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Preface

One may say that the history of hypergeometric functions started practically
with a paper by Gauss (cf. [Gau]). There, he presented most of the prop-
erties of hypergeometric functions that we see today, such as power series,
a differential equation, contiguous relations, continued fractional expansion,
special values and so on. The discovery of a hypergeometric function has
since provided an intrinsic stimulation in the world of mathematics. It has
also motivated the development of several domains such as complex functions,
Riemann surfaces, differential equations, difference equations, arithmetic the-
ory and so forth. The global structure of the Gauss hypergeometric function
as a complex function, i.e., the properties of its monodromy and the analytic
continuation, has been extensively studied by Riemann. His method is based
on complex integrals. Moreover, when the parameters are rational numbers,
its relation to the period integral of algebraic curves became clear, and a fasci-
nating problem on the uniformization of a Riemann surface was proposed by
Riemann and Schwarz. On the other hand, Kummer has contributed a lot to
the research of arithmetic properties of hypergeometric functions. But there,
the main object was the Gauss hypergeometric function of one variable.

In contrast, for more general hypergeometric functions, including the case
of several variables, the question arises: What in fact are hypergeometric func-
tions ¢ Since Gauss and Riemann, many researchers tried generalizing the
Gauss hypergeometric function. Those which are known under the names of
Goursat, Pochhammer, Barnes, Mellin, and Appell are such hypergeometric
functions. Although these functions interested some researchers as special
objects, they didn’t attract many researchers and no significant result came
about. If anything, those expressed with the aid of some properties of hy-
pergeometric functions appeared interestingly in several situations, either in
partial or another form. The orthogonal polynomials studied in Szegd’s book,
several formulas that we can find everywhere in Ramanujan’s enormous note-
books, spherical functions on Lie groups, and applications to mathematical
physics containing quantum mechanics, are such examples. Simply, they were
not considered from a general viewpoint of hypergeometric functions.
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In this book, hypergeometric functions of several variables will be treated.
Our point of view is that the hypergeometric functions are complex integrals
of complex powers of polynomials. Most of the properties of hypergeometric
functions which have appeared in the literature up to now can be reconsidered
from this point of view. In addition, it turns out that these functions establish
interesting connections among several domains in mathematics.

One of the prominent properties of hypergeometric functions is the so-
called contiguity relations. We understand them based on the classical paper
by G. D. Birkhoff [Birl] about difference equations and their generalization.
This is an approach treating hypergeometric functions as solutions of differ-
ence equations with respect to shifts of parameters, and characterizing by
analysis of asymptotic behaviors when the parameters tend to infinity. One
sees a relation between the Padé approximation and the continued fractional
expansion. For this purpose, we use either analytic or algebraic de Rham
cohomology (twisted de Rham cohomology) as a natural form of complex
integrals. In Chapter 2, several relations satisfied by hypergeometric func-
tions will be derived and explained in terms of twisted de Rham cohomology.
There, the reader may notice that the excellent idea due to J. Hadamard
about a “finite part of a divergent integral” developed in his book [Had] will
be naturally integrated into the theory. In Chapter 4, we will construct cycles
via the saddle point method and apply the Morse theory on affine varieties
to describe the global structure of an asymptotic behavior of solutions to
difference equations.

Another prominent feature is a holonomic system of partial differential
equations satisfied by hypergeometric functions, in particular, an infinitesimal
concept called integrable connection (the Gauss—Manin connection) that has
a form of partial differential equations of the first order, and a topological
concept called monodromy that is its global realization. The latter means to
provide a linear representation of a fundamental group, in other words, a local
system on the underlying topological space. But here, what is important is not
only the topological concept but the mathematical substance that provides it.
Hypergeometric functions provide such typical examples. As a consequence,
they also help us understand the fundamental group itself.

We will treat complex integrals of complex powers of polynomials, but
the main point is not only to state general theorems in an abstract form
but also to provide a concrete form of the statements. In Chapters 3 and 4,
for linear polynomials, concrete formulas of differential equations, difference
equations, integral representations, etc. will be derived, applying the idea
from the invariant theory of general linear groups.

In the world surrounding hypergeometric functions, there are several sub-
jects studying power series, orthogonal functions, spherical functions, dif-
ferential equations, difference equations, etc. in a broad scope such as real
(complex) analysis, arithmetic analysis, geometry, algebraic topololgy and
combinatorics, which are mutually related and attract researchers. This book
explains one such idea. In particular, micro-local analysis and the theory of
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holonomic D-modules developed in Japan provided considerable impacts.
In Chapter 3 of this book, we will treat a holonomic system of Fuchsian
partial differential equations over Grassmannians satisfied by the hypergeo-
metric functions, introduced by Gelfand et al., defined as integrals of complex
powers of functions as described above. But there, we will explain them only
by concrete computations. For a general theory of D-modules, we propose
that the reader consult the book written by Hotta and Tanisaki® in this se-
ries. Here, we will not treat either arithmetic aspects or the problem of the
uniformization of complex manifolds. There are also several applications to
mathematical physics such as conformal field theory, and solvable models in
statistical mechanics. For these topics, the reader may consult Appendix D
and the references in this book.

If this book serves as the first step to understanding hypergeometric func-
tions and motivate the reader’s interest towards further topics, we should say
that our aim has been accomplished.

We asked Toshitake Kohno to write Appendix D including his recent result.
We express our gratitude to him.

Lastly, our friends Takeshi Sasaki, Keiji Matsumoto and Masaaki Yoshida
gave us precious remarks and criticisms on this manuscript. We also express
our gratitude to them.

June, 1994. Kazuhiko Aomoto
Michitake Kita

1 The translation is published as [H-T-T].
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Preface to English Edtion

After the publication of the original Japanese edition, hypergeometric
functions attracted researchers both domestic and abroad, and some as-
pects are now fairly developed, for example in relation to arrangement of
hyperplanes, conformal field theory and random matrix theory. Some related
books have also been published: those by M. Yoshida [Yos3]|, which treats
the uniformaization via period matrix, by M. Saito, B. Sturmfels and N.
Takayama [S-S-T], which treats algebraic D-modules satisfied by hypergeo-
metric functions, and by P. Orlik and H. Terao [Or-Te3], which sheds light
on hypergeometric functions from viewpoint of arrangements of hyperplanes,
are particularly related to the contents of this book.

In this English edition, the contents are almost the same as the original
except for a minor revision. In particular, in spite of its importance, hyper-
geometric functions of confluent type are not treated in this book (they can
be treated in the framework of twisted de Rham theory but the situation be-
comes much more complicated). As for the references, we just added several
that are directly related to the contents of this book. For more detailed and
up-to-date references, the reader may consult the book cited above, etc.

The co-author of this book, who had been going to produce outstanding
results unfortunately passed away in 1995. May his soul rest in peace.

Finally, I am indebted to Dr. Kenji Iohara, who has taken the trouble to
translate the original version into English.

August, 2010. Kazuhiko Aomoto
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Notation

02P(C™):  the space of p-forms with polynomial coefficients
U(u) =[] Pi(w)*, Pj(u) € Cluy, . .., uy]
j=1

D:  the divisor defined by P:= P, --- P,

M :=C"\ D: a variety related to an integral representation of hypergeo-
metric functions

d: the exterior derivative

~  dP
w=dU/U = ;aj?

J
form on M

Ve :=d+wa: the covariant differential operator with respect to w
L,: the complex local system of rank 1 generated by solutions of V,h =0
LY:  the dual local system of L,
0P(xD): the space of rational p-forms having poles along D
27 (log D):  the space of logarithmic p-forms having poles along D
Opr: the sheaf of germs of holomorphic functions on M
Q28 the sheaf of germs of holomorphic p-forms on M

B the sheaf of germs of C*° p-forms on M
KR, the sheaf of germs of currents of degree p on M
S(M): the space of sections of S over M
S.(M): the space of sections with compact support of S over M
HP(M,S): the cohomology with coefficients in the sheaf S
H,(M,L,): the homology with coefficients in the local system L,
Hf;f (M, L,): the locally finite homology with coefficient L,

r:=dim H"(M, L,) = <m; 1)
a lattice L = Z* ‘
e1,...,ep: astandard basis of L e; = (0,...,T,0,...,0),1 <i<Ud.

a completely integrable holomorphic connection



Xvi Notation

¢
v=(v1,...,) € L,y = HVZ',\V| ZI/Z'

|J| =n for a set oflndlces {jl,...,jn}
For x = (z1,...,m¢) € C*, a¥ = ai* -z}
Z: the sum is taken over v € Z&,

(vie) =Ty +¢)/T(7), v+ ¢ ¢ Lo

LY := Homy(L,Z): the dual lattice of L

G(n+1,m+1): Grassmannian of (n + 1)-dimensional subspaces of C™*+!
T0o -+ Tom Tojo -+ Toj,

Forz = | : S, x(o - gn) = det :
Tno - Tom Tnjo *** Tnj,

= Uocjocr<juzmilo -~ Jn) = 0}
En+1,m+ L;ap,...,am) =E(n+1,m+1;a): the system of hypergeo-
metric differential equations of type (n+ 1, m + 1; «)

C[z] = Clz1, ..., zm): the ring of polynomials
C(z) = C(z1,...,2m): the rational function field of z1,. ..,z
C[[z]] = C][[#15- - -, 2m]]: the ring of formal power series
C((z)) = C((z1, ..., 2m)): the ring of formal Laurent series
GL,,(C(z)): the group of the regular matrices of order n with components
in C(2)
GL(C((2))): the group of the regular matrices of order n with components
in C((2))
M, (C(2)):  the algebra of the matrices of order m with components in C(z)
aill *
By = = € GL,(C) »: a Borel subgroup of GL,,(C)
0 Amm
1 *
Unp = A= . € GL,,(C) p: a maximal unipotent Lie subgroup
0 1
of GL,,(C)

Fm :=GLy,(C)/B,, : a flag manifold

Ay = GLp(C)/Uy, :  a principal affine space

A(0;e) ={z € C| |z] <e}: theopen disk of center at the origin with radius
€

Rz,Jz:  the real and imaginary part of a complex number z

argz: an argument of z

G,,:  the mth symmetric group

X(M) :  the Euler characteristic of M

Pz ) = / U-op
¥
T,T;: shift operators



Chapter 1

Introduction: the Euler—Gauss
Hypergeometric Function

The binomial series

(1+x)a:Za(a—l)...(a—n—kl)xn, o] <1

n!
n=0

is the generating function of binomial coefficients (z _olezb-lazntl)

n!

A hypergeometric function can be regarded as a generating analytic function
of more complicated combinatorial numbers which generalizes the binomial
series. By studying its analytic structure, it provides us with information
such as relations among combinatorial numbers and their growth. The aim of
this book is to treat hypergeometric functions of several variables as complex
analytic functions. Hence, we assume that the reader is familiar with basic
facts about complex functions.

I'n)=n—-1)!=1-2-----(n—1),n=1,2,3,- - satisfies the recurrence
formula I'(n + 1) = nI'(n) and I'(1) = 1. Conversely, these two properties
determine I'(n) uniquely. A question arises “Can we extend the function I'(z)
for all z € C?” The answer is “No,” if we do not restrict ourselves to z € Z.
But, if the behavior of I'(z + m) is given as m — 400, I'(2) itself can be
determined by considering I'(z + 1), I'(z +2),--- , ['(z+m), -+ (m € Zxo).
That is, I'(z) can be determined by its behavior at infinity. As a phenomenon
in analysis, it sometimes happens that a function or a vector is determined
by its behavior at infinity. Such a situation is called a limit point and this is
our basic idea to treat hypergeometric functions in this book.

In this Introduction, we shall study basic properties of the Euler—Gauss
hypergeometric functions from several viewpoints. For detailed subjects, we
may refer to the well-known books like [AAR], [Ca], [Erl], [Mag], [O]], [Sh],
[W-W], [Wat] etc. See also [I-K-S-Y] for a historical overview of analytic
differential equations. First, we start from an infinite-product representation
of the I'-function.

K. Aomoto et al., Theory of Hypergeometric Functions, Springer Monographs 1
in Mathematics, DOI 10.1007/978-4-431-53938-4_1, © Springer 2011



2 1 Introduction: the Euler—Gauss Hypergeometric Function

1.1 I'-Function

1.1.1 Infinite-Product Representation Due to Euler

Consider a meromorphic function ¢(z) over C satisfying the difference
equation

plz+1) =zp(z), zeC. (1.1)
From this, we obtain
p(z) =27 p(z +1) (1.2)
=2 tz+ 1) (24 N=1)"tp(z + N),

for any natural number N. Take the limit N +— 4o00: if we assume that an
asymptotic expansion of ¢(z) as |z| — +o0 has the form

o(z) = e *2*72(2m)? {1 +0 <i> } (1.3)

2]

in the sector —7 +6 < argz < 7 —0 (0 < 0 < §) (here O (ﬁ), called

the Landau symbol, is a function asymptotically at most equivalent to ﬁ),
applying (1.3) to ¢(z + N), we obtain

o(2) = (27)2 N'l_ig_looz_l(z +1)7! (1.4)

ez N=1) e N+ N)#+N=3

Now, an asymptotic expansion of the I'-function ¢(z) = I'(z) as Rz — +oo
is given by the Stirling formula ([W-W] Chapl2 or [Er2])

I'(z) :e—zzz—%(zw)%{1+é+m}, (1.5)

—rT+d<argz<m—0.

In particular, we have
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(24 N)*HN=h = N=+N=3 (1+i)Z+N_% (1.7)
1 1
= N*tN=3¢7 (1 ~=1)-
w(vo(s))
By the formula
m (1424 +—— —logN) = (1.8)
N o 2 N_1 ®%)77 '

(v is Euler’s constant), the right-hand side of (1.4) becomes

2m)7 lim 2 'z+1)"' (2 + N=1)"te > Nz + N)*tN-2 (1.9)

Ni—+o00
—1
: F(N) z —vz - z —=
— i o N e L (g ) e =16,
I1 (= +3J) =1
J=0

which coincides with an infinite-product representation of I'(z).

1.1.2 I'-Function as Meromorphic Function

Similarly, if a meromorphic solution 1 (z) of the difference equation (1.1) has
an asymptotic expansion as |z| — 400

P(z) = e *(—2)* 2™V (2m) "2 {1 +0 <|17|>} (1.10)
in the sector § < argz < 2w — §, by the formulas
P(z) =(z—1)---(z = N)¢(z = N), (1.11)
iz N _ ni4e-N [ Z 3tz=N
(N — 2) =N (1 N)

1 1
:N§+z—N z (1 -
“(reo(x)

we obtain
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W(z) = e VeV 12 H (1 - 5) 7 (1.12)
j=1

eﬂ\/ju
ri-—z)

In this way, the function e™~1#/I'(1 — z) can be characterized as a mero-
morphic solution of (1.1) having the asymptotic behavior (1.10).

1.1.3 Connection Formula

Now, the ratio P(z) = 1(z)/¢(z) is a periodic function satisfying P(z+1) =
P(z) that can be expressed by the Gauss formula
T —1z

P2)= — = VIR (1.13)

() I(1—2) T
_ 627”/_122 H <1 _ _2> .
j=1 J

The relation

¥(z) = P(2)p(2) (1.14)

provides a linear relation between two solutions of (1.1) that each of them has
an asymptotic expansion as Rz — 400 or —oo, called a connection relation,
and the problem to find this relation is called a connection problem, and P(z)
is called a connection coefficient or a connection function. Any connection
function is periodic.

1.2 Power Series and Higher Logarithmic Expansion

1.2.1 Hypergeometric Series

Consider the convergent series

2 F1(a, B,7;0) = ZM

n
< (vin)n! g% y#0,-1,-2,...  (1.15)
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on the unit disk A(0;1) = {z € C;|z| < 1} ((a; n)=ala+1) - (a+n-1),
the Pochhammer symb011>. Here and after, we abbreviate o F;(a, 3,7v; x) as

F(a, B,7;x), which is called the Euler—Gauss hypergeometric function, or
simply Gauss’ hypergeometric function. Setting G = =y, we get

F(o, 8, 8;2) = Z (a;n)x” =(1-z)"7

n!
n=0

and the specialization « = 8 =1, 7 = 2 yields
F(1,1,2;x) ix_: log(1 — z).
—n

Moreover, setting a = v = 1 and taking the limit 5 +— oo, we obtain an
elementary analytic function

z
e =1lim F(1,6,1;= ).
i 7 (10,15

1.2.2 Gauss’ Differential Equation

= F(«, 8,; ) satisfies the following second-order Fuchsian linear differen-
tial equation:

d%y

Ey=z(1-12)— T2

In fact, it is sufficient to substitute y in (1.16) by (1.15). This is called Gauss’

differential equation. Here, E = F(x, %) is a second-order Fuchsian differen-

tial operator. Conversely, assume that y can be expanded as a holomorphic
power series around the origin in the form

+{y- (a—i—ﬁ—l—l)x}j—i —afy =0. (1.16)

oo
y=> an", ag=1 (1.17)
n=0

Comparing the coefficients of 2™, for y to be a solution of (1.16), we get the
recurrence relation

(n+ 1Dy +n)ansr = (n+ a)(n + Ban,

i.e.,

L For n <0, we set (a;n) = (a+n)~t - (a—1)" 1
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Ap41 = %ana n Z Oa (118)

which implies that y coincides with F'(«, 3,~; x). In this way, F(«, 8, v; x) can
be characterized as a unique solution of (1.16) which is holomorphic around
the origin and which gives 1 at z = 0.

1.2.3 First-Order Fuchsian Equation

Setting y = y1, xi—z = y2f3, (1.16) can be transformed into the autonomous

first-order Fuchsian equation

w )= () () (1.19)

(0 B (0 0
AO_(Ol—’y)’ Al_(—a 'y—a—ﬂ—l)'

This equation describes the horizontal direction of an integrable connection
([De]), called the Gauss—Manin connection, over the complex projective line
P!(C) = CY{co} which admits singularities at z = 0,1, co.

where we set

1.2.4 Logarithmic Connection

Let a, b be two different points of C \ {0,1}. By a theory of linear ordinary
differential equations, one can extend the solutions of equation (1.16) analyt-
ically along a path ¢ connecting a and b. Moreover, this extension depends
only on the homotopy class of the path connecting a and b. This is the prop-
erty known as the uniqueness of analytic continuation. From this, it follows
that the function F(«, 3,~;z), a priori defined on A(0; 1), is extended ana-
lytically to a single-valued analytic function on the universal covering X of
the complex one-dimensional manifold X = C\ {0,1}. Let us think about
expressing this extension more explicitly.

Now, we introduce parameters Ay = 3, Ao = v —a — 1, A3 = —a. Then,
(1.19) can be rewritten in the form of a linear Pfaff system

Y1 Y1
d = (A0 A20 N30 . 1.20
(yz) (A101 + A2B2 + A303) (Z&) ( )

Here,
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01 00

01 = (0 0> dlogx + <0 _1> dlog(x — 1), (1.21)
00 00

Oy = (0 _1) dlogx + (0 1) dlog(z — 1), (1.22)
00 00

03 = (0 1) dlogx + (_1 0) dlog(z — 1), (1.23)

are logarithmic differential 1-forms. We integrate (1.20) along a smooth curve
o connecting 0 and x. By the fact that y; = 1 and y» = 0 at x = 0, we obtain
an integral form of (1.20):

(z;) - (é) + /0””@191 + Aol + Agfs) (Z;) . (1.24)

1.2.5 Higher Logarithmic Expansion

Solving (1.24) by Picard’s iterative methods (cf. [In]), y1 and y2 can be ex-
pressed as convergent series of A1, A2, A3 around the origin of C3:

Y1 = L¢(l‘) + Z Z /\il T )\irLil"'ir(x)’ (1'25)

r=11<i1,...,ir<3

oo
= D AL (@), (1.26)
r=11<i1,...,ir<3

Here, L;,..;, (), L} _; () are the analytic functions on X defined, along the

1l
path o, by the recurrence relations:



!

Qin-- iy

/
Ls;, ...,

Lige-i
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(@) =0
/ dlogz - Lj,.; (), r=1
0
L3iy..i,(r) =0, r>1
— [ dlog(z —1)Liy...i, (z), r>1
0
-1
dlog (x > i (@), T >1
x
xr
— dlog(z — 1) Ljy...i. ()
0
x
+ [ dlogaz-Li, ; (z), r>1.
0

(1.27)
(1.28)
(1.29)

(1.30)

(1.31)

(1.32)

The series of functions L;,..;, (), Lj,..; (r) appearing here has been studied
by Lappo-Danilevsky and Smirnov ([La], [Sm]) in detail, and the functions are
called hyper logarithms by them. Today, these functions, which are analytic
functions on X , are also called polylogarithms or higher logarithms. By the

way, as we have
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Li(x) = La(x) = La(x) =0
Li(x) = Ly(x) =0, Lj(z) = —log(l —x)

Lyi(x) = Lai(x) = L3i(z) = Li2(z) = Laa(z)

T Jog(1 —
Lig(a) = Slog* (1~ 2),  Lyy(a) = —3 log*(1 — ) + °g<x “) g,
0
*log(l—=
Ly(o) = [ 220,
1 [“log*(1 — )
L = -
113(2) 2/0 —da,

1 ["log?(1 — @  log(1 —
Lm(x):_i/ Mdﬂ/ dﬁ(/ de),
0 T o Z 0 T

etc., from (1.25), we obtain the expansion

T log(l —x)

d 1.

F(aaﬂa’y;:ﬂ) = 1_)‘1>\3/
0

1 ? log?(1 —
+5 AN (0 = Aa) / e l=2)y,

0 X

—|—)\1/\3(/\2—)\3)/ d—x(/ Mdl‘)—F
o T 0 T

In particular, the function

o n

_/w logl—a) , _ S (1.34)
0 x n

n=1

is called a di-logarithm or the Abel—Rogers—Spence function ([Lew]) and
some interesting arithmetic properties are known. In general, L;,...; (z) and
L; .., (x) are expressed in terms of iterated integrals a la K.T.-Chen with
logarithmic differential 1-forms dlogx and dlog(z — 1), and are extended to
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higher-dimensional projective spaces ([Ch], [A05]). See also Remark 3.12 in
§ 3.8 of Chapter 3.

1.2.6 D-Module

One can re-interpret (1.16) as follows. Denoting the sheaf of holomorphic
functions on X by O and of the ring of holomorphic differential operators
by D (for sheaves, see, e.g., [Ka]), y gives a local section of O around a
neighborhood of each point xyp of X. Now, one can apply to y a partial
differential operator P(x, %) which is a section of D,,, a germ of D at x,
and one obtains a morphism

Dy, — Oq,

w w

P(e ) (e )y -

A necessary and sufficient condition for the equality

P (x %) y=0 (1.36)

to be satisfied is that P can be rewritten in the form

Pl )= t) 5 () 0)

(Q (ac, %) € on) in a neighborhood of zg, and a morphism (1.35) induces a
homomorphism of D,-modules

Dauy/DuoE — Og,
w w

1.38)
d d (
P (x, %) — P (ac, %) Y,

i.e., an element of Homp, (Dy,/Ds,E, Ox,). From such a viewpoint, one ob-
tains a structure of D-modules satisfied by hypergeometric functions. But
here, we do not discuss such a structure further. For a more systematic treat-
ment, see, e.g., [Pha2], [Kas2], [Hot].
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1.3 Integral Representation Due to Euler and Riemann
([AAR], [W-W])

1.3.1 Kummer’s Method

Let us rewrite some of the factors which have appeared in coefficients of the
power series (1.15) as the Euler integral representation. Assuming fa > 0,
R(y — ) > 0, we have

Z; (1.39)

and by the binomial expansion

oo )\.

S A — o <,
n!

n=0

from (1.15), we obtain

Flo, 8,7 ) = %/0 w1 —u) ! (1.40)
S n, .n /[37
{Z%u x ( ’ )}d

— F(V) lua—l —u y—a—1 —ur -6 ”
- F(a)rw—a)/o 1 =w) (1~ ua)

with the interchange of limit and integral. Here, for that the domain of the
integral can avoid the singularity of (1 — ux)™?, we assume |z| < 1. This
method of finding an elementary integral representation is by Kummer. The
integral (1.40) has been studied by Riemann in detail ([Ril], [Ri2]), and one
of our purposes is to extend this integral to higher-dimensional cases and to
reveal systematically the structure of generalized hypergeometric functions.
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1.4 Gauss’ Contiguous Relations and Continued
Fraction Expansion

1.4.1 Gauss’ Contiguous Relation

The functions F'(a, 8,v;x) and F(a + 11, 8 + la,y + l3; z) obtained by shift-
ing the parameters a, 8, by integers (l1,l2,l3 € Z) are linearly related. In
particular, the following formulas are referred to as Gauss’ contiguous rela-
tions [Pel:

F(a, B,v;2) = Fla, B+ 1,7+ 1) (1.41)

—M.TF(Q+1,§+1”V—|—2,£L’),

Yy +1)

F(a,8,7;7) = Fla+1,8,v+ 1;1) (1.42)

_Bly—a) .
7(7_1_1);1017‘(cu+1,ﬂ+1,’y+2,x).

Indeed, one can check these formulas by expanding F(a, 8,v;x), F(«a, 5 +
1,v+ L;z), Fla+ 1,8,y + L;z), Fla + 1,84 1,7 + 2;x) as power series
in = with the aid of (1.15) and comparing the coefficients of each term. For
example, by (1.15), the coefficient of 2™ (n > 1) in the right-hand side of
(1.41) is given by

(n)(B+1Ln) aly=F)(a+lin-1)(F+1n-1)

(y+Lnn!t (41 (v+2n—1)(n—1)!
~ (n)(B+1n—1) o M= 0)
T (v+Linn {ﬂ+ v }
_ (n)(B;n)
(v;n)n!

and as the constant term is 1, the right-hand side of (1.41) is equal to the
left-hand side of (1.41). By (1.41), we have

F(avﬁvry?x)
Fla, 0+ 1,7+ 1;2)

_q,_ =P Fla+1lB+1,y+21)
v+ )T FleB+1y+ L)

(1.43)

On the other hand, by (1.42), we obtain
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(1.44)

1.4 Gauss’ Contiguous Relations and Continued Fraction Expansion

Fla,+ 1,7+ 1;2)
Fla+1,8+ 1,7+ 2;z)
B+1)(y—a+1) Fla+1,8+2,v+3;1)
Fla+1,8+1,v+42x)

I Yy Yooy

Using symbols expressing continued fractions such as aj:l—c’ = aj:’J, at

(DGt |
(1.45)

a :I:%j:g, it follows from (1.43), (1.44) that
+1)(y+2)
F(o+1,8+19+2;2)

Flofoye) ot

Fla,f+ 1Ly +1;2) 1 Flat1,B+2,713:z)

By the shift («, 8,7) — (a+1, 8+1,v+2), we can repeat this transformation
several times, namely, we obtain the finite continued fraction expansion

(1.46)

F(a,ﬂ,'y,x) _ axr
)‘”W’

Fla,+1,v+ 1L,z

agy X |
+ F(a+v,8+v,v+2v;z) 5
F(a+v,f4+v+1,v+2v+1;x)

B+v)(y—a+v)
(v +2v—1)(y +2v)

_(a+r)(y=B+v)
(v+2)(y+2v+1)

a2y

a2u+1 =
Since the left-hand side of (1.46) is holomorphic in a neighborhood of z = 0,
it can be expanded as a power series in x. The infinite continued fraction

expansion
al1x asT
LwﬁJ+ﬁH+~~:1+mx—mwﬁ+~-

makes sense as a formal power series at x = 0.

1.4.2 Continued Fraction Expansion

_ aw|  agw|
) = 1+,T,+/T,+

The identity
F(Oé, ﬁv 77 'T)
Fla,B+ 1,7+ Lz

(1.47)
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as a formal power series at x = 0, always makes sense, in fact, it also makes
sense as a convergent power series, as we shall show below. For this purpose,
we use the Sleshinskii—Pringsheim criterion.

Sleshinskii—Pringsheim Criterion ([Pe])
Let a,, b, (b, # 0), v > 1, be a pair of sequences of complex numbers,
and consider a continued fraction

—al a2 as B
A_,g+@’+@’+ : (1.50)

If |b,] > |ay| + 1 holds for any v > 1, then the right-hand side of (1.50)
converges and the absolute value of A does not exceed 1.

Proof. Define A,, B, by the recurrence relations

Ay = byAy_1 + ayAy_
! ° w=1,2,3), (1.51)
B, =b,B,1+a,B,_»

A, =1 A4 =0,A; = a1, B.1 =0, By =1, and By = b;. The v-th
approximated continued fraction of A

— ! e Gy
A —/E,-i- +/E, (1.52)

|By| > |by| |By-1| = |ay| |By—2]

is equal to %. Now, by

> |b,| [By—1| — (|by| — 1)| B, 2],
ie.,
Bu| = |By-1] = (Ibu| = 1)(|By1| = |By-2])
> (|by] = 1)+ (|b1] = 1) > |araz - - - au|,
in other words,
|B| < |Ba| < [Bs| < -+

By A,B,_1 — A, 1B, = (-1)*"tajaz - - - a,, we obtain

AV A1 A2 Al Au AV,1

v 2L =2 2L Lo 1.

B, B <32 Bl> e (By BH) (1.53)
Aq a1as y—10102 - Gy

+oet (-1

~ ByB, BiBy | B, 1B, '
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But then
aias - - ay |By| —[B,-1] 1 1
By—lBy |By—1By‘ |By—1‘ ‘Bu|
implies
A, A Ay
— — — 1.54
yz:Z B, B, By (1.54)
— 1+—‘a1| S ]_.
|B1

> ()=
<3 +|5
v—2 ‘Bu 1‘ ‘Bu‘ Bl
Ay
B,

Thus, A = lim,, converges and its absolute value is at most 1.

1.4.3 Convergence

We return to our situation. For |z| < 1, our continued fraction expansion can
be formally written as

a1x|  asx 1 da1x|  4dasw
1+/T,+,T,+"'—2(2+,T,+,T,+"')- (1.55)

By im0 a2, = limyoo aop41 = }I’ for a sufficiently big N, we have
4lagyx| < 1, 4|agpt1z| < 1 for v > N which implies that the continued
fraction expansion

402N$|_|_ 402N+1«T|+ (1.56)
2 7 2

satisfies Sleshinskii—Pringsheim criterion. Hence, (1.56) converges uniformly
on every compact subset of |z| < 1. Hence, (1.55) converges uniformly on
every compact subset of || < 1. Expanding this continued fraction as a
power series around z = 0, it coincides with the power series %,
namely, the identity (1.49) holds for |z| < 1.

Actually, it is J. Worpitzky who first proved the convergence of (1.48)
under the condition 4|ag, x| < 1,4|ag,+12| < 1, see [J-T-W].

The continued fraction expansion (1.49) will be rediscussed in § 4.2 from
a general consideration of difference equations and an asymptotic expansion
of their solutions.
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1.5 The Mellin—Barnes Integral

1.5.1 Summation over a Lattice
Setting &(z) = xZ%, &(z) is meromorphic on C as function of z.
By the identity of I'-function I'(z + 1) = zI'(z), we see that ®(z) satisfies
the difference equation

B(z + 1) = b(2)d(2). (1.57)

Here, b(z) = x% is a rational function. As ¢(n) = 0 (n € Z«o),
F(a, B,7v;x) in (1.15) can be described as the sum over a one-dimensional

lattice as follows:

n=-—oo

1.5.2 Barnes’ Integral Representation

Let us rewrite (1.58) as a contour integral in C by applying a residue formula.
For simplicity, we assume fa > 0, 6 > 0, Ry > 0 and 0 < argz < 27. For
—m+0 < argz < m—J (0 a small positive number), it follows from (1.5) that
an asymptotic expansion as |z| — o0 is given, for any constant ¢ € C, by

1
I'(c+2z)~ e~ CmFeletzm ) loaletz)  /on {1 +0 (—) } , (1.59)

|z
which implies

T 1

[ S 1.
(=2) sinmz I'(z 4+ 1) o
o T 1+z_(%+z)log(1+Z)L 1 i
snnz. V2T o || .
Hence, we have
a+2)P(B+2)I(=2) (1.61)

I'l+z2)

—— T (a+B—y-1)log= {1 +0 (i) } .
sinmz |z

On the other hand, we have
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(—.’E)Z _ ezlog(—w) _ ez{log\w\—&-\/—ilarg(—w)}

but since —m + 6 < arg(—z) < w— 4§, eV 17 a8(-2) sn— decays exponentially
with respect to |z| as |z| — +oo. Here, e*!°8lel is bounded for |argz| < %
and, when arg z < 7, it decays exponentially with respect to |z|. Now, let o

and o7 be contours in the complex plane of z defined by

N3
AN

1 1 3
o = {zeC;argz:—g,|Z| > §}U{Z€C;|Z|:§, <argz g}
1
U {ZE(C;argz: g,\z\ > —},

}U{zeC;?Rz>0,%z:%}

DN =

01:{ZG(C;§}?Z>O,%,Z:—

1 3
U{ZE(C;z:?g<argz<§7r}.

See Figure 1.1: 0¢ is drawn with a solid line, o7 with a dotted line (with
orientation).

Fig. 1.1

Then by the above estimate and Cauchy’s integral formula, we have

A [ T+l B+a0(=2) ..
2 /go I'(y+2) (o )

_ 1 [ Ila+2)I(B+2)I(-2) CaVd
_2771‘/(,1 I(y+2) (~a)d



18 1 Introduction: the Euler—Gauss Hypergeometric Function

For |argz| < T, we remark that the integrand admits simple poles only at
z=0,1, 2,3, .... Hence, the right-hand side of (1.62) can be rewritten by
the residue formula

Res.=I'(=2) = (_2#,““, n=0,1,2-
as follows: ‘
Ti F(a;;’yn—)kprg)ﬁn—!i_ n) on_ F(?)(l;)(ﬁ) Flo B ). (163)
Namely, we obtain
F(a, 8,7 2)
B F(lo:)(;)(ﬂ) 27r\1/—_1 - ez Z}fiitf)F(_z)(—w)zdz (1.64)

(0 <argz < 2m, |z| < 1).

This is the Barnes formula. Although, here, we imposed some restrictions
on «, (3, 7, by deforming the cycle oy appropriately, «, 8, v can be chosen
arbitrarily except for the condition v # 0, —1, =2, ---.

1.5.3 Mellin’s Differential Equation

In the summation (1.58), more generally, choosing ¢ € C arbitrarily, one may
consider the bilateral convergent sum

o0

> B +n)ple +n) (= () (1.65)

n=—oo

over the lattice Lg = {{+n;n € Z} = Z passing through £. Now, we introduce
the shifting operator T : Tp(z) = ¢(z+ 1) and define the covariant difference
Vaisep(2) = ¢(2) —b(z)p(z+1). As it can be seen easily from (1.65), we have
(Vaisc)e = 0. In particular, setting ¢ = (1)o, by

<Vdisc((7 +z— 1)z)>0 =0

and z-L (p(2))o = (2¢(2))o, we obtain immediately the differential equation:

d d d d\ -
0= <7—1+x%> x%@—x<a+x%> (ﬂ-l—x%) o. (1.66)
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(1.66) defines the same differential equation as (1.16).

At the beginning of the 20th century, Mellin extended equation (1.66) to
the case of several variables based on this idea. In modern language, this is
a holonomic system of linear partial differential equations. For this and its
further developments, see Appendix A.

1.6 Plan from Chapter 2

The integral representation (1.40) of Gauss’ hypergeometric function F(«,
B, 7v; x) initiated by Riemann, is one of the most powerful tools to study its
global behavior. In this book, we will generalize (1.40) to the case of several
variables and reveal its topological and analytic properties. In Chapter 2, we
will present some fundamental basis. First, we will recall the relation between
algebraic de Rham complex and topological properties over affine varieties.
Next, we will state some basic facts about (co)homology with coefficients in a
local system (in this book, we call it twisted (co)homology). We will also show
how the structure of the twisted de Rham cohomology, representing analytic
properties of hypergeometric functions, reflects algebraic analytic properties
of them. In Chapter 3, we will give more concrete results on the twisted
de Rham (co)homology arising from arrangements of hyperplanes. We will
present the so-called Gelfand system (denoted by E(n + 1,m + 1;«) in this
book) over a Grassmannian satisfied by hypergeometric functions together
with a logarithmic Gauss—Manin connection, and clarify relations among
them. In Chapter 4, we will first show the existence theorem due to G.D.
Birkhoff that is a fundamental theorem about difference equations, and will
explain about its generalization to the case of several variables. Next, we will
derive difference equations on the parameter « satisfied by hypergeometric
functions, and through its integral representation, we will see its relation to
topological properties of affine varieties. Finally, we will mention about the
connection problem arising from solutions of a difference equation.

In the appendices, we will present Mellin’s general hypergeometric func-
tions by using the Bernstein—Sato b-function (Appendix A) and present hy-
pergeometric equations associated to the Selberg integral, which was intro-
duced by J. Kaneko (Appendix B). Moreover, we will give the simplest ex-
ample of the monodromy representations of hypergeometric functions treated
in Chapter 3 (Appendix C). Lastly, T. Kohno will explain a recent topic in
other domains such as mathematical physics which is related to hypergeo-
metric functions (Appendix D).



Chapter 2

Representation of Complex Integrals
and Twisted de Rham Cohomologies

In integral representations of Euler type of classical hypergeometric functions
of several variables or of hypergeometric functions which are studied these
days, integrals of the product of powers of polynomials appear. We will es-
tablish a framework to treat such integrals, and after that, we will study
hypergeometric functions of several variables as an application of the the-
ory. Since ordinary theory of integrals of single-valued functions is formalized
under the name of the de Rham theory, by modifying this theory, we will
constuct a theory suitable for our purpose in this chapter. As the key to the
de Rham theory is Stokes theorem, we will start by posing the question how
to formulate Stokes theorem for integrals of multi-valued functions.

2.1 Formulation of the Problem and Intuitive
Explanation of the Twisted de Rham Theory

2.1.1 Concept of Twist

To be as concrete as possible and sufficient for applications below, here and
after, we assume that M is an n-dimensional affine variety obtained as the
complement, in C", of zeros D; := { Pj(u) = 0} of a finite number of polyno-
mials Pj(u) = Pj(u1,--- ,un), 1 <j<m

M:=C"\D, D:=|]Dj,
j=1
and consider a multi-valued function on M

m

U(u) = HP](U)%, Q; E(C\Z, 1<73<m.
j=1

K. Aomoto et al., Theory of Hypergeometric Functions, Springer Monographs 21
in Mathematics, DOI 10.1007/978-4-431-53938-4_2, (© Springer 2011
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As was seen in § 1.3 of Chapter 1, for a one-dimensional case and m = 3,
P=uP=1—uPs=1—-ur,ay =a—l,ao =~v—a—1,a3 = —0,
we obtain an integral representation of Gauss’ hypergeometric function by
integrating U(u). When we treat this U(u), one of the ways to eliminate its
multi-valuedness and bring it to the ordinary analysis is to lift U to a covering
manifold M of M so that it becomes single-valued, and consider on M. For
example, if all the o;’s are %, M is the double cover of C™ ramifying at D.

But in general, the relation between M and M is so complicated that it is
not suitable for concrete computations besides theoretical questions. Here, in
place of lifting U to M, we introduce some quantities taking a “twist” arising
from the multi-valuedness into consideration, and analyze it. Here, we use
the following symbols:

AL, the sheaf of C* differential p-forms on M,

AP(M)  the space of C* differential p-forms on M,

AP(M)  the space of C° differential p-forms with compact support on M,
Oum the sheaf of germs of holomorphic functions on M,

o8, the sheaf of holomorphic differential p-forms on M,

02P(M)  the space of holomorphic differential p-forms on M.

Notice that

w:dU:Zajd 1 (2.1)

is a single-valued holomorphic 1-form on M. To simplify notation, we choose
a smooth triangulation K on M and we explain our idea by using it. Our
aim is to extend Stokes’ theorem for a multi-valued differential form Uy,
¢ € A*(M) determined by the multi-valued function U, and to find a twisted
version of the de Rham theory via this theorem. We refer to [Si] for the basic
notion of analytic functions of several variables.

2.1.2 Intuitive Explanation

Let A be one of the p-simplexes of K, ¢ be a smooth p-form on M. To
determine the integral of a “multi-valued” p-form Uy on A, we have to fix
the branch of U on A. So, by the symbol A ® Ua, we mean that the pair of
A and one of the branches Ua of U on A is fixed. Then, for ¢ € AP(M), the
integral fA®UA U - ¢ is, by this rule, defined as
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/ U-p:= / [the fixed branch Ua of U on A] - .
ARUA A

Since U can be continued analytically on a sufficiently small neighborhood
of A, on this neighborhood, for a single-valued p-form U - ¢ and a p-simplex
A, the ordinary Stokes theorem holds and takes the following form:

For ¢ € AP~1(M), one has

/Ad(UA-go):/aA U - o (2.2)

On the other hand, since we have

du.
A

on A, and w = % is a single-valued holomorphic 1-form, by setting

Ve :=do+wA p, (2.3)
the above formula can be rewritten as
d(Ua - ) = UaV,e.

(2.3) can be regarded as the defining equation of the covariant differential
operator V,, associated to the connection form w. Clearly, V, satisfies
Vw:-Ve =0, and in such a case, V,, is said to be integrable or to define a
Gauss—Manin connection of rank 1 ([De]). Thus, the left-hand side of (2.2)
is rewritten, by using the symbol A ® Ua, as

/d(UA‘SD):/ U- Ve
A ARQU A

We would like to rewrite the right-hand side of (2.2). When the dimension
of A is low, we can explain our idea clearly with the aid of a figure, so let us
start from a 1-simplex A.

2.1.3 One-Dimensional Case

For an oriented 1-simplex A, with starting point p and ending point ¢, and
a smooth function ¢ on M, (2.2) becomes

/A d(Ua - ¢) = Ua(q)p(q) — Ua(p)e(p).
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q

Fig. 2.1

Here, 0A = (¢) — (p) and Ua(q) is the value of the germ of the function U,
determined by the branch U at the boundary g of A, at the point q.
Hence, the symbol (g) ® U, is determined, and in the above sense, we have

Ua(q)p(¢q) = the integral of U - ¢ on (¢) @ U,,

from which we obtain the formula:

/ U-Vyp= / U- .
ARUA (0)®U4—(p)®U,

P

Since, in the context of a generalized Stokes theorem, the right-hand side
should be the boundary of A ® Ua, we define the “boundary operator” as
follows:

0u(A@Ua) = () ® Uy — (p) @ Up.

Then, (2.2) takes the following form:

/ U-Vyp= / U- .
AQUA 0, (AQUA)

2.1.4 Two-Dimensional Case

Let A be the 2-simplex with vertices (1), (2), (3) with the orientation given
as in Figure 2.2.
For a smooth 1-form ¢ on M, the right-hand side of (2.2) takes the form:

/UA~<P=/ UA‘@"‘/ UA“P"‘/ Ua - .
oA (12) (23) (31)
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I

<

2> 3

Fig. 2.2

Now, let Uy9) be the branch on the boundary (12) of A determined by Ua.
By using the symbol (12) ® U2y, the above formula can be rewritten as
follows:

/ UA~<p:/ U~<p+/ U~go+/ U-o.
oA (12)®U (12) (23)®U (23) (31)®U 31)

Hence, by defining the “boundary” of A @ U as
0u(A®@Ua) = (12) @ Upgy + (23) @ Upazy + (31) @ Ugzyy,

(2.2) can be rewritten as

// U-Vy,p :/ Uep.
AQUA 9(AQUA)

2.1.5 Higher-Dimensional Generalization

It is now easy to generalize the examples treated in § 2.1.3 and 2.1.4 to
higher-dimensional cases. The boundary operators defined above are the same
as those appearing in algebraic topology when one defines homology with
coefficients in a local system. Hence, we utilize some symbols used in algebraic
topology. Let us explain this below. The differential equation on M

. dP
w = ; — = 24
Voh dh+]§=1% P h=0 (2.4)

admits a general solution which can be formally expressed as
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m

h=c][[P ™, ceC (2.5)
j=1

and the space generated by the local solutions of (2.4) is of dimension 1.
Cover M by a sufficiently fine locally finite open cover M = UU, and fix
a single-valued non-zero solution h, of (2.4) on each U,. Since, for u # v,
h, and h, are solutions of the same differential equation (2.4) on non-empty
UunU,, setting

hu(u) = g (Why (u),  u € Upnly, (2.6)

g, becomes a constant on U,~U,,. As a solution h(u) on U,nU, is expressed
in two ways as h = {,h, = &y, &, & € C, we obtain &, = g;jgy by
(2.6). Hence, the set of all local solutions of (2.4) defines a flat line bundle
L., obtained by gluing the fibers C by the transition functions {g;Vl} Denote
the flat line bundle obtained by the transition functions {g,,} by £} and call
it the dual line bundle of £,. By (2.6), h,, ' (u) becomes a local section of LY.
By (2.4) and (2.5), this £} can be regarded as the flat line bundle generated
by the set of all local solutions of

N dP;
—w = —_ S— — 3 2.
V_uh=dh ;:1 % h=0 (2.7)

and U(u) =[] Pjaj is its local section. Below, we use the terminology “local
system of rank 1”7 in the same sense as “flat line bundle”. Hence, we call
LY by the dual local system of £,. Thus, we have seen that the boundary
operators which appeared in § 2.1.3 and 2.1.4 coincide with those of chain
groups C1(K, L) and Co(K, L)) with coeflicients in L. Below, for higher-
dimensional cases, using M in place of a simplicial complex K, we denote the
chain group by C, (M, LY).

2.1.6 Twisted Homology Group

Summarizing what we discussed above, we formulate them as follows:

for a p-simplex A of M,
Cp(M, L)) = ¢ the complex vector space
with basis A ® Ua

is called the p-dimensional twisted chain group. As a generalization of § 2.1.3
and 2.1.4, we define the boundary operator
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O Cy(M, L) — Cpr(M, L)

as follows: for a p-simplex A = (012---p),
P
0,(ARU,) = Z(_l)y (15 p) @ U5 -

Here, 3 means to remove j and U (o1 is the branch determined by the

- Goep)

branch U at the boundary (01---;---p) of A. Similarly to the ordinary
homology theory, one can show the following lemma:
Lemma 2.1. 9,00, = 0.

By this lemma, one can define the quotient vector space
Hy(M, L) : ={Ker 0, : Cp(M, L) — Cpo1(M, L))}/ 0,Cpi1(M, L),

called the p-dimensional twisted homology group, and the element of Ker 0,
is called a twisted cycle.
Here, we provide an easy example.

Ezample 2.1. Suppose that a; ¢ Z and consider the multi-valued function
Uu) = u®(u—1)2 on M =P\ {0,1,00}. Set w = dU/U.

15 R 1-¢

The starting points of the circles are fixed as in Figure 2.3, and the orientation
is fixed in the anti-clockwise direction on C. By

Fig. 2.3

9552(0) = (1 = 1)), 0uSI(1) = (c2 = 1)1 =),
Oule,1—¢e]l = (1 —¢) — () (set c; = exp(2mv—1a;)),

the element

Aw) = —80) +[1 - ] - ——5L()

satisfies J,A(w) = 0, i.e., we have

[A(w)] € Hi(M, L).
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This twisted cycle is called the regularization of the open interval (0,1) and
it provides us Hadamard’s finite part ([Had], pp. 133—-158) of a divergent
integral. For detail, see § 3.2.

2.1.7 Locally Finite Twisted Homology Group

Since M is not compact, it requires infinitely many simplices for its triangu-
lation. Besides C), (M, L)) corresponding to ordinary homology, we consider
an infinite chain group which is locally finite, and set

Czl,f(M, L)) = {¥XcaA® Ua|A’s are locally finite} .

By Lemma 2.1, (C’if (M, LY),d,) forms a complex, and its homology group is
denoted by HY (M, L)) and is called a locally finite homology group. For a
p-simplex A of M, a branch Ux of U on A, and ¢ € AP~ (M), the right-hand
side of (2.2) is rewritten as

/MUAwo:Ep:(—l)i/ Ua-¢

i=0 (0-+3-+-p)

and hence, (2.2) takes the following form:

/ U Vg = / Uy
AQU 0w (ARUA)

For a general twisted chain, we extend the definition C-linearly and we
obtain the following form of Stokes theorem:

Theorem 2.1 (Stokes theorem).
1. For 0 € Cp(M, L)) and p € AP~1(M), we have

/U-VwQO:/ U- .
o o

2. For 7 € Cif/ (M, L) and ¢ € AP~1(M), we have
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/U-Vw<p:/ U- .
T OuT

Modeled on the de Rham theory, we would like to construct its twisted ver-
sion. Thus, by Theorem 2.1, we should establish relations between the coho-
mology of

(A*(M), Vo),  (AZ(M), Vo)

and the twisted homology groups H, (M, £Y), HY (M, £Y). This is the aim
of the following section. See [Stee] for the basic notion of local system.

2.2 Review of the de Rham Theory and the Twisted de
Rham Theory

We will introduce a system of equations F(n + 1,m + 1;a) in § 3.4 which is
a direct generalization of the classical hypergeometric differential equations.
All of its linearly independent solutions can be expressed as integrals. In
Chapter 4, we will consider hypergeometric difference equations, and there,
the basic fact is that the cohomology of the complex (A®*(M),V,,) and the
twisted homology He(M, LY) are dual to each other, which is summarized in
Lemma 2.9. Although the authors could prove it only by a roundabout way
as is stated below, we have provided a proof of the above-mentioned fact by
using any result that could be applied, since the results of this section will
be essentially used in Chapter 3 and 4. First, we recall the de Rham theory
which corresponds to the case w = 0, and after that we study the objective
relation by modifying the former argument appropriately.

2.2.1 Preliminary from Homological Algebra

We take the following fact of homological algebra as our starting point.

Lemma 2.2. For a chain complex Co of C-vector spaces, there exists a nat-
ural isomorphism

H?(Homc(C,,C)) — Homgc(H,(C), C).
Proof. From the chain complex

On On 17}
Cc:"'—> n+1—+icn—>0n—l—)"'—>01—l>00—)07

we introduce the new complexes Z,, B, as follows:
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Zn=Ker 0,, n=1,2,...,Zy=Cp,
the boundary operator is the zero-map;

B,=Imd,, n=1,2,...,By=0,
the boundary operator is the zero-map.

Then, the inclusion i, : Z, — C,, and the boundary operator 9, : C,, —

B,, gives us the short exact sequence of chain complexes
iy % =
0— Zy — Coy — By — 0.

For a C-vector space E, we denote its dual space Homg¢(E, C) by E*. Since
FE — FE* is a contravariant exact functor,
D * aﬁ * in *
00— B — Co" — Zg* — 0

is again a short exact sequence. Passing to an exact cohomology sequence,
we obtain

*

H"(B") 2 H (") —

5(n—1)
—

N anl(Z.*)
»* 5, —
S HY(Z) 2% HPY(B) — -

where we abbreviate (i)*,(9%)% by i%,d}, respectively. As the boundary
operators of Z,, B, are zero-maps, we have

anl(Z.*) — *

n—1»
H"(BJ') =B . H"B.')=B

n—1

and 52;1) coincides with the transposition
Jn 't Zn — By

of the inclusion map j, : B,, — Z,, where we set B, = Im 0,41 C Z,. As
the objects we consider are vector spaces over C, the subspace B,, of Z,, is a
direct summand, and hence j;; is surjective. From this, we have

Im 0F = H"(B,*)/Im 5@71) =0
which implies that ¢} is injective. Hence, we obtain
H™(C]) ~ Im i;, ~ Ker d(,,
={p e Z,|in(p) =0}

On the other hand, by taking the dual of the short exact sequence of the
vector spaces
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0— B, — Z, — H,(Cs) — 0,

we again obtain a short exact sequence

0 — Home(Hn (Cy),C) — 72 2 B* — 0.
From this, we obtain
H™(Cy") ~ Homc(Hn(C),C)
and this is exacly what we were looking for.

Here, taking a singular chain complex of M over C as C,, we obtain the
universal coefficient theorem of cohomology:

Lemma 2.3. There is a natural isomorphism
H?(M,C) — Homg¢(H,(M,C),C). (2.8)

Via this isomorphism, the cohomology group HP(M,C) can be regarded as
the dual of the homology group H,(M,C). Hence, the value ([o], [¢]) of a
cohomology class [p] € HP(M,C) at a homology class [¢] € H,(M,C) is
determined and the bilinear form

H,(M,C) x H?(M,C) — C (2.9)
(lo], [el) — ([o], [¥])

is defined. Lemma 2.3 asserts that this bilinear form is non-degenerate.

2.2.2 Current

Expressing the above bilinear form concretely as the integral fa p of a C
p-form p € AP(M) over a cycle o is the key to the de Rham theory. For
this purpose, de Rham introduced a very big space which contains both C'*°
differential forms and smooth singular chains, calling its element a current,
and showed that the following bilinear form is non-degenerate:

{p € AP(M)|dp = 0}

H,(M,C) x dAP (M)

— C

([e], ¢ mod dAP~(M)) —>/<p.

Here, let us briefly explain about currents. We remark that, by definition, M
is an open subset of C". We introduce the C*°-topology on the set A%(M)
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of all C'*° functions on M with compact support as follows. A sequence
Om, m=1,2,...0f A%(M) is said to converge to 0 in C*°-topology if it satis-
fies the following conditions: there exists a compact subset K C M such that
supp ¢, C K, m=1,2,..., and for any multi-index a = (a1, ...,an) € Z2,

g,
Suyl - Hup™

Since the space AP(M) of C* p-forms on M with compact support is
isomorphic to the direct product of (Z)-copies of AY(M), we introduce the
topology of the product space Ag(M)(;) on AP(M) and call it the C*°-
topology on AP (M ). Now, T is called a p-dimensional (degree (2n—p)) current
if T is a continuous linear form on AP (M) with respect to the C*°-topology.

Then, a C*° (2n — p)-form a € A?>"~P(M) defines a p-dimensional current by

converges uniformly to 0 on K, where we set |af = > | o;.

Ta:<p€AZC’(M)—>/ aNpeC,
M

and a smooth locally finite p-chain o € C’Zl,f (M, C) also defines a p-dimensional
current by

TJ:QOGAZC’(M)—>/<,0€C

We denote the space of degree p ((2n — p)-dimensional) currents on M by
KP(M). By the above consideration, we see that

AP(M) C KP(M), CH(M,C)c K> P(M). (2.10)
For a p-dimensional current T', we set
dT () = (1P T(dp), @€ A2 H(M).

By Stokes’ theorem, one can easily verify dT, = Ty, for o € AP(M) and
Tye = (—1)PT1dT, for o € CLf (M, C). Hence, (2.10) defines the inclusions of
complexes:

(A*(M), d) < (K*(M), d),
(CJ (M), 0) c (K*(M),d).

The de Rham theory asserts that the above inclusions of complexes induce
the isomorphisms between cohomologies:

HP(A*(M),d) — HP(K*(M),d), (2.11)

HY (M,C) = H*""P(K*(M),d). (2.12)
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2.2.3 Current with Compact Support

Let D be an open subset of M. A p-dimensional current 7T is said to be zero
on D if, for any p-form ¢ € AP(M) whose support is included in D, one
always has T'(¢) = 0. Then, the maximal open subset on which 7" = 0 can
be defined and its complement is called the support of T. The support of
T is a closed subset of M. We denote the space of degree p currents on M
with compact support by K2(M). By an argument similar to that above, we
obtain the inclusions of complexes:

(AZ(M),d) C (KZ(M),d),
(Co(M,C), +8) C (K2(M),d).

The de Rham theory asserts that the above inclusions of complexes induce
the isomorphisms between cohomologies:

HP(AZ(M), d) — HP(K2(M),d), (2.13)

H,(M,C) =~ H* P(K2(M),d). (2.14)

2.2.4 Sheaf Cohomology

Let us explain that the isomorphisms (2.11), (2.13) can be understood uni-
formly by using sheaf theory. We denote the sheaf of germs of degree p cur-
rents on M by K. It is known that the following three complexes of sheaves
are, indeed, exact:

0—C— A9 LA, L A2 0, (2.15)
0—>(C—>IC(])VIL>IC}VIL>~~—>IC?V?—>O, (2.16)
0—>C—>QR4L>Q}WL>~~—>QX/[—>O‘ (2.17)

Let {p,(u)} be a C* partition of unity of associated to a locally finite open
cover U = {U,} of M: supp p, CC U,, Xp,(u) = 1. For sections ¢ €
rw,,A4,), T € I'(U,,K%,) over U,, one has p, - ¢ € I'(Uy,, AY,), p,T €
I'(U,,K%;) from which one can show

HIY(M,AL) =0, ¢>1, (2.18)

HY(M,KP,) =0, ¢>1. (2.19)
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Moreover, since M is an open subset of C", as it is the complement of an
algebraic hypersurface of codimension 1 in C", it is a Stein manifold, hence,
one may conclude H9(M,Opr) = 0, ¢ > 1. (This is a particular case of the
fact called Theorem B for Stein manifolds. For example, see [Gra-Rem].) On

the other hand, 2%, ~ (’)](\;) implies
HIY(M, 2%,)=0, ¢g>1 (2.20)
From these facts, one can derive the following three isomorphisms:
HP(M,C) ~ {p € 2°(M)|dp = 0}/d2*~* (M) (2.21)
= {p € AP(M)|dp = 0}/d AP~ (M)
ST € KP(M)|dT = 0}/dKP~(M).

This can be shown as follows. Since the proofs are all similar, we show the
first isomorphism for p = 2. By (2.17), we obtain short exact sequences of
sheaves

0—><C—>924i>d924—>0,
0 — dY, — 2}, -% dnl, — 0.

Passing to exact cohomology sequences, by (2.20), we obtain the exact se-
quences:

0 — HY(M,d2%,) — H?*(M,C) — 0,
HO(M, QL) - HO(M,d0Y,) — HY(M,d2%,) — 0.
By HO(M,d2},) = {¢ € 2%(M)|dp = 0}, we obtain
H?*(M,C) ~ H*(M,ds2%,)
~ {p € Q3(M)|dp = 0} /d2" (M).

For the other cases, it is enough to discuss them in exactly the same way as

above.
By (2.21), we have shown the isomorphism (2.11). Now, the isomorphism
HP(M,C) = HP(K*(M),d) & HY

2n—p

(M, C),

obtained by combining the above isomorphism with (2.12), is the Poincaré
duality. We remark that one can derive the isomorphism (2.12) from one of
the above isomorphisms of cohomologies and the Poincaré duality. Instead
of extending naively the argument of [deR2] to the twisted de Rham theory,
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although it might be an indirect proof, we show a twisted version of (2.12)
in § 2.2.11 by applying the above remark and some results from algebraic
topology on (co)homology with coefficients in a local system.

2.2.5 The Case of Compact Support

We denote the cohomology of M over C with compact support by H? (M, C).
Since it is known that the cohomology with compact support of sheaves A%,
and K7, vanish for positive degree (see, e.g., [God] p.159, p.174), from (2.15),
(2.16), one can derive the isomorphisms:

H{(M,C) = {p € AL(M)|dp = 0}/d Az~ (M)
AT € K2(M)|dT = 0}/dKr=1 (M)

in exactly the same way as in § 2.2.4. The isomorphism, obtained by com-
bining this isomorphism with (2.14),

H?(M,C) = HP(K$(M),d) < Ha,—p(M,C)

is nothing but the Poincaré duality. Here, the same remark as at the end of
§ 2.2.4 also applies.

