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FrFTH SEMESTER B'sc' DEGREE EXAMINATToN' N'oTTEryIBER 2o2o

Time': Three'"ifobrs

(CUCBCSS-UG)

Mathematics

MAT 5B OG_ABSTRACT ALGEBRA

Section A

Answer all questions.

Each question carries l mark.

1. Define a Group.

2. Fill in the blanks : The units in the ring of integers Z &re 

-

3. Write the order of the permutation (1, 2) (1 I8) in Se.

4. Give an exaniple of a finite group of order 4 which is not cyclic.

5. Calculate the remainder obtained when 4572 isdivided by 73.

6. Find the inverse of the product 0, A) (2,5, 7) in Sr. Is the inverse a cycle ?

B. Give'an Oxample for an integral domain which is not a field.

g. What is the necessary condition for a homomorphism Q from a group G to G'to be ir{ective.

10. Defrne normal subgroup of a group.

11. What is'the index of Ar, in S,r. 
,

t2. Defrne a cyclic group and give an example

(L2xL=12marks)

Section B

Answer at least eight question's'

All questions can be attended'.

Ouerall Ceiting 48.
.., l

13.. Write criteria.to be checked to determine u,hether a function @ : S + S' is an isomorphism of a

binary structure ( S,* > with < S',*' )
Turn over



15.

16.

L7.

18.

19.

2

14. Is Z+ a group under usual addition ? Establish your claim.

D 90231

,. ,ii

Construct group table for the Klein group. What is the order of every element ip ghis.group ?

Define kernel of a group homomorphism. Find the t<er(Q) for g : IR -+ lR define&.by 0(t) = 0 for all

reR.

Define a ring. Give an example of a non-commutative ring.

Define center of a group and show that center of the symrnetric group S, is the trivial group.

In any ring R, show that o.0 = 0 = 0.o and a.( 4) = fua.b) for all o, b in R.

Show that for any group, its identity element and inverse of any elgment are unique.

Evaluate the product of (2,3) and (8, 5) in ZsxZs. :,

Show that az -b2 = (a-b\(a+b) in a ring R if and only if R is commlltative.

Define factor group and glve an example.

(8x6=48marks)

Section C

Answer at least fle questions.

Each question camies I marlzs.

All questions can be attended.

Ouerall Ceiling 45.

Show that the binary structure < R,* > rvith operation the usual aildition is isomorphic to the

structure ( R*,.>where . is the usual multiplication.

(a) State and prove Lagrange's theorem ; and (b) Establish one of its corollary.

Show that the subset S of M,,( p ) consisting of all invertible z x n matrices under matrix
multiplication is a group.

Show that every permutation o of a finite set is a product of disjoint cycles.

Solve , *2 -1= o in tinefreld, Zo.

Show that every freld is an integral domain.

Find the multiplicative inverse of 53 in Zs..

24.

2L.

22,

23.

27.

28.

29.

30.
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81. L,et G and G' be groups and let g : G + G'. be one to o4e function such that $(ry) = O(r)O(y) for

Sll *,yeG. Thenprovethat {[G] isasubgroupofGand Q providesanisqmorphismof Gwith

olcl-

92. Show that subgroup a cyclic group is cyclic.

33. Show that M is a maximal normal subgroup of G if and only if Gfl\{ is simple.

34. Show that.the cancellation law rn a ring B holds if and only if it has no zero divisors.

(5x9=45marks)

Section D

. i Answer any one questian.'

The question ca,rries L5 marhs-

96. (a) Show that l< 
o" ,J = l. "' ,l if and only if g.c.d (n, s) - g.c.d (2, /) wher e n =l< a >1.'

(b) Show that the only subgroups of Z arethe form nZ for n eZ,

37. State Cayley's theorem and give the proof i4 detail.

38. (a) Show tha.t any two fields of quotfents of an inleg.ral domain are isomgrphic.

(b) Prgve or disprove : Factor group of a cyclic group is cyclic.

(1 x 15 = 15 marks)
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FIFTH SEIIIESTER B.Sc. DEGREE D(AMINATIoN, NOyEIIBER 2019
(CUCBCSS_UG)

Mathematics

fime : Three Hours Maximum: 120 Marks

Section A

Answdr ail the twelve questions.

