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Introduction

This book is the first of three volumes of a full and detailed account of those
elements of real and complex analysis that mathematical undergraduates
may expect to meet in the first two years or so of the study of analysis.
This volume is concerned with the analysis of real-valued functions of a real
variable. Volume II considers metric and topological spaces, and functions of
several variables, while Volume III is concerned with complex analysis, and
with the theory of measure and integration.

Mathematical analysis depends in a fundamental way on the properties of
the real numbers, and indeed much of analysis consists of working out their
consequences. It is therefore essential to develop a full understanding of these
properties. There are two ways of doing this. The traditional and appropriate
way is to take the fundamental properties of the real numbers as axioms — the
real numbers form an ordered field in which every non-empty subset which
has an upper bound has a least upper bound — and to develop the theory —
convergence, continuity, differentiation and integration — from these axioms.
This programme is carried out in Part Two. This theory is meant to be used,
and Part Two ends with an extensive collection of applications. The reader
is strongly recommended to follow this tradition, and to begin at
the beginning of Part Two.

It is however right to ask about the foundations on which these axioms,
and the rest of mathematical analysis, are built. These foundations are con-
sidered in the Prologue. In the twentieth century, analysis was placed in
a set-theoretic setting, and it is worth understanding what this involves.
Chapter 1 contains an account of Zermelo—Fraenkel set theory, together
with a brief discussion of the axiom of choice and its variants. The
Zermelo—Fraenkel axioms lead naturally to the construction of the natural
numbers. In Chapter 2 it is shown that there is then a steady progression
through the integers and the rational numbers to the real numbers and the

XV



xvi Introduction

complex numbers. The problem with the natural numbers, the integers and
the rational numbers is that they are very familiar; this part of the journey
may appear to be spent proving the obvious. The construction of the real
numbers is a quite different matter. There are many possible constructions,
but we describe the first, given by Richard Dedekind. This has great virtue,
since it involves both order and metric properties of the rational numbers and
of the real numbers. The reader is urged to defer a detailed reading of
the Prologue until the occasion demands, for example when it becomes
clear how important the fundamental properties of the real numbers are, or
when it is important to consider carefully the role of induction, recursion and
the axiom of dependent choice.

The text includes plenty of exercises. Some are straightforward, some are
searching, and some contain results needed later. Many concern applications,
and all help develop an understanding of the theory: do them!

I have worked hard to remove errors, but undoubtedly some remain. Cor-
rections and further comments can be found on a web page on my personal
home page at www.dpmms . cam.ac.uk.


http://www.dpmms.cam.ac.uk

Part One

Prologue: The foundations of analysis






1

The axioms of set theory

It is probably sensible to read through this chapter fairly quickly, to find out
the terminology and notation that we shall use, and then to return later to
read it and think about it more carefully.

1.1 The need for axiomatic set theory

Mathematics is written in many languages, such as French, German, Russian,
Chinese, and, as in the present case, English. Mathematics needs a particular
precision, and within each of these languages, most of mathematics, and all
the mathematics that we shall do, is written in the language of sets, using
statements and arguments that are based on the grammar and logic of the
predicate calculus. In this chapter we introduce the set theory that we shall
use. This provides us with a framework in which to work; this framework
includes a model for the natural numbers (1,2,3,...), together with tools
to construct all the other number systems (rational, real and complex) and
functions that are the subject of mathematical analysis.

The predicate calculus involves rules of grammar for writing ‘well-formed
formulae’, and for providing mathematical arguments which use them. Well-
formed formulae involve variables, and logical operations such as conjunction
(P and Q), disjunction (P or @ (or both)), implication (P implies @), nega-
tion (not P), and quantifiers ‘there exists’ and ‘for all’, together, in our case,
with sets and the relation €. We shall not describe the predicate calculus,
which formalizes the everyday use of these logical operations (for example,
‘P implies Q’ if and only if ‘(not @) implies (not P)’), but all our arguments
and constructions will be based on it, and we shall give plenty of examples
of well-formed formulae.'

1 For a good account, see A. G. Hamilton, Logic for Mathematicians, Cambridge University Press,
1988.



4 The azioms of set theory

Since the beginning of the study of set theory by Cantor in the 1870s
and the introduction of Venn diagrams by Venn in 1881, the simple idea
of a set has become commonplace, and young children happily manipulate
sets such as {Catherine of Aragon, Ann Boleyn, Jane Seymour, Anne of
Cleves, Kathryn Howard, Katherine Parr}, or more prosaically {Alice, Bob},
or the set of numbers {5,13,17,29, 37,41, 53,61, 73,89}. In mathematics, we
consider sets of mathematical objects, such as the last of these examples. Can
we not simply consider a mathematical object to be a collection of all those
things which can be defined by a well-formed formula? Then a set would be
something of the form ‘the collection of those things a for which the well-
formed formula P(a) holds’, where P(z) is a well-formed formula with one
free variable x, and conversely, each such formula would define a set. This
approach is known as the comprehension principle. Unfortunately, it leads
to contradictions. Consider the well-formed statement ‘z does not belong to
x’; according to the comprehension principle, there should be a set b which
consists of those sets which do not belong to themselves. Does b belong to b?
If it does, it fails the criterion for belonging to b, and so it does not belong to
b. But if it does not belong to b, then it meets the criterion, and so it belongs
to b. Thus, either way, we reach a contradiction.

This phenomenon was described by Bertrand Russell in 1901, and is known
as Russell’s paradox. It caused him a great deal of pain, as he described in
his autobiography.” Concerning the events of May 1901, he wrote

Cantor had a proof that there is no greatest number, and it seemed
to me that the number of things in the world should be the greatest
possible. Accordingly, I examined his proof with some minuteness,
and endeavoured to apply it to the class of all things there are.
This led me to consider those classes which are not members of
themselves, and to ask whether the class of all such classes is or
is not a member of itself. I found that either answer implied its
contradictory.

He continued to consider the problem for several years. Describing the
summers of 1903 and 1904, he wrote

I was trying hard to solve the contradictions mentioned above.
Every morning I would sit down before a blank sheet of paper.
Throughout the day, with a brief interval for lunch, I would stare
at the blank sheet. Often when evening came it was still empty.

Russell’s paradox required a new approach to the theory of sets, which
would provide a framework where Russell’s paradox, and other paradoxes,

2 The Autobiography of Bertrand Russell, George Allen and Unwin, 1967-69.
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are avoided. In 1908, Zermelo introduced a system of axioms; these were
modified in 1922 by Fraenkel and Skolem. The resulting system, known as
the Zermelo--Fraenkel axiom system ZF, has stood the test of time, and it is
the one that we shall describe and use.

1.2 The first few axioms of set theory

In Zermelo—Fraenkel set theory, the basic objects are all called sets, denoted
by upper- or lower-case letters, and there is one relation, €. Thus, if a and
b are sets, then either a € b, or this is not so, in which case we write a & b.
(We use the symbol / to mean ‘not’, in a similar way, for other relations.) If
a € b, we say that a belongs to b, or that a is a member or element or point of
b, or, more simply, that a is in b.

The sets and the relation € are required to satisfy certain axioms, and we
shall spend the rest of this chapter introducing and explaining them.

Axiom 1: The extension axiom

This states that two sets are equal if and only if they have the same elements.
Thus the set with members 1, 2 and 3 and the set with members 1, 3, 2 and
1 are the same; the order in which they are listed is unimportant, as is the
fact that repetition can occur. Set theory is all about membership, and about
nothing else.

If a and b are sets, and every member of a is a member of b, then we say
that a is a subset of b, or that b contains a, and write a C b or b 2 a. Thus the
extension axiom says that ¢ = b if and only if a C band b C a. If a C b and
a # b, we say that a is a proper subset of b, or that a is properly contained in
b, and write a C bor b D a.

Axiom 2: The empty set axiom

This states that there is a set with no members. The extension axiom then
implies that there is only one such set: we denote it by () and call it the empty
set. It is easy to overlook the empty set: arguments involving it take on an
idiosyncratic form. It also has a rather paradoxical nature, since it is a subset
of every set a (if not, there is a member b of () which is not in a; but () has
no members). Thus (looking ahead to some familiar sorts of sets) we can
consider the set F' of natural numbers n greater than 2 for which there exist
natural numbers a, b and ¢ with a™ + b" = ¢", and we can consider the set
Q of those complex quadratic polynomials of the form 22 4+ az + b for which
the equation z? + az + b = 0 has no complex solutions. Then F = Q, since
each is the empty set.



6 The azioms of set theory

The next four axioms are concerned with creating new sets from old.

Axiom 8: The pairing axiom

This says that if @ and b are sets then there exists a set whose members are
a and b. The extension axiom again says that there is only one such set: we
denote it by {a,b}. Note that {a,b} = {b,a}: we have an unordered pair. We
can take a = b: then the set {a, a} has only one element a. We write this set
as {a} and call it a singleton set.

We can use the pairing axiom to define ordered pairs. If a and b are sets,
we define the ordered pair (a,b) to be the set {{a},{a,b}}.

Proposition 1.2.1  If (a,b) and (c,d) are ordered pairs and (a,b) = (¢, d),
then a =c and b =d.

Proof The proof makes repeated use of the extension axiom. First, suppose
that @ = b. Then (a,b) = {{a}} = {{c},{c,d}}, and so {c,d} = {a}, and
a=c=d. Thus a = b= c=d. Similarly, if c=d thena =b=c=d.
Finally, suppose that a # b and ¢ # d. Since {a} € (c,d), either {a} = {c}
or {a} = {c,d}. But if {a} = {¢,d} then ¢ = a = d, giving a contradiction.
Thus {a} = {c} and a = ¢. Since {a,b} € (c,d), either {a,b} = {c} or
{a,b} = {c,d}. But if {a,b} = {c}, then a = ¢ = b, giving a contradiction.
Thus {a,b} = {c,d}, and so b =cor b = d. But if b = c then b = ¢ = a,
giving a contradiction. Thus b = d. O

If A is a set, then all its members are sets, and they, in turn, can have
members.

Axiom 4: The union axiom

This says that there is a set whose elements are exactly the sets which are
members of members of A. We denote this set by Uscaa (here a is a variable,
so we could as well write U,c42) and call it the union of the members of A.
The essential feature of this axiom is that the sets whose members make up
the union must all be members of a single set; we cannot form the union of all
sets since, as we shall see, there is no set to which all sets belong. If A and B
are sets, we can consider the set Ugecqa pyC. This is the set whose elements
are either in A or in B: we write this as AU B.

Axiom 5: The power set axiom

There is an essential difference between the statements b € A (b is a member
of A) and b C A (b is a subset of A). The power set axiom states that if A
is a set, then there exists a set, the power set P(A) of A, whose elements
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are the subsets of A. Thus b € P(A) if and only if b C A. For example,
the elements of P({a,b}) are 0, {a}, {b} and {a,b}, and the ordered pair
(a,b) = {{a}, {a,b}} is an element of P(P({a,b})).

Axiom 6: The separation azxiom

This is particularly important, and is an axiom that is used all the time in
mathematics. It states that if A is a set and Q(z) is a well-formed formula,
then there exists a subset of A whose elements are just those members a of A
for which @(a) holds. By extensionality, there is only one such set; we denote
it by {z € A: Q(x)}. With this axiom in place, we can use the argument of
Russell’s paradox to show that there is no universal set to which every set
belongs.

Theorem 1.2.2 There is no set ) such that if a is a set then a € €.

Proof Suppose that such a set were to exist. Then the formula x ¢ x is a
well-formed formula, and so there exists a set b = {x € Q : © &€ x}. Does
b € b? If it does, it fails the criterion for membership, giving a contradiction.
If it does not, then it meets the criterion, and so belongs to b, giving another
contradiction. This exhausts all possibilities, and so no such universal set can
exist. O

Let us give some more examples of the use of the separation axiom. Suppose
that A and B are sets. The expression = € B is a well-formed formula, and
so the set {x € A : x € B} is a subset of A, the intersection of A and B,
denoted by AN B. Note that ANB = BNA={x € B:x € A}, since a
set ¢ is an element of either intersection if and only if it belongs to both A
and B. We say that A and B are disjoint if AN B = (); A and B are disjoint
if A and B have no member in common. Similarly, the expression = ¢ B is
a well-formed formula, and so the set {x € A : x ¢ B} is a subset of A, the
set difference A\ B. A\ B is also called the relative complement of B in A.
It frequently happens that we consider a particular set A, say, and are only
concerned with subsets of A. In this case, if B C A, then we denote A\ B by
C(B), or B, and call it the complement of B.

We can extend the notion of intersection considerably. Suppose that A is
a set. The expression ‘for all a € A, x € o’ is a well-formed formula with a a
bound variable and x a free variable, and so we can form the set

{z € Ugeaa :foralla € A,z € a}.
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This is the intersection Ngeaa of all the sets a that belong to A: b € Nyecaa
if and only if b € a, for each a € A. Here again a is a variable, and we could
also write Nzcax. We must reconcile the two definitions of intersection that
we have made: this is easy because AN B = Nyc(a, 2.

A word about notation here. Our aim will be to be accurate and clear
without being pedantic. Suppose that A is a set. For each a € A, we can form
the intersection Nyeqar. Using the separation axiom, we can then define the
set I whose elements are exactly these intersections, and can then form the
set Ujcri. In fact, we write this in the form

Ua€A<ma€aa)a

and use other similar expressions. In the same way, we shall use natural
variations of the notation {x € A : Q(x)} to denote sets whose existence
is ensured by the separation axiom; but in each case such a set is a sub-
set of a given set, and it can be written, at greater length, in the form
{z€A: Q(x)}.

From now on, we shall define sets without appealing to the axioms to ensure
that they are in fact sets. It is a useful exercise for the reader to consider, in
each case, how suitable justification can be given.

It is unfortunately the case that the separation axiom is not strong enough
for all purposes, and another axiom, the replacement axiom, is needed. We
shall defer discussion of this and of the other axioms of ZF, until later. Let
us first see what we can do with the axioms that we now have.

Exercises
Suppose that A, B, C, D are sets.

1.2.1 Show that AU(BNC)=(AUB)N(AUCQ).

1.2.2 Show that AN (BUC)=(ANB)U(ANCQC).

1.2.3 Show that A\ (BUC) = (A\ B)N(A\CO).

1.2.4 Which of the following statements are necessarily true?
(a) P(ANB)=P(A)N P(B).
(b) P(AUB) = P(A)U P(B).

1.2.5 Define a set I such that Ujcri = Ugea(Naca)-

1.2.6 Does Ugea(Naeq) necessarily contain Ngea(Uaca@)? Is Ugea(Naca®)
necessarily contained in Nge4(Ugeqr)?

1.2.7 The symmetric difference aAb of two sets a and b is the set (a\b)U(b\a).
Establish the following:
(a) AAB=(AUB)\ (ANB).
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(b) AAB = BAA.

(c) AA(BAC) = (AAB)AC.
(d) AAD = A.

(e) AAA =0

1.3 Relations and partial orders

The Cartesian product A x B of two sets A and B is the set of all ordered
pairs (a,b) with a € A and b € B. More formally,

Ax B ={zx € P(P(AU B)) : there exists a € A and there exists b € B
such that x = {{a}, {a,b}}}.

(The term Cartesian honours René Descartes, who introduced coordinates
to the plane, so that points in the plane are represented by ordered pairs of
real numbers; the plane is thus represented as the Cartesian product of two
copies of the set of real numbers.)

A relation on A x B is then simply a subset R of A x B. It is customary
to write aRb if (a,b) € R. The set

{a € A : there exists b € B such that (a,b) € R}
is then called the domain of R, and the set
{b € B : there exists a € A such that (a,b) € R}

is called the range of R. A relation on A x A is called a relation on A.
Let us give some examples. First, if A is a set then

€ea={(b,B) € Ax P(A):be B}

is a relation on A x P(A). Recall that we introduced the relation € on the
collection of all sets, which we have seen is not a set; €4 is the restriction to
a set and its subsets.

Secondly, if A is a set then

Ca={(B,C) € P(A) x P(A): BC C}

is a relation on P(A). This is an example of a partial order relation. An order
< on a set A is a partial order or partial order relation if

(i) if a < band b < ¢ then a < ¢ (transitivity), and

(i) a < b and b < a if and only if a = b.
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If a < b then we say that a is less than or equal to b, or that b is greater
than or equal to a, and we also write b > a.

Partial order relations play an important part in analysis. We make some
definitions concerning partial orders here, and will consider them in more
detail later.

Suppose that < is a partial order on a set A, that a € A and that B is a
subset of A.

e a is an upper bound of B if b < a for all b € B.
e ais a lower bound of Bifa <bfor all b€ B.

An upper bound of B need not belong to B. If it does, it is the greatest
element of B. B has at most one greatest element, but may have no greatest
element. Least elements are defined in the same way.

e a ia a mazimal element of B if a € B, and if b € B and a < b then a = b.
e a ia a minimal element of B if a € B, and if b € B and b < a then a = b.

A greatest element of B is a maximal element of B, but the converse need
not hold.

e a is the supremum, or least upper bound, of B if a is an upper bound of B,
and if ¢ is an upper bound of B, then a < c¢. In other words, a is the least
element of the set of upper bounds of B.

e a is the infimum, or greatest lower bound, of B if a is a lower bound of B,
and if ¢ is an lower bound of B, then ¢ < a. In other words, a is the greatest
element of the set of lower bounds of B.

B has at most one least upper bound, but may have no least upper bound.
If a is the least upper bound of B then a may or may not be an element of
B. If a is an element of B, then a is the least upper bound of B if and only
if a is the greatest element of B.

If a < borb < athen we say that a and b are comparable. In general, not
all pairs are comparable. If, however, any two elements of A are comparable,
then we say that the relation is a total order. As an example, the usual order
on the set of natural numbers N = {1,2,3,...} (which we shall consider in
Section 2.1) is a total order.

The definition of the notion of partial order includes equality. There is
a closely related notion which forbids equality. Suppose that < is a partial
order relation on a set A. Then the relation

{(a,b) e Ax A:a <banda#b}
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is a strict partial order on A. It is denoted by < and satisfies
(i) if a < b and b < ¢ then a < ¢ (transitivity), and
(ii) @ < a does not hold for any a € A.
Conversely, if < is a strict partial order on A then the relation

{(a,b) e Ax A:a<bora=b}

is a partial order.

Exercises

1.3.1 Which of the following statements are necessarily true?
(a) Ax(BUC)=(AxB)U(AxC).
(b) (AxB)U(C xD)=(AUC)x (BUD,).
(¢c) (AxB)N(CxD)=(ANC)x (BND).
1.3.2 Suppose that <; is a partial order on A; and that <, is a partial order
on As. Show that the relation

{(al,ag), (bl,bg) € (A1 X Ag) X (A1 X Ag) tay <1 b1 and as <o bQ}

is a partial order on Ay x As.

1.3.3 Show that a subset of a partially ordered set can have at most one
greatest element, and at most one supremum.

1.3.4 This question assumes knowledge of the set N of natural numbers,
and of counting. Let P(IN) be given the partial order defined by inclu-
sion, as above. Let P,(IN) be the set of subsets of N with at most n
elements.
(a) What are the upper bounds of P,(IN) in P(N)?
(b) Does P,(N) have a supremum? If so, is it an element of P,,(IN)?
(c) What are the maximal elements of P, (IN)?

1.3.5 Suppose that a is a maximal element of a subset B of a totally ordered
set A. Show that a is the greatest element of B.

1.3.6 Give an example of a subset of a totally ordered set which has a
supremum but no greatest element.

1.4 Functions

The notion of function developed slowly from the time of Descartes and
Leibniz until the end of the nineteenth century. Originally, a function was
something that was given by an analytic formula, but confusion and dispute
arose about what this meant, and confusion was also caused by the fact that
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two formulae could give the same values. Here we simply define a function,
or, synonymously, a mapping, or a map (we shall use the terms interchange-
ably), from a set A to a set B to be a relation f on A x B which satisfies the
condition

for each a € A, there is a unique b € B such that (a,b) € f.

In these circumstances, we write b = f(a), so that f = {x € A x B :
x = (a, f(a))}. The element f(a) of B is called the image of a under f.

It is however helpful to consider a function as some sort of dynamic process
(perhaps taking place in a black box): an element a of A is put in, and f(a)

a — [ black box | — f(a).

Thus we write f : A — B for a function from A to B. The set {z € A x B :
x = (a, f(a))} is then called the graph G of f. The set of all mappings from
A to B is denoted by B*; the reason for this notation may become clear later.

Let us consider some examples. First, suppose that f : A — B is afunction.
Then we can define a function P(f) : P(A) — P(B) by setting

comes out:

P(f)(C) ={z € B : there exists a € C such that f(a) =z},

for C' a subset of A. It is unfortunately standard practice to denote this
function by f. This can be misleading; for example, it may happen that () € A,
and that f(0), an element of B, is not the empty set. Then f(()) # (), whereas
P(f)(@) = 0. In spite of this defect, we shall follow standard practice; with
caution and common sense, we can avoid the difficulty we have just described.
Following standard practice, the subset f(C') of B is also called the image of
C under f. We can also define a function f~1: P(B) — P(A) by setting

fH(D)={reA: f(z) € D},

for D a subset of B. This notation is also unfortunate, as we shall shortly
see. The set f~1(D) is called the inverse image of D; if b € B then the set
f71({b}) is called the inverse image of b.

Suppose that A is a set. For a € A, define s(a) = {a}; s is a mapping from
Ainto P(A). It is an example of an injective mapping. A mapping f : A — B
is ingjective, or an injection, or one-one, if distinct elements of A have distinct
images in B; in other words, if f(a) = f(a’) then a = d'.

Suppose that B is a subset of a set A. The inclusion map jp : B — A
is defined by setting jp(b) = b, for b € B. Thus b € B, whereas jp(b) is an
element of A. jp is again injective. As a special case, when B = A we have
the identity map ig : A — A defined by setting i4(a) = a for a € A.
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Let us consider a Cartesian product A x B, where A and B are non-empty
sets. For (a,b) € A x B, let m4((a,b)) = a and let 75((a,b)) = b. Then 74 is
a mapping from A x B to A, and 7p is a mapping from A x B to B; they are
the coordinate projections of A x B onto A and B, respectively. The elements
a and b are the coordinates of (a,b). The mappings 74 and 7p are examples
of surjective mappings. A mapping f : A — B is surjective, or a surjection
or onto, if f(A) = B; every element of B is the image of at least one element
of A.

A mapping f : A — B is bijective, or a bijection, or a one-one correspon-
dence, if it is both injective and surjective; every element b of B is the image
under f of exactly one element of A. We denote this element by f~1(b); then
f~1is a bijective mapping of B onto A. We have thus used the term f~!in two
different senses: if f : A — B is a mapping, the mapping f~! : P(B) — P(A)
is always defined; the mapping f~! : B — A is only defined when f is
bijective. Once again, caution and common sense are called for.

Suppose that (A4,<4) and (B,<p) are two partially ordered sets and
that f : A — B is a mapping from A to B. The mapping f is said to be
increasing if f(a) <p f(a’) whenever a <4 d’, and to be strictly increasing if
f(a) <p f(a’) whenever a <4 . It is said to be decreasing if f(a) >p f(a)
whenever a <4 o/, and to be strictly decreasing if f(a) >p f(a’) whenever
a <4 d'. It is said to be monotonic if it is either increasing or decreasing, and
to be strictly monotonicif it is either strictly increasing or strictly decreasing.

Suppose that f is a mapping from A to B and that g is a mapping from
B to C. We can then define the composite mapping g o f from A to C by
setting (g o f)(a) = g(f(a)), for a € A. Note the order of the terms: first we
use the mapping f and then the mapping g, but the terms in the composite
mapping g o f come in the opposite order.

As examples, if f is a bijection from A onto B then f~'o f : A — A is the
identity mapping i4 on A4, and fo f~!: B — B is the identity mapping ip
on B.

The composition of mappings is associative: if f : A — B, g: B — C and
h: C'— D are mappings then

(ho(gof))(a)=h((go f)(a)) =h(g(f(a)))
= (hog)(f(a)) = ((hog)o f)la),
so that ho(go f)=(hog)o f.
Suppose that f : A — B is a mapping, and that f(A) C D C B. Then
Gy € A x D, and we can consider f as a mapping from A into D. We

usually denote this mapping by f, unless this is likely to cause confusion.
Let us here denote the mapping from A to f(A) by f. Then we have the
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factorization f = jra) o f, where fis surjective, and the inclusion mapping
Jfa) : f(A) — B is injective.

Next, consider a subset C' of A. Then Gy N (C x B) is the graph of a
mapping from C to B. This is the restriction fic of f to C. If ¢ € C then
fie(e) = f(e).

A bijective mapping f : A — Aiscalled a permutationof A. As an example,
suppose that a and b are elements of A. The mapping 7, or 7,3, from A to A
defined by

7(a) = b,7(b) = a,7(c) = c for all other ¢ € A,

the mapping which transposes a and b, is a permutation of A. The set of
permutations of A is denoted by X 4.

We can describe the composition properties of X 4 in algebraic terms.

A group is a non-empty set, together with a mapping or operation o :
G x G — G which satisfies:

(i) composition is associative: that is, (goh)oj = go(hoj) for g, h,j € G;
(ii) there exists e € G such that eog=goe =g, for all g € G;
(iii) for each g € G there exists g~! € G such that gog™! =g log=c.
If
(iv) gh = hg for all g, h € G, then G is said to be abelian, or commutative.

Note that the element e is uniquely determined by (ii), for if e also satisfies
(ii), then €/ = €’ 0o e = e. The element e is called the identity element of G,
and is frequently denoted by eg. Similarly, if g € G then the element g~ ! is

uniquely determined by (iii); for if g o h = e then

1 1 -1

h=eoh=(g""og)oh=g lo(goh)=goe=g

1is called the inverse of g.

The element g~
It then follows immediately from the earlier discussions that 3 4 is a group,
when the group composition is taken to be the composition of functions and

the identity map 74 is taken as the identity element.

Axiom 7: The replacement axiom

Let us end this section by stating the replacement axiom, since it has a
function-like quality. A well-formed formula Q(x,y) with free variables 2 and
y is said to determine a function if whenever a is a set then there is at most
one set b for which Q(a, b) holds. If there is a set b for which Q(a, b) holds, then
we write b = Q(a), and call b the image of a. The replacement axiom then
states that if Q(x,y) is a well-formed formula which determines a function,
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and if A is a set, then the collection of all images Q(a), as a varies in A, is a
set, which we denote by Q(A). Thus

{z € A : there exists b € Q(A) for which Q(a,b) holds}

is a subset D4(Q) of A, and @ defines a surjection of D4(Q) onto Q(A).
We shall not make explicit use of this axiom.

Exercises

1.4.1 Suppose that f : A — B, and that C, D are subsets of A and that F, F’
are subsets of B. Which of the following statements are necessarily
true?

(a) F(CUD)=f(C)Uf(D).
(b) f(Cm D) = f(C)n f(D).
(c) f/H(CuUD)= _1(0) f (D).
(d) f~H(CNnD)=fHC)n fHD).

1.4.2 Suppose that f : A — B and g : B — C are mappings. What is the
graph of g o f? Verify that g o f is a mapping.

1.4.3 Suppose that f is a mapping from A to B, where A and B are non-

Uf
nf

empty sets. A mapping [ : B — A is a left inverse of fiflo f =i4, the
identity on A. Show that if f has a left inverse, then f is injective, and
that if f is injective, then f has a left inverse.

1.4.4 Suppose that f is a mapping from A to B, where A and B are non-
empty sets. A mapping r : B — A is a right inverse of f if for =ipg,
the identity on B. Show that if f has a right inverse, then f is surjective.
Does a surjective mapping always have a right inverse? Think about
this, and then read Section 1.9.

1.4.5 Suppose that f : A — B has a left inverse [ and a right inverse r. Show
that f is a bijection and that [ = r = f~1.

1.4.6 This question establishes basic facts about groups that we shall need
later. A mapping 6 from a group G to a group G’ is a homomorphism
if 0(g1 0 g2) = 0(g1) 0 H(g2) for all g1, go € G. Suppose that 6 : G — G’
is a homomorphism.

(a) Show that 6(e) = €', where e is the identity element of G, ¢’ the
identity element of G’.

(b) Show that 8(¢g~!) = (0(g)) ! forall g € G.

(¢) Show that if H is a subgroup of G then (H) is a subgroup of G'.

(d) Show that if H' is a subgroup of G’ then §~!(H’) is a subgroup
of G.
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(e) A bijective homomorphism is called an isomorphism. Show that if
6 is an isomorphism then §~! : G — G is also an isomorphism.

1.5 Equivalence relations

There is another sort of relation that we shall use later. The axiom of exten-
sionality tells us that two sets are equal if and only if they have the same
members. There are however many occasions when two different sets serve
the same purpose, and we would like to identify them in some way. For exam-
ple, we express a positive rational number as a fraction p/q, where (p, q) is
an ordered pair of natural numbers. The rational number 1/2 is the same as
the rational number 3/6, but the ordered pairs (1,2) and (3, 6) are different.
In this circumstance, we say that (1,2) and (3,6) are equivalent. This leads
to the concept of an equivalence relation.

An equivalence relation on a set A is a relation on A (frequently, as here,
denoted by ~) which satisfies

(i) if a ~ b and b ~ ¢ then a ~ c (transitivity);
(ii) if @ ~ b then b ~ a (symmetry);
(iii) @ ~ a for all a € A (reflexivity).

As a trivial example, the relation ¢ = b is an equivalence relation. For a
less trivial example, suppose that f : A — B is a mapping. Let a ~ d’ if
and only if f(a) = f(a'). Then it is easy to check that ~ is an equivalence
relation on A. We shall see that any equivalence relation can be expressed in
this way.

Suppose that ~ is an equivalence relation on a set A and that a € A.
We define the equivalence class E, to be the set {x € A : a ~ z}. This is
the traditional name, but an equivalence class is certainly a set. Note that
a € E,, so that E, is a non-empty set.

Proposition 1.5.1 Suppose that ~ is an equivalence relation on a set A.
If a ~ad' then E, = Ey, and if a ¢ ' then E, and E, are disjoint.

Proof Suppose that a ~ d'. If a’ ~ ¢ then a ~ ¢, by transitivity, and so
E, C E,. Further @’ ~ a, by reflexivity, and so E, C E,.

Suppose that b € E, N E,. Then a ~ b and @’ ~ b, so that b ~ a’, by
reflexivity, and a ~ a’, by transitivity. Thus if a ¢ o/, then E,NE, = 0. O

We now say that a subset E of A is an equivalence class if there exists
a € A such that £ = E,. We denote the set of equivalence classes by A/ ~.
A/ ~ is a subset of P(A).
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Corollary 1.5.2 A =Ugca/~E is a union of disjoint equivalence classes.

Proof We have seen that distinct equivalence classes are disjoint. Their
union is A, since if a € A then a € E,. O

This leads to the following definition. Suppose that A is a set. A subset 11
of P(A) is a partition of A if

(i) each E € II is non-empty;
(i) A =UgenFE;
(iii) distinct elements of II are disjoint.

Thus if ~ is an equivalence relation on A then the set A/ ~ of equivalence
classes is a partition of A.

Let £4 denote the set of all equivalence relations on A, and let P4 denote
the set of all partitions of A. We shall show that there is a natural bijection
of £4 onto Py. If ~e €4, let k(~) = A/ ~. Then k is a mapping from £4 to
Pa, and it is easy to see that this is injective. Conversely, if Il is a partition
of A, and we set a ~ b if a and b are in the same element of II, then it is easy
to check that ~ is an equivalence relation on A and that A/ ~= II. Thus k
is surjective, and the mapping from P4 to £4 which we have just defined is
the inverse of k: k is a bijection of £4 onto P4.

Suppose now that ~ is an equivalence relation on a set A, and that A/ ~
is the corresponding partition of A. We define a mapping ¢ : A — A/ ~
by setting g(a) = E,. Then ¢ is a surjection, and a ~ ' if and only if
q(a) = q(a’). The set A/ ~ is called the quotient of A by ~, and the mapping
q:A— A/ ~ is called the quotient mapping.

Now suppose that f : A — B is a mapping. Define an equivalence relation
~ by setting a ~ a’ if and only if f(a) = f(a'), and let ¢ : A — A/ ~ be
the quotient mapping. If E = E, € A/ ~ and d’ € E, then f(a) = f(d).
We can therefore define f(E) = f(a), and we obtain a well-defined mapping
f of A/ ~ onto f(A). Suppose that f(E) = f(E'), that a € E and that
o/ € E'. Then f(a) = f(d'), so that a ~ a’ and E = E’. Thus f is one-one,
and so j“v : A/ ~— f(A) is a bijection. We have therefore factorized f as
f=1Jrao fo q, where ¢ is a surjection, fis a bijection and the inclusion
mapping jra) : f(A) — B is injective. Thus we have the following diagram
of mappings:
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This diagram is commutative: the outcome of the direct journey from A to
B is the same as the outcome of the longer journey going round the other
three sides of the diagram.

Exercises

1.5.1 Suppose that ¢ is a permutation of a non-empty set A. A subset B of
A is o-invariant if 0(B) = B. If a € A let

O, ={B € P(A) :a € B and B is o-invariant}.

(a) Show that O, is o-invariant.

(b) Suppose that O, N Oy # 0. Show that O, = Oy. (Hint: Consider
O, \ Ob)

(¢) A subset O of A is an orbit of o if there exists a € A such that
O = O,. Show that the set of orbits is a partition of A. What is
the corresponding equivalence relation?

1.5.2 A subgroup H of a group G is a subset of G with the properties
(i) the identity of G belongs to H;

(ii) if h € H then h~! € H;

(iii) if h and A’ are in H then ho h' € H.

Thus H is a group with the operations inherited from G.

Suppose now that H is a subgroup of X 4. A subset B of A is H -invariant

if o(B) = B for each 0 € H. Carry out a programme similar to that of

the previous question.

1.6 Some theorems of set theory

Although we have only met some of the axioms of ZF, we are already in a
position to prove some interesting and important results.

Theorem 1.6.1 (The Knaster—Tarski fixed-point theorem) Suppose that
A is a set and that f : P(A) — P(A) is an increasing function; if BC C C A
then f(B) C f(C). Then there exists G C A such that f(G) = G.

Proof Note that f is defined as a mapping from P(A) to itself: it is not
defined in terms of a mapping from A to itself. Thus ) C f(0) and A D f(A);
the inclusions change direction. The theorem states that equality holds at
some intermediate subset.

We shall show that there exists a set G such that G C f(G) and f(G) C G;
the axiom of extensionality then ensures that G = f(G).

Let G = {B € P(A) : B C f(B)}, and let G = UpegB. If B € G
then B C G, and so f(B) C f(G). Thus B C f(B) C f(G). Consequently
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G = UpegB C f(G), and so G € G. On the other hand, since G C f(G)
it follows that f(G) C f(f(G)), and so f(G) € G. Thus f(G) C UpegB =
G. O

Theorem 1.6.2 (The Schroder—Bernstein theorem) Suppose that A and
B are sets, and that f : A — B and g : B — A are injective mappings. Then
there exists a bijection h: A — B.

Proof The existence of f says that ‘A is no bigger than B’ and the existence
of g says that ‘B is no bigger than A’. The conclusion then is that if both hold
then ‘A and B are the same size’. We shall consider the problem of whether
two sets are always comparable in size later (Theorem 1.9.2).

We consider the mappings f : P(A) — P(B) and g : P(B) — P(A)
determined by f and g; they are clearly increasing maps. On the other hand
the mapping C'4 : P(A) — P(A) defined by C4(D) = A\D is order reversing,
as is the corresponding mapping Cp : P(B) — P(B). Thus the composite
mapping S = C4 0 go Cpo f is an increasing mapping from P(A) into
itself. The Knaster—Tarski fixed-point theorem then tells us that there exists
D C A such that S(D) = D; the restriction fp of f to D is a bijection of D
onto f(D). Let E = f(D), so that Cg(f(D)) = B\ E. Thus

A\ D = Ca(D) =Ca(S(D)) = Ca(CagCr[f(D))
=9(Cpf(D))) = g(B\ E).
Consequently the restriction gp\ g of g to B\ E is a bijection of B\ E onto
A\ D;let k: A\ D — B\ E be its inverse. We now set h(a) = fip(a)

for a € D, and set h(a) = k(a) for a € A\ D; h clearly has the required
properties. O

S(¢) = F; S(F) = FUH; S(A) = FOHUI

Figure 1.6. The Schréder—Bernstein theorem.
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The next result uses the argument of Russell’s paradox.

Theorem 1.6.3 (Cantor’s theorem) Suppose that f is a mapping from a
set A to its power set P(A). Then f is not surjective.

Proof Let B={a€ A:a¢ f(a)}. We claim that B is not in the image of
f. Suppose not, and suppose that B = f(b). Does b belong to B? If it does, it
fails the criterion for membership of B, giving a contradiction. If it does not,
then it meets the criterion for membership of B, again giving a contradiction.
This exhausts the possibilities, and so B is not in the image of f. O

Corollary 1.6.4 Suppose that A is a non-empty set and that g : P(A) —
A is a mapping. Then g is not injective.

Proof The mapping s : A — P(A) defined by s(a) = {a} is injective. If
g were injective, then by the Schréoder—Bernstein theorem there would be a
bijection h : A — P(A), which contradicts the theorem. O

1.7 The foundation axiom and the axiom of infinity

Suppose we start with the empty set. Repeatedly using the axioms that we
have described so far to create new sets, we obtain an infinite collection of
sets which satisfy these axioms. But each of these sets has only finitely many
members. This may be satisfactory for certain areas of mathematics, such as
finite group theory, or the mathematics of computer science, but in mathe-
matical analysis we need to consider sets with infinitely many members. We
now introduce two further axioms which enable us to do so.

Aziom 8: The foundation axiom

This states that if A is a non-empty set, then there exists an element a of A
such that a N A = : @ and A have no element in common. As we shall see,
this excludes the possibility of infinite regress. It also prevents us from going
round in circles.

Proposition 1.7.1 Ifa is a set then a € a.

Proof Consider the singleton set {a}. It has a member disjoint from {a}.
But it only has one member, namely a, and so a and {a} are disjoint. Since
a € {a}, a € a. Russell’s paradox has completely disappeared. O

Let us introduce a construction that will shortly be useful to us. If a is a
set, we define a™ to be the set a U {a}. The members of at are the members
of a, together with a. Thus a C a™.
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Corollary 1.7.2 Ifa is a set then a # a™.
Proof Fora € a’ anda € a. a
Here is another consequence of the foundation axiom.
Proposition 1.7.3 Ifa and b are sets and a € b then b € a.

Proof Consider the set {a,b} with elements a and b. By the foundation
axiom, either a N {a,b} = 0 or bN {a,b} = 0. But a € bN{a,b}, and so
anN{a,b} =0. Since b € {a,b}, b & a. O

A set A is called a successor setif ) € A and if at € A whenever a € A.

Axiom 9: The axiom of infinity
This states that there exists a set .S which is a successor set.

Having postulated the existence of a successor set, we now show that there
is a smallest one.

Theorem 1.7.4 There exists a successor set Z7 such that if T is any
successor set then Z+ C T.

Proof Note that if A is a set, all of whose elements are successor sets, then
it follows immediately from the definitions that the intersection NgcaB is
also a successor set. Suppose that S is a successor set. Let

ZT =n{B € P(9) : B is a successor set}.

Then if T is a successor set, T'N S is a successor set, so that Z+ C
TNnSCT. O

The minimality of ZT is very powerful, and leads to the principle of
induction.
Let us use the foundation axiom to show that infinite regress is not allowed.

Proposition 1.7.5 Suppose that f : ZT — A is a mapping. Then there
exists n € Z1 such that f(n*) & f(n).

Proof Consider the set f(Z7). By the foundation axiom, there exists
n € ZT such that no member of f(n) is in f(Z7T). But f(n™) € f(Z1),

and so f(n*) & f(n). O

We now show that we can take the minimal successor set ZT as a model
for the natural numbers. Let us explain what this means. In 1888, Dedekind
described an axiom system for the natural numbers N = (1,2,3,...). Inde-
pendently, Peano introduced them, in a pamphlet written in Latin. They are
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now known as Peano’s axioms. Replacing 1 by 0, they also serve as axioms for
the non-negative integers Z+ = (0,1,2,...); in this form, and in set-theoretic
terms, they state the following. There is a set P and a mapping s : P — P
(the successor function) such that

(P1) there is a distinguished element 0 of P;

(P2) if n € P then s(n) € P (this is included in the fact that s is a mapping
from P to itself);

(P3) if n € P then s(n) # 0;

(P4) s is injective: if m € P and n € P and s(m) = s(n) then m = n;

(P5) (the principle of induction) if A C P, if 0 € A and if s(A) C A then A = P.

We set s(0) =1, s(1) = 2, and so on.

There are many ways of constructing a pair (P, s) which satisfies these
axioms. Any pair (P, s) which does so is called a model for the non-negative
integers Z+.

Theorem 1.7.6 Ifn € ZT, let s(n) = n*. Then the pair (Z7,s) is a
model for Z.

Proof For (P1), we take the empty set () to be the distinguished element.
If n € Z% then n™ € Z7, so that (P2) holds. Since n € n™, s(n) # 0, so
that (P3) holds. Suppose that m™ = n™, and that m # n. Then m € m™ =
nt =nU{n}. Since m # n, m & {n}. Thus m € n. Similarly, exchanging the
roles of m and n, n € m, contradicting Proposition 1.7.3. Thus (P4) holds.
Finally, (P5) follows from Theorem 1.7.4. O

As we have remarked, there are many other ways of constructing pairs
(P, s) for which the Peano axioms hold. We need to show that any two are
essentially the same, but we must wait until the results of the next section
have been established before we can do this.

The principle of induction allows us to prove results relating to the non-
negative integers. Suppose that Q(z) is a well-formed formula and that we
are interested in the subset 1" of P consisting of those n for which (n) holds.
Suppose that we can prove that 0 € T, and that we can also prove that if
Q@ (n) holds then it follows that Q(s(n)) holds. Then T satisfies the conditions
of (P5), and so T' = P; P(n) holds for all n € P. A proof which uses this
procedure is known as a proof by induction. We shall give many such proofs.
Here is one.

Proposition 1.7.7 Suppose that (P, s) satisfy the Peano azioms, with
distinguished element 0. Then s(P) = P\ {0}, and s : P — s(P) is a
bijection.
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Proof The mapping s : P — s(P) is a bijection, by (P4), and 0 ¢ s(P), by
(P3). Let A ={0}Us(P). Then 0 € A, and if n € A then s(n) € A, so that
by (P5), A = P. 0

Exercises

1.7.1 Consider the two-point subset {0, 1} of ZT. If A is a set, we denote the
set of functions from A to {0,1} by 24. Suppose that B € P(A) and
x € A. Let Ig(x) = 1if z € B, and Ig(x) = 0 if x € B. Ip is the
indicator function of B. Show that the mapping B — Ip : P(A) — 24
is a bijection.

1.8 Sequences, and recursion

In this section, we shall assume that (P, s) is a model for Z™, with distin-
guished element 0. We write P as (0,1,2,...), where 1 = s(0), 2 = s(1), and
so on. A function f : P — A is then called a sequence, or an infinite sequence
in A, and is denoted by (fn)nep, or by (fn)og, or as (fo, f1, f2,...). This
notation suggests another way of considering a function: the elements of P
act as labels or indices. Since f need not be one-one, an element of A may
have more than one label. Since f need not be surjective, some elements of
A may have no labels.
It is important to distinguish the sequence (f,)nep from its set of values

f(P)={x € A: there exists n € P such that z = f,},

but some flexibility is needed. When we consider a term f, of a sequence,
we may consider f, as the value of the sequence at n, but at the same time
keep in mind its index or label n. For sequences, as for fashion, the label is
as important as the object.

The principle of induction lets us prove results about sequences. Recursion
allows us to construct sequences.

Theorem 1.8.1 (The recursion theorem) Suppose that A is a non-empty
set, that f is a mapping of A to itself and that a € A. Then there is a unique
sequence (an)nep such that ap = a and ayyy = f(an) for n € P.

Proof Recall that a sequence is a function from P to A, that a function is a
relation satisfying certain conditions, and that a relation is a subset of P x A.
Let us consider the set of relations on P x A. We say that a relation R is
recursive if

(i) ORa and

(ii) if nRa then s(n)Rf(a).
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The set S of all recursive relations is non-empty, since P x A € S. Let
g = NresR. We shall show that ¢ is a function, that ¢g(0) = @ and that
g(s(n)) = f(n) for all n € P. Thus a,, = g(n) satisfies the conditions of the
theorem.
Let
D(g) = {n € P : there exists a € A with (n,a) € g}

be the domain of g. We must show that D(g) = P; we prove this by induction.
Since (0,a) € Rfor all R € S, S(0,a) € g. Thus 0 € D(g). If n € D(g), there
exists a such that (n,a) € g, and so (n,a) € R for all R € S. Then since each
R € S is recursive, (s(n), f(a)) € R for all R € S, and so (s(n), f(a)) € g.
Thus s(n) € D(g). By the induction principle, it follows that D(g) = P.

Next, we must show that if n € P then there exists exactly one a € A such
that (n,a) € g. Again, we prove this by induction. Let

U={neP:if (n,a) € Pand (n,a’) € P then a = a'}.

First, we show that 0 € U. (0,a) € g. Suppose that (0,a’) € g and that
a' #a. Let ¢ =g\ {(0,d')}. Then (0,a) € ¢, since a’ # a. If (n,a) € g’ Cg
then (s(n), f(a)) € g, and (s(n), f(a)) # (0,d’), since s(n) # 0, so that
(s(n), f(a)) € ¢’. Thus ¢’ € S, and so g C ¢, giving a contradiction.

Secondly, we show that if n € U then s(n) € U. Suppose not. There
exists a unique a € A such that (n,a) € g, and so (s(n), f(a)) € g. Since
s(n) € U, there exists ' € A with a’ # f(a) such that (s(n),d’) € g. Let
g = g\{(s(n),a’)}. We shall show that ¢’ € S. As before, (0,a) € ¢’. Suppose
that (m,b) € ¢’ C g. Then (s(m), f(b)) € g. Thus if (s(m), f(b)) & g then
(s(m), f(b)) = (s(n),d’). But then m = n and f(b) = . Since n € U,
(m,b) = (n,a), and so that b = a. Thus f(a) = @, giving a contradiction.
By the principle of induction, U = P, and so g is a function.

Finally, we show that g is unique. Once again, we prove this by induction.
Suppose that ¢’ is a function in S. Let G = {n € P : g(n) = ¢'(n)}. Since
g’ (0) = ¢g(0) = a, 0 € G. Suppose that n € G. Then ¢'(s(n)) = f(¢'(n)) =
f(g(n)) = g(s(n)), so that s(n) € G. By the induction principle, G = P, so
that g = ¢'. O

IfneZ" and a € A, let f*(a) = a,. Then f" is a mapping of A into
itself. We can therefore express the recursion theorem in the following way.

Theorem 1.8.2 Suppose that A is a non-empty set and that f is a
mapping of A to itself. For each n € Z7T there exists a unique map-
ping f* : A — A such that f°(a) = a for all a € A and such that
5™ (a) = f(f™(a)) for alln € Z* and a € A.
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The recursion principle can be extended to more complicated situations.
See Exercise 1.1.1 below.

We can now show that any two models of Z™ have exactly the same
properties.

Theorem 1.8.3  Suppose that (P, s) and (P',s") satisfy the Peano axioms,
with distinguished elements 0 and 0’ respectively. Then there is a unique
bijection t : P — P with t(0) = 0" and s't(n) = ts(n) for each n € P. Thus
we have the diagram:

0o = 1 = 22 . 2 o0 5 ost) -
¢l t t e t
A L - A Y N

Proof Set t(0) = 0/, and apply recursion to the mapping s’. There is then
a unique mapping t : P — P’ such that ts(n) = §'(t(n)) for each n € P.
Similarly, there is a unique mapping ¢’ : P’ — P such that ¢(0') = 0 and
t's'(n') = st’'(n’). We shall show by induction that ¢'t is the identity on P
and that t¢’ is the identity on P’, so that ¢ is a bijection. Let U = {n € P :
t't(n) = n}. Since ¢'t(0) = t/(0") = 0, 0 € U. Suppose that n € U. Then

s(n) = st't(n) = t's't(n) = t'ts(n),

so that s(n) € U. Thus U = P. Exchanging the roles of P and P’, we also
see that tt’ is the identity on P’ O

From now on, we take the non-negative integers to be a set ZT =
{0,1,2,...}, together with a map s : ZT — Z™, such that the pair (Z7,s)
satisfies the Peano axioms, and take the natural numbers N = {1,2,3,...} to
be the set s(Z1). We could, for example, take (Z™, s) to be the pair (Z+,1).
Properties of ZT and N will however be derived from the Peano axioms, and
not from any particular set-theoretical properties that the model might have.

Exercises

1.8.1 Suppose that (A, )nez+ is a sequence of non-empty subsets of a set A,
and that for each n € ZT, f,, is a mapping from A, into Ag(n)- Show
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that if a € Ap then there exists a unique sequence (a,)nez+ in A such
that a, € Ay, for n € Z¥, ag = A and a,(,,) = fn(an) for n € Z.
[Hint: Let

D={zxecZ"xA:z=(n,a) witha € A,},

and consider the mapping ¢ : D — D defined by ¢(n,a) =

(s(n), fu(a)).

1.8.2 Suppose that A is a non-empty set and that S : P(A) — P(A) is an
increasing function.

(a) Use recursion to show that there are sequences (Hp)nez+ and
(Jn)nez+ in P(A) such that Hy = () and S(H,) = Hy, forn € Z%,
and Jo = A and S(J,) = Jy(n) for n € ZF.

(b) Show that (Hy)nez+ is an increasing sequence and that (J,)necz+
is a decreasing sequence.

(c) Let H = U2 Hy, and J = N2 4J,,. Show that if G € P(A) and
G =S5(G) then H C G C J.

(d) Give examples where H # S(H) and J # S(J).

(e) Let S be the mapping defined in the proof of the Schroder—
Bernstein theorem. Show that S(H) = H and S(J) = J.

1.9 The axiom of choice

We have seen that a sequence, that is, a mapping from Z* to a set B, can
be considered as a way of labelling elements of B. We can extend this idea to
other mappings; if f is a mapping from a set A to a set B, we can consider
A as an indez set, used to label those elements of B which are in the image
f(A). In this case, we denote the function by (fy)aca, and call it a family
of elements of B, indexed by A. Once again, f need not be injective, and so
there may be distinct « and o' for which f, = fo.

Suppose now that (By)aca is a family of non-empty sets. The Cartesian
product [],c4(Ba) is then defined to be the set of all families (cq)aca With
values in UyecaB,, such that ¢, € B, for each a € A. If § € A, then the
mapping mg defined by mg(c) = cg for ¢ = (ca)aca in [[oea(Ba) is the
coordinate projection of [[,c4(Ba) into Bg: mg(c) = cg is the [-th
coordinate of c.

The question then arises: does [ [, 4 have any members? At first glance, it
appears that it must; since each B,, is non-empty, there exists ¢, in B, and
we can take (cq)aca as an element of [] . 4. The problem is that we must
do this simultaneously, for all @« € A. We require a further axiom to say that
this is valid.
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Axiom 10: The axiom of choice

This states that if (By)aca is a family of non-empty sets then [ . 4(Ba) is
non-empty: there exists a function ¢, a choice function, from A to UyeaBa,
such that ¢, = ¢(«) € B, for each a € A.

The axiom of choice has a particular position in axiomatic set theory, which
we shall discuss further in the next section. On the one hand, the way that
we have presented it makes it seem plausible. On the other hand, there is
no procedure for producing a choice function, so that its use is highly non-
constructive. Further, the axiom of choice leads to some conclusions that
seem bizarre. A famous example is the Banach—Tarski paradox, which says
that a solid ball B in three dimensions can be divided into a finite number of
disjoint sets, which can be rearranged, by rotation and translation, into two
disjoint copies of B.

Even when (B),),cz+ is a sequence of non-empty sets, we require a ver-
sion of the axiom of choice to ensure that there is a sequence (¢,)nez+
in Upez+(By) with ¢, € B, for all n € Z%'. Restricting the axiom of
choice to sequences, we obtain the countable axiom of choice; this cer-
tainly seems plausible, and we shall accept it, and use it, generally without
comment.

Although recursion enables us to construct sequences, it requires the use
of a given function f. Let us consider a more general situation. Suppose
that A is a non-empty set, and that ¢ is a mapping from A into the set
P(A) \ {0} of non-empty sets of A. Suppose that a € A. Does there exist
a sequence (an)nep such that ap = a and ay,) € ¢(ay), for n € P? At
stage n, we choose a(,) from the set ¢(an). The aziom of dependent choice
states that this is always possible. It is an easy consequence of the axiom
of choice, and implies the countable axiom of choice, but is not equivalent
to either of them. Again, we shall accept it, and use it, generally without
comment.

In the general situation, though, we will state explicitly when we use the
axiom of choice or use Zorn’s lemma. Zorn’s lemma is an axiom equivalent
to the axiom of choice, and is particularly useful in analysis.

Zorn’s lemma concerns partially ordered sets, and we need to make a fur-
ther definition in order to formulate it. Suppose that (A, <) is a partially
ordered set. A subset C is a chain if it is totally ordered under the order
inherited from the partial order on A; that is, if ¢ and ¢ are elements of C
then either ¢ < ¢ or ¢ <ec.

Zorn’s lemma then states that if (A, <) is a partially ordered set in which
each chain has an upper bound, then A has a maximal element.
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Zorn’s lemma implies the axiom of choice, and the axiom of choice implies
Zorn’s lemma. We shall prove the former statement here. The proof of the
converse is long and technical; we give the details in Appendix A.

Theorem 1.9.1 The aziom of choice is a consequence of Zorn’s lemma.

Proof Suppose that (By)acAa is a non-empty family of non-empty sets. We
consider the set E of all pairs (A, ¢), where A is a subset of A, and ¢: A —
UseaBs is a choice function. E is certainly not empty: if A = {0}, there
exists b € By, and we define ¢(d) = b. We give E a partial order by setting
(Aye) < (A ) if A C A’ and ¢() = d(9) for all 6 € A. (This way of
ordering a set of ordered pairs (X, f), where X is a subset of a set 2 and f
is a mapping from X to a set Y, is typical of the way that Zorn’s lemma is
used.) Suppose that C is a chain in E. Let

Ac={6€ A:§e A forsome (A, c)in C}.

If 6 € A¢ then 0 € A for some (A, c¢) in C. Let cc(0) = ¢(d). Since C is a
chain, if 6 € A’ for some other (A, ') in C then ¢(§) = ¢/(§), so that c¢ is
well defined (it does not matter which pair we choose). Further, (Ac, c¢) is
an upper bound for C.

We now apply Zorn’s lemma to deduce that there is a maximal element
(A, cm) in E. We claim that A, = A, so that ¢, is a choice function on
A. Suppose not. Then there exists o € A \ A,, and there exists b, € Bi.
Let A = Ay, U {a}, let ¢(8) = cp(6) for § € Ay, and let ¢(a) = bo. Then
(A)C) € B, (Am,em) < (A)0) and (A, em) # (A, ), contradicting the
maximality of (A, ¢m). O

Let us give another application of Zorn’s lemma, to obtain a result which
complements the Schréder—Bernstein theorem.

Theorem 1.9.2 Suppose that A and B are non-empty sets. Then either
there exists an injective mapping j : A — B or there exists an injective
mapping k : B — A.

Proof Let E be the set of ordered pairs (H, h), where H is a subset of A, and
h is an injective mapping of H into B. We order E by setting (H, h) < (H', 1)
if H C H' and h/(a) = h(a) for a € H. Suppose that C is a chain in E. As

above, we set

Ho ={a€ A:a€ H for some (H,h) in C}.
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If a € He then a € H for some (H,h) in C. Let hg(a) = ¢(a). Arguing as
above, h¢ is well-defined. We must check that it is injective. If @ and o’ are
distinct elements of Hc¢, then a € H for some (H,h) € C and o’ € H for
some (H',1') € C. Since C is a chain, either H C H' or H' C H. Suppose
that H C H'. Then a € H', and so he(a) = h(a) # W(d') = he(d'). A
similar argument holds if H' C H.

We now apply Zorn’s lemma to deduce that there is a maximal element
(Hpm, hiy) of E. If H,, = A, we are finished. Suppose that H,, # A. Then
we claim that hy,(H,) = B. For if not, there exist a € A\ Hy, and be
B\ hyn(Hp). Let H = Hy, U {a} and define h H — B by setting h( ) =
hm(a) for a € Hy, and h(@) = b. Then (H,h) € E, (Hm, hm) < (H, ) and
(Hpm, him) # (H, h), contradicting the maximality of (Hp, ). Thus hyy, is a
bijective mapping of H,, onto B, and we can take k to be the inverse mapping
h L. O

Exercises

1.10.1 Show that the axiom of choice implies the axiom of dependent choice.

1.10.2 Show that the axiom of dependent choice implies the countable axiom
of choice.

1.10.3 Suppose that (¢,)%° is a sequence of non-empty subsets of Z*. Use
recursion to show that there exists a sequence (f,,)3%, in Z* such that
fo € o and fri1 € ¢(fn), for n € ZT. Why is the axiom of dependent
choice not needed?

1.10.4 Suppose that (A,<4) and (B, <p) are partially ordered sets. Define
a relation <; on A X B by setting (a,b) <; (a/,b) if either a <4 @ or
a=a and b <V.

(a) Show that <; is a partial order on A x B (the lezicographic order).
(b) Show that if <4 and <p are total orders then so is <;.

1.10.5 Prove the following variant of Zorn’s lemma. Suppose that (A, <) sat-
isfies the conditions of Zorn’s lemma, and that C' is a chain in A.
Show that there is a maximal element m of A such that ¢ < m for all
ceC.

1.10 Concluding remarks

We have now described the set-theoretical foundations on which we shall
build mathematical analysis. In the process, we have constructed a model for
the non-negative integers, which satisfies the requirements of Peano’s axioms.
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How sound are these foundations? Are they consistent, or is it possible that
they may lead to a contradiction? Are they adequate, or are there problems
which we are unable to solve using them?

In order to discuss these questions, it is helpful to put them in a histori-
cal context. The idea of developing mathematics from a collection of axioms
goes back to FEuclid’s Elements of the third century BC. Euclid gave five
postulates, or axioms, from which he deduced geometric theorems. The fifth
postulate, the parallel postulate, states, in the essentially equivalent form of
Playfair’s axiom, that given a straight line in the plane, and a point not on
it, there exists a unique straight line in the plane which passes through the
given point, and which does not meet the given line. This postulate raised
particular interest, since it was felt that it should be possible to deduce it
from the other postulates, and many unsuccessful attempts were made to
do so. In the early part of the nineteenth century, Gauss, Janos Bolyai and
Lobachevsky all developed the theory of non-Euclidean geometry (where the
parallel postulate fails), but it was not until 1868 that Beltrami produced a
model of a two-dimensional non-Euclidean geometry in the setting of three-
dimensional Euclidean space, showing that the parallel postulate cannot be
deduced from the other postulates. All this raised interest in the axioms, and
in particular interest in their consistency. Hilbert studied this in detail and
observed that if the postulates of Euclidean geometry are not consistent, then
neither are Peano’s axioms. He came to believe that there should be a consis-
tent set of axioms for mathematics, from which all results could be deduced.
In his famous address to the International Congress of Mathematicians in
Paris in 1900, in which he set out his twenty-three important problems for
the twentieth century, he talked of

the conviction (which every mathematician shares, but which no-
one has yet supported by a proof) that every definite mathematical
problem must necessarily be susceptible of an exact settlement,
either in the form of an actual answer to the problem posed or
by the proof of the impossibility of solution and therewith the
necessary failure of all attempts.

Here he clearly had in mind the necessary failure to prove the parallel
postulate from the other postulates. Later on, he said

This conviction of the solvability of every mathematical problem is

a powerful incentive to the worker. We hear within us the perpetual

call: There is the problem. Seek its solution. You can find it by pure
reason, for in mathematics there is no ignorabimus.

This optimism was overturned by Gdédel in a spectacular way in 1930 and
1931. First came his incompleteness theorem, which showed that within any
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logical theory (satisfying certain technical conditions, which reasonably can
be expected to hold in a worthwhile theory) there are statements which can-
not be proved, and whose negation cannot be proved. Not every mathematical
problem is susceptible of an exact solution. Alas, ignorabimus! Next came his
inconsistency theorem: if a proof of consistency can be given within the the-
ory, then necessarily a proof of inconsistency can also be given. For a system
to be consistent, it must be impossible to prove its consistency.

Where does this leave ZF? First, and we shall illustrate this in a moment,
the axioms of ZF cannot be the axioms for all of mathematics, nor can we
add to them to obtain a set of axioms for all mathematics. Secondly, they
cannot be proved to be consistent. Nevertheless they have stood the test of
time, and so provide us with a valuable starting point. It is interesting to
speculate what would happen if an inconsistency were found. Mathematics
would not collapse: mathematicians would continue their work, turning to
their logician colleagues to produce a better set of axioms. The effect on the
mathematical analysis that we shall be considering would be negligible.

What about the axiom of choice? In 1938, Go6del showed that if ZF is
consistent, then so is the system obtained by adding the axiom of choice.
In 1963, Cohen showed that there are models of ZF in which the axiom of
choice does not hold. Thus the axiom of choice is independent of the axioms
of ZF, and cannot be proved or disproved, starting from ZF. We can add
the axiom of choice to obtain a stronger axiom system ZFC. Within this,
there are further statements that cannot be proved or disproved, such as the
continuum hypothesis (which states that if A is an uncountable subset of the
set R of real numbers, then there exists a bijection f : A — R). In fact, we
shall adopt the axiom of choice, but will use it as sparingly as possible.
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Number systems

2.1 The non-negative integers and the natural numbers

In this chapter we study various number systems. We begin by developing
the familiar properties of the non-negative integers Z* = (0,1,2,...) and
the natural numbers N = (1,2,3,...), using the Peano axioms, induction
and recursion.

We begin with addition. This is defined by repeatedly adding 1; we use
recursion to formalize this. Suppose that m € Z*. Considering the mapping
s: ZT — ZT, setting my = m, and using recursion, we see that there is a
sequence (my)pez+ such that mg = m and m,) = s(m,). We call m,, the
sum of m and n, and denote it by m +n. This m+0 = m and m+1 = s(m).
The equation my,) = s(my) becomes

m+(n+1)=(m-+n)+ 1. ()
Here are the fundamental results about addition.

Theorem 2.1.1  Suppose that m,n,p € Z™T.

i) m4+n=n+m (commutativity)
ii) (m+n)+p=m-+ (n+p) (associativity)
iii) ifm+n=p+n thenm=p (cancellation)
i) ifm+mn=0thenm=mn=0.

(
(
(
(

Proof The proof uses induction many times over.

(i) We prove this in three steps. First we show that m +0 = 0 + m for all
m. We use induction. Let U = {m € Z* : 04+ m =m+0}. Then 0 € U,
since 0 + 0 = 0 + 0. Suppose that m € U. Then (m+ 1) +0=m + 1,
and 0+ (m+1) = (04+m)+ 1, by (*), and (0+m) +1 =m + 1. Thus
m+1¢€ U, and so U = Z*, by induction.

32
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Next, we show that
(m+1)+n=(m+n)+1foralmnecZ". (1)
Again, we use induction. Let
V={neZ " :(m+1)+n=(m+n)+1foralmeZ'}.

Since (m+1)+0=m+1=(m+0)+ 1,0 € V. Suppose that n € V.
Then

(m+1D)+n+1)=((m+1)4+n)+1, by (*),
=((m+n)+1)+1, sinceneV,
=(m+(n+1))+1, by (*) again.

Thusn+1 €V, and V = Z™, by induction.
Finally we establish (i), using induction once more. Let

W={neZ :m+n=n+mforalmecZ"}.
Then 0 € W, by the first step. Suppose that n € W. Then
m+ (n+1)=(m+n)+1, by (*),
=(n+m)+1, sincen e W,
= (n+1)+m, by ().

Thusn+1€ W, and W = Z™T, by induction.
Induction once more. Let

X={peZt:(m+n)+p=m+ (n+p)forallmmnecZ'}.

Since (m+n)+0=m+n=m+ (n+0),0 € X. Suppose that p € X.
Then
(m+n)+(+1)=((m+n)+p)+1,  by("),
=(m+(n+p))+1, sincepe X,
=m+((n+p)+1), by ("),
=m+(n+(p+1)), by (*) again.
Thus p+ 1 € X, and X = Z™, by induction.

A final use of induction. Let

Y={necZ" :ifm+n=p+nthenm=p, forallm,pec Z"}.
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Sincem+0=mand p+0=p, 0 €Y. Suppose that n € Y and that
m+ (n+1)=p+ (n+1). Then

(m+n)+1l=m+n+1)=p+n+1)=((p+n)+1, by ("),

and so m +mn = p+ n, by the Peano axiom (P4). Since n € Y, it follows
that m = p, andson+1 €Y. Thus Y = Z™, by induction.

(iv) Suppose that m +n = 0 and that n # 0. Then n € N = s(Z"), and
son=p+1forsomep € Z". Then 0 =m+ (p+1) = (m+p) + 1,
by (ii). This contradicts the Peano axiom (P3). Thus m = 0, and so
n=n+0=0+n=0.

a

As a result of (ii), we can write (m +n)+p=m+ (n+p) = m+n + p,
omitting the brackets.

By now, proof by induction should be familiar! In future, the details of
many such proofs will be left to the reader.

We now define multiplication recursively. Suppose that n € Z*. Using
recursion, we see that there exists a sequence (py,)mez+ such that pg = 0 and
DPm+1 = Pm + n. We then set p,,, = m.n (or mn, if this causes no confusion).
The number mn is the product of m and n. Arguing as in Theorem 2.1.1, we
obtain the following.

Theorem 2.1.2  Suppose that m,n,p € ZT.

(1) m.an=nm (commutativity);
(i1) 0.n =0 and 1.n = n;

(7i7) (m.n).p = m.(n.p) (associativity);
(tv) if m.n=pmn andn # 0 then m =p (cancellation);
(v) ifmn=0 thenm=0 orn=0.

Proof The proofs, by induction, are left as exercises for the reader. O

Again, we can write (mn)p = m(np) = mnp, omitting the brackets. We
also connect addition and multiplication.

Theorem 2.1.3 Suppose that m,n,p € Z*. Then m.(n + p) =
(m.n) 4+ (m.p) (the distributive law).

Proof 'The proof, by induction, is again left as an exercise for the reader. O

We write (m.n)+(m.p) = mn+mp: multiplication is done before addition.
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Corollary 2.1.4  Suppose that m,n € Z*.
(i) If mn =n thenn =0 orm=1.
(it) If mn =1 then m =n = 1.

Proof We use results from Theorems 2.1.1 and 2.1.2, without comment.
Decide which results are used at each stage of the arguments.

(i) If n # 0 then m # 0, and so there exists k € Z™ such that m = k + 1.
Then 0+n =n=mn = (k+ 1)n = kn +n, so that kn = 0, by cancellation.
Sincen # 0, k =0 and m = 1.

(ii) m # 0 and n # 0, so that there exist k,1 € Z* such that m = k + 1
andn =1+1. Then 1l =mn = (k+ 1)l +1) = kl +k + 1+ 1, so that
El+(k+1)=0.Thusk+!l=0and k=1=0. Thusm =n = 1. O

We now use addition to define an order relation on Z™. If m,n € Z* we
set m < n if there exists t € Z1 such that n = m + t. Note that 0 < n for all
n € Z*, since n =n+ 0. We set m < n if m < n and m # n. Thus m < n if
and only if there exists © € N such that n = m + u.

