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Introduction

This book is the second volume of a full and detailed course in the elements
of real and complex analysis that mathematical undergraduates may expect
to meet. Indeed, it was initially based on those parts of analysis that under-
graduates at Cambridge University meet, or used to meet, in their first two
years. There is however always a temptation to go a bit further, and this
is a temptation that I have not resisted. Thus I have included accounts of
Baire’s category theorem, and the Arzela—Ascoli theorem, which are taught
in the third year, and the Mazur—Ulam theorem, which, as far as I know,
has never been taught. As a consequence, there are certain sections that can
be omitted on a first reading. These are indicated by asterisks.

Volume 1 was concerned with analysis on the real line. In Part Three,
the analysis is extended to a more general setting. We introduce and con-
sider metric and topological spaces, and normed spaces. In fact, metric and
metrizable spaces are sufficient for all subsequent needs, but many of the
properties that we investigate are topological properties, and it is well worth
understanding what this means. The study of topological spaces can degen-
erate into the construction of pathological examples; once again, temptation
is not resisted, and Section 11.6 contains a collection of these. This section
can be omitted at a first reading (and indeed at any subsequent reading).
Baire’s category theorem is proved in Section 12.6; it is remarkable that a
theorem with a rather easy proof can lead to so many strong conclusions,
but this is another section that can be omitted at a first reading. The notion
of compactness, which is a fundamental topological idea, is studied in some
detail. Tychonoff’s theorem on the compactness of the product of compact
spaces, which involves the axiom of choice, is too hard to include here: a
proof is given in Appendix D.

ix



X Introduction

In Part Four, we come back down to earth. The principal concern is the
differentiation and integration of functions of several variables. Differentia-
tion is interesting and reasonably straightforward, and we consider functions
defined on a normed space; this shows that the results do not depend on
any particular choice of coordinate system. Integration is another matter.
To begin with it seems that the ideas of Riemann integration developed
in Part Two carry over easily to higher dimensions, but serious prob-
lems arise as soon as a non-linear change of variables is considered. It is
however possible to establish results that suffice in a great number of con-
texts. For example, the change of variables results are used in Volume III,
where we introduce the Lebesgue measure, and the corresponding theory of
integration. These results on differentiation and integration are applied in
Chapter 19, where we consider subspaces of a Euclidean space which are
differential manifolds — subspaces which locally look like Euclidean space.

This volume requires the knowledge of some elementary results in linear
algebra; these are described and established in Appendix B.

The text includes plenty of exercises. Some are straightforward, some are
searching, and some contain results needed later. All help to develop an
understanding of the theory: do them!

I am extremely grateful to Zhuo Min ‘Harold’ Lim who read the proofs,
and found embarrassingly many errors. Any remaining errors are mine alone.
Corrections and further comments can be found on a web page on my
personal home page at www.dpmms.cam.ac.uk.


http://www.dpmms.cam.ac.uk
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Metric and topological spaces






11

Metric spaces and normed spaces

11.1 Metric spaces: examples

In Volume I, we established properties of real analysis, starting from the
properties of the ordered field R of real numbers. Although the fundamental
properties of R depend upon the order structure of R, most of the ideas and
results of the real analysis that we considered (such as the limit of a sequence,
or the continuity of a function) can be expressed in terms of the distance
d(xz,y) = |z — y| defined in Section 3.1. The concept of distance occurs in
many other areas of analysis, and this is what we now investigate.

A metric space is a pair (X,d), where X is a set and d is a function
from the product X x X to the set RT of non-negative real numbers, which
satisfies

1. d(z,y) = d(y,x) for all z,y € X (symmetry);
2. d(z,z) < d(z,y) + d(y, z) for all x,y,z € X (the triangle inequality);
3. d(z,y) =0 if and only if z = y.

d is called a metric, and d(z,y) is the distance from z to y. The conditions
are very natural: the distance from x to y is the same as the distance from
y to x; the distance from x to y wvia z is at least as far as any more direct
route, and any two distinct points of X are a positive distance apart.

Let us give a few examples, to get us started.

Example 11.1.1 R, with the metric d(x,y) = |x — y|, is a metric space,
as is C, with the metric d(z,w) = |z — w|.

This was established in Volume I, in Propositions 3.1.2 and 3.7.2. These
metrics are called the usual metrics. If we consider R or C as a metric space,
without specifying the metric, we assume that we are considering the usual
metric.

303



304 Metric spaces and normed spaces

Example 11.1.2 The Euclidean metric.

We can extend the ideas of the previous example to higher dimensions.
We need an inequality.

Proposition 11.1.3 (Cauchy’s inequality) If 2,y € R? then
1
d d 2 d 2
2 2
e < | 2ot | v
j=1 j=1 j=1
Equality holds if and only if x;y; = xjy; for 1 <4, <d.

Proof  We give the proof given by Cauchy in 1821, using Lagrange’s
identity:

d 2 d

dowyi |+ Y (wiy -y’ = Zx S yi s

j=1 {(i.g)-i<4} j=1
which follows by expanding the terms. This clearly establishes the inequality,

and also shows that equality holds if and only if x;y; =x;y; for 1 <4, 5 <d.
O

Corollary 11.1.4 Ifz,y € R?, let d(z,y) = (Z;j (2 —y)H)Y2. Thend

is a metric on R%.

Proof  Conditions (i) and (iii) are clearly satisfied. We must establish the
triangle inequality. First we use Cauchy’s inequality to show that if a,b € R?,
then d(a + b,0) < d(a,0) + d(b,0):
d
d(a+b,0)> => (a; +b;)
j=1
d
=N a2 +2 Z a;b; + Z b;
‘7:
< d(a,0)* + 2d(a, O).d(b, 0) + d(b,0)* = (d(a,0) + d(b,0))%.
Note that it follows from the definitions that d is translation invariant:
d(a,b) = d(a + ¢,b+ ¢). In particular, d(a,b) = d(a — b,0). If z,y,z € R%,
seta=x—yand b=y — 2, so that a + b =x — z. Then

d(z,z) =d(a+b,0) <d(a,0)+d(b,0) =d(z,y) + d(y, 2).
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The metric d is called the Euclidean metric, or standard metric, on R%.
When d = 2 or 3 it is the usual measure of distance.
We can also consider complex sequences.

Corollary 11.1.5 If z,w € C%, let d(z,w) = (Z?Zl |2 — w;|*)Y/2. Then
d is a metric on C?.
Proof  Again, conditions (i) and (iii) are clearly satisfied, and we must

establish the triangle inequality. First we show that if z,w € C¢ then
d(z +w,0) < d(z,0) + d(w,0): using the inequality of the previous corollary,

p 1/2 4 1/2
d(z +w,0) = | Y |z + wy|? < Doz + wyl)?
j=1 j=1
p 1/2 4 1/2
<D lHP) (Dl =d(z,0) + d(w,0).
j=1 j=1

Again d is translation invariant, so that d(r,s) = d(r — s,0). If r,s,t € C¢
let z=r—sand w=s—1t,sothat z4+w=r—1tand

d(r,t) = d(z 4+ w,0) < d(z,0) + d(w,0) = d(r,s) + d(s,t).

The metric d is called the standard metric on CA.
We shall study these metrics in more detail, later.

Example 11.1.6 The discrete metric.

Let X be any set. We define d(x,y) = 1 if z # y and d(z,y) =0 if x = y.
Then d is a metric on X, the discrete metric. If z € X, there are no other
points of X close to x; this means, as we shall see, that analysis on X is
rather trivial.

Example 11.1.7 The subspace metric.

If (X, d) is a metric space, and Y is a subset of X, then the restriction of
dtoY x Y is a metric on Y. This metric is the subspace metric on Y, and
Y, with the subspace metric, is called a metric subspace of (X, d).

The subspace metric is a special case of the following. Suppose that (X, d)
is a metric space and that f is an injective mapping of a set Y into X. If we
set p(y,y') = d(f(y), f(y')) then it is immediately obvious that p is a metric
on Y. For example, we can give (—m/2,7/2) the usual metric, as a subset
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of R. The mapping j = tan~! is a bijection of R onto (—7/2,7/2). Thus if
we set

p(y,y") =1i(y) — i (¥)| = [tan™" (y) — tan~" ()|,

then p is a metric on R.
Example 11.1.8 A metric on the extended real line R.

We can extend the mapping j of the previous example to R by set-
ting j(—o0) = —7m/2 and j(4+o00) = —n/2. Then j is a bijection of
R onto [—7/2,7/2], and we can again define a metric on R by setting
p(y:y") = 1i(y) —j(y")]. Thus

ply, 00) = m/2 — tan”" (y),
p(—00,y) = tan™ ! (y) + /2

and p(—o00,00) = 7.
Example 11.1.9 A metric on N = N U {oc}.

Here is a similar construction. If n € N, let f(n) = 1/n, and let
f(+00) = 0. f is an injective map of N onto a closed and bounded subset
of R. Define p(x,z') = |f(z) — f(2')|. This defines a metric on N:

p(m,n) =|1/m —1/n| and p(m,c0) = 1/m.
Example 11.1.10 The uniform metric.

There are many cases where we define a metric on a space of functions.
Here is the first and most important example. First we need some definitions.
Suppose that B is a non-empty subset of a metric space (X, d). The diameter
diam (B) of B is defined to be sup{d(b,t’) : b,b' € B}. The set B is bounded
if diam (B) < oo. If f : S — (X,d) is a mapping and A is a non-empty
subset of S, we define the oscillation Q(f, A) of f on A to be the diameter of
f(A): Q(f, A) = sup{d(f(a), f(d')) : a,a’ € A}. The function f is bounded if
Q(f,5) = diam (f(S5)) < oo.

Proposition 11.1.11 Let B(S,X) = Bx(S) denote the set of all
bounded mappings f from a non-empty set S to a metric space (X,d). If

f.g € Bx(95), let do(f,g) = sup{d(f(s),g(s)) : s € S}. Then dw is a
metric on Bx(S5).
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Proof  First we show that doo(f, g) is finite. Let so € S. If s € S then, by
the triangle inequality,

d(f(s),9(s)) < d(f(s), f(s0)) + d(f(s0), 9(s0)) + d(g(50), 9(s))
< Q(f,5) +d(f(s0), 9(s0)) + (g, 5)-

Taking the supremum,

doo(fag) < Q(f? S) + d(f(30)7g(30)) + Q(Q? S) < 0.

Conditions (i) and (iii) are clearly satisfied, and it remains to establish the
triangle inequality. Suppose that f,g,h € Bx(S) and that s € S. Then

d(f(s),h(s)) < d(f(s),9(s)) + d(g(s), h(s)) < doo(f,9) + doo(g; h).
Taking the supremum, doo (f, h) < doo(f, g) + do(g, h). O
This metric is called the uniform metric.
Example 11.1.12 Pseudometrics.

We shall occasionally need to consider functions p for which the third
condition in the definition of a metric is replaced by the weaker condition

(3") if 2 = y then p(z,y) = 0.

In other words, we allow distinct points to be zero p-distance apart. Such
a function is called a pseudometric. It is easy to relate a pseudometric to a
metric on a quotient space.

Proposition 11.1.13  Suppose that p is a pseudometric on a set X. The
relation on X defined by setting x ~ y if d(x,y) = 0 is an equivalence relation
on X. Let q be the quotient mapping from X onto the quotient space X/ ~.
Then there exists a metric d on X/ ~ such that d(q(z),q(y)) = p(z,y) for
z,y € X.

Proof  The fact that ~ is an equivalence relation on X is an immediate
consequence of the symmetry property and the triangle inequality. We need
a lemma, which will be useful elsewhere.

Lemma 11.1.14  Suppose that p is a pseudometric, or a metric, on a set
X, and that a,a’,b,b' € X. Then

|p(a, b) - p(a/> b/)| < p(a> CL,) + p(ba b/)
Proof  Using the triangle inequality twice,

p(a,b) < p(a,a’) + p(a’,b) < p(a,a’) 4+ p(a’,b") + p(¥',b),
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so that
pla,b) —p(d',b") < pla,a’) + p(b, V).
Similarly
p((ll, b,) - p(a, b) S p(a> CL,) + p(ba bl)a
which gives the result. O
We now return to the proof of the proposition. If a ~ @’ and b ~ V

then it follows from the lemma that p(a,b) = p(a’,b"). Thus if we define
d(q(a),q(b)) = p(a,b), this is well-defined. Symmetry and the triangle
inequality for d now follow immediately from the corresponding proper-
ties of p. Finally if d(q(a),q(b)) = 0 then p(a,b) = 0, so that a ~ b and
q(a) = q(b). O

We shall meet more examples of metric spaces later.

11.1.1

11.1.2

11.1.3

11.1.4

11.1.5

Exercises

If z,y € [0,27), let d(z,y) = min(|z — y|,2m — |z — y|). Show that
d is a metric on [0,27). Define f : [0,27) — R? by setting f(z) =
(cosz,sinx). Let p(f(x), f(y)) = d(z,y). Show that p is a metric on
f([0,27)), the arc-length metric.

Suppose that p is a prime number. If r is a non-zero rational number,
it can be written uniquely as r = p*("s/t, where v(r) € Z and s/t is
a fraction in lowest terms, with neither s nor ¢ having p as a divisor.
Thus if p = 3 then v(6/7) = 1 and v(5/18) = —2. Let n(r) = p~*(").
If r,r" € Q, set dp(r,r") = n(r — ') for r # " and dp(r,r") = 0 if
r = r’. Show that d is a metric on Q. This metric, the p-adic metric,
is useful in number theory, but we shall not consider it further.

As far as I know, the next example is just a curiosity. Consider R?
with its usual metric d. If z = ay for some a € R (that is, x and
y lie on a real straight line through the origin) set p(x,y) = d(z,y);
otherwise, set p(z,y) = d(x,0) + d(0,y). Show that p is a metric
on RY.

Let P, be the power set of {1,...,n}; the set of subsets of {1,...,n}.
Let h(A, B) = |AAB|, where AAB is the symmetric difference of A
and B. Show that h is a metric on P, (the Hamming metric).

Let P(N) be the set of subsets of N. If A and B are distinct subsets
of N, let d(A, B) = 277, where j = inf(AAB), and let d(A, A) = 0.
Show that d is a metric on P(N) and that

d(A,C) <max(d(A, B),d(B,C)) for A,B,C € P(N).
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11.1.6 Let f be the real-valued function on the extended real line R defined
by f(z) = x/V1+a?if x € R, f(+o0) = 1 and f(—o0) = —1. If
z,y € R, let d(z,y) = |f(z) — f(y)|- Show that d is a metric on R.
Show that a sequence (z,)° ; of real numbers converges to +o0o as
n — oo if and only if d(z;,, +00) — 0 as n — oo.

11.2 Normed spaces

Many of the metric spaces that we shall consider are real or complex vector
spaces, and it is natural to consider metrics which relate to the algebraic
structure. We shall assume knowledge of the basic algebraic properties of vec-
tor spaces and linear mappings; these are described in Appendix B. Suppose
that FE is a real or complex vector space. It is then natural to consider those
metrics d which are translation-invariant: that is, d(x + a,y + a) = d(z,y)
for all x,y,a € E. Note that this implies that

d(xay) - d(x - y70) - d(07x - y) - d(_x7 _y)'

It is also natural to require that if we multiply by a scalar then the distance
is scaled in an appropriate way: d(Az, A\y) = |\|d(z,y) for all x,y € F and
all scalars A. It is easy to characterize such metrics.

A real-valued function x — ||z|| on a real or complex vector space E is a
norm if

Lol +yll < [lzll + [lyll (p is subadditive),
2. ||ax|| = |a||x|| for every scalar o and
3. ||lz|| = 0 if and only if x = 0,

for o a scalar and z,y vectors in E. (E,||.||) is then called a normed space.
Note that ||z|| = |[[—z|| and that [|0] = [[0.0|| = 0]|0]] = 0. A norm is
necessarily non-negative, since 0 = |0 < ||z| + ||—z|| = 2 ||=]|.

A subset C of a real or complex vector space is conver if whenever x,y € C
and 0 < ¢ <1 then (1 —t)z +ty € C. A real-valued function on a convex
subset C' of a real or complex vector space F is convex if whenever z,y € C
and 0 < ¢ <1 then

F( =tz +ty) < (1 =) f(x) +1f(y)-

Proposition 11.2.1  If||.|| is a norm on a real or complex vector space E,
then ||| is a convex function on E.

Proof  Suppose that x,y € F and 0 <t < 1. Then

I =tz +tyll <[|(1 =)zl + lItyll = @ =) =] + ¢yl - O
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Corollary 11.2.2 The sets U = {z : ||z|| < 1} and B = {z : ||z|| < 1} are
convex subsets of E.

Theorem 11.2.3  Suppose that d is a metric on a real or complex vector
space E. Then the following are equivalent:

(i) d is translation-invariant and satisfies d(Ax, \y) = |A|d(z,y) for all
x,y € E and all scalars \;

(ii) there exists a norm ||.|| on E such that d(z,y) = ||z — y||.

Proof If d is a translation-invariant metric with the desired scaling
properties, and we set ||z| = d(x,0), then ||z|| = 0 if and only if z = 0,

= d(z,0) +d(y,0) = [lz[| + [yl

and

[Az]| = d(Az,0) = d(Az, A0) = [A[d(z,0) = [Al||z] .

Thus (i) implies (ii).
Conversely, suppose that [.|| is a norm on FE, and that we set d(z,y) =
|z — y||. First we show that d is a metric on E:

d(z,y) = |z —yl| = ly — =[] = d(y, ),

d(z,y) = 0 if and only if ||z — y|| = 0, if and only if z — y = 0, if and only if
r =1y, and

d(z,z) = ||z — 2| = (. —y) + (y — 2)||
<llz =yl + lly — 2l = d(z,y) + d(y, 2),

so that the triangle inequality holds. Further,
d(x+a,y+a)=|(z+a) = (y+a)| =z -yl =dy)
so that d is translation invariant, and

d(Az, Ay) = Az = Ayll = Mz — )|l = [Al [z =yl = [Ad(z,y).

Thus (ii) implies (i). O
A vector x in a normed space (E, ||.||) with ||z| = 1 is called a unit vector.
If y is a non-zero vector in E, then y = Ayj, where A\ = ||y|| and y; is the

unit vector y/ ||yl
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Let us give some examples of norms.

Theorem 11.2.4 The function ||z|, = (Z?Zl x?)l/Q is a norm on R?

(the Euclidean norm ).
Proof  Clearly ||z||, = 0 if and only if x = 0 and [[Az||, = |A| ||z]|5. Let d
be the Euclidean metric on R?. Then, as in Corollary 11.1.4,

2 +ylly = d(z +y,0) <d(z,0) +d(y,0) = [[z[ly + [y,
so that ||.||, is subadditive. O
In the same way, we have the following.
Theorem 11.2.5 The function | z||, = (Z;l:1 |2j12)1/2 is a norm on C2.

The norm |||, on C? is again called the Euclidean norm.
We shall generalize these two examples in the next section.
Suppose that (E, ||.]|) is a normed space. Then, since

[l =yl < llzll + llyll and [lyl| <{ly — 2] + [[=[],

a subset B of E is bounded if and only if sup{||b|| : b € B} < oo; we say
that B is norm bounded, or bounded in norm.

Thus if S is a set and (E, ||.||) is a normed space, then the set Bg(S) =
{f:S— E: f(S) is bounded} is equal to the set {f : S — E : sup{||f(s)] :
s € S} < oo}. Further, Bg(S) is a vector space, when addition and scalar
multiplication are defined pointwise:

(f +9)(s) = f(s) + g(s) and (Af)(s) = A(f(s))-

Arguing as in Proposition 11.1.11,

[fllse = doo(f,0) = sup{[[f(s)]| : s € S},

is a norm on Bg(S), and d(f,9) = || f — 9/l for f,9 € Bg(S). The norm
||l is called the uniform norm. We denote the normed space (Bg(5), ||.[|,,)
by lx(S,E). When E = R or C, and the context is clear, we write
loo(S) for 1o (S, R) or loo(S, C). We denote lo(N) (or loo(ZT)) by loo, and
lo({1,...,d}) by 14..

As with pseudometrics, we occasionally need to consider functions on a
vector space which do not satisfy the third condition for a norm. A seminorm
p on a vector space E is a real-valued function which satisfied the first two
conditions for a norm, but not necessarily the third. Note that, as for a
norm, p(x) = p(—z), p(0) =0 and p(z) > 0 for all z € E.
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Proposition 11.2.6 If p is a seminorm on a vector space E, then the set
{z € E : p(x) =0} is a linear subspace N of E.

Proof If X is a scalar and z,y € N then p(Ax) = |Ap(z) = 0 and
0 <p(z+y) <plz)+ply) =0. =

If p is a seminorm on a vector space E, then the function 7(x,y) = p(x—y)
is a pseudometric on E. If ~ is the equivalence relation which this defines,
then z ~ y if and only if z — y € N. Thus the quotient space E/ ~ is the
quotient vector space E/N, and ¢ is a linear mapping of F onto E/N. If we
set ||¢(x)|| = p(z), then ||.|| is a norm on E/N which defines the metric of
Proposition 11.1.13.

Exercises

11.2.1 Suppose that f is a real-valued function on a convex subset C' of a real
or complex vector space E. Show that the following are equivalent.
(a) f is a convex function on C.

(b) The set {(c,t) € C x R: f(c) <t} is a convex subset of E x R.
(c) The set {(c,t) € C xR : f(c) <t} is a convex subset of E x R.

11.2.2 If 2 = (z1,...,24) € RY, let ||z, = 2?21 |z;|. Show that ||.||; is a
norm on R?. The normed space (R%, ||.||,) is denoted by I{(R). Prove
a similar result in the complex case.

11.2.3 Let 1 (R) denote the set of real sequences (ay,)5° 4 for which Y "> | |a,|
is finite. Show that [1(R) is a real vector space (with the algebraic
operations defined pointwise) and that the function |jall; = > 02, |ax]
is a norm on /5 (R).

11.3 Inner-product spaces

In 1885, Hermann Schwarz gave another proof of Cauchy’s inequality, this
time for two-dimensional integrals. Schwarz’s proof is quite different from
Cauchy’s, and extends to a more general and more abstract setting. This
provides some important examples of normed spaces.

Suppose that V is a real vector space. An inner product on V is a real-
valued function (z,y) — (z,y) on V x V which satisfies the following;:

(i) (bilinearity)

(1m1 + agra, y) = ay (T1,y) + a2 (v2,Y)

(z, Bryr + Bay2) = B (@, y1) + B2 (x,y2) ,

for all x,x1,x2,y,y1,y2 in V and all real aq, ag, 1, Bo;
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(ii) (symmetry)
(y,x) = (x,y) for all z,y in V;
(iii) (positive definiteness)
(x,x) > 0 for all non-zero x in V.

For example, if V = R, we define the usual inner product, by setting
(z,w) = Zle ziw; for z = (z;),w = (w;).

A function which satisfies (i) and (ii) is called a symmetric bilinear form.

Similarly, an inner product on a complex vector space V is a function
(x,y) — (x,y) from V x V to the complex numbers C which satisfies the
following:

(i') (sesquilinearity)

<Oél(131 + Q2T2, y> =] <x1a y> + (&%) <3§'2, y> )
<x751y1 + 52y2> = E(xay1> +E<xay2> B

for all z,x1,x9,y,y1,y2 in V and all complex ay, ag, 51, B2 (note that com-
plex conjugation is applied to the second term; theoretical physicists do it

the other way round);
(i") (the Hermitian condition)

(y,x) = (x,y) for all x,y in V;
(iii") (positive definiteness)

(x,x) > 0 for all non-zero = in V.

A function which satisfies (i’) and (ii’) is called a Hermitian bilinear form.
Note that it follows from (ii’) that

<Jf,y> + (y,a:) = 2% <Jf,y> and <$,y> - <y,$> =2 <Jf,y> :

For example, if V = C¢%, we define the usual inner product, by setting
(z,w) = Z?:l ziw; for z = (z),w = (w;). As another example, the space
C'la, b] of continuous (real or) complex functions on the closed interval [a, b]
is an inner-product space when the inner product is defined by

b -
(f,9) = / f(x)g(z) da.

A (real or) complex vector space V equipped with an inner product is

1
called an inner-product space. If x is a vector in V', we set ||z|| = (z,x)2. We
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shall show that ||.|| is a norm on V. Certainly ||z|| = 0 if and only if x = 0,
and ||Az]| = [A] ]|

In what follows, we shall consider the complex case: the real case is easier,
since we do not need to consider complex conjugation.

Proposition 11.3.1 (The Cauchy-Schwarz inequality) If x and y are
vectors in an inner-product space V' then

[y | <zl -yl

with equality if and only if x and y are linearly dependent.

Proof  This depends upon the quadratic nature of the inner product. The
inequality is trivially true if (z,y) = 0. If ||z|| = 0, then = 0 and (x,y) = 0,
so that the inequality is true, and the same holds if ||y|| = 0.

Otherwise, if A € C then

0< [z +My|” = (& + Ay, + \y)
= (z,2) + Xz, y) + Ay, 2) + |AP* (1) -

Put
(z,y) =zl

[z |yl

It follows that

2 x x x
o< a2~ oL I o g (g — o LAEL)

so that | (z,y) | < lz|. [yl
If z = 0 or y = 0, then equality holds, and z and y are linearly dependent.
Otherwise, if equality holds, then ||z + Ay|| = 0, so that 2+ Ay = 0, and =
and y are linearly dependent. Conversely, if x and y are linearly dependent,
then z = ay for some scalar «, and so

2
|z ) [ = lal llyll™ = [lzf] - Iyl
|

Note that we obtain Cauchy’s inequality by applying this result to R% or
C¢, with their usual inner products.

Corollary 11.3.2 ||z + y|| < ||z|| + ||y||, with equality if and only if either
y=0 orx=ay, with a > 0.
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Proof  We have

2 2 2
lz+yllI” = [l=]” + (2, ) + (v, 2) + |yl
2 2
< lzll® + 2 llll- il + lyll® = (]l + ly1)*.

Equality holds if and only if R (x,y) = ||z . ||y||, which is equivalent to the
condition stated. O

Thus ||.|| is @ norm on V.
Note also that the inner product is determined by the norm: in the real
case, we have the polarization formulae

2 2 2 2 2
(z,y) = 3(llz +ylI* = l=I* = lylI*) = F(lz +ylI* = [z = y[I*),
and in the complex case we have the polarization formula
<x,y>:% Zij Hx—i—iij .
j=0
We also have the following.

Proposition 11.3.3 (The parallelogram law) If x and y are vectors in an
inner-product space V', then

2+ ylI* + [l — ylI* = 2ll=|* + 2[ly ]|
Proof  For
2+ ylI” + lz =yl = ((z,2) + (z,9) + (y,2) + (v, 9) +
+ ({z,2) = (z,y) — (¥, %) + (v, v))
= 2||z[|* + 2[|y[1*.
O

Many of the geometric and metric properties of inner-product spaces can
be expressed in terms of orthogonality. Vectors x and y in an inner-product
space V are said to be orthogonal if (x,y) = 0; if so, we write x_Ly. For real
spaces, this property can be expressed metrically, in terms of the norm.

Proposition 11.3.4 If x and y are vectors in a real inner-product space
V then zLy if and only if |z + y||* = ||=|> + ||ly|*.

Proof  For ||z + y|I* = [l]* + |yl|* + 2 (z,y). O
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On the other hand, if x is a vector in a complex inner-product space,
|z +iz||* = 2 |l2|® = ||=[* + [|iz]*, while (z,iz) = —i ||
If A is a subset of an inner-product space V', we set

At ={z €V :{a,z)=0forall a € A}.

We write z+ for {z}*. Al is the annihilator of A: it has the following
properties.

Proposition 11.3.5 Suppose that A and B are subsets of an inner-product
space V.

At ={x €V :{(x,a) =0 for alla € A}.
At is a linear subspace of V.

If AC B then B+ C A+,

AC At

AL = ALLL

An A+ = {0}

A

Proof  These all follow easily from the definitions. For example, to prove 5,
AL C (AL by (iv), while (A++)+ C AL by (iii), since A C A+, O

Suppose that z is a unit vector in V', and that z € V. Let A\ = (z,z) and
let y = z— Az. Then (y,z) = (z,z) — (2, x) (z,z) = 0. Thus z = Az+y, where
Az € span (z) and y € . If 2 = pa + w, with w € 2+, then (z,2) = p, so
that © = A and w = y; the decomposition is unique.

Exercises

11.3.1 Let Iy denote the set of real sequences (a,,)2%; for which Y °° | |a,|?
is finite. Show that [y is a vector space (with the algebraic operations
defined pointwise), that if a,b € Iy then Y 7 | a,b, converges abso-
lutely, and that the function (a,b) — (a,b) = > > | a,b, is an inner
product on Is.

11.3.2 Establish corresponding results for complex sequences.

11.3.3 Let z, y and z be elements of a real inner-product space, such that
|z — z|| = ||z — y|| + |ly — z||. Show that there exists 0 < A < 1 such
that y = (1 — Nz + Az.

11.3.4 A pre-inner-product space is a vector space E with a symmetric bilin-
ear (Hermitian sesquilinear) form (., .) which is positive semi-definite:
(x,x) > 0 for all x € E. Show that N = {z € E : (z,z) =0} is a
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linear subspace of E, and that if ¢ : E — E/N is the quotient map-
ping then there exists an inner product (.,.)5 on E/N such that

(q(z),q(y)) y = (z,y), for z,y € E.

11.4 Euclidean and unitary spaces

We now restrict attention to finite-dimensional spaces; a finite-dimensional
real inner-product space is called a Fuclidean space and a finite-dimensional
complex inner-product space is called a wunitary space. Throughout this
section, V will denote a Euclidean or unitary space of dimension n. The
key idea is that of Gram—Schmidt orthonormalization.

Theorem 11.4.1 Suppose that (x1,...,x4) is a basis for a FEuclidean
or unitary space V. Then there exists a basis (e1,...,eq) for V with the
following properties.

(7) llejll =1 for1 <j <d and (ej,e;) =0 for 1 <i < j<d.
i) If W; = span (x1,...,2;), then W, = span (eq,...,e;), for 1 <j <d.
J J J J

Proof  The proof is by an iterative construction. We set e; = z1/||z1]|.
Suppose that we have constructed ey, ..., e;_1, satisfying the conclusions of
the theorem. Let f; = x; — 5;11 (xj,e;)e;. Since z; & Wj_q, f;j # 0. Let
ej = fi/ lf5ll- Then [le;|| =1, and

span (e, ...e;) = span (W,_1,e;) = span (W,_, x;) = W;.

Thus (e1,...,e,) is a basis for Wj. If 1 < k < j then

7—1
<fjaek> x]7ek Z (E],€Z 67,7ek> - <xj,€k> - <(Ifj,€k> - 07
i=1

so that (ej,ex) = 0. Thus (e1,...,e;) is a basis for Wj. In particular,
(e1,...,€eq) is a basis for V' with the required properties. O

The construction made in the proof is known as Gram—Schmidt orthonor-
malization. A basis (e1, ..., eq) which satisfies condition (i) of the theorem is
called an orthonormal baszs. More generally, if (eq, ..., ex) is a sequence in an
inner-product space V which satisfies condition (i) (with k replacing d), then
(é1,...,ex) is called an orthonormal sequence. Note that if (e1,...,ex) is an

orthonormal sequence and Z;?:l zje; = 0 then x; = <Z§:1 a:jej,ei> =0

for 1 <4 < k; an orthonormal sequence of vectors is linearly independent.
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If (e1,...,eq) is an orthonormal basis for V', and = = Z;l:l
(x,e;) = z; for 1 <1i < d, so that

d
E 113'6]

J=1

zje; € V then

Thus if z,y € V then

d d
g x, e] e], Z x e]
Jj=1

Jj=1

In particular,
d
2
212 =D | (2. e5) |
j=1

Corollary 11.4.2 If W is a k-dimensional linear subspace of a Fuclidean
or unitary space V then V.= W &W, and there exists an orthonormal basis
(e1,...,eq) of V such that (e1,...,ex) is a basis for W and (egs1,...,€eq) is
a basis for W+,

Proof  Let (x1,...,xp) be a basis for W. Extend it to a basis
(1,...,zq) for V, and apply Gram—Schmidt orthonormalization to obtain
an orthonormal basis (e1,...,eq) for V. Then (ej,...,e) is an orthonor-
mal basis for W, and span (ejy1,...eq) € W, On the other hand, if
37:2?:1 (z,ej)e; € Wt then (x,e;) = 0 for 1 < j < k, so that z =
E;l:lﬂ_l (x,e;)e; € span (€1, ..€q). Thus (eg41,...,€q) is an orthonormal
basis for W+. Since W N W+ = {0}, it follows that V = W @ W+, O

If 2 € V we can write x uniquely as y + 2z, with y € W and z € W, Let
us set Py (z) = y. Py is a linear mapping of V onto W, and P2, = Py. Py
is called the orthogonal projection of V onto W. Note that Py,. = I — Pyy.

Although it is easy, the next result is important. It shows that an ortho-
gonal projection is a ‘nearest point’ mapping; since it is linear, it relates the
linear structure to metric properties.

Proposition 11.4.3 If W is a linear subspace of a Fuclidean or unitary
space V and x € V then Py (x) is the nearest point in W to x, and is the
unique point in W with this property: ||z — Py (x)| < ||z — w]|| for w € W,
and if ||z — Py (z)|| = ||z — w|| then w = Py (z).

Proof  Let (e1,...,eq) be an orthonormal basis for V' which satisfies the

conditions of Corollary 11.4.2. If x = Z?Zl zje; €V and w= Z?Zl wijej €W



11.5 Isometries 319

then
k d
2 2 2
lz —wl* =Yl —wiP + Yl
j=1 j=k+1
and this is minimized if and only if w; = x; for 1 < j < k, in which case
w = Py (x). O
We shall extend Corollary 11.4.2 and Proposition 11.4.3 to certain inner
product spaces in Section 14.3.

Exercise

11.4.1 Suppose that (z1,...,z,) is a basis for a Euclidean or unitary
space V, and that (ey,...,e,) and (fi,..., fn) satisfy the conclu-
sions of Theorem 11.4.1. Show that there are scalars Aq,..., A, of
unit modulus such that f; = Aje; for 1 < j < n.

11.5 Isometries

A mapping f from a metric space (X,d) to a metric space (Y,p) is an
isometry if it preserves distances: that is, if p(f(x), f(2")) = d(z,2) for all
z, 7 € X.

If T is a linear mapping from a normed space (E, ||.||;) into a normed
space (F, ||.|| ) which is an isometry, then T is called a linear isometry. The
mapping T is an isometry if and only if ||T'(z)||p = ||z| g for all © € E. The
condition is necessary, since

1T (@) = T() =TO) = llz = 0llg = [l

It is sufficient, since

IT() =TW)llp = 1T = y)llp=lz-vlg-

An isometry preserves the metric geometry of (X, d). Let us give some
examples.

Example 11.5.1 An isometry of N into R.

Let N = N U{oco} be given the metric p defined in Example 11.1.9 in
Section 11.1. Let f(n) = 1/n and let f(co) = 0. Then f is an isometry of N
into R, with its usual metric.

Example 11.5.2 The mapping (z,y) — = + iy is a linear isometry of R?
onto C, when C is considered as a real vector space.
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Example 11.5.3 The conjugation mapping.

The conjugation mapping z — Z is an isometry of C onto itself. It is a
linear mapping when C is considered as a real vector space, but is not linear
when C is considered as a complex vector space

Example 11.5.4 Rotations of R2.

Since

(zcost —ysint)? + (zsint + ycost)? = 22 4 12,
the linear mapping r; from R? — R? defined by

ri(xz,y) = (rcost —ysint,zsint + ycost)

is a linear isometry of R? onto R2. It is a rotation of R?. It is a bijection,
with inverse r_;.

Example 11.5.5 Translations of a normed space.

Suppose that (E,|.||) is a normed space. If a € E, let T,(x) =z + a; T,
is a translation. It is an isometry of (E,||.||) onto itself, since

1Ta(2) = Ta()ll = (z +a) = (y + a)l| = [z =y -

Example 11.5.6 If (E,|.||) is a normed space, and A is a scalar with
|A| =1 then the mapping © — Az is a linear isometry of E onto itself.

Example 11.5.7 A linear isometry of [3(R) onto [ (R).

If z,y € R then max(|z +y|, |x —y|) = |z| + |y|. Thus the linear mapping
T : 2(R) — 2 (R) defined by T((z,y)) = (* + y,x — y) is an isometry of
I2(R) onto I2,(R).

Example 11.5.8 Reflections of a real inner-product space.

Suppose that x is a non-zero vector in a real inner-product space V. If
z € V, we can write z uniquely as z = Az +vy, where A € R and y € 2. Let
pz(2) = =Mz +y, so that p,(r) = —z and p,(z) = z if and only if z € x*.
Then p, is a linear mapping of V onto V, and is an involution: p2 is the
identity mapping. It is an isometry, since

2 2 2 2
lpa(2)II° = A lll” + [lyl* = [l=]°

It is called the simple reflection in the direction x, with mirror x=.
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Suppose that z and y are distinct vectors in a real inner-product space
V, with ||z|| = |ly||. Then

(@+y,x—y) = (@,2) = (,9) + (y,2) = (y,9) = 2l* = ly|* = 0,
so that (z +y)L(z — y). Thus
po—y(2) = pay(5(x = ) + pay(3(x +y)) = 5(y —2) + 5(z + 1) =y,
and pyy (y) = .
Example 11.5.9 Linear isometries between inner-product spaces.

Proposition 11.5.10 Suppose that S : V — W is a linear mapping from
a real inner-product space V' to a real inner-product space W. Then S is an
isometry if and only if (S(x),S(y)) = (z,y) for z,y € V.

Proof If S is an isometry, then

(S(2), () = 5(IS@)|* + ISW)II* = [1S(x) = SW)I)
= 5(l=” + lyl* = llz = yI*) = (2, 9).
The condition is sufficient, since ||S(z)| = /(z, z), O
Thus if (eq,...,ex) is an orthonormal sequence in V' and S is an isometry
then (S(e1),...,S(ex)) is an orthonormal sequence in W.
Corollary 11.5.11  If (e1,...,eq) is an orthonormal basis for a Euclidean

space V and T is a linear mapping from V into an inner-product space W
then T is an isometry if and only if (T(e1),...,T(eq)) is an orthonormal
sequence in W.

Proof  As we have just observed, the condition is necessary. If it is satisfied

and z = Z?Zl zjej € V then
d 2 d
2 2
IT@)I1* = > 2 T(ep)|| = a5 =ll=l®.
j=1 g=1
]
If (e1,...,ex) is an orthonormal sequence in a real (or complex) inner-

product space V, then the mapping T from R* (or C*) into V defined by
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T(x)=T((z1,...,21)) = Z§:1 xje; is an isometry, since

k
IT@)* =l = 2] -
j=1

Any two Euclidean spaces of the same dimension are linearly isometric: if
V and W are Euclidean spaces of dimension &, then there exists a linear map-
ping of V' onto W which is an isometry. Let (eq,...,ex) be an orthonormal
basis for V, and let (fi,..., fx) be an orthonormal basis for W. Let
J(wien + - +ageg) = w11+ + Tk i

Then J is a linear isometry of V' onto W.
Example 11.5.12 An isometry of a metric space (X, d) into I (X).

This example will be useful to us later. Let (X, d) be a metric space, with
X non-empty, and let [, (X) = l(X,R) be the normed space of bounded
real-valued functions on X introduced in Section 11.2. Let g be an element
of X. If x € X, let

fe(y) = d(z,y) — d(zo,y) for y € X.
Since d(zg,y) < d(zg,z) + d(x,y) and d(z,y) < d(xo,x) + d(zo,y), by the
triangle inequality, it follows that |f.(y)| < d(xo,x), so that f, € l(X),
and || fz||o < d(zo, ). We claim that the mapping  — f, : X — (X)) is
an isometry. Since
fo(y) = for(y) = d(z,y) — d(2’,y) < d(z,2),

and for(y) = faly) = d(z’,y) — d(z,y) < d(z,2)
it follows that |f.(y) — fuo(y)| < d(z,2’) for all y € X. Hence
| fz — farlloo < d(x,2"). On the other hand,

fo(@') — fo(2)) = d(x,2") —d(2',2") = d(z,2"),

and so || fy — forllo = d(z, 2’).
Two metric spaces (X,d) and (Y, p) are said to be congruent if there is

)
)

an isometry of X onto Y. (They are said to be similar if there exists a > 0
and a mapping f of X onto Y such that p(f(x), f(2')) = ad(z,2').)

The composition of two isometries is an isometry, and the inverse of a
bijective isometry is an isometry. Thus the set of bijective isometries of a
metric space (X,d) onto itself forms a group under composition, the group
of metric symmetries of (X, d). This group gives valuable information about
the metric space.
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Exercises
Let I¢ denote R? with norm ||z, = Z;l:1 ||

11.5.1 If A € Py, let I4 be its indicator function: I4(j) = 1 if j € A and
I4(j) = 0 otherwise. Show that the mapping A — I4 is an isometry
of Py, with its Hamming metric, into I¢.

11.5.2 Let ¢; = (0,...0,1,0,...0), with 1 in the jth place.

(a) Show that if z is a unit vector in ¢ and if max(||lz + yl|;,
|z —yll;) > 1 for all y # 0 then x = +e; for some 1 < j < d.

(b) Let f be an isometry of I with £(0) = 0. Show that there exists
a permutation o of {1,...,d} and a choice of signs (€,...,€q)
(that is, ¢; = £1 for 1 < j < d) such that f(e;) = ejeq
f(—ej) = —€jeq(j) for 1 <j <d.

(c) Show that f is linear, so that f(z) = Z;l:l €jTjeq(s) for x € 14,

11.5.3 By considering vectors of the form (ei,...,€q), where ¢; = %1 for

i)

1 < j < d, show that if a mapping f of lgo into itself is an isometry
and if f(0) = 0 then there exists a permutation o of {1,...,d} and
a choice of signs (e1,...,€¢q) (that is, ¢; = £1 for 1 < j < d) such
that f(ej) = €jeq(j), f(—€j) = —€jeq(j) for 1 < j < d. Show that f is
linear.

11.6 *The Mazur—Ulam theorem*

(This section can be omitted on a first reading.)

Suppose that (E,|.||;) and (F,|.||z) are real normed spaces and that
J: E — F'is an isometry. Let L = T_ jyoJ, where T_ ;(g) is the translation
of F' mapping J(0) to 0. Thus L(z) = J(x)—J(0), so that L is an isometry of
E into F, with L(0) = 0. Our principal aim is to show that if L is surjective,
then it must be linear. This extends the results of Exercises 11.5.2 and 11.5.3
of the previous section.

Theorem 11.6.1 (The Mazur-Ulam theorem) IfL:E — F is an isome-
try of a real normed space (E,||.||p) onto a real normed space (F, ||.||p) with
L(0) =0, then L is a linear mapping.

In order to prove this, we introduce some ideas concerning the geometry
of metric spaces, of interest in their own right. First, suppose that x,y, z are
elements of a metric space. We say that y is between x and z if d(z,y) +
d(y,z) = d(z,z), and we say that y is halfway between z and z if d(x,y) =
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d(y,z) = %d(x, z). We denote the set of points halfway between x and z by

H(z,z). The set H(z,z) may be

e empty, for example if (X, d) has the discrete metric,

e a singleton set, for example if (X,d) is the real line R, with the usual
metric, when H(z,z) = {3(z + 2)},

e or may contain more than one point: let (X, d) = 2 (R), = = (—1,0), and
z = (1,0); then H(z,z) = {(0,y) : =1 <y < 1}.

If (E,||.||p) is a normed space, then 1(z + 2) € H(z,z), but H(z,z) may
contain other points, as the last example shows. The set H(z,z) is always
bounded, since if y,y’ € H(x,2) then d(y,y’) < d(y,x) + d(z,y") = d(z, 2).

Suppose that A is a bounded subset of a metric space (X,d). Can we
find a special point in A which is the centre of A, in some metric sense?
In general, the answer must be ‘no’, since, for example, in a metric space
with the discrete metric, there is no obvious special point. In certain cases,
however, the answer is ‘yes’. First, let

k(A)={z € A:d(z,y) < %diam (A) for all y € A};

k(A) is the central core of A. Again, k(A) may be empty, may consist of one
point (which would then be the centre of A) or may consist of more than
one point; for example, if

A={(z,y) e BAR): -1 <z <1,-L<y<iy

then r(A4) = {(0,y) : —3 < y < 1}. Note though that diam (rk(4)) <
Ldiam A. This suggests that we iterate the procedure: we set x1(A4) = k(A),
and if r,(A) # 0 we set r,41(A) = K(kp(A)). There are then three possible
outcomes:

e rin(A) =0 for some n € N;
o kp(A) # 0 for all n € N, but N2, (ky,(A4)) = 0;
o kp(A) # 0 for all n € N, and N2 (K, (A4)) # 0.

If either of the first two cases occurs, then A does not have a centre. In the
third case, diam N9, (kp(A4)) < diam K, (A) < diam (A)/2", for all n € N,
so that diam N2, (kp(A)) = 0, and MYk, (A) = {c(A)}, a singleton set.
Then we call ¢(A) the centre of A.

Let us give an example. A subset A of a real vector space E is
symmetric if A = —A: that is, if v € A then —x € A.

Proposition 11.6.2  If A is a bounded symmetric subset of a normed space
(E,||.|l) and if 0 € A then 0 is the centre of A.
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Proof  Let us consider x(A). We show that x(A) is symmetric and that
0 € k(A). First, if y € K(A) and = € A then

d(—y,z) = |~y — 2| = |y + 2| = lly — (~2)|| = d(y, —z) < jdiam (4),
so that —y € k(A) and k(A) is symmetric. Secondly, if 2 € A then
d(z,0) = ||| = 5 |22 = 3 ||z = (=2)|| = 3d(z, —z) < 3diam (4),

so that 0 € k(A). We can therefore iterate the procedure: r,(A) is
symmetric, and 0 € k,(A), and so it follows that 0 is the centre of A. a

Corollary 11.6.3 Ifz,z € E then %(w + 2) is the centre of H(x, z).

Proof  First consider the case where z = —x. Then 0 € H(z, —x), and if
y € H(xz,—x) then

I(=y) =zl =lly = (=2)ll = 5 lz = (=2)ll = [l=I|.

Similarly, |[(—y) — (—=2)|| = 3 ||z — (==)||. Thus H(z, —z) is symmetric, and
0 is its centre. In the general case, let y = %(x + 2). Since translation is an
isometry,

H(z,2) =T,(H(x -y, 2 —y)) = Ty(H(z -y, —(z = y))),
so that y = T,,(0) is the centre of H(x,2). O

The importance of this is that the centre is defined purely in terms of the
metric, and not in terms of the vector space structure of F.

Proof  of Theorem 11.6.1. Note that if A is a bounded subset of E, with
centre ¢(A), then, since L is a surjective isometry, L(A) is a bounded subset
of F, with centre ¢(L(A)) = L(c(A)). If 2,2z € E, then L(3(z + 2)) =
$(L(z)+L(z)), since §(z+2) is the centre of H(z, z) and §(L(z)+L(2)) is the
centre of H(L(z), L(z)). In particular, considering 2z and 0, L(z) = 3 L(2x),
and considering 2z and 2z, L(z + z) = 3(L(2z) + L(2z)) = L(z) + L(2).
Thus L is additive.

From this, we deduce the fact that L(Az) = AL(z), for A € R and
r € F, in a few easy stages. First, an easy induction argument shows that
L((n+1)z) = L(nx)+L(z) = nL(x)+L(x) = (n+1)L(z), for n € N; thus the
result holds for A € Z™. Secondly, L(nz) + L(—nz) = L(0) = 0, so that the
result holds for A € Z. Thirdly, if m € Z and n € N then L((m/2" !)z) =
2L((m/2")z), so that L((m/2")z) = $L((m/2""')z), and another induction
argument shows that L((m/2")x) = (m/2")L(z). Thus the result holds for
all dyadic rationals (numbers of the form m /2", with m € Z and n € N).
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Finally, suppose that A € R and that ¢ > 0. Then there exists a dyadic
rational r = m/2" such that |A\ —r| < €/2(||z||z + 1). Thus |[Ax —rz|, =
IA—r|||z|| 5 < €/2. Since L is an isometry, ||L(Ax) — L(rz)| < €/2, and also

[rL(z) = AL(@)l|p = [A = r| [[L@)][ p = X = rl 2]l p < €/2.
Since L(rz) = rL(z),
IL(Az) = AL(2)|| o
< Lz) = L(ra)llp + | L(re) — rL(z)||p + [rL(z) = AL(2)[| p < e

Since this holds for all € > 0, ||[L(Az) — AL(z)||p = 0, and so L(\z) =
AL(z). O

The condition that L is surjective cannot be dropped. It follows from the
mean-value theorem that if x < y then there exists © < z < y such that
sinz —siny = (z —y) cos z, so that |sinxz —siny| < y —x. Thus the mapping
L:R — 2 (R) defined by L(t) = (t,sint) is an isometry of R into 2 (R)
with L(0) = (0,0) which is clearly not linear.

There is however one important circumstance in which the surjective
condition can be dropped. A normed space (E,||.|| ) is strictly convez if
whenever 2,y € E, ||z]|; = ||z ; =1 and  # y then ||$(z +y)|| < L.

Proposition 11.6.4 If (E,||.||g) is strictly convex and x,z € E then the
set H(z,z) of points halfway between x and z is the singleton set {3(z+2)}.

Proof  First consider the case where z = —z, and ||z|| = 1. If u € H(x, —x)
then ||z 4+ ul|| = ||z — u|| = ||z|| = 1. Since

= 3((z+u)+ (z —u),
it follows from strict convexity that v = 0, so that H(z, —z) = {0}. Then,
by scaling, H(z, —z) = {0}, for all z € E. Finally, H(z,z) = {5(z + 2)}, by
translation. O

Corollary 11.6.5 If L : E — F is an isometry of a real normed space
(E,||l.llg) into a strictly convex real normed space (F,||.||p) with L(0) =0,
then L is a linear mapping, and (E,||.|p) is also strictly convez.

Proof If z,z € E, then %(x + z) is the centre of H(z,z), and so
T(L(z) + L(z)) must be the centre of H(L(xz),L(2)) in L(E). But the
only possible centre of H(L(z),L(z)) in L(E) is 3(L(z) + L(z)). Thus
L(3(z + 2)) = 3(L(z) + L(z)) and 3(L(z) + L(z)) € L(E). An argu-
ment exactly like the one given in Theorem 11.6.1 then shows that
L(z + 2z) = L(x) + L(2), and that L(Ax) = AL(x), for all x € E' and X\ € R.
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Thus L is an isometric linear mapping of E onto a linear subspace of F'.
Since a linear subspace of a strictly convex normed space is strictly convex,
it follows that (£, ||.||z) is strictly convex. 0

Many important normed spaces are strictly convex, and indeed have
stronger metric convexity properties.

Proposition 11.6.6  An inner-product space E is strictly convex.

Proof  This follows easily from the parallelogram law. If ||z|| = [jy|| = 1
and x # y then it follows from the parallelogram law that

2 2 2 2
4=2(|[=[1” + [ly[17) = [l +ylI” + llz =yl

so that H%(x—{—y)HZ =1-1|z —y|? <1, and H%(w—{—y)” < 1. 0

Corollary 11.6.7 If L : E — F is an isometry of a real normed space
(E,||.llg) into a real inner-product space (F, ||.|| ) with L(0) = 0, then L is
a linear mapping, and (E, ||.|| ) is also an inner-product space.

Exercise

11.6.1 Let J : R — [}(R) be defined as J(t) = 2(t — 1/(t* + 1),
t + 1/(t* + 1)). Show that J is an isometry. Why does this not
contradict the Mazur—Ulam theorem?

11.7 The orthogonal group Oy

We now consider the group Oy of linear isometries of R%, with its Euclidean
metric; this is the orthogonal group, and its elements are called orthogonal
mappings. As an example, a simple reflection p, in the direction x is an
orthogonal mapping. It follows from the polarization formula that a linear
mapping T is orthogonal if and only if (T'(x), T(y)) = (z,y), for all z,y € R%.
Let (e1,...,eq) be the standard basis of R%. It then follows that a linear
mapping S from R? to itself is orthogonal if and only if (S(e1),...,S(eq))
is also an orthogonal basis for R,

This can be expressed in terms of the matrix representing S. If
S is represented by the matrix (s;;) in the usual way (so that
S(ej) = Z?:l sije; for 1 < j < d), then S is orthogonal if and only if

d
Zs?jzlforlgjgd, and Zsijsik20f0r1§j<k§d.

i=1 i=1
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Such a matrix is called an orthogonal matriz.

Theorem 11.7.1 Suppose that T € Oq4. Then T can be written as the
product of at most d simple reflections.

Proof Let S = T — I. We prove the result by induction on the rank
r(S) of S. We show that if 7(S) = r then T is the product of at most
r simple reflections. If (S) = 0 then 7" = I, which is the product of no
simple reflections. Suppose that the result holds if 7(S) < r, where r < d.
Suppose that T' € Oy and that 7(S) = r 4+ 1. Let N be the null-space of S:
N = {z € R?: T(z) = z}. By the rank-nullity formula, dim (N) =d—7r— 1.
Let x be a unit vector in Nt, so that S(z) # 0. We consider the simple
reflection pg(y)-

If y € N then

(y,5()) =y, T(x)) — (y,z) = (T'(y), T(x)) — (y,x) =0,
so that pg(y)(y) = y. Also

(S(2),T(x) +x) = (T(2) —x,T(x) + x)
= (T(x), T(x)) = (&, T(x)) + (T(2),2) — (z,2) = 0,

so that T(z) + 2 € (S(x))*. Hence pg)(T(z) + x) = T(z) + =. But
ps(z)(T(x) —x) = =T(z) + =, and s0 pg(y)(T(z)) = z. Let U = pgzy o T.
Then U € Oy, U(x) =z and U(y) = y for y € N. Let M = span (N, ), so
that dim (M) =d—r. Then (U —1)(z) =0for z € M, and sor(U —1I) <.
By the inductive hypothesis, U is the product of at most r simple reflections.
Since T' = pg(y) o U, T' is the product of at most r + 1 simple reflections. O

Here are some more easy examples. Suppose that o is a permutation of
{1,....n}. If z € R let T,(z) = (To(1) -+ To(a))- Then T, € Oy; it is a
permutation operator. Note that T, ! = T,-:. Suppose that 0 < t < 2. If
x € RY, let

Ry(z) = (z1cost — xosint, xysint + xocost, xs, ..., xq).
Then R; € Og; it is an elementary rotation. Note that R;l = Rox_4.

Theorem 11.7.2 For d > 2, let Gy be the subgroup of Oy generated by
the permutation operators and the elementary rotations. Then Gg = Og.

Proof  We leave this as an exercise for the reader. O
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Exercises

Let 7 ; € ¥,, be the permutation of {1,...,n} which transposes i and
J: 7ij(i) = j, 1;(j) =i and 7; ;(k) = k otherwise. Show that X, is
generated by the transpositions {71 : 2 < j < n}.

Suppose that T' € Oy, and that r(T'— I) = r. Show that T' cannot be
written as the product of fewer than r simple reflections.

Interpret the equation (T'(x)+x,T(z) —x) = 0 that occurs in
Theorem 11.7.1 geometrically.

Prove Theorem 11.7.2.
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Convergence, continuity and topology

12.1 Convergence of sequences in a metric space

We now turn to analysis on metric spaces. The definitions and results that
we shall consider are straightforward generalizations of the corresponding
definitions and results for the real line. The same is true of the proofs; in
most cases, they will be completely straightforward modifications of proofs
of results in Volume I. We shall however present the material in a slightly
different order.

Suppose that (X,d) is a metric space, that (a,)>2; is a sequence of ele-
ments of X, and that [ € X. We say that a,, converges to [, or tends to I,
as n tends to infinity, and write a,, — [ as n — oo, if whenever € > 0 there
exists ng (which usually depends on €) such that d(a,,l) < € for n > ng. In
other words, the real-valued sequence (d(an,!))5; tends to 0 as n — oo.

Suppose that € X and € > 0. The open e-neighbourhood N, (z) is defined
to be the set of all elements of X distant less than e from x:

Ne(z) ={y € X : d(y,x) < €}.

We can express convergence in terms of open e-neighbourhoods:
an, — L as n — oo if and only if for each € > 0 there exists ng such that
an € Nc(1) for n > nyg.

We have the following consequence of Lemma 11.1.14.

Proposition 12.1.1  Ifa, — [ and b, = m as n — oo then

d(ay,by) — d(l,m) as n — cc.

330
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Proof  For |d(ay,by) — d(l,m)| < d(an,l) + d(b,, m), and

d(an,l) +d(b,,m) — 0 as n — oo.

When they exist, limits are unique.

Corollary 12.1.2 Ifa, — [ asn — oo and a, — m as n — oo, then
l=m.

Proof Put b, = a,. Then d(a,,b,) = 0, so that d(l,m) = 0 and
l=m. O

A subsequence of a convergent sequence converges to the same limit.

Proposition 12.1.3  Ifa, — [ asn — oo and if (a,, )72, is a subsequence,
then an, — 1 as k — oo.

Proof  Given € > 0 there exists N such that d(a,,l) < € for n > N,
and there exists kg such that n, > N for k > kg. Thus if k& > kg then
d(ap,,l) <e. 0

Let us give two examples. First, suppose that

(@) = (@, ... 2",

is a sequence in R? and that z = (z1,...,24) € R% We consider the

Euclidean norm ||.|, and Euclidean metric on R% If 1 < j < d then |$§n) -
x| < Hw(") — xHZ, so that if (™ — z as n — oo then xg-n) — Tj as n — 0.
§n)—>$jasn—>oofor1§j§d. Given € > 0
and 1 < j < d there exists n; € N such that |x§n) — zj| < ¢/Vd for n > n,;.

Let N = max{n; : 1 < j <d}. If n > N then

Conversely, suppose that x

d
2
Hx(") — a;”2 = Jz:; ‘a?g ) _ ij’2 <€,

so that (™ — =z as n — oo. Thus a sequence in R% converges in
the Euclidean metric if and only if each sequence of coordinates con-
verges: convergence in the Euclidean metric is the same as coordinate-wise
convergence.

The second example is extremely important. Suppose that S is a set, that
(X,d) is a metric space, that (f,)2, is a sequence in the space Bx(S)
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of bounded functions on S taking values in X, and that f € Bx(S). We
consider the uniform metric do, on Bx(S). If s € S, then

d(fn(s), f(s)) < sup{d(fn(t), f(t)) - t € S} = doo(fn, f),

so that if f, — f in the uniform metric as n — oo then f,(x) — f(z) as
n — oo: f, — f pointwise. But the convergence is stronger than that: given
€ > 0 there exists ng such that

doo(fr, [) = sup{|fn(s) = f(s)| : s € S} < € for n > ny.

Thus there exists an ng independent of s such that |f,(s) — f(s)| < € for
all n > ng and all s € S. We say that f,, — f uniformly on X as n — oo.
The distinction between uniform convergence and pointwise convergence is
most important. It is reassuring that the uniform convergence of bounded
functions can be characterized in terms of a metric (and in terms of a norm,
when X is a normed space).

It is however useful to have a slightly more general definition. Suppose
that (f,)o2; is a sequence of functions on S, taking values in (X,d), and
that f is a function on S with values in X. Then we say that f, converges
uniformly on S to f as n — oo if sup;cgd(fn(t), f(t)) — 0 as n — oo; in
other words, we do not restrict attention to functions bounded on S.

Let us give some easy but important results about uniform convergence.
We shall generalize them later.

Theorem 12.1.4 If (f,)22 is a sequence of continuous real-valued func-
tions on a subset A of R, and if f,, converges uniformly on A to f asn — oo,
then f is continuous.

Proof  Suppose that ty5 € A and that € > 0. There exists N € N such that
|fn(t) — f(t)] < €/3 for all t € A and n > N. Since fy is continuous at tg,
there exists § > 0 such that if ¢ € A and |t — to] < & then |fn(t) — fn(to)] <
€/3. If t € A and |t — tp| < I then

|f() = f(to) < [f(E) = IN@] + [fn(@E) = fn(to)| + [fn(to) — f(to)] <e,
so that f is continuous at tg. O

Theorem 12.1.5 Suppose that (fn)72, is a sequence of Riemann inte-
grable functions on a bounded interval [a,b] and that f, — [ uniformly.
Then f is Riemann integrable, and f; fu(z)dx — fff(x) dr as n — 0.

Proof  We use the following criterion, established in Corollary 8.3.5 of
Volume 1.
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Lemma 12.1.6 A bounded function f on an interval [a,b] is Rie-
mann integrable if and only if given € > 0 there exists a dissection
D={a=xy<- <z =0b} of [a,b] and a partition GU B of {1,...,k}
such that

Qf,I;) <eforjeG and ZZ(I])<€

jEB
where Iy, ... I, are the intervals of the dissection, and
Q(f,1;) = sup |f(z) - f(y)|

z,y€El;
is the oscillation of f on I;.

First we show that f is bounded. There exists N € N such that
doo(f, fv) < 1. If t € [a, b] then

O < 1f() = In@] + v <1+ sup [fn(s)];

s€la,b]

so that f is bounded.

Next we show that f is Riemann integrable. Suppose that ¢ > 0. There
exists M € N such that doo(f, fn) < €/3 for n > M. By the lemma, there
exists a dissection D = {a = 29 < --- < x = b} of [a,b] and a partition
GUB of {1,...,k} such that

Q(far,1;) <e/3for jeG and ZZ(I])<€
JjEB

where Iy, ... I} are the intervals of the dissection. If j € G and s,¢ € I; then
[f(s) = f@O < 1f(8) = faa(s) + [ far(s) — @] + [ far(®) — fFB)] <,

so that Q(f,I;) <e. Thus f satisfies the conditions of the lemma and so it
is Riemann integrable. If n > M then

/f t)dt — /fn dt‘ /|f ()| dt <e(b—a),

sothatf fu(t dt—>ff t)dt as n — oc. O

Corollary 12.1.7  Suppose that (f,)32 is a sequence of continuously dif-
ferentiable real-valued functions on an open interval (a,b) of R, and that the

sequence (f1)2,
Suppose also that there exists ¢ € (a,b) such that f,(c) — 1 asn — oo. Then

of derivatives converges uniformly on (a,b) to g asn — oo.
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there exists a continuously differentiable function f on (a,b) such that f,
converges uniformly on (a,b) to f as n — oo, and such that f' = g.

Proof 1Ift € (a,b), let f(t) =1+ fct g(s)ds. Since g is continuous, by
Theorem 12.1.4, we can apply the fundamental theorem of calculus: f is
differentiable, with derivative g. Suppose that ¢ > 0. There exists N € N
such that

£2(6) = F0)] < § and [£3() ~ 0(6)] < 57y

for n > N and s € (a,b). If t € (a,b) then
FO) = 1al6) = (F0) = fule)) + [ (72(5) = o)) ds,
so that if n > N then

) = Fal)] < 1F(0) — Fule)] + / F1(s) — gls)|ds

<4 |t — cle -

— €

2 2b—-a)

so that f,, converges uniformly on (a,b) to f as n — oc. O

These proofs are rather easy. If we drop the continuity conditions, the
proofs are considerably harder.

Theorem 12.1.8  Suppose that (f,);>; is a sequence of differentiable real-
valued functions on a bounded open interval (a,b). Suppose that

(a) there exists ¢ € (a,b) such that fn(c) converges, to | say, as
n — oo, and

(b) the sequence (f},)52 of derivatives converges uniformly on (a,b) to a
function g.

Then there exists a continuous function f on (a,b) such that

(i) fn — f uniformly on (a,b), and

(it) f is differentiable on (a,b), and f'(z) = g(z) for all x € (a,b).

Proof  Suppose that € > 0. There exists N € N such that
|fr.(z) — fl(z)] < m for € (a,b) and m,n > N,
and | fm(c) — fn(c)| < €/2 for m,n > N. By the mean-value theorem,

|(fm (@) = fu(2)) = (fm(c) = fule))] < |z =] sup |f5,(y) = fa(W)] < %

yE[C,CE]
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for m,n > N, and so
| fn(z) = fn(2)] < € for z € (a,b) and m,n > N.

Thus, for each = € (a,b), (fm(x))3>_; is a Cauchy sequence, convergent to
f(x), say, and

|f(z) = fn(x)] < €for x € (a,b) and n > N :

fn — f uniformly on (a,b). Thus f is a continuous function on [a,b], by
Theorem 12.1.4.
Suppose that x € (a,b), that h # 0 and that  + h € (a,b). Let

dn(h) = fa(z +h) — fn(x) for n € N,
d(h) = f(z +h) = f(2);
then d,(h) — d(h) as n — oo. If m > N then, by the mean-value theorem,

|dm(h) —dn(R)| < b sup  |fi,(y) — fn(y)| < e|hl/4,
yElz,x+h]

so that

(dm(h) = hfp (@) = (dn(h) = hfy(2))|
< |din(h) = dn (R)] + [R(fr(2) = fn(2))]
< e|h|/4 + e||/4 = €|h]/2.

Letting m — oo,

|(d(h) = hg(x)) = (dn(h) = hfy ()] < €lh]/2.

But there exists § > 0 such that (z—d,z+6) C (a,b) and such that if |h| <
then

ldn () = hfy(@)] = |fn(z + h) = fn(z) = hfy ()] < €lh]/2,
and so
|d(h) = hg(z)| = [f(z + ) = f(z) = hg(x)| < €|h] for |h] < 4.
Thus f is differentiable at z, with derivative g(z). O

In the case where d is a metric on a vector space E (and in particular,
when d is given by a norm), we can also consider the convergence of series.
Suppose that (a,)5 is a sequence in E. Let s, = Z;‘L:O a;, for n € N, and
suppose that s € E. Then the sum Y a, converges to s if s,, — s as
n — oo.
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Exercises

Suppose that a set S is given the discrete metric d. Show that a
sequence ()22, converges to a point of S if and only if it is even-
tually constant; there exists N € N such that x, = xy for all
n > N.

Suppose that (z,,)0 ; is a sequence in a metric space which has the
property that if (y;)22, = (zn, )72, is a subsequence of (z,,)52; then
there is a subsequence (z;)72; = (yx,)72; of (yx);2, which converges
to x1. Show that z,, — z1 as n — oo.

Suppose that (z,,)72; and (y,)5; are sequences in a normed space
and that a and § are scalars. Show that if > 7, x,, converges to
s and ) 7, y, converges to t then ) >, (ax, + By,) converges to
as + [t.

Suppose that Y >° 2, is a convergent series in a normed space.
Show that ||z,|| — 0 as n — oo.

Give an example of a sequence (f,)r2; of continuous real-valued
functions on [0,1] which converges pointwise to a continuous
function f on [0,1], but which does not converge uniformly to f.
Give an example of a sequence (f,)r2; of continuous real-valued
functions on [0, 1] which decreases pointwise to a bounded function
f on [0,1], but which does not converge uniformly to f.

Give an example of a sequence (f,,)22; of bounded continuous real-
valued functions on [0, 00) which decreases pointwise to a bounded
continuous function f on [0,00), but which does not converge
uniformly to f.

Let h be the hat function:

2t ifo<t<i,
ht)=4q 2-2t ifi<t<1,
0 otherwise.

3

hn(t) =

| =

2k—1 .
29 —
MCC)
2k
k=1 j=1

Sketch hq, he and hsg. Show that h, converges pointwise to 0,
but that there exists no proper interval [c,d] in [0,1] on which it
converges uniformly to 0.

Formulate versions of Theorems 12.1.8 and 12.1.5 for infinite sums
of functions.
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12.1.10 Show that Theorem 12.1.5 does not hold for improper integrals over
[0, 00).

12.2 Convergence and continuity of mappings

Suppose that A is a subset of a metric space (X,d). An element b of X is
called a limit point or accumulation point of A if whenever € > 0 there exists
a € A (which may depend upon €) with 0 < d(a,b) < e. Thus b is a limit
point of A if there are points of A, different from b, which are arbitrarily
close to b. An element a of A is an isolated point of A if it is not a limit
point of A; that is, there exists € > 0 such that N.(a) N A = {a}.

If @ € X and € > 0 then the punctured e-neighbourhood N} (a) of a is
defined as

Ni(a)={xr € X :0<d(z,a) < e} = Ne(a) \ {a}.

Thus b is a limit point of A if and only if N*(b) N A # (), for each € > 0.

Suppose that (X, d) and (Y, p) are metric spaces and that f is a mapping
from a subset A of X into Y. Suppose that b is a limit point of A (which may
or may not be an element of A) and that [ € Y. We say that f(x) converges
to a limit [, or tends to I, as x tends to b if whenever € > 0 there exists § > 0
(which usually depends on €) such that if z € A and 0 < d(x,b) < 0, then
p(f(z),l) < e. That is to say, as x gets close to b, f(z) gets close to . Note
that in the case where b € A, we do not consider the value of f(b), but only
the values of f at points nearby. We say that [ is the limit of f as x tends
to b, write ‘f(z) — l as x — b’ and write | = lim,_,; f(x).

We can express the convergence of f in terms of punctured e-neigh-
bourhoods; f(z) — [ as z — b if and only if for each € > 0 there exists § > 0
such that if x € ANN{(b) then f(x) € Ne(l) — that is, f(N;(b)NA) C Nc(1).

Proposition 12.2.1 Suppose that f is a mapping from a subset A of a
metric space (X, d) into a metric space (Y, p), and that b is a limit point of A.
(i) If f(x) =1 as x — b and f(x) = m as x — b, then | = m.
(i1) f(z) = 1 as © — b if and only if whenever (a,)2, is a sequence in
A\ {b} which tends to b as n — oo then f(a,) =1 as n — oo.

Proof (i) Suppose that ¢ > 0. There exists 6 > 0 such that if

x € Ny (b) M A then p(f(x),l) < € and p(f(x),m) < e. Since Nj(b) N A is

not empty, there exists g € Nj(b) N A. Then, using the triangle inequality,
p(l,m) < p(l, f(zo)) + p(f(x0), m) < e+ €= 2e.

Since this holds for all € > 0, p(l,m) = 0 and | = m.
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(ii) Suppose that f(x) — [ as * — b and that (a,)2, is a sequence in
A\ {b} which tends to b as n — oo. Given € > 0, there exists § > 0 such
that if « € Nj(b) N A then p(f(x),l) < e. There then exists ng such that
d(an,b) < § for n > ng. Then p(f(ay),l) < € for n > ng, so that f(a,) — 1
as n — oo.

Suppose that f(z) does not converge to [ as x — b. Then there exists
e > 0 for which we can find no suitable § > 0. Thus for each n € N there
exists x, € N{‘/n(b) N A with p(f(zy),l) > e. Then z,, — b as n — oo and
f(zy,) does not converge to | as n — oo. O

Suppose now that f is a mapping from a metric space (X, d) into a metric
space (Y, p), and that a € X. We say that f is continuous at a if whenever
e > 0 there exists § > 0 (which usually depends on €) such that if d(z,a) < §
then p(f(z), f(a)) < e. That is to say, as x gets close to a, f(x) gets close
to f(a). If f is not continuous at a, we say that f has a discontinuity at a.

We can express the continuity of f in terms of e-neighbourhoods; f is
continuous at a if and only if for each ¢ > 0 there exists § > 0 such that
F(N5(x)) € No(f(a)).

Compare this definition with the definition of convergence. First, we only
consider functions defined on X. This is not a real restriction; suppose that
f is a mapping from a subset A of a metric space (X, d) into a metric space
(Y, p), and that a € A. We say that f is continuous on A at a if f: A - Y
is continuous at a when A is given the subspace metric. Secondly, a need
not be a limit point of X. If it is a limit point, then f is continuous at a if
and only if f(z) — f(a) as x — a. If a is not a limit point, then there exists
0 > 0 such that Ns(a) = {a}, so that if z € Ns(a) then f(z) = f(a), and f
is continuous at a.

We have the following immediate consequence of Proposition 12.2.1.

Proposition 12.2.2  Suppose that [ is a mapping from a metric space
(X,d) into a metric space (Y, p), and that a € X. Then f is continuous at
a if and only if whenever (an)32 is a sequence in X which tends to a as
n — oo then f(a,) — f(a) as n — oo.

Suppose that f is a real- or complex-valued function on a metric space
(X, d). Unless it is explicitly stated otherwise, when we consider convergence
and continuity properties of f, we give R or C its usual metric.

Theorem 12.2.3 Suppose that f and g are functions on a metric space
(X, d) taking values in a normed space (E,||.||5), that X is a scalar-valued
function on (X,d) and that a € X.
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(i) If f is continuous at a then there exists § > 0 such that f is bounded
on Ns(a).

(i) If f(a) =0, f is continuous at a, and A(z) is bounded on Ns(a) for
some § > 0, then \f is continuous at a.

(iii) If f and g are continuous at a then f + g is continuous at a.

(i) If f and X\ are continuous at a then \f is continuous at a.

(v) If X(z) # 0 for x € X, and if X is continuous at a, then 1/X\ is
continuous at a.

Proof  These results correspond closely to results for functions of a real
variable (Volume I, Theorem 6.3.1). We prove (i), (iv) and (v), and leave
the others as exercises for the reader.

(i) There exists § > 0 such that || f(xz) — f(a)||z <1 for € Ns(a). Then

[F@)lp < If (@) = f@)llg +1f(@)llp <1+ 1f(a)lg, for z € Ns(a).

(iv) Suppose that € > 0. Let M = max(||f(a)lg,|A(a)]), and let
n = min(e/(2M + 1),1). There exists 6 > 0 such that if x € Ns(a)
then ||(f(z) — f(a)|lp < n and |A(x) — AMa)| < n. If & € Ns(a), then
1 (@)l g < [1F(x) = fla)l|g + [1f(a)llp < n+ M, so that

[A@)f(x) = Aa) f(a)| g = [|(A(@) = Ma)) f(2) + A(a)(f(z) = f(a)l g
< [Mz) = Aa)] [|[f @) g + [A@)| || f(z) = f(a)ll g
<nn+M)+Mn<e

(v) Suppose that € > 0. Let n = |A(a)|?¢/2. There exists § > 0 such
that [A(z) — A(a)| < max(|A(a)|/2,n) for x € Ns(a). If = € Ns(a), then
IA(z)] > |A(a)]/2, and so

O

Proposition 12.2.4  (The sandwich principle) Suppose that f, g and h are
real-valued functions on a metric space (X,d), and that there exists n > 0
such that f(z) < g(x) < h(zx) for all x € Ny(a), and that f(a) = g(a) =
h(a). If f and h are continuous at a, then so is g.
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Proof  This follows easily from the fact that

9(x) = g(a)| <max(|f(z) - f(a)],|h(z) — h(a)]).

Continuity behaves well under composition.

Theorem 12.2.5 Suppose that f is a mapping from a metric space (X, d)
into a metric space (Y, p) and that g is a mapping from Y into a metric
space (Z,0). If f is continuous at a € A and g is continuous at f(a), then
go f is continuous at a.

Proof  Suppose that € > 0. Then there exists n > 0 such that

9(Ny(f(a))) € Ne(g(f(a))).
Similarly there exists 6 > 0 such that f(Ns(a)) € N,(f(a)). Then

9(f(Ns(a))) € g(Ny(f(a))) € Ne(g(f(a)))- o

This proof is almost trivial: the result has great theoretical importance
and practical usefulness.

Continuity is a local phenomenon. Nevertheless, there are many important
cases where f is continuous at every point of X. In this case we say that f
is continuous on X, or, more simply, that f is continuous. Let us give some
easy examples.

1. An isometry from a metric space (X,d) into a metric space (Y,p) is
continuous on X: given € > 0, take § = e.

2. In particular, if A is a subset of a metric space (X,d) and A is given the
subspace metric, then the inclusion mapping ¢ : A — X is continuous. If
f:(X,d) — (Y, p) is continuous, then so is the restriction foi: A —Y
of f to A.