1' Fill in the blanks : The total number of commutative binary operations on a set of z elements

2' Fill in the blanks : The number of elements in the ring Mz(Ze) is 

-.

3' Filt in the blanks : The least valu e of n such that a group G of order z is non-abelian is

4. Define a group. .

6. Define skew fields

7. Calculate the order of the permutation p = (1) (1 2) (1 B) in So.

8. Solve : -Bx+Z = 4 in the group <26,*6 > .

9. Show that the identity element in a group is unique.

10. How many left cosets are there for pZ in Z if p is a prime.

11. What is a Klein group ?

L2' Give a group theoretic definition of greatest common divisor of two positive integers.

Section B

Ansu)er any ten out of fourte:en questions.
Eaclt questtoo 

"orrfr, 
4-rrrorkr.

13' If H is a finite non-empty subset of a group G, establish that H will be a subgroup if it is closed
under the binary operation in G.

14. sho,r'that a group is a fi,ite gr.oup if it has frnite number of subgroups.

Turn olrer
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15. Show that every cyclic group is abelian.

16. Find all group homomorphism from V intoitself.

17 . Let G be a group of order pg where p and g are primes. Show that every proper subgroup of G is
cyclic.

18. Let S be a set and letf g and /z be functions mapping S into S. Prove that f*(g n h) =(f" e)nn
where the binary operation * is the function composition.

19. Is the union of two subgroups a subgroup ? Justifr your claim

20. Show that the coset multiplication given by (oHXbH ) = abHis a well defined operation when H is
a normal subgroup of G.

21. Draw the subgroup diagram for Z$.

22. show that any finite cyclic group of order z is isomorphicto zo.

23. Find a group isomorphic to the Klein group other than the Klein group. Establish that it is so.

24. Give any necessary and sufficient condition for a ring R to have no zero divisors. Justiff your
claim.

25. Is Q, the set of rationals, the field of quotients for integers? Give reasons to establish your assertion
or denial.

26. Show that factor group of a cyclic group is ahiays abelian.

(10x4=40marks)

Section C

Answer any six out of nine questions.

Each question carries 7 ntarks.

27. Draw the group table for the dihedral group Dr. Is D, a cyclic group ? Justiff your claim.
28- Define kernal of a group hornomorphism and shorv that it is a normal subgroup of the domain of

the homomorphism.

29. Define order of an element in any group G. Show that in a frnite group G, order of any element
divides order of G.

30. Show that every pemrutation o of a finite set is a product of disjoint cycles.

31. Prove or disprove : Every finite integral domain is a field.

32. Define the alternate group {. Shorv that it is a normal subgroup and find the group isomorphic to
s,,/Ar,.
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88. L€t G be a finite group in which for each positive integer m,thenumber of solutions of * =e is at
most rz. fiien show that G is cyclic.

94. ff< R, + > is an abeliangnoup, show that ( R, *,. > is a ringifo.6 is defined as 0 for allo,b e R.

35. Prove in some detail that every field L containing an integral domain D contains the field of
quotients of D.

(6xZ=42marks)

Section_D

Answer any two out of tbve questiotts.
Eanh q-is,ti"" *iai- {i i*rnt.

36. (a) If S: G -+ G' is a group homomorphism then show that, 0[tt]s G' whenever H s G.

(b) Find the index ofthe subgrcup generated by o = (1, 6, g, 4, (2, g)h so.

87. (a) Prove that the eonverse of the theorem need not be true.

O) Exprcss o = (1 2 SXf 8 4Y e Sn as a prtduct of disjoint cycles.

38. (a)- Define rings and- ring homomorphisms. Show that the ring of real numbere and complex
numbers are not isomorphic.

(b) Find al[the units in the ring .Zts,*1e x16 ).
(Z x Lg = 26 marks)
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D,50600 hrtt t
(Pages:3)

B.Sc. DEGREE EXAMINATION,

(cucBCSS-UG)

M.NT 5B OG_ABSTRAOT ALGEBRA

Section A

Answer all the twelve qu:estions.