Theorem 2.1.5 Z7T is well-ordered by the relation <. That is:
(i) if m <n andn <p then m < p;
(i) If m,n € Z" then either m <n orn < m;
(ii1) if m <n and n < m then m =n;
() if A is a non-empty subset of ZT then there exists a € A such that
a <ad foralld € A (ais the least element of A, and so is the infimum
of A; we denote it by inf A).

Proof

(i) if m < n and n < p then there exist ¢,u in Z such that n = m + ¢ and
p=n+u. Thenp= (m+t)+u=m+ (t+u), sothat m < p.
(i) We use induction. Suppose that n € Z*. Let

U,={mecZ":m<norn<m}.

Then 0 € U,. Suppose that m € U,. We consider two cases. First,
suppose that m < n. Then n = m + u for some u € N. Thusu =r +1
for somer € Zt, andson=m+ (r+1)=(m+1)+rm+1<nand
m + 1 € Uy,. Secondly, suppose that n < m. Then m = n + t, for some
tecZ ,andsom+1=n+t+1,and m+ 1 € U,. It therefore follows
by induction that U, = Z*.

(iii) If m < n and n < m then there exist ¢,u € Z* such that n = m +t and
m = n+u. Thus n+0 =n =n+ (t+u), so that t+u = 0. By Theorem
2.1.1 (iv), it follows that t = v = 0, so that m = n.
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(iv) Another proof by induction. Suppose that A does not have a least
element. Let
V={meZ":m<aforalac A}.

Note that ANV = 0.0 € V, since 0 < n for all n € Z*. Suppose that
m € V and that a € A. Since m € A, m < a. Thus a = m + t, where
t € N. Thus t = r + 1 for some r € ZT, so that

a=m+(r+1)=(m+1)+r,

and m 4+ 1 < a. Since this holds for all a € A, m +1 € V. By induc-
tion, V = Z™. Since ANV = 0, it follows that A is empty, giving a
contradiction. O

The well-ordering property provides an alternative approach to induc-
tion. Suppose that Q(z) is a well-formed formula, that T = {n € Z* :
Q(n) is true} and that F' = {n € Z* : Q(n) is false}. Suppose that we know
that 0 € T', and can show that if Q(n) holds then Q(n+1) holds. Then F = (.
For if not, F has a least element f. Then f # 0, and so f = n + 1 for some
n € Z*. But thenn < f,sothat n € F. Thusn € T, and so f € T, giving a
contradiction.

If m < nand n = m + t then we write m = n — t: we shall remove the
restriction m < n in Section 2.4. Similarly, if n = mk, with k # 0, we write
m = n/k and say that m divides n. We shall consider division further in
Sections 2.5 and 2.6.

Exercises

2.1.1 (The complete induction principle) Suppose that Q(z) is a well-formed
formula, that (0) holds, and that we can show that if Q(m) holds for
all m < n then Q(n + 1) holds. Show that Q(n) holds for all n € Z*
(a) by induction, and
(b) by using the well-ordering of Z*.

1 _ n

2.1.2 Define m™ recursively by m® = 1 (note that 0° = 1) and m™*
Show that (m™)P = m"™ and that (mn)? = mPnP.

2.1.3 Show that n < 2" for all n € Z™. A number n € N is even if 2 divides
n, and odd if not. Show that if n € N then there exist k¥ € ZT and
j € N such that j is odd and n = 2¥j. Show that k and j are uniquely
determined by n.

2.1.4 Show how to define n! so that 0! = 1 and (n + 1)! = (n!)(n + 1).

2.1.5 The Fibonacci sequence (Fy,)pez+ is defined by Fy =0, F1 = 1, Fj, 40 =
F,+ Fpyq forn > 1.

m.m.
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(a) Explain how this definition can be justified by recursion. The
numbers that occur in the sequence are called Fibonacci numbers.
(b) Show by induction that 2 divides Fj, if and only if 3 divides k, and
that 3 divides F} if and only if 4 divides k. When does 5 divide Fj7
(c) Show that Fj,ixy1 = FpFy + Frr1Fnta-

2.1.6 Show that 5 divides 2272 + 3% for all n € Z .

2.1.7 Suppose that (A,)nez+ is a sequence of non-empty totally ordered
sets and that A = [[,cz+ An. If 2,y € A and x # y, let k(z,y) =
inf{n € Z7 : z, # yp}. U2,y € A, set x < yif x = y or
Th(zy) < Yk(z,y) Show that this is a total order on A (the lezicographic
order on A).

2.2 Finite and infinite sets

We are all familiar with the basic properties of finite sets. Nevertheless, we
need to deduce these properties from Peano’s axioms. Since we shall be con-
cerned with counting, we shall work with the natural numbers N, rather than
with Z7.

An initial segment I of N is a non-empty subset of N with the property
that if n € I and m <n then m € I.

Proposition 2.2.1 If I is an initial segment of I then either I = N or
there exists n € N such that I = I, = {m € N :m < n}.

Proof It follows immediately from the definition of an initial segment that
ifm¢gIandn>mthenn ¢ I.If I # N, then N \ I is non-empty; let mq
be its least element. Suppose, if possible, that mg = 1. If n € N, thenn > 1,
so that n € I and I = (). Thus mg > 1, and so there exists n € N such that
mog=mn-+1. Thenn € I, and so I, C I. But if p > n then p > n + 1 = my,
andsop & I. Thus I C I,. a

So far, we have defined a sequence to be a mapping from Z™ to a set A.
We now extend the definition, to include mappings from N to A. A mapping
f from an initial segment I to a set A is also called a sequence. If I = I, it
is called a finite sequence in A of length n, or an n-tuple, and is denoted by
)y o (fry e )

We say that a set A is finite if either A is empty or there exists n € N and
a bijective mapping ¢ : I,, — A. Thus the finite sequence (cy, ..., ¢,) lists the
elements of A, without repetition. A set is infinite if it is not finite.

Proposition 2.2.2 Ifj: I, — I, is an injective mapping then m < n.
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Proof The proof is by induction on m. The result is trivially true if m = 1.
Suppose that it holds for m, and that f : I,,4+1 — I, is injective. Then
m+ 1 > 2, so that f([;,+1) contains at least two points, and so n = k + 1,
for some k € N. Let 7 : I, — I, be the mapping that transposes f(m + 1)
and n and leaves the other elements of I, fixed. Then 7o f : I,,41 — I, is
injective, and 7(f([;,)) C I. By the inductive hypothesis, m < k, and so
m+1<k+1=n. O

Corollary 2.2.3 If A is a non-empty finite set, there exists a unique
n € N for which there exists a bijection ¢ : I, — A.

Proof Suppose that ¢ : I, — A and ¢ : I, — A are bijections. Then
ctod : 1, — I, is a bijection, and so n’ < n. Similarly, n < n'. O

The number n is the size or cardinality of A; it is written as |A|, or as
#(A). We assign the empty set size 0.

Proposition 2.2.4  Suppose that A is a finite set, and that f : A — B is
a bijection. Then B is finite, and |B| = |A|.

Proof For if C': I} 4 — A is a bijection, then the mapping foc: I, — B
is a bijection. O

Proposition 2.2.5 If A is a non-empty subset of I, then A has a greatest
element.

Proof LetU = {m € N :a < m for all a € A} be the set of upper bounds of
A. Then n € U, so that U # (). Let b be the least element of U. If b = 1 then
A = {b}, so that b € A. Suppose that b ¢ A. Then b # 1, and so b = c+ 1 for
some ¢ € N. But then ¢ € U, contradicting the minimality of b. Thus b € A,
and b is the greatest element of A. O

Corollary 2.2.6 If A is a non-empty subset of I, with greatest element
n, then A is finite, and |A| < n, with equality if and only if A = 1I,.

Proof We prove this by complete induction on n. The result is certainly true
if n = 1, since then A = {1} and |A| = 1. Suppose that it is true for all ¢ < n,
and that A is a subset of N with greatest element n + 1. If A is the singleton
{n 4 1} then the result certainly holds. Otherwise, let A’ = A\ {n + 1}.
Then A’ # (), and so A’ has a greatest element n’ with n’ < n. By the
inductive hypothesis, A’ is finite, and & = |A’| < n/, with equality only if
A" = I,. Let ¢ : I, — A’ be a bijection. If m € Ij11, let ¢(m) = /(m) if
m < k and let ¢(k 4+ 1) = n+ 1. Then c is a bijection of I; onto A, so that
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|Al=k+1<n'+1<n.Finally, k +1=n+ 1 only if K = n, in which case
A =1I,and A=1,,. O

Corollary 2.2.7 Suppose that B is a subset of a finite set A. Then B is
finite, and |B| < |A|, with equality if and only if B = A.

Proof If B is empty, then B is finite. If B is not empty then A is not empty,
and there exist n € N and a bijection ¢ : I, — A. Then ¢ (B) is a non-
empty finite subset of I,,, and so there exists m € N, with m < n, and a
bijection d : I,,, — ¢ *(B). Then cod is a bijection of I,,, onto B. Thus B
is finite, and |B| = m < n = |A|. Equality holds if and only if ¢c~!(B) = I,,,
and this happens if and only if B = ¢(I,,) = A. O

Corollary 2.2.8 Suppose that A is a non-empty finite set and that f :
A — A is an injective mapping. Then f is bijective.

Proof Let c: I 4 — Abeabijection. Then foc: Ij4 — f(A) is a bijection.
Thus [f(A)| = |A], and so f(A) = A. O

Dedekind defined a set A to be infinite if there is an injective map j :
A — A which is not surjective; such sets are now called Dedekind infinite.
For example, N is Dedekind infinite, since the mapping n — 2n : N — N is
injective, and is not surjective.

Corollary 2.2.9 A Dedekind infinite set is infinite.
Corollary 2.2.10 N is infinite.

There are many other basic properties of finite sets, including those listed
in the exercises. Use only induction, recursion, Peano’s axioms and the results
derived from them to establish them.

Exercises

2.2.1 Suppose that A is a finite set, and that f : A — B is a surjection.
Show that B is finite, and that |B| < |A|, with equality if and only if
f is a bijection.

2.2.2 Suppose that A is an infinite set and that f is a mapping from A into
itself. Show that there exists a non-empty proper subset B of A such
that f(B) C B.
[Hint: consider the set

{a € A : there exists n € N such that f"(a) = a}.]

Does the same hold for finite sets?
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Show that if A is finite and f is a mapping from A to B then f(A) is
finite.

Show that if A and B are finite subsets of a set X then AU B is finite,
and show that |AU B|+ |[AN B| = |A| + |B|.

Suppose that Aq,... A, are finite subsets of a set X. Use induction
and the result of the previous exercise to prove the inclusion-exclusion
principle:

|AU--- U Ay
ZZ<(_1>"”+1Z{|Aﬁﬂ'-'ﬂf1jk|:1§j1<'--<jk§n}).
k=1

The pigeonhole principle. Suppose that f is a mapping from a set A
to a finite set B. Show that if A is finite and |A| > |B| then f is not
injective. Show that if A is infinite, then there exists b € B such that
f~1({b}) is infinite.
A tennis club has more than one member. During a season, each mem-
ber plays against none, some or all of the other members. Show that
there are two members who play against the same number of other
members.
Suppose that M and W are non-empty finite sets and that H is a
relation on M x W.If m € M, let h(m) = {w € W : (m,w) € H}
and if A C M let h(A) = Upneah(m). Show that the following are
equivalent:
(a) |h(A)| > |A| for all A C M.
(b) There exists an injective mapping x : M — W such that
(m,x(m)) € H, for all m € M.
[Hint: use induction on |M|. Consider two cases:
(i) |h(A)| > |A| for every non-empty proper subset A of M;
(ii) there exists a non-empty proper subset A of M for which |h(A)| =
4]
This is Hall’s marriage theorem; M is a set of men, W is a set of
women, and (m,w) € H if m and w know and like each other.
Suppose that (ky)nez+ is a decreasing sequence in ZT — if m > n
then k,,, < ky,. Show that (kj),en+ is eventually constant: there exists
N € NT such that if m > N then k,,, = kn.
Suppose that (A, <) is a non-empty totally ordered set for which each
non-empty subset has a least element and a greatest element. If a € A,
let U(a) = {b € A :a < b} be the set of strict upper bounds of {a}
in A. Let s(a) be the least element of U(a) if U(a) is non-empty, and
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2.2.15

2.2.16
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2.2.19
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let s(a) = a otherwise. Show by recursion that there is a surjective
mapping f : ZT — A such that f(m) < f(n) if m < n. Show that A
is finite.

Suppose that (a1, ..., ay) is a finite sequence in Z*. Show that there
are sequences (S1,...,Sy) and (p1,...,p,) such that s; = p; = a; and
Sj+1 = 8j + aj+1, Pj+1 = pj-ajy1 for 1 < j < n. We write

n n
sn:a1+~-—|—anor5nzg Qj, Pn=20a1.'* .anp O pn:Haj.
j=1 j=1

(This clearly will extend to other settings.) Suppose that o is a
permutation of I,,. Show that

Zag(j) = Zaj and H ag(j) = H a;.
j=1 j=1 j=1 j=1

Show that 13 +23 + ... + 713 = (14+2+---+7)% forall r € N.

Show that 13 +33 + ... + (2n — 1)? = n?(2n? — 1) for all n € Z™.

Show that any n € NT can be written as the sum of a strictly

decreasing sequence of Fibonacci numbers. Is this representation

unique?

Suppose that A is finite and that (B, )aca is a family of finite sets.

Show that the Cartesian product ], 4 Ba is finite and determine its

size.

Suppose that A and B are finite. Show that B4 is finite, and determine

its size.

Suppose that A is finite. Show that P(A) is finite, and determine its

size. By considering mappings f : A — {0, 1}, relate this result to the

previous one.

Let X4 be the set of permutations of a non-empty set A. Show that if

A is finite, then X 4 is finite; determine its size.

Suppose that A and B are finite. Let I be the set of injective mappings

from A to B.

(a) Determine the size of I.

(b) Define an equivalence relation on I by setting f ~ g if f(A) =
g(A). Determine the size of the equivalence classes.

(c) Let (Z) denote the size of the set of subsets of I, of size k. Show

that if £ < n then
ny n!
k) (n—k)k"
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(d) Prove de Moivre’s formula

n+1\ (n n n
k - \k k—1
and its generalization, Vandermonde’s formula,
(") -2 ()60)
V- ACIAVES:
(e) By considering the largest member of a subset of I, ;1 of size k+1,
show that ) ) -
n + + n
()= () () =+ ()

2.2.20 Suppose that ki,..., k. € ZT and that k1 + --- + k, = n. Show that

there are
n!
ki!... k!
r-tuples (A1, ..., A;) of pairwise disjoint subsets of I,, with |A;| = k;
for1 <j<r.

2.2.21 Show that if A is a non-empty finite set then the number of subsets of
A of even size is the same as the number of subsets of A of odd size.

2.2.22 Suppose that n, k € N. Show that n can be written as a; + - - - + ag,
with a; € ZT for 1 < i < k, in ("Zf;l) distinct ways. How many
distinct ways are there of writing n as by + - - - + by, with b; € N for
1<i<k?

2.3 Countable sets

A set A is countable if it is finite or if there is a bijection ¢ : N — A; otherwise
it is uncountable. Thus a set is countable if it is empty or if there is a bijection
from an initial segment of N onto A. The function c is called an enumeration
of A. A set is countably infinite if it is infinite and countable.

Thus A is countably infinite if and only if the elements of A can be listed,
or enumerated, as an infinite sequence (¢, ca, . ..), without repetition.

If A is countable (countably infinite) and j : A — B is a bijection, then B
is countable (countably infinite).

Not every set is countable, since it is an immediate consequence of Theorem
1.6.3 that the set P(IN) of subsets of N is not countable. It was Cantor who
first showed, in 1873, that there are different sizes of infinite set, showing
that the set of real numbers is uncountable. We shall prove this in Section



2.8 Countable sets 43

3.6, where we shall also describe the consternation which Cantor’s result
produced. Meanwhile, let us concentrate on countable sets.

Theorem 2.3.1 If A is a subset of N without a greatest element then
there exists a unique strictly increasing function f: N — N (that is, f(n) <
f(n+1) for alln € N) such that f(N) = A.

Proof We construct the function recursively. If n € N then A, = A\ I, =
{m € A :m > n} is non-empty, by hypothesis. Let g(n) be the least element
of A,. Then g is a mapping from N to N, and g(n) > n for all n € N.
By recursion, there exists a mapping f : N — N such that f(1) = g(1)
and f(n+ 1) = g(f(n)), for all n € N. Since g(f(n)) > f(n), f is strictly
increasing; further, f(IN) C A.

Next we show that f(N) = A. If not, let b be the least element of A\ f(IN).
Then 1 < f(1) < b, so that the set AN {n € N : n < b} is not empty. By
Proposition 2.2.5, it has a greatest element c. Then g(¢) = b. But ¢ € A and
¢ < b, so that ¢ € f(N); if ¢ = f(k), then b = f(k + 1), giving the required
contradiction.

It remains to show that f is unique. Suppose that h : N — N is a strictly
increasing function such that h(N) = A, and that h # f. Then there exists
a least n such that h(n) # f(n). Since f(1) = h(1) = g, where g is the least
element of A, n > 1. Suppose that h(n) > f(n). Then h(n—1) = f(n—1) <
f(n) < h(n). But f(n) € A, and so f(n) = h(m) for some m € N. Since
h is strictly increasing, n — 1 < m < n, giving a contradiction. A similar
argument applies if h(n) < f(n). Hence f is unique. O

The mapping f is called the standard enumeration of A.

Corollary 2.3.2 Suppose that A is a non-empty subset of N. If A has an
upper bound in N, then A is finite; otherwise, A is countably infinite.

Proof If A has an upper bound, then it is finite, by Proposition 2.2.5 and
Corollary 2.2.6. Otherwise, A does not have a greatest element, so that there
is bijection f: N — A, and A is countably infinite. O

Corollary 2.3.3 A subset B of a countable set A is countable.

Proof 1If B is finite, then B is countable. If B is infinite, then A is infinite,
and there exists a bijection g : N — A. Then g~!(B) is infinite, and so
does not have a greatest element. By the theorem, there exists a bijection
f:N — g }(B). Then go f : N — B is a bijection, so that B is countably
infinite. O
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It is useful to have simple sufficient conditions for a set to be countable.
The next proposition provides these.

Proposition 2.3.4 Suppose that A is a set. The following are equivalent.

(i) A is countable.
(i1) Either A =1 or there exists a surjective mapping f : N — A.
(iii) There exists an injective mapping j : A — N.

Proof Suppose that A is a countable non-empty set. If A is finite, there
exists a bijection f : I )4 — A. Extend f to a surjection f : N — A by
setting f(n) = f(1) for n > |A|. If A is countably infinite, there is a bijection
of N onto A. Thus (i) implies (ii).

Suppose that (ii) holds. If A is empty, then the empty mapping is an
injective mapping of A into N. Otherwise, if a € A then {n € N: f(n) = a}
is non-empty; let g(a) be its least element. Then g : A — N is an injective
mapping, and so (ii) implies (iii).

Finally, suppose that (iii) holds. If A = (), then A is finite, and so is
countable. If A # () and j(A) is bounded above, then j(A) is finite, and so A
is finite. If A # 0 and j(A) is not bounded above, let f : N — j(A) be the
standard enumeration of j(A). Then j~! o f is a bijection of N onto A, so
that A is countable: (iii) implies (i). O

In case (ii), each element of A is labelled, all the labels are used, but an
element of A may have many labels. In case (iii), each element of A is given
a separate label from N, but all the labels need not be used.

When condition (ii) is used, it is important to remember that the empty
set needs to be considered separately.

Corollary 2.3.5 Ifg: A — B, and A is countable, then g(A) is countable.

Proof If A is empty, then g(A) is empty, and so is countable. Otherwise,
there exists a surjective mapping f of N onto A. Then g o f is a surjective
mapping of N onto g(A), so that g(A) is countable. O

Theorem 2.3.6 The set N x N is countable.

Proof Suppose that (k,l) € N. The mapping f : N x N — N defined by
f(k,1) = 2F1(2] — 1) is a bijection. (See Exercise 2.1.3.) O

Corollary 2.3.7 If A and B are countable sets then A x B is countable.

Proof There exist injective mappings ja : A — N and jp : B — N. If
(a,b) € A x B, set j((a,b)) = (ja(a),jp(b)). Then j : Ax B —- N x N
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is injective, so that the mapping f o j is injective. The result follows from
Proposition 2.3.4. O

Corollary 2.3.8 If A is a countable set, and each a € A is countable, then
Ugeaa is countable. (The countable union of countable sets is countable.)

Proof First, let B = {a € A : a # 0}. Then Uscpaa = Uzepa, and so we
can suppose that each a € A is non-empty. Secondly, if A is empty then
Ugcaa is empty, and so is countable. Thus we can suppose that the set A,
and each of the sets a € A, is non-empty. Using Proposition 2.3.4 (iii), there
exists a surjection ¢ : N — A, and for each m € N there exists a surjection
fm : N — ¢(m). (Note that here we use the countable axiom of choice; in
many specific cases, this can be avoided.) Now if (m,n) € N x N, we set
g(m,n) = fm(n): we use m to select an index ¢(m) in A, and use n to select
an element of ¢(m). Then ¢ is a surjection of N x N onto Ugecqa, and so
Ugeaa is countable, by Corollary 2.3.5. O

If we assume the axiom of dependent choice, we can establish some
properties of infinite sets.

Proposition 2.3.9 Assuming the axiom of dependent choice, if A is an
infinite set, then A contains a countably infinite subset.

Proof Let S(A) be the set of finite sequences in A. If s = (ag,...,a,) €
S(A), let ¢(s) = {(ag,--.,an,y) 1y € {ao,...,an}t}. Then ¢(s) # 0.

Let a be an element of A. Let sy = (a). By the axiom of dependent choice,
there exists a sequence (s,,)%°, in S(A) such that s,11 € ¢(sy), for n € Z+.
Set b, = ann, where s, = (an0,...,ann). By the construction, (b,)5, is a
sequence of distinct elements of A. O

Corollary 2.3.10 Assuming the axiom of dependent choice, if A is an
infinite set then P(A) is uncountable.

Proof 1If C is a countably infinite subset of A, then P(C) C P(A), and P(C)
is uncountable. O

Corollary 2.3.11 Assuming the axiom of dependent choice, an infinite
set A is Dedekind infinite.

Proof Let B be a countably infinite subset of A, and let (b1, bs,...) be a
listing of the elements of B, without repetition. Let f(b;) = bg; for j € N,
and let f(a) = a for a € A\ B. Then f is an injective map of A into itself,
and A\ f(A) = {b1,bs,bs,...} is a countably infinite set. O
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2.3.2

23.3

2.3.4

2.3.5

2.3.6
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Exercises

Show that a finite product of countable sets is countable. What about

a countable product of finite sets?

The countable pigeonhole principle. Suppose that f is a mapping from

an uncountable set A to a countable set B. Show that there exists b € B

such that f~1({b}) is uncountable.

Suppose that A is a countably infinite set. Determine which of the

following sets are countable and which are not.

(a) The set of finite subsets of A.

(b) The set of permutations of A.

(c) The set of permutations o of A for which o2 is the identity.

(d) The set of permutations 7 of A for which {a € A : 7(a) # a} is
finite.

Let J be the set of mappings j : N — N for which j(m) < j(n) for

m < n. Show that J is uncountable.

Let D be the set of mappings d : N — N for which d(m) > d(n) for

m < n. Show that D is countable.

Suppose that B is a disjoint set of subsets of N:if A, A’ € Band A # A’

then AN A’ = (). Show that B is countable.

2371 Ae P(Z")andn € ZT, let fa(n) =2"ifn € A and let fa(n) =0

otherwise. Let g4(n) = Y_7_ fa(j), and let G(A) = {ga(n) : n € ZT}.
Show that {G(A) : A € P(Z*)} is an uncountable subset of P(Z™)
with the property that G(A)NG(A’) is finite, if A # A’. [Hint: consider
the binary expansion of g(n).]

2.4 Sequences and subsequences

A strictly increasing function from N to N defines a sequence in N. Such a
sequence (n)2, is called a subsequence of N, and the set {n; : k € N} is
called the image of the subsequence. Theorem 2.3.1 shows that there is a one-

one correspondence between the infinite subsets of N and the subsequences

of N.

Proposition 2.4.1  Suppose that (my)32, and (nk)32, are subsequences
of N, with images A and B respectively. If A C B then myp > ny for all
ke N.

Proof We prove this by induction. First, n; = inf(A4) < inf(B) = my.
Suppose that my > ny. If my = ny then

ney1 =inf{la € A:a>ni} <inf{be€ B:b>mp} = mp41.
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If my > ny, then ng; =inf{a € A:a > ni} <myp < mp4q. O

Frequently we construct a sequence of subsequences, and use them to
construct a further subsequence. This involves a diagonal procedure.

o0

Theorem 2.4.2 (The diagonal procedure) Suppose that ((ng )) 2

o]
J=1

a sequence of subsequences of N, that A; is the image of (n,gj))Zil, forjeN

18

and that (Aj)?; 15 a decreasing sequence. Let my = nlgk), for k € N. Then
(my)52, is a subsequence of N, and my, € A; for k > 1.

Proof If k > [ then my € A C A;, so that m; € A;. We must show that
(my)g2, is strictly increasing. This follows from Proposition 2.4.1, since

k k k+1
mk:n,(c)<n,(€£1§n,(€+l):mk+1. O

Suppose that (an)2°
quence of N. The composite (an, )72 is called a subsequence of (a,)32 ;. In

is a sequence in a set A and that (ny)72, is a subse-

fact, it would be more accurate to define the subsequence as the ordered pair
((an)pZy, (nk)32,), since the set {ny : k € N} is important. We call it the
support of the subsequence, and denote it by supp (an, )72 -

Let us give an important example.

Theorem 2.4.3 Suppose that (a,)2, is a sequence in a totally ordered
set A. Then there exists a subsequence (an,)7o, such that either

(1) if k <1 then an, < an, ((an,)3>, is strictly increasing), or
(it) if k <1 then an, > an, ((an,)3>, is strictly decreasing), or
(iii) if k <1 then an, = an, ((an,)72, is constant).

Proof Let us say that an index n is a high point if a,, > a,, for all m > n.
There are two possibilities. First, there are infinitely many high points ny <
ng < ---. In this case, (an, )7 is strictly decreasing. Secondly, there are only
finitely many high points. In this case, there exists /N such that if n > N then
n is not a high point, so that there exists a least m > n with a,, > a,,. We
can therefore recursively find a sequence (n; < ng < ---) with n; = N and
Qn,., > ap, for all j. Then either there exists k such that a,, = ay, for all
j > k, in which case we have a constant subsequence, or we can extract a
further subsequence which is strictly increasing. O

Theorem 2.4.3 is a consequence of a much more general theorem. This
has considerable theoretical importance, but we shall not use it later. It may
therefore be omitted on a first reading. First we introduce some notation and
terminology. Suppose that C is a finite set and that f : A — C'is a surjective
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mapping. Then we call f a colouring of A. The elements of C are the colours;
a has colour f(a). The collection of sets {f~({c}) : ¢ € C'} partitions A into
sets of different colour.

If Ais aset and k € N, we denote by P(A) the set of all subsets of A of
size k. We identify P;(A) with A. If B C A then Py (B) C P(A).

Theorem 2.4.4 (Ramsey’s theorem) Suppose that f : Py,(N) — C
is a colouring of Px(N). Then there exists an infinite subset M =
{n1 < ng < --+} of N such that f(Py(M)) is a singleton: all the subsets
of M of size k have the same colour.

Proof The proof is by induction on k. The result is true if k = 1, since the
finite collection of sets { f~({c}) : ¢ € C'} is a partition of the infinite set N,
and so, by Exercise 2.2.5, one of the sets f~1({c}) must be infinite. We take
this for M.

Suppose that the result is true for k, and that f : Py.1(IN) — Cis a
colouring of Pyy1(N). The sets in Pyy1(N) have k + 1 elements, and, in
order to use the inductive hypothesis, we need to relate them to sets with
k elements. First, let by = 1 and let Dy = {n € N : n > b}. If B €
Pi(Dy), let g1(B) = f({b1} U B); then g; is a colouring of Py(D;). By the
inductive hypothesis, there exist ¢4 € C and an infinite subset E; of D;
such that g1(B) = ¢ for all B € Py(FEp). Thus f(A) = ¢; for those A
in Pyy1({b1} U E7) for which b; € A. But of course there are many other
subsets in Py11({b1} U E1). We therefore iterate the procedure.

We use recursion to show that there exists a sequence (by, En, cn)oeq,
where (b,,)72 is a strictly increasing sequence in N, (E,)22, is a strictly
decreasing sequence of infinite subsets of N and (c,); is a sequence of
colours, with the following properties:

(i) by < eforall e € Ey;
(ii) bp41 is the least element of E,,
(iii) f({bp} U A) =¢, for all A € Py(E,).

We have found (b1, Eq, ¢1). Suppose that we have found (b;, £}, ¢;) which
satisfy the conditions, for 1 < j < n. Let b,41 be the least element of E,,. Let
Dypy1=Ep\{bps1}. If A € Pp(Dpy1), we set gny1(A) = f(bpt1 U A). Then
Jgn+1 is a colouring of Py(Dy,41). By the inductive hypothesis, there exists
an infinite subset Fy,1 of D,41 and c,41 € C such that if A € E, 11 then
f(bpt1 UA) = gnt1(A) = cpp1. This establishes the recursion.

Now consider the sequence (¢,,)02 ;. If c € C, let Ac = {n € N : ¢, = c}.
The finite collection {A; : ¢ € C} of subsets of N forms a partition of the
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infinite set N, and so one of them, A., say, must be infinite. We take this
to be M. Finally, we show that if A € Py1(M) then f(A) = ¢, so that
M satisfies the conclusions of the theorem. If A € Py, 1(M), we can write
A = {b,} U B, where b, is the least element of A and B = A\ {b,}. Then
by, € M and B € Py(E,), so that f(B) = co, by (iii). O

Let us now see how Ramsey’s theorem can used to prove Theorem 2.4.3.
Consider P»(N). If m < n, colour the unordered pair {m,n} red if a,, < ay,
yellow if a,, > a, and blue if a,, = a,. Then there exists an infinite subset
M = {n; < ny < ---} such that the sets {n;,ny} with j # k all have the
same colour. Thus the sets {n;, n;y1} all have the same colour. If the colour is
red, we have a strictly increasing subsequence; if yellow, a strictly decreasing
subsequence; and if blue, a constant subsequence.

Exercises

2.4.1 Suppose that (A4,)52, is a sequence of subsets of a set A. Show that
there exists a subsequence (A, ), which is either constant, or strictly
increasing, or strictly decreasing, or such that if k # [ then A,, Z A,,
and A,, € An,.-

2.4.2 Suppose that (g,)22, is a sequence in a group G. Show that either there
is a sequence (gn, )72, such that gn,gn, = gn,gn, for k,1 € N or there

is a sequence (gn, )7, such that gn, gn, # gn,gn, if k # 1.

2.5 The integers

Our next task will be to adjoin a set —N of negative numbers to Z™ to obtain
the set Z of integers. There are many ways of doing this. We use a rather
nalve one, which involves a certain amount of case-by-case checking. Another
method appears in Exercise 2.7.5.

Define a mapping n — nt from Z* to ZT x Z* by setting n* = (0,n),
and define a mapping n — n~ from N to ZT x ZT by setting n= = (n, 0),
and set

Z={n":neZu{n :neN}L

We define addition in N by setting

nt+mt =n+m)t,

n~ +m- = (n+m), and

(n—m)T ifn>m,

nt+mT=m +nt = .
(m—mn) if n <m.
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Note that addition is commutative: if p,q € N then p + ¢ = ¢ + p.
We now verify that addition is associative; we do this case by case.
Certainly

(mt+n")+p" =m+n+p)t =mt+ 0t +p")
and (m~+n")+p =(m+n+p)~ =m +(n +p ).

Next,

(m+n—p)T ifm+n>p,

+ 4t = TpT =

while

mt +(n—p)t=(m+n—p* ifn>p,
m T+t +p )={mt+(p-—n)"=(m+n—-—pT ifm+n>p>n,
mt+(p—n)"=(p-m-n)" ifm+n<p.

Thus (m* +n") +p~ =m" + (nt + p~). Using this, and the commutative
property, we find that

(mT+p)+nt=nT+m T +p)=On"+mT)+p”
=mt+n")+p  =mT+ (" +p7)
=(mt+n")+p,

and the other cases are dealt with in a similar way.

Note also that 0" acts as an identity: if p € N then p + 0" = 0" +p = p,
and if n € Z* then n™ +n~ = 0",

Thus we have the following.

Theorem 2.5.1 (Z,+) is an abelian group with identity element 0%, gen-
erated by 17. The mapping 0 : Z+ — Z defined by 0(n) = n™ is an injective
mapping of Z" into Z, and O(n +m) = 0(n) + 6(m).

In particular, —(n™) =n~ and —(n~) = n™.

The set Z is the set of integers. We identify Z™ with (Z™), and N with
O(N). Thus Z =Z" U (—-Z") = NU{0} U(—N), and the latter is a disjoint
union. If n € N, we say that n is positive; if n € ZT, we say that n is non-
negative; if n € —N we say that n is negative, and if n € —N U {0} we say
that n is non-positive.

The fact that (Z,+) is a group is important; it leads to useful algebraic
results.



2.5 The integers o1

Proposition 2.5.2  Suppose that (G,0) is a group and that g € G. Then
there exists a unique homomorphism ¢ of (Z,+) into G for which ¢(1) = g.

Proof We define ¢ recursively on Z*. Define a mapping r : G — G by
setting r(h) = h o g, for h € G. By recursion, there exists a unique mapping
¢ : Z*t — G such that ¢(0) = eg, the identity in G, and ¢(n + 1) = r(p(n)).
Set g" = ¢(n). Then

" =¢(n+1)=¢(n)og=g"ogy;

mAn = ¢gM o g" for m,n € Z". Now define

a+b _

an easy induction shows that g
g " = (g")7!, for —n € N~. It is again straightforward to check that g
g o g® for a,b € Z. In particular, g" o g™ = g "
is the inverse of ¢g". Finally, uniqueness follows from the uniqueness of the
recursion. O

og" = e, so that g7

The image ¢(G) is a subgroup of G. It is the smallest subgroup of G which
contains g, and is denoted by Gp(g). If Gp(g) = G, we say that G is a cyclic
group, with generator g.

Proposition 2.5.3 The additive group (Z,+) is a cyclic group, with
generator 1.

Proof Let Gp(1) be the subgroup of Z generated by 1. Then 0 € Gp(1). By
induction, n € Gp(1) for all n € N. But then —n € Gp(1) for all n € N, and
so Gp(1) = Z. O

Next, we define an order on Z. Weset k < jif j —k € ZT. If j —k € ZT
and k —1 € Z" then j — 1 = (j — k) + (k—1) € Z*; thus if £k < j and
Il <kthenl < j.Ifk £ jthenj—k & Z*, so that j —k € N—, and
k—j=—(j—k) € NCZ" Thus j < k. Consequently < is a total order
on Z. Note that j < kif and only if j +1 < k + [, for any j,k,l € Z. We
can arrange the integers in increasing order as a doubly infinite sequence of
terms:

o, —4,-3,-2,-1,0,1,2,3,4,. ..

The order and the group structure of (Z,+, <) are related. An ordered
group is a group G, together with a total order on G with the property that
ifg<g andh € Gthen hog < hog and goh < ¢ o h. We denote the
set {g € G : e < g} by GT. The preceding remarks show that (Z, +, <) is an
ordered group. Further, the set Z™* is well-ordered, and Z has at least two
elements. We now show that these properties characterize Z.
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Theorem 2.5.4  Suppose that (G,o0,<) is an ordered group with at least
two elements and that GT is well-ordered. Then there exists a unique order-
preserving group isomorphism 6 of (Z,+,<) onto (G, 0, <).

Proof We do not assume that G is an abelian group, and so we write the
group operation as multiplication. If g € G, then either g or g~! is in G*
(if g ¢ G* then g < e; composing with g7, e = gog! < g7 !, so that
g1 € GT). Since G has at least two elements, the set P = {g € G : e < g}
of strictly positive elements is not empty. Let 15 be the least element of
P. By Proposition 2.5.2, there exists a unique homomorphism 6 : Z — G
with (1) = 1g. An easy induction shows that §(N) C P. Suppose that
j,k € Z and that j < k. Then k — j € N, so that 8(k — j) € P. Thus
e <O(k—j7)=0(k)o(6(j))~'. Multiplying by 0(j), we see that 6(j) < 0(k);
6 is order-preserving. Since the order on Z is a total order, it follows that 0
is injective.

Next we show that 6(Z) = G. If not, there exists g € G\ 0(Z). Since 0(Z)
is a subgroup of G, g # 0, and —g € G \ 0(Z). As before, one of g and —g is
strictly positive, and so P\ 0(Z) is non-empty. Let gy be its least element.
Since 15! = 0(—1) € 6(Z) and gy & 0(Z), it follows that 15' o go & 0(Z).
Since e = 0(0) € 0(Z), it follows 15" o gy # e. Since 15" 0 gy < go and since
go is the least element of P\ §(Z), it follows that 151 0 gop < e. Multiplying
by 1g, it follows that gg < 1g. But gg € P and 1¢ is the least element of P,
and so we have a contradiction.

Uniqueness then follows from Proposition 2.5.2. O

What about multiplication? We want to extend the multiplication defined
on Z*, and to preserve the distributive law. Thus if m,n € ZT we require
that

m.n+m.(—n) =m.(n+ (—n)) = m.0 =0 and

n.m+ (—n).m = (n+ (—n)).m =0.m =0,

so that m.(—n) = —(m.n) = —(n.m) = (—n).m. In particular, we require
that 0.(—n) = (—n).0 = 0. Similarly we require that
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Summing up, we have the following multiplication table:

0 meN -me-N

0 0 0 0
neN 0 nm —nm
-ne-N 0 —nm nm

With this multiplication, we have the following extension of Theorem 2.1.2
and Theorem 2.1.3.

Theorem 2.5.5 Suppose that j, k,l € Z.

(1) jJk=kj (commutativity);

(@) 05=0, 1j=jand(~1)j=—j;

(131) (5.k).0 = j.(k.D) (associativity);

(tv) ifj.k =1k and k #0 then j =1 (cancellation);

(v) ifjk=0thenj=0 orl=0.

(vi) j.(k+1)=(j.k)+ (5.0 (the distributive law).

Proof The proof is again left as an exercise for the reader. O

Again, we can write jk for j.k. Then (jk)I = j(kl) = jkl. We write
(jk) + (jl) = jk + jl; multiplication is carried out before addition.

Exercises

2.5.1 Suppose that 2 € Z and that x # 0. Show that 22 > 0.
2.5.2 Show that Z is countable. Define an explicit bijection from N onto Z.

2.6 Divisibility and factorization

We now consider divisibility in N and in Z. If j and k are in Z, we say that
Jj divides k, and write j|k, if there exists ¢ € Z such that k = ¢j. It follows
from Corollary 2.1.4 that the only elements of Z which divide every element
of Z are 1 and —1: we call them the units of Z.

In order to study divisibility, we first consider the additive group (Z, +),
and ask the question: what are the subgroups of (Z, +)? Suppose that n € N.
By Proposition 2.5.2, there is a homomorphism 6 : Z — Z such that (1) = n.
Then

0(Z)=Zn={k€Z:k=jnforsomejcZ}={keZ:nlk},

so that Zn is a subgroup of (Z, +) (note that Z0 = {0} and Z1 = Z). If n # 0
then n is the least positive element of Zn, and so Z,,, # Z, if m # n.
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These subgroups are useful when considering division with remainder.

Proposition 2.6.1 Suppose that m,n € N. There exist q,r € Z*, with
0 <r <n such that m =qn +r.

Proof Let L ={j € Zn:0<j<m}. Since 0 € L, L is a non-empty finite
set, and therefore it has a greatest element [ = gn. Let » = m — ¢n, so that
r>0.Sinceqn+n=(g+1)n&€ L,m<gn+n,andsor =m—ng<n. O

In fact, the subgroups Zn are the only subgroups of Z.

Proposition 2.6.2 If H is a subgroup of (Z,+) then H = Zn for some
nezr.

Proof 1If H # {0} = Z0, then, since h € H if and only if —h € H, the set
H N N of positive elements of H is non-empty. Let n be its least member.
Then Zn C H. We shall show that H = Zn. Suppose that m € H and that
m is positive. By the previous proposition, we can write m = gn + r, where
0<r <n Butgn € H, and sor = m — qn € H. Since n is the least
positive element of H and r < n, it follows that » = 0. Thus m = gn € Zn.
If m € H and m is negative, then —m € H, so that —m € Zn; consequently
m € Zn. O

Now let us return to divisibility. We restrict attention to IN. The relation
m|n is a partial order on N, since if m|n and n|p then m|p, and since if
m|n and n|m then m = n. A partially ordered set (A, <) is called a lattice
if whenever a and b are elements of A then the set {a, b} has an infimum,
denoted by a A b, and a supremum, denoted by a V b.

Theorem 2.6.3 (i) The partially ordered set (N,|) is a lattice.

(ii) If m,n € N then there exist k,l € Z such that m An = km + In
(Bachet’s theorem).

(iii) (m An)(mVn) =mn.

The element m A n is called the highest common factor of m and n, and
is traditionally written as (m,n) [risking confusion with the ordered pair
(m,n)]; mV n is called the lowest common multiple of m and n.

Bachet’s theorem is frequently called Bézout’s lemma; Bachet established
the result in 1624.

Proof Suppose that m,n € N. Let

H ={h €Z:h=um+vn, for some u,v € Z}.
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Thenm=1.m+0n € H andn=0.m+ 1.n € H. Since

(um +ovn) + (u'm +v'n) = (u+u')m + (v +v')n and

—(um +vn) = (—u)m + (—v)n,

H is a subgroup of (Z,+). Further, H is the smallest subgroup of (Z,+)
containing m and n, since if K is a subgroup of (Z, +) which contains m and
n then it contains all the elements um + vn, with u,v € Z. We call H the
subgroup generated by m and n, and denote it by Gp(m, n). By Proposition
2.6.2 there exists h € Z* such that H = Zh. Since H # {0}, h > 0. Then
there exist k,l € Z such that h = km + In. Since m,n € H, hlm and h|n.
Suppose that h'|m and h'|n. Then h'|(km + In) and so h'|h. Thus h is the
highest common factor of m and n.

Similarly Zm N Zn is a subgroup of (Z,+), and mn € Zm N Zn, so that
Zm N Zn # {0}. Thus there exists g € N such that Zm N Zn = Zg. Since
g € Zm, m|g, and similarly n|g. If m|¢’ and n|g’ then ¢’ € Zm and ¢’ € Zn,
so that ¢ € Zg. Thus g|g¢’, and so g is the lowest common multiple of m
and n.

We now show that mn = hg. Recall that h = km + In. Since m|g, mn|ing,
and similarly mn|kmg; Thus mn|(km + In)g; that is, mn|hg. On the other
hand, m = sh and n = th for some s,t € N. Then m|sth and n|sth, so that
sth is a common multiple of m and n; consequently, g|sth. Thus hg|sth?. But
sth? = mn, and so hg|mn. Consequently mn = hg. O

If the highest common factor of m and n is 1, we say that m and n are
coprime, or relatively prime. Bachet’s theorem has the following consequence.

Proposition 2.6.4 If m and n are coprime, and m|nr, then m|r.

Proof There exist k,l € Z such that 1 = km + In, and so r = kmr + Inr.
Since m divides each term on the right-hand side of this equation, it also
divides r. O

Theorem 2.6.3 establishes the existence of the highest common factor of
two numbers, but it does not tell us how to find them. For this, we use
Euclid’s algorithm; this was given in Euclid’s Elements. This also enables us
to determine the constants in Bachet’s theorem.

It is convenient to work with Z? = Z x Z with its product group struc-
ture: the identity element is (0,0), (j,k) + (j/,k') = (j + k,j’ + k') and
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—(j, k) = (—j,—k). Any element (j, k) of Z? can be written uniquely as
je1 + kea, where e; = (1,0) and ez = (0,1). Thus if 6 : Z? — Z? is a homo-
morphism, then 0((j,k)) = j0(e1) + kO(e2). We can express 6 in terms of
matrices: if 6(e1) = (011, 612) and O(e2) = (021, 6022) then

0GR = Gk [ g 2

9 } = (jb11 + kb21,7012 + kb22).
22

Suppose that mg > ng > 0 and that we want to find hg = mg A ng. Thus
we want to find hg such that Gp(mg,ng) = Zhyg.

We divide: by Proposition 2.6.1, there exist gy and rg, with 0 < ry < ng
such that mg = qong + rg. We set m; = ng and ny; = rg. Thus

1

] = (mo,no) M, say, and
I —qo

(m1,n1) = (Mo, no) {
g 1

1 O] = (my,n1)Ny, say).

(mo.o) = o, |

From these equations, it follows that m; and n; are in Gp(mo,ng), so that
Gp(mi,n1) € Gp(mg,np), and that mg and ng are in Gp(mi,n1), so that
Gp(mg,ng) € Gp(my,n1). Thus

Gp(m1,n1) = Gp(mo,no) = Gp(ho).

If nglmo then ny = 0 and m; = hg. Otherwise, if hy = mj A np, then
Gp(h1) = Gp(mi,n1) = Gp(ho), so that hy = hg; in this case we iterate
the procedure. Since 0 < n; < n;_1, the procedure must stop after a finite
number k of iterations. Then my = hyp_1 = -+ = hg and n; = 0. Since we
can write (mj,n;j) = (mj_1,n;—1)M; for 1 < j <k, it follows that

(my,m;) = (mo,no)Mi ... M; = (mg, o) P},
where Pj = M1 N .Mj = ijle.

At each stage we can calculate the product P;_1M;, and so calculate P;. In
particular, (ho,0) = (mg, ng) Py, so that if

11 P12
P, = [p p } then hg = pr1mo + p21no.
P21 P22
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Let us give a numerical example. Let mg = 1677 and ng = 1131. Then

1

=1, 1ro=>546, (my,n;)=(1677,1131) [(1) 1] = (1131, 546)

1
¢ =2, =39, (mg ny) = (1131,546) [(1) ] = (546, 39)

-2

g2 =14, r9 =0, (mg,ng) = (546, 39) [(1) _114} = (39,0).

Thus the highest common factor of 1677 and 1131 is 39. Further

P 0 1 0 1 0 1 | -2 =29
P71 1|1 =21 —14] | 3 43|’
so that 39 = —2.1677 + 3.1131.
We now turn to factorization. Our aim is to factorize a number as a product
of simpler numbers. An element p of N is a prime, or a prime number, if it

is not a unit (that is, is not equal to 1), and if the only elements of N which
divide it are 1 and p. Bachet’s theorem provides an equivalent definition.

Proposition 2.6.5 Suppose that p € N and p # 1. The following are
equivalent:

(i) p is a prime;
(ii) if pl/mn then p|m or p|n.

Proof Suppose that p is a prime, that pjmn and that p does not divide m.
Then the highest common factor of m and p is 1, and so by Bachet’s theorem
there exist k,l € Z such that 1 = km + Ip. Thus n = kmn + Ipn. Since p
divides each of the terms on the right-hand side, p divides n.

If ¢ is not a prime, then ¢ = mn for some m,n not equal to 1 or gq.
Then g|mn, but g does not divide either m or n, since m and n are smaller
than q. O

Theorem 2.6.6 (The fundamental theorem of arithmetic) Ifn € N and
n > 1 then n can be written uniquely as a product py ...py of primes, with
p1 <p2< - < pg.

Proof First we use complete induction to show that n can be written as a
product of primes. 2 is a prime, so 2 = p; with p; = 2. Suppose that the
result holds for m with 2 < m < n. Let A be the set of divisors of n which
are greater than 1. A is non-empty, since n € A, and so A has a least element
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p. p must be a prime, for otherwise p = ab, with a,b > 1; then a € A and
a < p. Then n = pq for some ¢ < n. By the inductive hypothesis, we can
write ¢ = p1...pg as a product of primes, with p; < py < --- < pg. Since
pr€ A, p<pp,andn=pp;...pg.

It is harder to show that the factorization is unique. Again we prove this
by complete induction. It is certainly true when n = 2. Suppose that the
result holds for m with 2 < m < n. Let n = p1...pr = q1...q be two
factorizations into primes, with p; < po < --- <prand q; < g <--- < q.
Let s=po...prand t = qo...q;, so that n = p1s = ¢t. First we show that
p1 = q1. Suppose not, and suppose without loss of generality that p; < ¢i.
Since p1]git, and since p; does not divide g1, p1|t, so that ¢ = pju, for some
u € N. u has a factorization u = ry ... ry, into primes, and so t = p17r{...7my
is a factorization into primes. Since t < n, the factorization is unique when the
terms are rearranged in increasing order. Since t = g2 ... ¢q;, with go < --- <
qi, q2 is the least of p1, 71, ..., 7m, and so q1 < g9 < p1, giving a contradiction.
Thus p1 = q1. Hence s = po...pp. =t = ¢2...q;. But s < n, and so the
factorization of s is unique. Thus & = [ and p; = ¢; for 2 < 57 < k. O

Corollary 2.6.7 There are infinitely many primes.

Proof Suppose, on the contrary that there are only finitely many primes
D1,--.,Pk- Let n = p1...pp+ 1. Then p; does not divide n, for 1 < j <k, so
that n has no prime divisors. O

Exercises

2.6.1 Suppose that (X, <) is a lattice. Show that (a Ab) Ac=aA (bAc).Is
(aANb)Ve=aA (bVc)always true?

2.6.2 Show that a maximal element of a lattice is the greatest element of L.

2.6.3 Show that the subgroups of a group, ordered by inclusion, form a
lattice.

2.6.4 What is the highest common factor of the Fibonacci numbers £, 41
and F;,? How many steps does Euclid’s algorithm take to evaluate it?
What is the highest common factor of the Fibonacci numbers F, 1o
and F,?

2.6.5 Use Euclid’s algorithm to find numbers m and n such that 81m —
100n = 1.

2.6.6 Recall that two natural numbers a and b are coprime if their highest
common factor is 1. Use Bachet’s theorem to show that if @ and b are
coprime and a and ¢ are coprime, then a and bc are coprime. Give
another proof, using Theorem 2.6.6.
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2.6.7 Show that given k € N there exists n € N such that n + j is not a
prime, for 1 < j < k.
2.6.8 By considering numbers of the form 4py ... pr — 1, show that there are
infinitely many primes of the form 4t — 1.
2.6.9 Show that there are infinitely many primes of the form 6¢ — 1.
2.6.10 Suppose that p is a prime. Show that p divides (‘;’f) for1 <r <p.

2.7 The field of rational numbers

In Z, we can add, multiply, and subtract, but, as we have seen in the previous
section, division is very limited, but also very interesting. In this section, we
embed Z in a set Q of quotients, in which we can add, subtract, multiply and
divide (but not by 0), according to the usual laws of algebra.

Let us make this last remark explicit. A field is a set F', together with two
laws of composition, addition (+) and multiplication (o), with the following
properties.

(i) (F'+) is an abelian group, with identity element 0.
(ii) Let F* = F'\{0}. Then (F*, o) is an abelian group under multiplication,
with identity element 1.
(iii) There is a distributive law:

ao(b+c¢)=(aob)+ (aoc), fora,b,ce F.

Note that (b+c)oa = (boa)+(coa), by the commutativity of multiplication.
Note also that 1 € F*, so that 0 # 1, and that ac0 = ao(04+0) = aoc0+ao0,
so that a o 0 = 0; Similarly 0 o a = 0. We denote the additive inverse of a by
—a, and the multiplicative inverse (if a # 0) by a .

As an example, let Zs consist of two elements 0 and 1. With the following
laws of addition and multiplication

040=14+1=0; 04+1=140=1; 000=00l=100=0; lol=1,
Z5 becomes a field.
Proposition 2.7.1  Suppose that F is a field and that ¢ : (Z,+) — (F,+)

is the homomorphism of Proposition 2.5.2. Then ¢(mn) = ¢(m)p(n) for
m,n € 7.
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Proof Suppose that n € Z. If m € Z, let ¥,(m) = ¢(mn) — ¢p(m)p(n). If
mi, mo € Z then

d((m1 + ma)n) = ¢(min + man) = ¢(min) + ¢(men), and
p(m1 +m2)p(n) = (d(m1) + ¢(m2))p(n) = ¢(m1)p(n) + ¢(ma)d(n),

so that 1,(mq + ma) = ¥p(m1) + ¥p(ms). Thus 9, is homomorphism of
(Z,+) into (F,+). But ¢¥,(1) = ¢(n) — ng(1) = 0, and so 1, (Z1) = {0}.
Thus ¢(mn) = ¢(m)p(n). O

A subset H of a field F'is a subfield of F'if H is a subgroup of the additive
group (F,+) and H N F* is a subgroup of the multiplicative group F*. It
then inherits the field structure from F.

A mapping 0 from a field F to a field G is a field homomorphism if

e it is a homomorphism of the additive group (F,+) into (G, +), and
e 0(F*) C G* and 0|~ is a homomorphism of the multiplicative group (F*, o)
into (G*,0).

In particular, if 0 is a field homomorphism then 6(0r) = O¢ and 6(1r) = 1.

Suppose that 6 : F' — G is a field homomorphism, and that f and f’ are
distinct elements of F. Let h = f — f’. Then h # Op, and 6(h)0(h™1) = 1¢,
Thus 0(f) — 6(f") = 6(h) # Og, so that 0(f) # 6(f’). Consequently, 6 is
injective.

A surjective field homomorphism is called a field isomorphism.

Suppose that F'is a field. A polynomial over F of degree n is an expression
of the form p(z) = a,z"+a, 12" '+ - - a1z+ag, where the coefficients a; are
in I and a,, # 0. It is monic if a,, = 1. The polynomial p defines a polynomial
function p : F — F defined by setting p(r) = apr™ +an_17"" 1 +---a1r +agp.
An element r of F is a root of p if p(r) = 0.

We shall embed Z in a field Q. We are all familiar with the notion of a
fraction, and of the fact that different fractions, such as 2/3 and 4/6, represent
the same number. Let us formalize this. Let Z* = Z \ {0} be the set of non-
zero integers. We define a relation on Z x Z* by setting (p,q) ~ (r,s) if

ps = (qr.

Proposition 2.7.2  The relation (p,r) ~ (q,s) is an equivalence relation
onZ x Z*.

Proof 1t follows immediately from the definition that (p,q) ~ (p,q) and
that if (p,q) ~ (r,s) then (r,s) ~ (p,q). Suppose that (p,q) ~ (r,s) and
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(r,s) ~ (t,u), so that ps = gr and ru = ts. Thus

pusr = (ps)(ru) = (qr)(ts) = gtsr,
so that (pu — gt)sr = 0. Since sr # 0, pu = qt, and (p, q) ~ (t,u). O

We denote the set of equivalence classes by Q, and denote the equivalence
class [(p,q)] by p/q, or g. The elements of Q are called rational numbers. If
r=p/q € Q, we call p/q a fraction, representing r. Many different fractions
represent r; for example, 2/3 and 4/6 represent the same element of Q. It
follows immediately from the definition of the equivalence relation on Z x Z*
that j/k = j'/k" if and only if jk' = j'k. In particular, j/k = (—j)/(—k), so
that we can represent r as j/n, where j € Z* and n € N.

Let us consider the structure of the equivalence classes further.

Proposition 2.7.3 (i) Suppose that (m,n) € N x N. Then there ezists a
unique (m’,n’) € [(m,n)] with m' and n’ coprime. Then

[(m,n)] = {a € N xN:a=(km',kn') for some k € N}.

(ii) Suppose that (—m,n) € NxN. Then there exists a unique (—m/,n’) €
[(—m,n)] with m' and n' coprime. Then

[(=m,n)] ={a € -N xN:a=(—km',kn’) for some k € N}.

Proof (i) Let h be the highest common factor of m and n, and let m’ = m/h,
n' = n/h. Then m' and n’ are coprime, and mn’ = hm'n’ = m/n, so that

(m,n) ~ (m/,n). If (m",n") € [(m,n)] then m"n" = m/n", so that m/|m”,

by Proposition 2.6.4. Let m” = km/; then km/n’ = m/'n’ = m/n”; dividing
by m/, we see that n” = kn/. Thus (m”,n") = (km’, kn’). From this it follows
that (m’,n’) is the only element of [(m,n)] with m’ and n’ coprime.

The proof of (ii) is essentially the same as the proof of (i). O

In other words, if » € Q*, we can write r uniquely as r = m/n or r =
(=m)/n, with m and n coprime. In this case, we say that the fraction m/n is
in lowest terms. As an example, a dyadic number or dyadic rational number
is a rational number of the form m/2*, where m € Z and k € Z*. If k > 1
then it is in lowest terms if and only if m is odd.

We now show how to define addition and multiplication in Q, so that Q
becomes a field. We give the details, though they are very straightforward.
First we define addition. We define p/q+r/s = (ps+qr)/qs. If (p,q) ~ (v, ¢')
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and (r,s) ~ (', ') then
(ps +qr)g's’ = (pd')(ss') + (rs") (aq)
= ('q)(ss") + (r's)(aq') = (¢'s" + ¢'1")qs
and so this is well-defined: it does not depend on the choice of representatives.
Proposition 2.7.4 (Q,+) is an abelian group.

Proof This is a matter of straightforward verification. Addition is associa-
tive, since

T t s+qr t su + qru + gst
(p+>+ _pstaqr t_ psutqrutyg

q S U qs U qsu
U+ s r t

_P, :P+<+>,
q SU q s u

and clearly p/q +r/s = r/s + p/q. The element 0/1 is the identity, since
0/1+p/qg=p/q+0/1=p/qforall (p,q) € Z x Z*. Similarly,

- 0
p,p_pi-pe_0_

¢ ¢ ¢ ¢ U
so that (—p)/q is the additive inverse of p/q. O

Next we define multiplication. We define (p/q)(r/s) = (pr)/(gs); once
again, as the reader should verify, this does not depend on the choice of
representatives. Let Q* = Q\ {0/1} be the set of non-zero rational numbers.

Proposition 2.7.5 (Q*,.) is an abelian group, with identity element 1/1.
The inverse of p/q is q/p.

Proof The details are left as an easy exercise for the reader. O
Theorem 2.7.6 (Q,+,.) is a field.

Proof It remains to prove the distributive law:

D r+t _p(ru+tis\ pru+pts
qg\s u) ¢ SU n qsu

t t t
_pru pts _pr pt_ (p)<)+<p><> 0

gsu  gqsu  qs  qu q) \s q) \u
We now embed Z into Q. If n € Z, let ¢(n) = n/1. It then follows immedi-
ately from the definitions that ¢ is an injective homomorphism of the additive
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group (Z,+) into the additive group (Q,+), and that ¢(mn) = ¢(m)p(n)
for m,n € Z. Summing up:

Theorem 2.7.7  With addition and multiplication defined as above, Q is a
field. (Q,+) has identity element 0/1, and the multiplicative identity is 1 =
1/1. The additive inverse of j/n is (—j)/n; and, if m € N, the multiplicative
inverse of m/n is n/m and the multiplicative inverse of (—m)/n is (—n)/m.
There is an injective map ¢ : Z — Q such that $(0) = 0, ¢(1) = 1, and
60 + k) = 6(7) + 6(k), B(k) = 6(j)o(k) for all j,k € Z.

We identify Z with ¢(Z), and consider Z as a subset of the field Q. Thus we
write n for n/1, so that 0 is the zero element of Q, and 1 is the multiplicative
inverse.

Exercises

2.7.1 Show that there is a field with four elements, and that there is no field
with six elements.

2.7.2 Prove the binomial theorem: if F is a field, if z,y € F and if n € N
then

n n . n
(a:—{—y)n ="+ (1)$n1y+ c4 <j>gjn]y3 4.4 (n B 1)zynl+yn

2.7.3 Suppose that r = m/n is a rational number in lowest terms, and that
0 < r < 1. Show that there exists k € N such that 1/(k+1) <r < 1/k.
Show that if r # 1/(k+ 1) and r — 1/(k + 1) = p/q in lowest terms,
then p < m. Deduce that there exist 1 < ny < ... < ng such that
r=1/ny+---+1/n,.

2.7.4 We have adjoined additive inverses to Z™ to construct Z, and we have
adjoined multiplicative inverses to Z* to construct Q. These are spe-
cial cases of a general construction to adjoin inverses. We need some
definitions. A monoid is a set S with a binary associative operation
0:8 xS — S, together with an element e of S (the identity element)
for which soe=ceos=c¢, forall s € S. S is commutative, or abelian,
if sot =tosforall s,t € S..5 has a cancellation law if whenever
sou =touwu then s =t, and whenever u o s =wu ot then s =t.
Suppose that S is a commutative monoid with a cancellation law.

(a) Define a relation on S x S by setting (p,q) ~ (r,s) if pos =roq.
Show that this is an equivalence relation on S.
Let G be the set of equivalence classes.
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(b) Suppose that g = [(p,q)], h = [(r,s)]. Let g+ h = [(po s,qot)].
Show that this is well-defined — it does not depend on the choice
of representatives.

(c) Show that addition is associative and commutative.

(d) Show that (G, +) is an abelian group, with identity [(e, €)] and with
—[(p, 9)] = [(g,p)]-

(e) Let 0 : S — G be defined by 0(s) = [(s, €)]. Show that @ is injective
and that 0(sot) = 6(s) + 0(1).

(f) Show that G = 6(S) — 0(S5).

2.7.5 Use the results of the previous question to provide another construction

of (Z,+) from Z*.

2.7.6 There are circumstances (as in the construction of Q), where in Exer-
cise 2.7.4 it is natural to denote the composition in G multiplicatively.

Do this, when S = Z*[z] is the set of non-zero polynomials with

integer coefficients, and where composition is the multiplication of

polynomials:
m n m—+n
ifp= Zaiml and ¢ = Zaixz then pog = Z cpat,
=0 =0 k=0

where ¢, = > {a;b; : i > 0,5 > 0,7+ j = k,}. What have you
constructed?

2.8 Ordered fields
We introduce an order on Q. We set j/m < k/n if jn < km.

Proposition 2.8.1 (i) The relation < is a well-defined total order on Q.
(i) If r < s, thenr+t < s+t foralltecQ.
(iii) If r < s, then rt < st for allt € Q with t > 0.
(i) If m,n € Z then m < n in the order on Z if and only if m < n in
the order on Q.

Proof The straightforward verifications are left as an exercise for the reader.
(Remember that m and n are positive.) O

A field with a total order that satisfies conditions (ii) and (iii) of Propo-
sition 2.8.1 is called an ordered field. Note that if I’ is an ordered field, and
f € F, then f2 > 0. For if f > 0, then f2 > 0, and if f < 0 then —f > 0,
so that f2 = (—f)? > 0. In particular, 1 = 12 > 0. If F is an ordered field,
and f € F, we say that f is positive if f > 0; we say that f is non-negative if
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f > 0; we say that f is negative if f < 0, and we say that f is non-positive if
f<o.

An ordered field contains a copy of Q as a subfield. We prove this in two
steps.

Proposition 2.8.2 If F is an ordered field, there exists a unique injective
map ¥ 1 Z — F such that (0) = Op, ¥(1) = 1p, ¥(k +1) = (k) + ().
Further, ¥(kl) = (k)y(l) for all k,l € Z, and ¥(k) < (1) if k <.

Proof By Proposition 2.5.2, there exists a unique map ¢ : Z — F' such that
P(0) =0p, ¥(1) = 1p and Y(k + 1) = (k) + (1), for k,l € Z.

A straightforward induction then shows that (ml) = ¥(m)y(l) for
m € ZT, 1 € Z. Since ¥((—m)l) + (ml) = ((—m)l + ml) = (0) = 0,
(=) = —d(ml) = —(@(m)p(D). Since ((m) + (~p(m))b(l) = 0,
—(@(m)p() = (—m)b(l) = (—m)p(l). Thus v(—m)l) = H(—m)u(0).
and ¥ (kl) = ¥ (k)y(l) for all k1 € Z.

We show by induction that if m € N then ¢(m) > Op. The result is true
if m = 1, by the preceding remark. If it is true for m, then ¥(m + 1) =
p(m) + (1) =(m) +1p > (m) > Op. Thus if k < lthen!—k € Z" and
P(l) — (k) =l — k) > 0: (k) < 9(1). Further, v is injective, for if k # [
and k < [ then ¢(l) — (k) = (I — k) > 0, so that ¢(I) # ¢(k): similarly, if
k>l 0

Theorem 2.8.3 Suppose that F' is an ordered field. Then there exists
a unique injective field homomorphism k : Q — F. Further, k is
order-preserving: if r < s then k(r) < k(s).

Proof Let v : Z — F be the unique mapping of the previous proposition.
If j € Z, we define k(j) = ¥(j), and if r = j/n € Q, we define k(r) =
B(7) ()L Now (7)) = p(7") (')~ if and only if (jn’) =
Y()Y(n') = ()Y (n) = ¥(jn’), and this happens if and only if j/n = j'/n’.
Thus k is well defined, and is injective. It is a straightforward matter to verify
that k satisfies the other requirements of the theorem. O

This shows that every ordered field has a subfield isomorphic to Q. Q itself
has no proper subfield. For every subfield must contain 0 and 1, and so must
contain (a copy of) Z. Thus it must contain all elements of the form j/n,
with j € Z and n € N. Thus we have the following characterization of the
rational numbers.

Corollary 2.8.4 An ordered field F is isomorphic as a field to Q if and
only if it has no proper subfields.
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We can therefore take any ordered field with no proper subfields as a model
for the field Q of rational numbers.

Exercises

2.8.1 Suppose that A is a countable totally ordered subset with the inter-
mediate property (if @ < b then there exists ¢ with a < ¢ < b) with
no greatest or least element. Show that there is an order preserving
bijection j : A — Q.

2.8.2 Give the details of the proof of Proposition 2.8.1.

2.8.3 (a) Suppose that a,b,v are elements of an ordered field F' and that
a > v >b>0.Show that ab < v(a + b —v).

(b) Suppose that az,...,a; are positive elements of an ordered field.
Let v = (a1 + - -+ + ag)/k. Use (a) and an inductive argument to show
that v* > ajas. .. a.

2.9 Dedekind cuts

The field of rational numbers is not adequate for our purpose. The ancient
Greeks recognized the inadequacy of the rational numbers: the length of a
diagonal of a square is not a rational multiple of the length of a side.

Proposition 2.9.1  There is no rational number r with 12 = 2.

Proof Suppose that such an r exists; we can suppose that r is positive, and
that r = m/n in lowest terms. Then m? = 2n%. Since 2 is prime, 2 divides
m, and so m = 2q for some ¢ € N. Then 4¢?> = 2n?, and so 2¢*> = n?. This
implies that 2 divides n, contradicting the fact that m and n are coprime. O

This result can be extended greatly.

Theorem 2.9.2 If p is a monic polynomial with integer coefficients, then
any r € Q which is a root of p must be an integer.

Proof Ifr #0,let r = j/q, in lowest terms. Then
0=¢"""p(r) = a (an—15""" + an—2qi" 2 + -+ a1¢" %5 + aog" ).

The term in square brackets is an integer, and so therefore is j/q. Since
7 and ¢ are coprime, ¢ = 1 and r = 7, an integer. O

This result is due to Gauss.
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Corollary 2.9.3 Ifa € N and n € N then the polynomial x™ — a has a
rational root if and only if there exists b € N such that a = b".

Can we find a number system in which 2 has a square root, which avoids all
other such anomalies, and which provides ‘a purely arithmetic and perfectly
rigorous foundation for the principles of infinitesimal analysis’? Richard
Dedekind, whose phrase this is, was the first person to give a satisfactory
answer. He found a solution to the problem on 24 November 1858, but did
not publish his findings until 1872. His essential insight was that a number
such as v/2 or 7 could be characterized by the set of rational numbers greater
than it, and by the set of rational numbers less than it. There are other ways
of proceeding (see Exercise 3.4.3), but in many respects, Dedekind’s approach
remains the best way of defining the real numbers, and it is essentially the
way that we shall follow. As we have seen, the rational numbers Q form an
ordered field: the order relation and the algebra structure interact. In this
section, following Dedekind, we use the order structure of Q to define the
set of real numbers R as a totally ordered set. In the next section, we shall
extend the algebraic operations of addition and multiplication from Q to R.