3. More generally, if f is a mapping from a metric space (X, d) to a metric
space (Y, p) and if z € X then f is a Lipschitz mapping, with constant K,
at x if p(f(z), f(2')) < Kd(z,2') for all 2’ € X. If there exists K > 0 such
that p(f(x), f(2")) < Kd(z,2'), for all z,2’ € X, then f is a Lipschitz
mapping on X, with constant K. A Lipschitz mapping at x is continuous
at = (given € > 0, take § = ¢/K).

4. If f is a constant mapping from a metric space (X, d) into a metric space
(Y,p) — that is, f(x) = f(y) for any xz,y € X — then f is continuous:
given € > 0, any ¢ > 0 will do.

5. If d is the discrete metric on a set X then every point of X is isolated,
and any mapping f : (X,d) — (Y, p) is continuous.
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Suppose that A is a non-empty subset of a metric space (X,d). If z € X,
let d(z, A) = inf{d(z,a) : a € A}. The mapping z — d(z, A) is a mapping
from X to R. We show that it is a Lipschitz mapping with constant 1,
and is therefore continuous. Suppose that =,y € X. If € > 0, there exists
a € A with d(z,a) < d(z, A) + €. Then

d(y, A) < d(y,a) < d(y,z) +d(z,a) <d(y,r) +d(z,A) +¢

Since € is arbitrary, d(y, A)—d(z, A) < d(y,x). In the same way, d(x, A) —
d(ya A) < d(xa y) = d(y7x)7 and so ’d(xa A) - d(ya A)’ < d(.%‘,y)

. In particular, if (E,|.||) is a normed space, then the mapping x — ||z|| is

a Lipschitz mapping from E to R with constant 1. For ||z| = d(x, {0}).

. The function tan is a continuous bijection from (—7/2,7/2) onto R, when

both are given the usual metric, and the inverse mapping tan~! is also
continuous. A bijective continuous mapping f from a metric space (X, d)
onto a metric space (Y, p) whose inverse is also continuous is called a
homeomorphism.

. We can give R? the Euclidean metric dy. We can also consider R? as

B({1,2,...,d}), and give it the uniform metric d. Then
1/2

d
doo(,y) = max |z =yl < > ay =yl

= dy(z,y) < dY?de(x,y),

so that the identity mapping i : (R% dy) — (R% dy) is a homeomor-
phism. If p; and po are two metrics on a set X for which the identity
mapping i : (X, p1) = (X, p2) is a homeomorphism, then the metrics are
said to be equivalent. If, as in the present case, i and i~ are Lipschitz
mappings, then the metrics are said to be Lipschitz equivalent.

Let C[0, 1] be the vector space of (real or) complex continuous functions
on [0,1]. We can give C]0, 1] the uniform metric: doo (f, g) = sup{|f(x) —
g(x)| : x € [0, 1]} We can also give it the metric defined by the inner
product: da(f,g) fo |f(z) — g(z)|?, dx)/2. Since dy(f,g) < doo(f,9),
the identity mapping i : (C[O 1] do) — (C[0,1],d2) is a Lipschitz
mapping, with constant 1. On the other hand, if we set f,(x) = 2",
then ||fully, = da(fn,0) = 1/(2n + 1)V/2) so that da(f,,0) — 0 as
n — oo, while ||fnll, = doo(fn,0) = 1, so that f, does not con-
verge to 0 in the uniform metric as n — oco. Thus the inverse mapping
~1:(0[0,1],d2) — (C[0,1],ds) is not continuous.

We have the following generalization of Theorem 12.1.4.



342 Convergence, continuity and topology

Theorem 12.2.6 If (f,)°, is a sequence of continuous functions from a
metric space (X, d) into a metric space (Y, p) and if f, converges uniformly
on X to f as n — oo, then f is continuous.

Proof  Verify that a proof is given by making obvious notational changes
to the proof of Theorem 12.1.4. O

Exercises

12.2.1 Show that any two metrics on a finite set are Lipschitz equivalent.

12.2.2 Let (N, p) be the metric space defined in Example 11.1.9. Suppose
that (z,,)2°, is a sequence in a metric space (X, d), and that z € X.
Set f(n) = xp, f(4+00) = x. Show that z,, — = as n — oo if and only
if f: (N, p) — (X,d) is continuous.

12.2.3 Suppose that (X,d), (Y,p) and (Z,0) are metric spaces, that f is
a continuous surjective mapping of (X, d) onto (Y, p) and that ¢ :
(Y, p) = (Z,0) is continuous. Show that if g o f is a homeomorphism
of (X,d) onto (Z,0) then f is a homeomorphism of (X, d) onto (Y, p)
and ¢ is a homeomorphism of (Y, p) onto (Z,0).

12.2.4 Show that the punctured unit sphere {zcR%:|z| =1} \
{(1,0,...,0)} of R%, with its usual metric, is homeomorphic to R*~1.

12.2.5 Give an example of three metric subspaces A, B and C of R such
that A C B C C, A and C are homeomorphic, and B and C are not
homeomorphic.

12.3 The topology of a metric space

This section contains many definitions: we start with a few.

Suppose that A is a subset of a metric space (X, d). Recall that a point
b € X is a limit point, or accumulation point, of A if and only if N*(b)NA #
(), for each ¢ > 0. We now make another definition, similar enough to be
confusing. An element b of X is called a closure point of A if N.(b)NA # 0,
for each € > 0. That is to say, whenever € > 0 there exists a € A (which
may depend upon €) with d(b,a) < e. Thus b is a closure point of A if there
are points of A arbitrarily close to b. If b € A, then b is a closure point of A,
since d(b,b) = 0 < € for all € > 0.

The set of limit points of A is called the derived set of A, and is denoted
by A’, and the set of closure points of A is called the closure of A, and is
denoted by A. A set A is perfect if A= A’ and is closed if A = A.

An element a of A is an isolated point of A if there exists € > 0 such that
Nc(a) N A= {a}.
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Proposition 12.3.1  Suppose that A is a subset of a metric space (X,d).
Let i(A) be the set of isolated points of A. Then A" and i(A) are disjoint,
and A= A" Ui(A).

Proof  This follows immediately from the definitions. O

The set A is a subset of A, since each point of A is a closure point of A,
but any isolated point of A is not in A’. A set is perfect if and only if it is
closed, and has no isolated points.

We can characterize limit points and closure points of A in terms of
convergent sequences.

Proposition 12.3.2  Suppose that A is a subset of a metric space (X,d)
and that b € X.

(i) b is a limit point of A if and only if there exists a sequence (a;)32; in
A\ {b} such that aj — b as j — oo.

(i) b is a closure point of A if and only if there exists a sequence (a;)3%,
in A such that a;j — b as j — oo.

Proof (i) Suppose that there exists a sequence (a;)32, in A\ {b} such that
aj — b as j — oo. Suppose that € > 0. There exists jo such that d(b,a;) < €
for j > jo. Then a;, € N¥(b). Conversely, if b is a limit point of A then for
each j € N there exists a; € A\ {b} with 0 < d(b,a;) < 1/j. Then a; — b
as j — 00.

(ii) The proof is exactly similar. 0

Proposition 12.3.2 (ii) says that A is closed if and only if A is closed under
taking limits.
The closure of a bounded set is bounded.

Proposition 12.3.3  If A is a non-empty bounded subset of a metric space
(X,d), then diam A = diam A.

Proof  Certainly diam A > diam A. Suppose that € > 0. If 2,y € A there
exist a,b € A with d(z,a) < €/2 and d(y,b) < €/2. Then, by the triangle
inequality,

d(z,y) < d(xz,a) +d(a,b) +d(b,y) < d(a,b) + € < diam A + ¢,
so that diam A < diam A + €. Since € is arbitrary, the result follows. a

A subset A of a metric space (X, d) is dense in X if A = X. For example,
the rationals are dense in R.
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Proposition 12.3.4  Suppose that A and B are subsets of X.

(i) If AC B then AC B.

(ii) A is closed.

(iii) A is the smallest closed set containing A: if C is closed and A C C
then A C C.

Proof (i) follows trivially from the definition of closure.

(i) Suppose that b is a closure point of A and suppose that ¢ > 0. Then
there exists ¢ € A such that d(b,c) < €/2, and there exists a € A with
d(c,a) < €/2. Thus d(b,a) < ¢, by the triangle inequality, and so b € A.

(iii) By (i), A C C = C. O

Suppose that Y is a metric subspace of a metric space (X,d). How are
the closed subsets of Y related to the closed subsets of X7

Theorem 12.3.5 Suppose that Y is a metric subspace of a metric space
(X,d) and that A C Y. Let A" denote the closure of AinY, and A% the
closure in X.

(i) A =A% ny.

(ii) A is closed in'Y if and only if there exists a closed set B in X such
that A=BnNY.

Proof (i) Certainly ar - ZX, so that A" - 2% Y. On the other hand,
ity e A MY there exists a sequence (a,)2; in A such that a, — vy as
n — oco. Thus y € ar.

(ii) If A is closed in Y, then A = A =4"n Y, so that we can take
B=2a% Conversely if B is closed in X and A = BNY, then ar C B, so
thatZY:ZXﬂYgBﬂY:A,andAisclosedinY. O

Here are some fundamental properties of the collection of closed subsets
of a metric space (X,d).

Proposition 12.3.6 (i) The empty set () and X are closed.

(ii) If A is a set of closed subsets of X then NacaA is closed.

(iii) If {A1,..., An} is a finite set of closed subsets of X then Ui, A4 is
closed.

Proof (i) The empty set is closed, since there is nothing to go wrong, and
X is trivially closed.

(ii) Suppose that b is a closure point of Nge4A, and that A € A. If e > 0
then there exists a € NgeaA with d(b,a) < e. But then a € A. Since this
holds for all € > 0, b € A = A. Since this holds for all A € A, b € Nc4A,
and so NacaA is closed.
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(iii) Suppose that b ¢ U;LZIA]-. Then for each j, b € A; = Zj, and
so there exists ¢; > 0 such that if d(b,c) < ¢; then ¢ ¢ A;. Let
e =min{e; : 1 < j < n}. Then € > 0 and if d(b,c) < € then ¢ & UT_; A;.
Thus b is not a closure point of U?:1Aj7 and so U?ZlAj is closed. O

Here is an important example.

Theorem 12.3.7 Suppose that (X,d) and (Y, p) are metric spaces. Let
Cy(Y, X) denote the set of all bounded continuous mappings of Y into X.
Then Cy(Y, X) is a closed subset of the space Bx(Y') of all bounded mappings
of Y into X, when Bx(Y) is given the uniform metric dso.

Proof  If f is in the closure of Cy(Y, X)), then, by Proposition 12.3.2 there
exists a sequence (f,)22; in Cy(Y, X) which converges uniformly to f. It
then follows from Theorem 12.2.6 that f is continuous. O

We now introduce some more definitions. Suppose that A is a subset of a
metric space (X, d).

e An element a of A is an interior point of A if there exists ¢ > 0 such that
N¢(a) C A. In other words, all the points sufficiently close to a are in A;
we can move a little way from a without leaving A.

e The interior A° of A is the set of interior points of A.

o A subset U of X is open if U = U°. In other words U is open if and only
if whenever u € U there exists ¢ > 0 such that if d(u,v) < € then v € U.
The collection of open subsets of (X, d) is called the topology of (X,d).

Proposition 12.3.8 If (X,d) is a metric space, if v € X and if ¢ > 0
then the open e-neighbourhood N¢(a) is open.

Proof  Suppose that y € N(x), so that d(y,z) < e. Let § = ¢ — d(y,x). If
z € Ns(y) then, by the triangle inequality,

d(z,x) <d(z,y) +d(y,z) <d+d(y,z) = ¢,
so that Ns(y) C Ne(z). O
If (E,||.||) is a normed space then the e-neighbourhood
Ne(0) ={z € E: ||z]| <€}

is called the open e-ball; in particular, N1(0) = {x € E : ||z] < 1} is called
the open unit ball. The scaling property of the norm implies that N.(0) =
eN1(0). Although a normed space has plenty of closed linear subspaces, it
has only one open linear subspace.
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Proposition 12.3.9 If F' is an open linear subspace of a mormed space
(E,||.||) then F = E.

Proof  Since F' is a linear subspace, 0 € F. Since F' is open, there exists
e > 0 such that N.(0) C F. Suppose that z € E\ {0}; let y = ex/(||z| + 1).
Then 0 < ||y|| < €, so that y € N(0), and so y € F. Since F is a linear
subspace of E, x = (||z]| + 1)y/e € F. This is true for all x € E, so that
F=F. O

‘Interior’ and ‘closure’, ‘open’ and ‘closed’, are closely related, as the next
proposition shows.

Proposition 12.3.10 Suppose that A and B are subsets of a metric space
(X,d), and that C(A) = X \ A is the complement of A in X.

(i) If A C B then A° C B°.

(ii) C(A°) = C(A).

(iii) A is open if and only if C(A) is closed.

(iv) A° is open.

(v) A° is the largest open set contained in A: if U is open and U C A
then U C A°.

Proof (i) follows directly from the definition.

(i) If b ¢ A° then N.(b) N C(A) # 0 for all € > 0, and so b € C(A).
Conversely, if b € C(A) then N(b) N C(A) # () for all € > 0, and so b ¢ A°.

(iif) If A is open then C(A) = C(A°) = C(A), by (ii), and so C(A) is
closed. If C'(A) is closed then C(A°) = C(A) = C(A), so that A° = A.

(iv) C(A°) = C(A) is closed, so that A° is open, by (iii).

(v) By (i), U =U° C A°. O

Corollary 12.3.11 Suppose that Y is a metric subspace of a metric space
(X,d) and that A CY. Then A is open in'Y if and only if there exists an
open set B in X such that A= BNY.

Proof  Take complements. O

Corollary 12.3.12 (i) The empty set ) and X are open.

(ii) If A is a set of open subsets of X then UacaA is open.

(i) If {A1, ..., An} is a finite set of open subsets of X then M}_jA; is
open.

Proof  Take complements. O

Two final definitions: if A is a subset of a metric space (X,d) then the

frontier or boundary OA of A is the set A\ A°. Since A = ANC(A), 0A is
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closed. © € 0A if and only if every open e-neighbourhood of z contains an
element of A and an element of C'(A).

A metric space is separable if it has a countable dense subset. Thus R,
with its usual metric, is a separable metric space.

There are interesting metric spaces which are not separable:

Proposition 12.3.13 If (X,d) is a metric space with at least two points
and if S is an infinite set, then the space Bx(S) of bounded mappings from
S — X, with the uniform metric, is not separable.

Proof  We use the fact that P(S) is uncountable; this was proved in Vol-
ume I, Corollary 2.3.10. Suppose that xy and z; are distinct points of X, and
let d = d(zp,z1). For each subset A of X, define the mapping f4: 5 — X
by setting

fa(s) =x1 if s € A and fa(s) = zg if z & A.

Then f4 is bounded. If A and B are distinct subsets of S, then there exists
s € S such that s is in exactly one of A and B, and so dwo(fa, fB) = d.
Thus Ng/o(fa) N Najo(f) = 0. Suppose that G is a dense subset of By (.5).
Let H={g € G:g¢€ Ngp(fa)for some A € P(X)}. If g € H, then there
exists a unique A € P(S) for which g € Ny/5(fa): let this be c(g). Then ¢
is a mapping of H into P(S). It is surjective, since if A € P(S) there exists
g € G with dy(g, fa) < d/2, by the density of G, so that ¢(g) = A. Since
P(S) is uncountable, so is H, and since H C G, G is uncountable. Thus
Bx(S) is not separable. O

Exercises

12.3.1 Show that a finite subset of a metric space (X, d) is closed.

12.3.2 Suppose that (aj);?‘;l is a sequence in a metric space (X,d) which
converges to a. Show that the set S = {a; : j € N} U {a} is closed.

12.3.3 Give an example of an open e-neighbourhood N,(z) in a metric space
(X, d) whose closure is not equal to M (z) = {y € X : d(y,x) < €}.

12.3.4 Let (E,||.||) be a normed space. Let U = {x € E : ||z|| < 1}. Show
that U ={z € E : ||z| < 1}.

12.3.5 Let D = {(i,j) : 1 < i < j < d}. A real quadratic form on R? is a
function of the form ¢,(z) = Z(i,j)eD aijzizj, where a € RP. Tt is
positive definite if q,(z) > 0 for all = # 0. Show that

{a € RP : ¢, is positive definite}

is open in RP.
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12.3.6

12.3.7

12.3.8

12.3.9

12.3.10

12.3.11

12.3.12

12.3.13

12.3.14

12.3.15

12.3.16

12.3.17

12.3.18

12.3.19

Convergence, continuity and topology

Give an example of two subsets A and B of R, for which there exist
continuous bijections f: A — B and g : B — A, but which are not
homeomorphic.
Show that the interior of the boundary of a subset of a metric space
is empty.
Suppose that (X, d) is a metric space and that a € X. Show that
the following are equivalent

(i) a is an isolated point of (X, d).

(i) {a} is open.
(iii) Any real-valued function on X is continuous at a.
(iv) If x,, — a as n — oo then there exists N € N such that z, = a

for n > N.

Suppose that A is a subset of a normed space (F, ||.||), that z € E
and that \ is a scalar. Show that  + A = 2+ A, that AA = A\A and
that (x+ A)° = x4+ A°. Under what circumstances is (AA)° = AA°?
Show that A and A° are convex if A is convex, and that —A4 = —A
and (—A)° = —A°.
A collection B of open subsets of a metric space (X,d) is a base or
basis for the topology if every open subset of X is a union of sets
in B. Show that the collection of open intervals of R with rational

endpoints is a basis for the usual topology of R.

Suppose that (X, d) is a perfect metric space, and that S is a dense
subset of X. Show that if F' is a finite subset of S then S\ F' is dense
in X. Show (using the axiom of dependent choice) that there exists
an infinite subset J of S such that S\ J is dense in X.

Show that a separable metric space has a countable basis for the
topology.

Show that a metric space with a countable basis for the topology is
separable.

Show that a metric subspace of a separable metric space is
separable.

Show that a set S, with the discrete metric, has a countable basis
for the topology if and only if it is countable.

Use the three preceding exercises to give another proof that if X is
infinite then B(X), with the uniform metric, is not separable.

Let ¢ = {x € loc : x, = 0 as n — oco}. Show that ¢y is a separable
closed linear subspace of [.

Suppose that U is a set of open subsets of a separable metric space,
any two of which are disjoint. Show that I/ is countable.

Suppose that f is a real-valued function on a metric space (X, d).
f has a strict local mazimum at x if there exists € > 0 such that if
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0 < d(z,y) < € then f(y) < f(z). Show that if (X,d) is separa-
ble then the set of strict local maxima is countable. (Consider a
countable basis B for the topology, and consider the sets of B on
which f is bounded above, and attains its supremum at a unique
point).

12.3.20 Suppose that f is a mapping from a metric space (X, d) into a metric
space (Y, p). f has a removable discontinuity at a if a is a limit point
of X, if | =lim,_,, f(x) exists, and | # f(a). Show that if (X, d) is
separable then f has only countably many removable discontinuities.

12.3.21 A metric d, which like the p-adic metric, satisfies

d(x, z) < max(d(z,y),d(y, z)) for z,y,z € X,

is called an wltrametric. Verify that the p-adic metric on Q is an
ultrametric.

12.3.22 Show that if one considers the three distances between three points
of an ultrametric space then either they are all equal or two are
equal, and greater than the third.

12.3.23 Show that an open e-neighbourhood in an ultrametric space is
closed.

12.3.24 Suppose that N.(z) is an open e-neighbourhood in an ultrametric
space and that y € N¢(z). Show that N¢(z) = Nc(y).

12.4 Topological properties of metric spaces

Recall that the topology of a metric space is the collection of open subsets.
Many, but by no means all, of the properties of a metric space (X, d) and of
mappings from (X, d) into a metric space (Y, p), can be defined in terms of
the topologies of (X,d) and (Y, p). These are called topological properties.
Thus

e convergent sequences;

e closure point, closure, closed set, dense set, separability;
e interior, frontier or boundary;

¢ limit point, isolated point, derived set, perfect set

are all topological notions. On the other hand, the notion of an
e-neighbourhood is not a topological one. But if we define a neighbourhood
of a point x of a metric space (X,d) to be a set which contains N,(z) for
some € > 0, then the notion of neighbourhood is a topological one, since N
is a neighbourhood of z if and only if x is in the interior of N. A collection
N of subsets of X is called a base of neighbourhoods of x if each N € N is
a neighbourhoood of x, and if each neighbourhood of x contains an element
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of N. Thus the e-neighbourhoods of x form a base of neighbourhoods of z,
and the set {Ny/,(z) : n € N} is a countable base of neighbourhoods of
x. Let Mc(z) = {y € X : d(y,x) < €}. Then M,(x) is a neighbourhood of
x, since N¢(x) € Mc(x). The set M.(z) is closed, and is called the closed
e-neighbourhood of x. If 0 < 1 < € then M,(x) C Nc(z), so that the set
{Mc(x) : ¢ > 0} of closed neighbourhoods is also a base of neighbourhoods
of x.
Continuity is also a topological property. Let us make this explicit.

Theorem 12.4.1  Suppose that f is a mapping from a metric space (X, d)
into a metric space (Y, p) and that a € X.

(a) f is continuous at a if and only if whenever N is a neighbourhood of
f(a) inY then f=Y(N) is a neighbourhood of a.

(b) The following are equivalent.

(i) f is continuous on X.

(ii) If U is an open subset of Y then f~1(U) is open in X.

(iii) If F is a closed subset of Y then f~'(F) is closed in X.

(iv) If A is a subset of X then f(A) C f(A).

Proof  (a) Suppose that f is continuous at a and that N is a neighbourhood
of f(a). Then there exists € > 0 such that N.(f(a)) C N. Since f is contin-
uous at a there exists 0 > 0 such that if d(z,a) < ¢ then p(f(x), f(a)) < e.
This says that Ns(a) C f~'(N.(f(a))), so that Ns(a) C f~*(N),and f~1(N)
is a neighbourhood of a.

Conversely, suppose the condition is satisfied. If € > 0 then N.(f(a)) is a
neighbourhood of f(a), and so f~1(N.(f(a))) is a neighbourhood of a. Thus
there exists § > 0 such that Ns(a) € f~'(N.(f(a))). Being interpreted, this
says that if d(z,a) < 0 then p(f(z), f(a) <e.

(b) Suppose that f is continuous on X, that U is open in Y and that
x € f~Y(U). Then f(z) € U. Since U is open, there exists ¢ > 0 such that
N(f(x)) € U. Since f is continuous at x, there exists 6 > 0 such that if
d(x',x) < 6 then p(f(2'), f(z)) < e. Thus Ns(z) C f~1(U), and so z is an
interior point of f~(U). Since this holds for all z € f~Y(U), f~*(U) is open:
(i) implies (ii).

Conversely, suppose that (ii) holds. Suppose that « € X and that N is
a neighbourhood of f(a). Then there exists ¢ > 0 such that N.(f(a)) C
N. Then a € f{(N(f(a)) C f~'(N), and f~{(N.(f(a))) is open, by
hypothesis, so that f~!(N) is a neighbourhood of a. Thus f is continuous
at a. Since this is true for all a € X, (ii) implies (i).

Since a set is open if and only if its complement is closed, and since

f~HC(B)) = C(f~1(B)), (ii) and (iii) are equivalent.
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Suppose that (iii) holds, and that A C X. Then f(A) is closed in Y, and
so f7Y(f(A)) is closed in X. But A C f~(f(4)), and A is the smallest
closed set containing A, and so A C f~1(f(A)); that is, f(A) C f(A). Thus
(iii) implies (iv).

Suppose that (iv) holds, and that B is closed in Y. By hypothesis,
F(F(B)) € F(F1(B)). But f(f~\(B)) B, so that F(F-1(B)) C B = B.
Thus f(f~1(B)) C B, and so f~1(B) C f~'(B). Consequently f~1(B)
f~YB): f~1(B) is closed. Thus (iv) implies (iii).

O |l

Corollary 12.4.2  Suppose that f is continuous on X and that A is a dense
subset of X. Then f(A) is dense in the metric subspace f(X) of (Y,p). In
particular, if X is separable, then so is f(X).

Proof For f(X) = f(A) C f(A). O
Corollary 12.4.3 Suppose that f is a bijective mapping f from a metric
space (X,d) onto a metric space (Y, p). The following are equivalent:

1. f is a homeomorphism.

2. U is open in (X,d) if and only if f(U) is open in (Y, p).

3. B is closed in (X, d) if and only if f(B) is closed in (Y, p).
4. f(A) = f(A) for every subset A of X.

Corollary 12.4.4 Suppose that f is a bijective mapping f from a metric
space (X, d) onto a metric space (Y, p). Then f is a homeomorphism if and
only if whenever (x,)5 1 is a sequence in X then x,, — = in (X, d) asn — oo
if and only if f(x,) — f(x) as n — oo.

There are two points to notice about this theorem and its proof. The
first is that one needs facility at handling images and inverse images of sets.
The second and more important point is that the conditions, in terms of
open sets and closed sets, that we have given for a function to be continuous
involve the inverse images of sets in Y, and not the images of sets in X.

Exercises

12.4.1 We have defined topological notions or properties to be those that
can be defined in terms of the open sets of a metric space. Show that
a notion or property is topological if it can be defined in terms of
each of the following.
(a) The neighbourhoods of each point.
(b) The closed sets.
(¢) The mapping which sends each subset of X to its closure.
(d) The mapping which sends each subset of X to its frontier.
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12.4.2

12.4.3

12.4.4

Convergence, continuity and topology

Suppose that f and ¢ are continuous mappings from a metric space
(X,d) into a metric space (Y, p). Show that the set

{reX: f(x)=g(r)}

is closed in X.
Suppose that A is a non-empty subset of a metric space (X,d). If
x € X let d(z, A) = inf{d(x,a) : a € A}. Show that

A={re X :d(x, A) =0}.

Suppose that A and B are disjoint closed subsets of a metric space.
If z € X let g(z) = d(x, A) + d(x, B). Show that g(z) is a continuous
strictly positive function on X. Let h(z) = d(x, A)/g(x). Show that
g is a continuous function on X which satisfies

e 0 <h(zx) <1, forzeX;

e h(z) =0, for z € A;

e h(z) =1, for x € B.

This is easy. Its extension to certain topological spaces is Urysohn’s
lemma, which we shall prove later (Theorem 13.4.6); the proof is
much harder.
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Topological spaces

13.1 Topological spaces

The results of the previous section show that many important results con-
cerning metric spaces depend only on the topology. We now generalize this,
by introducing the notion of a topological space. This is traditionally defined
in terms of open sets. A topological space is a set X, together with a
collection 7 of subsets of X which satisfy:

e the empty set and X are in 7;
o if O C 7 then UpcnO € T;
e if O1 and Oy are in 7 then O;1 N Oy € T.

Then 7 is the topology on X, and the sets in 7 are called open sets. The
conditions say that the empty set and X are open, that the union of an
arbitrary collection of open sets is open, and that the intersection of finitely
many open sets is open.

The first example of a topological space is given by taking the open sets
of a metric space (X,d) for the topology on X; this is the metric space
topology on X. A topological space (X, 7) is said to be metrizable if there
is a metric d on X such that 7 is the set of open sets of the metric space
(X,d).

Why do we make this definition? First, there are many important exam-
ples of topological spaces in various areas of mathematics, including not only
analysis but also logic, algebra and algebraic geometry, which are not given
by a metric. In fact, we shall not need any of these, but it is as well to know
that they exist. Secondly, metric spaces have a rich structure, and it is appro-
priate to develop topological properties of metric spaces in a purely topologi-
cal way — this helps us to appreciate the nature of these properties. Thirdly,
there are many examples of topological spaces with weird and wonderful

353
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properties, and it is entertaining to investigate them; we shall do this in
Section 13.6.

Starting from a topology 7 on a set X, we can immediately set up the
machinery that has been defined for metric spaces. Suppose that x € X and
that A is a subset of X. Here are the definitions.

o A subset N of X is a neighbourhood, or T-neighbourhood, of x if there is
an open set O such that x € O C N. The set of neighbourhoods of z is
denoted by N,. A subset B of N, is called a base of neighbourhoods of x
if whenever N € N,, there exists B € B with B C N.

e A subset M*(x) of X is a punctured neighbourhood of = if there is a
neighbourhood M of = such that M*(x) = M \ {z}.

e x is a limit point, or accumulation point, of A if M*(x) N A # 0 for every
punctured neighbourhood M*(x) of z. The set of limit points of A is called
the derived set of A, and is denoted by A’. A is said to be perfectif A = A’.

e 7 is a closure point of A if NN A # () for every N € N,. The set of closure
points of A is called the closure of A, and is denoted by A. A is said to be
closed if A = A. A is said to be dense in X if A = X. (X,7) is separable
if there is a countable subset C' of X which is dense in X.

e x is an isolated point of A if there exists N € N, such that NNA = {z}. If
i(A) is the set of isolated points of A then A’'Ni(A) = () and A = A’Ui(A).

e T is an interior point of A if A € N,. The set of interior points of A is the
interior of A; it is denoted by A°.

e The frontier, or boundary, A is the set A\ A°.

o A subset B of a topology 7 on a set X is a base for the topology if every
open set is the union of subsets in B.

e Suppose that (z,,)7°, is a sequence in X. Then x,, — x as n — oo if for
each N € N, there exists ng € N such that x,, € N for all n > ny.

e Suppose that f is a mapping from A into a topological space (Y, o), that
b is a limit point of A, and that [ € Y. Then f(z) »lasz — bin A (in
words, f(x) tends to, or converges to, | as = tends to b in A) if whenever N
is a neighbourhood of [ then there is a punctured neighbourhood M*(z)
of b such that f(M*(x) N A) C N.

e Suppose that f is a mapping from X into a topological space (Y, o). Then
f(z) is continuous at x if, whenever N is a neighbourhood of f(z) then
f71(NV) is a neighbourhood of z. f is continuous on X (or, simply, is con-
tinuous), if it is continuous at each point of X. If 7y and 75 are topologies
on X and the identity mapping i : (X,71) — (X, 72) is continuous, then
we say that 7| is finer or stronger than 7o, and that 79 is coarser or weaker
than 7. This happens if and only if 75 C 7.
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e Suppose that f is a bijective mapping from X onto a topological space

(Y,0). If f and f~! are both continuous, then f is called a homeomorphism

of (X, 7) onto (Y,0).

Before investigating the use of these definitions, let us give some examples

of topological spaces. The reader should verify that in each instance the

conditions for being a topology are satisfied.

1.

If X is any set, let 7 = {0, X}. This is the indiscrete topology.

2. If X is any set, let 7 = P(X), the set of all subsets of X. This is the

discrete topology. It is the metric space topology defined by the discrete
metric d, where d(z,y) =1 if  # y and d(z,x) = 0.

. Suppose that Y is a subset of a topological space (X, 7). Then 1y =

{ONY : O € 7} isatopology on Y, called the subspace topology. (Y, 1y) is
then a topological subspace of (X, 7). Topological subspaces inherit many,
but not all, of the properties of the larger space.

. Suppose that ¢ is a mapping of a topological space (X, 7) onto a set S. The

collection {U C S : ¢~ Y(U) € 7} of subsets of S is a topology on S, the
quotient topology. In many cases, it is very badly behaved, and quotient
topologies are a rich source of idiosyncracies and counterexamples.

. If X is an infinite set, let 74 be the collection of subsets of X with a finite

complement, together with the empty set. This is the cofinite topology.

. If X is an uncountable set, let 7, be the collection of subsets of X

with a countable complement, together with the empty set. This is the
cocountable topology.

. Let 7— = {0} U{(—o00,a) : a € R} U{R}. Then 7 is a one-sided topology

on R; another is 7y = {0} U{(a,) : a € R} U{R}.

. Let P denote the vector space of complex polynomials in two variables.

If S is a subset of P, let
Us = {(z1,2) € C*: p(z1,2) # 0 for p € S}.

Then it can be shown that the collection of sets {Ug : S C P} is a
topology on C2, the Zariski topology. This definition can be extended to
other settings in algebraic geometry and in ring theory, where it is an
important tool. (It does not have any clear use in analysis.)

We now establish some elementary results about topological spaces. In

many cases, the arguments are similar to those for the real line, or for metric

spaces, and the details are left to the reader.

Proposition 13.1.1  Suppose that B is a collection of subsets of a set X
which satisfies
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(i) If By, By € B then By N By € B, and
(i) U{B : B € B} = X.

Then there is a unique topology T on X for which B is a base.

Proof  Let T be the collection of unions of sets in B. Then the empty set
is in 7 (the union of the empty set of subsets of B) and X € 7, by (ii).
Clearly the union of sets in 7 is in 7, and so it remains to show that finite
intersections of sets in 7 are in 7. For this, it is sufficient to show that if
U =UcecC and V = UpepD are in 7 (where C and D are subsets of BB), then
U NV € 7. But this holds, since U NV = Ucec,pep(C N D), which is in 7.

It follows from the construction that 7 is unique. For if ¢ is a topology on
X for which B is a base, then o C 7, by the definition of a base, and 7 C o,
since the union of open sets is open. O

Let us give an example. The subsets [a,b) of R, where a < b, satisfy the
conditions of the proposition, and so define a topology, the right half-open
interval topology on R. Note that

(a,b) = U{[(1 = Na+ Ab,b) : 0 < A < 1},

so that (a,b) is open in this topology; from this it follows that the usual
topology on R is weaker than the right half-open interval topology.

Proposition 13.1.2  Suppose that A and B are subsets of a topological
space (X, d).

(i) If AC B then AC B.

(ii) A is closed.

(iii) A is the smallest closed set containing A: if C is closed and A C C
then A C C.

Proof (i) follows trivially from the definition of closure.

(i) Suppose that b ¢ A. Then there exists a neighbourhood N of b such
that N N A = (), and there exists an open set U such that b € U C N. If
x € U then € A, since U N A = (). Thus b is not in the closure of A. Since
this holds for all b ¢ A, A is the closure of A and A is closed.

(iii) By (i), A C C = C. O
Theorem 13.1.3  Suppose that (Y, 7y) is a topological subspace of a topo-
logical space (X,7) and that A CY. Let A" denote the closure of AinY,
and A~ the closure in X.

(i) A =2 ny.

(ii) A is closed in Y if and only if there exists a closed set B in X such
that A=BNY.
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Proof (i) Certainly ar - ZX, so that A" - 2%X Y. On the other hand,
ify e 2¥NY and N is a T-neighbourhood of y in X, then there exists an
open subset U in X such that y e U C N, and UNA# (. Now UNY is a
Ty open set, y € UNY and (UNY)NA = UN A is not empty. Thus y € ar

(ii) If A is closed in Y, then A = A =4"n Y, so that we can take
B=2a% Conversely if B is closed in X and A = BNY, then ar C B, so
thatZY:ZXﬂYQBOY:A,andAisclosedinY. O

Proposition 13.1.4 Suppose that A and B are subsets of a topological
space (X, d).

(i) If A C B then A° C B°.

(i) C(A°) = C(A).

(i1i) A is open if and only if C(A) is closed.

(iv) A° is open.

(v) A° is the largest open set contained in A: if U is open and U C A
then U C A°.

Proof  This follows by making obvious modifications to the proof of
Proposition 12.3.10. O

Thus, in the examples above, a subset F' of (X, 7y) is closed if and only
if it is finite, or the whole space, and a subset F' of (X, 7,) is closed if and
only if it is countable, or the whole space.

Proposition 13.1.5 Suppose that (X, 7T) is a topological space, that x €
Xand that N is the collection of neighbourhoods of x. Then N is a filter:
that is

(i) each N € Ny is non-empty;

(ii) if N1, Ny € N, then Ny N Ny € Nm,'

(111) if N € N, and N C M then M € N,.

A subset O of X is open if and only if it is a neighbourhood of each of its
points.

Proof (i) Since x € N, N is not empty.

(ii) There exist open sets O and O such that x € O; € Ny and = €
O3 C Ny. Then O1 N Oy is open, and x € O1 N Oy C Ny N No.

(iii) This is trivial.

If O is open, then it follows from the definition of neighbourhood that
O is a neighbourhood of each of its points. Conversely, if the condition is
satisfied, then O = O°, and so O is open. O
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The analogues of Theorem 12.2.3 and the sandwich principle also hold;
simple modifications to the proofs are needed, and the details are left to the
reader.

Composition also works well; the proof is easy, but the result is of
fundamental importance.

Theorem 13.1.6 Suppose that [ is a mapping from a topological space
(X, ) into a topological space (Y, p) and that g is a mapping from'Y into a
topological space (Z,0). If f is continuous at a € X and g is continuous at
f(a), then go f is continuous at a.

Proof  If N € Ny(4(a)) then, since g is continuous at f(a), g YN) e Ny
and since f is continuous at a, f~1(g~*(N)) € N,. The result follows, since

(go f)"HN) = f~Hg ™t (V). o
The next result corresponds to Theorem 12.4.1. We give some details of
the proof, though the proof is essentially the same.

Theorem 13.1.7 Suppose that f is a mapping from a topological space
(X, 7) into a topological space (Y, o). The following are equivalent.

(i) f is continuous on X.

(ii) If U is an open subset of Y then f~1(U) is open in X.

(iii) If F is a closed subset of Y then f~Y(F) is closed in X.

(iv) If A is a subset of X then f(A) C f(A).
Proof  Suppose that f is continuous, that U is open in Y and that = €
S7HU). Then f(x) € U,and U € Ny(,. Since f is continuous at z, f~1(U) €
N, and so z is an interior point of f~!(U). Since this holds for all x €
1), f~1(U) is open: (i) implies (ii).

Conversely, suppose that (ii) holds. Suppose that « € X and that N is
a neighbourhood of f(a). Then there exists an open set U in Y such that
f(a) € U € N. Then a € f~1(U) C f~}(N), and f~1(U) is open, by
hypothesis, so that f~!(N) is a neighbourhood of a. Thus f is continuous
at a. Since this is true for all a € X, (ii) implies (i).

Since a set is open if and only if its complement is closed, and since
f~HC(B)) = C(f~1(B)), (ii) and (iii) are equivalent.

The proof of the equivalence of (iii) and (iv) is exactly the same as the
proof in Theorem 12.4.1. O

Corollary 13.1.8 Suppose that f is continuous and that A is a dense
subset of X. Then f(A) is dense in the topological subspace f(X) of (Y,p).
In particular, if X is separable, then so is f(X).
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Proof  This follows from condition (iv). O

Corollary 13.1.9 Suppose that f is a bijective mapping f from a topo-
logical space (X,d) onto a topological space (Y,p). The following are
equivalent:

(i) f is a homeomorphism.

(i) U is open in (X,d) if and only if f(U) is open in (Y, p).

(iii) B is closed in (X,d) if and only if f(B) is closed in (Y, p).

(iv) f(A) = f(A) for every subset A of X.

(v) f(A°) = (f(A))° for every subset A of X.

What about sequences? We shall see that there are some positive results,
but that, in general, sequences are inadequate for the definition of topological
properties.

Proposition 13.1.10 Suppose that A is a subset of a topological space
(X,7) and that b € X.

(i) If there exists a sequence (a;);2; in A\{b} such that a; — b as j — oo
then b is a limit point of A.

(i) If there exists a sequence (a;)3%, in A such that a; — b as j — oo,
then b is a closure point of A.

The converses of (i) and (ii) are false.

Proof (i) If M*(b) is a punctured neighbourhood of b then there exists
jo € N such that a; € M*(b) for j > jo. Thus AN M*(b) # 0, so that b is a
limit point of A.

The proof of (ii) is exactly similar.

We shall use the same example to show that the converses do not hold.
Suppose that X is an uncountable set, with the cocountable topology 7,
described above. Suppose that A is any uncountable proper subset of X. If
x € X and if M*(x) is any punctured neighbourhood of X, then AN M*(x)
is non-empty, so that A’ = A = X: every point of X is a limit point, and
therefore a closure point, of A. Suppose that a; € A and that a; — b as
j —oo. Then N = X \ {a; : a; # b} is a neighbourhood of b, and so there
exists jo such that a; € N for j > jo. Thus a; = b for j > jo: the sequence
(a;)72, is eventually constant and b € A. Thus if ¢ ¢ A there is no sequence
in A which converges to c. O

Proposition 13.1.11 Suppose that (X,7) and (Y,0) are topological

spaces, that (aj)‘]?‘;l is a sequence in X which converges to a as j — oo and
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that f is a mapping from X to Y. If f is continuous at a then f(a;) = f(a)
as j — o0o. The converse is false.

Proof If N € N(f(a)) then f~1(N) € N,. There exists jo € N such that
aj € f7YN) for j > jo. Thus f(a;) € N for j > jo: f(a;) — f(a) as j — oco.

Let X be an uncountable set, let 7, be the cocountable topology on X
and let 7 be the discrete topology. The identity mapping ¢ from (X, 7,) into
(X, 7) has no points of continuity, but a sequence converges in (X, 7, ) if and
only if it is eventually constant, in which case it converges in the discrete
topology. O

Exercises

13.1.1 Suppose that f is a mapping from a topological space (X,7) to a
topological space (Y, o), and that A and B are two closed subsets of
X whose union is X. Show that f is continuous on X if and only
if its restriction to A and its restriction to B are continuous. Is the
same true if ‘closed’ is replaced by ‘open’? What if A is open and B
is closed?

13.1.2 Give an example of a topology on N with the property that every
non-empty proper subset of N is either open or closed, but not both.

13.1.3 Let X be an infinite set, with the cofinite topology 7¢. What are
the convergent sequences? Show that a convergent sequence either
converges to one point of X or to every point of X.

13.1.4 Give an example of a continuous mapping f from a metric space
(X,d) to a metric space (Y, p) and a subset A of X for which f(A°) &
(f(A))°, and an example for which f(A°) 2 (f(A))°.

13.1.5 Suppose that (X, 7) is a topological space and that (Y, d) is a metric
space. Let Cp(X,Y) be the space of bounded continuous mappings
from X into Y. Show that C,(X,Y) is a closed subset of the space
(By (X),d) of all bounded mappings from X to Y, with the uniform
metric.

13.1.6 Verify that the collection of subsets {(—o0,a) : a € R} of R, together

with () and R, is a topology 7_ on R.
A real-valued function on a topological space (X, 7) is said to be upper
semi-continuous at x if, given € > 0 there exists a neighbourhood N
of z such that f(y) < f(z) + € for y € N. Show that f is upper
semi-continuous at z if and only if the mapping f: (X,7) — (R,7-)
is continuous at .
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13.2 The product topology

Suppose that {(Xa,7a)}aca is a family of topological spaces. Is there a
sensible way of defining a topology on X =[] .4 Xa? In order to see how
to answer this question, let us consider a simple example. The space R
is the product of d copies of R. If z = (x1,...,24), let 7j(x) = z;, for
1 < j <d. The mapping 7, : R? — R is the jth coordinate projection. If we
give R% and R their usual topologies, we notice four phenomena.

e Since |7j(z) — m;(y)| < d(z,y) (where d is the Euclidean metric on R?),
each of the mappings m; is continuous.

e For 1 < j < d let us denote the set {1,...,d} \ {j} by d\ {j}. Suppose
that y € R} If 2 € R let &, : R — RY be defined by

(ky,j(2)); =« and (ky,;(x))i = yi for i € d\ {j}.

Let
Cyj={ze€ R%: g, = yi fori e d\ {j}};

Cy,; is called the cross-section of R? at y and the mapping ky ; the cross-
section mapping. Then the mapping k, ; is an isometry of R onto () ;.

o Suppose that f : (X,7) — R%is a mapping from a topological space (X, 7)
into R%. We can then write f(z) = (fi(x),..., fa(z)), where f; = ;o f.
If f is continuous, then the composition f; = m; o f is continuous. But the
converse also holds. Suppose that each of the mappings f; is continuous,
that € X and € > 0. Then for each j there exists a neighbourhood N;
of = for which |f;(y) — fj(z)| < ¢/v/d for y € N;. Then N = ﬂ;l:le is a

////,L——-\\\g Cm

__________ |

Figure 13.2. The cross-section C .
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neighbourhood of z, and if y € N then

d
d(f ). f@) = | D 1w - f@P] <e
j=1

so that f is continuous at .

o On the other hand, suppose that f : R* — (Y, 0) is a mapping from R to
a topological space (Y,0), that € R? and that 1 < j < d. Let (i) = 2;
for i € d\ {j}, so that &; € R} If f is continuous, then the mapping
foks, j: R— (Y,0)is continuous, for 1 < j < n, but the converse need
not be true. For example, the real-valued function f on R? defined by
£(0,0) =0 and f(x,y) = zy/(2? + y?) is continuous at every point of R?
except (0,0), but the mappings x — f(z,y) : R = R and y — f(2/,y)
are continuous, for all 2’ and y’. We need to distinguish these phenomena
carefully. We say that f : R? — (Y, 0) is jointly continuous at x if it is
continuous, and say that it is separately continuous at x if the mapping
fokz, jfrom R to (Y, 0) is continuous at z;, for 1 < j <d.

We use these observations to motivate the definition of the product topol-
ogy on X = [],c4 Xa. We want to define a topology 7 on X for which each
of the coordinate mappings 7, : (X,7) = (Xq, 7o) is continuous. Thus we
require that if U, is open in X, then

ol (Ua) = Ua x || X5
B#a

is in 7. Since finite intersections of open sets are open, we also require that if
F'is a finite subset of the index set A and U, is open in X, for each o € F,

then
7' Ua) =[] U x [] X5

aEF Q€EF BEA\F

is in 7. We can take these as a basis for the topology we need.

Theorem 13.2.1  Suppose that {(Xa, 7o)} aca is a family of topological
spaces, and that X = [[,caXa- Let B be the collection of sets of the
form Nper 7ot (Ua), where F is a finite subset of A, mq is the coordinate
projection of X onto X, and Uy, is open in (Xq,Ta)-

(i) B is a base for a topology T on X.

(i) Each of the coordinate projections mo : (X,7) — (Xa,7a) is
continuous.
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(iii) If (Y, 0) is a topological space and f: (Y,o0) — (X,7) is a mapping,
then f is continuous if and only if each of the mappings mo o f : (Y,0) —
(Xa,Ta) is continuous.

Further T is the unique topology on X for which (ii) and (i) hold.

Proof (i) Since X is the empty intersection of sets of the form 7, (U,)
X € B. Suppose that U = Nyepm, (Uy) and V = ﬂﬁegﬂ'/gl(‘/ﬁ) are in B.
Then

UNV = (Naemema (Ua)) N (Naernoma’ (Ua N Va)) 0 (Npeanrms (V)

which is in B. Thus B is the base for a topology on X, by Proposition 13.1.1.

(ii) is a consequence of the definition of B (take F' = {a}), and
shows that the condition in (iii) is necessary. On the other hand,
suppose that the conditions are satisfied. If y € Y then the sets
{B € B: f(y) € B} form a base of T-neighbourhoods of f(y). If y € Y
and N = Naepm, ' (Uy) is such a neighbourhood then

f_l(N) = maeFf_l(ng(Ua)) = Naer (T 0 f)_l(Ua)-

Since 7, o f is continuous, (74 o f)~'(Uy,) is a neighbourhood of y, and so
therefore is f~1(N). Thus f is continuous.

If o is a topology on X for which (ii) and (iii) hold, then the sets in
B must be in o, since the coordinate mappings are continuous, and so
7 C 0. On the other hand, consider the identity mappingi : (X,7) — (X, 0).
Each of the mappings 7, 04 : (X,7) — (X4, 7q) is continuous, and so i is
continuous, by hypothesis. Thus if U € o then i 1(U) = U € 7, and so
oCrT. O

The topology 7 of this theorem is called the product topology on X =

HaEA Xa-
Similar remarks apply about the need to distinguish between joint

continuity and separate continuity.
We also have a result concerning cross-sections. Suppose that 5 € A and
that y € HA\{,B} Xo. Let ky g : Xg — X be defined by

(ky,(z))s =z and (ky,5(z))a = ya for o € A\ {5}.

Let
Cyp={re X :xq=ysforac A\ {B}};

Cy g is called the cross-section of X at y and k, g the cross-section mapping.
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Corollary 13.2.2 Iff € A andy € HA\{ﬁ} Xa, the cross-section map-
ping ky g is a homeomorphism of (Xg,73) onto Cy g, when Cy g is given the
subspace topology.

Proof It follows from the definition of 7 that k, g is continuous. On the
other hand, k;é is the restriction of 75 to Cy 3. O

In particular, if ((X1,71),...,(Xn,7s)) is a finite product of topological
spaces, then the collection of sets Uy x - - - x U, where U; € 7; for 1 < j < n,
is a base for the product topology on H;L:1 X

Similarly, if A = N, so that we have a product of an infinite Sequence of
topological spaces, then the collection of sets Uy x --- x U, X H] 1 X
where n € N and U; € 7j for 1 < j < n, is a base for the product topology

on [72, Xj.

Suppose that there is a topological space (X, 7) such that (X,,7,) =
(X,7) for each « in A. In this case, we can identify the product [],c 4 Xa
with the space X4 of all functions from A into X. In this case, the product
topology is referred to as the topology of pointwise convergence. Suppose
that b is a limit point of a subset C of a topological space (Y, o), that f is a
mapping of C' into X4, and that I € X4. If ¢ € C, then f(c) is a function on
A taking values in X, which we denote by f., and [ is also a function on A
taking values in X. Then f. — [, in the topology of pointwise convergence,
as ¢ — b if and only if f.(a) = () in X as ¢ — b, for each a € A.

The product topology is a very weak topology. Consider the vector space
R of all real-valued functions on [0,1] with the topology of pointwise
convergence. This is a big set — it is bigger than R. Nevertheless, it is sep-
arable: let us show that the countable set of all polynomials with rational
coefficients is a dense subset. Suppose that f € R and that N is a neigh-
bourhood of f in the product topology. Then there exists a finite subset F
of [0,1] and € > 0 such that

{g e ROU: |g(t) — f(t)| < e for t € F} C N.

There exists a real polynomial p of degree |F| — 1 such that p(t) = f(¢)
for t € F', and there exists a polynomial ¢ with rational coefficients, of the
same degree, such that |¢(t) — p(t)| < e for t € F'. Thus g € N, so that the
countable set of all polynomials with rational coefficients is a dense subset
of RIO-1.

Here is another example. Give the two-point set {0, 1} the discrete topol-
ogy. Recall that a mapping f from a set X into {0, 1} is called an indicator
function. We write f = I4, where A = {x : f(z) = 1}, and call I4 the indi-
cator function of A. The space {0,1}* of all indicator functions on X, with
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the product topology, is called the Bernoulli space of X, and is denoted by
Q(X). The space Q2(N), whose elements are sequences, taking values 0 or 1,
is called the Bernoulli sequence space. The mapping I : A — 14 is a bijection
of the power set P(X) onto Q(X). We can therefore define a topology on
P(X) by taking the collection {I~1(U) : U open in (X)} as the topology
on P(X); we call this topology the Bernoulli topology. If A is a subset of X,
and F' is a finite subset of X, let Np(A) ={B C X : BNF = ANF}. Then
the collection {Nr(A) : F a finite subset of X'} forms a base of open neigh-
bourhoods for A in the Bernoulli topology. Some properties of the Bernoulli
space ([0, 1]) are investigated in the exercises.

Exercises

13.2.1 Suppose that (X1,71) and (X3, 72) are topological spaces and that
A; C Xy and Ay C Xs. Show that if Xy x X5 is given the product
topology then

6(A1 X Ag) = (8A1 X Ag) U (Al X 8142)

13.2.2 Suppose that {(Xa, 7o) }aca is a family of topological spaces, and that
A is the disjoint union of non-empty sets A; and As. Show that the
natural mapping from X = [] c4 Xa onto [[,ca, Xa x [[oeca, Xa
is a homeomorphism, when each of the spaces is given its product
topology.

13.2.3 Define a partial order on the topologies on a set X by saying that
71 < 1o if 71 C 7. Suppose that 7y and 19 are topologies on X. Let
d: X — X x X be the diagonal mapping defined as 6(z) = (z,x).
Let 71 X 79 be the product topology on X x X, and let 0 = {6~ 1(U) :
U € 11 X 19}. Show that o is a topology on X, and that it is the least
upper bound of 7y and 75. Show that 7 and 75 have a greatest lower
bound, and determine its elements. Thus the topologies on X form a
lattice.

13.2.4 Give P([0,1]) the Bernoulli topology.

(i) Show that P([0,1]) is separable. (Hint: consider step functions.)
(ii) Let A, ([0,1]) be the collection of subsets of [0,1] with exactly
n elements and let B,([0,1]) be the collection of subsets of
[0,1] with at most n elements. Show that A, ([0, 1]) is a discrete
subspace of P([0,1]).
(iii) Show that B, ([0, 1]) is the closure of A, ([0, 1]).
(iv) Show that B, ([0,1]) is not separable.
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13.3 Product metrics

What can we say about products of metric spaces? First we consider finite
products.

Proposition 13.3.1  Suppose that ((X;,d;))7_, is a finite sequence of met-
ric spaces. Then there is a metric d on X = H]: X, such that the metric
space topology defined by d is the same as the product topology. Further, we
can choose d so that each of the cross-section mappings k, ; is an isome-
try, and so that the coordinate mappings 7; are Lipschitz mappings, with
constant 1.

Proof  There are many ways of doing this. The easiest is to consider a
norm ||.|| on R™ with the properties that if 0 < a; < b; for 1 < j < n then
(a1, .. an)| < [|(b1,...,bn)||, and that |le;|] = 1 for each unit vector e; in
R"” - we could, for example, take

[zl = Z;'L:1 |24, or
]l = ]y = (Z_?:l ’%“2)1/2, or
]| = max{|z;] : 1< j <n}.

We then set d(x,y) = ||(di(x1,91), .., dn(@n, yn))||. Then d is a metric on
X. Clearly, d(z,y) = d(y,z) and d(z,y) = 0 if and only if x = y; since

d(z,z) = [[(di(21,21), - - -, dp(Tn, 20)) |

< | (x17y1)+d1(y1,21) o> (T Yn) + dn(Yn, 20)) ||

< (di(z1,91), .. (ﬂ?myn))H + (i (y1,21)5 - -+, dnYns 20)|
=d(z,y) + (y,Z)

the triangle inequality holds. If y € Hn\{j} X; and z,2’ € Xj, then
d(kyj(x), ky (@) = ||dj(z,2")e;|| = dj(z,2’), so that the cross-section
mapping k, ; is an isometry.

If1<j<nandaxye€ X then

dj(mj(z), mj(y)) = [|d;(m;(z), 75 (y))es]| < d(z,y),

so that the coordinate mappings are Lipschitz mappings with constant 1.
Finally, suppose that f is a mapping from a topological space (Y, o) into X
for which each of the mappings f; = m; o f is continuous, that y € ¥ and
that € > 0. For each j there exists a neighbourhood N; of y such that if
z € Nj then d;(f;(2), fj(y)) < €/n. Let N =N7_;N;; N is a neighbourhood
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of yin Y. If z € N then

d(f(z)v f(y)) = H(dl(fl(z)a fl (y))> s adn(fn(z)> fn(y)))H
< ldi(f1(2), frw)eall + - + [ldn(fn(2), fa(y))enll <,

so that f is continuous. O

When (Xj,d;) is R, with its usual metric, the metric d is simply the
metric given by the norm ||.||.

A metric which satisfies the conclusions of this proposition is called a
product metric. Suppose that each of the spaces is a normed space, and
that the product metric is given by a norm. Then the norm is called a
product norm. For example, the Euclidean norm is a product norm on R =
H?Zl(Xj, d;), where (Xj,d;) is R, with its usual metric, for 1 < j <d.

Here is another example.

Proposition 13.3.2  Suppose that (X, d) is a metric space. Then the real-
valued function (z,y) — d(z,y) on (X,d) x (X,d) is a Lipschitz mapping
with constant 2 when (X,d) x (X, d) is given a product metric p.

Proof By Lemma 11.1.14, |d(z,y)—d(2', )| < d(z,2")+d(y,y’); the result
follows since

d(z,2") < p((x,y), (2, y")) and d(y,y") < p((z,y), (2",9)).
O

What is more interesting is that a result similar to Proposition 13.3.1
holds for countable infinite products of metric spaces.

Theorem 13.3.3 Suppose that ((Xj,dj));?‘;l is a countably infinite
sequence of metric spaces. Then there is a metric p on X = H;’il X such
that the metric space topology defined by p is the same as the product topol-
ogy. Further, we can choose p so that the cross-section mappings k, ; are
Lipschitz mappings, with constant 1.

Proof  We need a preliminary result, of interest in its own right.

Lemma 13.3.4  Suppose that ¢ is a continuous increasing real-valued func-
tion on [0,00) for which ¢(t) = 0 if and only if t = 0, and for which the
function ¥ on (0,00) defined by ¥ (t) = ¢(t)/t is decreasing. If (X,d) is a
metric space, then the function p defined by p(x,y) = ¢(d(x,y)) is a met-
ric on X equivalent to d. If ¢(t) < K for all t € (0,00) then the identity
mapping (X,d) — (X, p) is a Lipschitz mapping with constant K.
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Proof  First we show that p is a metric. Certainly, p(x,y) = 0 if and only
if z =y, and p(x,y) = p(y,x). Note that if a > 0 and b > 0 then

Bla+b) = (a+b)p(a+b) < at(a) + by(b) = B(a) + 3(b).
Now suppose that z,y,z € X. Then
p(z,z) = ¢(d(z, 2)) < dp(d(x,y) + d(y, 2))
< od(x,y)) + ¢(d(y, 2)) = plx,y) + p(y, 2)-

Thus the triangle inequality holds.

Suppose that € > 0. Since ¢ is continuous at 0, there exists § > 0 such
that if 0 < ¢ < ¢ then 0 < ¢(¢) < e. Thus if d(x,y) < J then p(z,y) < ¢, and
the identity mapping i : (X, d) — (X, p) is continuous. Conversely, if n > 0
and 0 < ¢(t) < ¢(n) then 0 < ¢ < n. Thus if p(z,y) = ¢(d(z,y)) < é(n)
then d(x,y) < n and the identity mapping i : (X, p) — (X, d) is continuous.

If ¢ is bounded by K, then ¢(t) < Kt and so p(z,y) < Kd(x,y). O

In particular, if ¢ is bounded then p is a bounded metric on X. Popular
functions with this property are ¢.(t) = t/(1 4 ct), and ¢.(t) = min(c, t),
where ¢ > 0; 0 < ¢.(t) < c. In each case the corresponding function 1. is
bounded by 1, so that the Lipschitz constant can be taken to be 1.

We now return to the proof of Theorem 13.3.3. Again, there are
many ways of defining a suitable metric. For example, let (Cj);‘)il be a
sequence of positive numbers for which Z‘;il ¢j < oo (for example, take
¢j = 1/27). For each j let p; be a metric on X; which is equiva-
lent to dj, which is bounded by c¢;, and for which the identity mapping
(X;,d;j) — (X, pj) is a Lipschitz mapping, with Lipschitz constant 1. Define
a real-valued function p on X x X by setting

p(z,y) =Y pjilej,u;).
j=1

The conditions that we have imposed show that this sum is finite. First, we
show that p is a metric on X. Clearly, d(x,y) = d(y,x), and d(z,y) = 0 if
and only if z = y. If z,y,2z € X then

p(x,2) = pi(wj,2) < (i, 05) + pi (Y5, )

j=1 j=1
o o

= pi@iy) + > pi(uinz) = pla,y) + ply, ),
j=1 j=1

so that the triangle inequality holds.
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Next, we show that the metric topology on X defined by p is the product
topology; we show that it satisfies the conditions of Theorem 13.2.1. If j € N
and z,y € X then p;(m;(x),7;(y)) < p(x,y), so that 7; is continuous, and
(ii) is satisfied. Suppose that f is a mapping from a topological space (Y, o)
into (X, p), and let f; = m; o f. If f is continuous, then, since each mapping
m; is continuous, each of the mappings f; is continuous. On the other hand,
suppose that each of the mappings f; is continuous. Suppose that y € Y
and that ¢ > 0. We must show that f~'(N.(f(y))) is a neighbourhood
of y. There exists jo such that Z;’O] 16 < €/2. For 1 < j < jo, let
Uj ={x € X;:pjz, fj(y) < €/2jo}; Uj is an open neighbourhood of f;(y)
in X;. Let U = Ni<j<j, f] 1(U ). Since each of the mappings 7; is continuous,
U is an open neighbourhood of y in (Y, o). If z € U then

Jo oo
p(f(2), FW) =D pi(£5(2). W)+ D pi(fi(2). £5(w))
=1 i=dot1

<ZE/2]0+ Z cj <€,

Jj=Jjo+1

so that U C f~Y(Nc(f(y))), and f~Y(N.(f(y))) is a neighbourhood of y.
Finally, it follows from the construction that each of the cross-section
mappings k, ; is a Lipschitz mapping, with constant 1. O

A metric which satisfies the conditions of this theorem is called an infinite
product metric, or, simply, a product metric.
As examples, the metrics

o0

p(x,y)—jzggm and o(x,y) me i(z5,y5),1/27)

are frequently used.

Let us give three examples of countable products of metric spaces. We
can give the vector space RN of all real sequences the topology of pointwise
convergence. This is metrizable, and a suitable product metric is

[e.9]
-yl
d(z,y) = .
; 27 1"‘ |$J —y;5l)
This is separable, since the countable set of sequences with rational terms,
all but finitely many of which are zero, is dense in RN.
Next, let H = [0,1]N = 152, I, where I; = [0,1] for j € N, with
the product topology. Then H is a closed subset of RN. There are many
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product metrics which define the product topology on H. One such metric
is p(z,y) = Q252 |7y — y;|2/5%)1/2. The mapping m : H — Iy defined by
m(x) = (x;/7)52, is then an isometry of H onto the subset Hy of the inner
product space [y defined as

Ho={xe€ly:0<x; <1/jfor1<j < oo}

H, is called the Hilbert cube;.

Thirdly, the Bernoulli sequence space Q(IN) can be considered as a closed
subset of . One product metric which defines the topology on Q(IN) is
given by setting d(z,y) = 2372, |7; —y;|/37. With this metric, if 2 € Q(N)
then

Nyssi ={y € UN) :y; = x; for 1 < < j}.

If v € QN), let s(v) = 23772, x;/37. Then s is an isometry of (Q(N),4)
onto Cantor’s ternary set. As we have seen, Q(IN) can be identified with
P(N), with the product topology, and so P(N), with the product topology,
is homeomorphic to Cantor’s ternary set.

Exercises

13.3.1 Suppose that (Xi,di)gzl is a finite sequence of metric spaces. If
z = (x;)]_; and y = (y;)]_; are in X = [[/_; X; let

J
p1(w,y) = ;di(xi,yi) and poo(z,y) = max di(zi, Yi)-
Show that p; and ps are product metrics on X and that if p is
any product metric on X, then po < p < p1. Deduce that any two
product metrics on X are Lipschitz equivalent.
13.3.2 Let w = RN be the vector space of all real sequences. Show that
there is no norm on w which defines the product topology on w.

13.4 Separation properties

If 7 is the metric space topology of a metric space (X, d) then 7 has certain
properties which other topologies do not possess. In this section and the
next, we shall introduce some of these properties.

If X is a set with the indiscrete topology, it is not possible to distinguish
between points topologically. In order to be able to do so, it is necessary to
introduce separation properties. We shall introduce five of them.
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e A topological space (X, 7) is a T7 space if each singleton set is closed.

¢ A topological space (X, 1) is a Hausdorff space if whenever x and y are
distinct points of X there exist disjoint open sets U and V such that
zeU,yeV.

¢ A topological space (X, 1) is regular if it is Hausdorff and whenever A is a
closed subset of X and z is an element of X which is not in A, then there
exist disjoint open sets U and V such that z € U, A C V.

o A topological space (X, 7) is completely regularif it is Hausdorff and when-
ever A is a closed subset of X and z is an element of X which is not in A
then there exists a continuous function f : X — [0, 1] such that f(x) =0
and f(a) =1 for a € A.

¢ A topological space (X, 7) is normal if it is Hausdorff and whenever A
and B are disjoint closed subsets of X then there exist disjoint open sets

U and V such that ACU, BCV.

Unfortunately, terminology varies from author to author; the issue is whether
or not the Hausdorff condition should be included in the last three defini-
tions. It is therefore sensible to be cautious, and, for example, to refer to
a ‘regular Hausdorff space’. As we shall see, the conditions are listed in
increasing order of restrictiveness.

It follows from the definition that a topological space (X, 7) is a T} space
if whenever x and y are distinct points of X there exists an open set U such
that y € U and = € U, so that a Hausdorff space is a T} space.

Proposition 13.4.1 In a Hausdorff space, limits are unique. Suppose that
f is a continuous mapping from a topological space (Y,o) into a Hausdorff
topological space (X, 1), that b is a limit point of X and that f(x) — [ as
x — b. Then [ is unique.

Proof If f(z) = m as * — b, and [ # m then there exist disjoint open
sets U and V in X such that [ € U and m € V. But then there exist
punctured neighbourhoods N{;(b) and Ny (b) of b such that f(Nj (b)) C U
and f(N},(b)) € V. But this implies that Nj; N N{, = (), contradicting the
fact that b is a limit point of Y. O

In fact, the condition is also necessary (Exercise 13.4.1).

Proposition 13.4.2 A topological space (X,T) is regular if and only if
it is Hausdorff, and each point has a base of neighbourhoods consisting of
closed sets.

Proof  Suppose that (X, 7) is regular, that z € X, and that N € N,.
There exists an open set O such that z € O C N. Then X \ O is closed, and
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x ¢ X \ O, and so there exist disjoint open sets U and V with x € U and
X\ O CV.Then
reUCX\VCOCN,

so that X'\ V is a closed neighbourhood of = contained in N. Thus the closed
neighbourhoods of x form a base of neighbourhoods of z. The proof of the
converse is left as an exercise (Exercise 13.4.2). O

Proposition 13.4.3 A completely regular topological space (X,T) is
reqular.

Proof  Suppose that A is a closed subset of X and that ¢ A. Then there
exists a continuous mapping of X into [0, 1] with f(x) =0 and f(a) =1 for
a € A. Let

U={yeX:fly) <1/2}, V={yeX:[f(y)>1/2}.
Then U and V are disjoint open subsets of X, and x € U, AC V. O

Complete regularity has a different character to the other separation con-
ditions, since it involves real-valued functions; but a great deal of analysis
is concerned with continuous real-valued functions on a topological space.

Proposition 13.4.4 A topological space (X, 1) is completely reqular if and
only if whenever x € X, B, is a base of neighbourhoods of ¥ and B € B,
then there exists a continuous function f : X — [0,1] such that f(x) =0

and f(y) =1 fory & B.

Proof  Suppose that (X, 7) is completely regular and that B is a basic
neighbourhood of a point # € X. Then z € B° C B, and X \ B° is closed,
and so there exists a continuous function f : X — [0,1] such that f(z) =0
and f(y) =1 for y ¢ B°. Thus f(y) =1 for y ¢ B.

Conversely, suppose that the conditions are satisfied, that =z € X, that
A is a closed subset of X and that z ¢ A. Then there exists B € B, such
that BN A = (). There exists a continuous function f : X — [0, 1] such that
f(z)=0and f(y) =1 for y ¢ B. Then f(a) =1 for a € A. O

It is easy to verify that a topological subspace of a T space (Hausdorff
space, regular space, completely regular space) is a T space (Hausdorff
space, regular space, completely regular space), and that a closed subspace
of a normal space is normal. As we shall see (Example 13.6.9), not every
subspace of a normal space is normal.

Proposition 13.4.5 If {(X,,7a) : @ € A} is a family of Ty space (Haus-
dorff spaces, regular spaces, completely reqular spaces) then the product
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X = Jloea Xa is a Ty space (Hausdorff space, regular space, completely
reqular space) when it is given the product topology T.

Proof  Suppose xr and y are distinct elements of X. There exists o € A
such that x4 # yo. If (X4, 7o) is T7 then there exists U, € 7, such that
To € Uy and yo & Uy. Then U = 7, 1(U,,) is open in X and z € U, y ¢ U,
so that X is T7. An exactly similar argument shows that X is Hausdorff if
each of the spaces (X, 7,) is Hausdorff.

Suppose next that each space (X,,7,) is regular. If x € X then each
Zo has a base B, , of neighbourhoods consisting of closed sets. Then the
collection

{ﬂaepﬂ(;l(]\fa(xa)) : F finite, No(zq) € By}

of subsets of X is a base of neighbourhoods of = consisting of closed sets.
Thus (X, 7) is regular.

Finally, suppose that each (X,,7,) is completely regular, and that
Nacrm, L (Ny(x)) is a basic neighbourhood of . For each o € F' there exists
a continuous mapping f, : Xo — [0, 1] such that f,(z4) = 0 and fo(ya) =1
for yo & No(za). Set f(z) = maxaer fo(ma(z)). Since each mapping f, o7,
is continuous on (X, 7), the function f is a continuous function on (X, 7).
Further, f(x) = 0, and f(y) = 1 if y € Naerm,  (No(x)). Thus (X,7) is
completely regular. O

We shall see (Example 13.6.11) that the product of two normal spaces
need not be normal.

A normal space is completely regular; this follows immediately from the
principal result of this section.

Theorem 13.4.6 (Urysohn’s lemma) If A and B are disjoint closed sub-
sets of a normal topological space (X,T) then there exists a continuous
mapping f : X — [0,1] such that f(a) = 0 for a € A and f(b) = 1 for
be B.

Proof  Let D be the set of dyadic rational numbers in [0,1] - numbers
of the form p/2" with p and n in Z*, and p < 2". Using the axiom of
dependent choice, we define a family {U; : d € D} of open subsets of X
with the properties that

e if di < dsy then Udl - Ud2, and
° AQUO andU1 :X\B

We begin by setting U; = X \ B. Since A and B are disjoint closed sets,
there exist disjoint open subsets V and W such that A C V and B C W.
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Then, since X \ W is closed,

ACVCVCX\WCX\B=U,

and so we can take Uy = V.

We now re-iterate this argument. Suppose that we have defined Uy for all
d which can be written in the form d = p/2™, with m < n. Suppose that
d= 2k +1)/2"". Let I = k/2" and let » = (k+1)/2". Then | < d < r,
and U; and U, have been defined. Since U; and X \ U, are disjoint closed
sets, there exist disjoint open subsets V and W such that U; C V and
X \ U, CW. Then, since X \ W is closed,

U CVCVCX\WCU,.

We can therefore take U; = V.

We now use this family to define the function f.If 2 € B, we set f(x) =1
and if z € X \ B we set f(z) =inf{d € D :x € Uy}. Then 0 < f(x) <1,
f(b) =1 for b € B, and, since A C Uy, f(a) = 0 for a € A. It remains to
show that f is continuous. For this we use the fact that D is dense in [0, 1].

First, suppose that 0 < o < 1. Let V, = U{Uy : d < a}. V,, is open; we
shall show that V,, = {x € X : f(z) < a}. I f(z) < « there exists d € D
with f(z) <d < a,and so z € Uy C V,,. Thus {x € X : f(z) < a} CV,.
On the other hand, if z € V,, then € U, for some d < «, and so f(z) < a.
Thus V, C{z € X : f(z) < a}. Consequently, V, ={z € X : f(z) < a}.

Next, suppose that 0 < 3 < 1. Let Wz = U{X\Uyg:d> B} Wpg is
open; we shall show that Wg = {z € X : f(z) > S}. If f(z) > B there
exists d € D with f < d < f(z), and so = ¢ Uy. Thus 2 € W, and so
{z € X : f(x) > B} C Ws. On the other hand, if z € Ws then x € X \ Uy
for some d > (. There exists e € D with d < e < 5. Then z € X \ U, so
that f(x) > e > d > . Thus Wg C {z € X : f(z) > B}. Consequently,
Ws={z e X: f(z)>p}

Thus if 0 < 8 < a <1 then

{reX: < flr)<al=WsnV,
is an open set; from this it follows that f is continuous. O

Note that Exercise 12.4.4 shows that this theorem holds for metric spaces.
If A and B are closed disjoint subsets of a metric space (X,d), and f is a
continuous mapping of X into [0, 1] for which f(a) =0 for a € A and f(b) =
lforbe B,then U ={ze X : f(z)<1/2}and V={z € X : f(x) >1/2}
are disjoint open sets which separate A and B. Consequently, a metric space
is normal.
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Exercises

13.4.1 Suppose that (X,7) is a topological space with the property that
whenever f is a continuous mapping from a topological space (Y, o)
into (X, 7), b is a limit point of Y, and f(z) — [ as © — b, then [ is
unique. Show that (X, 7) is Hausdorff.

13.4.2 Suppose that every point x in a Hausdorff topological space has a
base of neighbourhoods consisting of closed sets. Show that the space
is regular.

13.4.3 Suppose that f is a continuous mapping from a topological space
(X, 7) into a topological space (Y,0). The graph G of f is the set
{(z, f(z)) : « € X}. Show that if (Y,0) is a T} space then Gy is
closed in X x Y, when X x Y is given the product topology. Give an
example to show that the T} condition cannot be dropped.

13.4.4 Suppose that (X, 7) is a topological space. Show that the following
are equivalent:

(a) (X, 7) is Hausdorff;

(b) the diagonal{(z,z) : x € X} is closed in (X, 7) x (X, 7);

(c) whenever f and g are continuous mappings from a topological
space (Y,o) into (X,7), the set {y €Y : f(y)=g(y)} is closed
inY.

13.4.5 Suppose that (X, 7) is not a Hausdorff space, and that y and z cannot
be separated by open sets. Let i : X — X be the identity mapping.
Show that i(z) — y and i(z) — z as * — y.

13.5 Countability properties

There are several countability properties that a topological space (X,7)
might possess. We list the three most important of these:

o (X, 7) is first countable if each point has a countable base of neighbour-
hoods;

o (X, 7) is second countable if there is a countable base for the topology;

e (X, 7) is separable if there is a countable subset of X which is dense in X.

oS
n=1

base of neighbourhoods of z) but need not be second countable (consider an

A metric space is first countable (the sequence (N /,,(2))52 is a countable

uncountable set with the discrete metric).
Here are some elementary consequences of the definitions.

Proposition 13.5.1 (i) A subspace of a first countable topological space
18 first countable.
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(ii) A countable product of first countable topological spaces is first
countable.

(iii) A countable product of second countable spaces is second countable.

(iv) A countable product of separable topological spaces is separable.

(v) If f is a continuous mapping of a separable topological space (X, T) into
a topological space (Y, o) then f(X), with the subspace topology, is separable.
In particular, the quotient of a separable topological space is separable.

Proof (i), (ii) (iii) and (v) are easy consequences of the definitions, and
the details are left as exercises for the reader.

(iv) We give the proof for a countably infinite product; the proof for a
finite product is easier. Suppose that ((X}, Tj))}?il is a sequence of separable
topological spaces, and that (X,7) = H;‘;I(XJ,TJ'). Let C; be a countable
dense subset of X, for 1 < j < oo. If any X is empty, then the product is
empty, and therefore separable. Otherwise, choose y; € C; for 1 < j < 0.
We consider y = (yj)]o-‘;l as a base point in the product. For 1 < j < oo, let

Aji={re X 2, €C;for1 <i<yj, z; =y, for i > j}.

Then (4;)72, is an increasing sequence of countable subsets of X. Let A =
U;?‘;lAj. A is countable; we show that it is dense in X. Suppose that x € X
and that N € N,. Then there exists jo € N and neighbourhoods N; € N,
for 1 < j < jg such that N D ﬂ;llﬂjl(]\[j). Since there exists a € A, such
that a; € N; for 1 < j < jo, N N A is not empty. O

Here are some results concerning first countability. The last three show
that in the presence of first countability, certain topological properties can
be expressed in terms of convergent sequences.

Proposition 13.5.2  Suppose that (X, 7) is a first countable topological
space, that A is a subset of X, and that x € X.

(i) There is a decreasing sequence of neighbourhoods of x which is a base
of meighbourhoods of x.

(ii) The element x is a limit point of A if and only there is a sequence in
A\ {z} such that x,, — x as n — oo.

