloys [28, 29, interfacial tension theories [30], phase-separation
[31, 32, 27] and two-phase flows [33—40]. Recently, we [41] have gener-
alized the theoretical model to simulate interfacial dynamics in complex
fluids. Taking advantage of the energy-based formulation, they are able to
resolve the dual difficulties for complex fluid mixtures—moving interfaces
and complex rheology—in a unified framework. So far, we have applied
the method to a number of problems on drop dynamics of viscoelastic and
liquid crystalline fluids [42-46]. In the following, we first give a brief but
self-contained derivation of the theoretical model, and describe a numerical
algorithm using spectral methods. Then we will illustrate the advantages
and limitations of the model by several numerical examples. We hope to
convince the reader that the diffuse-interface idea can be developed into a
versatile CFD tool for multi-phase and multi-component complex fluids.

2. An energy-based phase-field theory. The phase-field model
can be derived from the general procedure of Lagrangian mechanics [21, 37].
We write out the Lagrangian (action functional) of the system based on
its free energy, and carry out variations with respect to the field variations
{(and the flow map). This amounts to following the “least-action principle”
and various dynamical laws, and will lead to evolution equations for these
variables (including the momentum equation — force balance equations).
The dissipative portions of these equations need to be derived separately,
for instance via irreversible thermodynamics [47]. The entire procedure
has been demonstrated previously for Newtonian, viscoelastic and nematic
liquid-crystalline fluids [37, 41, 48], and even for fluid-structure interactions
(with the help of a Eulerian description of elasticity) [49]. In the following,
we will use an example of a Newtonian-nematic blend with planar anchoring
for illustration.

For an immiscible blend of a nematic liquid crystal and a Newtonian
fluid, there are three types of free energies: mixing energy of the inter-
face, bulk distortion energy of the nematic, and the anchoring energy of
the liquid crystal molecules on the interface. We introduce a phase-field
variable ¢ such that the concentration of the two components is (1 + ¢)/2
and (1 — ¢)/2, respectively. We express the mixing energy density in the
Landau-Ginzburg form:

A A
(2.1) fmiz($, V) = §|V¢12 + E(¢2 —-1)%,



4 JAMES J. FENG ET AL.

where the parameter A is the mixing energy density, and ¢ is a capillary
width representative of the thickness of interface. The gradient energy term
AV#|?/2 and the bulk energy term fo = A(¢? ~ 1)%/(4€?) represent the
“philic” and “phobic” tendencies between the species, their competition
giving rise to the equilibrium ¢ profile. Note that fni. is the diffuse-
interface counterpart of the interfacial tension. In fact, one can relate the
conventional interfacial tension ¢ to the parameters in the mixing energy.
For instance, from an equilibrium hyperbolic-tangent ¢ profile that is the
1D energy minimizer, one obtains (34, 41]

2v/2 A
2. _veA
(2:2) g=—
The orientation of the nematic liquid crystal is described by the direc-
tor field n(x). The Frank distortion energy expresses the energy penalty
for distorting the orientation [50]:

(2.3) fbulk =K [%Vn : (V'n)T + @%—1)3] s

where K is the elastic constant. The second term on the right-hand side
regularized the original Frank energy to allow defects [51]. The nematic
prefers to orient on the interface along an easy axis [50]; any deviation from
it is penalized by an anchoring energy. Here we assume that the easy axis
is any direction in the tangential plane, and write the anchoring energy as

(2-4) fanch = ﬁ;’(n : V¢)2)

with the positive constant A representing the anchoring strength. This is
the diffuse-interface counterpart of the Rapini-Popoular energy [52]. Unlike
in the sharp-interface picture, both f,.;> and f,ncn are volumetric energy
densities. Finally, the total free energy density for the two-phase material
is written as:

(29) 78, 96,97) = fnie + 22 s + fanen

where (1+¢)/2 is the volume fraction of the nematic component, and ¢ = 1
in the purely nematic phase.

Variation of the system’s action functional with respect to the phase-
field variable ¢, the nematic director n and the displacement leads to evo-
lution equations for ¢, nn and the momentum equation. Augmented by the
dissipative effects, the governing equations of the system are:
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¢

(2.6) B +v-V¢= '71V2 7

(2.7) %’t‘ +v-Vn=1h,

(2.8 Vv=0

(2.9) p (%; +v- Vv) =-Vp+ V- [u(Vov+VvT) +0°],

where v, is the interfacial mobility and <, determines the relaxation time
of n. F = [fdQ is the total free energy of the system, whose variations
produce

oF 2-1 1
(2.10) 5= A [—V%ﬁ + @gz——)] + 5 foute = AV - [(n- Ve)n],
and the molecular field

_ OF

T T én
(2.11)

- K [~v (1 + ¢Vn) ! = "5(—"5—1)2] + A(n - V)V

Note that the right-hand side of the dynamic equation (2.6) dictates
the relaxation of the phase-field variable ¢, with a relaxation time propor-
tional to 1/4;. In the limit of ; approaching zero, we recover the kinematic
condition for the interface. Moreover, as € approaches zero, the dynamics
of ¢ will preserve the profile of the transition (hyperbolic-tangent in this
case), a key advantage of phase field approach. The last two terms in
equation (2.10) represent coupling between the phase field and the Frank
distortion energy and anchoring energy. When the interface is thin, fuu
is dominated by the mixing energy near the interface and therefore negligi-
ble. The last term may have an effect on the interfacial ¢ profile for strong
anchoring. But it is a higher order effect, negligible if the effects of interfa-
cial tension and surface anchoring are assumed to be additive (cf. equation
(2.12) below). Thus for simplicity, the last two terms on the right-hand-
side of equation (2.10) are neglected hereafter. There are applications, e.g.
[28], where the interface is relatively thick and the ¢ profile has physical
consequences.

In the variation with respect to displacement, we have assumed equal
density between the two species. A small density mismatch may be handled
by the Boussinesq approximation [37]. In the more general situation, the
mass-averaged mixture velocity becomes non-solenoidal within the interfa-
cial region, and a theory for compressible mixtures can be constructed [21].
The pressure is a Lagrange multiplier for the constraint of incompressibil-
ity. The elastic stress tensor is derived as part of the variational procedure
[41], and in this case can be written out as
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(2.12) 0° = ~A\(Vé ® Vo) — K- 3 149

—(Vn)- (V)T — A(n - Vé)n @ Vo.

3. Numerical scheme. While the coupled nonlinear system (2.6-
2.9) are adequate mathematical models for the mixtures of complex fluids,
it is a challenging task to construct a numerical scheme which is capable of
correctly capturing, at a reasonable cost, the complex spatial and temporal
features of these two-phase flows.

We propose to discretize the coupled nonlinear system (2.6-2.9) in time
with a stabilized semi-implicit second-order scheme. The guiding principle
here is that we only want to solve decoupled, constant-coefficient elliptic
equations at each time step while preserving the overall second-order time
accuracy and having a reasonably large stability region.

To simplify the presentation, we shall only describe our approach for
the Cahn-Hilliard equation

2 _
and for the time-dependent Stokes equations
ov
(3.2) E—-VA'U-{-VP— h,,

V-v= 0,

where the forcing functions h; and hg would include all the extra nonlinear
terms in (2.6-2.9) which will be treated explicitly to avoid solving nonlin-
ear equations at each time step. The treatment for the nematic director
equation 2.7) is very similar.

Let us consider first the Cahn-Hilliard equation (3:1). A main diffi-
culty associated with the numerical approximation of (3.1) is that a stan-
dard semi-implicit scheme leads to a very stiff system (when € < 1) which
dictates a very small time step. This difficulty can be alleviated by using
the following shifted semi-implicit scheme:

3PFH — 4gk + ¢+t
2At
(3.3) + -}A[z(;qsklz ~(1+ Cs)>¢’°

—(|¢*71 - 1+ C))e* s

where C, is a stabilizing parameter typically in the range of [1,5]. Ample
numerical results indicate that the above stabilized semi-implicit scheme
allows much larger time step than the standard semi-implicit scheme does.
We observe that (3.3) is a fourth-order equation for ¢**+! with constant
coefficients.

Next, we describe our approach for solving the time-dependent Stokes
problem (3.2).

+,Y(A2 A)¢k+1 hk 1
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o If the boundary conditions are periodic, the pressure in (3.2) can
be easily eliminated using the divergence-free conditions so (3.2)
can be efficiently solved by using a Fourier-spectral method [37].

o If the velocity satisfies a free-slip boundary condition (cf. [53]),
then, the time discrete approximation of (3.2) can be split into
a sequence of Poisson-type equations for the velocity and for the
pressure.

o If the boundary conditions in all but one direction are periodic,
(3.2) can be reduced into a sequence of one-dimensional fourth-
order equations using a Fourier expansion in all but one direction
[54].

¢ Finally, for the general cases, we shall use a projection type scheme
(see the recent review paper [55]) to decouple the computation
of the velocity from the pressure. For example, we may use the
new consistent splitting scheme introduced in [56]. To be specific,
we assume here that the velocity is subjected to a homogeneous
Dirichlet boundary condition:

R Ve Y P
2A¢t

- VAv"’+1+V(2pk —p"’"l) = 2hy* —hy* 1,

(3.4)
,vk+1 Iaﬂ — 0,

k+1 _ pga,k k-1
Bs) (v = (PSR v e @),

(3.6) PP = gt opk _ gkl g gkt

Note that (3.4) is a Poisson-type equation for v*+1 while (3.5) is
a Poisson equation (with homogeneous Neumann boundary condi-
tions) in the weak form for ¢*+1.

Hence, after a time discretization to the coupled nonlinear system
(2.6-2.9), we only need to solve, at each time step, a sequence of constant-
coefficient elliptic equations which can be efficiently handled by one of the
many existing numerical methods using finite difference, finite elements or
spectral methods. Since we shall confine ourselves to simple geometries in
this study, we choose to use the well-conditioned and fast spectral-Galerkin
methods developed in [567, 54, 58] which are capable of solving constant-
coefficient elliptic equations in simple geometries with quasi-optimal com-
putational complexity, i.e., the number of operations per time step is of
order O(N log N), N being the number of unknowns. The high resolution
property of the spectral method and the efficiency of the fast spectral-
Galerkin algorithms allow us to numerically solve the coupled nonlinear
system (2.6-2.9) at a reasonable cost. For example, with a 750 MHz Sparc-
v0 processor, the two-dimensional problems with a spatial resolution of
1024 x 1024 or 2048 x 1024 typically take about 1 minute of CPU time
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per time step. For all the simulations reported below, we have carried out
grid and time-step refinements to ensure convergence. If we take 4.164¢ to
be a nominal interfacial thickness (cf. [41]), this layer typically requires
7-10 grids to resolve. Coarser grids will generate spurious oscillations in
the solution, especially in the vicinity of the interface.

4. Advantages of the diffuse-interface model. Needless to say,
the greatest payoff of adopting a diffuse-interface picture is the ease with
which moving interfaces can be handled. Compared with the traditional
sharp-interface view of internal boundaries, there is no longer a need to
track the position of the interface, and to impose matching boundary con-
ditions for solving the flow inside each component separately. As mentioned
earlier, the interfacial tension is now represented by an elastic stress tensor
concentrated in the interfacial region. The cost is the additional dynamics
for ¢; we have to deal with the physics of the convection-diffusion process
as well as the numerical burdens of an additional equation. These will
be discussed in the next section among the subtle issues that need special
consideration.

The diffuse-interface formulation also brings about several “side bene-
fits” that may be of great importance to the physical applications at hand.
Here, we illustrate in some detail three of such benefits that we have noted
in our simulations. These advantages reflect the fact that the phase-field
idea transforms the Lagrangian description of a geometric motion into Eu-
lerian coordinates, and easily represents the competition between various
energy functionals for the multiphase material.

4.1. Short-range molecular forces during topological changes.
For the same reason that the phase-field method handles moving interfaces
easily, so it does singular topological changes such as breakup and coa-
lescence. In the sharp-interface convention, such events require an ad hoc
treatment. For filament breakup and drop coalescence, for example [59, 60],
the thinning neck or film has to be artificially removed once its thickness
reaches a prescribed threshold. In contrast, the diffuse-interface is repre-
sented by the contour of ¢ = 0, which deforms and reconnects smoothly
during flow. Thus, no artificial trigger is needed for drop breakup and
coalescence. As an example, Fig. 1 illustrates the head-on collision and
subsequent coalescence of two Newtonian drops in a Newtonian matrix.
The draining film develops a “dimple” in the middle [61] and the rupture
occurs toward the outside of the film, trapping some matrix fluid inside.

In reality, film rupture is effected by short-range forces such as van
der Waals force [62]. Interestingly, the phase-field model is rooted in the
physics of molecular interaction between the two species, and thus contains
short-range molecular forces. To see this, consider the simple situation in
Fig. 2, with a liquid film (F) of uniform thickness h sandwiched between
semi-infinite domains of another fluid (A). For a thick film, the phase-field
variable at the center approaches the bulk value, say ¢g — —1, at the
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=0.336 t=1.342

OO0 U

=1.678 t=2.349

t=2.433 t=2.517

t=2.685 t=3.356

COV =3 || &=

Fic. 1. Collision and coalescence of two Newtonian drops in a Newtonian
matriz. The Reynolds number, defined using D and U, is Re = 33.6, and the
Weber number is We = 12, Other parameters are: € = 0.01 and v = 3.365x 1075
(after Yue et al. {{1], © Cambridge University Press.)

center. For a thin film, however, conceivably ¢ inside F will differ from
the bulk value: ¢9 > —1. From the elastic stress tensor due to the mixing
energy (cf. [42]), one may calculate the disjoining pressure in the diffuse-
interface model:

Mg —1)?

(4.1) Iy = ~Mo = —=20

which implies an attractive force between the interfaces as with van der
Waals force. If we estimate ¢¢ based on a hyperbolic tangent ¢-profile as
in a one-dimensional equilibrium interface [41],

(4.2) ¢o = — tanh (2\%5) ,

Then the disjoining pressure in Eq. (4.1) can be shown to be of the same
order of magnitude as the van der Waals force. As the film thickness
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Fi6. 2. A cartoon for a draining film and the corresponding ¢ profile.

approaches zero, however, the van der Waals force goes to infinity while I,
remains finite. A more detailed comparison can be found in Ref. [42]. On
a fundamental level, the discrepancy between van der Waals force and Il
stems from the truncation of the Cahn-Hilliard free energy at the quadratic
term |[V¢|%. An elegant explanation has been given by Pismen [63)].

4.2. Complex rheology. Because of its energy-based formalism, our
diffusive interface method incorporates complex rheology easily. The non-
Newtonian rheology is typically due to microstructures whose conformation
deviates from equilibrium under deformation. The conformation of the mi-
crostructure is often governed by a free energy, e.g., the Frank distortion
energy for a liquid crystal or the free energy of a polymer chain. In Sec-
tion 2, we showed how this microstructural energy can be added to the
mixing energy to form the total free energy of the multi-phase system,
which will give rise to the proper constitutive equation for the microstruc-
tured fluids in addition to the evolution equation of the phase field variable.
Thus, interfacial dynamics and complex rheology are included in a unified
theoretical framework.

This procedure is general in that various types of constitutive relations
can be derived by the same procedure. As a second example, we consider
here the important case of a viscoelastic polymer solution modeled as a sus-
pension of Hookean dumbbells in a Newtonian solvent [64]. Instead of the
least-action principle, we follow a formally different but essentially equiv-
alent “virtual-work principle” [5]. For a single dumbbell with a connector
Q, its elastic energy is %H Q - Q, where H is the elastic constant. For an
ensemble of dumbbells with configuration distribution ¥(Q), the average
energy can be written as

(4.3 fa= /Rs (len\Il + %HQ . Q) vdQ,

where k is the Boltzmann constant and T is the temperature, and the
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integration is over all possible configurations of Q. Now the total free
energy density of the two-phase system is:

1+¢
2

where n is the number density of the dumbbells. Since the stress tensor
due to fimiz has been derived (cf. equation 2.12 and [41]), we will only
consider the elastic stress due to the dumbbell energy f;. We impose a
virtual displacement dx on the material, which takes place instantaneously
so that the dumbbells deform affinely with no slip between the bead and the
surrounding fluid. The corresponding change in the distribution function ¥
can be obtained from the Fokker-Planck equation for ¥ [64]. Now we may
calculate the resultant variation in the dumbbell free energy. Omitting the
intermediate steps [42], we eventually arrive at:

(44) f = fmiz

nfda

8fa= / (lean/ + kT + EQ : Q) 80dQ
RS 2
(4.5) = (—kTI+H < QQ >): (Véx)T,

where < - >= [p, -¥dQ and I is the identity tensor. Thus the dumbbell
stress tensor is:

(4.6) T¢4=-nkTI +nH < QQ >,

which obeys the Maxwell equation. This is exactly the Kramers expression
for the polymer elastic stress tensor [64]. The same procedure can be
followed for other microstructural free energies, such as the Marrucci-Greco
nematic potential energy for liquid-crystalline polymers [65, 5].

4.3. Energy conservation. An additional advantage of the phase-
field method over other interface-regularizing methods is its energy con-
servation: a solution to the governing equations in Section 2 obeys an
energy law. For example, multiplying equation (2.9) by the velocity v,
equation (2.6) by the chemical potential §F/6¢ and equation (2.7) by the
molecular field §F/dn, integrating over the entire domain and summing
the results, we obtain:

) dq,

d P2
=-—/ (qu:VvT+71 \Y
Q
where f is the system’s potential energy density (cf. equation 2.5), and
surface work has been omitted. Physically, the law states that the total
energy of the system (excluding thermal energy) will decrease from inter-
nal dissipation. Based on such energy laws, Lin and Liu {66, 67] have

(47) §F|?

5F
+ 72 | =
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established the existence of classical and weak solutions for Leslie-Ericksen
fluids. In general, energy laws play an important role in the convergence
of finite-dimensional approximations to partial differential equations, espe-
cially when the solution is not smooth {51]. This constitutes one of the
advantages of our method over previous methods that do not maintain the
system’s total energy budget. In VOF simulations, density is the labeling
function subjected to smoothing. The level-set method renormalizes the
distance function. In either case, the conservation of energy cannot be
maintained.

Note that the energy conservation holds exactly when all the coupling
terms in equation (2.10) are kept. For numerical conveniences, we have
omitted such terms in applications where the interface will remain thin
and the coupling terms have at most a localized effect. This omission
will violate the energy conservation. When the geometry is simple and the
solution is smooth, non-conservation of energy usually does not compromise
the quality of the solution. But difficulties may arise in the presence of rapid
spatial variations, which are characteristic of microstructured fluids with
internal boundaries and/or defects [1, 43].

5. Physical and numerical subtleties. Although the convergence
of the phase-field model to the sharp-interface model has been established
by asymptotic expansion for regular velocity fields [24, 25, 40, 33, 39, 21,
37], there are some subtle issues that merit further discussion. One such
issue, for example, concerns incompressibility. While the phase-field for-
mulation imposes incompressibility throughout the domain (hence also on
the interface), the sharp-interface model satisfies this condition only weakly
on the interface. In fact, the system would be over-determined with such
a constraint on the interface. For phase-field models, we are allowed to
impose V - v = 0 everywhere thanks to the diffused transition layer. The
same holds for VOF and level-set methods through the introduction of an
artificial transition layer. Physically, one may consider the sharp interface
and the diffuse interface different approximations of the real physical sit-
uation, the former by relaxing incompressibility on the interface and the
latter by introducing the transition layer.

The phase-field method can be viewed from two complementary angles:
as a representation of the microscopic physics on the interface or as a nu-
merical device for simulating moving boundary problems without tracking
the interface. Depending on the applications, one or the other viewpoint
may be more appropriate. For applications such as solidification of alloys
[28, 29] and near-critical systems [26, 33], it is essential to ensure that the
phase-field equation captures the dynamics at the interface because the
interfacial profile is of direct interest. On the other hand, the two-phase
flow problems we have simulated involve “immiscible” components with
interfacial thickness on the order of tens of nanometers. Beyond indicating
the position and movement of the interface, the ¢ profile has little direct
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bearing on the macroscopic properties of interest. Thus, there is a degree
of freedom or ambiguity in choosing the dynamics of the phase field and
the parameter values. In particular, the interfacial thickness in the model
can be much thicker than in reality; there is no need, nor perhaps the ca-
pability, to resolve the interface down to nanometer scales. From this an
array of subtle issues arise, which must be handled with care for the model
to be physically sound and numerically efficient.

5.1. Cahn-Hilliard and Allen-Cahn dynamics. As long as our
physical problem conceptually consists of sharp interfaces, the diffusion
dynamics of the phase-field variable is to a large extent fictitious. Thus,
one can choose Cahn-Hilliard, Allen-Cahn or other types of dynamics. We
can view all such choices as a relaxation or approximation of the kinematic
transport equations. Based on similar considerations, we have neglected
certain coupling terms in the Cahn-Hilliard equation due to presence of
microstructures (cf. equation 2.10). One requirement on the diffusion
dynamics is that they maintain the integrity of the interface. In other
words, the “phobic” and “philic” tendencies should be balanced such that
the transition layer neither smoothes out nor steepens into a shock wave.

The Cahn-Hilliard equation follows from the physical argument that
the flux be proportional to the gradient of a generalized chemical potential.
This differs from the conventional Fick’s law, which leads to the Allen-Cahn
dynamics. The advantage of the Cahn-Hilliard equation is the following
conservation of total system “mass’:

(5.1) %/ﬂqﬁ(m,t) dz =0,

if the following no-flux boundary condition is imposed.

0 6F‘rmz
52 2 (8o,

where n is the normal direction to the boundary.

A disadvantage of the Cahn-Hilliard equation is that its higher (4th)
order causes numerical complications. Shen [54] and Yue et al. [41] used a
procedure of splitting it into two second-order Helmholtz equations.

The Allen-Cahn equation is easier to handle numerically but does not
automatically ensure conservation of mass; a Lagrange multiplier can be
introduce to enforce it as a constraint [68]:

(5.3) %ﬁ-v-Vqﬁ:m(—%—l—a),

with [, ¢(z,t)dz = [, $(z,0) dz.
Another possibility is the “advected field” method [69], which is a
compromise between phase-field and level-set approaches. To impose mass
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conservation on the Allen-Cahn equation, an additional term proportional
to the local curvature is added:

(5.4 X o Vo | B rava).

where ¢ is the curvature of interface. In the sharp-interface limit, the new
term cancels the diffusion flux incurred by the Allen-Cahn dynamics, thus
mass is conserved. On the downside, the ad hoc term prevents interfacial
tension to be incorporated into the momentum equation via the phase field.
Instead, it has to be added “by hand” through a spread-out delta function
as in level-set and VOF methods.

Finally, we must point out that the phase-field dynamics do play a
central role in a special class of two-phase flow problems where the interface
undergoes topological changes such as breakup or coalescence[42]. The
length scale of such critical processes approaches that of the interfacial
thickness. In reality, these processes are dominated by short-range forces.
As illustrated in the last section, the Cahn-Hilliard dynamics does contain
a type of short-range force; it produces a disjoining pressure comparable
to the van der Waals force. Then the question arises as to how closely this
type of short-range force approximates reality in a particular experiment.
The answer likely depends on the complex details of the experiment, as
short-range forces from several sources can take part, typically imparting
a stochasticity to the problem [70, 71].

5.2. Interfacial relaxation. Secondary to the ambiguity in interfa-
cial dynamics is the determination of parameter values. For the diffuse
interface to reproduce the macroscopic behavior of a sharp-interface, the
model parameters must be judiciously chosen. In particular, the parameter
71 determines the rate of relaxation of the ¢ field. However, there is little
experimental information on ~y; for the thin-interface two-phase flows that
we are interested in. Jacqmin|[34] juxtaposed two considerations on this:
“straining flows can thin or thicken an interface and this must be resisted
by a high enough diffusion. On the other hand, too large a diffusion will
overly damp the flow”. We will discuss several manifestations of interfacial
relaxation in the following.

One interesting effect of interfacial relaxation is the initial “contrac-
tion” of a drop in a quiescent fluid. As an initial condition, we impose the
hyperbolic tangential ¢ profile at the interface (equation 4.2), with ¢ = +1
in the two bulk phases. On commencing the simulation, however, we notice
a very small shift in ¢ such that the interface ¢ = 0 shrinks slightly, and ¢
deviates from +1 slightly in the bulk (Fig. 3). The reason for this artificial
shrinkage is that the initial ¢ field is not the equilibrium one that minimizes
the total free energy in 2D. Thus, the interface tends to shrink to reduce the
mixing energy. Since fn ¢ dQ is conserved by the Cahn-Hilliard equation
with the zero-flux boundary condition (equation 5.2), the shrinking inter-
face causes the bulk ¢ value to change slightly, incurring an energy penalty
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FiG. 3. A diagram showing the initial contraction of a drop in a quiescent matriz

fluid.

in the bulk energy fo. The competition between the bulk and interfacial
energies results in a slightly relaxed ¢ field that has a lower energy than
our initial condition. For a circular drop of radius r, one can calculate the
shift in the bulk value of ¢ analytically if ¢/r <« 1:

(5.5) 6p = gf

In general, such a formula will not be available. But one may always choose
a sufficiently small € so that the initial shift is insignificant to the accuracy
of the results.

Another important consequence of interfacial relaxation is the change
in apparent interfacial tension[41, 43]. To simulate an experiment with
two immiscible fluids, one chooses appropriate values for the mixing en-
ergy A and capillary width € so as to match A/e to the experimental in-
terfacial tension ¢ according to a formula based on some equilibrium ¢
profile[34, 41]. As ¢ evolves during flow, the matching formula no longer
holds. Yue et al. [41] have shown an example of drop deformation in shear
flows, where the deviation of the ¢ profile from the equilibrium one in-
creases the effective interfacial tension. As a result, the drop deformation
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FiG. 4. Effect of the mobility parameter 41 on the deformation of a drop after
startup of a simple shear. The drop is Newtonian while the matriz is a viscoelastic
Oldroyd-B fluid (after Yue et al. [§1], © Cambridge University Press.)

is underpredicted. Since the rate of relaxation is controlled by ~;, it has
an effect on the drop deformation as well. In this case, Fig. 4 shows that a
smaller «y; increases the drop deformation slightly.

5.3. Interfacial thickness. The capillary width € is another param-
eter that needs to be chosen carefully. This is a well-recognized issue in
phase-field models for alloy solidification [29]. In our simulations of two-
phase flows, the interfacial thickness h, defined for example by 90% of the
jump in ¢, is typically on the order of 4e. The smallest h that one can
resolve depends on the macroscopic length scale and the computational
capacity. But it is typically much thicker than the nano-scale real inter-
faces. Thus, it is a delicate task to pick an € within one’s computational
reach that produces approximately the correct macroscopic behavior of a
much thinner interface. As mentioned before, ¢ affects the effective interfa-
cial tension, the relaxation of the interface and the short-range molecular
forces. The philosophy behind choosing an appropriate value is perhaps
best illustrated by a situation involving drastic topological changes.

Figures 5 and 6 show simulations with a larger or smaller ¢ than in
Fig. 1 with all other parameters unchanged. The early stage of the simula-
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t=1.678 =1.846

=1.930 =2.014

Fi1G. 5. Collision and coalescence of two Newtonian drops in a Newtonian matriz
with a thicker interface. The parameters are the same as Fig. 1 except for ¢ = 0.02
(after Yue et al. [{2], ©Elsevier.)

t=2.014 =3.020

=3.188 =4.027

Fi1G. 6. Collision and coalescence of two Newtonian drops in a Newtonian matriz
with a thinner interface. The parameters are the same as Fig. 1 except for e = 0.005
(after Yue et al. [42], ©Elsevier.)

tions, say for ¢ < 1.342, is identical with Fig. 1. This is before the interfacial
profiles of the two drops overlap. For a larger ¢, the interfaces of the two
drops overlap at an earlier time during their approach, and the ensuing coa-
lescence occurs more readily (Fig. 5). Note that the interface does not have
time to develop the dimpled shape, and no matrix fluid is trapped inside
the drop. On the other hand, a smaller ¢ prolongs the coalescence process
(Fig. 6). As compared with Fig. 1, the points of rupture are more toward
the ends of the film. This produces a less pronounced waist in the resultant
compound drop, and the entrapped matrix filament does not break up but
retracts into a droplet. The optimal € cannot be determined by an a priori
criterion. Rather, it needs to reflect the range of the molecular forces at
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work in the particular experiment to be simulated. Owing to a degree of
randomness in the short-range forces, the coalescence time in experiments
often exhibits a Gaussian distribution [70, 71]. Obviously, such intricate
details cannot be reproduced by the disjoining pressure in a phase-field
formulation. Instead, one may hope to capture the macroscopic dynamics
in some average sense by using optimal values for the model parameters.
Note that the effect of € is not to be confused with numerical resolution
of the interface. For each € value tested here, mesh refinement has confirmed
that the grid used is adequate for resolving the interface (see also [41]).

5.4. Adaptive mesh refinement. We argue that adaptive mesh re-
finement is capable of addressing all aforementioned issues. As has been
established before, the diffuse-interface mo;i‘el will stay close to the sharp-
interface model, with the conventional interfacial tension, when the interfa-
cial thickness tends to zero [33, 37]. Note that the ¢ profile as a solution to
equation (2.6) is “nontrivial” only within the interfacial layer, whose thick-
ness scales with €. Therefore, for sufficiently small transition thickness € and
elastic relaxation time v, the effect of interfacial relaxation becomes negli-
gible, and the difference between Cahn-Hilliard and Allen-Cahn dynamics
becomes irrelevant. In fact, they represent two different regularizations of
the kinematic transport of the phase field.

However, in some cases, such as those involving surfactant monolayers,
the interfacial profile needs to be numerically resolved for accurate evalua-
tion of the interfacial stress. The disparity between small ¢ and the global
length scale implies the need for a locally refined grid inside the interfacial
region.

Although procedures for dynamically adaptive meshing seem to be
available [72, 73], they have not been used in a.diffuse-interface framework
as we are aware. So far, we have used spectral methods with structured
grids; the resolution of the interface is the numerical bottleneck [41] that
must be tackled before the method can be used for large-scale flow sim-
ulations in three dimensions. Such an adaptive meshing scheme seems to
be most conveniently implemented within a finite-element formulation. In
addition, moving-mesh schemes may serve the same purpose. Code devel-
opment along both directions is underway, and will be reported in the near
future.

5.5. Topological control. So far we have considered it an advan-
tage that the phase-field method automatically handles topological changes
such as merging and rupture of interfaces. This is the case when the na-
ture of the short-range forces are understood and more or less adequately
represented by the phase-field dynamics [42]. In certain applications, how-
ever, this may become a liability {74]. For instance, surface-active agents
greatly modify the behavior of interfaces, stabilizing drops in emulsions
and bubbles in foams against coarsening {1}. Membranes may prevent vesi-
cles in contact from coalescing. If one chooses to use a phase-field model
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OG0

Fic. 7. Singular cases in 2-D. The inner intersect angles are m, 0, /2 for cases
a, b and c respectively. The Euler number x is 2, 1 and 1.5. The Euler-Poincaré indez
number 1 is always 2.

in such situations, it is desirable to retain some control of the topological
events within the model. This consists of retrieving topological information
from the phase field formulation, monitoring the occurrence of topological
events, and even using the information to design a criterion for prohibiting
unphysical changes of topology.

Du et al. [75] have recently developed a method for topological control
in a phase-field model via the Euler number. The idea, briefly outlined
below, applies equally well to other simulation methods for free boundary
and interface problems such as the level-set methods.

Given an oriented (regular) compact (i.e., without boundary) surface
I, the well-known Gauss-Bonnet formula states that

(5.6) ] Kds =2my,
r

where K = kjks is the Gaussian curvature of the surface in R3, ds is the
area element and x/2 in 3D or x in 2D is the Euler number [76]. The
number x is a commonly used topological quantity. For some frequently
encountered surfaces, we have x = 2 for a sphere, x = 0 for a torus and
x = —2 for a torus with 2 holes. For 2D curves, K is the curvature and
x = 1 for a circle.

Such a concept can be generalized to the cases involving singularities,
as illustrated in Figure 7. For instance, in 2 dimensional cases, we will have
that:

(5.7) 2 = / Kds+ Z(ﬂ’ —a;) =27x+ Z(ﬂ‘ - o),
r i=1 i=1

where o; are the inner angle at each vertices. And 7, the Euler-Poincaré
index number, is the topological integer, the genus of the surface.

In [75], we derived a phase-field representation of x. Let I be a smooth
oriented compact surface of a domain Q in R3 (note that I is allowed to
have multiple disconnected pieces). Let p be a monotonically increasing
function defined from R to R with p(0) = 0. We define the phase-field
function as ¢(z) = p(d(z)) where the signed distance function d(z) =
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dist(z,I') is defined to be positive inside 2 and negative outside Q. The
level sets of ¢ are denoted by I'y, = {z € Q|¢(z) = p}. In particular, we
have I' = I'g. We also define Q' = {z € Q|b < ¢(z) < a}, which forms a
banded (layered) neighborhood around the surface for b < 0 < a. Further
define A(M) = A (M)X2(M) = A(V?d(z)) for a singular matrix M with
A1, Az being the two non-zero eigenvalues of M = V2d(z). Since we can
view that ki, ko remaijn close to constant along the normal directions in the
thin layer region (', we have that

X %Lkl(x)kz(x) ds

1 /P'l(a) , /
= —— TYdr | ki{z)ko(z) ds
re e R LU L RCLCD
1

&9 BRZICED) sz(a,b)pl(d(x))kl(w)kz(fv) dx
N AT ) da
= $5(a =) Jogy? UENAV () d
-1 2 Y da
o " dn(a-b) /Q(a,b) P'(d(x))A(V ¢ —p"'VidV;d) dz .

In practice, the function p and the constants a, b will be chosen such that p’
is relatively small outside of the transition layer. Now, since p(z) is mono-

tone, hence we have that p'(d(z)) = |V¢(z)| and p”(d(z)) = Z%Vl%‘;l&v—'b. In
the end we have the following theorem [75]:

THEOREM 5.1. If ¢ = ¢(z) of Q as ¢(x) = p(d(z)) where the signed
distance function d(z) = dist(z,T"). For any monotone increasing function
p, there exists b < 0 < a, such that the following matriz M, where

B 1 o . VIVe]* Ve
T 2y/m(a—b)[Vg)| (V'V’¢ 2|Vl

is a singular matriz for Vx € Q{a,b) in the sense that it always has a zero
eigenvalue, and the Euler number of I' can be obtained as:

(5.10)  M(z)y; V¢¢Vj¢) ,

(5.11) X / F(z)dz
2 Q(a,b)

where F' denote the coefficient of the linear term of the characteristic poly-
nomial of M.

Numerical simulations, such as that in Figure 8 and Figure 9, show
that the Euler number thus computed indeed captures the occurrence of
critical topological events|75].

Besides detecting the occurrence of critical topological events, this
quantity also provides an important tool in designing a scheme to prevent
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Fic. 8. Coalescence of two bubbles in a Newtonian fluid with the time valued at
0.00, 0.10, 0.18, 0.22, 0.24, 0.28 (after Du et al. [75].)
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FIG. 9. A plot of the Euler number in time with the annihilation of the small bubble
(after Du et al. [75].)

topological changes from happening. For instance, one may use a Lagrange
multiplier to enforce the constancy of the Euler number over the entire do-
main. Since the constraint will involve a cost functional of high derivatives,
more detailed analysis and numerical studies are needed in this area.

6. Concluding remarks. This article aims to introduce the ener-
getic variation based phase-field approach to readers interested in the fluid
dynamics of immiscible complex fluids. Although various versions of the
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model have been used in the past to great degrees of success, we highlight
the generic advantages inherent in the formalism. More importantly, per-
haps, we discuss several detailed key crucial issues (challenges) with the
method whose proper treatment is prerequisite to a physically realistic and
numerically practicable implementation of the model.

We emphasize that the diffuse-interface treatment can alternatively
be seen as a physical model or a numerical device. It can be viewed as
a physics motivated approximation (regularization) of the sharp interface
models. The employment of the phase field method changes the Lagrangian
description of the interface motion into Eulerian description. The energetic
variational procedure ensures that the resulting coupling system will still
preserve the overall energy law. The method seems to be more appropriate
for the drop dynamics problems that we have simulated, although there
are other applications where the opposite is true. As such, the interfacial
dynamics and model parameters do not directly correspond to measurable
quantities and their determination is a delicate matter. We have advocated
the view that the criterion should be that the diffuse-interface model accu-
rately predict the macroscopic dynamics of the two-phase system, including
drastic changes of the interfacial morphology. Several numerical experi-
ments are shown to illustrate these issues and how they can be resolved to
a satisfactory degree of accuracy. The inherent ambiguity vanishes as the
interfacial thickness shrinks. Thus, we suggest adaptive mesh refinement
as the solution when a thin interface has to be resolved. It is also necessary
for computing large-scale 3D flows of blends of rheologically complex fluids.
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NON-EQUILIBRIUM STATISTICAL MECHANICS OF
NEMATIC LIQUIDS*
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Abstract. The rotational diffusion of a general-shape object {(a molecule) in a flow
of uniaxial nematic liquid crystal is considered in the molecular field approximation.
The full corresponding Fokker-Planck equation is derived, and then reduced to the limit
of diffusion of orientational coordinates in a field of uniaxial nematic potential and the
flow gradient. The spectrum of orientational relaxation times follows from this analysis.
As a second main theme of this work, we derive a complete form of microscopic stress
tensor for this molecule from the first principles of momentum balance. Averaging
this microscopic stress with the non-equilibrium probability distribution of orientational
coordinates produces the anisotropic part of the continuum Leslie-Ericksen viscous stress
tensor and the set of viscous coefficients, expressed in terms of molecular parameters,
nematic order and temperature. The axially-symmetric limits of long-rod and thin-disk
molecular shapes allow comparisons with existing theories and experiments on discotic
viscosity. The article concludes with more complicated aspects of non-linear constitutive
equations, microscopic theory of rotational friction and the case of non-uniform flow and
director gradients.

Key words. Rotational diffusion, Microscopic stress tensor, Nematic liquid crys-
tals, Constitutive equations, Leslie coefficients, Orientational relaxation.

AMS(MOS) subject classifications. 76A15 Liquid crystals; 74A25 Molecular,
statistical, and kinetic theories; 60J60 Diffusion processes.

1. Introduction. On the macroscopic continuum level, the dissipa-
tion of energy in a liquid flow is determined by the viscous stress tensor,
which in the linear regime is proportional to the flow gradients with a fac-
tor of viscous coefficient. Kinetic theory of fluid viscosity has the aim of
deriving this stress tensor, and the viscous coeflicients, from the molecular
parameters, interaction forces and temperature, thereby relating the kinetic
linear response coefficient with the thermal fluctuations in the medium. Ki-
netic theory of viscosity of classical isotropic liquids is based on a compli-
cated and delicate analysis of pair correlation functions out of equilibrium;
it has a famous history of successful developments [1-3] although by far
not everything is understood in this field.

In this article we describe a non-equilibrium statistical theory of the
hydrodynamics of nematic liquid crystals, the liquids with a spontaneously
broken orientational symmetry due to the anisotropic pair interactions be-
tween constituent particles {molecules). In developing the nematodynamics
we aim to justify prevalent phenomenological theories and determine the
underlying principles governing the orientational dynamics of the molecules
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under simple shear flow. From a fundamental perspective, such studies re-
veal important physical insights which may help to answer some of the
most important questions in rheological studies of nematic liquid crystals:
To what extent does shear flow affect the molecular alignments? What is
the microscopic basis for nematic liquid crystals displaying flow-induced
transitions into an ordered or unstable state? Such questions represent
typical phenomena abundant in physics for which a simple physical anal-
ysis often reveals deep underlying principles, yet a detailed and rigorous
solution is necessary to confirm the analysis.

From a more practical perspective, the inherent nature of nematic lig-
uid crystals to acquire a preferred orientation of anisotropic molecules, and
preserve it in the presence of flow, provides a natural advantage to these
materials to be used as precursors for the manufacturing of high perfor-
mance fibres. The preferred orientation and degree of alignment of the
molecules are found to have a predominant effect on the mechanical and
thermal properties of the materials, and the optimization and control of
preferred alignment is of paramount importance. Unfortunately a funda-
mental understanding of the factors affecting the development of preferred
alignment is still lacking, which may hinder their further development.

In comparison to thermotropic nematics, i.e. dense liquids of
anisotropic molecules, dilute suspensions of non-spherical particles are rea-
sonably well understood {4]. The intrinsic viscosities of suspensions of
oblate and prolate spheroids have been calculated allowing low volume
fraction viscosity measurements to be used to estimate particle aspect ra-
tio. Studies have been completed which extend the observations to the
interactions of several particles. Models that include the influence of Brow-
nian motion have also been developed [6]. However the majority of these
theoretical studies have focused solely on rod-shaped nematic molecules,
as opposed to disk-shaped particles or a more general case of spheroidal
molecules with uniaxial symmetry. As the concentration of particles in-
creases, the particles no longer rotate freely, but their motion is limited
through excluded volume interactions as well as long range inter-particle
and hydrodynamic forces. For particles with a large length/thickness ra-
tio the effective excluded volume is much larger than their actual volume.
As a result, their relative motion will be geometrically constrained, and
the physics becomes non-trivial since many-particle correlations have to be
considered. This situation will be applicable to a thermotropic nematic
liquid as well.

In general the orientation of the director in a flowing nematic is de-
termined by four external influences which tend to compete with, and in
the steady state balance one another. The first effect is the influence of
flow alignment; in the case of simple planar shear this tends to rotate the
director until it lies almost, though not quite, in the direction in which the
fluid is moving. Secondly there is the influence exerted by applied fields
such as the magnetic fields. Thirdly there is the influence exerted by the
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solid surfaces which contain the liquid which affects the dynamics of thin
layers (the strong anchoring effect). Finally the director alignments may
be influenced by the curvature elasticity of the nematic itself. In this work,
we will not consider the effects of external magnetic fields and surface an-
choring effects, since we are primarily interested in the bulk property of
the system subject to shear flow without imposing external fields.

There are traditionally two approaches towards studying the rheo-
logical behavior of liquid crystalline materials: the fop-down macroscopic
theory based on classical mechanics such as the Leslie-Ericksen model 5, 7]
or the time-dependent Ginzburg-Landau theory, and the bottom-top molec-
ular theory employing statistical approach that aims to derive fundamental
constitutive equations governing the dynamics of the variables we are in-
terested in. The macroscopic models assume the system being close to
equilibrium and consider the dynamics of the slow variables such as the
director or the order parameter tensor, while a complete microscopic the-
ory allows us to consider even nematic systems driven far from equilibrium.
Such is the case for a tumbling nematic that are often observed in high shear
flow regime. A phenomenological explanation had for a long time failed to
account for this phenomenon but as we shall see later, this phenomenon
can be understood from a microscopic perspective.

Some of the earliest attempts on microscopic approach include works
by Diogo and Martins [8]. They consider the viscosity coeflicients to be
proportional to the characteristic relaxation time which is related to the
probability of overcoming the nematic potential barrier during molecular
reorientation. Although such consideration does give microscopic expres-
sions for the Leslie coefficients, their model was not constructed as a self-
consistent, statistical theory, and contains too many free parameters. There-
fore, a more elaborate statistical theory was required. In 1983 Kuzuu and
Doi [9] proposed the first non-equilibrium statistical model that describes
the hydrodynamics of nematic liquid crystals made of ellipsoidal molecules
using the concept of averaging the microscopic stress tensor over the non-
equilibrium distribution function. However their expression for the micro-
scopic stress tensor was not accurately derived and gave only the symmetric
part of it. To introduce antisymmetric elements to the stress tensor, they
invoke an external magnetic field in an ad hoc manner which makes it hard
to reconcile with intrinsic antisymmetric viscous stress in liquid crystals
in the absence of external field. Osipov and Terentjev suggested another
approach [10] which assumes that the overall nonequilibrium distribution
function should consist of an original equilibrium part and an additional
non-equilibrium part due to the flow gradients, but their derivation of mi-
croscopic stress tensor is questionable and their derived Leslie coefficients
are not always consistent with flow alignment experiments.

All these approaches either suffer from some theoretical shortcomings
or they are confined to specific nematic systems composed only of long
rod-like molecules. Although the later analysis is highly relevant to the
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rheology of liquid crystalline polymers [11], a more elaborate microscopic
theory on the nematodynamics of spheroidal molecules will serve a greater
purpose to a wider class of nematic systems. We generally follow the ap-
proach of [10], improving on several shortcomings of their treatment. Our
work is also motivated by recent interests in the studies of discotic nematic
liquid crystals. To our present knowledge, there have been little theoretical
studies for the case of discotic nematic liquid crystalline phases in shear
flow, though lately there has been a revival in experimental and theoretical
interests in these materials due to their applications in high performance
fibres (eg. mesophase pitch-based carbon fibres, Kevlar) [12, 13]. An-
other example that highlights many important technological applications
in these materials is kaolin clay suspensions (plate-shaped particles) which
have seen limited rheological characterization [14]. The work outlined in
this article should assist in characterizing some of the main microstructure
features and textures developed in these materials under flow.

The outline of this paper is as follows. In Section 2 we discuss theo-
retical concepts of non-equilibrium statistical physics and hydrodynamics
which allow us to derive the kinetic equation governing the evolution of
the orientation distribution function of the molecules. We also attempt to
solve the kinetic equation which gives us the dominant orientation relax-
ation time. In Section 3 we demonstrate how the microscopic stress tensor
can be derived using classical equation of motion for fluids. In Section 4
we put the results of kinetic modelling and the microscopic dynamics to-
gether to derive the average macroscopic stress tensor. Its coefficients are
a complete set of the Leslie’s coefficients, expressed in terms of molecular
and order parameters. We discuss their validity, followed by a brief dis-
cussion on the unusual non-linear effects which exist in discotic nematics
only. Section 5 outlines some attempts to derive the rotational frictional
constant from a microscopic description, focusing primarily on discotic ne-
matics. Finally in Section 6 we consider more realistic situations when
spatial inhomogeneities and domain structures (such as those with point
defects or disclinations) exist in nematic liquid crystals, and construct a
new molecular theory to account for the Ericksen stress in the complete
Leslie-Ericksen theory.

2. Kinetic equation. In this section we discuss some of the concepts
of rotational diffusion and Brownian motion. We demonstrate that the
dynamical evolution of a general ellipsoidai-shaped molecule in rotational
motion in a nematic potential can be described essentially by a multi-phase
variable Fokker-Planck equation. The solutions of the kinetic equation in
the weak flow limit suggest a rich spectrum of relaxation times. The dom-
inant relazation time is found to depend linearly on the rotational friction
constant and exhibits an Arrhenius activation exponential dependence on
the inter-molecular coupling strength.
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2.1. Rotational Brownian motion and hydrodynamics. A ne-
matic fluid contains many anisotropic molecules, all of similar size in a
dense phase. On a mean-field level, each molecule can be considered to be
immersed in a thermodynamic bath which acts as a source of background
fluctuations. We can therefore consider each molecule to undergo rotational
Brownian motion since it experiences a constant flux of stochastic torques.
The problem of an arbitrary-shaped rigid body executing rotational Brow-
nian dynamics is however a technically complicated one. The reason for
this is at least three-fold: (1) rotations about different axes do not com-
mute, (2) the range of relevant variables, the angles specifying the body’s
orientation, is finite. This introduces the peculiar nature of the topologi-
cal constraints to the system. (3) Relation between angular velocity and
angular momentum is tensorial, not vectorial, as in translational motion.

Despite the above complications, the rotational Brownian motion in
a mean-field potential is thoroughly described within the framework of
Smoluchowski equation. Jefferey and Hinch et. al. [15, 6] had solved similar
problems for a dilute suspension of ellipsoids in a flow. We note that
in addition to the rotational Brownian motion the molecules also execute
translational random motions which we will not deal with in this article.
The orientational degree of freedom is described by the dynamical variable
u, which is the unit vector defining the direction of principal axis (parallel
to the long axis for rod-like molecules and perpendicular to the plane of a
disk-like molecule).

The rotational Brownian motion can be best visualised as the trajec-
tory of u(t) on the surface of the sphere defined by |u| = 1. The movement
of u(t) can be considered as random steps due to random stochastic force
and external potential (see Fig. 1). The hydrodynamics of rotational mo-
tion can be addressed by first considering a general spheroid immersed in
a stationary viscous liquid. We consider the molecule rotating with an
angular velocity w by the influence of a torque I' exerted by an external
field U(u). Consider a small rotation 6y of the molecule that changes u
to u + 6¢ X u. The work needed for this change is —I"- §¢, which must be
equal to the change in U, i.e.,

ou ou
(2.1) -T-dp =U(u+dp x u)-U(u) = (dp x u)- o Sy (u X %)

Hence

é]
(2.2) Ig=-05U, where 9p = (’u X a—)ﬁ.

The operator d3 is called the rotational operator that plays the role anal-
ogous to the gradient operator V in translational motion. Now if the
molecules are immersed in a flowing medium, there will be a residue angular
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Fic. 1. Rotational Brownian diffusion by the unit vector u along the molecular
axis, which explores the space on the surface of unit sphere.

velocity for a spheroid with aspect ratio p = a/b given by [15]:
2
_ p 1 7
W™ =u X {Wg.u—;mg .u}

=ux{%( : )(93+9")-U~1 - (g‘+g°)T'"}

23) p?+1 2p2 +1
1p2-1 . 1 .
=-2-;2—:_—I(uxg -u)+§ (uxg® u)
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1 1
== uxg'-u)+=-Vxv—= (u-Vxov)u
where g, is the velocity gradient Vgva, and g;,5 and g5, 5 are the symmetric
and asymmetric part of this velocity gradient, respectively.

2.2. Langevin equation. The stochastic effects on the particle’s ro-
tational motion in viscous medium can be considered in a coherent fashion
using the method of Langevin stochastic equation and the Fokker-Planck
kinetic equation. The latter allows us to find explicit dynamical evolution
of the distribution function in terms of the orientation of the director. To
see how this can be applied to anisotropic fluid motion we first consider
the dynamical equations of motion for the particle’s angular velocity.

We first note that we can always diagonalize the moment of inertia
tensor in the spheroid’s principal-axis frames,

(2.4) Ing = I_|_5aﬂ + (I“ — I Yuqug

where u is the unit vector of the molecule’s axis. The instantaneous angular
velocity of the molecule is

(2.5) ¥ =du+w

where the first term on the right hand side denotes angular velocity about
the molecular axis, while w is the transverse angular velocity due to large
rotational motion perpendicular to the molecular axis, i.e. w L w.
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For a molecule moving with an instantaneous angular momentum L,
we can immediately write down its expression,

(2.6) L,.= a@‘i’g = Iuijlua + 1) wa.
The rotational motion thus obeys the equation of motion:
(2.7) La = ag\i’ﬁ = I”'lZ)ua + 1w, + I”’(/-I’lla.

The first two terms on the right hand side are the expected rotational
torques about Ij and I, respectively, while the last term represents the
gyroscopic effect. This term vanishes for the case of an infinitely long and
thin rod (Ij <« I.) but may be large for disk-like molecules. We will
soon see that this term gives rise to non-trivial modifications to the kinetic
equation and the stress tensor.

At this stage we have to be careful about the meaning of w. To
evaluate all physical observables in the laboratory frame we have to make
a coordinate transformation from the body’s frame to the laboratory frame.
Therefore for a molecule rotating with an instantaneous angular velocity
¥, the transverse angular velocity w in the body frame is transformed in
the following manner:

(2.8) d z‘i,qu_i‘lﬁ = —it + u X .

dt lab d body
Having obtained the general equation of motion in equation (2.7), we can
write down the Langevin equation in terms of a vector stochastic torque £
and a possible external torque I",

La = I”'IZJ.UQ + 1wy + I”'l,b’l'l,a

(2.9) .
= —Aap(wp + Yug —wg®) +To + &a

where Aqg is the frictional constant tensor and the vector (wg +ug — wE®)
is the net angular velocity of the molecule relative to the reservoir.

To get the equation of motion for the dynamical variable ¥, we can
multiply the above equation by u, to eliminate the gyroscopic term,

(2.10) I = —aAapQp + Tatta + alia

where we replace (wg+vug —wp®) with Qg. Equation (2.10) is the equation

of motion for the dynamical variable 1 dictating the angular rotation about
the molecular axis.

Substituting (2.10) into Equation (2.9) we obtain a similar equation
of motion for the transverse angular velocity w,

Lwe = —(bap — vatp)Agill + (dap — uaug)ls

(2.11) .
+(6ap — Uaup)és — Ijh(w X u)q
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2.3. Generalized Fokker-Planck equation. The rotational diffu-
sion of the anisotropic molecules is captured by the Fokker-Planck equation
which describes the dynamical evolution in time of the system’s phase space
distribution function W(w,z/'z,u,t) [16):

ow a . o
el %(chw) B (waW)——(¢W)

oY
1 8 [ W}
2 OwaOwpg E((Ea — uayuy)(€p — ug€uuy))

(2.12) +

182 |1 _,
+ 2372 o0 [I_ﬁua Eos 'U.gW]

where Efﬁ(t —t') = (€a(t)€s(t')) is the correlation function between the

vector stochastic torgue ¢ that perturbs 4. It can be shown directly that the
following form for Z! ; indeed satisfies the fluctuation-dissipation theorem,

(2.13) Evs = Elbap + (B — E1)uaus.

