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Introduction

This book was greatly inspired by ideas and results from famous works by M. Kac
[67-70]. He showed that various methods of probability theory can be fruitfully
applied to important problems of analysis (integral and differential equations). The
interconnections between probability and analysis problems play also a central role
in the present book.

Our approach is based mainly on the application of analysis methods to
probability theory. We widely use the method of operator identities, which was
developed in our books [147-149] (see also references therein). The largest chapter
of the book is dedicated to Levy processes. Using the method of operator identities
we show that, for a broad class of the Levy processes, the Ito representation of
the generator L can be written in a convolution type form. Numerous applications
follow.

In particular, the exponential asymptotics of the probability p(¢,A) (that
Levy processes X for 0 < 7 < t stay within the given domain A) is proved for the
case that ¢ tends to infinity. Thus, an essential generalization of an old problem
by M. Kac (for the stable Levy processes) is formulated and solved. Among other
important problems treated in this book are, for instance, the principle of imper-
ceptibility of boundary, generalized stationary processes, prediction problems, dual
systems, approximation of positive functions, and integrable operators. We note
that the formulation and the first results on the principle of imperceptibility of
boundary were obtained by M. Kac [67]. The scalar dual differential equations were
investigated first by 1.S. Kac and M.G. Krein [66] (see also the book by H. Dym
and H.P. McKean [34]). The notion of linear positive polynomial operators, which
are essential for positive approximation, was introduced by P.P. Korovkin [76].

The class of so-called integrable operators was studied and interesting ap-
plications of this class to some physics problems and random matrix theory were
found in [30,64] in the 1990s. Initial fundamental results for an even more general
class were obtained by the author in 1968 in his paper [136], which was the first
paper dedicated to the method of operator identities. Here we discuss further ap-
plications of such operators to Riemann—Hilbert problems, random matrix theory,
and canonical systems.

The first concrete example of a non-factorable positive operator in Hilbert
space is constructed. (The existence of such an operator was proved more than 30
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years before in the seminal work by D.R. Larson [87].)

In Chapter 9 we introduce an important fundamental principle: solutions
of a number of basic problems of physics are given by the functions at which
an extremum of the functional FF = AE + S is attained, where E stands for
energy and S for entropy. In this way, famous Gibbs-type formulas are proved
rigorously. Interesting connections with game theory and ideas by J. von Neumann
and O. Morgenstern [110] appear here. Correspondingly, energy and entropy may
be considered as two players of a kind of cooperative game. We compare pure
strategy (classical mechanics) with mixed strategy (quantum mechanics).

Chapter 10 is dedicated to inhomogeneous Boltzmann equations. The cases of
the classical and quantum (for Fermi and Bose particles) Boltzmann equations are
treated in this chapter. We compare again the corresponding classical and quantum
results using a game theoretic point of view. The asymptotics and stability of
solutions of Boltzmann equations are also considered.

In the last chapter we investigate the properties of the operator Bezoutiant.
In the chapter we omit the assumption that the operator Bezoutiant is normally
solvable. We investigate the following problems: to describe the conditions under
which the entire functions have no common zeroes, to extend the Schur—Cohn
theorem to new classes of entire functions. We apply the general results to the
theory of the Bessel and confluent hypergeometric functions.

Let us describe the contents of the book in greater detail. Chapter 1 is ded-
icated to the theory of Levy processes. During the last 30 years there has been
a great revival of interest in Levy processes. New theoretical developments, new
approaches, and new applications were obtained (see, e.g., [3,10, 63,147,158, 166,
176,194] and references therein).

Definition 0.1. A Levy process X; (¢t > 0) is a stochastic process which satisfies
the following conditions:

1) X, has independent and stationary increments.
2) Xy =0, almost surely.

3) X, is stochastic continuous, that is, for all a > 0 and for all s > 0 the relation
%ggP{|Xt—XS| >a} =0 (0.1)

holds.

Our approach to Levy processes is based on the following facts. The Levy
process X; defines a strongly continuous semigroup P;. The generator L of the
semigroup P; is a pseudo-differential operator (Ito formula). We show that for a
wide class of Levy processes, the Ito representation of the corresponding generator
L can be written in a convolution type form

d ,d

Lf=—85—
! dedx

[ (0.2)
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where the operator S is given by the relation

sp=gvi+ [ My-2)f)ay =720 03

The obtained representation (0.2), (0.3) enables us to apply the theory of integral
equations with difference kernels [147]. We use this representation to study the
probability p(t, A) (which was already mentioned above) that the Levy processes
X stay within the given domain A, see Section 1.5 in Chapter 1. M. Kac obtained
the first results of this type for Cauchy processes (see [67] ). H. Widom dealt with
p(t, A) for symmetric stable processes (see [190]). Note that the stable processes
form a special subclass of the Levy processes. We develop further the results by
M. Kac and prove them for a wide class of Levy processes. In particular, we obtain
the asymptotic formula

p(t,A) = e t/M (c1+0(1), A >0, >0, t—o0. (0.4)
We separately consider the case, when A = [—a, a], a depends on t and
a(t) = oo, t— 0. (0.5)

We compare the obtained results with the well-known classical results: the iterated
logarithm law, the first hitting time, the most visited sites, and investigate in detail
a number of concrete examples of the Levy processes.

In Chapter 2 we consider the stable processes X; as t — +0. The principle
of imperceptibility of the boundary was formulated by M. Kac in the following
dramatic form: “The information that we shall be eaten at the boundary of the
domain has not yet reached us” [67]. Here we prove this hypothesis (in the weak-
ened form). We note that the M. Kac principle is closely connected with the
asymptotics of the eigenvalues A, («) of the quasi-potential operator B,,. (See re-
lations (1.11.2)—(1.11.8) for the definition of B,.) For symmetric stable processes
we proved that

2a\
An(a) = (7) (1+0(1)), n—oo, 0<a<2 (0.6)
nmw
The quasi-potential operator B, plays an essential role in the problems of Levy
processes (Chapters 1 and 2). It is of interest that the same operator B, plays an
important role in certain approximation problems too (Chapter 3).

In Chapter 3 we consider the class Z,, of continuous 27-periodical functions
f(x) which satisfy the inequality

|f(x+h)— f(z—h)—2f(x)] <2[h|", O0<a<2 (0.7)
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Korovkin’s operators [76] are defined by the relations

nf =1 [ U= 00, 5@ € Za, 03
where
1 |& k ’ - k
Un(t) = 2D, kZ:O<p <n) e\ D, = kZ:O<p2 <n> ., D, #0. (0.9)

We study the method of approximating functions f(x) of the class Z, by L, f.
The measure of this approximation is the value

Culp,a) = sup || f(z) = L f], (0.10)
f€Za
where || f(z)|| = lrrﬁx|f(x)’ Under certain conditions we proved that
n®Cp(p,a) = C(p,a) +0(l), n—o00, 0<a<2. (0.11)

The explicit formulas for C(p, a) and

C*'(e)= inf Clp,a), 0<a<?2 (0.12)
weciPlo,1]

are given. Here Cél) [0, 1] stands for the set of functions ¢(x), which are continuous
together with their first derivative ¢’(z) on the interval [0, 1] and satisfy equalities
©(0) = (1) = 0. It is important that

gn(@) = Lnf 20, f(x) 20, z€][0,1]. (0.13)

Inequalities in (0.13) mean that we approximate the non-negative function f(x)
by non-negative functions g, (x) = L,,f. Such a kind of approximation appears in
a number of probabilistic problems. (One of the examples is the case that f(z) is
a density function.)

In Chapter 4 we consider generalized stationary processes. Similar to the pre-
vious Chapters 1-3, our approach in Chapter 4 is based on the theory of operators
with difference kernels [147]. The notion of generalized stationary processes was
introduced by .M. Gelfand and N.Ya. Vilenkin [45]. Note that any device has a
certain “inertia” and, hence, it measures not a classical, but a generalized process.
We study an important class of the generalized processes: S;-generalized station-
ary processes (see [149, Ch. 6]). These processes are associated with the bounded
operators with difference kernels:

b
S; :%/a s(t — u)e(u)du. (0.14)
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Following [115, 116], we solve in Chapter 4 the optimal filtering and prediction
problems for the S;-generalized stationary processes. We introduce and investigate
also some interesting subclasses of the S;-generalized stationary processes: white
noise type processes, power—law noises.

Problems of triangular factorization are discussed in Chapter 5. We stress that
the triangular factorization plays an essential role in a number of problems: integral
equations [144,147], inverse problems [148,149], non-linear differential equations
[148]. Tt is well-known that the positive definite and invertible mxm matrices
admit triangular factorization. D. Larson [87] proved the existence of a positive
definite and invertible but non-factorable operator. In Chapter 5 we construct
concrete examples of such operators. In particular, the operators

Sf:f(x)_u/ocw

ft)dt, f(z) € L*(0,00), 0<pu<1 (0.15)
0 m(z —1)

are positive definite and invertible but non-factorable. Such operators are used
in a number of theoretical and applied problems: in optics, in random matrices
theory [105], generalized stationary processes (see Chapter 4), Bose gas theory
[105]. Using positive definite and invertible but non-factorable operators we could
substitute pure existence theorems [87] by concrete examples in the well-known
problems posed by J.R. Ringrose [126], and R.V. Kadison and I.M. Singer [71].
We note that the Kadison—-Singer problem was stated independently by I. Gohberg
and M.G. Krein [52].

In Chapter 6 we compare the thermodynamics characteristics of quantum
and classical approaches. E. Wigner and J.G. Kirkwood (see [69]) showed that the
quantum statistical sum

Zy(Bh) =Y e PEr 3= 1/kT (0.16)
n=1

and the classical statistical sum
2:8) = [ [P 0apg (0.17)
are connected by the relation
lim (21h)N Z,(8, k) = Z.(5), (0.18)
h—0
where N is the dimension of the corresponding coordinate space, k is the Boltz-
mann constant, 7T is the temperature and

N
H(pa) = 5 > 13 + V(). (0.19)



6 Introduction

Here E,, (h) are the eigenvalues of the corresponding energy operator L. We stress
that relation (0.19) holds when h — 0. However, the comparison of the quantum
and classical approaches without the demand for h to be small is of essential
scientific and methodological interest. To do it we consider the quantum mean
energy

Eq(B,h) = i E,(h)e 2"/ 7,(8,h) (0.20)

and the classical mean energy

E.(8) = / / H(p,q)e P70 dpdq/ 2.(5) (0.21)

of the same system. In Chapter 6 we discuss the following conjectures:

1) The inequality
@rh)N Z,(8,h) < Z(8B) (0.22)

holds for all A > 0 and 8 > 0.

2) The inequality
Eqy(B,h) > Ec(B) (0.23)

holds for all h > 0 and 8 > 0.
3) The asymptotic relations

2rh)N Zy(B,h) = Z.(8)(1 +o(1)), B — 0, (0.24)

Ey(B,h) = E.(B)(B)(1+0(1)), B—0 (0.25)
are valid.

Recall that § = 1/kT. Hence, the relation S — 0 is equivalent to the relation
T — oo. By proving inequality (0.22) we use D. Ray’s results [125]. It is interesting
that inequalities (0.18) and (0.22) can be interpreted in terms of the principle of
imperceptibility of the boundary (see Chapter 2).

In Chapter 7 we generalize the Kac—Krein notion of dual string equations for
some classes of canonical continuous and discrete systems. In the last section of
the chapter the obtained results are illustrated by a number of concrete examples.

In Chapter 8 we consider the class of generalized integrable operators
b
D(x,t
Sf = L) f(z) + P.V./ %f(t)dt, (0.26)
where f(z) € Li(a,b), the kxk matrix functions L(z) and D(z,t) are such that

L(z) = L*(z), D(z,t)=-D*(t, ), (0.27)
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and the symbol P.V. indicates that the corresponding integral is understood as
the principal value. Here L* denotes the matrix that is adjoint to L. We assume
that the kernel D(z,t) is degenerate, that is,

D(x,t) = iA(z) JA*(t), (0.28)

where A(z) is a kxm matrix function (k < m) and J is a constant mxm matrix
such that
J=J% J*=1,. (0.29)

We describe interconnections of these operators with the Riemann—Hilbert prob-
lems, canonical systems, and various applications.

Operators (0.26) were introduced and studied in our paper [136]. A special
important subclass of operators S, where

k=1, L(z)=1, D(z,xz)=0, (0.30)

was dealt with later in the work [64]. The operator identity

b
QS - 5Q)f = / D(z,0)f()dt, Qf = af(x) (0.31)

plays an essential role in our approach. If the operator S is invertible, then, ac-
cording to (0.31), the operator 7' = S~! has the form

b
Tf = M(2)f(z) + PV, / 2 = ? )t 0.32)
where
Blx,t) = iB(z)JB*(£), 0.33)

B(z) is a kxm matrix function, M (x) is an mxm matrix function, and M (z) =
M*(x). We associate [148], with the operators S and T, the canonical differential
system

W(z,z), W(a,z)= L. (0.34)

The monodromy matrix W(z) = W (b, z) of system (0.34) coincides with the solu-
tion of the Riemann-Hilbert problem

W,y(o) =W_(0)R*(0), a<o<b, (0.35)
where
Wi(o) = lim W(z), z=oc+1y. (0.36)
y—=+0

Here R(o) is the J-module of W, (o) (see [122]). We note that in the formulated
Riemann-Hilbert problem the matrix function R(c) is given.
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It follows from (0.34) that W (x, z) in the neighborhood of z = co admits the
representation

wqaz)=1m+ﬁMixf+Aey0+-~, (0.37)
where N
Mﬂ@:i/ JH(t)dt. (0.38)

In Chapter 8, we give a procedure to recover the matrix function M (z), which
can be used in random matrix theory [36,106]. Let us note that the monodromy
matrix W(z) = W (b, z) is the M.S. Livshits characteristic matrix function of the
operator

Af =af(z) + i/z Bla)JB* (1) f(t)dt,  f(x) € Li(a,b), (0.39)

(see [30,106,178]). Here the kxm matrix function 5 and the Hamiltonian H are
connected by the relation

H(z) = p*(x)B(x). (0.40)

In terms of W(z), we obtain a sufficient condition of the linear similarity of the
operator A to the self-adjoint operator

Qf = .’)Cf(af)7 f(z) € Li(av b)' (0'41)

The corresponding result is essentially stronger then our old theorem [136]. We
treat in detail the case that

B(x)JB*(xz) = 0. (0.42)

The inverse problem to recover the Hamiltonian H(z) of system (0.34) from the
given J-module R(o) is solved. In the last section of Chapter 8 we consider a
number of examples, both new and classic.

In Chapter 9 we consider the mean energy F and entropy S together. For
that purpose we introduce the functional

F=M\E+ S,

where A\ = —1/(kT), k is the Boltzmann constant, and T is temperature. We
formulate an important fundamental principle.

Fundamental principle. The functional F defines the game between the mean en-
ergy E and entropy S.

Using this fundamental principle, we derive rigorously the well-known Gibbs
formulas. In game theory [109], the transition from deterministic to probability
strategy leads to a gain for players. Similar to game theory, the transition from
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classical to quantum mechanics leads also to a gain for both players, that is, for
both energy and entropy (see formula (6.0.7) and Theorems 6.7 and 6.10).

The necessity of the game theoretic approach can be explained in the fol-
lowing way. According to the second law of thermodynamics, a physical system
in equilibrum has maximal entropy among all states with the same energy. So en-
tropy depends on the value of energy and we have the game theory situation. We
note that, according to definition, “game theory models the situations in which
an individual success in making choices depends on the choices of others”.

In Chapter 9 we apply the game theoretic approach to the following im-
portant problems: quantum and classical mechanics (Gibbs-type formulas), non-
extensive statistical mechanics, and algorithmic information theory.

The classical and quantum versions of the Boltzmann equation are investi-
gated in Chapter 10. We note that the quantum version of the Boltzmann equation
contains both the fermion and boson cases. The important notion of Kullback—
Leibler distance is essentially generalized and new conventional extremal problems,
which appear in this way, are solved. The solution f(¢,xz,¢) of the Boltzmann
equation is studied in the bounded domain 2 of the z-space. Such an approach
essentially changes the usual situation, that is, the total energy depends on ¢ and
the notion of distance between a stationary solution and an arbitrary solution of
the Boltzmann equation includes the x-space. Thus, the notion of distance remains
well-defined in the spatially inhomogeneous case too. (We recall that the Kullback—
Leibler distance is defined only in the spatially homogeneous case.) The compar-
ison of the classical and quantum mechanics, which was treated in [153,159], is
generalized here for the case of the Boltzmann equations. It is especially interest-
ing for applications that the fermion and boson cases are essentially different from
this point of view. In the last section of the chapter we introduce dissipative and
conservative solutions and find the conditions under which stationary solutions of
the classical Boltzmann equation are stable.

In the last Chapter 11 we consider the operator version of Bezoutiant. The
matrix Besoutiant is used in order to define the number of common zeroes of two
polynomials and describe the distribution of the zeroes of polynomials with re-
spect to the circle |z| = 1. M.G. Krein extended the notion of Bezoutiant to entire
functions. Various important and interesting results were published as a further
development of Bezoutiant theory. In Chapter 11 we introduce main notions of
Bezoutiant theory. We omit the assumption that the operator Bezoutiant is nor-
mally solvable. This result allows us to apply the general theory to a number of
important examples. We would like to emphasize that these examples are the first
specific non-trivial examples in the operator Bezoutiant theory.

The book is devoted to important problems on the frontier between anal-
ysis (integral and differential equations, spectral theory, and operator theory),
probability theory and applications (stable processes, Levy processes, prediction
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theory, and positive approximation), and statistical physics (entropy, Gibbs-type
formulas, laws of thermodynamics, Boltzmann equations, extremal problems, and
game theoretic interpretation). It could be of interest to the specialists in all those
domains.

I am grateful to A. Sakhnovich for his help and very useful remarks and to
I. Roitberg for her help in printing the book.



Chapter 1

Levy processes

In the famous article by M. Kac [67] a number of examples demonstrate the inter-
connection between probability theory and the theory of integral and differential
equations. The investigation of these processes reduces to the solution of integro-
differential equations of a special form. However, as Kac writes, the solution of
the integro-differential equations “offers formidable analytic difficulties”. Kac was
able to overcome these difficulties only for Cauchy processes [67].

Later M. Kac’s method was used both for symmetric stable processes [141],
[190] and non-symmetric stable processes [144,146,147]. In the present chapter
with the help of M. Kac’s idea [67] and the theory of integral equations with
difference kernels [147] we investigate a wide class of Levy processes. We note
that stable processes belong to the class of Levy processes. The name Levy pro-
cesses refers to Paul Levy, who introduced and investigated Levy processes, Levy
measures, the Levy distribution, and stable distribution.

Within the last ten years the Levy processes have found a number of new
important applications, particularly to financial problems. We consider separately
the examples of Levy processes which are used in financial mathematics.

1.1 Main notions

We recall that an event happens almost surely (a.s.) if it happens with probability
1. The increments of the process X; are called independent if these increments
X, — X1, Xp,— Xy, ..., Xy, — Xy, , are mutually (not just pairwise) independent.

Definition 1.1. A stochastic process {X; : t > 0} is called a Levy process, if the
following conditions are fulfilled:

1. Almost surely Xy = 0, that is, P(Xo =0) = 1.
2. For any 0 < t; <ty < --- <t, < oo the random variables
Xt2 - thvXt3 - Xt47 ceey th - th—l

L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 11
Interactions, Operator Theory: Advances and Applications 225, DOI 10.1007/978-3-0348-0356-4 1,
© Springer Basel 2012
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are independent (independent increments).

3. For any s < t the distributions of X; — X and X;_s are equal (stationary
increments).

4. The process X; is almost surely right continuous with left limits.

Then the Levy—Khintchine formula gives (see [10], [166])

w(z,t) = E{exp[izX¢]} = exp[—tA(z)], t>0, (1.1.1)
where . .
AMz) = §Vz2 —iyz — [ (ei“ — 1 —izzl; <) p(dz). (1.1.2)

Here v > 0, v =%, 2 = Z, 1|3« stands for the function of z, which equals 1 when
|z] < 1 and equals 0 when |z] > 1, and p(dz) is a measure on the axis (—oo, 00)
satisfying the conditions

t/a) v (dz) < co. (1.1.3)

——u
oo L+ 22

The Levy—Khintchine formula is determined by the Levy—Khintchine triplet (v, v,

p(dz)).
By Pi(z¢,A) we denote the probability P(X; € A) when P(Xo = zp) =1
and A € R. The transition operator P; is defined by the formula

Puf(a) = / " P, dy) f(y). (1.1.4)

— 00

Let Cp be the Banach space of continuous functions f(z), satisfying the condition
lim f(z) = 0, |x| — oo with the norm || f|| = sup,|f(z)]. We denote by C¥ the set
of f(z) € Cy such that f*)(z) € Cy (1 <k < n). It is known that [166]

P,f € Cy, (1.1.5)
if f(z) € C3.
Now we formulate the following important result (see [166]).

Theorem 1.2 (Levy-Tto decomposition). The family of operators Py (t > 0) defined
by the Levy process X; is a strongly continuous semigroup on Cy with the norm
|[P:]] = 1. Let L be its infinitesimal generator. Then

1

d? d > d
Lf= iychJ; +7d—£ - [m (f (x+y)— flz) - yd£1|y|<1> n(dy),  (1.1.6)

where f € C3.
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1.2 Convolution type form of infinitesimal generator

In this section we prove that under some conditions the infinitesimal generator L
can be represented in the special convolution type form

Lf = ﬁsdxf, (1.2.1)

where the operator S is defined by the relation

o0

Sf= %l/f +/ k(y —z) f(y)dy. (1.2.2)

— 00

We assume that for arbitrary M (0 < M < oo) the inequality

M
/ k(t)]dt < o (1.2.3)
M

holds. The representation of L in form (1.2.1) is convenient as the operator L
is expressed with the help of the classic differential and convolution operators.
Using the obtained convolution form of the generator L and the theory of integral
equations with difference kernels [147] we investigate the properties of a wide class
of Levy processes.

By Cs we denote the set of functions f(z) € Cp which have the following

property:
For every f(x) € C; there exist such M and m (0 < m < M < oo) that

f(x) =0, $¢[7M7 *m] U [m7M]a (124)

that is, the function f(z) is equal to zero in the neighborhood of z = oo and in
the neighborhood of x = 0.

Further the measure p(dy) is defined on the half-axis (—oo, 0] and [0, —c0) by
the relation p(dy) = du(y), where the function u(y) is monotonically increasing
on the half-axis (—oo,0] and [0, —c0). Hence we have

/_O;f( dx/fdli /fdu

Lemma 1.3. Let the following conditions be fulfilled.

1. The function u(x) is monotonically increasing on the half-axis (—oo,0] and

[0, —0c0) and

o) 1‘2
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2. For arbitrary M (0 < M < 00) we have

M M
/ |p(z)|dz < oo, / |z|dp(z) < oco. (1.2.6)
-M -M
Then the expression .
1= [ U+ - f@du) (127)

can be represented in the convolution type form
d [~ ,
J=1 | FWkly—2)dy (1.2.8)

where f(x) € C3, k(z) = [ n(y)dy.

Proof. Let us introduce the following notation:

n=a [ Pk -na. s@ecs, (129
A:iémﬂwmwm@,ﬂ@e@. (1.2.10)
Using (1.2.9) we have
B= =S [ )~ 1)+ F@W - o)y, (1.2.11)
T J M

From (1.2.9) and (1.2.11) and the formula k(z) = [ p(y)dy we deduce the relation

0

h= Fa (M =2+ [ (fy ) - f@)duy). (12.12)
—M—x
When M — oo we obtain the equality
0
n= [ 1fw+a) - et (12.13)

In the same way we deduce the relation

= | T+ ) - F@lduty). (1.2.14)

Relation (1.2.8) follows directly from formulas (1.2.13), (1.2.14) and the equality
J = Ji + Jo. The lemma is proved. O
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Lemma 1.4. Let the following conditions be fulfilled.
1. The function p(x) satisfies conditions 1 of Lemma 1.3.
2. For arbitrary M (0 < M < 00) we have

M M
/ |k(x)|dx < oo, / |zp(x)|de < oo, (1.2.15)
M —M

where
K'(z) = p(x), x#0. (1.2.16)

Then the equality

7= /OO (f(y +o) = flz) - ydf(x) 1D(y>> du(y) + T f'(2), (1.2.17)

oo dz

is valid, where T =T and f(z) € Cs.
Proof. From (1.2.9) we obtain the relation
r—1

(f'(y)—f’(x))k’(y—w)dy—/ F )k (y—z)dy, (1.2.18)

-M

€T

Ji=f@)m —/

r—1

where 1 = k(—1). We introduce the notation

Pi(z,y) = fly) — fl@) = (y—ao)f' (@), Pazy)=fly) - fl). (1219

Integrating by parts (1.2.18) and passing to the limit when M — oo we deduce
that

—1

0
Ji =f/($)’}’2+/_1 Pl(w,y—&-x)du(y)—i-/_M_ Py(z,y +z)du(y),  (1.2.20)

where o = k(—1) — k’(—1). It follows from (1.2.19) and (1.2.20) that

n= [ (fra =10 v L 0 ) aun +ar@. 220

— 00

In the same way it can be proved that

o= /:’ (f(y +a) = fl@) - ydﬁf) 1D(y)> du(y) +y3.f'(2), (1.2.22)

where v3 = —k(1) + k/(1). The relation (1.2.17) follows directly from (1.2.21) and
(1.2.22). Here I' = 9 + 3. The lemma is proved. O
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Remark 1.5. The operator Lo f = %f can be represented in form (1.2.1), (1.2.2),
where

Sof = / " pole — ) F)d, (1.2.23)
1

po(z) = 3 sign(z). (1.2.24)
From Lemmas 1.3, 1.4 and Remark 1.5 we deduce the following assertion.

Theorem 1.6. Let the conditions of either Lemma 1.3 or Lemma 1.4 be fulfilled.
Then the corresponding operator L has a convolution type form (1.2.1), (1.2.2).

Proposition 1.7. The generator L of the Levy process X; admits the convolution
type representation (1.2.1), (1.2.2) if the corresponding function p(x) is differen-
tiable, when y # 0, and if there exist such C >0 and 0 < o < 2, a # 1 that

' (y) < Cly|~~" (1.2.25)
Proof. The function u(y) has the form
y [eS)
wu(y) = / p (u)dulyco — / w (u)dulyso. (1.2.26)
oo y

First we shall consider the case when 1 < a < 2 and introduce the function
ko(y) = /_:(y — )y (u)duly<o — /yoo(y — )y’ (u)dulyso. (1.2.27)
We obtain the relation
k(y) = ko(y) + (v = D)po(y), 1<a <2, (1.2.28)

where po(y) and ko(y) are defined by (1.2.24) and (1.2.27) respectively. The con-
stant I' is defined by the relation

T = ko(—1) — ki(=1) — ko(—=1) + k(1), 1<a <2, (1.2.29)

It follows from (1.2.25)—(1.2.27) that the conditions of Lemma 1.4 are fulfilled.
Hence the proposition is valid when 1 < a < 2. Let us consider the case when
0 < o < 1. As in the previous case the function p(z) is defined by relation (1.2.26).
We introduce the functions

Y 0
ko(y) = y[ p' (u)du +/ p (w)udu, y <0, (1.2.30)
ko(y) = —y /00 W (w)du — /Oy W (w)udu, y >0, (1.2.31)
and
k(y) = ko(y) +vpoly), 0<a<l1. (1.2.32)

In view of (1.2.25) and (1.2.30), (1.2.31) the conditions of Lemma 1.3 are fulfilled.
Hence the proposition is proved. O
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Corollary 1.8. If condition (1.2.25) is fulfilled, then
ko(y) >0, —co<y<oo, l<a<2, (1.2.33)

ko(y) <0, —oco<y<oo, O0<a<l (1.2.34)

Let us consider separately the important case when o = 1 in the neighbor-
hood of y = 0.

Proposition 1.9. The generator L of the Levy process X admits the convolution
type representation (1.2.1), (1.2.2) if there exist such C' > 0 and m > 0 that

p (y) < Cly| el (1.2.35)

Proof. Using formulas (1.2.26)—(1.2.29) we see that the conditions of Lemma 1.4
are fulfilled. The proposition is proved. O

Example 1.10 (The stable processes). The Levy process X (t) is called a stable
process if

Elexp (12X (t))] = exp {—t|z|°‘ [1 —if (sign z) (tan %)} }, (1.2.36)

where 0 < a <2, a#1, -1 <5 <1,t>0. When a = 1, we have

E exp (i2X (t))] = exp {—t|z {1 + ? (sign 2) (log |z)} } (1.2.37)

where —1 < 3 <1, ¢t > 0. The stable processes are a natural generalization of the
Wiener processes. For the stable processes we have v =0, v =7 and

1 (y) = ly|~* 1 (Cily<o + Calyso), (1.2.38)

where Cy > 0, Cy > 0. Hence the function p(y) has the form

1 —«
wly) = —lyl™*(Cily<o = Calyso). (1.2.39)

Let us introduce the functions

1 —«
koly) = ola—D) ly|' ¥ (C11y<o + Calyso), (1.2.40)

where 0 < a < 2, « # 1. When a = 1, we have
ko(y) = —log |yl (C11ly<o + Caly~o). (1.2.41)

It means that the conditions of Theorem 1.6 are fulfilled. Hence the generator L
for the stable processes admits the convolution type representation (1.2.1), (1.2.2).
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Proposition 1.11. The kernel k(y) of the operator S in representation (1.2.1) for
the stable processes has form (1.2.28), when 1 < a < 2, and has form (1.2.32)
when 0 < o < 1.

Example 1.12 (The variance damped Levy processes). For the variance damped
Levy processes we have v =0, v =7 and

1 (y) = Cre Wl |y| =11, o 4 Che P2 Wly=a=11 . (1.2.42)

where C7 > 0, Co > 0, C; +Cs > 0, Ay >0, Aga > 0,0 < o < 2. It follows
from (1.2.40) that the conditions of Proposition 1.7 are fulfilled when o # 1. If
a = 1, the conditions of Proposition 1.9 are fulfilled. Hence the generator L for
the variance damped Levy processes admits the convolution type representation
(1.2.1), (1.2.2) and the kernel k(y) is defined by formulas (1.2.27), (1.2.28), when
1 < a <2, and by formula (1.2.32) when 0 < o < 1.

Example 1.13 (The variance Gamma process). For the variance Gamma process
we have v =0, y =7 and

# (y) = Cre Wy 71, co + Cae™ MWy~ s, (1.2.43)

where C; >0,Cy >0,C1 +Cs >0, G >0, M > 0. It follows from (1.2.41) that
the conditions of Proposition 1.9 are fulfilled and the generator L of the variance
Gamma process admits the convolution type representation (1.2.1), (1.2.2). The
kernel k(y) is defined by relations (1.2.30) and (1.2.31).

Example 1.14 (The normal inverse Gaussian process). In the case of the normal
inverse Gaussian process we have v = 0, v =7 and

W y) = CeKi(lyDlyl™, C>0, -1<p<1, (1.2.44)

where K (x) denotes the modified Bessel function of the third kind with the index
A. Using equalities

K1 (|z))] < Me™ 1"l /|z|, M >0, 0<z<|zl, (1.2.45)

|[Ki(Jz))x| < M, 0 <|z] <z (1.2.46)

we see that the conditions of Proposition 1.9 are fulfilled. Hence the corresponding
generator L admits the convolution type representation (1.2.1), (1.2.2) and the
kernel k(y) is defined by relations (1.2.30) and (1.2.31).

Example 1.15 (The Meixner process). For the Meixner process we have
(y) = 022 (1.2.47)
S o

where C' > 0, —7 < < w. The conditions of Proposition 1.9 are fulfilled. Hence

the corresponding generator L admits the convolution type representation (1.2.1),
(1.2.2) and the kernel k(y) is defined by relations (1.2.30), (1.2.31).
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Remark 1.16. Examples 1.10-1.15 are used in finance problems [167].

Example 1.17 (Compound Poisson process). We consider the case when v = 0,
v =0 and

M = / y)dy < oco. (1.2.48)

Using formulas (1.2.1) and (1.2.2) we deduce that the corresponding generator L
has the convolution form

Lf = -Ms@)+ [ it-a) ) (1.2.49)
1.3 Potential
The operator -
Qf:/o (P,f)dt (1.3.1)

is called potential of the semigroup P;. We note that the operator P; is defined by
relation (1.1.4). The generator L and the potential @) are (in general) unbounded
operators. Therefore the operators L and @) are defined not in the whole space
L?(—00, 00) but only in the subsets Dy, and D respectively. We use the following
property of the potential @ (see [166]).

Proposition 1.18. If f = Qg (g € Dg), then f € D, and
—Lf=g. (1.3.2)

Example 1.19 (Compound Poisson process). Let the generator L have form (1.2.47)
where

M = / x)dx < oo, / J?dz < occ. (1.3.3)
We introduce the functions
1 .
K = — e, 1.3.4
() =~ 37 o d (13.4)
K(u)
N = 1.3.5
W = T K () (1.35)
Let us note that
1 1
Kul<—, u#0; K0)=-———. 1.3.6
Kl < o= u# 0 K(0)=-— (1.3.6)

It means that N(u) € L?(—o0, o). Hence the function

n(z) = N(u _”“"du 1.3.7
\/271' / ( )
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belongs to L?(—o0,00) as well. It follows from (1.2.47), (1.3.2) and (1.3.7) that
the corresponding potential @ has the form (see [166, Ch. 11])

@ =57 (o) + [ st - ay). (135)

Proposition 1.20. Let conditions (1.3.3) be fulfilled. Then the operators L and Q
are bounded in the space L?(—o0,0).

Now we shall give an example when the kernel n(z) can be written in an
explicit form.

Example 1.21. We consider the case when
pz)=e 1l —o0 <z < oo (1.3.9)

In this case M = 2 and the operator L takes the form

f=—2f(z / f(y)el==vldy. (1.3.10)
Formulas (1.3.4)—(1.3.7) imply that
IS YIRUEN T YRR PN
Qf = 5f@) == [ Fwe Ry, (1.3.11)

1.4 Truncated generators and quasi-potentials
Let us denote by A the set of segments [ay, b such that

a <by<ay<by<---<ap,<b,, 1<k<n.
By Ca we denote the set of functions g(z) on L?(A) such that

glag) =glbp) =g'(ar) = g'(bx) =0, 1<k<mn, ¢'(z)eLP(A), p>1.
(1.4.1)
We introduce the operator Pa by relation Pa f(z) = f(z) if x € A and Paf(xz) =0
if x¢A.
Definition 1.22. The operator
La = PALPA (1.4.2)

is called a truncated generator.

Definition 1.23. The operator B with the definition domain dense in LP(A) is
called a quasi-potential if the functions f = Bg belong to definition domain of L
and

—Laf=g. (1.4.3)
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It follows from (1.4.3) that
—PaLf =g, (f=By). (1.4.4)

Remark 1.24. In a number of cases (see the next section) we need relation (1.4.4).
In these cases we can use the quasi-potential B, which is often simpler than the
corresponding potential Q.

Remark 1.25. The operators of type (1.4.2) are investigated in the book ( [147,
Ch. 2]). From relation (1.4.3) we deduce that

Bg#0, if g#0. (1.4.5)

Definition 1.26. We call the operator B regular if the following conditions are
fulfilled.

1. The operator B is compact and has the form

Bf = /A S(e,y)f()dy, ) € IP(A), p>1,  (146)

where the function ®(z,y) can have a discontinuity only when = = y.

2. There exists a function ¢(x) such that

R
/ plx)dr <oco if 0<R<oo. (1.4.8)
R
3.
(z,y) =0, z,y€A, (1.4.9)
®(ar,y) = @(bk,y) =0, 1<k<n (1.4.10)

4. Relation (1.4.5) is valid.

Remark 1.27. In view of condition (1.4.7) the regular operator B is bounded in
the spaces LP(A), 1 < p < oo (see [147, p. 24]).

Remark 1.28. If the quasi-potential B is regular, then the corresponding truncated
generator La has a discrete spectrum.

Further we prove that for a broad class of Levy processes the corresponding
quasi-potentials B are regular.

Example 1.29. We consider the case when

olx)=M|z|™”, 0<x<Ll (1.4.11)
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Proposition 1.30. Let condition (1.4.11) be valid and let the corresponding regular
operator B have an eigenfunction f(x) with an eigenvalue X\ # 0. Then the function
f(z) is continuous.

Proof. According to Definition 4.3 there exists an integer N(»¢) such that the
kernel @y (x,t) of the operator

BNf= /A By (x.y)f(y)dy,  f(y) € LP(A) (1.4.12)

is continuous. Hence the function f(x) is continuous. The proposition is proved.
O

1.5 Probability of the Levy process remaining within
the given domain

In many theoretical and applied problems it is important to estimate the quantity
p(t,A) =P(X; € A;0<7<1), (1.5.1)

that is, the probability that a sample of the process X, remains inside A for
0 <7 <t (ruin problem)

The integro-differential equations corresponding to the stable processes were
derived by Kac [67] (symmetric case) and in our works (non-symmetric case, see
[144, 146, 147]). Now we get rid of the requirement for the process to be stable
and consider the Levy process X; with the continuous density p(z,t). In view of
(1.1.1) we have

1 [~ _
plx,t) = 2—/ e "u(z,t)dz, t>0. (1.5.2)
7

— 00

We introduce the sequence of functions

Quar(a,1) = /O / T Qole — £t — DV(E)Qu(€, T)dEdr, (153)

where the function V' (x) is defined by relations V' (z) = 1 when ¢ A and V(z) =0
when & € A. We use the notation

Qo(x,t) = p(x,t). (1.5.4)

For Levy processes the relation

Qola,t) = /_OO Qolx — &t — 7)Q0(€, 7)de (1.5.5)
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holds. Using (1.5.3) and (1.5.5) we have

0 < Qnlz,t) <t"Qo(z,t)/n!. (1.5.6)

Hence the series -
Qz,t,u) = Z(—l)"u"Qn(m,t) (1.5.7)

n—0

converges. The probabilistic meaning of Q(z, ¢, u) is defined by the relation (see [69,
Ch. 4]):

E {exp (u /Ot V(X.,-)d’r) , o < Xp < 02} = /62 Q(z,t,u)dx. (1.5.8)

The inequality V(z) > 0 and relation (1.5.8) imply that the function Q(x,t,u)

[199%2)

monotonically decreases with respect to the variable “u” and the formulas

0<Q(z,t,u) < Q(x,t,0) = Qo(x, 1) = p(z, 1) (1.5.9)
hold. In view of (1.5.2) and (1.5.9) the Laplace transform

(z,s,u) = /000 e *'Q(z,t,u)dt, s>0 (1.5.10)

has a meaning. According to (1.5.3) the function Q(z,t,u) is the solution of the
equation

Qz,t,u) + u/o /:’0 ple — &t —1)V(E)Q(E, T, u)dédT = p(x, t). (1.5.11)

Taking from both parts of (1.5.11) the Laplace transform and bearing in mind
(1.5.10) we obtain

o0

vles) +u [ VORE - € 9)u(E s w)d = Blz,s), (1.5.12)

where -
R(z,s) = / e p(x,t)dt. (1.5.13)
0

Multiplying both parts of relation (1.5.12) by exp(izp) and integrating them with
respect to « (—oo < x < 00) we have

/jo Y(x, 8,u)e"P[s + N(p) + uV (z)]dz = 1. (1.5.14)

Here we use relations (1.1.1), (1.5.2) and (1.5.13). Now we introduce the function

h(p) L/Ae*m’f(x)dx, (1.5.15)

:277
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where the function f(z) belongs to Ca. Multiplying both parts of (1.5.14) by h(p)
and integrating them with respect to p (—oco < p < 00) we deduce the equality

/ / U(x, 5,u)eP[s + X(p)]h(p)dadp = [(0). (1.5.16)

‘We have used the relations
V(z)f(x) =0, —oo <z < o0, (1.5.17)
hm/ / P f()dadp = £(0), N — oo. (1.5.18)

Since the function Q(x,t,u) monotonically decreases with respect to “u”, this is
also valid for the function ¥(x, s, u) according to (1.5.10). Hence there exists the
limit

Y(x,s) =limy(z,s,u), u— oo, (1.5.19)
where

P(x,s) =0, x¢A. (1.5.20)
The probabilistic meaning of 1(x, s) follows from the equality

/0 e Sp(t, A)dt = /m; s)d (1.5.21)

Using the properties of the Fourier transformation and conditions (1.5.19), (1.5.20)
we deduce from (1.5.16) the following assertion.

Theorem 1.31. Let the considered Levy process have a continuous density. Then
the relation

((sI = La)f,0(x,5)) , = f(0) (1.5.22)
holds.

Remark 1.32. For the symmetric stable processes relation (1.5.22) was deduced
by M. Kac [67] and for the non-symmetric stable processes it was deduced in our
works [144, 146, 147].

Remark 1.33. It is known that stable processes, variance damped Levy processes,
variance Gamma processes, the normal inverse Gaussian process, and the Meixner
process have continuous densities (see [167]).

Remark 1.34. So we have obtained the formula (1.5.21) for the Laplace transform
of p(t, A) in terms of ¢(z, s). The double Laplace transform of p(t, A) was obtained
by G. Baxter and M.D. Donsker [6] for the case when A = (—oc0, a.

We express the important function ¢ (x, s) with the help of the quasi-potential
B.
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Theorem 1.35. Let the considered Levy process have continuous density and let the
quasi-potential B be regular. Then in the space LP(A) (p > 1) there is one and
only one function

Y(x,8) = (I +sB*)'®(0,2), 0<s< s, (1.5.23)
which satisfies relation (1.5.22).
Proof. In view of (1.4.4) we have
—BLaf=f, fe€Ca. (1.5.24)
Relations (1.5.23) and (1.5.24) imply that
((sI = La) [, 0(x,8)) , = = ((I + sB)Laf,9) . = —(Laf, ®(0,2)) .. (1.5.25)
Since ®(0,2) = B*§(x) (6(x) is the Dirac function), then according to (1.5.23)
and (1.5.25) relation (1.5.22) is valid.

Let us suppose that in L(A) there is another function i (z,s) satisfying
(1.5.22). Then the equality

((sI = La)f, oz, 5)) , =0, @=1v—1 (1.5.26)
is valid. We write relation (1.5.26) in the form
(Laf,(I+sB*)p) = 0. (1.5.27)

Due to (1.4.4) the range of L is dense in LP(A). Hence in view of (1.5.27) we
have ¢ = 0. The theorem is proved. O

The analytical apparatus for the construction and investigation of the func-
tion v (z, s) is based on relation (1.5.22) and properties of the quasi-potential B.
In the following three sections we shall investigate the properties of the operator
B.

1.6 Non-negativity of the kernel ®(z,y)

In this section we deduce the following important property of the kernel ®(z,y).

Proposition 1.36. Let the density p(x,t) of Levy process X; be continuous (t > 0)
and let the corresponding quasi-potential B satisfy conditions (1.4.6)—(1.4.8) of
Definition 1.26. Then the kernel ®(z,y) is non-negative, that is,

O(x,y) > 0. (1.6.1)
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Proof. In view of (1.5.9) and (1.5.10) we have ¢(x,s,u) > 0. Relation (1.5.19)
implies that ¢(x,s) > 0. Now it follows from (1.5.23) that

®(0,2) = ¢(x,0) > 0. (1.6.2)

Let us consider the domains Ay and A, which are connected by relation Ay =
A; + 0. We denote the corresponding truncated generators by La, and La,, the
corresponding quasi-potentials by By and By and the corresponding kernels by
@4 (z,y) and Po(z,y). We introduce the unitary operator

Uf = f(z —9), (1.6.3)

which maps the space L?(Aj) onto L?(A;). At the beginning we suppose that
the conditions of Theorem 1.6 are fulfilled. Using formulas (1.2.1) and (1.2.2) we
deduce that

La, =U"'La,U. (1.6.4)

Hence the equality
B, =U"'B,U (1.6.5)

is valid. The last equality can be written in the terms of the kernels
Dy(z,y) = P1(z+ 6,y +9). (1.6.6)
According to (1.6.2) and (1.6.6) we have
Dy (6, y+9) > 0. (1.6.7)

As § is an arbitrary real number, relation (1.6.1) follows directly from (1.6.7). We
remark that an arbitrary generator L can be approximated by the operators of
form (1.2.1) (see [166, Ch. 2]). Hence the proposition is proved. O

In view of (1.4.1), (1.4.5) and relation Bf € Ca the following assertion is
valid.

Proposition 1.37. Let the quasi-potential B satisfy the conditions of Proposition
1.36. Then the equalities

®(ak,y) = (b, y) =0, 1<k<n (1.6.8)

are valid.

1.7 Sectorial operators

1. We introduce the following notions.
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Definition 1.38. The bounded operator B in the space L?(A) is called sectorial if

(Bf, f)#0, f#0 (1.7.1)

and

—58 < arg(Bf.f) < 38, 0<B<L (1.7.2)

It is easy to see that the following assertions are valid.