(iii) The element x is a closure point of A if and only if there is a sequence
m A such that x,, — © as n — .

(i) If f is a mapping from X into a topological space (Y,o) then f is
continuous at x if and only if whenever (x,)°, is a sequence in X for which
Tn — T as n — oo then f(x,) — f(z).



13.5 Countability properties 377

Proof (i) Suppose that (N;)32; is a countable base of neighbourhoods

of z. Let M; = ﬂ{lei. Then (M;)72, satisfies the requirements; it is a
decreasing base of neighbourhoods of x.

(ii) The condition is certainly sufficient. It is also necessary. Suppose
that = is a limit point of A. Let {M, : k € N} be a decreasing
countable base of neighbourhoods of z. For each k € NN there exists
xp € (M \ {z}) N A. If N € N,, there exists k such that My C N. Then
xn € N\ {z} for n > k, and so x,, — = as n — oc.

(iii) is proved in exactly the same way.

(iv) If f is continuous, then the condition is satisfied. Suppose that the
condition is satisfied, and that f is not continuous at x. Then there exists
a neighbourhood N of f(z) such that f~!(N) is not a neighbourhood of
x. Thus for each k € N there exists 2 € My \ f~Y(N). Then z;, — z as
k — oo, but f(zy) ¢ N for any k € N, and so f(zx) /4 f(z) as k — co. O

Here are some results concerning second countability.

Proposition 13.5.3 (i) A second countable topological space (X, T) is first
countable and separable.
(ii) A metric space (X, d) is second countable if and only if it is separable.

Proof (i) Suppose that (U;)72; is a basis for 7. If z € X then
{U; : © € U;} is a base of neighbourhoods for z, and so X is first countable.
If U; # 0, choose xj € Uj. Then A = {z; : U; # 0} is a countable subset
of X; we show that A is dense in X. If z € X and N € N, there exists a
basic open set U; such that x € U; C N. Then z; € ANU; € ANN, so that
NNA#Q.

(ii) By (i), we need only prove that a separable metric space (X,d) is
second countable. Let C' be a countable dense subset of X. We shall show
that the countable set B = {Ny/,(z) : n € N : x € C} is a base for the
topology. Suppose that U is open. Let V.= U{B € B: B C U}; V is an
open set contained in U. Suppose that 2 € U; then there exists ¢ > 0 such
that N.(z) € U. Choose n such that 1/n < €/2. There exists ¢ € C such

that d(c,z) < 1/n. If y € Ny, (c) then
d(y,z) <d(y,c) +d(c,z) < 1/n+1/n <e,

so that y € U. Thus z € Ny/,(c) € V. Thus U C V, and so U = V.
Consequently B is a base for the topology. 0
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Corollary 13.5.4 A subspace of a separable metric space is separable.

Proof  For it is a subspace of a second countable space, and so is second
countable. But a second countable space is separable. O

This result does not extend to topological spaces (Example 13.6.11).
We now prove two substantial theorems concerning second countable
topological spaces.

Theorem 13.5.5 A regular second countable topological space (X, T) is
normal.

Proof  Let B be a countable base for the topology. Suppose that C and
D are disjoint closed subsets of X. Let C = {U € B: UNC = 0} and let
D={UcB:UND = 0}; let V1,Vs,... be an enumeration of C and let
W1, Wa, ... be an enumeration of D. For 1 < j, k < oo, let

J k
Py =W\ (U%) and Qg = Vi \ (Um) ;

i=1 =1
P; and Qy, are open. If j > k then P;NVj, = 0, and so P;NQy = (). Similarly,
PiNnQr=0if k> j. Let P = U3 P, Q@ = URZ Qg Then P and @Q are
open and,

PNQ=Ujken(P;NQk) = 0.

If € C then, since (X, 7) is regular, there exists W € D such that z € .
But x € V;for 1 <i<j andsox € P; C P. Since this holds for all z € C,
C C P. Similarly, D C Q. Thus (X, 7) is normal. O

Recall that # is the set [0,1]N = H]Oil I;, where I; = [0,1] for j € N,
with the product topology.

Theorem 13.5.6 (Urysohn’s metrization theorem) A regular second
countable topological space (X, T) is metrizable. There exists a homeomor-
phism f of (X,7) onto a subspace f(X) of H.

Proof  Since H is metrizable, and a subspace of a metrizable space is
metrizable, it is sufficient to prove the second statement. Let B be a
countable base for the topology. Let

S={UV)eBxB:UCV}.
S is a countable set; let us enumerate it as (s;)2;.

If s; = (U;,V;) € S then by Urysohn’s lemma there exists a continuous
mapping f; : (X,7) — [0,1] such that f;(z) = 0if x € U; and f;(z) = 1
if z ¢ V;. We can therefore define a mapping f : (X,7) — H by setting
(f(z))i = fi(z). Since each of the mappings f; is continuous, f is continuous.
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We now use two very similar arguments to show first that f is injective
and secondly that f~!: f(X) — X is continuous. Suppose that = # z. Since
(X, 7) is a T} space, there exists V € B such that z € V and z ¢ V and,
since (X, 7) is regular, there exists U € B such that € U and U C V. Then
(U, V) € S;let (U V) = s;. Then fi(z) = 0 and f;(z) = 1. Consequently
f(x) # f(2).

It remains to show that f~! is continuous. Suppose that € X and that
N € N,. There exists V € B such that z € V C N, and, since (X, 1) is
regular, there exists U € B such that z € U CU C V. Then (U, V) € S; let
(U,V)=s;. Then fi(x) =0and fi(z) =1if 2¢ N.Let M ={y e H:y; <
1}. Then M is an open neighbourhood of f(z), and if y € M N f(X) then
f~Yy) € N. Thus f~!: f(X) — X is continuous. O

13.6 *Examples and counterexamples*

(This section can be omitted on a first reading.)

We now describe a collection of examples of topological spaces which
illustrate the connections between the various ideas that we have intro-
duced. The descriptions frequently include statements that need checking:
the reader should do so. First, quotients can behave badly.

Example 13.6.1 An equivalence relation ~ on R for which the quotient
space is uncountable, and for which the quotient topology is the indiscrete
topology.

Define a relation ~ on R by setting x ~ y if x —y € Q. This is clearly an
equivalence relation; let ¢ : R — R/ ~ be the quotient mapping. Each
equivalence class is countable, and so there must be uncountably many
equivalence classes. Suppose that U is a non-empty open set in R/ ~, so that
¢ }(U) is a non-empty open subset of R, and so contains an open interval
(a,b). If x € R there exists r € Q such that z — r € (a,b), and so ¢(z) € U.
Thus U = q(R) =R/ ~.

Next we consider the relations between the various separation properties.
Example 13.6.2 A Tj space which is not Hausdorff.

Let X be an infinite set, and let 7; be the cofinite topology on X. The
finite subsets are closed, so that (X,7y) is a T} space. If U = X \ F and
V = X\ G are non-empty open sets then UNV = X \ (FUG) is non-empty.
Thus (X, 7¢) is not Hausdorff.

Example 13.6.3 A quotient of a closed interval which is a T} space but
not Hausdorff.
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e q(1)

q(0) q(1/2) = q (-1/2) ° q(-1)

Figure 13.6a. A T} space that is not Hausdorff.

Define a partition of [—1,1] by taking {—1}, {0}, {1} and {—t,t}, for
0 <t < 1, as the sets of the partition. (Fold the interval [—1, 1] over, and
stick corresponding points together, except for the points —1 and 1.) Let X
be the corresponding quotient space and let ¢ : [—1,1] — X be the quotient
mapping. Give [—1, 1] its usual topology, and give X the quotient topology
74. Since the equivalence classes are closed in [—1,1], X is a T} space. On
the other hand, if U and V are open sets in X containing ¢(—1) and ¢(1)
respectively, then there exists ¢ > 0 such that

{(n,—m):1—e<n<1}CUNYV,
and so X is not Hausdorff.

Example 13.6.4 A separable first countable Hausdorff space which is not
regular.

Let X = R? let L = {(z,y) € R? : # > 0,y = 0} and let P = (0,0).
We define a topology 7/ on X by saying that U is open if U \{P} is open
in R? in the usual topology and if P € U then there exists ¢ > 0 such that
N (P)\L C U. The reader should verify that this is indeed a topology. (X, 7’)
is separable, since the countable set {(r,s) € X : r,s € Q} is dense in X,
and it is clearly first countable. Then 7’ is a topology which is finer than the
usual topology, and so (X, 7/) is Hausdorff. Since P ¢ L, L is closed. Suppose
that U and V are 7/-open subsets of X with P € U and L C V. Then there
exists € > 0 such that N.(P)\ L C U. Then (¢/2,0) € L C V, and so there
exists 0 > 0 such that Ns((e/2,0)) C V. Since (N(P) \ L) N Ns((€/2,0)) is
not empty, U NV is not empty. Thus (X, 7’) is not regular.

Example 13.6.5 A quotient of the first countable space R which is
separable and normal, but not first countable.

We define an equivalence relation on R by setting x ~ y if z = y or if
x and y are both integers; in other words, we identify all the integers. We
consider the quotient space R/ ~, with the quotient topology. Let ¢ : R —
R/ ~ be the quotient mapping. Then R/ ~ is separable. It is also normal.
Suppose that A and B are disjoint closed subsets of R/ ~. Suppose first that
q(0) € AUB. Then ¢ !(A) and ¢~ !(B) are disjoint closed sets in R\ Z, and
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so there exist disjoint open subsets U and V in R\ Z, such that ¢~ }(4) C U
and ¢ 1(B) C V. Then ¢(U) and ¢q(V) are open and disjoint in R/ ~,
and A C ¢q(U) and B C ¢(V). Suppose secondly that ¢q(0) € AU B, and
suppose, without loss of generality, that ¢(0) € A. Then ¢~!(A) and ¢~ (B)
are disjoint closed sets in R, and Z C ¢~ !(A). Then there exist disjoint open
subsets U and V in R, such that ¢~ *(A) C U and ¢~ '(B) C V. Then ¢(U)
and ¢(V') are open and disjoint in R/ ~, and A C ¢(U) and B C ¢(V'). Thus
R/ ~ is normal.

Now suppose that (Nj)]o-‘;1 is a sequence of neighbourhoods of ¢(0) in
R/ ~. Then for each j € Z there exists 0 < ¢; < 1 such that (j—e¢j,j+€;) C
g 1 (N;). Let M = (—o0,1) U ( 2100 —€/2,j +¢€j/2)). Then ¢(M) is a
neighbourhood of ¢(0) in R/ ~, and N; € q(M) for j € Z. Thus (N;)32, is
not a base of neighbourhoods of ¢(0), and so R/ ~ is not first countable.

There exist topological spaces which are regular, but not completely
regular, but these are too complicated to describe here.!

Before describing the next few examples, we need to prove an easy but
important result about the usual topology on R. This is a special case of
Baire’s category theorem, which is proved in Section 14.7.

Theorem 13.6.6 (Osgood’s theorem)  Suppose that (Uy)22, is a sequence
of dense open subsets of R. Then N7 U, is dense in R.

Proof  Suppose that (ag,by) is an open interval in R. We must show that
(ap, bo)N (N>, Uy) is not empty. Since U; is dense in R, the set (ag, bg) U is
not empty. Since (ag, bg) NU; is open, there exists a non-empty open interval
(a1,b1) such that

(a1,b1) C [a1,b1] C (ag,bo) NU;.

We now iterate the argument. Suppose we have defined non-empty open
intervals (aj,b;) such that

(aj,b5) C [aj,b5] € (aj—1,bj—1) NUj,

for 1 <j <n. Then (ap—1,b,—1) NU, is a non-empty open set, and so there
exists a non-empty open interval (a,, b,) such that

(ana bn) - [ana bn] C (anfla bnfl) NnU,.

The sequence (a,)52 is increasing, and is bounded above by by, for each
m € N, and so converges to a limit a. If n € N then a, < an11 < a <
bpt1 < by, so that a € (an,by) C U,. Thus (ag, by) N (N2, U,,) # 0. O

1 See Example 90 in Lynn Arthur Steen and J. Arthur Seebach, Jr., Counterezamples in Topology,
Dover, 1995. This is a wonderful comprehensive collection of counterexamples.
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Corollary 13.6.7 Suppose that (Cy,)72, is a sequence of subsets of R
whose union is R. Then there exist n € N and a non-empty interval (c,d)

such that (c,d) C C,,.
Proof If not, each of the open sets U, = R\ C, is dense in R, and
In other words, C), has a non-empty interior.

Example 13.6.8 (The Niemytzki space) A separable first countable
completely regular space (H,7’) which is not normal, and which has a
non-separable subspace.

Let H be the closed upper half-space H = {(x,y) € R? : y > 0}, let L be
the real axis L = {(z,y) € R? : y = 0} and let U = H \ L be the open upper
half-space. Let 7 be the usual topology on H. If (2,0) € L and € > 0 let

De(z) = {(u,v) €U : (u—2)* + (v —€)? < €}

D (z) is the open disc with centre (z, €) and radius €, and L is the tangent to
D.(z) at (x,0). Let M(x) = {(x,0)} UD.(z), and let T.(z) be the boundary
of De(x) in U:

To(z) = {(u,v) €U : (u—2)*+ (v —€)* = }.

If (z,0) € L let My = {Mc(v) : e > 0}, and let U = U, g)e M- Let o be
the collection of all unions of sets in U and let

7 ={VuS:VerSeco}.

The reader should verify that 7/ is a topology; it is a topology on H finer
than the usual topology. The two subspace topologies on U are the same, but
if (2,0) € L then the sets in M,, form a base of 7/-neighbourhoods of (z,0).

T (x)

X L

Figure 13.6b. The Niemytzki space.
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(H,7'") is separable, since the countable set {(r,s) € U : r,s € Q} is
dense in H. It is first countable: for example, if (z,0) € L, the sequence
(M n(7))52; is a base of neighbourhoods of (z,0).

(H,7") is completely regular. Suppose that C is closed in H and that
z ¢ C. We consider two cases. First, suppose that z € U. Then there exists
Nc(z) CU\C. Let f(y) = |ly — z|| /e for y € Ne(2), and f(y) = 1 otherwise.
Then f is continuous, f(z) = 0 and f(c) = 1 for ¢ € C. Secondly, suppose
that z = (z,0) € L. Then there exists ¢ > 0 such that M.(z) N C = 0.
If w € Dc(x), there exists a unique 0 < t < 1 such that w € Ti.(x). Set
fw) =t, set f(z) =0, and set f(w) =1 if w & M.(z). Let us show that
f is a continuous function on H. It is clearly continuous at every point of
H other than z; since {w : f(w) < t} = My (z) for 0 < t < 1, f is also
continuous at z. Further, f(z) =0 and f(c) =1 for c € C.

The subspace L has the discrete topology, since M (z) N L = {(z,0)}, for
€ > 0. Since L is uncountable, it is not separable. Further, it is closed in
(H,7'). Thus any subset of L is closed in H. In particular, the sets

A = {(z,0) : z irrational} and B = {(¢,0) : ¢ rational}

are disjoint closed subsets of H. We shall show that if V and W are open
sets in H such that A CV and B C W then VNW # (), so that (H,7’) is
not normal.

For n € N, let A, = {z € R : (2,0) € Aand M,;,(r) € V}. Then
UX A, = {x € R: z irrational }. Hence

n=1

R= (U4, U | [ J{g)
7€Q

This is a countable union of sets, and so by Corollary 13.6.7, the closure
(in R, with its usual topology) of one of the sets contains an open interval
(¢,d). This clearly cannot be one of the singleton sets {¢}, and so there exists
n € N such that 4, O (c,d). Suppose now that ¢ € QN (c,d). Then there
exists € > 0 such that M.(q) € W; we can suppose that ¢ < 1/n. There
exists € A, such that |z — ¢| < e. Then (x,¢) € Mc(q) N My, (x). Since
Mc(q) €W and My, (z) SV, VAW #0.

Example 13.6.9 A normal topological space with a subspace which is not
normal.

Add an extra point P to the Niemytzki space (H,7’) to obtain a larger set
HT, and define a topology 7 in H' by taking as open sets those subsets
V of HT for which
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e VNHET, and
e if P € V then L\ V is finite.

Then (H,7') is a topological subspace of (H*,7") which is not normal. The
7T -closed neighbourhoods of P form a base of neighbourhoods of P (why?),
and so (H',71) is regular.

Suppose that A and B are disjoint closed subsets of (HT, 7). If C' is a
closed subset of H' for which C'N L is infinite, then P € C. Thus either
AN L is finite, or BN L is finite, or both; without loss of generality, suppose
that AN L = F is finite. Since (H™,7T) is regular, there exist disjoint open
subsets V7 and Wj such that FF C V; and B C W;. Now (BU L) \ {P}
and A\ V; are disjoint, and are closed in H in the usual topology, and so
there exist subsets Vo and Wy which are open in H in the usual topology
such that A\ Vi C Vo and (BUL)\ {P} € Wy. Then V = V; UV, and
W =Wy N (WyU{P}) are disjoint open subsets of (H",77), and A C V,
B CW. Thus (H",7") is normal.

In fact, every completely regular space is homeomorphic to a subspace of
a normal space; this is too difficult to prove here.

Example 13.6.10 A first countable separable normal topological space
which is not second countable.

Let B be the collection of half-open half-closed intervals [a,b) in R. This
clearly satisfies the conditions for it to be the base for a topology 7" on R.
(R, 7') is separable, since the rationals are dense; it is first countable, since
the sets {[x,z+1/n) : n € N} form a base of neighbourhoods of x. Suppose
that A and B are disjoint closed subsets of (R, 7’). If a € A there exists a
largest I, in (a,a + 1] such that [a,l,) N B = 0; let U = Ugeala,ly). Then U
is an open set containing A and disjoint from B. Similarly, if b € B there
exists a largest my in (b, b+ 1] such that [b,my)NA = 0; let V' = Upeg[b, my).
Then V is an open set containing B and disjoint from A. But if a € A and
b € B then [a,l,) N [b,myp) =0, and so U NV = @; thus (R, 7’) is normal.

Suppose that B’ is a base for the topology. For each x € R there exists
B, € B’ such that z € B, C [z,z + 1). But if  # y then B, # B,, so that
B’ cannot be countable: (X, 7’) is not second countable.

Example 13.6.11 The product of two first countable separable normal
topological spaces which is not normal, and which has a non-separable
subspace.

Consider (X,7) = (R,7") x (R,7'), where (R,7’) is the space of the
previous example. Then the line L = {(z,—x) : * € R} is closed, and its
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subspace topology is the discrete topology, so that L is not separable. All

of the subsets of L are closed in X; an argument just like the one for the

Niemytzki space shows that (X, 7) is not normal.

We can sum up some of our conclusions in a table. In the context of

topological spaces, this shows that the choice of the word ‘normal’ is clearly

not at all appropriate!

subspace quotient countable uncountable
product product

Ty Yes No Yes Yes
Hausdorff Yes No Yes Yes
Regular Yes No Yes Yes
Completely regular Yes No Yes Yes
Normal No No No No
First Countable Yes No Yes No
Second Countable No No Yes No
Separable No Yes Yes No
Exercises
13.6.1 Suppose that (z,)22; is a convergent sequence in the space of

13.6.2
13.6.3
13.6.4

13.6.5

13.6.6

Example 13.6.3. Show that it converges to one or two points.

In Example 13.6.4, characterize the sequences which converge to P.
In Example 13.6.5, characterize the sequences which converge to ¢(0).
Show that an example similar to the Niemytzki space can be obtained
by replacing the open sets D¢(x) by triangular regions, of a fixed
shape. Let 0 < a < 1. Let Re(z) = {(u,v) € U : Ju—z| < ¢,alu—z| <
v < ae}, and replace the sets D.(x) by the sets R¢(z).

Suppose that f is a bounded real-valued function on [0, 1] for which
f(z) > 0 for all z € [0,1]. Use Osgood’s theorem to show that the

upper integral fol f(x)dx is strictly positive.
Show that the topology of Example 13.6.10 is finer than the usual
topology on R. Characterize the convergent sequences.
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Completeness

14.1 Completeness

The general principle of convergence played an essential role in the analysis
on R; similar ideas are just as important in analysis on a metric space. As
we shall see, these are not topological ideas.

The definitions are straightforward. Suppose that (X, d) is a metric space.
A sequence (z,)9; taking values in X is a Cauchy sequence if whenever
e > 0 there exists ng such that d(x,,z,) < € for m,n > ng.

Proposition 14.1.1 (i) A sequence (x,)%, in a metric space which
converges to a limit | is a Cauchy sequence.

(ii) If a Cauchy sequence (x,)5%; in a metric space has a subsequence
(@n, )72, which converges to I, then x, — 1 asn — 0.

Proof (i) Given € > 0 there exists ng such that d(z,,!) < €¢/2 for n > ng. If
m,n > ng then d(zp,, x,) < d(zy,)+d(l, z,) < €, by the triangle inequality.

(ii) Given e > 0 there exists N such that d(x,,z,) < €/2 for m,n > N,
and there exists K with nxg > N such that d(zp,,l) < ¢/2 for k > K. If
n > ng then d(z,,l) < d(z,,2n,) + d(xn,,l) < €, again by the triangle
inequality, so that x, — [ as n — oo. O

A metric space (X, d) is complete if every Cauchy sequence in X is con-
vergent to a point in X. Thus the general principle of convergence says that
R, with the usual metric, is complete. Let us give some examples.

Theorem 14.1.2 A sequence ()22, in R¢ or C%, with its usual met-
ric, is a Cauchy sequence if and only if each of the coordinate sequences
(a:gn));‘f:l, for 1 <j <d, is a Cauchy sequence in R.

RY and C?, with their usual metrics, are complete.

386
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Proof  Tf ()%, is a Cauchy sequence in R% (or C%) and 1 < j < d,
then, since |x§m) - xgn)| < do (2™ (M) the sequence (z(™)%2, is a Cauchy
sequence in R (or C). Conversely, if each of the sequences (z

;=1 for

1 < j < d, is a Cauchy sequence, then there exists ng such that

]ajgm) - a;§n)\ < ¢/d"/?* for m,n > ng and 1 < j < d.

Thus do (™, 2(") < € for m,n > ng, and (w("))%ozl is a Cauchy sequence.
Thus if (z(™)%, is a Cauchy sequence then each of the sequences

(xg-"))go:l is a Cauchy sequence, and so converges to a limit x;, by the gen-
eral principle of convergence. Hence z(™ — z = (x1,...xq) as n — oo: thus
R? and C?, with their usual metrics, are complete. O

Proposition 14.1.3 (i) A closed metric subspace A of a complete metric
space (X, d) is complete.
(ii) A complete metric subspace B of a metric space (X, d) is closed in X.

00
n=1

is a Cauchy sequence in X. Since (X,d) is complete, x,, converges to an

Proof (i) Suppose that (x,)2°; is a Cauchy sequence in A. Then (zy,)

element [ in X as n — co. But A is closed, and so [ € A. Thus z,, converges
to an element of A, and A is complete.

(ii) Let b be a closure point of B in X. Then there exists a sequence
(bp)52 1 in B which converges to b. Thus (b,)5° ; is a Cauchy sequence in B.
But B is complete, and so b, converges to a point [ of B as n — oco. By the
uniqueness of limits, b = [. Thus any closure point of B belongs to B, and
so B is closed. O

Many of the metric spaces that we shall consider are spaces of func-
tions. The next result, and its corollary, lie behind a great number of results
concerning such spaces.

Theorem 14.1.4 If S is a non-empty set and (Y,d) is a complete metric
space then the space By (S) of bounded mappings of S into Y is complete
under the uniform metric ds.

Proof  The proof follows a pattern common to many proofs of complete-
ness. There are three steps. We start with a Cauchy sequence (f,,)22 ;. First
we identify what the limit f should be, secondly we verify that it is an
element of By (S), and thirdly we prove that f, — f as n — oc.

Suppose then that (f,)52 is a Cauchy sequence in (By (5),d). Ilf s € S
then d(fm(s), fu(s)) < doo(fim, fn), and so (fn(s)); is a Cauchy sequence
in Y. Since (Y, d) is complete, there exists f(s) € Y such that f,(s) = f(s)
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as n — oco. We claim that the function f: s — f(s) is in By (X), and that
fn — f in the uniform metric.

Take € = 1. There exists ng such that doo(fim, fn) < 1 for m,n > ny,
and so if s € S then d(fn(s), fn,(s)) < 1 for m > ny. By Proposition
13.3.2 (which we shall use repeatedly), d(fm(s), fn,(s)) = d(f(s), fn,(s)) as
m — 0o, and so d(f(s), fn,(s)) < 1. Thus if s,¢ € S then

d(f(s), f(£)) < d(f(s), fny (5)) + d(fg (), Fino (£)) + dl(fo (£), £ ()
< diam (fn,(95)) + 2,

so that f € By (95).

Finally we show that f, — f as n — oco. Suppose that ¢ > 0. There
exists ny such that deo(fim, fn) < €/2 for myn > ny, and so if s € S
then d(fm(s), fn(s)) < €/2 for m,n > ny. Suppose that n > n;y. Since
d(fm(8), fn(s)) = d(f(s), fn(s)) as m — oo, d(f(s), fn(s)) < €/2. Since this
holds for all s € S, doo(f, fn) < €/2 < e. But this holds for all n > n;, and
so fn — fasn — oo. O

A Cauchy sequence in (By (S),d) is called a uniform Cauchy sequence.

Corollary 14.1.5 (The general principle of uniform convergence) If (X, 1)
is a topological space and (Y, p) is a complete metric space, then the space
Cy(X,Y) of bounded continuous mappings of X into Y is complete under
the uniform metric ds; a uniformly Cauchy sequence (f,)5%, of bounded
continuous functions converges uniformly to a bounded continuous function.

Proof  For Cy(X,Y) is closed in By (X), by Theorem 12.3.7. O

The first important theoretical point to make is that completeness is not a
topological property. To see this, consider R and (—n/2,7/2), each with the
usual metric d. (R, d) is complete, by the general principle of convergence,
but ((—m/2,7/2),d) is not, since it is not closed in R. Now consider the
mapping j = tan~! from R onto (—/2,7/2). This is a homeomorphism; we
use it to define a new metric p on R, setting p(z,y) = |j(z) — j(y)|. Then j
is an isometry of (R, p) onto (—m/2,7/2),d), and so (R, p) is not complete.
But d and p are equivalent metrics, since j is a homeomorphism. Thus the
two metrics d and p define the same topology on R: but (R, d) is complete,
and (R, p) is not.

We need a stronger equivalence to preserve completeness. A mapping f
from a metric space (X,d) to a metric space (Y, p) is said to be uniformly
continuous if for each ¢ > 0 there exists 4 > 0 such that if x,y € X and
d(x,y) < 0 then p(f(z), f(y)) < e. The important feature of this definition
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is that while 6 may depend upon e (and usually does), it does not depend
upon z or y. A Lipschitz mapping is uniformly continuous, and a uniformly
continuous function is continuous. The real-valued function f(z) = x? on R
is an example of a continuous function which is not uniformly continuous.

Proposition 14.1.6 Suppose that f is a uniformly continuous mapping
from a metric space (X,d) into a metric space (Y, p).

(1) If (x,)22 is a Cauchy sequence in X then (f(x,))s%, is a Cauchy
sequence in'Y .

(ii) Suppose that (g,) is a sequence of functions from a set S to X which
converges uniformly on S to a function g. Then f o g, converges uniformly
on S to fog.

Proof  The proof of (i), which follows almost immediately from the defini-
tions, is left as an exercise for the reader. The proof of (ii) is as easy. Given
e > 0 there exists § > 0 such that if d(z,2') < ¢ then p(f(x), f(2")) < e
There exists ng € N such that if n > ng then d(g,(s),g(s)) < é forall s € S.
Thus p(f(gn(s)), f(g(s))) < € for n > ng and s € S. 0

A bijective mapping f from a metric space (X,d) onto a metric space
(Y,p) is a uniform homeomorphism if f and f~! are both uniformly con-
tinuous. Two metrics d and d’ on a set X are uniformly equivalent if the
identity mapping i : (X,d) — (X, d’) is a uniform homeomorphism.

Corollary 14.1.7 If f is a uniform homeomorphism from a metric space
(X,d) onto a metric space (Y, p) then (X,d) is complete if and only if (Y, p)
is complete. If two metrics d and d' on a set X are uniformly equivalent
then (X, d) is complete if and only if (X,d') is complete.

As an important example, let us consider a product X = [[>2,(X;,d;) of
an infinite sequence of metric spaces. In Theorem 13.3.3 we constructed a
metric p on X for which the p-metric topology is the product topology, and
for which the cross-section mappings k, ; are Lipschitz mappings. Inspec-
tion of the construction shows that each of the coordinate mappings 7; is
uniformly continuous. A metric d on X with all of these properties is called
an uniform product metric.

Corollary 14.1.8 Suppose that d is a uniform product metric on the prod-
uct X = [[;(Xi,d;) of non-empty metric spaces (X;,d;). Then (X,d) is
complete if and only if each metric space (X;,d;) is complete.

Proof  This result holds for finite and infinite products. Suppose first
that each metric space (Xj;,d;) is complete. Suppose that (w("))%ozl is a
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Cauchy sequence in (X, d). For each 7, the sequence (m;(2(™))%2 | is a Cauchy
sequence in (Xj;,d;), since the coordinate mapping m; is uniformly continu-
ous, and therefore converges to an element [; of X;. But this implies that
2™ — [ as n — oo, where [ = (I;). Thus (X, d) is complete.

Conversely suppose that (X,d) is complete. Let (aﬁgn))zo:l be a Cauchy
sequence in (Xj,d;). Choose y € [];cn,z;Xj. Since the cross-section
mapping k,; is a Lipschitz mapping, it is uniformly continuous, and so
(ky7i($(n)))°° is a Cauchy sequence in (X,d). Since (X,d) is complete,

i n=1
(n)

kyz(xgn)) converges to an element [ of X as n— oo, Then z;’ — m;(l) as

n — 0o, since m; is continuous and wgn) = ﬂ'i(k:y,i(xgn))). Thus (X;,d;) is
complete. O

The next result provides a powerful test for completeness.

Proposition 14.1.9  Suppose that X is a subset of a complete metric space
(Y, p) and that d is a metric on X for which

(i) the inclusion mapping j : (X, d) — (Y, p) is uniformly continuous, and

(ii) for each x € X and each € > 0 the closed e-neighbourhood
M (z) ={2' € X : d(a',z) <€} of x in X is p-closed inY .

Then (X, d) is complete.

Proof  Suppose that (x,)72; is a Cauchy sequence in (X,d), and that
e > 0. There exists ng such that d(x,,z,) < €/2 for m,n > ng. Since j
is uniformly continuous, (x,)52, is a p-Cauchy sequence, and since (Y, p) is
complete, there exists y € Y such that p(z,,y) > 0asn—oco. If m >n > ng
then ,,, € M /o(2n). Since M, 5 () is p-closed, it follows that y € Mo (wy).
Thus y € X and d(z,,y) < €/2 < e. Since this holds for all n > ng, z, — vy
as n — oo. O

We shall give applications of this in Proposition 14.2.3 and Corollary
14.2.4.

Next we prove a fundamental extension result. This depends in an
essential way on the relation between uniform continuity and completeness.

Theorem 14.1.10 Suppose that A is a dense subset of a metric space
(X,d), and that f is a uniformly continuous mapping from A to a complete
metric space (Y, p). Then there is a unique continuous mapping ffrom X
to Y which extends f: f(a) = f(a) for a € A. Further, f s uniformly
continuous. If f is a Lipschitz mapping with constant K then so is ]7, and
if f is an isometry then so is f
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Proof  Suppose that x € X. There exists a sequence (ay)32; in A such
that a, —x as n—o00. Then (ay,)2; is a Cauchy sequence in A, and so
(f(an))p2 is a Cauchy sequence in (Y,d). Since Y is complete f(a,) con-
verges to some element y of Y. We show that y does not depend on the choice
of the approximating sequence (a,)>° ;. Suppose that a), — = as n — oo.
Then, as before, there exists ¢y € Y such that f(al) — v as n — oc.
But then the sequence (a1, d},ag,d),...) converges to z, and the sequence

(f(a1), f(a}), f(az2), f(ah),...) converges in Y. The subsequences (f(a,))32,

and (f(ay,))pe; must therefore converge to the same limit; thus y = y'. We

set f(z) to be the common limit. We have thus defined the mapping f from

X toY; f clearly extends f (consider constant sequences).

Next we show that fis uniformly continuous. Suppose that € > 0. There
exists > 0 such that if a,b € A and d(a,b) < 0 then p(f(a), f(b)) < e.
Suppose that z,y € X and that d(z,y) < §. Let n = 6 — d(z,y). There
exist sequences (a,)5; and (b,)5; in A such that a,, — 2 and b, — y as
n — oo, and so there exists ng such that d(z,a,) < n/2 and d(y,b,) < n/2
for n > ng. By the triangle inequality,

d(an,bn) < d(an,x) +d(z,y) + d(y,b,) <6
for n > ng, and so p(f(an), f(bn)) < € for n > ng. Since f(an) — f(z) and
F(bn) = f(y), it follows from Proposition 13.3.2 that p(f(z), f(y)) < e.
There is only one continuous extension. For if f and f are two con-
tinuous extensions then {x€ X: f(a:) = f(z)} is a closed subset of X
(Exercise 10.4.2) which contains A, and so contains A = X.
If z,y € X there exist sequences (a,)52; and (b,)>2; in A such that

an, — x and b, — y as n — oo. Since f is continuous,

flan) = f(an) = f(z) and f(by,) = f(bn) — f(y) as n — 0.

Thus p(f(a;),]?(y)) = limy, 00 p(f(an), f(by)), by Proposition 13.3.2. Thus
if f is a Lipschitz mapping with constant K, then

p(f(2), f(y) < K lim d(an,b,) = Kd(z,y),

n—o0
so that fis also a Lipschitz mapping with constant K. Similarly, if f is an

isometry then p(f(x),f(y)) = limy, 00 d(an, by) = d(x,y), so that f is an
isometry. O

We can characterize completeness in terms of sequences of sets.
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Theorem 14.1.11 Suppose that (X,d) is a metric space. The following
are equivalent.

(i) (X,d) is complete.

(i) If (An)o2, is a decreasing sequence of non-empty closed subsets of X
for which diam (A,) — 0 as n — oo then NS A, is non-empty.

If so, then N2 A, is a singleton set {a} and if a, € A, for each n then
ap — a as n — oo.

Proof  Suppose first that (X, d) is complete, and that (A,,)22  is a decreas-
ing sequence of non-empty subsets of X for which diam A,, — 0 as n — oo.
Pick a, € A, for each n € N. We shall show that (a,)°, is a Cauchy
sequence. Suppose that € > 0. There exists ng such that diam (4,,) < € for
n > ng. If m > n > ng then a,, € A,, so that d(am,,a,) < e. Thus (a,)2>,
is a Cauchy sequence; since (X, d) is complete, it converges to an element
a of X. Suppose that n € N. Since a,, € A, for m > n, and since A, is
closed, a € A,,. Thus a € NY2, A,. Further, diam (N9 ; A,,) < diam A,, for
each m € N, so that diam (N2, A,) = 0. Thus A = {a}.

Conversely, suppose that (ii) holds and that (z,) is a Cauchy sequence
in (X,d). Let T}, = {xn, Tpt1,...}: (1), is the tail sequence. Since (z,,)
is a Cauchy sequence, diam (T},) — 0 as n — oo. Let F,, = T),. (F,)% is
a decreasing sequence of non-empty closed sets, and diam (F},) = diam (7},)
(Proposition 12.3.3), so that diam (F,,) — 0 as n — oo. Thus NY2, F, is
non-empty. Suppose that z € N2, F,,. Since = € F,, for each n, d(z,x,) <
diam F),, and so d(x,z,) — 0 as n — oo. Thus z,, — = as n — oo, and

(X, d) is complete. O

Corollary 14.1.12 Suppose that (Ac)o<e<e, 5 a family of non-empty
closed sets of a complete metric space (X,d), with Ac C Ao for 0 < e <
¢ < . If dlamA. — 0 as € = 0 then Noce<e,Ae is non-empty, and is a
singleton set.

Proof  No<e<eyAe = N5 By, where B, = A O

E()/?’L'

Although completeness is not a topological property, it has topological
consequences. It is therefore of interest to know when there is an equivalent
complete metric on a metric space. A metric space (X,d) is said to be
topologically complete if there is an equivalent metric p on X for which
(X, p) is complete. We use uniform product metrics to provide information
about this.

A subset of a topological space (X, 7) is a G5 set if it is the intersection
of a sequence of open sets (and is an F,, set if it is the union of a sequence
of closed sets). If (X, 7) is T} space, then the complement of a countable set
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is a Gy set. Thus the set of irrational numbers in R is a G§ subset of R and
the set of transcendental numbers in C is a G subset of C. The following
theorem is therefore quite surprising.

Theorem 14.1.13  Suppose that (X,d) is a complete metric space, and
that A is a Gs subset of X. Then the metric subspace A is topologically
complete.

Proof  First suppose that A is open. If A = X, we can take p = d. Oth-
erwise, let X x R have a uniform product metric . Then (X x R,0) is
complete. Consider the injective mapping f from A to X x R defined by
f(a) = (a,1/d(a,C(A)). Since d(a,C(A)) > 0 for a € A, this is well-defined.
Since the mapping a — 1/d(a,C(A)) is continuous on A, f is continuous.
We show that f(A) is closed in X x R. Suppose that

flan) = y=(x,\) € X xR asn — oo,
so that a, — z and 1/d(ay,,C(A)) — X\ as n — oco. Since
|d(am, C(A)) = d(an, C(A))| < d(am, an),

the sequence (d(an,C(A)))s%, is bounded, so that 1/d(a,,C(A)) does
not tend to 0 as n—oo. Thus A#0, and d(a,,C(A))—1/A. Since
d(an,C(A)) — d(xz,C(A)), it follows that d(xz,C(A)) = 1/A, and so = € A.
Consequently f(a,) — f(z) as n — oo, so that f(A) is closed in X x R,
and (f(A),o) is complete. The mapping f : (A,d) — (X x R, 0) is continu-
ous, and the inverse mapping f~!: f(A) — A is a Lipschitz mapping with
constant 1, since d(a,a’) < o(f(a), f(a')), so that f is a homeomorphism of
(A,d) onto (f(A),o). Thus if we define p(a,a’) = o(f(a), f(a’)) then p is a
complete metric on A equivalent to d.

Next, suppose that A = N52,Uj is a G set. For each j there is a metric o
on Uj, equivalent to the restriction of d to Uj;, under which Uj is complete.
Let U = H;il(Uj, 0j), and let o be a uniform product metric on U. Then
(U,0) is complete. If a € A, let i; : A — U; be the inclusion map and let
i+ A — U be defined as i(a) = (ij(a));2;. Then i is a continuous injective
map of (A,d) into (U, o). We show that i(A) is closed in U. Suppose that
i(a,) = u as n — oo Then, for each j € N, i;(a,) = u; as n — oo. Since
the metric o; on Uj is equivalent to the metric d, d(a,,u;) — 0 as n — oo.
Since this is true for each j, there exists [ in X such that u; = [ for each
j€N. Thus l € N52,U; = A, and u = i(l). Thus i(A) is closed in (U, 0),
and so (i(A), o) is complete. If i(a,) — i(a) in (i(A), o), then i1 (a,) — i1(a)
in (Uy,01) as n — oco. But d and o7 are equivalent on Uy, and so a, — a in
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(A,d). Thusi—!: (i(A), o) — (A, d) is continuous, and 7 is a homeomorphism
of (A,d) onto (i(A), o). Thus if we define p(a,a’) = o(i(a),i(a’)) then p is a

complete metric on A equivalent to d. O
Exercises
14.1.1 Give an example of a bijection j from a metric space (X,d) onto a

14.1.2

14.1.3

14.1.4

14.1.5

14.1.6

14.1.7

14.1.8

14.1.9

14.1.10

Lis not

metric space (Y, p) which is uniformly continuous, while j~
continuous.

Give an example of a bijection j from a metric space (X,d) onto
a metric space (Y, p) which is uniformly continuous, while j7! is
continuous, but not uniformly continuous.

Suppose that f is a differentiable function on R. Show that f is
uniformly continuous if the derivative f’ is a bounded function on
R.. Does the converse hold?

Suppose that Y is a dense subset of a metric space (X, d) and that
any Cauchy sequence in Y converges to an element of X. Show that
(X, d) is complete.

Define a metric p on N by setting p(m,n) = [1/m — 1/n|. Suppose
that (z,,)0°; is a sequence in a metric space (X, d). Set f(n) = z,.
Show that (x,,)2° is a Cauchy sequence if and only if f : (N, p) —
(X, d) is uniformly continuous.

Suppose that f is a continuous bijection from a complete metric
space (X,d) onto a metric space (Y, p) and that f~! is uniformly
continuous. Show that (Y, p) is complete.

Ifr e X =[[;2,{0,1};, let f(z) =23 72, z;/37. Show that f is a
uniform homeomorphism of X onto Cantor’s ternary set.

The set {0,1} becomes an abelian group when we define 0 + 0 =
1+1=0,0+0=0+1=1. Use this to define an abelian group
structure on X = J[7Z,{0,1};. Show that the mapping (z,y) —
x4y : X xX — X is jointly uniformly continuous. What about the
mapping x — —z?

Suppose that (X,d) is a metric space which is not complete. Show
that there is an unbounded continuous real-valued function on X,
and a bounded continuous real-valued function on X which is not
uniformly continuous.

Suppose that (x,,)2° | is a sequence in an ultrametric space (X, d) for
which d(zy,, zn,41) = 0 as n — oo. Show that (z,)7%, is a Cauchy
sequence.
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14.2 Banach spaces

A normed space (E,|.||) which is complete under the metric defined by
the norm is called a Banach space, after the Polish mathematician, Stefan
Banach. Similarly, an inner-product space which is complete under the met-
ric defined by the inner-product norm is called a Hilbert space, after the
German mathematician, David Hilbert.

Proposition 14.2.1  If (E,||.||) is a Banach space then the normed space
(BE(S), ||-ls) of bounded functions on S taking values in E is a Banach
space.

Proof  This is an immediate corollary of Theorem 14.1.4. O

In particular, the spaces (Br(S5),||.|l) and (Bc(S),||.]l) of bounded
real-valued functions and bounded complex-valued functions on S are
Banach spaces.

Proposition 14.2.2 If (X,7) is a topological space and (E,|.||) is a
Banach space then (Cyp(X, E), ||.||oo) is a Banach space.

Proof  This is a special case of the general principle of uniform conver-
gence. O

Proposition 14.2.3  Suppose that (F, ||.|| ) is a Banach space, and that E
is a linear subspace of F' equipped with a norm ||.|| 5 for which the inclusion
mapping (E, ||.||z) = (F,|.||z) is continuous. If the closed unit ball Bp =
{x € E:||z||p < 1} is closed in (F,|.||p) then (E,||.||g) is a Banach space.

Proof  The inclusion mapping is uniformly continuous, and M, (z) = = +
eBp is closed in (F,||.||»), since translation and multiplication by non-zero
scalars are homeomorphisms. The result therefore follows from Proposition
14.1.9. O

Corollary 14.2.4 The space (l1,].||;) is a Banach space and the space
(l2, [|-ll5) is a Hilbert space.

Proof  We give the proof for l: the proof for I} is exactly similar. [ is a
linear subspace of the Banach space (I, ||.||,,), and the inclusion mapping
(2, [|lla) = (s, ||-|l) is continuous, since ||z|| < [jz|, for @ € lo. It is
therefore sufficient to show that By, is closed in (loo, ||.|| ). Suppose that

(x("));’f:l is a sequence in B;, which converges uniformly to z € l. Then
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(n)

x;’ — xjasn — oo, for each j € N, and so if £ € N then
2 _ 1 n)|2
Z|$]| —HILII;OZ|$j |© <1
7j=1 7j=1
Since this holds for all k € N, 2%, |z;|* <1, so that x € By,. O

As we shall see, there are many other applications of Proposition 14.2.3.

We can consider infinite series in a normed space, and these can be used
as a test for completeness. A series 3 7% a; in a normed space (E, ||.|) is
said to converge absolutely if E;io lla;| converges.

Proposition 14.2.5 Suppose that (aj);?‘;l s a sequence in o Banach space
(B, ||.]I) for which 3722, a; converges absolutely. Then ) 22 a; converges,

and | 320 a5 < 32 llagl.
Conversely, if every absolutely convergent series in a normed space
(E,||.||) converges then (E,||.||) is complete.

Proof  Suppose that € > 0. There exists ng such that if n>m >ng then
> i—my1 llajll <e Let s, =377, a;. By the triangle inequality, if n > m >

j=1
ng then
n

[sn = smll = llamt1 + -+ anll < Z lajll <e,

j=m+1
so that (s,) is a Cauchy sequence in (E,||.||). Since (E,||.||) is complete,
there exists s € E such that s, — s as n — oo; that is, Y-

jo10j =S. Since
the function x — ||z|| is continuous on F,

o n o

= o < g St = S
> agl| = Jim flsall < lim > ol =3 llas
J=0 J=1 J=1

Conversely, suppose that every absolutely convergent series in (E,||.||)
converges. Let (z,)0°; be a Cauchy sequence in (E,||.||). There exists a
strictly increasing sequence (n;)72; in N such that if n > m > n; then
|z — xp| < 1/27. Let a; = xy,, and let aj = x,, — x,,_, for j > 1. Then
lla;|| < 1/2771 for j > 1 and so > 521 llajl| <oo. Thus 3772 a; converges, to
s say. But E?:l aj = Tp, , and so T,, — s as n —o0o. Thus x,, — s as n — oo,
by Proposition 14.1.1, and so (E, ||.||) is complete. O

As special cases, we have the following corollaries.
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Corollary 14.2.6 (Cauchy’s test for Banach spaces) The series
> i1 aj converges if limsup;_, HajHl/] <1 and it does not converge if

limsup;_, HajHl/j > 1.

Corollary 14.2.7 (D’Alembert’s ratio test for Banach spaces) Sup-
pose that aj # 0 for all j. If limsup; . l|aj41ll / [|aj|| <1 then 3772, a;
converges. If limsup;_, . [laj1 / [lasl| > 1 then 3772, a; does not converge.

Corollary 14.2.8 (Weierstrass’ uniform M test) Suppose that (X, T) is
a topological space, that (E,|.||) is a Banach space and that (f;)32, is
a sequence in (Cy(X,E),[.|l)- If |Ifill < Mj for each j € N, and

Z;il M; < oo, then the series Zj’;l fj(x) converges uniformly to a bounded
continuous function on X.

When the conditions of this corollary are met, we say that the series
Z;’il fj(x) converges absolutely uniformly on X.
The following special case is particularly useful.

Corollary 14.2.9 Suppose that, for each j € N, (f](n))oo 18 a sequence

n=1
in a Banach space (E,|.||) which converges to an element l; of E, that

Hf](") < Mj for each n € N and each j € N, and that Z;il M; < oo,
Then the series Y72, f;n) converges uniformly on N to a sequence (sp)pZ

mn FE, the series Z;’il l; converges to an element so of E, and s, — Soo as
n — oo.

Proof Let N = N U {oo} with the metric d(m,n)=[1/m—1/n|,
d(n,+00) = 1/n. Let gj(n) = f]("), for n € N, and let gj(co) = [;. Then
g; € Cp(N, E), and ||g;|,, < M;. Thus 721 gj converges uniformly to an
element s of Cy(N, E); this gives the result. (It is as easy to prove the result
directly.) 0

There is also a test for products.

Corollary 14.2.10 (Weierstrass’ uniform M-test for products) Sup-
pose that (X,T) is a topological space and that (f;)32, is a sequence in
(Co(X,R), o) If Ifillee < My for each j € N, and 3772, M; < oo,
then the infinite product H;il(l + fj(x)) converges uniformly to a bounded
continuous function on X.
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Proof  Since M; — 0 as j — oo there exists N € N such that M; < 1/2
for j > N. We use the mean-value theorem. If [¢| < 1/2, then

0< %bg(l +1t) <2, sothat |log(1+ fj(x))| <2[f(x)| < 2M;
for j > N and z € X. Thus > 2% v, log(1+ f;(x)) converges absolutely and
uniformly to a bounded continuous function g(x). The exponential func-
tion exp has a bounded derivative on [— [|g||,, , |lgll.]; and so is uniformly
continuous on [~ [|g||, ,[lgll,.]- It therefore follows that [[72 v, (1 + fj(z))
converges uniformly to (). Finally, [[;2:(1 + fj(z)) converges uniformly

to (T35, (1 + f5(2)))ed@. 0

Exercises

14.2.1 Suppose that (E,||.||) is a real normed space. Show that the mapping
(r,y) > z+y: E x E — FE is uniformly continuous, but that the
mapping (A, z) — Az : R x E — E is continuous, but not uniformly
continuous.

14.2.2 (Hardy’s test) (a) Suppose that (a;)52, is a null sequence of real or

complex numbers for which 372 [a;j—a;11| < oo and that (b;)52 is a
sequence in a Banach space (E, ||.||) for which the sequence of partial
sums (37 bj)pe is bounded. Show that Y72 a;b; converges.
(b) Suppose that (aj);-‘;o is a null sequence of real or complex num-
bers for which the sequence of partial sums (Z?:o a;)2 is bounded
and that (b;)32, is a sequence in a Banach space (£, ||.||) for which
> 720 Ibj = bjtal < oo. Show that 3772 a;b; converges.

14.2.3 (Hardy’s uniform test) Suppose that (aj)]‘?‘;o is a sequence in the real
or complex Banach space (B(S),||.]|,,) for which

o
> llaj = ajll < o0
=0

and that (b;)32, is a null sequence in B(S) for which the sequence
of partial sums (327 (b;j)p2, is bounded. Show that > 2%, a;b;
converges uniformly.

14.2.4 (Dirichlet’s test) Suppose that (a;)32 is a decreasing null sequence
of positive numbers and that (bj);?io is a sequence in a Banach
space (B, ||.||) for which the sequence of partial sums (3_7_b;)5%,

is bounded. Show that Z;’io a;b; converges, to s say. Show further
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that if

n

Sm fZa]b andM—sup ij

§=0 §=0

then ||s — sp|| < 2am4+1 M.

(Abel’s test) Suppose that (aj);?';o is a decreasing sequence of positive
numbers and that (b;)52, is a sequence in a Banach space (F, ||.||)
for which > 2% b; converges. Show that » 2% a;b; converges.

This exercise and the next one give two classical applications of Weier-
strass’ uniform M-test. Formulae such as these go back to Euler. Let
P(0) =1 and

. 1 2 2
pu— 1— 1— .. 1_
Pe(5) ( 2k—|—1> < 2k—|—1> ( 2k—|—1>’
for 1 < j < k. Show that
1 i0 2k+1 i0 2k+1
P 1+ —|1-
2i << 2k+1> < 2k+1>

k .
Z )02j+1
O (25 + 1

]:

Let X = {0} U{1/(2k +1) : k € N} C R. Let

G VY
f](O) — me? +1’

1 (—1)7 N 72 .
, = Pu()0% 11 f < i<k
f]<2k—|—1> (2j + 1) k(J) or0<j<k

=0 for j > k.

(a) Show that f; is a continuous function on X.
(b) Show that | f;||l = [0/%"1/(2j + 1)L
(c) Use Weierstrass’ uniform M-test to show that

i . N 19 2k+1 . 19 2k+1 IR . 9
2% 2% + 1 2% + 1 St

as k — oo.
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14.2.7 Let
%jz for y =0,
14 cos 25ym 1+ cos2jym )
f](y): y2 7jy :y2 ij fOI'O<y§1/2j7
1 — cos 2jym 2sin” jym
0 for 1/25 <y < 1.

(a) Show that f; € C[0,1].

(b) Show that || f;|| ., < 1/2mj%. (Use the inequality sin6 > 26/x for
0<6<m/2)

(c) Use Weierstrass’ uniform M-test to show that

l7/y] .
Z y2 1+ cos2jym %f: 1
1 — cos 2jym j2m2

J=1 Jj=1

as y \ 0.
14.2.8 Give a direct proof of Corollary 14.2.9.

14.3 Linear operators

When we consider linear mappings between normed spaces, then continuity
and uniform continuity are the same. Indeed, we can say more.

Theorem 14.3.1  Suppose that (E1,||.||;) and (E2, ||.||5) are normed spaces
and that T is a linear mapping from Eq to Ey. The following are equivalent:

(i) K = sup{|| Tzl : 2], < 1} < o0;

(i) there exists C' € R such that | Tz||, < C'||z||,, for all x in E;;

(iii) T is Lipschitz;

(iv) T is uniformly continuous on Ey;

(v) T is continuous on Ey;

(vi) T is continuous at 0.

Proof (i) implies (ii): (ii) is trivially satisfied if x = 0. Otherwise, let
z1 = z/||z||;. Then

1T (@)l = Il 20)lly = [l TColly = [l 1T (@)l < Kz, -

(ii) implies (iii): [|T(z1) = T(x2)lly = [[T(z1 = z2)[y < C'llz1 = zafl; -
Obviously (iii) implies (iv), (iv) implies (v) and (v) implies (vi).
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(vi) implies (i): There exists 6 > 0 such that if ||z||; < ¢ then ||T'(z)||, < 1.
If ||z||; <1 then ||dz||; <9, so that

IT @)y = |67 TGx) |, = 57" [T(0x)]l, <67
O

We denote the set of continuous linear mappings from V; to Vo by
L(V1,V3). We write L(V) for L(V,V). A continuous linear mapping from
V1 to Va is also called a bounded linear mapping, or a linear operator; a
continuous linear mapping from V to itself is called an operator on V.

Two norms ||.|; and [|.||, on a vector space E are equivalent if the
corresponding metrics are equivalent.

Corollary 14.3.2 If ||.||; and |.||, are equivalent norms on a vector space
E then (E,||.||;) is a Banach space if and only if (E,||.||,) is.

Proof  For they are uniformly equivalent, and so the result follows from
Corollary 14.1.7. 0

We have the following extension theorem.

Theorem 14.3.3 Suppose that F is a dense linear subspace of a normed
space (E,|.||p), and that T is a continuous linear mapping from F to a
Banach space (G, ||.||z). Then there is a unique continuous linear mapping
T from E to G which extends T': ff(y) =T(y) fory € F. If T is an isometry
then so is T.

Proof By Theorem 14.3.1, T is uniformly continuous, and so by Theorem
14.1.10 there is a unique continuous extension T, which is an isometry if T'
is. We must show that 7' is linear. Suppose that z,y € E and that «, 8 are
scalars. There exist sequences (z,,)72; and (y,)52; in F' such that z,, — x
and y, — y as n — oco. Then ax, + By, — ax + By as n — oo, and so

T(az + By) = lim T(azy + fyn) = lim T(aw, + Byn)
nlgrolo(O‘T(xn) + 5T(yn)) = O‘nlgroloT(xn) + 5nhﬁnolo T'(yn)
=« ILm T(z,) + B 1i_>m T(yn) = oT(z) + BT (y).

(]

Theorem 14.3.4 (i) L(V1,V5) is a linear subspace of the vector space of
all linear mappings from Vi to Vs.
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(i) If T € L(V1, V), set |T| = sup{[|T()ll; : |=[l, < 1}. Then ||T is a

norm on L(Vi,Vs), the operator norm.

(iii) If T € L(Vi,Va), and z € Vi then |T(z)], < |T|. ||,

Proof. (i): We use condition (i) of Theorem 14.3.1. Suppose that
S,T € L(V1,V,) and that « is a scalar. Then

sup{[|(aT)(z)ly - [[zll, <1} = |afsup{IT (@), : =, <1},
so that o' € L(V7,Vs) and

sup{[|(S + T) (@)l « [J«fl, <1}
< sup{[[S(@)lly : l=lly < 1} +sup{[[T ()5 : fl=fl, <1},

so that S+ T € L(V1, Va).

(ii): If ||7"|| = O, then T'(z) = 0 for z with ||z|| < 1, and so T'(z) = 0 for all
x: thus T'= 0. ||aT|| = || |T|| and ||S + T'|| < [|S|| + ||T||, by the equation
and inequality that we have established to prove (i).

(iii): This is true if x = 0. Otherwise, let y = «/ ||z||;. Then [|y|; = 1, so
that

IT@)ly = 1Tl )y = Nzl 1T @)l < 1Tl -

Theorem 14.3.5 If (E1,|.|;) is a normed space and (Es,|.|5) is a
Banach space then L(FE1, Es) is a Banach space under the operator norm.

Proof The proof is like the proof of Theorem 14.1.4. Let (7},) be a Cauchy
sequence in L(Eq, Es). First we identify what the limit must be. Since, for
each z € By, ||Th(x) — Tn(z)lly, < || Th — Tl llzlly, (Th(z)) is a Cauchy
sequence in Fo, which converges, by the completeness of Eo, to T(z), say.
Secondly, we show that T is a linear mapping from FE; to Es. This follows,
since

T(c + By) — aT(x) — T(y) = lim (Ty(aw + y) — aTy(x) — Ta(y)) =0,

for all x,y € Ey and all scalars «, 5. Thirdly we show that 7" is continuous.
There exists N such that ||T,, — T),|| < 1, for m,n > N. Then

(T = Tw)(@)ll, = lim (T = Tw) @) < )
for each x € Ey, so that T'— Ty € L(E1, Es). Since L(Eq, Es) is a vector

space, T' = (T — Tn) + Ty € L(FE1, E>). Finally we show that 7,, — T.
Given € > 0 there exists M such that ||T,, — T,,|| < ¢, for m,n > M. Then
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ifm>M, and z € Eq,
| = T)(@)lly = T [T~ To) @)l < €]l

so that | T — T, || < e. O

A linear functional on a vector space V is a linear mapping from V into
the underlying scalar field. The vector space of continuous linear functionals
on a normed space (E, ||.||) is called the dual space E’; it is given the dual
norm ||¢|| = {sup |¢(x)| : ||| < 1}. This is simply the operator norm from
(E,||.|l) into the scalars.

Corollary 14.3.6 The dual space (E',|.||") of a normed space (E,||.||) is
a Banach space.

Let us consider one important example. We need a definition. A mapping
T from a complex vector space E into a complex vector space F' is conjugate
linear if

T(x+y)=T(z)+T(y) and T(ax) = aT(x) for x,y € E,a € C.

Theorem 14.3.7 (The Fréchet—Riesz representation theorem) Suppose
that H is a real or complex Hilbert space. If x,y € H, let l,(z) = (z,y).
Then l, € H', and the mapping | : H — H' is an isometry of H onto H'. It
18 linear if H is real and is conjugate linear if H is complez.

Proof  We consider the complex case: the real case is easier. The function
ly is a linear mapping of H into C. Since

ly (@) = [z, 9) [ < 2] [lyll,

ly € H' and l2ll" < Hlyll- Ty # 0 then Ly (y/ [lyll) = [lyll, so that 12,1 = N1yl
Thus |[iy[|" = [ly||. Clearly Iy, 1y, = Ly, + 1y, so that [[ly, — I, [|" = [ly1 — v,
for y1,y2 € H: [ is an isometry of H into H'. Since

lay(x) = <x,ay> = a<x>y> = aly($)>

[ is conjugate linear.

The important part of the proof is the proof that [ is surjective: every
continuous linear functional ¢ on H is represented in terms of the inner
product; there exists y € H such that ¢(z) = (z,y) for all x € H.

If = 0, then ¢ = ly. Otherwise, by scaling, we can suppose that ||¢|" = 1.
First we show that there is a unique y in the closed unit ball B of H such that
¢(y) = 1. We use Theorem 14.1.11. Let A,, = {z € B : R¢(z) > 1 —1/n}.
Since ||¢||' = 1 = sup,ep |(z)|, A, is non-empty, and clearly (A,)2; is
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a decreasing sequence of closed sets. Suppose that z1,z0 € A,. By the
parallelogram law,

1 + @al|* + [lzr — @2]* = 2|l + llz2]®) < 4.

Since R (71 +x2) = R (w1) +Rp(x2) > 2(1—1/n), [[21 + 22| = 2(1 - 1/n).
It follows from this that

|21 — 29| <4—4(1—1/n)? =8/n —4/n* < 8/n.

Thus diam (A,,) — 0 as n — 00, so that NyenAy, is a singleton y. Then y is
the unique element of B for which ¢(y) = 1.

We now show that ¢(x) = (z,y) for all x € H. Let w = z — (z,y) y. Then
(w,y) = 0, so that w is orthogonal to 3. Suppose that ¢(w) = re? # 0. If
t > 0 then

. . 2
1+ 2rt + 1212 = (d(y + e Ptw))? < Hy + e*“’th =142 |w|?,

so that 2r < t(||w]||* — r2). Since this holds for all positive ¢, [|w||* > r2. Set
t =r/(||w||* = r?): then 2r < r, giving a contradiction. Thus ¢(w) = 0: that
is,

¢(x) = d(w) + (2,9) ¢(y) = (2,9) -

This has the following consequence.

Theorem 14.3.8 Suppose that H and K are Hilbert spaces and that T €
L(H,K). Then there exists a unique S € L(K,H) such that

(T'(x),y) = (x,S(y)) forallz e H,y € K.
Further, ||S|| = [ T]|.
Proof  Suppose that y € K. Then the mapping « — (T'(z),y) is a contin-

uous linear functional, and so there exists a unique element, S(y) say, in H
such that (T'(z),y) = (z,S(y)).Then

(,8(y1 +y2)) = (T(z), 11 + y2) = (T(2), 1) + (T(x), y2)
= ($,S(y1)> + <$,S(y2)> )
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so that S(y1 +v2) = S(y1) + S(y2), and

(z,8(ay)) = (T'(z),ay) =@ (T'(z),y) =a(z,5(y)) = (z,aS(y)),

so that S(ay) = aS(y); S is a linear mapping,.
If y € K then

ISWIIP = (S(), SW)) = (TSy),y) < ITI- 1S -yl

so that ||S(y)|| < [|T]|- |ly]|. Thus S is continuous, and ||S|| < ||7']|. Similarly,
it z € H then

IT(@)|I* = (T(x), T(2)) = (z,ST(2)) < |S|| 1T (@)] - |z,

so that [|T(2)|| < |[S[}{l[l, and [ T[] < [1S]|. Hence||S]| = |[T]. =

S is the adjoint of T. If H and K are real, then S is denoted by T, and
if H and K are complex, then S is denoted by T™.

14.3.1

14.3.2

14.3.3

14.3.4

Exercises

Suppose that (E,||.| ), (F.]|.|p) and (G,]||.||) are normed spaces
and that B is a bilinear mapping from F x F' into GG. Show that B is
continuous if and only if there exists M > 0 such that | B(z,y)|s <
M ol Iyl for all (w,) € E x F.

Suppose that (E,|.||z), (F,|.]|z) and (G,]|.||s) are normed spaces.
IfT e L(E,L(F,G)),and z € E, y € F, let j(T)(x,y) = (T(x))(y).
Show that j(T') is a continuous bilinear mapping from E x F into G.
Show that j is a bijective linear mapping of L(E, L(F,G)) onto the
vector space B(E, F'; G) of continuous bilinear mappings from E x F'
into G. If b € B(E, F;QG), let

61} = sup{[|b(z, )l = 1=l < 1, lyll - < 13-

Show that this is a norm on B(F, F'; G), and that with this norm the
mapping j is an isometry. Deduce that if G is a Banach space, then
so is B(E, F;G).

Suppose that E and F' are Euclidean spaces, with orthonormal bases
(e1,...,em) and (f1,..., fn) and that T € L(E, F) is represented by
a matrix (¢;;) with respect to these bases. What matrix represents
the adjoint T"?

If x € Iy, let R(x); =0 and (R(z)),, = xp—1 for n > 1: R is the right
shift on ly. What is R'? Show that R'R is the identity on ls. What is
RR'?
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14.3.5 If H is a Hilbert space and T' € L(H), then T is unitary (in the
complex case) or orthogonal (in the real case), if it is an isometry
of H onto itself. Show that 7" is unitary (orthogonal) if and only if
TT*=T*T=1(TT =TT =1).

14.3.6 Suppose that K is a closed linear subspace of a Hilbert space H.

(i) Show that if z € H then there is a unique point P(z) in K such

that ||z — P(x)|| = inf{||ly — z|| : y € K}.

(ii) Show that P(z) is the unique point in K with z — P(x) € K+,

(iii) Show that the mapping x — P(z) is linear and that P is
continuous, with ||P|| < 1. When is || P|| less than 17
P is the orthogonal projection of H onto K.

(iv) Show that P = P* (P = P') and that H = K ® K.
[Compare this with the construction in Proposition 11.4.3, when
H is finite-dimensional.]

14.3.7 Suppose that ¢ is a non-zero continuous linear functional on a Hilbert
space H, and that ¢(xg) = 1. Let N be the null-space of ¢, and let
P be the orthogonal projection of H onto N. Let zy = z¢g — P(xg).
Show that ¢(zp) = 1 and that ¢(z) = (x, ) / || 20|, for z € H.

(This gives another proof of the Fréchet-Riesz representation
theorem.)

14.4 *Tietze’s extension theorem*

(This section can be omitted on a first reading.)

As an application of the results of the two previous sections, we prove
Tietze’s extension theorem. We need a preliminary result, of interest in its
own right.

Theorem 14.4.1 Suppose that (E1,|.||;) is a Banach space and that
(Ea,||.1l5) is a normed space; let their closed unit balls be By and Ba, respec-
tively. Suppose that T' € L(Ey, E2) and that there exist 0 <t <1 and ¢ > 0
such that eBy C (1 —t)T'(B1) + teBy - that is, if y € €By there exist x € By
and z € €By such that y = (1 —t)T'(x) + tz. Then the following hold:

(i) eBy C T(By);

(ii) T is surjective;

(i3) If U is open in Ey then T'(U) is open in Es;

(v) (E2, ||.]l5) is a Banach space.

Proof (i) Suppose that zy € €By. Then there exist x1 € By and 21 € €Bs
such that zp = (1—1¢)T'(x1)+t21; iterating this, there exist sequences (z,,)° ;
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in By and (2,)9%, in e€By such that z, = (1 — )T (zp+1) + tznt1, for n € N.
Thus

20=(1—=T(21) + (1 — )T (txg) + -+ (1 = )Tt wpy1) + " 241
= (1 =t)T(z1 +tos + -+ t"Tpp1) + " 2.

Since
o o0 o
SO | =Dt | <>t =1/(1 1),
n=1 n=1 n=1

Sy t"lx, converges absolutely to an element x of E;, and
lz|| < 1/(1 —t). Since t"*1z,,1 — 0 as n — oo, it follows that zy =
(1—=t)T(x) =T((1 —t)z). Since ||(1 —t)z|| = (1 —t) ||z|| < 1, 20 € T(By).
(11) T(El) = T(U%ozlnBl) = U;L.OZIHT(Bl) D) U;L.OZITLEBQ = FE>.
(iii) Suppose that y = T'(z) € T'(U). There exists 0 > 0 such that Ms(z) =
x + 6B1 C U. We show that y + edBy C T(U), so that T'(U) is open. If
z=y+w € y+ edBy then there exists v € ¢ B; such that w = T'(v). Thus

z2=T@)+Tw)=T(x+v)eT(x+0B1) CT{U).

Hence y + edBy C T'(U).

(iv) In order to show that (Fs,||.||,) is a Banach space, we use Propo-
sition 14.2.5. By homogeneity, if y € Fs there exists € F; with
llzll; < llylly /e for which T'(x) = y. Suppose that (y,)22, is a sequence
in By with Y >7, |lynlly < oo. For each n € N there exists x, € E; with
lznll; < llynlly /€ such that T(z,) = y,. Thus Y 7, ||z,]; < oco. Since
(E1,|-|ly) is a Banach space, Y~ x, converges in Fj, to s, say. Since T
is continuous, Y o7 yp =y ooy T(xy,) = T'(s). Thus (Es, ||, ||,) is a Banach
space, by Proposition 14.2.5. O

Corollary 14.4.2 Suppose that (En,|.|;) is a Banach space, that
(Ea,|-|ly) is a normed space and that T € L(Ey, E). Suppose that there
exists n > 0 such that T(By) D nBg. If U is open in Ey then T'(U) is open
m EQ.

Proof  Since T(B1) C T(B1) + (n/2)Ba, it follows that nBy C T(By) +
(n/2)Bs. Set € =n/2 and t = 1/2; then By C (1 —t)T'(B}) + teBs, and the
result follows from the theorem. O

Theorem 14.4.3 (Tietze’s extension theorem) Suppose that f is a
bounded continuous real-valued function on a closed subset A of a mormal
topological space (X, 7). Let

M =sup{f(a):a€ A}, m=inf{f(a):a € A}.
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Then there exists a continuous real-valued function g on X such that g(a) =
f(a) forae A, and m < g(z) < M forz e X.

Proof  The result is obviously true if f is constant. Otherwise, by consid-
ering f — (M + m)/2, we can suppose that m = —M, and by considering
f/ I fll, we can suppose that M = 1 and m = —1. Let R be the restriction
mapping from Cy(X) — Cy(A); R(f) = fla- We show that R satisfies the
conditions of Theorem 14.4.1, with t = 2/3 and ¢ = 1. Let

B={acA:f(a)>1/3} and C={a € A: f(a) <—1/3}.

Then B and C' are disjoint closed subsets of X, and so by Urysohn’s lemma
there exists g € C(X) with ||g||, < 1/3 such that g(b) = 1/3 for b € B and
g(c) = —1/3 for c € C. Then

0< f(x)—g(x)<2/3, foraxce B,
0> f(x) —g(x) >—-2/3, forxeC,
|f(@) = g(@)] < |f(x)] +1g(x)] <2/3  forze A\ (BUC).

Thus ||f — R(g)||,, < 2/3. Let us set p = 3¢ and ¢ = (3/2)(f — R(g)).
Then |p|l <1, |l¢llo <1 and f = (1/3)R(p) + (2/3)q. Consequently, if
[ € Cy(A) there exists g € Cp(X) with R(g) = f and ||g]|, = | f|l -

O

We can drop the requirement that f is bounded.

Corollary 14.4.4 (i) If m < f(z) < M there exists a continuous function
g on X such that R(g) = f and such that m < g(x) < M for xz € X.

(ii) If F is a continuous function on A then there exists a continuous
function G on X such that G(a) = F(a) for a € A.

Proof (i) Again, we can suppose that M = —m = 1. There exists h €
Cp(X) such that R(h) = f and ||h||,, < 1. Let D = {z € X : |h(x)| = 1}.
Then D is a closed subset of X disjoint from A. By Urysohn’s Lemma, there
exists k € Cy(X) with 0 < k <1 for which k(a) =1 for a € A and k(d) =0
for d € D. Then g = h.k has the required properties.

(i) Let f = tan~!oF, Then f € Cy(A) and —7/2 < f(a) < 7/2 for a € A.
By (i), there exists g € Cy(X) with R(g) = f and —7/2 < g(z) < 7/2 for
x € X. Let G = tanog. O

14.5 The completion of metric and normed spaces

Starting with the field Q of rational numbers, we constructed the field R of
real numbers. This fills up the gaps in the rationals — any Cauchy sequence
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converges — but does so in an efficient way, since any real number is the limit
of a sequence of rational numbers.

We can do the same for any metric space. A completion of a metric space
(X, d) is a complete metric space (X , cf), together with an isometric mapping
j of X onto a dense subset j(X) of X. We have the following fundamental
theorem.

Theorem 14.5.1 Any metric space (X,d) has a completion. The com-
pletion is essentially unique: if (X,d),7) and ((X d),j") are completions
of (X,d) then there is a unique isometry k of (X,d) onto (X,d) such that
j'=koj.

Proof  We give two proofs of the existence of a completion. The first is
short, but quite artificial. We have shown in Example 11.5.12 that there is an
isometry j of (X,d) into (B(X),||.||,,), and have shown that (B(X), ||.||.,)
is a Banach space. We therefore take X to be the closure j(X ) of j(X)
in B(X), and take d to be the subspace metric. Then (X,d) is complete
(Proposition 14.1.3) and j(X) is dense in (X, d).

The second proof is longer but more natural, and is useful when we con-
sider normed spaces. If (a,,)22 is a Cauchy sequence in X then j(a,) must
converge to a unique element of the completion, so that (a,)5° ; determines
an element of the completion. In general, however, there are many Cauchy
sequences which determine this element. We therefore define the elements
of the completion of (X,d) to be equivalence classes of Cauchy sequences
in X.

Let Y be the set of all Cauchy sequences in (X,d). Suppose that a =
(an)pe; and b = (b,)02; are in Y. If € > 0 then there exists ng € N such
that d(am,a,) < €/2 and d(by,,b,) < €/2 for m,n > ng. It follows from
Proposition 13.3.2 that

|[d(@m, bm) — d(an, by)| < d(am, an) + d(bm, by) < €, for m,n > ng.

Thus (d(an, by))52 is a Cauchy sequence of real numbers, which converges,
by the general principle of convergence, to a limit p(a,b). Clearly p(a,b) =
p(b,a), and

pla,c) = lim d(ay,cy)

n—o0

< lim d(an,b,) + lim d(bn,c,) = p(a,b) + p(b, c),

n—o0 n—o0

so that p is a pseudometric on Y. We now apply Proposition 11.1.13: there
exists an equivalence relation ~ on Y and a metric d on the quotient space
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Y/ ~ (which we denote by X) such that the quotient mapping ¢ : Y — X
satisfies d(q(a), q(b)) = p(a,b), for a,b €Y.

Next we define the mapping j : X — X.Ifz € X, let 2, = x for all n € N;
the constant sequence c(z) = (x,)22 is certainly a Cauchy sequence. We

set j(z) = q(c(z)). If z,2" € X then

p(c(a:),c(x/)) = lim d(xmyn) - d(.’L‘,y),

n—oo

so that d(j(z),j(y)) = d(z,y), and so j is an isometry of (X,d) into (X, d).

We now show that j(X) is dense in (X,d). Suppose that #eX
and that #=gq(a) where a=(a,)}2, €Y. If NeN then p(a,clan)) =
lim,, oo d(an,an) — 0 as N — oo. Thus a?(gf?,j(aN)) — 0 as N — oo,
so that j(X) is dense in (X, d).

The metric space (X,(i), together with the isometry j, will be the
completion of (X, d).

We now come to the crux of the proof, and show that (X, (i) is complete.
Suppose that (2(%))2° | is a Cauchy sequence in (X,d). Since j(X) is dense
in (X,d), there exist zj, € X with d(2®, j(x})) < 1/k, for k € N. Then

A~

(i), () — d@®,20)] < 1/k +1/1,

so that (j(x1))32, is a Cauchy sequence in (X,d). Since j is an isom-
etry, (zr)52, is a Cauchy sequence in (X,d). Let &=q((xx)32,). Then
af(j(xl),i?): limg o0 d(xy, 1) and so a?(j(a:l),i?) — 0 as | — oo, since
(x1)72, is a Cauchy sequence. Thus j(x;) — 2 as | — oo. Consequently

d@",2) < d@Y, j(a) + d(j(e),2) < 11+ d(i(ar), &) = 0

as [ — 0o. Thus £; — Z as | — .

Finally, we show that the completion is essentially unique. The mapping
jloj! inu
By Theorem 14.1.10, there is a unique continuous extension k : (X,d) —

is an isometry from j(X) into (X, d), and so is uniformly continuous.

(X,d), and k is an isometry. k‘(X ) is therefore complete, and so is closed
in X. But j/(X) C k(X), and j/(X) is dense in X, and so k(X) = X: k is
surjective. O

Because of the essential uniqueness of completion, we usually talk about
the completion of a metric space, and consider X as a dense subset of its
completion (just as we consider the field Q of rational numbers as a subfield
of the field R of real numbers).

There is a corresponding result for normed spaces.
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Theorem 14.5.2  Suppose that (E, ||.||) is a normed space. There exists a
Banach space (E, I, and an isometric linear mapping j : E — E such
that j(E) is a dense linear subspace of E. (E,||.|") is the completion of E.
It is essentially unique: if ((E,|.||"),j") is another completion then there is
a unique linear isometry k of (E,|.||") onto (E,||.|") such that j' = ko j.