Suppose that (X, <) is a totally ordered set. A non-empty subset A of X
is bounded above if it has an upper bound in X, is bounded below if it has
an lower bound in X, and is bounded if it is bounded above and below. The
totally ordered set (X, <) is said to have the supremum property or least
upper bound property if whenever A is a non-empty subset of X which has an
upper bound then A has a supremum: there exists sup A € X such that sup A
is an upper bound for A and if b is any other upper bound, then sup A < b. It
is most important that sup A may or may not be an element of A. We shall
require R to have the supremum property. This fundamental order property
is the basis of almost all the analysis that we shall do.

Proposition 2.9.4 A totally ordered set (X,<) has the supremum prop-
erty if and only if every non-empty subset B of X which has a lower bound
has an infimum.

Proof Suppose first that (X, <) has the supremum property, and that B is
a non-empty subset of X which is bounded below. Let L be the set of lower
bounds of B. L is non-empty, and any element of B is an upper bound for
L. Thus L has a supremum, s, say. We shall show that s is the infimum of
B. If b € B then b is an upper bound for U, and so b > s. Thus s is a lower
bound for B. If ¢ is a lower bound for B, then ¢ € L, and so ¢ < s; thus s is
the greatest lower bound of B.
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Conversely, suppose that the condition is satisfied and that A is a non-
empty subset of X which has an upper bound. Then an exactly similar
argument shows that the set U of upper bounds of A has an infimum %,
and that ¢ is the supremum of A O

We now show that we can embed the ordered field Q of rational numbers in
an order-preserving way in a totally ordered set with the supremum property.
This is the key construction.

Theorem 2.9.5 There exists a totally ordered set (R, <) with the supre-
mum property, together with an injective order-preserving map: j : Q — R
such that

(a) if a,b € R and a < b then there exists s € Q such that a < j(s) < b,
and

(b) R has neither a greatest element nor a least element.

Proof We call a subset a of Q a Dedekind cut if it satisfies

() a is non-empty and bounded above,

(B) ifr € a and s < r then s € a, and

(7) a does not have a greatest element (if » € a there exists ¢t € a with
t>r).

(Dedekind, who considered the pair {a, Q \ a}, used the word ‘Schnitt’,
which can also be translated as ‘section’, ‘slice’, or ‘intersection’.) As we shall
see, conditions («) and ((3) say that a is a semi-infinite interval, and condition
(7) says that a is open.

Let R be the set of Dedekind cuts. We define an order on R by setting
a<bifa Ch.

First, we show that this is a total order on R. Suppose that a,b € R and
that b is not less than or equal to a. Thus b is not contained in a, so that
there exists r in b\ a. If s > r, then s ¢ a, since otherwise r € a, by (). Thus
iftca,t<r,andsot €b. Hence a < b.

Next, we show that (R, <) has the supremum property. Although this is
the essential property of R, the proof is quite straightforward. Suppose that
A is a non-empty subset of R with upper bound u. Let us set ug = Ugcga.

First, we show that wug is a Dedekind cut. ug is non-empty, and ug < wu,
and so condition («) is satisfied. Suppose that r € ug and that s < r. Then
r € a for some a € A, and s € a, by (), so that s € ug. Thus condition
(0) is satisfied. Further, there exists ¢t € a with ¢ > r, and then ¢ € ug. Thus
condition () is also satisfied. Hence vy is a Dedekind cut.

Next, we show that ug is the supremum of A. If a € A, then a C ug, so
that ug > a: ug is an upper bound for A. If d is an upper bound for A then
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d>aforalla € A, sothat a C dforall a € A, and so uy = Ugepaa C d. Thus
d > ug; ug is the least upper bound of A.

Next, we define the mapping j : Q — R. If r € Q, we set j(r) = {s €
Q : s < r}. Let us show that j(r) is a Dedekind cut. Since Q has no least
element, j(r) # 0, and 7 is an upper bound for j(r), so that condition («)
is satisfied. Condition () is clearly satisfied. If s € j(r), let t = (s + r)/2.
Then s < t < r, so that ¢ € j(r). Thus condition () is satisfied, and j(r) is
a Dedekind cut.

The mapping j : Q — R is clearly an order-preserving mapping from
Q to R, and j is injective, for if »r < s then r € j(s) \ j(r), so that
j(r) #4(s).

Let us now show that (a) holds. Suppose that a,b € R and that a < b.
Then there exists r € b\ a. By condition (), there exists s > r with s € b.
Then s € b\ j(s) and r € j(s) \ a, so that a < j(s) < b.

Corollary 2.9.6 Ifa € R then a = sup{j(r) € j(Q) : j(r) < a}. In
particular, if t € Q then j(t) = sup{j(r) : r < t}.

Now let us prove (b). Suppose that a € R. If r € a, then j(r) < a, so that
a is not a least element of R. If s is an upper bound in Q for a, there exists
t € Q with ¢t > s. Then s € j(t) \ a, so that a < j(t) and a is not a greatest
element of R. O

We define the real numbers to be the pair (R, j). We shall usually identify
Q with j(Q). Thus R is a totally ordered set with the supremum property,
with neither a greatest element nor a least element, which contains Q in
an order-preserving way, and which has the property that if a,b € R and
a < b then there exists r € Q such that a < r < b. We shall deduce all the
properties of R from this.

Exercises

2.9.1 Suppose that n € N and that (p/q)? = n. Show that if p — rq # 0 then
((ng —rp)/(p — rq))? = n. Use this to give another proof that if n has
a rational square root then the square root is an integer.

2.9.2 Suppose that p is a polynomial of degree n with coefficients in a field
F'. Show that if ¢ is a root of p in F, then p(x) = (z — ¢)q(x), where ¢
is a polynomial of degree n — 1. Show that p has at most n roots in F.

2.9.3 Show that there is an order-preserving bijection j of Q onto Q \ {0}.
[Hint: use the intermediate property, and define j recursively, using an
enumeration of Q.]
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2.10 The real number field

Let R be the set of real numbers, and let j : Q — R be the inclusion
mapping. So far, we have only established the order properties of R. We
now define the algebraic properties of R.. First, we define the addition of real
numbers in such a way that (R,+) is an ordered abelian group and j is a
group homomorphism.

If 2 € Rlet D(z) = {r € Q : r < z}. By Corollary 2.9.6, D(z) is a
Dedekind cut.

Proposition 2.10.1  Suppose that x,y € R. Then
D(x)+D(y) ={r+s:reD(z),se Dy)}={r+s:rseQ:r<zs<y}
s a Dedekind cut.

Proof Let us check the conditions.

() The set D(x) + D(y) is not empty, and if 7, is an upper bound for
D(z) and 7y is an upper bound for D(y) then r; + r, is an upper bound for
D(x) 4+ D(y).

(B) Suppose that r € D(x), that s € D(y) and that t < r+s. Let u =t —s,
Then u < r, so that w € D(x). Hence t = u + s € D(z) + D(y).

() Suppose that w = r + s € D(z) + D(y), with r € D(z), s € D(y).
Then there exists ' € D(x) with » < /. Then w' =1’ + s € D(z) + D(y)
and w < w'.

We define the real number = + y to be the Dedekind cut D(x) + D(y).
Then D(z +y) = D(x) + D(y).

Corollary 2.10.2 Ifz,y € R andt € Q, and if j(t) < x +y then there
exist r,s € Q such that j(r) <z, j(s) <y and t =r +s.

Proof Fort e D(x+y) = D(z)+ D(y). O

Proposition 2.10.3  Suppose that x,y € R and that r,s € Q.

(i) e+y=y+uz.

(i) (x+y)+z=x+ (y+ 2).
(iii) =+ j(0) = x.

(v) If t <y thenx+ 2z <y+z.

(v) §(r) +(s) = i(r + ).
Proof (i)-(iv) are easy consequences of the definition, left as exercises for
the reader.

(v) We must show that D(j(r))+D(j(s)) = D(j(r+s)).Ift € D(j(r)) and

u € D(j(s)),thent < randu < s, sothat t+u < r+sand t+u € D(j(r+s)).
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Thus D(j(r)) + D(j(s)) € D(j(r + s)). Conversely, if t € D(j(r + s)) then
t < r+s. As in Proposition 2.10.1, there exists u € Q with u < r such that
t =wu+s. Thust € D(j(r))+D(j(s)),sothat D(j(r+s)) C D(j(r))+D(j(s)).
Hence D(j(r)) + D(j(s)) = D(j(r + s)). O

We now need to define —z, for z € R, in such a way that x + (—z) = 0. If
—z exists, then

D(—z)={reQ:j(r)< —z}={reQ:z<j(-r)}.
We therefore define M (x) = {r € Q: z < j(—r)}.
Proposition 2.10.4 If x € R then M(z) is a Dedekind cut.

Proof Again, we check the conditions.

() There exists s € Q such that j(s) > z. Let r = —s. Then = < j(—r),
so that r € M (z), and M (x) is not empty. Similarly there exists u € Q such
that j(u) < z. Let t = —u. If r € M(z) then j(—t) = j(u) < z < j(—r), so
that r < ¢; t is an upper bound for M(x).

(B) Suppose that w € M(x).If t € Q and t < u then z < j(—u) < j(—t),
so that t € M (x).

(7) Suppose that u € M(x). There exists s € Q such that z < j(s) <
—j(u), so that if t = —s then x < j(—t) < j(—u). Thus ¢t € M(x) and
u < t. O

We now define the real number —z to be M (z). Thus M (x) = D(—=x).
Theorem 2.10.5 Ifxz € R then z+ (—x) = j(0).

Proof First we show that z + (—z) < j(0). If r € M (z) and s € D(x) then
j(s) < x < j(—r), so that r +s < 0, and r + s € D(j(0)). Consequently,
z + (=) < j(0).

Secondly, we show that  + (—x) > 5(0). Suppose that ¢t € D(j(0)), so that
t € Qand ¢t < 0. There exists r € Q such that z + j(t) < j(r) < . Thus
x < j(r—t)=j(—(t—r)), so that t —r € M(z). Since j(r) < z, r € D(z).
Thus ¢t € D(z) + M(x) = D(z) + D(—z) = D(z + (—=x)). Consequently
D(j(0)) € D(x + (=), and so z + (=) = j(0). o

Thus R is an ordered abelian group under addition, with identity ele-
ment j(0), and the map r — j(r) is an order-preserving injective group
homomorphism of Q into R.

We now turn to multiplication. Here it is easiest first to define the product
of two non-negative elements of R, and then extend to the whole of R, just as
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we did for Z. As we shall see, the programme is very similar to the programme
for defining addition, and we shall therefore omit many of the details. If
z € R and x > 0, then the Dedekind cut D(z) contains all the negative
rational numbers, and we wish to avoid negative numbers. We therefore define
a positive Dedekind cut to be a non-empty subset a™ of {r € Q : r > 0} which
is bounded above, does not have a greatest element, and has the property
that whenever r € a™, s € Q and 0 < s < r then s € a*. If a™ is a positive
Dedekind cut, then a = a* U {r € Q : r < 0} is a Dedekind cut.

IfzeRandz > 0,let D (z) ={re Q:0<r <a}. Then D" (x) is a
positive Dedekind cut, and x = sup(D ™ (z)). If z, y are positive real numbers,
we define D (z).Dt(y) to be {t € Q : t = rsforsomer € DV(z),s €
D*(y)}.

Proposition 2.10.6 Suppose that x,y are positive real numbers. Then
DT (z).D*(y) is a positive Dedekind cut.

Proof Just like the proof of Proposition 2.10.1. O
Thus D = Dtz Dty uU{r € Q : r < 0} is a Dedekind cut. We set
xy = x.y = D. Then D(xy) = D = Dz.Dy.

Corollary 2.10.7 Suppose that x,y are positive real numbers, that t € Q
and that 0 < j(t) < xy. Then there exist r,s € Q such that 0 < j(r) < z,
0<j(s)<yandt=rs.

Proof Fort € DV (zy) = Dt (z)D™"(y). 0
Proposition 2.10.8 Suppose that x,y,z are positive real numbers and

that r and s are positive rational numbers.

(i) vy = yx.

(ii) (zy)z = x(yz).
(111) j(1).x = x.

(iv) If x <y then zz < yz.

(v) x(y+2) =2y +z2.

(vi) j(rs) = j(r).j(s).
Proof The proofs of (i)—(iv) follow from the definitions.

(v) This is also easy, but here are the details. We need to show that

D¥(2)(D"(y) + D7 (2)) = (D" (x).D* (y)) + (D" (x). D™ (2)).
Clearly

D¥(z).(D"(y) + D"(2)) € (D" (2).D"(y)) + (D (2).D7(2)).
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Suppose that rs + r't € (DV(x).D"(y)) + (D" (x).D"(2)). Let " =
max(r,r’'). Then 7"’(s +t) € DV (z).(D"(y) + D" (z)) and 0 < rs + 7't <
(s 4 t), so that rs +r't € D*(z).(D"(y) + D" (2)). Thus
(D" (2).D"(y)) + (D" (2).D"(2)) € D" (2).(D" (y) + D™ (2)).
(vi) Just like the proof of Proposition 2.10.3 (v). 0

Suppose that © € R and that > 0. We want to show that = has a
multiplicative inverse x~!. Following the ideas behind the construction of
additive inverses, we get

IHz)={reQ:z<j1/r)}={z€Q:j(r)z <1}
Proposition 2.10.9 Ifx € R and x > 0 then I(z) is a Dedekind cut.
Proof Just like the proof of Proposition 2.10.4. O

We now define 71 to be I(z). Thus I(z) = D(x™1).
Theorem 2.10.10 Ifx € R then z.z~ ! =z La = j(1).
Proof Just like the proof of Theorem 2.10.5. O

Thus {# € RT : x > 0} is an abelian group under multiplication, and z~*
is the multiplicative inverse of z; we also write it as 1/x.

We now extend multiplication to R and multiplicative inversion to R* =
R\ {0}. If 2,y € RT, we set (—2)y = z(—y) = —(zy) and (—z)(—y) = 2y,
and if x > 0, we set 1/(—x) = —(1/x).

With these definitions, R becomes an ordered field with the supremum
property. The mapping j : Q — R is an order-preserving field isomorphism
of Q onto a subfield of R, which we shall now identify with Q. The elements
of j(Q) are rational numbers; the elements of R \ j(Q) are called irrational
numbers.

We shall show in Theorem 3.3.1 that any ordered field with the supremum
property is isomorphic as an ordered field to the ordered field R of real
numbers, and that the isomorphism is unique.

After all this work, we should verify that we can use the real numbers R
to solve the problem that we raised at the beginning of the previous section.
In fact we can say more.

Theorem 2.10.11 Suppose that y is a positive real number and that
n € N. Then there exists a unique positive real number s such that s™ = y.

We need the following lemma.
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Lemma 2.10.12 (i) Suppose that 0 < e < 1 and that n € N. Then

1—-ne)<(1—€e)"<(14+€¢"<1+(2"—1)e.

(ii) Suppose that a and b are positive real numbers and that n € N. Then
a” > b" if and only if a > b.

Proof (i) The proof is by induction on n: the result is true if n = 1. Suppose
that it is true for n. Then

1—e)" =1 —e)(1—€e">(1—e€)(1—ne)
=1-—(n+1De+ne®>1—(n+1)e
and (1+e)"™M =1 +e)(1+e"<(14+e)(14 (2" —1)e)
=14+ 2" —Dete+ (2" -1 <1+ (2" —1e.

(i) This follows from the equation
a”—b”:(a—b)(an_1+a”_2b+---—l—ab”_2+bn_1). O

Proof of Theorem 2.10.11 Let B = {zx € R : 2" < y}. Since 0 € B, B is
non-empty. If y < 1 then B is bounded above by 1. If y > 1 then y™ > vy, so
that if z € B then 2" < y" and x < y, by the lemma. Thus B is bounded
above by y. Therefore B has a supremum s, say. We shall show that s = y.
There are three possibilities; either s < y or s” > y or s = y. We shall
show that the first two of these cannot occur, so that s = y.

Suppose first that s” < y. Choose 0 <7 < (y — s™)/(2" — 1)y. Note that
0 < n < 1. By the lemma,

(L4+mn)s)" <s"+(2"=1)ns" <s"+(y—s") =y,

so that (1 +n)s € B. Since (1 + n)s > s, this contradicts the fact that s is
an upper bound for B.

Secondly, suppose that s™ > y. Choose 0 < 6 < (s™ — y)/ns™. Note that
0<6<1.Ifx € Bthen

(1-6)s)" —z" > (1 —nb)s" —y = (s" —y) — nbs" > 0.

By the lemma, (1 — 6)s > =z, so that (1 — #)s is an upper bound for B,
contradicting the fact that s is the least upper bound of B.

Consequently, s™ = y. Finally, s is unique. For if " = y, then s"” — t" = 0,
and it follows from part (ii) of the lemma that s = t. O
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The number s is denoted by y/™: it is the nth root of y.

This proof is all very well, but it is very cumbersome. Surely there is a
better proof! There certainly is, but it requires us to do a good deal of analysis
first. In due course, we shall see that this result is an easy consequence of the
intermediate value theorem (Theorem 6.4.1).
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Functions of a real variable
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Convergent sequences

3.1 The real numbers

At the beginning of the nineteenth century, it became clear that mathemat-
ical analysis (the study of functions and of series) lacked a satisfactory firm
foundation. In 1821, Augustin-Louis Cauchy published his Cours d’Analyse,
which contained the first rigorous account of mathematical analysis. Cauchy
however took the properties of the real numbers for granted. In 1858, when
Richard Dedekind was preparing a course of lectures on the elements of the
differential calculus at the Polytechnic School in Ziirich, he ‘felt more keenly
than ever the lack of a really scientific foundation for arithmetic’, and dis-
covered the construction of the real number system that is described in the
Prologue. In fact, he only published his results in 1872." With hindsight, it
has become clear that the properties of the real number system lie at the
heart of all mathematical analysis, and that it is essential to obtain a full
understanding of these properties in order to develop mathematical analysis.

In the Prologue, we have constructed Dedekind’s model for the real num-
bers R and established some of its properties. It is however sensible to take
the construction for granted, to write down the essential properties of R,
and to use these properties to develop the theory of mathematical analysis.
This we shall do.

What are the essential properties of R? First, R is a field: that is, addition,
multiplication, subtraction and division have been defined to satisfy the
usual conditions of arithmetic.

Secondly, there is a total order on R: if z,y € R then either x < y or
y < x, and both occur if and only if z = y; further if z < y and y < z then
x < z. The order makes R an ordered field; if v < y then z + z < y + z,

1 See Richard Dedekind, Essays on the Theory of Numbers, Dover, 1963.
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and if £ < y and z > 0 then zz < yz. R contains a copy of the set of
rational numbers Q, and, within it, copies of the integers Z and the natural
numbers N.

The set Q of rational numbers is also an ordered field, but it is not
adequate for analysis. The fundamental property of R that we shall use
over and over again relates to the order structure of R. If A is a non-empty
subset of R and b € R, then b is an upper bound for A if b > a for all a € A.
Then R has the supremum property: if A is a non empty set of R with an
upper bound, then A has a least upper bound, or supremum sup(A): there
exists an upper bound ¢ € R such that if b is any other upper bound of A
then ¢ < b. It is important that the supremum of a non-empty set may or
may not belong to A. For example, if R~ = {z € R : z < 0} is the set of
negative numbers, then sup(R7) =0, and 0 ¢ R™.

The supremum property is equivalent (Proposition 2.9.4) to the require-
ment that every non-empty subset A of R which is bounded below has a
greatest lower bound, or infimum. For the set B of lower bounds of A is non-
empty and bounded above by any element of A, and so B has a supremum,
s, say. We show that s is the infimum of A. Suppose, if possible, that a € A
and that a < s. Then a is not the least upper bound for B, and so there
exists b € B with a < b < s. But then b is not a lower bound for A, giving
a contradiction. Thus a > s, and so s € B. If ¢ > s then ¢ is not a lower
bound for A, and so s is the infimum of A.

Here is a first application of the supremum property.

Theorem 3.1.1 (i) Let J = {1/n : n € N}. Then 0 is the infimum
of J.

(ii) If x € R and x > 0 then there exists n € N with n > x.

(iii) If © < y then there exists r € Q such that x < r < y.

Proof (i) 0 is a lower bound for J, and so [ = inf J exists, and [ > 0.
Suppose, if possible, that [ > 0. Then 2[ > [, and so 2! is not a lower bound
for J. Thus there exists n € N such that 1/n < 2[. But then 1/2n < [,
giving a contradiction.

(ii) 1/x > 0, so that 1/x is not a lower bound for J. There exists n € N
such that 1/n < 1/z. Then n > z.

(iii) First, we prove this in the case where 0 < z < y. By (i), there exists
n € N such that 1/n <y —z. Let A = {k € Z* : k < nz}. A is non-
empty (0 € A) and finite, by (ii), and so it has a greatest element a. Then
a < nz < a+ 1, so that if we set r = (a + 1)/n, then < r. On the other
hand r=a/n+1/n<zx+(y—z)=y.
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If z <0<y, we can take r = 0; if x < y < 0, the result follows by
considering —y and —=. O

Statement (i) says that there are no infinitesimally small members of RT,
and statement (ii), which is known as the Archimedean property, says that
there are no infinitely large members.

Statement (iii) is an existence statement; when x > 0, it is desirable to
give an explicit procedure for determining a rational » with x < r < y. There
exists a least positive integer, qo, say, such that 1/qyp < y —z, and there then
exists a least integer, pp, say, such that x < pg/qo. Then = < po/qo < y
and r9 = po/qo is uniquely determined. Let us call 7y the ‘best’ rational
satisfying x < r < y.

Suppose that x € R. We set

xt =z xt =0
a— ifzr>0,and 7 =-—x if x <0.
|z =2t =2 lz|=2" = -z

+

Then z =2+ — 2~ and |z| = 2T + 2~ > 0. |z is the modulus, or absolute
value, of x; it measures the size of x. Note that if one of x,y is positive and
the other negative then |r + y| < |z| + |y|; otherwise |z + y| = |z| + |yl;
note also that |z|.|y| = |xy|. We set d(x,y) = |z — y|; d(x,y) is the distance

between z and y.

Proposition 3.1.2 Ifx,y,z € R then

d
0 if and only if v = y;
d(z,y) + d(y, z) (the triangle inequality ).

Proof (i) follows from the fact that |z| = | —z|, and (ii) from the fact that
|z| = 0 if and only if z = 0. Finally,

-zl =z -y + -2 <|r—yl+]y—2z O

The function d : R x R — R is a metric on R. We shall study more
general metrics in Volume II.

The problem of the existence of the square root of 2 arose as a problem in
geometry. It is natural to think of the set R of real numbers geometrically,
and to think of them as points on a line, the real line, arranged in order.
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-5 -4 -3 -2 -1 0 1 2 3 4 5
Figure 3.1. The real line.

If a € R, we can then consider the mapping z — x + a as a shift, or
translation, shifting everything an amount a to the right, if ¢ > 0, and an
amount |a| to the left, if a < 0. The mapping © — —x is a reflection about
0. If @ > 0 then the mapping x — ax is a dilation or scaling, scaling = by a
factor of a.

The totally ordered set R does not have a greatest or least element. It is
sometimes convenient to add two points +00 and —oo, to obtain the extended
real line R. Thus R = {—oo} URU{+00}. The order is extended by setting
—00 < & < 400 for every real number x. Then R is order complete — every
non-empty subset has an infimum and a supremum. If A is a non-empty
subset of R then inf A = —oo if and only if A does not have a lower bound
in R, and sup A = 400 if and only if A does not have an upper bound in R.

Some care must be taken in extending the algebraic operations from R
to R. Common sense and prudence suggest the following rules.

If x € R, then (+00) + 2z =2+ (+00) =2 — (—0) = +00,
(-00) + 7 =z 4 (—00) =z — (+00) = —o0,
z/(+00) = x/(—00) = 0.
(+00) + (+0) = 400 and (—o0) + (—o0) = —c0.
The sums (400) 4+ (—o0) and (—o0) 4 (400) are not defined.

If x € R, and = > 0 then (400).z = z.(+00) = +00,

(—0).z = x.(—00) = —o0, and /0 = +o0.

If z € R, and z < 0 then (+00).2 = x.(+00) = —o0,
(—00).x = x.(—00) = 400, and /0 = —oo.
The products
0.(+00), 0.(—00), (+00).0 and (—0).0
and the quotients
(+00)/(+00), (+00)/(=00), (—00)/(+00), (—00)/(+00),
0/0, (+00)/0 and (—00)/0

are not defined.
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Exercises

Show that the sum of a rational number and an irrational number is
irrational. What about the product?

Suppose that r, 7" are two rational numbers, with r < 7. Show that
there exists an irrational number x with r < z < r’.

Suppose that A and B are non-empty subsets of R which are bounded
below. Let A+ B={r € R:x=a+bfor some a € A,b € B}. Show
that A + B is bounded below and that inf(A + B) = inf A + inf B.
What about products?

Suppose that (a,)22; and (b,)52; are sequences in R such that the
sets {a, : n € N} and {b,, : n € N} are bounded above. Show that the
set {a, + b, : n € N} is bounded above. Is

sup{an, + b, : n € N} = sup{a, : n € N} 4+ sup{b, : n € N}?

Let Q(v/2) be the set of all real numbers of the form r + sv/2, with
r,s € Q. Show that Q(v/2) is a subfield of R. Show that there are two
total orderings of Q(+/2) under which it is an ordered field.

Suppose that ai,...,a, and b1,...,b, are real numbers. Establish
Lagrange’s identity:

n 2 n n
(Z albz> + Z (aibj — (Ijbi)2 = (Z CL?) (Z b?) .
1=1 {« i=1 i=1

1,5):4<j}

Deduce Cauchy’s inequality:

1 1
n n 2 n 2
S () (59

with equality holding if and only if a;b; = a;b; for 1 <i,j < n.

3.1.7 If « € R and k € N, define the binomial coefficient to be

<Z> :a(a—l)..l.c!(a—k:—l—l)

Prove de Moivre’s formula

(-
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and its generalization, Vandermonde’s formula,

()= ()6)

J=0

[Hint: First suppose that € N. Each side of the equation is a polyno-
mial in «, and the two polynomials take the same values when o € N.
Now repeat the argument for (3.]

3.2 Convergent sequences

Let us now look again at statement (i) of Theorem 3.1.1.

Theorem 3.2.1 If € > 0 then there exists ny such that 0 < 1/n < € for
n > ng.

Proof  Since I > 0 and 0 is the infimum of J = {1/n : n € N}, there exists
no such that 1/ng <e. If n > ng, then 0 < 1/n < 1/ng < e. O

This suggests the following definition for more general sequences than
(1/n)%°,. (We consider sequences indexed either by N or by Z*, the set of
non-negative integers — since we are concerned with what happens for large
values of n, there is no real difference between the two cases, and we shall
only state and prove results in one or other case.) A real-valued sequence
(an)P2y converges to 0 as n tends to oo, or tends to 0 as n tends to oo, or
is a null sequence, if whenever € > 0 there exists ny (which usually depends
on €) such that |a,| < € for n > nyg.

A couple of remarks are in order. First, the condition concerns the size |a,|
of a,, rather than a,, itself. We can write the condition as —e < a,, < € for
n > ng; thus a, has to satisfy two inequalities, and sometimes it is necessary
to consider the two inequalities separately. Secondly, the sequence (|an|)5
need not be decreasing. As an example, if we set a,, = (—1)"/n + 1/n? then
(an)nen is a null sequence, although a,, is, after the first term, alternately
negative and positive, and although |a,| — |a,+1| is alternately negative and
positive .

We can immediately generalize this definition. Suppose that [ € R. We
say that a real-valued sequence (ay)22, converges to l, or tends to l, as n
tends to oo if whenever € > 0 there exists ng (which usually depends on €)
such that |a, — | < € for n > ng. In other words, the sequence (a, —1)02, is
a null sequence. Once again, we can split the definition into two: we require
that | — e < a, <[+ ¢, for n > ng.
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If (ay)22 converges to [, we say that [ is the limit of the sequence, and we
write ‘a, — [ as n — o0’, and write [ = lim,, .0 a5,. A warning: we can only
write [ = lim,_, o a, if we know that the sequence has a limit; and many
sequences do not have a limit.

ay
A

l : » n
j
l—-efF————F—— e e e
h
|
o

Figure 3.2. A convergent sequence.

When they exist, limits are unique.

Proposition 3.2.2 Ifa, — [ asn — oo and a, — m as n — oo, then
l=m.

Proof  Suppose not. Let € = |l —m|/3, so that € > 0. There exists ny such
that |a, — | < € for n > ng, and there exists mq such that |a, —m| < € for
n > myg. Let pg = max(ng, mg). Then if n > py,

|l —m| <lan —Il| + |an — m| < 2e = 2|l — m|/3,

giving a contradiction. O

A subset B of R is bounded if it is bounded above and bounded below. A
sequence (an)S% is bounded if the set of values {a,, : n € Z*} is bounded.

Proposition 3.2.3 Ifa, — [ as n — oo then (ap)5> is bounded.

Proof  There exists ng such that |a, — ] < 1 for n > ng. Let M =
max{|ail,|az|, ..., |an|,|l] + 1}. If n > ng then |a,| < |an, =1 + 1] < |I] +1,
so that |a,| < M for all n. O

Unbounded sequences can behave in many different ways: we pick out
two where the behaviour is quite respectable. We say that a,, — —+o00 as
n — oo if whenever M € R there exists ng (which usually depends on M)
such that a,, > M for n > ng, and that a, — —o0 as n — oo if whenever
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M € R there exists ng (which usually depends on M) such that a,, < —M
for n > nyg.
We now come to the most important result of this section.

Theorem 3.2.4 Suppose that (a,)7> is an increasing sequence of real
numbers. If (a,)22, is bounded, then a, — sup{a, : n € ZT} as n — oo;
otherwise a,, — +00 as n — o0.

Suppose that (an)5 is a decreasing sequence of real numbers. If (an)22,
is bounded, then a, — inf{a, :n € Z*} as n — oo; otherwise a, — —oo as
n — oo.

Proof  Suppose that (ay)32, is increasing and bounded. Let | = sup{a,, :
n € Z*}. If € > 0 then [ — € is not an upper bound, and so there exists
ng such that a,, > [ — €. Since [ is an upper bound, and since (ap)neN is
increasing, | —e < ap, < a, <[ for all n > ng, so that |a, —I| < € for n > nyg.
Similarly if (an)nen is increasing and unbounded and M € R™, then
there exists ng such that a,, > M; then a,, > a,, > M for n > nyg.
Exactly similar arguments work for decreasing sequences. O

Why is this so important, when the proof is so easy? First, it provides
us with a rich supply of convergent sequences. Secondly, it is used in an
essential way to prove further deep results. In fact, the results can be taken
to provide another characterization of R, as Exercise 3.2.16 shows.

The notion of convergence fits in well with the algebraic and order
structure of R, as the following collection of results shows.

Theorem 3.2.5 Suppose that (an)o>, and (by)2>, are sequences of real
numbers.

(i) If an, =1 for all n, then a, — 1 as n — oo.
(1) If (an)sl is a null sequence, and (by,)o, is bounded, then (anbp)peg
1s a null sequence.
(#ii) If ap, — a and b, — b as n — oo then a, + b, — a+b as n — oo.
() If anp, — a as n — oo and ¢ € R then ca, — ca as n — oo.
(v) If a,, — a and b, — b as n — oo then a,b, — ab as n — oo.
(vi) If ap, # 0 and a # 0 and a,, — a as n — oo then 1/a, — 1/a as
n — oo.
(vii) If ap, — a and b, — b as n — o0 and a, < by, for all n then a <b.
(viii) If ap, — a as n — oo and if (an, )7, is a subsequence, then a,, — a
as k — oo.
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Proof  The proofs are straightforward. We give details, but will subse-
quently leave similar proofs to the reader.

(1) is quite trivial: for any € > 0, take ng = 0.
(ii) There exists M > 0 such that |b,| < M for all n. Given € > 0, there
exists ng such that |a,| < ¢/M for n > ng. Then |a,b,| < € for n > ny.
(iii) Given € > 0, there exists ng such that |a, — a| < €/2 for n > ny,
and there exists mg such that |b, — b| < €¢/2 for n > myg. Let py =
max(ng, mg). Then if n > py,

[(an +bp) — (a+b)| <la, —a| +|bn — b <e.

(iv) Given e > 0, there exists ng such that |a, —a| < €/(|c|+ 1) for n > ny.
Then |ca, — ca| < € for n > ny.

(V) apbp, —ab = (an, — a)(b, — b) + (an, — a)b + a(b, — b). The sequence
(b, —b)5, is a bounded sequence, by Proposition 3.2.3; since (a,, —a)
is a null sequence, the sequence ((a, —a)(b, —b))>2 is a null sequence,
by (ii). The sequences ((a, — a)b)2, and (a(b, — b))>2, are also null
sequences, by (iv), and so the result follows, using (iii).

(vi) There exists ng such that |a, —a| < |a|/2 for n > ng, so that if n > ng
then |ay| > |a| — |an, — a| > |a|/2. Thus if n € Z* then

11/anal < max(1/|agal,...1/|an,al,2/|al?),

so that the sequence (1/ana)22, is bounded. Since 1/a, —1/a = (a —
an)/ana, the result follows from (ii).

(vii) We argue by contradiction. Suppose that a > b. Using (iii) and (iv),
an — by, — a —b as n — oo, and so there exists ng such that |(a, —
bp) — (@ —b)| < a—b for n > ng. But this implies that a, — b, > 0,
giving a contradiction. Thus a > b.

(viii) Given € > 0 there exists N such that |a, —a| < € for n > N, and
there exists kg such that ni > N for k > kg. Thus if k& > kg then
|an, —al <e. O

As an example, if 0 < r < 1, then the sequence ()22, is a decreasing
sequence, bounded below by 0, and so it converges to a limit [, say, by

ntl [ as

Theorem 3.2.4. Then r"*! — rl as n — oo, by (iv), and r
n — 00, by (viii). Thus 7l = [, by Proposition 3.2.2, and so [ = 0: (r™)02, is
a null sequence. So also is (r™)2° ), for —1 < r < 0, by (ii).

Some care is needed using (vii). Suppose that a, — a and b, — b as
n — oo and that a,, < b, for all n. Then it does not follow that a < b. As an

example, consider the sequences (r")°%, and (—r")52, where 0 <7 < 1.
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As another example, let us give another proof of Theorem 6.4.6: if y is
a positive real number, if K € N and if £ > 2, then there exists a unique
positive real number s such that s¥ = y. We write s = y!/*.

Let agp = max(1,y), so that af > y. We show that we can define the

sequence (a, )5 recursively by setting

1 =
apy1 = T ((k —Day — aky—1> = On (1 - aT/;aky> forn € N,

n

and that 0 < an41 < a, and y < a¥. Suppose that have defined a,,, and
shown (if n > 0) that 0 < a, < a,_; and y < aF. Since a, > 0, a, 1 is
properly defined. Since ka¥ > af —y >0, 0 < apy1 < a,. In order to show
that afL 41 =y, we use the following inequality, proved in Lemma 2.10.12:

if0<t<1then (1 —t)F>1—kt

Thus

k k alﬁ—y : k afL—y
Apiq =ap (1 — ok >a,|1— i =y.
n n

Since the sequence (a, )5, is bounded below, it follows that it converges to
a limit [ as n — oo. Using Theorem 3.2.5, it follows that ¥ > v, so that
[ > 0, and it then follows that

a an | 1 a’k; — Y {1 & - Y as n — oo
= — — — — .
n+1 n kzaﬁ k‘lk

Since a,, — [ as n — oo, it therefore follows from Proposition 3.2.2 that

lk—y
(i)

so that I* = y. If I¥ = m* then

0=0F—mF=U-—m)IF L +1"2m 4+ 4+ mh Y,

so that [ = m.

This may seem to be a proof that is too complicated to be interesting.
But it is not. It is an example of the use of the Newton—Raphson method:
the sequence (ay)22, converges very rapidly. Thus it not only proves the

existence of y/*, but also enables good approximations to it to be calculated.
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Here is an easy but useful result.

Proposition 3.2.6 (The sandwich principle) Suppose that a,, < b, < ¢,
for all n, and that a, — | and ¢, — | as n — oo. Then b, — [ as n — 0.

Proof  Given € > 0 there exists ng such that |a, — | < e and |¢, — ] < €
for n > ng. Thus

l—e<ap<b,<c,<l+e€forn>ng,

so that b, — [l as n — oco. O

Corollary 3.2.7 If x € R, there exist a strictly increasing sequence
(rn)S%y of rational numbers and a strictly decreasing sequence (Sp)o> of
rational numbers such that v, — x and s, — T as n — oo.

Proof  Using the notation following Theorem 3.1.1, let r; be the ‘best’
rational with x — 1 < r; < x and let s1 be the ‘best’ rational with z < s1 <
x + 1. Arguing recursively, let 7, be the ‘best’ rational with

1
max(x — E’Tn_l) <rp <,

and let s,, be the ‘best’ rational with
. 1
x < 8p < min(z + —, Sp—1).
n

Then (r,)52; is a strictly increasing sequence and (s,)0%; is a strictly
decreasing sequence. Since

1 1
T——<1rp<s, <xT+ —,
n n

r, — x and s, — x as n — oo, by the sandwich principle. a

The next result shows that to test for convergence we need only consider
a sequence of values of e.

Proposition 3.2.8 Suppose that (e;)3>, s a null sequence of positive
numbers. Then a sequence (an)5>, converges to | if and only if for each
k there exists ny, such that |a, — 1| < €x for n > ng.

Proof  The condition is certainly necessary. If it is satisfied, and if € > 0,
then there exists k € N such that 0 < ¢, < e. If n > ny, then |a, —
< € < €. Oa

It is often convenient to take e = 1/k, or to take ¢, = 1/2F.
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Exercises

3.2.1 Suppose that a > b > 0. Find lim,_,o(a”™ — 0™)/(a™ + b").

3.2.2 Show that v/n+1—y/n — 0 asn — oo.

3.2.3 Does n 1000000 /on converge, as n — oo?

3.2.4 Suppose that z € R and that « > 1, and that k& € N. Does 2" /n¥

converge?

3.2.5 Suppose that —1 < z < 1 and that a € R. Show that

= ' z" — 0 asn — oo.
n!

<a>xn al@—1)...(a—n+1)

3.2.6 Suppose that = € R. Show that 2" /n! — 0 as n — co.
3.2.7 Let a, = vVn? +n—mn, for n € N. Show that a,, converges as n — 0.

3.2.8

3.2.9

3.2.10

3.2.11

3.2.12

What is the limit? Is the sequence (ay)>2; monotonic?

Let a, = 35" 1(1/4) and let b, = 33" (1/4). Show that (an)32,
is an increasing sequence, that (b,)5 ; is a decreasing sequence, and
that they tend to a common limit as n — oo.

Use a calculator, and the method described, to calculate 21/3 to 5

decimal places.

Suppose that ai,...,a, are positive real numbers. Let A = (a1 +
.-+ ay,)/n be the arithmetic mean and let G = (ajas...a,)"" be
the geometric mean. Suppose that aq,...,a, are not all equal. Show

that there exist 1 < 7,5 < n such that a; > A and a; < A. Show that
aia; < A(CLZ +a; — A)

Let a] = A, a;- =a; +a; — A and let aj, = ay, for k #4,j. Let A" and
G’ be the corresponding means. Show that A’ = A and G’ > G.
Show by induction on [{i : a; # A}| that A > G, with equality if and
only if a1 = as = -+ = ay,. (The arithmetic mean-geometric mean
inequality.)
Use the arithmetic mean-geometric mean inequality to establish the
following results.

(a) If nt > —1 then (1 —¢)" > 1 —nt.
(b) If —x < n <m then (1+z/n)" < (14 z/m)™.

c¢) If x > 0 then (1 —z/n)™ converges to a positive limit, as n — oo.
(d) If z > 0 then (1 — 2/n?)" — 1 as n — oo.

(e) If x > 0 then (14 x/n)™ converges to a finite limit, as n — oo.
Suppose that —1 <t < 1. Define t,, recursively by setting o = 0 and
tn =tn—1+5(t—t,—1)% Show that 0 < t,_; <t, < [t|, foralln € N.
What is lim,, o 7?7
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3.2.13 Suppose that 0 < ag < bg. Define a,, and b,, recursively by setting
an = 2ap—1byp—1/(an_1 + byp—1) and b, = (ap—1 + by,—1)/2. Show that
An_1 < ap < by < bp_1. Determine lim,_ .. a, and lim,_ .. b,.

3.2.14 Suppose that 0 < ag < bg. Define a,, and b,, recursively by setting
an = \/an-1bp—1 and b, = (ap—1 + by—1)/2. Show that a,—1 < a, <
b, < byp—1, and show that the sequences (a,)5e, and (by,)>2, tend to
a common limit as n — oc.

3.2.15 Let R, = F,41/F,, where F,, is the nth Fibonacci number, and
n > 1. Show that (R2,-1) is an increasing sequence and that (Ra;,)
is a decreasing sequence. Show that R, tends to a limit as n — oo,
and find the limit.

3.2.16 Give an example of a sequence (x,,)5%; such that z,; converges as
n — oo for all k > 2, whereas x, does not converge as n — oc.

3.2.17 Suppose that (z,,)72 is a sequence such that each of the subsequences
(2n)5% 1, (Tan+1)02, and (w35,)02, converges as n — oo. Show that

the sequence (x,)5% ; converges as n — 0.

3.3 The uniqueness of the real number system

In the Prologue, Dedekind cuts were used to construct the real number
system R. As Exercise 3.3.2 shows, there are other ways of constructing the
real numbers, and we need to show that the outcome is essentially the same.

First, let us introduce some terminology. Suppose that x is a positive real
number. We set |z] = sup{n € N : n < z} and {z} = z — [z], so that
x = |z]+{z}, and 0 < {x} < 1. |x] is the integral part of x, and {z} is the
fractional part of x. The latter is not only bad notation (the context should
however make it clear when {x} is being used for the singleton set) but also
bad terminology, since ‘fractional’ suggests incorrectly that {z} must be a
rational number.

Theorem 3.3.1 Suppose that R’ is an ordered field with the supremum
property. There exists a unique bijection j : R — R’ such that if z,y € R
then

(i) j(xz +y) = j(x) + j(y) and j(zy) = j(x)i(y), and

(11) if x <y then j(x) < j(y).

Proof We use the fact that each of R and R’ contains a copy of the
rational numbers (Theorem 2.8.3). If 7 is a rational in R, let jq(r) be the
corresponding rational in R/.

If z is a positive element of R, we set z, = [2"x]/2". Then (z,)72, is an
increasing sequence of rationals in R, bounded above by |z] + 1. Further,
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0 <z—uz, <1/2" so that x, — x as n — oo. The sequence (jq(zn)ory
is an increasing sequence of rationals in R', bounded above by jq(|z] + 1),
and so it converges, by Theorem 3.2.4 (which can clearly be applied to R/).
We set j(z) = lim, 0 jq(zn). Note that j(z) > 0, and that if 2 € Q then
Jjq(zn) — jq(z), so that j(z) = jq(x). If z <0, we set j(z) = —j(—=x).

If x and y are positive elements of R, and n € Z* then

JQ((z +y)n) = ja(@n) = jQun)l = [(z +Y)n — 20 — ynl
< (lz+y) = (& + Yl + [z = 20| + |y — ynl < 3/27,

so that
i +y) = j(x) = i(y) = lim (jo((z +y)n) = jq(zn) = j@Q(Yn)) = 0.

Thus j(x+y) = j(z)+7(y). A similar argument shows that j(zy) = j(z)j(y),
and it then follows easily that (i) holds for all  and y in R.

If x < y then there exist rationals r and s such that x < r < s < y then
Jj(x) < j(r) < j(s) < j(y), and so (ii) holds. It follows from this that j is
injective.

Using the same procedure, we construct a mapping k : R’ — R for which
the results corresponding to (i) and (ii) hold. If z € R and z > 0 then

K(j(@) = lim k(j(z)) = lim 2, = .

If © < 0 then k(j(z) = —k(—j(x)) = —k(j (—:B)) = —(—z) = z. A simi-
lar argument shows that j(k(z')) = 2/ for all 2/ € R’. Thus j and k are
bijections.

Finally, we show that j is unique. Suppose that j; : R — R/ is another
mapping satisfying (i) and (ii). Then j;(0) = 0 and j1(1) = 1, from which it
follows that ji(r) = j(r) for r a rational in R. If z is a positive element of
R, then ji (2n) — j1(z) a5 1 — 0. But j1(zn) = j(2n) — §(z) as n — oo,
and so ji(z) = j(z). If x <0 then

Ji(@) = —ji(—z) = —j(—=z) = j(z).
Thus j is unique. O

Exercises

3.3.1 Define the notion of a convergent sequence in an ordered field. Suppose
that F' is an ordered field in which each bounded increasing sequence
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converges. In this exercise we show that F' has the supremum property,

so that there exists a unique order-preserving field isomorphism of R

onto F'.

(a) Show that each bounded decreasing sequence converges.

(b) Show that if € > 0 then there exists n such that 1/n <.

(c) Suppose that A is a non-empty subset of F' which is bounded
above. Show that there exists n € N which is an upper bound for
A.

(d) Suppose that A is a non-empty subset of F'* = {z € F : x > 0}
which is bounded above. If k£ € N, let

b, = inf{j € N : j > 2%a for each a € A},

and let ¢y = by/2*. Show that (cj)°, is a bounded decreasing
sequence.

(e) Let ¢ = limg_, oo ¢k Show that ¢ = sup A.

(f) Show that F' has the supremum property.

This extended question provides an alternative construction of the real

numbers.

(a) A rational Cauchy sequence is a sequence r = ()2, in Q such
that for each j € N there exists n; such that |r,, —r,| < 1/j for
m,n > n;. If r and s are rational Cauchy sequences, set r < s if
rn < 8, for all n € N. Show that < is a partial order on the set C
of rational Cauchy sequences.

(b) Define a relation r ~ s on the set C' by setting r ~ s if the sequence
(r1, 81,72, S2,...) is a rational Cauchy sequence. Show that ~ is an
equivalence relation on C'.

(c) Let D = C/ ~ be the set of equivalence classes in C. Define a
relation < on D by setting a < b if there exist r € a and s € b
such that r < s. Show that this defines a total order on D. Show
that D does not have a greatest or least element.

(d) If r € Q, let r = ()22, where 7, = r for all n € N, and let
j(r) = [r] be its equivalence class in D. Show that j is an injective
order-preserving mapping of Q into D.

(e) Define addition and multiplication of elements of D, and show that
D is an ordered field.

(f) Show that a bounded increasing sequence in D converges. (This
is the hardest part. Choose representatives, and use a diagonal
argument to find the limit.)
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3.4 The Bolzano—Weierstrass theorem

Before reading this section, it is advisable to read Section 2.4, possibly
excluding Ramsey’s theorem (Theorem 2.4.4). You need to understand the
diagonal procedure (Theorem 2.4.2) and Theorem 2.4.3.

Sequences can behave in many different ways: consider for example a
sequence (¢,)5; which maps N onto the set of rational numbers between 0
and 1. The next theorem is therefore remarkable and is of great theoretical
importance.

Theorem 3.4.1 (The Bolzano—Weierstrass theorem) Suppose that
(an)P2q is a bounded sequence of real numbers. Then there is a subsequence
(an, )32, which converges.

Proof  We shall give two proofs here, and a third proof in the next
section. (It is always worth giving more than one proof of important results;
each proof can throw a different light on the result, and the ideas from a
proof can often be used to prove other results.) Each of the proofs uses
Theorem 3.2.4.

The first proof is very short. (a,)5 , has a monotone subsequence (Corol-
lary 2.4.3). This subsequence is bounded, and so it converges (Theorem
3.2.4).

The second proof, which is essentially the proof that Weierstrass gave,
uses repeated subdivision, and a diagonal argument. Let us introduce some
notation. If b,c € R and b < ¢, then the closed interval [b,c| is the set
{z e R:b < x <c}. It has length ¢ — b; it is closed because it contains its
endpoints b and c. We shall discuss these notions further in Section 4.1.

Since (a,)52, is bounded, there exist by, ¢p with by < ¢o such that a,, €
[bo, co), for all n. Let dy = (bg + ¢)/2 be the midpoint of the closed interval.
Then there are two possibilities. First, there are infinitely many n for which
an € [bo, do]; in this case we set by = by and ¢; = dy, so that [by, ¢1] = [bo, do).
Secondly, there are only finitely many n for which a,, € [bg, do|; in this case,
an € [dp, co] for infinitely many n, and we set by = dy and ¢; = ¢y, so that
[b1,c1] = [do,co]. Thus in either case A; = {n € N : a,, € [b1,c1]} is an
infinite subset of N. We have an infinite set of terms in an closed interval of
half the length of the original closed interval.

We now iterate this procedure recursively. At the jth step, we obtain a
closed interval [b;, ¢;] such that [b;, ¢;] C [bj_1,c¢j—1] and ¢;—b; = (co—bo) /2,
and such that A; = {n € N : a,, € [bj,¢;]} is an infinite subset of A;_;.
For each j € N let (n,(gj))zoz1 be the standard enumeration of A;. Let
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m; = n§j), so that b; < an, < ¢j, for j € N. By the diagonal proce-
dure (Theorem 2.4.2) the sequence (m;)32; is a subsequence of N. The
sequence (bj)32, is increasing, and is bounded above ‘by co, and so it con-
verges as j — 00, to b, say. Since ¢; = bj + (co — by)/2?, ¢; converges to b as
Jj— 00, as well. Since b; < a,,, < ¢j, am, — b as j — oo, by the sandwich
principle. O

Exercises

3.4.1 Let (gn)p2; be a sequence which maps N onto the set of rational
numbers between 0 and 1. Show that if I € [0,1] then there exists a
subsequence (gy, );’il which converges to [.

3.4.2 Suppose that (a,)22, is a bounded sequence with the property that
there exists [ such that if (a,,)72; is any convergent subsequence of
(an)peq then its limit is [. Show that a,, — [ as n — oo.

3.4.3 Suppose that (a,)52, is a bounded sequence of real numbers which
does not converge. Show that (a, ), has two convergent subsequences
which converge to different limits.

3.5 Upper and lower limits

Suppose that (a,);2 is a bounded sequence, and that (an, )72, is a con-
vergent subsequence, convergent to [, say. What can we say about [7
First, we can say that | € [mg, My] where mo = inf{a, : n € Z*} and
My = sup{a, : n € Z™}. But it may happen, for example, that ag is much
larger than all the other terms in the sequence. Then ag = My, and My
does not give us much information about [. Indeed, the value of [ is not
constrained in any way by any finite set of values of a,,.

Let us therefore set M; = sup{a, : n € Z*,n > j}. Then the sequence
(M;)32, is decreasing (we take suprema over smaller and smaller sets), and
is bounded below by mg. It therefore converges to a limit as j — oo. This
limit is called the upper limit or limes superior of the sequence (a,), and
is denoted by limsup,,_, . (a,). In exactly the same way, we define m; =
inf{a, : n € N,n > j}; (m;)32, is increasing and bounded above by My and
converges to the lower limit or limes inferior liminf,,_. (a,) of the sequence
(an)o;. Since mj < M; for all j, liminf,, .o (a,) < limsup,,_ . (an).

Upper and lower limits are a little complicated, being defined in two
stages; first we consider a sequence of suprema or infima, and secondly
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we take the limit of these sequences. Such a procedure will recur else-
where! We can characterize upper and lower limits by their fundamental
properties.

Theorem 3.5.1  Suppose that (a,)5, is a bounded sequence, and that S =
limsup,,_,(a,). Then S is the unique real number with the two following
properties:

(i) if t > S then there exists ng such that a,, <t for all n > ny;

(ii) if r < S and n € N then there exists m € N with m > n such that
A, > T

There is a similar characterization of liminf, . (ay).

We can express (i) by saying that a, is eventually less than t, and (ii) by
saying that a, is frequently greater than r.

Proof  First, we show that S satisfies (i) and (ii).

(i) Since S = inf{M; : j € N} and t > S, t is not a lower bound for
{M; : j € N}. Thus there exists ng such that M,, < t: then a,, < M,, <t
for n > ng.

(ii) Since r < § < M,, and M,, = sup{a,, : m > n}, r is not an upper
bound for {a,, : m > n}. Thus there exists m > n with ap; > r.

We now turn to uniqueness. Suppose that 7' > S. Let U = (S +T)/2, so
that T'> U > S. By (i), there exists ng such that a, < U for all n > ny,
and so (ii) does not hold for 7.

Suppose that R < S. Let Q@ = (S + R)/2, so that R < Q < S. By (ii), if
n € N there exists m > n with a,, > @, and so (i) does not hold for R. O

We can now answer the question that was raised at the beginning of the
section, and give a third proof of the Bolzano—Weierstrass theorem.

Theorem 3.5.2  Suppose that (an, )?io 18 a convergent subsequence of a
bounded sequence (an)5 . Then

lim inf (a,) < lim a,, <lim sup (a,).
n—oo j—00 N—00

Further, there exist subsequences (a;,)52o and (am,)52, such that

a;, — lim inf (a,) and a,, — lim sup (a,) as j — oo.
n—00 n—o0
Proof ~ Since my, < an, < M,,, and since m,, — liminf, . (a,) and
M, — limsup,, . (an), the first result follows from Theorem 3.2.5 (vii).
Let S = limsup,,_,.(a,). By Theorem 3.5.1 (i), there exists a least ng
such that a, < S+ 1 for all n > ng, and by (ii) there exists a least py > ng
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such that a,, > S — 1. Continuing recursively, there exists a least n; > p;_1
such that a, < S+ 1/j for n > n;, and there exists a least p; > n; such
that a,, > S —1/j. Then S —1/j < ap, < S +1/j, so that a,, — S as
j — 00, by the sandwich principle. An exactly similar proof works for the
lower limit. O

What happens when the upper and lower limits are equal?

Theorem 3.5.3 Suppose that (a,)5%, is a bounded sequence and that
I € R. Then a, — 1l as n — oo if and only if limsup,_ . (an) =
liminf, o (a,) = (.

Proof  If limsup,,_,(an) = liminf, . (ay) = [, then m; — [ and M; — I
as j — 00. Since m; < a; < Mj, a; — [, by the sandwich principle.
Conversely, suppose that a, — [ as n — oo. Then if € > 0 there exists
ng such that | —e/2 < a, <l+¢€/2 forn >mng. Thusl —e < M, <l +e¢
for n > ng, so that M,, — [ as n — oo. Thus limsup,,_,.(a,) = . Similarly
liminf, . (ay,) = 1. O

What do we do when (ay)22, is not bounded? If (a,)52 is not bounded
above, then M; = oo for all j € Z™; we therefore define limsup,,_, . a, to be
+o00. If (an)22 is bounded above, but is not bounded below, then (M;)52 ) is
a decreasing sequence. If this is bounded below, we define lim sup,,_,, an =
limy, o0 My; if not, we set limsup,,_,, an to be —oo. We treat liminf, . an,
in a similar way.

Exercises
3.5.1 Consider the second proof of the Bolzano—Weierstrass theorem in the
preceding section. What is lim; oo apm,?
3.5.2 Suppose that (a,)22, is a bounded sequence. Let s, = ag + - -+ + an.
Show that

Sn

. . . . . Sn .
lim inf a, <lim inf <lim sup —— < lim sup ay.
n—00 n—oon + 1 n—oo 1+ 1 n—00

Deduce that if a, — [ as n — oo then s, /(n+1) — [ as n — oo. Give
an example to show that the converse does not hold.
3.5.3 Suppose that (a,)52 is a bounded sequence. Let

U={zreR:{n€Z":a, >z} is finite}.

Show that inf U = lim sup,,_,., an-
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3.5.4 Suppose that (a,)52, and (b,)2, are bounded sequences. Show that

lim inf a, + lim inf b, < lim inf (a, + b,) < lim inf a, + lim sup b,
n—00 n—00 n—o0 n—00 N—00

< lim sup (ay, + by) < lim sup a,, + lim sup by,
n—oo n—oo n—oo
Show that equality holds in the last inequality if and only if there
exists a strictly increasing sequence (nj);‘;o € N such that

an, — lim sup a, and b,, — lim sup b, as j — oo.
n—oo n—oo
Give an example where all the inequalities are strict.

3.5.5 Suppose that (a,)02, and (b,)5, are sequences of positive numbers,
and that a,, — a as n — o0o. Show that if ¢ > 0 then lim inf,,_ . a, b, =
aliminf,,_, . b,. Show that equality need not hold if a = 0.

3.5.6 Suppose that (s,)52, is a sequence of real numbers and that (¢,)52,
is a strictly increasing unbounded sequence of positive numbers. Show
that lim sup,, . (Sn/tn) < limsup, . ((Snt+1 — Sn)/(tnsr1 — tn)).

3.5.7 Suppose that (a,)5> is a sequence of positive numbers. Show that

lim sup,,_, a}/n < limsup(an4+1/an)-

3.6 The general principle of convergence

Suppose that (an)22 is a sequence of real numbers. How can we tell whether
it converges or not? If we suspect that its limit is [, we can consider the
behaviour of |a,, —I| as n becomes large. But what if we do not know what [
should be? We have seen that we can answer this question when (a,)5 is
monotonic (Theorem 3.2.4), but this only happens in special circumstances.
Here we provide a more general answer.

A sequence (ay)22, is a Cauchy sequence if whenever € > 0 there exists
no (usually dependent on €) such that |a,, — a,| < € for m,n > ng. The
terms of the sequence become close as m and n become large.

Proposition 3.6.1 A Cauchy sequence (an)22, is bounded.

Proof  The proof is just like the proof of Proposition 3.2.3. There exists
ng such that |a,, —a,| < 1 for m,n > ny. Let

M = max{|ag|,|ai], ..., |an,|s |an,| + 1}

If n > ng then |a,| < |an — any| + |an,| < |an,| + 1, so that |a,| < M for
all n. O
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Theorem 3.6.2 (The general principle of convergence) A sequence
(an)22 o of real numbers is convergent if and only if it is a Cauchy sequence.

Proof  First, suppose that a, — [ as n — oo. Given € > 0 there exists ng
such that |a, — | < €/2 for n > ng. If m,n > ng then

lam — an| <|am =+ |an, — 1] < €/2+€¢/2 =,

so that (an)52 is a Cauchy sequence.

Conversely, suppose that (a,)se, is a Cauchy sequence. Then it is
bounded, and so, by the Bolzano—Weierstrass theorem, it has a convergent
subsequence (an, )72, convergent to [ say. We shall show that a, — [ as
n — oo. Suppose that € > 0. Then there exist ko such that |a,, — ] < €/2
for k > ko and N such that |an, — an| < €/2 for m,n > N. There exists
k1 > ko such that ng, > N. If n > N then

lan — 1] <lan — an,, | +|an,, =1 <€/2+¢/2=c O

A Cauchy sequence is a sequence that looks as if it should converge.
A Cauchy sequence of rational numbers need not converge to a rational
number (consider a sequence of rational numbers converging to 1/2), but
does converge to a real number. This indicates again that the real numbers
provide a good extension of the rational numbers.

Exercises

3.6.1 Show from the definitions that the upper and lower limits of a Cauchy
sequence are equal. Use this to give another proof of the general
principle of convergence.

3.6.2 Let a, = /n. Show that if € > 0 then there exists ng such that
lan+1 — ap| < € for n > ng. Is (a,)52; a Cauchy sequence?

3.7 Complex numbers

This volume is principally concerned with real analysis: the study of real-
valued functions of a real variable, and sequences of real numbers. There
are however topics, such as the theory of power series, where it is natu-
ral to consider complex-valued functions of a complex variable. This topic
will be considered in much more detail in Volume III, but here, and in
the next section, we introduce some of the basic properties of complex
numbers.
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Why do we need to consider complex numbers? Although the construction
of the real numbers allows us to find roots of the polynomial 2% — 2, there
are plenty of polynomials with no real roots. For example, if « € R then
a®? > 0, so that a®>+1 > 1, and so the polynomial 22+ 1 has no real roots. We
overcome this by enlarging the real field R to obtain the complex field C.

This is a problem of algebra, rather than analysis. We want to adjoin an
element 7 to R with the property that i2 = —1. We shall describe a simple
way of doing this; Exercises 3.7.1 and 3.7.2 provide other constructions. In
each case, we are concerned with vector spaces. Suppose that K is a field. A
vector space E over K is an abelian additive group (E, +), with zero element
0, together with a mapping (scalar multiplication) (A, ) — Az of K x E into
E which satisfies

o l.x =12,
e AN+ p)x = Az + pzx,
o Muz) = (Ap)z,

o Mz +y)=Ax+ Ny,

for A, p € K and z,y € E. The elements of F are called vectors and the
elements of K are called scalars. A vector space over R is called a real vector
space.

It then follows that 0.z = 0 and A\.0 =0 for x € F and A € K. [Note that
we use the same symbol 0 for the additive identity element in E (the zero
vector) and the zero element (the zero scalar in K).] We denote E \ {0}
by E*.

Besides the element i, we want to consider elements bi, where b € R, and
elements a + bi, where a,b € R. We therefore take R? = {(z,y) : z,y € R}
as our underlying set. R? is a real vector space:

(x1,y1) + (22, 92) = (x1 + 22,91 + ¥2) and a(x,y) = (ax,ay) for a € R.

We set 1 = (1,0) and 4 = (0,1), so that any element (z,y) € R? can be
written as (x,y) = x1+yi. We want to define an associative and distributive
multiplication in such a way that

12=1,1i=41=4 and ¢>=-1.
Thus we require that

(3311 + yli)(xgl + yg’i) =x1221.1 + z1y21.2 + y1222.1 + y19y022.2
= (z122 — Y1y2)1 + (21Y2 + Y122)1,
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and so we define multiplication by setting

(11 4+ y18) (22l + yot) = (z122 — Y1y2)1 + (1Y2 + Y122)t.

We denote R?, with this multiplication, by C. Note that if a,b € R then
al + b1 = (a+ b)1 and (al)(bl) = abl, so that if we identify R with
R.1 = {(a,0) : a € R}, then the addition and multiplication on C extends
the addition and multiplication on R.

We need to verify that this multiplication is commutative (this is clear
from the definition) and associative. We verify associativity directly:

[(z11 4+ y12) (22l + yoi)]|(z3l + y31)

= [(z122 — y19y2)1 + (21y2 + y172)8] (231 + y318)

= ((z172 — Y1y2)73 — (T1Y2 + Y172)Y3)1
+((z122 — y1y2)y3 + (21Y2 + Y122)23)%

= (21(z223 — Y2y3) — y1(z2y3 + yaz3))1
+(@1(z2y3 + y213) + Y1 (z223 — Y2y3))?

= (211 + y19)[(z223 — y2u3)1 + (22y3 + yor3)i]

= (211 + y12)[(z21 + yo1) (31 + y32)].

It is equally straightforward to verify the distributive law:

(11 4 y18)[(w21 4 y21) + (231 + y3i)]
= [(@11 +y18) (221 + y29)] + [(211 + y19) (w31 + y33)]-
If 2 =21+ yi # 0 then 22 + 32 # 0. We define

1 T y o
= 1-— 1,
72 + 32 22 + 12

and then zz7! = 2712 = 1, so that 27! is the multiplicative inverse of z;

it is also written as 1/z. Thus C is a field, the complex number field, which
has a subfield R1 isomorphic to R.
If z = 21 + yi, we define its (complez) conjugate Z to be Z = x1 — yi.

Theorem 3.7.1 If z € C then z = z. The mapping z — Z is a field
isomorphism of C onto itself: I1=1,andifzzwe Cthenz+tw=2+w
zw =z.w and 1/z = 1/Z. If z = 21 + yi then 2z = (2 + y?)1.

g

Proof  Easy direct verification.
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We now write 1 for 1, and 4 for ¢, so that (z,y) = 21+ yi = x +iy. x is
the real part of z, denoted by Rz, and y is the imaginary part, denoted by
Sz, If y = 0 then z is real, and if x = 0 then z is pure imaginary.

We have therefore embedded the real number field R in a larger field C, in
which the polynomial 2+ 1 has two roots, i and —i, and we can factorize the
polynomial 22 + 1 as (x —i)(z +1). The construction is straightforward, but
the step is enormous. As we shall see, the real numbers, and real analysis, are
fascinating. By comparison, the complex numbers, and complex analysis, are
magical. Let us state one result to illustrate this. If p(z) = ap,z™+---+agisa
complex polynomial, with n > 0 and a,, # 0, then p has a root in C, and we
can express p as a product of linear factors: p(z) = ap(z—c1) ... (z—cp). We
have extended the field to deal with one very simple quadratic polynomial,
and the resulting extension is powerful enough to handle all polynomials.

We set |z| = (224%2)"/2, so that |22 = 2Z. The quantity |z| is the modulus,
or absolute value, of z; it measures the size of z. Note that |Z| = |z|. If x is
real, its modulus as a real number is the same as its modulus as a complex
number. If z # 0, then |z| > 0, and 27! = z/|2|2.

Note that z+Z = 2z, and z —Z = 2y, so that |z +Z| < 2|z|, with equality
if and only if z is real, and |z — Z| < 2|z|, with equality if and only if z is
pure imaginary. Note also that

|zw|? = (2w)(ZW) = 2Zww = |z|*|w|?, so that |zw| = |z||w].
Proposition 3.7.2 If z1, 29 € C, set d(z1,22) = |21 — 22|. Then

d(z1,22) = d(z2, 21);
d(z1,22) = 0 if and only if z1 = z9;
d(z1,23) < d(z1,22) + d(22, z3) (the triangle inequality).

Proof  The first two statements are obvious. For the third, let v = 21 — 29
and w = z9 — z3. Then we must show that v + w| < |v| + |w|. Let t = vw,
so that ¢ = vw and |t| = |v|.|w|. Then

v+ w? = w+w)(v+w) =v+t+T+wd
< o + [t + 7]+ wl* < [of? + 2Jt] + w]?
= [v]? + 2folfw| + [w]* = (2] + [w])*. O
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Figure 3.7. The Argand diagram.

Again, d is a metric on C, which extends the metric on R. We can consider
a point (z,y) € R? as a point in the plane, with coordinates = and y. When
we identify C with R?, the plane is called the complex plane or Argand
diagram.

If w=wu+iv € C, the mapping z — z + w is a represented by a shift,
sending (z,y) to (z+u,y+v). The mapping z — Z is represented by reflection
in the real axis {(z,y) € R? : y = 0}. We shall consider the geometry of
multiplication later, when we have established further properties of complex
numbers.

In Figure 3.7, we take z =14 (3/4)i and w = 5/12 + 4.

We end this section by listing some of the subsets of C of particular
importance.

e C*={2€C:2z#0}=C)\{0} is the punctured plane.
e D={z€ C:|z] <1} is the open unit disc.

e D={z¢€C:|z| <1} is the closed unit disc.

e T={z€C:|z| =1} is the unit circle.

e H. ={z=uz+1iy:y > 0} is the upper half-plane.

e H_ ={z=uz+1iy:y <0} is the lower half-plane.

e H. ={z=x+iy:x >0} is the right-hand half-plane.
e Hy={z=uz+1iy:x <0} is the left-hand half-plane.
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3.7.1

3.7.2

3.7.3

3.74

3.7.5

3.7.6

3.7.7
3.7.8
3.7.9

3.7.10

Convergent sequences

Exercises

Let R[z] denote the set of all real polynomials. Let N be the set of
all elements of R[z] which are divisible by 2 + 1: p(z) € N if we can
write p(z) = (224 1)q(z), with ¢(z) € R][xz]. Define a relation on R/[z]
by setting p(x) ~ r(x) if p(x) —r(z) € N. Verify that this is an equiv-
alence relation. Show that each equivalence class contains an element
of degree at most 1. Define operations on the equivalence classes by
setting [p(z)] +[r(z)] = [p(z) +q(2)], [p(2)].[r(2)] = [p(x).r()]. Show
that these definitions do not depend on the choice of representatives.
Show that with these operations, the quotient space R[z]/ ~ becomes
a field, isomorphic to C.

