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Foreword

Over the last 10 years, there has hardly been a topic that has occupied the credit
sector more than the appropriate determination of the capital backing of credit
risk positions. Even after the adoption of the capital requirements by the Basel
Committee on Banking Supervision “Basel II” in June 2004, the great relevance of
this topic is still present because many types of banking risk are not taken into
account. The importance of such risk types is also recognized within the framework
of Basel II. According to Pillar 2, “there are three main areas that might be
particularly suited to treatment: risks considered under Pillar 1 that are not fully
captured by the Pillar 1 process (e.g. credit concentration risk); those factors not
taken into account by the Pillar 1 process (e.g. interest rate risk in the banking book,
business and strategic risk); and factors external to the bank (e.g. business cycle
effects)”. In this context especially the consideration of concentration risks is a
very important task since concentration risks in mortgage banks can be seen as one
relevant cause of the financial crisis.

Against this background, Martin Hibbeln has set himself the targets of analyzing
concentration risks in detail and of consistently integrating concentration risks into
the Basel Il model. First, the author deals with regulatory principles of the European
Banking Supervision, which have to be considered in the framework of concen-
tration risk measurement. In addition, he focuses on the question whether or not
credit concentrations stemming from bank specialization have a risk increasing
effect. The subsequent theoretical analysis takes the Asymptotic Single Risk Factor
(ASRF) framework of Gordy as a starting point since this environment underlies the
Internal Ratings-Based (IRB) Approach of Basel II. For the purpose of extending
this model, Martin Hibbeln addresses two types of concentration risk: name con-
centrations and sector concentrations. With regard to name concentrations, he
determines credit portfolio sizes for different portfolio structures that lead to a
violation of the assumptions of the ASRF model. The results are of great practical
relevance since on this basis a bank is able to identify concentration risks in their
credit portfolios. He also analyzes available granularity adjustments concerning
their suitability for the measurement of name concentrations. With respect to sector
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concentrations, Martin Hibbeln modifies existing approaches to measuring concen-
tration risks in order to consistently extend the Basel II framework. He shows
how to implement the approaches for practical application and gives a detailed
analysis with regard to measurement accuracy and runtime of the procedures.
Again, the results are of practical importance since the analysis shows in detail
which procedure shall be implemented. Furthermore, he analyzes the adequacy of
the non-coherent risk measure Value-at-Risk (VaR), which is often criticized in the
literature. For this purpose, all studies in question are undertaken by the use of the
coherent measure Expected Shortfall (ES), as well. Surprisingly, the respective
results do not show significant differences and consequently, the use of the VaR
seems to be unproblematic when determining risk concentrations.

All in all, this book deals with a relevant topic within the framework of credit
risk management. In this context the author succeeds impressively in connecting
theoretical results and practical applications, which in turn implies the book to be
suitable for academics as well as practitioners. Against this background, I wish this
innovative and inventive work the high degree of attention it undoubtedly deserves
due to its quality.

Braunschweig, Germany Marc Giirtler
April 2010
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Chapter 1
Introduction

1.1 Problem Definition and Objectives of This Work

“Risk concentrations are arguably the single most important cause of major pro-
blems in banks”." On the one hand, dealing with concentration risk is important for
the survival of individual banks; therefore, banks should be interested in a proper
management of risk concentrations on their own. On the other hand, the Basel
Committee on Banking Supervision (BCBS) has found that nine out of the thirteen
analyzed banking crises were affected by risk concentrations,” which shows that
this issue is important for the stability of the whole banking system. Consequently,
risk concentrations are also crucial from a regulatory perspective and should
therefore be considered when establishing regulatory capital standards.

Recently, the “International Convergence of Capital Measurement and Capital
Standards — A Revised Framework”,3 better known as “Basel II”, has replaced the
former capital accord “Basel I”’. The objective of the new framework is to strengthen
the soundness and stability of the international banking system, which shall mainly
be achieved by capital requirements that are aligned more closely to the underlying
risk. Although Basel IT has sometimes been subject to criticism,” there is widely
consensus that Basel II promotes the adoption of stronger risk management prac-
tices by the banking industry and leads to more transparency. The Minimum Capital
Requirements are formulated in the so-called Pillar 1 of Basel II. The first pillar is
accompanied by the Supervisory Review Process (Pillar 2), which refers to a proper
assessment of capital adequacy by banks and a review of this assessment by

'BCBS (2005a), § 770.
2Cf. BCBS (2004b), p. 66 f.
3Ct. BCBS (2004c, 2005a).

*One occasionally expressed criticism is the procyclicality of Basel II. This means that in recession
the default risk of firms increase and at the same time, due to higher capital requirements for risky
credits, the banks have to reduce their investment activities; thus, recessions could be amplified.
For a discussion of this aspect, cf. Gordy and Howells (2006).

M. Hibbeln, Risk Management in Credit Portfolios, Contributions to Economics, 1
DOI 10.1007/978-3-7908-2607-4_1, © Springer-Verlag Berlin Heidelberg 2010



2 1 Introduction

supervisors. The market discipline (Pillar 3) is a set of disclosure requirements,
which allows market participants to assess information on the capital adequacy.

Until now, most of the literature on Basel II has focused on parameter estimation
and the theoretical framework of Pillar 1. Consequently, these concepts are widely
known in academics and practice by now. But it is important to notice that some
crucial types of risk, like concentration risk, interest rate risk, or liquidity risk,
are not considered in the quantitative capital requirements of Pillar 1. Instead,
concerning these types of risks, the requirements are only qualitatively formulated
under Pillar 2. Fitch Ratings expressed this shortcoming as follows: “While all three
Pillars are integral to the effectiveness of Basel II as a regulatory capital framework,
it is often Pillar 1 that receives the bulk of public attention, given its direct and
explicit impact on bank capital ratios. It is important that financial institutions and
market participants also focus on the Pillar 2 objective of managing enterprise risk,
including concentration risk, rigorously and comprehensively”.”

The existing literature regarding concentration risk in credit portfolios mainly
consists of some documents from banking supervisors, empirical studies on the
effect of concentration risk on bank performance, and of some proposed models on
the measurement of concentration risk, which range from rather simple and heuris-
tic to sophisticated model-based approaches. However, there is hardly any literature
which analyzes the impact of credit concentrations on portfolio risk for different
portfolio types or answers the practically relevant question, in which cases the
influence of concentration risk is rather small so that it should be unproblematic if
a bank does not explicitly measure its concentration risk. Furthermore, it would be
valuable to know how good the proposed approaches for the measurement of
concentration risk do perform in comparison. Moreover, banks are requested by
supervisors “to identify, measure, monitor, and control their credit risk concentra-
tions”f’ but it is not clear how the models on concentration risk can be implemented
in a way that they are consistent with the Basel framework. The main objective
of this work is to answer these questions. Beyond that, this work tries to integrate
economical and regulatory aspects of concentration risk and seeks to provide a
systematic way to get familiar with the topic of concentration risk from the basics of
credit risk modeling to present research in the measurement and management of
credit risk concentrations.

1.2 Course of Investigation

The fundamentals of credit risk measurement and the quantitative framework
of Basel II are presented in Chap. 2. At first, the need of banking regulation in
general, the development of banking supervision, as well as the concept of Basel IT

SHansen et al. (2009).
See BCBS (2005a), § 773.



1.2 Course of Investigation 3

is presented briefly. In Sect. 2.2, relevant measures of risk in credit portfolios, like
the expected loss (EL), the Value at Risk (VaR), and the Expected Shortfall (ES) are
introduced. Then, the asset value model of Merton (1974) is described in Sect. 2.3,
which builds the basis of the conditional probability of default within the one-factor
model of Vasicek (1987) that is derived in Sect. 2.4. Applying this conditional
probability, the binomial model of Vasicek (1987) allows determining the loss
distribution for homogeneous credit portfolios, which is demonstrated in Sect. 2.5.
Next, the Asymptotic Single Risk Factor (ASRF) model of Gordy (2003) is
presented in Sect. 2.6. This model allows an easy calculation of the VaR or the
ES for heterogeneous portfolios if there is no concentration risk in the portfolio. As
a last step, in Sect. 2.7 the conditional probability of default is integrated into the
ASRF model, which leads to the core element of the regulatory capital requirement
under Pillar 1.

In Chap. 3, risk concentrations in credit portfolios are discussed. Firstly, differ-
ent types of concentration risk are described. In Sect. 3.2, it is argued that banks
often consciously accept concentrations in their portfolios in order to gain higher
returns from specialization, but they should have an additional capital buffer to
survive economic downturns. The measurement and management of concentration
risk, including relevant regulatory requirements and industry best practices, is
presented in Sect. 3.3. Then, some simple, heuristic approaches for the measure-
ment of concentration risk are demonstrated and assessed in Sect. 3.4. After that, a
review of the literature on model-based approaches for the measurement of con-
centration risk is presented in Sect. 3.5.

Chap. 4 deals with the measurement of name concentrations. This type of
concentration risk occurs if the weight of single credits in the portfolio does not
converge to zero; thus, the individual risk component cannot be completely diver-
sified. The main research questions on name concentrations that are considered in
this chapter are:

¢ In which cases are the assumptions of the ASRF framework critical concerning
the credit portfolio size?

e In which cases are currently discussed adjustments for the VaR-measurement
able to overcome the shortcomings of the ASRF model?

Concerning the first question, it is analyzed how many credits are at least
necessary implying the neglect of undiversified individual risk not to be problem-
atic. Since there exist analytical formulas — the so-called granularity adjustment —
which approximate these risks, it is further determined in which cases these
formulas are able to lead to desired results. Against this background, in Sect. 4.2
the granularity adjustment is presented and in a next step an expansion of the
existing formula is derived. Then, the minimum size of a credit portfolio is deter-
mined for several parameter combinations, for the case that only the ASRF formula
is used and for the case that the granularity adjustment (and its expansion) is
applied. The same analyses, which were performed using the risk measure VaR,
are carried out for the risk measure ES in Sect. 4.3. The main results of this chapter
are subsumed in Sect. 4.4.
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After dealing with name concentrations, the focus of Chap. 5 is on sector
concentrations. This type of concentration risk can occur if there is more than one
systematic risk factor that influences credit defaults. For example, sector concen-
trations can arise if a relatively high share of a bank’s credit exposure is concen-
trated in a specific industry sector or geographical location. Concerning sector
concentrations, the main research questions that are analyzed in this chapter are:

¢ How can existing approaches for measuring sector concentration risk be modi-
fied and adjusted to be consistent with the Basel framework? Is the risk measure
Value at Risk problematic when dealing with sector concentration risk?

e Which methods are capable of measuring concentration risk and how good do
they perform in comparison? What are the advantages and disadvantages of
these methods?

In order to deal with these questions, in Sect. 5.2 it is initially determined how a
multi-factor model can be parameterized to obtain a capital requirement, which is
consistent with Basel II. Then, the models of Pykhtin (2004), Cespedes et al.
(2006), and Diillmann (2006) are presented and modified, which have been devel-
oped to approximate the risk in the presence of sector concentrations. In Sect. 5.3,
the accuracy of these models concerning their ability to measure sector concentra-
tion risk is compared. In addition to the accuracy of the results, the emphasis is also
put on the runtime of the models, since even with up-to-date computer hardware the
computation can still take a very long time. Moreover, the simulation study chosen
for the comparison is well-suited to analyze in a quite realistic setting whether there
are relevant differences if either the risk measure VaR or ES is used. This question
is of high practical relevance, since the VaR is often criticized concerning some
theoretical shortcomings that are often illustrated in contrived portfolio examples.
These shortcomings could be very problematic in the presence of concentration
risk, but nevertheless, the VaR is very often applied in practice and in the literature.
The results of these analyses are subsumed in Sect. 5.4.



Chapter 2

Credit Risk Measurement in the Context
of Basel 11

2.1 Banking Supervision and Basel 11

During the last decades, there has been a lot of effort spent on improving and
extending the regulation of financial institutions. There are several reasons for a
regulation of these institutions, which are mostly different from the regulation of
other economic sectors. Even if there are some discussions about tendencies of the
banking sector to constitute a monopoly as a result of economies of scale and
economies of scope, the empirical evidence is rather scarce.” A widely accepted
argument is that the (unregulated) banking system is unstable. If a bank is threatened
by default or the depositors expect a high default risk, this can lead to a bank run,
meaning that many depositors could abruptly withdraw their deposits.® This behav-
ior is a consequence of the “sequential service constraint”, meaning that whether a
depositor gets his deposits depends on the position in the waiting queue.” The
problem is that, as most banks invest the short term deposits in long term projects
(term transformation), there is a high risk of illiquidity of the bank, regardless of
whether the bank is overindebted or not. Due to incomplete information, depositors
of different institutions could also withdraw their deposits, and this domino effect
could finally lead to a collapse of the complete banking system. This type of risk is
called “systemic risk”.'” Because of the enormous relevance of banks for the
complete economy, the state will usually act as a “lender of last resort”, especially
in the case of big financial institutions (“too big to fail”’-phenomenon) instead of
accepting a bank’s default, which is due to the presence of systemic risk.'' Against

Ct. Berger et al. (1993, 1999).

8Cf. Diamond and Dybvig (1983).

°Cf. Greenbaum and Thakor (1995). This is an important difference to securities where the holder
is exposed to a price decline instead.

19Cf. Saunders (1987) and Hellwig (1995).

"'"The relevance of this phenomenon has been remarkably shown in the ongoing financial crisis. In
2007 and 2008, there have been many examples of bailouts of financial institutions, such as Bear

M. Hibbeln, Risk Management in Credit Portfolios, Contributions to Economics, 5
DOI 10.1007/978-3-7908-2607-4_2, © Springer-Verlag Berlin Heidelberg 2010
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this background, the state is interested in a regulation of the financial system in order
to reduce the probability of bank runs and the systemic risk.'?

The first German banking supervision was established in 1931 after the default
of the Danatbank during the Great Depression. This event came along with a
massive withdrawal of deposits and bank runs. As a consequence of the default of
the Herstatt Bank in 1974, about 52,000 private customers lost their money.
Furthermore, many US American banks, which had currency contracts with the
Herstatt Bank, did not get back their receivables. This event led to several addi-
tional regulations, including the extension of deposit guarantees and the large
exposure rules. Moreover, as a result of this default, the central-bank Governors
of the Group of Ten (G10) countries founded the Basel Committee on Banking
Supervision in the end of 1974, which had the objective to close gaps in interna-
tional supervisory coverage. In 1988 the Committee introduced the Basel Capital
Accord (Basel I), which led to a major harmonization of international banking
regulation and minimum capital requirements for banks.'? According to Basel I, it
is required that banks hold equity equal to 8% of their risk weighted assets, which
are calculated as a percentage between 0% (e.g. for OECD banks) and 100% (e.g.
for corporates) of the credit exposure. The basic principle behind this requirement is
that the minimum capital requirement, which also implies a maximum leverage,
leads to an acceptable maximum probability of default for every single bank. Thus,
this restriction of risk should lead to a stabilization of the banking system. The
problem is that these capital rules are hardly risk-sensitive — for example, an invest-
ment grade and a speculative grade corporate bond require the identical capital. As
a consequence, banks have an incentive to deal with risky credits, especially if the
regulatory capital constraint is binding. This incentive stems from the risk-shifting
problem, which is relevant for every indebted institution, but increases with lever-
age. This problem is already present for projects with identical expected pay-offs
but as risky investments usually offer higher expected profits, the incentive of risk-
shifting is even higher. In addition, the Basel Capital Accord offered the possibility
of “regulatory capital arbitrage”, which is a result of the missing risk-sensitivity,
too. A bank with a small capital buffer could bundle its low-risk assets in asset
backed securities and sell them to investors. After this transaction, the bank still has

Stearns, Fannie Mae, Freddie Mac, and AIG in the United States or IKB and Hypo Real Estate in
Germany. But an even stronger argument for the “too big to fail”’-phenomenon is the default of
Lehman Brothers in September 2008. Probably due to the global diversification of their creditors,
the bank’s default was apparently assessed as no systemic risk. But the subsequent financial
turmoil including the almost complete dry up of the interbank lending market shows that this
was a material misjudgment of the U.S. government; cf. the German Council of Economic Experts
(2008), p. 122. This default clearly demonstrates the relevance of the “too big to fail”’-phenomenon
and the negative consequences if a big financial institution still fails, especially in an unstable
market environment.

"2For a more detailed discussion of banking regulation see Gup (2000) or Hartmann-Wendels et al.
(2007), p. 355 ff.

13Cf. Phillips and Johnson (2000), p. 5 ff., Hartmann-Wendels et al. (2007), p. 391 ff., Henking
et al. (2006), p. 2 ff., and BCBS (2009a).
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almost the same degree of risk but free capital, which could be used to invest in
new, risky projects. Thus, it is obvious to see that the minimum capital requirements
of Basel I do not effectively reduce the risk-taking behavior of banks.

Against this background, in 1999 the Basel Committee on Banking Supervision
(BCBS) published the First Consultative Package on a New Basel Capital Accord
(Basel IT) with a more risk-sensitive framework. Finally, in 2004/05 the Committee
presented the outcome of its work under the title “Basel II: International Conver-
gence of Capital Measurement and Capital Standards — A Revised Framework”
(BCBS 2004c, 2005a). In this context, it is interesting to notice that it was intended
to maintain the overall level of regulatory capital.'* Thus, the purpose of the new
capital rules is indeed to achieve better risk-sensitivity. Basel II is based on “three
mutually reinforcing pillars, which together should contribute to safety and sound-
ness in the financial system™."> Pillar 1 contains the Minimum Capital Require-
ments, which mainly refer to an adequate capital basis for credit risk, but
operational risk and market risk are considered, too. Pillar 2 is about the Supervi-
sory Review Process. In contrast to Pillar 1, which contains quantitative and
qualitative elements, Pillar 2 contains qualitative requirements only. These refer
to a proper assessment of individual risks — beyond the demands of Pillar 1 — and
sound internal processes in risk management. Important risk types that are not
captured by Pillar 1 are concentration risks, which are the object of investigation
during this study, interest rate risks, and liquidity risks. Pillar 3 shall improve the
market discipline through an enhanced disclosure by banks, e.g. about the calcula-
tion of capital adequacy and risk assessment. The New Basel Capital Accord has
been implemented in the European Union in 2006 via the Capital Requirement
Directive (CRD). Subsequently, the member states of the European Union trans-
posed the directive into national law. In Germany, the corresponding regulations
are basically the “Solvabilitatsverordnung” (SolvV), which refers to the first
and third Pillar of Basel II, some changes in the “Kreditwesengesetz” (KWG) and
the “GroBkredit- und Millionenkreditverordnung” (GroMiKV), as well as the
“Mindestanforderungen an das Risikomanagement” (MaRisk), implementing the
demands of the Pillar 2. These regulations came into effect on 01-01-2007.

As this study deals with credit risk management, only this type of risk will be
considered in the following. In contrast to Basel I, the minimum capital require-
ments of Basel II take the probabilities of default of the individual credits into
consideration. The concrete quantitative requirements are based on a framework
that measures the 99.9%-Value at Risk of a portfolio, which is the loss that will not
be exceeded with a probability of at least 99.9%. The banks are free to choose
the Standardized Approach or the Internal Ratings-Based (IRB) Approach, which
mainly differ concerning the use of external ratings vs. internal estimates of the
obligors’ creditworthiness. Furthermore, for non-retail obligors the IRB Approach
is subdivided into the Foundation IRB Approach and the Advanced IRB Approach.

1BCBS (2001b).
SBCBS (2001b), p. 2.
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While within the Foundation IRB Approach only the probability of default has to be
estimated, banks using the Advanced IRB Approach have to estimate additional
parameters, such as the Loss Given Default and the Exposure at Default, which are
described in the subsequent Sect. 2.2.1.'° In this context, it should be noticed that
the IRB Approach is not only a regulatory set of rules but the underlying framework
often serves as a common fundament in banking practice and for ongoing research
in credit risk modeling with several improvements and applications.'” Against this
background, it is useful to have a deeper understanding of the concrete credit risk
measurement and credit portfolio modeling as a basis of improving the manage-
ment of credit risk. Thus, in the following there will be a short introduction on
individual risk parameters and risk measures in a credit portfolio context, and a
detailed explanation of the framework underlying the IRB Approach.

2.2 Measures of Risk in Credit Portfolios

2.2.1 Risk Parameters and Expected Loss

Before the parameters for the quantification of credit risk are explained, we start
with some short comments about the general notation. In the following, stochastic
variables are marked with a tilde “~”, e.g. X denotes that x is a random variable.
Furthermore, “E(X)” stands for the expectation value and “V(¥)” for the variance of
the random variable x. Similarly, “P(X = @)” denotes the probability that ¥ takes the
value a. The random variable 13, which is also called an indicator variable, is
defined as

1 if x>a,

Thus, the indicator variable takes the value one if the event specified in brackets
occurs, and zero otherwise. Using this notation, the parameters for the quantifica-
tion of credit risk can be introduced. The potential loss of a credit is usually
expressed as a product of three components: The default indicator variable, the
loss given default, and the exposure at default.

'%Details concerning the concrete regulatory requirements and a comparison of these approaches
can be found in Heithecker (2007), especially in Sect. 3.

'E.g. the underlying one-factor Gaussian copula model with its implied correlation is market
standard for pricing CDOs, cf. Burtschell et al. (2007), p. 2, similar to the model of Black and
Scholes for options with its implied volatility. Examples for extensions of the standard Gaussian
copula model are Andersen and Sidenius (2005a, b) or Laurent and Gregory (2005). Furthermore,
several smaller banks use the regulatory capital formulas for their internal capital adequacy
assessment process; cf. BCBS (2009b), p. 14.
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Firstly, the default event of an obligor is indicated by the default indicator
variable 1 (5} that takes the value one if the (uncertain) default event D occurs

and zero otherwise.'® The probability of default (PD) of an obligor is defined by
IE”(I (5} = l) =: PD. In context of the Basel Framework, the PD is the probability

that an obligor defaults within 1 year.' The Basel Committee on Banking Supervi-
sion defines a default as follows: “A default is considered to have occurred with
regard to a particular obligor when either or both of the two following events have
taken place:

¢ The bank considers that the obligor is unlikely to pay its credit obligations to the
banking group in full, without recourse by the bank to actions such as realizing
security (if held).

e The obligor is past due more than 90 days on any material credit obligation to the
banking group. Overdrafts will be considered as being past due once the cus-
tomer has breached an advised limit or been advised of a limit smaller than

. 2
current outstandings”.?’

It is important to notice that beside this definition there exist several other
definitions of default?' so that a credit that is defaulted in Bank A could be treated
as non-defaulted in Bank B. But as the definition above has to be implemented at
least for regulatory purposes, it can be seen as the conjoint definition of default.

Secondly, the loss given default (LGD) gives the fraction of a loan’s exposure
that cannot be recovered by the bank in the event of default. Besides obligor-
specific characteristics the LGD can highly depend on contract-specific character-
istics such as the value of collateral and the seniority of the credit obligation. The
uncertain LGD is denoted by the random variable LGD, whereas the expected LGD
is denoted by E(LGD) =: ELGD. There also exists a direct link between the loss
given default and the so-called recovery rate (RR): RR = 1 — LGD. Both variables
usually take values between 0% and 100% but the LGD can also be higher than
100% as workout costs occur when the bank tries to recover (parts of) the outstand-
ing exposure. If the bank fails to recover the loan, the total loss amount can be
higher than the defaulted exposure leading to an effective LGD of more than 100%
and to a RR of less than 0%, respectively.

"8[n this study, it is not explicitly differentiated between a default of a single loan or of a firm. In
this context, it should be noted that for corporates a defaulting loan is usually associated with a
default of the firm; consequently, all other loans of the firm are considered as defaulted, too.
Contrary, in retail portfolios the loans are often handled separately; thus, a default of one loan does
not imply a default of all other loans of this obligor.

19See BCBS (2005a), §§ 285, 331.
2°BCBS (2005a), § 452. For further details on the definition of default, including a specification of
“unlikeliness to pay” see BCBS (2005a), §§ 453—457.

21A survey of different definitions of default and their impact on the computed recovery rates can
be found in Grunert and Volk (2008).
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Thirdly, the exposure at default (EAD) consists of the current outstandings
(OUT), which are already drawn by the obligor. Furthermore, the obligor could
draw a part of the commitments (COMM) leading to an increased EAD. This part
is called the credit conversion factor (CCF). Thus, the (uncertain) EAD can be
defined as*’

EAD := OUT + CCF - COMM 2.2)

with 0 < CCF < 1. Despite the fact that the exposure at default is a random
variable, it is often associated with “the expected gross exposure of the facility

upon default of the obligor”,* that means

EAD := OUT + E(5C7f) - COMM. 2.3)

In this study, the exposure at default is mostly assumed to be deterministic,
which leads to identity of the random variable EAD and the expected value EAD.

Using these three components, we can quantify the loss of a single credit or of a
credit portfolio (PF) that consists of n different loans. The loss in absolute values of
a single credit i € {1,...,n} is denoted by L~abs7,-:

Luns; = EAD; - LGD; - 15 (2.4)

Thus, a default of loan i leads to an uncertain loss amount of EA/VD,- . LAGT),-, which
is the fraction LGD of tlge exposure at default. Similarly, we name the absolute loss
of the whole portfolio Lyps pr, Which can be calculated as the sum of all individual
losses:

Labspp = Y Lasi = ZEITDI - LGD; - Lisy- (2.5)
i=1 i=1
The expected loss EL; of loan i is given by

Ly = E(Lybss) = E(EA/VDi LGD; - 1 ( ,51}) — EAD; - ELGD; - PD;,  (2.6)

assuming the random variables to be stochastically independent. The expected loss
(EL) is also called “standard risk-costs” and the risk premium contained in the

22See Bluhm et al. (2003), p. 24 ff.
ZBCBS (2005a), § 474.
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contractual interest rate should at least include this amount.”* The expected loss of
the whole portfolio EL,ps pr can be calculated as

ELuspr = » ELuws;i = Y  EAD;- ELGD; - PD;. (2.7)
i=1 i=1

Moreover, we differentiate between the absolute and the relative portfolio loss
since it is often useful to write the loss in relative terms in analytical credit risk
modeling. The relative portfolio loss results when the absolute loss is divided by
the total exposure, and will simply be denoted by L in the following:

N " EAD; — rL o~
[ — —sPE 22: -LGD,--I{Iji}:§ Wi LGDi - 1ypy  (28)
i=1

n no
> EAD; =Ty EAD;

J=1 j=1

— no
where w; := EAD; / > EAD; is the exposure weight of credit 7/ in the portfolio.
j=1
Using this notation and assuming deterministic exposure weights

n
w; = EAD; / > EAD;, the expected relative portfolio loss can be written as
J=1

n

i=1

2.2.2 Value at Risk, Tail Conditional Expectation,
and Expected Shortfall

For an individual loan, the expected loss is the most important risk measure as it
significantly influences the contractual interest rate. However, on aggregate portfo-
lio level the quantification of additional risk measures is worthwhile. For instance, it
is useful for a bank to get knowledge of the possible portfolio loss in some kind of
worst case scenario, which is usually defined with respect to a given confidence
level o.. Based on this, a bank can determine how much capital is needed to survive
such scenarios. There exist several approaches to quantify these capital require-
ments. Firstly, there are different measures for risk quantification, e.g. the Value at
Risk, the Tail Conditional Expectation, and the Expected Shortfall, which will be
defined and explained below. Secondly, the capital requirements differ depending
on their objective. In Basel II the regulatory capital requirement is based on the
unexpected loss, which is the difference between the Value at Risk with confidence

24Cf. Schroeck (2002), p. 171 f.
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level o = 99.9% and the EL,*> within a 1-year horizon. Furthermore, banks often
internally measure their economic capital requirement, which can be defined as the
capital level that bank shareholders would choose in absence of capital regulation.
The economic capital is usually used for the bank’s risk management, the pricing
system, the internally defined minimum capital requirement, etc.”” The internal
specification of economic capital can differ from the regulatory capital formula, for
instance, regarding the used risk measure, the engine for generating the loss
distribution, or the time horizon.?®

For a definition of the risk measures, a mathematical formulation of quantiles, or
precisely of the upper quantile ¢* and the lower quantile ¢,, corresponding to a
confidence level o is needed. Given the distribution of a random variable X , these
quantiles are defined as®’

¢x(X) := inf{x € RIP[X < x] > «}, (2.10)
¢"(X) = inf{x € RIP[X < x] >a}, (2.11)

where R denotes the set of real numbers. If these definitions are applied to
continuous distributions, they lead to the same result. Applied to discrete distribu-
tions, the upper quantile can exceed the lower quantile.

The Value at Risk (VaR) can be described as “the worst expected loss over a
given horizon under normal market conditions at a given confidence level”.*® For
an exact formulation, the lower Value at Risk VaR, (L) and the upper Value at Risk
VaR*(L) at confidence level o have to be distinguished, which are the quantiles of
the loss distribution:”'

VaR,(L) = q,(L) = inf{l € RIP[L <[] > a}, (2.12)

VaR*(L) = q* (L) = inf{l € RIP[L <[] >a}. (2.13)

25Sometimes the unexpected loss is defined as UL = /V(i) instead; see e.g. Bluhm et al. (2003),
p- 28.

*6See Elizalde and Repullo (2007).

27Cf. Jorion (2001), p. 383 ff.

28 An extensive overview of current practices in economic capital definition and modeling can be
found in BCBS (2009b).

2 Acerbi and Tasche (2002b), p. 1489.

3Jorion (2001), p. xxii. The first known use of the Value at Risk is in the late 1980s by the global
research at J.P. Morgan but the first widely publicized appearance of the term was 1993 in the
report of the Group of Thirty (G-30), which discussed best risk management practices; cf. Jorion
(2001), p. 22.

31Cf. Acerbi (2004), p. 155. The slightly different notation results from the definition of / as a loss
instead of a profit variable.
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For continuous distributions, the definitions are identical and with the definition
of a distribution function F (/) = IP’(L < l) the VaR can also be written in terms of
the inverse distribution function:

VaR, ([): inf{l € ]R|IP’[L~ < I] > oc}
=IwithP[L<I] =«
= [ with F.(I) = a
=F;'(2). (2.14)

For discrete distriputions, the term “Value at Risk” will be referred to the lower
Value at Risk VaR, (L) in the following, according to Gordy (2003) and Bluhm et al.
(2003), if not indicated differently. Using P[L <[] = 1 — P[L > ], it follows from

(2.12) that

VaR,(L) = inf{l € R|l —=P[L>1] > o}
=inf{l eRP[L>1] <1—a}. (2.15)

From this definition the description of the VaR as the minimal loss in the worst
100 - (1 — )% scenarios can best be seen.’> Obviously, this risk measure refers to a
concrete quantile of a distribution but neglects the possible losses that can occur in
the worst 100 - (1 — )% scenarios.

A risk measure that incorporates these low-probable extreme losses, the so-
called tail of the distribution, is the Tail Conditional Expectation (TCE). Similar to
(2.12) and (2.13) the lower Tail Conditional Expectation TCE, (L) and the upper
Tail Conditional Expectation TCE*(L) at confidence level o are defined as the
conditional expectations above the corresponding o-quantiles:*>

E(L-1g.,

TCE,(L) :==E(LIL > q.) = w (2.16)
E(L- 172 .

TCE*(L) :=E(LIL > ¢") = w. (2.17)

Consequently, the TCE is always higher than the corresponding VaR at a given
confidence level and can differ for discrete distributions according to the definition

32Cf. Acerbi (2004), p. 153.

33 Acerbi and Tasche (2002b), p. 1490. The loss quantiles ¢, (L) and ¢* (L) are abbreviated with ¢,
and ¢*, respectively, to achieve a shorter notation.
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of the quantile. For continuous distributions, the upper and lower quantiles are
identical and therefore both definitions of TCE equal:

E [4 1 ~>q
(L) = TCEycom(L) = E(LIL > ¢) = W

1 : E(i' 1{52%}). 2.18)

— o

TCE*

cont

Acerbi and Tasche (2002b) introduced a similar risk measure, the Expected
Shortfall (ES):>*

ES, (L) = - ia- (B(L 1)~ (PL2 )~ (1-9)). 219

In contrast to the VaR and the TCE, the ES only depends on the distribution and
the confidence level « but not on the definition of the quantile. Looking at the
second term, if the probability that L > ¢, is higher than (1 — ), this fraction has to
be subtracted from the conditional expectation. If the probability equals (1 — o), as
for every continuous distribution, the second term vanishes. In this case, the ES is
identical to the TCE. An alternative representation of (2.19) is:?

1
ES,(L) = : i ” Jq”du. (2.20)
o

The intuition behind the ES and the difference between TCE and ES can be
demonstrated with the exemplary probability mass function of a discrete random
variable shown in Table 2.1 and the corresponding Fig. 2.1.

In this example, the upper as well as the lower VaR at confidence level o = 0.95
is 7%. The corresponding TCE is the expectation conditional on a loss of greater or
equal to 7%, which is 7.4% in the example. As can be seen in the figure, the
probability of the considered events is not equal to 5% but 9%. In contrast to
the TCE, for the calculation of the ES, the light grey area is subtracted, which is the

Table 2.1 Loss distribu?ion Relative Loss / (in %) 2 4 5 7 3

for an exemplary portfolio P (L — 1) 0% 10% % 5% 1%
[P’([ < 1) 80% 90% 91% 96% 100%
]P’([: > 1) 100% 20% 10% 9% 4%

3 Acerbi and Tasche (2002b), p. 1491.
35 Acerbi and Tasche (2002b), p. 1492.
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Fig. 2.1 Probability mass function of portfolio losses for an exemplary portfolio

second term of (2.19), and only the dark grey area with a probability of 5% is
considered. Thus, the ES is usually higher than the TCE and here we have an ES of
7.8%. Moreover, we can see that the VaR as well as the TCE make a jump if the
confidence level is increased from slightly below to slightly above 96%, whereas
the ES remains stable because the weight of 7% losses only changes from almost
zero to exactly zero.

Subsequently, the calculation of the different risk measures will be demonstrated
for the discrete loss distribution of Table 2.1. For this purpose, the confidence levels
o =0.9 and o = 0.95 are chosen. The upper and lower VaR at these confidence
levels are given as

VaRoso (L) = qoo (L) = inf{l € RIP[L < 1] > 0.9} = 4%,
VaR™ (L) = ¢"°(L) = inf{/ € RIP[L < 1] >0.9} =5 %,
VaRoos (L) = qoos(L) = 7%,
Var" (L) = ¢ (L) = 7%.
It can be seen that the upper and lower VaR are different if there exists a loss

outcome / with P(/)>0 so that P[L </] =o. The same is true for the
corresponding TCEs:
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E(L-1
TCEo (L) = — - V=117 1-440.01-5+ 10.04- 6%
CEoo(L) = P(L>q09) 0.2(0 0.01-5+0.05-7+0.04-8) =5.6%,

O E(L-1gpe 40 |
TCEO'Q(L)W(om 540.05-7+0.04-8) =7.2%,
P(L>¢") 0.1
. 1
TCE0‘95(L)=@(005 740.04-8) =7.4%,
- 1
TCE°~95(L)=m(005 740.04-8) =7.4%.

According to (2.19), there is only one definition of ES, which results in

ESO-9<1:):1_10.9(153{['1{[2%9}} 409 [P[L>qos] — (1—0.9)])

1
=g (01:4+001-5+0.05-7+0.04-8] ~4:[0.2-0.1]) =7.2%,

ESoos (L) = ([0.05-7+0.04-8] —7-]0.09 — 0.05]) = 7.8 %.

1-0.95

For demonstration purposes, an ES-definition based on the upper instead of the
lower quantile is calculated, too:

~ 1 ~ _
ES®(L) =149 (E [L ' 1{5240.9}} — " [P[L>¢"] - (1 - 0.9)})
=1 _10.9 ([0.01-5+0.05-7+0.04- 8] —5-[0.1 —0.1]) = 7.2 %,

It can be seen that the definitions based on the upper as well as on the lower
quantile lead to the same result, even if the calculation itself differs for o« = 0.9.

2.2.3 Coherency of Risk Measures

As demonstrated in Sect. 2.2.2, there exist several measures that could be used for
quantifying credit portfolio risk. To identify suitable risk measures, it is reasonable
to analyze which mathematical properties should be satisfied by a risk measure to
correspond with rational decision making. Based on this, it is possible to evaluate
different measures concerning their ability to measure risk in the desired way.
Against this background, Artzner et al. (1997, 1999) define a set of four axioms and
call the risk measures which satisfy these axioms “coherent”. Some authors even
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mention that these axioms are the minimum requirements which must be fulfilled
by a risk measure and therefore do not distinguish between coherent and non-
coherent risk measures but denominate only measures that satisfy these axioms
“risk measures”.*®

For a mathematical description of these properties, it is assumed that G is as set
of real-valued random variables (for instance the losses of a set of credits). A
function p : G — R is called a coherent risk measure if the following axioms are

satisfied:’
(A) Monotonicity: VL,L, € G with L; < L, = p(L,) < p(L,).

This means that if the losses of portfolio 1 are smaller than the losses of portfolio
2, then the risk of portfolio 1 is smaller than the risk of portfolio 2.

(B) Subadditivity: VLy,L, € G = p(Ly +Ly) < p(Ly) + p(L2).

This axiom reflects the positive effect of diversification. If two portfolios are
aggregated, the combined risk should not be higher than the sum of the
individual risks. This also means that a merger does not create extra risk. If
this axiom is not fulfilled, there is an incentive to reduce the measured risk by
asset stripping. Another positive effect is the enabling of a decentralized risk
management. If the risk measure p is interpreted as the amount of economic
capital that is required as a cushion against the portfolio loss, each division of
an institution could measure its own risk and could have access to a specified
amount of economic capital because the sum of the measured risk or required
capital is an upper barrier of the aggregated risk or required capital.

(C) Positive homogeneity: VL € G,Yh € R" = p(h-L) = h- p(L).*®

If a multiple / of an amount is invested into a position, the resulting loss and the
required economic capital will be a multiple / of the original loss, too. It is
important to notice that this axiom is not necessarily valid for liquidity risk.*

3See e.g. Szego (2002), p. 1260, and Acerbi and Tasche (2002a), p. 380 f.

Y7Cf. Artzner et al. (1999), p. 209 ff. The definition of the axioms is slightly different from the
original set because here the variables L, L, correspond to a portfolio loss instead of a future net
worth of a position; see also Bluhm et al. (290}), p- 166. Moreover, it has to be noted that within
the axioms of coherency the loss variables L, L; refer to absolute instead of relative losses.

3R+ denotes all real numbers greater than zero.

The liquidity risk argument is: “If I double an illiquid portfolio, the risk becomes more than
double as much!”; see Acerbi and Scandolo (2008), p. 3. Therefore, axiom (B) and (C) are
sometimes replaced by a single weaker requirement of convexity: VL,,L, € G,Yh € [0,1] =
p(h L+ (1—h) -Ez) <h- p(il) +(1—h)- p(iz); cf. Carr et al. (2001), Frittelli and Rosazza
Gianin (2002) or Follmer and Schied (2002). Acerbi and Scandolo (2008) agree with the statement
above but they deny that the coherency axioms are contradicted by this. They argue that the axiom
has to be interpreted in terms of portfolio values and not of portfolios. In liguid markets the
relationship between a portfolio and the value is linear (“if I double the portfolio I double the
value”), and therefore there is no difference whether thinking about portfolios or portfolio values.
However, in illiquid markets the value function is usually non-linear. Based on a proposal of a
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(D) Translation invariance: VL € G,¥m € R = p(L +m) = p(L) + m.

If there is an amount m in the portfolio that is lost at the considered horizon with
certainty, then the risk is exactly this amount higher than without this position.

In the following, it will be shown that the VaR is not a coherent risk measure
as it lacks of subadditivity. The same is true for the TCE if the distribution is
discrete.*° However, the ES satisfies all four axioms and therefore is a (coherent)
risk measure.

The monotonicity of the VaR directly follows from its definition. If a stochastic
variable ¢ > 0 is introduced so that L1 +&= LZ, it follows that

VaR,(L\) = inf{l € R|P[L; <[] > «}
<inf{l e RIP[L; <1—E] > a}
=inf{l e RIP[L, <[] > a}
= VaR,(L,).

2.21)

To show the positive homogeneity, a variable [ = h - x is introduced so that it
follows VL € G and Vh € R™:

=h-inf{x e RIP[h-L <
:h~VaRa( )

VaR,(h-L) = inf{l € RIP[n-L <] > «}
<h-x] >a) (2.22)

Furthermore, the VaR is translation invariant since VL € Gand with [ = x+m
we obtain:

VaR,(L+m) = inf{l € RIP[L+m <[] > a}
=inf{x eERP[L+m<x+m|>a}+m (2.23)
= VaRa(E) + m.

The lack of subadditivity of the VaR is sufficient to be shown by an example. It is
assumed that a loan A and a loan B both have a PD of 6%, an LGD of 100%, and an
EAD of 0.5. The VaR at confidence level 90% of each loan is

VaR(),g (EA) = VaR()_g (iB) =0. (224)

formalism for liquidity risk and a proposed non-linear value function, the authors show that
liquidity risk is compatible with the axioms of coherency. Further they show that convexity is
not a new axiom but a result of the other axioms under their formalism.

0Cf. Acerbi and Tasche (2002b), p. 1499, for an example. As the rest of the study focuses on the
VaR and the ES, only these risk measures will be analyzed regarding coherency.
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If both loans are aggregated into a portfolio, the risk should be smaller or equal
to the sum of the individual risks. Assuming that the default events are independent
of each other, the probability distribution is given as

P(Ls + Ly = 0) = (1 — 0.06)" = 88.36%,
P(Ls +Lg = 0.5) = 0.06 - (1 — 0.06) + (1 — 0.06) - 0.06 = 11.28%,  (2.25)
P(Ly + Lg = 1) = 0.06° = 0.36%.

Thus, the VaR at confidence level 90% of the portfolio is
VaRoo(Ls +Lg) = 0.5 (2.26)
leading to
VaRoo(La + Lg) >VaRoo(La) + VaRoo (Lp). (2.27)

This shows that the VaR can be superadditive and thus it is not a coherent risk
measure. An important exception is the class of elliptical distributions, e.g. the
multivariate normal distribution and the multivariate student’s t-distribution, for
which the VaR is indeed coherent.*' As credit risk usually cannot be sufficiently
described by elliptical distributions, the lack of coherency can be very critical.

To demonstrate the coherency of ES, it is helpful to use a further representation
of (2.19). The purpose is to integrate the second term of (2.19) into the expectation
of the first term. Defining a variable 17 2.} that is

Wisq) if P[L =q,] =0,
?1:2%} = : P[L>q,]-(1-a) | £ PIL = 0 (2.28)
(o} ™ ia] Wima)  HPL=4]>0,
the ES can be written as*?
- 1 -~
ES,(L) = — a.]E[L- 1{L~>qx}:|' (2.29)
For the proof of coherency the following properties will be used:**
E|: {LNZ([q}:| = 1 - OC, (2.30)

41Cf, Embrechts et al. (2002). An interesting result is that under the standard assumption of
normally distributed returns, Markowitz p—o-efficient portfolios are also u—VaR-efficient.

42Cf. Acerbi et al. (2001), p. 8, and Acerbi and Tasche (2002b), p. 1493. For a formal proof see
Appendix 2.8.1.

“3These properties are derived in Appendix 2.8.1, too. See also Acerbi et al. (2001) for a proof
based on the ES-definition using upper instead of lower quantiles.
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() € [0, 1]. 2.31)

From definition (2.28) and property (2.31) it can be seen that the variable
1? [24.) is not the “normal” indicator function but can also take values between

zero and one. Subsequently, the coherency of ES will be shown.** The monotonicity
of the ES can easiest be shown with the integral representation (2.20). It has already
been shown that g, ([4) < gy (Ez) for L; < L, and it can be seen from (2.21) that the
same is true for ¢*(L;) < ¢*(L,). Therefore, it follows

- 1
ES, (L) =1

qu (Ll)a'u

KR

(2.32)

IN

q” (Ez)du = ES“ ([Q) .

_.
|
S

R e . R

Using the positive homogeneity of the quantile from (2.22), the ES can shown to
be positive homogeneous as well:

GUCEE S A

_ 1 .E[h I 1?£>q«(z)}} (2.33)

=h-ES,(L).

The translation invariance can be obtained using ]E{lj‘(bq }} =1—ua (see
(2.30)): -

ES“(E—Fm) =1 ioc E _(L~—|—m) . ?(Eﬂn)%(mm)}}
l [ o
T1—« ]E_(L+m)' {i>qz(i)}} (2.34)
1 - m 2
1 -1{%@}} T { {m(z)}}
= ESu(I:) +m

4See also Acerbi and Tasche (2002b).
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It remains to show the subadditivity of the ES. Introducing the random variables
Li,Lyand Ly = L, + L,, the following statement has to be true:

ES,(Li) + ES,(Ly) — ES,(L3) > 0. (2.35)

Using representation (2.29) and multiplying by (1 — o) leads to

E[El W)y T s @)y ~ Lo 1?&241(&)}}

=26 (oo o)+ (Tomnien = oonion )|

(2.36)
If the terms in brackets are analyzed, we find that
1—1%. >0 if L;>q,(L),
. (esa(t)) = el o
. N 3 M 3 _ o 3 . .
{L,qu(L,)} {L,Zq (L )} 0 1{[:32%(1:3)} <0 if L <qcx<Ll),

with i € [1, 2|, due to the fact that 1% . € [0, 1]. Consequently, we have
{20}

(2.38)

and therefore

B (Hesuien = Hosaton) > 0 (Hesoien ~ Hosuion )
(2.39)
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Using this inequality and again E {1“{L~>q_}} = 1 — o according to (2.30), we
find that -

(2.40)

Thus, in contrast to the VaR, the ES is subadditive. Since all four axioms are
fulfilled, the ES is indeed a coherent risk measure. In addition to the ES, there exist
several other coherent risk measures. A class of coherent risk measures is given by
the so-called spectral measures of risk with the ES as a special case. This class
allows defining a risk-aversion function which leads to different coherent risk
measures provided that the risk-aversion function satisfies some conditions pre-
sented by Acerbi (2002).*> However, for the rest of this study the focus will be on
the (non-coherent) VaR and the (coherent) ES.

2.2.4 Estimation and Statistical Errors of VaR and ES

Only in minor cases the VaR and the ES will directly be calculated by (2.15) and
(2.19), respectively. In real-world applications, the risk measures will mostly be
computed via historical simulation or Monte Carlo simulation. In a historical
simulation, the probability distribution of the loss variable or of several risk factors
is assumed to be identical to the empirical distribution of a defined period. More-
over, it is assumed that the realizations are independent of each other. For example,
future scenarios will be generated by drawing from J = 52 historically observed
weekly returns with identical probability. In a Monte Carlo simulation, there exists
an analytic description of the risk drivers and the dependency between risk drivers
and portfolio loss but there is no well-known closed form solution of the probability
distribution of the portfolio loss. Thus, a large number J of scenarios can be
generated by drawing J independent outcomes of the risk drivers. Using the
known dependence structure, J outcomes of the portfolio loss can be computed,
which build the simulation-based probability distribution of the portfolio loss.

“3See also Acerbi (2004), p. 168 ff.
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This simulation-based distribution converges towards the exact portfolio distribu-
tion as J — oo.

For a historical simulation as well as for a Monte Carlo simulation, the result is
given as a sequence {L } L where each L; is a realization of the portfolio loss
variable L. Based on thlS the empirical dlsmbullon is defined as*®

J
FO() =P[L < 1] Z (i} (2.41)

For computation of the corresponding VaR and ES, it is useful to introduce the
so-called order statistics {L; j} .- Therefore, the sample is sorted into an
increasing order such that

Liy <Ly <..<Lyy. (2.42)

Now, let | x| and [x] denote the floor function and the ceiling function of a real
number x € R:

|x] = max{n € Z|n < x}, (2.43)
[x] = min{n € Z|n > x}, (2.44)
where 7 denotes the set of all integers. Then, using the definition of the lower VaR
(2.12) and the upper VaR (2.13), the empirical estimator of VaR is given as*’
VaR{ ( ) =VaR*™") (L) = Lyy.py if J-agZ,

VarY () Ly I (2.45)
VaR* ,)( ) L.I~oz+l:]

This means that except for special cases the VaR is simply given by the J - «-th
element (rounded up) of the ordered loss sequence. An important characteristic of
the empirical estimator is its consistency for large J if the lower VaR equals the
upper VaR:

lim VaR{) (L) = VaR, (L) = VaR*(L). (2.46)

J—o00

Otherwise the empirical estimators of VaR “flip between the possible values
VaR, (L) and VaR*(L)”.*®

46Cf. Acerbi (2004), p. 166.

47Cf. also Acerbi (2004), p. 167.

48 Acerbi (2004), p. 168. This can be illustrated by the “head-or-tail”’-example of Acerbi (2004).
Let both equiprobable events be related to the loss of {—1, 0}. The VaRs are given as VaRys = —1
and VaR"> = 0 but even for large J the 50%-quantile neither converges to —1 nor to 0 but flips
between these values.
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The empirical estimator of ES can be determined with*’

J
Es;”(L):m- ;WLN—(wa—LJ~o<J)-LU,ﬂJ. (2.47)
j=[J-o

In the example of J = 52 weekly returns, the 90%-ES can be computed as

1

52
ESSI(L) = 55 (Z Lis) — (46.8 — 46) -L47:52>. (2.48)
: =47

This shows that the ES can be interpreted as the average loss in the worst 5.2
scenarios. As can be seen from (2.47), the last term is negligible if J is large. Thus,
for historical simulation with a relatively small number of scenarios it is important
to consider this term whereas it could be neglected in Monte Carlo simulations
since there is typically a very large number of generated scenarios. When J - o € Z,
the empirical estimator simplifies to

. 1 J
U)([) = : .
ESY)(L) = - ) j_;;“L,J. (2:49)

Acerbi and Tasche (2002b) showed that the estimator for the ES is consistent for
large J:

lim ESY) (L) = ES,(L). (2.50)

J—00

As shown in the previous sections, the ES has some significant theoretical
advantages in comparison with the VaR. But from a practical perspective, the ES
is often criticized to be much less robust than the VaR. Consequently, the theoreti-
cal advantages of ES could be useless if the number of observations was limited,
and thus the VaR would be a much more reliable risk measure than the ES. The
standard argument is reproduced by Acerbi (2004) as follows: “VaR does not even
try to estimate the leftmost tail events, it simply neglects them altogether, and
therefore it is not affected by the statistical uncertainty of rare events. ES on the
contrary, being a function of rare events also, has a much larger statistical error”.
Against this background, Acerbi (2004) analyzes the statistical errors of VaR

49Cf. Acerbi (2004), p. 166 f.



2.3 The Unconditional Probability of Default Within the Asset Value Model of Merton 25

and ES. For continuous distributions of a random variable X , the variances of the
estimators for large J are given as””

NI />>11 o (1 —o
v(varY) (%))"2 7}@817@))2 (2.51)
: F (o) F'(2)
V(e W) | ] min).re) - £ ) FEEa,
y=0 z=0
(2.52)

where F denotes the cumulative distribution function (CDF) of X, F~! is the inverse
CDF, and f = dF /dx stands for the probability density function (PDF). From (2.51)
and (2.52), it can be seen that the estimator of VaR as well as the estimator of ES
have the same dependence on the number of trials J. For both estimators, the
precision in terms of standard deviation of the demanded statistics can be improved
by factor m if the number of trials is increased by factor m* However, even if
the standard deviations of the estimators are in both cases of order O(1 / VT ),5 ! the
constant factors could be very different. Therefore, Acerbi (2004) compares the
relative error of VaR and of ES for several heavy-tailed probability distributions
and confidence levels.”” He finds that in most cases the relative errors of VaR and
ES are very similar. Only in some cases the relative error of ES is at most twice as
much as the error of VaR at very high confidence levels. Even if the results of this
analysis need not to be true in general, VaR and ES seem to have similar statistical
errors and therefore there is no practical burden in implementing the ES instead of
the VaR.

2.3 The Unconditional Probability of Default Within
the Asset Value Model of Merton

In order to measure the risk of a credit portfolio according to (2.8), it is necessary
to specify the stochastic dependence of loan defaults. A widely-used model is the
Vasicek model,”® which is based on the asset value model of Merton (1974). In
this type of model it is assumed that a firm does not default as a consequence of
insufficient liquidity at the moment of repaying a credit because the firm could sell a

S0Ct. Acerbi (2004), p. 200 f.
5!The Landau symbol O(-) is defined as in Billingsley (1995), p. 540, A18.

32The analyses are performed for lognormal distributions with different volatility parameters and
for power law distributions with different shape parameters.

33See e.g. Vasicek (1987, 1991, 2002) and Finger (1999, 2001).
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part of its assets or it could issue stocks or bonds in order to repay the credit. This
can be done as long as the value of liabilities is higher than the value of assets
because thenceforward the market participants will not be willing to pay for a
security of the firm. Thus, it is assumed that a firm defaults if the asset value A} is
lower than the value of liabilities B payable at time T: A7 < B.>* Consequently, the
probability of default is given by

PD =P(Ar <B). (2.53)
The asset value A is modeled as a geometric Brownian motion:”
dA, = uA;dt+ oA, dW, with dW,=¢&Vvdr, ¢~ N(0,1), (2.54)

using the drift rate yu, the volatility o and the standard Wiener process dW,. >
In order to get a closed form solution of the distribution of the asset value at time
T, 1t6’s Lemma is applied to (2.54) leading to”’

1
dY, = dInA, = (u - 502>dt + ¢ dW,. (2.55)

This shows that the logarithm of the asset value follows a generalized Wiener
process with drift rate  — 1/2¢? and variance rate 2. As the logarithm of the asset
value is normally distributed, the asset value is lognormally distributed. The
distribution of the asset value at time 7 results by integration of (2.55) from ¢t = 0
tor="T:

T
A -
ln(A—T> = InAr — InAg = J dlnA,
=0

0
T T
J L g2 dt+J aw,
— =0 g
k=3 ' (2.56)

t=0 t=0

1 ~
= (M—§02>T+J(WT - Wo)

- 1 ~
S Ar A0~exp{<,u20'2>T+aWT},

54As can be seen by this expression, the liabilities are assumed to have the structure of a zero
coupon bond that has to be paid completely at time 7.

35 A normal distribution with expectation x4 and variance o° is indicated by A (u, 62). Thus, the
expression & ~ N(0, 1) denotes that & follows a standard normal distribution.

36For details to the Wiener process see Hull (2006), p. 328 ff.
57See Appendix 2.8.2.
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using the characteristic of a Wiener process Wy = 0. Using this distribution of the
assets at time 7 from (2.56) and the definition of the Wiener process, the probability
of default (2.53) can be calculated:>®

. (2.57)
- IP’(E _ () + (e 102)T>
o-vT
[ )+ T
o-vT
=: ®(-9)

This expression is also known from the Black—Scholes formula of option
pricing.”® The variable § is called “distance to default”, as a high value of o
indicates a high equity buffer before a default event can happen. As can be seen
in (2.57), the distance to default is higher if the relation of asset to liability value and
the drift rate are high and the volatility is low. The problem of asset value models is
that the asset value process is not observable and therefore the model cannot easily
be calibrated. For firms listed on the stock exchange, the equity values can be
observed instead. Therefore, several approaches have been developed for a trans-
formation of equity into asset values.®”

There also exist several extensions of the asset value model of Merton (1974).
Black and Cox (1976) have introduced a first passage model, which means that the
firm defaults when the asset value is lower than a default barrier for the first time
and not only at the time of maturity 7. In the first passage model of Longstaff and
Schwartz (1995) it is assumed that the short-term risk-free interest rate is stochastic,
modeled with a Vasicek process, and the risk-free interest rate is correlated with the
asset value. Zhou (2001) models the asset return with a jump-diffusion process and
thus introduces an additional source of uncertainty leading to empirically more

See Black and Scholes (1973) and Merton (1973).