2.3.1. Reduced Fokker-Planck equation. We next consider ob-
taining the coordinate dependence of the distribution function. We note
that there are intrinsically two time-scales of interest, the fast relaxation
time after which the system reaches the Maxwell equilibrium velocity dis-
tribution,

I,
(214) Tw = -A_J-__
and the slow relaxation time
_ (L6)?
(2.15) Ty = 3D,

after which the system reaches the equilibrium Boltzmann distribution of
angular coordinates. Af is the free angular volume the molecule rotates in
the diffusion limit and D, is the rotational diffusion constant related to the
microscopic friction constants via the fluctuation-dissipation theorem. This
is the characteristic time for the relaxation of fluctuations of the system
back to equilibrium under Brownian forces. Their ratio we define as a small
parameter:

w  2kTT
Y

2 ——
(2.16) a = - iy

where we omit the dimensionless term (A#)2. The smallness of « is not ob-
vious at this stage, but will become apparent later. Substituting Equations
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(2.10) and (2.11) into Equation (2.12), and introducing the dimensionless
variables:

= _)i ! Iy ’— j
(2.17) =T t, =VirY Y=V

we obtain the dimensionless form for Equation (2.12),

ow 7]
5, +a0s(wsW) + a—(5aﬁ Uglig) ( T )

1 17

(2.18) =i[ Q+2a (6ap

Owq

23( 16)
S Ut P L

with the notations

— Uqug) + aAP(w X W)y ]

_Jh _ A _1

2.3.2. Elimination of fast variables. We now describe in a qualita-
tive fashion the meanings of the two time-scales introduced in the previous
section. The situation where the variables describing a phenomenon can be
divided into two sets, one evolving on a rapid time scale and one evolving
on a slow time scale, is of frequent occurrence in physics. It is often desir-
able to eliminate or average over the rapid variables in order to study the
dynamics of the slow variables. Such coarse-graining is done by assuming
that the velocity distribution of the Brownian particle rapidly thermalizes
while the coordinate distribution remains far from equilibrium for a much
longer time. This means that the velocity distribution is close to a Maxwell
distribution while the position distribution still has not evolved too far from
the initial distribution. The equation, obtained after integrating out the
fast variables by estimating the phase distribution function to be the prod-
uct of the reduced distribution function in terms of the slow variable and
a Maxwell distribution for fast variables, is formally known as the Smolu-
chowski equation [17]. The basic assumption that thermalization occurs
on a time scale short with respect to the time for appreciable changes in
the positional distribution is almost always satisfied in the high friction
(overdamped) limit.

We can apply the above concepts to the case of a nematic to obtain the
coordinate-only Smoluchowski equation. The fast variables in this case are
the angular velocity both along and perpendicular to the director axis (w
and 1) while the slow variable is the angular orientation u(t). Assuming the
quasi-equilibrium state when the longitudinal angular velocity distribution
function has thermalized, we can approximate:

(2.20) W (w, ¥, u,t) = exp {—%(1/} - ¢)2} W' (w,u,t).
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Substituting this into Equation (2.18) and integrating over ¢v eventually
gives the angular velocity dependence of W'(w, u,t):

W' = ads(wsW') + a——a—(éaﬁ - uauﬂ)r—5W’
5wﬁ

~ ()5 (@ x w)s W

0 0
Y a T Sba aff T Ya — | W
+ B [w Qo+ (bap —u Uﬁ)awﬂ

Introducing a relative velocity £, = wq — 4, we may naively proceed with
integration over the remaining fast variable w using

(2.21) W' (w,u,t) = e~ 2% w(u, t).
This however gives the trivial equation
(2.22) W+ 003(pw) =0

with the diffusion term missing from the equation. We conclude that the
non-trivial Smoluchowski equation with the diffusion term must come from
adding small corrections to the distribution function that contains
the last bits of non-relaxed Maxwell distribution. Hence we suggest that,

(2.23) W (w,u,t)=e -3¢ [w(u,t) + ay(€, u)]

where the smallness is controlled by the natural parameter — the ratio of
relaxation times a « 1, and the form of the correction term y(§, u) is to be
determined self-consistently. Substituting (2.23) into (2.21), and neglecting
terms of second orders in ¢, the equation transforms into:

lfTw + Ad(€2 x u)ﬁw]

62
06,085 3&3]

Assuming y = a + bi&; + ¢;;€:§; we determine uniquely the coeflicients b;
and Cij

w(u,t) + aQpdsw + afp {6511; + Qa0,05w —

+ a&aﬁﬂaaﬂﬁw = a(‘saﬂ - uauﬂ) [ 60‘

(224) C,;j = —%w@iﬂj
Ty
(2.25) by = ~Bw — wi(0iQy)w + Fw ~ Ag(u)(Q x u)jw

Integrating over the fast variable £;, we finally have the desired dimension-
less Smoluchowski’s equation for the coordinate-only distribution function
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w(u,t), which we will call here the orientational distribution function:

W + ads(Qpw) = a85(dsw — %w) + a205(Q40.05w)

(2.26) + gazc')ﬁ [(w-V x v)(2 % u)sw]
+ a2aﬂ [Qa(aaﬂﬁ)’w] .

The right-hand side now contains small but non-vanishing terms propor-
tional to a? (compare with Equation (2.22) where this was missing in the
leading order in a). The first term on the right hand side gives the dif-
fusional term in a non-equilibrium system with external potential, which
describes rotational diffusion mechanism. The term ads(Qsw) incorpo-
rates the linear effects of perturbation due to external flow.

2.3.3. Non-linear effects. The last two terms in Equation (2.26) de-
serve further discussion. We note that these terms have not been shown in
previous work [9, 10|, but their presence necessarily describe novel non-
linear effects due to higher flow and intrinsic geometrical shape of the
molecules. The term a?Adg([(u-V x v)(2 x u)gw] reveals the gyro-
scopic motion of the molecules due to the non-vanishing moment of inertia
along the molecular axis. This term is commonly neglected for thin rods
with A = /Iy/I, < 1. This however is not the case for a discotic system,
when Iy and I, are comparable. One expects that this gyroscopic effect
will contribute essentially to the viscous torques and the antisymmetric
stress tensor, and modify the ‘shape’ of the equilibrium distribution func-
tion. This conjecture will be pursued and verified in a quantitative fashion
in Section 4.

On the other hand the second term 28 [ (8,2s)w] arises as a re-
sult of algebra. This term vanishes in the weak-flow limit (small €2) and
will be present in both isotropic and anisotropic liquids. It therefore con-
stitutes trivial higher order corrections to the overall stress tensor due to
stronger external flow. It may explain the changes in the linear viscosity
for a general spheroidal nematic before tumbling sets in, where the whole
physical basis of the linear model breaks down, but it does not introduce
any new symmetries into the effect.

2.4. Solving the kinetic equation. There is an intrinsic time-scale
that may be related to the typical relaxation times of the orientational dis-
tribution function which may be obtained via solving the kinetic equation.
In fact, as we will see shortly, the solutions give rise to a spectrum of re-
laxation times that relate to the relaxation of the various normal modes of
angular rotations. This relaxation can be observed macroscopically in the
relaxation spectrum of the order parameter [18].

The standard way to solve the nonlinear integral kinetic equation in the
angular space is to expand the distribution function in spherical harmonics
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and solve the resulting equations for the expansion coefficients sometimes
numerically. Although this method is always available, we can gain some
insights by solving it analytically using a simple eigenfunction expansion.
For the sake of simplicity, we rewrite the Smoluchowski equation (2.26) in
zero flow, in the following form:

(2.27) ow = —A(uw)w(u,t)
ot
where A(u) is a linear differential operator:
(2.28) Alw)w(u, t) = o0k <6kw + %TE w) .

Let w, be the eigenfunctions:
(2.29) A(w)w, = A, wp,.

Expanding the distribution function in terms of the complete orthogonal
set of eigenfunctions:

(2.30) w(u,t) =Y an(t) wa(u),

we obtain the time dependence of coefficients an(t), an(t) = a,(0)e*t.
The equilibrium distribution function w.,(u) is an eigenfunction which by
definition has infinite relaxation time. The eigenvalue being the inverse of
the relaxation time therefore is 0, corresponding to the eigenfunction wg
with n = 0. Therefore the full solution takes the form:

(2.31) w(1,t) = weg(u) + Y _ an(0)e™** wy(u)
n=1

where ap = 1 by normalization. Since in statistical equilibrium w.q = 0,
substituting Equation (2.31) into (2.27) gives:

OU(u-m) ] e

(2.32) Ok [Bkwn + ©T ——s Wy

o?
where U(u - n) is the mean-field potential, which depends on the polar
angle @ only. Equation (2.32) is very similar to solving the Schrodinger’s
equation in quantum mechanics. In this case the external potential has to
be modified. This mapping is formally known as the ‘Darboux transfor-
mation’ or ‘supersymmetry’ [19]. The operator of course has to be made
Hermitian but this can be achieved through a simple transformation [20].
Expanding the rotational operator 8 in spherical coordinates and
writing the eigenfunction of (2.32) as w, = fn(6)wey, Where we, =
exp(—U(8)/kT), we finally obtain the following differential equation:

8f, 1 6U) 8fn A

(2.33) 562 T30 =

+(cot:0—— W—"E‘Z'fn-
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f» depends on @ since, for rotations of a spheroid, the general solution
of Equation (2.33) must be an eigenfunction expansion in terms of the
Legendre polynomials P,(cosf). Equation (2.33) can be rearranged to
give

JUO/KT g

(2:34) sinf 08

of, A
U@ /KT g g%dn | _ _2n g
[e sinf—=5 ] = In
Rearranging the equation further and taking care of the constants of inte-
gration, we finally obtain the following self-consistent integral equation:

A, [0 V@/KT
. N=C—- — R,
(2.35) f8)=C a? f, sinz

dx / wn(z) sin zdz.
0

—U(8)/kT

Multiplying e on both sides of the equation,

—U@®)/kT N L :
(2.36) wn(f)=e C——= | ———dz | wy(z)sinzdz|.
0 0

a? sinz

At this stage we introduce the method of iterations [19]:

A A\
(2.37) wn(8) = wo + le + (a_2) wy + ...

where A is the smallest non-vanishing coefficient corresponding to the first
coefficient w,. This method will be justified later, when the perturbation
coefficient A;/a? is shown to be small.

Substituting the solution with only the leading terms in A; and com-
paring the terms explicitly, we have the relation:

wn(8) = e~UO/KT ~UO)/KT ()

6 U(z)/kT T
X I:l — -él/ e—————-da:/ e~ VT gin 5 dzjl .
0 o

sinz

(2.38)

A conceivable boundary condition for any eigenfunction is that the distri-
bution function must vanish at § = 7, i.e., w,(7) = 0, as it must do since
wy,(#) is a single-valued function. This boundary condition gives

x U(z)/kT z
(2.39) 1 % S—(_—)/—dx/ e U@/ kT gin 2 dz = 0.
a? Jo sinz 0
The integrals can be evaluated using the saddle-point approximation. In
Maier-Saupe mean-field approximation, U(8) = —JS3 cos?(#), where J de-
notes the mean-field coupling strength (an explicit form for the energy
constant J will be discussed in Section 5} and S; is the principle scalar or-
der parameter of uniaxial nematic phase, discussed in much greater detail
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in Section 4. The ratio ¢ = JS3/kT ~ 4.5 at the nematic transition, hence
justifying the method of saddle-point approximation where JSs/kT > 1.
Recovering the full dimensional form finally gives the following value for A;:

4 (JS,)32 o= JS2/KT

3
2 9 =
g2 e Dr 7I'A_1_ (kT)1/2

(2.40) AL =
where D, = kT/A, is the rotational diffusion constant and A; is the
friction constant for the molecular rotation about any axis parallel to the
plane of the disk. We now return to justifying the perturbation in terms
of the small parameter A; /a?. In dimensional form we have

o? kT _7rq

(2.41) e,

This is indeed small in the limit of large ¢ and justifies the perturbation
expansion. The inverse of A; gives the dominant (longest) relaxation time*

T mAL (kT)Y/? oI Sa/kT
= 17D, T 4 (JS)

(2.42) m

which gives a dependence similar to the relaxation time for the molecular
director correlation function (u(t)u(0)) = e~*/™~, where 7, = 1/2D, is the
rotational correlation time [11]. For a typical nematic liquid, D, ~ 108
sec™!, and 7y =~ 10~7 s. This result agrees well with typical molecular
relaxation times for the principal tumbling motion {21]. Also, this time-
scale is usually small compared to the typical flow rate hence justifying the
validity of the continuum Leslie-Ericksen description for nematics in flow
(see Section 3).

The fact that the rotational diffusion of a nematic liquid crystal is
associated with a rich spectrum of relaxation times is due to higher-order
modes of rotational motion contained in (2.37), involving spherical harmon-
ics in azimuthal and polar coordinates. It could also be attributed to the
generic non-spherical shape of the molecule and the anisotropic rotatory
diffusion tensor. The various relaxation modes and times correspond to the
non-collective relaxations around different symmetry axes of the molecules.
Our results agree with Diogo’s conclusion [8] that the relaxation times for
the flipping motions of the molecules obey the Arrhenius law. The expo-
nential factor accounts for the probability that the reorienting molecule
has encugh energy to overcome the potential barrier due to intermolecular
nematic potential. In reality, however, we may need to consider the free

!In a passing remark we note that this problem can also be solved in a simpler way,
with inspiration from Kramers problem on a particle’s passage over a potential barrier
[19]. In other words, the relaxation mechanisms for rotational motion in liquid crystals
are similar to the overcoming of the potential barriers imposed by the average medium
in a mean-field.
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volume effects which exist even in the absence of nematic potential. This
may give rise to the Volger-Fulcher type of glassy relaxation [22]. On the
other hand, the explicit dependence of the relaxation time on the rota-
tional friction constant is expected due to slow decay in the presence of
high friction. A typical application of the rotational diffusion problem is
observed in the dielectric relaxation of nematics in the presence of an ex-
ternal electric field [21, 18], where more than one Debye relaxation times
are found corresponding to rotations around the long or short molecular
axis. Similar phenomena are also observed via NMR of a nucleus inside
the nematic liquid [21].

3. Viscous stress tensor. In this section we discuss the non-
equilibrium transport phenomena in a nematic liguid. We briefly review
the classical Leslie-Ericksen theory and then construct a microscopic stress
tensor using classical kinetic theory of simple fluids, and relate the macro-
scopic stress tensor in terms of microscopic parameters.

3.1. Hydrodynamics of a uniaxial fluid. A nematic liquid crystal
flows easily like a conventional liquid consisting of similar small molecules.
The state of alignment however turns out to be rather complicated. In
the first place, the flow depends on the angles the director makes with the
flow direction and with the velocity gradient. Secondly, the translational
motions are coupled to inner, orientational motions of the molecules. Con-
sequently, in most cases the flow disturbs the alignments and causes the
director to rotate. From the theoretical point of view the coupling between
orientation and flow is a delicate matter.

The hydrodynamics for an isotropic classical fluid is well studied (3, 2.
The approach is to treat the fluid as a continuous medium and any small
volume element is always assumed to be so large that it still contains a
very great number of molecules. The dynamical situation is specified by by
the fluid velocity field v(r,t), and by any two thermodynamic quantities
pertaining to the fluid, for instance the pressure p(r,t) and the density
p(r,t). The condition of incompressibility is always assumed, V - v = 0,
The equation of motion is then given by the linear Navier-Stokes form:

(3.1) 0 [%—;’- +(v- V)v] = =Vp+ Vs

where the right hand side denotes the total force, which comes from two
contributions: the net pressure gradient and the viscous stress term. We
have neglected the presence of additional external forces such as the po-
tential term. The classical viscous stress is given by

Oug  Ova\ _ ,
(3.2) Oap =1 (EB: + 5:;:;) = 21953

where 7 is the viscosity coefficient.
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FiG. 2. The three geometries of simple shear.

For the case of a simple shear flow in a nematic liquid, the measured
viscosity coefficient depends on the orientation of the director n. The
direction of n can be specified by the angles ¢ and 8. If the orientation of
the director is fixed by external forces (for instance by a strong magnetic
field), we can define three geometries of simple shear (see Fig. 2) as 7, :
¢ = 90° 6 = 90° for director normal to shear plane; 7, : ¢ = 0° 8 = 0° for
director parallel to flow direction; 7. : ¢ = 0° @ = 90° for director parallel
to velocity gradient. The three coefficients 74, 7 and 7. are often called
the Miesowicz coefficients.

3.2. Leslie-Ericksen theory. So far we have been concerned with
the motion of a nematic liquid in which the orientation of the director is
fixed. If we lift this restriction, we will have to consider an extra degree of
freedom associated with the orientation of the director n(r,t), which may
introduce local unbalanced torques in the system. The phenomenological
linear hydrodynamics of nematics is adequately described in the context of
Leslie-Ericksen (LE) theory, by considering the entropy sources, due to all
friction processes in the fluid. In short, and keeping the notation close to
the de Gennes’ monograph [21], the LE approach describes the dissipation
due to a decrease in the stored energy,

(3.3) TS = / {05595 + haNa}dr

where g; ; denotes the symmetric velocity gradient and h, is the molecular
field. Also, the corotational derivative

(3.4) N=n-vxn

represents the rate of change of the director with respect to the flow back-
ground, and v = -;—V x v is the flow rotation angular velocity.?
In irreversible processes, it is customary to write the entropy source

as the product of ‘flux’ by the conjugate ‘force’ [25]. Choosing ogp as the

2 Another approach, proposed by the Harvard group {23], assumes that the velocity
field is sufficient to specify the state, and the orientation of the director is deduced from
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force conjugate to g3 5 and h, as the force conjugate to N, we can write,
in the limit of weak flux, the following linear functions of the fluxes for the
forces, which satisfy the symmetry properties of uniaxial nematics:

Ug‘ﬁ = Pléaﬁgzﬂ + pPantaNg + p37a/3n'y'n“g::#
(3.5) + a1nanﬁn“npg;p + 0549;5

1 1
+ 5(as5 + as)(nanugys + npnmugpa) + 572(naNg +nsNe)

(36) hu = 75'"'0‘9:# + 'YIN;J.-

Note that all the coefficients p, o, v have the dimensionality of viscosity,
and the Onsager’s symmetry of kinetic coeflicients [25] implies that v5 = .

If the liquid is incompressible (g;,, = 0), we arrive at the Leslie-
Ericksen theory where the total viscous stress tensor reads:

37) (ff;g = QINaNgNpNLg,, + Cafap + AsNaugns + C6NEN LT
’ + aongNg + asngNg ,

where the viscosity constants aj,..., g are called the Leslie coefficients.
In the isotropic phase all of them vanish except a4, which becomes the
isotropic shear viscosity coefficient 7. They have to fulfill the Onsager
reciprocity, which for a nematic is known as the Parodi relation [26], a2 +
o3 = ag — a5. So effectively there are only five independent coefficients.
Three of them are connected with the symmetric part of the stress tensor
and the other two with the anti-symmetric part

(3.8) Oop = z;("BNa —naNg) + %(nﬁ”ug;’)a - "a"u!];ﬁ)
with
(3.9) 1 =03 —ay and 7y =as+a3=o0g—as.

The coefficients 7, and v, determine the viscous torque acting on the
molecule: ~; is characteristic of pure director rotations and 2 describes the
contribution due to a shear flow. The equation of motion of the director

reads:
(3.10) nx (MmN +ymn-g°)=0.

If we assume undeformed director field, the conservation law for an-
gular momentum can be neglected. If one would like to consider the case

the gradients of v. In this picture, a rotation of the director can only occur in the
presence of a non-uniform flow. There is however experimental evidence to show that
this choice of state variable is not sufficient to describe a nematic, while the EL choice
is adequate [24].
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of a deformed system, the stress tensor and the conservation of angular
momentum have to be modified, and Equations (3.8) and (3.10) should be
extended to a more general forms containing the additional elastic stress.
Elastic stress induced by spatial inhomogeneities will be the subject of in-
terest in Section 6. The status of the LE equation as a constitutive equation
for nematics is therefore analogous to that of the Newtonian constitutive
equation as a description for ordinary liquid.

3.3. Microscopic stress tensor. In general the transport coeffi-
cients can be obtained within the framework of classical kinetic theory
[3, 2]. In this context, the macroscopic stress tensor can be defined as an
ensemble average of o7}, the corresponding microscopic stress tensor, over
the non-equilibrium distribution function w{x;}, where x; are the rele-
vant phase space variables. In fact the microscopic stress tensor describes
the evolution of the microscopic momentum density p(R) according to the

local conservation law:

dp(R) _

(3.11) —

V.d™(R).

The general expression for the microscopic stress tensor can be ob-
tained with the help of the microscopic equations of motion for individual
molecules. For a nematic fluid composed of rigid elongated particles, an ap-
proximate expression for the microscopic stress tensor had been derived in
the literature [9, 10]. Here we give a rigorous derivation for the microscopic
stress tensor for a general spheroidal molecule with arbitrary shape.

A molecule can be considered as a rigid body made up of bounded
points of mass m;. Then the total momentum in the system of many such
particles is:

2

(3.12) P(R) =YY myfvi+ (wi X rix)] 6(R— 73 — )
k

where the index 7 indicates a molecule and &k a point inside the molecule,
see Fig. 3. w; is the angular velocity of molecular rotation and v; the
velocity of its center of mass (COM). »; is the position of the COM in the
laboratory frame, while r;, is the position of the point k in the molecular
frame so that the velocity of a point & of the i-th molecule in the laboratory
frame is v = V; + w; X Pik.

Formally expanding the delta-function in powers of 7, we have

(3.13) S(R—1i— i) = 6(R—1;) — rig - Vao(R — 1) + F(V2) + ...

Taking the time derivative in Equation (3.12) and substituting Equation
(3.13) into (3.11), while working in the linear flow regime where higher order
terms V2§ can be neglected, we find that the microscopic stress tensor can
be separated into the translational (a function of »; and its derivatives)
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Fi1G. 3. The molecule i (arbitrarily represented here as an ellipsoid, without loss of
generality) has its center of mass coordinate r; in the laboratory frame. In the frame of
its COM, the position of a given mass element my, is r;;. The unit vector u; represents
the principal azis of the tensor of inertia moments of this molecule. For a uniazial body
this tensor is equal to Iog = I, 805 + (I — IL)uaug.

and orientational parts. Comparing these terms with the V-0™(R) on the
right hand side of definition (3.11) we obtain the orientational part of the
microscopic stress tensor:

OoB = Zka [wi X (wi X Tik) + Wi X Pig], (Tik)g 6(R — 73)

(3.14) Pk
+ DD mplwi X Tik)a(wi X Tik) g(R — 7).
i ok

The translational part of the microscopic stress would determine the
isotropic viscosity, arising from non-equilibrium pair correlations in lig-
uid. Its contribution will remain in the nematic phase as well, adding a
significant constant to the Leslie coefficient a4, a fact often overlooked in
molecular theories of nematic viscosity.

Expanding the tensors in (3.14) and grouping together the expressions
for the inertial tensor of a body rotating about its COM, defined as

(3.15) Iaﬁ = ka(rzéaﬂ - rarﬁ) s
k

we can rewrite the orientational part of microscopic stress tensor as a sum
over all rigid molecules i:

Ugrﬂ = Z [IQJ(I__l)ulrleﬁué + Imkealmwlfﬁjkwj + Iauw,@wu - aﬁw2]
i

(3.16) x §(R - ;)
+ 2 eovall Dl (%TT(IaB)) SR ).

Here I'; is the total moment of the force acting on the i-th molecule, arising
from the dynamical relation I'; = I;;w;. For a rigid uniaxial molecule, we
should define the principal molecular frame in which the inertial tensor is
diagonal with components I, and I (see Fig. 3):

(3.17) Iag = IJ_5aﬂ + (I” — IJ_)ua’u,ﬁ.
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The torque acting on the molecule i from all its neighbors is given by the
rotational gradient of the pair potential,

; ; OU (g, uj, 7i5)
G Sl

where U(u;, u;, ry;) is the interaction potential for molecules i and j. Since
all variables in (3.18) are related to the particle ¢, summing over the rest
of the particles gives, by definition, the molecular field (often called the
mean-field potential)

(3.19) Ului,r) = Y Ul ug, ).

Section 5.3.1 gives more detail to these concepts. Substituting Equations
(3.17) and (3.18) into (3.16), we finally have

or I ou I U -1, ou
Uaﬁ = 2 [(1 - -ﬂl—) ua—a-a; - 2—IJ:’Uﬁ—a-a: + (_——I_L ) uau,gum——aum
x6(R - 1;)

(3.20)
- Z(I" = I1) [(w x u)a(w X ¥)s + usUyw,wg — wzuau[g]

X 5(R - 1‘,‘).

For an ellipsoid, with semi-axes a and width b (see Fig. 3) the moments
of inertia along and perpendicular to the director are I = %M b% and
I, = tM(a?+b?), with M the total mass of the molecule. For a long thin
“rod-like” particle p = a/b > 1 and Iy « I, ; for an oblate ellipsoid with
b >> a they are of the same order of magnitude.® Substituting the I-values
for an ellipsoid into Equation (3.20) gives the final form:

p? U 1 ou p*-1 U ]

or

o= {pz F1%0us  @2+1) Poue 241 e

(3.21) xR —r;)

2
~1
+ Z ; it [(w X w)a(w X u)g + vaupw,wp — W uqug] (R — ;).

The macroscopic continuum stress tensor is obtained by statistical averag-
ing of (3.21) which implies the integration over the angles (u) and angular
velocity (w) with a proper distribution function. The averaging over the
velocity can be easily performed since it is determined by the one-particle

3Later in this text we shall be dealing with thin flat disks, with thickness d and
diameter D >> d, which have Iy = M D? and I, = }M(}d? + 1D?), also of the same
order of magnitude.
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local Maxwell distribution function = exp|—I) (w — wres)?/2kT], where
wres 18 the background angular velocity due to flow. The second term on
the right hand side of Equation (3.21) therefore gives, after averaging, the
‘kinetic’ part of the stress tensor.

The stress tensor in terms of microscopic orientational variables, but
not molecular velocities (which have just been averaged out as fast vari-
‘ables), takes the form

0 " 1 P’ U
Jarﬁ = Z{ 3kTp (’U,auﬁ - —3' 6aﬂ> + mua%g

3.22 :
(322) 1 U

U
- muﬂéu—a - uaugumm} 6(R—1;)
where 5 = (p2 — 1)(p? + 1) is often called the form factor of the molecules.
Note that the assumption made about ellipsoidal shape of the anisotropic
molecule, leading to the particular expressions for I and I; and the re-
sulting form of (3.22), was not necessary at all. The theory of microscopic
stress at the level of (3.20) or (3.16) is totally general.

The separation of the orientational part of stress tensor into two parts,
the kinetic and the potential, has an important physical significance. The
kinetic part, proportional to 3kT, represents the momentum flux due to
the translation of individual molecules, while the second, potential, part
represents the flux arising from intermolecular forces. Both are referred to
a coordinate system moving with the local fluid velocity v. In a dilute gas
of molecules, the kinetic part gives the dominant contribution [11], while
in a dense fluid, the orientational motion is inhibited and the potential
part gives the dominant contribution. In the following sections, we will
assume that the system has uniform density and the summation over the
delta-functions is replaced by a constant number density p(R).

3.4. Preliminary discussion points. It is obvious that in the limit
p — oo, Equation (3.22) reduces to the familiar results for long rods sys-
tem obtained previously [9, 10]. For the disk-like molecules the result is
of special interest. Since in this case the form factor p is negative, one
may expect a change in sign of certain viscosity coefficients. One can spec-
ulate that more drastic differences in viscosity coeflicients will arise from
consideration of more precise mean-field potential.

It is interesting to compare our expressions with classical results of
Kuzuu and Doi [9]. In their approach, the elastic stress tensor is obtained
by relating changes in free energy to the elastic stress and virtual defor-
mation [11]. They implicitly assumed that such free energy can be defined
even in non-equilibrium state since the system behaves as an elastic ma-
terial for instantaneous deformation. By making this approximation, they
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obtained the stress tensor:
(3.23) Oap =D [3ka <uauﬁ - %5a5> — plug(u x BU)g)] .

Our results therefore agree in the kinetic part of the stress tensor, but
not in the potential-dependent part. In fact if one uses the free-energy
approach, following Kuzuu and Doi, one finds that the expression they
had derived contains only the symmetric part of our complete microscopic
stress tensor. As a result, they had to introduce arbitrary magnetic field to
generate asymmetric torque contribution, which however exists in nematics
even in the absence of magnetic field. In this respect our results give a more
accurate description since Equation (3.22) can be antisymmetrized, without
imposing external conditions to the system.

A cautionary remark has to be made. We have assumed uniform liquid
concentration throughout the sample. In reality a phase separation may oc-
cur between the isotropic and nematic phases with different concentrations,
as often is the case in lyotropic systems. The kinetic equation will describe
the internal dynamics in each of the phases, which is thermodynamically
stable. It is however not sufficient to describe the hydrodynamics of the
nematics near phase separation boundary. This fact must be borne in mind
while comparing the theory with experiments in the bi-phase region.

4. Microscopic viscosity coefficients. In this section we put to-
gether results from sections 2 and 3 to derive a set of the microscopic
ezxpressions for the Leslie coefficients, which are found to depend explic-
itly on the molecular form factor, the order parameters and the rotational
friction constants. We also investigate the effects of non-linear corrections
due to gyroscopic motions in discotic nematics. These effects give no cor-
rections to the Miesowicz viscosities but generate a non-linear rotational
viscosity v that depends on the aspect ratio p and the longitudinal moment
of inertia I

The motivation for finding the microscopic expressions for the Leslie’s
coefficients relies on the concept that the macroscopic continuum stress
tensor is a result of averaging its microscopic equivalent o™ over the appro-
priate non-equilibrium distribution function. The underlying assumption
is that the nematic liquid crystal performs rotational Brownian motion in
a mean-field potential and whose orientational distribution function satis-
fies the kinetic equation (Section 2). However, we note that the solution
to the kinetic equation is non-trivial, even if one neglects the non-linear
terms (though of course it can be done via eigenfunction expansion method
when the flow term is neglected). Instead, we demonstrate how, by follow-
ing the approach used by Kuzuu and others [9, 10|, one can separate the
macroscopic stress tensor into the symmetric and anti-symmetric parts, the
microscopic viscosity coefficients can be obtained in a more elegant fashion.
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4.1. Symmetric stress tensor. From Equation (3.7), the symmetric
stress tensor of the LE phenomenological theory can be written as:

0o = QUNaNaNNLg), + 04Gop
1
(4.1) + 5(as + as)(nanugys + npnugua)
1
+ 5(az + a3)(naNpg + ngNa)

where 9op I8 the symmetric velocity gradient and N is the rate of angu-
lar rotation (3.4). Our aim is to derive a microscopic expression of the
Leslie’s viscosity coefficients from microscopic variables through a series of
coarse-graining. The symmetric stress tensor can be obtained by averaging
the microscopic stress tensor in Equation (3.22) over the non-equilibrium
distribution function,

(42) O'fj =p <3kTﬁ (ui’ll,j—-;-dij) +%ﬁ (u,-ajU+uj3,-U—2u,~ujumBmU)>

where p is the number density of the nematic liquid crystal. {...) denotes
the average over the non-equilibrium single-particle orientation distribution
function (...) = [ w(u,t)...du. Obviously, averaging with we,(u) alone will
return zero.

We next use a trick, in this context often attributed to Doi [9]. We
consider the kinetic equation, obtained in Section 2 and neglect higher
order non-linear terms,

4.3 W + 08k (Qw) = a?0 | Ow + i3—'“—-qw .
kT

Multiplying this equation by a factor (u,-uj - %éij) and integrating over the
director orientation making use of the orientational version of integration
by parts: [duA(u)8B(u) = — [ du [8A(u)] B(u), we derive the following
expressions for the four terms in (4.3):

. 1 7] 1
(4.4) /w (uiuj — :;3-6,‘3') du = -8—t- <uiuj - -3-5,'j>

1 1
[ @) (s = 305 ) duw = = [ g as) — o)

(4.5) + g (295 5(uaupuiu;)

— griluqu;) — g5; (Uvui)]

(46) /ak(akUJ) ('LL,;'U,J' - %6,’1') du = —6 <uiuj - %5ij>
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[l (o Ls)

UiajU + Uja,'U - Zuiu,-umamU) .

1
w7

Combining these results, Equation (4.3) after averaging gives,

8Qs;
(4'8) gt] = F,‘j + Gij

where
1
(4.9) Q«,’j = u,-uj - 5(5,'3'

1
Ej = ——602 <U¢u_7‘ - §5¢j>

(4.10) 2

ﬁ (uiajU + Uja,'U - 2u,-ujum8mU)

1 . 3 s
@ Gij =—50p (2985 (uauguins) — g5 (uqus) — (uyui)gs;)
4.11

(a7
+3 (g5 (uat;) — (uaui)gl;] -

Following this, the symmetric part of the macroscopic stress tensor can be
written as:

O'fj =p <3kT}~J (uin - %5,5_7')

p U ou d
+£< o -+ u ’8 — 2uUjUm U)>

2 3 du,,
kT 8Q:;
(412) - p2 2p<FzJ = P2 217 [ 6t] - Gij]
kT3 ,
= P [~208 p(uatiguits) + (uyus) gl + (uyi)s,]
kTp kTp 0

+ p]? [(uauj)gfa - (chui)g;]] p2 3 at(u,u_,)

The various moments of orientational distribution function can be ex-
pressed generally in terms of the macroscopic average director field n and
the delta-functions which must obey the directors symmetries that n and
—n are equivalent. The derivation of the various moments is straightfor-
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ward and we simply quote the results:
1
(4.13) (u,-uj) = Sonin; + §(1 - Sg)&,-j

(UQU3uin) = S4nanﬁn,-nj

1 10 3
+ 1z (1 - 7:5'2 + 754) (0apdij + 0aidsj + 0ajdp:)
(4.14)

+ 77'(52 — 83)(nangdij + ninjdaps + ninad;g
+ n,-ngéa,- + njnaéﬂ,- + njnﬁé,-a)

where Sy and S4 are the scalar order parameters corresponding to the av-
eraged second and fourth Legendre’s polynomials of molecular orientation.
The main scalar order parameter can be derived from the order parameter
tensor S;;:

(4.15) S = <Ui'ch - %(Sij> =52 (’ninj - %51'3') .

Multiplying n;n; to Equation (4.15) gives S = 3 ((n-u)? — }). Thus S;
is a scalar measure of how perfectly the molecules are oriented along n.
The expression for Sy is derived in the same way.

Substituting the average moments we eventually obtain the desired
expression of o}; in terms of velocity gradient and the directors,

kTp? 2
O'fj = ia p [-—254nangnmjg;ﬁ + —3—5'(7 — 585 — 254)9%

1 2
(4.16) + 7(35’2 + 48;)(ninagy; + ninggs;) — 7(52 - S4)nangg;;ﬂ6ij]

kTpS; n;
- 4a [ (— _g]ana) +n_7(a gzana)]
The term Nanggsdij contributes to the scalar pressure, which therefore
does not appear in the LE stress tensor. Comparing with Equation (4.1),
we find the corresponding Leslie’s viscosity coefficients, after restoring to
dimensional forms:

(4.17) Q) = —pALp® Sy
(4.18) Qg+ o3 =—pA1pSy
(4.19) g = ” ’\l 52 (7 ~ 555 — 2854)

PAL
(4.20) o5 + ag = ——p (352 +454)



52 CII J. CHAN AND EUGENE M. TERENTJEV

4.2, Anti-symmetric stress tensor. For an isotropic liquid the
stress tensor must be a symmetric function due to the demand on the lo-
cal balance of torques. For anisotropic nematics, we expect the anisotropic
part of the stress tensor to be non-vanishing due to the orientational torques
of the director. The existence of a viscous stress in the fluid has to be a
result of averaging over the non-equilibrium distribution function. We can
write the non-equilibrium distribution function as w = wg(1 + h[u]) where
h represents the deviation from the equilibrium distribution function wg
{or weq) which in turn can be written in a very general form that reflects
the symmetries of the terms in LE theory. The macroscopic antisymmetric
stress tensor then takes the form:

o 8 (00,9
(4.21) T =3 / (ua By U wolu] hlu] du

where the antisymmetric microscopic stress tensor follows from taking the
antisymmetric part of (3.22). The antisymmetric stress tensor obtained
this way has to be equivalent to the one obtained in the phenomenological
LE formalism.

In this case there is no straightforward trick to solve oy 4, as was
previously done for o3 ;. Instead we have to solve the kinetic equation
(4.3) to determine h[u] uniquely. The phenomenological antisymmetric
stress tensor is given by Equation (3.8), which suggests that ~; is related
to the rotation of the director ©2 and the flow vorticity (V x v). Therefore
we have the freedom to choose the nematic system in zero flow (2 = 0) such
that the solution of the kinetic equation gives A which is flow-independent
and can be equated to the v; term. The kinetic equation becomes:

, ogU 9gU
(4.22)  Ww=0%0g [6510 + ?ﬂf“’} = aPwy [52;;, - :_Taﬂh} )
Assuming the mean field potential to be of Maier-Saupe form (21],
(4.23) U@ =-JS: §(n cu)” — 3|

and the equilibrium orientational distribution wg « exp[—U/kT], Equation
(4.22) becomes

(4.24) %h — ~7 Ok 2 A W) - w)(1+h)
with
3J,S2

As designed, the only source of deviation from equilibrium here is the time
dependence of the uniformly rotating director. We have assumed that the



MOLECULAR THEORY OF LIQUID CRYSTAL VISCOSITY 53

term 7 -1 is negligibly small for a nematic system approaching quasi-static
state such that all molecules are almost aligned parallel to the averaged
director . An equivalent argument is that n - @ is proportional to the
angular velocity which is a fast dynamical variable that had been previously
integrated out to yield the kinetic equation (4.3) in terms of w(u,t).

Symmetry of the problem suggests the following expression for the
linear non-equilibrium correction A,

(4.26) h = ho(n - w)(fe - 1)

where h, is a constant to be determined self-consistently. In this respect
we can neglect k on the right hand side of Equation (4.24) since it produces
non-linear terms. Substituting (4.26) into Equation (4.24) determines h,
(in its dimensional form):

AL g
4.27 ho = —=——
(4.27) ° kT2+4¢

where ¢ = JS3/kT denotes the strength of the nematic order and A, is the
rotational friction constant. Substituting this result into Equation (4.21)
and manipulating in spherical coordinates, we finally obtain the averaged
antisymmetric stress tensor with the explicit coefficient in front

e

1
2 o _
(4.28) Taf = 70314

)\_Lp (7 + 585 — 1254) (nahﬁ - ho,’ng).

Comparing with the continuum theory definition in Equation (3.7) we iden-
tify that:

_ 1 (JSs/kT)?
(4.29) Y1 =03 — 0y = 3B+ (JSz/kT) AL p(7 + 589 — 1254),

which has the desired property of vanishing when Sy goes to zero. Making
use of Equations (4.17-4.20), we have the following microscopic expressions
for the remaining Leslie coefficients:

1 ~
(4.30) g = _§(P)\.LPS2 + ’)’1)
1 .
(4.31) Qg = —§(P)\J_p32 -m)
1., . P
(4.32) Qg = —2-p)\J_p [Sz + ;?(352 + 434):l

1 -
(4.33) g = EpA_Lﬁ {—Sz + §(3S2 + 454)]
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4.3. Theoretical predictions. 1)} The microscopic expressions for
the viscosity coefficients depend strongly on the order parameters and on
the alignment of the director in the fluid. They also depend explicitly on
the geometrical shape of the spheroid which manifest itself in the form fac-
tor p. Since the order parameters are the averaged property, the Leslie’s
coefficients do not depend explicitly on the exact form of the nematic po-
tential U. Instead, the intermolecular potential determines uniquely the
rotational friction constant A (see Section 5).

2) In the above analysis, we have paid particular attention to the
fact that the general symmetric part of the microscopic stress tensor for a
spheroid must be enriched with the form factor %:—:r—i , in contrast to previous
works which treated only long-rods nematics [9, 10]. This allows us to take
p to be asymptotically zero for the case of a discotic nematic, in which
case the form factor p goes to —1. This implies a change in the signs of
certain viscosity coefficients, like a5 and ag. In the limit of small 74, both
a2 and a3 are large and positive for a discotic nematic, but are negative for
rod-like nematics. This is in accordance with earlier theoretical predictions
{27, 28].

3) The geometrical shape appears to have no effects on the value of a,.
In the LE formalism, this term accounts for the Newtonian-like behavior
which is present in isotropic liquid too. It accounts phenomenologically
for contributions to momentum transport other than those due to rota-
tional motions. For spherically symmetric molecules, this will be the sole
contribution towards the viscosity of the liquid, mostly determined by the
translational molecular degrees of freedom, which we haven’t considered
here at all. In the nematic case, according to Equation (4.20), the orien-
tational part of ¢4 vanishes in the limit of strong order when S; and S,
tend to be 1. This corresponds to the fact that as the liquid approaches its
full nematic alignment, its isotropic counterpart, independent of the shape
of the anisotropic molecules, ceases to exist and so is a4. This suggests
that ay consists of two independent contributions: the isotropic o which
denotes contributions from momentum transport, in the style of classical
works of Kirkwood and others [1-3], and the additional contribution aj*™,
which we derived above.

4) From Equation (4.29), we see that as the intermolecular coupling
strength ¢ increases, the rotational viscosity 7; increases significantly, lead-
ing to large energy dissipation for uniform director rotation with respect
to the matrix. This suggests that ; characterizes director rotation that
is associated with overcoming the potential barrier which is dictated by
the order parameter S;. A strong nematic potential therefore makes local
rotational motions difficult and this increases the viscous loss.

5) There is an alternative approach towards evaluating the antisym-

metric stress tensor, by taking the steady state solution 4 = 0 in the kinetic
equation, instead of the zero flow condition 2 = 0 as we have done. In
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this case we are looking for the flow-dependent terms of 0%, which will
eventually give us values of ; and 7, [29, 10]. This method bypasses some
of the approximations in the calculation above, but gives similar expression
of ;. We do not include such an alternative derivation here.

4.4. Reactive coefficient and director tumbling. We next dis-
cuss how an understanding of «y; and 45 leads to a description of non-trivial
dynamics stch as director tumbling. The ratio of the negative of the irrota-
tional torque coefficient v over the rotational viscosity #; is often known
as the reactive coefficient* or tumbling parameter [21]. It represents the
competing effects of strain to vorticity torques acting on the director n.
Our results from previous section give for this parameter, which is defined
as the negative ratio of the two rotational viscosities:

1 l¥ogfas . 355 2+ JSy/kT

(4'34) " - 1-—- 03/02 - p7 + 552 - 1254 (JS2/ICT)2 )

The form factor contributes to a sign inversion for 3 /v, between discotic
and rod-like nematics. For long rods, p goes to 1, ag/ag < 1, and —ys /711 >
1. For disk-like molecules, § goes to -1, ag/as > 1, and —v3 /11 < —1. Our
results agree well with the analytic solutions obtained via Poisson Bracket
formalism of Volovik [28].

In a more quantitative manner, we can consider the time evolution
of the director n. This can be obtained from the conservation of angular
momentum in the LE theory [30, 5):

6n,~
ot

(4.35) = xn)i = 2((g" )i~ (n-g" ) ny

where as before, g° is the symmetric velocity gradient, v is the vorticity de-
fined in Equation (3.4) and the reactive coefficient is a factor in the second
term. From (4.35) it is apparent that for | v5/v1 |> 1, the straining motion
dominates and the director tends towards a steady-state orientation angle
8 relative to the stream lines, when the hydrodynamic torque I' vanishes
[27, 4}

{4.36) tanf = m=‘/%.
Y2—MN a2

0 is called the flow alignment angle, defined as the angle between the
director axis and the flow in the state of balanced nematic and viscous
torques. We see that the straining term can be interpreted as the pA) Sa
term which is dictated by the rotational friction and the order parameter
strength, while -, dictates the vorticity effects. Steady-state alignments

4Here “reactive” means that the term is reversible, i.e. no sign changes in time-
reversal and non-dissipative hence producing no dissipation either going ‘forwards’ or
‘backwards’ in time.
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occur when shearing rotates the molecules until they are almost parallel
or perpendicular to the flow direction and at this orientation they cease to
rotate. As we had seen, for rod-like nematic, az/a2 < 1, Equation (4.36)
states that § < 45°. In fact the rods align their axes almost parallel to
the flow direction. For the discotic nematic, we have the opposite situation
when az/as > 1, and @ ~ 90°. The disks therefore tend to align with
their axes perpendicular to the flow direction, with one of the long axes of
the disks being parallel to the flow direction. The other long axis seems to
point in the gradient direction, so that the director orients in the vorticity
direction. Such behavior has indeed been observed in scattering studies
[12], and agrees with earlier predictions [27)].

Equation (4.35) also suggests that when | v2/y1 |< 1, the vorticity
term dominates over the straining motion and the director can no longer
find a steady-state orientation. This is reflected in 4 > pAS2 and
az/ag < 0. As a result no alignment angle can be established. In this
situation, the molecules deviate significantly from the average orientation,
and even if the director is almost aligned with the flow field, there is a
net torque on molecules that are not perfectly aligned with the field. Due
to the anisotropic shape and the pair potential, the torque on any one
molecule is transmitted to the others and the whole assembly of molecules
continues rotating even at the instant the average direction is parallel to
the flow. The nematics therefore do not have a preferred alignment an-
gle, and at any orientation angle, the director experiences a viscous torque
tending to rotate it. This leads to the tumbling phenomenon. The steady
shear-flow properties of tumbling nematics are very different from those of
flow-aligning nematics [31, 32|, and the effects of tumbling and its arrest
are believed to lead to observed transitions of normal stress differences from
positive to negative values [30].

In this section we discussed several predictions of the LE theory per-
taining to the tumbling of the director. However we note that these results
do not immediately apply to real nematic liquids, confined within vessels
when strong anchoring at the wall produces gradients in the director field.
These gradients or distortions in the director field lead to elastic stresses
known as Ericksen stresses. In passing we also note that both the flow-
aligning and tumbling nematics are seen to produce large number of discli-
nation lines under high rates of shear [33], and this observation can only be
reconciled with the existence of elastic stress in the nematic medium. We
will postpone this discussion to Section 6, when a spatially-varying director
field in the presence of flow will be considered.

4.5. Non-linear effects. We return to the investigation of the non-
linear effects that are present in the kinetic equation. As was briefly men-
tioned in Section 2, the non-linear effects were manifested in the following
additional terms in the kinetic (Smoluchowski) equation (2.26). Their ef-
fects can be analyzed by considering their corrections to the symmetric and
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antisymmetric parts of the stress tensor separately.

4.5.1. Corrections to symmetrlc stress tensor. We first consider
the effects of the gyroscopic term a?Ads [(u -V x v)( x u)sw] on the
symmetric stress tensor. Using the same method of averaging as outlined
in Section 4.1, we obtain:

: ) /6;3 [(u -V x v)(Q x u)gw] (u,-uj — %51.3.) du
4.37
_/6ﬂ (Ui’U:j — %Jij) (u .V % ’U)(Q % u)ﬂwd‘u,.

Expanding © = %ﬁ(u x g°-u) + %(u X g° - u), the integral (4.37) can
be evaluated to give the correction that is added to the symmetric stress
tensor in the original equation (4.8):

s kT ~ an
(4.38) ol = =5 5P [a_tJ -Gy — Mij]

giving the non-linear addition agL = —2a I pM;;. The next step involves
expanding all moments of u. The tensor M;;, after manipulations, takes
the form

2 A
M=o E) [P €apr9q1(V X v)p(uaupuruiujuy)]

A
+ a2_2_{§15 Ss(n-V xv)[ni(n x g°-n); +n;(n x g° n)j

55 A (8 Tn; — Gim)

25 B[(Y x v)in x g° - m); + s (n x ¢*(V x v),
n; (VX v) x ¢° -n); + (n -V x v)gn,muejim
(4.39) (i3 terms)]

554(n -V % 0) [ni(n x g° - m); + ny(m x g° )
A [2(V x 0)i(V X 0); + gindm;]

lB [2(n LV x 0)ny(V x v); + (V x v)i(n x g° - n);
+n1(n><g (Vxv)); +n:((V xv) xg*-m),

+ + o+ o+ + o+

+

+ (n-V xv)gsmejimm+ (i o j terms)] }

Equation (4.39) shows that all terms are indeed second order in velocity
gradient, with their coeflicients expressed by the appropriate order parame-
ters and obeying certain symmetry patterns. At this stage we are motivated
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by the fact that experimentally it is not easy to measure all of the Leslie’s
coefficients. What is often measured is the Miesovicz viscosity defined in
the beginning of Section 3:

(4.40) Ne = %a‘; o = -;-(03 +og+tag) .= %(—az + a4 + as).
When each flow configuration is considered, we discover that all terms in
Equation (4.39) vanish in one way or another. It seems to suggest that
the effects of non-linear corrections only manifest themselves in some non-
trivial flow configurations which involve the director and flow couplings.
On the other hand some insights can be gained from consideration of the
effects of non-linearity on the antisymmetric stress tensor.

4.5.2. Corrections to antisymmetric stress tensor. The non-
linear corrections pertaining to the gyroscopic effects manifest itself
strongly in the antisymmetric stress tensor, since it relates to the energy
or entropy dissipation via rotation of the director axis in shear flow. The
gyroscopic term changes the ‘shape’ of the distribution function which cor-
responds to energy loss via torques.

In steady state, the kinetic equation (2.26) becomes

aaﬂ(ng) = azaﬁ(aﬁ’w - %w) + azaﬂ(ﬂaaaﬂﬂw)
(4.41) A
+ §a265 [(u-V x v)(Q x w)gw] + ads (VadaNpsw)

and we write the non-equilibrium distribution function with corrections:
(4.42) w = wo (1 + B[] + £ [u])

where A1) is the correction to the equilibrium distribution function wg
that we had discussed before which is proportional to linear velocity gra-
dient. A®[u] is introduced to represent corrections that are second order
in velocity gradients, and is relevant in this section since we are primarily
interested in seeking non-linear corrections to the antisymmetric stress ten-
sor due to the gyroscopic term 0?48 [(u -V xv) (02 x u)g w]. As such
we can, for the moment, neglect the term adg (2,0.§23w), and consider
only the reduced equation:

a <a2h<2> - %qaﬂh@)) - h M8, 0 + %Qkh(l) — Qi8R

(4.43)
= ai;-aﬁ [(u -V x ) (0 x u)ﬁw]

which we obtain after substituting (4.42) into (4.41). We have deliberately
left the gyroscopic term on the right hand side. The various terms can
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be evaluated explicitly in spherical coordinates, 4 = ncos§ + esind. The
right hand side of Equation (4.43) yields

gaﬁ [(u.v X v) (2 X u)ﬂw]

20|

{%ﬁ [(u.V X v).(n x e) 'gs-uk—lf?j%- - (¢*-u)(g* 'u)]

10U o N2
ﬁ%—(g '“)]

(4.44)
+-;—[(u-Vx'v)(n><e)-g“-u

- (u-va)2}.

We seek the appropriate general expression of h(? that corresponds
to Equation (4.44). The corrections due to h{!) becomes irrelevant since
no matching of the velocity gradient terms can be found. An appropriate
expression for A® will be A(®) = hy + hy + h3 where

hy = hp1gapgis€yi; (n X €), nyng
+ hp2gZp9ii€yij (n X €), nqep
+ hp3gasgijevij (n X €), eqeg
+ hpaghpdii€qyij (n X €), eqng
+ hpsImadmpnans + hpedmadma€ats
+ hp19madmpnats + hpsgmadma€ans

(4.45)

where the correction coefficients must depend on the two angles h = A(6, ¢).

The term hy has exactly the same general expansions as h; above
except for every symmetric velocity gradient g;; in these equations, we
replace it by g3 4. Finally we have

(4 46) hs = hafajkfﬁmng;kggrmnanﬁ + hbfajkfﬁmng;kg:nneaeﬂ
+ hc€ajk€smngikImnTials + Rd€ajk€smngikImnEants-

The left hand side of Equation (4.43) can be evaluated explicitly in
spherical polar coordinates to give

(4.47)

?h®@ (eorg LU 8h(2)+ 1 82h®
562 kT 96 ) "96 ' sin?6 042

Substituting A1, kg and Az into Equation (4.47), and after a series of tedious
algebra, we arrive at a form where explicit comparison on both sides can
be made. For coefficients corresponding to h;, we obtain the following
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relations

(4.49) 6;252 + (cotB E%‘ZZ) aggz - :iZ;’zg = gﬁcosesinﬁzlf%—g
o B (o 1 20) e Bt 2
o B o ) BB

o0 s (o0 ) B

(4.53) 6;2;’7 + (cote - %%) 8;57 - si}:1p279 = —%ﬁcosasin 8.