Proposition 1.39. Let the operator B be sectorial. Then the operator (I + sB)~*
is bounded when s > 0.

Proposition 1.40. Let the conditions of Theorem 1.35 be fulfilled. If the operator
B is sectorial, then formula (1.5.23) is valid for all s > 0.

In the present section we deduce the conditions under which the quasi-
potential B is sectorial. Let us consider the case when

[OO ydr(y) < oo, (z>0), (1.7.3)
/_z yldv(y) < 00, (< 0). (1.7.4)

The corresponding kernel k(z) of the operator S (see (1.2.2)) has the form

k(z) = /Oo(y — o) du(y)d < 0, (x> 0), (1.7.5)
k(z) = /_ (@ — y)du(y) < 00, (x < 0). (1.7.6)

We obtain the following statement.

Proposition 1.41. Let conditions (1.7.3) and (1.7.4) be fulfilled. Then the kernel
k(x) is monotone on the half-azis (—o00,0) and on the half-azis (0, 00).

We shall use the following Pringsheim’s result.

Theorem 1.42. (see [175, Ch. 1]) Let f(t) be a non-increasing function over (0, o)
and integrable on any finite interval (0,€). If f(t) — 0 when t — oo, then for any
positive x we have

%(f(x +0)+ f(z— 0)) = 7271: COS TU (/000 F(@t) costudt) du, (1.7.7)

%(f(m L0) 4+ fle—0) = % /OOO sin (zu) (/OOO F(t)sin (tu)dt) du.  (178)
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It follows from (1.7.3)—(1.7.6) that
k() -0 and K'(z) =0, when x— +oo. (1.7.9)
We suppose in addition that
rk(z) -0 and 2%k'(r) =0, when z — =+0. (1.7.10)

Using the integration by parts we deduce the assertion.

Proposition 1.43. Let conditions (1.7.3), (1.7.4) and (1.7.9), (1.7.10) be fulfilled.

Then the relation
/ k(t) cos wtdt = / LN N0 (1.7.11)

oo X2
holds.
Relation (1.7.11) implies that

/ k(t) cos ztdt > 0. (1.7.12)

It follows from Proposition 1.41, Theorem 1.42 and relations (1.7.9), (1.7.10) that
the kernel k(x) of the operator S admits the representation

k(z) :/ m(t)e*tdt. (1.7.13)
In view of (1.7.12) we have
Re (m(u)) > 0. (1.7.14)
Due to (1.7.13) and (1.7.14) the relation
00 2
(Sf, f) = / m(u) / f(t)edt| du (1.7.15)
—o0 A
is valid. Hence we have
—5 Sag(SL) <5, f(t) € L(A). (1.7.16)

Proposition 1.44. Let conditions (1.7.3), (1.7.4) and (1.7.10) be fulfilled. Then the
corresponding operator B is sectorial.

Proof. Let the function g(z) satisfy conditions (1.4.1). Then the relation

(—Lg,9) = (59'.9) (1.7.17)
holds. Equalities (1.4.3) and (1.7.17) imply that
(f,Bf)=(S¢,9"), g=Bf. (1.7.18)

Inequality (1.7.1) follows from relations (1.7.14) and (1.7.18). Relations (1.7.16)
and (1.7.18) imply (1.7.2) with 8 = 1. The proposition is proved. O
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Remark 1.45. The variance damped processes ( Example 1.12), the normal in-
verse Gaussian process (Example 1.14), and the Meixner process (Example 1.15)
satisfy the conditions of Proposition 1.44. Hence the corresponding operators B
are sectorial.

2. Now we introduce the notion of strongly sectorial operators.

Definition 1.46. The sectorial operator B is called strongly sectorial if for some
B < 1 relation (1.7.2) is valid.

Proposition 1.47. Let the following conditions be fulfilled.
1. Relations (1.7.3), (1.7.4) and (1.7.10) are valid.

2. For some m > 0 the inequality

m
— < <1 1.7.1
o <V@), el < (17.19)
holds.
3. -
/ k(t)dt < oo. (1.7.20)

Then the corresponding operator B is strongly sectorial.

Proof. As it is known (see [175, Ch. 1]) the inequality
M
| ) sin (at)dt| < T’ M>0, [t|>1 (1.7.21)
is valid. From formulas (1.7.11) and (1.7.19) we conclude that
0o 1/z 1— t N
/ k(t) cos ztdt > / u’(t)%dt > N0 ezl (1722)
—o0 —1/z

It follows from (1.7.21) and (1.7.22) that
T 77
—56 <arg(Sf,f) < 56, 0<pB<1. (1.7.23)

Hence according to (1.7.18) the corresponding operator B is strongly sectorial.
The proposition is proved. t

Remark 1.48. The variance damped processes (Example 1.12, a > 1), the normal
inverse Gaussian process (Example 1.14), and the Meixner process (Example 1.15)
satisfy the conditions of Proposition 1.47. Hence the corresponding operators B
are strongly sectorial.
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Proposition 1.49. Let conditions (1.7.3), (1.7.4) and (1.7.10) be fulfilled. If the
operator S has the form

Sf=vf+ /A k(x —t)f(t)dt, v >0, (1.7.24)

then the corresponding operator B is strongly sectorial.

Proof. Tt is easy to see that for some § < 1, relation (1.7.23) is valid. According
to relation (1.7.18) the corresponding operator B is strongly sectorial. O

1.8 Quasi-potential B, structure and properties

Let us begin with the symmetric segment A = [—c¢, ¢].
Theorem 1.50 (see [147, p. 140]). Let the following conditions be fulfilled:
1. There ezist the functions Ni(x) € LP(—c,c), p > 1 which satisfy the equations

SNy =aF1 k=1,2. (1.8.1)

r= Np(z)dx # 0. (1.8.2)
Then the corresponding operator B has the form

c

Bf= [ @(y,c)f(y)dy (1.8.3)

where B
@ y.0) = 5 /:y'wl dl(s 4+ — )/2, (s — 2+ y)/2)ds, (1.84)
q(z,y) = [N1(=y)Na(2) — Nao(—y)N1(z)]/r. (1.8.5)

It follows from (1.8.4) and (1.8.5) that
O(+e,y) = O(x,+c) = 0. (1.8.6)
Here we use the relation

q(s +x—y)/2,(s —x +y)/2] (1.8.7)
= [Ni((z —y — 5)/2)Na((s + = —y)/2) — No((z —y — 5)/2)N2((s + 2 — y)/2)] /7.
Thus

qd(s+z-y)/2,(s =2 +y)/2] = —q[(-=s + 7 —y)/2,(=s —x +y)/2]. (1.8.8)

From formulas (1.8.4) and (1.8.5) we deduce the following statement.
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Proposition 1.51. Let the conditions of Theorem 1.50 be fulfilled. There exists a
function o(x) such that

[D(x,y,¢)| < plz—1y), (1.8.9)
R
/ p(xr)der <oo if 0< R < oo. (1.8.10)
-R
Proof. Relation (1.8.4) can be written in the form
ct(z—y—lz—yl)/2
O(x,y,c) = / q(t,t — x + y)dt. (1.8.11)
By relations
Ni(z) =0, z¢[—c, ], k=1,2 (1.8.12)

we extend the functions Ny (x) from the segment [—c, ¢] to the segment [—2¢, 2c].
It follows from (1.8.11) and (1.8.12) that inequality (1.8.9) is valid if

p(r) = /C [[N1(t)No(t — )| + | No(t)Ny (t — z)|]dt/|r|. (1.8.13)

—C
Equality (1.8.13) implies that ¢(z) € LP[—2¢, 2¢]. The proposition is proved. O

It follows from Proposition 1.51 that the operator B is bounded in all the
spaces LP(—c,c), p > 1. We shall prove that the operator B is compact.

Proposition 1.52. Let the conditions of Theorem 1.50 be fulfilled. Then the operator
B is compact in all the spaces LP(—c,c), p > 1.

Proof. Let us consider the operator B* in the space Li(—c,c), 1/p+ 1/q = 1.
Using relation (1.8.3) we have

B f, = / By, 2, ¢) fuly)dy (15.14)

—C

where the functions f,,(z) — 0 in the weak sense. Relation (1.8.14) can be repre-
sented in the form

c ct(y—z—lz—y|)/2
B f, = / fn(y)/ q(t,t —y + z)dedy. (1.8.15)

—c y

By interchanging the order of integration in (1.8.15) we see that ||B*f,|| — 0,
that is, the operator B* is compact. Hence the operator B is compact too. The
proposition is proved. O

Using formulas (1.8.5) and (1.8.11) we obtain the assertion.

Proposition 1.53. Let the conditions of Theorem 1.50 be fulfilled. If the functions
Ni(z) and Ny(z) can have a discontinuity only when x = +c, then the function
®(x,y,c) can have a discontinuity only when x = y.
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Corollary 1.54. Let the conditions of Proposition 1.53 be fulfilled. Then the eigen-
vectors of the corresponding operator B are continuous.

Remark 1.55. In view of (1.6.4) and (1.6.5) Proposition 1.51 is valid not only in
the case of the symmetric segment [—c¢, ¢] but in the general case [—a, b] too.

1.9 Long time behavior

1. The probability p(¢, A) of the Levy process X, remains inside the given domain
A when 0 < 7 <t (ruin problem) is investigated in Section 5 of this chapter. In
order to investigate the asymptotic behavior of p(t, A) when t — oo, we use
the non-negativity of the kernel ®(x,y). We apply the following Krein—Rutman
theorem (see [82, Section 6]).

Theorem 1.56. If a linear compact operator B, leaving invariant a cone K, has
a point of the spectrum different from zero, them it has a positive eigenvalue \q
not less in modulus than any other eigenvalues A\ (k > 1). To this eigenvalue A\
corresponds at least one eigenvector g1 € K (Bg1 = A1¢1) of the operator B and
at least one eigenvector hy € K* (B*hy = A\ h1) of the operator B*.

We remark that in our case the cone K consists of non-negative functions
f(z) € LP(A) and K = K*. Hence we have

g1(x) 20, hi(z) >0. (1.9.1)

We introduce the normalizing condition

(g1,h1) = /Agl(m)hl(x)dx =1. (1.9.2)
Let the interval A; and the point xg be such that
xo € Ay € Al (1.9.3)
Together with quantity p(¢, A) we consider the expression
plao, A1, t,A) = P(X, € A)[\(Xi € Ay), 0< 7<), (1.9.4)

where o = Xjy. If the relations zo = 0, A; = A are valid, then p(zo, A1,t,A) =
p(t,A). In this section we investigate the asymptotic behavior of p(zg, Aq,t, A)
and p(t, A) when t — oo.

Now we formulate the main result of this section.

Theorem 1.57. Let the considered Levy process have continuous density, let the
corresponding quasi-potential B be reqular and strongly sectorial, and let the op-
erator B have a point of the spectrum different from zero. Then the asymptotic
equality

p(t, A) = e M [q(t) + 0(1)], t— +oo (1.9.5)
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holds. The function q(t) has the form
g(t) = c1+ Y epel™ >0, (1.9.6)
k=2
where the vy, are real.

Proof. The spectrum (Ag, k > 1) of the operator B is situated in the sector
T T
~ZB<agz< A, 0<B<1, JH <A, (1.9.7)
We introduce the domain D.:
—S(B+e) Sargz < L(B+e), |r— (UM< /DM —7),  (198)
where 0 < e <1—f, r < Ap. If z belongs to the domain D, then the relation
Re(1/2) > 1/\ (1.9.9)

holds. As the operator B is compact, only a finite number of eigenvalues \,
1 < k < m of this operator does not belong to the domain D.. We denote the
boundary of domain D, by I'.. Without loss of generality we may assume that the
points of spectrum A # 0 do not belong to I'.. Taking into account the equality

(2(0,2), 91(2)) = A191(0), (1.9.10)

we deduce from formulas (1.5.21) and (1.5.23) the relation

m  ng

pt,A) =" e tiey i+, (1.9.11)

k=1 j=0
where ny is the index of the eigenvalue A,

1 [1
J=—— [ e *(B* = 2I)"'®(0,z),1)dz. (1.9.12)
2im Jr z

We recall that the index of the eigenvalue \j is defined as the dimension of the
largest Jordan block associated to that eigenvalue. We note that

ny = 1. (1.9.13)
Indeed, if n; > 1, then there exists such a function f; that
Bfi =Mfi+aq. (1.9.14)
In this case the relations

(Bfi,h1) = M (f1, h1) + (91, h1) = M (f1, h) (1.9.15)
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are valid. Hence (g1,h1) = 0. The last relation contradicts condition (1.9.2). It
proves equality (1.9.13).

Relation (1.8.9) implies that
0(0,2) € LP(A). (1.9.16)

We denote by W(B) the numerical range of B. The closure of the convex hull of
W (B) is situated in the sector (1.9.7). Hence the estimation

|(B* —2D)7 |, < M/|z|, z€T. (1.9.17)

is valid (see [172] for the Hilbert case p = 2 and [118] for the Banach space p > 1).
By ||B||, we denote the norm of the operator B in the space LP(A).

It follows from estimation (1.9.17) that the integral J exists.

Among the numbers A, we choose the ones for which Re (1/XA;) (1 <k < m)
has the smallest value 6. Among the obtained numbers we choose uy (1 < k < ¢)
the indexes nj, of which have the largest value n. We deduce from (1.9.10)—(1.9.12)
that

4
p(t,A) = e 0t lz e e +o(1)|, t— oo (1.9.18)
k=1
We note that the function
4 ) .
Q) = emm (e, (1.9.19)

is almost periodic (see [94]). Hence in view of (1.9.18) and the inequality p(t, A) >
0, t > 0 the relation
Q) >0, —co<t<oo (1.9.20)

is valid.
First we assume that at least one of the inequalities

S<AY, n>1 (1.9.21)
is valid. Using (1.9.21) and the inequality
M> e, k=23, (1.9.22)

we have
Imp; ' #0, 1<j<UL. (1.9.23)

It follows from (1.9.19) that

1 (7 : -
cjzhm—/ Qe ™ (5 )dt, T . (1.9.24)
2T |
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In view of (1.9.20) the relations
1 /7
le;| < lim —/ Q)dt =0, T — oo, (1.9.25)
o |,

are valid, that is, ¢; = 0, 1 < j < ¢. This means that relations (1.9.21) are not
valid. Hence the equalities
=X n=1 (1.9.26)

hold. From (1.9.18) and (1.9.19) we get the asymptotic equality
p(t,A) = e M[q(t) + o(1)], t— oo, (1.9.27)

where the function ¢(t) is defined by relation (1.9.6) and
crp = gk(())/ hi(x)de, v, =TIm(u ). (1.9.28)
A

Here gi(z) are the eigenfunctions of the operator B corresponding to the eigen-
values Ay, and hy () are the eigenfunctions of the operator B* corresponding to
the eigenvalues Ax. The following conditions are fulfilled:

(gk,hk):/Ame)hk(m)dx:L (1.9.29)

(g, he) = /AgT(as)hg(x)d:v =0, k#L (1.9.30)

Using the almost periodicity of the function ¢(t) we deduce from (1.9.27) the
inequality
q(t) > 0. (1.9.31)

The theorem is proved. O

According to Theorem 1.57 and the relation 0 < Re (1/Ag) < 1/\; the fol-
lowing assertion holds.

Corollary 1.58. Let the conditions of Theorem 1.57 be fulfilled. Then all the eigen-
values \j of B belong to the disk

|z — (1/2)A1] < (1/2) ). (1.9.32)
All the eigenvalues \; of B which belong to the boundary of disc (1.9.32) have the
inderes nj = 1.

Remark 1.59. The exponential decay of the transition probability P(x, B) was
proved by P. Tuominen and R.L. Tweedie [181]. Theorem 1.57 gives the exponen-
tial decay of p(t, A). These two results are independent.
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We note that P. Tuominen and R.L. Tweedie [181] prove only the ezistence
of the corresponding decay parameter \. Theorem 1.57 gives the method of con-
structing the corresponding decay parameter in the case of p(t, A). (The definitions
of Pi(z, B) and p(t, A) are given in Section 1 and by relation (1.5.1) respectively.)

Using formula (1.9.11) we obtain the following assertion.

Corollary 1.60. Let the considered Levy process have the continuous density, let
the corresponding quasi-potential B be regular and strongly sectorial, and let the
operator B have no points of the spectrum different from zero. Then the equality

lim (p(t, A)et/’\) =0, t—+oo (1.9.33)
holds for any A > 0.

2. Now we find the conditions under which the operator B has a point of the
spectrum different from zero.

We represent the corresponding operator B in the form B = By +iBs where
the operators B; and By are self-adjoint. We assume that By € X, that is,

> sl P < o0, (1.9.34)
1

where s, are eigenvalues of the operator By and p > 1. As operator B is sectorial,
then
B; > 0. (1.9.35)

Theorem 1.61. Let the considered Levy process have continuous density and let
the corresponding quasi-potential B be regular and strongly sectorial. If By € 3y,
p>1and

1/p> B, (1.9.36)

then the operator B has a point of the spectrum different from zero.
Proof. 1t follows from estimation (1.9.17) that

(I —2zB)™ |, <M, l|argz|> B +e. (1.9.37)

Let us suppose that the formulated assertion is not valid, that is, the operator B
has no points of the spectrum different from zero. We set

N(r,B) =sup|(I —re?B)7Y|, 0<6<2n. (1.9.38)

It follows (see [51, Ch. 4, Section 11]) from condition B; € X, that By € X,,.
Hence the estimation
log N(r, B) = O(rP) (1.9.39)
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holds (see [51]). According to the Phragmen-Lindeléf theorem and to relations
(1.9.36)—(1.9.39) we have

(I —2B)~!| < M. (1.9.40)
The last relation is possible only when B = 0. But in our case B # 0. The obtained
contradiction proves the theorem. O

Proposition 1.62. Let the kernel of ®(z,y) of the corresponding operator B be
bounded. If this operator B is strongly sectorial, then it has a point of the spectrum
different from zero.

Proof. As in Theorem 1.61 we suppose that the operator B has no points of the
spectrum different from zero. Using the boundedness of the kernel ®(x,y) we
obtain the inequality

TrB; < co. (1.9.41)

It follows from relations (1.9.35) and (1.9.41) that p = 1 (see the triangular model
of M. Livshits [98]). Since 1/p =1 > § all relations (1.9.36)—(1.9.40) of Theorem
1.61 are valid. Hence the proposition is proved. O

3. Now we shall consider the important case when
rank A} = 1. (1.9.42)

We recall that the rank of an eigenvalue is defined as the number of linearly
independent eigenvectors with that eigenvalue, that is, the rank of an eigenvalue
coincides with the geometric multiplicity of this eigenvalue.

Theorem 1.63. Let the conditions of Theorem 1.57 be fulfilled. In case (1.9.42) the
relation
p(t,A) =e Y M[e; +0(1)], t— oo (1.9.43)

holds.
Proof. In view of (1.9.31) we have

1 (T 1 /T . _
1im—/ q(t)dt > lim—/ qe ) de| T - oo, (1.9.44)
T 0 T 0

that is,
71(0) /A hi(2)dz > [5,00) /A by (2)da. (1.9.45)

In the same way we can prove that

01 (o) /A h(2)de > , (1.9.46)

9, (7o) /A hy()da

where
T € A1 € Al (1947)
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It follows from (1.9.46) that

91(20) 1 () = [g; (w0} ()] (1.9.48)

We introduce the normalization condition

g1(z0) = gj(z0)- (1.9.49)
Due to (1.9.46) and (1.9.48) the inequalities
/ hi(x)da > / hj(z)dz|, (1.9.50)
Ay Ay
ha(z) > |h;(x)] (1.9.51)
are valid. The equality sign in (1.9.50) and (1.9.51) will hold only if
hj(z) = |h;(x)]e™. (1.9.52)
It is possible only in the case when j = 1. Hence there exists such a point z; that
hi(z1) > |hj(z1)] (1.9.53)
Thus we have
1= /A g1(x)hy(z)dx > /A gj(x)h;(x)dx =1, (1.9.54)

where 21 € A;. The received contradiction (1.9.54) means that j = 1. Now the
assertion of the theorem follows directly from (1.9.5). O

Corollary 1.64. Let conditions of Theorem 1.57 be fulfilled. If rankA; = 1 and
xo € A1 € A, then the asymptotic equality
p(xo, Ay, t,A) = e gy (20) hi(z)dz[l +o(1)], t— 400 (1.9.55)
Ay

holds.

The following Krein—Rutman theorem [82] gives sufficient conditions when
relation (1.9.42) is valid.

Theorem 1.65. Suppose that the non-negative kernel ®(x,y) satisfies the condition

//\¢(m»y)2ldwdy<oo (1.9.56)
A JA

and has the following property: for each € > 0 there exists an integer N = N (¢)
such that the kernel ®x(x,y) of a the operator BY takes the value zero on a set
of points of measure not greater than . Then

rankA\; =1; A\ >N\, k£=2,3,.... (1.9.57)
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It is easy to see that the following assertion is valid.

Proposition 1.66. Let the inequality

O(z,y) >0, (1.9.58)
be valid, when x # ayp, x # by, y # ax, y # bx. Then

g1(z) >0, (1.9.59)

when x # ap, x % by.

4. Let us consider separately the case when the operator B is regular and
k(x) = k(—x). (1.9.60)

The corresponding operator S is self-adjoint. Hence the operator B is self-adjoint
and strongly sectorial. In this case equality (1.9.11) can be written in the form

p(t,A) = ;et/)"“gk(O)/Agk(x)dx. (1.9.61)

1.10 Stable processes, main notions

1. Let X7, X5,... be mutually independent random variables with the same law
of distribution F'(x). The distribution F(x) is called strictly stable if the random
variable

X =(X1+Xo 4+ X,)/nt/e (1.10.1)

is also distributed according to the law F(z). The number a (0 < « < 2) is
called a characteristic exponent of the distribution. The homogeneous process
X(7) (X(0) = 0) with independent increments is called a stable process if

E [exp (iEX (1))] = exp {—T\§|°‘ {1 —if (sign¢) (tan %)] }, (1.10.2)

where 0 < a <2, a#1, -1 < <1, 7>0. When a = 1 we have

Blewp (i6X(r))] = exp { ~rlel |14 2 i) (ole)] | (1103

where —1 < 8 < 1,7 > 0. In many theoretical and applied problems it is important
to estimate the value

Pa(t,a) = P(sup | X(7)| <a, 0<7<4). (1.10.4)

For the stable processes the asymptotic of p,(¢,a) (Theorem 1.56) was found
earlier in the papers (see [190] and [144,146,147]). The value of p,(t, a) decreases
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very quickly by the exponential law when ¢t — oco. This fact prompted the idea
to consider the case when the value of a depends on ¢ and a(t) — co, ¢ — oc.
In this chapter we deduce the conditions under which one of the following three
cases is realized:

1) limp,(t,a(t) =1, t— .
2) limpy(t,a(t)) =0, t— oc.
3) limpy(t,a(t)) = poo, 0<poo <1, t— o0.
We also investigate the situation when ¢ — 0.
We compare the obtained results with well-known results (the iterated log-

arithm law, the results for the first hitting time, the results for the most visited
sites problems).

Remark 1.67. In the famous work by M. Kac [67] the connection of the theory of
stable processes and the theory of integral equations was shown. M. Kac considered
in detail only the case a =1, 8 = 0. The case 0 < a < 2, § = 0 was later studied
by H. Widom [190]. As to the general case 0 < a < 2, =1 < 8 < 1 it was
investigated in our works [144,146,147]. In all the mentioned works the parameter
a was fixed. Further we consider the important case when a depends on t and
a(t) — oo, t — oo ( see [158]).

1.11 Stable processes, quasi-potential

1. In this section we formulate some results from our paper [146] (see also [147,
Ch. 7]). Here ¢, (z, s, a) is defined by the relation

Yo (z,8,0) = (I +sB5) 1 ®,(0,,a). (1.11.1)

The quasi-potential B, and its kernel @, (z,y,a) will be written later in explicit
form.
Further we consider three cases.

Casel. 0<a<2, a#l -—-1<pg<Ll
Case2. 1<a<?2, [==I1.
Case3. a=1, p=0.

Now we introduce the operators

a

B.f = D, (z,y,a)f(y)dy (1.11.2)
—a
acting in the space L?(—a,a).
In Case 1 the kernel ®,(z,y,a) has the following form (see [144,147)):

a’—zy

D, (x,y,a) = Cq(2a)" / [2? — a®(z —y)?]

lz—y|

Ple—a(z—y))?P~Hdz, (1.11.3)



1.11. Stable processes, quasi-potential 41

where the constants u, p, and C, are defined by the relations u =2 — «,

B sin(r(u—p), O<p—p<t, (1.11.4)

sin (mp) = 175

o - sin (7p)
© sin(me/2) (1= BT —p)l(1+p—p)
Here T'(z) is Euler’s gamma function. We remark that the constants u, p, and C,,

do not depend on parameter a.
In Case 2 when 5 =1 the relation (see [144,147])

(1.11.5)

Doy, a) = M{[auyuyznm(az)“%aw)“l} (111.6)

holds. In Case 2 when 8 = —1 we have (see [144,147])

Bole,y,0) = M{Mx—y|+x—y>]a-1—<a+x>“-1<a—y>a-1}. (L11.7)

Finally, in Case 3 according to M. Kac [67] the equality

@~ oyt @)@ —y2>> (L118)

1
P (x,y,a) = —lo
s g(a?—wy—wa?—x?)(aty?)

is valid.
The assertion below (see [147, Ch. 7]) follows from formulas (1.11.2)—(1.11.8):

Proposition 1.68. Let one of the following conditions be fulfilled:
LO0<a<2, a#l1, -1<fp<l.

I 1<a<?2, pg==£I1.

. a=1, p=0.

Then the corresponding operator B, is reqular and strongly sectorial.

2. Let us introduce the notation
Palt,=bya) = P(=b< X(1)<a for 0<71<t), (1.11.9)

where a > 0, b > 0. We consider in short the case when the parameter b is not
necessary equal to a. As in the case (—a,a) we have the relation

/ e*S“pa(u,fb,a)du:/ Vo, s, —b,a)dx. (1.11.10)
0 —b

Here 9, (2, s, —b,a) is defined by the relation

VYolx,s,—b,a) = (I +sB5) " ®,(0,2, b, a), (1.11.11)
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Now the operator B, has the form

B.f = / (z,y,—b,a)f(y)dy (1.11.12)

and acts in the space L?(—b,a). The kernel ®,(z,y, —b,a) is connected with
D, (z,y,a) (see (1.11.3) and (1.11.7)) by the formula

b— b— b
@a(x,y,b,a)q)a<x+ = ¢ o )

1.11.1
5 YT ( 3)

In this way we have reduced the non-symmetric case (—b, a) to the symmetric one
(—“TH’, “—“’) Let us consider separately the case 0 < a < 2, § = 0. In this case
the operator B, is self-adjoint.We denote by A; (j = 1,2,...) the eigenvalues of
B, and by g,(x) the corresponding real normalized eigenfunctions. Then we can

write the new formula for p, (¢, —b, @) which is different from 1.9.11:
oty —b,a) Zgj / (z)dwe "t (1.11.14)

where p1; = 1/A;.

1.12 On sample functions behavior of stable processes

From the scaling property of the stable processes (see (1.10.1)) we deduce the
relations

Pa(t,a) = pa (;1> , (1.12.1)
Ai(a, @) = a® A (1, ). (1.12.2)

We introduce the notation

Aa(l) =Aoy, Pa(t,1) =pa(t), galz,1) =ga(x), halz,1)=he(x). (1.12.3)

Using relations (1.12.1), (1.12.2) and notation (1.12.3) we can rewrite Theorem
1.56 in the following way.

Theorem 1.69. Let one of the following conditions be fulfilled:
LO0<a<?2, a#l1 -—-1<fg<l

I 1<a<2, p==I1.

1. =1, pg=0.
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Then the asymptotic equality

Palt,a) = eft/[aa)\a]go‘(()) /11 ho(z)dz[l +0(1)], t— 0 (1.12.4)

holds.

Proof. The corresponding operator B,, is regular and strongly sectorial (see Propo-
sition 1.68). The stable processes have continuous density (see [167]). So all con-
ditions of Theorem 1.56 are fulfilled. It proves the theorem.

Remark 1.70. The operator B, is self-adjoint when § = 0. In this case hy = gq-

Remark 1.71. The value )\, characterizes how fast p, (¢, a) converges to zero when
t — oo. The two-sided estimation for A, when 8 = 0 is given in Section 1.15.

3. Now we consider the case when the parameter a depends on ¢t. From Theorem
1.69 we deduce the assertions.
Corollary 1.72. Let one of conditions I-111 of Theorem 1.69 be fulfilled and

t
a“(t)

— 00, t—o0. (1.12.5)

Then the equalities

1)
. 1
palt,a(t)) = e /1 Xl g (o) / ho(2)dz[l +0(1)], - o00, (1.12.6)
-1
2)
limp,(t,a) =0, ¢— oo, (1.12.7)
3)
lim P(sup | X (7)] > a(t)) =1, 0<7<¢t, t— oo (1.12.8)
are valid.

Corollary 1.73. Let one of conditions I-111 of Theorem 1.69 be fulfilled and

—0, t—0. (1.12.9)

Then the equalities

1)
limpa(ta(t)) =1, t—0 (1.12.10)
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2)
lim P(sup | X (7)] > a(t)) =0 0<7<¢t, t—0 (1.12.11)

are valid.
Corollary 1.73 follows from (1.12.1) and the relation
limp,(t) =1, t—0. (1.12.12)

Corollary 1.74. Let one of conditions I-111 of Theorem 1.69 be fulfilled and

—T, 0<T <o0, t—o0. (1.12.13)

t
[a ()]
Then the following equality holds:
lim p, (¢, a(t)) = pa(T), t— oc. (1.12.14)

Corollary 1.74 follows from (1.12.1).

1.13 Wiener process

1. We consider separately the important special case when o = 2 (Wiener pro-
cess). In this case the kernel ®o(x,t, —b, a) of the operator By coincides with the
Green’s function (see [10,67]) of the equation

1d3%y
Y = —-b<xr< do.
5 12 fa), b<z<a (1.13.1)
with the boundary conditions
y(=b) =y(a) =0, >0, a>0. (1.13.2)

It is easy to see that

Dy (z,t,—b,a) (1.13.3)

Ta+b | (a—t)(b+z), —b<z<t<a

2 {<t+b><ax>, —b<t<z<a,

Equality (1.12.1) is also valid when « = 2 and when b = a, that is,

pa(t,a) = pa(t/a®1). (1.13.4)

The eigenvalues of problem (1.13.1), (1.13.2) have the form

2
nm
n= 2, n=1,23,.... 1.13.
u (Hb)/ n 3 (1.13.5)
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The corresponding normalized eigenfunctions are defined by the equality

gn(x) = \/Esin ((anfb) (z + b)). (1.13.6)

Using formulas (1.13.5) and (1.13.6) we have

e 4 ((@m A1  _y(emenny?
(t, b7a)—z(2m+1)ﬂ_sm< > >e . (1.13.7)

m=0

Remark 1.75. If b = a = 1, then relation (1.13.7) takes the form

> . 2 —t((m+1/2)7)" /2
102('5):7;(—1) CESIOL / (1.13.8)

Series (1.13.8) satisfies the conditions of Leibniz’s theorem. It means that ps (¢, a)
can be calculated with a given precision when the parameters ¢ and a are fixed.
From (1.13.4) and (1.13.8) we deduce that

4 -
pa(t,a) = —e T OO (14 o(1)), (1.13.9)

where t/(a(t))? — oo.

Proposition 1.76. Theorem 1.69 and Corollaries 1.72-1.74 are valid in the case
when o = 2 too.

Remark 1.77. From the probabilistic point of view it is easy to see that the function
p2(t) (t > 0) is monotonic decreasing and

0<pa(t)<1; limpo(t)=1, t—0. (1.13.10)

2. Now we shall describe the behavior of p(t, —b,a) when b — co. To do it we
consider

d 2m = (2m 4+ 1)br\  _y(2miin /2
ot —ba) = ————— 5" (2m + 1) sin | 0
“pa(t,~b,a) Oﬁwygg(m+>$n( L
(1.13.11)
We use the following Poisson result (see [38]).
Theorem 1.78. If the function F(x) satisfies the inequalities
/ |F(x)|dz < oo, / |F'(z)|dz < oo, (1.13.12)
0 0

then the equality

- 1
mZ:OF(m) = §F(0) +/0 x)da + 2 Z / F(z)cos(2rmzx)dz  (1.13.13)

m=1

holds.



46 Chapter 1. Levy processes

Thus in case (1.13.11) we have

F(z) = G(z) — G(2z), (1.13.14)
where ) ) /
T) = — T T sin o eit(#bw)2 2 .13.
G(z) CETE <a+b) (1.13.15)

It is easy to see that conditions (1.13.12) are fulfilled and

/ F(z / Gz (1.13.16)

Using (1.13.15) and (1.13.16) we deduce the equality

e 1 [ 2 ua
F(z)dz = —— [ we " /?sin (>du, (1.13.17)
/0 0 Vit

t

where u = ~ +b\/ t. Now we use the following relation from the sine transformation

theory (see [175])
/ ue /2 gin (ru)du = \/erug/z. (1.13.18)
0

In view of (1.13.17) and (1.13.18) the equality

/0 F(z)dz = f\/%ri‘/?e*“z/?t (1.13.19)

holds. Now we calculate the integrals
I = 2/000 G(2x) cos 2mmax)dx, I, = 2/0Oo G(z) cos (2mmaz)dz. (1.13.20)
Using again formula (1.13.18) we have
T = —\/2/mt =3/ (Ame_A?"/Qt - Bme—Bi/?t) : (1.13.21)
where A, = 2m(a +b) + a, By, = 2m(a+b) — a. In the same way we obtain that
I = —\/1/20t73/2 (C e Cn/2 _ D, e Dm/zt) (1.13.22)

where Cy,, = m(a+b)+a, D, = m(a+0b) —a. From relation (1.13.7) and equality

d/VE !
/ U2y | = _ 14372 (de—dz/zt _ Ce#/%) (1.13.23)
c/ﬁ 2
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we obtain the following representation of po(t, —b, a):
p2(t,—b,a) =1— \/2/71'/ e /2 dy + da(t,—b,a), (1.13.24)
a/\t

where

oo Am/VE Cm/VE
@(t,—ba) = \/2/7 Z / e " /%du—/ e W /2t | .
B

oo m/ Vit D /VE
(1.13.25)

So we have deduced two formulas (1.13.7) and (1.13.24) for ps(t, —b, a). Formula
(1.13.7) is useful when t is big and the parameters a and b are fixed.

Proposition 1.79. In the case of the Wiener process (o = 2) the asymptotic equality
4
pa2(t,—b,a) = —sin (M> eft(")Q/(Q(aer)z)[l +o(l)], t—oc (1.13.26)
m a+b

holds.
Formula (1.13.24) is useful when b is big and parameters a and ¢ are fixed.

Proposition 1.80. In the case of the Wiener process (o = 2) the asymptotic equality

p2(t7 _bv a)
o0 (b+2a)/Vt 2

=1- \/2/7r/ oW /2y — \/2/7r/ e /2 dull 4 o(1)], (1.13.27)
a/Vi

where b — oo, is valid.

The well-known formula (see [41]) for the first hitting time

pa(t,—00,a) =1 — \/2/7r/ e w2y (1.13.28)
a/\t

follows directly from (1.13.27).

1.14 TIterated logarithm law, most visited sites and first
hitting time
It is interesting to compare our results (Theorem 1.56, Corollaries 1.72-1.74 and

Propositions 1.76-1.80) with the well-known results mentioned in the title of the
section.
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1. We begin with the famous Khintchine theorem (see [10]) about the iterated
logarithm law.

Theorem 1.81. Let X (t) be a stable process (0 < a < 2). Then almost surely (a.s.)
we have that

X(t ..
lim sup | X(2)] _ 0 e>0as (1.14.1)
t—oo (tlogt)t/*|log |logt||(1/e)+e 00, €=0 a.s.
We introduce the random process
X*(t) = sup |X(7)|. (1.14.2)

0<7r<t

From Corollaries 1.72-1.74 and Proposition 1.76 we deduce the assertion.

Theorem 1.82. Let one of conditions I-111 of Theorem 1.69 be fulfilled or let o = 2
and
b(t) = oo, t— 0. (1.14.3)

Then

b(t)X*(t) /tl/“ S0 (P), X*(t)/(b(t)tl/“) ~0 (P). (1.14.4)

(The convergence in probability is denoted by symbol (P). A sequence X,
of random variables converges in probability towards X if for all € > 0 we have

lim P(|X, — X|>¢)=0.
n— oo

Recall that an event happens almost surely if it happens with probability 1. “Al-
most surely” convergence implies convergence in probability.)

In particular it follows from Theorem 1.82 that

((logt)* X*(1) [t/ w00 (P),  X*(1) /((ogt)"¢/*) 0 (P),
(1.14.5)
when € > 0 and ¢ — oo.

We see that our approach and the classical one have some similar points
(estimation of | X (7)]), but these approaches are essentially different. We consider
the behavior of | X (7)| on the interval (0,¢), and in the classical case |X(7)| is
considered on the interval (¢, 00).

2. Let X(t) be a stable process (1 < a < 2, 8 = 0) and let LY be the local
time at time ¢ and position x. The most visited site V(¢) of X (¢) is defined by
the relation L) ® = sup,cp LY. We formulate the following result (see [3] and
references therein).
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Theorem 1.83. Let 1 <a <2, 5=0,~v>9/(a—1). Then the relation
lim (log t) ¢~ MV ()| =00, t—o00 (a.s.) (1.14.6)

holds.
To this important result we add the following estimation.

Theorem 1.84. Let one of the conditions I-1I1 of Theorem 1.69 be fulfilled or let
a =2 and
b(t) = oo, t— 0. (1.14.7)

Then
V()] / (b(t)tl/o‘) S0 (P). (1.14.8)

The theorem above follows directly from the inequality X*(t) > [V (¢)].
In particular we have

IV(t)|/<(10gt)€tl/“) -0 (P) (1.14.9)

when € > 0 and ¢t — oo.

3. The first hitting time T, is defined by the formula

=1 > . . .
T, tlIZIO(X(t) > a) (1.14.10)
It is obvious that
P(T, >t)=P( sup X(7)<a). (1.14.11)
0<r<t
We have
P(T,>t)>P(-b< X(1) <a,0<7<1t)=pu(t,—b,a). (1.14.12)

So our formulas for p(t,—b,a) estimate P(T, > t) from below. It is easy to see
that
p(t,—b,a) = P(Ty, >1t), b— +oo. (1.14.13)

Remark 1.85. Our results can be interpreted in terms of the first hitting time
Ti_p,q) as one of the barriers either —b or a (ruin problem). Namely, we have

P(Ti_pa) > ) = p(t, —b,a). (1.14.14)

The distribution of the first hitting time for the Levy processes is an open problem.

Remark 1.86. B.A. Rogozin in his interesting work [127] established the law of
the overshoot distribution for stable processes when the existing interval is fixed.
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4. 1In a traditional way (see [10]) we shall show that the first relation of (1.14.4)
holds not only in probability but almost surely too.

Theorem 1.87. Let the following conditions be fulfilled.
1. FEither one of the conditions 1-111 of Theorem 1.69 is valid or o = 2.
2. The corresponding function b(t) is non-negative and increasing.

3. The series
Z eb(gn)a/Al
n=1

CONVETgES.
4. tYe/b(t) — 0o, t — co.

Then
b)X*(t)/t'/? = 00, t—o00 (a.s.).

Proof. We recall that
p(t,a(t)) =P (X*(t) <al(t)). (1.14.15)

The scaling property of the stable processes implies

1/2
pta(t) =p (acf(t) 1) . alt) = Z(T) (1.14.16)

Using (1.14.16) and Theorem 1.69 we have
p(t,a(t)) = cle*t/(an(t))‘l) [1+0(1)], t—o0, ¢ #0.
Hence the relation
p(2",a(2")) = clefba(zn)/)‘1 [1+0(1)], n—oo

is valid (n is integer and n > 0). According to condition 3 of the theorem we can
use the Borel-Cantelly lemma. We obtain that

X*(2") > a(2") (a.s.) (1.14.17)
for all n large enough. A monotonically argument shows
X*(t) >a(t) (as.) (1.14.18)

for all ¢ large enough. The assertion of the theorem follows from condition 4 and
relation (1.14.18). O
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1.15 Two-sided estimation of the greatest eigenvalue of
the operator B,

We consider the case when
0<a<?2, a#l, p=0. (1.15.1)

The value A\ («) characterizes how fast p(¢,a) converges to zero when ¢t — +oc.
The knowledge of A\;(«) plays an essential role when solving some approximation
problems. The following two-sided estimation of the A;(«) holds (see [123,147]).

Theorem 1.88. Under the condition (1.15.1) we have
aa

a* T (242) 3
2 Ve Jp @) —2 D<a<2 1.15.2
T(2+1) <a+2> l(a)*r(aﬂ) 4= ( )

Below we fix a = 1 and write down the numerical estimates, for pq(a) =
1/A1(e) and for several values of «, which follow from (1.15.2):

1

0.89 < 1 <2> < 0.99; 1< pa(1) < 118, (1.15.3)
1.33 < 11 (2) < 1.62; 2 < p1(2) < 2.5. (1.15.4)

It is known [74] that
11 (1) ~ 1.16. (1.15.5)

When o = 2 we have

7\ 2

1 (2) = (5) ~ 2.47. (1.15.6)

Relations (1.15.5) and (1.15.6) show that the upper estimate of pq(«), which
follows from (1.15.2), indeed, produces a good approximation of u(«).

Open problem 1.89. Find a method to calculate pi(«) for a broad class of Levy
processes and for the stable processes, in particular.



Chapter 2

The principle of imperceptibility
of the boundary in the theory of
stable processes

Introduction

In this chapter we study the probabilistic characteristics of the stable process X ()
as t — 0. In this way we obtain a weakened form of the principle of imperceptibility
of the boundary, which was introduced by M. Kac. The principle was formulated
by M. Kac [67] in the following dramatic form: “The information that we shall
be eaten at the boundary of the domain has not yet reached us”. Section 2.2
contains a precise mathematical formulation of the principle of imperceptibility of
the boundary and the weakened form of this principle. We note that Kac’s principle
is closely connected with the asymptotic behavior of the eigenvalues A, («) of the
operators B,. In this chapter we deduce the relation

2a

Wn)a [1+0(1)], n— oo,

Anla) = (

where 0 < a < 2, #=0.

2.1 On a probabilistic inequality
Consider symmetric stable processes X (t) (6 =10, 0 < a < 2) and put

Pa (t,a) = P(X: € [—a,a]; 0< 7 <t). (2.1.1)
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Lemma 2.1. The relation

polta) = | " e (0,y.t,a) dy (2.1.2)

—a
is valid. Here

(z,y,t,a) Ze‘t” g, (2, 0)gn(y, ), (2.1.3)

where gi(x,a) are the eigenfunctions of the operator B, corresponding to the
eigenvalues A, (), ||gn(z, )| = 1.

Proof. Recall that the operator B, has the form (1.4.6). If 1 < a < 2, we can
apply Mercer’s theorem:

Z)\ @) gn(z, ) gn(y, @). (2.1.4)
From (1.5.23) and (2.1.4) we deduce that
ZAn @) g (0,@) gn(z,a)/ (1 + s\ (a)). (2.1.5)
According to (1.5.21) we have
Pal(t,a) = ign(ova) /a gn(y, )dy e~ "/An(e),
n=1 —a

If 0 < a < 1, then there exists such an integer m that the kernel @, ,,(z,y) of the
operator B' is continuous. Using again Mercer’s theorem we obtain the inequality

o0
Z M (@) gi(z, @) < oo. (2.1.6)
k=1
Hence the series
alt,a) = > gx(0,0) / gy, a)dy M@ 0<a <1 (2.1.7)
k=1 —a

converges. Formulas (1.5.21) and (1.5.23) imply that
Pa(t,a) = q(t, a). (2.1.8)

Lemma 2.1 is proved. O
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Let us denote by P, (x,A,t,a) the probability of the following event:

the particle located at the point x at the initial moment will stay in the strip
[—a, a] during the time period 0 < 7 < ¢ and will belong to the interval A C [—a, a]
at the moment ¢. Formula (2.1.2) takes the form

P (At ) = / P (.1, 0) dy. (2.1.9)
A

For a = oo it is known [67] that
po (28:8:50) = [ pu (@,,t,0) dy. (21.10)
A

The function p,, (z,y,t,00) can be written in the form
Do (2, y,t,00) = Py ( — y,t,00). (2.1.11)

The probability to find the particle on interval A at time ¢ decreases if a possibility
of the particle being destroyed on the boundary appears (see [67,69]). Hence we
have

Do (@, y,t,0) < Py (x —y,t,00) . (2.1.12)

It follows from (2.1.12) that
Pa (@, 2,t,a) < P, (0,t,00). (2.1.13)

Using thus relation (see [67])

1 1
P, (0,t,00) = —¢Ver <1+> , (2.1.14)
™ @
we deduce the inequality
L 1/a 1
Do (T, 2, t,a) < —t r{1+-—|. (2.1.15)
T @

2.2 A weakened principle of imperceptibility of the
boundary

M. Kac’s heuristic principle of imperceptibility of the boundary (see [67]) states
that the influence of the boundary on the behavior of a particle is small for a small
period of time, that is

Pa (T,y,t,0) = po (x,y,t,00), (2.2.1)

if —a<z,y<a,t—0.
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For x ~ y relation (2.2.1) in a weakened form reads as
pa(x,x,t,a)%pa(x7x,t7oo), t_>07

that is,
Do (T, 2,t,0) = po (z,2,t,00) [L +0(1)], t—0. (2.2.2)

Relation (2.2.2) means that the influence of the boundary on the probability that
the particle is found near the point of departure is small if the time period is small.
We shall prove that (2.2.2) holds in the mean, namely

Y [po (2,2, t,00) — po (z,2,t,0)] =0, t— 0. (2.2.3)

We begin with the following fact.