%0See for example Bluhm et al. (2003), p. 141 ff. In the documentation of the KMV model (see
Crosbie and Bohn 1999) the classical Merton approach is described for solving this problem but
according to Bluhm et al. (2003), KMV uses an undisclosed, more complicated algorithm for this
task.
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plausible results for short-term loans. In addition to the class of asset value models,
the probability of default is often determined with reduced-form models. In this
class, a default is not determined endogenously but it is an exogenous event, and the
default time is modeled as the first jump in a jump process. One of the first reduced-
form models has been developed by Jarrow and Turnbull (1995).°" Although the
extensions of Merton’s asset value model as well as the intensity models usually
show a better empirical performance for modeling the PD, it is not necessarily
problematic for the validity of the subsequently presented Vasicek model. Even if
this model is based on the Merton model, the PD can be determined exogenously
with any estimation method as can be seen in the subsequent section.

2.4 The Conditional Probability of Default Within
the One-Factor Model of Vasicek

In contrast to the Merton model, the Vasicek model does not focus on the probabil-
ity of default of a single obligor but quantifies the probability distribution of losses
in a loan portfolio. Since the asset value processes and as a consequence the default
events cannot be assumed to be independent of each other, a systematic factor is
introduced into the model that influences all asset values in a portfolio.®” As the
stochastic interdependence between the firms is modeled by one systematic factor,
the model is also called the Vasicek one-factor model. The systematic factor is
introduced into the model by decomposing the stochastic component of the asset
value process from (2.54) or (2.56) into two components that realize at a future
point in time T a systematic part X that influences all firms within the portfolio and a
firm-specific (idiosyncratic) part &. Thus, the stochastic component Wi,T of each
obligor i in t = T can be represented as

Wir =bi-Xr +c¢;-&r, (2.58)

in which % ~ N(0,T) and &1 ~ N(0,T) are independently and identically nor-
mally distributed with mean zero and standard deviation /T for all i € {1, ..., n}.
The degree of the stochastic dependence to the systematic and the idiosyncratic
factors is represented by the factor loadings b; and c;. In the context of such factor
models, the stochastic component W;, mathematically the realization of a standard
Wiener process, is usually called the “standardized log-return” of a firm, since this
variable results from the logarithm of the asset returns In(A7/Ao) after standardiza-
tion, see (2.57). For the sake of clarity, the standardized log-returns of the assets

S'A review of the literature regarding structural and reduced-form models can be found in Duffie
and Singleton (2003) and Grundke (2003), p. 15 ff.

S2Cf. Vasicek (1987).
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will be denoted by @; instead of W; in the following. Using this notation and
choosing a time period of T = 1 (e.g. 1 year), (2.58) can be written as

&[ :b;-)?+c,--é,- (259)

with ¥ ~ N (0, 1) and & ~ N(0, 1). The factor loadings can be written as b; = ,/p;
and ¢; = /1 — p;, where p; is some constant, as this assures an expectation value of

zero and a standard deviation of one of the standardized log-returns a;:
B(@) = E(var- %+ V1= p;- &) = Vi E®) + /T p;-E(E) = 0, (260)

V(@) =V (i +/T=p &) = p V@ + (1 - p) - V(@)
=pit(—p)=1 (2.61)

In this model, the correlation structure of each firm i is represented by the firm-
specific correlation /p; to the common factor.®> The correlation between the
logarithmic asset returns of two firms i, j, which is also called the asset correlation,
can be expressed as /p;-p; or simply as p for the case of a homogeneous
correlation structure:

p = Corr (ln (2’12) ,In (%)) = Corr(d[, dj)
Cov (d,‘, CNZJ)

== COV(dl‘,dj)
Via) - V(a)

=C0V(\/Fi-5€+ m-éi,\/p’_,--er,/l—p,--%)
= Cov(\pr- % /7y §) = Vi /B V(D)
N

As already mentioned, within the Vasicek model the probability of default does
not have to be computed by the Merton model above but can be used as an
exogenously given parameter PD,.%* Corresponding to (2.57), an obligor i defaults
at t = T when the latent variable g; falls below a default threshold d;, which can be
characterized by

(2.62)

a<d & \/,0_1)?4- 1—,01-'5,'<d,'. (2.63)

%3The factors used in the model are not observable. Therefore, they are also called latent variables.

%The probability of default could either be determined by the institution itself or by a rating
agency.
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Against this background, the threshold d; can be determined by the exogenous
specification of PD;:%>%

PD; = P(1{§I} - 1) = P <dj) = O(d}) & di = D1 (PD,).  (2.64)
Thus, a default event ﬁi of the firm i can be described by
Di: G =\/p;-%+\/1—p; & <® ' (PD)). (2.65)

If the loss distribution of a credit portfolio shall be computed by a Monte Carlo
simulation, (2.65) can directly be implemented. In each simulation run the system-
atic factor as well as the idiosyncratic factors of each obligor are randomly gen-
erated. Herewith, the asset return is calculated according to (2.65). If the realization
of & is less than the threshold given by ®~'(PD;), obligor i defaults. Assuming
deterministic LGDs and exposures, the portfolio loss can be determined with
formula (2.8) by summing up the exposure weights w; multiplied by the loss
given default LGD; of each defaulted credit. After repeating this procedure a several
thousand times and sorting the losses of the simulation runs, we obtain the portfolio
loss distribution. At this point it can be seen that the model of Vasicek does not
imply that the PDs are determined on the basis of Merton’s asset value model of the
previous section. Instead, every estimation method can be used for this purpose and
only the dependence structure is specified by the model of Vasicek.

If the loss distribution or some characteristics of the distribution like the VaR
or the ES shall be determined analytically, it is helpful to make use of the condi-
tionally independence property of the asset returns. This means that for a given
realization of the systematic factor, the asset returns are stochastically independent.
Conditional on a realization of the systematic factor X = x, the probability of default
of each obligor is

P(l{ﬁ,} = 1|7 :x) = P(d; < dj|% = x)

- ]P’(\/;Tl--)ﬂ— VI = p; & <07 (PD))| :x>
IP’(g. O '(PD) — VP ~X> (2.66)

%The function ®~!(-) stands for the inverse standard normal CDF.

SSIf the probability of default is determined by the asset value model, the default threshold d;
equals the negative distance to default — 9, see (2.57).
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This conditional probability of default p;(x) is the PD that would be assigned if
the realization of the systematic factor at the horizon was known. By contrast, the
unconditional probability of default reflects all information that is currently avail-
able, which means that the systematic factor is a random variable and therefore
unknown. The unconditional PD equals the average value of the conditional PD
across all possible realizations of the systematic factor.®” This can be shown using
the law of iterated expectations:®®

Epi() = B(P(1(5) = 11F) ) =E(E(115) 7))
=2(145)) =P(1(} = 1) = PDs

Formula (2.66) for the conditional probability of default is sometimes called the
Vasicek formula and is also used within the Basel framework. Details will be
described in Sect. 2.7.

2.67)

2.5 Measuring Credit Risk in Homogeneous Portfolios
with the Vasicek Model

In order to achieve an analytical solution of the loss distribution, it is helpful
to assume that the credit portfolio is homogeneous. In a homogeneous portfolio,
all credits have the same PD, an identical (deterministic) LGD, the same EAD, and
an identical asset correlation:®’

PD;=PD,LGD; =LGD, EAD; =EAD, andp,=p Vi=1,...,n. (2.68)

In (sub-)portfolios where the credits have similar exposures and similar risk
characteristics the assumption of homogeneity should not be critical and lead to a
good approximation of the loss distribution. Candidates for application of such a
simplification are retail portfolios and in some cases portfolios of smaller banks.””
In a homogeneous portfolio, a default of k credits leads to a relative loss of

k-EAD -LGD k
=— " " —".LGD. 2.
n-EAD n G (2.69)

S7Cf. Gordy (2003), p. 203.

%8Cf. Franke et al. (2004), p. 41.

%This section is based on Vasicek (1987).
7OCf. Bluhm et al. (2003), p. 60.
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As the defaults are exchangeable, this loss results for any k defaults. The
probability of this event is

n n ~ ~ ~ _
P(Zl{ﬁi} :k> = (k> P| Ayr<Bi,...,Avr <Bi,Ariir >Bisis....Aur > B,
i=1 ,

kok kkck
*

(2.70)

The expression A,',T < B; indicates a default of firm i.”" Therefore, the term (**)
refers to a default of the first k credits, whereas the other n—k credits (***) do not
default. The binomial coefficient (*) represents the number of possible combina-
tions of k defaults out of n credits. Using the conditional independence property of
Sect. 2.4, the probability of having k£ defaults can easily be computed within the
one-factor model:”?

n
i=1
n A A e ~
= (k) P(A1r <B\,...;.Axr <Bi,Axi17 > Biit, s An = By)
" A A " ~
= <k> . J P(A11 <Bi,...;Aur <Bi,Aki11 = Biits ooy An = By | X =x)dD(x)

X=—00

(n) T P<EI<CDI(PD)_— p-x7...7ék<d)*1(PD)—\/ﬁ-x

k J Vi—p I—p ’
N o '(PD)—p-x _ _®'PD)— /p-x
skﬂzl—_f),...,s,,zl—_l))dd)(x)
_ j (1) et -(1-payaot),

(2.71)

This is also known as the Vasicek binomial model since the number of defaults
(and the gross loss rate) of the portfolio is binomially distributed with probability
p(x) for a realization of the systematic factor ¥ = x:'

7ICt. Sect. 2.3

">The second step is performed by using the Bayes’ theorem for continuous distributions, cf.
Appendix 2.8.3, and the standard normal distribution of the systematic factor.

"3The notation B(n, p) indicates a binomial distribution with parameters n and p.
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(Z 1{5,}|X> ~ B(n,p(x)). (2.72)

Hence, the conditional probability of k defaults equals

P(Iznl: 1{13,.} = k|X = x) = (Z) . (p(x))k (1 _p(x))n—k’ 2.73)

which is the integrand of (2.71).74
Due to the homogeneity of exposures, the corresponding loss distribution func-
tion is given as’”

n I n |l-n/LGD)
= ~ < = . .
P i 153 <ich Z Py (2.74)

With (2.71) and (2.74), the distribution can be computed via numerical integra-
tion; thus, in the case of homogeneous portfolios, there is no need for a Monte Carlo
simulation. Furthermore, applying definition (2.15) and (2.19), the risk measures
VaR and ES within the Vasicek binomial model can be computed, which will be
named VaR" (1) and ES™ (I), respectively, leading to

|I-n/LGD|
VaR\" (L) = inf{l ERPL<)= > P> a}, (2.75)
k=0

n)(r 1 r n
ESY (L) = 7— <E [L~ 1{L~2W§ﬂ)}} ~ Var(" [P|

> VaR;ﬂ (11— oc)]).
(2.76)

If it is assumed that the portfolio consists of an infinite number of obligors,’® an
easy-to-handle closed form solution of the loss distribution and the probability

74See also Gordy and Heitfield (2000).
">The symbolism |x| is defined as in (2.43).

7In this case, the homogeneous portfolio is called “infinitely fine grained”. See also Sect. 2.6 for
further details.
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density function can be achieved. According to Vasicek (1991), the resulting limit
distribution is"’

FU () = Lim F™ (1)

n—oo

= CD(\;[_)- (m ! <L(I;D) — <1>1(PD)>> (2.77)

and the corresponding probability density function equals

l1—p
() (1) =
) 5

ol )+ o] 4 o))
(2.78)

Both functions are visualized in Fig. 2.2 for the parameter setting PD = 5%,
p =20%, and LGD = 100%. Obviously, the probability density function is

Probability density function
Loss distribution

Loss in %

Fig. 2.2 Limiting loss distribution of Vasicek (1991)

"TSee Appendix 2.8.4.
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right-skewed and the function has so-called “fat tails”. Thus, the kurtosis of loss
distributions is typically much higher than the kurtosis of a standard normal
distribution. These characteristics reflect the relatively high probability of suffering
losses that are several times higher than the expected loss.

With this resulting limit distribution, it is possible to quickly approximate the loss
distribution of large subportfolios with similar risk characteristics with high accu-
racy. This could especially be done for subsegments of a bank’s retail portfolio.
Furthermore, as the distribution only depends on the PD, the LGD, and the correla-
tion parameter, the complexity of model calibration is relatively low. Based on the
loss distribution (2.77) the VaR and the ES can be computed in closed form, too:”®

- O '(PD) + /p- D! (a)
() ([} = .
VaR(™ (L) = (I>< N, ) LGD, (2.79)
ES®I(L) = 1%05 - @y (0~ (PD), —® " (2),/p) - LGD, (2.80)

where @, (-) stands for the bivariate cumulative normal distribution function. This
function is defined as

X y

(I)z(x7y,92) = IP( <xY §y) = J J oy (u,v)dv du, (2.81)

U=—0O0 V=—0C

where X , Y are standard normal distributed random variables, which have a corre-
lation of . The joint density function ¢, of the bivariate standard normal distribu-
tion is defined as’®

1 1u2—20uv+v2)
wv) = ———.exp - L VTV ) (2.82)
o5 (u,v) S p( R p—

2.6 Measuring Credit Risk in Heterogeneous Portfolios
with the ASRF Model of Gordy

In order to achieve analytical tractability of a model that can be used for risk
quantification in heterogeneous portfolios, the so-called Asymptotic Single Risk
Factor (ASRF) framework has been developed by Gordy (2003).*° In this frame-
work it is assumed that

78See Appendix 2.8.5.
7Cf. Bronshtein et al. (2007), p- 779 f., especially (16.156).
80See also Bank and Lawrenz (2003).
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(A) The portfolio is infinitely fine-grained and
(B) Only a single systematic risk factor influences the credit risk of all loans in the
portfolio

Assumption (A) refers to the granularity of a portfolio that describes the impact
of a single credit to the overall portfolio. In a portfolio that consists of a small
number of borrowers — a coarse-grained portfolio — there is a relatively high impact
of the firm-specific, idiosyncratic risk component. A portfolio with a high degree of
name concentration is also called a “lumpy” credit portfolio. In contrast, the
idiosyncratic risk vanishes in the limiting case of infinite granularity and the risk
is solely a result of the uncertainty about the systematic risk factor,®' as will be
shown in the following. A portfolio is “infinitely granular” or “asymptotic” if it
consists of a nearly infinite number of credits (n — oo) with each credit having a
deterministic exposure weight of negligible size. Concretely, the following condi-
tions have to be fulfilled:*

lim ZEAD = o0, (2.83)
2
Z — | <o (2.84)
n=1 ZEAD,

Furthermore, it is assumed that all dependencies across credit events can be
expressed by a set of systematic risk factors x so that the credit events are mutually
independent conditional on %.** This not only refers to the assumption of condition-
ally independent defaults but also to conditional independence of LGDs and
especially of the products (LGD; - 1 {ﬁ,})- These conditions are necessary for the
applicability of the strong law of large numbers. As shown in Appendix 2.8.7, these
conditions assure that the portfolio loss (almost surely) equals its conditional
expectation:

P(lim [~ E(L})] =0) =1, (2.85)

81cf, BCBS (2001a), p. 89, § 422. This effect could also be found for the limiting distribution of the
Vasicek binomial model, see Sect. 2.5.

82Cf. Bluhm et al. (2003), p. 87 ff.
83Assumption (B), the existence of only a single systematic risk factor, is not needed at this stage.
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which is usually much easier to calculate than the unconditional loss distribution.®*

As demonstrated in Appendix 2.8.8, (2.83) and (2.84) also assure that®
. A2 _
lim ;w 0. (2.86)

Thus, the weight of each exposure must be negligible. This formulation is
directly related to the Herfindahl-Hirschmann Index (HHI), a common measure

for indicating the degree of concentration:®
HHI = iw-z 1 (2.87)
=1 b '

In contrast to the actual number of credits n, the variable n" is the so-called
“effective number” of credits. In a homogeneous portfolio, which has the least
possible exposure concentration for a given number of credits, n and n" are
identical. Hence, n* can be interpreted as the number of credits in a homogeneous
portfolio with the equivalent degree of name concentration risk. (2.86) can there-
with be formulated as

" 1
. 2 .
nhm E w;” = lim — =0, (2.88)

i=1

which shows that it is not enough that the actual number of credits goes to infinity
but the effective number of credits must go to infinity.
Using property (2.85) the VaR can be written as®’

lim VaR, (L) = VaR,(E[L|z]). (2.89)

n—oo

Additionally, Gordy (2003) has introduced assumption (B), which states that
there is only a single risk factor that influences the credit risk of all loans. Thus, it is
assumed that there exist no sector-specific risk factors such as industry-specific or

84For ease of notation, the convergence of a sequence X, towards X with probability one is
indicated by lim X, = X instead of 1P>( lim X, — X) = 1 in the following.

n—0o0 n—oo
85This is the result of Kronecker’s Lemma, see Appendix 2.8.8, which is also needed to proof the
strong law of large numbers presented in Appendix 2.8.7. This condition has also been formulated
by Vasicek (2002), p. 160.

86See BCBS (2001a), p- 97, § 459 and Gordy (2003). The HHI was used in this earlier version of
the Basel framework for mapping a heterogeneous portfolio into a comparable homogeneous
portfolio.

87See Gordy (2003), p. 206 ff.



38 2 Credit Risk Measurement in the Context of Basel II

geographical risk factors and consequently no concentrations in specific sectors. If
assumptions (A) and (B) are fulfilled, the following identity holds:**

VaR,(E[L|7]) = E(L|¥ = VaR,_,(¥)). (2.90)
This leads to the important proposition

VaRS®) = lim VaR, (L) = VaR,(E[L|%]) = E(L|¥ = VaR,_,(%)).  (2.91)

n—oo

As a result of the conditional independence of all credit events, this proposition
can be written as

VaR(ASRF) — <ZW’ LGD; - 1{D}|x_ VaR | (X ))
(2.92)

= S B (wi- LGD; - 1 6 = VaRi ().

It is obvious that the risk contribution of a single credit is equal to its conditional
expected loss and is therefore constant, regardless of the concrete portfolio to which
the credit is added. This characteristic is also called portfolio-invariance. This can
be explained by the fact that each individual claim does not cause any (further)
diversification effect, since the portfolio has already reached the highest possible
degree of diversification. A further important implication is that the VaR of a
portfolio is exactly additive because the expected value is exactly additive as well.
Consequently, the axiom of subadditivity holds and the VaR is a coherent risk
measure under the assumptions described above.*

The corresponding expression for the risk measure ES is”

lim ES, (L) = ES, (E(L|%)) (2.93)

n—oo

leading to

ES(ASRF =ES, (Z E( [Téb,‘ . 1{D~i} |)E)> . (2.94)

8See Appendix 2.8.9. The slightly different result concerning the confidence level results from a
different definition of the systematic factor. Gordy (2003) assumes that the expected loss is
monotonously increasing in x, whereas here it is assumed that the expected loss is monotonously
decreasing in x. In other words, large values of x indicate a good economic condition in this
setting.

$9Cf. Sect. 2.2.2.

2See Appendix 2.8.10.
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Although the equivalent to (2.91) cannot be formulated for the ES in gen-
eral form, many specified single-factor models still allow to determine the ES
analytically.”!

2.7 Measuring Credit Risk Within the IRB Approach of Basel 11

The IRB Approach of Basel II is based on both the ASRF framework of Gordy
(2003) and the conditional probability of default resulting from Vasicek (1987).
Under the assumptions of the ASRF framework, it has been shown that the VaR is
given as

VaRAW (L) =3 B (wi LGDs - 15[ = VaR (D). (2:95)
i=1

The confidence level is chosen as & = 0.999 in the Basel framework.”? Further-
more, the conditional probability of default is specified to

]P’(l{ﬁ,.} =1z :x) = ]E(l{ﬁ,}li :x) = ®<®1(P5;)j‘/p_i'x>, (2.96)

which is a result of the Vasicek one-factor model. Recalling the standard normal
distribution of the systematic factor, the VaR can be written as

VaRél.a;;;l) (L) = ZE<W1' -LGD; - 1{51} |¥ = VaRo 001 (f))
p
n

=Y w -E(L?;Y),-pz - @*1(0.001)) : E(l{ﬁi}\x = @*1(0.001))

i=1

= Zn:w,- : E(LAG/D,-P? = - (0.999)) L@ <‘D1(PD,-) +\/\l/ﬂ-p‘:1>1(0.999)> |

i=1

(2.97)

This is the core element of the Basel II framework, even if there are some minor
differences between the formula above and the concrete capital requirements.
These differences are:

°1Cf. Gordy (2003), p. 219.

92From the second to the third consultative document of the Basel framework, the confidence level
was changed from o = 0.995 to o = 0.999; cf. BCBS (2001a, 2003a).
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e The capital requirements are only applied to the Unexpected Loss (UL), which is
the difference of VaR and EL. This is due to the fact that the expected loss is
already accounted for in the provisions. As the loan loss provisioning reduces the
equity, a capital requirement which includes the expected loss would require this
capital amount twice.”

e The LGD-specific term of (2.97) shows that the expected LGD under the
specified conditions of a VaR scenario is needed. The regulatory formula simply
uses the notation “LGD” in the VaR term as well as in the expected loss term.
However, this does not mean that the expected LGD has to be inserted. If an
institution uses own LGD estimates, these have to “reflect economic downturn
conditions where necessary to capture the relevant risks”.”* This LGD is also
called “Downturn LGD” (DLGD). A background note on LGD quantification
clarifies that the downturn LGD is at least in principle meant in terms of the
conditional LGD of (2.97). But as a concrete quantification and validation of
downturn LGDs in the sense above is found to be “not operationally feasible
given the current state of practice in this area”, there is no regulatory function
that transforms the unconditional into a conditional LGD and also no explicit
demand for LGD quantification in a 99.9% scenario.”

e The PD in the formula above refers to the 1-year probability of default. In
practice, many loans have an effective maturity M; that can substantially differ
from 1 year, especially towards longer maturities. As a long-term loan is usually
considered as more risky than a short-term loan, this shall also be reflected in the
capital requirement. Therefore a so-called Maturity Adjustment is implemented
as a factor in the Basel II capital rules.”®

e The overall level of minimum capital requirements of the model above is
calibrated to a regulatory desired magnitude by introducing a Scaling Factor
(SF), which has to be multiplied to the result of the model itself. This factor is set

“Because of this argument, the former version of the capital rules, which had the VaR and not the
UL as capital requirement, were changed; cf. BCBS (2001a). The problem is that the regulatory
rules and the different accounting standards are not fully consistent. Therefore, a bank has to
compare the amount of total eligible provisions with the total expected losses amount. If the EL
exceeds the provisions, the difference has to be deducted such that it is guaranteed that the total
capital amount captures both the UL and the EL; cf. BCBS (2005a), § 43.

““BCBS (2005a), § 468.

95Cf. BCBS (2004a). Interestingly, the supervisors in the United States proposed a concrete
function for mapping the ELGD into the DLGD: DLGD = 0.08 + 0.92 - ELGD. Thus, the down-
turn LGD was a linear mapping from [0%, 100%] to [8%, 100%]. However, in the final rule this
supervisory mapping function is not included because of several points of criticism. Nevertheless,
the agencies still believe that the formula is an appropriate way to deal with problems in estimating
downturn LGDs; cf. FDIC (2007), Sect. I11.B.3, p. 69310. However, there is no direct link between
this mapping function and the conditional LGD as presented in (2.97).

95Cf. Heithecker (2007), p. 31 f., p. 57 ff., and p. 235 ff., for details regarding the maturity
adjustment including an outline of the corresponding literature.
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to SF = 1.06, which is based on the data of the Quantitative Impact Study 3
(QIS 3).7

Taking all these points together, the capital requirement for each credit under
Basel II (in absolute terms) can be expressed as”™®

UL(Basel) _ VaR(Basel) N EL(Basel)

abs,i abs,i abs,i

O~'(PD)) + /p; - D'(0.999)

v1i—=0p
1+ (M;—25)-b
o150
(2.98)

with b = [0.11852 — 0.05478 - In(PD;))*. Furthermore, the correlation parameter
is specified by the regulatory framework. Dependent on the asset class (and
for some asset classes dependent on the PD and revenue, too), the correlation
parameter is between 3% and 24%.°° For corporate, sovereign, and bank expo-
sures (C,S,B), p; is between 12% (if the PD is very high) and 24% (if the PD is
very low):'%

1 —exp(—50- PD;)
1 — exp(—50)

—exp(—50- PD;)
1 — exp(—50)

1
pl©SB) =012 +0.24 - (1 - > (2.99)

For small- and medium-sized entities (SMEs), a firm-size adjustment is made.
Depending on the total annual sales S; (in millions of Euros), the correlation
parameter will be reduced linearly between 4% (for S; <5) and 0% (for
S; = 50):10!

i 45

p(SME) — p’(C,S-B) —0.04 - (1 — M), (2.100)

“"In total, 365 banks participated in the study, which focused on the impact of the Basel II
proposals on the minimum capital requirements compared to Basel I; cf. BCBS (2003b).

%8Ct. BCBS (2005a), § 272, § 273, § 328, § 329, and § 330. The maturity adjustment is only applied
to corporate, sovereign, and bank exposures, including small- and medium-sized entities (SMEs).
This can also be interpreted as a fixed maturity of M; = 1 year for retail exposures.

*For internal purposes a bank could measure p from default series or from equity values; cf.
Gordy and Heitfield (2002), Dillmann and Trapp (2005), or Lopez (2004). The results for
estimating p from portfolio data may differ from the correlations given in Basel II, see e.g.
Diillmann and Scheule (2003) or Dietsch and Petey (2002), but overall the parameters given in
Basel II are reasonable, see especially Lopez (2004).

199Cf. BCBS (2005a), § 272. The concrete definition of corporate exposures can be found in BCBS
(2005a), § 218 ff.; sovereign and bank exposures are defined in § 229 and § 230.

191t BCBS (20052), § 273.
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which leads to a reduction of capital requirements for SMEs. For residential
mortgage exposures the correlation is fixed to 15%,'"% for qualifying revolving
retail exposures to 4%,'"* and for other retail exposures the correlation parameter is
between 3% and 16%:'**

pRetil) _ (3. 1 —exp(—35-PD;)

1 —exp(—35-PD;)
d6- 11—
/ [—exp(—35) 1° ( )

1 — exp(—35)
(2.101)

Taking (2.98) into consideration, the parameters EAD, PD, LGD, and M have
to be determined. As the complexity of these estimations and the data require-
ment would be too high for many banks, there exist two versions of the IRB
Approach for corporate, sovereign, and bank exposures, as mentioned in
Sect. 2.1. In the Advanced IRB Approach, all of these parameters have to be
estimated by the bank. In the Foundation IRB Approach, the LGD and maturity
are given by the regulatory rules. Furthermore, only the current outstandings and
the commitments have to be determined by the bank, the credit conversion factor
and therefore the EAD does not have to be estimated. Thus, under the Founda-
tion Approach, the only parameter that has to be estimated by the bank is the
PD.!% However, for retail exposures, there is no distinction between a Founda-
tion and Advanced IRB Approach. In the IRB-Retail-Approach, the parameters
EAD, PD, and LGD have to be estimated by the bank.'%® However, in contrast to
the IRB Approaches of the other asset classes, in the IRB-Retail-Approach it is
allowed to pool credits with similar characteristics such as risk characteristics,
collaterals and exposures.'”” As the parameter estimates for the retail portfolio
can be based on these risk pools instead of individual borrower grades,'” the
minimum complexity of the IRB-Retail-Approach is significantly lower than of
the Advanced IRB Approach.

102¢f BCBS (2005a), § 328.
193¢, BCBS (2005a), § 329.
104cf BCBS (2005a), § 330.
105¢f, BCBS (2005a), § 246 f.

196¢f, BCBS (2005a), § 252. The definition of retail exposures can be found in BCBS (2005a), §
231 ff.

107¢f. BCBS (2005a), § 401 f.
198¢f, BCBS (20052), § 446.
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2.8 Appendix

2.8.1 Alternative Representation of the ES as an Indicator
Function

Proposition. The definition of the ES (2.19) is equal to (2.29):'%

(B[E 1 poay] - PE= 0] 1= )]) =2 (E [LN' 1“{-%}])
(2.102)

1—«a

with

Wisq) if P[L =q,] =0,

]P’[Lkzq,(]—(l—x) . -
l{izqy} — 7]13@:%] . 1{E:q,} if ]P[L = qx] > 0.

o —

ey = (2.103)

Proof. For the case P[L = ¢,] = 0, the left-hand side immediately equals the right-

hand side of (2.102). Therefore, only the case P[L = g,| >0 is analyzed:

_ 1 P Loty gy (PL> ] = (1-a)
_1‘“<E_L'1{i>q}_ P[L =]

1 R PL>q)] — (1—2)
:1_a<E_L<1{L>q} P[~:qx] 1{qu}>‘|>

(2.104)

which is the proposed right-hand side of (2.102).
Additionally, we want to show some properties of the function 17 o) which

are useful for analyzing the axioms of coherency. The expected value of this
variable is

199Cf. Acerbi et al. (2001), p. 8 f.
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P[quy _(I_OC)
[{L>q }] E {Lz‘h} IP’E:%] .1{5_%}]
P[~ZQQ} —(I—OC)
=1E[1{L"2q7}} _]El P[L = ¢, e }] o
=P[L>gq,) - (P[L>q] — (1—0a))
=1—-u

Moreover, we want to show that 1% faa) € [0, 1]. For L # q,(L) this is obvi-

ous by the definition of the indicator function. However, for L= qs (E), the variable
is given as

Y _I—P[ an]—(l—ot)
{£2a.} L=q P[~ = 4.
4 P[L>q,) +P[L=q,] — (1 —a)
]P’[E = qx]
- (2.106)
—P[L>q,] + (1 — )
P[E S Qfx] 7P[L<Qa}
_ ~P[L§‘h] - c [07 1]7
P[L < ¢,] —P[L<qs]
because of P[L<g,| <o <P[L < gq,]
2.8.2 Application of Ito’s Lemma
An Tto-process is given as
dA[ = a(A[7 t)d[ + b(A[, t)dW[. (2.107)

With a(A,,t) = u- A, and b(A,,t) = o - A;, we get the stochastic process of the
asset value (see (2.54))

dA; = p-A;dt+o0-A dW,. (2.108)

Therefore, the asset value follows an It6-process and 1t6’s Lemma can be applied
in order to determine dY; = dInA;. When Y, is a function of A, and ¢, so we write
Y, = g(A;, 1), Itd’s Lemma shows that''®

1OCf. Hull (2006), p. 273 f.
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dy, = dg(A,,1)
dg dg 1d*g , dg (2.109)
= (== a(A, ) + =+ b (A, t) )dt + =2 b(A,, t) dW,.
(m,“”)+m+2m2 (41) +m,(“) !

With dY, = dInA;, a(A;,t) = u- A, and b(A;, 1) = o - A,, this leads to
dY, = dInA,

1 1 1 2 1
_ (E'M~Af+o+§ <_P> (a-4) )d’+X(°'A’)"W’ 2.110)

t t

1
(uzﬁ)m+amM.

2.8.3 Application of Bayes’ Theorem for Continuous
Distributions

The definition of probability density functions and Bayes’ theorem for continuous
distributions lead to'""

o0 u

= J fxy(x,y)dydx

X=—00 y=—00

o0 u

- j £ (1) dy fe(x)

X=—00 y=—00

o0
= P(5 < ulx)fx (x) dx. 2.111)

Thus, using dFdem = fx(x) we get
PG <u) = J P( < ul) dFy (). 2.112)

"ICE, Tarantola (2005), p. 20.
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2.8.4 Limit Distribution and Probability Density Function
in the Vasicek Model

In the following, the integral of the distribution (2.74) of the binomial model shall
be solved for the limit n — oo:''?

FO(1) = lim F™ (1)

n—oo

L1 >
= lim lfm J ) ) (1= p) rad(x)  (2.113)
k

n—o0 —0

with
plx) =0 <(D (1:/D1)_—p\/ﬁ > . (2.114)

Using p(x) =: s and the identity ®(—y) = 1 — ®(y), it follows

o O '(PD)— \/p-x
o =)
s \/1-—p- 0 (s)=0(PD) — \/p-x

Sx= —\/Lﬁ (m L (s) — qu(PD))

&0k =1 —cb(i( T—p- &' (s) —<D"(PD))) =1 - W(s).

/g

(2.115)

Using d®(x) = d(1 —W(s)) = —dW(s) and lim s= lim p(x) =1 as well
as lim s = lim p(x) = 0, the integral (2.113) can be Writtén as*

0 |1n/LGD) "
F)(1) = lim J (k) S (1= (=1)aW(s)
n—oo —0
= (2.116)
|/-n/LGD| n
— k n—k
= JnlLrEC ; (k)-s-(l—s) dw (s).

""2The derivation is based on Vasicek (1991). In contrast to the original paper the derivation is not
restrained to the gross loss but includes deterministic LGD # 1.
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The integrand of (2.116) is binomially distributed. According to the central
limit theorem of Lindberg-Lévy or the special case for binomial distributions of

Moivre—Laplace, this distribution converges to a normal distribution for

3
n— OOI11

|I-n/LGD|
AJLGD = n-
lim ) (n)-sk-(l—s)"_k:limd) nJLGD —n s
n—oo 0 k n—0o00 n.s.(l_s)

s .\(/f_ 5) (L(I}D - S))

®(oco) =1 if I/LGD >,

={ ®0)=1/2 if I/LGD =,

®(—00) =0 if I/LGD <s.
2.117)

Therefore, using W(0) = ®(—o0) = 0,''* the distribution (2.116) is equal to

1 |/-n/LGD)

oy = | i )=t
F'U D SJO”ILTO ; (k> s (1 —=9)""dW(s)
I/LGD
= | 1aw(s)
+20 (2.118)

— W (s[5

(st
{5155+ () -+ 00).

The corresponding probability density function f (°°>(1) is the first derivative
of F)(I). With d®(y)/dy = ¢(y), d®~'(y)/dy =1/0(®7'(y)), and @(y) =
(1/v2m) - exp(—y*/2) this leads to

135ee Billingsley (1995), p. 357 f.
H4ct, (2.115).
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+5l0” (L%D)D 2.119)

2.8.5 VaR and ES of the Limit Distribution in the Vasicek Model

According to (2.14), the VaR for continuous distributions can be expressed as
VaR, (L) = F;'(2). (2.120)

Thus, corresponding to distribution (2.77), the VaR can be computed as follows:

(o) (f
F) (VaRg@ (E)) = @(\/i/_) <\/1 —p 0! (%ﬁ) - cbl(PD))) Ly

VaR( (L)

& /1-p 07! (LGD> =07 (PD) +/p- @' (2)

O'(PD) + /p- D' (2)
VIi=p

& VaR\ (L) = d)( ) -LGD.

(2.121)
In order to determine the ES, the representation of (2.20) is used:

1
ES,(L) :%a J q"du. (2.122)
u=o

With (2.121) and using the substitution y := —®~!(u) so that du/dy = —(y),
y(u=0)=—-® () and y(u = 1) = —® (1) = —o0, this leads to

1 -1 —1
ES? (L) =1—1(x JLGD-CD((D (PD%'(D (u)>du

u=o
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:11 LGD - JOO @(‘D_I(PD)_‘/E'“V>-(—l)w(y)dy

— v1i—p
y=—0"" ()
o) (2.123)

1 o '(PD) — \/p -

= -LGD - J ) (PD) = /P~y ~p(y)dy.
1 -« Vi—p
y=—00
With the identity'"”
J c1><x - < Z) L p(y)dy = Ds(x, 7, a), (2.124)
—da
y=—00

where ®,(-) is the bivariate cumulative normal distribution as defined in (2.81),
(2.123) can be expressed as''®

ESL) (£) = - LGD - @y (@' (PD), ~0(x), /p). (2.125)

—

2.8.6 Alternative Representation of the Bivariate Normal
Distribution

Proposition. The bivariate normal distribution can be represented as

xX—a-y
q’( “p(y)dy = @2(x,z,a). (2.126)
)
y=—00 “
Proof. From
x—a-y 1 1, 1,
(0] . = - . L
J (m) POy =5 J J e"p( 2Y) exp( R ) dudy
y=—00 Yy=—00 U=—00

(2.127)

and using the substitution u := :;l_f—ayz so that % = ¢1'77, w(u = —00) = —oo and

_ x=ay \ __ s 117
wlu= = x, we obtain
( W,gz) ’

155ee Appendix 2.8.6.
1185ee also Pykhtin (2004).
""The definition of the bivariate standard normal CDF used in the last step is given in (2.81).
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z X 2
! J J ex Lz ex L(w_ay ! dwd
= —_—— _—— . —_—— . W
2n P2 P\ 72 1—a? V1—-a? g

1 Z 1/, w*—2ayw+a*?
_ S dwd
2Vl — & J J eXp( 2(y R g wdy

y=—00 W=—00

1 1 2 2)
= expl ————~ — 2ayw +w dwd
2nvV1 — a? J J p( 2(1 —a?) (y Y ) g

y=—00 W=—00
=: Dy(x,z,a).
(2.128)

2.8.7 Application of the Strong Law of Large Numbers

Proposition. The portfolio loss is almost surely equal to the conditional expected
loss

P(lim [~ E(L))] =0) =1 (2.129)

118

under the conditions of infinite granularity (2.83) and (2.84).

Proof. The proof is based upon a version of the strong law of large numbers. For
an independent random sequence Z; the following almost sure convergence

holds'"’
1 ~
IF’(lim [— Z:
S

lim a, = oo (2.131)

n—oo

=

= 0) =1 VxeR (2.130)

if

"8The following proof is similar to Gordy (2003), p. 223 f. and Bluhm et al. (2003), p. 88 f.
9See Petrov (1996), p. 209, Theorem 6.6.
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and

> (V(z
> ( 2”) < o0. (2.132)
n=1 a

The random sequence Zi can be defined as Zi := EAD; - (LAGT),» -1 (5}~
E [L’CTD,- -1 (5} |)Z} ). As it is required that the Z;s are independent, the strong law
of large numbers is applied conditional on the realization of the systematic factor
X = x. Under this condition, the products (L/GvDi . 1{D1}> are independent by assump-

tion and therefore the Z;’s are independent as well. Defining a,, := Z;':l EAD;, the
condition (2.131) directly follows from the first granularity assumption (2.83).

In order to check the second condition, the boundedness of Z, is analyzed.
The loss variable 1 (5.} only takes the values one and zero. The LGD is assumed

to be in the interval [—1, 1]."2° As a consequence, the product (LGD I{Dn}>
bounded to [—1, 1] and (LGDi . 1{&} —E|LGD; - l{ﬁi}|xD is restricted to

[-2, 2], leading to V(Zn) < 4 .EAD,?. Therefore, the second condition (2.132)
can be written as

2

Z ( ) zm: < . (2.133)
=1 =1 ZEAD
Jj=1

The last expression is valid due to the second granularity condition (2.84). Thus,
the strong law of large numbers (2.130) can be applied. With

n

o 2 (400 (£ 145y 216D 145)1]))

azz

i=1

AM;

-
I

|
.Mx

I
-

(wi - LGDi - 15y —E[wi - LGD; - 14511 )

I
[
=
!
=
™
=D
S~—

Il
-

(2.134)

Il
ol
|
=
=
Ball

120Negative LGDs are permitted to allow short positions.
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this leads to

P(lim (L~ E[Lf]) =0/i=x) =1 VxeR. (2.135)

n—0o0

Using (2.135) it can be shown that the almost sure convergence is also true in
the unconditional case:

n—oo n—oo

P( lim (L~ E[L}]) =0) = JIP’(lim (£~ E[LI7]) = 01F = x)dP(x)

(2.136)
= Jd]P’(x) =1
This completes the proof of (2.129).
2.8.8 Application of Kronecker’s Lemma
Proposition. Assumption (2.83) and (2.84) lead to
n
lim Z w2 = 0. (2.137)
n—oo i—1

Proof. The following proof is based upon Kronecker’s Lemma.'?' Let 1, be a
sequence satisfying

0<11<1, < and lim 7, = c0. (2.138)
If
Dz <o, (2.139)
n=1
then
1 n
lim — iz =0. 2.140
fim 2 e @140

i=1

121See Petrov (1996), p. 209, Lemma 6.11.
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2
With 7, := (Z_?:l EADJ-) the conditions (2.138) for 7, are fulfilled due to the

first granularity assumption (2.83). Using z,, := (%) , (2.139) is valid due
to the second granularity assumption (2.84). Therefgre, Kronecker’s Lemma can
be applied, which leads to

1 n 1 n
lim — Zr,- -z = lim

J

ST EAD}?
. i=1
s e
> EAD;
j=1
2
. & EAD;
= lim 7
n—0o0 ’:1 ZEADJ

n
= lim ( wﬂ) =0, (2.141)
n—0o0o 1

which is (2.137).

2.8.9 Identity of the VaR in the ASRF Model

Proposition. The following equality is true:
VaR,(E[L|7]) = E(L|¥ = VaR,_,(%)). (2.142)

Proof. Using the notation E(L|¥) =: g o %,'** with g(¥) = E(L|%), and assuming
that the conditional expectation is continuously and strictly monotonously decreas-
ing in x, then there exists a unique inverse g~', which allows the following
transformations:'>

122The notation g o X means that some function g is composed with X.
1238ee Gordy (2003), p. 207 ., for a similar proof.
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gox<gox
@gilogoizgﬂogox (2.143)
SX>x
and
inf{g o x} = g o sup{x}. (2.144)

Using the definition of the VaR (2.15) this leads to the proposition:

VaR, (E[L|F]) = VaR,(g o X)
=inf{l{|Plgox>/<1—a}
=inf{gox|Plgox>gox] <1—ua}
= inf{gox|PF<x] <1 -0}

— gosup{xlPlF<x] < 1 - 2}
=goinf{x|PF>x] <1 -0}
= goVaR|_,(¥)

= E(L|F = VaR,_,(%)).

(2.145)

2.8.10 Identity of the ES in the ASRF Model

Proposition. For n — oo, the ES of the portfolio loss converges to the ES of the
conditional expected loss:

lim ES,(L) = ES,(E(L[%)). (2.146)

n—oo

Proof. If it is assumed that the loss distribution is continuous, the second term of
ES definition (2.19) vanishes.'** Therefore it only has to be shown that

lim E[L- 1 o3| = E[EER) - L@ = O (2.147)

n—oo

With X :=L — g, (E) the first term can be written as

124Gordy (2003) shows that it is no necessary condition that the loss distribution has to be
continuous. If some additional properties, especially regarding the continuity of the conditional
expected loss and of the distribution of the systematic factor, are fulfilled in an interval of x
that contains VaR,(X), it follows that ;}ngo IP(Z > qi) = 1 — o so that the second term of the ES

definition still vanishes. See Gordy (2003), p. 228 f.
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E[L i y] =B[€~ a(0) g iy] + 4:0) B[y, i)
E[max(X 0)] +q1( ) [ > VaR, ( )]
(2.148)

Using the shorter notation u(%) := E(L|%) and with ¥ := u(%) — u(g1_,(%)) as well
as u(q1-4(%)) = ¢qo(u(x)) from (2.90), the second term of (2.147) equals

B[l 1{E<wa>>q (=)
=E[ux 1{# O2>a(u@)}]
=E[(1(®) — 1(q1-2() - L@ zua.@n) + #@1-®) - B u@zua 0]
=E[m ax( 0)] + u(q1-4(%)) - Plu(x )Zu(ql 2(%))]-
(2.149)
Thus, (2.147) can be written as
i BIE 1y, (o)) | — B[R a0 (5(00)
= hm ( [max(X 0)} +qa(L~) ~IP[£ > VaRa(E)D
( [max (7,0)] + e () - PIA(E) > pe(er (D)) (2.150)
= nlggo (IE [max(X O) max(Y, 0)]
+¢4(L) - P[L > VaR,(L)] — u(q1-4(%)) - Plu(x) > u(q1-4(%))]).
Using
1im ¢, (L) = #(g1-4(%) (2.151)
from (2.91) and'?
lim P[L > ¢,(L)] = P[u(L) > u(g.(L))] =1 —o, (2.152)

n—oo

the last two terms of (2.150) vanish:

125Cf. footnote 118.
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lim (g,(L) - P[L > VaR,(L)] — u(q1-4(%)) - Pu(%) > p(q1-2(%))])

n—oo

= lim [q,(L) — p(q1-«(¥))] - (1 = 2)

n—oo

=0. (2.153)

Additionally, the inequality — |x — y| < max(x,0) — max(y,0) < |x — y| holds
Vx,y € R. Using this inequality and (2.151), the remaining first term of (2.150) can
be evaluated:

lim E[max(X,0) — max(¥,0)] < lim [E[X - Y]|
= lim [E[L — g, (L) — [1(%) — p(q1-4(%))]|
= lim [E[L — u(¥)] — [42(L) — p(q1-4(%))]|
= lim [E(L) - E(E(L|F)) - 0|
= (2.154)
and
lim E[max(X,0) —max(¥,0)] > — lim [E[X —¥]| =0. (2.155)

Thus, the first term vanishes, too, which completes the proof of (2.146).



Chapter 3
Concentration Risk in Credit Portfolios
and Its Treatment Under Basel 11

3.1 Types of Concentration Risk

Concentration risk can be defined as “any single exposure or group of exposures
with the potential to produce losses large enough (relative to a bank’s capital, total
assets, or overall risk level) to threaten a bank’s health or ability to maintain its core
operations”."'?® There are several types of concentration that can incorporate signif-
icant risks (see Fig. 3.1).

In a bank’s assets there can be concentration risk arising from obligors and from
counterparties of trading transactions. Furthermore, there can be concentrations in
collateral instruments or protection sellers. Market risk can also contain concentra-
tions, e.g. if there are high exposures in a specific currency. Concentration in a
bank’s liabilities can arise in refinancing instruments or refinancing counterparties
and depositors. These concentrations can lead to an increased liquidity risk. More-
over, there can be risk concentration in the execution or processing of transactions,
e.g. if there is a high degree of dependence on a specific IT-system. This is referred
to as operational concentration risk.'*’ As lending is usually the main activity of a
bank, the most important type of risk concentration is credit risk concentration.'*®
Against this background, this type of concentration risk will be analyzed in-depth
in the following. In the literature, it is often distinguished between three types of
credit concentration risk:

e Name concentration
¢ Sector concentration
¢ Credit contagion

126BCBS (2005a), § 770.
127Cf. Deutsche Bundesbank (2006), p. 36 f.
128C£, BCBS (2005a), § 771.

M. Hibbeln, Risk Management in Credit Portfolios, Contributions to Economics, 57
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Concentration risk

Credit risk Market risk Liquidity risk Oper'iitllona'
—
Name Concentration Concentration Dependence
'l concentration in currencies in refinancing from IT-
counterparties systems

Sector
concentration

Credit
contagion

Fig. 3.1 Types of concentration risk. Cf. Deutsche Bundesbank (2006), p. 37

The BCBS distinguishes between two sorts of name concentration.'* One type
of concentration risk pertains to an exposure to one firm or to a conglomerate of
economically highly dependent firms'? that is extremely large compared to the rest
of the exposures of the portfolio. In such a situation the default risk of the portfolio
is significantly driven by the idiosyncratic risk of this individual debtor. This type
of concentration will be called “individual name concentration”. The second type of
name concentration occurs if the bank holds a portfolio containing a relatively
small number of firms, each of them with large exposures. Such a portfolio is hardly
diversified because of the quite small number of debtors. Thus, a bank faces high
losses if several defaults appear, even if they occur accidentally and are not driven
by default correlation of the firms. This type of concentration can be denoted as
“portfolio name concentration”.

The term sector concentration refers to significant exposures to groups of
counterparts whose likelihood of default is driven by common underlying factors,
such as industry sectors or geographical locations.'*! Even if the modeling of these
types of sectors is usually similar, the concentrations themselves have some dif-
ferent characteristics. Industry concentrations are mainly related to corporate loans,
which have a higher PD if the industry sector is in an economic downturn.

129Gee BCBS (2005b, c).
139Under Basel II such a conglomerate is called “connected group”; see BCBS (2005a), § 423.

311n a document about technical aspects of the management of concentration risk of the CEBS,
examples of common risk factors that possibly lead to sector concentrations also include curren-
cies and credit risk mitigation measures; cf. CEBS (2006), § 25.
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In principle, the same is true for geographical concentrations but this type of
concentration is also relevant for retail loans and sovereigns. Furthermore, geo-
graphical concentration risk includes not only regional but also country risk, which
covers different risk categories such as political and transfer risk.'*

The third type of concentration risk is credit contagion. In many cases, two or
more companies have a business connection that increases the joint probability of
default. This connection is often asymmetric so that a default of firm 1 leads to an
increased PD of firm 2 whereas a default of firm 2 shows only minor effects on
the PD of firm 1. If the connection is very strong, the firms have to be merged to
one connected group. In all other cases only the weaker connection to the overall
sector is accounted for, which leads to an underestimation of the true risk. '
Therefore, credit contagion is in a way between name and sector concentration
risk. A typical “micro-structural channel” for this type of concentration risk is the
interbank lending market, where a default of one bank could trigger a default of
other banks, especially if the loans are uncollateralized and uninsured. Furthermore,
suppliers and buyers of goods are often linked via trade credits.'**

3.2 Incurrence and Relevance of Concentration Risk

Although the expression “concentration risk” expresses the negative aspect of
concentration, this does not necessarily mean that it is worthwhile to implement a
diversification strategy. As concentration usually stems from specialization, a bank
can have significant informational advantages in its area of specialization. For
example, a bank with a portfolio consisting only of a small number of obligors
contains high name concentration but typically knows its obligors very well and can
therefore evaluate the firm-specific situation better than others. A bank which is
specialized on several industry sectors or geographical locations can have specific
knowledge of the relevant markets and the economic environment. As a conse-
quence, in principle a specialized bank could use its informational advantage to
generate higher returns and/or lower risk.

In the literature, there exist contradictory statements whether diversification
of an intermediary is risk decreasing or increasing and whether diversification
increases or decreases the firm value. In neoclassical economics, diversification is
clearly risk reducing given a constant expected return if the asset returns are

132Cf. Deutsche Bundesbank (2006), p- 43.

1331f the connected companies have symmetric dependencies, it would also be possible to build a
new sector with a high correlation inside of the sector. However, in practical implementations the
sectors are often constructed with respect to geographical regions or industry branches so that the
sector factors can be interpreted as macro-economic factors. Hence, the risk stemming from a
connection of firms is usually not covered, regardless of whether the connection is symmetric or
asymmetric.

134Cf. Giesecke and Weber (2006), p. 742.
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non-perfectly correlated, which was shown by Markowitz (1952, 1959). Neverthe-
less, if there do not exist any market imperfections, there is no advantage of a
bank’s diversification because the diversification could also be done by private
investors. Moreover, financial intermediaries would not even exist in the context of
the assumed perfect market. An approach which is more suitable for explanation of
this strategic decision is the principal agent theory. For instance, according to the
fundamental work of Diamond (1984), the main task of financial intermediaries is
“delegated monitoring” of the obligors, which leads to a reduction of monitoring
costs compared to direct investments without an intermediary. Furthermore, the
monitoring costs decrease with higher diversification, which directly leads to the
result that diversification is advantageous.'* By contrast, it is often argued that any
firm — financial institution or other — should be specialized on a single business line
in order to benefit from the management’s expertise, whereas diversification should
be done by the investors (see Berger and Ofek 1996; Servaes 1996; Denis et al.
1997). In the theoretical model of Winton (1999), several aspects of diversification
are addressed: It is assumed that a bank that diversifies into new sectors faces the
problem of adverse selection if established banks are already active in the new
sectors; this leads to negative consequences on risk and return. Furthermore,
monitoring incentives are usually lower when a bank is diversified, leading to a
risk-shifting problem. Altogether, even if diversification leads to a smaller impact
of downturns in single sectors, it is mostly risk increasing.'*® Empirical studies
largely indicate that diversified banks incorporate higher risk and often at the same
time lower returns (see Demsetz and Strahan 1997; Acharya et al. 2006; Deng et al.
2007). Furthermore, according to DeLong (2001) only bank mergers which are
focused with respect to the dimensions of activity and geography create value.
These results are widely in line with the model of Winton (1999).

Relying on the advantages of specialization, the business models of several
financial institutions imply a high degree of concentration, like savings banks and
credit cooperatives, which are usually regionally focused, and building societies or
automotive financial services providers, which are specialized on specific products.
Also a combination of both regional and industry expertise is observable, e.g. the
HSH Nordbank is the world’s largest ship financier but also regionally focused
on Germany’s North Sea and Baltic Sea coasts and the Stadtsparkasse Koln is a
regional savings bank that is specialized on the German media industry.'*’

135The monitoring costs are independent of investment size, thus if the monitoring is delegated to
an intermediary by many investors, these costs can be reduced. Of course, now the intermediary
itself has to be monitored. As state verification is only necessary in case of (imminent) default and
the PD of the bank is lower than of the single investments — this is due to diversification of the
bank — the monitoring costs of the bank are relatively low leading to the mentioned results.
135The model results in a negative effect of diversification on the risk of a bank if the loans in a
bank’s home sector have high or low PDs. Only in the case of medium default probabilities of the
loans in the home sector, diversification can lead to a risk reduction.

137Cf. Kamp et al. (2005), p. 1.
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The mentioned advantages of specialization are sometimes cited as evidence that
there is no additional risk stemming from concentration and therefore there is no
additional need for economic capital. Even if some aspects of this argument are
comprehensible, it does not hold in general. To begin with, a concentrated bank
does not necessarily have informational advantages over other banks. Firstly, it is a
necessary condition that the concentration is a result of expertise in the sector. If
this is not fulfilled, the concentration is risk increasing only. As mentioned before,
in some sectors there might be a multitude of banks with expertise so that the degree
of competition highly influences the risk and return. Therefore, a bank must be
better in the generation and procession of information than competitors to earn a
specialization premium and not to be faced with adverse selection. This point is
especially challenging for globally relevant industries as the bank must compete
with other financiers worldwide. If a bank has the ability to benefit from speciali-
zation, this advantage has to be used not only to increase the return but also to
reduce the risk. For example, many venture capital firms or hedge funds have
significant industry expertise but do not have a reputation for their risk-averse
investments. Moreover, in empirical studies indicating the benefit of specialization,
the risk is often measured in terms of Volatility.138 However, as a consequence of
non-normality of the portfolio loss distribution, this does not assure that the risk
measures which are relevant for economic capital calculations, e.g. the VaR and the
ES, are reduced as well. This can be illustrated very intuitively: A bank which is the
global market leader in financing of airplanes and of machine tools might be
capable of differentiating between risky and less risky lending activities in these
areas and uses this knowledge to hold a portfolio with high quality and low
volatility. Now assume that one or both of these sectors are faced with a material
drop in demand, so there is a sector-specific downturn. Even if the bank perceived
some early-warning indicators and was able to reduce the investment in these
sectors, there is a high probability that the institution will suffer substantial losses.
Thus, in a worst-case scenario, which is relevant for the determination of the
economic capital requirement, it is reasonable to assume that many concentrated
portfolios are more vulnerable than non-concentrated portfolios. To sum up, there
are good arguments that a bank can benefit from specialization in terms of an
increased risk/return ratio. But if it has to be assured that the bank survives eco-
nomic downturn scenarios (with high probability), it should hold an additional
capital buffer.