For coefficients corresponding to hg, we arrive at the same equations as h;
but without the form factor $. For coefficients corresponding to hs,

82h, 10U\ 8k, A
8%hy 1 oU\ Ohy hy A,
(455) '-6—6"2"+ (coté?—ﬁ%> W—2m-—§sm 6
8%h, 1 U\ Bh, he A
(456) 892 + (cote — ﬁ%) W — sinzg = '—§ s1n0c089

and hd = hc, hp4 = hpz, hpg = hp7.

We wish to obtain some qualitative features of the modified stress ten-
sor due to the non-linear gyroscopic term, therefore we make the following
approximations:

(1.) We use the one-constant approximation, that is, we assume that
all the h for a given combination of velocity gradients are equal, hp; =
hpz = hpg = hp4, hp5 = hpa = hp'( = hpg, and ha = hb = hc = hd = hg,
so that

h® = hp19%,59% €vis (1 X €) [Nyng + nep + erep + eyng)
+ hpsg;agfnﬁ [neng + eqeg + naeg + €angl
(4.57) + ha195p95€vi; (1 X €)4 [nyng + nyep + eyep + eyng)
+ RasmaIms [nang + exeg + naeg + eang|
+ h3€ajk€pmndiiGmn [Mafip + €aep + Naep + eang]
where hq1 and hgs are terms due to hs.

(2.) We assume that in all cases, the term h,/ sin® § will be negligible
if the relaxation time of the molecular rotation about the director n is
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much smaller than the time of reorientation with respect to the angle 6.
In this way the microscopic antisymmetric stress tensor due to gyroscopic
effects can be calculated using the formula

(4.58) 0% = / wo TS0 dw = / woho T du.

Substituting Equation (4.57) and carry out the calculation explicitly, we
eventually arrive at (after restoring dimensional variables):

03;,:/( prL(n- va)[na(nxg ‘n)g—ng(nxg° - n)] hp1

S L RSNV P
(4.59)

+nglg®-g°-nl,+nslg’ g’ n]} p5

+ 4pA; (n -V xv) [na (Vxv)g—ng(Vxv), ] h’)alojwosdeO

The coeficients hp1, hps and hj are derived to take the values:

_3/2 -3/2

A = A A
4.60 hpyp~—0—¢€e?; hpg~-—— ho ~v ——
( ) pl SPqE, p5 4Pq 2 8‘1
It can be seen that all terms without the potential derivatives on the right
hand side, i.e., Equations (4.51-4.56), retain the same functional depen-
dence of q. The exponential dependence on ¢, however, exists for all co-
efficients of h. The non-linear rotational viscosity v;, due to hy; is found
to be:

ou ) 1 1 .
(4.61) ’y"ﬂ = /hpl—a—g—wo sin 6d8 ~ Epz\_Lezq g zAp

which only appears in discotic nematics with non-vanishing A = /I /1.

4.6. Preliminary discussion points. Despite the crude assump-
tions made in the previous section, we managed to obtain some qualitative
features of the solutions for kinetic coeflicients and constitutive relations.

Equation (4.59) suggests that at a higher flow rate, there is strong
coupling of the director with the vorticity. Such effects becomes irrele-
vant for a rod-like nematic when A vanishes. On the other hand due to
the non-vanishing I and hence the additional gyroscopic effects in disk-
like molecules, there is a non-linear correction to the antisymmetric stress
tensor and the rotational viscosity 7;.

The more general approach to find the complete solution to the non-
linear viscosity is to write down the full general expression for kA which satis-
fies all symmetries of the problem, and explicit matchings of the coefficients
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can be made and determined. This process is however very laborious which
does not necessarily yield new physical insights to the solution. Instead we
had adopted a more pragmatic approach by focusing on only a subgroup
of the complete expression (see Equation (4.57)) using the one-constant
approximation.

The conventional intuitive picture to explain the non-linear effects in
viscosity is to visualize flow alignment of the molecules along the flow. This
microscopic rearrangement of the molecules that results in a decrease of
viscosity at higher velocity gradient is commonly known as shear-thinning
mechanism. Most suspensions of non-spherical particles which are dilute
enough tend to be shear-thinning at modest rates of shear. No doubt flow
alignment is always partly responsible but there is an additional factor
due to rotation of suspended particles by planar shear to adopt a layered
arrangement which favors easy shear.® The removal of misaligned domains
therefore results in a drop in the viscosity. Strain rate then speeds up and
eventually a steady state is achieved at an alignment angle (monodomain).
However above a critical shear rate there is no solution for the steady state
angle of alignment and this results in instabilities such as the tumbling
phenomena discussed before.

As was briefly mentioned above, we can derive 7; in the linear regime
(due to (") correction) using the method described in this section. This
method predicts an exponential dependence on g, where g represents mean-
field coupling strength which is proportional to the order parameter Ss.
The apparent contradiction with the result of (4.29) can be resolved if one
expands the denominator in the limit of small g.

5. Rotational friction constant. In this section the rotational fric-
tion constant A for a discotic nematic liquid crystal is derived from micro-
scopic interactions. The expression for this constant suggests an Arrhenius
ezxponential dependence on the isotropic part of the intermolecular potential.

5.1. Generalized fluctuation-dissipation theorem. So far we
have studied Brownian motion as a physical realization of a random pro-
cess. For our model of a molecule in rotational motions, the nature of the
medium entered our consideration only through one parameter, the fric-
tion constant. We know, however, that that the medium comprises other
molecules that are ultimately subjected to deterministic, not statistical
evolution. Therefore we ought to be able to derive the friction constant
from basic atomic dynamics. The appropriate formalism requires us to
work within the framework of generalized fluctuation-dissipation theorem.
To begin with, we consider the generalized Langevin equation, also known
as the Mori Equation [17] that relates the friction coefficient to a memory

5In some cases, at even higher rates of shear, the layers may break up due to shear-
thickening, when the particles form a less regular structure such that they occupy a
larger volume and the bulk structure becomes stiffer.
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function K(t) (in the absence of external forces),
t
(5.1) éd% = / K(s)A(t — s)ds + F(t)

where A(t) is the dynamical variable of the problem, and F(t) is the
stochastic source. The memory function K(t) is related to the correlation
function of the stochastic force:

(F)F(0)
MkT

where M is the mass of the Brownian particle.

Equation (5.1) is useful when there is a good separation of time scales
for the motions of the components of the system. We note that compared
to the Langevin equation, the friction constant A has become a friction
kernel, K (¢}, which if decays to zero sufficiently rapidly, leads to

(5.2) K@) =

(5.3) / K(s)A(t — s)ds ~ A(2) /0 K(s)ds ~ A() /0 ~ K(s)ds.

Thus the friction term in the Mori equation can be approximated by the
friction term in the Langevin equation, provided that the correlation time
of the random force is short compared to the time in which A(t) changes
appreciably. We thus have a molecular expression for the friction constant
A, which is the time integral of the autocorrelation function of the inter-
molecular force exerted by the bath particles on the Brownian particle:

(5.4) A= M—lﬁ /0 Z PO F(0))dt.

Here the random force is interpreted as the intermolecular force on the
Brownian particle exerted by the bath particles when they move in the
field of the fixed Brownian particle (notice that there is nothing intrinsically
random in the random force). Equation (5.2) states that, if we consider
the Langevin’s limit, when the correlation time of the stochastic force is so
short as to approximate it as a é-function,

(5.5) (F(H)F(0)) = Z6(t)

where Z is the stochastic strength. Substituting it to the Mori equation,
we recover the fluctuation-dissipation theorem = = AM&T (the parameter
M can be rescaled to 1 depending on the definition friction constant).

In the context of rotational motion, the friction constant arises as a
consequence of the Brownian particle experiencing a field of random ex-
ternal torques. These instantaneous torques arise from fluctuations in the
random intermolecular forces surrounding the particle. As a result, the
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particle executes random rotational motion with arbitrary angular veloc-
ity at any time-step. We can write down a similar form for the rotational
friction constant A;:

(5.6) ~ T / (£)T(0))d

where I'(t) is the stochastic torque at time t.

For a dense system like a nematic liquid, we have to consider two
distinct types of averaging processes in Equation (5.6). The first type
concerns ensemble-averaging which is performed with respect to particle
distribution and takes into account short-range correlation effects etc. The
second type is the time-averaging, where temporal correlations of the
stochastic torques are considered. In this section we will consider these
two processes separately to arrive at a microscopic expression for A} .

The above analysis assumes that the decay rate of the torque correla-
tion function is rapid with respect to the rate of change of the distribution
function of the Brownian particle (see Equation (5.3}). It can be shown
that the correlation time for the stochastic torques is the effective collision
time ¢, which is of the same order of magnitude as the relaxation time
for the angular velocity. This however is true only in the stretched limit
of the Brownian particle being truly small (e.g. molecular liquids). For
massive molecules one expects the correlation time to be much longer than
the collision time (often neglected in this case)and the correlation time is
equated to the Brownian motion time t,,. Strictly speaking this only holds
true when®, t, € t < t,,.

An example is that of a dilute gas as first suggested by Kirkwood [1].
Here two widely different time scales are easily identified as the duration
of a collision and the mean free flight time. The collision time may be
interpreted as the time in which the motion of a molecule is predictable
from a knowledge of its initial momentum and the force on it at the initial
instant. For times longer than this collision time, a second collision may
occur, completely uncorrelated with the first. The mean free time describes
this regime well and it may be interpreted as the decay time of the particle’s
momentum correlation function.

5.2. Time averaging. As mentioned before, the temporal averaging
of the stochastic torques (I'(£)T'(0)) corresponds to finding the autocorrela-
tion function of the angular velocity [1}. Such correlation function typically
follows an exponentially decaying function, where the decay time is often

8There is an observation of ‘long time-tail’ in molecular correlation functions 34, 17]
i.e. decay of certain molecular correlation function has an asymptotic slow inverse power
law; not the rapid exponential decay that had been assumed. Hence the assumption that
K has a short lifetime relative to A may not strictly be true. This can be explained
via the existence of slow fluid variables, and the general theoretical framework is known
as mode-mode coupling theory. We shall, however not deal with this aspect since it is
beyond the scope of this article.



MOLECULAR THEORY OF LIQUID CRYSTAL VISCOSITY 65

called the Brownian motion time since it is the time above which the mo-
tion becomes diffusive, and below which the motion is ballistic. By finding
this correlation time for the particle’s angular momentum, one effectively
finds the correlation time for the stochastic torques. However, for a nematic
executing rotational motion, the situation is complicated by the presence
of multiple-correlation times due to its non-trivial tensorial formalism and
the anisotropy of the molecules. This contrasts with a typical isotropic
liquid where the molecular relaxation process can usually be described in
terms of a single correlation time 7.

Some insights on the Brownian motion time can be drawn from the
translational motion of a Brownian particle of mass M, such as in the case
of a colloid particle. In this case we consider the dynamical variable velocity
v(t), whose correlation function obeys:

(5.7) (v(t)o(t)) = .’%e*lt—t'l/f

where 7 = M/, is the Brownian motion time, or the velocity correlation
time. A; denotes the translational friction constant. Analogously, we can
define a similar correlation time 7, for the angular velocity w for rota-
tional motion. For ¢ < 7, the rotational motion is ‘ballistic’ in the sense
that the angular velocity is maintained without ‘collisions’, which come
in the form of contacts with random external torques acting on the sys-
tem. For t > 7, the rotational motion becomes diffusive and the particle
distribution function eventually reaches the equilibrium Maxwell velocity
distribution e~1+*/ 2kT  hence the name rotational Brownian motion time
[17]. For a simple spherical molecule, the dynamics can be described with
a single Brownian motion time 7, = I/A,, where A, is now the rotational
friction constant and [ is the moment of inertia (analogous to the mass in
translational motion).

The Brownian motion time for non-spherical molecules are however
complicated by both the rotations around the long molecular axis and the
large-angle rotations around the shorter molecular axis. It is clear that the
larger the moment of inertia the longer the particle maintains its correlation
in angular velocity before it enters the diffusive regime 7.

The rotational Brownian motion time is not to be confused with
another relaxation time 7, which is the time it takes to relax slowly
to the Boltzmann distribution over the angular coordinates, given by
exp[—-U(n-u)/kT)] where U(n-u) is the mean-field potential experienced by
the molecule. The characteristic time-scale 7, is approximately /I, /kT
if we assume rotational motions to be dominated by large-angle rotations
about the short molecular axis. This is the regime where our kinetic equa-

"The cross-over from Brownian to non-Brownian behavior in a flowing suspension is
controlled by the rotational Peclet number Pe = 4/D, where D, is the rotary diffusivity
of the particles and 4 is the strain rate.
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tion is based upon and leads to the mode relaxation times evaluated in
Section 2.

It might be tempting to think that the solution for a disk-like molecule
in rotational Brownian motion will yield only a trivial modification to the
correlation time of a long rod (where the relaxation times for rotations
around the long molecular axis is very small and can be neglected). In
fact, as we shall see, due to both rotations along and perpendicular to the
molecular axis in discotic nematics, non-trivial solutions for the Brownian
motion time can be found.

For a discotic nematic phase, due to the significant moment of inertia
parallel to the director axis I}, the axial angular momentum J uqz'S along the
molecular axis may be comparable to or larger than that perpendicular to
the axis. From our analysis of the kinetic equation (2.11) before, we have
the following equation:

(5.8) Iidg = ~Aiwa + Ca — Ijh(w x u)q

where for simplicity we have assumed zero external torque and external
flow. Iyy can be assumed to be almost constant since there is virtually
no torque acting on the axis and hence no angular acceleration along the
director. Clearly the description for rotational motion is more complicated
due to its vectorial form and the precessional term J !l'j’(“’ X u), giving non-
trivial solutions as Iy /I, is non-negligible. Expanding the cross product in
tensorial form, Equation (5.8) becomes

(5.9) Do = —Aagg + 32
I,
where
(5.10) Aap = %aaﬁ + By €agyuy with B=Ij/I,.

The problem is similar to solving small oscillation dynamics using nor-
mal mode expansion. The general motion is then a superposition of the
various normal modes with the mode frequencies and their amplitudes given
by the eigenvalues and eigenvectors of the matrix respectively. Setting the
equation in homogeneous form (¢, /I = 0) and assuming that the director
coordinate u., remains approximately stationary on the fast time scale of
w, we have, writing K, = B1/}u.,,

w1 -/l —-Kj K> w1
(5.11) Wo = K3 =A /I -K; Wy
(2)3 ——K2 Kl —-AL/I_L w3

Here we note that the matrix is non-symmetric, and complex eigenvalues
are to be expected. Direct diagonalization of the matrix numerically gives
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the following eigenvalues and eigenvectors:
AL | .ps
(5.12) )\1 = = )\2,3 =——4 ’I,B'(b
I

and the eigenvectors are

1
= ( K>/K; ) ;
K;3/K,

(5.13)
( (:!:ZB'I/JK;; - Kl Kz)/ (K2 -+ K2) )
V2,3 =
(;sz/)Kl K, Kg)/ (K% + K3?)
It is clear that the eigenvalues become degenerate Ay = Ay = A3 = =X, /I

for the case of rod-like molecules, indicating the presence of a single Brown-
ian motion time corresponding to only rotations of the long molecular axis.
The angular velocity components can be written as following;:

[ KK , K3B 1 .
—e ¥/ |1 9172 _ 9 3DV
wi=e 1-2 K+ K2 cos(Byt) — 2 1 K2 sin(B T/Jt)]
(5.14) wy =e Y7 —K—2 + 2cos(B 1/Jt)]

K KK . KBy . .
-t/ |83 o Aafls by
wy=e K, 2Kf nye cos(B yit) + 2K12 e sin(B wt)]

where we have defined 7 = I /A] as the rotational Brownian motion time.

The stochastic force €, introduces inhomogeneity into the equation
and the full solution of the inhomogeneous equation can be obtained by
integrating over the stochastic term in Equation (5.9). For simplicity we
consider just one of the angular velocity components wy and its correlation
function (w2(t)w2(0)). Careful analysis leads to the following expression
for the angular velocity correlation function:

(wa(thwz (0)) = (I;j) et KL et sty
(5.15) +I;f (gf) e T [;%} [2-:_1 cos(t/7y) — sin(t/m)]
kT et/ | _TT T, )
+K / [T_i:"’?i [?1/’ cos(t/Ty) — sm(t/‘n,,)] .

The first term gives the natural decay of the correlation function for the
angular velocity which depends on the geometrical projection ratio K2/ Kj.
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The imaginary part of the eigenvalues gives rise to the precessional term
cos(t/7y) where the precessional period 74 = 1/Bv is introduced. Explicit
comparison between the two time-scales can be made:

T kTI I

(5.16) el Uab

The first term on the right hand side corresponds to the small parameter
o we had defined in Equation (2.16), therefore we conclude that 7 is sig-
nificantly smaller than 7, for disk-like molecules. Rearranging the terms
we have for t < 7 < 7y,

2

Note that except for the prefactor in terms of K’s, Equation (5.17) resem-
bles (5.7) in translational motion. We conclude that the system remains
heavily damped®, and the effective correlation or relaxation time is the
shorter time-scale 7. Note that the rotational Brownian motion time has
a linear dependence on the friction constant A; which is to be contrasted
with the mode relaxation time found in Section 2 which has an inverse
dependence on Aj .
Equation (5.6) therefore becomes:

Ni * 2 —t/Tw
(5.18) o / (T2(0))onse=t/ ™ dt

giving the final form of friction constant after time-averaging:

(519) )\_1_ =~ % <F2(0))ens

where ('?).;s denotes ensemble averaging of the stochastic torques acting
on the molecules.

5.3. Ensemble averaging. As mentioned before, the idea of ensem-
ble averaging is essential when considering macroscopic properties of any
dense liquid. The ensemble averaging of the torques in Equation (5.18)
describes microscopically the interactions of the molecules with various
random potentials exerted by the surrounding molecules. A reasonable
expression for (I'2(0))ens for molecule 1 can be written as:

(5.20)  (T%)ens ~ N? / 2U(1,2) - 01U(1,3) Wa(1,2,3) d(1) d(2) d(3)

8This corresponds to the assumption that thermalization occurs on a time scale
much shorter with respect to the time for appreciable changes in positional distances.
This occurs when the rotational friction constant A, is large and is often called the high
friction limit.
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where O1x = €iju1:0/0u1;, d(1) = dridug, and W3(1,2,3) is the three-
particle angular distribution function. 6,U(1,2) describes the torque ex-
erted by molecule 2 on molecule 1 due to their pair interaction potential
U(1,2), and the same holds for 8,U(1, 3).

To evaluate this ensemble we need to have a microscopic model of the
molecular pair potential that acts on a particular pair of nematic molecules.
We begin this by giving a brief review of the mean-field description of the
intermolecular forces, followed by an attempt to build a phenomenological
mode] that goes beyond mean-field regime and consider more realistic ef-
fects such as short-range orientational correlations and the excluded volume
effects, paying specific attention to the case of a discotic nematic.

5.3.1. Nematic intermolecular forces. The molecular theory of
the nematics has been an intense field of research in the past decades,
using advanced statistical theories such as the density functional theory.
There two main approaches pursued to derive the various thermodynamic
quantities that agree with the experimental results:

1) Treating the intermolecular forces as anisotropic and the intermolec-
ular repulsions as isotropic to first approximation, which serves as a positive
pressure. The result is temperature- dependent of course.

2) In suspensions of anisotropic particles the nematic order arises
purely from short-range anisotropic repulsive forces (exclusion volume ef-
fects in the Onsager approach). The high density of the liquid is established
by the intermolecular attractions, which are assumed to be isotropic.

In this work, we take into account both anisotropic intermolecular at-
tractive forces depending on the orientation of the interacting molecules,
but at the same time consider an anisotropic repulsive potential which
arises from the exclusion volume effects. We consider the following expres-
sion for the effective uniaxial potential [35]

Vorr (wi, 7ij, w5) = Viso — J1(r)(u; - u;)?
(5.21) — Jo(r) [ (wi-mi5)% + (u5 - 7i5)* ]
— Ja(r) [(wi - ug) (i - 7i5) (ug - 755)]

where V5, represents an isotropic dispersion potential independent of u’s
and the various J’s represent the orientation-dependent coupling strengths
which can be expressed in terms of the electric dipole and quadrupole
matrix elements. u denotes the molecular director while ry; = r; — r;
denotes the molecular distance from particle ¢ to j. See Fig. 4 below for
the geometric illustration. Chandrasekhar et. al. [36] had argued that the
potential arises mainly from the dispersion forces which have r—% or r—8/3
dependence on the intermolecular separation for dipole-dipole and dipole
quadrupole interactions respectively. The permanent dipoles are found to
play a minor role in providing the stability of the nematic phase (although
dipole-dipole forces are much stronger than the van der Waals, in practice,
dipolar molecules in liquid always form very strong dimers).
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\— D

Fic. 4. The scheme of excluded volume modelling for rod-like and disk-like parti-
cles, leading to the orientation dependent expression for the minimal distance separating
the two centers of mass, £12(u1,u2, u12) of Equation (5.80). The analogous expres-
sion for two rods would read: £12 =d + 5(L —d) [(uy1 - u12)? + (uz - u12)?] and has a
minimum (€12 = d) when both w1 and ug Lugs.

As shown by Gelbart and Gelbart [37], the predominant orientational
interaction in nematics must be the isotropic dispersion attraction mod-
ulated by the anisotropic molecular hard core. The isotropic part of the
dispersion interaction is generally greater than the anisotropic part because
it is proportional to the average molecular polarizability. The anisotropy of
this overall potential comes mainly from the asymmetric molecular shape.
Thus this effective potential is a combination of intermolecular attraction
and repulsion,

(5.22) Vet (1,2) = Jat(r12)0(r12 — €12)

where the step function ©(r12 — £12) determines the steric cut-off.

5.3.2. Mean-field theory: the Maier-Saupe potential. The sim-
plest molecular theory of the nematics can be developed in the context of
a mean-field approximation. By mean-field approximation we mean that
all correlations between different molecules, such as the fluctuations in the
short-range order {mutual alignment of two neighboring molecules), are ig-
nored. This is obviously a crude and unrealistic approximation but it does
enable one to obtain very simple and useful expressions for the free energy.

In this section we demonstrate how the mean-field approximation can
be established starting with a completely general pairwise intermolecular
interaction potential. One appropriate model potential is to write it as an
expansion in terms of Legendre polynomials (spherical invariants) P, [35]:

(5.23) U(uq, w12, ug) = Z Jim(u12) Pim (w1, w12, u2).

im

To obtain the single molecule potential U in the mean field approximation
it is necessary to take successive averages of the intermolecular potential
U,4. Firstly we note that in the nematic phase there is no positional order
and the molecular centres are distributed randomly. If one neglects the
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positional correlations, the interaction potential can be further simplified
by averaging over all values of the intermolecular unit vector u;2:

(5.24) ﬁ(ul,uz) =/U(u1,u12,u2)du12.

The final mean-field potential Upsp(u1) is obtained by averaging over all
orientations of the second molecule uy:

(5.25) UMF(ul) = /0(’(&1,’!1.2) wl(uz)d’llq

where u; specifies the orientation of the molecule 7, and
1
(5.26) wy(u;) = Ee—ﬁUMF(ui)

denotes the single-particle distribution function that depends only on the
molecular orientation. Equation (5.26) says that in the mean-field ap-
proximation, that is, neglecting paiur correlations between u; and wus,
each molecule feels some average angular potential produced by all other
molecules in the system. The usual Maier-Saupe potential JPy(n - u;) is
obtained via this averaging process with respect to the first non-polar term
in the Legendre polynomial expansion of the intermolecular potential.

5.3.3. A model potential for discotic nematics. Realistic inter-
molecular interaction potentials for mesogenic molecules can be very com-
plex and are generally unknown. At the same time molecular theories
based on simple model potentials usually offer good qualitative solutions
when describing some general properties of liquid crystals that are not sen-
sitive to the details on the interaction. In this section we propose a simple
nematic potential to model molecular interactions in a discotic nematic lig-
uid crystal within the mean-field approximation. This leads to an explicit
expression of the torque autocorrelation function in Equation (5.20).

1. A model pair potential: Previous investigations on the inter-
molecular interaction potential of a discotic nematic had focused mainly
on the regime close to nematic-isotropic (N-I) transition [38]. A reasonable
assumption is that the nematic order arises primarily from the short-range
and highly anisotropic repulsive forces between the molecules. We consider
a modification of the nematic potential in Equation (5.21) which captures
the essential physics of the molecular interactions in a discotic nematic
phase [35, 37]:

G 1
U(1,2) o~ - --G—Jl('llq . U2)2
Ti2  Ti2
1
(5.27) - T{J2 [(w1 - w12)? + (2 - u12)?]
T12

+ Ja [(u1 - u2)(u; - w12)(uz - r12)] }
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where G describes the isotropic attraction and the constants J;, Jo and
J3 describe the anisotropic contribution to the pair interaction potential
and depend on the anisotropy of the molecular shape. Following previous
discussion, we know that a more precise description of the intermolecular
interaction has to include higher order Legendre’s polynomials such as the
P4 terms [36], but such terms are usually sufficiently small to be ignored in
our model. J; accounts for the different interaction energies corresponding
to different orientation configurations of the two molecules. For instance for
long rods, J» has to be negative since the orientation configuration is not
energetically favorable, and likewise positive for disk-like molecules. The
most important weakness of the model (5.27) is its uniform ;¥ dependence
on molecular separation. We shall see that the specific form of this power
law is truly irrelevant, since the dominant contribution to the final integrals
is arising from the potential cutoff at the molecular excluded volume cutoff.
However, particular dependence on the molecular thickness (the closest
approach distance) may not be captured accurately in such a model.

2. Excluded volume effects: These effects are determined by hard-
core repulsion that does not allow molecules to penetrate each other. It
is interesting to note that by doing so we already go beyond the formal
mean-field approximation, since at low densities it is possible to express
the free energy of the system in the form of the virial expansion [39]:

,BF = plnp+p/w1(u1) [ lnwl(ul) -1 ]du1
(5.28) .
-+ §p2 /wl(ul)wl(uz) . B(ul,U2)du1dU2 + ...

where B(uy,u2) is the excluded volume for the two disks:
(5'29) B(ul,uz) = /dr12(e_ﬂuﬂeric(1,2) _ 1)

and Usteric(1,2) is the steric repulsion potential.

In Equation (5.28) all terms are purely entropic in origin since the
system is athermal by definition. The second term is the additional ori-
entational entropy which is a consequence of the anisotropic shape of the
rigid bodies, and are thus absent in an isotropic liquid. The third term is
the packing entropy that can be thought of intuitively as a result of the
excluded volumes effects that restrict the molecular motion and therefore
reducing the total entropy of the liquid. At low volume fraction of the
disks, the higher order terms in the expansion can be neglected. The steric
repulsion potential is equivalent to introducing a steric cut-off length. For
two disk-like molecules this can be expressed phenomenologically as:

(5.30) t2=D+ (-‘f—%@ [ (w1 - u12)® + (ug - u12)? ]
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where d and D are the thickness and diameter of the disks respectively,
and w3 is the unit vector along molecular separation line. The expression
can be checked by considering the extreme limits of the molecular directors
being parallel or perpendicular to the intermolecular unit vector u;s. For
instance, the shortest separation, £15 = d is achieved when u ||usg|vi2.

3. Three-particle correlation functions: The simplest form of
the three-particle angular distribution function in Equation (5.20) can be
expressed in the Kirkwood approximation [1], which neglects three-body
collisions:

(5.31) Wa(1,2,3) ~ Wa(1,2) Wa(2,3) Wa(l, 3).

Such approximation are known to work well at short and long ranges, but is
less accurate at medium range of separation. For a long rod system, its has
been shown by Onsager [39] that virial coefficients higher than second order
vanish in the asymptotic limit as the length of the rod goes to infinity. This
means that higher order correlations such as the three-body correlations are
negligible, and the Kirkwood’s approximation is a good approximation for
infinitely long rods system. Such may not be the case for a discotic phase,
when three-body correlations has to be taken into account [38]. One might
envisage the use of a better approximation scheme using integral equations
such as the Percus-Yevick or Hyper-Netted Chain approximations.
For simplicity we neglect the three-particle collisions, which gives:

(5.32) Ws(1,2,3) ~ e AU =AU g=BU(23) (44 Yow(aug Jww(us)

where w(u;) is the single-particle equilibrium orientation distribution func-
tion for molecule 7, and 5 = 1/kT as usual.

We return to the evaluation of the integral in Equation (5.20). We
first change the variables from dr;, dry and drs to drys, dris and dry.
The integrand can be expressed in terms of 712 and 713 only, which can be
integrated over 13 and r13 (only the relevant terms are shown):

(5.33) / R {k(16,2) LRG3 k23) }dnzdns

3 3
712713 T12 Ti3 713 — 712

where

(5.34) k(1,2) = B{G + Ji(u1 - u2)? + Jo [(u1 - 1u12)? + (uz - u12)?
' + J3[(u1 - uz){ug - wi2)(ug - r12)]}, ete.

The integrand clearly approaches a maximum towards the cutoff length
r12 = &12 = d, 113 = £13 = d. From Equation (5.30) this requires all the
molecular axes to be parallel to intermolecular vectors wjs, w13 and wgz. If
we take small deviations from this conformation only, and u;2 being in the
middle between u; and us etc., then Equation (5.34) simplifies to terms
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containing only two constants, G=G+ %Jz + ‘11—.]3 and J = J; + %Jz + %J;;.
Equation (5.20) can be evaluated approximately by observing the sharp
rise of the integrand at the end of the integration interval. We therefore
obtain:

kT)? - A
(5.35) (T2(0)) = LédT)ﬂewG / du, duydus

' O1(u; - U2)231 (uy- U3)2 eﬁj[(m-u2)2+(u1-ua)2+(u2~u3)2]w(ul)w(uz)w(u3)

[2@’ + J'(ug - u2)? + J'(ug -u3)2] [3@’ + 2J"(ug - u3)? + J'(us -us)z]

where G’ = G/d® and J' = J/d® have the dimensionality of energy.
The equilibrium single-particle orientation distribution function w(1)
is proportional to the mean-field nematic potential U(n - u;), where

(536) U(u1 . n) = /U(ul,UQ,‘f‘lz)w(U2 : ’n)d‘l‘lsz2.

That is, the mean-field potential experienced by the first molecule is just
the pair interaction energy averaged over the position and orientation of the
second molecule. For the discotic nematic phase with interaction energy
defined in Equation (5.27) we obtain the mean-field potential with the
Maier-Saupe form:

Ar

(5.37) U(u,y - n) =~ const. — ¥

(2J1 + J3)Sz('u,1 . 'n.)z.

Equation (5.35) can be evaluated using again the saddle-point approxima-
tion. The integrand possesses a clear maximum point when all molecular
axes u1, uz and us are: 1) parallel to each other and 2) aligned parallel
to the average macroscopic director n. Another simplification derives from
the fact that the anisotropic contribution to the pair potential is usually
much smaller than the isotropic contribution I; « G [35]. With these
in mind we obtain a final estimate for the microscopic rotational friction
constant Aj:

I (3@ + 7
(5.38) AL=C o &P { ShT

where the constant C contains a few microscopic parameters that are not of
interest to us. The crucial result from the above analysis is the Arrhenius
dependence with the activation energy which corresponds to overcoming
the nematic barrier given by the isotropic potential G’ and the much weaker
anisotropic correction J' during ensemble averaging. The factor /T kT
takes into account the time averaging process.

To summarize the main results of this section:
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1) Due to the gyroscopic effects, the disks exhibit more complicated form
of velocity correlation function. The dynamical evolution of the particle
rotation exhibit multiple time-scales, but its rotational Brownian motion
time is described predominantly by the ratio of the moment of inertia to
the rotational frictional constant.

2) The microscopic friction coefficient shows an exponential tempera-
ture dependence with a large activation energy determined mainly by the
isotropic part of the interaction potential. This seems to account for the
observed temperature variation of the Leslie coefficients [40]. Incorporat-
ing orientational correlation effects generates a more precise mean-field po-
tential which can be determined self-consistently via numerical methods.
One can foresee higher order correlations such as three-body or four-body
correlation effects to render even more accurate results and an improved
approximation for the friction constant and the Leslie coeflicients.

6. Spatial inhomogeneities and domain structure. In this sec-
tion we consider the effects of spatial inhomogeneities by incorporating dis-
tortional elasticity, using a non-local nematic potential. In the limit of weak
flow and mild spatial distortion, this reveals the microscopic origin of the
Ericksen stress in the complete Leslie-Ericksen (LE) theory.

The original LE theory assumes that the molecules have a short relax-
ation time so that the molecular orientation distribution always retains its
uniaxial equilibrium ‘shape’, while the local axis of symmetry gets rotated
by the flow. The rotational dynamics of the nematics are characterized by
the local director n and the constant order parameter. However, it seems
plausible that at a higher shear rate, the flow may induce significant gra-
dients in the continuous director field and creates spatial inhomogeneities
or textures in the sample. In this case the orientation distribution may
be distorted by flow into a non-uniaxial configuration, and the formulation
of stress tensor in director variable may not be feasible. Instead, a more
adequate formalism will be to consider the dynamics of nematics in terms
of the evolution of order parameter tensor as in Equation (4.15) {41, 33].

Another circumstance where distortional effects might become impor-
tant arise in nematics ridden with defects such as disclination lines and
point defects which may be generated due to shear flow. Another more
common situation arises due to anchoring condition, when the the direc-
tor field near the surface is forced to align with the walls. This disrupts
the molecular packing and incur a free energy penalty, the minimization
of which determines the equilibrium or static dependence of n(r). Indeed,
the neglect of such distortional stress leads to failures to account for rheo-
logical properties of liquid crystalline polymers with domain structures. It
was shown that the microscopic theory described so far predicts the for-
mation of disclinations due to inhomogeneous director tumbling which are
however constantly annihilated and reformed [33]). Clearly, without dis-
tortional elasticity, one can not describe the disclinations and eventually
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explain a steady-state network of disclinations, which seems to arise in
reality. ‘

Previous attempts to account for the distortional elasticity are based
mainly on phenomenological models. After the original formulation of the
Ericksen stress, Edwards and Beris [42] constructed an ad hoc general ex-
pression of Frank elasticity in tensorial form. More recently Tsuji and Rey
[41] added distortional energy using the Landau-de Gennes free energy
to the kinetic equation but their work does not discuss the stress tensor.
Furthermore the use of Landau-de Gennes energy expansion proves to be
doubtful for systems with moderately high order parameters typical of a ne-
matic liquid crystal. This highlights the necessity of a molecular theory. In
this section we demonstrate that by using a non-local nematic potential to
model the effects of distortional elasticity, we can derive a new stress tensor
and kinetic equation governing the time evolution of the order parameter
tensor. The final results are consistent with the complete LE theory in the
limit of weak flow and small distortions.

6.1. Ericksen stress. In contrast to a globally uniform director field,
a positional variation in the director n(r) introduces new distortion free
energy in the system which tends to minimize the spatial gradient of the
director. The result is an additional contribution to the stress known as
the Ericksen stress [21]. In the usual small-motion approximation, this
distortional stress gives rise to second order spatial deviations of n which
can be discarded in the formulation of stress tensor. This picture however
breaks down at a sufficiently strong shear flow when the local variation in
n becomes non-vanishing. Before we embark on a microscopic description
of this new effects, we shall first give a brief outline of the definitions of
Frank’s elastic energy and the Ericksen stress.

We consider the distortion free energy in the following form [21],

(6.1) Fy= —;—KI(V -n)? + —;—Kg(n -V xn)?+ %Kg(n x V x n)?

where the constants K; (i = 1,2, 3) are associated with respect to the three
basic types of deformation: splay, bend and twist. For simplicity, we make
a useful one-constant approximation: K; = K = K3 = K. The free
energy then takes the form

(6.2) Fy= %K {(Vn)? +(V xn)?} = %K(vanﬁ)(vanﬁ)

after integration by parts in which we assumed the surface terms are unim-
portant in our analysis. We can consider a small change in the total free
energy 0Fiot due to a local change in the director, and a material distor-
tion of the fluid which leaves the director orientation invariant {21]. Any
changes in the system may be decomposed into these independent changes.
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1. Variation in embedded order: Consider the variation n(r) — dn(r),
at a fixed point in space, which produces a change in the free energy

OF OFy
. 0F; = — — .
(6.3) ) / { s 15 + Ty O (Jnﬁ)} dr
Integrate the second term by parts and neglect the surface term
oF OFy
A4 F;= — - — .
(©4 ori= [ {gy = Vo (0rayy ) a0
We can define the terms in the bracket as a molecular field
_ OF _ 0Fgy  OFy
(6.5) hg = ans + 0,Ma3, where mag = 5@ang) ~ dgas”

Equation (6.5) implies that in equilibrium (in the absence of external fields),
0F; must vanish and the director must be at each point parallel to the
molecular field.

2. Material Distortion: We now consider a distortion of the material
which preserves the value of the director r — v’ =7 +¢(r) with n'(v') =
n(r). The change in the free energy then becomes

(6.6) 0Fg = /agﬁaﬁea dr, where aiﬁ = —TayOgNy

is the distortion stress tensor. If we impose the incompressibility condition
for the fluid, we have to introduce a Lagrange multiplier, the pressure p,
then the Ericksen stress tensor arises as a result:

(6.7) 0lp =035 — Pag.

Using the one-constant approximation and substituting Equation (6.2) into
(6.5), we have the full stress tensor acting on the element of nematic fluid,

(6.8) Oap = Ogp + 0o = —KVan;Vgn; + 0,4

where 07,5 is the viscous stress given by Equation (3.5), and the symmetric
Ericksen stress is written in the limit of elastic isotropy. One of the aims
of this section is to demonstrate that this term can be accounted for by
a suitable microscopic theory, and an approximate microscopic expression
for the Frank constant K can be obtained.

6.2. Kinetic equation with distortions. We can extend the origi-
nal theory to include distortional energy. We expect modifications to two
major components: the kinetic equation and the microscopic stress tensor.
For a nematic with distorted director configurations, we consider an addi-
tional non-local nematic potential, proposed by Marrucci and Greco [43].
This potential accounts for spatial variations of the molecular orientation
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distribution, and represents the molecular interaction energy in a gradu-
ally varying orientational mean-field. The effective nematic potential in the
presence of spatial inhomogeneities therefore consists of the Maier-Saupe
mean-field potential and the Marrucci-Greco nematic potential Upsq:

(69) I?(u) = UMS + UMG = —-gUkTS.-juiuj b i}G—UkTszzsij Uy

where U is a non-dimensional constant representing the nematic strength
and kT is the Boltzmann temperature. L denotes the characteristic length-
scale for molecular interaction. S;; is the order parameter tensor defined
in Equation (4.15). This particular expression of modified Maier-Saupe
potential is the generalized version of Equation (4.23) which applies to
non-equilibrium and spatially homogeneous case [9, 43]. On the other
hand Upsg takes care of distortion over the neighbourhood of the nematic
molecules, and it can be derived in the limit of small distortion expansion.

Note that we have chosen to write the potential in second order ten-
sorial form since its relation to the stress tensor can be established more
easily. This approach is completely equivalent to our microscopic theory
using the distribution function discussed in previous sections. From our ki-
netic equation in Equation (4.3), we see that the Marrucci-Greco potential
generates an additional term:

(6.10) a"’/ak (waklzll_l‘lG) (uiuj b %(Sij) du

2UL?
8
6.3. Nomnlocal stress tensor. A natural approach to find the mod-

ified stress tensor is to return to Equation (3.22). We see that the Upq
term generates an additional stress due to distortions:

©611) p? “ BUMg_ 1 u OUnme — Pugugn Uma
' p2+1 % Oug 2+1 7 Buy ™ St

= a (st’,-a(uauj) + (u,:ua)staj - 2V25ag(ua’Mguin))

L

8 P+ p?+1

Following our earlier approach, we take the symmetric part of this
contribution and discover that it can be related to Equation (6.11). This
can be written explicitly in terms of the velocity gradient and gives the
symmetric part of the viscous stress tensor. This approach however gen-
erates no additional terms which can account for the symmetric Ericksen
stress K'V,n;Vgn; in Equation (6.8). We conclude that this straightfor-
ward approach does not give a self-consistent microscopic theory that can
account for the Ericksen stress, and a more elaborate formalism is required
to evaluate the microscopic stress tensor.

2
pUKTL? (—’-’——lsmvzs,-ﬁ _ L 5528, —ﬁ(uaUauiuj)V25ﬁ> -
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Considering that the Ericksen stress can be regarded as an elastic
stress due to distortions, we can invoke the principle of virtual work [11],
and calculate the elastic stress afﬂ from the reaction of the nematic to a
rapid virtual deformation deqpg(r).

(6.12)° SF = / 0B beap AV
v

where V is the volume of the bulk sample. By calculating the change in
the free energy, we can extract the elastic stress.

The free energy of the nematic liquid crystal can be written in terms
of the molecules orientation distribution function w(u)

(6.13) F= p/ dV/du (kTwlnw + wl).
This gives
(6.14) 6F = p / v / du [KT6wlnw + KT6w + 6(wlns) + 6(wlna)] .

We only have to concern ourselves with the Upse term, since the other terms
produce exactly the same microscopic stress tensor as given in Equation
(3.22). We therefore have,

SFya=p / av / 8 (wUmg)du

UkTL?
= —ETG————/‘,dV/é(wvzsijU¢Uj)du

pUKTL?

(6.15)

2
- _EU_’;g_If_ /v dV (V28,;68; + 6V2S; Sij) .

The term §V2S;; represents the energy for additional spatial distortions
due to the strain field. This can be calculated explicitly to give:

AR
ot
= Vzés,-j - JEaﬂVaV3S,'j hd Va56a3V5S¢j

SV2S; = (

+v- vvzsij) 6t = V28S;; +v - VV2S;;6t
(6.16)

where we have used integration by parts and neglecting the surface terms.
Integrating by parts again we have:

/ (5V25ij) S,;j dV = /dV(V2Sij(5Sij - JéaﬁvaVBSij S,‘j + 5€aﬁAaﬁ)

+/ dSa(Va(sSijS,‘j — VaSij(SSij - 5€Q5V5Sij S,'j)
z
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where Ang = V45i;V3Si;, and the contribution to the virtual work

5FMG = —

pU.’s:TL2 {
(6.17)

/ dV(2V?%5,;68:j — €05V oV 35i;Sij+ 0capAap)
+/ dSa(VazSSijS,-,- — VaSz-de,-j - (SEQBVgSijSij)} .
2

The surface integral can be put to zero since de, 45;; and V45S;; vanish on
the surface boundary.

The variation in the order parameter tensor Sj; can be calculated from
the kinetic equation (4.3) by neglecting the diffusion and potential terms
for a rapid virtual deformation [11]. In this case,

(6.18) dw = %uiét = — a0k (Qpw)ot

where 2 = gu xg°-u+ %u x g° - u is the residue flow field. We then have

8Si; = /uiujdwdu = a/Bk(uiuj)detw du
(6.19) B . .
=q {p&:wS]o+ 50€3,8i0— POe, o (UnUouiu;) + —2-55‘;0.5']-0+ 555;05“}

where d¢® and §e% are the symmetric and asymmetric strain tensor respec-
tively. Using these in Equation (6.12), we finally obtain the part of the
elastic stress due to distortion only:

UkTL? 1

oE = -2 2” =Sa;V*Sp; = =758 VS
8 pr+1

(6.20) UKTL?

—ﬁvzsij(uiujuaug)} - p—3-2—(Aa5 - VaVﬁSijSij).

The free energy approach therefore produces nearly identical stress tensor
as in Equation (6.11), except with an additional term —ELW(A
V&V 3Si;Si;) which is symmetrical. We shall see that this term possesses
the correct symmetry, as the Ericksen stress, and justifies our use of the
virtual deformation principle. This approach also shows explicitly that
the addition of distortional elasticity introduces non-local effects into the
stress tensor, which now depends on position due to the non-homogeneous
Marrucci-Greco potential. This situation differs from a uniform nematic
liquid crystal when the principle of locality is assumed which means that
both the flow and the nematic configurations are homogeneous [11].

We can gain some physical insights by considering the symmetric part
of the stress tensor due to Marrucci-Greco potential Uprg. From Equation
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(6.20) this may be written as

s pUKT L?pa
oLy = ————
16
(6.21)
_pUKTL?
32

The first term on the right hand side, together with the original Maier-
Saupe term in Equation (4.7), can be replaced by the flow term in the
kinetic equation (6.10). The full symmetric stress tensor with distortions
then becomes

kT (9S UkTL?
(6.22) o025 = —”2a2 ( b - Gag) - "W——(Aaﬂ — VaV35i;5:)

{Sajvzsgj + Sg,-VZSaj - 2V25,'j (uiu,-uau[;)}

(Aap — VaVpSijSij)-

where G;; follows from Equation (4.11). Comparing with the full Leslie-
Ericksen stress tensor in Equation (6.8) we see that the first term on the
right hand side produces the viscous stress, while the second term must be
equivalent to the Ericksen stress. Equation (6.22) therefore expresses the
reaction of the nematic liquid crystal in terms of velocity gradient (as in
the original LE theory) and the local variation of nematic configurations,
which gives rise to non-local nature of the Ericksen stress.

Using the expression for the uniaxial order parameter tensor S;; and
assuming the magnitude of scalar order parameter S, is constant, we have

2
VQS,']'V5S,']' - VaVBSijSi,- = 2522 VaniV5n,- - gSzVaniVﬂni

(6.23) — g-s% niVoVgn; — ;SzniVaVL;Tli
=483 VoniVn;

where n;V; n; = 0 is frequently used and the last line is obtained from
integration by parts.? We therefore obtain a microscopic expression for the
average Frank constant:

(6.24) K = %pUkTLzSg

in the limit of elastic isotropy (one constant approximation) and assuming
a type of Marrucci-Greco distortional energy.

This expression has several nice features. It depends on the molecular
interaction length and the order parameter. However we would expect by
intuition that the Frank constants depends on the molecular aspect ratio

91t is important to note at this point that in recent years a number of theories have
appeared, which examine the additional effects of variation V.S3, or leaving the nematic
variables in the tensor form, as S;; (7, t) [44). Clearly, our approach is adaptable for these
continuum theories although here we rigidly follow the path towards the LE model.
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p and differ in general for discotic or rod-like nematic phase. However this
only applies in the limit of elastic anisotropy when K; # K3 . Marrucci and
Greco [43] demonstrated that this is a result of assuming that the length
of the rods is long compared to the molecular interaction length L. On
the other hand if the interaction length is much larger than the molecular
length, the ‘interaction neighborhood’ becomes essentially spherical and the
one-constant approximation becomes fairly accurate. We did not attempt
here to pursue the more accurate derivation of Frank elasticity from the
kinetic theory, firstly because an excellent equilibrium microscopic models
already exist [45, 46] and secondly because our limited aim has been the
LE theory of viscosity. No doubt this is an interesting possible avenue of
new research.

We note that with the incorporation of Ericksen stress, the Leslie stress
tensor becomes non-symmetric in general, and hence angular momentum
is not conserved in the usual sense. This gives rise to a mean-field torque
which is to be expected since the mean-field potential exerts a torque on
the molecules when they are forced away by flow. We therefore expect the
usual balance of torque equation to be modified [21]:

(6.25) / oo {79050 + 1,50 }dSs ~ / (n x h)udr = 0.

This balance is required for the conservation of the total angular momentum
in static equilibrium. The first term on the left hand side denotes the
surface torque due to elastic distortions in the director field A given by
Equation (6.5). There are two contributions to the surface torques, one
from the Ericksen stress and one deriving from the tensor w. The second
term denotes the torque due to viscous processes, where h’ is given by
Equation (3.6). In static equilibrium this term vanishes when the director
is aligned parallel to the molecular field, but the total torque becomes
non-vanishing due to the surface torque.
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ANISOTROPY AND HETEROGENEITY OF NEMATIC
POLYMER NANO-COMPOSITE FILM PROPERTIES

M. GREGORY FOREST*, RUHAI ZHOU?, QI WANG!, XIAOYU ZHENG*,
AND ROBERT LIPTON?

Abstract. Nematic polymer nanocomposites (NPNCs) are comprised of large as-
pect ratio rod-like or platelet macromolecules in a polymeric matrix. Anisotropy and
heterogeneity in the effective properties of NPNC films are predicted in this article.
To do so, we combine results on the flow-processing of thin films of nematic suspen-
sions in a planar Couette cell, together with homogenization results for the effective
conductivity tensor of spheroidal inclusions in the low volume fraction limit. The orien-
tational probability distribution function (PDF) of the inclusions is the central object
of Doi-Hess-Marrucci-Greco theory for flowing nematic polymers. From recent simula-~
tions, the PDF for a variety of anisotropic, heterogeneous thin films is applied to the
homogenization formula for effective conductivity. The principal values and principal
axes of the effective conductivity tensor are thereby generated for various film process-
ing conditions. Dynamic fluctuations in film properties are predicted for the significant
parameter regime where the nematic polymer spatial structure is unsteady, even though
the processing conditions are steady.

1. Introduction. Nematic (liquid crystalline) polymers, because of
their extreme aspect ratio, impart anisotropy in properties through the
orientational probability distribution of the molecular ensemble. This is
well-known in fibers, where the rod-like molecules strongly align with the
centerline of the fiber during flow processing. In these cases, one can an-
ticipate that the assumption of perfectly aligned spheroidal inclusions is
a reasonable approximation, and apply the numerical tools of Gusev and
collaborators [1] to estimate fiber effective properties. At very dilute con-
centrations, the assumption of isotropic orientation is accurate for bulk,
quiescent mesophases of nematic polymers, which is the other extreme typ-
ically assumed.

In shear-dominated flows typical of film processes, however, the ori-
entational distribution of nematic polymers has been the object of intense
theory, modeling and simulations for at least two decades. The monographs
of deGennes & Prost [2] and Larson [7, 8] provide excellent treatments, as
well as the recent review by Rey & Denn [9]. In such confined flows, the
orientational distribution of the inclusions is neither random nor perfectly
aligned, and furthermore there are lengthscales of distortion in the distri-
bution, which are evident but poorly understood.
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Our goal in this article is to combine two recent advances to predict
effective property tensors of nematic polymer nano-composites. We use
results from [3] on the orientational probability distribution function (PDF)
of nematic polymer films, which have been processed in a plane Couette cell.
The simulations only allow spatial variation between the parallel plates, and
restrict the molecular orientation function to so-called in-plane symmetry,
in which the principal axes of the orientational distribution lie in the flow-
flow gradient plane. The results of these simulations are then sampled
across a range of plate speeds and a range of distortional elasticity strength
of the nematic polymer liquid. We then use recent results from [11] which
determine the effective conductivity tensor for spheroidal inclusions in an
isotropic matrix in the low volume fraction limit. The key result in this
paper is that only the second moment of the PDF is required to predict
the leading order property tensor. The application to predict anisotropy of
bulk monodomains is extended here to heterogeneous films.

2. Plane Couette film flow of nematic polymers. We recall re-
sults for film flows in a plane Couette shear cell. This device is mathemat-
ically convenient in that one can self-consistently assume one-dimensional
variations in the gap between moving parallel plates. We summarize the
model only to the extent necessary to explain the fundamental parameters,
Deborah and Ericksen numbers, used to represent the phase diagram of
spatial film structures [12, 3].

The nematic polymer liquid is trapped between plates located at y =
+h, in Cartesian coordinates x = (z, y, z), and moving with corresponding
velocity v = (%vp,0,0), respectively. Even though kinetic theory now
exists to include a viscoelastic polymeric solvent [4], the numerical codes
have yet to be written. Following all other model simulations to date, cf.
the review by Rey and Denn [9] and references in {12, 3], we model nematic
polymers in a viscous solvent. There are two apparent length scales in' this
problem: the gap width 2h, an external length scale, and the finite range
I of molecular interaction, an internal length scale, set by the distortional
elasticity in the Doi-Marrucci-Greco (DMG) model. The plate motion sets
a bulk flow time scale (to = h/v); the nematic average rotary diffusivity
(D?) sets another (internal) time scale (t, = 1/D?) and the ratio ¢,/to
defines the Deborah number De. The nematic liquid is also elastic, with a
short-range excluded volume potential of dimensionless strength N, along
with a distortional elasticity potential, which has a persistence length [,
and a degree of anisotropy 6. The Ericksen number is then defined by:

8h2

(1) Er= W,

which measures short-range nematic potential strength relative to distor-
tional elasticity strength, and 8 is a fraction between —1 and oc that cor-
responds to equal (6 = 0) or distinct (8 # 0) elasticity constants.
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The dimensionless Smoluchowski equation for the probability distri-
bution function (PDF) f(m,x,t) is
Df
Dt
m=0-m+aD-m-D: mmm)],

=R-[(Rf + fRV)] =R - [m x mf],
(2)

where D/Dt is the material derivative /0t + v - V, R is the rotational
gradient operator:

(o}
(3) R—mxbﬁ,

D and © are the symmetric and anti-symmetric parts of Vv, a = (r? —
1)/(r?+1) is the molecular shape parameter for spheroidal macromolecules
of aspect ratio r. The extended Doi-Marrucci-Greco potential is

@4 Vv=- 35[(I+EA)M:mm+§%;(mm:(VV-M))},

where the second moment projection tensor M of f is
(5) M = M(f) = / mm{(m, x, £)dm.
{lm{}=1

The dimensionless forms of the balance of linear momentum, stress consti-
tutive equation, and continuity equation are

dv
5 =V (-l+7)
T=(—;—e+u3(a)D+aa(M—%—nM-M-M+NM:M4)
—ai(AM-M+M-AM-2AM:M4)
(6) 12E (2(AM M-M - AM)+(AM : AM—~(AAM) : ))
12E ‘M - 4(VV -M) : My]
12E ‘M~M- M+ (VY- M) - Mg M
+(p1(a)(D - M+ M- D) + p2(a)D : My,
V-v=0
where

- M;=VV-M+(VV-M)7,
M, =/ mmf(m, X, t)dm.
H
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Rheological properties of nematic polymers arise from the total stress 7,
which is important for mechanical properties of soft matter materials that
are locked in during processing. These effects have not yet been explored;
rather we will focus on volume-averaged conductivity, for which only the
orientational distribution of the nematic polymer molecules is needed. The
other parameters above are solvent and nematic viscosities and a molecular
entropy parameter, defined in (10, 12, 3], and not relevant for this paper.
The extra stress involves the moments of the PDF f and their gradients, the
fourth moment M4 and the second moment M. It is traditional to define
Q (a second order, symmetric, traceless tensor) known as the orientation
tensor:

1
(8) Q=M-L

The boundary conditions of the velocity v = (v;,0,0) are given by the
Deborah number

(9) ve(y = £1,t) = xDe.