Each questian carries I mark.

1. Define subgroup ofa group.

2. Fill in the blanks : The units in the ring of inte;gerc Z Br@ 

---.3. Write the order of the permutation (1, 2) (1 9 g) h Ss.

4. Give an example of,a finite group of order 4 whichlis not cyelic.

5. calculate the remainder obtained when 4572 is divided by zB.

6. Compute (!,4) (7,5) (2,5,7) in Sr.

7. What is the characteristic of the ring < Zst*sfs ) .

8. Give an sxample for en integra] domain which is not a field.

9. What is the necessarlr condition for a homomorphism Q from a group G to G,to be injective.

10. Write two equivalent conditions for the subgroup of a group to be a normal subgroup.

11. What is the index of ^\ in S,.

12. Denne a cfctic group and give an example. 
,

section B 
(12 x 1= 12 marksl

""""':"

, Arwwer any ten out of fourteen quegtions.

Each question carriis 4 marks.

13: Let S be a set and let f g and h be functions mapping s into S. prove that (fog) oh -_ fo @oh).
L4. Showthateverygroupofprimeorderisabelian. 

: :'- -

15. Draw the group table for Sr.

Maximum: 120 Marks

--. :;;slortI

Tur:rr over
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. 16. Define * by a*U =* then show that Q+, ihe set of positive rationals, with operation * s a group.

'.f2. .Show thett.\'is a nomal gubgroup of S, and find a group to which Sr/4 is isomorphic.

18. Define a field. Show that (o + b)2 = az + ?,o.b + b2 in any field using the qxioms of the field.

19. Give an example of non-commutative finite ring. Establish that it is so.

ZO, Give any necessary and sufficient condition for a ring R to have no zero divisors. Justi{y your

, claim.

21. Find a formula for identiffig units in the ring of guassian integers {o + ib : a,b eZl.

22. Write all the left cosets sf 32 Ln Z.

23. Show that factor group of a cyclic group is cyclic.

24. Solve : x2 = iin S, where z is the identity.

28. Define group homomorphism and state fundamental theorem of homomorphism.

ZG Is Q, tl.re set of rationals, the field of quotients for integers ? Justifu your claim.

(10x4=40marks)

Section C

Answer any siz out of nine questians.
Each question carries'l marks.

27. Show that the binary structure < n& ,; > with operation the usual addition is isomorphic to the

structure ( IR 
+,.> where is the usual multiplication.

28. Define order of an element in any group G. Show theit in a finite group G, order of any element

divides order of G.

Zg. Show that the subset S of Mr(lR) consisting of all invertible z x z matrices under matrix

!multiplication is a gxoup.

80. Show that every permutation o of a finite set is a product of disjoint cycles.

81. LetGand G'begroupsandlet (D :G->G'beonetoonefunctionsuchthat O @i= O(r) O(y)

for all *, ! e G. Ihen prove that O [G] is a subgroup of G' and 6 provides an isomorphism of G

with o tGl.

S2:. Show that every proper subgroup of a group G, with o(G) =pO wherep and g are prime, is cy'clic.

33. Solve the equation : 12 - 5x+ 6 = 0 completely h Z p.
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g4. Establish a fomula for computing the number of zero divisors in the fing Zo by Swing its proof.

85. Give a necessary and sufficient eondition for union of two subgroups of a group to be a subgroup.
j-:

(6.x7=42uarks)

Section D

Answer a,ny ttvo out of three questibns.

Each question carries 18 marks.

36. '(a) Hnd the index of the subgroup generetpd by o = (1,'2,6,4) (2, 3) in Ss.

(b) Write all the subgroups of Zro.

87. State and prove Cayle/s theorem in detail.

38. (a) List all the units in the matrix ringMz(Z,z\.

(b) Show that every finit€ integral demain is a field.
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FIFTH SEMESTER B.Sc. DEGREE (ST,PPI.EMEIYTARY)
ExAlvrrNArr:[];TMBER 2oL7

MM 5B OG_ABSTRACT ALGEBRA

fime : Three Hours Maximum: g0 Weightage

PartA

Ansruer all questions.
Each question carries % weightage.