Theorem 2.2. The asymptotic formula

/a Do (z,2,t,a) do = /a Pa (z,2,t,00) de[14+0(1)], t—0 (2.2.4)

is valid for 0 < a < 2, a # 1.
Proof. Inequality (2.1.15) implies that

ro(t) = / Py (z,z,t)dz < 2?“ t=ter <1 + ;) . (2.2.5)

—a

To obtain a lower estimation of 7, (t) we use the equalities (1.11.3)—(1.11.5). Then

we have

1 sin (wa/2)
7r

Oy (z,y) =T(1 — ) |z —y|*~ + U, (x,y), (2.2.6)

where 0 < o < 2, a # 1. For arbitrary 0 < ¢ < a the function ¥, (z,y) satisfies
the inequality

W ()| + ‘ﬁy%(x,y)‘ <M, —ate<my<a—e (2.2

If 1 < a < 2 then the inequality

2
‘W\Ila(x,y)‘ <M, —-a+e<z,y<a-—ec. (2.2.8)
is valid as well.
Note that relations (2.2.6)—(2.2.8) follow directly from (1.11.3). We introduce
the operator
f(z), xz€[-a+ea—c¢],
P.f= (2.2.9)
0, z¢[-a+e,a—c¢l,
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Bae = P.BoP., Co.= P.S,P.. (2.2.10)

According to Krein’s result (see [51, Ch. 3, Section 10]) relations (2.2.6)—(2.2.8)
imply the following estimations of s-numbers:

$n (Bae — Cac) = 0 (n—3/2) , 0O<a<l, (2.2.11)

$n (Bae — Cae) =0 (n*f’/?) L l<a<?. (2.2.12)

The integral operators similar to C, . were investigated in a number of papers
(see [11,68,128]). The asymptotic formula

$n (Cae)=112(a—e)/mn|" [14+0(1)], 0<a<2, a#l (2.2.13)

was deduced. Using Ky Fan’s theorem [40] and relations (2.2.11)—(2.2.13) we obtain
the asymptotic equality

$n (Bae) =[2(a—¢)/mn]* 1+0(1)], 0<a<2, a#l. (2.2.14)
In view of (2.2.14) we have

2(a—¢)

™

t=r <1 + ;) [1+0(1)], t—0.

(2.2.15)

The operators B, and B, are positive definite. Hence, the eigenvalues Ay, (By)
and A, (Bq,c) of the operators B, and B, ¢ coincide with s, (B,) and s,(Ba.c).

Now we use the following property of s-numbers (see [51, Ch. 2, Section 2]):

Ta,a(t) = Z exp [_t/s’rl (Ba#-‘)] =
n=1

5a(AB) < |Bllsa(A), su(BA) < | Bllsu(A). (2:2.16)
It follows from relations (2.2.10) and (2.2.16) that
$n(Ba,e) = An(Ba.e) < sn(Ba) = An(Ba)-
Hence, we have the inequality
Ta,e(t) < ro(t). (2.2.17)

The assertion of the theorem is immediate from (2.2.5), (2.2.15), and (2.2.17). O
Remark 2.3. Relations (2.1.11) and (2.1.12) imply that

Do (x,2,t,0) < po (z,2,t,00). (2.2.18)

Relation (2.2.3) follows from (2.2.4) and (2.2.18).
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Thus we proved the relation (2.2.3) which is the weakened principle of im-
perceptibility of the boundary.
Relation (2.2.4) can be written in the form

Zexp —t/An (Ba)] = t—F<1+ )[1—1—0(1)], t—0. (2.2.19)

Formulas (2.2.14), (2.2.16), and (2.2.19) imply the following statement from [141].
Corollary 2.4. The asymptotic equality

An(Ba) = (2a>a [14+0(1)], n—oo, 0<a<2 a#l (2.2.20)

™

holds.

2.3 Cauchy process

Let us consider the case when aw = 1, § = 0 (Cauchy process). The corresponding
operator B is defined by formulas (1.11.2) and (1.11.8).
M. Kac’s paper [67] contains a heuristic deduction of the relation

An(B1) = % [L+0(1)], n— oc. (2.3.1)

In this section we give a rigorous proof of formula (2.3.1). Another and more
complicated proof of (2.3.1) was given in [75].

Theorem 2.5. Formula (2.2.4) is valid when o =1 as well.

Proof. The operator B; is defined by formulas (1.11.2) and (1.11.8). We present
this operator in the form
By = K + Ko, (2.3.2)

where
a

Kof = | Ku(o,t)f(t)dt. (2.3.3)

—a

The kernels of the integral operators K, are defined by the formulas

1
Ki(x,t) = = log |z — t|, (2.34)

1 2 _ ¢ 2 _ 2 2 _ 42
Kg(x,t)zfloga 4 /(a2 ~ 2% (a )
T

- (2.3.5)

Let us introduce the operators

By.=P.BP., K,.=P.K,P., n=12 (2.3.6)
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where the operator P, is defined by relation (2.2.9). For arbitrary 0 < ¢ < a we
have

|K2(z,t)+‘aK28(tx’t)‘§ME, —a+e<mzt<a-—ec. (2.3.7)
Using Krein’s result (see [51, Ch. 3, Section 10]) we deduce that
sn (Kae) =0 (n_3/2) . (2.3.8)
It is known [40] that
An (K1) = % [1+0(1)], n— oo (2.3.9)
According to Ky Fan’s theorem in [40] we deduce from (2.3.8) and (2.3.9) that
sn (Bre) = 2(‘;; Dli40(1)], n- oo (2.3.10)

In view of (2.3.10) we have

2(a—¢)
Tt

rie(t) =) exp[—t/s, (Bic)] = 14+0(1)], t—0. (2.3.11)

The operators B; and Bj . are positive definite. Hence

)\n(Bl) = Sn(Bl), )‘n(Bl,E) = Sn(Bl,s)- (2312)
The inequality
)\n(BLE) <\ (B1) (2.3.13)
implies that
oo
re <7ri(t) = ZGXP [—t/sn(B1)] - (2.3.14)
n=1
If a =1, =0, then formulas (1.1.1) and (1.5.2) imply that
t
Pz —y,t,00) = pla —y,t) = —— . 2.3.15
(x —y,t,00) = p(z — y,1) P Oy Py ( )

Relations (2.1.14) and (2.1.15) hold in the case o = 1 as well, that is,

2a
t) < —. 2.3.16
nin) < 2 (2316)
The assertion of the theorem follows from (2.3.11), (2.3.14), and (2.3.16). O

Thus we have proved that relation (2.2.3) holds in the case o = 1 too (the
weakened principle of imperceptibility of the boundary).

Corollary 2.6. The asymptotic equality (2.3.1) holds.
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2.4 Wiener process, case o = 2

Let us consider separately the important case when o« = 2, b = a. The density in
the case o = 2 has the form (see (1.10.2))

1 e
P(x,t):rme /@0, (2.4.1)

In this case the kernel ®o(z,y, —a,a) coincides with the Green’s function of the
equation

d?y
—@:f(gv)7 —a<z<a (2.4.2)
with the boundary conditions
y(—a) = y(a) = 0. (2.4.3)
The eigenvalues of the problem (2.4.1), (2.4.2) have the form
nm 2
n — \ 5 . 2.4.4
M ( 2a ) ( )
Hence we have
An (By) = da” (2.4.5)
n 2) — (’fl’/T)2 . 4.

It follows from (2.1.3) and (2.2.5) that
t)y =Y e/ AnlBa), (2.4.6)
n=1
Formulas (2.4.5) and (2.4.6) imply the equality

=S e A= (2.4.7)
n=1

Using Poisson’s formula (see [38, Ch. 3, Section 2]) we can write

> 2 1 o0 2 s 2
Z e/ = 2 +/ (e_z ™42 Z e " /X cos 27Tna:)da:. (2.4.8)
n=1 2 0 n=1

From (2.4.8) and formula

oo A
/ 6712//\ cos2mnx dx = gei}mzn?, n=0,12... (2.4.9)
0

we deduce the relation

ie*““ = + W+ er*“ n? (2.4.10)
n=1
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Now, use the inequality
—Am2a? iz
e <e , x>1, A>0. (2.4.11)

It follows from (2.4.11) that

0 —Ar?
Y et < 1677“ A> 0. (2.4.12)
—e iy

n=1
Formulas (2.4.7), (2.4.10), and (2.4.12) immediately imply the asymptotic relation

T 1 .
ra(t) = ay/ — — = +0 (t*1/2e*4“ /t) .t 0. (2.4.13)
nt 2

Remark 2.7. Formula (2.4.13) shows that the weakened principle of the impercep-
tibility (2.2.3) holds in the case o = 2 too.

Remark 2.8. Formula (2.4.13) contains the second term of the asymptotics, which
is equivalent to (—1/2). This term characterizes the influence of the boundary. Tt
is interesting that the second term of the asymptotics in (2.4.13) does not depend
on the length of the domain [—a, al.

The following problem is an analog of the famous Weyl problem from the
spectral theory of differential equations.

Open problem 2.9. Find the second term (the influence of the boundary) in the
asymptotic formula (2.2.19) when 0 < o < 2.

2.5 General case
For an arbitrary stable process (0 < o <2, —1 < 3 < 1) we have
Da(T,y,t, B,00) = Py(xz —y,t, 5,00). (2.5.1)
We shall use the following statement (see [102, Ch. 5], [194, Ch. 2]).
Theorem 2.10. Let one of the conditions
Ll<a<2, -1<p8<1,

I 0<a<1l, -1<p8<1,
be fulfilled. Then the equality

1 1 1/«
P,(0,t,8,00) = ;I‘ (1 + a) tle (cos g) ‘sin %(’y + a) (2.5.2)

s valid.



62 Chapter 2. The principle of imperceptibility of the boundary

Here the parameter « is defined by the relations

p? = (cos %)2 + 32 (sin ?)2 , sign (u) = sign (1 — ), (2.5.3)
cos (L;) = u "t cos (%) (2.5.4)

From the probability point of view we deduce (see [69,70]) that
po‘(x’x7t757m)SP(()’t’ﬁ’w)?

that is,
/ Palz, 2, t, 8, a)dx < 2aP(0,t, 8, 00). (2.5.5)

—a

The weakened principle of the imperceptibility of the boundary takes the form
/ pa(z, x,t, B,a)dx = 2a P(0,t, 3,00)[1 + o(1)], t— 0. (2.5.6)
The relation (2.5.6) has been proved in the following two cases:
I.0<a<2, [=0 (thesymmetric case, see Sections 2.2-2.4);
II. I<a<?2, B==1 (thecompletely asymmetric case, see paper [146]).

Remark 2.11. While proving case II we essentially used the important result of
M. Dzhrbashyan [36] concerning Mittag—Leffler type functions.



Chapter 3

Approximation of positive
functions by linear positive
polynomial operators

3.1 Introduction

The class of continuous 27-periodical functions f(z) which satisfy the inequality

|f(z+h)+ f(z—h) —2f(x)| <2[p]", O0<a<2 (3.1.1)
is denoted by Z,. Let us introduce the operator
1 s
Lf =7 [ Uit-o)ftdt, 1) € Za, (3.12)
Tr —1T
where )
Un(t) = L Zn:tp (k) elkt (3.1.3)
" 2D, n ’ o
k=0
n k -
D=3 ¢ (n)  Da 0, ole) = o). (3.1.4)
k=0

The method of approximation of functions of the class Z,, by linear positive poly-
nomial operators L, is given by formulas (3.1.2)—(3.1.4) (see [5,76,124,195]). The
measure of this approximation is the value

Cunlp,a) =sup||f(z) — Lo f(2)||, f€Za (3.1.5)
where the norm ||f(x)| is defined by the relation
[f (@)l = max |f(z)]. (3.1.6)
—n<z<mw
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By Cél)[a7 b] we denote the set of functions ¢(z) continuous on the segment
[a,b], p(a) = ¢(b) = 0 and the first derivative ¢’(z) is continuous on the segment
[a,b]. Further we suppose that ¢(z) € C(()l)[O, 1]. In this chapter we deduce that
(see [124])

n®Cp(p,a) = C(p,a) +0o(l), n—o00, 0<a<2. (3.1.7)
The formulas for C(p, ) and

C*'(a)= inf Clp,a), 0<a<?2 (3.1.8)
peCs(0,1]
are deduced. It is interesting that the operator B, which was investigated in Chap-
ter 1, plays an essential role in the formulated approximation problems.

We note that g, (z) = L, f(z) > 0 if f(z) > 0. It means that we approximate
the non-negative functions f(x) by non-negative functions g, (z). Such kind of
approximation is important in a number of probabilistic problems (example: f(x)
is a density).

3.2 The asymptotic formula for C,,(p, @)

1. The function U,(t) of the form (3.1.3) can be written down as

I« o
Un(t) = 5 + > o coskt, (3.2.1)
k=1
where
(n) _ Dk s s+k
M= Dpn= (7) . 2.2
Ok Dn ’ k, Sz:;@ n ' n (3 )

Theorem 3.1 (See [124]). If ¢(z) € C’(()l)[O, 1], p(z) £ 0 and 0 < a < 1, then the
formula
n*Ch(p,a) = C(p,a) +o(1) (3.2.3)

1s valid. Here

(1) sin ()
T fol ©?(x)dx

Proof. It follows from (3.1.2) and (3.2.1) that

Lof(z) = f(z) = L ICh s f(g — = 2/() U, (t) dt. (3.2.5)

T™J—x

Clp,a) =

/ o () / SdW)le—y " dyde.  (3.2.4)
0 0

The function [¢|* belongs to the class Z,,. From (3.1.1), (3.1.5) and (3.2.5) we have

C(p, @) = % /0 U () dt, 0<a<2. (3.2.6)
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Applying Abel’s transformation (see [195, Ch. 1]) to the kernel U, (¢) and recalling
that (see [195, Ch. 2])

R _ sin ((2n+1)/2)
we obtain the equality
Un(t) = kZoA : —2 ) (3.2.8)

where

AoV = oM — Ul(ﬁr)p O0<k<n-—-1 of! =1, Aol =0, (329)

Substituting (3.2.8) in (3.2.6) we get

T n

-z 3" AotV Fy(a), (3.2.10)

k=0

where (( ) )
T sin((K+1/2)t

F = ¢ ———— 2. 211

k(@) /0 QSin(t/Q) » O<ax< (3:2.11)

On the segment [t| < 7 the functlon ( 72) can be written in the form [53]

2 (2201 — 1) | By, |
UtQU 1 o = ,
sin t/2 Z “ “ (2v)! 22v—1

(3.2.12)

where By, are Bernoulli numbers. It means that the function Fj(«) can be repre-
sented as

Fi(a) = /OW t*lsin Kk + ;) t} dt + my(a) (3.2.13)

where
S " a—1 _; 1
=> a, [ t*'sin btg)t|dt, 0<a<2 (3.2.14)
v=1 0
If 0 < a < 1, then, using the well-known relation
/ t*ledt =71 (), 0<a<l, (3.2.15)
0

we deduce

T (kJrl)ﬂ'
/ t* Lgin [(k + 1) t] dt = %/ ’ 2 tsinzda
0 2 (k+ )% Jo

2
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= I(a) (sin %) <k+ ;) o <k+ ;) h /(OO e lsnzdr.  (3.2.16)

k‘-‘r%)ﬂ'
In order to estimate my(«) (see (3.2.14)) we observe that

. ) 9 1 00 1
/ t2v+a—1 sin I:(k + ) t:| dt‘ = Hial / t2v—2+04 COS l:(k‘ + ) t:| dt‘ .
; 9 k+ 5 0 2

Hence we have

/ t2vta—lgip Kk + 1) t} dt‘
O 2

20—1 g
< v —|—2a {7_[_21;—2-&-04 i (2v—2+a)/ (2v—3+a
(k + %) 0
< 2(2'0 -1 —’_204) 7T2v72+oc
(k+3)

an[(e+2) 1] )
. v>1 (3.2.17)

Leonhard Euler expressed the Bernoulli numbers in terms of the Riemann zeta—
function (see [39]) as

an:(—l)”ﬂm <1+ ! +3%+ ) (3.2.18)

It follows from (3.2.18) that

| By| = 0( (i")! ) . (3.2.19)

Using the second relation in (3.2.12) and (3.2.14), (3.2.17), (3.2.19) we get

mi(a) = O <<k: + ;) _2> k>0 (3.2.20)

For the integral in the right-hand side of (3.2.16) we have

/ z* lsinzdz
k+3

Using the second law of the mean, we have

a—2
’/ 2% 2 cosz dx <2[<k+1)7r] , <k+l>7r<N<oo.
k+3 2 2

(3.2.22)

= (1- a)/ % cosx da. (3.2.21)
(k—‘r%)w
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It follows from (3.2.21) and (3.2.22) that

|/k+ 2 Usinzdr | = O<<k+;>_2>. (3.2.23)

By (3.2.13), (3.2.15), (3.2.20) and (3.2.23) we deduce the relation

Fk(a):l“(a)<k+;)asm(2)+0<< ;>2> 0<a<l (3.224)

Hence by (3.2.10) we obtain the equality

n—1 —«
or N 1
Cn(p,a) = 7(Ta) sin (%) E Aal(€ ) (k: + 2) +ralp,a), 0<a<l,

k=0
(3.2.25)
where
n 1 —2
Irn(p, )| < MZ ‘Ao—,(c”) (k + 2) , 0< M < . (3.2.26)
k=0
In view of (3.2.2) and (3.2.9) we have
n AD C, T
Aot = T"’; ADyp = Dipy — Dii1p. (3.2.27)
Let us take into account that
() = p(1) =0, ¢(x) € C5"[0,1].
Then relations (3.2.2) and (3.2.27) imply
nE s s+k s+k+1
AD,, = 2 Y
w3 (B[ (7)o ()]
n—k—1
kY 1 1
- |:<p (f) o <S+ >+o<)] = 0(1), (3.2.28)
g n n n n
0<k<n-1
ADy . = p(0)p(1) = 0. (3.2.29)
According to (3.2.26)—(3.2.28) we obtain
M < 1 1
(o) < ——__—o(=). 3.2.30
el < 55 i =2 () (3:230)

k=0
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Let us consider now the expression

n - n—1 —a
« (n) 1 _ k+ 1/2 Aka
n kZ:OA(;k (k: + 2) =y ( - D (3.2.31)

k=0

In view of (3.2.28) the formula

n Z Ac™ < > h

- n—k—1 s s
k=0 n ZSZO QDQ (%) % n
is correct. The right-hand side of (3.2.32) is a double integral sum.
When n — oo we get
lim n® z": k+ 1 h Act™
n—roo k
1— y 1
/ / olx + )¢ (z)dedy ——— (3.2.33)
fo P2
Let C(p, a) be defined by
Clp,a) = lim Ch(p,a), 0<a<l. (3.2.34)

n—o0

Then relation (3.2.3) follows from (3.2.25), (3.2.30), (3.2.33), and we have

Clp,a) = f;m / / @4 y) ¢ () dady, (3.2.35)
T Jo

Integrating by parts the right-hand side of (3.2.35) we obtain

2F(a_1)Sin(a7T) ' / ! / — p)l-a x
7 fy ¢*(x)dw /Oso(x)/GC ¢'(y)(y—x) “dydx.  (3.2.36)

Clp,a) =
The assertion of the theorem follows now from formula (3.2.36) and the equality

/01 ¢ (x) /ml o' (y) (y — )" dyda = /U1 o (4) /Oy(y — )0 () dar dy.

(3.2.37)
O
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2. Let us consider the case when
l<a<2. (3.2.38)

We denote by w(d) the modulus of continuity of the derivative of the function
©(z), that is, a monotonically increasing function w(d) such that

|/ (x +6) — ¢’ (z)] < w(d). (3.2.39)

Theorem 3.2 (See [124]). Let o(x) € C’él)[O, 1], o(x) # 0 and

lim w (1> n®1=0 forsome 1<a<2. (3.2.40)
n—o00 n
Then the relation
1
n*Cu(p,a) = C(p,a) + O {n‘”w <n>} (3.2.41)
1s valid. Here
INa-1 ! 1 _
Clo)=— U [ [l - dpar. (242)
7 [y ©*(x)dz Jo 0

Proof. Tt follows from (3.2.2), (3.2.27), (3.2.39) and (3.2.40) that
n—k—1

ADpn= Y [(p (%) @’(s—;k) i+0(iw<i))} (3.2.43)

s=0

Hence by (3.2.10), (3.2.11) and (3.2.29) we obtain the equality

n

o =55 e () () Lo (L (2))] me

k=0 s=0

(3.2.44)
Now we estimate the functions Fj(«). By (3.2.13) and (3.2.20) we have
Fy(a) = / t* tsin ((k+1/2)t)dt + O ((k: + 1/2)‘2) : (3.2.45)
0

Integrating by parts the right-hand side of (3.2.45) we get

1\ T (k+1/2) ,
Fi(a) = (k+2) (a—l)/o t* 2 costdt + O[(k+1/2)_ } ,

that is,
Fi(a)=0((k+1/2)"%).
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Hence we have

> |Fu(@)| = 0(1). (3.2.46)
k=1
Substituting in (3.2.44) s + k = v and applying (3.2.46) we deduce the relation
n—1ln—1
2 v—k\ ,/v 1 1
(o) = — 2\ F —w(=)]. B2
Ch(p, @) WnDnI;);(p< - >g0 (n) k(a)JrO{nw(n)] (3.2.47)

Now we rewrite (3.2.47) in the form
n—1 v
2 v v—k 1 /1
— F — — . (3.24
mms 27 (1) 32 (57 oo [fe ()] o2

Using Abel’s transformation ( [195, Ch. 1]) and the equality ( [195, Ch. 2])

C%(¢7a)::7

gsm«m 1/2)0) = - ‘g‘;j’lf((?/;”t), (3:2.49)
we obtain
kz;w (V ; k) Fi(o) = :Z:) [w (V ; k) - (V_nk_lﬂ Pp(a),  (3.2.50)
where

b)) = 3 Fy(a) = /ﬂ o ! _4C;1£(Z/+2)1)t) at, 1<a<2 (3251

From the inequality

T gy
[@x()] S/O 2sin? (£/2)

we conclude that
n—1 v—1
o 2 1 / v / V_k 1 1
Calp,0) = ~—5- nQUZso (H)Zw ( - )<I>k(a)+0[nw<n)].

=0 k=0
(3.2.52)

The relations

nlgjz:é@’ (Z)Zz:::@’ (Vnk> /Olso’(x) /Owso’(fvy)dydz =0 {w <;)} ,
) ) (3.2.53)
/O <p’(ﬂc)/o ¢'(x—y)dydz =0 (3.2.54)
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P QT (5ol e

In view of (3.2.51), (3.2.52) and (3.2.55) we have

g =g (1) 2 (5w vo [fo (7))

imply that

(3.2.56)
where
~ ™ k+1)t
By.(a) = —/ n C()S((zi)) dt. (3.2.57)
0 4sin” (t/2)
Now (3.2.12) and (3.2.15) yield
By(a) = —(k + 1) “sin (%)I‘(a ~D+O0[(k+1)71].
Hence
o 20 (o — 1) sin & — (v—k\ (k+1\ "1
- D B (1) 5 (8) 1y
1
+0 [nalw (n)] . (3.2.58)
From (3.2.40) and (3.2.58) we get the assertion of the theorem. O
3. Now we consider the case when o = 1.
Theorem 3.3. Let p(z) € C(()l)[(), 1], () #0, a =1 and
. 1
nh_{lgo (logn)w (n) =0. (3.2.59)
Then we have the equality
nCr(p,1) = C(p,1) + o(1), (3.2.60)
where
1 ! / ! /
Cle)=-—g——"—/[ ¢ | ¢y loglz —yldyda. (3.2.61)
wfo ©?(z)da 0

Proof. Tt follows from (3.2.44) and (3.2.45) that

o= 8E (G (5 3o ()] o

(3.2.62)
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1\ 2
<k + 2> ] . (3.2.63)

n—1
> Fi(1) =logn + My + o(1). (3.2.64)
k=0

FL(1) = m +0

We deduce from (3.2.63) that

In view of (3.2.62) and (3.2.64) we have

n—1ln—k—1

9 1 s s+ k logn 1
o 21 2\ Fi(1 =
(3.2.65)
Substituting s + k = v in (3.2.65) we conclude that
n—1 v
- 2 1 , v I/—k IOgn 1
Cn(@vl)__ﬂ_Dnn.an:(:)(p (n)]§)<‘0< n ) Fk(1)+0|: n w<n):|
(3.2.66)

Applying Abel’s transformation to sum

kzioso (=5 R

and using (3.2.64) we obtain

n—1 v
B 2 1 S (V , (v —k
Cn(p,1) = D, w2 ;90 (ﬁ) ];)<P (n> [log (k + 1) + My + o(1)].
(3.2.67)
Relations (3.2.55) and (3.2.67) imply that

n—1 v
B 2 1 az ,(v—Fk k+1 1
Cnl(p,1) = E’ﬁ;f (n)l;)@( - >log - +0<n>. (3.2.68)

Theorem 3.3 follows now from (3.2.60), (3.2.68) and the equality

/01@/@) /yllog(m—y)w’(w)dwdy Z/Olso'(y) /Oylog(y—x)w’(w)dxdy. O

Remark 3.4. L.I. Bausov [5] investigated the case when 0 < o < 1 and ¢(z) has
the second continuous derivative from which he obtained the following important
result:

«)sin (<& ! v
O [ [ e i+ 0t

(3.2.69)

Clp,a) =
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Our formula (3.2.35) follows from (3.2.69) when

¢(0) = (1) = 0. (3.2.70)

Condition (3.2.70) allows us to transform formula (3.2.35) to self-adjoint form
(3.2.4). This fact we shall use in the next section.

3.3 Precise value of C*(«)

Let us consider the operator

d _ d
Aaf == Sagf, (3.3.1)

where the operators S, act in L?(—1,1) and are given by the formulas

Sa(f) _ F(Oé — 1) sin (%) /_11 f(y)|x _ y|1—04dy’ 0< < 2’ a # ]_7 (332)

™

1
=1 [ () log |z~ yldy. (33.3)

The domain D,, of the operator A, is described by the relations

@) € L-L1), s, e (L), f(-1)= f(1)=0.

Remark 3.5. If X; is a symmetric stable process and A = [—1, 1], then the corre-
sponding operator La (see (1.4.2)) and the introduced operator A, (see (3.3.1)—
(3.3.3)) are connected by the equality

—La = Aq. (3.3.4)

The operator A, is a positive operator with a discrete spectrum ( see Chapter
1, Section 1.11). Let us denote by p1(«) the minimal eigenvalue of the operator
Aq. The following assertion holds.

Theorem 3.6. Let p(z) € C’él)[O, 1], () #Z 0 and let C(p, a) be defined by formula
(3.2.42) when a # 1 and by formula (3.2.61) when o = 1. Then the equality

C*(a)= inf Clp,a)=2%0(a), 0<a<?2 (3.3.5)
peCM0,1]

is valid.

Proof. Tt follows from (3.2.42), (3.2.61) and (3.3.1)—(3.3.3) that

Clp,a) = 2%(Aath, ) / [0 (y)II*, (3.3.6)
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where )
y+1
v =¢(15) . Wl = [ 1wPa. (337
The assertion of the theorem follows from (3.3.6) and the relation
inf (Ao, ¥) /||¥]I> = pa(a), @ € Dq. (3.3.8)
]

From the two-sided estimation of uq(«) (see (1.15.2)) we have a two-sided
estimation of C*(«):

a/2+1)T(a+3/2)

Mara)

I
2T(a+1) < C*(a) < 2 1 0<a<2  (3.3.9)

3.4 Korovkin’s and Fejer’s operators

1. Korovkin’s operators are defined by formula (3.1.2), when

p(r) =sin(rz), 0<z<1. (3.4.1)
In this case we have
A= (EY p, —1<y<1 (3.4.2)
2¢ - (2) wa Sy=1, <.
where .
N T
V(y) =¢ ( 5 ) = cos (2) y. (3.4.3)

Thus ¥ (y) is the non-negative eigenfunction of the operator A,.

Tt follows from (3.3.8) that ¥ (y) of the form (3.4.3) gives the best approxi-
mation in the class Z3. This result was obtained by Korovkin [76]. The last result
explained why Korovkin’s operators give a good approximation when a ~ 2.

2. Let us consider the case when
plr)=1, 0<z<1. (3.4.4)

In view of (3.1.3) and (3.1.4) we have

D,=n+1, U, =

that is,

2 sin (%(n—l—l)t) ?
U"(t)_n+1< 2sin ($1) ) ’ (3.4.5)
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Formula (3.4.5) shows that in case (3.4.4) the function U, (t) coincides with the
Fejer kernel (see [195, Ch. 3]).
We note that the function p(z) = 1 does not satisfy the condition

©(0) = (1) =0, (3.4.6)
that is, p(z) =1 ¢ C’él)[O7 1].

Let us use formula (3.2.69) when ¢(x) = 1. In this case we obtain the well-
known estimation for Fejer’s operators (see [5,111]):

C(F,a) = m sin (%) (3.4.7)

Conjecture 3.7. Formula (3.3.5) remains valid even without condition (3.4.6).



Chapter 4

Optimal prediction and matched
filtering for generalized
stationary processes

4.1 Introduction

1. Optimal prediction of classical stationary processes. A complex-valued stochas-
tic process X (t) is called stationary in the wide sense (see, e.g., [32]), if its expec-
tation is a constant,

E[X(t)] =const, —oo<t< oo

and the correlation function depends only on the difference (¢ — s), that is,
Kx(t,s)=E [X(t)X(s)] = Kx(t — 5).

We assume that F [|X(t) |2] < 00. Let us consider a system with the memory depth
w that maps the input stochastic process X (¢) into the output stochastic process
Y (t) in accordance with the following rule:

Y(t):/t_ X(s)g(t — s)ds, g) € L(0,w). (4.1.1)

In the optimal prediction problem one needs to find a filter g(t) such that the
output process Y (t) is as close as possible to the true process X (¢t + 7), where
7 > 0 is a given constant. The measure of closeness is understood in the sense of
minimizing the quantity

B[IX(t+7)-Y(®)P].

Wiener’s seminal monograph [192] solves the above problem for the case w = oo
in (4.1.1). His results were extended to the case w < oo in [193].

L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 77
Interactions, Operator Theory: Advances and Applications 225, DOI 10.1007/978-3-0348-0356-4 4,
© Springer Basel 2012
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2. Matched filters. Let the system receive a signal a(t) corrupted by noise X (t)
which we assume to be a zero-mean stochastic stationary process in the wide sense
(the more natural generalized stationary process is discussed below). In accordance
with (4.1.1) the system output is

ag(t) +Y(t) = /0W g(r)[at—7)+ X (t—7)]dr. (4.1.2)

We consider the case when the signal a(t) is deterministic. In this case the standard
criterion is to maximize at the moment ¢y the signal-to-noise ratio

/v = o) 2= B (v ()P 41.3
/—027werea— Y ) ). (4.1.3)

Such filters are named matched filters and the formulas for them were derived
in works [112,185]. Matched filters are used in radar systems [91] and communi-
cations [60].

3. Generalized stationary processes. Gelfand and Vilenkin introduced in [45] the
concept of generalized stochastic processes. An (ordinary) stochastic process is a
function X (t) of ¢ such that for each ¢, X(¢) is a random variable. A generalized
stochastic process is a functional X which assigns random variables X (¢) to the
test functions .

One of the advantages of this approach is that the derivatives of classical

stochastic processes (while generally may not exist in the usual sense) can be
thought as generalized functions. For example, white noise X (t) (having equal
intensity at all frequencies within a broad band) is not a stochastic process in
the classical sense. In fact, white noise can be thought of as the derivative of a
Brownian motion, which is a continuous stationary stochastic process W (t).
It is well known that W (¢) is nowhere differentiable. This means that white
noise dvgt(t) does not exist in the ordinary sense. In fact, white noise is a generalized
stochastic process. Generally, any receiving device has a certain “inertia” and
hence instead of actually measuring the classical stochastic process ((t) it measures
its average value

B(p) = / S, (4.1.4)

where ¢(t) is a certain function characterizing the device.

4. S j-processes, white noise type processes. In this chapter we use an important
class of generalized processes: Sj-generalized processes (see [148, Ch. 6]). The
process @ is called an S j-generalized process, if for ¢(t) and ¢ (t) vanishing outside
of J = [a, b] we have

B |0(0)2()| = (Ss¢¥) 2 (4.1.5)
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where S is a bounded operator of the form

d b
Sy = T o(u) st —u)du € L*(a,b). (4.1.6)
a
For S;-generalized processes we solve the optimal filtering and prediction
problems (see [115,116]).
We introduce and investigate interesting subclasses of the S j-generalized
processes: white noise type processes, power—low noises.

4.2 Generalized stationary processes

Let I be the set of all infinitely differentiable finite functions. A stochastic func-
tional ® assigns to any ¢(t) € K a stochastic value ®(p). A stochastic functional
® is called linear if ®(ap + BY) = a®(p) + SP(¢). Let us now assume that all the
stochastic values ®(¢) have expectations m(y) that depend continuously on ¢ as

m() = E@ ()] = [ edr@), where Fa) = Ploe) <.

— 00

The function m(¢p) is linear in the space K. The bilinear functional

B(p,v) = E[2(0) @ (¢)] (4.2.1)

is a correlation functional of a stochastic process. It is supposed that B(y, 1)) is
continuously dependent on each of the arguments.

The stochastic process @ is called generalized stationary in the wide sense
[45,148] if for any functions ¢(t) and (t) from K and for any number h the
equalities

mlp(t)] =mlp(t+h)], Blo).w(t)] = Blot+h),w(t+h)]  (422)

hold.

Let us denote by K; the set of the functions from X such that ¢(t) = 0
when ¢ ¢ J = [a,b]. The correlation functional B;(p, ) is called a segment of the
correlation functional B(yp, ) if

Bi(p,y) = B(p,¥), ¢, ¢ €K, (4.2.3)
In what follows we consider the generalized stationary processes of the form
By(p,¥) = (Ssp,¥) 12, (4.2.4)

where (-,-)72 is the inner product in the space L?(a,b), and S; is a bounded
non-negative operator acting in L?(a,b) and having the form

b
Srp = % s(t —w)p(u) du. (4.2.5)
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Definition 4.1. Generalized stationary processes satisfying (4.2.4) and (4.2.5) are
called Sj-generalized processes.

Example 4.2 (White noise). It is well-known that white noise W is not a continuous
stochastic process. In fact, it is a generalized stationary process with correlation
functional [92]

Bulow) = [ [ o= s)ptyile) dsct
o Jo
Thus, in this case we have

Bw (p,¢) = (¢, ¥)L, (4.2.6)

and hence (4.2.6) implies that white noise W is a very special Sj-generalized

stationary process with
Sy =1. (4.2.7)

It means that the corresponding kernel function s(t) has the form

%, t>0,
T2

, t<0.

4.3 Generalized processes, examples

1. Let us consider an Sj-generalized process. By f(z) we denote the Fourier
transformation of the kernel of the operator S;. The kernel of S; = I (white
noise) is a §(t — s) function. The Fourier transformation of 6(¢) is fw (z) =1 (i.e.,
equal intensity at all frequencies).

Now we introduce a new notion of the white noise type processes.

Definition 4.3. The S j-generalized process is called a white noise type process if
the corresponding function f(z) is a piecewise constant function.

Example 4.4. We introduce the operator w,
LY
Sy1=Df + i][ SO 4 f) e 120,0), (4.3.1)
Qo 0 x—t

where fow is the Cauchy principal value integral and D > 1.
The kernel of S;; has the form

k1 (z) = Do(z) + ——. (4.3.2)

™

Hence the corresponding function f(z) is defined by the relation [18]

| D+1, z >0,
f(Z)—{ D1 <0 (4.3.3)
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Thus, in case (4.3.2) we have a white noise type process.
Further we need the following result (see [147, Ch. 3, Section 4]).

Proposition 4.5. If D > 1, then the operator S;i is positive definite, invertible

and ) .
: i 2t \" (e 75w
S;if=Dif —— dt 4.3.4
J’lf if T Jo (w—y) <w—m> T —t ( )
where D )
_D1 — D72 — 1’ 6 = 7D2 — 17 (4.3.5)
and the number a is given by the equality
cosh (am) = Dsinh (an). (4.3.6)
Example 4.6. We introduce the operator
“ sin (7(z — t))
S = — t)—————=dt 4.3.7
saf = 1@ = | FOFITE (13.7)
where —1 < ;1 < 1. The kernel of S;2 has the form
Ko(z) = 8(z) — p 000 (4.3.8)
2 = 1% - . ..
The corresponding function f2(2) is given by the relation [18]
. 1 —p, —T<z<T,
fQ(Z) = { 1’ 2 g [—71',77], (439)

Hence in case (4.3.8) we have a white noise type process.
The following statement is valid (see [30]).

Proposition 4.7. If —1 < pu < 1, then the operator Sjo is positive definite and
invertible.

Remark 4.8. When ;1 = 1, the operator S;2 plays an essential role in random
matrix theory (see [106]).

2. Now we consider the following example.

Example 4.9 (Power—low noise). The important special case of generalized sta-
tionary processes is obtained when

T
Syaf = / F@O)le—tdt, 0<a<1. (4.3.10)
0

The kernel of S;3 has the form

ks(z) = |z| 7. (4.3.11)
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The corresponding function f3(z) is defined by the relation [18]

falz) = %sin (%“) I(1—a)lz]* L (4.3.12)

The following assertion is well-known (see [147, Ch. 3, Section 1]).

Proposition 4.10. If 0 < o < 1, then the operator Sj3 is bounded and positive
definite.

4.4 Problem of optimal prediction

The problem of optimal prediction for a time interval 7 > 0 forward can be stated
as follows:

We are required to select g(x) of the device (4.1.1) so that the output process
Y (t) is as close as possible to the process X (t + 7).

As a measure of closeness Y () to X (¢t + 7) we take the quatity ¢ defined by

e :E(|X(t+r)—Y(t)}2). (4.4.1)

It is well-known [92,107,147], that in the classical case the solution g(t) can be
found by solving the equation

/Ow g(v)ky(u —v)dv = ky(u+ 1), (4.4.2)

where k,(t — s) is the correlation function of the stationary process X (t).
In the generalized case the solution g(u) of the optimal prediction problem
satisfies the equation

Sjg=ka(u+7), 0<u<w, 7>0, (4.4.3)

which is a general form of (4.4.2).

We suppose that the corresponding function k(x) is continuous when x # 0.
We note that examples Sy, (n = 1,2, 3) satisfy this condition (see (4.3.2), (4.3.8),
(4.3.11)). If S is invertible, then

g=2S87"[k(u+7)]. (4.4.4)

Remark 4.11. The operator S;; is invertible and the operator Sj% has form
(4.3.4). The operator Sj2 is invertible too. The operator Sj3 is not invertible.
The corresponding equation

Sysg=ks(u+71), 7>0

is studied in our book [147, Ch. 3].
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4.5 Generalized matched filters

The problem is to choose the function g(t) (see (4.1.2)) so that it characterizes the
detected signal in an optimal way. If we consider the classical stationary processes
X (t), then the criterium of the system quality at the moment ¢ is signal-to-noise
ratio

wh@ﬁamiﬁmwﬁw (45.1)

where

0
o’ =E (|y(t)|2> = /Ow /Ow g(u) B(u — v) g(v) dv du. (4.5.2)

Here B(u) is the correlation function of the process x(t).
Let us now replace formula (4.5.2) by

o> =B(g,9), g€ L*(0,w), (4.5.3)

using correlation functional B(y, ) defined by (4.2.1). Then formula (4.5.1) makes
sense in the case of the generalized stationary process as well.
We investigate the following problem.

Problem 4.12. Find g(t) € L?(0,w) such that the signal-to-noise ratio S/N at the
moment ty has the greatest value.

We solve the formulated problem for the case of Sj-generalized processes,
where J = [0,w]. In this case relation (4.5.3) takes the form

0?=(S7,9,9). (4.5.4)

If g(t) is a solution to the problem (4.5.1) then cg(t) is a solution as well. Hence,
without any loss of generality we may assume that

ao(ty) = /0 gt alty—t)dt = 1. (4.5.5)

Thus, Problem 4.12 is equivalent to the following problem.
Problem 4.13. Find the minimum of the form (S;g,g) under constraint (4.5.5).

Proposition 4.14. We assume that the function ho(t) = a(to —t) € L*(0,w) and
there exists a function fo(t) € L*(0,w) which satisfies the relation

Srfo = ho(t). (4.5.6)
Then the solution vy, to the Problem 4.13 is given by formula

1

Vmin = m7 (457)

when

g="Bfo, B#0. (4.5.8)
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Proof. Taking into account equality (4.5.6) we rewrite condition (4.5.5) in the

form
(9,51f0) = (\ﬁ97\ﬁf0)—1 (4.5.9)

The Schwarz inequality implies 1 < (S;9,9)(Ss fo, Fo), that is,
1

(579,9) 2 (Sin,fo) ~ (ho, o)’ (45.10)
Equality in (4.5.10) holds if and only if
VS19=BvSsfo. (4.5.11)
Hence, we obtain relations (4.5.7) and (4.5.8). The proposition is proved. O
In view of (4.5.5) and (4.5.11) we have
g1 (4.5.12)
(hos fo)

Let us denote by gopt and fimax the solutions to Problem 4.12. It follows from
Proposition 4.14 that

__Jfo _
Gopt = (ho, fo)’ Hmax = (hOa fO) (4513)

Theorem 4.15. If the operator Sy is invertible, then there always exists a unique
solution fo = S;lho and

Jopt = (S7'h0) / (ho, S7 " ho) . (4.5.14)

fimax = (ho, S7 " ho) - (4.5.15)

Example 4.16 (White noise). Recall that in the white noise case Sy = I. Hence,
the solution is unique and has the form

a(to — t)
I latt — P dt’

Yopt =

[hmax :/ la(to —t)|* dt. (4.5.16)
0



Chapter 5

Effective construction of a class
of positive operators in Hilbert
space, which do not admit
triangular factorization

5.1 Introduction

To introduce the main notions of triangular factorization (see [27,71,87,140,142,
156]) consider a Hilbert space L?(a, b) (—oo0 < a < b < o). The orthogonal
projectors P¢ in L?(a, b) are defined by the relations

(Pef)(z) = f(z) fora<x <& (Pef)(z)=0for { <z <b (f€La,b)).

Denote the identity operator by I.

Definition 5.1. A bounded operator S_ on L?(a,b) is called lower triangular if for
every & the relations

S-Q¢ = QeS-Q, (5.1.1)
where Q¢ = I — P, hold. The operator S* is called upper triangular.

Definition 5.2. A bounded, positive definite and invertible operator S on L?(a,b)
is said to admit a left (right) triangular factorization if it can be represented in
the form

S=S5_8" (S=8"S5_), (5.1.2)
where S_ and S~! are bounded and lower triangular operators.
L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 85
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Further, we often write factorization meaning a left triangular factorization.

In paper [156, p. 291] we formulated necessary and sufficient conditions un-
der which the positive definite operator S admits a triangular factorization. The
factorizing operator S—! was constructed in an explicit form. We proved that a
wide class of operators admits a triangular factorization [156].

D. Larson proved [87] the existence of positive definite and invertible but
non-factorable operators. In the present article we construct concrete examples of
such operators. In particular, the operator

Sf =) - |

0 m(z —t)

*sinm(x —t)

f)dt, f(z) € L*(0,00), 0<pu<1 (5.1.3)

is positive definite and invertible but non-factorable. Using positive definite and
invertible but non-factorable operators we have managed to substitute pure exis-
tence theorems [87] by concrete examples in the well-known problems posed by
J.R. Ringrose [126], R.V. Kadison and I.M. Singer [71]. We note that the Kadison—
Singer problem was posed independently by I. Gohberg and M.G. Krein [52].