We assume homogeneous anchoring at the plates, given by the quiescent
nematic equilibrium,

(10) f(m,y = +1,t) = fe(m),

where f.(m) is a nematic equilibrium without flow, v = 0. At nematic
concentrations, equilibria f.(m) are invariant under orthogonal rotations;
the peak axis of orientation is experimentally set by mechanical rubbing,
chemical properties, or applied fields. We only consider tangential and
normal anchoring, where the peak orientation (so called major director) on
the boundary is aligned with the plate motion axis, or normal to it. The
initial condition for the PDF is given by

(11) f(m:y’t = 0) = fe(m)a

modeling experiments that start from a homogeneous liquid in a statisti-
cally uniform, thermal equilibrium.
The PDF is expanded in a spherical harmonic representation

L 1
(12) fmx,t) = 3 3 af(x, 1Y (m).

=0 m=-1
We then apply a standard Galerkin scheme to arrive at a system of 65
coupled, nonlinear partial differential equations for aj*, corresponding to
the truncation order L = 10. Spatial derivatives are discretized using 4th
order finite difference methods, and an adaptive moving mesh algorithm
is important for efficiency and to capture localized internal and boundary
layers with strong defocusing of the PDF. Spectral deferred corrections are
used for time integration to achieve 4th order convergence, and thereby
remove dynamic sensitivity especially near transition phenomena.
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3. Conductivity properties across the phase diagram of flow-
induced film structures. In [3], the nematic concentration is fixed at
N = 6, which corresponds to a volume fraction of about 1% for rod-like
spheroids with aspect ratio » = 200. One then numerically determines
the structure attractors, that is, the convergent space-time solutions of the
above system of model equations for imposed shear flow between the two
plates. This assumes the experiment is running at steady state, and the
structure attractors are compiled versus Ericksen number Er and Deborah
number De for two different anchoring conditions. Four distinct spatio-
temporal attractors arise, listed in Table 1, repeated from [3]. Two are
steady state structures, whereas the other two are periodic responses to
steady plate motion. This dynamic response to steady driving conditions
has been recognized since the experiments of Kiss and Porter [5, 6]. For
material properties, addressed next, there are significant implications since
the fluctuations in anisotropy and heterogeneity of the PDF translate to
property fluctuations. The timescale and timing of the quench process then
becomes an intriguing issue in film processing of these materials.

TABLE 1
(From [8]). In-plane structure attractors and phase transitions for & decades of
Deborah number (De) and Ericksen number (Er). ES and VS stand for elastic (E)
and viscous (V) dominated steady (S) states. T or W indicates a transient structure in
which the peak orientation azis at each height between the plates either oscillates with
finite amplitude (wagging) or rotates continuously (tumbling).

{ De\Er | 5 [ 10 [ 15 ] 50 | 180 [ 500 [ 2000 [ 5000 | oo |
00l [ES{ES|Es| ES | ES | ES | TW | TW
005 |[ES]ES|ES|{ ES | ES |TW | TW | TW
010 |[ES|ES|ES| ES | W |TW | TW | TW
050 |ES{ES|ES| W [TW | TW | TW | TW
100 |ES|ES| W |TW | TW [ TW | TW | TW
300 |[ESIES| WI|TW | TW |TW | TW | TW
550 |ES|ES| W |TW | TW | TW | TW | TW
600 |[ES|ES| W | W | W | W | W 4

w W

VS

800 |ES|ES| W W [ W w
8.50 | ES | ES | ES VS | V8 | V§ | VS
10,00 |ES[ES|ES| VS | VS [ V8 | V8 | VS
1200 |ES [ES|[VS] VS [ VS | VS | VS | VS

gl I I P I

One of the purposes of the present study is to quantitatively predict
the steady and dynamic property fluctuations of these one-dimensional film
structures.

We now recall the homogenization theory result from [11], based on
volume averaging of spheroidal inclusions in the low volume fraction limit.
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In that paper, we illustrated the anisotropy of steady, homogeneous mon-
odomains of nematic polymer composites. Here, we generalize to spatially
heterogeneous PDFs of the spheroidal inclusions, for both steady and un-
steady attractors. The basic assumption is that the lengthscales of distor-
tions in the PDF are much larger than the volume averaging scale. Since
there are on the order of a million macromolecules in a cubic micron, this
assumption seems quite reasonable.
The effective conductivity tensor in closed form is

. 2
6, = 20 +0’192(0'2 - 0’1) ((0_2 +0_1) — (02 — Ul)LaI
+ (0’2 —0’1)(1 —3La)

({62 +01) — (02 — 01)La) (01 + (02 — 1) L,)
+ O(62).

(13) M())

where 04, 09 are the conductivity of the matrix and the inclusions, respec-
tively. The conductivity contrast between the nano phase and the matrix
solvent is specified as o9/0; = 10%. 8, is the volume fraction of nematic
polymers, I is the 3 by 3 identity matrix, L, is the spheroidal depolar-
ization factor depending on the aspect ratio r of the molecular spheroids
through the relation

2
(14) La=1—8—2£-[11n(1+5)—1], e=+y1-r"2

2 1-—¢

f is the orientational PDF of the inclusions, and M(f) is the second-
moment of the PDF, defined earlier.

The three principal axes of the effective conductivity are identical with
the principal axes of the second moment tensor M(f). The three principal
conductivity values (eigenvalues of g ) are denoted by 0§ > 0§ > 0§. We
define the relative principal value enhancements by

e __ €
(15) & = M ‘nin; =u, i=1,2,3.
g1 g1

We now apply this formula directly to the PDF attractors of Table 1.
As in [11], we highlight the key property features for each attractor, fo-
cusing on the maximum relative principal value enhancement emax of the
effective conductivity tensor.

3.1. Elasticity-dominated steady states (ES structure attrac-
tors). Spatial elasticity dominates the viscous driving force from the plates
when the Ericksen number and Deborah number are both sufficiently small.
In this parameter regime, the experiment saturates in a steady structure in
which stored elastic stresses balance the viscous stress. For fixed Ericksen
number, Figures 1 and 2 show heterogeneity in the maximum relative prin-
cipal value enhancement of effective conductivity at each gap height, as a
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78
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§ 72

70

FiG. 1. Mazimum relative principal value enhancement of the effective conductivity
tensor of steady states for fired small Ericksen number Er = 5, and increasing Deborah
number, De = 2,5, 10, 14, with parallel anchoring.

function of variable plate speeds (Deborah number). The comparison of
Figure 1 and 2 shows the effect of boundary anchoring on properties. We
underscore that the principal axis associated with the maximum conduc-
tivity is also varying across the film thickness, and that this principal axis
follows the eigenvector associated with the maximum eigenvalue of M(f),
called the major director or peak axis of orientation of the molecular distri-
bution. Figure 2 illustrates the non-monotone Deborah number dependence
of emax (y), with increasing gradient morphology as De increases from 2 to
10, followed by a transition to more uniform spatial variation for De = 15.

3.2. Viscous-dominated steady states (VS structure attrac-
tors). For sufficiently high Deborah number, the viscous driving forces
induced by the moving plates overwhelm short-range elasticity (which gov-
erns bulk monodomain dynamics), and the molecular distribution at each
gap height aligns at some preferred direction. The anchoring conditions
do not promote transient responses, so the material settles again into a
steady structure between the plates. The maximum relative principal value
enhancement of effective conductivity, analogous to Figures 1 and 2, are
illustrated in Figures 3 and 4.

3.3. Composite tumbling-wagging periodic states (TW struc-
ture attractors). Dynamic structures occupy a large fraction of the pa-
rameter domain in Table 1. The so-called tumbling-wagging attractors have
the distinguished feature of being periodic in time, with the PDF oscillat-
ing with finite amplitude of peak axis variation in layers near the plates,
while rotating continuously in a mid-gap layer. The finite oscillation mode
is called wagging, whereas the continuous rotation of the peak orientation
axis is called tumbling. The distinguished optical and rheological feature,
which has impact on mechanical as well as conductive properties, is that
a small boundary layer between the tumbling and wagging layers emerges



92 M. GREGORY FOREST ET AL.

80
77.5
75
725
[Fv]
70
67.5

Fic. 2. Mazimum relative principal value enhancement of the effective conductivity
tensor of steady states for fized small Ericksen number Er = 5, and increasing Deborah
number, De = 2,5, 10, 15, with normal anchoring.
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Fic. 3. Maximum relative principal value enhancement of effective conductivity
across the gap for Er = 1000, De = 10. Top: mnormal anchoring. Bottom: parallel
anchoring.
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Fic. 4. Mazimum relative principal value enhancement of effective conductivity
across the gap with fired De = 12 and varying Er, for normal anchoring.

0 5 10 15 20

Fic. 5. Spatio-temporal variations of marimum relative principal value enhance-
ment of effective conductivity with Er = 500, De = 4, for parallel anchoring.
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0 5 10 15 20

FiG. 6. Tempo-spatial structure of maximum relative principal value enhancement
of effective conductivity with Er = 500, De = 4, for normal anchoring.

periodically. This layer experiences a precipitous drop in the degree of
orientation, indeed the PDF goes isotropic in this layer, which is called a
defect. Our purpose here is to amplify the consequences of these defect
fluctuations on properties. Figures 5 and 6 show representative features.
Since the orientation order parameter enters strongly into the principal
conductivity values, one finds a dramatic drop of the maximum relative
principal value enhancement of effective conductivity. Not shown is the re-
lated effect in which the principal axis of maximum conductivity becomes
degenerate, and an entire plane of directions is associated with this drop
in degree of orientation.

3.4. Wagging periodic states (W structure attractors). The
other periodic attractor, in which the entire gap experiences finite ampli-
tude oscillation of the PDF at each gap height, is called a wagging structure.
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F1G. 7. Spatial-temporal structure of mazimum relative principal value enhance-
ment of effective conductivity with Er = 500, De = 6, for parallel anchoring.

The interesting feature of the PDF of wagging oscillations versus tumbling
is that energy shifts into focusing and defocusing of the PDF rather than
rotation. This means that there is apt to be more oscillation and variabil-
ity in the principal values of the effective conductivity tensor, rather than
tortuous paths of the principal axis. Figures 7 and 8 show representative
features of these attractors.

4. Conclusions. We have connected two central features of nematic
polymer nano-composite films: processing-induced orientational anisotropy
and heterogeneity of the spheroidal inclusions, and the corresponding
volume-averaged effective conductivity. Recent numerical simulations of
film structures in Couette cells versus plate driving conditions and nematic
elasticity have been translated into film properties. These are proof-of-
principle results, in that idealized assumptions have been made which need
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Fic. 8. Spatial-temporal structure of maximum relative principal value enhance-
ment of effective conductivity with Er = 500, De = 6, for normal anchoring.

to be generalized to actual high performance materials. Examples include
polymeric solvents, flexibility and concentration variability of the macro-
molecular ensembles, higher dimensional orientational configurations and
spatial structures. Nonetheless, these are the first results to our knowl-
edge, which give a sense of the property anisotropy and heterogeneity in
shear-dominated processing of nematic polymer materials.

Acknowledgements. Effort sponsored by the Air Force Office of Sci-
entific Research, Air Force Materials Command, USAF, under grant num-
bers F'49620-02, 1-0086 and 6-0088, and the National Science Foundation
through grants DMS-0204243, DMS-0308019. This work is supported in
part by the NASA University Research, Engineering and Technology In-
stitute on Bio Inspired Materials (BIMat) under award No. NCC-1-02037,
and the Army Research Office Materials Division.



NEMATIC POLYMER NANO-COMPOSITE FILM PROPERTIES 97

REFERENCES

[1] R.H. Lusti, P.J. HINE, AND A.A. GUSEV, Direct numerical predictions for the elas-
tic and thermoelastic properties of short fibre composites, Composites Science
and Technology, 2002, 82: 1927-1934.

[2] P.G. pE GENNES AND J. PrRosT, The Physics of Liquid Crystals, 1993, Ozford
University Press.

[3] M.G. ForesT, R. ZHou, AND Q. WaNg, Kinetic structure simulations of nematic
polymers in plane Couette cells, II: In-plane structure transitions, STAM Mul-
tiscale Modeling and Simulation, 2005, accepted.

[4] M.G. FOREST AND Q. WaNG, Hydrodynamic theories for blends of flexible and
nematic polymers, Phys. Rev. E, 2005, accepted.

[5] G. Kiss anD R.S. PorTER, Rheology of concentrated solutions of poly (v-Bensyl-
Glutamate), J. Polymer Sci., Polym. Symp., 1978, 65: 193-211.

[6] G. Kiss AND R.S. PORTER, Rheology of concentrated solutions of helical polype-
tides, J. Polymer Sci., Polym. Phys. Ed., 1980, 18: 361-388.

[7] R.G. LarsoN, The Structure and Rheology of Complex Fluids, 1999, Ozford Uni-

: versity Press.

[8] R.G. LaRsoN AND D.W. MEAD, The Ericksen number and Deborah number cas-
cades in sheared polymeric nematics, Liquid Cryst., 1993, 15: 151-169.

[9] A.D. REY AND M.M. DENN, Dynamical phenomena in liquid crystalline materials,
Annual Rev. Fluid Mech., 2002, 34: 233-266.

[10] Q. WaNG, A hydrodynamic theory of nematic liquid crystalline polymers of differ-
ent configurations, J. Chem. Phys., 2002, 20: 9120-9136.

(11) X. ZueEng, M.G. Forest, R. LipTON, R. ZHOU, AND Q. WANG, Exact scaling
laws for electrical conductivity properties of nematic polymer nano-composite
monodomains, Adv. Func. Mat., 2005, 15: 627-638.

{12] R. ZHou, M.G. FOREST, AND Q. WANG, Kinetic structure simulations of nematic
polymers in plane Couette cells, I: The algorithm and benchmarks, SIAM
Multiscale Modeling and Simulation, 2005, 3: 853-870.



NON-NEWTONIAN CONSTITUTIVE EQUATIONS USING
THE ORIENTATIONAL ORDER PARAMETER

HARALD PLEINER*, MARIO LIU', AND HELMUT R. BRAND!

Abstract. Nonlinear hydrodynamic equations for non-Newtonian fluids are dis-
cussed. We start from the recently derived hydrodynamic-like nonlinear description of a
slowly relaxing orientational order parameter tensor. The reversible quadratic nonlinear-
ities in this tensor’s dynamics are material dependent due to the generalized nonlinear
flow alignment effect that comes in addition to the material independent corotational
convected derivative. In the entropy production these terms are balanced by linear and
nonlinear orientational-elastic contributions to the stress tensor. These can be used to
get a nonlinear dynamic equation for the stress tensor (sometimes called constitutive
equation) in terms of a power series in the variables. A comparison with existing phe-
nomenological models is given. In particular we discuss how these ad-hoc models fit into
the hydrodynamic description and where the various non-Newtonian contributions are
coming from. We also discuss the connection to the hydrodynamic-like description of
non-Newtonian effects that employs a relaxing strain tensor.

Key words. Constitutive equations, orientational order parameter, non-Newtonian
effects, hydrodynamics, flow alignment, relaxing strain tensor.

AMS(MOS) subject classifications. Primary 76A05, 74D10, 80A17, 76A15.

1. Introduction. Hydrodynamics is a well established field to de-
scribe macroscopically simple fluids by means of the Navier-Stokes, con-
tinuity, and heat conduction equations. However, it applies also to more
complex fluids that are fully characterized by conservation laws and broken
symmetries. It is based on (the Gibbsian formulation of) thermodynam-
ics [1, 2], symmetries and well-founded physical principles [3]. A detailed
description of this method can be found in [4, 5]. This method can be gener-
alized to include slowly relaxing variables that are relevant on experimental
macroscopic time scales albeit being non-hydrodynamic. Examples are the
soft mode near phase transitions [6, 7], the magnetic degree of freedom in
ferrofluids (8, 9] and the relative velocity in 2-fluid descriptions [10]. The
derivation of such macroscopic nonlinear dynamic equations is still based
on first principles, making use of thermostatics, linear irreversible thermo-
dynamics, symmetries and broken symmetries, and invariance principles.
Only the choice of the slowly varying variable is heuristic and material
dependent. In that sense non-Newtonian fluids are non-universal.

On the other hand, a host of different empirical models have been
proposed [1 1'—17] to cope with the rheology of such substances. Typically
these models are formulated as generalizations of the linear, Newtonian
relation between stress and deformational flow allowing for additional time
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derivatives and nonlinearities. They are tailored to accommodate empirical
findings or are based on principles [15] that are ad-hoc and generally insuf-
ficient.

Quite recently we have derived a nonlinear hydrodynamic description
of elastic media [18, 19] that has been confirmed within the GENERIC
formalism [20]. Allowing in this hydrodynamic description the strains to
relax (and not only to diffuse) a generalized hydrodynamic description of
nonlinear viscoelasticity is obtained in terms of a dynamic equation for
the (Eulerian) strain tensor [18, 19]. This strain tensor description can
be transformed approximately into one that uses a dynamic equation for
the stress tensor [21] and can thus be directly compared with many of
the empirical models proposed to describe non-Newtonian rheology. The
comparison reveals possible inconsistencies and connects the various ad-
hoc additions of those models with physical relevant processes, like strain
relaxation, elasticity and viscosity [21].

In this communication we use a different approach that relates non-
Newtonian behavior to fluctuating, transient, and slowly relaxing orien-
tational order. This has been used e.g. for describing the dynamics of
semiflexible polymers, where long-lived polymer alignments and entangle-
ments lead to viscoelastic effects [22]. The relaxational dynamics of the
orientational order parameter tensor has been used in the isotropic phase
of low molecular weight nematogens [23] describing orientational fluctu-
ations that become important as pre-transitional effects near the phase
transition. The relaxational (and non relaxational) dynamics of the orien-
tational tensor has been derived and rederived pretty often [24-29]. Here,
we will rely on the hydrodynamic description [30] that e.g. makes the
clear distinction between reversible and irreversible processes and avoids
any detours via additional auxiliary and unphysical dynamic variables. In
Sec. 2 orientational elasticity and the phenomenological material tensors
describing reversible and irreversible transport (flow alignment, viscosity,
and relaxation) that are part of the hydrodynamic description are given as
an expansion in powers of the orientational tensor. The back-flow effect in
the stress tensor (Sec. 3), which is required for thermodynamic reasons, as
well as the part of the viscosity that depends on the orientational tensor
provide a coupling between the stress and the orientational tensor. This
can be used to generate a dynamic equation for the stress tensor from that
of the orientational tensor (Sec. 4). This translation is achieved by a power
series expansion in the variables and can be done only approximately, since,
generally, nonlinear equations cannot be inverted analytically. The power
series is truncated after the quadratic order, since most of the phenomeno-
logical constitutive models, which we compare with in Sec. 5, are of that
form. A summary (Sec. 6) of the main results concludes the paper.

2. Dynamics of the orientational order parameter tensor. The
transient orientational order is described by a symmetric, traceles second
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rank tensor Q;; (Qi; = Qj: and Qi = 0). In contrast to the case of a
nematic phase with spontaneous and permanent orientational order, there
is no nematic order in equilibrium and a director does not exist. The
relaxational dynamics of Q;; can be written as [30]

(2.1) Qi + vk ViQij + Qi + Qukuj — Mijrr Art = —ijiar

with 24;; = Vv, + Viu; and 2Qy; = Vv, — Viv; the symmetric and an-
tisymmetric velocity gradients characterizing deformational and rotational
flow, respectively. The orientational elastic stress tensor 1 is defined by
the Gibbs relation [4]

(22) de — Tdo = ’U,’dgi + "/)ideij + ,udp

as the conjugate to Q;;. It has to be taken as symmetric and traceless,
since only that part enters the Gibbs relation and has a physical meaning.
The Gibbs relation contains all the other variables (density p, momentum
density g¢;, energy density € or entropy density o) and defines their con-
jugates (temperature T, velocity v;, and chemical potential p), where the
latter are related to the more familiar (thermodynamic) pressure p by the
Gibbs-Duhem equation

(2.3) dp = odT + gidvi — ¥;;dQ; + pdp

In Eq. (2.1) the nonlinear reversible coupling terms to flow are a priori
of the corotational or Jaumann derivative type (containing only §;; the
rotational flow - suitably for the orientational order involved), but there is
in addition a phenomenological reversible coupling to symmetric velocity
gradients that makes the effective convective derivative material dependent
[30]. The phenomenological material tensor A;;x; (a kind of generalized flow
alignment tensor) is given as a power series expansion in Q;;

2
Aijit = A1 (0idj1 + 6560y — §5ij‘5kl) + A0k Qs
(2.4)
4
+ A2 (0ix Qi + 86 Qur + 6;1Quk + 0uQjx — 3 3:; Qi) +0O(2)

where higher order terms O(2) have been discussed in [30], but are not
needed here. It contains one phenomenological, material dependent, re-
versible reactive coefficient in linear, and two additional ones in quadratic
order. If in Eq. (2.1) the Jaumann terms are combined with the quadratic
contribution (2.4) for the special value A = 1 (= —1) one gets something
that looks like an upper (lower) convected derivative — with some addi-
tional correction terms that ensure Q;; = 0. However, there is no general
reason why such a relation should hold for all different materials nor can
it hold for all temperatures and pressures, since A1 2 3 generally depend on
all scalar state variables, like p, o (or p, T') and on the invariants Q;;Q;;
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and Q;;Q;xQxi. Within the quadratic approximation used here, the latter
dependencies do not show up.

In [30] the relaxation of Q;; has been given in linear approximation.
More generally, the dissipative material tensor a;;x; reads in a power series
expansion in Qy; (With aiirt = 0 = ajk)

2
ikt = oy Skt + Ojxdq — §5z'j5kl)

4
(2.5) + ag (6iijl +0;xQa + 6 Qir + 8uQjx — §[5iijl + 5&:@.‘;])
+ O(2)

with the relaxation parameters o 2 being functions of the scalar state vari-
ables. It should be noted that we stay very well inside the framework of
“linear irreversible thermodynamics” that has a solid foundation in sta-
tistical mechanics, although the expressions (2.4, 2.5) and {3.3) below are
genuinely nonlinear due to the dependence on state variables.

The orientational elastic stress is derived from an energy functional
by the variational derivative ¥;; = § [ €dV/8Q;;, where only the trace free
part enters Egs. (2.1-2.3), which is given in quadratic order by

(2.6) Yij =c1Qi + c2 (Qiijk - %&ijszz) +0(2)

neglecting gradient terms. Near a phase transition the rotational elastic
moduli ¢, ¢z can be interpreted as Landau parameters. Generally they are
still functions of all scalar state variables.

Putting together Egs. (2.1-2.6) the final dynamic orientational order
parameter equations, quadratic in the variables, is obtained as

. 1
Qi; + vk ViQij + Qjaki + QirQj — 221 (Ai5 — §5z'jAkk)
2
—2X(AuQj + Aj1Qu — ‘3‘5ijAlekl) — A3Qi; Ak
1 1 1
(2.7) = —;_;Qij - T—2(Qquz - §&ijsz1)
where the relaxation times are related to the elastic moduli and the relax-
ation parameters by 1/7 = 2¢10y and 1/73 = 2c001 + 4c102.

3. Stress tensor. In the preceding sections we discussed nonlinear
reversible terms in the dynamic equation for the orientational order (2.1)
that describe couplings to flow. In the Navier-Stokes or momentum con-
servation equation

(3.1) i + V;(vigi + 6i5p + 0i5) = 0,
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on the other hand, there must be appropriate counter terms describing
couplings to orientational order, due to the requirement of zero or pos-
itive entropy production, in the case of reversible and irreversible terms,
respectively [4, 5, 31]. Their form can equivalently be derived from Onsager
relations [32]. For the stress tensor o;; this leads to the expression

(3.2) Tij = —Aklij Wt — Vijki Akt

The counter term to the linear deformational flow term in (2.1), ~ Axiij,
leads to a symmetric part of the stress tensor, while there are no counter
terms to the nonlinear Jaumann terms, since the latter do not at all con-
tribute to the entropy production [30]. The viscosity tensor is again ex-
panded in @Q;; as

1% 1%
Vijki = ‘él‘(aikéjl + 0udjx) + '23(Qik5jt + Qjkbu + Qudjr + Qjidix)
(3.3) + 30450k + va(6:5Qu + 0 Qiz)

with the viscosities generally being functions of the scalar state variables.
Taking together Egs. (2.5, 3.2, 3.3) the stress is given by

(3.4) 0i; = —ndi; — 12(QuAjx + QjrAix) — v30i; Ark
~ v4(0i Qe Akt + Qi Arie) — M1 Qij — A2 Qir Q jk — A30:; Qi Qe

where we have used the abbreviations A; = 2¢1A1, dg = 221 + 4dc1 g,
and A3 = c1A3 — (2/3)ceA;. In the incompressible limit, which we will use
below, Agr = 0, and the viscosity v3 does not appear in the stress tensor,
while A3 drops out of Eq. (2.7). If we allow for a “redefinition” of the
pressure, p — p — v4aQur A — M3QuQxi, also v4 and X3 do not show up
explicitly in the final equations. However, in that case p looses its simple
physical meaning. For a general discussion of the incompressible limit and
its connection to redefining the pressure cf. [33].

4. Dynamic stress tensor equation. Egs. (2.7, 3.1, 3.4) constitute
an (isothermal) description of viscoelasticty based on a relaxing orienta-
tional order parameter tensor. This hydrodynamic-like description con-
tains as special cases [30] some of the well-known model-based descriptions
of viscoelasticity that also employ the orientational order parameter tensor,
like e.g. the Doi-Edwards model for isotropic semiflexible polymers {22].
However, most of the heuristic constitutive models are written in terms of
a dynamic equation for the stress tensor, very often quadratic in the vari-
ables and under the assumption of incompressibility. In order to compare
with those models we have to translate our Qij /4§ into a &;;/§; description
by replacing the orientational order parameter tensor (and its derivatives)
by the stress tensor (and its derivatives). This can only be done in an ap-
proximate way, since the equations are nonlinear. We will set up a power
series expansion up to second order in the (old and new) variables. Of
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course, the resulting equations are less general than the starting ones and
only applicable, if quadratic nonlinearities are sufficient for the problem at
hand. This procedure is similar in spirit to that in [21], where we used the
hydrodynamic-like description of viscoelasticity in terms of a relaxing Eu-
lerian strain tensor {18, 19] and translated it into a dynamic stress tensor
description, again to facilitate comparison.

Taking the derivative d/dt = 8/0t + v;V; of 0y; in (3.4) and replacing
dQi;/dt according to Eq. (2.7) we get

d d

(4.1) %0 = f(Qij,Aij, EAij,Qz'j>

in terms of the orientational order parameter tensor and flow. To convert
this into the desired dynamic equation for the stress tensor, we have to
invert oy = 03;(Q;j, Aij), Eq. (3.4), into Q;; = Qij{0ij;, Ai;). This is done
approximately by the power expansion Q;; = Q(lm) + quad) +..., where
Q(hn) Q(qua ) contain expressions linear and quadratic in the variables,
respectlvely In particular we find

42) QY™ =—0f —1nd;

QD = —Xa(oman)® + (v — Aav1) (O Ajk + 0k Auk)°

(4.3) i ~
+ v1(2Av2 — Aovy) (Aix Ajx)°
where the superscript ® denotes the traceless part of the associated tensor.
Since we assume incompressibility, A;; is traceless by itself.

Using these expressions the dynamic equation for the stress tensor
takes the final form

D,
Tl—D—;U,'j + 0y = —-VOOA, - VTN DtAU + % /\ —— 00k + 5232
TiV2 6
(4.4) Lo ({oJHulAJk] 2 hatlowtndul atA,k)
+ 0(3)
where

(45)  veo=v1+4emA? and  r=—+ =422

and
Dy d

for any tensor T;; and number s. For s = —1 (s = +1) D;/Dt is the
lower (upper) convected derivative, for s = 0 the Jaumann or corotational

— (T Ajk + TinAik) — Tk + Tjalix)
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derivative, while for a general s a linear combination of those is invoked.
In our case the numbers s and q are

/\2 mr
4.7 = =2\ _
(4.7) 1( + 3/\1) 2c1A1m
Co A2 o vir
4.8 = —2A1{ = B
(4.8) q 1 (cl + 3/\1 V1> 4 an

where 7 is given in Eq. (4.5). The part ~ §;; in Eq. (4.4) is due to the fact
that Q;; is traceless, while o;; is not. It can in principle be incorporated
into the pressure term by a redefinition p — p + (1/3)X, where

(49) Y =om+zAuAnty Uklo'kl'f‘zo'klAkl"l‘ch:;‘-i (V1Akz+0kz)§—tz4kz
with
_ vi ()\3 _7'_1+2+2_/\2) _ v1(2v2 + 3va)
(4.10) 2e1A1 \ ) 2;2 icl 2)\1 2¢1 0
— 21/1)\171( )‘12 - :\% + 3—2) —6A1T1v4
1)  y= 203)‘1 (ij 2y 56;"11— + %)
=L(3§§_2ﬂ_fz_ ag) _
(4.12) Al \ A1 T 3¢y At c1A1

N n T3e) T e

_ 2A1T1(2)\2 )\3 2Cz> _ 31/4

This “redefinition” of the pressure, however, is rather dubious, since it ren-
ders a “pressure” that depends nonlinearly on flow and its time derivative,
and even more disturbing on the stress tensor itself. It is completely differ-
ent from the appropriate “redefinition” in the Q;;/¢; description of Sec. 3.
In a more reasonable description one notices that ok and its derivative
are at least of quadratic order (for Axx = 0) and do not influence the
constitutive equation for a?j in that order. For the latter one then gets
finally

D, 0 o D, 0 r 0
1 (T)—Eoij) + 05 = —VC,QA - VT (DtA,'j) + m‘(d’ikojk)
V2
2010
+0(3)

(4.13)

0o
ot 1k+[01k+V1A1,k]6t 3k>

8
([UJk+V1AJk]
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with the coefficients defined above. The time evolution of the trace

1] r
TI=0kk = | =—— + 9 |omoy + T A Ap + 205 A
ot 2c11

(4.14)

T J
+ l)\ (202 + 3va) (1 At + o) 5 Art + O(3)

2C1 1

is completely determined by 0'?3- and A;; in lowest order.

5. Comparison with constitutive models. Eq. (4.4) constitutes
the most general form for a constitutive equation (up to quadratic order
in the variables) that can be derived from a transient orientational order
parameter as source of non-Newtonian behavior. It contains eight mate-
rial coefficients (four linear and four quadratic ones with subscript 1 and
2, respectively), and two more in the trace part (As,v4), characterizing
orientational elasticity, relaxation of orientational order, viscosity and flow
alignment. These coeflicients are still functions of density and tempera-
ture. Most of the traditional constitutive models are much simpler than
Eq. (4.4). We will now discuss, whether and how these models fit into the
frame derived above.

The general case (4.4) contains the relaxation of stresses as well as of
flow with relaxation times 73 and 7114 /ve, respectively. Here the effec-
tive viscosity Ve is different from the bare one (v1) due to the relaxation
of orientational order and its coupling to flow via the flow alignment ef-
fect. Thus, the Maxwell [15], Johnson-Segalman [16], and Giesekus [14]
models, which neglect flow relaxation, implicitly assume 14y = 0 and v is
completely due to flow alignment. The quadratic stress contribution ~ r
in {4.4) is nonzero (as in the Giesekus model) only, if at least one of the
second order material parameters, cg, A2,1/72, is nonzero. Vice versa, all
the other models (including the Oldroyd [11] and Jeffreys [15] models) that
have r = 0 also implicitly assume c; =0 = Ay = 0 = 1/75. In principle, it
would be possible to have » = 0 for a special set of nonzero values of the
second order parameters, but this would be highly incidentally and would
work only for one special point in phase space (for one combination of den-
sity and temperature), but not in general. As a consequence the nature of
the convected derivatives of stress and flow, characterized in (4.4) by s, g, is
fixed to be of the corotational or Jaumann type (s = 0 = ¢), since in all the
models mentioned above there is either 1y =0 orea =0=A =0=1/7
or both. Thus, only the Jeffreys and Johnson-Segalman model (the latter
in the version with the corotational convective derivative of the stress ten-
sor) are compatible with viscoelasticity due to transient orientational order.
These models also consistently lack the complicated nonlinear term in the
second line of (4.4), since they have v5 = 0; in addition, they miss the trace
part ~ . That means in these models the pressure has to be interpreted
as the redefined pressure discussed above, rather than the thermodynamic
hydrostatic pressure.
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6. Summary. We have explored the hydrodynamic form of non-
Newtonian fluid dynamics, if viscoelasticity is due to transient orientational
order. The dynamic equation for the orientational order parameter tensor
has been converted approximately into a dynamic equation for the stress
tensor, which is then compared with traditional constitutive models. Due
to the intricate relations among the coefficients of the nonlinearities in this
effective constitutive equation some of the models are incompatible with
this type of visoelasticity, since they lack one type of nonlinearity, but in-
consistently not some other one, or they assume a special type of convective
derivative incompatible with other choices of the nonlinear terms. Compat-
ible are a generalized Giesekus model (with the convective derivative of the
stress tensor being material dependent, in general), the Jeffreys model and
the Johnson-Segalman model with the corotational convective derivative
for the stress tensor. This is quite complementary to our recent findings
[21] that the latter two models are incompatible with viscoelasticity due to
transient elasticity characterized by a relaxing strain tensor, while Maxwell
and Oldroyd models (incompatible in the present case) have been found to
be compatible. The deeper reason for this difference lies in the type of
viscoelasticity used, either a transient elasticity leading to a relaxing strain
tensor that contains the lower (upper) convected time derivative in the
Eulerian (Lagrangian) case [18, 19], or a transient orientational order lead-
ing to a relaxing orientational order parameter tensor that contains the
corotational convected time derivative modified by second order flow align-
ment material parameters [30]. Of course, in nature both (and even other)
sources of viscoelasticity can be present allowing all these models to exist,
but one should bear in mind that the general effective constitutive equation
obtained in that way is by far richer and more complicated than any of the
traditional models.
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SURFACE ORDER FORCES
IN NEMATIC LIQUID CRYSTALS*

FULVIO BISI'! AND EPIFANIO G. VIRGA'#

Abstract. The notion of surface order force in nematic liquid crystals is presented
and contrasted with the notions of similar forces already introduced in the literature.
We illustrate how a surface order force could in principle be measured and how it would
convey the mechanical signature of an intrinsically nanoscopic phenomenon, often re-
ferred to as order reconstruction. The relationship between this force and the occurrence
of biaxial states of the nematic order tensor is further illuminated.

Key words. Nematic liquid crystals, order reconstruction; biaxial ordering; order
forces.

AMS(MOS) subject classifications. 76A15 Liquid crystals; 82B21 Continuum
models (systems of particles, etc.)

1. Introduction. What we shall call here order forces have also been
given other names in the past, such as structural forces, or solvation forces,
or hydration forces—especially in aqueous media [1, 2]. We shall reserve the
name of structural forces for the forces so called by Horn, Israelachivili and
Perez in their seminal paper [1], which illuminates the basic distinctions
between different forces exchanged by solid, smooth surfaces immersed in
a nematic liquid crystal, which here serves as a paradigm for ordered fluids
in general. As also recalled in [1], when two solid bodies approach one
another, they can interact directly, for example through electrostatic or
Van der Waals forces, or indirectly, through forces mediated by a fluid
placed between them.

In general, the interactions between a molecularly smooth solid surface
and the molecules of a fluid in contact with it affect the molecular order in
the fluid; the order can thus be either enhanced or depressed in the vicinity
of the surface. This effect on the order propagates in the fluid for some
characteristic distance £, as a result of the molecular interactions. When
two surfaces confine a fluid, the alterations in the free energy resulting from
changes in the surface order ultimately contribute to the force between
the confining surfaces, as their separation becomes comparable with £.
Depending on the size of £, we can distinguish amongst different types
of such indirect forces, which we now proceed to describe in the case where
the fluid is a liquid crystal.

Liquid crystals are constituted by elongated molecules. Such a molec-
ular anisotropy would not be sufficient by itself to generate liquid crystal
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tDipartimento di Matematica, Istituto Nazionale di Fisica della Materia, Universita
di Pavia, via Ferrata 1, 27100 Pavia, Italy (fulvio.bisiQunipv.it).
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phases: it must also be reflected in the intermolecular potential, as, for ex-
ample, in the mean-field model of Maier and Saupe (3]. On a macroscopic
scale, the tendency of liquid crystal molecules to be oriented in a common
direction is described by assigning a unit vector field, the nematic director
n, which represents the local average orientation of molecules.

The classical elastic theory of Oseen [4] and Frank [5] employs the
director field n to describe the local state of the fluid and assumes that
the free-energy density depends in a quadratic fashion on Vn. No internal
length scale is present in the theory, so that local distortions of n, mainly
forced upon it by contrasting boundary conditions, decay over a distance
comparable with the distance d between the bounding surfaces.

A scalar order parameter S often accompanies 12 to describe the degree
at which molecules are aligned. If £ is the unit vector along the individual
molecular axis, S is defined by

((€-n)?) = -(2s+1)

where (-} denotes an ensemble molecular average. The nematic coherence
length &, is defined as the length over which disturbances in the equilibrium
value of S decay in space. The nematic coherence length depends on the
temperature and it is typically nanometric, that is, larger than the molec-
ular size u: it thus reflects the long-range ordering interactions responsible
for the very existence of liquid crystal phases.

In the foregoing discussion, we introduced three separate length scales,
namely, d, £,, and u. We now see how three different order forces can be
identified by letting £ coincide with each of them.

Elastic forces. When the director n is prescribed on smooth, rigid
surfaces that bound a nematic liquid crystal, the force exchanged by the
surfaces, related to the distortions of n in the liquid crystal, and thus called
elastic, can be considered as an order force, as it results from the ability
of the surfaces to orient the director. For elastic forces, £ ~ d. All elastic
forces are repulsive; their strength increases monotonically as d decreases.

Structural forces. Most surfaces that come in contact with a liquid
crystal enhance the order parameter S in a boundary layer [6, 7]. In the
absence of other disturbing influences, S decays back to its bulk equilibrium
value S, within a length comparable with £,. Since the difference between
the surface value of S and S}, causes a local increase in the free energy, when
the region occupied by the liquid crystal is so thin that facing boundary
layers come within a distance &, from one another and partially overlap,
a repulsive order force, called structural force in [1], is expected to arise
between the rigid surfaces nearly brought in contact. For these forces £ =~
&n. The structural forces described in [1] are repulsive and monotonic like
the elastic forces.

Positional ordering forces. This class of forces is related to the presence
of a certain positional order induced by the surface, which is short-range,
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and so can only be transmitted to within a few molecular lengths. Seen
at the molecular level, the liquid crystal layer adjacent to a solid bounding
surface reveals a positional structure that results from the adhesion of the
first molecular layer to the surface. This structure clearly depends on the
nature of the substrate responsible for the liquid crystal anchoring. The
force that manifests itself when the separation between two boundary layers
is comparable with the molecular size ;1 can also fail to be monotonic, as
illuminated by the following example. If in a nematic liquid crystal cell the
molecules in the first surface layer are aligned orthogonally to the bounding
plates, further layers of molecules form close to this and show a local smectic
ordering. Upon decreasing the distance d between the plates, an oscillating
force may be observed due to the periodical variation of the free energy as
a result of the interdigitation of the smectic layers.

Evidence of these phenomena, relating mechanical properties and local
ordering, has already been obtained in several experiments {8, 9, 10, 11].
In a force-controlled experiment, the transition from the regime where the
order force is increasing for decreasing d to the regime where the order
force could also be decreasing is marked by a snapping instability in the
force-displacement diagram, usually associated with a hysteresis loop. The
first occurrence of such an instability is taken as the sign that the force
being measured ceases to be structural and thus starts revealing the posi-
tional molecular ordering. However, it has recently been shown that this
transition from one regime to the other is far more subtle when the biaxial
degree of order is also considered, which arises when the local molecular
ordering is described within a finer resolution through de Gennes’ order
tensor Q. The biaxial degree of order relaxes over a characteristic coher-
ence length &,, comparable with £,, at least away from the transition to the
isotropic phase. The force associated with the local biaxial ordering can
fail to be monotonic as a function of the distance between two approaching
surfaces [12]. In a force-controlled experiment, such a lack of monotonicity
would cause precisely the same snapping instability so far attributed to the
occurrence of positional ordering forces.

Biaxial surface order forces are intimately related to order reconstruc-
tion in the bulk. This phenomenon was first described in the core of lig-
uid crystal defects by Schopohl and Sluckin [13]. Subsequently, Palffy-
Mubhoray, Gartland and Kelly {14] recognized the same pattern in a thin
cell between two parallel plates with contrasting uniaxial anchorings (one
planar and the other homeotropic). It has been shown that in this system
the two uniaxial states on the boundaries can be connected both through
a director bend and through a transformation which does not involve any
director rotation, a transformation where two uniaxial states can be trans-
formed into one another by letting one eigenvalue of Q grow at the expense
of another, until a new uniaxial state, differently oriented, is reached via
a wealth of biaxial states, where Q has different eigenvalues, but the same
eigenframe.
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In this article we recall the stress fields that describe the distributions
of both internal forces and internal torques in a liquid crystal when the
order tensor Q also attains biaxial states. With the aid of these fields we
can compute both force and torque transmitted from one plate to the other
of a classical nematic twist cell and we thus see how both these mechanical
actions are affected by the order reconstruction in the bulk. We shall show
that both a force- and a torque-controlled machine would experience a
snapping instability, as a distinctive sign of order reconstruction.

2. Energy and stresses.” We describe the local nematic state of a
liquid crystal by means of the order tensor Q, which is a symmetric, trace-
less tensor of rank two related to the second moments of the probability
distribution of the molecular long axes (see pp. 56-57 of [15]). Since Q is
symmetric, it can be represented in the orthonormal basis of its eigenvec-
tors {e;, ez, e3} as

3
Q= Z)\iei ® ey,

i=1
where the eigenvalues ); must obey the constraint
Al +A2+Ag=0.

A uniazial state is described by the condition that two eigenvalues coincide,
and, in that case, we can write

(2.1) Q:S(n@n—%l),

where S € [—%, 1] is the scalar order parameter, n is the nematic director,
and I is the identity tensor. It is worth noticing that the upper bound of S
corresponds to the configuration where all molecules are oriented along n,
whilst the lower bound corresponds to a configuration where the molecules
are on average isotropically distributed in the plane orthogonal to n. A
biarial state is characterized by the condition that all eigenvalues of Q be
distinct; an index of how far a biaxial state is from a uniaxial one is the

degree of biaziality, which can be defined as [16]

2. (trQ®)?
(2.2) B°:=1 6(trQ2)3
and ranges in the interval [0,1]. In all uniaxial states, 3% = 0, while states
with maximal biaxiality correspond to 8% = 1; since trQ® = 3det Q, these
latter states are precisely those where det Q = 0, that is, where at least
one eigenvalue of Q vanishes.
The free-energy functional that we consider here is the following

(2.3) FIQ == [B Wdv,
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where B is the region in space occupied by the liquid crystal, W is defined by

(2.4) W= ZIvQr + 5(Q),
and
(2.5) Q) = gtrQ2 - gtrQa + %(trQ2)2 .

L is the only elastic constant appearing in the gradient term. A4, B, and
C are the usual coefficients in the Landau-de Gennes bulk potential, which
we also refer to as the ordering potential, as its role is favoring the uniaxial
states. Moreover, we set

A=a(T -T)

where T is the current temperature and T* is the supercooling tempera-
ture of the isotropic phase; a, B, and C are positive constants typical of
the specific material. The potential f; is an expansion truncated at the
fourth power, and so, in principle, it should be accurate only close to the
isotropic-nematic transition, but it has also been used in a wide range of
temperatures below T*, an attitude that we also take here. According
to the ordering potential in (2.5), the temperature Ty that marks the
transition from the nematic to the isotropic phase is defined by

B2

(2.6) Tnri=T" + 57

For T < Ty, the order tensors that minimize f}, are all uniaxial as in (2.1)
with n arbitrary and

B+ v/B? —24AC
4C )

Our definition of biaxial coherence length is {17, 18]

(2.7) S = Sb =

4LC
B2(1+v1-6)’

where 6 < 1 is the reduced temperature defined by
_24AC T-T¢

(2.8) & =

(29) 6: B2 TH* _ T* !
with

2
(2.10) =1 B

24aC
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the superheating temperature of the nematic phase. The length &, which
represents the typical distance over which biaxial disturbances die out in
space, clearly depends on the temperature. We can easily estimate &, for
a typical liquid crystal, that is, 5CB (4—cyano—4'n—pentylbiphenyl), for
which the values of the constants appearing in (2.5) are obtained from [19];
they are: a = 0.20x10%J/Km?, B = 7.2x10%]/m®, and C = 8.8 x105J /m3.
If for the reduced temperature we choose @ = —8, which is well below the
value O = & corresponding to Ty, and for the elastic constant we set L =
9.075 x 10‘13N, which is the average of the elastic constants given in [20],
we obtain & = 1.2 nm. Continuum theories have already been employed
successfully at the nanometric scale both to describe pre-transitional effects
in thin films [7, 21] and to explore the disclination core [13]: we pursue here
this line of thought and we also apply a continuum theory at the &,-scale
to describe mechanical properties.

To compute both forces and torques transmitted within liquid crystals,
we introduce both stress and couple stress tensors. The former, which
we call Ericksen’s stress tensor T(E) has been derived within this theory
by Gartland and Virga [22]; it paraliels the tensor defined originally by
Ericksen within the director theory of liquid crystals [23].

T(E) js defined as

oW
. (B) = WI— —_—
(2.11) T I-VQo NG’
where W is the energy density, and
ow ow
2.12 VQO —==< | := i—
(2.12) ( Q BVQ)H Qnx, 30

For clarity, in Equation (2.12) Cartesian components are adopted for ten-
sors; partial derivatives with respect to space variables are therein denoted
by commas, and summation on repeated indices is understood. The total
force F(P) exerted by the liquid crystal on any submerged body P is thus
expressed as

(2.13) FP)= [ T®uvds,

P
where v is the outer unit vector normal to the boundary 8P, and s denotes
the area measure.

The couple stress tensor L appropriate to this theory, which we call
Leslie’s couple stress tensor, as it parallels the one introduced by Leslie in
his director theory of liquid crystals, was derived by Sonnet, Maffettone
and Virga [24]. The Cartesian components of L are

ow

(214) L,;j = ZEilekmm ,



SURFACE ORDER FORCES IN NEMATIC LIQUID CRYSTALS 117

/
|
1
yvt
z=-+d
/ y
-
(=
€3
€z
€y ¢ T =—d I
(=] 4

FIGURE 1. A cell bounded by two parallel plates. The unit vector e; is orthogonal
to the plates; the origin of the frame {ez,ey, e;} is in the middle of the cell. The
nematic director n is elong e, at © = —d, whilst it makes the angle ¢o with e, on the
plate at x = +d. The angle ¢ denotes the rotation about er of the eigenframe of Q.

where €;; is the usual Ricci alternator. The total torque M(P) exerted
on a submerged body P by the liquid crystal is thus given by

(2.15) M(P) = Lvds.
P

3. Twist cell. We assume that a nematic liquid crystal occupies the
region B bounded by two parallel, infinite plates at a distance 2d. The
symmetry of the system suggests choosing a reference frame {e.,ey,e,}
with a unit vector e, orthogonal to both plates and with the origin of the
co-ordinates in the middle of the cell, so that the plates lie at z = —d and
z = +d. Q is assumed to be prescribed on both plates as a uniaxial tensor
with scalar order parameter Sy and possibly different nematic directors n,
each lying parallel to the corresponding plate. In particular, we assume
that n is parallel to e, on the plate at z = —d, so that

(3.1) Q=Q = S(e:®e. - %1)

On the plate at = d, the nematic director is rotated by the angle ¢o
(normalized so as to be in [0, Z]). Therefore, for z = +d

(32) Q=Q*:=5 (no ®ng— %I) , with ng:=cos¢pe,+singge,.

Symmetry considerations also suggest assuming that e, is everywhere
an eigenvector of Q and that all quantities are functions of the variable z.
Thus, we write

(3.3) Q=Q()
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and
(3.4) VQ=Q'(x)®e.,

where a prime denotes differentiation with respect to z. Furthermore, we
will use for Q the same g—representation introduced in [17], according to
which, the Cartesian components of Q are

-—2(]1 0 0
(3.5) Q=|0 a-9¢ ¢ |,
0 gs q +qe

Under the assumptions made here, we obtain from Equation (2.3) the
following expression for the functional F representing the energy stored in
the cell per unit area of the bounding plates:

+ L /12
(3.6 Fa)i= [ {FIQP+ 7@} da.
Accordingly, Ericksen’s stress tensor in (2.11) becomes
L
(37) T = (ZIQ7+ 5(Q)) 1- LIQPec @ e
Since the unit outer vectors v~ and v+ normal to the plates at T = —d
and z = +d are such that v~ = —vt = e, by Equation (3.7) the forces

f~ and FT exerted per unit area on these plates are, correspondingly,

£ == (311 - 5(@) e = ~(-de.
(3.8) h
£+ = (3101 = 5(@) ex = (s

where the function f, defined as

(39) fo) = 2 1Q - (@),

is actually constant throughout the cell when computed on a solution of
the equilibrium equations [17]. Thus, at equilibrium,

f-=-rt
In the g—representation introduced in Equation (3.5), f reads as

F=L[3(¢})% + (¢5)* + (¢5)%]

(3.10)
— [A(3¢} + 43 +43)+2Baq1(a} — 43— ¢2) +C (32 +43 +43)?] .
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Similarly, we can compute the torque exerted per unit area of the plate.
Leslie’s couple stress tensor here takes the form

(3.11) L=-mQe.,

where m is the vector associated with the skew-symmetric tensor
(3.12) M :=2L(QQ - Q'Q)

so that

(3.13) Mv=mxwv  for all vectors v.

It is easily seen that the vector m is indeed parallel to e, that is,
(3.14) m =me;,

and that at equilibrium m is constant throughout the cell [12]. Moreover,
in the g—representation introduced above

(3.15) m = 4L(g3g3 — 4293) -

Finally, the torques m~ and m* exerted per unit area on the plates at
z = —d and at £ = +d read as

(3.16) m”- = me,, mt = —me,.
As in [17], we scale Q to
B
TN
which is the equilibrium value of S at the superheating temperature T™**.
Moreover, we scale all lengths to d. Thus, we set

S, =

(3.17) gi(dn) =: Suxi(n)  fori=1,2,3,
where

x
(3.18) ni= .

In the scaled variables, the equilibrium equations associated with the func-
tional F in (3.6) read as follows [17]:

2 ] 1
g%(vl -8+ 1)xi = gX1—3 O3 +x3-3x3)
(3.19a)

[y

+= (B2 +x3+x3) xa

[3u]

2 0 1
(3.19Db) %‘;—(\/1 —8+1)x4 = §X2 —21X2 + 5 (33 +23 +x3) x2»

9 1
(319c)  Z(VI-0+1)x5 = £xs — 2axs + 5 (3x +x3 + X5) xs.
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where, now, a prime denotes differentiation with respect to , and use has
also been made of (2.8). Boundary conditions (3.1) and (3.2) for Q are
translated into the following conditions for x1, x2, and xs:

1 1
(20 xaC-D=ges, )= ges
1 1
(3.20b) x2(—1) = 356 x2(1) = 7S5 cos 2¢0,
1 .
(3.20c) x3(-1)=0, x3(l) = 355 sin 2¢yg ,

where we have set
(3.21) So=(14+8)S, and s5:=(1+0) (1 +VIz o) .