If f and g are mappings from R? to R? and a,b € R, define
the mapping af + bg : R?> — R? by setting (af + bg)(z) =
af(z) + bg(z) and define fg as fog. Let I((x,y)) = (z,y) and let
J((z,y)) = (—y,x). Show that with these laws of composition, the
set of mappings {al + bJ : (a,b) € R?} becomes a field, isomorphic
to C.

Suppose that 6 : C — C is a field isomorphism of C onto itself for
which 6(z) = x for = real. Show that either #(z) = z for all z € C or
0(z) =z for all z € C.

Show that if x is a non-zero element of an ordered field then
22 > 0. Show that there is no total ordering of C which makes it
an ordered field.

Suppose that z = x + iy, with y > 0. Show that there are positive
real numbers u and v with 2u? = |2| + z and 2v? = |z| — 2. Calculate
(u + iv)?. Show that z has exactly two complex square roots. Show
that the same holds when y < 0.

Suppose that z; 2z € C. Show that |21 + 22]? + |21 — 2> =
2(|z1|> 4 |22/?) (the parallelogram law). Use induction to find a
corresponding result for a finite set {z1,..., z,} of complex numbers.
Sketch the region {z € C: |z — 1] < 1} in the Argand diagram.
Sketch the region {z € C: |z| < 2|z — 3|} in the Argand diagram.
Sketch the sets R(z?)=c and 3(z?)=d, where ¢ and d are real
constants.

A triple (a, b, ¢) of integers is called a Pythagorean triple if a>+b* = 2.
Suppose that (a,b,c) and (m,n,p) are Pythagorean triples. Verify
that (am — bn,an + bm,cp) is a Pythagorean triple, and interpret
this in terms of complex multiplication.
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3.8 The convergence of complex sequences

In this volume, we concentrate almost exclusively on real analysis. In the
next chapter, however, we consider infinite series, and, in particular, power
series. Here it is appropriate to consider series with complex terms. In this
section we consider the convergence of complex-valued sequences.

The definitions are very straightforward generalizations of the definitions
in the real case. Suppose that (z,)72 is a sequence of of complex numbers.
It converges to a complex number z if whenever € > 0 there exists ng € N
such that |z, — z| < € for all n > ny, and it is a Cauchy sequence if whenever
e > 0 there exists ng € N such that |z, — z,,| < € for all m,n > ny. We
write z, — z as n — oo if 2z, converges to z as n — oo. If z,, converges to 0
as n — 00, we say that (z,)0; is a null sequence.

These definitions can be expressed in terms of real sequences. If z or z,
is a complex number and we write z = x + iy or 2z, = x, + 1y,, then x and
Ty are always the real parts and y and y, the imaginary parts of z and z,,
respectively.

Proposition 3.8.1  Suppose that (2,)52; = (n +1Yn)oe, is a sequence in
C and that z = x + iy € C. Then z, — z as n — oo if and only if x, — x
and yp, — y as n — oo. The sequence (z,)52 is a Cauchy sequence if and
only if each of the real sequences (zy,)72, and (y,)52; is a Cauchy sequence.

Proof  First suppose that z, — z as n — oo. Since |z, — z| < |z, — 2|
and |y, —y| < |zn — 2|, n, — x and y, — y as n — oo. Conversely, since
lzn — 2| < |zn — x| + |yn — y|, it follows that if =, — = and y, — y as
n — oo, then z, — z as n — oo . The proof of the result concerning Cauchy
sequences is essentially the same. O

These elementary results enable us the deduce the following results from
the results of Section 3.1. A subset B of C is bounded if {|z| : z € B} is
bounded in R. A sequence (z,)5, is bounded if the set of values {z, : n €
Z*} is bounded.

Theorem 3.8.2  Suppose that (z,)52; and (w,)2, are sequences in C.

(i) If zp, — z as n — 00 and z, — w as n — oo, then z = w.
(ii) If z, is a convergent sequence in C , then it is bounded.
(iii) If z, = z for all n, then z, — z as n — 0.
() If (zn)02 ¢ is a null sequence, and (wy,)02, is bounded, then (zpwp)22,
s a null sequence.
(v) If zp — z and w, — w as n — oo then z, +w, — 2z +w as n — 0.
(v) If zn — z and w, — w as n — oo then zpw, — zw as n — 0.
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(vi) If z,, # 0 and z # 0 and z, — z as n — oo then 1/z, — 1/z as
n— 0o.
(viii) If 2, — z as n — oo and if (zn, )50, s a subsequence, then z,, — z
as k — oo.

Proof  The reader should verify that these results follow from the results
of Section 3.2 and Proposition 3.8.1. O

Similarly, we have the following results.

Theorem 3.8.3 (The complex Bolzano—Weierstrass theorem) Suppose
that (zp)72 is a bounded sequence of complex numbers. Then there is a
subsequence (zn, )5, which converges.

Proof By the real Bolzano—Weierstrass theorem, there exists a subse-
quence (zpy,);2; such that the real subsequence (z, );=1 — oo converges,
and there exists a subsequence (zy, )72, of that for which (y,, )72, converges.
Then (zy, )72, converges, by Proposition 3.8.1. O

Theorem 3.8.4 (The complex general principle of convergence) A
sequence (zp)>2y of complex numbers is convergent if and only if it is a
Cauchy sequence.

Proof  This follows easily from Proposition 3.8.1. O

Example 3.8.5 Suppose that z € C. Let z, = 2" Then 2z, — 0 as
n — oo if |z] < 1, z, — 1 if z = 1. Otherwise, the sequence (z,)>2; does
not converge.

For |z, — 0] = |z|™. If |z] < 1 then |z|* — 0 as n — oo, from which it
follows that z,, — 0 as n — oo. If z = 1 then z, = 1 for all n, so that z,, — 1
asn — oo. If |z| > 1 and z # 1 then |z,41 — 25| = |[2"]|z — 1] > |z — 1] for
all n € N, so that (z,)0°; is not a Cauchy sequence, and therefore does not
converge.

Exercise

3.8.1 Suppose that (z,)5; is a sequence in C which converges to z. Show
that z, — Z and |z,| — |z| as n — oc.
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Infinite series

4.1 Infinite series

The notion of convergence of a sequence allows us to consider infinite sums,
or series. Once again, we take either N or Z* as index set. We shall generally
consider the case where the terms of the series are complex-valued; since R C
C, the results will also apply to the case where all the terms are real-valued.
Suppose that (2;)72, is a sequence of complex numbers. We set

n
Sn = E Zj:ZO+"'+zna
7=0

where s, is the nth partial sum. If s, — s as n — 0o, we say that the infinite
sum, or infinite series, Z;io zj converges to s. If s, does not converge, then
we say that ) 72 2; diverges.

Here are two easy examples: as we shall see, the first one is particularly
useful. Suppose that |z| < 1. Let z; = 27 for j € Z". Then

(1—2)sn=04z24 42" —(z4+ 22+ +2"T) =1 2"

so that
1— Zn-‘rl 1 Zn—i—l
Sp = = — and s, — as n — oo.
1—2z 1—2 1-—-=2 —z
Thus Y2227 = 1/(1 - 2).
Secondly, let
1 1 .
= = for j € N.

TUiG+Y 5 i+l
Then

- 1 1 1
m=3u= 1)+ (57)
j=1

L1y, 1
n n+1l) n+1’

107
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so that s, — 1: 3222, 1/j(j +1) = 1.

We can apply the results that we have obtained about convergent sequences
to infinite series. For example, a complex series is convergent if and only if
the sum of the real parts and the sum of the imaginary parts of the terms
both converge.

Proposition 4.1.1  Suppose that z; = xj +iy; and that s = o +i1. Then
> i2ow;j converges to s if and only if Y22, x; converges to o and Y2, y;
converges to T.

The following result follows immediately from Theorems 3.8.2 and 3.2.5.

Theorem 4.1.2  Suppose that 3 72 z; converges to s and that 377, w;
converges to t.
(i) When it exists, the sum is unique: if E;io zj =45, then s =¢'.
(i) >2;Zo(2j +w;) converges to s +t.
(ii) If c € C then 3772 czj converges to cs.
() If zj and wj are real, and z; < wj for all j, then s < t.

Suppose that (jx)p2, is a strictly increasing sequence in Zt. Set by =
Z?}:o zj, and set by = ;k:jk—l'f‘l zj for k > 0. Then the sequence (by)32,
is called a block sequence, or bracketed sequence, derived from (aj)?io- The

following result then follows immediately from Theorem 3.2.5 (viii).

Proposition 4.1.3 If 372z converges to s and (by)3Z, is a block
sequence derived from it, then Y ;- by converges to s.

The converse is false in general (but see Corollary 4.2.3 below). Let z; =
(—1)/, for j € N*. Then sy, = 0 and sg,,1 = 1 for all n € Z*, so that
Z;O:o z; diverges. If we set jp = 2k + 1, then by = 2o + 29541 = 0 for
k € NT, so that Y72, by converges to 0.

We also have the following simple result.

Proposition 4.1.4 If Zj’;o zj converges, then z; — 0 as j — oo.

Proof Suppose that the sum is s. Then s; — s and sj_1 — s as j — o0, so
that z; = s; —sj_1 — 0 as j — 0. O

The general principle of convergence takes the following form.
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Theorem 4.1.5 (The general principle of convergence) Suppose that
(Zj)?io is a sequence of complexr numbers. Then Z;’;O zj converges if and
only if given € > 0 there exists ng such that s, — sm| = | X1_,, 11 2 <€
forn >m > ng.

Proof This follows immediately from the corresponding result for sequences.
O

Exercises

4.1.1 Show that if |z[ < 1 then the series 372 (j + 1)z’ converges, and find
its sum.

4.1.2 Simplify 1/(1 — z) — 2/(1 — 22). Hence or otherwise show that if 22 # 1
then 3°°° 22" /(1 — 22""") converges, and find its sum.

4.1.3 Simplify z/(1 — z) — z/(1 + z). Hence show that if |z] < 1 then

z n 222 n 424 . 828
142 1422 1424 1428

converges, and find its sum.

4.2 Series with non-negative terms

Series with real non-negative terms behave particularly well. Theorem 3.2.4
has the following immediate consequence.

Theorem 4.2.1 Suppose that (aj)?io s a sequence of non-negative real
numbers, and that s, = >, a;j. Then (sn)py is an increasing sequence.
Bither (sn)p’y is bounded, in which case Y32, a; converges to sup,, sy, or
Sp — 00, in which case we say that Z(;io a; diverges to +oo, and write
2520 a5 = +oo.

This theorem indicates that summing a series of non-negative terms is
reasonably straightforward. Here are some of its consequences; the first is
one of many tests for convergence.

Corollary 4.2.2 (The comparison test) If0 < c¢; < a; for all j > jo and
> 2o aj converges then Y 22 cj converges, and 3 72 ¢ < 372 aj.

For example, Z;’il 1/5% converges, since 1/52 < 2/j(j + 1). Note that
this corollary does not tell us what the sum is, although we can deduce from
Theorem 4.1.2 that it is at most 2. (In fact the sum is 72/6; we shall prove
this much later!)
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Corollary 4.2.3 If (aj);‘;o is a sequence of non-negative numbers and
(b)) s a block sequence derived from it, then E;; a; converges to s if

and only if Y po bi converges to s.

Proof s, — s asn — oo if and only if s;, — s asl — oo, and s;, =

22:0 bk. Od

We can say more when (aj)?io is a decreasing sequence of non-negative
numbers.

Corollary 4.2.4 (The compression principle) If (a;)32; is a decreasing
. o0 .
sequence of non-negative real numbers, then ijl a; converges if and only

if Yo 2% aqr converges. If so then

Proof Let (by)72, be the block sequence obtained by taking jj, = 2% Then
1
§2ka2k = 2k_1a2k < bk = Agk-141 + -+ agr < 2k_1(12k—1’

since (aj);’io is decreasing, and there are 2°~! summands. Thus the conver-
gence result follows from two applications of the comparison test and the
inequalities from Theorem 4.1.2 (iv). O

Corollary 4.2.5 The harmonic series Z;’il 1/j diverges to +oo.

Proof For if a; = 1/j then 2%agr = 1, so that the result follows from the
preceding corollary. O

Corollary 4.2.6 (Cauchy’s test) Suppose that (a;)32, is a bounded

sequence of non-negative real numbers. If limsup;_, ., ajl-/] < 1 then E;; a;

converges, and if limsup,_, ajl./j > 1 then Z;’;l aj; = +o00.

Proof In the first case, choose r such that limsup;_, ajl-/j < r < 1. Then

;/j < r for j > jo. Thus aj < 7 for j > jo and so,

using the comparison test, Y72, a; converges.

there exists jp such that a

In the second case, for each j € Z™ there exists k > j such that a,lg/ P 1,
so that a; > 1. Thus (a;)32, is not a null sequence and so >, a; diverges
to +o0. d
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Corollary 4.2.7 (D’Alembert’s ratio test) Suppose that (a;)32, is a
sequence of positive real numbers. If limsup;_, ajy1/aj < 1 then Z a4
converges. If iminf; .o ajy1/a; > 1 then 3772, a; diverges to +oo.

Proof In the first case, choose r such that limsup;_, ajyi/a; < r < 1.
Then there exists jo such that aj1/a; < r for j > jo. Thus if j > jo then

a; a;_—1 A5.+1
a; = ( g ) < J > <]0+ >a < riTdas = (i),
aj—1 aj—2 Qjo

into account, there exists M such that

and so, taking the terms ay,...,a;,
a; < M rJ for all j. By the comparison test, Z(;il a; converges.
In the second case, there exists ji such that a1 > a; for j > ji, so that
j > aj for j > ji. Thus (a;)32, is not a null sequence, so that by Proposition
4.1.4, ijl a; diverges to +o0 . a

It is important to note that neither corollary gives any information when
limsup;_,, a ]/] = 1 or when limsup;_,aj/aj11 = 1. When a; = 1/7,
the sum diverges, and when a; = 1/ 42, the sum converges. In either case,
a;/J — 1 and aj41/a; — 1 as j — oo.

We use D’Alembert’s ratio test to introduce the exponential function,
one of the most important functions in analysis. Suppose that x > 0. Let
aj = x7/j1. Then aji1/a; = x/(j +1) and z/(j +1) — 0 as j — oo,
so that Z;io 27 /5! converges, to exp(z), say. The mapping r — exp(z) is
the exponential function. We set e = exp(1) = Z;’;O 1/j!. Note that since
1/n! < 1/271 it follows that

=1
2<e<1 22—:

In fact, e = 2.718281828 . ... We shall extend this definition for negative = in
the next section and for complex z in Section 4.7.

Let us give an example, relating to the argument of Theorem 3.3.1. Suppose
that x is a positive real number. As in Theorem 3.3.1, we set z,, = [2"x|/2".
Let ag = xo = |z| and let a,, = 2"(x,, — p—1) for n € N. Then a,, =0 or 1,
and

G,
mn:ao—&-(Q—l—?—i- +27>

Thus . = > ;(a,/2"). We can write this as

r=ap-aiay....
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This is the binary expansion of x. Note that, with this procedure, recurrent
1s are avoided.

We can of course also consider expansions with bases other than 2. We can
for example write u = ug + Z;; u; /107 where 0 < uj < 9, to ob*gain the
familiar decimal expansion of u, and we can write v = vo+y -, v;/3’, where
v; = 0,1 or 2; this is the ternary expansion of v. There are other possibilities:
for example, we can write w = wq + Z?’;Q w;/j!, where 0 < w; < j.

We can use these ideas to show that R is uncountable.

Theorem 4.2.8 The set R of real numbers is uncountable.

Proof We give two proofs. The first was given by Cantor in 1891. It is
enough to show that [0,1) = {z € R : 0 < 2 < 1} is uncountable. Suppose
that (2,)° ; is a sequence in [0, 1). We show that there exists y € [0, 1) which
does not occur in the sequence, so that there can be no surjective mapping of
N onto [0,1). Let &, = 0.xp12Zpn2 ... be the decimal expansion of x,,. We set
yn = 0 if 2, # 0, and yp, = 2 if 2, = 0. The sum Y | y,/10™ converges,
to y, say. From the construction, |z, —y| > 1/10", and so y # x,, for any n.

For the second proof, we define an injective map ¢ from P(N) into [0, 1];
since P(IN) is uncountable, so is [0, 1]. This time, let us use ternary expan-
sions. Suppose that A C N. Let a;j = 2if j € A, and let a; = 0if j ¢ A.
Then Zj; a;j/37 converges, to c(A), say. Suppose that A # B, and that
k is the least integer in exactly one of A and B. Then |c(A) — ¢(B)| >
2/3k — > ikt 2/37 = 1/3% and so ¢(A) # c(B). Thus the mapping
C: A — c¢(A) : P(N) — [0,1] is injective. We shall meet this function
again later. O

Cantor’s result, first proved by him in 1873, was very controversial. We
know that the rationals are countable, and so there are ‘many more’ irra-
tionals than rationals. We can say more. A real number z is algebraic if there
exists a non-zero polynomial p with rational coefficients such that x is a root
of p; otherwise it is transcendental. For example, radicals (numbers of the
form k:l/”) are algebraic. So are the three real roots of the quintic 2° — 42 + 2,
although, following the results of Ruffini and Abel, these roots cannot be
expressed in term of radicals. It can be hard to decide whether a particular
number is algebraic or transcendental, and it was only in 1844 that Liouville
first showed that any transcendental number existed. In 1851 he gave the first
explicit example, showing that the number » 2 1 1/ 10™ is trancendental. It
is easy to see that e = > > ;1/n! is not rational. If e = p/q, then gle must
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be an integer; but

le = (qg! | 1/91 A 1 ; . )
gle=(q¢'+ ¢+ q'/2! + +1)+<q+q(q+l)+ .

The first term is an integer, and the second is less than 1, giving a contradic-
tion. It is much harder to determine whether e is algebraic or transcendental,
and it was only in 1873 (the same year as the first proof of Cantor’s theorem)
that Hermite showed that e is transcendental, whereas the transcendence of
7w was only established by Lindemann nine years later, in 1882. But the set
of algebraic numbers is countable (Exercise 4.2.15), and so there are ‘many
more’ transcendental numbers than algebraic ones! One valid objection to
this argument is that it is non-constructive; it does not give a method for pro-
ducing transcendental numbers. It is however the case that many important
results of analysis have this non-constructive property.

Exercises

4.2.1 Which of the following series converge, and which diverge?

=1 = nl = 1
Zl+n2; ZTTn; Z(n2+n)1/2‘
n=1 n=1 n=1

4.2.2 Suppose that 0 < a, < 1 for n € N. Show that if >, a, con-

verges, then so do Y °° a2 and Yo%, a, /(1 — a,). Are the converse
statements true?

4.2.3 Suppose that 0 < a < b. Show that

l+a (1+4+a)(1+2a)
L+b  (1+0b)(1+20)

1+

converges.

4.2.4 Suppose that (a;)72, is a sequence of non-negative real numbers for
which 3°7% ) a; converges. Show that there is a sequence (m;)32, of
positive numbers such that m; — oo as j — oo and Z?io m;a;
converges.

4.2.5 Suppose that (aj)?io is a sequence of non-negative real numbers for
which Z;io a; diverges to +oo. Show that there is a null sequence
(m;)72, of positive numbers such that 22, mja; diverges to +oc.

4.2.6 Suppose that x > 0. Use the binomial theorem to show that



114

4.2.7

4.2.8

4.2.9

4.2.10

4.2.11

4.2.12

4.2.13

Infinite series

Recall (Exercise 3.1.9) that (1 + x/m)™ is an increasing bounded
sequence, which tends to a limit. Show that
lim (1+z/m)™ > ey(x).

m—0o0
Show that (1 + x/m)™ — exp(x) as m — 0.
Suppose that (aj);’il is a decreasing sequence of non-negative real
numbers. Show that > 7%, a; converges if and only if 3 7}7, 3Fags
converges, and if and only if >~7 ) kag2 converges.
Suppose that (aj);?';l is a decreasing sequence of non-negative real
numbers for which Zj’;l a; converges. Show that na,, — 0 asn — oo.
Simplify 1 — a/(1 4+ a). Suppose that a; > 0 for j € N. Show that
> i21ai/(L+a1)(1 +az)...(1 + a;) converges, to s say, where 0 <
s < 1. Determine s when Z;’il aj = +o0.
Suppose that (a;)52, and (b;)32, are sequences of positive real num-
bers, and that there exists jo such that a;ji1/a; < bj1/b; for j > jo.
Show that if 3 7% b; converges, then so does > 2% a;.
Suppose that (aj)]o-‘;l is a sequence of non-negative real numbers for
which 3772, a;/j converges. Show that (3 7_; aj)/n — 0 asn — oo
(Kronecker’s Lemma).
The following tests, due to Kummer and Dini, extend D’Alembert’s
ratio test. Suppose that (a;)32, and (¢;)52, are sequences of positive
real numbers.
Show that if

lim sup (CjHajH — Cj> <0
Jj—o0 aj

then > 22, a; converges.

Show that if 372 (1/c;) diverges to +oo and

Cit1Q;

. . J+105+1 )

lim 1—r>1£o (w —Cj| > 0
J J

then > 22, a; diverges to +oc.
As a special case of the tests of the previous exercise, suppose that
(a;j)520 is a sequences of positive numbers for which a;11/a; — 1, so
that D’Alembert’s test gives no information.
Show that if
lim sup 2%+~ %)
Jj—oo aj

<0

then » 22, a; converges.
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Show that if '
i inf 2%+~ 4)
Jj—00 aj

>0

then > 22, a; diverges to +oc.
4.2.14 Suppose that 0 < a < b. Show that

l+a (14a)(2+a)

i T arne T

converges if b > a + 1 and diverges if b < a + 1. What happens if
b=a-+17

4.2.15 Show that the set of polynomials of degree d with rational coeffi-
cients is countable. Show that the set of all polynomials with rational
coefficients is countable. Show that the set of algebraic numbers is
countable.

4.3 Absolute and conditional convergence
A series Y2 z; is said to converge absolutely if ) 22 |zj| converges.

Proposition 4.3.1 If Z;io zj converges absolutely then it converges, and
| 22520 21 < 22520 lay]-

Proof If z; = x; + iy; then |z;| < |z and |y;| < |2, so that 322, 2;
converges absolutely if and only if Z;‘;O x; and Z;’;O y; do; it is enough
to consider series with real terms. Suppose that Z;’io aj is an absolutely
convergent real series. Let

j—aj if a; >0anda =0if a; <0,

a; =0ifa; > 0and a; = —a; = |as] if a; <0.

Since } 72 |a;j| converges, each of the series 3 72 aj and > 77 a; converges.
Since a; = a+ a; , Y52 a; converges. Since | Y7 a;j| < 37U |a;l, for all

|E] Oa]|<2] O|a]| =

Absolutely convergent series are generally as well behaved as series
with non-negative terms. The comparison test, D’Alembert’s ratio test and
Cauchy’s test can clearly be used to test for absolute convergence. For exam-
ple, if z € C then E;‘io 27 /4! converges absolutely; we again denote the sum
by exp(z). Thus we have defined the exponential function for all complex z.

A series z;’;o a; is said to be conditionally convergent if it converges, but
does not converge absolutely.
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Proposition 4.3.2 If z;’ooaj 1s a conditionally convergent real series

then 3222, j = +oo and Y 2 = +00.

JOJ

Proof At least one of the sums must diverge. Suppose that > 52 =0 ] = +00
and that Z] —oa; converges to s_. Suppose that M > 0. There exists ng

such that ZJ Oa > M + s_ for n > ng, so that

n n n
sn:E aj—g aj_zg aj'—s_>M for n > ny.
Jj=0 Jj=0 Jj=0

Thus (sp)02, is unbounded giving a contradiction. A similar argument
applies if Z] 0a; = +oc and Z] Oa converges. a

Thus conditional convergence depends on cancellation of positive and neg-
ative quantities, and arguments are generally more delicate. Fortunately
there are some useful tests for convergence; the conditions that are imposed
are all-important.

Theorem 4.3.3 (The alternating series test) Suppose that (a;)72, is a
decreasing null sequence of positive real numbers. Then Z?O(—l)jaj con-
verges, to s, say. Further, the sequence (San+1)oe increases to s, and the
sequence (s2p,)02, decreases to s.

Proof Since

Son+1 = S2n—1 + (G2n — @2p41) > S2p—1 and

Son+2 = Son — (A2n41 — a2n) < Son,

the sequence (s2,,+1)52 is increasing and the sequence (s2,)52 is decreasing.
Since

Sop41 = S2pn — G2n41 < Sop < So

and $2;,42 = S2p41 + A2n4+1 > S2n4+1 = S1,

the sequence (S2n+1)52, is bounded above and the sequence (s2y,)02 is
bounded below. Consequently, they both converge, as n — oo. Since
Son — Son+1 = Gon+1 — 0 asn — oo, the limits are the same, and s,, converges
to the common limit. O

This result has the benefit that if we calculate s2,, and s2,41 then we know
that sop4+1 < s < s9,, and so we have an estimate of the error. But in practice
this estimate is usually too crude to be useful.

The next three tests extend this result, and also apply to complex series.
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Theorem 4.3.4 (Hardy’s test) Suppose that (a;)32, is a null sequence
of complex numbers for which 322, |a; — aj—1| < oo, and that (z;)32,
is a sequence of complex numbers for which the sequence of partial sums

(2"j—0%)neo is bounded. Then } 22, ajz; converges.

Proof This is a result whose proof is almost forced upon us. Since we do not
know what the sum should be, we use the general principle of convergence.
Thus we consider a sum of the form

Sn — Sm = Am+12m+1 + -+ -+ an2np.

Let t, = > 2 and let s, = > 7 jajz; for n € Z*. We do not have
information about the terms z;, but we do know that there exists M such
that |t,| < M for all n € Z*. Now z; = t; — t;_1. We therefore substitute,
and rearrange:

Spn — Sm =

= am—i—l(tm-l—l - tm) +--+ an(tn - tn—l)
= _am-l—ltm + (am—‘rl - am+2)tm+1 +---+ (an—l - an)tn—l + anty.
This equation (and others of a similar form) is known as Abel’s formula.

Suppose that € > 0. There exists ng such that Z‘;‘;%H la; —aj—1| <
€/3(M + 1) and |ay| < €/3(M + 1), for n > ng. If n > m > ng then

n—1
$n = Sm| < |am1]-[tm] + Z [(aj — ajal-[t5] | + |an]-[tn]
j=m+1
n—1
< Hlameal + [ D0 (@ —ajua] | +lan| | M <e
j=m+1

Convergence therefore follows from the general principle of convergence. O

Theorem 4.3.5 (Dirichlet’s test) ~ Suppose that (a;)32 is a decreasing null
sequence of positive real numbers and that (zj)]o-';o is a sequence of complex
numbers for which the sequence of partial sums (Z?:O 2j)0 is bounded.
Then Z;io ajzj converges, to s say. Further, if s, = Z}n:o ajzj and M =
sup,, [tn| then |s — s;m| < 2am41 M.

Proof Since >3, |a; — aj—1| = 2272 (aj—1 — a;) = ao, the first state-
ment follows from Hardy’s test. Let t,, = Z?:o zj. Using Abel’s formula, we
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see that

’311 - Sm‘ <
<amsitm] + [(@me1 — ame2)tmpr| + -+ [(@n—1 — an)tn_1| + |ants|

< (ams1 + (@my1 — amy2) + -+ (@n—1 — an) + an) M = 2a,, 11 M.
Thus |s — sim| = limy, 00 [Sn — S| < 26,11 M. O

Theorem 4.3.6 (Abel’s test) Suppose that (a;);2, is a decreasing
sequence of positive numbers and that Z;io zj converges. Then Z;’;O a;z;
converges.

Proof We deduce this from Dirichlet’s test. The sequence (aj)]o-io converges:
let @ be its limit. Since the sequence of partial sums (Z?:o 2j)92 is bounded,
it follows from Dirichlet’s test that } 7% (a; — a)z; converges. But » 72 az;
converges. Adding, we obtain the result. O

Exercises

4.3.1 Do the following series converge?
oo

4.3.2 Prove Abel’s test directly, without appealing to Dirichlet’s test.

4.3.3 Suppose that (aj);’o o and (z; );’o o satisfy the conditions of Abel’s test,
and that 22 a;2; = t. Find an upper bound for | >7%_; ajz; — .

4.3.4 Suppose that 3 72 27 2 converges absolutely. Show that > 520%i/(G+1)
converges absolutely.

4.4 Tterated limits and iterated sums

A real-valued function f on N x N or on Z™ x Z™ is called a double sequence;
we frequently write (fyn)00_122, for f, where fy, , = f(m,n). Suppose that
(frmn)o0_19°  is a double sequence. Suppose that f,, — gn as m — oo, for
each n € N and that g, — g as n — oo. Suppose also that fp, , — h,, as
n — oo, for each m € N and that h,, — h as m — o0o. Does it follow that
g=h?
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Simple examples show that the answer is ‘no’. For example, let fp, , =1
it m <n andlet fp,,, =0if m > n. Then

lim (lim fmm) — lim 1=1,
m—00 n—oo m—0o0

lim (1 frn) = lim 0=0.
n—oo \m—oo n—oo
Thus even when the iterated limits exist, the value can depend on the order
in which the limits are taken.

The same phenomenon occurs with sums. Let f,,, = 1 if m = n, let
fnn = —1/2"""if m > n and let fy,, = 0 if m < n. Then

i <OO fm,n> = izm:z
=1 m=1

m=1 \n=
Z( fm,n>=zo:0.
n=1 \m=1 n=1

These examples show that we cannot always interchange the order in which
we take limits. On the other hand, if certain conditions are satisfied, then the
same value is obtained, independent of the order in which the limits are taken.
In the exercises, examples of this are given.

Exercises

4.4.1 Suppose that {aj; : (j,k) € ZT x Z*} is a double sequence of non-
negative numbers. Show that the following are equivalent.
(a) >opgajx converges for each j € Z%, and >72,(3°72, ajr)
converges.
(b) Y272 ajk converges for each k € Z7%, and > 2,(3°72, ajr)
converges.
(c) The set {3°7_o(D>_p—gajx) : 7 € Z"} is bounded.
Show that if these conditions are satisfied then

[e.e] o0 o0 oo
SO aiw) => 0 an).
j=0 k=0 k=0 j=0
4.4.2 Suppose that {a;i : (j,k) € ZT x Z*} is a double sequence of non-
negative numbers. Find a sufficient condition, corresponding to the
condition in the previous example, for the two limits

lim (lim amm) and lim (lim am,n)

m—0o0 \n—0oo n—oo \m—0o0o

to exist and be equal.
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4.4.3 Suppose that {z;x : (j, k) € ZT x ZT} is a double sequence of complex
numbers. Show that the following are equivalent.

(a) >p2o |zjk| converges for each j € Z%, and > ie0(Xrzo 1zikl)

converges.

(b) 2520 |2jk| converges for each k € Z*, and 3722 (3°72 2jkl)
converges.

(c) The set {d> {zjx : (j,k) € F} : F a finite subset of ZT x Z*} is
bounded.

Show that if these conditions are satisfied then
o x o o0
D Q am) =D a).
=0 k=0 k=0 j=0

4.4.4 Let aj, = 1/(5% — k?) for (j,k) € N x N with j # k, and let aj; = 0
for j € N. By writing

1 1/ 1 1
72— k2 2j<j+k:+j—k) ori 7k,

show that Y 32, a; = —3/45%, and show that the series converges
absolutely. Deduce that Y72 (-2 ajx) converges. Is

SO ai) =0 au)?
j=1 k=1 k=1 j=1

4.5 Rearranging series

What happens if we try to add the terms of an infinite series in a different
order?

Theorem 4.5.1 Suppose that Z]Oio zj converges absolutely, and that
o zi = s. If 0 is a permutation of ZT then > 5 2, converges to s.
7=0~J §=0 <o ()

Proof By considering real and imaginary parts, it is enough to consider an
absolutely convergent real series Z;’;O a;. First consider the case where all
the terms are non-negative. If n € Z* and k = sup{o(j) : 1 < j < n} then
> =0 0o(j) < Zf:o a; < s. Thus 322 a, ;) converges, and > 22 ag(;) < s.
By the same token,

s = Zaj = Zaa—la(j) < ZaU(J’)'
=0 0 Jj=0
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In the general case, write a; = a;r —a; . Then aq(;) = aj(j) — a;(j), so that
Z?io o(j) converges to ijo ag(j) — Z(;io aa(].), and
o0 (0.9) o oo o
Do) = Za —D 4y =2 9 - = a4 D
=0 =0 =0 =0 =0
When Z;io a;j converges conditionally, the situatjon is completely dif-
ferent. Let us give an example. Let a; = (—1)7T1/\/j, for j € N.
Then
1 1 1 1 1

IRV R IR SN7 = VT

converges, by the alternating series test. Let us rearrange the terms, taking
two positive terms and one negative one, and repeating, to give the series

1 1 1 1 1 1 1 1

R L A Y UV Ve V. T BT

)+

1 1 1 1
] : + - — -] —-1——asj— o0
ﬂ<¢43+1 Vi +3 m) V2
so that there exists jp such that
1 1 1 1
- + - - - > -
VA +1 VA5 +3 V25 45

Thus the sum of the rearranged terms diverges to +oo.

for j > jo.

This sort of phenomenon is quite general. Let us illustrate this by giving
one result for real series, which also indicates that there are many other
possibilities.

Theorem 4.5.2 Suppose that Z;’il aj 1s a conditionally convergent real
series, and that m < M. Then there exists a rearrangement Z;; Ag(j) Such

that, setting t, = "

=1 8o (j) liminf,, .o t, =m and limsup,,_, . t, = M.

Proof We shall describe the idea of the proof, but omit the technical details.
Let

P={j1i<jo<--}={jeN:a; >0}, Q={k1 <ka<---} =N\ P.

Then Z?C,)il aj, = Z] 1 j = +00 and Zl 1( akl) - Z]Oil a’j_ = +OO
Let us suppose that M > 0. Let i1 be the least integer such that Y | a;, >
M. We define o(i) = j; for 1 < i < ;. Next, let [; be the least integer such
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that Y27 aj, + SO0t a, < m. We define o(iy + j) = k; for 1 < j < ;. We
now iterate this procedure, so that the partial sums oscillate between values
greater than M and values less than m. The procedure does not terminate,
since the sums 2, aj, and > ;7 (—ag,) are infinite. The resulting mapping
o from N to N is then clearly bijective. Finally, since the sum ZOO a; is
convergent, the sequence (a;)52
‘overshoots’ tends to 0, so that liminf, . ¢, = m and limsup,, ., t, = M.

If M < 0, we start by finding a sum less than m, and then proceed as

1 is a null sequence. Thus the size of the

above. O

In particular, we can rearrange the series to converge to any limit whatever.

Corollary 4.5.3 Ifl € R, there exists a rearrangement Zjoil ag(j) which
converges to .

Proof Takem =M =1. a
Exercises
4.5.1 Let
1 + L1 + ! =
4 6~ °
Show that
1 + -+ L + =+ L1 + _ 38
2 5 6 2

4.5.2 Show that

14 + 2 : S+ L= L+ ! S+ S
32 72 "4 32 42 '

4.5.3 Suppose that Z?io a; is convergent to s, and that o is a permutation
of N.
(a) Suppose that |0(j) — j| < K for all j. Show that Z] 0 Qo(j) 18
convergent to s.
(b) Let m; = sup{|ax| : K > j}. Suppose that mjlo(j) — j| — 0 as
j — oo. Show that 372 as(;) is convergent to s.
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4.6 Convolution, or Cauchy, products

The results in this section relate to power series, which we shall consider
in more detail in the next section. Suppose that (a;)72, and (b;)32, are
sequences of complex numbers. We consider two formal power series

a(z) = ap + a1z + apx® + -+, b(z) = by + bix + boz® + - --

If we formally multiply them, and collect terms together, we obtain
a(z)b(x) = c(x) = co + c12 + cax® + -+, where ¢; = Z a;bj_;.

The sequence (cj)‘xio is the convolution product, or Cauchy product, of the
sequences (a;)72, and (b;)72.

Suppose that Z —oa; converges to s and that Z;‘;o b; converges to t.
What can we say about the convergence of Z;}io c;? First, if both converge
conditionally then Z;io c¢; need not converge. For example, if a; = b; =
(=1)/v/7+1, then Y732 a; and Y72 bj converge, by the alternating series
test. But

Jj+1

Z\f\/ﬁT

Since k(j +2 — k) < (j + 2)?/4, it follows that |c;| > 2(j +1)/(j +2) > 1,
and the series 70 =0 Cj does not converge.
On the other hand, we have the following.

Proposition 4.6.1 If 377 a; and 3772,b; are absolutely convergent,
to s and t respectively, and ¢; = Y 1_ja;bj_; then Z;io c¢j 15 absolutely
convergent to st.

Proof First suppose that a; > 0 and b; > 0 for all j. Consider the terms
a;by arranged in a semi-infinite array:

aobo CL()bl aobg
atbg aibr  aiby
azby  asb1  azby

Then ¢; is the sum of the terms on the diagonal line {(¢,k) : i + k = j}.
Thus u, = Z?:o ¢; is the sum of the terms in the triangle on and above the
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line {(7, k) : i + k = n}. Thus if m = [n/2] is the integral part of n/2 then

m m n n
Smlm = Zai bk <up < 5 a; 5 bk = Sntna
=0 k=0 =0 k=0

so that u,, — st, by the sandwich principle.
The result now extends to the case where Z?io a; and Z;io b; are abso-
lutely convergent, by considering real and imaginary parts, and splitting these

into positive and negative parts. O
aObm aObn
apby
amh 0 ambm
b
llnbo a)l n

Figure 4.6. Summing a convolution product.

Let us apply this to the exponential function. Let a; = a’ /j!and bj = b /j.

ey g it~ 4 )
¢j _ﬁ—i_i(j—l)! +U'+7i!(j—i)! —i—~~+ﬁ = (a+0b)? /4!,

by the binomial theorem. Thus exp(a)exp(b) = exp(a + b). Consequently
exp(z) exp(—z) = 1, so that e* # 0. In particular, if x is real and negative
then exp(z) = 1/ exp(—=z) > 0. The mapping z — exp(z) is a homomorphism
of the additive group (C,+) into the multiplicative group (C \ {0}), x) of
non-zero complex numbers. For this reason, we frequently write e* for exp(z).

What happens when one series is absolutely convergent and the other is
conditionally convergent?

Theorem 4.6.2 If >>2,a; is absolutely convergent to s and 3772 b;

is conditionally convergent to t, and if ¢; = Y J_,abj—; then Z?io cj s

convergent to st.
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Proof Let sp,t, and u, denote the nth partial sums of the three sequences.
The sequence (t,)p2 is bounded. Let M = sup, [t,|, and let L = 3772 [a;].
Let m = [n/2]. Now

n n J
Uy = ch = Z ( aibji)
=0 0

j=0 \i=
n n—i n n—i

= E E a; bj—i = E a; E bj
=0 \j=0 =0 7=0

= apty + - - + anto.

Here we first add the rows of the triangle {(7,7) : i+ j < n}, and then add
the resulting sums. Thus

Up — Spt = ap(ty, —t) + -+ + an(to — ).
We split the sum into two parts: u, — s,t = A1 + A9, where

A = a()(tn — t) + -+ am(tn_m — t),
and Ay = am+1(tn_m_1 — t) + -+ an(to — t).

We consider the two sums separately. Given € > 0, there exists ng such that

Z |aj <m and  sup [t, —t] < 3L+ 1 for n > ny.

J=no n2mo

If n > 2ng, then m > ng and n — j > ng for 0 < j < m, so that

m
€

Ml < 577 lah) < /3
j=0

Further,

(e o]

Mo <2M( ) ag)) < 2¢/3

j=m-+1

so that u, — syt — 0 as n — o0o. Since u,, — st = uy — Spt + (sp, — 9)t, it
follows that u,, — st as n — oco. O

The technique of this proof, where we divide a sum into two parts, and
consider each part separately, is one that is used in many areas of analysis.
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Exercises

4.6.1 Let aj = b; = (—1)7/(j + 1) and let ¢; = ZLO a;bj_;. Show that

o2 1 1
C]—(—l)]]+2<1+2++j+1>

Show that (|c;j|)32, is a decreasing null sequence. Deduce that » 22 ¢;
converges.

4.6.2 Suppose that a, — a as n — oo. Let s,, = agp + -+ + a,,. Show that
sp/(n+1) — aasn — oo.
Suppose that a,, — a and that b, — b as n — oco. Show that

n+1(a0bn+--~+anb0)Habasnﬂoo.

Suppose that (¢;)32 is the convolution product of the sequences (a;)52,
and (b;)%2, and that >22;a; is conditionally convergent to s and
Z?io b; is conditionally convergent to ¢. Let u, = co + -+ - + cp.

(a) Show that ug + - -+ 4+ up = Soty + -+ + Snto.

(b) Show that (ug + -+ +up)/(n+1) — st as n — oo.

(c) Show that if 3772 c; converges, then its sum must be st.

4.7 Power series

A power series is an expression of the form "7 j an(z — 20)", where (an)52
is a sequence of complex numbers, zg is a complex number, and z is a complex
number, which we also allow to vary. (In fact, in many circumstances we shall
consider complex power series for which the coefficients a,, are real.) We are
interested in the values of z for which the power series converges. For this it
is clearly sufficient to consider the case where zg = 0.

We introduce some notation. If 0 < R < coweset Ur = {z € C: |z| < R},
the open disc of radius R with centre 0, and we set Uy, = C. Thus U; = D,
the open unit disc.

Let us begin with a very simple example. Consider the power series
Yooy 2" If |z] > 1 then |2"| does not tend to zero, and so the power series
diverges. If |z| < 1, then

n
) 1 — gntl 1 n+1
sn:Z%:#, so that |s, — | = 12
j=0

1—2 1—z |1—z|

so that ) ° 2" converges to 1/(1 — z). Thus >, ;2™ converges if and only
if z is in the open unit disc D = {z: |z| < 1}.
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We can however say more. If |z| < 1 then

Do =)l =1/ - ),
n=0 n=0

so that the series > 7, 2™ converges absolutely.
Suppose that >~>° ja,2" is a complex power series. For what values of z
does it converge? To answer this, it is convenient to consider the set

B ={re€0,00) : (apr™);=p is a bounded sequence}.

0 € B, and if r € B then [0,7] C B. Thus B is an interval. If B is bounded
we set R = sup B. R may or may not belong to B. If B = [0,00), we set
R = 00. R is called the radius of convergence of the power series > ; a,2".
The next theorem explains the reason for this name.

Theorem 4.7.1  Suppose that > >y anz" is a complex power series with
radius of convergence R. If z € Ug then Y 2 anz" converges absolutely. If
|z| > R then > .2y anz" does not converge.

Proof 1If |z| > R then (anz™)2, is unbounded, and so the power series
diverges. (In particular, if R = 0 then the series only converges when z = 0.)
Suppose that |z| < R. There exists s such that |z| < s < R, and so M =
SUp,cz+ |ans™| < co. Let r = |z|/s, so that 0 < r < 1. Then

|an2"| = |aps"r"| < Mgr™ for n € N.

By the comparison test, the series Y ° ; |a,2"| converges, and so Y an2"
converges absolutely. O

Note that the proof depends only on the convergence of a geometric series.
This simple idea is very powerful, and we shall use it, and the convergence
of series such as Y 2 nFr" where 0 < r < 1 and k € N, many times in the
future.

We have the following formula for the radius of convergence.

Theorem 4.7.2  Suppose that Y7 anz" is a power series with radius of
convergence R. Let A = limsup|a,|"/". If A = 0 then R = co. If A = oo
then R = 0. Otherwise, R = 1/A.

Proof This is just a matter of teasing out the definitions. Suppose that
A < oo and that S > A. Then there exists ng such that |a,|'/" < S for
n > ng. Thus |a,|/S™ < 1 for n > ng; the sequence (a,/S™)22, is bounded,
and so 1/S < R. Since this holds for all S > A, R = oo if A = 0, and
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R > 1/A otherwise. Suppose that A > 0 and 0 < s < A. Let s <t < A. Then
|lan|'/™ > t for infinitely many n. Thus |a,|/s" > (t/s)™ for infinitely many
n; the sequence (a,/s™)%, is unbounded, and so 1/s > R. Since this holds
forall s <A, R=0if A = 00, and R < 1/A otherwise. O

The theorem says nothing about convergence on the circle of convergence
Cr = {z € C : |z| = R}. There are many possibilities, as the following
examples show.

1. "2 ynlz™. Since (n!r™)5° is unbounded for all r > 0, R = 0, and the
series only converges when z = 0.

2. > 2 nz". Here B = [0,1) and R = 1. The sequence (nz")s, is
unbounded for each z € ;.

3. > 022" Here B=[0,1] and R = 1. 2™ / 0 as n — oo for each z € 1.

4. % 2" /n. Here B = [0,1] and R = 1. ) 2™ /n diverges when z = 1. If
z € C1 and z # 1 then

= | [1— et 2
2| = <
Z ‘ 1—2 |~ ’ 1—2z|’
Jj=0
so that the sequence (Z;‘:O 27)2 | is bounded. Consequently, the series

Yooy 2" /n converges, by Dirichlet’s test (Theorem 4.3.5).

5.3 °° ,2"/n? Here B = [0,1] and R = 1. The series converges uniformly
on{ze€C:|z| <1}.

6. > o2 y2"/nl. Here B = [0,00) and R = oo. The function e* = e(z) =

Y on g 2™/nl is the ezponential function.

If )7 janz™ and Y o2 byz" are power series, we can form the sum
Ezozo(an + bn)zn

Proposition 4.7.3  Suppose that Y7 anz" has radius of convergence R
and > 02 bpz" has radius of convergence R'. If R # R’ then the radius of
convergence of > (an + bp)2" is min(R, R'); if R = R’ the the radius of
convergence is greater than or equal to R.

Proof The proof is left as an exercise. O

If Y72 ganz™ and > o7 b,2"™ are power series, we can form the formal
o n _ n ) ) . . .
product .*  cp2", where ¢, = 37 a;b,—j, as in the previous section.

Theorem 4.7.4  If "> janz" has radius of convergence R and Y > by 2"
has radius of convergence R' then the formal product y > c,2" has radius
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of convergence greater than or equal to min(R, R'). If |z| < min(R, R') then

(Z anz”)(z bpz") = Z ez
n=0 n=0 n=0

Proof Let R” be the radius of convergence of Y~  ¢,2". If 2| < min(R, R)
then all three series converge absolutely, by Proposition 4.6.1, and

(Z anz")(z bp2") = Z cn2".
n=0 n=0 n=0
Hence R” > min(R, R') O

We shall consider power series further in Section 6.6, and in Volume III.

Exercises

4.7.1 Prove Proposition 4.7.3.
4.7.2 Find the radii of convergence of the following power series:

+1 zZ — 5 < , n Z .
— L (nl)2T T £ T L= 2n(n+1)
n=0 n=0 n=0 n=0

4.7.3 What is the radius of convergence of the power series

At which points, if any, of the circle of convergence does it converge?
4.7.4 Suppose that a,ii1/a, — X as n — oo. What is the radius of
convergence of > >° ; a,z"?
4.7.5 What are the radii of convergence of the power series

T+24+22 442348+ and1—z2—22—23—..?
What is the radius of convergence of their product?
4.7.6 Suppose that the series Y ° ; a,2™ has non-zero radius of convergence

R. Let f(z) = > 02y anz"™ for |z| < R.

(a) Show that if the coefficients a,, are real, then f(z) = f(z) for |z| <
R.

(b) Show that f is even — that is, f(z) = —f(z) for |z|] < R - if and
only if a,, = 0 for n odd.

(c) Show that f is odd — that is, f(z) = —f(z) for |z| < R - if and

only if a,, = 0 for n even.
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(d) Suppose that f # 0. Show that there exists 0 < r < R such that
f(z) #0for 0 < |z] <.

4.7.7 Suppose that the power series > ° ; a,2™ has radius of convergence R.
Let s, = Z?:o a;. Investigate the radius of convergence of the power
series Y7 sp2".

4.7.8 Let

(="

n2n

ap=1,a1=-1,a; = for 2" < j < 2! and n € N.

Show that if [z| = 1 and z # 1 then

J
1
k n . n+1
\kEQH apz"| < 7n2”|1 i for 2" < j < 2"

Show that >, _,a,z" converges conditionally, for all z with |z| = 1.



5
The topology of R

In this chapter, we consider some particular sorts of subsets of R, and their
relation to convergence. This involves many definitions; familiarity will only
come with use. We study the ideas that arise here in a more general setting
in Volume II.

5.1 Closed sets

We begin by considering intervals in R. A subset I of R is an interval if
whenever two numbers belong to it, then so do all the intermediate points:
that is, if a < ¢ < band a,b € I then ¢ € I. R is an interval. The empty set
and singleton sets are degenerate intervals. Other examples of intervals are
the semi-infinite intervals

(—o0,b) ={z € R:z <b}, (—o0,b] ={x € R:z < b},
(a,00) ={z €R:a <z}, [a,00) ={z €R:a <z},
and the bounded intervals

(a,b) = (bya) ={r € R:a <z <b},(a,b] =[b,a) ={r €eR:a <z <b},
[a,b) = (bya] ={r e R:a <z <b}a,b =[ba]={r e R:a <z <D}

where a < b. It is an easy exercise to show that every interval is of one of
these forms. The length of a bounded interval is b — a; the length of R and
of semi-infinite intervals is 4oco0.

Note that if Z is a set of intervals then N;c7z 1 is an interval, and that if Iy
and Iy are intervals with I1 N Iy # () then I; U I5 is an interval.

Next, we consider the closure of a subset of R. A real number b is called a
closure point of a subset A of R if whenever € > 0 there exists a € A (which
may depend upon €) with |b — a| < e. Thus b is a closure point of A if there
are points of A arbitrarily close to b. If b € A, then b is a closure point of A,
since we can take a = b for any € > 0.
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We can use convergent sequences to characterize closure points.

Proposition 5.1.1 Suppose that A is a subset of R and that b € R. b is
a closure point of A if and only if there exists a sequence (aj);-’il in A such
that aj — b as j — oo.

Proof Suppose that there exists a sequence (aj)?io in A such that a; — b
as j — o0o. Suppose that € > 0. There exists jo such that |b — a;| < € for
J > jo. Take a = a;,. Thus b is a closure point of A.

Conversely, if b is a closure point of A then for each j € N there exists
aj € Awith |[b—a;| <1/j. Then a; — bas j — oo. O

The closure A of A is the set of closure points of A. A is a subset of A since
each point of A is a closure point of A. A subset A of R is said to be closed
if A= A:

Proposition 5.1.2 A subset A of R is closed if and only if whenever
(an)S2, is a sequence in A which converges to b, then b € A.

Proof This is an immediate consequence of Proposition 5.1.1. O

In other words, a subset A of R is closed if and only if it is closed under
taking limits. For example, the interval [a, b] is closed, since if a < z; < b and
xj — x as j — oo then a < x < b, by Theorem 3.2.5. (This accords with our
use of the term closed interval in Section 3.2.) If a < b, and z; = a+(b—a) /27
for j € Z" then z; € (a,b], and z; — a as j — oo. Thus (a, b] is not closed,
since a ¢ (a, b]. The set Q of rational numbers is not closed, since if z is any
irrational number then by Corollary 3.2.7 there exists a sequence of rational
numbers which converges to x, so that Q = R. A subset A of a subset B of
R is dense in B if B C A. Thus Q is dense in R.

Proposition 5.1.3  Suppose that A and B are subsets of R.

(i) If AC B then A C B.
(ii) A is closed.
(iii) A is the smallest closed set containing A: if C is closed and A C C
then A C C.

Proof (i) follows trivially from the definition of closure.

(ii) Suppose that b is a closure point of A and suppose that ¢ > 0. Then
there exists ¢ € A such that |b — c| < ¢/2, and there exists a € A with
lc —a| < €/2. Thus |b—a| < ¢, and so b € A.

(iii) By (i), AC C = C. ]
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Here are some fundamental properties of the collection of closed subsets
of R.

Proposition 5.1.4 (i) The empty set ) and R are closed.

(ii) If A is a set of closed subsets of R then NacaA is closed.

(iii) If {Ay,..., An} is a finite set of closed subsets of R then A = Ur_14;
is closed.

Proof (i) The empty set is closed, since it has no closure points, and R is
trivially closed.

(ii) Suppose that b is a closure point of Nyc4 A, and that A € A. If ¢ > 0
then there exists a € NgeqA with |b — a| < e. But then a € A. Since this
holds for all € > 0, a € A = A. Since this holds for all A € A, b € Nyc4A.

(iii) Suppose that b ¢ A. If 1 < j < nthenb ¢ A; = A;, and so there exists
€j > 0 such that if |b — ¢| < €; then ¢ € A;. Let e = min{e; : 1 < j < n}.
Then € > 0, and if [b — ¢[ < e then ¢ ¢ U]_; Aj; = A. Thus b is not a closure
point of A; every closure point of A is in A, and so A is closed. O

Corollary 5.1.5 A finite subset of R is closed.

Proof The empty set is closed, and a singleton set {a} is closed, since if b # a
then, setting € = |b — a|, {a} N{z : |x — b|] < €} = 0. Now apply (iii). O

Let us give another example.

Example 5.1.6 Suppose that (a;)72, is a sequence of real numbers
convergent to a. Let S = {a; :j € Z*}. Then S = S U {a}.

By Proposition 5.1.1, a € S. Suppose that b ¢ SU{a}. We shall show that
b is not a closure point of S. Let n = |b — a|/2: then n > 0. There exists jo
such that |a; — a|] < 7 for j > jo. Then by the triangle inequality,

b—aj| > |b—a| —|a; —a| = 2n—n=mn, for j > jo.

Let € = min(n, min{|b — a;| : 1 < j < jo}). Then € > 0, and if s € S then
|b — s| > e. Thus b is not a closure point of S.

Proposition 5.1.7 If A is a non-empty subset of R which is bounded
above then sup A € A.

Proof For each j € N there exists a; € A with supA —1/j < a; < sup A.
Then a; — sup A, so that sup, € A. a

We can also consider subsets of a subset X of R. Suppose that A is subset
of X. Then the relative closure of A in X is the set AN X of closure points of
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A which are in X. The set A is relatively closedin X if it is equal to its relative
closure. Relatively closed sets can be characterized in the following way.

Proposition 5.1.8 Suppose that A is a subset of a subset X of R. Then
the following are equivalent:

(i) A is relatively closed in X ;
(ii) there exists a closed subset F' of R such that A=F N X;
(111) if (an)22 is a sequence in A which converges to a point b of X then
be A

Proof This is a worthwhile exercise for the reader. O

Exercises

5.1.1 Verify that every interval in R is of one of the forms described at the
beginning of this section.

5.1.2 Show that a subset I of R is an interval if and only if whenever a,b € I
and 0 <t <1then (1 —t)a+thel.

5.1.3 Suppose that a C R. Show that the following are equivalent.
(a) A is closed.
(b) If [a,b] is a closed interval for which A N [a,b] is non-empty then
sup(ANJa,b]) € A and inf(A N [a,b]) € A.

5.1.4 Suppose that A is a non-empty closed subset of R and that b € R.
Show that there exists a € A such that |a — b| = inf{|z — a| : x € A}.
Is @ unique?

5.1.5 If A and B are non-empty subsets of R, we set A+ B = {a + b :
a€ Abe B}
(a) Give an example of closed sets A and B for which A + B is not
closed.
(b) Show that if A is closed, and B is closed and bounded, then A 4+ B
is closed. [Hint: Use the Bolzano—Weierstrass theorem.]

5.1.6 Suppose that (Aj)Jo-’;O is a sequence of subsets of R. Show that

U'_gA; = Uj_gA; and that U (A; D U2, A;.

Give an example to show that the inclusion can be strict. What about
intersections?

5.1.7 Suppose that x is an irrational number. Let a, = {nz}, the fractional
part of nx. Use the pigeonhole principle to show that if € > 0 then there
exist m,n such that |a,, — a,| < €. Show that {a, : n € N} is dense in
[0, 1].

5.1.8 Using Proposition 5.1.2, give proofs of Propositions 5.1.3, 5.1.4 and
5.1.7 which use convergent sequences. Do the same for Example 5.1.6.
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5.2 Open sets

Suppose that a € R and ¢ > 0. We define the open e-neighbourhood of a to
be the set of all numbers distant less than € from a:

Ne(a) ={z e R: |z —a| <€}

Ne(a) is the interval (a — €,a + €). We can express convergence in terms of
e-neighbourhoods; a; — a as j — oo if and only if for each € > 0 there exists
Jo such that a; € Nc(a) for j > jo. Similarly, the closure of a set is defined in
terms of e-neighbourhoods: a € A if and only if Nc(a) N A # 0, for all € > 0.

Suppose that A is a subset of R. An element a of A is an interior point of
A if there exists € > 0 such that N.(a) C A. In other words, all the numbers
sufficiently close to a are in A; we can move a little way from a without
leaving A. The interior A° of A is the set of interior points of A. A subset
U of R is open if U = U°. The interval (a,c) = {b€ R:a < b < c}is
open: if b € (a,c), we can take ¢ = min(c — b,b — a). In particular, an open
e-neighbourhood N,(z) is open.

The collection of open sets of R. is called the topology of R. Properties that
can be defined in terms of the open sets are called topological properties. The
word ‘topology’ is also used to describe the study of topological properties.

The interval (a, b] is not open: there is no suitable e for b. Thus (a,d] is
an example of a set which is neither open nor closed. The set Q of rational
numbers is also neither open nor closed: we have seen that it is not closed,
and it is not open, since if r € Q and ¢ > 0 then the open e-neighbourhood
Nc(r) contains irrational points (see Exercise 3.1.2).

‘Interior’ and ‘closure’, ‘open’ and ‘closed’, are closely related, as the next
proposition shows. Recall that we denote the complement R \ S of a subset
S of R by C(S).

Proposition 5.2.1 Suppose that A and B are subsets of R, and that
a € R.

(i) If A C B then A° C B°.
(ii) C(A°) = C(A).
(iii) A is open if and only if C(A) is closed.
(iii) A° is open.
(iv) A° is the largest open set contained in A: if U is open and U C A then
U C A°.

Proof (i) This follows directly from the definition.
(ii) If b ¢ A° then N.(b) N C(A) # 0 for all € > 0, and so b € C(A).
Conversely, if b € C(A) then N.(b) N C(A) # 0 for all € > 0, and so
b A°.
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(iii) If Ais open then C'(A) = C(A°) = C(A), by (ii), and so C'(A) is closed.
If C(A) is closed then C(A°) = C(A) = C(A), so that A° = A.
(iv) C(A°) = C(A) is closed, so that A° is open, by (iii).

(v) By (i), U =U° C A°. O

Corollary 5.2.2 (i) The empty set ) and R are open.
(ii) If A is a set of open subsets of R then UgcaA is open.
(i) If {A1, ..., An} is a finite set of open subsets of R then N}_; A; is open.

Proof Take complements. O

If A is a subset of R then the frontier or boundary 0A of A is the set
A\ A°. Since 9A = ANC(A), DA is closed. z € JA if and only if every open
e-neighbourhood of  contains an element of A and an element of C'(A).

We can also consider subsets of a subset X of R. Suppose that A is subset
of X. Then a point a of A is an interior point of A relative to X if there
exists € > 0 such that N.(a) N X C A. The set of interior points of A relative
to X is then the relative interior of A in X, and A is relatively open in X if
it is equal to its relative interior in X.

Relatively open sets can be characterized in the following way.

Proposition 5.2.3 Suppose that A is a subset of a subset X of R. Then
the following are equivalent:

(i) A is relatively open in X ;
(ii) there exists an open subset U of R such that A=UnNX;
(iii) the set X \ A is relatively closed in X.

Proof Again, this is a worthwhile exercise for the reader. O

Exercises

5.2.1 Suppose that A and B are subsets of R and that A is open. Show that
A+ B is open.

5.2.2 Suppose that A is a subset of R. Show that by repeatedly taking clo-
sures and interiors, we can obtain at most six more different sets. Give
an example to show that six more different sets can be obtained.

5.3 Connectedness

We now establish a fundamental characterization of non-empty intervals, in
terms of open sets. This will allow us to say more about open sets. We need
some more terminology. A non-empty subset A of R splits if there exist two
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disjoint open subsets Uy and Us of R such that A C U; UUs and ANU; and
AN Us are non-empty. If A does not split, it is connected.

Theorem 5.3.1 A non-empty subset A of R is connected if and only if it
s an interval.

Proof Suppose first that A is not an interval. Then there exist a < b < ¢
such that a,c € Aand b ¢ A. Let U; = (—00,b) and let Us = (b, +00). Then
Uy and Us are disjoint open sets and ANU; and ANUs are non-empty. Thus
A splits.

Conversely, suppose that A splits. Thus there exist disjoint open subsets
Uy and Us such that A C U; U Us, and AN U; and A N U, are non-empty.
Let a; € ANUL, and as € ANUsy. Without loss of generality, we can suppose
that a1 < ag. Let b = sup(U; N [a1, az]). We shall show that a; < b < ag and
that b € A, so that A is not an interval. First, there exists 0 < 0 < as — a1
such that (a1 —6,a; +60) C Uy. Thus b > a3 + 0 > a;. Secondly, there exists
0 < € < ag—aq such that (ag—e€, as+¢€) C Us; thus b < as. Suppose if possible
that b € U;. Then there exists 0 < n < az — b such that (b —n,b+n) C U;.
Then (b,b+1n) C Ui N[ay,az], contradicting the definition of b. Thus b & Uy .
Suppose if possible that b € Us. Then there exists 0 < ¢ < 6 such that
(b—¢,b+ ) C Us. Then b — (/2 is an upper bound for U; N [a1, az], again
contradicting the definition of b. Thus b & U; U Us, and so b & A. O

Corollary 5.3.2 A subset A of R is both open and closed if and only if
A=0 or A=R.

Proof We have seen that () and R are both open and closed. If A is open and
closed then C'(A) is open and closed. R = A U C(A); since R is connected,
either A =0 or C(A) = 0. O

Open subsets of R can now be characterized as disjoint unions of open
intervals.

Theorem 5.3.3 Suppose that U is a non-empty subset of R. U is open
if and only if there is a countable set T of disjoint open intervals such that
U =Ujezl. The set T is uniquely determined.

Proof A union of open intervals is open, by Corollary 5.2.2, and so the
condition is sufficient. Suppose that U is open. We define an equivalence
relation on U by setting a ~ b if [a,b] C U (here we allow the possibility that
a > b, in which case [a,b] = {c € R:b<c¢<a}). If a ~ bthen b ~ a, since
[a,b] = [b,al]; if a ~ band b ~ ¢ then a ~ ¢, since [a,c] C [a,b] U [b,c] C U.
Thus ~ is an equivalence relation on U. Let Z be the set of equivalence classes.
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If I € Z, then I is an interval, and I and U \ I are disjoint. If a € I, then
there exists € > 0 such that N¢(a) C U. If b € Nc(a) then [a,b] C Nc(a) and
so b € I. Thus N¢(a) C I, and I is open. Thus U is a disjoint union of a set
7 of open intervals.

If r € UNQ, let I, be the equivalence class to which r belongs. Since
a non-empty open interval contains rational points (between any two real
numbers, there is a rational number), the mapping r — I, : UNQ — 7 is
surjective. Since U N Q is countable, so is Z.

The representation is unique. Suppose that U = Uj¢c 7J, where J is a set
of disjoint open intervals. Suppose that J € J, and that x € J. Then = € I,
forsome I € Z.If y € J then [x,y] C J C U; hencey € I and J C I. Further,
I'=Ju((U\J)NI).Since J and (U \ J) are disjoint open subsets of I, and
I is connected, I = J. Hence J =T. O

Exercises

5.3.1 Suppose that A is a non-empty subset of R. Show that A is connected
if and only if whenever F; and Fy are closed subsets of R whose union
is R then either A C Fj or A C F5.

5.3.2 Suppose that G is a proper closed subgroup of (R, +) and that G # {0}.
Suppose that (a,b) is a connected component of R\ G. Show that
G={nb—a):neZ}

5.3.3 Suppose that F and G are closed subsets of R, that [¢g, dp] € FUG and
that ¢g € F,dy € G. If (CO +d0)/2 € F,setc; = (C() +d0)/2, dy = dp;
otherwise set ¢; = ¢p, di = (co + do)/2. Repeat recursively. Show that
there exists b € ¢g, dy such that ¢, — b and d,, — b as n — oco. Show
that b € F'N G. Use this to give another proof of Theorem 5.3.1.

5.3.4 Suppose that {Oy}aca is a family of disjoint non-empty open subsets
of R (if a # 8 then O, N Og = 0).

(a) Show that A is countable.

(b) Suppose that, for each o, O, = Urer, I, where Z,, is a set of disjoint
non-empty open intervals. Show that J = UyecaZ, is a set of disjoint
non-empty open intervals whose union is Uaec 4Oy .

5.4 Compact sets

We now use the Bolzano—Weierstrass theorem to obtain some important
results about the bounded closed subsets of R. Suppose that A is a subset of
a set X and that B is a set of subsets of X. We say that B covers A, or that
Bis a coverof A, if A C UpgepB. A subset C of B is a subcover if it covers A.
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A cover B is finite if the set B is finite. If X = R, a cover B is open if each
B € B is an open set.

Theorem 5.4.1 Suppose that U is an open cover of the bounded closed
interval [a,b]. Then there exists § > 0 such that if x € [a,b] then there exists
U € U such that Ns(z) C U.

Proof Suppose not. Then for each n € N there exists x,, such that Ny /, (z,)
is not contained in any U € U. By the Bolzano—Weierstrass theorem, there
exists a convergent subsequence (z,, )72, convergent to x, say. Since [a, b] is
closed, = € [a,b]. Thus z € U, for some U € U. Since U is open, there exists
e > 0 such that N.(x) C U. Since z,, — = as k — oo, there exists K € N,
with nx > 2/e, such that |z, —z| < e¢/2fork > K. If y € Ny/p, (20, ) then,
by the triangle inequality

|y_$‘ < |y_an|+’mnK _$| < 1/nK+€/2<67
so that y € U. Thus Ny, (¥n,) C U, giving a contradiction. O

A positive number d which satisfies the conclusions of this theorem is called
a Lebesgue number for the cover.

Theorem 5.4.2 (The Heine—Borel theorem for open sets)  Suppose that U
is an open cover of the (non-degenerate) closed interval [a,b]. Then there is
a finite subcover.

Proof We give two proofs of this fundamental theorem. Another proof is

given in Exercise 5.4.4. First, let § be a Lebesgue number for the cover. We

divide [a,b] into finitely many intervals, each of length less than §: choose

n € N such that n > (b —a)/d, and let a; = a + j(b —a)/n, for 0 < j < n.

Thena =ap < a1 <--- <ay, =>b,and a; —aj—1 = (b—a)/n < 6. For each

0 < j < n there exists U; € U such that Ns(a;) C U;. Then [a,b] C U7_oU;.
For the second proof, let

C = {z € [a,b] : there is a finite subcover of [a, z]}.

We must show that b € C. Since a € C, C' is not empty. Let s = supC. We
take three steps.

First, ¢ > a. For a € U for some U € U, and there exists ¢ > 0 such that
Nc(a) CU. Thus Ne(a)Nla,b] C C, so that if ¢ = min(a+€¢/2,b) then c € C.
Hence s > ¢ > a.