Proof  Consider the second construction of Theorem 14.5.1, using Cauchy
sequences. The space Y of Cauchy sequences has a natural vector space
structure: define

(an)iil + (bn)%ozl = (an + bn)%ozla /\(an)?f:l = (Aan)%ozla

verifying that the sum and scalar product are in Y. The pseudometric p
is given by the seminorm m, where 7(a) = p(a,0) = lim, 0 ||an]. The
equivalence class ¢(0) to which 0 belongs is

N = {(an)y=; : ap, — 0 as n — oo},

which is a linear subspace of Y. Further, ¢(a) = a + N, so that F is the
quotient vector space E/N, and j is a linear mapping of E into E. If we
set ||2]|” = d(&,0), then ||.| " is a norm on E which defines d, and under
which E is a Banach space. The facts that j is an isometry and that j(F) is
dense on F come from Theorem 14.5.1, as does the existence of an isometry
k : E — E. It remains to show that k is linear. If z,9 € E, there exist
sequences (z,)5>; and (y,)s2, in E such that j(z,) — & and j(y,) — 9
as n — oo. Then j(z, + y,) — & + ¥, and so, using the continuity of j, j’
and k,
k(j) + k(g) = k( lim ]($n)) + k( lim ](yn)) = lim ]/($n) + lim ]l(yn)
n—oo n—oo n— o0

n— o0
= lim (5'(2n) + j'(yn)) = Hm (§'(zn + yn))
n—oo n— o0
= k( lim (j(zn + yn))) = k(& + §).
n— o0
Scalar multiplication is treated in a similar way. a
Again, we consider (E,||.||) as a dense linear subspace of its completion

(B, ]111).

Exercise

14.5.1 Define the notion of a convergent sequence in Q and a Cauchy
sequence in Q, using rational numbers, rather than real numbers.
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Show how the second proof of Theorem 14.5.1 can be used to con-
struct the completion Q of Q. Show that Q is an ordered field, and
that every non-empty subset of Q which is bounded above has a least
upper bound.

[This is another way of constructing R from Q.]

14.6 The contraction mapping theorem

If f is a mapping of a set X into itself, then an element x of X is a fized point
of fif f(z) = x. As we shall see, fixed points frequently have interesting
properties.

A mapping f : (X,d) — (X, d) of a metric space into itself is a contraction
mapping of (X,d) if there exists 0 < K < 1 such that d(f(x), f(y)) <
Kd(z,y) for all z,y € X; that is, f is a Lipschitz mapping with constant
strictly less than 1. The fact that the constant K is strictly less than 1 is of

fundamental importance.

Theorem 14.6.1 (The contraction mapping theorem) If f is a contraction
mapping of a non-empty complete metric space (X,d) then f has a unique
fized point x.

Proof Let K be the Lipschitz constant of f. Let xg be any point of

X. Define the sequence (x,,)52, recursively by setting x,41 = f(z,). Thus
xn = f"(x0), and

d(xnwxn—f—l) < Kd(xn—hxn) < sz(xn—%xn—l) <-..- < Knd(xO;xl)-

We show that (z,)7 is a Cauchy sequence. Suppose that € > 0. There exists
no € N such that K" <(1— K)e/(d(zg,z1)+1) for n>ng. If n>m>ng
then

d($m> xn) < d(l’m, $m+1) + d($m+1> xm+2) + -+ d($n,1, $n)
< Kmd(xo,xl) + Km+1d($0,$1) + -+ K"_ld(xo,xl)
< K™d(xg,71)/(1 — K) < e.

Since (X, d) is complete, there exists zo, € X such that z,, =z as n — oco.
Since f is continuous, zy,+1 = f(x,) = f(Zeo) as n — 00, and 80 oo = f(2s0):
Too 18 a fixed point of f. If y is any fixed point of f then d(y,x.) =
d(f(y), () < Kd(y,7s0); hence d(y,To) = 0, and y = Too; Too is the
unique fixed point of f. O
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Three points are worth making about this proof. First, we start with any
point zo of X, and obtain a sequence which converges to the unique fixed
point z; further, d(xo, z) < d(xo,21)/(1 — K). Secondly, d(zp4+1,%00) =
d(f(zn), f(s0)) < Kd(p,Txo), so that d(z,, o) < K™d(x0, 2 ); the con-
vergence is exponentially fast. Thirdly, the condition that d(f(x), f(y)) <
d(z,y) for x # y is not sufficient for f to have a fixed point. The func-
tion f(x) = =z 4+ e ® : [0,00) — [0,00) does not have a fixed point,
but satisfies the condition; if 0 < y < z < oo then, by the mean-value
theorem, f(z) — f(y) = (1 — e ¢)(x — y) for some z < ¢ < y, so that

[f (@) = f(y)] <z —yl.

Corollary 14.6.2 Suppose that g is a mapping from X to X which
commutes with f: fog=go f. Then x is a fized point of g.

Proof  f(9(70)) = 9(f(2a0)) = 9(Tx0); 9(To) is a fixed point of f, and so
9(Too) = Too- 0

We can strengthen the contraction mapping in the following way.

Corollary 14.6.3  Suppose that h : (X,d) — (X4) is a mapping of a com-
plete metric space into itself, and suppose that h* is a contraction mapping
for some k € N. Then h has a unique fized point.

Proof  Let f = h*. Then f has a unique fixed point .. As foh = ho f =
fEFL 2 is a fixed point of h. If y is a fixed point of h then f(y) = h*(y) = v,
so that y = x; Too is the unique fixed point of f. O

Suppose that (X, d) and (Y, p) are metric spaces and that f: X xY — Y
is continuous. Can we solve the equation y = f(z,y) for each x € X7 In
other words, is there a function ¢ : X — Y such that ¢(x) = f(z, ¢(z)) for
each x € X7 If so, is it unique? Is it continuous?

Our first application of the contraction mapping theorem gives sufficient
conditions for these questions to have a positive answer. It can be thought
of as a contraction mapping theorem with a continuous parameter.

Theorem 14.6.4 (The Lipschitz implicit function theorem) Suppose
that (X,d) is a metric space, that (Y,p) is a complete metric space
and that f: X XY =Y is continuous. If there exists 0 < K <1 such that
o(f(x,y), f(x,y) < Kp(y,y') for allz € X and y,y' € Y then there erists
a unique mapping ¢ : X — 'Y such that ¢(z) = f(x,¢(x)) for each x € X.
Further, ¢ is continuous.

Proof  The proof of existence and uniqueness follows easily from the con-
traction mapping theorem. If z € X then the mapping f, : ¥ — Y defined



414 Completeness

by fz(y) = f(x,y) is a contraction mapping, which has a unique fixed point
¢(z). Then f(z,d(x)) = fo(¢(x)) = ¢().

It remains to show that ¢ is continuous. Suppose that x € X and that
e > 0. There exists § > 0 such that if d(z,z) < § then

p(d(x), (2, 6(2))) = p(f(2,0(2)), f(2,¢(2))) < (1 - K)e.
If d(z,z) < 0, then

p(¢(x), ¢(2)) < p(d(2), (2, 0(x)) + p(f (2, ¢(2)), f (2, ¢(2)))
< (1= K)e+ Kp(o(x), 6(2)),

so that p(¢(z),d(2)) <e. O

Our next application, which uses Corollary 14.6.3, gives a proof of
the existence and uniqueness of solutions of certain ordinary differential
equations.

Theorem 14.6.5 Suppose that M > 0 and that L > 0. Suppose that H is
a continuous real-valued function on the triangle

T={(z,y) eR*:0< 2 <b,|y <Mz},

that |H(z,y)| < M and that |H(z,y) — H(z,y')| < Lly — /|, for (z,y) €
T and (z,y') € T. Then there exists a unique continuously differentiable

function f on [0,b] such that f(0) =0, (z, f(z)) € T for z € [0,b] and

af

I (x) = H(z, f(z)) for all x € [0,D].

Proof If f is any solution, then

[f (@) = [f(z) = f(O)] = I/Oz H{(t, f(t))dt| < /Oz [H(t, f(t))|dt < Mz,

for 0 < x < b, so that the graph of f is contained in T'. The second condition
is a Lipschitz condition, which is needed to enable us to use the contraction
mapping theorem.

First let us observe that the fundamental theorem of calculus shows that
solving this differential equation is equivalent to solving an integral equation.
If f is a solution, then, as above,

f(z) = f(z) — f(0) = /0 Flt)dt = /OxH(t,f(t))dt for all z € [0,b].
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Conversely, if f is a continuous function which satisfies this integral equation,
then f(0) = 0 and the function J(f)(z) = [; H(t, f(t))dt is differentiable,
with continuous derivative H(z, f(z)). Thus f'(x) = H(z, f(x)) for z €
[0, 0].

Let X = {g € C[0,b] : |g(x)] < Mz for z € [0,b]}. X is a closed subset
of the Banach space (C10,0],]|.||,,), and so is a complete metric space under
the metric defined by the norm. We define a mapping J : X — C[0,b] by
setting

J(g)(x) = /OIH(t,g(t))dt, for x € [0, b].

Then J(g) is a continuous function on [0, b] and
@@ < [ Mt =z,
0

so that J(g) € X. We now show by induction that, for each n € Z™,

L™

[T (g)(x) = J"(h)(x)] <

—lg =l , for g,h € X and 0 < = < b.
n!

The result is certainly true for n = 0. Suppose that it is true for n. Then
|7 () (@) — T (R) ()] S/O [H (t, J"(g)(t)) — H(t, J"(h)(t))| dt
< [ 0@ - rwoa

x Ln+1
S/ lg — hll ., t"dt
0

n!

Ln+1$n+1

= m”g—h\\m-

Thus

L"p"
n!

Now L™"/n! — 0 as n — oo, and so there exists & € N such that

LFbF /k! < 1. Thus J* is a contraction mapping of X. We apply Corollary

14.6.3. J has a unique fixed point f, and f is the unique solution of the

177 (g) = J* (M)l

Hg - h”oo .

oo —

integral equation. O

The next application of the contraction mapping theorem is an inverse
function theorem.
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Theorem 14.6.6 (The Lipschitz inverse function theorem) Suppose that
U is an open subset of a Banach space (E,|.||) and that g : U — E is a
Lipschitz mapping with constant K < 1. Let f(x) = x + g(x). If the closed
neighbourhood M. (x) of = is contained in U then

Ma—gye(f(2)) € fF(Mc(2)) € M1y rye(f (2))-

The mapping f is a homeomorphism of U onto f(U), f~' is a Lipschitz
mapping with constant 1/(1 — K), and f(U) is an open subset of E.

Proof  Since x —y = (f(x) — f(y)) — (9(z) — g(v))
|z =yl < 1 f(x) = fF)I + llg(z) — gl < Nf(x) = fF)| + K ||z =y,

so that || f(z) — f(y)|| > (1 — K) ||z — y||. Thus f is one-one, and f~!is a
Lipschitz mapping with constant 1/(1 — K).

Suppose that € U and that the closed neighbourhood M, (x) is contained
in U. Then

1 () = FWI < llz =yl + llg(z) — gyl < (1 + K) [lz =y,

so that f(Mc(x)) € M yx)e(f(x)).

Suppose that y € M _g)(f(x)). Let h(z) =y — g(2), for z € M(z). We
shall show that h is a contraction mapping of M. (z). First, if z € M(x)
then

1h(z) =zl = lly =2 = g(2)ll = ly = f(2) + 9(z) — g(2)
<y = f@)[+llg(z) —g(2)|| < (1 - K)e+ Ke =,

so that h(M,(z)) C Mc(x). Secondly,

11(2) = h(w)l| = llg(2) = g(w)]| < K ||z — w]],

so that h is a contraction mapping of M. (z). Since M,(x) is closed, it is
complete, and so h has a unique fixed point v. Then v = y — g(v), so that
y = f(v) € f(Mc(x)). Thus M(1_f)e(f(z)) € f(Me(x)). Consequently, f(U)

is an open subset of E. O

We shall use this theorem later to prove a differentiable inverse function
theorem (Theorem 17.4.1).

We can apply this result to linear operators on (E,|.||). In this case,
however, it is more natural to proceed directly. Suppose that S,T € L(E).
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Then the composed map S oT € L(FE). Further,

sup{[[S(T'(x)) = [l=] < 1}
IS sup{[|T(@)[| - [z} <1} = [[S]- [T -

15 o T

IN

We set T° = I. Then ||T"|| < ||T||" for all n € Z*. We use this inequality
to prove the following.

Theorem 14.6.7 Suppose that (E, ||.||) is a Banach space, that T' € L(E)
and that HTkH < 1 for some k € N. Then Yo" T™ converges absolutely
in L(E). If S =502 T" then (I —T)S =S(I —T) =1, so that I — T is
inwvertible, with inverse S.

Proof  Since HT"kH < HT’“H” forne N, Y >, HT"kH < 0o. Thus

k—1
S =33 [ < 33 )
n=0 7=0n=0 j=0n=0

k—1 ' 0
S 7| (ZHTW
7=0 n=0

><m,

and so > 2 ;T™ converges absolutely in A, to S, say. In particular, 7" — 0
as n — oo. Let S, =377 T7. Then

(I-T)S,=8S,(I-T)=1-T""" = Iasn— 0.

But (I -T7)S, - (I —-T)S and S,(I = T) = S(I—T) as n — oo, and so
(I-T)S=SI-T)=1. O

Corollary 14.6.8 If |T|| < I then I —T is invertible, and
| = 7)Y < 1/(1 - |7,

Proof  We can take kK = 1. Then

151 < Z 17" < Z 17" = HTH

The series Y2 T is called the Neumann series.
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Corollary 14.6.9 Let GL(E) be the set of invertible elements of L(E).
Then GL(E) is an open subset of L(E), and the mapping S — S~' is a
homeomorphism of GL(E) onto itself.

The set GL(FE) is a group under composition. It is called the general linear
group.

Proof  Suppose that Se€GL(E). Let a= HSilel. Suppose that
|U|l <a/2. Then ||US7Y| < ||U]l /o < &, so that I + US™! is invertible
and H(I—i— USfl)*lH < 2. Then S+ U = (I + US™!)S is invertible, with
inverse S~ (I+US™1)~1, so that GL(E) is an open subset of L(E). Further,
NS+D)7H < [S7H- T+ US™H7Y| < 2/ Now (S +U)~! = 571 =
—(S+U)"'US™!, so that

[(S+0)~" =57 <2|U] /a2,

and (S+U)~! — S~!as U — 0. Thus the mapping S — S~ is continuous
on GL(E). Since (S71)~! = S, it follows that the mapping S — S~!is a
homeomorphism of GL(FE) onto itself. O

Corollary 14.6.10 Suppose that E and F are Euclidean spaces and that
1<k <d=dimF. The set Ly(E, F) of linear mappings in L(E, F) of rank
greater than or equal to k is an open subset of L(E, F). In particular, the set
Lq(E, F) of surjective mappings in L(E, F) is an open subset of L(E, F).

Proof  Suppose that T' € Li(FE,F). Let N be the null-space of T, let
Ey = N+, and let j : E; — E be the inclusion mapping. Let F} = T(E) =
T(F;) and let P : F — Fj be the orthogonal projection of F' onto F;. Then
Ty = PoT ojis a linear isomorphism of E; onto Fy. Let 6 = 1/ HTle If
Sy € L(Ey, Fy) and [|S; — T1|| < 4 then ||T7 ! 0 S1 — I|| < 1,s0 that T;7'S; €
GL(E7). Hence S is a linear isomorphism of Fj onto Fi. If S € L(E, F) and
|S =T < ¢ then ||(PoSoj)—Ti| < 4, so that P o S o j is a linear
isomorphism of E; onto Fj, and therefore has rank k. Thus rank(S) >
rank(P o Soj) > k. O

Let us apply Theorem 14.6.7 to some linear integral equations. First sup-
pose that K is a bounded uniformly continuous real-valued function on the
square [a, b] X [a,b], that g € C([a,b]) and that A is a parameter in R. We
seek a solution f € C([a,b]) to the Fredholm integral equation

b
f(2) = glz) + A / K(x.9)(y) dy for z € [a,)].
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K is the kernel of the equation. K defines an element of L(C([a,b])): if
feC(la,b]) let

/Kwy y) dy for = € [a, b].

First we show that Tx(f) € C([a,b]). Suppose that ¢ > 0. Let n =
€/(b—a)(||flloo +1). There exists 6 > 0 such that

K (2,y) — K(2,y)| <nif |[v —2'| < and |y —y'| < 4.

If |z — 2/| < § then

b
L)) = TP < [ 1K ew) - K@ )l£0)] dy
<l (b~ ) <

Thus Tk (f) is continuous on [a, b].
Further

T (f \</ K (2, 9)f ()] dy < (b— a) K| o [ fle

where | K|, = sup{|K(z,y)| : (z,y) € [a,b] x [a,b]}. Consequently Tk €
L(C([a,b])), and ||Tx| < (b —a) || K| - Thus if |A|(b — a) || K], < 1 then
ATk || < 1, and so the continuous linear operator I — ATk is invertible.
Thus for each g € C([a,b]) there exists a unique f € C([a,b]) such that
(I — \XTx)f = g; the Fredholm integral equation has a unique solution if
AN Trec |} < 1.

Next, we consider the Volterra integral equation

f(z) —}—)\/ny y) dy for = € [a, b],

where K is a bounded uniformly continuous function on the triangle T" =

{(z,y) :a<y<ax<b}.If feC(a,b]) let

/ny y) dy for x € [a, b].

Again, Vi (f) € C([a,b]). We claim that

(w—a)

VE()(2)] < IKI% 1/l for @ € [a,b] and n € Z7,
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where || K|, = sup{|K(z,y)| : (x,y) € T'}. We prove this by induction. The
result is certainly true when n = 0. Suppose that it holds for n. Then

V() ()] =

[ Ko dy] < [M K@ VRl

n LS H”+1 N n
<Kl !V yldy < ——= £l —a)"dy

(.’L‘ — a’) n+1
= E ol e 1

In particular, ||V2|| < (b—a)™ || K||L, /n!, and so [A|" ||[VE] — 0 as n — oco.
Thus [A|™ [|[V2]| < 1 for large enough n, and so 1 — AV is invertible for all
A € R; the Fredholm integral equation has a unique solution, for all A € R.

A concluding remark: as we shall see in the next chapter, it is enough to
assume that the kernels in the Fredholm and Volterra equations are contin-
uous, since this implies that they are bounded and uniformly continuous.

Exercises

14.6.1 Give an example of a surjective contraction mapping f on an
incomplete metric space (X, d) with no fixed point.

14.6.2 Suppose that f, g are contractions of a complete metric space (X, d).
Show that there exists unique points xg and yo in X such that xy =
9(yo) and yo = f(zo).

14.6.3 Suppose that h € C([a,b]). If f € C([a,b]), let Ih(f) =
f f(z)h(x)dz. Show that if C([a,b]) is given the uniform norm then
lpisa contmuous linear functional, and ||| = fab |h(z)| dz. [Consider
approximating sums to the integral.]

14.6.4 Suppose that K is the kernel of a Fredholm operator on C([a,]).
Show that [|[Tk| = sup{fab |K(x,y)|dy : x € [a,b]}.

14.6.5 Verify that if f € C([a,b]) then Vi (f) is continuous.

14.7 *Baire’s category theorem*

(This section can be omitted on a first reading.)

We now prove Baire’s category theorem, which is a straightforward
extension of Osgood’s theorem to complete metric spaces.

Theorem 14.7.1 (Baire’s category theorem) If (U,) is a sequence of dense
open subsets of a complete metric space (X,d) then N>, Uy, is dense in X.
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Proof  Suppose that V is a non-empty open subset of X. We must show
that V N (N92,U,) is not empty. Since U; is dense in X, there exists ¢; €
V' N U;. Since V N U; is open, there exists 0 < ¢; < 1/2 such that

]\761 (Cl) Q ]\161 (Cl) Q VN Ul.
We now iterate the argument; for each n € N there exist
¢n € N, _(cp—1)NU, and 0 < ¢, < 1/2"

such that
Ne, (en) € M, (en) € Ne,_,(cn—1) NUp.

The sequence (N, (c,))s2, is decreasing, so that if m,p > n then

Cm € M, (¢n) and ¢, € M, (c;,), so that
d(cm, cp) < d(Cm,cn) + d(cn, cp) < 2/2%;

thus (c,)5%; is a Cauchy sequence in (X,d). Since (X,d) is complete, it
converges to an element ¢ of X. Suppose that n € N. Since ¢, € M., (c,)
for m > n and since M, (cy,) is closed, ¢ € M, (c,) C Uy,. Thus c € N2, U,.
Further, ¢ € M, (c;) CV,and soce V. 0

Note that the proof uses the axiom of dependent choice. This cannot be
avoided: if Baire’s category theorem is true for all complete metric spaces
then the axiom of dependent choice must hold (Exercise 14.7.4). On the
other hand, the theorem can be proved for separable complete metric spaces
without using the axiom of dependent choice (Exercise 14.7.5).

The following corollary is particularly useful.

Corollary 14.7.2  Suppose that (Cy,)>2, is a sequence of closed subsets of
a complete metric space (X, d) whose union is X. Then there exists n such
that C,, has a non-empty interior.

Proof  Let U, = X \ C,. Then (U,)52, is a sequence of open sets and
Mo, U, is empty, and so is certainly not dense in X. Thus there exists U,

which is not dense in X; that is C}, has a non-empty interior. O

It is sometimes useful to have a local version of this corollary. This depends
upon the important observation that the hypotheses and conclusions of the
theorem are topological ones, so that Baire’s category theorem applies to
topologically complete metric spaces; in particular, by Theorem 14.1.13, it
applies to open subsets of complete metric spaces, and to G5 subsets of
complete metric spaces.
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Corollary 14.7.3  Suppose that (Cy,)22 is a sequence of closed subsets of
a complete metric space (X, d) whose union contains a non-empty open set
W. Then there exists n such that C,, "W has a non-empty interior.

Proof  The sets C,, "W are closed subsets of W whose union is W, and so
there exists n and a non-empty open subset V of W such that V' C C,, N W.
Since W is open in X, it follows that V is open in X. O

Baire proved his theorem (for R™) independently of Osgood. It was
included in his doctoral thesis, published in 1899. Why is the word ‘cat-
egory’ used? This is a matter of terminology. A subset A of a topological
space is said to be nowhere dense if its closure has an empty interior. It is
said to be of the first category in X if it is the union of a sequence of nowhere
dense sets, and is said to be of the second category in X if it is not of the first
category in X. Thus Corollary 14.7.2 states that a complete metric space is
of the second category in itself.

Let us now turn to some applications of the theorem.

Proposition 14.7.4  Suppose that F' is a set of continuous mappings from
a complete metric space (X,d) into a metric space (Y,p), with the prop-
erty that F(z) = {f(x) : f € F} is bounded, for each x € X. Then there
exists a non-empty open subset U of X and a positive number K such that
diam (F(x)) < K for each x € U.

Proof 1If f,g € F then the function x — p(f(z),g(z)) is continuous on X
and so the set {x € X : p(f(x),g(x)) < n} is closed. Consequently the set
Cp ={z € X :diam (F(z)) < n}
= Nyger{z € X : p(f(2),9(x)) <n}

is closed. By hypothesis, X = U2 (), and so there exists n such that C,
has a non-empty interior. O

The corresponding result for continuous linear mappings is more useful.

Theorem 14.7.5 (The principle of uniform boundedness) Suppose that A
is a set of continuous linear mappings from a Banach space (E,|.||5) into
a normed space (F,||.|p) with the property that A(x) = {T'(x) : T € A} is
bounded, for each x € E. Then sup{||T|| : T € A} is finite.

Proof Let C, = {x € E : sup{||T(z)|| : T € A} < n}. Then (C,), is
a sequence of closed sets whose union is F/, and so there exists n such that



14.7 *Baire’s category theorem™ 423

C,, has a non-empty interior. Thus there exists ¢ € E and € > 0 such that
M(z9) CC,. Let K =1/e. If T'€ A and ||z||; <1 then

IT(@)p = K|T(ex)llp = K ||T(x0 + ex) = T(2o)l|p
< K(IT(zo + ex)[p + [ T(20)]| p) < 2Kn,

so that ||T]| < 2Kn. O
The contrapositive is equally useful.

Theorem 14.7.6 (The principle of condensation of singularities)  Suppose
that D is an unbounded set of continuous linear mappings from a Banach
space (E,||.||g) into a normed space (F,||.|z). If x € E, let D(z) = {T(z) :
T € D}.Then H = {x € E : D(x) is unbounded} is of the second category
in E.

Proof  For each n € N, the set G,, = {x € E : suppcp ||T(z)|| < n}is a
closed nowhere dense subset of F, so that U,enG), is of the first category in
E. By Baire’s category theorem, H cannot be of the first category in £. O

The principle of uniform boundedness has the following consequence.

Theorem 14.7.7 (The Banach-Steinhaus theorem)  Suppose that (T,,)°
is a sequence of continuous linear mappings from a Banach space (E,||.||5)
into a normed space (F,||.|p), and that T,,(x) converges, to T'(x), say, as
n — oo, for each v € E. Then T is a continuous linear mapping from E

mto F.

Proof  The mapping T is certainly linear. For each x € X, the set
{T,.(z) : n € N} is bounded. By the principle of uniform boundedness,
there exists K such that ||T,|| < K for all n € N. If z € FE then
T ()| p = limy—o0 [|T0(2)|| p < K ||| 5, so that T is continuous. 0

(Terminology varies; many authors call the principle of uniform bound-
edness the Banach—Steinhaus theorem.)

We now combine the Baire category theorem with Corollary 14.4.2 to
prove some of the most powerful results of Banach space theory.

Theorem 14.7.8 (The open mapping theorem) Suppose that T is a sur-
jective continuous linear mapping of a Banach space (E, ||.|| ;) onto a Banach
space (F,||.||g). If U is open in E then T(U) is open in F.

Proof Let Bg be the unit ball in E, B the unit ball in F. Let A, =
T(nBg), for n € N. Then A,, = nA;, A; is convex (Corollary 11.2.2) and
Ay = —A; . Now F = T(U2nBg) = U2 T(nBg) C UX A, so that

n=1
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F = U2 | A,. By Baire’s category theorem there exists n so that A,, has a
non-empty interior. Since the mapping y — y/n is a homeomorphism of F,
Ajq has a non-empty interior. Thus there exist yg € A; and € > 0 such that
M (yo) C Ay If |ly|| » < ethen yp+y € Ay and yo—y € A;. Since A; = — Ay,
—yo +y € A1, and since A; is convex y = %((yo +y)+(—yo+y)) € Aq, so

that A1 = T(Bg) D eBp. The result now follows from Corollary 14.4.2. O

Corollary 14.7.9 (The isomorphism theorem) If T is a bijective con-
tinuous linear mapping of a Banach space (E,|.|p) onto a Banach space
(F,||.Ilz), then T~ is continuous, so that T is a homeomorphism.

Recall that a continuous mapping from a topological space to a T}
topological space has a closed graph.

Corollary 14.7.10 (The closed graph theorem) If T is a linear mapping
of a Banach space (E, ||.||p) into a Banach space (F, ||.|p) which has a closed
graph, then T is continuous.

Proof The graph Gr of T is a closed linear subspace of the Banach
space (E,|.||g) x (F,].||p), and so is a Banach space, under the norm
(@, T(@)I| = |lzllp + 1T (@)l p. I (2, T(x)) € Gr let R((x,T(x))) = T(x)
and let L((x,T(z))) =x. R is a norm-decreasing linear mapping of G into
F', and is therefore continuous. L is a bijective norm-decreasing linear map-
ping of the Banach space G’ onto the Banach space E; it is continuous, and
so L~! is continuous, by the isomorphism theorem. Thus 7' = Ro L' is
continuous. O

This theorem says the following. Suppose that 1" is a linear mapping of
a Banach space (E, ||.||;) into a Banach space (F,||.|) with the property
that whenever (z,,)52; is a sequence in F for which z,, — = and T'(x,) — y
as n — oo, then T'(z,) — T'(z) as n — oco. Then if (z,)22 is a sequence in
E for which z,, — = as n — oo, then T'(z,,) — T'(x) as n — oo. The gain
may appear to be slight, but this is a powerful theorem.

The general principle of convergence ensures that the uniform limit of
continuous functions is continuous, but the same is not true for functions
which are the pointwise limit of continuous functions. On the other hand, as
we shall see, not every function on a complete metric space is the pointwise
limit of continuous functions. Baire used his category theorem to establish
properties of such limits.

We shall restrict attention to real-valued functions defined on a complete
metric space (X, d); the results extend easily to functions taking values in
a separable metric space. Suppose that f is a function on X. Recall that
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if A is a subset of X the the oscillation Q(f, A) of f on A is defined as
Q(f,A) = sup{|f(z) — f(y)| : z,y € A}. If x € X and 6 > 0, we set
Qs(f)(x) = Qf, Ns(x)). Then Qs(f)(x) is an increasing function of ¢ taking
values in [0, 00]. We set Q(f)(z) = inf{Qs(f)(z) : § > 0}. Then it is easy to
see that f is continuous at z if and only if Q(f)(x) = 0.

Proposition 14.7.11 If f is a real-valued function on a metric space
(X,d) and € > 0 then the set U = {x € X : Q(f)(x) < €} is open in (X, d).

Proof  Suppose that = € U,. There exists § > 0 such that Qs(f)(x) < e. If
y € Ns(z), there exists n > 0 such that N, (y) € Ns(x). Then

QN Y) < Q) < Qs(f)(z) <,
so that y € U.. Thus Ns(z) C U, and U, is open. O

Corollary 14.7.12  Suppose that f is a real-valued function on a complete
metric space (X,d) for which the set Uc = {x € X : Q(f)(x) < €} is dense
in X, for each € > 0. Then the set C of points of continuity of f is dense in
(X,d).

Proof  For C = NpZ Uy, and so the result follows from Baire’s category
theorem. O

Theorem 14.7.13 Suppose that [ is the pointwise limit of a sequence
(fn)oy of continuous functions on a complete metric space (X,d). Then
the set C' of points of continuity of f is dense in (X,d).

Proof  We show that the conditions of Corollary 14.7.12 are satisfied. Sup-
pose that € > 0. If j € Z let a;j = je/4 and let b; = a; + €/2, so that
R = Ujez(aj,bj). Suppose that V' is a non-empty open subset of X. Recall
(Theorem 14.1.13) that V is topologically complete; there is a complete
metric on V' which defines the subspace topology of V. Let

Ay i ={z eV : fi(z) € [aj,b;] for m > n}
= ﬂmzn{ﬂf eV: fm(.%') S [aj,bj]}.

Then A, ; is a closed subset of V, and V = U{A,,; : n € N,j € Z}. Note
that if 2 € A, ; then f(x) € [a;,b;]. By Baire’s category theorem, there exist
n,j such that A, ; has a non-empty interior in V. Since V is open in X,
A, ; has a non-empty interior in X. Thus there exist z € V and n > 0 such
that Ny (z) C A, ;. Then Q(f)(z) < Q,(f)(z) < €/2 <€, s0that 2 € VNU,,
and U, is dense in (X, d). 0
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In fact, we can say more.

Proposition 14.7.14  Suppose that f is a real-valued function on a com-
plete metric space (X, d) and that the set C' of points of continuity of f is
dense in (X,d). Then the set D of points of discontinuity of f is of the first
category in X.

Proof  For D = U2 B, where B, = {x € X : Q(f)(x) > 1/n}, and each
B,, is closed and nowhere dense. O

Corollary 14.7.15 If (X, d) has no isolated points, then C' is uncountable.

Proof  If not, then C' is the union of countably many singleton sets, each
of which is nowhere dense. Thus X = U}2 | B,, UC'is the countable union of
closed nowhere dense sets, giving a contradiction. O

We end this section with a remarkable result of the Catalan mathemati-
cian Ferran Sunyer y Balaguer.

Theorem 14.7.16 Suppose that f is an infinitely differentiable function
on (0,1) with the property that for each x € (0,1) there exists n € Z* such
that f)(x) = 0. Then f is a polynomial function.

Proof Let A, = {z € (0,1) : f(z) = 0}, and let E, be the interior of
Ap. Let B = U2 (E,, and let ' = (0,1) \ E. Since each A,, is closed and
since if [a,b] C (0,1) then [a,b] = US2 (A, N [a,b]), it follows from Baire’s
category theorem that E is dense in (0, 1). In particular, there exists n € N
such that E,, is not empty. Note that if m > n then (™ (z) = 0 for z € E,,,
so that E, C E,,. Note also that, by continuity, f(™(z) = 0 for = € E,.
We shall show that there exists n such that E, = (0,1). Suppose not. If
E,, # () then E,, is the union of countably many disjoint open intervals, the
constituent intervals of E,,.

Now FE is open, and is the union of countably many disjoint non-empty
open intervals, the constituent intervals of E. Suppose that I is one of them,
and that x € I. Then there exists a least m € Z* for which z € E,,, and z
is in a constituent interval I,,, of E,,. Then I,, C I. We show that I, = I.
If not, one of the endpoints of I, is in I. Without loss of generality, we can
suppose that it is a right-hand endpoint b. Since the sequence (E,)5°; is
increasing, and b € E,,, there exists a least integer p > m such that b € E,,.
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Since I, € E,, C E,_1, it follows that b is a right-hand endpoint of a
constituent interval of E,_;. Consequently, fP=Y(b) = 0. Since E, is open,
there exists ¢ > b such that (b,c) C E,. If x € (b, ¢) then

1) = 000 + [ 100 =0,
b

so that (b,c) C E,_;. Consequently b € E,_;, contradicting the minimality
of p. Thus I,,, = I. Consequently, the constituent intervals of F,, 1 are either
constituent intervals of E,,, or are intervals disjoint from FE,,.

The set F' = (0,1) \ F is a closed nowhere-dense subset of (0, 1). It is also
a perfect subset of (0,1). For if b were an isolated point of F' there would be
two disjoint open intervals in £ with b as end-point. Thus there would exist
(a,b) C B, and (b,c) C E,,, for some 0 <a <b<c<1and m,n e N. But
then b € (a,c) C Eyax(mn) C F, giving a contradiction.

We now apply Baire’s category theorem again, this time to the sequence
(A, NE)22, of closed subsets of F. It follows from Baire’s category theorem
that there exist n € N, x € F and 1 > 0 such that N,(z) N F C A,. If
y € Ny(x)NF, yis not an isolated point of F, and so there exists a sequence
(y7)521 in (Ny(x) N F) \ {y} which converges to y. Consequently

Jj—ro0 Yj —

=0.

Thus Ny (z) N F C Ap41. Iterating the argument, Ny(z) N F C Up>,A,,.

Suppose now that z € N,(x) N E. Then z is in one of the constituent
intervals I of E and one of its end-points, b say, is in N, N F'. We can
suppose, without loss of generality, that b < z. Further, there is a least
integer p such that I is a constituent interval of E,. Suppose, if possible,
that p > n. Then, arguing as above, if w € I then

£ 0 w) = 1000 + [ 100 dt =0,
b

so that I is a constituent interval of F,_1, contradicting the minimality of
p. Thus p < n, so that z € E,,. Hence N, (z) C E,, contradicting the fact
that x € F. O

Corollary 14.7.17 Suppose that f is an infinitely differentiable function
on R with the property that for each x € R there exists n € ZT such that
f™)(z) = 0. Then f is a polynomial function.
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Proof

Completeness

For f is a polynomial function on each bounded open interval of

R, and two polynomial functions which are equal on an interval must be

defined by the same polynomial. O

14.7.1

14.7.2

14.7.3

14.7.4

14.7.5

Exercises

Use Baire’s category theorem to show that a perfect subset of a

complete metric space is uncountable.

Show that the real line is not the union of a set of proper non-trivial

disjoint open intervals.

Let G,, be the set of functions f in C([0,1]) for which there exists

0 <z <1 for which |f(z) — f(y)| < n|x —y| for all y € [0,1]. Show

that G, is a closed subset of C([0,1]). Show that G,, is nowhere

dense. Deduce that the set of continuous functions on [0, 1] which

are nowhere differentiable is of the second category in C(]0, 1]).

This exercise shows that if Baire’s category theorem is true, then

the axiom of dependent choice must hold. Suppose that X is a non-

empty set, and that ¢ is a mapping from X into the set of non-empty

subsets of X. Let X,, = X for n € Z", and let P = [[>7, X,,.

Give each X,, the discrete metric, and give P a uniform product

metric d.

(a) Show that (P,d) is a complete metric space.

(b) Ifn € Z*,let V,, = {f € P : there exists k > n with fr € ¢(fn)}.
Show that V;, is open and dense in (P, d).

(c) If Baire’s category theorem is true, there exists f € NS V.
If n € Z*, let j(n) = inf{k : k > n, fr € ¢,}. Use recursion
to show there exists an increasing sequence (¢,)52, such that
co=0and f(cyy1) € ¢¢, for n € N,

(d) Show that the axiom of dependent choice holds.

Suppose that (X,d) is a separable complete metric space. Prove

Baire’s category theorem for (X,d) without using the axiom of

dependent choice. Let S = {s1,s9,...} be a countable dense sub-

set of (X,d), and let ri,75,... be an enumeration of the positive
rational numbers. Show that at each stage there is a least j(n) such

that if ¢, = s;(,) then ¢, € Ne,_,(cp—1) NU, NS, and a least k(n)

such that if €, = ry(,) then

Ne, (¢n) € M, (cn) € Ne

n

(Cn—l) NU,.

n—1

In particular, Osgood’s theorem does not need the axiom of
dependent choice.



14.7 *Baire’s category theorem™ 429

14.7.6 Suppose that f is a continuous function on T. The n-th Fourier
coefficient f,, of f is defined as

. 1 [ . .
=5 / (e dr

Let
n
t) = Z fjeijt.
j=—n
In Volume I, Section 9.5, we constructed an example of a continu-
ous function on T whose Fourier series is unbounded at 0. In this
exercise, we show that the set of functions for which this is true is

of the second category in C'(T).
(a) Show that

Su()(0) = / " D) (M) dr,

2 J_,

where

no i Lyt
b If0<t<7r letfne = sin(n + 4)t, and if —7 < t < 0, let
2
fa(e) = —sin(n + 2)t. Let t; = jm/(2n + 1). Show that

2n+1

i sin? t
S dt
Z/j smt/2
12n+1 2n+1
> — Jtdt = =
= Z: / sin? n+ Z

] 1

(c) Let ¢n(f) = Sn(f)(0). Deduce that (¢,)02, is a sequence of
continuous linear functionals on C(T) which is unbounded in
norm.

(d) Use the principle of condensation of singularities to show
that the set of functions f in C(T) for which the sequence
(Sn(f)(0))52 is unbounded is of the second category in C(T).

14.7.7 Suppose that T is a linear mapping of a normed space (E, ||| z)
into a normed space (F,|.||z). Show that 7" has a closed graph if

and only whenever x,, — 0 in F and T'(z,,) — y in F then y = 0.
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14.7.8

14.7.9

14.7.10

14.7.11

Completeness

Suppose that T is a linear mapping from a Hilbert space H into
itself for which (T'(z),y) = (z,T(y)) for all x,y € H. Show that T
is continuous.

Let w be the vector space of all real sequences, and let ¢ be the
linear subspace of all sequences with finitely many non-zero terms. A
Banach sequence space (E, ||.|| ) is a Banach space (E, ||.|| z), where
FE is a linear subspace of w which contains ¢ with the property
that if (2(")22, is a sequence in E for which Hx(")H —0asn— o0
then x§") — 0 as n— oo for each j € N. Show that if (E,|.|| ;) and
(F,||.|| ) are Banach sequence spaces and E C F' then the inclusion
mapping £ — F' is continuous.

Suppose that ||.|| is a complete norm on the space Cy,(X) of bounded
continuous real-valued functions on a topological space (X, 7) with
the property that if || f,|| — 0 as n — oo then f,(z) - 0 asn — o
for each x € X. Show that the norm ||.|| is equivalent to the uniform
norm ||.|| .-

Give an example of a norm ||.|| on C(]0,1]) with the property that
if || fn]] = 0 as n — oo then f,(z) — 0 as n — oo for each z € [0, 1]
which is not equivalent to the uniform norm ||.| .
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Compactness

15.1 Compact topological spaces

Two of the most powerful results that we met when considering functions of
a real variable were the Bolzano—Weierstrass theorem and the Heine—Borel
theorem. Both of these involve topological properties, and we now consider
these properties for topological spaces. We shall see that they give rise to
three distinct concepts; in Section 15.4, we shall see that these three are the
same for metric spaces.

We begin with compactness; this is the most important of the three
properties. It is related to the Heine-Borel theorem, and the definition is
essentially the same as for subsets of the real line. If A is a subset of a set
X and B is a set of subsets of X then we say that B covers A, or that B
is a cover of A, if A C UpcpB. A subset C of B is a subcover if it covers
A. A cover B is finite if the set B has finitely many members. If (X, 1) is
a topological space, then a cover B is open if each B € B is an open set.
A topological space (X, 7) is compact if every open cover of X has a finite
subcover. A subset A of a topological space (X, 7) is compact if it is com-
pact, with the subspace topology. If U is a subset of A which is open in the
subspace topology, there exists an open subset V' of X such that U = VN A,
and so A is a compact subset of X if and only if every cover of A by open
subsets of X has a finite subcover.

The Heine—Borel theorem states that a subset of R is compact if and only
if it is closed and bounded.

We can formulate the definition of compactness in terms of closed sets:
this version is quite as useful as the ‘open sets’ version. Recall that a set
F of subsets of a set X has the finite intersection property if whenever
{Fy,...,F,} is a finite subset of F then Nj_,Fj is non-empty.

431
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Theorem 15.1.1 A topological space (X, T) is compact if and only if when-
ever F is a set of closed subsets of X with the finite intersection property
then the total intersection NperF is non-empty.

Proof  This is just a matter of taking complements. Suppose that
NperF = (. Then {C(F) : F € F} is an open cover of X, and so there
is a finite subcover {C'(F1),---,C(F,)}. Thus

X=C(F)U...UC(F,) =C(FiN...N0E,),

so that Fy; N...N F, = (), contradicting the finite intersection property.
The converse is as easy, and is left to the reader as an exercise. O

We have the following ‘local’ corollary.

Corollary 15.1.2 Suppose that C is a set of closed subsets of a compact
topological space (X, T) and that NcecC' is contained in an open set U. Then
there exists a finite subset F of C such that NcerC C U.

Proof Let C; =CU{X \U}. Then C; is a set of closed subsets of X, and
Neoee,C = 0, and so C; fails to have the finite intersection property. There
exists a finite subset F of C such that (NcerC) N (X \ U) = (: that is,
NcerC CU. O

Proposition 15.1.3  Suppose that (X, T) is a topological space and that A
is a subset of X.

(i) If (X, 7) is compact and A is closed, then A is compact.

(ii) If (X, 1) is Hausdorff and A is compact, then A is closed.

(iii) If (X, 7) is compact and Hausdorff then it is normal.

Proof (i) Suppose that F is a set of closed subsets of A with the finite
intersection property. Since A is closed, the sets in F are closed in X. Since
(X, 7) is compact, N{C : C' € F} is not empty.

(ii) Suppose that = ¢ A. We shall show that there are disjoint open sets
U and V with A C U and z € V. For each a € A there exist disjoint open
subsets U, and V, of X with a € U, and = € V,. The sets {U, : a € A}
form an open cover of A, and so there is a finite subset F' of A such that
{U, : a € F} is a finite subcover of A. Then U = U{U, : a € F} and
V ={V, :a € F} are disjoint open sets, and A C U, x € V. Thus = ¢ A,
so that A = A, and A is closed.

(iii) Suppose that A and B are disjoint closed subsets of X. We repeat
the argument used in (ii). For each b € B, there exist disjoint open subsets
Up and V;, of X with A C U, and b € V3. The sets {V}, : b € B} form an open
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cover of B, and so there is a finite subset G of B such that {V} : b € G} is
a finite subcover of B. Then U = n{U : b€ G} and V = U{V},: b € G} are
disjoint open sets, and A C U, BC V. O

Compact spaces which are not Hausdorff are less well behaved. For exam-
ple, if X is an infinite set with the cofinite topology 7 then (X, 7yf) is
compact, and so are all of its subsets. Some authors include the Hausdorff
property in their definition of compactness, and we shall concentrate our
attention on such spaces.

Proposition 15.1.4  Suppose that f is a continuous mapping from a topo-
logical space (X, T) into a topological space (Y,o). If A is a compact subset
of X then f(A) is a compact subset of Y.

Proof  Suppose that U is an open cover of f(A). If U € U then f~1(U) is
open, since f is continuous. Thus {f~*(U) : U € U} is an open cover of A.
Since A is compact, there is a finite subcover {f~1(Uy),..., f~1(U,)}. Then
{U1,...,Uy} is a finite subcover of f(A). 0

Corollary 15.1.5 Suppose that f is a continuous real-valued function on a
compact space (X, 7). Then f is bounded on A, and attains its bounds: there
exist y € X with f(y) = sup,cx f(x) and z € X with f(z) = infcx f(z).

Proof  For f(X) is a compact subset of R, and so is bounded and closed,
by Theorem 5.4.4 of Volume I. a

Proposition 15.1.6  Suppose that f is a continuous mapping from a com-
pact topological space (X, T) onto a Hausdorff topological space (Y,0), and
that g is a mapping from (Y,0) into a topological space (Z,p). Then g is
continuous if and only if g o f is continuous.

Proof If g is continuous then certainly ¢ o f is continuous. Conversely,
suppose that g o f is continuous. Suppose that C' is a closed subset of Z.
Then (go f)~1(C) is closed in X, and is therefore compact, by Proposition
15.1.3 (i). Thus g~ 1(C) = f((go f)~1(C)) is compact, by Proposition 15.1.4,
and is therefore closed, by Proposition 15.1.3 (ii). Thus g is continuous. O

Corollary 15.1.7 If f is a continuous bijection from a compact topo-
logical space (X,T) onto a Hausdorff topological space (Y,o), then f is a
homeomorphism.

Proof Take g = f~ % 0

The topology of a compact Hausdorff space has a certain minimal
property.
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Corollary 15.1.8 Suppose that (X, 1) is a compact Hausdorff space, and
that o is a Hausdorff topology on X which is coarser than 7. Then o = T.

Proof  Apply the corollary to the continuous identity mapping from (X, 7)
to (X, 0). O

Theorem 15.1.9  The product of finitely many compact spaces is compact.

Proof A standard induction argument shows that it is enough to prove
that the product of two compact spaces (X, 7) and (Y, 0) is compact. Sup-
pose that U is an open cover of X x Y. If P = (z,y) € X x Y, there exists
Up € U with P € Up. Since Up is open, there exist open neighbourhoods
Vp of z and Wp of y such that Vp x Wp C Up. It is then clearly sufficient
to show that finitely many of the sets Vp x Wp cover X x Y.

Suppose that € X. The cross-section C,, = {(x,y) : y € Y} is home-
omorphic to Y, and is therefore compact. It is covered by the collection
V) X Wiay) + vy € Y} of open sets, and is therefore covered by a finite
subset {Vizy,) X Wiay,) + 1 < < n} Let Qp = N7 V(yy,)- Then Qy is
an open neighbourhood of z, and @, x Y C Uiz View,) X Wia,y,)- The sets
{Qz : © € X} cover X. Since (X, 1) is compact, there is a finite subcover
{Qz,,...,Qz, }. Then the sets {Q,, X Y,...,Q, X Y} cover X x Y. Since
each of then is covered by finitely many sets Vp x Wp, X X Y is covered by
finitely many sets Vp x Wp. O

Corollary 15.1.10 A subset A of R? or C% is compact if and only if it
1s closed and bounded.

The proof of Theorem 15.1.9 is rather awkward, and only deals with the
product of finitely many spaces. In fact, a careful use of the axiom of choice
can be used to prove the following.

Theorem 15.1.11 (Tychonoff’s theorem) If (X4, 7a)aca is a family of

compact topological spaces, then || X, 18 compact in the product topology.

aEA

In particular, P(X), with the Bernoulli topology, is compact.
To prove this, ‘sequences’ are replaced by ‘filters’. This involves introduc-
ing a fair amount of machinery. A proof is given in Appendix D.

Exercises

15.1.1 Show that the union of finitely many compact subsets of a topological
space is compact.

15.1.2 Show that the intersection of a collection of compact subsets of a
Hausdorff topological space is compact.
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15.1.3 Give an example of two compact subsets of a T} topological space
whose intersection is not compact.

15.1.4 Suppose that (X1,71) and (X9, 7o) are Hausdorff topological spaces
and that (Xo,72) is compact. Show that if A is a closed subset of
X1 X Xy then m1(A) is closed in (X7, 7).

15.1.5 Suppose that f is a mapping from a topological space (X1, 71) into a
compact topological space (X2, 72) whose graph G/ is a closed subset
of X7 x X5. Show that f is continuous. Can the condition that (X3, d2)
is compact be dropped?

15.1.6 Suppose that G is a closed subgroup of (R%, +) which does not con-
tain a line (if 2 € R?\ {0}, then I, = {ax : @ € R} is not contained
in G). Suppose that € S9! = {z € R? : ||z|| = 1}. By consid-
ering [, N G, show that there exist » > 0 and ¢ > 0 such that if
y € N(z) NS and 0 < a < r, then ay ¢ G. Use the compactness
of 8971 to show that G is a discrete subset of R".

15.1.7 Let B,([0,1]) be the collection of subsets of [0,1] with at most n
elements. Show (without appealing to Tychonoff’s theorem) that
B,,(]0,1]) is a compact subset of P([0,1]), with the Bernoulli topology.
(Hint: induction on n.)

15.2 Sequentially compact topological spaces

We now make a definition inspired by the Bolzano—Weierstrass theorem.
We say that a topological space (X, 7) is sequentially compact if whenever
(n)pe; is a sequence in X then there exists a subsequence (x, )72, and an
element z € X such that z,, — x as k — oco. We say that a subset A of
X is sequentially compact, if it is sequentially compact, with the subspace
topology: if (a,)72, is a sequence in A then there exists a subsequence
(an, )72, and an element a € A such that a,, — a as k — oco.

Thus the Bolzano—Weierstrass theorem implies that a subset of R is
sequentially compact if and only if it is closed and bounded; that is, if and
only if it is compact.

Proposition 15.2.1  Suppose that (X, T) is a sequentially compact topo-
logical space.

(i) A closed subset A of X is sequentially compact.

(i) If f is a continuous mapping of (X, 7) into a topological space (Y, o)
then f(X) is sequentially compact.
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Proof (i) Suppose that (a,)5 , is a sequence in A. There is a subsequence
(an, )32, and an element = € X such that a,, — x as k — oo. Since A is closed,
xz €A

(ii) Suppose that (y,)22; is a sequence in f(X). For each n € N there
exists x, € X such that f(x,) = yn. Then there exist a subsequence (z,, ),
and an element x € X such that z,,, — x as k — oco. Then y,, = f(zn,) —
f(z) as k — oo. O

Theorem 15.2.2  Suppose that (X, 7) is a finite product H;‘Zl(Xj,Tj) or
a countably infinite product H;’;I(Xj, 7;) of sequentially compact topological
spaces. Then (X, 1) is sequentially compact.

Proof  We consider the countably infinite case: the finite case is easier. We

use a diagonal argument, as in the proof of the Bolzano—Weierstrass theo-

o is a sequence in X. There exists a subsequence
(y(”c))z":1 and an element y; of X7 such that yglk) — y1 as k — oco. Induc-

rem. Suppose that (z(™)

tively, for each 7 € N we can find a subsequence (y(jk))z":1 of (y(j_lvk))z":1

and an element y; of such that y](-jk) —1y; as k—o00. Then (y(kk))zoz1 is a

(kk)
J

subsequence of (x("))zozl, and y — gy as k — oo, for each j € N. Thus if

we set y = (y;)52, then y*k) 5y in (X, 7) as k — oo. O
Corollary 15.2.3 The Hilbert cube is sequentially compact.
Let us give two examples, related to these results.

Example 15.2.4 An uncountable product of sequentially compact topo-
logical spaces which is compact, but not sequentially compact.

Let S be the Bernoulli sequence space Q(N); S is the set of all
sequences taking the values 0 and 1, and is an uncountable set. Let
X = Q(S), with the product topology. Then (X,7) is compact, by
Tychonoft’s theorem. We show that (X, 7) is not sequentially compact. For
neNandseSlet 2™ =s,. Then (2(™)2°_, is a sequence in (X, 7). We
shall show that it has no convergent subsequences. Suppose that (x("k))flozl
is a subsequence. Define an element s of S by setting s, = 1 if k is even,

(nx)

and setting s, = 0 otherwise. Then z¢ "’ takes each of the values 0 and 1
infinitely often, and so does not converge.

Example 15.2.5 A sequentially compact subset C' of a Hausdorff topo-
logical space (X, 7) which is not closed, and is therefore not compact.
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Take (X, 7) the space of the preceding example; it is a Hausdorff space.
Let

C={xeX:{se€S:xs=1}is countable}.

C'is a dense proper subset of X, and so is not closed. Suppose that (a;(”));l’ozl
is a sequence in C. For n € N, let S,,={s€ S: x&") =1} and let Spo = US2
Sp. Then S, is countable, and if s € S\ Sy then xé") =0 for all n € N.
A diagonal argument just like that of Theorem 15.2.2 shows that there is a
subsequence (x("k))zozl such that xgn’“) converges, to lg, say, as k — oo, for
each s € So. Thus if we set Iy =0 for s € S\ Sy then | € C and x,, — [
as k — oo.

We now introduce a topological property that is rather weaker than
sequential compactness. We need a definition. If (z,,) is a sequence in a
topological space (X, 7), and x € X, then x is a limit point of the sequence
if whenever N is a neighbourhood of z and n € N, there exists m > n
such that z,, € N. A topological space (X, 7) is countably compact if every
sequence in (X, 7) has a limit point.

Proposition 15.2.6 A sequentially compact topological space (X,T) is
countably compact.

Proof  Suppose that (x("))gozl is a sequence in X. There exists z € X and
a subsequence (w("’“))zozl which converges to . Then z is a limit point of
the sequence (™). O

Proposition 15.2.7  Suppose that (X, T) is a countably compact topologi-
cal space.

(i) A closed subset A of X is countably compact.

(ii) If f is a continuous mapping of (X, T) into a topological space (Y, o)
then f(X) is countably compact.

Proof  The proof is very similar to the proof of Proposition 15.2.1, and the
details are left to the reader. O

Proposition 15.2.8 A first countable topological space (X, T) is sequen-
tially compact if and only if it is countably compact.

Proof Tt is enough to show that if (X, 7) is countably compact, then it
is sequentially compact. Suppose that (x,)5; is a sequence in X. It has a
limit point [, and [ has a decreasing base of neighbourhoods (Bj)72 . There
then exists a subsequence (z,, )3, such that x,, € By for k € N. Then
Zn, — L as k — 0o, so that (X, 7) is sequentially compact. O
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What is the relationship between compactness and countable compact-
ness?

Proposition 15.2.9 A topological space (X,T) is countably compact if
and only if every cover of X by a sequence (Oy,)22 | of open sets has a finite
subcover.

Proof  Suppose that (0,)°; is an open cover of X, and that there is no
finite subcover. Then for each n there exists z, € X \ (U}_;0;). We show
that the sequence (x,)7%; has no limit point in X, so that (X,7) is not
countably compact. If x € X, then x € O,, for some n € N, so that O, is an
open neighbourhood of z. Since x; ¢ O, for j > n, it follows that x is not
a limit point of the sequence (x,,)5° ;. Thus the condition is necessary.
Conversely, suppose that every cover of X by a sequence (O,,)7 ; of open
sets has a finite subcover. Taking complements, this implies that if (F,)° ; is
a sequence of closed sets with the finite intersection property then NS¢, F;, #
(. Suppose that ()22, is a sequence in X. Let T, = {x; : j > n}, and let
F, = T,. Then (F},)°%, is a decreasing sequence of non-empty closed sets,
and so has the finite intersection property. Thus there exists x € Mo, F},. If
n € N and N € N, then N NT, # (), so that there exists m > n such that

Ty, € N: x is a limit point of the sequence (x,)5° ;. O

Corollary 15.2.10 If (Uy)52, is an increasing sequence of open subsets
of a countably compact topological space (X, 1) whose union is X, then there
exists ng € N such that U,, = X.

Corollary 15.2.11 A compact topological space is countably compact.

In fact, countable compactness is sufficient for many problems concerning
sequences of functions, as the next result shows. Recall that a sequence of
continuous real-valued functions on a closed interval which converges point-
wise to a continuous function need not converge uniformly. Things improve
if the convergence is monotone.

Theorem 15.2.12 (Dini’s theorem) Suppose that (f,)32 is an increasing
sequence of continuous real-valued functions on a countably compact topo-
logical space (X, T) which converges pointwise to a continuous function f.
Then fn, — f uniformly as n — oo.

Proof  Suppose that € > 0. Let U, = {z € X : f,(z) > f(z) — €}.
Since the function f — f, is continuous, U, is open. (U,)22 is an increas-
ing sequence, and U,enU, = X, since f,(x) — f(x) for each x € X;
{Up, : n € N} is an open cover of X. Since (Uy,)32  is an increasing sequence,
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there exists ng € N such that U,, = X (Corollary 15.2.10). If n > ny and
r € X then

0 < f(.’L‘) - fn(x) < f(x) - fno(x) <,

so that || f — fulloo < € fn — f uniformly as n — oo. O

15.3 Totally bounded metric spaces

We now consider what happens when we restrict attention to metric spaces.
We need to introduce one further idea. If (X,d) is an unbounded metric
space then the function d'(z,y) = min(d(z,y),1) is a metric on X which
is uniformly equivalent to d, and X is bounded under this metric. Thus
boundedness is not a uniform property. We introduce a stronger boundedness
property that is preserved under uniform homeomorphisms. Suppose that
e > 0. A subset F' of a metric space (X,d) is an e-net if UpepNe(z) = X;
every point of X is within € of a point of F. (X,d) is totally bounded, or
precompact, (the two names are used equally frequently, but we shall prefer
the former) if, for every e > 0, there exists a finite e-net; X can be covered
by finitely many open neighbourhoods of radius €. In other terms, (X, d) is
totally bounded if and only if, for every ¢ > 0, X is the union of finitely
many subsets of diameter at most €. A subset A of X is totally bounded if it
is totally bounded with the subset metric. This concept is not a topological
one. For example, the subset (—m/2,7/2) is clearly totally bounded under
the usual metric, but is not totally bounded under the metric p(z,y) =
|tan x — tany|, since tan defines an isometry of ((—7/2,7/2),p) onto R,
with its usual metric, and the latter is certainly not totally bounded.

Proposition 15.3.1 A totally bounded subset A of a metric space (X,d)
s bounded.

Proof Take € = 1. There exists a finite subset F' of A such that A C
UzerNi(z). If y1,y2 € A then there exist z1,x9 € F such that y; € Ny(z1)
and yo € Na(z2). By the triangle inequality,

d(y17 y2) S d(y17 xl) + d(xh .Z'Q) + d(x27 y2) S diam (F) + 27
so that A is bounded. O

Boundedness is not a uniform property, but total boundedness is.

Proposition 15.3.2  Suppose that A is a totally bounded subset of a metric
space (X,d) and that f is a uniformly continuous mapping of (X,d) into a
metric space (Y, p). Then f(A) is a totally bounded subset of (Y, p).
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Proof  Suppose that e > 0. Then there exists 6 > 0 such that if d(z,y) < §
then p(f(z), f(y)) < e. Let F be a finite d-net in A. Then f(F) is a finite
e-net in f(A). O

Corollary 15.3.3 Ifd and d' are uniformly equivalent metrics on X, then
(X,d) is totally bounded if and only if (X,d') is.

Proposition 15.3.4 A totally bounded metric space (X,d) is second
countable, and is therefore separable.

Proof For each n € N there exists a finite 1/n-net F,, in X. Let
U, = {Nip(z) : © € F,} and let U = UpenUy,. Then U is a count-
able collection of open subsets of X. Let us show that it is a base for
the topology. Suppose that O is an open subset of X and that z € X.
There exists 6 > 0 such that Ns(z) € O. Choose n so that 1/n < §.
Then there exists U, = Ny/2,(y) € Uay, such that x € U,. If 2 € U, then
d(z,z) < d(z,y) + d(y,x) < 1/n so that z € O. Thus z € U, C O, so that
O=U{U el :U C O}, and U is a base for the topology. O

Proposition 15.3.5 Suppose that S is a dense totally bounded metric
subspace of a metric space (X,d). Then (X,d) is totally bounded.

Proof  Suppose that € > 0. There exists a finite subset F' of S such that
S =U{N,pNS: feF} Ifre X there exists s € S with d(z,s) < ¢/2 and
there exists f € F with d(s, f) < €/2. Thus d(z, f) < €, and F is a finite
e-net in X. O

Corollary 15.3.6 A metric space (X,d) is totally bounded if and only if
its completion s totally bounded.

Total boundedness can be characterized in terms of Cauchy sequences.

Theorem 15.3.7 A metric space (X,d) is totally bounded if and only if
every sequence in X has a Cauchy subsequence.

Proof  Suppose first that (X, d) is totally bounded, and that (x,)5° is
a sequence in X. We use a diagonal argument to obtain a Cauchy subse-
quence. There exists a finite cover {A1,..., Ax} of X by sets of diameter at
most 1. By the pigeonhole principle, there exists j such that =, € A; for
infinitely many n. That is, there exists a subsequence (y1,,)5%; of (2,)0%;
such that d(yim,y1,n) < 1 for m,n € N. Repeating the argument, there
exists a subsequence (y2,,)02; of (y1,n)52, such that d(y2m,y2,) < 1/2
for m,n € N, and, iterating the argument, for each j there exists a
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subsequence (Yj41,n)02 of (yjn)oey such that d(y;+1,m,Yj+1.n) < 1/(7 +1)
for m,neN. The sequence (yj,j)]‘?‘;l is then a Cauchy subsequence of
(@n)p-

Suppose next that (X, d) is not totally bounded; there exists € > 0 such
that there is no finite e-net in X. Choose 21 € X. Then N (z1) # X, and so
there exists o € X with d(z1,z2) > €. Iterating this argument, there exists
a sequence (z);2, such that for each n € N, xp41 & UJ_ Ne(x;). Thus
if m # n then d(x,,,x,) > €, and so the sequence (x,)52; has no Cauchy
subsequence. O

Exercise

15.3.1 Show that a subset A of a metric space (X,d) is totally bounded if
and only if whenever € > 0 there exists a finite subset G of X such
that A C UzeaNe(z).

15.4 Compact metric spaces

Things work extremely well for metric spaces.

Theorem 15.4.1  Suppose that (X, d) is a metric space. The following are
equivalent:

(i) (X,d) is compact;

(ii) (X, d) is sequentially compact;

(iii) (X, d) is countably compact;

(iv) (X, d) is complete and totally bounded.

Proof ~ We have seen that (i) implies (iii) (Corollary 15.2.11), and that (ii)
and (iii) are equivalent (Proposition 15.2.8).

Let us show that (ii) and (iv) are equivalent. Suppose first that (X,d)
is sequentially compact, and suppose that (x,)5, is a Cauchy sequence
in X. Then (x,)2°; has a convergent subsequence, and so by Proposition
14.1.1 (zy)02 is convergent. Thus (X, d) is complete. Since every sequence
has a convergent subsequence, which is a Cauchy subsequence, (X,d) is
totally bounded, by Theorem 15.3.7. Conversely, suppose that (X,d) is
complete and totally bounded, and that (z,); is a sequence in X. Since
(X,d) is totally bounded, there is a Cauchy subsequence (z,, )52, and this
subsequence converges, since (X, d) is complete.

Finally let us show that (ii) and (iv) imply that (X,d) is compact. We
need a lemma, of interest in its own right.
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Lemma 15.4.2 If O is an open cover of a countably compact metric space
(X,d), there exists § > 0 such that for each x € X there exists O € O for
which Ns(x) C O.

Proof  Suppose not. Then for each n € N there exists x, € X for which
Ni/n(7,) is not contained in any O € O. Let x be a limit point of the
sequence (x,) ;. Then x € O, for some O € O. Since O is open, there exists
e > 0 such that N.(z) C O. Since z is a limit point of the sequence, there
exists n > 2/e such that x,, € Ne(x). lf y € Ny (), then d(y, x,) < €/2, so
that d(y,r) < d(y,zn) + d(zn,z) <e. Hence Ny, (2,) C Ne(z) C O, giving
a contradiction. O

A number § which satisfies the conclusion of the lemma is called a Lebesgue
number of the cover.

Suppose now that O is an open cover of (X, d). Let § > 0 be a Lebesgue
number of the cover. Since (X,d) is totally bounded, there exists a finite
0-net F' in X. For each x € F there exists O, € O such that Ns(z) C O,.
Then X = U,epNs(z) = UperpOy, so that {O, : x € F} is a finite subcover
of X. O

Note that neither of the conditions of (iv) is a topological condition, but
that together they are equivalent to topological conditions.
Let us bring some earlier results together.

Corollary 15.4.3 A compact metric space is second countable, and is
therefore separable.

Proof  Proposition 15.3.4. O
Corollary 15.4.4 The completion of a totally bounded metric space is
compact.

Proof  Proposition 15.3.5. O

This explains the terminology ‘precompact’.

Corollary 15.4.5 A finite or countably infinite product of compact metric
spaces, with a product metric, is a compact metric space.

Proof  Theorem 15.2.2. O

Corollary 15.4.6  The Hilbert cube and the Bernoulli sequence space Q(N)
are compact.

Proof  Corollary 15.4.5. O
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We can characterize compactness in terms of the Hilbert cube, and in
terms of the Bernoulli sequence space.

Corollary 15.4.7 A metric space (X,d) is compact if and only if it is
homeomorphic to a closed subspace of the Hilbert cube.

Proof 1If (X,d) is compact, it is second countable (Corollary 15.4.3), and
therefore there is a homeomorphism f of X onto a metric subspace f(X) of
the Hilbert cube, by Urysohn’s metrization theorem (Theorem 13.5.6). But
f(X) is compact, and so it is a closed subset of the Hilbert cube. Conversely,
if (X, d) is homeomorphic to a closed subspace of the Hilbert cube, it must
be compact. O

Theorem 15.4.8 A metric space is compact if and only if there is a
continuous surjective mapping of the Bernoulli sequence space Q(N) onto X.

Proof  Since Q(IN) is compact, the condition is sufficient.

Suppose that (X,d) is compact. We give Q(N) the product metric
p(y,2) = 3252 ly; — x;|/3. Iy € QN) and j € N, let Cj(y) = Nyysi(y)-
Then

Cily) ={z € QN) : z; = y; for 1 <1i < j}.

Such a set is called a j-cylinder set. Let C; be the set of j-cylinder sets:
C;| =27.

We now show that there is a strictly increasing sequence (s;)7, in N,
and a sequence (fy : Cs, — X)), of mappings, such that

(i) fr(Cs,) is a 1/2F-net in (X,d), and

(i) if y € N) then d(fi(Ca, (1) fis1 (Covs, (1)) < 1/2%.

We first define s; and f;. There exists a finite 1/2-net Fj in (X, d). Choose
s1 so that 2% > |Fy|. Since |Cs,| = 2%, there is a surjective mapping of Cs,
onto Fi.

Suppose now that si,...,s; and fi,... fr have been defined. For each
C € C,, there is a 1/28 ! net Fj1(C) in Nyjor(fx(C)). Choose njy1 > ny,
so that

2™+ > max{|F1(C)|: C € Cs, }.

Let sp41 =5k + ng+1, and let Cxy1(C) be the set of sii-cylinder sets con-
tained in C': there are 2™+ of them. There is therefore a surjective mapping
fr41,c from Cp11(C) onto Fi41(C). Letting C vary, and combining the map-
pings fi4+1,c, we obtain a mapping of C into (X,d) which satisfies (i)
and (ii).

Sk+1
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If y € Q(N) and £ € N, let gr(y) = fr(Cs,.(y)). Then each gi is a
continuous mapping of Q(N) into (X, d), and d(gx (y), gr+1(y)) < 1/2F. Thus
if k<1 then d(gx(y),qi(y)) < 2/2F. Tt therefore follows from the general
principle of uniform convergence that the mappings g converge uniformly
to a continuous function g mapping Q(N) to (X, d), and that d(g(y), gx(y)) <
2/2F for y € Q(N) and k € N.

It remains to show that g is surjective. Since Q(IN) is compact, g(2(N)) is
compact, and is therefore closed in X. It is therefore sufficient to show that
g(Q(N)) is dense in X. Suppose that € X and that € > 0. There exists
k such that 1/2F < ¢/3, and there exists y € Q(N) such that d(z, g (y)) <

1/2%. Thus d(z, g(y)) < d(z, gx(y)) + d(gk(y), 9(y)) < 3/2% <. O

Corollary 15.4.9 A metric space is compact if and only if there is a
continuous surjective mapping of the Cantor set C onto X.

Proof  For the Cantor set is homeomorphic to Q(IN). O

The next result is particularly important.

Theorem 15.4.10 If f is a continuous map from a compact metric space
(X,d) into a metric space (Y, p) then f is uniformly continuous.

Proof  Suppose not. Then there exists € > 0 for which we can find no suit-
able ¢ > 0. Thus for each n € N there exist z,, z], in X with d(x,,2]) <1/n
and p(f(zn), f(2),)) > e. By sequential compactness there exists a sub-
sequence (xy, )52, which converges to an element x € X as k— oo. Since
d(xp,,x,, ) =0 as k—o0, z;, —x, as well. Since f is continuous at ,
F (o) — F(z) and f(zh,) > () as k— 00, 50 that p(f(zn, ), f(zh,)) = 0as
k — oo. As p(f(xn,), f(z], ) > € for all k € N, we have a contradiction. O

Nk
Isometries of compact metric spaces behave well.

Theorem 15.4.11 Suppose that f is an isometry of a compact metric
space into itself. Then f is surjective.

Proof  Suppose not. Then f(X) is a proper closed subset of X. Suppose
that x € X\ f(X), and let 6 = d(z, f(X)). If n € N then f"(x) € f(X), and
so d(f™(x),x) > §. Since d is an isometry, if k& € N then d(f"**(z), f*(z)) =
d(fE(f™(x)), f¥(z)) > 6, so that the sequence (f™())>>, has no convergent
subsequence. O
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Exercises

Suppose that A and B are disjoint subsets of a metric space (X, d),
and that A is compact and B is closed. Show that

d(A, B) = inf{d(a,b) :a € A,b € B} > 0.
Suppose that (X, d) is a compact metric space. Let
C = {x € X : x has a countable neighbourhood}

Show that C' is an open subset of X and that P = X \ C is perfect.
By considering sets P, = {z € X : d(z,P) < 1/n}, or otherwise,
show that C' is countable: X is the union of a countable set and a
perfect set.

Suppose that (X,d) is a compact metric space, and that (f,)02 is
a sequence of continuous functions from (X,d) into a metric space
(Y, p), with the property that d(f,(x), fo(z)) is a decreasing null
sequence, for each x € X. Show that f, converges uniformly to fy as
n — oo. (This generalizes Dini’s theorem.)

Give an example of a sequence (U, )5, of open subsets of R whose
union contains the rationals and whose complement is infinite.
Show that an open cover of a separable metric space has a countable
subcover. (The previous exercise shows that some care is needed.)
Suppose that (X, d) is a compact metric space, and that f is a map-
ping of X into itself which satisfies d(f(z), f(y)) > d(x,y) for all
x,y € X. By considering the sequence ((f™(z), f™"(y)))se; in X x X,
show that if z,y € X and € > 0 then there exists n € N such that
d(z, f*(z)) < eand d(y, f"(y)) < e . Show that f is an isometry, and
give another proof that f is surjective.

15.5 Compact subsets of C'(K)

Suppose that (K, d) is a compact topological space. Let C(K) denote the
(real or complex) vector space of continuous (real or complex) functions on
K.If f € C(K) then f(K) is compact, and is therefore closed and bounded.
Thus C(K) = Cy(K), and C(K) is a Banach space under the uniform norm
|| flloo =sup{|f(z)|: x € K}. What are the compact subsets of C(K)? Since
C(K) is complete, a subset of C(K) is compact if and only if it is closed

and totally bounded, and so it is enough to characterize the totally bounded
subsets of C(K).
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In order to do this, we need another definition. Suppose that (X, 7) is a
topological space, that (Y,d) is a metric space, and that x € X. A set A of
mappings from (X, 7) to (Y, d) is equicontinuous at x if, given € > 0, there
exists N € N, such that d(a(z),a(y)) < e for all @ € A and y € N. The set
A is equicontinuous on X if it is equicontinuous at each point of X.

Theorem 15.5.1 (The Arzela—Ascoli theorem) Suppose that (K,T) is
a compact topological space, that (C(K),|.||,,) is the (real or complex)
Banach space of continuous (real or complex) functions on K and that
A C C(K). Then A is totally bounded if and only if A is bounded in norm
and equicontinuous on K.

Proof  Suppose that A is totally bounded. Then A is bounded, by Propo-
sition 15.3.1. Let us show that A is equicontinuous. Suppose that z € K and
that € > 0. There exists a finite €¢/3-net F' in A. For each f € F' there exists
Ny € N, such that if y € Ny then |f(z) — f(y)| < €/3. Let N = NyepNy:
N is a neighbourhood of z. Now if a € A there exists f € F such that
lla — f|lo <e€/3. Thus if y € N then

la(z) = a(y)| < la(@) = f(@)] + |f(@) = fW)] + [f(y) — aly)|
<e¢/3+¢/3+¢€/3=c¢.

Since this holds for all a € A, A is equicontinuous at x.

Conversely, suppose that A is bounded and equicontinuous. Suppose
that €e>0. If x € K, there exists N(z) in AN, such that if y € N(x) then
la(x) —a(y)| <e/4 for all a € A. Since (K,7) is compact, there exists a
finite subset Y ={yi,...y,} of K such that K = U} _N(ym). We use
Y to define a linear mapping of C'(K) into R" (or C"): if fe C(K), we
set T(f)=(f(y1),-..f(yn)). We give R™ (or C") the supremum norm;
[(z1,...,20)| o = max{|zy|: 1 <m < n}. Then

IT(Nlloe = sup |f(zm)] < Ifllo
1<

<m<

so that T'(A) is bounded in R™ (or C™). It is therefore totally bounded, by
Theorem 15.1.10, and so there exists a finite subset F' of A such that T'(F) is
an €/4-net in T'(A). We shall show that F'is an e-net in A, so that A is totally
bounded. If a € A there exists f € F such that ||[(T'(a) — T'(f)||., <€/4; that
is, |a(ym) — f(ym)| <e€/4 for 1 <m < n. If z € K there exists y,, such that
x € N(ym); then |a(z) — a(ym)| < €¢/4 and |f(z) — f(ym)| < €/4. Putting
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these inequalities together,

la(z) = f(2)] < la(@) = alym)] + [a(ym) = F(ym)| + |f (ym) — f(2)]
<e€/d+e/d+€/4 = 3e/4

Since this holds for all z € K, |la — f||, < 3¢/4 < ¢, and a € N(f). Thus
F is an e-net in A. O

Corollary 15.5.2 A is compact if and only if it is closed, bounded and
equicontinuous on K.

It is possible to characterize the compact subsets of C'(K) locally.

Suppose that (X, 7) is a topological space and that Y is a subset of
X. The restriction mapping my from Cy(X) to Cy(Y) is defined by set-
ting 7y (f)(y) = f(y), for y € Y. my is a norm-decreasing linear mapping
from (Cp(X), ||.lls) to (Co(Y),]-]lo), and so is continuous.

Theorem 15.5.3 Suppose that My, ..., M, are closed subsets of a com-
pact topological space (K,T) and that K = Uy Mj. Then a subset A of
(C(K),||-lo) is compact if and only if mp, (A) is compact in (C(Mj;),|.]|s)
for1<j5<n.