We will refer to  as the incremental surface ordering parameter, as it
measures how the degree of order imposed by the bounding surfaces differs
from its bulk value. In particular, when § > 0, both bounding plates
have an enhanced aligning ability on the liquid crystal molecules; they
enforce a uniaxial state with a degree of order higher than the equilibrium
bulk value S,. On the contrary, when § < 0, the aligning ability of the
plates is depressed: the enforced state is still uniaxial, but with a degree
of order smaller than S,. When 6 = 0, the order parameter enforced
on the boundary is precisely Sy. To keep Sp in the interval (0,1), which
corresponds to a pattern in which molecules on the plates tend to align
along the director n, we shall assume that
(3.22) —1<6<—1+——1—.

S
Both in this and in the following section we set § = 0.
In terms of the new variables, f and m in (3.10) and (3.15) read as

f=fo{ & (VT0+1) [B0)? + (h)? + O]

0
(3.23) - [sex o+ +2u0d - - 2D
1
Z(3X1 +x3 +x3) ]}
and
(3.24) m = mo_f_b______XéXs — XaXs

d 4

where fo := B*/64C*, and mg := B*LY/2/C5/2,
In general, Equations (3.19) subject to (3.20) have more than one so-
lution {17]. First, the same boundary conditions could be obeyed by two
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twist solutions, corresponding to opposite rotations of the eigenframe of Q
across the cell. In addition, a third type of solution can be found in which
the eigenframe of Q stays unchanged throughout the cell, and the uniax-
ial states at the boundary are reconciled through an order reconstruction
in the bulk culminating in a uniaxial state with negative order parameter
in the middle of the cell {17]. Our numerical exploration of these equa-
tions relied upon MATLAB [25] and AUTO 2000 [26]. MATLAB is a
commercial scientific computing and visualization environment, based on
a high-level language syntax, and endowed with a wealth of mathemati-
cal library software, and integrated graphics. We have used primarily the
MATLARB graphics, as well as a code from its ODE Suite, bvp4c, for the
solution of general nonlinear systems of ordinary differential equations.

The MATLAB BVP solver is not equipped for numerical bifurcation
analysis, and for that we relied upon the AUTO package. For ODE bound-
ary value problems, the package has the capabilities to perform parameter
continuation, detection of bifurcation points, and stable numerical calcu-
lation of limit points. It is also capable of monitoring auxiliary quantities,
such as the values of f and m, as well as integral functionals (e.g., the free
energy), and of generating a two-parameter locus of fold points. We have
used all of these features to obtain the results we discuss below.

Here and in the following we set # = —8: other smaller values of 4
would not affect qualitatively the scenario we shall depict [17]. For ¢o = 7,
a texture bifurcation appears in the twist cell for d = d, =~ 2.47&,. For
d < d., there is only one equilibrium texture, which bridges the boundary
conditions through order reconstruction: the eigenframe of Q remains un-
changed throughout the cell, while the transverse eigenvalues in the (y, 2)-
plane are exchanged. For d > d., the reconstruction texture becomes
unstable and two stable symmetric textures emerge from it, corresponding
to opposite twists of the transverse eigenvectors of Q. For ¢o = 7, Fig. 2
illustrates all three types of equilibrium textures by ellipsoids that sketch
the Q field within the cell.

4. Torque and force. The multiplicity of equilibrium textures and
their stability just recalled are mirrored by the diagrams of both torque m
and force f as functions of the half-thickness of the cell. In Fig. 3 we present
the classical bifurcation pitchfork obtained from the plot of m/myg against
d/¢&p; for the typical values of 5CB (4-cyano-4'n-pentylbiphenyl) {19], mq =
5mJ m~? and ¢, ~ 1nm at # = —8. It is worth noting that for d < d.
the equilibrium texture bears no torque at all values of d; this is clearly
related to the lack of rotation of the eigenframe of Q, as also suggested
by the pictorial description of the system in Fig. 2. The two symmetric
equilibrium twist textures existing for d > d. exhibit a maximum torque
m for d = dps =~ 3.54&,. Furthermore, as d increases, the order tensor
Q tends to become uniaxial everywhere in the cell; for any ¢ and 6, the
representation of the smaller twist tends asymptotically for EdI > 1 to be
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FIGURE 2. Order-tensor ellipsoids against position across the cell, in units of the
biazial coherence length &, for three basic solutions: opposite twists (top and middle),
order-reconstruction (bottom). Ellipsoids are oriented along the eigenframe of the order
tensor Q at each point; their semiazes are the eigenvalues of Q appropriately augmented
and scaled to the largest eigenvalue at the boundary. The gray scale is associated to the
degree of biaziality 3% (the lighter the color, the larger 82). Parameters: twist angle
¢0 = %, reduced temperature § = —8, dimensionless cell half-width d/€, = 5.

(4.1a) x1(n) = ;‘
(4.1b) x2(n) = 2 cos (do(1 +n))
(4.1c) xa(n) = 2sin (do(1 + 1)) ;

it follows from the last two of these equations and (3.24) that m decays to
zero like 1/d.
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FIGURE 3. The torque m transmitted per unit area from one plate to the other,
scaled to mg, is plotted against the half-thickness d of the cell, scaled to the biazial
coherence length £, defined in (2.8), for 8 = —8 and total twist angle ¢po = F. Stable
branches are represented by solid lines, whilst the unstable branch is represented by
a dashed line. The graphs corresponding to the two symmetric twist textures merge
with the reconstruction straight line bearing no torque at d = d. =~ 2.47&,; for 5CB,
mo = B3LY2/C5%2 =~ 5mJ m~? and § ~ 1nm.

Measuring m as a function of d in a displacement-controlled machine
should reproduce the bifurcation diagram in Fig. 3, thus allowing for a di-
rect mechanical measurement of £,. Conversely, if one imagines a machine
in which the distance between the plates is progressively decreased by in-
crementing the applied torque, a snapping instability should be met at the
critical value dps: there, in fact, the equilibrium torque required to fur-
ther reduce d would decrease, instead of increasing. However, in practice,
nanotorque machines have not yet been developed. On the other hand,
nanoforce machines (such as, for example, the Surface Force Apparatus
(1, 27, 28, 29}), have been established and improved over the years.

This suggests seeing how the texture bifurcation in the twist cell is
also reflected onto the force diagram. In accordance with Equations (3.9)
and (3.10), for large values of d the force f tends to a constant — f,,, where
fm is the minimum of f;, independent of ¢p. We expect f to decay to
—fm as 1/d? decays to zero. The decay of the force f to the residual
force — fy, is an artifact of the normalization chosen for fi: to make the
total free energy stored in the infinite cell finite, f, should be shifted so
as to make f,, = 0. In the following, all forces are meant to be measured
relative to their asymptotic residual value. Figure 4 shows the graph of f
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FIGURE 4. The force f transmitted per unit area from one plate to the other, scaled
to fo, is plotted against the half-thickness d of the cell, scaled to the biazial coherence

length €, defined in (2.8), for 6 = —8 and total twist angle ¢o = §. Stable branches

are represented by solid lines, while the unstable branch is represented by a dashed line.
The dashed branch corresponds to the unstable reconstruction texture, which becomes
stable at d = d. = 2.47&,. There, it meets the single stable branch corresponding to
the two symmetric twists {unlike the case of torque, these are represented by only one
branch, since the force is the same for both). For 5CB, fo = B*/64C% ~ 60mPa, and
& = 1nm. The arrows delimit the hysteresis loop described in an ideal force-controlled
cycle.

against g— for ¢ = Z. Upon reducing d, the force exerted by both twist
textures increases as long as d > dj, ~ 3.18§, and then decreases until
it meets the force exerted by the reconstruction texture at d = d.. Upon
further reducing d below d., the reconstruction force keeps increasing and
diverges like 1/d%. The slope of the graph of f against d is discontinuous
at d = d,., where m vanishes. As for the torque diagrams, here the lack of
monotonicity would also imply that a snapping instability is expected to
happen at d};. The solid line in the diagram of Fig. 4 corresponds to all
locally stable configurations. Thus, in an ideal force-controlled experiment,
where the force is steadily increased, the equilibrium value of d would be,
by continuity, the largest value of d compatible with the applied force, as
long as this exceeds d};. When the force is further increased, there is a
single value of d compatible with the applied force: the one attained on
the reconstruction branch. Upon decreasing the force, this latter branch,
equally locally stable, is followed until d reaches d.; there, as shown by the
lower arrow in Fig. 4, the equilibrium value of d jumps again on the branch
of the twist textures, which are then the only stable ones.
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FIGURE 5. The force f transmitted per unit area from one plate to the other is
plotted against the half-thickness d of the cell scaled to the biazial coherence length &,
for the following values of the total twist angle: (a) o = 5, (b) ¢o = 0.497, (c) ¢o =
¢: = 04747, (d) ¢o =0.457, () o = 0.427, (f) ¢o = ¢ = 0.394 7w, (g) ¢o = 0.357;
all other parameters are as in Fig. 4. The solid lines represent stable tezxtures. The
dark gray dashed branches correspond to the unstable reconstruction texture; they meet
the stable branches (dark gray solid lines) corresponding to the more twisted texture at
d = dc(do).

It is interesting to study the behavior of the bifurcation plots when
¢o # w/2: in fact, in a real experiment the value of the total twist angle
is known with some uncertainty, and it is unlikely, if not impossible, to
have it exactly equal to the desired value. Both the force and the torque
diagrams are expected to be unfolded. Figure 5 shows the graphs of f/fo
against d /&, for several values of ¢; now two solutions, corresponding to a
less twisted texture and to a more twisted one, are stable, with the former
existing for all values of d as the absolute minimizer of the free energy,
whilst the latter, just metastable, is found only above a critical distance
dc(do), now depending on ¢o and greater than the limiting value d.(%).
In addition to that, the reconstruction texture, always unstable, can be
found for d > d.(¢); its plot merges into that of the metastable texture.
For ¢o < 5 the angular point at d. evolves into a regular minimum at dj,,,
which survives until ¢¢ reaches a critical value ¢} ~ 0.474 7. The behavior
of the solutions at small and large d mimics that described above in the
presence of the bifurcation.
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FIGURE 6. The torque m transmitied per unit area from one plate to the other
is plotted against the half-thickness d of the cell scaled to the biazial coherence length
&b, for the following values of the total twist angle: (a) ¢o = §, (b) o = 0.49,
(c) do = ¢ =~ 0.474x, (d) do = 0.457, (¢) do = ¢ =~ 0.394m, (f) ¢o = 0.357;
all other parameters are as in Fig. 8. Solid lines represent the stable textures. The
dark gray dashed branches correspond to the unstable reconstruction tezture; they meet
the stable branches (dark gray solid lines) corresponding to the more twisted texture at

d = dc(do).

Figure 6 illustrates the unfolding of the torque m; this differs somehow
from the unfolding of the force. First, for ¢ < 7/2 the stable solutions
bear nonzero torque, even when d is small; actually, m diverges like 1/d
as d tends to zero. As a consequence, in addition to the maximum at djy,
a local minimum appears at d,, < dps. As for the force, there exists a
critical value ¢, for which minimum and maximum merge in an inflection
point, and for ¢ > ¢. the torque diagram becomes monotonic; for § = -8,
be ~ 0.394 7.

The unfolded diagrams of both force and torque would also host a
hysteresis loop, as long as they fail to be monotonic. We can imagine using
a force-controlled apparatus in which the distance between the plates of the
cell is decreased by applying an increasing equilibrating force. We would
follow the stable branch of the less twisted texture in Fig. 5 until we reach
the maximum at d},: a further slight increase of the force would cause the
cell to snap and reach the point on the stable branch at d < d}, located
on the diverging side of the branch, at the same value of f. Now, if we
suppose to reduce the applied force in a quasi-static way, we would follow
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FIGURE 7. The graphs of the pairs (dm,da) and (d},,d},), scaled to &, as func-
tions of ¢o/nw. The graphs of the first pair merge at ¢g = ¢, whilst those of the second
pair merge at ¢o = @

the decreasing stable branch until reaching the minimum point at d;,; a
further attempt to reduce the force, would cause the cell to snap back at
the value of d > dj, that keeps the same equilibrium force f. The same
argument would apply to the torque diagram, where d}, and d},; would be
replaced by the distances d,, and dps.

It is worth noticing that both das and d,,, which also depend on ¢y,
are generally different from d}, and d},. In particular, for our choice of
parameters, d}s < dy and 4y, > dp,. In Fig. 7 we plot these four quantities
as functions of ¢o/7, for # = —8. The graphs for d,, and dp; meet at
¢o = ¢., whilst the graphs for d, and d}; meet at ¢o = ¢} < ¢.. The
nesting of the graphs in Fig. 7 clearly shows that the lack of monotonicity is
more pronounced and more persistent for the torque diagram than for the
force one; this is one more reason in favor of employing a torque-controlled
experiment to reveal the mechanical signature of order reconstruction.

5. Surface biaxial force. So far we have set § = 0 in Equation
(3.20), that is, we have assumed that the uniaxial order parameter Sy en-
forced on both bounding plates of the cell coincides with the equilibrium
value S;. Most substrates, however, enhance the surface degree of align-
ment, and so the question arises as to whether choosing § > 0 would alter
the properties of the order force f outlined above. In particular, we won-
der whether the force diagram drawn in the preceding section could become
monotonic, thus reducing the order force described here to the pattern of
the classical structural force already shown. For simplicity, henceforth we
set ¢o = 5 and explore the force diagram f for positive values of 4. Fig-
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FIGURE 8. The force f transmitted per unit area from one plate to the other is
plotted against the half-thickness d of the cell scaled to the biaxial coherence length
£, for the following values of the surface ordering parameter: (a)d = 0, (b)é = 0.2,
(c)d = 6. = 0.5583, (d)d = 0.65. All other parameters are as in Fig. 4. Solid lines
represent stable textures. The dashed branches correspond to the unstable reconstruction
texture.

ure 8 shows the graphs of f/fo against d/&, for several values of §, namely,
é = 0,0.2, 05583, 0.65. Upon increasing 4, the force diagram is shifted
upwards, while the well and the hill making the graph non-monotonic are
drawn closer. To illustrate better how the force diagram eventually be-
comes monotonic when the surface ordering parameter is sufficiently large,
we draw in Fig. 9 the graphs of both the critical point d. and the maximum
point d},, as functions of §; these points meet at a critical value ., which
is 8, =~ 0.5583 for 8 = —8. For this critical value to be actually attained
it must fall below the upper bound in Equation (3.22); for example, since
for 5CB at # = —8 S, =~ 0.82, . cannot be reached for that material at
that temperature, and so the force would remain non-monotonic. Other
materials or other temperatures, however, could make §, attainable, thus
rendering the force diagram monotonic.

Surface order transitions induced by temperature in a nematic liquid
crystal have been theoretically analyzed by adopting a pseudomolecular
approach to obtain the surface free energy [30]. In such a model, the surface
shows the tendency to impose a scalar order parameter different from the
one in the bulk, which depends only on temperature; two second-order
phase transitions are possible: one from the homeotropic director alignment
to a tilted alignment, and another from this latter to a planar director
orientation. However, within the approximation of perfect local order for
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FIGURE 9. The mazimum point d}, (continuous line) and the critical point d.
(dashed line) scaled to the biazial coherence length &, are plotted against the surface

™

ordering parameter §, for § = ~8 and total twist angle ¢o = 5. The two plots merge
at the critical value §. = 0.5583: above this value, the force profile is monotonic.

a model nematic liquid crystal composed of ellipsoidal molecules, it has
been shown that a tilted equilibrium director orientation is energetically
unfavorable [31]. Therefore, only planar or homeotropic orientations would
be allowed; moreover, whilst the former alignment is stable under ordinary
conditions, the latter could be stable only with the aid of a dominant
repulsive contribution to the free energy, which would also imply negative
values of the elasticity coefficients. Tilted orientations at the surface might
be favored by other contributions to the surface energy, such as that of long-
range electrostatic forces. In view of these results, we reckon that negative
values of 8, though possible, are not likely to occur in a real system.

An enhanced degree of uniaxiality at the surface has the potential to
disrupt the pattern of the force described here, making it more similar
to the uniaxial structural force described in [1]. We say that the order
force f predicted here is a surface biaxial force as it indeed reveals the
biaxial structure hidden in the bulk order reconstruction. A quantitative
measure of the biaxial character of this force can be gained by recording the
maximum degree of biaxiality 82, attained within the cell when d = d},,
that is, at the snapping limit. The graph of 83, against §, shown in Fig. 10,
exhibits an increasing function approaching a plateau in the vicinity of &..

6. Conclusion. We computed both the nanotorque m and the
nanoforce f transmitted between two parallel plates 2d apart, confining
a nematic liquid crystal in a ¢o-twist cell with infinitely strong anchor-
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FIGURE 10. The mazimum degree -of biaziality ﬂ%/! attained within the cell when
d = d}, is plotted against the surface ordering parameter § € [0,8c]. As & approaches
be =~ 0.5583, 82, tends to its mazimum value.

ing. The signature of order reconstruction could be revealed by measuring
m(d) for ¢o close to §, which would also provide the most direct evalua-
tion of the biaxial coherence length &;; on the other hand, it may be more
practical to employ a nanoforce machine where the order reconstruction
appears as an angular point in the diagram of f(d). In fact, for ¢o = 5,
both the torque and the force diagrams are not monotonic. We predicted
the existence of two critical twist angles ¢, and ¢} > ¢., below which the
force and the torque diagrams, respectively, become strictly monotonic.
The ordering effect of the plates also plays a role: the order parameter at
boundaries can be increased with respect to that in the bulk without de-
stroying the non-monotonic pattern in the force, as long as a critical value
é. of the incremental surface ordering parameter is not attained. By this
disruptive effect of an enhanced degree of uniaxiality at the surface, the
force f studied here may be considered as a surface biaxial force; this is
also reflected by the fact that the maximum degree of biaxiality attained
within the cell approaches its limiting value 1 when the incremental surface
ordering parameter is close to d..

In the light of the model studied here, it is clear that our theory
describes only the continuum contribution to nanoforces. A more accurate
description should also account for other forces, such as van der Waals's
and Casimir’s, which are likely to affect the divergence of f predicted here
for d < &,. In principle, these forces should also depend on the underlying
liquid crystal texture. Similarly, the oscillating structural forces ascribed
to the positional ordering of the molecules on the bounding plates (1] fall
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outside the scope of this study, but our analysis shows that the onset of a
non-monotonic behavior in the force should be ascribed to medium-range
surface biaxial forces, and not to short-range positional ordering forces as
in [1].

The possibility of using flat surfaces in nanoforce machines could be
questioned, but previous experiments have shown that they are indeed pos-
sible [32], though they need to be improved to explore nanothicknesses. Al-
though the assumption on infinite anchoring made here could also be ques-
tioned, such an assumption seems however to be compatible with nanoscale
observations of single nematic molecular layers on cleaved monocrystal sur-
faces [33, 34, 35, 36].

Recent experiments on forces may be explained in terms of the present
model; Zappone et al. [37] observed peculiar features in a cell containing
two thermotropic nematics (5CB and ME10.5) subject to hybrid anchoring
conditions, when the distance between the plates is below 10nm: though
in a bend geometry, these experiments provide a clear evidence of a non-
monotonic behavior of the force, in agreement with our model.
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MODELLING LINE TENSION IN WETTING
RICCARDO ROSSO*

Abstract. Line tension can be viewed as the analogue, for three-phase contact,
of surface tension. However, obtaining a coherent picture from the different avenues
followed to model line tension is much harder than the analogous operation for surface
tension. This essentially reflects the extreme sensitivity of line tension to the details
of the model employed. Line tension has an impact on the equilibrium and stability of
fluid droplets laid on a rigid substrate, in the presence of a vapor phase. In particular,
the sign of line tension is a critical issue, that gave rise to conflicting interpretations.
Here, we review the approaches to line tension from microscopic to macroscopic scales,
stressing the mathematical problems involved. We also illustrate a stability criterion
for wetting functionals to clarify the réle of the sign of line tension. As an application,
we discuss how stability of liquid bridges near the wetting or the dewetting transition
mirrors the scaling laws for surface and line tension.

Key words. Surface tension; Line tension; wetting.

AMS(MOS) subject classifications. 74A50, 82-02.

1. Introduction. In the past three decades line tension has been one
of the most studied and controversial issues in the wetting science, both
at the theoretical and at the experimental level. To some extent, line
tension can be studied by the methods also employed for its more renowned
relative, the surface tension. In fact, line tension was first introduced by
Gibbs in a footnote on p. 288 of his seminal paper On the equilibrium of
heterogeneous substances [1] as the analogue, for three-phase contact along
a line, of surface tension for two-phase contact: “These lines (i.e. contact
lines) might be treated in a manner entirely analogous to that in which we
have treated surfaces of discontinuity”. However, a few pages later, Gibbs
remarked that “We may here add that the linear tension there mentioned
(i.e. line tension) may have a negative value” (cf. p. 296 of [1]}. As we shall
see, this comment contains the basic ingredient of most debates concerning
line tension.

After Gibbs, line tension received less attention than surface tension
essentially because its effects can be appreciated at much smaller length
scales. Careful experiments are required to detect the tiny effects due to
line tension and the experimental outcomes often led to contradictory re-
sults. Indeed, line tension measurements can be found in the literature
which differ from one another even by five orders of magnitude. Moreover,
no consensus was reached on the sign of line tension that oscillated from
positive to negative according to the experiment: the papers [2] and (3]
contain lists of references to relevant experimental results on line tension.
Apart from poor techniques, discrepancies are mainly due to the fact that

*Dipartimento di Matematica, Istituto Nazionale di Fisica della Materia, Universita
di Pavia, Via Ferrata 1, 27100 Pavia, Italy (riccardo.rossoCunipv.it).
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line tension measurements are indirect, as they are obtained through the
values of parameters somehow related to line tension via theoretical predic-
tions. For instance, line tension can be computed by use of the generalized
Young equation which predicts a dependence of the contact angle on the
size of sessile droplets. In this case, line tension measurements inherit the
intrinsic difficulties to obtain an unambiguous value for the contact angle,
which is sensitive to substrate’s roughness and heterogeneity, a fact that
led experimentalists to study liquid-fluid-vapor systems instead of solid-
fluid-vapor systems: for an updated account on the main experimental
techniques, we refer the reader to Section 5 of [4].

Also theoretical predictions differ if different avenues are followed to
account for Gibbs’s view of line tension as a free-energy excess. The crucial
step is the strategy adopted to model the distortions of sessile droplets
near the three-phase region where, unavoidably, several approximations are
required. It has been appreciated for a while that line tension is greatly
affected by these approximations and that different outcomes are obtained,
depending on the neglected factors. For instance, gravity is often neglected
5, 6]; on exploring intermolecular interactions, the réle of short-range forces
is stressed [7, 8] at the expense of long-range forces which, in turn, are
embodied in a nonlocal approach [5] where, on the contrary, multi-body
effects are not taken into account.

Once a value for the line tension has been obtained from a microscopic
approach based either on statistical mechanics [9] or on some phenomeno-
logical model that somehow summarizes intermolecular interactions (see
e.g. [6, 8, 10]), it can be inserted into a macroscopic free-energy functional.
The simplest model to study the equilibrium of a droplet B made of incom-
pressible fluid laid on a rigid and homogeneous substrate, in the absence
of body forces, is based on the free-energy functional

(1.1) ]-"[B]=7Lda+(7—w)A‘da+TLds,

where the boundary 98 of the droplet has been split as 08B = S US,. The
free surface S is the portion of 88 in contact with the vapor phase (V') and
the adhering surface S, is the portion of 8B in contact with the substrate
(S) (see Fig. 1). The positive constant v = v is the surface tension
between the liquid droplet (L) and the vapor phase, the positive constant
w = v+ ysL — ¥sv, referred to as the adhesion potential, accounts for the
interactions between the droplet and the substrate and can be expressed in
terms of the surface tensions v, ysv and sz, where the last two are referred
to the substrate-vapor, and to the substrate-liquid interfaces. Taking v—w
as the interfacial energy on the substrate means that w > 0 for an adhesive
substrate. Finally, the constant 7 is the line tension associated with the
contact line C where three phases coexist in equilibrium. In (1.1) a is the
area measure on 0B = SUS,, and s is the arc-length along the contact line
C . At this stage, the sign of line tension raises a basic question. In fact, a
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FIGURE 1. Sketch of a drop deposited on a curved solid substrate. The boundary
of the drop is composed of the free surface S and the adhering surface S.. The contact
line C is the common border of S and S.. The contact angle 9. is the angle between
the conormals vs and vs, of C, viewed as a curve on S and S., respectively.

negative line tension makes the contact line unstable against perturbations
with a short wavelength (see [2, 11]) since, in that case, the term

(1.2) r /C ds,

makes the free-energy functional (1.1) unbounded from below, and varia-
tional problems ill-posed [12]. As an aside, it is interesting to note that
objections to negative values of 7 raised on thermodynamic grounds [11]
were rejected since “in the three-phase equilibrium the contact line cannot
pucker to increase its length without at the same time changing the areas
of the two-phase interfaces —which are of positive tension- in such a way as
to increase the free energy of the whole system” (p. 237 of [13], see also the
similar argument invoked by Solomentsev and White [6]). Although ap-
pealing, this counter-objection does not address the issue from the mathe-
matical point of view, since it is not the amplitude of the perturbation, but
its wavelength to induce instability, and indeed the perturbations could be
concentrated so as to make the variation in the interfacial area negligible
with respect to the length of the perturbed contact line. To tackle this
problem, a possible strategy pursued in [12] relies on relaxation techniques
to regularize the behaviour of (1.2).

Alternatively, one could assume that the functional (1.2} poorly ac-
counts for line tension effects and that further terms, presumably depen-
dent on the curvature of C, should be added to get rid of the unboundedness
of (1.2), along the lines of Boruvka and Neumann’s generalized theory of
capillarity [14]. Finally, as a third way, it is possible to note [15, 16] that
the ratio |7|/y between the line and the surface tension of the droplet intro-
duces a natural length below which the model based on (1.1) is unreliable.
Hence, if the wavelength of a destabilizing mode is shorter than |r|/, the
instability would have a mathematical meaning with no physical counter-
part since it would be effective at length scales that lie outside the realm
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of the model. In this case, a cutoff should be imposed to avoid too wiggly
perturbations. In this way, conditionally stable equilibria would exist even
for negative values of 7, provided that its magnitude |7| is not too high.

The ratio |7|/v and the contact angle can be treated as independent
on temperature only far from either the wetting or the dewetting transi-
tion, where the droplet either wets completely the underlying substrate, or
is separated from the substrate by a vapor layer. When these transitions
are approached, |7/ and the contact angle are correlated via their depen-
dence on temperature. This, in turn, takes us into another controversial
topic, that is, the behavior of line tension at the wetting transition. While
surface tension vanishes at the transition (see Chapter 9 of [13}), several
scaling laws have been proposed for line tension, predicting all kind of be-
haviors. For instance, Widom and Clarke [17] predicted a vanishing line
tension at wetting, while in [18] Szleifer and Widom predicted a possible
divergence of line tension, though their conclusions were affected by numer-
ical uncertainties: for an overview on this topic, see Section 1 of [19]. Such
undulating predictions mirror once again the sensitivity of line tension to
the microscopic description of the three-phase line.

The plan of this paper is the following. In Section 2 we start at
the macroscopic level by building a wetting functional more general than
(1.1) to cope with problems posed by technological applications of wetting.
Then, we discuss the effects of line tension on the equilibrium equations
for a droplet. Remaining at the macroscopic level, however, does not yield
information on surface and line tension which are only parameters of the
model. Hence, in Section 3 we review the main microscopic approaches to
surface tension both at, say, the phenomenological level —where the details
of intermolecular interactions are accounted for by use of a phenomenolog-
ical potential — and at the fundamental level, where the tools of statistical
mechanics are employed. The digression on surface tension is expedient to
the treatment of line tension that, to some extent, follows a parallel avenue,
and forms the content of Section 4. In Section 5 we are ready to study the
effects of line tension on the stability of equilibria. We will outline the
basic features of the general stability criterion introduced in [15, 20], and
discuss in detail our approach to negative line tension illustrating by exam-
ple how the cutoff on the wavelength of the perturbations comes into play.
In Sections 6 and 7 we apply the stability criterion introduced in Section
5 to explore the consequences of a class of scaling laws on the stability of
liquid bridges, close to the wetting and the dewetting transitions. Finally,
a closing section summarizes the paper.

2. Line tension effects on equilibria. The renewed interest in wet-
ting phenomena is due to the emergence of problems in different areas which
call for a theoretical explanation. Among these are the effects of both ma-
terial inhomogeneities and geometric microstructures of the substrate sup-
porting the liquid drop B (see [21, 22]). Applications of these effects range
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from botany to the coating of fibers. To the former category belongs the
Lotus effect, that is, the property endowed by the leaves of some plants to
repel virtually any liquid [23]. Here, the geometric microstructure of the
leaves seems to play a major role in the phenomenon [24, 25]. In the latter
category, it is the substrate’s curvature that strongly influences the stabil-
ity of the sit droplets [26, 27]. Besides interfacial interactions, the droplet B
can be subject to body forces with free-energy density f that could depend
on the position in space. Apart from gravity, at the macroscopic level f
could also account for contributions due to diluted interactions between the
drop and the substrate, in the spirit of {28]. An appropriate generalization
of (1.1) to account also for the effects just alluded to is

(2.1) F|B] = Fo[B] + Fs[S] + Fal[Si] + Fe[C] .

The first term is the bulk energy
(2.2) Fp[B] := / fdv.
B

The second term is the interfacial energy of the free surface S:
(2.3) Fi[S] = 7/ da.
s

Hence, we are supposing that the “tangible surface of discontinuity” (p.
769 of [29]) S is the surface of tension introduced by Gibbs (see Section 3).
The next term,

2.4) FolSa] = / (v —w)da,
S.
describes the adhesive properties of the substrate. Finally,
(2.5) FilC] = / rds
c

is the free energy of the contact line C, where 7 can be interpreted as a
line tension. At variance with (1.1), in (2.4) and (2.5) we assume that
both w and 7 depend on the position on the substrate, so that wetting on
inhomogeneous substrates can be studied: for an account on theoretical
investigations on this topic see [22, 30, 31]. Moreover, when both w and 7
are constant, arbitrary geometric microstructures are still possible in the
substrate. To arrive at the equilibrium equations for the free surface S
and the contact line C, we perturb the points p on a putative equilibrium
configuration into points pe, according to

(2.6) P pei=p+eEu
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where u is a smooth vector field. Since the droplet has to glide on the
substrate, 4 must obey the constraint

(2.7 u-v,=0 onS,

where v, denotes the unit normal of S, oriented outward to B (see Figure
1). Moreover, since all admissible variations must preserve the volume of
the droplet, u is also constrained to satisfy

(2.8) /suda =0,

where v := u - v is the component of » along the unit normal v to S.
Referring the interested reader to Section 2 of [20] for the details of the
computations, by setting the first variation of (2.1) equal to zero, we arrive
at the following equilibrium equations:

(2.9) yH+ f=A onS
: yeose+y—w+ VT vs, —Thga =0 along C,

where H is the total curvature of S, that is, twice its mean curvature, A
is the Lagrange multiplier associated with the constraint (2.8), kg, is the
geodesic curvature of C, imagined as a curve on the substrate S,, Vj is the
surface-gradient operator, and 9, is the contact angle, that is, the angle
between the conormals vs and vg, to C, viewed as a curve on § and S,,
respectively. Equation (2.9); is the standard Laplace equation. If gravity
is negligible and no other bulk effects are incorporated in the description so
that f =0, (2.9); predicts that the equilibrium shape of the free surface S
has to be a surface with constant mean curvature, making straight cylinders
and spheres admissible solutions.

Equation (2.9), is the generalised Young equation. The neutral at-
tribute generalised appended to (2.9)2 reminds us that several contribu-
tors worked on it. The generalization (2.9); was obtained by Swain and
Lipowsky [21], although Rusanov and Toshev (see §9.2 of [32]) obtained
a condition similar to (2.9)2, rephrased in terms of the angle between the
wetted substrate and the local plane of the three-phase contact line. The
equation

(2.10) Yeost,+ Y —w—TKge =0

to which (2.9)2 reduces when the line tension is constant, was first intro-
duced by Vesselovsky and Pertzov in 1936, according to [32] and [33]; it
was employed by Pethica in 1961, and is sometimes referred to as the Gretz
rule [34], quoting a 1966 note by Gretz [35]. Apart from priority matters,
Equations (2.9)2 and (2.10) are interesting since they show how line tension
affects the equilibrium. It can be proved (see, e.g., {36]) that, even on a flat
substrate, a spherical sessile droplet can have no equilibrium configuration
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if the line tension is positive and large enough, and two distinet equilibria
if the line tension, still positive, is smaller. On the other hand, no lack
of either existence or uniqueness occurs when the line tension is negative.
The equilibrium reveals a richer structure when the substrate is curved, as
discussed in [37]. These features should be contrasted with the behavior in
the absence of line tension, where the classical Young equation

(2.11) vyeosd.+y—~w=0

replaces (2.10). In fact, when constitutive restrictions on v and w guarantee
that cosd, € [—1,1], then (2.11) always possesses a unique solution. The
different behavior can be explained by the presence in (2.10), as compared
to (2.11), of the natural length scale 7/ which breaks the invariance of
{2.11) under rescaling. It should also be remarked that line tension effects
on equilibrium are coupled with the geometric properties of the substrate
through the geodesic curvature «4.. Hence, even in the presence of a non-
vanishing line tension 7, no effects of 7 on the equilibrium can be detected
if the geometry of the substrate guarantees that xg. = 0, as happens for
liquid bridges on a flat substrate [16].

3. Modelling surface tension. The macroscopic model (2.1) does
not give any information on the surface and the line tension, that should
be the outcome of a microscopic analysis accounting for the intermolecular
interactions of which v and 7 are macroscopic signatures. Moreover, the
interfaces S and S, defined in the macroscopic approach introduce sharp
discontinuities and it is not evident why only modifications of the interface
areas should be penalized in (1.1) or in (2.1), and not also bending of the
interfaces. Similarly it is not evident why only the length of the contact
line, and not also its curvature, should contribute to line effects in the
three-phase region. To extract information on both surface and line tension
out of a microscopic analysis, and to understand the mechanisms behind
possible generalizations of the free-energy functional (2.1), different avenues
were followed in the literature. In this section, I refer to the approaches
concerning surface tension, postponing a parallel review concerning line
tension to the next section.

The microscopic origin of surface tension has been recognized for a
long time, seemingly since the work of Von Segner published in 1752: see
[38] and p. 15 of Finn’s book [39]. Referring to Figure 1, the molecules of
the liquid droplet B that lie either at S or at S, feel different molecular
interactions with respect to the droplet’s molecules located in the interior
of B: it is this discrepancy that justifies the introduction of surface tension.

In fact, though Gibbs knew that the properties of B change contin-
uously across a transition layer and not abruptly, he found it easier to
imagine that the two phases remain homogeneous up to a certain dividing
surface, that is “sensibly coincident with the physical surface of disconti-
nuity, but shall have a precisely determined position” (p. 219 of [1]). In
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doing so, however, the system is somehow modified, since properties like
its mass, energy, and entropy do not coincide with the sum of the masses,
the energies and the entropies ascribed to the ideal homogeneous phases
in contact at the dividing surface. To recover a correct description, Gibbs
attributed to the dividing surface the ezcess energy U —and, similarly, the
excess entropy, mass, etc.— defined as the difference between the real energy
of the system and the energies of the ideal homogeneous phases that replace
it. Different choices for the dividing surface could be made, depending on
the specific requirement we place on it, with the only restriction that it
belongs to a family of surfaces parallel to the “tangible physical surface
of discontinuity”. Gibbs indeed postulated that U should depend on the
dividing surface through its area A, and its principal curvatures ¢; and cg,
so that

U= U(S, Niv A7 Clac2)’

where S is the entropy, and N; is the mole number of the i-th component.
Then, he was able to show that, by suitably selecting the dividing surface
S, it was always possible to get rid of the contributions arising from the
curvature, and so he postulated a reduced surface energy U™ given by

U™ =U"(S,N;, A) :

the dividing surface on which the excess energy is U” is called the surface
of tension. The excess energy per unit area of the surface of tension is
the surface tension associated with the interface separating two different
phases. Hovever, Gibbs argument to obtain U™ from U works only if the
interface is planar or spherical, and it is approximately true when the inter-
face slightly differs from these cases. At this point, we stress an important
difference between planar and spherical dividing surfaces. While shifting
the dividing surface does not modify the surface tension in the former case,
as it does not modifies the area of the surface, a displacement within a
spherical layer is more delicate since, when the dividing surface is shifted
its area changes, inducing an effective dependence of the surface tension on
the radius of the dividing surface. This dependence was studied by Tolman
[40] who proved that the surface tension y(R) associated with a spherical
dividing surface of radius R can be written, at the lowest level, as

AR = (1-22 ),

where ~yo is the line tension of a planar dividing surface, and the microscopic
length &7 is now called the Tolman length: accounts of Tolman’s approach
can be found in Section 2.4 of [13] and in Chapter 11 of [41]. Tolman also
explored the spherical interfaces in [29], where he modelled the transition
layer as a spherical shell, within which he located the surface of tension,
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obtaining an expression for its surface tension v which depends on the
layer’s structure. Additional work on this topic is due to Buff [42] who
explored the dependence on curvature of the surface tension pertaining to
the equimolar surface, defined as the dividing surface over which no excess
of mass exists.

Although Gibbs did not analyze arbitrarily curved interfaces, nonethe-
less he suggested the lines along which concentrate the efforts: “It will be
observed that the position of this surface (i.e. the dividing surface) is as
yet to a certain extent arbitrary, but that the directions of its normals are
already everywhere determined, since all the surfaces that can be formed
in the manner described are evidently parallel to one another.” (see p.
219 of [1]). Seemingly, Buff [43] was the first who dropped the restrictions
on the shape of the lamellae forming the transition layer. Buff, adopting
a mechanical rather than thermodynamical approach, based his analysis
upon the hydrostatics equation

(3.1) dive + f =0

where o is the stress tensor, and f is the body force acting on the system.
He assumed that in the bulk of the liquid and the vapor phases the stress
tensors reduce to the standard isotropic form

oL = _pLI’
and
oy =—-pyl

where I is the identity tensor, while p;, and py are the pressures in the
bulk phases. In the transition zone, Buff assumed the stress o to be trans-
versely isotropic about the unit normal v common to all the lamellae of
the transition layer, by setting

(3.2) oA\ =or(MNI —vev)+on(Arev,

where A measures the distance from the dividing surface S, corresponding
to A = 0. The layer is parameterized by use of confocal coordinates (u, v, A),
where u and v parameterize S. In the spirit of Gibbs’s prescription, Buff
extrapolated the isotropic stress tensors oy and oy up to dividing surface.
By taking the inner product between (3.1) and v, with & as in (3.2), then
integrating across the layer, and repeating the same procedure for o = o,
and o = oy, he obtained the equilibrium equation

C
(3.3) Ap::pL-pv=7H—(H2—2K)—S—+gl’ez-v,

where H and K are the total and the Gaussian curvature of S, f has been
restricted to gravity contribution, and g = —ge, is the gravity acceleration.
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From (3.3), Buff could interpret « as the surface tension of S and express
it in terms of the layer parameters as

v
yi= / (o7 —orv)(1+ HX)dX,
-AL

where Az and Ay are positive numbers chosen so as the surfacesat A = —Ap,
and at A = Ay lie in the bulk phases. Moreover,

oy =op[l—HA)] +ovH(N)

where the Heaviside function

0 ifA<O
H(A)'z{ 1 ifA>0

has been introduced. Finally,

c _ v
(3.4) == (o0 —opv)dA
S I

is the bending moment associated with variations in tl
dividing surface and

Av
r=[" (e-awiar,
—AL
where

orv = or[l — H(A)| + ov H()A)

is the surface excess mass of the dividing surface, in terms of the bulk mass
densities g, and gy. In the remaining part of [43], Buff reexamines the
phenomenological theory by repeating Gibbs’s approach with the important
difference that a bending moment (3.4) is retained. Hence, the free energy
is modified and (3.3) follows also at this level as the equilibrium condition
for a droplet, thus generalizing the classical Laplace equation.

Buff’s paper stimulated further generalizations of Gibbs original ap-
proach. Indeed, as noted later by Boruvka and Neumann, Buff pointed out
that “the limitations of the original analysis by Gibbs center around the
curvature terms in the expression for the internal energy. [...] The Gibbs
approximation worked so well that nobody pursued Gibbs’ comment that
more rigorous treatments are possible” (p. 5464 of [14]). Boruvka and Neu-
mann [14] however, remarked that Buff failed to make a proper distinction
between intensive and extensive parameters, resulting in an incorrect gen-
eralization of Gibbs capillarity theory. Instead of using extensive quantities
as Gibbs did, Boruvka and Neumann worked with volume densities of these
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quantities. Moreover, when they had to ascribe a surface energy to a divid-
ing surface, they noted that any surface & admits three extensive geometric
properties, that is, the area A, and the first and second integral curvatures
‘H and K defined as

'H:=/HdA and IC:=/KdA
s s

so that the surface energy density should depend on H and K, while the
extensive surface energy U should contain A, H and KX among its argu-
ments. Besides the quest for a general approach, it seems that Boruvka and
Neumann first realized that only differential invariants of a surface could
enter in the free-energy density. By an analysis parallel to Buff’s, Boruvka,
Rotenberg and Neumann [44] used the hydrostatic theory of capillarity to
have a further verification of Boruvka and Neumann [14] phenomenological
model. The consistency of the two approaches was shown in [44] through
a procedure that was later simplified in {45] and [46].

Until now the intimate details of intermolecular interactions occurring
at an interface have been bypassed, by use of more or less idealized de-
scriptions of the transition layer. Computations of the surface tension for
planar interfaces at the microscopic level, by resorting to statistical me-
chanics, were pioneered by Fowler [47], and by Kirkwood and Buff [48].
A basic ingredient in Kirkwood and Buff’s analysis is the pair density
0@ (r1,712) which measures the average number of molecular pairs, with
one molecule located in a small volume around r;, and the other in a small
volume around a second point whose relative position from the former is
r12. Hence, by assuming the planar interface at z = 0, it is possible to set
0 = @ (21,712), where z; is the z-coordinate of the first molecule, and
T12 = |r12]. From these premisses, Kirkwood and Buff did not determine
the surface tension from its thermodynamical definition as the work needed
to form a unit area of interface, but from its mechanical definition in terms
of the stress transmitted across a strip of unit width, orthogonal to the
dividing surface: in some sense, they remount to Laplace’s original view of
capillarity [49]. In fact, it is possible to arrive at the expression for v ob-
tained by Kirkwood and Buff also through the standard thermodynamical
avenue, by computing

(35) 1= (5%)

where F is the Helmholtz free energy, A is the area of the dividing surface,
and the subscripts mean that differentiation should be computed at con-
stant volume V', temperature T, and mean number of particles N. It turns
out that the derivation based upon (3.5) is more general than the original
approach discussed in [48] since, as proven in [50], the molecular pressure
tensor employed by Kirkwood and Buff lacks of uniqueness: fortunately,

V,T,N
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this feature does not affect the expression of 4. Hence, regardless of the
avenue that is followed, the surface tension can be given in the form

1 [+ )\ )
(3.6) v = Z / d21 /d’l"127‘12 1- 3-—2— u (7‘12)9 (7‘12, 21) ’
—00 T12

where u is the pairwise intermolecular potential that depends only on the
relative distance r12 between the two molecules, and a prime denotes dif-
ferentiation with respect to r12: for a clear derivation of (3.6) from (3.5),
see Chapter 4 of [41]. Though compact, Equation (3.6) is not easy to
compute, as it requires knowledge of the intermolecular potential and the
two-particle density. Partial simplification can be obtained by invoking
Fowler approximation, according to which the density of the the vapor
phase is neglected (see §4.1.2 of [41]). Even in that case, however, the
evaluation of 7 requires a delicate machinery to deal with the two-particle
correlation function. Apart from computer simulations, progress in this
field was made possible by use of perturbation schemes, according to which
a reference intermolecular potential is singled out while the remaining part
of the potential is treated as a perturbation. Though more schemes are
possible, the Weeks-Chandler-Anderson approach [51] has been the most
influential and, besides several applications to bulk properties of homoge-
neous fluids, it was applied by Kalikmanov and Hofmans [52] to obtain an
analytic expression for the surface tension of a Lennard-Jones fluid at the
planar interface with the vapor phase: a detailed account of the perturba-
tion approach in the statistical mechanics of fluids can be found in Chapter
5 of [41].

The second microscopic way to surface tension is based upon van der
Waals theory that postulates a free energy density 1 which depends on the
local mass density o(r) and on its squared gradient. If no external field
acts on the fluid, the Helmholtz free energy F can be written as

F= [roerav = [ {wietr)+ 3Aer)ver)? fav

where 1(p) is the free energy density of a uniform fluid with density o:
hence, the first term in F is the extension to the non-uniform case of the
free-energy density of a uniform fluid, while the second term accounts for
spatial inhomogeneities of the density profile. It was a major achievement
of [49] to prove that the coefficient A(p) is related to the direct correla-
tion function. In this approach, the surface tension arises naturally as a
byproduct from minimization of F under the constraint that the system is
closed. If o(r) is the density profile that minimizes F, and the interface is
the plane z = 0, the surface tension 4y can be written as

b
0= [ Al @)z,
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where a and b are values of the coordinate z in the bulk phases.

With the extension of van der Waals theory in [49] we are entering a
broad area of intensive research in non-uniform fluids that makes use of
the density functional theory. Since entering the details of this approach
would take us too far, we content ourselves with a cursory mention to its
existence, referring the interested reader to the reviews [53, 54, 55], and to
Chapter 9 of [41].

4. Modelling line tension. It is now time to see how the strategies
employed to study the transition layer and to obtain information on the
surface tension work when applied to a three-phase contact region, with
special emphasis on the predictions concerning line tension. As remarked
in the Introduction, the line tension was introduced by Gibbs [1] in the
same spirit as surface tension. At a formal level, Gibbs prescriptions were
generalized by Boruvka and Neumann in {14], who considered a line energy
excess depending also on the geodesic and the normal curvatures of the
contact line C, thought of as a curve belonging to any of the three coexisting
phases. Moreover they also included a dependence on the contact angles
between the intervening phases. This theory takes care of the deficiencies
of (1.2) by adding curvature terms to penalize from the beginning the
onset of wiggly destabilizing modes. However, it is difficult to manage this
theory in its full generality. On the other hand, we also mention that the
use of free-energy densities depending on curvature has been questioned
by Sagis and Slattery who, in the continuum theory developped in [56,
57, 58], claimed that no contributions in either the surface- or the line-
energy density depending on curvatures should arise at all. They formally
proved that the presence of curvature terms would be incompatible with
the fulfillment of the entropy inequality which, in the spirit of Coleman and
Noll theorem [59], acts as a constraint on constitutive assumptions. As far
as I know, no attempt in confirming or disproving the results of Sagis and
Slattery has been made.

The theoretical approaches to line tension can be divided [4] into two
categories, as local and non-local. In a local approach the intermolecular
forces are accounted for only in the narrow region where the three interfaces
meet together, while in a non-local approach intermolecular forces are also
considered beyond that region and, moreover, effects due to the global
shape of the droplet are incorporated in the treatment. It should be noted,
however, that several assumptions are made in both approaches which make
straightforward comparisons difficult. For instance, effects of gravity can be
neglected; the droplet cap be imagined in equilibrium with a thin fluid film
or not; predictions are often made for droplets of infinite size, more similar
to a wedge, and so on. It is important to realize this, since different models
often lead to drastically different conclusions concerning line tension.

All microscopic models consider the distortions of the droplet’s shape
in the three-phase region as the key factor governing the line tension, as
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FIGURE 2. Distortion suffered by the liguid droplet L, here sketched as an infinite
wedge, in the contact region, where it meets both the substrate S and the vapor phase
V. Macroscopically, the droplet is seen to meet the substrate at P, hence forming a
macroscopic contact angle 9.. However, at any point Q = (z, h(z)) lying on the real,
distorted profile of the droplet, the microscopic contact angle is 9(x).

stressed by [6], [10], and [58]. This makes the analysis more difficult than
the parallel one performed for surface tension, as was clearly stated by Buff
and Saltsburg [60] who extended the capillary approach to three-phase con-
tact. In [60] they noted that in the transition region “the distribution of
matter becomes more diffuse and the physical basis for parallel dividing
surfaces breaks down.” (p. 27 of [60]). To overcome the difficulty they ex-
trapolated not only bulk energies, as done to define surface tension, but also
surface energies, ascribing the excess energy to the contact line, according
to Gibbs’s prescription.

The distortions of the droplet’s shape lead, for instance, to distinguish
between a macroscopic contact angle obtained by extrapolating the macro-
scopic shape of the drop up to the substrate, and the microscopic contact
angle, bound to follow the distortion of the droplet’s profile up to the sub-
strate (Figure 2). Sagis and Slattery [58] use a perturbative approach to
arrive at the droplet’s shape by distinguishing an outer problem, where the
profile is dictated by Laplace equation and so the effects of intermolecular
forces in the three-phase region are neglected, from an inner problem, where
these forces enter the equilibrium equation obeyed by the profile through
a suitable potential that incorporates, besides gravity, the effects of van
der Waals-London forces, while double-layer, steric, and structural forces
are neglected. Not surprisingly, the perturbation parameter involves the
strength of long-range intermolecular forces. The geometry of the three-
phase region is carefully analyzed by Babak [10] from a slightly different
perspective, as he is more concerned with situations in which the droplet
is in equilibrium with either a thin fluid film or a thick fluid layer. Con-
sequently, he considers three regions to be matched together by resort to
suitable boundary conditions: first, there is a Laplace (outer) region, where
the profile, in the absence of gravity, is a sphere. The réle of intermolec-
ular forces is particularly relevant in the transition region that mediates
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between the Laplace region and a further flat region, where the drop sits
upon the film or the layer. In the transition zone, the contact angle gradu-
ally passes from its macroscopic value to zero. Using a different approach,
Solomentsev and White [6] do not assume in advance that the droplet is
in equilibrium with a fluid film on the substrate, and use the profile of the
Laplace region as an asymptotic shape. In passing, we note that in all these
approaches the solid substrate on which the droplet lies is planar.

Solomentsev and White [6] locally modelled the profile of an infinitely
large drop by its height h(z) over the substrate, of which z is the abscissa.
The interaction energy between the vapor and the fluid phase close to the
substrate is modelled by resorting to the Derjaguin approximation, accord-
ing to which the interaction energy per unit length Eszy (h(z)) is in fact
the interaction energy between “plane parallel half-spaces of substrate and
vapor phases, separated by a distance A of the liquid phase” (p. 123 of
[6]). Embodied in Egry(h(z)) are contributions due to van der Waals,
steric, and structural forces, besides possible terms due to density varia-
tions. However, use of the Derjaguin approximation limits predictions to
small values of the macroscopic contact angle 9,.

In these approaches, the way to line tension is twofold. From one side
[10}, [58], the balance equations obtained at the microscopic level are recast
in a form which allows identification with the macroscopic definition of line
tension based on the functional (1.2). On the other hand, it is possible
to determine the droplet’s profile as the minimizer of the Helmholtz free
energy F per unit length of the contact line that models the free energy
stored in the three-phase region [6]:

F=F+ /oo[’YLV + Espv(h(z)](1 + h?(x))/2dz + zo(vsv — vsL) -

Here, Fp contains all contributions independent of the droplet’s shape, and
Tp is the value of z at O, where the real contact line, that can be ap-
preciated only at the microscopic level, meets the substrate (see Fig. 2).
By minimizing F, Solomentsev and White obtained that the microscopic
contact angle should vanish at z = z¢. Curiously, we mention that [58]
attributed discrepancies between their theoretical model and experimen-
tal results to the assumption of vanishing microscopic angle. When the
droplet’s profile h(z) has been obtained from this variational analysis, the
line tension 7 is defined as the energy difference (per unit length of the con-
tact line) between the microscopic and the macroscopic profiles and can be
calculated as

_ v
cos ¥,
-+00
» / {Eva(h(fL‘)) (2 + ESLV(h(x))) + (.’Ep _ 1’-0) sin? "9c} dz,
o YLv v

where zp is the value of z at which the extrapolated contact line meets
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the substrate. Solomentsev and White obtained negative values for 7 by
taking, as an illustration of their method,

AsLv

where Aspy > 0 is the Hamaker constant (see Chapt. 11 of [61}), and kg
is a suitable cutoff length that measures the range of the forces involved in
the interaction. It should be noted that, although this simplified example
does not account for steric and structural forces, it maintains reference to
the multi-body effects associated with the dispersion forces. It should also
be remarked that [6] was also concerned with the finite-size effects of the
droplet showing that the infinite-drop model is inadequate only when the
radius R of a spherical drop is comparable with ho. The approach of [6]
retains many features in common with the interface displacement models
which were discussed by de Gennes (see §II.D of [62]) and then applied
extensively to study line tension (see, e.g., (7, 8, 63]). Here, the free energy
per unit length of the contact line of an infinite droplet sitting on a flat
substrate and in equilibrium with a thin liquid film of width h; is taken as

(4.1) QA = / [7—;‘-’- (%@)2+V(h(z))] dz.