Secondly, s € C. For s € V for some V € U, and there exists n > 0 such
that N, (s) C V. Then there exists ¢ € CN(s—mn, . [a, ] has a finite subcover
W, and WU {V'} is a finite subcover of [a, s].
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Finally, s = b. For if not, and if s < ¢t < min(s 4+ n,b) then WU {V} is a
finite subcover of [a, t], so that ¢t € C'. O

A set B is said to be compact if every open cover of B has a finite subcover.

Proposition 5.4.3 Suppose that (Uy)S2, is an increasing sequence of
open sets in R which covers a compact subset K of R. Then there exists
n € N such that K C U,.

Proof There is a finite subcover {U,,,...,Uy, }. Then K C Uy, where N =
max{ni,...,ng}. O

Theorem 5.4.4 A non-empty subset B of R is compact if and only if it
is closed and bounded.

Proof Suppose first that B is closed and bounded. There exists [a, b] such
that B C [a,b]. Then U U {C(B)} is an open cover of [a, b], and so there is a
finite subcover {Uy, ..., U,,C(B)} of [a,b]. Then {Uy,...,U,} covers B.
Conversely, suppose that B is compact. Let U,, = (—n,n). Then (U,)
is an increasing sequence of open sets which covers B, and so, by Proposition
5.4.3, there exists N € N such that B C Up; B is bounded.
Finally, we show that B is closed. Suppose that a ¢ B. We shall show that

a € B. For each n € N let
Vo={reR:|x—a|]>1/n)=(-00,a—1/n)U (a+ 1/n,c0).

Then (V)2 ; is an increasing sequence of open sets which covers B, and so, by
Proposition 5.4.3, there exists NV € N such that B C V. Then Ny /y(a)NB =
(0, so that a € B. Thus B is closed. O

We can formulate the Heine—Borel theorem in terms of closed sets: this
version is quite as useful as the ‘open sets’ version. We need more terminology.
A set F of subsets of a set X has the finite intersection property if whenever
{F1,..., I} is a finite subset of F then N}_, F is non-empty.

Theorem 5.4.5 (The Heine—Borel theorem for closed sets) Suppose that
B is a bounded closed subset of R, and that F is a set of closed subsets of
B with the finite intersection property. Then the total intersection NperF
18 non-empty.

Proof This is just a matter of taking complements. Suppose that NpcrF' =
(. Then {C(F) : F € F} is an open cover of B, and so there is a finite
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subcover {C(F1),...,C(F,)}. Thus

BCC(F)U...UC(F,) =C(FiN...NF,),

so that F; N...N F,, = (), contradicting the finite intersection property. O

Exercises

5.4.1 Let (r,)52; be an enumeration of the rational numbers in (0,1), and
let 0 < € < 1. For each n let I,, be an open interval in (0, 1) containing
7y, and of length at most €/2". Let U = U, I,,. Show that U = [0, 1].
Suppose that U = U2, Jy,, where (J,,)52 ; is a sequence of disjoint open

intervals; let I(.J,,) be the length of .J,,. Show that

i I(Jn) <e.
n=1

5.4.2 The set QN [0, 1] is not compact. Find an open cover of Q N[0, 1] with
no finite subcover.

5.4.3 Suppose that F is a finite set of open intervals which covers the closed
interval [a, b], and that F is minimal; no proper subset of F covers [a, b].
Show that F can be listed as I, ..., I, in such a way that

ac Iy, infl; <suplj_1 <inflj; 1 <supljforl<j<n,andbdecl,.

Deduce that I;_1 N I; # () for 2 < j < n, and that no point of [a,b] is
in three members of F.

5.4.4 Suppose that U is an open cover of the closed interval [cg,dp], and
suppose, if possible, that there is no finite subcover. If there is no finite
subcover of [cg, (co + dp)/2] set ¢1 = co, di = (co + dp)/2; otherwise
set ¢1 = (co +dp)/2, di = dy. Show that [c1,d1] has no finite subcover.
Repeat recursively. Show that there exists b € [cg, dp] such that ¢, — b
and d, — basn — oo. Use this to give another proof of the Heine—Borel
theorem.

5.4.5 Suppose that U is an open subset of R and that x € U. Show that there
exist rational numbers r and s such that z € N,(s) C U. Show that
if U is an open cover of a subset A of R then there exists a countable
subcover.

5.5 Perfect sets, and Cantor’s ternary set

We now introduce another idea, similar enough to the notion of a closure
point to be confusing. Suppose that A is a subset of R and that a € R.
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A real number b is called a limit point, or accumulation point, of A if
whenever € > 0 there exists a € A (which may depend upon €) with 0 <
|b—a| < e. Thus b is a limit point of A if there are points of A, different from
b, which are arbitrarily close to b.

If a € R and € > 0 then the punctured e-neighbourhood N (a) of a is
defined as

Ni(a)={zeR:0< |z —a|<e}=(a—e€a)U(a,a+¢€) = Nc(a)\ {a}.
Thus b is a limit point of A if and only if N(b) N A # (), for each € > 0.

Proposition 5.5.1 Suppose that A is a subset of R and that b € R. b is
a limit point of A if and only if there exists a sequence (a;)32, in A\ {b}
such that aj — b as j — oo.

Proof The proof is just like the proof of Proposition 5.1.1, with obvious
modifications. O

The set of limit points of A is called the derived set of A, and is denoted
by A’. Tt follows from the definitions that A’ C A. If A = {a} then A’ = 0,
so that A need not be a subset of A’. If A = A’, we say that A is perfect. For
example, a non-degenerate closed interval is perfect, as is a finite union of
non-degenerate closed intervals.

Suppose that A is a subset of R and that a € A. a is an isolated point of
A if there exists € > 0 such that Nf(a) N A = 0.

Proposition 5.5.2  Suppose that A’ is the derived set of a subset A of R,
and that a € R. Let i(A) be the set of isolated points of A.

(i) A is the disjoint union of A’ and i(A).

(ii) A" is closed.

Proof (i) Clearly A’ and i(A) are disjoint subsets of A. Suppose that a €
A\ i(A). There are two possibilities. First, a € A. Since a is not an isolated
point of A, it must belong to A’. Secondly, a € A\ A. There is a sequence
(an)22 4 in A which tends to a as n — oo. Since a,, # a, for n € N, it follows
that a € A’.

(ii) Suppose, if possible, that b € A’\ A’. Then b € A\ A’ and so b is an
isolated point of A, by (i). Thus there exists € > 0 such that N*(b) N A = 0.
Since b € A, there exists ¢ € A’ with |b — ¢| < ¢/2. Then N*,(c) C N*(b),

€/2
so that N:/2(c) N A = (), giving a contradiction. O
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As an example, let A = {1/j : j € N}. Then A = AU {0} and A’ =
{0}. Note that (A") = () # A’. This example is taken further in Exercises
5 5.4.

5.9.2=5
We now give an example of a bounded non-empty perfect set which con-

5.2-5.
tains no non-degenerate intervals. This set is known as Cantor’s ternary set,
although it was first described by the Irish-born mathematician Henry Smith.
We begin with Cy = [0, 1]. First, we remove the middle third of Cy, to obtain

C1 =1[0,1/3]U[2/3,1] = I U IR;

Iy, is the left interval of C1 and Iy is the right interval. We then remove the
middle thirds of I}, and I to obtain

Cy = ([0,1/9] U [2/9,1/3]) U ([2/3,7/9] U [8/9,1])
= (ILL U ILR) U (IRL U IRR);

Cy is the union of 22 disjoint closed intervals, each of length (1/3)?; Ir,;, and
IRy, are left intervals, and Irr and Irgr are right intervals. We then repeat
the process recursively, to obtain a decreasing sequence (Cj,)0, of closed
sets; C), is the union of 2" disjoint closed intervals, each of length (1/3)", and
each interval is either a left subinterval or a right subinterval of an interval
of Cj,—1. We then define Cantor’s ternary set C' to be N> (C),.

Co

0 1
Cl

0 1/3 2/3 1
C2

o 1/9 2/9 1/3 2/3 7/9  8/9
G — _ _ _ _ _ _
CS ................................

Figure 5.5. Construction of Cantor’s ternary set.

Here are some of the properties of C.
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Theorem 5.5.3 Cantor’s ternary set C is a perfect subset of [0, 1] with
empty interior. There ezists a bijection ¢ : P(N) — C, and so C is
uncountable.

Proof (C'is closed, and is non-empty, by the Heine—Borel theorem for closed
sets. But in fact, the end points of all the intervals that occur in the construc-
tion are in C'. We use this to show that C' is perfect. Suppose that x € C and
that € > 0. Choose j € ZT such that (1/3)7 < ¢/2. There exists an interval
I; of C; to which z belongs; both its end-points are in C, and at least one
of them is different from z. Thus there exists ¢ € Nf(xz) N C, and so C is
perfect.

Further, the e-neighbourhood N¢(z) is not contained in an interval of Cj,
and so N¢(z) is not contained in Cj; thus N¢(z) is not contained in C'. Since
this holds for all z € C and all € > 0, C' has an empty interior.

If Ae P(N),let a;j =2if j € A and let a; = 0 otherwise. Let ¢, (A4) =
PR a;j/37, and let c(A) = > a;/37. Then c¢,(A) € Cp, and ¢, (A) —
¢(A) as n — oo, and so ¢(A) € C, since C is closed. As in the proof of
Cantor’s theorem, if A C B then ¢(A) < ¢(B), and c is injective. Conversely,
suppose that z € C. Let

A ={n e N:uzisin aright-hand interval of C,,}.
Then z = ¢(A). O

Cantor’s ternary set has a great deal of symmetry and self-similarity. For
example, the mapping z — 3z is a bijective mapping of C' N [0,1/3] onto C,
and the mapping s; defined by

sj(z) =x+2/3 for 0 <2 <1-2/3,
=x+2/3 —1for1—2/3 <x<1,

is a bijective mapping of C onto itself.

There are many constructions similar to the construction of Cantor’s
ternary set. Suppose that € = ()7,
Yorigen =5 < 1. Let s, = Z?:_Ol ¢j. We construct a sequence (Cff))%o:o of
closed sets C’T(f) recursively; C(ge) = [0,1], and if n € N then Cq(f) consists of 2"
disjoint closed subintervals of [0, 1], each of length (1 — s,,)/2™. We construct

is a sequence of positive numbers with

07(11)1 by removing an open interval of length €, /2" from the middle of each

of these intervals. Then Cfli)rl

[0,1], each of length (1 — s,,11)/2"*". Finally we set C(¢) = ﬂ%":OC’?(f). Then

consists of 2! disjoint closed subintervals of
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C9) is a perfect subset of [0, 1], with empty interior. As we shall see, C is
of interest when s < 1. In such a case, we call C(©) a fat Cantor set.

5.5.1
5.5.2

9.9.3

5.5.4

5.5.5

5.5.6

9.5.7

5.5.8

Exercises

Suppose that U is an open subset of R. Show that U = U’.

Let B={1/j+1/k:j,k € N,k > j?}. What is B'? What is (B)'?
What is ((B')")'?

Show that for each k € N there exists a strictly increasing sequence
By € By C --- C By, of subsets of R such that B; = Bj_4, for
1<j<k.

Construct a subset C' of R such that, if C; = C’, and C; = C'J’;1 for
all j > 2 then (C’j);‘;o is a strictly decreasing sequence of non-empty
subsets of R.

Suppose that 0 < A < 9. If z € [0,1), let an(z) = (21 + -+ + z5) /7,
where z = 0.z1x9 . .. is the decimal expansion of x (without recurrent
9s), and let a, (1) = 0. Let E,, = {z € [0,1] : ap(x) < A}. Show that
E, is closed. Show that E = N2, E, is a perfect subset of [0, 1] with
an empty interior.

Let (Cy)92, be the sequence of closed sets that appears in the con-
struction of Cantor’s ternary set C'. Suppose that x € [0, 2]. Show that
for each n € N there exist u,, v, € C}, such that x = u,, + v,. Use the
Bolzano—Weierstrass theorem to show that there exist u,v € C such
that © = w4 v. Show that if x € [—1, 1] there exist y, z € C such that
r=y—z.

Suppose that A is a non-empty bounded closed subset of R.. Let

C(A) = (—oo,inf A) U (UresI) U (sup A, +00),

where J is a set of disjoint open intervals contained in (inf A, sup A).

Order J by setting I < J if supI < inf J. J has the intermediate

property if whenever I and J are in J and I < J then there exists

KeJwithl < K < J.

(a) Show that if 7 has the intermediate property, then A is perfect.

(b) Suppose that A is perfect and that A° = (). Show that J has
the intermediate property. Show that there is a bijection of P(N)
onto A.

Suppose that A is a non-empty perfect subset of [0,1] with empty

interior. Show that there is a bijective mapping of P(N) onto A, using

a construction as in Cantor’s theorem. (Hint: After n steps there are
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5.9.9

5.5.10

5.5.11

The topology of R

2" closed intervals whose union contains A. For the next step, remove
a largest possible open interval from each.)

Deduce that there is an order-preserving bijection ¢ of Cantor’s
ternary set C' onto A.

Deduce that a non-empty perfect subset of R is uncountable.
Suppose that C is a closed subset of R, with complement U;/;, where
the I; are disjoint open intervals. Show that C'is perfect if and only
lfjj ﬂjk = @ when Ij 75 Ik
Is it possible to find a sequence of disjoint non-degenerate closed
intervals whose union is (0, 1)?

If A is a subset of R then a point a of R is a condensation point of
A if N¢(a) N A is uncountable, for every ¢ > 0. Show that if A is
uncountable, then the set C of condensation points of A is closed, and
A\ C is countable. Show that C' is the set of condensation points of
itself.

Show that every point of Cantor’s ternary set C is a condensation
point of C.
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Continuity

6.1 Limits and convergence of functions

So far we have considered the limits of sequences of real numbers. These
sequences are real-valued functions defined on Z* or N. We now consider
real-valued functions defined on a non-empty subset A of R. It is useful to
make definitions for a general set A, but the reader should have in mind
examples such as an open interval, a closed interval, the set Q of rational
numbers and the set {1/n:n € N}.

The notion of limit extends naturally to this setting. Suppose that f :
A — R is a function, that b is a limit point of A (which may or may not be
an element of A) and that [ € R. We say that f(z) converges to I, or tends
to l, as x to b if whenever € > 0 there exists § > 0 (which usually depends
on €) such that |f(z) — ] < € for those z € A for which 0 < |z — b < ¢
(that is, for z € Nj(b) N A). That is to say, as  gets close to b, f(x) gets
close to I. We say that [ is the limit of f as x tends to b, write ‘' f(z) — [ as
x — b and also write [ = lim,_; f(z). Note that in the case where b € A,
we do not consider the value of f(b), but only the values of f at points
nearby.

Figure 6.1a. Convergence of functions.

147
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We now have the following elementary results, which correspond exactly
to Propositions 3.2.2; 3.2.3 and 3.2.6, together with Theorem 3.2.5.We say
that f is bounded on A if the image set f(A) is a bounded set.

Theorem 6.1.1 Suppose that f, g and h are real-valued functions on a
subset A of R and that b is a limit point of A.

(i) If f(x) =1 asx — b and f(z) — m as x — b, then | = m.

(i) If f(x) — 1 as x — b then there exists 6 > 0 such that f is bounded
on Nj(b) N A.

(iii) If f(z) =1 for all x € A, then f(x) — 1 as x — b.

() If f(x) — 0 as x — b, and g(x) is bounded on N5(b) N A for some
d >0, then f(z)g(x) — 0 as = — b.

(v) If f(x) — 1 and g(x) — m as x — b then f(z)+ g(x) — I+ m as
x —b.

(vi) If f(x) — 1 as = — b and c € R then cf(x) — ¢l as x — b.

(vit) If f(x) — 1 and g(x) — m as x — b then f(x)g(z) — Im as x — b.

(viii) If f(x) #0 forx € A, 1 # 0 and f(x) — 1 asx — b then 1/ f(x) —
1/l as © — b.

(iz) If f(x) — 1 and g(z) — m as x — b, and if f(z) < g(x) for all
x € N5(b)n A for some 6 > 0, then I < m.

(z) (The sandwich principle) Suppose that f(z) < g(z) < h(z) for all
x € Nj(b)N A, for some § >0, and that f(x) — 1 and h(x) — 1
Then g(x) — 1 as x — b.

as Tt — b.

Proof Since the definition of limit is so similar to the limit of a sequence,
the proofs are simple modifications of the proofs of corresponding results for
sequences, established in Section 3.1. The details are left as exercises for the
reader. O

Note that in several cases we have restricted attention to the behaviour of
fin a set Ny (b) N A. This is clearly appropriate, since we are only concerned
with the behaviour of f as x approaches b.

It is a useful fact that we can characterize convergence in terms of
convergent sequences.

Proposition 6.1.2  Suppose that [ is a real-valued function on a subset A
of R, that b is a limit point of A and thatl € R. Then f(x) — 1 asx — b
if and only if whenever (a,)s, is a sequence in A\ {b} which tends to b as
n — oo then f(ay) — 1 as n — oo.

Proof Suppose that f(x) — [ as x — b and that (a,)5, is a sequence in
A\ {b} which tends to b as n — oo. Given ¢ > 0, there exists § > 0 such
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that if x € Nj(b) N A then |f(z) — | < e. There then exists ng such that
|an, —b| < d for n > ng. Then |f(ay) — | < € for n > ng, so that f(a,) —
as n — 00.

Suppose that f(x) does not converge to [ as @ — b. Then there exists € > 0
for which we can find no suitable § > 0. If n € IN then 1/n is not suitable,
and so there exists x,, € N{‘/n(b) N A with |f(zn) — | > €. Then z,, — x as
n — oo and f(z,) does not converge to [ as n — oo. O

We have the following general principle of convergence.

Theorem 6.1.3 Suppose that f is a real-valued function on a subset A
of R, that b is a limit point of A and that | € R. Then the following are
equivalent.

(i) There exists | such that f(x) — 1 as x — b.
(11) Whenever (a,)2, is a sequence in A\ {b} which tends to b as n — oo
then (f(an))se is a Cauchy sequence.
(iii) Given € > 0 there exists § > 0 such that if x,y € N;(b) then

[f(z) = f(y)l <e

Proof Suppose that (i) holds, and that(a, )52, is a sequence in A\ {b} which
tends to b as n — oo. By Proposition 6.1.2, f(a,) — [ as n — oo. Since a
convergent sequence is a Cauchy sequence, (ii) holds.

Suppose that (iii) fails. Then there exists € > 0 for which for each n € N
there exist ay,al, € Nf/n(b) N A with |f(an) — f(a),)] > €. Let cop—1 = ayn
and cg, = a),, for n € N. Then ¢,, — b as n — oo, and (f(¢,))52, is not a
Cauchy sequence. Thus (ii) fails: (ii) implies (iii).

Finally suppose that (iii) holds, and that e > 0. There exists 6 > 0 such
that if ,y € N5 (b) N A then |f(z) — f(y)| < €/2. Suppose that (a,)5 is a
sequence in A\ {b} which tends to b as n — oo. Then there exists ng such that
an € NX(b) for n > ng. Thus if m,n > ng then |f(a,) — f(am)| < €/2, and
50 (f(an)p2, is a Cauchy sequence. By the general principle of convergence,
there exists [ such that f(a,) — l asn — oo, and if n > ng then |f(ay,) —1] <
€/2. Thusif z € N§(b)N A then |f(z) =1 < |f(x)— f(an,)|+|f(an,) =] < €
f(x) — l as © — b. Thus (iii) implies (i). O

We now turn to a result which corresponds to Theorem 3.2.4. First we must
introduce the idea of one-sided convergence. Suppose that f is a real-valued
function on A and that b € R. Let A = AN(b,00) and let A_ = AN(—00, b).
Suppose that b is a limit point of A, — that is, (b,b 4 J) N A is non-empty,
for each § > 0. Then we say that f(x) tends to l as x — b from the right
if whenever € > 0 there exists 6 > 0 such that if z € AN (b,b+ ¢§) then
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|f(x)—1] < e. We then write f(x) — [ as x ™\, b, and denote [ by lim,\ 4 f(x),
or, more briefly, by f(b+). Similarly if f(z) tends to | as + — b from the
left, we denote the limit [ by lim, » f(z), or f(b—). Why do we use this
terminology? If we consider the graph of f, drawn in the usual way, the
variable x increases from left to right, and the values that the function f
takes increase in an upwards direction. We therefore use ‘left’ and ‘right’ for
the variable z, and reserve words such as ‘upper’ or ‘lower’ for the values of
the function.

Theorem 6.1.4 Suppose that f is a real-valued increasing function on A
and that b is a limit point of Ay = AN (b,00). If f is bounded below on Ay
then f(z) — inf{f(y) : y € Ay} as © — b from the right.

Similar results hold for ‘convergence from the left’, and for decreasing
functions.

Proof Let = inf{f(y):y € A+}. Suppose that ¢ > 0. Then [ + € is not a
lower bound for f on A, and so there exists a € Ay with f(a) <[+ €. Let
d=a—-bIlfze AN(b,b+ ) =AN(b,a) thenl < f(x) < f(a) <l+¢,s0
that f(x) — [ as © — b from the right. O

This theorem is quite as important as Theorem 3.2.4.
Corollary 6.1.5 If b is a limit point of Ay and A_ then f(b—) < f(b+).

Proof Forsup{f(z):z € A_} <inf{f(x):2z€ AT} 0

Suppose again that b is a limit point of a subset A of R, and suppose that
f is a real-valued function which is bounded on N (b) N A, for some ¢ > 0.
We can then define the upper and lower limits of f at b. For 0 < ¢t < 9, let
M(t) = sup{f(x) : x € N;j(b)}. Then M (t) is an increasing function on (0, )
which is bounded below. By Theorem 6.1.4 it follows that M (t) converges
to M(0+) = inf{M(s) : 0 < s < 6} ast \, 0. M(0+) is the upper limit or
limes superior of f at b, and is denoted by lim sup,_.; f(x). The lower limit,
or limes inferior liminf, ., f(x) is defined in a similar way.

The next theorem corresponds to Theorem 3.5.3.
Theorem 6.1.6 Suppose that b is a limit point of a subset A of R, and
suppose that f is a real-valued function which is bounded on Nj(b) N A, for
some 6 > 0. Then f(x) — | as x — b if and only if limsup,_,;, f(x) =
liminf, ., f(z) = 1.

Proof Another exercise for the reader. O
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As an example, suppose that x € (0,1]. If 0 < 1/(n+ 1) < z < 1/n,
set f(x) = n(n + 1)(x — 1/(n + 1)). Then limsup,_, f(z) = 1 and
liminf, .o f(z) = 0. The function f does not tend to a limit as x — 0,
but oscillates between the values 0 and 1.

»
—»

1 x

Figure 6.1b. limsup,_,, f(z) # liminf, ¢ f(z) = 0.

We can also consider limits as z — +o00 or as * — —o0. Suppose that A
is a subset of R which is not bounded above, that f is a real-valued function
on A and that | € R. Then we say that f(x) — [ as © — 400 if whenever
€ > 0 there exists zo € R such that if z € A and = > xg then |f(z) — | < e.
Similarly, if there exists zp such that f is bounded on A N [zg, 00), and we
define M (z) = sup{f(a) : a € AN[z,00)} for x > x(, then M (x) is a decreas-
ing function on [zg, c0) which is bounded below; we define limsup,_, . f(x)
as inf{M(z) : € [xp,00)}. The lower limit is defined similarly. Limits as
xr — —oo are defined in the same way. The reader should verify that all
the results of this section, with appropriate modifications, extend without
difficulty to these situations.

Exercises

6.1.1 Show that lim,_,o V1 + 2z + 22 = 1.
6.1.2 Show that(v1+z+ 22 —1)/(vV/1+2 — v/1 —1x) tends to a limit as
x — 0, and evaluate the limit.

6.2 Orders of magnitude

This section is a digression; it introduces some notation that is frequently
used, though we shall use it sparingly.

Suppose that f is a function defined on a subset A of R, and that b is a
limit point of A. Frequently, the principal point of interest is the behaviour of
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f near b, rather than its actual value. The O (big O) and o (little 0) notation
is used to describe the magnitude of f near b in terms of another, usually
simpler, function g.

Suppose that g is another real-valued function on A. We write

f(2) = O(g()) as & — b

if there exists 0 > 0 and M € R such that |f(x)| < M|g(x)| for z € N§(b)NA.
Suppose that there exists 6 > 0 such that g(z) # 0 for x € Nj(b) N A.
Then we write

f(z) = o(g(x)) as . — b

if f(x)/g(xz) — 0 as x — b and write
F(&) ~ g(x) as z — b

if f(x)/g(x) — 1asx —b.

We use the same notation when x — oo; thus f(x) = o(g(x)) as ¢ — oo if
f(z)/g(x) — 0 as © — oo. As a particular example, if (a,)5; and (b,)5
are real-valued sequences then a, ~ b, if a, /b, — 1 as n — oc.

For example, suppose that p(z) = ag + a1z + - - - + apx™ is a polynomial

function of degree n on R (with a,, # 0). Then

p(z) = O(z") as © — oo,
p(z) = o(z") as 2 — oo,
p(z) ~ apz™ as © — oo,
p(z) = O(1) as z — 0.

This notation arose in analytic number theory, where a complicated expres-
sion f is approximated by a simpler function g, and the interest lies in
estimating the magnitude of the difference. Thus it might be shown that
f(z)—g(x) = O(h(x)) as x — oo; in this case we write f(z) = g(x)+O(h(x)).
For example, if p is the polynomial above, then

p(z) = anz™ + O(2" 1) = apaz™ + o(2") as x — oo,
and p(z) = ag + a1z + O(x?) = ag + o(1) as x — 0.
Although this notation is expressive, its use requires care; in practice, it

is frequently advisable to expand any statement involving it into a more
standard form.
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6.3 Continuity

We now introduce the fundamental concept of continuity. Suppose that f
is a real-valued function defined on a subset A of R, and that a € A. f is
continuous at a if whenever e > 0 there exists 0 > 0 (which usually depends
on €) such that |f(z) — f(a)| < € for those x € A for which |x — a|] < § (that
is for © € Njs(a) N A). That is to say, as x gets close to a, f(z) gets close to
f(a). If f is not continuous at a, we say that f has a discontinuity at a.

Compare this definition with the definition of convergence. First, a must
be an element of A, so that f(a) is defined. Secondly, a need not be a limit
point of a. If it is, then f is continuous at a if and only if f(z) — f(a) as
x — a. If a is not a limit point, then it is an isolated point of A. In this case,
there exists 6 > 0 such that Ns(a) N A = {a}, so that if z € Ns(a) N A then
f(z) = f(a), and f is continuous at a; functions are always continuous at
isolated points.

We now have the following elementary results, which correspond exactly
to Theorem 6.1.1.

Theorem 6.3.1 Suppose that f, g and h are real-valued functions on a
subset A of R and that a € A.

(i) If f is continuous at a then there exists 6 > 0 such that f is bounded
on Ns(a) N A.
(ii) If f(x) =1 for all x € A, then f is continuous at a.
(iii) If f(a) = 0, f is continuous at a, and g(x) is bounded on Ns(a) N A
for some 6 > 0, then fg is continuous at a.
(i) If f and g are continuous at a then f + g is continuous at a.
(v) If f and g are continuous at a then fg is continuous at a.
(vi) If f(x) # 0 for x € A, and if f is continuous at a then 1/f is
continuous at a.
(vii) (The sandwich principle) Suppose that f(x) < g(x) < h(z) for all
x € Ns(a) N A, for some 6 > 0, that f(a) = g(a) = h(a) and that f
and h are continuous at a. Then g is continuous at a.

Proof These results follow directly from Theorem 6.1.1, and the remarks
above. O

Similarly, we have the following consequence of Proposition 6.1.2.

Proposition 6.3.2 Suppose that f is a real-valued function on a subset
A of R and that a € A. Then f is continuous at a if and only if whenever
an, — a as n — oo then f(a,) — f(a) as n — co.



154 Continuity

Continuity behaves well under composition.

Theorem 6.3.3 Suppose that f is a real-valued function on a subset A of
R and that g is a real-valued function on a subset B of R which contains
f(A). If f is continuous at a € A and g is continuous at f(a), then go f is
continuous at a.

Proof Suppose that € > 0. Then there exists n > 0 such that if b € B and
|b — f(a)] < n then |g(b) — g(f(a))|] < e. Similarly there exists 6 > 0 such
that if o’ € A and |’ — a| < 0 then |f(a’) — f(a)] < n. Thus if a’ € A and

" — a| <4 then [g(f(d')) — g(f(a))] <e. O

The proof is trivial: the theoretical importance and practical usefulness
are enormous.

Continuity is a local phenomenon. Nevertheless, there are many important
cases where f is continuous at every point of A. In this case we say that f is
continuous on A, or more simply, that f is continuous. Continuity on A can
be characterized in terms of open sets, and in terms of closed sets.

Proposition 6.3.4  Suppose that [ is a real-valued function on a subset A
of R. The following are equivalent:
(i) f is continuous on A;
(ii) if U is an open subset of R then f~1(U) is a relatively open subset
of A;
(iii) for each ¢ € R the sets U, = {x € A: f(z) > ¢} and L. = {z € A :
f(z) < c} are relatively open in A;
(iv) if F is a closed subset of R then f~1(F) is a relatively closed subset of
A;
(v) for each ¢ € R the sets F. = {x € A: f(x) > ¢} and G, = {z € A:
f(z) < ¢} are relatively closed in A.

Proof Suppose that f is continuous on A, that U is an open subset of R and
that z € f~1(U). Since U is open, there exists ¢ > 0 such that N(f(z)) C U.
Since f is continuous at z, there exists 6 > 0 such that if y € Ns(z) N A
then |f(y) — f(z)| < e. Thus Ns(z) N A C f~Y(U), and so f~1(U) is a
relatively open subset of A. Thus (i) implies (ii). Since U, = f~1((c, o0)) and
L.= f~1((—00,¢)), and (¢,0) and (—o0, ¢) are open, (ii) implies (iii).
Suppose that (iii) holds. Suppose that € A and that € > 0. Then the
sets Up(y)—e and Ly(,)4c are relatively open in A, and z is in each of them.
Thus Uy(z)—e N L)+ is relatively open, and there exists 6 > 0 such that
Ns(z) N A C Upz)—e N Lyg)4e thus if y € Ns(x) N A then f(y) > f(z) — €
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and f(y) < f(z) + ¢, so that |f(y) — f(z)| < e. Thus f is continuous at x.
Since this holds for all x € A, (iii) implies (i).

Finally, the equivalences of (ii) and (iv), and of (iii) and (v), follow by
considering complements. O

It is important that these conditions involve inverse images of open and
closed sets. Here is a simple example to show that similar results need not
hold for direct images. Let f(x) = 1/(1+ 2?). Then f is continuous on R, R
is both open and closed, and f(R) = (0, 1], which is neither open nor closed.
The continuous image of an open set need not be open, and the continuous
image of a closed set need not be closed.

We now consider some simple examples of continuous real-valued func-
tions, and of discontinuities, which will enable us to introduce some more
ideas.

1. Take A = R, and set i(z) = z. Then i is continuous on R;; if [z —a| < €
then |i(x)—i(a)| < €, so that we can take § = ¢, for each z € R. Combining
this with the results of Theorem 6.3.1, we see that all polynomial functions
on R are continuous.

2. The exponential function is continuous on R. First, note that if |h| < 1

then
2 3

h= h 11
" =AUl =lht o+ gp S+ G+ 5 +0) =20,

Suppose that a € R and € > 0. Let § = ¢/2e®. If |z — a| < § then
le® — e = |e®e™™ " — et = e — 1] < 2|x — ale® < 20e® = .

3. Take A = R, and set f(z) = x if z # 0 and set f(0) = 1. Then f is
continuous at every point of R except 0. The discontinuity at 0 is the
simplest sort of discontinuity; if we change the value at 0 to 0, we remove
the discontinuity. More generally, a real-valued function f on A has a
removable discontinuity at a if f(z) — l as x — a, and | # f(a). If we
redefine f(a) as [, then the discontinuity disappears.

4. Suppose that fis areal-valued function on a subset A of R, and that a € A.
We say that f is continuous on the right at a if whenever € > 0 there exists
d > 0 (which usually depends on €) such that |f(z) — f(a)| < € for those
x € Awitha < x < a+ 6. Continuity on the left is defined in a similar
way. f is continuous on the right if and only if either f(a+) = lim,\ 4 f(2)
exists and is equal to f(a), or there exists § > 0 such that (a,a+0)NA = (.
We say that f has a jump discontinuity at a if one of the following cases
holds:
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(i) f(a—) and f(a+) both exist and are different, and f(a) €
[f(a—), f(a+)] — in this case we have a jump of (positive or negative)
size f(a+) — f(a-);

(ii) f(a—) exists and is different from f(a), and f is continuous on the
right at a — in this case we have a jump of (positive or negative) size
F(@) - fla-);

(iii) f(a+) exists and is different from f(a), and f is continuous on the
left at a — in this case we have a jump of (positive or negative) size

fla+) = f(a).
[We give this cumbersome definition to allow for the possibility that
AN (a,a+d) or AN (a — d,a) may be empty for some 6 > 0.]

v A

f(a+) /

fl@)

fla-)

xX=a

Figure 6.3. A jump discontinuity.

Theorem 6.3.5 The only discontinuities of a monotonic function are
Jump discontinuities, and the set of discontinuities is countable.

Proof  The first statement follows from Theorem 6.1.4. For the second,
let D be the set of discontinuities of f. If d € D, let i(d) = (f(d—), f(d+))
[in case (i) above| or ((f(d—), f(d)) [in case (ii)], or ((f(d), f(d+)) [in case
(iii)]. Then the open intervals {i(d) : d € D} are disjoint, and their union
is open, and so D is countable, by Theorem 5.3.3. O

5. Suppose that A is a subset of R. Let I4 be the indicator function of A:
Ia(z) =1ifz € Aand Ix(x) =0if x ¢ A. If 2 € A° then there exists
d > 0 such that Ns(x) C A, and then I4(y) = Ia(x) = 1 for y € Ns(x).
Thus 14 is continuous at each point of A°. Similarly, /4 is continuous at
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each point of (C(A))° = C(A). What happens if x € 0A? If z € 0A and
d > 0 then there exit y € Ns(z) N A and z € Ns(z) N C(A), so that
I4(y) =1 and I4(z) = 0. Thus I4 is not continuous at x.

For example, the indicator function of Cantor’s ternary set is discontinuous
at points of C', and continuous at points of the complement of C. The
indicator function of the rationals has no points of continuity, since 0Q =
R.

6. Let f be the saw-tooth function

(@) = {z} for 2k < x < 2k + 1,
1 —{z} for2k+1<uz<2k+2,

for k € Z. Let g(x) = f(1/x) for x # 0, and let g(0) = 0. Then g has a
discontinuity at 0: g(z) oscillates in value between 0 and 1 as x — 0.

These examples by no means exhaust the ways in which a real-valued
function can be discontinuous.

We have seen that the continuous image of a closed set need not be closed.
The situation is different for bounded closed sets. We now use the Bolzano—
Weierstrass theorem to obtain some results of fundamental importance.

Theorem 6.3.6 Suppose that f is a continuous real-valued function on a
non-empty bounded closed subset A of R. The image f(A) = {f(z) : x € A}
s a bounded and closed subset of R. In particular, f attains its bounds: there
exist y,z € A such that f(y) = sup{f(x) : © € A} and f(z) = inf{f(z) :
x € A}

Proof First, suppose, if possible, that f is not bounded. Then for eachn € N
there exists a,, € A with |f(ay)| > n. By the Bolzano—Weierstrass theorem
there exists a subsequence (ay, )3 ; which converges to an element a € A as
k — oo. Since f is continuous, f(an,) — f(a) as k — oo (Proposition 6.3.2),
and so (f(an,))3>, is bounded, giving a contradiction.

Secondly, suppose that b € f(A). Then there exists a sequence (a,)>>,
in A such that f(a,) — b as n — oo. By the Bolzano—Weierstrass theorem
there exists a subsequence (ay, )72 ; which converges to an element a € A as

k — oo. Since f is continuous, f(ay,,) — f(a) as k — oo (Proposition 6.3.2).
But f(a,,) — bask — oo, and so b = f(a) € f(A). Thus f(A) = f(A), and
f(A) is closed. O

Suppose that f is a real-valued function defined on an interval I and that
a is an interior point of I. f has a local maximum at a if there exists § > 0
such that (a —d,a+6) C I and f(z) < f(a) forall z € (a —6,a+0). A local

minimum is defined similarly.
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Corollary 6.3.7 Suppose that [ is a continuous real valued function on
an interval I which has no local maximum or local minimum. Then f is a
monotonic function on I.

Proof Suppose that f is not monotonic. Then there exist a < d < bin [
such that either f(a) < f(d) > f(b) or f(a) > f(d) < f(b). Consider the
restriction of f to [a,b]. In the former case, f attains its supremum at a point
c of [a,b]. Since f(c) > f(d) > max(f(a), f(b)), cis an interior point of [a, b],
and c is a local maximum of f. In the second case, f has a local minimum in
[a, b]; the proof is exactly similar. O

Theorem 6.3.8 Suppose that [ is an injective continuous real-valued
function on a non-empty bounded closed subset A of R. Then the inverse
mapping f~1: f(A) — A is continuous.

Proof Let h = f~1. If F is a closed subset of R, then h=1(F) = f(F N A),
which is closed in R, by Theorem 6.3.6, and is therefore closed in f(A). Thus
h is continuous, by Theorem 6.3.4. O

If f is a continuous real-valued function on a set A, and ¢ > 0, then for
each x € A there exists a § > 0 such that f(Ns(z) N A) C N(f(x)). In
general, the value of § depends on . To take a very easy example, consider
the continuous real-valued function f(z) = 22 on R. Then if e > 0 and 2 > 0
then

(x4 ¢/22)* = 2% 4 € + € /42® > 2° + ¢,

and so § must be smaller than €/2z. Thus it is not possible to find a single
0 > 0 that will work for all x. There are however important cases where for
each € > 0 a single § will do. This merits a definition. Suppose that f is a
real-valued function defined on a subset A of R. f is uniformly continuous
on A if whenever € > 0 there exists 6 > 0 (which usually depends on €) such
that if z,y € A and |z — y| < J then |f(x) — f(y)| <e.

Theorem 6.3.9 Suppose that f is a continuous real-valued function on a
non-empty bounded closed subset A of R. Then f is uniformly continuous

on A.

Proof Suppose not. Then there exists € > 0 for which we can find no suitable
6 > 0. Thus for each n € N there exist elements a, and b, in A with
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|an, —bn| < 1/nand |f(a,)— f(by)| > €. By the Bolzano—Weierstrass theorem
there exists a subsequence (an, )72 ; which converges to an element a € A as
k — oo. Since ay, — by, — 0 as k — oo, by, — a, as well. Since f is
continuous at a, f(an,) — f(a) and f(b,,) — f(a) as k — oo, so that
flan,) — f(bp,) — 0 as k — oco. As |f(an,) — f(bp,)| > € for all k € N, we
have a contradiction. |

We have seen that it is not always possible to exchange limiting procedures
when we consider a double sequence. Similar phenomena occur when we
consider a sequence of functions of a real variable, or a function of two real
variables. For example, let f(z,y) = e */¥ for z > 0,3 > 0. Then

lim <lim f(x,y)) =liml1l=1

Tr—00 Yy—00 T—00

lim (lim (;r,y)) == lim 0=0.
Y—00 \T—00 Yy—00

Similarly, let f,(z) = 2", for x € [0,1] and n € N. Then each function f,
is continuous on [0,1]. Let f(z) = 0in 0 < z < 1 and let f(1) = 1. Then
fu(x) — f(x) for each = € [0, 1], and e is not continuous at 1.

There is however one easy and important case, where limits are taken of
increasing functions or sequences, and sums are taken of positive elements.
We shall prove just one case, which we shall need later.

Theorem 6.3.10 Suppose that fn(x) is a sequence of non-negative
increasing functions on an interval [a,b], each of which is continuous on

the left at b. Then
> fa(b) = lim (Z fn<x>> :
n=1 n=1

(Here the sums and limit can be finite or infinite.)

Proof If 3°7° | fu(c) = oo for some ¢ € [a,b), then > >°, fn(z) = oo for
z € [c,b], and the result holds. Otherwise, the mapping z — > 7 | f,(z) is
increasing, and so

sup Y fu(z) = lim Y fu(x).
n=1

a§x<bn:1
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Hence

6.3.1

6.3.2

6.3.3

6.3.4

6.3.5

Continuity
fn b) = sup fn b
,;1 (b) meNnZ::l (b)

m
= sup | sup an(x)
meN a§m<bn:1

m
= sup (sup an(x)>
a<z<b \ meN n—1

oo oo
= Sup an(l’) = lim an(x)
a<z<b 1 n—1
Od
Exercises

A real-valued function on R is periodic if there exists a non-zero num-
ber ¢t such that f(z +t) = f(z) for all z € R. Suppose that f is
periodic. Show that

{teR: f(z+1t)= f(z) for all z € R}

is a subgroup of R. Show that if f is continuous and not constant, then
it is a proper closed subgroup of R, and that there is a least positive
t such that f(z +1¢) = f(z) for all x € R; t is the period of f.

Show that the exponential function is strictly increasing on R, that
it is not uniformly continuous on R, but that its restriction to any
semi-infinite interval (—oo, A] is uniformly continuous.

Define a real-valued function f on (0,1) as follows. If r is rational
and r = p/q in lowest terms then f(r) = 1/¢; if x is irrational, then
f(z) = 0. Show that f is continuous at every irrational point of (0, 1),
and that f is discontinuous at every rational point of (0, 1).

Suppose that f and g are continuous real-valued functions on A and
that h(x) = max(f(x), g(z)), for x € A. Show that h is continuous.
Give an example of a sequence (f,)5, of non-negative continuous
real-valued functions on [0, 1] for which inf,cN f,, is not continuous.
Suppose that A is a non-empty subset of R. Let d4(x) = inf{|z —a| :
a € A}, for x € R.

(a) Show that |da(z) — da(y)| <
(b) Show that {x € R:da(x) =

0} = A.
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(¢) Suppose that A is closed and that B is compact. Show that
there exist @ € A and b € B such that |a — b| = inf{|z — y| :
a€ A ye B}

(d) Suppose further that A and B are disjoint. Show that there exist
disjoint open sets U and V such that A C U and B C V.

(e) Suppose that A and C' are disjoint closed subsets of R. Show that
there exist disjoint open sets U and V such that A C U and
CcCV.

6.3.6 Let K be a closed subset of [0,1] containing 0 and 1, and let f be
a continuous real-valued function on K. Extend f to [0,1] by linear
interpolation: if x € [0,1] \ K let | = sup{k € K : k < x}, let
r=inf{k € K : k > z}, and let

r—x xz—1

f{) +

flx) = f(r).

r—1 r—1

Show that the extended real-valued function f is continuous on [0, 1].

6.3.7 Give an example of a continuous injective real-valued function f on a
closed subset A of R for which the inverse function is not continuous.

6.3.8 Show that if f is a uniformly continuous real-valued function on a
subset A of R then f extends to a uniformly continuous function g
on A, and that the extension is unique. Give an example to show that
the corresponding result for continuous real-valued functions is false.

6.3.9 At the jth stage in the construction of Cantor’s ternary set C, we
remove 2771 intervals, each of length 1/37. List these intervals from
left to right as Iy j,...Io-1; — that is, sup(l;;) < inf(l41,;) for
1 < i < 271 Define a function f on [0,1] \ C by setting f(z) =
(26 — 1)/27 for € I; ;. Verify that f is an increasing function on
[0,1]\C. Set f(1) =1,and ifz € C'and = # 1, set f(z) = inf({f(y) :
y > x,y € [0,1]\ C'}. Show that f is a continuous increasing function
on [0, 1]. This is the Cantor—-Lebesgue function.

6.3.10 Suppose that f is a real-valued function on R which satisfies f(z+y) =
f(x) + f(y) for all z,y € R, and which is continuous at 0. Show that
there exists A € R such that f(x) = Az for all z € R.

6.3.11 Suppose that f is a continuous real-valued function on [0,1] with
f(0) = f(1) = 0. Suppose that for each 0 < z < 1 there exists
h>0,with0<z—-h<ax<xz+h <1, such that

f(@) = (f(z —h) + f(z+h))/2.

Show that f(z) = 0 for all z € [0, 1].
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6.3.12 If Q € N, let @, be the set of rationals p/q in [0, 1], where p and ¢
are coprime. Suppose that n € N and that x € [0, 1]. If there exists
p/q € Qg such that |z —p/q| < 1/2n% let f,(z) = (1—2n%|x—p/q|)/q;
otherwise let f,(z) = 0. Show that f, is a well-defined function on
[0,1] and that f is continuous. Show that for each z € [0,1], fn(z)
converges to f(x) as n — oo, where f is the function defined in Exer-
cise 6.3.3. The point-wise limit of continuous functions can have a
dense set of discontinuities.

6.4 The intermediate value theorem

We now consider a continuous real-valued function defined on an interval /.
Suppose that f is continuous on I, that a,b € I, and that f(a) is negative
and f(b) is positive. Then intuition suggests that f(c) = 0 for some point ¢
in the interval [a, b]. This is indeed so, but we must prove it. The result is a
consequence of the connectedness of the interval [a, b].

Theorem 6.4.1 Suppose that f is a continuous function on an interval
1, that a,b are points of I with a < b, and that f(a) < v < f(b). Then there
exists a < ¢ < b such that f(c) =v.

Proof We give two proofs. The first uses the connectedness of I. Let L =
{z € [a,b] : f(x) <v}andlet G = {z € [a,b] : f(x) > v}. Then L and G
are disjoint non-empty relatively open subsets of I. Since [a, b] is connected,
it follows that [a,b] # L UG} if ¢ € [a,b] \ (L U G) then f(c) = v.

For the second proof, we use repeated dissection, as in the second proof
of the Bolzano—Weierstrass theorem. Set ag = a and by = b. Let dy =
(ap + bo)/2. If f(dg) > v, we set a3 = ag and by = dy. Otherwise,
f(do) < v, and we set a1 = dp and by = by. Thus by — a1 = (b — ap)/2,
and f(a1) < v < f(b1). We now iterate this procedure recursively. At the
Jjth step, we obtain a closed interval [a;, b;] contained in [a;_1,bj—1] with
bj—a; = (bp—ap)/2?, and with f(a;) < v < f(b;). Then the sequence (aj)3%0
is increasing, the sequence (bj)?io is decreasing, and both converge to a com-
mon limit ¢. Then f(c) = lim; . f(a;) < v and f(c) = limj_o f(b;) > v,
so that f(c) = v. O

Of course, a similar result holds if f(a) > f(b).

Corollary 6.4.2 If f is a continuous function on an interval I then f(I)
s an interval.

Corollary 6.4.3 If f is a continuous strictly monotonic function on an
open interval I then f(I) is an open interval.
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Proof 1If I is open and x € I, there exist a,b € I with a < x < b, so that

f(z) € (f(a), f(b)) € f(I); f(I) is open. O

Proposition 6.4.4 If f is a continuous function on an interval I then f
is ingective if and only if f is strictly monotonic.

Proof 1If f is strictly monotonic, then certainly f is injective. Suppose that
f is not strictly monotonic, and suppose for example that a < b < ¢ while
fla) < f(e) < f(b). Then there exists d € [a,b] such that f(d) = f(c),
contradicting the fact that f is injective. Other possibilities are dealt with in
the same way. O

Proposition 6.4.5 If f is a strictly monotonic function on an interval 1
then f=1: f(I) — I is continuous.

Proof Suppose without loss of generality that f is strictly increasing. Sup-
pose that b € f(I) and that ¢ > 0. Suppose that a = f~(b) is an interior
point of I. There exist ¢,d € I witha —€ < ¢ < a < d < a + ¢. Then
fle) < fla) =b< f(d); let 6 = min(b— f(c), f(d) —b). If |y — b|] < §, then
fle) <y < f(d), so that ¢ < f~1(y) < d, and |f~1(y) — f~1(b)| < €. The
case where a is an end-point of I is left to the reader. O

Note that in this last proposition we do not require f to be continuous.
We can now establish the existence of nth roots of positive numbers
without the need for any subsidiary calculations.

Corollary 6.4.6 Ifa > 0 and k € N then there exists a unique y > 0 such

1/n

that y* = a. Let y = a'/™. The the mapping a — a'/™ : (0,00) — (0,00) is

continuous.

Proof The function f(x) = z™ is a strictly increasing continuous function
on (0,00), so that f((0,00)) is an interval. Since f(z) — 0 as x — 0 and
f(x) — coasx — oo, f((0,00)) = (0,00). Thus f~! is a continuous bijection
of (0,00) onto (0,00). If a € (0,00) then y = f~!(a) is the unique positive
nth root of a. O

We also have the following.

Proposition 6.4.7 Suppose that p is a real polynomial of odd degree n.
Then there exists x € R with p(x) = 0.

Proof Without loss of generality, we can suppose that p is monic, so that p =
2" +a,_12" 1+ - 4ag. We shall show that p takes both positive and negative
values. If  # 0 then p(x) = 2" (14 ¢(x)), where ¢(x) = ap—1/x+---+ap/z".
Since aj/a:"*j —0asz — ooand asx — —oo, for 0 < j < n—1, there exists
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R > 0 such that |¢(x)| < 1/2 for |x| > R. Then 1+ ¢q(x) > 1/2 for |z| > R, so
that p(—R) < —R"/2 < 0 and p(R) > R"/2 > 0. By the intermediate value
theorem there exists « € [—R, R] for which p(z) = 0. ]

We have the following fixed-point theorem.

Theorem 6.4.8 Suppose that [a,b] is a closed bounded interval and that
f:]a,b] = [a,b] is continuous. Then there exists ¢ € [a,b] with f(c) = c.

Proof If f(a) = a or if f(b) = b, there is nothing to prove. Otherwise,
let g(x) = = — f(x). Then g(a) = a — f(a) < 0 and g(b)=b— f(b) > 0.
By the intermediate value theorem, there exists ¢ € [a,b] with g(c) =
c— f(e)=0. O

Exercises

6.4.1 Suppose that 0 < a < b. Find lim,,_(a” + b")1/".

6.4.2 Show that n'/" — 1 as n — oo.

6.4.3 Does (n!)!/™ converge, as n — oo?

6.4.4 Give an example of a continuous bijective map of (0, 1) onto itself with
no fixed point.

6.4.5 Let f(x) = z for x rational and f(z) = 1—x for f irrational. Show that
f is a bijection of [0, 1] onto itself, and that f has exactly one point of
continuity. Can you find a bijection of [0, 1] onto itself with no points
of continuity?

6.4.6 Suppose that f is a continuous periodic function on R, and that ¢t > 0.
Show that there exists z € R with f(z) = 3(f(z +t) + f(z — t)).

6.4.7 Suppose that f(x) is a continuous function on [0, 1] with f(0) = f(1).
(a) Use the intermediate value theorem to show that there exists 0 <

x <1/2 with f(x) = f(x +1/2).

(b) Suppose that n € N and that n > 1. By considering the sequence
(f((G—1)/n) = f(j/n))7-; show that there exists 0 <z <1-1/n
such that f(x) = f(x + 1/n).

(c) Suppose that 0 < A < 1 and that 1/A is not an integer. Let h(x) =
f(2/N)x — f(2z/)), where f is the saw-tooth function of Section
6.3. Show that there exists no z € [0,1 — A] with h(x) = h(z + ).

6.5 Point-wise convergence and uniform convergence

Suppose that ()72 is a sequence of real-valued functions on a set S, and
that f is another such function. The sequence (f,,)52 converges point-wise
to fif fr(s) — f(s) for each s € S. More formally,
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o the sequence (fy,)22, converges point-wise to f if for each s € S and each
€ > 0 there exists ng € N such that | f,,(s) — f(s)| < € for all n > ny.

Note that the choice of ng depends on both € and s. This is a very natural
idea to consider, but it turns out that point-wise convergence is too weak for
many purposes, and is awkward to work with. A stronger, and more tractable
notion is that of uniform convergence. Here the number ng depends only on
€: the same value works for all s € S. Formally,

e the sequence (f,)5; converges uniformly to f on S if for each € > 0 there
exists ng € N such that |f,(s) — f(s)| < e for all n > ng and all s € S.

Let
2nx for 0 <z <1/2n,
folx)=¢2—=2nz for1/2n <z <1/n,
0 otherwise.

Then f,(0) = 0, and if 0 < =

fn converges point-wise to 0 on |

fn(1/2n) =1, for n € N.
Uniform convergence is particularly useful when we consider continu-

< 1 then fy(z) = 0if n > 1/x, so that
0, 1]. It does not converge uniformly, since
ity. Here is the fundamental result connecting continuity and uniform
convergence: it is very easy, but very important.

Theorem 6.5.1 Suppose that (f,)22 is a sequence of continuous real-
valued functions defined on a subset A of R and that f, converges uniformly
to a function f, as n — oo. Then f is continuous on A.

Proof Suppose that zg € A and that € > 0. Then there exists ng € N
such that |f,(2) — f(z)] < €/3 for n > ng and for all z € A. Since f,, is
continuous at zp, there exists 6 > 0 such that if z € A and |z — 29| < J then
| fro (2) — fno(20)| < €/3. For such z,

£ (2) = f(20)| < 1 (2) = fo (2)] 4 [frg (2) = fino (20)] + [ fng (20) = f(20)]
<€/3+€/3+¢€/3=c¢. O

Let f,,(x) = 2™ for x € [0,1]. Then f,(z) — 0for0 < x < 1,and f,(1) =1,
so that f, converges point-wise on [0,1] to a discontinuous function; the
point-wise limit of continuous functions need not be continuous.

An infinite series > 7 f, of real-valued functions on a set S converges
point-wise, or uniformly, if the sequence of partial sums does. It is said to
converge absolutely uniformly if Y~ ° | fn| converges uniformly.
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Proposition 6.5.2 If an infinite series -~ fn of real-valued functions
on a set S converges absolutely uniformly, then it converges uniformly.

Proof Foreach s € S, > > fn(s) converges absolutely, and therefore con-
verges to t(s), say. Suppose that € > 0. Then there exists ng such that
diemi1 | f(8)] <€ forng <m <mandforallse S IfseSandm > ng
then

D Fi(s) —ts)| = T [ fi(s) =D fi(s)
. P par
:hm|ZfJ \<hm Z|f] ) <e.

Jj=m+1 j=m+1
Since this holds for all s € S, Y~ | f,, converges uniformly to . O
Here is a simple test for absolute uniform convergence.

Proposition 6.5.3 (Weierstrass’ uniform M test) Suppose that > -7 o fn
is an infinite series of real-valued functions on a set S, and that (M), is
a sequence in RY for which |f,(s)] < M, for all s € S and alln € Z*. If
Yot g My, < 00, then > 02 fn converges absolutely uniformly.

Proof An easy exercise. O

We shall consider uniform convergence in a more general setting in
Volume II.

Exercises

6.5.1 Let (r,)5%, be an enumeration of the rationals in [0, 1], with ro = 0,
r1=1.Ifx € [0,1], let fo(z) =z, let fi(x) =1 — 2 and let

x /7K if0 <<y
filw) = {(1 —2)/(1-my) ifrp<z<l

for k > 1. Let gn(z) = Y50 (fr(x))"/2", for n € N.

(a) Show that the sum converges uniformly on [0, 1], so that g, is a
continuous function on [0, 1].

(b) Show that g,(rx) — 2rg as n — oo, for each k € Z™*, and that
gn(y) — 0 as n — oo, for each irrational y in [0, 1].

(¢) Let h(z) = lim,— oo gn(x). Show that H is discontinuous at the
rational points of [0, 1] and is continuous at the irrational points.
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6.5.2 Construct a sequence (f,)22, of continuous functions such that
Y neo | fn| converges point-wise and y .~ , f, converges uniformly, but
not absolutely uniformly.

6.5.3 Prove Weierstrass’ uniform M test.

6.5.4 Dirichlet’s test for uniform convergence. Suppose that (fj)}?io is a
decreasing sequence of non-negative real-valued functions on a set
S which converges uniformly to 0 and that (z;)72, is a sequence
of real-valued functions on S for which the sequence of partial
sums (37 2j)nlo is uniformly bounded: there exists M such that
| 350 2i(s)] < M for alln € ZT and all s € S. Use Abel’s formula to
show that » 7% a;z; converges uniformly.

6.6 More on power series

We now consider the continuity of functions defined by power series. These
are complex-valued functions, and we need to introduce the notion of the
continuity of a complex-valued function of a complex variable. The definition
is essentially the same as the definition of continuity of a real-valued function
of a real variable. Suppose that f is a complex-valued function defined on a
subset A of C, and that zg € A. Then f is continuous at zg if whenever € > 0
there exists 6 > 0 such that if z € A and |z — 29| < d then |f(2) — f(20)] <
€. f is continuous on A if it is continuous at each point of A. (Of course,
a real-valued function defined on a subset A of R can be considered as a
complex-valued function, and A can be considered as a subset of C: the
two definitions of continuity are then trivially the same.) The reader should
convince himself or herself that, except for the sandwich principle, which
has no obvious analogue, the statements for complex-valued functions of a
complex variable which correspond to the statements of Theorems 6.3.1 and
6.3.3 and Proposition 6.3.2 are also true. In particular, polynomial functions
on C are continuous on C.

There is also a complex version of Theorem 6.5.1. The proof is the same
as in the real case.

Theorem 6.6.1 Suppose that (fn)>2, is a sequence of continuous real-
valued functions defined on a subset A of R and that f, converges uniformly
to a function f, as n — oo. Then f is continuous on A.

Complex versions of the Weierstrass M test and Dirichlet’s test also hold
(Exercises 6.5.3 and 6.5.4).

Suppose that > ° ;a,2" is a complex power series with non-zero radius
of convergence R. If |z| < R, let f(z) = 2 anz".
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Theorem 6.6.2  Suppose that Y > anz"™ is a complex power series with
radius of convergence R. If r < R then ) 7 ,a,z" converges absolutely
uniformly on {z : |z| < r} and the function f(z) =2 janz™ onz:|z| < R
is continuous on z : |z| < R.

Proof Choose r < s < R, and let My = sup,,cz+ |an|s". Then

> n e T\, e r\"  Mss
> o = 3l ()" < o (5 = 2 <o

n=0 n=

and if |z| < r then |a,2"| < |ay|r™. Applying Weierstrass’ uniform M test
(Exercise 6.5.3) and Theorem 6.6.1, it follows that > ; a, 2™ converges abso-
lutely uniformly on the set {z : |z| < r} to a function which is continuous on
{z :|z| <r}. If |z] < R, choose r with |z| < r < R. Then f is continuous on
the set {z : |z| < r}, and so, considered as a function on the set {z : |z| < R},
it is continuous at z. O

Note that the proof depends only on the convergence of a geometric series.
This simple idea is very powerful, and we shall use it, and the convergence
of series such as ) 7 n*r" where 0 < r < 1 and k € N, many times in the
future.

Provided that their radii of convergence are positive, different power series

define different functions.

Theorem 6.6.3  Suppose that the power series Y - anz™ and > 2 bpz"
each have radius of convergence greater than or equal to R > 0. Let f(z) =
Yoo anz" and g(z) = > 07 g bpz™, for |z| < R. Suppose that ()3, is
a null sequence of non-zero complex numbers in {z : |z| < R} such that

f(zk) = g(zk) for all k € N. Then a,, = by, for alln € Z+.

Proof 1If not, let N be the least integer for which ay # by, Let

N-1 0o 0o
In(z) = f(z) — Z anz" = Z a2 = 2N (Z an+NZ”> = NFy(2),
n=0 n=N n=0

and let

N-1 00 o
gy (2) = f(z) — Z bp2" = Z b2 = 2N (Z bn+Nz"> = NG (2).
n=0 n=N n=0

Then fn(zx) = gn(zx) for all k € N, and so Fiy(zx) = Gn(z) for all k € N.
Since Fin(z) = > 07 gantn2"™ for |z| < R, Fy is continuous at 0. So is G,
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and so
anN = fN(O) = lim FN(Zk) = lim GN(Zk) = GN(O) = bN,
k—o0 k—o0

giving a contradiction. O

This means that if we obtain two power series for the same function, we
can ‘equate coefficients’.

Suppose that that the power series Y 2 anz™ has radius of convergence
1. What can we say about ) ° a,? We begin with an easy result.

Proposition 6.6.4 Suppose that the power series Y -~ anz" has radius
of convergence 1. The following are equivalent.

(i) The series Y ", ay is absolutely convergent.
(i) S0 o anz™ converges uniformly on D = {z : |z| < 1} to a continuous
function f on D.
(iii) The set {> 77 o lan]z™ : 0 < x < 1} is bounded.

Proof Since |a,z"| < a, for z € L1, the equivalence of (i) and (ii) follows
from the complex version of Weierstrass’ uniform M test (Exercise 6.5.3). If
(i) holds, then f is bounded on D, since Y oo lan|z™ < > o |ay|, and so
(iii) holds. Finally, suppose that (iii) holds, and that

o
M:sup{2|an|x":0§w<1}.

n=0
If N € N then
N N
Z lap| = lim Z lap|z™ < M,
n=0 v/ n=0
so that > ;|an| < M, and (i) holds. O

What happens if Y > a, is conditionally convergent? First the radius of
convergence is at least 1, since the sequence (a,), is bounded. If it were
greater than 1, then ) 7 ja, would converge absolutely. Consequently the
radius of convergence is 1.

Theorem 6.6.5 (Abel’s theorem) Suppose that the series Y > an is
convergent, to s, say. Then Y > anz" — s asz /' 1.

Here we only consider real values of x. A stronger result is obtained in
Exercise 6.6.2.

Proof By replacing ag by ag — s, we can suppose that s = 0. Let s, =
> i—oaj, for n € ZT. The sequence (s,)p2 is bounded: let M = sup{|s| :
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n € Zt} If 0 < z < 1, the series Y 7 jana™ converges absolutely; let
its sum be f(x). The series Y~ 2" also converges absolutely, and so by
Proposition 4.6.1, the convolution product Y ° ; ¢,x™ converges absolutely
to f(z)/(1 — ). But ¢, = sy, and so f(z) = (1 —x) Y 2 spa™

Suppose that 0 < € < 1. Let n = €/2. There exists ng such that |s,| < 7
for n > ng, and so

o o0 o0
(1 —xz) Z spx”| < n(l —x) Z " <n(1 —l‘)ZﬂS‘n =.
n=ng n=ng n=0
On the other hand,
no—1
[(1—2) Y spa”| < (1—a)Mno.
n=0

If1—n/(M+1)ng <z < 1 then (1 —z) 3" ! s,2"| <7, and so

]Zanx"\ =|f(x)] =|(1 —m)anaﬁ"[ <2n=e.
n=0

n=0

O
The next result involves a decreasing sequence of non-negative coefficients.

Proposition 6.6.6 Suppose that (ay)52 is a decreasing null-sequence of
positive numbers, and that " anz" has radius of convergence 1. Suppose
that 0 < § < 1. Then > ;" janz" converges uniformly on the set

Ps={zeC:|z| <1,|z—1| > d}.
Proof Let t,(z) = 2", for z € Pj, so that t, € C(F5). Then
n ontl

S uel=1 =
=0

j=0

2
<77
Y

so that HZ?:O th < 2/6. The result now follows from Dirichlet’s test for

uniform convergence (Exercise 6.5.4). O

Suppose that the power series > 7 janz" has positive radius of conver-
gence R, and that ag # 0. The function f(z) = > 7 anz" is continuous on
Ur = {z : |2| < R} and so there exists 0 < r < R such that if |z| < r then
f(2) # 0, and we can consider the function 1/f(z). Can it be expressed as a
power series?
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Theorem 6.6.7 Suppose that the power series > > anz" has positive
radius of convergence R, and let f(z) = > 7" janz" for z € Ug. Suppose that
0 < S < R, and that f has no zeros in the disc Us = {z : |z| < S}. Then
there exists a power series y > 2" with positive radius of convergence T
such that, if we set g(z) = Y .2 2" for z € Up, then f(z)g(z) =1 for
|z| < min(S,T).

Proof By multiplying f by aal, we can suppose that ag = 1. (We do this to
simplify the calculations.) Since the series Y 2 a,2" converges absolutely
for |z| < R, and since the function ) > | |a,|t" is continuous on [0, R), there
exists ¢ > 0 such that Y7 |a[t" < 1.

In order to see how to proceed, we consider the product of the two series.
We require that cg = 1 and that Z?:o ajc,—j = 0 for n € N. Thus we require
that

n
— Zajcn_j forj € N.
j=1
This provides a recursive formula for the sequence (c,)52,. We now show
that the series Y - ; ¢, 2™ has radius of convergence at least ¢. First we show,
by induction, that |c,[t" < 1 for all n. The result is true if n = 0. Suppose
that it is true for j < n. Then

n

n
lealt™ = IS (a;7) (enmjt™™) Zrajrt (lew-glt") <3 Jaglt! < 1,
j=1

7=1 J=1

establishing the claim. If |z| < ¢ then > > |cp2"| < D07 (|2]/t)" < o0, so
that the series > 7 ¢, 2™ has positive radius of convergence 7', with T" > ¢.
Finally, if |z| < min(S,T) then f(2)g(z) = 1, by Proposition 4.6.1. O

Exercises

6.6.1 Suppose that f is a complex-valued function on a subset A of C. Show
that f is continuous on A if and only if its real and imaginary parts
are continuous, and if and only if f is continuous. Show that |f| is
continuous if f is.

6.6.2 Suppose that the series Y 7 a, is convergent, to s, say. Suppose that
K > 0. Let Wg = {2z : |1 — 2| < K(1 — |z|} Sketch Wg. Show that
Yoo anz" — sasz — 1in Wk.

6.6.3 State and prove Weierstrass’ uniform M test for complex-valued
functions.
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6.6.4 Dirichlet’s test for uniform convergence: the complex case. Suppose
that ( fj)j’io is a decreasing sequence of non-negative real-valued func-
tions on a set S which converges uniformly to 0 and that (zj)j?’;’o is a
sequence of complex-valued functions on S for which the sequence of
partial sums (3°7_ 2j)p2, is uniformly bounded: there exists M such
that | 327, zj(s)| < M foralln € Z* and all s € S. Use Abel’s formula
to show that » 2% a;jz; converges uniformly.
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Differentiation

7.1 Differentiation at a point

We now restrict attention to real-valued functions defined on an interval.
Suppose that f is a real-valued function on an interval I, and that a is an
interior point of I, so that there exists > 0 such that (a —n,a +1n) C I.
Then f is differentiable at a, with derivative f'(a), if whenever € > 0 there
exists 0 < 0 < 7 such that if 0 < |z — a] < § then

f(z) — f(a)

()

< €.

In other words, (f(z) — f(a))/(z —a) — f'(a) as x — a. Thus if f is differen-
tiable at a, then the derivative f/(a) is uniquely determined. The derivative
f'(a) is also denoted by %(a).

Note that if 0 < |z — a| < min(d, 1) then

|f(x) — f(a)] < ‘Jw

Jr —al <k,

so that f is continuous at a.
This definition of the derivative involves division. It is convenient to have
characterizations which avoid this.

Proposition 7.1.1  Suppose that f is a real-valued function on an interval
I, that a is an interior point of I, that (a —n,a +n) C I and that | € R.
The following are equivalent.

(i) f is differentiable at a, with derivative [.
(i) There is a real-valued function r on (—n,n) \ {0} such that

fla+h) = f(a) +1lh+r(h) for 0 < |h| <n

for which r(h)/h — 0 as h — 0.
173
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(ii1) There is a real-valued function s on (—n,n) such that
fla+h) = f(a)+ I+ s(h))h for |h] <n
for which s(0) =0 and s is continuous at 0.