Proof  If A is compact, then mys,(A) is compact, for 1 < j < n, since the
mappings 7y, are continuous.

Conversely, suppose the condition is satisfied. Give the product space
H] 1 C(M;) the norm

115 fo)lloe = max [ £l

1<]<

If feCK),let n(f)= (mar,(f),...,mar,(f)). Then
I7(Nlloe = max [|mar, ()|, = maX(SUAI; [F@)]) = 1[flloo

1<j<n o0 1<5<

Thus 7 is an isometric linear mapping of (C(K),|.||,) into
[[=1(C(M;), Ilo)- In particular, m(C(K)) is closed in []i_; C(Mj).
It follows from Corollary 15.4.5 that H?:l 7, (A) is compact in
[[=1(C(M;), |Ill)- Since w(A) = ([T}, 7a, (A)) N7 (C(K)), it follows that
m(A) is compact. Since 7 is an isometry, A is compact. O

Exercises

15.5.1 Suppose that (f,)52; is an equicontinuous sequence of mappings
from a topological space (X, 7) into a metric space (Y, o), and that
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15.5.2

15.5.3

15.5.4

15.5.5

15.5.6

15.5.7

Compactness

fn(x) converges pointwise to f(x) for each z in X. Show that f is
continuous.

Suppose that (f,,)>2  is an equicontinuous sequence of mappings from
a topological space (X, 7) into a complete metric space (Y, o), and
that f,,(d) converges to f(d) for each d in a dense subset D of X.
Show that f,(z) converges in Y for each = € X.

Suppose that (K, 7) is a compact topological space and that (f,)52
is an equicontinuous sequence in C'(K'), which converges pointwise to
a function f. Show that f,, converges uniformly to f.

Suppose that (f,)22 is an increasing sequence of continuous real-
valued functions on a compact topological space (X, 7) which con-
verges pointwise to a continuous function f. Show that the sequence
(fn)22 is totally bounded in C'(K). Use this to give another proof
of Dini’s theorem (for functions on a compact topological space).
Suppose that (X, d) and (Y, p) are metric spaces. A set A of mappings
from (X, d) to (Y, p) is uniformly equicontinuous if, given € > 0, there
exists 0 > 0 such that if d(x1,22) < ¢ then p(a(z1),a(z2)) < €, for
all a € A. Thus each a € A is uniformly continuous, and we can
control all the elements of A simultaneously. Suppose that (X,d) is
compact. Show that an equicontinuous set of mappings A from X to
Y is uniformly equicontinuous.

Suppose that A C (0, 1] is equicontinuous and that {a(z) : a € A}
is bounded, for some x € [0, 1]. Show that A is bounded in norm, and
is therefore totally bounded.

Prove the following vector-valued version of the Arzela—Ascoli theo-
rem. Suppose that (K, 7) is a compact topological space, that (E, |.||)
is a normed space and that A is a subset of C(K; E), ||.||), the (real
or complex) normed space of continuous functions on K taking values
in E. Show that A is totally bounded if and only if A is bounded,
{a(x) : a € A} is totally bounded in E for each z € K, and A is
equicontinuous on K.

15.6 *The Hausdorff metric*

(This section can be omitted on a first reading.)

We now give an example of an interesting class of metric spaces. Suppose

that (X, d) is a metric space. If A is a non-empty subset of (X, d), the open
e-neighbourhood N¢(A) is defined to be

N (A)={zr e X :d(x,A) < €} = UzecaN(z);
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since N(A) is the union of open sets, it is open. Since d(z, A) = d(z, A),

it follows that N¢(A) = N¢(A). For this reason, we concentrate on the non-
empty closed subsets of X. Let Con(X) be the set of non-empty bounded
closed subsets of (X, d); Con(X) is the configuration space of X.

Theorem 15.6.1 Suppose that Con(X) is the configuration space of a
metric space (X,d). If A, B € Con(X)and x € X, let

du(A, B) = sup |d(z, A) — d(z, B)|.
zeX

(1) Let e(A, B) = sup,c 4 d(a, B). Then
di (A, B) = max(e(A, B),e(B,A)) < .

(i) dgr is a metric on Con(X).

(iii) dyy (A, B) = inf{e > 0: A C N.(B) and B C N.(A)}.

Proof (i) First, e(A, B) = sup,c4d(a, B) — sup,cad(a,A) < du(A, B),
and similarly, e(B, A) < dg(A, B), so that

max(e(A, B),e(B,A)) <du(A, B).

Conversely, suppose that x € X and that € > 0. There exists b € B such
that d(z,b) < d(x,B) + €/2 and there exists a € A such that d(b,a) <
d(b, A) + €/2. Then

d(z,A) <d(z,a) < d(z,b) +d(b,a) < d(x,B) 4+ d(b,A) + ¢
<d(z,B) +e(B,A) +e.
Since € > 0 is arbitrary,
d(xz,A) —d(z,B) < e(B,A) <diam (AU B) < o0,
and similarly d(x, B) — d(z, A) < e(A, B) < co. Thus
diy (A, B) < max(e(A, B),e(A, B)).

(ii) Clearly di (A, B) = diy (B, A) and di (A, A) = 0. Suppose that A # B;
without loss of generality we can suppose that A\ B # (). If a € A\ B then

dy(A, B) > d(a,B) —d(a, A) = d(a, B) > 0.
If z € X, and A, B,C € Con(X) then

|d(z, A) — d(z,C)| < |d(x, A) — d(z, B)| + |d(z, B) — d(z,C)|
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thus di (A, C) < dg(A,B) +dg(B,C), and so dy is a metric on Con(X).
(iii) This follows immediately from (i). O

The metric dy is the Hausdorff metric on Con(X); it measures how far
apart A and B are.

Let Con,(X) denote the set of subsets of X with n elements; Con,,(X)
is the n-point configuration space of X. Let Conp(X) = U, Cony(X);
Conp(X) is the finite configuration space of X.

Proposition 15.6.2 A closed bounded subset A of (X, d) is totally bounded
if and only if it is in the closure of Conp(X).

Proof  If A is totally bounded and € > 0 there exists a finite subset F' such
that A C UgepNc(z). Thus e(A, F) < e. But we can clearly suppose, by
discarding terms if necessary, that N¢(z) N A # (), for each z € F, and then
e(F, A) < ¢; consequently di (A, F') < ¢, and A is in the closure of Conp(X).

Conversely, suppose that A is in the closure of Conp(X), and that e > 0.
Then there exists a finite set F' such that dg (A, F) < e. Thus A C N (F),
and A is totally bounded. O

The mapping ig : ¢ — {z} : (X,d) — (Con(X),dy) is an isometry;
further, Con;(X) = ig(X) is a closed subset of (xp,dp), since if A €
Con(X) has two distinct points a and @’ then

e(A, {b}) > max(d(a,b),d(da’,b)) > d(a,a’)/2,

by the triangle inequality. Note also that if ¥ is a closed subset of (X, d)
then the natural inclusion: (Con(Y"),dy) — (Con(X),dp) is an isometry.
Properties of (X, d) are reflected in properties of (Con(X),dy).

Theorem 15.6.3 Suppose that (X,d) is a bounded metric space. The
following are equivalent.

(i) (X,d) is totally bounded.

(i) (Con(X),dm) is totally bounded.

(#ii) (Con(X),dm) is separable.

Proof  Suppose that (X,d) is totally bounded, and suppose that ¢ > 0.
Then there exists a finite subset F' of X such that X = N(F'). Suppose
that A € Con(X). Let Fiy = {x € F : N(z) N A # 0}. Then F4 is not
empty, and dy(A, F4) < e. Thus if C(F) is the collection of the 2/F1 — 1
non-empty subsets of F' then Con(X) = N(C(F)). Thus (i) implies (ii).
Since (X, d) is isometric to a subset of (Con(X),dp), (ii) implies (i).

Since a totally bounded metric space is separable, (ii) implies (iii). Sup-
pose that (X, d) is not totally bounded. Then, as in Theorem 15.3.7, there
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exists € >0 such that there is no finite e-net in (X, d), and there therefore
exists an infinite sequence (z,)2; such that d(z,,,x,) > € for m # n.
Let S={x,:n €N}, with the subspace metric. Then any subset of S is
closed in (X,d), and if A and B are distinct non-empty subsets of S then
dp (A, B) > e. Since there are uncountably many such sets, (Con(X),dy) is
not separable. Thus (iii) implies (i). 0

Theorem 15.6.4 If (X,d) is a metric space, (Con(X),dp) is complete if
and only if (X,d) is complete.

Proof  The condition is necessary, since (X,d) is isometric to a closed
metric subspace of (Con(X),dp). Suppose that (X,d) is complete,
and that (A4,)%%, is a Cauchy sequence in (Con(X),dp). By Propo-
sition 14.1.1, it is enough to show that (A,)>%; has a convergent
subsequence. There exists a subsequence (By)i,=(4,,); such that
dp (B, Brs1) < 1/2F, for k € N. We shall show that the sequence (By)?,
converges.

Let B = MR My/ox(Bg), where M. (A) = {x € X : d(x, A) < ¢}. Since
the mapping x — d(z, A) is continuous, M.(A) is closed, and so B is closed.
Further, B C N3 /o (By,), for k € N. We show that B is non-empty, and that
By, C N3/or(B), for each k € N. Suppose that k € N and that z; € By.
First, for 1 <[ < k there exists 2; € B; with d(z;,z;) < 2/2!. Secondly, an
inductive argument shows that for each | > k there exists x; € B; such that
d(x_1,2;) <1/271 If k <1 < m then

d(rxlafm) < Z d(.Ij,l,l'j) < Z 2]—_1 < g’

so that (z;)j°, is a Cauchy sequence in (X,d). Let x = lim;_,o 2;. Then
d(x;, ) <2/2' for I > k, and

for 1 <1< k. Thus z € B, and so B is not empty. Further, xj, € N3/ (2) C
N3/ox(B); this holds for any zp € Bg, and so By C Nz (B). Hence
dy(B, By) < 3/2F, and so By — B as k — oo. O

Combining this with Theorem 15.6.3, we have the following.

Corollary 15.6.5 If (X,d) is a metric space, (Con(X),dg) is compact if
and only if (X, d) is compact.
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15.6.1

15.6.2

Compactness

Exercises

Suppose that (X, d) is a metric space.

(a) Let Dn(X) = Uj_;Con;(X). Show that D, (X) is closed in
(Con(X),dp) and give an example to show that Con,(X) need
not be closed.

(b) Let p be a product metric on the product X". Show that the
mapping s : (X", p) — (Con(X), dy) defined by

s(x1,y .. my) ={x1,..., 20}

is continuous, and that s(X") = D, (X). What is s~(C,(X))?.

(c) Define a relation on X™ by setting x ~ y if there is a permu-
tation o € ¥, such that y; = z,(; for 1 < j < n. Show that
this is an equivalence relation. Let W,,(X) be the quotient space
of equivalence classes; W, (X) is the n-point weighted configu-
ration space of X. Define a function dy on W, (X) x W, (X)
by setting dw(a,b) = inf{p(z,y) : = € a,y € b}. Show that
this is a metric on W, (X), and that the quotient mapping
q: (X" p) = (W,(X),dw) is continuous.

(d) Show that there is a unique mapping s : W, (z) — D, (X) such
that s = 5o ¢, and show that s: (W, (z),dw) — (D,(X),dn) is
continuous.

Suppose that (X,d) is a complete metric space and that F is a

finite set of contraction mappings of (X,d). If A € Con(X), let

U(A) =U{T(A) : T € F}. Show that U is a contraction mapping of

(Con(X),dm).

Show that there is a unique A € Con(X) for which A = U{T'(4) :
T € F}, and that if B € Con(X) then U"(B) — A as n — 0o0. A is
called the attractor of F.

Let X = [0, 1], Suppose that 0 < o, 8 < 1. If 2 € [0, 1], let Ly(x) =
ax and let Rg(x) = 1 — fa. What is the attractor of {L,, Rg} when
a = f = 1/37 What is the attractor when o = 8 = 0?7 What is
the attractor when 0 < a + < 17 What is the attractor when
1<a+8<2?

15.7 Locally compact topological spaces

The Bolzano—Weierstrass and Heine—Borel theorems are useful in proving

results in analysis on R, even though R is not compact. Every point in R

has a compact neighbourhood, and R is the union of an increasing sequence
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([=n,n])22; of compact sets. We can consider topological spaces for which
similar phenomena hold. A topological space space (X, d) is said to be locally
compact if each point x of X has a base of neighbourhoods consisting of
compact sets: if U is open and x € U then there exist an open set V and
a compact set K such that x € V C K C U. Thus R is locally compact.
So are R? and C%, with product metrics. More generally, if (X1,d;) and
(X2, ds) are locally compact, then so is X1 x Xs, with the product topology.
A compact Hausdorff topological space is locally compact. Any set X, with
the discrete topology, is locally compact.

As usual, we shall concentrate attention on Hausdorff spaces.

Proposition 15.7.1 A Hausdorff topological space (X, T) is locally com-
pact if and only if each point has a compact neighbourhood.

Proof  The condition is certainly necessary. Suppose that it is satisfied,
that x € X and that K is a compact neighbourhood of x. Let V be the
interior of K, so that z € V C K. Suppose that U is an open neighbourhood
of x in X. Then UNV is an open neighbourhood of x in K, for the subspace
topology. Since K is compact and Hausdorff, it is normal, and so there exist
a subset W of K, open in the subspace topology, and a subset L of K, closed
in the subspace topology, such that x € W C L C UNV. Since K is compact
and Hausdorff, L is compact. Since W is open in K there exists an open
subset Y of X such that W =Y NK. Butthen WCYNVCYNK=W,
so that W =Y NV isopenin X and x € W C L C U; (X,7) is locally
compact. O

Corollary 15.7.2 Suppose that Y is a subspace of a locally compact
Hausdorff topological space (X, ).

(i) If Y is closed, then'Y is locally compact.

(ii) If Y is open, then Y is locally compact.

Proof (i) If y € Y and M is a compact neighbourhood of y in X, then
M NY is a compact neighbourhood of y in Y.

(ii) If y € Y then Y is an open neighbourhood of y in X, and so there
exists a compact neighbourhood K of y in X with K CY. Then K = KNY
is a compact neighbourhood of y in Y. O

Proposition 15.7.3 If (X,7) is a Hausdorff topological space and Y is a
dense subspace of X which is locally compact in the subspace topology then
Y is an open subset of X.

Proof  Suppose that y € Y. There exists an open subset U of Y and a
compact subset K of Y such that y € U C K. Let W = X \ K. There exists
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an open subset V of X such that U = VNY. We show that V NW is empty.
Since K is compact and X is Hausdorff, K is closed in X, and so V NW is
open in X. Suppose that V N'W is not empty. Since Y is dense in X, there
exists 2 € YN(VNW)=UNW.But UNW C KNW = (). Thus VNW = {),
sothat VC K. ThusU =V NK =V, and U is open in X. Thus Y is open
in X. O

Theorem 15.7.4  Suppose that (X, T) is a topological space. There exists
a compact topological space space (Xoo, Too), @ point Too of Xo (the point
at infinity ) and a homeomorphism j of (X, T) onto the subspace Xoo \ {Zoo}
of Xoo-

Proof  We adjoin a point 2+ to X, and set Xoo = X U{x}. We define a
topology 7o on X, by saying that U € 7 if

e UNX €7, and
e if oo € U then X \ U is compact.

Let us verify that this defines a topology. First, ) and X, are in 7.
Suppose that Uy,Us € 7. Then Uy NUs N X € 73 if 2 € Uy N Uy then
Too € Up and zo € Us, so that X \ U; and X \ Uy are compact, and
X\ (U1NUsy) = (X\U;)U(X \Us) is compact. Thus finite intersections of
sets in T, are in 7o,. Finally suppose that U C 7. Let W = Uy ¢yyU. Then
WNX=Upey(UNX) € 7. 1If zoo € W then there exists Uy € U such that
Too € Up. Then X\ W = (X \Up) N (Nueu (X \U)). Since X \ Uy is compact
and Nyey (X \U) is closed, X \ W is compact. Thus arbitrary unions of sets
in 7o are in 74, and 7 is a topology.

Next we show that (X, 7o) is compact. Suppose that U is an open cover
of Xo. There exists Uy € U such that zo, € Uy, so that X \ Uy is compact.
Finitely many elements Uy, ..., U, of U cover X \ Uy, and so Uy, Uy,...U,
cover X.

The natural inclusion mapping j : (X,7) — (X0, Too) clearly defines a
homeomorphism of (X, 7) onto the subspace X \ {0} O

A compactification of a topological space (X, 7) is a compact topological
space ()? ,T), together with a homeomorphism j of (X, 7) onto a dense sub-
space of ()~(, 7). The space (Xoo, Too) is called the one-point compactification
of (X,7).

The one point compactification is only really useful when it is Hausdorff.
When does this happen?
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Theorem 15.7.5 The one point compactification (X, Too) of a topolog-
ical space (X, 1) is Hausdorff if and only if (X, 1) is locally compact and
Hausdorff.

Proof If (Xeo,Teo) is Hausdorff, then (X,7) is Hausdorff. Further,
(Xoos Too) 18 regular, and so is locally compact. If z € X then a subset
N of X is a neighbourhood of z in X if and only if it is a neighbourhood of
z in X, and so (X, 7) is locally compact.

Conversely, suppose that (X, 7) is locally compact and Hausdorff. First,
suppose that 2 and y are distinct points of X. Then, since (X, 7) is Hausdorff,
then there are disjoint open sets U and V in 7 such that x € U and y € V.
Since U,V € 7o, they separate x and y in (X, Too ). Secondly, suppose that
x € X. Since (X, 7) is locally compact, there exist an open set W and a
compact set K in (X, 7) such that z € W C K. Since (X, 7) is Hausdorff,
K is closed, and so X \ K € 7oo. Thus W and X, \ K separate z and
Too. O

What can we say about the compact subsets of a locally compact space?

Proposition 15.7.6  Suppose that K is a compact subset of a locally com-
pact space (X, 7). Then there exists an open set U and a compact set L such
that K CU C L.

Proof  For each x € K there exists an open set U, and a compact set L,
such that © € U, C L,. Then {U, : x € K} is an open cover of K, which
has a finite subcover {U, : © € F}. Take U = U,ecpU, and L = UyepL,. O

A topological space (X, 7) is o-compact if there is a sequence (K,,)5 ; of
compact subsets of X such that X = U72 | K,,. If so, let J,, = U]_; Kj; then
(Jn)o2; is an increasing sequence of compact subsets of X whose union is X.

Corollary 15.7.7 If (X,7) is a o-compact locally compact topological
space then X = U2 | Ly, where (L) | is an increasing sequence of com-
pact sets, with L, contained in the interior Ly 1 of Lyy1, forn € N. If K
s a compact subset of X then K C L,, for some n € N.

Proof ~ We construct the sequence (Ly,)> ; inductively. Suppose that X =
U Ky, where the sets K,, are compact. Set L; = K;. Having constructed
L, there is an open set U, ;1 and a compact subset L,, 11 such that L,UK, C
Upt1 € Lyyp. If K is compact, it is covered by the increasing sequence
(Ly)oe, of open sets, so that K C Ly C Ly, for some n. O
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A sequence (L,)0%; of compact subsets of a o-compact locally com-
pact space (X, 7) which satisfies the conclusions of this corollary is called a
fundamental sequence of compact sets.

What can we say about metrizable locally compact spaces?

Theorem 15.7.8 Suppose that (X,T) is a metrizable locally compact
topological space. The following are equivalent.

(i) (X,7) is separable.

(ii) (X, T) is o-compact.

(iii) (X, T) is second countable.

(iv) The one-point compactification (X, Too) of (X, T) is metrizable.

(v) (X, 7) is homeomorphic to an open subset of a compact metric space.

Proof  Let d be a metric on X which defines the topology 7.
Suppose that (i) holds. Let (x,)22, be a dense sequence of elements of X.
For each r let

Cr={neN: M (z,) ={r € X :d(x,z,) <1/n} is compact}.

We shall show that X = U2, (Unec, M/, (), so that (ii) holds. Suppose
that x € X. There exists n such that M, ,(x) is compact. There exists =,
such that d(z,x,) < 1/2n. Then M, 5, (z,) € My, (), and so 2n € C,.
Since = € My 3, (z,), X = UpZ, (UneCTMl/n(%))-

Suppose that (ii) holds. By Corollary 15.7.7, there exists an increasing
sequence of compact sets (K,) with K,, € K> ;| C Ky, for which X =
U K. Each K, is second countable, and so therefore is each K. Let U,
be a countable basis for the topology of K. Suppose that U is a non-empty
open subset of X. Then U N K is the union of countably many subsets
in Uy, and so U = U2 (U N K;)) is the union of countably many sets in
U = U Uy; U is a countable basis for the topology of (X, 7). Thus (iii)
holds.

Since a second countable space is separable, (i), (ii) and (iii) are equiva-
lent. Suppose that they hold. Let the sequence (k)52 and U be as in the
previous paragraph. Then U U {X, \ K,, : n € N} is a countable basis for
the topology Teo. Thus (X0, Too) is metrizable, by Urysohn’s metrization
theorem: (iv) holds.

Since (X, 7) is homeomorphic to an open subset of (X, 7o), (iv) implies
(v), and (v) implies (i), since a compact metric space is separable (Corollary
15.4.3), and a subspace of a separable metric space is separable (Corollary
13.5.4). O
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Exercises

15.7.1 Construct a two-point compactification of R, and a compactification
of R? which is homeomorphic to the closed disc {(z,y) € R? : 22 +
y? < 1}.

15.7.2 Give an example of a countable product of locally compact spaces
which is not locally compact.

15.7.3 Suppose that (X, d) is a separable metric space. Show that (X, d) is
locally compact if and only if there is continuous mapping of C'\ {0}
(where C' is Cantor’s ternary set) onto X.

15.7.4 Let X = {x € Ha : supjen |z;/j| < 1}, with the subspace metric.
Show that X is the union of an increasing sequence of compact sets,
but is not locally compact.

15.7.5 Show that the intersection of two locally compact topological sub-
spaces of a topological space is locally compact.

15.7.6 Give an example of two locally compact subsets of R whose union is
not locally compact.

15.7.7 Give an example of a separable locally compact metric space which
is not complete.

15.7.8 Show that if (X, d) is a separable locally compact metric space then
there is an equivalent metric p on X such that (X, p) is complete.

15.7.9 Suppose that (X, d) is a separable locally compact metric space. Use
the metric d to construct a metric do, on the one-point compactifica-
tion X, which defines the topology 7, avoiding the use of Urysohn’s
metrization theorem.

15.8 Local uniform convergence

Suppose that (X, 7) is a o-compact locally compact topological space, and
that (E,||.||) is a Banach space. Let C(X, E) denote the space of continuous
functions on X taking values in E. (An important example is the case where
X is an open subset of the complex plane C, and F = C, and it is good
to keep this example in mind.) Functions in C'(X, E) need not be bounded,
and uniform convergence is too strong for many purposes. If (f;)2, is a
sequence in C(X,E) and f € C(X, E) then we say that f converges to f
uniformly on compact sets, or locally uniformly, as k — oo if fr(x) — f(x)
uniformly on K, for each compact subset K of X. Let us show that this
convergence can be defined by a suitable metric topology on C(X, F). Let
(L)%, be a fundamental sequence of compact subsets of X.
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If K is a compact subset of X, let 7 : C(X,E) — C(K,E) be the
restriction mapping (so that 7k (f) = fix), and let 7, = 7, . lf m < n let
Tm,n be the restriction mapping from C(Ly,, E) to C'(L,, E). If f € C(X, E),
let w(f) = (mn(f))o; ™ is an injective linear mapping of C'(X, E) into the
product space [[>2, C(Ly, E). We give each space C(Ly,E) its uniform
norm, and we give the product [[>2, C(Ly, E) the product topology 7,
defined by a suitable complete product metric p.

Proposition 15.8.1 With the notation above, w(C(X,E)) is a closed
linear subspace of 172, C(Ly, E).

Proof  The mapping 7 is linear, and so 7(C(X, E)) is a linear subspace of
[[,2, C(Lyn, E). If m < p then

Gmp = {(9:h) € C(Lm, E) x C(Lyp, E) : mm p(h) = g}

is the graph of the continuous mapping m,, ,, and is therefore a closed linear
subspace of C(Ly,, E) x C(L,, E). Consequently

Hppp = {(gn)51 € [[ CLns B) : Tmp(9p) = gim}

n=1

is a closed linear subspace of [[>2 | C(L,, E). Since
m(C(X, E)) = M=y (MpzmHmp)
m(C(X, E)) is a closed subset of [[>7, C(L,, E). 0

Let usset d(f,g) = p(7(f),7(g)). Then d is a complete metric on C (X, E);
for example, as in Section 13.3, we can take

[e. 9]

supser, |1 £(@) — g(o)]
A9 =2 o @) — 9@

or d(f,g) me " sup [[f(z) — g(@)])-

xz€eL,

We call the corresponding topology on C(K,E) the topology of local
uniform convergence.

Proposition 15.8.2 Suppose that (X, T) is a o-compact locally compact
topological space, and that (E,||.||) is a Banach space. Let (L,)5%; be a
fundamental sequence of compact subsets of X. Suppose that (fi)72, is a
sequence in C(X, E), and that f € C(X, E). The following are equivalent.



15.8 Local uniform convergence 459

(i) fx(z) — f(x) uniformly on compact sets, as k — oc.

(ii) fr(x) — f(x) uniformly on each Ly, as k — co.

(iii) For each x € X there exists a compact neighbourhood N, of x such
that fi(x) — f(z) uniformly on N,.

(i) fr(z) — f(x) in the topology of local uniform convergence.

Proof  Certainly (i) implies (ii) and (ii) implies (iii), since if z € X then
there exists n € N such that z € L;, so that L,, is a compact neighbourhood
of . If (iii) holds and if K is a compact subset of X, then for each z € K
there exists a compact neighbourhood N, of x such that fx(z) — f(z)
uniformly on N,. The collection of sets { N : € K} is then an open cover
of K, and so there is a finite subcover { Ny : z € F'}. Since fy — f uniformly
on Ugyep Ny, it follows that fr — f uniformly on K. Thus (iii) implies (i).
Finally, the properties of the product topology imply that (i) and (iv) are
equivalent. O

Theorem 15.8.3 (The general principle of local uniform convergence)
Suppose that E is a Banach space and that (X, 7T) is a o-compact locally
compact topological space. With the terminology as above, if (fi)72, is a
sequence in C(X, E) then fi converges locally uniformly to a function f in
C(X, E) if and only if (7, (fr))3, is a Cauchy sequence in (C(Ly, E), ||.|| )
for each n € N.

Proof  This follows immediately from the facts that convergent sequences
are Cauchy sequences, and that the spaces (C(L,, E) ) are complete.

O

We can characterize compact subsets of C(X, E). A subset A of C(X, E)
is locally uniformly bounded if 7 (A) is bounded in (C(K, E), ||.||,,), for each
compact subset K of X.

Theorem 15.8.4 (The local Arzela—Ascoli theorem) Suppose that (X, T)
18 a o-compact locally compact topological space and that d is a complete
metric on C(X) defining the topology of local uniform convergence. A closed
subset A of C(X) is compact if and only if it is locally uniformly bounded
and is equicontinuous at each point of X.

Proof  Of course we use the Arzela—Ascoli theorem. Let (L,,)>° ; be a fun-
damental sequence of compact subsets of X, and for each n let 7, : C(X) —
C(L,) be the restriction mapping.

If A is compact, then m,(A) is compact, and is therefore uniformly
bounded on L,, for each n € N; thus A is locally uniformly bounded. If
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x € X and if x € L; then m,(A) is equicontinuous in C(L,,). Since z is an
interior point of L,, it follows that A is equicontinuous at x.

Conversely, suppose that the conditions are satisfied. We show that A is
sequentially compact. Suppose that (f;)72, is a sequence in A. The con-
ditions imply that 7,(A) is totally bounded in C(L,), for each n € N.
A diagonal argument, then show that there exists a subsequence (f, )JO‘;I
such that (m,(f,))52; is a Cauchy sequence in (C(Ly),|.|ly,), for each
n € N. Since (C(Ly),|.||,,) is complete, it therefore follows that, for
each n € N, (m,( fkj))]o-‘;l converges in norm to an element f(, say, of
C(Ly). Since fM(z) = f0™(z) for m < n and & € L,,, there exists
a function f on X such that f(z) = f™(z) for x € L,, for each
n € N. If x € X then x € L) for some n, from which it follows that
f € C(X). Thus (fx, )52, converges locally uniformly to f. Since A is closed,
feA. O

Exercise

15.8.1 Suppose that (X, 7) is a o-compact locally compact topological space,
and that (E,|.||) is a Banach space. Let (L,)2%; be a fundamental
sequence of compact subsets of X. Suppose that A C C(X, F). Show
that the following are equivalent.

(i) A is locally uniformly bounded.
(ii) mp(A) is bounded in C(Ly, E), ||.||.,), for each n € N.
(iii) For each z € X there exists a compact neighbourhood N, of
such that 7y, (A4) is bounded in C(Ny, E), |||/ )-

15.9 Finite-dimensional normed spaces

Suppose that (E, ||.||) is a normed space. When is E locally compact? Since
the mappings © - z+a : F — Fandz — \x : E — E (A # 0) are
homeomorphisms, (£, |.]|) is locally compact if and only if the closed unit
ball B = {z € E : ||z|| < 1} is compact.

The space R¢, with its usual Euclidean norm, is locally compact. We also
have the following easy result.

Proposition 15.9.1 Any linear operator T from RY, with its usual
Euclidean norm, into a normed space (E,||.||) is continuous.
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Proof If x = (x1,...,14) = 161 + - - - 24¢q € R? then, using the triangle
inequality and the Cauchy—Schwarz inequality,

1T ()| = [le1T(er) + - - 2qT(eq)|| < |za]-[[T(er)|| + - - + [zl [|T(eq)
p vz o 1/2
< [ D ITCep? Dolal] =Ky,
j=1 J=1
where K = (37, [T(e;)1%)/2. N

Theorem 15.9.2 Any two norms on a finite-dimensional normed space
E are equivalent.

Proof  Since a finite-dimensional complex normed space of dimension d
can be considered as a real normed space of dimension 2d, we can suppose
without loss of generality that E' is a real vector space.

Let (f1,...,fq) be a basis for E. Define a bijective linear mapping
T : RY — E by setting T(x) = Z;l:l xjfj, and define ||T'(z)|, = |z|,
where |.| is the Euclidean norm on R?. Then ||.||, is a norm on E,
and T is an isometry of R? onto (F,|.|,). Since R? is locally com-
pact, and complete, so also is (F,|.||5). It is sufficient to show that any
norm |.|l; on E is equivalent to |[.||. By Proposition 15.9.1, the iden-
tity mapping (E,|.|[,) — (£,]|.|l;) is continuous. Thus the function f :
(E,|.ll,) — R defined by f(z) = ||z||; is continuous on (E,||.||5). The set
S ={x € E:|z|,=1}is compact, and so f attains its minimum on S at a
point sq of S. Since sg # 0, m = f(sg) > 0. Thus if ||z||, = 1 then [|z|, > m.
We now use a standard homogeneity argument. If x € E and x # 0, then
z/ ||z||, € S, and so

x [y

= > m.
o llzll
Thus |||y < ||lz||; /m for all z € E, so that the identity mapping (E, ||.||;) —
(E,||.|l5) is continuous. O

H33”2

Corollary 15.9.3 (i) Any finite-dimensional normed space is locally
compact, and complete.

(i) Any linear operator from a finite-dimensional normed space into a
normed space is continuous.

(iii) Any finite-dimensional subspace of a normed space (E.,||.||) is closed

n E.
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Theorem 15.9.4 Any locally compact normed space (E,|.||) is finite-
dimensional.

Proof  Since Bpg is compact, it is totally bounded. There therefore exists
a finite subset F' of Bg such that

B CF+Bg/2={f+x:feF|z| <1/2}.

Let G be the linear span of F. GG is a finite-dimensional linear subspace
of E; we shall show that G = E. Now By C G + Bg/2, and so Bg C
G+ (G+ Bg/2)/2 = G + Bg/4. Tterating this argument, we see that By C
G + Bg/2", for n € N. Thus if x € Bg and n € N, there exists g, € G such
that ||z — gn| < 1/2". Hence g, — x as n — oo, and so, since G is closed in
E, x € G = G. Consequently, Bg C G, and so E = span (Bg) C G. O

Exercises

15.9.1 Suppose that F is a proper closed linear subspace of a normed space
(E,||.]|)- Suppose that y € E'\ F and that 0 < € < 1. There exists
[ € Fsuch that [ly — f[| <d(y,F)/(1—¢). Let & = (y — f)/ ly — flI.
Show that ||z|| = 1 and that d(z, F) > 1 —e.

15.9.2 Suppose that F' is a finite-dimensional linear subspace of a normed
space (E,|.|]) and that y € E \ F. Show that there exists f € F
such that ||y — f|| = d(y, F'). Show that there exists x € E with
|lz|| = d(z, F) = 1.

15.9.3 Suppose that (E,||.||) is an infinite-dimensional normed space. Show
that there exists a sequence (x,)5%; of unit vectors in E with
llzj —agl] > 1 for j,k € N with j # k. Give another proof that
(E, ||.|]) is not locally compact.

15.9.4 If © € loo, let ¢(z) =D 00 2, /2", and let H = {z € I : ¢(x) = 1}.
Let Hy = H N cy.

(a) Show that ¢ : I, — R is a continuous linear mapping.

(b) Show that H is closed in l.

(c) Show that there exists a unique h € H such that do(0,h) =
doo (0, H).

(d) Show that Hy is closed in c¢q.

(e) Show that there is no element hy of Hp such that du(0,hy) =
doo (0, Hp).

15.9.5 Suppose that F is a closed linear subspace of a normed space (E, ||.||)
and that y € E\ F. Let G = span (F,y). Suppose that z € G and
that f, + Apb — 2z as n — oco. Suppose that (A,)02; does not con-
verge. Show that there is € > 0 and a subsequence (), )72 ; such that
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[Anpis—An,| > €. Show that (an,,, —an,)/(An,—An,,,) = yasn — oo,
giving a contradiction. Show that if A\, — A as n — oo then z € G.
Deduce that G is closed. Deduce that if D is a finite-dimensional

subspace of E then F' + D is closed.
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Connectedness

16.1 Connectedness

In Section 5.3 of Volume I we introduced the notion of connectedness of sub-
sets of the real line, and showed that a non-empty subset of R is connected if
and only if it is an interval. The notion extends easily to topological spaces.
A topological space splits if X = Fy U F5, where I} and F5 are disjoint non-
empty closed subsets of (X, 7). The decomposition X = FyUF, is a splitting
of X. If X does not split, it is connected. A subset A of (X, 7) is connected if
it is connected as a topological subspace of (X, 7). If X = Fy U F is a split-
ting, then F} = C(Fy) and F» = C(F}) are open sets, and so X is the disjoint
union of two non-empty sets which are both open and closed; conversely if
U is a non-empty proper open and closed subset of X, X = U U (X \ U) is
a splitting of (X, 7). Thus (X, 7) is connected if and only if X and () are the
only subsets of X which are both open and closed.

Proposition 16.1.1  Suppose that A is a connected subset of a topological
space (X, 7) and that X = Fy U Fy is a splitting of X. Then either A C Fy
or A C Fy.

Proof  The sets AN Fy and AN Fy are disjoint open and closed subsets of
A whose union is A; one of them must be empty and the other one be equal
to A. 0

Proposition 16.1.2  Suppose that (X,7) and (Y, o) are topological spaces
and that f : (X,7) = (Y,0) is continuous. If (X, T) is connected, then so is

the topological subspace f(X) of Y.

Proof If f(X) = F{UF; is a splitting of f(X) then X = f~Y(F)Uf~ ()
is a splitting of X. O

464
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Connectedness can be characterized in terms of continuous mappings.
Let Dy be the two point set {0, 1}, with the discrete topology. Then Dy =
{0} U {1} is a splitting of Ds.

Corollary 16.1.3 A topological space (X,T) is connected if and only if
there is no continuous surjective mapping of (X, 1) onto Ds.

Proof  The proposition shows that the condition is necessary. On the other
hand, if X = FyU F} is a splitting of X, and if x € F;, let f(x) = 4. Then f
is a continuous surjection of X onto Ds. a

We also have an intermediate value theorem.

Corollary 16.1.4 (The intermediate value theorem) Suppose that f :
(X,7) = R is a continuous real-valued function on a connected topologi-
cal space (X, 1), and that f(z) < v < f(2') (where x,2’ € X ). Then there
exists y € X such that f(y) =v.

Proof  f(X) is a connected subset of R, and so it is an interval. Since
f(@), f(@") e f(X) and f(z) <v < f(2'), it follows that v € f(X). O

Let us consider the connected subsets of a topological space (X, 7)

Proposition 16.1.5 Suppose that A is a set of connected subsets of a
topological space (X, 7) and that Naca A # 0. Then B = Uac A is connected.

Proof  Let ¢ be an element of Nsc 4 A. Suppose that F is an open and closed
subset of B. We must show that either F' = B or that F' = (). Suppose first
that c € F'. If A € A, then F'N A is a non-empty open and closed subset of
A. Since A is connected, A = FN A C F. Since this holds for all A € A,
B C F, so that FF = B. Secondly, suppose that ¢ € F. If A € A, then
F N Ais aopen and closed subset of A which is not equal to A. Since A is
connected, FF' N A = (). Since this holds for all A € A, FN B = (), so that
F=40. O

As an example, consider the open unit ball Ug = {z € E : ||z|| < 1} of
a normed space. If z € Ug, let f, : [0,1] — Ug be defined by f(t) = tx.
Then f, is continuous, so that f,([0,1]) is connected. Since 0 € f,(]0, 1]) for
all x € Ug, the set Up = U{f,([0,1]) : € Ug} is connected. It follows, by
translation and scaling, that N¢(x) is connected, for each z € E and € > 0.

Proposition 16.1.6 Suppose that A is a dense connected subset of a
topological space (X, 7). Then (X, T) is connected.
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Proof  Suppose that F is a non-empty open and closed subset of X. Since
F is open and A is dense in X, FN A # (. But F'N A is open and closed in
A, and so FN A= A, since A is connected. Thus A C F. Since F' is closed
in X, X=ACF,andso F =X. O

Corollary 16.1.7 Suppose that A is a connected subset of a topological
space (X, 7) and that A C B C A. Then B is connected.

Proof A is a dense subset of the subspace B of (X, 7). O

Theorem 16.1.8 If (Xu,7a)acA 18 a family of connected topological
spaces, then the topological product X =[], c4(Xa,Ta) is connected.

Proof  Suppose that G is a non-empty open and closed subset of X, and
that x € G. We shall show that if y € X then y € G, so that G = X,
and X is connected. Suppose that § € A. The cross-section C, 3 = {2 €
X 1 2o = x4 for a # [} is homeomorphic to (Xg3,73), and is therefore
connected. G N € g is an open and closed subset of C, g containing x, and
so GNCyp = Cpp. In particular, let w® () = yg and w'®(a) = z, for
a # f3; then w'®) € G. Tterating this argument, if F' is a finite subset of A,
let wf'(B) = ys for B € F and w!(a) = x, for a ¢ F. Then w!" € G. Now
suppose that IV is a neighbourhood of y. Then there exists a finite subset F
of N such that N D {z € X : 23 = yg for § € F}. In particular, wf € N,
so that N NG # (). Thus y € G. Since G is closed, y € G. O

We now consider the collection of connected subsets of a topological space
(X, 7). We define a relation on X by setting a ~ b if there is a connected
subset A of (X,7) which contains a and b. This is clearly symmetric and
reflexive (take A = {a}), and is also transitive, by Proposition 16.1.5, and
so it is an equivalence relation on X. The equivalence classes are called the
connected components of (X, 7).

Proposition 16.1.9 Suppose that E is a connected component of a
topological space (X, T), and that © € E. Let

G,=U{FCX:x€F and F is connected}.

Then E = G,.

Proof If y € E then there exists a connected subset F' of X such that
{z,y} C F, and so y € Gy; thus E C G,. On the other hand, G, is
connected, by Proposition 16.1.5, and so G, C E. O

Corollary 16.1.10 A connected component E of a topological space (X, T)
is closed and connected, and is a mazimal connected subset of (X, 7).
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Proof E is connected, since G, is connected. Since E is connected, E C
G, = F, and so F is closed. If F' is a connected subset containing F then
F C G4, and so F' = E; F is a maximal connected subset of (X, 7). 0

Corollary 16.1.11 [If X = G U H s a splitting of X, then either E C G
or EC H.

Example 16.1.12 Two distinct connected components of a Hausdorff
topological space which cannot be separated by a splitting.

We construct an example in R2. For n € N let C,, be the circle {(z,y) :
22 +y> =n/(n+1)}, let W = U, C, and let

X ={(1,0};U{(=1,0}uwW.

Then the circles C), are connected components in X, and so therefore are the
singleton sets {(1,0)} and {(—1,0)}. Suppose that G is an open and closed
subset of W which contains (1, 0). Since G is open, there exists ng such that
(n/(n+1,0)) € G for n > ng. Since each C,, is connected, C,, C G for n > ny,
and so (—n/(n+1),0) € G for n > ng. Since G is closed, (—1,0) € G. Thus
if F1 U F, is a splitting of X, the two connected components {(1,0)} and
{(=1,0)} must either both be in F} or both be in Fj.

Things work better for compact Hausdorff spaces. We need a preliminary
lemma.

Lemma 16.1.13 Suppose that G is a set of open and closed subsets of a
compact Hausdorff space (X, 7), and that J = NgegG. If J1UJs is a splitting
of J, then there is a splitting Iy U Fy of X, with J; C Fy and Jo C F5.

Proof  The sets J; and Jo are disjoint closed subsets of X, and (X, 1) is
normal, and so there exist disjoint open subsets Uy and Uy of X with J; C Uy
and Jy C Us. The open sets Uy, Uz and {X \ G;G € G} cover X, and so
there is a finite subcover Uy, Uy, X \ G1,..., X\ Gy,. Let F; = U N (ﬂ;‘:lGj)
and Fy = Uy U (U;‘ZI(X \ G;)). Then F} UF; = X, F} and F5 are open and
disjoint, J; C F; and Jy C F5. O

Theorem 16.1.14 If C and D are distinct connected components of a
compact Hausdorff space (X, T), there exists a splitting G U H with C C G
and D C H.

Proof Let G ={G : G is open and closed, and C' C G}, and let J = Ngeg
G. First we show that J is connected. Suppose not, and suppose that J =
J1 U Jo is a splitting of J. By Lemma 16.1.13, there exists a splitting X =
FLUF, of X with J; C F} and Jy C Fy. But C is connected, and so C' C I}
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or C' C F,. Suppose, without loss of generality, that C' C F}. Then F} € G,
so that J C Fy. Thus Jo C Iy N Fy = (), giving a contradiction.

Thus J is connected. But C' C J and C' is a maximal connected subset of
X, and so C' = J. Suppose that d € D. Then there exists G € G such that
d ¢ G. Since H = X \ G is open and closed and D is connected, D C H.
Thus the splitting X = G'U H has the required properties. |

When are connected components open? A topological space is locally con-
nected if for each a € X and each N € N, there exists a connected M € N,
with M C N; that is, each point of X has a base of neighbourhoods con-
sisting of connected sets. For example, a normed space is locally connected,
since if z € F then the sets { N¢(x) : € > 0} form a base of neighbourhoods of
x consisting of connected sets. An open subset of a locally connected space
is clearly locally connected.

Proposition 16.1.15 If (X, 7) is a locally connected topological space then
the connected components of X are open and closed.

Proof  Suppose that E is a connected component of X. E is closed, by
Corollary 16.1.10. If a € E, there exists a connected neighbourhood N of a.
Since F is the maximal connected subset of X containing a, N C E. Thus
a € E°. Since this holds for all a € E, F is open. O

Thus the connected components form a partition of X into connected
open and closed sets.

Corollary 16.1.16 If U is an open subset of a normed space (E,|.|),
then the connected components of U are open subsets of E.

Corollary 16.1.17 If (X,7) is a compact locally connected topological
space then there are only finitely many connected components.

Proof  For the connected components of X form an open cover of X. O

Corollary 16.1.18 If (X, 1) is a separable locally connected topological
space then there are only countably many connected components.

Proof Let D be a countable dense subset of X. If d € D let Cy be the
connected component to which d belongs. If C' is a connected component,
then C'N D is not empty, and so the mapping d — Cy is a surjection from
the countable set D onto the set of connected components. O

In particular, and this will be very important later, an open subset of C
is the countable union of disjoint open connected sets.
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Proposition 16.1.19 If (X,7) = [["(Xn,mn) is a finite product of
locally connected topological spaces then (X, T) is locally connected.

Proof If x € X then the sets
{N = Ni x--- x Ny : Nj is a connected neighbourhood of z;}

form a base of neighbourhoods of x consisting of connected sets. O

On the other hand, an infinite product of locally connected topological
spaces need not be locally connected. If X,, = {0,1}, with the discrete
topology, for all n € N, then X, is locally connected, while the connected
components of (X,7) = [[>7,(X,,7,) are the singleton sets. But we have
the following.

Proposition 16.1.20 If (X, 7) = [[,c4(Xa;Ta) is a product of connected
locally connected topological spaces then (X, T) is locally connected.

Proof  This is left as an exercise for the reader. O

Exercises

16.1.1 A point = in a connected topological space (X, 7) is a splitting point
of X if the topological subspace X \ {x} is not connected. Determine
the splitting points of the spaces (0,1), (0,1], [0,1] and [0, 1] x [0, 1].
Show that no two of them are homeomorphic.

16.1.2 Show that there is no continuous injective map from R? into R.

16.1.3 Suppose that A is a closed subset of [0,1] x [0,1] for which each
cross-section A N ({x} x [0,1]) is a non-empty interval. Show that
there exists 0 < x < 1 such that (z,x) € A.

16.1.4 Suppose that A is a set of non-empty subsets of a set S. A is linked
if whenever A, B € A then there exists a finite sequence (A, ... Ay)
such that Ag = A, A, =B and A;_1NA; # 0 for 1 <j <n. Show
that if A is a linked set of connected subsets of a topological space
(X, 7) then UgeqA is connected.

16.1.5 Suppose that (X, d) is a compact metric space for which m =
M(z) for each x € X and ¢ > 0. Show that the sets N(x) and
M,(x) are connected, for each z € X and e > 0. In particular,
(X, d) is connected and locally connected.

16.1.6 A metric space (X, d) is well-linked if whenever a,a’ € X and € > 0
there exists a finite sequence (a;)7_ in X with ap = a,a, = a’ and
d(aj—1,a;) <efor 1 <j<n.

(a) Show that a connected metric space is well-linked.
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(b) Give an example of a well-linked metric space which is not
connected.
(c) Show that a compact well-linked metric space is connected.

16.1.7 Show that a countable Hausdorff topological space with more than
one point is not connected.

16.1.8 Prove Proposition 16.1.20.

16.1.9 Suppose that the compact metric space (X,d) has the property
that if z,y € X then there exists z € X with d(z,z2) = d(y,2) =
d(x,y)/2. Show that (X,d) is connected.

16.1.10 Suppose that (C),)2°; is a decreasing sequence of closed connected
subsets of a compact topological space. Show that N2 ,C), is
connected.

16.1.11 Give an example in R? of a decreasing sequence (C,,)°%; of closed
connected sets whose intersection is not connected.

16.2 Paths and tracks

Suppose that (X, 7) is a Hausdorff topological space. Let us consider the set
Cx ([a, b]) of continuous mappings from the closed interval [a, b] into (X, 7).
An element f of Cx([a,b]) is called a path in X. f(a) is the initial point of
the path, and f(b) is its final point, and f is a path from a to b. The image
f([a,b]) is called the track from f(a) to f(b), and is denoted by [f]. It is a
compact connected subset of (X, d). It can be helpful, if not mathematical,
to think of the interval [a,b] as a time interval; we start at time a at f(a);
f(t) denotes the point of the track that we have reached by time ¢, and we
reach f(b) at time b. We may retrace our footsteps, or cross the path at a
point that we have reached before, and, as we shall see, many other strange
things can happen. A path is closed if f(a) = f(b); we return to our starting
point.

Before going any further, let us give a word of warning: there is consid-
erable variation in terminology. Different authors use words such as ‘path’,
‘track’, ‘curve’ and ‘arc’ with a variety of different meanings.

As a simple example, if a and b are elements in a normed space (E, ||.||)
then the linear path o(a,b) : [0,1] — E from a to b is defined as o(a,b)(t) =
(1 —t)a+tb, for t € [0, 1]; its track is denoted by [a, b], and is called the line
segment from a to b.

We can juztapose two paths to obtain a new path: if f : [a,b] — X and
g : [e,d] — X are paths, and f(b) = g(c) we define f V g to be the path
from [a,b + (d — ¢)] into X defined by f V g(x) = f(x) for x € [a,b] and
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fVg(x)=g(x+(c—0)) for z € [b,b+ (d — c)]. Thus f V g has initial point
f(a) and final point g(d), and [f V g] = [f] U [g].

The juxtaposition of finitely many linear paths is called a piecewise-linear
or polygonal path. If v = o(vg,v1)V...Vo(vg_1,vk) is a polygonal path, then
the points vg, v, ..., v, are called the wvertices of v, and the line segments
[vj_1,v;] are called the edges of . A polygonal path v in R? is called a
rectilinear path if its edges are parallel to the axes: that is, if 1 < j < k then
all but one of the coordinates of v;_; and v; are the same. A polygonal path
in R is called a dyadic path if each coordinate of each vertex is a dyadic
rational number. Dyadic rectilinear paths will be very useful, since we can
apply counting arguments to sets of dyadic rectilinear paths.

We can reverse a path. If f: [a,b] — X is a path, we set f<(t) = f(a+b—t)
for t € [a,b]. Then f* is a path, the reverse of f, with initial point f(b) and
final point f(a), and with [f<] = [f].

We can define an equivalence relation on paths. If f : [a,b] — X and
g :[c,d] — X are paths, we say that f and g are similar paths, or equivalent
paths, if there exists a homeomorphism ¢ : [c,d] — [a, b] such that ¢(c) = a,
¢(d) =band g = fo¢. It is easy to see that this is an equivalence relation.
Recall that ¢ : [¢,d] — [a, b] with ¢(c) = a and ¢(b) = d is a homeomorphism
if and only if it is a strictly increasing continuous function. Similar paths
have the same track, and if g(s) = f o ¢, we can think of t = ¢(s) as a
change of variables or reparametrization. For example, if f : [a,b] — X is
a path, and we set g(t) = f((1 —t)a + tb) for ¢t € [0,1] then ¢ : [0,1] — X
is a path equivalent to f. Again, if f : [0,1] — X is a path, and we set
g(t) = f(t?) for t € [0,1] then g : [0,1] — X is a path equivalent to
f. For many purposes, equivalent paths play the same role, and we shall
frequently identify equivalent paths. Thus it is often convenient to consider
paths defined on [0, 1] or [0, 27].

We can change the initial point of a closed path. Suppose that f : [a,b] —
X is a closed path and that s € [a,b]. Define f : [a,b] — X by setting

fst)=f(s—a+t)fora<t<a+b-—s,
and fs(t) = f(t+s—0b) fora+b—s<t<h.

Then fs is a closed path with initial point f(s) and with the same track as
f. Two closed paths f : [a,b] — X and g : [c,d] — X are similar closed
paths if there exists s € [a, b] such that fs and g are similar paths.

A path f: [a,b] — (X, 7) is simple if f is an injective mapping from [a, b]
into X. A simple path is sometimes called an arc. In this case, since [a, b]
is compact and (X, 7) is Hausdorff, f is a homeomorphism of [a, b] onto the
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track [f]. Suppose that f : [a,b] — X and g : [¢,d] — X are simple paths
with the same track, and with the same initial points and final points. Let
f~1: [f] = [a,b] be the inverse mapping, and let v = f~!' o g. Then v is a
homeomorphism of [a,b] onto [c,d] with v(a) = ¢ and v(b) = d, and so f
and g are equivalent.

A simple closed path f : [a,b] — X is a closed path whose restriction
to [a,b) is injective. Thus a simple closed path is not a simple path, since
f(a) = f(b), but otherwise f takes different values at different points of [a, b].
For example, the mapping « : [0,27] — R? defined by x(t) = (cost,sint) is a
simple closed path, with track the unit circle T = {(x,y) € R? : ||(z,y)| =
1}. More generally, if w = (z,y) € R? and » > 0, then the circular path
Kr(w) is defined as

Kr(w)(t) = (x 4+ rcost,y + rsint) for t € [0, 27];

we denote its track by T,(w). Suppose that f : [0,27] — X is a simple
closed path. Let h = fox~!. Then h is a homeomorphism of T onto [f]; the
track of a simple closed path is homeomorphic to the unit circle.

In order to illustrate the nature of paths, let us establish some approxi-
mation results that we shall need later.

Theorem 16.2.1  Suppose that v : [0,1] — U is a path from a to b in an
open subset U of a normed space (E,|.||p), and that 6 > 0. Then there is a
polygonal path B :[0,1] — U from a to b with |5(t) —~(t)| < d fort € [0,1].

Proof  Since [y] is compact, we can suppose, by taking a smaller value of
0 if necessary, that Ns([v]) = U{Ns(z) : z € [y]} C U. Since = is uniformly
continuous on [0, 1] there exist 0 = ¢y < t; < --- < t; = 1 such that
|v(t) — ~(tj)| < 6/2 for t € [tj_1,t;], for 1 < j < k. We consider the
polygonal path with vertices tg, ..., ;. Let

B =0c(y(to), (1)) Vo(y(tr),v(t2)) V... o(y(tk-1), 7(tk)),

parametrized so that 3(t;) = ~(t;) for 0 < j < k. Then [f] C U, since
[Y(tj—1),7(t;)] € Ns(t; )CU Iftj_1 <t <tjthen

18(#) =@z < 18C) = BE) g + Iv(E) =@l 5 <&
|

Corollary 16.2.2 If E =R?, then 8 can be chosen as a rectilinear path.

Proof  Replace each of the paths o(y(t;—1),7(t;)) by the juxtaposition of
finitely many linear paths, each parallel to an axis. O
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Corollary 16.2.3  Suppose that v : [0,1] — U is a path in an open subset
U of R? and that § > 0. Then there is a dyadic rectilinear path 8 : [0,1] — U
with |5(t) —~(t)| < 6 fort € [0,1].

Proof  Approximate the vertices of the path of the previous corollary by
vertices each of whose coordinates is a dyadic rational number. O

16.3 Path-connectedness

A topological space (X, 7) is path-connected if for each x,y € X there is a
path from z to y.

Proposition 16.3.1 If (X, 7) is a path-connected topological space then
(X, T) is connected.

Proof  Suppose that F' is a non-empty open and closed subset of X, and
that € F. If y € X there exists a path from z to y. Let T be its track.
Then z € T and T is connected, and so T'C F. But y € T, and so y € F.
This holds for all y € X, and so F' = X; X is connected. O

Example 16.3.2 A connected compact subset of the plane R? which is
not path-connected.

Let

I={0,y):—-1<y<1}, J={(z,sin(l/x)):0<ax<1}, K=IUJ.
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Figure 16.3. A connected set which is not path-connected.
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The mapping (z,sin(1/z)) — z is a homeomorphism of J onto (0, 1],
so that J is connected. K is the closure of J, so that K is compact
and connected. We show that K is not path-connected. Suppose that
f :a,b] — K is a path from (0,0) to (1,sin 1) and set f(t) = (g(t), h(t)). Let
S = sup{s € [a,b] : g(s) = 0}. By continuity, g(s) = 0, and so a < s < b.
Using the intermediate value theorem inductively, we can find a decreasing
sequence (t,)5° in [s, b] such that g(t,) = 2/m(2n+1). Let T' = limy,_ o0 tp.
Then h(t,) = sin((2n + 1)7/2) = (=1)", so that h(t,) does not converge
to h(T) as n — oo, contradicting the continuity of h. Note also that J is
path-connected, but that J = K is not.

Nevertheless, as we shall see, path connectedness provides a valuable test
for connectedness. For example, a normed space (FE, ||.||) is path-connected,
and therefore connected: if z,y € E, let f(t) = (1 — t)x + ty, for t € [0, 1].
Here the track is the line segment [z, y].

We can also partition a topological space into path-connected compo-
nents. For this, we need the following.

Proposition 16.3.3  Suppose that (X, T) is a topological space. Define a
relation ~ on X by setting x ~ y if there exists a path in X from x to y.
Then ~ 1is an equivalence relation on X.

Proof 1Ifz € X, let f(t) = x for z € [0,1]. Then f is a path from z to z,
and so z ~ .

If f:[a,b] = X is a path from x to y, the reverse path f is a path from
y to . Thus if x ~ y then y ~ x.

If f is a path from x to y and ¢ is a path from y to z then the juxtaposition
fVgisapath from x — z. Thus if x ~ y and y ~ z then x ~ z. O

The equivalence classes are called the path-connected components of X.
They are maximal path-connected subsets of X. Path-connected components
need not be closed. If K is the example that we have given of a connected
space that is not path-connected, then the path-connected components are
I, which is closed, and .J, which is not.

We can also define local path connectedness. A topological space is locally
path-connected if for each x € X and each M € N, there exists N € N, such
that N C M and N is path connected; that is, each point of X has a base of
neighbourhoods consisting of path-connected sets. Of course, a locally path-
connected space is locally connected, and its path-connected components
are connected. An open subset U of a normed space (E, ||, ||) is locally path-
connected; if x € U and N¢(x) C U then N(x) is path-connected.
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Proposition 16.3.4 If (X, 1) is a locally path-connected topological space,
then the path-connected components are open and closed.

Proof  Suppose that E is a path-connected component of X and that x €
E. Let N be a path-connected neighbourhood of X. Thenz € N° C N C F,
and so F is open. The complement of F is the union of path-connected
components, and therefore it is open. Thus E is closed. O

Corollary 16.3.5 A locally path-connected space is connected if and only
if it is path-connected.

In particular an open subset of a normed space, or of C, is connected if
and only if it is path-connected.

Results concerning the path-connectedness of product spaces are easier
to prove than the corresponding ones for connectedness.

Theorem 16.3.6 If (X,7) = [[,ca(Xa,7a) is the product of path-
connected topological spaces (X, 7o) then (X, T) is path-connected.

Proof  Suppose that z,y € X. Then for each o € A there exists a path
fa 1 [0,1] = X from x4 to yu. Let f(t) = (fa(t))aca. Then f is a path from
x to y. O

Corollary 16.3.7 If (X,7) is a finite product of locally path-connected
topological spaces then (X, T) is locally path-connected.

The example (the infinite product of two-point sets) that we gave for local
connectedness shows that this result does not extend to infinite products.

Exercises

16.3.1 Suppose that (X, d) is a path-connected metric space. Show that the
set F'(X) of finite non-empty subsets of X, with the Hausdorff metric,
is path-connected.

16.3.2 Suppose that (X, d) is a path-connected locally path-connected com-
pact metric space. Show that the configuration space C'(X), with the
Hausdorff metric, is path-connected.

16.4 *Hilbert’s path*

(This section can be omitted on a first reading.)

The definition of a path, and its track, are very straightforward and nat-
ural. Paths are however not at all straightfoward. In 1890, Peano gave an
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example of a path in the plane whose track is the unit square [0, 1] x [0, 1].
We shall construct a path, Hilbert’s path, with the same track; this was
described by Hilbert in 1891.

We start with the unit square [0, 1] x [0, 1], which we list as S%O). It can be
divided into a set Q; of four squares with side-length 1/2, namely [0, 1/2] x
[0,1/2], [0,1/2]x[1/2,1], [1/2,1]x[0,1/2] and [1/2,1]x[1/2,1]. We can divide
each of these squares into four smaller squares, and iterate the procedure.
Thus at the nth level we have a set Q,, of 4™ squares of side-length 1/2".
Note that there is a natural parity on Qy; if S = [(j —1)/2",5/2"] x [(k —
1)/2™, k/2"], we say that S has odd parity if j + k is odd, and even parity if
Jj+k is even. If we colour the squares with odd parity white, and those with
even parity black, then we have a checker-board colouring. Note that if two
squares in Q,, share a common side, then they have different parities.

We shall show that there is a unique listing (S;n))?ll of @, forn € N
such that

i) 2o = (0,0 ES(n) and 1 = (1,0 ES(Z);
1 4

(ii) Sj(-n) and SJ(-Z)I share a common side, for 1 < j < 4",

(iii) S\ =8t usit) usEtUSTTY for 1< j < 4

for all n € N. Note that if we have such a listing, then Sj(-n) has odd parity
if j is even, and even parity if j is odd.

To show this, note, by considering possible cases, that if we divide a square
S into a set Q of four squares with equal side-length, and if 7' € Q and e is
a side of S, then there is a unique listing (Tj)§:1 of Q so that consecutive
terms have a common side and so that 77 = T and Ty Ne # (.

We begin by listing Q;: we set

S =10,1/2] x [0,1/2)],
S5 =10,1/2] x [1/2,1],
S8 =[1/2,1] x [1/2,1),

) =[1/2,1] x [0,1/2]

S =11/2,1] x [0,1/2).

This satisfies the conditions, and is the only listing that does so.

Suppose that O, has been listed. Let egn) be the common side of S](-n)

and Sj(i)l, for 1 < 5 < 4™ We list the four elements of O, 1 contained

in SYL) so that consecutive terms have a common side and so that zy €
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SYLH) and Sinﬂ) N egn) # (); this listing is unique. We then set Sénﬂ)

to be the element of Sén) which has a side in common with Sinﬂ), and
iterate. We continue in this way until we reach ngllz?), which is contained

in Sz(lf); up to here the listing is unique. Now Sﬁj}lg has even parity, and
[1—1/27F1 1] x [0,1/2"], the element of Q,, 41 to which x1 belongs, has
odd parity, and so we can complete the listing to satisfy the conditions, and
in a unique way.

We now use these listings to define approximations h, to Hilbert’s path.
Let $((]n) = x, let $§n) be the centre of the square S](.n), for 1 < j < 4™ and

let xfﬁa_l = 1. Let
to =0, let t; = (j —1/2)/4" for 1 < j < 4", and let t4nqq = 1.
Then set
ha((1 — )\)tj + )\tj+1) =(1- )\)$§n) + >‘$§‘Z-)1

for 0 < A <1and0 < j < 4" Then h, is a simple path from zy to z
which spends equal time 1/4™ in each of the squares of Q,, in turn. Because
of condition (iii), if (j — 1)/4" < t < j/4" then hy,(t) € S and also
hi(t) € S](-") for all m > n.

:_;
_
il
L
_
il
L
—

Figure 16.4. The paths H3 and Hy.
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Thus [|hy(t) — hm(t)]l, < V2/2". Since this holds for all ¢t € [0,1],
[hn — himll, < V2/27, and (h,)2; is a Cauchy sequence in Cgz([0,1]).
Since Crz([0,1]) is a Banach space, the uniform limit A is a path from
to x1. We must show that [h] = [0,1] x [0,1]. If not, then, since [h] is a
closed subset of [0, 1] x [0, 1], its complement is a non-empty open subset of

)

[0,1] x [0,1], and this contains a closed square SJ(.n , for some j and n. But

if (j —1)/4™ <t < j/4™ then h,,(t) € Sj(-n) for m > n. As hy,(t) — h(t) as

m — 0o, it follows that h(t) € SJ(-n), giving a contradiction.

Hilbert’s path has a great deal of self-similarity. For example, the mapping
c: (z,y) = (y/2,2/2) maps [0,1] x[0,1] onto [0,1/2] x[0,1/2], and ¢(f(t)) =
f(t/4) for 0 < t < 1. Similarly if b(x,y) = (z/2,(y + 1)/2) then b(f(t)) =
F((t+1)/4).

The examples of Peano and Hilbert overturned many intuitions about
dimension: a two-dimensional object can be the continuous image of a one-
dimensional one. But the consequence of this was the development of a
rich theory of dimension. One other conclusion that should be drawn from
this example is that the notion of continuity is not a straightforward one;
the sketches that we make when we consider continuous functions are quite
untypical of what can happen.

Hilbert’s path is interesting because of its explicit construction and its self-
similarity properties. In the next section, we shall establish a more general
result.

Exercise

16.4.1 Construct a Hilbert path in R?, and in R¢ for d € N.

16.5 *More space-filling paths*

(This section can be omitted on a first reading.)

We now show that many compact metric spaces are the tracks of
continuous paths.

We can express the local path-connectedness of a compact metric space
in a uniform way.

Theorem 16.5.1 Suppose that (X,d) is a compact metric space. Then
(X, d) is locally path-connected if and only if, given € > 0, there exists n > 0
such that if d(x,y) < n there exists a path f :[0,1] = X from x to y such
that d(f(s), f(t)) <e€ for0<s<t<1.
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Proof  The proof is a standard compactness proof. Suppose that (X,d)
is locally path-connected and that ¢ > 0. For each a € X there exists
d(a) > 0 and a path-connected set C, such that Nj(,)(a) € Co C N¢jo().
Thus if b,c € Ns(y(a) then there is a path f : [0,1] — X from b to ¢
with d(f(s), f(t)) < e for 0 < s <t < 1. The sets Nj(q)/2(a) form an
open cover of X, and so there is a finite subcover {Nj(q)/2(a) : a € F'}. Let
n = min{d(a)/2 : a € F'}. If d(z,y) < n then there exists a € F such that
T € Nj(q)/2(a), and so y € Ns(,(a). Thus there is a path from z to y with
the required properties.

Conversely, suppose that the condition is satisfied, and that N.(z) is a
neighbourhood of z in X, and let 7 satisfy the condition. Let C¢(x) be
the set of points y in X for which there is a path f : [0,1] — X from
x to y for which d(f(s), f(t)) < e for 0 < s < ¢t < 1. Any such path is
contained in N(z) (take s = 0), so that C¢(x) C N¢(x), and the condition
implies that N, (x) C Cc(x). Since C¢(z) is clearly path connected, the sets
{Cc(x) : € > 0} form a base of path-connected neighbourhoods of x. O

Corollary 16.5.2 If (X,d) is a locally path-connected compact metric
space there exists an increasing real-valued function h on (0,diam X], for
which h(u) — 0 as u ~\, 0, such that if x,y € X there exists a path
f 00,1 — X from x to y for which d(f(s), f(t)) < h(d(z,y)) for
0<s<t<.

Proof Ifx,y € X, let P(z,y) be the set of paths from x to y. Let r(z,y) =
inf{diam ([p]) : p € P(z,y)}; then d(z,y) < r(z,y) < diam(X). If 0 <
u < diam (X) let h(u) = 2sup{r(z,y) : d(z,y) < u}. Then the theorem
implies that h(u) — 0 as u N\, 0, and the construction ensures that the other
requirements of the corollary are satisfied. a

Theorem 16.5.3  Suppose that (X,d) is a locally path-connected compact
metric space. Then there exists a path in X whose track is X.

Proof  Let h be a function satisfying the conditions of Corollary 16.5.2.
By Corollary 15.4.9, there exists a continuous surjective mapping f from the
Cantor set C' onto X. We extend this to a continuous mapping f: [0,1] — X.
Suppose that (¢, d) is a connected component of [0,1] \ C. There is a path
v [e,d] = X from f(c) to f(d) such that

d(~(s),7(t)) < h(d(f(c), f(d))) for c < s <t < d.
We define f(s) = y(s) for s € (c,d).

The function f maps [0, 1] onto X; it remains to show that fis continuous.

If s € [0,1]\ C then f is continuous at s, since the path 7 is continuous at s.
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We must show that fis continuous at each point ¢ of C. This takes just a
little care. It is enough to show that fis continuous on the right on [0, 1) and
continuous on the left on (0, 1], and it is clearly sufficient to show the former.
If ¢ is the left-hand end-point of a connected component of [0, 1]\ C, then fis
continuous on the right at ¢. Otherwise, suppose that € > 0. Then there exists
0 > 0 such that h(u) < €/2 for 0 < u < . Since f is continuous on C, there
exists 0 < 7 < such that t + 7 < 1 and [f(r) — f(t)] = |f(r) — F(t)| < €/2
for r € (t,t +n) N C. Since t is not the left-hand end-point of a connected
component of [0,1] \ C, there exists t' € (t,t +n)NC. If t < s < ¢’ then
cither s € C, in which case | f(s) — f(£)| < €/2, or s € [0,1]\ C. In the latter
case, there is a connected component (c,d) of [0,1] \ C for which s € (¢, d).
But then (¢,d) C (t,'), so that d — ¢ < 8, and |f(s) — f(¢)| < €/2. Thus
1f(s) — f(t)] < efor t < s <t fis continuous on the right at ¢. O

Corollary 16.5.4  Suppose that K is a compact convex subset of a normed
space (E, ||.||). Then there exists a path in K whose track is K.

Proof  1If ky,ke € K then the line segment [k, ko] is contained in K, and
so K is locally path-connected. O

16.6 Rectifiable paths

In Part Five, we turn to the problem of integrating a function along a path.
We have however seen that paths like Hilbert’s path can behave very badly.
We must therefore consider a more restricted class of paths.

The trouble with Hilbert’s path and other space-filling paths is that they
have infinite length. Let us make this explicit. If 7 : [a,b] — (X, d) is a path,
its length () = ljq,5(7) is defined as

[(y) = sup Zd(y(tj,l),y(tj)) ra=tg<ti<...tp=b, neN
j=1

It is possible that [, 3)(7) = oo; as a simple example, if y(0) = (0,0) and
y(t) = (t,tsinm/t) for 0 <t <1 then v : [0,1] — R? is a simple path from
(0,0) to (1,0) in R? of infinite length. Hilbert’s path h has infinite length,
since if n € N then the approximation h, has length 2" 4 (/2 —1)/2", and
[(h) > 1(hy,) for all n.

A path of finite length is called a rectifiable path.

Proposition 16.6.1  Suppose that v : [a,b] — (X, d) is a path.
(Z) l[a,b] (/7) > d(aa b)
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() Uy (Y7) = Ut (7)-

(i1i) If a < ¢ < b then the restrictions of v to [a,c|] and to [c,b] are both
paths; and l[a,c] (7) + l[c,b} (/7) = l[a,b] (/7)

(iv) If B : [c,e] = (X,d) is a path similar to y then I (8) = ljq.5(7)-

Proof  All these results follow immediately from the definitions. O

As a cautionary example, consider the norm ||(z1,z2)|| . = max(|z1], |z2|)
on R2. Let a = (0,0), b = (1,0) and ¢ = (2,1), and let v be the path
o(a,b) V o(b,c). Then I, q(y) = 2 = |lc — al|, although v is not a linear
path. This phenomenon cannot occur in Euclidean spaces, or indeed in an
inner product space.

Proposition 16.6.2  Suppose that 7 : [a,b] — V is a simple path in a real
inner product space (V,(.,.)) for which I,y (v) = |[7(b) —v(a)l|. Then v is
similar to the linear path o(y(a),~(b)).

“A straight line is the shortest distance between two points” (Thomas

Carlyle).

Proof If the result is not true then there exists a < ¢ < b for which
¢—a and b— c are not linearly dependent. Then, using the Cauchy—Schwarz
inequality,

IV (®) = A(@)* = 1(2(e) = (@) + (v(b) = (e
42 (3(c) = 7(a),y(0) = 7(e))

= lIv(e) = v(@)|* + 17 (%) =7 ()]
< [v(e) = H(@)I* + 117 (B) = ¥()II* +2[[v(e) = Y(@)l| 7(b) = 7(e)]
= (Iv(e) = v(@ + [7(®) = ¥())* < (aiy (1)),

giving a contradiction. O
It is convenient to use path length to parametrize a rectifiable path.

Proposition 16.6.3 Suppose that v : [a,b] — (X,d) is a rectifiable path.
Let l(a) = 0, and let I(t) = ljgq(7), for t € (a,b]. Then | is a continuous
increasing function on [a,b].

Proof Ifa < s <t <bthen I(t) = I(s) + ls4(7) = I(s), so that [ is an
increasing function on [a, b].

We shall show that if a < ¢t < b then [ is continuous on the right at ¢;
the proof of left continuity is exactly similar. Suppose that ¢ > 0. Recall
that I[(t7) = inf{l(s) : s > t}. There exists § > 0 with ¢t + J < b such
that d(y(s),v(t)) < €¢/3 and I(s) < I(tT) + €¢/3 for t < s < t + 4. Thus if
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t <s<r<t+dthenl,, () =1(r)—I(s) < /3. Suppose that t < s < t+.
There exist t =ty < t; < ...t, = s such that

D d(y(ti-1), () > Lps) — €/3 = 1(s) = 1(t) — €/3.
j=1

Then

n

I(s) = 1(t) < d(v(to),v(t1)) + > d(v(tj-1),7(tj)) +¢€/3
j=2

< d(y(to),v(t1)) + lig,,(v) +€/3
<e/3+(U(s) —U(t)) +¢/3 < e.

|

Proposition 16.6.4 Suppose that v : [a,b] — (X,d) is a rectifiable path.
Then there exists an equivalent path 8 : [0,144)(7)] — [v] such that ljy 4(8) =
s, for 0 <'s <lpqp(7)-

Proof  Let l(a) = 0 and let I(t) = ljoq(7), for t € (a,b]. Then [ is a
continuous increasing function on [a, b], and [([a, b]) = [0,1(b)]. Suppose that
0 <t <I(b). Let I; = I7*({t}). Then I, is a (possibly degenerate) closed
interval containing ¢. Suppose that I; is not degenerate, and that r, s € I
with 7 < s. Then I(s) = I(r) + I 4(7) = I(r), so that [j, 4(y) = 0. Since
d(y(r),7(8)) < g (7), it follows that y(r) = (s). Thus if we set 5(t) = (s)
for some s € I, then 3 is properly defined, and v = 8 ol. Since v and [ are
continuous, it follows from Proposition 15.1.6 that £ is continuous. Clearly

8] = [7], and lpy(B) =t, fort € [0,1(D)]. O

This path is called the path-length parametrization of ~y. Its use simplifies
many problems involving paths. Let a(t) = B(¢/1(7y)) for 0 < ¢t < 1; the path
a:[0,1] — X is the normalized path-length parametrization.

Note that if v is a simple rectifiable path, then the function I(t) = I[, 4 ()
is strictly increasing on (a, b], and the mapping [ is a homeomorphism of [a, b]
onto [0,1(b)]. In this case, the proof is much easier; simply set 3 = yol~!.

Exercise

16.6.1 Show that the function p(z,y) = +/|z —y| on [0,1] is a metric on
[0, 1] which is uniformly equivalent to the usual metric. Let y(t) = ¢
for t € [0, 1]. Is 7 a rectifiable path in ([0, 1], p)?
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Differentiating functions of a vector variable

17.1 Differentiating functions of a vector variable

In Part Two, we considered continuity and limiting properties of real-
valued functions of a real variable — functions defined on a subset of R.
In Part Three we extended these ideas to functions between metric spaces,
or between topological spaces. In particular, these results apply to functions
of several real variables — functions defined on a subset of R.

We now turn to differentiation. This involves linearity: we therefore con-
sider functions defined on a subset U of a real normed space (E, |.|| ;) taking
values in a real normed space (F,||.|| ). In fact, our principal concern will
be with functions of several real variables (functions defined on an open
subset of R%), but it is worth proceeding in a more general way. First, this
illustrates more clearly the basic ideas that lie behind the theory. Secondly,
even in the case where we consider functions defined on a finite-dimensional
Euclidean space, there are advantages in proceeding in a coordinate free
way; not only is the notation simpler, but also the results are seen to be
independent of any particular choice of coordinates.

Recall (Volume I, Section 7.1) that a real-valued function f defined on an
open interval [ is differentiable at a point a of I if and only if there exists a
real number f’(a) such that if

r(h) = f(a+h) - f(a) - f'(a)h
for all non-zero hin I —a = {x € R : x +a € I}, then r(h)/|h] — 0 as

h — 0; that is, r(h) = o(|h|). Let us set Df,(z) = f'(a)z, for z € R. Then
Df, is a linear mapping from R into R and

fla+h) = f(a)+ Dfa(h) +r(h)

485
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forallhe I —a={r € R:xz+aec I} Thus f is differentiable at a if and
only if we can write f as the sum of a constant (the value at a), a linear term
Dfy(h), and a small order term r(h). From this point of view, differentiation
is a matter of linear approximation.