The quadratic term in dh(z)/dz penalizes changes in the interface area and
so accounts for distortions near the contact region, while V(h(z)) is the
interface potential which embodies intermolecular interactions: the equi-
librium profile h(z) is the minimizer of (4.1). The line tension is then
obtained by replacing h.(x) into (4.1), and can be recast as

+o0
r= oy [ [P - VE]ah,

where F = limp, 400 V(h). In [8], 7 was computed for systems with long-
range forces such that either

(4.2) V(h) = E+B(h~% —ah™?)
with 3 and a positive constants, or |
(4.3) V(h)=E+Bh 2 -2r3+h™%):

while for (4.2) the line tension is always negative, for the choice in (4.3)
line tension turns from negative to positive on decreasing the macroscopic
contact angle.

As already remarked, Solomentsev and White [6] did not assume the
existence of a thin liquid film in equilibrium with the droplet and, in turn,
they obtained a necessary condition for this to happen. However, when
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such a film exists, the energy density Espy (h) is related to the disjoining
pressure II(h) of a film of height h through

_OEspv(h)

I(h) := o

The effect on line tension due to the profile of the disjoining pressure
isotherm IT against h is the major concern of Babak’s generalized theory
[10] which aims at mediating between two extreme models that view the
adsorbed film in equilibrium with the droplet either as an idealized surface
of zero thickness, or as a layer of thickness Hy. Babak’s theory points out
the crucial réle played by the profile of II(h) to distinguish between the two
cases and, more importantly, it relates the predictions on line tensions to
the qualitative features of the function II(h), in particular to the presence
of maxima and minima.

The approaches illustrated so far are local, as they neglect nonlocal
contribution to liquid-liquid interactions that have been incorporated by
Getta and Dietrich [5, 64], who were motivated by apparent deficiencies in
the interface displacement model, when applied to structured substrates.
Starting form a density functional theory, Getta and Dietrich [64] concluded
that in most situations predictions based on interface displacement models
are in good agreement with the nonlocal theory which, on the contrary,
requires careful numerical analysis. In fact, resort to nonlocal models seems
mandatory only when the interface profiles are highly curved. It should
also be stressed that multi-body effects are neglected within a nonlocal
theory, while they are embodied in the simpler, phenomenological interface
displacement models (see [6, 7]).

To close this section, we recall that the approach to line tension via
statistical mechanics, in the spirit of Kirkwood and Buff [48], was pursued
by Tarazona and Navascués [9]. As they stressed, “The three-phase contact
line is a very inhomogeneous region |[...]. The topology of the density in
this region can be very complicated and, at present, it prevents us from
trying to determine the molecular distribution functions” that enter the
expression of the line tension (cf. p. 3116 of [9]). In fact, even restricting
attention to a straight contact line, they had to resort to a suitable form
of Fowler’s approximation to calculate the line tension of a Lennard-Jones

fluid.

5. Line tension effects on stability. A wealth of mathematical
literature exists on the equilibrium of sessile droplets and, in general, on
equilibrium capillary surfaces [39]. It is however crucial to ascertain the sta-
bility of equilibrium configurations, since only stable or, at least, metastable
equilibria can be observed. Studies on the stability of fluid surfaces appear
less frequently, especially when constraints are imposed on the free-energy
functional, that must be obeyed up to second order in the perturbation
parameter €. The special role played by the contact line can be understood
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by recalling a classical result in the theory of minimal surfaces. In fact,
Barbosa and Do Carmo [65] proved that the area functional (2.3) is lo-
cally stable against perturbations confined in a sufficiently small region of
the equilibrium surface that does not involve the contact line, supposed as
fixed. Similarly, turning attention to capillary surfaces, the local stability
of spheres was proved in [66] by limiting attention to perturbations that,
again, do not move the contact line. An important contribution to this
topic was the paper by Sekimoto, Oguma, and Kawasaki [67] who studied
the stability of several wetting morphologies, for a planar and homoge-
neous substrate, without line tension. In fact, for small contact angles,
they proved that the sessile droplet is stable against all perturbations that
move the contact line, apart from a uniform translation. Taking small con-
tact angles allowed the authors to draw their conclusion from the study of
a linear partial differential equation. Among the morphologies explored in
[67] is the fluid ridge, where a liquid is drawn along a solid wedge. This ge-
ometric setting was studied by Roy and Schwartz [68] who generalized the
problem by considering a cylindrical droplet laid on a cylindrical substrate.
The analysis employed is confined to a two-dimensional problem, and can-
not be extended to less symmetric shapes. In [68] however, a systematic
exploration of the role played by the substrate’s curvature was made for
the first time. Along a different avenue, Lenz and Lipowsky [69] obtained a
general stability criterion, for arbitrary wetting morphologies, in the pres-
ence of a structured substrate. In [69] the substrate is flat and line tension
is absent, so that no effect of curvature is at play. In [20], we derived a
general stability criterion for the wetting functional (2.1) which hence in-
corporates the effects of inhomogeneous, arbitrarily curved substrates, in
the presence of line tension. Before reviewing the contents of [20], it is
worth digressing slightly to put the results in the right perspective.

In the mathematical literature, a clear distinction is made between two
concepts: stability and minimality. In fact, given a functional F defined
on a Banach space B, a point P € B is stable for F if, for all @ € B, the
function f(g) := F(P + Q) attains a minimum at € = 0. A point P € B is
a strict local minimum for F in B if there is £ > 0 such that F(P) < F(Q)
for all @ # P in B such that |{|P — Q|| < €, where || - || is the norm
in B. Considerable literature exists on the stability of capillary surfaces
lying on homogeneous substrates, mostly in the absence of gravity: see
e.g. [70, 71]. The question about strict local minima in capillarity theory
has been treated in a series of papers by Vogel [72, 73, 74], who proposed
minimality criteria arising from the requirement that the second variation
0%2F of the free-energy functional F be strongly positive, that is, there
exists a positive constant k such that §2F > k||h||s, for all A € B (see p.
100 of [75]). Invoking strict positivity of the second variation, Vogel could
elude the difficulty pointed out by Finn [76] who remarked that the mere
requirement that the second variation of a functional be positive cannot
guarantee by itself that the energy actually attains a minimum.
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In [20], we systematically addressed the stability of the functional (2.1),
leaving untouched the issue as to whether our stability criterion was related
to the minimality of (2.1). To arrive at a correct expression for the second
variation of (2.1), the crucial step was to properly take care of the con-
straints on the system, up to second order in €. Requiring (2.7) and (2.8)
suffices to obey the constraints on the system up to first order in £ but, in
general, use of a single vector field u could lead to inconsistencies when the
constraints are enforced to second order, as required in a stability analysis.
Following Peterson (77, 78], instead of (2.6) we used the following mapping

(5.1) P Pei=p+eu+ev

to perturb the shape B, where v is a smooth vector field. Imposing the
volume constraint up to second order in € requires, besides (2.8), the ful-
fillment of

(5.2) /(u diveu —u-a+2v)da =0,
s

where divsu := trVu is the surface divergence of u, a := (Vsu)Tu., and
v := v -v. Similarly, contact between the droplet and the substrate is
preserved up to the required order if

(5.3) VoV = —%u (Vv )u  on S,

is obeyed, in addition to (2.7). From (5.3), it follows that, in general, were
the substrate curved and had we chosen v = 0, it would be impossible to
ensure contact between the droplet and the substrate, up to terms quadratic
in e. After painstaking computations, in [20] we arrived at the following
expression for the second variation [79] of (2.1):

BF = /s {IVaul + @K — H+ ()3, ) }da

(5.4)
+ / {T'u,;?, — 'yﬁuf*}ds,
c

where:
VB =1(K* + %) + (Vaw - vs,) = (Vir)vs, - vs, + KgVeT - s,
(5.5) + y[H* sind. + H cos I, sindd, + K, sin? 9.

In (5.4) and (5.5) H* and K* are the total and the Gaussian curvatures
of S, 8,f := V[ - v is the normal derivative of f on S, &} is the geodesic
curvature of C, thought of as a curve on S,, the field u,, is related to u by

(5.6) u = sinVYolgu,
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and a prime denotes differentiation with respect to the arc-length s of C.
It is worth noting that 62F is independent of the field v. This is in fact
obtained by resorting to (5.2), (5.3), and to the equilibrium equations (2.9).
We can now derive from equation (5.4) a criterion for the local stability of
the equilibrium configurations of (2.1), where local stability means strong
positiveness of §2F, in the same sense previously recalled, but here relative
to the L?-norm over S. This is indeed equivalent to subjecting §2F to the
further, non-homogeneous constraint

(5.7) / ulda =1,
s

in addition to (2.8) and requiring 62F to attain a positive minimum on the
set of functions u satisfying (5.7). As is standard in such a case (see Sect.
V1.1 of [80}), we define the functional

Flu] = %[S{|Vsu|2+au2}da+A[Suda—

(5.8) 1 1
——,LL/ uzda + - /{Eus?t - ﬁuz*}ds’
2 S 2 c

where A and p are Lagrange multipliers associated with (2.8) and (5.7),
(5.9) a=2K-H+0,f,
and the ratio

(5.10) £:=—,

sets a natural length scale of the problem. Like 7, £ can be of either sign.
The equilibrium equations associated with (5.8) are

(6.11) Agu—ou—A+pu=0 onS,
(5.12) Veu-vs — x(E(xw)') — Bx*u =0 along C,

where x := 1/(sin?.). By standard arguments [20], it is possible to prove
that the least value of u for which there is a solution to Equations (5.11) and
(5.12) is also the minimum of §2F on the constraints (2.8) and (5.7). We
thus conclude that an equilibrium configuration of a droplet with energy
represented as in (2.1) is locally stable whenever the least eigenvalue p in
(5.11) is positive.

We applied the stability criterion to find out how a line tension of
either sign affects the stability of droplets laid upon a substrate. In [16]
and [36], where the substrate was assumed flat and homogeneous, we fo-
cussed attention on liquid bridges and spherical sessile droplets. In [37]
we explored the effects of the substrate’s curvature by studying a spherical
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(a)

o

FIGURE 3. (a). Sketch of a liquid bridge lying on a flat, homogeneous substrate.
The bridge is a straight circular cylindrical sector. (b). Every planar cross-section of
the bridge orthogonal to e, is a circular sector of radius R, centered at the point O.
The contact angle 9. is the angle between the substrate and the bridge’s tangent plane
along the contact line C. The points on the bridge’s profile are parameterized by the
z-coordinate along e, and by the polar angle 9. Since we imagine the liquid bridge as
infinite along e,, L is interpreted as the typical length associated with the distortion u.

sessile droplet on a spherical, homogeneous substrate. In the sequel, we
shall stress the results of [16] that are expedient to the computations of
Sections 6 and 7. The geometrical setting is sketched in Figure 3 where a
liquid bridge is modelled as a straight cylinder of radius R. Since both w
and 7 were assumed constant, we are focussing attention on the functional
F in (1.1). It is easy to prove from (2.10) that line tension does not affect
the equilibrium, since kg = 0. Once cylindrical polar coordinates (9, z)
are introduced, the eigenvalue problem (5.11)-(5.12) reduces to

1 8% 0%u 1
(5.13) ﬁw-*-@-l-(#-{- ﬁ)u+)\_0,
1 Ou &u 1
(5.14) =sin®d, — —¢ — — = sind, cosdeu(d.,2) =0.
R 09 |gs, 022],_5. R ¢

We imagine the liquid bridge as infinite along e,, and we introduce
the typical length L associated with the distortions the bridge undergoes.
Thus, it is natural to require that

(5.15) w(®,0) =u(®, L) =0, V9e[0,9,].

Limiting attention to perturbations that do not introduce further symmetry
breaking in the problem, we also impose the requirement

ou
P 19=0—0 Vze[0,L].

We look for solutions to Egs. (5.13) and (5.14) in the form

(5.16)

2nn

(5.17) u(d,2) = uo(d) + » _sin ( 7 z) un (9).
n=1
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so that (5.15) is automatically satisfied. Attention is restricted to even
modes to satisfy automatically the incompressibility condition (2.8), which

now reads
L S
/ dz/ u(d,z)dd =0.
0 0

Note that the addition of odd modes does not modify the stability threshold
[16]. Furthermore, the z—independent mode uo(¥) compatible with (5.15)
is uo(¥) = 0, whence A = 0 in (5.13) follows. By setting

(5.18) on = (QWE‘R)Z

the projection of (5.13) onto the eigenspaces corresponding to different
values of n gives rise to the following set of boundary value problems, with
neN,n>1:

{ in(¥) + opun(¥) =0 VI € (=9, 9:)
(5.19)

sin? Fetn(Fe) + [%gn — sind, cos Icjun(d:) =0
un(0) =0,

where
(5.20) on=pR*+1—p,,

and the condition (5.19)3 reflects the requirement (5.16). According to the
value of o,,, Equation (5.19); is solved by

Un(¥) = Acosh/~op¥  ifon, <0
u,(9) =B ifo, =0
U, (8) = Ccos /0,0 ife, >0,
referred to as the hyperbolic, the linear, and the circular modes. The

constants A, B, C are irrelevant in the sequel, as they are fixed by (5.7).
The stability of linear modes was readily addressed by proving that

if ¢ (%, %) > 1 linear modes are stable;

(5.21) if0< C(%,ﬁc) < 1 linear modes are unstable,
where
(5.22) C(%,ﬂc) = -?sim?c cos V..

Ascertaining the stability of circular and hyperbolic modes was more in-
volved as it required solving the transcendental equation

sin ¥,

Je

(5.23) On = 2 sin 9, [cos I +

¢ Ty tan:z:,,] =: fo{zn),
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with z, := /6,9, for circular modes, and the transcendental equation

sin ¥,

c

(5.24) On = -Igsi’n J. [cos d. — T, tanh a:n] =: fa(zn)
for hyperbolic modes, where now z,, := \/—0,9.. By (5.20) and the defi-
nitions of z,, it follows that the pairs (z,, ,,) for which

2
(5:29) n=1%(2)

correspond to 4 = 0, for either circular (—) or hyperbolic modes (+).
Hence, the parabolas (5.25) can be referred to as the marginal parabolas
for the corresponding class of modes. Then, we study the intersections in
the set

Q:= {(x'm 0n),Tn 2> 0,0n > 0} .

between f.(z,) —fa(zn)- and the marginal parabola for circular —
hyperbolic— modes. As discussed in [16], any marginal parabola divides
Q into two sets: S, and U, for circular modes, S, and U, for hyperbolic
modes. The modes associated with the sets S, and S, correspond to p > 0
and so are stable, whereas modes associated with U, and U, are unsta-
ble. It is then crucial to see whether the intersections between a marginal
parabola and f.(z,) or fi(z,), depending on the mode under study, lie in
a stable set or not. The case where there are no intersections needs further
study. In fact, if the graphs of f.(z,) or fn(zn) belong to either S; or Sy,
the modes are stable whereas, if they lie within U, or U}, they are unstable,
regardless of the values of g,. As proved in [16], different regimes occur,
according to the value of ¢ (%, 3J.), whether it exceeds 1 or not. The typical
stability diagrams for a positive line tension are reproduced in Figure 4 for
a contact angle 9. < 7/2, and in Figure 5 for ¥, € (m/2, 7). Here, the value
D of p, at marginal stability is plotted against R/£. Figure 4 shows the
stabilizing effect of a positive line tension since the larger is £, the smaller
is @, and in the limit as £ > R the size L of the destabilizing modes di-
verges. When 9, € (7/2, ), the line tension maintains a stabilizing effect,
but there always survive unstable modes over a size L sufficiently large:
precisely circular modes such that

2
< 0:: — il
2<e=1-(57)

always induce instability. As proved in [16], the classical Rayleigh insta-
bility, occurring at @ = 1 when ¥, = n/2 is recovered in the limit where
R/€> 1.

A different scenario occurs when the line tension is negative. The
stability diagram in Figure 6 shows that conditionally stable liquid bridges
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R/€
(R/€)”

FIGURE 4. In this stability diagram we plotted the value @ of pn at marginal
stability against the dimensionless ratio R/E, for 9. = 35°. When a pair (R/€, on)
lies in the set S, the liquid bridge is stable against all modes, whereas when a pair
(R/&, on) lies in the set U, the liquid bridge is unstable. The analysis in [16] proves
that, when R/¢ < (R/€)* := 1/(sind.cosV.), linear, circular, and hyperbolic unstable
modes coezist whereas, when (Rf€) > (R/£)*, only hyperbolic unstable modes survive.
When (R/€) < (R/€)* the straight-line segment o, = (R/€)sind.cos. (solid-thin
line) marks the onset of instability for both linear and hyperbolic modes. However, the
circular modes (dotted line) impose a strictier requirement on the stability of liquid
bridges. In the limit where (R/€) > 1 the instability region is bounded by the line
7 =0% := 1+ (£/9:)%, where € is the unique positive root of £tanh £ = B, cot 9.

R/¢

FIGURE 5. The value @ of gn at marginal stability is plotted against the dimension-
less ratio R/E, for 9. = 125°. When a pair (R/€, gn) lies in the set S, the liguid bridge
is stable against all the modes we have ezamined, whereas when a pair (R/€, on) lies
in the set U, the liguid bridge is unstable against circular modes. Along the curve of
marginal stability g ranges between ¢° and g™ = 1— (¢/ 190)2, where £ is now the unique
positive root of £tanh{ = —9J.cotJ.. Hence, regardless of the value of Rf€, unstable
liguid bridges always exist, provided g, is chosen sufficiently small.

exist also when the line tension is negative. The intuitive expectation that
they would be totally unstable is valid only when the absolute value of
the line tension is sufficiently large, that is, for (R/|€|) < (R/|¢|).. For
(R/)&]) > (R/|€])c, alongside the lower limit of stability g which is related
to the classical Rayleigh’s instability, there is an upper limit o* on g,
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R/[¢]

(R/I€])e

FIGURE 6. When R/|¢| > (R/|&])e ~ 20.36, there are two values g and g* of gn
that correspond to marginal stability, here plotted for 9. = 35°. When a pair (R/|€|, on)
lies in the set S, the liquid bridge is stable against hyperbolic modes, whereas the liguid
bridge is unstable against hyperbolic modes when a pair (R/|€|, on) lies in the setU: both
circular and linear modes are uneffective in this case. Clearly, the values of (R/|€|)e,
D, and g* depend on the contact angle 9.. When 9. = 35° the common value of ¢ and
0", when (R/[€]) = (R/|€])c is on ~ 14.08. Finally, the asymptotic value g™ formally
coincides with that pertaining to Figure 4.

and, hence, on the mode index n. This means that highly wiggly modes
make eventually the liquid bridge unstable; however, the corresponding
wavelength can be so short to render these modes physically irrelevant, as
is definitely the case for R/|¢| sufficiently large. When R/|€| < (R/|€])., all
existing modes are unstable; this means that a large, negative line tension
causes instability of all liquid bridges. A similar result occurs also when
9. € (7/2,7).

Hence, we clearly find a scenario coherent with the unboundedness
from below of (1.2) but, instead of seeking a different mathematical frame-
work to replace (1.2) with functionals that are bounded from below, as
done in [12], we suggest a different avenue by saying that a limitation on
the admissible perturbations should be introduced, since those with a too
short wavelength would induce a fictitious instability, occurring at length
scales where the model based on (1.1) is doubtful and where, moreover,
other stabilizing mechanisms could be at work, especially those related to
possible curvature effects on the line tension. Similar results have also been
obtained for sessile droplets on either a flat [36] or a curved substrate [37].
However, a quantitative selection rule that could rule out wiggly modes is
still lacking.
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6. Wetting transition. We just learnt that the ratio R/{ plays a
major role in the stability of a liquid bridge. However, the procedure fol-
lowed in Section 5 must be modified near the wetting or the dewetting
transition since in that case the dependence of R/€ and the contact angle
¥, on the absolute temperature T is relevant: in fact, near the transi-
tions we have R/¢ = (R/€)(T) and 9. = 9.(T). This suggests to assume
that, when 9. < 1 or 9, ~ 7, R/€ = (R/§)(J.), where the dependence
on ¥, is obtained by inverting the function 4.(T) and replacing the result
into (R/€)(T). The reader concerned with the somehow related field of
phase-ordering kinetics is referred to [81], where recent developments on
the determination of growth laws describing the time dependence of char-
acteristic length scales have been reviewed. Using a local stability analysis
near the wetting or the dewetting transition might seem inappropriate,
since most wetting transitions are first-order transitions. However, it was
recently shown experimentally [82] that light alkanes on water undergo,
under certain circumstances, a second-order (or critical) wetting transition
besides a first-order transition. Furthermore, the behavior of line tension
at wetting can be affected by the order of the wetting transition [83], and
metastable states play a relevant role in the nucleation of wetting layers
in the proximity of a first-order transition [84, 85, 86]. Hence, we think it
appropriate to use the local stability analysis illustrated in Section 5 also
close to wetting transitions.

The wetting transition separates partial wetting, in which the contact
angle of a droplet lies in (0, 7) from complete wetting in which 9, = 0, and
so a layer of fluid separates the vapor from the solid phase. We assume
that the line tension is positive, and postulate the following scaling law in
the limit where ¥, <« 1:

(6.1) ? ~ ady,

for unknown parameters a > 0 and «. Here, we aim at exploring to which
extent a scaling law like (6.1) influences the stability of a liquid bridge. To
keep our approach as simple as possible, we perform the computations for
liquid bridges.

In [16] we showed that the circular modes at marginal stability are the
pairs (z,, 0n) obtained by searching in Q the solutions of the equation

(6.2) 1- (f,f)z = fe(zn),

which gives the intersections between f.(z,) as defined in (5.23) and the
corresponding (—) marginal parabola (5.25). As remarked in the caption
of Figure 4, circular modes cannot induce instability when the function
C(%,ﬁc) in (5.22) exceeds 1. Since, by (6.1), ¢ ~ a¥2*!, we conclude that
circular modes do not induce instability at wetting, when a +1 < 0. On
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the contrary, when a + 1 > 0, we repeat the same approach as in [16] to
seek the smallest positive root Z, of Eq. (6.2) such that %, ~ 92, with
b > 0 and 8 a non negative number. The method of dominant balance (see
e.g. Chapter 3 of [87]) applied to Eq. (6.2) leads to

2
1 - 52920~ 1) = g2t [1 - % + b%fg’f’] ,

which is inconsistent, if 3 # 1. In fact, in the case 0 < § < 1, the dominant
balance would give 0 > —p2g2A-1) _ a¥2*! > 0, which is a contradiction.
On the other hand, were 3 > 1, the dominant balance would be 1 = a9%+!
which, again is not compatible with a +1 > 0. Thus, we conclude that
B =1and1-b%=a92*t! which holds, provided that b = 1. By (5.25), we

conclude that circular modes induce instability whenever
(6.3) on <ad®tl k1,

and so most liquid bridges are stable against circular modes. To gain fur-
ther insight into the behavior of Z,, we assume F, ~ ¥.(1 + d¥°), for
unknown coefficients d and § > 0. It is not difficult to prove that a consis-
tent balance follows provided that d = —a/2 and 6§ = oo + 1.

Finally, when o = -1, the balance holds if 3 =1 and b = /1 — a, and
we conclude that liquid bridges are unstable against circular modes if

(6.4) on<a<l,

To detect instabilities induced by hyperbolic modes, we repeat a pro-
cedure similar to that followed for circular modes, by solving the equation

2
z N 92 92

(6.5) 1+ (;9—:—) = a¥2*! [1 - _2_.: -(1- —Gc—)a:n tanh xn]

to find the intersection between fr(x,) defined in (5.24) and the corre-

sponding marginal parabola in (5.25). When aa+1 > 0, ¢(R/€,9.) < 1

holds and, as explained in the caption of Figure 4, liquid bridges are un-

stable against hyperbolic modes when

on < a'l93+1 <1,

that is, the same threshold as for circular modes. When a + 1 <0, we set
T ~ b9 into Eq. (6.5) where b > 0, while 3 can be any real number. In
the sequel, we will skip the details of the analysis when similar to those
illustrated in Section 3A of [16].
e a=—1. Herewe arriveat 3=1,and b=+/a — 1. Werea < 1, we
should have ¢ (%,1%) < 1, falling in a case already shown. Thus,
we conclude that instability occurs when

on<a.
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(6.6)

(6.7)

MODELLING LINE TENSION IN WETTING

e a € (=3,-1). The dominant balance 5292%~1) = qyo+! leads
tob=aand 8 = ﬁ"—‘zﬁ € (0,1); correspondingly, the instability
threshold has still the form

on < a¥otl,

e o = —3. In this case 3 vanishes and b is the unique positive root of
the transcendental equation b2 = a(1 —btanhb). Instability occurs
when

on < b%972.

e o < —3. It is possible to show that the assumption Z, ~ bJ9?,
B # 0, leads to an inconsistent balance. Setting 8 = 0 yields a
consistent balance, provided that b is the unique positive root of
the transcendental equation

btanhb=1.

By inserting the ansatz T, ~ b+ ¢¥7, with v > 0, into Eq. (6.5),
and using Eq. (6.6), we arrive at

2
1452972 4 2bed? 2 4 292070 = m??"‘l{ - % — bwz} i

A consistent dominant balance 9,2 = —acy2+1+7 requires v < 2,
whence ¢ = —b/a, and v = —(a+3) € (0, 2) follow. Hence, we can
account for scaling laws (6.1) with o € (—5,—3). When o < -5,
we have to set vy =2 and ¢ = —él—b, so that the coefficient in front
of 923 on the right-hand side of (6.7) vanishes. Moreover, we
need further refinement of the putative behavior of F, by setting
Tp ~ b — (3/b)9%(1 + d9?), and then iterating the procedure. Fur-
ther refinements are needed as soon as @ = —7,-9, and so on.
Though involved, this procedure always yields the same instability

threshold
on < b2'l9c_ 2

regardless of the value of & < —3. It should be noted that this
procedure works under the assumption that no corrections arise
due to further terms in the expansion of £. However, were these
corrections taken into account, the threshold on g, would not be

affected.

Finally, Equation (5.21) guarantees that linear modes can induce in-

stability when o + 1 > 0. Precisely, if « = —1 instability occurs when
on < a < 1, while, if @ > —1, instability occurs when g, < a¥92*!. The
table in Fig. 7 summarizes the outcome of the analysis. The remarkable
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a
(~00,—3) -3 (-3,-1) -1 (—1,400)
modes
circular stable stable stable pn<a<l on < a¥2t?
linear stable stable stable gn<a<l on < a¥2t?
hyperbolici g, < b%977%,| gn < B297%, on <@ttt  en<e, on < adH!
btanhb =1 a(l —btanhd) = b* Ya>0

FIGURE 7. Instability thresholds when the line tension is positive. The values of
gn corresponding to unstable equilibria against a specific class of modes are tabulated
for all the values of o in Eq. (6.1).

result shown here is that instability thresholds closely follow the behav-
ior of the scaling law (6.1) only when & > —3 while, when a < —3, the
thresholds saturate at 29,2, exhibiting a universal behaviour.

As explained in [16], when the line tension 7 is negative, we can limit
attention to hyperbolic modes whose behavior, setting (R/||) ~ a9 with
a > 0, is dictated by

2 2 2
x_"l_ — 99+l & _ _ 19_4:
68) 1+ ( 196) S— [1 “ (1 x )zn tanh mn] ,
a slight modification of (6.5). When o < —3, Eq. (6.8) has no positive root
Tn ~ b2, with 8 > 0. Assuming T, ~ b+ 97, with v > 0 yields

1+ 62972 + 2bed)~2 + 2920~V
2
= —a92H! [1 — btanhb — %(

1+ btanhb)
3

(6.9)
—c¥7[tanh b+ b(1 — tanh? b)]]

which has the same structure as (6.7), and can be studied in a similar
way. As a result, when o = —3 two positive, finite roots T ~ b, and
5%2) ~ by > by exist, where b; are the positive roots of the transcendental
equation b> = —a[l — btanhb]. Liquid bridges are unstable when either
on < 63972 or g, > b39;2. When o < —3 (6.8) has still a finite root
i,(}) ~ b, where b is the unique positive root of the transcendental equation
btanhb = 1. Moreover, (6.8) has a further root %, ~ b9, provided
that 81 = —(a+ 3) < 0, and b; = a. Finally, the same argument can be
used to prove that (6.8) has no positive root z,, when o > —3 and so,
as discussed in Section 5, liquid bridges are unstable against hyperbolic
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«a
(_007 _3) -3 (_31 +°°)
modes
circular do not exist do not exist do not exist
linear do not exist do not exist do not exist
hyperbolic] o, < 5292, on < U392, on > b397° unstable
btanhb=1; —a(l —bitanhb;) = b2, b < by
on > a2gXet?)

FIGURE 8. Instability thresholds when the line tension is negative. The unstable
sets of on for a specific class of modes are tabulated for all the values of « in Eq. (6.1).
When a > —3 hyperbolic modes induce instability regardless of the value of gyn.

modes, regardless of the value of g,. On the other hand, when a < 3,
liquid bridges are unstable when either o, < b%9.2 or g, > a292(+D,
The results we obtained are summarized in Fig. 8.

7. Dewetting Transition. The dewetting transition corresponds to
the case where ¥, ~ m: it separates partial wetting from the situation
in which the liquid does not wet the substrate at all. Apart from minor
changes, it can be studied in the same way as the wetting transition. As
usual, we first suppose that the line tension is positive. Since ¥, ~ m,
we already know from the general analysis of Section 5 that only circular
modes can induce instability, and so we can restrict attention to Eq. (6.2)
which now, by setting 9. = ™ — £, can be recast as

z2 2 R e ¢ €
(7.1) 1—;(14—;)——E-e[—1+?+;(l+;)xntanxn].

Starting with positive line tension, we now assume

R {3

(7.2) ¢ ae

with @ > 0, and look at the asymptotic behavior of the smallest positive
root T, of Eq. (7.1). As aresult, T, cannot tend to 0, since the inconsistent
dominating balance 1 = —ae®*+! would follow. Similarly, assuming Z, ~
¢ # m/2 would also lead to an inconsistent balance. Thus, we are left with
T, — m/2. The value of a affects the rate of convergence of Z,, to /2, but
does not affect the instability threshold which is then independent of the
scaling law (7.2). Indeed, instability occurs when p,, < %.
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When the line tension is negative, circular modes should satisfy the
equation

z2 2e R € €

™

Again, using the general case treated in Section 5 as a guide, and setting
]% ~ ag*, we conclude that if o + 1 > 0, and so ae**! < 1, instability

occurs whenever g, < ae**!. On the other hand, if @ + 1 < 0 Eq. (7.3)
has a unique root in the interval [0,7/2]. It is not difficult to prove that
if either z,, — 0 or =, ~ £ # 7 /2, an inconsistent balance would follow
so that we are led again to suppose that z, — 7/2: from this point on,
the analysis follows the same avenue as for positive line tension. The case
where @ = —1 requirés g, < a for instability to occur, regardless of the
value of a > 0.

By use of {5.21), it is easy to prove that linear modes cannot induce
instability when o < —1. On the contrary, when a = —1 they induce in-
stability for liquid bridges such that g, < a < 1, whereas they are harmless
when a > 1. Finally, when a > —1 instability against linear modes occurs
when p < a92t1,

As to hyperbolic modes, we have to study the equation

2 9 2
(74) 1422 (1 + —E) = ae®tl [1 ~S 42 (142) 2. tanhzn]
T m 2w T

which, again, gives rise to two different regimes according to whether o +
1<0or a+1 > 0. In the former case ac®*! > 1 and Eq. (7.4) has a
unique root. By supposing z, ~ be~#, for positive constants b and S, the
dominant balance yields

b2

—¢e7% = ggt! [1 + 251"5]
7r T

and three cases arise.
e a = —3: we need to impose a +1 = —28 = —2, so that 8 = 1,
while b is the unique positive root of the equation b%/[r(b+7)] = a.
Whenever g, > (b/'zr)2 €~2, liquid bridges are unstable.

e a € (—3,—1): the dominant balance now reads

b2
— £ = get!

T2

from which we obtain b = m/a and 8 = —[(1 + a)/2] € (0,1).
Instability occurs when g, > ag®+!.
e a < —3: the relevant dominant balance is

b 2
(_) e~ 2B — gea—F+2

m
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a
(~00,-3) -3 (-3,-1) -1 (=1, +00)
modes
circular <% on <% on <2 on<a, on S agt?
Ya>0
linear stable stable stable on<ax<l On < a9t
hyperbolid g, > ag?et? | g, > (%)25—2, Oon 2> ac®t| gn2a, ifa>1, unstable
- :ib —a unstable, if a € (0,1)

FIGURE 9. Instability thresholds are tabulated, for all the values of a in Eq. (7.2),
and for circular, linear, and hyperbolic modes. Here, we are near the dewetling transi-
tion and the line tension is negative.

whence b = 7@ and 8 = —(a +2) > 1 follow. The bridges
satisfying o, > ac?(**2) are unstable.

When o = —1, instability occurs for g, > @, if @ > 1, whereas all
liquid bridges are unstable against hyperbolic modes if @ € (0,1). Finally,
when a > —1 the same analysis just performed makes us sure that Eq.
(7.4) has no roots, and so all hyperbolic modes induce instability. Fig. 9
summarizes the outcomes just illustrated. In general, while linear modes,
when they exist, induce an instability threshold that mirrors the scaling
law chosen in (7.2), for circular and hyperbolic modes this is true only up
to a certain extent: & > —1 for circular modes, a < —1 for hyperbolic
modes. Otherwise, the modes induce an instability threshold independent
of the choice made in (7.2).

8. Conclusions. In this paper, we reviewed some topics concerning
line tension modelling in the wetting science. We stressed how line tension
affects both the equilibrium and the stability of a sessile droplet laid on
a rigid substrate. In particular, we reviewed recent work on the stability
of liquid bridges that confirmed the crucial role of the sign of line tension
on stability. In fact, when line tension is negative, destabilizing modes
always exist. However, the unstable modes involve wiggly corrugations of
the contact line that manifest themselves at a length-scale that could be
smaller than the length-scale at which the model we adopted is reliable.
This calls for an effective criterion that can rule out from the beginning the
perturbations that are too wiggly to be physically meaningful: as far as I
know, no precise, quantitative criterion has been proposed. The computa-
tions illustrating the behaviour of liquid bridge close to either the wetting
or the dewetting transition reveal that information on the stability of lig-
uid bridges could be used to infer the relation between line tension, surface
tension and the contact angle close to the transition. As a result, we proved
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that the instability thresholds follow the scaling law only up to a certain
extent, while they exhibit a universal behaviour when the exponent o in
(6.1) ranges suitable intervals.
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VARIATIONAL PROBLEMS AND MODELING OF
FERROELECTRICITY IN
CHIRAL SMECTIC C LIQUID CRYSTALS*

JINHAE PARK! AND M. CARME CALDERER!

Abstract. This article deals with modeling and analysis of chiral smectic C liquid
crystals and their ferroelectric phases. The polarization field plays an important role in
the problem. The total energy of the smectic C* contains the Oseen-Frank free energy
of the nematic, together with smectic terms quadratic in the second order gradients of
the complex wave function describing smectic layering, and expression for the surface
energy. In addition, the polar self-interaction is taken into account, together with the
electrostatic energy associated with an external electric field. The case of spatial variable
electric fields is also addressed. Stability properties of the solutions are discussed to
determine the interplay between the surface and electric energy terms. The physically
relevant boundary conditions of the admissible fields bring out analogies to the problems
of vortex tubes and vortex sheets in fluid mechanies.

Key words. Liquid crystals, smectic C*, chiral, ferroelectric, minimizer, electric
field, surface energy.

AMS(MOS) subject classifications. 49J40 (Variational Methods), 49J45
(Methods of semicontinuity; relaxation), 76A15 (Liquid crystals), 82B21 (particle sys-
tems, continua), 82D45 (Ferroelectrics).

1. Introduction. In this article, we study chiral smectic C liquid
crystals and their ferroelectric phases, addressing the roles of the flexoelec-
tric and spontaneous polarizations. We investigate existence of energy min-
imizers, their characterization, and discuss stability properties of critical
points of the energy in order to examine the relationship between applied
electric fields and surface energy contributions.

We will use the conventional notation C* to denote smectic C liquid
crystals with chirality. Upon lowering the temperature, the orientationally
ordered nematic liquid crystals develop positional ordering of the molecular
centers of mass forming smectic phases. In the smectic A, molecules tend
to orient themselves perpendicular to the layers. In the lower temperature
smectic C phase, the average angle of molecular alignment with respect to
the layer normal takes values between 20 and 35 degrees. This angular tilt
is responsible for electric polarization; in smectic C, the polarization field
P is perpendicular to both the nematic director n and the layer normal
Vw. The scalar field w denotes the phase of the complex order parameter
1 = pe™ that describes the layer structure: layer locations correspond to
level surfaces w = constant; p represents the density of molecules arranged
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(jinhae@math.umn.edu and mcc@math.umn.edu).
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in layers.

Some smectic phases are also chiral. In addition to layer ordering,
smectic C* molecules may tend to follow a helical pattern with the polar-
ization vector field varying periodically in space. This may yield a zero
average polarization. However due to an electric field effect or to surface
interactions, the helix may be suppressed, inducing uniform or splayed
ferroeleetric phases with nonzero net polarization [22]. In display applica-
tions, the oppositely polarized ferroelectric states allow the bistable switch-
ing such as in the case of the surface stabilized ferroelectric liquid crystal
(SSFLC) device [5).

The total energy of the problem consists of several parts: the Oseen-
Frank free energy of the nematic, the smectic, the surface energy, the polar
self-interaction energy, and the electrostatic terms associated with an ap-
plied electric field.

We model the smectic free energy according to the covariant Ginzburg-
Landau form developed by Chen and Lubensky [3] that applies to both
smectic types, A* and C*; such functional contains terms quadratic on the
gradients of ¢, with temperature dependent coefficients. In the case of
the smectic A, the energy is minimized with n parallel to the layer normal
Vw, and with the wave number equal to the material parameter q. The
energy functional may fail to be positive definite at temperatures below
the transition from smectic A to smectic C allowing for minimizers with
n tilted from Vw. For the problem to be well-posed, one approach is to
allow quadratic terms on second derivatives of ¥ [3, 15]. The covariant
nature of such gradients brings the term |At|? rather than the full second
derivatives matrix. However, we show coercivity of the higher order energy
within the class of fields satisfying physically relevant boundary conditions
on a bounded domain. One such class of boundary conditions corresponds
to the layers reaching the boundary in a perpendicular fashion, with the
prescribed wave number. For another class, the layers reach the boundary
in a tangent. The first case corresponds to the geometry of the Clark-
Lagerwall effect in ferroelectric displays [5, 11, 24].

We need the requirement that the boundary of the domain is piecewise
smooth, in order to treat configurations without point defects. Moreover,
we also assume cylinder-like geometries. Specifically, the domain and its
boundary can be accurately described by a vortex tube and by a vortex
sheet, respectively, with boundary conditions for Vw being analogous to
those of the vorticity field in fluid mechanics [4].

In addition to including an intrinsic cholesteric twist contribution, the
Oseen-Frank energy also involves the analogous term to account for intrinsic
bending not usually found in nematic modeling [7]. The latter results from
the molecular structure that induces polarization and enters the model
through the bending energy term Kin x {V x n) + PJ?. Specifically, P =
Po}g‘:’)—iﬁ; the significance of P, is discussed later. Although the interaction
between P and an applied electric field may be large in comparison with
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the dielectric term of ordinary nematics, it may not be sufficiently large as
to justify the inclusion of self-interacting effects. This case corresponds to
flexoelectric polarization with Py being a material constant. Most studies
of ferroelectricity of smectic C* liquid crystals are consistent with such an
approach. The treatment presented in this article includes energy of self-
interaction, and thus allows for spontaneous polarization; Py is thus taken
to be a field of the problem.

We also carry out asymptotic characterizations of the minimizers as
relevant energy coeflicients become unbounded. For instance, the unbound-
edness of Ky and K3 as the temperature approaches the transition value to
smectic C* yields helical configurations. The unboundedness of the smectic
coefficients C, = €} — C1 and D give uniform layer structures. Likewise,
the unboundedness of K at temperature lower than the smectic A to smec-
tic C transition produces ferroelectric states.

We finally give a survey on stability results to see how the competing
effects of the surface energy and electrostatic energy determine the transi-
tions between helical and ferroelectric phases [8, 9, 10, 19, 20, 21].

Although the net polarization of the C* phase is nonzero, it is not
felt in the environment. This is a main difference between ferroelectricity
in liquid crystals and in solids: the force on the boundary of a polarized
domain is not zero, whereas no force is measured in the case of the liquid
crystal. The latter is due to a rearrangement of charges (not occurring in
solids due to the much more rigid structure and location ordering) on the
bounding plates that exerts a force opposing that of the polarization.

Mathematical analysis of the phase transitions between chiral nematic,
smectic A*, and C* liquid crystals has been carried out by Joo and Phillips
[13]. For analysis of the phase transition between chiral nematic and smec-
tic liquid crystals, with a special emphasis on the analogies of the transition
between conductor and superconductor as proposed by de Gennes [7], the
reader is referred to the article [1]. For comprehensive treatments of the
physical phenomena and modeling of ferroelectric liquid crystals, we refer
to the books by Lagerwall [14], Pikin {22], and by Musevic, Blinc and Zeks
[16]. Studies of periodic ferroelectric and antiferroelectric phases and anal-
ysis of time dependent problems arising in switching are carried out by the
authors [18].

2. Free energy functions of smectic materials. Equilibrium con-
figurations of a smectic C* liquid crystal subject to an applied constant
electric field E correspond to quadruples of fields (¢, n, E,P) such that
Pp:N=-Cn:N-8E: Q- R? and P: Q — R? that minimize the
total energy,

(21¥(¥,n,P) = /Q[FN(Vn, n) + Fsm(V29%, V), Vn) + Friec(n, E, P)

+Fpo(n, P, VP, V)|dx + / Fsury(n, P, ) dS,
a0
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where Fy, Fsm, Fsyry denote the Oseen-Frank, the smectic, the surface en-
ergy densities ([6], page 99), and Fgie., Fpo are energy densities associated
with the electric field and polar self-interaction, respectively.

2.1. Nematic and Smectic free energy. The Oseen-Frank free en-
ergy density is given by

Fn=Ki(V-n)?+K,n - Vxn+7P¥+Ksnx(Vxn)+bxn|
(22)  +(Kz+ Ky)(tr(Vn)? - (V-n)?).

where K;,1=1,2,3,4 denote elasticity constants. The scalar 7 represents
the chiral pitch of the helical structure of the cholesteric phases, and b x n
is an intrinsic bending stress. The vector b is parallel to the layer normal,
Vw. Such a term appears only in connection with the modeling of the
smectic C* since nematics with intrinsic bending have not been observed.
Both quantities result from the loss of mirror symmetry of the smectic C*
phases. The fourth term in Fy is a null-Lagrangian; its integral is deter-
mined by n on 8§). The free energy density associated with the smectic
layering follows the covariant form presented in [3]:

Fsm = D(D*y)(D*¥)* + [C)jnin; + C1(di; — niny)|(Di)(D;¢)*
@3) il + St

with D = V —ign and r = (T — T*),a > 0; here T denotes the (constant)
temperature of the material and T* is the transition temperature from
nematic to smectic A. The model (2.3) yields the de Gennes model for
smectic Ax when C)) — C, = 0 and D = 0. The smectic C phase is
characterized by

(2.4) C, <0.

Moreover, C; > 0 in the smectic A* and C; = 0 characterizes the transi-
tion to smectic C. Equivalently, (2.3) can also be written as follows:

(25)  Fsm = DID*pI* + CLIDY + Caln - DY + riwf? + Jjul*

Remark. The first term in (2.3) is obtained from reference [15] and is a
modification of D (d;; — nin; ) (6 — neny)(D; D) (D Dy)* in the original
Chen-Lubensky model. The purpose of introducing the new term is to
obtain coercivity of the energy.

2.2. Flexoelectric and Spontaneous Polarization. The presence
of the intrinsic bending in the smectic C phase causes the material to be
polarized. The polarization field P, the volume dipole density, is given by

bxn
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where P, is a material parameter. We observe that such a polarization is a
secondary field determined from the geometry of the director and the layers;
this type of ferroelctricity is usually known as improper {22]. However for
some smectic materials the modulus of P is so large that the equivalent
point charge distribution, —V - P, generated by the polarization cannot be
neglected. Then the energy associated with the charge distribution has to
be included in the model. Although the direction of P is still as in (2.6),
its modulus Py becomes a variable of the problem. In such a case, |P}is a
variable of the problem, and we represent P as follows:

Vw x n
|Vw x nl|’
2.7 [P| =0, if Vwxn=0.

P = |P| if Vwxn#0

One important difference between ferroelectric smectics and solids is the
freedom of the polarization field to rotate in the layer plane in the former
(P is a Goldstone variable) as opposed to taking specific values determined
by the solid lattice [14]. Because of this vectorial symmetry the energy
density of the field P contains, together with the term (V - P)2, a term of
the form {VP|? which penalizes interfaces in the material:

Fpol = PQ[B1|VP|2 + Bziv . P|2 + aolPlz + b()lPI4
(2.8) +6l2|(1vw « nf)P — [P|(Vw x n)[2],

where B; > 0, B; > 0, p, > 0, ap and by are temperature dependent
parameters.

The last term of the previous equation penalizes departure of P from
the parallel direction to Vw x n, in the case that Vw x n # 0. One can use
P—|P %z—:sﬂz as a penalty term, but it may cause a discontinuity of P
when Vw xn=0.

2.3. Anchoring Energy. The presence of a nonzero polarization in-
duces a surface charge on the boundary which, in turn, requires an opposite
charge layer in the bounding plate; likewise, an analogous layer if the lig-
uid crystal is surrounded by fluid. This boundary effect can be taken into
account through an effective anchoring energy, which depends on the po-
larization. We also include a quadratic term in the polarization to account
for the Rapini-Pouplar anchoring energy [7, 14]:

P P.v)?
(2.9) Equrf = /{m (wp(1 - —lP—”) (i = ¢ |P’2) )
(2.10) +wn(l — ao(n - v)?) dS,

where wy,wn,wp and Jag| < 1 are material constants, and » denotes the
unit normal to the surface.
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2.4. Electrostatic energy. The electrostatic energy is given by

211) Feiee=—3D - E,
(2.12) D=¢E+P,
(2.13) e=¢e,;l+e,n®n,

where €, € 1, and £, denote the susceptibility tensor, dielectric permittivity,
and dielectric anisotropy, respectively. Note that (2.11) can be written as,

Fglee = —%(EE+P) -E
= ——%((sll+san®n)E+P) ‘E
(2.14) = —%(EL]E|2+sa(n-E)2+P~E).

In the case of variable electric fields, the total energy may be unbounded
from below due to the term Fgje.; we then characterize equilibrium config-
urations as critical points of £ subject to constraints

(2.15) VxE=0, V-D=0.
Assumptions on the constitutive parameters include

(2.16) g>0, ¢>0,7>0,r<0,D>0,C, <0,C, >0,
(2.17) ci 2 Ko+ Ky > ¢, Ky 2 Ko+ Ky,

(218) K3 > Ko+ Ky, 0> Ky,

(2.19) By >0,B;>0,bp>0, P, >0,

(2.20) wp >0, wp >0, w, >0,

where ¢; and ¢y are positive constants. The latter inequalities are necessary
conditions to ensure coercivity of the energy [1].

3. Existence of minimizers. In this section we study existence of
minimizers of the total energy discussed in the previous section. We assume
that the conditions on the constitutive parameters hold. Let £ be a simply
connected domain, either bounded or confined between two plates, Q C
{x:|z| < L}. We let the boundary boundary 9§ be C?-surface.

Let 1) = pe*”. Then

Fsm = DD + CL|D%[? + Culn - DY + rjo]? + gw

= D[(Ap - p|Vw — qn|?)* + (pV - (Vw — ¢n)
+2Vp - (Vw — qn))?*| + C1[|Vp? + p*|Vw — gn}?}
(3.1) +Cal(Vo ) + 9% (Ve - m = q)’] + 7% + .
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Prior to addressing the question of existence of minimizers, we will discuss
the type of domains and boundary conditions to consider. For this, we
review the notions of vortezr sheet and worter tube in fluid mechanics and
seek analogies with the present physics.

In three-dimensional flows, a vortex tube consists of a two-dimensional
surface S, nowhere tangent to the vorticity field £, with vortex lines drawn
through each point of the bounding curve C of §. One class of domains
that we consider have the geometric structure of a vortex tube. A precise
definition is given as follows. Let S be a plane surface diffeomorphic to a
disc Sp, and consider the cylinder S x R. The resulting tube is a three
dimensional domain diffeomorphic to the cylinder. Moreover, we take Q
to be a portion of the vortex tube, with lateral surface ¥ contained be-
tween surfaces Sy and 8,3, with contour curves C; and C,, respectively. The
vorticity field £ is everywhere tangent to X.

FIGURE 1. A vortex tube

Since in the present work we do not address defects, we construct Q as
follows. We consider a cylinder-like domain with lateral surface X having a
nonzero tangent everywhere. Cross sections of the cylinder perpendicular
to the tangent vector are two dimensional surfaces & diffeomorphic to a
circle. The cylinder-like domain is bounded by two plane cross sections &;
and &,, with unit normal vy and u,, respectively. So,

(3.2) Q= {xeR® bounded by 9N =X US, US,}.

The following lemma based on Gauss theorem motivates the boundary
conditions taken into account.

LEMMA 3.1. Let € R3 be as previously defined. Let f be a smooth
scalar function defined in §2. Then f satisfies the following identity:

[1617= [ (N v - 3V(FR) - vids
Q an
(33) + ¥ [oearn

i,j=1,2,3

Let £ > ¢ be a given constant. We require the following boundary
conditions to hold on 9%

Vw-v=00nX, Vw y=%k ons;, i=1,2,
(3.4) |[Vw]2=k%, on TUS US,.
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Such relations correspond to smectic layers reaching the boundary in a
perpendicular manner, with a prescribed wave number k. The case with
smectic layers tangent to the boundary is treated elsewhere. Moreover, for
simplicity, we restrict ourselves to the case that p is constant (say p = 1),
that is, no nematic defects are present in the sample, and rewrite the
smectic energy as follows:

C\2

— — .n)2 _ 2 4

Fsm = D(Aw — ¢V - n) +D(Ww qn| +2D)
. C

{(3.5) +Ce(Vw -mn —q) ~ Dt

The admissible set is defined as follows: _

(3.6) X = {(n,P) € Wh2(Q,82) x W12(Q, R?) : [|P||o < Po,}
(3.7) H={we W??(Q) |w satisfies (3.4) on 90N},

(38) A=HxAX,

where P, is the given polarization saturation constant depending on the
material and temperature, and & > g is a prescribed constant related to the
wave number of the layers. We rewrite the energy to minimize as follows:

€= / {Fsm(Aw, Ve, n) + Fx(P,n, Vn) + Fpo(n, P, VP, Vo)} dx
Q

(3.9) + / Fyur(n, P, v) dS.
o0

LEMMA 3.2. The admissible set A is non-empty and the inequality,

inf £mP,w)<M
(n,Pw)cA

holds for some M > 0.
We note that for all n € W12((, §?), the identities

tr(Vn)? = |Vn|? - |V xnf?, and
Vxn?=n-Vxn?+nxVxn]
hold. Using these identities, we get
Fn(Pon,Vn) = (K| — Ky — K3)(V -n)? + (Ko — K)(n-V xn +7)?
+(K3 - K)inx V xn+PJ|? + (K; + K4)|Vn|?

+K(n-Vxn+72+nxVxn+P?—- (K4 Ky)|Vxn
+Po[B1’VP|2 + lev . P]z -+ a0|P[2 + bo{Pl4

+-;2—](|Vw x n|)P — [P|(Vw x n)/?).
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We obtain the following inequalities:
KnxVxn+PP+Kn-Vxn+7)2 - (K + K|V x nf?
> K(3IV x 0P = 2% ~ 4|PP) - (K, + Ko)|V x n?

> (Cl — K2 — K4)]V X n]2 - K2(4[P|2 + 27'2)
(3.10)> —2K,(2|P[2 4 7%)

It follows from (3.10), (3.10}, and Lemma 3.1 that £ is bounded below and
coercive in A. Therefore, we have

M1 < inf  &(n,P,w) < oo, for some M; € R.
(nPw)eAd

Let {{n?, PY,w?)} be a minimizing sequence for £. Since |n?| = 1, we get

n’ = n*® in WH2(Q),
n’ — n* almost everywhere in 2, and
P/ = P> in W12(Q).

as 7 — oo. Furthermore, we have
n’ x Vxn? =n® xV xn™in L*(Q),
n’ - Vxnd —=n*®.-Vxn®in L3Q), and
n’ xVxn P! —-n®xVxn® P®in LY(Q)
as j — oo. We also show that the sequence
A o A ) 2
(|09 x 0PI - [P7|(Vio? x )| )
converges to
2
1(|Vw°° x n°)P™ — [P®|(Vw™ x n°°)j

in L1(Q) as § — oo.
Note that for all 7,

(3.11) / Vi |2 dx < 2/([ij —qn? 2 4 ¢?) dx,
o Q
and
/ iij!2x=/(|ij - gV -n? +4qV - nf|?dx
Q Q

(3.12) < 2/(]ij — gV -0+ 3V ') dx
9]
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hold. From (3.11),(3.12), and Lemma 3.1, we get
ijuwz,z(g) < R, for any j
for some R > 0, and thus

w! = w™ in W22(Q), as j — oo.