2.2.6 De Rham’s Theorem

We summarize the above results in the following lemma:

Lemma 2.4. The following isomorphisms exist:
HP(A*(M), d)

(1) H?(M,C) ~ R S HP(K*(M),d) & Hy
HP(2*(M),d)

(2) HP(M,C) ~ HP(A2(M),d) = HP(K$(M),d) < Ha,—p(M,C).

(M, C).

Remark 2.1. Since M is an affine algebraic variety, besides the C*° de Rham
complex (A*(M),d) and the analytic de Rham complex (£2°(M),d) which
describe HP(M,C), one can also consider the algebraic de Rham complex
(£2°(+D), d), where 2P(xD) is the space of meromorphic p-forms which are
holomorphic on M and which admit poles along D. Looking at Lemma 2.4 (1),
the reader may wonder whether one can describe H?(M, C) by (£2*(xD), d)
or not. This problem will be discussed in § 2.4. See [B-T] about more details.
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2.2.7 Duality

By using an expression of H? (M, C) obtained in Lemma 2.4 and (2.9), com-
bining this, smooth singular chains and C'*® p-forms from the viewpoint of a
current, we obtain:

Lemma 2.5. The following bilinear forms are non-degenerate:
(1) H,(M,C) x HP(A*(M),d) — C
@) — e
(2) H*""P(A(M),d) x HP(A*(M),d) — C
(1], 15) — [ ans.

M

These are an outline of the de Rham theory. Next, rewriting these results
step by step, we will look for the corresponding results for the twisted de
Rham theory.

2.2.8 Integration over a Simplex

Denote by AP = (eg---ep) the standard p-simplex having vertices e; =
i+1
(0,...,1,...,0) € Rt 0 < i < p, and by ¢ a smooth singular p-simplex

on M,ie.,aC®-mapo: A? — M. Let SP(M, L) be the set of all functions
associating each singular p-simplex o on M to an element u(c0) of (Lu) (.-
The coboundary operator & : SP(M, L) — SPTY(M, L) is defined, for each
singular (p + 1)-simplex 7, by

p+1

(u)(7) =7 u(@or) + Y (—1)"u(@ir),
i=1

where v, is the isomorphism (L) - (c,) = (L4)7(e,) determined by the path
v obtained by restricting 7 to the segment (ege;) and 9;7 is the singular
p-simplex 7| (c,...g,...e,,,)- One can show 6% = 0 by which the singular cochain
complex S*(M, L,,) on M with coefficients in £, is defined. The cohomology
of this cochain complex is denoted by H*(M, L,) and is called the singular
cohomology of M with coefficients in L. Now, for a C*° p-form ¢ on M,
¢ defines an element I(p) of SP(M,L,) via an integral: for each singular
p-simplex o, we set

10)e) = [U-p.
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Indeed, we show that it takes a value in (Ly)s(e,). With the notation used
in § 2.1.5, we suppose o(AP) C U,nU,. With the branch h;l on U,, this
integral becomes [ h;' - ¢, and with k' on U,, it becomes [ h,'- . By
hy = guwhy, g € C, we have

/h;1-<p=g;3/h51~<p

by which I(y)(0) can be regarded as an element of (L. )s(e,)- By Theorem
2.1 and the definition of 9,

I:(A*(M), V) — (S°(M, L), 0)

becomes a cochain map, hence, passing to their cohomologies, we obtain the
map

I : H*(A*(M),V,) — H*(M, L.).

Later in § 2.2.10, this is shown to be an isomorphism.

Let £, be the rank 1 local system on M defined in § 2.1.5 , and we denote
the singular chain complex on M with coefficients in the dual local system
LY by Se(M, L)). Notice that there is a natural isomorphism ([Sp])

S*(M,Homc(L),C)) ~ Home (S (M, L)), C).
Applying Lemma 2.2 to Co = Se(M, L), the above remark implies the uni-
versal coefficient theorem for cohomology with coefficients in a local system:
Lemma 2.6. There is a natural isomorphism:
HP(M, L,,) ~ Homc¢(H,(M, L), C).

Via this isomorphism, the cohomology group H? (M, L) can be regarded as
the dual space of the homology group H,(M, LY). Hence, the value ([o], [¢])
of a cohomology class [p] € HP(M, L,,) at a homology class [o] € H,(M, L)
is determined which defines the bilinear form:

H,(M, L)) x H*(M, L,) —— C (2.22)

([o], [¢]) — (lol: [¢])-

The above lemma says that this bilinear form is non-degenerate.
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2.2.9 Twisted Chain

To adapt what we have discussed in § 2.2.2 to the twisted de Rham theory, we
should formulate how to regard a twisted chain as a current. Given a smooth
triangulation of M, let A be a smooth oriented p-simplex. For a branch U
of the multivalued function U on A, we symbolized it as A ® Up. A @ Un
defines a Thgy, as follows:

(Tagua, ¢) = /A U (pe o).

For any locally finite twisted p-chain Yca A ® Ua, we extend the above def-
inition additively and obtain the inclusion

CH (M, L)) c K> P(M).

As the support of the current Tagy, is 4, each element of Cp,(M, L)) defines
a current with compact support, and we obtain the inclusion

Cp(M, L) € K7 (M).

Next, let us see which operator on the complex of currents corresponds to
the boundary operator d,, of the twisted chain complex. For a locally finite
twisted p-chain o = XepA® Up and p € AL~1(M), we have

(To,o,0) = / Up = Z‘CA/ Up
Ou0o 0w, (ARUA)

= ZCA/ UVWQO
AQU A

= Tav vw‘P)

Ty, do+wAp)

(
(
(=1)P*1dT,, ) + (Tr Aw, )
= (—1)PdT, —w ATy, )

= (~D)PTH(V-uTs, ).

Hence, we obtain the following lemma:

Lemma 2.7. Ty, = (—1)PFV_,T,.
Here, o is either an element of Cy,(M, L)) or CL (M, LY).

By this lemma, we obtain the inclusions of complexes:
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(CY (M, L)), +d,) C (K*(M),V_,), (2.23)
(Co(M, L)), +8,,) C (K2(M),V_.,). (2.24)
On the other hand, we clearly have the inclusions of complexes
(£2°(M),V,,) C (A*(M),V,) C (K*(M), V),
(AZ(M),Vy) C (K2(M), V).

We would like to compare the cohomology of these complexes. For that, let
us construct a twisted version of § 2.2.4 modeled on the de Rham theory.

2.2.10 Twisted Version of § 2.2.4

First, we remark the following fact. With the notation used in § 2.1.5, for a
holomorphic p-form ¢ on U,nU,, we have h;lgo = g;,} - h,;¢. This means
that, fixing a branch of U, denoted by U for simplicity, on a sufficiently small
simply connected neighborhood of each point of M, Uy is a holomorphic p-
form with values in £,, and we have Uy € 27, @¢ L,,. Since U is not zero on
each point of M, 28, = Q8 ®c Ly, — Uy is an isomorphism. Moreover,
by d(Uy) = UV, ¢, we obtain the commutative diagram:

v
D w p+1
“QM ’ “QM

| |
2, @c Loy —2—— R e L,

Since the transition functions {g;,}} of £, are constant, we can take the
tensor product of (2.17) and L, over C and the following sequence becomes
exact:

0— Lo, — QY @c Lo~ O @ Loy — -+ :

Hence, combining this with the above commutative diagram, we obtain the
exact sequence of sheaves:

0—Lo— 2% Y500 — ... Y on . (2.25)

Similarly, we also obtain
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0—>Ew—>A9\4E’A}\4—>~-~@A?\?—>O, (2.26)

0= Lo, — Ky LKl — - Y2 K20 0. (2.27)

After the above three exact sequences, the rest of arguments work in exactly
the same way as in § 2.2.4 and 2.2.5. (This is an advantage of the sheaf
theory!) Thus, we have the following isomorphisms:

HP (M, L) ~ {p € 2P(M)|Vyp = 0}/V, 020" (M) (2.28)
~ {p € AP(M)|Vup = 0}/V, AP (M)
~ (T € KP(M)|Vup = 0}/VL,KP~H (M),

HZ(M, Ly) = {p € AL(M)|Vup = 0}/V, AR~ (M) (2.29)
~ {T € KF(M)|Vup = 0}/V K21 (M).

2.2.11 Poincaré Duality

Combining the homomorphisms of cohomologies induced from the inclusions
of complexes (2.23) and (2.24) with the isomorphisms (2.28) and (2.29) (for
(2.23) and (2.24), we replace L), by L), we obtain

~

HP(M, L)~ 55y HP (K (M), V) (2.30)
~ (2.23)
PD-™S gl (),

~

HE(M, L) 550y HP(KE(M), Vo) (2.31)
S (2.24)
P.D. Ho (ML)

Here, P.D. denotes the Poincaré duality. Since the composition of maps (2.23)
and (2.28) in (2.30) is just the isomorphism of the Poincaré duality, we obtain
the isomorphism ([Br]):

Lf
H2n—p

(M, L.,) — HP(K*(M),V.,). (2.32)
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Similarly, we also have
Hop—p(M, L) — HP(KL(M), V). (2.33)
Let us summarize these results in the following lemma:
Lemma 2.8. The following isomorphisms exist:
HP(A*(M), V)
1. HP(M, L) ~ T S HP(K* (M), V)& HY

2n—p
HP(92°(M), Vs,)
2. HP(M, L) ~ HP(A2(M),V,) = HP(K$(M),Vy) < Hopn_p(M,Ly,).

(M, Ls,),

2.2.12 Reformulation

From the non-degenerate bilinear form (2.22), the above isomorphisms and
the viewpoint of twisted chains as currents, we obtain the following lemma:s:

Lemma 2.9. The following bilinear forms are non-degenerate:

(1) Hy(M, L)) x HP(A*(M), V) —— C,

(3) H*""P(AS(M),V_,) x HP(A*(M),V,) — C,

([, [8]) —— [ ang.
M

(4) Hy(M, L)) x Hyl,_(M,L,) —— C

2n—p
(lel, [7) —— intersection number [o] - [T].

Remark 2.2. The intersection theory of twisted cycles stated in (4) plays an
important role in the global theory of hypergeometric functions of type (n+1,
m + 1) explained in Chapter 3.
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2.2.13 Comparison of Cohomologies

Giving a sense of twisted homology groups to the reader, here we state two
facts comparing them with ordinary homology groups. One says that the
alternating sum ZZZO(—l)p dim H,(M, L) always coincides with the Euler
characteristic of M. This fact and the vanishing theorem of twisted cohomol-
ogy stated in § 2.8 are important facts that provide us a way to calculate the
dimension of H"(M, L,,) which appears in integral representations of hyper-
geometric functions. An explicit formula of x (M) for a special class of M will
be explained in § 2.2.14.

By Hironaka’s theorem on resolution of singularities, M can be embedded
in a projective variety M in such a way that M \ M =: D is a normal
crossing divisor; we may assume that M \ M is normal crossing. Introduce
a Riemannian metric on M and let 7-(D) be the tubular neighborhood of
D formed by the points whose distance with D is less than . Then, M, :=
M\ T.(D) is compact and we have the formula:

H,(M,C) = lim H,(M.,C).

Triangulating M, to a finite simplicial complex K, as is well-known, one has
the formula:

2n

X(E) =) (-1)P dim Cy (K-, C) (2.34)

p=0

for the Euler characteristic x(K.) := Ziio(—l)p dim H, (K., C). Denoting
the p-simplices of K. by o7, ... ,aip, by the definition of twisted chain group,

we have
Cp(K., L)) = @a ® LY cors (2.35)

where (07) is the barycenter of ¢} and L (o7 is the fiber of the local system

L at the point (o¥). Since the twisted hé)rnology group is the homology
group of the complex

0 — Con(Ke, L) B ey Co(Ke, LY

we obtain
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zn:(—np dim H,, (K., ,cUVJ):i(—l)P dim C, (K., L) (2.36)
p=0 p=0
2n
:Z(_l)p)‘p
p=0
=x(K-) (by (2.34)).

By the construction of |K.| = M., we have
Hy(M, £) = lim Hy (K-, £3).

Hence, by (2.36) and Lemma 2.6, we obtain the formula:

Theorem 2.2. )

> (=1)?dim H? (M, L) = x(M).
p=0

Recall that the twisted homology group H,(K., L)) is defined, by the homo-
morphisms

p+1 D
Cpr (Ko, £2) %5 Co(Ko, £2) 25 €y 1 (Ko, L),

as the quotient Ker 92 /Im 921, If we calculate the matrix representations

of each 9PF1, 9P using (2.35), for a general o = (avy, . . ., ), we have
rank 0% < rank JF. (2.37)
This is because 0P corresponds to 0P when ay = -+ = ap, = 0 In w =

Z;nzl adeIZj, but 0? is represented by a matrix with coeflicients given by
polynomials in exp(£27v/—1a;), 1 < j < m. If r = rank 9P, then, in the
matrix representation of 9P, there is an r x r minor which is non-zero. Hence,
around a small neighborhood of @ = 0, this minor never vanishes, and the
rank of 7 is in general at least 7 for such a. rank OP! < rank 97*! can be
shown similarly. On the other hand, since we have

dim Ker 62 = dim C,, (K., L)) — rank 6,

< A\p —rank 0P = dim Ker 0¥

by (2.37), it follows that

dim H, (K., £!) < dim H,(K.,C).
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Proposition 2.1. For almost all « = (a1, ..., ), we have
dim Hy,(M, L) < dim H,(M,C), 0<p<2n.

Remark 2.3. In fact, D. Cohen [Co] showed that the inequality in Proposition
2.1 holds for any a.

2.2.14 Computation of the Euler Characteristic

When the divisor D; = {P; = 0} defined by a homogeneous polynomial P;
of degree I; has a particular form, we explain a formula which gives x(M)
explicitly. First, we introduce some notions. An (n — s)-dimensional subva-
riety V' of P™ is said to be a complete intersection if the homogeneous ideal
I(V) of Cluvp,...,v,] defining V is generated by s homogeneous polynomials
fi(w), ..., fs(v). Now, if each f;(v) is of degree a;, V is represented, by the
hypersurface F; of degree a; defined by {f; =0},1<i <s,asV = Fin..nFs.
Then, as an application of the Riemann—Roch theorem, the following fact
can be shown:

Lemma 2.10. Fiz a positive integer r and let V™', n =0,1,... be a complete
intersection subvariety in P™" which is represented, by r hypersurfaces F; of
degree a;, 1 < i <r, as the intersection V.= Fin..nF.. Then, one has

;:%X(V”)z” = =SE 21;[1 T+ (@ 1)z (2.38)

Proof. Specializing the formula in Theorem 22.1.1 in Appendix 1 of [Hir] to
k=0 and y = —1, the result follows.

Let Ho be the hyperplane at infinity of P", and denote the hypersurface

of P, defined by a divisor D; = {P; = 0} of C", by D;. Here, we impose the
following assumption:
Assumption 1. Setting lA)o = Hy, for any 0 < s < m and any j1,...,Js €
{0,...,m}, Dj,n..nDj, is an (n—s)-dimensional complete intersection subva-
riety of P"*. For simplicity, we set J = {j1,...,js} and denote this subvariety
by DJ.'

Dj = Djn.nDj,,

we also use the symbol
Dy = Djn..nDj,.

To compute the Euler characteristic x(M) of M = P™\ (HOU UTZI ﬁj),

let us summarize the additivity of the Euler characteristic in the following
lemma.
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Lemma 2.11. For J C {1,...,m} we have

X(Dy) =x(D;) = x(HonD.y), (2.39)
X U Dj = ZX(DJ) - Z X(DjlﬁDjé) (240)
j=1 Jj=1 1<j1<j2<m
ot (DTS (D) 4 () (Din D).
JcA{1,....m}
|J|=s

Proof. (1) First, we show (2.39). As Dy = Dy \ HonD and Assumption 1
implies that D 7 and Hgmﬁ J are compact varieties, one can choose a tubular
neighborhood T.(HonDj) of HynDy in Dy (cf. § 2.2.13). By the Poincaré
duality, we have

Hf(DJ,(C) =~ H2n72sfp(DJa(C), §= |J"

and by the definition of the cohomology with compact support, we have
H?(D;,C) = lim._,0 H?(Dy, T.(HonD;);C). On the other hand, since
HOQBJ is a retraction of TE(H()mﬁJ), the left-hand side of the above for-
mula is equal to Hp(ﬁj, HOQBJ; C). Hence, we have

H?(Dj, HonDy;C) =~ Hyp os (D, C).

By making p = 0,1,--- and taking alternating sums, from the exact coho-
mology sequence associated to the pair (D, Hyn D), we obtain

(=1)? dim H?(D ;, HynD.; C)

NE

x(Dj) =

i~7
I
<

= x(Dys) — x(HonD.y).

(2) Second, we show (2.40). First, we prove the case when m = 2. The
Mayer—Vietoris sequence associated to the inclusions as in Figure 2.4

T
S

DinD, D,uD,

Fig. 2.4
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- — Hy(D1nD2) — Hy(D1) & Hp(D2) — Hp(D17D2) — -

(cf. [Sp]) (the coefficient C is omitted) implies x(D1nD2)—{x(D1)+x(D2)}+
X(D1YDs) = 0. Hence, we have

X(D1"D3) = x(D1) + x(D2) — x(D1nD2). (2.41)
For m = 3, replacing Dy with Ds" D3, we have
X(D1”Dy" D3) = x(D1) + x(D2" D3) — x(D1n (D" Ds)).

The second term in the right-hand side of this formula can be calculated
from (2.41). Rewriting the third term as x((D1nD2)”(D1nD3)), once again
by (2.41), the formula (2.40) for m = 3 can be obtained. For a general m,
one can prove it similarly by induction.

By Assumption 1 and Lemma 2.10, we obtain the formula:

s . 1 hd L
L, |+ +x(Dp)z""7" 4= Jo . (2.42)
(EJ) (1—z)201;[11+(lja—1)z

On the other hand, again Assumption 1 implies that Homﬁ 7 is a complete
intersection subvariety of Hy = P"~! and Hon D, is a hypersurface of degree
l; in P"~1. Hence, shifting n to n — 1 in (2.42), we have

(H ljo) + oo (HonDy)z" 170 4 (2.43)
o=1

1 L,
(1-2)2 (;1;[1 1+ (1, — 1)z
Subtracting z times both sides of (2.43) from (2.42), and using (2.39), we

obtain the formula:

S

- 1 l;
L D)2V S 4. = Jo .
([I)+ B S =

o=1

Furthermore, multiplying both sides of the above formula by z°, we obtain:

Lemma 2.12.

u 1 : l; z
. sS4, Dz 4+ ... = Jo .
(Hz) o0 = 7 T s
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To compute x (M), we remark that, from M = C™\ U;n=1 D; and (2.40), we

have

X(M) = x(C") — x D;

ICs

SIS DRI

Combining this formula with Lemma 2.12, we obtain

Lot x (M) 4 =3 b 30 3 (—)x(Dg)s" 4
k=0 S=1|J|=s

:1 _ZZH 1—1

|s]=1 \J\—SJEJ

1 ljz
= 1_J—>
1_Zj1—_[1< 1+(lj—1)2’
e [
j=11+(lj_1)z

Let us summarize these results in the following theorem:

Theorem 2.3. Let D;, 1 < j < m be a divisor determined by a polynomial
of degree l;, and set M = C" \ J;_, D;. Under Assumption 1 on Dj, x(M)
is equal to the coefficient of z™ in the expansion of the rational function

m—lm 1
(1-2) jl;[lw(lj—l)z

at z = 0.

For n = 2, it is easy to expand this rational function and to calculate its
coefficient of z2. Let us write the result as a corollary:

Corollary 2.1. Suppose that M = C? \UT=1 Dj satisfies the same assump-
tion as above. Then, we have
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(i —1)

IR

I
—

X(M) = 5(m — 1)(m ~2) + (m — 1)

+ Y 1—11—1+§m:l—1
j=1

1<i<j<m

2.3 Construction of Twisted Cycles (1):
One-Dimensional Case

2.3.1 Twisted Cycle Around One Point

Let us construct concretely m — 1 independent twisted cycles associated to
the multi-valued function

m
IR

defined on M = C\ {z1,..., 2}, where m points z;, 1 < j < m are on the
real line satisfying the condition z7 < -+ < @,. Setting w = dU/U, as we
have explained in § 2.1.5, the multi-valued function U defines the rank 1 local
system LY. As the branch of U(u), we choose the one that is single-valued
on the lower half plane, and satisfies

arg(u — x;) = S (2.44)
<

on each interval A, := (zp, zp11), 1 < p < m—1. Below, we construct twisted
cycles with this branch. As for the twisted homology group, the following facts
are known ([Sp]):

(1) He(M,LY) is a homotopy invariant.
(2) The Mayer—Vietoris sequence holds as for the ordinary homology
group.

We admit these facts and use them below. First, by (1) , it suffices to calculate
HJ(K, L) for the one-dimensional simplicial complex K as in Figure 2.5 in
place of M. Here, for simplicity, the restriction of the local system £, on M
to K is expressed by the same symbol. Second, to apply (2), represent K as
the uinon of two subcomplexes: K = K{“ K>,

m—1

K1:H551(l‘j), Ky = H[l‘] +&,Tj41 — €l

j=1
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SEI('Z.TTL)

Fig. 2.5

First, let us compute the twisted homology for each circle S!(z;):

Lemma 2.13. For o; ¢ Z, 1 < j < m, we have
HQ(S‘SI(wj)a’CX):O’ q:(),]_’... .

Proof. Triangulating S!(x;) as in Figure 2.6,

I
0>

<2

Fig. 2.6

the chain group C,(S2(z;), £) and the boundary operator 9., look as follows:
Co(S2 (xj), L5) = C{0) + C(1) + C(2),
C1(S2 (), L) = CT(01) + C(12) + C(20),
9.(01) = (1) = {0), 9u(12) = (2) = (0), 0.,(20) = ¢;(0) = (2),

where we set ¢; = exp(2mv/—1a;). In terms of matrices, we have

(01) -11 0\ /(0
0o [(12) | = 0 =1 1 | | (1),
(20) ¢; 0 —1) \(2)

and det(9,,) = ¢; — 1 is not zero by the assumption «; ¢ Z. Hence, the map

B+ C1(S2(25), L5) — Co(Sz (x5), L)
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is an isomorphism, and we obtain H,(S!(z;),£Y) =0,¢=0,1,....

2.3.2 Construction of Twisted Cycles

Applying the Mayer—Vietoris sequence to K = K" K5, we obtain the exact
sequence:
0 — Hy (K1, LY) @ Hy (K2, L)) — Hy (K, L)) -2 (2.45)

— Ho(K1nK2, L)) — Ho(K1, L)) ® Ho(Ka, L)) — Ho(K, L)) — 0.

K5 is homotopically equivalent to m — 1 points, and K14 K5 to 2m — 2 points.
From this and Lemma 2.13, (2.45) is simplified to the exact sequence:

0 — Hy(K,LY) -2 Ho(KinKa, £Y) ~5 Ho(Ky, £Y) —  (2.46)
[x [k
(C2m—2 Cm—l
— Ho(K, L) — 0.

The above i, is induced from the inclusion i : K11 Ky — K>, and we clearly
have

m—1 m—1
s Z aj<xj +e)+ bj<1’j+1 —g) | = Z (aj + bj)<1’j +g), aj,b; € C.
j=1 j=1

Hence, i, is surjective and we obtain

Ho(K, L)) =0,
m—1

Imd = Keri, = @ C{zj+¢e) — (xj41 —&)).
j=1

To compute Hy (K, L)), one has to calculate the map ¢ in (2.46) concretely.
Coming back to the chain group level, we consider the exact sequences of
complexes (below, we omit £Y):
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0 0 0
! | ! !
0— C1(K1QK2) j—*> Cl(Kl) (&) Cl(Kg) i) C1(K1UK2) — 0 (exact)

law law law
0 — Co(K1nK2) L5 Co(K1) @ Co(Ka) —= Co(K1VKs) — 0 (exact).

! ! !
0 0 0

Here, setting j; : KinKy — K1, jo : KinKy — Ko, j. is defined by
Jx(€) = jix(c) ® (—jas(c)) for ¢ € Cy(K1nK2), and regarding C,(K;) C
Cy(K1YK>3), i = 1,2, the map s is defined by

s(cq@ ) =cqtcy  (cg € Cy(K1), ¢ € Cy(K2)).

Let us recall the definition of §: for a € C1(K1YK3), d,a = 0, denote by
a; € C1(K;), i = 1,2 and a = s(a; ® az). By the exactness, there exists
b € Co(K1nK2) such that j.(b) = 0,,(a1®az). Recall that § is the map sending
the homology class of a to the homology class of b. Taking (z;+¢&) — (xj4+1—¢€)
from a basis of Ker i,, a simple calculation shows

(25 + ) = (zj11 =€)

1
=0, (o ysien) - 1)) © 0ull + 2 2500 D)
J

Cj+1 — 1
hence, by setting

1
Cj—l

LSl @y), (247)

Aj(w)= —
J(w) CjJrl_l €

Si (@) +[zj + €, wjr1—e]-
we have §(A4;(w)) = (z; + &) — (zj+1 —¢€).

Thus, we obtain
m—1

Hi(X, L)) = P C-A;w).

j=1

Let us summarize this in the following lemma:

Lemma 2.14. Under the condition a; ¢ Z, 1 < j < 'm, we have
Ho(M, L)) =0,

-1
Hy(M, L))~ P C-Aj(w),

Jj=1

where Aj(w) is the twisted cycle defined by (2.47).
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2.3.8 Intersection Number (i)

Since we could construct concretely a basis of the twisted homology H;
(M, L)), allowing Lemma 3.2, let us explain intuitively the intersection
number between Hy(M, L) and Hif(M, L,,) described in Lemma 2.9 (4).
If the reader understands the case m = 2, the case m > 3 can be un-
derstood similarly, so we restrict ourselves to this case for simplicity. Let
M = C\ {0,1} and choose a branch of the multi-valued function U(u) =
u®(u — 18 o, B,a + B ¢ Z we have explained in § 2.3.1. Below, we con-
struct the twisted cycles with this branch. By Lemma 2.14, Hi(M, L)) is
one-dimensional and its basis is given by

1 1
A(w): — S;(0)®US’;(O)+[571_5]®U[s,lfs]_—_S;(1)®U551(1)7
c1—1 co—1

c1 :exp(27r\/—_1a), Co :exp(QW\/—_lﬁ).

Here, S1(0) is the circle of center 0 and radius € with starting point e, which
turns in the anticlockwise direction, stopping at an infinitely near point before
g, and Ugy(g) is the branch obtained by the analytic continuation along S1(0)
(cf. Figure 2.3), and similarly for the rest.

On the other hand, by Lemma 3.2 Hif(M, L) is the one-dimensional
vector space with a basis (0,1) ® U(B’ll). Here, Ug,1) is the restriction of
the branch determined above to (0,1). Now, A := v ® U,y*1 obtained by
deforming the interval (0,1) as in Figure 2.7 is homologous to (0,1) ® U}

(0,1)
in HY (M, L,,).

Fig. 2.7

The geometric intersections of A(w) and A are the three points p, 1/2, ¢
in Figure 2.7, and their signatures are —, —, 4. Since the difference of the
branches is canceled by U and U~!, we finally obtain

Aw)- A= —— x (<1)+(~1) + (‘

C1—].

) x (4+1)

02_1

cieo — 1
(1 =12 = 1)
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One can compute the intersection matrix for a general m by a similar

computation, and the result looks as follows: setting A; = (zj,zj11) ®
U(;j’mﬂl) € Hif(M, L,),1<j<m-—1,c¢; =exp2ryv—1la;j), dj :==c¢; — 1,
dji = cjc, — 1, we have
Cj/dj, j= k+1
—d; i1 /didis, =k
Aj(w) - Ay, = Gi+1/djdja, j
0, otherwise.

Hence, the intersection matrix is given by

Aw) Ay o Aw) - Aps

Amfl(w) “Ap Amfl(w) cAm—1

drds jl"’ 0 0 0
—C2 23
dy  dads 0 0
0
dm—2m—1 —1
0 0 T —2dm 1 dma
—Cm— dm—1,m
0 0O ---0 Cm=1  Gm_1,m

dm—1 dm—1dm

Remark 2.4. For an arrangement of hyperplanes in general position and
its degenerated case, generalizing this formula, the intersection matrix of
H,(M,LY) x HY (M, L,,) was calculated concretely in [Kit-Yos1, Kit-Yos2].
The research on the monodromy group I'(n + 1,m + 1;a) of the hy-
pergeometric differential equations E(n + 1,m + 1;«) stated in § 3.4 is
extremely important for the global study of this system of equations (cf.
[M-S-T-Y1,M-S-T-Y2]), although this topic will not be touched in this book.
The importance of the intersection matrix comes from the fact that this
matrix is an invariant of I'(n + 1,m + 1;«a). In the classical research on
the uniformization, due to E. Picard, initiated from the research on mod-
ular functions, the determination of the intersection matrix by using the
Riemann—Hodge period relation for a complex analytic family of algebraic
varieties was the core of the research (cf. [Aol2], [Kit-Yosl], [Kit-Yos2],
[M-O-Y], [M-S-Y], [Yos4] etc.).
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2.4 Comparison Theorem

2.4.1 Algebraic de Rham Complex

Let D be a divisor of the complex affine n-space C" with coordinates
(u1,...,up) defined by m polynomials P;(u), 1 < j < m, and consider
a multi-valued function U(u) = H;n:lP](u)a7 on the complex manifold
M = C™\ D. Since we compare two structures on M, as complex mani-
fold and as algebraic variety, in this section, we denote the former by M?2»
and latter by M?!# to make the distinction.

Setting w = dU/U, the covariant differential operator V,, := d + wx with
respect to w defines the differential equation

thzo, hG OMan.

Denoting the sheaf of solutions of it by L, this is a rank 1 local system
on M3 (cf. § 2.1.5). Regarding M as an affine algebraic variety, besides the
analytic sheaves Opan, 25 .., one can consider the algebraic structure sheaf
Ojr=1e on M generated by rational functions that are locally holomorphic on
M and the sheaf Qﬁ/lalg of rational p-forms that are locally holomorphic on
M. By Lemma 2.8, the twisted cohomology H?(M?"*, L,,) can be computed

by using the analytic twisted de Rham complex (£2°(M?"),V,,) as follows:
HP (M, L,) ~ HP(2°(M*),V,). (2.48)

For the one-dimensional case, computing the right-hand side of (2.48) by
using the partial fraction decomposition of a rational function, we see
that one can choose logarithmic 1-forms with poles along D as a repre-
sentative of cohomology classes. This indicates that one might be able to
compute HP(M?* L,) by using the algebraic twisted de Rham complex
(2*(M™8), V). This was treated in the most general form for the ordinary
de Rham theory (when w = 0) by Grothendieck [Gro], and was extended for
the twisted de Rham theory by Deligne [De].

Advice to the reader In this section, we require the reader to be familiar
with hypercohomology with coefficients in a complex of sheaves, which is a
generalization of sheaf cohomology and spectral sequence. For those who are
not familiar with these topics, the authors hope that he (or she) may admit
Theorem 2.5 and pass to § 2.5 where we give concrete computations. In our
opinion, the world of hypergeometric functions is a domain where one can use
general theories to obtain concrete and explicit results, and it would make
no sense otherwise.
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2.4.2 Cech Cohomology

Here, we follow the reference [A-B-G] which seems to be accessible for those
who work on analysis. There, the above-mentioned result of Grothendieck is
explained and some principal results in algebraic geometry are cleverly sum-
marized (without proof) for this purpose. The reader may properly consult
it. Here, we define hypercohomology with coefficients in a complex of sheaves
by using an open cover of M & la Cech. First, we briefly recall Cech coho-
mology of a sheaf S: Let U = {U;} be a locally finite open cover of M, and
we denote the set of alternating functions

(05 - - ip) — Pig...iy, € L' (Uign -0 Ui, S)
by CP(U,S). Defining & : CP(U,S) — CPTHU,S) by

p+1

(6(p)i0"'ip+l = Z(_l)ywio---iy---ip+1’ (249)
v=0

it follows that 5?2 =0 and (C*(U,S), ) becomes a complex which is called a
Cech complex. The pth cohomology of this complex

~ Ker{6:C?(U,S) — CP"(U,S)}

B oCP—1(U,S)

HP(C*(U,S),0)

is denoted by HP(U,S) and is called the Cech cohomology of U with coef-
ficients in S. Moreover, its limit with respect to the refinement of an open
cover is called the pth Cech cohomology of M with coefficients in S, and is
denoted by
H?(M,S) :=lim H* (U, S).
u

Here, if we have

H?(Ujyr..nUs,,8) =0, p=1,2,... (2.50)

q?

for any ¢ and all (i - - -i4), for this open cover, there is an isomorphism
HP(U,S) = HP(M,S), p=0,1,...,

and we remark that it is not necessary to take the limit.

When covering and a complex of sheaves are given, one can define coho-
mology group which has a similar property to those of Cech cohomology,
called hypercohomology. Here, we will not state it in general form but will
explain in a way applicable to our cases.
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2.4.3 Hypercohomology

To make the story clear, we consider the twisted de Rham complex (£2%,, V)
formed by the sheaf 27, of analytic p-forms on M*»

0— % Yol . Y on g
Fixing an open cover U = {U;} of M,
C*U,2%,), p.qg=0,1,...

becomes a doubvle complex called the twisted Cech—de Rham complex by §
defined for the Cech complex in (2.49) and by V,,, which defines the twisted
de Rham complex:

[v. [v.

O, 2%,) - ot 02Y,) S

[v. [v.

COU, ) 2 C U, ) 2o

C* (U, 23y) =

2=0, V2=0, 6-V,—V,-6=0.
Recollecting this double complex along the anti-diagonal, we set
= P crw. 08, r=0,1,....
pt+q=r
On each CP(U, £23,), the homomorphism D : KPT7 — KPT4t1 defined by
D=6+ (-1)V,

satisfies D? = 0, and (K*, D) becomes a complex so that one can define the
cohomology of this complex.

Definition 2.1. The cohomology HP(K*®,D) is called the hypercohomol-
ogy of the open cover U with coefficients in the twisted de Rham complex
(£234, V), denoted by HP (U, (£23,, V). In addition, the limit with respect
to the refinement of U
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lim HP (U, (1237, V)
u
is denoted by HP (M, (2%, V.,)) and is called the hypercohomology of M with
coefficients in (2%, V).

For § = 24,, ¢ =0,1,..., when (2.50) holds, it is known that the limiting
operation is not necessary and one has

P U, (23, V) = H (M, (23, V).

2.4.4 Spectral Sequence

The relation between the cohomology H®(K*®, D) of the complex induced
from the twisted Cech—de Rham complex and the double complex C* (U, 2%)
is not so direct and is related indirectly via a spectral sequence. As the
first approximation, there is a spectral sequence which uses the cohomology
sheaves H?(2,,, V) of the complex of sheaves (£2%,,V,,) as follows:

'EP = HP(M,H (023, Vo)) = HPPI(M, (23, V).

On the other hand, as the first approximation, there is a spectral sequence
which uses § as follows:

"EPY = HY (M, 28,) = HPYI(M, (2%, V). (2.51)

It is clear that what we have mentioned above extends to any complex of
sheaves (S°,d):

0 — S0 4, g1 4, .. )

Moreover, if we have S = §2 = .- = 0, then it is clear from the definition
that the hypercohomology coincides with the ordinary cohomology. Here, we
state a fact that can be shown by the functoriality of the spectral sequences.

Lemma 2.15. Let (S7,d1), (S3,d2) be complexes of sheaves, and j : (Sy,d1)
— (83,d2) be a morphism of complexes. If j induces an isomorphism of
cohomology sheaves

Jet HP(SY,di) — HP(S3,d2), p=0,1,...,
then j induces an isomorphism of hypercohomologies
J t HP(M, (S}, d1)) — HP(M, (83, d2)).

Proof. As j induces an isomorphism of the ' Es-term, the rest follows from a
general theory of spectral sequences.
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2.4.5 Algebraic de Rham Cohomology

For an open set U of M = C™\ D, if there exists a polynomial Q(u1, ..., un)
such that U = M\ {Q = 0}, U is called an affine open set, and an open cover
U = {U;} of M formed by a finite number of affine open subsets U; is called

dP; . .
o — Phadaliv &
an affine open cover of M. For the sheaf ()Malg, asw=> o pr s a rational

1-form that is homolorphic on M, one can consider the complex of sheaves
(Qz/jalga vw):

v n

0 Vo 1 w
0 — QMalg — QMalg — s T Q]\/[alg — 0‘

Contrary to the analytic (£23/un,V.,), we remark that the complex 27 .,
p > 1 is no more exact. Now, we take an affine open cover of M and consider
the double complex C*(U, §23,..,). Then, each U, ---nU;, is an affine open
set and

F(Uioﬁ e ﬁUipa ‘ngalg)

is the space of rational g-forms that are holomorphic on Ujyn - - - nU;, . Hence,
we call this complex the algebraic twisted Cech—de Rham complex. For this
complex, we can apply the argument of § 2.4.3 and can define the hyper-
cohomology HP (M8, (£2%,..,,V.)). This is called the algebraic de Rham
cohomology.

2.4.6 Analytic de Rham Cohomology

As was shown in § 2.2.10, the following sequence of sheaves is exact:

0 — Lo — 2 ~5 Qhjan — -+ 5 Qs — 0. (2.52)

Now, considering L, as a complex of sheaves concentrating only at the Oth
degree

0— Ly, —0—0— -

(2.52) can be regarded as a homomorphism from this complex to the twisted
de Rham complex (2%un, Vo):

j:{0— L, — 0} — (23, Vo).

Both cohomology sheaves are isomorphic, as (2.52) is exact, and by
Lemma 2.15, it induces an isomorphism of hypercohomologies. Since the hy-
percohomology of the complex of sheaves concentrating only at the Oth degree
{0 —» L, — 0 — ---} coincides with the ordinary cohomology H?(M, L,,),
we obtain the isomorphism:
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HP (M, L.,) ~ HP (M, (282, V). (2.53)

2.4.7 Comparison Theorem

Clearly, Qﬁx[alg can be considered as a subsheaf of 27,... of C-modules; passing

to the complexes, we obtain a natural homomorphism:
(220 Vo) — (21en, Vo). (2.54)

The Grothendieck—Deligne comparison theorem asserts that both hyperco-
homologies are isomorphic.

Theorem 2.4 (Grothendieck—Deligne comparison theorem).
Hp(Mv ( J.\/Ialgﬁ Vw)) — Hp(M’ (QK/[al‘vvw))'
p=0,1,...

For its proof, see the reference [De] pp. 98-105, cited in § 2.4.1.
Now, we consider the spectral sequence (2.51) associated to hypercoho-
mologies. Take M = M8, We have

"B = H (HP(M,$23)) = H'T(M, (123, V.)). (2.55)

Here, HY (HP(M, £23;)) represents the cohomology of the complex

(HP(M, 2%,), H?(V,)) induced from the cohomological functor HP. Since
our variety M is an affine variety obtained by removing a finite number of
algebraic hypersurfaces from C", we have HP?(M,Oy;) = 0, p > 1 and since
29, is isomorphic to (’)1(\;), HP(M, 2%,) = 0, p > 1. (This fact is a special
case of Theorem B for affine varieties. For its proof, see e.g. [Ser].) Hence,
the spectral sequence (2.51) beecomes

0 (p>1)

//Eg,q — 1
Hg (I'(M,£23)) (p=0)

and is degenerated. Thus, by a well-known device from spectral sequences,
we obtain an isomorphism:

HY (D(M,925)) — HY(M, (23, Vo)) (2.56)
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2.4.8 Reformulation

Since ¢ € F(Malg, Q];V[alg) is a rational p-form which is holomorphic on M,
one can say that this is a rational p-form which admits at most poles only
along the divisor D. In this sense, we simplify the symbol I'(M? QF )

Malg
and use the symbol 2P (xD), here and after:

QP (+D)

:=the space of rational p-forms which may have at most poles only along D.

With this symbol, by (2.53), the comparison theorem and (2.56), we obtain
the following theorem:

Theorem 2.5. For p=0,1,---, there is an isomorphism:
HP(M,L,) ~ HP(2*°(xD), V).

In research on integral representations of hypergeometric functions, Theorem
2.5 reduces a reflection on the topological quantity H? (M, L,,) to an algebraic
computation and provides us a theoretical background that allows us to relate
a complicated algebraic computation to an intuitive topological quantity, e.g.,
the Euler characteristic x(M). With appropriate restrictions on the divisor
D, we will show in § 2.5-2.9 that one can perform this algebraic computation.

Remark 2.5. The computation of HP({2*(xD),V,,) is performed by elemen-
tary algebraic computations of rational functions and the partial derivatives.
When the polynomial P(u) defining the divisor D contains parameters de-
pending rationally, by V, = d + 27:1 ozj%/\, the final result naturally
and rationally depends on these parameters and the exponents oy, ..., .
The form U actually belongs to a wider class of multivalued functions, i.e.,
the category of Nilsson class discussed in [An], [Le]. See also [Phal] for a
topological aspect.

2.5 de Rham-Saito Lemma and Representation
of Logarithmic Differential Forms

2.5.1 Logarithmic Differential Forms

By a comparison theorem, computation of a twisted cohomology is reduced
to that of HP(£2*(xD),V,), but if we can find a subcomplex of £2°(xD)
stable under V,, whose cohomology is isomorphic to H?(£2*(xD),V,,), we
may further simplify the computation. In this section, we will introduce such
a subcomplex. Here, for the reader’s convenience, we summarize the symbols
used frequently in § 2.5-2.9:
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£2*(C™) = the space of p-forms with polynomial coefficients

={p= Zail...% (w)dui, A -+ A dug,|ag,...;, € Clu]},
j=1

D:=U{P; =0}, P=DP Py,
M =C"\ D,

w:dU/U:Zaj%, Vo =d+ wA,

=1 !
L, : the local system of rank 1 generated by the solutions of V ,h = 0,
h € Oy,
2P(xD) : the space of rational p-forms which may have at most poles only
along D,
2P (log D) : the space of logarithmic p-forms along D.

Following [Sai2], we introduce a complex of logarithmic differential forms
along D as a subcomplex of £2°(xD) stable under V,,,.

Definition 2.2. A rational p-form ¢ € 2P (xD) is called a logarithmic p-form
along D if it satisfies the condition

Py € QP(C™), dP Ape QPTHC). (2.57)

The space of logarithmic p-forms is denoted by 2P (log D).
We remark that, denoting the irreducible factorization of P by P = Q7" - -

Vs

Ys, v € Zxp, the above condition can be rewritten as follows:

d
Py =ae 2°(C"), i) Aa € QPFPH(C™), 1<1<s. (2.58)

Qi

Now, let us see that £2°(log D) is stable under V,,. By (2.57), we have Pdy =
d(Pp) —dP N € 2PTHC™) and d(dP A p) = —dP Adp € 2PF2(C"), hence,
dp € 2P*l(log D). Next, we show dlej A ¢ € 2P l(log D). Denoting the
irreducible factorization of each P; by P; = [[ Q1" ju € Z>¢, we have

dp; dQ,
= — /\ = _— /\ 5
¥ p, ¥ > o ¥

hence, by (2.58), we obtain



62 2 Representation of Complex Integrals and Twisted de Rham Cohomologies

d
B = P = ZM% Aa e QPHH(CM).
For 1 < k < s, we have

dgk/\ﬁ Su @/\@A
1k

but since Qi and @, are different irreducible polynomials, {Qx = 0} and
{Q; = 0} intersect only at an algebraic set of codimension at least 2. By
(2.58), v is a holomorphic (p+ 2)-form at each point of {Qr = 0} \ {@Q; = 0},
and similarly on {Q; = 0} \ {Qx = 0}. Hence, 7 is a rational (p + 2)-form
which is holomorphic except for an algebraic set of codimension at least 2.
Since a pole of a rational (p + 2)-form is necessarily of codimension 1, v has
no pole in C" which means v € 2P*2(C"). Thus, we obtain the following
lemma:

Lemma 2.16. 2*(log D) is stable under d and d%?/\, 1 < j < m. Hence, it
is stable under V,, and (£2°(log D), V,,) becomes a subcomplex of the twisted
de Rham complex (£2*(xD), V).

For later use in § 2.9, here we prove a property of logarithmic differential
forms.

Lemma 2.17. Suppose that in P = Py --- Pp,, two different P; and P; are
coprime and that o; # 1, 1 < j < m. Then, a rational p-form ¢ € 2°(xD)
is a logarithmic differential form if and only if it satisfies the following con-
ditions:

1 1
(" p+1/mn
p € FN(C), Vope 57T (2.59)

Proof. Tt follows from Lemma 2.16 that ¢ € £27(log D) satisfies (2.59). Let
us show the converse. Setting ¢ = 3/P, [ € 2P(C"™), we have

1 — dP;
By (2.59), it follows that > 7", (a; — 1)% A B € QPTLHC™), but since P,

1 < j < m are corpime, {P; = 0}N (Ul#{PI = 0}) is of codimension at least
2. Hence, we see that each term of the sum in the above formula satisfies
(o — 1)% A B € QPTYHC™) which implies, by the assumption a; # 1,
% A B € QPFTL(C™). Thus, it satisfies the condition (2.58) for logarithmic
differential forms and ¢ € 2P(log D) follows.
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2.5.2 de Rham— Saito Lemma

To compute the twisted rational de Rham cohomolog% one has to express
elements of 2P(log D) with an exterior product of %", 1 <j < mand
a differential form with polynomial coefficient. For this purpose, one is re-
quired to consider the division of differential forms which is assured by the
de Rham—Saito lemma in the title. It uses commutative algebras for its for-
mulation; for the reader who is not familiar with them, we will define and
explain the notion and state the facts that will be used.

Let A be a commutative Noetherian ring with unit 1 and a its ideal. A
sequence of elements fi,..., f; of a is called a regular sequence if f; is not a
zero-divisor of A and f; is not a zero-divisor of A/(f1,..., fi—1) for 2 <i <t
The maximal length of the regular sequences in a is called the depth of the
ideal a in A and is denoted by depth,A.

Here, for later comprehension, we explain the depth of an ideal a with an
example. The image of the map v : P! — P2 defined by the homogeneous
coordinates of projective space

[zo @ 1] — [2] : 2321 : woxd : 3] = [20 @ 21 : 29 : 23]

is a smooth rational curve C, called twisted cubic. C' is the intersection of
three quadratic surfaces in P3:

Q1 : Fi(2) := 2922 — zf =0,
Q2 : Fo(z) := 2023 — 2122 = 0,
Qs : F3(2) := 2123 — 25 = 0.

Indeed, the inclusion C' C Q1 N Q2 N Q3 is clear, and conversely, for z €
Q1N Q2N Q3, zg = z3 = 0 cannot happen. If zg # 0, we have

2 .3
. — T W 1)
v([z0: z1]) = {zo I o zg] z,

and similarly for the case z3 # 0. Hence, we have C' = @1 N Q2 N Q3. On the
other hand, for example, studying Q1 N Q2, we see that

(FlaF2) - (FlaF27F3)m(Z07ZI)

by computation. Here, (F, F3) is the homogeneous ideal of the polynomial
ring C[zo, 21, 22, 23] generated by Fy, F» and similarly for the other cases.
@1 N Q2 looks as in Figure 2.8.

Hence, C cannot be expressed as the intersection of two quadratic surfaces
@1 and Q2. Again, by simple computation, we see that

20F3 = —20F1 + 21 Fy € (Fy, F3)
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L is tangent to C'at [0:0: 0 : 1]

Fig. 2.8

and F3 becomes a zero-divisor in the quotient ring Clzo, 21, 22, 23]/ (F1, F2),
which means the sequence Fi, F5, F3 is not a regular sequence of the ideal
(Fy, Fy, F3). In this way, a regular sequence fi,...,f; in a polynomial
ring has an intuitive meaning that the dimensions of each algebraic subset
{f1=0},{f1 = f2=0},--- decrease by 1. Since we should treat regular se-
quences in a quotient ring of a polynomial ring, we have formulated in a
general manner.

Using this concept, let us explain the de Rham—Saito lemma concerning
the division of differential forms which play an important role later. Let M be
a A-free module of rank n with basis eq,...,e,, and denote the pth exterior
power of M by APM. Notice that A°M = A and A~'M = 0. Now, for
wi,...,wr € M, the element wi A -+ A w, is uniquely expressed in the form

WA Awyp = Z Qi i €iy N Ne€i, Qi € A. (260)
1<ii<-<ip<n

Let a be the ideal generated by the coefficients a;,...;,., 1 < i3 < -+ < i, < m;
we further use the symbols:

ZP.={p e NPM|w1 A+ Awr A p =0},

Hp::Zp/Zwk AAPTLM
k=1

Since we prove the lemma below by induction, for r = 0, we also set a = A,
ZP =0,and H? =0 (p=0,1,---). We have:

Lemma 2.18 (de Rham—Saito lemma [deR1], [Sail]).

1. There exists an integer v € Z>o such that a”H? =0, 0 < p < n.
2. For 0 < p < depth, A, one has HP = 0.
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Before going into the proof, we explain localization of a commutative ring A.
For example, if we take A = Cluy, ..., uy,], this can be regarded as the ring
of all regular functions (in an algebraic sense) over the n-dimensional affine
space C™. If we choose a non-constant f € A and consider the affine open
subset Uy := C™ \ {f = 0}, the ring of functions on it becomes

A(f) = {a/f"‘a €A, n:0’17._,}.
(0) (0)

If we fix a point ug = (uy ’,...,un" ) of C", the ring of germs of regular
functions at ug is expressed as

Ay, = {a/bla,b e A, blug) # 0},

where m is the maximal ideal (u; — ugo)’ ey Uy — uEP)) of A. Notice that
{b € Alb(ug) # 0} = A\ m. In this way, on A, the abstraction of the
operation passing to the ring of regular functions on an affine open subset or
at a point ug, is called a localization of A.

Definition 2.3. Let A be a commutative ring with 1, and S be a subset of
A which is closed under the multiplication and which contains 1 but not 0.
(a,s) and (b,t) belonging to A x S are said to be related if there exists u € S
satisfying (at—bs)u = 0. This is an equivalence relation. The equivalence class
of (a,s) is denoted by a/s and the set of all equivalence classes is denoted
by S~!A. Then, as ordinary computation on fractions, one can define the
addition, the subtraction and the multiplication on S~ A and they define a
new commutative ring. In particular, for S = {a"|n = 0,1,..., V o™ # 0},
we denote S™'A by A(q), and for § = A\ m with a maximal ideal m of A,
we denote ST1A by A,,.

Proof of Lemma 2.18. (1) Since A is a Notherian ring, the submodule
ZP of a finitely generated free module M is finitely generated over A. Hence,
to show (1), it is sufficient to show that for any a;,...;, € a and ¢ € ZP, there
exists m € Zx>q such that

™
(aiy..i,)"p € ZwiA AP~ M.

i=1
Consider two cases separately. First, if a;,...;. is nilpotent (i.e., some power
of a;, ..., becomes zero), the assertion is clear. Second, if a := a;,...;, is not
nilpotent, the set of the powers of a {a*|k € Z>(} does not contain 0 and is
closed under the multiplication, hence, we can consider the localization A4
of A and M,y :== M ®aA(,) of M. We remark that, since M is a finitely
generated free module, the following isomorphism holds (APM) ®aA(,) ~
NP(M ®4A(q)) =~ NP Mq). We consider the homomorphism induced from a
natural homomorphism u € A — [u] € A,
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NM— (/\pM) XA A(a) ~ /\pM(a).
o — ¢l

Expanding [wi] A --- A [w,] as in (2.60), the coefficient [a;,...;,] € A, of
ei, A+ Ae;, is invertible in A(,). Writing

n

wp =Y ugiei, ug €A, 1<k<r,
i=1

we remark that the » x » minor of the matrix

obtained by removing the é;th-: - -, the 4,th columns is nothing but a;,...;,. For
simplicity, we consider ais...,. The determinant of the matrix in the relation

U1 * - Uiy | Ulr41 "7 Uln
w1
€1

w

" = . (2.61)
€r41 Url ** Upp | Upr41 - Uprp ’

. 1 €n

en 0

1

is aqo...r, and if we consider this equation in M,), its determinant [@1...r] is
invertible and (2.61) can be solved. That is, [w1],...,[wr], €rt1,.-.,epn form
a basis of M(,). With this base, we express [p] € AP M, as

[p] = ZGJK[W]J N ek,

where J = {j1,...,Js}, 1 <j < - <js <r, K ={ky,....ke}, r+1<
ki< ---<ki<n,s+t=p, and

Wy = [wi] A Alws],  ex =er, Ao Nep,.

The condition [wi] A -+ A [wy] A [p] = 0 is equivalent to the fact that the
above expression of [¢] does not contain the term corresponding to | K| = p.
This can be further expressed as
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T

[p] = Z[Wk} A, g € NPTEM ),
k=1

where o), also have an expression o), = ai/a™, ay € AP7'M, m € Zso.
Hence, in APM(,), we have

T
[amgo — Zwk /\ak} = 0.

k=1

By the definition of the localization A ,), there exists m’ € Z>¢ such that, in

AP M, we have
am/{amgo — Zwk /\ak} =0.

k=1

This is what we should show.

(2) We show the lemma by a double induction on r and p.

(i) Forr = 0, as we have defined H? = 0 for any p, the assertion is trivial.

(ii) Forp=0,asp=0 < depth, A, there exists an element u € a which is
not a zero-divisor of A. Now, ¢ € Z° implies ¢ € A and p Awj A -+ Aw, = 0,
hence by the definition of a, we have pu = 0. Since u is not a zero-divisor of
A, we have ¢ = 0, i.e., Z° = 0. Hence, we obtain H° = 0.

(iii) For r > 0 and 0 < p < depth A, we assume that the assertion
holds for (r — 1,p) and (r,p — 1), and we show the assertion for (r,p). By
depth, A > 0, A possesses an element a € a which is not a zero-divisor. From
the proof of (1), first, we can take m € Zx>( such that a™H? = 0, but since
a™ is not a zero-divisor of A and belongs to a, we may assume that m = 1:
we remark (APM) ® 4(A/aA) =~ NP(M ® 4(A/aA)) as aH? =0 and M is a
finitely generated free module. We also remark that the kernel of a natural
surjection

ANPM —— (NP M) @4 (AfaA)

W Ww

isa AP M. For ¢ € ZP, by aHP? = 0, we have an expression

a@:Zwk/\ak, ar € NPTIM, 1<k<r, (2.62)
k=1

and from the above remark, we have

r
Zwk ANag = 0.
k=1
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From this, we obtain
Wi A ANwp N, = (—1)7""%1 AT /\a N Nwyp A (Zwk A Q)
=0.

Expanding w1 A -+ Aw, as in (2.60), the ideal of A/aA generated by their
coefficients is a/aA, and by the definition of regular sequence, we have

depthg /o4 (A/aA) = depthfA —1>p—12>0.

Hence, by the induction hypothesis for (r,p — 1), @ can be expressed as

T
ak:ZwlABkl, ﬁkZE/\pizM, 1<k<r
=1

Further, from the above remark, we also have

T
ag— Y wiABu =ay, €A TM.
=1

By this formula, (2.62) becomes

T
a(<P— Zwk/\'Yk) = Zw AN wip A B
k=1

kL

Each term of the right-hand side contains different wy and w; which means

a(@—Zwk /\yk) Awo A-- Aw, =0,
k=1

and since a is not a zero-divisor of A, this further implies

\
(‘P‘Zwk/\’yk)/\wz/\“-/\wr:().
k=1

For the ideal a’ generated by the coefficients of the expansion of wo A« - - Aw,., it
follows from a simple computation that a C a’ from which, by the definition of
depth, we obtain p < depth, A < depth,, A. Hence, with the case of (r —1, p),
we obtain an expression

s s
P—Y WA= Wk AT Tk EANTTIM,
k=1 k=2

and this is what we are looking for.
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2.5.3 Representation of Logarithmic Differential
Forms (1)

Let us rephrase the above lemma in a suitable form for us. We consider
non-constant homogeneous polynomials P;(u), 1 < j < m_with vari-
ables uy,...,un. To avoid the complexity of symbols, let (dPj, A --- A

dPj ,Pj,,---,Pj ) be the ideal of C[uy, ..., u,] generated by all r x r-minors
o(Pj,,...,P;
M, 1<ii<--<ip<n
6(Uzl, ey uir)
of the Jacobi matrix
P, P,
dur Oun
3?51»- 3751»-
T e S
and Pj,, ..., Pj . This symbol takes the expansion of the exterior product

dPj, A\---AdP;, with respect to the basis duj, A- - -Adu;,, 1 <ip < - <i,<n

P,
dP - ANdPj, = Zauﬁ’—))du“ A dug,

into account and is practical as it simplifies formulas.

Here, we explain some notation and terminologies that will be used later.
The set of all prime ideals of a commutative ring A is denoted by Spec(A).
Starting from a prime ideal p = pg, the maximal length k of the sequences
po 2 2 pp 2 2 2 p of prime ideals in A is called the height of p and is denoted
by height p. For any ideal I of A, we set

height I = inf{height p|p D I}.

We remark that, for a ring of polynomials, this corresponds to the codimen-
sion codimV (I) of the algebraic set V(I) defined by I.

Assumption 2. (1) For any 1 <r <min{m,n—1} and1 < j; <--- < j, <
m, the algebraic subset defined by the ideal {dP;, \---N\dP;, ,Ph, Py}
consists of finitely many points of C™. That is, in the language of commu-
tative algebras, one has

height(dﬁjl JANEERWAN dﬁjwﬁjl R ’Fj'r') >n. (263)

(2) For any 1 < s < min{m,n} and 1 < j; < --- < js < m, Pj,,...,P;,
forms a regular sequence.

Remark 2.6. In this book, one of the most important cases satisfying Assump-
tion 2 is an arrangement of m hyperplanes in C™ such that the arrangement
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of m + 1 hyperplanes in P™ obtained by adding the hyperplane at infinity is
in general position (cf. § 2.9.1 for its precise definition).

We reformulate Lemma 2.18 to the following form so that we can use the
division of differential forms. This plays an essential role in representing log-
arithmic differential forms. We owe the proof given here to T. Yamazaki.

Lemma 2.19. Under Assumption 2, for ¢ € 2P(C™) such that r+p <n—1,
if the condition

dﬁjl /\"'/\dﬁjr/\’(/JZO (mod Fjl,”- ’ﬁjr)

is satisfied, then we have

’l/}EO (mod dﬁjl,...,dﬁjr,P‘ ...7Pj7,)‘

Jio

Proof. We use the symbols:

B :=Cluy,...,up|, I:= (dﬁﬁ /\"'Adﬁjmpju"'apj}.),

A:ZB/(le,...7Pj7,), CI::I/(PJ‘I,...7?]‘7,),
m: B — A (a natural homomorphism).

As ais an ideal of A and I = 7~ !(a), we have B/I ~ A/a. Applying Lemma
2.18 to our A, a, and dﬁjl, e ,dﬁjr here, we see that it is sufficient to show
this lemma for either a = A or depth,A = n — r. Let us consider two cases
separately. First, if I = B, then we have a = A and Lemma 2.18 (1) implies
HP = 0,0 < p < n. Second, if I # B, by Assumption 2 (1), we have
height I = n. Here, we recall the known fact:

depth, A = inf{depthA,,|m € V(a)}, (2.64)

where V' (a) is the set {m € Spec(A)|a C m} of all prime ideals of A containing
a, Ay, is the localization of A at the prime ideal m, and depthA,, is the depth
of the maximal ideal mA,, of the local ring A,, (cf. [Matsu], p.105, for its
proof). Since height I = n, we have dim A/a = dim B/I = 0 which implies
that the prime ideal a C m of A is a maximal ideal. n := 7~ !(m) is a maximal
ideal of B, and for its localization B,,, there is an isomorphism

AmﬁBﬂ/(le,...,Pjr)Bn.

(2.65)

By Assumption 2 (2), since the sequence ?jw . ,]_Dj,r, is regular in the ring B,
it is also regular in the localization B,,. But since B, is the regular local ring
of germs of regular functions at the point of C" corresponding to the maximal
ideal n, we have depthB,, = dim B,, = n. Hence, A,, is a Cohen—Macaulay
local ring, i.e., it is a local ring satisfying

depthA,, = dim A,,.
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Moreover, the formula depthA,, = depthB,, —r is known (cf. [Matsu], p.107).
Hence, we obtain

depthA,, = dim B,, — r,
=n-—r

and this together with (2.64) imply depth,A =n —r.

With these preparations, we prove the following proposition which gives a
concrete expression of logarithmic differential forms.

Proposition 2.2 (Representation of logarithmic differential forms).
Suppose that m homogeneous polynomials P;(u) € Cluy, ..., uy] satisfy As-
sumption 2. If ¢ € Q2P(C™) for 0 < p < n — 2 satisfies the condition

dPj A =0 (mod P;), 1<j<m, (2.66)

1 can be expressed in the form:

— —  dP.
7/1=P1"'Pm{7/10+§ ??A¢j+"' (2.67)
j=1 "
dP;, dP; }
.. E — Ao N —22s ,
+ P. P] 7%1 Jp

1<ji<<jp<m = 1 P

Vi1js ePr(C"), 1<ji<---<ji<m, 0<v<p

Proof. Let us show this by induction on m. For m = 1, by the condition
(2.66), Lemma 2.19 implies that for ¢ € £2P(C™) with p <n — 2, we have

w =0 (mod d?l,ﬁl).

Hence, there exist 19 € 2P(C") and 1, € 2P~1(C™) such that

b =Prdo + dPy Aty = Pl{wo 4 % Awl},

1
which is what we should prove. Suppose that this proposition is proved for
m polynomials, and we assume that ¢ € 27(C") with 0 < p < n — 2 satisfies
dPj A =0 (mod Pj), 1 <j < m+ 1. By induction hypothesis, ¢ can be
expressed in the form (2.67). Let N € Z>( be the maximal integer satisfying
Yj,..jy 7 0. By induction on N, we show that ) can be expressed in the
form similar to (2.67) for m +1 Py,...,Pyuy1. For N = 0, we have ¢ =
Py --- Pi). On the other hand, since we have dP,,41A? =0 (mod Fm+1),
it follows that

Py PpdP1 Ao =0 (mod P, 11).
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As n > 2, by Assumption 2 (2), {Pj, Pmy1} for 1 < j < m form regular
sequences, we obtain dP,,11 Ay = 0 (mod P,,y1). Applying Lemma 2.19
to this formula, we have ¢y = 0 (mod dP,, 11, Pyy1) which implies that g
can be expressed as

Yo = Ppy1a+dP, 1 AB, «acQ2P(Ch), Beri(cn).
Hence, 1 can be expressed as
- dP
’(/J:P1~-~Pm+1 {Oé—l-_LH/\ﬁ},
Perl

and the proposition for N = 0 is proved. Next, suppose that the proposition
is proved for N — 1, and let us prove it for N. First, we remark that, by the
choice of IV, we have 9;,...;, = 0 for v > N + 1. For simplicity, if we consider
the case with the index (12--- N), by (2.67), we have

) —Pnyr- PpdPy A~ ANdPn Apy..n =0 (2.68)

(mod Py,---,Py).
AEN <p<n-—-2 Assumption 2 (2) implies that, for any N +1 < j < m,
{P1,. -, PN, Py, P41} forms a regular sequence. On the other hand, as we

have dP,,11 A = 0 (mod P,,;1) by assumption, this together with (2.68)
implies

dPy A+ ANdPN ANdPpyi Apr.y =0 (mod Py, -+, Py, Pryy1).
By 1.y € 2P~N(C") and N < p < n — 2, we obtain from Lemma 2.19
Y1..x =0 (mod dP,...,dPx,dP,y41,P1,..., PN, Pmi1),
and ...y can be expressed in the form:

N
Yron =Y Pjar.n; j+ Prii0i.n; mi1
=1

N

+Zdﬁj A ﬂl---N; g+ dﬁm+1 /\ﬂl---N; m+1,
j=1

Qai..N; j € prN(Cn), ﬂl-uN; j € QpiN*l((Cn).

Similarly, we have
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N
Uiy = O Pin@iins i+ Pmt1@y s mi (2.69)
k=1

N
+dejk /\ﬂjl"'jz\r; e T dPmy1 /\ﬂjl"'jz\r; m+1;
k=1
Qjyjng g € “Qp_N((Cn)v ﬁjl"'jN; g € “Qp_N_l((Cn)'

Replacing (2.67) with (2.69), we obtain

N—-1 S
- dP; dP;
¢:P1-~-Pm{z > _—JlAmA_J"mpjl...jy}(zm)

v=0 1<j1 <---<jp<m Py P

v

— — P P.
+p1...pm{ v LD

P,
1< < <jp<m ~ 1

N
/\(Z Pj oy gy g T Pmy10y, iy, m+1)}
k=1

1<ji<-<jn<m = It

N
/\(Z dPj, A Bjyjns i+ APrmt1 A Bjy-ji m+1) }

k=1

Notice that in the right-hand side of the above formula, the last { } becomes

dP; dP; —
> =L AN ]_DJN AdP i1 A Bjyooin: mad-
1<ji<-<jy<m © 91 in

Now, in the right-hand side of the above formula, picking up the terms con-
taining P, 41, we set

— — dP.
77:=1/J—P1~~~Pm+1{ oo =LA (2.71)
1<ji<<jy<m * 91
dP;
NS5 A Qs it
JN

dP; dP;, dP,i1
1<Gi < <jn<m © 01 N m+l
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Comparing this with (2.70), we see that 7 is expressed in the form:

N-1 = =
— — dP; dP;
n:pl...Pm{ > oy Tt A%...jy}, (2.72)

v=0 1<j; <--<jp,<m = 71 Jv

Mjr-j, € £2P7V(C).

From the conditions dP; Ay =0 (mod Pj),1<j<m+1and (2.71), one
can easily check dP; Anp =0 (mod P;), 1 <j <m+1, and from the form
of (2.72), one can apply induction to 7, hence, n can be expressed as

o m+1
n=~Fi-- m+1{770+z

iP;, iP;
D DR~ YRRV Anﬁ...jp}.

1< <<pSmtl © 0 I

Rewriting (2.71) with this formula, we see that 7 is expressed in the form we
are looking for and the induction is terminated.

Remark 2.7. For ¢ € P(log D) with 0 < p < n — 2, by definition, one
can express as ¢ = /P, ¢ € 2P(C"), and ¢ for 1 < j < m satisfies
dP’ A1 € QPTL(C™). Hence, v satisfies the assumption of Proposition 2.2.
Under Assumption 2 on the divisor D, ¢ is expressed in the form of the
parenthesis of the right-hand side of (2.67). In the discussion given below,

the reader should notice that it is essential to express elements of 27 (log D)
in this concrete form.

2.6 Vanishing of Twisted Cohomology
for Homogeneous Case

2.6.1 Basic Operators

For m homogeneous polynomials 1_3 (u), 1 < 7 < m in n variables u =
(u1,...,upn), we use the same notatlon asin § 2.5: let D = U{P; = 0} be the
divisor defined by P = Py - -- P,,, and set U(u) = HJ:1 Pj(w)%,w=dU/U,
Vz =d+wnx. To compute the cohomologies of the twisted de Rham complex
(£2°(xD), V&) and its subcomplex (£2*(log D), V), we first recall some basic
operators acting on £2°(*D).

A linear map 6 of vector spaces on 2°(xD) such that there exists an even
integer r satisfying 0(2P(xD)) C 2P*"(xD), 0 < p < n, and
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OanB)=0()AB+and(B), a,fe2 (D)

is called a derivation of degree r. A linear map § such that there exists an
odd integer r satisfying §(27(xD)) C 2Pt (xD), 0 < p < n, and

d(anp)=0aNB+ (—1)Pands, acP(xD), [ 2°(xD)

is called an anti-derivation of degree r. For example, the exterior derivative d
is an anti-derivation of degree 1. We remark that since £2°(xD) is generated
by 2°(xD) and dus,...,du,, a derivation # and an anti-derivation § are
uniquely determined by their values on £2°(xD) and dus,...,du,. Now, let
V=31 Ui 8 be the Euler vector field. We introduce a derlvatlon and an
anti-derivation determined uniquely by the two conditions:

1. The Lie derivative L, with respect to the Euler vector field v: L, is a
derivation of degree 0 defined for a rational function f € 2°(xD) by
L,(f) =v(f) and for du; by L,(du;) = du;, 1 <i<mn.

2. The interior product i, with respect to the Euler vector field v: i, is an
anti-derivation of degree —1 defined for f € 2°(xD) by i,(f) = 0 and for
du; by iy (du;) = us, 1 <i < n.

As we see below, £2°(+D) and £2°(log D) are stable under the action of i, and

L,. First, since ¢ € 2P(xD) is the sum of elements of the form

Vm

a:=a(u)du;, N+ A duip/ﬁil <P a€Clul, vj € Zso,

m

it suffices to show i,(a), L,(a) € 2°(xD). By a simple computation, we have

u —_—
iy(a) = ) == Z g dug, Ao ANdug, A A dus,
PP P

which implies i, () € 2P~' (D). Similarly, notice that L, (a/P)* - Phm) =
a polynomial/(P}" --- P,")2. We have

Lv(a) = Lv(ﬁ) duil AR /\duip
1 P,

_,,1 NG Z dug, A~ Ndug, A N dug,,
P o
which implies L,(a) € £2°(+D). Next, let us show that £2°(log D) is stable
under i, and L,. For ¢ € 2P(log D), we have Py = a € 2P(C") and % A

a € PFL(C™). Notice that since P is a homogeneous polynomial, the Euler
identity implies i, (dP) = v(P) = (deg P)P. Hence, we have
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Piy(p) = iy(a) € 2P7HC™),
2P(C") 3 4y (% A a) = (deg P)a — % Niy(a).

From the second formula, we see that % Niy(a) € £2P(C™), hence, the first
formula together with (2.57) implies i, (¢) € 2~ (log D). Finally, let us show
L,(¢) € 2°(log D). Notice that L,(P) = (deg P)P, L,(dP) = (degP)dP.
Applying L, to the both sides of (2.57), we obtain

(deg P)Pyp + PLy() € 2°(C™),
(deg P)dP A @ +dP A L,(p) € 2PTH(C™).

By Py, dP A ¢ € 02°(C"), this implies_ﬁLv(go) € 2P(C™), dP A Ly(yp) €
QPFL(C™), which means L,(p) € 2P (log D).

2.6.2 Homotopy Formula

For two operators A, B acting on £2°(xD), we define their commutator [A, B]
by [A, B] = AB — BA. Then, by the fact that the degree of a derivation is
even and that of an anti-derivation is odd, simple calculations show:

(1) If 41, 02 are anti-derivatives, then §12 + d20; is a derivative.

(2) If 61, 05 are derivatives, then so is [f1, 02].

(3) If 0 is a derivative and ¢ is an anti-derivative, then [, d] is an anti-
derivative.

From (1)—(3) and the fact that a derivation and an anti-derivation are deter-
mined by their actions on £2°(xD) and duy, ..., du,, the following relations
can be easily checked:

[Ly,d] =0, [Lyis] =0, [Ly,@Al=0, [Ly,Vs]=0. (2.73)

In fact, the first two formulas of (2.73) follow from the remark mentioned
above, the third formula follows immediately from L,(dP;/P;) = 0, and this
together with the first formula implies the last one. Moreover, the following
homotopy formula is known:

doiy+i,od=Ly.

This can be shown as follows: Since d and i, are anti-derivations of degree
1 and —1 respectively, the (1) above implies that the left-hand side of this
formula is a derivation of degree 0. Since the action of the both sides on
2°(xD) and du; coincide by simple calculation, we conclude the equality.
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Let us deform this homotopy formula in a way suitable for our purpose.
Set [; = deg P;, 1 < j < m. By simple computation, we have

(@) =) Loy,
j=1

which together with the above homotopy formula imply the homotopy for-
mula of Vg:

m
Vz oy +iyo Vo= Ly+ Y lay, (2.74)
j=1

where

m
dP; —
EZZO@‘_—J, deng:lj.
j=1

J

2.6.3 Eigenspace Decomposition

The plan of the remaining part of this section is as follows. With all these
preparations, we first decompose 2°(+D) to the direct sum of the u-th ho-
mogeneous components Q'(*E)H, i € 7Z, and show that each component
2*(xD),, is stable by Vg and (£2*(xD),,, V) becomes a subcomplex of the
twisted de Rham complex. Next, by this fact, we reduce the vanishing of
H*(£2*(xD), V) to the vanishing of this subcomplex. Finally, we derive the
vanishing of the cohomology of the subcomplex (£2*(xD),,, V) with the aid
of the homotpy formula (2.74).

First, we should define a p-form ¢ € 2P(xD) to be homogeneous of degree
. When g(u) is a homogeneous polynomial of degree p, by the Euler formula,
we have L,(g) = pg. From this and L, (du;) = du;, we have

Ly(g(u)duiy, A+ Ndug,) = (p+ p)g(w)dui, A--- A du,

by simple computations. Hence, if ¢ € £2P(C") satisfies L, (¢)) = ut), we say
that v is homogeneous of degree . When v has the form

'(/) = Z ’(/)Z‘l...ip (u)duzl JANRERWAN duip,

1<i1<-<ip<n

1 is homogeneous of degree p if and only if each coefficient 1);, ...;, (u) is homo-
geneous of degree (1 — p). When an inhomogeneous ¢ € 2P(C") is expressed
as the sum of homogeneous forms of degree at most p, if the coefficient of
the highest degree p is not zero, v is said to be of degree u. Notice that
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since the polynomial P = P; --- P,, is homogeneous of degree [ = Z;nzl I,
we have L,(1/P) = —I/P. For a rational p-form ¢ € P(xD) there exists

k € Z~g such that ¢ = ﬂ/J_Dk, B € 2P(C™). If we define 9 to be homogeneous
of degree p when ( is homogeneous of degree p + ki, this does not depend

on the expression /?k, and by the above remark it can be characterized by
L,(p) = pp. That is, a homogeneous rational p-form ¢ € 02P(xD) of degree
1 is an element of the eigenspace of the action of the linear operator L, on
P (*D) with eigenvalue . Setting

Q(xD),, == {p € P (xD)|Lop = e},
27 (xD) decomposes into the direct sum of the eigenspaces of L,, and we

have . .
27 (+D) = 2" (D),
HEZ
On the other hand, as was shown in § 2.6.1, 2P(log D) is stable under the
action of L,, hence it admits a similar decomposition to the direct sum:

setting
2 (log D),, := 2*(log D)~ $2* (D) ,,

we have

?(log D) @ 2 (log D),
HEZ

2.6.4 Vanishing Theorem (i)

By the above decomposition, fundamental commutation relations (2.73) and
the homotopy formula (2.74) for Vg, we can formally derive the vanishing
of the cohomology. First, L, and Vg commute by (2.73), V5 acts on each
2*(xD),, and 2*(log D),,, and we have the decompositions as complexes:

(£2°(+D), Va) = P (2° (+D) i, Vo),

WEZ

(£2°(log D), Vo) = (2 (log D) ., Vo).

=/

Hence, passing to their cohomology, we obtain the decompositions:

H?(2*(+D), Vz) = €D H" (2 (+D)y, V),
HEZ
HP(2*(log D), V) = P H?(22*(log D) ., V).

HET
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Thus, to show the vanishing of the cohomologies, it suffices to show the
vanishing _of each homogeneous component of the cohomologies. Suppose that
p € 2P(xD),, satisfies Vg = 0. By the homotopy formula (2.74) for Vg, we

have
V- iu(p) = </~L +> la‘%‘) @,
j=1

and since L, and i, commute by (2.73), we obtain i,(p) € 2P~1(xD),,.
Hence, if p+ 3770, [ja; # 0, it follows that ¢ = Va(iv(9)/ (1 + 3 liay))
which implies HP(02*(xD),,Vz) = 0. A similar argument also applies to
2*(log D),,. Notice that we also have

2*(log D), =0 (< —=1).

Summarizing these, we obtain the following theorem:

Theorem 2.6. (1) If Z;nzl liaj ¢ 7, for any p, we have HP(0°(xD),,
V&) =0, in particular, HP(2*(xD), Vz) = 0. o

(2) Ifzgnzl Liaj #1,1-1,1-2,-- -, for any p, we have HP(£2*(log D), Vz) =
0, in particular, HP({2(log D), V) = 0. Here, we set | = Z;”:l l; =
deg P.

2.7 Filtration of Logarithmic Complex

For the imhomogeneous case, we introduce a filtration by degree on the log-
arithmic complex, and compare the cohomology of the associated graded
complex with that of the cohomology of logarithmic complex for the homo-
geneous case. To study this difference, Proposition 2.2 proved in § 2.5, which
gives a representation of logarithmic differential forms, will be essentially
used.

2.7.1 Filtration

Denote the highest homogeneous component of non-constant m polynomials
Pj(u), 1 < j <m by Pj(u) and its degree by [;, respectively. In this section,
for P; we use the symbols defined in § 2.5.1, and for ?j we use those defined in
§ 2.6.1, without notice. Let us define a filtration on 27 (log D). By definition,
¢ € 27(log D) can be expressed uniquely as ¢ = a/ P, a € £27(C™). As the
degree of Pisl = Z;”:l l;, we formally define the degree of 1/P by —[, and
when the degree of « (cf. § 2.6.3) is p + I, we say that ¢ is of degree p and
denote it by deg ¢ = u. Now, we define:
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Definition 2.4. Let F,27(log D) be the space of logarithmic p-forms, which
may have poles along D, of degree at most u:

F,2%(log D) := {p € 2°(log D) | degp < u}.

The sequence F),2?(log D), ;v > —1 + p of subspaces of 2P (log D) is called
an increasing filtration.

Now, let us show that this filtration is compatible with the covariant differ-
ential operator V,,, i.e.,

V,F,02"(log D) C F, 2P (log D). (2.75)

For ¢ € F,,2?(log D), by definition, we have ¢ = o/ P, a € 2P(C"™), dega <
p+1, and 22 Ao =B € QPF(CM). Since dp = (da — 8)/P and the degree
of da — 3 € PTH(C™) is at most u + I, we have dp € F, 2" ' (log D). In
the formula w A ¢ € 2Pt (log D), since the degree of w = Zozj% is 0, we
see that the degree of w A ¢ is at most u. Hence, Vi, € F, 2P ! (log D) is
proved.

By (2.75), (F.2(logD),V,), p > —l (2(logD),V,,) is an increas-
ing sequence of subcomplexes, and defines a filtration on the complex
(£2*(log D), V). The associated graded complex with respect to this filtra-
tion is the complex (Gr[ 2*(log D), Grl (V.,)), p > —1 defined by

Grf $2°(log D) := F,,02*(log D)/ F,,_12*(log D)

with the differential G (V,,) naturally induced from V..

2.7.2 Comparison with Homogeneous Case

Now, to compare (Gr[ 2*(log D), Gr[ (V.,)) defined above with (£2°(log D),,,
V&) defined in § 2.6.3, let us define a natural homomorphism

ab Griﬁp(log D) ——— 2P(log D),

as follows: by definition, ¢ € F,2P(log D) is expressed as ¢ = o/P, o €
N2P(C™) and dega < p + I. Let @ be the homogeneous component of a of
degree yu + [, and set = @/P. First, let us show that g € 27(log D),.
Since ¢ is a logarithmic differential form, we have % Aa =€ PTHC)
and deg P = [, dega < p + 1 imply deg 8 < p + [. Taking the homogeneous
components of both sides dP Ao = P of degree j1+421, we have dPA@ = P 3,
where 3 is the homogeneous component of 3 of degree y + I, which implies
® € 2P(log D). On the other hand, since % is 0 or homogeneous of degree p
by construction, we obtain % € 2P (log D),,.
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Now, associating ¢ € F,,2?(log D) to @ € 2P(log D),,, it clearly becomes
a homomorphism. Since the kernel of this map is F),_1 27 (log D), it induces
the map of, we are looking for, which is, in addition, injective. Next, let us
show that it defines a homomorphism of complexes

oy (Grf()'(log D),Gri(vw)) ——— (2*(log D), V)
by collecting of,, 0 < p < n. Here, for p € F,2P(log D), we set
[¢] := ¢ mod F,_12"(log D), ©:= oy ([#]).
Then, we have

(Voool) (e) = dp+ Yo, B2 A7

ap;
= (de+) 05— N )
J

- (JZ"H o Grf(vw))([ﬂ),

which implies that o}, is a homomorphism of complexes.

2.7.3 Isomorphism

As a homomorphism o? is injective, settin
’LL b

N?(log D),, := £2”(log D),,/Imo?,

we obtain the short exact sequence of complexes:

0 — GrE2*(log D) ~* 2*(log D), — N*(log D), — 0. (2.76)
Then, we have the following important lemma.

Lemma 2.20. If the highest homogeneous components J_Dj of m polynomials
P;, 1 <j <m of degree l; satisfy Assumption 2, then ok is an isomorphism
for p#mn — 1. Hence, we have N?(log D),, = 0.

Proof. It suffices to show that of is surjective for p # n — 1. Suppose that
0 <p < n—2. By Assumption 2, Fj’s are relatively prime to each other, and
by (2.58), @ € 27 (log D),, is expressed as follows:
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% =a/P, @ec P(C"), @ is homogeneous of degree p + 1,
dP;
?—J Aae PTHC™), 1<j<m.
J

Hence, @ satisfies the condition of Proposition 2.2 and is expressed as follows:

o~ dP;
a:Pl"'Pm{aO+ZP_?Aaj+"'
j=1 1

dP; dP;
+ Z SN A ?]pajl”'jp},

1<j1<-<jp<m ° J1 Jp
T =V (CTY -
Qj,...j, € £2P77(C™) : homogeneous of degree p.

Setting

dp; dP;, _
+ > p_.jA"'A?ajwjp,

1<ji<<jp<m = 71 »

by the definition of o7, we have o%,([¢]) = . For p = n, by the definition of
logarithmic differential form, we have 2" (log D) = %Q"(C"), 2"(log D) =
%Q” (C™). This together with the definition of the filtration F), implies the

surjectivity of o};.

2.8 Vanishing Theorem of the Twisted Rational de
Rham Cohomology

In this section, we assume that for the highest homogeneous components
?j of m polynomials P;, Assumption 2 is always satisfied. Here, under this
condition, we show the vanishing theorem of the twisted rational de Rham
cohomology, i.e., that they are 0 except for H"(£2°(xD),V,,). By this fact,

Theorem 2.2 and Theorem 2.5, we obtain
dim H"(£2(xD),V,) = (=1)"x(M)

which is extremely important for applications. For some concrete cases, it of-
ten happens that the dimension of the left-hand side can be computed rather
easily by the right-hand side (cf. § 2.2.14). The proof proceeds according to
[Kit-No]. See also [Cho].
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2.8.1 Vanishing of Logarithmic de Rham Cohomology

We use the symbols defined in the previous sections. When Z;n:1 lioj #
I,1 —1,---, Theorem 2.6 (2) implies that H?(02°*(log D),Vs) = 0 for any
p. Applying this result to the exact cohomology sequence associated to the
short exact sequence of complexes (2.76), we obtain an isomorphism

HP"'(N*(log D),,) — HP(Gr}, 2*(log D), Gr} (V.,)). (2.77)
By Lemma 2.20, we see that N?(log D), is 0 for p # n — 1 which implies
H”(Grfﬂ'(log D), Grf(vw)) =0 (p#n). (2.78)
From this, we obtain the following result.

Theorem 2.7. Suppose that the highest homogeneous components ]_Dj of m
polynomials Pj, 1 < j < 'm satisfy Assumption 2 and Z;n:l Loy #1,1-1,---.
Then, we have

HP(£2*(log D), V) =0 (p #n).

Proof. Let p # n and take ¢ € 02P(log D) satisfying V¢ = 0. Let the degree
of ¢ be u and denote the element of Grf 2?(log D) corresponding to ¢ by

[p]. We have Gr['(V.,)([¢]) = 0. By (2.78), we can choose 1, € £2°~!(log D),
deg 1, < p in such a way that

Yu—1:=¢ — Voo, € F,_102(log D)

holds. Since we have V,¢,—1 = Voo — VE)’L/JH = 0, we can apply the same
argument to ¢, ;. Repeating this, by noting that F,_;_12P(logD) = 0,
we can choose ¢, € F,2”(log D), p— 1 < v < p in such a way that ¢ =
Z’;:pfl V.1, holds. This is what we should show.

2.8.2 Vanishing of Algebraic de Rham Cohomology

To show that the twisted rational de Rham cohomology HP(§2*(xD),V,,)
vanishes for p # n, we state the following facts:

(1) *(«D)=|J P"2*(log D),

k=1
(2) (P7*0*(log D), V,,) is a subcomplex of (2*(xD),V,,).
Since (1) is evident, let us show (2). For ¢ = ¢/ P¥, 1 € £27(log D), both d
and % A1) belong to 2Pt (log D) by Lemma 2.16. On the other hand, since
we have
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Ve =P7% dp+) (a; - k)dp—? A (2.79)
=1 /

by simple computation, with the fact mentioned above, we obtain V,¢ €
P~kQP+l(log D). Hence, (P~*02*(log D), V,,) becomes a complex.
Now, we consider an isomorphism

el : 2P(log D) ——— P~*2P(log D).
p ——— ¢/P*
Denote the covariant differential operator with respect to the connection form
< dp;
wlk) =3 (g — ) 5
j=1 J

by Vi (2.79) implies V, o€}, = siﬂ o V() Hence, €}, defines an isomor-
phism of complexes

er : (2°(log D), Vo x)) (P~*02*(log D), V.,),

passing to the cohomologies, we obtain an isomorphism
HP(02*(log D), V) ~ HP(P*02*(log D), V.,). (2.80)

Applying Theorem 2.7 to the left-hand side of the above formula, under the
assumption Z;nzl li(aj—k)#1,1—1,-- -, the left-hand side of (2.80) becomes
0 for p # n. Hence, under the assumption Z;n:l lja; ¢ Z, we have shown

HP(P7*0*(log D), V,) =0, k€ Zs
for p # n. Since we have 2°(xD) = (J;—, P~"02°(log D), we obtain
HP(2*(xD),V,,) = 0 for p # n. Summarizing these, we obtain:

Theorem 2.8 (Vanishing theorem of twisted rational de Rham co-
homology). Suppose that the highest homogeneous components ?j of poly-
nomials Pj, 1 < j < 'm satisfy Assumption 2 and 377" ljo; ¢ Z. Then, we
have

HP(2*(+D),V.,) =0  (p #n).

In particular, we have
HP(M,L,)=0 (p #n).

Remark 2.8. By (2.56), Theorem 2.8 signifies the fact that the algebraic de
Rham cohomology HP (M, (£2},., Vw)) vanishes for p # n.
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By Theorem 2.2, we obtain the following corollary.
Corollary 2.2. dim H"(2*°(xD),V,) = (=1)"x(M).

When M = C" \ UD; satisfies Assumption 1 and 2, one can compute
dim H"(£2*(xD), V,,) explicitly by Theorem 2.3 and Corollary 2.2. This is
summarized in the following corollary:

Corollary 2.3. If M = C" \ UD; satisfies Assumption 1 and 2, then the
formula holds:

dim H™(£2°(+D), V.,)

m
1
=(=1)"{ the coefficient of 2™ in (1 — z)™! 31;[1 m

Remark 2.9. The assumption of Corollary 2.3 is satisfied for an arrangement
of hyperplanes in P" in general position defined in § 2.9.1. In this case, each
l; becomes 1, hence we have

n

dim H™(2°(+D), V,,) = (m - 1) .

This apparently coincides with the results obtained in § 2.9 by direct algebraic
computation (cf. Theorem 2.11).

2.8.3 Two-Dimensional Case

When M is of dimension 2, the vanishing theorem of cohomology holds under
a weaker assumption than Assumption 2. Below, we explain this. Assuming
Z;nzl ljaj ¢ Z , by Theorem 2.6 (2) and the exact cohomology sequence
associated to (2.76), we obtain

H(Grl 2*(log D), GrE (V.,)) =0,
HY(Gr} 2*(log D), Gr} (V) ~ H*(N*(log D),,). (2.81)

Here, we assume that the irreducible components of P = P; - - - P,,, are mul-
tiplicity free. It turns out that the same holds for P = P;---P,,. Then,
we can conclude 2°(log D) = 2°(log D) = Cluy,us]. In fact, by definition,
f € 2°(log D) can be expressed as

f=a/P, a € Clu,us],

and we also have
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dpP
5= g1duy + godus, g1, 92 € Cluy, us). (2.82)

Notice that, by the assumption on P, P and 2 T are coprime. (2.82) implies

gi a = Pg;, i = 1,2, but, by the above remark, P divides a and hence

f € Cluq, us).
By this fact and the definition of the filtration on £2°(log D), we have

F,2°(log D) = {polynomials of degree at most u},
and similarly,
2°(log D),, = {homogeneous polynomials of degree y1}.

Combining these and returning to the the definition of 02, we see that
P Grf()o(log D) — 2°%(log D),, becomes an isomorphism which implies
N°(log D),, = 0. Hence, by (2.81), we have shown H'(Grk 2*(log D), Grk
(Vw)) = 0. Thus, we have

H?(Grf 2*(log D), Gr} (V.,))=0, p=0,1.

For the rest of arguments, repeating those of § 2.8.1 and 2.8.2, we conclude
HP(2*(xD),V,) =0, p = 0,1. Summarizing these, we obtain the following
theorem:

Theorem 2.9. Let ?j be the highest homogeneous components of polynomi-
als Pj, 1 < j < m in two variables. If the irreducible components of the
product P --- Py, are multiplicity free and Z;n:l lia; ¢ Z, we have

HP(Q2°(+D),Vu) =0 (p#2).

By Corollary 2.1, 2.2 and Theorem 2.9, we obtain the following corollary:

Corollary 2.4. I[f M = (C2\U;":1 D; satisfies Assumption 1 and the assump-
tion of Theorem 2.9, then we have the following formula:

dim H*(2°(+D),V,,) = %(m—l)(m Emjz —1)

+ 0>« )1 —1) +§m:l—1
j=1

1<i<j<m

2.8.4 Example

In the proofs of Theorem 2.8 and 2.9, we showed N?(log D),, = 0 for p # n—1
under Assumption 2, but since it suffices to show H?(N*(logD),) =0, p #
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n — 1 by (2.77), we may say that this assumption was too strong. Below, we
explain an important example where the twisted cohomology vanishes even
if it does not satisfy the assumption of Theorem 2.9. We owe this example to
J. Kaneko. The Appell hypergeometric function Fy, discussed in § 3.1.8, will
be shown in § 3.3.7 to have the integral representation up to a constant:

//Az( )u?luS‘?(l —uy — u2)®® (urug — x1ug — Taug)“duy A dug.  (2.83)
w

Take for Py, P», P3, Py asuy, us, 1 —u1—us, u1us—x1u —Iousg respectively, we
have PPy P3Py = (ujuz)?(—u; —uz) and it does not satisfy the assumption
of Theorem 2.9.

u; =0

u1 u2—$1 UO ul_xg UO UQ = 0

uy=0

uO_U’l_uQ = O

Fig. 2.9

Adding the line at infinity to a curve P = 0 in C2, we regard it as a curve
in P2(C). Applying the coordinate transformation of P?(C)

—Uu —U2

U1 V2

1—U1—UQ, 1—U1—UQ’

which sends this curve to itself, by simple computation, the integral (2.83)
transforms to the integral:

4
//A~2 H Q;(v1,v2)% dvy A dus, (2.84)

@) j=1

where
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Q1 =v1, Q2=v2, @Q3=1-—0v1—0y,
Q4 = m1v1 + 2202 — 2107 + (1 — 21 — T2)v10y — T203,
br=ai, fa=az, [3=-ar—az—a3—2a4—3, [1=ay.

Here, we have QQ,Q3Q, = v102(—v1—v2){—z10] + (1 — 21 —T2)v102— 2203 },
and when (1 —x; — m2)2 — 4x1x9 # 0, for general x1,x2, this becomes the
product of five irreducible polynomials and it satisfies the assumption of
Theorem 2.9. Hence, under the assumption 81+ 2+ 03 +20, = —az3—3 ¢ Z,
we have HP(M, L,,) = 0, p # 2, which implies H?(£2(xD), L,,) =0, p # 2 by
the comparison theorem.

Remark 2.10. As Figure 2.9 shows, one can easily compute the Euler charac-
teristic of M, indeed it is x (M) = 4. By this, we have

dim H?(2°(+D), V) = 4.

2.9 Arrangement of Hyperplanes in General Position

In this section, we use the tools and the results we have developed up to now
to study the twisted de Rham cohomology associated to arrangements of
hyperplanes in general position in detail. The results obtained in this section
will play an essential role in the research of hypergeometric functions of type
(n+1, m+1) stated in Chapter 3. In this section, we always assume m > n+1.

2.9.1 Vanishing Theorem (ii)

Suppose that the arrangement of m hyperplanes {P; = 0} defined by m
polynomials of degree 1

Pj(u)=$0j+$1ju1+~-~+xnjun, 1<5<m

in n variables uq, ..., u, is in general position, that is, any (n +1) x (n+ 1)
minor of the (n + 1) x (m + 1) matrix

xOl 1'02 ...... xom 1
xll x12 ------ xlm 0

=1 . ) (2.85)
xnl l’n2 ...... xnm 0

is not zero. Then, it is clear that any (n + 1) X (n 4+ 1) minor of the n x m
matrix
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X191 Tyg - T1im
" (2.86)
Tpl Tpo - Tnm
is not zero. From this, we see that P, ..., P,, satisfy Assumption 2, hence,
under the assumption Z;nzl o ¢ Z, Theorem 2.8 implies
HP(2*(xD),V,) =0 (p#n). (2.87)

2.9.2 Representation of Logarithmic Differential
Forms (ii)

We would like to study H"(£2*(xD), V,,) in detail by using the filtration on
£2°(xD) introduced in § 2.7. For this purpose, let us prepare three lemmata.
First, we extend the idea of partial fraction expansion for one variable to the
case of several variables. Since, any (n + 1) x (n + 1) minor of (2.85) is not
zero by assumption, for n 4 1 values Pj, ..., P, , we can solve

Toj, + T, U+ Tpj U = Py, 0Sv<n

with respect to 1,uq,...,u,, and it can be expressed as linear combinations
of Pj,,...,P;, over C (or to be precise, if we regard x;; as parameters, then
as linear combinations over the field of rational functions C(z;;)). With this
remark, let us decompose g(u) = ui*---u" /Py - Py, v = (v1, -+ ,Vn) €
7%, into simple fractions. First, when |v| > 0, assuming 1 > 0 for simplicity,
there exist constants ¢j, 1 < j <n+1 such that

uy=c1Pr+ -+ cpr1Ppy1-

Hence, we have

n+1 _

P
g(u) = Cj———.

= PIPij

Next, similarly for |v| = 0, we have

n+1

1= chpj
j=1

for some ¢; € C, from which we obtain

1 n+1 1
u) = = c; —
9(w) PPy, ; ‘PP P,
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By repeating this operation as far as we can, we finally arrive at the formula:

a;(u)

——Z (for lv|>m—n
u11/1...uZn zJ:lepjn( | ‘— )
P ---P, cy (for [v] < m — n)

- le"'Pjn )

where for J = {j1,...,dn}, 1 <j1 < -+ < jn < m, ay(u) is a homogeneous
polynomial of degree |v| — m +n and ¢; € C.

In the above formula, for |v| > m—n, we can further reduce it by expressing
the polynomial a;(u) as a polynomial in Pj,, ..., P;,. Let us summarize the
final formula obtained by this reduction in the following lemma.

Lemma 2.21. A fraction a(u)/P; - - Py, with a polynomial a(u) € Cluq, - --
uyn] of degree p admits the partial fraction decomposition as follows:

m
1
ap(u) + Zaj(u)ﬁ +F
=1 !
a(u) @y, ()
S vy el s,
Proe-Po 1<tz T Fin
cy
J J1 In

where aj,...;, (u) is a polynomial of degree p —m+ v and ¢y € C.

Proposition 2.2 assures us that we can express an element of 2?(log D),
0 < p < n — 2 concretely. For an arrangement of hyperplanes in general
position, if the degree of an element of £2"~!(log D) or 2" (log D) in question
is not negative, applying the above lemma, we can obtain a similar expression.
To explain this, we simplify the symbol on minors as follows:

First, we consider ¢ € 27 (log D) with deg¢ > 0. By definition, we have

a(u)

=7 >m —
B p,dw A Adun,au) €Clul, dega = m—mn,

P

hence, Lemma 2.21 implies that ¢ is the sum of elements of the form

s, ()

P; ...pjudu1 A Ndup,  degaj,..j, = dega —m +v.

Since any n x n minor of (2.86) is not zero, the rank of n x v matrix
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becomes v and there exists a v x v minor which does not vanish. For simplicity,

we assume (1 2 o V) # 0. By simple computation, we have
JirJ2 - Ju
19 ...y
dP;, N---ANdP;, Nduypy A+~ Ndug = | . . dug A A duy,
,71 32 e jy
from which, by setting J = {j1,...,J,} and using multi-indices, we obtain
aj(u)
dui A+ ANd
Ppy t
aP, ap, | as()
= Ao A A dtysr A Aduy p .
Py, P; x(lJV) o "

As degay = dega —m + v, the degree of (n — v)-form in { } is
degay+ (n —v) =dega —m+n =degp.

Hence, when the degree p of ¢ € £2"(log D) is non-negative, ¢ can be ex-
pressed as the sum of elements of the form
dP; P;
I A LA ab;,
bj b

N @jrojus Pirg, € 2"7V(C"),  degj,...j, = p.

Second, we show that a similar expression also exists for ¢ € 2" (log D),
1= deg e > 0. To simplify the notation, we set

wdug = (—1)"Yduy A Adug A+ A dug,.

Notice that
du; A *du; = duqg A -+ A duy,.

By definition, ¢ can be expressed as
1 n
o= P ;bi(u) s du;, b; € Clul,

and we have degb; = u+1+m —n > m—n. Hence, by Lemma 2.21, we have

_— = ——— degb; s =pu+1,
P ---P, EJ:P]&"'P]'" g0i,g = K
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with J = {j1,...,7n}, and ¢ can be finally expressed as

@:iz%*dui.

i=1 J J1 n
In the right-hand side of this formula, since

1 n

le ’ Jn 521

has to be a logarithmic differential form in a neighborhood of (\/_,{P;, = 0},
we obtain

P' n
dP# A big(u) * du; € 2"(C") (2.88)
Jv i=1

by definition. On the other hand, z (j j j ) # 0 implies that both
1o in

{du1,...,du,} and {dP;,,...,dP;,} are bases of T*M. Hence, by a general
theory of exterior algebra, the change-of-basis matrix from {xdu, ..., *du,}

to {dPj, A--- A dj-jz, A---ANdPj, ,1 < v <n}is given by the matrix whose
components are (n — 1) X (n — 1) minors of the matrix

Hence, there exists g;;, € C (to be precise, C(x;;)) such that

1<1<n, gijye(C.

n?

n
*du; = Zgijl,dpjl A~ ANdPj, N--- NdP;
v=1
Hence, -1, b;,(u) * du; is rewritten as

Z(—l)y_lcjy (u)del VARERIVAN CZB]‘V VARERIVAN de

v=1

n’

¢, € Clul, degcj, = p+1.
Hence, (2.88) becomes

1
P_'ij (u)del VAR de” € (Z”((C”)

Jv
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which implies that P;, divides c;,. Hence, setting ¢, = Pj,cj,, ¢;, is a
polynomial of degree p. Thus, ¢ is rewritten as follows:

o= ZZ 1—cngdelA “NdP;, N--- NdP;,
J v=1 T n
¢;, € Clul, degcj, = p

The rest is a simple calculation and we obtain a desired expression. Summa-
rizing this, we obtain:

Lemma 2.22. Suppose that ¢ € 2P(logD), p = n—1 or p = n satisfies
u:=degp > 0. Then, ¢ can be expressed as follows:

o= ¢O+Z A% : (2.89)

dP; dP,
+ > LR

P. Piredps
e J1 Jp
1<ji<-<gp<m

©jrj, € PTV(CT),  degey, .., = p.

Moreover, when ¢ € 2" (log D), degp = —1, we have ¢ = 0.

Looking at the proof of Lemma 2.22, we see that the assumption p = deg ¢ >
0 is used to state that ¢;,..,, of (2.89) is of degree p. If we remove this
assumption, we would not have the assertion on the degree of ¢;,...;, but the
expression (2.89) itself is still valid. That is:

Corollary 2.5. Forp=n—1 orp=n, ¢ € 2(log D) has the expression:

" dP;

_ LA 2.
@ soo+; 7 et (2.90)
dp;, dp;,

+ E o A P, s

1<j1<<gp<m = I

P, € VT,

2.9.3 Reduction of Poles

As the final preliminary, we show a kind of comparison theorem between the
cohomology of the logarithmic complex and the twisted rational de Rham
cohomology. This assures that for p =n — 1, n, a rational p-forms with poles
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of higher order can be reduced to that of logarithmic poles in the same
cohomology class.

Lemma 2.23. Suppose that p =n—1 orn , and o ¢ Zso, 1 < j < m.
Then, those ¢ € 0P(xD) satisfying Ve € (1/Py--- Pp)2PTL(C") can be
expressed as

o=v+Vu.B, e P(logD), Be P (xD).
Proof. ¢ € (2P(xD) can be expressed as
©=¢/P"... Pk GerCh), kj>1, 1<j<m.

First, let us show that it suffices to prove: when a k; is bigger than 1, there
exists a € 2P(C"), B € 2P~1(xD) such that

p=a/PP... P P 1V, (2.91)

Admitting this, by V,(a/Pf - P77 PEn) = Vo € Sorti(cm),

J
we apply the same argument repeatedly to cu/Plk1 L.pht

f -« Pkm - and we
see that ¢ can be finally expressed as

o=0a /PP, + V.0, o cnPC"), [ cQP (D).

On the other hand, since we have V,(o//P) = V¢ € £02PTH(C"), we can
apply Lemma 2.17 and show o’ /P € 2?(log D).
Now, let us show (2.91). By computation, we have

—/TI P {dso+Z B) P NP} e PH(CY)

J

and k; > 1, 1 < j < m implies

dg0+z a5y AG e P,
]

As ¢ € 2P(C™) and P;’s are coprime to each other, we see that (o — kj)% A
J

@ € PFTL(C) for each j. By the assumption o ¢ Z~o, we have

P.
Zinge o,
P;

and we can conclude @/P; --- P, € £2P(log D) by (2.58). Here, by Corollary
2.5, we obtain the expression for ¢:
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o="r- {800"‘2 Ngj+

ap; dp;,
+ Z #/\.”/\ Pjpwjl ]p}

1< <jp<m =7 »
Pjr-j, € PV (CY).
Hence, ¢ = @/Pf* - .- Pkm is the sum of terms of the form

@15/ Pf - P, (2.92)

where we set [p]; := Py Py, P“ Ao A Y J” Nog, J =4{j1,.- i}, 1 <
J1 <+ < jp <m. For sunph(nty7 assuming k;1 > 1, let us show that we can
reduce the order of a pole of (2.92) by 1. We con51der two cases separately.

(1) When 1 ¢ J, [¢]s can be expressed as Py x [a p-form with polynomial
coefficients], hence (2.92) can be written as

[a p-form with polynomial coefficients]/Pf* ' Py2 ... pkm.

(2) When 1 € J, we assume that J = {1,...,v}, for simplicity. Then, we
have

[LTO/L] =dPy N---NdP, A ( V41 Pm(zJ).
Setting

g=dPy A+ NdP, A (Pyy1-- Pu@y)/Pf ' Py2 - Pim

and calculating V&, we easily obtain the formula:

(6]
VW§:((X1—]€+1)P1]¢1”_P7/%M

1 APy A--- NdP, Nd(Pyy1--- Pn@y)

(=D Pfl Lpkz... pln
dP; dP “NdP, N (P, - Pno
+ Z k +1) 2 kl 1 k2( +1 mL)OJ)
Pt Pj Py P, R

The second and the third terms of the right-hand side of the above formula
apparently have the form n/PF " Py2 ... Pkn 5 € QP(C"). On the other
hand, since the condition oy ¢ Z~( implies a1 — k + 1 # 0, (2.92) is finally
expressed as

1 n n
—ki+1 pRlPy . P

Vu(€/(aa =k +1)),
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and the order of a pole is reduced by 1.

2.9.4 Comparison Theorem

With these preparations, we show that a homomorphism of cohomologies
ts : HP(£2*(log D), V) — HP(2*(xD),V,), p=0,1,....,n

induced by the natural map ¢ : (2°(logD),V,) — (£2°(xD),V,) is an
isomorphism under the assumption «o; ¢ Z (1 < j < m), 27:1 o ¢ 7.
First, for 0 < p < n — 1, by Theorem 2.7 and 2.8, both sides become zero,
hence are isomorphic. Second, let us show the case when p = n. First, we
show that ¢, is surjective. By Lemma 2.23, ¢ € £2"(xD) is expressed as

o=1+V.8, vec2"(logD), peN"xD)

which implies the surjectivity of ¢.. Second, we show that ¢, is injective.
Suppose that 1 € 2"(log D) can be expressed as

P =Vup, p e Qn_l(*D)'

Since we have V,p = 9 € %Q”((C), Lemma 2.23 implies that ¢ can be
expressed as

p=a+V,3 ac2"ogD), B2 %(xD).
Hence, we have
Y =Vyup=V,a
which implies the injectivity of .. Thus, we obtain the following theorem.
Theorem 2.10. For an arrangement of hyperplanes in general position, un-

der the assumption a; ¢ Z (1 <j <m), 3201, a; ¢ Z, we have

HY(Q*(+D),V.) =0 (for p#n),
H™(02°(xD), V) ~ H™(£2*(log D), V.,).

2.9.5 Filtration

By the above theorem, it suffices to compute H"(£2*(log D), V) to determine
the twisted rational de Rham cohomology. Here, let us study the filtration
F,, on 2*(log D) introduced in § 2.7 in detail for this case. Simplifying the
notation, we use the symbols:
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QP(C™), ={p € 2P°(C"™) | ¢ : homogeneous of degree v},

2P(C")<v={p € 27(C") | deg p < v},

1 ; ._del dep
1,y dp) = P, /\.../\P_jp.

Recall that N"~*(log D),, is defined as the cokernel of the injective homo-
morphism .
. Gri()”_l(log D) — 2" '(log D),

and by § 2.8.1, we have an isomorphism
H™(Gry 2*(log D),Gr/[ (V) ~ H" ' (N*(log D),.) (2.93)

under the condition ) «; ¢ Z.

First, notice that the degree of a p-form ¢ with polynomial coefficients is
at least p. By the above remark and Lemma 2.22, £ € F1 2" 1(log D) can be
expressed as

= 0ty s dn-1ndus + DO Tn2) A jruas
é-jl"'jnfl € QO((CH)SI’ g.jl"'jn72 € Ql((cn)ﬁl

Then, by the definition of the degree of a logarithmic differential form defined
in § 2.7.1, each term @(J) A&y, J = {j1,..-,Jp}, p = n— 1,n of the above
expression again belongs to F12" 1(log D). Hence, we have

Fi2""Ylog D) = ) (i1, dn-1) A 2°(CM) <y

+3 00, n2) A RYC)
Similarly, for F, 2"~ (log D), > 0, we have
F Q’ﬂ 1 logD Z ng /\ ‘anlf‘J‘((cn)SH
|J]=0 J

Here, by using the symbol

PIAQRE 7= o(J) A Q"R (CM) <y,

[J|=p

we summarize the above result in Table 9.1.
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Table 9.1
i R i JaX F,
0 |[n—1]AQG|In—1]A 0%, [n—l]/\()o<2 el =1 A0,
[n—2]A 021 |[n—2]A [n—2] AL,
[n 3]/\()z [n =3[ A2,
[n— 4] A 022,

2.9.6 Basis of Cohomology

Next, let us study 2"~ *(log D). In the case of an arrangement of hyperplanes
in general position, u1,...,u, are expressed as any n linear combinations of
?j, 1 < j < m over C. By this fact, retracing the proof of Proposition 2.2,
we can show the following lemma.

Lemma 2.24. For un >0, p € Q”fl(logﬁ)u can be expressed in the follow-
ing form:

=9 +Z P; /\4,0] ot (2.94)
Py AP
Ay T REARAL S ST
1<ji<<Jn—-1<m J1 Jn—1

Py, €27TTV(C

Proof. Since this lemma can be proved along almost the same lines as in
the proof of Proposition 2.2, here we only state important points. As @ €
2" 1(log D), is expressed as p = /Py Py, ¢ € 2" HC") 4m and we
have
dP;
—L Ay e V(T
J

by the definition of logarithmic differential form, we can show
dP; A =0 (mod P;), 1<j<m. (2.95)

For p > 0, when an (n — 1)-form + with coefficients in homogeneous poly-
nomials of degree p + m satisfies (2.95), it suffices to show that % can be
expressed as
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v= {¢0+Z jMﬁa - (2.96)
dP; dP;.
foy D)
1<j1 < <fn—1<m = 71 Jn—1

Vjrogy, € 2VTTT(C),e

Let us show this by induction on m.

First we show this for m = 1. Adjoining n — 1 homogeneous polynomials
of degree 1 Ps,..., P, to P; and regard it as a new coordinate. Then, we
remark that the homogeneity is preserved. Simplifying the notation and using

«dP; = (—1)~ APy A - AdDy A+ A dPy,
*1=dPy A---ANdP,,

we have the expression:
Y= Zal *dP;, a;(u) € QO((C”)M,RH.

By (2.95), we have

dPi1 Ay =ai(u) *1 =0 (mod Py),
which implies that P divides a1: a1 = P1a1, a1 € 2° (C™)y—n+1- Rewriting
1 with this formula, we have

@ = Piay *dP1 + dP1 A (Z(—l)“ai(u)dﬁg Ao A d/J_D\Z- A A dﬁn> )
=2

But, as

n —_—
GyxdPy € Q"HC"),, > (1) tagdPy A+ AdP; A--- AP, € 2"73(CT),,

=2

are evident, we could show (2.96) for m = 1.
Next, by induction, assuming that the case m is true, we derive (2.96) from
(2.95) for m + 1. For that, we assume that ¢ € 27" 1(C"),,1m41 satisfies

dP; A¢Y =0 (mod P;), 1<j<m+1

¥ can be expressed in the form of (2.96) by induction, but here, we have
Yjy.j, € 27717Y(C"),41. Following the proof of Proposition 2.2, we let
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N € Z>q be the biggest integer satisfying v;,...;, 7 0 and prove the assertion
by induction on N. Since the proof of Proposition 2.2 applies directly to this
case for N < n — 2, here we omit the detail. For N = n — 1, we have
Yirejn o € £2°(C"),41 which means that 1;,...;, , is a homogeneous poly-

nomial of degree p+ 1 (> 1). Hence, by using Pj,,..., P;,_,, Pm+1, we have
the expression:

n—1

Yjyojn 1 = E PV isin T Pmt1¥ii g _1im+1s
k=1

wjl"'jnflﬂ’ € ‘QO((CH):U"

Now, regarding this formula as in (2.69) of Proposition 2.2, by a similar
argument, we obtain the result for N = n — 1. Thus, the induction has been
accomplished.

Here, using the symbol
dP; dP;
[p] A QP = > —L A A= AQPIP(C),,
A , Pj P;
1<j1 < <gp<m P
we can summarize the above results as follows:
2" (10g D)o = [1 = 1) A 25,
2" LlogD)y =[n — 1A+ [n—2| A2}
......... (2.97)
Q"_l(logﬁ)uz[n—l]/\QB—I—[n—Q]/\Q/i—l— ~~~~~~ .
Combining Table 9.1 and (2.97), it clearly follows that for u > 0,
0371 : Grf()”fl(log D) — 2" '(log D),

is an isomorphism, hence, we have N"~!(log D),, = 0. Hence, by (2.93), we

have
H™(Grl 2*(log D),Gr} (V) =0, u>0.

Applying an argument similar to the proof of Theorem 2.7 to this result,
we can conclude as follows: any ¢ € 2"(log D) can be cohomologous to
¢ € F_102"(log D). On the other hand, by the definition of degree, we have

dul/\~-~/\dun90

Fa(log D) = =5 —p

(C")<m—n-—1.

By Lemma 2.22, we have F_1£2"!(log D) = 0 which implies
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dui A -+ Adug,

H"(2*(log D),V,,) ~ PP

QO(CH)Sm—n—L
As dim QO((C”)<m no1 = (m 1) the dimension of the above cohomology is

(mn 1)‘ We summarize all these results in the following theorem.

Theorem 2.11. For an arrangement of hyperplanes in general position, un-

der the assumption a; ¢ Z (1 < j <m), 27:1 a; ¢ Z, we have the formulas:

HP(§2°(+D), V) =0 (p#n),
a(u)

H”(Q'(*D),vw) ~ {Pl—

dul/\~~~/\dun\dega§m—n—1},
P,

dim H™(2°(+xD), V.,,) = (m N 1) .

n

Let us provide another expression of H"(£2*(xD),V,,). By Lemma 2.22, we
remark that Fp2" *(log D) is the vector space with basis ¢(ji,...,jn-1),
1<j1 <+ <jno1 <m, and FO02"(log D) is the vector space with basis
0,y gnyy 1 < j1 < -++ < jn < m. By the above argument, we can show

H"(2*(log D), V,,) ~ Fy82"(log D) /w A Fy82" *(log D).

On the other hand, as we have

W/\(P<j1,~~~7jn71> = Zakgoggajl,"'ajn*l%

we obtain

m—1

. Qg .
§0<ma]1,~~ a]n 1 Z - k jla"'v]n71>
k=1 am

in H™(2*(log D), V.,). Hence, as a basis of H™(£2*(log D), V), we can choose
(m 1) 1y s dn)y 1 < g1 < -+ < jn < m—1. Thus, we obtain the following
corollary.

Corollary 2.6. As a basis of H"(£2*°(xD), V), one can take

In [E-S-V], this result was extended to any arrangement of hyperplanes. The
contents of this chapter is mainly based on [Ao3] and [Kit-No].



Chapter 3

Arrangement of Hyperplanes and
Hypergeometric Functions over
Grassmannians

3.1 Classical Hypergeometric Series and Their
Generalizations, in Particular, Hypergeometric
Series of Type (n + 1,m + 1)

In this section, we introduce a hypergeometric function of several variables
with coefficients given by I'-factors. Under this formulation, we show that
the classically known hypergeometric series can be described systematically.

3.1.1 Definition

Let L = Z"™ be a lattice, and e; = (1,0,---,0),--- ,e, = (0,---,0,1) be its
standard basis. Denoting the dual lattice Homgz(L,Z) of L by LY, its element
a € LY is a Z-valued linear form on L. We use the notation on multi-indices

without notice: for

— n _ n
r=(T1,...,2,) €C", v=(v1,...,v,) € LY,
we set
¥ =gt earr, vi=ulepl
n
V] ::g Vi, g is the sum over all v € Z%,
=1 v
and

fora,ce C, a+cé¢Z<o, (a;c):=I(a+c)/I(c).
With these preparations, let us define a hypergeometric series:
Definition 3.1. When a power series

K. Aomoto et al., Theory of Hypergeometric Functions, Springer Monographs
in Mathematics, DOI 10.1007/978-4-431-53938-4_3, (© Springer 2011

103
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F((ak),x) _ Z HkEK(C:/’:v ak(y))wy (31)

defined for o € C and linear forms {ax | k € K} C LY on the lattice L
parametrized by a finite number of indices K, satisfies the condition

> an(e) =1, 1<i<n, (3.2)
keK

this series is called the hypergeometric series associated to {ay | k € K}.

The convergence of this series will be shown later in § 3.3. First, we show
that classical hypergeometric series can be obtained by taking the lattice L
and {ay | k € K} C LY appropriately. Let us start from the following simple
remark.

Remark 5.1. By the formula of the I'-function I'(2)I'(1 — z) = 7/sin7z, we
have

1/(a;n) = (—1)"(1 —a;—n), n € Zso, (3.3)
from which we obtain
(ar; ar(v)) = (=1)*M /(1 = ay; —ax(v)).

Decomposing K = K; [[ K2 and by the above remark, (3.1) can be also
expressed as follows:

_ [res, (ox; ax(v))
v HkEKg(l — Qk; —ak(l/)) -Vl

n .
L (enn)”
i=1

Below, we use an expression suitable for each purpose.

F((ag),x)

(3.4)

3.1.2 Simple Fxamples

The power series

(@ aW) TTi, (Bis i)
(y; e(v))¥!

Fla, (8),7) =Y

v

defined by n + 2 linear forms on L = Z"
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n
a(u):ZVi, bi(v) =v;, 1<i<m, C(I/):Zl/i
=1 3

satisfies the condition (3.2) and defines a hypergeometric series. This is of
classical type, indeed, it corresponds to

n = 1 Gauss’ hypergeometric series F(a, 8,7v;x)
n = 2 Appell’s hypergeometric series Fi(a, B, B2,7; 21, x2)
n > 3 Lauricella’s hypergeometric series Fp(«, (5i),7V; Z1,- .-, Tn)-

3.1.8 Hypergeometric Series of Type (n +1,m + 1)

As a direct generalization of the above examples, there is a hypergeometric
series studied by several mathematicians in special cases which is defined as
follows. Suppose that n < m, and consider the power series

(a0 I (3:b,0))
F((ai)’ (ﬁj)”}/vx) = Z = (i C(j/))l/’

defined by the lattice L formed by the set M, j—n—1(Z) of all n x (m—n—1)
matrices with integral coefficients and m linear forms

n—1

x¥  (3.5)

v

m—n—1
a;(v) = Z vij, 1<i<n,
j=1
n
bj(l/):ZI/”, 1<j<m-n-1,
:-L:lmfnfl
=33 v

Here, for v = (vij) € Mpm—n-1(Z>0), © € Mpm—n-1(C), we used the
symbols ¥ =[] xzyf, v! = [ wi;!. This certainly satisfies the condition (3.2)
and defines a hypergeometric series. Taking the results obtained in § 3.4
into account, we call it hypergeometric series of type (n + 1,m + 1). The

correspondence with classical types is as follows:

Gauss’ hypergeometric series type (2,4),
Appell’s hypergeometric series Fj type (2,5),
Lauricella’s hypergeometric series Fp type (2,n + 3).
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3.1.4 Appell— Lauricella Hypergeometric Functions (i)

The power series

(s a(v)) [Ti—y (B3 bi(v))
F(a, (8i), (vi); @) = n = x”
zy: [[iz (ise()) - !
defined by 2n + 1 linear forms on the lattice L = Z"

n
a(v) = Zui, biv)=v;, 1<i<n, c¢W)=v, 1<i<n
i=1

satisfies the condition (3.2) and defines a hypergeometric series. This is what
is called Appell’s Iy for n = 2 and Lauricella’s F4 for n > 3.

3.1.5 Appell— Lauricella Hypergeometric Functions (ii)

The hypergeometric series

Fllan, (9, 730) = 3 Hmles e Ly b)) o0

v; e(v))v!

defined by 2n + 1-linear forms on the lattice L = Z"
a;(v)=v;, 1<i<n, bw)=v, 1<i<n, cv)= Zyi

is what is called Appell’s F3 for n = 2 and Lauricella’s Fg for n > 3.

3.1.6 Restriction to a Sublattice

Here, to describe a relation between Appell—Lauricella hypergeometric series
Fp, Fp and hypergeometric series of type (n + 1,2n + 2), we begin with
the following consideration. Let I be a subset of {1,2,---,n} and take the
sublattice L; = Ziel Ze; of the lattice L. Considering the restriction by :=
ak|r, of ai to Ly in the definition of hypergeometric series given in § 3.1.1,
{bi | k € K} are linear forms on L; which apparently satisfy the condition

> biles) =1, iel.

keK
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Hence, it defines a hypergeometric series

Fr((an Z erK ?‘/kvbk:(’/l)) vr

zr.
i
Here, we set, for I = {i1, - i},

Z/[Z(Vil,...,uit)ELj, xIZ(l‘il,...,xit)G(Ct.

3.1.7 Examples

Let us apply the above consideration. Recall that hypergeometric series F' of
type (n+1,2n+ 2) is defined by 2n + 2 linear forms of the lattice L = M, (Z)

I/):Zl/ij, 1<i<n, bj(l/):ZI/ij, 1<j<n, C(I/):Zl/ij.
j=1

i=1 i,j=1

Here, as a subset of the set of double indices (i,5), 1 < 4, j < n, if
we take the diagonal component I = {(1,1),---,(n,n)}, together with
§ 3.1.5, we obtain Appell—Lauricella hypergeometric series Fp as Fr, and
if we take I = {(1,1),(1,2),---,(1,n)}, together with § 3.1.2, we obtain
Gauss— Appell—Lauricella hypergeometric series Fp.

3.1.8 Appell— Lauricella Hypergeometric
Functions (ii)

The hypergeometric series

W),
Flasd 0ol anm,cx -t

defined by n + 2 linear forms of the lattice L = Z"

n n
V):Zyi, b(l/):ZZ/i, c(v)=v;, 1<i<n
i=1 i=1

is what is called Appell’s Fy for n = 2 and Laricella’s F for n > 3.
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3.1.9 Horn’s Hypergeometric Functions

Horn found out all the hypergeometric series in two variables with the
conditions

Z ap(e;) =2, Z ar(e;)) =-1, i=1,2

keK keK
ak(e;)>0 ag(e;)<0

that are not the product of hypergeometric series in one variable. There are
14 such series which contain Appell’s four hypergeometric series. The result
is stated in [Erl], pp.224-225 as Horn’s list. Although the linear forms on the

lattice L treated above are always of the form ) v;, there are some in Horn’s
list which are not of this form. For example, the hypergeometric series

(060D (BH0)

V1!I/2! 1

Ga(a, Bim1,m2) =

defined by linear forms on L = Z?
a(v) =2va — 11, bv) =211 —1n

is such a case. Of course, our definition contains all these hypergeometric
series. It can be easily checked that the 14 series in Horn’s list all satisfy the
condition (3.2).

Remark 3.2. According to our definition of hypergeometric series (3.1), the
denominator of z¥ is v!. Hypergeometric functions generalizing further this
point are treated in Appendix A.

3.2 Construction of Twisted Cycles (2): For an
Arrangement of Hyperplanes in General Positiion

3.2.1 Twisted Homology Group

Let Hj = {u € C" | Pj(u) = 0}, 1 < j < m be a hyperplane defined by a
polynomial of degree 1 with real coefficients

Pj(u) = xoj + x15u1 + - + Tpjun, 1<j<m

in the complex affine space C™ with its coordinates (u1, - - ,u,), and consider
the affine algebraic variety M = C™ \ UT:l H;. Below, we assume that the
arrangement of hyperplanes, obtained by adjoining the hyperplane at infinity
H to Hj, 1 < j < m, is in general position in P"(C). That is, we assume
that any (n+ 1) x (n+ 1) minor of the real matrix
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xol ...... xom 1
xll ...... xlm 0

T = : .o S Mn+17m+1(R) (36)
xnl ...... xnm 0

never vanishes. Denote the connection form associated to the multi-valued
function

on M by w = dU/U and we use the notation defined in § 2.1 and 2.2 of
Chapter 2. First, by Lemma 2.8 and the comparison theorem we have

HY (M, L,) ~ H* P(A*(M),V.,,) (3.7)
~ H?""P(0*(xD),V,,).

Hence, by Lemma 2.9 and Corollary 2.6, we obtain the following lemma:

Lemma 3.1. Under the assumptions o; ¢ Z, 1 < j < m and 27:1 o ¢ Z,
we have:

! _
1. pr(M,EX) =0, p#n.

2. HY (M, L)) ~ H"(M, L)) ~ H,(M, L,)".

3. dim H' (M, £Y) = (m; 1) .

3.2.2 Bounded Chambers

Denoting H;nR™ by Hjg, the arrangement in R™ of the real hyperplanes
Hjgr,1 < j < m decomposes R" into several chambers. For two-dimensional
cases, it turns out that there are (", ') bounded chambers (Figure 3.1). Since
such a bounded chamber A is convex, hence simply connected, we can fix a
branch Up of U on A and forms A ® Ua which defines a twisted homology
class of HY (M, £Y). In fact, we show that these form a basis of HY' (M, LY).
Let us explain this fact for any dimension.

3.2.3 Basis of Locally Finite Homology

Enumerate the bounded chambers of R™ \ U;n:1 Hiras A,,1<v <s, as we
like. Considering the divisor
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n=2 m=25

The number of bounded chambers = 6 = (5 5 1)

Fig. 3.1

N m
D:=|JH;UH
j=1

of P™(C), Dand D UJT, A, are closed subsets of P"(C). We obtain the exact
cohomology sequence with coefficients in £, associated to the triple of spaces
(P*(C),DU]I, Ay, D):

— H" ' (DU]]A,, D) — HY(P*(C),DUJ[A) —  (3.8)
— H?(P"(C),D) — H*(DU]] Ay, D) — -+

On the other hand, there are the isomorphisms:
Hf (P"(€)\ D, £7)
~ HP(P"(C)\ D, L,)" (by Lemma 2.9 (2))
~ HP(P"(C), a sufficiently small tubular neighborhood of D, £,,)"
(since P"(C) is compact and D is normal crossing)
~ HP(P"(C), D, L.,)"
(ﬁ is a retract of a sufficiently small tubular neighborhood).

Similarly, we obtain
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g DU][AND. L) ~H(DU]] AW D, Ls),
H(P™(C) (DUHA ) ~ HP(P"(C),DU]] Av. £4)Y

Combining these isomorphisms with the dual of the exact sequence (3.8)
noting that M = P"(C) \ D, we obtain the exact sequence:
(3.9)

(M\ T A, £)) — 72 (] A0, £
— HY (M, L}) — HI M\ ][] A, £2) — = (] A L))
Since the first isomorphism of (3.7) holds for any C'*°-manifold M, we have

HY (M\[] A, £)) ~ 5P\ [] Av, £).

On the other hand, M \ T], A, is homotopic to
where Pj(u) = x1juy + -+ + T Uy

lf
- Hn+1

Hence, setting @ = Y o ﬁi, we obtain an isomorphism
(3.10)

=P (MN\ ] A, £Y) ~ H P (M, LY).

As each P; is homogeneous, by Theorem 2.6 (1), if the condition Z

Pji ) 10y ¢ L
is satisfied, then the twisted cohomologies of the right-hand side of (3.10) all

vanish anéi in (3.9), we have
HY(M\[]A.£)=0, p=n+1n.

Hence, we have shown an isomorphism
HY (] A0 L) ~ HY (M, £2). (3.11)

But here, as A, is convex, it is homeomorphic to R™, and we can fix a branch

Ua, of U on A, from which we obtain
I (T4, c) @C »®Ua,)
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By Lemma 3.1 (3), (3.11), and the above result, we have shown the following
lemma.

Lemma 3.2. Under the assumption Z;n:l a; ¢ Z, twisted cycles A, @ Ua,
defined by bounded chambers A,, 1 < v < (myjl), form a basis of HY (M, LY):

(")
HY (M, L)) ~ @ ClA, ®Ua,).

3.2.4 Construction of Twisted Cycles

For the one-dimensional case (in § 2.3), we constructed a twisted cycle A;(w)
associated to each interval A; = (2, x;41), and we can construct a twisted
cycle A(w) € Hy, (M, L) associated to each bounded chamber for an arrange-
ment of hyperplanes in general position. The idea is that since A is locally
the product of the one-dimensional case, we take the product of part of the
twisted cycles of dimension 1, and construct A(w) by gluing them following
a standard recipe in differential topology.

Since the symbols become complicated for the general case, for simplic-
ity, we assume that a bounded chamber A is surrounded by ¢ hyperplanes
Hy,--- ,H; (Figure 3.2) and for I C {1,2,---,t}, we use the following nota-
tion: Hy = (;c; Hi, A1 = AN Hy, Ty(e) := e-neighborhood of Aj, where &
is sufficiently small.

Fig. 3.2

Fix the standard orientation of R™ defined by the coordinates (u1, -+ ,up)
and introduce the induced orientation on A. First, we set
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Co = A \ UT[(S),
I

and introduce the same orientation as A. For any p € 0A, we can fix the
subset I C {1,---,t} satisfying

pGAI\UAJ‘

J2I

Then, we can choose a sufficiently small neighborhood W;(p) of p and local
chart (wq,- -+ ,w,) with the following conditions:

(1) The orientation on Wi(p)nR™ defined by its local charts (wy,--- ,wy)
coincides with the standard orientation on R™.

(2) Wi(p)={w e C" | |w;| <1, 1<j<n},
Wi(p)nA={w e R*0<w; <1, 1<i<k, |w;|<1, k+1<j<n},
Wip)nAr={w e R"w; =0, 1<i<k, |w;|<1, k+1<j<n},
Wi(p)nTr(e)={w € Wi(p)||w;| <e, 1<i<k}.

Now, let S1(0) be the circle with the center at 0 with radius € having the
positive orientation and with the fixed starting point €. We consider the n-
chain in W;(p)

i561(0) X eee X LSQ(O) x [=1,1]" 7",

cr(p) == d;, diy

Here, we assume that {wy, = 0} corresponds to the hyperplane H;, , setting
d;, = exp(2mv/—1a;, ) — 1, and introduce the product of the orientations on
cr(p) (Figure 3.3).

. —_— . x .
@E " h ' 1 ’ E @E

G (p)

c;;(p) is a
2-dimensional torus

Fig. 3.3

By using the uniqueness theorem of tubular neighborhood ([Mat], p.21),
gluing c;(p) constructed on each point of A\ UJ;I T;(e), we can construct
a twisted chain c¢;. From Figure 3.4, the reader may understand what can
be obtained by constructing “earthen pipes” around Aj is this ¢;. Now, by
setting
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i CoﬂW

W=W, (p)

Fig. 3.4 Conceptual diagram

Aw) =co + Z ch,

[I|=1 I
we obtain the following lemma:

Lemma 3.3. J,A(w)=0.

Proof. By the construction of each cr(p), if we can verify J,A(w) = 0
mod OW;(p), as the tubular neighborhoods glue together, we can conclude
O0u,A(w) = 0. Let us show this by induction on |I|: for |I| = 1, assuming
I = {1} and setting W := Wy (p) for simplicity (cf. Figure 3.4), we have

coNW = [g,1] x [-1,1]" 1,
1

caNW = —8X0) x [-1,1]" %,
d

As we have, modulo the boundary OW of W = {w € C" | |w; |< 1},
Ou(coNW) = —{g) x [~1,1]""* (mod OW),
Ou(c1 NW) = (&) x [~1,1]""! (mod W),

this implies J,(A(w) N W) =0 (mod OW). For |I| = 2, similarly, setting
I=1{1,2}, W = Wia(p) (cf. Figure 3.4), we obtain
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coNW =[g,1] x [,1] x [-1,1]"72, (3.12)

anNWw = disg(()) x [g,1] x [~1,1]"72,
1

craNW = i5;(0) X iS;(o) x [—1,1]"72.
dy do

Here, let us say a few words on ca N W: by the definition of cz(p), expressing,

by using the local charts (wa, w1, -+ ,wy), as
1
cNW = d—sg(()) x [—1,1]"71, (3.13)
2
(wa, w1, - ,wy,) defines an opposite orientation to that on R™ defined by
(w1, ws, - ,wy,), hence, the orientation on conW has to be opposite to the
product of the orientations in the right-hand side of (3.13). Hence, the formu-
las (3.12) hold with the orientation. Similarly as before, setting I = [—1, 1],

we see that

Du(coNW) = —(e) x [, 1] xI" 2 + [¢,1] x () x I" 2 (mod OW),

Du(cr NW) = (e)x[e, 1] x T2 + diSSI(O) x () x I""% (mod OW),
Ou(caNW) = —(e) x diSEI(O)xI’“2 — [e, 1] x (e) x I""% (mod OW),

Ou(ciaNW) = (g) x disg(()) xI"72 — disg(()) x (e) x I""% (mod OW),
2 1

from which we obtain 9,,(A(w) N W) = 0 (mod OW). Repeating this argu-
ment for each Wi (p), we obtain 9, A(w) = 0.

3.2.5 Regularization of Integrals

We have constructed in § 3.2.4 the twisted cycle A, (w) for a bounded chamber
A, 1 <v < (mgl)‘ By construction, as A, (w) is ¢ > 0 away from D =
U{P; = 0}, the integral fAy(w) HPjajdu -+ - du, makes sense for any a; ¢ Z
and for a;j € (C\ Z)n{Re; > —1} and we have

PYduy - duy, = / P dug - - - dug,. (3.14)
J e 117,
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In this sense, the left-hand side of (3.14) provides an analytic continuation of
the right-hand side of (3.14), which diverges when Ra; < —1, with respect to
the parameters aq, - - -, a.,, and we have concretely constructed the so-called
Hadamard finite part of a divergent integral. For a chamber A, , the operation
to construct the twisted cycle A, (w) is called a regularization. Then, since,
by Lemma 3.2, under the assumption Z;"Zl o 72,4, 1<v< (mgl) form
a basis of HY (M, L), the map

reg : Hfzf(M7 L)) ——— H, (M, L))
[A)] —— [Av(w)]

defines a homomorphism from HY (M, £Y) to H, (M, LY). On the other hand,
there also is a natural homomorphism

K Hy(M, L)) ——— HY (M, LY).

By construction of a twisted cycle, the support of k-reg(A,)— A, is contained
in any e-neighborhood of 9A, which implies that for any ¢ € A?(M), we

have
/ U-¢p=0.
rereg(Ay)—A,

By Lemma 2.9 (2), this means that the formula
k-reg(A,) — A, » 0

in HYf (M, £Y) which implies k-reg=1. As dim H,,(M, L))=dim HY (M, L"),
reg becomes an isomorphism. Summarizing this, we obtain the following
theorem.

Theorem 3.1. Under the assumptions o;; ¢ Z, 1 < j < 'm and Z;nzl a; ¢ 7,
(mgl) bounded chambers A,, 1 < v < (mgl) form a basis of HS (M, LY),
and the reqularization map

reg : H/ (M, L) —— Hn(M, L)
[Au] — [AV(W)]

becomes an isomorphism. Therefore, A,(w), 1 < v < (mn_l) provide a basis
of Hy(M, LY).

For J = {j1, -+ ,jn}, we abbreviate as @(J) := d}l;# Ao A %. By the
J1 In

above theorem, together with Lemma 2.9 (1), Theorem 2.5 and Corollary

2.6, we obtain the following corollary:

Corollary 3.1. Under the same assumptions, we have
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det(/Au(w)U~g0<J>) £ 0.

Here, 1 <v < (™~') and J runs over all J C {1,--- ,m — 1}, |J| =n.

3.3 Kummer’s Method for Integral Representations and
Its Modernization via the Twisted de Rham Theory:
Integral Representations of Hypergeometric Series
of Type (n+1,m + 1)

3.3.1 Kummer’s Method

To express an infinite sum series as an integral, Kummer [Ku| used an excel-
lent method described as follows. That is, suppose that, for an infinite series
> e o akbr, we could find nice functions satisfying:

(1) a continuous function U(u) on a bounded closed domain A of R” and
a series of functions ¢ (u), k € Zso;
(2)  [AU(u)pr(u)du = by [, U(u)po(u)du, k€ Zso

and / U(u)po(u)du # 0;

A
(3) the sum > .2, appr(u) converges uniformly to a continuous function
&(u) on A.

Then, we may have

> arby =Y a / U (u)pr (u)du/ /A U (u) o (u)du (3.15)

namely, the convergence of the series 21?;1 axrbr and an integral representa-
tion of the sum are obtained at the same time. Below, we call this Kummer’s
method.

3.3.2 One-Dimensional Case

By the above Kummer’s method, we would like to show that a general hy-
pergeometric series defined in § 3.1 converges and possesses an integral rep-
resentation. First, let us show this in the most simple one-dimensional case.
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As was shown in Theorem 2.11, for M = C\ {z1, - ,zn}, U = H;"Zl
(u—x;)%, z; € R, under the assumptions a; ¢ Z(1 < j <m), > a; ¢ Z, we
have dim H'(2°*(xD),V,,) = m — 1. Hence, only in the case when m = 2,
we have dim H'(£2*(xD),V,) = 1, and in this case, for any k € Z>(, there
exists a constant b, € C such that u*du «2 bydu in H(2(xD), V,,). Hence,
using the regularization reg(A) = A(w) of the interval A = (z1, z2), we have

/ U-ukdu:bk/ Udu, k¢€ Z>g
Aw) Aw) -

which corresponds to the case ¢y (u) = u* in the notation of § 3.3.1. Hence,
if the power series Y, aru® converges uniformly to ®(u) on A(w), the
sum ZZOZO arbr converges, and at the same time, we have ZZOZO apby =
fA(w) Uddu/ fA(w) Udu. In particular, taking the configuration of two points
as 1 = 0, zo = 1 and reducing the exponents aj, as by 1, Euler’s beta
function

/ w71 —u)*2 " du = I(ay)N(ew) /T (a1 + az)
A(w)

appears as the integral [ Alw) Udu. Hence, by an identity of the I'-function,
we obtain

/ U-uFdu = M/ Udu. (3.16)
Alw) (1 + az; k) Jaw

3.3.3 Higher-Dimensional Case

Using the notation defined in § 3.2, let us consider an n-dimensional case. As
dim H*(2*(xD),V,,) = (mgl), only in the case m — 1 = n, the twisted coho-
mology H"(£2*(xD), V) becomes one-dimensional and an argument similar

to § 3.3.2 applies. Normalizing an arrangement of n 4+ 1 hyperplanes as

Hi={u;=0}, 1<i<n, Hpp={l—us— - —u, =0}
set . .
U(u) = Hu;xtfl . (1 _ Zui)@n+1—1’ w = dU/U
i=1 i=1
A" ={u€eR"u; >0, 1<i<n, 1-» u; >0} (3.17)

First, as a generalization of Euler’s beta function, recall the Dirichlet integral
([W-W] p.258):
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n+1
/ Udu = [ T(es)/T(ar + -+ ans1). (3.18)
A (w) i=1
Using a multi-index v = (v1,- -+ ,v,) € Z™, by (3.18), we obtain

n+1
(O‘1§V1)"'(O‘n;’/n) F(Zz 1 a) .
n+1 | U - u”du.

(Z =1 @i \V|) [y I'(ei) Jan)

Summarizing, we obtain:

Lemma 3.4. Let A™(w) be the regularization of an n-simplex A™ in R™, and
suppose that the exponents of the multi-valued function U satisfy o; ¢ Z,
1<i<n+1, X" oy ¢ Z. Then, for v e Z", we have

st TEE)
(i esslvl)  TEE D) Jane

3.3.4 Elementary Integral Representations
To treat the hypergeometric series introduced in § 3.1, we rewrite (3.19) a

little bit by using (3.3). By 1/(2"11 i Iv\) — (1) (1 g — |y\),
we have

(13 1) -+ (s va) (B; V) :c/A”( Uy, (320)

ntl n+1 n+1
where ﬁzl—Zai, CZF(Z%)/HF(O@)‘
i=1 i=1 i=1

Introducing a redundant parameter v ¢ Z to the hypergeometric series (3.1),
by using (3.3), we rewrite it as

=3 [t 35

v keK 7 |
v |lv])(—x)”
=> 1 (wian(®)) - (1 =~ =|w)) - %
v keK I
Below, for simplicity, we set K = {1,--- ,m} and define the linear form a,, o

on L = 7Z" and the exponent a;,42 by
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Amya(V) = =11 — - —Un, Qpyoi=1—7, K"'=KU{m+2}.

By the condition (3.2), we have

Zak(ei):(), 1<i<n

keK*

from which we deduce

Z ar(v) =0

keK*

for any v € Z™. If we transform (3.20) by
n—m, o —ap V—aV), B-— amy2, —[V]— ami2(v),

by simple computation, we obtain

I (ewiaw(v)) :c/ U- [ (~ur)*®dmu, (3.21)

kEK* Amw)  kek
where
— Z ap
Hua’“ L. 1—Zuk) kEK* k, d™u =duq - dum,
keK keK (3.22)
c= IO/ = Y ) I] Few)
keK keK

Hence, by Kummer’s method, we obtain

x):CEV:—(%VB!(_x)V [ v [ ewdm
=L [, T (e w2

v =1 keEK

On the other hand, by construction, A™(w) is compact, its distance with
each axe is no less than €, and € < |u;| < 1,1 < i < n on it. Hence, for a
sufficiently small |z|, |—a; [Tj,c g (—us)
the multi-series

EV: (W;V\!VD f[l( 2 kg{ L)se) >V

converges on A™(w) uniformly to
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-
<1+§:%]j - GAM> ‘
= keK

Hence, the power series (3.1) converges for sufficiently small |z|, it possesses
an integral representation

n -y
memﬁj (+ZaH “W)d%,
™ (w) i=1  keK

where ¢, U etc. are defined in (3.22). Thus, we have shown the following
theorem.

Theorem 3.2. The hypergeometric series
a,;V
=¥ T wsani) - &
v keK

converges in sufficiently small neighborhood of the origin. If we add a redun-
dant parameter v ¢ Z, under the conditions oy, ¢ Z, k € K, vy= ;cpc o & Z,
we have the following elementary integral representation:

Pl =c [ Lt (1 X w

)'Y_Zkex ap—1
A™ (W) pek keK

'(1 + En:l‘z 1 (—Uk)a’“(ei)) ﬂdmuv

i=1 keK
e=I)/T =Y an)- [] D), m=K].
kEK kEK

3.3.5 Hypergeometric Function of Type (3,6)

By the form of a hypergeometric function, namely, the way we take linear
forms ag, k € K on the lattice L = Z", it might be possible that one does not
need to use the redundant parameter v to obtain an integral representation.
Here, we show its idea with an important example. The hypergeometric series
of type (3,6)

(i), (8),7:2)

_ (e ai(v))(az; ax(v) (B3 b)) (B2: b2(v))
=2 (7; ¢(v))v!

v
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is defined by setting n =2, m = 5 in § 3.1.3 and taking five linear forms on
the lattice L = My (Z):

ar(v) = vi1 +via, bi1(v) = vi1 + ve1,
az (V) = va1 + vag, b1(v) = v12 + Va2,
c(v) = vi1 + 12 + Vo1 + Voo

By a1(v) + az(v) = ¢(v), replacing (3.19) by

n 2a 073 QO vV ai(lj), E 673 v,

we obtain

(v;e(v))
U= u‘fl_lugz_l(l —uy —ug)Y T2l

c=IM)/T(a)l(az) (v — o1 = az).

o esnt) [ g o,
A% (w)

By simple computation using Kummer’s method, we obtain

F((), (8)): 7 2)
:Czu:/AZ(w)U. > M(xnul)”“(@lw)l’m

1/11! V21.
Vi1,V21

) Z (B2; V12 + va2)

|

v v 2
1/12! Vgl (m12u1) 12(.T12U2) 22 d%u.

v12,V22

When |z| is sufficiently small, by the multinomial theorem, the above two
series converge to (1—z11u; —T21u2) Pt and (1—z19u1 —T22u2) ~P2 uniformly
on A?(w), respectively. Consequently, we obtain

F((ew), (8j),7: )

= c/ U-(1—-z1u — .TQ]UQ)_Bl(l — T12U1 — xgqu)_ﬁ"’cFu.
AZ(w)

By b1(v) 4+ ba(v) = c(v), almost the same computation yields the second
integral representation of F'((«;), (3;),7; ®):
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F((ci), (87), ;@) (3.23)

_ C// WS (] —y — g) BB
A2(w)

(1 = 211u1 — 212u2) " (1 — Zo1uy — Toous) “2d?u,
' =T(y)/T(B)L(B2) (v — Br — Po).

This can be regarded as a duality of E(3,6,«) explained later in § 3.3.7.

3.3.6 Hypergeometric Functions of Type (n + 1,m + 1)

We can clearly apply the method used for hypergeometric series of type (3, 6)
to a general hypergeometric series (3.5) of type (n 4+ 1,m + 1). We use the
notation defined in § 3.1.3. By >, a;(v) = ¢(v), we obtain the first integral
m—n—1
b

representation, and by ijl i(v) = ¢(v), we obtain the second integral

representation. The results are stated as follows:

Theorem 3.3. In the hypergeometric series of type (n+1,m + 1)

T (i ai () TS (Bys by () L
(s e(v))! ’

suppose that the parameters satisfy the conditions:

F((a), (8;),via) = 3

v

o €2, 1<i<n, B;¢Z, 1<j<m-n-—1,

n m—n—1
Nadn - Y G¢n
i=1 j=1
Then, the above series admits two integral representations:
F((e), (8j),7:2) (3.24)
m—n—1
= / U1(U) . H (1 — XU — e — l'njun)_ﬂjdnu,
An(wy) j=1
n
U1(u) = Huiai71 . (1 — Uy — e — un)')’_zai_l’
i=1

e1=T(y)/T (v - Zm—) 1 ().
i=1 i=1
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F((as), (85),7: ) (3.25)
=C2 UQ(U)
Am=n—1(wy)
n
! H(l — XUy — l'i,mfnflumfnfl)iaidminilu,
j=1
m—n—1
H uﬁ7_1 1 —up — _ uminil)’Y*Zﬁjfl,
j=1
m—n—1 m—n—1
=T/ {v= > 8| [ r®)
j=1 j=1

3.3.7 Horn’s Cases

We can apply a similar method to find an integral representation for 14
hypergeometric series in Horn’s list ([Erl], pp.224-225). Here, we treat two
such examples.

Example 3.1. Appell’s Fy is introduced as a power series in § 3.1.8 which has
the form:

i (v +v2)(Bivr +12) 4 o,

F4(aaﬂa’713’72;1'1a1'2) = (71'”1)(72"/2)1/1! ! 1 L™

v1,v2=0
By formula (3.3) and Lemma 3.4, we have

(o1 + 12) _ (1 — 15 —v1)(1 — 25 —12)
(713 1) (725 12) (1—a;—v1 —11)

= c// ul Mg (1 — ug — ug) T2 2y s 2 duy dug,
A% (w)

I'l-a)
Pl =)l =)l (1 +7—a—1)

CcC =

With Kummer’s method, we obtain

F4(Oé,ﬁ, ’Yla’Y2§$17$2)

_ _ 2 X1 o -p
:c// up Muy (1 —uy —ug) T (] - = = dui A dus
AZ(w) uy U2
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by simple computation. One can also obtain an integral representation of Fe
in almost the same way as above.

Ezample 3.2. In Horn’s list, G5 is introduced as a power series in § 3.1.9 which
has the form:

oo
a;2vy —11)(8;2v] — v
Ga(a, a1, 02) = ) (03 20 1’)( ; L Z)quw;?
‘- V1! Va!
l/l,Vz—O

Here, introducing the redundant parameter k, we first rewrite the above
series as

Gs = i (05202 — 1) (6 201 — ) . (kw1 + v2) V1 b2
v1,v2=0 (H; v+ VQ) v1! ol 152

Rewriting Lemma 3.4 by
’I’L—>2, ap — Q, a2_)ﬂa Vl_)QVZ_Vla
Vg — 201 — Vo, a1+ as+ a3 — kK,

we obtain

(0 2v9 — 1) (B35 201 — 1)
(k1 + 12)

= c// uS T ) T (1 = uy — ug) RO BT 2 gy A g,
A2(w)

¢c=I(r)/T(@I(B)(k - a=[).

Applying also Kummer’s method, we obtain an integral representation

G3 = C// U?_lug_l(l —uy — uz)nfocfﬁfl
A% (w)
0o

kivy +1va) (ug2 7 w2 7
—( 1 2) =2 1 t} o duy N dus
| |
V1. Va! Ul u

V1,l/2:0 2

= c// u?71u§71(1 —uy —ug)RT AL
A2(w)

U2 w2 \ "
1 ——= 21— — x5 duy A dus.
Uy Uz

Remark 3.3. The results obtained by systematic computations for Horn’s list
can be found in a table in [Kit1], pp.56-58. From another viewpoint, [Dw-Lo]
also obtain an integral representation, but the domain of the integral is not
calculated. Here, we can again find the effectiveness of the twisted cycles.
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3.4 System of Hypergeometric Differential Equations
En+1,m+ 1)

3.4.1 Hypergeometric Integral of Type (n+ 1, m + 1; )

Let us start from the integral representation of the hypergeometric series
F((as),(85),7;x) of type (n + 1,m+ 1) obtained in § 3.3.6:

F((ai), (87), ;@) (3.26)

mnl(

Z 1 azaV21+ +V'Lm n— 1) =1 6]3V1j+"'+ynj) v
_Z ol v
(v Zm‘ Vi V!

_ I'(v) ISR Wt S
iy =3 e I F(ai)/ H (1 Z :

A” w) =1

m—n—1 n
. H (1 —injui)_ﬁjduyndun
j=1 i=1

Now, we associate a hyperplane ag+ajui +- - -+ apu, = 0 in C" to a column
vector *(ag,ar, -+ ,a,). Arranging the hyperplanes appearing in the above
integral and the hyperplane at infinity, we obtain the (n—+1) x (m+ 1) matrix

10 cev vvv e 01 1 -.--.. 1
01 0 -+ ... 0—-1—-z11 ------ T1,m—-n—1
00 1 '
(3.27)
10
00--- --- 01-1 —Tpl —ZTn,m-n—1

We can regard the above matrix as a matrix defining an arrangement of
m++1 hyperplanes in P". For an integral representation, changing the defining
equation of a hyperplane corresponds to a multiplication by a scalar, and it
has no essential effect. This corresponds to the multiplication of an (m+1) x
(m + 1) diagonal matrix from the right to the matrix (3.27). Changing the
homogeneous coordinates of P™ corresponds to the multiplication of a matrix
of GLy 41 from the left to the matrix (3.27). Hence, the most general form of
a matrix (3.27) with bigger symmetry is
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=1 C | € My, m+a(C), (3.28)

where, each column vector # 0.

This can be regarded as defining an arrangement of m + 1 hyperplanes in P”.
Below, we consider mainly the open subset of My 41 m+1(C) defined by

X ={z € My41, m+1(C)lany (n + 1) x (n + 1) minor of x is not zero}.

On X, GL,4+1(C) acts from the left and H,,11 = {diag(ho, -, hm)lh; €
C*} from the right. To derive an integral representation associated to an
arrangement of hyperplanes (3.28) which corresponds to the integral (3.26),
we use homogeneous coordinates of P". First, we take an n-form on the affine

space C"*! with coordinates (vo, -+ ,v,)
n —
T = Z(—l)zvidvo A Adog A A duoy, (3.29)
i=0

and consider the n-form on C"*!
m
H(l‘oﬂo + T vn)N T
=0
As this form has the weight Z;nzo o +n + 1, if it satisfies the condition

m

> aj+nt+1=0, (3.30)

j=0
this defines a multi-valued n-form on M, := P\ UL, {31, zijvi = 0}.
From now, we provide a formulation to regard an integral of this n-form on
an appropriate twisted cycle as a function of x.

M::U M,
zeX
=P" x X — U{Ux e]P’"xXZac”vZ—O}
=0

is an n 4 (n + 1)(m + 1)-dimensional complex manifold. Denoting the holo-
morphic map on M induced by the projection P" x X — X by

T M— X,
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(M, 7, X) is a complex analytic family with the space of parameters X whose
fiber is the complement of an arrangement of hyperplanes in P". Below, we use
inhomogeneous coordinates u; = v1/vg, -+ ,un = vy /vy of P", and assume
Hzo0, -+ s ®n0) = *(1,0,---,0) for simplicity. Then, U(u;z) = [;Lo(z0; +
T1jU1 + -+ TpUy)® is a multi-valued holomorphic function on M and
w(u;x) = dU(u; x) /U (u; x) is a single-valued holomorphic 1-form on M which
defines the covariant differential V() := d+w(u; 2)A on M. As in § 2.1.5,
the solutions of V,(ymh = 0, h € Op defines a local system L (y;q) of
rank 1 on M, and the restriction of £, (,;s) to M, clearly coincides with the
local system L, defined by the covariant differential on M, associated to
wy = w(u; )|, -

As the arrangement of hyperplanes P defined by x is in general position
(cf. § 2.9.1), varying = a little bit in X, the M,’s are isotopic to each other.
Hence, the function

@ — Hy (Mg, L))

becomes locally constant, and

My = Ha(M, L))
rzeX

m—1
forms a flat vector bundle on X with fiber C("= ") whose transition matrices
are constant, or in other words, a local system of rank (mgl)‘ Considering
an integral

F(z;a) = / U(u;x)dug A -+ A duy, (3.31)

2

for a local section o, (z varies in an open neighborhood W) of H,/, this
becomes a holomorphic function of . We call this integral the hypergeometric
integral of type (n—+1, m+1). Take any continuous curve 7 in X, and choose
a local section ‘H,/ along this path. Continuing U(u;x) analytically along
~ at the same time, we obtain the analytic continuation of (3.31) along ~.
Repeating this for all , we see that F'(x; «) can be analytically continued to
the whole X.

Now, to derive a differential equation satisfied by the function F(z;«) in
x, let us first study the induced action of GL,,+1(C) and Hy, 41 on F(z;a).

3.4.2 Differential Equation E(n 4+ 1,m + 1; )

(i) The action of H,, 1
As (3.31) is homogeneous with respect to zg;, - - , zy; of degree a,
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F((\jaij); H A F((2i); ). (3.32)

(ii) The action of GL,+1(C)
For v = (vo, -+ ,vn), g € GLp4+1(C), under the coordinate transform
v = vg~!, by using z; = Y(xq;, - ,xn;), the hyperplane vz; = 0 is
transformed to v’gx; = 0, hence, the matrix defining an arrangement
(3.28) is transformed to gz. Denoting (3.29) corresponding to v’ by 7/,
we have

= (det g) 7, (3.33)

by simple computation. See Figure 3.5.

MwBU qua'l)’

v =vg7!

Fig. 3.5

Now, by definition, we have
m
F(gx;a) / H (v gxj)iT.
Tgu j=0

Since GL,+1(C) is connected, the unit matrix 1,41 and ¢ is joined by a
continuous curve 7 : [0,1] — GL;,41(C). Then, M, continuously varies
from M, to My, without changing its isotopic type, and locally, it becomes
the product of M, (;), and a small interval containing ¢. Hence, setting

M, = U M'y(t)w’

tefo,1]

0, and 04, are homologous in Hy(My, L, (u;z)|a,) from which we conclude

(v’ Zj % = (va;)* (det L.
H g H 9"

Te j=0
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Thus, we obtain the GL,1(C)-invariance
F(gz;a) = (det g) ' F(z; ). (3.34)

Remark 3.4. We denote the subgroup of GL,,4+1(C) of the matrices with de-
terminant 1 by SL,11(C). By (3.34), we have

F(gz;a) = F(z;0), g€ SLpy1(C).

Hence, we can regard F'(z; o) as a function on the quotient space SLy,+1(C)\ X
of X by SLp4+1(C).

We briefly explain this below.
Denote the set of complex (n 4 1)-dimensional subspaces of the (m + 1)-
dimensional complex vector space V = C™*! by G(n + 1,m + 1) and call

it a Grassmannian. Denote the ((';Ll ) — 1>—dimensional projective space
constructed from the (Zlif)-dimensional vector space A"V by P(A"TV).
Taking a basis vg, - ,v, of an (n + 1)-dimensional subspace A of V' and

forming vg A -+ Av, € ATV, a change of basis corresponds to the multi-
plication by a non-zero, hence, it defines a point [vg A - - - Av,] of P(A"TIV).
By this fact, we can define the map

P:Gn+1,m+1) —— P(A"TIV)

A———Jvg A+ Ayl

It is known that @ is an embedding and its image is an (n + 1)(m — n)-
dimensional non-singular projective algebraic variety. Hence, via this @, G(n+
1,m + 1) can be regarded as an algebraic variety. Fixing a basis eq, - , em
of V, a basis of A defines a matrix A by the formula

eo
Vo
~| €1 ~ ~
=A] .|, A€ Mpi1, m+1(C), rank A=n+1.
Un, ’
em

A change of basis of A corresponds to the multiplication of an element of
GLy+1(C) from the left, and G(n+1,m+ 1) can be expressed as the quotient
space:

Gn+1,m+1)=GL,+1(C)\Z,
Z ={z € Mypi1,m+1(C)rank z =n + 1}.

Let us choose a basis of "™V by {ejo A---Aej, | 0<jo < < jn <m}
and arrange them, for example, by the lexicographic order. Then, expanding
vg A -+ A v, with respect to this basis, the coefficient of e;j, A --- Aej, is
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equal to the minor A <]% jll jn> of the matrix A obtained by picking up

m+1)

the joth, - -, j,th column vectors. In this sense, (n+1

~(01---n . .
Al ), 0<jo< < gn<m
(]0]1 jn> =Jo In =

is called the Pliicker coordinates of A. As the image of & is an algebraic variety,
there are some relations among the Pliicker coordinates, among which, as one
of the simplest examples, the following Pliicker relation is known: for 2n + 2

indices Z.la e ain7j07j17 e 7jn+17

n+1

OEVEEY G P G S
=0 11 In Jk Jo Jk c Jnt1
Now, by X C Z, we have

GL,11(C\NX CG(n+1,m+1).

There also is a natural map

p:SL,1(C\Z GL,11(C\NZ=G(n+1,m+1).
SL,11(C) -2 ——— GLp41(C) - x

Gelfand [Ge] formulated this map p geometrically as follows. First, he defined
a natural (n + 1)-dimensional vector bundle (tautological bundle) on G(n +
1,m+1), as a sub-bundle of the trivial vector bundle G(n+1,m+1) x V, by

S =U (4 as a point of G(n + 1,m + 1)) x (A as a subspace of V).

Taking the (n + 1)th exterior product of the dual bundle S* to S, it follows
that

A8 = ST, 1 (C)\Z.
Hence, the hypergeometric function F(z;«) can be regarded as a function
defined on the line bundle A"T1S* over the Grassmannian G(n + 1,m + 1).
In this sense, a hypergeometric function of type (n + 1,m + 1) is said to be
a hypergeometric function on a Grassmannian.
Next, let us calculate the infinitesimal transformations of (i), (ii). By
(3.32), we obviously have the differential equations:

n
OF
Zwij% =a;F, 0<j<m. (3.35)
i=0 ”
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To compute the infinitesimal transformations of the action of GLy41(C),
rewrite (3.34) with the one-parameter subgroup g = exp(tA) generated by
A = (apq) € Mn41(C):

F(exp(tA) - x; ) = exp(—tTr(A)) F(z; ).

Differentiate the both sides of this formula by ¢, and setting ¢ = 0, we have
I
P

and since apq can be choosen arbitrarily, we finally obtain

wa al,pj _6ipF7 0<i, p<n. (336)

The differential equations (3.35), (3.36) are the infinitesimal version of the
action of H,,4+1 and GL,4+1(C). Next, we derive a second-order differential
equation which can be obtained immediately from the form of the integral
(3.31): for 0 < j, ¢ < m, j # q, we have

O*F ity
—_— = ; Udui A---Nd
00 pq /a @it ‘PJ q “ o

_O%F
o 6.731‘,16.’13[)]' ’

where P; = Y"1 x;ju;. As this formula becomes trivial for j = ¢, we finally
obtain

O*F  9F

- )
6.731‘]‘81‘17(1 81‘1'(181‘17]‘

0<i, p<n, 0<j g<m.

The above three sets of differential equations satisfied by the hypergeometric

integral (3.31) is denoted by E(n + 1,m + 1;a) and is called the system of

hypergeometric differential equations of type (n + 1,m + 1; «):
En+1,m+1;a)

" OF ,
(1) inj%:asz 0<j<m,
(2) Z%ga— = —0ppF, 0<14, p<m, (3.37)
=0 .ij
0*F 0*F
3 = L0<i, p<n, 0<j, g<m.
( ) 6l‘ij6$pq 6.731‘,16.’13[)]' =L p=n Ha=m
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Remark 3.5. Below, we introduce a system of differential equations which
is equivalent to the above system and which kills the action of the groups
GL,+1(C) and H,,+1. When there is no risk to be confused, we will denote
it by the same symbol E(n + 1,m + 1;«). The above system of equations
was introduced in [Ge-Ge] under a general setting, so it is also called the
Gelfand system. Obviously, the system killing the action of GL,11(C) and
H,, 11 corresponds to the classical equations:

E2,4;a)  ------ Gauss’ differential equation,
E2,55c)  c-eee- Appell’s differential equation Fi,
E2,3+La) - Lauricella’s differential equation Fp.

It should be clear to the reader why the above symbol (introduced in [M-S-Y])
is convenient.

3.4.3 Equivalent System

Let us compute the system of equations killing the action of GL,,4+1(C). We
decompose X into the blocks of the form = = (z1,22) € X, 21 € GL,,11(C).
As det 1 # 0, we have

r=x1(1ys1,2), 2/ =27 20 € Mpi1mn(C),
hence by (3.34), we obtain
F(x;a) = (detzy) ' F((1ng1,2'); ). (3.38)

So, we define the (n+1)(m — n)-dimensional closed sub-manifold X’ of X by

1 To,n+1 **° TO,m
X':{x:(1n+1,x/): : : GX}.
x

1 Tnn+l " Tn,m

Let us derive the system of equations satisfied by F(x;a) restricted to X'

F(x'; a):/ uftuln (3.39)
m
H (.Z‘oj +Tiur + -+ .Z‘njun)aj duy A -+ A duy,.
Jj=n+1

For the column vectors of the matrix (1,41, 2), as in § 3.4.2, we obtain
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n
oF .
inj—:ajF, n+1<j<m. (3.40)
= O

Next, to obtain the equations associated to the row vectors that correspond
to (2) of E(n+ 1,m + 1; @), let us recall some notation:

m m
U=ui'-uy H (oj + 1jut + - + Tpjun)Y = H P;lj,
j=n+1 j=1
S WU St
- i & j
i=1 j=n+1

Although it seems to be unnatural for the reader, we calculate as follows:

Vo (1) ugduy A~ Adug A A duy,)

=q(+1)+ Z BTG g A A d,.
j=n+1 J
Passing to an integral, we have
> / U- %dul A Aduy = —(1+ a;)F. (3.41)
J

j=n+177

On the other hand, the left-hand side of (3.41) is equal to

The differential equations which correspond to (3) of E(n+1, m+1; «) can be
derived in the same way. Finally, a system of differential equations satisfied
by F(z'; @) is given as follows:
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E'(n+1,m+1;a)

- oF _
(1) Zl‘ij%:ajFa n+1<j<m,

AT

e i ’ = '_ ) .

(2) Zasja =—(14+a)F, 0<i<n (3.43)

j=n—gl Lij )

0°F 0°F

3 = , 0<1, p<n, 1<, g<m.
() 6.731‘]‘6.73[)(1 6.73Z‘q6.’13pj =L p=n ne B @ =m

Remark 3.6. For an equivalence of the systems of equations (3.37) and (3.43),
see [Hor|, Appendix A.

Remark 3.7. (1), (2) of the above system of equations can be considered as
representing the homogeneity of 2’ with respect to the action of (C*)™*! cor-
responding to a scalar multiplication to column and row vectors. In [G-G-Z],
generalizing such a situation, when an algebraic torus is acting on a vector
space V', they derived Lie group theoretically a system of differential equa-
tions which corresponds to (3.43) by using a character of the torus. Notice
that the formulation in § 3.1 corresponds to killing the action of an algebraic
torus. See Appendix A.

3.5 Integral Solutions of E(n + 1,m + 1; a)
and Wronskian

The integrals (3.31) satisfy the system of hypergeometric differential equa-
tions E(n 4+ 1,m + 1;a), but when the arrangement of hyperplanes in P"™
defined by the integrand of (3.31) is in general position, it can be shown that
they exhaust the solutions of E(n + 1, m + 1; ). We show this here and in
§ 3.6. Also in this section, taking appropriate twisted cycles, we show that

there are (mn_l) independent solutions of the form (3.31).

3.5.1 Hypergeometric Integrals as a Basis

We denote the (n + 1) x (n + 1) minor of the (n + 1) x (m + 1) matrix
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obtained by extracting the joth, jith, - - -, j,th column vectors by z(jo, j1, - ,
Jn). Assume that the arrangement of hyperplanes in P” defined by the above
matrix x is in general position; i.e.,

1’(]0,‘7137‘771)#03 0§j0<j1<<jﬂ§m, (344)

and that x is a real matrix. Then, the real hyperplane in P*(R)
Hjg :={u€ P*(R)|> zyu; =0}, 0<j<m
i=0

decomposes P*(R) into some open connected components. Below, we call
each component a chamber. By x(01---n) # 0 , we apply the reduction of
§ 3.4.3 (killing the action of GL,41(C)), and consider the arrangement of
hyperplanes defined by

.’El = € X/mMn+1’m+1(R).

Recall some notation:

n
Pi(u)=u;, 1<i<mn, Pj(u):xoj—l—injui, n+1<j5<m,
i=1

Uw =[[P". w=dvju, M=cC"\|JH;
j=1

j=1

Here, we always assume the conditions:
m
aj¢Z, 1<j<m, » a;¢L
j=1

A basis of n-dimensional twisted homology group H,, (M, L)) associated to
the multi-valued function U was determined in § 3.2. There are r : = (mn_l)
bounded chambers in R”\U;nzl H g, so we enumerate them as A,, 1 <v <r.

By Lemma 3.2, A,, 1 < v < r form a basis of HY/ (M, L"), and by Theorem
3.1, Ay(w) = regd,, 1 < v < r form a basis of H,(M,LY). On the other
hand, by Corollary 2.6, we see that
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H™(M, L£,,) ~ H"(2(log D), V.,)

~ {{e(1, - odn) [ 1< g1 <-v <jn <m—1}},

AN
P; P;

where  ©(j1,...,jn) =

To make the following computations smooth, instead of the integral (3.39),
we start with the hypergeometric integral:

p(z';al) Z/U~<p<l,2,...,n>. (3.45)

Here, we remark
o = (g, 01 —1,...,0n — 1, ity ey Q). (3.46)
Hence, the system of hypergeometric differential equations satisfied by (3.45)

becomes E'(n+1,m+1;a’) (cf. (3.43)). Replacing o in (3.45) by independent
A, (w)’s, we consider

Pu(25a) = / U-p(12---n), 1<v<r (3.47)
A, (w)

The aim is to show that r @, become independent solutions of E'(n+1,m +
1;a’), but since, for a general case, the notation becomes complicated, we
start by discussing some important examples.

3.5.2 Gauss’ Equation E’'(2,4;a’)

o = 10 zg2 wo3
01 12 T13 ’
Py =u, P =0+ T12u, P3=203+ 213U,
for Ay (w), Az(w), see Figure 2.5 of § 2.3.1.
We set
ai= [ U 1<ivse
A, (w)

By simple computation, we have

09, (1) 042/ g
— U-p(2) = —=3,(2). 3.48
dr i Ja) ©(2) Pv(2) (3.48)
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Taking the Wronskian of solutions of E'(2,4;a/) as
e1(l)  &2(1)

Wi=det | 95,(1) 952(1) | >
Ox12  Oxi2

by (3.48) we obtain

(0% —~ .
W = —2 det(5,(4)).
T12

By Corollary 3.1, we have det(p,(j)) # 0, i.e., W # 0 and $1(1), $2(1)
become independent solutions of E’(2.4;a/).

Remark 3.8. Since all 2 x 2 minor of 2’ are not zero, the condition x5 # 0
follows from the assumption “being in general position”.

3.5.3 Appell— Lauricella Hypergeometric Differential
Equation E'(2,m + 1;&’)

+ (10 x02 T3 - Tom
o (0 Loy 21y - @) Mz m1(R).

To simplify the notation, we assume —2% = 0 < —22 < ... < —Z0m,
m

and denote the regularization of the open interval 4, = (—%, —;“1”—"11),

v=1,---,m—1by A,(w). As in the previous case, we set
Pi(u) =u, Pj(u)=ux0j +z15u, 2<j<m
etc., and

2. (5) =/ Ueol), 1<j v<m—1.
Ay (w)

For m — 1 solutions of E'(2,m + 1; &)
am=[ U,
Ay (w)

by simple computation, we obtain

0, {1 i~ .
00ull) _ 055y, 2<j<m—1, 1<v<m—1  (3.49)
81‘1]' T1j

Here, using the abbreviated symbols 0; = % and taking
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;0\1<1> ...... Cp\m_1<1>
021 (1) - 012Pm—1(1)
= det . .
O1m—1p1 (1) -+ O1,m-1Pm-1(1)

and by the same reasoning as in § 3.5.2, since we have det(¢, (7)) # 0, z1; # 0,
2 <j<m,ie, W #0, and m — 1 integral solutions @, (j) of E'(2,m+1;a’)
become independent.

3.5.4 Equation E’(3.6;a’)

1 03 To4 Tos
xTr = 1 T13 T14 T15 | € M&@(R),
1 23 w24 T25

P =w, Py=wu2, P;j=ux0+ U1+ T25u2, Jj=3,4,5.

As in Figure 3.1 in § 3.2, five lines decompose R? into several chambers among
which six are bounded. Take

©(1,2), ©(1,3), @(1,4), ©(2,3), ©(2,4), ¢(3,4)

as a basis of H%(2*°(log D), V,,). As in the previous case, we set

v(J1,J2) // ©(j1,d2), 1<j1 <jo<4.
Ay (w)

Notice that the following fundamental relations can be obtained by simple
computation:

—~ a3 N a3
813¢V<12>:—ﬁ%<23>, 823¢V<12>:—é%<13>, (3.50)

—~ (67N N [e 7N
0145, (12) = —ﬁmw, 0243, (12) = —émw,

0130249, (12) = ai’aﬁ Du(34).
x(s 4)

Setting
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p1(12)  eeeees P6(12)
O13p1(12)  ------ 01306(12)
W = det : :
624$1<12> ...... 824(;/0\6<12>
01302491 (12) -+ -+ - 01302496 (12)

as Wronskian of the six integral solutions $,(12), 1 < v < 6, by (3.50), we
obtain

3
Q304 ~ ..
W= ( ) ) det (P, (j1,J2))-
[I xij'x(s 4)
1<i<2
3<j<4

On the other hand, by Corollary 3.1, we have det(¢,(j1,72)) # 0. As the
arrangement of lines in P? defined by 2’ is in general position, we have z;; # 0,
x(é i) # 0 which implies W # 0. Hence, the six integral solutions @, (12),
1 < v <6 are linearly independent.

3.5.5 Equation E’(4,8;a’)

1 To4 Tos Toe TOT

1 T14 T15 T16 T17
Tr = 1 (S ]\443(]1%)7
To4 Ta5 Toe Ta7

1 234 w35 w36 T37

3
Pi=u;, 1<i<3, Pj:%g‘-i-zxijui, 4<5<T.
i=1

Seven hyperplanes in R? determine 20 bounded chambers A,, 1 < v < 20.
Moreover, taking
e(j1jeds), 1<j1<ja<jz<6

as a basis of H3(£2*(log D), V), setting

Bu{j1j2J3) /// ©(j17273)
A, (w)

as in the previous case, we obtain the fundamental relations:
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3
sgn < Ll >aj
0,5, (123) = —L 225, (

.’Eij

lilagy, (3.51)

where we set {1,2,3}\{i} = {l1, 2},

3
sgn ( ; > a;
~ i1 g2 1 —~ ..
0iy 1 03, Pv(123) = w%(l,h,h% (3.52)

J1 j2
1<i1<i2<3, 4<71<j2<6
where we set {1,2,3}\{i1,i2} = {l}, and
0506
1 23
“\4 56
We let the Wronskian of the 20 integral solutions ¢, (123), 1 < v < 20 be

the determinant of the matrix obtained by arranging @, (123), the left-hand
sides of (3.51), (3.52), (3.53), respectively, in the lexicographic order:

0140250360, (123) = $,,(456). (3.53)

P1(123) e P20(123)
O1401(123) o 014920(123)
— det - R
W ¢ 01402591 (123) -+ - 014025020 (123)
01402503601 (123) - - - 014025 036920(123)

By a simple computation with (3.51)—(3.53), we obtain

(uasa6)t0

T i1 i 123
Hx’bj Hx<]1]2> $<456

where the products are taken over 1 < <3,4<j<6and 1< <1y <3,
4 < j1 < jo < 6. Hence, as before, we have W # 0, i.e., the 20 integral
solutions 9, (123) of E’(4,8;a’) become independent.

w

> det(D, (j17273))s
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3.5.6 General Cases

From the above observations, choosing appropriate partial derivatives of the
integral solution @,(12---n) may correspond to replacing the logarithmic
n-form ©(12---n) with another ¢{j1, - ,7,) in the basis {@{(j1, - ,Jn) |
1<j< - <jn <m—1} of the twisted cohomology H"(£2*(log D), V.,).
Below, we show that this is still valid in general. Assume that the arrangement
of hyperplanes in P™ defined by the real matrix

1 Tomil - Tom
r= . € Myy1,m+1(R) (3.54)

1 Tnn+l " Tn,m

is in general position. By this condition, it follows that

x<k1_._pf;>7éo, 0<ip <« <ip<m, (3.55)

1<k <-<k,<m.

Below, we use the notation introduced in § 3.5.6. We consider r : = (mgl)

integral solutions $,(12---n) of E'(n 4+ 1,m + 1;¢&/). To proceed with our
computations effectively, we also use the following notation: for
I={iy, ... ip}, 1<ip<---<ip<nm,
K={ki,....kp}, n+1<ki<---<k,<m-—1,

we set

L:i={12,....n0\[={l1,....0h_p}, 1<l < <lpp,<n

12---n\ 1 2 . ..o
S L 1 )TN iy iy )
I iy e
x(K> :x(kllkf;) O(LK) = @1, .. ln_p k1, .. k),

for short. We have

and
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Oisky = Ok, P (12 -+ ) (3.56)

:Hak/ M@<12...n>

keK Ay (w) HkEK Pk

:Hak/ U du1/\"'/\dun.

keK ) e il ger Pr
On the other hand, by simple computation, we also have

duy, N Ndug,_, NdPg, Ao ANdPy,

:$<Zl ]Zp)dull/\"'/\duln—p/\duil/\.”/\duip
e ky

:sgn<1z.;r. n)x(é)dul/\~-~/\dun.

By this together with (3.56), we obtain the fundamental relation:

Oirky * - Oipk, P (12 -+ 1) (3.57)

qn (1277

(27"

= 2 ] en- B LK),
(&)

keK
K

{p(LK)} is a subset of the basis {p(j1, - ,jn) [1 < j1 <+ <jn <m—1}
of H"(£2*(log D), V,,) and the cardinality of {¢(LK)} is given by

2 () ()

Let us compute this sum.

s () (1) (1)

Proof. Let us prove this by using generating series: compare the coefficients
of ™ in the formula obtained by multiplying each side of

(1+2)" = zn: (Z) a?,

p=0

mnl m—n—1 m—mn—1
(1+x) = Z P,

p=0
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By this lemma, {¢(LK)} becomes a basis of H"(£2°(log D), V,,), as we have
computed before; we adapt the Wronskian as the determinant of the matrix
obtained by arranging @, (12 - - - n) and all of the partial derivatives appearing
n (3.57), for example, in the lexicographic order. Denoting this determinant
symbolically as

W = det (8i1k1 '~-8ipkp(ﬁy<12 .- n)) ,

from (3.57), we obtain

w=T] <M> I - det(@, (LE)). (3.58)

LK x(K) kEK

We have det(p, (LK)) # 0 by Corollary 3.1, hence (3.55) implies W # 0.
Thus, the (™ ') integral solutions 3,(12---n) of E'(n + 1,m + 1;a/) are
linearly independent. Therefore, we obtain the following theorem.

Theorem 3.4. The arrangement of hyperplanes in general position defined
by the real matriz (3.54) determines r = (mgl) bounded chambers A,, 1 <
v <rinR" We assume o ¢ Z, 1 < j < m, Z;”:l a; ¢ Z on exponents.
Then, r integrals

become solutions of E'(n +1,m + L;ag,a1 — 1, ,an — L, api1, o)
=F'(n+ 1,m + 1;¢&/). Moreover, the Wronskian obtained by arranging o,
(12 ---n) and all of the partial derivatives of (3.57) satisfies

W = det(Dix, -~ Dk, P (12 -+ -m)) # 0,

hence the above T solutions are linearly independent.

3.5.7 Wronskian

To rewrite the Wronskian in a simple form including the I'-function, let us
first rewrite the right-hand side of (3.58). By W = det(0;, , - - - Ok, v (12 - - -
ny) and the choice of K = {ki,---,kp}, the right-hand side of (3.58) must
be symmetric with respect to ap41,- -+, @m—1, hence, we obtain

11 ( 11 ak) (@nt1--am-1)®, s € Zxo. (3.59)

I,K “keK
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On the other hand, the number of the factors appearing in the product of

the left-hand side is
Z (n) (m —n— 1)
P P

p=0

by |K| = p. We compute this sum.

20 () (") = (250)

p=0

Lemma 3.6.

Proof. Let us prove this by using generating series. Taking the binomial ex-
pansion of (1 + x)™ "1 and differentiating it, we obtain

m

(m—n—1)(1+z)" "2 = il ( ‘”‘1)xq—1.

Multiplying each side by

we obtain

(m-n-1)1+2)"2=Y ¢ (Z) (m ‘;"‘ - 1) gPtal,

P
It is enough to compare the coefficients of 2”~! in both sides.

By Lemma 3.6, s in (3.59) becomes (77?:12), and (3.58) can be rewritten as
follows:

W = (st mey) (1) (3.60)
(1 2.
sgn I

1

3.5.8 Varchenko’s Formula

) - det(P, (LK)).

Varchenko, in [V1], [V2], obtained a concrete form of the determinant
det(p, (LK)) of hypergeometric integrals. Here, using this result, we further
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rewrite our Wronskian. First, we state Varchenko’s result. As ( ) bounded
chambers 4, are simply connected, for each Pj, 1 < j <'m, ﬁxmg its argu-
ment on each chamber A,,, we fix a branch of the multi-valued function Pjaj
on A,. The branch of U = H;nzl Pjaj on A4, is well-determined, hence so is
the twisted cycle A, (w). We denote the point of the closure A, of A, that
attains the maximum of the absolute value |P;lj (u)], of the branch P;lj in the
above sense, by a, ; € A, and the value of the branch Pjaj at this point by

c(P;xj VA c(P;xj VAY) = P;xj (ay,j). Then, we have the following lemma:

Lemma 3.7 ([V1],[V2]).

det(/Au(w)U <LK>>: . ! = .B.ﬁ (P&, A,),

where we set

Example 3.3. For n = 1, let us compute c(Pfj,A,,) in Lemma 3.7 and give
an explicit expression. Let z; < --- < x,,, be m real points in C. Setting P; =
u —x;, we have U(u) = H;nzl(u —x;)%. Here, to facilitate the computation
of c(Pja",Ay), we assume: Ra; > 0, 1 < j < m. We fix arg(u — x;) as in
(2.44) (cf. Figure 2.5) and use the twisted cycles A, (w) constructed there.
When u is real, by

[(u = ;)% | = exp{(Ra;) log |u — 2;}

= ‘u - l'j‘%ajv

this is an increasing function of |u — x;| by the assumption Ra; > 0. Hence,
we obtain the formula:

. T —x;)%, v>j,
C(P;XJ,AV) _ ( v+1 j) ) =]
exp(—mv—1la;) - (zj —z,)%, v <]j.
From this, we easily obtain

m

H H Paj A) = exp(—\/—_12(j — )ra;) - H |z — zp]|.

j=1 k]

Hence, the Varchenko formula takes the following form:
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fAl(w) U-p(l) - fAl(w) U-pim—1)
det : :

fAm_l(w) U-p(1) - fAm_l(w) U-p(m—1)

1 =L o
=— -exp(—\/—l Z(] - 1)7raj> H |zj — zg]
al '..am—l

j=1 k#j

m

< [[ (e +1)/r(1+ Em:aj),

j=1 j=1
where ¢(j) = du/(u — z;).

By Lemma 3.7 and (3.60), rewriting the Wronskian as the product of
I'-factors and the “critical-values” of P;x" on A,, we obtain the following
theorem.

Theorem 3.5. The Wronskian W can be written as follows:

+1 i :
"= (D) n B H (P, 4A,).
(al P an) n—1 H[,K x(K) j:1 v=1
Here, B is the one given in Lemma 3.7, the multi-indicies I, K are taken
over I = {i1, - ,ipt, 1 <i1 <---<ip<m, K={ki, -k}, n+1<k <

< kp<m—1andp from 0 ton.

Remark 3.9. This determinant formula is extended to any arrangement of
hyperplanes (cf. [Do-Te]).

3.5.9 Intersection Number (i)

By Lemma 2.9 (3), the non-degenerate bilinear form

H™(M, L,) x H'(M, L)) ——— C (3.61)

can be regarded as defining the intersection number of twisted cocycles. In §
2.3.3, we have computed the intersection number of twisted cycles explicitly
for n = 1, in [Cho-Ma], it was shown that a similar computation can be
carried out for twisted cocycles. We leave the detail to the above paper, and
here, we briefly state its essence.

Below, making no exception to the infinity, we take m+1 points xg, z1,- - -,
Tm on PLoand set M : =P\ {zq, -+, 2m},
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m du m
w::Zaju_x Zaj:(), Vo :i=d+wA,
j=0 3 =0

i
j=

VY:=d—-wh, j:M———P" (inclusion).

To compute the cohomology with compact suport HX(M, L), we denote the
sheaf on P!, obtained by extending the sheaf £Y on M to the sheaf on P* by
0 at each point of P!\ M (extension by zero), by jLY. First, we have

HY(M, L)) = H(B', L)),

Let D be the divisor of P! determined by the m + 1 points zg, - - , Zm, and
denote the sheaf of logarithmic p-forms that may have logarithmic poles only
along D by 20, (log D), and the sub-sheaf of £25, (log D) of p-forms which
have poles along D of, at least, order 1 by 28, (log D)(—D). Then, we have
the exact sequence of sheaves:

0 — LY — 29 (log D)(—D) % 0L, (log D)(—D) — 0.
0n(-D) b
As in § 2.4.6, we obtain
HY (P, jiLy) ~H' (P, (28:(log D)(~D), V).

To rewrite the right-hand side of this formula, we consider the following exact
sequence of complexes of sheaves:

0 — (2*°(logD)(—D), V) LN (2°(log D), VY) —

— (ﬁ(CIJ ﬁ)ﬁ(c%) — 0,
j=0 =0

namely,
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Here, we set xres : (cg,...,cm) — (—apco,. .., —Q@mCn) and Res signifies
taking the residue.

Under the assumptions o; # 0, the complex in the right-hand side becomes
exact, hence, we obtain an isomorphism of hypercohomologies:

v HY(PL, (2°(log D)(—D),VY)) ~ HY(P, (2°(log D), V). (3.62)

By the fact that the spectral sequence of hypercohomologies, discussed in
§ 2.4.4, "ED? degenerates (the former has "E"? = 0 for ¢ = 1, and the latter
has "EY"? = 0 for ¢ = 0), (3.62) can be rewritten as follows:

v ker{—w: H (P!, Op1(—D)) — H'(P', 2%:)} (3.63)

= (P, 2*(log D))/C - (—w).

With the aid of the isomorphism (3.63), we define the intersection number
of logarithmic differential forms that may have poles along D as follows: for
@, € I'(P, 23, (log D)), setting ¢ = ¢ mod C-w, ¥~ =9 mod C- (—w),
we have .71 (¢7) € HY(P!, Opi1(—D)). Hence, ™ A1 (y™) € H (P, £23,)
does not depend on the choice of the representatives. We fix the Serre duality

(P, 23, (log D)) x H*(P', Op1 (—D)) — H* (P!, 24,),

the Dolbeault isomorphism, and an isomorphism via an integral over P!

Hl(Pla‘QI%’l)

C
C*(1,1) — forms
0{C>(0,1) — forms} > lr— //]pu T

By this, we obtain the following non-degenerate bilinear form:
1:T (]P’l, 2. (log D)) x HY(P*, Op1 (- D)) — C.
Definition 3.2. We define the intersection number I.(¢™,97) of o7, 9~ by

L(et,97) s = I(p, ' (¥7)).

This value does not depend on the choice of representatives and it is non-
degenerate.

By an argument relating the Serre duality and the residue calculus ([Fo],
§ 17), we can compute the intersection numbers explicitly.

Theorem 3.6 ([Cho-Mal). For logarithmic 1-forms

du du

wij = e (P!, 2'(log D)), 0<i#j<m,

U — x; U—x;

we have
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1

Ty 3) =20/ T { 20 = Bi) = -0 =850}

Here, 6;p, is the Kronecker delta.

3.5.10 Twisted Riemann’s Period Relations and
Quadratic Relations of Hypergeometric
Functions

We denote a basis of the twisted homologies Hy(M, L)) and Hy(M,L,) b

s vk b {60, -+, 6,1}, respectively, and by using the isomorphism
reg : Hif(M, L,) — Hy(M,L,) stated in Theorem 3.1, we define the in-
tersection number ;" - 45 of ;" and 45 as the intersection number of ;" and
reg=}(5; ). We assume that &1, m 1,70, 1 im_1 € I'(E', 21 (log D))

defines a basis {&,---, & Y, {ny,--om, ) of T'(PY, 2'(log D))/C - w,
r(P, 2'(log D))/C - (~w), respectively. Then, setting U(u) = []jLy(u —
x;)%, we obtain two twisted period matrices:

f"/f'U §1 ...... f"/j—,,,_l U §1
II.:= : : !
f’7+ U gmfl """ f"/j—n U gmfl
f51_ U—l  TRRERREE f5;_1 U—l m
- f(;l_ U_1 . nm_l ...... f(;;]’_l U_l . 777”_1

Vo0 e Vfr Om—1
A=| : :
’y;_l—l . 51_ ...... ’y;_l—l . 5;_1
Ic(ifﬂm_) ------ L(&5 1)
B = . . 5
I(wtb L) I(wtb 1 hm—1)

we obtain the following theorem.
Theorem 3.7 (Twisted Riemann’s Period Relations).

(WL, ‘AT = B,
(2) K H, B! H+ =A
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For the proof, see [Cho-Ma]. By the above theorem, we obtain new types of
quadratic relations of hypergeometric functions. Let us explain this by two
examples.

FEzxzample 3.4. The beta function

1
B(a, B) :/0 w1 —u)?tdu

1
d d
:/ua(l—u)ﬁ< “ __u)
0 u—1 u
corresponds to the case m = 2, g = o0, 1 = 0, z2 = 1, and by the results

obtained in § 2.3.3, setting vt = reg(0,1) € H1(M, L)), 6~ = reg(0,1) €
Hy(M, L), c1 = exp(2mia), ca = exp(2mif3), we have

C1C2 — 1
(1 = (2 = 1)

Denote the classes defined by -2 — 4% a5 ¢+ € (P!, 2 (log D))/C - w and
n~ € I'(P', 2'(log D))/C - (—w), Theorem 3.6 implies

fy+.57:—

st ) =2V (54 5).

Hence, the twisted period relation becomes

1 1 1 C1C2 — 1
———=B(—a, - —+—=)B(a,f) =—F7—"FF—.
v 9 (5 +5) B =2

This can be proved directly by using B(a, 8) = I'(«)I'(8)/I' (a+ 3), but this
was the fact that motivated the research effectuated in [Cho-Mal].

Ezxample 3.5. (Quadratic relations of Lauricella’s Fpp)
The hypergeometric series of type (2, m + 3) introduced in § 3.1.2 has the
following integral representation by Theorem 3.3:

FD(aaﬂla"'a/gm,’y;zla'“vzm) (364)

_ F(’Y) lua—l —u y—a—1 - — s —Bj ”
= Tt = J, L1z

_ _ 1 _1 _ 1 _ 1
Here,WeSGtxO—OO,1’1—0,1’2—1—%,1’3—2,...7$m+2—z—m,
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£ = du du _ du
7w u—zi u(l—ziqu)’
du 1 du .
J 1 ) ) .
—Zj—1U Zj—1 U — Tj41

U(u) = u(1 —u)" JJ(1 = zju) ™.

Notice that 7, has the residue — 1 - at zo = oo. Hence, by Theorem 3.6, we
i
have

L(&f ) =0 (G #k),
2myv/—1

=1

L(r )= 7°¢
( 3 k) 2mv/—1
—F — (2<j<m+1),
/Bj 1251
which implies
B_l dlag[ ﬂlzla"'v_ﬁmzm]'

27T\/_

As in Example 3.4, taking reg(0,1) as 7", 6; , by comparing the (1,1) com-
ponent of the both sides of Theorem 3.7, (2), we obtain

1 1 ¢ 1 1
(/ U‘1~n1,...,/ U‘1~nm+1)B_1 (/ U~§1,...,/ U~§m+1)
0 0 0 0
e

27y 1
- (_ (627Tia _ 1)(62772’(7704) _ 1)) '

Rewriting the above relation to a relation among Fp by using (3.64) and
I'(1 —s)I'(s) = n/sin7s, we obtain the quadratic relation.

Setting 8 = (B1,...,0m), e = (0,...,T,O~-~O), we have

FD(O(,ﬁ,’)/,Z)FD(l—Oé,—ﬁ,l—’}/,Z)_1
m

:,Y(V,Y—Z@ZJFD(Q B+ej,v;2)Fp(l —a,—8+e€;,2 —7;2).
Jj=1

For further references about uniformization or quadratic relation, see [De-Mo],
[Ha-Y], [Matu], [Yos3], [Yos4].



3.6 Determination of the Rank of E(n+1,m + 1; «) 153

3.6 Determination of the Rank of E(n + 1,m + 1; )

The maximal number of linearly independent solutions of the system of
hypergeometric differential equations E(n + 1,m + 1;«) is called the rank
of this system of equations and is denoted by rank EF(n 4+ 1,m + 1; ). We
showed in § 3.5 that this system of equations admits (mn_l) linearly inde-
pendent integral solutions. Next, if we can show only from the form of this
system of differential equations that the number of linearly independent so-
lutions is at most (mgl), we can conclude rank E(n+1,m+ 1;a) = (myjl).
To facilitate the computations, let us consider F'(n + 1,m + 1; &’) obtained
by killing the GL,,1-action on E(n + 1, m + 1; ). Here, we recall that o' is
defined in (3.46). In this section, we use the notation ¥;; = z;;0;; without
notice.

3.6.1 Equation E'(n+ 1,m + 1;a’)

The equation E'(n + 1,m + 1;¢/) is given by

E'(n+1, m+1'a')

meax =oF,  n+1<j<m,
ij
@ Y o = (oo,
J= "+1 (3.65)
Zacwa =—o;F, 1<i<n,
j=n+1
O°F B O°F

(3)

0<¢,p<n, n+1<7 g<m,

(91’2‘j5.’[pq o 8.’[1-,18.’[:0]‘7
where Zaj +1=0.
j=0
By the form of the Wronskian calculated in § 3.5, letting a general solution
of (3.65) be F', one may expect that the partial derivatives of F' besides
F, 04k, - Oiyr, F, (3.66)

where 1<i <---<ip<n, n+l1<kh < - <k, <m-1

can be expressed as linear combinations of the members in (3.66) over the
rational function field C(z) = C(z;; | 0 < i <n,n+1 < j < m). Once this
is proved, it apparently follows that the rank of F(n+1,m+ 1; «) is at most
(mgl)‘ As in the case of Wronskian, we start from some important examples.
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3.6.2 Equation E’(2,4;a’)

For easy memorization, we write the following table:

Table 6.1
Zo2 To3) —(ao +1)
T12 T13 ) —OQ, ag+a;t+ay+a3+1=0
Q9o Q3

The meaning of this table is as follows:

1. From each column vector,
(P2 + V12)F = aoF, (Vo3 + ths)F = asF.

2. From each row vector,

(o2 + F03)F = — (g + V)F, (V12 + 13)F = —a1 F.
3. From the 2 x 2 minor,

(002013 — 0p3012) F = 0.
By simple computation, we have
Yoo ' = =12 F + o F,
YosF = V12F + (01 + a3)F = V12F — (ap + a2 + 1) F,

’1913F = —’1912F — O£1F.

(3.67)

(3.68)

(3.69)

(3.70)

In this case, as (3.66) consists of F, 012 F, it is sufficient to calculate the partial
derivatives of 012F. As g2, Y93, %12, %13 are commutative, it makes sense
to consider the determinant in the commutative ring C[dg2,J03, 12, 13].

Writing (3.67) in the matrix form, we have

Yoz Y12\ (F\ _ [aoF
Yo3 Yz ) \F)  \asF )’

and multiplying by the cofactor matrix

Y13 —12
—03 Vo2

of the matrix in the left-hand side from the left, we obtain
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et (1) = (S miar)
On the other hand,
det(9,;)F = (Dozths — Joat1a)F
= (202213002013 — T03712003012) F
together with (3.69) implies

det(:;)F = (zo2213 — Z03212)003012F

01
=x (2 3) 803612]‘7.

Hence, we obtain

003012F = {aat3F — a3t F},

1

01
“\23
and by (3.70), the right-hand side can be rewritten as a linear combination
of F and 012 F over C(x). For simplicity, setting

S = C(z)F + C(x)012F,

the above fact can be expressed as Y9312 F € S. Hence, by the second formula
of (3.70), we have 92, F + (a1 + a3)912F € S which implies 93, F € S. Next,
by taking 92, = x120% + 112012 into account, we have 0%, F € S. Again,
by (3.70), we obtain o212 F, 913912 F € S. Hence, by simple computation,
we obtain 0;;012F € S. Thus, we have rank E'(2,4;a’) < 2. On the other
hand, since E’(2,4; o’) admits two linearly independent integral solutions, we
showed rigorously that the rank of the system of equations E’(2,4; ') is 2.

3.6.3 Equation E’'(2,m + 1; o)

As in § 3.6.2, let us start from
Table 6.2

9 —( Y02 Yoz -+ Vom ) —(ao +1) m
V12 V13 -+ V1w ) —ou, Yoa;+1=0.
=0

Qo Q3 (0779
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From this table, we obtain

(P02 + 912)F = asF,

; ; (371)
(ﬁom + ’l91m)F = a,, F.
Z’lgojF = —(040 + 1)F,
I (3.72)
’l91jF = —alF.
j=2
(8()j81k — (90k(91j) 0, 2 S j, k S m. (3‘73)
y (3.71) and (3.72), we have
Voo F'= Z’ﬁlj 1+O[0+ZOZJ F
Jj=3 j=3
m
F F,
=DV F + (a1 + a2) (3.74)

7j=3
ﬁOjF— 791jF+ajF 3 S ] S m,
m

1912F:— ZﬂljF - OqF.
Jj=3

Moreover, picking up two formulas from (3.71), we obtain the formula in a
way similar to § 3.6.2:

det 190]' 190k F _ Oéj’l91kF — OékﬂuF )
U1 V1 ) \ I —aj ok F + agdo,; F
Hence, by (3.73), the above formula becomes
01
X jk‘ 80j81kF = ijﬁlkF—aki%jF. (375)

Setting C(x) = C(xoz,- - ,¥1m) and using the notation

m

S=C(z)+ > C(x)dy;F,

j=3
(3.74) and (3.75) are expressed as

aijF €S, 8()j51k;F es (j # k). (3.76)
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For simplicity, we consider d13F. By (3.76), we have 0y2013F, OpaO13F, . . .,
8()m813F S S, and by (371)7 we also have 812813F, 514813F, s ,81m813F S
S. By the last result and (3.72), we have

003013 F, 0%, F € 8.
Similarly for 015 F, 4 < k < m, we can show
6ij81kF€S, 1=0,1, 2<j5<m,

and we see that any partial derivatives of F' can be expressed as a linear
combination of F,013F, -+, 01, F over C(z), which implies

rank E'(2,m +2;a') <m — 1.
Thus, from this together with the result obtained in § 3.5.3, we can conclude

rank E'(2,m +2;0') =m — 1.

3.6.4 Equation E’(3,6;a’)

As we saw in the above two examples, if we do not set up the notation
cleverly, the description becomes cumbersome. Diverting the notation for
minor, we denote a minor of the matrix with coefficients in the commutative
ring C[9;; | 0 <i<2,3<j<5]

Y03 Vo4 Yos

9= | 913 V14 V15
a3 U2q Vo5

01y Yoz Jo4
9 <3 4> _ det ( o m)

etc. As the results obtained in § 3.5.4 suggest, we set

by

S=C()F+ Y  C(2)di;F + C(x)0140s5F.

1<i<2
43535

First, we start from the following table:
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Table 6.3
Vo3 Vo4 Vo5 \ —(ao + 1) 5
U=\ Y13 V14 V15 | —q > aj+1=0.
oz Vo4 Vo5 | —ao 3=0
a3 Qg QOp

(P03 + Yoa + Vo5)F = —(avg + 1) F,
(V13 + Y14+ 015)F = —ai F, (3.77)
F =

(V23 + P24 + ¥25) —aoF),
2
> 0yF =a;F, 3<j<5, (3.78)
=0
0ijOpg ' = 01g0p; F, 0<14, p<2, 3<j, ¢<5. (3.79)

By (3.77) and (3.78), we have 9;; F € S. Next, for the 2 x 2 minor ¢ (;1 ;2)
1 J2
of ¥, let us show

9 (;1 ;2> Fes. (3.80)
1J2

First, one can show

12 12
19(45>F:1'<45>814825F€S.

It is sufficient to show that the other minors are expressed as C-linear com-
binations of ¥(} ?)F and 9;;F. By (3.78), we have

01 i’ i
9 <] k‘> F=-9 <] k‘> F+C¥j’l97;k;F — Ckk’l%jF

where {0,i,4'} = {0,1,2}.

This formula means that as an operator acting on F', the action of the 2 x 2
minor of the matrix ¢ containing the first row can be expressed as a C-linear
combination of 2 x 2 minors, not containing the first row, and ¥;;’s. Similarly,
the action of a 2 x 2 minor of ¢ containing the first column can be expressed
as a C-linear combination of 2 x 2 minors, not containing the first column,
and ¥;;’s. Hence, (3.80) is proved. Now, writing (3.77) in matrix form
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F —(Oéo + 1)F
d|F = —OélF 5
F —Ong

and multiplying the above formula by the cofactor matrix © of ¥ from the
left, we have

F —(Ck() + 1)F
detd | F | =0 —a F . (3.81)
F —aoF
Since we have
012
detd =z <3 A 5> 003014025 F,

from (3.80), it follows that each component of the right-hand side of (3.81)
belongs to S. Hence, we showed 0y3014025 F € S. By (3.80), the above formula
and (3.79), we have

8i1j18i2j2F € S, 0<4 <2 < 2, 3< jl < j2 < 5, (382)
D0jo 01,025, F € S, {jo,j1,72} = {3,4,5}.

For simplicity we consider 014F. The second-order partial derivatives that
are not contained in (3.82) can be obtained by applying 9, ;, which appears
either in the second column or the second row, to d14F, i.e., they are given
by 813614F, 6124F, 615614F, 604814F, 824814F. For example, we have

1

13214
1
= {—1903 — U3 + 043}1914F es (by (378))
T13%14
Similarly, we can show 9gg014F', 015014 F, 024014F € S. On the other hand,
adding three formulas in (3.78), we have

813814F = 1913'1914F

’1914F: — Z ’l9ijF+(Ck3+a4+a5)F,
(4,5)#(1,4)

applying 014 to this formula from the left, we obtain

1
6124F = — — Z xijﬁijﬁmF + (043 + oy + as — 1)614F
Z14 .
(4,5)#(1,4)

The right-hand side can be shown to be in S as before. A similar argument
shows 01;01;F € S etc. Finally, we should show 0;;014025F € S. For sim-
plicity, let us show Jys014925F € S. The other cases can be similarly proved.
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First, considering the 2 x 2 minor 19@ E) of the matrix ¥ obtained by remov-
ing the first row and the second column, by the same argument as before, we

have
12 12
9 <4 5> F=-9 <3 5> F — o195 F + a5 F

which implies

1 12

014095 F = —T {l‘ (3 5> 013025 F + a1 995 F — 0421915F} .
+(13)

Differentiating this formula by dy4, and using the second formula of (3.82),

we obtain 0ps014025 F € S. Thus, any partial derivative of F' can be expressed

as a linear combination of F'; 014 F, 015F, 024 F, Oa5F, 014025 F over C(z). In

particular, by the result obtained in § 3.5.4, we conclude rank E’(3,6; ') = 6.
This argument can be extended to general cases. In § 3.6.5, we verify it.

3.6.5 Equation E'(n+ 1,m + 1;a’)

We start from the following table:

190,71-&-1 ...... ﬂo,m _ﬂo — _(ao + 1)
: . B3 = m
9 = : : fr=—a Zaj-i-l:().
: : j=0
ﬁn,n—&-l """ ﬁn,m _ﬂn = —Qpn
an+1 ...... am

From the above table, let us write the differential equations:

S 9yF=—BF 0<i<n, (3.83)
j=n+1

n
S 0,F=aF, n+1<j<m, (3.84)
=0

(5ij8pq — (9iq8pj)F =0, 0<i,p<n, n+1<j g<m. (3.85)

Since the column vectors and the row vectors in ¥ play the same role, for
simplicity, we assume n+ 1 < m — n, and following the arguments developed
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in § 3.6.4, let us discuss this in two steps. First, we define the notation as
follows:

I={iy,-,iph, 0<iy<---<ip<mn,

K={ki, -k}, n+1<k <-- <k, <m,
L={0,1, . n\I={lo,l1, - lnp}, 0<lg<- <lp_p<nmn,
H={n+1,,m\K={hi, - hm—n_p}

n+1<h < - <hpopnp<m,

iy oo Divk,

We show the following proposition.

Proposition 3.1. Let F' be a general solution of (3.83), (3.84), (3.85) and
C(z) be the field of the rational functions of ;;, 0 <i<n,n+1<j<m.

(1) S = C(x)F + Zn: > (C(x)ﬁ({{)F is stable under 0;5, 0 < i < n,

p=1 I,K
[1|=|K|=p
n+1<j53<m.
(2) Taking all 9(L)F, |I| = |K| = p,p < n, I C {1,--,n}, K C
{n+2,---,m}, corresponding to the minors of the matriz obtained by

removing the first column and row from the matriz

Opmgz - O

and F' itself, any element of S in (1) can be expressed as a C(x)-linear
combination of them.

For the proof of this proposition, let us prepare some lemmata.
Lemma 3.8. For |[K|=n+1, K = {ko, ..., kn}, we have:

(1)0(Olf'{" ”)Fes.

(2)19(011.{.. n)F:w<01I.{.. n)60k0-~-8nknF

hence, Ooky - Onk, " € 5.
(3) Forp <mn,

11 0 1y _ iy g L
ﬁ(kl k‘p>F_x<k;1 k;p> Oisky = Oiphe, I
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hence, Oi,k, -+ Ok, F € S.

Proof. Picking up the column vectors in (3.84) corresponding to K, it takes
the following matrix form

Poke ** Vrko F g, F

190]% . ’lgnk" F aknF
Multiplying by the cofactor matrix of the matrix in the left-hand side from
the left, we obtain (1). Next, we show (2). By the definition of determinant,

we have

01 - n 01 -+ n
0'66”4,1
01 --- n
- Z Sen (k k ) L0ky(0) " Tnkoim) * Dkioqo) *** Onkeg oy £
ce o(0) """ No(n)
c€S 41

but since (3.85) implies

80k . 871]60(”) F= 80]60 e 8%’{?7,, Fa

w@)

the above formula implies the first half of (2). This together with (1) implies
the latter half. (3) can be proved similarly.

Next, to compute amﬁ(;{)F, |I| = |K| < n, we prepare two lemmata.

Lemma 3.9 (Operations with repect to rows).
19(“ 2 ’p)F=—2ﬂ< y p)F
ky kg oo Ky 22" ki ko - ky
-z ia i
1 g ceeeip)
DS ()

=1

Proof. This is proved by the linearity of determinant and (3.84).

Similarly, by (3.83), we can prove the following lemma.

Lemma 3.10 (Operations with respect to columns).

7:17;2... 7]17/2...7/17
N LR NI T,
heH
p

B PV I IN iy
> (-1 ﬂ,kﬁ(k& kp)F.

= Rz
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With these preparations, let us prove Proposition 3.1.

Proof (of Proposition 3.1). Let us show (1) by induction on p = |I|. For p = 0,
the assertion is evident by the choice of S. Suppose that, for |I| < p— 1, we
have shown 9,,0(L)F € S. For multi-indices I, K with |I| = |K| = p, to

show amﬂ( II()F € S, we verify it by the following steps:
(i) when:¢ 7T and k ¢ K,

(ii)  when only one of v € I, k € K holds,

(iii) when ¢ € I and k € K holds.

For (i), Lemma 3.8 (3) implies

I I
Oun? (K> F=u (K> OurOisky ++ Oie, 17

()
K v I
-y () P
"\k K
Hence, if p < n — 1, the assertion follows by the definition of S, and if p = n,
(1) of the same lemma implies 8LH19(II()F es.

For (ii), we show the case ¢« = i; € I, but the other cases can be treated
similarly by Lemma 3.10. By Lemma 3.9, we have

I\ . ' iy - ip
D0, k0 ( K) F==>"0;,9 <k1 o kp) F (3.86)

leL

p

+ (_1))\_5_1&]“87;1,#9 12 st ’Lp F
ky oo ky o Ky
A=1

By assumption, x ¢ K, and since L = {0, -+ ,n}\I, it follows from the result
for (i) that the first term in the right-hand side of (3.86) is contained in
S. On the other hand, the second term is also contained in S by induction
hypothesis, hence, we obtain amﬁ(II()F €s.

For (iii), we assume ¢ = i1, k = ky for simplicity. The other cases can be
reduced to this case by the skew-symmetry of determinant. By repeated use
of Lemma 3.9 and 3.10, we obtain the following formula: setting

I':=1\{i1}, K :=K\{k},
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(D) 5 () (B ()

leL, heH keK leL

+ 33 (1) a0 (h " % kp) F (3.87)

heH p=2

L3N 0 (l f2 KAA ) F

leL \=2

P . ~ .

_1 >\+H ] 19 l2 DR 2 DR lp F.

+ )\Z ( ) akuﬁlk <k2 .. k'u .. kp
n=2

Differentiating both sides by 0i,%,, it follows from the result for (i) that

ailklﬁ(h K,)F € S. The second term to the fifth term in the right-hand side
of (3.87) are all sums of (p — 1) x (p — 1) and (p — 2) x (p — 2) minors; by
induction hypothesis, these terms differentiated by 0;,1, are contained in S.
Combining these, we see that 8ilk119(II<)F es.

Next, let us show (2). Let p < n and take a p X p minor 19(,22‘;) of 9. If
i1 =0,k # 0, Lemma 3.9 implies

0 r 1 I
(Yo
leL
p 1 I/
R .
+) (-1 akﬁ(kl e kp)F‘
p=1

As I’ and L does not contain 0, a p X p minor 19(II()F of ¢ containing the
first row can be expressed as the sum of minors of degree at most p not
containing the first row. Similarly, by Lemma 3.10, a minor 19( II()F of degree
p containing the first column can be expressed as the sum of minors of degree
at most p not containing the first column. Hence, we conclude (2)

Now, Proposition 3.1 (2) asserts that it suffices to take ) ( ) m ;L 1)

ﬂ(II()F to generate S over C(z). On the other hand, this sum is (" 1) by
Lemma 3.5. Hence, we have

rank E'(n+1,m + 1;a/) < (m; 1> .

This together with Theorem 3.4 implies the following theorem:

Theorem 3.8. The hypergeometric differential equation E'(n+1,m+1;d/),
under the assumption oj ¢ Z, 0 < j < 'm, admits (mn_l) linearly independent
solutions. In particular, for these solutions, we can take
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= m—1
/ H(xoj + iUl 4 Trjun)Vdur A Aduy,, 1<v < ( > .
ov j=0 n
Here, o, takes over a basis of H,(M,LY).

Remark 8.10. In [G-Z-K], the equality rank E'(n+1,m+ 1;¢/) = (mgl) was
shown by computing the multiplicity of a D-module.

3.7 Duality of E(n + 1,m + 1; &)

In Theorem 3.3, we have seen that a hypergeometric series of type (n+1,m-+
1) admits an n-fold integral representation and an (m — n — 1)-fold integral
representation. Here, we explain a relation between this fact and the duality
of Grassmannians. To make the duality clear, we change notation and we
consider E(k+ 1,k + 1+ 2; ).

3.7.1 Duality of Equations

Let us rewrite what we have considered in § 3.4.3 by changing symbols.

A matrix
1 Too *** Tol

(1k+17 l‘/) =
lxpy -+ xTgg
defines the integral

l

F(.’El; a) = / uffl cee u;:k H(l’oj +Tur -0+ l'kjuk)ak'*'l"'j (388)
o 3=0

~dug A - A dug,

which satisfies the system of differential equations



166 3 Hypergeometric Functions over Grassmannians

E/(k + 1, kE+1+ 2;&0, . ,ak+l+1)
k
oF .
(1) 29%87 =ajp1l, 0<5 <,
i=0 K

]
OF _
(2) ]z%l‘ij _55% =—(14a)F,0<i<k, (3.89)

O%F 9°F
8xij8xm o 8xiq8xpj’

Let us describe the relations between the parameters in (3.88) and in (3.89)
in the matrix form:

1 xOO ...... :L’Ol
1 : ket l41
_ .Y o tk+1=0  (3.90)
: j=0
1 xko ...... qf‘kl
Ay 1y e ooy Oy Oy 1y ooy O] 41
oo v zor\ —(1+ o)
: (3.91)
T o i) —(1+ o)
ak+1’ ------ 5 ak+l+1

The differential equations (3.89) are partial differential equations with respect
to the variables x;;, 0 <4 < k, 0 < j <[, we can relate these with another
matrix expressed in terms of the transpose of (3.91)

1 Tog vt Tko
1 k+i+1
LY (-l-a)+1+1=0
§=0
1 a’;ol ...... '/Ekl
—1—ak1, =1 —agpipr,—1—ag, -, =1 —ag
Too * v Trko\ Ok+1
: (3.92)
ZTop sttt Tkl ) Qk414+1
_(1+a0)a """ ) _(1+ak¢)

Here, we remark a1 = —[1 4+ (=1 — a41)] etc. We have
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E'(l+1,k+l+2;—l—akﬂ,...,—l—ak+l+1,—l—a0,...7—l—ak)
!
F
(1) Z%j%:—(lﬁLai)F,OSiSk,
i=o 9%
k
oF . 3.93
(2) ;xij%:ajJrkJrlF, 0<j<I, ( )
O°F

_%F
6l‘ij61‘pq n 81‘2'(181‘17]‘,

Hence, by the table representing the fact that the integral (3.88) is a solution
of (3.89), we see that the integral

F('2i=1—opy1,. .., =1 —opquq1, —1 —ap,...,—1 — o) (3.94)

—(1 —(1
— /“1 (I+agtz) u; (It+akti+1)
T

k

. H(l‘zo +xiup +---+ xilul)_(Ha"')dm A Aduyg
1=0

is a solution of the differential equations (3.93). Let us write the (I+1) x (k+
[+ 2) matrix associated to the integral, following the order of the parameters,
by

Too Tko 1
(‘a',1141) = :
Top T 1
—(I+ag), -+ = (T+ak), =(I+art1), -+ —(1+ aksis1)

Summarizing, we have:

Lemma 3.11. Two systems of hypergeometric differential equations E'(k +
LE+1+4+ 2500, ,ap4141) and E'(0+ 1L,E+ 14+ 2;—-1 — agqq,---,—1 —
Qtit1, —1 — g, - ,—1 — ay) are the same. For each system, the integral
(3.88) (resp. (3.94)) provides us the solutions. Hence, this system of differ-
ential equations admits a k-fold integral and an [-fold integral as different
solutions.

3.7.2 Duality of Grassmannians

Let G(k+1,k+1+2) be the complex Grassmannian of k+ 1-dimensional sub-
spaces of CF++2_ Expressing an element of C¥T1*2 as a row vector, (1j41,2’)
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defines a point of G(k + 1,k + [ + 2), and the set X¢1..., of all points of
G(k+1,k+1+2) corresponding to the matrices of such form is an open sub-
set of G(k + 1,k + [+ 2) which clearly satisfies Xo;..., >~ C*+DU+D)  For the
reason we shall explain later, considering (‘z’, —1;41) instead of (*z’,1;41),
(*2',—1;41) similarly defines a point of G(I + 1,k + I + 2), and the set of
all points Xp41,... kti41 Ck+1)(+1) corresponding to the matrices of such
form is an open subset of G(I 4+ 1,k + 1+ 2).

Here, let us briefly explain the duality between G(k + 1,k + [ + 2) and
G(l+ 1,k + 1+ 2). Introduce the bilinear product on Ck*+1+2 by

k41
r-y= Z Tiyi, = (To, -, Thti+1), Y= (Yo, Yhiv1)-
=0
Let L be a (k + 1)-dimensional subspace of C**2 and set

L+ = {y e CF"*2|(y,2) =0 Vo € L}.

Then, L+ is an (I + 1)-dimensional subspace of C*¥*'+2 and the map

L:Gk+1,k+1+2) —— G+ 1,k+1+2)

L— L+

is defined. This is a biholomorphic map and this relation is called the duality
of Grassmannians.

Now, considering (*x’, —1;11) which is slightly different from (‘z’,1;41),
the corresponding integral

k

!
/ H(_uj)—(1+ak+,-+1) : H(l‘z‘o +minug + A agu)” 0 dut
j=1 i=0

dul = dug A+ N duy

only differs from (3.94) by a scalar factor, hence, it satisfies the same differ-
ential equations (3.93). By the way, as

/

(1gs1,2") ( > = Ok+1,0+1,

L
the image of the point of G(k + 1,k + I + 2) corresponding to (1j41,2") by
the duality L is the point of G(I + 1,k + 1+ 2) corresponding to (*z/, —1;41).
Hence, we have shown the following lemma.

Lemma 3.12. Under the duality map L : G(k+ 1,k+1+2) > G+ 1,k +
1+2), Xo1.., maps to Xpy1,.. kyig1:
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L(Xo1k) = Xkt ktis1-

3.7.83 Duality of Hypergeometric Functions

By Lemma 3.11 and 3.12, we obtain the following theorem:

Theorem 3.9 (Duality of systems of hypergeometric differential
equations). The systems of hypergeometric differential equations FE'(k +
LE+1+4+ 2500, ,0p4141) and E'(0+ 1,E+ 14+ 2;—-1 — agqq,---,—1 —
Qptir1, —1— g, -+, —1—ayg), which are defined over Xo1..... = {[(1k41,2")]}
CG(/C'F 1Lk+1+ 2) and Xk;Jrl’... 2 = {[(tl'/, _1l+1)]} C G(l +1, k+l+2)
respectively that are isomorphic to CHFHVEY and map to each other by
the duality of Grassmannians, are the same. A solution of each system has
an integral representation (3.88), (3.94) associated to the matriz (1xy1,2'),
(ta',—1,41), respectively. Hence, these systems of equations admit the so-
lutions expressed as a k-fold integral and an l-fold integral defined by the

correspondence

t

L (g, 2') ——— (2, 1)

induced from the duality of Grassmannians.

This fact has been discovered for the first time in [Ge-Gr]. The following
proof follows [Kit-Ma].

3.7.4 Duality of Integral Representations

Theorem 3.3 can be regarded as relating two integral solutions more precisely
in the above consideration. The hypergeometric series

211 21
F(ala"' aakaﬁl,"' ,ﬂla’y; Z), Z = € Mk,l((c)

2kl Cc RKI

has a two integral representations, up to I'-factors,

k k YmXei—l oy —B;

w1) j—1 i=1 j=1 i=1
(3.95)
! ! YRy ! o
/ [Tef " [1-3u T -S| dw
Alw2) j=1 j=1 i=1 j=1
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Expressing the matrix corresponding to (3.95) as

1 1 1 e 1
-1 — 211 —2u
1 -1 — 2kl T2kl

ao—l,‘..,ak—1,’}/—2%—1,—51, =B

Theorem 3.9 asserts that the integral
l l k l
/ [T )™ 1= D ziug) ™ du (3.97)
j=1 j=1 i=1 j=1

associated to the matrix

1 -1 -1 -1

1—z11 —2zm -1

1 -2y —2p -1
—Qp, —Q1, - _aka_7+zaia_1+6la"'a_1+6l

corresponds by the duality. Making the coordinate transformation

by the identities
k k 1
SHwi—1)+7=> ai=1+> (-8)+k+1=0
i=0 i=1 j=1

and ap = Zi:o B; — v+ 1, we see that (3.96) and (3.97) coincides up to a
scalar factor. Hence, if we choose a special k-simplex A¥(w;) and an I-simplex
Al(wy) as integral domains corresponding to them respectively, the duality
becomes precise and we see that the corresponding integrals coincide up to a
scalar factor.

3.7.5 Example

For Gauss’ hypergeometric series, we have the concrete expressions:
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F(’Y) lua—l —u y—a—1/q _ su -0 ”
o | e,

F(%ﬁﬁ;z):W

I'(v) /1 B—1 -B- -
== U 1—u) P71 - zu)"%du.
G- arE Jy T
The corresponding matrices look as follows:
1 0 1 1 . 1 -1 -1 0
0 1 -1 —Z 1 —Z 0 -1
-y a=1y—a—-1 —f Yy=F-1 -—aa—vy -1
I change of variable u — —u
1 -1 -1 0
-1 z 0 1)
Y=f-1-a a-v -1
Remark 3.11. The relation between AF(w;) and Al(ws) stated in § 3.7.4 can

be understood as the duality of the twisted homologies corresponding to the
integrals (3.95) and (3.96). For detail, see [Kit-Ma).

3.8 Logarithmic Gauss—Manin Connection Associated
to an Arrangement of Hyperplanes in General
Position

3.8.1 Review of Notation

Using the notation defined in § 3.4, we consider the arrangement of hyper-
planes in P"(C) defined by the (n + 1) x (m + 1) matrix

xol ...... xom 1

11 ZT1m 0
x = .

xnl ...... xnm 0

Recall the symbols:
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u=(u1,...,uy) € C", for later use, we further set ug = 1.
Pj(u) = woj + x1ju1 + - + Tpjun, 1<5<m,

m m
:H‘Pj(u)aj’ M:CH\U{PjZO}’
j=1 j=1
for J={j1,...,0p}, 1<ji<---<jp<m-—1,
dP; ap;
o(J) =—JL Ao A =2
le Pjp
in particular, for |J| =n, @¢(J) = / U-o(J), o€ H,(M,L),

we denote the minor obtained from extracting ¢;th, ..., i,th rows

and jith, ..., jpth columns of x by ac(“ l?g).
.71 jp

As was explained in § 3.4.1, setting

xol ...... l‘om 1

- : 00

X=<xz= ; each column vector # 0 » |
xnl ...... l‘nm 0

where Y := U {x <]0 ...... jn> = 0} )
. 4 0 .

1<jo<-<jn<m+1

$(J) is a multi-valued function on X. By Corollary 2.6, (™~ ) @(J) provides
a basis of H"(§2*(xD),V,,). Hence, in the exterior derivative of @(J) with

respect to x
=3 e, [ {F 20

=0 j=1

each & % should be in principle expressed as a linear combination
of o(K), K = {k1,--+ ,kn}, 1 < k1 < -+ <k, < m —1 over C(z) in
H™(2*(+D), V). Below, we compute dp (J) = >, 05k (K) concretely
and show that 67 i is a 1-form admitting logarithmic poles along Y.
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3.8.2 Variational Formula

By simple calculation, we obtain

Z > dai, | “J°“Z¢<J>

i=0 joi&J
O (ajk_l)ui
+ dl'ijk UL —+2 - <J>
I
k-1 dui .
IR so<J\{yk}>}.

Here, o(J\ {jr}) = ©{j1 - Jk—1Jk+1 - - - Jn) and dug = 0. Here and after, the
symbol ZjoeJ signifies the sum over 1 < jo < m with jo satisfying jo ¢ J.
On the other hand, since we have

v (SR i)

Jk
—1)k-1 . o, — 1Du;
- %du Nt \ i) + L= D
Jk Jk
Qo Ug . -~ .
+Z k 1 ‘70 290<‘70‘7k‘7n>,
JogJ P

combining the above two formulas, we obtain

/ u Z > deig B o()

1=0 jogJ

U S  1 , S iy Gu)
g Jk

i=0 k=1 jo¢J

Since we obtain the first term by setting & = 0 in the second term of the
above formula, we can further simplify it:

. = o Ui
n=[U Y 0 e ). @98)
T k=0 jogJ
K:={jo}uJ

Hence, the problem is reduced to compute the partial fraction expansion
explained in § 2.9.1, determining all the coefficients precisely, and express
the above formula with the basis {¢(i1 -+ in)}.
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3.8.3 Partial Fraction Expansion

Setting K = {jo, " ,jin}, N ={0,1,---,n}, we solve

with respect to u; by using Cramer’s formula and obtain

N\ {1}
n lel‘ .
u; = Z(—l)i+l—<K \ {”}> (3.99)

=0

Here, introducing the symbols

PK::HPj, Pi\(jy = H P;,
jEK JEK\{s}

by (3.99), we obtain a formula on partial fraction expansion:

Pk 1=0 x(g) Pty .

3.8.4 Reformulation

Let us rewrite (3.98) to apply the formula (3.100). First, we notice that

Uy
P,

Ik

- ;_; .x (IZ(V\\{{ji}}> dup A - ANduy,

(K \ {jr}) (3.101)

— i(_l)m . ; ([J(V\\{{Ji}}> 7 (IJ(V\\{{;Z}}> Cdug A A dun.

1=0 T (N) PK\{jl}
K

Second, by using
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. 1
PEN{Gi}) = p——dPjo A~ NPy A---NdP;,
K\{5}
(N \ {0})
K
= &-dm/\ <A dtg,
Py

rewriting the right-hand side of (3.101), we finally obtain

ZL (K L))

e W) GG
=
Ji

Rewriting the right-hand side of (3.98) with this formula, we obtain

/ Z Z (_1)i+k+l - dag, (3.102)

BkI=0  jogJ

K:={jo}uJ
(év \\ {E?}) (;(v \\{{ﬂ}}> (KN (i)

(%) = (L)
KA\ {i}
Here, we use the well-known Jacobi formula (cf. [Satal).

Lemma 3.13 (Jacobi’s formula).
W) () - () (20 o

-7 (K) (fév \\{Eg,ﬁ})

Proof. Permuting rows and columns of (3.103), we can reduce it to the ref-
erence cited above (the formula with respect to the last two columns and
rows).

We rewrite (3.102) by using this lemma:



176 3 Hypergeometric Functions over Grassmannians

= [Uy Y

=0 jogJ
K:={jo}uJ

o (KN> dw (KN\\ {{%) .
e - (K N\ {ii})
. (N) . (N \ {0}) 4

K K\ {i}

> U B - {m»>dlog%.
w2tos (&1 G})

By the above computation, we have shown the following lemma:

I
NE

l

I
o

Lemma 3.14. 5(J), J = {j1,- - ,Jn}, 1 < j1 < -+ < jn < m — 1 satisfies
the relation:

N
apn = Y YD ey, -dlog% U Li}):
Jo¢J  1=0 T <K \ {jl}>

Here, N = {0,1,--- ,n} and p(L) appearing in the right-hand side runs over
L:{llv"' aln}; 1<h<--- <l <m.

K:={jo}uJ
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3.8.5 Example
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To clarify the form of the formula obtained in Lemma 3.14, let us compute

it for n =2, m =5.

1'01 ...... xOE) 1
= |21 """ 15 0 5 N = {Oa 1,2}3
x21 ...... x25 0

A basis of H?(2°(xD), V) is p(12), ©(13), ©(14), ©(23), ©(24), ©(34).

012

dp(12) =< asdlog + aydlog

(12)
(23)
(23)

— agdlog ©(23) + azdlog

— aydlog ©(24) + aydlog

+ a5 < dlog

12\ 7
12

+ dlog

-(:5)

! (3 1 2> 1%}2;) 5(12)
12

T

> ¥
012
12

ﬁ@w
“\13
012
%@(1@
! <(1) ; g) 5(12) — dlog %@@@
“\25
+(153)

¢(15)

(3.104)

Other d@(j1j2)’s can be similarly computed. As can be seen from these com-
putations, the right-hand side of Lemma 3.14 has some terms containing
©(J1 -+ jn—1m), and this expression of differential equations is still not in
the Pfaffian form. We should eliminate ¢(15), ¢(25) in the right-hand side of

(3.104) by using the relations

@23(12) + a3B(13) + s B(14) + asp(15) = 0,

()41L2<12> — Oé3(2<23> — 044()/0\<24> — 045()/0\<25> =0.

The result is as follows:
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012 012
{512 {512

dp(12) = aldlogT+a2dlog 3
G2) =Gl
x<012>
5 .
J12) | .
Jj=3 .Z‘(12)
012 012
T\312 \s12) |
(3) ()
012 012
+ dl BCEE: dl i b12 p(14)
Qg Og — ——~ —alog———<— ¢ ¥
12 12
(1) ()
012 012
T\512 T\s312) |
(s) (a3)
012 012
T\512 T\412) |
+ oy legT — leg T Lp<24>
(3) ()

3.8.6 Logarithmic Gauss—Manin Connection

Since extending the above computation to general cases is not so difficult,
except that the symbols become complicated, we only state its essence. First,
in the formula stated in Lemma 3.14, we distinguish the summation over jgy
into the parts with 1 < jo < m — 1 and jo ¢ J and the parts with jo = m.
As the former has no problem, we consider the latter case. It takes the form:
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Amd] MA@ (3.105)

0g - (N \J{0}> P

< N
{mpuJg) ‘
+ o Y1) dlog — AT Gm, T (),
E )
m, J\ {ji}
where the multi-index {m,J \ {j;}} signifies {m,j1,-- ,3\;, -+, Jn}. By the
formula

VoI \ {ii}) = (=) ag,0(J) + ame(m, J\ {5})

+ Y aeE N\ i),

Jo¢J
1<jo<m—1
K:={jo}uJ

we obtain

am@(m, J\ {ji}) = (=1)'a;,8(J) (3.106)

- D PE N\,
Jo¢J
1<jo<m—1
K:={jo}uJ

Rewriting the second term in (3.105) with this formula, we obtain:

0)
n x <K R
P RN )
N
D> Z(1>“ajodlog%'@<ff\{m>.
jogJ =1
Lshosm -1 m, J\ {ji}

Summamzmg all these computations, the Pfaffian forms satisfied by (m 1)

o(J), 1 <j1 << jn <m—1 can be expressed as follows: setting
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N
x
Z oj,dlog
jogJ NAA{0}
1<jo<m X
K:={jo}uJ J
N
x
n {m}uJ
+Zajldlog— (for L =J)
=1 N\ {0}
x
011 = m, J\ {ji}
N N
x x
K {m}uJ
(-1 ey, { dlog ———4—— — dlog ———L—
N0} NERU
KA\ {5} m, J\ {ji}
1 <jo <m—1,setting K := {jo} U J,
L=K\{j}, forl#0
0 (otherwise),

arranging J, L in the lexicographic order and letting © = ((651)) be the
matrix with coefficients in this logarithmic differential forms. Let (ys); be
the column vector arranging y; in the lexicographic order and consider the
Pfaffian form

(dys)s =OyL)L- (3.108)

As we have seen above, (¢(.J))s becomes a solution of (3.108). Here, taking
a real matrix z, we take a basis {Ay(w)}1<y<(m71) of Hy(M,LY) stated

in Theorem 3.1 and set @, (J) = fAy(w)U - (J). Then, (™) column
vectors (@, (J))s become solutions of (3.108), and by Corollary 3.1, we
have det($,(J)),,s # 0. This means that the column vectors ($,(J)),
1<v< (mfl) provide us with linearly independent solutions of (3.108).

n
Now, x(%) etc. appearing in the expression of ;5 can be regarded as

Pliicker coordinates of the point of G(n + 1, m + 1) associated to the matrix
x stated in § 3.4.2. Multiplying an element g of GL,11(C) by z from the
left induces x(%) — det(g) - x(%) In the expression of 6 1, since Pliicker
coordinates appear in the denominator and in the enumerator of the factors
in dlog, 651, is invariant under the action of GL,+1(C). This means that
(3.108) is a differential equation defined on the Grassmannian G(n+1,m+1)
omitting finite hypersurfaces. Moreover, equation (3.108) is integrable in the
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following sense, i.e., as a consequence of (3.108), the curvature form of ©
becomes 0:

dO—ONO=-OANO =0 (3.109)

since dO = 0. In this case, we say that (3.108) defines a Gauss—Manin con-
nection of rank (myjl) ([De]).

Exercise 3.1 ([A08]). Show that the identity (3.109) can be derived from
Pliicker relations (cf. § 3.4.2).

Theorem 3.10. In the open subset of My11,m(C)

1‘01 ...... J/‘Om 1

— x11 ZTim O

X=<Kz= . . .|, each column vector #0 » ,
l‘nl ...... l‘nm 0

the Pffafian form (3.108) which has logarithmic poles along

Y = U {x(pl'”@)zo}
, A Jo ee-dn
1<jo< - <jn<m+1

defines a Gauss—Manin connection on X = X\Y and its linearly independent

solutions are given by (p,(J))s, 1 <v < (mn_l).

Example 3.6. Let us explicitly give a Pfaffian form which provides us a
Gauss—Manin connection for n = 1:

o — (o1 Toz - Tom 1
11 12 * - Tim 0/

for 1 <j,k<m-—1,j#k, we have

01 01
T T
m j
0;;= > dlog + a;dlog :
1Sm 15 im
I#]
01 01
T T
mj
O = —ay § dlog —dlog
1k T1im
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Hence, fixing 1 <j <m —1,
<Pu<j>=/ U-p(j), 1<v<m-1
A, (w)

gives solutions of the Pfaffian form

Y1 01 - 91, m—1 Y1
d : = : : : . (3.110)

Ym—1 gmfl, 1 gmfl, m—1 Ym—1

Remark 3.12. As a consequence of equation (3.108), we obtain the higher log-
arithmic expansion of hypergeometric functions as in § 1.2.5. In [Koh7], [Lin],
higher logarithms are discussed from the viewpoint of K. T. Chen’s iterated
integral. For their applications to higher logarithmic functions, its algebraic
K-theory and algebraic geometry, see, for example, [Gon] and [Ha-M]. As
for an extension of the connection form (3.108) to a general arrangement of
hyperplanes, there are further precise discussions on it (cf. [C-D-O], [C-O1],
[C-02], [Or-Ted]).

Remark 3.13. In this chapter, we have presented the holonomic system of
differential equations E(n + 1,m + 1;a) on the Grassmannian X and the
Gauss—Manin connection (3.108) on X \ Y on the other. There are several
references treating the system E(n + 1, m + 1; «) [Har], [Iw-Kit1], [Iw-Kit2],
[Kit2], [Kit3], [Kit-It], [Sas], or the geometry of arrangements of hyperplanes
which reflect properties of special hypergeometric functions [Hat], [Koh5],
[Or-Tel], [R-T], [Sch-Va2], [Terl], [Ter2]. In general, a holonomic D-module
corresponds to a constructible sheaf as a solution sheaf (Riemann—Hilbert
correspondence) (see [H-T-T], [Kasl], [Kas2], [Sab2], [Tan] etc.). One may say
that the solution sheaf on X \ Y defined by (3.108), being a locally constant
sheaf, gives a construcible sheaf on a one of the strata of X associated with
the singularity of E(n+ 1, m+ 1; a) defined on the strata realized by arrage-
ments of hyperplanes not in general position (for example, see [C-O1], [C-02],
[Or-Ted]). It seems an interesting problem to study their interrelationship in
a systematic way.



Chapter 4

Holonomic Difference Equations
and Asymptotic Expansion

As we have seen in Chapter 1, the I'-function is a solution of a first-order
difference equation which can be uniquely determined by its asymptotic be-
havior at infinity. This fact can be generalized to the cases of several variables
that contain a finite number of unknown meromorphic functions which sat-
isfy a holonomic system of difference equations. The hypergeometric functions
discussed in Chapters 2 and 3 satisfy holonomic systems of difference equa-
tions with respect to the parameters a« = (aq,...,an). Their asymptotic
structure at infinity strongly reflects topological aspects of their twisted de
Rham (co)homology.

In this chapter, we will see such an aspect of hypergeometric functions
as solutions of a holonomic system of difference equations. In § 4.1, 4.2,
applying classical results due to G.D. Birkhoff, we will show a fundamental
result on the existence and the uniqueness of a meromorphic solution of a
holonomic system of difference equations having an asymptotic expansion at
a specific direction of infinity. In § 4.3, as an application of the structure of the
twisted de Rham cohomology explained in Chapter 2, we will explain a way to
derive a holonomic system of difference equations satisfied by hypergeometric
functions and a relation between their asymptotic expansion with respect to
« and the Morse theory. In § 4.4, we derive concretely and explicitly a system
of equations in the case of an arrangement of hyperplanes. As § 4.1, 4.2 are
not directly related to hypergeometric functions, it might be better for the
reader to start reading from § 4.3 and refer to § 4.1, 4.2 from time to time.

First, we start by explaining the existence and the uniqueness theorem
due to G.D. Birkhoff for the single-variable case. See [Bir2], [N], [Gelfo] as
basic notion for analytic difference equations.

K. Aomoto et al., Theory of Hypergeometric Functions, Springer Monographs 183
in Mathematics, DOI 10.1007/978-4-431-53938-4_4, © Springer 2011
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4.1 Existence Theorem Due to G.D. Birkhoff and
Infinite-Product Representation of Matrices

4.1.1 Normal Form of Matriz- Valued Function

Suppose that a square matrix A(z) € GL,(C(z)) of order r with components
of single-variable rational functions is given. We consider a matrix difference
equation of a square matrix ¢(z)

B(z+1) = A(2)d(z), z€C, (4.1)
D(2) = ((¢i(2))); =1

Here, ¢;;(2) are unknown meromorphic functions on C. First, we look at the
normal form of A(z) at z = co.

Lemma 4.1. Suppose that A(z) has the Laurent expansion at z = oo of the
form

A
A(z):z“(Ao—ﬁ-?l-l-—Q-&-'"), we Z (4.2)

where Ay € GL,.(C) is semi-simple, i.e., diagonalizable and its eigenvalues
are mutually different, and A;(1 > 1) € M,.(C). There exists a formal Laurent
series

soese e anell]]) uo

z

with (So € GL,(C)) such that A(z) is reduced to
—1 —_ Z1
S(z+1)7"A(2)S(z) = 2# | Ao + ~ (4.4)

(ZO, Ay are both diagonal matrices). Here, Ao, Ay are uniquely determined
up to a permutation of diagonal components. In particular, if Ay is a diagonal
matriz, then Ay = Ay and A, is equal to the diagonal part of A1, and we
can take So =1 in (4.3). In this case, S(z) (4.3) satisfying (4.4) is uniquely
determined.

Proof. First, since Ay can be diagonalized by a transformation Ay +—
SJIAOSO, below, we assume that Sy = 1 and Ay is already a diagonal matrix.
Step 1. There exists

sw=1+ 5% ean (c][])
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such that

B(z) = 8" (z + 1)t A(2)5'(2) (4.5)

=B+ 24 ) ean(c|[]])

becomes a diagonal matrix. Indeed, by

ninn—l—l (n+1-1)

(z+1)" (—2)7,

=0

the relations satisfied by S, S5, - -+ are given, by comparing the coefficients
of the Laurent series of the identity S’(z + 1)B(z) = A(2)S’(z) in z#, 2+~

Ay = By, A+ A()Si = SiB() + By, (4.6)

that is,
[Ag, S]] = B1 — A;.

More generally, comparing the coefficients of z~"T# we have

[Ao, S, Z A1S)_ + By (4.7)

LA+ (n—o—1)

/ o-_]-n l—0o >1

* ZSl (=1 (n—1-o0o)! =
0<o<n—1
1<1<n—1

Now, for a matrix X with 0 on the diagonal, the equation [Ag, S]] = X on S},
always admits a solution. Choosing Bi, Bs, - -+ by degrees, we can determine
51,85, ...,5) in a way that B,, becomes diagonal. As a consequence, By =
Ag, By, B, -+ can be all reduced to diagonal matrices.

Step 2. By choosing appropriate diagonal matrices Sy, S%, - - -, there exists

-8 E o Cfl]]). s

such that B(z) can be reduced to

- A
S"(z+1)"'B(2)8"(2) = 2" (AO + —1> .
z
Here, we have Ay = By, A1 = Bj. Indeed, when we have

S§"(z4+1)"1B(2)8"(z) = Ap + é + é +- (4.9)
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by induction, we can choose diagonal matrices S}’ (I > 1) in such a way that
A, (n > 2) vanish. First, we have Ag = By, A1 = By and they are diagonal
matrices. Next, by the equality

B()Sé/ + By = Zg + (Sg — Si/)BO, (410)

[Bo, 53] = 0, (4.11)

we have By = Ay — 8! By. For A, to be 0, we set S/ = —BgBo_l. By induction

hypothesis, assuming that we could choose SY,S5%,...,5/_,5 in such a way
that Ay = --- = A,,_; = 0, the equality

(n—1)S)_1By=—(B2S)_5+ -+ By_157 + By) (4.12)

—D--- (-1
+An +Z n !(” Jsi_

S U ) S U P/

should hold, we can determine S”_; uniquely in such a way that A, = 0.
Step 3.  Setting S(z) = S'(2)S”(z), we obtain a matrix S(z) of the lemma.
Step 4. Assuming that Aj is a diagonal matrix and Sy = 1, we would like
to show the uniqueness of S(z). It is enough to show that, in (4.6) and (4.7),
A():B():Z(), Al :Bl :Zla Al :Bl =0 (l 22) implies Sl/:() (l Z 1)
By (4.6), [Ao, S1] = 0, i.e., S7 is a diagonal matrix. Setting n = 2 in (4.7),
we have
[Ao, 85] = —A151 + S1(B1 — Bo) = —S1Bo

which implies [Ag[Ag, S5]] = 0. As Ap is a diagonal matrix, this means
[Ap,S5] = 0, that is, S = 0. By induction hypothesis, assuming that
S = =18 _,=0. By (4.7), we have [4o,S,_1] = 0, i.e, S;,_; is a

diagonal matrix. Again by (4.7), we have
[Ao, Sp] = —A1S, 1 — (n—1)S}, 1 Bo+ 5, 1B
(n - 1)5 1B()

which implies [Ag, [Ao, S,,]] = 0, hence similarly as above, we obtain [Ag, S},] =
0,i.e., S, _; = 0. Thus, we have shown that S] (I > 1) are 0 and we terminate
the proof of the lemma.

Remark 4.1. By a similar argument, even if the eigenvalues of Ay are not
necessarily mutually different, if Ay is diagonalizable, one can choose S(z) in
such a way that Ay and A; commute.
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4.1.2 Asymptotic Form of Solutions
There exists a matrix solution of a difference equation in the normal form

Bz +1) = 2# (ZO + Zl) B(z) (4.13)

z
having an asymptotic behavior at Rz +— +o00 given as follows. It is expressed
by using the asymptotic formula of the I'-function due to Stirling:

— L T(z+ (Ay)'Ay)
I'(z)

(4.14)

= (Ao)* exp [(Ap) 1A, log 2] e—ﬂzz”@—%)(%)‘%{l +0 (i)} :

||
—TH+io<argz<m—0 (m>4d>0).

Similarly its asymptotic behavior at 8z — —oo is given by

(N r--=)
QS(Z) o (F(]. — Z)) (AO) F(]_ —Z— (Zo)flzl) (415)

1

_ (VT2 ye(e- 1) (97) -

M)

(Ap)* exp [(Ao) ' A4y log(—2)] {1 +0 (%) } .
d<argz <2m—4

Here, A, exp [(Ag) "1 Ay log(£2)], I'(z & (Ag) "' A4y) etc. are matrix analytic
functions, but since we may assume that Ag, A; are both diagonal matrices
in this case, they are regarded as diagonal matrix analytic functions defined
for each diagonal component.

For matrix analytic functions, see. e.g., [Gan] and [La].

Below, we set an asymptotic behavior of @(z) at Rz +— oo by

ya

B+ (2) = (Ao)* exp [(Ao) ™Ay log 2] erepm(:=5) (2m)8, (4.16)

—rT+d<argz <m—90,

~

By (2) = et V=T-D2) (_yu(==3) (o)~ (4.17)

- (Ap)? exp [(Ap) " Aylog(—2)], §<argz<2m—é.
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4.1.3 Existence Theorem (i)

Next, let us state the existence theorem due to G.D. Birkhoff [Bir2]:

Theorem 4.1. Suppose that Ay € GL,(C) has been already diagonalized and
its eigenvalues Ai, ..., \r satisfy | A1 > |[A2| > -+ > |Ar|. We denote the
corresponding eigenvalues (Ag) " Ay (Ag = Ao, Ay = (the diagonal part of
A1) by p1,p2, .-, pr.

(1) There uniquely exists a matriz solution ®(z) of the difference equation
(4.1) that is meromorphic on C, holomorphic on the left domain Ay =
{z€e C;R2 <0, |2]| > R, or Rz >0, |Sz| > R} (cf. Figure 4.1), and has
an asymptotic expansion at RNz — —oo (|Vz| : bounded)

B(2) = Dy _(2) (1 +0 <i>> , (4.18)

2]

(where O (ﬁ is the Landau symbol. cf. § 1.1.1). Here, R is a sufficiently

big positive constant. Similarly,

(2) there uniquely exists a matriz solution P(z) of the difference equation
(4.1) that is meromorphic on C, holomorphic on the right domain AL =
{z € C;Rz > 0,|z] > R, or Rz <0, |Sz|] > R}, and has an asymptotic
expansion at Nz — 400 (|Sz| : bounded)

1

B(z) = By 1 (2) (1 +0 (-)) . (4.19)

|z

We denote the meromorphic solutions on C in (1), (2) by &_(z), P+(2),
respectively, and when |Jz| is bounded, we call each of them the fundamental
solution of (4.1) having an asymptotic expansion at Rz — —oo (resp. Rz —
+00) as (4.18) (resp. (4.19)).

When a column vector (p;(2))7_; satisfies the equation

(0 (z + 1)jo1 = A(2)(95(2))j=1 (4.20)

we simply call (;(2))7-; a solution of (4.1).
The proof of Theorem 4.1 is given in § 4.1.5-4.1.13.
When (p;(2))j—; is a periodic meromorphic function on C, i.e.,

pj(z +1) =p;(2), (4.21)
then, the function

(i (2))j=1 = +(2)(p;(2))j=1 (4.22)

is a solution of (4.1) and vice versa.
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Im z

Ap R-1

Fig. 4.1

4.1.4 Infinite-Product Representation of Matrices

For any positive integer N, by (4.1), we obtain
b(z)=A(z—1)A(z—2)---A(z— N)P(z — N). (4.23)
Furthermore, replacing #(z — N) with 50’,(2 — N), since we have

. - B —1 _ _
N'li)rilw@o’,(z N) " ®(z—N) =1,

as N — 400,

lim Az —1)A(z —2)--- A(z — N)@y_(z — N), (4.24)
N—+o0
may become a solution of (4.1). But in general, we do not know whether
(4.24) converges or not. Instead, if we think of (4.24) as a function not with
values in GL,(C) but with values in an appropriate quotient of GL,.(C), then
it would be convergent. We explain this below.

Let B, be the maximal solvable subgroup of GL,.(C) consisting of upper
triangular matrices, i.e., a Borel subgroup, and U, be the maximal unipotent
subgroup of upper triangular matrices that are unipotent (all the diagonal
components are 1). Then, we have U, C B,, and the quotient spaces of left

classes A = GL,.(C)/U,, F = GL,(C)/B, are an @—dimensional affine

variety over C and an @-dimensional projective variety over C (hence

compact), respectively. The former is called a principal affine space, and
the latter a flag manifold. Now, as we can regard @4 (z) as an element of the
left classes by U, and B,., @ (2)U,, P4 (2)B, can be regarded as an .A-valued
(resp. an F-valued) meromorphic function, more precisely a meromorphic
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map, on C. Taking the kth finite part of S(z)

S(k)(z):So+%+~-~+%, k>0 (4.25)

(So = 1), we set $k,i(z) = S("?)(z)d?o’i(z). We have the following theorem.

Theorem 4.2. Suppose that ao,i(z) (4.16)—(4.17) are both diagonalized. For
a sufficiently big k, we obtain the infinite-product representation of the matrix
D_(2)

~

D_(2)Uy :NEIEOOA(Z —1)A(z—2)---A(z = N)Pp,_(z — N)U,, (4.26)

d_(2)B, :Nhrfrl A(z—1)A(z—2)---A(z = N)S®) (z = N)B,., (4.27)
as a meromorphic function of z(€ C). Similarly, ¢4 (z) has the infinite-
product representation

G, (2)Uy, = lim A(z)"' - Az + N —1)"'®p 4 (z+ N)U,, (4.28)

Ni—+400

P (2)Br = lim A(2) - Az + N = 1)1 SW(z + N)B. - (4.29)
Here, the limits in the right-hand side of (4.26)—(4.29) converge uniformly
on every compact subset of C.
In particular, for r = 2, GL2(C)/Bs is the projective line and (4.27),
(4.29) give us countably infinite-product representations by linear fractional
transformations.

4.1.5 Gauss’ Decomposition

Since it suffices to prove the existence Theorem 4.1 in the case p = 0, for
simplicity, we assume that p = 0.

The remaining part of § 4.1 will be devoted to the proof of the existence
Theorem 4.1. Theorem 4.2 will be proved in between the process. We will
construct @4 (z) via the decomposition of a matrix into the product of a
lower triangular and an upper triangular matrices, that is, by the Gauss
decomposition. N
Step 1. First, we show the uniqueness. Suppose that ®(z), &(z) are
two matrix meromorphic solutions of (4.1) having the same asymptotic
behavior (4.15) at Rz — —oc. The function &(z)~'®(z) is periodic with
respect to the translations z +— 2z 4+ 1. On the other hand, as we have
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limgz s 0o B(2) 1B(2) = 1 at Rz — —oo, it follows that

& (2)P(z) = lim &(z— N) '®(z—N)=1.
Ni—+o00
Step 2.  Next, we show the existence. First, we construct a solution ®(z)

of (4.1) not as a GL,(C)-valued function but as a function with its value in
the quotient space GL,(BC)/U,. That is, we decompose the matrix (z)

D(z) = EZ(z)- H(z) (4.30)

(E(2) is lower triangular and H(z) is a unipotent upper triangular) in
the form of Gauss’ decomposition, and find each of =(z), H(z). Z(z) =
((§ij(2)))i j=1 and H(z) = ((1:j(2))); ;=1 can be uniquely expressed by the
components ¢;;(z) of (z) as follows (cf., e.g., [Gan]).

&j =0, 1<J
& 12.---5-114 (4.31)
12.-j-1j
- P> i
YT ey Y
ni; =0 (i >7), nu=1
& 12.--4—11 (4.32)
12-i—1j5)
(T I N
Here,@(;;::;f;),lgil<~~~<ip§r,1§j1<~~~<jp§7"isthemin0rof
&(z) obtained by extracting i1, ...,4pth rows and ji,...,jpth columns, and

D(iq - - -1p) signifies @(2:’)) Notice that we take Ay, A; in diagonal forms.
P
For N € Z~¢, as an approximative solution of &(z), we set

~

On(z) =A(z—1)A(z—2)--- A(zx — N)Pp,_(2 — N). (4.33)

)

We rewrite it further as

D (2) = Dp_ (2)Py (2), (4.34)
Py (2) = {$k7_(z)_1A(z — 1)y (2 — 1)} o
. {éFk,,(z ~N+1) Az — NPy (2 — N)} .

When we regard it as a formal Laurent series, by
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S50 =140 (i ).

(4.4) implies

S® (2 4 1)71A(2)SW (2) = A(2) (1 + Q;;f?) . (4.35)

Here, A(z) = Ag + % and Q(z) is a meromorphic function which is holo-
morphic in a neighborhood of z = co. Now, we have

By _(2+ 1) TA(2)Dp _(2) (4.36)

~

=&y, (2+ 1)L (2 + 1) A(2)SP (2),(2)

)

Skl

=®_(z+1)""4(z) (1 + Qk(z)) Py, (2)

=&y (2)" (1 + QZ’;YR) By _(2).

Setting the (4, j)-component of Qr(z) as ¢ij(z) (1 < 4, j < 1), as
Py, (z) is a diagonal matrix (4.17), the (i,j)-component of the matrix
Do (2) 7 Qk(2)Po,— (2)27F~1 is expressed as

VAN e ke
i + ()\—j> (—2)P7 7P gy ().

4.1.6 Regularization of the Product

Now, take d € Z>( in such a way that d—1 > max;,-; |p; —p;| and a sufficiently
big k € Z~¢ such that k — d > max;«; |p; — pi|, and fix them. (4.36) can be
expressed as

Py (z+1)TA(2)Dy,_(2) =1+ @Z’;—ﬁ), (4.37)
Or(2) = 27 59By _(2) ' Qp(2)®o._(2). (4.38)

Here,zthe (4, 7)-component ¥;;(z) of the matrix O(z) is given by ¥;;(z) =
(i—J) Vi (2), Yij(2) = (—z)Pi=Piz=k+dg,.(2). As a consequence, Py (z) can

be expressed in the form of an ordered product of matrices
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Bir= (14 BEZDY (1B

The (i, 1)-component (i > 1) of &\;(z) can be expanded as

N
1
Sty Y R ey (4.40)

v=11<k1<---<k,
k1 <£>z—k?. <>\l >Z_ku—1< )\1 >Z—ky
Al Al s Al

A\
> ()
' ,(/Jill (Z - kl)wlllz (Z - k?) T '(/le_11(2’ - ky)

1<ly,..yly—1<r
Notice that ¢;;(z —k) (k =0,1,2,---) is bounded on any point z of Ag, i.e.,

[ij(z — k)| < K (K is a positive constant).

Hence, the estimate of the absolute value of each term in (4.40) has, by
|A1] > |A;|, a dominant series

N KV
Sty > > T R (4

v=11<k1 <<k, 1<ly1,...,l, -1 <7

Ai A1 A1 A1

N 1 z

r' 1KY A

< §; —
= 1+Z Z |z — ky[dH -]z — Ky 4T (/\Z>

v=11<k1<---<k,

)\1 s rK
<6+ - ‘(/\) {H(1+—Z_V|d+1)—1}.
v=1

The infinite product
H ( P ,,d+1> (4.42)

for d > 0, converges uniformly on every compact subset of Ap. Hence, the first
column of @y (z) converges uniformly on every compact subset as N +— +o00.
Thus, so does lim 4o {the first column of ®n(2)} on Aj.
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4.1.7 Convergence of the First Column

Furthermore, since we have, for any natural number [ < N,
On(z) =Az—1)A(z—2) - A(z = )Pn—_1(z = 1), (4.43)

and for any z € C, 2 — | € Ay, for a sufficiently big [, each of

&in (z):]\;im {the (%, 1)-component of Py (z)} (4.44)
& (z):]\;gnw{the (i,1)-component of &'y (2)} (4.45)

is analytically continued to a meromorphic function on the whole C. The
functions &;1(z), &/, (z) are expanded as uniformly convergent series on every
compact subset of the whole C:

€n(2) = b + (%)Z i > 3 (4.46)

v v=11<ky <<k, 1<ly,..,l,_1<r

)\' k?l )\l k}z*k}l Al k?y*k?u—l
(&) G o (%)
Vi, (2 — k)Y, (2 — ko) -y, _1(2 — k)

(2 — k)8 (2 — ko)1 (2 — ky )d+1

~

(&1(2))i=1 = Pr,—(2)(§1(2))i=y- (4.47)
Proposition 4.1. The function &, (z) has an asymptotic expansion

sa+ () 0 (), Re<0

A
st (¥) o) mezo Y

at |z| — +o0 on Ag.

4.1.8 Asymptotic Estimate of Infinite Product

To prove Proposition 4.1, we prepare two lemmata.

Lemma 4.2. If Rz < 0, we have the inequality:

1 L oal (5) 1 (5)
2 e < o
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Proof. By |z — k| > \/|z|?> + k2, we have
Z \z— a1 < Z (4.50)

=1 (=2 + k2

*_ Lol (G ()
<[ e )

PR 2
Lemma 4.3. If Rz > 0 and |3z| # 0, we have
d
i L 2 S (5) I (3)) (4.51)
pell e Ela+t = |Sz)d \ Sz 2I' (44)

Proof. Decomposing the sum in (4.51) into two parts |z —k| < 1 and |z —k| >
1, the result immediately follows.

By Lemma 4.2 and 4.3, there exists a positive constant C' such that

[es) 1 -
Z ‘Z—I{i|d+1 —
k=1

(4.52)

for z € Aj. Hence, we obtain the estimate

14K R
EESG! Iz 2jat

exp( ) Rz<0
eXp(T ) Rz > 0.

Sz

Thus, Proposition 4.1 follows from (4.41).
On the sectorial domain § < argz < 27 — 0 (§ a small positive number),

since we have |3z| > SK‘(S

when Rz > 0, Proposition 4.1 implies:

Corollary 4.1. On the sectorial domain § < argz < 2w — §, an asymptotic
behavior of &,(z) at |z| — +o0 is given by

§h(2) = b+ Gi) 0 (#) (4.53)

By the transformation

for1<i<r.

B(z) = S (2)P(2), (4.54)
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the difference equation (4.1) is rewritten in the form
Dr(z4+1) =SSP (2 +1)7LA(2)SP) (2)B(2). (4.55)

Equation (4.55) is the same type of equation as (4.1), and if Theorem 4.1
is shown for (4.55), via the transformation (4.54), it is also shown for (4.1).
Hence below, we assume k& = 0 and show Theorem 4.1. Now, by Proposition
4.1 and (4.47), we have:

Corollary 4.2. For k = 0, we have an asymptotic expansion at |z| — 400
(1Sz] : bounded)
N (—z)P (6i1 +0 (j)) , Rz<0

R PYa (01 +0(5tw)) R=2 0.

(4.56)

Proof. The equality

(1(2))iy = Po,— () (1 (2))i—y (4.57)

holds, and by the choice of d in § 4.1.6, (—z)?*~P12~%*1 is bounded at |z| —
+00 (|Sz] : bounded), hence, we obtain (4.56).
4.1.9 Convergence of Lower Triangular Matrices

In place of A(z) and ®(z), we consider the exterior product of A(z) and ¢(z)
of degree s (1 < s <r) and the difference equations of (:) X (2) matrices:

DA AND (2) =) (2), (4.58)
—_——

sth exterior product
AN NA (2) = AW (2), (4.59)

sth exterior product
P (2 41) = A® (2)8)(2). (4.60)

Each component of the first column of the matrix &) is, for an s-tuple of
integers i1,ig,...,is (1 < i1 < .-+ < iy < r), a difference equation on the

minor @(Zizs) of degree s, and a component @y (zii) of the first column
of @g\?) =®n A--- ANDPn(z), similarly to (4.2), has the Laurent expansion
—_——

sth

()
AL (z) = z# (A(()S) + A +- ) ’ (4.61)
z
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where we set (Aés) = Ag A--- N Ap). The eigenvalues of A(()S) are the s dif-
—_——

sth
ferent products A;,..., Ai,, 1 < i1 < -+ < iy < r of the eigenvalues A; of

Ayp. Since, under the assumption of Theorem 4.1, A(®*)(z) again satisfies the
assumption of Theorem 4.1 or the assumption in Remark 4.1, by an argument

similar to § 4.1.8,
—firis\ i1 is
“(1~-~5>_N£I£oo¢N<l-~-s> (4.62)

converges uniformly on every compact subset of A, hence, on the whole C.

4.1.10 Asymptotic Estimate of Lower Triangular
Matrices

Now, an element @y (z)U, of the left coset by the maximal unipotent sub-
group U, is expressed as S (2)U, by a lower triangular matrix

(V)

11
(N) £(N)
52,1 ?22 , (4.63)

€

rl

and this expression is unique. Here, 52»(;\7) is given, from the formula of Gauss’s
decomposition (4.31), by

¢(N)<12~~~j—1i)

12---5j—17j

(N) B J J L.

gij (Z)_ @(N)(]. 2j_1) ) 'LZJ (464)

hence on Ay, the limit
&i(2) = lim e (2) (4.65)

exists. In this sense, limpy, oo @n (2)U, converges to a meromorphic function
(in fact, amap) Z(2)Ur, Z(2) = ((§i5(2))) j=1 (&ij(2) =0, @ < j) on Ap with
values in the principal affine space GL,.(C)/U,. Moreover, since the equality

(e + 1)Uy = A(2)Z(2)U, (4.66)

is satisfied, = (2)U, extends analytically to a meromorphic function on C with
values in GL,(C)/U,.
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Proposition 4.2. On Ay, &;(z) (i > j) has an asymptotic expansion at

|z| — +oo (|Sz] : bounded)

(=2 (340 (1)) Rz <0,

&ij(z) = (4.67)

X (=20 (05 + 0 ()40 (5km)). Bz = 0.
Here, d € Zsq satisfies d — 1 > rmax;z; |p; — pj|.

Proof. For j = 1, the proof has already been given. The sth exterior product
of & (z) is expressed as

) (2) = (1 + m) (1 + M) : (4.68)

(z— 1o (z— Nyl

where each component of ©()(z) is given by

. A A\
9§,)J(Z) = (H) ¥r,5(2), (4.69)

I'={iy<---<ig}, J={j1 <--- <js}and ¢ s(z) is bounded on Aj. By
an argument similar to the case of s = 1, the asymptotic expansion of

) ivois\ o (i1 is
NL‘TOO@N<1---3>_“(1--.S> (4.70)

at |z] — 400 (|2 : bounded) is given by

(Ag -+ A )?(—z)Prtetes (5i11 < bis+ O (ﬁ)) , Rz <0

(e A7 (=2)r e (G0 05,0+ 0 (15 ) ), Rz 20,

Hence, at |z| — 400 (|Sz| : bounded), we have

X2 (1+0()). ®e<o

&ii(2) = Ao () (1+O(|«§z|d))a Rz > 0.

(4.72)

Similarly, rewriting

E((}:::jf:i ;) -
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with (4.71), we obtain (4.67).

4.1.11 D:ifference Equation Satisfied by Upper
Triangular Matrices

Since we have constructed the lower triangular part = (z) of the Gauss decom-
position (4.30) of a solution @(z) in the previous subsection, in this subsec-
tion, we construct the upper triangular part H(z). In (4.30), we may assume
that =(z) already satisfies (4.66). By the uniqueness of the expression in
(4.30), H(z) satisfies

(4.74)

{ H(z+1) = B(z)H(z).
B(z) = 2(z+ 1)1 A(2)=2(2).

Here, B(z) € U,, that is, B(z) is a unipotent upper triangular matrix.

Now, we should solve (4.74) with respect to the unipotent upper triangular
matrix H(z). Writing (4.74) for each component, by the fact that B(z) is a
unipotent upper triangular matrix, we have

nij (2 + 1) Z biv (2)0wj(2) — bij(2) = mij(2), @ <. (4.75)
v=i+1

First, for i = j — 1, we find a solution 7,_1 ;(2) of the difference equation
Nj-1,(2 +1) = bj—1,;(2) +1j-1,;(2)- (4.76)

Fixing j, we solve nj_1,(2), nj—2,;(2),...,m;(z) (i < j) step by step. By
(4.74) , since b;;j(z) (¢ < j) is expressed as

> Eiv (2 + D)o (2)65(2), (4.77)
1<v<s
j<o<r

(where Z(2) = ((f”( z)))i j=1 is the inverse matrix of Z(z) ), by Lemma 4.1
and Proposition 4.2, we obtaln the following estimate.

Lemma 4.4. On z € Ay, at |z| — 400 (|Sz| : bounded), for i < j, we have

o e o).
ij (%) O(|z Px— )(14—0(\;2‘ ))’ Rz >0,

where we set p, = max;£; |p; — pil.

(4.78)

Proof. In fact, since we have
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i (=2)7F (5iu +0 (ﬁ)) , Rz<O0

Ti(=z) (5 +o (ﬁ))  R2>0 (4.79)

as we see from (4.67), and a,,(2) = O(|z|71) (v < o) (see (4.2)), this together
with (4.67) and (4.77) imply (4.78).

4.1.12 Resolution of Difference Equations

To solve (4.75), (4.76), we prepare the next lemma.

Lemma 4.5. Let 8,7 € C be such that |3| < 1. Suppose that g(z) is mero-
morphic on C and holomorphic on Ay which has an asymptotic behavior
Rz — —oo (|Sz| : bounded) given by

g9(z) = {g(o( ; o), %;8? (4.80)

Then, there exists a meromorphic function f(z) on C which is holomorphic
on Ay and has an asymptotic at Rz — —oo (|Sz| bounded)

flz) = {gz(g;,z)VO(l), % § 8: (4.81)

and satisfies the difference equation
flz+1) =g(2) + f(2). (4.82)

Proof. First, we decompose C into three strips and define the functions f4(z),

fo(2), f-(2):

f+(2) :—Zg(z—i—n),zeAI}ﬁ{zeC; Sz > R}, (4.83)
n=0
folz)=—= Y glz+n),z€ Apn{z€C;[Sz| <2R}, (4.84)
%zﬁnzng
f-(z)= —Zg(z—l—n),ze ApN{z e C;3z < —R}. (4.85)
n=0
As can be seen from (4.80), f1(2), fo(z), f—(2) are well-defined and each
of them satisfies (4.81). Indeed, for R < Sz, if Ry > 0, we have
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(@) < CLY 1B |z 4™

n=0

<GB Y ™ (12 + D™B (because n(1+ |2]) = n + |z])

n=0
< Col 67| (1+]2))™,
and if Ry < 0, we have

[f+(2)] < QB Y Nz + ™81

n=0

=GB Yo+ D (I +n™s)

n<ilz| n>1z

_ z R ‘ﬁ‘%‘z‘
= (1|57 {03|Z| T+ =13

< Cul 7 ™.

Here, Cy, C3, C3, Cy4 are appropriate positive constants. Similar estimates
hold for fy(2), f—(z) and they satisfy (4.81). Furthermore, f4(2), fo(2), f—(2)
satisfy (4.82). Hence, on the intersection {z € C; R < Sz < 2R}, the differ-
ence f1(z) — fo(z) is a periodic holomorphic function, that is,

S+ +1) = folz+1) = f1(2) = fo(2). (4.86)

Similarly, on {z € C; —2R < ¥z < —R}, fo(z) — f-(2) is a periodic holomor-
phic function, that is,

foz+1) = f-(z+1) = fo(z) = - (2). (4.87)
Hence, for each fi(z) — fo(2), fo(z) — f—(2), we may set
Fe(2) = fo(2) = fro(e*™71%), R<S2<2R
fo(2) = f-(2) = fo-(e*™V71%), —2R< Sz < —R.

Here, f1 o(w), fo,—(w) are single-valued holomorphic functions on e=2"# <
lw| < e7™R e™ < |w| < e? B respectively. Consider the Cousin integrals
(cf. [Ka])
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1 f+,0(w)dw _ {¢+(Z)’ Sz > %R (4 88)
21/ =1 Jjwjme- 7R w — 27Tz | Yo(2), Sz < 3R ‘

1 fo-(w)dw {1/16(2’), Sz > —%R (4.89)
211 Jj|medn? w — €27V =12 Y _(2), Sz < —5R. ’

Then, each function extends analytically to a periodic function: on &z > R
for 11 (z), on Sz < 2R for 1o(z), on Fz > —2R for ¢{(z), and on Iz < —R
for ¢_(z), respectively. Hence, by setting,

fe(2) =4 (2) = p(2), Sz >R,
f(2) =1 fo(z) —o(z) —¥h(2), 2R>Jz>—2R, (4.90)
f=(2) =tho(2) —¥-(2), —R>Sz,

we see that f(z) is defined consistently and is meromorphic on C. As ¢4 (z),
Yo(2), ¥4(2), ¥_(z) are bounded, f(z) satisfies (4.81) and (4.82).

4.1.13 Completion of the Proof

Since we have |A;| > |\;| for i < j, by applying Lemma 4.5 to (4.78), we see
that there exists a solution 7;_1 ;(z) of (4.76) which is meromorphic on C and
is holomorphic on A}, and which has an asymptotic expansion at fz — —oo
(|Sz| : bounded)

1j-1,4(2)= (Q—il)z (zapmpma (1 o (ﬁ)) MO, (4.91)
o), Rz > 0.

N

By applying Lemma 4.5 successively to the difference equation (4.75), we
obtain the following lemma.

Lemma 4.6. There exists a meromorphic function n;;(z) (i < j) which is
meromorphic on C and holomorphic on Ay, that has an asymptotic expansion
at Rz — —oo (|Sz] : bounded)

ﬁ)z (—z)Pi=pPiy=1 (1 +0 (j)) , Rz <0
0(1), Rz >0

(4.92)

and satisfies the difference equation (4.75).

Proof. Fixing j, we show the lemma by an descending induction on i (< j).
For i = j — 1, it is proved as we stated above. Next, assume that 7,;(z)
(1 < v < j) satisfies (4.92). Since we have
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biv (2)0;(2) = (%)ZZ( Z)Pi~Piy (1+O( )), Rz <0

(1—) o), Rz >0

for |z| — 400 (|S2] : bounded) by (4.78), setting o = )\ &, 6= ”71 Y = PP
and applying Lemma 4.5, we see that there exists a solution of (4.92) which
is meromorphic on C and homolorphic on AF.

Set
ni(2) =1, mni;(2) =0, >3] (4.93)

Let H(z) be the unipotent upper triangular matrix whose (i, j)-component
is 1;;(2). Then, H(z) is meromorphic on C and is a solution of the difference
equation (4.74). Defining &(z) as the product (4.30), for the matrix ¢(z) =

((ij (Z))): =1, We have
pi(2) = D> &n(=)my(2), (4.94)

1<h<min(i, j)

and by the asymptotic estimates (4.67) and (4.92), we obtain an asymptotic
estimate of ¢;;(z) at Rz — —oo (|Sz| : bounded)

i (2) = Ni(—2)Ps (5” +0 ( >> (4.95)

Thus, Theorem 4.1 (1) is proved. The proof of Theorem 4.1 (2) can be man-
aged completely in the same way as for (1).

Remark 4.2. The difference equation (4.1) is called of regular singular type
when g = 0, and of irregular singular type when p # 0.

Remark 4.3. An expression of the form (4.30) is sometimes called the Birkhoff
decomposition.
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4.2 Holonomic Difference Equations in Several Variables
and Asymptotic Expansion

4.2.1 Holonomic Difference Equations of First Order

Let {e1,...,em} be a basis of a rank m lattice L in C™ and consider a
difference equation of a meromorphic square matrix ¢(z) of order r on C™

D(z+e;) =A;(2)P(z), zeC™. (4.96)
Here, A;(z) is a GL,(C(z))-valued rational function. Since we have

Bz + ei + ) = Az + ) A;(2)B(2)
— Ay(z + ) Ai(2)B(2)

for any 4,7 as the compatibility condition on (4.96), the following equality
should be satisfied:

AZ(Z + ej)Aj (Z) = A](Z + ez)AZ(z) (497)

A system of difference equations (4.96) satisfying (4.97) is called a holonomic'
system of difference equations, to be more precise, a rational holonomic sys-
tem of difference equations of first order. Below, with the basis {e;}1<j<m,
we identify L with Z™. The following argument mainly follows [Ao3]. See
also [Pr].

When 7 € Z™ \ {0} satisfies the following two conditions, we say that 7 is
a “regular direction” with respect to the system (4.96). For N € Z+q, each
A;(z) has a Laurent expansion of the form

Aj(z+ Ny) = AL )N® + AD )N# L 4 (4.98)

(
gm
(1; € Z), the conditions are:

(1) Ag?% (z) does not depend on z. Below, we simply denote it as Agog
(i) detA')) #0.

Except for very special {A;(2)}1<j<m, it can be easily checked that such a
direction 7 exists. In fact, each A;(z) can be expressed as

_ Ai(?)
fi(z)

(fi(z) € Clz], Aj(2) € GL.(C[z])). Moreover, we assume that the highest
homogeneous component A; o(z) (set h; = degA;(z) = deg A, o(z)) of A;(z)

A;(z)

1 This naming is credited to Mikio Sato.
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with respect to z satisfies det A;o(z) # 0. We have p; = h; — deg f;, and if
Ajo(z+ Nn), f;(z+ Nn) have degree h;, deg f; as polynomials in N respec-
tively, then (i), (ii) are satisfied.

If n,n’ € Z™\ {0} are mutually proportional, i.e., ' = on (6 € Qs¢), then
n and 1’ gives the same direction.

4.2.2 Formal Asymptotic Expansion

Now, by choosing appropriate coordinates (z1, ..., zm), we assume that the
direction of the coordinate z1, namely, e; is a regular direction. Then, we
have a Laurent expansion with respect to z1:

Aj(z) = AN + AV T (4.99)

2/2(223"'azm)a 1<J<m’

(0)
J
A;O)(z’ ) = A;O). We have det Ago) # 0, and furthermore, we impose the fol-
lowing assumption:

but since z; is a regular direction, A’ (z’) is independent of z’, so we set

(iii) The eigenvalues Aq,..., A, (we assume [A;| > [A2] > -+ > |\]) of A§°)
are different to each other.
A;l)(z/) is a polynomial of degree at most [. We have Agl)(z/) e C[#],

deg Agl)(z’ ) <, and below, we suppose that Ago) is already diagonalized.
Then, we have the following theorem as a version for several variables of
Theorem 4.1.

Theorem 4.3 ([A03]).

(1) There exists a formal Laurent series S(z) € GL, ((C[z’] ®C ((l))) in

zZ1
21

Wy SO
L5E)  STED L (4.100)
Z1 Zq

S(z)=1

SM (') € M, (C[2']),deg S™)(2') < v,
such that a formal Laurent series

S(z+ej) tA;(2)8(2) = Bj(2), 1 (4.101)

N
.
N
3

can be expressed in the form:
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B(l) /
Bi(z) = 2 <A§°> + ﬁ) (4.102)
21
, BW ¢y BP(
Bj(,z):zfﬂ(A;‘”Jr i )+ J 2( )+-~-), 2 < j<m. (4.103)
Z1 2]

(2) A;O)(l < j < m) are constant and Bgl)(z’) can be expressed in the form:

B () = A + (Z ﬂjzj) AP, (4.104)

Jj=2

where BJ(V)(z’) € M, (C[2']) and Agl) is a constant matriz.

(3) The matrices Ago), Bj(»y)(z’)(l < j < m) are all diagonal.

(4) The matrices BY(2') (2 < j < m,1 < v) satisfying (1), (2), (3) can be
uniquely expressed in terms of Ago)’ Agl), A;O).

(5) In particular, for p1 = po = -+ = pym = 0, te., if (4.96) is of regular
singular type, then each of (4.102), (4.103) can be reduced to the form:

A(l)
Bi(z) =AY + =, (4.105)
1
Bi(z) =AY, 2<j<m. (4.106)
Proof. By (4.97), in particular, we have
Aj(Z + 61)A1(Z) = Al(Z + ej)Aj(Z), ] Z 2. (4107)

From this and (4.99), we have AgO)Ago) = AgO)Aéo). We apply Lemma 4.1 to
Ai(z) as a function of z;. There exists a formal Laurent series (4.100) such
that B;(z) defined by (4.101) have an expression of the form (4.102), (4.103).
For B;(z), a formula similar to (4.107) holds:
Bj(z+e€1)Bi(z) = Bi(z +¢;)Bj(z), j>2. (4.108)
By (4.108), Ago) and B§1)(z/) commute. As we have
(A, BV ()] = AP{=BV (' +¢j) + BY () + A"} (4.109)

by comparing the coefficients of zfﬁurl in (4.108), it follows that

AP, (AP, B (]| = 0. (4.110)

Since Ago) is a diagonal matrix, this implies
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(A, BY (2] = 0. (4.111)

By (4.109), we have
BV (2 +¢j) - B{V(2) = AL, j>2 (4.112)

and since Bgl)(z’) is a rational function, it has the form of (4.104). We have
already proved (3), so we prove (4). By Lemma 4.1, Bgl)(z’) is uniquely
determined and S(z) satisfying

S(z+e1) tA1(2)S(2) = Bi(2), (So=1)

is also uniquely determined. As B;(z) is given by (4.101), B](V)(z’) is also

uniquely determined. When Bgl)(z’ ) of (4.102) is expressed in the form of
(4.104), by the compatibility condition (4.108) for B;(z) (1 < j < m), we
see that BJ(V)(Z/) of (4.103) is uniquely expressed in terms of Ago)’ Agl), A§O)
(2 < j < m). Moreover, if uy = g = -+ = py, = 0, (4.105) clearly holds.
B, (z) satisfies the identity (4.108), and since we also have B1(z+¢;) = B1(2)
and the commutativity B;(z + e1)Bi(z) = Bi1(2)Bj(z + e1), it follows that
Bj(z+e1) = B;(z). Since B;(z) is rational, it follows that B;(z) is a constant.
Hence, (4.106) is proved.

Corollary 4.3. The difference equation (4.96) admits a formal solution in
the form of a matriz Laurent series in z1

N m/—1p1z1 I'(1—

eV z
D(2)= I(1—2z)m 5(2) (0)( (11)> m (4.113)
(1—21) I(l—z— (A7) TAY — ijz 15%5)

m
- exp <Z zjlog A§0)> .

=1

Indeed, it satisfies S(z+e1) ' ®(z+e1) = By (2)S(z)"1D(2), S(z—i—ej)*l@(z—i—
¢;) = B;(2)8(2)7'8(2) (2 < j < m),
4.2.3 Normal Form of Asymptotic Expansion

When {4;(2)}1<j<m satisfy (4.97), one can uniquely define {A,(2)},ezm in
such a way that, for any v,/ € Z™, they statisfy

Apiv (2) = Ay (z + V) A (2), (4.114)

Ae,(2) = Aj(2), A—e;(2) = Aj(z — ;)" (4.115)
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Below, we also denote A, (z) by A_;(z). The identity
D(z+v)=A4,(2)P(z) (4.116)

is satisfied. {A,(z)}vezm is a 1-cocycle on Z™ with values in GL,(C(z)), that
is, it defines an element of 1-cohomology H(Z™,GL,(C(2))).

Corollary 4.4. A,(z) has the Laurent expansion at z3 = oo written in the
form

B(l)(z’)
S(z+v)tA,(2)S(z) = 247 | AD) +VZ—+~-~ (4.117)
1
such that, for v = 2211 v;e;, we have
o =Y Villi, (4.118)
i=1
A = (A7) (AR (4.119)

and that B(l)( "y € M, (C[7']) and Ago) commute.

Now, setting

= F(i Wj>¢0(z) (4.120)

and considering the difference equation on @g(z)

-1

(4.96)' (z +¢j) (Z ,u]z],uj) Aij(2)®o(2)', 1<j<n
equivalent to (4.96), the index p; in the expression (4.99) is reduced to 0.
Hence, below, in (4.96), we assume that

/‘Ll :/‘LQZ.'.:/‘L"':O’ (4‘121)

i.e., (4.96) is of regular singular type. Then, (4.113) and (4.117) are reduced
to the following forms:

F(l—zl)
r(-z—(AY)

P(z) = S(z) —1A(1)) - exp (Z zjlog A§O)), (4.122)
1

Jj=1

1 For the symbol (o; k), see the footnote in § 1.1, Chapter 1.
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vi—1 (0)y—1 4(1)
AP (14 BEEAS), mzo,

z1+o

S(z+v)tA,(2)S(2)= o= O n —1 (4.123)
AP T (1+ BEEAS) L <o
o=V1

4.2.4 Existence Theorem (ii)

By applying the existence Theorem 4.1 due to G.D. Birkhoff, we prove the
existence theorem for the case of several variables.

Theorem 4.4 ([Ao3]). Under the assumptions (i), (i), (iii) stated in §
4.2.1-4.2.2, there uniquely exists a solution ®(z) of (4.96) with values in
GL,(C) that is meromorphic on C™ and that has an asymptotic expansion
at Rz — —oo (|Sz1| : bounded) given by (4.122).

Proof. By Theorem 4.1, there is a meromorphic function @(z) of z which
satisfies

D(z+e1) = A1(2)P(2) (4.124)

and which has an asymptotic expansion given by (4.122). Here, A;(z)~'®(z+
e;) also has the same property. Indeed, by the compatibility condition (4.97),
we have

Aj(z+e) ' D(z+ e +ey) (4.125)
= A1(2)A;(2) T Ai(z 4 e) 1 D(z +e1 +¢j)

= A1(2)4,() (= + ).

Moreover, by the fact that SO,AEO),Agl) are all diagonal matrices, we see
that A;(2)"'®(z + e;) has an asymptotic expansion at Rz; — —oo (|21 :
bounded)

Aj(2) 7' 0(z + €;) ~ Spexp{ (A1) 1AM log(—21)}  (4.126)
- exp (Z zjlog A§0)> ,
j=1

and has the same principal part as #(z). Hence, by the uniqueness of the
solution of (4.1), we should have

Aj(2) 7 D(z + e;) = D(2), (4.127)

namely,
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D(z +¢;) = 4;(2)P(2), 2<j<m. (4.128)

This &(z) is the solution of (4.96) we are looking for.

4.2.5 Connection Problem

From the above theorem, if n € Z™\ {0} is a regular direction, there uniquely
exists a solution @(z) = @, (2) of the difference equation (4.96) which has an
asymptotic expansion in the direction of n. If ' € Z™ \ {0} and 7 is in the
same direction, the solution @,/ (z) of (4.96) having an asymptotic expansion
in the direction of 1’ coincides with @, (z). Hence, we may restrict ourselves
to the case when n € Z™ \ {0} is a primitive element, i.e., to such an element
that if n = kn/(k € Z), then ' = +).

If n is primitive, then there exists a unimodular transformation (w;; € Z)

zi= Y wi( (4.129)
j=1

such that w;; = n;. Below, we denote this transformation as z = W-(. Setting
U(() = (W - (), (4.96) can be rewritten, by using the shift operators with

respect to (1,(2,...,(m
T (G Gy s Gm) = 0(Cas -, G L )
as a system of difference equations
T;510(¢) = AL (QP(Q). (4.130)

If the direction of 7 is regular with respect to (4.96), then the direction of ¢y
is regular with respect to (4.130). By using a formal Laurent series

S*(l)(cl) S*(2)(C/)

S*¢C) =1+ + 4131
© G G ( )
(¢" = (C2,-..,Cm)), we can normalize as
o A*(l)
AN =S (C+en) [ AT0 4 é—l 5*(¢), (4.132)
where we set (ef = (1,0,...,0)). Moreover, when each of AT(O),AT(D is ex-

pressed as diagonal matrices

AT = Diag[Ar, ..., A7, (4.133)
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1 .
A} = Diaglp},..., p}l. (4.134)

we obtain 2r-tuple of numbers {A],..., A5, pif, ... it {A], ..., A%} is called
the first characteristic index and {p7,..., p:} is called the second character-
istic index. In (4.98), AT(O) can be expressed as a product of the principal

part ALY

i (j = 0) of the Laurent expansion of A;(z) at the direction of n as

#(0) _  4(0)yn 0) \1m
AT = (AP (A, (4.135)

In fact, A7(C) can be expressed as an ordered product of {A4;(2)}]L; as fol-
lows. When n; > 0,...,1, > 0, it is of the form

A3(C) = Gy - Gy -+ G, (4.136)

j—1 j—1
Gj =4 <Z+ (nj — e, +Z77k€k) "'Aj(z+z77k€k)~
k=1 k=1

By Theorem 4.3, A( ) (1 < j < m) are mutually commutative, and the
—

J
principal part of (4. 136) t N +0oo is reduced to (4.135). When ny >

0,...,mm > 0 are not satlsﬁed and 7; < 0, by considering A;(z —e;)™! in
(

place of A;(z), we again have (4.135).

4.2.6 Example

As a simple example, we consider the Euler beta function. Euler’s beta func-
tion @(z) is defined by the integral:

1
D(z1,22) = / w1 —u)? du (4.137)
0

- F(21)F22)

= ———=2 Rz >0, Rz >0.
F(Z1-|—2’2) ! 2

&(z) satisfies the system of difference equations of rank 1

{ P(z+e1) = FP(2),

Bz + e5) = —Zd(2). (4.138)

z1+22

e1, es are not regular directions. Now, setting 7 = n1e; + n2e2, we have

{A1(2+N77) ~ ot (140 (), (4.139)

Ag(z + N ~ 7,—1”@ (1+0(x)):
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and if it satisfies (91 + m2)mn2 # 0, then 7 gives a regular direction. In
particular, setting m; =1y =1, i.e., n = e; + e2, we have

Z1%2
(21 +22)(21 + 22 + 1)

D(z+n) = b(2), (4.140)

or in other words,

_ (z1 = 1)(22 — 1) - /
He) = (21 + 22 — 1) (21 + 22 — 2)¢(z n)- (4.140)

The infinite product

N

: (21 = J)(22 — J) 2Nz
®(z) = lim
( ) N—+o00 E (Zl+22—2j+1)(2’1—|—22—2j) VTN

(4.141)

F(]. — 21 — 22)
T(1—2)I(1—2)

is a unique solution of (4.138) having an asymptotic expansion in the direction
of —n (Stirling’s formula in § 1.1)

2N
P(z — Nn) ~

=27 (4.142)
e

For more general n, when 71 > 0,772 > 0, the solution ¢_,(z) having an
asymptotic expansion in the direction of —7n does not depend on 7 and is
equal to (4.141). In the n-plane R?, for each 1 belonging to one of the six
domains, separated by the three linesn; = 0,172 =0, 91 +12 =0, Ay : 11 > 0,
e >0; Ay ime >0, m +m2 >0 Az :me > 0,m +n2 <0; Ay 0 <O,
M < 0; As:m >0, m+n2 <0; Ag :m1 +n2 > 0, 12 < 0, the solution of
(4.138) having an asymptotic expansion in the direction of 1 exists:
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I'(z1)I'(22)

For Ausm, @y(z) = I'(z1+22)’

e™ 71Z1F(2’2)

A @ =
2 9777 7](2) F(l_Zl)F(21+22)’

F(ZQ)F(l — 21 — ZQ)

A @ — o7 —1zo
3 9 77? ’I’[(Z) € F(l _ Zl) })

F(1—2’1—Zz)
F(1—21)F(1—22)’

Ayon, Dy(z) =

F(21)F(1 — 21 — ZQ)
F(l — 22)

Ason, Pp(z)=e€" 1z

I'(z1)
F(]. — ZQ)F(Z1 + ZQ).

Ag>dn, Dy(z)= g™V~ 1e

4.2.7 Remark on 1-Cocyles

For r =1, a set of rational functions {A;(z)}7, in (4.96), or in other owrds,
{A,(2)}yezm defines a C*(z) = C(z) \ {0}-valued 1-cocycle on Z™. In this
case, the structure of {A,(z)},ezm is completely understood and is called
the Bernstein—Sato b-function, or simply a b-function (cf. Appendix A). And
the solution of (4.96) is expressed by the I’-functions of several variables (see
Appendix of [S-S-M]). On the contrary, for r > 2, its structure is not well
studied. The result of C. Sabbah [Sabl] imposing a condition on the poles of
A, (2) is fairly interesting, but its proof requires a complicated technique such
as Quillen’s theorem on projective modules, so a simpler proof is expected. In
§ 4.4, we discuss systems of differential equations for hypergeometric functions
of type (n + 1,m + 1; ) in detail.

4.2.8 Gauss’ Contiguous Relations

A typical example of a difference equation for r = 2 is the Gauss difference
equation stated in § 1.4.1.
Another solution of (1.41)—-(1.42) is given by an integral representation

F(a, B,7;z) = % /1: w1 —u) (1 — ux) " Pdu (4.143)

for R(y — o) > 0,Ra > 0 ([AAR], [O]], [W-W]). Namely, the vector
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Fla, B+ 1,7+ 1;2)
F(a, B,v; )

satisfies the difference equations (1.41)—(1.42). Hence, the square matrix of
order 2

_(Fla,B+1,v+1;2) F(a,+ 1,7+ 1;2)
ﬂaﬁﬁ)_( F(a, B, 7;) F(a, ,7;2) ) ey

satisfies the difference equation (a contiguous relation) with respect to the
shift in the direction n = (1,1, 2) given by

D(a, 3,7) = Ao, B,7)P(a + 1,6+ 1,7 +2), (4.145)
0 1 0 1
A(O[,ﬁ,’}/) = _a(’y—ﬁ)x 1 _ B (v+1-) 1 (4146)
y(y+1) (y+1)(v+2)

_BH)(Hl—a) 1

_ (v+1)(v+2)

_BHh(tl—a) . a('y—ﬁ)x :
(y+1)(v+2) y(v+1)

More generally, for t € C, &(a+t, B+t,v+2t) (below, we denote it by @, (1))
satisfies the difference equation with respect to the shift in the direction 7:

D, (t) = Ay(t)P,(t + 1), (4.147)
_ (G141 —at) 1
_ Try120) (2 r 12t
Ay(t) = (_ ((5+?+t)()w(+1za+t))x | _ (a+t)(y=B+1) ) : (4.148)
(y+1+2t)(v+2+2¢) (v+20) (v +1+2¢)

By an asymptotic expansion of A4, (t) at t = oo

_Zz 1 T a—ﬁ—l 0
- 4 m DY
A <_%1_%>+4t<a—ﬁ_§_a+ﬁ+%>+ (4.149)
= A 1a_ﬂ_% 0 %"‘2)\2—1 1
_C{< >‘2)+4t A=A \—35 -2\ +1 0 + c1,
1 1
=\ 1ev= 1ovizs ) (4.150)
2 2

1 1
)\121(1+\/1—l‘)2, )\221(1—\/1—.’13)2,
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equation (4.147) admits a unique meromorphic matrix solution ¢*(¢) on C
(Theorem 4.3) that has an asymptotic expansion at Rt — +oo given by

O (t) ~ C - S(t) - Dy(t), (4.151)
aolt) = (M ).
S(t):1+%+%+-~-. (4.152)

4.2.9 Convergence

Setting

Bo()P* (1) = S(1) 'O = @;Eg ;i;zgg) , (4.153)

by impy— 400 50(t + N)®*(t + N)~! = C~1, taking the left coset of Ba, we

have

Ni—=+oo Ni—+oco

~ 1 0
lim @0(t+N)¢*(t+N)_IBQ = lim <¢21(t+N) 1) Bg (4154)

P11(t+N)
10
=) B
C11

_ C11 C12
where we set C~1 = < 1 12>.

C21 C22
N
Now, when z ¢ [1, 00), it follows from |A1] > |A2| that imn oo (i—f) =0.

Hence, we obtain

i Byt + N) '@y (t + N)P*(t + N) ™' By (4.155)

1 0
= lim ()\fz"*'qum(tJrN) 1) By = Ba,

N
e MNAN 11 (4+N)

namely,
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lim A)A(E+1)---A{t+N—-1)By = lim &*(£)@*(t+ N) By

N—+oo N—+oco
= Jim *(1)Do(t + N) ' Py (t + N)P*(t + N) "' B,
i} 10
=P (0)Br = | ¢ 4 | B, (4.156)
11 (1)

shre we s 0°() = (1) 22(0).

4.2.10 Continued Fraction Expansion

Now, when we let a matrix (’; 2) € GLy(C) act on the projective line

GLs/Bs =2 PL(C), it induces a linear fractional transformation

(Cl 1> Fa = (Z Z) (é 1> B2 (4.157)

c+d¢
a+bC’

(= (¢, ¢ €0).

Then, the transformation (1.46) is expressed as

@(O{,ﬁ, 7)82
= A,(0)4,(1)--- A,(v = 1D)P(a + v, 8+ v,y + 2v)Bs. (4.158)

Moreover, as the right-hand side of (1.49) can be written as

m A4,(0)4,(1) - Ay(N = 1)By, (4.159)

(4.156) signifies that %%% has the continued fraction expansion (1.49).

4.2.11 Saddle Point Method and Asymptotic
Expansion

Let us see what kind of asymptotic behavior the function &(«, 5,7) (4.144)
has in the direction of n = (1,1,2) at infinity, by analyzing an integral rep-
resentation. By (1.40), we have
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F(ao+ N,3+ N,y+2N;x) (4.160)

I(v+2N)

R —a-1 ]
:F(a—i—N)F(W—a-I-N)/O u* (1 —u) (1—zu)

u(u—1) N
{ 1—wux } du
_ I'(y+2N)
I'(a+N)['(y—a+N

1
] /0 w1 —w) (1~ xu)*ﬁ

-exp[NF (u)]du,

F(u) =logu +log(l — u) — log(1 — ux). (4.161)

Let us compute an asymptotic behavior by the steepest descent method
(saddle point method). This method for the higher-dimensional case will be
explained in § 4.3 in detail. Now, we are going to find the zeros of the real
gradient vector field

(4.162)

V = grad(RF) = (emF 8§RF>

ORx’ OSx
on C\{0,1, %}, that is, the critical points of RF', or in other words, the saddle
points of RF'. Here, we have

1 1
V=0 &< —+ w
u

u—1 ux—lz

0, (4.163)

and the two solutions &1, & of (4.163) with respect to u are given by

5 _1—/1—x _ 1

s T (4.164)
5 _ 14/ 1—x 1 ‘
2= T i

For simplicity, we suppose that 0 < x < 1. Then, we have 0 < £ <1 < % < &s.
The orbits of V passing through &;, &», in other words, the contracting cycles
0¢,,0¢, of V passing through &1, &, respectively, are given as in Figure 4.2:

g, 0 0< <1, (4.165)
oe, 0 {6 <2 <1}U{u € C|0 = arg(u) + arg(l — u) — arg(l — ux)}.

RF is maximal at & on o, and is maximal at & on og,. At &, we have
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The phase diagram of V

Im u 052
0’61
5 > Re u
Fig. 4.2
d*F —2x2
—s = , u € R,
du?  (1-V1-2)2/1-x
and at &, we have
d2F 222
< u € R.

a2 T TVl apvioz

We take a branch of the function U = u*~*(1 —u)Y~*" (1 — zu)~? in such a
way that it becomes positive at &1, &». On o¢,, 0¢,, SF is constant. So, we
have

/ u* (1 —u) "7 (1 — zu) Pdu (4.166)

1

1
= / u (1 —u) "7 1 — 2u) Pdu,
0

/ u* (1 —u) "7 (1 — ux) Pdu (4.167)

2

= 2\/_151nﬂ/ Y1 —w) 71 — wz) Pdu.

At u =&, &, utN =11 — u)Y= 2N (1 — 24)#=1=N becomes U(& )2V,
U(&)E2N | respectively. On the other hand, by Stirling formula (1.5), we
remark that
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I'(y+2N) _ 27 oniog2 (1 Lo (i))
N )

I'ao+N)I'(y—a+ N) T

F(’Y+1+2N) 262N10g2<1+0(%>).

'a+N)I'(y—a+N) /7

Since we have, by the saddle point method,

/ ua+N—1(1 o u)fy—a+N—1(1 o wu)—ﬁ—N—ldu
gg

1

T 1

_ vy {(1 ~VI- o)1 —a)t } a1 _ g yr-at

(1 —&x)f’%{l e (%)}

/ TN =L — )yt N xu)*'@“\f*ldu
o¢

2

=g NE

{(1 +VI—2)(1—2)t } -

(1 _gzx)ﬁlﬁ{l +0 (%)},

we obtain
F(a+ N,3+ N,y +2N;x)

N (1 - m)” (1-vI—2)1-a)t

x x

)t

.91

c-ayeta- o o () )

Fla+ N,B+1+N,y+1+2N;x)

— 4N (1_m>2N (1-VvI—2)(1—a)i

xT x

.9

e (1 — )1 — ) {1 e (%) }

219

(4.168)

(4.169)

(4.170)

(4.171)
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F(a+ N,3+4 N,v+2N;z) (4.172)

(1 + éﬁ)” (1+ \/7)0 —a)i

— 4N

gramata-an fivo (g ]

F(a+ N,B+N +1,7+1+2N;z) (4.173)

_ 4N (1—1-\;1 —l’)ZN (1+v1 _;)(1 _95)%2771

€S (1 - &)1 &) P {1 ‘o (%) } .

Hence, at N — 400, we obtain

®(a+ N, B+ N,v+2N) (4.174)

2 () (7 )
(U(fl)fl(l —Vi-x) ) '
U(&)6( +VI—7)

On the other hand, since we have

&*(a+ N,B+ N,y +2N) (4.175)
1 1 A
~ 1+m 1— \/ﬁ /\sz

by (4.151), we obtain the relations

P(a, 8,7) = ¢ (o, 3,7)G (e, 5,7), (4.176)
0=t () gt
G(Oévﬁv'y) = Q’YT ( 1 U(fz) (1+\/;fx)2 . (4177)
Thus, by (4.156), we have
P(a, B,7)B2 = P (a, 3,7) B2 (4.178)

= Jm A4,0)4,(1) - 4,(N — 1By,
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namely,

F(aaﬂa’y;l') _ @21(0) _ @;1(0)
Fla,B+1L,v+Lz)  »11(0)  »§;(0)

(4.179)

has the continued fraction expansion of the right-hand side of (1.49). In this
way, Gauss’ formula is again obtained by a general method for difference
equations.

4.3 Contracting (Expanding) Twisted Cycles
and Asymptotic Expansion

Let us show how the example treated in § 4.2.11 is generalized to the case of
several variables.

4.3.1 Twisted Cohomology

In Chapter 2, we have discussed the finite dimensionality of twisted coho-
mologies. As a consequence, we can obtain a difference equation with respect
to shifts of the exponents o = (g, -+, ). In § 2.2, we have considered
the integral of a multiplicative function U(u) = P --- P%™ on C™ over an
n-dimensional twisted cycle o

duq /\/\/\ du,, = / U(u)dug A -+ A dug,. (4.180)

o

As we have seen in § 2.8, the twisted de Rham cohomology H*({2*(xD),V,,)
of an affine variety M = C™ \ D is of finite dimension, and under some
assumptions, we have

HP(2°(+xD),V,) =0, p#n, (4.181)

dim H™(2°(+D), V.,) = (—1)"x(M), (4.182)

where (M) is the Euler charactersitic of M. Now, for almost all «, there
exists a basis [@1],---, [or](@1,02,...,r € 27%(xD)) (here we set r =
dim H"(£2*(xD),V,,)) of H"(£2*(xD), V,,) which does not depend on a. The
integral

@/k@ :/U<Pk (4.183)



222 4 Holonomic Difference Equations and Asymptotic Expansion

satisfies, for the shifting operator Tjil (o, am) & (a0 £
1,..., a,,) with respect to each component of a = (a1,...,an),
Tion(a) = Plar,...,a5 +1,...,003) (4.184)
= / UPngk,
T prla) = / UP; gy, (4.185)

(remark that, here, instead of the variables z; used in Chapter 2, we
use «;j). Since [p1],...,[pr] form a basis of H"(2°(xD)V,,), as elements
of H™(£2*(xD), V), we have the expressions:

[Pj o] Z a; (4.186)

[P ] Z ay (4.187)
Here, a(j and a a are rational functions of aq,..., a,, and the coefficients
of P,.

This is because, as we stated in Remark 2.5, there exist rational (n — 1)-
forms ¢ € 2™ 1(xD) on the rational function field of ay,as, ..., a,, such
that

j@k - Za(]) = Vg,
Pl Za(” = V-

Passing from the cohomology classes to the integrals, we obtain the difference
relations:

Tjpr(a Z ) (a (4.188)

Za,(jl) (4.189)

or in the vector representation, we have
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T3 (Pr(a)e = Axj(@)(@r(a))r, (4.190)
where 4; = ((a,g)))z’lzl, A_j= ((Zi,g?))?lzl and (@ () is the column vec-
tor with components py(a), ..., o,(a). For a more general shifting operator
TV =T Trm v =(v1,...,Uy) € Z™, it transforms the relations among

cohomology classes in the integrals without any change, and the relation
T (@r()k = Av (@) (@r())k (4.191)

holds. Here, the set of r x r matrices {A, («)},ezm defines a 1-cocycle on Z™
with values in GL,(C(a)). Namely, the cocycle conditions

Apiv (@) = Ay(a+ V") Au (), (4.192)
(v, ezZ™m),
Ao(a) =1, (4.193)

hold. In particular, for the standard basis e; = (0,.. ., T, ...,0) of Z™, we
have Ay, () = Axj(a) and {A;(a)}72, satisfy the compatibility conditions
(4.97). Conversely, when { A; () }72, satisfying (4.97) are given, they uniquely
extend to a 1-cocycle {4, (a)}yez= and equation (4.191) defines a holonomic
system of rational difference equations (4.96) of first order and (¢;(«)); are
solutions of it.

By (4.192), (4.193), we clearly have

Aj(a — ej)A,j(a) = Afj(Ol + ej)Aj(a) =1. (4194)
In particular, for a regular direction 7, we obtain
(0) 4(0) _
A0A0 =1 (4.195)

in its Laurent expansion (4.98).

4.3.2 Saddle Point Method for Multi-Dimensional
Case

Now, we fix n € Z™ \ {0}. For the shift operator T" in the direction of 7, we
have
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TN"3(a) = §(a + Nn) (4.196)

= / U@ - PNy A+ A duy,

m
= / UeXp(Nan log Pj)duy A --- A duy,

j=1
= / Uexp(NF)duy A -+ A duy,.

Here, F'(u) represents the function:
m
F(u) =Y n;logP;. (4.197)
j=1

To compute an asymptotic expansion of (o + Nn) at N — 400, we
use the saddle point method, which is a long-established general method
([Bru],[Ar-GZ-V]). This is also called the steepest descent method or the
Laplace method. On the other hand, the construction of a twisted cycle has
a strong relation to the Morse theory in geometry. We explain this below.

4.3.3 Complete Kdhler Metric

We define the gradient vector field V. = gradRF on M with level function
RF'. Since V is defined by an appropriate Kdhler metric on M, we start by
introducing a complete Kéhler metric on M'. We owe the following lemma
to T. Ohsawa.

Lemma 4.7. Let M be any non-compact connected complex manifold. As-
sume that ¥, (u)(1 < v < N) are smooth real-valued functions defined on
M such that maxi<,<n [, (uw)| increases to +o0o0 at infinity. Moreover, we
assume that each hermitian matriz

((¢u(§)f§2w—y(_,3>> (¢Y,...,C" are local charts) — (4.198)
9c0C ) ) e

is everywhere positive semi-definite. Now, let ds be any, not necessarily com-
plete, Kdihler metric on M. Then, the sum of dsi and the pseudo-Kdhler
metric (which is positive semi-definite, but not necessarily definite)

OReF OReF .
Buel v ) (Ut un) € R™ on R™ s

the restriction of the above gradient vector field to its real subspace defined by the
flat Kahler metric 3°7_, |du;|? on the complexification C™ of R™.

1 The ordinary gradient vector field
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n 2'(/12 R ( )
§ Y Y_ddC 4.199
v=1j k=1 5CJ5C

with potential given by a plurisubharmonic function 25:1 V2, ds? = dsi +
ds?, defines a complete Kdhler metric on M.

Proof. Since we have an expression

32(¢5) 3% 3% . 024,
aciac” e ot aciact

in local coordinates (¢!,...,¢"), it follows that

- 62(1/1 ) ]d =92|9 2 - '(/JV J
v|” + v d¢ 4.200
> dIdC" = 2|0y, > ¥ Py dcidc"  (4.200)

7, k=1 64]64 7,k=1
> 2|0¢,|°.
Here, we set 0y, = Z;L:1 %'é’; d¢7. Now, for the total derivative
oY, oY,
dv =3 ( d¢? + “2 0 )
=\ ac’
of ¥, by
2
(0P Oby
2 = J —_— .
duf? = 4 3 (8@. Wt dc) (4.201)
Jj=1
2
n 6’(/)V
=4 Re ( d(:j)
i=1 o
2
<4 de = 4]0y, %,

[y

j=

it follows from the Cauchy—Schwarz inequality that

1 1 (& ’
ds® >QZ\8«W 52_21|dwy|2>ﬁ<§_jl|dwy|>. (4.202)

v=1

For any two points p, ¢ on M, we consider the length s(p, ¢) of any piecewise
smooth curve connecting p and ¢. Integrating the above inequality along ~,
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it satisfies

N
1
s(p,q) > — L) — ¥ (q)]. 4.203
(p:q) m;w () — v (q)| (4.203)
Fixing p and letting ¢ be at infinity, we must have s(p, ¢) — +o00. In this way,
ds? gives a complete Kihler metric on M.

Returning to the previous situation, we let M be C™ \ D. Setting ¢, =
log|P,| (1 < v < m), it satisfies the properties of the lemma. Since we have

022 1 1 0P, dP,

= - —_— 4.204
8uj8m 2 ‘.P,,|2 8Uj ouy, ’ ( )
the metric
1 m
2 2 2 2
ds” = |dur|” + - - - + |dug| +§;|dlogPy| (4.205)

defines a complete Kéhler metric on M.

4.3.4 Gradient Vector Field

Now, M = C™\ D becomes a complete Ké&hler manifold. For local coordinates
(¢Y,...,¢") of a neighborhood of each point of M , the metric can be written
as follows:

ds* = 3 gpdCidC (4.206)
ij=1

where (92’7)?,3‘:1 is a positive definite hermitian matrix. Since the gradient
vector field V = gradRF on M is expressed as

V= Zg”ayf, . Zg”%%f
J=1 ¢ j=1 ¢

with respect to local coordiantes (¢!,...,(¢"), the differential equation that
defines the trajectory of V is given by

¢t G~ ORF
= - Z 7 (4.207)
j=1
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where (¢"7)7;-; is the inverse matrix of (g;3)7;—,. Since the vector field V
does not depend on the choice of local coordlna‘ces7 it is a global vector field
defined on M. By the Cauchy—Riemann equation,

8;2‘? Vs e 652? : (4.208)
ORF 8\sF
o e
equation (4.207) can be rewritten as
- OSF ; (4.209)
Jj=1 8(

Namely, V is the Hamiltonian flow with the Hamiltonian function SF' (see
[Ar]). In particular, we have

ASF O~ (0SF ¢ OSF dl
DY ( o7 dt g dt) (4.210)

7=1

OSF OSF 5
= 2R \/_Z 3¢ 5_?gj

3,j=1
:0,

and SF is constant along the flow.
Now, along each trajectory of V, the length s(u,u’) of the section with
the boundary u, v’ € M in a trajectory satisfies the equality

s(u, ') = %mF(u) CRE(W)). (4.211)

In fact, we let u move along a trajectory of (4.207) with time ¢, and we have

ds(u,w')\? <~ d¢ide
<—S(Zt“)> - Zgﬁd—id—i (4.212)

4,j=1

ORF ORF 47 1 dRF
E 59 =520
o¢ 8(: 2 dt

3,j=1

Here, by specializing the parameter t as t = %§RF , we have
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ds(u,u')\” B
( Q—d%F(u) > =1, (4.213)
ds(u u')

anFGy — 1 and we obtain (4.211). From this, fixing «/, having

namely, 2

s(u,u") = 400 on the same trajectory and having |RF(u)| = +oo are equiva-
lent. In other words, a trajectory of the vector field V and u rest in a compact
subset of M if RF (u) is finite. Thus, the following proposition is proved.

Proposition 4.3. The gradient vector field V defined by (4.207) is complete
on M.

4.3.5 Critical Points

On M, a point where V vanishes, that is, a singularity of V, is a point where
all of the first derivatives of RF' vanish:

ORF _ ORF
ou;  Ou;

=0, (4.214)

in other words, it is a critical point of the level function RF'. Hence, we also
have

nj OF;
1<l<n. 4.21
8ul ]Z:P 8ul ’ l n ( 5)

This is equivalent to saying that the holomorphic 1-form

wy = Z n;d log P; (4.216)
j=1

on M vanishes. Thus, to find a singularity of V, it suffices to find the zeros
of wy,.

4.3.6 Vanishing Theorem (iii)

The zeros of w,, are determined by the zeros of a system of n algebraic equa-
tions (4.215). Here, we impose the following assumption.

Assumption 3. The system of equations (4.215) admits at most a finite

number of zeros ¢M), ¢ ... %) in M, and at each point ¢9) | the symmetric
n
matrix ((%)) (this matriz is called the Hessian matriz of F') of
iUk ) ) j k=1

order n is non-degenerate.
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Assumption 3 is a restriction not only on P;(1 < I < m) but also in the
direction n; nevertheless, this holds for almost all 7. In this case, RF is said
to be a Morse function as a level function on M ([Mi]). As can be seen

from (4.212), we always have ddm% > 0 and di‘% = 0 can happen only if
G =0 (1<i<n)

We set the value of RF at each critical point ¢) by RF(c)) = g; € R,
and we assume that they are arranged as follows:

Assumption 4. 51 > B > -+ > f3,.

Now, we denote the hyperplane at infinity in P*(C) by He. T(DY Hy) signi-
fies an appropriate tubular neighborhood of DY H¢, in P*(C). The pull back
t* L, of the local system £, on M via the inclusion ¢ : T(DYHo,) \ DYHo C
M defines a local system on T(DYHy,) \ DY Hy. Here, we further assume:

Assumption 5.
HP(T(D"Huy) \ D’ Hoo,y t*L,) 220, p>0. (4.217)
Then, we have the following vanishing theorem.

Theorem 4.5 ([Ao2]).
HP(M,L,) =0, p#n. (4.218)

Next, we provide a more comprehensible sufficient condition to satisfy As-
sumption 5.

By the Hironaka theorem of resolution of singularitiei,_\t_}iere efi_ﬁfi a fi-
nite number of repetitions of appropriate blow-ups (T'(DVYHs,), DYHy) of
(T(D“Hy), DY Hy) such that a proper morphism (regular map)

[ (T(DYHy), (DVHy)) = (T(DYHao), DV He), (4.219)
f 1 T(DVHx)\ DVHo 2 T(DVHa) \ DVHo (isomorphic)  (4.220)

is defined and D/U\H/Oo is a desingularization of DYH,,, that is, D/U\H/00 is
normal crossing in T(D/L_J\}_I/oo) At any point @ of D/U_\}_I/OO, we assume that
the defining equation of D/J\H/00 is expressed as (¢t = 0)Y---Y (¢! = 0) in
terms of local coordinates (¢!,...,¢"). The lifting of the logarithmic 1-form
w= 27:1 ajdlog Pj, defined in § 2.5, to T(D/U_\}_I/oo) \D/J\ff/oo is expressed in
the form of

l .
dci
w= g )\jC—Cj (holomorphic), A; € C (4.221)

Jj=1

at (). Here, we assume that:
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Assumption 6. At any point Q,

M4+ NEZ. (4.222)
By the morphism (4.219), each P}, can be expressed as

B(f(O) =G GG - G(O) (4.223)

(ri,r2,...,m € Z,G({) is a holomorphic function satisfying G(0) # 0) on
a neighborhood of ( = 0, A; € 2?21 Qay. Hence, we have \y +---+ \; €
S Qo In (4.223), since we have 1 + --- + 1 > 0 at least for one h,
Assumption 6 is satisfied by the following assumption:

Assumption 7. If 337" [s;| > 0, then the linear combination Y7, s;a; of
a1, Q9, ..., does not belong to Q.

It can be easily shown by the Mayer— Vietoris sequence that Assumption
6 follows from Assumption 5. In fact, there exists a finite family {W,}ses of

sub-manifolds of D/U\H/OO satisfying

DVH. = | Wi, (4.224)
seS
T(DVHy)\ DYHee = | J(T(W) \ W,) (4.225)
seS

and each tubular neighborhood T'(W;) \ W is topologically homeomorphic
to the trivial bundle W, x A%, A% 2 (C*)! (dim W = n — 1), i.e., there is the
local trivilalization:

ps + Ws X A: — T(Ws) \ Ws.
Similarly, for any s1,s2,...,8; € S (1 < k < n), the k intersections
(T(WSI) \ WS1) n---N (T(Wsk) \ Wsk)

are either empty or there exists a sub-manifold Wy, 5, of DV H that allows
us to have the topologically local trivialization:

k

Ps1resi b Wap,s, X A:hm,sk — ﬂ(T(WSj)\WSj)’
j=1

A* =(CYY, dim W, s =n—1.

814438k LS

If we further pull back the pull-back ¢, L, of L, via the inclusion

5o Sk
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le’m,sk .

.

(T(WSj) \ Wsj) — M

Jj=1

by ps;,....sx, it defines a local system on W, . 5, % A:h
fundamental group (a free abelian group) of A},

.5, Obtained by the
By (4.222), we have

Sk
HO (AL i Psrnsilbs L,)=0.

S14..n «3Sk 814-.45,8k

Hence, by the Kiinneth formula, we obtain
H.(W51,~~~,Sk X A:I,M,skaP:l,m,skbzl,m,skﬁw) = 0’

namely,

1
e

H (| (Y@W) \Wo ).l oL (4.226)
j=1

From (4.225) and (4.226), by the Mayer—Vietoris exact sequence of cohomol-
ogy ([Br]), we obtain (4.217).

4.3.7 Application of the Morse Theory

Theorem 4.5 corresponds to the vanishing theorem stated in § 2.8. In Chapter
2, we derived it algebraically, and here, we derive this theorem topologically
by using the Morse theory (cf. [Mi]).

Lemma 4.8. Let Z be a p-dimensional (p < n) twisted cycle. Then, there ex-
ists a proper twisted cycle Z* in T(DYHuo )\ (DY Hy) of the same dimension
that is homologous to Z.

Proof. Set M" = {u € M ; RF < h} and we may assume that Z is contained
in M"(h > (31). As F is non-degenerate at each critical point M @ )
and F is regular, it follows that the Morse index of RF at ¢\) is just n, that
is, the signature of the Hessian of RF, the real symmetric matrix of order 2n

O*RF O*RF n
IRCFORCT? IRCFOSLT
*RF *RF )

BICRORCT 93¢k 0SC ) ) ji=1

is (n,n). Now, we show, by induction on 4, that Z is homologous to a twisted
cycle Z; contained in M?~¢ (¢ is a small positive number). Indeed, this is
true for i = 0, so by induction hypothesis, we may assume that Z is already
homologous to a twisted cycle Z;_1(C Mﬁi**s). Since Z;_1 has a compact
support, by the retraction defined by the one-parameter subgroup generated
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by the vector field —V, it is homologous to a twisted cycle ZNi,l in MPite,
On the other hand, as the Morse theory shows, when dim Zi < n, we can
let Z~i,1 move a little bit homotopically and let it flow along a trajectory
of =V on avoiding the critical point 8; of V (cf. Figure 4.3). In this way,
there exists a twisted cycle Z; near 21—1 which lies in MP—¢ and which is
homologous to ZNi,l‘ Namely, Z and Z; are homologous. For a sufficiently
big positive number L, M~ belongs to T(DYH.). This is because, we have
RF < —L at each point of M~ i.e., the twisted cycle Z, is retracted to a
cycle contained in T(DYHy,) \ DY Hy. Thus, we have proved the lemma.

Fig. 4.3

Proof (of Theorem 4.5). Let Z be a p-dimensional (p < n) twisted cycle in M.
By the previous lemma, there exists a twisted cycle Z* which is homologous
to Z and which belongs to T' (DY Hw. )\ DY H. Since we have Hy,(T'(D“ Hoo)\
DYHeo, (1*£,)Y) = 0 by Assumption 5, there exists a twisted chain 7 which
belongs to T(DYHy,) \ DY Ho satisfying Z2* = 9,,7. This means that Z is
homologous to 0, which implies Theorem 4.5.

4.3.8 n-Dimensional Lagrangian Cycles

Next, to construct n-dimensional twisted cycles, we explain an important
local fact about trajectories of the gradient vector field V. To avoid the
complexity of the indices of coordinates, in this subsection, we take local
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coordinates (z1,. .., 2,) instead of (¢},...,¢"), and suppose that the Kéhler
metric is given in the form ds? = 2?,3:1 9i7(2)dzdz;.

Theorem 4.6 ([Ao2]). Let f(z) be a holomorphic function defined on a
neighborhood of the origin of (z1,...,2n). We assume that the origin is a
non-degenerate critical point of Rf. Consider the equation of the trajectories

(4.207)

dzz OR f
Z 57,9 (4.227)

of the gradient vector field V. The set of all trajectories that have the origin
as the limit point at t = +o0o0 form a real n-dimensional manifold M*, re-
spectively. M™ and M~ intersect only at the origin, and they are mutually
transversal. Moreover, M* satisfy 02| \q+ = 0 with respect to the symplectic
form

N=V-1> gzlz)dz A dz;. (4.228)

ij=1

Such a sub-manifold M* is called a Lagrangian submanifold (cf. [Ar],
[Gui-St]).

Definition 4.1. M™ is called a contracting manifold with respect to V, and
M~ is called an expanding manifold with respect to V. Hence, M~, M™T
is also a contracting manifold (resp. an expanding manifold) with respect to
-V.!

Proof. The first half of the theorem is a special case of a well-konwn fact (cf.
p. 113 in [Smal). It also follows automatically from the proof of the latter
half given below. To prove the latter half of the theorem, let us prepare two
lemmata.

Lemma 4.9. At the origin, there exists real analytic coordinates (1, ..., &n,
M, ---, On) that admit expressions of the form

2= d& Ndn, (4.229)

i=1

Sf = Z A;&in; + (higher-degree terms), (4.230)
j=1

with (A\; >0, 1< j < n).

1 Originally, S. Smale called them a stable manifold and an unstable manifold, re-
spectively, but here we followed V.I. Arnold ([Ar], p.287). See also [Ar-Av].
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Proof. Since we can transform as ¢;;(0) = J;; by an appropriate complex
coordinate transformation

n
2 = Zaijwj (am‘ S (C), (4231)
j=1

we may assume that g;;(0) = d;; from the very beginning. Since the square
matrix of order 2n

°Sf(0) SO \ "

Ox;0x; ' Ox;0y;

S = ((ai’mgf?é) 82I§f’€6)>> , 2 =X+ —1%
dy;0x; * 0Oy;0y; i,j=1

is real symmetric and infinitesimally symplectic, that is, it satisfies

w 0 1, 0 1,)io
S =18, S(_ln 0)+<_1n 0) S =0,

via the transformation (4.231) by a unitary matrix ((ai;));';j=1, S can be
transformed to the form

0 :  diagonal matrix
diagonal matrix 0

such that all of the diagonal components are positive. Namely, by changing
coordinates appropriately, with respect to new coordinates (z,y),

N = Z dz; A dy; + (higher-degree terms), (4.232)
j=1
n
Sf = Z Ajz;y; + (higher-degree terms) (4.233)
j=1

are expanded in convergent series of the above forms. Moreover, by an ap-
propriate real analytic coordinate transformation ({1, ...,&n, M1, .,Mn) — 2

{acj = &, + (higher-degree terms) 1<j<n

y; =n; + (higher-degree terms)

{2 is reduced to the form (4.229) (Theorem 6.1 in Chap. 3 of [Ster]), and we
obtain (4.229), (4.230).
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Lemma 4.10. Assume that the Hamiltonian function H(&,n) is expanded to
a convergent series in the form of the right-hand side of (4.230) with respect to
the above local coordinates (§,m) = (§1,. -+, &ns My - -, Mn) at the origin. Then,
there exists a unique solution v = (&) of the Hamilton—Jacobi equation

([Ar])
(5 ; 6?) (4.234)

%’g = (%, ceey (%%) being real analytic at the origin.

Proof. We use the method of majorant series. In general, when a formal series
in p variables (t1,...,tp)

and a series of positive terms

B = Z bsl,m,sp

$1ye0y8p>0
satisfy
sy,...,spt1" - 2| < s,
for any s1, ..., sp, we say that B dominates A(t), or B is a majorant series of

A(t). In such a case, we denote it as A(t) << B. For t € AP(0;6) (J a positive
number), if we have A(t) << B and B converges, then so does A(t) and it
is real analytic. Now, assume that H(&,7) has a power series expansion on
€51 < p, [n;] < p, and denote it by

Z/\ it D, huoln’, (4.235)

lul+lo]=3

/’(’:(/’[’17"‘7/“L7l)7 0':(0'1,...,0'”, |/’(“ Z/’('jv

n
ol => oy, =g g T =]t

If a formal series in ¢

=Y Bt (4.236)

[pu|>3
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formally satisfies (4.234), then (3, is uniquely determined and is given by the
recursive formula:

the coefficient of £ in |32, 1|53 ftu.o€” (%)U} (4237

B = - -
Here, g—? = (%a ey g%) signifies the formal series
L
g = Bt 9, ej=1(0,...,1,...,0).
T jul>3

The right-hand side of (4.237) depends at most on Gx(|k| < |p| —1).
Since there exists a positive number K satisfying

\hyo| < Kp~ultloh),
we obtain an estimate as a formal power series in (£,7)

P (S 16|+ )

hyuo&fn® << K . .
2 L—p= 3251 (161 + [nsl)

lul+lo]=3

We take 0 < p1(< p) and consider £ € A™(0; p1). For a formal power series
in py

= > lul 1Bulpt (4.238)
=3
as we have
oY ~
lul < Z%ﬂg (min A) g2 << 9(e),
(4.237) implies
- -1 -3 7 3

(i< Ay) [1 = o~ (o + 9(1))]

as a formal power series in p1. Now, setting ¢*(p1) = p3w(p1), we can uniquely
determine a convergent series of positive terms w(p1) (0 < p; < §) satisfying
the algebraic equation of degree 3:

Kpy'p™® (n(p1 + 9" (p1)))?
(mini<j<n Aj) [1—np~t(p1 +9*(p1))]’

V*(p1) =
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in other words,

mini<j<pn Aj [1 —np1p~' (1 + prw(p1))]

and w(0) = —; Since each coefficient of w(py) in (4.240) can be

ming<j<n Aj

uniquely determined, by expanding the right-hand side, from the coefficients
of lower-degree terms, by induction on p} (I > 3), we obtain

D(pr) << ¥ (p1). (4.241)

As ¢*(p1) converges, so does {/;(pl). In this way, we see that g—g converges
J

on § € A™(0;p1). By
/ % g,

P(€) also converges for & € A™(0;p1). It is clear from (4.237) that (&)
satisfies (4.234), hence, the proof of Lemma 4.10 is completed.

Now, let us terminate the proof of Theorem 4.6. Suppose that (2 is in the
form (4.229), using the function 1 (z) obtained by Lemma 4.10, we apply the
canonical transformation (see, e.g., [Ar], [Ster]):

~ _ 0y )
T=on N i, (4.242)
§&i=6&

We have 2 =37 | dé} A dn; and the expression:
n ~ ~
=D N+ H(E 7). (4.243)
j=1

Here, H’(g,ﬁ) is the sum of higher-degree terms and satisfies H’(g, 0) = 0.
Hence, for any positive €, when (£,77) € A™(0;6) (6§ > 0 sufficiently small),
we have

zj ’77<5sz.

3

In particular, if we take as 2¢ < mini<j<n A;, along a trajectory (£(t),7(t))
(t € R) of V, we have



238 4 Holonomic Difference Equations and Asymptotic Expansion

%( n > —22 jdm (4.244)

j=1
S ORI EES W
j=1

which implies

n
Z 77]-2 < Const e~ 2%,

j=1

Now, suppose that one of the trajectories I" : (£ ( ), 7]
as the limit point at ¢ = —oo, and 7(ty) # 0 at ¢
t1(< to) such that

IIi

t)) of V has the origin
to. Then, there exists

> ) <>k (k)
j=1 j=1

Applying the mean value theorem to the interval [t1, o], there exists t2(t; <
ts < to) such that <& Z?Zl ;2 (t2) > 0. But this contradicts (4.244). Hence,
any trajectory of V which converges to the origin at ¢t = —oo satisfies 71 (t) =

= (1) =0, ie.,
M= C{fi=- =1, =0}

Conversely, if 7 = 0, we have

dg; ~ .

%:)\jfja 1<j<n,
and any trajectory of V converges to the origin at ¢t = —oo. Namely, M~
coincides with the n-dimensional manifold {73 = --- =, = 0}. It can be

similarly proved for M. The tangent spaces T(M¥*) of M* are defined by
Fidg == dgy =0,
TM™ : dpp=---=dn, =0,

hence, M™ and M~ intersect at the origin mutually transversally. Thus,
Theorem 4.6 has been completely proved.

Remark 4.4. In [Birl], it was shown that H (&,n) can be reduced to a function
depending only on &171, . . ., &1y as a formal series, but it is not clear whether
it converges or not. If the Hamiltonian function H (£, n) defines a completely
integrable Hamiltonian flow in a neighborhood of the origin, this fact is valid
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(see [It]). In such a case, Lemma 4.10 follows from this fact. In [Mo], a similar
theorem was proved by using Newton’s method.

4.3.9 n-Dimensional Twisted Cycles

For simplicity, we further impose the following assumption.

Assumption 8. SF(cM),... , IF(c™) are all mutually different.

Under this assumption, by (4.210), the trajectory of V which has (%)
as a limit point never passes through other critical points c(k)(lc # 7).
In a neighborhood of ¢, for the intersection Z; of the Lagrangian sub-
manifold of all trajectories of —V having cU) as the limit point at t = —oo
with M \ T(D"H,), the support of 9,,Z; is contained in 0T (DY H,), that
is, 0,2, = Z; N OT(D”H,). By Assumption 5, there exists a twisted
chain 7; € T(D"Hy) \ DYHo such that 9,7; = 9,Z;. Hence, if we set
oj = Z; — 75, we have 9,0; = 0, and the intersection of the support of o;
and M \ T(D“H) is a Lagrangian sub-manifold contained in the real hy-
persurface: F (u) = SF(c9)). These s twisted cycles 1,09, ...,0, belongs
to Hp(M, LY). According to the Morse theory ([Mi]), we have

(=1)"k = x(M). (4.245)

Moreover, since the homotopy type of M?+¢ coincides with M#?~¢ attached
by the n-dimensional cycle o;, any n-dimensional twisted cycle of M is a linear
combination of these k twisted cycles. Combining this fact with Theorem 4.5,
by Lemma 2.6, passing to the cohomology, we obtain the equality

k=dim H"(M, L,,). (4.246)
Thus, we have the following theorem.
Theorem 4.7. Under Assumptions 3-5 and 8, (4.245) and (4.246) hold.
As was discussed in Chapter 2, combining
H*(2*(xD)),V,) 2 H*(M,L,) (4.247)
with Theorem 4.7, we see that
r=dim H"(2*°(xD),V,) = k. (4.248)

Although Theorem 2.8 and Theorem 4.5 are compatible, as the conditions
of these theorems are different, they are not completely equivalent.

Remark 4.5. As in Theorem 4.5, the vanishing theorem of cohomology with
coefficients in a local system was first established by Y. Matsushima and
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S. Murakami ([M-M] I, IT). Nowadays, it is called a theorem of
Matsushima—Murakami type and there are several trials to generalize it.
For example, see [Aol] and [Kohl]. For recent developments in the case of
arrangements of hyperplanes, see [Or-Te3].

4.3.10 Geometric Meaning of Asymptotic Expansion

Next, we explain a relation between n-dimensional contracting twisted cy-
cle and an asymptotic expansion of the integral (4.180) (for detail, see
[Ar-GZ-V]). We assume that the function F'(u) defined in (4.197) satisfies
Assumptions 3 and 4. Concerning the vector field V, the integral over n-

dimensional contracting twisted cycles o1, ..., 0, that pass through the crit-
ical points ¢V, ... (") respectively, decomposes as follows:
/ U(u; o+ Nn)duy A -+ - A duy, (4.249)
o
:/ U(u; a4+ Nn)duy A -+ A duy,
a;N(M\T (DY Hx))

—|—/ U(u; a4+ Nn)dug A -+ A duy,.
0;NT (DY Hoo)

As we may regard Sup,c,nr(pun.)RE (1) < RE(c)), at N +— +oo, the
increasing order of the second term in the right-hand side of (4.249) is negli-
gible in comparison with that of the first term. On the other hand, we have

/ U(u; .+ Nn)dug A -+ A duy, (4.250)
o;A(M\T (DY Hoo))

= exp(NV—1SF(c\9)))

/ U(u; ) exp(NRF (u))duy A -+ A duy,
oiN(M\T (DY Hoo )

and on o; N (M \ T(D"Hy,)), RF(u) takes its maximal value RE(c)) at
u = c\9). In addition, we have RF(c)) > RE(u) (u € o;N(M\T(D"Hx))).
We can choose local coordinates (¢!, ..., (™) in such a way that ¢ is the
origin and, on o, all of ¢',..., (" become real. Then, in a neighborhood of
¢ =0, F(u) has a Taylor expansion of the form
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F@(Q) = F(eD) = 3 vch¢ +

(4.251)
k=1

1321:(60‘))
2 oc¢kact

—Vkl =

the matrix V; = ((vg))} =, is real symmetric and positive definite. By the
saddle point method ([Bru], [Ar-GZ-V]), we have:

Lemma 4.11. At N — +o00, we have an asymptotic formula

duy A A duy, (4.252)

_n n

: N 272 1
=U(;a+ N —1<1+o<—>>.
(Vo 77)(detvj)E 7

Proof. As can be seen from (4.249), (4.250), to obtain an estimate (4.252),
it is sufficient to provide an estimate of the integral (4.250) on ¢; in a neigh-

borhood of ¢ = 0. Now, let ¥(¢) be any smooth function defined on |¢*| <1
e <1, (¢t L, ¢) € R™. Since we have an expression

+Z<’€ w D LS o).
k=1

(¢¥r1(€) is a smooth function on |¢t] < 1,...,]|¢"| < 1) by Taylor expansion,
we obtain an estimate of the integral

_N n k Al dCY A A de
/41<1,m,c"<1eXp > o€ | e(Q)d¢t A A dC

(4.253)
k=1
_n n C 1
= N> exp [ = > wlF¢ |y (— dCY A AdCT
ISV ¢SV g;l VN
=N"% exp | — Y vk
|C1|SW7"'7‘CH|SW k’lzl

(10 S e () e

(here, we use the Gaussian integral (see, e.g

=72 .N"% (J%—)‘GJFO(%))'

- [AAR]))
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From this, (4.252) immediately follows.

To compute an asymptotic expansion of
/ U(u;ae+ Nn)dur A -+ Aduy, (4.254)

for any twisted cycle o, we may proceed as follows. In H,, (M, L)), o is ex-
pressed as

T
o= Zgjaj. (4.255)
j=1
Here, since g; = g;(a) is a rational function of e2mV=lor g2mv/~Tam

g;j(a+ Nn) does not depend on N. Hence, we obtain

/ U(u;ao+ Nn)dur A -+ Aduy, (4.256)

= Zgj(a)/ Ulu;oo+ Nn)dug A -+ A duy,
j=1 o)

= Zgj a) exp(NF(c1))) - U(cU);a)ﬂé (1 L0 (%)) _

When the basis ¢1, ..., ¢, discussed in § 4.3.1 satisfies the inequality of
the determinant

det ((m(c(ﬂ)))) A #0, (4.257)

J,v=1

(where g—~£-— (¢ € 02"(xD)) signifies the coefficient of ¢ in dus A- - -Aduy, )

with respect to the critical points ¢V, ..., ¢c("), we say that {¢1,...,¢,} is
“non-degerenate”. Then, similarly to Lemma 4.11, we obtain:

Proposition 4.4. A square matriz ( f Ulu;a)py))} =1 of order T satisfies

the holonomic systems of dzﬁerence equatzons (4.188)—(4.189) with respect
to the variables a = (o, ..., ). When the direction n € Z™ \ {0} satisfies
Assumptions 3—4 and 8, n is a regular direction, and an asymptotic expansion
in the direction of n is given by

[ vt Moo, ~ Uas N | 5 Ee ()

[;thvn (1+o(x))
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In this case, the first characteristic indez is equal to F(c(M), F(c®)), ... F(c")
and the second characteristic index is equal to (=%, —%,...,—%) (see § 4.2.5,

for definition).

The second characteristic index has the property that all of them coincide.
With the notation (4.133), (4.134), we have the equality

(A7) 71a = —g ‘1. (4.258)

This formula really controls the difference equations (4.96) treated in § 4.2.
See also [Or-Te2], [V4] for related topics.

4.4 Difference Equations Satisfied by the
Hypergeometric Functions of Type (n + 1,m + 1; a)

We consider the case when all of the Py, P, - -+ , P, are inhomogeneous linear
and each of their coefficients is real. We have already seen in § 3.2 (Theorem
3.1) that if the corresponding arrangement of hyperplanes is in general posi-
tion, the dimension of H™(M, L,,) is equal to (m;l) and we naturally obtain
a basis of H, (M, L)) from bounded chambers. In this section, by taking re-
sults obtained in the previous subsection into account, we again study this
from a viewpoint of difference equations.

4.4.1 Bounded Chambers

First, we do not necessarily assume that an arrangement of hyperplanes is in
general position.

Theorem 4.8 ([Ao4]). For n = (n1,--- ,nm) € Z™\ {0}, ifn; >0 (1 < j
< m), then we have:

(1) Any zero ¢ of w, = 27:1 n;dlog P; in M is real, and for each bounded
connected component of R\ DNR™, it uniquely exists. The level function
RF is non-degenerate at c, i.e., Assumption 3 is automatically satisfied.
Moreover, a bounded chamber containing c is a contracting Lagrangian
sub-manifold.

(2) A bounded chamber defines an n-dimensional locally finite twisted cycle,
and the set of all such elements forms a basis of HY (M, LY). In partic-
ular, we have
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dim H"(M, £,) = dim H,, (M, L) (4.259)
= the number of the bounded chambers

Proof. The proof of (1).  Since P;’s are real, we can choose a real complete
Kahler metric ds? on M. We consider the hight function RF on a bounded
chamber A. Since we have RF = —oo on the boundary of A by assumption,
RF is bounded above. Hence, there exists a point ¢ where R attains a

maximal. As gradRF = 0 holds at ¢, c is a zero of w,. Since the symplectic
form defined by ds? (cf. (4.205), (4.228))

n V=1 & —
0=V-1_ du; Adi; + — > dlog P; Adlog P;
i=1 j=1

vanishes identically on M NR™, it vanishes also on A, hence, A is a Lagrangian
sub-manifold. We consider any line over R passing through ¢

viug=Nt+p; (A, €R) (4.260)

(t € C). Restricting w;, to v, we have

m’ /
Tj
= dt 4.261
[wn]y Z t—a, ( )
Jj=1
(a1, ,am € Rym > 0,m' < m), and we may assume that a; < az <--- <

amy - If the point on v at ¢ = tg coincides with ¢, we must have

’
m

> U =0. (4.262)

to—aj

j=1

If ¢ is a degenerated critical point, for an appropriate v passing through c,
its derivative further becomes 0, i.e., we must have

’

T
- Z Tooay = 0. (4.263)

Jj=1

But, this is clearly a contradiction. Hence, ¢ is a non-degenerate critical point.
Next, we assume that A is an unbounded chamber and w, admits a zero ¢
inside A. Then, there exists a real curve v (4.260) passing through c¢ satisfying
{the points of v corresponding to t > to} C A. Restricting w, to v, it can be
expressed in the form (4.261) with ¢ > a1,- - , ay. We should have w, =0
at t = tp, but since
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m 77/‘
> ——>0, (4.264)
=10

this is a contradiction. Hence, there is no zero of w,, in A.

Next, we assume that there exists a non-real point ¢ satisfying w, = 0.
Then, its complex conjugate ¢ is also a point of M and ¢ # ¢. The line ~
connecting ¢ and ¢ becomes a line over R, hence it can be written in the form
(4.260). And ¢ corresponds to a non-real point to (to # to) of ¢. But since all
t’s satisfying the equation

’

m /
> L g (4.265)

t—a;
j=1 J

are real, this is a contradiction. Namely, ¢ has to be real.
(2) is a consequence of (1), (4.248) and Theorem 4.5.

Let us recall that, in § 3.2, we denote the twisted cycles corresponding to
Theorem 4.7 by A (w), As(w), ..., A (w).

4.4.2 Derivation of Difference Equations

Regarding the hypergeometric functions of type (n + 1,m + 1; «) defined in
§ 3.4 as function of «, they satisfy the holonomic difference equations (4.188),
(4.189). In this subsection, by applying some results from Chapter 3, we derive
them concretely. We use the notation defined in § 3.4, 3.8. By the formula

N
de /\~-~/\de”:.’[( \J{0}>du1/\/\dun

for J ={j1, " ,Jn}, setting K = {jo}"J for a jo & J, we have
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7, '5(50) = [ 5oetd) (1.266)

(NN [ L

(by (3.100))

(M) & , (N\ {0} duy A -+ A duy,
2N 1:0( e <K\{Jz}>/U P}
x(N\{O}) n
== 2 (CD'EE N\ {5} a).
(k) 1=0

On the other hand, since we have, for 1 < p <n,

1~ N\ {0} duy A - A duy,
1 — bt BN )
T, o(J;a) = x( 7 >/UU N , (4.267)

by Stokes formula, we obtain

0= /UUV (( 1)n- 1‘P<J;{Ju}>) (4.268)
= (ay, —1)/0Uﬂ

P]}L
1 K 1
COY a furay L)

JogJ n
K:={jo}"J
)
= (aj, ~DT'@(s0) + Y g (—D)P T ot
JoJ (%)
K:={jo}"J
n
D (ED'BEN ik a)
=0
in a similar way to (4.266), which implies
(o, = VT ¢(J;50) (4.269)
= Z ajo( ju Z K \ {jl}v >
Jo&J 1=0

K:={jo}"J
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We also have

~1 z(5)
wPlJr0) = D o P\ ). (4.270)
L= ox 1 jo#J :E(K\\{{g“}})
K:={jo}"J
Below, we prove this, for simplicity, in the case when g = 1. By Stokes
formula, we have
0~ Vo{Pe(J\{i1})} (4.271)

= (o5, + DPo() + > i Pe(K\ {i1}).
Jo&J
K:={jo}"J

By (3.99) and ug = 1, we have the equality

(=S o(3)

1=0
I#1
from which we obtain
0= (aj, + 1)Pj,¢(J) (4.273)
2 (x)
+ D Z Lo L) = — s e\ () ¢
jogJ 1=0 ‘T(K\{jl})
1£1
Now, we use the following lemma.
Lemma 4.12. Suppose that a;, ... i, , and b, ... ;. o (1 <1, ,ip—1 < M)
are skew-symmetric tensors with respect to i1, ,in—1. Given by, ... ;. ,, the
equations on ai, ... 5,
(5 RTINS 55 21 LTI
JEl J¢I =1
= bilv",in—w I= {il,"' ,infl}
have the unique solution given by
p(p +A 4+ )‘m)aih'“ yin—1 (4275)

= (P + )\il i )\in—l)bil,"' jino1 Z Z >‘k(_1)l71bki1"'iz—1i1+1"'in71'
kgl 1=1



248 4 Holonomic Difference Equations and Asymptotic Expansion

Here, we assume that p(p+ A + -+ + A\n) # 0.

Proof. Rewriting b;, ... ;,_, in the right-hand side of (4.275) with the left-
hand side of (4.274), we immediately obtain the left-hand side of (4.274). By
the way, for n = 2, (4.274) gives us

(p +y Aj>ah + > (=Aj)a; =bi,.

J#i J#i

Hence, rewriting the right-hand side of (4.275) with this formula, we obtain

(p+ Xi)bis + > Akbr = (p+ Aiy) <p+ > /\j>an - > Ny

k#iy J#i J#i
YA (p+ zxj)ak S ey b= p(p+ zxj)%
ki1 J#k J#k j=1

and it coincides with the left-hand side of (4.275). For n > 3, a similar proof
works.

In (4.273), fixing j; and setting

Ajoeeej, = Pj (,0<J>,

N
x .
bjpju =— Y.y —N({ig} o(K\ {j1})
Jo@J (k\ )
K::{jo}uJ

p=1+a;, N\j=a; (j#j1), I ={j2-,jn} applying Lemma 4.12, we
obtain
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(1+aj, (1 + Z aj> Pj p(J) (4.276)
| 2l
+ Z ;) Z Qjo —N\{0} oK\ {j1})
jeJ Jo@J SE(K\{ﬁ})
K:={jo}"J
B ST SRR RTINS
(N0 !
kgJ L::l{:kZ}UJ f(L\{jl})
X a0 T o) ()
kZK =2 Jo&J (L\{jm‘z})
Li={k}“K
z(x)
1+a]1 Zajo (N\{O}) <K\{.71}>
JogJ K\{j1}

n T N
+ ) akaj02<—1>ll%w@\{ﬁ,m

jo, k& 1=2 x(L\{jl,jz})

In the second term of the right-hand side, when [, jo & J, as the coefficient
of waj, is skew-symmetric, its sum is 0. Hence, we obtain (4.270). One can
prove similarly for u > 2. Moreover, since a shift operator Ty (k & J) can be
written as

Z?{::{k}w,yﬂ (_1)V_1x(lj<v\\{{yg}})ij + x(%)

Ty, = , 4.277
k o) 2T

we obtain the identity ([Ao3])

Teo(J; o) J: 4.278
k?‘P< aa> (N\{O}) < a> ( )

N

¢ (i) () BN ki)
+ (—1 VCV*O i . o i . 1<k m.
2 2 CVeTEE ey Tr e,

L:{jo}"J
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4.4.3 Asymptotic Fxpansion with a Fixed Direction

As was explained in § 2.9, under the assumption a,, # 0, we can take p(.J),
1< /1< <jon<m—1as a basis of H*(£2°(xD),V,). The number
of such elements is exactly equal to r = (mn_l). We denote them by ¢(J1),
o(J2), -+, ©(Jr). We denote the period matrix obtained by integrating the
basis {p(J,)}7_, over the twisted cycles Aj(w),- -+, A, (w) defined in § 3.5.1

(( / U<p<Jy>>> (4.279)
2(@) o

by @(«). P(a) satisfies the holonomic system of difference equations (4.266),
(4.269) or (4.270), (4.278) with respect to the variable . Namely, it sat-
isfies (4.96). The corresponding matrices A4j(a) (1 < j < m) are given
by (4.266), (4.269) or (4.270), (4.278). Here, in these equations, we should
replace §(i1 -+ - ip—1m; @) by
m—1
Pli1 - ip_1m; ) Z & i1 in—1]5 Q). (4.280)

(&%
=1 n

Now, suppose that n € Z™ \ {0} satisfies the conditions
A0, mAmt+nm#A0, 1<j<m. (4.281)

Each A(Oj) " Ago) as a linear operator acting on given skew-symmetric tensors

{@s}, is derived from (4.266), (4.269), (4.278) as a limit.

1’(N\J{O}) n

A(*OJ)’o,n Qs ——an ) (D0 Gy (4.282)
x(K) v=0
(K == {jo}"J, jo & J),
N\{0 n
ut (K\\{{ju}})

0 n; .
(—J)wr Prd ] (- VDY (1) B,y (4.283)
Jo&J J“ x(K) V=0

1< pu<m,
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2 (k)

0 - ~
Agy ¢ @r e — Rl P (4.284)
z (M)
N\{0}Y .(N ~
£ Z z(mGo)® (&) B
N\{O} N\{0}) ST g
jogJ v=1 )2 (\Gay) 2=i=1"
Here, we assume that the following equality is satisfied:
> Birgaii = 0. (4.285)

4.4.4 Example

For the Appell-Lauricella type, i.e., hypergeometric functions of type
(2,m+1) (cf. § 3.6.3), setting

_(x1 a2 Ty
T=\111... 1)

(4.266), (4.269), (4.278) can be expressed as

150500 = ———(lie) ~ o)), (4.256)
(@i — DI 3li0) = > ]”‘fw, (4.287)
J#i !

Dohe1 kP (ks )
1+ Z e
respectively. Morover, if we set m = 3, then it is clear that » = 2 and the

above formulas contain Gauss’ contiguous relations explained in § 1.4 and §
4.2.8. The reader may verify it by himself (or herself) (cf. [Wa]).

Tip(isa) = — + (2 — 2)Pli;a),  (4.288)

4.4.5 Non-Degeneracy of Period Matrix

We have already seen in Chapter 3 that the period matrix (4.279) is non-
degenerate, that is, the determinant of @(«) is not zero. Here, we reconsider
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this important fact from the viewpoint of difference equations and an asymp-
totic expansion of their solutions.

Any polynomial ¢ € Clu1,usg, - ,u,] is also a polynomialin Py, P, - - , P,.
Hence, by

wduy A Ndup, € Y CPY - Prrp(1,2,-+ ), (4.289)

Vi, V20

using the recursion formula (4.278) repeatedly, we obtain, for an integral over
the twisted cycle o,

Yduy A A duy, (4.290)

a1 (0779 ~
_ b . JY.
Z J(% 14‘23?:10‘”7 71"‘2:17/n—1‘)@)()0< )

1<j1 < <jn<m—1

Here, we have

bJ( X1 Xm )
1‘1’2 104y ?1_‘_2:’7;1&”

Qm
€Cl)®C|— 9 . Gm |
<x) |:1+Z laV 1+ZV_1aV:|

For 7 satisfying the condition (4.281), taking an asymptotic expansion in
the direction of n, by Proposition 4.4, for each integral over Ay(w), (4.290)
becomes

() th (x; i ...727’2'” ) (4.291)

=1 v=1 v

el
duy A~ ANdug | oo

In fact, we have

Ui Thm
’ Zu:l U Zu=1 Ny

li b (€3] Qm

= im 7 | x; e .

Neoo E\TTL4 3T a1
a:a'Jan

The principal term of an asymptotic expansion of det ®(«) in the direction
of n at N — +o00 is written as
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det () (4.293)

— Hl_;[_’%l[([det Vk)% 2]2] (( {%} u=c(k) ) ) ;l—l .

HenCe, 1f (he ma‘rlx
U1l /\ ! /\ dun u=c(k) k=1

is regular, then @(«) is non-degenerate. It is quite cumbersome to prove this
fact directly. So, we prove it as follows.

We take 11,99, ¢, € Cluy, - ,u,] in such a way that they satisfy
Y1 (c®)) = & For each 1, we have (4.290). If we denote by, corresponding
to ¥ =1, by b, 5, by (4.291), we see that

8jk = Zbg 7 (x; Zm R Z'Zm ) (4.295)

v=1 v

_ (1)
d'U,l A A dun u=c(k) ’

hence, we obtain

o{J1) r
det (( {M} u=c(k)>)l,k=1 70 (4'296)

As a consequence, we obtain the following theorem.

Theorem 4.9. Let {o(J1), - ,o(J.)} be the basis of H"™(2°(xD),V,)
formed by dlog Pj, A---ANdlogPj,, 1 < j1 < -+ < j, <m—1. The period
matriz (4.279) is non-degenerate. n € Z™ \ {0} satisfying (4.281) provides
a regular direction of the holonomic systems of difference equations (4.266),
(4.269), (4.278). At « = o/ + Nn (o fized) and N — +o0, an asymptotic
expansion of ¢(«) is given by

/ U(w)p(h) (4.207)
A (w)

e i ] (0 (3))
_ : . 1+ O|— ) 1 < l’ k < ’
Nz \/m d’U,l ANRERA du'ﬂ u=c(k) N '

hence, ®(«) is a regqular matriz.

As we have stated in § 3.5.8, the explicit formula of the determinant of (4.297)
is known as the Varchenko formula (Lemma 3.7). He derived it in a completely
different manner from what we have explained here.
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Exercise 4.1. By the above consideration and Theorem 3.10, compute di-
rectly the determinant of the period matrix (4.279) and clarify a relation to
the Varchenko formula.

From (4.282) and (4.283), we can derive an important relation between the
critical points ¢*) and the eigenvalues of the mutually commutative matrices

(0)
Aij,n

Theorem 4.10. For a fized k,j (1 <k <r),(1 <j <m), the r-dimensional

vector (a,ZJJl) = ([dulf%] " 1<l < T) s a simultaneous eigenvector

for the operators A(_Oj)m, Ag?% and AT(O) defined by (4.135) with the eigenvalues
P ()= Pi(c®) and Py (¢ ... Py, (cR))1m respectively.

in the following way.

In fact, one has only to take the limit N — oo in (4.266), (4.269) and
(4.270) for o = & + N7, and apply the formula (4.297).

4.5 Connection Problem of System of Difference
Equations

As was stated in Chapter 1, Gauss’ formula

™

Iz rl—z) =
()I( ) sin 7z

can be regarded as a connection relation of the difference equation (4.1). In
this section, we generalize the connection problem to a holonomic system of
difference equations for the case of several variables, and show some examples
in a simple case.

4.5.1 Formulation

Suppose that a holonomic system of difference equations (4.96) is given. For
two regular directions n, " € Z™\ {0}, let @, (2), @,y () be solutions of (4.96)
which have an asymptotic expansion in the direction of 7, 7/, respectively;
we may set

B,y (2) = By (2) Py (2). (4.298)

Py (2) is a periodic matrix. That is, for a standard basis {e;}72; of Z™,
since it satisfies

Ppy(z+ej)=Pp(z), 1<j<m. (4.299)
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P, (%) is a meromorphic function of e2mV1a L 2Vl Bixing ), 1,
the problem to find the matrix Py, () is called a connection problem, P,/ (z)
is called a connection matrix, and each of its components is called a connec-
tion function. Now, if three regular directions n,n’,n"” € Z™ \ {0} are given,
for each pair (n,7'), (n',n"), (n,n"), three connection matrices Py, Py,
P, are defined and they satisfy the following relations:

Py (2) Py (2) = Py (2), (4.300)
Py (2)Pyy(2) = 1. (4.301)

By specializing equations further, we consider (4.188), (4.189). (Notice
that we consider them with respect to a and not z.) For n = (m1, -+ ,9m),
n = (n},---,m,,), we consider the gradient vector fields V, = grad RF,,
V., = grad RF,; associated to the level functions RF, (u) = Y772, n; log | Py,
RFy (u) = Z;”:l 7 log |Pj|, respectively. If both RF, and RF,, are non-
degenerate, the contracting cycles {a1(n), -+ ,0.(n)}, {o1(0), - ,00(n)}
constructed by V,, V; respectively, provide bases of H, (M, LY). Hence,
the one should be a linear combination of the other:

)= 3 By si()o (o) (4.302)

Since the base field defining the local system L, belongs to the function
field C(e2™V=Ter ... 2mV=Tam) a]l P, si(a)’s are rational functions of
ezﬂral, cee zﬂra"b. Translating this relation to integral representations,
it gives us the relation (4.298). Here, we have

915,,(04):(( /U ; U<pk>>l B (4.303)

B

Py (a)=<</oj(n/) U‘Pk) >j, o (4.304)

namely, Ppy (o) = ((Pyy,ij()))i j=1 is a connection matrix of equations
(4.188), (4.189). In this way, the connection problem is reduced to finding
the linear relations among two bases of H,, (M, L}).

But, in general, fixing two directions 7, 71/, it is very hard to compute
P, (a) concretely, and the calculation has been done only for some simple
cases (cf. see, for example, [A09]). Next, we provide an example in the case
of hypergeometric functions of Appell—Lauricella type.
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4.5.2 The Case of Appell— Lauricella Hypergeometric
Functions

In this case, as was considered in § 2.2.1, the functions are given by integrals
of Jordan-Pochhammer type:

o =1

(0 is an appropriate twisted cycle). Now, we assume that z;’s are all real and
they satisfy

T1 < T < < Ty (4.306)

M = C\ {z1, - ,Zm} and the bounded chambers of M N R are given by
the intervals A = [z, 22],- -+, A} | = [Ty—1, Tn]. We assume that n; > 0
for any j. By using the flat Kihler metric ds® = |du|?> on M, we define the
gradient vector field V by

V = grad(RF), (4.307)
F(u) = an log(u — ;). (4.308)
j=1
On M, there is exactly one point in each open interval (z;,z,+1) at which
V vanishes. We denote them by ¢, ¢ ... ¢(m=1) Namely, ¢V, 3, ...
c™=1) are the points u of M that satisfy the equation
m .
P )} (4.309)
S u—x;
j=1

Setting a; = a;» +n; N (a; fixed), an asymptotic expansion at N +— oo is
given by (4.252). Setting a; = a;- —n; N, we can also consider an asymptotic
expansion at N — +oo. What can be the contracting twisted cycles in this
case? Since the points where V vanishes are given by ¢, ¢ ... ¢m=1)
the trajectory of V passing through ¢®) is the contracting twisted cycle AL
associated to the direction —n. They are given by the equation

SF(u) = SF (M),

ie.,

> njarg(u—a;) =Y njarg(c® —a;). (4.310)
j=1 j=1
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As all n;’s are positive, Ag_), -+, A, _; donot mutually intersect. We choose
the branch of Aj[ with respect to U = H;"Zl(u — x;)® in such a way that
U becomes a real positive number at c(9). The phase diagram of A s

given in Figure 4.4. {AT,--- At |} and {A],---, A, _,} provide bases
of HY (M, L)), respectively, and its regularization {Af (w), -+, AL (w)},

{AT (W), -+, A, _;(w)} provide bases of Hy(M, L)), respectively (cf. § 2.3).
As is clear from the phase diagram, we have

Fig. 4.4

A = (e~ Tesst eiﬂﬁo‘j“)ﬂﬁrl (4.311)

N (eﬂx/jl(@.7‘+1+"'+@m—1) _ e—ﬂ\/jl(@.7‘+1+"'+am—1)) AT

m—1

+ (eﬂ\/jl(aj+1+"'+am) _ e*ﬂ\/jl(ajﬁ+~~-+ocm)reg[xm7_1_00}_

Here, reg[zy,,+oo| € Hi(M, L)) signifies the regularization of [z, +00].
Since, we also have

0= 0,(Su>0) (4.312)

= reg[—o0, z1] + e—ﬂﬁalAir 4t e_ﬂ\/jl(al"!‘""'!‘am—l)A;"';i

1

+ eV @b peg o)

0= —0,(Su<0) (4.313)

= reg[—o0,21] + ™V TIMAT 4. 4 TV Mok Fam-) At

1
4 emVIT et tam) el o),

we obtain the formulas



258 4 Holonomic Difference Equations and Asymptotic Expansion

m—1 .
sinm(ar + -+ aj) o
= — A’ 4.314
reg[%m +OO] ot sinﬂ(al +oF am) 7 ( )
m—1

reg[—o0, 1] sin aﬁl root am)A;’. (4.315)

= sinm(ay + -+ m)

Rewriting (4.311) with (4.314), (4.315), we have
m

A7 =2v-1 Z sinm(ajir + -+ op) A (4.316)

k=j+1

1

sin7(ay + - +ak) A+

m—
— 2V —
Lsinm(ajr + -+ am) sinm(ag + -+ + ) k

k=1

sinm(og + -+ + ay) sinw(ajﬂ +ootam) 4
=—2¢v/— A
Z sinm(ag + -+ + ) k

Wy Z sinm(ay + - +aj)sin7T(ak+1+"'+(Xm)A;:.
el sinm(ag + -+ + m)

This is nothing but the connection relations of the contracting twisted cycles

in the directions of 1 and of —n.

The linear relations expressing A} by A} can be obtained by solving
(4.316). Conversely, this can be also obtained using the intersection numbers
of the twisted cycles explained in § 2.3. Indeed, since the geometric intersec-
tion number of A; and A} is given by

Ic(sz A;) = —(Skj.
A,‘; and Aj_ are given a relation between elements of the homology Hi (M, L))
m—1
Al =Y L(A}LAY) - A
j=1

Here, AY =reg ' AT € HY (M, £,) and

1 1 _
2v/—1 sinﬂaj+1 k_'j—'_l’

_ 1 sinm(ajtajyr) k+j
IC(Aka A;/) — 21\/—1 silnfraj-sinfrajJrl . _-7.’ .
2,/—1 sinmay =J— 4

0 otherwise.



4.5 Connection Problem of System of Difference Equations 259

(cf. § 2.3.3. For a higher-dimensional generalization, see [A012]).
For m = 3, i.e., Gauss’ hypergeometric functions, the complete list of the
connection relations is given in [Wa] (cf. [Aoll]).



Appendix A

Mellin’s Generalized Hypergeometric
Functions

Here, we will introduce a generalized hypergeometric series generalizing the v!
appearing in the denominator of the coefficient of hypergeometric series (3.1)
defined in § 3.1 to []}_, b;()!, where b;(1)’s are integer-valued linear forms on
the lattice L = Z™, and will derive a system of partial differential equations
and integral representation of Euler type. We will also explain its relation to
the Bernstein—Mellin—Sato b-function. We use the notation defined in § 3.1.

A.1 Definition

An element a of the dual lattice LY of the lattice L =Z" naturally extends
to a linear form on L®C. Here and after, we denote this linear form on C by
the same symbol a. We denote a point of L as v, a point of L&C as s, and
if necessary, we denote them by a(v), a(s) to distinguish them.

Suppose that m + n integer-valued linear forms a7 € LY, 1 < j < m,

j
a; € LY, 1<i<non L and

o = (0417"' aam) eC™
are given satisfying the following two assumptions:

det(a; (ex)) #0, (A1)

(namely, aj (s), - ,a, (s) regarded as elements of LY ® C are linearly inde-
pendent) and the condition corresponding to (3.2)

m

Zaj(ek) = Za;(ek), 1<k<n. (A.2)

=1

Then, we consider the following Laurent series

K. Aomoto et al., Theory of Hypergeometric Functions, Springer Monographs 261
in Mathematics, DOI 10.1007/978-4-431-53938-4, (© Springer 2011
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Z HJ 1F ()+aj) v (A3)

o T Ty () + 1)

as a function of x € C", which is called Mellin’s hypergeometric series of
general type. Here, C is the cone in L @ R = R"

C:={seR"a;(s) >0, 1<i<n} (A.4)

defined by linearly independent elements aj (s),--- ,a, (s) as elements of
LY ® R, and the sum is taken over all of the lattice points in C. Moreover,
for each coefficient of (A.3) to be finite, we impose the condition: for any

I/GCQL

ai(v)+a; ¢ Z<o, 1<j<m. (A.5)

Fig. A.1

Integrals related to Mellin’s hypergeometric series have been treated in
many references, for example in [Ad-Sp], [A-K], [A09], [Bai], [Bel], [G-G-R],
[Kim], [Kit2], [Ok], [S1].

A.2 Kummer’s Method

Following § 3.3, we would like to show the convergence of this series and ele-
mentary integral representation of Euler type at the same time by Kummer’s
method. For this purpose, we first prepare three lemmata.
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By Y af(v) = Yi_,a; (v) which follows easily from (A.2), using
(3.18), we obtain the following lemma:

Lemma A.1. Set

U= (u, - ,um-1) eC™ Y wupy:i=1- Zuj,

T (o —
=L "™, w=dv/m,

Jj=1

A™ (W) 1 the twisted cycle defined from the (m — 1)-simplex
A" =Ly e R Hu; >0, 1<j<m}, |a|= Zozj.

Under the assumption a; € C\ Z, 1 < j < m, we have

[I2 af (v) +ay) e du
(T, af (v) + lal) /Am_l(w) U (u)dus -~ duty 1.

(A.6)

Next, for later use, we generalize the multinomial theorem which played an
essential role in the proof of Theorem 3.2. For this purpose, we first prepare
the following fact about the zero-dimensional toric varieties (see [Od] for toric
varieties).

Lemma A.2. For a giveny € (C*)", we denote the set of finite points defined
by the equations (a zero-dimensional toric variety) by P(y):

P(y) - {w e (C*)n|w?1_(ez) . .wg:(ei) =, 1 S i S n} .

Then, if there exists s € L such that v; = a; (s), 1 <i<n forav e L, we
have

S w’ = Pyl (A7)

weP(y)

and for a v € L that does not admit such expression, we have

> w” (A.8)

weP(y)
Here, |P(y)| signifies the cardinality of P(y).

Proof. Since any of y;, 1 < i < n are not zero, we can define its argument
and we fix one among them, and we denote by log y; the branch of logarithms
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defined by it. A condition to be w € P(y) can be expressed by using a solution
of

ay (e)) X1+ -+ a, (e;) Xy = logy; + 2rimv/ —1,

1<i<n, r €Z,

as w; = eXi, 1 < i < n. By the condition (A.1) and the fact that a; (ex)
is an integer, we have det(a; (ex)) € Z \ {0} and the number of such
Xi,-++, X, mod 2my/—1 is finite by the Cramer formula. Hence, P(y) is a
finite set. Next, notice that w” = exp(3_ vpXr) = I exp(s; D ay (€:) Xk).
When each s; is an integer, this concludes (A.7). When v cannot be ex-
pressed as v; = a; (s), s € L, by the above consideration, at least one of s;’s
is a rational number which is not an integer, from which we have

r—1
Ze2n¢j1k/r =0,
k=0

and (A.8) follows.

A.3 Toric Multinomial Theorem

As the third lemma, we state a fact that should be called a toric version of
the ordinary multinomial theorem.

Lemma A.3. Set

o (1= wi - — )~
g/|oc\(y) L= wg;(y) \P(y)\

e

If any w € P(y) satisfies
[wi] + -+ Jwn| < 1,

then the multinomial expansion

R ) > RO C I
Yol )= 2 Tial) [Ty Py () + 1) (49)

holds and it converges uniformly on every compact subset.

Proof. Here, we abbreviate (a (s),---,a,(s)) as a~ (s). Under the condition
Yo lwi] < 1, the series arising in the following process converge uniformly
on every compact subset:
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3 (1—§wi)_al/m > 3 L)

weP(y) weP(y) vEZY,

(lafs [v]) w
2 o 2 [P (y)]

vezy, weP(y)

Z (|Ol|;'|1/‘)ys (by (A.7) and (A.8))
vezh, v!
v=a~ (s)

se€L

- I(Cap(s)+lal)
- SEXC;L F(‘a‘) H?:l F(al_(g) + 1)y (by (A4))

Remark A.1. The sum in the right-hand side of (A.9) is taken over the lattice
points of CA L, and as we see from Figure A.1, in general, negative integers
appear as components of s € C~L. Hence, the (A.9) converges not on an ap-
propriate neighborhood of the origin as in the ordinary multinomial theorem
but on the image of (C*)"~{}_" _; |w1| < 1} by

Yi :w?;(ei)~-~wi;(ei), 1<i<n. (A.10)
To show the convergence of the hypergeometric series (A.3), we state a little

bit on the convergent domain of a Laurent series in several variables. To
simplify the notation, we set

expl':={y € (C)"| [ysl = €™, (m, - ,nn) € I'},

for a domain I" in R™. Then, setting
I:=<CeR G <log—, 1<i<ng,
2n
we clearly have
expl¢ C (C)" {Zwl<1}

Now, we consider the map induced from (A.10):
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$: R*" — R",
¢ —m,
ni =aj (e 4o + a, (e:)Cn,

¢ =loglwi|, m =loglyl, 1<i<n.

By Assumption (A.1), @ is a non-singular linear map and ¢(I¢) = I, be-
comes a infinite convex domain surrounded by n hyperplanes. Clearly, (A.9)
converges absolutely and uniformly on exp I, C (C*)".

My
log L
2n

I
: > U

N
////////4 TlogoL §>\),® S,

Fig. A.2

A.4 Elementary Integral Representations

Now, we have prepared to apply Kummer’s method. The rest of the argu-
ments can be formally developed as follows. First, rewriting (A.3), we have

o, ) = ‘a\)xy [17(a; () + o)
Flaw) = Y = HF( ) D T(Za; @) +lal)

veCnL
_ —Ha\)x N
_VEXC:L (v)+1) /Am1(w)U( )duy AUy —1
(by (A.6))
— ajfl' F(Z(l ( )+| |) Vduln.du )
Vezcr:w /A'" Hw) j=1 “ HF( “(v)+1) m—1-

Here, we set



A.4 Elementary Integral Representations 267
Fes )
Yi = T ujj (e/), 1 <1< n.
J=1

By the construction of the twisted cycle A™~1(w) (cf. § 3.2), independent of
the sign of a;r(ei), for u € A™ ! (w), there exists positive constants ¢; < c2
such that

Hence, we have

m
* (e,
log ly:| = log |ai| +1log| [ uj’ |, 1<i<n,

Jj=1

and as I5, is an infinite domain surrounded by n hyperplanes, there exists an
appropriate vector ¢ € R™ such that if we always have (log |z1], - - ,log |z,|) €
¢+ I, for any u € A™ 1 (w), then we can let (log|yi|, -, logly,|) € I},.
Hence, by Remark A.1, the series

V) +laf) ,
Z < >+1>y

veCnL

for u € A™ (w), converges uniformly to I'(|a|)¥|4(y), and we can apply
the Kummer method.

Remark A.2. The domain ¢ 4 I, contains an n-dimensional cube parallel to
the coordinate axes, hence, exp(c + I3,) contains the direct product of the
annulus

{x € (C"|r; <|z:i| < Ri;, 1<i<n}.
Summarizing, we obtain the following theorem.

Theorem A.l. The Laurent series (A.3) converges absolutely and uniformly
on an appropriate product of annulus {x € (C*)"|r; < |z;| < R;, (1 <i<n)},
and it possesses an elementary integral representation of FEuler type:

e ot en
Fla,z) =T'(|a|) HuO‘J ", leU (1),~~~,anujJ( )
j=1

Am— 1(‘”3 1

cdur A A dug,—1.
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There are lots of hypergeometric functions whose integral representations can
be expressed by an arrangement of hyperquadrics or hypersurfaces of higher-
degree. For this aspect, see for example, [Ao6], [Ao7], [Aol3], [AKOT], [Dw],
[G-K-Z], [G-R-S], [Hat-Kim], [Kal], [Kimu], [No], [Ter3], [Yosl] etc.

A.5 Differential Equations of Mellin Type

As in Chapter 4, for v = (v1, - ,vs) € L, we set the shift operator T =
Ty ---Th as

T o(s) =p(s+v), s€e LeC=C"

For the meromorphic function of s

we set
b(s): =P(s+v)/(D(s)z"). (A.11)

Using the notation (a; k) = I'(a+ k)/I'(«), by(s) can be written as

n

b, (s) = H(GI(S) +agiaf (1)) [T(a; (s) + Lay (),

i=1

hence, it is a rational function of s. Expressing this as the quotient of coprime
polynomials

bu(s) =0} (s)/b, (), b (s) € Cls],
by (A.11), we have
b, (8)P(s + v) = xbl (s)P(s). (A.12)

Here, using the notation

(@(s)) = > elw),

neL

by the fact that 1/I'(a; () + 1) is zero for g € L such that a; (n) < 0,
Theorem A.1 implies
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Notice that, we have

[17°(a] (1) + o)

I F(a,x) = Z — 1% (A.13)
neCAL HF(O’Z (ILL) + 1)
= (sx®(s)),
where we set ¥ : = mk%. Since we clearly have

(T"¢(s)) = {(s))
for any v € L, together with (A.12), we obtain the identity:
(b (s—1)®(s))) = (T* (b, (s—1)P(s)))
— (b, (5)B(s+v))
= (b} (5)2(s))
= 2" (b (5)2(s)).

By (A.13), the above formula transforms to the following countable partial
differential equations satisfied by F'(a,x):

b; (191—U1, s ,ﬁn—l/n)F(Oz, x) (A14)
= 2b} (U1, ,0n)F(a, z), vel.

These are called the hypergeometric differential equations of Mellin type . As
a simple calculation shows

ﬁk(.’EiVF) = $7V(19k—Vk)F,
(A.14) can be rewritten in the following form:
bl (1, 9 F(a,2) = b, (91, ,9p)x " F(a,x), veEL. (A.15)

These are the systems of partial differential equations defined by G. Mellin
in 1907 (cf. [Bel]). This system of equations was independently proposed by
M. Sato in 1971 as a holonomic D-module (cf. [Hot]).

A.6 b-Functions

More generally, for a lattice L = Z™, we consider a 1-cocyle {b,(s)|v € L} on
L ® C = C™ with values in the multiplicative group C(s)* : = C(s) \ {0} of
the rational function field C(s). Namely, for any v,v’ € L, we have
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byt (8) = bu(s)by (s +v),
bo(S) =1.

It can be easily verified that {b,(s)|v € L} defined in (A.11) satisfy these
cocycle conditions. Then, as in § A.5, we have an expression

b,(s) = bt (s)/b, (s), bE(s) are coprime polynomials.

In the cohomology class of {b,(s)}, one can choose its representative in such
a way that b (s) are finite products of appropriate linear functions of s. To
make the statement precise, we introduce the symbol:

For a function f on Z, we set

k—1
[Iro. k=1
=0

k—1
gf(l) YyIIrw. k<o,
=k

1, k=o0.

Then, the following Sato theorem is known.

Theorem A.2 ([S-S-M]). We define the action of an n-dimensional lattice
L=7" on C(s)* by R(s) — R(s+v), Re€ C(s)*, v € L and regard C(s)*
as an L-module. Then, each cohomology class of the one-dimensional coho-
mology H'(L,C(s)*) of the group L with coefficients in C(s)* is represented
by rational functions b,(s), v € L of the following form: there exists k integer-
valued linear forms a, € LY on L, complex numbers a,, € C, 1 < k < k, and

B=(B1, - ,0Bn) € C" such that

k ak(v)—1
by(s) = eP) H H (an(s) +aw +1) o,
k=1 =0

where we set (v,8) =Y i, vifi.

This {b,(s)|lv € L} is called the b-function, & la Bernstein, Mellin and Sato
(see, also [Lo-Sab]).

When an analytic function F(z) of x = (21, - ,2,) € C™ satisfies the sys-
tem of partial differential equations (A.14) or (A.15) determined by countable
b,(s), s € L, F(z) is called a Mellin generalized hypergeometric function.
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A.7 Action of Algebraic Torus

Mellin’s system of hypergeometric functions (A.14) is, in comparison with
the system of hypergeometric functions F(n + 1,m + 1;«) introduced in
§ 3.4, a system of differential equations obtained by killing the actions of
GL,+1(C) and Hy,41. The system of differential equations which keeps the
action of Hy,+1 (cf. (3.31)), which is essentially the same as Mellin’s system,
was derived in [G-G-Z] from a Lie group theoretical point of view, and was
described more systematically in [G-Z-K] from the viewpoint of a D-module
in its relation to the theory of toric varieties. A similar result is also obtained
in [Hra] (cf. see also [SaiM]). Here, we summarize the results of [G-G-Z], and
explain a relation to Mellin’s hypergeometric functions.

Let V be an I-dimensional complex vector space, GL(V) be the group
of non-singular linear endomorphisms on V, and H a subgroup of GL(V)
isomorphic to an m-dimensional complex torus: H ~ (C*)™. We impose the
following condition on H:

C*-1y C H, (A.16)
where 1y is the identity map on V. As it is known that H is simultaneously
diagonalizable, there exists a basis ey, --- ,e; of V such that, for any h € H,
we have

her = xr(h)er, 1<k<I (A.17)

Evidently, xx : H — C* is a homomorphism. We denote the group of
rational homomorphisms from H to C* by X (H) and it is called the character
group of H. An element of X (H) is called a character of H. We have xj €
X(H), 1 <k <I. Now, writing the isomorphism H ~ (C*)™

H — (€)™,
h'_) (Zla"' azm)

each z;, 1 < j < m, becomes a character of H and X(H) is a free abelian
group generated by z1,- -+, Zm:

X(H) <> 7™, (A.18)

Xzzfl...zfr{'L<—)(p1,...’pm)‘
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A.8 Vector Fields of Torus Action

The Lie algebra h of the left invariant vector fields on the Lie group H
is an m-dimensional complex vector space generated by the vector fields

218%1, e ,zm%, and the dual space hY of h is a vector space generated

by the left invariant holomorphic 1-forms 421 ...  92m_ Then, a natural map
Z1 Zm

§:X(H) — b (A.19)

zj v dz;/z;

is defined as follows. For any A € b, we set

(W)(A) = S x(exp(t)) (4.20)
t=0

Here, t € R is a parameter. By (A.19), we obtain an isomorphism
X(H)®zC ~ f)v.

On the other hand, a one-parameter subgroup exptA, A € h of H defines a
vector field A on V' as follows:

d
Vv —(exptd)- v
dt -0

= (dx1(A)vr, -+, oxa(A)w).

Here, we identified V with C! via the basis e1,---,¢; and used (A.17) and
(A.20). We have

l
d
A= I; 5X,€(A)uka—%. (A.21)

A.9 Lattice Defined by the Characters

Via the identification (A.18), I characters xx, 1 < k < [ define [ points of
the lattice Z™. To make the story precise, under this identification, we write

Xt = “(X1k, "+ > Xmk) € Z™ and the m x [ matrix obtained by arranging [
column vectors x1, - - - , x; is denoted by (x;x). Here, we impose the condition:
X1, , X1 generate the lattice Z™. (A.22)

This assumption is equivalent to:



A.9 Lattice Defined by the Characters 273
there is an m x m submatrix of (x;x) € Mm(Z) (A.23)
whose determinant is + 1.

Under this assumption, let us rewrite the condition (A.16). The condition
that a one-parameter subgroup exp(tA), A € § is contained in C* - 1y is

x1(exptA) = -+ = y(exptA),

by (A.17). Hence, by (A.19), (A.20), setting A = Z;nzl ajzja%j, we obtain

ox1(A) = -+ = dx(A),

m l

Zajle S Zanjl'

j=1 j=1
Hence, the system of linear equations

(a‘l"" aam)(Xjk) = (1’ vl)

admits a non-trivial solution and since (x;x) is a matrix with integral coef-
ficients, there exists ¢y € Z and m integers cy,- - , ¢, which are relatively
prime to each other such that

(Clv T vcm)(Xjk) = CO(la ce ,1)‘
The condition (A.23) implies ¢y = +1.
Lemma A.4. There exists m integers ci,--- , Cm Such that
(01, T ’cm)(Xjk) = (1’ ) 1)'

Let L be the lattice defined by the linear relations of I points x1, -+, Xx:
of Z™ as follows.

ai
L:=fa= |1 | €Z|(xp)a=0}

ai

This is the same condition as x{* ---x;* =1in X(H). By Lemma A4, a € L
implies

l
> ap=0. (A.24)
k=1
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By the condition (A.23), there exists a matrix with integral coefficients @ €
GL,(Z) and R € GL;(Z) with determinant +1 such that

1 0---0\ T
Qlxjk)R=1 . | om

Hence, we have the following lemma.

Lemma A.5. There exists a basis w1,--- ,w; of Z' such that L can be ex-
pressed as

L=7Zw & - ®Zw,, n=I1—m.

Hence, we have rank L =1 — m.

A.10 G-G-Z Equation

With these preliminaries, we define a system of hypergeometric differential
equations with the parameter 3 € b, which we call the G-G-Z equation after
the paper [G-G-Z]: here, we abbreviate as 0y = 0/Jvy,.

1. For any A € b,

AG = B(A)D  (cf. (A.21)). (A.25)

2. For any a € L, we set

(.= T~ T o

ap >0 a <0

and

[®=o. (A.26)
Notice that this is homogeneous by (A.24).
As we set dxi, = )_;-, Xjx02; in § A9, by (A.21), we have

m l
A= Z(SZJ (A) Z Xjk;’l}kak.
Jj=1 k=1
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Since b is generated by zj%, 1 < j < m, equation (A.25) is equivalent to
J

the following m equations: setting 8; = ﬁ(zja%j) and defining m differential

operators 2y, -+ , Zmy by

Z4 v101 B1
Ple=0ae) | - ]
Zm V0 Bm
we have
Z19=0,--,Z,9=0. (A.27)

A formal Laurent solution of this system of differential equations is given
as follows.
Fix a = *(a1,---a;) € C! in a way that satisfies

o B
) | 2 =1 |
(6%} ﬂm
and we consider the formal Laurent series:
1
D(a,v) : =v° ve. (A.28)

acl H§c=1 I'(a +ak+1)

Here, we set a = *(ay,---,a;) € L, v* = [Jvg*. Then, in completely the
same way as in § A.5, one can show that &(«a,v) satisfies the system of
partial differential equations (A.26), (A.27).

The sum in the series (A.28) is taken over the sublattice of Z! of rank
n = [ —m. We would like to rewrite this sum as the sum over Z™ by using
the identification L ~ Z™ asserted in Lemma A.5. For an element a of L, the
map a € L — ay € Z associating a to its kth coordinate aj can be regarded
as an integer-valued linear form on L. Below, we use the following notation.
Under the identification

I/:(I/l,~~~,I/n)EZ"<—>a:ZI/iU)i€L,

we denote an element of Z™ by v and a standard basis of Z™ by e; =
(1,0,---,0),-+- ,e, = (0,---,0,1). Under this identification, regarding ay,
as a linear form on Z", we denote it by a(v). Noting that

l n l Vi
v = Uak(V) _ ( ,Uak(ei)> 7
kr:[l =11 ;El ;

i=1

we set
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!
T = va’“(ei), 1<i<n.
k=1

Let v € C" = L ® C be a vector satisfying ar(vy) = ai, 1 < k < I. Then, we
have

n l
o Yi a(y) _ , o
= [0 = [ o = .
=1 k=1

Hence, (A.28) is rewritten as a formal Laurent series in x

Fla,z) =2a" ; ! x¥. (A.29)
vezn k=1 I'lok + ar(v) +1)

A.11 Convergence

Apparently, this series may not converge in this form. Hence, we take ay as
follows. First, L is a sub-lattice of Z! of rank n and aj, is the kth coordinate
of a € L regarded as an element of Z'. Hence, there are n indices ky,--- , k,
such that ag, (v),--- ,a, () are linearly independent as elements of LY ® C.
To be consistent with the notation in § A.1, we set

ay (v) = ag, (v), -+ s a4, (V) = ag, (v).

Arranging the remaining [ —n = m ay(v) appropriately, we set those with the

opposite sign as aj (v), -+ ,a}, (v), and correspondingly, a, with the opposite
sign by af, -+, . As a convergent condition, we impose
oy = = ag, =0. (A.30)

Then, by the formula I'(2)I"(1 — z) = n/sin 7wz, we obtain

(—1)@ M)+ gin qy,

1/ + ar(v) +1) = -

I'(—a — ar(v)).

Hence, (A.29) is rewritten, up to the sign of z and to a constant factor, as
follows:

v

[T, I'(af +aj (v)
Fla,z) =" = _J x
ng:n [ I'(a; (V) +1)

Here, recalling that 1/I'(z) is zero for z € Z<q, the above sum is taken over
the subset of Z"
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{veZa;(v) >0, 1<i<n}.

Finally, by (A.24) and the definition of aj[(u), we have
Zaj(u) = Za;(u), vez".
j=1 i=1

Therefore, it is shown that F(a, x) is nothing but Mellin’s hypergeometric
series of general type introduced in § A.1.



Appendix B

The Selberg Integral and Hypergeometric
Function of BC Type

B.1 Selberg’s Integral

For a, 8 > —1, v > 0, the integral
:/ Hu, (1—u;)? H lu; —uj[Pduy A~ Aduy, (B.1)
[0,1]™ ;4 1<i<j<n

is called the Selberg integral. In [Sel], A. Selberg has proved the following
proposition.

Proposition B.1.

S+ a+1+ G- D)ND(B+1+G—1
H 7 (i — DI (i —1)7)

rl+y)I'a+B8+2+(n+i—2)y) (B2)

S(a, 8,7) =

i=1

This formula had been forgotten for a long time, but recently, it has com-
manded attention unexpectedly. One of the reasons is that it gives a correla-
tion function of a random matrix ([Me]). Another reason is that it is effective
to provide an explicit expression of vertex operators in two-dimensional con-
formal field theory ([Tsu-Kal]) and a further reason is that it has a deep
relation to orthogonal polynomials that are the spherical functions of type A
([B-0O]) etc.

As we have discussed in Chapters 3 and 4, (B.1) is an integral associated
to the arrangement of hyperplanes

D=Jwi=0)Jwi-1=0) J (w—u;=0). (B.3)
i=1 i=1 1<i<j<n
The relatively compact chambers are given by

A:0<u <us <---<uy <1, (B.4)
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and its transforms by the elements of the symmetric group &,, of degree n.
That is,

dim H"(2*(xD),V,,) = nl. (B.5)

Hence, the invariant subspace of the cohomology with respect to &,, is of
dimension

dim H"(£2*(+D), V)" = 1. (B.6)

From results obtained in Chapter 4, by the shift operators a — a+ 1, g +—
Bl v—~y+ %, S(a, ,7y) satisfies the difference relations

Sla+1,8,7) = S(a, 8,7)A1(a, B,7),
S(a,B+1,7) = S(a, B,7)A2(a, B,7), (B.7)

5 (.8.0+3) = S(0..9)4s(0 ).

Here, A;(«, 3,7) are rational functions of «, 3,7. The formula (B.2) can be

obtained by computing A;(c, 8,7)’s concretely ([AAR], [Aol0], [BarCar]).
This formula had been generalized by I. Macdonald to an integral formula

associated to any root system ([Mac]), and E. Opdam finally proved it ([Op]).

B.2 Generalization to Correlation Functions

We consider a more general integral than (B.1)

n
/ i—xk)Huf‘(l—ui)ﬁ H |ui—uj|2"’du1/\~-~/\dun.
0,1" 21 i=1 i=1 1<i<j<n
Sp.m(z; o, B,7) is a polynomial in & = (z1,- -, zy,) of degree nm. J. Kaneko

showed the following theorem ([Ka2]).

Theorem B.1. F(z) = S,.(z;a,3,7) satisfies the holonomic system of
partial differential equations
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2

0°F (m—1) m—1 }8F
GRS LI S (Lt A DAY IS B ; B.9
e L R0 A )

l f: (1 —x;) OF f:xj(l—xj)a_F ~0
TE T oy oot Ox;
i i
1
a=—-n, b:m_’_n_l, C:a—l—m (1§l§m)
Y Y

F(x) is uniquely determined as a symmetric (in fact, a polynomial) solution
of (B.9) that is holomorphic at the origin.

(B.9) is a special case of the hypergeometric differential equations of type BC'
defined by Heckman and Opdam. For m = 3, (B.9) is equivalent to Gauss’
hypergeometric differential equation and F(x) becomes a Jacobi polynomial.
For m = 4, (B.9) coincides with Appell’s differential equation of type IV. For
Appell’s hypergeometric function of type IV, see Example 3.1.

For a general m, F'(z) is known to be expanded using Jack polynomials.
For this, see, e.g., [Ka2], [B-O].
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Monodromy Representation of
Hypergeometric Functions of Type
(2,m+ 1; @)

C.1 Isotopic Deformation and Monodromy

Let us give a formula of the monodromy of the hypergeometric integral of
type (2, m+1;a) discussed in § 2.3. The integral over the twisted cycle A, (w)
(cf. (2.47))

o) = /A  Uldon(u ;) (1)

as we calculated at the end of § 3.8, satisfies the Gauss—Manin connection
independent of v

dip, () =Y _ andlog(x; — 1) (0w (4) — 0w (K)), (C2)
k#j

and the identity

m

ZO‘J‘PV =0. (C.3)

(C.1) is a multi-valued analytic function defined on the affine variety

Xo={(w1, wm) € C™ s # 250 # )}

To show explicitly the continuous deformation of M by (z) = (z1, -+, Zm),
we set M = M (1, ,Tm)-
Now, we assume that x1,--- ,x,, are real and satisfy x1 < -+ < z,,. Let

() move continuously in X in such a way that (z;4+1 —x;)/|zj4+1 —x;| turns
half in the positive direction and the other vectors (zx+1 — Tk)/|Tk+1 — Tk|
(k # j) stay as before (Figure C.1).

283
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For a given set of points, we set in the increasing order (z') : 2] < --- < z,,.
M(x1, -+, ) is deformed isotopically to M (2}, - ,z,) (for the definition
of “isotopic”, see [Birm]). According to that, a linear map

7 Y (M(2); £7) — HY (M(2); L)) (C.4)

is induced. For each basis A, (w) = reglz,, z,11], 4], (w) = reglz,, x, ] (reg
signifies the regularization), as one sees from Figure C.1, looking carefully
the branch of functions, we obtain the formulas

Ap(w) — Ap(w) (k= jl = 2),
Ajr(@) — Ay (@) + A (w), (C.5)
Aj(w) — =¥V A (w),
Ajp1(w) — Al () + VTN AL W),
Moreover, as in the previous case, deforming continuously {z},---,2},} in
Xo in such a way that (2, —2})/|2},, — )| turns half and obtaining the

pairs (z”) : 2f < .-+ < !, we obtain a similar expression to (C.5) of the
map

7 HY (M(2); £0) — HY (M(2"); £3) (C.6)

in the basis A/ (w), All(w) = reglz,, x| ]
Deforming 7; to be "=z, we obtain an automorphism 7'j2 of H (M (z); £Y)

Ap(w) — Ag(w), (Jk—j] >2),
Aj (W) — Ay (W) + (1 — 2™V AL (W), (c.7)
Aj(w) — VIt Ay (w),

Ajia(w) — Ajpa(w) + €Y1 (1= 2TV A (),
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This is the monodromy representation corresponding to sz. {r2,--, 72}
generate the pure braid group P,, on m strands, and hence, (C.7) provides
an (m — 1)-dimensional representation of P,,. This is called the Gassner rep-
resentation. Moreover, setting oy = - -+ = oy, 7; induces an automorphism
of H{f(M(ac)7 LY). As {71, -+, Tm} generate the braid group B,,, (C.5) pro-
vides an (m — 1)-dimensional representation of B,,. This is called the Burau
representation (see, e.g., [Birm], [Koh3], and Appendix D).

The monodromy representation for a general type (n+1, m+1; «) gives one
of the representations of a higher braid group defined by Manin and Schecht-
man. For these topics, see [Ao4], [M-S-T-Y1], [Koh4], [Man-Sch], [Ter2] etc.



Appendix D
KZ Equation

Structures of Monodromy Representations
and Their Applications to Invariants of Knots

Toshitake Kohno

In [K-Z], the Knizhnik—Zamolodchikov (KZ) equation was obtained as the
differential equation satisfied by the n-point functions of the conformal field
theory on the Riemann sphere derived from the Wess—Zumino—Witten
model. Significant algebraic structures on the monodromy representations of
the KZ equation have since been studied in relation to quantum groups and
Iwahori—Hecke algebra etc. ([Tsu-Ka2], [Koh2], [Dr]). Tsuchiya and Kanie
([Tsu-Kaz2]) clearly formulated the concept of vertex operators, and the mon-
odromy representations of the n-point functions were studied in detail from
the viewpoint of the connection matrix of hypergeometric functions. More-
over, the theory of quasi-Hopf algebras introduced by Drinfel’d ([Dr]) through
his research on the KZ equation had a great impact on several domains.

The aim of this appendix is to present the monodromy representations of
the KZ equation and their application focusing on their relation to hyperge-
ometric functions. First, in § D.1, we will formulate the KZ equation and in §
D.2, we will explain how the KZ equation has been derived in conformal field
theory. Second, in § D.3, the connection problem of the KZ equations will be
discussed from the viewpoint of a compactification of the configuration spaces
of points. In particular, for sl,,(C), in § D.4, we will show how representations
of the Iwahori—Hecke algebra appear as monodromy representations and how
the connection problem of four-point functions can be reduced to the classi-
cal connection formulas of Gauss’ hypergeometric function. Moreover, we will
also explain a background of the formulation of quasi-Hopf algebras due to
Drinfel’d from the viewpoint of a connection matrix. In § D.5, we will explain
the Kontsevich integral, which is a generalization of iterated integral repre-
sentations of solutions of the KZ equation to a construction of invariants of
knots. And in § D.6, we will discuss integral representations of solutions of the
KZ equation as generalized hypergeometric functions. In particular, follow-
ing Varchenko ([V3]), we will explain the Gauss—Manin connection, which
provides the Burau—Gassner representation of the braid group explained in
§ C.1; it appears as the KZ connection which acts on the space of null vectors
in the tensor product of Verma modules.

287
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D.1 Knizhnik—Zamolodchikov Equation

Let H;; be the hyperplane in the complex vector space C™ defined by z; = z;
with respect to the coordinates (z1,- -, z,). The space

X = C"\Uic; Hyj

is called the configuration space of ordered, distinct n points in C. The fun-
damental group of X, is called the pure braid group and is denoted by P,.
The fundamental group of its quotient space by the action of the symmetric
group of degree n, via the permutations of coordinates, is called the braid
group and is denoted by B,,. It is known (cf. [Birm]) that the braid group B,
is generated by the elements o;, ¢ = 1,--- ,n — 1 shown in Figure D.1 with
the relations

0;0i410; = 0i4+10;0i+1, = 1, e, N — 2, (Dl)
0i0j = 004, ‘Z —j‘ > 1. (DQ)
1 i 1+1 n

\
A

K3

Fig. D.1

We consider the logarithmic differential form

dz; —dz; ., .
wij = dlog(z; — zj) = ———, i #],
Zi — %y
on the configuration space X,,. They generate the cohomology ring of X,
and satisfy the quadratic relations

wij N\ Wik + Wik N\ Wk + Wi A wij = 0, 1<j<k. (D.?))

Fix a complex finite-dimensional simple Lie algebra g and its representa-
tions p; : g — End(V;),1 < i < n.Let {I,} be an orthonormal basis of the Lie
algebra g with respect to the Cartan—Killing form. Set {2 = Zu 1, ®1, and
we denote the action of {2 on the ith and jth components of V1 @ Vo®---®V,,
by £2;;,1 # j. Namely, by using the representations p; : g — End(V;), it can
be expressed as
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Zl@ @pil) @ @pi(l)® @1 (D.4)
The KZ equation is the differential equation

8zz Tk Z 2 — z] (D-5)

satisfied by a function W(zy, - -, z,) on X,, with valuesin V1 @ Va®---@V,,.
Here, x is a non-zero parameter. This can be, by setting

1
w=— > ijwij,

1<j
expressed as the total differential equation
dW = wW. (D.6)
One can check that (2;;’s satisfy the relations

[£2; + 241, 2] =0, (4,7, k are mutually distinct), (D.7)
[2;j, 2] =0, (4,7, k,1 are mutually distinct). (D.8)

(D.8) is evident, and (D.7) follows from the fact that >, 1,,-1,, is the so-called
Casimir element and lies in the center of the universal enveloping algebra Ug.
Combining these with (D.3), we obtain

dv=wAw=0. (D.9)

Namely, w defines an integrable connection on the trivial vector bundle over
the base space X,, whose fiber is V1 ® Vo ® --- ® V,,, which is called the KZ
connection.

D.2 Review of Conformal Field Theory

The conformal field theory was introduced by Belavin, Polyakov, and
Zamolodchikov in [B-P-Z] as a field theory to treat the phenomena at critical
points in two-dimensional statistical mechanical models. Moreover, in [K-Z],
they constructed a conformal field theory with the symmetry of an affine Lie
algebra from the Wess—Zumino—Witten model and derived the KZ equation
as differential equations satisfied by n-point functions. Here, an important
role is played by the concept of vertex operators, or primary fields. Following
[Tsu-Ka2], we formulate it with the aid of representation theory of affine Lie
algebras and explain a process to derive the KZ equation. For details, we refer
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the reader to [Tsu-Ka2], [Koh6] etc. The arguments given in this section are
not used after § D.3. A basic reference for affine Lie algebras is [Kac].

We define the affine Lie algebra g associated to a complex finite-dimensional
simple Lie algebra g as the central extension

g=(g®C[t,t7]) @ Cc (D.10)

of the loop algebra g ® C[t,t~1]. Here, C[t,t7!] signifies the ring of Laurent
polynomials. Denoting the Cartan-Killing form on the Lie algebra g by ( , ),
the commutation relation among the elements of g ® C[t,t!] is given by

X & f,Y®g=[XY]® fg+ (X,Y)Resi—o(gdf) - c. (D.11)

We also set g+ = ®p>og @ t17.

Here and after, we fix a positive integer K, called the level. We would
like to construct irreducible representations of g of level K, i.e., irreducible
representations where the central element ¢ acts as the multiplication by K.
Let Pk be the set of all dominant integral weights A of g satisfying (A, 0) < K.
Here, 6 is the longest root and we normalize the Cartan—Killing form as
(0,6) = 2. Then, it is known that there uniquely exists, up to an isomorphism,
the left g-module of level K whose subspace annihilated by the action of g,
coincides with the highest weight g-module V) with highest weight A\, which is
denoted by H . This is constructed as the quotient of the Verma module My
by the submodule generated by (Xg @ t=1)K~A0+1y where v is a highest
weight vector of V. Similarly, we define the irreducible right g-module ’H; by
replacing, in the above construction, g+ with g. It is known that the Virasoro
algebra acts on the representation space Hy. Concretely, this is constructed
by the following Sugawara form. For the Casimir element C' = > p - Ly,
the adjoint action of %C’ on g is given by a scalar which we denote by h. We
define the Sugawara form by

1
L,=—F+—7 LR, Q™ . D.12
T L b 3 D12)

Here, : : signifies the normal order, ie., : X @ " - Y @ t" : means (X ®
MY @t") if m < n, {X @t™)(Y @t") + (Y @t")(X @t™)} if m =n,
and (Y @ t")(X @ t™) if m > n. We can check

Ly, X @t"] = —mX @ t™". (D.13)

That is, the operator L,, corresponds to the action of the vector field —¢+! %
for Laurent polynomials with values in the Lie algebra g. Moreover, L,, as
operators on H ), satisfy the commutation relations

m3 —m Kdimg

5m+n,0- (D-14)
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That is, via the Sugawara form, a representation of the Virasoro algebra with
central charge K dimg/(K + h) is constructed.

Fixing a coordinate function ¢ on the Riemann sphere P!(C), we take a
point @ different from 0 and co and set t(Q)) = z. We take A, Ao, Aso € P and
attach the representation spaces Vi, Ha,, H;w to @, 0 and oo, respectively.

We let g @ C[t,t7!] act on the tensor product H;w @ Vi @ Hy, by

X@t"(v@u®w) (D.15)
= —(vXt"))@uedw+ve Z"Xu) @uw+rveu® (X ®t"w).

We denote the set of linear maps
p:H_@VA®Hy —C (D.16)
that are invariant under the action (D.15) by
V (PY(C);0, z,00; Aoy Ay Aoo)-

This is what is called the space of conformal blocks associated to P!(C) with
three marked points. A linear map ¢ satisfying the above condition defines a
bilinear map

d(u,2) : H;W ®@Hy, — C (D.17)

depending on z € C\ {0} which is linear in u € V). Regarding this map as an
operator from H), to H__, the invariance with respect to the action (D.15)
can be described by the commutation relation

[X ®@t", é(u, 2)] = 2"p(Xu, 2). (D.18)

This is called the gauge invariance. We call ¢(u, z) a vertex operator if it has
the above gauge invariance and if ¢(u, z) is multi-valued holomorphic in z
and satisfies the commutation relation

[Ly, d(u, z)] = z”{z% + (n+ 1)Ax}o(u, 2). (D.19)

Here, Ay signifies the action of Ly on the representation V) which is given
by

(A +2p)

A= 2(K +h)

(D.20)
where p is the half sum of the positive roots of g. As we explain below,
the condition (D.19) can be interpreted as the invariance of ¢(u, 2)(dz)4
by a conformal transformation. Assuming the invariance with respect to the
conformal transformation f(z) = z —ez" "1, the variation d.¢(u, 2) of ¢(u, 2)
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by the transformation f. corresponds to the right-hand side of the condition
(D.19). At the same time, as the transformation f. generates the vector field
—z”“%, this can be considered as in the left-hand side of the condition
(D.19) as an infinitesimal transformation.

We define operators X (z) and T'(z), X € g, z € C\ {0} on the represen-

tation space H )y by

X(z)=) (X@thz", (D.21)
neZz

T(z)=> Lpz "2 (D.22)
neZz

T(z) is called the energy momentum tensor.
On the domain |w| > |z| > 0, there is an operator product expansion
(OPE) of the form

X (w)o(u, 2) (D.23)

1
= ——¢(Xu, z) + (holomorphic terms with respect to w — z),
w—z

which continues analytically to ¢(u, z) X (w) on |z| > |w| > 0. For T'(z), there
is a similar operator product expansion:

T(w)o(u, z) (D.24)

_ ((wA—Az)z +— Z%) é(u, 2)

+(holomorphic terms with respect to w — z).

Next, let us define the n-point function. Let Aq,--- , A\, € Pg. For a se-
quence of weights

105 [, e € Pr, (D.25)
we take vertex operators
oi(us,25) ’/’-{LJ.71 @Hu, —C,u;€Vy,, j=1,---,n, (D.26)
and on the domain |z1| > -+ > |2,| > 0, we consider their composition
b1 (ur,21) - b (tn, 2n) + Hiyy ® Hy,, — C. (D.27)

In particular, for g = u, = 0, the image of the tensor product of the highest
weight vectors Ug ® vg is denoted by

<¢1(’L61, Zl) T ¢n(un, Zn)>

and is called the n-point function.
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The commutation relations of X ®¢™ and L,, with ¢(u, z) can be expressed
as

[X @t", ¢(u,2)] = w)p(u, z)dw, (D.28)

)

[Lp, d(u, 2)] = / ”HT Vo (u, 2)dw. (D.29)

277\/_

Here, the cycle I' is a small circle in the w-plane turning around z once in
the positive direction. In fact, letting Iy be a contour in the w-plane turning
around the origin once satisfying |w| > |z| in the positive direction, L, ¢(u, z)
can be written as

277\1/—_1 . w" T T (w)d(u, 2)dw,

and letting I3 be a contour in the w-plane turning around the origin once
satisfying |z| > |w| in the positive direction, ¢(u, z) L, can also be written as

ﬁ . w" T p(u, 2)T(w)dw.

Hence, as T'(w)¢(u, z) (Jw| > |z| > 0) continues analytically to ¢(u, z)T(w)
(|z| > |w| > 0), we obtain the result. Comparing this with the operator prod-
uct expansion (D.24), we recover the commutation relation (D.19). In this
way, we see that the commutation relations among operators are dominated
by the operator product expansions. A similar result holds for X ® ™.

By operator product expansions, we can derive the following identities:

(X (2)p1(u1,21) -+ D1 (Un, 2n)) (D.30)

n

= 3 O 2) (X 1) G, )

1=

=

< ( )¢1(u1721)"'¢1(un72n)> (D31)
Z( Z_ZZ Z—lzzaizz> <¢1(ulazl)"'¢n(un,zn)>.

As L_; is given by the Sugawara form and [L_1, ¢(u, z)] = £ ¢(u, ), we
obtain

(K + h)%du, 2) (D.32)

= ul}{n)z {Zlu(w)ﬂluu, z) — w 1_ Z¢ (Z(I/L Ly)u, Z) } .
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From this and the identity (D.30), it can be shown that the n-point function
satisfies the KZ equation by setting xk = K + h.

D.3 Connection Matrices of KZ Equation

Here, regarding x as a complex parameter, we study algebraic structures of
the monodromy representation of the KZ equation (D.5). First, for n = 3, let
us see that the KZ equation reduces to a Fuchsian differential equation of one
variable with regular singularities at 0, 1, co. This corresponds to a four-point
function in conformal field theory by regarding infinity as the fourth point.
The KZ equation (D.5) for n = 3 has a solution of the form

W (21, 22, 23) = (23 — 21) = izt ist220) G (—Z — 2) : (D.33)

and it can be checked that G satisfies the differential equation

&)=L (@ 4 S ) Gla). (D.34)

K x x—1

Let us consider the fundamental system of solutions G1(z), Ga(z) of the
differential equation (D.34) having asymptotic behaviors

Gi(z) ~zx?2 20

Ga(w) ~ (1—a)x ™, z—1

on the open real interval 0 < z < 1. That is, G1(x) exp(—%()lg logz) is
analytic around * = 0 and its value at x = 0 is the unit matrix. We have
a similar interpretation for Go(x) at z = 1. By analytic continuation, there
exists a matrix F' independent of x satisfying

G1(l‘) = Gz(ﬂ?)F (D35)

This matrix F' is the connection matrix of the solutions Gi(x) and Ga(x).

Returning to the KZ equation, let us consider the corresponding solutions.
By the coordinate transforms wius = 2o — 21, us = z3 — 21, G1 provides a
solution which admits an expression around u; = us =0

1 1
Wl(u1,u2) = qulzué"(912+913+Q23)H1(u1,u2), (D36)

where H; is a single-valued holomorphic function. And for G, by the coor-
dinate transforms vyve = 23 — 22, v9 = 23 — 21, G2 provides a solution which
admits an expression around vy = vo =0
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10 1
WQ(Ul, 1}2) = U1 23112 (912+913+923)H2(U1, UQ), (D37)

where Hs is a single-valued holomorphic function. The coordinate transfor-
mations used here are the blow-ups along z; = 2o = z3, and we can consider
them as partial compactifications of the configuration space X3. The con-
nection matrix F' can be interpreted as a relation between solutions W; and
Wy around different intersection points of the normal crossing divisors ob-
tained by the blow-up. We express the solutions obtained in such a way as
the graphs in Figure D.2.

A Zo 73 1y I Z3

Fig. D.2

Furthermore, in the case of a general n, for a tree with n+ 1 outer vertices,
one can define a partial compactification of the configuration space X, and
a normalized solutions of the KZ equation. For example, by the coordinate
transform ugug41 -+ Un—1 = 2k41 — 21, kK = 1,--- ;n — 1, we can consider a
solution having an asymptotic behavior around uy = -+ = up—1 =0

Lo L(2124213+8223) = Yi<icj<n i
Wi ~uf " us ceeupy .

(D.38)

Figure D.3 corresponds to the case n = 4, and the solution (D.38) cor-
responds to the topmost tree. For the tree in the lower right part, setting
V1VaV3 = Zo — 21, VU3 = Z4 — 23, U3 = 24 — 21, the corresponding solution has
an asymptotic behavior

L2 L(21240284) % Xicicj<a i
Wy o of D12y (D200 5 iy (D.39)

Notice that, on the domain z; < 2o < 23 < z4, by considering

Hm Wi« (22— 21) #22, i =1,2, (D.40)
Zo—21
the connection matrix that relates these two solutions is given by the con-
nection matrix that we have already considered for n = 3.
As in this case, one can naturally derive the fact that the connection prob-
lem of solutions reduces to four-point functions from the viewpoint of ver-
tex operators explained in the previous section ([Tsu-Ka2]). The connection
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matrix of the conformal field theory associated to minimal unitary series of
the Virasoro algebra was considered in [D-F].

As is shown in Figure D.3, in the case of n = 4, for each pair of two trees,
there are two paths to connect them. Since the KZ equation is defined by
an integrable connection, the connection matrices corresponding to these two
paths coincide. This is called the pentagonal relation.

Z1—|—|—I— o (V®1)®V;)®V;
VRN

% N
(Vi®(BOV))®Y;,  (VieV)®(;eV,;)
YL 1Y \ /
\

VB((GO1;)8V;) —Vio (V0 (V;81))

D.4 Iwahori—Hecke Algebra and Quasi-Hopf Algebras

Let us consider the representations of the braid group obtained as the mon-
odromy representations of the KZ equation. First, we start from the normal-
ized solution (D.38) on the domain 21 < 29 < - < 2z; < 241 < -+ < 2
and continue it analytically along a path corresponding to the generator o;
of the braid group. By looking at its relation to the normalized solution on
the domain 21 < z9 < -+ < 241 < z; < -+ - < zp, we obtain an action of the
braid group

p(o) : ViaVhe - @V,eVi0---aV, (D.41)
- Vehe - VieV,e -1V,

First, consider the case n = 3. For the solution W; defined in (D.36), it

can be seen that the action of the braid o7 is given by Pisexp 7”{;_71(212.
The action of the braid oz, for the solution Wy defined in (D.37) is given

by Ps3exp ™ —1 (253. Here, P;; signifies the permutation of the ith and the
jth components of the tensor product. Hence, we see that the computation
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of the global action of the braid group is managed by the connection matrix
F'. Moreover, as in the consideration on the connection matrix of solutions
in the previous section, for a general n, the computation of the action of the
braid o; is reduced to the case n = 3.

Second, let us consider the case when our Lie algebra g is sl,,(C) and
all of the representations Vi, .-,V are its natural action on V' = C™ (the
vector representation). By blowing up as was explained in § D.3 and looking
at the multi-valuedness of the part (z;41 — zi)%ini“, one can compute the
eigenvalues of the monodromy matrix p(o;). Setting ¢ = exp(my/—1/k) and
t = exp(my/—1/mk), it can be verified that g; = —t 1p(0;) satisfies the
relation

(9 —9)(g: +q7") =0. (D.42)

We denote the representation of the braid group, obtained by associating the
generator o; to the above g;, by

p: B, — GL(VE™). (D.43)

In general, for a non-zero complex parameter ¢, the algebra over C generated
by 1, T; (1 <i < n — 1) satisfying the relations

T, =TTy, 1=1,---,n—2 (D.44)
Ty =TT, i—j>1 (D.45)
(T; —q)(Ti+q 1) =0 (D.46)

is called the Iwahori—Hecke algebra and is denoted by H,(¢). Summarizing
the above consideration, the following theorem is proved.

Theorem D.1. The representation of the braid group p : B, — GL(V®")
obtained from the monodromy representation of the KZ equation defined by
the Lie algebra sl,,,(C) and its vector representation provides us a represen-
tation of the Iwahori—Hecke algebra.

As was stated in [Koh2], for a generic parameter ¢, this representation is
equivalent to the representation used by Jones [Jo] to construct polynomial
invariants of links. As there are several references, containing [Jo], which
explain a recipe to obtain polynomial invariants from a representation of
the braid group, we only remark that the invariant of links that is naturally
constructed from the monodromy representation of the above K7 equation is
obtained from the Jones polynomial Py (z,y) in two variables satisfying the
skein relation

a Py, —xP, =yPp, (D.47)

by the specializations
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r=q", y=q¢'—q (D.48)

Third, let us explain a relation between the connection problem of the KZ
equation and the connection formulas of the classical Gauss hypergeometric
function. We represent the KZ equation considered up to now, by noting
the invariant subspace of the diagonal action of the Lie algebra sl,,(C), by
the so-called path basis. We fix a highest weight A of an irreducible finite-
dimensional representation of the Lie algebra sl,,(C) and consider the set of
all sequences of dominant integral weights (Ao, A1, ,An), Ao = 0, A, = A
satisfying V,,, C V), ® V,i = 0,1,---n — 1, as representation spaces of
50, (C). Here, V), signifies the representation with highest weight A. Describing
the KZ equation with this path basis and using the method to reduce to
four-point functions as was explained in § D.3, we obtain an equation of the
form (D.34) where §2;; is a square matrix of degree at most 2. Hence, this
can be solved by using Gauss’ hypergeometric function, and the monodromy
representation of the KZ equation can be completely described by using the
connection formula of Gauss’ hypergeometric function explained as in [AAR]
and by the action of the symmetric group on the path basis. For a detailed
result such as its relation to the action of Hy(n) on the path basis due to
Hoefsmit and Wenzl, see [Tsu-Ka2]. In [Tsu-Ka2], a unitary representation
on the restricted path basis, for ¢ a root of unity, is discussed from the
viewpoint of the conformal field theory. Moreover, for a generalization of this
representation to a representation of the mapping class group of a Riemann
surface, or, for its application to the topological invariant of 3-manifolds
proposed by Witten [Wi], see [Re-Tu], [Koh4].

Drinfel’d, in [Dr], defined the concept of quasi-Hopf algebras in the process
of describing a relation between the monodromy representation of the KZ
equation and the quantum group. Let us explain an outline of its idea. Here,
a quasi-Hopf algebra is an algebra, instead of assuming the co-associativity of
the coproduct of a Hopf algebra A : A — A® A, which assumes the existence
of an intertwiner ® € A ® A ® A between two coproducts, i.e., satisfying

(id® A)(A(a)) = - (A®id)(Aa)) - &7, a € A. (D.49)

For a detailed definition, see [Dr]. By this, we obtain an isomorphism of
representations

F:V1eWh) e V=V e (Ve Vs), (D.50)

and we impose a universal condition to be able to obtain the pentagon relation
among the tensor product of four representation spaces.

For a complex semi-simple Lie algebra g and a formal parameter h, we set
A = Ugl[[h]]. Setting 1 = #jl and regarding the KZ equation (D.34) as
an equation with values in A ® A ® A, similarly to (D.35), we obtain Pz €
A® A® A. This is called the Drinfel’d associator. The connection matrix
introduced in (D.35) represents this and we can consider that it provides
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us the isomorphism of tensor representations (D.50). Recall that the action
of the braid o1 on (V3 ® Vo) ® V3 is given by Pia exp(%(hg). By using the
integrability of the KZ equation, we obtain a commutative diagram as is
shown in Figure D.4. In this way, in addition to @, an isomorphism R =
exp(%()) between V1 ® V5 and V5, ® Vi is added to the algebra A, and such an
algebra is called a quasi-triangular quasi-Hopf algebra. Drinfel’d ([Dr]) proved
an equivalence between the monodromy representation of the KZ equation
and the representation of the braid group defined by the R-matrix of the
quantum group Upg, by comparing the structures of this algebra A and the
quantum group Upg.

(V,®15)®V,

/ N\ VAN
Vi® (V) (GOV)®V, Vo)V, Vi® (V)
| | | |
(V) ®W O(V,0V;) V;®(V;015) (Vi®V;)®V
\ / \ /
®(V;®V;) W)V,

Fig. D.4

D.5 Kontsevich Integral and Its Application

One of the expressions of the monodromy representation of the KZ equation
is given by the sum of Chen’s iterated integrals ([Ch]) generalizing those
mentioned in Chapter 1. Indeed, by rewriting the total differential equation
dw = Ww as an integral equation, and solving it along (¢),0 < ¢ < 1, by
Picard’s iteration, a solution can be expressed as

WHW) =1+ July), (D.51)

where
Im(y) = /w-~-w. (D.52)

Here, J,,,(7) is the iterated integral defined as follows. In general, for 1-forms
W1, , W, if we denote the pull-back of them by the path vy by ay (¢)dtq, - - -,
m(t)dtm, 0 <t <1, then the iterated integral is defined by
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/w1~~wm=/ Q1(t1) - am(tm) dt1 -+ dty.  (D.53)
vy 0<t1 <<t <1

Kontsevich ([Kon]) generalized this expression to the case of knots and ob-
tained a universal expression of the Vassiliev invaraints of knots. The Vassiliev
invariants were introduced in the process of the research on the cohomology
of the space of all knots ([Va]). For its combinatorial approach, see, e.g.,
[Birm-Lin], [Bar].

An invariant v of oriented knots in S® with values in complex numbers
called a Vassiliev invariant of order m is defined as follows. Noting the k
crossings of the knot diagram of a knot K, for each ¢; = £1,5 = 1,--- |k,
we denote the knot, obtained by making these crossings positive or negative
according as €; = 1 or —1, by K, ....,. If it satisfies

Y aa v(Kee) =0 (D.54)
ej==+1,j=1,,k

for any k > m, v is called a Vassiliev invariant of order m. In other words, we
may think of the left-hand side of (D.54) as defining an invariant of a singular
knot having k£ double points obtained by identifying the upper and the lower
parts of k crossings. We denote the vector space of all Vassiliev invariants of
order m by V,,.

Taking 2m points on an oriented circle, consider a diagram connecting
two of these by a dotted line (cf. Figure D.6). We call such a diagram a
chord diagram with m chords. When two such chord diagrams are mapped
to each other by an orientation preserving homeomorphism, we identify them.
In general, if v is a Vassiliev invariant of order m, we define its weight on
a chord diagram with m chords as the value of v for the singular knot with
m double points obtained by identifying two points connected by a dotted
line. The weight of v defined in such a way satisfies the relations RI, RII
indicated in Figure D.5. RI has its origin in the braid relation and is called
the four-term relation. And RII can be derived from the fact that v does not
depend on the framing of a knot.

Let A,, be the quotient of the complex vector space formally generated
by all chord diagrams with m chords by the relations RI, RII. By the above
construction, we obtain an injection

Vin/Vin—1 — Homg(Am, C). (D.55)

Kontsevich ([Kon]) constructed its inverse map via iterated integrals
and showed that (D.55) is an isomorphism. Below, we explain about the
Kontsevich integral.

As in Figure D.6, we consider an oriented knot K in R x C. Let t be a
coordinate function in the direction of R and z;(¢) be a curve connecting
a maximal and a minimal point with respect to this parameter. Here, we
assume that ¢ has only non-degenerate critical points on K. In Figure D.6,
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RIT =0

Fig. D.5 The parts attached by an arrow represent a local change. The first relation
is called the four-term relation.

we have ¢ = 1,--- 4. Consider the iterated integral

1 m
20K) = G 25 e DD A ). 036)

P k=1

Here, P = (i1j1," " ,imJm) signifies a way to choose two curves z;(t) for
each level in t; < --- < t,,, and the sum is taken over all such choices. Each
P corresponds to a chord diagram Dp with m chords as in Figure D.6; we
regard it as an element of A4, by taking modulo the relations RI and RII.
Moreover, we set

dz;i(t) — dz;(t)
zi(t) = z(t)

and let €(P) be the number of the endpoints of the dotted line in Dp whose
orientation in K is downward. The integral is regarded as an element of A,,

wij(t) = (D.57)

/
iy
i )
J3
13 j?
Ji
DP

Fig. D.6

By the relation RII, this integral does not diverge at the maximal and
the minimal points and always has a finite value. In addition, the four-term
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relation RI corresponds to the integrability condition (D.7) of the KZ
equation, and the value of the integral is invariant under any horizontal move
of a knot. Set

Z2(K) = i Zm(K) € ﬁ A (D.58)
m=0 m=0

Here, we consider an infinite sum, so we regard it as an element of the infinite
direct product of A,,,m = 0,1,---. As this is not invariant with respect to
a deformation as in Figure D.7, we modify it as follows. Let Ky be a trivial
knot as in Figure D.7 that has four maximal and minimal points, and set

Z(K) = Z(K) - Z(Ky) ™"+, (D.59)

Here, m(K) is the number of the maximal points of K.

Fig. D.7

Theorem D.2 ([Kon]). Z(K) is a topological invariant of knots.

In particular, noting an invariant of order 2,

1 €
S P () A v ) (D.60)
0 ti<tz p
1 1

is an integer-valued topological invariant of knots, and we see that it coincides
with the coefficient of the term of degree 2 in the Conway polynomial. Here,
we take P in such a way that the dotted lines of the corresponding chord
diagram Dp cross each other.

As an application of the Kontsevich integral, in [L-M1], some relations
among special values of the multiple zeta functions
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1
o) = 3 s (D6
O<mi<mo<---<myg
were obtained. We consider the case when g = si,,,(C) and all of V4,--- |V,

are the vector representations. First, since the monodromy representation of
the braid group becomes a representation of the Iwahori—Hecke algebra, as
was seen in Theorem D.1, it can be shown that the Kontsevich integral can
be obtained by specializing the Jones polynomial in two variables (D.47) as
in (D.48). From this, we obtain
mla — a—1

Z2(Ko) = ﬁ (D.62)
On the other hand, in the situation of Figure D.7, if we directly compute
the iterated integrals of dlogt and dlog(l — t) as was explained in § 1.2.5,
they are expressed in terms of higher logarithmic functions and they become
special values of the multiple zeta functions. By comparing the above two
computations, we obtain, for example,

(2252 - 1) ¢2n) —=¢(1,2n —1) + - (D.63)
——
2n—2

etc. ([L-M1)).

As was shown in [L-M2] etc., by the Kontsevich integral, one obtains an
expression of the Drinfel’d associator by special values of the multiple zeta
functions. Setting #912 =X, #923 =Y and computing the Drin-
fel’d associator Pk associated to A = Ug|[h]], we see that it has an expression
of the form

Prz =1 - C2)X, Y] = (B)X, [X, Y] - CB)Y, [X, Y]] (D.64)
—CA)X X X Y]] = )Y YL [X Y

—C(1,3)[X, [V, [X, Y]]+ =C2° X, Y]P + - - .

N |

D.6 Integral Representation of Solutions of the KZ
Equation

Here, we set g = sl3(C) and for a complex number m, we denote the Verma
module with highest weight m by M,,. Namely, with a basis H, F, F' of sl3(C)
satisfying [H, E] = 2F, [H,F] = —2F, [E,F] = H, M,, is generated by a
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vector v satisfying Hv = mwv, Ev = 0 and is an infinite-dimensional repre-
sentation space with the basis F/v,j =0,1,---.

For solutions of the KZ equation, applying a method explained in § 3.8
to a difference product, their integral representations were calculated by
[D-J-M-M], [Sch-Val] etc. See [Tsu] etc., for treating them from the point
of view of conformal field theory.

Theorem D.3 ([D-J-M-M], [Sch-Val]). The solutions of the KZ equation
(D.6) with coefficients in the tensor product of Verma modules My,, ® -+ ®
M, have integral representations of the form

mym; k m
H@=AXII(%—%)WIIHW—mY#

1<i<j<n 1=1i=1

< ] —t)* Rt 2)dts A=~ A dy.
1<i<j<k

Here, R(t,z) is an appropriate rational function and A is a k-dimensional
twisted cycle.

Following a method of Varchenko [V3], let us state how the Gassner repre-
sentation of the pure braid group which has appeared in Appendix C relates
to the KZ equation. Set

Ut,2)= [ (zi—zp) & JJt—2)"*. (D.65)

1<i<j<n j=1

Take a twisted cycle A € Hy(X(2); L)) on X(z) = C\ {21, ,2n} and
consider the integral

dt
o= [ Ut =1 (D.66)
A t—zj
They satisty
n
> mjp; =0, (D.67)
=1

and we obtain the Gassner representation as the action of the pure braid
group P, on Hy(X(z); LY).

Its relation to the KZ equation can be stated as follows. We consider the
space of null vectors

Npo={xeM | Ex=0, Hx = (m —2)z} (D.68)

in the tensor product of Verma modules
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M=M, ® - &M,,,
where we set m = > m;. As the KZ connection commutes with the ac-
tion of sly(C), we can consider the KZ equation with values in N,,_2. One
can check that this coincides with the Gauss—Manin connection satisfied by
¢wj, j = 1,---,n. In this way, we can naturally realize the Gauss—Manin
connection, which provides the Gassner representation, as the KZ connection
with values in the space of the null vectors.
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