These ideas extend naturally to vector-valued functions of a vector vari-
able. Suppose that f is a function defined on an open subset U of a real
normed space (E, ||.|| ), taking values in a real normed space (F, ||| ), and
that a € U. We say that f is differentiable at a, with derivative D f,, if there
is a continuous linear operator D f, € L(FE, F') such that if

r(h) = fla+h) = f(a) = Dfa(h)

for all non-zero h e U —a={x € E:x+a € U}, then r(h)/|h|| = 0 as
h — 0. Again, we express f as the the sum of a constant (the value at a), a
linear term D f,(h), and a small order term r(h).

Note that we require Df, to be a continuous linear mapping; this con-
dition is automatically satisfied if E is finite-dimensional, since any linear
operator from a finite-dimensional normed space into a normed space is con-
tinuous (Corollary 15.9.3). Note also that the conditions remain the same
if we replace the norm on E and the norm on F by equivalent norms. In
particular, when F is finite-dimensional then we can use any norm on F
(and similarly for F'), since any two norms on a finite-dimensional space are
equivalent (Theorem 15.9.2).

Let us consider three special cases. First, when £ = R, we set f'(a) =
Df,(1), so that

fla+h)=f(a)+hf'(a) +r(h)foralheU—a={z€E:x+acU};

f'(a) is an element of F, while D f, is a linear mapping from R into F'. Note
that if ||Df,|| is the operator norm of D f,, then

1D fall = sup{[|Dfa(M)l| = In] < 1} = [ f' ()| .-

Secondly, suppose that H is a real Hilbert space, and that F' = R. In this
case, D f, is a continuous linear functional on H. By the Fréchet-Riesz rep-
resentation theorem (Theorem 14.3.7), linear functionals can be expressed
in terms of the inner product; there exists an element V f, of H such that
Dfo(h) = (Vfa,h). The vector V f, is called the gradient of f at a. The sym-
bol V was introduced by Hamilton, and named ‘nabla’by Maxwell; ‘nabla’ is
the Greek word for a Hebrew harp. Nowadays, it is usually more prosaically
called ‘grad’.
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Thirdly, suppose that f = (f1,...,fn) 1S a mapping from an
open subset U of a normed space (E,|.||p) into a finite product
(F1, [[[g,) % -+ x (F, ||.|p,) of normed spaces. Then f is differentiable
at a point a of F if and only if f; is differentiable at a for each 1 < j < n;
if so, then Df, = ((Df1)as---,(Dfn)a)-

If f is differentiable at every point of U, we say that f is differentiable
on U. If so, then a — Df, is a mapping from U to the normed space
(L(E,F),|.|]|) of continuous linear mappings from FE into F. We say that
f is continuously differentiable at a if this mapping is continuous at a, and
that f is continuously differentiable on U if it is continuously differentiable
at each point of U.

As a first example, if T € L(E, F') then T(a+ h) = T(a) + T(h) for all a
and h in F, so that T is differentiable at every point of E, and DT, =T

We now have the following elementary results.

Proposition 17.1.1 Suppose that f and g are functions defined on an
open subset U of a normed space (E, ||.|| ), taking values in a normed space
(F .l p), that a € U, and that f and g are differentiable at a.

(i) D fq, is uniquely determined.

(ii) If € > 0, there exists 6 > 0 such that Ns(a) C U and such that

If(a+h) = fla)llp < (1D fall + ) [|Pll g for [[Allg < 4.
(iii) f is continuous at a.

(i) If A, p € R then A f + g is differentiable at a, with derivative A\D f,+
pDga.

Proof (i) Suppose that T1,T5 € L(E, F) and that
Flat 1) = f(a) + Ty(h) + s1(h) = £(a) + Ta(h) + sa(h) for h e U —a,

where si(h)/ [|h||p — 0 and sa2(h)/||h]|z — 0 as h — 0. Suppose that z is a
non-zero element of E. Let y = T (x) — T5(z). Since

y T1(Ax) — Ta(Ax) _ _s1(Az) — s2(M)
1]l Azl Azl g

as A — 0, y = 0. Since this holds for all non-zero x in E, T} = T5.
(ii) Let f(x + h) = f(z) + Dfa(h) + r(h). There exists § > 0 such that
Ns(a) C U and such that ||r(h)||r < €||h| g for ||h]|g < §. Then

[f(a+h) = f(a)llr = [IDfa(h) + (W)l p < [DfalW)lp + [Ir(A)]
< |[DfallllPllz + ellhllz = (1D fall + e)llhl 2.
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(iii) Suppose that € > 0. Let § satisfy the conclusions of (ii), and let
n=0¢/(0 + 1)(||Dfql +€). If |h]| z < n then |||z < 6, so that

[f(a+h) = f@)llp < (IDfall +€) 2]l <e

(iv) As easy as in the real scalar case. O

Theorem 17.1.2 (The chain rule) Suppose that U is an open subset of a
normed space (E, ||.|| ), that f is a function defined on U, taking values in a
normed space (F,|.||p), and that f is differentiable at a point a of U. Suppose
that V' is an open set of F' containing f(U) and that k is a function defined
on V, taking values in a normed space (G, ||.||z), and differentiable at f(a).
Then the function ko f is differentiable at a, with derwative Dk, o D fq.

Proof  Let us set b = f(a), and suppose that
fla+h) = f(a)+ Dfa(h) +r(h).

First we simplify the problem, by showing that we can replace k by a function
j for which Dj, = 0. Let j(y) = k(y) — Dky(y), for y € V. By Proposition
17.1.1, j is differentiable at b, and Djj,(y) = Dky(y) — Dky(y) = 0.

Since Dk is linear,

Dky(f(a+h)) = Dky(f(a)) + Dky(D fa(h)) + Dhky(r(h)).

But [|Dky(r() s < |Dksll () s 50 that Dky(r())/ Al — 0 as b —
0. Thus Dk o f is differentiable at a, with derivative Dk o Df,. Since
(ko f)(x)=(jo f)(x)+ (Dkpo f)(x), it is therefore sufficient to show that
j o f is differentiable at a, with derivative 0. In other words, we must show
that [|5(f(a +h)) = j(f(@)llg /Ihllz — 0 as h —0.

Suppose that € > 0. Let L = ||Df,| + e. By Proposition 17.1.1 (ii),
there exist 6 > 0 such that Ns(a) C U and |[f(a+ h) — f(a)||p < Lh|g
for ||h||; < d. Since j is differentiable at b, there exists > 0 such that
N,(b) CV and

176 +1) = jO)lle < elllllr/L, for [[t]lF <.

If |||z < min(d,n/L) then ||f(a+h) — f(a)||r <n.Set I = f(a+h)— f(a);
then b+ 1 = f(a+ h), so that

17(f(a+h)) = j(f(a))llc <ellfla+h) = fla)llr/L < e|hle-

Since this holds for all € > 0, the result follows. O
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Corollary 17.1.3 If f is continuously differentiable on U and k is con-
tinuously differentiable on V' then ko f is continuously differentiable on U.

Proof  For the functions x — Dky(,) and x — D f, are continuous, and
the composition of two continuous functions is continuous. a

Let us give some examples.
Example 17.1.4 The derivative of a bilinear mapping.

Suppose that (E,[.||g), (F,[.|p) and (G, |.||s) are normed spaces, and
that ||.|| is a product norm on E x F'. Suppose that B is a continuous bilinear
mapping from the product £ x F' into G. Then

B((z,y) + (h,k)) = B(z,y) + B(h,y) + B(z, k) + B(h,k),

and |B(h,k)lle < [|Blls Il 1Ellp < 1Bl - I(h,B)*, where [|Bl|,, =
sup{||B(z, )|z : llzllg < L |lyllz < 1} (see Exercises 14.3.1 and 14.3.2),
so that [|[B(h, k)| /||(h, k)| = 0 as (h,k) — 0. Thus B is differentiable at

each point of £ x F', and DB, (h,k) = B(h,y) + B(z, k).
Example 17.1.5 The derivative of the norm of a real inner-product space.

Suppose that E is a real inner-product space. Let N(z) = |z||. Can we
differentiate N on E? If x € E'\ {0} let [,(A) = Az. Then ||l (N)|| = |A| ||=|l,
so that the mapping N o[, is not differentiable at 0. Consequently N is not
differentiable at 0.

Suppose on the other hand that x # 0. We write N as a product of
mappings, consider each factor separately, and use the chain rule. We write
N(z) = (SoPolJ)(z), where J : E\{0} — E x E is defined as J(z) = (z, x),
P : E x E — R is the inner product map P(x,y) = (z,y) and S : (0,00) —
(0,00) is the square root map S(z) = y/z. Then S(P(J(z))) = ||=||, and

DJ, = J, since J is linear,
DPy ) (h, k) = (h,y) + (2, k), by the previous example,
and DS, (h) = h/2\/x.
By the chain rule, N is differentiable at x and

= DSp(@)(2(z,h)) = <ﬁ;ﬁ>

Thus N is differentiable at each point of E \ {0}.
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Example 17.1.6 The derivative of the mapping J : U — U~! from
GL(FE) to itself.

Suppose that U is in the general linear group GL(E) of a Banach space
E. Since GL(FE) is an open subset of L(FE), there exists § > 0 such that
Ns(U) € GL(E). Suppose that 0 < [|T|| < 4. Since T'= (U +T) — U, it
follows that (U +T) 'TU ' =U~! — (U +T)™}, and so

U+T) ="t -vu-tTUu + (1),
where 7(T) = (U™t — (U +T)"Y)TU~!. Thus
lr(@| < U =0 +D)7H. 7). |u~]-

Since (U+T)"! - U=t as T — 0, it follows that »(T)/||T| — 0 as T — 0.
Thus J is differentiable at U, and DJy(T) = —U " 'TU~!. Consequently, .J
is continuously differentiable on GL(E).

Exercises

17.1.1 Find the points of R? at which the norms |z||, = Z?Zl || and
|||, = max{|z;| : 1 < j < d} are differentiable, and determine the
derivatives at these points.

17.1.2 Suppose that E is a real inner product space. Let p(z) = =/ ||z||, for
x € E\ {0}. Show that p is differentiable and that

h (x,h)x

Dpx(h) = 17— — :
Izl )

Verify that (Dp,(h),z) = 0. Explain the geometric reason for this.

17.1.3 Suppose that (E,|.||5) is a normed space. If T' € L(E), let s(T') =
T2. Show that s is a differentiable mapping L(F)— L(F), and that
Dsp(S)=ST +TS.
Show that if n € N then the mapping p(™ : L(E) — L(E) defined by
p™(T) = T™ is differentiable, and determine its derivative.

17.1.4 Let M4(R) be the vector space of d x d real matrices. Show that the
mapping 7' — det T : My(R) — R is differentiable. Show that if I is
the identity matrix then D det;(S) = tr(S) (where tr(S) = Z;l:1 55
is the trace of S). Show that if T is invertible then D dety(S) =
det T(tr(T~15)).

17.1.5 Suppose that f:U — F is a mapping from an open subset U of
a normed space (E,|.||z) into a normed space (F,|.|) which is
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differentiable at a point a of U, and suppose that there exists
T e L(F,E) such that x = T'D f,(x), for all x € E. Show that there
exists 6 > 0 such that Ns(a) C U, and such that if x € Ns(a) then
f(x) # fa).

Does there necessarily exist § > 0 such that Ns(a) C U, and such
that if z,y € Ns(a) then f(x) # f(y)?

17.2 The mean-value inequality

The mean-value theorem is a powerful result for real-valued functions on
a closed interval in R. We cannot hope for an equivalent result for vector-
valued functions. For example, let f : [0,27] — R2 be defined by setting
f(t) = (cost,sint) for t € [0,2x]. Then f(0) = f(27) = (1,0), while f'(t) =
(—sint,cost) # (0,0) for any ¢, so that there exists no ¢ in [0, 27| for which
f(2m) — f(0) = 2xf'(t). We can however prove an inequality, known as the
mean-value inequality, which is extremely useful. First we consider functions
in a closed interval.

Theorem 17.2.1 Suppose that f : [ — F is a path from a closed interval
[a,b] in R into a normed space (F,||.||p) which is differentiable at each point
of (a,b). Then

1£(b) = f(a@)lp < (b= a)sup{|f'(c)]|  : ¢ € [a, B]}.

Proof  Let M = sup{||f(¢)|lp: ¢ € [a,b]}. If M = oo there is nothing to
prove. Otherwise, suppose that a < a’ < V' < b and that ¢ > 0. We shall
show that ||f(V/) — f(a)|lp < (' — a')(M + €). Then since € is arbitrary,
I f() = f(a)]|p < (b—a)M. Since f is continuous at a and b, and since the
mapping z — ||z|| is continuous, it follows that || f(b) — f(a)||p < (b—a)M.

Let B = {t € [ V] : [|f(t)— f(d)||p < (t —d')(M + ¢)}. Since the
function t — || f(t) — f(d')||p — (t — a’)(M + €) is continuous on [/, ], B is
a non-empty closed subset of [a/,b']. Let ¢ = sup B. If ¢ < ¥/, it follows from
Proposition 17.1.1 (ii) that there exists ¢ < d < V' such that

1£(d) = ()l < (d=e)(|[f ()] + ) < (d— )M +e).

But then

1£(d) = £(@)|| o < 1) = Fllp+ || £c) = F@)]|
<(d—c)(M+e)+(c—ad)M+e)=(d—d) (M +e).
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Thus d € B, giving a contradiction. Thus ¢ = . But B is closed, and so
V€ B; thus | £(H) — F(@)]p < (' — a')(M + o). 0

We now extend this result to functions of a vector variable.

Theorem 17.2.2 (The mean-value inequality) Suppose that f : U — F is
a continuous function from an open subset U of a normed space (E,||.||5)
into a normed space (F,||.|p). Suppose that the closed segment [a,b] is con-
tained in U, and that [ is differentiable at each point of the open segment
(a,b). Then

1£(6) = f(@)llp < |Ib = allgsup{[|Dfel - ¢ € (a,b)}.

Proof  This follows from the chain rule. Let [(t) = (1—t)a+tb. Then fol is
continuous on [0, 1] and differentiable on (0, 1), and (fol)'(t) = D fy)(b—a),
by the chain rule. Thus

17 (®) = f(@)llp < sup{[[(f o O)'(®)]| - t € (0,1)}
= sup{[|Dfe(b —a)llp : ¢ € (a,0)}
< |Ib = all g sup{[[Dfell : ¢ € (a,b)}.

|

Corollary 17.2.3 Suppose that f : U — F is a continuous function from
a non-empty open connected subset U of a normed space (E,|.||p) into a
normed space (F,|.||p), that f is differentiable at each point of U and that
Df, =0 foralla e U. Then f is a constant.

Proof Let x9 be an arbitrary element of U, and let
C ={ze€U: f(r) = f(xo)}. On the one hand, C is a closed subset of
U, since f is continuous. On the other hand, if ¢ € C, there exists § > 0
such that Ns(c) C U.If d € Ns(c) the closed segment |c, d] is contained in U,
and so || f(d) — f(c¢)|| = 0, by the theorem. Thus d € C, and so Ns(c) C C.
Hence C' is open; since U is connected, C' = U. O

Corollary 17.2.4  Suppose that G : U — L(E, F) is a continuous function
from a non-empty connected open subset U of a normed space (E, ||.||z) into
L(E,F), where F' is a normed space (F\,|.||z). If fi and fy are any two
solutions of the partial differential equation Df, = G(x), for x € U, then
f1— fo is a constant function.

Proof  For D(f1 — f2) =0. O
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Corollary 17.2.5 Suppose that f : U — F is a continuous function from a
non-empty convex open subset U of a normed space (E, ||.||z) into a normed
space (F,||.|| ), that f is differentiable at each point of U and that || D f,|| <
M for alla € U. Then f is a Lipschitz function on U, with constant M.

Proof  For if a,b € U then [a,b] C U, so that || f(b) — f(a)|| < M |b—al.
]

The following form of the mean-value inequality is also useful.

Corollary 17.2.6 Suppose that f:U — F is a continuous function from
an open subset U of a normed space (E, ||.|| ) into a normed space (F,||.||z).
Suppose that the closed segment [a,b] is contained in U, and that f is
differentiable at each point of the open segment (a,b). If T € L(E, F) then

1£(6) = fa) =T (b= a)l| < b = al[sup{||[Dfc = T]| : ¢ € (a,b)}.

Proof  Let g(x) = f(x) — T'(z). Then g is differentiable, with derivative
Df, —T, for z € (a,b). Apply the mean-value value inequality to g. a

The mean-value inequality allows us to obtain a more general version of
Theorem 12.1.8.

Theorem 17.2.7  Suppose that ()52, is a sequence of differentiable real-
valued functions on a bounded open convexr subset U of a normed space
(E,||.llg), taking values in a Banach space (F,|.|| ). Suppose that

(i) there exists ¢ € U such that f,(c) converges, to f(c) say, as n — oo,
and

(i) the sequence (D f,)02 of derivatives converges in the operator norm
uniformly on U to a function g from U to L(E, F).

Then there exists a function f : U — F such that f, — f uniformly on
U. Further, f is differentiable on U, and D f(x) = g(x) for all z € U.

Proof  This follows by making straightforward changes to the proof of
Theorem 12.1.8; the details are left as a worthwhile exercise for the
reader. O

Important examples of rectifiable paths are given by piecewise continu-
ously differentiable paths. Suppose that (E,||.||) is a Banach space. A path
v @ [a,b] = E is continuously differentiable if it is differentiable on [a, b] (with
one-sided derivatives at a and b), with derivative ' continuous on [a,b]. A
piecewise continuously differentiable path, is a juxtaposition of finitely many
continuously differentiable paths.
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Theorem 17.2.8 If (E,|.||) is a Banach space and 7 is a piecewise
continuously differentiable path in E then vy is rectifiable, and I,y () =

LI @)l de.

Proof 1t is clearly sufficient to consider the case where v is continuously
differentiable. Then 4" is bounded on [a, b]; let M = sup,c(, 4 |7/ (¢)||. Sup-
pose that € > 0. Let n = ¢/4(b — a). Since 7/ is uniformly continuous on
[a,b], there exists § > 0 such that if s,¢ € [a,b] and |s — ¢| < ¢ then

17/ (s) =~ (O <n-
Suppose that
a=ty <t <---<t,=0b, witht; —t;_1 <dfor1<j<n.
By Corollary 17.2.6
[7(t5) = v(tj—1) = (t5 = t—)y (t-1)|| < n(ty — t5-0),

for 1 < j <n. Then ||v(t;) —v(tj—1)|| < (M +n)(t; —t;j—1), so that

ZHV (i)l < (M +n)(b—a),

and ~ is rectifiable.
Now [|7/(t) =7/ (tj-1)|| <n for t € [t;—1,t;], so that

<77 ]1)

tj
[ ol 6= s el

and so

<2n(tj —tj-1),

/ " @ dt - () - At

j—

Adding, we see that

b n
[ Il a3 i) = -0
a i

<2n(b—a)=¢/2

and so

! t)” dt — l[a,b} (’Y) < €.

Since € is arbitrary, the result follows. O
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Corollary 17.2.9 If I(t) = ljo4(7) then [ is piecewise differentiable on
[a,b] and U'(t) = ||/ (1)]]-

Corollary 17.2.10 If 8 is the path-length parametrization of ~ then
is a piecewise continuously differentiable path, and ||8'(t)]] = 1 (suitably
interpreted at points of juxtaposition).

Proof For B=~ol™ L. 0

Corollary 17.2.11 If 6 : [0,d] — E is a continuously differentiable
parametrization of v and ||8'(t)|| = 1 for t € [0,d], then 6 is the path-length
parametrization of .

Proof  For I(t fo 10"(s)]| ds = t. 0
As an example, the circular path k,(w) in R? is differentiable,
and (k.(w))'(t) = (—rsint,rcost), so that ||(k.(w))(t)|] = r, and
ljo,2x) (Fr(w)) = 27
Recall that a path is piecewise-linear, or polygonal, if it is the juxtaposition
of finitely many linear paths. We can approximate a rectifiable path in a
Banach space by a piecewise-linear path, without increasing path-length.

Proposition 17.2.12  Suppose that v : [a,b] — U is a rectifiable path in
an open subset U of a Banach space (E,||.||), and that € > 0. Then there
exists a piecewise-linear path 0 : [a,b] — U such that ||6(t) —~(t)|| < € for
te [CL, b], and l[a,b} (5) < l[a,b] (’7)

Proof  Since [y] is compact and since v is uniformly continuous on [a, ]
there exists 7 > 0 such that if s,¢ € [a,b] and |s — t| < 7 then N.(v(t)) CU

and [|7(s) = y()[ < €/2.
Let a =tg < t1 < --- <t = b be a dissection of [a,b] with t; —¢;_; <n
for 1 <j<k.

Ift=(1—Ntj1+ Atj €[tj_1,t5], let 6(t) = (1 — N)y(tj—1) + M (¢5).
Since 0(t) = y(tj—1) + AMv(t;) —v(tj-1)), d(t) € U, and
16() =y < 116(E) = y(Eti—)l + Iv(t) = (1) <
Also, Ui (6) = Y51 1v(t;) = vt )l < La (7)- D

Exercises

17.2.1 We have used a connectedness argument to prove the mean-value
inequality. It can also be proved using a compactness argument. With
the notation introduced in Theorem 17.2.1, show that there exist
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17.2.5
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a =ty <ty <---<tp =" such that
£(t5) = -l < (55 —tj—1)(M +¢€) for 1 < j <k,

and deduce the mean-value inequality.

Give the details of the proof of Theorem 17.2.7.

[The Newton—Raphson method] Suppose that f is a differentiable

mapping from an open neighbourhood Ni(xo) of a point zy of a

Banach space (E, ||.|| ) into a normed space (F, ||.|| ), and that there

exists s > 0 such that

o 1f o)l < /25

o if 2,y € Ny(xg) then |[Df, — Df,|| <1/2s; and

e if x € Ny(xp) then there exists J, € L(F, E) with ||J;]| < s such
that J, o Df, = Df, o J, = I, where I is the identity mapping
on F.

Define (z,,) by setting z,, = -1 — Jo(f(zn-1)), for n € N. Use

Corollary 17.2.6 to show that

|20 — n—1llp < ¢/2" and ||f(za)llp < t/2"s.

Show that (x,) converges to a point z of Ny(xp), that f(zs) =0
and that z, is the only point in Ny(zp) with this property.
Suppose that v is a rectifiable path in R%. Show that, given ¢ > 0
there is a finite set of closed rectangles whose union contains the track
[7], and has area less than e. Deduce that the interior of [y] is empty.
Deduce that a space-filling path in R? is not rectifiable.
Suppose that f is a function defined on a connected open subset U of
a normed space (E, ||.||5) taking values in a normed space (F, |.||),
and that ||f(z) — f(y)lp < K ||z —yl|%, for z,y € U, where K > 0
and « > 1. Show that f is constant.

17.3 Partial and directional derivatives

The derivative of a vector-valued function of a vector variable is a linear

operator. It is desirable, where possible, to express it in simpler terms. Sup-
pose first that (E,||.||z) = [I}—;(Ej,||.||;) is the product of normed spaces
(Ej, [|-l;), and that f : U — F is a function from an open subset U of E into
a normed space (F,||.|| ). We can vary each variable separately. If h; € Ej,
let ij(h;) = ﬁj =(0,...,0,h;,0,...,0), where h; occurs in the jth place. If
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a €U let
k‘a’j(h]’) =a+ ij(hj) = (al, ceey Q51,05 + hj,aj_H, R an).

Then k,; is differentiable at every point of Ej;, and Dk, ;=1;. Also
(ko ;)" Y(U) is an open subset of E;, containing 0. If the mapping f o kg ; :
(ko ;)Y (U) — F is differentiable at 0, we denote its derivative by D; f,; this
is the jth partial derivative of f at a, and is an element of L(Ej;, F).

If E=RY, we set

lbf@ﬂ)==(8f/6wjﬂa)=:é%g(a)
Then of of
83:]( a) € F and Dj f,(A )_)\8—37]( a).

Suppose that f is differentiable at a. Then

F(kaj(hy)) = fla+hj) = f(a) + Dfa(hy) +7(h;)
= f(kaj(0)) + D fa(hy) +r(hj),

so that the jth partial derivative D; f, exists, for 1 < j < d, and D; f,(h;) =
Df.(h ), for hj € E;. Further, if h = (h; )] | then

d
Dfa(h }th };Dﬁuh)
p=

In particular, if E = R? and F = R*, and f = (f1,..., fx) then

fila+h) = +Zh 8f2 a) + ri(h).

where (0f;/0z;)(a) € R: the derivative Df, € L(R? R¥) is represented by
the k x d real matrix (0f;/0x;(a)).
When E = R% and F = R, then
of of
Vi~ (@ @)
In the special case where d = k, we shall need to know when the lin-
ear operator Df, : R? — R? is invertible. This is the case if and only if

the determinant of the matrix (0f;/0x;(a ))f f j—1 1s non-zero (Appendix B,
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Corollary B.3.2). This determinant is called the Jacobian of f at a, and is
denoted by

8(f1>"'>fd)

T or )@

We can also consider directional derivatives. Suppose that f is a mapping
from an open subset U of a normed space (E,|.||5) into a normed space
(F, |l p)- Suppose that y € E and that y # 0. There exists € > 0 such that
the interval [a,a + €ey) is contained in U. We say that f has a directional
derivative in the direction y if there exists an element f; (a) of F' such that if

ry(A) = fla+ Ay) — fla) — Af,(a), for 0 < A <,

then 7,(\)/A — 0 as A — 0. The vector f;(a) is then the directional
derivative in the direction y.

If f is differentiable at a, then it has directional derivatives in all direc-
tions, and f;(a) = Df4(y), for y # 0. In the appropriate case, it also has
partial derivatives. The converse statements are not true, as the following
simple example shows. Let

3

f(z,y) = ﬁ for (z,y) # (0,0) and let f(0,0) = 0.

Then the reader should verify the following statements:

e f is a continuous real-valued function on R?;

o f is differentiable at every (a,b) # (0,0), and the mapping (a,b) — D f )
is continuous and bounded on R?\ {(0,0)} (use the chain rule, rather than
elaborate calculations);

e [ has partial derivatives at (0,0) and

9 0.00= 2L 0.0y =0
8—1'1(0’0) - o5 (0¢O) =0;

e f has directional derivatives in all directions at (0,0), all equal to 0.

On the other hand, f is not differentiable at 0. If it were, the derivative
would have to be 0, and so f(x,y)/||(z,y)| would tend to 0 as (z,y) — 0.
But f(¢,t?) =t/2 for all t € R\ {0}, and so this is not the case.

This is inconvenient, to say the least. For example, if we are investigating
the differentiability of a function defined on an open subset of R%, the first
step will be to find out whether or not partial derivatives exist. If they do,
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can we use them to tell whether the function is differentiable or not? The
next theorem gives an extremely useful test.

Theorem 17.3.1 Suppose that (E,|.|p)=FE1 x Ey is the product of
normed spaces (Eq,|.||;) and (Ea,||.||5) and that f:U —F is a function
from an open subset U of E into a normed space (F,|.||r). Suppose that
D f, exists at a and that Dsf, exists for all x in a neighbourhood Ny(a) of
a, and is continuous at a. Then f is differentiable at a.

Proof Ifa+heU,let

r(h1,he) = fla+h) — f(a) — D1 fa(h1) — D2 fa(h2).

We must show that 7(h)/ ||kl ; —0 as h—0. Now Dirg =0, Darg = 0 and
Dor is continuous at 0. Suppose that ¢ > 0. There exists 0 < § < 6 such
that

[ (h1, 0| < €l[hllp /2 and [[Dorp[| = [ D2fasn = D2fall < €/2 for |[hl[g <é.
By the mean-value inequality, if ||h||; <  then

[7(h1, ha) = 7(h1,0) || < [[hally sup{ || Dar(n, ana || : 0 < A < 1}
<elhllg /2

and so
[r (M)l < [Ir(h1, 0)||p + [[r(ha, h2) — r(h1, 0)||p < €||hl g -
O

Corollary 17.3.2  Suppose that (E. |.||g) = [I;_1(E; II.l;) is a product
of normed spaces (Ej, ||.||;) and that f : U — F is a function from an open
subset U of E into a normed space (F,||.|r). Suppose that all the partial
derivatives (0f /Ox;)(b) exist, for all b in a neighbourhood of a, and are
continuous at a. Then f is differentiable at a.

Proof A simple inductive argument. O

Exercises

17.3.1 Let g be a real-valued function on the unit sphere S4~!. Let k(0) = 0
and let k(x) = ||z||® .g(z/ ||z|), for # # 0. Show that k has directional
derivatives in all directions at 0. Give examples to show that k£ need
not be continuous, and to show that k£ can be continuous, but not
differentiable at 0.
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17.3.2 Suppose that (E,|.||;) is a normed space and that f : E x E —
(F, |||l p) is a differentiable mapping. If ¢ € E, let g.(z) = f(x,c—x).
Show that g. : £ — F' is differentiable, and determine its derivative.
Suppose that D1f = —Dsf. Show that there is a differentiable
function k : E — F such that f(x,y) = k(z —y).

17.4 The inverse mapping theorem

We have seen in Volume I, Propositions 6.4.4 and 6.4.5 that a continuous
function f on an open interval (a,b) of R is injective and has a continuous
inverse if and only if it is strictly monotonic. A sufficient condition for this
is that f is differentiable on (a,b), and that f'(z) # 0 for all = € (a,b)
(Volume I, Corollary 7.3.3). Thus if f’(a) # 0 and f’ is continuous at a then
there is a neighbourhood N,(a) such that f is a homeomorphism of N(a)
onto f(Ne(a)). (The condition that f’ is continuous cannot be dropped: see
Exercise 7.5.9. in Volume I.)

We now prove a corresponding result for vector valued functions. If
[+ W — Fis amapping from an open subset W of a Banach space (E, ||.|| z)
into a Banach space (F),|.||z) which is differentiable at a point a of W, we
say that D f, is invertible if D f, is a bijection of E onto F. By the isomor-
phism theorem (Corollary 14.7.9), Df, ! is a continuous linear mapping, so
that Df, is an isomorphism of (E, |.||z) onto (F,|.|z). (Df; ! is trivially
continuous when E and F' are finite-dimensional.)

Theorem 17.4.1 (The differentiable inverse mapping theorem) Suppose
that f:W — F is a differentiable mapping from an open subset W of a
Banach space (E,|.||g) into a Banach space (F,|.||z), and that a € W.
Suppose that the derivative D f, is continuous at a and that D f, is invert-
ible. Then there is a neighbourhood Ng(a) such that f(Ng(a)) is open in F,
f: Ny(a) = f(Ng(a)) is a homeomorphism, and the inverse mapping =1 is
differentiable at f(a), with derivative (Df,)~!.

Proof  The proof uses the Lipschitz inverse function theorem (Theorem
14.6.6). The first step is to simplify the problem. Let V' = W — qa, and let
g(x) = f(z+a)—f(a). Then g(0) = 0 and Dg, = D f,4; the mapping g from
V to E is differentiable, and the mapping Dg:V — L(E, F) is continuous at
0. Now let k= Df;'og= Dgy'og. Then

e k(0) =0,
e k:V — F is differentiable,



17.4 The inverse mapping theorem 501

e the mapping x — Dk, is continuous at 0, and
o Dky=1.

We prove the result for the function k. Then since f(z) = g(z —a)+ f(a) =
Dfy(k(z —a)) + f(a), the result follows for f.

We denote the open ball {z: ||| ; <a} with radius a by Us,. Let j(z) =
k(x) — x, so that Djy = 0. Since the mapping = — Dj, is continuous at 0,
there exists a ball Uy such that || Dj|| < 1/2 for x € Uy. If z,y € Up then
[z,y] C Uy, so that

M = sup {|| Dja—patey|| : 0 <t <1} <1/2.
Hence, by the mean-value inequality,

17(2) =iWllp < Mllz —yllp < llz —yllp /2

thus j is a Lipschitz mapping on Ny(a), with constant 1/2. It therefore
follows from the Lipschitz inverse function theorem that k(Up) is open and
that k is a homeomorphism of Uy onto k(Up).

It remains to show that k=1 : k(Uy) — Uy is differentiable at 0, with deriva-
tive I. Suppose that 0 <e<1. There exists 0 < § < 0 such that if h € Uy
then ||j(h)|| z < €|kl /2. Since k! : k(Uy) — Uy is continuous, and since
k(Up) is an open neighbourhood of 0, there exists 7 > 0 such that U, C k(Up)
and k~1(U,) C Us.

Suppose that [ly| < 7. Let k= '(y)=y+s(y). We shall show that
Is(y)|| g < €llyll 5, so that k! is differentiable at 0, with derivative I. First,
ly +sW)llp = [k~ ()| 5 < 6, so that

13y + sl <elly+s@llg/2

Next,
y=k(k™(y)) = k(y +s(y)) =y +s(y) + iy + 5(y)),
so that s(y) = —j(y + s(y)). Thus

lsWlle =17y +sWlp <elly+sWle/2 <ellyly/2+ells@)lg /2
since € < 1, [[s(y)llp < €llyll&- =

Note that if the conditions of the theorem are satisfied then Df, is a
linear isomorphism of (E,|.||p) onto (F,|.|[ ). In practice, the theorem is
usually applied when (E, ||.||z) = (F, ||| »)-
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Corollary 17.4.2 Suppose that f is a continuously differentiable function
on W and that D f, is invertible, for each x € W. If V is an open subset of
W then f(V') is open in F.

Proof  This follows immediately from the theorem. O

Corollary 17.4.3 Suppose that f is a continuously differentiable function
on W and that D f, is invertible, for each x € W. If f is injective then f
is a homeomorphism of W onto f(W), f=1 is continuously differentiable on
f(W) and fo_é) = (Df,)7 Y, form e W.

Proof The mapping f~! is differentiable at each point of f(W):
we must show that Df~! is continuous on f(W). But the mapping
y — ny_l is the composition of the mapping y — f~(y) : f(W) — W,
the mapping w — Df, : W — GL(E) and the mapping J : U — U~! :
GL(FE) — GL(E), each of which is continuous. O

A mapping f which satisfies the conditions of this corollary is called a
diffeomorphism of W onto f(W).

17.5 The implicit function theorem

We have an implicit function theorem for differentiable functions.

Theorem 17.5.1 (The implicit function theorem) Suppose that
(Evs 1), (Bo,|I.ll) and (F,||.|p) are normed spaces, that (Es,||.||5) and
(E || p) are complete and that f is a differentiable mapping from an open
subset U of E1 x Eg into F. Suppose that a = (a1,a2) € U, that the partial
derivative Dof, : Eo — I is invertible, and that the mapping x — D f, is
continuous at a. Then there is a neighbourhood N of a1 in Ey and a unique
mapping ¢ : N — Eo such that

1. ¢ is continuous;

2. the cross-section N x {aa} is contained in U;

3. (z,¢(z)) €U forz e N;

4. f(z,¢(z)) = f(a1,az) forx € N;

5. ¢ is differentiable at ay, and Doy, = —(Dafo) ' D1 fa.

Thus the theorem says that there is a neighbourhood of a; on which there
is a unique solution to the equation f(z,y) = f(a1,a2), that the solution
is continuous in the neighbourhood, and that the solution is differentiable
at aj.
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(a, p(a))

Figure 17.5. The implicit function theorem.

Proof  As with the inverse function theorem, we simplify the problem. Let
V =U—a, and let g(z1,22) = f(z1+a1,x2+a2)— f(ay,as), for (z1,22) € V.
Let k= (Dyf; ') o g. Then k maps V into Ey, and

e k(0) =0,

o k:V — FE5 is differentiable,

e the mapping x — Dk, is continuous at 0, and
o Doky=1.

We set T' = Dikg = (Daf; ') o D1 f,, and set
jlxy,x2) = k(x1,29) — w9, r(21,22) = k(21,22) — T(21) — 2.

We give Ey x Ey the norm |[|(x1,x2)| = ||z1]|; + [|z2]|,. Let K = 2||T|| + 1.
Since r is continuously differentiable at 0, and Dry = 0, there exists § > 0
such that Ns(0) C V and || Drg|| < 1/2 for z € Ns(0). By Corollary 17.2.5,
Ir(@) = r(@)lly < 3 llz — yll for @,y € N5(0). Let n— /K.

Let X1 = {z1 € Ey : ||z1]|; < n} and let Xy = {x2 € Fy : ||22f|, < 6}. It
follows from the inequality above that if 21 € X; and za, 2, € X5 then

Hj($1a$2) _j($1a$/2)H2 = HT($1,$2) - T(x1a$l2)H2 < % H$2 - $/2H2 :

It now follows from the Lipschitz implicit function theorem (Theorem
14.6.4) that there exists a unique continuous function ¢ : X7 — Y such that
J(x1,¢(z1)) = Y(x1) for xy € X;. Thus k(z1,¢(z1)) = 0 for z; € X, and
1 is the unique function with this property.
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Next we show that 1 is differentiable at 0, with derivative —T'. If 21 € X7,
let s(z1) = r(z1,v(z1)). Then

Y(x1) = =T(z1) — s(z1).

Thus

[ (Olly < Izl + 3zl + I$@0)lle) = (K/2) 2ally + 5 (@)l

hence [|¢(z1)[|y < K |[21]ly, and [[(z1, ¢ (21))[| < (K+1) [[1]];. Consequently
s(x1)/||z1]l; = 0 as 1 — 0, and ) is differentiable at 0, with derivative —T.
Finally, it follows that if we set

N =X +aj and ¢(x) = ag + p(x — a;) for x € N,

then N and ¢ satisfy the requirements of the theorem. O

17.6 Higher derivatives

Suppose that f: U — F is a mapping from an open subset U of a normed
space (E,||.||z) into a normed space (F,|.||) which is differentiable on U.
Then Df is a mapping from U into L(E, F'). We consider the case where
the mapping D f is differentiable at a point a of U. If D f is differentiable at
a € U then we denote its derivative by D(D f),, and say that f is twice differ-
entiable at a. The linear operator D(Df), is an element of L(E, L(E, F)); if
h € E then D(Df),(h) € L(E,F). Thus if k € E then (D(Df)4(h))(k) € F.
We have seen (Exercise 14.3.2) that there is a natural isometric isomorphism
jof L(E,L(E, F)) onto the normed space B(FE, E; F) of continuous bilinear
mappings from E x E into F. We denote the bilinear mapping j(D(Df),) by
D?f,. Thus D?f,(h,k) = (D(Df)aq(h))(k). The mapping D?f, is the second

derivative of f at a.

Example 17.6.1 The second derivative of the mapping J : U — U~!
from GL(E) to itself.

Suppose that U is in the general linear group GL(F) of a Banach space
E. Since GL(E) is an open subset of L(E), there exists 6 > 0 such that
Ns(U) € GL(FE). Suppose that 0 < ||T'|| < 0, and suppose that S € L(E).
Then

DJyir(S) = DJu(S) = —(U+T)'SWU+T)"' +U'SU".
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Since (U+T) ' =U"t -~U'TU~! +7(T), where r(T) = o(||T|),

DJU+T(S) - DJU(S) =
~U - UTMTUTY SO - U TU ) + UTISUT  ss(T),

where sg(T) = —r(T)S(U +T)™' — (U +T)~1Sr(T) = o(||T||). Now

—Ut-vtrtvhswt—vttu Y +UlSU T =
vltvtsut+uTtsultut —uTtrtutsuTtTu—l.

But U-'TULSUITU! = o(||T||), so that J is twice differentiable, and
D2J(T,S)=Uv"tTu-tsu-t +uv-tsu-tTUu—1

This second derivative is symmetric in S and 7'. This is an important
general property.

Theorem 17.6.2 Suppose that f : U — F is a mapping from an open
subset U of a normed space (E,||.||p) into a normed space (F,||.|p) which
is differentiable on U, and twice differentiable at a € U. Then D?f,(h, k) =
D?f,(k,h) for all (h,k) € E x E.

Proof  Before beginning the proof, let us see why this is a result that we
should expect. For small h, the difference Af,(h) = f(a+h)— f(a) is a good
approximation to D f,(h), and so for small A and k the second difference
A%f,(h, k) = A(Af.(h))(k) is a good approximation to D?f,(h, k). But

A2fa(h, k) = fla+h+k) = fla+h) = fla+k) + f(a)
is symmetric in h and k, and so we can expect D?f,(h, k) to have the same
property. As we shall see, the proof is quite complicated.
Suppose that € > 0. There exists 6 > 0 such that Ns(a) C U and
|Dfa+a — Dfa = (D(Dfa))(@)|| < €llzllp, for |z]g <o
That is,

HDfa-i-:c(y) - Dfa(y) - (D2fa)(xay))HF <e ”qu ”yHE7

for ||z||; < 0 and y € E. First suppose that ||h||; < §/4 and ||k|| 5 < 0/4.
Let

g(t) = Aforen(k) = fla+th+ k) — f(a+th), fort € (—2,2),
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so that g is a differentiable mapping from (—2,2) to F. By the chain rule,
9'(t) = D fattn+k(h) = D foren(h). Since

HDfaththk(h) - Dfa(h) - D2fa(th + k h HF < Gch+ kHE ”hHE
and || D faren(h) — D fa(h) = D*fa(th, h)|| , < € |[thll g [|hll

it follows from the triangle inequality that if —1 < ¢ <1 then
| D fastnsk — D faten — D* falk, W w < 2e(lhll g + 1Kl 2) 12l 2
that is,
l9'(t) = D? falk, b)|| p < 2e(lRll g + kI ) 1Bl (%)
Thus
19'(8) = g (O)]| - < [l9'(t) = D2 falk, )| ;o + ||g' (0) = D2 fulk, )|
<Ae(||pllg + 1Kl 1Pl g -

Applying the mean-value inequality of Corollary 17.2.6,

19(1) = g(0) = ¢'(0)|| » < sup{|g'(t) = ¢'(0)||p : 0 <t <1}
<Ae([[hll g + [kl g) (17 £ -

and so
|9(1) — g(0) — D*fu(k, h)|
< lg(1) = g(0) = g'(0)|| - + [|¢'(0) = D*fa(k, B)||
6e([|2llz + &l g) [l 5
by (*). But

9(1) = 9(0) = fla+h+k) = fla+h) = fla+k)+ f(a) = A fu(h, k),
and this is symmetric in A and k. Exchanging h and k, we see that

|g(1) = g(0) — D? fo(h, k)|| . < sup{||g'(t) — g'(0)|| : 0 <t < 1}
< 6e([|nll g + 1Bl g) 1]l g »

so that || D2 fq(k, h) — D*fo(h, k) HF < 6e(||hll  + ||E] 5)2
So far, we have only proved this inequality for small h and k. The following

simple scaling argument shows that it holds in general. Suppose that A and
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k are arbitrary members of E. There exists A > 0 such that [|[Ah||, < 6/4
and ||Ak||p < 0/4. Then

| D? fa(k,h) — D? fu(h, k)|, = || D? fa(Ak, AR) — D? fo(AR, AR ||, /A2
< 6e(|[ M| g + [INE] )7 /A2
= 6e([[h]l g + 1Kl )%

But € is arbitrary, and so D?f,(h, k) = D?f,(k, h). O

Note that if f is twice differentiable at a then D?f(h,k) = Dy(Dyf)a,
where Dy, and Dy, are directional derivatives in the directions i and k respec-
tively. Thus Dy, (Dyf)a = Di(Dp, fo). In particular, if E = R? and f is twice
differentiable at a then

0 [0 02
D? faleirej) = Oz; (8—;;) (a) = (9@(;;]- (a),

so that
d d 92 f
2 _ I
D?f.(h k) = 2; hik; ST (a),
where
0% f B 0% f

didz, a) = 92,02, (a) for 1 <i,j <d.

The results that we have established depend in an essential way upon the
fact that f is twice differentiable at a. The existence of second directional
and partial derivatives does not imply the symmetry result of the theorem.
Let

£(0,0) =0, and f(z,y) =
The reader should verify the following;:

e f is continuous and differentiable at every point of R?;
e Df is continuous and differentiable at every point of R? \ {(0,0)};
o> f O f
( ) ) == (07 O) -
6901(%2 69026901
There are further examples of bad behaviour, and rather specialized posi-
tive results, some of which are included in the exercises, but we shall not

investigate this further.

We can also consider higher derivatives. Suppose that f is a mapping from
an open subset U of a normed space (E, ||.|| ;) into a normed space (F, .|| z)
which is (k — 1)-times differentiable on U and is k-times differentiable at



508 Differentiating functions of a vector variable

a. Let My(E,F) denote the space of continuous k-linear mappings from
E* into F. Then we can consider D*f, as a k-linear mapping from E*
into F: D(D*1f), € L(E, My_1(E, F)), and D(D*='f,)(h1)(ha, ..., h) =
D¥f,(hy,...,h). A function which is k-times continuously differentiable is
called a C®)-function. A function which is infinitely differentiable (a C'*)-
function, for each k € IN) is called a smooth function.

Theorem 17.6.3 Suppose that U is an open subset of a normed space
(E, |||l g), that f is a C®)-function defined on U, taking values in a normed
space (F,||.||p), that V is an open set of F' containing f(U) and that g is a
C®)_function defined on V', taking values in a normed space (G, ||| o). Then
the function go f is a C®)-function on U.

Proof  The proof is by induction on k. The result is true for £k = 1, by
Corollary 17.1.3. Suppose that it holds for £ — 1 and that f and g are
C®)_functions. The function z — Df, is a C*~D_function on U, and, by
the inductive hypothesis, the function x — Dgy(,) is a C*=1_function on
U. By the inductive hypothesis again, the function x — Dgy(,) o D f; is a
C*=1_function on U: that is to say, g o f is a C*)-function on U. O

Corollary 17.6.4 If f and g are smooth, then so is go f.

Corollary 17.6.5 The inversion mapping J : GL(E) — GL(E) is a
smooth mapping.

Proof  We need a preliminary lemma.

Lemma 17.6.6  Suppose that (E, ||.||z) is a normed space. Let B : L(E) —
L(E) be defined as B(S)(T') = —STS. Then B is a smooth function.

Proof For (DBg(H))(T)=—-HTS — STH, and
(D?Bg(H,K))(T) = —HTK — KTH,
so that D3B = 0. O

We now prove the corollary. The proof is by induction on k. The map-
ping J is continuously differentiable. Suppose that it is a C'*~D-function.
Since DJ = B o J, the derivative D.J is a C*~D_function; that is, J is a
C®)_function. U

We also have the following result.

Theorem 17.6.7 Suppose that f : W — F is a diffeomorphism from
an open subset W of a Banach space (E,||.||p) onto a subset f(W) of a
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Banach space (F,||.||p) , and that f is a C®)-function. Then f~' is also a
C®) _function.

Proof  Since (E,|.||p) and (F,||.||) are isomorphic Banach spaces, we
can suppose that £ = F. The proof is again by induction on k. Suppose
that the result holds for k& — 1, and that f is a C®)-function. Then the
mapping f~1: f(W) = Wis a C*=1_function, by hypothesis, the function
Df : U — GL(E) is a C*~D_function, and the inversion function .J :
GL(E) — GL(FE) is a smooth function, and so, applying Theorem 17.6.3, it
follows that the mapping y — (fo—l(y))_l is a C*=D_function. Thus f~!
is a C®)-function. O

A diffeomorphism which is a C'*)-function is called a C'¥)-diffeomorphism,
and a diffeomorphism which is a smooth function is called a smooth
diffeomorphism.

We have the following symmetry result.

Theorem 17.6.8 Suppose that f is a mapping from an open subset
U of a normed space (E,|.|p) into a normed space (F,|.|p) which is
(k — 1)-times differentiable on U and is k-times differentiable at a. If o is a
permutation of {1,...,k}, then D*f (hy,... hy) = Dk(ho(l), s hogy)-

Proof  The proof is by induction on k. It is trivially true if k = 1, and it is
true when k = 2, by Theorem 17.6.2. Suppose that it is true for j < k, and
that f is (k — 1)-times differentiable on U and is k-times differentiable at
a. Let G be the set of permutations of {1,...,k} for which equality holds.
Then G is a subgroup of the group ¥j of permutations of {1,...,k}. Let
H = {0 € ¥, : 0(1) = 1}, and let 7;; denote the permutation which
transposes ¢ and j. If ¢ € H then by the inductive hypothesis

DF¥fo(hy, ... hy) = D(D* L fu(ha, ... hy))(hy)
= D(D* " falhg@), - - ha) (o))
= Dk(ho(l)a s aho(k))a

so that H C G. In particular, 7; ; € G if neither ¢ nor j is equal to 1. On the
other hand, by Theorem 17.6.2,
D*foha, ... hg) = DX (D72 fo(ha, ... hy)) (ha, ho)
= D*(DF2f,(hs, ..., ht))(ha, h1)
= Dkfa(h2a hl) h37 o hk‘)a
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so that 719 € G. Thus 71 ; = ™ ;71 272,; € G. Since any permutation can be
written as a product of such transpositions (Exercise 11.7.1), it follows that

G=13. |

If h € E,let W = (h,...,h) € E’. Since the directional derivative of f
in the direction h is D f,(h), it follows that the jth directional derivative in
the direction h is D7 f,(h/).

We can also establish a version of Taylor’s theorem. We prove it for Hilbert
spaces. A corresponding result holds for Banach spaces, but this needs the
Hahn—Banach theorem, whose proof is beyond the scope of this book

Theorem 17.6.9 Suppose that f is a k-times differentiable mapping from
an open subset U of a normed space (E, ||.||5) into a Hilbert space (F,||.|| ),
and suppose that the segment [a,a + h] is contained in U. Suppose that
sup{HDkfaHhH :0<t<1} =M < 0. Then

k=1 :
flam) = 0+ 3 224 o,

j=1
where |[rp(h)| p < M [R5 /KL

Proof  We reduce this to the scalar result. If 7, (h) = 0, there is nothing to
prove. Otherwise, there exists an open interval I in R containing [0, 1] such
that a +th € U for t € I. Let ¢ = ri(h)/ ||re(h)| g, so that ||¢]|z = 1 and
(1), ) = () -

Then the mapping ¢g : I — R defined by g(t) = (f(a + th), ¢) is k-times
differentiable. By the chain rule, (¢/g/dz?)(t) = (D’ fo1n(h’), ¢), and so by

Taylor’s theorem

= Dﬂfahﬂ (Difu(h1),0) 1 d¥g

(fla+h),¢)=g(1) = ) + H@(C)

=1

.

for some 0 < ¢ < 1. Thus

Ire®llp = k), 6) = (D" faren(hb) kL 6

I sl Wl _ gty
- k! - k!
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Let us consider the case where E = R?. Then the jth term in the Taylor
expansion is

Using the symmetry established in Theorem 17.6.9 and gathering terms
together, we see that

1 BRIV .. R i Ha
SDL) = Y e L O
J: ibtgamg J1T s 01y Ty

Ja:

Exercises

17.6.1 There exists a continuous real-valued function g on R which is not
differentiable at any point. Let h(x) = [ g(t)dt. Use h to obtain a
continuous function f on R? such that
(a) f is continuously differentiable at every point of R?;

(b) Of /0xo is continuously differentiable at every point of R?;
(c) 0?f/0x10x4 exists at every point of R?, and is continuous on R?;
(d) 0%f/0x20x1 does not exist at any point of R2.

17.6.2 Suppose that f is a real-valued function defined on an open subset
U of R?, and that 0f/0x1 and 0°f/Ox90x, exist at every point of
U. Suppose that the closed rectangle R = [a,a + h] x [b,b + k] is
contained in U. By considering the function g(t) = A f(q441,4)((0, %))
and applying the mean-value theorem twice, show that there exists
(u,v) in the interior of R for which

0% f

hk
6$28$1

(u>v) = AZfa((h>O)> (0> k))
= fla+h,b+k)— f(a+h,b) — f(a,b+ k) + f(a,b).

17.6.3 Suppose that f is a real-valued function on an open subset U of R?,
and that Of/0x1, Of/0xe and 0%f/0x20x; exist at every point of
U, and that 9% f/0x20x is continuous at (a,b). Suppose that e > 0.
Show the following.
(a) There exists § > 0 such that Ns(a,b) C U and

AZf(a,b)((h7O)7 (07 k)) _ 62f
hk 0x20x1

(a,b)| <,

for 0 < |h| < §/2,0 < |k| < d/2.
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(b) If 0 < |h| < § then

1/ of of *f
‘E <8—xg(a+h’ b) — 8—372(a’ b)) = Dmg0ny (a, b)‘ <e.

(c) 0?f/0x1022(a,b) exists, and is equal to 0 f/dx2021(a,b).
17.6.4 Suppose that (E,|.||;) is a Banach space. Show that if J is the
mapping U — U~! of GL(E) to GL(E), then

D Ju(Ty, ... Tp) = (-1)* Y U ' T,y U ..U T U
gEY,



18

Integrating functions of several variables

18.1 Elementary vector-valued integrals

We now consider the problem of integrating vector-valued functions of
several variables. We begin by considering dissections, step functions and
elementary integrals, as in the case of real-valued functions of a single vari-
able. A cell C'in R is a subset of R? of the form I x - - - x I, where I, ..., I,
are intervals (open, closed, or neither) in R. Thus a one-dimensional cell is
an interval and a two-dimensional cell is a rectangle. The d-dimensional
volume or content vy(C') is defined to be vg(C) = H?Zl [(I;).

Suppose that C' = I; x --- x I; is a compact cell, and suppose that
Dj = {a; = xjo < xj1 < --- < w55, = b;} is a dissection of I}, for
1 < j <d, with constituent intervals I;1,...,I,. Then D = Dy X -+ x Dy
is a dissection of C'. The collection of cells

{Ii, X oo x I, 0 1<y < kj,1 < j <d}

is then the set of constituent cells of the dissection D. We list them as
Cy,...,C, where k = k1 ... kg, and we denote the indicator function of C}
by x;. The mesh size §(D) of a dissection D is the maximum diameter of a
constituent cell.

We order the dissections of C' by inclusion: we say that D’ refines D, and
write D < D', if D} refines Dy, for 1 < j < d, This is a partial order on the
set A of all dissections of C', and A is a lattice:

DVD =(DiuD})x---x(DguD}))and DAD' =DnND.
A has a least element, with one cell {C'}, but has no greatest element.
Suppose now that C' is a compact cell in R%, that D is a dissection of C,

with constituent cells C1,...,Ck, and that (F,||.||) is a Banach space. We

513
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denote by Sp(C, D) the set of all F-valued functions of the form
x) = ijxj(x), where f; € F for 1 <j <k.

The elements of Sp(C, D) are F-valued step functions on C.
We define the elementary mtegml fC x)dx of a step function f =

E] 1 fix; in Sp(C, D) to be E 1 fiva(C5). As in the real-valued case it is
necessary, and straightforward, to show that this is well-defined.

Proposition 18.1.1 Suppose that f and g are step functions and that c
s a scalar. Then f + g and cf are step functions and

(i) o (f( ) dz = fc z)dx + [, g(x)
(i1) fccf x—cfc x)dr.

Proof  The proofs are the same as the proofs of the corresponding results
in the real-valued one-dimensional case. O

Thus the set Sp(C) of F-valued step functions on C' is a linear subspace
of the space Bp(C') of all bounded F-valued functions on C.

If fis an F-valued step functions on C then || f|| is a real-valued step
function on C.

Proposition 18.1.2  Suppose that f € Sp(C). Then

H/cf(@dx S/Cuf(mu iz,

The function f; Il f(x)| dz is a norm on Sp(C).

Proof By the triangle inequality,

H/cf("”)dx Z“falvd /Hf )| da.

Cleatly [, llef ()| da = el f, £ ()] da, and J,, [ /(@)] dz = 0 if and only
if f=0.1f f,g € Sp(C) there exists a dissection D such that

k k
F=> fixjand g =" g;x;.
P =1
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Then

k

k
/\f +g(@)| da?fZHfﬂrgaHvd < D U5l + llgilhwa(Cy)
=1

J
/|f ||dx+/|g ) da.

Exercise

18.1.1 Show that the elementary integral of a step function is well-defined.

18.2 Integrating functions of several variables

We now consider the Riemann integral of a real-valued function of sev-
eral variables. We follow the procedure for integrating functions of a single
variable very closely, and we therefore omit many of the details.

Suppose that f is a bounded real-valued function defined on a compact
cell C'in R?. We define the upper and lower integrals of f:

7f(x) dr = inf {/ g(z)dzx : g a step function, g > f}
C C

/f(x) dx = sup {/ h(z)dx : h a step function, h < f} .
JC c

The function f is Riemann integrable if the upper and lower integrals are
equal; if so, the common value is the Riemann integral of f.

Recall that if f is a function on a set S taking values in a metric space
(X,d), and A is a subset of X then the oscillation Q(f, A) of f on A is defined
to be sup{d(f(a), f(b)) : a,b € A}; when f is real-valued then Q(f, A) =
sup{|f(a) — f(b)| : a,b € A}, and when f takes values in a Banach space
(F [I-I) then Q(f, A) = sup{[|f(a) — f()]| : a,b € A}.

Theorem 18.2.1 Suppose that [ is a bounded real-valued function on a
compact cell C' in R%. The following are equivalent.

(i) f is Riemann integrable.

(ii) Whenever € > 0 there exists a dissection D of C' with constituent cells

Cq,...,Cy such that
k

> Q(f,Ci)ua(Cy) < e.

j=1
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Proof  Suppose that f is Riemann integrable and that € > 0. There exist
step functions g and h on C such that h < f < g and

/Cg(x)dx—/cf(x)dx<e/2 and /Cf(x)dx—/ch(x) dz < ¢/2,

so that [ (g(x) — h(z))dz < e. Let D be a dissection of C', with constituent
cells C1, ..., Cy, such that g and h are constant on each C;. Then Q(f,C;) <
g(x) — h(z) for x € Cj for 1 < j <k, and so

k

> FCi)ualC5) < [ (9la) = ha))de <.

=1 ¢

Thus (i) implies (ii).
Conversely, if D is a dissection of C' with constituent cells C, ..., Cy for
which Y5, Q(f,C;)va(Cy) < e, let

k k
g= Zsup{f(x) cx € Cj}x; and h = Zinf{f(x) cx e Cjtx;.
j=1

j=1
Then g and h are step functions with h < f < g, and

k
/ g(x)dx — / h(z)dx = ZQ(f, Cj)va(Cy) < e,
c c =
so that (ii) implies (i). O
Corollary 18.2.2 If f is a continuous real-valued function on a compact

cell C in R?, then f is Riemann integrable.

Proof  Suppose that € > 0. Since f is continuous and C' is compact, f is
uniformly continuous on C', and so there exists 6 > 0 such that if ||z — y|| < ¢
then |f(x) — f(y)| < €/va(C). Let D be any dissection of C' with mesh-size
less than §. If ¢; is any constituent cell, then Q(f,C;) < €/vq(C), and so

k k
DS C1)ualC) < iy D) =

J=1

|

Similarly, we have the following elementary results. The proofs are the
same as the proofs for real-valued functions of a single variable, and details
are left to the reader.
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Theorem 18.2.3 Suppose that f and g are Riemann integrable functions
on a compact cell C in R?.
(i) If ¢ € R then f + g and cf are Riemann integrable, and

Ju@+ganis= [ f@ae+ [ g

/Ccf(a:)dx—c/cf(x)dx.

(i) If f(x) < g(x) for all x € C then [, f(x)dx < [, g(x)dz.

(i11) If f takes values in [—R, R] and ¢ is a continuous real-valued function
on [—R, R] then ¢ o f is Riemann integrable.

(iv) The functions f+, f=, |f|, f and fg are Riemann integrable.

(v) | fo f(z)da| < [ |f(2)| da.

Exercise

18.2.1 Suppose that f is a real-valued function on [0,1] x [0, 1], that the
mappings  — f(x,y) are increasing for each y € [0,1], and that the
mappings y — f(z,y) are increasing for each = € [0,1]. Show that
f is Riemann integrable. Extend this result to functions on compact
cells in R,

18.3 Integrating vector-valued functions

We now consider the problem of integrating vector-valued functions defined
on a compact cell in R, Suppose that f : C — (F,|.||) is a function on a
compact cell C' in RY taking values in a bounded subset of a Banach space
(E,||.|]). Since in general there is no order on F, we cannot use upper and
lower integrals to determine when f is Riemann integrable, and to define the
Riemann integral. Instead, we start with the characterization of Riemann
integrability given in Theorem 18.2.1 (i). We say that f is Riemann integrable
if, whenever € > 0, there exists a dissection D of C', with constituent cells
Cq,...,Cy, such that Z;?:l va(C;)Q(f,Cj) < e

Before defining the integral, we need to establish some fundamental
properties of Riemann integrable functions.

Theorem 18.3.1  Suppose that f is a function on a compact cell C' in R?
taking values in a bounded subset of a Banach space F'. The following are
equivalent.
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(i) The function f is Riemann integrable.
(i) Whenever € > 0 there ezists a dissection D of C' with constituent cells
Cy,...,Cy and a partition GU B of {1,...,k} such that

Q(f,C) < e forj€G, and Y v4(Cy) <.
jeB

(iii) The real-valued function ||f — g|| is Riemann integrable, for each step
unction. If € > 0, then there exists a step function g on C for whic
tion. I 0, then th St tep tion g C hich

inf {/ IIf (x x)|| dz : g a step functlon} = 0.

Proof  Suppose that (i) holds and that € > 0. There exists a dissection D
of C' with constituent cells C1, ..., C) such that

k

> Q(f,Ci)va(C) < €.

J=1

Let G ={j: Q(f,C;) <e}andlet B={j:Q(f,C;) > €}. Then

K
> wal(Cy) | <D Civa(Cy) < €,
j=1

jEB
so that (ii) holds.
Suppose that (ii) is satisfied, and that e > 0. Let
n=¢/(va(C) +Q(f,C)).

There exists a dissection D of C' with constituent cells C, ..., C} such that
the condition holds, for 7. Then

k

ZQ [, Ci)va(Cy)

=1

:Z (f,Cva(Cy) + D Qf, Cjva(Cy)
cq JjEB

< (supQ(f,Cy) Zvd )+ Q(f,C) Zvd
jea jeG JjeB

<nua(C) +nQ(f,C) =e.

Thus (ii) implies (i).
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Suppose that f is Riemann integrable, that g is a step function and that
€ > 0. There exists a dissection D of C, with constituent cells Cq,...,C},
for which Z?:l v4(C;)Qf, C;) < €, and for which g is constant on each Cj.
If z,y € C; then

S (@) = g(@)l = 11F () =g < [I.f(x) = FW)Il

so that O(||f — ]|, Cj) < Q(f, C;). Hence S va(CAAf = g, Cj) < e,
and so ||f — ¢|| is Riemann integrable, by Theorem 18.2.1 (i). Now choose
y; € Cj, for 1 <j <k, and let g be the step function g = Z?Zl f(y;)x;- Then
1(2) — g(x)]| < Q(f.C;) for € Cj, 50 that

Thus (i) implies (iii).

Conversely, suppose that (iii) holds, that e > 0 and that g is a step
function for which [, ||f(x) — g(x)|| < €/2. There exists a dissection D of
C, with constituent cells C1, ..., C, for which
k

vd(Cj) (Sup 1/ () —g(fﬂ)H) <€/2,
=1

Z‘ECj

J

and for which g is constant on each C;. If y, z € C; then

1f(y) = fR)I <2 (Sup 1f (=) = g(ﬂ?)H) ;

CCECj

so that Z;?:l v4(C;)Q(f,C;) < e. Thus f is Riemann integrable, and (iii)
implies (i). O

We are now ready to define the Riemann integral of a Riemann integrable

function. Suppose that f is a Riemann integrable function on a compact cell
C'. For each ¢ > 0, let

Af) = {g : g a step function on C,/O If(x) —g(x)] dr < e},
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and let Jo = { [, g(x)dx : g € A(f)}. Then A.(f) is non-empty, and J. is a
non-empty subset of F. If g,h € A.(f) then

/Cg(a:)dx—/ch(a:)dx
gﬁjam—huwdx
< [1f@ = s@l do+ [ 1) = h@l d <2

Thus J, has diameter at most 2¢, and so therefore has its closure J.. It
now follows from Corollary 14.1.12 that the intersection N{J : € > 0} is a
singleton set {I}. We define I to be the Riemann integral fC x)dx of f.
Note that if g € Ac(f), then

1= [ ste)do

Corollary 18.3.2 If f is a Riemann integrable function on C' then

< diam (J¢) < 2e.

there exists a sequence (fn)pe, of step functions on C  for which
Jo lf(@) = fa(@)| de — 0 as n — oo, and, for any such sequence,
fcfn da:—>fc x)dx as n — oo.

Proof  Pick f, € Ay . O

We have the following fundamental inequality.

Theorem 18.3.3 (The mean-value inequality for integrals) Suppose that
f is a Riemann integrable function on a compact cell taking values in a

Banach space (F,||.||). Then
< [ 1r@| da.
C

s

Proof  Suppose that € > 0. Then there exists a step function g such that
Jo Il f(z) — g()|| do < €/3. By the remark above,

z)dz — /C g(x) dz

< 2¢/3.
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Thus, applying Proposition 18.1.2,

x)dx +2¢/3

g(z) dx
C

s/Wm@wdx+%m
/w Hm+/Wf o) dr +2¢/3

SAJﬂ@HM+e

Since € is arbitrary, the result follows. O

Corollary 18.3.2 enables us to establish standard properties of the
Riemann integral.

Proposition 18.3.4 Suppose that f and g are Riemann integrable func-
tions on a compact cell C' taking values in a Banach space (F,|.||), that h
is a real-valued Riemann integrable function on C and that o € R.

(i) The functions f + g and af are Riemann integrable and

Aﬂ@+wmmzéﬂmm+émmm,1gﬂ@=aéﬂmm

(i) The function hf is Riemann integrable.

(iit) Suppose that ¢ = f(C) — (G, ||.|lo) is a uniformly continuous map-
ping from the image f(C) of C into a Banach space G. Then ¢o f is Riemann
integrable.

Proof That f 4+ g and hf are Riemann integrable follows from the facts
(which the reader should verify) that

Qf +9,4) <Qf, A) +Q(g, 4)
and Q(hf, A) < Q(h, A) || flloe + 1Pl (S, A),

and the definition.

There exist sequences (f,)02, and (gn)22, of step functions such that
fC IIf(z) = fu(x)|| dz — 0 and fC llg(z) — gn(x)|| dx — 0 as n — oco. Then

L@+ 960) = (o) + u(@)] do <

/Wﬂ@—n@mm+/WM@—%@mm,
C C
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so that

/ I £)) = (nle) + g ()] dz — 0 as 1 — 00,

/Cf(x)—l—g(a:)dx—/Cf(x)da:—i—/cg(a:)dx.

The proof of the result for scalar multiplication is even easier.

(iii) Suppose that € > 0. There exists 6 > 0 such that if || f(x) — f(y)|| p <
9, then [[¢(f(x)) — ¢(f(y))||g < €. By Theorem 18.3.1, there exists a dis-
section D of C' with constituent cells C1,...,C) and a partition G U B of
{1,...,k} such that

and so

Qf,Cy) <dfor jeq, andZvd ) < e
jEB

Then Q(¢o f,C;) < e for j € G, so that, by Theorem 18.3.1, ¢o f is Riemann
integrable. O

The uniform limit of Riemann integrable functions is Riemann integrable.

Theorem 18.3.5 Suppose that (f,)2>, is a sequence of Riemann inte-
grable functions on a compact cell C, taking values in a Banach space
(F,].])), which converges uniformly to f. Then f is Riemann integrable,
and

/ fn(z)dx — / f(z)dx as n — cc.
C C
Proof  Suppose that € > 0. There exists N such that

1f = falloo = sup{llf(z) = fu(2)] : 2 € C} < €/4va(C)

for n > N, and there exists a dissection D of C with constituent cells
C1,...,Cy such that Y ¥ va(C)QfN,Cj) < €/2. Then Q(f,C;) <
(fNa )—’_2”]{- fN”ooa so that

k k
D ualCIUS,C) < 32 0aC) 02w, € + 211 = fl)
j=1 i=1

<€/24+2v4(O) If — fnllo <€

Thus f is Riemann integrable.
Suppose now that n > N. Then

dx—/fn )dz

/ 1£(@) = Fulo)l] dz < /4,
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so that

/Cfn(x)dxﬁ/cf(a;)dxasn%oo.

O

Riemann integrability can also be characterized, and the integral calcu-
lated, using dissections with decreasing mesh size. See Exercise 1.

So far, then, everything appears to be very straightforward. In fact, there
are very real technical difficulties. These arise in the following circumstances.

(i) We frequently wish to integrate functions over more general bounded
subsets of R? than cells.

(ii) We would like to evaluate integrals by repeatedly calculating one-
dimensional integrals. For example, if f is a Riemann integrable function on
Cp = 10,1] x [0,1] can we calculate

1/ 1
f(z1,22) dx as a repeated integral / </ f(z1,22) da;2> dx,?
o \Jo

Co

(iii) Can we establish a ‘change of variables’ formula of general applica-
bility? If U and V' are bounded open sets, and ¢ : U — V is a continuously
differentiable homeomorphism, can we show that

/ f(x) dz = / FO@) o) dy 2
1% U

As far as (i) is concerned, a bounded subset A of a compact cell C is
said to be Jordan measurable if its characteristic function 4 is Riemann
integrable. If so, the Riemann integral of I, is called the Jordan content
or volume of A, and is denoted by vg(A), or v(A). Clearly a cell is Jordan
measurable, and the definition of its content as an integral agrees with the
definition at the beginning of this section. On the other hand, we have seen
that the indicator function of a fat Cantor set is not Riemann integrable,
and so a fat Cantor set is not Jordan measurable.

If A is a Jordan measurable subset of a compact cell C', with indicator
function 14, and f is a Riemann integrable function on C, then it follows
from Proposition 18.3.4 (ii) that fI4 is Riemann integrable; we define

/Af(x) dx = /Cf(a;)IA(x) dx.
As for (ii), let

A={(x,y) € [0,1] x [0,1] : y is rational if x = 1/2}.
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Then A is a Jordan measurable subset of [0, 1] x [0, 1], but fol I4(1/2,y)dy
is not defined.

As for (iii), we shall see in Section 18.4 that it can happen that U is
Jordan measurable, but V' is not.

These difficulties suggest that we need a more sophisticated theory of inte-
gration, and the Lebesgue integral, which is studied in Volume III, provides
such a theory. The Riemann integral is however adequate for the integra-
tion of continuous functions. Further, the change of variables results that
we obtain in Section 18.7 are essential for corresponding change of variable
results in the Lebesgue integral setting.

As with functions of a scalar variable, we can define improper integrals,
but some care is needed; for example, if f is defined on R, it is natural to
consider limits such as

lim f(x)dx and lim f(x)dx,

R00 J)jall,<R R Je| <R
and it is relatively easy to give examples where the limits exist and are
different. Similar remarks apply to Cauchy principal value integrals. In each
case, it is necessary to make explicit the limiting procedure that is used.

Exercises

18.3.1 Suppose that f is a function on a compact cell C'in R? taking values
in a bounded subset of a Banach space (F, ||.||). Suppose that (D, )2,
is a sequence of dissections of C' whose mesh-sizes tend to 0, and that
Cri,...,Cr, are the constituent cells of D,.. Show that f is Riemann
integrable if and only if there exists J € F such that if y,.; € C). ; for
1<j<k.and r € N then

kr

Zf(ynj)vd(cnj) — Jasr — 0.
j=1

[Hint: If D' is a dissection of C, with constituent cells C1,...,C},
let T, be the set of constituent cells of D, which are not contained in
one of the cells C']’-. Show that

Z{vd(Cﬁj) :Cr; €T} = 0asr— 00l

18.3.2 [The fundamental theorem of calculus for vector-valued
functions| Suppose that f is a Riemann integrable function on [a, b],
taking values in a Banach space (E, ||.||).
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(i) Show that if @ < ¢ < b then f is Riemann integrable on [a,b] if
and only if it is Riemann integrable on [a, ¢] and [c, b], and if so
then fbf dx—fcf(x)dw—i—fcbf(x)dw

(ii) Set F(t f f(z)dx, for a <t <b. Show that F' is continuous
on |a, b]

(iii) Show that If f is continuous at ¢ then F is differentiable at ¢, and
F'(t) = f(t). (If t = a or b, then F has a one-sided derivative.)

(iv) Suppose that f is differentiable on [a,b] (with one-sided deriva-
tives at a and b). Show that if f’ is Riemann integrable then
f(@)=f(a)+ [ f(t)dt for a <z <b.

18.3.3 Suppose that f and g are Riemann integrable functions on a cell C' in
RY, taking values in L(E), where (E, ||.||) is a Banach space and L(E)
is given the operator norm. Show that f o g and g o f are Riemann
integrable. Is [, f(z) o g(x)dx = [, g(x) o f(x)dx?

18.3.4 Construct a continuous real valued function f on R? for which

lim f(z)dx =0
B=00 Jlz||,<R

and for which

lim f(x)dx does not exist.
B=00 Jjal| <R

18.4 Repeated integration

To begin with, let us consider a continuous function f defined on a compact
cell C = I x --- x I; in RY, taking values in a Banach space (F,|.||). Let
C=1Ixx I;_1,so that C' = C x I;. Denote a point z = (z1,...,24) in
R by (Z,t), where & = (21,...,24_1) and t = xg4.

Theorem 18.4.1 Let f be a continuous function from a compact cell C =
L x - x1Igin Rd into a Banach space (F.|.||). With the notation above,
ifr e C’d 1 let p(x f[ (z,t)dt. Then ¢ is a continuous function on C

and
Lf(a:)dx—/éﬂi)d&?—/é( Idf(i,t)dt) dz.

Proof  We use the fact that f is uniformly continuous on C'. Given € > 0
there exists § > 0 such that if z,y € C and d(z,y) < 0 then || f(z) — f(y)] <
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€/l(13). Thus if d(z,y) < 0 then ||f(Z,t) — f(y,t)| < €/l(I4), and so

lo(z) — ¢()]| =

f@w—ﬂmmﬂ
Iq
@ - ol <

Thus ¢ is continuous on C.
Further, there exists a step function g on C such that || f(z) —g(x)] <
¢/2vq(C) for z € C. Let ¥(T) = [ g(¥,t)dt, for # € C. Then

a;)dx—/ x) dx /Hf x)|| dx < €/2,
and
o) [ s@0a| < [ 160 o0 < S0
so that

<e€/2.

H/@W)daf—/éw(az)daf

But [, g(z)dr = [5(Z)dx and so

z)dz — /5 6(7) dF

Since € is arbitrary, the result follows.

Corollary 18.4.2

/Cf(x)da;—/h </1< Idf(xl,...,xd)dxd>...da;2> dy.

Thus we can evaluate the integral by repeatedly evaluating one dimen-
sional integrals. Further, if 0 € ¥,, is a permutation of {1,...,d} then we
could integrate with respect first to ,(q), then x,(4_1), and so on, and obtain
the same result.

Corollary 18.4.3 Ifo € X, then

[ (o) ) e -
[ ([ soninan) i) s
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For example, if B(z,y) is the beta function fol t*=1(1 — )Y~ dt then

/1Y </1XB(x,y)dx> dy:/ly (/1X </01t“(1—t)yldt> dx) dy
:/01 (/1Xtm1dx> </1Y(1—t)y1dy> dt

_ [t aoor,
Jo (log t)(log(1 — t)) '

We can also justify the ‘quick and easy’ proof of Theorem 9.4.4 of Volume

I. The argument there now shows that if f and g are continuous 2w-periodic
functions then the Fourier coefficients satisfy (m)n = fngn This result
extends easily to locally Riemann integrable 27-periodic functions f and g.
Let M = max(||f|o s l9ll)- If 0 < € < 1, there exist continuous 27-periodic
functions f’ and ¢ with

2m 2m
/0 |f(t) — f'(t)| dt < €/4(M + 1) and /0 If(t) — f'(t)|dt < e/4(M +1).