2
Since wy(1 — %'I’) +w(1 - Ql’l—';;‘—'}—) +wy(1 = (n - v)?) is continuous, it
follows that £ is weakly lower semicontinuous, that is,

Em™, P, w™®) < lim £(n?, P7, ).

300

Therefore we have the following theorem:

THEOREM 3.1. There exists a minimizing triple (n, P,w) of the energy
functional € in A. '
Remark. The proof extends with no additional difficulty to the case that
the variable p is included in the model.

4. Asymptotic form of the energy minimizers. In this section,
we aim at providing a classification of the energy minimizers previously
obtained. In particular, we wish to identify the smectic layer geometry and
identify parameter conditions leading to helical director configurations in
the bulk with zero average polarization, as well as those giving homoge-
neous ferroelectric states. For this, we will consider a rectangular domain
between two parallel plates:

Q={x=(z,y,2): 0<y,z< L, 0<z<d},

for fixed 0 < L,0 < d. Let i, j and k denote the corresponding orthonormal
system of vectors.

4.1. Helical energy minimizers. We determine the structure of
the energy minimizers (n,w,P) when K; and K3 as well as the smectic
coefficients dominate over the polar energy and surface energy parameters,
and C; < 0. Such a situation arises at temperatures below the threshold
of the smectic A to smectic C transition yielding helical configurations of
n and P. It is well known that in the higher temperature transition from
nematic to smectic A, K5 becomes unbounded and the smectic coefficient
c, >0

We take the admissible set such that

IC.| ‘1

(4.1) k=g 3D .
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We consider admissible fields such that n makes a constant angle o with
the layer normal vector Vw. We take a such that

IC.|
2Dq?

4.2 tana =

Specifically, we let
ng = (acos 2%, asin I§, ),
: a? Cy
a=sina#0, c=cosa#0, & = -HDQ ,
. cT s TZe TZ 2
Py = £ (—sin ZFi + cos Z%j),
wo=kz k=21, y=i

(4.3)

A simple calculation gives

IC L
2D’
V-n=0 ng-Vxng+7=0, |ng x (V xng)+ Po| =0,
2
V-Py=0, [VPo| = 2.
a

Vwo ‘N = g, Awo = 0, [VWQ - qng|2 =

We observe that the quantity tana = 4/ -2‘%% is of the order of tan %

according to experimental measurements of the director tilt angle. This
together with available information on the wave number ¢ in the smectic A
phase allows us to determine the relative value of the smectic parameters
|Cyi] and D.
The total energy of (4.3) is given by
C'i At 2

72 2 T
&y = de[—m + (K2 + K4)a—2 + Po—az—(Blg

2
+ag + bo%rz)] + L{Cpwp + Crw, + Crwn),

where C,., Cy, C,, are expressions involving a,c,q and 7.
We estimate the energies:
Egury 2 —(2lwp| + 2lw,| + [wal(1 + al) L2,
c3 (aopo — 4ey)?
Fop + Fn 4 Fpo) dx > —[— bt 220
/Q(s + Fn + Fpor) dx > [4D2+o o0
Letting (n, P,w) denote an energy minimizer, we get
0 < E(n,P,w) + (2lwy| + 2wr| + |wn (1 + |a])L?
2 _ 2
CL2 +bo (aopo — 4c1)
4D 4p0
< &0 + (2lwp| + 2|wr] + wn|(1 + |o])L?

c? (aopo — 4c1)* 272 _ ¢
m+b0T+2clT ]dL =(€0.

+ 2, 72)dL2.

+| + 2¢,7%)dL2.

(4.4) +[
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Note that the quantity on the right hand side of the inequality is indepen-
dent of D,C;, K, K; and K3, with the only K; constants appearing as
the sum K3 + Ky4. The following estimates follow from (4.4).

THEOREM 4.1. Let ¢ > 0,7 > 0 be fized. Suppose that the constitutive
parameters satisfy assumptions (2.16) and (2.20). Suppose that Ky, K5 >
4c; and 0 < %%—;—l; < 1. If (n,P,w) is a minimizer of £, then we get

(4.5) |(Vw x n)|P| — P(|Vw x nl)llgn < 28,
&
. [ . S
(4.6) [[Vnfz o < TR,
&
2 < 0
(4.7) InxVxn+Pl|, < AN
&
2 e 70
(4.8) In Vxn+r7llzq< O
1 2oCL &
. - —_ R D < 2
(4 g) Iquw n] 2Dq2”2,Q — Dq27
(4.10) Ve n-1B, <2 and
. 7 w-n 20> Ca, an
(4.11) VP20 < €0
' 29 =B

Next, we proceed to take limits in (4.5)-(4.10). We use the following
representation for n:

n = sinf cos Pi + sin @ sin ¢j + cos Ok,

where ¢ = ¢(z,y, z) and 8 = (x, y, z) are functions resulting from energy
minimization.

THEOREM 4.2. Suppose that the hypotheses of the previous theorem
hold. Then the energy minimizing fields (n, P,w) satisfy the following lim-
iting relations:

(4.12) Clim Vw n =g,
, ICL]
1 = ==
(4.13) lClllrEoo [Vw| =g¢q 3DE +1,
. nxk 2Dq?
(4.14) ll—I}(l)P = -COtaTm’ cota = ]C_ﬂ’
(4.15) Klim nxVxn+P=0,
(4.16) lim n-Vxn+7=0,

—00
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where K = min{ Ky, K3}. Furthermore

IC. |

4.17 Ii = 1)z,

(4.17) ol @ (q 3D + 1)z

(4.18) lim n =sinacos Iz—zi + sin arsin %zj + cos ak.
K—o0 a a

Proof. From the geometry of the domain and the boundary conditions,
it follows that Vw = |Vw|k, which together with (4.9) and (4.10) yield
{4.12), (4.13), and (4.17). Tt now follows from relation (4.12) and (4.13)
that & = « is the constant given by (4.2). These together with (4.5)
yield P = ‘Pllﬁ_:lli'f Combining this equation with (4.15) and (4.16) gives
¢ = Lz in (4.18). This also yields equation (4.14). O

Note that from the property limp_,oo{Aw — ¢V -n) = 0, it follows that
the limiting director field has zero divergence, in agreement with (4.18).

4.2. Ferroelectric energy minimizers. In the previous theorem,
the elasticity constants Ky and K3 become unbounded with respect to the
parameters of the polarization contribution to the energy. We will show
that the ferroelectric configurations

{4.19) n=x+tsinaj+cosak, P==xPFi, F= J—(;—O]
0

with & the constant in (4.14), -are limits of minimizers at the limit of K;
large, and when the polar coefficients w, and w, dominate over the twist
and bending elasticity constants, K; and Kj3. This situation occurs at
temperatures lower than those of the helical regime. The role of the surface
energy is also relevant in such a case.

Next, we take the following set of admissible fields to determine the
ferroelectric limits:

{4.20) n=+sinaj+cosak, P=+ ‘—:O—[i,
\/ 0

with 0 < a < %, and w as in (4.14) and (4.17), respectively. We find that
the energy & corresponding to such fields is:

lao |ao]

&1 = LP((Kar® + 5 Ka)d + 2wp + wr +wn — () Pr
0 (]
(4.21) —aowy, sin? a)].

Replacing €y with &1, the estimates of Theorem 4.1 hold. These allow us
to establish the following asymptotic limits of minimizers.

{4.22) V-n=0, as K; — oo,
(4.23) Vwl=%k as |CL|— oo
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Letting D — oo and taking (4.22) into account, it follows that Aw = 0.
This together with the boundary conditions on 952 gives Vw = (0,0, k),
with k& as in (4.1). Moreover, letting C; — oo gives cosa = {, and

P = \/_1{_%‘ B‘:’;—:r results by letting ¢ — 0 and using the expression for
Vw. Finally, letting w, — co gives ¢ = £3.

1. The limiting fields (n, P,w) given by (4.17) and (4.19) satisfy the Euler-
Lagrange equations with the prescribed boundary conditions.

2. Likewise, (n,P,w) as in (4.17) and (4.18) solve the Euler-Lagrange

equations at the limit |C1| — oo.

5. Applied constant electric fields and boundary conditions.
In this section, we present a summary of stability results about the nature
of the equilibrium minimizers with respect to the parameters of the prob-
lems, boundary conditions, surface energy, and applied electric field. We
also assume that the layer structure is prescribed with p = 1 and w as in
the previous section. We consider the parallel plate domain with periodic
boundary conditions,

Q=[-d,d x R?,
X ={peWHQ) | ¢(xd) = 5, $la,y+M,2) = 9(z,3,2),
dlz,y,z+ L) = (z,y,2), forall z,y,2 € 2 }.

One goal is to show that, although the ground state of the energy may be
the helical smectic C* ( i.e., the cone structure), the boundary conditions
may impose a preference for uniform director configurations, labelled ¢ =
+7 in the proposed geometry.

THEOREM 5.1. The energy functional € has a global minimizer 3
among functions in X.

The analogous statement holds for ¢ = —F in X. In the following,
we assume some symmetry conditions on the plates but do not prescribe
boundary values of the director on the top and bottom plates. The former
are consistent with the additional assumption that w, = 0.

Rather than prescribing boundary conditions on ¢, we consider the
effect of the surface energy w.. For the present purpose, we take w, =
0 = wy,. We first study a special class of one-dimensional fields ¢(z) € Xy,
where

Xi={¢eW"([0,L]) | $(0) = #(L),¢'(0) = 4'(L) }.
The Euler-Lagrange equations for such fields

buw,
(5.1) bz + K, 1 2Ky
(5.2) ¢(0) = #(L),¢'(0) = ¢'(L).

sin 2¢ = 0,
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THEOREM 5.2. Let w, be positive and d be such that

272 272
2b*LAw, <d<Qwar

m _WforsomekGN.

Then there exist at least k nonconstant solutions to (5.1) and (5.2) and for
such a solution ¢,

E(#) 2 E(+).

Remark. This implies that ¢ = &7 are global minimizers, in particular,
for small d > 0. The analogous result in higher dimensions in general does
not hold. Also, for w, # 0, ¢ = =% may not be a critical point of the
energy, and instead, an x-dependent field, splayed configuration, ¢(z) will
achieve the minimum energy.

Next, we show that the stability of the uniform states fails when the
gap between the plates exceeds a critical value. Specifically, we study the
sign of the second variation of the energy to conclude the following.

THEOREM 5.3. There exists a critical value d, of the domain thickness
such that ¢ = :t% s unstable for d > d.. In the case that Ko = K3,

d, = 2sin? a[L* P(cot? a)7r + L*(2Py + 75in 2c

— 2Py cos? a)(2 + —2-)]"1

In order to study how the multiple effects of inter-plate distance d > 0,
strength of the applied electric field £ > 0, and surface energy coefficient
wy, we address the stability of fields n = (acos ¢(z), asin ¢(z), ¢}, ¢ € W12,
with periodic boundary conditions, under three dimensional perturbations.
In addition to ¢ = %, another critical point of the energy corresponds to

E
2(6,1E2 “x)sin a

sin ¢, =

A bifurcation analysis [17, 23] yields the following conclusion:

THEOREM 5.4. Suppose E > 0. The field ¢ = 5 is stable under three
dimensional periodic perturbations, if {w,,d, E) satisfy one of the following
conditions:

(1) €aE? <% <e,E?+ £,

(2) e, E? — E < Y < e B2,

(3) eaB?— E _Kf® o <o B2 -

Ja’
(4) €aB? + £ < —“ff
In cases (3) and ( ), ¢ = ¢. is also a critical point. Moreover, ¢ = 3 is

unstable if e,F? — i’;— >
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o9k /2 is unstable : A, F |

o8l /2 is stable : B, C, D 7

& is a critical point :
A, D, F

b, is stable : F

d {um), thickness

FTETE SRS o e s

8
3

FIGURE 2. €, = 0.01, 0 = 5in(22.5),w, = 1, K = 107% L = 107*

Remarks.

1. If E < 0, then the energy of ¢ = ~7 always is less energy than that of
¢ = 7. The stability region for —7 is symmetric with respect to the line
FE = 0 in the previous diagrams.

2. Estimates of critical fields that without including dielectric effects can
be found in the literature [9]. However the inclusion of such a contribu-
tion is relevant since it becomes dominant when the electric field reaches a
threshold value, in which case the ferroelectric state ¢ = 7 becomes unsta-
ble. Although our calculations predict that the configuration with ¢ = ¢,
become the stable one, other ferroelectric phases may be observed in such
a regime. '

We conclude this section with a calculation of the correction to the
threshold values that need to be made due to the field created by surface
charges in polarized bulk. Such a field opposes the effect of the applied one
and it rises the threshold values [14].

REMARK 5.1. The flexoelectric polarization associated with the vector
field n = (sinacos¢,sinasin g, cosa) is given by P = PD]%%T' As a
result, the boundary plates sustain charges of opposite sign and density
P i = —PFysingi, where i corresponds to the surface unit normal vector
in the parallel plate geometry. The electric field created by the pair of

oppositely charged plates is Eion = 4nFPysin¢i. In the case ¢ = 5 such a
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FIGURE 3. g, = 0.01,a = sin(22.5),d = 0.2, K = 107¢,L = 1073

field reduces to E,,y,, = 4w Pol, which is opposite to the applied field E =
—FEi, E > 0. Therefore, the effective field is reduced to E — E;,,,, which
leads to an increase of the threshold values by the amount |E;oy| = 47 Fs.

6. Variable electric fields.  As mentioned in [12], the total energy
including electric potential is not bounded below. In order to overcome,
we minimize it with Maxwell’s equations for D and E

V.D=0, VxE=0.

Using an electric potential ¢ and imposing boundary conditions for ¢,
we consider the following equation,

-~V (ool +a,n@n)Ve =V -Pin Q

(6.1 p=1oonlp,
%‘f =0on [y,

where oo € H3(I'p) and 8Q = p UTx.

Let
H, ={pe H(Q):9p=yoonTp},
A*=Ax H,

where A is defined in (3.8).
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Define

W*(n,P,w,cp)zE(n,P,w)+/ Frtee dx.
Q

For any (n,P,w) € A, the fundamental theory of elliptic PDEs shows
that (6.1) has a unique solution which we denote by ®,,(n,P), and thus
®,,(n, P) is the unique minimizer of [, FEjec dx in H}ao.

Substituting ®.,(n,P) for ¢ in W, we define W by

W(n,P,w) = W (n,P,w, &,,(n,P)).

The following theorem uses arguments similiar to those in [12].

THEOREM 6.1. For any pg € H%(FD) and min{ Ky, K3} > 4cy, there
ezists a triple (n, P, w) which minimizes W on A. Furthermore, a quadru-
ple (n,P,w, ¢) is a critical point of W*,

IW*(n,P,w,¢) =0 on A"
of and only if

o=, (n,P), and SW(n,P,w) =0 on A

The boundary condition ¢q can be considered as an external field. In
the case that pg = 0, ¢ is due to material polarization only which brings
out nonlocal energy. The polarization P causes a point charge density
pp = V - P and a surface charge density of charges o = P - v. These charge
densities may induce a field in the whole space. In fact, one needs to find
an electric potential ¢ € W12(R3) satisfying

(6.2) -V -{((ael + azn®n)Vy) =V P in Q,
(6.3) Ap=0in R®-Q,
(6.4) [(ao] + an@n)Ve —egVy]- v =P -von 09,

where v is the normal to the boundary and gq is the dielectric coefficient
of the environment. It can be shown [2] that ¢|q belongs to W2P(Q) for
any P € WHP(Q). In other words, there exists a constant C such that

|[(10”W2vP(Q) < C”Ple,p(Q).

We shall discuss further details for nonlocal energy associated with the
polarization P in our forthcoming papers.

7. Conclusions. We studied modeling and analysis of static configu-
rations of smectic C* liquid crystals with a special emphasis on polarization
and ferroelectricity. The energy that we analyze contains quadratic terms
on the second derivative of the complex wave function. We show that the
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total energy is lower semicontinuous and coercive within the class of fields
satisfying physically relevant boundary conditions. These include the cases
where the layer structure reaches the boundary of the domain either in
a perpendicular or parallel fashion , with prescribed wave number. The
problem bears a strong resemblance to the analysis of vortex tubes and
vortex sheets in fluid mechanics. We studied the asymptotic properties of
the energy minimizers as the parameters of the energy become unbounded
upon the temperature reaching transition values from smectic A* to smec-
tic C*, and lower temperature limits. We discuss some stability results to
help interpreting the role of boundary conditions and applied electric field
effects. Finally, we considered the case such that the electric field is vari-
able. The problem reduces to finding critical points of the energy subject
to the time-independent Maxwell’s equations.
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STRIPE-DOMAINS IN NEMATIC ELASTOMERS:
OLD AND NEW

ANTONIO DESIMONE* AND GEORG DOLZMANNt

Abstract. Formation of stripe-domains has often been observed in nematic elas-
tomers, starting from the pioneering work of Finkelmann and coworkers. One of the
possible interpretations of this phenomenon is to view it as a material instability driven
by energy minimization. This approach, first proposed by Warner and Terentjev, has
been quite helpful in the analysis of stretching experiments of thin sheets, and in the
modelling of soft elasticity associated with stripe-domain formation. Recently, complex
stripe-domain patterns have been observed in nematic gels undergoing the isotropic—
to-nematic transition while being confined by two glass plates. We suggest that, once
again, energy minimization can be seen as the driving mechanism for the formation of
the observed patterns.

Key words. Polymers, Nematic elastomers, Domain patterns, Nonlinear elasticity,
Nonconvex problems in the Calculus of Variations, Relaxation, Numerical simulation of
microstructures.

AMS(MOS) subject classifications. 74N15, 74B20, 49J45.

1. Introduction. Nematic elastomers consist of networks of cross—
linked polymeric chains, each of which contains nematic rigid rod-like
molecules (either as main—chain segments or as side attachments). These
are called nematic mesogens: their tendency to align below a critical tran-
sition temperature promotes the formation of nematic order. Contrary to
nematic liquids, however, the orientational degrees of freedom of the meso-
gens are coupled to the translational degrees of freedom of an underlying
elastic solid (the rubbery polymer network). This coupling makes nematic
elastomers very interesting as a model physical system, and it is also at
the root of their technological interest as materials for actuators and for
(mechanically tunable) optical devices. The recent monograph {1], and
the extensive list of references cited therein give a comprehensive account
of the history of the synthesis of liquid crystal elastomers, of the envis-
aged applications, and of the models proposed to explain their fascinating
properties.

Nematic elastomers display interesting material instabilities. At high
temperatures, the nematic mesogens are randomly oriented due to thermal
fluctuations, and nematic elastomers behave like isotropic rubbers. Upon
cooling through the nematic transition temperature, the nematic mesogens
align causing a distorsion of the underlying rubber network. Imagine, for
simplicity, the possibility that locally the mesogens are perfectly aligned at

*SISSA-International School for Advanced Studies, Via Beirut 2-4, 34014 Trieste,
ITALY.

YDepartment of Mathematics, University of Maryland, College Park, MD 20742,
USA.
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the microscopic scale. Then symmetry dictates that the polymer network
deform uniaxially, with the distinguished axis parallel to the common di-
rection of the mesogens. Moving now to a more macroscopic scale, if the
mesogens align along different directions in different parts of the sample,
then different states of spontaneous distorsion may coexist within the same
sample, generating patterns which are reminiscent of magnetic domains in
ferromagnetic materials. Since the optical properties of the material are
controlled by the orientation of the nematic mesogens, which changes from
domain to domain, domain patterns are observable under polarized light.
Indeed, regions where the mesogens are differently oriented may appear
opaque or transparent when observed under crossed polarizers, depending
on the relative orientation of mesogens and polarization of light.

The mechanical response of nematic elastomers to imposed deforma-
tion may be unusually soft, when compared to the response of ordinary
rubber. The existence of domain patterns, and the ease with which they
can evolve, is what allows nematic elastomers to respond to imposed macro-
scopic deformations with negligible internal stress, whenever the imposed
strains may be accommodated by simply reorienting the nematic mesogens.

2. A minimalist model. Both the occurrence of domains, in a char-
acteristic striped texture, and the existence of ‘soft’ deformation modes
have been observed experimentally, in several different laboratories. These
phenomena have also been analyzed in great detail by several groups, using
a variety of different models. Many of these were represented at the IMA
workshop [2], and we refer to the papers [3]-[8] for a sample of the many
existing viewpoints on the subject. By contrast, we take here a minimalist
approach, and proceed with the help of the most basic model we can think
of. In essence, all what we do is to accept that the symmetry—breaking
phase transformation associated with the establishment of nematic order
is able to produce a number of distinct, symmetry-related, spontaneously
deformed states, and that these states are the minima of a quadratic free—
energy density with the correct invariance properties. From here, we will
try and deduce the largest possible number of rigorous consequences result-
ing from energy minimization, without further simplifications. Our aim is
to contribute, in this way, to put into sharper focus the most generic and
universal aspects of the phenomenon under study.

The first ingredient of our model is the spontanecus strain the material
experiences when, starting from the isotropic parent phase, it undergoes
the isotropic—to-nematic phase transformation. Assume that the nematic
mesogens align, say, along the direction of a unit vector n. Accepting
the hypothesis of incompressibility, and assuming that the polymer chains
stretch in the direction of n, the resulting deformation is described by a
uniaxial tensor of the form

(2.1) Un:=a*n®@n+a/%(Id —n®n)
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where (n ® n);; = n;n;, Id is the identity, and a < 1 is a material param-
eter quantifying how much a spherical random polymer coil spontaneously
extends in the direction of n upon the alignment of the mesogens. Using
frame—indifference and material symmetry (recall that the relevant sym-
metry is the one of the isotropic parent phase), we deduce from (2.1) that
the set of spontaneous deformations has the form

(2.2) PUqn = PQU,LQT

where P and Q are arbitrary rotations. A deformation gradient F belongs
to the set (2.2) if and only if the ordered principal stretches A;(F) <
Ao (F) < A3(F) satisfy Ay (F) = A2(F) = a/% < 1, \3(F) =a~1/3 > 1.

The next ingredient of our model is an energy penalization on defor-
mation gradients F' which are not in the set (2.2). The simplest choice for
a quadratic, isotropic, frame-indifferent expression is a minor modification
of the classical neo-hookean expression

g (M3(F) + M(F) + aX3(F) — 3a'/3) if detF =1
+00 else.

2.3) W(F) = {

Here g > 0 is a material parameter giving the rubber energy scale (defining
the initial shear modulus of the material), while the constraint detF = 1
on deformations with finite energy enforces incompressibility. Since the
geometric mean of the squares of the principal stretches is not larger than
the corresponding arithmetic mean, it is easy to see that (2.3) is always
non-negative, and that it vanishes precisely on the set (2.2) (which we
then call the set of the material’s energy wells). The classical neo-hookean
expression is simply obtained from (2.7) by setting a = 1.

Finally, denoting by y the map that gives the deformed configuration
of a body whose reference configuration is B, and by Vy its gradient, the
total energy reads

(2.4) E(y) = /B W (y(x))dx.

We are interested in deformation maps which minimize this total energy
when suitable loads or boundary displacements are prescribed.

Before proceeding with the analysis of our minimalist model, a few re-
marks are in order. Expression (2.3) can actually be derived from the one
first proposed in [3] with the following procedure (see [9, 10]). First, assume
that nematic order is adequately described by a director field x ~ n(x).
Then perform an affine transformation of the spatial variables which cor-
responds to using, as reference configuration, the highly symmetric stress—
free configuration of the isotropic parent phase.! This leads to the following

!The reference configuration chosen in [3] is one of the stress—free configurations the
material adopts after it has transformed to the nematic phase. One such configuration
is the initial configuration in the stretching experiments discussed in Section 3.
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simple expression for the energy density, depending on the vector field n
and on the tensor field F

(2.5) Warw(n,F) = s (|F12 — (1 - a)|FTnf? - 3a1/3) :
Finally, minimize the last expression with respect to n to obtain

(2.6) W(F) = Irl}l_n1 Wetw (n, F) .

Notice that the n minimizing WgTw is the eigenvector of FTF associated
with its largest eigenvalue AZ(F). It follows that, in our simple-minded
model, the nematic degrees of freedom are slaved to the elastic ones, and
they are simply described by a director field which is aligned to the direction
of the largest principal stretch at every point of the sample.

Moving to the analysis of our model, its most important feature is the
non-convexity of energy density (2.3) for a < 1. This implies that uniform
configurations may have higher energy than complex domain patterns with
the same average deformation. In fact, this is the mechanism proposed in
[7] to explain the experimental observation that stretching a mono-domain
sheet of nematic elastomer may induce spontaneous break-up into stripe-
domains [14].

The non-convexity of (2.3) also explains the experimentally observed
soft deformation paths. They arise as energetically optimal fine phase mix-
tures, with volume fractions evolving with the applied loads. These fine
phase mixtures effectively accomplish a convexification of the underlying
rough energy landscape. A plateau in the stress—strain response is the pre-
cisely signature of a flat portion of the energy graph resulting from the
convexification of the energy. We conclude that macroscopic soft deforma-
tion paths result, and should then be computable, from suitable convex
hulls of the materials energy wells. In fact, using this idea, the charac-
terization of all soft deformation paths associated with the set (2.2) was
obtained in [10].

The existence of macroscopic deformations that can be resolved at no
energy cost by microscopic mixtures of deformation gradients lying on the
energy wells is only part of the story. One may ask what is, in general,
the minimal energetic cost of imposing an arbitrary affine deformation F
on the boundary 95} of a representative volume (2, leaving the system free
to develop fine structures in the interior of ! whenever this is energeti-
cally advantageous. This is given by a well-defined mathematical object
(see, e.g., [11]), the value at F of the quasi—convex envelope of the energy
density W

(21)  WeelP) = ik, {I?ll—! /Q W (Vy(x))dx : y(x) = Fx on an}
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where || is the volume of Q and the infimum is taken over the set A of
Lipschitz—continuous maps such that det Vy{x) = 1. It can be shown that
the right-hand-side of (2.7) does not depend on the geometry of Q.

An explicit formula for the quasi-convex envelope of {2.3) has been
derived in [12]. For volume-preserving deformation gradients it reads

0 (phase L) if A\; > a!/®
(2.8) Wye(F) = W(F) (phase S) if a*/2)2); > 1
1 (A2 +2a/207 — 3a1/3)  (phase I) else

while Wq(F) = +oc if det F # 1. Here the labels L, S, and I refer to the
fact that the resulting material response is liquid-like, solid-like, or of an
intermediate type, see the discussion below.

The formula above gives a very precise picture of the macroscopic me-
chanical response resulting from our model, and of its microscopic origin.
There are three regimes in (2.8), arising from the collective behavior of ener-
getically optimal fine phase mixtures. They represent three different modes
of macroscopic mechanical response, and they correspond to three different
patterns of microscopic decomposition of the macroscopic deformation gra-
dient F. Phase L describes a liquid-like response (at least within the ideally
soft approximation embedded in the expression (2.3) for the microscopic
energy density; the semi-soft case is discussed in [13]). All gradients falling
in this region of the phase diagram can be sustained at zero internal stress
(in other words, the zero level set of W, is the set of all soft deformation
paths mentioned above). To resolve microscopically the whole of phase L
(in particular, to resolve the deformation gradient F = Id) it is necessary to
allow for relatively complex microstructures (layers-within-layers, see the
right panel in Figure 1). Phase S describes a solid-like response in which
fine phase mixtures are ruled out. As a consequence, in this regime the ef-
fective macroscopic energy W, reproduces the microscopic energy W with
no changes. Finally, gradients in the intermediate phase I can transmit
stresses (unlike phase L) through microstructure formation (unlike phase
S). The microscopic patterns required to resolve phase I have a relatively
simple geometry (laminates, or simple-layers, see the left panel in Figure 1).
Patterns of this kind have been frequently observed experimentally after
being first reported in [14]. The first attempt to explain them through
elastic energy minimization is in [7].

By decoupling the physical length scales into microscopic ones (which
determine the effective energetics but are averaged out in the kinematics)
and macroscopic ones {e.g., those which determine the deformed shape of
a sample in a stretching experiment), expression (2.8) leads to a coarse-
grained version of our model. In order to resolve macroscopic quantities,
we minimize the effective energy

(2.9) Een(y) = / Weely (x))dx
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Fi1c. 1. Geometry of energetically optimal microstructures: simple-layers (left)
and layers-within-layers (right). The light and dark dots hint at the optical contrast
these microstructure would produce in nematic elastomers under polarized light (adapted

from [9]).

subject to the boundary conditions that are relevant to the loading exper-
iment we want to model. This can be done numerically, giving a field
x — F(x). Then, by locating the computed macroscopic deformation
within one of the three phases L, S, I of the phase diagram, we can recon-
struct, from the field of computed local deformation gradients x ~ F(x),
the corresponding field of local (energy minimizing) microstructures.
Before closing this section, one word about the length scales of the
domain patterns. Energy (2.2) does not contain an intrinsic length scale.
Thus, the minimization procedure (2.7) leading to Wy can lead to domain
patterns which are infinitely fine with respect to the size of a representative
volume element, and which manifest themselves as {infinitely refining) se-
quences of deformation patterns driving the energy to its infimum. Clearly,
in reality, physical mechanisms not active in our simple-minded model do
establish a smallest characteristic length scale. Whenever the size of the
sample of interest is large compared to this characteristic length, our ap-
proach can be used to gather detailed information on the macroscopic re-
sponse of the sample (e.g., the force-stretch curve), and gross information
on the domain patterns responsible for the macroscopic behavior. More de-
tailed information on domain patterns requires explicit resolution of length
scales. One natural possibility is to consider models containing higher or-
der gradients (e.g., Frank-type terms in the gradient of the director, see
e.g. [4]). Needless to say, since the corresponding numerical simulations
will need to resolve much finer spatial scales (typically, at the sub-micron
scale), a substantial increase of the computational cost for obtaining a
force-stretch diagram for, say, a mm-sized sample should be expected.
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3. Stripe-domain patterns: the classics. The computational ap-
proach outlined in the previous section, and based on the expression (2.7)
for the energy density, has been used in [15] for the numerical simulation
of stretching experiments of sheets of nematic elastomer held between two
rigid clamps. The simulations are designed to reproduce the classical ex-
perimental Setting of Kundler and Finkelmann [14], where stripe-domain
patterns were first observed.

The specimen is a thin sheet of nematic elastomer. We choose a refer-
ence frame with axis z; parallel to the thickness direction. Moreover, we
assume that the specimen is prepared with the director uniformly aligned
along z3, and is then stretched along z2. By reorienting the director from
the z3 to the z, direction, the material can accommodate the imposed
stretches without storing elastic energy. As it is well known, see e.g. [1],
a uniform rotation of the director would induce large shears, which are
incompatible with the presence of the clamps. Director reorientation oc-
curs instead with the development of spatial modulations shaped as bands
parallel to the x5 axis. This is the origin of the striped texture observed in
the experiments.

The numerical simulations allow us to analyze the stretching experi-
ments in more detail. If the clamps do not allow lateral contraction, the
reorientation of the director towards the direction of the imposed stretch
is severely hindered. This constraint is stronger near the clamps, and it
decays away from them producing two interesting effects. On one hand,
the induced microstructures are spatially inhomogeneous, with director re-
orientation occurring more rapidly in the regions far away from the clamps.
On the other hand, the stress—strain response shows a marked dependence
on the geometry of the sample, with the influence of the clamps becoming
less pronounced as the aspect ratio length/width increases. These effects
are documented in Figure 2 and Figure 3, which show good qualitative
agreement with both the experimental results from the Cavendish Labora-
tories [1], and with the X-ray scattering measurements in [16].

The stripe domain patterns appearing in Figure 3 are all simple lami-
nates, either in phase L or in phase I. Focusing on the point at the center
of the sample {the bottom left corner in the plots of the deformed shape),
the material is in phase L as long as no force is transmitted at the clamps.
The computed deformation gradient is

at/f 0 0
(3.1) F, = 0 A 0
0 0 o 8/)
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F1G. 2. Numerical simulation of stretching ezperiments on thin sheets of nematic
elastomers: geometry (left) and force-stretch diagrams for several aspect ratios AR
(right). The panel on the left shows four configurations, namely, reference, initial,
and the two at stretches s=1.31 and s=1.57 for the geometry with AR=3. On the
corresponding force—stretch curve on the right panel, full dots mark the representative
points of configurations shown in Figure 3 (adapted from [15]).
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FiG. 3. Numerical simulation of stretching experiments on thin sheets of nematic
elastomers, based on the coarse—grained energy Wy, at stretches s=1.31 (a), and s=1.38
(b). Only one—quarter of the sample is shown since the rest of the solution can be
obtained by symmetry. The circular insets display energetically optimal microstructures
at some selected locations within the sample. The sticks give the local orientation of
the principal direction of mazimal streich, i.e., the orientation of the nematic director
(adapted from [15]).
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with A varying from a'/® to a='/%. This is resolved by a simple laminate

in which the deformation gradient oscillates between the values

' al/ 0 0
(3.2) Fi={ 0 A &
0 0 a"1/8/x
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in stripes perpendicular to zj3, i.e., with a geometry similar to the one
shown in the left panel of Figure 1. The value of § = é()\) is obtained from
8% = (a3 = X?)(1 — a/3\~?), which ensures that F{ has the charac-
teristic principal stretches giving W(Ff\k) = 0. Notice that the kinematic
compatibility condition F} —F; = a®N, where N is the reference normal
to the stripes and a is a shear vector, is satisfied with a = 26(A)es and
N = e3. This guarantees the existence of a continuous map y such that
Vy(x) = F{ in layers with normal ej.

Force starts being transmitted through the sample when the defor-
mation gradient in the central point moves to the region I of the phase
diagram. The computed deformation gradient is now of the form

A0 0
(3.3) Fa=| 0 1/AA 0
0 0 A

where A3 > a~1/3 forces A; < @'/, This is resolved by simple laminates
similar to the ones above. The deformation gradient oscillates between the
values

A 0 0
(3.4) Fx = 0 1/MAs 26
0 0 A3

in stripes perpendicular to z3, and § = §(A;) is computed by requiring
that the principal stretches be those giving the minimal energy at given
A1, namely, (Ay, @ /4A] % a=1/4A71?) see [15].

4. Stripe—-domain patterns: recent observations. The setup of
the stretching experiments described in the previous section has one pe-
culiarity. In the initial configuration, the film thickness near the center of
the sample is a'/® times the thickness in the reference configuration. As
the film is stretched, the film thickness either stays unchanged (this is the
regime given by (3.1), and it represents an unusual behavior when com-
pared to that of a conventional rubber) or it decreases (this is the regime
given by (3.3)). This implies that the smallest principal stretch can never
exceed the value a'/®. As a consequence microstructures of the layers-
within-layers type are not accessible in the kind of stretching experiments
described above, no matter how close the material is to the limit of ideal
softness.

In the course of the workshop [2], the following recent experiment by
Meyer and Meng was presented. A thin film of a soft nematic gel, confined
between two horizontal glass plates, is cooled through the isotropic-to—
nematic transition temperature Tty while its director is kept vertical by
an applied electric field. When the external field is removed, the nematic
director is no longer frozen, and in—plane stripe domains develop and be-
come visible through the glass plates.
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If one focuses on points far away from the sample edges, one may
think of the glass plates as infinitely extended so that, by symmetry, all
the in—plane stretches are principal stretches with the same value. The
constraining action of the glass plates, which do not allow the film thickness
to expand, coupled with the incompressibility constraint, then results in
imposing that the material does not deform at all, or

(4.1) F=Id

at least in average, and far away from the lateral edges. This macroscopic
deformation gradient can be resolved by the spontaneous deformations of
the set (2.2).

To discuss the experiment more quantitatively, we fix a reference frame
with axes z; and z, parallel to the mid-surface of the film, and axis z;
along the thickness direction. The geometry of the energetically optimal
microstructures resolving (4.1) entails two orders of lamination. One is
along the film thickness, to accommodate the fact that at temperatures
below Ty, the natural thickness associated with a vertically oriented di-
rector is larger than the distance between the two glass plates. The second
lamination, in the plane of the film, is the one that should be responsible
for the observed contrast. Were this second order of lamination absent or,
said differently, were the director to buckle while remaining in one plane
(say, the z;z3 plane), then the film would have to contract (by the amount
a'/® < 1) in the direction of z;. Since this contraction is incompatible
with the constraints introduced by the experimental apparatus, in—plane
stripe—domains are generated.

To test this hypothesis, we looked for the possibility of resolving (4.1)
with exactly four deformation gradients lying in the set of zero energy spon-
taneous distorsions (2.2). The geometry of the construction is sketched
in Figure 4. Notice that, in the layers-within-layers construction of Fig-
ure 1, fine layers are nested inside coarser layers and kinematic compati-
bility across the interfaces of the coarse layers holds only approximately.
By contrast, in Figure 4, kinematic compatibility across all interfaces is
satisfied exactly, see formulas (4.2)-(4.5) below. More in detail, we set
n = a~1/% and consider the following deformation gradients

( 1 0 1-9) 1 0 +-17
Fu = 77—% 1 1-79? Fo = —Tl"f‘% 1 -1
\ o o 1 o o0 1 )
[ 1 0 n—2\ 10 -7
Fp=|n-7 1 n*-1 Fau=| -n+3 L 1-97
\ 0 0 1 |/ 0 0 1
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F. \ Fa l \
A

FI1G. 4. Geometry of our zero-energy four gradient construction: reference (left)
and deformed (right) configurations for n = 1.1225 corresponding to a = 0.5.

Clearly,
1

4.2) F11—F12=—2(77"E,772“1,1)®93
1

(4.3) F22—F21=—2(77—5,1—7)2,1)®63

so that interfaces between F;; and Fi3, and between Fyy and Fg; are pos-
sible, with normal parallel to ez in the reference configuration. Moreover,

1
(44) F21 - F12 = —-2(7] - '6) e ® (1, 0,17)
1
(4.5) Fas —F11 = -2 (TI - 5) e ® (1,0, -7)

so that an interface between Fg;, and Fi5 is possible with reference normal
parallel to (1,0,7), and an interface between Fy; and Fy; is possible with
reference normal parallel to (1,0, —%).

We now plot the deformed configuration of the film, see Figure 4 and
Figure 5, using the value n = 1.1225 corresponding to a = 0.5. For this
purpose, it is useful to compute the deformed orientation F*N of each
layer normal N, where F* = (det F)F~7T is the cofactor of the deformation
gradient inside the layer. Since

1 —£ 0 1 ¢ 0
F,=[0 1 0 F,=[0 10
€ -A 1 € A1
1 =£ 0 1 ¢ 0
=10 1 0| F=[ 0 1 o0
—& A 1 —& -A 1

where £ =np—1/pand A =175+ (y — 1/9)%, we have

(46) FIle3 = FI2e3 = F;le3 = F;zes = ez,

* * 1
(4.7) 12(1,0,m) = F3,(1,0,n) = (1,0, ;),
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F16. 5. Sketch of a domain pattern resolving F = Id. This models the possible
behavior of a film undergoing the isotropic-nematic phase transformation while being
constrained between two parallel plates.

and
* * 1
(48) F11(1>0,"77) = F22(1707 —77) = (1,0,—;7‘)-

For what concerns the displacement of material particles, notice that
the relative motion of the layer deformed according to Fay (respectively,
Fs) relative to that deformed according to Fi; (respectively, Fia) is a
shear of amplitude 21/1 + 2(n — 1/1) in the e, direction. This follows
from formulas (4.4) and (4.5), by normalizing the modulus of the interface
normals (1,0, £7) to one. The resulting deformation is sketched in Figure 5,
where attention should be paid to the alternating shears in the plane z;z»
which are responsible for the observed stripe pattern.

Finally, we give the orientations of the nematic director implied by
our four—gradient construction. As noted above, within our model, the
nematic director is always aligned with the direction of maximal stretch.
This implies that, in the deformed configuration, the orientation i of the
director will be that of the eigenvector of FFT associated with its largest
eigenvalue A\2(F). We thus obtain the following relations of proportionality

-1 -n

iy o | -7° figp x | 7*
1 1

[ n Ul
N x| 7° iy o« | —n?
1 1

A more detailed analysis of zero energy deformation patterns compat-
ible with (4.1) and, more generally, of the stripe patterns that may arise
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within the confined geometry described at the beginning of this section will
appear elsewhere [17].

5. Conclusions and Outlook. Nematic elastomers have been syn-
thesized relatively recently [18]-[21]. Nevertheless, they have already at-
tracted considerable attention in the Chemistry, Engineering, Mathemat-
ics, and Physics literature. The same is true, in particular, for the stripe-
domain patterns they exhibit.

Our interest in nematic elastomers arose from the realization that the
symmetry—breaking isotropic-to-nematic phase transformation which is at
the root of their fascinating material instabilities has close analogies with
the martensitic phase transformations exhibited by shape-memory alloys.
While in the latter case, however, the underlying material symmetry is the
discrete crystallographic symmetry of the austenitic parent phase, in the
case of nematic elastomers the full isotropic symmetry of the high tem-
perature amorphous polymer is available. It soon became apparent that
the mathematical techniques developed for the study of displacive phase
transformations in crystals are applicable to a radically different class of
systems (polymers, rather than crystals) and that the simplifications ac-
companying the enhanced material symmetries lead to results of unprece-
dented completeness. One such result is the development of a combined
analytical-computational approach in which the original problem is first
simplified with the use of mathematical analysis, and then attacked com-
putationally. As described above, this approach has been used with some
success to simulate numerically stretching experiments of thin sheets of
nematic elastomers. We believe that this combination of analysis and com-
putation has a great potential in shedding further light on the mechanical
response of nematic elastomers and, more generally, of all systems whose
mechanical response is microstructure—driven.

The analogy between shape memory alloys and nematic elastomers as
shape-memory polymers is fruitful. It reveals to us the underlying struc-
ture, hence the ultimate simplicity of seemingly complicated stripe~domain
patterns. And yet, trivially, analogy is not identity. The devil (just like sys-
tem specificity coming from the different underlying physical mechanisms)
is in the details. Examples are the detailed structure of a wall between two
adjacent domains, or the geometric details of how two differently oriented
systems of stripe-domains meet, or the time scales with which domains ap-
pear, disappear, and respond to external fields and loads. It is through such
details that the complexity of these seemingly simple domain patterns re-
ally emerges. And we should be prepared to use sharper (but, unavoidably,
more complicated and system specific) models to understand them.
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NUMERICAL SIMULATION FOR
THE MESOSCALE DEFORMATION OF
DISORDERED REINFORCED ELASTOMERS

DIDIER LONG* AND PAUL SOTTA*

Abstract. We study here the dynamical behavior of disordered elastic systems
such as gels or filled elastomers, by dissipative molecular dynamics. We show that
applied macroscopic deformations result in non-affine deformations at the scale of the
filler particles. These non-affine deformations lead to slow meso-scale reorganizations,
which could explain the long relaxation times measured in gels, and also in rubbers even
at temperatures much above the glass transition temperature.

Key words. Statistical mechanics, Polymers, Nonlinear elasticity, Plastic materials,
Materials with memory.

AMS(MOS) subject classifications. 82D60, 82C61, 74B20, 74C15, 74D10.

1. Introduction. Microscopic mechanisms at the origin of macro-
scopic elasticity in disordered systems [1] and in particular in systems such
as gels or rubbers [2-6] have been the subject of many debates over the
past 50 years. Gels or rubbers are made of cross-linked networks of poly-
mer chains. When deforming a sample, the strands between cross-links are
stretched which results in a decrease of entropy, and thus in a free energy
cost. This entropic origin of the elastic properties of gels or rubbers is no
longer disputed. On the other hand, a precise, microscopic description of
the strand network deformation under shear has long been elusive. To over-
come this difficulty, the classical models developed in the polymer literature
for describing rubber elasticity have assumed affine deformation down to
the strand scale. A number of experiments, such as small angle neutron
scattering or light scattering experiments, have been performed in order to
test this assumption, and it has been demonstrated that the deformations
in gels are indeed not affine on this scale [4, 5, 7-10]. Many theoretical
attempts have been made to go beyond the affine deformation assumption
in gel or rubber elasticity. De Gennes proposed that the sol-gel transition
is analogous to a percolation transition, and that the shear modulus close
to the gelation critical point behaves like the electric conductivity in con-
ductor percolation problems [11, 12]. However, Feng and Sen have shown
that this is not the case when considering only central forces between cross-
links [13]. The analogy can be drawn only when bending energy comes into
play, an assumption for which there is no ground in gel or rubber elasticity.
For the role of both stretching and bending energies, one can see e.g. the
work by Arbabi and Sahimi [14]. These differences between geometric and

*Laboratoire de Physique des Solides, Universite de Paris SUD/CNRS, Bat. 510,
91405 Orsay Cedex, FRANCE.

205



206 DIDIER LONG AND PAUL SOTTA

rigidity percolation result in a higher percolation threshold and different
values of the critical exponents in rigidity percolation.

The inhomogeneity in the local elastic modulus is an essential feature
in describing non-affine deformation at a local scale. Finite element map-
ping with spring network representations is a model suitable to describe
elastically inhomogeneous materials [15]. However, the dynamical behavior
and large deformations have not been investigated within this framework.
On the other hand, several computational studies on disordered elastic
systems have addressed the question of non-affine deformations [16]. Non-
affine deformation processes have been invoked to interpret yielding in col-
loidal gels. Brownian dynamics simulation have been performed, but such
systems were not permanent elastic networks [17], contrarily to those of in-
terest here. On the other hand, it has been observed recently in molecular
dynamics studies that continuum elasticity breaks down at some spatial
scale quite large with respect to the average interparticle distance, and this
effect has been interpreted in terms of non affine displacements in the sys-
tem [18, 19]. However, this study has been done in two dimensions and for
very small amplitudes only.

Another important feature is the important role played by excluded
volume [20, 21} and by topological constraints distinct from cross-links,
that is entanglements. Indeed, polymer strands cannot cross each other,
which limits their lateral spatial fluctuations and contribute to the elastic
moduli of the samples. This feature makes the description of real gels or
rubbers even more complicated, since a precise description of entanglements
based on first principles is still lacking. Indeed, it has been demonstrated
recently that topological constraints are essential in understanding the sol-
gel transition [22, 23]. This can be understood qualitatively as follows: in
polymer melts made of high molecular weight polymers, a plateau modulus
is observed at intermediate frequencies. This is the well known result of
entanglements. Upon cross-linking the melt, these entanglements are made
permanent with only a small fraction of cross-links [22-25], especially in the
case of very long chains. Therefore, a description of rubber or gel elasticity
should take into account both entanglements and rigidity percolation, as
well as their combined effects.

A further difficulty in describing gel or rubber elasticity is that these
systems are intrinsically disordered and inhomogeneous, as the result of
their preparation [26, 27]. The cross-linking process not only freezes in the
disorder present in the melt, but it tends to enhance this disorder: dur-
ing vulcanization or cross-linking, the more a region is cross-linked, the
more it tends to collapse, which further enhances cross-linking in this re-
gion. This results in large scale heterogeneities which are responsible for
turbidity in gels, for instance, and which have been evidenced experimen-
tally [4]. Elastic heterogeneity may occur as well even in so called “model”
networks obtained by end-to-end cross-linking of precursor chains with a
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controlled polymolecularity [28]. Another source of large scale disorder is
due to the addition of solid inorganic particles (the so-called charges) acting
as reinforcing fillers. Indeed, non-reinforced polymer matrices generally do
not exhibit mechanical properties suitable for practical purposes, being too
soft and fragile [29]. On the contrary, elastomers filled with carbon black
or silica particles have a shear modulus much (up to 100 times) higher
than that of the pure elastomer, exhibit a high dissipative efficiency, which
makes them useful for damping materials, and are extremely resistant both
to fracture and abrasion [29-35]. The typical diameters of these filler par-
ticles vary between 10 nm and 100 nm. Moreover, they often form fractal
aggregates and/or agglomerates at even larger scales [36]. The presence of
filler particle thus introduces another source of disorder on a much larger
scale than the crosslinking process of pure rubbers. Deformations at the
scale of polymer chains have been investigated in such systems by SANS.
An average enhancement of the strain has been shown at this scale [37].

In this work, we propose a model for describing elastic properties of
filled elastomers. The scale of interest here is larger than the distance be-
tween crosslinks or entanglements, which is usually considered in gels or
rubbers. It is typically of order 100 nm, which corresponds to the diameter
of the filler particles {29, 38, 39]. Our model must therefore be considered
as a coarse-grained model aimed at describing meso-scale relaxation pro-
cesses in such systems. We focus on the high temperature regime, in which
the whole polymer matrix is in the rubbery state, as opposed to the lower
temperature regime in which the polymer matrix is partially glassy [38-41].
In this high temperature regime, reinforcement effects are weaker than at
lower temperatures, but they are still important [38, 39]. We consider there-
fore a rubber matrix with randomly dispersed solid particles, with strong
anchorage of the matrix on the particles. We consider the matrix as being a
highly cross-linked rubber, which in practical cases corresponds to a shear
modulus from 10° Pa to 106 Pa. We consider typical filler volume fractions
of 20 % or more. The purpose of this work is to describe the meso-scale
behavior of such a system when submitted to imposed deformations. We
study here both static and dynamical properties by dissipative molecular
dynamics. The paper is organized as follows. We first describe in details
the model and the procedure used to obtain a system at mechanical equi-
librium. Then, we show that this system exhibits non-affine deformations
and long time relaxations.

2. Description of the model. The basic ingredients we want to
implement in the simulated system are permanent elasticity, disorder and
excluded volume effects. While disorder creates a complex energy land-
scape with a ill-defined minimum energy state, excluded volume may in-
troduce irreversibility in the system. The solid particles are modelized by
hard spheres randomly distributed in space. The hard sphere potential is
described by:
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F,‘l‘s‘a"r* +H (r* < Tmin)
(2'1) Vhs(r*) = e 12 ('rmin <rt < rcut)
0 (reut < 7r*)

where r* = r/o is the reduced dimensionless distance between particles.
Though we will keep it in our notations, o should be considered to be the
unit length in the problem and takes the value 1. The parameter ¢* = 1
determines the energy scale in the system. The cutoff distance beyond
which Fj, cancels is r¢yy = 2. At this distance, the force Fig is already
much smaller than €*. The force is limited at short distances to prevent
numerical instabilities in the initial step of the simulations, in which the
centers of two particles may be very close. The constant H is chosen to
insure the continuity of the potential. The force Fi,s(r*) rises very sharply
at r* of the order one. For instance, it is already of the order 20 (in units
of €*) for r* = 0.96. This means that it is quite realistic to consider o as
the particle diameter.

To represent the effect of the rubber matrix, the particle centers are
connected by harmonic springs, with an elastic interaction potential given
by:

* *
(22) Valrt) = (7~ 12

0

where k* = ko%lZ/e" is the reduced spring stiffness (in units of *) and I}
is the equilibrium length of the spring (in units of ¢). Thus, the particles
interact with a hard-core repulsion and the elastic springs. We assume that
the degrees of freedom, which are the centers of mass of the hard spheres,
move relative to each other with a friction coeflicient ¢. The hydrodynamic
friction is computed within a mean field approximation:

(2.3) Fagaro = —C* (T — < 7 >)

where * = £0%/¢* = 1 is the reduced friction coefficient, which has the
dimension of a time and thus sets the time scale in the system. ¥ is the
reduced velocity of a particle and < ¥ > the average reduced velocity of
the surrounding particles (velocities have the dimension of an inverse time).
To save computational time, the hydrodynamic friction is computed with
respect to the average affine deformation rate rather than to the actual
motion relative to the surrounding of a particle.