The non-factorable operator S, which is defined by formula (5.1.3), is used
in a number of theoretical and applied problems (in optics [170], random matrices
[178], generalized stationary processes [115,116], and Bose gas theory [105]). The
results obtained in the paper are interesting from this point of view too.

5.2 A special class of operators and corresponding
differential systems

In this section we consider operators S of the form
Sf=f@)—n [ he-0f@dt f@) L2000, (521
0

where © = fr and h(z) admits representation

h(zx) L /Oo e p(N)dA. (5.2.2)

=5 o
We suppose that the function p(\) satisfies the following conditions:
1. The function p(A) is real and bounded,
oM <U, U>0 (—00<A<o0). (5.2.3)

2. p(A) = p(—A) € L(—00,00).

Hence, the function h(x) (—oo < x < 00) is continuous and real. The corresponding
operator

Hf = /OOO h(z — t)f(t)dt (5.2.4)
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is self-adjoint and bounded, where ||H|| < U. We introduce the operators

3
Sef = f(z) — ,u/o h(z —t)f(t)dt, f(z) € L*(0,€), 0< &< oo, (5.2.5)

The following statement is valid.

Proposition 5.3. If —1/U < pu < 1/U, then the operator Se, which is defined by
formula (5.2.5), is positive definite, bounded and invertible.

Hence, we have

3
5S¢0 = @)+ [ Relantu ot (526)

The function Re(z,t,p) is jointly continuous in z,¢,&, u. M.G. Krein (see [52,
Ch. IV, Section 7]) proved that

S;t=T+V)(I+V), 0<b< oo, (5.2.7)

where the operators V, and V_ are defined in L?(0,b) by the relations

(Vif) (@) = (V-f)(x) = /Ow Ry (z,t, ) f(£)dt. (5.2.8)

Krein’s formula (5.2.7) holds for the Fredholm class of operators. The operator S,
belongs to this class. The kernel of the operator V_ does not depend on b. Hence, if
the operator S admits factorization, then formula (5.2.7) holds for the case b = oo
too, that is,

STh=(T+ V) I+ Vo). (5.2.9)

Remark 5.4. Relation (5.2.9) also follows from Theorem 2.1 in the paper [156].

Let us introduce the function
q(z) =1+ /Ow Ry (z,t, p)dt. (5.2.10)
Using the relation R, (z, ¢, ) = Ry (x—1,0, 1) (see [52, formula (8.12)]), we obtain
q(z) =1+ /Ow Ry (u, 0, 1)du. (5.2.11)

According to a well-known Krein’s formula (see [52, Ch. IV, formulas (8.3) and
(8.14)]) we have

1 (z) = exp {/Oz Rt(t,O,u)dt} . (5.2.12)
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Together with ¢; (z) we shall consider the function

q2(z) = M(x) + /01‘ M(t)Ry(x,t, p)dt, (5.2.13)
where
M(z) = % . ;L/Ow h(s)ds. (5.2.14)
The functions ¢ () and ¢a2(z) generate the 2x2 differential system
% =izJH(z)W, W(0,z)=Is. (5.2.15)

Here W (x, z) and H(x) are 2x2 matrix functions and J is a 2X2 matrix:

2
_ | @) 1/2 _|0 1
H(z) = [ 12 @@ | J = R (5.2.16)
Note that according to [152, formulas (53) and (56)] we have
q1(x)ga(x) =1/2. (5.2.17)
It is easy to see that
JH(x) = T(x)PT*(z), (5.2.18)
where (@) @)
a(z) —q( 10
T(z) = . P= . 5.2.19
D=0 e | oo S
Consider the matrix function
V(z,z) = e 2T (2)W (2, 2)T(0). (5.2.20)
Due to (5.2.15)—(5.2.20) we get
av .
o= (iz/2)jV + T'(x)V, V(0) = I, (5.2.21)
where (@)
0 Bz ) 1 0
=0 B0 [ 0] eam
¢ ()
B(z) = = Ry(2,0, 11). 5.2.23
(@) = 28 = R0, (522
Let us introduce the functions
D, (2, 2) = vip (2, 2) +v2n(x,2)  (n=1,2), (5.2.24)

U, (z,2) = i[vin(z, 2) — von(x, 2)] (n=1,2), (5.2.25)
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where v, (x, ) are elements of the matrix function V' (z, z). It follows from (5.2.21)
that

d(i" — (2/2)U,, + B(2)®,,  ©1(0,2) = ¥, (0,2) = 1, (5.2.26)
di" — (2/2)®, — B(z)T,, U,(0,2) = —U5(0,2) = i. (5.2.27)

Consider again the differential system (5.2.15) and the solution W(z,z) of this
system. The element w; 2(§, z) of the matrix function W (x, z) can be represented
in the form (see [149, p. 54, formula 5.2.5])

w ) =iz ((I—zA)""1,8-11) 5.2.28
12(62) =iz (1= 24) 7 151 (5.2.28)
where the operator A has the form
Af = i/ f(&)dt. (5.2.29)
0
It is well-known that .
(I —zA)"11 = e, (5.2.30)

We can obtain a representation of W (¢, z) without using the operator Sg_ ! Indeed,
it follows from (5.2.20), (5.2.24), and (5.2.25) that

Dy — i, Dy — il
By +i0; Dy +i0,

According to equality (5.2.11) we have ¢1(0) = 1. Due to (5.2.19) we infer

T(0) = [ 1}2 1_/12 } , T7H0) = [ _11//22 1 } . (5.2.32)

Further we plan to use Krein’s result from [80]. For that purpose we introduce the
functions

Wz, 2) = (1/2)e®*/?T(x) [ ] T-10). (5.2.31)

P(x,z) = ®*/2[®(z, 2) — i¥(x, 2)]/2, (5.2.33)
Py(z,2) = €7*2[®(x, 2) + 10 (z, 2)] /2, (5.2.34)

where
O(x,2) = P1(x,2) + Do(x,2), V(z,2) =T¥(x,2)+ Vy(z,2). (5.2.35)

Using (5.2.26), (5.2.27) and (5.2.33), (5.2.34) we see that the pair P(x,z) and
P.(z,z) is a solution of the Krein system

dP dP,
—_—= 1 P B P*) -_ = B P, 2
o - + B(x) 1 (x) (5.2.36)
where
P(0,z) = Pu(0,2) = 1. (5.2.37)

It follows from (5.2.33) and (5.2.34) that
P(x,2) — P,(z,2) = —ie'**/20(z, 2). (5.2.38)
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5.3 Non-factorable positive definite operators,
a sufficient condition

The linear bounded operator .S on a Hilbert space H is the positive definite oper-
ator if (Sf,f) >0forall f € H, f #0.
We assume that the following relation holds:

M(z) = (1—p)/2+q(@), qlz) € L2(0,00), (5.3.1)

where the function M () is defined by (5.2.14). Condition (5.3.1) can be rewritten
in an equivalent form:

/ h(z)dz = 1/2, / h(u)du € L*(0,00). (5.3.2)
0 T
Now, we need the relations (see [147, Ch. 1, formulas (1.37) and (1.44)])
Sel = M(x) + M€ — ), Se = UeSeUs, (5.3.3)
where Ue f(z) = f(§ — ), 0 <z <& Tt follows from (5.3.1) and (5.3.3) that
Sel=1—p+q(z) + Ugq(z). (5.3.4)

Hence the relation

Sl = ﬁ(l —re(x) — Uere()) (5.3.5)

is valid. Here r¢(z) = glq(x). Using formulas (5.2.28), (5.3.1), and (5.3.5), we
obtain the following representation of wy 2(§, z).

Lemma 5.5. The function w1 2(§, z) has the form
wi (€, 2) = € G(E, 2) - G(E,2), (5.3.6)
where

&
G, 2) = ﬁ [1 - iz/o e_‘”rg(x)dx] . (5.3.7)

Note that the operator S defined by formula (5.2.1) is positive definite,
bounded and invertible. According to (5.2.7) we have

Q(x) = (I +V_)q(x) € L*(0,00). (5.3.8)
Hence, there exists a sequence x,, such that
Q(xz,) =0, x, = oco. (5.3.9)

Now, we prove the following statement.
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Lemma 5.6. Let relation (5.3.9) be valid. Then we have

1
lim ¢(z,) = . (5.3.10)

Ty —00 1—un

Proof. In view of (5.2.10), (5.2.13), and (5.3.1) we get

22(x) = qu(z)(1 = p)/2 + Q(x). (5.3.11)

Taking into account the relation ¢;(x)g2(z) = 1/2 (see [152, formulas (53) and
(56)]), we obtain the equality

1/2 = ¢i(2)(1 — 1) /2 + @1 (2)Q(x). (5.3.12)
Formula (5.3.10) follows directly from relations (5.3.9), (5.3.12), and inequality
q1(z) > 0. O

It follows from (5.2.19) and (5.3.10) that

T(x")_){l/CQYC 1/200], Ty — 00, Czl/\/(l—u). (5.3.13)

Hence, in view of (5.2.32), (5.2.33), (5.2.35), and (5.3.13) the following assertion
holds.

Lemma 5.7. Let x,, tend to co. Then, w1 2(,2) has the asymptotics
wy 2(Tp, 2) = —iCe®*/ 20 (z,,, z)(1+o(1)). (5.3.14)

Lemma 5.8. Suppose that the operator S of the form (5.2.1) admits a factorization.
Then we have

glg{.lo e w5 (€,2) = G(2), Imz <0, (5.3.15)
glinolo wy 2(€,2) = —G(Z), Tmz>0, (5.3.16)

where
G(z) = ﬁ[l —iz /000 e p(x)da], r(x) =S tq(x). (5.3.17)

Proof. According to (5.2.9) we have S~' = I +V_, where V_ is defined by (5.2.8).
Hence, the operator function Sg ! strongly converges to the operator S~ when
& — 00. Then the function r¢(z) = Sglq(x) strongly converges to 7(z) = S~ 1q(x),
when ¢ — oo, and r(x) € L?(0,0). Using (5.3.6) and (5.3.7) we obtain relations
(5.3.15) and (5.3.16). The lemma is proved. O

From Lemma 5.8 we derive the following important assertion.
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Proposition 5.9. If at least one of the equalities (5.3.15) and (5.3.16) is not valid,
then the corresponding operator S does not admit factorization.

Note that a new approach to the notion of the limit of a function was used
in Lemma 5.6. Namely, we introduce a continuous function F(x), which belongs
to L(0,00), and consider sequences x,, — 0o, such that

F(x,) — 0. (5.3.18)

Definition 5.10. We say that the function f(z) tends to A almost surely (a.s.) if
relation (5.3.18) implies

flzn) = A, 2, — 00, (5.3.19)

Equality (3.10) can be written in the form

1
lim ¢1(x) = , .. (5.3.20)

T—00 1—,u

Remark 5.11. From a heuristic point of view “almost all” sequences x, — oo
satisfy relation (5.3.18). This is the reason for using the probabilistic term “almost
surely”.

5.4 A class of non-factorable positive definite operators

Introduce a partition
O=ay<a; <---<a, =a, (5.4.1)

and consider the function p(A\) = p(—\) such that

0, a<A,
o= { b1, ak—1 <A < ag, (5.4.2)
where
bp=1; —-1<b,<1 (0<k<n-1). (5.4.3)

In the case of p given by (5.4.2) and (5.4.3) we can put U = 1 in (5.2.3). Further,
we investigate the operators S, which are defined by formulas (5.2.1), (5.2.2),
and (5.4.2). The spectral function o(A) of the corresponding system (5.2.36) is
absolutely continuous and such that (see [80])

o'(A) = [L - up(N)]/(2m). (5.4.4)

Remark 5.12. The operators S, which are defined by formulas (5.2.1), (5.2.2), and
(5.4.2), appear in the theory of generalized stationary processes of white noise
type (see [115,116]). If n = 1 and a; = w, then the corresponding operator S has
the form (5.1.3).



5.4. A class of non-factorable positive definite operators 93

It follows from (5.2.2) and (5.4.2) that

1 n . o _
h(z) Zbk_lsmakx sinap1& (5.4.5)

™ €T
k=1

According to (5.4.4) we have

> logo’(u)
—_— . 4.
/ L du < 0o (5.4.6)

— 00

It follows from (5.4.6) (see [80]) that
l/ |P(x, 20)|?dx < 0o, TImzy > 0. (5.4.7)
0

Hence, there exists a sequence z,, such that
|P(2n, 20)]> = 0, 2, — o0. (5.4.8)

Now, we use the corrected form of Krein'’s theorem (see [80,155]):

Proposition 5.13. 1. There exists the limit

II(z) = lim Pi(zp,2), (5.4.9)

Ty —00

where the convergence is uniform at any bounded closed set of the upper half-
plane Im z > 0.

2. The function I1(z) can be represented in the form

1 1 > 141tz

II(z) = — — —(1 "(t))dt + i 4.1
A= 7o | e @ ria), (410
where o = @. Here o is the spectral function of system (5.2.36), which corre-
sponds to p given by (5.4.2) and (5.4.3), that is, this o is defined by (5.4.4).

Remark 5.14. The function |Q(x)|? + |P(z,20)|*> belongs to the space L(0,00).
Hence, there exists a sequence z,, such that relations (5.3.9) and (5.4.8) are valid
simultaneously.

If (5.4.5) holds, then the following conditions are fulfilled:
0<do< IS <A<, / |h(x)|*dx < oco. (5.4.11)
0

Therefore, in formula (5.4.10) we have (see [152, Proposition 1]):

a=0. (5.4.12)
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One can easily see that

1 [ 14tz 1
[ =TT og(2m)dt = = log(2n). 41
9 /_OO D 5 ) osm)dt = 5 log(2m) (54.13)

It follows from (5.4.10), (5.4.12), and (5.4.13) that II(z) has the form

n—1 - log(1—brp)/2im
1(z) = [] K“’““ +Z> (a’“ 2)] , Imz>0.  (5.4.14)

a —Z a V4
o k41 kTt

Proposition 5.15. The solution of system (5.2.36) is defined by the formulas

P(z,z) = e~ (1 + /I R, (s, O,M)e_izsds> , (5.4.15)
0
P.(x,z) =1+ /x R, (0, s, p1)e'**ds. (5.4.16)
0
The relation .
W = /0 P(z,z)P(x,§)dz (5.4.17)

holds.
Using the relation (see [52, Ch. IV, formula (8.12)])

Ry (z,t,u) = Ry(xz —t,0, p), (5.4.18)

we write relation (5.4.15) in the form
P(z,z) = €% + /j Ry (z,u, p)e*du = V_el*?, (5.4.19)
Equality (5.4.17) can be represented in the form (see (5.2.7))
g)ngg) = lim (S, 'e!™¢, e*7), (5.4.20)

The operator function S, ! is bounded and monotonically increasing with respect
to b (see [149, p. 41, formula (1.16)]). Hence, the operator function S, ' strongly
converges, when b — 0o, to S~! and relation (5.4.20) takes the form
T(2)II(S)
i(z-¢)

Using (5.4.10) we obtain the following result:

_ (516l oo, (5.4.21)
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Proposition 5.16. Let I1(z) be defined by formula (5.4.10), then

(z) =1 +/ ey (t)dt, ~(t) € L*(0,00). (5.4.22)
0
Proof. According to (5.4.4) and (5.4.10)—(5.4.13) we have
1 n—1 o)
_ - _ i(z—t)z
II(z) = exp 5 kzzolog(l 1by) /Ak /0 e dadt], (5.4.23)
where Ay = [—ag+1, —ag]Ulag, ag+1]. Changing the order of the integrals we de-
duce the equality
I(z) = exp[/ e'#yy (x)da], (5.4.24)
0
n—1 . .
1 SN Ag+12 — SIn ap®
= —— log(1 — ub . 5.4.25
n(w) = —— kZ:O og(1 — uby) - (5.4.25)
Formula (5.4.22) follows directly from (5.4.24), (5.4.25) and the equality
v(x) = y1(x) + Y2 (x) /2 + y3(2) /3 + - -+, (5.4.26)
where .
Yn(x) = / Y1 () Yn—1(z —t)dt, n > 1. (5.4.27)
0
Formulas (5.4.25)—(5.4.27) imply that v(x) € L?(0, 00). The proposition is proved.
U
We represent the left-hand side of (5.4.21) in the form
H(2)I(€) /OO —i(z=8u . T
- (1I(E) (5.429)
Relations (5.4.22) and (5.4.23) imply that
II(2)T1(E) iog i
E)S) (vt iy 5.4.29
= ) (5429
where the operator T is defined by the formula
T/ =@+ [ Aofaa f@eo0)  (5450)
0
and the kernel v(z,t) has the form
Y(x,t) =y(x —t) +y(t —x) + / ¥(z — s)y(t — s)ds. (5.4.31)
0

We note that v(t) = 0, if ¢ < 0. Comparing formulas (5.4.21) and (5.4.29) we

obtain the important equality
S~t=r. (5.4.32)
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Remark 5.17. Formulas (5.4.30)—(5.4.32) for constructing S—! coincide with the
famous Wiener—Hopf formulas. It is interesting that in our case Krein’s condition
h(z) € L(—00,00) is not fulfilled, but the corresponding formulas hold. In partic-
ular, we have constructed the operator S~! for the classical operator (5.1.3).

Now we prove the main result of this chapter.

Theorem 5.18. The bounded positive definite and invertible operator S, which is
defined by formulas (5.2.1) and (5.4.5) does not admit a left triangular factoriza-
tion.

Proof. If the operator S admits the factorization, then according to (5.4.31) the
relation
hmoy(x —1) = t~1>1:1131l() Ry (x,t) (5.4.33)

t—x—
must be valid. Using (5.4.25)—(5.4.27) we have

n—1

7(0) = f% > log(1 — pby) (axs1 — ax). (5.4.34)
k=0

From relations (5.2.5), (5.2.6) and (5.4.5) we obtain that
n—1

Ro(o, 0) = ,ubk(akﬂ — ak). (5.4.35)

k=0

3=

In view of —log(1 —x) > z (z € (—1, 1)) the inequality
~v1(0) > Ry(0,0) (5.4.36)
holds. Hence, the relation (5.4.33) does not hold. The theorem is proved. O

5.5 Examples instead of existence theorems

Let the nest N be the family of subspaces Q¢L?(0,00). The corresponding nest
algebra Alg(N) is the algebra of all linear bounded operators in the space L2(0, 00)
for which every subspace of N is an invariant subspace.

Put Dy = Alg(N)NAlg(N)*. The set N has multiplicity 1 if the diagonal
Dy is abelian, that is, Dy is a commutative algebra. We can see that the lower
triangular operators S_ form the algebra Alg(NN), the corresponding diagonal Dy
is abelian, and it consists of the commutative operators

Tof =¢(@)f, [€L*0,00), (5.5.1)
where ¢(x) is bounded. Hence, the introduced nest N has multiplicity 1.

Ringrose Problem. Let N be a multiplicity 1 nest and T be a bounded invertible
operator. Is TN necessarily multiplicity 1 nest?

We obtain a concrete counterexample to Ringrose’s hypothesis.
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Proposition 5.19. Let the positive definite, invertible operator S be defined by the
relations (5.2.1) and (5.4.5). The set SY/2N fails to have multiplicity 1.

Proof. We use a well-known result (see [27, p. 169]):

The following assertions are equivalent:
1. The positive definite, invertible operator T admits factorization.
2. 2. T2 preserves the multiplicity of N.

We stress that in our case the set N = Q¢L?(0, 00) is fixed. The operator S
does not admit factorization. Therefore, the set S'/2N fails to have multiplicity
1. The proposition is proved. U

Next, consider the operator

V= /0 e f(y)dy,  f(z) € L*(0,00). (5:5.2)

An operator is said to be hyperintransitive if its lattice of invariant subspaces
contains a multiplicity 1 nest. Note that the lattice of invariant subspaces of the
operator V coincides with N, see [99] and [175, Ch. 11, Theorem 150]. Hence, we
deduce the following answer to Kadison—Singer [71] and to the Gohberg—Krein [52]
question.

Corollary 5.20. The operator W = SY/2V.S~1/2 is a non-hyperintransitive compact
operator.

Indeed, the lattice of the invariant subspaces of the operator W coincides
with S/2N.

Remark 5.21. The existence parts of Theorem 5.18, Proposition 5.19, and Corol-
lary 5.20 have been proved by D.R. Larson [87].

5.6 White noise type process, a special case

Let us consider an operator S of the form (5.2.1). We suppose that h(z) is defined
by (5.4.5) and that
by = 0. (5.6.1)

In the case that (5.6.1) holds, relation (5.3.1) takes the form
M(z) =1/2+q(x), q(x) € L*(0,00), (5.6.2)

where the function M(z) is defined by (5.2.14).
Condition (5.6.2) can be written in the equivalent form

/ " hw)ds = 0, / " h)dz € L2(0, 00). (5.6.3)

We formulate the analogue of Lemma 5.5 for case (5.6.1).
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Lemma 5.22. The function wy 2(&, z) has the form
wi2(€,2) = € G(€,2) — G(€,2), (5.6.4)

where

3
G,2)=1- iz/o e e (z)da. (5.6.5)

Here re(z) = Sglq(o:).

We note that the operator S is positive definite, bounded and invertible.
According to (5.2.7) we obtain

Q(x) = (I +V_)q(x) € L*(0,00). (5.6.6)
Hence there exists a sequence x,, such that
Q(z,) — 0, 2, — 0. (5.6.7)
Now instead of (5.3.11) we have

@2() = qu(2)/2+ Q(x). (5.6.8)

Taking into account the relation ¢; (z)g2(z) = 1/2 (see [Sakh19]) we get the equal-
ity
lim ¢(x,) =1. (5.6.9)

Ty —>00

Therefore the analogue of Lemma 5.7 has the form:

Lemma 5.23. The function w1 2(zy, 2) satisfies the asymptotic equality (x,, — o)
w1 2(Tp, 2) = =2 2W (2, 2) (1 + 0(1)). (5.6.10)

Formulas (5.4.1)—(5.4.17) hold in case (5.6.1) too, only C' = 1. Taking into
account Lemma 5.23 and relation (5.2.38) we have

lim wyo(xy, 2) = —II(2), Imz>0. (5.6.11)

Xy, —>00

Comparing formulas (5.3.14) and (5.6.11) we see that

—yl_l}IEO G(-iy) = —yl_l)IEOH(ly) =-1. (5.6.12)

So, in case (5.6.1) the necessary condition of the operator S to be factorable is
fulfilled.
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Example 5.24 (Optimal problem). We consider generalized white noise type pro-
cesses. The corresponding operators S are defined by formulas (5.2.1), (5.4.5).
We assume that

ho(t) =e ™, A >0, t>0. (5.6.13)

The solution of the optimal problem has the form (see Chapter 4, Section 4.5)
gopt = (Sglho)/(sglho, ho)g, Vmaw(f) = (Sglho,ho)g. (5614)
We need the following well-known statement (see [80]).

Proposition 5.25. The solution of system (5.2.36) is defined by the formulas

P(z,z) = e'®* [1 —|—/ R.(s,0,p)e *%ds| , (5.6.15)
0

x
P.(z,z)=1 —|—/ R, (0,5, p)e'**ds. (5.6.16)
0
Using the relation (see [52, formula (8.12)])
Ry(x,t, 1) = Ry(x —t,0, ), (5.6.17)

we write relation (5.6.15) in the form
P(z,2) = ™ + / R (2, u, p)e*du = V_el®?, (5.6.18)
0
In view of (5.2.7) we can represent Vpmqz(€) in the following way:

1S
Vmaz(§) = (V_ho, V_ho)¢ = /0 |P(z,i\)|*dz. (5.6.19)

It follows from (5.2.36) and (5.6.19) that
Vmaz(§) = [|P.(iIN)[> = [P(N)?] /2. (5.6.20)
Using (5.4.8), (5.4.9) and (5.6.20) we deduce the equality

M vy,00(€) = [TI(EN) /2. (5.6.21)

£—o0

We note that in the case of white noise type processes, the function II(i)) is given
in an explicit form (see (5.4.6)).



Chapter 6

Comparison of thermodynamic
characteristics of quantum and
classical approaches

Introduction

In the theory of quantum systems the statistical sum
(o] 1
_ —BEy(h) —
Zy(B,h) = nE:1e , pB= T (6.0.1)

plays the main role. In formula (6.0.1) k is the Boltzmann constant, T is absolute
temperature, h is the Planck constant, F,, (h) are eigenvalues of the energy operator
H of the considered system. In classical physics the integral

Zo(8) = // e PHEPD) qp dg (6.0.2)

is the analog of sum (6.0.1). In formula (6.0.2) the function H(p,q) is the clas-
sical Hamiltonian, p are corresponding generalized momenta, ¢ are generalized
coordinates.

E. Wigner and J.G. Kirkwood (see [69, Ch. 4]) showed that quantum statis-
tical sum Z,(h, 8) and classical statistical sum Z.(3) are connected by the relation

lim (27h)N Z,(h, ) = Z.(B), (6.0.3)
h—0
where N is the dimension of the corresponding coordinate space. However the
comparison of the quantum and classical approaches without the demand for h
being small is of important scientific and methodological interest.
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To do it we consider the quantum mean energy

Yot Bn(h)e= PP ™

E,(B,h) = (6.0.4
q( ) Zq(h,/B) )
and the classical mean energy
H —BH(p,9) dp d
E.(B) = ff (p,q)e pdq (6.0.5)

Z:(P)

of the same system.
In this chapter we shall discuss the following conjectures (see [151,153]).

Conjecture 6.1. The inequality
(2rh)Y Zy(8,h) < Zo(8) (6.0.6)

is valid for all h >0 and 5 > 0.
Conjecture 6.2. The inequality

Eq(B,h) > E:(B) (6.0.7)

holds for all h > 0 and g > 0.

Conjecture 6.3. The asymptotic equalities
@rh)N Zy(B,h) ~ Ze(B), B — +0, (6.0.8)

Ey(B,h) = Ec(8), B — +0, (6.0.9)
are valid.

Remark 6.4. We note that § = ﬁ, which means that the relation 8 — +0 is
equivalent to the relation T — +oo.

Remark 6.5. We stress that relations (6.0.3) and (6.0.8) are similar, but do not
coincide.

We begin with important special cases: potential well, oscillator. We prove
that in these cases the relations (6.0.6)—(6.0.9) are valid.

Then we introduce measure and integration connected with Wiener processes
(see [69,117]). Using these notions we formulate the important D. Ray’s results
[125] which can be interpreted as a weak form of the principle of imperceptibility
of the boundary. With the help of D. Ray’s results we prove that relations (6.0.6)
and (6.0.8) hold for a broad class of problems. It follows from (6.0.6) and (6.0.8)
that (6.0.7) and (6.0.9) are valid in the sense of a mean.

In the last section we compare the quantum entropy S, and classical entropy
Se.
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6.1 Quasi-classical case

Let us consider the Schrodinger differential operator

2
Lip = _;—mA¢+V(x)¢ (6.1.1)

and the corresponding classical expression of energy
X
H(p,z) = %;p?+V(.’E1,$2,...,$N). (6.1.2)
E. Wigner and J.G. Kirkwood obtained the following result (see [69, Ch. 4]).

Proposition 6.6. If the inequalities

Z.(B) = //e_BH(p’I) dpdx < oo, (6.1.3)
1 N ov 2
— —BH(px)
k(B) = //e P jE:I (axj) dpdz < o0 (6.1.4)

are valid, then the relation
7)Y Zy(B, h) = Zo(8) = h*k(B) + o(h?), (6.1.5)

where k(B) > 0, holds.
Tt follows from (6.1.5) that for small h the inequality (6.0.6) is valid.

6.2 One-dimensional potential well

In the case of the potential well the spectrum E,, of the system coincides with the
spectrum of the boundary problem

h? 42
~5 ¥ T By =0, y(0) =y(a) =0, (6.2.1)
that is, we have
h? 72
E,(h) = oy M= 1,2,.... (6.2.2)

The Hamiltonian function H(p,q) in the case of a potential well has the form

1
H(p,q) = %p2 for 0<g<a, H(p,q) =0 for ¢ ¢][0,al]. (6.2.3)
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Using formula (6.2.2) we obtain that

2
w2 K2 2;1.0:1 e " /A n2

2.4

Bi8.) = 5 S (6.24)
where )
2ma

According to (6.2.3) and to relations

g2 o 22 AV
/ e” x dr = Vam, / r?e” X dx T (6.2.6)
— 00

—00

we have the formula .
Ec(f) = 5P (6.2.7)

Theorem 6.7. Inequality (6.0.7) holds for a one-dimensional well.

Proof. Without loss of generality we shall suppose that

w2 B2

= 1. 2.
2ma? (6.2.8)

Formula (6.2.4) immediately implies the inequality

E.(B,h) > 1. (6.2.9)

Then, according to (6.2.7) inequality (6.0.7) holds for

B = (6.2.10)

w\»—‘

Let us pass to the case 8 < 3. Using the Poisson formula (see [38]) we can
write

oo 1 0o oo [e ]
Z e A = ) + / e ™ Az + 2 Z / e /X cos 2mna dz. (6.2.11)
0 n=170

n=1
Since
o0
A
/ e~ /Acos 2mna dx = ge_/\nzﬂz, n=0,1,2,... (6.2.12)
0
we have

ie*“/ —”+ WZe*M ’T (6.2.13)
n=1
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Differentiating (6.2.13) with respect to A we obtain

1 2
2 n /)\ 3/2 3/2 An2n? 5/2 —n?r?
E n )\ \ﬁr—kQ}\ \fﬂ'ngle (M) E e

n=1
(6.2.14)
Let us now use the inequalities
eI oA s A >, (6.2.15)
g2e AT < omAIE s A > 1. (6.2.16)
It follows from (6.2.13) and (6.2.14) that
2 2
E,(8,h) > — L (7/6) ¥ 1”2‘%4:? . (6.2.17)
28 1— (B/m)1/2 4+ 30 e mnt/P
It is easy to see that
a2\ o—7/8
A= < —. 2.1
T 1—em/B 7 6_2 (6:2.18)
By (6.2.15) and (6.2.1) the inequality (6.2.18) implies that
,/ L P SRy L
> Z n 3 Z:: mE B (6.2.19)
Inequality (6.2.19) can be written in the form
2 n2e —m2n?/8 1
— (7*/6) $oney = >1, B< <. (6.2.20)
1_(ﬂ/7r)1/2+2n:1 e—m2n?/p 2

The assertion of the theorem immediately follows from inequalities (6.2.6), (6.2.17)
and (6.2.20). O

Remark 6.8. Formulas (6.0.1), (6.0.4), (6.2.13), (6.2.15) and (6.2.16), (6.2.17) im-
ply the asymptoic relations

Zq(ﬁ,h):% 2;”6(12 ;ﬁ+o<e th)>, 80, (6.2.21)

1 h |xnp3 1 —;7;;2
E,(B,h) = 5/<<1a 2m>+0(626 )), 8 —0. (6.2.22)
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6.3 Harmonic oscillator

In the case of a harmonic oscillator, the spectrum FE,, of the system coincides with
the spectrum of the boundary problem

h? 42 mw?a?
_27’7’Ld$2y+<E_ 5 )y—O, —o0 < x <00, (631)
that is, we have
E,(h)=hw(n—-1/2), n=1,2,.... (6.3.2)

The Hamiltonian function H(p, ¢) in the case of a harmonic oscillator has the form

p2 mw2q2

H(p,q) = o T (6.3.3)
Using formulas (6.0.2) and (6.2.6) we deduce that
Z.(B) = ;—Z (6.3.4)
It follows from (6.0.1) and (6.3.2) that
2y B) = —— (6.3.5)
2sinh (hw3/2)
Formulas
E(B,h) = Mlh’z“,;m E)= 5 (6.3.6)

follow directly from (6.0.1), (6.0.2), (6.0.4), (6.0.5) and (6.3.2), (6.3.3).
Due to (6.3.4)—(6.3.6) we obtain the following assertion.

Proposition 6.9. In case of a harmonic oscillator, relations (6.0.8) and (6.0.9)
hold.

Theorem 6.10. For a harmonic oscillator, inequality (6.0.7) is valid for all h > 0
and > 0.

Proof. It follows from (6.3.6) that

Eq(B,h) = Ec(B),  h—0, (6.3.7)

OE,(B,h) w ehwh —e=hwB  hup . o hwp
—— =3 1 - sinh - > 0. (6.3.8)

Hence, the function E,(5, h) is monotonically increasing with respect to h. Now
the assertion of the theorem follows directly from (6.3.7). O
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6.4 General case, statistical sum

1. Further we need the main notions of measure and integration connected with
Wiener processes (see [69,117,169]). Let us consider the set of continuous functions
x(7) (0 < 7 < t) with values on RY and

where
O=mo<m < <71y <H,

E; are Borel sets in RY. The introduced set of functions has by definition the
probability measure

PI'Ob{ZL'(Tj)GEj,].éjSTL}:/ d.’El/ dl’an(xj—.’Ej,l,Tj—Tj,l),
By e

n

(6.4.1)
where

p(a,t) = (2rt) N2 exp (-”;) (6.4.2)

The Wiener integral is defined with the help of introduced measure (6.4.1), (6.4.2)

in the usual way. We denote this integral by the symbol of the mathematical
expectation F.

2. D. Ray [125] proved the following assertions.

Theorem 6.11. Let Q be an open set in RN such that at each boundary point x of
Q, there is a sphere with center x, some open sector of which is entirely outside
the closure Q of ).

Let V(z) be a non-negative Borel measurable function defined on 2, bounded
on each bounded subset of Q. Let V(x) satisfy, at almost every point x in Q, a
Lipschitz condition of the form

V(z') = V(z) < M(z) |z —2'|", 0<a<l, (6.4.3)

z' in some neighborhood of x.
Forx,yeQ, t>0,s>0, set

K(x,y;t) = plz —y,1) (6.4.4)
t
X E{exp (—/ V(y—i—x(T))dT); y+a(r) € Q,0< 1 <tzk) :x—y}.
0
Then K (x,y;t) is the Green’s function of the differential equation

%Agp(m,t) —V(z)p(z,t) = %(p(m,t), z € Qt>0, (6.4.5)

with the zero boundary value conditions.
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Theorem 6.12. Let Q and V (z) be as in Theorem 6.11, and suppose also either §)

s bounded or that N lim o V(z) = 0o. Then the differential operator
x| —00,xE

L=-A/2+V(z) (6.4.6)

on L2(2), with the zero boundary value conditions, has a discrete spectrum Ap,
(An > 0) with eigenfunctions forming a complete orthonormal basis in L*(2).

Theorem 6.13. Let the conditions of Theorem 6.12 be fulfilled. Then

1
—Ant . —tV ()
En e = /Q K(z,z;t)dz < (27rt)N/2 /Qe de, t>0. (6.4.7)

We copy D. Ray’s proof of inequality (6.4.7).
By Jensen’s inequality [7],

/ﬁ (z,z;t)d /dm SN

x E {exp (-/0 V(z+ g;(T))dT>; c4a(r)eQ0<T< t‘x(t) - o}

</dx 1 1/td
—_— T
“Ja T @em)Nzt

x E {exp(—tV(x ta(r)z+a(r) e Qo< < t’x(t) - o} .

Hence we have

TE{/ - 7exp(—tV(x—|—x(T)))dx‘x(t) :o}
z€Q, x+a(T)EN

< W % /Ot dTE{/Qexp(—tV(x))dx‘x(t) _ o}

Il
~~
[}
3
N
2
~
%)
~+ | =
C\w
o

2

Therefore inequality (6.4.7) holds.
D. Ray proved [125] the asymptotic relation

Ze PV [e*tv<w>dx, t— 0. (6.4.8)

(2mt)N/2

Remark 6.14. The results of type (6.4.7) and (6.4.8) when Q = RY were deduced in
a number of papers (see the results and references in B. Simon’s book [169, Ch. 3]).
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The relation (6.4.8) can be interpreted as the weak form of Kac’s principle
of imperceptibility of the boundary in the case of equation (6.4.5). We note, that
Chapter 2 is dedicated to the weak form of the principle of imperceptibility of the
boundary in the case of a stable process. Relations (6.4.7) and (6.4.8) are analogs
of relations (2.2.5) and (2.2.19) respectively.

3. [Itisinteresting that D. Ray’s results can be interpreted in a new way. We shall
show that inequalities (6.0.6) (Conjecture 6.1) and (6.0.8) (Conjecture 6.3) follow
from inequalities (6.4.7) and (6.4.8) respectively. Let us consider the Schrédinger
differential operator

2
AV = —h—A\I'—i—V( U — EV (6.4.9)

in an open subset 2 of N-dimensional Euclidean space R”Y. We assume that
Ul =0, (6.4.10)

where I' is the boundary of 2. Taking into account the relation

Ao Eh2,

we see that in case (6.4.9) inequality (6.4.7) has the form

nm 1 m
ZeftEh2 7/ e V@ g, (6.4.11)

27t )N/2

From (6.1.2) and (6.1.3) we obtain that
Zo(8) = (2rm/8)""? /ﬁe*ﬁ‘/mdx. (6.4.12)

Putting t = %[3 we write (6.4.11) in the form

m

N/2
L (W) S e En8 < Le—ﬁv(w)dx_ (6.4.13)
” Q

Relations (6.4.12) and (6.4.13) imply that

(@2rh)N Zy(h, B) < Ze(B), B = 7= (6.4.14)
In the same way we deduce from (6.4.8) that
2rh)NZy(8,h) = Z(B), B—0, B= % (6.4.15)

So we have proved the following statement.
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Theorem 6.15. Let the conditions of Theorem 6.12 be fulfilled. Then relations
(6.0.6) and (6.0.7) are valid.

Corollary 6.16. Let the conditions of Theorem 6.12 be fulfilled. If

Le_ﬁv(m)dx < 00, (6.4.16)
Q
then

D e B <o, (6.4.17)

Example 6.17 (Potential well). If © is bounded and V(x) = 0, then according to
(6.4.12) we have
Ze(B) = (27m/B)N/? vol Q. (6.4.18)

Example 6.18 (One-dimensional potential well). From formulas (6.0.1), (6.0.4) and
(6.2.2) we get the equality

% (27hZ, (B, h)) = 27 Z,(8,h)[1 — 2BE, (B, h)]. (6.4.19)

According to Theorem 6.7 we have

1
>
EfI(ﬁvh) = 267
that is,
4 omhz,(B.1) <0, B>0, h>o0, (6.4.20)

dh

So the following assertion is valid.

Proposition 6.19. The function 2rhZ,(5, h) is monotonically increasing when h —
-+0.

We note, that the function Z,(, h) can be represented as a function of \/Bh.
It means that formula (6.2.21) is valid when h — +0. Hence we have obtained for
the one-dimensional potential well the analog of the Wigner—Kirkwood formula

Z,(B,h) = L [Z:(B) — hm + o (R?)] . (6.4.21)
21h

It has been stated in a number of works [69,86], that the deviation (27h)N Z, (8, h)
from the classical expression Z.(3) goes at least with the second power of h. This
statement is valid under some additional conditions, but it is not valid for the
potential well. The term following the classical one in formula (6.4.21) turns out
to be of the first power of h. It is interesting to note that the coefficient of h in
formula (6.4.21) does not depend on the value of a.
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Example 6.20 (Harmonic oscillator). From formulas (6.0.1), (6.0.4) and (6.3.2) we
get the equality

%(QWth(B, h)) = 2w Zy(B, h)[1 — BE.(B,h)]. (6.4.22)

According to Theorem 6.10 we have

1
Eq (67 h) Z Ea
that is, inequality (6.4.20) is valid in this case too. Hence Proposition 6.19 holds
in case of the harmonic oscillator too.
We note that the function Z,(5, h) can be represented as a function of Sh. It
means that the following assertion is valid for the one-dimensional potential well
and for a harmonic oscillator.

Proposition 6.21. The function 2rhZ,(8, h) is monotonically increasing when B —
—+0.

Open problem 6.22. Are Propositions 6.19 and 6.21 wvalid in the general case?

6.5 General case, mean energy

The following assertion confirms partially Conjecture 6.2.

Theorem 6.23. Let the conditions of Theorem 6.12 be fulfilled and

E,(8,h) < o0, E.(B) < oo. (6.5.1)
Then the inequality
B
/H) [Eq(v,h) — Ee(y)]dy >0, >0 (6.5.2)
holds.
Proof. Using relations (6.0.1), (6.0.2) and (6.0.4), (6.0.5) we have
By = - 2980 [ 7,50, 653
_0Z.(8)
£5) = - 250 [ 2.0) (6.5.0)

Relations (6.5.3), (6.5.4) imply that

B

Ze() . 0<7<B  (65.5)

B
[ B = Bl = tog e

T
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According to (6.4.15) and (6.5.5) we obtain that

B
/ [Eq(h,~) — Ec(7)]dy

+0
’ Z:(8)
= 1i E,(h,v)— E. dy =log ————2 > 0. 5.
7__1}20 . [ q( ,'V) (7)] Y og (QTl'h)NZq(,B, h) = 0 (6 5 6)
The theorem is proved. O

Example 6.24 (Potential well). Let Q be as in Theorem 6.11. If Q is bounded and
V(z) = 0, then according to (6.4.18) and (6.5.4) we have

E.(B) = N/28. (6.5.7)

6.6 Conclusion

For small values of h the relation between quantum and classical statistical sums
was deduced by E. Wigner and J.G. Kirkwood. However, the comparison of the
quantum and classical approaches for energy, statistical sum and entropy without
the demand of h being small is of essential scientific and methodological interest.
Here we obtain some general results and discuss some conjectures connected with
the formulated problem.

In particular, general and rigorous results on relations between ordinary
quantum and classical statistical sums (see Theorem 6.15) could be derived from
an important work by D. Ray [125] on the spectra of Schrodinger operators.



Chapter 7

Dual canonical systems and dual
matrix string equations

Introduction

The string equation

~ dPo(r, )

- Mot (2)p(x,N), plz) >0, 0<z<l (7.0.1)

can be rewritten in the form

d2p(x, A dM

where .
M(z) = / P2 (t)dt.
0
The variable x can be viewed as a function of M and the equation

d2p(M, \) dr .
is said to be dual to equation (7.0.2). The notation of a dual string was introduced
and investigated by I.S. Kac and M.G. Krein [66], see also [34, Sections 6.8 and
6.9].
Let us add conditions

©(0,A) =1, ¢'(0,)) =0, (7.0.4)
F0,0) =0, (0,\)=1 (7.0.5)
L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 113
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to equations (7.0.2) and (7.0.3). As it was shown in the work [66] there are spectral
functions 7(\) and 7(\) of problems (7.0.2), (7.0.4) and (7.0.3), (7.0.5) such that

A
T(A) =7(A) =0, A<O0; T(\) = / pdr(p), X>0. (7.0.6)
0

In this chapter we generalize the notion of dual equations to a class of canon-
ical systems (see [35]):

N

d
Wé% —INH(@)W(z,)\), 0<z<I, (7.0.7)
where J and H(z) are (2m) x (2m) matrices, W (x, \) is (2m) x m matrix and
_ 0 Im _ wlg(x, A)
J = { L. 0 } , Wiz, ) = [ wa (. N } , H(z)>0. (7.0.8)

We consider a special case of a canonical system when H(x) has the form
H(z) = [ Plz) 0 ] , (7.0.9)

where P(x) > 0 is a continuous m x m matrix function. It follows from relation
(7.0.7) that

d
21012 =iAP ! (x) waa(z, ),
1 * (7.0.10)
w .
dx22 =1AP(z)wia(x, N).
Let us add the boundary conditions
’LU12(0, )\) = O, ’w22(0, )\) =1. (7011)
System (7.0.10) can be reduced to two systems of the second order,
d d’wlg \2
% (P(x) o ) = A\ P(x)wia, (7.0.12)
d 1 dw22  \2p-1
Here the following conditions are fulfilled:
dwia . 1
wlg(O, /\) = 0, =i\P (0), (7014)
dr |,
wan(0,N) = I, w2 0 (7.0.15)
22(U, A) = L, =0. 0.
dz |,
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We note that the spectral matrix functions 7(A) and 7(A) of systems (7.0.12),
(7.0.14) and (7.0.13), (7.0.15) satisfy the equality (7.0.6). Systems (7.0.12), (7.0.14)
and (7.0.13), (7.0.15) are mutually dual (see [35]).

The equations of form (7.0.12) play an important role in a number of theoret-
ical and applied problems (prediction theory [34,79], vibration of a thin straight
rod [25], string equation [47]). Thus, the investigation of the direct and inverse
spectral problem for system (7.0.12) is of great interest. For that purpose, in a
number of works [25, 34, 79|, equation (7.0.12) is reduced to the Sturm-Liouville
equation

d?y
da?

In the present chapter, we solve spectral problems for system (7.0.12) by
transferring to the canonical system of the form (7.0.7), (7.0.9). This approach
permits us to consider the matrix case (m > 1), to get rid of the demand for
differentiability of P(z) and to get a simpler procedure for finding P(z) by the
known spectral data.