Then
((F*g)n — (F' % @)nl < €/2 and | fogn — Frdll < €/2,

so that ](m)n — fnin| < €. Since € is arbitrary, the result follows.

These results can be applied to continuous functions on R?% of compact
support: that is, functions which take the value 0 outside a bounded set.
Frequently, though, we wish to consider improper integrals. As we have
seen when we considered products of series, difficulties arise when conver-
gence depends upon cancellation. For this reason, we restrict attention to
the simplest case, where we integrate non-negative continuous real-valued
functions.

Suppose then that C' = I; x - - - x I; is the product of open intervals (which
may be semi-infinite, or infinite), and that f is a non-negative continuous
real-valued function on C. We then define the improper Riemann integral as

/ f(x)dwzsup{/ f(z)dz : K a compact cell, K C C}.
C K

The resulting integral can then be finite or infinite. We continue with the
notation introduced at the beginning of the section.

Theorem 18.4.4 Suppose that f is a non- negatz've contmuous real-valued
function on C =11 x --- x Ig. For T € C let ¢p(x f[ (z,t)dt. Suppose
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that ¢(x) < oo for each T € C, and that ¢ is a continuous function on C.

e /C f(z)da = /5 &(7) dF = /5 < 1@ dt) dz.

Proof If K=J; x---x Jgis a compact cell contained in C' then

/Kf(“)dx_/f(< de(’f,t)dt> d:fs/f(( Idf(i,t)dt) dz
- /f;b(f) dZ < /(_j¢<af) 0z,

/C f(x)de < /5 o(Z) d.

On the other hand, if M < fé ¢(x) dz, there exists a compact cell K

contained in C such that

Consequently

/5 &(7) dF > M.

Let (L; ) °, be an increasing sequence of compact intervals contained in Iy
whose union is I, and let ¢;(Z) = [, f L, (z,t) dt. Then each ¢; is a continuous

function on K , and ¢; increases pointwise to the continuous function ¢.
It therefore follows from Dini’s theorem (Theorem 15.2.12) that ¢; — ¢
uniformly on K, as j — 0o, and so

/K%(ff) dz — /Kﬂﬁ(f) d7 as j — oo.

Thus there exists 7 € N such that

/mj flz)dx = /f(qu(i) di > M.

Hence fC x)dx > M. Since this holds for all M < fc 7)dx, it follows

that
/C f(x)dx > /(j o(Z) d.

Thus we have equality. O
Thus [(°([° B(z,y)dz)dy = [} 1/(log tlog(1 —t)) dt.

With a little care, this result can be used in cases where f is not positive.
Let us give an example.



18.4 Repeated integration 529
Example 18.4.5 [ sinz/zdr =7/2.

Proof  Suppose that K > 0. If z > 0 then 1/z = fooo e *tdt, and so

K _: K o)
/ S dr = / sin x </ e ot dt) dz.
0 L 0 0

Although sin is not a positive function, we can divide the interval [0, K]

into finitely many intervals, on each of which sin is either non-negative or
non-positive, and apply the previous theorem to each of them. Thus

K o) 00 K
/ sinx (/ et dt) dr = / (/ et sinwdw) dt.
0 0 0 0

Integrating the inner integral by parts twice,

K K
/ e sinxdr = [—e " cosx]K — t/ e " cosx dr
0 0
K
=1—e Blcos K —tle ' sinz]f — t2/ e “'sinx dx
0

K
=1 —e M (cos K +tsin K) — t2/ e “'sinx du.
0

so that

K 1
/0 e singdr = T + Rk (t),
where Ry (t) = —e %%(cos K +tsin K)/(1 + t2). Since
|cos K +tsin K| < 1+t <2(14t%),

|Rk(t)] < 2e % and so [ Rk(t) dt — 0 as K — co. Consequently

0O o} K _: o)
dt
/ Smxdwz lim Smxdw:/ = z,
0 X K—oo 0 x 0 1 +t2 2

Exercises

18.4.1 Suppose that f is a real-valued Riemann integrable function on a
compact cell C' in R? and that ¢ is a Riemann integrable function on
a compact cell D in R¢. Show that the function (x,y) — f(z)g(y) is
Riemann integrable on C' x D and that, with the obvious notation,

[ @it = [ ) ([ sar).
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18.4.2 Give an example of a sequence of continuous real-valued functions on
[0, 1] which increases pointwise to a bounded function on [0, 1] which
is not Riemann integrable.

18.4.3 Let
P ={(m/p,n/p) €[0,1] x [0,1] : p a prime, m,n € N}.

Show that P is dense in [0,1] x [0, 1], and that

/01 (/01 ety = [ 1 (/ (o) i) dy.

Is Ip a Riemann integrable function on [0, 1] x [0, 1]?

18.5 Jordan content

We now investigate some of the properties of Jordan measurable subsets
of R4,
Suppose that A is a subset of a compact cell C' and that D is a dissection
of C, with constituent cells C, ..., Cy. We partition the cells of the partition
into three: we set D = J(A) U K(A) U L(A), where
J(A) = {C;: C; C A}
K(A):{CJC&ﬂA#@aDdC&ﬂ(C\A)#@}
L(A) = {CJ : Cj NA= @}

Thus J(A) is the set of cells contained in A, K(A) is the set of cells which

contain points of A and points not in A, and L(A) is the set of cells disjoint
from A.

Theorem 18.5.1 A bounded subset A of a compact cell C' in R% is Jordan
measurable if and only if given € > 0 there exists a dissection D of C, with
constituent cells Cq,...,Cy, such that

> {va(Cy) : Cj € K(A)} <e.
Let

U4(A) = inf v4(Cj) = D a dissection of C
C;eJ(A)UK(A)

vy(A) = sup va(C) : D a dissection of C
Cied(A)
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Then A is Jordan measurable if and only if vg(A) = vy(A). If so, then
vi(A) = Va(A) = q(A).

Proof  Let I be the indicator function of A. If C; is a constituent cell in
a dissection D, then Q(I4,C;) =01if C; € J(A) UL(A), and Q(14,C;) =1
if C; € K(A). Thus

> wa(C)Q1a,Ch) = Y walCy),

c;eD C,eK(A)

so that A is Jordan measurable if and only if given € > 0 there exists a
dissection D of C such that > {vg(C;) : C; € K(A)} < e. Similarly 74(A) is
the upper integral of 14, and v,(A) is the lower integral of I4; the remaining
results follow from this. a

Corollary 18.5.2 A is Jordan measurable if (and only if ) for each € > 0
there are Jordan measurable subsets By and By of C, with By C A C By,
such that vy(Ba) < vg(B1) + €.

The quantities 74(A) and v, (A) are called the outer and inner Jordan
contents of A.

Thus a bounded set is Jordan measurable if it can be approximated from
the outside and the inside by finite unions of cells, whose contents converge
to a common value. This notion of approximating content, in two or three
dimensions, by considering simple figures, goes back to the ancient Greeks.
(The transition to Lebesgue measure is made by approximating by open sets
(on the outside) and compact sets (on the inside).)

Since the sum and product of two real-valued Riemann integrable func-
tions are Riemann integrable, it follows that the intersection and union of
two Jordan measurable sets A and B are Jordan measurable, and that

v3(AU B) +v3(AN B) = v4(A) 4+ vq(B).
Similarly A\ B is Jordan measurable, and v4(A\ B) = v4(A) —vq(ANB). It

is easy to see that if A is Jordan measurable, then so is a translate A +x =
{a +x:a € A}, and that v4(A + =) = vg(A). Similarly, if A > 0 then the
dilate AA = {\a : a € A} is Jordan measurable, and vg(AA) = M\vg(A).

The notion of Jordan content makes the idea of the integral as the ‘area
under the curve’ explicit.

Theorem 18.5.3 Suppose that [ is a bounded non-negative real-valued
function defined on a compact cell C in R%. Let

Ar={(z,y) e CxR:0<y < f(x)}.
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Then f is Riemann integrable if and only if Ay is a Jordan measurable subset
of RY x R = R, If s0, then Jo f(x)de = vay1(Af).

Proof  The result is certainly true if f is a step function.

Suppose that f is Riemann integrable, and that ¢ > 0 There exist step
functions g and h with 0 < g < f < h such that [,(h(z) — g(z)) dz < e.
Then A, and Ay, are Jordan measurable, and

var1(Ap) = /Ch(x) dx < /Cg(x) de + e =v441(Ag) + €.

Since A; € Ay C Ay, it follows that A; is Jordan measurable. Since

Ud+1(A ) < Ud—l—l(Af) < vd+1(Ah and fcg dl’ < fC dl’ < fC d$
it also follows that [ f(z)dx = var1(Ay).
The converse is proved in a similar way. Suppose that D is a dissection

of O x [0,M]. If 2 € C, let I, = {(x,t) : 0 <t < M}, and let
Jo(Ap) = {Cj € J(Ay) : CjN I, # 0},
K.(Ap) ={Cj e K(Ay): C;N I, # 0}
Let mp(x) = 0 if J,(Ay) = 0, and let
mp(x) = sup{t : (z,t) € C;j,C; € J,(A;)} otherwise;
similarly, let Mp(z) = 0 if J,(A;) U K,(Af) = 0, and let
Mp(z) = sup{t : (x,t) € C},Cj € Jo(Af) UK, (Af)} otherwise.

Then mp < f < Mp. It follows that if the condition is satisfied then f is
Riemann integrable and [, f(x) dx = vg1(Ay).
O

A similar result holds if we consider the set
Up={(z,y) e CxR:0<y< f(x)}.

Let us show that there is a useful class of Jordan measurable sets. A
convezx body in R is a convex subset with a non-empty interior.

Proposition 18.5.4 A bounded convex body A in R is Jordan measur-
able.

Proof  We need the following easy result about convex sets.

Lemma 18.5.5 If A is a convex subset of a vector space V and X > 0
then (1+A)A=A+ \A.
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Proof 1If A is any subset of V,

(1+MNA={a+Xa:ac A} C{a+Nb:a,bec A} = A+ \A;

we need to establish the converse inclusion, when A is convex. If . = a+Ab €

A+ M\A then
1 A

TTaA T T
andsoxz = (1+ Ny € (1+N)A. 0

y be A,

Let us now prove Proposition 18.5.4. Without loss of generality, we can
suppose that 0 is an interior point of A, so that there exists n > 0 such that
N,(0) C A. Suppose that C' is a compact cell containing A and that e > 0.
Let 6 = en. Then

A+ Ns5(0) CA+eA=(1+¢€)A,

so that if x € (1 + €)A then d(z, A) > §. Thus if D is a dissection of C
with mesh size less than §, and D = J(A) U K(A) U L(A), as above, then
Uc,er(4)Cj € (1 + ¢€)A. Consequently

Ta(A) < va((1+€)A4) = (1+€)"uy(A).

Since € is arbitrary, v4(A) = v (A), and A is Jordan measurable. 0

Exercises

18.5.1 Suppose that f and g are Riemann integrable functions defined on
a compact cell C' in R?, taking values in [a,b], and that f < g.
Let A = {(z,y) € C x [a,b] : f(z) <y < g(x)}. Suppose that h
is a continuous function on C' X [a,b]. Show that hl4 is Riemann
integrable and that

[ twaw= [ ( /f f()) Bz y) dy> dr.

Does a similar result hold for Riemann integrable functions h?
18.5.2 Show that a bounded subset A of R? is Jordan measurable if and
only if its boundary 0A has outer content 0.
18.5.3 Suppose that f and g are Riemann integrable real-valued functions
on a cell C in R, and that ¢ is non-negative. Show that there exists
c € R, with

inf{f(x):x € C} <c<sup{f(z):xz € C},
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such that [, f(z)g(z)dx = ¢ [, g(x) d.
18.5.4 Suppose that C' is a compact convex body in R?. Show that C is

homeomorphic to the closed unit ball in R,

18.5.5 Use induction, and repeated integrals, to calculate the volume of the
unit ball By = {z € R?: ||z[|, < 1} in R How does v4(B,) behave
as d — oo?

18.5.6 Let Eq = {z € By : |z1| < 1/v/d} be an equatorial strip in By. Show
that vg(Eq)/vq(Bg) converges to a non-zero limit as d — oo.

18.6 Linear change of variables

In this section and Section 18.8, we consider ‘change of variables’. We begin
by establishing a ‘change of variables’ formula for linear mappings. The
problem here is that the notion of a cell depends upon the coordinates
in RY.

We therefore need to appeal to some elementary plane geometry and to
the structure of the general linear group GLg, the group of invertible lin-
ear mappings of R%. We consider some simple elements of GLy. A scaling
operator D is an element of GL; defined by an invertible diagonal matrix
diag(A1,...,Ag), so that D(z) = (Mx1,...,Aqxq). An elementary shear
operator R is an element of GLg4 defined by an elementary shear matrix:
a matrix 7" of the form I + akF;;, where ¢ # j and FE;; is the matrix
with (E;;);; = 1, and with all other entries zero. Thus if T'(z) = y then
y; = x; + ax;, and y;, = xy, for all other indices.

Theorem 18.6.1 IfT € GL4 then T can be written as PDQ, where D is
a scaling operator, and each of P and Q) is the product of a finite number of
elementary shear operators.

This theorem is proved in Appendix B (Theorem B.2.3).

Proposition 18.6.2  Suppose that T is an invertible linear mapping of R?
onto itself and that C is a cell in RY. Then T(C) is Jordan measurable, and
va(T(C)) = | det T'|.vq(C).

Proof  Since T(C) is a convex body, it is Jordan measurable. Since
det(ST) = det S.det T it is sufficient, by Theorem 18.6.1, to prove the result
for scaling operators and for elementary shear operators.

If T = diag(A1, ..., Aq) then T(C) is a cell and

0a(T(C)) = 1 - Adl-0a(C) = | det T|.vg(C),
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Figure 18.6. A cell and a sheared cell.

so that the result holds for scaling operators. It remains to show that the
result also holds when T' = I 4+ aF;; is an elementary shear operator. Since
the translate of a cell is a cell with the same content, it is sufficient to
consider the case where C' = [0, 1]¢.

We consider the case where v > 0; the proof for a < 0 is similar. Since
detT =1, setting

e,=D,ei+ej=FE,e;=F, T(e;+e;) =E and T(e;j) = F',
vg(T(C)) = vo(ODE'F') = vo(ODEF') + vo( DE'E)
= v9(ODEF') + vo(OF'F) = vo(ODEF) = | det T'|vy(C).

]
Corollary 18.6.3 T~!(C) is Jordan measurable, and
vg(C) = |det T].vg(T~1(C)).
Proof  For det(T~!) =1/detT. O

Corollary 18.6.4 If A is a Jordan measurable subset of R%, then T(A)
is a Jordan measurable subset of R, and vy(T(A)) = |det T|vg(A).

Proof  The result is true if A is the finite disjoint union of cells. If
€ > 0 there exist two such sets B; and By with By € A C By, and
with Ud(Bg) < 'Ud(Bl) + e/|detT|. Then T(Bl) g T(A) Q T(BQ) and
va(T(B2)) < vg(T(B1)) + €. Hence T'(A) is Jordan measurable, by Corollary
18.5.2, and it follows that vy(T'(A4)) = | det T'|vg(A). O
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Corollary 18.6.5 If f is a real-valued Riemann integrable function on
T(A), then foT is a Riemann integrable function on A, and

/ f(x)dx:|detT|/f(T(x))d:v
T(A) A

Proof 1If (z,t) € RY x R, let T(z,t) = (T(x),t). Then detT = det T, and
so the result follows by applying Theorem 18.5.3. O

We shall extend these results to a non-linear change of variables in Section
18.8.

18.7 Integrating functions on Euclidean space

The results of the previous section allow us to integrate functions defined
on a subset of Kuclidean space, when there is no coordinate system in place.
We introduce coordinates, use them to define the integral, and then show
that this does not depend on the choice of coordinates.

Suppose then that F is a d-dimensional Euclidean space, and that

(e1,...,eq) and (e},...,€};) are two orthonormal bases for E. If z € R,
we set L(x) = Z?Zl zjej and L' (x) = Z;l €. L and L' are linear isome-

tries of R onto E, U = L' o L is an orthogonal mapping on R%, and
|detU| = 1.

Suppose now that B is a bounded subset of E. We say that B is Jordan
measurable if L~1(B) is a Jordan measurable subset of R?, and set vy(B) =
vg(L~(B)). Since L~Y(B) = U(L'~*(B)), it follows from Corollary 18.6.4
that these definitions do not depend upon the choice of basis. Similarly, if
f is a real-valued function on B, we say that f is Riemann integrable if
folLis Riemann integrable on L~!(B), and define the Riemann integral

Jp f(@) dva(x
[ f@duta = [ f@)d.
B L-Y(B)
Again these definitions do not depend upon the choice of basis, this time by
Corollary 18.6.5.

Finally, suppose that f is a function taking values in an e-dimensional
Euclidean space F. Suppose that (g1,...,9e) is an orthonormal basis for
F. We can then write f(z) = 22:1 fj(x)g;. We say that f is Riemann
integrable if fi,..., f. are and we set

| 1@ </ () dvg(a )
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This time, it is the linearity of the integral that ensures that this does not
depend upon the choice of basis.

Exercise

18.7.1 What happens if we use bases of F which are not orthonormal? What
happens if we use bases of F' which are not orthonormal?

18.8 Change of variables

We now consider a more general change of variables.

Suppose that C(¢) is a fat Cantor subset of [0,1]. If =z € [0,1], let
f(z) = 2 — Iow(z), so that f(z) = 1if z € C© and f(x) = 2 other-
wise. Let Uy = {(z,y) € (0,1) x (0,2) : 0 < y < f(x)}. Then Uy is an
open subset of R? which is not Jordan measurable. Further U ¢ is connected,
and its complement is also connected. It therefore follows from the Rie-
mann mapping theorem (which we shall prove in Volume III), that there
is a smooth diffeomorphism ¢ of the open unit square (0,1) x (0,1) onto
Uy. This clearly has bad consequences for ‘change of variables’ results. In
fact, the bad behaviour results from bad behaviour of ¢ near the boundary
of (0,1) x (0,1). If we avoid this possibility, then, as we shall see, we can
obtain some positive results.

First, we consider what happens to compact cells.

Theorem 18.8.1 Suppose that ¢ : U — V is a diffeomorphism from an
open subset U of R onto an open subset V of R, and that D, is invertible,
for each x € U. If C' is a compact cell contained in U then ¢(C) is Jordan
measurable, and vq(¢(C)) = [ |Js(x)| dx, where Jg is the Jacobian of ¢.

Proof  The idea of the proof is to find a fine enough dissection of C' such
that we can approximate ¢ linearly on the constituent cells, and to use the
estimates in the Lipschitz inverse function theorem to obtain good approx-
imations. Since we are working with cells, it is convenient to work with the
supremum norm on R%: ||z|| = max{|z;| : 1 < j < d}, and with the
corresponding operator norm on L(R4).

Since ¢(C) is a compact subset of the open set V', there exists § > 0 such
that the compact set K = {y € R?: d(y, ¢(C)) < 0} is contained in V.

Suppose that 0 < € < 1. Choose 0 < 1 < € such that

l—e<(=-ni<@+ni<i+e



538 Integrating functions of several variables

The mappings J4 and D¢ are uniformly continuous on C' and, by Corollary
14.6.9, D¢~! is uniformly continuous on K. There therefore exist 1 < M <
oo such that

|Do(x)|| < M, for x € C, and Hng_l(y)H < M, fory € K,
and 0 < 6 < 0 such that

| Js(x) — Jy(a")| < n/va(C), for z,a" € C, ||z — 2’| <,
|Do(x) — D(a')|| < n/2M, for z, 2’ € C,
and HD(bfl(y) — D(b*l(y')H <n/2M, for y,y € K, {

a:—x/H < 6,

y—y|| <o

Suppose now that D is a dissection with mesh size less than 9, with
constituent cells C1,...,Cy, with midpoints x1,...,z;. Let S; = D¢y, for
1<j <k

Let us consider a particular cell C;. By translating U and V, we can
suppose that z; = 0 and that ¢(z;) = 0. If h € C; let ¥(h) = S;1(<;5(h)).
We show that

(1 =m)C; C(Cj) € (1 +n)C;j.
By Corollary 17.2.6, if h,k € C}, then

[6(h) — d(k) — Doo(h — k)| < [|h — k|| sup{[| D¢ — Deol| : L € [h, k]}
< (/M) ||h = K|

If h € Cj, let x(h) = ¢(h) — h. Then

Ix(h) = x(R)[| = [[¥(h) = (k) = (h = k)]
< M |[¢(h) — é(k) — Doo(h — k)| < 0 [|h — K]

Thus x is a Lipschitz function on C}, with Lipschitz constant 7. It therefore
follows from the Lipschitz inverse function theorem (Theorem 14.6.6) that

(1=n)C; () € (1 +n)Cj.
Consequently,
(1=n)5;(C5) € ¢(Cj) € (1+n)8;(C5).

We use these inclusions to estimate the upper and lower Jordan contents of
»(C). First,

04(0(C5)) < va((1+n)S;(C5)) < (14 €)|Jp(x;)[va(Cy),
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and
‘/ [ Jg(@)| dz — [Jg(x;)va(C5)| < eva(Cj)/va(C).
Thus
k
Ba($(C)) <> Ba($(Cy))
j=1
k
<>+ aplualCy) < 0+ [ o)l +e
7j=1
Secondly,
vg(#(C5)) = va(S;((L=n)C5)) = (1 = €)|Jg(x;)va(C}),
so that

k
Zvd (1—e¢ Z|J¢ (x)|va(C

J=1

1—6/\J¢ )| dx —e.

Since € is arbitrary, it follows that ¢(C) is Jordan measurable, and that
Ud(¢ f C ‘J¢ ‘ d.’L‘ O

This result can extended to more general sets.

Corollary 18.8.2 Suppose that B is a Jordan measurable subset of U
contained in a compact subset K of U. Then ¢(B) is Jordan measurable,

B)) = /B [ o()|de

Proof  Let L = sup{|Jg(x)| : « € K}. First suppose that B is a cell.
Suppose that € > 0. There exists a compact cell C’ contained in B such that
vg(C") > v4(B) — €/L = v4(B) — ¢/L. Then

lé(B) = uo(C') = [ ola)ldo = [ 17,0 de <

and

since € is arbitrary, ¢(B) is Jordan measurable, and v4(¢(B)) = [ |Js(x)|dx.
In the general case, if € > 0 there exists a finite collectlon of disjoint cells

J(B) U K(B) such that
u{C:CeJB)} CBCU{C:CeJ(B)UK(B)},
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for which vy(U{C : C € K(B)}) < ¢/L. Then
va(P(U{C : C € J(B)})) > va(p(U{C : C € J(B)UK(B)})) — e,

so that ¢(B) is Jordan measurable, and it follows that vs(¢(B)) =
fB|J¢ |d$ (|

We now obtain a change of variables result for Riemann integrable
functions.

Theorem 18.8.3 Suppose that ¢ : U — V is a diffeomorphism from an
open subset U of R% onto an open subset V of R, and that D¢, is invertible,
for each x € U. Suppose that K is a compact subset of U, that B is a Jordan
measurable subset of K and that f is a Riemann integrable mapping from
¢(B) into R®. Then f o ¢ is Riemann integrable, and

y)dy = )y (2)| da.
¢(Bf y/f z))|Jy(2)| dx

Proof  We use Theorem 18.5.3. By considering the coordinates of f, we
can suppose that f is real-valued, and by considering f* and f~, we can
suppose that f is non-negative. Let M = || f|,, + 1, let

U=Ux(—M,M)and V =V x (—M, M),

and let ¢(z,t) = (¢(z), t) for (z,t) € U.Then ¢ : U — V is a diffeomorphism
from U onto V, and Dé(y4)(h,s) = (D¢z(h),s), so that Dé, is invertible,
for each z € U. Further, Ja(x,t) = Jy(z), and ¢(Afo¢) = Ay. Since f is
Riemann integrable, the set A; is Jordan measurable. Applying Corollary
18.8.2 to the mapping 5‘1, it follows that A, is Jordan measurable. Thus
f o ¢ is Riemann integrable, and

/(b  F0 = (47) = / sl

_/B(/OM@)) dt) e \dx—/f )\ ()] da

|

In many cases, the integral can be extended to the whole of U, as the
following example shows.

Proposition 18.8.4 [ e 124t = V3
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Proof  We use polar coordinates. Let U = (0,00) x (0,7/2), and let
o(r,0) = (rcos,rsinf). Then ¢ is a continuously differentiable homeo-
morphism of U onto the quadrant V' = (0,00) x (0,00) and

cos 0 sin 0
—rsinf rcos0

ng(rﬂ) = |: :| , so that J¢(T,9) =7.

Set f(y1,y2) = e Vi/2¢7¥3/2 for y = (y1,y2) € V, so that f(¢(r,0)) = /2.
Let Uer = [6, R] X [e,7/2 — €] for 0 < € < 7/4 < R < co. Then

(/ e "/2dt)? = lim Fy)dy
0 e—0,R—00 (U..r)

. 2
= lim e~ 2p dr db
e—0,R—00 U. »

= lim (7/2-2e)(e €2 —e /%) =7)2.

e—0,R—00

Exercises

1881 Let f(z,y) = (1/2m)e )72, Let D, = {,y) € R? : % 447 <
72} and let Bs = {(z,y) € R%;x < sy}. Calculate

/D S pday) /B Sy de.y) and /D S dey),

1882 Let Q = {(z,y) € R® : 2 > 0,y > 0}. Let f(z,y) = e~ @Y for
(z,y) € Q. Let

Ay ={(z,y) €Q :z+y<r}, Bs={(r,y) € R*x < sy}.
Calculate

/A S pdy) /B g diz.y) and /A | fw) i)

18.8.3 Explain (or find out) the probabilistic significance of these results.
18.8.4 Let U = (0,00) x (0,7) x (—m,m). If (r,0,¢) € U, let

Js(r,0,¢) = (rsinf cos ¢, r sin 0 sin ¢, r cos ).

Show that .J; is a homeomorphism of U onto R?\ H, where H is
the half-plane {(x,y,z) : = < 0,y = 0}, and illustrate this with a
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18.8.5

18.8.6

18.8.7

18.8.8

18.8.9

Integrating functions of several variables

sketch. Show that the Jacobian of Jy is

78(% v, 2) = r2sind.

a(r,0,0)

The coordinates (r,6,¢) are the spherical polar coordinates; r is
the radius, 6 is the inclination angle, and ¢ is the azimuth.
Use spherical polar coordinates to calculate the volume of the set
(described in spherical polar coordinates) {Js(r, 0, ¢) : v < sinf}.
Let V = (0,00) X (—m,7m) X R. If (p,0,2) € V let J.(p,0,2) =
(pcos ¢, psin ¢, z). Show that J. is a homeomorphism of U onto R?\
H, where H is the half-plane {(z,y,z) : z < 0,y = 0}, and illustrate
this with a sketch. Show that the Jacobian of J. is

Oz, y,2) _

A(p, ¢, z2)

The coordinates (p, ¢, z) are the cylindrical polar coordinates; p is
the radius (notice that this not the same as the radius in spherical
polar coordinates), ¢ is the azimuth and z is the altitude.

Use cylindrical polar coordinates to calculate the volume of the set
(described in cylindrical polar coordinates)

Je={(p,¢,2) : p < zcos /2,0 < z < 1}.
Let P =(—1/2,0) and Q = (1/2,0). Let
s = s(z,y) = d((z,y), P), t = t(z,y) = d((z,y),Q),
u=u(z,y) =s+t,v=ov(z,y) =s—1t,

for (z,y) € R?. Show that the mapping (z,y) — (u(z,y),v(z,y)) is
a homeomorphism of the upper half space H" = {(z,y) : y > 0}
onto (1,00) x (0,1). Show that

INu,v) 2y
dw,y) st
Calculate (54)
ye ®
= d .
| e

Let P =(0,0,—1/2) and Q = (0,0,1/2). Let

s =s(z,y,2) =d((z,y,2), P), t =t(z,y,2) = d((z,y,2),Q),

u:u(x,y,z):s—l—t,v:v(x,y,z)zs—t,
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for (z,y,z) € R3. Calculate
I(u, v, ¢)
Az, y,2)

where ¢ is the azimuth. [Use cylindrical polar coordinates, and the
chain rule.] Show that

6—(s+t)d 5
| S da) =2

18.8.10 Prove a version of Theorem 18.8.3 for continuous functions taking
values in a Banach space.

18.9 Differentiation under the integral sign

Suppose that A is a compact Jordan measurable subset of R and that (a, b)
is an interval in R. Suppose that f is a function on A X (a,b) taking values
in a Banach space (F,||.||), that the mapping * — f(z,t) from A to F is
Riemann integrable for each t € (a,b), and that the mapping t — f(z,t)
from (a,b) to F is differentiable for each z € A. Let F(t) = [, f(x,t)dx.
When is F' a differentiable function of ¢? If it is, then when is

dt dt(/fa:tda;) /fxtdx7

In other words, when can we change the order of integration and differenti-
ation? We give just one positive result, where we impose strong conditions
on f; it is however suitable for many purposes.

Theorem 18.9.1 Suppose that A is a compact Jordan measurable subset
of R% and that (a,b) is an interval in R. Suppose that f is a continuous
function on A x (a,b) taking values in a Banach space (F,||.||), and that
the partial derivative (Of /Ot)(x,t) exists at every pomt of A x (a,b) and is
a continuous function on A x (a,b). Let F(t) = [, f(z,t)dx. Then F is a
continuously differentiable function on (a, b) and

dF 0
= dt(/fxtdx)—/a{(xt)d

Proof  We use Corollary 17.2.6. Suppose that a < t < b and that [t —
n,t +n] C (a,b). Suppose that € > 0. Then 9f /0t is uniformly continuous
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on A x [t —n,t + n] and so there exists 0 < & < n such that if z € A,
u,v € [t —n,t+n] and |u —v| < ¢ then

10 /0t)(x,u) — (Of /0t) (2, v)|| < €/va(A).
IfzreAandt— 9 < s <t+6 then by Corollary 17.2.6

of

W@ﬁﬁ@ﬂ%&ﬁa of

0
w0 <ls=tl s |H ) - Lo

u€ls,t]

< |s —tle/vq(A).

Integrating,

HF(S) —F(t)—(s—1) /A %(x,t) dx

</ o
A

ot

which shows that F is differentiable at ¢, with derivative [,(9f/0t)(z,t) dx.
The continuity of the derivative then follows from the uniform continuity of
Of /0t on A x [t —n,t+n]. O

fx,s) = fla,t) = (s =)=

(0.0)] do < ls -1,

Exercises

18.9.1 Suppose that f and g are continuous functions on R for which
Jr If(@)]dz < co and [g |g(x)|dz < co. Let

H(t) = ; f(x)g(y) d(z,y), where Ay = {(z,y) € R2:z+y< t}.

Show that H is differentiable, and that H'( fR f(t—x)g(x)dx.
18.9.2 Suppose that f and g are continuous non- negatlve functlons on R of
compact support. Let

= / f(x)g(y) d(z,y), where By = {(z,y) € R? : z < sy}.

Show that K is differentiable, and that K'(s) = [g xf(sz)g(z) dz.
18.9.3 Suppose that f(x,y) = (1/7)e~*"+¥°)/2, and that

= / f(z,y)d(z,y), where By, = {(x,y) € R? : 2 > 0,y < sx}.
Bs

Show that F is differentiable, and that F'(s) = w/(1 + s2).
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Differential manifolds in Euclidean space

19.1 Differential manifolds in Euclidean space

A manifold is a topological space which is locally like Euclidean space: each
point has an open neighbourhood which is homeomorphic to an open subset
of a Euclidean space. A differential manifold is one for which the home-
omorphisms can be taken to be diffeomorphisms. We consider differential
manifolds which are subspaces of Euclidean space.

Recall that a diffeomorphism f of an open subset W of a Euclidean space
E onto a subset f(W) of a Euclidean space F' is a bijection of W onto
f(W) which is continuously differentiable, and has the property that the
derivative D f, is invertible, for each x € W. If so, then f(WW) is open in
F, and the mapping f~! : f(W) — W is also a diffeomorphism. Further
dim £ = dim F, and Df, has rank dim F, for each z € E. We split this
definition into two parts.

First, suppose that W is an open subset of a Euclidean space E; of dimen-
sion d, and that j is a continuously differentiable injective mapping of W onto
a subset j(W) of a Euclidean space Fyy, of dimension d + n, where n > 0.
Then j is an immersion if the rank of Dj, is equal to d, for each z € W,
that is, if Dj, is an injective linear mapping of E into F', for each x € W. If
j is k-times continuously differentiable, we say that j is a C*)-immersion,
and if j is a smooth mapping, we say that j is a smooth immersion.

Secondly, suppose that U is an open subset of a Euclidean space Egy,, of
dimension d + n, where n > 0, and that g is a continuously differentiable
mapping of U onto a subset ¢g(U) of a Euclidean space F' of dimension n.
Then g is a submersion of rank n if the rank of Dg, is n, for all x € U. Thus
Dy, is surjective, and the null-space of Dg, has dimension d, for all x € U. If
g is k-times continuously differentiable, we say that g is a C*)-submersion,
and if ¢g is a smooth mapping, we say that g is a smooth submersion.

545
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We use submersions to define the notion of a d-dimensional manifold
M which is a subspace of a Euclidean space E4y, of dimension d + n. A
non-empty subset M of Ey,, is a d-dimensional differential manifold if for
each x in M there exists an open neighbourhood U, of = in E4y,, and a
submersion g, : U, — F of rank n such that

MNU, ={y € U,:g:(y) =0}

locally, M is the null set of a submersion. As we shall see, the fact that the
definition is a local one influences the way in which we establish properties
of M. The manifold M is a C*)-manifold if each g, can be taken to be a
C*)_submersion, and is a smooth manifold if each g, can be taken to be
smooth. Differential manifolds are frequently called differentiable manifolds.

If d+n=3andn=1, then M is a two-dimensional surface in a three-
dimensional Euclidean space. More generally, if n = 1, then M is called a
hypersurface in Egy1. In this case, we simply require that Dg, # 0 for each
relU.

Here are three easy, but important, examples.

Example 19.1.1 The unit sphere.

Let E441 be a (d+1)-dimensional Euclidean space, and let U = E441\{0}.
If 2 € U, let g(z) = ||z]|* — 1. Then Dg,(h) = 2 (x,h), so that Dg, # 0 for
x € U. Thus g is a submersion, and the unit sphere

§'={z€U:g(z) =0} = {x € Egy1 : ||z] =1}

is a d-dimensional differential manifold in E, ;. Since g is smooth, S is a
smooth hypersurface in Eg,1.

Example 19.1.2 The graph of a differentiable function.

Suppose that f is a continuously differentiable function defined on an
open subset U of a d-dimensional Euclidean space Ej, taking values in an
n-dimensional Euclidean space E,,. Let g(x,y) = f(z)—y, for (z,y) € UXE,,.
Then Dy, = (D fys, —I), so that Dg, ) is a linear mapping from £y x Ej,
into E,, with rank n. Thus

Gr={(z,f(z)) 2z € U} ={(z,y) : g(x,y) = 0}

is a d-dimensional differential manifold in U x E,,.

For the next example, we need the notion of a self-adjoint operator.
Suppose that E is a d-dimensional Euclidean space and that T € L(E).
Recall that the transpose T' of T is the unique element of L(E) for which
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(T(x),y) = (x,T'(y)), for all x,y € E. T is self-adjoint if T = T". For exam-
ple, if P is an orthogonal projection of E onto a linear subspace F', and if
z,y € E then

(P(z),y) = (P(z), P(y)) = (z, P(y)),
so that P is self-adjoint. If (e1,...,e4) is an orthonormal basis for E, and
if T' is represented by the matrix (¢;;), then T is self-adjoint if and only if

t;j = tj; for 1 < 4,7 < d. Hence the set Ly, of self-adjoint linear operators
on F is a linear subspace of L(E) of dimension d(d + 1)/2.

Example 19.1.3 The orthogonal group and special orthogonal group.

Suppose that E is a d-dimensional Euclidean space, and that U = GL(F)
is the group of invertible elements of L(E). U is an open subset of the
d?-dimensional vector space L(E). Let g(A) = A’A—1I, for A € U. Then g(A)
is self-adjoint, g is a smooth mapping from U into L, (E) and Dga(T) =
A'"T + T'A. Suppose that S € Ly (FE). Let T = %A’*lS. Then

Dga(T) = 1AA71S+ 38471 A =3,

so that Dgy4 is a surjective linear mapping from L(FE) onto Lg,(E). Thus
the orthogonal group O(E) = {4 € U : g(A) = 0} is a smooth manifold of
dimension d(d — 1)/2. O(E) is not connected; if g™ is the restriction of g to
the open subset UT = {A € GL(F) : det A > 0} of L(E), then the special
orthogonal group SO(FE) is equal to {A € U™ : g7 (A) = 0}, and is also a
smooth connected manifold.

Exercises

19.1.1 Suppose that E is a differential manifold. Let £1 = E x R, and let
Ey=E x{0}. If a > 0, let fo(x) = ||z|"sin(1/||z]]), for z € E, and
let G, be the graph of f,.
(a) Is G a differential manifold in E;?
(b) Is G3 a differential manifold in F;?
(¢) Is Gz N Ey a differential manifold in Ey?
(d) Is Gs N (Ep \ {0}) a differential manifold in Ey \ {0}?

19.1.2 Which of the following are manifolds in R??
(a) {(z,y) 1 y* =2 —2'}.
(b) {(sint,sin2t): 0 <t < 7}.

19.1.3 A real-valued function f on R is m-homogeneous if f(tz) = t™ f(z)
for all z € R? and all ¢ > 0. Suppose that f is continuously dif-
ferentiable and m-homogeneous and that ¢ € R\ {0}. Show that if
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{z € R%: f(z) = c} is not empty then it is a differential manifold in
R?. What is its dimension?

19.1.4 If F is a Euclidean group then the special linear group SL(E) is the
set {T' € GL(FE) : detT = 1}. Show that SL(FE) is a manifold in
L(FE). What is its dimension?

19.2 Tangent vectors

A curve in a Euclidean space E is a continuously differentiable mapping
from an interval I in R into E' (with a one-sided derivative at an end-point of
I), and its track [d] is the image of §. I does not need to be a closed interval,
but if I is a closed interval [a, b], then ¢ is a continuously differentiable path
from 0(a) to 6(b) (and we call § a curve from d(a) to 6(b)). A curve is simple
if § is injective. If ¢ is a curve which is a simple closed path, we call § a
simple closed curve. A curve ¢ : I — E is steady if ||§'(t)|| = 1, for each
tel

Suppose that M is a differential manifold in a Fuclidean space E, and
that © € M. A vector h in E is a tangent vector to M at x if there exists
an open interval (—4,0) in R and a curve 1, : (—9,9) — E taking values in
M, such that ¢, (0) = z and ¢/ (0) = h. Let 0,(t) = x + th, for t € (—9,9).
Then h is a tangent vector to M at z if and only if ||1),(t) — 0, (2)] = o(|t]).

This definition does not involve submersions. The set of tangent vectors
to M at x can be characterized in terms of submersions.

Theorem 19.2.1  Suppose that M is a d-dimensional differential manifold
in a Buclidean space E, that x € M, that U, is a neighbourhood of x in E
and that g : U, — F' is a submersion for which

MU, ={y€Us:g(y) =0}

If h € E then h is a tangent vector to M at x if and only if Dg,(h) = 0.

Proof  Suppose first that h is a tangent vector to M at z, and that ¢ :
(—0,8) — M satisfies the conditions of the definition. If ¢ € (—¢,), then
g((t)) =0 for t € (—9,6), and so, using the chain rule,

Dg:c(h) = Dgx(¢'(0)) =(go ¢)/(0) =0.

The converse is harder to prove. Let us set T, = {h € E : Dg,(h) = 0}:
T, is the null-space of Dg,. Let P, be the orthogonal projection of F onto
T,.Let Q, = I — P,, and let N, = Q.(FE); N, is the orthogonal complement
of T,. If y € N, and Dg,(y) = 0 then y € T, N N, = {0}, so that y = 0.
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Thus the restriction of Dg, to N, is an injective linear map of N, into F.
Since dim N, = rank(Dg,) = dim F', the restriction of Dg, to N, is a linear
isomorphism of N, onto F.

We now define a mapping g from U, to T, x F by setting g(y) =
(Py(y — x),9(y)). The mapping g is continuously differentiable, and Dg, =
(P, Dg,). Suppose that (h, k) € T, x F. Since g is a submersion, there exists
y € E such that Dg,(y) = k. Let z = Q,(y) + h. Since h — P,(y) € T,

D:gva:(z) = (P:c(h)’Dgz(y + (h - Px(y)))) = (h7Dg:c(y)) = (h7 k)

Thus Dy, is a linear isomorphism of F onto T, X F. Since g is continuously
differentiable, we can suppose, by replacing U, by a smaller neighbourhood
if necessary, that Dy is invertible at each point of U,. Applying Corollary
17.4.3, it follows that g is a diffeomorphism of U, onto the open subset g(U,)
of T, x F.

Let ¥ : g(U;) — U, be the inverse mapping. If h € T, there exists
d > 0 such that (th,0) € g(U,) for [t| < 0. Let ¥(t) = ¥(th,0). Then
¥(0) = z. Since g(1(t)) = (th,0), it follows that g(w(t) = 0, so that
¥(t) € M. Further, ¢/(0) = D¥ g0 (h,0) = (Dgy)*(h,0). Since h € T,
and Dg;(h) = 0, it follows that Dg,(h) = (Px(h), Dgs(h)) = (h,0). Thus
Y'(0) = h. O

Corollary 19.2.2 The set T, of tangent vectors to M at x is a d-
dimensional linear subspace of E, which depends neither on the choices of
WY in the definition of tangent vector, nor on the choice of the submersion g
used to define M in a neighbourhood of x.

The vector space T, is called the tangent space of M at x, and the space
N, is called the normal space of M at x. Continuing with the notation of the
theorem, if y € M NUy, let ¢(y) = ¢x(y) = Pu(y—=). Then g(y) = (¢(y),0),
so that ¢ is a homeomorphism of M NU, onto an open subset of the tangent
space T,. The pair (U, @) is called a chart of M near z. If (e1,...,eq)
is an orthonormal basis for T, and ¢(y) = é1(y)er + -+ + da(y)eq, then
(h1,...,0q) are local coordinates for M in Uy, or a parametrization of MNU,.
The inverse mapping ¢ = ¢, ! : ¢(U,) — U, is an immersion.

For example, if M = §" ! = {z € E : g(z) = ||z|* = 1} is the unit
sphere in an n-dimensional space and if x € M then Dg,(h) = 2 (z,h), and
so T, = 2, the space of vectors orthogonal to 2, and N, = span ().

Corollary 19.2.3  Suppose that V' is an open subset of a Euclidean space
F, that f : V — E is a continuously differentiable mapping and that f(V) C
M. Then Df.(F) C Ty for each x € F.
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Proof  Suppose that Uy(,) is an open neighbourhood of f(z) and that
g : Us(z) — G is a submersion for which

MNOUpey ={y € Us) : 9(y) = 0}.

Let V, = ffl(Uf(x)). Then g(f(y)) = 0 for y € V,, and so D(go f), =
Dgg(zy o Dfr = 0. Thus Dfy(F) C Ty O

Corollary 19.2.4 If e > 0 there exists 6 > 0 such that if y € M and
ly — | <4, then ||(y — =) — ¢ (W)l < €lla W) < €lly — =]

Proof  The theorem shows that Dy is the identity mapping on T,. If
v € ¢5(Us), let O(v) = (v) —v. Then 6 maps ¢,(U,) into E, §(0) = = and
D6y = 0. Since D@ is continuous at 0, there exists § > 0 such that if [|v]| < &
then || D0,|| < ¢/2. If ||y — x| < d then

[Pzl < NPl - ly — 2|l = lly — =|| <4,
so that

[y —2) = o)l = 1V(P2(y) — () — 2|
= [|8(¢=(y)) — 00)|| < ello(v) -

by the mean value inequality. O

Corollary 19.2.5 If e > 0 there exists 6 > 0 such that if y € M and
ly =zl <0, then [[¢«(y)Il < lly — x|l < (1 +€) [[@=(y)]]-

Proof  For

=Wl < lly — 2l < [[(y — = = ¢2(y)) + = (v)|
<l|ly—z =)l + o)l < (1 +€) =)l -

|

Theorem 19.2.6 Suppose that M is a d-dimensional differential manifold
in a Buclidean space E, and that (Ug,¢,) and (Uy, ¢y) are two charts. If
Uy MU, # 0 then pyo ¢yt : ¢ (UpNU,) — ¢y (UyNUy) is a diffeomorphism,
which is a CW) -diffeomorphism if M is a C®)-differential manifold, and is
smooth if M is a smooth manifold.



19.2 Tangent vectors 551

Proof  This follows directly from the corresponding properties of the
mappings ¢ and g ' defined in the preceding theorem. O

These results lead to the notion of an abstract differential manifold. This
is a Hausdorff topological space (M, ) with the property that there is a set
C={(U,o)} of charts, where

e the sets U are open subsets of M which cover M,

o if (U, ) € C, then ¢ is a homeomorphism of U onto an open subset ¢(U)
of R,

o if (U, ) and (V, ) are charts and UNV # () then the restriction of ®o¢~!
to (U NV) is a diffeomorphism of ¢(U N'V') onto (U NV).

Such a manifold M has a much weaker structure than a differential manifold
which is a subspace of a Euclidean space (for example, there is no natural
metric on M), but the study of these manifolds is the concern of differen-
tial geometry.! We restrict our attention to differential manifolds which are
subspaces of Euclidean spaces.

Example 19.2.7 The tangent bundle of a C'?)-differential manifold in a
Euclidean space.

Suppose that M is a d-dimensional C®-differential manifold in a
Euclidean space E. We define the tangent bundle T'(M) of M to be the
subset {(z,v) : x € M,v € T,} of E x E. Let us show that T(M) is a
2d-dimensional differential manifold in F x E. Suppose that z € M, that U,
is an open neighhbourhood of z in £ and that g : U, — F' is a submersion
for which M NU, = {y € U, : g(y) = 0}. Define G : U, x E — F x F by
setting G(y,v) = (9(y), Dgy(v)). Then

T(M) N (Uz x E) = {(y,v) : G((y,v)) = 0}

We must show that G is a submersion. GG is continuously differentiable, and
the matrix of partial derivatives is

Dg, 0
ngy (v,) Dg, .
Since Dg, has rank d, DG, , has rank 2d, and so G is a submersion.

We have used submersions to define differential manifolds in a Euclidean
space. We can also use immersions to do this.

1 For a good introduction, see Dennis Barden and Charles Thomas, An Introduction to Differential
Manifolds, Imperial College Press, 2003.
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Theorem 19.2.8 Suppose that M is a subset of an n-dimensional
FEuclidean space E with the property that for each x € M there is an open
neighbourhood U of x in E and an immersion j from an open subset V
of a d-dimensional Euclidean space F, with j(V) = M NU. Then M is a
d-dimensional differential manifold in E.

Proof  Suppose that € M. Let z = j~!(x) and let K be the orthogonal
complement in E of Dj,(F): K is an (n — d)-dimensional subspace of E, so
that dim (F x K) = n. Define 7: V x K — E by setting j(y,w) = j(y) + w.
Then 7 is continuously differentiable, and D7 = (Dj,J), where J : K — E'is
the inclusion mapping. Then rank(D7,) = n, and so, by the inverse mapping
theorem, there is a neighbourhood W of x contained in U such that 7 is a
diffeomorphism of 77 1(W) onto W. Let g = (f, g) be the inverse mapping.
Then g is a submersion of V' into W. Further, g(y) = 0 if and only if g(y) =
(f(y),0), which happens if and only if y = j(g(y)) = j(f(y)) € M NW.
Thus M is a differential manifold. O

If the immersions are C'*)-immersions, then M is a C'*) differential
manifold, and if the immersions are smooth then M is a smooth manifold.

Exercise

19.2.1 Suppose that M is a d-dimensional C@-differential manifold in a
Euclidean space E. The unit sphere bundle S(M) is defined to be
S(M) = {(z,v) € T(M) : ||v]| = 1}. Show that S(M) is a 2d — 1
differential manifold in £ x E.

19.3 One-dimensional differential manifolds

The simplest examples of differential manifolds are the one-dimensional ones.
In the next theorem, we classify the connected one-dimensional manifolds
contained in a Euclidean space. The results are hardly unexpected, but the
proofs require some care, and illustrate the use of the results concerning
paths that have been established earlier.

Theorem 19.3.1  Suppose that M is a connected one-dimensional mani-
fold in an open subset U of an open subset U of a Euclidean space E. There
are two possibilities.

First, M is a compact subset of U and there exists a steady simple closed
curve 7y in U such that M = [v], the track of .
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Secondly, M is not a compact subset of U, and there exists an open inter-
val I in R and a steady simple curve B : 1 — U such that M = [B], so that
B is a homeomorphism of I onto M.

Proof  We prove a series of lemmas.

Lemma 19.3.2 Suppose that x € M. There exists an open neighbourhood
W, of z in E and a chart x, : Wy N M — T, such that x.(W, N M) is an
interval (—h,h) in Ty. If y € (W, N M)\ {z} there exists a unique simple
steady path (B : [0, L] — M from x to y.

Proof  There exist a neighbourhood U, of x in F and a chart ¢, : U, N M
to the one-dimensional tangent space T,. Since ¢, (U, N M) is open in Ty,
there exists an interval (—h,h) C ¢, (U, N M). Let W, = ¢, *(—h,h) and
let x, be the restriction of ¢, to W, N M. Let v(t) = t¢,(y) for 0 <t < 1.
Then ;! o~ is a simple curve in M from z to y; let 3 be its path-length
parametrization. By Corollary 17.2.10, ||8'(¢)|| = 1; thus 3 is a steady curve.
It follows from Corollary 17.2.11 that 3 is unique. O

We have the following uniqueness result.

Lemma 19.3.3 Suppose that By : [0,L] — M and B2 : [0,L] — M are
two steady curves in M for which B1(0) = B2(0) and (1(0) = £5(0). Then
B = Pa.

Proof  Let
G ={t € [0,1]: Bi(s) = fals) and B}(s) = B(s) for 0 < s < t}.

Since the functions under consideration are continuous, G is a closed interval
[0,g] in [0, L]. Tt follows easily from Lemma 19.3.2 that G is also an open
subset of [0, L]; since [0, L] is connected, G = [0, L]. O

We now define a relation ~ on M by setting x ~ y if there exists a steady
curve ¢ : [ — M for which z,y € [4].

Lemma 19.3.4 The relation ~ is an equivalence relation.

Proof  Clearly x ~ x, and x ~ y if and only if y ~ 2. Suppose that x ~ y
and y ~ z, so that there exist a steady curve ¢; : [0,L1] — M from z to
y, and a steady curve 09 : [0, Ly] — M from y to z. If 65(0) = 8] (L1) then
01 V 8y is a steady curve in M from z to z. Otherwise, 05(0) = —d&}(L1).
Suppose that Ly > Lo. Let 67 : [0, L2] — M be the reversal of Jy. Then
it follows from Lemma 19.3.3 that 07 (t) = d2(¢) for 0 < t < L. Thus
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z =0y (L2) = 01(L1 — La) € [01], so that z ~ z. A similar argument shows
that if L; < Lo then x € [d2], so that z ~ z. O

Lemma 19.3.5 Ifx,y € M then x ~y.

Proof It follows from Lemma 19.3.2 that each equivalence class is open in
M. Since M is connected, M is the unique equivalence class. O

We now complete the proof of the theorem. Choose g € M and choose
a unit tangent vector hg in Ty,. Let

I = {t € R : there exists a steady curve J : [0,¢] — M
with 6(0) = z¢ and &' (0) = ho}.

(Here we allow ¢ to be negative, or zero.) It follows from Lemma 19.3.2 that
I is an open interval, from Lemma 19.3.3 that there exists a steady curve
0 : I — M with 6(0) = xo and §'(0) = hy and from Lemma 19.3.5 that
[0] = M.

There are now two possibilities. First, § is a simple curve. In this case, the
second possibility holds. Secondly, there exist s,t € I, with s < t such that
0(s) = 0(t). It then follows from Lemma 19.3.3 that if s + u,t 4+ u € I then
0(s+u) = 6(t+wu). Thus d is periodic, and I = R. Let o be the fundamental
period of §: the least positive number for which 0(t9) = d6(to+1¢) forall t € R
(see Volume I, Section 6.3, Exercise 1). Then 0 : [0,tp] — M is a steady
closed curve in M, with [§] = M. Finally, 0 : [0,t9] — M is a simple closed
curve, for if there exist 0 < s <t <ty with ¢t — s < to for which d(s) = (¢),
then it follows from Lemma 19.3.3 that ¢t — s is a period of §, contradicting
the minimality of ¢g. O

The leftmost trefoil in Figure 19.3a represents the track of a closed curve
in the plane. It is not a manifold, since the curve intersects itself. The other
two trefoils represent the track of curves in a three-dimensional space FE.
They are both manifolds, and are diffeomorphic to each other. On the other
hand, there is no homeomorphism of E onto itself, mapping one manifold

) c@

Figure 19.3a. Three trefoils.
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Figure 19.3b. The Klein bottle.

onto the other, since one curve is knotted and the other is not (we shall not
prove this).

Similar phenomena happen in higher dimensions. The Klein bottle illus-
trated in Figure 19.3b is not a manifold in three-dimensional space E, since
it is self-intersecting. In fact, there is no manifold in a three-dimensional
space which is homeomorphic to it, since it is a one-sided surface. On the
other hand, it can be represented as a manifold in a four-dimensional space:
take the fourth dimension to be time, start at time O at the circle of self-
intersection, and proceed outwards in both directions, reaching the circle of
intersection again at time 1.

Exercise

19.3.1 Give an example of a one-dimensional manifold in the plane with
infinitely many connected components. Can there be uncountably
many connected components?

19.4 Lagrange multipliers

We begin with a result which corresponds to Rolle’s theorem. We need some
definitions.

Suppose that f is a real-valued function on a topological space (X, 7),
and that € X. Then f has a local mazimum (strict local mazimum) if
there is a neighbourhood V' of z for which f(y) < f(z) (f(y) < f(x)) for
y € V\{z}. Local minima and strict local minima are defined similarly.

Suppose that f is a differentiable function on an open subset U of a
normed space (E, ||.||) and that z € U. Then z is a stationary point of f if
Df, =0.
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Proposition 19.4.1  Suppose that f is a differentiable function on an open
subset of a normed space (E,||.||) and that f has a local mazimum or local
minimum at x. Then x is a stationary point of f.

Proof  Suppose that f has a local maximum at x, and that V is a neigh-
bourhood of x for which f(y) < f(z) for y € V. If h € E, there exists § > 0
such that x +th € V for |t| < 6. Then

Do) = lim t <0
and D f,(h) = lim fl+th) = f(x) >0

so that Df,(h) = 0. This holds for all h € E, and so Df, = 0. The proof
for a local minimum is exactly similar. O

It is important to note that the converse is not true. For example the
function f(z) = 2% on R has a stationary point at 0, but is strictly mono-
tonic, and the function f(x,y) = ry on R? has a stationary point at (0,0),
but takes positive, negative and zero values in any neighbourhood of (0, 0).

Suppose now that M is a differential manifold in an open subset U of
a Euclidean space F, and that f is a continuously differentiable function
on U. We consider the restriction of f to M. Suppose that x € M. Then
f has a constrained local maximum (constrained strict local maximum) if
there is a neighbourhood V' of z for which f(y) < f(z)(f(y) < f(z)) for
y € M N (V\{z}). Constrained local minima and constrained strict local
minima are defined similarly.

Recall that we use the gradient V f, to describe the derivative of f at
x: Vf, € E and Df,(h) = (h,Vf;). Now E is the orthogonal direct sum
E =1T,®N,, where T, is the tangent space at x and NV, is the normal space
at x. We write

Vf:=Vrfe+Vnfe, with Vrf, €T, and VN[, € N, :

Vr fe is the tangential gradient and V y f, is the normal gradient of f at x.
We say that f has a constrained stationary point at x if Vpf, = 0.

Proposition 19.4.2  Suppose that M is a differential manifold in an open
subset U of a Fuclidean space E, that [ is a continuously differentiable
function on U and that x € M. If f has a constrained local maximum or
minimum at x then f has a constrained stationary point at x.
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Proof  Suppose that h € T,. Then there exists 6 > 0 and a curve ¥, :
(—0,8) — M such that 1, (0) = z and ¢/ (0) = h. Then f o1, has a local

maximum or minimum at 0, so that, by the chain rule,

<h, vaz> = <h’ vfz> = sz(h) = sz(iﬁ'(o)) = D(f O%) =0.
O

Of course, Vy f, need not vanish. Indeed, if U, is a neighbourhood of z
in U and ¢ : U, — F is a submersion for which

MnU, ={yeU,:g(y) =0},

then trivially every point y of M N U, is both a constrained local maxi-
mum and a constrained local minimum of g, and is therefore a constrained
stationary point of g, while V g, is a linear isomorphism of N, onto Dg,(E).

Theorem 19.4.3 Suppose that M is a differential manifold in an open
subset U of a Euclidean space E, that f is a continuously differentiable real-
valued function on U and that x € M. Suppose that U, is a neighbourhood
of z inU and g : Uy, — F is a submersion for which M NU, = {y € Uy, :
g(y) = 0}. If f has a constrained local mazimum or minimum at x, then
there exists a unique ¢ in F' for which V(f — (¢,9))s = 0.

Proof  Since Dg, is a linear isomorphism of N, onto F, (Dg.) is a linear
isomorphism of F' onto IN,. Thus there exists a unique ¢ € F such that

(Dg..(¢)) = VN [z, and so
(h,V N [fz) = (¢, Dgz(h)) for all h € N,.

But if A € N, then

(¢, Dga(h)) = D(($,9))a(h) = (h, VN((¢,9))z) ,

and so Vi (f —(¢,9)). = 0. Since Vo (f = (¢, 9))a = Vo fa =V (($,9))e =0
it follows that V(f — (¢, 9)). = 0.
Finally, the proof shows that ¢ is unique. O

Corollary 19.4.4 IfF =R, andg = (g1,..., 1), then there exist unique
ALy .oy Ak in R such that V(f — Z?:l Ajg;j) =0.

The quantities Ay, ..., \; are called Lagrange multipliers. Lagrangian mul-
tipliers provide a powerful tool for finding constrained local maxima and
minima, as the following examples and Exercises 6 and 7 show.
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Example 19.4.5 Diagonalizing a real quadratic form.

A quadratic form @ on a real vector space F is a real-valued function
on E for which there exists a symmetric bilinear form b on E for which
Q(x) = b(x,x), for all x € E. Suppose that F is a Euclidean space. Then
since Q(z + h) = Q(x) + 2b(x, h) + b(h, h), and since b(h,h) = o(||h]]), Q is
continuously differentiable, and DQ,(h) = 2b(z, h).

Theorem 19.4.6 Suppose that @Q is a real quadratic form on a
d-dimensional Fuclidean space E, defined by a symmetric bilinear function
b. Then there exist an orthonormal basis (e1,...,eq) of E and real numbers
A1 > Ao > - > Ny such that

Q(x):)\13;%4_...4-)\61373]“07“allx:a?1€1+"'+wd€dEE-

Proof  The proof is by induction on d. The result holds if d = 1. Suppose
that it holds for d — 1, and that @ is a quadratic form on a d-dimensional
Euclidean space E. Let S be the unit sphere

ST ={z e E: g(z) = |l* = 1}.

Since @ is a continuous function on F and S% ! is compact, @ attains its
maximum on S9! at a point e; of S9!, The tangent space T,, to S is
ei. Thus 2b(e1, h) = DQ., (h) = 0, for h € ei. Consequently, if z = z1e; +h,
with h € ef, then Q(x) = \2? + Q(h), where A\; = Q(ey).

We now apply the inductive hypothesis to the (d — 1)-dimensional space
ei: there exists an orthonormal basis (es,...,eq) of et and real numbers
Ag > --- > Ay such that

Q(y) = Aay3 + -+ Ay for all y = yoea + - - + ygeq € ei-.

Then (eq,...,eq) is an orthonormal basis of E. Since A; is the supremum
of Q on S¥ 1 X\ >Ny > .- > )\, and

Q(z) = M+ + N\gz? for all 2 = z1eq + -+ + xqeq € E.
O

We can use this to say more about the relationship between local maxima
and minima and stationary points. Suppose that f is a twice continuously
differentiable function on an open subset U of a d-dimensional Euclidean
space F/, and that z is a stationary point of f. Then, for small A in E,

fla+h) = f(z) + D fo(h,h) +7(h),
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where 7(h) = o(||h]|?). The mapping Q(h) = D2 f,(h, h) is a quadratic form
on E, and so there exist an orthonormal basis (e1,...,eq) of E and real
numbers Ay > Ay > --- > \; such that

D2 fu(h,h) = A h2 + -+ \gh% for all h = hye; + - + hgeq € E.
There are now five possibilities.

1. Aj >0 for 1 < j <d. Then f has a strict local minimum at .

2. \j >0for1 <j<dand A\; = 0. Then f can have a strict local minimum
at x (consider the function x? + z3 on R? near (0,0)), a local minimum
which is not strict (consider the function #2 on R? near (0,0)) or can
take positive and negative values in any neighbourhood of x (consider
the function 22 — 23 on R? near (0,0)).

3. A1 > 0 and Ay < 0. Then f takes positive and negative values in any
neighbourhood of x. In this case z is called a saddle point of f: consid-
eration of the graph of the function f(x1,z2) = 23 — 23 explains this
terminology.

4. Aj<0for1<j<dand \; =0. As case 2.

5. Aj<0forl<j<d. Ascasel.

Similar results hold for constrained stationary points.

Figure 19.4a. A saddle point.

Example 19.4.7 Maximum entropy.

Suppose that P is a probability defined on a set {z1,...,z,} of n points,
and that P(z;) = p; (so that p; > 0 and p; + --- + p, = 1). Suppose that
f is a continuous strictly concave function on [0,1] which is continuously
differentiable on (0, 1). For what choice of Pis ' =37, f(p;) a maximum?.
First note that if we set h(t) = f(¢) — f(0) then >\, h(p;) = F' — nf(0),
and so we can suppose that f(0) = 0.
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Consider the function F(z) = }7_, f(x;) on U = (0,1)", the function
g(x) = x1 + -+ + xy,, and the manifold M = {x € U : g(x) = 1}. Suppose
that p € M is a constrained stationary point of F'. By Corollary 19.4.4 there
exists A € R such that V(F — Ag), = 0. That is,

oF _
f(py) = a—(p) =Afor1<j<n.

Lj
Thus f'(pi) = f'(p;) for 1 <,j < n. Since f is strictly concave, f is strictly
monotonic, and so p; = pj for 1 < ¢,j < n. Thus p = (1/n,...,1/n), P is
the uniform distribution on {x1,...,z,} and F(z) = nf(1/n). It is easy to
verify that this is a constrained local maximum.

We need to verify that this is the maximal value on M. But ify € 9M, and
y; # 0 for k values of j, then the same argument shows that Z?:l fly;) <
kf(1/k), and kf(1/k) < nf(1/n), since f is strictly concave.

If P is a probability measure on {x1,...,x,}, then the Shannon entropy
of P is defined as — 2?21 pjlogs pj (where log, is the logarithm to base 2:
log,y(t) =logt/log2, and 0.log, 0 = 0). It follows that the maximum entropy
occurs when P is the uniform distribution.

Example 19.4.8 The reflection of light.

One of the properties of light is that, in a homogeneous medium, it travels
in straight lines. Suppose that M is a closed (d — 1)-dimensional differential
manifold in a d-dimensional Euclidean space E, and that P and () are points
in E for which the line segment [P, Q)] is disjoint from M. What is the
shortest path from P to () which includes a point of M7 This is a question
which can be solved using a Lagrange multiplier, but not quite in the way
that might be expected. Let us give a concrete example.

Let U={z€R3:21>0,22 >0} and consider the two-dimensional differ-
ential manifold M = {x € U : f(z) = x123 = 3v/2} (the ‘mirror’) in U.
Let P =(—1,0,0) and @ = (1,0,0). What is the shortest path from P to @
which includes a point of M7 We need some results from Euclidean geometry.
Suppose that a > 1. Then the set E, = {z € R?: ||z — P||+ ||z — Q|| = 2a}
is the ellipsoid

2 2 4 2
3 T 5+
{zr eR :g(a:):a—%—i— (122_13—1:0},

which is a compact two-dimensional differential manifold in R?. (See
Exercise 19.4.4.) Where does the function f attain its constrained maximum
on E,NU? By Corollary 19.4.4, if x is a constrained stationary point, there
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exists a unique A in R such that V(f — Ag), = 0. That is,

2)\.%‘1 2)\.%‘2 2)\333
Tro — a2 —0, .’L‘l—a2_1—0, —a2_1—0.
Thus
212 212
I3 ana ri1x9 a2 a2 1
so that
w_% a3 1 5 a?(a®—1)

_ 2 _
a2—a2_1—§andx1x2— 1

We require = to be a point of M. This happens if a = 3, from which it
follows that

1 = 3\/5/2, 29 = 2 and x3 = 0,

and the length of the path is 6. Note that we do not need to calculate A.

XXy =312

v

Figure 19.4b. Reflection in a hyperbolic mirror.

Why are the multipliers called Lagrange multipliers? During the sec-
ond half of the eighteenth century, the Piedmontese mathematician Joseph
Lagrange developed a new formulation of Newtonian mechanics. Sup-
pose that we are considering an ensemble of N particles Py,... Py, with
masses mi, ... my. In the Newtonian formulation, we consider the positions
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x1,...xN, and consider the second-order equations

d2

W(mjxj) = F}, where Fj is the force on P;.
The positions z1,...,zx are represented as a point in R3V, each particle
having three coordinates. One of Lagrange’s insights was that it is help-
ful to consider the particles’ velocities, and their coordinates, on an equal
footing. Thus each particle is represented by six coordinates, with three
for its position and three for its velocity. Another coordinate is needed
for time. Thus the configuration is in R®V*! = X x W x T, with basis
(e1,...,€sN, f1,---, f3n, h), where the jth particle has

position :U(]) = X3j—2€3j—2 + T3j—1€3j—1 + T3;€3;
and velocity v = vgj_o f3j_o + v3j_1 f3j_1 + 3 f3;,

and h is the unit vector in the time direction. It follows from Newton’s laws
that if there are no constraints on the variables then the equations of motion
are given by
oL d (0L dz;
— =—(—) andv;j=—2for1<j<N
8a;j dt <8Uj> J dt =J =
where L is the Lagrangian, defined as L(z,v,t) = T(x,v,t) — V(x,v,t),
where T'(x,v,t) = %Z;\le mjvjz is the kinetic energy of the ensemble, and
V(x,v,t) is its potential energy. We consider these equations in an open
subset U = Ux x Uy x I of RN+,
Let J : X — W be the linear isomorphism of X onto W defined by
J(ej) = fj for 1 < j < N. We can then write the equations of motion in
terms of the gradients Vx in X and Vi in W. They become the equation

JHxL) = S (V).

There may however be constraints of various kinds (for example, the
distance between two particles may remain constant). We consider only
holonomic constraints, which only involve the positions of the particles, but
neither their velocities nor time, and which are given by a submersion g of
Ux into a Euclidean space F'. Thus Mx = {x € Ux : g(x) = 0} is a manifold
in Uy, and M = My x Uy x I is a manifold in ROVt If z € My, let T,
be the tangent space at z, let V1, be the corresponding gradient in 73, and
let J, be the restriction of J to T,.. Then the equation of motion becomes

d
Jo(Vr.L) = 2 (VwL).
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Then, arguing as in Theorem 19.4.3, there exists a unique ¢, € F' such that

d
— Z(VwL).

Suppose that F = RF, that ¢ = (g1,...,9%) and that ¢, = (A1,..., ).
Then the equations of motion become

Jo(Vx (L = (b2, 9)))

k

oL d OL o .
0z dt(avj)—{_i:l Alﬁxj forl<j<N

The Lagrange multipliers may vary with time, but their time derivatives do
not enter into the equations. Let us give a simple example.

Example 19.4.9 The pendulum in three dimensions.

Suppose that a single particle, of mass m, is attached by a light rod of
length [ to a fixed point, which we take to be the origin in R3, and swings
freely, under the influence of gravity. We take rectilinear coordinates, with x5
in the vertical direction. Then T'(z,v) = gm(v} + v3 +v3), V(z,v) = mgxs
and the constraint g is given by z? + x% + x% = [2. The equations of motion
then become

d'Ul
—m—— =2\
dt xy,
dvg
—mZ%2 — 9z
mdt x2,
d’Ug
—mg —m—2 =2
mg —m—, A3

In fact there are solutions for which vg = 0, so that 3 is constant. Then
A = —mg/2x3, so that X\ is constant. We require mg < 2Al so that —I <
x3 < 0. Let w = /2\/m. Then a solution is given by z1 = Acoswt and

Ty = Asinwt, where A% = [? — 23.

Exercises

19.4.1 Suppose that T is a self-adjoint linear operator on a d-dimensional
Euclidean space E. Show that there exists an orthonormal basis
(e1,...€q) and real numbers A\; > Ay > ... > Ay such that T'(e;) =
Ajej for 1 <5 < d.

19.4.2 A linear operator on a complex inner product space F is self-adjoint
if (T'(x),y) = (x,T(y)) for z,y € F. Suppose that T is a self-adjoint
linear operator on a d-dimensional complex inner product space F.



564

19.4.3

19.4.4

19.4.5

19.4.6

Differential manifolds in Fuclidean space

Show that (T'(x),x) is real, for all x € F. Show that there exist an
orthonormal basis (eq,...eq) and real numbers \y > Xy > ... > )y
such that T'(e;) = Aje; for 1 < j < d.

Let TT be the plane {z € R? : 2/221/3 + x5 = 4}. Let P = (1,0,0),
Q = (—1,0,0). Determine the minimum of

{llz = Pl + [lz — Q[ : = € TT}.

What is the geometric significance of your result?
Let P = (1,0,0), @ = (—1,0,0). Suppose that a > 1. Let

I, = {(a2,x2,x3) : x9,x3 € R} and
_q> = {(—a?, 29, 23) : 2,73 € R}.
Determine the sets of points
{r eR?:allz — P| = d(z,Tz2)} and
{reR?: allz — Q| =d(z,TT_4)}.

Deduce that

R®: o — P O =20} = {r e R?: T 4 BHT

{weR®:llo— Pl +llo-Ql =20} = (reR®: T+ 2By

By considering the tension 7' in the light rod, establish the circu-

lar movement of a pendulum as described above, using Newtonian

methods. How are T" and the Lagrangian multiplier \ related?

Suppose that p,q > 0 and that 1/p+1/q = 1.

(i) Let S, = {z € R%: Z;l:l |zj|? = 1}. Show that M, is a compact

differential manifold in R

(ii) Suppose that a; > 0 for 1 < j < d. Let f(z) = Z?Zl a;x;.
Use a Lagrange multiplier to find the point € S, at which f
attains its constrained maximum on S, and find the constrained
maximum.

(iii) Deduce Hélder’s inequality
1/p 1/q

d d d
olabil < Dol | Dol
j=1 j=1 j=1

and show that
d 1/p d

d
dolagl | =supq Y agbi| D leylt <1
j=1

j=1 j=1
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(iv) Deduce Minkowski’s inequality:

1/p 1/p 1/p

d d d
d
D laj+ bl <D lal + (D las
=1 j=1 j=1

19.4.7 Suppose that pq, ..., pg are positive numbers for which Z?Zl 1/p; =1.
(i) Show that

d .
A:{xeRd:Zm:u
=1 P

is a compact differential manifold in RY.

(ii) Let p(z) = H?Zl xj. Use a Lagrange multiplier to find the point
x € A at which p attains its constrained maximum on S, and
find the constrained maximum.

(iii) Establish the generalized arithmetic mean-geometric mean
inequality: if a; > 0 for 1 < j < d, then

d
1/p1 1/pa )
a)’Lay SE a;p;-
Jj=1

19.4.8 If R is the point of M in Example 19.4.8 for which the path PRQ has
minimal length, show that PR and QR make the same angle with
vectors normal to M at R. (Consider a reflection in the tangent space

at R.)

19.5 Smooth partitions of unity

The definition of a differential manifold is a local one. When we turn to inte-
gration, we need to combine local results. For this, we use smooth partitions
of unity.

Suppose that K is a compact non-empty subset of a Euclidean space F,
and that {Uy,...,Ug} is a finite open cover of K. A smooth partition of
unity subordinate to the cover is

e an open subset V such that K CV C U;?:lUj,
e a sequence (Lj);?:l of compact sets, such that L; C U; for 1 < j <k, and
vV C U§:1Lj, and
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Figure 19.5a. Partition of unity.

e a sequence ( fj)?:l of smooth non-negative functions on V such that

fj(x) =0for x € V'\ L;, and such that Z§:1 filx)=1forxzeV.

Theorem 19.5.1 If K is a compact non-empty subset of a d-dimensional
Euclidean space E and {Uy,..., Ui} is an open cover of K, there exists a
smooth partition of unity subordinate to the cover.

: __ |k
Proof  We break the proof into several steps. Let U = U i=1Uj-

Lemma 19.5.2  Suppose that x € U;. There exists a compact subset L, of
U; and a non-negative smooth function h, on U such that hy(x) > 0 and
such that hy(y) =0 for y € U\ Ly.

Proof  Let (e1,...,eq) be an orthonormal basis for E. There exists 6 > 0
such that L, = {y € E : |y; —ax;| < dfor1 <i<d} CU;. If y € U and
1<j <k, let

hia(y) = { SPCV @ —lyi—ail’)) for lyi —ail <,
e 0 otherwise.

As in Volume I, Section 7.6, h;, is a smooth function on U. Let h, =
ngl hiz. Then L, and h, satisfy the requirements of the lemma. O

Lemma 19.5.3 There exist compact sets {K; : 1 < j < k} such that
K; CKNUj for1 <j <k and such that K = Ué?:lKj.

Proof  Since K is bounded, we can suppose that each U; is bounded. Let

Uj,n = {y S Uj : d(y,E\Uj) > 1/1’L}
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>
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Figure 19.5b. A bump function in one dimension.

Then m C Uj, each sequence (U; )0 is increasing, and the sets {Uj; , :
1 <j <k,n e N} form an open cover of K. There therefore exists N € N
such that K C U;?:lUj7N. Let K; = Kﬂm. Then {K; : 1 < j < k}
satisfies the requirements of the lemma. O

Lemma 19.5.4 For each 1 < j < k there exists a compact set L; such
that K; C L; C U; and a smooth non-negative function hj on U such that
hj(x) >0 for x € Kj and hj(y) =0 fory € U\ L;.

Proof  For each x in Kj there exist a compact set L, and a smooth non-
negative function h, on U which satisfy the conditions of Lemma 19.5.2. Let
Uz ={y € U : hy(y) > 0}. Then U, C Ly, and {U, : € K;} is an open
cover of K. There exists a finite subcover {U, : x € F;}. Let L; = Uzcr, L,
and let h; = Y  _phy. Then L; and h; satisfy the requirements of the
lemma. O

We now complete the proof of the theorem. Let h = Z?:l hj, and let
V ={y € U: h(y) > 0}. Then V is an open set, and K C V C U. Let
fi(y) = hy(y)/h(y), for y € V. Then (V, (L;)f_1, (f;)f=1) is a partition of
unity subordinate to the cover. a

Suppose that K is a compact non-empty subset of a Euclidean space E,
that {Uy,...,Ux} is a finite open cover of K and that (V, (Lj);?:l, (fj)g?:l) is
a smooth partition of unity subordinate to the cover. Suppose further that
F'is a Euclidean space and that, for each 1 < j <k, g; is a function from

Uj to F'. We then define Z§:1 fjg; : V — F by setting

k
> 19iw) =D _1fiwgiw) 1y € VN U}
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In other words, we set (fjg;)(y) = 0 if fj(y) = 0. Then the function
Z?:l fjg; is continuous (continuously differentiable, smooth) if each of the
functions g; is.