The practical relevance of this issue can be seen from many bank failures or even
banking crises that resulted from or at least in combination with concentration risk.
During the 1980s and 1990s, more than 1,000 savings and loan associations
defaulted in the United States in the savings and loan crisis. Although the problem
cannot be reduced to sectoral concentrations, “the banking problems of the 1980s
and 1990s came primarily [...] from unsound real estate lending”'*® with a

138Cf. Acharya et al. (2006) and Behr et al. (2007).
139Seidman et al. (1997), p. 57.
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significant increased share of this type of lending.'*” In Scandinavia, the real estate
crisis of the early 1990s also led to many bank defaults.'*' The high concentrations
in structurally lagging regions led to a high degree of non-performing loans and
finally to the divestiture of the Schmidt-Bank in 2001. Also the ongoing financial
crisis has its seeds in lax real estate lending, in this case mainly to creditors with
low creditworthiness and without down-payment in the United States (subprime
lending). A huge amount of the exposure was transferred worldwide to institutional
investors via structured financial products, mainly residential mortgage backed
securities. These products showed a material price drop, which was due to an
underestimation of the correlation between default rates and especially between
the residential mortgages. Thus, the concentration risk in the collateral pool was
underestimated.'*> In BCBS (2004a) several additional examples of banking crises
are studied and a high proportion is found to be affected by risk concentrations.'*?

3.3 Measurement and Management of Concentration Risk

As mentioned in the introductory statement, the Basel Committee on Banking
Supervision already recognized the high importance of credit risk concentrations
in the Basel framework: “Risk concentrations are arguably the single most impor-
tant cause of major problems in banks”.'** Against this background, it seems
necessary to account for concentration risk in the banks’ minimum capital require-
ments.'*> However, the quantitative framework in Pillar 1 of Basel II does not
account for concentration risk at all, since it is based on the ASRF framework,
which assumes that (A) the portfolio is infinitely fine-grained and (B) only a single
systematic risk factor influences the credit risk of all loans in the portfolio. Thus,
the first assumption implies that there is no name concentration in the portfolio,
which means that all idiosyncratic risk is diversified completely. The second
assumption implicates that there exists no sector concentration such as industry-
specific or geographical risk concentrations and also no credit contagion. These are

OPrior to the 1980s, less than 10% of U.S. bank portfolios were invested in real estate portfolios,
whereas by the mid-1980s some banks increased this share to 50 or 60%; cf. Seidman et al. (1997),
p. 58.

141Cf. Deutsche Bundesbank (2006), p. 38.

142«Structured Finance CDO enhancement levels were not commensurate with the higher observed
correlations in the performance of collateral assets during stressed market conditions, particularly
for portfolios with elevated risk concentrations or exposure to a narrow, common set of risk
factors”; see Hansen et al. (2009), p. 4.

43 Credit concentration risk, mostly in real estate, is cited to be a relevant cause of bank failures in
nine out of the thirteen episodes; cf. BCBS (2004b), p. 66 f.

144See BCBS (2005a), § 770.

“>The term concentration risk will be referred to concentrations in lending if not indicated
elsewise.
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idealizations that can be problematic for real-world portfolios. But since it is
difficult to incorporate credit risk concentrations in analytic approaches and since
there is not yet an approach which is widely accepted as the industries “best
practice”, in Basel II there is no quantitative approach mentioned how to deal
with risk concentrations.'*® Instead, it is only qualitatively demanded in Pillar 2 of
Basel II that “Banks should have in place effective internal policies, systems and
controls to identify, measure, monitor, and control their credit risk concentra-
tions”.'*" Thus, it is each bank’s task to decide how to meet these requirements
concretely. However, since this topic is very important for the stability of the
banking system, several supervisory documents regarding this issue have been
published that analyze the state of the art and give guidance for institutions and
supervisors. The Basel Committee launched the “Research Task Force Concentra-
tion Risk”, which has presented its final report in BCBS (2006). The report contains
information about the state of the art in current practice and academic literature, an
analysis of the impact of departures from the ASRF model and a review of some
methodologies to measure name and sector concentrations. An additional work-
stream has focused on stress testing against the background of risk concentrations.
In 1999 the Joint Forum'*® published “Risk Concentrations Principles” to ensure
the prudent management and control of risk concentrations in financial conglom-
erates through the regulatory and supervisory process. Joint Forum (2008) analyzes
the progress of financial conglomerates in identifying, measuring, and managing
risk concentrations on a firm-wide basis and across the major risks to which the firm
is exposed. Furthermore, the document surveys the current regulatory requirements
(quantitative and qualitative) in the European Union, the United States, Japan, and
Canada.'"” In CEBS (2006), the Committee of European Banking Supervisors
published a survey on current market practices for the identification and measure-
ment of concentration risk. Moreover, five principles for institutions and six
principles for supervisors are given as guidance for the treatment of concentration
risk under Pillar 2, which specifies the Capital Requirements Directive (CRD) of
the European Union regarding concentration risk (see Table 3.1).

'4SUntil the second consultative document a version of the so-called granularity adjustment was
part of Basel II for measuring name concentrations, but because of some theoretical shortcomings
and as it appeared to be too complex for many banks it was cancelled in the final Basel capital
rules. The effectiveness and the eligibility of the (cancellation of the) granularity add-on from the
second to the third consultative document of Basel II is only discussed vaguely in the literature; see
e.g. Bank and Lawrenz (2003), p. 543.

147See BCBS (2005a) § 773.

| The Joint Forum was established in 1996 under the aegis of the Basel Committee on Banking
Supervision (BCBS), the International Organization of Securities Commissions (IOSCO) and
the International Association of Insurance Supervisors (IAIS) to deal with issues common to the
banking, securities and insurance sectors, including the regulation of financial conglomerates. The
Joint Forum is comprised of an equal number of senior bank, insurance and securities supervisors
representing each supervisory constituency. See Joint Forum (2009).

149Cf. Joint Forum (2008), p. 35 ff.
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Table 3.1 Guidance for institutions and supervisors considering concentration risk. See CEBS
(2006), p. 11 ff

Guidance for Institutions

Concentration 1  All institutions should have clear policies and key procedures ultimately
approved by the management body in relation to exposure to concentration
risk

Concentration 2 In application of Article 22 of the Capital Requirements Directive, institutions
should have appropriate internal processes to identify, manage, monitor,
and report concentration risk which are suitable to the nature, scale and
complexity of their business®

Concentration 3 Institutions should use internal limits, thresholds or similar concepts, as
appropriate, having regard to their overall risk management and
measurement

Concentration 4  Institutions should have adequate arrangements in place for actively
monitoring, managing, and mitigating concentration risk against agreed
policies and limits, thresholds, or similar concepts

Concentration 5  Institutions should assess the amount of internal capital which they consider to
be adequate to hold against the level of concentration risk in their portfolio

Guidance to Supervisors

Concentration 6  Supervisors will collect sufficient information from institutions on which to
base their assessment

Concentration 7 The scope of application of the supervisors’ assessment of concentration risk
is that used for the Supervisory Review Process (SRP)

Concentration 8  Supervisors will use quantitative indicators, where appropriate, within their
Risk Assessment Systems to assess degrees of concentration risk

Concentration 9  The supervisory review should encompass not only quantitative aspects but
also the qualitative and organizational aspects of concentration risk
management

Concentration 10 Supervisors can draw on stress tests performed by institutions to assess the
impact of specific economic scenarios on concentrated portfolios

Concentration 11 Supervisors will pay particular attention to those institutions which are highly
concentrated by customer type or specialized nature of product

“The Article 22 of the CRD says that every credit institution requires “effective processes to
identify, manage, monitor, and report the risks it is or might be exposed to”

As can be seen from these principles, there is a variety of actions that should be
taken to handle concentration risk. Due to Principle 1, the management body of a
credit institution shall define clear policies and procedures regarding concentration
risk, which may depend on the business strategy and the risk appetite of the bank.
Furthermore, banks should identify and measure concentration risk, which is a
necessary condition for managing and monitoring these risks (Principle 2). The
identification and measurement of concentration risk can be based on rather heuris-
tic or analytical approaches. For example, a bank could measure the size of the top
“x” largest exposures or connected exposures relative to the relevant numeraire
(e.g. the balance sheet amount). This quantification could also be applied to
industry sectors, geographical regions, or product lines.

Moreover, the concentration could be quantified with Gini coefficients or the
Herfindahl-Hirschmann Index, which will be described in Sect. 3.4. A review of the
literature regarding model-based approaches for the measurement of concentration
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risk will be given in Sect. 3.5."° Principles 3—5 can be seen as further requirements
regarding the monitoring and management of concentration risk, which is already
demanded in Principle 2. One rather simple but effective action for this purpose
is to establish an internal limit system, which shall prevent from undesirable high
concentrations in large individual or connected exposures, industry sectors, geo-
graphical regions, or product lines (Principle 3). A starting point for the limit on
large individual exposures can be the directive of the European Union, which
demands that a large individual exposure may not exceed 25% of a credit institu-
tions own funds.'”' However, the internal limit system should set additional limits,
which are in line with the degree of risk taking that is accepted by the management
body. These limits can be based on the aforementioned measurement techniques.
Of course, a bank should also have arrangements in place, which actions shall be
taken if risk concentrations are detected that are problematic concerning the risk
policy or limit system (Principle 4). These actions will usually start with a more
detailed review of the concerned exposure. Furthermore, stress tests and scenario
analyses can be applied. Depending on the results of the analyses, several mitigat-
ing actions can be applied, which range from rather passive to active actions.
Possible consequences are the modification of concentration limits, the allocation
of additional internal capital, a transfer of credit risk to third parties, e.g. using
credit derivatives,'>? collateral, or guarantees, and an adjustment of new business
acquisitions in order to revert to a lower concentration level. Regardless of whether
risk concentrations were originally intended by the bank or not (as it may be the
case mentioned in Principle 4), the bank should assess an adequate amount of inter-
nal capital against their risk concentrations, which depends on the degree of con-
centration risk (Principle 5). In this context, the onus to demonstrate the adequacy
of internal capital will usually be greater for institutions with more concentrated
credit portfolios (see also Principle 11). Principles 611 describe a general guide-
line for supervisors and advise which actions should be taken during the Super-
visory Review Process under Pillar 2 regarding concentration risks.'”* Especially,
institutions will be required by supervisors “to show that their internal capital,
where considered necessary, is commensurate with the level of concentration
risk.”'>* This requirement illustrates that from a regulatory perspective the most
important issue is the adequate assessment of capital required in Principle 5.

139Some additional suggestions are given in CEBS (2006).

Slct, EU (2006), Title 5, Chap. 2, Sect. 5, Article 111.1 [Directive 2006/48/EC].

152 arge exposures will typically be transferred with credit default swaps (CDS), whereas con-
centrations in sectors or product lines will often be reduced with collateralized debt obligations
(CDO). For a short introduction to CDS, especially regarding modeling purposes, see Bluhm et al.
(2003). A description of CDOs and analyses of CDOs against the background of asymmetric
information between protection seller and protection buyer are given in Gtrtler et al. (2008b),
whereas Bluhm et al. (2003) as well as Bluhm and Overbeck (2007) present a good overview for
modeling CDOs.

153Cf. CEBS (2006).
1S4CEBS (2006), p. 2.
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The basis for a meaningful monitoring and management of concentration risk is
the proper measurement of these risks (for establishing a limit system, for deciding
on the quantity of credit derivative instruments, for allocation of internal capital
and so on). Against this background, the focus of this work will be the measurement
of concentration risk as well as the resulting assessment of the required capital
amount. When measuring concentration risk, it is important to notice the popular
different interpretations of concentration risk by banks and supervisors. While this
is generally unproblematic for internal policies, it is essential for the allocation of
additional capital against concentration risk. Banks often only look at one side of
concentration risk — the diversification effect. They argue that the Pillar 1 capital
requirement does not measure benefits from diversification. Therefore it is argued
that this framework is the non-diversified benchmark and thus the upper barrier for
the true capital requirement. On the contrary, supervisors interpret concentration
risk as “a positive or negative deviation from Pillar 1 minimum capital require-
ments derived by a framework that does not account explicitly for concentration
risk”.'> The latter perception is justified by the fact that the Pillar 1 capital rules
were calibrated on well-diversified portfolios with low name and low sector con-
centration risk.'>° Thus, if a portfolio is lowly diversified, the risk will be under-
estimated when using the Basel formula. Therefore additional capital is required to

Name well diversified portfolio
concentration

QO low diversified portfolio
high
[] very high diversified portfolio
O
@) Underestimation
of Risk
O
Good Approximation
L]
low
Overestimation
of Risk
L] _ Sector
low high concentration

Fig. 3.2 Accuracy of the Pillar 1 capital requirements considering risk concentrations

153See BCBS (2006), p. 7.
156Cf. BCBS (2006), p.14, and CEBS (2006), § 18.
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capture these types of concentration risk. However, if the portfolio is very highly
diversified, the Basel formula can overestimate the “true” risk. For well-diversified
portfolios, the Basel formula is a good approximation of the “true” risk. This
relation is highlighted in Fig. 3.2.

As noticed above, for a quantification of concentration risk there exist some
heuristic and some analytical approaches in the literature. Both will be presented in
the following sections.

3.4 Heuristic Approaches for the Measurement
of Concentration Risk

The most common heuristic approaches quantify concentration risk with the Gini
coefficient or the Herfindahl-Hirschmann Index.'>” In principle, both measures can
be applied to name concentrations and sector concentrations as well. For a descrip-
tion of the Gini coefficient it is helpful to introduce the Lorenz curve first. The
Lorenz curve is a graphical representation of the distribution of a variable z and
the degree of inequality of this variable. For discrete variables, the Lorenz curve is
the piecewise linear function connecting the points (x;,y;) with

1

; ; Zjn
X = — and Yi :Jin 5 (31)
n
2.7

Jj=1

where z;, is the order statistics of z, so that elements of z are sorted into an
increasing order.'”® Thus, y; is the relative amount of the i smallest elements of
z;, and x; is the relative amount of included elements. For example one point on the
Lorenz curve could show that the smallest 20% elements of a variable account for
5% of the total amount."”” If the elements are of equal size, the function is simply
y = x, which is called the “line of perfect equality”. The opposite, the “line of
perfect inequality” is a situation, where one element accounts for the total amount
of the variable so that y =0 for all x < 1 and y =1 if x = 1. Against the back-
ground of name concentrations, the variable z could be identified with credit
exposures. Thus, the Lorenz curve shows the cumulative share of exposures for

157Cf. Deutsche Bundesbank (2006), p. 40 ff., and BCBS (2006), p. 8 ff.
198Cf, Sect. 2.2.4.

9 . . . .
199A common example for the usage of the Lorenz curve is the concentration analysis of income
distributions.
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each cumulative share of credits.'® As the relative share of an exposure is defined
by the weight w;, the expression (3.1) simplifies to

X = ! and y;, = Z Wi (3.2)
n .
j=1

Fig. 3.3 exemplarily shows the Lorenz curve for credit exposures. The closer the
curve is to the diagonal line, the smaller are inequality and concentration of the
exposures.

The Lorenz curve is directly related to the Gini coefficient, which expresses the
degree of inequality in a single number between 0 (perfect equality) and 1 (perfect
inequality). As area A between the diagonal line and the Lorenz curve reflects the
degree of inequality, the Gini coefficient G is defined as twice this area so that the
area is transformed from A € [0, 0.5] to G € [0, 1]. The area under the Lorenz
curve can be calculated as a sum of trapezoids, leading to a Gini coefficient of
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Fig. 3.3 Lorenz curve for credit exposures

1601 many cases it makes sense to aggregate all credit exposures of one obligor to one exposure
before. E.g. in corporate portfolios a default is usually referred to the obligor such that all credits
are in default if the obligor is past due more than 90 days on any (material) credit obligation. On
the contrary, in retail portfolios the defaults can be handled on contract instead of obligor level. In
this case the credits can be handled separately.
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The advantage of the Lorenz curve and the Gini coefficient is that they can easily
be implemented and interpreted. However, there are several disadvantages that
delimit the benefit. One problem is that the results do not account for the number of
credits and therefore for no portfolio name concentration. For example, a poorly
diversified portfolio consisting of two credits with exposure weights w; = 0.3 and
w, = 0.7 has a Gini coefficient of G=1—(0.5-0.34+0.5-0.7) = 0.5 and the
corresponding Lorenz curve is defined by x; and y; from (3.2). A portfolio with
significantly lower name concentration could be constructed by dividing each of the
credits in 100 credits with equal weight, but this portfolio still has the identical
Lorenz curve and a Gini coefficient of G = 0.5 since the degree of inequality
remains identically. Thus, only individual name concentration can be expressed
by this method but no portfolio name concentration. Another problem is that no
correlation effects and no different portfolio qualities can be accounted for. Two
portfolios with identical exposure distributions but different correlation or PD
structures have the same Lorenz curve but different name concentrations.

The Lorenz curve and the Gini coefficient can also be applied to sector concen-
trations. For this purpose, the exposures of each industry sector or each geographi-
cal region could be aggregated so that the concentration regarding the exposure size
of sectors is measured. The problem that the number of sectors is not accounted for
is less problematic because the number of sectors is usually fixed for a single bank.
Even if the Lorenz curve is not comparable between different banks due to a
different sector definition, the variation of the Lorenz curve in time can be observed
for a single bank. However, the problem regarding correlation effects is very critical
for sector concentrations, as there is no chance to distinguish between a “diversifi-
cation” across highly dependent or marginally related sectors.

The Herfindahl-Hirschmann Index (HHI) is another measure, which is often
used for a quantification of concentrations. As already mentioned in Sect. 2.6, the
HHI is defined as the sum of squared weights of elements (exposures) and the
reciprocal is the effective number of elements (exposures):

n*

" 1
HHI = wi =—. (3.4)
i=1

In comparison to the Gini coefficient, the advantage of the HHI is that the
index accounts for the number of credits, which is relevant for portfolio name
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concentration. In the example above, the HHI is 0.58 for the two-credit-case and
0.0058 for the case of dividing each of these credits into 100 equal sized credits.
Moreover, there is a weak theoretical link between the HHI and name concentration
risk as a HHI of zero is a necessary condition for infinite granularity.'®" Hence, the
HHI seems to be a better measure of name concentration than the Gini coefficient.
As an ad-hoc measure of sector concentration the HHI faces the problems of
neglecting the correlation and PD structure, too. Thus, this index can only provide
a superficial estimate of sectoral concentrations.

Against this background, the mentioned heuristic approaches should only be
used for a rough impression of the degree of concentration in the portfolio and of
the variation of concentration in time. Since none of the methods is capable of
including correlation effects, which are a core element of concentration risk, and no
information about the capital requirement can be achieved, it appears necessary to
additionally measure concentration risk with more sophisticated, model-based
approaches.

3.5 Review of the Literature on Model-Based Approaches
of Concentration Risk Measurement

As noticed in Sect. 3.2, name concentrations can be divided into individual name
concentrations and portfolio name concentrations. The latter type of name con-
centrations can be analytically approximated with the so-called granularity
adjustment. The idea of the adjustment is based on Gordy (2001), who finds that
the add-on for undiversified risk is almost linear in terms of the reciprocal of the
number of credits 1/n and estimates the slope of the term by simulation based on
the CreditRisk™ model. Wilde (2001) derives the granularity adjustment formula
analytically by linear approximations around the VaR resulting from the ASRF
model. He shows that the formula implemented in the second consultative paper
(CP2) of Basel II only leads to convincing results in a CreditRisk* model but
differs from the theoretically derived results when the adjustment formula is
calibrated consistent with the Vasicek model. The adjustment formula has been
improved by Pykhtin and Dev (2002) so that it is valid for a broader range of PDs.
Gordy (2003) generalizes the adjustment formula and numerically analyzes the
accuracy of the granularity adjustment when applied to the CreditRisk* model
for several portfolios. Martin and Wilde (2002), Rau-Bredow (2002) and Gordy
(2004) obtain the granularity adjustment using a more straightforward approach
on the basis of a Taylor series expansion, applying the results of Gouriéroux et al.
(2000) for the first two derivatives of the VaR. Using higher derivatives of VaR
derived by Wilde (2003), Giirtler et al. (2008a) extend the adjustment to terms of

181t (2.86).



3.5 Review of the Literature on Model-Based Approaches 71

higher order to improve the accuracy. Furthermore, they numerically analyze the
impact of unsystematic credit risk and the accuracy of the granularity adjustment
when applied to the Vasicek model in detail. While these articles use the VaR as
the risk measure, Pykhtin (2004) and Rau-Bredow (2005) derive the granularity
adjustment for the case of ES being the relevant risk measure. An approach
related to Wilde (2001) is the granularity adjustment from Gordy and
Liitkebohmert (2007). Their formulas need less data than the original granularity
adjustment but are based on the CreditRisk™ model and not on the Vasicek model,
which the IRB Approach is based on. In contrast to these approaches, Emmer and
Tasche (2005) refer to individual name concentrations. They assume that one
single obligor accounts for a significant share of the overall portfolio, while
the rest of the portfolio remains infinitely granular. That is why it is called a
semi-asymptotic approach.

There also exist a few analytic and semi-analytic approaches that account for
sector concentrations. One rigorous analytical approach is Pykhtin (2004), which is
based on a similar principle as in Martin and Wilde (2002), expanding the Taylor
series expansion to a multi-factor context. This multi-factor adjustment is applied to
both the VaR and the ES. An alternative is the semi-analytic model from Cespedes
et al. (2006). The authors determine a formula that transforms the VaR of the IRB
Approach into a multi-factor approximation of the VaR through a complex numeri-
cal mapping procedure. Diillmann (2006) extends the binomial extension technique
(BET) model from Moody’s by incorporating the “infection probability” of Davis
and Lo (2001). This additional parameter has been calibrated in a way that the VaR
of a multi-factor model is approximated. Based on the principles of Emmer and
Tasche (2005), Tasche (2006b) suggests an extension of the ASRF framework
towards an asymptotic multi-risk-factor setting. Some numerical work on the per-
formance of the Pykhtin model has been done by Diillmann and Masschelein
(2007). Furthermore, Dillmann (2007) presents a first comparison of different
approaches on sector concentration risk. Gurtler et al. (2010) adjust the models of
Pykhtin (2004) and Cespedes et al. (2006) to be consistent with the IRB Approach.
Furthermore, they compare the performance of the models on the basis of a
simulation study.

One of the first contributions to the literature that models credit contagion is
Davis and Lo (2001). In their model, the authors distinguish between direct defaults
and indirect defaults, which occur through an infection from directly defaulting
firms. Hammarlid (2004) shows how independent sectors can be aggregated within
the model of Davis and Lo (2001). Giesecke and Weber (2006) model the proba-
bility of financial distress depending on the number of financially distressed busi-
ness partners in a reduced-form model. However, these contributions assume
homogeneous credits — for Hammarlid (2004) at least inside the independent
sectors — and a symmetric dependence structure. Neu and Kiithn (2004) and Egloff
et al. (2007) allow for more realistic credit portfolios consisting of credits with
heterogeneous characteristics and asymmetric dependence structures but the com-
putation of loss distributions needs Monte Carlo simulations. Neu and Kiihn (2004)
is based on a multi-factor default-mode model. The authors add a term to the
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individual asset return that leads to an increased PD if connected firms are in
financial distress and to a decreased PD if competitors default. Egloff et al.
(2007) extend a multi-factor model, which allows for rating migrations, with
asymmetric microstructural dependencies. In contrast to Neu and Kiihn (2004),
there is no additional term in the asset return but the idiosyncratic component is
divided into a “true” unsystematic fraction and a fraction that is influenced by
defaults of related firms.



Chapter 4
Model-Based Measurement of Name
Concentration Risk in Credit Portfolios

4.1 Fundamentals and Research Questions on Name
Concentration Risk

As described in Sect. 2.6, name concentration risk arises if the idiosyncratic risk
cannot be diversified away, which concurrently means that assumption (A) of the
ASRF model, the infinite granularity, does not hold. However, a violation of (A)
does not have to lead to the fact that the ASRF framework cannot be used at all for
credit risk quantification. Nonetheless, the consequences of the violation have to be
considered, i.e. the existence of name concentration risk. This issue is not only a
problem that should be accounted for in credit risk management when dealing with
analytical models, but it is also critical for supervisory capital measurement in
banks.'®” This raises the following question: Does assumption (A) of the IRB-
model under Pillar 1 generally hold for our portfolio or do we have to quantify name
concentration risk for Pillar 2?

Emmer and Tasche (2005) show that the underestimation of individual name
concentrations can have a significant impact, especially if the exposure weight of
a single credit is higher than 2%. Due to the limits on large exposures in the European
Union, the exposure to a client may not exceed 25% of a credit institution’s own
funds.'®? Consequently, a weight of 2% (of total funds) can only be exceeded if (1)
more than 8% of a credit institution’s capital are own funds and (2) the large exposure
limit is reached. This shows that idiosyncratic name concentrations usually should
not be problematic if the large exposure rules are effective. Similarly it could be
quantified whether portfolio name concentration has a significant impact on the risk
of the portfolio. In this context, it would be interesting to know which characteristics
a real-world bank portfolio should fulfill in order to get a sufficient approximation

162 Another solution to the problem of the violation of assumption (A) or (B) might be to cancel risk

quantification under the IRB Approach and use internal models. However, this solution is not
designated in Basel II.
'9Cf. Sect. 3.2.

M. Hibbeln, Risk Management in Credit Portfolios, Contributions to Economics, 73
DOI 10.1007/978-3-7908-2607-4_4, © Springer-Verlag Berlin Heidelberg 2010
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of the “true” risk even if name concentrations are not explicitly measured. These
characteristics should be determined in a way that the accuracy of the ASRF
framework can be easily assessed for a broad range of credit portfolios. If the desired
accuracy cannot be achieved using the ASRF model, the VaR of the portfolio could
be approximated using the granularity adjustment formula. However, since this
formula does not provide an exact solution but an approximation of the risk stemming
from portfolio name concentration, it is important to know for which types of credit
portfolios the adjustment formula shows an adequate performance. Unfortunately, the
existing literature concerning name concentration risk does not answer these ques-
tions sufficiently.'® Against this background, the following important tasks regard-
ing name concentrations will be analyzed in this chapter:

e In which cases are the assumptions of the ASRF framework model critical
concerning the credit portfolio size?

e In which cases are currently discussed adjustments for the VaR-measurement
able to overcome the shortcomings of the ASRF model?

The answers to both questions would be available if the minimum number of
loans, which is necessary to fulfill the granularity assumption (A) with a required
accuracy, were known. For this purpose, it could be demanded that the analytically
determined VaR and the true VaR using the binomial model of Vasicek shall differ at
maximum 5%.'®> Against this background, firstly, the formulas for the (first-order)
granularity adjustment will be derived.'®® As the granularity adjustment itself is an
asymptotic result, it can be seen as an approximation for medium grained portfolios.
Thus, the existent framework will be extended in form of a second-order granularity
adjustment in order to account for small sized portfolios.'®” The possibility of such
an extension was already mentioned by Gordy (2004) but neither derived nor tested

164Gordy (2003) comes to the conclusion that the granularity adjustment works fine for risk
buckets of more than 200 loans considering low credit quality buckets and for more than 1,000
loans for high credit quality buckets. However, he uses the CreditRisk* framework from Credit
Suisse Financial Products (1997) and not the Vasicek model that builds the basis of Basel II, and he

does not analyze the effect of different correlation factors as they are assumed in Basel II.

165This question is also interesting when analyzing the Basel II formula because the designated

add-on factor for the potential violation of assumption (A) was cancelled from the second
consultative document to the third consultative document; see BCBS (2001a, 2003a). Thus, we
only prove under which conditions the assumption (A) of the Vasicek model is fulfilled. Of course,
this model may suffer from other assumptions like the distributional assumption of standardized
returns. However, since we would only like to address the topic of concentration risk, our focus
should be reasonable. Additionally, the distributional assumptions seem not to have a deep impact
on the measured VaR; see Koyluoglu and Hickman (1998a, b), Gordy (2000) or Hamerle and
Rosch (20054, b, 2006).

166yilde (2001) calls this “the granularity adjustment to first order in the unsystematic variance”.
1"This procedure can be motivated by the fact that for market risk quantification of nonlinear
exposures two factors of the Taylor series (fist and second order) are common to achieve a higher
accuracy; see e.g. Crouhy et al. (2001) or Jorion (2001). This might be appropriate for credit risk as
well. Furthermore, the higher order derivatives of VaR given by Wilde (2003) make it possible to
systematically derive such a formula.
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so far. Secondly, the minimum number of loans in a portfolio will be inferred
numerically using two definitions of accuracy in order to enhance the theoretical
background with concrete facts on critical portfolio sizes.'®® This could give an
advice which sub-portfolios have significant risk concentrations and thus should be
controlled on credit portfolio and not on individual credit level. In the first analyses it
will be focused on homogeneous credit portfolios, i.e. each borrower has an identical
PD as well as an identical EAD and LGD. Furthermore, the granularity adjustment
of an inhomogeneous portfolio will be examined on the basis of Monte Carlo
simulations as well. These analyses contribute to the explanation of differences
between simulated and analytically determined solutions to credit portfolio risk as
well as between Basel II capital requirements for Pillar 2 with respect to Pillar 1.’

Although it could be shown that the non-coherency of the VaR is not relevant for
the ASRF model, this result does not hold anymore if the assumption of infinite
granularity is not fulfilled. Thus, in Sect. 4.3 the derivation of the granularity
adjustment and the aforementioned numerical analyses will be performed for the
ES as well. In addition, the performance of the ES-based granularity adjustment
will be tested for portfolios with stochastic LGDs. Beside the theoretical advantages
of the ES, the results of the numerical study demonstrate that the granularity
adjustment generates better approximations for the ES than for the VaR. Moreover,
even if stochastic LGDs are included as an additional source of uncertainty, the
accuracy of the adjustment formula is very high.

4.2 Measurement of Name Concentration Using the Risk
Measure Value at Risk'”’

4.2.1 Considering Name Concentration with the Granularity
Adjustment

4.2.1.1 First-Order Granularity Adjustment for One-Factor Models

The principle of incorporating the effect of the portfolio size in a one-factor model
is very simple. As a first step, it is assumed that the portfolio is infinitely fine

'8The Basel Committee on Banking Supervision already stated that in principle the effect of

portfolio size on credit risk is well understood but lacks practical analyses; see BCBS (2005b).
19 Additionally, this study makes contribution to the ongoing research on analyzing differences
between Basel II capital requirements and banks internal “true” risk capital measurement
approaches. Since the harmonization of the regulatory capital requirements and the perceived
risk capital of banks internal estimates for portfolio credit risk is often stated as the major benefit of
Basel 11, see e.g. Hahn (2005), p. 127, but often not observed in practice, this task might be of
relevance in the future.

79The main results of this section comply with Giirtler et al. (2008a).
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grained and the VaR can be determined under the ASRF framework. However, an
add-on factor is constructed, which accounts for the finite size of the portfolio and
converges to zero if assumption (A) of infinite granularity is (nearly) met. This
factor can be determined in form of the first element different from zero that results
from a Taylor series expansion of the VaR around the ASRF solution. An alterna-
tive approach is to evaluate the unintentional shift of the confidence level due to the
negligence of granularity and to transform the result into a shift of the loss quantile.
The approximation is based on some linearizations around the systematic loss.
Hence, both approaches rely on the proximity of the true VaR and the VaR under
the ASRF framework. As the implementation of the Taylor series expansion is more
straightforward, the following explanations are referred to this approach. The
pioneer work on the granularity adjustment of Wilde (2001), which relies on the
other approach mentioned, is presented in Appendix 4.5.1.

In order to perform the Taylor series expansion, the portfolio loss will be
subdivided into a systematic and an unsystematic part, i.e.

L=E(L|X)+[L-E(L|%)] =Y+ iZ (4.1)

Thus, the first term E(L | %) =: ¥ describes the systematic part of the portfolio
loss that can be expressed as the expected loss conditional on X (see also (2.85)).
The second term L — E(L | ¥) =: /Z of (4.1) stands for the unsystematic part of the
portfolio loss, which results from the idiosyncratic risk. Therefore, Z describes the
general idiosyncratic component and A decides on the fraction of the idiosyncratic
risk that stays in the portfolio. Obviously, 4 tends to zero if the number of obligors n
converges to infinity, since this fraction (of the idiosyncratic risk) vanishes if
granularity assumption (A) from Sect. 2.6 holds. However, for a granularity adjust-
ment we claim that the portfolio is only “nearly” infinitely granular and thus A is just
close to but exceeds zero. In order to incorporate the idiosyncratic part of the
portfolio loss into the VaR-formula, we perform a Taylor series expansion around
the systematic loss at . = 0. We get

VaR,(L) = VaR, (Y + iZ)

dVaR,(Y + IZ)
dJ.

/12
2!

d*VaR,(Y + iZ)

= VaR,(Y) + A
a <)+ diz

et (4.2)

m! "

a [dm\/aRa (Y +2)

=0

Thus, the first term describes the systematic part of the VaR and all other terms
add an additional fraction to the VaR due to the undiversified idiosyncratic compo-
nent. If the Taylor series expansion is formed up to the quadratic term, the first two
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derivatives of VaR are needed. According to Gouriéroux et al. (2000), the first

and second derivative of VaR are given as'’'
dvaR, (Y + iZ S .
% — E[Z|¥ = q,(¥)], 4.3)
=0
d*VaR, (Y + 1Z) 1 d(f()V[ZIY D “44)
— —— =y ; .
d?l e )y v=4.(7)

with fy(y) being the probability density function of Y. Concurrently, the first
derivative of VaR equals zero'”*:

E(Z|V) =3 E(L~E(L|9)|¥) =3 B(L|7) — 3 BE|T) =0, @5

N

so that the second derivative is the first relevant element underlying the granu-
larity adjustment. With

2 -V[Z|Y]|=V[Z|Y]=V[L-Y|Y|=V[L|Y], (4.6)

the quadratic term of the Taylor series expansion (4.2) results in

o)

=)

2 -
Ah=3<7im%@®VVW=ﬂ)

[

d

=75 (W) VIL|Y 4.7)

y=a:(Y)

As the conditional expectation ¥ = E(L | %) is continuous and strictly mono-
tonously decreasing in x, the probability density function fy(y) can be transformed
173
Into

L) _ fi(x) fi(x)

WO) = fyjad = " dyjix = TIE@L )= %)

(4.8)

171See Appendix 4.5.2.

"This is valid because the added risk of the portfolio is unsystematic; see Martin and Wilde
(2002) for further explanations.

173See Appendix 4.5.3.
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Furthermore, using (4.8) and'”

Y =q,(Y)
S E(L|%) =q.(E(L|X))
SE(L|%) =E(L]q1-4(%))
& X =q1-.(%), (4.9)

the true quantile of a granular portfolio VaRff) can be approximated by the Taylor
series expansion up to the quadratic term, which leads to the following formula for
the VaR including the granularity adjustment Al,:

Vngn) ~ VaRgASRF) + All — VaR;llerderAdj.)
. 1 () V [ | x]
with Al; = -
T2 d ( E[|T=1]

This corresponds to the result of Wilde (2001) and Rau-Bredow (2002). Thus,
the VaR figure of the infinitely fine grained portfolio is adjusted by an additional
term, that is the first term different from zero of the Taylor series expansion (4.2). In
contrast to the ASRF solution, which relies on the conditional expectation only, the
granularity adjustment takes the conditional variance of the portfolio loss into
account. In the following, the expression above will be called the ASRF solution
with first-order (granularity) adjustment.

A more detailed analysis of (4.10) will show that the granularity adjustment is
a term of order O(1/n"), or for homogeneous portfolios simply O(1/n)."”> For this
purpose, the conditional expectation and variance will be looked at. Due to the
conditional independence of the credit events and due to the restriction of the

(4.10)

x=q1-4(%

individual loss rate (LGD; - l{é,}) to [—1, 1] for all i € {1, ..., n}, there exists a
finite number V*(x) < 1 such that

n

V(L|%=x) :V(Zwi-L/Gval{[;’_}pZ:x) :Zwiz-V(L/GvDi« 1{15,}\)2:)()

i=1

:Zw,-2~V*(x):V*(x)~Zw,-2:V*(x)'%. (4.11)
=1 =1

174Cf. the identity 2.90.

75The notation n* refers to the effective number of credits as introduced in (2.87).
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Under the same conditions there also exists a finite number E*(x) < 1 such that

:E*(x)-i:wizE*(x). (4.12)

Using these expressions, the granularity add-on A/, from (4.10) can be written as

Al — 11 i(fx(x)V*(x)> :O(ni*)' @.13)

n* 2f(x) dx \ LE*(x)

This shows that the granularity adjustment is linear in terms of 1/x", so that in a
homogeneous portfolio the add-on for undiversified idiosyncratic risk is halved if
the number of credits is doubled. This corresponds to the heuristic approach of
Gordy (2001), who presumed that the add-on is constant in terms of 1/n and
estimated the slope of this term by simulation. At the same time it has to be stated
that neglecting the additional terms of the Taylor series expansion, which are at
least of order O(1/n%) in the homogeneous case,'’® implies that all higher moments
like the conditional skewness and kurtosis are ignored. This can be made clear by
expressing the higher conditional moments about the mean 7),, similar to (4.11) and
(4.12) as'”’

X:(Il—ﬁc(})

N (L] =x) = izn;w,-’” : nm(L?;f)f : 1{ﬁi}|;z:x) — 1, () - lzn;wim
o () - (2

~o(). @14)

with some finite numbers 7,,*(x) < 1 and 0 <a < EAD; < b for all i. If higher
moments like the conditional skewness shall be considered for the granularity
adjustment, too, it would be necessary to include additional elements of the Taylor
series expansion. This will be done in the subsequent Sect. 4.2.1.3, but beforehand,
the first-order granularity adjustment will be applied to the Vasicek model.

n
!7The equivalent term for heterogeneous portfolios is O (Z w3).
i=1

""The mth moment of a random variable X about the mean 7,(X) is defined as
7,(X) := E([X — E(X)]™); cf. Abramowitz and Stegun (1972), 26.1.6.
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4.2.1.2 First-Order Granularity Adjustment for the Vasicek Model

Formula (4.10) is the general result of the granularity adjustment for one-factor
models, which could be applied to different models. The application to the one-
factor version of CreditRisk* is demonstrated in Wilde (2001). In the following, the
granularity add-on will be specified for the Vasicek model. Thus, the conditional
probability of default is assumed to be given by

pilx) = @(q)l(P\l/)%):.p_‘[/p—" : x) (4.15)

and the systematic factor f,(x) = ¢ is standard normally distributed. For ease of
notation, the mth moment of some random variable X about the origin will be
denoted by p,,(X) := E(X"), and the mth conditional moment of the portfolio loss
about the origin will be indicated by

e =t (L] X = x). (4.16)

As noticed beforg, the mth~ moment of a random variable X about the mean is
represented by 7,,(X) := E([X — E(X)]"™), and the mth conditional moment of the
portfolio loss about the mean will be denoted by

Ne °= T (L] X = X). (4.17)
Using this notation, the conditional expectation and the conditional variance

are indicated by ;. and 7, ., respectively, and the granularity adjustment (4.10)
can be expressed as

1 d PThe
Aly = = 5=~ | —— -
2 dx d,ul,c/dx x=0"!(1—a)

_ l X The . dn2.c/dx e dz:ul,(‘/dxz
2 d:ul,c/dx d/’tl,(,'/dx (d,ulv(,/dx)z

(4.18)

x=0"'(1—2)

Thus, the first and second derivatives of the conditional expectation as well
as the first derivative of the conditional variance have to be determined. For this
purpose, it will be assumed that the LGDs are stochastically independent of each

178Cf. Appendix 4.5.4.
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other.'”” Furthermore, the expectation and variance of LGD will be denoted by

ELGD and VLGD, respectively. The required moments are given as'®
=Y w;-ELGD; - pi(x), (4.19)
i—1
n
e =Y _wi-[(ELGD} + VLGD;) - pi(x) — ELGD} - p}(x)]. (4.20)
i=1
Thus, the needed derivatives are given as
dul ¢ . d(Pz(x))
< = .- ELGD; - ——=222 421
dx IZZI " dx ( )
Py &> (pi(x))
== i+ ELGD; - ————=| 4.22
dx? ; " dx? (4.22)
dhe N~ o 2 d(pi(x)) , d(pi(x))
— = -« |(ELGD; + VLGD;) - ——— — ELGD; - ——~|. (4.23
dx ;Wl ( i ) dx ! dx (4.23)

According to this, the first two derivatives of p;(x) as well as the first derivative
of p;?(x) have to be determined. Using the notation

-1 N .
pil) = (=), with z, = 2 PPN VP (4.24)

V1=p;

we obtain

""This assumption can be critical for real-world portfolios. Especially, it is often assumed in
ongoing research on credit portfolio modeling that the LGD is dependent on the systematic factor.
However, the granularity adjustment formula would complicate significantly as neither the ELGD
nor the VLGD could be treated as constant for the derivatives. Against this background, this
assumption will be retained for the derivation.

180¢t, Appendix 4.5.4. Pykhtin and Dev (2002) corrected the formulas of Wilde (2001), who
neglected the last term of the following conditional variance.
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2(y -
dpit) _ % (D(z))* = -2 VP () - o(z). (4.27)

dx 1 —=p;

Formulas (4.21)-(4.27) have to be inserted into (4.18) to get the granularity
adjustment. This leads to the following expression for the first-order granularity
adjustment for heterogeneous portfolios in the Vasicek model:

n

S w?[(ELGD? + VLGD;)®(z;) — ELGD?®*(z;)]

Al = y
ELGD; —2— - o(z;
i:le GDi == (i)

n 2 2 N\ Vi N 2 P . _
i:ZIWi [(ELGDi—l-VLGDl) \/me(z,) 2ELGD? m@,(z,)gp(z,)

Z W,‘ELGD i

i=1

VP (s

s o(zi)

— > w;[(ELGD} + VLGD;)®(z;) — ELGD} @ (z;)]
i=1

n

> wiELGD; % s z¢0(z;)
= . (4.28)

. 2
(lZWIELGD NET “D(Z’)> 0 ) )
Zj— M

For homogeneous portfolios, this formula can be simplified to'®’

AL — 1 (ELGD? + VLGD [®(z) @ '(a)(1 —2p) + @ ' (PD)/p .
1‘E< ELGD [@ VVT=p ‘]
O (@)(1 - 2p) + @ (PD) /7
—ELGD - ®(2) [(z) \/ﬁm —2:|> .
N
(4.29)

which is the formula presented by Pykhtin and Dev (2002).

4.2.1.3 Second-Order Granularity Adjustment for One-Factor Models

Recalling the discussion of the first-order granularity adjustment, the ASRF solu-
tion might only lead to good approximations if term (4.28) of order O(1/n) is close

81Cf. Appendix 4.5.5.
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to zero, whereas the ASRF solution including the first-order granularity adjustment
might only be sufficient if the terms of order O(1/n%) vanish. For medium sized risk
buckets this might be true, but if the number of credits in the portfolio is getting
considerably small, an additional factor might be appropriate. Particularly, the
mentioned granularity adjustment is linear in 1/n and this might not hold for
small portfolios. Indeed, Gordy (2003) shows by simulation that the portfolio
loss seems to follow a concave function and therefore adjustment (4.28) would
slightly overshoot the theoretically optimal add-on for smaller portfolios.'®? An
explanation of the described behavior is that the first-order adjustment only takes
the conditional variance into account whereas higher conditional moments, which
result from higher order terms, are ignored. As noticed in Sect. 4.1, additional
elements of the Taylor series expansion (4.2) will be calculated in the following
with the intention to improve the adjustment for small portfolio sizes. Hence, all
elements of order O( 1/n2) will be taken into account, and thus the error will be
reduced to O(1 /n3).183 This newly derived formula will be called the second-order
granularity adjustment. The resulting ASRF solution including the first and the
second-order granularity adjustment A/, is

VaRilSt+2nd Order Adj.) — VaRg(ASRF) + All _|_A12, (430)

where Al, represents the O(1/n*) elements of (4.2).

In order to calculate these elements, higher derivatives of VaR are required.
Referring to Wilde (2003), a formula for all derivatives of VaR is derived in
Appendix 4.5.6. Having a closer look at the derivatives of VaR, the fourth and a part
of the fifth element of the Taylor series are identified to be relevant for the O(1 /n2)
terms.'®* Thus, the third and the fourth derivative of VaR are required. As shown in
Appendix 4.5.7, the rather complex result for all derivatives can be simplified for
the first five derivatives (m = 1, 2, ..., 5) of VaR to

0"VaR, (f + )Z)
or"

_(_1\"[ _ 1 dmil(lum(ZwYN:y) Y(y))
A:O_( ) ( fy@))[ dym-!

) d( L dm(ZIY =))fr() d" > (tna(Z]Y =) Y(y))ﬂ
Y y=q,(Y)

@ ) dy dym—3

(4.31)

with k(1) = k(2) =0, k(3) =1, x(4) =3, and x(5) = 10.

"¥2Gordy (2003) observes the concavity of the granularity add-on for a high-quality portfolio
(A-rated) up to a portfolio size of 1,000 debtors.

183Gee Gordy (2004), p. 112, footnote 5, for a similar suggestion.
1845ee Appendix 4.5.8 for details regarding the order of these elements.
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Using the third and the fourth derivative of VaR and due to'®
217 =),y = L1 =3 ) = a0y 43D)

as well as 1, (y) = 0, the elements of order O(1 /n?) of the Taylor series expansion
(4.2) are given as

(-1 LN\ [Es0A)  d (1 dm ()
A= ( fy(y)ﬂ dy? dy (fy(y) dy (m(y)Y(y)))}

o ) P e s

y=4:(Y)
1 1 4 1 3 d 1 d 2
_ gm W[%(y) Y ()] +ﬁfy(y) 5 [fym (d_y [172(») Y()’)]) ‘| y:%(i).
(4.33)

Recalling  that . = f,( (L|x=x), fr(y)=— gyﬁv (see (4.8)), and
nm(y)|} =q,(Y ) nm(L | Y qa( )) (L | X = 1*1()2)) = nm,"|x:q1,1(i) (Cf (49)
and (4.32)), Al, can be written as

> 7 6f, dx \dy dy/dx 8fx dx fe dx dy dy/dx
_ 1 d 1 d 773.,cf:'c
6f, dx dpy o/ dx dx dpy /dx

2
1 d 1 1 d Up) (:f):
8f, dx |fe & | dn, 434
i Sf" dx f* dlul,c/dx <dx |ﬂM¢/dX]> ? (4.34)

-\’:61171(5')

xX=q1-4(¥)

which is our general result for the second-order granularity adjustment. Having a
closer look at (4.34), it can be seen that the second-order adjustment takes a squared
term of the conditional variance as well as the conditional skewness into account, '%®
which are both of order O(1/n?)."%’

'83Cf. (4.236) of Appendix 4.5.8.

'8precisely, the element 73 - is the third conditional moment centered about the mean whereas the
conditional skewness is the “normalized” third moment, defined as the third conditional moment
about the mean divided by the conditional standard deviation to the power of three.

87CE. (4.14).



4.2 Measurement of Name Concentration Using the Risk Measure Value at Risk 85
4.2.1.4 Second-Order Granularity Adjustment for the Vasicek Model

Similar to Sect. 4.2.1.2, we specify our general result of the second-order granular-
ity adjustment for the Vasicek model with

pi(x) = @ (q)_l (Pji)—;p\,./ﬁ : x) (4.35)

and a standard normally distributed systematic factor, leading to f, = ¢ and
q1-4(¥) = @ '(1 — a). As derived in Appendix 4.5.9 under the assumption of
a standard normally distributed systematic factor, the second-order granularity
adjustment is equivalent to

N 1 . By Jdd 3x(dPuyJdd)  3(dPu)dd)’
= | X —1- :
’ 6(dpy o /dx)’ ™, dpy . /dx dpy o /dx (dpy o)
d i 2 . 2 2 .
LA [, 3(@m/dR)) | dins
dx dpy . /dx dx?

o du, . /dx dx

d3,ul"(,/dx3 B (dz,ul‘c/dxz)2
dpy o /dx (duu/dx)z

2
dzﬂL,c/dXz] +d772,c>

1 d*p, . /dx*
PR S | (ST Y
8(du ./ dx) dp, o /dx
dz:ul c/dxz an c
2 . : - .
' ("2" | J\™

dn, . A’ Jdx* | dn,,
+ﬂ2, [x—&- #1,/ ]_ m,

dx dpy . /dx dx?

1+

x=0"!(1-x)
(4.36)

As can be seen from (4.36), A, is a function of y, ., 7, ., and 7; .. According to
(4.19), (4.20), and (4.264),"®® these moments are given as
w; - ELGD; - pi(x), (4.37)

Hie =
i=1

n
e = Z w? - [(ELGD} + VLGD;) - p;(x) — ELGD} - p?(x)], (4.38)
i=1

1885ee Appendix 4.5.10.
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M = Z w; [(ELGD} + 3 - ELGD; - VLGD; + SLGD) - p;(x)

i=1
—3 - (ELGD; + ELGD; - VLGD;) - pi(x) +2 - ELGD; - p} (x)],  (4.39)

with SLGD := 1 (L%) The conditional PD from (4.35) can be written as

o~ (PD; .
pi(x) =®(z), withz; = © (PD) si-x and s = L (4.40)

V1=pi V1=p

Using this notation and having a closer look at (4.36) and the conditional
moments, we find that the following derivatives are needed

d(pi(x)) = —s; - o(z1), (4.41)
dx
dZ(Z;Sx)) =z @), (4.42)
T - o) (2 -1), @43
W) 00 ol 444)
2 (12 X
d (d;2( ) 5. 2 0(z) - [olz) — B(z) - 1, (4.45)
W) 502 o), (4.46)
2 (143 ¥
. (Z;z( ) _ 357 @z) - p(z) 20 ¢(z) — Oz) - zi]. (4.47)

Finally, we just have to use (4.37)—(4.47) in order to determine the second-order
adjustment formula (4.36). The resulting expression can easily be calculated
with standard computer applications without the need to aggregate the terms to a
single formula. Thus, we have achived our aim to derive a formula that takes the
conditional skewness into account and reduces the error to O(> w*) or to O(1/n°)

. . =1 .
for homogeneous portfolios. This can best be seen for homogéneous portfolios for
the special case that the gross loss rates are modeled:

Al [( = 145" + 3wz + 25°2%) (© — 30% + 20°)

= 6125202
+ 5p(2x + 3s2) (1 — 60 + 60%) —s>p(z — 6z — ] + 6D[Dz — 2¢])]
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1
833
+2([® — O] [x + 52] + s90[1 — 2D])

([@ — @*][1 = 5] — sl = 20][x + 52] + s*p[z + 2(p — D2)])],  (4.48)

[(—x = 3s2) ([® — %] [—x — s2] — sp[1 — 200])°

With(I):(I)(z),@z@(z),z:(pil(m)*‘/p'x,s: \/‘i ,and x = @7'(1 — o).

\/1-p 1-p
Even if the formulas appear quite complex, both adjustments are easy to

implement, fast to compute and we do not have to run Monte Carlo simulations
and thereby avoid simulation noise.

4.2.2 Numerical Analysis of the VaR-Based Granularity
Adjustment

4.2.2.1 Impact on the Portfolio-Quantile

As mentioned in Sect. 4.1, there is no concrete analysis in the literature for which
type of credit portfolios the impact of portfolio name concentrations is negligible.
Instead, we only essentially know that a (homogeneous) portfolio consisting of a
higher number of credits incorporates less name concentration risk or that name
concentrations can account for round about 13-21% additional risk if the portfolio
is highly concentrated.'® Moreover, we do not know how good the first-order or the
second-order granularity adjustment formulas work for different portfolio types.
Against this background, subsequently the accuracy of the ASRF formula, the first-
order, and the second-order granularity adjustment will be analyzed.

At first, we discuss the general behavior of the four procedures for risk quanti-
fication of homogeneous portfolios presented in Sects. 2.5, 2.6, 2.7, 4.2.1.2, and
4.2.1.4, which are

(a) The numerically “exact” coarse grained solution (see (2.75))

(b) The fine grained ASRF solution (see (2.97))

(c) The ASRF solution with first-order adjustment (see (4.10) and (4.29))

(d) The ASRF solution with first- and second-order adjustments (see (4.30)
and (4.48))

each applying the conditional probability of default (2.66) of the Vasicek model.
For the comparison, we evaluate the portfolio loss distribution of a simple portfolio

189Cf. BCBS (2006), p. 10.
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that consists of 40 credits, each with a probability of default of PD = 1% and a
loss given default of LGD = 1. The correlation parameter is set to p = 20%.'"°
Using these parameters, we calculate the loss distribution using the “exact” solution
(a) as well as the approximations (b) to (d). The results are shown in Fig. 4.1 for
portfolio losses up to 30 % (12 credits) and the corresponding quantiles (of the
loss distribution) starting at o = 0.7. See Fig. 4.2 for the region of high quantiles
o > 0.994, which are of special interest in a VaR-framework for credit risk with
high confidence levels.

It is obvious to see that the coarse grained solution (a) is not continuous since the
distribution of defaults is a discrete binomial mixture whereas all other solutions (b)
to (d) are “smooth” functions. This is caused by the fact that these approximations
for the loss distribution assume an infinitely granular portfolio, i.e. the loss distri-
bution is monotonous increasing and differentiable (solution (b)), or at least are
derived from such an idealized portfolio ((c) and (d)).

Now, we examine the result for the VaR-figures at confidence levels 0.995 and
0.999. Using the exact, discrete solution (a), the VaR is 12.5% (or 5 credits) for the
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Fig. 4.1 Value at Risk for a wide range of probabilities

19%9The chosen portfolio exhibits high unsystematic risk and therefore serves as a good example in
order to explain the differences of the four solutions. However, we evaluated several portfolios and
basically, the results do not differ. Additionally, we claim that the general statements can also be
applied to heterogeneous portfolios.
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0.999

0.998

0.997

Confidence Level

0.996 |-

0.995 ool Coarse Grained H
: II ————— Fine Grained

———= Granularity Adjustment 1st Order
--------- Granularity Adjustment 1st + 2nd Order

0.994 N 1 1 1 1 T T T T
10 12 14 16 18 20 22 24 26 28 30

Portfolio Loss in %

Fig. 4.2 Value at Risk for high confidence levels

0.995 quantile and 17.5% (or 7 credits) for the 0.999 quantile. Compared to this, the
ASREF solution (b) exhibits significant lower losses at these confidence levels,
which are 9.46% for the 0.995 quantile and 14.55% for the 0.999 quantile. Obvi-
ously, the ASRF solution underestimates the portfolio loss, since it does not take
(additional) concentration risks into account. If we add the first order adjustment
(c), the VaR figures increase compared to the ASRF solution (b) with values
12.55% for the 0.995 quantile and 18.59% for the 0.999 quantile. Both values are
good proxies for the “true” solution (a). Especially the VaR at 0.995 confidence
level is nearly exact (12.55% compared to 12.5%). However, (c) seems to be a
conservative measure, since the VaR is positively biased.