Proof Conditions (i) and (ii) are equivalent, since

r(h) _ fla+h)—fla)
h h ’

and (ii) and (iii) are equivalent, since s(h) = r(h)/h for h # 0. O

There are several closely related reasons for considering differentiability.
Suppose that b € I and that b # a. Then the graph of the function [,

defined by
laola) = fa) + 1O =S

is a straight line which includes the line segment [(a, f(a)), (b, f(b))]. The

quantity (f(b) — f(a))/(b— a) is the slope of the line. Thus f is differentiable
at a, with derivative f'(a), if and only if the slope tends to f’(a) as b tends

(z —a)

to a. If so, then the graph of the function ¢, defined by

ta(z) = f(a) + f'(a)(z — a)
is the tangent to the graph of f at a.

flath) F=====~

———— e ——

F N

- ==\ ===

|
|
|
|
|
|
Il
a

=y

a+h

Figure 7.1. Differentiation, and the tangent.
If |h| < n, and we write
fla+h)=tu(a+h)+7r(h) = f(a)+ f'(a)h + r(h)
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then r(h)/h — 0as h — 0, so that r(h) = o(|h|) and ¢, is a linear approxima-
tion to f near a. Further, a small change h in the variable produces a small
change approximately equal to f/(a)h in the value of the function f, so that
f'(a) is the rate of change of f at a.

Let us give some easy examples.

Example 7.1.2 The function f(z) = 2", withn € N, n > 2.

By the binomial theorem,
fla+h) =a™ +na"th +r(h), where r(h) = h%q(h),

with ¢ a polynomial in & of degree n — 2. Thus r(h)/h — 0 as h — 0, and so
f is differentiable, with derivative na™ .
Example 7.1.3 The function f(z) = 1/z, on (0,00), or on (—0o0,0).

If 0 < |h| < |a| then

fla+h) - fla) = —(Zh) so that f<a+h}1—f<a> . _é

as h — 0. Thus f is differentiable at a, with derivative —1/a?.
Example 7.1.4 The real exponential function exp(z) on R.

Since exp(a + h) = exp(a)exp(h), it follows that exp(a + h) =
exp(a) + exp(a)h + s(h)h, where

ex -1- 2
s(h) = exp(a)p(h)hlh = exp(a) (h + h= + - ) ,

so that if |h| < 1 then

exp(a)lh|
2

exp(a)|h|

s(h)] < (1+|h|+|h|2+"‘):m,

and s(h) — 0 as h — 0. Thus exp is differentiable, and the derivative at a is

exp(a).
Here are some basic properties of differentiation.

Proposition 7.1.5 Suppose that f and g are real-valued functions on an
interval I, that (a —n,a+n) C I, and that f and g are differentiable at a.
Suppose also that A, u € R.

(i) The derivative f'(a) is unique.
(i4) \f + g is differentiable at a, with derivative \f'(a) + ug'(a).
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(#ii) The product fg is differentiable at a, with derivative f'(a)g(a) +
Fa)g'(a).

() If f is an increasing function, then f'(a) > 0.

(v) If f'(a) > O then there exists 0 < & < n such that f(z) < f(a) < f(y)
fora—d<zr<a<y<a+d.

Proof (i), (ii) and (iv) follow immediately from the definition.
(iii) If 0 < || < n,
fla+h)gla+h) = fla)g(a) _
h
_ <f(a + h}i - f(a)> ola+h) + (a) (g(a + h})L - g(a)>
— f(a)g(a) + f(a)g'(a) as h — 0.

(v) There exists 0 < § < 7 such that

fla+h) = f(a)
h

— f'(a)

< |f'(a)] for 0 < |h] < 4,

from which it follows that (f(a + h) — f(a))/h > 0if 0 < h < ¢ and
(fla+h)—f(a))/h<0if 0> h > —0. O

It is tempting to suppose that if f’(a) > 0 then f must be an increasing
function in some interval (a — d,a + 0). Exercise 7.1.3 shows that this is not
the case.

Next we turn to the composition of two functions.

Theorem 7.1.6 (The chain rule) Suppose that f is a real-valued function
on an open interval I, that g is a real-valued function on an open interval J,
and that f(I) C J. Suppose that a € I, that f is differentiable at a and that
g is differentiable at f(a). Then the composite function go f is differentiable

at a, with derivative (go f)'(a) = ¢'(f(a))f'(a).

Proof First let us give an inadequate ‘proof’. For small h,

g(fla+h) =g(fla) _ gifla+h) =g(fla)) flath) =fla)
h fla+h)—f(a) h '

Since f is continuous at a, f(a + h) — f(a) — 0 as h — 0, and so

g(fla+h)) - g(f(a))
fla+h) = f(a)

Since (f(a+ h) — f(a))/h — f'(a) as h — 0, the result follows.

— ¢'(f(a)) as h — 0.
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What is wrong with this ‘proof’? It may happen that f(a + h) = f(a), in
which case, the expression (x) makes no sense. We must avoid dividing by 0.

We consider two possibilities. First, there exists 4 > 0 such that
(a—=9d,a+0) C I and f(a+ h) # f(a) for 0 < |h| < 4. In this case the
preceding argument is valid.

Secondly, a is the limit point of a sequence (ay)2; in I\ {a} for which
f(an) = f(a). In this case it follows that f’(a) = 0, and we must show that
g (f(a)) = 0.Let b = f(a). We use Proposition 7.1.1. There exists 7 > 0 such
that (b —n,b+n) C J and a function ¢t on (—n,n), with ¢(0) = 0, such that
g(b+k) = g(b)+ (¢'(b) +t(k))k for k € (—n,n) and such that ¢ is continuous
at 0. Similarly, there exists 0 > 0 such that (a — d,a + ) C I and a function
son (—6,0), with s(0) = 0, such that f(a + h) = b+ (s(h)h for h € (—0,0)
and such that s is continuous at 0. Since f is continuous, we can suppose that
flla=d,a+9)) C(b—n,b+mn).1f0 < |h| < 6 then

9(f(a+h)) = g(b+ s(h)h) = g(b) + (¢'(b) + t(s(h)h))s(h)h

so that
giflat h)li ~IU@D) _ (1) + t(s(hyh))s(h) — 0 as b — 0,
since s(h) — 0 and t(s(h)h) — 0 as h — 0. 0

Corollary 7.1.7  Suppose that g is a real-valued function on an open inter-
val I, that a € I, that g(a) # 0 and that g is differentiable at a. Then there
exists § > 0 such that (a —0,a+0) C I and g(z) #0 fora—06 <z < a+ 9.
The function 1/g on (a — 0,a + 0) is differentiable at a, with derivative
—g'(a)/(9(a))*.

Further, if f is a real-valued function on I which is differentiable at a,
then the function f/g on (a — 0,a + d) is differentiable at a, with derivative

P Fla)gla) ) (@)
(g) @=""lGwr

Proof We can suppose without loss of generality that g(a) > 0. Since g
is continuous at a, there exists § > 0 such that (a — d,a + 6) C I and
lg(x) —g(a)| < |g(a)] for |z —a| < §. Then g(x) > 0 for x € (a—0,a+9). Let
h(y) = 1/y for y € (0,00). Then h is differentiable at g(a), with derivative
—1/g(a)?. The first result therefore follows from the chain rule, applied to the

functions g and h. The second result then follows from the product formula,
applied to the functions f and 1/g. O

Suppose that f is a strictly increasing continuous function on an open
interval I. Recall that f(I) is an open interval, and that f=1 : f(I) — I is
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continuous (Corollary 6.4.3 and Proposition 6.4.5). Suppose that f is differ-
entiable at @ € I. Then f’(a) > 0, but it can happen that f’(a) = 0 [for
example, if f(z) = 23 for x € R then f is strictly increasing and continuous,
and f/(0) = 0]. But if f/(a) > 0 then f~! is differentiable at f(a).

Theorem 7.1.8 Suppose that f is a strictly increasing continuous function
on an open interval I, that f is differentiable at a € I, and that f'(a) > 0.
Let b= f(a). Then f~1 is differentiable at b and (f~1)(b) = 1/f'(a).

Proof Suppose that e > 0. Since (f(a + h) — f(a))/h — f'(a) as h — 0,
since f(a+ h) — f(a) # 0 for h # 0 and since f’(a) # 0, it follows that

h 1
fath)—f@ w0

Thus there exists 7 > 0 such that (a —n,a +n) C I and

h 1
flat+h)—=fa) f(a)

< efor 0 <|h| <n.

By Proposition 6.4.5, the inverse mapping f~'; f(I) — I is continuous.
There therefore exists 6 > 0 such that (b — d,0+ 0) C f(I) and such that
lf~1(b + k) — f~4(b)| < n for |k| < §. Suppose that 0 < |k| < J; let
h = f1(b+k)—a,sothat f~1(b+ k) = a+ h. Then 0 < |h| < n and
f(a+h)— f(a) = k. Consequently

fHo+k) —f1 ) 1

k f'(a)

h 1
— < €.

B ‘f(aJr h) = fla)  f'(a)

|

It is at times useful to consider one-sided derivatives, for example at the
end points of intervals. Suppose that f is a real-valued function on an interval
I, and that [a,a +n) C I. Then f is differentiable on the right at a, with
right-hand derivative f'(a+), if (f(z) — f(a))/(z —a) — f'(a+) as x \, a.
If so, then f is continuous on the right. Differentiability on the left and the
left-hand derivative f'(a—) are defined similarly. Then f is differentiable at
an interior point a if and only if it is differentiable on the right and on the
left and f'(a+) = f'(a—).

It is important to realize that differentiability is a very special property.

Example 7.1.9 A bounded continuous function s on R which is not
differentiable at any point.
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Let fo = f be the saw-tooth function defined in Section 6.3:

{z} for 2k <z <2k +1,
folz) =
1—{z} for2k+1<z<2k+2,

for k € Z. Thus fj is continuous, is periodic, with period 2 (that is, f(z+2) =
f(z) for all z € R), and is linear, with derivative £1, in each open interval
(k,k+1), with k € Z.

Next we define f,, for n € N. We set f,(z) = fo(6"x)/2". Thus fy is
shrunk by a factor of 1/2", but oscillates more rapidly. Let us list some of
the properties of f,,. Suppose that z € R.

1. 0 < fu(x) <1727,

2. fn is linear on intervals of length 1/6™, and has derivative £3™ on
each interval. Thus there exists z,, such that |z, — z| = 1/6"*! and
|fn(@n) = fo(@)] = 3"|2n — 2. A

3. If j < n then |f;j(z,) — fj(x)| = 3 |xn — 2|

4. f; is periodic, with period 2/67, so that if j > n then f;(z) = fj(xn).

Now let sp(x) = >°7_; fj(x). Then s, is a continuous function on R. By
(i), and Weierstrass’ uniform M test, s,(x) converges uniformly on R to a
continuous function, s(x) say, as n — oo. Further |s(z) — s, (z)| < 1/2™.

Suppose that x € R. We show that s is not differentiable at x. Suppose
that n € N and that z,, is defined as above. Then by (iv), s(zy) — s(z) =
Sn(xn) — sp(x). Now

n—1
|5n($n) - Sn($)| > |fn($n) - fn($)| - Z |fj($n) - fj(x)’
j=1

n—1
. 3" +3
:3"\mn—w|—z3]\:vn—:v|:( 5 )|xn—x,

j=1
by (ii) and (iii). Thus x,, — = as n — oo, while

s(@n) — s(x)

— 00 as n — 00,

so that s is not differentiable at z.

Exercises

7.1.1 Suppose that n € N. Show that the function f(z) = z'/™ on I = (0, 00)
is differentiable at each point of I, and find its derivative.
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7.1.2 Where is the function f(z) = || differentiable? Let (g;)32; be an
enumeration of the rational numbers in (0,1). Let

flz) = ZM‘;JQA, for z € (0,1).

j=1

Show that f is a continuous function on (0,1). Show that f is not
differentiable at the rational points of (0, 1) and that f is differentiable
at the irrational points of (0, 1).

7.1.3 Let x,, = 1/2" and let y,, = x,, +1/5", so that y; > x1 > yo > 29 > .. ..
Define a real-valued function f by setting

| — X
f(x)zl—i‘ [ = if z,, < |z] < yn,
Yn — Tn
T — 1 .
:M if Y1 < [z] < Ty
Tn — Yn+1

=0, otherwise.

Sketch the graph of f. Let g(z) = = + 2% f(z). Show that f is differ-
entiable at 0 and that ¢’(0) = 1. Suppose that 6 > 0. Show that there
exist 0 < a < b < ¢ such that g(a) > g(b).

7.2 Convex functions

We now consider an important class of functions, with interesting continuity
and differentiability properties.

Suppose that F is a real or complex vector space, and that u,v € E. Let
o :[0,1] — E be defined by

ot)=u+(w—u)t=>1—-tu+tvfor0<t<1.

Then ([0, 1]) is the straight line segment [u,v] between u and v. A subset C
of E is convez if [u,v] C C, for each u,v in C. Thus a subset of R is convex
if and only if it is an interval.

Suppose that f is a function on an interval I. f is said to be convez if the
subset {(z,y) € R?: 2z € I,y > f(x)} of R? is a convex set. Equivalently, if
To, 71 € I, then the straight line segment [(zq, f(70)), (1, f(1))] in R? lies
above the graph G = {(x, f(z)) € R? : x € I'}. Since

[(wo, f(w0)), (1, f(x1))] =
{((1 =t)xg +txy, (1 —t)f(xo) +tf(x1)): 0 <t <1},
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this says that

(1 —1t)f(wo) +tf(21) = f((1 —t)wo + ta1)

for all xg,x1 € I and all 0 <¢ < 1.
We say that f is strictly convex if

(I =t)f(zo) +tf(z1) > f((1 —t)zo + ta1)
for distinct zg,x1 € I and all 0 < ¢ < 1. f is concave if — f is convex; that is,
(I=t)f(xo)+tf(z1) < f((1=t)xg+txy) for all zg,x1 € T and all 0 <t < 1.

Strict concavity is defined similarly.
The next proposition provides some alternative characterizations of con-
vexity.

Proposition 7.2.1 Suppose that f is a real-valued function on an open
interval I. The following are equivalent.

(i) f is conver.
(ii) If a,b,c € I and a < b < ¢ then

(iii) If a,b,c € I and a < b < c then

fe) = f(@) _ f(&)— 1)

c—a - c—b

(iv) If a,b,c € I and a < b < ¢ then
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Figure 7.2. A convex function.

Proof Lett=(b—a)/(c—a),sothat 0 <t<1,1—t=(c—b)/(c—a)and

c—b b—a
_|_

a
c—a cC—a

b= c=(1—-1t)a+te.

The proof is then simply a matter of using this equation in the definition of
convexity, and rearranging the inequality. For example, if f is convex, then

c—b b—a

£0) < S )+ 20 g o),
so that
76) — stay < D ) P2 2 P ) ),

which gives (ii). Conversely, if (ii) holds, and if 29 < 27 and 0 < ¢t < 1 then
setting z; = (1 — t)xg + txq,
f(z1) — f(zo)

fla) = f@) _ |

Iy — Zo 1 — Xo

Since zy — xg = t(x1 — x¢), this gives

f(xe) < flxo) +t(f(21) — flzo)) = (1= t)f (wo) + tf(21).

The other equivalences are proved in a similar way. O
Here are some basic properties of convex functions.

Proposition 7.2.2 (i) If f and g are convex functions on an interval I
and a > 0 then f + g and af are convex.

(1) If (fn)52 is a sequence of convex functions on an interval I, and if
fu(x) = f(x) as n — oo, for each x € I, then f is convex.
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(i) If {f : f € F} is a family of convex functions on an interval I for
which g(x) = sup{f(x) : f € F} is finite for each x € I then g is convez.

(iv) If f,g are convex, non-negative increasing functions on an interval I
then fg is convex.

(v) If f is a convex function on an interval I, and if ¢ is an increasing
convex function on an interval J which contains f(I), then ¢o f is a convex
function on I.

Proof (i) and (ii) follow immediately from the definitions.

We suppose that xg, x1 € I and that 0 < ¢t < 1, and we set z; = (1 —t)zo+
t:L‘l.

(iii) Suppose that € > 0. There exists a function f in F' such that f(z;) >
g(x¢) — €. Then

g(x) — e < fla) < (1 =t)f(wo) +tf(21) < (1 —t)g(wo) +tg(x1).

Since this holds for all € > 0, g(z;) < (1 — t)g(xo) + tg(z1).
(iv) Since f and g are increasing,

(9(z1) — g(0))(f(x1) — f(20)) = 0.

Expanding and rearranging,

f(zo)g(x1) + f(x1)g(x0) < fwo)g(wo) + f(21)g(21),

and so

f(@)g(xe) <
< ((T=t)f(zo) +tf(z1))((1 = t)g(zo) + tg(z1))
= (1= 1)*f(z0)g(zo) + t(1 — t)(f(x0)g(x1) + f(z1)g(w0)) + t*(f(21)g(x1)
< (1= 1) f(wo)g(wo) + t(1 — t)(f(z0)g(xo) + f(z1)g(21)) + (f(21)g(21)
= (1 —t)f(z0)g(zo) + tf(z1)g(21)

(v) Since ¢ is convex and increasing,
o(f (@) < O((1 — 1) f(wo) + tf(x1)) < (L= 1)o(f(w0)) + to(f(z1)). O

We now turn to continuity and differentiability properties of convex
functions.
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Theorem 7.2.3  Suppose that f is a convex function on an open interval I.

(i) f is continuous on I.

(ii) f is differentiable on the right and on the left at each point a of I,
and f'(a=) < f'(a+).

(i1i) If a < b then f'(a+) < f'(b—).

(iv) The mapping a — f'(a™) is increasing, and is continuous on the right
at each point a of I.

(v) The mapping a — f'(a™) is increasing, and is continuous on the left
at each point a of I.

Proof (i) is a consequence of (ii).

(ii) Suppose that y < a < z, with z,y € I. By Proposition 7.2.1, the
function © — (f(z) — f(a))/(z — a) is an increasing function on I N (a, c0),
bounded below by (f(a) — f(y))/(a —y). Thus (f(z) — f(a))/(x — a) tends
to a limit f'(a+) as x \, a, and (f(a) — f(y))/(a —y) < f'(a+). Similarly,
(f(@) — f@)/(a—y) — f'a—), and f'(a—) < f'(a+).

(i) f/(at) < (F(b) — F(@)/(b—a) < /().

(iv) By (ii) and (iii), if @ < b then f'(a+) < f'(b—) < f/(b+), so the
mapping z — f’(x+) is increasing. Suppose that a € I. Given € > 0, there
exists § > 0 such that (a,a + ¢) C I and

I 1)
Choose b € (a,a+§). Since (f(b) — f(z))/(b—z) — (f(b) — f(a))/(b—a) as
x "\, a, there exists 0 < n < § such that

fo) = f@) _ fla) — f(a)

b—x T —

f'(a+) f'(a+) + €/2 for x € (a,a + ).

+€/2 < f'(a+) + € for x € (a,a +n).

Thus if x € (a,a + n) then

flat) < flla+) <

The proof of (v) is exactly similar. O

Corollary 7.2.4 The set D of points of discontinuity of the mapping
a — f'(a+) is countable. D is the set of points of discontinuity of the
mapping a — f'(a—), and is the set of points at which f is not differentiable.

Proof Since the mapping a — f’(a+) is increasing, D is countable, by The-
orem 6.3.5. Suppose that d € D. Since the mapping y — f’(y—) is continuous
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on the left at d,

fl(d-) = ?}% fly—) < ;1}% f'y+) < f(d+),

so that f is not differentiable at d. Further, f'(d+) < f'(z—) for z > d, so
that f/(d—) < lim,\ 4 f'(2—); d is a point of discontinuity of the mapping
a — f'(a—) as well.

Conversely, if ¢ ¢ D then

fl(e=) = lim f'(y—) = lim f'(y+) = f'(c+),
y/c y/ e
so that f is differentiable at ¢, and
Fe) = F(e4) = lim £ o),
so that the mapping x — f’(x—) is continuous at c. O

Exercises

7.2.1 Give an example of a convex function on [0, 1] which is discontinuous
at 0 and at 1.
7.2.2 A real-valued function on an interval I is midpoint-convex if

f((a+0b)/2) < (f(a) + f(b))/2 for all a,b € I.

Suppose that f is a midpoint-convex function on 1.
(a) Suppose that ¢ — h,c,c+ h € I, where h > 0. Show that if n € N

then
HemW 5O ¢ gt gy - g < LR =IO,
HEEN =10 L gy g < HeD =10

(b) Show that if f is bounded on I then f is continuous at c.
(c) Show that if f is bounded on I then f is convex.

7.2.3 State and prove results corresponding to Propositions 7.2.1 and 7.2.2
and Theorem 7.2.3 for strictly convex functions.

7.2.4 Suppose that f is a convex function on an interval I, that z1, ..., z, are
distinct points in I and that pq,...p, are positive numbers for which
> j=1Pj = 1. Show that

f(zpjfl?j) < ijf(xj). [Jensen’s inequality|
j=1 j=1

Show that the inequality is strict if f is strictly convex.
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7.2.5 Suppose that f is a convex strictly increasing function on an open
interval I. Show that the inverse function f~! is concave and strictly
increasing on f([).

7.3 Differentiable functions on an interval

Proposition 7.3.1  Suppose that f is a real-valued function defined on an
interval I and that f has a local mazimum or local minimum at an interior
point ¢ of I. If f is differentiable at ¢ then f'(c) =0

Proof Suppose that f has a local maximum at c¢. Then

f'(¢) = lim M < 0and f'(c) = lim M > 0,

x\,c xr—c xz/'c r—c
and so f’(¢) = 0. The proof when f has a local minimum at ¢ is exactly
similar. O

A function on an open interval I which is differentiable at every point of
the interval is said to be differentiable on I.

Theorem 7.3.2 (Rolle’s theorem)  Suppose that f is a real-valued function,
defined on a closed interval [a,b], which is continuous on the closed interval
[a, b] and differentiable on the open interval (a,b). Suppose that f(a) = f(b).
Then there exists ¢ € (a,b) such that f'(c) = 0.

Proof 1If f(xz) = f(a) for all x € (a,b) then f'(z) = 0 for all x € (a,b).
Otherwise f is not monotonic on [a,b], and therefore, by Corollary 6.3.7,
has a local maximum or local minimum at an interior point ¢ of [a, b]. Then
f'(¢) =0, by Proposition 7.3.1. O

Corollary 7.3.3 Suppose that f'(x) # 0, for each x € (a,b). Then f is
strictly monotonic.

Proof If not, f is not injective (Proposition 6.4.4), and so there exists a <
a’ <V < bfor which f(a’) = f(b'). But then there exists a’ < ¢ < b’ with
f'(¢) =0, giving a contradiction. O

As Exercise 7.5.6 shows, if f is differentiable on an interval then the deriva-
tive need not be continuous. Nevertheless, it satisfies an intermediate value
property. This property is known as Darboux continuity.

Theorem 7.3.4 Suppose that [ is a real-valued function which is dif-
ferentiable on the open interval (a,b) and that f'(c) < f'(d) for some
a<c<d<b. If f'(c) <v < f/(d) there exists ¢ < e < d with f'(e) =v.
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Proof We apply a shear to the graph of f: let h(z) = f(x) — vz. Then
K(c) = f'(¢) —v < 0 and W'(d) = f'(d) — v > 0. There exists e € [c,d]
such that h(e) = inf{h(x) : x € [¢,d]}. By Proposition 7.1.5 (v), there exists
0 < 6§ < d—csuch that h(z) < h(c) for ¢ < z < ¢+ § and h(z) < h(d) for
d—§ < x < d, and so e must be an interior point of [¢, d]. Thus h has a local
minimum at e, and h'(e) = f'(e) —v = 0. O

We applied a shear to obtain this result. We do it again to obtain a mean-
value theorem.

Theorem 7.3.5 (The mean-value theorem)  Suppose that f is a real-valued
function which is continuous on the closed interval [a,b] and differen-
tiable on the open interval (a,b). Then there exists a < ¢ < b with

f'(e) = (f(b) = f(a)/(b—a).

Proof Let hy(xz) = f(x) — Ax. If we set A = (f(b) — f(a))/(b — a) then
hy(a) = hy(b), and so there exists a < ¢ < bsuch that b\ (¢) = f'(¢) =X = 0.

Thus f'(c) = (f(b) = f(a))/(b— a). O

This theorem says that there is a point ¢ in (a, b) at which the tangent to
the graph of f is parallel to the chord joining (a, f(a)) and (b, f(b)).

The next corollary is ‘obviously’ true, but it is not a trivial result; it is
however an immediate consequence of the mean-value theorem.

b
(¢

Corollary 7.3.6 Suppose that f is a real-valued function which is continu-
ous on the closed interval [a,b] and differentiable on the open interval (a,b).
If f'() =0 fora < x < b then f is constant on [a,b]: f(a) = f(x) = f(b)
for all x € [a,b].

Here is a more sophisticated mean-value theorem.

Theorem 7.3.7 (Cauchy’s mean-value theorem)  Suppose that f and g are

real-valued functions which are continuous on the closed interval [a,b] and

differentiable on the open interval (a,b), and suppose that g'(x) # 0 for all
€ (a,b). Then g(a) # g(b), and there exists ¢ € (a,b) such that

Proof By Corollary 7.3.3, g is strictly monotonic on (a,b), and so g(a) #
g(b). Let

=
=
~

Jan (§] xTr) = xT) — T
Dy andlet a(x) = f(x) ~ Ag().
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Then hy(a) = hy(b), and so there exists a < ¢ < b such that h)(c) =
f'(e) = Ag'(c) = 0. Thus f'(c)/g'(c) = (f(b) — f(a))/(9(b) — g(a)). o

Corollary 7.3.8 (L’Hopital’s rule) Suppose that f and g are real-valued
functions which are continuous on the closed interval [a,b] and differentiable
on the open interval (a,b), that f(a) = g(a) = 0 and that ¢'(x) # 0 for all

€ (a,b). If f'(x)/d () = 1 as x \, a then f(z)/g(x) =1 as z \, a.

Proof Suppose that € > 0. There exists 0 < d < b — a such that
If'(z)/g'(x) = 1] < efora <z <a+d.lfa<ax < a+d there exists
a < ¢ < z such that

and so
f@) ': I ‘
‘gm 1=l < -
Exercises

7.3.1 Suppose that f is continuous on [a, b] and differentiable on (a,b) and
that f has a derivative on the right at a [which we denote here by f'(a)]
and a derivative on the left at b [which we denote here by f’(b)]. Show
that if f” is continuous on [a,b] and € > 0 then there exists § > 0 such

that
f(z) = f(y)

Ty — fl(z)| < eif x,y € [a,b] and |x — y| < 6.

7.3.2 Suppose that ag,...,a, € R and that

=0.

aj Ap—1 Gnp
ag + 5 + + " ol

Show that there exists 0 < ¢ < 1 such that

ap+arc+ -+ a1+ and® =0.

7.3.3 Suppose that f is continuous on [a, b] and differentiable on (a,b). Show
that f’ is an increasing function on (a,b) if and only if f is convex.

7.3.4 Suppose that f is a real-valued function on an interval I which satisfies
|f(x) — f(y)| < |z —y|? for all 2,y € I. Show that f is constant.

7.3.5 Suppose that f is a differentiable function on R and that f'(z) — [ as
x — +o00. Show that f(x)/x — [l as z — +o0.
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7.3.6 Suppose that f is continuous on [a, b] and differentiable on (a,b), and
that f'(z) — [ as x \, a. Show that f is differentiable on the right at
a and that f'(a+) = I.

7.3.7 Suppose that f is a differentiable function on [a, b] and that f’ is con-
tinuous on [a, b]. Let N = {z € [a,b] : f'(x) = 0}. Suppose that ¢ > 0.
Show that there are finitely many disjoint intervals I,..., I} in [a, b]
such that N C U;‘?:llj and such that |f'(z)| < e for z € U;‘?lej. Show
that f(IV) is a closed subset of R with no interior points.

7.3.8 Suppose that a is an algebraic number which is not rational. Show that
there exists a non-zero polynomial p(x) = a,x™ + - - - + ag with integer
coefficients such that p(a) = 0, whereas p(r) # 0 for r € Q. Thus if
r = p/q then ¢"p(r) is a non-zero integer. Let

M =sup{|p/(z)]:a—1<x<a+1}.

Suppose that r = p/q € Q and that |r — a| < 1. Use the mean-value
theorem to show that |r —a| > 1/M¢™. (This result is due to Liouville.)
Let z = >.°° 107, Show that z is not rational. Show that x is not
algebraic.

7.4 The exponential and logarithmic functions; powers

We now consider how the results that we have obtained can be used to
establish properties of some of the fundamental functions of analysis.

We have defined the real exponential function
z? x"
for x € R, and have shown that exp(x + y) = exp(x) exp(y), and that exp
is differentiable, with derivative exp’(x) = exp(z). We set e = exp(1). The

exp(z) =1+ 1{

reader should use these results, and the results that have been proved, to
justify the following statements.

exp is a non-negative strictly increasing function on R.
exp is a strictly convex function on R.

If n € Z" then exp(z)/x™ — o0 as x — +00.

If n € Z* then 2" exp(z) — 0 as z — —o0.

ANl ol e

exp is a continuous bijection of R onto (0, 00) which is an isomorphism
of the additive group (R, +) onto the multiplicative group ((0,00), X).
6. The inverse mapping from (0,00) to R, which is called the logarithmic
function, and denoted log z, is differentiable, and dlogz/dx = 1/x, for
0 <z <oo0.
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7. If z,y > 0 then logzy = log x + log y.
log  is a strictly increasing strictly concave function on (0, 00).

oo

9. logl =0, loge =1,logx — 00 as ¢ — o0 and logx — —oo as x \, 0.
10. If m € N then logw/xl/m—>0asac—>ooand /M logx — 0 as x \, 0.
11. 1/x = exp(—logz), and if z > 0 and n € N then

2" = exp(nlogz) and z/™ = exp((log z)/n).

Thus if r = p/q € Q then 2/7 = exp((p/q) log x).

This leads us to define z® = exp(alogz), for z > 0 and o € R.

@ is = raised to the power «. Note that, with this terminology,
exp(z) = exp(xloge) = e*. In future, we shall usually write e* for exp x.

12. If z > 0 and o, 3 € R then 218 = 2227 and 20 = 1.

13. For fixed z > 0, the function o — z® from R to (0, 00) is continuous.
Thus if (7, )nen is a sequence in Q and r, — « then 2™ — 2% asn — co.

14. For fixed x > 0, the function a — z® from R to (0, 00) is differentiable,
with derivative dz®/da = 2% log .

X

15. If z > 1 then the function @ — z® from R to (0, 00) is a strictly convex
and strictly increasing bijection of R onto (0, 00).

16. If 0 < = < 1 then the function o — z® from R to (0,00) is a strictly
convex and strictly decreasing bijection of R onto (0, c0).

17. For fixed @ € R, the function z — =z from (0,00) — (0,00) is
differentiable, with derivative dz®/dx = ax®~!.

18. If o > 1 then the function x — z® is a strictly increasing strictly convex
bijection of (0, c0) onto (0, c0).

19. If 0 < a < 1 then the function x — z¢ is a strictly increasing strictly
concave bijection of (0, c0) onto (0, c0).

20. If o < 0 then the function x — z® is a strictly decreasing strictly convex
bijection of (0, 00) onto (0, 00).
A strictly positive function f on an interval I is logarithmically conver if
log f is convex. Since

(1= 0)log f(x) + 0log f(y) = log(f(x)' ™" £(v)°),
f is logarithmically convex if and only if
FU(1=0)z +0y) < f(2)"f(y)’

for z,y € T and 0 < @ < 1. Since f = €87 it follows from Proposition
7.2.2 (v) that a logarithmically convex function is convex.
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Figure 7.4. The exponential and logarithmic functions.

Exercises

7.4.1 Show that n'/" — 1 as n — oc.

7.4.2 Use the strict concavity of logx to prove the following generaliza-
tion of the arithmetic mean-geometric mean inequality. Suppose that
x1,...,Ty, are positive numbers and that py, ..., p, are strictly positive
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7.4.3

7.4.4

7.4.5

7.4.6
7.4.7

7.4.8

Differentiation

numbers with >, p; = 1. Show that

b el < piwy 4 pazo + -+ Do,
with equality if and only if z1 = 22 + - -+ = .
Suppose that 1 < p,q < co. If 1/p+1/q = 1, then p and ¢ are called
conjugate indices. Suppose that p and ¢ are conjugate indices and that
x and y are non-negative numbers. Show that zy < 2P /p+y?/q. When
does equality hold?
Suppose now that x1,...,2n, y1,...,Yn are real numbers, and that
S eyl # 0. Let § = (X0 ley )17, T = (0 [yyl1)1/9, and
let a; = x;/8, bj = y;/T for 1 < j < n. Show that > 7_, [a;b;| < 1.
Deduce that

n n n n
Y iyl <Y Lyl < O )P0 Ly 9V
J=1 J=1 Jj=1 j=1

(Hélder’s inequality). Note that this generalizes Cauchy’s inequality.
When does equality hold? Extend this result to infinite sums.

Here is another version of Holder’s inequality. Suppose that x1, ..., zy,
Y1, ..., Yn are real numbers, and that aq,...a, are non-negative num-
bers. Show that

n n n n
1> agzysl < ajlayil < O agla )P agly )t
J=1 Jj=1 Jj=1 j=1

Show that the function log((1 + x)/(1 — x)) is a strictly increasing
bijection of (—1, 1) onto R. Show that it is convex on (0, 1).

Suppose that i > 0. Show that (y — 1)? > y(logy)?.

Using the convexity of the function 477, show that if 0 < z < 1/2
then 1 — 2 > 47*. Let (p1,p2,...) be an enumeration of the primes in
increasing order. Show that, for each n € N,

Zl<ﬁ L= ﬁu—l)
i p? - j=1 Pj

pj
Deduce that >, 1/j < 4t where t,, = > 7—11/pj, and deduce that
oo
Zj:l 1/pj =00

-1

Use the mean-value theorem to show that if z > 0 then
# <log(l+z) < x.

Deduce that (1 +z)Y/* /easz \, 1.
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7.4.9 Sketch the graph of the function f(x) = xlogz, for x € (0,00). Is it

convex? Does it have any maxima or minima? What is lim,\ o f(z)?
What is limg~ o f/(2)?

7.4.10 Suppose that f is positive and differentiable on an open interval I. Show
that (log f)'(z) = f'(z)/f(x). Let g(x) = 27, for = € (0, 00). Calculate
g'(z). Show that g is logarithmically convex. Sketch the graph of the
function g, answering the same questions as in the previous exercise.

7.4.11 Investigate

1 1/z _ 1z _q
T U ) e B R A Co )
N0 x z—oo  logw

7.5 The circular functions

Next we consider the cosine and sine functions. These functions arise in geom-
etry and trigonometry, but we are not yet in a position to consider this aspect
of things. Instead, we treat them in a purely analytic way. As we shall see
later, they also have an important part to play in complex analysis, and this
will also throw more light on them.

Each of the power series

= p 22K 22 A
cosz:Z(—l) (2]{)!:1—54-5_...’

k=0

> 2k+1 3 5
inz— kA L E
sinz =) (-1 k1! 33

k=0

has infinite radius of convergence.

The cosine function cos is an even function (cos z = cos(—z)) and the sine
function sin is an odd function (sin z = —sin(—z2)).

Following custom, if n € N we write cos” z for (cosz)” and sin” z for
(sin z)™. But 1/ cos z is denoted by secz and 1/sin z is denoted by cosec z:
cos~! and sin~! have quite different meanings (see Exercises 7.5.3 and 7.5.4).

We restrict attention to the real-valued functions cos and sin, defined on
the real line R.

Theorem 7.5.1 cosz is differentiable, and cos’t = —sinz. sinx is
differentiable, and sin’ x = — cos .

Proof First we establish an elementary inequality. We prove this for complex
numbers, since we shall need such an inequality in Volume III.
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Lemma 7.5.2 Suppose that z,w € C and that n € N. Then

n(n —1)
2

Proof The proof is trivially true if n = 1 or 2. Suppose that n > 3. By the
binomial theorem,

(2 +w)" = 2" = nw2""| < [wl(l2] + w])"~2

n—2
B n(n—1) n—2 wh k=
_ko(k+2)(k+l)< k ) EA

so that
[(z +w)" — 2" — nwz

e n(n—1) n—2 o
1|§§)(k+2)(k+1)< k )'“’k‘Z' o
n(n—1)

IN

(I2] + w2, O

We now prove the theorem. Suppose that h # 0.

cos(z + h) — cosx

5 +sinx

B i(_l)k (z + h)% — 2% — 2khg?F—1
- h(2k)! !

k=0

so that

cos(x + h) — cosx
h

—sinx

|(x + h a2k — 2khx2k—1|
<
Z |h|(2k)

hl)
<|h|z\ \37|+\ | <|h|e|x|+|h|'

A similar argument, left to the reader as an easy exercise, establishes the
result for sin x. O

Corollary 7.5.3 cos?x + sin’x = 1, so that —1 < cosz < 1 and —1 <
sinz < 1.
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Proof Let f(z) = cos? x + sin? 2. Then
f'(z) = 2cosz(—sinz) + 2sinz cosz = 0,

so that f is constant, by the mean-value theorem. Thus f(z) = f(0) = 1.

The alternating series test shows that sinz > z —23/3! = 2(1 —22/6) > 0
for 0 < & < 2, so that cosz is strictly decreasing on [0, 2]. The alternating
series test also shows that cosz > 1 — 2 /2>0for 0 <z < \/5, and that
cos V3 <1—3/2+9/24 = —1/8. Thus, by the intermediate-value theorem,
there exists V2 < Ty < V/3 such that cos zo = 0. Since the function cos is
strictly decreasing on [0, 2], g is unique. We set m = 2x.

Since sin’ z = cosz is positive on (0,7/2), sinx is strictly increasing on
[0, 7/2]. Since

sin?(7r/2) = sin?(n/2) + cos?(w/2) = 1,
sin0 = 0 and sin(7/2) = 1. Since cos’z = —sinz is negative and decreas-
ing on (0,7/2), cosz is decreasing and concave on [0, 7/2]; since cosx is an
even function, cosz is concave on [—m/2, 7/2]. Similarly, sinz is convex on

[-7/2,0] and concave on [0, 7/2].
In order to go further, we need the addition formula.

Theorem 7.5.4 Ifz,y € R then sin(z +y) = sinzcosy + cosxsiny.

Proof Since the series are absolutely convergent, we can expand the
products as Cauchy products.

sinzcosy = i(—l)jﬁ (i(—l)k y2k )
(25 +1)! (2k)!

Similarly

coszxsiny = Z (=" x

n=0 \j+k=n
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Adding,
o) SU] y’“
sinxcosy+cosxsinyzz Z (-1)'= T
1=0 \j+k=20+1 J:
00 )2l
(z+y) .
Z Tl) = Sln(x —+ y) O

=
Corollary 7.5.5 cos(xz + y) = cosx cosy — sinzsiny.
Proof Differentiate with respect to x, or with respect to y. O
Corollary 7.5.6 sin(z + 7/2) = cosz and cos(x + 7/2) = —sinz.
Proof Puty=m/2. O

Corollary 7.5.7 sin(z +7) = —sinx and cos(z + 7) = —cos z.
sin(z + 2m7) = sinz and cos(x 4 27) = cos x.

Thus the cosine and sine functions are periodic, with period 2.

Proposition 7.5.8 Suppose that (z,y) € R? and that 2* + y? = r%2 > 0.
Then there ezists a unique 0 € (—m,w| such that x = rcosf and y = rsinf.

Proof Suppose first that y is non-negative. Since cos0 = 1 and cosm = —1,
and since —1 < z/r < 1, it follows from the intermediate value theorem that
there exists 0 < § < m such that x/r = cos #. 6 is unique, since cos is a strictly
decreasing function on [0, 7]. Then (y/r)? = 1 — (z/r)? = 1 —cos? § = sin? 0,
and so y = rsin @, since y and sin 6 are both non-negative.

If y < 0 then there exists 0 < ¢ < 7 such that x = r cos ¢ and —y = rsin ¢.
Let § = —¢. Then x = rcosf and y = rsinf, and again, 6 is uniquely
determined. O

We now consider the complex case. Inspection shows that

eZZ + e—ZZ . e’LZ _ e—’LZ
cosz = ——— and sinzg = ———,
2 21

and so we obtain Fuler’s formula
1z ..
e” =cosz+1sinz.

In particular, if x € R then cosx and sin z are the real and imaginary parts
of e'®
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y
A

y=sint

A y=cost

L2

t= '—Zn

Figure 7.5. The cosine and sine functions.

Proposition 7.5.9 The mapping
t— e’ =cost+isint: R —T={z:]z] =1}

is a continuous homomorphism of the additive group (R,+) onto the
multiplicative group (T,.), with kernel 27Z.

Proof The mapping is certainly continuous, and is a homomorphism into
(T,.). It is surjective, by Proposition 7.5.8. Finally, e = cost +isint = 1 if
and only if cost = 1 and sint = 0, which happen if and only if t = 2xk, for
some k € Z. a
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In fact, most of the properties of the real-valued functions cos and sin can

t

be deduced from the equation e’ = cost + isint. For example,

cos?t +sin?t = |e|? = eleit =

Here are two more examples.

Example 7.5.10 Ifn € N then
cosnt = Z (=1)* 2n sin?* ¢ cos?" 2k ¢
2k
0<2k<n

2
and sinnt = Z (—1)* <2k: :L_ 1> sin?*+1 ¢ cog?n 2k~ ¢,

For

n

e™ = (cost + isint)" = Z (n) (#/ sin? t cos™ 7 t)
J

5=0
k(27 ook 2n—2k
= Z (—1) sin®" t cos t
2k
0<2k<n
: k(20 ookl on—2k-1
+1i Z (-1) ok 4 1) =i t cos t

0<2k<n

Example 7.5.11 If 0 < |t| < 7 and n € N then

For

n n 2n
E : COSjt — § : ezyt — e—znt § ezyt
. =0

j:—n Jj=n

el _q ei(n+%)t — eii("+%)t sin(n + %)t

et —1  eit/2_e—it/2 T gint/2

— e—int
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Exercises

7.5.1 Show that 2z/7m < sinz < z for 0 < x < 7/2.
7.5.2 Use the mean-value theorem to show that

1 1
<—-——-<tforO<t<m/2
sint ¢

7.5.3 Show that the function sin is a continuous strictly increasing bijection
of [~m/2,m/2] onto [~1,1]. The inverse mapping is denoted by sin™*,
or arcsin. Show that

dsin—!

_ 1
TR

7.5.4 Show that the function cos is a continuous strictly decreasing bijection

of [0, 7] onto [—1, 1]. The inverse mapping is denoted by cos ™!, or arccos.

Show that

for —1<z<1.

dcos™ !

_ 1
i O T

7.5.5 Explain why
d(sin™! + cos™1)
dx
7.5.6 Let f(z) =sin(1/z) for x # 0 and let f(0) = 0. Sketch the graph of f.

(x)=0for —1<xz<1.

(a) For what values of « is the function z® f(x) continuous on R?

(b) For what values of « is the function x® f(z) differentiable on R?

(¢) For what values of « is the function z® f(z) continuously differen-
tiable on R?

(d) For what values of « is the function x + x® f(x) strictly increasing
on R?

7.5.7 The tangent function tan is defined as tanz = sinx/ cosx for —7/2 <
x < 7/2. Show that it is a strictly increasing differentiable mapping of
(—7m/2,7/2) onto R. Its inverse is denoted by tan—!, or arctan. What
is the derivative of tan=!?

7.5.8 Investigate

lim z(1 — cosx) and lim tan?z — sin?z
a—0 (1 —cosz)?

7.5.9 Let f(x) = 2 +222sin(1/z), for z # 0 and let f(0) = 0. Show that f is
differentiable on R, and calculate its derivative. Show that f/(0) = 1,
but that there is no interval (—d, ) on which f is monotonic.

z—0 I —sinx
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7.6 Higher derivatives, and Taylor’s theorem

Suppose that f is a differentiable function on an open interval I. Then, as with
the functions exp, log, sin and cos, it may happen that f’ is also differentiable.
We then denote the derivative of f’ by f”, or ), or d?f/dz?. The process
may continue, and we obtain higher derivatives f™, or d" f /dx™, of ordern.
If f has derivatives of all orders, we say the f is infinitely differentiable.

We have the following formula for products.

Proposition 7.6.1 (Leibniz’ formula) Suppose that f,g are functions on
an open interval which have derivatives of order n. Then

— n n—r ' n
(Fo)® = fOg 4 nf@=Dg 4. 4 (r)f( 1o ot g™,

Proof The proof is by induction on n. It is true for n = 1, by Proposition
7.1.5 (iii). Suppose that it is true for n. Using the result for n = 1,

(f(n—r)g(r))/ — f(n—T-l—l)g(r) +f(n—r)g(r+1),

so that
(n+1) _ — (n (n—r+41) (r) (n—r) (r+1)
(f9) Z_;() (£ gl 4 plrmnglrn)
n+1
2 (1) (1)) st
= T r—1
n+1 1
_ L ptrn )
r=0 " ’
since
n n n—+1
)+ ()=,
by de Moivre’s formula. O

If f is differentiable at a, then the function t,(x) = f(a) + (z — a)f'(a)
provides a linear approximation to f;if r, = f — tg, then ry(z) = o(|x — al).
Suppose that f has higher derivatives, up to order n; can we obtain a better
polynomial approximation? Let us consider a polynomial which has the same
derivatives as f at a. Let

L M a) 4 Mf(n)(a)_

n!
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Then p, is a polynomial of degree at most n, p,(a) = f(a) and

(x — a)2 (x —a)"*

f(s+2) (@) +---+ W]ﬂ(n)(a)v

FO(a) + (x — a)f*(a) +
so that pgf)(a) = fO)(a) for 1 < s < n. Let 71 = f — Pp: Tpyq is the
remainder term. Then r,y1(a) = 0 and 7"5{11( ) =0for1 <s <mn,and we
might hope that the remainder term is small, so that p, is an even better
approximation to f, near a.

Taylor’s theorem provides information about the remainder term. We give
two versions of this theorem here, and shall give another one in Theorem
8.7.3. The different versions each depend in detail upon the conditions that

are placed on f and on its derivatives.

Theorem 7.6.2 (Taylor’s theorem, with Lagrange’s remainder) Suppose
that f is a continuous function on [a,b] which is n-times differentiable on
[a,b) (with one-sided derivatives at a). Then there exists ¢ € (a,b) such that

(b—a)"! (b— a)

F(b) = fa) + (b —a)f'(a) + -+ s f 7V (a) +

D) e AR (O

= pua ) + L= o)

Proof The proof is just like the proof of the mean-value theorem. We
shall assume that a < b; a similar proof applies if b < a. Let hy(z) =
f(x) = pn—1(x) — AM(z — a)"/n!, where X is a real number chosen so that
hx(b) = 0. Then h) is continuous on [a,b], hy(a) = 0, and hg\s)(a) = 0 for
1 <s<n.

We need to show that there exists @ < ¢ < b such that A = f(c). To
do this, we repeatedly use Rolle’s theorem. Since hy(a) = hy(b) = 0, there
exists a < ¢; < b such that h\(¢;) = 0. Now h) is continuous on [a, ¢1]
and R\ (a) = h\(c1) = 0, and so, using Rolle’s theorem again, there exists
a < ¢3 < ¢1 such that hY(c2) = 0. Continuing in this way (that is, giving a
proof by induction), we find that there exist a < ¢, < ¢p—1 < --- <1 < b
such that hf\n) (cn) = 0. But hg\n) = f(™ — X; setting ¢ = ¢,, we see that
A= f"(c). Thus
(b—a)"

n!

F(b) = pu_1(b) + ™ (e). O

For the second theorem, we impose slightly stronger conditions.
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Theorem 7.6.3 (Taylor’s theorem, with Cauchy’s remainder) Suppose
that f is a continuous function on [a,b] which is n-times differentiable on
[a,b) (with one-sided derivatives at a), and for which the derivatives are
bounded on [a,b). Suppose that k € R and that k > 0. Then there exists
c € (a,b) such that

(b— c)”_k(b — a)k
k(n —1)!

F() = pp_1(b) + £ (e).

If we write ¢ = (1 — 60,)a + 0,b, this becomes

(1—=6,)"Fb—a)"

k(n—1)! /7).

f(b) = pn-1(b) +

Proof Suppose that a < b; a similar proof holds if b < a. Let

for a < x < b, and let h(b) = f(b). Since the derivatives are bounded on
[a,b), the function h is continuous on [a, b] and differentiable on (a,b). The
idea behind this definition is that h(a) = p,—1(b) and

— )8 —_r s—1 — )8
% ((b Sl ) f(s)(33>) = —(b(s_)l)!f(s)(ﬂf)"‘(bs!)f(sﬂ)(x);

so that

, b— )L (y
Wi =t (71—1)! 2,

all the other terms cancelling in pairs. Let g(z) = —(b — ), so that
g(b) —g(a) = (b—a)*, and ¢'(z) = k(b — x)* ! # 0 for = € (a,b).

Thus by Cauchy’s mean-value theorem there exists a < ¢ < b such that
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Thus

(b— c)”_k(b — a)k
k(n —1)!

= Pn-1(b) + F ). O

Suppose that f is infinitely differentiable. Then we can write f(x) =
pn(z) + rpt1(x) for each n. We might hope that r,(x) — 0 as n — oo,
so that we can write

in which case the series on the right-hand side is called the Taylor series
for f. The following example shows that this is not always the case. Let
f(z) = e V%" for & # 0 and let f(0) = 0. Then f is continuous on R. If 2 # 0
then f'(z) = (2/2%)e"1/*" and f/(0) = lim,_0e /*" /2 = 0. An inductive
argument then shows that there exists a sequence (s;) of polynomials such
that

i 8(33) —1/x?
fO (@) = L=e " fora £,

and fUD(0) = lim ;ggﬂe—l/ﬁ =0,
for all j € N. Thus p,(z) = 0 for all n, and so r,+1(x) = f(z). In this case,
the Taylor series gives us no useful information about f; the trouble is that
f is too smooth at 0.

Let us give two applications of Taylor’s theorem. Our first application is to
the Newton—Raphson method of approximation. We consider a continuous
function f on an interval [a, b] with the following properties:

(i) f is twice differentiable on (a,b), and f” is bounded on (a,b): there
exists M such that |f”(x)| < M for all z € (a,b);

(ii) there exists m > 0 such that f'(x) > m for all = € (a, b);

(iii) f(a) < 0 and f(b) > 0.

Then f is strictly increasing on [a,b], and so, by the intermediate value
theorem, there exist a unique ¢ € (a,b) with f(c) = 0. The Newton—Raphson
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method provides a sequence of successive approximations to ¢, and Tay-
lor’s theorem tells us that the approximation can improve extremely rapidly.
We must start with a reasonably good approximation xy. Let K = M/2m.
Suppose that we have found 0 < h < K, a1 and by such that

a<by—h<a; <b <a;+h<b, and such that f(a;) <0 < f(b1).

/ 1)

X=cC

Figure 7.6. The Newton-Raphson method.

Let A = h/K, so that 0 < A < 1 (the smaller A is, the better the
approximation will be). Then ¢ € (a1, b1), and

[a1,b1] C (¢ — h,c+ h) C (a,b).

Start by choosing zg € [a1,b1]. Then K|zg — ¢| < A. By Taylor’s theorem,
with Lagrange’s remainder, there exists yo € (¢, xo) such that

0= f(c) = f(xo) + (¢ — z0) f'(z0) + (¢ — x0)* f" (y0) /2.

Hence

F@0) o ey d )
(o) = (20 — ¢) — (¢ — x0) 2F (o)
We set x1 = x9 — f(x0)/f'(x0), so that
")
r1 —c= ( 0) 27 (z0)’

and so |x1 — ¢| < Kh? = Ah. Thus 21 € (¢ — h,c+ h), and K|z1 — |
< M2 Tterating the process, we obtain a sequence (x,)%°, such that
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K|z, — ¢| < A?". This can lead to very rapid convergence; for example, if
K =1and A = 1/10, then |z3 — ¢| < 1/108.

The proof of the existence of the nth root of a positive number that was
given in Section 3.2 used the Newton—Raphson method.

The classic application of Taylor’s theorem is to the binomial theorem.

Theorem 7.6.4 (The binomial theorem)  Suppose that « € R\N and that
—1 <z <1 Let fo(z) = (1 +x)*. Then

fa(ac):1+ax+§:a(a_1)”',(a_j+l)xj:1+§:<O,[>xj,

|
=2 J? =1

the sum converging absolutely.

Proof The proof is not quite straightforward. (It is unfortunate that Profes-
sor James Moriarty’s treatise is not extant, as it would have thrown light on
how the theorem was considered towards the end of the nineteenth century.)
The ratio test shows that the series converges absolutely. Further,

fc(yj)@) =afa—1)...(a—j+ 1) 4+2)*

Thus
—1+Z< >x]+rn z).

We need to show that the remainder r,(x) tends to 0 as n — oo. The
Lagrange form of the remainder is

ro(z) = <n>(1+9nx)a g = (14 0,2)" <Z> <1+menx>n’

where 0 < 6, < 1.If0 < x < 1 then sup,, |z/(1+6,2)| < 1, and so r,(z) — 0
as n — oo (see Exercise 3.2.5). If —1 < & < —1/2, this argument does not
work.

Instead, we use Cauchy’s form of the remainder. Choose k > |a|. We find
that

rn(x) =

(1- en)"k( - 1) (1 + Onz)* "2,

Since 1 — 0, < 1+ 0,,x, it follows that if n > « then

@ < | s (1)

and so r,(z) — 0 as n — oo. O

= Qe

)
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This is a remarkably technical proof. Another, easier, proof is given as an
exercise in Section 8.7. We shall see in Volume III, that these proofs, and
the proofs of other consequences of Taylor’s theorem, are superseded by the
complex version of Taylor’s theorem.

Notice that if « = - < 0and 0 < z < 1 then
so that all the summands are positive. In partlcular
1 B 1.3..... (25 — 1) 2]
TET A +Z 127 T=14y +Z 223'

If f is differentiable at a, then f(z) — f(a) — (x — a)f'(a) = o(|z — al); for
this, we do not need to suppose that f is differentiable at any point other

= (14 (-

(1-2)f

than a. There is a corresponding result for n-times differentiable functions;
this is due to W. H. Young. (We shall not use this result later, and it may be
omitted.)

Theorem 7.6.5 Suppose that f is (n — 1)-times differentiable in an
interval I and that £~V is differentiable at an interior point a of I. Let

x—a)? T —a)”
pala) = f(a) + @~ ) (a) + T ) s B o)

and let rp41(z) = f(z) — pu(x). Then rpp1(z) = o(jx — al™).
Proof Let u(z) = rpy1(x)/(x — a)™, for  # a. Then we must show that
u(z) — 0 as x — a. Suppose that € > 0. Let

V() = rpt1(z) + €(z —a)™.

Then v (z) = (u(x) +€)(x —a)™ for x # a, and v, is n-times differentiable at
a;

ve(a) =0, v¥(a)=0for 1 <s<n—1and o™ (a) = nle>0.
By Proposition 7.1.5 (v), there exists § > 0 such that [a,a + §) C [ and

vgn_l)(x) > 0 for a < z < a+ §. By Corollary 7.3.6, vén_Q) is strictly
increasing on [a,a + 0), and so o (x) > 0for a < x < a+ 9. Iterating

the argument, it follows that ve(z) = (u(x) + €)(x —a)™ > 0 for a < = <
a + 6. Thus u(x) > —e for a < x < a + 0. Applying the same argument to
we(x) = —rpy1(x) + e(x — a)™, it follows that there exists 6’ > 0 such that
[a,a 4+ ¢") C T and u(x) < € for a < x < a+ §'. Consequently, u(x) — 0 as
x \, a. Similarly u(z) — 0 asz " a. O
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Exercises

7.6.1 Suppose that f is differentiable in an open interval I, and that f is
twice differentiable at a € I. Show that

fla+h)+ fla—h)—2f(a)
h2

—0ash—0.

[Hint: L'Hopital’s rule.]

7.6.2 Suppose that f is 2k-times differentiable on an open interval I, that
f9(a) =0for 1 < j < 2k—1and that f(**)(a) < 0. Show that f has
a local maximum at a.

7.6.3 Suppose that f is twice differentiable on an open interval I, that
a,b,c € I, with a < b < c¢. Show that there exists d € (a,b) such
that

fle) = fla) _ f(b) = f(a)

c—a b—a

7.6.4 Apply the Newton—Raphson method to the function f(z) = 2% — 2,
starting with zo = 3/2, to obtain rational approximations to V2. How
good is the approximation after three iterations?

7.6.5 Let f(x) = log(1l + ), for —1 < x < 1, and let r,(z) be the nth
remainder in the Taylor series expansion of f. Show that r,(z) — 0
as n — 0o, and determine the infinite Taylor series for f.

7.6.6 Let f(x) = tan—!(z). Apply the Newton—Raphson method when 0 <
|xg| < 1, when zp = 1 and when |z| > 1. When (z,) converges, how
fast does it converge?

7.6.7 Suppose that f is a convex increasing function on the closed interval
[a, b] which is differentiable on the open interval (a,b), and for which
f(a) < 0 < f(b). Suppose that z¢ € (a,b) and that f(x¢) > 0. Show
that the sequence ()52, defined by the Newton—Raphson method
is decreasing, that x, > b and that f(z,) > 0. Suppose that z,, — c.
Show that f(c¢) = 0, and that there exists 0 < A < 1 such that
Ty — ¢ < XN'(xg — ¢). What happens if f(xo) < 07

7.6.8 Apply the Newton—Raphson method to the function f(x) = 2™, where
n > 2, starting with x¢ > 0. Calculate x,,. Why is the convergence
slower than that described in the text?

7.6.9 Apply the Newton—Raphson method to the function f(z) = x+z**!,
where > 0 and 0 < a < 1, starting with g > 0. Calculate z,,. Why
is the convergence slower than that described in the text?
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7.6.10 Suppose that (aj)?‘;l is a sequence of positive terms, and that there
exists a > 0 such that aj41/a; = 1 —a/j + r;, where 7;/j — 0 as
j — oc. Show that 3°°°, a; converges if a > 1 and that 3 7%, a;
diverges if a < 1. (Consider b; = 1/j°, where s is between 1 and a.
This extends D’Alembert’s ratio test.)
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Integration

8.1 Elementary integrals

We now turn to integration, which we develop as the ‘area under the curve’.
We establish the existence and properties of the Riemann integral; this is
an integral whose development is quite straightforward, and which is good
for many of the needs of analysis. It has some shortcomings: it can only be
applied to a restricted class of functions, and it is not easy to obtain good
results about limits of integrals. For this, a more sophisticated integral, the
Lebesgue integral, is needed; we shall consider this in Volume III.

As with all theories of integration, we proceed by approximation. To begin
with, we restrict attention to bounded real-valued functions on a finite inter-
val [a, b]. The easiest functions to start with are the step functions — functions
which take constant values v; on a finite set {I; : 1 < j < k} of disjoint
sub-intervals of [a,b]. The graph of such a function is a bar graph, and we
define the elementary integral of such a function to be Z§:1 v;l(I;), where
[(I;) is the length of the interval I;. Note that v; can be positive or negative,
so that the integral can take positive and negative values.

The idea of the Riemann integral of a function f is to approximate f from
above and below by step functions. If the integrals of the approximations
from above and from below approach a common limit, then we take this
limit to be the Riemann integral of f.

In order to carry out this programme, we need to set up the appropriate
machinery. A dissection D of [a,b] is a finite subset of [a, b] which contains
both a and b. We arrange the elements of D, the points of dissection of D, in
increasing order: a = xg < x1 < - -+ < xp = b. The dissection splits [a, b] into
k disjoint intervals I1,...I;. We need to decide what to do with the end-
points; we adopt the convention that Iy = [zg,z1] and that [; = (z;_1, z}]
for2 <j<k.

209
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We order the dissections of [a,b] by inclusion: we say that Da refines
Dy if D1 C Do, and write D7 < D,. This is a partial order on the set
A of all dissections of [a,b], and A is a lattice: D1 V Dy = D; U Dy and
Dy AN Dy = Dy N Dy. A has a least element {a,b}, but has no greatest
element.

Suppose that D is a dissection, with intervals Iy, ..., I;. We denote the
indicator function of I; by x;: x;j(z) =1 if € I}, and x;(z) = 0 otherwise.
Similarly, we write x4 for the indicator function of [a, b]. We denote the
linear span of {x; : 1 < j <k} by Ep; thus a function f € Ep is of the form
f= Z?Zl vjX;j, where vy, ..., v are real numbers. The elements of Ep are
the step functions on [a, b] whose points of discontinuity are contained in D;
note that, according to our convention, step functions are continuous on the
left. Ep is a k-dimensional vector space of functions.

If Dy refines Dy, then Ep, C Ep,, and so the set of spaces {Ep : D € A}
also forms a lattice:

ED1 A ED2 = ED1 N ED2 = EDIAD?
and Ep, V Ep, =span (Ep, U Ep,) = Ep,vp,-

The union EA = U{Ep : D € A} is the infinite-dimensional vector space of
all (left-continuous) step functions.

We now wish to define the elementary integral of a step function f. If
f= Z L UjXj, we want to define f f(z)dx to be ZJ 1 v;l(I;), where
l(I;) = xj — xj—1 is the length of ;. But the representation is not unique,
and we need to show that the integral is well-defined.

Proposition 8.1.1 Suppose that D and D’ are dissections of [a bl, and
that f € EpNEp:, with representations [ = Zj L VX5 end f = Z] 1 ]

Then Zj:l (L) = ijl vil(I7)-

Proof We use the lattice property of A. Let D” = DU D’. Let D =
{a:o, ...,z and D" = {zf,...,x},}. Then there exist 0 =rg <r; <--- <
= k" such that = ay for 0 < j < k. Thus I(];) = ) Z(I”) We

can write f = ZT Lurxry, where vj = v for rj_; <r <r;. Consequently,

k T k"

Zvjl(Ij) _ Z Z //l I” Zv//l I//
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Similarly, Y-, vi1(I5) = Y0 v/I(I))), so that

k

.
D wl(L) =) I,
j=1

=1

We can therefore define the elementary integral as

b
/ ) de =S vil(Ly).

J=1

Proposition 8.1.2 Suppose that f and g are step functions and that
ceR. Then f+ g and cf are step functzons and

() [;(f(@) +g dw—ff Jda + [, 9(x)

(i) [cf(z)dw = Cf fz
(i5) If f(x ) < g(z) for allx then fab f(x)dx < fabg(:c) dx
Proof (i) Since A is a lattice, there exists D € A, with intervals I, ..., I,
such that f, g € Ep. Then we can write f = Z§:1 vjx; and g = Z?:l WiX;-
Then f+g = Z?Zl(vj + w;)x; is a step function and

k

b
/ (F(2) + g()) dz = Z(vj +w))l Zvj )+ ij

/f dx+/ g(x)dx.

The proofs of (ii) and (iii) are just as easy, and are left as exercises for the
reader. O

8.2 Upper and lower Riemann integrals

We now consider a bounded function f on [a,b], with m < f(x) < M for all
x € [a,b]. We try to integrate it by approximating from above and below by
step functions. Let

Ur={g:g€Eaandg> f}

be the set of step functions which are greater than or equal to f. Uy is
non-empty, since Mx,p € Uy. If g € Uy, g > mx[qy), and so f;g(x) dx >
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m(b — a). Thus the set {f:g(ac) dz : g € Uy} is bounded below. We define
the upper Riemann integral of f to be

/ dm—mf{/ z)dr: g€ Uy}

Ly={h:hé&€ FExandh < f}

Similarly we set

and define the lower Riemann integral of f to be

/f dac—sup{/ x)dx:h e Ly},

Proposition 8.2.1  Suppose that f is a bounded function on [a,b]. Then
[ f(@)do < [7f(x)do

Proof Ifthe Lyand ge Uy then h < f < g, so that

/ab h(z) do < /abg(x) da.

Taking the supremum over Ly, we see that

/abf(x) dx < /abg(x) dx,

so that, taking the infimum over Uy,

/f dw<1nf{/ z)d:geUs} = /f O

Suppose that D is a dissection, with intervals Iy, ..., I, and that f is
a bounded function on [a,b]. Let M(I;) = sup{f(z) : « € I;}, and let
Mp(f) = Z;?:l M;x;. Then Mp(f) is the least element of Ep NUy = {g €
Ep,g> f}. We set

k b
Sp=Spl(f) = S ML) = [ Mp(f)(w) ds
j=1 ¢
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Then Sp = inf{f;g(x) dz: g€ UsNEp}, so that

/f d:l:—mf{mf{/ x)dr:g € UsNEp}:De A}
=inf{Sp: D € A}

Similarly, we define m(l;) = inf{f(z) : z € I;} and mp(f) = Z?:l m(L;)x;,
and set

Sp = SD Zm] / mD
Then sp = sup{fabg(x) drz:g € Ly N Ep}, so that

/f a:—sup{sup{/ xz)de: g€ UrNEp}: D e A}

=sup{sp: D € A}.

5
i

f
|

&

x‘
| | |
| | |
| | |
| | |

Figure 8.2. Upper and lower sums Sp and sp.

Note that if D' refines D then Spr < Sp and sp > sp.

In fact, we do not need to consider all the dissections to determine the
upper and lower Riemann integrals. If D is a dissection, with intervals
I,..., I, we define the mesh size §(D) to be max{l(l;): 1 < j < k}.

Theorem 8.2.2  Suppose that (D,)>2 is a sequence of dissections of |a, b],
and that 6(D;) — 0 as v — oo. If f is a bounded function on [a,b] then
— fabf(a:) dx as r — oc.

Proof  Suppose that € > 0. Then there exists a dissection D of [a,b],
with points of dissection a = zg < 1 < --- < xp = b such that
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Sp < f;f(x) dx + €/2. The idea of the proof is to choose r large enough so
that the set D is contained in a set of intervals of D, of small total length. Let
n=¢/2(k+1)(M —m+1). There exists rg such that 6(D,) < n for r > r.
Suppose that r > ro. Let D’ = DV D,. Then Sp, < Sp. Let {J1,...,Jg}
be the intervals of the dissection D,, and let K1,..., K, be the intervals of
the dissection D’. We divide {1,...,q} into two disjoint subsets. Let p € B
if .J, contains one or more elements of D, and let p € G otherwise. (B is the
set of bad indices, and G is the set of good indices.) Then |B| < k + 1. If
p € B, then J, is the disjoint union U,¢g, K, of finitely many of intervals in
D'. Since m < f(z) < M,

MI(Jp) = M(Jp)l(Jp) > Z M(K;)I(Ky) = m Z WEK) = mi(Jp).
reS, res,

If p € G, then J, = K, for some r € {1,...,s}, so that M(Jp) = M(K,).
Thus

Sp, = Spr =Y | Ml(Jp)U(J,) = > M(K)I(K,))

pEB r€Sy
<> (M =m)I(J,) < (M —m)(k+1)5(D,) < ¢/2.
pEB

Consequently, if r > rg then

) b
/f($)d$§SDTSSD/+E/2§SD+E/2</f(.’x)dl‘—FG

so that SDTHfiff(x)dx as r — 0o. O

We can for example take D, to be the dissection dividing [a, b] into r inter-
vals of equal length. Alternatively, we can repeatedly bisect the intervals, so

that D, is a dissection dividing [a, b] into 2" intervals of equal length; in this

[e.9]

case, (Dr)72, is an increasing sequence of dissections, so that (Sp, )72, is a

. : b
decreasing sequence, converging to [ 'f(z)dx as r — oo.