1. Ttre operation * defined onzbyletting a*b =ab + L.Determinewhether* is associative.

2. Define an isomorphism of an algebric structure to another.

3. Give an example of au abelian group with 100 elements.

4. Find the order of the element - j in the group un= ll,- 1, i, - ,l with usual muldplication.

roup of z letters has 

- 

elements.

6. What is the order of the cycle (1, 4,8,7)h Ss.

7. Define index of a subgroupEin *group 0,
8. Compute the product (12) (O) inz,z4.

9. Define a linear combination of tU" ,"t S = {ur, q,...uol.
10. Is the set of pure imaginary numbers with usual addition and multiplication a ring ?

11. Define a ring homomorphism.

12. Describe a[,the units in the ring zu,

,Answer allquestiofus
Each question carrbs L weightoge.

19. Show that set of real numbers sxsluding - l is a group under the operation r whi& is given by
o*b=a+b +ob.

14. Prove that inverse of any element of a group is unique.

15. Show that Klein 4 group is not cyclic.

(L23456)
16. Express the permutation 

[s B 6 z I 4) u a product of disjoint cycles.

17. Find the partition of zu into cosets of the subgroup H = {0, g}.

frrrz over
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18. Show that every subgroup of an abelian group is normal.

19. Prove that the set zn,is a ring w.r.to addition modulo 4 and multiplication modulo 4.

20. Find all the units b"u.
2l . g = {P(r) e P,, (r/P(l) + P(3) = 0} where Pr(r) is the vector space of all polpomials of degree s n.

Show that S is a subspace of pr(r).

(9x1=9weightage)

Part C

Answer any five questions.
Each questian carries 2 weightoge.

22. Prove that residue classes modulo 5 form a finite abelian group with respect to addition of residue
classes.

23. 
'.0** [l z: : i i : f) "run"oarctofdisjointcyclesandasproductoftranspositions.

24. Find all the subgroups of z, and draw the lattice diagrom.

25. Show that product oftwo left cosets need not be a coset.

26- Let G be the group of non-zero complex numbers under multiplication and let z be a positive
integer. Show that themapping$: G-+ Gdefinedby0k)= *isahomomorphism. Whatis the
kemal of this homomorphism.

27 . In the rilrg zn divisors of 0 are precisely those elements that are not relatively prime to n. prove
this statement.

zg. check whether the set s = {, - t, zxz + x,ra + 1, zxs -sxl of p3 is linearly independent.

PartD 
(5 x 2 = l,weightage)

Answer any two questians,
Each questian carri.es 4 wei{htage.

29. Let G be a cyclic group with gener ator a.If order of G is infinite then prove that G is isomorphic to
(2, +), Also prove that if G has a finite order z, then G is isomorphi c to (zn, to).

30. For rl Z 2,,.prove that the no. of even permutations in S, is same as no. of add pemutations in it.
31. Prove the followirig theorems :

(a) Every field is an integral domain.

,:, Every finite integral domain is a field,

(Zx4=gweightage)
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FIFTH SEMESTER B.Sc. DEGREE EXAMINATION;
(CUCBCSS-UG)

Mattrematics i
MAT 5B O6_ABSTRACT ALGEBRA

Maximum : LZOMarks

Seetion A

Ansu)er alt the twelue questions.

Eacit question caties I mark.

1. True or False : Elery binary operation on a set consisting of a single element is both commutative
and associative.,

2. Describe the isomorphism from <2,+> into<ttV.+>

3. Find the onder of the cyclic subgroup of Za generated by $.

4. Determine whether the set of all invertible z x n real matrices with determinant -l is a subgroup

of GL(z,lR).

5. Detenninewhethertheftrnction f :lR+lR definedby f (x\=e, isa permutatiouof IR

6. Write the orbits of the identity perrnutation, i on a set A

7. True or false : Every finite group contains an element of every order that divides the order of the
group.

Find hl orbits- of the permutatio n c :Z -+ Z where o (z) = p 1 1.