Using the additional second-order adjustment (d), the VaR is lowered to
12.12% for the 0.995 quantile and 17.48% for the 0.999 quantile. In this case,
the VaR at 0.999 confidence level is nearly exact (17.48% compared to 17.5%).
Nonetheless, (d) is likely to be a progressive approximation for the “exact”
solution (a), since the VaR is negatively biased. Summing up these first results
(see also Figs. 4.1 and 4.2), using the ASRF solution (b), the portfolio distribu-
tions shift to lower losses for the VaR compared to the “exact” solution (a), since
an infinitely high number of credits is presumed. Precisely, the idiosyncratic risk
is diversified completely, resulting in a lower portfolio loss at high confidence
levels. If the first order granularity adjustment (c) is incorporated, this effect is
weakened and especially for the relevant high confidence levels the portfolio loss
increases compared to the ASRF solution (b). This means that the first-order
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granularity adjustment is usually positive.'”’ However, if the second-order gran-
ularity adjustment (d) is added, the portfolio loss distribution shifts backwards
again (for high confidence levels). This can be addressed to the alternating sign of
the Taylor series, as can be seen in (4.31). Since the first-order granularity
adjustment is positive, the second-order adjustment tends to be negative. Thus,
with incorporation of the second-order adjustment (d), the approximation of
the discrete distribution of the coarse grained portfolio (a) is (in general) less
conservative compared to the (only) use of the first order adjustment. However, a
clear conclusion that the application of the second-order adjustment (d) in order to
approximate the discrete numerical derived distribution (a) for high confidence
levels outperforms the only use of the first-order adjustment (c) cannot be
stated.'”?

To conclude, if we appraise the approximations for the coarse grained portfolio,
we find both adjustments (c) and (d) to be a much better fit of the numerical solution
in the (VaR relevant) tail region of the loss distribution than the ASRF solution,
whereas the first-order adjustment is more conservative and seems to give the better
overall approximation in general.

4.2.2.2 Size of Fine Grained Risk Buckets

Reconsidering the assumptions of the ASRF framework (see Sect. 2.6), we found
assumption (A) — the infinite granularity assumption — to be critical in a one factor
model. Thus, we investigate in detail the critical numbers of credits in homo-
geneous portfolios that fulfill this condition. Therefore, we have to define a critical
value for the deviation of the “idealized” VaR of the ASRF solution (b) from the
“true” VaR figure from solution (a) to discriminate an infinite granular portfolio
from a finite granular portfolio. We do that in two ways:

Firstly, it could be argued that the fine grained approximation (2.97) in order to
calculate the VaR is only adequate if its value does not exceed the “true” VaR from
(2.75) of the coarse grained bucket minus a target tolerance f3, both using a

F) of credits

in the bucket, so that each portfolio with a higher number of credits than 1((,‘;251:)

. . . . 193
meets this specification. We use the expression'”

confidence level of 0.999. Precisely, we define a critical number Iff;ﬁf

191See Rau-Bredow (2005) for a counter-example for very unusual parameter values. This problem
can be addressed to the use of VaR as a measure of risk which does not guarantee sub-additivity;
cf. Sect. 2.2.3.

192By contrast, we expected a significant enhancement by using the second order adjustment like
mentioned in Gordy (2004), p. 112, footnote 5.

'93To address to the minimum number after which the target tolerance will permanently hold, we
have to add the notation “for all N > n” because the function of the coarse grained VaR exhibits
jumps dependent on the number of credits.
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VargS (i)

J(ASRF)

=inf|n: —1|<p VNeN="|. (4.49)

oper W (71
VaR) 999 <L =52 1{[5,-})

i=1

Here, we set the target tolerance f§ to 5%, meaning that the “true” VaR specified
by coarse grained risk buckets does not differ from the analytic VaR using the fine
grained solution (2.97) by more than 5% if the number of credits in the bucket

(ASRF)
reaches at least /¢ per .

Secondly, the fine grained approximation (b) of the VaR (“idealized” VaR) may
be sufficient as long as its result using a confidence level of 0.999 does not exceed
the “true” VaR as defined by solution (a) of the coarse grained bucket using a
confidence level of 0.995, i.e.

(ASRF)
I c,abs

= sup(n : Var{{5os" (£) < VaR{ljs (L) ). (4.50)

This definition of a critical number can be justified due to the development of
the IRB-capital formula in Basel II: When the granularity adjustment (of Basel II)
was cancelled, simultaneously the confidence level was increased from 0.995 to
0.999.'%* Thus, the reduction of the capital requirement by neglecting granularity
was roughly compensated by an increase of the target confidence level. The risk of
portfolios with a high number of credits will therefore be overestimated if we
assume that the actual target confidence level is 0.995, whereas the risk for a

low number of credits will be underestimated. Thus, a critical number / (ASRF) of
credits in the bucket exists, so that in each portfolio with a higher number of credits
fing), the VaR can be stated to be overestimated.
The critical numbers I¢ per ) and / (

ent parameters p and PD are reported in Tables 4.1 and 4.2. We do not only report
the critical numbers for Basel II conditions, but also a for wide range of parameter
Due to the supervisory formula, this parameter is a function of PD for corporates,
sovereigns, and banks as well as for Small and Medium Enterprises (SMEs) and
revolving retail exposures.'®>

With definition (4.49), the critical numbers Iﬁ‘;‘,if‘ F) vary from 23 to 35,986 credits

c,abs
than 7/
(ASRF CﬁifF) for homogeneous portfolios with differ-
settings that might be relevant if banks internal data are used for estimating p.
(other) retail exposures and remains fixed for residential mortgage exposures and
(see Table 4.1), dependent on the probability of default PD and the correlation

1%4Beside some adjustments on the correlation parameter, these were the major changes of the

IRB-formula from the second to the third consultative document; see BCBS (2001a, 2003a).

195See Sect. 2.7 for details. In both tables, (rounded) parameters p due to Basel II are marked.
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Table 4.1 Critical number of credits from that ASRF solution can be stated to be sufficient for

measuring the true VaR (see (4.49))

AAA A—up BBB+ BBB BBB- BB+ BB BB— B+ B
upto to A+
AA—

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 1.97% 3.19% 8.99%

3.0% 35986 23,985 5,389 5,184 4,105 3,176 2,057 1,390 988 478
3.5% 30,501 20,122 4,627 4457 3.544 2755 1.801 1.214
4.0%
45% 22,372 14,906 3,569 3,392 27719 2,132 1,398 958 690 350
50% 19,669 13,160 3,153 3,047 2412 1928 1,273 866 628 320
55% 17,723 11,667 2,840 2,701 2,180 1,722 1,145 784 564 289
6.0% 15,715 10,590 2,611 2442 1977 1,566 1,032 711 515 264
6.5% 14,276 9,452 2366 2252 1,828 1428 946 655 477 251
7.0% 12,730 8,637 2,148 2,045 1,665 1,327 869 615 457 226
75% 11,633 7915 1,990 1,896 1,547 1214 827 578 412 209
8.0% 10,657 7,272 1,813 1,761 1,414 1,133 762 527 389 206
8.5% 9,785 6,695 1,720 1,607 1,318 1,040 703 505 357 200
9.0% 9,222 6,176 1,571 1,498 1,231 992 660 460 338 183
9.5% 8,504 5,707 1466 1427 1,152 930 610 326 164
10.0% 7,853 5,281 1,399 1,334 1,079 873 597 419 304 157
10.5% 7,262 5,015 1,309 1,249 1,011 804 552 382 289 153
11.0% 6,900 4,655 1,226 1,170 949 756 532 376 285 144
115% 6,398 4,324 1,149 1,097 911 726 493 357 257 138
12.0% 6,099 4,127 1,103 1,053 838 684 466 332 254

125% 5,669 3,843 1,036 989 806 645 450 315 242 127
13.0% 5419 3,677 974 952 622 435 299 226 117
13.5% 5,046 3,430 395 284 211 117
14.0% 4,701 3,290 391 288 201 110
14.5% 4,510 3.073 362 263 200 101
15.0% 344 250

15.5% 4.044 2.763 775 741 594 491 349 254 178 95

16.0% m 731 717 589 476 324

186 100
16.5% 3,748 2,564 690 677 557 451 315 174 96
17.0% 3,507 2,403 668 639 540 427 299 159 86
17.5% 3,383 2,320 647 619 511 404 291 159 95

18.0% 3,167 2241 611 585 496 403 277 200 152 80
185% 3060 2,103 593 583 469 382 263 195 145 90
190% 2959 2034 576 551 456 362 MBSO 186 142 85
19.5% 2863 1969 544 521 432 352 250 186 129 80
200% 2685 1850 529 507 420 343 244 173 133 77
205% 2,601 1,793 500 493 409 317 232 165 127 74
200% 2522 1,739 27 170 131 73
215% 2446 1,635 301 206 158 119 63
2.0% 2297 1587 368 302 211 163 123 64
25% 2230 1541 437 418 349 279 206 152 118 63
230% 2167 1498 413 408 350 280 191 145 113 57

23.5% 2,036 415 398 332 266 192 142 111 58
24.0% 1,371 393 388 324 252 193 132 98 54

13.01%

271
255
229
205
201
185
167
160
156
143
135
132
118
120
109

103
94
98
87
91

81
78
75
67
66
70
61
65
61
57
58
51
52
53
55
53
51
49

Cccc
up to C

30.85%

145

125
116
106
101
90
87
87
80
76
68
70
65
64

60
53
55
52
50

52
44
51
2
38
33
34
35
30
31
32
26
27
28
29
30
22
23

D Corporates, sovereigns, and banks D SMEs (5Mio. < Sales < 50 Mio.)
D SME:s (Sales <$ 5 Mio.) - Mortgage . Revolving retail - Other retail
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Table 4.2 Critical number of credits from that the exact solution at confidence level 0.995
exceeds the infinite fine granularity at confidence level 0.999 (see (4.50))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%
3.0% 5499 3,885 997 1,019 786 678 464 329 255 165

3.5% 4354 836 793 665 542 380 274 217
4.0%

45% 3,111 1998 588 558 434 364 266 200 155 100 93 79
50% 2436 1830 490 466 404 308 230 175 138 92 83 70
55% 2239 1445 406 386 339 288 198 154 123 77 71 65
60% 1,724 1338 380 361 283 244 170 135 109 74 69 57
65% 1,599 1037 312 297 266 204 161 117 97 68 58 56
70% 1489 968 294 280 220 193 138 11285 62 57 50
75% 1,114 906 238 264 208 183 131 97 57 50 46
80% 1044 681 225 214 197 152 111 93 72 52 46 )
85% 982 641 214 204 161 145 106 80 63 47 45 43
9.0% 925 605 203 194 153 119 10277 6l 46 39 41
95% 874 573 161 185 146 113 85 59 4 38 39
100% 621 543 154 147 140 109 8 64 51 38 5 38
105% 589 516 147 140 111 104 79 61 49 37 34 35
11.0% 559 368 141 134 107 100 76 52 48 36 31 30
115% 532 351 135 129 103 63 50 41 3 28 31
120% 507 335 130 124 99 49 40 GG
125% 484 320 100 95 95 74 59 41 39 31 27 29
13.0% 463 306 9 92 91 72 57 46 38 28 29 26
13.5% 55 38 37 30 2 27
14.0% 4 37 31 2 2 2
14.5% 43 36 31 24 2 28
15.0% 2 35 DS BIGE
155% 251 250 80 77 62 49 40 34 29 23 25 25
16.0% 77 74 60 47 39 33 24 23 21 by
165% 233 155 75 72 s53046 38 21 28 20 18 23
17.0% 224 149 55 70 56 44 37 26 23 22 ) 19
175% 216 144 53 510054 43 36 31 27 17 20 2
180% 209 13905149 53 4 28 25 2 19 18 20
185% 202 135 50 48 39 41 28 24 22 19 16 20
190% 195 130 48 46 37 40 21 24 18 16 16 21
195% 189126 47 45 36 39 26 23 21 16 19 21
200% 183 122 46 44 35 38 26 23 21 18 17 17
205% 177 118 44 43 35 37 25 2 17 18 17 17
200% 172 115 43 41 3427 24 2 20 14 15 18
205% 167 112 42 40, 33 26 24 17 16 13 15 18
20% 162 108 41 39 3 26 23 21 16 15 13 19
25% 157 105 40 38 31 25 23 21 16 15 13 19
230% 153 102 39 37 30 24 22 16 15 15 13 14
235% 14899 38 36 30 24 2 16 15 15 16 14
20% . 144 97 37 36 29 23 16 16 15 13 1 15

D Corporates, sovereigns, and banks D SMEs (5Mio. < Sales < 50 Mio.)
D SMEs (Sales < 5 Mio.) . Mortgage - Revolving retail . Other retail
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factor p. In buckets with small probabilities of default as well as low correlation
factors, the idiosyncratic risk is relatively high, so that the portfolio must be
substantially bigger to meet the target. This means that in the worst case, a portfolio
must consist of at least 35,986 creditors to meet the assumptions of the ASRF
framework at an accuracy of 5%. The same tendency can also be found for the
target tolerance specification (4.50). We get critical numbers If,/:ﬁ?l:) ranging from
11 to 5,499 creditors (see Table 4.2), that are substantially lower compared to the
critical numbers of the target tolerance. Thus, the critical number Iﬁfigs is less
conservative. This is caused by the effect that an increase of the confidence level
for VaR calculations has a high impact, especially on risk buckets with low default
rates. However, since for all those obligors the ASRF assumptions (see Sect. 2.6)
still have to be valid, such big risk buckets may mainly be relevant for retail
exposures in practice. Furthermore, it should be mentioned that these portfolio
sizes are only valid for homogeneous portfolios. For heterogeneous portfolios,
these numbers can be considerably higher, especially because the exposure weights
differ between the obligors and thus concentration risk will occur.'® In order to get
an impression of real-world portfolio sizes, we refer to the data of the German
credit register used in Dillmann and Erdelmeier (2009). The credit register con-
tains all bank loans exceeding €1.5 million. In September 2006, out of 1,360
reporting financial enterprises,'®’ there were in total 28 german banks which had at
least 1,000 registered bank loans. Even if there are also smaller loans that are not
included in the data, loans for corporate, sovereigns, and banks should mostly
exceed the critical size. Hence, having a look at the required number of credits in
Table 4.1, most bank portfolios cannot be treated as infinitely granular. Therefore,
an improvement of measuring the portfolio-VaR is indeed advisable. However,
it has to be mentioned that for portfolios with debtors incorporating low credit-
worthiness the ASRF solution is already sufficient for some hundred credits (or
even less).

4.2.2.3 Probing First-Order Granularity Adjustment

After auditing the adequacy of the ASRF solution (b) compared to the discrete,
“true” solution (a) in context of a homogeneous risk bucket, we now investigate
the accuracy of the first order granularity adjustment (solution (c)). Similar to
Sect. 4.2.2.2, we compare its accuracy with the discrete solution (a) but we
additionally relate its result to the ASRF solution (b).

For the first (conservative) number [((.};érorder Ad) e compare the analytically

derived VaR including first order approximation (solution (c)) with the “true” VaR

19The case of heterogeneous portfolios will be analyzed in Sect. 4.2.2.5.
197Cf, Deutsche Bundesbank (2009).
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of the discrete, binomial solution (a), both on a 0.999 confidence level. Again,
we aim to meet a target tolerance of f§ and we get

(1st Order Adj.) /7
Ist Order Adj.) VaR 999 ( )

s =inf|n: - —1|<B YN € N>" with § = 0.05.
W) (7_1
VaRy 999 <L =N 2 l{ﬁ;}>
i=1

(4.51)

Thus, any analytically derived VaR of a risk bucket which includes more credits
than I((‘};érorder A does not differ from the “true” numerically derived VaR by more
than 5%. '

The results for I((,_lpsérorder A% for homogeneous risk buckets with a specific PD/p-
combination are reported in Table 4.3. Obviously, the critical number varies from
7 to 6,100 credits. Compared to the ASRF solution (see Table 4.1 in Sect. 4.2.2.2),
the critical values drop by 83.04% at a stretch. Precisely, we find that the number
of credits that is necessary to ensure a good approximation of the “true” VaR is
significantly lower with adjustment (c) than without adjustment (b). For example, a
high quality retail portfolio (AAA) must consist of 5,027 compared to 26,051
credits if we neglect the first order adjustment. A medium quality corporate
portfolio (BBB) must contain 106 compared to 442 credits. Thus, the minimum
portfolio size should be small enough to hold for many real-world portfolios and we
come to the conclusion that the first order adjustment works fine even with our
conservative definition of a critical value.

Next, we relate the first order granularity adjustment (c) to the ASRF formula
(b). We do that by defining a critical value I((‘_l:gsorder AL of credits similar to
definition (4.50), but this time we proclaim that the VaR of the ASRF solution
without first order granularity adjustment (b) at a confidence level of 0.999 should
not exceed the VaR with first order granularity adjustment (c) at a confidence level
of 0.995:

[l Order Adi) _ gy (n  VaR{oY) (L) < VaR s oer A4 (i)) . (4.52)

c,abs

The confidence level of the ASRF solution is increased by a buffer of 4 basis
points, which should incorporate the idiosyncratic risk of relatively fine-grained
portfolios. If we use the first order granularity adjustment for approximating
the true risk, the idiosyncratic risk of a portfolio with at 'S ©" A% credits should
already be included in the confidence level buffer. 7

The critical numbers of credits I((};ésomer A4) are shown in Table 4.4. They
contain a range from 14 to 5,170. It is interesting to note that these critical values
do not differ widely from the numbers I[{’ffgs, where we compared the VaR of the
ASRF solution (b) with the “true” VaR using the numerical, time-consuming
discrete formula. Precisely, the average percentage difference between the critical
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Table 4.3 Critical number of credits from that the first order adjustment can be stated to be
sufficient for measuring the true VaR (see (4.51))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%
3.0% 6,100 4,227 879 833 693 519 337 228 152 89

3.5% 5.517 3.491 810 768 590 443 199 133

4.0%

45% 4,169 2936 641 609 470 355 237 165 112 54 38 24
50% 3,846 2,456 546 519 401 334 205 132 107 45 37 22
55% 3,564 2283 513 488 378 287 195 138 94 51 35 20
6.0% 3317 2,129 484 460 358 272 169 121 83 46 33 20
6.5% 3,098 1,993 413 435 339 258 177 105 80 34 28 18
7.0% 2902 1,872 392 373 322 246 154 111 77 40 29 18
75% 2,450 1,762 373 354 277 235 133 97 61 29 27 13

8.0% 2,309 1,494 355 338 264 203
85% 2,181 1414 338 322 253 215
9.0% 2,065 1,341 323 308 242 186
95% 1958 1,274 309 295 232 179
10.0% 1,861 1,212 266 253 199 172
10.5% 1,771 1,156 255 271 214 148
11.0% 1,689 1,103 245 234 206 143
115% 1,612 1,055 263 225 178 154
12.0% 1,541 1,010 227 217 171 133
12.5% 1,476 968 219 209 166 129
13.0% 1,414 928 211 202 160
13.5% 1,357 892
14.0% 1,303 858
14.5% 1.253 825
15.0%
15.5% 1.162 767 179 171 121 107

16.0% m 154 166 118 104

7
16.5% 1,081 714 168 161 114 101
17.0% 1,044 690 145 156 125 87 58 35 30 9 11
17.5% 1,009 668 159 152 108 96 49 30 22 7 11
18.0% 976 646 154 131 105 83 55 39 18 7 9

18.5% 944 626 150 128 115 91 61 43 25 7
19.0% 914 606 146 124 112 79 - 28 21 13
19.5% 886 588 142 136 97 71 45 32 17 18
20.0% 859 570 123 118 95 75 44 36 20 14
20.5% 834 554 120 129 104 73 43 35 13 12
21.0% 809 538 42 30 16 10
21.5% 786 523 70 41 25 19 10

Nl B A -IN-RNC RN N N A A =)

NN NN 00900 0 oo

22.0% 764 508 86 77 51 29 22 8
22.5% 743 494 108 104 84 67 40 20 14 8
23.0% 722 481 119 114 92 57 39 36 11 8
23.5% 703 116 99 90 72 38 24 27 8
24.0% 456 101 97 88 55 32 16 18 8

D Corporates, sovereigns, and banks D SME:s (5Mio. < Sales < 50 Mio.)
D SMEs (Sales < 5 Mio.) . Mortgage - Revolving retail . Other retail
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Table 4.4 Critical number of credits from that the first order adjustment at confidence level 0.995
exceeds the infinite fine granularity at confidence level 0.999 (see (4.52))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%
3.0% 5,170 3,544 973 935 769 626 441 327 255 164

35% 4020 2773 774 744 615 501 356 265 200

4.0%

45% 2650 1836 528 508 422 347 249 188 150 101 91 85
50% 2213 1538 448 431 359 296 214 162 130 89 81 76
55% 1875 1307 385 371 310 256 186 142 114 79 7 69
60% 1609 1,124 335 323 270 24 163 125 101 71 65 63
65% 1395 977 295 284 238 198 145 112 91 64 60 59
70% 1220 856 261 252 211 176 130 100 8 59 55 55
75% 1075 757 233 25 189 158 117 o A 54 50 51
80% 955 673 209 202 170 142 106 83 68 50 47 48
85% 853 602 189 182 154 129 9 75 62 46 44 45
9.0% 766 542 171 165 140 117 88 69 58 43 41 43
95% 691 490 156 151 128 108 81 53 40 38 41
100% 626 445 143 138 117 99 75 59 50 38 36 39
105% 570 405 131 127 108 91 6 55 46 36 34 37
11.0% 521 371 121 117 100 84 64 51 43 34 3 36
115% 477 340 112 108 92 78 60 48 40 32 31 34
120% 43 313 104 100 s I s 3z DS
125% 404 289 9 93 80 68 520 42 36 29 28 3
130% 374 268 90 87 T4 63 49 40 34 27 27 31
13.5% 46 37 32 2% 2 30
14.0% 43 35 30 25 2 29
14.5% 4 33 24 24 28
15.0% 39 R0

155% 261 188 65 63 54 47 36 30 26 2 2 27
16.0% 61 59  S1 44 35 5 21 21 2
165% 229 165 58 56 48| 42 33 % 20 20 2
170% 215 155 55 53 46 40 31 26 23 20 20 25
175% 202 146 52 S0 43 38 30 25 22 19 19 25
180% 190 138 49 48 41 36 28 24 21 18 18 2
185% 180 130 46 45 39 34 7 23 2 18 18 2
190% 170 123 44 43 37 2 19 17 17 23
195% 160 116, 42 41 36 31 25 21 19 17 17 23
200% . 152 110 40 39 34 29 24 20 18 16 16 )
205% 144 105 38 37 32 28 23 19 17 16 16 2
200% 136 9 2 18 17 15 16 2
205% 129 94 2% 21 18 16 15 15 2
20% 123 9 2 25 20 17 15 14 15 21
25% 117 8 32 31 21 24 19 17 15 14 15 21
230% 111 81 30 29 26 23 I8 16 14 14 14 21
235% 106 29 28 25 2 18 15 14 13 14 21
24.0% 74 28 27 24 20 17 15 14 13 14 20

D Corporates, sovereigns, and banks D SME:s (5Mio. < Sales < 50 Mio.)
D SMEs (Sales < 5 Mio.) . Mortgage - Revolving retail . Other retail
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numbers of Tables 4.2 and 4.4 is less than 10%. That means that the diversification
behavior of the coarse grained solution and the first order approximation is very
similar, i.e. the first order adjustment is a good approximation of the idiosyncratic
risk of coarse grained portfolios.

4.2.2.4 Probing Second-Order Granularity Adjustment

Finally, we want to test the approximation if the (first- and) second-order adjust-
ment is added to the ASRF formula, leading to solution (d). Similar to Sects. 4.2.2.2
and 4.2.2.3, we firstly examine the VaR according to this new formula (d) in
comparison to the “exact” VaR from the coarse grained solution (a). Additionally,
we analyze its performance with respect to the ASRF solution.

Again, we calculate a critical number Iﬁl,féf 20d Order Adj) o redits to test the
approximation accuracy with reference to the coarse grained formula (a) according

to the “percentaged” accuracy with a target tolerance of 5% by

VaR (Ist+2nd Order Adj.) (L)

((l};;:andOrderAdj4) —infl n: 0.999 = 1 <ﬁ YN € Nzn ,
VaR(<3999 (L % > 1{ })
i=1
with = 0.05, (4.53)

using the (first- and) second-order adjustment as an approximation of the coarse-
grained portfolio.

The results are presented in Table 4.5. Now, the critical number of credits ranges
from 17 to 10,993. Compared to the ASRF solution (a), see Table 4.1 in Sect. 4.3.4.2,
the necessary number of credits to meet the requirements can be reduced by 66.5% on
average. Thus, the second-order adjustment is capable to detect idiosyncratic risk
caused by a finite number of debtors to a certain extent. However, if we compare the
results with the ones where only the first-order adjustment is used (see Table 4.3 in
Sect. 4.3.4.3), the second-order adjustment performs worse.

We are able to verify this result by analyzing the second-order adjustment (d) in
comparison to the exact ASRF solution (a). Therefore we introduce a critical number

U2 0mderAdL) e Credits, similar to the definition (4.52) in Sect. 4.3.4.3. We get

c,abs

gUist +2nd Order Adj) sup(n VaR et (L) < VaR| /g2 Orter A% (i)). (4.54)

c,abs

Thus, for each risk bucket with at least If,};,i:znd Order Ad) redits the idiosyncratic
risk, measured by the second-order adjustment on a confidence level 0.995, is
included in the confidence level premium of 4 basis points of the ASRF solution
(on a confidence level 0.999).



4.2 Measurement of Name Concentration Using the Risk Measure Value at Risk 99

Table 4.5 Critical number of credits from that the first plus second order adjustment can be stated
to be sufficient for measuring the true VaR (see (4.53))

AAA  A- BBB+ BBB BBB— BB+ BB BB— B+ B B— CcCcC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 1.97% 3.19% 8.99% 13.01% 30.85%
3.0% 10,993 7,338 1,796 1,770 1417 1,107 746 522 392 222

35% 9300 6251 1503 1427 1150 941 620 440 327
4.0%

45% 6405 4367 1,100 1054 858 683 460 323 255 148 120 90
50% 5864 3768 979 930 761 609 4l4 203 225 127 115 83
55% 5056 3256 866 824 677 544 373 266 199 118 103 78
60% 4362 3021 767 730 603 486 321 242 182 107 94 70
6.5% 4055 2622 680 647 537 435 304 210 167 100 86 64
70% 3509 2452 641 610 478 390 260 191 147 90 76 63
75% 3286 2132 570 542 453 340 248 13 RN s4 74 60
80% 2844 2006 505 481 404 332 237 158 123 | 79 67 55
85% 2,679 1892 480 457 385 297 214 160 119 71 63 51
9.0% 2529 1,649 457 406 343 284 193 146 109 69 57 49
05% 2304 1563 406 387 328 254 14N 05 o7 58 51
100% 2077 1484 388 370 292 243 168 128 91 60 50 4
105% 1974 1412 344 354 280 234 161 116 88 56 49 43
110% 1879 1231 330 314 269 209 145 106 81 52 48 41
115% 1,791 1175 316 302 239 20l 1007788 s 45 33
120% 1710 1,123 304 290 230 194 99 76 IS
125% 1484 1075 269 257 222 173 131 9 74 5l ) 37
13.0% 1421 1,030 259 248 127 87 6 4 43 34
135% 1362 897 06 79 70 42 37 34
140% 1307 861 1 76 64 39 33 31
14.5% 1256 828 9 80 33 34 3
15.0% 97 67

155% 1163 768 199 190 152 131 94 65 52 39 31 29
160 NIRRT 03 12 147 s 34 34 30
165% 1081 715 187 178 143 46 38 0 26
170% 938 690 181 173 152 45 33 28 2
175% 906 600 176 168 | 135 51 31 2 27
180% 876 646 155 163 131 8 » 2 28
185% 847 s62 150 144 115 £ 30 27 23
190% 820 544 146 140 124 a1 26 25 23
195% 795527 142 150 109 86 64 45 37 29 23 2
200% 7700 511 138 132 106 93 57 44 33 27 2 25
205% 747 496 134 115 93 91 67 43 42 23 21 2
200% 725 482 60 39 38 2 2% 2
205% 704 468 78 53 42 31 24 2 20
2.0% 684 455 9% 68 57 4 34 2 2 20
25% 665 442 121 116 94 61 56 44 39 2 20 a2l
230% 647 430 106 101 82 73 44 32 30 20 17 2
235% 629 103 99 80 64 43 35 24 18 21 2
24.0% 408 101 108 78 6 43 38 20 2l 18 23

D Corporates, sovereigns, and banks D SME:s (5Mio. < Sales < 50 Mio.)
D SMEs (Sales < 5 Mio.) . Mortgage - Revolving retail . Other retail
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Table 4.6 Critical number of credits from that the first plus second order adjustment at confidence
level 0.995 exceeds the infinite fine granularity at confidence level 0.999 (see (4.54))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%
3.0% 4285 2942 810 778 640 521 367 272 214 140

3.5% 3266 2254 633 609 503 218 173

4.0%

45% 2,050 1,429 417 401 334 275 198 151 121 83 77 75
50% 1,671 1,170 347 335 279 231 168 128 103 73 68 67
55% 1,380 971 294 283 237 196 144 111 90 64 60 61
6.0% 1,153 815 251 242 203 169 124 96 79 57 54 56
6.5% 973 691 216 209 176 147 109 85 70 52 49 51
7.0% 827 590 188 182 153 128 96 75 62 47 44 48
7.5% 708 507 164 159 135 113 85 67 56 43 41 44
8.0% 610 439 145 140 119 100 76 60 50 39 38 42
8.5% 527 382 128 124 106 89 68 54 46 36 35 39
9.0% 458 333 114 110 94 80 61 49 42 33 32 37
9.5% 399 292 102 98 84 72 55 45 38 31 30 35
10.0%

10.5%

11.0%

11.5%

12.0%

12.5%

13.0%

13.5%

14.0%

14.5%

15.0%

155% 210 144 38 36 27 24 20
16.0% 8 36 28 23
16.5% 193 133 37 36 29 21
170% 185 128 37 35 29 2

1
1

8

17.5% 177 123 36 34 28 23 14 13 13 14 20
18.0% 170 118 35 33 28 23 13 12 12 13 20
18.5% 163 113 34 33 27 22 3 12 12 12 13 19
19.0% 156 109 33 32 26 22 11 11 11 12 19
19.5% 150 105 32 31 26 21 15 11 10 11 12 19

20.0% 145 101 31 30 25 21 15 10 10 11 12 18

20.5% 139 97 30 29 24 20 15 10 9 10 11 18
21.0% 134 94 14 9 9 10 11 18
21.5% 129 90 14 10 8 10 11 17
22.0% 124 87 22 14 10 8 9 10 17
22.5% 120 84 26 26 22 18 14 10 8 9 10 17
23.0% 115 81 26 25 21 18 13 10 7 9 10 16
23.5% 111 25 24 20 17 13 10 8 9 16
24.0% 75 24 23 20 17 13 10 7 8 9 16

D Corporates, sovereigns, and banks D SME:s (5Mio. < Sales < 50 Mio.)
D SMEs (Sales < 5 Mio.) . Mortgage - Revolving retail . Other retail
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The critical numbers presented in Table 4.6 range from 7 to 4,285. Obviously,
these results are considerably higher than those of Table 4.4 and therefore
the predefined target value of accuracy is reached with lower numbers of credits.
Thus, the idiosyncratic risk is underestimated with the second order adjustment
compared to the numerical “true” solution (a) (see the results in Sect. 4.2.2.2)
and is not measured with such a high accuracy as the first order adjustment
does (see Sect. 4.2.2.3). Concretely, this value is reduced by averaged 32.7%
credits.

To conclude, the second-order adjustment (d) converges faster to the asymptotic
value of the ASRF solution (b), which confirms the findings of Sect. 4.2.2.1. A
possible reason is that the VaR measure using the first order approximation may be
“corrected” into the direction of the ASRF solution by incorporating the second
order adjustment. The possibility of this behavior is given due to the alternating sign
in the derivatives of VaR; see (4.31).'”® Thus, taking more derivatives into account
could solve the problem but would lead to even more uncomfortable equations.'*”
Despite these theoretical questions, it can be stated that in homogeneous portfolios,
an excellent approximation of the true VaR can be achieved with the granularity
adjustment.

4.2.2.5 Probing Granularity for Inhomogeneous Portfolios

The previous analyses showed that the granularity adjustment works fine for
homogeneous portfolios. In this section, we test if the approximation accuracy of
the presented general formulas will hold for portfolios consisting of loans with
different exposures and credit qualities. This means that the credits in the portfolio
vary in exposure weight and in probability of default, and we analyze if the
portfolio loss for coarse grained portfolios could still be quantified satisfactorily
by the granularity adjustment.

Concretely, we examine high quality portfolios with probabilities of default
ranging from 0.02 to 0.79% and lower quality portfolios with probabilities of
default ranging from 0.2 to 7.9%. Additionally, we define a basic risk bucket
consisting of 20 loans with exposures between €35 and 200 million.”*’ In order
to measure the portfolio size with respect to concentration risk, we use the effective
number of loans n" (see (2.87)), rather than the number of loans n. Consequently,
this effective number is more than 25% below the true number of credits.

198This is true not only for the first five derivatives but also for all following derivatives; see the
general formula for all derivatives of VaR in (4.213).

However, we also have to take into consideration that the Taylor series is potentially not
convergent at all or does not converge to the correct value. For a further discussion see Martin
and Wilde (2002) and Wilde (2003).

200The used portfolio is based on Overbeck (2000), see also Overbeck and Stahl (2003), but
reduced to 20 loans to achieve more test portfolios with a small number of credits.
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A variation of portfolio size is reached by reproducing the loans of the basic risk
bucket so that portfolios with 40, 60, ..., 400, 800, 1,600 and 4,000 loans result.
Using an asset correlation p = 20% and a confidence level of 0.999, we compute
the granularity add-on with the presented first-order and second-order adjustment.
Because the exact value cannot be determined analytically for heterogeneous
portfolios, we compute the “true” VaR with Monte Carlo simulations using three
million trials.?"! Finally, we compare this “true” VaR with the ASRF solution, so
that we receive the granularity add-on.

The simulated results for the granularity add-on for high and low quality
portfolios are presented in Fig. 4.3 (see the circles and dots). Therefore, the add-
on for the minimum size of 40 loans with 1/n* ~ 0.035 is 5.0% (6.2%) for the high
(low) quality portfolio. This is equal to a relative correction of +112.5% (+30.5%)
compared to a hypothetical infinitely fine grained portfolio. This shows again the
relatively high impact of idiosyncratic risk in small high quality portfolios. With
shifting to bigger sized portfolios, the effective number of credits shifts to zero and