8.3 Riemann integrable functions

We say that a bounded function f on [a,b] is Riemann integrable if its
upper and lower integrals are equal. The common value is then the Riemann
integral f; f(x)dx. In this expression, f is called the integrand. First, we
must check that this extends the elementary integral of step functions.
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Proposition 8.3.1 If f is a step function then it is Riemann integrable,
and the Riemann integral is the same as the elementary integral.

Proof  Let E be the elementary integral. Since f is in both Uy and Ly,

E< /bf(w)d:c < /bf(:v)dx <E,

and so all the quantities are equal. O

Proposition 8.3.2  Suppose that f is a bounded function on [a,b]. Then
f is Riemann integrable if and only if given € > 0 there exist step functions
g and h with h < f < g and f;g(x) dx — ffh(a:) dr < e.

Proof  This follows immediately from the definition. O

Proposition 8.3.3 Suppose that f is a bounded function on [a,b]. Then
f is Riemann integrable if and only if given € > 0 there exists a dissection
D such that Sp — sp < e.

Proof  The condition is clearly sufficient. If f is Riemann integrable and
e > 0 then there exist dissections D; and Dy such that sp, + €/2 >
P f(x)dx > Sp, — €/2. Let D = Dy V Dy. Then

Sp < Sp, <sp, +e<sp+e O

We can express this proposition in terms of the oscillation of f. Sup-
pose that f is a bounded real-valued function on a non-empty set S. The
oscillation @ = Q(f,S) of f on S is defined as

Q(f,5) =sup{|f(s) = f()] : s,t € S} = Sugf(S) — inf f(s).
s€ S
Corollary 8.3.4 Suppose that f is a bounded function on [a,b]. Then f
1s Riemann integrable if and only if given ¢ > 0 there exists a dissection
D={a=xy< - <z =0b} of [a,b], with intervals I,..., I} such that

k
ZQ(f, Ij)(xj — -Tj—l) < €.
j=1
Proof  For Sp —sp = Z;?:l QUf, Ij)(xj — xj-1). O

Corollary 8.3.5 Suppose that f is a bounded function on [a,b]. Then f
is Riemann integrable if and only if given € > 0 there exist a dissection
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D={a=x9<-- <z =0b} of [a,b] and a partition GU B of {1,...,k}
such that
Of L) <eforjeG and > UI) <e
jEB
where I, ... I, are the intervals of the dissection.

Proof  Suppose that the condition is satisfied, and that ¢ > 0. Let n =
e/(b—a+ Q(f,|a,b])). Then

k
SOOI () — ) =
j=1
= QL) (w5 —xja) + > QL L) () — w)
jeG jeB
< (?ggﬁ(f, LN (g —zi0) + Qf [a, b)) > (2 — 1)

jea jeB
< (b—a)n+Q(f,[a,b])n = ¢,

so that f is Riemann integrable. Suppose conversely that f is Riemann
integrable. By the previous corollary there exists a dissection D with

k

Z Q(f, Ij)({Ej — .I‘j_1> < min(e, 62).

j=1
Let G={j € D:Q(f,I;) <€} and let B={j € D:Q(f, I;) > €}. Then
€Y UIL) <) Q(f, ) < €,
jeB jeB
which give the result. O
Many important functions are Riemann integrable.

Theorem 8.3.6 (i) A continuous function on [a,b] is Riemann integrable.
(i) A monotonic function on [a,b] is Riemann integrable.

Proof In both cases, we use Proposition 8.3.3.

(i) We use the fact that f is uniformly continuous. Suppose that ¢ > 0.
There exists § > 0 such that if |x — y| < d then |f(z) — f(y)| < ¢/(b— a).
Choose N so that (b —a)/N <, and let Dy be the dissection of [a, b] into
N intervals I, ..., In of equal length. Then I(/;) = (b —a)/N < 6, so that

M; =sup{f(z):z € l;} <inf{f(z):x € l;} +€¢/(b—a) =m;+€¢/(b—a)},
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for 1 <j < N, andso Sp, < sp, + €.

(ii) Without loss of generality we can suppose that f is increasing. Suppose
that € > 0. Choose N so that N > (f(b) — f(a))(b — a)/e. Let Dy be
the dissection of [a,b] into N intervals of equal length, as before, and let
a=uxz9 <z <---<xy = b be the points of dissection. Then m; > f(z;_1)
and M; = f(z;), so that

N
Sp = Z f(xj)
=1

N
=Y Fa) ) - f@) 1 < st e
7=1

As an easy example, let us calculate foa x dx, where a > 0. Then

o= (W) ()= =5 (5,

and

=3 () (1) v -5 (3.

=1

from which it follows that [ z dz = a*/2.
We can also characterize Riemann integrability in terms of a sequence of
dissections.

Proposition 8.3.7 Suppose that (D;)>2 is a sequence of dissections of
[a,b], and that 6(D,) — 0 as r — oo. If f is a bounded function on |a,b],
then f is Riemann integrable if and only if Sp, — sp. — 0 as r — 0. If so,
then f: f(z)dx =lim,_o Sp, = lim, o Sp, -

Proof This follows immediately from the definition and Theorem
8.2.2. O

Corollary 8.3.8 Suppose that f is a bounded function on |a,b], and that

J € R. Then the following are equivalent.

(i) f is Riemann integrable, and f; flz)de =J.

(i) If (Dy)$2 is a sequence of dissections of [a,b] with 6(D,) — 0 asr — oo,
if I, ..., Irq,. are the intervals of the dissection D, and if yr, € I, p,
for 1 <p < gq,, then
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It is important that (ii) must hold for every choice of y;.,, € I,,, and not
just for one particular choice.

Proof If f is Riemann integrable, and ff f(x)dx = J, then

SD. <Zf Yr.p)l <Sp,,

and so (ii) follows from the proposition and the sandwich principle.

Conversely, suppose that (ii) holds. For each r € N and each p with 1 <
p < g there exist y, p and 2,5, in I, , for which f(y,p)—f(zrp) > Qf, Lp)/2.
Then

0 < ZQ f7 rp rp < 22 y?‘,p Zr,p»l(lﬁp)'

But

qr

p=1
and so

q’V‘
ZQ(f, I p)l(I.p) — 0 as 7 — oo.

Thus f is Riemann integrable, by Corollary 8.3.4. Further, since
SD., <ny7p ,p <SD

it follows from the sandwich principle that

b
J—TEIEO Zf yr,p :/ f(x)dx. |

Let us consider some examples.
Example 8.3.9 A bounded function which is not Riemann integrable.

Let f(z) = 1 if = is rational, and f(z) = 0 if = is irrational. If g =
Z?:o v;X; € Uy then each I; contains a rational number, and so v; > 1. Thus
fabg(x) dr > b— a, and so fff(w) dx > b — a. Since x[q) € Uy, f;f(x) dx =
b — a. Similarly, If h = Z?:o w;X; € Ly then each I; contains an irrational
number, and so w; < 0. Thus f; h(z)dx < 0, and so f;f(m) dx < 0. Since
0€e Ly, f;f(x) dx = 0. Thus f is not Riemann integrable.
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Example 8.3.10 A Riemann integrable function on [0, 1] which is discon-
tinuous at the rational points of [0, 1].

If r € [0, 1] is rational, and r = p/q in lowest terms, let g(r) = 1/q, and if ©
is irrational, let g(x) = 0. Then g is discontinuous at every rational number.
Suppose that € > 0. Then there exists gy such that 1/gp < €. Then in a
closed interval [a,b] there are only finitely many rational numbers r = p/q
with ¢ < qo, so that L = {x € [a,b] : g(x) > €} is finite. We can include L in
a finite set of intervals of total length less than e: there exists a dissection

D:{0:$0<y0<I1<y1<"'<$k<yk‘:1}

such that

L C [wo,y0] U (z1, 1] U - - - U (w, Ykl
andeOyk—a:k < e If we take G = {x; : 1 < i < k} and B = {y; :
0 <4 < k} then Q(g,I;) < efor j € G, and >, 5l(Ij) <€, so that g is
Riemann integrable, by Corollary 8.3.5. Further, Sp < €(b — a) + ¢, so that
fa g(z) dx < 0. Since g is non-negative, fa g(z)dz = 0.

Example 8.3.11 A function which is constant on a dense open subset of
[0, 1], but which is not Riemann integrable.

Let C(©) be a fat Cantor set. C(9) is a perfect subset of [0, 1] with empty
interior. Let I-« be the indicator function of C©. Then Ic is zero on
the dense open subset [0,1]\ C(©) of [0, 1]. Since C(©) has an empty interior,
foll(;(e)(a:) dx = 0. On the other hand, if D is a dissection of [0, 1], with

intervals Iy, ..., I, and if G = {j : I; 1 C9) = (}}, then >jec ;) < e and
s0o Sp(Ig) > 1 — €. Thus fo Ico(z)dr > 1 —e.

Exercises

8.3.1 Suppose that f is a bounded function on [a,b] which is continu-
ous except at finitely many points of [a,b]. Show that f is Riemann
integrable.

8.3.2 Suppose that f is a Riemann integrable function on [a,b]. Suppose
that € > 0. Show that there exist a < a; < by < b such that

sup{f(z) : z € [a1,b1]} — inf{f(x) : x € [a1, 1]} < e.

Show that f has a point of continuity in [a, b].

Suppose that f(x) > 0 for all x € [a, b]. Show that f: f(z)dz > 0.
8.3.3 Suppose that f is an integrable function on [a,b] and that ¢ is uni-

formly continuous on f([a,b]). Show that ¢ o f is Riemann integrable.
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8.3.4 Suppose that f is a bounded on [a, b]. Show that

/ f(x)dx = 1nf{/ x)dx : g continuous, g > f}.

8.3.5 Suppose that f is a bounded increasing function on [a, b]. Show that
f (z) do =

inf{ / x)dz : g continuous and strictly increasing, g > f}.

8.4 Algebraic properties of the Riemann integral

Here are some straightforward results about upper and Riemann integrals.

Proposition 8.4.1 Suppose that f and g are bounded functions on [a,b],
and that ¢ > 0.

Gi) [ 1) +o@de< [ f@)yde+ [ o) de.

a

(iiz’)/abf dx_c/f ) dz and/acf() /bf(x)dx.
(iv) /ab( f ) dz and/( /f

(v) If f(x) < g(x) for all x € [a,b] then

/abf(x)dx</ab9(x)dx and/abf(x)dx</ang dx

Proof 1Ifthe Lyandk € Lythen h+k € Ly, Thus

/abf(:v)Jrg(:c)dxz/abh(x)+k(x)dx—/abh(:r)deF/ab/{(x)dx'

Taking the suprema over Ly and L, we obtain the first result. The rest are
just as easy. O
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Corollary 8.4.2 (i) If f and g are Riemann integrable and ¢ € R then
f+g and cf are Riemann integrable, and

[ @ o= [ s [ o,
/abcf(a:)dm = c/abf(m)dm

(i1) If f(x) < g(z) for all x € [a,b] then f;f(:v) dx < f;g(a:) dx
Proof (i) We have

/ab (f(w) + / /
:/f dx—i—/
> / (F(z) + g(a)) do > /b (F(2) + g(a))di,

and so they are all equal. Scalar multiplication is even easier.
(ii) This follows directly from (v). O

When f is continuous, we can say more.

Proposition 8.4.3 Suppose that f is a non-negative continuous function
on [a,b] and that f; f(x)dx =0. Then f(z) =0 for all x € [a,].

Proof  Suppose not, and suppose that f(c) > 0 for some ¢ € [a,b]. There
exists § > 0 such that if x € (¢ —6,c+3J)N]a,b] then |f(z) — f(c)| < f(c)/2.
Choose max(a,c —J) < z1 < x2 < min(b,c + ). Then f(z) > f(c)/2 for
T € (z1,m2]. Let h(x) = (f(¢)/2)X(21,25)- Then f(x) > h(z) for all x € [a, b],
so that

b b
/ f(x)dx > / h(z)dx = (x9 — x1)f(c)/2 > 0. O

Corollary 8.4.4 Suppose that f and g are contmuous functions on [a, b]
and that f(xz) > g(x) for all x € [a,b]. Iff flz)dz = f;g(m) dz, then

f(z) = g(x) for all x € [a,b].

Proof The function h = f — g is continuous and non-negative, and
f; h(z)dx = 0. Thus f(z) — g(z) = 0 for all z € [a, b]. O
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Recall that if f is a real-valued function on a set S then f(s) = (f(s))" =
max(f(s),0), f~(s) = (f(s))” = max(—f(s),0) and |f|(s) = [f(s)|

Theorem 8.4.5 Suppose that f and g are Riemann integrable functions
on [a,b]. Then f*,f=, |fl, f? and fg are all Riemann integrable.

Proof We use Corollary 8.3.5. Since Q(f*,I) < Q(f,I), it follows from
Corollary 8.3.5 that f* is Riemann integrable. Similarly, f~ is Riemann
integrable, and so therefore is | f| = f* + f~.

Next we consider f2. Let M = sup{f(z) : # € [a,b]}. Suppose that
e > 0. Let n =¢/(2M + 1). By Corollary 8.3.5, there exist a dissection D =
{a =y < -+ <z = b} of [a,b] and a partition G U B of {1,...,k} such
that

Qf. ) <nforjeG and > UI) <,
jEB

where Iy,... I are the intervals of the dissection. Then > . pl(f;) < e
Since |s? — %] = |s+t|.|s —t|, it follows that Q(f?, ;) < 2Mn < e for j € G,
and so f? is Riemann integrable.

Finally, since fg = %((f +9)% — f? — ¢?), fg is Riemann integrable. [This
last trick is called polarization.] )

Corollary 8.4.6 If f is Riemann integrable on [a,b] then

/abf(a;) dx

Proof — For —|f| < f <|f]. O

< [ @

Exercises

8.4.1 Give an example of a function on [0,1] which is not Riemann
integrable, but for which |f| and f? are Riemann integrable.

8.4.2 Suppose that f and g Riemann integrable on [a, b]. By considering the
function (f + Ag)?, for suitable A, or otherwise, establish Schwarz’s
inequality:

/ ’ Fa)oe) da < (/ ey i - (/ g )

8.4.3 Suppose that f and g are Riemann integrable on [a, b], and that p and ¢
are conjugate indices. Show that | f|P and |g|? are Riemann integrable,

1/2
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and establish Holder’s inequality for integrals:

b b
| / f(@)g(x) da| < / F(@)g(x)| de

<(/ b If(x)lpdar>1/p (/ b 9(0)f o) "

8.5 The fundamental theorem of calculus

We have introduced the Riemann integral as the measure of an area under
a curve. It also acts as the inverse of differentiation.

Proposition 8.5.1  Suppose that f is a bounded function on [a,b] and that
a < c<b. Then f is Riemann integrable on [a,b] if and only if it is Riemann
integrable on [a,c| and [c,b]. If so fabf(x) de = [7 f(z)de + fcbf(a:) dx.

Proof  This is an easy exercise for the reader. O

If @ < band f is Riemann integrable on [a,b], we write [, f(z)dz =
- fabf(af) dz. Thus the formula above can also be written as [7 f(z)dz =

JPf(@)dz + [f f(2) da.

Theorem 8.5.2 (The fundamental theorem of calculus) (i) Suppose that
f is Riemann integrable on [a,b]. Set F(t) = f(j f(z)dz, fora <t <b. Fis
continuous on [a,b]. If f is continuous at t then F is differentiable at t, and
F'(t) = f(t). (If t =a orb, then F has a one-sided derivative.)

(ii) Suppose that f is differentiable on [a,b] (with one sided derivatives
at a and b). If f" is Riemann integrable then f(x) = f(a)+ [ f'(t)dt for
a<z<hb.

Proof (i) The function f is bounded, and so there exists M such that
|f(x)] < M for all € [a,b]. Then if a <t < s <,

/ts f(x)dx

from which it follows that F' is continuous.
Suppose that f is continuous at t. Suppose that € > 0. There exists § > 0
such that if |s — ¢| < § and s € [a,b] then |f(s) — f(t)| < e. Now

[F(t) = F(s)] =

g[ﬂﬂ@mng@—w,

/t (@) — f(t)de = F(s) — F(t) - f(t)(s — 1),
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so that if 0 < |s —t| < § and s € [a, b] then

[F'(s) = F(t) = f(t)(s = )] <

/\f ()] dz < e|s — 1],

since |[x —t| < |s —t] < 6 for x € [t,s]. Thus F is differentiable at ¢, with
derivative f(t).

(ii) Let (Dy)224 be a sequence of dissections of [a,z]|, with §(D,) — 0.
Suppose that D, has points of dissection a = x,9 < --- < x,, = . By
the mean-value theorem, for each 1 < j < k, there exists y,.; € [acm,l, xr’j]
such that f(z,;) — f(@rj-1) = f'(yr;)(xr; — 2y j—1). Thus

k. k.
Z f,(yr,j)(xr,j - Lrj— 1 Z mT,_] xr,jfl)) = f(IL‘) - f(a)
7j=1 7j=1
The result now follows from Corollary 8.3.8. O

Thus if f is a continuous function on [a, b], the integral enables us to solve
the first-order differential equation F’(x) = f(x), with boundary condition
F(a) = 0. Any function F which satisfies F’ = f is called a primitive, or
anti-derivative, of f. If F and G are primitives of f, then (F — G)'(z) =
F'(z) = G'(z) =0 on [a,b], and so F' = G + ¢, where ¢ is a constant.

It is important to note that in Part (ii) of the theorem, we require f’ to be
Riemann integrable. In general, the primitive of a function is well-behaved,
whereas the derivative, where it exists, need not be. The fundamental theo-
rem of calculus allows us to calculate many integrals without difficulty. Here
are some examples.

1. Suppose that a < b, that k # 0 and that ¢ > 0. Then

b b kt
d (e 1
kx kb ka
e dx:/ <> dt = — (" — "),
/a o dt \ Kk k
b b t b a
d c ¢ —c
T dr = — | — ) dt = :
/a car /a dt <logc> loge ’

b b d
/ cosrdr = —sintdt = sinb — sina,
a dt

a
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b b d
/sinxd:c:/ ﬁ(—cost)dt:cosa—cosb,

b b
d d
/ x2:/ —tan " 'tdt =tan"'b—tan"la
o 142z o dt

2. If 0 < a < b then

b b
d d b
/:)::/ —logtdt =logb—loga =log —.
e T o dt a

3. If -1 <a<b<1 then

b b
d . 1 . —1 .—1 -1 -1
—_— = —sin” " tdt =sin" " b—sin" " a =cos” " a —cos” " b.
/a V1—2a2 / dt
We use the fundamental theorem of calculus to obtain the following
change of variables formula.

Theorem 8.5.3 Suppose that g is a differentiable increasing function on
[a,b], that ¢' is Riemann integrable and that f is continuous on [g(a), g(b)].

Then
g(b
/ y)dy = / 19

Proof Let I be a primitive for f, so that F' is continuously differen-
tiable on [g(a), g(b)]. Thus F o g is differentiable on [a, ], and its derivative
F'(g(x))d'(z) = f(g9(x))g'(x) is Riemann integrable. Hence

F(g(b)) — Flg(a)) = (F o g)(b) — (F o g)(a / £l

(b)
Flg(b)) - Flg(a)) = / ( Py / 1) d. .
gla g

The next result, which is occasionally useful, concerns certain infinite
Taylor series.

Proposition 8.5.4 Suppose that f is an infinitely differentiable function
on [a,b) (with one-sided derivatives at a) and that f(™(a) >0 for alln € N.
Suppose that the Taylor series

£+ (g
f/<a)+zfjj!()

j=1

(2 — a)’
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for f'(z) converges to f'(x) for each x € (a,b). Then

+Zf x—aj

for each x € (a,b). If f is bounded then f(b—) = lim, ~, f(z) exists, and

© ()(a |
106-) = @)+ 3 L -y
j=1
Proof  Let
(G+1) ") (g
sn(@) = F@+ 3 D 0, @) = f@)+ 3 D (i a
=1 T =

0< f'(t) — snlt Z fﬁl t—a)j
Jj=n+1
+1)
< f”f(’m—awzf%w—sam
j=n+1 J:

so that
0< f(2) = unsa(x) = /m(f'(t) = sp(t))dt < (z — a)(f'(z) — sn()).

Since s, (x) — f'(x) as n — oo, it follows that u,(z) — f(x) as n — oc.

Since f'(z) > 0 for = € [a,b), f is an increasing function, so that if f
is bounded then f(b—) = lim, » f(x) exists. The sequence (un(b))pe; is
increasing. Since each of the polynomials w, is continuous, it follows that
f(b—=) > un(b), for n € N. But

f(b—) = sup f(x) = sup sup u,(x) < sup un(b),
a<lx<b a<z<bneN neN

and so up(b) — f(b—) as n — oc. O
Here is a particular application.

Corollary 8.5.5 If0 <z <1 then

o0
) 2] 2]+1
s w) = g( )229 2j+1)
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Proof  For

d . 4 2\y—1/2 - 2j %
gp S =(1-2% /=1+]Z_:1 j)2u

Exercises

8.5.1 Suppose that f is a Riemann integrable function on [a,b]. Show that
the set of points of continuity of f is dense in [a, b].

8.5.2 It is not easy to give conditions on a differentiable function f to ensure
that f’ is Riemann integrable. One sufficient condition is that f’ is
continuous. Use part (i) of the fundamental theorem of calculus to
prove part (ii), in the case where f’ is a continuous function on [a, b].

8.5.3 Let

L(z) = @f0r0<a:<oo.
1t

Show that L is a continuous strictly increasing mapping of (0, co) onto
R. Let F be the inverse function. Taking these as the definitions of
the logarithmic and exponential functions, establish the basic results
(i)—(x) of Section 7.4.

8.5.4 Suppose that f is a continuous convex function on [a, b]. Show that

b b
£(b) — fla) = / f(a+) da = / [ da.

8.5.5 Suppose that f is a continuous periodic function on R, with period
1. Suppose that a > 0. Show that fol f(z +a)— f(x)dzr = 0. Deduce
that there exist 0 < z1 < z9 < 1 such that f(x1 +a) = f(z1) and
f(ag+a) = f(x2).

8.5.6 Show that if —1 < z < 1 then

:1:3 I5 (_1)71—11,271—1 T (_tQ)n
tan ()= — — 4+ —...4p X M dt
an” (r) =x 3+5 + — -i-/o T2
and show that
L 0 $2n+1
tan~ = S L —

Why is this the Taylor series expansion of tan=1(x)?
8.5.7 Show that tan(2z) = 2tan(z)/(1 — tan?(z)). Deduce that

7/4 = 4tan~'(1/5) — tan~'(1/239).
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Use this to calculate 7 to five decimal places.

[4/239 = 0.001673640....]

8.6 Some mean-value theorems

Here is an easy mean-value theorem.

Theorem 8.6.1 Suppose that f is a continuous function on [a,b]. Then
there exists a < ¢ < b such that ff f(z)dz = (b—a)f(c).

Proof Let F(t) = fj f(z)dz, for a <t < b. Then f; f(z)dz = F(b)—F(a)

and F'(t) = f(t), and so the result follows from the mean-value theorem.
|

The proof of the next theorem is considerably harder; it is similar to the
proof of Dirichlet’s test.

Theorem 8.6.2 (Bonnet’s mean-value theorem) Suppose that f is a

Riemann integrable function on [a,b] and that ¢ is a decreasing non-negative
function on [a,b]. Then there exists a < ¢ < b such that

/a @@ = o) [ @) ds

Proof  Let F(c) = [¢ f(x)dx for a < ¢ < b, and let
A =sup{F(t) :t € [a,b]}, A=inf{F(t):t € [a,b]}.

Since F is a continuous function on [a, b], it is sufficient, by the intermediate
value theorem, to show that

>\</f x)dzr < ¢(a)A.

Suppose that € > 0. There exists a dissection D, with points of dissection
a=ux9<---<zxp=>,such that Sp(f) < sp(f)+ € and

/qﬁ dac—e<z¢xj Vf(xj—1)(zj —xj-1) /¢ x)dr + €.
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Let aj = f(zj—1)(x; — xj—1), and let b; = a1 + --- +aj, for 1 < j < k; let
bp = 0. Then

k k k
> b)) (@5 — 1) = oz 1)a; =D dlj1)(b — bj1)
j=1 j=1 j=1
k—1
=D (o(xj—1) — d(x4))bj + d(wk—1)bx
j=1
Now

Since ¢ is non-negative decreasing and A —e < b; < A + ¢, it follows that

k—1
pla) A =€) =) (p(xj_1) — d(x5))(A =€) + d(zr—1)(A —€)
j=1
k—1
< > (¢(mj—1) — d(x;))bj + d(z—1)b;
j=1

b
s (@1)(ay 2j0) < [ ola) (@) dn+ e

<
I
—_

I

A similar argument shows that

b
s@+e)> [ ola)f@)ds - e
and so
b
S0 —e< [ 6)f(@)do < dla)(A+ ) +e
Since this holds for all € > 0, the result follows. O

There is also a version for increasing functions.
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Corollary 8.6.3 Suppose that f is a Riemann integrable function on [a, b]
and that ¢ is an increasing non-negative function on [a,b]. Then there exists

a < c<b such that
b b
/ o) () di = B(b) / f(z) da

Proof  Consider the function g on [—b, —a] defined by g(z) = f(—z). O
We can also drop the non-negativity condition.

Corollary 8.6.4 (Du Bois—Reymond’s mean-value theorem)  Suppose that
f is a Riemann integrable function on [a,b] and that v is a monotonic
function on [a,b]. Then there exists a < ¢ < b such that

/abm)f (@)dz = (a) [ fa)da+wit) [ o) o

Proof  If 4 is decreasing, set ¢(x) = ¥(x) — 1(b). If 1 is increasing, set
p(x) = —(z) + ¥ (b). -

Exercises

8.6.1 Suppose that 0 < a < b. Show that

b .
sinu
dul <m
0 U

8.6.2 Suppose that 0 < a < b and that K > 0. Show that

b .
K
/sm udu'gﬂ'.
a u

8.6.3 Suppose that 0 < s <t < 7/2 and that K > 0. Show that

Sy

27 sin u

8.6.4 Suppose that ¢ is a non-negative increasing function on (0, ¢], where
0 <t<m/2, that ¢(u) — 0 as v\, 0, and that K > 0. Show that

L[

sinu
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8.7 Integration by parts

Let us apply the fundamental theorem of calculus to the product of two
functions.

Theorem 8.7.1 (Integration by parts) Suppose that f is continuous on
[a,b] that g is continuous and differentiable on [a,b], and that ¢’ is Riemann
integrable. Let F' be a primitive for f. Then

b b
/ f(@)g(x) dz = F(b)g(b) — F(a)g(a) —/ F(x)g'(z) d.

Proof  Since F' = f, the function F(z)g(xz) has derivative f(z)g(x) +
F(z)¢'(x), which is Riemann integrable. Applying the fundamental theorem
of calculus,

b
F@M@=F@¢@+/uwwwww

/f da;—l—/abF(a;)g'(x)dx,

from which the result follows. O

The difference F(b)g(b) — F(a)g(a) is frequently written as [F(x)g(z)]2.
As an example, let us calculate fo xsinz dx, where a > 0. Set f(z) =
and ¢g(z) = x. Then we can take F'(x) = — cosz, and so

sinx

s a
/ xsinxda::(—cosa).a—(—l).O—i—/ cosz dr = sina — acosa.
0 0

Although Theorem 8.7.1 is very easy, it is also extremely powerful. It
provides a continuous analogue of the argument used to establish Dirichlet’s
test. To illustrate this, let us use the integration by parts formula to prove a
version of Bonnet’s mean-value theorem (where rather stronger conditions
are imposed).

Theorem 8.7.2  Suppose that f is a Riemann integrable function on [a, b]
and that ¢ is a decreasing, continuous, differentiable, non-negative function
on [a,b], and that ¢' is Riemann integrable. Then there exists a < ¢ < b such

that ) .
/¢mﬂmm=mq/ﬂ@w

Proof  Let F(c) = [ f(z)dx for a < ¢ < b, and let A = sup{F(t) : ¢t €
[a,b]}, A = mf{F( ):t € la, b]} As in Theorem 8.6.2, since F' is a continuous
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function on [a, b], it is sufficient, by the intermediate value theorem, to show
that

A</f ) dz < ¢(a)A.

Integrating by parts,

b b
[ 1@ ds = F0ow) - [ P @) s

Thus, since ¢’ <0,

b b
Nola) = 0(b) =X [ d(a)do < FO)0) — [ Pl@)d/ (@) do
< Ag(b) — A / ¢ (z) dz = Ad(a). O

Integration by parts enables us to give another version of Taylor’s theorem
with remainder.

Theorem 8.7.3 (Taylor’s theorem with integral remainder) Suppose that
f is k times continuously differentiable on [a,b]. Then

b
+Z b= 1)) 4 (n_ll)! / (b—2)" " f) () dx.

Proof By induction on n. It is true for n = 0, by the fundamental theo-
rem of calculus. Suppose that it is true for n, and that f is (n + 1)-times
continuously differentiable. Then it is n times differentiable, and so by the
inductive hypothesis

b
+Z b= 1)) 4 (n_ll)! / (b—2)" " f)(z) dx.

Now —(b— )" /n is a primitive for (b — )"~ !, and so, integrating by parts,
b
[ =) do -

0— <_(b;a)nf(")(a)> — </:_(bn_x)nf(”“)(x) dx) .
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Thus
b
oy [ O @ de =
b
o=@+ [ 6= @) da,
and so
b) — = (b—a) () 1 ’ b n=1r(n) (1) 4 0O
SCRFCED W o @+ gy | 0= @)

This form of Taylor’s theorem differs from the earlier ones, in that it gives
the remainder r,(b) explicitly as a function of b.

Exercises

8.7.1 Show that
w/2

/2 T\ n—1 )
/ 2"sinzdr =n <§> —n(n — 1)/ 2" “sinz dx for n > 2.
0 0

8.7.2 Suppose that f is continuous and differentiable on [a,b], and that f’
is Riemann integrable. Show that

b b
/ f(z)dr = (b—a)f(b) - / (x —a)f(z) dz.

Suppose that m,n € N and that a < m,n < b. Establish Euler’s
summation formula:

> f(j>=/nf(:c)da:+/n(:c—[x])f’(g;)dx.

j=m+1 m

(Here [z] is the integral part of z; the least integer not greater than
8.7.3 Use Taylor’s theorem with integral remainder to give another proof of
the binomial theorem.

8.8 Improper integrals and singular integrals

So far, we have considered integrals of bounded functions defined on a
bounded closed interval. How can we deal with unbounded functions, or dif-
ferent sorts of interval? There are various limiting processes that we can use;
the resulting integrals are called improper integrals and singular integrals.
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First we consider a function f which is defined on a semi-infinite interval
[a, 00) and whose restriction to each finite subinterval [a, b] is Riemann inte-
grable. If fab f(x) dx tends to a limit [ as b — oo, we set | = [ f(x) da; this
is an improper integral. It may also happen that ff f(x)dr — oo as b — oo;
in this case we write faoo f(x) dx = oo. For example, if f is non-negative, then
the function I(b) = fab f(x)dx is an increasing function on [a,o0), and so
cither I(b) tends to a finite limit as b — oo, which is the integral [° f(x) dz,
or I(b) — oo as b — oo, in which case [ ° f(z)dz = oo

Let us give some examples.

First,

0 b
/ (1+2*)tde= lim [ (142%) 'dz = lim tan™'(b) = 7/2.
0 b—oo J b—oo
Secondly, the function sinc x = (sinz)/z is an important function in the
theory of signal processing. What can we say about fooo sinc x dx? There is
no problem at 0, since sinc x — 1 as ¢ — 0. Let

nm nm :
S
I, = / sinc z dx :/ md
(n—1)m (n-Dm T
Then I) > I > ---, and I, — 0 as n — 00. By the alternating series test,

the limit

nm

lim sinc x dx = lim Z J‘Hlj

n—oo 0 n—oo

exists. Further fﬁ:jﬂ sinc xdxr — 0 as b — oo, so that

0o b
/ sinc zdxr = lim sinc x dx
0

b—oo Jo

exists. But note that
(n—1/3)n -
|1, > / |sinc x| dr > —,
(n—2/3)n 6n

so that [ |sinc z|dz = oc.

This last phenomenon shows that we must proceed with some care. For
example, let f(z) = (sinx)/\/x. Then arguments just like those for sinc
show that the improper integral fo x) dx exists. But

b 342
lim/ f2 )dx = hm S zdm:oo,
0

b—o0 T
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since

nm 102 nm
1 1
/ St $dx2— sinxdr = —
(n—Dmx T nm Jin—1)x 2n
and Y 2 (1/2n) = o0
Theorem 8.8.1 (The integral test) Suppose that f is a decreasing non-
negative function on [0,00) and that f(z) — 0 as z — oo.

(i) The series > 22, f(j) converges if and only if limp oo Jo flz) dx
exists, and then

j=1 Jj=0

(ii) If
n—1 n n n
jgof(y)— [ fa)da cman:;f(J)— /0 f(z) da

so that Cy, < Dy, then (Cp)02 is an increasing sequence and (Dy)22 , is a
decreasing sequence, and the two sequences converge to a common limit G.

Proof (i) Let us set g(x) = f(|z]) and h(x) = f(|x] + 1), so that h <
f <g. Now

/0 g(w)d:c=]§:%f(j) and /O h(w)dw=;f(y),
and so
n—1
Zf (/f)MSZﬂﬂ
=0

Thus either the sum and the integral both converge, or they both diverge.
(ii) Since

n+1
Coi1 — Cp = / f(n) — f(x)dz >0,

(Cpn)22, is an increasing sequence; similarly

n+1
Ds1 — Dy = / Fn+1) - f(z)dz <0,

so that (D)o, is a decreasing sequence. Finally, D,, — C,, = f(n), so that
C,, and D,, converge to a common limit G. O
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If we set f(z) = log(l +z), we see that > 7_,(1/j) — log(n + 1) increases
to a constant v and that Z?:l(l/j) —log n decreases to «y, where 0 < v < 1.
The number v is called Euler’s constant; its value is 0.577---. It is not
known if  is rational, or if it is algebraic; but every instinct suggests that
it is transcendental. It is sometimes called Mascheroni’s constant, since in
1790 Mascheroni calculated it to 32 decimal places, although in fact only
the first 19 were correct; in 1878, J.C. Adams calculated it to 260 decimal
places. With the use of computers, v is now known to 10'° decimal places.

As another example, let us consider a,, = 1/(nlogn), for n > 2. Consider
f(z) =1/(xzlogx), for x > e. Then

n

/ d = log(logn) — oo,
. rlogx

as n — 00, and so Y >, 1/(nlogn) diverges. [Of course no harm is done by

starting at 2, and at e.]

As a second example of an improper integral, let us consider a function
f which is defined on R and whose restriction to each finite subinterval
[a,b] is Riemann integrable. There are then two ways of proceeding. First
we may require that the two improper integrals [;° f(z) dz and fi)oo f(z)dx
(defined in the obvious way) both exist, and then define [*_f(x)dxz to be
their sum. In this case, we again call the resulting value the improper integral.
Alternatively, we may simply require that limp_, o fﬁb f(z) dx exists. In this
case, the limit is called the Cauchy principal value of the integral or the
singular integral of the function f, and denote it by (PV) [*_ f(x)dz. For
example, if f(z) = x/(1427) then [J° f(z) dz = oo and f?oo f(z)dz = —o0,
so that the improper integral does not exist. On the other hand, f is an odd
function, and so the Cauchy principal value is 0. Great caution is needed in
handling singular integrals.

Next, it may happen that f is defined on an interval (a, b], that f is not
bounded, but that f is bounded and Riemann integrable on every interval
[e,b], for a < ¢ < b. If fcb f(z)dz tends to a limit [ as ¢ \, a, then we set
Il = fff(m) dx; this is a singular integral. For example, let f(z) = 2971,
where z € (0,1] and 0 < o < 1. This is unbounded as x \, 0, but

1 1
/Of(a;)dw—lii%/e f(x)darzliir(l)(l—ea)/azl/a.

It may also happen that f is defined on a set [a,b] \ {c}, where ¢ is an
interior point of the interval [a,b], and that f is bounded and Riemann
integrable on each of the intervals [a,d] (with a < d < ¢) and [e,b] (with
¢ < e <b), while f is unbounded.
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Again we can proceed in two ways. First we can require that the two
improper integrals [ f(z) dz and fcb f(x) dx both exist, and then define the

improper integral ff f(x) dx to be their sum. Alternatively if

c—e b
liy < / fayda s [ f(x)dx)

then we again define the limit to be the Cauchy principal value of the
integral. or the singular integral of the function f, and denote it by
(PV) fbf dz. For example if f(z) = 1/z on [—1,1]\ {0} then the singu-
lar integral fo x) dx = oo, and the improper integral f f(z) dzx does not
exist, whereas the smgular integral does exist, with value 0.

It is also possible to consider multiple singularities, and to con-
sider improper singular integrals. In each case, ‘caution’ should be your
watchword: results for Riemann integrable functions do not always extend
to improper integrals and singular integrals, and each case should be treated
on its merits.

Finally, let us mention that we can extend all these results to complex-
valued functions; we simply consider, and integrate, the real and imaginary
parts separately.

Exercises

8.8.1 Suppose that f is a real-valued function defined on [0, 00) which is
Riemann integrable on [0,b] for each 0 < b < oo. f is said to be
absolutely integrable if the improper integral [ |f(x)|dz exists and
is finite. Show that if f is absolutely integrable then the improper
integral [;° f(x) dx exists. [If the improper integral [J° f(x) dz exists,
but f is not absolutely integrable, then f is said to be condztwnally
integrable.] (As with sequences, absolutely integrable functions are
relatively well behaved, whereas conditionally integrable functions
need to be handled with care.)

8.8.2 Suppose that f and g are real-valued functions defined on [0, c0)
which are Riemann integrable on [0,b] for each 0 < b < oo. Sup-
pose also that p and ¢ are conjugate indices for which the improper
integrals [ |f(x)[P dz and [ |g(x)|? dz are finite. Show that fg is
absolutely integrable, and establish Hélder’s inequality for improper
integrals:

[ @@ sl < [ i@t ds
< ([Tistr i) " ([ storas) "
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8.8.3 Prove carefully that

© cosx * sinz
dxr = 5 dz.
0 1+ZL' 0 (1+ZL‘)

Show that the first integrand is conditionally integrable, and that the
second is absolutely integrable.
8.8.4 (Euler’s summation formula) Suppose that f is differentiable on
[0, 00).
(a) Suppose that the improper integral fooo f(z) dz and the improper
sum » 22, f(j) both exist. Show that

Zf(j) Z/(]Oof(x)dx+/ooo(a:— lz])f(x) da.

Jj=1

(b) Suppose that f is decreasing and that f(x) — 0 as  — oco. Show
that the improper integral [;~(z — [#])f(x) dz exists and that

LX)

X 0
j;fu)— /0 f () di — /0 (& — ) f'(z) da.

8.8.5 Suppose that f is a monotonic function on [0,7/2]. Show that

OW/2 f(z)sinnxdxr — 0 as n — oo.
8.8.6 Establish the identity

(sin 2nz — sin(2n — 2)x) cos & = (cos 2nz + cos(2n — 2)z) sin .

Show that

™/2 gin 2nx
- coszdr = /2.
0 sinz

Show that 1/tanxz—1/x is a bounded monotonic function on (0, 7/2].
Show that

/2 sin nx * sinx
dr — dr as n — oo.
0 T 0 T

0o -
Sin T ™
dr = —.

0 X 2

(This is an ingenious proof. We shall see in Volume III that complex
analysis avoids the need for such ingenuity.)

Show that




8.8.7

8.8.8

8.8.9

8.8.10
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Show that
11 1 11— "1—(1—t/n)"
* 2 + 3 tot n /0 1—2 v /0 t
The gamma function is defined as

o0
I'(z) = / t* et dt for 0 < x < oo.
0

Interpret this as an improper integral, and prove carefully that
I'(x + 1) = 2I'(z). Deduce that I'(n + 1) = n!, for n € N.
Show that

VZnILrgO(/Ol1_(1t_t/n)ndt—/ln(1_z/n)ndt).

Can we take the limit inside the integral? Yes, it is possible to prove
this directly, but the limiting process becomes much clearer when
these integrals are treated as Lebesgue integrals.

Prove the following continuous versions of Dirichlet’s test and Abel’s
test.

(a) Dirichlet’s test. Suppose that ¢ is a decreasing non-negative func-
tion on [0,00) and that ¢(x) — 0 as x — oo. Suppose that f is a
function on [0, c0) for which the Riemann integral F(z) = [ f(¢) dt
exists for all z € [0,00), and for which F' is bounded on (0, c0). Show
that the improper Riemann integral [~ ¢(t)f(t) dt exists.

(b) Abel’s test. Suppose that ¢ is a decreasing non-negative func-
tion on [0,00). Suppose that f is a function on [0, 00) for which the
improper Riemann integral F(z) = [;* f(t) dt exists. Show that the
improper Riemann integral [~ ¢(t) f(t) dt also exists.
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Introduction to Fourier series

9.1 Introduction

Recall that a function f defined on R is t-periodic (where t > 0) if f(s+1t) =
f(s) for all s € R: t is called a period of f. If f has period ¢ty and o > 0
then the function f(at) has period tg/«. Thus, by scaling, we can, and shall,
restrict attention to 27-periodic functions. For example, the functions cos nt
and sinnt, for n € Z*, are examples of 27-periodic functions. More generally,
a function of the form

m n
p(t) = ao/2+ Zaj cos jt + ij sin jt,
j=1 j=1

where aj,b; € R, is called a real trigonometric polynomial. Trigonometric
polynomials are 27-periodic. The question that Fourier asked, and began to
answer, is ‘If f is a 2m-periodic function, can it be expressed as a limit of
trigonometric polynomials?’ This question has led to an enormous amount
of mathematics, which has many fundamental applications to the physical
sciences. We shall however restrict our attention to the mathematical analysis
of Fourier’s question.

Suppose that f is a 2w-periodic function. If f is Riemann integrable over
the interval [—m, 7], we say that f is locally Riemann integrable. Note that
this implies that f is Riemann integrable over any bounded interval, and that

s to+m
f(t)dt = / f(t)dt for any ty € R.
-7 t

o0— T
The set of all locally Riemann integrable 27-periodic functions forms a vector
space, which we denote by V. An element of V is bounded. If f € V we set

1 ™
£ =57 [ 1F@deand 7= s |fo)]

-7 te[—m,m]

240
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The function |||, is a norm on V: it satisfies

1+ 9l < 1flloe + 9]l »
leeflloe = lal- 1 fll
and || f||., = 0if and only if f =0,

for f,g € V and a € R. The function ||.||; is a semi-norm on V: it satisfies
the first two conditions, but not the third. If f € V and || f||; = 0, we say
that f is a trivial function.

In this chapter, we use the results of analysis that we have obtained so far
to obtain results concerning the Fourier analysis of functions in V. A more
advanced theory requires the theory of Lebesgue integration, and we shall
consider this in Volume III.

Suppose that p(t) = ag/2+> 7L, ajcos jt+3 7, bjsin jt is a real trigono-
metric polynomial function. Can we find the coefficients a; and b; from the
knowledge of p? Here, and elsewhere, orthogonality relations play an essential
role. Since

cosacosb = 3(cos(a + b) + cos(a — b)),
sinasinb = £ (cos(a + b) — cos(a — b))
1
2

and sinacosb = 5 (sin(a + b) + sin(a — b)),

T s
/ cosmtdt = / sinntdt =0
—T —T

for m,n € Z, m # 0, it follows that

and since

™ ™ ™
/ Cosmtcosntdt:/ sinmtsinntdt:/ sinntcosptdt =0

—Tr —Tr —Tr

for m,n,p € Z, m # n. Since
cos’t = 2(1 4 cos2t) and sin?t = (1 — cos2t)
it follows that

s ™
/COSthdt:/ sin?ntdt = 7, for m,n € Z,m # 0.

— —T
Hence
1 ™
a; = / p(t) cos jtdt for j € ZT,
T J—z

1 s
b = / p(t) sin jt dt for j € N.
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Note that this justifies the fact that the constant term appears as ag/2, rather
than ag, in the definition of a trigonometric polynomial.

This suggests that we consider similar integrals for more general functions
than trigonometric polynomial functions. Suppose that f € V. We set

1 s

aj(f)Z; f(t)cosjtdt for j € ZT
1 s

bj(f)=— [ f()sinjtdtfor j€N.

The numbers a;(f) are the Fourier cosine coefficients of f and the numbers
bi(f) are the Fourier sine coefficients of f. The Fourier series of f is then
the formal expression

f(t) ~ao(f /2+Za] cosjt+2bj(f)sinjt.
j=1

We can write this in another form. Let Ao(f) = ao(f) and A;(f) =
(aj(f)? + bj(f)2)%, for j € N. There exists ¢;(f) € (—m, 7] such that
cos ¢;(f) = a;(f)/A;(f) and sin ¢;(f) = —b;(f)/A;(f). Then

a;(f)cosjt + b;(f)sinjt = A;(f)cos j(t + ¢;(f)),
so that

ft) ~ /2+ZA f)cos j(t + ¢;(f))-

The quantities A;(f)cosj(t + ¢;(f)) are the harmonics of f. A;(f) is the
amplitude of the harmonic and ¢;(f) is its phase. The process of calculating
the harmonics is called harmonic analysis.

Note that we use the symbol ~ rather than an equality sign. As we
shall see in Section 9.6, the sum need not converge, even when f is a con-
tinuous function. Our aim will be to see when it does converge to f(t),
and to see if there are other ways to approximate f, using the Fourier
coefficients.

Let us remark that we can consider the cosine and sine series separately.
Let

fe(t) = 3(f(t) + f(=1t) and fo(t) = 3(f(t) = f(-1)).
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Then f, is an even function (fe(t) = fe(—t)), fo is an odd function (f,(t) =
—fo(—1)), and f = fe + f,. Further,

aj(fe) = a;(f),  bi(fe) =0,
a;(fo) =0,  bi(fe) = b;(f),
so that . .
fe(®) ~ao(f)/2+ Zlaj<f) cos jit and fo(t) ~ Zlbj(f) sin jt.
i= i=

Note that if f is an even function then

2 ™
a;(f) = 7T/0 f(t) cos jtdt for j € ZT,

and that if f is an odd function then
2 [T . .
bi(f) = / f(t)sin jt dt for j € N.
T Jo

Suppose that f is any Riemann integrable function on the interval [0, w]. We
can extend f to an even 2m-periodic function by setting f(t) = f(—t) for
t € [—m,0], and setting f(27k +t) = f(t) for t € [, 7] and k € Z. Note
that the extension is continuous on R if f is continuous on [0, 7]. Thus Fourier
cosine series become a tool to consider functions defined on the interval [0, 7].

9.2 Complex Fourier series

We have seen that Euler’s formulae

. 1 . . . .
e =cost+isint, cost= i(elt +e ™), sint = ?(e” —e ',

i
are useful, when manipulating formulae involving sine and cosine functions.
There are however stronger underlying reasons for considering the com-
plex case. We consider the doubly infinite sequence ()

functions defined by

> _ o Of 2m-periodic

Tn(t) = e,
The subset T = {z € C : |z| = 1} of C is a group under multiplication.
Each function 7, is a 27-periodic continuous homomorphism of the additive
group (R,+) into T (which is surjective if n # 0), and in fact every such
homomorphism is of this form (Exercise 9.2.1). Further, the set {7, : n € Z}
is a group under point-wise multiplication.
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We therefore consider complex-valued 27-periodic functions. These are
functions of a real variable ¢: if f = u 4+ ‘v, where v and v are the real
and imaginary parts of f, then f is continuous, or 27-periodic, or Riemann
integrable over a bounded interval [a,b] if and only if u and v are, and the
integral fab f(t)dt is defined as

/abf(t)dt:/abu(t)dt—i—i/abv(t)dt.

We therefore consider the complex vector space, which we again denote by
V, of complex-valued locally Riemann integrable 27-periodic functions, and
define [|.||; and ||.||,,, as in the real case. If f € V and || f||; = 0, we again
say that f is a trivial function.

A function of the form 7% ¢;v; (where each ¢; € C) is called a complex
trigonometric polynomial. Fourier’s question then becomes ‘If f € V, can f
be expressed as a limit of complex trigonometric polynomials?’

Suppose that f and g are in V. We set

(F.9) = 5 F(H)gt0) di

Note that this definition involves a complex conjugate. The function (f, g) —
(f,g) is an example of a complex semi-inner product; we shall study these fur-
ther in Volume II. Let us list some of its properties, which follow immediately
from the definition.

(f, f) = o=|f (@) dt > 0.
e (9,f) = < 9)-
o (a1fi +azfa,9) = o1 (f1,9) + a2 (f2, 9).
o (f. 0191 + P2g2) = B1 (f,91) + B2 ([, 92)

The functions (7,)5% _ ., then form an orthonormal set:

( > 1 ifm=n,
Tl = 0 ifm#n.

Ifp= Z;'szn ¢;j7v; is a complex trigonometric polynomial, then it follows
from the orthogonality relations that ¢; = (p,v;) for —n < j < n. We
consider similar semi-inner products for functions in V. If f € V, we define
its complex Fourier coefficients (fn)0>_ as fn = (f, ¥n), so that

1
2

s =5 [ = o [

fo= f( )e " d.
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In particular, fo = % ffﬂ f(t)dt is the average value of f over the interval
[—m, m]. We then write

f~ anvn—z {f,m)

We can define the cosine Fourier coefficients and the sine Fourier coeffi-
cients for complex valued functions. If f € V, it is easy to pass between the
complex Fourier coefficients and the cosine and sine Fourier coefficients. Let
us define the reversal R(f) of f € V by setting R(f)(t) = f(—t). To avoid
too many superscripts, we set C(f) = f and S(f) = R(f). We then have the
following identities.

Proposition 9.2.1  Suppose that f € V and that n € N.

—_

fo=ao(f)/2. )
2. fn = an(f) +iby(f) and f—n:an(f)jibn(f)-

3. If f is an even function then f, = f_, = an(f), and if f is an odd
function then f() =0 and fn = —f_n =1iby(f).

4. an(f) = %(fn + f-n) and by (f) = % fen— fn)-

5. C;(i)n = fon-

6. ]i(i)n = f-n.

8. If f is real-valued, then f_n = fn

Proof The reader should verify these identities. O

Exercises

9.2.1 Suppose that « is a continuous 27-periodic homomorphism of (R, +)
into the multiplicative group T. There exists 0 < § < m such that if
[t| < 6 then |y(t) — 1| < 1.
(a) Suppose that k > 27 /6. Show that there exists n € Z, with |n| <

k/6, such that (27 /k) = e2™"/F,

(b) Show that n does not depend upon k.
(c) Show that if ¢ € Q then (27iq) = >4,
(d) Use continuity to show that v = ~,.

9.2.2 Verify the identities of Proposition 9.2.1.
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9.3 Uniqueness
The size of a function controls the size of its Fourier coefficients. We establish

two fundamental inequalities.

Theorem 9.3.1 (Bessel’s inequality) If f € V, then

0 R 1 -
Yo P = 277/ |f()? dt.

n=-—00 -

Proof Let p, = Z?:_n fj'yj. Then (f,vx) = (pn,7k) for k € Z, so that
<fa pn> = <pnapn>a and Simﬂarly <pna f> = <pn,pn>~ Hence

0 <(f —pn, f—pn) = ([, f) = {fs00) = (Pns f) + (P, Pn)

n

:<faf>_<pn>pn>: <f7f>_ Z ’fj|2'

j=-n
Since this holds for all n € N, the result follows. O

In fact, equality holds; we prove this (Parseval’s equation: Corollary 9.4.7)
later.

Proposition 9.3.2 If f € V then
. 1 ([T
fl < 5 [ 150l < sup o) dr
™ J—x teR

Proof For

£ 1 " —in 1 " —in _ 1 T
il =|5z [ swemal < o [T rwema= o [ ol

-7 2m -7

Corollary 9.3.3 If f is a trivial function, then fn =0 for alln € Z.
More importantly, the converse is true.
Theorem 9.3.4 If f €V and fn =0 for alln € Z then f is trivial.

Proof Let f = w + iv. Since ag(f) = 2fo, and an(f) = %(fn + fn)

and b,(f) = %( fn — fn) for n € N, the Fourier cosine and sine coeffi-

cients of f are all zero, and so therefore are the Fourier cosine and sine
coefficients of u and v. Consequently, if p is a real trigonometric polyno-
mial, then 5= [™ wu(t)p(t)dt = 0 and 5 ["_v(t)p(t)dt = 0. Suppose that
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= fjﬂ |f(t)| dt > 0. Then one of

21
1, 1T 1, 1T

2m -7 2m -7 —T —T

is non-zero. Suppose that % ffﬂ ut(t)dt > 0. (The argument in the other
cases is essentially the same.) By considering a lower sum for the Riemann
integral of u™, we see that there exists an interval [tg—7, to+n] in [—, 7] and
A > 0 such that u(t) > A for t € [tg —n,to +n]. The idea now is to find a real
trigonometric polynomial which is large on the interval [to — n/2,to + n/2],
positive on the interval [tg — 1,9 + ] and bounded in modulus by 1 for
other values of ¢ in [—7, 7. Let @ = cosn/2 — cosn: then a > 0. Let I(t) =
1+ cos(t — tg) — cosn. Then

I(t) > 1+ afort € [ty —n/2,to+n/2],
I(t) > 1fort € [to —n,to + 1
<1

and |I(t) for other values of ¢ in [—m, 7].

y A
| |
| |
e _________I_ 1+
| |
—_————————————— = — = — — — ] N —A=—==-1
| | | |
I | | y=1U |
| |
| | | |
| | | |
| | | |
| |
| | | |
\ [ [ [ '
} | . | | >
| 0| to-m 11 15 1y+ 1 947 \ﬂl t
- 2 2 |
| |
| |
| |
| |
| |
————— e e e A 1
| |
| |
t=-1 t=rw

Figure 9.3a. The function I(t).
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Let M = sup;cg vt (t). Thus if k¥ € N then

1 ™
— | o)A =1+ L+,
where
1 [t M (to —
I =— ut () (1) dt > _M’
27 27
1 to+n 1 to+n/2
I =— wt () (1) dt > / wt (@) (1(t)F dt > A1+ a)*,
27 to—n to—n/2
1 [7 M(m—(t
27 Jiotn 27
Thus
1 ™

o ut () (I()* dt > A1+ a)* — M,

which is positive for large enough k. Since [¥ is a trigonometric polynomial,
we obtain a contradiction. O

Corollary 9.3.5 If f,g € V and fn = gn for alln € Z then f — g is
trivial.

Here is an important application of the corollary.

Theorem 9.3.6 Suppose that f s a continuous function in 'V and that
) |fn| < 00. Then > fivj — f uniformly as n — oco.

Proof It follows from Weierstrass’ uniform M test that Z?:_n fjfyj con-
verges uniformly to a continuous function g in V. Then

o= tim o [ S0 A | W= i

j=-n
It therefore follows from the corollary above that f = g. O

This result is useful when we consider the indefinite integral of a function in
V. If f € V, the function t — fo s) ds is not necessarily periodic. Instead,

we consider the function F'(¢ fo s)ds— fot which is a continuous element
of V.
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Theorem 9.3.7 Suppose that f € V. Let F(t fo ds— fot Ifn#0
then Fy, = ifn/n. Further, 3° |F| < o0, s0 that S

uniformly to F' as n — oo.

Fjv; converges

n=—00 j=—n

Proof Suppose that € > 0. There exists a continuous function g in V with
o= " 1f(s) —g(s )\ < 6/471' and with ¢ go = fo. Let G(¢ fo s)ds — got. If

te[—mmnl, |G(t)— |<fO |f(s)—g(s)|ds < €/2, sothat G — F| < €/2
foralln € N. If n € Z and n #£ 0, we mtegrate by parts.
1 " —ins _ i " £\ _—ins _ i
n=g9. | G<3)3 ds = I 777(9(3) — fo)e ds = 5%-

But |, — fn| < 5 f 1f(s)—g(s)|ds < e/4m, and so |Fy, —ifn/n| < €. Since
this holds for all € > 0, F}, = ifn/n.

It now follows from the Cauchy—Schwarz inequality, and Bessel’s inequal-
ity, that

1 1
2 2 2 2 =12
> Wl < (1A + L IRE +1748) (14225 ) <o
n=—oo n=1

Thus > i=—n ]’y] converges uniformly to F'as n — oo, by Theorem 9.3.6. O

Corollary 9.3.8 Iffisa contmuously differentiable function in V, then
Z]__n |f]] < o0 and Z]__n f]fyj converges uniformly to f as n — oo.

Let us give two examples.

Example 9.3.9 Suppose that 0 < § < 7/2. Let I5(t) = n/5 if 0 < |t| < 6,
let I5(t) = 01if 6 < |t| < 7 and let Is(t + 2km) = I5(t) for k € Z. Then

=, 2sinnd
Is(t) ~ 1+ Z ———cos nt.

n=1

Figure 9.3b. The function I5(¢).
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Certainly ag(Is) = 1. (This is the reason for the choice of the constant
7/0.) Further

2 [° 2sinné
an(I5):5/[) cosnt = o019

nd
Thus
N N N . .

2 sinndcosnt 1 n(t+9)) —sin(n(t — o
>ty cosn = 3 3 I 2 S5 2 I (et =0))
n=1 n=1 n=1
Do these sums converge, as N — o0o? If 0 < o < 7 then

N N i(N+1)a !
, e —e 2 1
. < ino| _ — = .
nz:lsmnoz - nz:le a—1 leie/2 — e=ia/2|  sin /2

Thus if [t| < 7, and if |t — §| > n and |t + §| > 7, then

N

> (sin(n(t + 6)) — sin(n(t — 5)))

n=1

< 2sinn/2.

It therefore follows from the uniform version of Dirichlet’s test that the
Fourier cosine series converges to a continuous function on [—m, 7] \ {J, —d},
and converges uniformly on

[=m, 7\ ((0 =m0 +n)U (=0 —n,—5+n)).

Does the Fourier series converge to Is?7 We shall consider this question in
Section 9.6.

Example 9.3.10 Suppose that 0 < 6 < 7/2. Let

F(1—-5%) o<t <26
J5(t) = :
0 if20 < |t| <,

and let Js(t + 2km) = J5(t) for k € Z. Then

2. 2sin® nd
Js(t) ~ 1+ Z — 252 cos nt.
n=1
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T 25 o 25 T

Figure 9.3c. The function Js(t).

Once again, ag(Js) = 1. If n > 0 then, integrating by parts, and using the
identity 2sin®a = 1 — cos 2a, it follows that

20
an(Js) = 5 / ) cos nt dt
= n52/0 sin nt dt
1 2sin?% nd
= W(l —cos2nd) = a5

In this case, all the Fourier -coefficients are non-negative, and
Yo gan(Js) < 0o, and so the Fourier series converges uniformly to Js.
When 6§ = 7/2 then J5(0) = 2, agi_1(Js) = 8/(2k — 1)?72, and agy, = 0.

Hence
- 2%—1
so that
_ 12 8§
k:1(2k 1) 8
Since
=1 > 1 =1 A iy |
D= w2 @ = T
—n — (2k —1) — (2k) 8 4n:1n
it follows that
$1.7
n:1n2_6

This famous equation was proved by Euler, and was one of his early triumphs.
But Euler did not know about Fourier series: we give another proof, due to
him, in Section 10.8.
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Exercises

9.3.1 Show that Jon?
> 1 1 27

1 —1)k = )
+k§::1( ) ((4k—1)2 + (4k+1)2) 16

9.3.2 Let f(t) = t% for t € [—m, 7|, and extend by periodicity. Calculate
the Fourier coefficients of f, and obtain another proof of the equation
S>>0, 1/n? =72 /6.

9.3.3 Let f(t) =1 for [t| < 7/2,let f(t) = —1 for 7/2 < |t| < 7, and extend
by periodicity. Calculate the Fourier coefficients of f.

9.3.4 Let f(t) = m — 2|t| for t € [—m,7]. Use Example 9.3.10 to calculate the
Fourier coefficients of f.

9.3.5 Suppose that f is a continuously differentiable function in V. Obtain
an upper bound for Y >° | ful.

9.3.6 Suppose that (b,)s; is a decreasing null sequence of real numbers.
Show that > >° ;| by, sinnt converges for every ¢t € R. Give examples to

show that the sequence (b,)5°; need not be the Fourier sine series of
an element of V.

9.4 Convolutions, and Parseval’s equation

Suppose that f € V and that § € R. We set T5(f)(t) = f(t —9). Ts(f) is a
translate of f. Note that
— 1

i —in 1 " —in —ind £
(=5 | flt=0)e tdt = - | 1 (H40) gp — ¢=ind f,

Ks(f) = I — o), = 1/” () — f(t— )| dt

2 J_ .
Ks(.) is a semi-norm on V, and Ks(f) <2 f||;.

Proposition 9.4.1 If f € V then Ks(f) — 0 as § — 0.

Proof A little thought shows that if f is the indicator function of a proper
subinterval of [—m, 7] then Kj(f) = d/m for small enough values of 4, and so
the result holds for f. It then follows from the semi-norm properties of Kj
that the result holds for step-functions. If f € V and € > 0, there exists a
step function g with || f — g[|; < €/3. Then

Ks5(f) < Ks(f — g) + Ks(g) < 2¢/3+ Ks(g) <e,

if |4| is sufficiently small. O
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If f,g € V we define the convolution product f x g to be the function

Frot) =5 [ re-s)as)ds.

Example 9.4.2 If f € V then f %, = ann- In particular,

Yo ifm=mn,
Ym * Y =
e 0 otherwise.

For

1 L 1 T . A
— in(t—s) _ int _—ins _ int
Front) = o [ e ds = o [ e sy ds = e

Here are some of the properties of convolutions.

Proposition 9.4.3  Suppose that f, f1, fo,g € V and a1, a9 € C.
(i) f*g is a continuous function.
(i

i) frg=g*[.
(ii) T5(f)xg="Ts(f xg).
(i) (a1fi +azfa) x g = a1(f1* g) + aa(fa % g).

Proof (i) The function f x g is certainly 2m-periodic. If ¢, € R then

[(fxg)(t+0) = (fxg)(t)] = % _ﬂ(f(t—é—é‘)—f(t—S))g(S)\dS
—m+6
_ / f(t—)(g(s+ ) — g(s)) ds
—m+d
- % _w f(t—=s)(g(s+0) — g(s))ds
< flloo -K5(9),

and so the result follows from the preceding proposition.
(ii) Making the change of variables u = ¢ — s, it follows that
1 t+m

| =g ds

t—m

(o N0 = 5 [ ot =)=

— 50 [ =90 ds = (F )
(iii) For
(T3 *9)(0) = 5= [ Ft=5=s5)g(s)ds = (F xg)(t = 8) = Ty(f #9)(0).

(iv) This follows directly from the definition of convolution. 0
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Convolution is an essential element of Fourier analysis.
Theorem 9.4.4 If f,g €V and n € Z then (f/*\g)n = friin.

Proof Here is a quick and easy proof. Changing the order of integration,

2T %

(f*9), = rr ( ! f(t —5)g(s) ds) e~int gt

—s)e dt) g(s)ds

]G
= ( Jein(stu) du) g(s) ds

A~

= fuy- /;eﬂ“ (5)ds = fujn:

Unfortunately, we need to justify the change of order of integration. We do
this for continuous functions in Volume II, and, more generally, in Volume III.
Instead, we proceed as follows. Note that Isx Is = Js, and that ((Lg) )2 =

(/J\g)n, where I5 and Js are the functions of Examples 9.3.9 and 9.3.10. Thus
the result holds when f = g = I5. It now follows from Proposition 9.4.3 that
if D is a dissection of [—, 7] into intervals of equal length and if f, g are step
functions that are constant on the intervals of D then (f % g) = frin.

We now use a standard approximation argument. If f,g € V and
€ > 0, there exist step functions A and 7, of this form described above, with
| f —h|l <eand ||g —j||, <e IfneN then

frg=hxj+(f—h)xg+hx(g—7j)
and fngn = hn]n (f iL )gn + hn(fn - iln)
Hence
(f %9 — (k)| = < 1((F — h) % )yl + (% (g — )]
< e(lglloe + 1Rlls) < €llgllo + 1 flloo +€)-
Similarly,
< e(llglls + 12llo) < €(llglloe + 1 £l + €)-

Since (h*j), = Bnjn, it follows that

(F%9), = Fudnl < 26(lgllae + 11 £l +©)-
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Since € is arbitrary, it follows that ( f/*\ 9), = fngn. O
Corollary 9.4.5 > > Frime™ converges uniformly to (fxg)(t).

Proof By the Cauchy—Schwarz inequality and Bessel’s inequality,

n=—oo n=—oo n=—oo

(%[ i\f(t)Ith)% (55 [ latop )" <o,

and so the result follows from Theorem 9.3.6. O

S Vil < ( > fﬁ)é.( > @ﬂ)é

N[

Corollary 9.4.6 If f,g,h €V then (fxg)*h= fx(gxh).

Proof For each has Fourier series Y 00 fp,.0n.hne™. O

We can therefore write f x g x h for the common value.

Corollary 9.4.7 (Parseval’s equation)

- = Y fide

n=—0oo

In particular, 5= [T |f(#)]>dt = 3°° ‘fn’2

2 J—m n=-—o0o

Proof As in the previous section, let S(g)(t) = g(—t). Then

TR — —

(S(g) * 1)(0) = o (t)g(t) dt and (S(g) * f)n = fnin- m

o o

Example 9.4.8
1 1 1 73

+ = 4= —,

1— — N
35 73 32

Let f = I o % Jy /5. Then fo = 1; if n > 0 then

; 0 if n is even,
8=k /m3(2k +1)3 ifn =2k + 1 is odd,
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and f, = f_, if n < 0. Also f(0) = 3/2, and so

3 = (1
—=1+16 —_
2 + Z 7-[-3(2 + 1)3’
k=0
which gives the result.

Exercises

9.4.1 By applying Parseval’s equation to J /3, show that

o0

> 1/n* =x*/90.

n=1
9.4.2 Calculate the function Iy /5 * J /2, and deduce that

o0

> 1/n =x5/945.

n=1
9.4.3 Calculate the function J; /5 * Jr /2, and deduce that

[e.9]

> 1/n® = x*/9450.

n=1

9.5 An example

Things can go wrong! We now give an example of an even continuous periodic
function whose Fourier series fails to converge at 0. First, let f;(¢) = sin 2j|¢t|,
for j € N. Then f; is an even function, and

2 ™
ao(f;) = 7T/0 sin 25t dt = 0.

If n € N then

2 ™
an(fj) = 7T/0 sin 2jt cos nt dt

2 ™
= / sin(2j + n)t + sin(2j — n)tdt
™ Jo

2 2
=+ ifnis odd,
w(2j+n)  w@2j-n) 00
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and an(f;) = 0 if n is even. Note that a,(f;) is non-negative if n < 2j and is
negative if n is odd and greater than 2j. We now set

2r—1

sar(fj) Zan fj)cos0 = Zan(fj).

Jj=1

Note that sg.(f;) increases for » < j, and then decreases. The maximum
value is

2~ 1 logj
525 f2] %Z T

On the other hand, if » > j then
T

1 1
s2r(f3) = ; Y+ k—1) £ 25— (2k — 1)

r

| Lo &
=2 51" Z2;‘—1_22‘7'—1
k=j+1 k=1 k=1

r4j

1
= 2]'—120'

k=r—j+1

Now let N; = 27°+1 et gi = In;/i(G + 1), let hy, = Z?Zl gj- and let
h = 772, gj. Since |f;(t)] < 1 for all ¢ and all j, it follows from Weier-
strass’ uniform M test that hy — h uniformly, and so h is continuous.
Further, a,(h) = limg_oo an(hg), and so.(h) = limg_ o s2r(hg). Since all
the summands are non-negative,
sy, (fn)) log N, j31log 2

s ) 2 on, () 2 5000 2 2+ )~ miG ey

Thus the sequence (s2,(h))52; is unbounded, and so it does not converge.