Periodic boundary conditions are used in order to simulate bulk-like
behavior. This means that a spring emanating from a particle close to a
boundary and pointing out of the box is identified with a symmetrical one
coming into the box and acting on another particle close to the opposite
side of the box. To prepare the system, N particles are dispersed at random
in a box of volume V = L3 such that the volume fraction takes the chosen
value @, that is:
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. L rN\/?
(2.4) L = == (—63)

The volume V of the box is kept constant, throughout the simulations. The
average distance between particles is:

(2.5) at=2= (

1/3
o “) ’

6o
For an average number of connections per particle n, the total number of
springs in the system is Nn/2 (one spring contributes to two connections).
The Nn /2 closest particle pairs are connected by springs. The equilibrium
length Ij is set equal to the average distance between neighboring sites
on an ordered simple cubic lattice, that is lp = (6 + (n — 6)v2)a (for
6 < n < 18), where a is the lattice parameter corresponding to the volume
fraction ®, given by a® = 7/6®. This value for ly is quite arbitrary. The
properties of the systems which will be investigated do not depend on this
particular choice. Only the value of the pressure which has to be applied to
maintain the volume constant, i.e. the isotropic part of the stress tensor,
depends noticeably on ly. The quantitative value of the shear modulus
depends also on Iy, though much more weakly.
Thus, the parameters which are relevant to describe the system and
its temporal evolution are the following ones:
e the volume fraction & of the solid particles
e the degree of connectivity n, defined as the average number of
springs connected to one particle. Note that n does not have to be
an integer.
e the spring stiffness k
e the friction coefficient (.
The model system considered here is disordered and only includes poten-
tials which depend on the distances between particles, without bending
energies. Since we aim at representing highly cross-linked rubber matrices,
we shall only consider relatively large values of the connectivity n. Indeed,
there is a threshold n. below which the rubber matrix would become floppy,
that is below which the elastic modulus g would cancel. On the other hand,
far above this threshold, the elastic modulus y is of the order fk, where f
is the number of springs per unit volume and k their stiffness. The elastic
modulus should then decrease much faster on approaching n., then cancel
at and below n¢. n; has been estimated for some ordered lattices [42-50].
It is slightly above 6 in a simple cubic lattice, and much lower (close to 4)
in a diamond lattice. We shall consider values of n larger than 8 typically
in our simulations. Values of n close to or lower than 6 would correspond to
solid particles imbedded in a loosely cross-linked gel or rubber, which is not
our purpose here. We emphasize once again that the elastic springs in our
model represent the elastic interaction between filler particles due to the
elasticity of the rubber matrix as a whole, not the strands between cross-
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FI1G. 1. Schematics of our model for filled rubbers. Filler particles are connected by
elastic springs and interact via a hard-core potential at short distances. o is the particle
diameter. For clarity, only a fraction of the springs have been drawn.

links. Indeed, we consider the problem at the scale of the filler particles,
which is much larger than the typical distance between crosslinks.

2.1. Dissipative molecular dynamics. The equations of the dissi-
pative molecular dynamics are non inertial and include a source of dissipa-
tion in the form of a hydrodynamic friction term. The equation of motion
for particle ¢ is thus:

(26) -;il + F’lz;s + ﬁéydro =0

which gives the velocities at time t as a function of the positions 7, within
the mean field approximation (see Equation (2.3)):

(2.7) '—<v>+C[F1+FhS].

The positions and velocities are computed every time interval dt. The equa-
tions of motion are solved using the Modified Midpoint Method (MMM).
The time interval dt is divided in p sub-steps such that ddt = dt/p, and
the equations are:

step 0O: 7o = (1)
step 1: i =7 + 0;({77})dadt

step m+1: Pt =030 {)’,({7‘""})ddt, m=1,..,p—1

1

step p: 7t +dt) = L@ + 7% + 5({7%))ddt) .
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2.2. Time scale. In the simulations, the time scale is fixed by the
value of the reduced friction coefficient (* = 1. This time scale corre-
sponds to the typical relaxation time of a particle. The relaxation times
measured in the system should thus be compared to this typical relaxation
time. Unless explicitly specified, times will be expressed in units of * de-
noted “sec”. In real systems, the elementary time scale is determined by
the rubber matrix. In the ideal case of a densely cross-linked network, and
in the considered regime of high temperature, the time scale is the so-called
Rouse relaxation time [2, 51]. Note however that, even in this case, real
rubbers do not exhibit exponential relaxation, but display slower relax-
ations often described as power laws. This is thought to be a consequence
of the intrinsic disorder of these systems [2, 52]. In this paper, we assume
that the rubber matrix corresponds to a highly cross-linked rubber, which
can be well described at long times by a single relaxation time, which is its
Rouse relaxation time.

2.3. Deformation of an isotropic solid. Virial stress formula-
tion. In an elastic isotropic body, the stress tensor 0,4 is related to the
strain tensor by the constitutive equation:

1
(2.8) Oap = K5a,3u” + 2u(uaﬁ - gdaﬁu”)

where K is the bulk (compression) modulus and g the shear modulus [53].
Consider a box of volume V* containing N particles. The stress tensor
is related to the forces exerted on the particles by the Kramers Kirkwood
formula, which provides a microscopic expression for the stress tensor [51]:

1 o
(2.9) Tap =777 ZF;R;

where F is the a-component of the sum of the forces exerted on particle ¢
by other particles of the considered sample and Rfé is the S-component of
the position of particle 7. Periodic boundary conditions in the simulation
box ensures that:

(2.10) Y Fi=0.

These boundary conditions and the fact that we consider only central forces,
ensures that the total torque satisfies

(2.11) T=> RAF=0
i

(see Appendix).
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3. Preparation of the system. The purpose of the preparation
steps is to obtain an equilibrated sample, in which the total force act-
ing on each particle is zero and the stress tensor is isotropic. Just after
the particles have been randomly distributed, none of these conditions is
satisfied. We will have therefore to let the sample equilibrate. First, we
will cancel the forces (or the velocities) on each particle, and then cancel
the non-isotropic part of the stress tensor. In an infinite system, the stress
tensor just after the particles have been distributed randomly should be of
the form:

(3.1) Oag = —pId

where p is the pressure, and Iy is the identity tensor. In a finite simulation
box, 044 is of the form:

(3.2) Oap = —pla + Gag -

The non-isotropic part 5,4 is a traceless tensor. Since the torque acting on
the system is zero, this tensor is symmetric [53, 54]. There is therefore five
degrees of freedom to adjust in order to obtain a system with an isotropic
(isostatic) stress tensor. One can show (see Appendix) that the variance of
the tensor &, scales like N=2/3 just after the particles has been randomly
distributed. In a sample with 10000 particles, this tensor is of order 0.1 and
is therefore not negligible as compared to the pressure, which is of order 1.

3.1. First initialization step. This first step consists in canceling
the particle velocities, or equivalently the potential forces exerted on each
particle. This step is performed at constant shape. The time resolution
ddt chosen to solve the equations of motion must be such that vddt < ro,
where v is the velocity of the particles and rq is the typical distance between
particles. The initial velocity may be of the order 10 to 100. With ro ~ 0.1,
this imposes ddt ~ 10™%. We typically chose dt = 10~2 and p = 10, which
gives ddt = dt/p = 107*. In this step, the system is relaxed typically
during 0.2 to 0.4 unit of time, which corresponds to 200 to 400 dt steps. At
the end of this first step, the average velocity is not rigorously zero, but it
has dropped to a value of the order unity at most. A predefined precision
parameter value ¢, may be specified as well to stop the first relaxation step
as soon as < v >< €.

3.2. Second initialization step. At the end of the first step, the
deviation of the stress tensor, 44, is still of order N=1/3, To obtain a
reference sample with isotropic stress tensor, the sample must now be de-
formed so as to cancel the residual stress tensor. It is important to notice
that the non-isotropic stress tensor elements must be canceled with a high
degree of precision (typically 10~%), so that the mechanical response (such
as the shear modulus) can be measured with a good accuracy. Note also
that all deformations performed take place at constant volume, in order
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to represent the behavior of real rubbers whose bulk modulus is very large
as compared to the shear modulus. The following iterative deformation
process is used to cancel &. At a given step, a small deformation tensor of
the form

(3.3) Iy + dl’ag =13 — Ctsa‘ag

where 80,3 = 0o — Oigofap With 0iso = Troas/3 is applied, so that the
new deformation tensor I'y5(t + dt) is given by:

(Ia + dlag)Tag(t)

[det(Ia + dT )}

(3.4) Top(t + dt) =

C is a positive number of order 0.1 typically. A new step of equilibration
of the particles (as described in the first initialization procedure) is then
applied for a duration At. This procedure is iterated until all components
of Gop are zero to the prescribed precision ¢,. Note that the dynamics of
this relaxation process, namely the stress relaxation rate, is not intrinsic,
but is determined by the ratio C/At, which has then to be optimized in
order to give the best relaxation performance.

3.3. Third initialization step. Like real gels, the state of our sam-
ples depends on the way they are prepared. The purpose of this step is
to remove internal instabilities which result from the preparation process,
and thus to reduce the dispersion between the results of simulations per-
formed on different samples. The samples are submitted to a few (typically
6 to 10) preliminary high amplitude elongation cycles. After performing
these cycles, the second step is done again to cancel the residual stress.
Non-isotropic elements of the stress are made smaller than typically 10~4.

3.4. Shear experiments. After obtaining an equilibrated system
along the lines described above, various experiments may be performed.
The proper shear experiment is performed in the following way. The sys-
tem is first sheared up to a maximum shear value ynax at a constant shear
rate 4. This is done by imposing shear steps dvy described by the deforma-
tion tensor ‘

1 dy 0
(3.5) Is+dlap={0 1 0
0 0 1

followed by relaxation during At, such that 4 = dy/At. This means that,
during these elementary steps, the system is first affinely deformed, and
then the particle positions are allowed to relax to new positions during the
time At. A full description of the system may be stored in various states
corresponding to different values of yp,ax. After imposing a large amplitude
deformation at a finite rate 4, we let the stress relax in the sample while
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maintaining the system at the imposed deformation Ymax. Alternatively,
we may let the system come back to zero stress to achieve a large amplitude
shear cycle, or perform an oscillatory shear.

3.5. Simulation times. The duration of the simulations depend on
the number of time steps df, or equivalently on the time over which the
system is studied, given that dt = 0.02 has been chosen typically. In
order to perform a full high amplitude shear cycle, the following steps must
be achieved: first velocity and stress relaxation (3000 dt steps typically),
initial elongation cycles (15000 dt steps), stress relaxation (15000 dt steps),
shearing up t0 Ymax =~ 2 at ¥ = 0.1 (1000 d¢ steps), long time relaxation
of the stress at constant Ymax (up to 50000 dt steps). Thus, each shear
cycle performed on a new system typically corresponds to 80000 steps dt,
or equivalently 1600 sec in terms of system unit time. The simulations have
been performed on a cluster of four XEON bi-processor machines operating
at 2.4 GHz. The systems simulated here have N = 10000 particles (which
corresponds to a simulation volume of the order 21 x 21 x 21 particles).
This size has been chosen to insure reasonable simulation times. For this
size, the performance of the machine corresponds roughly to 25 to 40 sec
in terms of system time (depending on the connectivity n) per one hour
computer time, which gives an idea of the overall duration of the whole
experiment, that is 40 to 60 hours of computer time. On the other hand,
performing an experiment (stress relaxation under large amplitude shear for
example) on a system which has already been equilibrated represents about
24 hours. The results in 15 different systems (3 values of the connectivity
n and 5 values of the volume fraction ®) are presented here. In each
system, the relaxation at constant shear was studied for typically 6 to
8 values of the shear amplitude. Typically two samples of each systems
have been generated. All together, this corresponds roughly to 8000 hours
computer time.

All the simulations presented here have been performed using the mean
field approximation described in Equation (2.3), which allows to solve the
dissipative molecular dynamics equations directly using Equation (2.6).
In the general case where the friction term would depend on the particle
velocity v; relative to its neighbors, an (almost empty) N x N matrix would
have to be inverted to solve the equations. The simulation time would
then increase like N? instead of N. Indeed, this method has also been
implemented. However, to obtain simulation times comparable to those
mentioned above, the number of particles is limited to roughly 300 particles,
which is obviously too small for the kind of problems addressed in this paper
(non-affinity, long relaxation times due to long-ranged reorganisation) since
it corresponds to 7 % 7 x 7 particles only in the simulation box. On the other
hand, at least in the low shear rate regime considered here, the results do
not differ in a qualitative way and we believe that the essential phenomena
are correctly described within the mean field approximation used here.
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F1G. 2. Oscillatory shear modulus, measured at an amplitude v = 0.03 and fre-
quency w/2x = 0.625 sec—! as a function of the volume fraction ®, for different values
of the connectivity: M: n =10 ; ¢: n =9 ; o: n = B.5. The shear modulus is measured
by Fourier transforming the strain and stress over 32 periods after waiting 8 periods
after the beginning of the shear.

4. Results. The main parameters describing the systems are the vol-
ume fraction ® and connectivity n. ® has been varied between 0.20 and
0.37 and n between 8.5 and 10. The reduced spring stiffness k* is taken
equal to 1. Systems with N = 10000 particles have been simulated. The
size L of the simulation box varies from L* ~ 24.19 (in units of o) for
® = 0.37 to L* ~ 29.69 for & = 0.20. According to the different values of n
and ¥, the spring equilibrium length varies from I§ ~ 1.26 to ij ~ 1.61. The
systems at equilibrium contain quenched forces because the spring lengths
are quite widely distributed. This is a common feature of disordered sys-
tems. A fraction of springs have a length [ < I, and thus are compressed.
They correspond to the shell of nearest neighbors of a given particle. A
fraction of springs are significantly stretched. They correspond to the shell
of second nearest neighbors around a given particles. We have verified
that the distribution of spring vectors is isotropic in the initial equilibrium
state. In all experiments described here, the applied shear is of the type
Yzy, represented by a tensor with the symmetry as in Equation (3.5).

4.1. Dynamical characterization in the linear regime. In order
to characterize the system in the linear regime, an oscillatory shear strain
of the form +(t) = vysinwt has been applied. Both the frequency w/2r and
the amplitude ¥ may be varied. The oscillatory shear is applied during a
time of the order 25 to 200 sec (in system time units), depending of the
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F1G. 3. The complex shear modulus measured in an oscillatory shear (w/2m = 0.625
sec™1, 8 to 32 points per period, Fourier transform taken over 32 period after waiting
8 periods after the beginning of the shear) as a function of the shear amplitude, for
n =10, & =0.37.

frequency and the amplitude, and the response is analyzed after waiting for
typically 10 sec at least after the beginning of the oscillation, in order to be
in a true steady state. 8 to 32 points per period are stored, depending on the
amplitude. The response is analyzed by Fourier transforming both strain
and stress over an integer number of periods. In this way, the complex shear
modulus G’, G" may be measured as a function of the frequency w and
the amplitude ~, and the non-linear components in the response may also
be detected. Note that the shear modulus u defined by Equation (2.8) is
related to the complex modulus in frequency G(w) = G'(w) +{G" (w) by the
relation u = G'(w = 0) [2, 51]. Figure 2 shows the oscillatory shear modulus
G’ measured at an amplitude v &~ 0.03 and frequency w/27 = 0.625 sec™! as
a function of the volume fraction ¢ for different values of the connectivity n.
This figure illustrates the reinforcement mechanism in the high temperature
regime, as it was characterized in [38] and [39]. In these references, the shear
moduli were measured in poly(ethyl acrylate) matrices filled with silica
particles as a function of the frequency, temperature and particle volume
fraction. In the high temperature regime (T' 2 T, + 100 K typically), at a
given (low) frequency, it was found that the modulus increases by a factor
about 4 as the volume fraction increases from about 8% to about 20%.
Thus, the results presented in Figure 2 are in good agreement with these
observations. The complex shear modulus is plotted as a function of the



NUMERICAL SIMULATION FOR THE MESOSCALE DEFORMATION... 217

shear amplitude v in Figure 3, in the system ® = 0.37, n = 10. The
modulus G’ starts to decrease significantly at v of the order 0.05, which
can be considered as the onset of the non-linear regime.

4.2. Evolution of the energy in the system. In the disordered
systems investigated, the phase space is very complicated. The system
does not necessarily reach a uniquely defined minimum energy state in a
finite time. To illustrate this effect of the disorder, the average energy in
the system has been computed throughout the simulations. The contribu-
tions from the elastic springs and the hard-core potentials may be treated
separately. The average elastic energy per spring is defined as:

(4.1) (Ea) = J—Vl— > Ej
J

where Ng is the number of springs and the sum runs over the ensemble of
springs. The average excluded volume energy is defined as:

1
(42) (B = D By

where the sum runs over the ensemble of interacting pairs. The total energy
per particle (including both contributions) has also been computed as:

(43) (B =5 | X B4+ Y B
spring pair

Note that, with the given definitions, (Eys) # (Eel) + (Fns). The evolution
of the energy throughout large amplitude stress/strain cycles is plotted in
Figure 4. The cycles shown in Figure 4 consist first in shearing the system
at a given shear rate 4 up to a maximum shear ~ymayx (upwards part of
the curves), and then relaxing to zero stress using the relaxation process
which has been described in Section 3.2. Thus, as mentioned in Section
3.2, the relaxation times in the relaxing parts of the curves are not intrinsic
here, but depend on the relaxation parameters C and At which have been
chosen. Several observations may be drawn from Figure 4. First, the
average total energy does not strictly reach a plateau in several hundreds
of sec (elementary simulation time units), even though the macroscopic
mechanical state of the system is stationary. Second, the energy state in
which the system drops after relaxation is not unique. It depends on the
mechanical history of the system, namely here, on the maximum shear
Ymax- Third, the system drops in a state of lower energy after shearing
at large amplitude. The tendency to decrease the energy is observed for
both individual contributions (average elastic energy and average excluded
volume energy). Note that this drop in energy is possible because our
sample is relatively “young”. But we emphasise here that even after the
third preparation step, the internal energy of the sample can decrease. This
is a consequence of the very complex phase space available to the fillers.
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FI1G. 4. The average total energy < Eiot > plotted as a function of time during large
amplitude stress/strain cycles in the system n = 8.5, & = 0.35. The abscissa is in sec
{units of elementary simulation time). The time t = 0 corresponds to the starting point
of the first large amplitude shear applied (¥ = 0.1). The two curves relazing between
t = 0 and t = 300 sec correspond to relazing the system to zero stress after shearing
at Ymaz = 1.88 (top curve) and ymaz = 0.77 (bottom curve). Att = 335 sec, 6 second
cycle is applied with ¥ = ~0.1 down to various mazimum strain.

4.3. Non-affine displacements. As mentioned above, most rheolog-
ical models assume that the deformations are affine down to the molecular
scale [2, 3, 51]. Whereas this assumption has provided a useful way of de-
scribing e.g. polymer melt dynamics, it has proven wrong and misleading
in the case of systems with frozen disorder, such as gels or rubbers. We
aim here at quantifying the non-affine part of the displacements, down to
the scale of the filler particles. In order to quantify this deviation with
respect to affine deformation, we proceed as follows. The displacements
of all particles are computed with respect to a reference state. The initial
state (I) is the state of the system after the preparation process. The initial
equilibrium state (I) obtained after the preparation processes is taken as
the reference state, characterized by the deformation tensor I'Y) = I;. In
the initial state (I) the particle ¢ is located at position ﬁg”.

Then a second state (II) may be obtained, for instance after the sys-
tem has been deformed at a finite rate 4 up to a deformation I'/Y) and the
particle positions have been relaxed for a long time at constant deforma-
tion I'U7). In this second state, the particle ¢ has a position R’;(u ) which
corresponds in the initial (undeformed) state to the position R"(”) given
by ﬁ;(ll) = s )ﬁgll). R'z(-”) is the position in state (IT), referred to the



NUMERICAL SIMULATION FOR THE MESOSCALE DEFORMATION... 219

a
\ (I
o siep | step 2 (I11)
(I
i i
b
ﬁ;(l)
0

@ (1)

F1G. 5. a: Schematics illustrating the type of ezperiment which is described in this
paper. The system in the initial, reference state (I) described by the deformation tensor
I'd) = I is first sheared at a given rate 4 up to a state described by the deformation
tensor T'UT) (step 1), then the relazation of the stress is studied as a function of time
while keeping the deformation TUD) constant (step 2). b: The definition of the non-
affine displacement vector AR;, referred to the initial undeformed state (1): the position
of particle i is ﬁ: U1 in state (1), which corresponds to ﬁgln =pun! ﬁ: an
(1). c: the definition of the correlation function of non-affine displacements.

in state

initial state (I). Thus, the relative displacement of particle i between the
states (I) and (II), which measures the non-affine displacement referred to
the initial undeformed state (I), is expressed directly as:

(4.4) - AR; = R _ R
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Fic. 6. The amplitude gy,(0) of the correlation function of non-effine displace-
ments in the system n = 8.5, ® = 0.35 sheared at ¥ = 0.1, as a function of the
mazimum shear yYmqz. The system is given time to relaz in the imposed deformation.
The continuous curve is a v2,,, law.

This is illustrated in Figures 5a and b. Then the non-affinity may be
quantified by the correlation functions

(4.5) 9as(7) = (ARiu AR;g)

where o, § = z,y, z and the average is done over all particle pairs (7, j) with
an interparticle vector 7 (see Figure 5¢). One can show (see Appendix),
that for small deformations and at fixed 7, the correlation functions should
be proportional to 2, where 7 is the amplitude of the deformation. The
amplitude g,,(0) of the correlation function of non-affine displacements is
plotted as a function of ypyax in Figure 6, for n = 8.5 and ® = 0.35. Indeed,
the variation is compatible with a v2,, law, as illustrated by the continu-
ous curve. The histograms for the Cartesian coordinates (Az;, Ay;, Az;) of
the non-affine displacement vectors are plotted in Figure 7, in logarithmic
scale. The distributions of non-affine displacement vectors are compati-
ble with Gaussian distributions. They are however not isotropic. After
shearing at large amplitude (Ymax = 1.88), the distribution widths sys-
tematically range in the order (Az} > (Ay) > (Az) in the various sys-
tems investigated. Histograms for the modulus of the displacement vec-
tors Ar; = (Az? + Ay? + Azz?)l/ ? are plotted in Figure 8. Note that the
quantity gzz(0) + g44(0) + g..(0) is the second moment of the probability
distribution P(Ar) shown in Figure 8. The various histograms in Figure 8
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FiG. 7. Histograms of the components Az, Ay, Az of the non-affine deformation
vector, obtained in the system n = 10, ® = 0.37. Each histogram is normalized such
that [ P(Ac)dAa = 1 (with o = x, y or z). The system is deformed at the rate at
4 = 0.1 up to Ymez = 1.88, then it is given time to relax internally in the imposed
deformation. Gaussian fits to the histograms are shown. e: histogram for Ax (full
curve: Gaussian fit) ; o: histogram for Ay (dotted curve: Gaussian fit) ; o: histogram
for Az (dashed curve: Gaussian fit). The non-affine displacement is not isotropic.

correspond to different values of vyax, in the system n = 8.5, & = 0.35.
A curve corresponding to a Gaussian distribution of the non-affine dis-
placement vectors is shown also in Figure 8. The computed histograms
are broader than the Gaussian example. This may be due to the fact that
the displacements along the three directions are not independent variables.
Therefore their sum may not be a Gaussian, even though they are Gaus-
sian individually. However, when the abscissa scale Ar is normalized by
the average value of the histogram (first moment of the histogram), the
histograms obtained for different values of the parameters n and ¢ and for
different values of ymax superpose. The average displacement (Ar), com-
puted as the first moment of the histograms shown in Figure 8, is plotted
in Figure 9 as a function of the volume fraction @, for different values of
the connectivity n. Assuming that a v%,, law represents reasonably well
the variation as a function of ynax (see Figure 6), the values of (Ar} have
been normalized by 72, in order to compensate for the slightly different
values of Ymax used in the different measurements.

The correlation functions gyy(r), 922 (), 92:(r) and gzy(r) are plotted
in Figure 10, in a system with n = 8.5, & = 0.35 and for a final deformation
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Fi1G. 8. Histograms of the modulus of the non-affine deformation vector obtained in
the system n = 8.5, ® = 0.35 which has been deformed atl the rate ¥ = 0.1 4P Ymqs, and
after the system has been given time to relaz in the imposed deformation. The abscissa

is the modulus of the displacement vector Ar = (Az? + Ay? + Az?) Y2 the ordinate
the histogram P(Ar) normalized as [ P(Ar)dAr = 1. Histograms are plotted for three
different values of Ymaz: full curve: yme: = 0.37 ; doted curve: Ymaz = 0.745 ; dashed
curve: Ymaz = 1.88. The dashed-dotted curve corresponds to a Gaussian distribution of
the non-affine displacement vectors.

of amplitude Ymax = 1.88. Except for g,,, these correlation functions
decrease exponentially, at least over the distance which can be probed in
our simulations, which is of the order 10 (that is half the dimension of the
simulation box). Note that for symmetry reasons, the correlation functions
9zy(7), as well as g,,(r) and g,.(r) are expected to be zero. Indeed, it is
observed that these functions are very small in absolute value (see Figure
10). Correlation lengths £ may be estimated from the plots of the functions
gap(r) as a function of r. In a given system, the correlation length is not the
same for all g,s(r) functions. At high amplitudes, the correlation length
of the y components §,, is systematically the largest one. &, is plotted
as a function of the maximum strain Ymax in Figure 11. §,, increases
significantly as ymax increases, which means that the spatial scale of the
non-affine displacements increases as well as their amplitude, though more
slowly. By contrast, no systematic change of {,, as a function of the volume
fraction ® has been measured in the systems investigated (from ® = 0.20
to @ = 0.37).
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F1G. 9. The reduced average displacement < Ar > /v2,.., computed as the first
moment of the histograms (as shown in Figure 8), as a function of the volume fraction
®, for different values of the connectivityn: 0: n =85 ;0: n=9;0: n=10. All
points are obtained with values of Ymas of the order 1.8 to 2.

4.4. Stress relaxation under shear. As it is well known, gels or
rubbers exhibit long relaxation times, much longer for instance than those
predicted by the Rouse model, even at high temperatures [2, 52]. In the
simulated filled rubbers studied here, we may expect long relaxation times
as well. Indeed, due to the disorder of the systems, one may expect that
the relaxation involves motions at scales larger than the filler diameters,
and therefore can be much longer than unity. The relaxation times may
depend on several parameters. First, the smaller the cross-link density, the
longer the relaxation time, since the available phase space becomes more
complex. The effect of the filler volume fraction is less clear. On one hand,
the energy barriers to cross when deforming the samples become larger on
increasing ®. This effect tends to reduce the relaxation times. On the other
hand, these barriers becoming higher, it takes more time to cross them
back during the relaxation process. Thus, we have studied the relaxation
dynamics in our systems by performing the following typical experiment.
The systems are first submitted to an imposed shear deformation at a
given ¥, and the subsequent intrinsic relaxation of the stress at constant
deformation is measured.

We have studied the relaxation as a function of the various parameters

which describe the systems. The relaxation of the stress under constant
strain for different values of the strain ypyay is shown in Figure 12. o(0)
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Fi1G. 10. Correlation function of non-affine displacements after the system has been
deformed by a large amplitude shear. r is the distance between correlated particles, the
correlation function is averaged isotropically on r. O: gyy(r); +: gex(r); 0 g22(r); O:
gzy(r). n =85, & =10.35, ¥ = 0.1, Ymaz = 1.88.

is the stress when the value vy, has been reached. The time is measured
here from that starting point. Throughout this section, the time scales are
expressed in system time units (sec), determined by the reduced friction
coefficient ¢*. It appears first that the typical relaxation time is very long
with respect to one, particularly at large values of the strain ymax. In the
top relaxation curves in Figure 12, the stress has not yet reached a plateau
after more than 100 sec. The relative amount of stress relaxation is quite
sensitive to the parameters of the systems. The shear stress relaxation
normalized to one at the starting point, a(t)/o(0), is plotted in Figure 13
as a function of time, for different values of the constant strain yyax. The
relative amount of relaxation, defined as (¢(0) — o4n)/0(0), is plotted in
Figure 14 as a function of @, for different values of the connectivity n and
for a given applied shear Ymax. Ofin is the stress value at the end of the
measured relaxation. As mentioned above, there is some uncertainty in
estimating the terminal value of the stress, which is still relaxing signifi-
cantly after more than 200 sec in some cases. It is observed that the larger
®, the larger the subsequent stress relaxation. We interpret this result as
the following: at relatively short times, some fillers come into contact and
interact strongly, which results in a high contribution to the stress. At
subsequent times, some of these fillers may move apart in order to drop
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Fic. 11. The correlation length £,y of the correlation function of non-affine dis-
placements gy, (0) in the system n = 8.5, & = 0.35 sheared at ¥ = 0.1 up t0 Ymaz,
plotted as a function of the mazimum shear Ymaz.

in more energetically favorable position. However, this process is likely to
take a long time.

Another noticeable feature is that the relaxations are non exponential.
The reduced (normalized) stress o*(t) = (¢(t) — an)/(6(0) — o5n), Where
Ogn is the final value of the stress (og, = ot = o0)), is plotted as a
function of time in Figure 15 in the system n = 8.5, ® = 0.35 for different
values of the applied shear strain yyax. The non-exponential character of
these curves is very clear. Moreover, the initial relaxation time exhibits a
marked variation as a function of the strain v: the larger v, the longer the
relaxation time, for reasons which are probably similar to those mentioned
above. The dispersion of the curves at longer times comes essentially from
the difficulty to determine the final stress oa,. A relaxation time 7 may
be defined in the usual way as the integral 7 = f0°° o*(t)dt. The relaxation
time 7 is plotted as a function of ® in Figure 16 for different values of n,
all points here being obtained at about the same value of v = 1.8. Both
the relaxation time 7 and the relative amount of relaxation (as exemplified
in Figure 13) depend on the volume fraction ®, though not very strongly.

5. Conclusion. We have proposed a model in order to simulate the
dynamical behavior of physical systems such as gels or rubbers reinforced
by filler particles. This model represents a disordered elastic system made
of hard spheres connected by harmonic springs. The response of this sys-
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F1G. 12. Relazation of the stress o(t) at various fized values of the strain as e
Junction of time, in the system n = 8.5, & = 0.35. The shear (upward curve) is
performed at ¥ = 0.1. The time scale in abscissa is in unit of the elementary simulation
time scale given by (. Circles visualize the starting point of each relazation experiment.
The corresponding -y values are respectively (from top to bottom): 1.876, 1.499, 1.122,
0.745, 0.369, 0.180, 0.086.

tem to large amplitude shear deformations has been studied by dissipative
molecular dynamics. The parameters of the system are the connectivity n
and the volume fraction ®, and the parameters of the applied deformations
are the shear rate 4 and the maximum shear .. Note that any tensorial
deformation I'n3 may be implemented in our numerical simulation code.
This system exhibits some major effects which correspond to the behavior
observed in filled elastomers. First, it reproduces the reinforcement ob-
served in the high temperature regime in {38, 39]. Indeed, we observe that,
the higher the filler volume fraction, the higher the shear modulus. Second,
our simulations displays the non-affinity of the microscopic displacements,
which have been observed in systems such as gels or rubbers. The pres-
ence of the fillers tends to enhance the non-affine part of the microscopic
displacements. This behavior results from two mechanisms with opposite
contribution: the presence of the fillers tends to maintain each unit within a
defined neighborhood, which tends to reduce the non-affinity; on the other
hand, once a unit has overcome this barrier under the action of the imposed
displacement, the presence of the fillers makes it more difficult to drop back
in (or very close to) its previous relative position during subsequent relax-
ation. Qur simulations show that this latter effect dominates the former.
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F1G. 13. Relazation of the normalized stress o(t)/o(t = 0) in the system n = 8.5,
& = 0.35 under different values of the applied sirain, from top to bottom curve: A:
Ymaz = 1.88 ; V! Ymaz = 1.50 ; 02 Ymez = 1.12 ; 0 Ymaz = 0.745 ; 0 Yrmae = 0.37 ; X:
Ymaz = 0.18 ; plain curve: Ymq, = 0.086.

As mentioned in the introduction, the non-affine nature of the displacement
field has also been considered in simulations regarding the case of simple
liquids, in the low temperature regime [18, 19]. However, these studies con-
sidered wave propagations, on time scales which does not allow the degrees
of freedom to change their local environment: the motion of the molecules
correspond to vibrations of small amplitudes compared to the molecular
diameter, whereas we consider here large scale reorganisations. Note also
that these simulations have been performed in 2D only.

The relaxation mechanisms discussed above makes the time evolution
of the system very complex. We have also shown that the microscopic
state is not a one-to-one function of the macroscopic deformation: the
state of this kind of systems depends on their history. In particular, we
have shown that the internal energy of a “young” sample can decrease when
submitted to deformation cycles. Another major effect is that the complex
relaxation mechanisms due to the disorder of the system lead to very long,
non-exponential relaxations, with associated time scales much longer than
the unit time scale of the system. Therefore, even if the rubber matrix
has a well defined relaxation time, these systems should exhibit a broad
distribution of relaxation times. The case of a less idealized matrix, with
itself a non-exponential relaxation function, could in principle be addressed
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using our approach, by replacing the friction coefficient ¢* by a distribution
of friction coefficients. These kinds of approaches should be extended to
describe in more details the non-linear behavior of gels and rubbers, and
also the complex and fascinating behavior of filled elastomers in the low
temperature regime, where the glass transition effects lead to dramatic
reinforcement and very strong non-linear behaviors [29, 30, 34, 38, 39].
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APPENDIX
A. Torque. The torque acting on the system can be written as
(A.1) T=Y RAF

where the force F* is the total force acting on particle i. The torque can
be written as

(A.2) T= Y RAFY

i,jneighbors
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where the summation runs other all internal forces. FJ is the force that
particle j exerts on particle . The torque can then be written as

(A.3) F=z Y (B-R)AFI,

i,jneighbors

Since all the forces between particles are central forces, this quantity is zero.

B. Deviation of the initial stress tensor. In a macroscopic sam-
ple, the stress should be diagonal immediately after the particles have been
randomly distributed in the sample, because the sample would be isotropic.
On the other hand, because of the finite number of particles in our sam-
ple, fluctuations cannot be neglected. After the particles have been dis-
tributed, the deviation of non-diagonal elements of the stress tensor can be
estimated as:

1 . s
(B.1) (%) =553 (R;R{,F;Fé) .
.5

We consider the case of non-diagonal elements « # §. Then, the previous
sum, which contains N2 terms a priori, effectively contains a number of
order N of non-negligeable terms only. Indeed

(B.2) <Rng;F,§Fg > ~0
for indices corresponding to particles far apart. Thus
1 o
(%) =75 Y. (RLRLFSF))

i,jneighbors

T/l—z > (RLRL)(FiFR).

i,jneighbors

(B.3)

When the indices 7 and j are different, one has, if the particles ¢ and j are
neighbors

B4) (FiF))= <<Z (Y F’J""‘)> = (FF) (m - f?)
k m

where f is the typical force exerted by the elastic springs or by the hard
core repulsion. If the particles are not neighbors, this average is zero. When
the indices ¢ and j are equals, one has

(B.5) (FiF) = <Z ﬁf’iF'*'J>
J
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These terms exactly cancel the previous ones, except for the bonds at the
boundaries which point out of the box. The contribution of the remaining
terms is therefore

2 L2 2 L2 2
(B.6) (025) ~ -172-21:. ~ 37 f°Ns -
i.B

The subscript B means that the summation is performed over all particles
which interact through the boundary of the box. The number of such
particles is Ng. Finally:

ZN L2
(B.7) <ﬁwziw%—a

Thus, for a box with 10000 particles, the amplitude of non diagonal ele-
ments of the stress tensor is of the order 0.1 and is therefore not negligible.

N—2/3 .

C. Amplitude of the correlation functions. Let us consider an
elastic body with a non-homogeneous elastic modulus g = yg + d. When
this system is submitted to an imposed deformation 7, the displacement

field u(_;"') is such that u(i")u(_;"') ~ 7ypo is constant. It follows that du(7) ~
~¥3u(7), where du(7) is the local distortion as compared to the macroscopic
affine deformation, i.e. the non-affine displacement. Then:

(C.1) (u(F)uls + B)) ~ o* (Su(mou(ri + B ) -

This shows that, for small deformations, the correlation function of the
non-affine displacements varies as a function of -y like 2.
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STRESS TRANSMISSION AND ISOSTATIC STATES OF
NON-RIGID PARTICULATE SYSTEMS

RAPHAEL BLUMENFELD*

Abstract. The isostaticity theory for stress transmission in macroscopic planar
particulate assemblies is extended here to non-rigid particles. It is shown that, provided
that the mean coordination number in d dimensions is d + 1, macroscopic systems can
be mapped onto equivalent assemblies of perfectly rigid particles that support the same
stress field. The error in the stress field that the compliance introduces for finite systems
is shown to decay with size as a power law. This leads to the conclusion that the isostatic
state is not limited to infinitely rigid particles both in two and in three dimensions, and
paves the way to an application of isostaticity theory to more general systems.

Key words. Granular systems; Stress field; Compliance; Isostatic systems.

1. Introduction. Much attention has been given lately to particulate
systems both due to their overwhelming technological importance and the
fundamental theoretical challenges that they pose [1, 2]. In particular the
micro- and macro-mechanics have focused research activity following exper-
imental [3-7] and numerical [8-11] observations of nonuniform stress fields
[12]. Specifically, stresses frequently appear to be supported by arch-like
regions, termed force chains, that cannot be straightforwardly described
by conventional approaches [13-15]. It has been recognized that to un-
derstand this phenomenon it is essential to first understand transmission
of stresses in ‘isostatic’ systems [12]. Isostatic states are configurations of
particles where the interparticle contact forces are statically determinate,
i.e. they can be determined from the mechanical equilibrium conditions
of balance of force and torque moments. This means that the interparti-
cle forces can be determined without reference to compliance and hence
to stress-strain relations. Isostatic states are characterized by low mean
coordination numbers per particle which depend on the dimensionality of
the system and on the particles roughness. For rough and infinitely rigid
particles in d-dimensional systems (d = 2,3) this number is 2, = d + 1,
for smooth infinitely rigid particles of arbitrary shape 2z, = d(d + 1) [16-
19], and for smooth infinitely rigid spheres z, = 2d. Isostatic packings
of particles are marginally rigid and such states have been shown to be
easy to approach experimentally [19], making them interesting more than
only theoretically. Several empirical [20-23] and statistical [12, 18] mod-
els have been proposed for the macroscopic stress field equations in these
systems, suggesting a linear coupling between the components of the stress
tensor. This has been recently established from first principles in the two-
dimensional case for systems of infinitely rigid particles [24]. The new

*Biological and Soft Systems, University of Cambridge, Cavendish Laboratory, Mad-
ingley Road, Cambridge CB3 O0HE, UK (rbbli@phy.cam.ac.uk). I am grateful to Prof.
Robin Ball for critical comments.
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isostaticity theory (IT) closes the stress field equations with a constitutive
relation between the stress tensor  and a rank-two symmetric fabric tensor
P which characterizes the local microstructure:

(1'1) Pz2zOyy + PyyOzs — 2pzyazy =0.

On the scale of a few particles, this equation is a local manifestation of the
torque balance condition beyond the global requirement that & = 67 [24].
It then transpired that the coarse-graining of Eq. (1.1) is not trivial, but
this was eventually resolved, making it applicable for macroscopic systems,
albeit with a subtle difference in the interpretation of the constitutive field
pij [30]. This paved the way to several results, most notably it enabled
a derivation of the general solution for the stress field in two-dimensional
isostatic granular packings [25]. The solution turned out to indeed give
rise to force chains and arches. This, not only gave a firm theoretical basis
that explains the experimentally observed force chains, but also provided
a way to predict the trajectories of individual force chains. Using these
predictions made it possible to test the theory by direct comparison with
experimental measurements.

However, much controversy surrounds the validity of the new theory.
In particular, because it has been developed for infinitely rigid particles,
there remained questions concerning its validity to general particulate sys-
tems, whose rigidity is unavoidably finite. The clarification of this point is
a crucial first step towards bridging between IT and elasticity theory. A
detailed examination of this issue, both in two and in three dimensions, is
the aim of this paper. :
Two dimensions. Consider a polydisperse planar packing of N parti-
cles of arbitrary shape and typical area a [26], confined to within a square
container of dimensions L2 ~ aN. All the particles are presumed to be
made of the same material whose elastic properties are known [27]. The
packing is loaded by an infinitesimally small external compressive force Fy
on two opposite boundaries, as shown in Figure 1. The load compresses
the particles against one another slightly, resulting in contacts between
neighboring particles that consist of short lines. The line contacts, rather
than point contacts, between particles constitute the main difference be-
tween packings of compliant and infinitely rigid particles. The criterion for
‘smallness’ of Fy is that the contact lines are smaller that the linear size
of the corresponding particles [28]. For a system of infinitely rigid parti-
cles to be statically determinate in two dimensions the mean coordination
number per particle must be z. = 3 up to a boundary-to-bulk correction
term. We wish to determine whether stress fields that develop in assemblies
of compliant particles that satisfy this condition are also governed by the
equations of IT.

An ideal resolution of the issue would be to establish whether all the
interparticle forces can be determined, at least in principle, from balance
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Fi1G. 1. The loading on a packing of grains by a force Fy that is distributed evenly
on the shown surfaces.

conditions alone. If this is possible then the system is statically determi-
nate and isostaticity theory must apply. The main difference between the
geometries of infinitely rigid and compliant systems is that while in the
former the interparticle forces act at a point of contact, in the latter they
are continuously distributed along contact lines. Let us examine the con-
tact between two touching particles, g and g'. The particles press on one
another with a force that is distributed along the contact line with density
¢(z), where z is a length parameter that varies from 0 to ! along the line
(see Figure 2). Due to the arbitrary shapes of particles this force density
need not be uniform. Both a force and a torque moment are transmitted
through the contact and these are given by

{
(1.2) 7o = [ doys
and
1
(1.3) M9 = / B(z) x flz)da .
0

Here g(z) is the position vector from the centroid of the particle (defined
as the mean position vector of the contact points of the particle g).
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b \fgg’

Fi1G. 2. The distribution of forces, $(m) along the contact line between grains g and
g'. The contact line is parameterized by 0 < z <l from left to right. The mean force is
=~ 1
f99 located at a distance z = lp, found from the first and second moments of the force
density.

So, do we need to determine the entire force distributions along the
contact lines? Considering relations (1.2) and (1.3), the answer is encour-
agingly no. The torque moment can be represented by a single force of
magnitude fod' acting at a point x = l; that lies between z =0 and z =
(it is straightforward to see that Iy cannot be outside this section), and
whose location is determined by the relation

(1.4) 759" x plo) = M99 .

Thus, it seems that, at least in principle, we can reduce the problem to
find the discrete forces f9¢ . In mechanical equilibrium these interparticle
forces balance out [29]

(1.5) Y =0.

gl

The stress field can be defined in terms of the force moments around the
particles

(1.6) S =378 08 (o) -

gl

The torque balance condition for every particle amounts to the requirement
that Sf; = S7;. With this definition the stress within a given region inside
the material is the area average of the force moments over the particles
within the region.
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F1G. 3. The equivalent system of ideally rigid particles (dashed lines} touch at the
point = = lg along the contact line of the original compliant particles (full lines).

Expressions (1.2), (1.3) and (1.6) suggest that the stress field is deter-
mined only by the forces fgg', rather than by the entire distributions of the
contact forces. It follows that if we knew the locations of the points g%
where the equivalent interparticle forces act then we could map the system
of compliant particles onto an equivalent one of infinitely rigid and infinitely
rough particles that contact at these points, as illustrated in Figure 3. The
equivalent system would have the same mean coordination number and it
would transmit the same interparticle forces. Therefore, it would also have
the same macroscopic stress field. Since the stress field in the equivalent
packing is governed by IT then this would lead to the important conclu-
sion that the original packing of compliant particles is also isostatic and is
indeed described by IT.

However, there still remains the issue of the adaptation of the formal-
ism to the structure of compliant systems. In particular, recall that IT
relies on the identification of the geometric tensor whose components p;;
depend directly on the positions of the contact points. Thus, the question
that we are faced with is whether it is possible to identify the points along

the contact lines, I$? ". Here we appear to have a problem. To determine
the locations of these points requires using relations (1.3) and (1.4), which
in turn require full knowledge of ¢(z) at the contact between every two
particles. But this is tantamount to a solution of the interparticle forces
in the first place. Does this mean that we cannot find the equivalent rigid
packing? Have we reached a dead end?

Not necessarily. The conundrum can be resolved as follows. Let us

introduce a judiciously chosen approximate equivalent system for which we
can use IT to solve for the stress field. The idea is to show that the difference
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between the approximate and the true fields diminishes as N=% (a > 0)
when the system size increases and therefore that the approximate solution
converges to the true solution for rnacroscoplc systems. The equivalent
packing is generated by choosing the forces f99' to act at the centers of the
contact lines. This requires only knowledge of the structure, not the force
distributions. Let us construct the geometric tensor p for the equivalent
system, using the definition in [24] and coarse-grain it using the procedure
in [30]. Together with the boundary data, we can now determine the stress
field using the solution of reference [25].

The deviation of this solution from the ‘true’ stress field arises from
the error made in the position vectors that point from the centroids of
the  grains to the location of 39 (lp). Defining these error vectors as 699 =
799 (1/2) — 799’ (Ip), the error in the stress field around particle g is given by

1

a.q
g

.7 sof; = 599 g9 |

where af is the area associated with particle g.

Now, a continuous stress field representation is only useful on scales
that contain a good number of particles M but where M <« N. For macro-
scopic description, the system is regarded as a collection of continuous
such units. The error made in the stress within such a unit region of area

=3 .0 ~aMis

1
Jo{j =4 [F Za-"a;%jl

=% 20950 AF Z 599 fgg

9,.9'€T

(1.8)

The error in the stress field is linear in the 699 and its magnitude depends
directly on the correlations between these quantities;

(1.9) (602)2 = _172. Z (599 59' 9"’) 590 fg"g”'
(A ) g’gl’g"’glller

Let us now assume that in isotropic packings the error vectors 699 are
random and uncorrelated. This, of course, may not be the case since cor-
relations may arise from the history of the dynamics that gave rise to the
structure, as well as from inhomogeneities in material properties and gran-
ular characteristics that lead to nonlinear contact lines. However, in the
absence of evidence to the contrary it is plausible that under small load-
ing these effects are negligible. Then the sum in (1.8) can be regarded
as a two-dimensional Markovian random walk and it increases as O(M),
up to logarithmic terms. But the area also increases as O(M) and hence
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the entire expression (1.9) decreases as 1/M. We therefore arrive at the
conclusion that
1

1.10 36T ~ — .
(1.10) v,

This result encouragingly support the idea that the approximate and the
true stress fields converge in the macroscopic limit. But we are not fin-
ished yet. Having partitioned the system into N/M basic units of M grains
each, we now face the acid test of the analysis. We need to determine the
size of the discrepancy between the boundary data and the corresponding
data derived from the approximate field. Using the same rationale, it is
assumed that in isotropic systems the errors in the stresses (1.10) in dif-
ferent basic units are independent. It follows that the error in the stress
field at the boundary (which is normalized by the total area) is of order
O{(v/M/N) « 1. For macroscopic systems this error is indeed negligibly
small. We have therefore reached the desired result; in macroscopic pack-
ings of compliant grains the approximate and the true stress fields are the
same and can be obtained by solving for the isostatic stress in the equivalent
infinitely rigid packing.

To make the analysis even more quantitative, let the particles’ Young
modulus be E and let us assume that their local radius of curvature is
typically R = ¢y/a. In isotropic systems it is expected that the value of
the parameter ¢ would be distributed over particles around 1/4/m. For
monodisperse circular particles the distribution of ¢ is almost a d-function
around this value. A sensible choice of M is such that there are many
particles in a unit region on the boundary that are pressed by the boundary
loading. With this choice the fluctuations of the force on the boundary
particles can be disregarded and the mean force per particle in the y-
direction is Fy/ Vv'N. Two particles in contact exerting a normal force f,
on one another deform slightly and according to Hertz theory the line
contact between them is

fnRe

1.11 =4
(1.11) w .y

long. In this expression Re is an effective radius, 1/R¢ = 1/R9 + 1/RY ~
2y/7/a, B' = 2(1 - v?)/E and v is Poisson’s ratio. Substituting for the
compressive force f, gives that the width of a typical line contact is

AN [F [ a \i/4
(1.12) wN(;) E(Nl/z) .

The error in the distance between the middle of the line and the true
point [y is at most w/2. Thus, using relations (1.7) and (1.12), and taking
into consideration that there are on average three contacts per particle, the
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typical error made in the computation of the stress around any one particle
is bounded by

(1.13) 160! |<3“’f"~ 3/4\/ (o)

This calculation gives the precise power a = 3/4 with which the error be-
tween the stress fields decays with the number of particles N and completes
the proof.

Recalling that theories for ideal rigid particles predict stresses that

propagate nonuniformly along arches [12, 20, 25], this explains why such
force chains are also observed in packings of compliant particles [3-11].
Moreover, since the trajectories of force chains can be predicted in ideal
packings [25] then the above suggests that these predictions can be ex-
tended to systems of compliant particles. It would be interesting to com-
pare these predictions with the actual trajectories observed in realistic sys-
tems, such as those of references [3-7].
Three dimensions. The discussion of the three-dimensional systems fol-
lows the same rationale. The systems considered here consist of compliant
and non-slipping particles, slightly compressed under a low external load.
The mean coordination number is four per particle and the contacts make
small two-dimensional surfaces. We assume, for simplicity, that the parti-
cles have homogeneous elastic properties, in which case the contact surfaces
are planar. It is straightforward to lift this assumption and extend the re-
sults to systems of particles with nonuniform properties. The difference
between such a system and one of infinitely rigid particles is that the in-
terparticle forces are distributed across the contact surfaces. The contact
surface between particles g and ¢' can be described by a position vector
/3'99' (z,y), where z and y parameterise the surface of the contact. Terming
the interparticle force density ¢9¢' (z,y), the mean force between the two
particles is

(1.14) oo = / 59 (z,y)dedy |

where s stands for an area integration across the contact surface. The mean
torque moment on the surface is

(1.15) 399 = / 59’ (z,4)° (2, y)dzdy .

From Eqgs. (1.14) and (1.15) we now extract a position vector pgg' by using
(1.16) 795 x 89 = M99

It 1s straightforward to verify that if the contact surface is planar then
pog corresponds to a point on the surface p "” = 9 (z0,y0). Non-planar
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surfaces, which may result from non-uniform elastic properties in the parti-
cles, do not pose a limitation on this analysis as long as the deviation from
the plane is smaller than the size of either of the particles in contact. We
can now define the equivalent ideal system by postulating that its infinitely
rigid particles make contacts at the points pgg'

This done, we face the same conundrum as in the two-dimensional case;
the determination of the contact points of the equivalent system poses the
same level of difficulty as the original determination of the contact force
distributions. For the resolution of this problem we follow the same logic
as before. We construct an approximate system, for which isostaticity
theory can be applied to determine the stress field, and then we show that
the approximate field converges to the true field as the size of the system
increases.

The contact points of the approximate system of infinitely rigid parti-
cles are postulated to be at the centroid of the contact surfaces of the true
system of compliant particles,

¢ _ o7 (z,y)dzdy
approx fs dwdy ’

These points are well defined from the geometry. The stress field in the
approximate ideal packing of rigid particles is

(118) o= Zf“ (e88ror) .

where V9 is the volume associated with particle g. There are several ways
to define the volume V9 such that V*¥¢ = 3 g V9, but the precise definition
is not essential for the present discussion. The error in the stress around
particle g originates from the deviations of the true positions of the effective

forces from the approximate positions 8599 pggpm pgg',

(1.17)

1
(1.19) dof; = 77 > il Jp
g

Consider a region I containing M < N particles. The volume of the region
is of order VI = Z V9 ~ VM, where V is the typical particle volume.
The error in the stress over this region is

1
Jafj = [WZVgofj]
o

9,.9'el

(1.20)

Following a similar analysis as in two dimensions we end up with a
three-dimensional Markovian random walk of the vectors §p¥9 . Assuming



244 RAPHAEL BLUMENFELD

now that in isotropic systems these are uncorrelated (at least above some
length scale), we conclude that | do7; | increases as O(M'/2) and therefore

that the error decreases as O(M~1/2). By considering many such regions
we are then led to the conclusion that the error at the boundary between
the true and approximate stress fields decreases again as O(y/M/N) ~
O(L—3?) « 1.

We can make the analysis again more quantitative by taking into con-
sideration the elasticity of the particles, their typical size and assuming
Hertzian interaction. Following the line of reasoning as that leading to
Eq. (1.13), we find that according to Hertz theory the diameter of the area
of contact between two grains is

er \1/3
(1.21) w=2 (%) ,

where f, is the force pressing them together, 1/K = (3/4)[(1 — p*)/E +
(1 — w'2)/E'] is an effective elastic constant, and 1/R® = 1/R? + 1/R9 is
an effective curvature. Taking a cube of N particles and pressing on one of
its surfaces by a force F, gives that on average per grain there is a normal
force of order F,/N?%/3. Recalling that there are on average four contacts
per particles, the error in the stress around a particle can be bounded by

2wfn ~ 3 FA3N-8/9
Vv W(Re)8/3 K1/3

(1.22) l60%;| <

Thus we have demonstrated that, just as in two dimensions, the iso-
static solution for the equivalent system of ideally rigid particles converges
to the true stress field of the packing of compliant particles as the size of
the system increases.

To conclude, it has been shown in this note that isostaticity theory is
not limited to packings of infinitely particles. Rather, this theory can be
used to describe stress fields in macroscopic systems of compliant particles.
The only condition that such systems must satisfy is the same as the one
for rigid-particle isostatic systems; that the number of contacts per particle
is 2. =d+1in d = 2,3 dimensions.

The next step towards bridging between isostaticity and elasticity the-
ories involves considering packings where the mean coordination number is
larger than z.. A suggestion in this direction has been made by this author
[25] and a detailed formulation of an isoelasticity theory will be reported
elsewhere.
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