0.07 T T T T T T
o High Quality, Monte Carlo
High Quality, 1st Order Adj.
—-—-- High Quality, 1st + 2nd Order Adj. ///'
0.061 , Low Quality, Monte Carlo /// N
——— Low Quality, 1st Order Adj. el
~~~~~~~ Low Quality, 1st + 2nd Order Adj. s
0.05F
c
o
B 0.04
sz o
>
=
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K
5 0.031
[=
«©
S
O
0.02
0.01+
0 1 1 1 1 1 1
0 0.005 0.01 0.015 0.02 0.025 0.03

1/ Effective Number of Credits

Fig. 4.3 Granularity add-on for heterogeneous portfolios calculated analytically with first-order
(solid lines) and second-order (dotted lines) adjustments as well as with Monte Carlo simulations
(+ and o) using three million trials

201Dye to the high number of trials, which corresponds to 3,000 hits in the tail for a confidence
level of 0.999, the simulation noise should be negligible.
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the granularity add-on decreases almost exactly linear in terms of 1/n" — even for
high quality portfolios. This result is contrary to Gordy (2003), who exhibits
a concave characteristic of the granularity add-on. This might be due to the fact
that Gordy (2003) uses a CreditRisk™ framework, whereas we analyze the effect of
the granularity with the CreditMetrics one-factor model that is consistent with
the Basel II assumptions. Summing up, the granularity add-on in Fig. 4.3 can be
approximated with a linear function. Indeed, the (linear) first order adjustment is
a very good approximation for heterogeneous portfolios of high as well as low
quality. Just like in the previous sections, the second-order adjustment leads to a
reduction of the granularity add-on. Thus, it can be characterized as less conserva-
tive, but comparing the results we strongly recommend the first-order adjustment.

4.3 Measurement of Name Concentration Using the Risk
Measure Expected Shortfall

4.3.1 Adjusting for Coherency by Parameterization
of the Confidence Level

As shown in Sect. 2.2.3, the commonly used VaR is not coherent because it is not
necessarily subadditive. As long as we stay in the ASRF framework, this charac-
teristic is not problematic because in this context, the VaR is exactly additive.’*
However, if we leave the ASRF framework, this behavior is not guaranteed
anymore.’*® Nevertheless, many contributions that deal with concentration risk in
the context of Basel II use the VaR to quantify credit risk without questioning the
risk measure (possibly to be consistent with the ASRF framework), even if the
subadditivity could get problematic if concentration risk is considered.** Thus, it
could be beneficial to change the measure of risk, e.g. to use the coherent Expected
Shortfall (ES). However, we cannot simply replace the VaR with the ES since the
resulting difference in the capital requirements would not only stem from a more
convenient measurement of concentration risk but also from the fact that the ES
exceeds the VaR by definition. Against this background, we propose a procedure
how the ES can be used instead of the VaR for the measurement of credit risk by
accurately choosing a different confidence level. Based on this result, we analyze
the performance of the ASRF formula, the first-order, and the second-order granu-
larity adjustment when the ES is used instead of the VaR in Sect. 4.3.4 after
deriving both adjustment formulas in Sect. 4.3.2.

°Cf. Sect. 2.6.
203This is true for a violation of both the granularity and the single risk factor assumption.

204Gee e.g. Heitfield et al. (2006), Cespedes et al. (2006), Diillmann (2006), as well as Diillmann
and Masschelein (2007).
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Before we change the risk measure, we will study the characteristics of the VaR
for credit portfolios and analyze the need for using the ES. For our analyses, we
continue to omit the first assumption of the ASRF framework leading to a finite
granularity and calculate the VaR as well as the ES within the binomial model of
Vasicek and the ASRF framework.

We start with computing the VaR at a confidence level o = 0.999 for non-
asymptotic portfolios with PD = 0.5% and p = 20%. In Fig. 4.4, the VaR for
the ASRF framework and for the Vasicek binomial model is plotted in the cases of
n = 1to n = 300 homogeneous credits. The VaR for an infinite number of credits is
9.1%. For a finite number of credits, the risk is higher because the unsystematic risk
cannot be diversified. The problem is that the risk should be monotonously decreas-
ing with a higher number of credits (“monotonicity of specific risk-property”>°°)
but this behavior is not reflected by the VaR as a risk measure. Instead, we find that
the VaR follows a downward sloping “saw-toothed” pattern. Although the sub-
additivity axiom is not violated in the example, it is obvious that the measured risk
should not increase with a higher number of credits and thus a better diversification.
It is also possible to construct superadditive examples with a different parameter
setting but this example gives a clear demonstration that it is problematic to use the
VaR if there is concentration risk such as name concentration.

The saw-toothed pattern can also be explained intuitively: In the 99.9% worst-
case scenario one credit out of 1, 2, 3, 4, or 5 credits defaults, which leads to a VaR
of 1, 1/2, 1/3, 1/4, or 1/5. If the size of the portfolio is increased further, one
additional credit defaults in the 99.9% scenario. Thus, the VaR increases from
1/5 =20% to 2/6 = 33.3%. If additional credits are added to the portfolio, the

50 : . : :
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Fig. 4.4 Value at Risk in the ASRF and the Vasicek model

205gee Albanese and Lawi (2004), p. 215, for this property of a reasonable risk measure.
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VaR will increase until a third credit defaults in the considered 99.9% scenario, and
so on. From a probabilistic perspective, the demonstrated problems are mainly a
result of the deviation for discrete distributions P[L < VaR,(L)] — « >0, which is
mostly decreasing with additional credits but jumps to a higher value when the
difference would (theoretically) go below zero.”’® Against this background, it could
be tried to define the VaR differently from the common definition of the (lower)
VaR (2.12). Also the upper VaR definition (2.13) does not solve the problem.
However, if the VaR was defined as the maximal loss in the best 100 - «% scenarios

VaR() (L) = sup{l € R|P[L <[] <a} (4.55)

instead of the minimal loss in the worst 100 - (1 — «)%, we have the contrary case
of a negative deviation ]P’[L < VaR§_> — a < 0. If we rewrite the common VaR
definition as

VaR(" (L) = inf{l e R|P[L <[] > a} =sup{l e R|P[L<(] <a}, (4.56)
it is obvious to see that the VaR from definition (4.55) is always below the VaR
from definition (4.56). In the considered case of » homogeneous credits the differ-
ence between both definitions always equals®’

VaR(Y) — VaR(") = (4.57)

SI—

As the positive deviation p(*) := P[ﬁ < VaRSfL)} —o>0 is high when the

negative deviation p(‘> =P|L < VaRf[) — o <0 is small, we could define an
interpolated Value at Risk VaR™ as follows:

IE”[L < VaR<+)]

VaR™ = VaR(~)

P[L < Var{"] ~ P|L < var!”|

%~ P[L < Var."|
T - VaR&+>
P[L < Var\| - B[L < var(]
™) )
=P RGP yupt)
= om0 VR e e Vak (4.58)

20%0f course the definition of the VaR does not allow a negative deviation and the VaR jumps to a
higher value instead.

207See Appendix 4.5.11.
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In Fig. 4.5, this interpolated VaR as well as VaRgf), VaRgf) and the ASRF
solution are plotted. We find that the saw-toothed pattern, which is contradictory to
the “monotonicity of specific risk-property”, almost vanishes for the interpolated
VaR, especially if we do not consider a very small number of credits. Thus, against
the background of name concentration risk, definition (4.58) seems to be much less
problematic than the common VaR definition (4.56).

For comparison, we also compute the ES for the identical portfolio setting. For
calculation of the ES within the Vasicek model, we have to apply (2.76). The ES in
the Basel II framework can be calculated with?*®

ESE{Basel) (L)

1—aZW’ -ELGD; - @, (—® ' (2), ' (PD;), \/p;), (4.59)

which is based on the identity (2.93) of the ES within the ASRF framework and the
conditional PD of the Vasicek model. Thus, (4.59) relies on the same assumptions
as the Basel II formula (2.97) but uses the ES instead of the VaR for measuring
the risk. As illustrated in Fig. 4.6, the ES satisfies the “monotonicity of specific
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Fig. 4.5 Different Value at Risk measures in the Vasicek model

2085ee Appendix 4.5.12.
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Fig. 4.6 Expected Shortfall in the ASRF and the Vasicek model

risk-property”. This is one relevant advantage compared to the VaR, even if the
VaR definition (4.58) is applied. Although this new VaR definition is already
an improvement compared to the common definition, there are still some (minor)
violations of the “monotonicity of specific risk-property”, and the lack of subaddi-
tivity is still existent. Against this background, it could be beneficial to change
the risk measure from VaR to ES if the portfolio contains concentration risk.”*
However, the measured economic capital would be significantly higher if it is
determined on the basis of the ES instead of the VaR (by the use of the same
confidence level), what is not the intended consequence of the change of the risk
measure. In our example even the ASRF solution rises from 9.1% to 11.81%.
Instead, we would only like to use the appreciated properties for concentration
risk without being bound to increase the amount of economic capital. Therefore, the
confidence level will be adjusted as described subsequently.

If we change the risk measure, we have to ensure that the new risk measure (the
ES), on the one hand, is consistent with the framework presented in Pillar 2 of Basel
II to get meaningful results for additional capital requirements stemming from
concentration risk. On the other hand, the new risk measure should still match the
capital requirements of Pillar 1 if the portfolio under consideration fulfills the
assumptions of the ASRF framework; i.e. in the context of the ASRF framework,
the capital requirements should not differ, regardless of whether the risk is mea-
sured by the VaR or by the ES. Therefore, we examine the VaR at the given

209As mentioned in Sect. 2.6, the VaR is exactly additive and therefore unproblematic in the
context of the ASRF framework.
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Table 4.7 Confidence level

Portfolio type/quality VaR 999 and Confidence level

for the ES so that the ES is
ES, (% a (ES) (%

matched with the VaR with  —————— 5 55 a 99( 67;( a
confidence level 0.999 for (Ii v (;]n };1 6.12 99'709
portfolios of different quality (D ery g ) ’

(III) High 7.59 99.711

(IV) Average 12.94 99.719

(V) Low 20.89 99.726

(VI) Very low 23.30 99.727

(VII) CCC only 57.00 99.741

confidence level 0.999 for several (infinitely granular) bank portfolios of different
quality. As a next step, we determine the confidence level of the ES that is necessary
to match the results for both risk measures. We define this ES-confidence level
o (= a(ES)) implicitly as

ESP (L) = VaRysss' (L), (4.60)
. (Basel) . (Basel) .
with VaR ) o9~ given by (2.97) and ES,, presented in (4.59).

Firstly, we investigate the extreme cases that all creditors of a bank have a rating
of (I) AAA or (VII) CCC.%'° As can be seen in Table 4.7, the ES-confidence level
must be in a range between 99.67% and 99.74%. Using these confidence levels, the
economic capital is almost identical, regardless of whether the VaR or the ES is used.

Additionally, we use five portfolios with different credit quality distributions
(very high, high, average, low, and very low) that are visualized in Fig. 4.7.2'" All
resulting confidence levels are between 99.71% and 99.73% with mean 99.72%.
Even if there is some interconnection between the confidence level and the portfolio
quality, an ES-confidence level of & = 99.72% seems to be accurate for most real-
world portfolios.

4.3.2 Considering Name Concentration with the Granularity
Adjustment

4.3.2.1 First-Order Granularity Adjustment for One-Factor Models

As argued in Sect. 4.3.1, the VaR can be a problematic risk measure if the assump-
tions of the ASRF framework, which includes the infinite granularity assumption (A)

210We use the idealized default rates from Standard and Poors, see Brand and Bahar (2001),
ranging from 0.01% to 18.27%, but the results do not differ widely for different values.

2!IThe portfolios with high, average, low, and very low quality are taken from Gordy (2000). We
added a portfolio with very high quality.
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Fig. 4.7 Portfolio quality distributions

of Sect. 2.6, are not fulfilled anymore. Based on the methodology of Sect. 4.3.1, we
know which confidence level is adequate if credit risk and especially concentration
risk is measured on the basis of the more convenient ES instead of the VaR.
However, the approximation formulas of Sect. 4.2.1 are only valid for the VaR.
Thus, the ES-based granularity adjustment formulas will be derived subsequently.
While the first-order granularity adjustment is already known in the literature, the
second-order adjustment is a new result. The principle behind the granularity
adjustment remains unchanged, regardless of whether the VaR or the ES is used
as the risk measure. Thus, using the abbreviation

L=E(L|X)+[L-E(L|%)] =Y +iZ, (4.61)

we perform a Taylor-series expansion around the systematic loss at 4 =0,
leading to

o [dES, (Y +72) i leEsa (Y +42)
ZES,(V) 4| ) AR A
dJ 2 ) -
2™ |d"ES, (Y + 1Z)
o | y (4.62)
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According to Sect. 4.2.1.1, the first-order adjustment can be calculated as
the Taylor series expansion up to the quadratic term. With respect to Wilde
(2003) and Rau-Bredow (2004), the needed first and second derivative of ES

are given as>'”
dES,(Y +72)| E[Z|7 > (7],
di
=0
PES,(V+2)|  fr(aa(D))V[Z]T = g,(¥)]

d2J 1—o

A=0

Similar to the VaR, the first derivative is zero:

E[Z]7 > .(7)] = 3 E[L~ E(Z|9)]F > q.(7)
= L E[L7>q.(0)] ~ 5 E[L]7>4.(7)] =0,
With
7 = ,(¥)
& X = q1-4(%)
and

2 -V[Z|Y] =V[Z|Y] =V[L-Y|Y]| =VI[L|Y],
the quadratic term of the Taylor series expansion (4.62) is equivalent to
A 2 (@) VIZIY = g.(Y)]
) 1 —a
__1A(@(Y) VIL|F = q1-4(®)]

2 | I
Using213

Fr(3) = i) ———

Yy\y) = X dy/dx7

212The derivatives of ES are derived in Appendix 4.5.13 and 4.5.14.
23¢t, (4.8).

(4.63)

(4.64)

(4.65)

(4.66)

4.67)

(4.68)

(4.69)
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the first-order granularity adjustment results in

ES[S(H) ~ ES;ASRF) + All = ESg{lst Order Adj.)

1 fv(x)v[ibz - q17ot(j)]
2(1—a) 4E[L|% = x]| '

with Al} = — (4.70)

X=q1-4(¥)

Analogous to the VaR-based first-order adjustment, the ES-based term Al is
linear in terms of 1/n, which means that the measured idiosyncratic risk component
is halved if the number of credits is doubled. Furthermore, the adjustment formula
takes the conditional variance into consideration but neglects all higher conditional
moments. Thus, incorporating the add-on formula (4.70) leads to a reduction of the
error from O(1/n) to O(1/n”).

4.3.2.2 First-Order Granularity Adjustment for the Vasicek Model

It is straightforward to calculate the ES-based granularity adjustment for the
Vasicek model. This means that the conditional PD is assumed to be given by

pilx) = @(QI(PD") — VP x) 4.71)

V1—p;

and the systematic factor is standard normally distributed, which is analogous to
Sect. 4.2.1.2. If we want to calculate the granularity adjustment (4.70), we can use
the expression for the conditional variance and the derivative of the conditional
expectation dy, ./dx from Sect. 4.2.1.2. This directly leads to the formula for the
ES-based granularity adjustment within the Vasicek model:

1 P
Ay=——F—————
2(1 - O() d:ul,c/dx x=0"!(1-a)
n
2. 2 A ) — 2. ®3(z;
(@ (1 - ) i:le,. [(ELGD? + VLGD;) - ®(z;) — ELGD? - ®*(z;)]
2(l —a) i N ’
i - ELGD; - === - ¢(z;
i:le G — o(z)
(4.72)
with z; = %ﬁw , which can be simplified for homogeneous portfolios to
1 (@' (1 —a)) T—p ®(z) (ELGD? + VLGD
A — L P& (=) p Oe) (ELGD"+VLGD _ 1y oy (),
2n (1—0) VP w(2) ELGD
(4.73)
with z — O~ (PD)+/p® ()

1—p
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4.3.2.3 Second-Order Granularity Adjustment for One-Factor Models

In order to reduce the approximation error for portfolios consisting of a small
number of credits, additional elements of the Taylor-series expansion (4.62)
will be calculated and analyzed subsequently. Thus, we derive all terms of order
O(1/n*), which is analogous to Sect. 4.3.2.3 for the VaR-based granularity adjust-
ment. As a consequence, not only the conditional variance but also the conditional
skewness is taken into account. The resulting expression for the ASRF solution
including the second-order granularity adjustment A/, is

VaRilstJand Order Adj.) — VaR(ASRF) + Al] 4 Alz, (474)

o

where Al, represents the O(1/n*) elements of (4.62). We already know from
Appendix 4.5.8 that the third and a part of the fourth element of the Taylor series
are the relevant terms for the second-order adjustment.”'* As can immediately be
seen from the Taylor series expansion (4.62), the third and the fourth derivatives
of ES are required for the calculation of the additional terms. Based on the
formula for all derivatives of VaR, it is possible to determine a formula for
arbitrary derivatives of ES. This general formula is derived in Appendix 4.5.13,>"°
but for2 1o6ur purposes it is sufficient to use a formula for the first five derivatives
of ES:

CES(T+2) a1 (d’“ (1 (Z1Y = y)fr ()
d/Lm o - 1—q dym72
— (m) - [ 1 d(,u2<Z~|?:y) Y()’))_dm%(tum—Z(Z'Y:y) Y(y))
fr(y) dy dy"=3 y=a,(¥) |

4.75)

with (1) = x(2) =0, x(3) =1, x(4) =3, and x(5) = 10.
With these derivatives and due to

2 Z1Y =)y = malL 1Y =] ) = Oy 7). 476)

2!4The explanations regarding the order of the derivatives of VaR in Appendix 4.5.8 are valid for
the derivatives of ES, too.

2158ee also Wilde (2003).
218See Appendix 4.5.14.
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the second-order adjustment for one-factor models is given as

AL 5D [dmg(y) Y<y>>]

31—« dy
LD [_3< 1 dm(0)fr(v) d(m() y(y))ﬂ
4 T—al “\HB) dy dy y=a.(7)
1 d 1 1 [d :
= —m {@ (13 () Y(Y))} - mm [d_y (m(y) Y(J’))} e
(4.77)
Using fy = —m and recalling that 7,,(y)|,_,, 7 = n,(L| % :x)|x:qm<j)
= 77m,c|x:(,1,1 o (cf. (4.9)), this leads to
Al — 1 1 d 773,cfr
> 7 6(1 — a) dy/dx dx (dy/dx)
1 dy/ax[ 1 d (mf\]?
+ 8(1—a) fo |dy/dxdx\dy/dx o
o 1 1 i 773,c.f‘c
B 6(1 - O() dlul,c/dx dx dlul,(r/dx
2
111 d [ mcf
80— o) f dp lﬂ (dul.c/dxﬂ 4w
' X¥=q1_4(%)

which is our result for the ES-based second-order granularity adjustment in general
form. As mentioned before, this adjustment formula is of order O(I/nz) because
both the conditional skewness and the squared conditional variance are of this
order.

4.3.2.4 Second-Order Granularity Adjustment for the Vasicek Model

As in Sect. 4.3.2.2 for the first-order adjustment, we now specify the second-order
adjustment for the Vasicek model. Thus, we use the conditional PD of the Vasicek
model

pilx) = @ (cp_l (P\I;;)—_p,. Pi’ x) (4.79)
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and assume that the systematic factor is normally distributed. Due to the latter
assumption, the second-order granularity adjustment (4.78) can be expressed as

A — 1 L df mep
27 6(1 = o) dpy Jdx dx \ dp, . /dx

2
n 11 1 d [ ey
8(1 - O() ¥ drul c/dx dx d:ul.c/dx
) ’ —1

x=0"1(1-a)

=t Al + Al g (4.80)

1—-0)°

As presented in Appendix 4.5.15, this leads to a second-order adjustment of

Al 1 2 dn3.zr dz:ul.(:/dx2
2= T B |\ X T
6(1 — ) (d,ul’c/abc)2 dx > dpy o /dx

2
Lt © dnye - dpy . /dx?
8(1 =) (du, Jdx)’ | dx dpy o /dx |

x=0 ' (1—a)
(4.81)

The required expressions for the conditional moments and the corresponding
derivatives have already been determined in Sect. 4.2.1.4. Thus, we only have to
insert the terms (4.37)—(4.47) into (4.81), which can easily be calculated with
standard computer applications.

4.3.3 Moment Matching Procedure for Stochastic LGDs

Subsequently, we will study the accuracy of the ASRF formula and of the granu-
larity adjustment for the risk measure ES in order to compare the capability of
measuring name concentrations in comparison with the VaR (cf. Sect. 4.2.2).
However, before we perform the corresponding numerical analyses, we deal with
the modeling of stochastic LGDs. Based on this, we can perform our numerical
analyses of the ES-based formulas not only for constant LGDs*'” but also for
stochastic LGDs. This will show to which degree the accuracy of the ASRF
framework and of the granularity adjustments are affected by this additional source
of uncertainty. In order to incorporate a realistic degree of uncertainty, the proba-
bility distribution of LGDs will not be chosen on an ad-hoc basis, but different
density functions will be parameterized in a way that mean and standard deviation

2"Even if the calculations were based on the portfolio gross loss and thus on an LGD of 100%, the
results remain identically for every constant LGD as the numerator and the denominator of the
analyzed expressions are affected to the same degree.
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will agree with empirical data reported by Schuermann (2005). These density
functions, which are typically mentioned in the literature for modeling LGDs, are
a normal distribution, a log-normal distribution, a logit-distribution, and a beta-
distribution. This moment-matching procedure will be performed for senior
secured, senior unsecured, senior subordinated, subordinated, as well as junior
subordinated loans. As a next step, the 25%-, 50%-, and 75%-quantiles will be
calculated for each of the parameterized distributions. Finally, the distribution with
the smallest averaged difference between the calculated and the empirical quantiles
will be chosen for the numerical analyses using the parameter setting for senior
unsecured loans.

A typical shape of a recovery-rate-distribution, which is the distribution of
1-LGD, can be seen in Fig. 4.8. The presented recovery rates correspond to
2,023 defaulted corporate bonds and loans from Moody’s Default Risk Service
Database. Approximately 88% of these instruments were issued by corporations
domiciled in the United States.”'® In the presented case, the distribution is right-
skewed, which means that there are many defaults with rather low recovery rates
and few defaults with high recovery rates. While in most cases the recovery rate is
between 0 and 100%, it is not necessarily bounded between these values. The
demonstrated recovery rates of more than 100% appear if the interest rate at the
time of recovery is lower than the coupon rate.”'” As mentioned in Sect. 2.2.1,

1.8+ Mean 39.91

1.6 Std Dev. 27.17

14l 25% 18.00
50% 34.50
1.2
75% 61.37
1.0

%

0.8

0.6

0.4

0.2

0-0 T T T T T T T T T T T T 1
0O 10 20 30 40 50 60 70 80 90 100 110 120 130

Recovery

Fig. 4.8 Probability distribution of recovery rates for corporate bonds and loans, 1970-2003. See
Schuermann (2005), p. 14

218¢f, Schuermann (2005), p. 22, footnote 8.
219Cf, Schuermann (2005), p. 22, footnote 11.
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the case of recovery rates below 0% can occur due to workout costs. Since the attempt
to recover a (part of a) loan is costly, the recovery rate is lower than 0% if the recovery
cash flows are smaller than the workout costs. Even if this case is not presented in
Fig. 4.8, it is practically more relevant than recovery rates of more than 100% as
workout costs always occur whereas the other effect is if at all unsystematic.?*’
Nonetheless, the mass of the distribution is between 0 and 100%, so that it can be
beneficial to choose a probability distribution which is bounded between these values.

In the literature, there are different proposals for the choice of an LGD distribu-
tion. In the context of modeling LGDs that depend on a systematic factor,”*' Frye
(2000) used the normal distribution. One point of criticism is that this distribution is
symmetric and cannot describe the typically skewed LGDs. Against this back-
ground, Pykhtin (2003) chose the lognormal distribution. Schonbucher (2003)
applied the logit-normal distribution, which is bounded between 0 and 1. As
mentioned above, LGDs do not necessarily fulfill this characteristic but the distri-
bution can almost be seen as bounded in this interval. A further common LGD
distribution that is bounded in this interval is the beta distribution,222 which is for
example used in CreditMetrics ™.?** All of these distributions depend on two
parameters. Thus, we can parameterize all of these distributions by matching the
first two moments with the empirical distribution.

The probability density function of a normally distributed random variable X is
given by

2
_ =) 4.82)

1
A0 = U P\ 72

with mean u and standard deviation o, that is X ~ A/ (1, 0%). The quantiles g, of a
normal distribution with parameters y and ¢ can be calculated as

P(X <q,) = o("F) =x

o
qo — U —1
LI Y )
e (o)
Sq=pu+o 0 (). (4.83)

220probably, the data used to generate the figure did not include workout costs and therefore
underestimate the true economic loss. Furthermore, the choice of the discount rate influences the
effect of negative LGDs: If the recovery cash flows are discounted by the contractual rate, as
required by IFRS and as proposed by the Basel II framework, a complete recovery without
workout costs leads to a recovery rate of 100%, which shows that negative LGDs are not relevant
at all.

221The issue of interconnections between LGDs and PDs via a systematic factor is not in the scope
of this analysis.

222Cf. Altman et al. (2005), p. 46.
223Cf. Gupton et al. (1997), p. 80.
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If a random variable X is normally distributed with X ~ N (uy, 0%), the trans-

formation Y = X leads to a lognormally distributed variable Y.>** The density
function is

N 1 (Iny — #X)2
fr(y) = m exp <— T) . (4.84)

In order to parameterize the distribution, the parameters py and oy have to be
expressed as a function of the known mean p and standard deviation ¢. Using the
well-known moments of a lognormal distribution®*>

1
U= exp (,ux + 20)2() and ¢* = (exp(a%) — 1) - exp(2uy + 03), (4.85)

we obtain
o = (exp(oy) — 1) - exp(2uy + o%)
& o = (exp(oy) — 1) -exp (,ux +%0§>2
& 0% = (exp(oy) — 1) - 12
<ot =In (Z—z + 1) (4.86)
and

1,
H=exp| px +§UX

1
@ulenufia)z(

1 a?
@,ulen,u—iln<p+1>. (4.87)

As the logarithm of a lognormally distributed variable is normally distributed
with mean px and standard deviation oy, the cumulative distribution function F(y)
can be expressed in terms of the standard normal distribution:

Fr(y) = cp(w) (4.88)
Ox

224Gee also Sect. 2.3.
223Cf. Bronshtein et al. (2007), p. 760, (16.80).
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Similar to (4.83), this leads to

@(M> _y
Ox

Sq, = exp(uy + ox - @' (). (4.89)

A logit-normal distribution results from a normally distributed variable X with
X ~ N (uy, 6%), which is transformed by the logit function ¥ = e}z/(l + ¢X). The
transformation assures that the transformed variable is bounded to [0, 1]. As shown
in Appendix 4.5.16, the probability density function is given as

(4.90)

2
) = (in(1/y ~ 1) + py) ) !

1
€X — .
V/2n02 p( 2% y(1 =)

Since an analytical determination of mean and standard deviation is not obvious,
the parameterization will be done numerically. For this purpose, the moments will
be computed for different py/ox-combinations until the deviation of both para-
meters from the empirical data is less than 10, The corresponding quantiles will
be determined via numerical integration of (4.90).

The density of a beta distribution with shape parameters o, >0 can be
defined as

fe(x) = =) (4.91)

1
B(a, B) = Jt“’l(l — 0 lar (4.92)
0
or as
B(o, f) = % (4.93)

using the gamma function I'(-).**® With mean and variance

> and o= *p (4.94)

o+ B @+ )1 +a+p)

225Cf. Schénbucher (2003), p. 147 f.
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the beta distribution can be parameterized using the following shape parameters

N o
,Ll - o + ﬁ7
ap=2_4 (4.95)
u
and
o’ = 2

(a4 B> (1+a+p)
o = o*(1/u—1)
(/1) (1 + o/ )

PER ()
(1+a)
201 —
oo = % - (4.96)

Similar to the logit-normal distribution, the quantiles of the beta distribution will
be determined via numerical integration of (4.91).

As mentioned above, the different distribution functions will be parameterized
using the data for corporate bonds and loans reported by Schuermann (2005). These
data contain information about the empirical mean and standard deviation as well as
the 25%-, 50%-, 75%-quantiles, and the number of observations N of recovery rates
for different seniorities (see Table 4.8).>” As expected, the average recovery rate as
well as the quantiles of the recovery rate distribution are mostly the higher, the more
senior the debt instrument.

In Tables 4.9-4.12, the determined parameters, which lead to a matching of
moments, of the four considered distributions are reported for each of the senio-
rities. Furthermore, the corresponding quantiles ¢ that result for these distributions
are reported in the respective tables. The root mean squared errors (RMSE) are

Table 4.8 Recovery rates by seniority, 1970-2003*

Seniority Mean u Std. dev. o qo.25 (%) qos (%) qo.75 (%) N
Senior secured 0.543 0.258 33.00 53.50 75.00 433
Senior unsecured 0.387 0.278 14.50 30.75 63.00 971
Senior subordinated 0.285 0.234 10.00 23.00 42.25 260
Subordinated 0.347 0.222 19.50 30.29 45.25 347
Junior subordinated 0.144 0.090 9.13 13.00 19.13 12

“See Schuermann (2005), p. 16

22The aggregated data correspond to Fig. 4.8.
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Table 4.9 Results of the normal distribution

Seniority u o Goas (%) Go5 (%) Go75 (%) RMSE (%)
Senior secured 0.543 0.258 36.84 54.26 71.68 2.97
Senior unsecured 0.387 0.278 19.96 38.71 57.46 6.43
Senior subordinated 0.285 0.234 12.72 28.51 44.30 3.74
Subordinated 0.347 0.222 19.66 34.65 49.64 3.57
Junior subordinated 0.144 0.090 8.33 14.39 20.45 1.20
?3.58
Table 4.10 Results of the lognormal distribution
Seniority Hx Ox Goas (%) Gos (%) Goas (%)  RMSE (%)
Senior secured -0.713 0.452 36.13 49.00 66.45 5.86
Senior unsecured —1.157 0.645 20.35 31.44 48.58 9.00
Senior subordinated —1.513 0.718 13.58 22.03 35.76 4.32
Subordinated —1.232 0.587 19.63 29.16 43.33 1.28
Junior subordinated —2.103 0.574 8.29 12.20 17.97 0.95
0 4.28
Table 4.11 Results of the logit-normal distribution
Seniority Hx Ox Goas (%) Gos (%) Goas (%)  RMSE (%)
Senior secured 0.234 1.396 33.02 55.82 76.41 1.57
Senior unsecured —0.686 1.679 13.98 33.51 60.99 1.99
Senior subordinated —1.284 1.493 9.20 21.70 43.13 1.02
Subordinated —-0.819 1.224 16.20 30.61 50.17 343
Junior subordinated —1.967 0.741 7.83 12.28 18.75 0.89
?1.78
Table 4.12 Results of the beta distribution
Seniority o B Goas (%) Gos (%) Goas (%)  RMSE (%)
Senior secured 1.477 1.245 33.59 55.43 75.84 1.26
Senior unsecured 0.801 1.269 14.04 34.58 60.63 2.61
Senior subordinated 0.775 1.944 8.61 22.85 44.01 1.30
Subordinated 1.241 2.341 16.27 31.55 50.37 3.57
Junior Subordinated 2.050 12.193 7.55 12.72 19.50 0.95
?1.94

reported as a quality criterion of the accuracy of the estimated quantiles in compar-
ison with the empirical quantiles:

1r,. . N
RMSE = \/5 {(610.25 - 610.25)2 + (dos — 610.5)2 + (qo7s — 6]0.75)2

(4.97)

Finally, the averaged RMSE is reported for every distribution in order to
determine the most appropriate description of an LGD distribution.
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As can be seen from the tables, the normal and the lognormal distribution cannot
fit the empirical data very well. By contrast, both the parameterized logit-normal
and the beta distribution lead to a good accuracy with respect to the considered
quantiles. As the logit-normal distribution leads to the smallest averaged RMSE,
this distribution will be used to analyze the accuracy of the ASRF solution and
the granularity adjustments for stochastic LGDs. For this purpose, the moments
and the determined parameter values for senior unsecured bonds and loans will be
implemented.

4.3.4 Numerical Analysis of the ES-Based Granularity
Adjustment

4.3.4.1 Impact on the Portfolio-Quantile

In Sect. 4.2.2, we have studied the accuracy of the ASRF formula and the granular-
ity adjustment for the risk measure VaR. However, we do not know how good the
ES-based measurement of portfolio name concentration risk performs in compari-
son to the VaR-based measurement. Thus, our preceding analyses will be per-
formed for the coherent ES subsequently. Moreover, we test the impact of
stochastic LGDs on the accuracy of our approximation formulas. We start with
an analysis of:

(a) The numerically “exact” coarse grained solution (see (2.76))

(b) The fine grained ASRF solution (see (4.59))

(c) The ASRF solution with first-order adjustment (see (4.70) and (4.73))

(d) The ASRF solution with first- and second-order adjustments (see (4.78)
and (4.81))

for a homogeneous portfolio consisting of 40 credits with PD = 1%, LGD = 100%,
and p = 20%. The resulting ES using the formulas for the “exact” solution (a) as
well as approximations (b) to (d) is presented in Fig. 4.9 for confidence levels
starting at 0.7. In Fig. 4.10, the results for high confidence levels from 0.994 on are
shown.

As can be seen in the figures, the ASRF solution underestimates the risk because
the idiosyncratic component is neglected. Especially for high confidence levels, the
impact of this underestimation is very high. The first-order granularity adjustment
seems to be a very good approximation for a broad range of confidence levels. If the
figures corresponding to the ES are compared to those of the VaR (see Figs. 4.1 and
4.2), the adjustment formula using the ES seems to work even better than the
formula using the VaR. Unfortunately, it seems that the second-order adjustment
cannot improve the result. Even if the approximation for high confidence levels is
very good, the accuracy for lower confidence levels is significantly lower than
without this additional adjustment.
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In order to get a better insight in the accuracy of the different approximations,
subsequently several numerical analyses will be performed similar to
Sects. 4.2.2.2-4.2.2.4. In these sections, we have defined two kinds of critical
numbers. The first measured the minimum number of credits a portfolio must
consist of to have a good approximation of the “true” VaR at confidence level
0.999. The second number measured the critical number of credits for which the
ASRF approximation of the 99.9%-VaR does not exceed the VaR at confidence
level 0.995. Assuming that the increase of the confidence level from 0.995 to
0.999 happened to compensate the neglect of the granularity adjustment, it can be
argued that the idiosyncratic risk component is already accounted for if the
resulting critical number of credits is exceeded, whereas for a lower number of
credits the risk is underestimated (for an actually intended confidence level of
0.995). The first type of analysis directly tests the performance of the different
approaches. On the contrary, the second type of analysis does not focus on the
accuracy of the approximation formulas but analyzes the need of additional
economic capital against the specific regulatory setting. Thus, in order to test
the performance of the different approximation formulas when using a different
risk measure, only the first type of analyses will be performed in the following.?*®
Due to the changed risk measure, the true risk will be given by the 99.72%-ES
within the Vasicek model instead of the 99.9%-VaR.**’

4.3.4.2 Size of Fine Grained Risk Buckets
Similar to Sect. 4.2.2.2, it will be determined for which portfolios the ES-based

ASREF solution is a good approximation of the “true” ES. This will be done with a
target tolerance of f§ = 50230

(ASRF) /7
J(ASRE) ES0.9972 (L)

¢,ES,det. =inf| n: n
ESE)’.19)972 (L = % > 1{15,})
i=1

— 1| <p | with = 0.05. (4.98)

228The critical number of credits in a portfolio which leads to equality of the different parameter
settings of the Basel consultative documents is not of interest in the subsequent analyses regarding
the ES as both rely on the VaR.

229Gee Sect. 4.3.1.

239As the ASRF solution is constant and the coarse grained solution is monotonously decreasing in
n for the ES (this is a result of the monotonicity of specific risk-property, cf. Sect. 4.3.1), the
inequality also holds for every number above the first number that satisfies the inequality. Thus, the
expression “for all N > n”, which had to be included in the corresponding analysis for the VaR,
can be neglected.
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Table 4.13 Critical number of credits from that ASRF solution can be stated to be sufficient for

measuring the true ES if LGDs are deterministic (see (4.98))

AAA  A- BBB+ BBB BBB— BB+ BB BB— B+ B
upto upto
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 1.97% 3.19% 8.99%

3.0% 30405 20,112 4,711 4,516 3,593 2,803 1,828 1,246 893 4.
3.5% 25215 16,766 3.996 3,048 2399 1.571 1.077 775
4.0% 3 3
45% 18,300 12,267 3,022 2,883 2319 1,829 1213 844 612 3
50% 15,920 10,714 2,663 2,561 2,054 1,628 1,090 758 553 2
55% 14,044 9,432 2377 2290 1,838 1459 979 685 502 2
6.0% 12,434 8,443 2,140 2,058 1,658 1,319 889 625 461 2
6.5% 11,167 7,513 1944 1858 1,512 1,208 812 574 425 2
7.0% 9,985 6,786 1,765 1,701 1,374 1,100 750 529 393 2
7.5% 9,020 6,163 1,618 1,550 1,265 1,016 689 492 364 1
8.0% 8,201 5,617 1,490 1426 1,169 933 641 456 342 1
8.5% 7,508 5,135 1,378 1,318 1,083 865 598 426 318 1
9.0% 6,922 47709 1,277 1,222 1,007 805 555 400 299 1
9.5% 6,342 4336 1,186 1,136 937 751 519 283 1
10.0% 5,833 4,054 1,104 1,059 874 702 487 354 267 1
10.5% 5,455 3,738 1,031 999 816 660 462 334 253 1
11.0% 5,035 3,462 974 933 764 623 434 315 240 1
115% 4,669 3,259 911 873 719 585 409 298 227 1
12.0% 4,386 3,021 854 824 681 551 283 216
12.5% 4,075 2,860 812 778 640 525 367 268 205 1
13.0% 3,845 2,657 762 732 349 257 196 1
13.5% 3,587 2,524 331 244 188 1
14.0% 3,389 2,351 318 233 179 1
14.5% 3.201 2237 301 224 1
15.0% 290 213

15.5% 2.861 1991 591 567 470 385 275 205 158
16.0% m 558 538 452 369 265 152
16.5% 2,548 1,782 536 514 428 353 252 146
17.0% 2,438 1,703 508 495 411 337 244 181 141
17.5% 2,292 1,634 487 468 391 325 232 175 136
18.0% 2,181 1,532 469 450 375 309 224 167 131
18.5% 2,092 1,467 445 432 362 298 214 162 126
19.0% 1,998 1,411 428 411 344 288 - 155 123
19.5% 1,884 © 1,330 413 397 332 274 200 150 118
20.0% | 1,806 1,273 393 384 321 265 191 146 115
20.5% 1,739 1,225 378 364 306 257 185 140 110
21.0% 1,653 1,182 180 136 107
21.5% 1,572 1,114 236 172 132 104

22.0% 1,512 1,070 273 229 167 126 100
22.5% 1,459 1,032 325 313 263 219 162 123 98
23.0% 1,411 999 315 303 255 212 155 120 94
23.5% 1,329 301 294 248 206 151 115 91
24.0% 908 290 280 237 200 146 112 89

43

15
86
63
43
26
11
98
86
75
66
56
49
42
36
29

19
14
09
05
00

94
90
87
85
81
79
76
74
72
69
68
65
64
62
60
59
57
56

13.01%

78
75
72
71
68
66
64
62
60
59
57
56
54
53
51
50
48
47

Cccc
up to C

30.85%

49
47
47
45
44
4
42
40
39
37
37
37
34
34
34
32
31
31
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Table 4.14 Critical number of credits from that ASRF solution can be stated to be sufficient for
measuring the true ES if LGDs are stochastic (see (4.99))

AAA  A- BBB+ BBB BBB— BB+ BB BB— B+ B B— Cccc
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 1.97% 3.19% 8.99% 13.01% 30.85%
3.0% 44,234 22,604 5,767 5416 4464 3201 2291 1,517 1,097 585
3.5% 28.168 20,206 4.362 4.764 3.597 2615 1,785 1312 1.022
4.0% 3
45% 21,337 16,066 3,438 3,592 2877 2393 1423 1,039 855 403 316 207
50% 22,141 15,503 3,048 2993 2361 1907 1,313 970 655 375 271 202
55% 20,044 11914 2,600 3,112 2,197 1497 1,157 794 623 351 265 172
6.0% 14,358 12,750 2,264 2226 1,820 1,550 1,119 890 598 304 247 172
6.5% 17,261 10,528 2,174 2,283 1,852 1,461 909 637 550 325 248 159
70% 11,413 8,966 2,068 1968 1,649 1,235 864 623 506 261 234 152
75% 10,555 10,372 1,718 1,728 1481 1,379 851 627 506 237 210 149
8.0% 11,789 6,450 1,665 1,554 1,380 1,395 701 624 449 243 206 137
8.5% 11,395 6,049 1,605 1,672 1,307 1,086 651 463 391 227 206 129
9.0% 10,290 5,363 1,689 1463 1264 1,201 682 459 372 217 202 130
9.5% 6,833 6,043 1,588 1,432 1,028 853 737 373 203 171 121
10.0% 5,945 4,474 1,148 1404 1,013 1,051 590 443 386 191 157 117
10.5% 8,491 3,458 1,197 1,283 1,012 818 594 462 346 180 157 113
11.0% 8,144 3,707 1,218 999 973 623 593 424 322 178 128 116
115% 4,860 3,684 1,066 1,103 752 864 405 376 282 180 145 106
12.0% 5,745 4,733 1,016 1,026 795 918 379 252
125% 5918 3,352 1,032 903 756 677 502 315 253 156 133 107

13.0% 3,832 3,041 831 860 734 394 342 262 145 116 98
13.5% 4,284 2,810 397 310 292 149 127 95
14.0% 3,910 2,088 327 265 232 134 119 93
14.5% 4.854 3.034 428 245 132 119 91
15.0% 446 243

15.5% 3.357 3.308 858 551 583 529 323 314 163 126 97 90
16.0% m 1,039 824 695 449 302 186 119 103 86
16.5% 4,623 1,675 630 609 643 416 433 182 117 106 84
17.0% 2,413 2,016 759 573 527 493 333 231 214 115 100 84
17.5% 2,406 2,145 517 468 430 384 280 235 190 122 92 82
18.0% 2,465 1,660 588 483 496 356 286 223 167 103 91 86
18.5% 3,963 2814 600 476 543 436 222 197 144 99 89 80
19.0% 2,040 2,018 462 458 479 348 - 206 156 105 94 79
19.5% 2,533 @ 1,331 421 500 488 320 246 216 154 97 88 76
20.0% | 2,763 1,587 419 528 341 323 239 173 142 94 85 78
20.5% 2,408 1,490 535 505 476 354 230 205 163 98 80 77
21.0% 2,819 1,144 221 173 158 81 81 78
21.5% 2,106 1,105 227 202 172 125 114 87 75
22.0% 2,748 1,317 294 281 225 181 140 72 77 74
22.5% 2,709 1,185 450 311 370 249 169 149 127 81 76 71
23.0% 1,579 1,055 452 350 284 263 179 173 103 81 77 71
23.5% 1,785 384 430 269 258 181 132 148 80 72 71
24.0% 957 410 330 244 210 167 156 121 85 70 70
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Moreover, we measure the accuracy of the ASRF solution if LGDs are stochastic
and following a logit-normal distribution with

ASRF) /7
(ASRF) ES{ony (L)

c,ES,stoch. =inf| n: (n) B n o
ES) 9972 (L = % ;LGD" ) 1{15;}>

— 1| < B | with f = 0.05.

(4.99)

In contrast to the analyses of Sect. 4.2.2 and the preceding definition of a critical
number for deterministic LGDs (4.98), the denominator, which is the benchmark
for the ASRF solution, cannot be determined with the Vasicek model because it
does not account for stochastic LGDs. Against this background, we perform Monte
Carlo simulations with one million trials for each PD/p-combination and for every
number of credits until the target accuracy is reached.

The resulting critical numbers for the case of deterministic LGDs IE,AIESSI?(iFe)[' are
reported in Table 4.13 for a broad range of correlations and PDs. Similar to the
corresponding VaR-analysis, the values Iff;sslig vary from 31 for a high PD/
p-combination to 30,405 for a low PD/p-combination. This shows that at least for
non-retail portfolios the assumption of infinite granularity is critical for real-world
portfolios and the chosen risk measure does not influence the accuracy of the ASRF
solution to a great extent.

The corresponding critical numbers for stochastic LGDs Iff;ssli}:(),ch are reported in
Table 4.14. As expected, the accuracy of the ASRF solution is lower for stochastic
than for deterministic LGDs because there is an additional source of unsystematic
uncertainty. In comparison with the case of deterministic LGDs, the minimum
number of credits increased from a range between 31 and 31,405 to a range between
70 and 44,234 credits. On average, the required portfolio size is 31.55% higher due
to stochastic LGDs if the identical accuracy shall be achieved.

4.3.4.3 Probing First-Order Granularity Adjustment

In order to test the accuracy of the ES-based first-order granularity adjustment, we
determine the critical number IS0 A%) " \hich is the minimum number of
credits to deliver a good approximation of the “true” ES on a 99.72% confidence

level, for different PD/p-combinations. These critical values

Ist Order Adj.) (7
;(1st Order Adj.) ES(();972r er J)(L)

S det =inf|n: - — 1| < B YN € N2"| with = 0.05,
' w (7_
ESO}?9972 (L - % Z 1{D",-}>
i=1

(4.100)

are presented in Table 4.15. As the ES-based first-order granularity adjustment does
not only take the conditional variance of the default indicator into account but also



4.3 Measurement of Name Concentration Using the Risk Measure Expected Shortfall 127
the second moment of LGDs, it is interesting to find out how good the granularity

adjustment performs in the presence of stochastic LGDs. For this purpose, we also
determine the critical values

(1.Order Adj.) /7
ESO.997r2er ' ( )

=k 2D 1))

1(1. Order Adj.)

¢,ESstoch. inf [ n: —1|<p VN € N="

(4.101)

with f = 0.05, which are shown in Table 4.16.

For deterministic LGDs, the minimum number of credits varies between 7 and
2,468, which is a reduction of averaged 91.64% compared to the ASRF solution
(see Table 4.13 in Sect. 4.3.4.2). Thus, we have a significant improvement of the
accuracy if the first-order adjustment is taken into account. A very interesting
finding results if the accuracy of the granularity adjustment is compared for the
VaR and the ES. Even for a portfolio that consists of averaged 49.05% less credits
and thus contains significantly more idiosyncratic risk, we are able to achieve the
identical accuracy if name concentrations are measured on the basis of the Expected
Shortfall instead of the Value at Risk. For the most relevant cases, where the
minimum portfolio size is relatively high, this effect is even stronger.

If the improvement is analyzed only for cases where the minimum portfolio
size is higher than 100 credits (determined for the VaR-based granularity adjust-
ment), we find that the target accuracy can still be achieved if the portfolio
consists of 68.91% less portfolios compared to a VaR-based measurement. For
example, a high quality retail portfolio (AAA) must consist of at least 1,588
credits instead of 5,027 credits if name concentration is measured with the ES.
Similarly, a medium quality corporate portfolio (BBB) must contain 25 compared
to 106 credits. This shows that the already good performance of the VaR-based
granularity adjustment can be improved significantly if name concentrations are
measured with the ES.

The results for stochastic LGDs, which are presented in Table 4.16, are very
promising. In most cases, the accuracy is slightly higher than in the case of
deterministic LGDs. On average, the required portfolio size is reduced by
3.64%. Concretely, the accuracy is higher/identical/lower for 272/35/209 ele-
ments of the matrix. Of course, the results are influenced by a small degree of
simulation noise but the accuracy seems to be at least identically in the presence
of stochastic LGDs. If the accuracy of the granularity adjustment is compared
with the ASRF solution of Table 4.14, the minimum number of credits is about
92.19% lower,>*! which is an excellent result. As a further robustness check, the
corresponding values are determined for beta-distributed LGDs. In this case, the

21The corresponding value for deterministic LGDs is 91.64%.
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Table 4.15 Critical number of credits from that the first order adjustment can be stated to be
sufficient for measuring the true ES if LGDs are deterministic (see (4.100))

AAA  A- BBB+ BBB BBB—- BB+ BB BB- B+ B B— Cccc
upto upto upto C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%

30% 2468 1870 439 466 367 279 192 148 111
35%  2.198 377 204 203 157 125

4.0%

45% 1453 930 287 274 214 186 119 89 69 42 36 27
50% 976 858 224 213 198 152 111 83 64 37 34 25
55% 911 792 209 199 155 142 90 69 55 33 30 2%
60% 853 726 195 186 146 112 85 65 52 3l 27 )
65% 800 514 147 173 138 106 80 61 44 30 2 20
70% 752 485 139 133 129 100 64 51 42 27 23 20
75% 707 458 132 126 9 95 6 s 2 23 18
80% 665 433 126 120 94 89 58 47 33| 25 2 18
85% 625 410 120 114 90 70 56 44 32 2 19 17
9.0% 585 250 113 108 8 67 53 36 31 21 19 16
95% 540 240 107 103 82 64 Sl 30 20 18 16
10.0% 34 29 20 16 13
10.5% L T 16 13
11.0% 5 23 17 16 13
11.5% u 2 16 13 13
12.0% 24 22 G
12.5% 2B 2 16 13 13
13.0% 23 20 13 13 1
13.5% 2 20 13 13 1
14.0% 20 19 13 12 1
14.5% 21 13 12 1
15.0% 20

155% 114156 53 51 41 20 18 12 12 T
16.0% Ss1 33 40 31 26 19 14 12 12 1
165% 100 147 33 32 330 200 4 1 10 11
17.0% 106 142 33 31 37 30 20 18 14 12 10 1
175% 104 138 32 303 20 19 18 14 11 10 1
180% 101 134031 3 35 28 19 18 13 11 10 1
185% 99 130 30 29 34 27 19 13 I3 9 10 8
190% 97 6 30 2 23 78 13 13 9 9 9
195% o5 6l 290 28 2 17 18 13 9 9 9 9
200% 793 e 28 27 2 17 17 12 9 9 9 9
205% 91 59 28 27 21 17 17 12 9 9 9 9
200% 89 58 17 12 9 9 9 9
205% 88 57 6 16 12 9 9 9 9
20% 8 56 6 16 11 9 9 7 9
25% 84 55 26 24 20 16 16 11 11 9 7 9
230% 83 54 25 24 19 15 15 11 11 8 7 9
235% 81 5 23 19 15 15 11 11 8 7 9
24.0% 2 24 23 19 15 15 1111 8 7 9
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Table 4.16 Critical number of credits from that the first order adjustment can be stated to be
sufficient for measuring the true ES if LGDs are stochastic (see (4.101))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%
3.0% 2,338 1,682 531 470 403 308 243 158 126 74

3.5% 1,745 1,371 360 308 226 190 130 103

4.0%

4.5% 1,272 906 259 248 204 171 132 92 74 49 43 36
5.0% 1,055 779 225 224 175 164 112 89 64 41 37 33
5.5% 841 575 179 207 151 123 91 68 55 38 36 31
6.0% 758 506 165 158 140 107 85 70 53 35 33 29
6.5% 620 436 145 142 124 106 81 64 50 33 30 26
7.0% 595 416 126 122 129 94 63 63 46 30 27 26
7.5% 515 346 111 119 96 79 64 48 41 27 25 24
8.0% 42 36 25 25 23
8.5% 37 32 23 23 23
9.0% 38 32 23 22 21
9.5% 38 30 22 20 21
10.0% 32 27 20 19 19
10.5% 28 27 21 19 19
11.0% 35 25 20 18 19
11.5% 26 24 17 17 18
12.0% 3 23 [T
12.5% 23 22 16 16 17
13.0% 22 22 15 14 16
13.5% 21 20 15 14 17
14.0% 22 19 15 14 15
14.5% 18 13 14 16
15.0% 25 18

15.5% 137 89 31 37 32 27 18 16 15 13 13 16
16.0% 133 89 45 36 31 27 19 16 15 12 13 15
16.5% 125 87 26 29 30 24 18 - 14 13 12 14
17.0% 131 79 36 24 20 23 17 16 13 11 12 14
17.5% 119 81 21 31 26 24 18 13 14 11 12 15
18.0% 105 81 21 23 25 22 15 12 13 11 11 15
18.5% 122 80 20 22 19 21 15 12 13 10 11 15
19.0% 109 77 21 19 16 17 - 11 12 11 10 14
19.5% 115 80 20 19 17 17 15 12 11 10 10 15
20.0% 112 69 18 18 15 17 15 11 11 10 10 14
20.5% 105 15 10 10 9 10 14
21.0% 102 14 10 10 10 9 14
21.5% 101 12 13 9 9 9 14
22.0% 92 14 10 8 8 9 13
22.5% 88 12 10 10 9 10 14
23.0% 86 11 10 9 9 9 14
23.5% 83 15 15 13 11 10 9 9 8 8 14
24.0% 58 14 15 12 10 12 9 9 8 8 14
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target accuracy is already reached for 4.89% less credits, compared to the case of
deterministic LGDs. In comparison to the ASRF solution, the critical number is
92.27% lower.

4.3.4.4 Probing Second-Order Granularity Adjustment

As a next step, we analyze the accuracy of the ES-based second-order adjustment in
comparison to the “exact” ES for deterministic LGDs:

0.9972

m ([ 1<
ESj 9972 (L =N > 1{15,-})

i=1

Ist+2nd Order Adj.) /7
(1st+ 2nd Order Adj.) ES( ot J)(L)

¢,ES det. — 1| <B VN e N*"

=inf| n:

(4.102)

with § = 0.05. Moreover, the second order granularity adjustment is tested for
stochastic LGDs using the formula

(1.42.Order Adj.) /7
(1.42. Order Adj.) ESO.9972 (L)

¢,ES,stoch.

=inf|n: —1|<p YN € N="

N

ES(()’A19)972 <I: = zlv ;LGD" ) 1{5;}>

(4.103)

with f = 0.05. Due to the second-order adjustment, not only the variance but also
the skewness of LGDs is accounted for in the approximation formula.

The results for deterministic LGDs, which are reported in Table 4.17, confirm
the findings of Fig. 4.9 and also of the corresponding VaR-based analysis of
Sect. 4.2.2.4. If concentration risk is measured with the second-order adjustment,
the required portfolio size is 89.79% smaller than without the adjustment formula
and it performs still better than the VaR-based adjustment formulas but there is no
improvement compared to the ES-based first-order adjustment. Thus, it has to be
stated that the second-order adjustment formula stemming from additional elements
of the Taylor series expansion is performing worse than the first-order adjustment.
As discussed in Sect. 4.2.2.4, it remains unclear if this unexpected result is e.g. a
consequence of a non-converging Taylor series or if the consideration of more
elements of the Taylor series could improve the approximation. But for all that, we
found that the ES-based first-order adjustment is an excellent method for measuring
name concentrations.

The corresponding results for stochastic LGDs are reported in Table 4.18.
Interestingly, the results for low PDs and high correlation parameters are very
good, whereas for high PDs and low correlation parameters the results are worse
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Table 4.17 Critical number of credits from that the first plus second order adjustment can be
stated to be sufficient for measuring the true ES if LGDs are deterministic (see (4.102))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 1.97% 3.19% 8.99% 13.01% 30.85%

3.0% 3,381 2,533 880 841 707 585 433 338 271 178

3.5% 2.036 1,627 663 634 542 347 270 222
4.0%
4.5% 760 741 389 374 333 289 226 185 156 115 105 94
5.0% 594 443 306 295 269 237 189 159 136 102 94 86
5.5% 256 238 237 229 215 194 160 138 120 91 85 80
6.0% 466 161 180 176 169 157 135 120 107 84 78 74
6.5% 473 273 159 153 152 129 123 105 95 75 72 70
7.0% 746 453 113 110 116 113 103 91 84 69 67 66
7.5% 722 447 101 98 87 89 86 80 75 64 63 63
8.0% 695 435 66 65 76 80 80 73 67 60 59 59
8.5% 668 421 58 69 61 65 64 63 56 55 57
9.0% 641 407 33 50 46 54 61 59 56 52 52 55
9.5% 614 392 27 27 41 56 53 50 50 53
10.0% 588 378 23 23 37 48 50 47 47 51
10.5% 563 363 39 36 34 45 44 45 45 49
11.0% 539 350 40 38 18 43 42 42 43 48
11.5% 515 336 41 38 16 36
12.0% 492 323 64 60 14 2 34
12.5% 469 310 63 59 27 33 34 37 38 44
13.0% 445 298 62 59 27 28 33 36 37 43
13.5%
14.0%
14.5%
15.0%

155% 263 173
16.0% 54 52 40 29 9 235 29 31 38
165% 245 162 53 33 39| 29 8 21 28 30 38
170% 237 158 52 33 38 28 8 2 27 30 37
175% 229 153 51 48| 38 28 7 20 27 28 37
180% 221 148033 41 37 28 7 19 2 28 37
185% 213 144 48 46 36 27 7 19 26 27 36

19.0% 206 139 47 45 36 27 - 18 25 27 35

19.5% 198 135 46 44 35 26 6 14 18 25 26 35
20.0% 191 131 45 43 34 17 6 14 18 23 26 35
20.5% 183 127 44 42 33 17 3 10 17 23 26 34
21.0% 176 123 3 10 15 23 25 34
21.5% 91 62 3 9 15 22 25 34
22.0% 88 60 31 4 9 14 22 25 34
22.5% 86 58 40 39 31 16 4 9 14 22 25 34
23.0% 83 57 39 38 30 23 4 9 14 21 23 33
23.5% 81 38 37 30 23 4 8 13 21 23 33
24.0% 54 37 36 29 23 4 8 13 21 23 33

D Corporates, sovereigns, and banks D SME:s (5Mio. < Sales < 50 Mio.)
D SMEs (Sales < 5 Mio.) . Mortgage - Revolving retail . Other retail



132 4 Model-Based Measurement of Name Concentration Risk in Credit Portfolios

Table 4.18 Critical number of credits from that the first plus second order adjustment can be
stated to be sufficient for measuring the true ES if LGDs are stochastic (see (4.103))

AAA  A- BBB+ BBB BBB— BB+ BB BB-— B+ B B— CCC
upto upto up to C
AA— A+

0.03% 0.05% 0.32% 0.34% 0.46% 0.64% 1.15% 197% 3.19% 8.99% 13.01% 30.85%
3.0% 4,175 3,045 1,045 980 818 699 499 393 327 227
35% 2.745 2.102 835 761 674 546 435
4.0%
4.5% 1,090 951 477 462 419 361 282 230 194 140 135 131
5.0% 541 632 398 396 347 272 252 184 163 128 119 120
5.5% 264 347 311 287 271 256 197 170 144 113 110 110

60% 288 210 254 258 210 198 162 136 130 105 9% 104
65% 600 136 203 193 178 164 142 124 113 9 89 08
70% 652 388 158 159 137 139 131 105 101 84 82 9
75% 610 38 126 15 126 16 112 102 I s 81 87
80% 670 376 95 93 103 108 91 8 90 75 7 85
85% 613 408 73 75 81 8 89 8 81 70 69 80
9.0% 555 368 47 46 64 70 7773 T2 67 65 80
95% 515 316 37 3 55 59 o & & 62 76

100% 531 364 24 29 38 48 61 60 61 75

105% 550 321 11 12 31 41 53 54 57 71

11.0% 495 323 35 18 23 30 51 53 55 70

11.5% 431 276 47 46 11 24 45 5 53 69

120% 366 278 54 49 8 2 44 G S s

125% 428 295 55 5115 18 41 46 49 65

13.0% 36 45 47 65

13.5% 8 4 47 63

14.0% 34 41 46 65

14.5% 44 £ 62

15.0%

155% 204 193 56 49 36 21 30 37 41 60

60 TR s« 46 36 25 28 37 40 60

165% 185 153 49 47 37023 27 35 40 61

17.0% 169 128 50 46 34 23 25 34 57 60

175% 153 140 45 4535 25 2% 35 37 59

180% 138 14544 a4 33 4 235 33 35 59

185% 152 120 42 45 35 24 23 3 35 57

190% 130 113 52 42 31 o 7 » 33 36 58

195% 13207108 43 39  n 4 4 15 2 30 35 58

200% 133 90 40 46 31 23 316 21 30 34 58

205% 120 8 35 37 35 24 5 15 20 29 33 59

200% 113 85 5 13 21 29 3 59

205% 110 76 2 5 12 19 29 33 58

20% 102 73 28 23 6 12 19 28 34 59

25% 93 74 36 31 21 20 5 12 17 28 33 58

230% 8 77 34 33 26 22 6 11 18 27 £y 59

235% 13 2 30 28 2 6 11 18 28 32 58

24.0% 67 31 34 24 2 6 11 16 28 31 59
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than for the case of deterministic LGDs. Even if the required portfolio size is still
significantly smaller than with the ASRF solution (—81.50%), the accuracy is worse