9.6 The Dirichlet kernel

Suppose that f € V. Let us look more closely at the partial sum s, (f)(t) =
Z?:_n f;€9t. Since f; = % J7_ f(s)e™sds, it follows that

(PO =5 [ ) | 32 €09 ds = (Do x 1))

j=—n
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where D, (0) =" 1=2n+1 and

j=—n
n . 1 .
B i sin(n+3)t  sinnt
Dy(t) = Z et = snlt  tanlt + cosnt
j=-n

for 0 < |t| < m. The function D, is called the n-th Dirichlet kernel.
Here are the principal properties of the Dirichlet kernel.

Theorem 9.6.1 Lett; =2mj/(2n+1) and let I; = (1/27) fttil | Dy, (t)| dt,
for1<j5<n.

(i) Dy, is an even continuous function in V.
(ii) D, is a decreasing function on [0,1].
(iii) Dy(tj) =0, Dy(t) > 0 ift;_1 <t <tj, where j is odd, and Dy(t) <0
iftj_1 <t <tj, where j is even, for 1 < j < n.
(i'l)) L<landl >Ir>--->1,>0.
(v) If =7 <a < b < then |(1/27) [* D,(t) dt| < 2.
(vi) I;(t) > 2/7%j, and 5= [T |Dy(t)| dt > (4/72)logn.

Proof (i) and (ii) Each of the summands in the definition is continuous,
even, and decreasing on [0, ¢1].

(iii) Since sin %t > 0 for 0 < t < m, this follows from the corresponding
properties of the function sin(n + %)t

(iv) Since 0 < Dy (t) < 2n + 1 for t € (0,t1], it follows that 0 < I; <
(2n + 1)t1 /27 = 1. Further, if 1 < j < n then

1 [+ |sin(n + 1)t 1 [t |sin(n+ 1)t
e it i, L it
0

2 ¢ sin 3¢ T or sin 1 (¢ + ;)

1 [t |sin(n+ )t
< / |_1(—2)|dt = I;.
2 Jo sin §(t+t]‘71)

(v) It is enough to show that |(1/2m) fé) D, (t)dt| <1, for 0 < b <, since
D,, is an even function. This follows because the integral is the sum of terms
which decrease in absolute value, and alternate in sign.

(Vl) If tj,1 S t S tj then

|sin(n + 3)t| S 2| sin(n + $)t|

D, ()] > ,
[Da(t)] 2 sindt; ti

so that

1 b 1 (b 1 24 2
> sin(n 4+ 1t/ dt = — sin(n + ) tdt = —. == = ——.
7= 2t tj,1| (n+3)4 mt; Jo (n+3) t; w w2
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Thus
1 [7 4 1 4
Py ’Dn(t)‘dt27 ijlOgn- U
27 J_, T~ ™
Jj=1
y=D5(1)

WARSER aa

l l
t=-T =7

Figure 9.6. The Dirichlet kernel Ds.

The Dirichlet kernel is not very well behaved. First, it takes both positive
and negative values. Secondly, 5= [ |Dy(t)|dt — oo as n — oo. This last
property underlies the fact that Fourier series of continuous functions in V
need not converge point-wise.

Nevertheless, the Dirichlet kernel can be used to provide useful information
about the convergence of Fourier series. We need to impose conditions that
are generally stronger than continuity. Suppose that f € V, that ¢t € [—m, 7]
and that we want to investigate the convergence of the Fourier series of f at
t. We set

$u(f)(s) = 5(f(t+ )+ f(t —s)) = f(t) for [s| <,

tans/2 for 0 <,
T

and extend by periodicity.
Note that ¢;(f) is an even function and that 6;(f) is an odd function. The
function ¢;(f) is in 'V, and [|¢:(f)ll, < 21| f]l;-
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The function 6;(f) can behave badly near 0 (although the function
0.(f)(s)sinns is bounded on [—m,7]). If f is differentiable at ¢ then
0:(

f)(s
2
sn(f)(t) = f(t) = 1/” (f(t+s)42rf(t_s)

/¢t n(s)ds

:/ 0:(f)(s)sinnsds + — / o¢(f)(s) cosnsds.

™ Jo

) — 0 as s — 0. Since the Dirichlet kernel is an even function, and
Dy, (t)dt =1,

- f(t)> Dn(s) ds

We use this to give a criterion for the Fourier series of f to converge to

f(t) at t.
Theorem 9.6.2 (Dini’s test) If the improper integral

/|9t |ds—hm /|0t s)|ds

is finite, then s, (f)(t) — f(t) as n — oo.

Proof 1If € > 0 there exists 0 < n < 7 such that

/ |0:(f \ds—l—/ 10:(f)(s)]ds < €/2.

0 if |s —t] <,
9(s) = .
f(s) ifn<|s—t| <m,

and extend g by periodicity to obtain a function in V. Then 6;(g) is an odd

Let

function in 'V which vanishes in (—7,7), and

— 1/7r 6:(9)(s) sinns ds-i-l /7r $1(g)(s) cosnsds = 0?@)"—%;@)”'
™ Jo mJo

Thus s,(g)(t) — 0asn — oo, and so there exists ng such that |s,(g)(t)| < €/2
for n > ny.
On the other hand,

1

n
sn(9)(t) = (sn(f) () = f(£))] = / 0:(f)(s) sinns ds

| /\

/ [0:(f)(s)|ds < €/2,

and so |s,(f)(t) — f(t)| < € for n > nyg. O
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Note that the condition in Dini’s test is equivalent to the requirement that
the improper integral (1/7) [ |¢¢(f)(s)|/s ds should be finite.
We can say more, if f vanishes on an interval.

Theorem 9.6.3 (Riemann’s localization theorem) Suppose that f € V,
that [a,b] C [m, 7] and that f(t) = 0 for t € [a,b]. Suppose that 0 < § <
(b—a)/2. Then sy(f)(t) — 0 as n — oo uniformly on [a + §,b — J].

Proof We need two lemmas, of interest in themselves.

Lemma 9.6.4 If f € V andn € Z\ {0} then |fu| < K, /n(f)/2-

Proof Since e~ ™(t+m/n) — _—int
A 1)1 4 in it in
| fnl = B ‘27r ft)(e ™ —e (t+m/ )dt'
1)1 " —int l(w/n(f)
= = | — m < T
2 |om /_W(f(t) f(t+m/n))e )dt‘ <= 0

Corollary 9.6.5 Ifn € N then

|an ()| < Kz pn(£)/2 and [bn(f)| < Kz pn(f)/2-

Lemma 9.6.6 Suppose that f,g € V, thatt € R and that 6 > 0. Let
hi(s) = f(t — s)g(s). Then

Ks(he) < [19lloe K5 () + 1 f o Ks(9)-

Proof

Ksth) = 5 [ 17— 5+ 9)g(s +) = (0 = 9)g(s)] ds
Lt — s +8) = £t — ))gls +8)]ds +

27 J_ .

IN

1 s

2r ),

<lglge [ 1 =548 = f(t-s)]ds+

—Tr

| f(t—5)(g(s+06) —g(s))|ds

Il 55 [ Nots+9) (5Dl ds

= 19l Ks(f) + [[fll o0 Ks(9)-
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The importance of this lemma is that the right-hand side of the inequality
does not involve t.
We now prove the theorem. Let

0 if |[t| <dor |t| =m,
g(t) = o
1/tanst if 6 < |t| <,

and extend by periodicity. Then g € V. If t € [a + 0,b — ] then

sn(f)(t) = % _ﬂ flt—1s)g(s) sinnsds—i—% _ﬂ f(t—s)cosnsds,

so that
50 (O] < 5U19]loo Eojn () + 1l Kn/n(9) + Ko pn(f))-

The right-hand side of this inequality does not involve ¢, and tends to 0 as
n — oo. |

Suppose that f € V, that ty € (—m, 7] and that 0 < n < 7. Let g(t) = f(t)
if [t —to] < m,let g(t) = 0if n < |t —tp| < 7, and extend by periodicity. Since
f—9=0on (toy — n,to + n), Riemann’s localization theorem says that the
Fourier series for f converges at ¢y (or at any point in (tg — 7, to + 1)) if and
only if the same holds for g: convergence is a local property, depending only
on the values of f near #.

Let us apply these results to the function Is of Example 9.3.9. It follows
that

w/6  uniformly in [t| <0 —n, for 0 <n <o
sn(f)(t) = < 7/20 ift=0ort=—9
0 uniformly in 6 +n < [t| <7, for 0 <n <m—4.

In particular, if we set 6 = /2 and ¢t = 0, it follows that
1 1 m

3 * 5 4
We now show that if f is monotonic in an open interval, then the Fourier
series converges at each point of the interval. Recall that if f is monotonic in
an open interval I and that ¢ € I then f(t+) = inf{f(s): s € I,s > t} and
that f(t—) =sup{f(s):sel,s <t}.

Theorem 9.6.7 (Jordan’s theorem) Suppose that f € V and that f is
monotonic in an open interval I. If t € I then the Fourier series for f
converges at t to %(f(t—l—) + f(t—)).
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Proof We make several simplifications: we remove the jump, and we localize.
We can clearly suppose that f is increasing in I. By a change of variables, we
can suppose that ¢ = 0, so that we need to show that -7, fo = S(f(0+)+

f(0—)). We can also suppose that f(0) = 3(f(04) + f(0—)). Let j(0) =
jm) =0,let j(s) =1lfor0 < s<m andj(s) = —1for -7 < 5 <0, and
extend j by periodicity. Then j is an odd function, and so Z?:_n Jn = 0 for
all n € N. Now let

Then

and so we need to show that >°%_ g, = 0.

From the construction, g(0) = 0 and g is continuous at 0. Suppose that
e > 0. There exists 6 > 0 such that (—d,d) C I and such that —e/5 <
g(—0) < g(0) < €/5. Now set h(s) = g(s) if |s| < ¢ and set h(s) = 0 if
d < |s| < 7, and extend by periodicity. Since g(s) — h(s) = 0 on [, d].
Zj_fn h - E]—fn g; — 0 as n — oo, by Riemann’s localization theorem.
Thus there exists ng such that

|Z hj — Zgj\<€/5forn2no.

j=—n  j=-n

By Du Bois—Reymond’s mean-value theorem (Corollary 8.6.4), there exists
—d < ¢ < 6 such that

0

Zh—— D()h()ds

. c -6
— h(27r5) /—5 D, (s)ds + h2(7(i)/c D, (s)ds.

Using Theorem 9.6.1 (v), it follows that
4e
< —.
) <3

|Z]’ (%/D Jds| + 27T/D

]__TL
Thus | >7__,, ;| < e for n > no. O
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Exercise

9.6.1 Suppose that f € V and that f is monotonic and continuous in an
open interval I. Show that the Fourier series for f converges uniformly
to f in any closed subinterval of I.

9.7 The Fejér kernel and the Poisson kernel

If f is a continuous function in V, it is an easy matter to calculate its har-
monics. On the other hand, the example of Section 9.5 shows that the partial
sums s,(f)(t) = >0, f] ¢t need not converge to f(t). Can we use the
harmonics to reconstruct f? This is the problem of harmonic synthesis. We
give two important examples of harmonic synthesis.

The first was given by Lipdt Fejér, at the age of nineteen. It is based on
the idea that the average of terms in a sequence can behave better than the
terms themselves. If f € V| we set

1 1
on(f) = —5 D sil)=——= D> (Dj*xf)=Fuxf,

n—i—lj:O n—i—ljzo

where Fy, = (3_7_o D;j)/(n + 1) is the Fejér kernel. Using the formulae
2sin(j + )tsin 2t = cos jt — cos(j + 1)t and 1 — cos 2at = 2sin? at,

we see that f,,(0) = n + 1 and that

1 .sin(j + 1)tsin it
Fu(t) = —— 3 Ut o

-2 1
n—i—ljzo 2sin 5t

1 I—cos(n+1)t\ 1 sin?((n + 1)t/2)
Cn41 QSiDQ%t n+1 sinQ%t ’
for 0 < |t| < .
The Fejér kernel has three important properties.

o F(t) is a non—negative function.

o [T Fa(t)dt = (3o 5% /7. Di(t)dt)/(n+1) = 1.
oIfO<5<7rthenF()—>Oun1formlyon{t:(5<|t|§7r}.

A sequence of functions in V with these properties is called an approximate
identity.

Theorem 9.7.1 If (¢,)0% is an approzimate identity in V and f € V
is continuous at ty then (¢n x f)(to) — f(to) as n — oco. If f is continuous
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Yy A

Figure 9.7a. The Fejér kernel.

on a closed interval [a,b] and 0 <n < (b—a)/2, then (¢n* f)(t) — f(t), as
n — 00, uniformly in [a +n,b — n].

Proof Suppose that € > 0. There exists 0 < § < 7 such that if |s — ty| <
then |f(s) — f(to)| < €¢/3. Then

™

6o D)00) = F10)| = |- [ (Ftto =) = St0)on(s)ds] < T+ T+ 1

where

—T

-5
L= [t — 9) + 1£(5))6n(s) ds

2 J_,
< flloo sup{@n(t) : —m <t < =0},

6

B 5 [ (5t =5) = 1(6)Don(s) ds < /3,
-5

= o (50— 5)l+ () Don(s) ds

—T

< [ llo sup{@n(t) : 6 <t <},

so that there exists ng such that |(¢, * f)(to) — f(to)| < € for n > ny.
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If f is continuous on [a, b] then it is uniformly continuous, and there exists
0 < § < 7 such that if s,t € [a,b] and |s — t| < & then |f(s) — f(¢)] < €/3.
Thus, choosing § < 7 in the preceding argument, ng can be chosen so that
|(dn + f)(t) — f(t)] < eforall t € [a,b], for n > ny. O

Corollary 9.7.2 If f is a continuous function in 'V then o,(f)(t) — f(t)
as n — 0o, uniformly in t.

We have a version of Riemann’s localization theorem.

Corollary 9.7.3 If f(t) = 0 on a closed interval [a,b] and 0 < n <
(b—a)/2 then (¢n % f)(t) — 0, as n — oo, uniformly in [a +n,b—n).

Proposition 9.7.4 If f € V and if s,(f)(t) — | as n — oo then
on(f)(t) =1 as n — oo.

Proof This is part of Exercise 4.6.2. O
This has the following important consequence.

Corollary 9.7.5 If f € V is continuous at to and if s,(f)(to) converges
as n — 0o, then it converges to f(to).

Proof For if s,(f)(tg) — | as n — oo, then o,(f)(tg) — [ as n — oo, and
sol = f(to)- O

Corollary 9.7.2 shows that a continuous function in V can be uniformly
approximated by trigonometric polynomials: we use this to show that a
continuous function on [0, 1] can be uniformly approximated by polynomials.

Theorem 9.7.6 If f is a continuous function on [0,1] and € > 0 there
exists a polynomial p such that |f(z) — p(z)| < € for all x € [0, 1].

Proof We need a lemma.

Lemma 9.7.7 For each n € Z™" there exists a polynomial T, such that
cosnt = T),(cost) for allt € R.

Proof The proofis by induction on n. The result is true forn = 1 and n = 2.
Suppose that it is true for all m < n, where n > 1. Then

cos(n + 1)t = 2cosntcost — cos(n — 1)t = 2T,,(cost) cost — T),—1(cost). O

The polynomial T}, is called the n-th Chebyshev polynomial.
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We now prove the theorem. Let g(t) = f(cost). Then g is a continuous
even function in V, and so there exists n € N such that |0, (g)(t) — g(t)| < €
for all t. But 0,,(g) is an even trigonometric polynomial, and so

n n
on(g)(t) = Z cjcos jt = chTj(cos t)
§=0 5=0

for some constants ¢y, ..., c,. Thus if z = cost € [0,1] and p = Z?:o ¢ T}
then

|[f(x) = p(x)| = |f(cost) = p(cost)| = |g(t) — on(g)(t)| <e. o

The second example of harmonic synthesis is obtained by damping the
contributions for large values of |n|. Suppose that f € V and that 0 < r < 1.

Then we set
o0

B0 =3 ol e,

n=—0oo

Since |f,| < || f]l;, the series converges absolutely, and converges uniformly
in t. Thus P,(f) is a continuous function. Let us set

o0

n
P,= Z rmfyj and P, = Z r|j|’yj.
j=-n J=—00
Then P,,, — P, as n — oo, uniformly in ¢, and so

™

P.(f)(#) = lim 2i Ponlt — 5)f(s) ds

—T

— Tim (P + f)(8) = (P % £)(2).

n—o0

The function (r,t) — P,(t) is the Poisson kernel. Now

[e.9] [e.o]
P.(t) = ereijt + Zr]’e*ijt -1
=0 =0

1 1 1—7r?
= — 4 — — 1= .
1—ret 1 —re i 1—2rcost+r?2

Note that P.(0) = (1 +r)/(1 —r), that P.(t) > 0 and that P, is an even
function. Further,

1 (7 © rlil o
P, = — wt =1.
o (tydt= > (% / e dt>

-7 j=—00 -7
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y

10 +

Figure 9.7b. The Poisson kernel.

Since
1—2rcost+r?=(1—r)*+2r(l —cost) > 2r(1 — cost) = 4r sin® %t’

P.(t) — 0 uniformly on {t : § < |[t| < 7w} asr /1, for0 < <.

Thus the Poisson kernel is an approximate identity (though here the
parameter r is in [0, 1), and we are concerned with limits as r increases to 1).
Thus we have the following.

Theorem 9.7.8 If f € V is continuous at ty then P.(f)(to) — f(to) as
r /' 1. If f is a continuous function, then P.(f)(t) — f(t), uniformly in t,
asr /1.

Which of these two methods is more powerful? In order to answer this, we
need a stronger version of Abel’s theorem (Theorem 6.6.5).

Theorem 9.7.9  Suppose that (a,)2>, is a real or complex sequence. Let
sn = > igaj, and let on = (35_os;)/(n+ 1), for n € Z*. Suppose that
op — 0 asn — oo. Then > 2 japa™ — o asx /1.

Proof The proof is very similar to the proof of Theorem 6.6.5. By replacing
aog by ag — o, we can suppose that ¢ = 0. Let s, = Z?:o aj, for n € Z.
Suppose that 0 < z < 1. Let f(z) = Yo% jan2™. Recall that 1/1 — z)? =
o2 o(n+1)2™. Each of the series Y 2 apz™ and Y7 (n+1)z™ converges
absolutely, and so by Proposition 4.6.1, the convolution product > 7 ¢, z"
converges absolutely to f(z)/(1 — z)2. But

n
Cn = Zaj(n—i— 1—37)=m+1)opn,
§=0
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and so f(z) = (1 —2)2>°2° j(n+ 1)onz™.
Suppose that 0 < € < 1. There exists ng such that |o,| < €/2 for n > ny,
and so

(1=2)? > spz”| < e(1—2)%( ) (n+1)a")/2
<e(1-2)*() (n+1)z")/2=¢/2
n=0

On the other hand, the sequence (0,)5%, is bounded: let M =
sup{|on| : n € ZT}. Then

no—1
(1 =2)2 > (n+1)opa”| < (1—x)*Mno(ng +1)/2.

n=0

1
Let n = (e/(M + 1)ng(no +1))2. If 1 —n < 2 < 1 then

TL()—].
(1 =2)? > (n+1)opz"| < /2,
n=0
and so - -
1> @ = f(@)] = 11— 2)2Y (0 + Dona”| < e. o
n=0 n=0

It follows that the Poisson kernel is more powerful than the Fejér kernel.

Exercise

9.7.1 Suppose that (a,)5 is a real or complex sequence. Let s, = Z?:o aj,
and let 0, = (3-7_55)/(n + 1), for n € Z*. Suppose that o, — o as
n — oo. Suppose that K > 0. Let W = {2z : |1 — 2| < K(1 — |2|}.
Show that > 7 janz™ — o as z — 1 in Wk.
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Some applications

The theory that we have developed is meant to be used. In this chapter, we
consider various applications of the results that we have established, and in
particular will introduce some of the important special functions of analysis.
Some details are omitted; you should provide them. We shall return later to
some of the topics considered here in Volumes II and III.

10.1 Infinite products

Suppose that (a;)72, is a sequence of real numbers, and that a; # —1 for all
j € Z*. Let pn = [[j_o(1+ay). We say that the infinite product [[32,(1+a;)
converges to p if p # 0 and p, — pasn — oo. If p, — 0asn — o
we say that the product diverges to 0. If the product converges, then a,, =
(pn — Pn-1)/Pn—1 — 0 as n — oo: this means that we can restrict attention
to products for which a; > —1 for all j € NT, so that 1 + a; > 0 for all
j € N, and p, > 0 for all n € N. The logarithmic function then enables us
to reduce the problem of convergence of the product to the convergence of a
sum. The function log is a continuous bijection of (0, c0) onto (—oo, 00), with
continuous inverse exp. Hence p, — p (with p # 0) as n — oo if and only if

n
Zlog(l +a;) =logp, — logp as n — oo.
5=0

The general principle of convergence takes the following form.

Proposition 10.1.1  Suppose that (aj)]o-‘;o s a sequence of real numbers,
and that aj > —1 for all j € Zt. Then the product H?io(l + aj) converges

270
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if and only if, given € > 0, there exists ng € Z™ such that

Pm — DPn
Pn

<€

I] G +ap)—1|=

] ’
j=n+1

form >n > ng.

Proof Let us prove this directly. Suppose that p,, — p, and that e > 0. Then
p/pn — 1, and so there exists ng such that |p,, — pn| < €/2p and p/p, < 2,
for m > n > ng. Then

m
I] +a)-1 :‘Pm )= Pm =Py B
j=nt1 Pn p Pn

for m > n > ng.
Conversely suppose that the condition is satisfied. Then there exists ng
such that

m

Pm
— =1 = 14a;)—1| <1/2,
21| < | T @+ -1] <1/

j=n+1
for m > n > ng, and so pn,/2 < pn < 2pp, for n > ng. Given € > 0,
there exists ny > ng such that |(pm/pn) — 1| < €/2pp, for m > n > ny. If
m > n > ng then

p
|pm _pn’ = ‘m - 1’ -Pn <€,
Pn
so that, by the general principle of convergence, (p, )52, converges, to p say.
Further, since py,, > pp,/2 for n > ng, p > pn,/2 > 0. O

If the infinite product J[;Z,(1 + a;) converges, then a; — 0 as j — oc. If
>0 a]? < 00, we can say much more.

Theorem 10.1.2  Suppose that (aj);?‘;o is a sequence of real numbers, that
aj > —1 for all j € Z" and that Z;’io ajz» < oo. Then the infinite product
[T720(1 +aj) converges if and only if 3772 a; converges.

Proof We use the fact that if |h| < 1/2 then, by Taylor’s theorem,

2
log(1+h)—h= h 5 for some 0 < 6 <1,

2(1+6h)2,

so that
h —2h? <log(1+ h) < h.
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There exists ng such that |a;| < 1/2 for j > ng. If m > n > ng then

Zlog +aj) < Z aj < Zlogl—ka] +22a

j=n+1 j=m+1 j=n+1 j=n+1

and it follows easily from this that (3 7_, log(1+a;))52 is a Cauchy sequence
if and only if (37 a;)5% is a Cauchy sequence. The result therefore follows
from the general principle of convergence. O

Next let us consider the cases when the terms a; are all positive.

Proposition 10.1.3  Suppose that (aj);?‘;o s a sequence of positive num-
bers, and that a; < 1 for all j € NT. The following statements are
equivalent.

(i) D272 a; converges.

(it) [1;2(1 + a;) converges.
(iii) [1;20(1 — a;) converges.

(iv) If 1bj] <1 and abj # —1 for j € Z" then [[724(1 + bja;) converges.

Proof 1If (i) holds and |bj| < 1 for j € ZT then Z;’;O(ajbj)z < o0, and
so (iv) holds, by Theorem 10.1.2. Clearly, (iv) implies (iii). Suppose that
[T720(1 — a;) converges, to g, say. Then since 1 +a; < 1/(1 — a;),

-1
n

H1+aa <(JJa-ap)| <1/g

J=0

and so the increasing sequence (J[j_y(1 + a;))52, converges: (ii) holds.

Suppose that (ii) holds. Let p, = [[_,(1 + a;) and let p = [T;24(1 + ay).
Since a; — 0 as j — oo, there exists ng such that a; < 1 for j > ng. But, by
the mean-value theorem, log(1 + =) = x/(1 + 6x) for some 0 < # < 1 and so
log(1+ z) > /2, for 0 < x < 1. Therefore

Zaj — Zaj <2 Z log(1 + a;) = 2log(pn/pn,) < 2log(p/pn,)

J=0 J=0 J=no+1
for n > ng, so that >-22 a; converges. Thus (i) holds. O

Corollary 10.1.4 If (aj);‘;o 18 a real sequemce, none of whose terms
takes the wvalue —1, and if Y 22,a;| < oo, then the infinite product
H?io(l + a;) converges. Further, if o is a permutation of NT then
[T;20(1 + ag(j)) converges, to the same value.

Such a product is said to be absolutely convergent.
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Exercises

10.1.1 Use the logarithmic function to deduce Proposition 10.1.1 from
Theorem 3.6.2.

10.1.2 Let agg = 1/vk + 1 and let aggr1 = —1/+k + 1. Show that Z;io aj
converges, whereas [[72, (1 + a;) diverges to 0.

10.1.3 Let ag = 0, let ag_y = 1/vk and let agy, = —1/vVk + 1/k, for k € N.
Show that > 2% a; diverges, whereas [[;2; (1 + a;) converges.

10.1.4 Why do these examples not contradict Theorem 10.1.27

10.1.5 Let p1 < p2 < --- be an enumeration of the primes. By consider-
ing products of the form J[7_, (1 — 1/p;)~%, or otherwise, show that

[172,(1 — 1/p;) diverges to 0. Deduce that 372, (1/p;) = co.

10.2 The Taylor series of logarithmic functions

Integrating the identity

1 1 (=)™
- 11— U G o ST Sl
T x4+ (—x) + T2
we see that
332 (_l,)n :Jc(_t)n
log(1 =r— — 4+ — dt
og(l+z)==z 5+ - +/0 T %

for © > —1. Suppose that —1 < x < 1. Then the remainder term tends to 0
as n — 0o, and so

2 (_x)n i (_1)n+11.n.

4=
2 n = n
Since
1'2 n
log(l—2)=—-2—— —+-+— —
og( x) T 5 - + ,
it follows that
1 3 5
log <1::£> =log(l + z) —log(1 — x) :2(x+%+%+~-),

for —1 < x < 1. We shall use this formula when we establish Stirling’s
formula.
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Exercise
10.2.1 Show that
1 1 nlogn
(1—1—) — 1lasn — oo.
n n

10.3 The beta function
The beta function B(z,y) is defined for z > 0 and y > 0 as

1
B(x,y):/o t* 11 —t)vLat.

Note that if x < 1 or y < 1 then this is an improper integral. Note also
that B(z,1) = 1/x. The change of variables s = 1 — ¢ shows that B(z,y) =
B(y, z). If we make the change of variables ¢ = sin?§ then 1 —¢ = cos? # and
dt/df = 2sin 6 cos 6, so that

w/2
B(z,y) = 2/ sin?* 1 cos?Y ! do.
0
Proposition 10.3.1 Ifz > 0 and y > 0 then
yB(z,y)

Proof Integrating by parts,
1
B(z,y+1) = / "1 — ) at
0
! 1
:/ R A
0 t

1 1 —1
— tr (1 _ 1)!/ + y/ $rty—2 1 -1 Y dt
Tty 't o TH+YJo t

1
:y/ 11—t dat = Y B(x,y). 0
4y Jo Tty

This means that we can calculate the value of B(z,y) for all positive x and
y if we can calculate it for 0 <z < 1land 0 <y < 1. Let

w/2
Isz/ sin® 6 df for s > —1.
0
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Corollary 10.3.2 (i) B(1/2,1/2) = .
(Z'Z.) B($/27 1/2) = Lzg—1-

(ii1) slg = (s — 1)Is_a, for s > 1.

(i) If k € N then

/2 (2k —1)(2k —3)...1
o . 2k o “ e
IZ’“_/O S0 d) = k=) 2

_ @Y r_ 1 ok«
C22k(EN272 22K\ |k )72
and
/2 (2k)(2k —2)...2 22k (k12
Djy1 = in?"1 0 do = == <
s /0 o @k+D)@Ek—1)...3 " (2k+1)
Proof These results all follow easily from the equation
/2
B(z,y) = 2/ sin?* =1 cos? 1 dp. O
0

Now
Dr1 2k Ik 2k

Iy 2k+1" Iy ~—2k+1°
so that Iogyq/Iox — 1 as k — oo. Thus we obtain Wallis’ formula

1>

24k+1(k!)4
(2k + 1)!(2k)!

— 7 as k — o00.

Let us establish a corresponding result for an infinite product. Since

ok k1 2.2, ... 2%k 1 and 2k ! 1
— — I -
(2K)!  1.2..... 2k 1.3.5.....(2k—1) (2k+1)!  3.5..... (2k + 1)’

it follows that

2 (kDY 2244 (2k).(2k)
(2k)!(2k +1)!  1.3.3.5.....(2k — 1)(2k + 1)

11 <(2j—(12>j<)22j+1)> B ﬁ (Hﬁij;—l) |

J=1 J=1

Thus it follows from Wallis’ formula that

oo
H 1+# _T
42-1) " 2

j=1
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If 0 < 2 < 1 then

w/2
B(z,1 —x) = 2/ tan®*~1 0 dh.
0

Our main concern now is to find an expression for this integral. Making the
change of variables v = t/(1 — t), we find that

Ur—l

1+o

00 Ux—l 00
B = —d that B(z,1 —z) = dv.
(z,y) /0 [ gty @vr so tha (2,1 —x) /0 v

Now

1, z—1 1 Lot
/ ] d”Z/ Um1(1—v+~-+(—1)"v")dv+(—1)”“/ LA
0 0 0

1+wv 1+wv

The second term on the right-hand side tends to 0 as n — oo (why?), and so

17)1'—1 1 o0
/0 1+v E—'—Z :1:+n

n=1

Similarly, making the change of variables v = 1/w, we find that

oo -1 1
1
/ v dv:/ ————dw
1 14w 0 wr(l+w)

1
— / w % — wlfm 4oa (_1)nwnf:1: dw 4 (_1)n1/
0 0

1 wn+1—a:

dw.
1+w

Again, the second term on the right-hand side tends to 0 as n — oo, and so
oo

oo,Ux—l 1 1
dv = -1 .
/1 1+w Y Z( ) n—x

n=1

Adding the two integrals, we find that

/2 o 1
B(z,1—x)=2 Ze—1 _——i— E —
(=, 2 /0 tan 0.db <n+x n—x)

-torfer ().

We shall see in Volume III that this sum can be evaluated; its value is
7/ sinmx.
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The beta function is logarithmically convex: if zg, x1, yo and y; are positive
and 0 < 6 < 1 then, putting zp = (1 — 0)zo + Ox1, yg = (1 — 0)yp + Oy; and
using Holder’s inequality with indices 1/(1 — 6) and 1/6, we see that

1
B(xg,yg):/o £70 (1 — )Y dt
-/ ()1 = ) (1 )
0

= [ ey a
0

< ([ a0 t)%)dt)l_e. ([ - t)%)dt)e

= B($07 yO)l_gB(xlv yl)e‘

Exercises

10.3.1 Show that zB(z,y+ 1) = yB(x + 1,y).
10.3.2 Show that B(z,y) = B(z + 1,y) + (B(x,y + 1).
10.3.3 Show that

10.3.4 Show that n( OW/2 sin" tdt)? — 27 as n — oc. [Consider the cases n
odd and n even separately.|

10.4 Stirling’s formula
We wish to estimate the size of n!, as n becomes large. Let

nle™

i1 and let b, = loga, = log(n!) — (n+ 1/2)logn + n.
n

Ap —

Set s =1/(2n 4+ 1) (so that (n+1)/n = (1 +s)/(1 — s)). Using the result
about logarithmic functions established in Section 10.2,

bp —bpt1 =log(n+1) — (n+1/2)logn+ (n+3/2)log(n+1) — 1

= (n+1/2)log (”:1> 1

1 1+s 2 st
- 1= 4.
og( s> 3+5+

2s
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Thus

A

52 1 1 1 1

by — b1 < — 5 ) = =
3 \1-s 12n(n+1) 12n  12(n+1)
52 1 1 1

d by — by > o = - .
an SR T30 12T 2t D) 12(n+2)

These inequalities show that the sequences

1 o0
b ) d (b, — ———
(bn)nz an < 20 + 1>)n_1

are both decreasing sequences, and that the sequence (b, —1/12n)%°

is an increasing sequence. Thus all three sequences tend to a com-
mon limit b. Consequently (a,)3; —a as n— oo, where a=e’ so that
n! ~ an™t1/2e=n,

It remains to determine a. We use Wallis’ formula.

an
@2n)2n+ 1)~ a2(2n)tlein(2n £ 1)  2n+ 1

4n+1(n!)4 a44n+1n4n+2€—4n 2

~ a?)2.

But 4" (n)*/((2n)!(2n + 1)!) — 7 as n — oo, by Wallis’ formula, and so
a = +/27. Thus we obtain Stirling’s formula

1
nl ~ V2" t2em,
More precisely,

20 o (1) <t < 120 ()

10.5 The gamma function

Suppose that a > 0. The exponential functions e®* grows faster than any
polynomial, as x — +o00. On the other hand, n! grows faster than e**, as
x — o0, for any a € R. Can we find a continuous function f of a natural kind
on [0,00) such that f(n) = n! for n € N? Perhaps surprisingly, the answer
is ‘yes’; in fact, the function that we shall construct, the gamma function I,
satisfies I'(n + 1) = nl.

We want to define the improper integral fooo t*~le~t dt. We consider the
intervals [0, 1] and [1, co] separately.

First, suppose that 0 < # < 1. Then t*le™* — coasz \, 0. But t* le~t <
t*=1 and f: t*tdt = (1 —€®)/z — 1/ as e \, 0. Thus I(¢) = fel tr=tet dt
is a decreasing function on (0,1] which is bounded above by 1/z, and so
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the improper integral fol t*~le~t dt exists. If z > 1, the function t*~te™? is
a continuous function on [0, 1], and so the Riemann integral fol tr= et dt
exists.

The function t*~!e~* is continuous on [1,00). If n € N and n > z then
e! > " /n!, so that t*"le~t < nlt*~ "= Thus

T T _
/ trlemt gt < n‘/ =l g = nl(1—T%7) < n!
1 o 1

n—x “n—zx

Consequently, the improper integral fooo t*~le~t dt exists.
We can therefore define the gamma function for 0 < t < oo as

I‘(:z:):/ t*le~t dt;
0

it exists as an improper integral.
Note that I'(1) = [ e "dt = 1.

Proposition 10.5.1 Ifx > 0 then zI'(z) = T'(z + 1).

Proof Integrating by parts,

X z,—t7X X
t 1
/ t* et dt = [ ¢ ] —I—/ tYe "t dt.
€ z € z €

Now t%e¢™* — 0 as t — 0 and as t — oo, and so it follows that zI'(z) =
I(z+1). O

Corollary 10.5.2 Ifn € Z thenT'(n+1) =nl.

Proof The result holds for n = 1, since I'(2) = I'(1) = 1. The result then
follows by induction. a

Proposition 10.5.3 T is a continuous function on (0,00).

Proof Suppose that x € (0,00) and that 0 < a < x < b < oo. Suppose that
€ > 0. There exist 0 < n <1 < R < 0o such that

n 00
/ t*le7tdt < ¢/5 and / P le7tdt < /5.
0 R

There then exists 0 < § < min(z — a,b — x) such that if |z — y| < 0 then
[tv=1 — =1 < ¢/5(R —n). If | — y| < 4 then

L(y) = T(z) = lo+ (I — I2) + (I3 — 14),
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where

Iy

R
/ (v —t* et dt,
n

g 1 g 1
I :/ e tdt, I, :/ t*let dt,
0 0

o o0
I3 z/ et dt, Iy :/ t*~le~t dt.
R R

The modulus of each integral is less that €/5, so that [I'(y) — T'(x)| <e. O
The beta and gamma functions are closely related.

Proposition 10.5.4 Ifz > 0 and y > 0 then

I'(2)I'(y) = B(z,y)l'(z +y).

Proof Changing variables by setting ¢t = su, exchanging the order of inte-
gration (this is justified in Volume II), and setting w = s(1 + u), we

find that
I'(x)'(y) = </ §P e ds> </ tv=te™t dt)
0 0

:/ st lems </ sYu¥—le s du> ds
0 0

_ /OO uy—l </oo Sz+y—1€—s(1+u) d8> du
0 0
0o oo ,,x+y—1,—w

:/ -1 </ wedw> du
0 o (I+u)*ty

_ (/000 ; f;)lﬁy du> T(z+7y).

Setting v = u/(1 + u), we find that

c_w g ldv = B
_ = - — )t = . O
/o T+ wev /o )T de = B(a,y)

Exercises
10.5.1 Show that

o (] z—1 1 1 z—1
I'(x) :/ %dy :/ <Iog ) dx.
1 Y 0 u

10.5.2 Show that the gamma function is a logarithmically convex function
on (0, 00).
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10.5.3 Show that if 0 < x < 1 then

1 1
— <TI'(z) <1+~
exr X

10.6 Riemann’s zeta function

It follows from the integral test that »22,(1/j°) diverges if s < 1, and
converges if s > 1. If s > 1, we set ((s) = >372,(1/j°). The function ( is
called Riemann’s zeta function; it is a decreasing function of s.

It follows from the integral test that

L= [ Eascam =143 050

© dx 1 s
<1 —ds=1 =
- +/1 2 Jr5—1 s—1’

so that ((s) = o0 as s\, 1 and ((s) — 1 as s — c0.

It was Euler who first considered the sum as a function of the real vari-
able s. Later, Riemann considered ( as a function of a complex variable; he
introduced the notation ¢ for the function and s for the variable.

Euler recognized the importance of the zeta function for number theory,
and initiated the study of analytic number theory. Let 2 = p; < ps < ... be
the sequence of primes, in increasing order. We shall use Theorem 2.6.6, the
fundamental theorem of arithmetic: every n > 2 can be written uniquely in

the form n = pi* ...py*, where a1, ..., a, € Z* and a;, # 0.
We set
- 1 ﬁ 1
Po(s) =] () = <1+ ( )
j=1 1= l/p; j=1 pj—1
Thus P,(s) is a continuous decreasing function on (0, c0).
Since
L S
— — — e,
1—1/p; p; P

and since all the terms are non-negative, we can expand the products, to

obtain
1

Pu(s) =Y {———5— k... by € 27},

k ko
(pi*...pnt)®
This provides an analytic proof of the fact that there are infinitely many
primes. For if there are only finitely many primes py, ..., p, then every posi-
tive integer can be written in the form pi* ... pf» so that P, (1) = Y l/i=
00, giving a contradiction. We can say more.
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If s > 1 then it follows that P,(s) < > >°,1/n® = ((s). The sequence
(Pn(s))52 is increasing, and so P, (s) converges to a limit P(s), with P(s) <
¢(s). On the other hand, suppose that N € N, and let {p1,...pr} be the
set, of primes less than N. Then every j < N can be written as a product of

powers of p1,...pg, and so

N-1

P(s) > Pr(s) > ) i
=17

Since this holds for all N, P(s) > ((s), and so we have the following.

Proposition 10.6.1 If1 < s < oo then

- 1 had 1
=T (i) =11+ 553)

Jj=1 Jj=1

where (p1 < pa < ...) is the sequence of primes, arranged in increasing
order.

Corollary 10.6.2 >  (1/p,) = .
Proof If not, then, by Proposition 10.1.3,

(-5)

is convergent to a non-zero limit P, say. But

= 1
1/¢(s) =[] (1—p5> > P

j=1 J

for s > 1, so that 1/P > ((s). Since ((s) — oo as s \, 1, this gives a
contradiction. O

10.7 Chebyshev’s prime number theorem

Again, let 2 = p; < p2 < --- denote the sequence of primes, in increas-
ing order. The fact that } 22, 1/p; = oo shows not only that there are
infinitely many primes, but also that they occur fairly frequently; for exam-
ple, if (aj);?‘;l is a sequence of positive numbers for which Z]Oi1 a; < oo then
liminf; .. a;p; = 0. This raises the question; how are the prime numbers
distributed? If z > 0, let 7(z) be the number of primes not greater than .
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In 1792, Gauss, at the age of fifteen, conjectured that 7(x) ~ z/logz: that
is, m(x)logx/x — 1 as © — oo. In 1850, Chebyshev showed, by elementary
real analysis, that this was the right rate of growth.

First, let us introduce some notation. Suppose that f is a real-valued
function defined on N, and that x > 0. We set

> fp) = _{f(p): paprime, p <z}

p<z
> flp) =) _{f(p):paprime,y <p<a}
y<p<z
and Z flp Z{f(pm) :p aprime, m € N, p™ < z},
pm<zx

and use similar notations for products.
Chebyshev introduced two auxiliary functions:

Zlogp and ¥ (x Z log p.

p<zx pm<z
He proved the following.

Theorem 10.7.1 (Chebyshev’s prime number theorem)

(7) iminf, w(x)xlogw = liminf,_ e 9) _ 1im T wgcx),
: 1 . 0 .
lim SUPz— 00 % = lim SUPz— 00 % = lim SUPz— 00 w(zx) .

(i) limsup, .., 2% <1g4 < 1.387.

(i) liminf, oo Y2 > 1og2 > 0.346.
Proof of (i) Clearly §(x) < v(x). Let ¢p(z) = sup{m : p" < x}. Then

Zcp )logp = Z x)logx + Z x)logx

p<z p<Vz f<p§x

<Vazlogz +6(x),

since ¢p(z) = 1 for /o < p < x. Thus ¢(z)/x — 0(x)/z — 0 as x — oo.
Consequently

lim inf @ = lim inf M and lim sup M = lim sup M

r—00 I T—00 I r—oo L rz—oo L
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Since ¢p(z) is the largest integer such that p™ < z,
cp(x)logp <logx < (cp(x) +1)logp,

so that ¢,(z) is the integral part of log z/log p. Consequently,

|
U() = 3Ly | logp < m(a) log.
p<z

Thus
1
lim inf M < lim inf w,
r—o00 I T—00 €T
lim sup M < lim sup
z—oo X Z—00 x

m(x)logx

Suppose that 0 < a < 1. Then

O(z) > > logp> Y  loga®

— (aloga)(r(z) — m(z®)) > (o logz)(r(x) — 2°),

so that p |
(z) > a (W(ﬂﬁ) ogr xallogx> _

x x

Since z* 'logx — 0 as © — o0,

1

lim inf @ > «alim inf w,
r—00 I T—00 xT
0 1

lim sup 7(33) > alim sup 7%(@ 08T
rz—oo L T—00 o

Since this holds for all 0 < a < 1,

|

lim inf 0@ > iy e T@)108T
T—00 I T—00 X
0 1

tim sup &) > fim sup 7108

rz—oo L T—00

Proof of (ii) It is sufficient to show that 6(n)/n < log4, for n € N,
with n > 2. We prove this by induction. Certainly #(2) = log2 < 2log4,
0(3) = log6 < 3log4 and 0(4) = log6 < 4log4. Suppose that the result
holds for 2 < j < 2n. Then, since 2n + 2 is not prime,

02n+2)—0(n+1)=02n+1)—0(n+1) = Z logp = log P,
n+1<p<2n-+1



10.7 Chebyshev’s prime number theorem 285
where P = Hn+1<p§2n+1 p. Now if pisaprimeand n+1 < p < 2n+1 then p

divides (2n+1)! and does not divide (n+1)!, and so p divides (2n+1) = (2"+1).

Thus P divides (>*1') = (*"*1). But " '
n+1

2n+1
ot 1\ L2+ 1) (2] §1”Z 2n+1 e
n+1 2 n n+1 2j:0 J
so that P < 4" log P < nlog4, and

02n+2)=60(2n+1) <O0(n+1)+nlog4 < (2n+ 1)log4.

Proof of (iii) It is sufficient to show that ¢(2n)/2n > 1log 2, for n € N. By
the fundamental theorem of arithmetic, if n € N we can write n uniquely as
[L<n pU(™. The quantity v, (n) is the p-adic valuation of n. Since {1,...,n}
contains |n/p| multiples of p, |n/p?| multiples of p?, and so on,

(e 9]

vp(nl) = ZLn/p”

j=1
(Of course, this is a finite sum.) Now

() = e = L

p<2n

where

o0

gp(n) = vp((2n)!) — 2vp(nl) Z [2n/p7 | — QZM/Z)]J
j=1 J=1

o

= 3" (I2n/p7] - 2(n/p']).

7j=1
Now if |2n/p’| is even, there are as many numbers of the form ap’ in
{1,...,n} as there are in {n +1,...,2n}, and if [2n/p?] is odd, there is one
less number of the form ap’ in {1,...,n} as there are in {n+1,...,2n} (why
is this?). Thus
|2n/p” | —2|n/p’| = 0 if [2n/p ]| is even,
= 1if |2n/p’] is odd,
so that 0 < g,(n) < ¢,(2n). Consequently

log < ) Z gp(n)logp < Z cp(2n)logp = (2n).

p<2n p<2n
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But
2n\  (n+1)(n+2)...(2n) _
n) 1.2.....n -0
so that log (27?) > nlog?2, and ¥(2n)/2n > %log 2. |

Chebyshev also showed that

1
lim inf <1< lim sup w,
T—00 xr T—00 X

m(z)logx

but the real difficulty is to show that 7(x)log z/x tends to a limit as © — oo.
Gauss’ conjecture was eventually proved independently by Hadamard and
de la Vallée Poussin in 1896.

Theorem 10.7.2 (The prime number theorem) = (x)logz/z — 1 as
x — 00.

Their proofs are difficult, and use the theory of functions of a complex
variable.

10.8 Evaluating ((2)

An outstanding problem at the beginning of the eighteenth century was the
evaluation of

1 1 1
2N — 14 = D
¢(2) tytgt o toat
One of Euler’s early triumphs was to show that ((2) = 72 /6. We gave a proof
using Fourier series in Example 9.3.10: here we present one given by Euler.
We start by applying the binomial theorem. Suppose that 0 < x < 1. Now

i(sin_1 z)? = 278111_1(:6

~—

DO

dx 1—=x

2x > 25)! A
22 (o )
L—a? (2 + 1229012 V1 a2
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by Corollary 8.5.5. Integrating term by term (justify this carefully),

(sin / ﬁdt—i— Z( 2j_|_12]2)2g( 12 x\/t% >

for 0 < z < 1. Since all the terms are non-negative increasing functions of x,
it follows from Theorem 6.3.10 that the formula also holds if we set z = 1:

7T2 1 1 t2]+1
- = 3 e | e )
8 0 1—t2 2J+12J( e 1—¢2

Setting ¢t = sin 0, and applying Corollary 10.3.2,

1 42541 /2 A 927 (1)2
/ ¢ dt = / sin?tlgdy = =2 () .
0o V1—1t2 0 (25 +1)!

Substituting, we see that

giving the result.

10.9 The irrationality of e"

We have seen in Section 4.2 that e is irrational; we now show that e” is
irrational for all non-zero rational r. If r = p/q and e” is rational, then
eP = (e")? is rational, and so is e P = 1/eP. It is therefore enough to show
that e~* is irrational, for each positive integer k. Suppose, if possible, that
e~% = p/q, where p and ¢ are integers.

We use the fact that if f is a differentiable function on [a, b] then

(e p @) = e (RS ) ~ f(a),

which suggests the possibility of cancellation.
Suppose that f is an (m + 1)-times differentiable on [a, b]; set

glz) = —e P (K™ f(2) + k™ f (@) + -+ f (@),
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Then ¢'(z) = e (k™! f(z) — f(m+D)(2)), so that

b
9(b) — g(a) = / R (R f () — FD (1)) d

We apply this to the polynomial function

n!

Bn(z) = i Gk 71,; <?> (—1) 2",

on the interval [0,1]. We choose this function, because (3,(0) = 0 and
;Lh)(O):OforlSh<nandforh>2n.Ifh:n—|—j,WhereO§jSn,

hen
T e () (1))

which is an integer. Since 3, (z) = (,(1 — x), similar phenomena occur when
x = 1. We now take m = 2n, and set

gn(2) = —eF (K2 By () + K21 B (2) + - - + B (2).

Then g,,(1) = e *r = pr/q and ¢g(0) = s, where r and s are integers. Further,
. (2n+1)
since Gy (x) =0 for all z,

1 1
gn(1) = gu(0) = / R (K2 B, (2) — HP) d = / RT3 () da.
0 0

Thus

1
q (/ e_kku"Hﬂn(:r) dx) = pr — ¢s, an integer.
0

But 0 < B,(z) < 1/n!and e™** < 1 for 0 < < 1, and so

1 k2n+1
0< q(/ e—kkun—l—lﬁn(x) d.%') < q( ol ) .
0 .

Since k2" /n! — 0 as n — oo, it follows that

1
0<gq </ e kep2ntlg (1) dac) <1

0

for large enough n, giving the required contradiction.
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10.10 The irrationality of =

We use the idea of the previous example to show that 7 is irrational. In fact,
we do rather more, and show that 72 is irrational. Suppose that 72 = p/q,
where p and ¢ are integers.
Suppose that u is a twice differentiable function on an interval [a, b]. Let
g(z) = u(x) cos Tz,
h(z) = /() sin 7.
Then
g (x) = u/(z) cos mx — mu(x) sin 7,
h'(x) = v/ (z) cos T + u” () sin 7w,
so that
(h —7g)(z) = (7*u(z) + v/ (x)) sin 7.

This again suggests the possibility of cancellation.
Suppose that f is a 2n + 2-times differentiable function; set

u(w) = w2 f () — 7 [ (@) 4 - 4 (1) F ().
Then
(h/m—g)(z) = (7r2”+1f(:v) + (=1)" f2n+2) (:L‘)) sin .
Since h(1) = h(0) = 0, it follow that
1
9(0) —g(1) = / (7r2”+1f(a:) + (=1 f2+2) (:1:)) sin rx dx.

0

Let us take f(z) = fn(x), as before. Recall that 3,(0) = 3,(1) = 0 and

that ﬂ,(Lh) (0) and ﬂ,(lh)(l) are integers for all b € N. Thus ¢"*1g(0) = ¢""1u(0)

and ¢"t1g(1) = —¢"*'u(1) are both integers. Since Bt (z) = 0 for all x,

1
g(0) —g(1) = / w23 (x) sin mx da,
0
so that o
n+1 n+1 _ prt .
q""g(0) —¢""g(1) = — Bn(x) sin wz dz
0

is an integer. But
n+1

n+1 1
0<? / Bn(x)sinmz dr < b ,
T Jo m.n!
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and p"*!/m.n! — 0 as n — oo, so that

pn—i-l 1
0< / Bn(z)sinmedr < 1
™ Jo

for large enough n, giving the required contradiction.



Appendix A

Zorn’s lemma and the well-ordering principle

A.1 Zorn’s lemma

We show that Zorn’s lemma, is a consequence of the axiom of choice.

Theorem A.1.1 Assume the aziom of choice. Suppose that (X, <) is
a non-empty partially ordered set with the property that every non-empty
chain (totally ordered subset) of X has an upper bound. Then there exists a
mazimal element in X.

Proof' We need a few more definitions. Suppose that A is a subset of a
partially ordered set (X, <) and that = € X. x is a strict upper bound for A
if a < x for all @ € A. A totally ordered set (S, <) is well-ordered if every
non-empty subset of S has a least element. A subset D of a totally ordered
set (S, <) is an initial segment of S if whenever x € S, d € D and x < d then
xz € D.

We break the proof into a sequence of lemmas and corollaries. If A is a
subset of X, let A’ be the set of strict upper bounds of A. If A = (), then
A =X.

Let C be the set of chains in X.

Lemma A.1.2 Suppose that there exists C € C for which C' = (). Then C
has a unique upper bound, which is a maximal element of X.

Proof C has an upper bound c. Then ¢ € C, and is the unique upper bound
for C, since C'is a chain. If x > ¢, then x is an upper bound for C, and so is
equal to c. Thus c is a maximal element of X. O

We must therefore find a chain C for which C’ = (). Let s be a choice
function on P(X) \ 0: if A is a non-empty subset of X then s(A) € A. We

I Thanks to Peter Johnstone for showing me how to simplify the proof.

291
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use the choice function to define a successor function, and use this to find a
large chain in C.

Let 7 be the set of chains C in X with the property that if D is an initial
segment of C' and D # C then s(D’) is the least element of C'\ D.

Lemma A.1.3 7 #0.

Proof The set C' = {s(X)} is a non-empty chain in 7. Suppose that D is
an initial segment in C. If D # C then D = (), and s(X) is the least element
of C\D. Thus C € T. O

Lemma A.1.4 IfC €T and C' # 0 then Ct =CU{s(C")} €T.

Proof O is certainly a chain, with greatest element s(C”). Suppose that D
is an initial segment of C* and that D # C7. There are two possibilities.
First, D is a proper subset of C. Then s(D’) is the least element of D' N C,
and is therefore the least element of D'NC™. Secondly, D = C'. Then s(D’) =
s(C") is the least element of C* \ D. O

Corollary A.1.5 We order T by inclusion. It is enough to show that T
has a greatest element M.

Proof For if M’ # (), then M*™ €7, contradicting the maximality
of M. O

We show that 7 is totally ordered by inclusion.

Lemma A.1.6 Suppose that C, D € T, and that C' is not contained in D.
Then D is an initial segment of C.

Proof Let
E={xeCnD: ify <ztheny e Cif and only if y € D}.

Then F is an initial segment of both C and D. Since F C D, E # C, and
s(E") is the least element of C'\ E. Suppose that E # D. Then s(E’) is the
least element of D\ E. But this implies that s(E’) € E, giving a contradiction.
Thus D = F, and so D is an initial segment of C'. O

Lemma A.1.7 Let M = UgerC. Then M € T.

Proof M is certainly a chain in X. Suppose that D is an initial segment in
M, and that D # M. Then D C M, and so s(D’) € M. If z € M \ D then
x € C\ D for some C € T, and s(D’) is the least element of C'\ D. Thus
s(D') < z, and so s(D’) is the least element of M \ D. Thus M € 7. O
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Corollary A.1.8 M is the greatest element of T .

Proof For if C € T, then C' C M, by the definition of M. O

This completes the proof of Theorem A.1.1. O

A.2 The well-ordering principle

Zorn’s lemma implies that any non-empty set can be well-ordered.

Theorem A.2.1 (The well-ordering principle) If S is a non-empty set,
Zorn’s lemma implies that there is a total order on S under which S is
well-ordered.

Proof We sketch the proof, and leave it to the reader to supply all the details.
Let T be the set of all pairs (A, <4), where A is a non-empty subset of S
and <4 is a well-ordered total order on A. T is not empty (consider singleton
sets). We define a partial order on T' by setting (A,<4) < (B,<p) if A is
an initial segment of B, and the two partial orders agree on A: x <4 y if
and only if x <p y. We argue as in Theorem A.1.1. If C' is a chain in T, set
M =U{A: (A <a) € C}. If z,y € M, there exists (4, <4) € C such that
x,y € A. Set © <pr y if © <4 y. This is well defined, and defines a total
order on M. This total order is a well-ordering of M, so that (M, <ps) € T.
If (A, <4) € C then A is an initial segment of (M, <;s). Hence (M, <;;) is
an upper bound for C'. We can apply Zorn’s lemma: there exists a maximal
element (N, <p) of T. We claim that N = X. If not, there exists z € X \ N.
Let N = N U {z}. Define a partial order <y on N’ by setting =z <y y if
z,y € N and x <y y, and by setting  </y z for all z € N’. Then N’ € T,
and (N, <p) is strictly less than (N', <y-), contradicting the maximality of
(N, SN) O

There are circumstances in which it may be more convenient to prove
results using the well-ordering principle, rather than the axiom of choice.
The well-ordering principle is used to develop the theory of ordinals.

It is easy to deduce the axiom of choice from the well-ordering
principle.

Theorem A.2.2 The well-ordering principle implies the axiom of choice.

Proof Suppose that {Bg}aca is a non-empty family of non-empty sets. Let
X = UpeaB.,, and let < be a well-ordered total order on X. If o € A, let
c(a) be the least element of B,. Then ¢ is a choice function. O
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Exercises

A.2.1 Give the details of the proof of Theorem A.2.1.

A.2.2 Use the well-ordering principle to prove Theorem 1.9.2.

A.2.3 Modify the proof of Theorem A.1.1 in the following way to deduce the
well-ordering principle directly from the axiom of choice.

Let s be a choice function on the non-empty subsets of a non-empty
set X. Let 7 be the set of pairs (C, <¢), where C is a subset of X and
<¢ is a well-ordered total order on C with the property that if D is an
initial segment of C'and C'\ D is not empty then s(X \ D) is the least
element of C'\ D.

(i) Suppose that (C <¢) and (D <p) are elements of X, and that C' is
not contained in D. Show that D is an initial segment of C, and that
the two total orders <. and <p agree on D.

(ii) Let M = {C : (C <¢) € T}. Define a total order <p; on M,
verifying that it is well-defined, and show that (M, <ps) € 7.

(iii) Show that M = X.
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beta function, 274-277 circle of convergence, 128
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closed set, 131 decreasing, strictly decreasing, 13

in R, 134 Dedekind

relatively, 134 cut, 66—69, 91
closure, 131 cut, positive, 72

in R, 132 Dedekind, J. W. R., 21, 39, 67

relative, 133 dense, 132
closure point, 131-133 derivative, 173
coordinate, 13, 26 higher, 200

projection, 13, 26 left-hand, right-hand, 178
Cohen, P., 31 one-sided, 178
colour, 48 derived set, 142
compact set, 138 Descartes, R., 9

in R, 141 diagonal procedure, 47
complement, 7 differentiable, 173

relative, 7 infinitely, 200
complex number field, 101 on the left, right, 178
complex plane, 103 differentiation, 173
comprehension principle, 4 dilation, 82
compression principle, 110 Dini, U., 114
condensation point, 146 Dirichlet kernel, 257
conjugate disc

complex, 101 closed unit, 103
conjugate indices, 192 open, 126
connected, 136—138 open unit, 103, 126
contain, 5 discontinuity, 153
continuity, 153-162 jump, 155

on the right or left, 155, 210 removable, 155

uniform, 158, 216 disjoint, 7
continuum hypothesis, 31 dissection, 162, 209
converge, 84, 105, 107 points of, 209
convergence distance, 81

absolute, 115 diverge, 107

for products, 272 to +o0, 109

absolute uniform, 165 division, 36, 53

conditional, 115 domain, 9

of functions, 147—151 double sequence, 118

of products, 123-126
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one-sided, 149
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element, 5
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enumeration, 42
standard, 43

uniform, 165 equivalence
convex class, 16
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midpoint-convex, 185 Buclid’s
set, 180 ' Elements, 30, 55

algorithm, 55, 58
Euler’s

constant, 236

summation formula, 233, 238
Euler’s formula, 196
cover, 138 Euler, L., 281, 286

convolution product, 123, 253
coprime, 55
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countable set, 42

finite, 139 evaluating ¢(2), 286
open, 139 eventually, 96
exponential function, 111, 115, 124, 128,
Darboux continuity, 186 155, 160, 175, 189, 278
de la Vallée Poussin, C. J. E. G. N., 286
de Moivre’s formula, 42, 83, 200 factorization, 53

decimal expansion, 112 family, 26
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fraction, 61
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Fraenkel, A. A. H., 5
frequently, 96
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choice, 27, 291
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concave, 181
convex, 180186
even, 193
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logarithmically convex, 190
odd, 193
periodic, 160, 179
saw-tooth, 157, 164, 179
strictly concave, 181
strictly convex, 181
successor, 22, 292
fundamental theorem
of arithmetic, 57, 281, 285
of calculus, 223-227

Godel, K., 30
gamma function, 239, 278
Gauss, J. C. F., 30, 66, 283
general principle of convergence
complex, 106
for functions, 149
for products, 270
for sequences, 98-99
for series, 109
generator, 51
geometric mean, 90
graph, 12
greatest element, 10
greatest lower bound, 10, 80
group, 14
abelian, 14, 50
cyclic, 51
homomorphism, 15
identity element, 14
isomorphism, 16
ordered, 51
permutation, 14
product, 55

Index

subgroup, 18

Hadamard, J. S., 286
half-plane

left-hand, 103

lower, 103

right-hand, 103

upper, 103
Hall’s marriage theorem, 40
harmonic, 242
harmonic analysis, 242
harmonic series, 110
harmonic synthesis, 264
Heine—Borel theorem

for closed sets, 140

for open sets, 139
Hermite, C., 113
high point, 47
highest common factor, 54
Hilbert, D., 30

image, 12, 14, 46
imaginary part, 102
inclusion-exclusion principle, 40

increasing, strictly increasing, 13, 47

index set, 26
index, indices, 23
induction
principle of complete, 36
principle of, 22
proof by, 22
inequality
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arithmetic mean-geometric mean, 90, 191

Bessel’s, 255
Cauchy’s, 192
Cauchy—Schwarz, 255
Hoélder’s, 192
for integrals, 223, 237
Schwarz’, 222
infimum, 10, 35, 67, 80
infinite series, 107, 107-109
infinite set
countable, 42
Dedekind, 45
infinite sum, 107
initial segment, 37, 291
integers, 49-53
non-negative, 22, 25, 32—37
integrable
absolutely, 237
conditionally, 237
integral
elementary, 209-211
improper, 233—-239
Lebesgue, 239
Riemann, 220
upper and lower, 211-214
singular, 236, 236
integral part, 91
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integrand, 214
integration by parts, 231-233
interior, interior point, 135
relative, 136
intermediate property, 66, 145
intermediate value theorem, 75, 162—164,
196
intersection, 7
interval, 131
bounded, 131
degenerate, 131
semi-infinite, 131
inverse, 14
left, 15
right, 15
inverse image, 12, 155
inversion, 73
irrationality
of 7, 289
of e”, 287
isolated point, 142
iterated limits and sums, 118-120

Jensen’s inequality, 185
Jordan’s theorem, 262
jump discontinuity, 156

Knaster—Tarski fixed-point theorem, 18
Kronecker’s lemma, 114
Kummer, E.; 114

L’Hopital’s rule, 207

label, 23

Lagrange’s identity, 83

lattice, 54, 210

least element, 10, 35, 292

least upper bound, 10, 80
property, 67

Lebesgue number, 139

Leibniz’ formula, 200

length, 94, 131, 209

limes inferior, 95, 150

limes superior, 95, 150

limit, 84-91, 132, 147-151

limit point, 142, 147-151

Lindemann, F., 113

Liouville, J., 112, 189

list, 42

little o, 152

Lobachevsky, N. 1., 30

local maximum, minimum, 157,

186

logarithmic function, 189

logarithmically convex, 277

lower bound, 10, 67

lower limit, 95, 150

lowest common multiple, 54

lowest terms, 61

Index

map, mapping, 12
bijective, 13
composite, 13
identity, 12
inclusion, 12
injective, 12
one-one, 12
quotient, 17
restriction of, 14
surjective, 13
Mascheroni’s constant, 236
Mascheroni, L., 236
maximal, 10, 291
mean-value theorem, 187, 228
Bonnet’s, 228, 231
Cauchy’s, 202
DuBois—Reymond’s, 230, 263
member, 5
mesh size, 213
metric, 81
minimal, 10
model, 22
modulus, 81, 102
monic, 60
monoid, 63
commutative, 63
monotonic, strictly monotonic, 13
Moriarty, J., 205
multiplication, 34, 59, 71

natural numbers, 3, 32—37
negative, 50, 65
neighbourhood

open, 135

punctured e-neighbourhood, 142
Newton—Raphson method, 88, 203, 207
non-negative, 50, 64
non-positive, 50, 65
null sequence, 84
number

algebraic, 112, 115

complex, 99

irrational, 73

rational, 59

dyadic, 61
real, 66, 75
transcendental, 112

one-one correspondence, 13
open set
in R, 135-136
orbit, 18
order
lexicographic, 29-37
partial, 9, 54, 210, 291-293
order complete, 82
orthonormal set, 244
oscillation, 215
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pair Riemann’s localization theorem, 261, 266
ordered, 6 Riemann, G. F. B., 281
unordered, 6 Rolle’s theorem, 186, 201

parallel postulate, 30 root, 60

parallelogram law, 104 nth, 75

partial sum, 107 Ruffini, P., 112

partition, 17 Russell’s paradox, 4, 20

Peano, 21 Russell, B. A. W., 4

perfect set, 146

period, 160, 179 sandwich principle, 89, 148, 153

permutation, 14, 120 scalar, 100

phase, 242 scalar multiplication, 100

pigeonhole principle, 40, 134 scaling, 82
countable, 46 Schréder—Bernstein theorem, 19, 20, 28

point, 5 semi-inner product, 244

Poisson kernel, 267 sequence, 23-26, 37

polarization, 222 block, 108

polynomial, 60 bounded, 85, 105
function, 60, 155 bracketed, 108

positive, 50, 64 Cauchy, 98
strictly, 52 complex, 105

power, 190 rational, 93

power series, 123, 126-130, 167 finite, 37

predicate calculus, 3 null

prime number, 57 complex, 105

prime number theorem, 286 series, infinite, 107-109

primitive, 224 set, 5

product, 34 bounded, 85, 105
infinite, 270 Dedekind infinite, 39

punctured plane, 103 finite, 37—42

pure imaginary, 102 index, 26

Pythagorean triple, 104 infinite, 37—42

partially ordered, 27

quotient, 17-59 totally ordered, 40

set difference, 7

radius, 126 shift, 82

radius of convergence, 127 sine, 193

Ramsey’s theorem, 48, 94 singleton, 6

range, 9 size, 38

rate of change, 175 Skolem, T. A., 5

real line, 81 slope, 174
extended, 82 Smith, H. J. S., 143

real part, 102 split, 136

recursion, 2326 step function, 210

recursive, 23 Stirling’s formula, 277

refine, 210 straight line segment, 180

reflection, 82 strict partial order, 11

relation, 9 subcover, 138
equivalence, 16 subfield, 60

relatively prime, 55 subsequence, 46

remainder term, 201 subset, 5

reversal, 245 proper, 5

Riemann integrable, 214 successor set, 21
locally, 240 sum, 32

Riemann integral, 209 support, 47
lower, 212, 220 supremum, 10, 80
upper, 212, 220 property, 67, 80, 93

Riemann zeta function, 281-282 symmetric difference, 8
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tangent, 174
tangent function, 199
Taylor series, 203
of logarithmic functions, 273
Taylor’s theorem, 271
with Cauchy’s remainder, 202
with integral remainder, 232
with Lagrange’s remainder, 201
tend, 84, 147
from the right, from the left, 149
term, 23
ternary expansion, 112
test
Abel’s, 118, 239
alternating series, 116, 121, 123, 195, 234
Cauchy’s, 110, 115
comparison, 109, 115
D’Alembert’s ratio, 111, 114, 115, 208
Dini’s, 260
Dirichlet’s, 117, 128, 228, 231, 239, 250
Dirichlet’s uniform, 167, 172
Hardy’s, 117
integral, 235
Weierstrass’ uniform M, 166, 168, 169
topology, 135
total order, 10
translation, 82
triangle inequality, 81, 102

Index

trigonometric polynomial
real, 240
complex, 244

tuple, 37

uncountable, 42—46, 112

union, 6

unit, 53

upper bound, 10, 80
strict, 40, 291

upper limit, 95, 150

valuation, p-adic, 285
Vandermonde’s formula, 42, 84
vector, vector space, 100
Venn, J., 4

Wallis’ formula, 275, 278
well-formed formulae, 3
well-ordered, 35, 36, 52, 291
well-ordering principle, 293

Young, W. H., 206

Zermelo, E. F. F., 5

zero scalar, 100

zero vector, 100

ZF, 5

Zorn’s lemma, 27, 291-293
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