Exercise

19.5.1 Suppose that E is a Euclidean space and that 6 > 0. Let

exp(—1/(6% = |ly|*)) for |ly| <,
h =
) { 0 otherwise.

Show that A is a non-negative smooth function on F. Identify the set
{y : h(y) > O}.

19.6 Integration over hypersurfaces

We now turn to integration. We restrict attention to a special case; through-
out this section, we suppose that M is a connected compact d-dimensional
hypersurface in a (d + 1)-dimensional Euclidean space E. We need one
topological property of such hypersurfaces, which we state without proof.

Theorem 19.6.1 (The Jordan—Brouwer separation theorem) Suppose
that M is a connected compact d-dimensional hypersurface in a (d + 1)-
dimensional Euclidean space E. Then the open set E\ M has two connected
components: one, out[M], the outside of M, is unbounded, and the other,
in[M], the inside of M, is bounded.

When d = 1, so that M is the track of a simple closed curve in a two-
dimensional Euclidean space, this is a special case of the Jordan curve
theorem, which is proved in Volume III.

If M is a connected compact d-dimensional hypersurface and x € M then
the normal space N, is one-dimensional, and so there are two elements n;
and n, in N, of norm 1. We choose n} so that x + An} is outside M for
small positive values of \; then x+ An}; is inside M for small positive values
of A.

Theorem 19.6.1 has the following useful consequence.

Theorem 19.6.2 Suppose that M is a connected compact hypersurface
in a Fuclidean space E. There exists an open set W containing M, and a
submersion g : W — R such that M = {y € W : g(y) = 0}.

Proof  Since M is compact, there exist a finite open cover {Uy, ..., U} of
M by open subsets of £/ and submersions g; : U; — R such that M NU; =
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{y € U; : gj(y) = 0}. We can also suppose that M NUj is a connected subset
of M, for each j. If x € M NUj, let

\@) = (Vg5)arnid) = T2 (0)
Then A; is a continuous function on M NUj;, which does not take the value 0.
Replacing g; by —g; if necessary, we can therefore suppose that A;(z) > 0 for
all z € M NUj. There exists a smooth partition of unity (V, (L; );?:1, (fj)g?:l)
subordinate to the cover. Let g = Z;?:l fjg9;- Then M = {y € V : g(y) = 0}.
If x € M, there exists ¢ such that z € M NU; and f;(xz) > 0. Then

k
(Vganl) =D fi@Ai(@) > fi(z)Xi(z) > 0.
j=1

Thus Vg is non-zero on M. Let W = {y € V : Vg, # 0}. Then W is an open
subset of V' containing M, and the restriction of g to W is a submersion. O

We now consider integration. First, let us describe the notation that will
be used. If f is a Riemann integrable function on an open subset U of E, we
denote the integral by [;; f(y) dvgr1(y). On the other hand, the integral of
a function g on M will be denoted by [, g(x) dog(x): thus dvgy represents
a (hyper)volume integral and doy represents a (hyper)surface integral.

We begin locally. Suppose that © € M. Take an orthonormal basis
(e1,...,eq+1) for E, where (eq,...,eq) is an orthonormal basis for T}, and
eq+1 = n; . We shall consider cells in E defined in terms of this basis. There
exists d > 0 such that if U, is the cell

{yeE:|lyj—zj|<dfor1 <j<d+1}
and ¢, (y) = Py(y — x) for y € M then

o (U, ¢,) is a chart near x,

o Hn;' —njH < % for y € M NU,, so that <n;',n;'> > %, and

o [(y—x) — da ()| < ||@z(y)] for y € M NU, (this is possible by Corollary
19.2.4).

Let ¢ : ¢, (Uy) — M N U, be the inverse mapping, and let
Ve={veT,:|vj] <dforl<j<d}
It follows from the third condition that if y € M N U, then

[Yar1 — Tar1| = (v — 2) — d2(y)|| < max{|y; —z;|: 1< j < d},
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and it follows easily from this that ¢, (U,) = V.
We call such a cell U, a well-behaved neighbourhood of x.
Suppose now that 0 < o < ¢, that

Li={yeB:lyj—zjl<aforl<j<d+1},

and that g is a continuous function on M which vanishes on M\ L,.. Suppose
that y € M N L, and let ¢,(y) = v. We now choose a new orthonormal
basis (f1,..., fa+1) such that (f1,..., fq) is an orthonormal basis for Ty,
fay1 = eqpr = nf and n} € span{fq, fa41}. Suppose that h is a unit
vector in Ty. There exists n > 0 such that v 4+ th € V, for |t| < n. Then
(v +th) € M for |t| < n, and so Di,(h) € T,. Thus the restriction of D1,
to T} is a linear mapping from 7T}, to T}, and so the Jacobian J1, is defined.
We now define

[ atwydouty) tove [ gloe)iv,|duae).

MNU, ©

Let us determine the value of |Ji,|. Let C = I; x -+ x I be a cell in Ty,
defined in terms of the new basis (f1,..., fa+1). Then D1, (C) is a cell in T},
with sides of lengths I(11),...1(I4-1),1(1q)/ <n;',n;'> (see Figure 19.6), and
so [Jyy| =1/ (n},n}). Thus

Yy x

9(¥(v))
[ atwdoaty) = [ A2 ),
MNU, Ve <nw(v), Ny >
It is now a straightforward matter to use a smooth partition of unity
to define the integral of a continuous function g on M. The well-behaved

neighbourhoods U, of points x of M form an open cover of M, and so
there is a finite subcover {Uy,, ..., Uy, }. Let (V, (L)%, (fi)¥_,) be a smooth

Figure 19.6. Change of variables.
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partition of unity subordinate to the cover. We then define

k

/Mg(y) doa(y) to be Y ( /MOU” Fiw)g(y) dUd(y)> :

i=1

In particular, we write oq(M) for [,, dog(y), and write wy for o4(S?),
where S? is the unit sphere in a (d + 1)-dimensional Euclidean space.

It does however remain to show that the integral does not depend on the
finite subcover, nor on the choice of smooth partition of unity. This is again
a fairly straightforward matter. The details are indicated in the exercises
below.

Exercises

We consider the setting described above.

19.6.1 Suppose that z € M N U,. Show that <n;',nj> > % fory e M NU,.
Show that if we follow the procedure above, projecting onto 7T, rather

than T}, then

/ o(y) doa(y) = / 9 (0))[(J6=)o] dva(v).
MnNU, V.

19.6.2 Suppose that {W,,, ..., W,, } is a finite cover of L, by open cells and
that (V, (L)%, (fi)%_,) is a smooth partition of unity subordinate
to the cover. Show that

k

/MOUE 9y doaly) = > ( /an,i fi(n)a(y) dad<y>> .

i=1

19.6.3 Suppose that {W,,,...,W,,} is a finite cover of M by open cells
with the properties described above and that (V, (L;)%_,, (f)k ) is
a smooth partition of unity subordinate to the cover. By considering
the open cover {U; N W; : 1 <4 < k,1 < j < I}, and using the
previous exercises, show that [, g(y)dog(y) does not depend on the
choice of cover or the choice of smooth partition of unity.

19.6.4 The following extended exercise shows how to establish a change of
variables formula, in the simplest, but most useful, case. We con-
sider the unit ball By and the unit sphere S%~! in a d-dimensional
Euclidean space E. Let A, be the annulus {z : r < ||z| < 1}, for
0 < r < 1. Suppose that f is a continuous real-valued function on
591 and that g is a continuous function on By. Let f(rw) = f(w)
for 0 <r<1and we S 1
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(a) Show that f is a continuous function on By \ {0}.
(b) Show that

(1—r?) Sd,lf( ) dog_1( /f ) dva(z

(c) Suppose that € > 0. Show that there exist 0 =rg < -+ <rp =1
and a function h on By \ {0} such that

(i) the function h;(w) = h(rjw) is continuous on S, for 1 <
J <k,

(ii) h(tw) = h(rjw) for w € STt and rj_1 <t <rj, for 1 < j <
k, and

(iii) |h(x) —g(z)| < € for = € By \ {0}.
(d) Show that

/A g(x) dvg(x) = /rl (le " f(sw) dgdl(w)> ds.

T

/B dg(a:) dvg(r) = /01 <rd_1 - f(sw) dodl(w)> ds.

19.6.5 Use the previous exercise to calculate wy.

19.6.6 Suppose that U is a bounded convex open neighbourhood of 0 in a
d-dimensional Euclidean space E, that M = 90U is a (d — 1)-
dimensional differential manifold such that for each z € M, (z,n}) >
0. Suppose that f is a continuous real-valued function on U and that

(e)

g is a continuous real-valued function on U.

(a) Show that for each w € S9! there exists a unique 7, > 0 such
that z, = r.w € M. Let f(w) = f(x.). (Note that r, = ||z,].)

(b) Show that

e
/Mf(x) dog_1(x) = /Sd1 % dog_1(x).

(c) Obtain a formula for [ g(x) dvg(z) corresponding to the formula
in Exercise 19.6.4.

19.7 The divergence theorem

Suppose that U is an open subset of a Euclidean space E. A wector field F
on U is a continuously differentiable mapping from U into E. For example,



19.7 The divergence theorem 573

if fis a C@® function on U, then the gradient mapping V[ is a vector
field. If F is a vector field on U for which there exists a C® function f, for
which F' = V f, then F is called a conservative vector field, and f is a scalar
potential for F. Another important example occurs in R3. Suppose that U
is an open subset of R? and that f = (f1, f2, f3) is a C'®) vector field on
U. Let

~ (0fs 0f2 of 0fs af2 df1
(V . f)(l') N (8—@(x B 8$3( 8$3 T 63:1( 8$1 v 6332( )>

Then V x f is a vector field, the curlof f, on U. Compare this with the cross-
product of two vectors defined in Appendix C. Such vector fields occur in
mathematical physics, in electromagnetic theory, in gravitation and in fluid
dynamics. We consider curl further in Section 19.9.

If F'is a vector field on an open subset U of a Euclidean space FE and
x € U, then DF, is a linear mapping of E into itself, and DF is a continuous
mapping of U into L(E). We define the divergence V.F(z) at x to be the
trace of DF,. If (e1,...,eq) is a basis for E, and if F(z) = Zle fi(z)e;,
then DF is represented by the matrix (0f;/0z;), so that

It is important to note that this formula does not depend upon the choice of
basis (and that the basis need not be an orthonormal basis), since the trace
does not depend on the choice of basis. (See Appendix B.5.) A vector field
F is said to be solenoidal if V.F = 0. For example, if f is a C'® function
on U then

82f?, & fa
V < .%‘1.732 .’L‘ 8x1x3(x)>
82fl e (2)
.732.733 .73 83;2331 .
2 2
0 f2 9" h @) =0,
83;33;1 83;33;2

so that V x f is solenoidal.
Suppose that f is a C? function on U. Let F' = Vf. Then f is harmonic
if I is solenoidal; that is, if V.(Vf) = 0. We write V2f for V.(Vf): V2f is
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the Laplacian of f. If (e1,...,eq) is an orthonormal basis for F, then
d
82
V@) =3 ).
i=1 O}

Let us give two examples which we shall need later.

Example 19.7.1 Suppose that E is a d-dimensional Euclidean space and
that o € R.

(i) Let ¢ (z) = ||z]|*™, for z € E \ {0}. Then

2 —a)(d—
Vipo(z) = (2 — a)ia and V2, (z) = w.
] [l
(ii) Let ¢(x) = log ||z|| for z € E'\ {0}. Then
x d—2
Vo(r) = —— and V3(z) = —.
[Edlk (el
These are easy calculations. If (eq,...,eq) is an orthonormal basis for E
and = Y% 2ie; then o () = (23 + - + 22)17%/2 50 that
awa T X

o (r) =(2—-a) & and Vi, = (2 — )

[l I

&z

Further,
0% < 1 x? )
—(@) =2« 5 — a— .
(r_)xQ( ) ( ) HxH HxH()H_Q

1

Adding, V24, (x) = (2 — a)(d — a) o] .

The calculations for (ii) are left as an exercise for the reader.

In particular, the function #/ ||z||* on E\ {0} is solenoidal. If d = 2 then
¢ is harmonic, and if d > 2 then ¢, is harmonic.

We shall consider these ideas further in the next section. First, we
prove the divergence theorem, which is a multi-dimensional version of the
fundamental theorem of calculus.

Theorem 19.7.2 (The divergence theorem)  Suppose that V is a connected
bounded open subset of a (d+1)-dimensional Euclidean space E whose bound-
ary M is a finite disjoint union of connected hypersurfaces My, ..., My and
that F is a vector field defined on an open set U containing V. Let B =V,
and let

k

/M <F(a;),n;> dog(z) = Z </MJ <F(a;),n;> dad(x)> )

7j=1
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where n} is the normal at x in the direction out of V. Then

| VF@dvaats) = [ (F@).nt) douta).
B

M

Proof  Note that we need to show that B is Jordan measurable, so that the
first integral makes sense. This will emerge during the proof of the theorem.

We use a smooth partition of unity. For each x € M there exists a well-
behaved neighbourhood U, of x, and for each y inside M there exists an
open cell Cy such that C_y C in[M]. Together, these sets form an open cover
of B; since B is compact, there exists a finite subcover

U,y Uy, C

Y419

Cy,) = (V1,... V) say.

We consider a smooth partition of unity (V,(L1,..., L), (f1,... f;)) subor-
dinate to the cover. Then

l
/ V-Fios) =3 /V 1)V F(@)dvas (v)

and

k
| (F@)ng) doute) = > /M% (@) F(@),n) doa(a).

Now let us set G = f;F. Since fj(y) = 0 for y & L;, we consider G; as a
function on F, setting G;(y) =0 for y & L;. Then

V.Gj(y) = (V)W), Fy) + f;(y)V.-F(y)

so that
l l l
Y V.G = <Z ij,F> + (> | VF=VF,
j=1 i=1 j=1

since Zé‘:l fj =1and Zé-:l Vf;j = V1 =0. It is therefore sufficient to show
that

V.G dvan() = [ (Gya)ni) doulz)

BN, MU,

for 1 < j <k, and that

/C V.Gj(y) dvai1(y) dy = 0,

Yj

for k+1<j5<I.
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We deal with the second set of equations first. By taking a suitable
orthonormal basis of E/, we can suppose that

Vi=A{we E:|w;— (y;)i| <6 for 1 <i<d+1}
and Lj = {w € E : |w; — (y;)i| <« for 1 <i <d+1}.

Let Gj = (g1,---9d+1)- Then

Wi)it+o 9.
/ %0 (w) dw; =
(y;)i—0 O

gi(w17 seey (y])l + Od, ... 7wd+1) - g’i(wla ey (y])’l - Oé, s 7wd+1) - 07
integrating with respect to the other variables, we see that

0gi

- 8—a:,~(y) dvay1(y) = 0.

Adding, it follows that

/ V.G;(y) dvgs1(y) = 0.
C,

Yj

We now turn to the first set of equations. To simplify the notation, we
can suppose that z; = 0. We drop the suffix j; we denote U,, by U, L;, by
L, the tangent space T, by T, the orthogonal projection onto T" by P, the
restriction of P to M NU by ¢, and the inverse mapping of ¢(M NU) onto
M NU by .

It follows from Theorem 18.5.3 that BN U is Jordan measurable, so that
the volume integral over BN U exists. Since U is a well-behaved neighbour-
hood of 0, there is an orthonormal basis (eq,...,e4+1), where (e1,...,eq)
is an orthonormal basis for T, and egy; :n;‘J We write G(y) = G(y) =

Zfﬂl 9i(y)e;. Then

d+1
/ VG( d”Ud+1
BNU

5gz
Z/BmU 6332 y) dvg41(y)

and
d+1

/MmU (@) nz) doule Z/MnU (en ) dou(@)
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It is therefore sufficient to show that

/ 09: (y) dvat1(y) = / gi(x) (es,nt ) dog(x)
B

A O; MnU

for 1 <i<d+1.
We make a (non-linear) change of variables. If y € U, let x(y) = ¥(P(y))
and let O(y) = x(y) — P(y). If y = z + Aegy1, with z € T, then

O(y) = 0(z) =¢(z) — z € span (eq41).

From this it follows that

%:Oand%:Oforlgigd,lgjgd—i—l.
8a:d+1 &xj

Now let S(y) = y — 0(y). Then S(M NU) C T, S is a diffecomorphism of

BNU onto S(BNU) and S(BNU) C T x (—26,0). Further, it follows

from the equations above that the Jacobian J(S) = 1. Let R be the inverse

mapping from S(U) onto U. It is then sufficient to show that

ei,n’
/QX[QSOJEEZ<fuy>>dvd+1@n(/;gxumuo><<i¢“”>>dgdauy

€d+1, nj/,_(w)>

for 1 <i<d+1.
First, let us consider the case where i = d 4+ 1. Then

0
[ S R v (o) =
Tx[—26,0] OFd+1

0 a9d+1
3 (R(y)) dyas1 | dyrs- .-, dyq
T \J—-26 OTd+1

— [ gu1(w(w) doa(w)
T

B <€d+17n$(w)>
_ /T gd+1(¢(w))—<ed+17n$(w)>dad(w).

Next suppose that 1 < i < d. Without loss of generality, we can suppose
that ¢ = d. First we fix all the variables y, with 1 < k < d. Suppose that
yp =ag for 1 <k <d. Ify e U, weset y = (a,s,t) and set w = (a,s,0). Let
IT be the plane

{y e E:yp=a; for 1 <k <d},
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andlet U=UNIL, M =(MNU)NII, B=(BNU)NIIL Then

M = {(a,s,t) : t = (¥(s), eqp1)} and B C {(a,s,t) : t < p(s)}.

J 5 0 5
[ @ = = == = -
Ad+1 (a,s,0)
. hu
s‘
-5 h 0 )
R (u,s,1) ‘\ \_/
\~N_ -
- ~~
~\\~ f’
-5 =26

Figure 19.7. The divergence theorem.

Suppose that y = (a,s,t) € S(B). Let U = {(s,t) : (a,s,t) € S(U)}.
If y = (a,s,t) € S(U), let h(s,t) = ga(R(y)), and if (s,t) € R2\ U let
h(s,t) = 0. Then the partition of unity properties imply that h is continu-
ously differentiable, and that h(d,t) = h(—6,t) = 0 for t € R. If (s,t) € U,

then
(500 = 2 () + 222 i) ),

Now let n;z(w) = Zgii Ai(8)er, where Ag(s) = <ek,n;z(w)>. Since U is a
well-behaved neighbourhood of 0, Ag11(s) > 3.
Let (u,v) be the unit tangent vector to the curve (s, h(s,t)), with u > 0.

Then (0,u,v) is in the tangent space of R(T") at R(y). But this is the same
as the tangent space of M at ¥ (w), and so <(O,u,v),n$(w)> = 0; that is,
uMg(s) +vAg41(s) = 0, and so OR/Is(y) = —Ag/Ai+1. Now

§
/ Of (s 1) ds = h(6,8) — h(—5,1) =0,
_5 ({98

so that

? Oga P Nals) D
/5§(R(a,87t))d8/6 )\dJrl(s)E(R(a,S,t))ds.
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Integrating with respect to ¢, and changing the order of integration,

/025 (/i %(R(a,s,t))ds> dt = /2 Azjgz)gd(w(a,s,O))ds

B /5 <ed, nz;7570)>

ga(¥(a,s,0))ds.
=0 <€d+1> n&7870)>

Integrating over the remaining variables,

eq,n
/S . 994 (1) dug. (y) = / gdw(w))M dog(w).

Ox N
d T €d+1; n¢(w)>

There are many consequences of the divergence theorem.

Corollary 19.7.3  Suppose that M is a d-dimensional connected compact
hypersurface in a (d+ 1)-dimensional Euclidean space E, that B = in|[M] =
M Uin[M] and that F is a vector field defined on an open set U containing
B. Then

| VF@dsaw = [ (Fa)n) doua).
B M

Proof  This is a consequence of the Jordan—Brouwer separation theorem:
M is the boundary of in(M). O

Corollary 19.7.4 If f is a C®-function defined on U then
of

M Ongt

/B V2 £ (y)dvgs () = (z) doy(a).

Proof  Apply the theorem to Vf. O
Corollary 19.7.5 (d+ 1)vg1(B) = [y, (x,nf) dog(z).
Proof Take F(x) =x. Then V.FF =d + 1. O
Corollary 19.7.6 (d+ 1)vg.1(Br(y)) = rog(S-(y)) = riw,.
Proof  For (x —y,n}) =r. O
Corollary 19.7.7 Ifyy €V then

/M meinggzm dog(z) = wa.

— ol
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_ +
[ lemwnd
+1

M ||z = yol|

Ifyo € E\'V then

Proof Ifyo€ E\V then (y—yo)/|ly — yoHdJrl is solenoidal on V', and the
result follows from the divergence theorem.

If yo € V, there exists 19 > 0 such that if 0 < r < ro then B,(yg) C V.
For such r, let V, = V \ B,.(y), so that 90V, = M U S,(yp). Since
(v —y0)/ lly — yo||“™ is solenoidal on V;, it follows that

<x_y07n;> <x—y0,n$>
/M 7d+1d0'd(flf) = — . 7d+1d0d(x)

Iz = yoll (o) [l = woll

Bearing in mind that in this equation n; is pointing towards yo on S, (yo),
so that (x — yo,n}) = — ||z — yo, it follows that

<$ — Yo, 7'L+> 1
_ 2 dog(z) = —04(Sr(y0)) = wa
L@@M—WWH e

Corollary 19.7.8 Ifyy €V then

d+1 1 e
" <0d(sr(y0)) /Sr(y()) <F( ) ff> dog( )) — V.F(y)

as T\ 0.

Proof  There exists rg such that B,(yp) C V for 0 < r < 9. Applying the
divergence theorem to the open ball N, (yp), and using Corollary 19.7.6,

I
va+1(Br(yo))

= & xX),n gqq\xT
~ roa(Sr(yo)) (/sr(yg) (F(@)ns) doa( )> '

/ V-F(y)dvd-i-l(y)
Br(y())

But
1

va+1(Br(yo))

and so the result follows. d

/()VHmman+VF@ﬁ%r\m
Br Yo
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Note that
;/ (F(x),nt) dog(z) = L/ (F(z),n}) dog(z)
oa(Sr(Y0)) Js, (yo) ’ r4wq J s, (ye) ¢

is the average value of (F(z),n}) on S,(yo).

Corollary 19.7.9 (Green’s formulae) Suppose that f and g are C®
functions on U. Then

/f (@) doa(o) = [ (950 990)) + 1)V 00)) dvaia o).

i <f () g @) o) 5 “”) doa(x)

= /B (f(y)V2g(y) —g(y)VZf(y)> dvgi1(y).
Proof  Apply the theorem to H = fVg and K = fVg— gV f:
V.H = (Vf,Vg) + fV?g and V.K = fV3g — gV2f.

O

Corollary 19.7.10 If U is an open subset of R? with boundary M con-
sisting of a finite disjoint union of 2-manifolds, and if f is a C®-function
defined on an open set U containing B then

/M<(v x f)(z),n}) dos(z) = 0.

Proof  Apply the theorem to the solenoidal vector field V x f. O

Exercises

19.7.1 Establish the formulae in Example 19.7.1 (ii).
19.7.2 Suppose that G is a vector field on an open set U and that f is a
continuously differentiable function on U. Show that

V(fG) = (V},G) + f(V.G).

19.7.3 Suppose that f is a C? function on an open subset U of R*. Show
that V x (Vf) =0.
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19.7.4 Suppose that F is a vector field on an open subset of R? for which
there exists a vector field A (a vector potential) such that ' =V x A.
Show that F' is solenoidal.

19.8 Harmonic functions

In the previous sections, we considered functions defined on an open sub-
space U of a (d + 1)-dimensional Euclidean space, and hypersurfaces of
dimension d. In this section we change the dimension by 1; we consider
functions defined on an open subset U of a d-dimensional space.

Recall that a real-valued function f defined on an open subset U of a
Fuclidean space E is harmonic if it is twice continuously differentiable, and
V2f=0.

Harmonic functions have good averaging properties. Let us introduce
some notation. If = € S,(zg) we denote by n, the unit normal vector in
the direction away from xg. If 0 < s < r we denote by A, ,(zo) the annular
set {x € E:s < ||z — x| <r}: it has boundary Ss(xg) U S, (o).

Proposition 19.8.1 If f is a harmonic function on an open subset U of
a d-dimensional Euclidean space E and B,(xo) C U then

of
x)do(x) = 0.
/ST(%)%() () =0

Proof  Apply the divergence theorem to V f. O

Theorem 19.8.2 Suppose that f is harmonic on an open subset U of a
d-dimensional Euclidean space E and that B.(z¢) C U. Then

1
04-1(Sr(20))

1
- rd=luwg_1 /Sr(mo) f(@)doar (@),

Proof  We deal with the case where d > 2; the proof for d = 2 is essentially
the same. Let 0 < s < r. Applying Green’s formula to f and ¥4(z — zg) =
[ERE

f(zo) = /s | @ dn @

0= / Yaly — 20)V2f(y) — f(y)V>a(y) dva(y)
A r

:Ir_Isa
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where

of O
b= [ (vt =0 ) = @) G a0) ) det)

i | (- 0sw)) dnae)

d—2
= [ S,

using Proposition 19.8.1 and the equation

Otha 2—dr 2-d
8nx = <V¢d7n:c> - Td = Td—l .
Similarly.
L= [ (e =05 @ - S5 = 20) dosa(o
d—2
= L]
Since Iy — (d — 2) f(w0)og—1(S9™!) as s \, 0, the result follows. 0

This theorem has the following consequence.

Theorem 19.8.3 Suppose that f is a non-constant harmonic function on
a connected open subset U of a d-dimensional Euclidean space E. Then f
has no local maximum or minimum.

Proof  Suppose that f has a local maximum at yy and that f(yo) = a. Let
F={yeU: f(y) = a}. Since f is continuous, F is a closed subset of U.
We show that F' is open. Suppose that y € F. There exists » > 0 such that
B,.(y) € U. Suppose that z € B,.(y) and that ||z —y|| = s < r. Then f(y)
is the average value of f on Sq(y). Since f is continuous and f(y) > f(w)
for w € Ss(y), it follows that f(w) = f(y) for all w € S,(y). In particular,
f(z) = f(y) = a. Thus B,(y) C F, and so F is open. Since U is connected,
F =U, and f is constant. O
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We now consider the simplest form of the Dirichlet problem: if f is a
continuous function on the unit sphere S%~! in RY, is there a continuous
function u on the closed unit ball By which is harmonic on the open unit
ball Uy and is equal to f on S%1? For this, we need the Poisson kernel.
This is defined as

1—|y)?
Py(y) = d
wi—1 [ly — ||

for x € S y e Uy.
Note that P,(0) = 1/wgq_1.
Proposition 19.8.4 P,(y) is a harmonic function of y in Uy.

Proof  We prove this by a direct calculation. Let v(y) = 1 — ||y||* and let
d
w(y) =1/ [lz = y||. Then

y) = —2yi,
o, V)

V2U(y) = _2d>

Oyi ly — ]|+

62w( ) —d d(d +2)(y; — z;)?

y =
Oy} ly — ]|+ ly — ]
—d? d(d+2) 2d
and VZw(y) = = .
ly =2 fly =21y — 2l

Hence

wi—1V2Po(y) = w(y)V>o(y) +2(Vo(y), Vu(y)) + v(y) V>uw(y)
—2d n dd (y,y —z) | 2d(1 - ||y|*)

= d 12 d+2
ly—=|® |y — a2 ly — 2|
2
= (—ly—zlP+2(yy—z)+ 1 —|y|*)) =0.
ly — 2|2

|

Theorem 19.8.5 (i) P,(y) > 0 forz € S, y € Uy.

(i) If © € Sq_1 and § > O then Py(rz) — 0 uniformly on {z € S~ :
|z —z| >} asr /1.

(i11) [ga—s Po(y)dog_1(z) =1 fory € Uq.
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Proof (i) and (ii) follow from inspection of the definition of the Poisson
kernel. Suppose that y € U, and that y = 7z, with z € S, Since P,(y) is
a harmonic function of y,

1 =wy-1P.(0) = P.(rz)dog—(z).
Sd*l

But ||rz — z|| = ||z — rz]|, so that P,(rz) = P,(rz) = P,(y), and so

1= P.(y) dog_1(x).
Sd*l
]

Theorem 19.8.6 (Solution of the Dirichlet problem) Suppose that f is a
continuous function on the unit sphere S*1 in R®. There exists a continuous
function u on the closed unit ball By which is harmonic on the open unit
ball Uy and is equal to f on S*1.

Proof  Let
uly) = fsd—l f(x)Py(y)dog—1(x) foryeU,
4 f(x) for z € S9-1.
Differentiating twice under the integral sign, we see that
Viu(y) = f(2)V?Pyu(y) dog_1(z) =0, for y € U,
Sd—1

so that u is harmonic. It remains to show that u is continuous on B. It is
certainly continuous on U. Let u,(z) = u(rz) for z € S ' and 0 < r < 1.
Since each u, is continuous, it is sufficient, by the general principal of uniform
convergence, to show that u, — f uniformly on S?!. Suppose that € > 0.
Since S4 ! is compact, f is uniformly continuous on S%!, and so there
exists 0 > 0 such that if ||z — x| < ¢ then |f(z) — f(z)| < ¢/3. By Theorem
19.8.5 there exists 0 < rg < 1 such that |P,(rz)| < €/(3|f|l. wd—1) for
ro <r <land ||z—2| >6 Ifz € S9! and ro < r < 1 then, using the
results of Theorem 19.8.5,

@) = ur@)] = | [ (@) = 1) PAra) o (2

< x) — f(2)|Py(rz)dog_1(z
< [, 1)~ SR doin (2

" / 1F(@)] + [F ) Pral2) doas (2)
lz—x[|>6

<e€/3+2/3=c¢
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Of course, we can prove a corresponding result for every ball B,.(z).
We now have a converse to Theorem 19.8.2.

Theorem 19.8.7 Suppose that f is a continuous function on an open
subset U of a Fuclidean space E with the property that for every xog € U and
€ > 0 there exists 0 < r < € such that B,(z9) C U and

1
0a-1(Sr(20))

Then f is harmonic on U.

fao) = /S L@@ )

Proof  Suppose that xg € U, and let » > 0 be chosen so that B,(zg) C U
and (x) holds. Let u be the solution to the Dirichlet problem for B, (zg),
and let v = f —u. Then v(xz) = 0 for z € S,(x(), and, since harmonicity is a
local property, it is sufficient to show that v(y) = 0 for y € B,(xg). Suppose
not, and suppose that v(z) > 0 for some = € B,(zp). Let a = sup{v(y) :
y € By(z0)}, and let F = {y € B,(x¢) : f(y) = a}. Since B,(xg) is compact,
F' is a non-empty closed set in B, (xg), and F N S,(xg) is empty. Similarly,
there exists yo € F' such that ||jyo — xo|| = s = sup{|ly — xo|| : y € F'}, and
0 < s < r. By hypothesis, there exists 0 < ¢t < r — s such that (x) holds. But

then
1

a=v(yo) = AP /St(zo) v(r)dog_1(x),

which is not possible, since v(z) < a for x € S¢(yp), and there are points z
in St(yo) for which v(z) < a. O

Note that the condition on f does not involve derivatives, but ensures
that f is twice continuously differentiable.

Corollary 19.8.8 A harmonic function f on U is infinitely differentiable.

Proof  Take an orthonormal basis (eq,...,eq) for E. An inductive argu-
ment shows that it is sufficient to show that df/0xz; is harmonic, for
1 < j <d. Suppose that xg € U and that B,(xg) C U. Then

1
04-1(Sr(0))

by Theorem 19.8.2. Differentiating under the integral sign,

f (o) = /S @ @)

ﬁ To) = ; ﬁ ) do T
o) = s /S @ @)

and so 0f/Ox; is harmonic. O
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Corollary 19.8.9 Suppose that (f,)02 is a sequence of harmonic func-
tions on U which converges locally uniformly to a function f. Then f is
harmonic.

Proof  For if B,(xg) C U then, using Theorem 19.8.2,

f(xo) = lim_ fr (o)

T —— /S @) da (@)

n—o00 O'd—l(Sr($0))
1 .
~ TR o () 1)
1

= TR E /ST(IO) f(z)dog—1(x),

and so the result follows from Theorem 19.8.7. O

We shall consider harmonic functions further in Volume III.

Exercises

19.8.1 What are the harmonic functions on an open interval of the real line?

19.8.2 Suppose that f and f? are harmonic on an open connected subset of
R?. Show that f is constant.

19.8.3 Suppose that f is a harmonic function on an open subset U of a
d-dimensional Euclidean space E. Show that if B,(x) C U then

1

f(x) = m/&(m) fy)dVa(y). (%)

Show conversely that if f is continuous on U, and that if (x) holds
for all B, (x) contained in U, then f is harmonic.

19.9 Curl

We now study the operator ‘curl’” in more detail. This requires knowl-
edge of the material in Appendix C. Throughout this section, we suppose
that F' = (f1, fe, f3) is a vector field defined on an open subset V
of R3.

Proposition 19.9.1  Suppose that v is a unit vector in R>. Then

(V x F,v) = V.(F xv).
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Proof If 7(1) =2, 7(2) = 3 and 7(3) = 1, then ¢, = 1. Hence

fs Ofy
<V><F,v>—< € f(3)e 1,v>— € f(s)v
gEY;

o o o o(1
ey 83;0(2) (1) 83;0(2) (1)

fo(2)
= € Vy(3) = V.(F X v).
B ( )

gEY;

This clearly corresponds to properties of the scalar triple product.
We now apply the divergence theorem.

Theorem 19.9.2 Suppose that U is an open subset of R® with B =
U C V, and with boundary M consisting of a finite disjoint union of
2-manifolds. Then

/ (V x F)(y) du(y) = — / (F(z) x n?) dos(x).
B

M

Proof  Let v be a unit vector in R?. Using the preceding proposition and
the divergence theorem,

</ (V x F)(y) dvg(y),v> —/ (V x F)(y),v) dvs(y)
B B
_ / V.(F(y) x v) dvs(y)
B
_ / (F(z) x v,n}) dos(w)
M
= _/ (F(z) x nf,v) doa(z)
M

_ </M(F(a;) « n;)d@(x),u> .

This holds for all unit vectors v, and so the result follows. O

Suppose that g € V. We apply the theorem to balls B,.(xg) C V. Suppose
that B.(z9) C V and that G is a continuous vector field on V. We set

1 3
o). GO = / o Clant)

1 |
ar(G)e0) = 5 o)) /sr(m) Gl do2l0) = G /sr(xo) Gloydoa )

A (G)(20) =
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A, (G) is the average value of G on the ball B,(zg) and a,(G) is the average
value of G' on the sphere S, (x¢).

Corollary 19.9.3 —3a,(F x n})(zo)/r — (V x F)(xo) as r — 0.

Proof  For A,.(V x F)(xo) = —3a,(F x n})(xo)/r and A.(V x F)(zg) —
(V x F)(x9) as r — 0. 0

This expresses V x F' as a limit of volume integrals.

It is more informative to express the components of V x F as a limit
of planar line integrals. In order to simplify notation, let us suppose that
zo = 0, and let us consider the component of V x F' in the es direction. By
Proposition 19.9.1,

(V% Freg) = V.(F x e5) = V.(fze1 = frea) = 12— 2L
Ify = yie1+yaea € UNeg, let G(y) = fa(y)e1— f1(y)ea. The two-dimensional
divergence of G in the plane satisfies V.G = (V x F,es3). Suppose that
N, (0) CU. 0 <7 <o, let 4, : [0,27] — E be the circular path ~,(s) =
r(cos s e1+sinses) in UNes, and let B, be the disc {w : w € ez, |w|| < r}. If
Y (s) € [vr], then n;(s) = cos(s) e +sin(s) ea. Applying the two-dimensional
divergence theorem, it follows that

/ (VX F)(y),es) dvz(y)—/ V.G(y) dva(y)
B,

B,
27
—r /0 (Foln(s)) — f1(n(s))) ds.

Now ~.(s) = r(—sinsej + cos s e3), and the unit tangent ¢(v,(s)) at v,.(s) is
—sinsej + cos s eg, so that

2
[ 5B} duaty) = [ (FOn(s)) () ds
B 0

r

21
—r /0 (F(0()). £ () ds.

Theorem 19.9.4

2
(7 5 F)O)es) = lim — [ (P Go()(5) ds

r—0 7772

] 1 21
— lim = /0 (F(n(s)), t(1(5))) ds.

r—=0 "
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Proof  For

1
A, =

= 2 |, (< F)w).cs) dual) = ( x )0).es)

"

as r — 0. |

Exercise

19.9.1 Suppose that F and G are vector fields on an open set U in R3 and
that f is a continuously differentiable function on U.
(i) Show that V x (fG) =V f x G+ f(V.G).
(ii) Let

0 0 0
GV =g15 ~+925 ~+0g35
I

(9.%‘2 83:3'
Show that V x (F x G) = (V.G)F — (V.F)G + (G.V)F — (F.V)G.



Appendix B

Linear algebra

B.1 Finite-dimensional vector spaces

We are concerned with real vector spaces, but the results extend readily to
complex vector spaces, as well. We describe briefly the ideas and results that
we need .

Let K denote either the field R of real numbers or the field C of complex
numbers. A wvector space E over K is an abelian additive group (E,+),
together with a mapping (scalar multiplication) (A, z) — Az of K x E into
E which satisfies

for \,u € K and =,y € E. The elements of E are called vectors and the
elements of K are called scalars.

It then follows that 0.z = 0 and A\.0 = 0 for x € F and A € K. (Note
that the same symbol 0 is used for the additive identity element in £ and
the zero element in K.)

A non-empty subset F' of a vector space E is a linear subspace if it is
a subgroup of E and if Ax € F whenever A € K and = € F. A linear
subspace is then a vector space, with the operations inherited from E. If A
is a subset of F then the intersection of all the linear subspaces containing
A is a linear subspace, the subspace span (A) spanned by A. If A is empty,

1 For a fuller account, see, for example, Alan F. Beardon, Algebra and Geometry, Cambridge
University Press, 2005.
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then E4 = {0}; otherwise
Es={Mai1+ -+ a,:neN,\N € K,a; € Afor1<i<n}

A subset B of F is linearly independent if whenever by, . .., by are distinct
elements of B and Ay, ..., \; are scalars for which

Abr+ -+ Nebp =0

then Ay =--- = Ap = 0. A subset B of F which is linearly independent and
which spans F is called a basis for E.

A vector space FE is finite-dimensional if it is spanned by a finite set,
Every finite-dimensional vector space E has a basis.

Proposition B.1.1 If A is a linearly independent subset of E contained
in a finite subset C' of E which spans E then there is a basis B for E with
ACBCC.

Proof  Consider a maximal linearly independent subset of C' which
contains A, or a minimal spanning subset of C' which contains A. O

Corollary B.1.2 FEvery finite-dimensional space E has a basis.
Proof Take A=), C a finite spanning set. O

When we list a basis as (by,...bq), we shall always suppose that the
elements are distinct.

Proposition B.1.3 If B = (by,...,bq) is a basis for E, then any element
x of E can be written uniquely as © = x1by + + -+ + x4bg (where x1,..., x4
are scalars).

Proof  Since B spans E, x can be written as x = x1b1 + - -+ + xgbg. If
r = ziby + -+ + xlbg then (xy — 2))b1 + -+ + (g — 2}))bg = 0, so that
z; —x, =0 for 1 < i <d, by linear independence. O

Proposition B.1.4 IfB = (by,...,bx) and C = (c1,....c;) are finite bases
for E then k = 1.
Proof For 1 <i <k we can write b; = Zé-zl vjicj, and for 1 < 5 <1 we

. k
can write ¢; = Y . 4 Bmjbm. Then

l

I K
bi =Y Yji( Y Bmjbm) = > Bmjvji | bm.
7j=1 m=1 m 1

=1 j=
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Since (by,...,bg) is a basis, the expression for b; is unique, and so
1 = Zé-:l Bijvji- Consequently, k = Zle(zgzl Bijyji)- Similarly, I =
Y (2 i), and so k=1, O

Corollary B.1.5 If B ={by,...,bs} is a basis for E, and A is a linearly
independent subset of E then A is a finite set, and |A| < |B|.

Proof  Suppose that F' is a finite subset of A. By Proposition B.1.1, there
exists a finite basis G of E with ' C G C F U B. Then |F| < |G| = |B].
Since this holds for all finite subsets of A, A is finite, and |A| < |B]. 0

Thus any two bases have the same number of elements; this number is
the dimension dim F of E. If dim ¥ = d, we say that F is d-dimensional.

Corollary B.1.6 If C' is a spanning subset of a k-dimensional vector space
E and |C| = k then C is a basis for E.

Proof  For C' contains a subset B which is a basis, and |B| = k = |C], so
that C' = B. O

As an example, let E = K% the product of d copies of K, with addition
defined coordinatewise, and with scalar multiplication

A(xlr..,xd)::(Axlr..,Axd)

Lete; = (0,...,0,1,0,...,0), with 1 in the jth position. Then K%is a vector
space, and (eq,...,eq) is a basis for K? the standard basis. As another
example, let My, = Mg (K) denote the set of all K-valued functions on
{1,...,d} x{1,...,k}. Mgy, becomes a vector space over K when addition
and scalar multiplication are defined coordinatewise. The elements of Mg,
are called matrices. We denote the matrix taking the value 1 at (i,j) and
0 elsewhere by E;;. Then the set of matrices {E;; : 1 <1i < d,1 < j <k}
forms a basis for My, so that My has dimension dk. A matrix ¢ in Mgy
is denoted by an array

t11 . tlk
tar  -.- tak
If1<i<dand1l<j <k, let
t1;
ri = [ti1, ..., tik) and let ¢; =
tgj

r; is the ith row of t and ¢; is the jth column of t.
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We denote Mg 4 by Mg: My is the vector space of square matrices. We
define the identity matrix I to be [ = Z?Zl Ej;.

B.2 Linear mappings and matrices

A mapping T : E — F, where F and F' are vector spaces over the same field
K, is linear if

Tx+y)=T(x)+T(y) and T(Az) =AT'(x) forall A € K,z,y € E.

The image T'(E) is a linear subspace of F' and the null-space N(T) = {z €
E :T(x) = 0} is a linear subspace of E. If E is finite-dimensional, then the
dimension of T'(E) is the rank of T' and the dimension of N (T') is the nullity
n(T) of T.

Theorem B.2.1 (The rank-nullity formula) IfT : E — F is a linear
mapping and if E is finite-dimensional then

rank(7) + n(T) = dim E.

Proof  Let B be a basis for E. Then T'(B) spans T'(E), and so T(E) is
finite-dimensional. Let (yi,...,y,) be a basis for T(E) and let (z1,...,zy,)
be a basis for N(T). For each 1 < j < r there exists z; € E such that
T(z;) = y;. We show that (z1,...,%,21,...,%y) is a basis for E, so that
rank(7T') + n(T) = dim E.

Suppose that € F and that T'(x) = \My1 + -+ + Ay Let v = Az +
-+ + Azp. Then T'(v) = T'(x), so that

u=x—v € N(T) =span (z1,...,2T,).

Thus = u+v € span(21,..., 2, T1,..., &), and (21,..., 20, T1,...,Zp)
spans E. If

r=Az1+ -+ N2p) + (w1 + -+ ppz,) =0

then T(x) = A\y1 + -+ + Ay, = 0, so that \; = 0 for 1 < i < 7,
and x = pixy + -+ + ppry, = 0. Hence pu; = 0 for 1 < j < n. Thus
(21, Zry X1, ..., 2y ) is linearly independent. O

A bijective linear mapping J : £ — F'is called an isomorphism. A linear
mapping J : E — F is an isomorphism if and only if J(E) = F and
N(J) = {0}. If J is an isomorphism, then dim £ = dim F'. For example, if
(fi,...,f4) is a basis for F then the linear mapping J : K¢ — F defined by
JA, .o M) = Afi 4 - 4 Agfq is an isomorphism of K onto F.
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The set L(E, F) of linear mappings from E to F' is a vector space, when
we define

(S+T)(z) =S(x)+T(z) and (AS)(z) = A(S(x))

for S, T € L(E,F),x € E,LAX€ K.If T € L(E,F) and S € L(F,G) then the
composition ST = SoT isin L(E,G). We write L(E) for L(E, E); elements
of L(E) are called endomorphisms of E.

An element T of L(E,F) is invertible if there exists an element 7!
L(F,E), the inverse of T, such that T~ o T = I, the identity on E, and
T oT~! = Ip, the identity mapping on F. T is invertible if and only if it is
a linear isomorphism of E onto F.

The set of invertible elements of L(FE) is a group under composition,
with identity element Ig. It is called the general linear group GL(E). When
E = K%, it is denoted by GLy(K). It follows from the rank-nullity formula
that if T' € L(E), then T is invertible if and only if it has a left inverse, and
if and only if it has a right inverse.

Suppose that E and F are finite-dimensional vector spaces over K, and
that (e1,...,ex) is a basis for E, (f1,...,fq) a basis for F' and that T €
L(E,F). Let T(e;) = % i fi.

k d

Ifz= Zx]e] then T'(z) = Z Zt”x] fi- (%)

J=1 i=1

Proposition B.2.2 The mapping T — (t;;) is then an isomorphism of
L(E,F) onto Mgy, so that dim L(E, F) = dk = dim E.dim F.

Proof ~ The mapping T' — (t;;) is clearly linear and injective. On the other
hand, if (t;;) € Mg then the formula (x) defines an element T' € L(E, F)
whose image is (t;;), and so the mapping is also surjective. O

We say that T is represented by the matrix (;;). If (g1, ..., g;) is a basis for
G, and S € L(F,G) is represented by the matrix (sp;) then the product R =
ST € L(E,G) is represented by the matrix (r4;), where rp; = Z?:l Shitij-
This expression defines matrix multiplication.

A matrix ¢ in My is invertible if the element T € L(K%) which it defines
is invertible. This is so if and only if there is a matrix ¢t~! in My such that
tt—1 =t 't = I. The matrix ¢! is then unique: it is the inverse of t.

As an example, suppose that (e1,...,eq) and (f1,...,fqs) are bases of
E. Then the identity mapping I : (E,(f1,...,fa)) — (E,(e1,...,eq)) is
represented by a matrix b. I is invertible, and so therefore is b. Then b~!
represents the mapping I : (E,(e1,...,eq)) — (E,(f1,...,fd)). Suppose



596 Appendiz B

now that 7' € L(E) and that T is represented by the matrix ¢ with respect
to the basis (e1,...,eq) . Then, considering the composite mapping

(B, (fr,- f2) 5 (B, (e1, ... eq) 5 (B, (1. eq) = (B, (f1,..., f)),

we see that T' is represented by the matrix b~'tb with respect to the basis
(f1,-s fa)

If T € L(K?) and T is represented by the matrix ¢ = (¢;;), then ¢ can be
written as a finite product of matrices of a particularly simple form.

A matrix of the form I 4+ AE;;, where A is a scalar and ¢ # j, is called an
elementary shear matriz. Such a matrix is invertible, with inverse I — A\Ej;;.
The corresponding element of L(K?) is called an elementary shear operator.
The matrix product (I + AE;;)t is the matrix obtained by adding A times
the jth row of ¢ to the ith row, and leaving the other rows unchanged.
This multiplication is call a row operation. Similarly, the matrix product
t(I + \Ej;) is the matrix obtained by adding A times the ith column of ¢ to
the jth column, and leaving the other rows unchanged. This multiplication
is call a column operation.

A matrix of the form A\ Eq1 + - + A\gFEg4q, where A1, ....)\g are scalars,
is called a diagonal matriz and is denoted by diag(A1, - - Ag). If it is invert-
ible, the corresponding element of L(K?) is called a scaling operator. The
matrix product diag(\y,--- Ag)t is obtained by multiplying the ith row of ¢
by A;, for 1 < ¢ < d, and the matrix product tdiag(Ai,---Ag) is obtained
by multiplying the jth column of ¢ by A;, for 1 < j < d. The matrix
diag(A1, - - - Ag) is invertible if and only if each \; is non-zero, and the inverse
is then diag(A; !, - A ).

Theorem B.2.3 Ift € My thent = pAq, where p and q are finite products
of elementary shear matrices, and X is a diagonal matriz.

Proof  We show that there exist finite products p and ¢ for which ptq = d,
a diagonal matrix. Then p and ¢ are invertible, their inverses p and ¢ are
finite products of elementary shear operations, and ¢t = pdq.

If £ = 0 there is nothing to prove. Otherwise, by using a row operation
and a column operation if necessary, we obtain a matrix ¢’ for which ¢}, # 0.
By using row operations and column operations, we obtain a matrix ¢” for
which ¢{; = 0 and ¢} = 0 for 2 < i,j < d. Now repeat the procedure, to
obtain a matrix ¢ for which #;7 =0 for i = 1,2, for j = 1,2 and i # j, and
then iterate. O
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B.3 Determinants

If 0 € X4, the group of permutations of the set {1,...,d}, we define the

stgnature €, to be
_ o(j) —o(i)
w= 11 ( )=20)).
1<i<j<d

Then ¢, = +1. If 0,7 € ¥, then

&= 1 (0(7(3‘))_—7(7(@)))

1<i<j<d J—t
) 1Sg§d <U(TT(8§ : :E;(i))> 1gggd (%ﬂ) RS

Thus the mapping ¢ — €, is a homomorphism of the group ¥, into the
multiplicative group Do = {1, —1}. The kernel

Ag={oc€eX; e =1}

is the alternating group. If o is a transposition, then ¢, = —1. Any permuta-
tion can be written (in many ways) as a product of transpositions; it follows
that the number of transpositions is always even if €, = 1 and is always odd
if e, = —1.

Suppose now that ¢ € My 4. The determinant dett is defined as

dett = Z Ecrtl,o(l) s tdﬁ(d)'
oEY,

Note that, since €, = €¢,-1,

dett = Z €olo-1(1),1 - to—1(d),d = Z €olo(1),1 -+ Lo(d),d-
0€Xq 0€Xq

Here are some basic properties of the determinant function.

Theorem B.3.1 Suppose that t,u € Mgq, that A = diag(Ai,...,\g) is a
diagonal matriz and that s = I + pk;; is an elementary shear matriz.

(i) det A = A1 ... A\g and det t\ = dett.det \.

(ii) If t has two equal columns, then dett = 0.

(iii) det s = 1 and detts = dett.

(iv) det tu = det t. det u.
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Proof (i) It follows from the definition that det A = A;... \4.

dett) = Z €ol1,0(1)Aa(1) - - - Ld,o(d) Ao (d)
oEYy

=A... N\ Z €oll,o(1) - - - ldo(d) = det t. det \.
0€Xy

(ii) Suppose that the kth and the [th columns are equal. Let 7 be the
transposition (k,1) ; then t;; = t;-(;), for 1 < 4,5 < d. Then

dett = Z €ot1,0(1) - - tdo(d) + Z €ral17(0(1)) - - - Ld,r(0(d))

oEA, ogEAy
= Z Egt]‘7a(1) R td,a(d) +€r Z Egt]‘7a(1) . td,a(d) =0.
o€A, ogEA,

(iii) It follows from the definition that det s = 1.

det ts = Z edtcr(l),l e (to(]),] —+ /’Ltcr(_]),l) e td,o’(d)
TEX,

=dett+pu Z €olo),1 - Lo(i)yi- - to(j)i- - Lo(d),d = det t,
gEY,

since the second sum is the determinant of a matrix with two equal columns.
(iv) By Theorem B.2.3, we can write u = pAq where p and ¢ are products
of elementary shear matrices, and A is a diagonal matrix. Then

det u = det pAqg = det pA = det p.det A = det A

and
det tu = det tpAg = det tp\ = det tp. det A\ = det t. det u.

The determinant determines whether or not a matrix is invertible.

Corollary B.3.2 A matriz w in Mgg is invertible if and only if its
determinant is non-zero.

Proof By Theorem B.2.3, u = pAg, where p and ¢ are products of ele-
mentary shear matrices and A\ = diag(A,...,\y) is a diagonal matrix. Thus
detu = detp.det Adet g = det A = A1 ... \g. Since elementary shear matri-
ces are invertible, u is invertible if and only if d is. But d is invertible if and

only if A;...\g # 0. O
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If w is invertible then w.u™' = I, so that 1 = det] = detuu™!' =
det u.detu™!, and det u™! = (detu)~'.

Suppose now that 7" is an endomorphism of £ which is represented by a
matrix ¢ with respect to a basis (e, ..., eq) and by a matrix s with respect to
a basis (f1,..., f4). Then there is an invertible matrix b such that s = b~ '¢b,
and so det s = det b—!. det t. det b = det ¢. This means that we can define the
determinant det T of the endomorphism 7" to be det¢: the definition does
not depend on the choice of basis.

B.4 Cramer’s rule

Suppose that u € Mgy 4 is invertible. How can we calculate its inverse?
Suppose that 1 < 4,j < d. Define the matrix u(#9) e Mg 4 by setting

N 1 ifk=7andl =7,
“1(517]): 0 if k#iandl=j,

uy;  otherwise.

The matrix u(7) is obtained by changing the terms in the jth column of w.
Thus

wir v w1 00wy o ug
N Ui—1,1 o Uim1j-1 0 w141 0 Ui—1d
27 —
uD = g w1 w0 Uig
Uir11 -0 Uip1-1 0 wip1541 0 Uip1d
L Uar o ugi—1 0 w1 o ugg

Let Uj; = det u(%7), Note the change in the order of the coefficients. The
matrix U is called the adjugate of the matrix u. It follows from the definition
of the determinant that detu = Zle Ujiuij. On the other hand, if j # k,
replace the jth column of u by the kth, to give the matrix ul"*). Then vl
has two columns equal, so that

d
det ulF = Z Ujiug, = 0.
i=1

Thus U.u = (detu)l, and so u~! = (1/det u)U. This formula is known as
Cramer’s rule.
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Let us give one explicit example.

Example B.4.1 Suppose that u is in SO(3), the group of orthogonal
matrices with determinant 1. Then

U22U33 — U23U32  U13U32 — U12U33  UI2U23 — UTI3U22

-1
U =U= U23U31 — U21U33  UITU33 — UI3U31  UI3U21 — UL1U23
U21U32 — U22U31  U12U31 — UI1UI2  UITU22 — UI2U21

B.5 The trace

If t € My, we define the trace tr(t) of ¢t to be the sum of the diagonal terms:
tr(t) = E?:l tii. If s,t € My then

d d d

d
tI‘(St) = Z Z Sijtji = Z (Z tjisij> = tI‘(tS).
i=1

i=1 \j=1 j=1

Suppose now that 7" is an endomorphism of F which is represented by a
matrix ¢ with respect to a basis (e, .. ., eq) and by a matrix s with respect to
a basis (f1,..., f1). Then there is an invertible matrix b such that s = b=1¢b,
and so tr(s) = tr(b~'tb) = tr(tbb~!) = tr(¢). This means that we can define
the trace tr(T") of the endomorphism 7' to be tr(¢): the definition does not
depend on the choice of basis.
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Exterior algebras and the cross product

C.1 Exterior algebras

Suppose that F is a real vector space. An element of F, a vector, can be
considered to have magnitude and direction. In the same way, if x and y are
two vectors in E then they somehow relate to an area in span (z,y). If we
wish to make this more specific, we certainly require that the area should be
zero if and only if  and y are linearly dependent. A similar remark applies
to higher dimensions. We wish to develop these ideas algebraically.

A finite-dimensional (associative) real algebra (A, o) is a finite-dimensional
real vector space equipped with a law of composition: that is, a mapping
(multiplication) (a,b) — aob from A x A into A which satisfies

e (@ob)oc=ao(boc) (associativity),
eao(b+c)=aob+aoc,
e(at+boc=aoc+boc,

e Maob)=(Aa)ob=ao(A\b),

for A € R and a,b,c € A. (As usual, multiplication is carried out before
addition).

An algebra A is unital if there exists 1 € A, the identity element, such
that 1oa = aol = a for all a € A. For example, My(R) and My(C) are
unital algebras. Both R and C can be considered as finite-dimensional real
algebras: R has real dimension 1 and C has real dimension 2.

Suppose now that F is a finite-dimensional real vector space. An exterior
algebra for E is a unital algebra (A\*(E), A), together with an injective linear
mapping j : E — A\*(F) with the following properties.

(1) j(x1) A+ AN j(zr) = 0 if and only if z4,...,z, are linearly dependent
elements in E.

601
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(1) j(E) generates \*(F): any element of A*(F) can be written as a linear
combination of the identity and products of the form j(z1) A --- A j(zk).

We identify E and j(E), and so we write x for j(x).

Proposition C.1.1  If (A" (E), \)is an exterior algebra for E and z,y € E
then x Ny = —yAx. More generally, if x1, ...z € E and o is a permutation
of {1,...,k}, then

To1) N NTok) = €6T1 N -+ A\ T
Proof  For
O=(x+yA(z+y)=zAhz+zAy+yAz+yAy=xzAy+yAz.

The second statement follows from this, since o can be written as a product
of transpositions which transpose two adjacent elements of {1,...,k}. O

This shows first that any area that x Ay might represent is a signed area,
so that the value may be positive or negative, and secondly that the order
of the terms in a product is all-important.

We must show that an exterior algebra exists, and that it is essen-
tially unique. It is possible to define the exterior algebra in a coordinate
free way, but it is probably simpler to use a basis (e1,...eq) of E. We
set Q = {1,...,d}. We consider a 2¢-dimensional space \*(E) with basis
{ea : A C Q} indexed by the subsets of F; thus an element x of A\*(E)
can be written uniquely as © = ) ,-qxaea. We define the mapping j
by setting j (Zle xi€e;) = Zle zieq;, and define multiplication in in the
following way.

e ¢ is the identity element of A\*(F);
e If ANB # (), then e4 Aeg = 0;
o If A and B are disjoint, and if AU B = C, then we can write

A:{Z'1<...<Z'|A‘}
B:{j1<...<j|B|}
C:{k1<'-'<k|0\}-

Here the order of the terms is all-important. If A, B C (), we denote the
sequence (i1,...,%4,J1,---,7B|), by A#B. Let o be the permutation of
C which arranges the sequence A# B in increasing order. We define e4Aep
to be e, ec.
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e We extend multiplication by linearity. If z = > ,-qzaea and y =
ZBQQ ygen, then

T Ay = Z{»TAZ/BGA/\GB : A, B C Q}.

First we show that this multiplication is associative. Suppose that A, B,
C are subsets of . If A, B and C' are not pairwise disjoint, it is easy to see,
be considering various cases, that (e4 Aep) Aec =0 and eq A (eg Aec) = 0.
Suppose that A, B and C' are pairwise disjoint, and that D = AUBUC'". Then
(eaNep)Nec = eyep, where o is the permutation obtained by first arranging
A# B in increasing order, and then arranging (AU B)#C in increasing order.
Similarly eq A (eg A ec) = erep, where 7 is the permutation obtained by
first arranging B#C' in increasing order, and then arranging A#(BUC) in
increasing order. Clearly o = 7, so that (ea Aep) Aec = ea A (epNec). The
associativity of multiplication follows from this: A*(FE) is a unital algebra.

Next we show that condition (}) is satisfied. First suppose that z1, ...,z
are not linearly independent. Then there exist Ai,..., g, not all zero, such
that Z?Zl Ajzj = 0. Without loss of generality, A, # 0. Then

k
O:$1/\---/\xk_1/\(2)\jl’j):Ak(xl/\--'/\$k),

j=1
so that x1 A+~ Axp = 0.
Secondly, suppose that x1, ...,z are linearly independent. By Proposi-
tion B.1.1, there exist zj1,...,Zq, so that (z1,...,24) is a basis for E. Let

;= Z?:l x;j¢;. Expanding the terms in the product, we see that

TIN- Nag = (Z €oTo(1),1 - - -%(d),d) eq = (det X)eq,
O'EZd

where X is the matrix (z;;). But X is the matrix of the endomorphism
T € L(E) which maps e; to z;, for 1 < j < d. This is invertible, and so
det X #0. Thus 1 A---Axg#0,and so z; A--- Az #0

Finally it follows from the construction that the condition (f) is satisfied.

It is easy to see that the exterior algebra is essentially unique. Suppose
that (F,A\’) is an exterior algebra for F, with mapping j/ : F — F. If
A = {il < L < Z|A‘} C Q, let 7T(€A) = j/(eil) AN j/(eiw). Then
it follows from (f) that m(es) # 0, and from the construction of A\*(F)
that w(ea) N w(ep) = m(ea A ep). Thus 7 extends to an injective algebra
homomorphism of A*(E) into F. Finally, condition (}) ensures that 7 is
surjective.
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As a result, we refer to ‘the exterior algebra’ \*(FE) of E, rather than ‘an
exterior algebra’.
The exterior algebra \*(E) is a graded algebra; we can write

N(E)=R1¢Ea(ENE)e o\ E) oo \UE),

where A*(E) = span{az1 A --- Az ¢ x1,...2;, € E}. That is to say, if
y € \*(E) then y can be written uniquely as y = yo.1 + 22:1 Yr, where
y € NM(E) for 1 <k < d.

If (e1,...,eq) is a basis for E as above, then expanding the products, it
follows that A*(E) = span{es : |A| = k}, so that A\"(E) has dimension
(Z) In particular, /\d(E) is one-dimensional, and in this setting, is the span
of eq; eq is called the unit volume element. As we have seen, if we consider
a different basis (f1,..., fq), then fo = (detT)eq, where T is the linear
mapping which sends e; to f;, for 1 < j < d. In particular, if F is a Euclidean
space and (eq,...,eq) and (f1,..., fq) are orthonormal bases, then fo = eq
it T'e SO(E), and fq = —eq otherwise. In the former case, the bases have
the same chirality, or handedness, and in the latter, opposite chirality, or
handedness.

Exercise

C.1.1 The elements of £ A E are called bivectors, and elements of the form
x Ay are called simple bivectors. Suppose that (eq,...e4) is a basis for
a four-dimensional space E. Calculate

(61/\62+63/\64)/\(61/\62+63/\64),

and conclude that e; A ey + ez A eq is a bivector, but not a simple
bivector.

C.2 The cross product

We now restrict attention to the case where E is a three-dimensional
Euclidean space, with orthonormal basis (ej,ez2,e3). Then A*(E) is an
eight-dimensional unital algebra, and

N\*(E)=R1@Ee (EAE)® Req.

Let f1 = ex Aes, fo = e3Aep and f3 = e Aey. Then (f1, fo, f3) is a basis
for ENAFE. If u=uje; +uges + uzes and v = vie; + voeg + vzes then

u A v = (ugvz — ugva) f1 + (ugvi — w1v3) fa + (u1ve — ugvy) f3.
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Proposition C.2.1 FEvery element of E A E is a simple bivector.

Proof  Suppose that y = y1f1 + yofo + ysfs € ENE. If y; = 0 then
y = e1 A (yse2 — yzes), and if y1 # 0 then

y = (y2e1 — y1€2) A (y3e1 — y1e3) /y1.
0

Suppose that z,y,z € E. Then x Ay Az = v(z,y, z)eq, where v(z,y, z) is
the signed volume of the parallelepiped defined by z, y and z. Let ¢, .(z) =
v(z,y,z). Then ¢, . is a linear functional on E. By the Fréchet-Riesz rep-
resentation theorem (Theorem 14.3.7), there exists a unique element of F,
which we denote by y x z, such that

’U($,y,2’) = ¢y,z($) = <$ay X Z> .

The vector y x z is called the cross product of y and z. Since (y,y X z) =
yAyAz=0and (z,yxz) =2AyAz =0,y x zis a vector which is
orthogonal to span (y, z).

The quantity (x,y x z) is called the scalar triple product of z, y and z.
Since x Ay A z = (x,y X 2) eq,

2,y % 2) = (g, 2 x &) = (2, x y) = det T,

where T is the endomorphism of E which maps e; to x, es to y and e3 to z.

The mapping (y, z) — y X z is a bilinear mapping of E x E onto E, which
satisfies y X z = —z X y. Similarly, the mapping y A z — y X z is a bijective
linear mapping of £ A E onto E.

It is important to note that the cross product is not an associative product.
For example, e; X (€1 X e3) = e1 X e3 = —eg, while (e1 x e1) X eg = 0x ey = 0.

Let us consider the cross product in more detail. Suppose that z,y,z € E.
If y and z are linearly dependent, then y x z = 0. Otherwise, let g1 = y/ ||y||,
let w=2z—(z,91)¢1 and let go = w/ ||w||. Then y X z = y x w, and g1 and
go are orthogonal unit vectors. Let g3 be the unit vector orthogonal to ¢y
and go for which g1 A go A g3 = eq. Then

(91,91 X g2) =0, (92,91 X g2) = 0 and (g3,91 X g2) = 1,
so that g; X go = g3. Consequently,

yxz=yxw=(lyllwl)gr > g2 = (lylllwl])gs.

Now

2 2 2 2 2 2 2
[wl|* = [|2[1" = 2 {2, 910" + (z,90" = lI2I" = {z,9)" / ly]I",
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and so
2 2 2 2
lly < 2[|” = [lyll” |2]I" — (2, v)

What can we say about the vector triple product x x (y x z)?

Proposition C.2.2  Suppose that z,y,z € E.
(i) v x (yx z) = (x,2)y — (2,9) 2.
(ii) X (yxz)+yx(zxz)+zx(zxy)=0.

Proof (i) If y and z are linearly dependent, both sides of the equation are
zero. Otherwise, let us use the notation above. Since

r=(x,01) 1 + (,92) g2 + (2, 93) g3,

zx (yxz)=(lyll- vz, g91) (91 % g3) + (2, 92) (92 % g3))
= (llyll - [wl) (= (z, 91) g2 + (x, g2) 91)
=—(z,y)w+ (z,w)y.
But

(T y)w=—(z,y) 2+ (2,9) (2,01) ¢
and (z,w)y = (r,2)y — (2,01) (z, 1) y = (7, 2) y — (2, 01) (z,9) 91

Adding, we obtain the result.
(ii) follows by adding the formulae for each of the three terms. O



Appendix D
Tychonoft’s theorem

We prove Tychonoff’s theorem, that the topological product of compact
topological spaces is compact. The key idea is that of a filter. This generalizes
the notion of a sequence in a way which allows the axiom of choice to be
applied easily.

A collection F of subsets of a set S is a filter if

Flif F€ F and G DO F then G € F,
F2if € Fand G € F then FNG € F,
F3 0 ¢&F.

Here are three examples.

o If A is a non-empty subset of S then {F': A C F'} is a filter.

 Suppose that (X, 7) is a topological space, and that x € X. The collection
N, of neighbourhoods of z is a filter.

e If (s5,) is a sequence in S then

{F : there exists N such that s, € F forn> N}

is a filter.

Filters can be ordered. We say that G refines F, and write G > F, if
GDF.

We now consider a topological space (X, 7). We say that a filter F con-
verges to a limit  (and write F — x) if F refines N,. Clearly if G refines F
and F — z then § — z.

The Hausdorff property can be characterized in terms of convergent filters.

Proposition D.0.6 (X, 7) is Hausdorff if and only if whenever F — x
and F — y then z = y.

607
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Proof If (X,7) is Hausdorff, if 7 — =z, and if  # y then there exist
disjoint open sets U and V with x € U and y € V. Since U € N, U € F.
But then V' ¢ F, since UNV = (). Thus F does not refine ,, and so F /4 y.

Conversely if (X, 7) is not Hausdorff there exist distinct 2 and y such that
if U € Ny and V € N, then UNV is not empty. Let

F={F:F2UNV for some U € N, and V € Ny}.

Then F is a filter which converges to both = and y. O
We say that = is adherent to a filter F if € F for each F € F.
Proposition D.0.7 If F — x then x is adherent to F.

Proof Forif F € Fand N € N, then N € F and so F NN € F. Thus
F NN is not empty, and so = € F. O

Proposition D.0.8 If x is adherent to F then there is a refinement G
such that G — x.

Proof  Let
G={G:GDFNN forsome F € F,N € N}

G is a filter which refines both F and N,,. O

Suppose that S and T are sets, and that f is a mapping from S to T If
F is a filter on S the image filter f(F) on T is defined by

fF)={HCT: f'(H)eF}
It is easy to check that this is a filter.

Proposition D.0.9 Suppose that X and Y are topological spaces, that f
is @ mapping from X to'Y and that x € X. Then f is continuous at x if
and only if whenever F — x then f(F) — f(x).

Proof If f is continuous at x and F — x then if N € Nf(:n) then f~1(N) €
Nz C F, so that N € f(F). Thus f(F) refines Ny and f(F) = f(x).
Conversely if the condition is satisfied, then since N — x, f(Nz) — f(2),
so that if N € Ny, then N € f(N;), and so f~'(N) € N,. Thus f is
continuous at z. O

Proposition D.0.10 A topological space (X, T) is compact if and only if
every filter on X has an adherent point.
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Proof  Suppose that (X,7) is compact, and that F is a filter on X. The
collection of closed sets {F : F' € F} has the finite intersection property, and
so has a non-empty intersection. Any point of the intersection is adherent
to F.

Conversely, suppose that the condition is satisfied, and that C is a collec-
tion of closed sets with the finite intersection property. Let D be the set of
finite intersections of sets in C and let

F={F:F DD, for some D € D}.
F is a filter: if x is an adherent point then
ren{C:CeC}=n{C:CeC}.
]

Proposition D.0.11 A topological space (X, T) is compact if and only if
every filter on X has a convergent refinement.

Proof  Propositions D.0.7, D.0.8 and D.0.10. O

Compare this with the Bolzano—Weierstrass theorem.

Recall that if (X, )aca is a family of topological spaces, we give the prod-
uct J],c4 Xa the product topology, taking as basis of open sets the sets of
the form N7, 7w, 1(O,,), where O,, is open in X,,. This means that N € N,

if and only if N D ﬂ;‘:ﬂr;} (Na,), where No, € Ny () for some a1, ..., ay
in A.

Proposition D.0.12  Suppose that F is a filter on [ ,c 4 Xo. Then F — x
if and only if mo(F) — ma(z) for each a € A.

Proof If F — =z, then 7o (F) — ma(x), since m, is continuous. Con-
versely suppose that mo(F) — m4(x), for each a. Then if N € N,
N D N m 1 (Ny,), for suitable n, o; and Ng,. But Ny, € 7,,(F), since

Ta,(F) = 7o, (2), and so 7,1 (N,,) € F. Thus N € F, and so F — . O

One major virtue of filters is that they allow the axiom of choice, in
the form of Zorn’s Lemma, to be applied easily. The filters on a set S are
ordered by refinement. If C is a chain of filters refining F then {G : G €
G for some G € C} is a filter which is an upper bound for C. Thus by Zorn’s
Lemma, every filter has a maximal refinement. A maximal filter is called an
ultrafilter.

Proposition D.0.13  FEvery filter has an ultrafilter refinement.
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Proposition D.0.14 If U is an ultrafilter on S and A C S then exactly
one of A and C(A) is inU. Conversely if F is a filter on S with the property
that if A C S then either A € F or C(A) € F then F is an ultrafilter.

Proof  Since ANC(A) = (), at most one of A and C'(A) can belong to U.
Suppose that A N U is non-empty, for each U € U. Then the sets {V : V D
ANU for some U € U} form a filter which refines ¢, and so is equal to U, by
maximality. Thus A € U. Otherwise, there exists Uy € U such that AN Uy
is empty. Then C(A) D Uy, so that C'(A) € U.

Conversely, let G be a refinement of F, and suppose that G € G. If C(G) €
F, then C(G) € G, giving a contradiction. So G € F, and F is maximal. O

Proposition D.0.15 IfU is an ultrafilter on S and f is a mapping from
S to T then f(U) is an ultrafilter on T

Proof 1If B C T then f~1(C(B)) = C(f~1(B)), so that either f~1(B) €U
or f~Y(C(B)) € U. Thus either B or C(B) is in f(U). O

Proposition D.0.16 A topological space (X, T) is compact if and only if
every ultrafilter on X converges.

Proof 1If (X,7) is compact and U is an ultrafilter on X, then U has a
convergent refinement, by Proposition D.0.11. But any refinement of U is U
itself.

Conversely, if the condition is satisfied, and F is a filter on X, then
F has an ultrafilter refinement, by Proposition D.0.13. This converges, by
hypothesis, and so (X, 7) is compact, by Proposition D.0.11. O

Theorem D.0.17 (Tychonoff’s theorem) If (Xu,7a)aca is a family of
compact topological spaces, then [ ], c 4 Xo is compact in the product topology.

Proof  Let U be an ultrafilter on [] . 4 Xa. Then for each a, 7, (U) is an
ultrafilter on X,, and so it converges, to z,, say. Let x = (z4), so that
Zo = To(xz). Then U — z in the product topology, by Proposition D.0.12.
This gives the result. g

Exercises

D.0.1 Suppose that F is a filter on S, and that f is a mapping from S to
T. When is {f(F) : F € F} a filter?

D.0.2 Let (z,) be a sequence in a topological space (X, 7), and let F be the
filter {A : there exists N such that z,, € A for all n > N}. Show that
T, — x if and only if F — .
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D.0.4

D.0.5
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A collection B of non-empty subsets of S is a filter base if whenever
B, By € B then there exists B € B with B3 C By N By. Show that

F ={F:F D B for some B € B}

is a filter.

A filter base B is free if N{B : B € B} = (). Characterize compactness
in terms of the non-existence of certain free filter bases.

Suppose that for each x in a set X there is given a filter A, with the
following properties:

(a) x € N for each N € Ny;

(b) if N € N, there exists M € N, with M C N such that M € N,
for each y € M.

Show that the collection of sets {U : U € Ny forally € U} is a
topology on X and that the filters NV, are the neighbourhood filters
for this topology.
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linear operator, 400
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discrete, 305
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normal, 371, 383, 384, 432
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open mapping theorem, 423
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operator
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scaling, 534, 596
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414
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Osgood’s theorem, 381, 385
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parallelogram law, 315
parametrization, 549
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path, 470
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scalar multiplication, 591
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special linear group, 548
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split, 464
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step function, 514
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subcover, 431
submersion, 545
c®) 545
smooth , 545
Sunyer y Balaguer, F., 426
symmetric, 316, 324
symmetric bilinear form, 313
symmetric difference, 308
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T4 space, 371, 379
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tangent bundle, 551
tangent space, 549
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tend, 330, 337, 354
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for Banach spaces, 399
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for Banach spaces, 396
D’Alembert’s ratio
for Banach spaces, 397
Dirichlet’s
for Banach spaces, 398
Hardy’s
for Banach spaces, 398
uniform, 398
Weierstrass’ uniform M, 397, 399
for products, 397
Tietze’s extension theorem, 406, 407
topological space, 353
subspace, 355
topologically complete, 392
topology, 349
Bernoulli, 365
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cocountable, 355
cofinite, 355, 379, 433
discrete, 355
finer or stronger, 354
indiscrete, 355
metric space, 353
of a metric space, 345
of local uniform convergence, 458
of pointwise convergence, 364
one-sided, 355
product, 363
quotient, 355
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subspace, 355
Zariski, 355
totally bounded, 439
trace, 600
track, 473
translation, 320
translation-invariant, 309
transpose, 546
triangle inequality, 303
Tychonoff’s theorem, ix, 607, 610

ultrafilter, 609

ultrametric, 349

unit sphere bundle, 552

unit vector, 310

unit volume element, 604

unitary space, 317

upper semi-continuous, 360

Urysohn’s lemma, 352, 373, 408

Urysohn’s metrization theorem,
378, 443

vector, 591

vector derivative, 589

vector field, 572
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vector space, 591

vector triple product, 606

vertex, 471

volume, 513

well-linked, 469
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