In this chapter we introduce the duality notion for canonical discrete systems
[154] (see also some results and references in [130])

+q(2)y = \?y. (7.0.16)

Wk —W(k—1,)\)=iAxJ~yk)W(k-1,)), k>1, (7.0.17)
where W (k, \) and (k) are (2m) x (2m) matrices and
v(k) > 0. (7.0.18)

The well-known recurrent relation
bk + 1, \) + arp(k, A) +b5_1p(k —1,\) = Ap(k, \), k>0, (7.0.19)

in which b, ag, p(k,A) are m x m matrices, can be reduced to the canonical
system of the form (7.0.17).

The matrix polynomials are orthogonal with respect to the corresponding
matrix function 7(A), that is,

| e N 10) = S, (7.0.20)
0
where dy; is the Kronecker symbol.
We present a method of constructing the system
D@k + 1,N) + ap@(k, A) 4+ bf 1 3k — 1,A) = A@(k, \), (7.0.21)

which is dual to the original system (7.0.20). The polynomials ¢(k, \) are orthog-
onal with respect to the corresponding matrix function 7(\), that is,

/0 T B NFOF (1 A) = il

The spectral matrix functions 7(A) and 7(\) satisfy relation (7.0.6).
In the last section of the chapter the obtained results are illustrated by a
number of concrete examples.
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7.1 Canonical differential system

1. In this section we shall focus on a canonical system of the form (7.0.7), (7.0.8),

where
H(z) = R(x)R*(x). (7.1.1)

Here (2m) x m matrix R(z) is such that

l
/0 |R()|2dz < 00, R*(z)JR(z) = 0. (7.1.2)

Let p(z) and ¢(z) be a pair of m x m matrix functions and

l
| (@I + la@)?) do < . (7.13)
0
We introduce the matrix functions
M(a?)z/oxp(t)p*(t)dt, N(x):/ozq*(t)q(t)dt, (7.1.4)
R(x) = [ :;Eg } = [ _ié\;(x) ]p(x). (7.1.5)

Then, for canonical systems (7.0.7) with Hamiltonian H(z) of the form (7.1.1),
(7.1.5) we define the dual canonical system

dw(z”” —NH@)W(z,)), 0<z<I (7.1.6)
with Hamiltonian
H(z) = R(z)R*(z), (7.1.7)
where
~ o [A@ ] . [ -iM)
R(x) = [ é(x) ] IJ{ I }q(m). (7.1.8)

Thus, iR(z) is obtained from R(z) by first interchanging p(x) and ¢*(z) and then
interchanging the positions of the block entries.

2. Now we introduce the operator identities which are connected with canonical
systems (7.0.1) and (7.1.6) (see [35]). Let

Bf = q() / "o (1)t (7.1.9)

and

cf =@ [ o s (7.1.10)
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be operators from Hilbert space L3(0,1) into itself. It is easy to see that

l
(B~ O)f = p*(m)/o g (1) f(H)dt = LT f, (7.1.11)

where
I, g=q(z)g, Iag=p*(x)g, geC™ (7.1.12)

It follows from (7.1.5). (7.1.8) and (7.1.9), (7.1.10) that
CBf = i/w R*(z)JR(t) f(t)dt, (7.1.13)
0
BCf =i / "B () TR (Dt (7.1.14)
0

Moreover, in view of (7.1.11) we have
CB - B*C* = B*ILIL, — ILIT B, (7.1.15)
BC — C*B* = LI} B* — BILIT;. (7.1.16)

3. Spectral function. Let us introduce the space L?(H) of (2m) x 1 vector func-
tions f(x), equipped with the inner product

!
mnmmzéﬁuWMﬂmm (7.117)

Definition 7.1. (see [149, Ch. 4]) A non-decreasing m x m matrix function 7(\)
(—o0 < A < 00) is said to be a spectral matrix function of canonical system (7.0.1)
if the operator

l
sz/o [0 L JW* (2, A () f(2)da (7.1.18)

maps the space L?(H) isometrically into the space L?(7), where the inner product
is defined by

(o]
(h Lo = [ HOTOIAO).
—o00
We shall give a description of the set of all spectral matrix functions 7(\)

and 7()\) for canonical systems (7.0.1), (7.1.1) and dual systems (7.1.6), (7.1.7).
To begin, we define the operators

Di9=13(2)g, g=7;(x)g, j=12 (7.1.19)

where ®; and &)j map C™ into L5*(0,). Then

l B l
@ﬁzémwﬁmw,@ﬁzlﬂum@m (7.1.20)
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and according to (7.1.15) and (7.1.16) we have
1
(A—A"f =1(D1DP5 + ©2P7) f = i/ R*(x)JR(t) f(t)dt, (7.1.21)
0
1
(ﬁ—ﬁﬂfzﬂ5@§+§@ﬂf:i/i?@ﬂﬁ@ﬁ@ﬂu (7.1.22)
0

where A = CB, A= BC. ~

It is easy to see that the operators A = C'B and A = BC which are defined by
formulas (7.1.13) and (7.1.14) respectively are Volterra Hilbert—Schmidt operators.
Therefore these operators have no non-zero points of spectrum.

Lemma 7.2. Let the operators A = CB, A= BC and Q;, &)j (j =1,2) be defined
by formulas (7.1.13), (7.1.14) and (7.1.19) respectively. Assume further that r;(z)
and 7;(x) are given by formulas (7.1.4), (7.1.5) and (7.1.4), (7.1.8) and that p(x)
and q(x) are invertible for almost every point x € (0,1) (in addition to (7.1.13)).
Then

1. Ker A =0, Ker A = 0;

2. Ker ®, =0, Ker 52 =0,

3. Range A [ Range &, =0, Range A () Range ds = 0.
Proof. If f € Ker A, then the equality

/ow [N (z) = N(t)]p(t) f(£)dt = 0

is valid, that is,
N'@) [ b0t =o.
0

x

Hence / p(t)f(t)dt =0, and f(x) = 0.

0
The relation Ker @5 = 0 is evident.
Let us suppose that

Af = dog

for some f € L2™(0,1) and some g € C™. This forces the equality

/Oz [N(t) — N(2)]p(t)f(t)dt = g € C™

for all x € (0,1). Thus, upon letting x — 0, we see that ¢ = 0 and therefore
Af =0, that is, f =0. B B
The stated assertion for A and ®, are proved in the same way. O
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Definition 7.3. A pair of m x m matrix functions P(A\) and Q(\) analytic almost
everywhere in C\ R, is called a Stieltjes pair if
P*OVP() + Q" (NQ() >0, AeC\R,,
Q"W P\ = P1(NQMW)
A=A
AQT A P(A) — AP* (MR
A=A
Our next theorem is a special case of some results from [149, Ch. 4] and [13,
Sec. 7] which can be applied here because of Lemma 7.2.

Theorem 7.4. Let conditions of Lemma 7.2 be fulfilled and let

>0, ANeC\Ry,

>0, AeC\R,.

. a(A)  b(A)
2A(N) :mﬂ[ ElnB; ](I—/\B*C*)_l (T — iB*TL,) = { e\ d(V) ] .
-~~~

(7.1.23)
Then for every Stieltjes pair P(X\), Q(\) the following statements hold:

(1) det {c(A)P(N) +d(N)Q(A)} #0, ImA>0;
(2) The function
v(A) = i[a(A)P(X) + b(A)QN)] [c(N)P(A) + d(N)Q(N)] - (7.1.24)

admits a representation of the form

A) = _— = d 7.1.25
w=a+ [T e, @)
where
T(pn) =0, pu<O0; a=a’, (7.1.26)
0o k
prdr(p)
—_— k=0,1; 7.1.27
| <o k=0 (7127

(3) The m x m matriz functions 7(u) and

Fp) = /O " Adr () (7.1.28)

are spectral matriz functions of systems (7.0.7), (7.1.1), (7.1.5) and (7.1.6)—
(7.1.8) respectively;

(4) Conversely, every monotone non-decreasing matric function () on (0, 00)
for which condition (7.1.26) and statement (3) hold, is obtained from some
Stieltjes pair by formula (7.1.24).
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4. Dual matrix string equation. Let W(xz, ) be the solution of the canonical
system (7.0.7), (7.1.1) and let

o, \) = R ()W (2, \) [ I?n } . (7.1.29)

Then, since

W (2, \) = Iom + M / " RUOR (W (E N,
0

it is readily seen that
o(2, M) = 13 () + iA / R*(2)JR(1) (1, \)dt. (7.1.30)
0

Hence, the operator V' defined by (7.1.18) can be expressed in terms of ¢ as

l
VHN :/0 ©* (z,A) R*(2) f(z)d. (7.1.31)
In the same way we obtain
Bz, \) = F3(x) + i /O ' R*(x)JR(t)3(t, \)dt, (7.1.32)
~ l — ~
VHO) = /O 5 (2, %) B (2) f(x)dz. (7.1.33)

Theorem 7.5. If R(x) is defined by relation (7.1.5) and if p(x) and q(x) are invert-
ible for almost every point x € (0,1), then p(x, \) is the solution of the differential

equation
d d
—1 -1 x—1 x—1

with boundary condition
!/
(p*_lgo) (0,) = In, (p*_lga) (0,)) = 0. (7.1.35)
Proof. Upon inserting R(z) into equation (7.1.30) we obtain
PN @)@ A) = In + A/ [N(t) = N()]p(t)e(t, A)dt
0

and
d *—1 = N\ (z T ’
T [T @] = =3 @ata) [ oot (71.36)

The stated conclusions follow directly from (7.1.36). O
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In the same way we deduce the following result.

Theorem 7.6. If R(x) is defined by relation (7.1.8) and if p(z) and q(z) are invert-
ible for almost every point x € (0,1) then @(x, \) is the solution of the differential

equation
x—1 d *—1 —1 d —1 ~
J— — — = .1.
(q P P ) = Ay (7.1.37)

with boundary conditions

(a7'3) (0,0 =0, (¢7'3) (0,2) = (pp")(0). (7.1.38)

Notice that the original differential equation (7.1.34) may be obtained from
the dual differential equation (7.1.38) by interchanging p(t) and ¢*(¢) and con-
versely. However, the stated conclusions depend also on the change in boundary
conditions as a consequence of transfer from one system to the other. We stress
that Theorem 7.4 is valid for systems (7.1.34), (7.1.35) and (7.1.37), (7.1.38).

This section is based on our paper with H. Dym [35].

7.2 On reduction of the canonical system to two dual
differential systems

1. In this section we consider again the canonical system (7.0.7), (7.0.9). In Sec-
tion 7.1 we assumed that H(x) has the form (7.1.1), (7.1.2). Now we suppose that
H(z) is defined by (7.0.9).

In the introduction we reduced the canonical system (7.0.7), (7.0.9) to two
differential systems (7.0.12), (7.0.13) with boundary conditions (7.0.14), (7.0.15).

2. Now we apply the general spectral theory of canonical systems [149,152], to
the case (7.0.7), (7.0.9). For this aim we introduce m x 1 vector function

l
F(/\):/O [wiz (2, Np~ ! (2)g1(2) + wiy (2, Np(z)g2(2)] dz, 1< oo, (7.2.1)

where gq(x) and go(x) are m X 1 vector functions such that

l
/0 97 (2)g1(x) + g5 (2)g2(x)] dz < 0. (7.2.2)

Further we investigate the case when the spectral m x m matrix function 7(\) for
system (7.0.7), (7.0.9) is odd, that is,

T(A) = —7(=A). (7.2.3)
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Let us introduce the m x 1 vector functions
l
Fi(\) = / wiy(x, \) pil(:r) g1 () dz, (7.2.4)
0

!
Fy(\) = /0 wis(x, A) p(z) g2(x) dz. (7.2.5)

In view of conditions (7.0.12), (7.0.14) the matrix function wia(z, A) is odd with
respect to A and in view of (7.0.13), (7.0.15) the matrix function was(z, A) is even
with respect to A. Hence, according to (7.2.4), (7.2.5) the function Fj(\) is odd
and the function Fy()) is even. Then it follows from formula (7.2.1) that

oo l

2 [T EME AW = [ i@ (7.2.6)
e’} l

2 [T EBW B0 = [ s (7.2.7)

From relations (7.2.6), (7.2.7) we easily obtain the following assertion (see [152]):

Proposition 7.7. Let 7()\) be a spectral matriz function satisfying condition (7.2.3).
Then

1) the matriz function 71(\), where

0, A <O,
dri(3) = { 2Xd7(VX), A >0 (7.28)
18 a spectral one for system
d dU1 2
_— ) = 2.
55 (P g = st (7.29)
with boundary condition
d
w(0,0) =0, 2| =pY0); (7.2.10)
dz =0

2) the matriz function T2(X\), where

0, A <0,
dr(A) = { 2dr(VR), A >0 (7.2.11)
s a spectral one for system
d —1, o dug 2 —1
- — = 2,12
(i @52) = o (7.2.12)
with boundary condition
dUQ
uz(0,\) = L,, — =0. (7.2.13)
dz |,_g
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In other words, system (7.2.12), (7.2.13) is an original one and system (7.2.9),
(7.2.10) is dual.

Remark 7.8. It is proved in our paper with V. Bolotnikov [13] that there exists
a spectral matrix function 7(X) of problem (7.0.7), (7.0.9) satisfying condition
(7.2.3). A complete description of the spectral matrix functions of this type is
given in the same article [13].

3. Let us consider the boundary positive definite operator S acting in the space
L2,(0,1) of the m x 1 vector functions and defined by formula

l
Sf = iﬂ/o s(z — ) f(1)dt, (7.2.14)

where s(x) is an m x m matrix function. The matrix function s(z) permits the
representation (see [148]):

d [> iz o) dT(A
s(x):a/ <1+1+/\2—e/\) ;2)7 (7.2.15)

— 00

where 7()\) is a monotonically increasing m x m matrix function such that

/Oo w < o0. (7.2.16)

Owing to (7.2.15) the relation
s(z) = —s*(—x) (7.2.17)

is valid. Let us note that relation (7.2.17) is a condition of the operator S (see
(7.2.14)) being self-adjoint.
Further we suppose that the condition

7(A) +7(=A) = const, —oo <A< o0 (7.2.18)

is fulfilled. From formulas (7.2.15) and (7.2.18) we deduce the following assertion.

Lemma 7.9. Let s(x) permit representation (7.2.15), where 7(\) satisfies condition
(7.2.18). Then relations

s(x) = —s(—x), 0<az <l (7.2.19)
v(ip) +0*(in) =0, p=mr, (7.2.20)

where

v(z) = /_o:o (A i —— 1:v> dr(\), (7.2.21)

are valid.
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Let us also suppose that the operator S is invertible and let us introduce the
m X m matrix functions

Ni(z) = S™'M(z), No(x)=S"'I,, (7.2.22)

where
M(z)=s(z), 0<ax<l (7.2.23)

Formulas (7.2.22) should be understood in the following way: every column of the

matrix on the left-hand side is obtained from the corresponding column of the

matrix on the right-hand side as a result of the application of the operator S—'.
It follows from relation (7.2.14), (7.2.17) and (7.2.19) that

STy = M(z)+ M(l — z), (7.2.24)

that is,
S(Im — N1) = M(l — x). (7.2.25)

Setting U f = f(I — x) and taking into consideration equality (7.2.19), we have
USU = 8. (7.2.26)
It follows from (7.2.25) (7.2.26) that
S[Ln — N1(l — x)] = M(z),

that is,

As the operator S is positive definite and invertible, the operator

¢
Sef = %/0 se—0fO)dt, fla) e I20,0), 0<c<i  (1.2.28)

is positive definite and invertible too. Let us introduce the notation
¢
(M, M) = / M (z) My (z)de, (7.2.29)
0

where M (x) and My (z) are matrix functions.
Setting N (z,¢) = Sc_lM(m) we consider the expression

¢
(S M (), In), = /O Ny (z,¢)dz. (7.2.30)

According to (7.2.27) we have

Ny(z,¢) = Iy — N1(C — ). (7.2.31)
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From (7.2.31) we obtain the equality

¢ ¢
/ Ny(z,Oda = ¢ / Ni(C - 2, O)de,
0 0

that is,
¢ 1
/ Ny(z,¢)dx = 5(. (7.2.32)
0

In view of (7.2.30) equality (7.2.32) can be written in the form
1
—1
(SC M, I,,) = iglm. (7.2.33)

Thus, the following statement is proved.

Lemma 7.10. Let the monotonically increasing m x m matriz function 7(\) satisfy
conditions (7.2.16) and (7.2.18). If the operator S is bounded together with the
inverse one, equality (7.2.33) holds.

Remark 7.11. If 7()) is an absolutely continuous matrix function and
Cil, <7'(\) <Coly, 0<Cp<Cy<oo, —o00<\< oo,

then the operators S¢ and SC_ L are bounded

We suppose in addition that the operator S admits the triangular factoriza-
tion

S=5_5", (7.2.34)
where the operators S_ and S~! are bounded and low triangular (see Chapter 5,
Introduction).
Let

Fi(z) = S"'M, Fy(z)=5S""I,, (7.2.35)
then the Hamiltonian
—1 —1
(S "M, M), (S "M, 1),
H(C) = € B B (7.2.36)
(S< Im,M)C (SC Im,Im)C
of system (7.0.7) has the form

2
p,q=1"

H(¢) = {F; (Q)Fy(O)}

Comparing formulas (7.2.33) and (7.2.36), (7.2.37) we obtain the equality

(7.2.37)

F{(QFA0) = 3T (7.239)
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Hence the matrix H(x) can be written in the form

H(x) :% { ?nfx) Q,lég (7.2.39)
where
Q(x) = 2F) (x)Fi(x), Q '(x)=2F; (x)Fy(x). (7.2.40)

Owing to (7.2.35) the inequalities

l
/O Q! (2)||dz < o0 (7.2.41)

are valid.
Let us consider now the system

% CNH@)Y (2,0, 7 >0, (7.2.42)

We write the matrix Y'(x, z) in the block form
Y (x,z) = col [Yi(z, 2), Ya(z, 2)], (7.2.43)

where Y1 (z, z) and Ya2(x, 2) are m x 1 vector functions. Let us introduce the bound-
ary conditions
Y>(0, 2) = 0. (7.2.44)

As was shown in the book [149, Ch. 4] the matrix function 7(\) is a spectral one
for boundary problem (7.2.42), (7.2.44).

From the above we deduce the solution of the inverse spectral problem for
system (7.2.39), (7.2.42), (7.2.44) (see [149]).

Theorem 7.12. Let the given monotonically increasing m X m matriz function
T(A) (—o0 < A < o0) satisfy conditions (7.2.16) and (7.2.18) and be such that
the operator S defined by formulas (7.2.14), (7.2.15) is bounded together with the
inverse one and admits triangular factorization (7.2.34).

Then 7(\) is a spectral matriz function of system (7.2.42), (7.2.44), where
H(z) has form (7.2.39) and

Q7Y (z) = 2F; () Fy(z), Fy(z)=S""I,. (7.2.45)
Remark 7.13. In view of (7.2.36) formula (7.2.45) can be written in the form

d
Q) = 2df< (Sgllm,lm)g. (7.2.46)

Replacing 4
Y (22, \) = Uz, \)el™ (7.2.47)
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we reduce system (7.2.39), (7.2.42) to the form

% — INH, (2)U (2, \), (7.2.48)
Hi(x) = OP (z) P_l(x? . P(x) = Q(za). (7.2.49)

We rewrite U(z, A) in the form U (z, A) = col [u1(2,A), ua(z,A)]. Then condition
(7.2.44) leads to the condition

us(0,\) = 0. (7.2.50)

Remark 7.14. System (7.2.48)—(7.2.50) coincides with system (7.0.7), (7.0.9) stud-
ied in the first part of this section.

The next assertion follows directly from the general spectral theory of canon-
ical systems (see [149, Ch. 4]).

Proposition 7.15. The set of spectral matriz functions T7(\) of system (7.2.39),
(7.2.42), (7.2.44) on the segment [0,2l] coincides with the set of spectral matriz
functions of system (7.2.48)—(7.2.50) on the segment [0,1].

Remark 7.16. Using Proposition 7.15 and Theorem 7.12 we can solve the inverse
spectral problem for string equation (7.0.12). In a number of works ( [25,47,79])
equation (7.0.12) is reduced to the Sturm-Liouville equation (7.0.16). We think
that Theorem 7.12 gives a more adequate approach to the corresponding inverse
problem.

7.3 Spectral data and uniqueness theorems

Let B(x) be a matrix of the form

Blx) = [Bu(x)  Pa(x)]; (7.3.1)
where (1 (z) and fB2(x) are m x m matrix functions satisfying the conditions
B2 ()87 (x) + b1(2) B2 (2) = I, 0 <z <1, (7.3.2)
1Br(@)]| <e, 0<a<l, k=12 (7.3.3)
Further set
H(z) = B (2)8(2). (7.3.4)

We use the following theorem (see [149, Ch. §]).

Theorem 7.17. Assume that conditions (7.3.1)—(7.3.4) are satisfied. Then the ca-
nonical system (7.0.7) is uniquely determined by its spectral function 7(\) and
a.
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We recall that the Weyl-Titchmarsh function of the corresponding canonical
system has the form

o(z) = a + /oo (Al_z - H&) dr(\). (7.3.5)

Comparing (7.2.21) and (7.3.5) we deduce that in case (7.2.39) we have
a=0. (7.3.6)

To apply the formulated theorem we set

x) =1/ @, Ba(z) =1/ w (7.3.7)

In this case relation (7.3.2) is fulfilled. Hence, we obtain the following assertions.

Corollary 7.18. Let the condition
HQ’(J})H <e¢, 0<2x<I (7.3.8)

be valid. Then the canonical system (7.0.7), (7.2.39) is uniquely determined by its
spectral m x m matriz function T(\).

Corollary 7.19. Let the condition
[P'(2)] <e, 0<a<lI (7.3.9)

be valid. Then the canonical system (7.0.7), (7.2.49) is uniquely determined by its
spectral m x m matriz function T(\).

Remark 7.20. The analogue of Theorem 7.17 for case (7.0.7), (7.1.1) was deduced
in the book [149, Ch. 8].

7.4 Example

In this section we consider a concrete dual pair.

Example 7.21. Let m =1 and
P(z) = exp (—2?). (7.4.1)
Setting

yi (@, A) = us(z, \) exp( ) (7.4.2)

2
Yo (2, \) = ua(z, \) exp (“”2) (7.4.3)
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we rewrite equations (7.0.12), (7.0.13) in the form

TR = A2 44
- 3= +a*yr=(z— Dy, z2=2A%, (7.4.4)
d2
B dj; + 2%y = (2 + Dya, 2=\ (7.4.5)

Here conditions (7.0.14) and (7.0.15) take the forms

Boundary problem (7.4.5), (7.4.7) describes the harmonic oscillator (see [33]) and
has been well studied. It is known (see [33]) that the spectral function 75(\) of
this problem is a piecewise constant function with jumps

(2k)!
k4%

Wi = U2(>\k + 0) — Ug()\k — 0) =21 (7.4.8)

in the points
A =4k (k=0,1,2,...). (7.4.9)

In view of formulas (7.2.8) and (7.2.11), the spectral function 71 (\) of the dual
boundary problem (7.4.4), (7.4.6) is also piecewise constant with the jumps

ﬁk = /\k,uk (k = 1,2,...) (7410)

in the points _
=N (k=1,2,...). (7.4.11)

A number of concrete examples for the case (7.0.9) may be found in [31] and in
the paper of Krein [79].

7.5 On a mean value theorem in the class of Nevanlinna
functions and its applications

We consider the linear—fractional transformations (see (7.1.24)):

1

v(A) =i[a(A)P(A) +bN)QN)] [c(N)P(A) +d(N)Q(N)] (7.5.1)
where a()), b(\), ¢(A) and d(\) are fixed m x m matrix functions.

Definition 7.22. A pair of m x m matrix functions P(\) and Q(\) meromorphic
in the open upper half-plane C, is called a Nevanlinna pair if

PPN +Q (NQ(N) >0, P*(NQN)+Q*(AP(A) >0, Im\>0. (7.5.2)
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We introduce the (2m) x (2m) matrices

AN) = { g((i)) 383 ] L J= { ?m fm } . (7.5.3)
Definition 7.23. We say that 2A()\) satisfies the plus-condition if relations
geC*™,  ¢g+#0, ¢*Jg>0 (7.5.4)
imply
h*Jh >0, h=2N\)g, ImA>0. (7.5.5)

We denote by N (2l) the class of all matrix functions of form (7.5.1) where
P()), Q(A) is any Nevanlinna pair and 2(\) is the matrix function of form (7.5.3)
satisfying the plus-condition.

It is well-known that the matrix-function v(\) € A(2) have the property

A) —v*(A
PN S s (7.5.6)
A=A
Further we consider two special cases of Nevanlinna pairs
PN =0, QN =1, 06=0">0 (7.5.7)
and
PA) =60, Q) =igl,, 0=0">0, q€R, (7.5.8)

where R is the real axis. With (7.5.7) and (7.5.8) we associate the corresponding
functions

v(A) = i(a(N)0+ b)) (N8 +d(N) (7.5.9)
and

(g, \) = i(a(N)8 + igb(N)) (c(N)8 + igd(N)) . (7.5.10)

Notice that the Fourier type transformations corresponding to v(\) have certain
extremal properties ( [129, Theorem 3]). The functions v(q, A) generate orthogonal
spectral functions and are also extremal. We shall show that v()\) is the mean
of v(g,\), where ¢ changes from —oo to +oo. This implies that the extremal
properties of v(\) are directly connected with the extremal properties of v(q, \).

Theorem 7.24. Let the matriz function A(N), defined by (7.5.3), satisfy the plus-
condition. We suppose that

det [c(A\)0 — d(N)] #0 (7.5.11)
almost everywhere in C,.. Then
1 [ dg
A)=— A)—— .5.12
=1 [ e (7.5.12)

where v(A) and v(q, \) are defined by relations (7.5.9) and (7.5.10) respectively.
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Proof. First prove that
det [c((A)P(A) +d(N)Q(N)] #0, NeCy (7.5.13)

for Nevanlinna pair P(\), Q()). Suppose that (7.5.13) does not hold. That is, for
some A € C and f # 0 the equality (c(A)P(X) +d(N)Q(X))f = 0 is valid. Hence
we have

(A9)" 7 (@) =0, 9= | (O |1 (75.14)
Using (7.5.2) we get
g*Jg>0, g#0. (7.5.15)

By the plus-condition the inequality (7.5.15) implies
(AN)g)" T (A(N)g) >0,

which contradicts (7.5.14). The relation (7.5.13) is proved.
It follows from (7.5.13) that

det [e(\)0 — izd(\)] #£0, z€C,UR, AeC,. (7.5.16)
We have also
detd(\) #0, AeC.. (7.5.17)
Indeed, let d(A\)f =0, f #0. We put g =col[0 f]. Then we obtain

¢*Jg=0, h*Jh=0, h=2AN)g. (7.5.18)

In view of the plus-condition we obtain the inequality h*Jh > 0, which contradicts
(7.5.18). Thus, inequality (7.5.17) is proved.
Now, omitting the variable A in the notation, put

u=—id ‘e, X, = (ibu—ab)(I, +u?*)"td?, (7.5.19)

Xy =—X1d, X3 = (iaf — Xo)(idu)". (7.5.20)

The matrix functions u(A) and Xy, (k = 1,2, 3) are well-defined. Indeed, the invert-
ibility of d()) follows from (7.5.17). The invertibility of I,, +u?()\) follows from the
inequalities det (u(X\) £1l,,,) # 0. Here, the inequality det (u(A) +il,,) # 0 holds
by the assumption (7.5.11). The relation det (u(\) — il,,) # 0 is a particular case
of (7.5.16). The invertibility of u(X) follows from (7.5.16) too.

Now we introduce the notation

_aXa(\) + X5(N)
B 1+ ¢?

Z(\) + Xo(N) (gL + (V) " (d(N) (7.5.21)
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The definitions of X}, in (7.5.19) and (7.5.20) imply

i(14¢*) Zd (gL, +u)
= (1+¢°) Xa+1i(q X1 + X3) d(q Ln +u)
=@ (Xo+iX1d) +iq(Xidu+ Xzd) + Xy +iX3d
:iq(X1 du+(a0+X1d)u71) +iaf
=ig(X1d(Im+v*)u " +abu') +iab
= —qb+ial. (7.5.22)

We need the relation
v(q, \)Ad(N)) (gl + u(N)) = i(a(N) + igb(N)) (7.5.23)

which follows from (7.5.10) and the definition of w(A) in (7.5.19). From (7.5.21)—
(7.5.23) we obtain
(g A)
1442

In view of (7.5.16) the spectrum of u(\) belongs to C_. Hence for the principal
value of the integral we get

= Z(M). (7.5.24)

1 oo
;/ Xo(qh +u)~1d~1 dg

1

o0
21)(2/ ((q[m +u) " = (gL — u)_1> dgd™' =mXsd™'.  (7.5.25)

— o0

It is evident that

< q > dq
dg = —1 5.2
/_ool+q2 =0 /_ool+q2 i (7.5.26)

By (7.5.21), (7.5.24) and (7.5.25), (7.5.26) we have

l/mu( N2ty x (7.5.27)
). q, 1+q2_2 3. 0.

From (7.5.19) and (7.5.20) we obtain

Xy = (bu+1iab) (I, +u*) ", (7.5.28)
Xy = afu'd " +i(bu +iab) (L, +u®) = d (7.5.29)
Using (7.5.28) and (7.5.29) we derive

Xod ™'+ X3 = i(af + b) (d + idu) " (7.5.30)
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From the definitions of u and v and using formula (7.5.30) we deduce that

Xod ™'+ X3 =i(a0+b)(cO+d) " = 0. (7.5.31)
Formulas (7.5.27) and (7.5.31) yield (7.5.12). By the theorem’s conditions, as-
sumption (7.5.11) holds everywhere in C4, excluding, perhaps, isolated points.
Let Ag be such an isolated point. Then (7.5.12) is valid in a neighborhood of A.
According to (7.5.13), the functions v(g, A) are bounded in ¢ and in A in some
neighborhood of A\g. Now it is immediate that formula (7.5.12) holds at A = A\g as
the limit of equalities (7.5.12), where A tends to Ap. O

Remark 7.25. Theorem 7.24 is closely related to the paper [48]. This paper was
dedicated to the case when n = 1, and a(A)d(X) — b(A)c(X) = 1.

Example 7.26 (Canonical system). A canonical system has the form (7.0.7), where
W(z, ) is a (2m) x (2m) matrix function and W (0, \) = I2,,. We introduce the
(2m) x (2m) matrix functions

A(x, \) = W*(z, ), AN =2A(1,N).
By (7.0.7) we have

l _
A)JA*(Z) —
/ W(x, ) H (z)A(z,z)dx = M (7.5.32)
0 )\ —Z
We assume that the positive type condition
l
/ H(z)dz >0 (7.5.33)
0
is fulfilled. Then, according to [52, p. 249] we get
1
/ A(x, \)H ()" (x, \)dz > 0. (7.5.34)
0
From (7.5.32) and (7.5.34) we have
AN)JAN) > J, AeCy (7.5.35)

and therefore the plus-condition is satisfied. According to W (0, \) = I, we get
A(x,0) = Io,,. Thus by partitioning (7.5.3) we have

det (¢(0)0 — d(0)) = det (—Ip,) # 0. (7.5.36)

Hence the inequality

det (c(A)0 — d(X)) #0 (7.5.37)
holds almost everywhere. So under the positivity type condition (7.5.33) the con-
ditions of Theorem 7.24 are fulfilled. Then the Weyl-Titchmarsh matrix function
of the canonical system satisfies (7.5.12).
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Remark 7.27. Canonical systems include Dirac type systems, matrix Schrodinger

equations and matrix string equations [145,149].

Remark 7.28. This section is based on our paper with A.L. Sakhnovich [131].

7.6 Dual discrete canonical systems and
dual orthogonal polynomials

1. In this section we introduce the duality notion for the canonical discrete sys-
tems
Wi(k,z) =W(k—1,z) =izJy(k)W(k —1,2), k>1, (7.6.1)

where W (k, z), v(k) and J are (2m) x (2m) matrices and

J= { 0o } (k) >0, W(0,2) = Lo, (7.6.2)

The well-known recurrent relations

bro(k+1,2) + app(k, z) + bj_10(k — 1,2) = zp(k, 2), ©(-1,0)=0, k>0,
(7.6.3)
in which b, a, ¢(k, z) are m x m matrices, can be reduced to the form (7.6.1),
(7.6.2). The matrix polynomials ¢(k, z) are orthogonal with respect to the corre-
sponding spectral m x m matrix function 7(\), that is,

/O ok NAT ]G (L A) = T, (7.6.4)

where dj; is the Kronecker symbol. In this section we present a method to construct
the system

bk +1,2) + anp(k, 2) + by 1p(k — 1,2) = 23(k, 2), (7.6.5)

which is dual to the original system (7.6.3). The matrix polynomials @(k, z) are
orthogonal with respect to the corresponding spectral m x m matrix function 7()),
that is,

/ " Bk NFNIE (1 A) = Bl (765)

The description of all spectral matrix functions 7(\) and 7(\) satisfying relations
A
TN =FN) =0, A<0; R = / pdr(), A> 0 (7.6.7)
0

is given. The obtained results are new even for the scalar case (m = 1).
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2. Operator identities. The method of operator identities [143, 145, 149] plays
a significant role in this section. We shall write here the fundamental operator
identities referring to the problem under consideration.

We denote by [2,(N) the space of vector-columns

F=col [fo, fises fr—1]

with the norm
5 N-1
-5 s
k=0

where f), are m x 1 vectors. In the space [2,(IN) we introduce the operators B and
C:

(Bf)x = z_: ifj, 1<k<N-1, (7.6.8)
7=0

(Bf)o = (7.6.9)
k

i) a4 fi, 0<k<N-1 (7.6.10)

7=0

Here pi and g are m x m matrices. It follows from (7.6.8)—(7.6.10) that
N-1
((B*c)f)kp;;zoq;fj, 0<k<N-—1. (7.6.11)
J:

Equality (7.6.11) can be written in the form
— C =1I,117, (7.6.12)
where
(hg)k = qrg,  (Mag)r =pig, 9g€G, 0<k<N-1 (7.6.13)
(G is a space of the m x 1 vectors). From identity (7.6.12) we deduce the relations

CB — B*C* = B*ILIT; — IIL,IT; B, (7.6.14)
BC — C*B* = ILII;B* — BILII}. (7.6.15)

We introduce the operators

A=CB, &, =BT, &, =Iill, (7.6.16)
A=BC, &, =-ill;, &, = Bll,. (7.6.17)
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Using notations (7.6.16) and (7.6.17) we can write relations (7.6.14) and (7.6.15)
in the form

A= A* =1(D1D} + §,07), (7.6.18)

A=A =i (8,8 + 8,57 (7.6.19)

From (7.6.8) and (7.6.9) we have

k j—1

(Af)e = —pi, MG d mf k=1, (7.6.20)
j=1 1=0

(Af)o=0. (7.6.21)

Formula (7.6.20) can be rewritten in the form

k—1 k
AN =-0i> | Y. @ | mf. k>1 (7.6.22)
1=0 \j=it1
Setting
k
Lk)=> qjg. k>1, L(0)=0, (7.6.23)
=1

we represent (7.6.22) in the form
(Af)e = =pi p_ (LK) = L(G))p;fj, k=1 (7.6.24)

Using (7.6.13) and (7.6.16) we obtain

(P2g)k = iphg, 0< k<N -1, (7.6.25)
(®19)x = P (LN —1) = L(k))g, 0<k<N -1 (7.6.26)

According to (7.6.8) and (7.6.9) the equality
. k—1
(Af)k = —ar Y (M(k—1) = M(j —1))q; f; (7.6.27)
j=0

is valid. Here

k
M(k)=> pp;, k>0, M(-1)=0.
j=0
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From (7.6.13) and (7.6.17) we deduce that
(Pr9)k = —igrg, 0<k<N -1, (7.6.28)
(Pog)r = M (k—1)g, 0<k<N—1. (7.6.29)
Let orthogonal projectors Py, be defined by the equality
Peh=hy, 1<k<N, Poh=0, (7.6.30)
where
h=collhi, ha,. .., hmn], Bk =col[hy, ha,. .. Aok, 0,0,....,0].
It is obvious that the relations
APy = PrA"Pr,  (Pr — Pr—1)A(Pr — Pr—1) =0, (7.6.31)
APy = PuA P, (Pr— Pre1)A(Px — Pio1) =0 (7.6.32)
are valid.

3. Canonical systems (discrete case). In this section the following systems of
difference equations are considered:

Wi(k,z) = W(k—1,2) =izJy(k)W(k—-1,2), k>1 (7.6.33)
and . . .
Wi(k,z) = W(k—1,z) =izJy(k)W(k - 1,2), k>1, (7.6.34)
where W (k, z), W (k, 2), v(k) and F(k) are (2m) x (2m) matrices, k =0,1,2,.. .,
J—= { (I)m I"é } L W(0,2) = W(0, 2) = Top. (7.6.35)
The matrices (k) and 7(k) are defined by the relations
v(k)=0(k) —o(k—1), F(k)=0c(k)—0o(k—1), (7.6.36)
where L
o(k) = IFPIL, (k) =PI, 1<k <AN. (7.6.37)
Here we use the notation
M=[0, &, I=[d &l (7.6.38)

In view of formulas (7.6.25), (7.6.26) and (7.6.28), (7.6.29) the equalities

iy = | N DRE DI | v -y - pe- 1) i)
(7.6.39)

sk

y(k) = [ M(kz%iiq;’:_l } [—igr—1 @1 M(k—2)] (7.6.40)
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(k > 1), are valid. It is obvious that
v(k) >0, 7(k) >0, (7.6.41)

A(6) (k) = F (k)T (k) = 0. (7.6.42)
We shall call the system (7.6.34) dual to the system (7.6.33).

4. Spectral theory. Let us recall the main notions of the spectral theory [149,
Ch. 8] of systems (7.6.33). We suppose that

rank ¢(k) =rankp(k) =m, 0<k<N-L1 (7.6.43)

With canonical systems (7.6.33) and (7.6.34) we associate the matrix functions

-1

v(z) = i(a(z)R(z) + b(z)Q(z)) (c(z)R(z) + d(z)Q(z)) (7.6.44)

and
-1

3(2) = i(a(z)R(2) + b(2)Q(2)) (2(2)R(2) + d(2)Q(2))

The coefficient matrices of the linear—fractional (M&bius) transformations (7.6.44)
and (7.6.45) have the forms

(7.6.45)

W*(1,z) = { ffff)) 223 } (7.6.46)
and L
s - 29 X (7.6.47)
Meromorphic m x m matrix function R(z) and Q(z) satisfy the relations
det (R*(2)R(2) + Q*(2)Q(2)) #0, Imz >0, (7.6.48)
R*(2)Q(2) + Q*(2)R(z) >0, Imz> 0. (7.6.49)

The matrix functions v(z) and v(z) belong to the Nevanlinna class and admit the
representations

o(z) = Bz + o + /o; (Al_z - HAAQ) dr()) (7.6.50)
" B(2) = B+ a + /Z <A1_Z - HAAQ> 47N, (7.6.51)

where a = o*, a = a*, 3 >0, B >0, 7(\) and 7(\) are monotonically increasing
m X m matrix functions. We shall show that 7(\) and 7(X) are spectral matrix
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functions of canonical systems (7.6.33) and (7.6.34) respectively. Let us consider
now the canonical system

Y(k,2)=Y(k—-1,2) =izJy(k)Y(k—1,2z), 1<k<N, (7.6.52)

where
Y (k,z) = col [Yi(k,z) Ya(k,2)],

Yi(k, 2), Ya(k, z) are vector functions of m x 1 order. We add the boundary con-
dition
DyY1 (0, z) + D1Y>(0,2) = 0. (7.6.53)
Here D; and D; in (7.6.53) are matrices of m x m order. We shall suppose that
D1D} + DyD} =0, DD} + DyD} = I,,. (7.6.54)
We denote by 12, (v, N) the space of the vectors

g=col[g(0) ¢(1) ... g(N-1)],

where g(k) are vector columns of order 2m. The norm in [2,(v, N) is defined by
the equality

lgll; = Zg vk + 1g(k).

We associate with system (7.6.52) and conditions (7.6.53) the operator

N—
Vng = Dy Dy] W (k,u) y(k +1) g(k), (7.6.55)
k=0

,_.

that maps vectors from [2,(y, N) into vectors f(u) (—oo < u < o) of order m.

Definition 7.29. A monotonically increasing matrix function 7(u) (—oo < u < 00)
of m x m order is called a spectral matrix function of system (7.6.52), (7.6.53) if
the corresponding operator Vy maps 12 (v, N) isometrically into 2, (7).

The inner product in 2,(7) is defined by formula

(. L) = [l
Without loss of generality (see [149]) we can suppose that
Dy =0, Dy=1I,,
that is, the boundary condition has the form

Y1(0,2) = 0. (7.6.56)
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Let us consider the system
Y(k,2)=Y(k—1,2)=i2J3(k)Y(k—1,2), 1<k<N (7.6.57)
and the boundary condition B
Y1(0,2) = 0. (7.6.58)

We denote by 7(u) the spectral matrix function of system (7.6.57), (7.6.58). The
following theorem follows directly from results of the book [149, Ch. 8].

Theorem 7.30. Let operators A and A be defined by formulas (7.6.24) and (7.6.27)
respectively, and let the following conditions be fulfilled:

rank p, = rank ¢ = m. (7.6.59)

Then the following assertions are valid.

1. Let v(z) and v(z) admit representations (7.6.44) and (7.6.45), respectively.
Then parameters B and Efrom (7.6.50) and (7.6.51) are equal to zero. The
matriz functions T(u) and 7(u) from (7.6.50) and (7.6.51) are spectral matriz
functions of systems (7.6.33) and (7.6.34), respectively.

2. Let T(u) and 7(u) be spectral m x m matriz functions of systems (7.6.33) and
(7.6.34). Then there exist o and & such that corresponding matriz functions

v(z):oz—I—/O; (uiz—lfuz>dr(u)

a(z)zm/_o; (uiz—lflﬂ)d?(u)

can be represented in forms (7.6.44) and (7.6.45), respectively.

and

7.7 Classical discrete systems. Examples

1. In this section we shall show how systems (7.6.33) and (7.6.34) can be reduced
to the classic form
brp(k+1,2) +arp(k,z) + b1k —1,2) = zp(k,z), 0<k<N-—1,
o(—=1,2) =0, (7.7.1)
where ay, by are m x m matrices and ar = aj, detb, # 0. Let us represent the
solution W (k, z) of system (7.6.33) in the block form

2
i,j=1’

W(k7 Z) = {wij(k’ Z)}

where all the blocks w;;(k, z) are of m x m order.
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We consider the m x m matrix functions

o1k, z) =ri(k)wii(k, 2) + r5(k)wer(k,z), 0<k<N-—-1, (7.7.2)
w2k, z) =ri(k)wia(k, 2) + r5(k)wea(k,z), 0<k<N-1, (7.7.3)
where

ri(k) = [L(N = 1) = L(k)]pr,  72(k) = ~ipy. (7.7.4)

It follows from (7.6.33) that
wis(k, z) —wis(k — 1, 2) = izra(k — Dps(k — 1, 2), (7.7.5)
was(k, z) —was(k —1,2) =1zr (k — Dps(k —1,2), (7.7.6)

s=1, 2.

From (7.7.3) we obtain
r3 T k) ook, 2) = r3 7 (k)rt (k) wia(k, 2) + waa(k, 2), 0<k<N—1. (7.7.7)

Using the notation
Ap(k) = (k) —p(k —1)

we deduce from (7.7.7) the relation

Al (B)pak, )] = A [ )i (Bwnah, 2)| + Awn(k,2), 1<k N -1,

(7.7.8)
£2(0,2) = r3(0) = i (7.1.9)
In view of (7.7.4), (7.7.5) and (7.7.8) the relation

Al Wealk,2)] = (A |5 B (R)] ) wia(k, 2) (7.7.10)

holds. We have taken into account that
ri(k—1)ro(k—1)+r5(k—1)r(k—1)=0. (7.7.11)

It follows from (7.6.23) and (7.7.4) that
A [r;—l(k)r;(k)} —igiq, 1<k<N-—1 (7.7.12)

According to (7.7.9), (7.7.10) and (7.7.12) we have
—1 x—1 x—1
~aat g T A T e )| | = ek = 1,2), 2SR N -1, (T7.3)

©(0,2) =py, w(1,2) =pi(1 - 2q1q1popp), (7.7.14)

where
ok, z) = —ipa(k, 2). (7.7.15)
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The equation (7.7.13) is an analogue of the matrix string equation. The equation
(7.7.13) can be rewritten in the classic form (7.7.1), where

— —1
as = Pg ! (qs+1q9+1 + qS 1Q: 1) p: ) S 2 17 (7716)
1 1
0=py 4G Py (7.7.17)
bs = —p; ' ha P s 20, (7.7.18)

We note that the second boundary condition in (7.7.14) can be omitted; it follows
from formulas (7.7.1) and (7.7.17). In terms of equation (7.7.1) formula (7.6.55)
takes the form

N-—
Vf= Z (, u) fi, (7.7.19)

where
fe =11(k)g1(k) +r3(k)g2(k).

According to Definition 7.29 the spectral matrix function 7(u) of system (7.7.1)
can be characterized by the relation

2

/OO F*(u)[d7 ()] F(u) = fkfk7

— 00

>
Il
o

as the relation

2

Zg A+ g = S i

R“

=0
holds. Now we shall consider the dual system (7.6.34) and introduce the matrix
function

Oa(k, z) = 17 (k)wi2(k, 2) + 75 (k)Waa (k, 2), (7.7.20)

where
(k) =qi, Tak)=—-1M(k—1)g. (7.7.21)

As in the case of system (7.6.33) we obtain the relations
Al Alg ek 2)]} = 2gk qp(k—1,2), 2<k<N-1, (7.7.22)

where
P(k, z) =ipa(k, 2). (7.7.24)

It follows from (7.7.22) that
2(k, 2) = bpp(k+1, 2) +apgrt(k, 2)+b5_p(k—1,2), 0<k<N-2 (7.7.25)

¥(0, 2) = popg- (7.7.26)
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Here we use the notation

Yk, 2) =@k —1,2), 0<k<N-2 (7.7.27)
T sl x—1 -1 1

bk = =@ 1Pri1Pri1Tir2> k20, (7.7.28)

ar = qi1 (Pl + Pk P ) Gt k20, (7.7.29)

According to Definition 7.29 the spectral matrix 7(X) of system (7.7.25), (7.7.26)
can be defined by the relation

0o _ N—-2 _ . N—2
/ F*(u)[d7(w)]F(u) = Z fufr, where F(u)=Vf= v (k,u) fi.
—0o0 k=0 k=0

2. On the connection between 7(u) and 7(u). Now we shall consider the following
interpolation problem.

Problem 7.31. Let the operator identities (7.6.18), (7.6.19) be fulfilled. It is neces-
sary to find monotonically increasing m x m matriz functions 7(u) and 7(u) such
that representations

Iy = /_i (I — Au) ™ @y [dr(u)] @3 (E — A™u) ", (7.7.30)
Iy = / O; (Tt — Au) ™ & [d7 (u))®3 (I — A*u) ! (7.7.31)

hold and
T(u)=F(u) =0, u<0; 7(u)= /Ou sdr(s), u>0. (7.7.32)

(Here H = [2,(N), Iy is the identity operator in the space H.)
With operator identity (7.6.12) we associate the (2m) x (2m) matrix function

O(z) = {Izm +z [ ng* ] (I-B*C*2)"' [, CIL] } r. (7.7.33)
2
Here
_ [ I IGIL
I = { 0 I } : (7.7.34)

We represent O(z) in the block form

O(z) = {@ij(z)}ijzl )

where all the blocks ©;;(z) are of m x m order.
From the results of article [13] we directly deduce the following assertions.
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Theorem 7.32. Let operators B, C' and 11, Iy be defined by formulas (7.6.8)—
(7.6.10) and (7.6.13), the following condition being fulfilled:

detpy #£0, detqy #£0, k> 0. (7.7.35)

The matriz functions T(X) and T(X) are solutions of interpolation Problem 7.31 if
and only if the matriz function

s(z) = /OOO iTEAZ) (7.7.36)

can be represented in the form
5(2) = [O11(2)R(2) + ©12(2)Q(2)] [O21R(2) + O22(2)Q(2)] ', (7.7.37)

where R(z), Q(z) are a Stieltjes pair.

Theorem 7.33. Let the conditions of Theorem 7.32 be fulfilled. Matrix functions
7(A) and T(X\) satisfying relations (7.7.32) are spectral matriz functions of corre-
sponding systems (7.7.14), (7.7.15) and (7.7.25), (7.7.26) if and only if the matriz
function s(z) defined by formula (7.7.36) can be represented in form (7.7.37).

It follows from Theorems 7.32 and 7.33 that the set of the solutions of inter-
polation Problem 7.31 coincides with the set of solutions of the spectral problem
for the corresponding systems.

Remark 7.34. Let the conditions of Theorem 7.32 be fulfilled. Then the following
assertions are valid.

1. If 7(\) is a spectral m x m matrix function of system (7.7.14), (7.7.15) such
that 7(\) = 0 when A < 0, then

A
) = /0 sdr(s) (7.7.38)

is a spectral matrix function of system (7.7.25), (7.7.26).

2. If 7(\) is a spectral m x m matrix function of system (7.7.25), (7.7.26) such
that 7(A\) = 0 when A < 0, then there exists a spectral matrix function of
system (7.7.14), (7.7.15) connected with 7(\) by relation (7.7.38).

3. On roots of matrix orthogonal polynomials. As it is known [148] the spectral
m X m matrix function 7(A) and the sequence of the matrix polynomials ¢, (2)
(n=0,1,2,...) correspond to difference system (7.7.1). The matrix polynomials
©n(z) are such that ¢q(z) = I,, and

bepr+1(2) + arpr(2) + bp_10p-1(2) = 2¢1(2), (7.7.39)
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where ai, = aj, det by # 0. The polynomials form an orthogonal system, that is,

B
| &N O = ST (7.7.40

where —co < a, 5 < 00, 0< 74,k < oo.

Theorem 7.35. The roots of the polynomials det v, (z) are real and are located in
the interval (o, ).

Proof. Let zy be aroot of det ¢,,(z). Then for some constant m x 1 vector h (h # 0)
the equality
h*pn(z0) =0 (7.7.41)

is fulfilled.
Let us also note that in view of (7.7.40) the relation

B
/ en(Vdr (V] (V) =0, (7.7.42)

where 9;(z) is an m x m matrix of degree [ and [ < n, is valid. It follows from
relations (7.7.41) and (7.7.42) that

©n(A)
A — 20

W / T o SN, g (7.7.43)

We shall write relations (7.7.43) in the form

B * B *

From formula (7.7.40) we deduce the representation

* @n
h g 74
—Zo Crpr(A (7.7.45)

where c¢; are m x 1 vectors. Hence the inequality

B /a f”_(zi [dT(N\)] f”_(zz h = kz_o crer >0 (7.7.46)

is valid. Thus formula (7.7.44) signifies that Zy is the centre of gravity of the mass
distribution on the segment [, 5]. Thus the estimation o < zp < § holds. Let us
show that zyg # a. We shall suppose that zy = . Then we have

h* /B A —a) ‘0”_(2 ar(n)] 22, Z o, (7.7.47)
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If 8 < oo then the inequality

B * B
[ o-a2aro 285 o e >0 (s

-« A—o

>

is valid. As relations (7.7.47) and (7.7.48) contradict one another, then zo # «a. It
is proved in the same way that zg # (. If § = oo then for some finite 3 relation
(7.7.48) is fulfilled, that is, zp # « in this case too. The theorem is proved. O

Further we shall consider the case when the spectrum of system (7.7.39) is
non-negative, that is, & > 0. From Theorem 7.35 we deduce the following asser-
tions.

Corollary 7.36. If the spectrum of system (7.7.39) is non-negative, then all the
roots of the polynomial det v, (2) are positive.

Corollary 7.37. If the spectrum of system (7.7.39) is non-negative, then all the
m X m matrices ¢, (0) are invertible.

4. Recurrent formula. In the scalar case (m = 1) the recurrent formula for the
orthogonal polynomials is written in the form (see [173])

P11(2) = (Apz + By) O (2) — C®p_1(2), (7.7.49)

where B o
A, =A,#0, B,=B,, C,=C,#0. (7.7.50)

Setting

h= | T @ W dr (),

— 00

we shall introduce the normalized polynomials

on(2) = q)",ii)- (7.7.51)
It follows from (7.7.49) that
20n(2) = bpnt1(2) + anon(2) + bp_19n-1(2), (7.7.52)
where
by, = h;:l/Am ap = —i—:. (7.7.53)

Example 7.38 (Laguerre polynomials). In the case of Laquerre polynomials L) (z)
we have (see [4, Ch. 10]):

a=0, B=o0, TN)=e X" (A>0), v>-1, (7.7.54)
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-1 _ 2n+v+1 n+-y

Ap = , Bn= ) n — ) -l
n+1 n+1 n+1 (7.7.55)
Fiy+n+1) I'(y+n+1)
hp=———7—7, LI0)=—F—". 7.7.56
n! ~(0) nll(y+1) ( )
Using formulas (7.7.53) and (7.7.55), (7.7.56) we obtain
an=2n+v+1, by=—/(n+1)(n+v+1). (7.7.57)

5. Method to calculate parameters p; and g of system. We have shown how
system (7.6.33) can be reduced to the classical system (7.7.1). Here the coefficients
ay and by are expressed by the parameters py and g (see (7.7.17)—(7.7.19)). In
this section we find a simple connection between the parameters py, qx of system
(7.7.1) and the values of the matrix polynomials ¢, (z) in the point z = 0. We
shall need the following assertion.

Lemma 7.39. If the spectrum of system (7.7.1) is non-negative, then
T = ¢5(0)brpr+1(0) <0, k>0. (7.7.58)

Proof. Tt follows from relation (7.7.39) that

brpr+1(0) + arpr(0) + b _190%-1(0) =0, (7.7.59)
that is,
r(0)arer(0) = = (Th + T} _4). (7.7.60)
‘We shall use the relations
ap = Apr(A)[dT(N)]er (A), (7.7.61)
0
b= [ X lnsa (), (7.7.62)
0

which follow directly from (7.7.39) and from the fact that the system of the matrix
polynomials ¢, (z) is orthogonal and normalized. Similarly to the deduction of
(7.7.48) we deduce

ap >0, k>0 (7.7.63)

from formula (7.7.61). As
To = =i (0)arpr(0) = Tg > 0,
it follows from (7.7.60) that

T, =T, k>0. (7.7.64)
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Now we shall consider the auxiliary matrix function

(A =1 =v)ro(A) +vr(N), 0<v <1, (7.7.65)
where
0, A <0,
mo(A) = { —e M, A> 0.

Laguerre polynomials LY (\)I,,, correspond to the matrix 7()\). The matrices Ty (v)
correspond to the spectral matrix 7,,(\). In view of (7.7.56) and (7.7.57) we obtain

T3,(0) < 0. (7.7.66)

It follows from relation (7.7.65) that

/ T AR AN >0, 0<p <1, (7.7.67)
0

where 1, (z) is an arbitrary matrix polynomial of degree n (n = 0,1,...) with
the leading coefficient equal to I,,. As it is known (see [148]) this fact implies
the existence of the orthogonal and normalized system of polynomials @, (), v)
continuously dependent on the parameter v. It means that the matrices Ty (v) are
also continuous. From Corollary 7.37 and inequality (7.7.63) we obtain that

det Ty, (v) # 0. (7.7.68)

Relations (7.7.64), (7.7.66), (7.7.68) and continuity of Ty (v) imply that Ty (v) < 0.
The lemma is proved. O

In view of (7.7.58) and (7.7.59) the following assertion holds.

Theorem 7.40. If the spectrum of system (7.7.1) is non-negative, then the coeffi-
cients ay, and by, can be represented in form (7.7.17)—(7.7.19), where

pe = ¢i(0),  grir = U(=Tx) "/ (7.7.69)

and Uy, are arbitrary m X m matrices.

6. Laguerre polynomials. We deduce from formulas (7.7.56), (7.7.57) and (7.7.69)

that the equalities
LY (0) IF'(y+n+1) 1
=) : 7.7.70
P = nl T(y+1) (7.7.70)
" eyt 7.7.71
i = | T PO D (r.7.71)
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hold for Laguerre polynomials LY (z). Let us consider the dual problem correspond-
ing to the case of Laguerre polynomials. In view of (7.7.28), (7.7.29) and (7.7.70),
(7.7.71) the equalities

n=2n+7+2, by=-/(y+n+2)(n+1) (7.7.72)
are valid.
Comparing formulas (7.7.57) and (7.7.72) we deduce the following statement.

Proposition 7.41. The dual system of Laguerre polynomials L)1 (2) corresponds
to the original system of Laguerre polynomials L) (z).

7. Jacobi polynomials. In the case of Jacobi polynomials P (z) we have (see [4,
Ch. 10])
a=-1, b=1, 7\ =1-N*1+))? (7.7.73)

where o > —1, 8 > —1. In order to have a system with a non-negative spectrum
we shall shift z, that is, we shall consider the polynomial system P )(z —1). For
this new system formulas (7.7.73) have the form

a=0, b=2, 7(\)=(2-N\". (7.7.74)

Similarly to Proposition 7.41 the following assertion can be proved.

Proposition 7.42. The dual system of the polynomials ®%#+1(z — 1) corresponds

to the original system of Jacobi polynomials <I>£La’ﬁ)(z —1).

In conclusion we shall write parameters of some special cases of Jacobi poly-
nomials.

1
I Let a = = —5 that is, we shall consider Chebyshev polynomials. In this

case we shall obtain

1 1
bnzfa 217 bzia n:17 >07
B n 0 \/5 a n
o= ("2, nz1L: Gu = VA(-1)", n>0

T = 4 pozﬁa

II: Let « = 8 = 0, that is, we shall consider Legendre polynomials. We shall

obtain 41
_ " . apn=1, n>0;
Vv (2n+1)(2n + 3)

1 2
n — —]_n -, n = —]_n E— > .
pn=(=D"nt5 an=0D"mg n20




Chapter 8

Integrable operators and
canonical differential systems

Introduction

In the article [136] we considered the operators of the type
b D(x,t)
Sf = L(z)f(x) +P.V./ 2D far, (8.0.1)

where f(z) € L}(a,b) and the kxk matrix functions L(z) and D(z,t) are such
that

L(z) = L*(z), D(x,t) = —D*(t,x). (8.0.2)

(The symbol P.V. indicates that the corresponding integral is understood as the
principal value.)
We supposed that the kernel D(z,t) is degenerate, that is,

D(z,t) = iA(z)JA* (1), (8.0.3)

where A(x) is a kxm matrix function (k < m), J is a constant mxm matrix such
that

J=J% J*=1,. (8.0.4)

Later in the work [64] the important class of the operators S, when
k=1, L(z)=1, D(z,z)=0, (8.0.5)
was studied in detail. These results have a number of interesting applications

29,30, 58, 59].
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In our works [136,149] the connection of the operators S with the spectral
theory of non-selfadjoint operators was shown. The operator identity

b
(QS — SQ)f = / D(x. ) f (), Qf = xf(x), (.0.6)

plays an essential role in these works. From identity (8.0.6) we obtain the state-
ment.

Proposition 8.1. Let the kernel D(z,t) be defined by relations (8.0.3) and (8.0.4).
If the operator S is invertible, then the operator T = S~ has the form

b; (= i) Fb)dt, (8.0.7)

b
Tf = M(x)f(z)+ P.V./

where M (x) = M*(x) and the kernel E(x,t) is also degenerate and has the form
E(z,t) =iB(x)JB*(t). (8.0.8)

Here B(z) is a kxm matriz function.

We shall show (Section 8.1) that the operators S and T lead to the Riemann—
Hilbert matrix problem

Wi(o) =W_(0)R*(0), a<o<b, (8.0.9)

where the mxm matrix function W (z) is analytic, when z¢[a,b]. Here matrix
function R?(o) is given, the matrices W (o) are defined by the relation
Wi(o)= lim W(z), z=o0+iy. (8.0.10)
y—=+0

In the present chapter a significant role is played by the canonical differential

system

%W(J?,Z) = i%(?W(x,z), W(a,z) = I,. (8.0.11)

The monodromy matrix of system (8.0.11) coincides with the solution of the
Riemann—Hilbert problem (8.0.9), that is,

W(z) = W (b, 2). (8.0.12)

It easily follows from (8.0.11) that W (z, z) in the neighborhood of z = co admits
the representation

W(x,z) =1+

Mlz(x) . Migfﬂ) Fo, (8.0.13)
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where

My(z)= > 1/ JH(t) [tPM;(t)]dt, p>0, 1>0, k>0, My=1I.
pti=k—1 70
(8.0.14)
In view of (8.0.11) and (8.0.14) all the coeflicients M}, (z) are defined if the coeffi-
cient M7 (z) is known. This fact is of interest as the representation

My(b) = May(b) n

Wb,2) = I+~ + =75 (8.0.15)

is closely connected with the problems of random matrices theory [30,59,191]. In
this chapter we give the procedure for constructing the matrix function M (x).

Let us note that W(z) is a characteristic matrix function [17,99] of the
operator

Af=of+i [ B@IF OO, @) € L), (3.0.16)
where f(x) is a kxm matrix function such that

8" (2)8(x) = H(a). (8.0.17)

In the terms of W(z) we obtain a sufficient condition of the linear similarity of the
operator A to the selfadjoint operator

Qf =xf, f(x)€ Li(a,b). (8.0.18)

This result is essentially stronger than our old theorem [137] in which it was
required that
IWERI<C, z#z (8.0.19)

We also obtain the corresponding sufficient conditions in the terms of S(z). We
separately consider the case when

B(x)JB*(x) = 0. (8.0.20)

Investigating this case we use the analogue of the well-known Plemelj formula
for the limiting values of the multiplicative integral. We recall that the Plemelj
formula deals with the integral

f(z) = /b ) g, (8.0.21)

z—1t

Case (8.0.20) is not contained in the previous papers [133-135] dealing with the
limiting values of a multiplicative integral.
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We show that the class of the operators (8.0.16), (8.0.20) is closely connected
with the matrix version of class (8.0.3) when

k>1, L(z)=1I, D(x,z)=0. (8.0.22)

For this class the corresponding matrix function R?(x) from (8.0.9) has a special
structure, namely
[R(z) — I,,]* = 0. (8.0.23)

We note that R(x) is the J-module (see [122]) of the matrix W (x). In this chapter
we investigate the following inverse problem (see [149, Ch. 3]).

Problem 8.2. To recover the Hamiltonian H(x) of system (8.0.11) by the given
J-module R(x).

In the last part of the chapter we consider a number of examples both new
and classic belonging to our scheme.

8.1 Integrable operators and Riemann—Hilbert
problem

In this section we consider a special case of the matrix Riemann—Hilbert problem.
Our approach to this problem is based on the J-properties of the corresponding
mxm matrix function W(z).

We suppose that the following conditions are fulfilled.

1) The matrix function W (z) is analytic in the domain z¢[a, b], (—co < a < b <
o0) and satisfies the equality

I/V(z):fm+L bM

d 1.1
2mi . (8.1.1)

o« T—Z

where F(z) is a measurable and bounded mxm matrix function on the seg-
ment [a, ).

2) The relations

W*(2)JW(Z) = J, (8.1.2)
W&IWE) =T s (8.1.3)

hold. (The mxm matrix J satisfies the equalities J = J*, J? =1I.)

Equality (8.1.1) guarantees almost everywhere the existence of the limits

Wi(z) = y£I£0W(z), z=ux+1y. (8.1.4)
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It follows from (8.1.3) that W '(z) and W_(z) are J-contractive matrices. Hence
we can use the polar decomposition (see [122, p. 172, Theorem 8§])

Wi(z) =U(z)R(z), W_(z)=U(z)R (z), (8.1.5)
where the mxm matrix functions U(x) and R(zx) are such that
U (x)JU(x)=J, JR(z)=R"(z)J (8.1.6)

and the spectrum of R(x) is positive.
The matrix function R(z) is called J-module of the matrix function W (z).
Due to (8.1.5) and (8.1.6) we have

R*(z) = JW(z)JWy(z). (8.1.7)

From relation (8.1.3) we deduce that JR?(z) > JR~?(x). Hence according to the
theory of J-module [122, Ch. 2, p. 176] the relations

D(z)=J[R(z) =R '(z)] >0, =€ [a,b], (8.1.8)
D(x) =0, x¢[a,b (8.1.9)

hold. Now we introduce the measurable matrix functions Fi(z), F»(x) with the
help of the relations

Ff(x)Fi(z) = D(z), Fy(z)= Fi(2)JU"(z). (8.1.10)
Remark 8.3. The matrix functions Fi(x) and Fh(x) are kxm matrices, where
k =sup {rank D(x)}, a < x < b. Hence k < m.
Using relations (8.1.1), (8.1.5) and (8.1.8) we can write
Wi(x) — W_(z) = Fy (z)Fy(z) = F(x). (8.1.11)
In addition to conditions 1) and 2) (see relations (8.1.1)—(8.1.3)) we suppose:
3) The matrix functions F(z) and Fy(z) are bounded on the segment [a, b].
Let us define the operators IT and I' by formulas
__Fi(x)g. Tg=——
V2r V2r

where g is a mx1 vector, Ilg and I'g belong to L (a,b). Then we have

g = Fy(x)g,

b
H*f(x):\/%/ Fr (2)f(2)da, (8.1.12)

. b
F*f(m):\/;?/ Fy (2)f(z)dz, (8.1.13)

where f(x) € L%(a,b). The next assertion follows from formulas (8.1.1), (8.1.12)
and (8.1.13).
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Proposition 8.4. The matriz function W (z) admits the realization
W(z) = I, — T*(Q — 2I) I, (8.1.14)
where the operator Q is defined by the relation

Qf =xf, f(x)€ Li(a,b). (8.1.15)

Now we introduce the kxk matrix

1/2
L(z) = <1k + i(Fl(x)JFf(x))‘Z) (8.1.16)

and consider the operators

VJF(t
xr—t

Sf = L(x)f(x PV/ B@ T ¢ 4at, (8.1.17)

" Fy(x)JF3(t)

(bt (8.1.18)

Tf=L(x)f(z) — %P.V./

a

The introduced operators S and T act in the space L?(a,b) and f(z) is a kx1
vector function.

Theorem 8.5. (See [149, p. 45-46]) The operators S and T are positive, bounded
and
T=S8"1 SF(x)=F/(x)J (8.1.19)

From relation (8.1.5) we deduce that
W(x) =W_(z)R*(z), = € [a,b], (8.1.20)

Wi(z) =W_(z), x¢[a,b]. (8.1.21)
Formulas (8.1.20) and (8.1.21) lead to the Riemann-Hilbert problem.

Problem 8.6. Recover the matriz function W{(z) from the given J-module R(z) of
W+ (.’13)

In the case J = I, Problem 8.6 plays an essential role in the prediction theory
of stationary processes [192]. The case when J # I is important for the theory of
random matrices [29, 30].

We suppose that the given m xm matrix function satisfies the next conditions.

1) JR(z) = R*(x)J,a<ax<b; R(z)=1I, x ¢ [a,b].
2) The spectrum of R(z) is positive and relations (8.1.8), (8.1.9) are valid.
3) The matrix functions R(z) and R™!(z) are bounded on the segment [a, b].
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It follows from the previous calculations that Problem 8.6 can be solved in the
following way.

I. By the given matrix R(z) we construct the matrix D(x) (see (8.1.8)).

II. Using the first of equalities (8.1.10) we find a measurable matrix function
F1 (ZL’)

ITI. With the help of formula (8.1.17) the operator S is constructed.
IV. Due to the second equality of (8.1.19) we have Fy(z) = S~1Fy(x)J.
Here we add to the conditions 1)-3) a new important condition:

4) The constructed operator S is invertible.

Now it is easy to see that formulas (8.1.1) and (8.1.11) give the solution of the
Riemann—Hilbert problem (8.1.20) with the normalizing condition

W(z) =>1 as z— o0. (8.1.22)

Remark 8.7. The operators S and T defined by formulas (8.1.17) and (8.1.18) are
called integrable [29,30]. The case when k = 1 and

Fy(z)JFy(x) =0 (8.1.23)

has important applications in the theory of random matrices (see [29, 30, 191])).
The general case was used in the spectral theory of non-selfadjoint operators [136,
137,149].

8.2 Limiting values of the multiplicative integral

Let S(x) be a kxm matrix function (k < m). We consider the canonical system
of the form
d JH
—W(z,z) =1 (z)

dx Z2—T

where the mxm matrix J is such that J = J*, J? = I,,,, and H(z) = 8*(z)B3(x),
a<x<b.

Systems (8.2.1) play an important role in the theory of non-selfadjoint oper-
ators [99,149], in the Riemann—Hilbert problem, in the theory of random matrices.
The solution of systems (8.2.1) can be represented in the form of the multiplicative
integral

Wiz, z), W(a,z)=ILn, (8.2.1)

W(x,z)= [ e=7F®), (8.2.2)

S— .
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where E(z f H (t)dt. The multiplicative integral is defined by the relation
b
')
/ef(t)dE(t) — hm ef(tnfl)AE(tn—l)ef(tn—2)AE(tn72) e ef(tO)AE(tO)’ (823)
max At; —0

a
where a =ty < t; < --- < t, = b. The analogues of the Plemelj formulas

b o—¢
') ')

W:t(bva):gig%)[/ o7 7 dB() gEmTH(2) /eai‘—’tdE“)] (8.2.4)
o+e a

were deduced for the limiting values

Wy(b,o)= ?}g% W(b,z), z=o+1iy (8.2.5)

of the multiplicative integral (see [133-135]). In order to obtain formulas (8.2.4) it
was supposed in particular that the matrix function JH (x) for each z is linearly
similar to a certain selfadjoint matrix. Now we shall consider the case when

B(x)JB*(x) = 0. (8.2.6)
It follows from (8.0.17) and (8.2.6) that
[JH (x)]* = 0. (8.2.7)

Thus the matrix function JH (x) is a nilpotent one and hence it is not similar
to a selfadjoint matrix function. In this case as well the analogue of the Plemelj
formula is valid.

Lemma 8.8. [157] Let the kxm matriz function §(x) be continuous on the segment
[a,b] and satisfy the estimations

J *
18(z)]| < M, Hﬁ At )HSM, a<xzt<b. (8.2.8)
Then there exists the limit
V(z,o) = yl_lgrlO(W(ac, o+iy) — W(z,o —iy)) (8.2.9)
and for some My the inequality
IV, o)l < My (8.2.10)

is valid.
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Lemma 8.9 ( [157]). Let the conditions of Lemma 8.8 be fulfilled. Then there exist
the limits

x

: g 42 *
Vi(z,0) = 213%) e =t J5*(0), (8.2.11)
o+¢e
Va(z,0) = lim (o )/ei"df—“t’). (8.2.12)

a

Now we formulate the main result of this section [157].

Theorem 8.10. Let the conditions of Lemma 8.8 be fulfilled. Then the equality
lim (W(z,0+iy) — W(z,0 —iy))

y—+0
A A~
= lim a1 W (27 JH (0 527 dB(t (8.2.13)
e——+0
o+e
is valid. Here a < 0 < x, E(x fH

Remark 8.11. Equality (8.2.13) can be written in the form
lim (W(z,0 +iy) — W(z,0o —iy))

y—+0
;\ o—E
_ El_ig_lo / ea‘ftdE(t) (eTFJH(O') _ e—TK'JH(O')) / eU‘J dE(t) ) (8214)
o+e a

The corresponding matrix function W (z) = W (b, z) can be represented in form
(8.1.1), where
F(z) =V(b,z) = Wi(z) — W_(2). (8.2.15)

It follows from Theorem 8.10 that
F(z)JF*(x) = 0. (8.2.16)
Using formulas (8.1.11), (8.2.15) and polar decomposition (8.1.5) we deduce that
(R—RHJ(R-RYH*=0. (8.2.17)

From the last relation and the second of the equalities (8.1.6) we obtain the fol-
lowing important result.

Corollary 8.12. Let the conditions of Lemma 8.8 be fulfilled. The corresponding
J-module R(z) of W (x) satisfies the relation

(R(z) — I)* =0. (8.2.18)
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Thus under some additional conditions we deduce the equality (8.2.18) from
(8.2.7).

Open problem 8.13. Find the conditions under which relation (8.2.7) follows from
(8.2.18).

8.3 Spectral theory

We begin with some important notions. Let the linear bounded operator A have
the form
A= Agr +iAyp, (8.3.1)

where Ar and A; are self-adjoint operators acting in Hilbert space H and there
is a bounded linear operator K which maps a Hilbert space G in H so that

A; = KJK*, (8.3.2)

where J acts in G and J = J*, J?> = 1.
Definition 8.14 (See [17,99]). The operator function

W(z) =1-2K*(A—2I)"'KJ (8.3.3)

is called the characteristic operator function of A.

We recall that the simple part of A is an operator which is induced by A
on the subspace Hy = > .~ A*D4, where Dy = (A — A*)H. In paper [137] we
deduced the following assertion.

Theorem 8.15. If the characteristic operator function W(z) of the operator A
satisfies the condition
W <e, z#% (8.3.4)

for some ¢, then the simple part of A is linearly similar to a self-adjoint operator
with an absolutely continuous spectrum.

It follows from relation (8.3.4) that W (z) admits the representation (8.1.1)
and the matrix
F(z) =Wi(z) — W_(x) (8.3.5)

is bounded on the segment [a, b], that is,
|1F(z)|| <ec1y, a<ax<h. (8.3.6)

We note that inequality (8.3.4) does not follow from relation (8.3.6). However
Theorem 8.5 is correct when condition (8.3.6) is fulfilled. Using this fact we get a
new version of Theorem 8.15.
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Theorem 8.16. If the characteristic operator function W(z) of the operator A
satisfies the conditions (8.3.5) and (8.3.6), then the simple part of A is linearly
similar to a self-adjoint operator with an absolutely continuous spectrum.

Example 8.17. We consider the case when

Fi(z)=[z+i,x—i], 0<a<]1, J:[_O1 (1)} (8.3.7)

The corresponding operator S (see (8.1.17)) has the form

1
Sf=f(z)— %/0 f(t)dt. (8.3.8)
Due to relations (8.1.17) and (8.1.19) we have
Fy(z) = [~q(2), q(x)], (8.3.9)
where
1 o1
q(z) =z + +i . (8.3.10)

2(r—=1) w-—1

Using the property of the Cauchy integral (see [108]) we deduce from relation
(8.1.1) that

W(z) = —ﬁF(O) logz+0(1), z#2z, |z|< %, (8.3.11)
W(z) = —%F(l) log(z—1)+0(1), z#z |z—-1|< % (8.3.12)

It follows from formulas (8.1.11) and (8.3.7), (8.3.9) that F'(0) # 0, F(1) # 0.
Hence the constructed W (z) satisfies the conditions of Theorem 8.16 but does not
satisfy the condition (8.3.4) of Theorem 8.15.

From Theorems 8.10 and 8.16 we obtain directly the following assertion.

Corollary 8.18. Let the conditions of Lemma 8.8 be fulfilled. If operator A is defined
by relation (8.0.16), then the simple part of A is linearly similar to a self-adjoint
operator with an absolutely continuous spectrum.

8.4 Canonical differential systems

It follows from Theorem 8.5 that the operator

VJFE(t
r—t

§
Sef = L) f(x PV/ B@TFW) ¢ 4at (8.4.1)

is positive, bounded and invertible in L?(a,&). We note that S = S,
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We set,
D(¢,x) = S (), (8.4.2)

£
B(&) = %/ Fi(x)®(¢, x)da. (8.4.3)

Lemma 8.19 (See [149, Ch. 3]). The matriz function B(§), which is defined by
formulas (8.4.1)—(8.4.3), is absolutely continuous and monotonically increasing.

Now let us consider the system of integral equations

W, 2) = T +1J / ’ CiB_(?W(g, 2). (8.4.4)

Corollary 8.20. If the matriz function B(x) is absolutely continuous, then integral
system (8.4.4) is equivalent to the differential system
dW(z,z) iJH(z)

dx - s — 1 W(I7 Z)’ W(aa Z) = Ima (845)

where
H(z) = B'(z) >0, W(b,z) =W(z). (8.4.6)

Due to (8.4.4) the relation
Wiz, 2) =1+ M(2)/z+ My(z)/2* + - - (8.4.7)
is fulfilled in the neighborhood of z = co. It follows from (8.4.4) and (8.4.7) that
M (x) =1JB(x). (8.4.8)

Formulas (8.4.2), (8.4.3) and (8.4.6) give the solution W(z) of inverse Problem
8.2.
Relations (8.1.10) and (8.1.11) imply the following assertion.

Proposition 8.21. If the equality
Fi(z)=0, a<z<p, a#p (8.4.9)
holds, then
Fy(x)=0, Wi(z)=W_(z), Rx)=1, a<z<}. (8.4.10)

We note that in case (8.4.9) the matrices W, (z) and W_(z) are J-unitary.
Hence the last relation in (8.4.10) is valid.

Corollary 8.22. If condition (8.4.9) is fulfilled, then

B'(x)=H(z) =0, a<z<}. (8.4.11)
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Remark 8.23. In random matrix theory [30] there was considered a very significant

multisegment case
R(z) =1, x¢A, (8.4.12)

where A is the system of the segments [ay, bg] such that a; < by < as < by <
< ag < by,
Tt follows from equality (8.4.11) that

H(z)=0, x¢A. (8.4.13)

8.5 Inverse problem, examples

We recall that the J-module R(x) satisfies the following conditions:

I. The spectrum of R(x) is positive.

II. The relations J(R(z) — R~(z)) > 0 and JR(z) = R*(x)J are valid.
We introduce the additional condition
L. (R(z)—1)° = 0.

This condition is fulfilled in a number of concrete problems (see [30]). In the present
section we consider the classes of R(z) satisfying conditions I-III. For these classes
we describe in detail the method of solving inverse Problem 8.2.

Example 8.24. Let us consider the case when

J = [ _(I)’” I?n ] (8.5.1)
and
0 ()
R2(x) = { o) ‘glm } , 0<z <, (8.5.2)
where p(x)p*(z) = I,,. From (8.5.2) we deduce that
R(z) =1/2 { 7;3:1(17) ‘gfn) } . (8.5.3)

The matrix R(x) satisfies conditions I-III. It follows from condition I. that the
matrix R(x) is unique.
From (8.5.3) we obtain that

R(z) — B—(x) = { “In (@) } . (8.5.4)

D(&) = J[R(z) — R\(x)] = { In () } . (8.5.5)
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Hence the equality
Fi(z) = [Im, —¢(z)] (8.5.6)
holds. Using (8.5.6) we obtain the relations

Fi(z)JF} (z) = 0, (8.5.7)

Fy(2) JFY (1) = ()@ () = Im- (8.5.8)

Thus in case (8.5.3) we deduce from (8.4.1) and (8.5.8) that the operator S has
the form

; 3
i
Sef = — P.V. t)dt. 5.9
f = fla)+ 5= PV [ EEEL i g (559
The fact that the operator V' defined as
1 < f(t
V= P.V./ %dt, f € L*(—o00, ) (8.5.10)

is unitary implies that in the space L?(0,&) we have
Se > 0. (8.5.11)

Proposition 8.25. Further we suppose that the operator S, is invertible in L*(0,7).
So the operators S, & < r are invertible in L?(0,¢) as well.
Remark 8.26. If p(x) satisfies Holder condition

lo(z) — ()| < |z —t|%, 0<a<l,

then there exists such 7 > 0 that S, is invertible in L?(0, 7).

Using relation (8.4.2) we have

(&, x) +—PV/ O(&,t)dt = Fi(z), (8.5.12)

x—t

where
B(&,x) = [@1(&,2), Po(E,7)]. (8.5.13)

Here @ (&, x) are the mxm matrix functions (k = 1,2). It follows directly from
(8.5.6) and (8.5.12) that

t) Im
x—t

(8, +—PV/ Oy (&, )dt = I, (8.5.14)

By (¢, 2) PV/ P = In g e it = —p(a), (8.5.15)

x—t
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and
Due to (8.4.3) the formula

¢ ‘1)1(5,.13) <I>*(§,a:)
B@—zﬂfo {%(5,@ ot (@)a(ex) | L (8.5.17)

holds.

Example 8.27. We separately consider the partial case of Example 8.24, when
m = 1.

Let the function ®4(&,z) be the solution of equation (8.5.14). It is easy to
see that the function —p(z)®;(&,x) satisfies equation (8.5.15), that is,

D2(8,7) = —p(2)P1(§, 7). (8.5.18)
Hence formula (8.5.17) takes the form
_L ] wEe) —aEoe() |y,
20=5 [ | it wiem e 651

Example 8.28. Let us consider the particular case of Example 8.24, when

m=1, ¢(r)=e"" u=aq. (8.5.20)

Example 8.28 plays an important role in the theory of random matrices [30,58,191].
In this case the operator S¢ takes the form

3 i _
Sef = fla) -+ /0 ule—n SUE =) ppy gy (8.5.21)

™ r—t

The operator S¢ defined by formula (8.5.21) is invertible in the space L?(0,¢) for
all 0 < & < o0.
We denote by ¥(&, 2, u) the solution of the equation

W& z,u) — % /: W\D(@t,u)dt = e uT, (8.5.22)
Then according to relations (8.5.21) and (8.5.22) we have

(&, z,u) = U(E, z,u), Po(é,x,u) = —TU(E, z,u). (8.5.23)
It follows from (8.5.19) and (8.5.23), that

B 1 13 eiquj(g’m’u) —e_iuw\I’(f,{EﬂL)
B(&,u) */0 [eiuqu(é-,z’u) T (E 2.0) de. (8.5.24)

T or
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Example 8.29. Let us consider the case when m = 1 and

J= [ _01 (1) ] , (8.5.25)
Ll 2—p@P 5
R(z) = 5 1/J(:E)2 2 1 o) ] , 0<z<r. (8.5.26)

The matrix R(z) satisfies conditions I-III.
It means that R(z) is the J-module of the matrix W, (z) which satisfies
relation (8.0.9). From (8.5.25) and (8.5.26) we deduce that

R(x) — R™Y(x) = JD(x) = JF} (2)Fi(z), (8.5.27)
where
Fi(@) = [0(@), 5@)]. (8.5.28)
Using (8.5.28) we obtain the relations
Fi(z)JFy(xz) =0, (8.5.29)
Fy(z) JEL(8) = ¢ (@) (t) = ¢ ()97 (D). (8.5.30)
Thus we deduce from (8.5.30), that the operator Se¢ in case (8.5.26) has the form
13 *
Sef = f(z PV/ Ll x_t( DY ()f( t)dt. (8.5.31)

Proposition 8.30. Further we suppose that the operators Sg are positive and in-
vertible in the space L*(0,&) for all 0 < & <.

Remark 8.31. If ¢)(z) satisfies the Holder condition, then there exists such r > 0
that the operators S¢ are positive and invertible in the space L2(0,€) for all 0 <
E<r.

Tt follows directly from (8.5.28) and (8.5.31), that

(¢, 2) PV/ ¥ : ff( WO g 6 tdt = v(z),  (35.32)
Py (€, PV/ ¥ x_f( )w*(t)%(g,t)dtzw, (8.5.33)
where
D1 (€, 2)21(€, ) = Po(&, 2)D5(, ). (8.5.34)
Due to (8.5.31) and (8.5.33) we have
FQ(.’E) = [—@1(1,I), q)g(l, LI,‘)], (I)l(f,.’ll) = ¢Q(£,$), (8535)
L e[ P@eiEa) Pa)@i(E )
B(&) = %/ dx. (8.5.36)
0 ¢(I)q’1(§»$) ¢(I)®1(§7I)
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Remark 8.32. If _
Y(z) =i/re ™, 0<y <1,
then due to (8.5.26) we have

2iux

1- e
R@)=| ot |y

The corresponding Riemann—Hilbert problem was considered in [30].

Let us represent ¥ (x) in the form
U(x) = A(z) +1B(z),

where
A(z) = A(z), B(z) = B(x).

Then the operator S¢ takes the form

3 X — X
ng:f(x)—%P.V./O A@)BO) = B@)AW) gy

xr—t
‘We introduce the functions
Y1 (z) =V (Ai(z) +14i' (z)),

where Ai(z) is an Airy function, and

o) =[5 (90 (VB + VAL (V) ), a1,

167

(8.5.37)

(8.5.38)

(8.5.39)

(8.5.40)

(8.5.41)

(8.5.42)

(8.5.43)

where J,(z) is a Bessel function. The cases (8.5.26), (8.5.42) and (8.5.26), (8.5.43)

are used in a number of applications (see [59]).



Chapter 9

The game between energy and
entropy

Introduction

In this chapter we consider the mean energy E and entropy S together. As it was
already mentioned in the Introduction to the book, we introduce the functional
F = \E(p,q) + S(p,q), where A\ = —1/(kT), k is the Boltzmann constant, T
is temperature. Then, the functional F' attains its maximum at the point (p, q)
such that the corresponding probability P(p, ¢) is given by the Boltzmann—Gibbs—
Shannon formula for classical mechanics. A similar approach is used to prove other
Gibbs-type formulas. We note that the compromise function F' is closely related
to the well-known Helmholtz free energy.

In the present chapter we apply extremal problems and a game theoretic
approach in the following important domains: quantum and classical mechanics
(Gibbs-type formulas), non-extensive statistical mechanics and algorithmic infor-
mation theory.

9.1 Connection between energy and entropy (quantum
case)

Let the eigenvalues E, of the energy operator L be given. Consider the mean
energy B, = > E,P, and the entropy S, = — ), P,log P,. Here P, are the
corresponding probabilities, that is, >, P, = 1. Hence P, can be represented in
the form P, = p,/Z, where Z = ", p,. Our aim is to find the probabilities P,.
For that purpose we consider the function

F=M\E, +5,, (9.1.1)
L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 169
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where A = —1/(kT).

Fundamental Principle. The function F defines the new extremal problem for the
mean energy E, and the entropy Sy.

To find the stationary point of F' we calculate

or
Opi,

= MBW/Z =3 Eapn/2%) = (logpi) [Z+ > pulogpn/Z%. (9.1.2)
n=1 n=1

It follows from (9.1.2) that the point
pp=e . =12 .. (9.1.3)

is a stationary point. Moreover, the stationary point is unique up to a scalar
multiple. Without loss of generality this multiple can be fixed as in (9.1.3).

Corollary 9.1. The basic formulas

eAEn
Zy=Y e E, :ZEnT, (9.1.4)
n n q
P, P,
S, = —Z—q log—q (9.1.5)

are immediate from (9.1.3)
By direct calculation we get in the stationary point (9.1.3) the equalities

O*F

— =1/722>0, j+#k (9.16)
op3

=—Z/(pkZ2°) <0, Zip:=Y pj; i
k pk I k - j?ékpja 8pkapj

Relations (9.1.3) imply the following assertion.
Corollary 9.2. The stationary point (9.1.3) is a maximum of the function F.
Proof. We use the following result (see [120, Ch. 7, Problem 7]):

rn a a ... a
b ro a ... a B
det| 6 b rg ... a |= M, (9.1.7)
a—>b
b b b L

where
fl@)=(r1—x)(ra —x) - (rp — ). (9.1.8)
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In the case that a = b, the equality below is easily derived from (9.1.7)

rooa a a
a r, a ... a

det | a a 713 ... a | =-af(a)+ f(a). (9.1.9)
a b a ... T

Using (9.1.6) and (9.1.9) we calculate the Hessian Hy(F)) in the stationary point
Hy(F) = Z72*[=f'(1) + f(1)], (9.1.10)
where f is given by (9.1.8) and r,, = —Z,,/p,. Rewrite (9.1.10) in the form

k k
Hy(F) = (-=2)7" (1— <an> / Z) 1B

to see that the relation sgn (Hy(F)) = (—1)* is valid. Hence, the corollary is
proved. O

Note that the basic relations (9.1.3) are obtained by solving a new extremal
problem. Namely, in the introduced function F' the parameter \ is fixed instead
of the energy E, which is usually fixed.

Remark 9.3. The traditional approach to entropy was described by A. Wehrl [188]
in the following statement: “Traditionally entropy is derived from phenomenologi-
cal thermodynamical considerations based upon the second law of thermodynam-
ics. This method does not seem to be appropriate for a profound understanding
of entropy.”

Various kinds of entropy are actively studied and applied, and many signifi-
cant developments appeared in recent years (see, e.g., [8,9,46,54,61,62,73,78,113,
188, 189] and references therein), which confirms also the importance of turning
to foundations and of the rigorous treatment of this notion.

Since the famous Boltzmann—Gibbs—Shannon (or simply Gibbs) formula is
fundamental in entropy and thermodynamics, the following interesting Wehrl prob-
lem appears

Problem 9.4. Find a simple and rigorous way to treat the Gibbs formula.

In the present section we proposed a rigorous approach to the Gibbs formula
for P, which helps to cope with the Wehrl problem above.

9.2 Connection between energy and entropy (classical
case)

Let us introduce the classical Hamiltonian H(p,q), where p are corresponding
generalized momenta, g are the generalized coordinates. Then the mean energy
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FE. and entropy S, are defined by the formulas

where
P(p,q) >0, // P(p,q)dpdg = 1. (9.2.3)

In the classical case we consider again the game between the energy E. and
the entropy S.. In the same way as in Section 9.1 we introduce the compromise
function

F, = \E.+S., (9.2.4)

where A\ = —1/kT.
Next, we use the calculus of variations. The corresponding Euler equation
takes the form

D (M (.0)P(v.) ~ P(p. ) log P(p.q) + nP(p.0)) = 0. (9.2.5)

1)
Here 5P stands for the functional derivation, u is the Lagrange multiplier, and

our extremal problem is conditional (see (9.2.3)). Because of (9.2.5) we have
AH(p,q) — 1 —log P(p,q) + p = 0. (9.2.6)

From (9.2.6) we obtain
P(p,q) = Ce P9, (9.2.7)

Formulas (9.2.3) and (9.2.7) imply that
P(p,q) = e>‘H(p’q)/ZC7 Z, = // e/\H(p’q)dpdq. (9.2.8)

Remark 9.5. The famous formula (9.2.8) is deduced above. We think that it is

done in the simplest way. Note that
52
WFC =-1/P<0. (9.2.9)

It means that, under condition (9.2.3), the functional F, of the form (9.2.4) attains
a maximum for P(p,q), which is defined by formula (9.2.8).
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9.3 Third law of thermodynamics

1. Quantum case. We suppose that h in the energy operator is fixed and its
eigenvalues F,, = E, (h) are indexed so that

Ey < Ey < E3<.... (9.3.1)
We assume that the statistical sum Z, is bounded:

ZyB) =Y e <00, p= I%T (9.3.2)

n=1

For simplicity, we assume that (9.3.2) holds for all 8 > 0. Since for every ¢ > 0
there is an N, such that

0< E,e P> <1 forall n> N, (9.3.3)

the inequality (9.3.2) for all 8 > 0 implies

Z Ene PEn <00 forall B> 0. (9.3.4)
n=1
Therefore we have -
Ey(B) = Ene P /Z,(B). (9.3.5)
n=1
From (9.3.1), (9.3.2), (9.3.4), and (9.3.5) we deduce the following relations:
> Epe 8 = e B (mBy + 0 (e Enn =B )} B oo, B =1/KT,
n=1
Zy(B) = e PP (m +0 (e—B<Em+1—E1))) , B—oo, B=1/kT, (9.3.6)
E,B)=E, +0 (e—ﬁ(Em+1—E1)) , B—oo, B=1/kT, (9.3.7)

where m is the multiplicity of Fj.
Equalities (9.1.4) and (9.1.5) imply a formula for entropy

Sq(B) = BE4(B) + log Zy(B). (9.3.8)
Using relations (9.3.6)—(9.3.8), we obtain
Sq(B) —log(m), B —o00, B=1/kT. (9.3.9)

Compare (9.3.9) with the well-known statement:
Third law of thermodynamics. If 5 — oo, then Sq,(3) — 0.

Thus, we have proved the following assertion.
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Theorem 9.6. Let the conditions (9.3.1) and (9.3.2) be fulfilled. Then the relation
m =1 and the third law of thermodynamics are equivalent.

Remark 9.7. The equality m = 1 means that the ground state is non-degenerate.
Remark 9.8. If m > 1, we obtain the so-called residual entropy log(m) (see,

e.g., [78] and references therein).

2. Classical case. Now, we consider briefly the third law of thermodynamics for
the classical case. First, assume that the dimension N of the coordinate space is
equal to 1. In the case of a potential well, the following formulas hold (see Section
6.2):

E(B) = 1/(28), Z.(8) = \/2xma®[B. (9.3.10)

The corresponding formulas for the oscillator (see Section 6.3) have the form

E(8) =1/, Z.(8) =21/ (Bw). (9.3.11)
It follows from (9.2.1), (9.2.2), and (9.2.8) that
S.(8) = BE.(8) +10g Zu(8), B = 1/kT. (9.3.12)
Because of (9.3.12), in both cases (9.3.10) and (9.3.11) we have
Se(B) = c1 + calog B, (9.3.13)
where ¢; and ¢ are constants. Note that relation (9.3.13) holds also for an arbitrary

N (the corresponding formulas for the potential well are adduced in Section 6.5).
In view of (9.3.13), we formulate our conjecture:

Conjecture 9.9. In the classical case the result
Sc(B) =c1 4+ clogB+0(1), B— 0

is valid.

9.4 Entropy and energy in non-extensive statistical
mechanics

1. Following C. Tsallis [180] we define entropy by a basic formula from non-
extensive mechanics:

Sg=01=>pH/(g-1), Y pi=1, p>0, g>0, (9.4.1)
=1 =1
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where n is the total number of states. Energy is defined by the formula (see [180])

U, = <quEz>/ (Zlﬁ’), (9.4.2)

where F; are the eigenvalues of the Hamiltonian of the corresponding system. We
interpret the connection between U, and S, in terms of game theory.

In our approach we consider a new extremal problem. Namely, we fix the
Lagrange multiplier § = 1/T, that is, we fix the temperature and introduce a
compromise function F (8, p1,p2, ..., pn) = —BU;+S,. Then, the mean energy U,
and the entropy S, are two players of a game and the compromise result is the
extremum point of F.

2. The stationary point of the function F(83,p1,p2,...,pn) is a solution of the

system
8F(/67p17p27 e apn)

Opi
It is easy to see that in accordance with [180, p. 12] we get

—0, 1<i<n. (9.4.3)

1

/Z\q = Z (1 —(1-q)B(E; — Uq) / <ZP?) ) - . (9.4.5)

i=1

where

3. Extremum points. We introduce the values
Epax =max{E1,Fs,....Ey}, FEnin =min{FEy, Ey,...,E,}. (9.4.6)
We need such a solution p; of system (9.4.4), (9.4.5), that
pi >0, 1<i<n. (9.4.7)
Proposition 9.10. Let the conditions
¢g>1, >0 1-0(q—1)(Fmax — Fmin)n?* >0 (9.4.8)

hold. Then every solution of system (9.4.4), (9.4.5) satisfies conditions (9.4.7).

Proof. The assertion of the proposition follows directly from (9.4.4), (9.4.5) and
the inequality

n
17
zq:Zpg > pl™a. O
i—1
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Proposition 9.11. Let the conditions
0<g<l, >0, 14801 —¢q)(Emnin— Enax) >0 (9.4.9)

hold. Then every solution of system (9.4.4), (9.4.5) satisfies conditions (9.4.7).

Proof. The assertion of the proposition follows directly from (9.4.4), (9.4.5) and
the inequality

n
zq:pr > 1. O
i=1

Remark 9.12. Proposition 9.11 is valid in the case n = oo as well.

Let us denote by D = {(p1,p2,...,pn)} the set of points, where
pi>0, 1<i<n; Y pi=L (9.4.10)
i=1

The set D is compact and convex. A topological space X is said to have the fixed
point property (briefly FPP) if for any continuous function f : X — X there exists
x € X such that f(z) = . According to the Brouwer fixed point theorem, every
compact and convex subset of a euclidean space has the FPP.

It is easy to see that the following statement is valid.

Proposition 9.13. Let the conditions of either Proposition 9.10 or Proposition 9.11
hold. Then the relations

ri=2;" <1 +(q—-1DB(BE; — U@/(ipﬁ) ) B : (9.4.11)

e$ (v [(E)) 7 o

=1

where

continuously map the set D into itself.

Using the Lefschetz fixed point theorem [90] and Proposition 9.13 we obtain
the assertion:

Theorem 9.14. Let the conditions of either Proposition 9.10 or Proposition 9.11
hold. Then there exists one and only one point

ﬁ = (ﬁ?@? R 7ﬁn)7
which satisfies relations (9.4.4), (9.4.5), and

S hi=1, pi>0. (9.4.13)
i=1
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Proof. Taking into account (9.4.11) and (9.4.12), we obtain the analyticity of
{ri} in D. More precisely, the functions {r;} are analytic in the domain p; > 0
(1 <4 < n) and continuous in the domain p; > 0 (1 < ¢ < n). Furthermore, the
fixed points belong to the domain, where p; > 0 (1 < i < n), see (9.4.7). Hence,
the map under consideration has only a finite number Ny of fixed points. Thus,
we can apply the Lefschetz fixed point theorem [90]. According to this theorem
the number Ny coincides with the Euler characteristics x(D) of D. In view of the
well-known Euler formula we have x(D) = 1. The theorem is proved. O

We stress, that we consider the extremal problem for the introduced function
F', which contains the fixed parameter 5, but the energy U, is not fixed. The case,
where the energy U, is fixed, was treated in a number of works (see [180]).

For the proof of our next proposition, we use the classical iteration method
and take Py = (1/n,1/n,...,1/n) as the starting point.

Proposition 9.15. If 8 is small, then
.1 =
pi~—+ B (B —E)n™", (9.4.14)
n

where E = (3.1, E;)/n.

9.5 Algorithmic entropy, thermodynamics, and game
interpretation

1. Introduction. Algorithmic information theory (AIT) is an important and ac-
tively studied domain of computer science. See, for instance, interesting results
and numerous references in [21, 95, 168] (see also recent discussions on infor-
mation, its measurement, entropy, and connections to quantum theory in, e.g.,
[1,2,22,72,96,104,174]). AIT can be interpreted in terms of statistical physics
(SP) (see [2,174,186] and references therein). Let us introduce the corresponding
notions from AIT and SP.

I. The set of all AIT programs corresponds to the set of energy eigenvectors
from SP.

II. The length ¢ of an AIT program corresponds to the energy eigenvalue Ej
from SP. (Here and further k£ > 1.)

We denote by Py the probability that the length of the program is equal to ¢,
that is, P, = P(¢ = ;). Next, we introduce the notions of the mean length L (of
programs) and of the entropy S:

L=>Y Py, S=-> PilogP. (9.5.1)
k k
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The connection between L and S we interpret in terms of game theory. The ne-
cessity of the game theory approach can be explained in the following way. The
notion of a Gibbs ensemble is introduced in AIT using an analogy with the second
law of thermodynamics:

The Gibbs ensemble mazimizes entropy on the a of programs where the values {lj}
and L are fized.

So, the problem of a conditional extremum appears. But the correspond-
ing equation for the Lagrange multiplier is transcendental and very complicated.
Therefore, another argumentation is needed to find the basic Gibbs formulas. This
problem exists also for the SP case (see [42, Ch. 1, Section 1] and [86, Ch. 3, Sec-
tion 28]). We use our approach to the extremal SP problem [151, 153,159, 161]
to treat also the corresponding AIT problem. Namely, we fix the Lagrange mul-
tiplier 8 = 1/kT. That is, we fix the AIT analogue T of the temperature from
SP and introduce the compromise function F' = —8L 4 S. Then the mean length
L and the entropy S are two players of a game and the compromise result is the
extremum point of the F'. Finally, we note, that the AIT analogue of temperature
was discussed by K. Tadaki [174]. He proved the following assertion:

If the temperature is a computable positive number bounded by 1, it can
be interpreted as the compression rate in the AIT analogue of thermodynamic
theory.

2. Connection between length and entropy, a game theoretic point of view Let
the lengths ¢; of the programs be fixed. Consider the mean length L and the
entropy S, which are given in (9.5.1). Note that >, P, = 1. Hence, P, can be
represented in the form P, = p;/Z, where Z =}, pi. Our aim is to find the
probabilities Py. For that purpose we consider the function

F=M\L+S5, (9.5.2)

where A = -0 = —1/kT.

Fundamental Principle. The function F defines a game between the mean length
L and the entropy S.

To find the stationary point of F' we calculate

8F o0 o0
B = A(@-/Z - Zﬁkpk/Z2) —(logp;)/Z + Y prlog pi/Z°. (9.5.3)
J k=1 k=1
It follows from (9.5.3) that the point
pr=eMr k=1,2,... (9.5.4)

is a stationary point. Moreover, the stationary point is unique up to a scalar
multiple. Without loss of generality this multiple can be fixed as in (9.5.4). By
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direct calculation we get in the stationary point (9.5.4) the equalities

2F
OprOp;

0*F

— 1/Z%>0, j#k (9.5.5)
op3

:7Zk/(ka2) <07 Zk = ij;
7k
Relations (9.5.5) imply the following assertion (see Section 9.1).

Corollary 9.16. The stationary point (9.5.4) is a maximum point of the function
F.

So, we have proved the proposition below.

Proposition 9.17. The mean length and entropy satisfy relations

L=>Y )27, (9.5.6)
k
S==> (M /Z)log(e* /2), (9.5.7)
k

where Z =Y, e Mk,

Note that the basic relations (9.5.4), (9.5.6), and (9.5.7) are obtained by solv-
ing a new extremal problem. Namely, in the introduced function F' the parameter
A is fixed instead of the length L, which is usually fixed.



Chapter 10

Inhomogeneous Boltzmann
equations: distance, asymptotics
and comparison of the classical
and quantum cases

10.1 Introduction

We consider the classical and quantum versions of Boltzmann equations (where
the quantum version contains both the fermion and boson cases). The important
notion of Kullback—Leibler distance [85], which was fruitfully used before (see
further references in the recent papers [55,171,183]), is essentially generalized and
new conventional extremal problems, which appear in this way, are solved. The
solution f(t,x,() of the Boltzmann equation is studied in the bounded domain
Q of the z-space. Such an approach essentially changes the usual situation, that
is, the total energy depends on t and the notion of distance between a stationary
solution and an arbitrary solution of the Boltzmann equation includes the z-space.
Thus, the notion of distance remains well-defined in the spatially inhomogeneous
case too. Recall that the Kullback—Leibler distance is defined only in the spatially
homogeneous case. The comparison of the classical and quantum mechanics, which
was treated in [151,153,159], is generalized here for the case of the Boltzmann
equations. It is especially interesting for the applications that the fermion and
boson cases are essentially different from this point of view. In the last section
of the paper we introduce the dissipative and conservative solutions and find the
conditions under which the stationary solution of the classical Boltzmann equation
is stable.

L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 181
Interactions, Operator Theory: Advances and Applications 225, DOI 10.1007/978-3-0348-0356-4 10,
© Springer Basel 2012
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First, we discuss the classical case. The well-known classical Boltzmann equa-
tion for a monoatomic gas has the form

of

o = ¢+ QUL (10.1.1)
where t € R stands for time, z = (x1,...,2,) € Q stands for space coordinates,
¢=(¢,---,C) € R™is velocity, and R denotes the real axis. The collision operator

@ is defined by the relation

arn=[ [ BE-Cal e - HOrENnc.  (1012)

where B({ — (i, x) > 0 is the collision kernel and fs”—l gdo is the surface integral.
Here we used the notation

¢ =(G+0/2+xl¢—C1/2, G = (G +¢)/2 — xl¢ — C1/2, (10.1.3)

where z € S"71, that is, # € R™ and |z| = 1. The solution f(¢,,() of the
Boltzmann equation (10.1.1) is the distribution function of gas. We start with some
global Maxwellian function M, which is the stationary solution (with the total
density p) of the Boltzmann equation. The notion of distance between the global
Maxwellian function and an arbitrary solution f (with the same value p of the
total density at the fixed moment ¢) of the Boltzmann equation is introduced. As
already mentioned before, our approach enables us to treat also the inhomogeneous
case. An extremal problem to find a solution of the Boltzmann equation, such that
dist{M, f} is minimal in the class of solutions with the fixed values of energy and
of n moments, is solved.

The same considerations prove fruitful for the quantum Boltzmann equation.
Our definition of the quantum entropy S, is slightly different from the previous
definitions (see [28,101]). We show that the natural requirement

Sq— Se, € —0 (S, is the classical entropy) (10.1.4)

is not fulfilled in the case of the old definition, however (10.1.4) holds in the case
of our modified definition (see Section 10.6).

Some necessary preliminary definitions and results are given in Section 10.2.
An important functional, which is an analogue of the “compromise function” F
from Chapter 9 and attains maximum at the global Maxwellian function, is intro-
duced in Section 10.3. The distance between solutions of (10.1.1) and the corre-
sponding extremal problem are studied in Section 10.4. The modified Boltzmann
equations for Fermi and Bose particles (the quantum cases) are considered in
Sections 10.5 and 10.6. A comparison of the classical and quantum cases is also
conducted in Section 10.6. Finally, Section 10.7 is dedicated to the asymptotics
and stability of solutions.

We use the notation C§ to denote the class of differentiable functions f(¢),
which tend to zero sufficiently rapidly when ( tends to infinity.
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10.2 Preliminaries: basic definitions and results

In this section we present some well-known notions and results connected with the
Boltzmann equation. The distribution function f(¢,x,() is non-negative:

f(t,z,¢) >0, (10.2.1)
and so the entropy
- [ [ st otog e g)cas (10.2.2)
Q Jrn

is well-defined.

Definition 10.1. A function ¢(¢) is called a collision invariant if it satisfies the
relation

. d(O)Q(f, /)()dC =0 forall feCy. (10.2.3)

It is well-known (see [182]) that there are the following collision invariants:

The notions of density p(t,x), total density p(t), mean velocity u(t,z), energy
E(t,z), and total energy E(t) are introduced via formulas

o) = [ fta0dc, ple) = [ plta)da, (10.2.5)

u(t,x) = (1/p(9:,t))/ Cf(t,x,¢)dd, (10.2.6)
R’Vl

E(t,x):/"% (t,2,0dc, Bt // I .2 0)acde. (102.7)

The function

= (p/2nT)™?) exp (— |¢ — ul?/(2T)) (10.2.8)
is called the global Mazwellian and is a function of the mass density p > 0, bulk
velocity u = (uy,...,u,) and temperature 7. We assume that the domain 2 is

bounded and so its volume is bounded too:
Vol(Q) = Vg < oo. (10.2.9)
Therefore, the function
M(¢) = (p/ (Va(2rT)"/?)) exp (— ¢ — ul*/(2T)) (10.2.10)

is a global Maxwellian with the constant total density p.
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Proposition 10.2 (See [182]). The global Mazwellian function M (C) is the station-
ary solution of the Boltzmann equation (10.1.1).

The time derivative of the entropy is given by the formula

+/QD(f)dx7 (10.2.11)

where some variables are omitted for convenience and D and U are given by the
formulas

1 o
~1 [ B el @red - 106

()
x log L2 29 5] AL L5 ) hrdc,de, (10.2.12)

// - Vaf)(log f + 1)dCd. (10.2.13)

The inequality D(f) > 0 follows directly from the inequality (= — y)log(x/y),
where x > 0,y > 0. So, we have the following variation of the famous Boltzmann
theorem.

Theorem 10.3. Let f € C} be a non-negative solution of equation (10.1.1) and
suppose that

U(f) > 0. (10.2.14)

Then the following inequality holds:
ds/dt > 0. (10.2.15)

Remark 10.4. As usual (see [183]), we suppose that the solution f is smooth.

Using the Gauss—Ostrogradsky formula we write
n= [ | ent@nrios faca (10.2.16)

where 92 is the piecewise smooth boundary of , and the integral |, o 9do is the
surface integral with n(z) being the outward unit normal to that surface, z € 9.

Remark 10.5. Tt follows from (10.2.16) that —U(f) is the total flow of the entropy
across the boundary €.

Proposition 10.6. If f(t,z,¢) = f(t,x,—C) for all x € IR, then U(f) =
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10.3 Extremal problem

Similar to the cases considered in [159,162], an important role is played by the
functional

F(f)=(F(f)t) =AE({t)+S(t), A=-1/T, (10.3.1)

where S and E, respectively, are defined by formulas (10.2.2) and (10.2.7), and the
functional (10.3.1) is considered on the class of functions with the same p(t) = p
at the fixed moment ¢. The parameters A = —1/T and p are fixed.

Now, we use the calculus of variations (see [56]) and find the function frax
which maximizes the functional (10.3.1). The corresponding Euler’s equation takes
the form

KRN flogf+uf] —0. (10.3.2)
of Ll 2
Here 5@ stands for the functional derivative. Our extremal problem is conditional
and p 1s the Lagrange multiplier. Hence, we have

Ag —1—logf+pu=0. (10.3.3)
From the last relation we obtain
f=Cel€P/@D) (10.3.4)
Formulas (10.2.10) and (10.3.4) imply that

P _2

f=MQ) = e o (10.3.5)

In view of (10.2.2), (10.2.7), and (10.3.1) we see that

2
F(f):/ﬂ/an(t,x,C)dCdx, Lf:—(%+logf>f. (10.3.6)

For positive f (including the case f = M) and for Ly given in (10.3.6), we have
the inequality

52
Corollary 10.7. The global Mazwellian function M((), which is defined by formula
(10.3.4), gives the mazimum of the functional F' on the class of functions with the
same value p of the total density p(t) at the fixred moment t.

It follows from (10.2.5), (10.3.5), and (10.3.6) that

F(M) = —plog ( (10.3.8)

T 7)
VQ(QTFT)"/Q ’
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Therefore, Corollary 10.7 can also be proved without using the calculus of variation
(see [177]). Indeed, taking into account relations (10.3.5), (10.3.6), and (10.3.8) and
the fact that the total densities of M and f are equal, we have

F(M) - F(f) = /Q / M(l - % + % log %)d(jdx. (10.3.9)

Using inequality 1 —z + 2 logz > 0 for © > 0, x # 1, we derive from (10.3.9) that
FM)-F(f)>0 (f+#M). (10.3.10)

Remark 10.8. Since the extremal problem is conditional, the connection between
the energy and entropy can be interpreted in terms of game theory. The functional
(10.3.1) defines this game. The global Maxwellian function M (¢) is the solution
of it. A game interpretation of quantum and classical mechanics problems is given
in the papers [159,162].

Remark 10.9. Inequality (10.3.10) is valid for all the non-negative functions f with
the fixed density p at ¢ (not necessarily solutions of the Boltzmann equation).

10.4 Distance

Let f(t,x,{) be a non-negative solution of the Boltzmann equation (10.1.1). We
assume that T and the value p = p(t) at some moment ¢ are fixed. According to
(10.3.10) we have

F(M)—-F(f) >0, (10.4.1)

where the global Maxwellian function M (¢) is defined in (10.3.5). The equality in
(10.4.1) holds if and only if f(¢,z,() = M({). Hence, we can introduce the follow-
ing definition of distance between the solution f(¢,z, () and the global Maxwellian
function M (¢):

dist{M, f} = F(M) — F(f). (10.4.2)

Remark 10.10. In the spatially homogeneous case (if not only the total densities
pv and py of M and f are equal but the energies Ey and Ef are equal too),
our definition (10.4.2) of distance coincides with the Kullback-Leibler distance
(see [183]). However, our approach enables us to treat also the inhomogeneous
case.

Next, we study the case Ey # Ef and start with an example.

Example 10.11. Let 77 # T and consider the global Maxwellian function

_ p [
My(¢) = Vo(2rT1) 2 exp ( - ﬁ> (10.4.3)



10.4. Distance 187

Direct calculation shows that
Ey=Epy, =pnTy/2 # E, (10.4.4)

F(My) = —p <1og (W) —n(l - Tl/T)/2> . (10.4.5)

It follows from (10.3.8) and (10.4.5) that
dist{M, M} = —pn(log(Ty/T) — Ty /T + 1) /2. (10.4.6)

We introduce the class C(p, E1,U) of non-negative functions f(¢,x,() with
the given total density p (see (2.8)), total energy

// <P (t,z,0)d¢dz = E (10.4.7)
- 1, =N

and total moments U = (Ul, Us,..., Un), where

Uy = / Crf(t,x, ¢)d¢da. (10.4.8)
Q R’!L

Recall that the global Maxwellian function M is defined by (10.3.5).

Extremal problem. Find a function f, which minimizes the functional dist{M, f}
on the class C(p, E1,U).

The corresponding Euler’s equation takes the form

) ¢|?

5f (A+ )| | f—= flng'i‘Nf‘f'fZVka}: : (10.4.9)
Recall that our extremal problem is conditional, and pu, v, v, are the Lagrange
multipliers. Hence, we have

2
A+v)—=— K' —logf—14+p+ Z%Ck = 0. (10.4.10)
k
From the last relation we obtain
2
f=Cexp ( A+ ) K' + Z%(zc) (10.4.11)

According to (10.2.5) we have A + v < 0. Now, we rewrite (10.4.11) as

f:CI(_ ATV)_n/QeXp(/\;VZ(Ck—i_)\+V)2)’ (10.4.12)
k
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where
n/2

ci=0—" ( M) (10.4.13)

O+ )27 TP 20+

To calculate the parameters u, v,y we use again the well-known formulas

[ eCae=van [ eeface Lyaa aso oy

2a
Formulas (10.2.5), (10.4.7), (10.4.8), (10.4.12), and (10.4.14) imply that
Ci=p/Va, Ww/(A+v)=—Us/p, —(A+v)=T7", (10.4.15)

where 5 )
Th=—E —-—>» UL 10.4.16
1= e Xk: ¥ ( )
Because of (10.4.12) and (10.4.15) we see that f is just another global Maxwellian
function

—U/pl?
F=M(¢) = W exp ( - %) (10.4.17)

In the same way as (10.4.5) we obtain

F(My) = —p (log (W) —n(l— Tl/T)/2> - 2p%\U|2. (10.4.18)

Moreover, formulas (10.3.6) and (10.4.2) imply the relations

. 52
dist{M, f} = /Q/R (La(t 2, ¢) — Ly(t,z,¢))d¢dx, TF(LM —Lf)=1/f.
(10.4.19)
That is, the functional dist{M, f} attains its minimum on the function f = M,
which satisfies conditions p(t) = p, (10.4.7), and (10.4.8). More precisely, in view
of (10.4.18) we have

U 2
dist{ M, M5} = —%(log(Tl/T) ~T/T+1) + 2p|T (10.4.20)

Hence, the following assertion is valid.

Proposition 10.12. Let M and My be defined by (10.3.5) and (10.4.17) respective-
ly. If the function [ satisfies conditions p(t) = p, (10.4.7), (10.4.8), and f # Mo,
then )
U
dist{M, f} > —%(log(TI/T) ~T\/T+1) + |2pT.
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Definition 10.13. We denote by M the Maxwell function of the form (10.3.5),
where p = (1/e)(2nT)"/?Vq.

According to (10.3.10) we have

o~

F(M) > F(M), M # M. (10.4.21)

Hence the following statement is valid.

Proposition 10.14. The inequality
G(f)=F(M)-F(f)>0, f#M (10.4.22)

is fulfilled for all non-negative f.

We call G in (10.4.22) the Lyapunov functional, and will study it in greater
detail in Section 10.7.

10.5 Modified Boltzmann equations for Fermi and Bose
particles
We study the modified Boltzmann equation which takes into account the quantum
effect [28,100]
of _
S = —CVaf + O ). (105.1)

The collision operator C' is defined by the relation

D= [ [ Bl @) 7@ a+er0)a+e )
CHOFC) (U4 () (14 ef () ]dodCe,  (105.2)

where ¢’ and ¢, are introduced in (10.1.3), and ¢ € R. If ¢ = 0, the right-hand
side of (10.5.2) coincides with the right-hand side of (10.1.2), that is, we get the
classical case. The inequalities ¢ > 0 and € < 0 hold for bosons and fermions,
respectively. Similar to the classical case the quantum density p. and quantum
energy E. are given by formulas (10.2.4) and (10.2.7), respectively. However, the
quantum entropy S(¢,¢) (¢ # 0) is defined in a more complicated way:

S(t, f.e) = —/Q/n[f log f — (1/e)(1 4+ £f)log (1 +cf) + fld¢dz.  (10.5.3)

Remark 10.15. Our definition (10.5.3) of entropy is slightly different from the
previous definitions (see [28,101]). Namely, formula (10.5.3) contains the additional
summand

—pe = 7/9 . fd¢da. (10.5.4)
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We shall show that the natural requirement
SE)—S., =0 (10.5.5)

is fulfilled only in the case that (10.5.3) holds.

10.6 Modified extremal problem

1. We assume again that the domain €2 is bounded and introduce the functional
Fo(f) = AE(f) + 5(f,e), A=-1/T, (10.6.1)

where FE.(f) and S(f,e) are defined by formulas (10.2.7) and (10.5.3) respectively.

The parameters A = —1/T and p are fixed.

Again we use the calculus of variations (see [28]) and find the function fy,qq
which maximizes the functional (10.6.1) under the additional condition

/ p(t,x)dx = p. (10.6.2)
Q
The corresponding Euler equation takes the form
I<P .
A 5 —log f+1log(l+ef)—1+pu=0. (10.6.3)

From the last relation we obtain

<12

[/l +ef)=Ce 1. (10.6.4)
Formula (10.6.4) implies that
Ce’%
f=M:= PP (10.6.5)
— Cee™ o1

It is required that the distribution M, is positive, that is,
C>0, —oco<(Ce<l, (10.6.6)

and further we assume that (10.6.6) holds. Moreover, (10.6.6) yields also the pos-
itivity of 1 + eM.:
M.(¢) >0, 1+eM(¢)>0. (10.6.7)

According to (10.2.5) and (10.6.2), the constant C' is defined by the equality

Ce_%
VQ/ —————=d¢=p. (10.6.8)
R" 1 —eCe™ 21
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In view of (10.6.1), we have a relation which is similar to (10.3.6):

(= [ [ Lrettz.0acaa. (10.6.9)

Though the function Ly . is more complicated than Ly in (10.3.6), we easily get
an analog of (10.3.7):
62 L. = ! <0
6fFE T e T
which clearly holds if f and 1 4 ¢f are positive, including the case that f = M,.

(10.6.10)

Corollary 10.16. The functional F. given by (10.6.1) attains its maximum (for
positive functions f satisfying condition (10.6.8)) on the function M. of the form
(10.6.5). That is, for the distance G. we get

G.(f) = Fo(M.) — F.(f) >0 (f # M.). (10.6.11)

Remark 10.17. The global Maxwellians M. play an essential role in boson and
fermion theories. When the standard approach is used, they are deduced in a more
complicated way (see [86, Ch. V, Sections 52, 53] and [42, Ch. 1, Sections 9, 10]).

2. Using spherical coordinates, we calculate the integral on the left-hand side of
(10.6.8)

1¢|2 2

Cef 2T oo ,rnflefﬁ 271_”/2
/ — o pd= "J"—lc/ —zdr, w1 = T2y’ (10.6.12)
R 1 —eg(Ce™ 21 0 1—eCe 27 (n/2)

where w,,_1 is the surface area of the (n—1)-sphere of radius 1, and I'(z) is Euler’s
Gamma function. Taking into account (10.6.8) and (10.6.12) we obtain

2rT)"/*VoCL,/5(Ce) = p, (10.6.13)
where )
2 > pn-le=sr
L,(z) = / dr. 10.6.14
S CT LN TEY 1o
Because of the equality
> 2 1
/ e gy = 5a—“/?r(n/z) (10.6.15)
0
the function L, »(z) admits the expansion
Luja(z) = Y (2™ /m"7?), (10.6.16)
m=1

which yields the next statement.
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Proposition 10.18. The function L, j2(z) monotonically increases for 0 < z < 1
and
Ly3(1) = Li(1) = 00, Lyse(l) <oo for n>2. (10.6.17)

Remark 10.19. It is easy to see that L, /5(2z) = oo for z > 1.
In view of Proposition 10.18 we have:

Corollary 10.20. If € > 0 (boson case) and either n = 1 or n = 2, then equation
(10.6.13) has one and only one solution C' such that C > 0, Ce < 1, and so
(10.6.6) holds.

Corollary 10.21. Ife > 0 (boson case), n > 2 and
(21T)"2Vo L, 2(1) > ep, (10.6.18)

then equation (10.6.13) has one and only one solution C such that C > 0 and
Ce < 1. If, instead of (10.6.18), we have (27TT)n/2VQLn/2(1) = ep, then the
solution of (10.6.13) is given by C = 1/e and the corresponding M. has singularity
at ¢ = 0.

Remark 10.22. The function L, »(z) belongs to the class of L-functions [88] and
is connected with the famous Riemann zeta—function

|
; = > 1 (10.6.19)

by the relation
Ly 2(1) = ¢(n/2). (10.6.20)

Hence, some useful estimates for L, /»(1) follow. In particular, we get
L3jo(1) = 2.612, Ly(1) =1.645, Ls/o(1) =1.341, L3(1)=1.202. (10.6.21)

Let us consider the fermion case (i.e., the case £ < 0). The next proposition
easily follows from (10.6.14) and monotonical increase of az(1+ ax)~! (a > 0) on
the positive half-axis.

Proposition 10.23. Let ¢ < 0. Then the function CL,/5(Ce) monotonically in-
creases with respect to C > 0. Furthermore, we have CL,, /5(Ce) — oo for C — oc.

Corollary 10.24. Ife < 0 (fermion case), then equation (10.6.13) has one and only
one solution C' such that C' > 0.

3. Consider now the energy for the global Maxwellian M.:

<2
ezT

// JPCE e /2 = Vi 10/ T e,
QJR" 1 — eCle™ 31 1—eCe 27
(10.6.22)
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Formulas (10.6.12)—(10.6.14) and (10.6.22) imply that

_ (npT\ Lns241(Ce)
EE(ME)_< 2 ) Ln/2(06) .

(10.6.23)

According to (10.4.4) the corresponding classical energy F = Ey = E, is given by
the formula

E.(M) = # (M = My). (10.6.24)
Proposition 10.25. If ¢ > 0 (boson case), then we have
E. < E.. (10.6.25)
Ife <0 (fermion case) and
either n>2, —Ce<1 or n=1 —Ce<3%2/2°2~0091, (10.6.26)

then we have

E. < E.. (10.6.27)

Proof. Taking into account (10.6.16), we obtain L, /91(Ce)/L, /2(Ce) < 1 for
e > 0. Hence, in view of (10.6.23) and (10.6.24) the inequality (10.6.25) holds in
the boson case.

If € < 0 and conditions (10.6.26) hold, the inequalities

Ly,/2(Ce) >0 and Ly o41(Ce) — Ly 2(Ce) >0
follow from (10.6.14) and (10.6.16), respectively, and we get
Ln/2+1(05)/Ln/2(C€) > 1.

That is, in view of (10.6.23) and (10.6.24) the inequality (10.6.27) is proved in the
fermion case. O

4. TFor the classical case ¢ = 0 formula (10.6.13) (see also (10.2.10)) implies

C = Cy = p/Va (2rT)">. (10.6.28)

In view of (10.3.1), (10.3.8), and (10.6.28) we easily derive for M = M, that

1
Se = TEC — plog Cp. (10.6.29)

To calculate the quantum entropy S(M,,e) we recall (10.6.5) and use equalities

M.=g/(1—eg), 14+eM.=(1—eg)™", g:=Ce /@D (10.6.30)
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to simplify the expression, which stands under the integral on the right-hand side
of (10.5.3) and which we denote by Lg:

Ls = M.(1+1ogg) + (1/¢)log(1 —eg). (10.6.31)

Substitute log g = log C' — (1/2T)|¢|* into (10.6.31) and substitute (10.6.31) into
(10.5.3) to get

1
S(M,e) = %EE —(1+1logC)p— EVQ /}Rn log(1 —eg)d<. (10.6.32)

Using integration by parts and the definition (10.2.7) of energy we rewrite (10.6.32):

1 2F
M., e)=—=E. —(1+1 = 10.6.
S(M.,e) T (1+1logC)p+ T (10.6.33)
From (10.6.1), (10.6.24), (10.6.29), and (10.6.33) we see that
n+2

S(ME,E) - SC = niT(EE — EC) — plOg(O/CO), (10634)

2
F.—F.= n—T(EE — E.) — plog(C/Cy) (F. = ). (10.6.35)

The behavior of C is of interest and we start with the proposition below.

Proposition 10.26. The following inequalities are valid:
C>Cy fore<0; C<C(Cy fore>D0. (10.6.36)
Proof. According to (10.6.14) and (10.6.16) we have
Lyja(21) < Lpya(0) =1 < Ly ja(2z2) for 2 <0<z <1 (10.6.37)
Therefore, it is immediate that
CoLy 2(Coer) < Co, Cy < CoLy 2(Coga) for e1 <0< e (10.6.38)

In view of Propositions 10.18 and 10.23 the functions C'L,, »(Ce1) and CL,, /5(Cez)
increase with respect to C > 0, and so formulas (10.6.13) and (10.6.38) imply
(10.6.36). O

Tt is immediate from (10.6.36) that C' is bounded for € > 0. However, C is
bounded also for the small values of ||, when ¢ is negative. Indeed, let —(2Cy) ™! <
¢ < 0. Then, formula (10.6.14) yields

2Ln/2(2005> > 2Ln/2(_1) > Ln/Q(O) =1.

Therefore, we have 2Co Ly, /2(2Coe) > Co, which in view of Proposition 10.23 im-
plies C' < 2C).



10.6. Modified extremal problem 195

Now, rewrite (10.6.13) as z = Coe/Ly/2(z), where z = Ce, and note that

i CQE
dz L, 2(z)

that |z] < 1/2 for the sufficiently small values of ¢.) Thus, we apply an iteration
method to the equation z = Coe/L,, /2(2) and derive

< 1 for |z| < 1 and small values of €. (Since C is bounded, we see

C=Cop+0(), e€—0. (10.6.39)

Next we note that formula (10.6.13) yields CL,,/2(Ce) = Cy. Therefore, taking
into account (10.6.39) we get

C/Co=1/L,2(Ce) = 1 — (Coe)/2™* + O(£?). (10.6.40)
Moreover, from (10.6.40) we see that
log(C/Cy) = —(Cpe)/27/? + O(£?). (10.6.41)
Using relations (10.6.16), (10.6.23), (10.6.24), and (10.6.39), we derive

~ npTCye 2
E.—EB.=— @)t 0(s?), &—0. (10.6.42)

Because of (10.6.34), (10.6.35), (10.6.41), and (10.6.42), we get the next proposi-
tion.

Proposition 10.27. For ¢ — 0, we have equality (10.6.42) as well as equalities

_ _ (n — 2)[)006 2
S(M.,e) — S, = ot O(?), (10.6.43)
o pCoe 2

Corollary 10.28. Let 1 < 0 < g9 be small. Then

S(M,,,e3) < S. < S(M,,e1) forn>2 F., <F.<F, foralln.
(10.6.45)

Remark 10.29. We recall that in view of Proposition 10.25 the inequalities
E.,<E.<E., e <0<e (10.6.46)

hold without the demand for ¢; to be small. Here E., corresponds to the boson
and E., to the fermion case.

Remark 10.30. We note that relations (10.6.44) as well as their physical interpre-
tation are contained in the well-known book by L. Landau and E. Lifshitz [86, Sec-
tion 55].
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Conjecture 10.31. Relation (10.6.27), which was proved for all —Ce <1 (e < 0)
in the case that n > 2, is wvalid also for all —Ce < 1 (¢ < 0) in the case that
n = 1. We recall that (10.6.27) holds for n = 1 and —Ce < 3%/2/25/2. Moreover,
(10.6.27) holds in the extremal case Ce = —1. Indeed, using (10.6.20), (10.6.21),
the relation ((1/2)~ — 1.46 and the well-known equality (see, e.g., [88, p. 17])

Ly(=1) = ((s)(1 = 2'7*), (10.6.47)
we obtain
Lg/g(—l)z0.765, Ll/z(—l)%o.ﬁ. (10.6.48)

Hence, Ls3jo(—1)/L1/2(—1) > 1 and the conjecture is proved for the case that
Ce=-1.

10.7 Lyapunov functional

10.7.1 Classical case

In this subsection we extend the study of the classical Boltzmann equation (10.1.1)
and assume that f(¢,z,() is its non-negative solution. Using the Gauss—Ostro-
gradsky formula we write

/ / (ICP/2)¢- 7o fdde = / / (ICP/2)[¢n(@)]fdcdo = A(t,Q), (10.7.1)
Q Jrr o0 Jrn

| [ ¢vatacia= [ [ (cn@)lracio = Bie.o. (10.7.2)
Q JR" o0 n

where 92 is the piecewise smooth boundary of €, and the integral |, 90 9do is the
surface integral with n(z) being the outward unit normal to that surface, z € 9.

Remark 10.32. Here A(t,2) and B(t,{2) are the total energy flux and the total
density flux through the surface 92 per unit time, respectively.

Definition 10.33. We say that a non-negative solution f(¢,z,¢) of (10.1.1) belongs
to the class D(Q) of dissipative functions, if A(t,€2) > 0 for all ¢.

Definition 10.34. We say that a non-negative solution f(¢,x, () of (10.1.1) belongs
to the class C(€2) of conservative functions, if A(¢,$2) = 0 for all .

Clearly we have C(2)CD(2). We note that the same definitions are applicable
in the quantum case.

Proposition 10.35. If inequality f(t,z,{) > 0 and condition f(t,x,() = f(t,z,—()
for z € 9Q hold, then we have f(t,x,{) € C(Q).

Proof. Since [5, (I¢[?/2)f(t,2,¢)¢d¢ = 0, it follows that A(t,Q) = 0 for A which
is given by (10.7.1). O
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Remark 10.36. The so called bounce-back condition f(t,x,() = f(t,z,—() means
that particles arriving with a certain velocity to the boundary 92 will bounce back
with the opposite velocity (see [182, p. 16]).

Corollary 10.37. The global Maxwellian functions M of the form (10.3.5) belong
to the conservative class C(§2).

Furthermore, the next assertion can be easily derived via direct calculation.

Corollary 10.38. The global Mazwellian functions M of the form (10.2.10), also
belong to C(£2).

Example 10.39. The well-known and important Maxwellian diffusion example (see
[182, p. 16]) is described by the property

ft,x, () = p_(x)Mp(¢) for z€9Q, (n(x)>0, (10.7.3)

where M;(¢) has the form (10.3.5). When we have

L[ wkmienelaca= [ [ (eRmienlsace
oQ J¢n(x)>0 -n(x)<0
(10.7.4)

the function f in (10.7.3) is dissipative. If in relation (10.7.4) we have equality,
then f is conservative. Hence, such functions satisfy our statements below (and
the results below are new even for this case).

Now, consider the Lyapunov functional G(f) = F(M)—F(f) for the equation
(10.1.1). According to (10.4.22) we have

G(f)>0 for f#M, GM)=0. (10.7.5)

Using Theorem 10.3 we derive the following assertion.

Theorem 10.40. Let f € C} be a non-negative dissipative solution of (10.1.1) and
let inequality (10.2.14) hold. Then the inequality (dG/dt) < 0 is valid.

Proof. The function ¢(¢) = |¢|? is a collision invariant (i.e., (10.2.3) holds). There-
fore, taking into account (10.1.1), (10.7.1), and Definition 10.33 we have

%/Q /n(lé\zﬂ)fdcdx =—A(,Q) <0, (10.7.6)

that is, (dF/dt) < 0. Recall also that Mis a stationary solution, and so dé/dt =
—dF(f)/dt. Now, the assertion of the theorem follows from (10.2.15) and (10.3.1).
O

According to Theorem 10.40, if its conditions are fulfilled and (é( f))(tg) <

0, then the inequality (é(f))(t) < ¢ holds for all t > tg. Thus, the following
important result is proved.
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Theorem 10.41. If the distance is defined by G and f is dissipative, the stationary
solution M 1is locally stable.

The previous results on local stability [100,177] were obtained for the spatially
homogeneous Boltzmann equation.

Corollary 10.42. Let conditions of Theorem 10.40 be fulfilled. Then the function
F(f) monotonically increases with respect to t and is bounded. Hence, there is a
limit

o~

lim F(f) = ® < F(M). (10.7.7)

t—o0

Next, assume that the following limits exist:

poo = lim p(t) £0, Us = lim U(1), (10.7.8)

t—o00

where p(t) and U(t) are given by (10.2.5) and (10.4.8), respectively. We see from
(10.3.8) and (10.7.8) that the functions M and M(t) of the form (10.3.5), where
Poo and p(t), respectively, are substituted in place of p, satisfy relations

F(M) = —po log (W) = lim F(M(1)). (10.7.9)

Proposition 10.43. Let the relations (10.7.7) and (10.7.8) hold. Then we have the
inequality

F(M) —® > |Usx|?/(2p5T). (10.7.10)

Moreover, if the inequality (10.7.10) turns into equality, there exists a unique Max-
wellian function My of the form (10.4.17) (with p = peo and U = U) such that

F(My) = ®. (10.7.11)
If the inequality (10.7.10) is strict, that is,
F(M) —® > |Us|?/(2ps0T), (10.7.12)
there are two such functions (My and Ms) satisfying
F(Mp)=® (k=1,2). (10.7.13)
Proof. Tt is immediate that
ylx)=x—1-logz =0 forz=1, y(x)>0 forz>0, z#1. (10.7.14)
Since y > 0, according to Proposition 10.12 we have
F(M(t) — F(f(t) = [U@)|/(2p@)T). (10.7.15)

In view of (10.7.7)—(10.7.9) and (10.7.15) we get (10.7.10).
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Now using (10.4.20) we rewrite equation (10.7.11) (or, correspondingly, equa-
tion (10.7.13)) in the form

2 <F(M) .y

Poo

Use |?
20001

) =z—1-logz, (10.7.16)

where My, or, correspondingly, M}, are expressed via solutions xy of (10.7.16) in
the form (compare with (10.4.17))

Poo

|C_Uoo/poo|2
My =My =—"> _ BT weel Pl )
v F Va (QkaT)n/Z )

eXp ( 2$kT

According to (10.7.14), the equation (10.7.16) has a unique solution when (10.7.10)
turns into equality and has two solutions when (10.7.10) is a strict inequality. O

Corollary 10.44. Let the conditions of Proposition 10.43 be fulfilled. Then
F(My) - F(f) =0, t—o0. (10.7.17)

Corollary 10.45. Let the conditions of Proposition 10.43 be fulfilled, where the
strict inequality (10.7.12) holds. If the limit

Ey =lmE(t) (t— o) (10.7.18)

exists and the corresponding solution f(t,x,() converges to a Mazwellian function,
then either Eo = F1 or Es = FEs.

Remark 10.46. Proposition 10.43 and Corollaries 10.44 and 10.45 are valid if the
limit (10.7.7) exists. We do not suppose there, that the corresponding solution f
is dissipative.

10.8 Conclusion

We see that the study of Boltzmann equations in a bounded domain 2 and the sug-
gested new extremal problem allow us to introduce a notion of distance and obtain
various results for the inhomogeneous classical and quantum cases. In particular,
the notion of dissipative solutions is introduced and asymptotics and stability of
solutions of the classical and quantum Boltzmann equations is studied. Following,
e.g., [119,165] we plan also to consider solutions of the Boltzmann equations for
the case of Tsallis entropy. The approach could be applied to other related equa-
tions, such as the Fokker—Planck equation. See also a further discussion of the
results in Chapter “Comments”.



Chapter 11

Operator Bezoutiant and roots
of entire functions, concrete
examples

11.1 Introduction

The matrix Bezoutiant is used in order to define the number of common zeroes
of two polynomials f(z) and g(z) and to describe the distribution of the zeroes of
polynomials with respect to the circle |z| =1 (see [81]). M.G. Krein extended the
notion of Bezoutiant to entire functions of the form

F(z) = 1+/ 1o ()dt, @(t) € L(0,a). (11.1.1)
0

The result by M.G. Krein was not published and I became acquainted with it
through the manuscript given to me by M.G. Krein in 1974. In 1976 1. Gohberg
and G. Heinig published the article [50], in which they derived Krein’s theorem
and generalized it for the matrix functions F(z) of type (11.1.1). In the same year,
1976, we extended [138] the Krein’s theorem to the class of functions of the form

F(z)=1+iz /Oa O (H)dt, @(t) € L(0,a). (11.1.2)

Further development of Bezoutiant Theory was achieved in [49,57,114]. In partic-
ular, a connection between the two important problems was established:

Problem 11.1. Find the number N of common zeroes of the two entire functions
Fi(z) and Fy(z).

Problem 11.2. Find the dimension M of the corresponding Bezoutiant kernel.

L.A. Sakhnovich, Levy Processes, Integral Equations, Statistical Physics: Connections and 201
Interactions, Operator Theory: Advances and Applications 225, DOI 10.1007/978-3-0348-0356-4 11,
© Springer Basel 2012
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Recall that the Bezoutiant is an operator. (Its definition will be given later
on.) Under certain conditions the equality

N=M (11.1.3)

holds.

When Fj(z) and Fy(z) are polynomials, then the corresponding Bezoutiant
T is a matrix. In this case the Problem 11.2 can be solved using a finite number
of arithmetic operations. In the operator case the situation is more complex. Up
till now there has not been a single concrete example of an effective application of
the operator Bezoutiant theory. We apply the operator Bezoutiant theory to the
entire functions of the form

Fi(z) = /0 ’ e (t)dt. (11.1.4)

We investigate in detail the class Z of functions Fy(z) of the form (11.1.4) when
Uy (t) is a polynomial with algebraic coefficients.

More precisely, M.G. Krein extended the Schur-Cohn theorem to entire func-
tions of the form (11.1.1). In our paper [138] this result was extended to functions
of the form (11.1.2). It was assumed that the corresponding Bezoutiant operator
T is normally solvable. In the present chapter we deduce the Schur—Cohn type
theorems without this assumption, which enables us to investigate the class of
functions belonging to Z.

Let us formulate some results. The theorem below is proved in Section 11.5.

Theorem 11.3. Let the following conditions be fulfilled.
1. The functions Fy(z) have the form (11.1.4) and belong to the class Z.

2. The inequality
Uy (z) # Us(a — ) (11.1.5)

holds, that is, the difference between Wi(x) and ¥y(a — x) is non-zero on a
set of a positive measure.

/a Up(z)dz £0, k=12 (11.1.6)
0

Then the corresponding functions Fi(z) and F3(Z) have no common zeroes. If

Uy (x) # Uqi(a — x), the function Fy(z) has neither real zeroes nor conjugate pairs
of zeroes.

The following equality holds,

B = / e~ (1)t = e—ioF / ey (a — £)dt. (11.1.7)
0 0

Hence we obtain our next assertion.
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Proposition 11.4. The functions F»(Z) and

Fu(z):/ e Wy (a — t)dt (11.1.8)
0

have the same zeroes.
Remark 11.5. If F5(z) € Z, then we have also F51(z) € Z.

Example 11.6. Let ¥(t) = ", where n > 0 and n is an integer. In this case we

have:
n

F(n,z) = /Oa eFtndt = f(fi)"ﬂ(f? (27'(1 — cos(az) —isin(az))) € Z.
(11.1.9)

Corollary 11.7. Functions F(n1,z) and F(ng,z) (n1 # ne), which are given by
(11.1.9), have no common zeroes.

Example 11.8. Let ¥(¢t) = t"(a — t)™, where n and m are integers and n > 0,
m > 0. The corresponding function F'(n,m,z) belongs to the class Z. If n = m
we have

F(n,n,z) =+7l(n+ 1)(z/a)_("+1/2).](n+1/2)(az/2)emz/2 ez, (11.1.10)

where I'(2) is Euler’s Gamma function and J,(z) is the Bessel function. The func-
tions Ji,11/2)(2) form a subclass Z; of the class Z.

For the subclass Z1, the Theorem 11.3 has been well-known for more than a
hundred years (see [121,187]).

Example 11.9 (Open problem). Use our approach for the case
(t) = t"+H/2 (g — t)ym+1/2] (11.1.11)
where n and m are integers and n > 0, m > 0.

The results (Sections 11.2-11.5) are valid for case (11.1.11), too. The class of
Bessel functions J(,,)(2), where n is integer and n > 0 can be reduced to this case
(see (11.1.10)). Let us formulate the related Bourget’s hypothesis [187]:

Bourget’s hypothesis. Two functions J,(z) and J,,(z), where n and m are non-
negative integers with n # m, have no common zeroes other than the origin.

Using Siegel’s theorem [169, 187] Bourget’s hypothesis was proved.

Remark 11.10. The functions F(z) from Examples 11.8 and 11.9 can be expressed
in terms of the confluent hypergeometric function ®(b, ¢, z), if we use the repre-
sentation [4]:

(b, z) = F(b)ll:((cc)—b)/o (1 —t)e v, (11.1.12)

where Re (¢) > Re (b) > 0.

In Section 11.4 we obtain an analogue of the Schur—-Cohn and Krein theorems
(see Theorem 11.24).
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11.2 Main notions

By [H;, Hs] we denote the set of linear bounded operators acting from the Hilbert
space H; into the Hilbert space Hy. We denote the m-dimensional space of constant
mx1 vectors by G. Now we introduce the mxm matrix functions

Fi(2) = I, — 2P*(I — Az)"'11, (11.2.1)

Fy(z) = I, — 2Q* (I — Az) 'L (11.2.2)

Here the operators A, P, Q and II are such that
A€[L? (0,a),L2,(0,a)], II€[G, L2,(0,a)], P*€[L2(0,a),G], Q" €[L2,(0,a),G].

Let us note that the representation of the given matrix functions Fj(z) and Fy(2)
is called a realization. The methods of realization are well-known (see [139]).

Usually we assume that the spectrum of A (i.e., Sp(A)) coincides with zero.

Hence the functions Fy(z) and F(z) defined by (11.2.1) and (11.2.2), respec-
tively, are entire matrix functions. Let us associate with the pair F(z) and Fb(z)
the operator identity

TB — C*T = N,N}, (11.2.3)

where B, C,T € [L2,(0,a), L2,(0,a)], N1, N2 € [G, L?,(0,a)] and, moreover,
B=A+1P*, C=A+I1Q*, N;=IT. (11.2.4)

Here, the choice of Ny € [G, L?,(0,a)] depends on the considered problem. Clearly,
we have
N{, Ny € [L2,(0,a),G]; 1" € [L},(0,a),G].

We denote by Ly the kernel of T and by L; the maximal invariant subspace of B
such that
NiL; =0. (11.2.5)

In paper [138] (see also [147, Ch. 5]) we proved the following assertion.
Theorem 11.11. Let the following conditions be fulfilled:

1. Relations (11.2.3) and (11.2.4) are valid.

2. If L # 0 is an invariant subspace of A*, then ITI*L # 0.

Then the equality
Ly =Lr (11.2.6)

holds.
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Proof. The formula Ny = II*T (see (11.2.4)) implies that
LyCKer Ny. (11.2.7)
It follows from relations (11.2.3) and (11.2.7) that
TBf =0 for feLr, (11.2.8)
that is, the subspace L is B invariant. Hence, in view of (11.2.7) we have
LrCLy. (11.2.9)
From the operator identity (11.2.3) we obtain also that the subspace Hy = TL; is
C* invariant. Due to (11.2.5), the relation IT* Hy = 0 is valid. It means that on the

subspace H; the operators C* and A* coincide. Using condition 2 of the theorem,
we get the equality H; = 0, that is,

LiCLy. (11.2.10)
The assertion of the theorem follows directly from (11.2.9) and (11.2.10). O

Example 11.12. Let us consider the case when 7' = 0. In view of relation (11.2.4)
we have Ny = 0. This means that L; = Ly = L2 (0, a).

Example 11.13. Let us consider another extreme case, namely, the case that

Af = i/ f®)ydt, f(z) € L*(0,a); P=Q=0. (11.2.11)
0
In this case we have
(A= A" f = i/ f()dt. (11.2.12)
0
It follows from (11.2.4), (11.2.11) and (11.2.12) that we can put (in (11.2.3))
T=1I, Ng=g, Nyg=1ig, geG=C. (11.2.13)
We see that Ly = 0. It is well-known that the operator A, defined by relation
(11.2.11), has no invariant subspaces orthogonal to 1. Hence Ly = 0, that is, we
have again the equality Ly = L.
11.3 Properties of the operator B

Further we consider only the case when m := dimG = 1. In this section we
formulate the properties of the operator B for that case (see [138]).
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Proposition 11.14. If z is a regular point of (I — Az)™" and F; '(2), then z is a
regular point of (I — Bz)~! and

(I —Bz) ' =1 —Az)" "+ 2(I — A2) " 'IF; Y (2)P*(1 — Az) L. (11.3.1)

Proof. Put f = (I — Bz)~'g. From (11.2.4) we obtain g = (I — Az)f — 2IIP*f
and therefore

f=0—-A2)" g+ 2(I — Az)"'TIP*f. (11.3.2)
Hence, we have P*f = P*(I — Az)"tg + 2P*(I — Az) ' ILP* f and the equality
P*f=F ' (2)P*(I — A2)™'g (11.3.3)
holds. Finally we substitute (11.3.3) into (11.3.2) to derive (11.3.1) . O
Remark 11.15. In view of (11.2.4) and (11.3.1) we have

(I — Bz)"'I = (I — Az)"'TIF] *(2). (11.3.4)

Proposition 11.16. The following relation holds for all z € C:
P
(B—2D)PTH =Y (A= 2I)P7*TIIP*(B — 2I)* + (A — zI)P*™. (11.3.5)
s=0
Proof. We prove (11.3.5) by induction. For the case that p = 0, formula (11.3.5)

takes the form
(B—2I)=(A—2I)+11P", (11.3.6)

and its validity is apparent from the definition of B in (11.2.4). Now, assuming
p—1

(B—2D)P = (A= 2D)P"'*IIP*(B — 2I)* + (A — 2I)”, (11.3.7)
s=0

multiplying the left-hand side of (11.3.7) by the left-hand side of (11.3.6) and the
right-hand side of (11.3.7) by the right-hand side of (11.3.6) (from the left) and
taking into account the equality

p—1
IpP* <Z(A — 2P TP (B — 21)° 4 (A — z])p> =IIP*(B — zI)P,
s=0

we obtain (11.3.5). O

Let A be an eigenvalue of the operator B and let f, be a corresponding root
vector, that is,
(B— AP f, =0, (B—A)Pf,#0. (11.3.8)
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If A does not belong to the spectrum of A, equation (11.3.5) implies that

P

fo=> (A=AD)"""'h,, (11.3.9)
s=0
where
he = —IIP*(B — XI)*f,. (11.3.10)

Let us now consider the chain of root vectors
foxe=(B-XDFf,, 0<k<np. (11.3.11)
It follows from (11.3.5) and (11.3.10) that

k—1
(B=ADf, = (A= ADFf, + > (A= ADF="'IP* (B — AI)* f,
-
=(A=AD"f, = > (A= ADF*"'h,.

s=0
Hence, using (1.3.5) and (1.3.7) we obtain

P

fook =D (A= ADF*""h, (11.3.12)

s=k
In view of (11.3.10)—(11.3.12) we have
fo=(A—=XI)"'h,, (11.3.13)
where
h, = —IIP* f,. (11.3.14)
Since fy # 0, formulas (11.3.13) and (11.3.14) yield the following proposition.

Proposition 11.17. If the eigenvalue of B does not belong to the spectrum of A,
then

P*fo #0. (11.3.15)

Let p be an eigenvalue of the operator C' and let g, be the root vector of the
order ¢. In a similar way to Proposition 11.17 we obtain the following statement.

Proposition 11.18. If the eigenvalue of C' does not belong to the spectrum of A,
then

Qg0 # 0. (11.3.16)
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11.4 The explicit form of the Bezoutiant

In this section we consider an important subclass of the entire functions which can
be represented in the form

Fi(z) = / e (dt, (k=1,2), Uu(t) € L(0,a). (11.4.1)
0
Namely, we suppose that
a
Ry = / Up(u)du #£0, k=1,2. (11.4.2)
0
Therefore, without loss of generality we assume that

Ry =1. (11.4.3)

For functions of this subclass we construct the operator Bezoutiant T in its explicit
form. From relations (11.4.1) and (11.4.3) we obtain that

Fi(z) = [1+iz/ eithI)k(t)dt} , (11.4.4)
0
where "
By(t) = / Uy (s)ds. (11.4.5)
t
Formula (11.4.4) can be represented as
Fi(z) =1— 2P (I — A2)7'1, (11.4.6)

where the operator A is defined by relation (11.2.11) and

Pif= —i/oa fF()Pg(t)dt. (11.4.7)

We use here the equality
(I —Az)~'1 =e'*", (11.4.8)
We choose « and (8 so that @+ 8 # 0 and put
My (z) = ®o(x) — BMa(x), Ma(x) =[Pa(x) + P1(a—x) —1]/(@+ F). (11.4.9)

To the pair of functions F(z) and Fy(z) we assign the operator T" acting in L?(0, a)
and defined by formulas (see [147, p. 11])

Tf = (iv/oa <gt<b(a:,t)> F(t)dt, (11.4.10)
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where -
1 [Ra-le—t s+ar—t s—x+t
Oz, t) = = , ds, 11.4.11
@o=y [ et = )as (114.11)
Q(z,t) = Ma(a — t)My () + [1 — My(a — t)|Ma(z). (11.4.12)

Using formulas (11.4.10)—(11.4.12), we represent the operator T in the form (see
(147, p. 25))

Tf = c/oa Uz, ) f(1)dt, c= _(57‘15) 20, (11.4.13)

where

Ulx,t) = /ta[\Ilg(a —s)Ui(a—s—ax+1t)—Us(s+a—t)U(s)|ds (11.4.14)

for x <t and

U(z,t) = /ta+t_w[\112(a —s)Wi(a—s—x+1t) — VUs(s+z—t)Vy(s)]ds (11.4.15)

for x > t.

Proposition 11.19. Let the condition Uy (t) € L(0,a) (k = 1,2) be fulfilled. Then
the operator T defined by formulas (11.4.13)—(11.4.15) is bounded in the space
L*(0,a).

Proof. We extend the functions ¥ (¢) using formula
U(t) =0, t&[0, al. (11.4.16)

It follows from (11.4.13) and (11.4.14) that

|U(z,t)| < h(z —1t), (11.4.17)
where
h(x) / [ Us(a —8)Vy(a—s— :17)‘ + [Ua(s + x)Tq(s) } ds, |z| <a.
0
(11.4.18)
It is easy to see that
/ h(z)dz < co. (11.4.19)

Since h > 0 and (11.4.19) holds, the operator foa h(z —t) - dt with difference
kernel is bounded. Hence, in view of (11.4.13) and (11.4.17), the operator T is
also bounded. O
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For the operator T' considered in Proposition 11.19 and operators A of the
form (11.2.11) and Py of the form (11.4.7), respectively, the following subcase of
the identity (11.2.3) holds (see [138]):

TB; — BiT = N,N7, (11.4.20)
where (for IIg = g)
By =A+1IP;, Nag=—i(@+ B)Ma(2)g, Nig=Ma(a—x)g. (11.4.21)
A direct calculation shows that
T*1 = My(a — x). (11.4.22)
Relation (11.4.22) can be written in the same form as in (11.2.4):
N} =1I'T, (11.4.23)

and so we, indeed, have the subcase of relations (11.2.3) and (11.2.4).
Now, let us consider the function

Foq(2) = Fa(2)e* =1 —|—iz/ e Dy 1 (t)dt, (11.4.24)
0

where
(1)2,1(t) =1- (I)Q(CL — t). (11.4.25)

It follows from relations (11.4.9) and (11.4.25) that

@1(0 — ‘I)Q,l(t) = (O( + B)Mg(a — a:) (11426)

We note that the zeroes of functions F»(%Z) and F» 1(#) coincide. Theorem 2.3 from
the book [147, p. 114] states that if dim Ly = N < oo, then the number of common
zeroes of Fy(z) and Fy(Z) is equal to N. Hence, we obtain the next theorem.

Theorem 11.20. Let the conditions Uy (x) € L(0,a) be fulfilled and let dimLy =
N < oo, where the operator T is defined by formulas (11.4.13)—(11.4.15). Then
the number of common zeroes of Fy(z) and F»1(z) is equal to N as well.

Remark 11.21. It is important that the operator T is constructed in terms of the
given functions Fi(z) and F5(z), that is, in terms of ¥y (z) and Uy (x).

Let us consider a special case when
Ui(z) = Us(x) =¥(z), B=a, Re(a)>0. (11.4.27)
Hence, the equalities
Fi(z) = F3(2)=F(2) and By =By=1DB (11.4.28)
hold.
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Corollary 11.22. Let conditions (11.4.27) be fulfilled. Then the operator T defined
by formulas (11.4.13)—(11.4.15) is self-adjoint.

Recall that kr(z;) stands for the multiplicity of the root z; of the function
F(z) and d(\;) stands for the dimension of the root subspace L; corresponding to
the eigenvalue \; of the operator B. It is an important property of the operator
B (see [147, property 11, p.108]) that

d(Xj) = kp(z;) =dim Lj, 2z =1/A;. (11.4.29)

Proposition 11.23. Let conditions (11.4.27) be fulfilled. If the corresponding oper-
ator T' is positive definite, then all zeroes z; of F(z) are such that Imz; > 0.

Proof. Tt follows from (11.4.9), (11.4.20) and (11.4.21) that
(TB — B*'T)f = —2iRe (o) Mz(x) /a F (&) My(t)dt. (11.4.30)
0

We denote by f; and by A; the eigenfunction of the operator B and the corre-
sponding eigenvalue, respectively. In view of (11.4.30) we have

(A = M)(T f3, f3) = —2iRe (a) [(Ma(2), £)I. (11.4.31)

Taking into account the inequality (7'f;, f;) > 0 we see that L; = 0, that is,
(Ms(z), f;) # 0. Hence according to (11.4.31) we have ImA; < 0. In view of
(11.4.29) the assertion of the proposition is proved. O

Let us consider the subspace
H.=Y L; dimH, =Y d(}). (11.4.32)

The operator B generates the operator B, = F,BP} with the eigenvalues J;
(1 < j <), where P, stands for the orthogonal projector from L?(0,a) on the
subspace H,. It follows from (11.4.30) that

(T, By — B} T,)f = —2iRe (a)) M2 () /Oa flu) My (u)du, (11.4.33)

where
T, =PTP,, M, = P.M,. (11.4.34)

The spectrum Sp(B,.) belongs to the upper half-plane C.. Hence, the solution T,
of the operator equation (11.4.33) can be presented in the form (see [26, Ch. 1])

T, = / eBrtye™Brtdt, YV f = 2Re (o) My, () / f(u)Ms,,(u)du. (11.4.35)
0 0
We denote by x_ and k4 the dimensions of the maximal invariant subspaces of

the operator T' on which it is negative and positive, respectively. Using relation
(11.4.35) we obtain the following assertion.
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Theorem 11.24 (an analogue of the Schur-Cohn, Krein theorems). Let the condi-
tions of Theorem 11.20 and equalities (11.4.27) hold. Then the inequalities

Ky +dimKerT > Y kp(z), Imz; >0, (11.4.36)
ko +dimKerT > Y "kp(z), Imz <0 (11.4.37)

are valid.

If the operator T is normally solvable, the left-hand side of (11.4.36) (of
(11.4.37)) is equal to the right-hand side (see [81,114,138,147]).

11.5 Classes of entire functions without common zeroes

Now we shall consider the important special case that

Qk
Up(x) = Zbkmxp’ beo, #0, z€]0,al. (11.5.1)
p=0
We suppose that
The notation D stands for the operator D = %. Then the relation
qe+1 z
T (TN =L@ + [ Vie=nsoar (11.5.3)

is valid. Here the kernel V(x — t) and the differential operator L(D) are defined
by the relations

v = Y [P @ 0) + ()PP @ @ -w], (115.4)
p+k=Q
o)=Y [0 PP ) + (-0 @ el )] D
p+k+s=0—-1
(11.5.5)

We denote by r the order of the differential operator L(D) defined by relation
(11.5.5). If r = 0, then L(D) f(x) = af (z) (and we will at first require o # 0).

Example 11.25. Let us consider the case that
Uy (z) = Us(a — ). (11.5.6)

In this case we have

Fy(Z) = e #Fy(2). (11.5.7)

Using relations (11.4.13)—(11.4.15) and (11.5.4), (11.5.5) we obtain the following
assertion.
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Proposition 11.26. If relation (11.5.6) is fulfilled, then all the zeroes of the corre-
sponding functions Fy(z) and Fy1(z) coincide and T =0, Ly = L*(0,a).

Now we consider the case in which
Wi (2) £ Ta(a - 2). (11.5.8)
To apply equality (11.5.3) we need a well-known Titchmarsh Theorem (see [175,
Theorem 152]).
Theorem 11.27 (See [175]). Let f and V belong L'(0, a) and let

x

Vi(z—t)f(t)dt =0 (11.5.9)

for almost all x € (0, a). Then there are a1,as € [0, a] such that f(x) = 0 for
almost all © € (0, a1), V(x) =0 for almost all z € (0, az) and a1 + az = a.

Proposition 11.28. Let the following conditions be fulfilled:

1. The functions Uy (x) have the form (11.5.1), where (11.5.2) holds and con-
dition (11.5.8) is valid.

2. Similar to Section 11.4 we have

Ry = / Up(z)de =1, k=1,2. (11.5.10)
0

3. The numbers a and by, 1, are algebraic.
4. The corresponding differential operator L(D) is not equal to the zero operator.

Then the corresponding functions Fy(z) and Fy1(2) have no common zeroes. If
Uy (x) # Uyi(a — x), then the corresponding function Fy(z) has neither real zeroes
nor conjugate pairs of zeroes.

Proof. We prove the theorem by contradiction. Let common zeroes {z;} of F(z)
and F 1(z) exist. Then it follows from [138, Section 2] (see also formulas (2.14) and
(2.22) in [147, Ch. 5]) that there exists a root z; such that T'f; =0 for f; = 7.
Hence we have (see (11.5.3))

L(z)) fi (@) +/ V(z—t)f;(t)dt = 0. (11.5.11)
0
Therefore, since —L(z;) is an eigenvalue of the Volterra operator
T f =/ V(xz —t)f(t)dt,
0

it must be equal to zero, that is,

L(z) = 0. (11.5.12)
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Using relations (11.5.11), (11.5.12) and Theorem 11.27 we see that
V (u)=0. (11.5.13)

Definition (11.4.1) and equalities

F(m,z) = / et dt = —(—i)m"'ld—m [27'(1 — cosaz —isinaz)] (11.5.14)
0 z

imply that in the case that (11.5.1) and condition 3 of the proposition hold, the

corresponding function Fj(z) admits representation

Fi(z) = P(2) cosaz + Q(z) sin (az) + R(z), (11.5.15)

where P(z), Q(z) and R(z) are rational functions with algebraic coefficients. Equa-
tion F(z) = 0 is equivalent to the equation

P(2)(1 —t*) +2Q(2)t + R(2)(1 + t*) = 0, (11.5.16)

where ¢t = tan(az/2). According to relation (11.5.12) the common zero z; of the
equations Fi(z) = 0 and F51(z) = 0 is an algebraic number. Relation (11.5.16)
implies that ¢t = tan(az;/2) is an algebraic number too. This fact contradicts to
the following well-known assertion (see [169,187]):

If z; is an algebraic number then tan (az;/2) is a transcendental number.
Hence, the assertion of the theorem is proved. O

Next, assume that condition 4 of Proposition 11.28 is not valid, that is,
L(D)=0.

Proposition 11.29. Let conditions 1-3 of Proposition 11.28 be fulfilled and L(D) =
0. Then dim Ly = 0 and the corresponding functions Fi(z) and F(z) have no
common zeroes. If Uy(x) # Wq(a — x), then the corresponding function Fi(z) has
neither real zeroes nor conjugate pairs of zeroes.

Proof. This proposition is also proved by contradiction. Let dim Ly > 0. Then
(similar to the proof of Proposition 11.28) we use Theorem 11.27 to derive V (u)=0.
Hence, it follows from (11.5.3) that %(Tf) = 0, that is, T'f is a polynomial
(with respect to x) of order Q. Therefore, we see that My(z) = T'1 is a polynomial
of order P < Q. Taking into account the properties of T'f and M, which are
discussed above, and relations (11.4.20) and (11.4.21), we obtain

de+t a<

——(TB; — B;T) = idx—g

dz o+t
The last relation implies that M (z) is a polynomial of order P < Q — 1. Tterating
the whole procedure, we derive Ms(z) = 0. Therefore, due to (11.4.9), the equal-
ity ®2(x) = 1 — ®1(a — x) holds, that is, Uo(x) = ¥o(a — x). The last equality
contradicts condition (11.5.8). O

T=0.
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Our next theorem is apparent from Propositions 11.28 and 11.29.

Theorem 11.30. Let conditions 1-3 of Proposition 11.28 be fulfilled. Then the cor-
responding functions Fy(z) and Fs1(z) have no common zeroes.

If Uy (x) # Uy (a — x), then the corresponding function Fy(z) has neither real zeroes
nor conjugate pairs of zeroes.

Example 11.31. Let us consider the special case of functions of the form (11.5.1):
Up(z)=2"*(a—2)", k=12 0<z<a. (11.5.17)
We assume that my and ny are non-negative integer and
Q=091 =m+n > Qs =my+ns. (11.5.18)
Remark 11.32. If the relations
ni = msa, M1 =No (11.5.19)

are valid, then Wy (x) = ¥y(a — ). Hence the zeroes of the corresponding functions
Fi(z) and F» (%) coincide.

If (11.5.19) does not hold (i.e., at least one of relations (11.5.19) does not
hold), the order of the operator L(D) is given in the next proposition.

Proposition 11.33. Let relations (11.5.17) and (11.5.18) be fulfilled. We require
that at least one of equalities (11.5.19) is not valid. For the particular case that

mp=mniy, Mg=mny, Mmi>ns+l1,

where (11.5.19) is, clearly, not valid, we require additionally that my — ny is odd.
Then the order r of the corresponding differential operator L(D) is given by

the formula
r=max{ny —msg — 1, my —ng — 1} > 0. (11.5.20)

Proof. The inequality r > 0 follows from (11.5.18) and either inequality ny # ms
or inequality mj # ny. Next, we represent the differential operator L(D) in the
form L(D) = L1(D) + L2(D), where

Lo)y= Y (ke oe 0D, (11.5.21)
pt+k+s=Q—1
LD)= Y ()P (@) v (a)Ds. (11.5.22)
p+k+s=0—1

The order of Ly (D) is given by the equality 1 = max{n; —mso —1, 0}. This result
follows from formulas (11.5.18), (11.5.21) and the equalities

ri=max{Q—1—p—4k, 0}, p=mo, k=my.
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In a similar way we obtain ro = max{mj; —ny — 1, 0}, for which purpose we use
the equalities p = ny, k = ny. Thus, the theorem is proved for the cases that
either 1 £ ro or 11 =79 = 0.

Let us now consider the case 11 = ro > 0 (i.e., ny + ny = my + mo and
my > ng + 1). The coeflicients before D" in L; (i = 1,2) are, respectively,

By = (=1)™* ™2 mylmy !, By = (=1)"2a™ "2 nylny ! (11.5.23)

From (11.5.23) and the theorem’s requirements we see that either ma!m4! # nglng!
and so |By| # |Bz| or m; = n; > my = ny and By = By # 0. In both cases the
inequality By 4+ By # 0 holds, and so r = ry = 9. 0

Remark 11.34. If relations (11.5.17) and (11.5.18) hold, we have
Fi(z) = a~(mHmt D F (2 /a) /Ry,

where F}, is generated by ¥, and Fy, is generated by U}, of the form
~ 1 ~ 1
V(o) = =™ (1) @eal, a=1)., Ri= / 2™ (1 — 2)™ da.
k 0

If, in addition, (11.5.19) does not hold (i.e., at least one of relations (11.5.19) does
not hold), then ¥y and @ satisfy conditions 1-3 of Proposition 11.28 .

Theorem 11.30 and Remark 11.34 imply the following statement.

Theorem 11.35. Let relations (11.5.17) and (11.5.18) hold. Assume that relations
(11.5.19) do not hold. Then Fi(z) and F»1(z) have no common zeroes. If also
ny # ma, then Fi(z) has neither real zeroes nor conjugate pairs of zeroes.

Example 11.36. Next, we consider in greater detail the subcase
mip = mog = O7 nq 7& no, a=1. (11524)

For that subcase we have (compare with formula (11.1.9))

a1 A"

Fr(z) = =(=1)™ pp

Corollary 11.37. Let the conditions (11.5.24) be fulfilled. Then the corresponding

functions Fy(z) and Fs(z), which are given by (11.5.25), have no common zeroes.
The function Fy(z) has neither real zeroes nor conjugate pairs of zeroes.

(z7'(1—cosz —isinz)), k=1,2. (11.5.25)

Remark 11.38. Using relation (11.1.12) and Remark 11.34 we can reformulate The-
orem 11.35 and Corollary 11.37 in terms of the hypergeometric function ®(b, ¢, z).

Example 11.39. Let us consider another subcase:

mi =mniy, Mg =ng, nNiF*MnNy, a=2. (11.5.26)
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In this subcase we have, see [4] (see also (11.1.10))
Fr(2) = val(n + 1)(z/2)" T2 g 1) (2)e'?, (11.5.27)

where I'(z) is Euler’s Gamma function and J,(z) is the Bessel function of the first
kind, which is holomorphic in C\ [0, 00). It follows from (11.5.27) that the zeroes
of Fy(z) and J(y, +1/2)(2) (other than the origin) coincide. Because of (11.5.26),
formula (11.5.19) does not hold. We have also Fj,(z) = Fy(%). Therefore, we can use
Theorem 11.35 in order to obtain the following well-known assertion (see [4,149]).

Corollary 11.40. If ny # ng, the functions Jn,+1/2)(2) and Jip,41/2)(2) have no
common zeroes in C\ [0, c0).

Now, we consider the functions F}, of the class (11.1.4), where ¥(t) is a poly-
nomial, but we do not assume anymore that the coefficients of ¥(t) are algebraic.

Theorem 11.41. Let the following conditions be fulfilled.
1. The functions Yy (x) have the form (11.5.1), where (11.5.2) holds.
2. The inequality (11.5.8) holds.

3. We suppose that

a
Ry, = / Up(z)dz =1, k=1,2 (11.5.28)
0

4. The function V, which is given by (11.5.4), does not identically equal zero on
[0, a].

Then the corresponding functions Fy(z) and Fa1(z) have no common zeroes. If
Uy (x) # Uyi(a — x), then the corresponding function Fy(z) has neither real zeroes
nor conjugate pairs of zeroes.

Proof. In the same way as in the proof of Proposition 11.28 we obtain the equality
(11.5.13), which contradicts condition 4 of the theorem. This proves the theorem.

U
Using relations (11.5.3) and (11.5.4) we obtain the following assertion.
Proposition 11.42. Let (11.5.17) and (11.5.18) hold. Then the equality
DHITDe! = (L(D)DH! + M(D))f, M(D)=- > V®(0)D?
k+p=9Q
(11.5.29)

is valid for functions f, which are 2Q times differentiable and f*<) € L*(0, a).
Here the operator L(D) is defined by formula (11.5.5).
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11.6 A generalization of the Schur—Cohn theorem,
examples

In this section we consider the case when the condition (11.4.27) is fulfilled, that
is,

Uy (x) = Uy(x) = U(x). (11.6.1)
Hence, we have the equality
Fi(z) = F5(2) = F(z). (11.6.2)

The corresponding integral operator T is defined by formula (11.4.13) and its
kernel T'(z,t) is expressed via U(x,t), that is, T'(x,t) = —c1U(z,t). Here

c1 = 1/(2Re () > 0,

and formulas (11.4.14) and (11.4.15) for U(x,t) take the form

Uz, t) = / [\Il(a S U(a—s—z+8) - U(s+z— t)@] ds (11.6.3)
for = <t,

at+t—x -
Ulz,t) = / [\Il(a ) U(a—s—az+8) - U(s+z— t)\I/(s)} ds  (11.6.4)
for = >t.

Without loss of generality we can suppose that ¢; = 1.

Example 11.43. We assume that the function F(z) has a special form
1 .
F(n,z) = / el de, (11.6.5)
0

where n > 0 is an integer, that is, we assume that
a=1, Y@{)=t", Q=n. (11.6.6)

Proposition 11.44. Let the function F(n,z) be defined by formula (11.6.5). Then
we have the equality
V(u) = 0. (11.6.7)

Proof. Using formulas (11.5.4) and (11.6.6) we have

n! n!
(n—p)! (n—k)!

V(u) = (=1)" ol + >

pt+k=n

(—1)P(1 —w)"P.  (11.6.8)
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Equality (11.6.8) can be rewritten in the form

V(u) =n! <(1)”u" + ZCﬁ(—l)pH(l — u)”p) . (11.6.9)
p=0
The assertion of the proposition follows from (11.6.9) and the well-known equality
> CH=1)P(1—u)" P = (=1)"u". (11.6.10)
p=0 O

Because of (11.5.29) and (11.6.7), we see that

M(D) = 0. (11.6.11)
In the case that (11.6.6) holds, relation (11.5.5) takes the form
_1)p+1zs
L, (2) = (n))? I Gl i >0, k>0, s>0
p+k+s=n—1

where L,, = L. The last formula can be rewritten as

EUIVEC S (e
Ln(z) = (n)) ; p+k_zn:15 e (11.6.12)

In particular, from (11.6.12) we immediately see that
Li(2) = =1, Lo(2) =~z L3(z) = —2% -3, Ly(z)=—2°>—82 (11.6.13)
Proposition 11.45. Let (11.6.6) hold. Then we have
Ln(2) = (=)™ L, (—2). (11.6.14)
Proof. Let us consider the class of functions f(z) such that
fB0)=f®ay=0, 0<k<2n
It is apparent that for the scalar product (-,-) in L?(0,a) we have the equality

(D*f, £) = (=D)"(f. D* ). (11.6.15)
In view of T =T, we have also
(D" TATD" L f f) = (f, D"TIT D), (11.6.16)
On the other hand, using (11.5.29) and (11.6.11) we obtain
D TiTprtt = L(D)D" T (11.6.17)

Substitute (11.6.17) into (11.6.16) and compare the result with (11.6.15) to see
that L(D)D"*! contains only terms with even degrees of D. The statement of the
proposition follows. O
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Let us rewrite (11.6.12) in the form

n—1
Ln(z) = =) as2", (11.6.18)
s=0

where

(n is even). (11.6.19)

(nis odd); a3 =n!

Ap—1 = 1, apg = n'n

We see from (11.6.14) that a; = 0 if n + s is even.

Example 11.46. Let us consider the case (11.6.5) where n = 1. Then, according to
(11.6.5), (11.6.18) and (11.6.19) we have

Li(z) = -1, F(1,2) = —[(iz — 1)e'* 4 1]/2* (11.6.20)
and according to (11.6.3) and (11.6.4) we have
T(0,t) = T(1,t) = 0. (11.6.21)
Moreover, formulas (11.5.29), (11.6.7) and (11.6.20) imply

d? _ d2 d?

It follows from (11.6.21) and (11.6.22) that the equality
dz . &2 ;o
(gt g f ) = (1) (11623

holds for all f such that f” € L2(0,1) and f(0) = f(1) = 0. Since, for any
f € L*(0,1) there is f such that f(0) = f(1) = 0 and f” = f, formula (11.6.23)
yields T" > 0.

Using the fact that 7" > 0 and Proposition 11.23 we obtain:

Corollary 11.47. All the roots of the function F(1,z) belong to the open upper
half-plane.

Example 11.48. Let us consider the case (11.6.5) where n = 2. Then
Ly(z) =z, F(2,2) = [(2* +2iz — 2)e'* + 2] /2. (11.6.24)

Now, we prove a general result.

Theorem 11.49. All the roots of the function F(n,z) belong to the open upper
half-plane.
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Proof. Tt follows from (11.6.5) that the following relations

hr/2) = tim ST ey = i 0L

r——+o00 r r—+00 r

=1 (11.6.25)
are valid. So, in view of Corollary 11.47 the function F(1, z) has the properties:
1. All the roots of the function F'(1,z) belong to the open upper half-plane.
2.
h(m/2) < h(—m/2). (11.6.26)

It is well-known (see [93, Ch. 9]) that the derivatives of such functions also have
the properties 1 and 2. This proves the theorem. O



Comments

Chapter 1.
1. Chapter 1 is based on the paper [158].

2. Sample functions of Levy processes are discontinuous. The presence of jumps
in the price is the most important argument for using the Levy processes in
financial mathematics [167].

Chapter 2.
1. Chapter 2 is based on the papers [67,146].

Chapter 3.
1. Chapter 3 is based on the papers [5,123].

2. P.P. Korovkin [76] introduced the linear operators L,, f. He obtained the first
important results connected with approximating the functions f(z) of the
class Z, by the functions g(x) = L, f.

3. A number of works [5,76,111] are dedicated to the problem of finding a
simple expression of the function ¢(z) which gives a good approximation for
the functions belonging to the class Z,. Section 3.3 of Chapter 3 gives the
best ¢(x), that is, the solution of the formulated problem. In case o« = 2 the
corresponding best ¢(x) was found by P.P. Korovkin (see (3.4.1)).

Chapter 4
1. The essential part of Chapter 4 is based on the papers [115,116].

Chapter 5.
1. Chapter 5 is based on the papers [140, 156].

2. If an nxn matrix is positive definite and invertible, then this matrix admits
the triangular factorization (see [44]). This assertion is not valid for operators
(see Larson [87] and Chapter 5).
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Chapter 6.

1. Chapter 6 is based on the papers [151,153]. In this chapter we use also
M. Kac’s [67] and D. Ray’s [125] results.

2. In Chapter 6 we consider only the case when the corresponding operator
has a discrete spectrum. Let us consider the example when the spectrum is
continuous. Namely, we shall consider the Schrodinger differential operator

h? d2
Ly*f%@erV(x)y, 0<z< . (C1)
The boundary condition has the form
y(0) = 0. (€2)
We assume that -
V(z) >0, / V(2)dz < oo (€3)
0

In this case the spectrum of the operator L is continuous. We associate with
the boundary problem (C'1)—(C3) the following problem:

h? d2
2mda?
Problem (C4) generates the values: Z,(a, 8, h), Z:(a, 5), Eq(a, B,h), E.(a, ).
Now we define E,(8, k), E.(8). for system (C1), (C2):

Eq(/Ba h) = alggo Eq(aa B, h), Ec(ﬁ) = alggo Ec(aa B) (05)
We note that
Zq(ﬂyh) = lim Zq(a,ﬂ, h) = 00, Zc(ﬁ) = lim Zc(aa/B) = 0. (06)

a—r o0

Loy = y+V(z)y, 0<z <a< oo, y(0)=y(a)=0. (C4)

Further we assume that

V(z)=0, 0<z< 0. (cn
From (C5) and relations (6.2.4)—(6.2.7) (see Chapter 6) we obtain that
1
Eq(B,h) = Ee(B) = o5 (C8)

We note, that in case (C1), (C2), (C5) the quantum mean energy E,(8,h)
and classical mean energy FE.(3) are equivalent.

In case of the continuous spectrum we have the following problem:

Open problem. Find conditions under which the equality

Eq(B,h) = Ec(B) (C9)
holds.
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Chapter 7.
1. Chapter 7 is based on the papers [35] and [154].

Chapter 8.
1. Chapter 8 is based on the paper [157].

Chapter 9.
1. Chapter 9 is based on the papers [159,161-164].

Chapter 10.
1. Chapter 10 is based on the paper [164].

2. The results of this chapter can be used to study the Fokker-Plank equation
(see [19,20,132]).

3. We introduce a table in which we show the signs of the differences between the
quantum and corresponding classical values of some basic physical quantities.

Table 1.
SE. |Fn>2|Bn>2| Fn=1 | Bn=1 | F.n=2 | B.n=2
Sy - + - - + ? ?
E, | + + - + - + -
F, - + - + : +
Zq -

Here S.E. — Schrodinger equation, F. — fermion case, B. — boson case. We
note, that some results in the table we have proved only for small € (fermion
and boson cases) and some results we have proved only for specific potentials
(Schrédinger equation).

Table 1 shows that the quantum effect in the boson cases gives the signs,
which are opposite to the corresponding signs in the fermion cases.

4. We note that the extremal principles (e.g., the principle of least action, the
principle of least time and the principle of least resistance) remain central
in modern physics. In the present chapter (and Chapter 9) we consider the
interaction of two or more physical values. In this situation we use a special
extremal principle, which is based on ideas of game theory. We consider the
classical and quantum problems from the game point of view. The players
are mean energy F free energy F' and entropy S.The strategy of the game in
the classical case is determinate and the strategy of the game in the quantum
case is probabilistic.
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Table 1 enables us to compare the classical and quantum results, that is,
to compare the determinate and probabilistic strategies. The signs of the dif-
ference between the quantum and the corresponding classical values of some
basic physical quantities are shown in the table. We recall that the compar-
ison of determinate and probabilistic strategies is a fundamental problem of
the Neumann-Morgenstern game theory [110].

In particular, from Table 1 we derive:

1. The signs in the boson cases are opposite to the corresponding signs in
the fermion cases.

2. If n > 2 then the signs for S, are opposite to the corresponding signs
for F, (boson and fermion cases).

3. The signs for E, are opposite to the corresponding signs for F, (boson
and fermion cases).

4. The signs for E, are opposite to the corresponding signs for S, (Schrédin-
ger equation).
Chapter 11.

1. Chapter 11 is based on the paper [160] but contains some developments (and
also minor corrections).
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Ker A

complex plane

open upper half-plane {z : Im (z) > 0}

space of the continuous functions f(x), which satisfy the
condition lim f(x) =0 (|z| — infty) and have the norm defined
by [|f[| = sup,|f(z)]

set of functions f(z) € Cy such that f*)(z) € Cy (1 <k < n)
set of the functions f(x), which are continuous together with
their first derivative f’(z) on the interval [0, 1] and satisfy
equalities f(0) = f(1) =

Y;

Y,

exponential function, e* = exp(z)

complex unity, i2 = —1

imaginary part of o

kernel of an operator A, that is, the subspace,

which A maps to zero

multiplicity of the root z; of the function F'(2)

= KerT

probability of the event X =0

real axis

range of an operator A

real part of «

spectrum of an operator A

set of linear bounded operators acting

from the Hilbert space Hy into the Hilbert space Ho
scalar product in L?(0, a)

scalar product in L?(A), that is,

in L? on the set of segments A

scalar product in the Hilbert space H

)
0

column

Ljzj<1 function of z, which equals 1 when |z| < 1
and equals 0 when |z| > 1
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