than for deterministic LGDs (+16.25%). This confirms the findings from before that
the first-order adjustment is strictly preferable. The corresponding values for beta-
distributed LGDs are almost identical (—81.50% and +16.38%).

4.3.4.5 Probing Granularity for Inhomogeneous Portfolios

Subsequently, the accuracy of the ES-based granularity adjustment will be tested
for inhomogeneous portfolios, which consist of credits with different exposure
weights and default probabilities. The high quality and low quality test portfolios
are identical to those of Sect. 4.2.2.5. The analyzed portfolios consist of 40, 60, . . .,
400, 800, 1,600, and 4,000 loans and the Expected Shortfall is computed at a
confidence level of 99.72% for a correlation parameter of p = 20%. The resulting
first- and second-order granularity add-on and the corresponding ES of a Monte
Carlo simulation with three million trials are presented in Fig. 4.11.

The size and shape of the true and the approximated granularity add-ons are
similar to those calculated for the VaR. Thus, we find that for the portfolio

0.07 T T T T T T
o High Quality, Monte Carlo
High Quality, 1st Order Adj.
0.06 | | = —-High Quality, 1st + 2nd Order Adj. e
+ Low Quality, Monte Carlo z 1
—==Low Quality, 1st Order Adj. “ -
0.05 L Low Quality, 1st + 2nd Order Adj. e
c
Q
3 004}
g0
>
E
s 0.03[
c
©
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0.01r
0 1 1 1 ! 1 1
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1/Effective Number of Credits

Fig. 4.11 ES-based granularity add-on for heterogeneous portfolios calculated analytically with
first-order (solid lines) and second-order (dotted lines) adjustments as well as with Monte Carlo
simulations (+ and o) using three million trials
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consisting of 40 loans we have a granularity add-on of about 6%. In contrast to the
VaR-based analysis, the add-on of the low-quality portfolio does not exceed the
add-on of the high-quality portfolio. But most importantly, the granularity add-on is
almost linear in terms of 1/n" and the first-order adjustment is capable to capture the
deviations from the ASRF solution with high accuracy, whereas the second-order
adjustment leads to an underestimation of idiosyncratic risks.

4.4 Interim Result

Presently discussed analytical solutions for risk quantification of credit portfolio
models especially rely on the assumptions of an infinite number of credits and of
only one systematic factor. Thus, those analytical frameworks do not account for
single name and sector concentration risk. This problem is discussed intensively by
the financial authorities and it is especially considered in Pillar 2 of Basel II. To
cope with the problem of name concentration, an add-on factor has been developed
that adjusts the analytical solution for portfolios of finite size and therefore might
serve as a simple solution for quantifying name concentration risk under Pillar 2. In
this chapter, the general framework of this (first-order) granularity adjustment for
medium sized risk buckets has been reviewed. Furthermore, we have derived an
additional (second-order) adjustment for small risk buckets, which reduces the error
term from O(1/n%) to O(1/n’). Even if it has already been mentioned by Gordy
(2004) that it may be worthwhile to calculate these additional terms, the adjustment
formula has not been determined before. After the derivation of the second-order-
adjustment in general form, we have specified the formula for the Vasicek model.
As a next step, we have carried out a detailed numerical study. In this study, we
have reviewed the accuracy of the infinite granularity assumption for credit portfo-
lios with a finite number of credits, as well as the improvement of accuracy with
so-called first and second order granularity adjustments. Due to this study, banks
are able to easily assess whether the assumption of infinite granularity is critical
for their portfolio. Furthermore, the outcomes of the study show in which situa-
tions the granularity adjustment formulas are able to accurately measure portfolio
name concentrations. These results are presented in terms of critical values for
the minimum number of credits in a portfolio. We come to the conclusion that the
critical number of credits for approving the assumption of infinite granularity is
influenced by the probability of default, the asset correlation and of course the
required accuracy of the analytical formula to great extent. We specify the mini-
mum accuracy to 5%, i.e. if the credit portfolio is larger than our calculated critical
values, the “true” risk and the approximation differ by less than 5%. This critical
number of credits varies enormously, e.g. from 1,371 to 23,989 for a high-quality
portfolio (A-rated) and from 23 to 205 for an extremely low-quality portfolio
(CCC-rated) under the risk measure VaR. With the use of the first order granularity
adjustment we can reduce these ranges drastically. The critical number of credits is
in the bandwidth 456 to 4,227 (A-rated) and 9 to 42 (CCC-rated) and thus, the
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postulated accuracy should be obtained in many real-world portfolios. Additionally,
the second order adjustment does not seem to work for the VaR since it reduces the
add-on factor and the accuracy.

We have demonstrated that the VaR, which is coherent in the context of the
ASRF framework, has some theoretical shortcomings if we leave the ASRF frame-
work, which is necessary to account for name concentrations. For this reason, we
have proposed a methodology how a more convenient risk measure can be used for
the measurement of name concentrations. For this purpose, we have adjusted the
confidence level of the ES in a way that the Pillar 1 formulas still lead to an almost
identical capital requirement, leading to an ES-confidence level of o = 99.72%.
Using this confidence level, we are able to measure name concentrations without
being exposed to the theoretical shortcomings of the VaR, but the results are still
consistent with the Pillar 1 formulas. Based on these preliminary considerations, we
have theoretically derived the ES-based first- and second-order granularity adjust-
ment in a general one-factor framework and for the Vasicek model. Similar to the
corresponding formulas for the VaR, the second-order granularity adjustment,
which is intended to improve the accuracy for small portfolios, has not been derived
before in the literature. The subsequent numerical analyses confirm that the first-
order granularity adjustment leads to a very good approximation of the unsystem-
atic risk component whereas the second-order adjustment cannot improve the
accuracy. Interestingly, the required portfolio size is not only 91.64% lower com-
pared to the ASRF solution but also 49.05% lower compared to the VaR-based
granularity adjustment. This shows that it is indeed advisable to measure name
concentration risk on the basis of the coherent ES instead of relying on the non-
coherent VaR.

These findings have been emphasized by a robustness check using stochastic
LGDs. For this additional analysis, we have firstly calibrated several probabi-
lity distributions with empirical data of recovery rates for different seniorities
using a moment matching approach. Namely, we have used the normal distribu-
tion, the lognormal distribution, the logit-normal distribution, and the beta
distribution. As the logit-normal distribution has performed best with respect
to the empirical observed quantiles, we generated recovery rates which are logit-
normal distributed with parameters stemming from the empirical data of senior
unsecured loans. Using these data, we have repeated the test of the ASRF
solution and the ES-based granularity adjustments. As expected, we find that
the accuracy of the ASRF solution is lower due to the additional source of
uncertainty. If the LGDs are stochastic, the minimum number of credits has to
be 31.55% higher than for deterministic LGDs. Interestingly, the ES-based first-
order adjustment performs slightly better in comparison with deterministic LGDs
(4.89% less credits). Compared to the ASRF solution, the required portfolio size
is 92.27% lower when using the first-order adjustment, which confirms our
findings. Thus, apparently the accuracy of the measured risk is generally very
high even for relatively small portfolios if the first-order granularity adjustment
is incorporated.
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4.5 Appendix

4.5.1 Alternative Derivation of the First-Order Granularity
Adjustment

With reference to Wilde (2001), the granularity adjustment will be derived as an
approximation of the difference Ag between the true VaR of a granular portfolio
g™ and the approximation ¢(°° that results if infinite granularity is assumed to
hold:
Ag =g\ — g, (4.104)
Instead of determining the add-on Aq directly, it will be analyzed how much the
confidence level o will be overestimated or the probability p := 1 — o of exceeding
the VaR will be underestimated if the portfolio is assumed to be infinitely granular.
Thus, the probability

Ap = p™ — p = o — ¢l (4.105)

refers to the overestimation of the confidence level if only the systematic loss is

considered. Here, « is the specified “target” confidence level, and by definition also

the probability that the systematic loss will not exceed q§°°) :
1—p:a::P(igq§">) :P(E[[|X] gqgoo>). (4.106)

By contrast, o) is the actual confidence level if the VaR is approximated by the
ASRF model:

1 —p) = () .— IP(E < qéoc)). (4.107)

Subsequent to the derivation of Ap, the result will be transformed into a shift of
the loss quantile Ag.

Analogous to Appendix 2.8.3, the unconditional probability p(>®) can be
expressed in terms of the conditional probability. Then, the substitution

yi= q&oo) + ¢t is performed to center the integration at qémz

p+Ap= P(i > q;”)) = J P(£ > |Y = y)fy(y)dy
oo
- T ]P’(E > g | ¥ = ¢ + r) fr (q§°O> + r) dr, (4.108)
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with the shorter notation Y := E(E | )?) for the conditional expectation. According
to (4.106), the probability p can be written as

3

p=EB(F=2q{) = T frody = | (a0 +1) d (4.109)
y=¢\"

using the substitution y := ¢\°° + ¢ again, so that ty = qé(x)) =0andt(y = c0) =

00. Hence, (4.108) can be expressed as

Ap = J IP(Z > ¢ Y = ¢ + t)fy<q§f>°) + t)dt - J fy(qﬁf’) + t) dt
t=—00 t=0
0
= J ]P’(E > g Y =g + [)fy<q§;0> + t)dr
t=—00
+ J [IP’(E > qgfo) |Y = q&oo) + l) — 1}fy (qﬁf’o) + t)dt.
=0

(4.110)

The following transformations are performed for simplification of the integrand
in order to solve the integral. A realization of the systematic loss implies a realiza-
tion of the systematic factor. As the credit loss events are assumed to be indepen-
dent for a realization of the systematic factor, the conditional credit losses follow a
binomial distribution, which can be approximated by a normal distribution for a
sufficient number of credits. This leads to

P(Ezqff") |f:q;oo>+z) =1 _P(£<q;w>|f:q;w>+t)
qéoo) —E(I:\Y:qéoc) —|—t)
Jolei—a )

As E(L) = E(E(L | X)) = E(Y), which is due to the law of iterated expectation,
the conditional expectation of (4.111) equals

~1-® @.111)

(LI =g +1) =B(Y|¥ =g +1) =4+ 4.112)

With the symmetry 1 — ®(—x) = ®(x) and defining ¢*(y) := V(L|Y =),
(4.111) results in
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(00) (00)

. ~ o — (o  —I
P(quéw)|Y:q§<OO)+f)%1—q) %
0\ {qx t
t
—o|— |, (4.113)
(1)

so that (4.110) can be written as

0
AP:r_JQO(D m fY(inO)_;'_t)dt
+1_Jo ? W ! fy(q§%>+’)df~ 4.114)

Subsequently, several linear approximations will be performed relying on the
assumption that the loss quantile of the granular portfolio is close to the systematic
loss quantile and the linearizations lead to minor errors. Linearizing the density
function at ¢\ leads to

fr (qﬁ?” + r) ~ fy (qi‘”)) Y #g—iy) o 4.115)

The argument of the normal distribution can be approximated as

; 1 ~; 1 np d 1
a(qgfc) + t) o(q&oc>> _dt J(qggoo) + t) o
1 1
=t +t a(qgf’c) +t
o) eyt
. t l‘2 |:d O_(q(oo) + Z):|
- )\ 00 Jr @
a(qg )) Gz(q( )) dt -0
(4.116)

(00)

With the substitution y:=g, '+t so dy/dt =1 and y(r=0) = q&oc), the
derivative of the conditional standard deviation can be rewritten as

d d
4 () _d
ar’ (qa - t) ‘r:o ~dy o(y) |>'=(1§“)' (4.117)
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y=¢\ )

Inserting (4.115)—(4.117) in (4.114) leads to

0
2 g
oo Ly ™

t=—00
i d
. fy(qgoo)) iy Ify (v) dr
dy |y
T t £ do(y)
S J ® ) ( !
KA a(%oo)) o? (fh,oo)) dy Jy_g
| 4
: fy(qi‘”)) 4 B0 dt
dy |y
=: Apy — Ap,. (4.118)
When the substitution 7 := —1 for the term Ap, is performed and the symmetry of
the normal distribution ®(—x) — 1 = —®(x) is used, both terms Ap; and Ap, are

identical except for the algebraic signs:

Apy = — IJO [(I) ( |:O_(q;oc)) + o2 (;&OC)) d(;(yy) y_qixl) - 1}
| [f (o) - T y—m] A

dy
y=q{ )

( ))dt. (4.119)
V=4

A linearization of the normal distributions in Ap; and Ap; results in

y=q{ )

0
> do(y)
el e

t=—00

. <fy (qioo)> L A 0)

dy

t £ da(y)
iy

t 2 (i)
~ O L _dol)) dO0)
o (anC)) o2 (f]gOC)) dy ly_gfo dy y=- (,,</°<>)
2
Y - s by ! (4.120)
a( (oc))
qu
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Using this approximation, the terms Ap; and Ap, from (4.118) can be written as

0
t d
Apl‘z;t-; J () ﬁ . fY<q£COC>> +¢ fY(y) dt
t=—00 O-(qaoo ) —— dy =4,
N———— =70 o
:Zﬁo Rt
0
- J £ do(y) o ! A (qgoo)) itde()’) it
R (qéoo)) dy |y \ g (qéoo)) N dy |_ e
=0 .
—B, ="
(4.121)

The summands f3, y, are the points around which the linearizations have been
performed. The summands f3;, 7, have resulted from the first-order approxima-
tions. Using this notation, the shift in probability Ap of (4.118) can notably be
simplified to

Ap ~ Apy — Apy

0 0
~ J Bo(vo + 1) — Bi(yo + y1)dt — J Bo(vo = 71) + Bi(yo — v1)dt
t=—00 f=—00
0
= J 2Boy1 — 2P podt.
t=—00

(4.122)

Fortunately, both integrands are already first-order terms whereas the cross-

terms f, -y, vanish.”*? Thus, there is no need for a further linearization. The
remaining expression is

0
d
Apzzfcyi—(y) J t-® % dt
Y ly=g P 0(% )
(<)) 0
d fY(Qa ) t
_,do0) — Jz?¢ — v | e (4.123)
ey B R )

232The omission of the zeroth-order terms could be foreseen as only the deviation from the
systematic loss quantile is analyzed.
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In order to solve the integrals, the substitution y := ¢/ a(q&m)) is performed, with
dy/dt = 1/a(q£f°>), y(t=—00) = —c0 and y(r =0) = 0:

Ap%zdjz—)()y) o J y G(qgfo)).@(y) g(qgm))dy
V=4
y=—00
do(y) Fir(ds™ ¢ T §
-2 Zyy =gl 0-2((61200))) R [y a(qg ))] o(y) O_(qg( >>dy
: 0
zzdf:liﬂ N 2((];00)) J ¥ O()dy
V=45
y=—00
~—
0
_2d2—(yy) o ( 5‘00)) “(Q(OC)) J ¥ p(y)dy
=4 s
N———— —

(4.124)

For the second integral (**), it is used that the integrand is axially symmetric to
the y-axis. Furthermore, the definition of the variance is utilized, considering that
the standard normal distribution has mean p, = 0 and variance o3 = 1:

0 0 0
1 1
J Y p)dy =5 J Y p)dy =5 J O = y)* - oy)dy.
y=—00 y=—00 y=—00
I 5, 1
== =—. 4.125
3 Oy 3 ( )
The first integral (*) can be calculated with integration by parts:
O 1 0 0o
J y - O(y)dy = [Eyz : CD(y)} - J 37 o0 dy. (4.126)
y=—00 y= y=—00
For y = 0, the first term is zero but for y = —oo, the result is not obvious. Using

I’Hopital’s rule several times leads to>”

3For functions f, ¢ with lim f(x) = lim g(x) =0 or lim f(x) = lim g(x) = oo it is true
X—X0 X—Xo X—Xo X—X0

that lim % = lim £% if 1im £ exists; cf. Bronshtein et al. (2007), p. 54, (2.26).

xoxg 80 T xhg &0 T 1y W)




142 4 Model-Based Measurement of Name Concentration Risk in Credit Portfolios

.1, . 1 ®(—y) rHopital

1 —o(—
lim L —P(=Y)
y—oo 2 —2y73
2

— lim 1y’ rnopial lim 1 3y
Cysm 4?2 yox 4 y- /2

. 3 ¥y vHopital .. 3 1
= lim - =

y—00 4 €y2/2 B yl{& Z y- €y2/2 - 0’ (4127)

so that the first term of (4.126) vanishes. Using the result of the previous integration,
(4.126) equals — 1/4. Hence, Ap from (4.124) is given as

A — %de—iy) o 02< ((7_°°>> — d(;—g)y) y:q;x>fy (qéoc)) . a(qgfo)). (4.128)
Because of GZ—; = % % d—‘yf = % %, (4.128) is equivalent to
Ap ~ — Fdfy—(y)‘ (40 P ELalb (qﬁf”))]
2 dy |y 2 dy |y
= - % {dfz—;y) a*(y) + %y(y)fy (y)} e
= =5 7 (F0) - PO o (4.129)

This expression is the linearized deviation of the specified probability p =1 — «
if only the systematic loss is considered for calculation of the loss quantile.

As initially noticed, the determined shift of the probability has to be transformed
into a shift of the loss quantile (cf. Fig. 4.12). If the probability density function of
the portfolio loss is assumed to be almost linear in a region around the quantile, the
required transformation is

Ap ~ % [fy (qﬁf’")) +fr (qém) + Aq)} Aq. (4.130)

Two last first-order approximations lead to

Ap =~ % [fy (quO)) * (fy <q§<00)> N AQdf;;y)'ngx)>

1dfy(y)
2 dy

Ag

(Ag)*
y=¢

—fr(a0)) - Aq +

~fy (q;”)) - Aq. 4.131)
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Sy

Probability density

Ap

Losses ¢ ¢+ Aq

Fig. 4.12 Relation between the shift of the probability and the loss quantile

Inserting (4.129) into (4.131) finally leads to

Ag =~ ~—= — : o
! fY(qéw)) 2 fy(y) dy (#0700 oo
1 1 d -
:*Emdfy(ﬁ()’)'V(L|Y:y))’y:q§j")' (4.132)

Using (4.8), this can be written as

1 d VIL|x=
Mo (fxgx) L x]> , (4.133)
fi(x) dx EE [L | X = x] 12
which is identical to the first-order granularity adjustment of Sect. 4.2.1.1.%*

4.5.2 First and Second Derivative of VaR

The derivatives of VaR will be determined on the basis of Rau-Br~ed0W (~2002,
2004) in the following. Consider two continuous random variables Y and Z with

234¢f. Wilde (2001).
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joint probability density function f(y,z) and a variable /2 € R. The VaR (the
quantile) ¢ := g, (L) of L =Y + 2Z can implicitly be defined as™*’

P(L < q) =o. (4.134)
Furthermore, the formula of the conditional density function will be used: ¢
fY Z(ya Z)
fz17=y(2) == (4.135)
2= fr(y)

leading to**’

~ frizz(q,2) v z(q — Az, 2)

f _(z) = = . (4.136)
217+12=4() friaz(q) friiz(q)
4.5.2.1 First Derivative
As the derivative of the constant « is zero, the derivative of (4.134) is
OZQP(Y+AZ~< q)
oA -
0o q—iz
_9 J J fr.z(y,z)dydz
— ((M Y, Z Y, y
Z=—00 y=—00
00 P q—iz
= J 9 J fr.z(y,z) dy dz. (4.137)
7=—00 ) y=—00
Performing the inner integration and the differentiation leads to
T /d
0= J (dj - z) Fr.2(q — Az,2) de. (4.138)
zZ=—00

233Cf. (2.14). The slightly different expressions compared to Rau-Bredow (2002) result from o
instead of (1-o) representing the confidence level.

238Cf. Pitman (1999), p. 416.
237Cf. Rau-Bredow (2004), p. 66.
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Using the formula for the conditional density function (4.135) and the integral

representation of the conditional expectation, we get

0= T <dq—2>fY+;z( V2| v4iz=q(2) dz

dJ
dq o0 o0
= fr+iz(q) E J2\vviz=q(2) dz — Z2fz)v+iz2=q(2) dz
dq . -
= fy+:2(q) - 1-E[Z|Y+1Z=4]). (4.139)
This leads to the first derivative of VaR:
dvaR,(Y +Z S _
%:E[zwwzzqaauz)]. (4.140)
The first derivative at A = 0 is
dVaR, (Y +Z _— ~
72) ) =E[Z|Y = q,(Y)]. (4.141)
" 2=0
4.5.2.2 Second Derivative
Similar to (4.137), the second derivative of (4.134) is
82 ) ) 82 0o q—iz
0=—PY+1Z<gq)=— J J ,z)dydz. 4.142
a/lz ( Q) 8}2 fY,Z(y ) y ( )
Z=—00 y=—00

With the first derivative of (4.138) and applying the product rule, this leads to

o [ (dg
Oza J (dﬂu >fYZ(CI 4z,z)dz

T (dq dg  \ Oy 2(q — )z,2)
J (d2/1>fy z(g—7z,2) + <ﬂ - Z) sz. (4.143)

Z=—0Q0
*
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The derivative (*) can be determined with the chain rule:

Iy, z(q — 7z,2) _ 9(q — 4z) Ofy, z(q — 42,2) Oq

04 02 o(q—iz) 0q
_ @_Z Ofy. z(q — 2z,2) 1
ds. dq d(q — 1z)/0q
_ (a2l z)
- (di Z) 4 : (4.144)

Inserting (4.144) and the conditional density (4.136) into (4.143) results in

1 (44 , dg O, z(q — 4z,2)
0= | (@) rtomima (Ge) PG

Z=—00

n T (ﬂ—z)za(fYHZ(‘I)gi]Y+7Z—q(z))dz. (4.145)

The first summand of (4.145) equals

& T &
<dT;1>fY+/tz(fl) J fz\yﬂz:q(z)dzz <dT;1>fY+ﬂz(61)~ (4.146)

In order to calculate the second summand of (4.145), the first derivative from
(4.140) as well as the integral representation of the conditional variance is used:

T (@ B 2)2 O(fr+12(a) fz1v+i2=4(2))

_ d2 dq dz
i Z|Y +2Z O fr+iz(Q)f; _
= | w2 = g i),
d %0 - 2
=% (fYHZ(Y) J (z—E[Z|Y +1Z=q]) fZlYsz(z)dz)
z7=—00 y
d

(Fre2zMVIZ|Y +2Z =)])

% (4.147)

y=q
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With these summands, (4.145) can be written as

d? d L
0= (S fras(y) + == (fresz0)V[Z| Y + 32 = y]) (4.148)
d?i dy v=q
Thus, the second derivative of VaR is equal to
FVaRAY+92) 1 d o OVEIT 42— y])
d*2 froiz(y) dy ” vea(747)
(4.149)
The second derivative at A = 0 is
d*VaR,(Y +3Z)| 1 d(f()V[ZIY— ) (4.150)
d? 0 O Y -7 v=a:(7) '

4.5.3 Probability Density Function of Transformed Random
Variables

Let X be a random variable with density fx(x) and let ¥ be a random variable with

Y = g(X). If g is strictly monotonous and differentiable, the probability density

function (PDF) of Y can be transformed using the inverse function theorem®*®:

d -1

o) =rfx(g' ) - ‘gd—y(y)‘. (4.151)
With g~!(y) = x, we obtain

dg='(y) Cax| 1

' dy ‘ ay| ‘dy/dx ’ #4152
which leads to
Jx(x)

= . 4.153

238Cf. Roussas (2007), p. 236.
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4.5.4 VaR-Based First-Order Granularity Adjustment for a
Normally Distributed Systematic Factor

The granularity adjustment (4.10) can be expressed as

L d [ ¢
Al = —— —
2¢ dx \ dpy ./dx

RN S B Y
20 |dx Pl dpy . /dx Plhe gy du, ./dx

x=0"!(1—a)

x=0""(1—a)

_ 111 d( ) 1 n d 1
2 |pdx Pl du, Jdx 772"'a,')c du, . /dx o1 (1-2)
’ ’ X= —o

1 dp d 1 d*u, Jdx*
O
p ax x ) dp, . /dx (duy ./ dx) =1 (1)
Because of
1de d(l d 1 2 d 1 2
s (mp):_ In|—=exp T =S (- = —x,
@ dx dx dx 21 2 dx 2n 2
(4.155)
the granularity adjustment (4.154) can be written as
1 My, dny./dx dPpy  Jdx?
Al — ! [dx 7722 B dﬁz,c/d M.c Uy, /2 ] (4.156)
pye/dx  dpy . /dx (dpy ./ dx) v=0(1—q)

For the calculation of (4.156), the conditional expectation and variance have to
be determined. Assuming stochastically independent LGDs and with ELGD and
VLGD for the expectation and the variance of the LGD, respectively, the required
moments are given as>>"

,ul,c = ]E(ZW, LE[)I . 1{D~1} |f :X>
i=1

n

w,—~ELGD,—-E(1{Bi}|)Z:x)

i=1

n
= Z w; - ELGD; - p;(x), (4.157)
i=1

23‘)Pykhtin and Dev (2002) corrected the formulas of Wilde (2001), who neglected the last term of
the following conditional variance.
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(4.158)

4.5.5 VaR-Based First-Order Granularity Adjustment for
Homogeneous Portfolios

For homogeneous portfolios, the granularity adjustment formula (4.28) can be
simplified to

1
Al = —
2n

(ELGD?* 4 VLGD)®(z) — ELGD* ®*(z)
ELGD(\/p/\/T= p)#(2)
(ELGD?* + VLGD) — 2ELGD? ®(z)
ELGD
(ELGD? + VLGD)®(z)z — ELGD? ®*(z)z

ELGD - ¢(z ]mlem'm
B e

_ 1 (ELGD*> +VLGD [T=p® ' (a)®(2) . O(z)z

C 2n ELGD VP e(2) ©(z)

_ELGDd)(z)[mq)_l(a)q)(Z) 2 (D(Z)ZD ey 0

(o)

VP (2) ©(2)

1 (ELGD2 + VLGD [(I)(z) O~ (&) (1 —2p) + @' (PD)\/p 1}
2n ELGD (2) NI

d(z) D' (2)(1 —2p) +<I)1(PD)\/;_)_2D .

(p(z) \/ﬁm o=1(PD) /50~ (2)

1—p

—ELGD - ®(z) [

(4.159)
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4.5.6 Arbitrary Derivatives of VaR

The following determination of all derivatives of VaR is based on Wilde (2003).
The quantile ¢, of L =Y + JZ can be written as ¢(2) to denote that the quantile
depends on the parameter A. Using this notation, the quantile can be defined
implicitly as an argument of the distribution function F by F(q(4),4) :=
IE”(Y +Z < qa(}7 + /IZ~)) = o. In order to calculate the derivatives of ¢,, at first
all derivatives of F are determined in Sect. 4.5.6.2.1. As the quantile is defined
implicitly, the implicit derivatives of F(g(4),4) — o = 0 have to be determined.
This is done by application of the residue theorem in Sect. 4.5.6.2.2. As a next step,
the result will be expressed in combinatorial form in Sect. 4.5.6.2.3. Using the
results of the derivatives of the distribution function and the implicit derivatives, it
is possible to determine all derivatives of VaR. This is performed in Sect. 4.5.6.2.4.
As the resulting formula is quite complex, an expression for the first five derivatives
of VaR is determined in Sect. 4.5.7. The mathematical basics to the Laplace trans-
form, complex residues, and partitions, which are needed within the derivation, are
presented in the following Sect. 4.5.6.1.

4.5.6.1 Mathematical Basics

4.5.6.1.1 Laplace Transform and Dirac’s Delta Function

The Laplace transform L of a function f(z) with r € R* is given as**’
L ON(s) = J F()edi =: O(s) (4.160)
=—0

with s =c+iw € C, where C denotes the set of all complex numbers. The
inverse Laplace transform £~' can be represented as**!

c+ioco

L OO0 =5 | Oeetds =L (L0} =) @lon)

s=C—i00

Dirac’s delta function 5(x) can be defined as***

J 0(x) f(x — xo)dx = f(x0). (4.162)

240Cf, Bronshtein et al. (2007), p. 710, (15.5).
241Cf. Bronshtein et al. (2007), p. 710, (15.8).
22Weisstein (2009a).
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A more illustrative, heuristic definition of d(x) is given by

0 ifx#0, T
(3()():{00 ;ffci()’ and Jé(x)dx:l. (4.163)

Using the definition of the Laplace transform and the inverse Laplace transform,
Dirac’s delta function can be written as

5() = LML} = £ J 5(t)e " dr
t=—0
1 c+ioo
_ p—ly —s0\ _ p-1 _ st
=L e} =L {1}72711, J 1-e%ds. (4.164)

4.5.6.1.2 Laurent Series, Singularities, and Complex Residues

If f(z) is differentiable in all points of an open subset of the complex plane
H C C, then we call f(z) holomorphic on H.*** For a function f(z), which is
holomorphic in a simply connected region H, according to the Cauchy integral
theorem we have***

i{)f(z)dz =0, (4.165)

with C being a closed path in H. If a function f(z) is holomorphic in zg and in a
circular region around z,, we can perform a Taylor series expansion, which is
analogous to the real plane:**

o f(n)
f(z):zf <|Z°>(z—zo)". (4.166)
n=0

n!

However, if a function f(z) is only holomorphic inside the annulus between two
concentric circles with center z, and radii r; and r,, which is the region

243Cf. Bronshtein et al. (2007), p. 672, Sect. 14.1.2.1.
244Cf. Bronshtein et al. (2007), p. 688, (14.41).
243Cf. Bronshtein et al. (2007), p. 691, (14.49).
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H = {z|0 < r; <|z—z9| <r2}, the function f(z) can be expressed as a generalized

power series, the so-called Laurent series:>*0
0 —1 o0
flz)= Z an(z —z0)" = Z an(z —z0)" + Zan(z —z0)". (4.167)
n=—o00 n=—00 n=0
principal part analytic part

Thus, the function has to be holomorphic only inside the annulus and not inside
the inner circle or outside the outer circle.

If a function f(z) is holomorphic in a neighborhood of z, but not in the point z,
then z is called an isolated singularity of the function f(z). The concrete type of a

singularity can be classified according to the analytic part of the Laurent series:**’

e The point z, is a removable singularity if a, = 0 Vn < 0. In this case, the Laurent
series is identical to the Taylor series above.

e The point zy is a pole of order m if the principal part consists of a finite number of
terms with a,, # 0 and a, = 0 for n <m < 0.

e The point z is an essential singularity if the principal part consists of an infinite
number of terms.

The coefficient a_; of the Laurent series (4.167) around an isolated singularity z,
is the residue of f(z) in zo. This will subsequently be denoted by Res,,(f). The
residue can also be defined as

1

a_y =Res, (f) = i

i{)f(z) dz, (4.168)
C

where C is a contour with winding number 1 in a holomorphic region H around an
isolated singularity in zo. If the contour C encloses a finite number of isolated
singularities zy, s, ..., z, with corresponding residues a_;(z,) (u=1,...,m), we
have

?ff(z)dz =2mi Y a-1(z), (4.169)
bot n=1

which is the residue theorem.***

The residue Res.,(f) with z, being a pole of order m can be calculated as**

1 dmfl
Res,, (f) = lim

lim = @t 20)" - f(2)]- (4.170)

24Cf. Bronshtein et al. (2007), p. 692, (14.51), and Spiegel (1999), p. 144.
247CF. Bronshtein et al. (2007), p. 692 f., Sect. 14.3.5.1.

248Cf. Bronshtein et al. (2007), p. 694, (14.56).

2%Cf. Rowland and Weisstein (2009).
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For a function f = g(z)/h(z), where h has a simple zero in zo, the residue can be
determined with

4.171)

4.5.6.1.3 Partitions

A partition p of a positive integer m is a way to express m as a sum of positive
integers in non-decreasing order. A partition p of m will be denoted by p < m. A
partition p can be indicated by p = 1°',2° ..., m°", where e; is the frequency of the
number / in the partition. The number of summands of p is expresses by |p|, which
is the sum |p| = e; + ez + ... + e,. The notation p indicates the partition which
results if each summand of a partition p is increased by 1. This means that forp < m
the partition j refers to a specific partition of m + | p|.>>°

Example

e For m =5, there exist seven partitions p <m: p<m={l+1+1+1+1,
1+1+1+42,1+2+2, 14+1+3, 243, 1+4, 5}. Thus, a concrete parti-
tionform=5isp=3+1+1.

e This partition can also be denoted by p = 1¢2¢ ... m» = 123!, leading to
e1=2,e,=0, e3=1, e4 =0, and es = 0. Thus, the number m results from:
m=1-e,+2-e+..+m-e,=1-2+3-1=5.

e The number of summands of this partition is |p=123!|=
eirte+..+e,=2+1=3.

e The partition p appendant to the partitionp =3 + 1 + 1isp =4 + 2 + 2, which
is a specific partition of m + |p| =5+ 3 = 8.

4.5.6.2 Determination of the Derivatives

4.5.6.2.1 Derivatives of the Distribution Function

Proposition. The derivatives of the distribution function of losses
Fy iz(y) =P(Y +)Z <y) at . = 0 are given as™'

am | m dmfl

WFYHZ(Y) =(=1)

) a1 (E (Z"1Y =y)fr(v)). 4.172)
=0

20Cf. Wilde (2003), p. 3 f.
21See Martin and Wilde (2002), p. 124 f., and Wilde (2003), p. 2 f.
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Proof. Using the definition of the Laplace transform (4.160) and recognizing that
the loss L = Y + AZ cannot go below zero so that the probability density function is
fr.z(y) = 0 for all y <0, we get for the Laplace transform of fyz(y)

oo o0

LUz} = | ey = | e habdty.  @irs)

y==0 y=—00

With the definition of the expectation operator

E(g(X)) = J g(x)fx (x)dkx, (4.174)
(4.173) is equivalent to
L{fyiiz(y)} = j & yasz(y)dy =B (e 0+2)). (4.175)
y=—00

Applying the definition of the inverse Laplace transform (4.161) and using the
moment generating function M of Y 4+ AZ, which is defined as*>

My 7(s) =E (es(y~ “2)) , (4.176)

the probability density function equals®*

Friaz(y) = L7HL yz(0)}} = L7 My 12(—5)}
= ! T M —d 4.177
=5 J y+iz(s)e”ds. (4.177)

§=C—i00

Thus, the derivatives of the probability density function at 2 = 0 can be deter-
mined using the approach

c+ioco
! J Ly (s)e V. (4.178)
= — ) e A) . .
o i EYE Y+.z\S

S§=C—i00 =0

am
Wf Y+IZ (y )

B2cf, Billingsley (1995), p. 146 ff., for details about moment generating functions.
233Cf. Miller and Childers (2004), p. 118.
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Applying definition (4.176), we obtain for the derivatives of M

amn/g;?rZ(S) B _ ;?E(es(iﬂi)) B
_E ( 38,;1 es(YJr/lZ'))
1=0
=K <s’”Z~me‘Y(YHZ~)) ’};0
- ]E(s’"Z’”efY"). (4.179)

With (4.179) and s”e*(" ) = (—1)" Z.¢*(72), (4.178) is equivalent to

c+ioco

ﬂf (y) - E(stmeSf) e Vds
aim )| T g
§=c—i00
| c+ioco
—E(—Z" J smes(yﬂ)ds
27i
S§=c—i00
c+ioco
m dm Sm 1 s(ffy)
(1) e z" e ds |. (4.180)
S§=c—i0o

According to (4.164), Dirac’s delta function can be written as

c+ioco

1
o(t) = — 1-e%d 4.181
O=sm | 1-eas @.181)
s=c—i00
which leads to
c+ioco
S(Y —y) = — 1)y 4.182
Y=y =5~ e s (4.182)
s=c—i00
for t = Y — y. Hence, (4.180) is equivalent to
o dam S
— =(-1" E(Z o(Y — . 4.183
aXMfYHZ(y) - (=1) dy (Z76(Y —)) ( )
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With E[Z"5(Y —y)] = E[Z"|Y =] - fy(y), the derivatives of the distribution
function result after integration of (4.183):

on m dmn— 1

ZF = (-1
YL Y+iZ(y) o ( ) dym_l

(EZ"Y =y) /1), (4.184)

which is proposition (4.172). In order to determine the derivatives of the quantile
d"q/d2", the implicit derivatives of F(q(A),41) —a =0 with F(g(1),1) :=
Fy 7(qu(Y +22)) = P(Y + 2Z < q,(Y + AZ)) will be calculated in the following.

4.5.6.2.2 Implicit Derivatives: Complex Residue Form

Consider a function G(z,w) of two variables z,w € C. Suppose there exists
an analytic function w = w(z) in a region around a pole z = zy, such that

G(z,w(z)) = 0. The first derivative dw/dz can be determined as follows:*>*
0= aﬁ + aﬁ d7w
0z Ow dz
dw 0G/0z G,
— = = ——. 4.185
dz 0G /0w Gy ( )
Proposition. For G,,(zo,wo) # 0, the derivatives d"w/dz" are given as
d"w " (G(z,w)
T —Res,,, ErTE (G(z, w)) . . (4.186)
Proof. According to (4.186), the first derivative is
dw G,(z,w) G.(z0,w)
M Res, — _Res,, [ 220} 4.187
gz T e (G<z, w>> ] - [G(ZO, w) 180

As zq is a pole of G and G(zp, w) = 0, an application of (4.171) leads to

d
o —Res,, [

GZ(ZO’W)} __G (4.188)
dz

G(z9,w) G’

25%For ease of notation, the derivatives 0G/0z and OG/dw will be abbreviated to G, and G,,,
respectively. The function G is not associated with a random variable, so confusion should not
arise with respect to the similar notation Fy. z(y), where the subscript of the distribution function
F denotes the corresponding random variable.
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which is equal to (4.185). This shows that the formula is correct for m = 1.
Applying the residue theorem (4.169)

Z: 1(2) =5 i;f(z)dz (4.189)

Cc

and recognizing that there is only a singularity at z = z, leads to

Gz(Z;W) o _L G;(Z,W)
G(z,w) ‘HU]  2mi fi; Gz, m) ‘Z_Zodw. (4.190)
C

aw
P —Res,,

Differentiating and applying the residue theorem again results in

dm_W o1 _L +GZ(Z,W) dw
dzm Oz 2ni ) G(z,w) |,
c
1 [0"'G.(z,w)
N : d
2mi fi;azm G(z,w) |.—,, v
c
"1 G,(z,w)
RS | G G ‘0 : (4.191)

which is the proposition presented in (4.186). This result is a generalization of
the Lagrange inversion theorem.*””

4.5.6.2.3 Implicit Derivatives: Combinatorial Form

In order to express the implicit derivatives (4.191) in combinatorial form, Fad di
Bruno’s formula will be used. According to this formula, the following equation
holds for a function g = g(y) with y = y(x):*>°

d"g ‘P‘gdpy
- Z: GNP (4.192)

3¢, Wilde (2003), p. 7.

256See Abramowitz and Stegun (1972), Sect. 24.1.2(C). The notation p < m indicates that p is a
partition of m, cf. Sect. 4.5.6.1.3.
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i - omdVlg i suati
with o, = e el a4 ordinary |p|th derivative, and

dPy dy epl &2 y (753 d"y epm m diy e
I e ‘55 e = — . 4.193
dx? (dx) <d 2 dxm ];1[ e ( )

Proposition. Equation (4.191) is equivalent to

dar [pl-+lul 1 oG olPl-1-s org

d:’: 3 oc,,ocﬁ( 1) (|P|+|lu| )Gw7|p| \u\a BT G|

TP DN O P (R R] i BWI T 0 ., g
(4.194)

Proof. For ease of notation, it will be assumed that zy = wy =0, so that
G(0,0) = 0. With 9InG/90z = G, /G, (4.191) is equivalent to

d"w ol (G, a"
o = —Res,, {—82’"—1 (6) ’ZJ = —Res,, [ﬁ InG _

The mth derivative of InG can be calculated using Faa di Bruno’s formula:

]. (4.195)
0

o dP'InG PG dr=r 71\ oG
9 "0 = 2 g g 2% agi T (6) %
_ Z‘X \p\ 1 (lp| =1 G-Irl -G.p, (4.196)
p=<m

with 97G /02’ =: G.,. This leads to

—Res,, LZOC \p\ 1 (lpl = 1) G lpl -G,p

<m

] ) (4.197)
=0

According to (4.170), the residue of a function A(w) in wq, with wq being a pole
of order r, can be calculated as

1 dr—l
Res,, [A(w)] = lim

i D gt (O o) ). (4.198)
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With r = |p|, we obtain for the derivative (4.197)
d"w 1 _
Az = Reswo Za \P\ (|p| - 1)' -G ol GZ-P 1
p=<m o
1 olrl-1
= 9 |yl P (1pl = )16
= — (w o pl-D!-G G.p ]
(Il — 1)l owi l 2%
Ip|-1 G\ Pl
__ 1.9 AT
== % (= “owlpl-1 <(w) G (4.199)
p=<m z=0/ lw=0

Using the Leibniz identity for arbitrary-order derivatives of products of func-
tions, we get: 27
zO)

amw \P| | a\p\fl G =|pl
dZm - Z(xl’ aw\pH w Gzp

p=<m

w=0
lpl-1
__Za p|1_pz<l?|_1)
p<m s=0 §
& (G(0,w) —Ipl Hlpl—1-s
a ( 0. ) e (G0 (4.200)

w

calculated. Performing a Taylor series expansion of G(0,w) at w = 0, we have

s W 1Pl . . .
As a next step, the derivative aﬁj (G(O’ )) contained in (4.200) will be

2 2 3 3
G(0,w) = G(0,0) + - 260,00+ 760,00+ .2 _6(0,0)

1! ow 2l ow? 31 w3
w' 61
=0+w-G,(0,0)+ 5,7G(0,0)
Z ;+1 8r+1 ( )
(0,0) + ———G(0,0
r>1 6W’+l

W+ Gy(0,0) +w - Gy(0 0)-Zw—r-ﬂ6(0 0). —1
wilY, wilYy - (I‘—|—1)' aWH—l )

1 2G(0,0)
= 1 § . Ow : 4.201
< + r>1 V' r + l (ZVG(O’O) ( )

257See Weisstein (2009b).



160 4 Model-Based Measurement of Name Concentration Risk in Credit Portfolios

Thus, for G(0,w)/w, we obtain

(4.202)

) , (4.203)

(4.204)

ot I £7=G(0,0
O,w) _ . Z a G(0.0)
" >1 U rdl 2.G(0,0)
-G ( )
r>1 !
-+l [ gyl -
with @, = ﬁ.%. Another application of Faa di Bruno’s formula
results in:**®
o G(O w) =Ipl " o 1yl
pyel =G, 70,0 |
ows ( w ) w ( ) ) + ; o, .
=G;""(070)-Zau%.(_l)\u\ M
u=s (Ip] —
with*”
s! L By
%y - Py = 'OC’;'WG(()?O)'GW \ |(070)

(s + [u])!

Applying (4.203) and (4.204) to (4.200) leads to

Z \p\ 1 ‘pil Ip|—1 o (G(O,w)>1’ glpl—1-s (
=" o .
p=<m = s Jow\ w Owlpl—1-s
= /|p|—1 | g
- \P\ 1 —Ip| s!
= 9( _GW 0’0 .
,;,, Z;( s > ( );<s+|u|) owi

(pl+la =1t ot

(Ipl=1)! .8W\p\7175(GZ,P(07W))

walu‘(0,0)-(—l)‘“‘

w=0
p|-1 -1
N S E Ny <|p| > S o (— )G 1= 0,0)
p=<m s=0 u=s
st-(pllul=D! 5" o1
(s+[ul)!-(Ip| = 1)t owe =" ) 8W'P‘*1*S<GZ”’(O’W)) w=0

258¢f. Wilde (2003), p. 8.
2The relation between a partition « and i is explained in Sect. 4.5.6.1.3.

G:p (O,w))

w=0

G(0,0)

(4.205)
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Summarizing the sums, using (—1) - (=1)!PI71 . (=) = (=P "ang

(Ipll). st (p[+Jul = 1)!

s (lpl =Dt (s + |u])!
() N A (. R )
st-(lpl =1 =95)! (Ip[= D! (s |u])!
(Ip[ + |u] — 1)!
= ) (4.206)
(Ipl =1 =)t - (s + u])!
(4.205) can be simplified to
d"w (Ipl + [u] = 1!
- = oy - Ol - (_1)\ﬁ\+\u\ .
dz" p—<m7u§:§|p\—l " (‘p| -1- S)' : (S + |u|>'
8[;
.G lpl=lul L
G, (0,0) W G(0,0)
olpl=1-s
" Hwipl-1=s (G0 (0,w)) o (4.207)

which concludes the proof.

4.5.6.2.4 Completion of the Derivation

Application of (4.207) can be used to determine the derivatives of a quantile, which
will be calculated subsequently. With F(g(1), 1) — o = 0 = G(w(z), z), the deriva-
tives are given as

d"q
d\"

_ d™w

=— (4.208)
o dz™

)
z=0

where the right-hand side can be determined with (4.207). The derivatives of G
contained in (4.207) can be calculated with (4.172):

7 (on)
=0 Oy \O2 /|,

dl‘ s ds—l o~
— o (VU = B 1T =) A0)
r+s—1 s~
- (—1)‘%(}1«:(2 ¥ =) A0)

dr+s—1

= (=1 pE— (B5.ef), (4.209)

61‘ +s G
ow' 9z’

B 81‘4—3 F
o Oy Or




162 4 Model-Based Measurement of Name Concentration Risk in Credit Portfolios

where we define . := E(Z°|Y =y) and f := fy(y) for convenience. Using defi-
nition (4.193) for the pth derivative with p < m, this leads to

G\ AT N @ G )
:H<82i) :H((_l) dy ! ) =(-1) ll:l[( dyi-1 )

=0 =1
Similarly the zth derivative can be determined with u < s. It has to be considered
that for each partition u the elements of the corresponding partition # are increased
by 1. Thus, the smallest number is 2 and the largest is s + 1. Hence, we obtain

aﬁG s+1 8’G Chi s+1 al €yi— s ai+1G Cyj
owi ,1:! <8wi> - ,11 (8w’> - 111 <8wi+l>

s ai+1F> Cui s <dlf) Cyi
= — ) = =) . (4.211)
g <6y1+1 111 dyl

Furthermore, we have G,, = dF/dy =f and (71)""““‘ el = (ff)‘plﬂul.
Using these formulas, we finally get for (4.207) or (4.208):

it G D] = T s)!

d‘pl_l—s m df—l ‘uLCf €pi
.dy|P|*1*S (H |: d)gll ):| >‘| ) ’ (4212)
= y=a(Y)

which is the formula for arbitrary derivatives of VaR. Written without abbreviations
this is

7
07 |._,

(4.210)

s+ |u)!(lp| =1 —s9)!

d"VaR, (Y +Z)

=|pl—|u
Al (7fY(y)) !

/=0 p=<mu=<s<|p|—1 (
. ’fy @i\ glpl=1-s
i=1 |: } .dy\p|7l—s
.(m[f”ﬁﬁﬁfzﬁywq%>] .
i=1 dy'™™! ()

1) Ple, Lo (ml) P ey ! *

with o, = 0
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4.5.7 Determination of the First Five Derivatives of VaR

The general form of the mth derivative of VaR is given by (4.213). Subsequently,
the first five derivatives will be determined with this formula. For each derivative,
we have summands for all partitions p < mand u < s < |p| — 1. For the considered
cases 1 < m <5, the following partitions p < m exist:

p=<1={1}

p=<2={1?2"}

p=3={1 12" 3"}

p=<4={1% 172", 22, 1'3', 4'}

p=5={1°, 1’2" 1'22, 123" 2'3' 1'4! 5'}. (4.214)

By construction, the expectation of the unsystematic loss is zero:

m ) =E(Z'|7 =y) =0, (4215)

which is called the “granularity adjustment condition”. Consequently, for all parti-
tions with e,; # 0, the summands of (4.213) are zero, too:

T ) g [ )]
e (e

i=1 i=2

m Tdi=" (. Cpi
I [7@ 1o )] if ey =0,

Wi (4.216)
if ep1 7& 0.

Hence, the only relevant partitions p < m of (4.214) with non-zero terms and the
corresponding numbers |p| are given as”®’

p=<1={1"} with [p=1'| =1,

p=<2={2"} with |p =2'| =1,

p=<3={3"} with [p =3'| =1,

p=<4={4 2"} with|p=4'|=1, |p=2° =2,

p=<5={5" 23"} with [p=5"|=1, p=2"3"|=2. 4.217)

For the associated terms

2%y order to demonstrate that the resulting formula is also valid for m = 1, the summand for
partition {1'}, which equals zero due to argument (4.216), is still considered.
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m!

= 4.218
) e U () el (*:218)
we obtain
1!
oy = m = 1,
2!
OC2I = f - 1,
2h -1l
3!
ty = =1,
3 - 1!
., 4! L 4! % _,
| == s 2 = =—=2,
Y eyt SNCTIEN TR
5! 5! 120
as = =1 oy = =1, = 10 (4.219)
(sh' - 1! htareanten 12

According to (4.217), we only have |p| = 1 and |p| = 2, leading to the following
partitions u < s < |p| — 1:

Ipl=1: u<(s=0)=/{0},
Ip|=2: u<{s=0,s=1}={0, 1'}. (4.220)

As we have one summand for eachp < mand u < s < (|p| — 1), we obtain one
summand for m = 1, 2, 3 and three summands for m = 4, 5:

(), ifm=1,2,3,
- : 4.221)
=0 {(1)+([[)+(111), if m=4, 5,

d"q
dim

where the summands are determined with the following variables:

(I m=1,..,5:p=m', lp| =1, u < (s =0) = {0},
m=4: p:zz,
II :27 < :O = 07
) m=>5: p2131,} i u=(s=0)=1{0}
m=4: p:22
111 ’ =2, u<(s=1)={1"}. (4222
) m=>5: p:21317} i u=(s=1)={1"} ( )

The first summand (1), with p=m', |p| =1, s=0, u=0,|u| =0, & =1,
epm = 1, and e,; = 0 for all i # m, equals:*"'

261Eor ease of notation, the arguments A = 0 of the left-hand as well as y = ¢, (Y ) at the right-hand
side are omitted.
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wpoallpl = 1 i
G p— 1=

(1) o (e )
-t (A ) s ()

i=1
_ LA () (4.223)

f dym 1

()=

For m = 4, the second summand (/1.[4]), with values p = 2%, |p| =2, s =0,
u=0,ul =0, s =1" e, =2, and e, = 0 for all i # 2, is equivalent to

a2t + | — 1)
(s+u)(p| = 1=s)!

() e ()
sttt () s )

i=1 i=1
;.14 [d("“f)r.

1[4 = ()l

4.224
- (4224)

For m=5, we have p=23! |p|=2,5=0, u=0,[ul=0,a=1"
epn =1, ep3 =1, and e,; = 0 for all i # 2,3, leading to

— opoa(|p|+ul=1)! ol (T[]
=G == <I1bﬂ )
=1 (o rd = ()]
._dy‘p‘71ﬁv <H|: dyifl :| )
10124001 oo (P [d 1\ @0 (P[4 u“f)
f(0+0)!(2_1_0)!(—f) u O<H[dy’} ) 210 (H[ } )

:mﬂ.dq#quF%MJq) 225)

f? dy dy
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The third summand for m = 4 (II1.[4]), with p =22, |p| =2, s =1, u= 11,
lu| =1, i =2", ey =2, ey =0forall i # 2, and e,; = 1 equals

wra(lpl =D e
G ==

S\ dlel1es
(] ) s
324+ 1-1)! o (P [d &
_(1+1)!(2—1—1)!(_f) 2 1<H [d_yl} )'dy2—1—1<

_3. l i (:u2,cf) ?
3 dy dy |~

11.[4] =

b
| ——
By
|
S =
=
5,
SN—
| I
é\
v

[ ()™
H[ dy'™! } )

(4.226)

Form = 5,wehave p =2'3' |p| =2, s =1, u= 1", [u| =1, a =2, ep =1,
ep3 =1, e,y =0foralli # 2,3, and e,; = 1. Hence, we get

tra(lpl i =1
Gl o

)Y dr (T ()]
(HEJ)WH(H[WA}

_ 10-1- (2+1—1) 1 d 1 211 5 rgi- 1 :uch) epi
_(1+1).(2—1—1 (H :|>~dy2_l—l (H[ ] )

«umgg[wn]vw»}

dy

1.5 =

(4.227)

Summing up the relevant elements from (4.223) to (4.227) and multiplying
by (—1)" leads to

dq = ! ! d171 (lul(f) _ _

dil,y =0 <_]7) Tyt He T 0, (4.228)
dq| 2 1\ @ (.f) 1 d(uy..f)
a2l 7Y (7) Tt T Ty (4.229)
@ d (:uB,cf)

(4.230)

ey (L) Al
2=0

1
di f dy31 ]_c P
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Lt [ 4 ) 1 d (Al
oY '[(_f)' dy*-! +3'f_2'5( dy )
_3.l.ﬁ. d(pacf) ’
fody dy

- <_ ;) , <d3(5;3,cf) s d% Lﬁ (d(ﬁ;z§c-f))2]>’ s

d4q
at

and
&q :(_lf.{(_1).f_%ﬂmf)+lolluj{(rﬂﬂqu[?%uhfq)
dX ;=0 f dy>! f?ody dy dy?
0. 1.4 d@z,cf)] | [dz(ﬂs.ﬁf)H
fdy | ody dy?
_ L [d(ssef) d (1 d(w.f) & (ps.f)
et g (e )] 4222)
Comparing these terms, we find that the derivatives for m =1, ..., 5 can be
written as
qu _ m 1 dm_l (:umcf)
7~ (D) e
d 1 d(:“ZCf) dm_3 (:umflcf)
d_y(f dy dyn 3 )} (4.233)

or without abbreviations as

d"VaR, Y+ Z m 1 m—1 W ZY =Y)fy
————z%fi‘_lﬂ_o_( g (‘ﬁ«w)[ . E;ml e
) (L AT =0A0)
dy \ fy(v) dy
m—3 7 =
d (ch(zyrli =)fr(v)) )Lq ’ (4.234)

with k(1) = k(2) =0, x(3) =1, x(4) = 3, and k(5) = 10, which is the result of
Wilde (2003).
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4.5.8 Order of the Derivatives of VaR

For any m € N, the (m-+1)th element of the Taylor series can be written as>%?

I [0"VaR, (Y + )Z)
M[ i L_O— ( |ZH wl2 )

p=<m i=

. (4.235)

y=4x(Y)

with g being a function that is independent of the number of credits n. With y; as the

ith moment about the origin and 7, as the ith moment about the mean, it is possible
. 263

to write

AZH w[ZIY=3])"|, . ZH w2Z|Y =y])™

p=<mi= p=<mi= - !11( )
7;,”1_[ :uz )| *x])epi’x:ql,y(})

_ZH w[(L|¥=x)-E(L|% x)})ﬂx:qm(f)

p=<mi=

—ZH m[L )" I P

p=<m i=

—ZH m[L|Y =y] ‘”’|V (7) (4.236)

p=<mi=
for each m. Thus, the derivatives are given as

A" [O"VaR (Y + AZ)
m'{ or" L_O ( 'ZH mlL )

p=<m i=

. (4.237)

y=4(Y)

262Cf, (4.213). The notation g oy means that a function g is composed with y.
263To illustrate that the first identity holds, an example will be demonstrated for m = 5:

2 ST = (152) + 1) 10 @)+ 16(2) - (D)

i3 (Z) - 12 (Z) + 12(Z) - (w4 (Z))3 +#2(Z)2 i (Z)+ (uy (Z))S>
= 15(02) + 13 (AZ) - 1y, O2) + 15 (0Z) - (w, (3.2) )
+152) - 1,(2) + 1(Z) - (1. (12)) + 1, (12)* - 1, (42)

S\ 5
+(m (42))"
Furthermore, see (4.9) for the switch between the systematic loss y and the systematic factor x.
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264
Due to%°

w17 =0 =0 Sw < (2) L= o(i)

with 0 <a < EAD; < b for all i, and revisiting (4.235) and (4.236), it is straightfor-
ward to see that only for m = 3 and m = 4 there exist terms which are at maximum
of order O(1/n?):

44 (m[L1Y =y])" = m[L1¥ =»] +(nz[E|Y=y])2:0(1) 0(;)_
(4.238)

All terms with higher derivatives of VaR are at least of Order 0(1/n3).

4.5.9 VaR-Based Second-Order Granularity Adjustment for a
Normally Distributed Systematic Factor

For convenience, the summands of the second-order granularity add-on A/, will be
calculated separately:

1 d 1 d M3.c¥
Al =— — — '
6 dx \ dpy ./dx dx |du, . /dx

2
1 d |1 1 d | Mp
+ 2= - )
8%0 dx ¥ d:ul,('/dx dx d:"‘l,(?/dx

= Ab; + A12,2|x:q>"(

x=0""(1-x)

Ly (4.239)

264Gee (4.14).



170 4 Model-Based Measurement of Name Concentration Risk in Credit Portfolios

The term Al ; equals

1
AIZ’I - 6

Ld{mep \ 1 L& me
¥ dx d:ul,c/dx d:ul,c/dx 4 dx? dul,(‘/dx
1|4 1 1 ( ) 1 n d 1
6 |dx \du,  Jdx ] | ¢ dx 3% dp ./dx e g dpy ./dx
: :

1 14d|d 1

d 1
* d:"‘l,zr/dx ; a E (n&CSD) d:"‘l,(?/dx * 773’690% (d:ul,c/dx>

=C

=:B

(4.240)

For the calculation, we need the first and second derivative of the density
function . As the systematic factor is assumed to be normally distributed, we
have

1 X
p=——eT, (4.241)
2n
d 1 2
d—f = (~x) =T =, (4.242)
AU S SRS S SR (4.243)
dx? V2n V2n z ’
Furthermore, we need the derivative
d 1 d*u, ./ dx?
< __ . (4.244)
dx \ du, ./dx (dpy ./ dx)

Herewith, the term A form (4.240) can easily be calculated:

1 d

( ) _ d773,c 773,0 d_@ _ d773,(:
© dx 3.c% dx

X. 4.245
@ dx dx (EX ( )
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Furthermore, dB/dx is equal to

a_dfd o
dx — dx \dx P quy Jdx
SR B o) & (]
N 3.¥ dpy . /dx — dx "13¢) g dpy . /dx
d (d d 1 dns. d Py, )dx
_< 7737(‘904»773’6%0) +< . 90+773.,c§0> _ L/ 2
dx dx ) dp ./dx dx dx (du, . /dx)
d*ny; . dns., 2 1
_ ( 773,( +2 773,c d_SO d 30)

a2 7 dx dx | Beg? dpy . /dx

d . d dZ d 2
. < e, n}y(_so) Lre/d (4.246)
dx dx (d:ul,c/d‘x)

Similarly, dC/dx is equivalent to

_df &y /dd
dx  dx \ € (d/vll,c/dx)z

afz,ul_’(./dx2 d (dz,ulvc/dx2 )

= (ﬂs,&ﬂ) W — e dx (dm,c/dx)z
o < dn3,c d@) dzﬂlm/dxz
=\ = Y " Be7z | 77— 2
dx dx (d,ul,c/dx)
(i Jdx)* (P, o fdx) = 2(dp, Jx) (g, Jdr®)?
M 7 . (4.247)
(d:ul,c/dx)
Using these terms, Al results in
o 1 d2:u1,c/dx2 dn?),c/dx 773,cx dz:ul,c/dx2
76 (d,ulvc/dx)2 duyo/dx  dp . /dx e (d/,tl_’(./dx)2
1 1 d2n3,c dn3,c dSO dZSO 1
N [( e o A P
<dns,c d<p> Py [dx
-2 CrM\e— | T3
dx dx (d:ul,c/dx)
((dul,c/dx)z(d%,c/df) — 2(dpy o /lx) (dzm,c/dxz)z)}
_773,(750 4 .
(d:ul,c/dx)

(4.248)
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Applying the derivatives of ¢ from (4.242) and (4.243) leads to

o 1 (dn3,(7/dx) (dzlul,c/dxz) 773,zrx(d2.u1,c/dx2) (dzul‘('/dx2>2
Ahy=¢ -3 : 3 3
(d:ul,c/dx) (d:ul.,zr/dx) (dlul,zr/dx)
d2n3.z:/dx2 ) dn3.zr/dx 773,(: (X2 - 1) d3:ul.c/dx3 ]
) —2x ) )

(o fdn) () (dpnofda) (/)]

1 /P Jdy’ . 3x(dPuy . Jdi) . 3(d2py . Jdn?)
SR S P O S : ,
6(d,ulﬁc/dx)2 e dpy . /dx dpy . /dx (d,uhc/d)c)2

e (_2x_ 3(d2u176/dx2)> +d2n3,61 ’

4.249
dx dpy ./dx dx? ( )
Henceforward, the summand A/, , will be simplified:
M 2
1 d |1 1 d | Mep
Aby=——|— — :
’ 84)0 dx ® d:ul,(?/d)C dx d:ul,c/dx
1 d 1 d ?
_ Ll a)_ e (Ld] e : (4.250)
8p dx | duy ./dx \  dx |du ./dx

*

The term (*) is the negative twice of the first-order granularity adjustment, so
that we can use the resulting equation (4.18). This leads to

2
Alz 2 = L i ¥ _ X772,(7 d772,c/dx . Uz,(fdzﬂl,(\/dxz
T Bpdx \duJdx | dp/dedpJdx (qu, Jdx)

| —

2 2\ 2
l i ' —xn + dnz,c _ 772,c'd lul,c/dx
@ dx (d,ul,c/dx)3 2T d dpy . /dx

1 d dn,. n,.d*u ./dx2 ?
| | et
(dpy . /dx)” dx dx dpy o /dx 4.251)
=:(II)
Using the derivative of a normal distribution dy/dx = —x ¢, the term (I) is

equivalent to
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()

d

dx

dp 1 d 1

X (g i) s ((dm,c/dxf)

_ = l@m/ae) (4.252)
(dlul,(‘/dx)3 (d:ul,c/dx)4

Term (II) can be written as

d A M’y /3 ’
=< N < 2c C
) dx [ X dx dpy ./dx ]

dT]Z c Ui Cdzﬂl ('/dxz an c d2772 c
= 2 — . A, ’ b _ - ) )
( X dx du, . /dx e =g + dx?

d dzlul,c 1 dz‘uva d !
ax \ e g2 duy . /dx e T2 dy du, ./ dx

an,. d*uy [dx? dn,, d*n,.
_ 2(_)”72# + 772,c _ 772,¢ :ul‘(/ ) (_lex oy 772,1 + n2,c

dx dpy ./dx dx dx?

d772.c dztul,c/dx2 d3:u1,c/dx3 dz:ul.c dzlu'l‘r/dxz
- -1 c n e -
dx d/’tl,c'/dx > dul,(r/dx g dx2 (dul_’c/dx)Z

). (4.253)

Using these expressions, Al , from (4.251) is equal to

2
1 —x (d*uy ./ dx?) dye Moy, Jdd
Aha=g 573 7| =Xt -
8 (dpy o/ dx) (dulyc/dx) dx dy, . /dx
2 d c pdz c dx2 dn, . d2
3 <_x772.,c+ i / ) (_Wz,c _ x e + M2e

+ —
(duy o /dx) dx dpy ./dx dx dx?

dn, . d’u, . /dx* B, /dxd d*u,, d* dx?
. M.c :ul,c/ X — e :ul.c/ X e :u;.,( tul,c/ X2 7 (4254)
dx duy . /dx “dpy . /dx *dx (d,ulﬁc/dx)

which leads to
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2
1 d’p [dx® Py JdP]  dn,
Aby=—— —x—3% Moe|—x == 1../d n dz,
S(d:ul,c/dx) iu’l,c/ X 'uLC/ X X
Py JdP|  dn,, B a3 (Pu ] d2)?
+2{ 1 |+ /4| i, - io/de  (dpuc/dx)
7 d:ul,c/dx dx )

dpy /dx (d,uly(,/dx)2
an c dzlul ('/dx2 d2772 C
: = — : . 4.255
dx lx + dpy . /dx dx? ( )

Adding the terms Al, | and Al, ; together results in

| ) |:'73AC <x2 —1- d3,u17[’,/dx3 3X(d2'u17c/d)€2) _|_3 (dzﬂl,c/dxz)2>

+

_6(d,u]’c/dx g dpy ./ dx dpy ./ dx (d,ul,c/abc)2
+d773,c L, P 3 (dz:ul,c/dxz) + d2773.<‘
dx du, ./dx dx?

2
1 d2 . d 2 d2 d 2 d
+73 —x—3M Mo |—x— :ul,c/ X 4 M.
8(duy ./ dx)’ dpy o fdx )\ dpy Jdx | dx
A’y Jd* | dn,, By Jdd Py, )di)
+2( . [x+ e/ _ e . e/ _( fy ./ dx?)
’ dlul,z:/dx dx

dpy o /dx (d,uL(,/dx)2
dn [ &uJad] &n,,
n T, ot M, / _ a7y,
dx dpy . /dx dx?

A1+

(4.256)

x=0"!(1-)

4.5.10 Third Conditional Moment of Losses

Subsequently, the third conditional moment of the portfolios loss about the mean,
MN3e =13 (L|% = x), shall be expressed in terms of the moments of separated factors

LGD; and 1 (5.} With

=ns(L|%

= ( LGD ]{D}|X—x>

=Sy (LGD 15 17 ). (4.257)
i=1
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which is due to the conditional independence property, we need to determine

73 (L/GT)i -1 (5} | X). In general, the third moment about the mean is equal to

m(%) =E([X —E(X)]’)

(£7) = 3B (X )E(X) + 2B°(%). (4.258)

Thus, the conditional moment 75 (LEZ), -1 (5} | X) can be written as

n3(LE;7),- 15 \x) :E([L’cﬁ) 145 xr)
41@([@ s |)zr> ‘E(LGD; - 115, %)
+ 2R (L/G\B,--l{ﬁi} |)z). (4.259)

Using the conditional independence property again, considering that the
LGDs are assumed to be stochastically independent of each other, and with

E[(Tg5) 9] = E[(115, [¥)] = p(x), we have
s (LEZ),- 15 \x) - E({L’Gbur)p(x) - 3E<[L?;7) |X}Z>E(L’(TD |i)p2(5c')
+2F (L?;f) |55>p3(;z)
= E(LGD")p(¥) - 3E(LGD")E(LGD )p(3)
+2E (LfGVD) (). (4.260)

With the abbreviations ELGD = E(LGD), VLGD = V(LGD) as well as
SLGD = n5(LGD) and using (4.258) again, we obtain

E(L/Cﬁ)z) — ELGD? + VLGD, (4.261)

E (L?;Yf) = SLGD + 3(ELGD?* + VLGD)ELGD — 2 ELGD?
= ELGD? + 3ELGD - VLGD + SLGD. (4.262)

Consequently, (4.260) is equivalent to
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s (LEB,- 15 |)z) — (ELGD? + 3 ELGD - VLGD + SLGD)p(%)

— 3 (ELGD® + ELGD - VLGD)p*(%) + 2 ELGD*p*(%).
(4.263)

Thus, the conditional moment of the portfolio loss (4.257) can finally be
written as

e = Zwi3 /R (LGDI . 1{th} |f:x>
i=1

n
=> w?[(ELGD;* + 3 - ELGD; - VLGD; + SLGD;) - pi(x)
=1

—3 - (ELGD;® + ELGD; - VLGD;) - pi*(x) + 2 - ELGD;” - p;*(x)]. (4.264)

4.5.11 Difference Between the VaR Definitions

For the case of homogeneous credits and with LGD = 1, the possible realizations
of losses are

12 .
le {o, e 1}, (4.265)
n n n

which implies

PL<I]=P[L<(+1/n)]. (4.266)

If we define I, := 1, + 1/n, we get
VaR() (L) = sup{l; e R|P[L < I] <a}

:sup{h €R|]P[I:< (11—1—%)] <cx}
sup{ <12111> €R|P[L<] <oc}

—sup{lz ER|IP’[[~,<12] <<x}—%

= VaR\" (L) — % (4.267)



4.5 Appendix

177

4.5.12 Identity of ES Within the Basel Framework

Using the result of the ASRF framework (2.93), the definition of the ES (2.19),
the integral representation of the conditional expectation, and the identity of the
condition as in (4.9), the ES of the portfolio loss equals

ES?““KE)::ES%[

E(L|%)]

= [m(ﬁﬂ
— [E(u (D) 1,60 > a2 (1.(9)))]
~[E(u (9] 5 <071 - )]
X w‘a %)
= J o (x)p(x)dx. (4.268)

With the conditional independence property as in (2.92), the conditional PD of
the Vasicek model (2.66), the integral representation (2.126), and the symmetry
of the normal distribution, the ES can be written as

n

ZE(W,- .LGD; - Lipy |x)<p(x)dx

i=1

w; - ELGD; -

w; - ELGD; -

w; - ELGD; -

—%) -
(D((D {(PD:) — \/p_f'x> @(x)dx

(4.269)
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4.5.13 Arbitrary Derivatives of ES

According to (2.20), the ES can be written as

ES,(L) = : Jq” (L)du. (4.270)

Thus, for continuous distributions, all derivatives of ES can be expressed as

1 1
d"ES, d" [ 1 J 1 Jquu
=— qudu | =

" di"\1—ua di"

1—a
o o

du. 4.271)

The derivative of VaR is a function of fy(y) and 1, .(y) evaluated at q,,(lf ). The
substitution u = Fy(y), so that du/dy = fy(y), y(u = o) = Fy'(2) = q,(Y), and
y(u=1) = F;'(1) = oo, leads to:**’

1 00
1 J d"qu 1 J d"qu
= m du = m
11—« ™\, 11—« d.
= y=ax(Y)

d"ES,

d/’\Lm

Sfrdy, (4.272)
=0

=0

where the expression resulting from the derivative of VaR simply has to be
evaluated at y since ¢,(Y) = y. Using the derivatives of VaR from (4.212), this
leads to

TEH = J (=1)" opota(|p| +[u] = 1)!
W o 1o (¥) p<mu=s<|p|—1 (s+uD!(|pl—=1—s)!
Y=qx
_lpl— s dzf ey d\p\*lfs m dj,I (,U, f) epi
(=) e I e £ Wid) d
( f) (H |:dyl:| ) dy‘l"_l—s g |: dyi71 f 'y,
(4.273)
i m!
0 = e T ey

265Cf. Wilde (2003), p. 11.
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4.5.14 Determination of the First Five Derivatives of ES

Instead of solving the integral (4.272) for each of the derivatives of VaR
(4.228)—(4.232), we will directly evaluate the integral for the first five deri-
vatives. Using the expression for the first five derivatives of VaR (4.233), we
obtain

d"ES| 1 [ dq
|, 1—u J o Jrdy
y=q.(Y)
I P T ()
= | ()=t
y=q.(Y)
d 1 d(.usz) dm73 (:umfZ,cf)

A"ES| . ] T 4" (1, f)
| ] e
y=4:(Y)
T (1 d(ulf) (s
+ x(m) - J d_y (]7 . o . = )dy
y=¢.(Y)

:(_1)”“11“‘ ({_dm_;y(#]:(f)

1 d(if) d"? (Nm—z,cf)} * )
y=q.(¥)

x| 7 S

m 1 dm—2 //‘m,cf
el (e

—(m) - { % . d(l;zy.cf) - d(ylfﬁff)b

: (4.275)
y=q.(Y)
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or written without abbreviations as

w — (_1)’". 1 3 dm_z(“m(2~|y~:y)ﬁ’(y))
dai" o o 1—o dymfZ
*K(m) |: 1 d(u2(2|f:y) y<y)).d”773(:um—2(z~|y~:y) Y(y))
fr(y) dy dyn=3 o) )
(4.276)

with k(1) = x(2) =0, x(3) =1, k(4) =3, and x(5) = 10. This is the result of
Wilde (2003), except that the algebraic signs of Wilde (2003) seem to be
wrong.

4.5.15 ES-Based Second-Order Granularity Adjustment for a
Normally Distributed Systematic Factor

The summands of the second-order granularity add-on Al, can be expressed as

Al — 1 L d [ mep
T 6(1 — o) duy . /dx dx \ du, ./dx

2
n 1 1 1 d M
8(1 - (X) 14 d,ul.c/dx dx d:ul,c/dx

x=0 ' (1—a)

=t Aby + Abol g1y, (4.277)
Using the derivative of the normal distribution (4.242), the summand Al,

equals

Aby— 1 L d [ mep
2U76(1 — o) dpyJdx dx \ dpy e

1 1 |d (12.9) Lo d 1
T 6(1— o) duy Jdx | dx P g B dc\ dpy

I 1 [ s, do\ 1 &y o /dr?
= P Me - P 2
6(1 —a) duyJdx |\ dx dx ) du ./dx (duy . /dx)
1 dns . d*py Jdx?
= L4 5 M _ Nyl x— 'ulvi/x . (4.278)
6(1 — o) (duy ./ dx) dx ’ duy . /dx
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Using the same transformations, the summand A/, , is equivalent to

2
Abpe b L1 |d [ et
227 8(1 — o) @ dpy Jdx |dx \dp, [dx
2
111 1 dn,,. d*py . /dx®
T8~ a) dpy Jdx |dpy x| “dx ¥ P\ Ty
2
1 dn, . d’p, . /dx?
- L e (4279)
8(1 —a) (dpy ./ dx) dx ’ dpy o/ dx
leading to a second-order adjustment of
1 dns. d*p, . /dx*
Al — N L/ Y e/
6(1 — ) (dpy ./ dx) dx dpy . /dx

2
+ 1 "2 d772ac - X— dz:ulf/dxz
8(1 —a) (d,ul’(,\/abc)3 dx 2 dp, . /dx .

x=0~ ' (1—a)
(4.280)

4.5.16 Probability Density Function of the Logit-Normal
Distribution

The derivation of the density function is based on the inverse function theorem®°

- dg™'(y
fro) =fx(g™') ‘ dy( )’. (4.281)
For the logit function ¥ = ¢ / (1 + €¥), we have
e’ 1
g(x)_y_lJre*’_e “ 41
1
Set=-—1
y
1
¢ '(y)=x=—h (y - 1) (4.282)

265Cf. Appendix 4.5.3.



182 4 Model-Based Measurement of Name Concentration Risk in Credit Portfolios

and

s (G) - ()
S O oy T T L O I
dy —dy\ T\ =1\ ) y(1-y) (3289

Using the density of a normal distribution (4.82) for fy and recognizing that y is
bounded in the interval [0, 1], we get
=

s = (-m(5-1)) [y

L (__(——1n<1/y-— 1>—-ux>2> 1
B P 20% y(1-y)

o a1y -1+t
exp( 202 ) A=y (4.284)




Chapter 5
Model-Based Measurement of Sector
Concentration Risk in Credit Portfolios*

5.1 Fundamentals and Research Questions
on Sector Concentration Risk

As demonstrated in Chap. 2, within the ASRF model it is assumed that there exists
only one single risk factor that influences the defaults of all loans in the portfolio
(assumption B). Thus, industry-specific or geographical effects are neglected,
which can lead to an inappropriate capital requirement for real-world portfolios if
this is measured on the basis of a single-factor model like the IRB Approach of
Pillar 1. Against this background, banks are demanded to measure concentration
risks and “explicitly consider the extent of their credit risk concentrations in their
assessment of capital adequacy under Pillar 2”*°7 of Basel II, but it is not specified
how this should be done. Although there exist some models that explicitly deal with
the measurement of sector concentration risk, these are mostly not consistent with
Pillar 1 of Basel II — sometimes within the derivation and sometimes within the
implementation. Consequently, it remains unclear if or how much additional
regulatory capital is needed regarding risk concentrations. However, this issue is
not only relevant from a regulatory perspective. Generally, it is not worthwhile to
have a major gap between the regulatory and the “true” economic capital.
A homogenization of these values is one goal of the new Capital Accord and
would simplify the management of the credit portfolio.

In order to measure sector concentration risk consistent with the Basel II frame-
work, it has to be reconsidered that the IRB Approach was calibrated on well-
diversified bank portfolios.”*® Thus, the additional capital requirement concerning

*The main results of this section comply with Giirtler et al. (2010).
267BCBS (2005a), § 773.
298Cf. Sect. 3.3.
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sector concentrations has to take this specific calibration of the model used for
calculating the Pillar 1 capital requirement into consideration. Consequently, only
banks with a lower diversification across sectors than these well-diversified banks
should assess additional capital under Pillar 2. As data on the characteristics of these
well-diversified portfolios is not publicly available, it is not obvious how we can
use them as a reference portfolio in order to modify and adjust the existing models
on sector concentration risk to achieve consistency to the Basel framework.
Furthermore, comparative analyses on models which are able to measure sector
concentration risk are scarce. Against this background, we address the following
questions:

¢ How can the existing approaches be modified and adjusted to be consistent with
the Basel framework? Is the risk measure Value at Risk problematic when
dealing with sector concentration risk?

* Which methods are capable of measuring concentration risk and how good do
they perform in comparison? What are the advantages and disadvantages of
these methods?

Subsequently, we propose a methodology how multi-factor models can be
used in a way that is consistent with the Basel II framework. This can be seen as
expanding the validity of the Basel formula from the inner region of Fig. 3.2 to
the whole region. To our best knowledge, this is the first work that deals with this
problem.”® Furthermore, we analyze the models of Pykhtin (2004), Cespedes
et al. (2006), and Dillmann (2006), which are designed to measure sector
concentration risk. We implement our multi-factor setting for these models and
use the risk measure ES instead of the VaR, which leads to some new approxi-
mation formulas. Based on this, we compare the accuracy and runtime of the
different models within a simulation study. Except the rather brief analysis of
Diillmann (2007), this is the first comparison of different approaches concerning
sector concentration risk. In this context, we also use our framework to test
whether the lack of coherency of the widespread used VaR is relevant in
connection with the measurement of concentration risk.”’° Since the non-
coherency of the VaR is typically only illustrated in contrived portfolio exam-
ples, we analyze the relevance of this issue in more realistic settings within our
simulation study.

269The multi-factor model of Cespedes et al. (2000) is also specified against the background of the

regulatory capital formula. However, within the deriviation of their formulas, the authors assume
the regulatory capital requirement to be the upper barrier of risk, which is not consistent with the
view of supervisors that we presented in Sect. 3.3 and especially in Fig. 3.2. Cf. Sect. 5.2.3 for
details regarding this issue.

#OCf. Sect. 2.2.3.
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5.2 Incorporation of Sector Concentrations Using
Multi-Factor Models

5.2.1 Structure of Multi-Factor Models and Basel I1-Consistent
Parameterization Through a Correlation Matching
Procedure

To obtain a more realistic modeling of correlated defaults in a credit portfolio, we
will introduce a typical multi-factor model. In such a model, the dependence
structure between obligors is not driven by one global systematic risk factor but
by sector specific risk factors. Additionally, the group of obligors is divided into S
sectors. Hereby, a suitable sector assignment is important,”’" i.e. asset correlations
shall be high within a sector and low between different sectors. In contrast to the
single-factor model, in which the correlation structure of each firm is completely
described by p, in a multi-factor model we distinguish between an inter-sector
correlation py,., and an intra-sector correlation py,,. The inter-sector correlation
describes the correlation between the sector factors and the intra-sector correlation
characterizes the sensitivity of the asset return to the corresponding sector factor.
Thus, the asset return of obligor i in sector s can be represented by’

d&,i = +/Plntra,i X5+ \/ 1— Pntra,i * Eh (5.1

where X, is the sector risk factor (with s=1,...,95), and E,- stands for the
idiosyncratic factor. The variables X; and ¢; are normally distributed variables
with mean zero and standard deviation one that are independent among each
other. Since the sector risk factors X, are potentially dependent random variables
that are difficult to deal with,”’?> we make use of the possibility to present the sector
risk factors as a combination of independently and standard normally distributed
factors z; (k= 1, ..., K)

K K
% = kz]:oc&k - Z with ;aik =1, (5.2)

271 As shown by Morinaga and Shiina (2005), an assignment of borrowers to the wrong sectors
usually leads to a higher estimation error than a non-optimal sector definition.

272In order to allow for negative intra-sector correlations, the factor loading could also be written
as r; instead of , /pr.;- However, it is economically reasonable to assume that there is a positive
relationship between the asset return of an obligor and the corresponding industry-sector. Thus, the
chosen notation should be no practical limitation.

23Concretely, the independence of the risk factors is essential for the derivation of the Pykhtin-
model in Sect. 5.2.2.
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in which the factor weights o, are calculated via a Cholesky decomposition of the
inter-sector correlation matrix.>’* Hence, the inter-sector correlation is given as

K
Py = Corr(%, %) = Y oo - e (5.3)
k=1

From (5.1) and (5.2), the asset correlation between obligors i in sector s and
obligor j in sector ¢ is given by

1 if s=tandi=j,

COIT(&S,iadtj) — \/ pImra,i RV pIntra.j < lf s=1 and l #]’ (54)
v/ Pintra,i * v/Plntraj ° kZ: Xk * Ok if s 7é L.
=1

Obligors in the same sector are highly correlated with one another when their
intra-sector correlation is high. The correlation of obligors in different sectors also
depends on the factor weights, which are derived from the inter-sector correlation.
Hence, the dependence structure in the multi-factor model is completely described
by the intra- and inter-sector correlations.

Taking (2.8) into account, the portfolio loss distribution can be written as

S n
L= wy-LGDy; 11 _o-1pp.))» (5.5)

s=1 i=1

where n, is the number of obligors in sector s. The portfolio loss distribution can be
determined numerically with Monte Carlo simulations. The procedure is in princi-
ple the same as described in Sect. 2.4 in context of the Vasicek one-factor model. In
each simulation run, the sector factors as well as the idiosyncratic factor of each
obligor are randomly generated. Herewith, the asset return is calculated according
to (5.1). If gy is less than a threshold given by o! (PD;), obligor i defaults. The
portfolio loss is determined with (5.5) by summing up the exposure weights w;
multiplied by LGD; of each defaulted credit. To get a good approximation of the
“true” loss distribution, we choose 500,000 runs for our subsequent Monte Carlo
simulations. After running the simulation and sorting the loss outcomes, we get the
portfolio loss distribution. The ES at a given confidence level o can be calculated
with (2.47).

To calibrate the multi-factor model, most variables can be chosen identically
to the single-factor model. The only difference is the correlation structure that

274This approach is a common mathematical method to generate correlated random variables and
leads to the identical number of independent risk factors z; and dependent sector factors X;, that is
K equals S. Another common method to determine independent risk factors is the principal
component analysis, which leads to a reduced number of risk factors.
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generally consists of inter- and intra-sector correlations as described above. The
matrix of inter-sector correlations is usually derived from historical default rates or
from equity correlations between industry sectors. The intra-sector correlations can
be derived from historical default rates, too. The problem of a derivation based on
historical default rates is that there are not always enough observations to get stable
results. This is even more problematic if it is assumed (like in Basel II) that the
correlation and the PD are interdependent. Furthermore, the results from the multi-
factor model would normally not be consistent with Basel II because the correlation
structure is completely different. Thus, it would not be possible to identify (consis-
tent with Pillar 1 of Basel II) whether there is need for additional regulatory capital
under Pillar 2.

For both reasons, the intra-sector correlations could be chosen analogously to the
Basel II formula

1— 6750»PD 1 — 6750-PD
PBasel = 0.12- ﬁ +0.24 - <1 - ﬁ) (56)
for corporates. This is what Cespedes et al. (2006) did in their analyses. But this
assumption is critical for the following reason: The validity of this formula for the
intra-sector correlations is equivalent to the statement that the regulatory capital
calculated via the formula of Pillar 1 is an upper barrier of the true risk. This
property in turn is only fulfilled if either only one sector exists or if all sectors are
perfectly correlated. In all other cases there is an effect of sector diversification,
which leads to a lower capital requirement compared to the Basel framework.
Beyond, the Basel Committee does not intend the Basel II correlation formula to
exclusively reflect the intra-sector correlation. Instead, the framework is calibrated
on well-diversified portfolios, as demonstrated in Fig. 3.2, implying that the corre-
lation formula is chosen in a way that the single-factor model leads to a good
approximation of the “true” risk based on the full correlation structure in a multi-
factor model. Cespedes et al. (2006) have already recognized this criticism and
have mentioned that it should be possible to use some scaling up for the intra-sector
correlations and the resulting capital. However, their calculations are based on the
formula above.

Alternatively, the intra-sector correlation could be chosen in a way that the
regulatory capital RC can be matched with the economic capital EC™, which is
simulated for a well-diversified portfolio within a multi-factor model. Therefore,

L . Implied
we define the “implicit intra-sector correlation” p%n‘::f ied) b

Implied
ECmf <plmera pgntr;’ )> = RC(pBasel)' (57)

Unfortunately, the portfolios for which the calibration was done by the Basel
Committee including the assumed inter-sector correlation structure are not publicly
available. Thus, at first we have to choose a concrete inter-sector correlation and
determine the implicit intra-sector correlation for some hypothetical, well-diversified
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Table 5.1 Inter-sector correlation structure based on MSCI industry indices (in %)*

Sector A B C1 €2 €3 D E F H I J
A: Energy 100 50 42 34 45 46 57 34 10 31 69
B: Materials 100 87 61 75 84 62 30 56 73 66
C1: Capital goods 100 67 83 92 65 32 69 82 66
C2: Comm. svs. and supplies 100 58 68 40 8 50 60 37
C3: Transportation 100 83 68 27 58 77 67
D: Consumer discretionary 100 76 21 69 81 66
E: Consumer staples 100 33 46 56 66
F: Health care 100 15 24 46
H: Information technology 100 75 42
I: Telecommunication services 100 62
J: Utilities 100

See Diillmann and Masschelein (2007), p. 64

portfolios via Monte Carlo simulations with several parameter trials. This approach is
related to Lopez (2004), who empirically determines the single correlation parameter
for the ASRF model that leads to the same 99.9%-quantile as KMV’s multi-factor
model for several portfolio types (geographical region, PD, and asset size categories)
using a grid search procedure. Thus, in the approach of Lopez (2004), the left-hand
side of (5.7) is given and the single correlation parameter of the right-hand side is
determined, whereas we are searching for the intra-sector correlation on the left-hand
side that leads to a match of both models when the other parameters, especially the
single correlation parameter of Basel II, are exogenously given.

As mentioned above, the required inter-sector correlation matrix could be
estimated from historical default rates or from time series of stock returns.”’>
Diillmann et al. (2008) demonstrate on the basis of an extensive simulation study
that it is recommendable to use stock prices instead of historical default rates since
this involves smaller statistical errors. Against this background, we rely on equity
correlations, too, and use the correlation matrix of the MSCI EMU industry indices
computed by Diillmann and Masschelein (2007) for the inter-sector correlation
structure (see Table 5.1).27¢

Our definition of a well-diversified portfolio is based on the overall sector
concentration of the German banking system, which can be found in Table 5.2.>”

Even if it is theoretically possible to achieve lower capital requirements through
a different sector decomposition, this can only be done by a restricted number of
banks, since a deviation from the market structure of all banks immediately leads to
a disequilibrium. In addition, the total number of credits is assumed to be n = 5,000
to guarantee low granularity.

275 An overview of the literature regarding the measurement of asset correlation parameters can be
found in Diillmann et al. (2008) and Grundke (2008).

275The correlation structure based on the MSCI US is similar, see Diillmann and Masschelein
(2007).

2"Diillmann and Masschelein (2007) notice that the concentration is very similar to other
countries like France, Belgium, and Spain.
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Table 5.2 Overall sector

- Sector Exposure weight (%)

composition of the German

banking system® A: Energy 0.18
B: Materials 6.01
C1: Capital goods 11.53
C2: Comm. svs. and supplies 33.69
C3: Transportation 7.14
D: Consumer discretionary 14.97
E: Consumer staples 6.48
F: Health care 9.09
H: Information technology 3.20
I: Telecommunication services 1.04
J: Utilities 6.67

4Cf. Diillmann and Masschelein (2007), p. 63

Table 5.3 Implicit intra-

! Portfolio type/quality Implicit intra-sector
se.:ctor correlatlops for N correlation (%)
different portfolio qualities (D) Very high 30

(II) High 28
(III) Average 25
(IV) Low 23
(V) Very low 21

If we assume a constant intra-sector correlation, the best match is achieved by
(approximately) p§$§lled) = 25%.%" The concrete results, however, vary with the
portfolio quality (see Table 5.3).?”’ Thus, using a constant intra-sector correlation
can lead to a significant underestimation of economic capital for high-quality
portfolios and to an overestimation for low-quality portfolios.

To reduce the deviation, the intra-sector correlation should be decreasing in PD.
We found that the following intra-sector correlation function leads to a good match

for portfolios with different quality distributions:

_ ,—50.PD

—50-PD
(Implied) e I—e

Thus, we use the correlation function type from Basel II but the correlation range
is from 18.5 to 34% instead of 12 to 24%.%*" It has to be noted that this formula is

278This value results on the basis of both measures (VaR and ES) at the respective confidence level
as described in Sect. 4.3.1. The result is consistent with Diillmann and Masschelein (2007), who
use a constant intra-sector correlation of 25% in their analysis.

279See Fig. 4.7 for the portfolio characteristics.

280We tried several different functional forms but the formula above performed best. The multi-
pliers 18.5% and 34% in function (5.8) were determined with a grid search using a reasonable
parameter range, which is similar to the procedure of Lopez (2004) used for the single correlation
parameter.
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still a substantial simplification, as we assume that the intra-sector correlation is
PD-dependent only. By contrast, empirically there are also inter-sectoral diffe-
rences of this parameter.”®' In principle it would be possible to capture both effects,
e.g. by multiplying a sector-specific factor to (5.8), which covers the relation of the
empirically observed correlations.”®> Of course, the absolute level of the resulting
correlations would usually be different from the empirical observations to keep
Basel II consistent results. But for convenience, we rely on the PD-dependent
formula (5.8) in our following analyses.

Hence, all additional input data needed for typical multi-factor models, e.g.
using Monte Carlo simulations, are given with Table 5.1 and (5.8). Using these
values, the multi-factor models should be consistent with the Basel framework.
Thus, the measured economic capital is only lower than the regulatory capital if
the portfolio is less concentrated than a typical, well-diversified portfolio, and the
needed economic capital is above the capital requirement of the regulatory frame-
work if there is more concentration risk in the credit portfolio. In order to avoid
time-consuming Monte Carlo simulations, there exist some multi-factor models for
an approximation of the portfolio risk. These will be presented subsequently.

5.2.2 Accounting for Sector Concentrations with the Model
of Pykhtin

5.2.2.1 Derivation of the VaR-Based Multi-Factor Adjustment

In this section, the multi-factor adjustment of Pykhtin (2004) is examined. After
explanation of the approach and derivation of the multi-factor adjustment formula
for the VaR, the ES-based formula is calculated. Since the main shortcoming of the
model is the time-consuming calculation for large portfolios, we focus on this issue
thereafter and demonstrate how the approach can be implemented in a way that
calculation time is reduced significantly.”®*

The multi-factor adjustment is an extension of the granularity adjustment pre-
sented in Chap. 4, which was introduced by Gordy (2003), Wilde (2001), and
Martin and Wilde (2002), for multi-factor models and provides an analytical
method for calculating the VaR and ES of a credit portfolio. The basic idea of
Pykhtin is to approximate the portfolio loss L in the multi-factor model with the
respective portfolio loss L in an accurately adjusted ASRF model. This is done by

28'E.g. Heitfield et al. (2006) determine the sector loadings, which equal /Py, for 50 industry
sectors using KMV data on asset values. The resulting intra-sector correlation is on average 18.8%
and the standard deviation is 8.3%. These inter-sectoral differences are not captured by the formula
above.

Z82A correlation structure with one degree of freedom for every PD/sector-combination is practi-
cally unfeasible due to high data requirements.

2831 our setting, the computation time could be reduced by more than 99.8%.
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mapping the correlation structure of all credits in the multi-factor model into a
single correlation factor. This factor is determined by maximizing the correlation
between the new single risk factor X and the original sector factors {X,}. Based on
this, a Taylor series expansion is performed around the constructed single-factor
model. B

Concretely, the distribution of L, which is the loss of the accurately adjusted
single—gagitor model, can be calculated with the known formula of the ASRF
model:

= n -1 Nz
L= (¥)=> wi-LGD; - ® @7 (PD) —ci X

=1 V1—c¢? 7

where c; is the correlation between the asset returns of two obligors, which is due to
the conjoint dependence to the systematic risk factor X. Instead of using p as an
input parameter as it is done in the ASRF model, the new correlation parameter c; is
calculated in a way that the correlation between the introduced single risk factor X
and the original sector factors {X;} is maximized. Thus, most of the correlation
structure in the multi-factor model should be matched by this single factor.

As a next step, a Taylor series expansion around the comparable one-factor
model (5.9) is performed in order to reduce the approximation error. Via this
approach, it is possible to approximate the o-quantile g, (I:) of the portfolio loss by

(5.9)

L+.7 , 2 (T -
iy~ an(®) o [ 2 el 2)
=0 o

. (5.10)

2

where / is the scale of perturbation and AZ describes the approximation_error
between “true” loss L and the loss in the comparable one-factor model L, i.e.

L — L =: JZ. The first summand on the right-hand side of (5.10) is the a-quantile
of the loss L within the reasonably adjusted ASRF model, which is
e (@ '(1 — «)).*® The required correlation factor ¢; is derived in Appen-
dix 5.5.1.%%° In addition to maximizing the correlation between the single factor
and the sector factors, the concrete choice of ¢; guarantees that the first derivative in
(5.10) is equal to zero, see also Appendix 5.5.1. Hence, the so-called multi-factor
adjustment Ag, is completely described by the second derivative in (5.10). Accor-
ding to Pykhtin (2004), the multi-factor adjustment Aq, can be written as>®’

284The conditional PD stems from the Vasicek model, cf. Sect. 2.4 or 2.7.
B5CE. (5.9).

286Eor the determination of ¢;, we need both the intra- and inter-sector correlations, which can be
taken from Sect. 5.2.1.

Z87This formula has already been derived for the granularity adjustment formula, cf. (4.18).
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Agy = q4(L) — qs (L)

~ 1 d772,6‘ (X) — dz:ul,c ()_C) /dxz —
0. d,ul#c(x)/djc‘ [ dx 772,c(x) : (WC +x>

=0 (1-a)
(5.11)

where 17, .(X) := n,,(L|¥ = %) is the mth conditional moment of the portfolio loss
about the mean.

The conditional expectation p; .(¥) and the required derivatives are already
known from the granularity adjustment:**®

o (X) =D wi - ELGD; - pi(%), (5.12)
i=1

dp, (%) & d(pi(x))
— = ;wi (ELGD; - —— =, (5.13)

dz:u’l c(x) - dz @I(X))
— = Zl:w,- -ELGD,; - s (5.14)

with
o! N
pi(x) =@ o (D)X : (5.15)
\/ 1— C,’Z
i(X i o' (PD;) —¢; -

Aplx) G (2 PD) X (5.16)

dx V1—c? V1—c?

and
Ppix) o O'(PD)—c¢i-x  (®T'(PD) —¢i-X ((5.17))
v 1—c? N VI—c2 ' ‘
The conditional variance 7, . is
1 - ~
M. —V<wa -LGDI-~1{L;,.}|X—X> (5.18)
i=1

288Cf, Sect. 4.2.1.2.
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but in contrast to the single risk-factor framework, the defaults are not independent
conditional on X. Thus, it is not possible to use the formula of the granularity

adjustment. The dependence structure of the conditional default events becomes
apparent if we rewrite the formula of the asset return (5.1) using (5.2) and (5.73):

ds,i = 4/ Pntra,i X5 + \/ 1 — Pntrai * éi
K ~
= v/ Pntra,i * Za&,k Ik + \/ 1- Plntra,i * Si
k=1

K
=C¢ - X— ¢ X+ \/plntra,i'zas,k'§k+m-§i (5.19)
=1
K K )
—G Zbk'fk + \/plmra,i'zax,k'fk + m &
k=1 k=1

Even if the systematic factor X is fixed, the asset returns are not independent of
each other but depend on the constructed sector variables Z..”* The correlation
between obligor i and j conditional on X can be calculated as:*”°

=l

:Ci-

M)~

+

I
D
=N
bl
I

1

p}; = Corr (g, a|x)

K
v/Pntra,i * Plntraj ° ];1 Osk * Lege — Ci - Cj (5.20)
\/(1 — Ciz) . (1 — Cjz)

Although the asset returns are not independent conditional on X, they are
independent conditional on the sector factors z;. We can use this property by
decomposing the conditional variance of the portfolio loss 7, .(¥) into two terms,

155 (%) and 752 (%)

Me(®) =V(Lx=%) = V[E(L{z&})x=x] +E[V(LI{Z})x=%] . (521

15 () n5e (%)

The term 75° (X) describes the systematic risk adjustment, which is given by the
difference between the multi-factor and single-factor loss distribution in infinitely

29Cf. (5.2).
2905ee Appendix 5.5.2.
*IThe derivation of the variance decomposition can be found in Weiss (2005), p. 385 f.
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fine-grained portfolios. The other term 75 (%) is relevant for the granularity adjust-
ment, which measures the influence of pértfolio name concentration. The calcula-
tion of the terms 75°.(X) and 75 (x) can be found in Appendix 5.5.3 and utilizes the
conditional independence property of the decomposed terms. This leads to

5 (%) = Z zn:wiw/ELGDiELGD; [cb2 (qu (pi(®)), 0 (p(®)) p,) - pi(f)pj()_c)} ,

i=1 j=1

(5.22)

e (® ZW: (ELGD?? [p;(%) — @ (@7 (pi(3)), @ (pi(%)), 03;) | + VLGDpi(3) ).

i=1

(5.23)

According to (5.11), we also need the derivative dn, .(X)/dx. Thus, the deriva-
tives of the decomposed variance terms are calculated in Appendix 5.5.4, leading to

dnjy.(X) d i(x)
T_2 lzl:jzl:w,wj i
_ _ _— _ (5.24)
o' [p;i(®)] — pi @ p;
o| PO A L@
- ()
n —1r (=] X @=L (=
d7] Z de’7 . ELGDIZ 1 _ 2(1) (D [pl(x)] pii? ; [pl(x)]
1= (vi)
+VLGD;).
(5.25)

Using the terms (5.13)—(5.17), (5.20), and (5.22)—(5.25), the multi-factor adjust-
ment (5.11) can be calculated. Since the multi-factor adjustment is linear in the
conditional variance and its derivatives, we can also write the multi-factor adjust-
ment as

Aqy = A + AgSA, (5.26)

i.e. the multi-factor adjustment can be split into a systematic risk adjustment
component and a granularity adjustment component. To sum up, the approximation
of a loss quantile ¢, (L) in (5.10) is given by (5.9) and by the multi-factor adjustment

0.(L) ~ ¢ (Z) Y AG =g, (Z) + AGE + AgEA. (5.27)
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5.2.2.2 Derivation and Implementation of the ES-Based
Multi-Factor Adjustment

After dealing with the VaR, now the ES-based multi-factor adjustment is presented.
Using the integral representation of the ES (2.20) and substituting the quantile

¢(L) by approximation (5.27), the ES can be written as

ES,(L)

(qs (Z> + ACh) ds (5.28)
— ES, (Z) n l—ia - qusds —. ES, (Z) + AES,.

The first summand of the right-hand side describes the ES for the comparable
single-factor model and the second summand is the multi-factor adjustment.
The ES in the ASRF model is already known from (4.59), leading to

= 1 1 _ _
ES, (L) -— ;w,» \ELGD; - &y (0~ ' (), ™' (PD)), ;). (5.29)

In order to calculate the multi-factor adjustment in (5.28), we use the formula-
tion of Ag, from (4.18):

ds. (5.30)
F=01(1-s)

} 1 1 d [(¢&)mn, ()
AES:(L) =~ 30— J o() dx (dul,c@‘c)/dfc)

o

Substituting x := ® (1 —s) and thus ds = —@(x)dx, x(s = &) = O (1 — «),
and x(s = 1) = —oo results in

! (1-a)

5 1 1 d [(¢X)mn, )
AES“(L):_z(l—oc) J sO(X)E<duu(TC)/dY> Pl

—oo F=x (5.31)

o [fe@m\]
2(1 — o) | \dp o (x) /dx '

—00
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The derivative of . can be written as du, (x)/dx = g - (x), with g being a
constant value. As 17, .(—oc) =0, the right-hand side of (5.31) vanishes at
X = —o0, leading to

1 o) m()
2(1 — o) duy (x) /dx

AES,(L) = - (5.32)

x=0""(1—2)

This equation can easily be computed using the conditional variance and the
derivative of the conditional expectation of Sect. 5.2.2.1. Again, the multi-factor
adjustment can be decomposed into a systematic and an idiosyncratic part by
decomposing the conditional variance. Hence, the ES for a portfolio in a multi-
factor model is given by

ES,(L) = £S5, (L) + AESY + AESS™. (5.33)

It is worth noticing that the resulting expression (5.32) is much simpler than the
corresponding formula for the VaR. The same phenomenon could already be
observed for the granularity adjustment formula in Chap. 4.

In principle, it is straightforward to implement the Pykhtin model. For calculat-
ing the ES we have to compute (5.32). The problem is that the computation can be
extremely time-consuming if the formula is applied to large portfolios. The reason
is that the calculation procedure inter alia requires n°-times the computation of the
conditional asset correlation,292 with n being the number of credits. An alternative
performed by Diillmann and Masschelein (2007) is to neglect the multi-factor
adjustment and to use (5.9) only to aggregate all credits for each sector and thus
using the formulas on sector and not on borrower level. Of course, it may be
expected that this simplification is at the cost of lower approximation accuracy.
To consider the multi-factor adjustment, we propose to build PD-classes for each of
the sectors and aggregate the credits to these buckets for the calculation of the
multi-factor adjustment, so that the computation time is predominated by

Loops = (Npp - S)?, (5.34)

where Npp and S denote the number of PD-classes and sectors, respectively.293 If
the number of PD-classes is sufficient, the approximation error resulting from
aggregating individual PDs to PD-classes is negligible. As the number of loops
does not grow with bigger portfolios, it is possible to perform the adjustment on

292The quadratic computation effort is due to the determination of a double sum (see (5.22) and
(5.24)).

293The results of the multi-factor adjustment do not differ whether different exposures with the
same PD are aggregated or handled separately on borrower level. For details see Sect. 5.2.2.1 and
Appendix 5.5.1.
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bucket level within reasonable time. Only the granularity adjustment should be
calculated on borrower level but this is no computational burden.?**

5.2.3 Accounting for Sector Concentrations with the Model
of Cespedes, Herrero, Kreinin and Rosen

5.2.3.1 Design of the Diversification Factor

Cespedes et al. (2006) present a method to relate the economic capital in the multi-
factor model to the regulatory capital formula.””> These models are linked via a
diversification factor DF(-), which depends on two parameters:

* The average sector concentration HHI and
¢ The average weighted inter-sector correlation f

Herewith, the economic capital of a portfolio can be approximated as:
EC™ ~ DF(HHI,B) - RC. (5.35)

Thus, the economic capital in the multi-factor model EC™ can be approximated
by a well-defined diversification factor DF multiplied with the regulatory capital
requirement of the ASRF model RC. As mentioned before, Cespedes et al. (2006)
assume in their calculations the regulatory capital of Pillar 1 to be an upper barrier
of the true risk because no diversification effects between the sectors are con-
sidered, which in turn implies the parameter DF to be always less than or equal to
one. In contrast, if we use our definition of the intra-sector correlation py,,, from
Sect. 5.2.1, it is possible to obtain EC™ >RC as well as EC™ <RC depending on the
degree of diversification in comparison to the well-diversified portfolio defined in
Sect. 5.2.1. Hence, our later on calculated DF-function can be greater than one,
i.e. the DF-function measures not only the benefit from sector diversification but
also the risk resulting from high sector concentration. As the regulatory capital is
additive in the ASRF model, (5.35) can be substituted by

S
EC™ ~DF -y RC", (5.36)

s=1

in which EC™ is the economic capital in the multi-factor model and RC® is the
regulatory capital for sector s. In principle, the approach can be characterized as

294The computation time when calculating the multi-factor adjustment on bucket- instead on
borrower-level can be reduced from 67 min to 5 s for a portfolio with 11 sectors, 7 PD-classes,
and 5,000 creditors.

2931n the strict sense, Cespedes et al. (2006) relate the multi-factor model to the economic capital in
a single-factor model. But since they apply the regulatory capital formula and we require a relation
to this formula, too, we use the term regulatory capital instead.
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follows: Firstly, EC™ is calculated for a multitude of portfolios via Monte Carlo
simulations. For each simulated portfolio, the diversification factor can be calcu-
lated according to (5.36). Finally, a regression is performed to get an approximation
for DF as a function of the two parameters HHI and f8. If DF can capture the
industry diversification effects, we are able to approximate EC™ with (5.36)
without additional Monte Carlo simulations.

To derive the parameters which explain the effect of diversification and concen-
tration in a multi-factor model, Cespedes et al. (2006) suggest to use the average
inter-sector correlation f5. This can be interpreted as a scale of the dependence
between the sectors. The formula for f is given as

S
Z Z pintler .RC*® - RC!
s=1tts

S
S SIRCs - RC
s=1 t#s

B= , (5.37)

The correlation is weighted by the regulatory capital in order to account for the
contribution of each sector. As a consequence, the correlation between sectors with
a high capital requirement account for a high degree of the average correlation.””®
The second suggested parameter is a parameter for the degree of capital diversi-
fication, measured by the Herfindahl-Hirschmann Index HHI 297 1t describes the
sector concentration measured by the relative weight of each sectors regulatory
capital RC*:*%®

(RC")?

e

HHI ==

§

(5.38)

o |2

As mentioned in Sect. 3.4, the parameter HHI lies between two extreme values:

e HHI =1/, i.e. perfect sector diversification,
e HHI = 1, i.e. perfect sector concentration.

To avoid a too complex model, Cespedes et al. (2006) neglect further potential
input parameters to determine the DF-function. To approximate the multi-factor
model, (5.36) can be rewritten as

N
EC™ ~ DF (HHI,f) - > RC". (5.39)

s=1

295The idea is related to Pykhtin (2004), who uses the VaR from the ASRF model as a weight when
maximizing the correlation between the single factor of the comparable one-factor model and the
sector factors; cf. (5.82)—(5.85).

297Cespedes et al. (2006) call this parameter the capital diversification index (CDI).
2%8This concentration measure corresponds to (2.87).
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5.2.3.2 Computation of the Diversification Factor by Simulation

In the following, our procedure to estimate the DF-function is presented. In order to
get a universally valid DF-factor, as many portfolios as possible have to be
generated and simulated. To reduce the necessary number of trials, the portfolios
should be restricted to those with reasonable characteristics. Our portfolios are
randomly generated using the following parameter setting. When we state several
parameter values or a parameter range, the parameter is randomly drawn from
this set.

For the intra-sector correlations, we use the functional form of (5.8). The inter-
sector correlation structure is taken from Table 5.1, so that all simulated portfolios
are stemming from this sector definition. Each portfolio consists of {2, ..., 11}
sectors that are randomly drawn from the different industries. The sector weights
are in [0, 1] and sum up to one. The total number of credits is 5,000, equally divided
for each sector. Each sector in turn consists of credits from the PD classes {AAA,
AA, A, BBB, BB, B, CCC}. Instead of using equally distributed PD classes, we
draw the quality distribution from our predefined credit portfolio qualities {very
high, high, average, low, very low} for every sector from Fig. 4.7%° We draw
25,000 or 50,000 portfolios and compute the economic capital in the multi-factor
model for each portfolio.

To determine the economic capital, we have tried both Monte Carlo simulations
with 100,000 trials*® for every portfolio and the Pykhtin formula from Sect. 5.2.2.
Because the computation time for Monte Carlo simulations is materially longer, the
corresponding results are based on 25,000 random portfolios, whereas we computed
the economic capital for 50,000 portfolios when using the Pykhtin formula instead.
Furthermore, since Cespedes et al. (2006) use the VaR as the relevant risk measure
and thus define the economic capital as EC™ := VaR('fg%, — EL, we have to redefine
the economic capital of the multi-factor model with respect to ES as argued in
Sect. 4.3.1: EC™ := ESPly,, — EL®" In contrast, for the regulatory capital we use
RC = VaR®*) _ EL. The result could also be related to the Expected Shortfall in
the ASRF model but we have detected that the results differ only marginally and the
VaR is easier to implement in typical spreadsheet applications.** The results for the
diversification factor DF are very similar regardless of whether they are based on

2The setting is similar to Cespedes et al. (2006). Until this point, the main difference is the
definition of the intra- and inter-sector correlations.

*%For the determination of the economic capital for one specific portfolio, the number of trials is
slightly low but as we perform 25,000 simulations and the simulation noise of each simulation is

unsystematic, the error terms should cancel out each other to a large extent.

31We have also tested the results when using the ES instead of the unexpected loss but the

coefficient of determination is higher when subtracting the EL in the corresponding formulas when
performing the simulations.

30276 determine the Expected Shortfall with (4.59), a bivariate cumulative normal distribution has
to be computed whereas the Value at Risk only makes use of univariate distributions.
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Fig. 5.1 Diversification Factor realizations on the basis of 50,000 simulations

Monte Carlo simulations or on the Pykhtin formula. Fig. 5.1 presents characteristics
of the diversification factor when using the Pykhtin formula.
For a determination of the functional form of DF, we use a regression of the
303
type

DF =ag+ay - (1 — HHI) - (1 - B)

_ . (5.40)
+ay- (1= HHI) - (1= B) +az- (1 — HHI) - (1 — B)

in both cases, using the ordinary least squares (OLS) technique. The resulting
function when using Monte Carlo simulations is

DFyic = 1.4626 — 1.4475 - (1 — HHI) - (1 — f)
—0.0382- (1 — HHI) - (1 — B) +0.3289 - (1 — HHI) - (1 — B)’
(5.41)

303We have tried several different regressions but similar to Cespedes et al. (2006), this function
worked best. In contrast to Cespedes et al. (2006) we do not set the first parameter @, to one
because our DF-factor is not bounded by the single-factor model.
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Fig. 5.2 Surface plot of the DF-function

with R = 95.5%. Analogously, we determined the DF-function when using the
Pykhtin formula
DFpyiiin = 1.4598 — 1.4168 - (1 — HHI) - (1 — B)

—0.0213 - (1 — HHI)* - (1 — B) +0.2421 - (1 — HHI) - (1 - )
(5.42)

2

with a coefficient of determination of R? = 97.9%. The latter function is plotted in
Fig. 5.2.°°* To finally get the approximation for the multi-factor model, (5.39) has
to be computed using either function (5.41) or (5.42).

It can be seen that the maximum diversification factor is about 1.46. Thus, in the
case of (almost) no diversification effects, the measured capital requirement is 46%
above the regulatory capital under Pillar 1. This will appear in the case of being
concentrated to a single sector, leading to HHI = 1, as well as in the theoretical case

304The shape of the function is similar to Cespedes et al. (2006) but their range is from 0.1 to 1.0
whereas our function ranges from 0.2 to 1.5. In addition, they received a little higher R? (99.4%
instead of 95.5% or 97.9%) but this is mainly due to the different simulation setting. Cespedes
et al. (2006) directly draw the parameter f§ as an input parameter for each simulation, implying f§ to
fully define their correlation structure. We use a heterogeneous correlation structure instead and
compute f§ for the portfolios. Thus, in our setting § does not reflect the complete correlation
structure, which results in a lower R? but does not imply a worse approximation.
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of perfect correlations between the relevant sectors, leading to_ﬁ_ = 1. Furthermore,
the diversification factor is strongly increasing in HHI and in f3, which is consistent
with the intuition.

5.2.4 Accounting for Sector Concentrations with the Model
of Dullmann

5.2.4.1 The Binomial Expansion Technique

The model of Diillmann (2006) is a combination of the Binomial Expansion
Technique (BET)-model and the Infection Model of Davis and Lo (2001). For
this reason, at first, the BET-model and the infection model will be explained,
before the model of Diillmann will be presented and applied to our multi-factor
setting. During the application, we will deviate from the original procedure in order
to apply the ES instead of the VaR and to accelerate the computation time signifi-
cantly for large portfolios.**’

The Binomial Expansion Technique (BET) was developed by Moody’s for the
rating of CDOs but it can also be applied to standard credit portfolios without
tranches. The BET-model approximates the loss distribution of the portfolio but is
much less computationally intensive than Monte Carlo simulations.’*® The main
idea is to perform a mapping of the original portfolio into a hypothetical homo-
geneous portfolio with stochastically independent, Bernoulli distributed loss events
leading to a binomial distributed number of losses. The hypothetical portfolio can
be described by the average probability of default p, the number of credits D, which
is called the modified Diversity Score, and the (constant) Loss Given Default LGD.
The parameters D and p are calibrated in a way that the first two moments of the
original and the hypothetical portfolio loss distribution are identical. This shall lead
to a similar overall loss distribution of both portfolios.

With ng for the number of credits in sector s, the loss of the original portfolio
equals

S ng
LoMie = Z Z Wi LGD - 1y v, (5.43)
s=1 i=1

whereas the loss of the hypothetical portfolio is

D D

: 1

[hyp :2 w-LGD - Ly = E l—)'LGD ey (5.44)
i=1

i=1

*%In comparison to the original procedure, the computation time could be reduced by almost
99.9% in our calculations.

306Cf. Cifuentes et al. (1996), Cifuentes and O’Connor (1996), and Cifuentes and Wilcox (1998).
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Matching the expectation for both portfolios leads to>®’

n

13::]]51( ) ZZWS, PD,; (5.45)

and matching the variance results in®*®

D=

s
S S n, n P ( p) :
32300 ww Corr( {,5(_[},1{[3”})\/PDN-(l—PDS,,-)PD,_J-(l—PD,J—)

s=1lt=1li=1j=

(5.46)

The pairwise default correlation and the asset correlation between borrower 7 in
sector s and borrower j in sector  can be transformed into each other with>*’

@, (@ ' (PD;),® " (PD;), Corr(dy;, ay;)) — PD; - PD;
\/PDsi (1= PDy;)PD, (1 = PD,

Corr (1 {B.} 1 {ﬁu}) -
(5.47)

In the original model, it is assumed that the correlation between every two
borrowers, which are in the same sector, is identical. Furthermore, it is assumed
that the correlation between two borrowers in distinct sectors is always identical
and the PDs inside a sector are homogeneous. These assumptions would lead to
some simplifications in (5.45)—(5.47), but they are not necessary for the calculation
of the loss distribution. Thus, we can also use the correlation structure from (5.4)
and use (5.45)—(5.47). Having determined the parameters p and D, we can calculate
the loss distribution for the hypothetical portfolio. Since the (uncertain) number of
defaults & in the hypothetical portfolio is binomially distributed

D
Z (5} ~ BD.p). (5.48)

the probability of having k defaults is

Py =P(k=k) :P(Zl{ﬁl} :k) = (ZZ) @ -pPt (549

37See Appendix 5.5.5.
3085ee Appendix 5.5.5.
309See Appendix 5.5.6.
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The corresponding cumulative distribution function for the number of defaults is

Fi(x) = P(k < x) <Z sy < x> = ZX:Pk' (5.50)
k=0

Thus, the loss distribution of the original portfolio can be approximated with

D
n 1
F0) ~ RO = P(ZD 16D 15 < ;)

i=1

n ) |I-D/LGD]| (5.5D)
= A< —— | = .
P(; Moy = LGD> ; Pe
leading to a VaR of
~ori ~] 1
VaR, (L g) ~ VaR, (Lhyp> = =-LGD - F{(3), (5.52)

where F; ! (o) is the inverse CDF of the binomial distribution with parameters D and
p from (5.48). The ES can be computed using the definition of the ES (2.19). From
(5.48) and (5.52) it can best be seen that the interaction between the credits is
incorporated by reducing the real number of credits to the hypothetical number, the
Diversity Score, with higher exposure weights. E.g., for D = n/2, each (stochasti-
cally independent) default in the hypothetical portfolio is equivalent to two defaults
in the original portfolio, which leads to some kind of default interaction in the
original portfolio.

5.2.4.2 The Infectious Defaults Model

Davis and Lo (2001) present an alternative to the BET-model for the determination
of the loss distribution of a credit portfolio which is assumed to be homogeneous.*'’
In the model, credits can default not only directly but they can also be “infected” by
other credits leading to an indirect default. Similar to the BET-model, the direct
defaults are assumed to be stochastically independent, leading to a binomial
distribution of direct defaults. Thus, the task is how the indirect defaults can be
incorporated into the loss distribution. To begin with, several indicator variables
are introduced, which indicate the type of default and the interaction. Whether a
credit defaults or not is expressed by the indicator variable Z;, which equals one in
the event of default and zero otherwise. Thus, the total number of defaults in the
portfolios is

k=Z1+Zo+ - +2Z,. (5.53)

3108imilar to the BET-model, the authors developed their model for CDOs but it can also be
applied to standard credit portfolios.
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If credit i defaults directly, the indicator variable X ; takes the value one.
Furthermore, the indicator variable Y,, indicates whether credit j could potentially
infect credit i. The condition for this infection is that both the infection variable Y
and the direct default indicator X; of credit j take the value one. This leads to the
following function for the default indicator Z;:

Zi:X[—F(l—X,*)-(1—H(1—X/"Y_i7i)>,withi:1,...7ﬂ and jZI,,I’l
J#
(5.54)

In (5.54), the second term is only relevant if credit i does not default directly. In
this case, an infection through any one or several credits leads to a product of zero
so that the second term equals one. The equation will be demonstrated further with
the following examples for a portfolio consisting of four credits:

e Credit 1 defaults directly:

Zi=Xi+(1-X)- (1—1_[(1 —XJ'YN)>

J#
=1+(1-1)- (1—H(1—Xi'Yj,i)> =1
J#
As the term (1 — X,) equals zero, the last expression vanishes and Credit 1
defaults directly without an effect of defaults of the other credits.

¢ Credit 2 defaults as a consequence of infection from the defaulted credit 1:

Z=X+(1-X) - (1= (1 =X, -Y12) - (1= X3-Y32) - (1 = X4 Ys2))
=04+(1-0)-(1-(1=1-1)-(1=0-1)-(1=1-0)) = 1.

The non-defaulting Credit 3 would also have the potential to infect Credit 2 in
the case of a default. Credit 4 defaults but does not infect credit 2.

e (Credit 3 does not default:

Zy=X3+(1-X3)- (1= (1 =X, - Y13)- (1 =X2-Y23) - (1 = X4 -Ya3))
=0+(1-0)-(1-(1-1-0)-(1—=0-0)-(1—=1-0)) = 1.

The third credit does neither default directly nor indirectly.

In a probabilistic setting, a direct default is assumed to happen with probability p:
P(X;=1)=p Vi (5.55)
Similar, the infection indicator fj, takes the value one with probability ¢:

P(Y;i=1)=q Vi,j. (5.56)
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Thus, the dependence structure is assumed to be perfectly homogeneous. Let i be
the number of direct defaults, k—i the number of indirect defaults, so that we have in
total k defaults, and the other n—k credits do not default. The probability of
observing k defaults out of n credits is

i _(Z> i <k> 2L u-n (- -]

=1 i direct defaults

Ja-m-a-97]"

n—k survivors

k—i indirect defaults (5 57)

The probability P, can be split into four parts:

(a) If we ignore the perturbations, the probability of i direct defaults is p'.

(b) A number of k—i indirect defaults occurs if these credits do not default directly,
which has the probability (1 — p)k_', but these are infected by any of the i
directly defaulted credits with probability (1 — (1 — ¢))*™".

(c) For a survival of n—k credits, these credits default neither directly, which has a
probability of (1 — p)"ik, nor any of the i directly defaulted credits leads to an
indirect default, which can be expressed as ((1 — ¢)")" ™~

(d) There are several possible perturbations of defaulted credits. Firstly, there are

n .
( k) perturbations for k out of n defaults. Furthermore, there are several

combinations of direct and indirect defaults. A number of k defaults can consist
of (1; k—1), (2; k—2), ..., (k; 0) direct and indirect defaults. For each of

o . k . .
these combinations, there exist i) perturbations. All of the corresponding
probabilities have to be summed up to cover all combinations for k defaults.

Expression (5.57) could also be written as

k

B P S

i=1

) (8) s aepr (- a-a) g
k

) (Q) e a-prt(-a-at) a-ge e
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which corresponds to the original formula of Davis and Lo (2001). Thus, with the
Infectious Defaults Model (IDM), we obtain the following distribution of defaults:

FPM(x) =Y Py, (5.59)
k=0

or, in analogy to (5.51), we obtain the loss distribution

|I-n/LGD|
FM() = > Py (5.60)
k=0
The VaR can be calculated as
~ —1 1 -1
VaRPM(L) = (FPM) (1) = ~-LGD - (FIPMY™ (v), (5.61)

and the ES can be computed using the definition of the ES (2.19).

The main problem for an application of (5.60) is to determine the probability of a
direct default p and the infection probability g. Usually, statistical models only
provide the (combined) probability of default PD without separating these types of
defaults. Thus, if the infection probability g could be determined exogenously, it is
plausible to demand that the probability p shall be consistent with the estimation of
PD with respect to the expected number of defaults:*''

E(Zl 1{&}) =n (1 —(I=p)-(I-p: q)”*l) ~n-PD. (5.62)

Consequently, the remaining task is to find a method to estimate g from histori-
cal or market data. Unfortunately, this problem could not be solved by Davis and Lo
(2001). Thus, for the time being it seems necessary to rely on the opinion of experts
which infection probabilities seem to be reasonable for a specific portfolio or sector.

5.2.4.3 Integrating Infectious Defaults into the BET-Model
Setup of the Model

As demonstrated by Diillmann (2006), the BET-model can significantly under-
estimate the VaR if the asset returns of the credits are positively correlated. Thus,
the BET-model seems not suitable for measuring concentration risk, which
is usually characterized by a high degree of default interaction. Against this
background, Diillmann (2006) combines the infection model of Davis and Lo

3The expected number of defaults in the infectious defaults model is determined in
Appendix 5.5.7.
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(2001), which explicitly considers default interaction, with the BET-model. For this
purpose, at first a heterogeneous portfolio is mapped into a comparable homoge-
neous portfolio as in the BET-model. Thus, the average probability of default p as
well as the Diversity Score D are calculated according to (5.45) and (5.46). Using
this hypothetical portfolio consisting of D credits, the default distribution is calcu-
lated on the basis of the infectious defaults model, leading to the following
expression for the VaR in the infection model (IM) of Diillmann:*'?

VaRM (L) = 1% LGD - (F™M) ™' (), (5.63)

with the distribution function F LDM of the infectious defaults model from (5.59). At
this point, the probabilities of a direct default p and indirect default ¢ are still
required as additional input parameters. Similar to the suggestion of Davis and Lo
(2001) to choose the parameter p for a given parameter g in a way that the expected
loss is correct, Diillmann (2006) proposes to choose the parameters in a way that the
VaR is identical to the “true” VaR of a multi-factor model. For this purpose, he
determines the VaR at confidence level 0.999 with Monte Carlo simulations and
chooses the parameter ¢ for a given parameter p that solves the following equation:

VaRM,o (L) = VaRYS,, (L). (5.64)

In principle, it is possible not only to match the VaR but also to match the EL. In
this case, both parameters p and ¢ would be a result of these two conditions. Instead,
Diillmann (2006) uses only condition (5.64) and uses the value of the averaged PD
for the parameter p. Since the direct defaults should actually be only a part of the
total number of defaults, the expectation of the loss distribution is too high when
using this approach. However, if only the VaR is of interest, this procedure should
be sufficient.’'?

The next steps are very similar to the procedure of Cespedes et al. (2006). At
first, the VaR is computed for a multitude of portfolios and the corresponding
infection probabilities g are determined. Then, the infection probability is explained
by several portfolio variables with a linear regression. For this purpose, Diillmann
(2006) chooses the following regression model:

In(q) =ao+ay - In(HHI) +a; - In(p) + a3 - In(Fiaya ) + aa - In(Froger) +¢,  (5.65)

where the explanatory variables shall explain most of the dependence structure. The
Herfindahl-Hirschmann index HHI is calculated as the sum of squared relative
exposure shares of the sectors in the portfolio, which is similar to the definition used
by Cespedes et al., who rely on the share of regulatory Pillar 1 capital instead of the

312¢f. (5.61) for the corresponding expression without using the parameters of the BET-model.

3B3Diillmann (2006) mentions that the simultaneous computation of both parameters leads to
numerical problems. For this reason, the discrepancy in the EL is accepted. Cf. Diillmann
(2006), p. 10.
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share of exposure. The average probability of default p is calculated with (5.45).
The variables 7y, and 7y are the average intra- and inter-sector correlations,
which are weighted by the total exposure amounts of the corresponding sectors.
Thus, the calculation is similar to the average weighted inter-sector correlation f§
from (5.37), except for the weighting with the total exposure instead of the
regulatory capital under Pillar 1. In this context, it is important to notice that
Diillmann (2006) uses a definition of the sector correlations that is slightly different
from the definition used in the preceding sections. While we use the term inter-
sector correlation for the correlation between the sector factors, Diillmann (2006)
uses this expression for the correlation between the asset returns of two borrowers,
which belong to different sectors, leading to

1 if s=tandi=j,
Corr(dv,,-,d,\,') = < Tlnma if s=rtand i #], (5.66)
7[]’1{61‘ lf S # t,

which already takes into account that the correlation parameters are assumed to be
homogeneous. Thus, the relation between “our” intra- and inter-sector correlation

EpRT)

Plntra AN Ppye, and “Diillmann’s” correlation parameters iy and Fper 1S

Tintra = Prntra and  Tiper = Pntra * Plnter (5.67)

in a homogeneous setting.”'* The coefficients ao, ..., a4 of regression model (5.65)
are estimated using the ordinary least squares (OLS) technique. Finally, after
application of the resulting regression function, the VaR can be approximated for
any credit portfolio by computation of (5.63).

Calibration and Implementation of the Model

For the calibration of the model, several portfolios are constructed which differ in
the degree of concentration, the PDs, and the correlation coefficients.>'> It is
assumed that the portfolio consists of 2,000 credits with identical exposure size.
In the first of four portfolio types there are only three different sectors with a
sectoral exposure weight of 50%, 30%, and 20%. This leads to a HHI of 38%. The
second portfolio is constructed from the first one by splitting each sector into two
new sectors, where the first one has a share of 2/3 and the second one of 1/3. The
same procedure is repeated for the third and the fourth portfolio type, so that the last
portfolio consists of 3 - 2> = 24 sectors and contains the smallest sector concentra-
tion with a HHI of 6.5%. In addition to this variation, the probability of default is

314Gee also definition (5.4) of Sect. 5.2.1.
315The portfolios used for calibration correspond to the setting of Diillmann (2006).
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Table 5.4 Parameter PD (%) Finea(%) Finer(%)
combinations for the
calibration of the model 0.03 5.0 25
0.20 10.0 2.5 5.0
0.50 15.0 2.5 5.0 7.5
1.00 20.0 5.0 7.5 10.0
2.00 30.0 5.0 10.0 15.0
5.00 40.0 5.0 10.0 15.0

varied between 0.03% and 5%, the correlation parameter 7y, between 5% and
40%, and the correlation parameter 7y between 2.5% and 15%.3'° These para-
meters are identical for every credit of a specific portfolio. Thus, for each of the four
mentioned portfolio types the parameter combinations shown in Table 5.4 are
applied, leading to 360 portfolios in total.

Consistent with the preceding sections, we implement the ES instead of the VaR.
Thus, for each of these portfolios, the ES is computed on the basis of a standard
Monte Carlo simulation. Within the calculation of ES in the infection model, the
value of the averaged PD is used for the parameter p as noticed before. Then, the
infection probability ¢ is determined, which leads to a match between the ES of
the infection model and the Monte Carlo simulation:

ESM oo (L) = ESYSo (L). (5.68)

When determining the ES in the infection model, we have to calculate the
inverse CDF (FIPM)~! with (5.59) and the Diversity Score D with (5.46), which
requires the default correlation of (5.47). The computation of D can be quite time-
consuming but the calculation can be accelerated significantly. Looking at the
Diversity Score

p-(1-p)
S S n, n )

>330S wyewig-Corr(15 1,145, ) y/PDui(1 = PDs)PD,; (1 = PDyy)

s=li=1i=1j=1

D:

(5.69)

we find that the calculation requires n°-times the calculation of the denominator,
with Zle ng = n for the total number of credits, and especially n*-times the
calculation of the default correlation.*'” Similar to the computation of the multi-
factor adjustment from Sect. 5.2.2.2, building PD-classes for each sector can reduce
the calculation time notably. With Npp, for the number of PD-classes, we can build
S - Npp =: B different buckets with a number of 7, credits in each bucket u

31%Dye to the characteristic of the correlation parameter (5.67), the parameter 7, iS always
smaller than the parameter 7yy,-

378ee (5.47).
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(Zf:l n, = n). Thus, a bucket u corresponds to all credits in a specific com-
bination of a sector and a PD-class. Using this notation, the denominator of D can
be written as

S S . om
Z ZJZIW“ Wy Corr( (5.} 1{%})

s=1 t=1 i=1

. \/PDSI» (1—PDy;)PD,;(1—PD,;)

—ZZWM W, - Corr( 5.3 15} ) -/PD,(1— PD,)PD,(1 — PD,)

u=1 v=I1

+323 wit- (1= Conr(1p 1453 )) PP (1= PDL)
(5.70)

The first term of the resulting expression utilizes that the default correlation
between creditors and the PDs are identical within each bucket. Therefore, we can
sum up the corresponding terms. However, this term neglects that the asset correla-
tion Corr(dy;,ds;) of a credit with itself equals one. Instead, these elements are
treated as if the correlation was Corr(a ;, d_y7,-) = TInwa, Which is only true for i # j.
Thus, we have to exchange the corresponding default correlations and set the
correlation to one. This is done in the second fraction. Obviously, the computation
time of (5.70) is now predominated by:*'®

Loops = B> = (Npp - S)*. (5.71)

Corresponding to the finding for the Pykhtin model, the number of loops does
not grow with bigger portfolios. Thus, it is possible to compute the formula on
bucket level within reasonable time.*"”

Using these terms, we determine the required infection probability g. As a next
step, for all 360 portfolios the explanatory variables of the regression model (5.65)
are calculated and the OLS-regression is performed. This leads to the following
estimation function for ¢:

In(g) = 0.8467 + 0.5017 - In(HHI) + 0.4726 - In(p)
+1.0849 - 1n(Finira) + 0.6782 - In(Fineer) (5.72)

318For the second fraction, a number of 7 elements has to be computed. Depending on the number
of buckets or credits, the computation time can be longer than for the first term, but due to the
linearity this term is virtually unproblematic.

319The computation time when calculating the infection model on bucket- instead on borrower-

level can be reduced from 12 min to less than 1 s for a portfolio with 11 sectors, 7 PD-classes, and
5,000 creditors.
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with a coefficient of determination of R? = 96.7%. Using this formula, the infection
probability and herewith the ES of every credit portfolio can be approximated very
fast. If the portfolio is heterogeneous, the input parameters p, 7nya, and Ty are the
weighted averages instead of the individual parameters as described in the previous
section. The performance of this model as well as the performance of the models
presented in Sects. 5.2.2 and 5.2.3 will be analyzed subsequently.

5.3 Performance of Multi-Factor Models

5.3.1 Analysis for Deterministic Portfolios

To determine the quality of the presented models, we start our analysis with
calculating the risk for five deterministic portfolios of different quality.’*® We
generate well-diversified portfolios consisting of 5,000 credits. Consequently, we
have neither high name nor high sector concentration risk. For this, we choose the
sectors and their weights as given in Table 5.2. The inter-sector correlation is given
in Table 5.1 whereas the intra-sector correlation is calculated on the basis of (5.8).
The five portfolios differ in their PD distribution which is presented in Fig. 4.7.
Portfolio 1 is the portfolio with the highest and Portfolio 5 is the one with the lowest
credit quality distribution.

In Table 5.5, we compare the results from the Monte Carlo simulations
(MC-Sim.), the Basel II formula (Basel II), the multi-factor adjustment of Pykhtin
(Pykhtin), the formula that is based on Cespedes et al. (2006) if Monte Carlo
simulations are used for calibration (CHKR I) or if the Pykhtin formula is used
for the calibration (CHKR 1II), and the infection model of Diillmann (Diillmann).
The results from the Monte Carlo simulations using the risk measure ES serve as the
benchmark for the other models.

As can be seen in the table, the benchmark portfolio is constructed in a way
that the Basel II formula represents a very good approximation®*' of the “real” ES
in a multi-factor model given by Monte Carlo simulations.**? Besides, the
simulated VaR™ matches the simulated ESmf, our benchmark, almost exactly.
The calculated values of the Pykhtin model are very good approximations of the
ES in almost all cases, too. The outcomes of the CHKR model are somewhat more
imprecise in both cases. With better credit quality, the estimation error is

320The results refer to the total gross loss of a portfolio in terms of ES or VaR. To relate this to the
unexpected net loss, the results have to be multiplied by the LGD and the EL has to be subtracted.
321The small mismatch is mainly due to keeping the ES-confidence level constant and not a result
of the chosen intra-sector correlation function. If we directly compare the results from Monte
Carlo simulations with the ES in the ASRF framework, the relative root mean squared error is
reduced from 0.97% to 0.28%.

322In our analyses, the number of simulation runs is 500,000.
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Table 5.5 Comparison of the models for the five benchmark portfolios with absolute error in
basis points (bp) and relative error in percent (%)
Portfolio 1 Portfolio 2 Portfolio 3 Portfolio 4 Portfolio 5

MC-Sim. ES (%) 6.23 7.68 12.95 20.88 23.15
VaR (%) 6.18 7.62 12.94 20.93 23.30
Absolute error (bp) —5 -6 —1 5 15
Relative error (%) —0.80 -0.78 0.08 0.24 0.65
Basel T VaR (%) 6.12 7.59 12.95 20.89 23.26
Absolute error (bp) —11 -9 0 1 11
Relative error (%) —1.77 —1.17 0.00 0.05 0.48
Pykhtin ES (%) 6.21 7.66 12.91 20.80 23.20
Absolute error (bp) —2 -2 —4 —8 5
Relative error (%) —0.32 —0.26 —0.31 —0.38 0.22
CHKRI ES (%) 6.07 7.51 12.70 20.43 22.79
Absolute error (bp) —16 —17 —-25 —45 —-36
Relative error (%) —2.57 —-2.21 —1.93 —2.16 —1.56
CHKR II ES (%) 6.00 7.45 12.68 20.48 22.87
Absolute error (bp) —23 -23 =27 —40 —28
Relative error (%) —3.69 —-2.99 —2.08 —-1.92 —1.21
Diillmann ES (%) 6.86 8.87 15.42 23.29 25.95
Absolute error (bp) 63 119 247 241 280
Relative error (%) 10.19 15.49 19.06 11.54 12.07

increasing, which leads to an underestimation of risk in high quality portfolios.
However, the infection model of Diillmann shows a rather poor performance for all
benchmark portfolios and overestimates the true ES significantly.

As a next step, we change the portfolio structure towards high sector concentra-
tion. For this purpose, we increase the sector weights of two sectors. We assume
that 45% of the creditors — in terms of their exposure — belong to the Information
Technology sector and an equal amount belongs to the Telecommunication
Services sector. The remaining 10% of exposure are equally assigned to the
miscellaneous sectors. As shown in Table 5.6, the risk materially increases for
all types of portfolio quality. Again, the simulated values for ES™ and VaR™" are
very close to each other. However, the Basel formula underestimates the risk by
14-20%, depending on the portfolio quality. This is the (relative) amount that
should be considered in the assessment of capital adequacy under Pillar 2. The
approximation formula of Pykhtin can capture this concentration risk with a
negligible error in all cases. CHKR I leads to an underestimation of risk in high
quality portfolios and to an overestimation of risk in low quality portfolios with a
maximum deviation of nearly 4%. By contrast, in most cases the model CHKR II
underestimates the risk with at maximum 6%. Thus, the sector concentration risk is
not fully captured for high quality portfolios. The model of Diillmann fails to
approximate the true risk and leads to a material overestimation of risk.

Furthermore, we built credit portfolios with low sector concentration. For this
purpose, we use the concept of naive diversification, implying each sector to have
an equal weight of 1/11. As can be seen in Table 5.7, the economic capital is
significantly lower than the regulatory capital. Moreover, this shows that it is easy
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Table 5.6 Comparison of the models for five high concentrated portfolios with absolute error in
basis points (bp) and relative error in percent (%)

Portfolio 1 Portfolio 2 Portfolio 3 Portfolio 4 Portfolio 5
MC-Sim. ES (%) 7.69 9.22 15.41 24.41 27.10
VaR (%) 7.48 9.17 15.36 24.51 27.06
Absolute error (bp) 21 -5 -5 10 -6
Relative error (%) —2.73 -0.54 -0.32 0.41 0.15
Basel 11 VaR (%) 6.12 7.59 12.95 20.89 23.26
Absolute error (bp) —157 -163 -246 -352 -384
Relative error (%) —20.42 -17.68 -15.96 -14.42 -14.17
Pykhtin ES (%) 7.66 9.29 15.46 24.39 27.03
Absolute error (bp) -3 7 5 -2 -7
Relative error (%) —0.35 0.76 0.31 -0.08 -0.24
CHKRI ES (%) 7.40 9.08 15.59 25.07 27.95
Absolute error (bp) -29 -14 18 66 85
Relative error (%) —3.77 1.52 1.17 2.70 3.14
CHKR II ES (%) 7.22 8.86 15.19 24.38 27.14
Absolute error (bp) —47 -36 22 -3 4
Relative error (%) —6.11 -3.90 -1.43 -0.12 0.15
Dillmann ES (%) 8.97 11.30 19.77 28.26 31.21
Absolute error (bp) 128 208 436 385 411
Relative error (%) 16.60 22.52 28.27 15.77 15.17

Table 5.7 Comparison of the models for five low concentrated portfolios with absolute error in
basis points (bp) and relative error in percent (%)

Portfolio 1  Portfolio 2 Portfolio 3 Portfolio 4 Portfolio 5
MC-Sim. ES (%) 5.66 6.98 12.16 19.78 22.06
VaR (%) 5.64 6.94 12.17 19.81 22.10
Absolute error (bp) —2 -4 1 3 4
Relative error (%) —0.35 -0.57 0.08 0.15 0.18
Basel 11 VaR (%) 6.12 7.59 12.95 20.89 23.26
Absolute error (bp) 46 61 79 111 120
Relative error (%) 8.13 8.74 6.50 5.61 5.44
Pykhtin ES (%) 5.67 6.98 12.14 19.74 22.08
Absolute error (bp) 1 0 -2 -4 2
Relative error (%) 0.26 -0.07 -0.16 -0.21 0.09
CHKRI ES (%) 5.66 6.94 11.92 19.17 21.38
Absolute error (bp) 0 -4 24 —-61 -68
Relative error (%) 0.0 -0.57 -1.97 -3.08 -3.08
CHKRIT ES (%) 5.64 6.94 12.06 19.52 21.81
Absolute error (bp) -2 -4 -10 -26 =25
Relative error (%) —0.35 -0.57 -0.82 -1.31 -1.13
Dillmann ES (%) 5.93 7.46 13.52 21.07 23.58
Absolute error (bp) 27 48 136 129 152
Relative error (%) 4.71 6.95 11.19 6.51 6.90
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to construct portfolios that are better diversified than the overall credit market.**®
Apart from insignificant deviations, both simulated risk measures lead to the same
solutions. Again, the Pykhtin model approximates the “real” risk very good for all
types of credit quality. The CHKR model I underestimates the risk for high quality
portfolios with up to 3%. The CHKR model II underestimates the risk, too, but the
approximation error is negligible. Again, the model of Diillmann overestimates the
true risk and leads to a similar performance as the Basel II model.

5.3.2 Simulation Study for Homogeneous and Heterogeneous
Portfolios

To achieve more general results, we test the models for different, randomly
generated portfolios. For this reason, we implement four simulation studies. In
these studies, we analyze the accuracy for homogeneous as well as for heteroge-
neous portfolios with respect to PD and EAD. In each simulation run, we generate a
portfolio and determine its ES by the different models. After 100 runs, we calculate
the root mean squared error for the outcomes of the Pykhtin model, the CHKR
models I and II,324 and the model of Dullmann in absolute and relative terms to
quantify the performance of the models in comparison to Monte Carlo simulations
using 500,000 trials. Furthermore, we calculate the VaR with the Basel II formula
and with a Monte Carlo simulation to measure its accuracy compared to ES™. In the
following, we describe the four simulation settings.

Simulation I. In this scenario, we generate portfolios with homogenous exposure
sizes and homogenous PDs, that is, w; = 1/5000 and PD; = PD = const for each
credit. To test the accuracy for different portfolio qualities, a PD is drawn from a
uniformly distribution between 0 and 10% before each new run. The sector struc-
ture and correlation is the same as in Sect. 5.2.1.

Simulation II. We generate portfolios with homogenous exposure sizes but
heterogeneous PDs. For each sector, we randomly determine one of the quality
distributions from Fig. 4.7. After that, we draw the PD for each credit of the sector
according to this quality distribution. The exposure size remains as in Simulation I.
Again, the sector structure and correlation is taken from Sect. 5.2.1.

Simulation I11. We generate portfolios with homogenous PDs as in Simulation I
but with heterogeneous exposure sizes. Firstly, we randomly choose the number of
sectors between 2 and 11. Then, we apply a uniform distribution between 0 and 1
for the weight of every sector and scale this such that the weights sum up to one.
The weights for the credits in each sector are determined in the same manner. The
correlations remain unchanged.

3231f we consider all 25,000 simulated portfolios from Sect. 5.2.3, the lowest measured economic
capital requirement was even 26% lower than the regulatory capital. This underlines the prospects
of actively managing credit portfolios, e.g. with credit derivatives, but this is not in the scope of
this thesis.

324CHKR I still corresponds to the DF-function based on Monte Carlo simulation and CHKR II on
the Pykhtin formula.
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Simulation IV. In this setting, the PDs as well as the exposure sizes of the
generated portfolios are heterogeneous. The PDs are determined as in Simulation
II and the exposure sizes as in Simulation III.

In each simulation, we calculate the intra-sector correlations with (5.8) and
choose 5,000 credits. These portfolios contain a relatively low amount of name
concentration. Instead, we focus on sector concentration. The reason is that the
identical methodology for measuring name concentrations, the granularity adjust-
ment, can be used within all implemented approaches. Thus, we prefer to avoid
name concentrations to be able to separately analyze the effect of sector concentra-
tions. The degree of sector concentration differs between the simulations. In Simu-
lation I and II, the portfolios consist of homogenous exposures, so their HHI is in
each case 1/11 = 9.1%. This equals the value for a naive diversified portfolio. On
the contrary, in Simulation III and I'V exposures are chosen randomly and the HHI of
the generated portfolios can take values between 9.1% (naive diversification) and 1
(perfect concentration). The mean of these HHIs is around 30% in each simulation,
which is only slightly higher than the HHIs of the bank portfolios analyzed by
Acharya et al. (2006), which shows that the setting leads to a realistic degree of
diversification.**> The results of our simulation study can be found in Table 5.8.

Again, the outcomes of the Pykhtin model are good approximations of the “true”
ES calculated with Monte Carlo simulations. Especially, if EADs are heterogeneous
(simulation setting III and IV), the results are very good. Both types of the CHKR

Table 5.8 Accuracy of different models in comparison with the “true” ES calculated with Monte
Carlo simulations for the specified simulation studies

Simulation Simulation Simulation Simulation
Setting 1 Setting I Setting III ~ Setting IV

MC-Sim. VaR @ Absolute error (bp) 18 6 22 8

@ Relative error (%) 0.67 0.43 0.77 0.60
Basel 11 @ Absolute error (bp) 259 186 264 379

@ Relative error (%) 11.66 13.70 8.81 25.76
Pykhtin @ Absolute error (bp) 14 11 54 18

@ Relative error (%) 0.64 0.81 3.40 1.26
CHKR 1 @ Absolute error (bp) 54 11 47 20

@ Relative error (%) 1.73 0.79 1.65 1.53
CHKR 11 @ Absolute error (bp) 54 12 46 21

@ Relative error (%) 1.72 0.84 1.56 1.59
Dillmann @ Absolute error (bp) 103 185 139 224

@ Relative error (%) 5.84 8.58 5.84 11.28

325 Acharya et al. (2006) examined credit portfolios of 105 Italian banks during the period

1993-1999. In this study, most bank portfolios had a HHI between 20% and 30%. However, it
has to be considered that the number of different industry sectors was 23 whereas we use 11
different sectors. Thus, for a comparable degree of diversification their calculated HHI have to be
slightly smaller than our HHIs.
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model lead to very stable results in all simulation settings. Interestingly, the CHKR
model performs even better if PDs are heterogeneous, probably because the
portfolios used for calculation of the functional form have heterogeneous PDs,
too, and thus the resulting portfolios are more similar. It is somewhat surprising
that in Simulation III the CHKR model shows a better performance than the Pykhtin
model, even if the Pykhtin formula is used for determination of the diversification
factor. Probably, the approximation errors of the Pykhtin model are partially
smoothed by the regression from (5.40). The results of the Diillmann model are
not convincing. The model can generate better outcomes than the Basel II model but
performs materially worse than the other presented models. A reason could be that
the portfolios which were used for the calibration of the model are too different from
the portfolios of the simulation study. Against this background, it could be interest-
ing to repeat the calibration procedure which has been applied to the CHKR model
instead of the procedure presented in Sect. 5.2.4.3 because these calibration portfo-
lios are very similar to those used in the simulation study. Of course, this calibration
would be much more time-consuming than the applied calibration if we use all
25,000 randomly generated portfolios of the CHKR calibration instead of the 360
deterministic portfolios suggested by Diillmann (2006).

The comparison of the risk measures with different confidence levels shows an
almost perfect match between ES™ and VaR™. The relative error is smaller than
1% in each case, so our simulation study clarifies that the above-mentioned
theoretical problems of the VaR are not practically relevant for a very broad
range of credit portfolios. Hence, there is nothing to be said against the use of the
VaR for determining the credit risk from a practical point of view even if the
portfolio incorporates sector concentration risk. The Basel formula, however,
shows the largest inaccuracy of all tested models for any simulation. Since in
simulation setting I and II a naive diversified portfolio is taken as a basis, the
Basel formula overestimates the risk in every case due to the diversification effect.

A plot of the relative errors of the Basel formula and of VaR™ in simulation
setting III, sorted in ascending order, can be found in Fig. 5.3. Apart from slightly
higher deviations, a plot with a similar characteristics results for simulation setting
IV. It can be seen that for more than 50% of the simulated portfolios the Basel VaR
is too low. That means the risk measured under Pillar 1 is underestimated compared
to the “real” risk. In general, this happens when the sector concentration of the
generated portfolio increases, as already demonstrated for deterministic portfolios.
Thus, the simulation study accentuates the need for considering sector concentra-
tion when calculating the risk of a credit portfolio. Otherwise, the risk can be
massively underestimated. This conclusion coincides with that of BCBS (2006),
which points out that sector concentration can increase the capital requirement up to
40%. The maximal deviation of VaR™ is around 3%. Actually, for most of the
generated portfolios the error is almost zero. Thus, the deviation is negligible for
practical implementation. Nevertheless, in order to verify whether there is a sys-
tematic pattern, which may help to explain the occurrence of these deviations in the
multi-factor setting, we have tried to find portfolio variables such as HHI, average
correlation, or average PD that can explain these deviations. Since our analyses
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Fig. 5.3 Deviations of VaR®*** and VaR™ from ES™

Tab.le 5.9 Comparison of the Runtime: Calibration Runtime: Application
runtime MC-Simulation 20 min

Pykhtin ~5 s—2 min

CHKR I 30 days 0.01s

CHKR II 150 min 0.01s

Diillmann 240 min ~1-10s

did not show a link between the deviations and any of the mentioned variables, it
seems that the occurrence is unsystematic.

As the purpose of deriving (semi-)analytical approximation formulas for the
VaR or the ES is an acceleration of the computation time, we compare the runtime
of the demonstrated methods in Table 5.9.%2°

The main advantage of the Pykhtin model is that it can be applied without an
excessive calibration procedure and that it is considerably faster than Monte Carlo
simulations without leading to major approximation errors. The advantage of the
Diillmann model is that its application is much faster but this comes at the cost of a
higher approximation error. When comparing both alternative implementations of
the CHKR model, we strongly propose to use the Pykhtin model for calibration
(CHKR 1I) instead of Monte Carlo simulations (CHKR 1), as the approximation

325The runtimes refer to a quad-core PC with 2.66 GHz CPUs (calculated on one core).
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accuracy is almost identical but the computation time for determination of the DF-
function is significantly lower. As this calibration procedure has to be computed
only once for a specified correlation structure and the application of the formula is
very fast, in most situations the CHKR type model should be a very good choice.

5.4 Interim Result

In this chapter, we have proposed a methodology to perform multi-factor models
that are able to measure concentration risk in credit portfolios in terms of economic
capital. In contrast to the existing literature regarding concentration risk, this
procedure delivers results that are consistent with Basel II and has the advantage
of quite low data requirements since the intra-sector correlation does not have to be
estimated from historical bank data. Furthermore, we have applied this
methodology to different multi-factor approaches. Since the calibration or applica-
tion of these approaches is quite time-consuming for large portfolios in the original
settings, which is one of the main problems of these approaches, we have demon-
strated how these calculations can be accelerated significantly. As a next step, we
have compared the performance of these approaches within a simulation study as
the capability of different models to measure sector concentration risk has only
been tested in a rather brief analysis of Diillmann (2007) before. It could be shown
that it is possible to achieve good approximations in reasonable time if the
approaches are adjusted in the proposed way. We have also analyzed whether the
theoretical shortcomings of the Value at Risk, which can arise when leaving
the ASRF framework, lead to undesirable results. Although it is indisputable that
the ES has theoretical advantages over the VaR, which has already been demon-
strated in several contrived portfolio examples, our framework seems well suited to
explore this question for a variety of more realistic credit portfolios. We find that
the accuracy of the VaR turns out to be almost perfect compared to the ES for a
multitude of generated portfolios. Therefore, in our opinion, it is unproblematic to
use the VaR for measuring sector concentration risk in credit portfolios.

During the specification of the multi-factor setting, we have determined input
parameters, especially the inter- and intra-sector correlations, in a way that the
results are comparable with the regulatory Pillar 1 capital. Thus, we do not follow
some approaches that assume a pure diversification effect compared with the Basel
II formula. Instead, we relate the results to a well-diversified portfolio as assumed
when calibrating the Basel II formula and determine a function for the implied
intra-sector correlation. Hence, it is possible to directly consider the extent of credit
risk concentrations in the assessment of capital adequacy under Pillar 2. Using these
modifications, we have performed an extensive numerical study similar to Cespedes
et al. (2006) to get a closed form approximation formula and show how the
calibration can be accelerated significantly without worsening the accuracy. In
addition, we suggest computing the multi-factor adjustment and the infection
model on a bucket instead of a borrower level. This allows computing the formulas
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of Pykhtin (2004) as well as the formulas of Dullmann (2006) much faster than
Monte Carlo simulations even for a high number of credits. Moreover, due to the
theoretical advantages of ES, we have determined the approximation formulas for
our modified variants of Cespedes et al. (2006) and Diillmann (2006) using the risk
measure ES instead of the VaR.

Having assured Basel II consistent capital requirements, we have analyzed the
impact of credit concentration risk and have carried out a simulation study to compare
the performance of the (modified) models from Pykhtin (2004), Cespedes et al.
(2006), and Dillmann (2006). We find that the Pykhtin model leads to very good
results for homogeneous as well as heterogeneous PDs if EADs are homogeneous.
The performance is slightly lower for heterogeneous EADs. The results of the
Cespedes-type model have a throughout high accuracy. Interestingly, the approach
works better for heterogeneous portfolios. In comparison, the model of Dillmann
(2006) performs rather poorly. In general, the models of Pykhtin (2004) as well as the
Cespedes-type model are both well-suited for approximating the economic capital in
a multi-factor setting when adjusted in the proposed way. The main advantage of the
Pykhtin model is that it can directly be applied to an arbitrary portfolio type, whereas
the Cespedes-type approach should not be used without initially performing the
demonstrated extensive numerical work if the portfolio structure is very different.
On the contrary, the results of the Cespedes-type model are slightly better for
heterogeneous portfolios and it allows for ad-hoc analyses including sensitivity
analyses when the non-recurring extensive numerical work is progressed.

5.5 Appendix

5.5.1 Optimal Choice of the Single Correlation Factor

To relate L to L, it is assumed that the new systematic factor X has a linear
dependence to the original sector factors:**’

B K

= b (5.73)
k=1
K

with Zbi: 1. (5.74)
k=1

Condition (5.74) satisfies that the new systematic factor still has a variance
of 1. In order to specify the correlation factors c¢; and the coefficients b, it will be
required that the loss L equals the conditional expectation of the “true” loss E(L|X).

327In contrast to this representation, Pykhtin (2004) applies these and the following formulas to n
sector factors whereas we use K sector factors with K <n. This can lead to a significant reduction of
the computation time as will be shown later on.
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This assures that the first element of the subsequently performed Taylor series
expansion vanishes.**® To determine E(L|%), we first recall that the asset return of
obligor i in sector s can be written as

&Yvi = +/Plntrai * X5+ \/ 1- Plntra,i * Ei' (5.75)

Now, each original sector factor X, is decomposed into a part that is related to the
single-factor X and a part that is independent of this factor:

T =P, X +/1—-p2 7, (5.76)

with 7, ~ N(0,1). Using (5.2), (5.73), and the independence of z;, z; if i # j, the
correlation parameter p, can be expressed as

Dy 7C0rr(xs, Corr(Zocsk zk,Zbk zk>
K

= ou-b-V Zask by.

k=1

(5.77)

Using this notation, the asset return (5.75) can now be written as

dS-,i = \/Pntra,i Xy \/ 1 Pintra,i * Ei
= +/Pntra,i * ( \/ 1 ps ﬁs) + \/ 1- Plntra,i * Ei (5.78)

\/-‘I;rd—l X + \/plntrdl Plntrai * pv 77; \/ 1 - Plntra,i * éi'

The independent standard normally distributed random variables 7, and g,-
can be combined into a new standard normally distributed random variable {;,
leading to

~ 2
d&i = v/ Pintra,i * pi X+ \/1 - (\/ Pintra,i * ﬁl) . zia (5.79)

with p; = p, for each obligor i in sector s. Since the variable ¢ ; is independent of X,
we can use the known formula of the single-factor model for the conditional
expectation

O (PD)) — \/Prowai - Pi - D7 (2
L|x sz LGD ® ( ) pImra,z Pi - ( ) ] (580)
= \/1 - (\/plntra,i ﬁz)

328This simplification of the Taylor series could already be used for the granularity adjustment in
Sect. 4.2.1.1.
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The mentioned condition L = E(I:|):c) leads to

(D_I(PDi) —Ci i ® q)il(PDi) — /Pntra,i © ﬁi ' ®7l(a)
- 2
U= (/s 1)

K
= 6 = \ Pintra,i P = \ Pntra,i * E %i k - by,
k=1

(5.81)

using (5.9), (5.80), (5.77), and o; x = o for each obligor i in sector s. While pyy, ;
and o;; are known, the coefficients b; are unknown.

While (5.81) already satisfies that the first-order term of the Taylor series
vanishes, the concrete choice of the parameter set {b;} is critical concerning the
distance between the zeroth-order term ¢, (L) and the unknown quantile g, (L).
Unfortunately, it is not obvious how this distance can be minimized. Thus, Pykhtin
(2004) relies on the intuition that coefficients which maximize the (weighted)
correlation between the single factor ¥ and the sector factors {%,} should lead to
good results. This leads to the following maximization problem:

IE]%( (Zd p) = H}f? (Zd Zalk bk> (5.82)

subject to
K
d =1 (5.83)
k=1
The solution of this optimization problem is**’

“~d; - ok
b =
k 27 )

i=1

(5.84)

where the positive constant Lagrange multiplier 7 is chosen in a way that {b;}
satisfies the constraint. As a final step, the weighting factor d; has to be chosen.
After trying several specifications, Pykhtin (2004) uses

q)il(PDi) + v/ Pntra,i '(Dil(a)
vV 1- p[mra,i ’

329Cf. Pykhtin (2004).
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which is the VaR formula in a single-factor model. The intuition behind this choice
is that obligors with a high exposure in terms of VaR should have a large weight in
the maximization problem whereas obligors with a small VaR should have a minor
impact. Summing up, the correlation parameter c¢; results from (5.81), where the
coefficients b, are determined by (5.83)—(5.85).

5.5.2 Conditional Correlation

The correlation conditional on X between the asset returns from (5.19) can be
written as

p:‘j = Corr(&sji,&,ﬂ):c)

K B K B

COV(Z (\/plntra,i “sk — Cit bk) " Zks Z (\/plntra.j “Ok = G- bk) ’ Zk)
k=1 k=1
VY@ /v (@ k)
K
kz (\/plmra,i “sk — Cit bk) . (\/ Prntra,j ~ %k — Cj - bk)
=1
V-2 /T-¢? ’

(5.86)

using the independence of the factors z;. The numerator can be simplified using

K K
Mok b = c,«/\/m from (5.81) and Y b7 = 1 from (5.74):
k=1 k=1

K
Z (\/ Plntra,i * %sk — Ci bk) : (\/ Pntraj * %tk — Cj* bk)
=1
K K
= v/Pntra,i * \/Plntra,j * Z Osk = %tk — A/ Plntra,i * € * Z Qs b
k=1
plntra/ Zalk bk +ci- CJ Zbk

= +/Ptra,i * \/Plntraj * E Osk %tk — A/ Plntra,i *
\/plntraz
Cj
— +/Pntraj " Ci +a
\/plntrd,/

= v/Pntra,i * v/ Plntra ° § s,k Kg ke — €~ Ci-
k=1

(5.87)
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This leads to
K
v/Pntra,i * +/Plntra * kz: sk = ek — Ci = Cj
=1

Pl = . (5.88)

VI=c?\/T=¢}?

5.5.3 Calculation of the Decomposed Variance

In order to determine the conditional variance, it is decomposed into the following
330
terms:

V(LI =%) = V[E(L{z})

¥=x] +B[V(LKz})

¥ =3 (5.89)

For calculation of these terms, first the expressions (a) E(i|{§k}), (b)
E(L?|{%}), and (c) V(L|{}) will be calculated. The conditional loss is given as

£z} =S wi (LGDi{aY) - (1050 1), (5.90)
and for stochastically independent LGDs this leads to

Lz} =3 wi LG - (145, [{E}). (5.91)
(2) With E(LE),) —: ELGD; and E(l {ﬁi}|{5k}) =: pi({Z}) we obtain:

E(L{z}) = Y _wi- ELGD: - pi({2}). (5.92)

. 2 _ ~ A2 _ w2 (1T ) —.
(b) Consider that 13,1 = 1¢53. E(LGD ) —E (LGD) 4V (LGD) =
ELGD? + VLGD, and
E(LGD;LGD;) = Cov(LGD;,LGD;) + E(LGD;)E(LGD))

= E(LGD,)E(LGD;) (5.93)
=: ELGD,ELGD;,

330The following calculations are based on Tasche (2006a), p. 41 ff.
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as well as

E(l{zj,}l{zj,}|{fk}) = COV(l{ﬁi}a 1{15,}|{5k}> + E(1{5,.}I{fk}>E(1{D~j}|{§k})

= 5(115 1B (115, 1:})
— pEDnAED,
(5.94)

Moreover, we have
2
(ZX,’) = Z ZX,'XJ' = Z)C,’z + Z ZX,‘XJ', (595)
i i i i A

ZX,‘XJ' = ZX,’X_,‘ — Xl‘z. (596)
J

J#

Thus, we obtain:

E<E2|{Zk}) ~E

Z (W,LAGYJ,& {[,/_})2|{2k}1

_E Zw,-ZLEJDflz{Iji}HZk}

+E

> WiW_fLEbiL?Djl{ﬁ,} Lipy {fk}]

=> W,‘ZE;LCJ:;iz)Pi({Ek})
+IZ > wimE (LGDLGD)E (11511 151)
= ZZW,;{/I;LGD,-Z + VLGD))pi({z})
5> > i ELGDELGD (51, ((2)
_ le,-;(é}l'ELGDiz +VLGD:)pi({Z}) — D wiELGD*p({2})

+ Z Z wiw;,ELGD,ELGD;p;({z:})p;({Z})
— Z wi? (ELGD? [pi({&}) — pi*({Z})] + VLGDipi({Z:}))

+ B2 (LI{z)).
(5.97)
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(c) The conditional variance V(L|{Z;}) is equal to

V(L{aY) = B(L1{A)) - B2 (D1{z))

- Zwl‘z (ELGD? [pi({&}) — pi”({&})] + VLGDipi({4})). (5-98)

(d) Using the law of iterated expectation, we have

pi(®) = E(1{,5i}|§c - x) —E {E(l{ﬁiﬂ{fk}) |x} —Ep(EDE. (5.99)
Thus, with (5.98) the expectation of the conditional variance can be written as

E[V(L{z}) k=] sz (ELGD? (Elpi({Z}) ¥ - E[p* ({z})Ix])

+VLGD,E[pi({z})[x])
= w? (BLGD (pix) B[ (15 =1) A (101 = 1) ]

(5.100)

For independent idiosyncratic factors {;, { [, ~ N(0,1) and with

o g2 (PD) —cioX) | OTH(PD) —ci-
pil) := ( N ) < N oo '(pi(),  (5.101)
we get

(5.102)
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with the correlation conditional on X of (5.20). Hence, (5.100) results in
E[V(LH{z})F =] = > wi (ELGD/ [pi(x) — ®2 (0~ (pi(X)), @' (pi(%)), pj;)]

(5.103)

(e) Using (5.92), the variance of the conditional expectation can be expressed as

VIB(EIEY) R =]
= B[E(L1{z}) ] - B [B(E{E )1

) (Ez > WiLGD;1 (51 |{§k}] x) _B? (Z wiELGDl-pi({Zk})H)
2 2
—E [(Z w,-ELGD,-m({Zk})> |x] —~ (Z w,-ELGDipi()_c)> :

(5.104)
leading to
VIE(E})E =]
=E [Z > wiwELGDELGD;pi({z}) - pi({Z}) |x]
=Y wiw;ELGD;ELGDp;(¥)p;(X)
=YD wwELGDELGDE(pi({2}) - pi({2}) %)
- Z > wiwELGD:ELGDpi(¥)p; (%)
= >3 wiwiELGDELGD [P (1451 = 1) A ( 115y = 1) 1] = pi@ps(9)].
(5.105)

Analogous to (5.102) and using the conditional correlation (5.20), this can be
expressed as:

V[E(LH{z}) R =X =YY wwELGD,ELGD;

[ (07 (@), @ (5(). ) — D).
(5.106)
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5.5.4 Derivatives of the Decomposed Variance Terms

As both conditional variance terms are linear in the bivariate normal distribution,
the derivative of the bivariate normal distribution will be calculated subsequently.
Then, the derivatives of 75%(¥) and 17 A(x) will be computed.

Proposition. The derivative of the bivariate normal distribution can be written as:

=l

<
S
&

3 (@ | (p;(®) — pf -
2, (0710507 5 0). ) = Lo g | 2] 27

N dp;(¥) o, O~ (pi(x)) — pf; - 7' (p (%))

dx 2\2
1 - (Plj)

(5.107)
Proof. Using the notation
O ' (PD;) —¢; - O '(PD)) —¢; X
(X)) =———, yi(¥) = ————, 5.108
and the chain rule, we get
d
0 (07 (pi()). 07! (s () )
d o 3
= 20 (3(0), (). p} ) 5,100
_dyi 0 * dy; 0 x .
= a_yiq)z(yhyj?p[j) + I a_yJ(DZ(yHyj?pij) .
] ) () (v

For calculation of term (IT) and (IV), we rewrite the bivariate normal distribution
according to Appendix 2.8.6 as

Yi <
(I)Z(ylvylvpf]) = / (p(z)d)

Yi—pj-Z

_\2
z=—00 1— (p;j)

dz. (5.110)
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Thus, we have

0 - 0 . —py

o ( Vi {):_ AR N

ay; 2\IPi) =g, B \/—p
7=—00 lj

5.111)

The term (*) is equivalent to

; )2 ) .2 2 X X2
_ _ X 2 _ s X
z+ = 3
-\2 X
1— (pi;) 1 — (p[j)
2 = 2yipyz + v
= 2
NG

(5.112)

_ \2 N2
2 = 2yipz + ¥ +yi° (P,X,) -y (Pfj)

- (o)

2




230 5 Model-Based Measurement of Sector Concentration Risk in Credit Portfolios

Hence, (5.111) can be written as

2
8 I, z P?}Yi
ay y,,y,,plj / R R | || |4
pl/ = - (pf,)
1 z— P’?,‘yi
= l " - d .
e (i) / - = = z
iy =)
(5.113)
. . . —pLyi . 2
For solving the integral, we substitute ¢ := ——, and thus % =4/1— (pj;) .
This leads to 1=(pj)”
‘j*ﬂlj/-yi
-2
1*(%’3)
8 X 1 X 2
a—y_fl)z (ynynp,j) = () — =041 - (p,;f) dt
t=mo0 [T = (p;‘,-) (5.114)
Yi = P
o (yi)® =5
- (v1)
Analogously, the term (IV) of (5.109) is equivalent to
Yi —
0 Vi — Pi?
D ( yJjo ) a. / : d
3)7 Vi Yjs P ayj - > A
Z=—00 1— (plj)
(5.115)
Yi— Py
=)0 | —=
G
The derivatives (I) and (IIT) of (5.109) are given as
dyi(¥ i dyj(x j
Y ()C) _ ¢ d y.)('x) — _ C] . (5116)

= an
dx 1—¢? dx T—cp?
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Thus, inserting (5.114), (5.115), and (5.116) into (5.109), the derivative of the
bivariate normal distribution finally results in

d _ 3\ Ci pljyz
}‘132()’1( X), }’j(x),/?l;,') = —\/T—Ciz@(yi)q) \/7

Cj P,y

=) ——= -

J 1— plj

(5.117)
_dpi@) o | 2 P®)] — oy @)

dx [ )
L) O [pi(%)] — oy @ [p(¥)]

dx /1 - (pj§->2 ’

dp; (%)
dx

dpi(x)

s and

where the derivatives
proposition (5.107).

As a next step, the derivatives of 75% (%) and 73 (X) will be calculated. With

are given by (5.16), which is equal to

5% ( Z Z ww;ELGD;ELGD,;
i=1 j=1

[0 (@7 (i) 07 (D) }) —PiER®]. (5.118)

we get
e (%) ZZWWELGDELGD 4 g ( (%), yi(%) ?) )
dx o W % 2\ Vi )y Yj 7,01:]‘ dx Pi\X)Dj
= ZZwiw_,-ELGD,-ELGDj
i=1 j=1

[Eo (i) - (L + 2|
(5.119)
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Using the derivative of the bivariate normal distribution from (5.117) yields

dn3e(¥)
DY ;wiijLGD,-ELGDj
dpi(x) o, ' p;(®)] — pj@ pi(¥)]
dx \2
o <p”> (5.120)
L i@ o[ @ i@)] — Pi® ()]
dx N2
- (v1)
-0 ) - P ) ).

Comparing the terms on the right-hand side, it can be found that the first and
second summand as well as the third and fourth summand only differ concerning
the indices i and j. Due to the double sum, each combination of i and j occurs twice.
Thus, (5.120) can be simplified to:**'

dnj;.(X) b dpi(%)
TR . w,ELGD;ELGD;
I ;;w,w] GDELGD; T
o I (5.121)
o O [p;(X)] — i@ pi(%)] _
: - pj(¥)
- (vh)
Similarly, the derivative of
7]5',?(7() = Zwiz (ELGD? [pi(x) — @5 (07 (p;(%)), ' (pi(X)), p;) |
=1
+VLGD,p;(%)) (5.122)

31t has to be noticed that the conditional correlation matrix is symmetric, so we have p?;. = p;‘l
for all i, j.
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is given as

dn

Z: (ELGDZ [dp;)(j) _di_q>2( ), i(y),pg)} 4 VLGD, de})(( )>.
(5.123)

Inserting the derivative of the bivariate normal distribution (5.117) finally leads to

dn?f?(%):iwlgdp;gx), (ELGD? 1_2®<<1>1m<x>1 P pi(x >]>]
A 1= (pf)°

+ VLGD,) .

(5.124)

5.5.5 Moment Matching in the BET-Model

5.5.5.1 Matching the First Moment

The expected loss of the original portfolio can be calculated as

S ny S

(~0rlé,) Z ZW“ -LGD - (1{D~”}> = Z iww— -LGD - PDy;, (5.125)

s=1 i= s=1 i=1
and the expected loss of the hypothetical portfolio as
D1

B(07) = 160 B(140y) = L6027

P i=1 (5.126)

with ]E(l ﬁ;}) = p for all i. Thus, matching the expectation for both portfolios

leads to
E (E"“g) 1E (E"yp)

S s
ey En:w” -LGD - PD,; = LGD - p

s=1 i=1

(5.127)

ng

S p= ZZWYI PDY!
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5.5.5.2 Matching the Second Moment

For the original portfolio, the variance can be calculated as

V(E"“g) (ZZW LGD - 145, }>

s=1

= LGD* -V (Z Z Wi ® 1{15,“,})
s=1 i=1
S ng S
= LGD?* - Cov (Z > wii- Lp,1 DD i 1{ﬁf.j}>
=1 (5.128)

=1 j=1

— LGD* - ZS;ZZZW g Cov(1gp, 145,

=1 i=1 j=I1

S S n
— LGD?. g;zzw” Wy - Corr(l{D} {D,})
: \/V(l{zjs_,}) ' \/V(l{ﬁu})'

As the default variable is Bernoulli distributed, the variance terms equal

V(l{ﬁ”}) = PD,; - (1-PD,;) and V(l{ﬁw}) —PD,;- (1-PD))
(5.129)

and we obtain

ns

V( g) Lop*-y > l;ws, Wi - COrr( (D} {,,})

s=1 t=1 i=

(5.130)

. \/PD&,«(l — PDy;)PD,;(1 — PDy;).

Due to the independence of the default events in the hypothetical portfolio, the
variance of this portfolio is

hyp D1
V(Lh )V<;D LGD - 1{D}> — . LGD* V(Z (s }> s

:z% LGD*-D - V( {D}) = —-LGD*-p- (1 —p).
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Matching the variance terms (5.130) and (5.131) leads to

V(L) =v (L)

-
Do _ p-(1-p)

s S ‘
>33y wgewigCorr(1gs v 15 1 )\ /PDsi(1=PDy;) PDy;(1-PD )

s=lr=1i=1j=1

(5.132)

5.5.6 Interrelation of the Pairwise Default Correlation
and the Asset Correlation

Using the standard calculus for the correlation and covariance as well as the
variance of a Bernoulli distributed variable, the pairwise default correlation
between borrower i in sector s and borrower j in sector ¢ can be expressed as

Cov|(1 B, 1 b,
C°“<1{D&,}’1{5Lj}> _ ( {ou}>{ })
W(l{ﬁs.f}) ’ W(l{m})

_ Cov(l{ﬁu}y I{D*,__,}) (5.133)
\/PDs,f ! (1 _Psti) PD” ' (1 _PD[J)

(o) ~B(sp) B (o)

\/PDN- -(1=PDy;) -PD,;- (1 - PD,))

The expectation values of the individual default events equal PD,; and PD,;.
Similar to (5.102), assuming a normally distributed asset return, the expectation
value of a simultaneous default can be written as

B(1s.y o) =Pl = 1) A (1py =1)]
= P(a,; < ® ' (PDy;),d; < @ '(PD,)) (5.134)
= @, (d'(PDy;),® ' (PDy), Corr(ay, dy})).

Thus, we get

@, (@' (PD,,;),d " (PD,;),Corr(ds;, a;)) — PDy,; - PDy;
COH<1{ﬁvf}’l{ﬁrj}) = - .
: ' \/PDS,,-(l — PD,;)PD,;(1 - PD,))

(5.135)
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5.5.7 Expected Number of Defaults in the Infectious Defaults
Model

Due to the homogeneity of the portfolio and the stochastic independence of all
indicator variables, the expected number of defaults is

(5.136)



Chapter 6
Conclusion

In the beginning of this work, it has been asserted that, despite the material
relevance of concentration risk concerning the survival of banks and the stability
of the whole banking system, the variety of literature and the public attention on this
topic have been rather scarce. Against this background, within this work economi-
cal as well as regulatory aspects of concentration risk have been presented and some
models for measuring concentration risk in credit portfolios have been explained,
modified, and compared in detail. Moreover, several research questions regarding
name and sector concentration risk, which have been discussed during this work,
have been raised in the introduction.

In Chap. 2, the risk measures VaR and ES have been introduced, which are the
most common characteristic numbers for measuring risk in credit portfolios. In this
context, the emphasis has been put on the (non-)coherency and estimation issues.
Then, the asset value model of Merton (1974), the one-factor model of Vasicek
(1987), and the ASRF model of Gordy (2003) have been presented. These models
build the fundament of the IRB Approach of Basel II, which has been explained
subsequently.

In the literature and in various discussions it could be found that there are very
different interpretations and characteristics of concentration risk. First of all, banks
often only look at one side of concentration risk — the diversification effect. Thus, it
is often argued that the requirements of Pillar 1 are the non-diversified benchmark
and therefore an upper barrier for the true capital requirement. But as the Basel II
formulas have been calibrated on well-diversified portfolios with low name and low
sector concentrations, it is indeed possible that banks should have an additional
capital buffer to capture concentration risk. Furthermore, some theoretical models
as well as empirical studies have demonstrated that concentrated banks can be less
risky than diversified banks, which is mainly due to better monitoring abilities of
specialized financial institutions. However, even if it can be economically reason-
able to be focused on particular industry sectors or geographical regions, the capital
requirements should still be higher than for diversified banks. The main argument is
that although a specialized bank could benefit from the ability to invest in firms with
higher quality (of course it is not even clear that a higher risk-return premium is
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earned through lower risk), the bank would still be very vulnerable if the specific
sector is in an economic downturn scenario. But exactly such a downturn scenario,
often quantified with the VaR, plays the decisive role for the capital requirements.
This point as well as regulatory requirements and industry best practices concerning
the management of concentration risk have been highlighted in Chap. 3.

In Chap. 4, we have focused on the measurement of name concentrations.
After presenting the first-order granularity adjustment, a second-order granularity
adjustment has been derived, which results from a Taylor series expansion taking
elements of higher order into account. Although during this work and in the
literature it was expected that the resulting formula could improve accuracy, it
has to be stated that the standard first-order granularity adjustment leads to more
convincing results. As it is not analyzed sufficiently in the literature in which cases
the ASRF formula leads to a convincing approximation of the true risk, we have
analyzed this issue with a detailed numerical study. For this purpose, it has been
determined how many credits a portfolio should at least contain if a bank intends to
ignore name concentrations; this would be the case if only the ASRF formula was
applied. It has been shown that the result is highly dependent on the probability of
default and the asset correlation. For a high-quality portfolio, the minimum number
of credits varies between 1,371 and 23,989 (A-rated), whereas the critical number
of credits for a low-quality portfolio is in the bandwidth 23-205 (CCC-rated). These
numbers correspond to an accepted error of 5%. The difference between high- and
low-quality portfolios can be explained with a higher anticipation of unsystematic
defaults for low-quality portfolios. Furthermore, we have raised the question
whether the granularity adjustment is able to overcome the shortcomings of the
ASRF model, which has only been analyzed rudimentarily before. The results of
our study demonstrate that the granularity adjustment provides a very good approx-
imation of the risk stemming from name concentrations. We find that a consider-
ation of the granularity adjustment can reduce the required minimum portfolio size
by on average 83.04% compared to the ASRF model.

Because of the theoretical shortcomings of the VaR and since, differently from
the ASRF framework, these can be problematic if there is concentration risk, the ES
has been considered, too. At a first glance, it is problematic that the ES is by
definition higher than the VaR, which leads to higher capital requirements. As the
change of the risk measure should solve the problem of superadditivity but should
not inevitably lead to higher capital requirements, we have adjusted the confidence
level of the ES in a way that the Pillar 1 formulas still lead to an almost identical
level of measured risk. We find that a confidence level of o = 99.72% for the
ES leads to a very good concurrence between the ES and the 99.9%-VaR for all
relevant credit qualities and correlations. By application of the same analyses as
before for the VaR-based granularity adjustment, we find that this approach works
very well. The ES-based granularity adjustment does not only reduce the required
number of credits by 91.64% compared to the ASRF solution, but the minimum
number of credits is also 49.05% lower compared to the VaR-based granularity
adjustment. These results show that for portfolios with a significant amount
of name concentrations, the ES-based granularity adjustment is really well-suited.
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An additional robustness check using stochastic LGDs has confirmed these find-
ings. However, the postulated accuracy should also be obtained in many real-world
portfolios if the VaR-based granularity adjustment is applied.

In Chap. 5, we have analyzed risks stemming from sector concentrations. For
this purpose, the design of multi-factor models has been explained. Since additional
input parameters are needed when applying a multi- instead of a single-factor
model, a methodology has been developed to parameterize intra- and inter-sector
correlations consistent with the one-factor model of Pillar 1. Given the inter-sector
correlation structure of the MSCI EMU industry indices, a formula for the implied
intra-sector correlation has been determined. With these parameters, the results of
the multi-factor model and of the Basel II formula are almost identical if the
portfolio is well-diversified as it had originally been assumed when calibrating
the Basel II formula. However, if the degree of concentration is higher, the capital
requirement can increase significantly. Using these parameters, an extensive
numerical study has been performed, which is similar to Cespedes et al. (2006).
The result of our numerical study is a closed form approximation formula in a
multi-factor setting, which is consistent with the Basel framework. In contrast to the
resulting formula of Cespedes et al. (2006), our formula is able to measure not
only the benefit from sectoral diversification but also the additional risk from
sectoral concentrations if these are higher than assumed in Basel II for a typical
well-diversified portfolio of large internationally active banks. Moreover, we have
used the theoretically more convenient ES instead of the VaR. In addition, we
have demonstrated how the extensive numerical calibration of the model can be
accelerated significantly without leading to worse approximations. Using the risk
measure ES, we have also performed the calibration procedure of Diillmann (2006).
Furthermore, we have demonstrated how these models can be applied on bucket
instead of borrower level, which accelerates the computation of the corresponding
formulas considerably.

Based on the preceding findings, we have implemented our multi-factor setting
and compared different models by means of a simulation study. We find that the
accuracy of the models of Pykhtin (2004) and the developed formula, which is
based on Cespedes et al. (2006), lead to quite good results, whereas the model of
Diillmann (2006) performs rather poorly. Especially in the case of heterogeneous
exposures, the model in the style of Cespedes et al. (2006) shows the best accuracy.
Since the extensive numerical calibration of this model only has to be done once
for a given correlation structure, and then, it is possible to perform ad-hoc analyses,
this model seems to be well-suited for many real-world applications if sector
concentrations shall be considered. A last very interesting result could be obtained
when the VaR and the ES have been compared within the simulation study.*** In
almost all simulation runs, the relative error of the VaR compared with the ES was
lower than 1%. Thus, in contrast to some contrived portfolio examples, the usage of
VaR seems to be unproblematic within this more realistic setting from a practical

332The confidence level of the ES has been reduced to 99.72% as argued in Chap. 4.
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point of view, even if there is a high degree of sector concentration risk in the
portfolio.

In this work, several aspects of concentration risk have been highlighted.
However, there is a variety of open issues in the context of concentration risk that
could not be addressed in this work. One important topic is the consideration
of concentration risk in the pricing of individual credits and credit derivatives,
especially of credit portfolio derivatives like CDOs. In particular, the sensitivity of
the price depending on existing risk concentrations has hardly been analyzed.
Beyond that, it would be interesting to take into consideration whether a bank is
exposed to the risk of a security until maturity or whether instruments of active
portfolio management are employed to reduce risk concentrations. Secondly, dur-
ing most of the work, it has been assumed that LGDs are deterministic or at least
stochastically independent. An open issue is how portfolio risk is affected by
risk concentrations stemming from collateral. In this context, concentrations in
individual positions and in sectors could both have relevant effects. For example, in
the financing of objects like ships or airplanes, there are usually several financiers
investing in one object; hence, the impact of the individual risk component of the
collateral can be even higher than that of the obligors. Similarly, in retail financing
there usually is a low degree of concentration risk of the obligors but if most of a
bank’s loans are secured by mortgages or by cars, there can be a relevant impact
of sector concentrations in collateral. Thirdly, credit contagion through micro-
structural channels could only be touched upon. One challenging aspect in this
area is the estimation of business relations, since micro-structural dependencies
cannot be restricted to the most important firms of a bank’s actual portfolio but
firms that are not financed by the bank can affect the credit portfolio through their
business relationships as well. Thus, additional research should address how these
effects of micro-structural dependencies can be implemented in practice despite the
substantial data requirements.
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