9. Find all units in ttrenng Za.

10. F'ind the characteristics of the irng Zs xBZ.

11. Hori' many solutions, does the equation x2 - 5x+ 6 - 0 have Z7 ?

L2. Find the number of elements in the set {o e Ss / o (Z) = 6l ?

(12x1=12marks)

Turn over
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Section B

,fnswer any ten out of fourteen qu'estians'

Each question carries 4 molrks'

13. Defineisomorphismofalgebraicstructures'Determinewhetherthefunction$:<Q'+>-+<Q'+>

where 0 (*).= 
Z, ".Q is an isomorphism'

14.Defiheagroup.Isthesetq+ofpositiverationalnumbersundermultiplicationagroup.Justiff

your answer ?

lb. LetGbe agroup and abe afixedelemerttof G. Showthat Ho ={re G"ra=or} isa subgroupof

'G.

16. Prove that an infinite cyclic group has exactly two generators'

(L 2 8 4: : ::)rraproductofdisjointcycresandthenasaL7. Expressthepermutation[B 6 4 1 8 z 5 7)asaPruLruuuvrureJv'

product of transPositions'

18. Find all genergtors of Z6,Zs arldZ2s'

IfA is any set and o is a permutation ofA, show that the relation' -' defined on Aby o - b if and

only if b = on (o), for some n' eZ, a,b e A is an equivilence relation

Let H be a subgroup of a group G, and let o e G. Defrnd the left and right cosets of H containing

o. Exhibit all left and right cosets of the subgroup 4Z of 2V" '

rer (6) = {e} 'prove that a group homomorphism $: G -+ G', is a one-one map if and only if I

Define Ring. Give an examPle

Find all solutions of the equation aB - 2x2 - 3x = O in V'p'

Define characteristic of a ring. Find the characteristic of the 75ng Zsxai,Tz a;rld v'sxZa'

show that the intersection of two normal subgroups of a group is a normal subgroup'

If R is a ring such that a2 = a elR. Prove that R. is a commutative ring'

(10x4=40marks)

19.

20.

2L.

22.

23.

24.

25.

26.
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28.

29.

33.

94.

35.

3

Section C

c 30306

Answer any six out of nine questians.

. Each questi.on cairics 7 marks.

27. LetGbeasetconsistingoforderedpairs (o,b) suchthata,b.arerealand o*0. Abinaryoperation

{'isdefinedonGby (o,b)*(c,d)=(ac,bc+d). ProvethatGisagroupunder*.IsGabeiian?
JustiS.

Show that a nonempty subset H of a group G is a subgroup of G if and.only if ab-r eH,y a,b e H.

LetGand G'begroupsandlet g:G-+G'beaone-onefunctionsuchthat 0(rv)=0(r)0(y)ro,

all r,yeG. Proi,ethat g[G] isasubgroupof g,and g isanisomorphismofGwith S[G].

Define abelian group. Prove that a group G is abelian if every element except the identity e is of
order 2.

Show tJrat the set of all permutations on three symbols forms a finite non-abelian group S, of
order 6 with respect to permutation multiplication.

Let {:G+G' be a group homomorphism and let H=Ker(Q). For oeG, prove t[atthe

set{r e G / 0 (r) = 0 (o)} is the left coset oH of H.

Show that a2 -b2-=(o + b) (o - b) for all o, b in a ring R if and only if lft is commutative.

Show that the characteristics of an integral domqin D must be either 0 or a primep.

Describe the field of quotients of an integral domain.

(6x7=42marks)

Section D

Answer any two out of three questions.

Each question canies LB marks.

36. (a) LetHbe a sribgroup ofa group G. For a,beG,leto - b ifandonlyif ab-L eH. Show that -
is an equivalence relation on G. (6 marks)

(b) ProvethatasubgroupHofagroupGisnormalinGifandonlyifeachleftcosetofHinGis
(7 marks)

Turn over

a right coset of H in G.
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3?. f a)'-.?rove that.no:permtrtation ia S, caq be expre treth,'aS a product sf an elen number of

(7 uarks)

(b) , Prove that every fiaite integr.aldomainis a'field.

(6 marks)

[2 x 13 = 26 inarks]:-:


