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Preface

Fourier analysis is a prototype of beautiful mathematics with many-faceted ap-
plications not only in mathematics, but also in science and engineering. Since
the work on heat flow of Jean Baptiste Joseph Fourier (March 21, 1768-May 16,
1830) in the treatise entitled “Théorie Analytique de la Chaleur”, Fourier series
and Fourier transforms have gone from triumph to triumph, permeating math-
ematics such as partial differential equations, harmonic analysis, representation
theory, number theory and geometry. Their societal impact can best be seen from
spectroscopy to the effect that atoms, molecules and hence matters can be iden-
tified by means of the frequency spectrum of the light that they emit. Equipped
with the fast Fourier transform in computations and fuelled by recent technolog-
ical innovations in digital signals and images, Fourier analysis has stood out as
one of the very top achievements of mankind comparable with the Calculus of Sir
Isaac Newton. This sentiment is shared by David Mumford [28] among others.

This is a mathematical book on Fourier analysis, which best exemplifies interdisci-
plinary studies. The aim is to present the basic notions and techniques of Fourier
transforms, wavelets, filter banks, signal analysis and pseudo-differential operators
in discrete settings, thus making this fascinating area of mathematics accessible
to as wide a readership as possible in mathematical sciences. It is my conviction
that the beauty and the usefulness of the subject can be conveyed most effectively
in the Definition-Theorem-Proof format interlaced with remarks, discussions and
motivations from signal analysis.

The book consists of two parts. The first thirteen chapters contain topics related to
the finite Fourier transform that can be understood completely by undergraduate
students with basic knowledge of linear algebra and calculus. The last ten chapters
are built on Hilbert spaces and Fourier series. A self-contained account on Hilbert
spaces covering a broad spectrum of topics from basic definitions to the spectral
theorem for self-adjoint and compact operators to Schatten—von Neumann classes
is presented. The pointwise convergence and the L2?-theory of Fourier series are
the contents of a chapter in the book. It is standard wisdom that the context for
a proper study of Fourier series is the Lebesgue theory of measures and integrals.
Notwithstanding the use of the language from measure theory in the second part
of the book, much of the contents are accessible to students familiar with a solid
undergraduate course in real analysis. An average graduate student in mathematics
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should be able to benefit from the entire book and hence equipped to do research
in this subject.

Any book on Fourier analysis can be hoped to impart only a small part of the
subject. This book is no exception and the emphasis is on the operator-theoretical
aspects of the subject. The last two chapters of the book constitute an account of
the published research works of mine and my former Ph.D. student, Dr. Shahla
Molahajloo, on discrete pseudo-differential operators.



Chapter 1

The Finite Fourier Transform

A good starting point is the finite Fourier transform that underpins the contents
of the first thirteen chapters of the book.

Let C be the set of all complex numbers. For a positive integer N > 2, we
let CV be the set defined by

chN = ) :z(n)eC,n=0,1,...,N—1

AN = 1)

Then CV is an N-dimensional complex vector space with respect to the usual
addition and scalar multiplication of vectors. In fact, it is an inner product space
in which the inner product (, ) and norm ||| are defined by

and

for all z = . and w = . in CV. Of particular impor-

z(N —1) w(N —1)
tance in the first thirteen chapters is the space Zy defined by

Zy ={0,1,...,N —1}.

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 1
DOI 10.1007/978-3-0348-0116-4 1, © Springer Basel AG 2011



2 Chapter 1. The Finite Fourier Transform

Let z : Zy — C be a function. Then the function z : Zy — C is completely
2(0)
z(1)

specified by . . Thus, we can write

AN - 1)

z(N:— 1)

In other words, we can think of the function z : Zy — C as a finite sequence. If
we let L?(Zy) be the set of all finite sequences, then we get

L*(Zy) = CV.

Thus, CV can be considered as the set of all finite sequences, or more precisely,
functions on Zpy. These finite sequences, i.e., functions on Zy, are in fact the
mathematical analogs of digital signals in electrical engineering.

Definition 1.1. Let €, e1,...,ex_1 € L?>(Zy) be defined by

0
0

€, = i . m=0,1,...,N—1,

0
where €, has 1 in the m** position and zeros elsewhere.

Proposition 1.2. {eg,€1,...,ex_1} is an orthonormal basis for L*(Zy).

The proof of Proposition 1.2 is left as an exercise.

The orthonormal basis {eg,e€1,...,ex_1} is the standard basis for L?(Zy).
For another orthonormal basis for L?(Zy), we look at the signals in the following
definition.

Definition 1.3. Let eg,e1,...,eny_1 € L?(Zy) be defined by

em(0)

em(1)
€m = . , m=0,1,...,.N—1

em(N -1)



where

em(n) = ——eZmmn/N oy —0,1,...,N — 1.

VN
Proposition 1.4. {eg,e1,...,ex_1} is an orthonormal basis for L*(Zy).

Proof. For j,k=0,1,...,N — 1, we get

N-1
(e ex) = Y ej(n)ex(n)
n=0
N—1 -
= Le%ijn/NLezmkn/N
— /N VN
N-1
_ % Z eZ‘n’ijn/Ne—ZTrikn/N
n=0
;N2
_ e?‘n’i(j—k)n/N
N n=0
1 N-1 N
_ N (e2m(j—k)/N> ) (11)
n=0
If j = k, then (1.1) gives
1 N—-1
lejl* = (ejej) = D 1=1 §=01....N-1
n=0

If j # k, then —N < j — k < N and hence e*™*U~k)/N - 1 Therefore for
Jk=0,1,...,N =1, (1.1) gives

L N
11— (627rz(jfk)/N)
(ej7 ek) = N 1 _ e2miG-k)/N (1'2)

But, for j,k=0,1,...,N — 1,
(eQWi(j—k)/N)N _ o 2mili—k) _ 1 (1.3)

By (1.2) and (1,3), (ej,ex) = 0 if j # k. Hence {eg, e1,...,en—1} is orthonormal
and hence linearly independent. Since L?(Zy) is N-dimensional, it follows that
{eg,e1,...,en—_1} is a basis for L?(Zy). This completes the proof. O

We call the basis {eq, e1,...,en—1} in Proposition 1.4 the orthonormal Fourier
basis for L?(Zy). As an immediate consequence of Proposition 1.4, we have the
following expression of a signal z in terms of the signals in the orthonormal Fourier
basis.
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Proposition 1.5. Let z and w be signals in L?(Zy). Then

z= Z (2, em)em, (1.4)

N—-1
(z,w) =) (2 em)(w, em) (1.5)
m=0
and
N—-1
1207 =Y (2, em) . (1.6)
m=0

Proof. To prove (1.4), let 2 € L?(Zy). Since {eg,€1,...,eny—_1} is a basis for
L?(Zy), it follows that

N-1
z = Z O €mm, (1.7)
m=0
where «,, € C, m = 0,1,...,N — 1. Thus, for j = 0,1,...,N — 1, using the
orthonormality of the basis {eg,e1,...,enx—_1}, we obtain
(z,€5) Z am(em, €j) = a;. (1.8)

Hence by (1.7) and (1.8), the proof of (1.4) is complete. Now, let z and w be in
L?(Zy). Then, using (1.4) and the orthonormality of {eg,e1,...,ex_1}, we get

N-1 N—1
(z,w):( (z,em e,mz w,ep)e )
m=

0 =0

—

Thus, (1.5) is proved. Finally, if we put w = z in (1.5), then we get

N—-1 N—-1
”2”2 = (2,2) = Z(Z,em 2, €m) Z (2, em)| %
m=0 m=0

and the proof is complete. O



Let z € L?>(Zy). Then for m =0,1,..., N — 1,

1 N—-1 ]
(z,em) = 7% > z(n)e2mimn/N, (1.9)
n=0

In view of the importance of the inner products (z,e,), m = 0,1,...,N — 1,
revealed by Proposition 1.5, we need to study these inner products more carefully,
and we introduce the following definition.

Definition 1.6. Let z € L?(Zy). Then we let 2 € L?(Zy) be defined by

where

N-1
Z(m) = Z z(n)e 2 /N o =0,1,...,N — 1.
n=0

We call Z the finite Fourier transform of z, which is sometimes denoted by
Fzx 2. It is important to note that by (1.9), we have

(Fzyz)(m) = 2(m) = VN(z,em), m=0,1,...,N—1. (1.10)

We note that we have thrown away the factor ﬁ from the right-hand side of

(1.9) in defining the finite Fourier transform. The advantage of doing this lies in
the fact that in numerical computations, it is better to avoid computing v/N.

Using the finite Fourier transform and (1.10), we can reformulate Proposition
1.5 in the following form.

Theorem 1.7. Let z and w be signals in L*>(Zy). Then

(i) (The Fourier Inversion Formula)

1 N—-1 )
z(n) = ~ 2(m)er™ /N - p =0,1,...,N — 1, (1.11)
m=0
(ii) (Parseval’s Identity)
1= 1
(zw) = 5 2 2m)d(m) = +(2,@), (1.12)
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(iii) (Plancherel’s Formula)

1= 1
121 = 5 2 Bm)I* = £ 11017 (1.13)
m=0
Proof. By (1.4) and (1.10), we get
N-1oy 1 | Nl
z(n) = Z _é(m)_eZTl'i’!nn/N _ Z é(m)egmm”/N7 n=01,..., N—1.
25 "R v 2

Thus, (1.11) follows. To prove (1.12), we note that by (1.5) and (1.10),

[

=1, 1l — 1=, 1,
(z,w) = P \/—Nz(m)—Nw(m) =N mz::oz(m)w(m) = N(z,w)
Finally, for (1.13), we use (1.6) and (1.10) to get
N-1y 2 Nl 1
2] = mZ:O \/—N»’?(m) = Nmz;o Zm)* = 120 0

In order to understand the Fourier inversion formula in Theorem 1.7 better,
we let Fy, Fy, ..., Fxy_1 € L?(Zx) be defined by

Fn (0)
F,.(1)
Fm: . 9 m:071a 7N_17
Fm(N_ 1)
where .
mezﬁémmm,n:QL”qN—L (1.14)

Obviously, {Fy, Fi, ..., Fx_1} is orthogonal, but not orthonormal in L?(Zy). Be-
ing an orthogonal set of N elements in the N-dimensional vector space L?(Zy),
{Fy,F1,...,Fy_1} is a basis for L?(Zy) and we call it the Fourier basis for
L?(Zy). Using the Fourier basis for L?(Zy) defined by (1.14), the Fourier in-
version formula in Theorem 1.7 becomes

N-1
z= zZ(m)Fp,. (1.15)

m=0

Thus, the components of the signal z with respect to the Fourier basis are the
components of the finite Fourier transform Z.



That the finite Fourier transform Fz, : L?*(Zy) — L?(Zy) can be rep-
resented as a matrix can be seen as follows. Let z € L?*(Zy). Then for m =
0,1,....,N —1,

N-1 4
(Fzyz)(m) = 2(m) = Z 2(n)e~2mimn/N

= z(n)wi™, (1.16)
where

If we let Qn be the matrix defined by

Qn = (Wﬁn)ogmmg]v_l )

then, by (1.16) and (1.17), we get

1 1 1 1 1
1 wn w3 w3 wx_l
2(N-1)
Ov=1] 1 wi Wi Wi Wy , (1.17)
1ot w}zv(N—n w?\;N—l) o wEVN—l)(N—l)
and
2= Qpz. (1.18)

Thus, the finite Fourier transform is the matrix Qx given by (1.17) and the formula
(1.18) is often used in the computation of the finite Fourier transform 2 of the signal
z. We call Qpy the Fourier matrix of order N x N or simply the Fourier matrix.

Example 1.8. Let N = 2. Then using (1.17), we get

1 1
o (1 1),

But

So,
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Example 1.9. Let N = 4. Then using (1.17) again, we get

1 1 1 1
Q, — 1 wy wi wy
Tl 1 W oWl Wl
1 wi w§ W
But
wi=¢e 2mi/4 efwi/Z —
So,
1 1 1 1
1 - -1 1
L=y 01
1 it -1 —i

Example 1.10. Let z be the signal in L?(Z,) given by

SO

Then Z can be computed using the definition of the finite Fourier transform. On
the other hand, using the formula (1.18) and the formula for Q4 in Example 1.9,
we get

1 1 1 1 1 2+
) 1 —i —1 0 -1
E=ur=| 4 1 1|7 2-

1 i -1 —i i 1

Remark 1.11. In order to compute the finite Fourier transform Z of a signal z
in L2(Zy), we multiply z by the Fourier matrix Qy to get 2. Hence it is nice if
there are a lot of zeros in the entries of Qy, i.e., if Qp is a sparse matrix. But a
look at the formula (1.17) for Qx immediately tells us that Qy has no nonzero
entries. Thus, in order to compute the finite Fourier transform Z of a signal z in
L?(Zy) using the Fourier matrix Q, N2 complex multiplications are apparently
necessary. In signal analysis, N is usually very big. A television signal, for instance,
requires 108 pixel values per second, and hence one second of the sampled signal
necessitates the use of a vector of length N = 10%. This makes the computation
of the finite Fourier transform using the Fourier matrix (2 a seemingly enormous
task in signal processing. We shall pick up this interesting issue on computations
later in the course.



Definition 1.12. Let w be a signal in L?(Zy). Then we define the signal w in

L*(Zy) by
w(0)
w(1)
W = . ’
w(N —1)
where
N-1
. o 1 2mimn/N —
w(n)_ﬁmzzow(m)e ., n=0,1,...,N—1.

We call w the inverse finite Fourier transform of w and we sometimes denote
it by Fi}\}w. The full justification for the terminology will come later. Meanwhile,
the following proposition provides a partial justification.

Proposition 1.13. Let z be a signal in L?>(Zy). Then z = z.

Proof. Forn =0,1,..., N—1, we can use the Fourier inversion formula in Theorem
1.7 to get
N-1
z(n) _ l 2(m)e27rimn/N
N b
m=0

This proves that 2 = z. O

We have seen that the finite Fourier transform Fz, : L?(Zy) — L?(Zy) is
the same as the Fourier matrix Q. Let us now compute the matrix of the inverse
finite Fourier transform Fy, ! : L?(Zy) — L*(Zy). To this end, let w € L*(Zy).
Then for m=0,1,...,N — 1,
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where Qp is the matrix obtained from Qu by taking the complex conjugate of
every entry in Q. Thus,

1 —
}'Z_;w =w = NQNU), w e Lz(ZN)

So, the matrix of the inverse finite Fourier transform 7, ! : L*(Zy) — L*(Zy) is
equal to + Q.

The following proposition explains why we call ]-'i; : L*(Zn) — L*(Zy) the
inverse finite Fourier transform.

Proposition 1.14. fiNI : L2(ZN) — L*(Zy) is the inverse of Fz, : L*(Zy) —
L*(Zy).

Proof. If we think of F7, and fi}vl as matrices, then, by Proposition 1.13,
FotFpy =1, (1.19)
where [ is the identity matrix of order N x N. Thus,
det(F; [ Fzy) =det I =1,
where det(---) is the determinant of (---). Therefore
detF, [detFz, =1

and consequently detFz, # 0. So, the matrix Fz, is invertible, i.e., the inverse
of Fyz, exists and let us denote it by A. Now, we multiply both sides of (1.19) on
the right by A and we get

FonFonA=1TA.

Hence
Fili=A

and the proof is complete. O
Corollary 1.15. Q' = +Qx.

Example 1.16. Using Example 1.8 and Corollary 1.15, we get

agt_ (1 1y ' _1/1 1
2 1 -1 o\ 1 -1 )

Example 1.17. Using Example 1.9 and Corollary 1.15, we get

-1

11 1 1 11 1 1
T I T T e s B I B e
4 1 -1 1 -1 a1 -1 1 -1

1 i -1 —i 1 —i -1 i
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Example 1.18. Let w be the signal in L?(Z,) given by

2+1
-1
2—1
1

w =

Find the signal z in L?(Z4) such that 2 = w.

Solution. We use the inverse of the Fourier matrix €24 in Example 1.17 to get

11 1 1 24 1
_ 11 i -1 =i 1 0
J— 1 —_— pu—
p=Qw=al 92— 1 H
1 —i -1 i ~1 i

We are now in a position to give an interpretation of the finite Fourier trans-
form in the context of signal analysis. The most fundamental formula is the Fourier
inversion formula in Theorem 1.7. To recall, let z € L?(Zy). Then (1.15) gives

N-1
z= Z Z(m)F,y,,
m=0

where {Fy, Fi, ..., Fy_1} is the Fourier basis for L?(Zy). Form =0,1,..., N —1,

where
1 .
E(n) = Ne%”””/[v, n=0,1,...,N —1.

For the sake of exposition, we assume that NV is big and even. To simplify matters,
we also drop the factor % from F,(n) and look at only the real part of e2mimn/N .
which is the same as cos(2rmn/N) for m,n = 0,1,..., N — 1. The crucial idea
is to look at cos(2rmn/N) as a function of n on Zy for each value of m from 0
to N — 1. For m = 0, we get the value 1 for each n in Zy. For m = 1, we have
the function cos(27n/N). To graph this function, we first draw the graph of the
function f on [0, N] given by

f(x) = cos(2mz/N), x€[0,N],
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and then mark the points on the curve corresponding ton =0,1,..., N — 1. The
resulting picture is a set of N evenly spaced sampled points on the graph of one
cycle of the cosine function. For m = 2, a similar argument will give the graph of
cos(2m2n/N) as a set of N evenly spaced sampled points on the graph of two cycles
of the cosine function. For m = 0,1,..., N/2, the same argument applies and the
graph of cos(2rmn/N) is a set of N evenly spaced sampled points on m cycles of
the cosine function. To see what happens when m = N/2,..., N, let us first look
at the case when m = N. The function then is cos(27n) and we are back to the
value 1 for each n in Zy. In other words, we are back to the function when m = 0.
For m = N — 1, the function is cos(2n(N — 1)n/N), which is exactly cos(2mn/N).
So, we are back to the case when m = 1. These qualitative observations lead
us to conclude that each Fj, in the Fourier basis is a wave with pure frequency
m when m = 0,1,...,N/2; and is a wave with pure frequency N — m when
m = (N/2)+1,...,N—1. As m increases from 0 to N/2, the pure frequency given
by F, increases; and as m increases from N/2 to N, the pure frequency given by
F,,, decreases. The pure frequency of F}, is high when m is near the middle and is
low when m is near the endpoints of Zy. With this interpretation of each Fj, as
a wave with pure frequency that depends on m, we can now give the meaning of
the Fourier inversion formula in signal analysis. According to the Fourier inversion
formula in Theorem 1.7, every signal z in L?(Zy) can be decomposed using the
Fourier basis as

[

N
z= Z Z(m)F,.

=0

Hence for m = 0,1,..., N —1, 2(m) measures the “amount” of the wave F,, that is
needed in composing the signal z. If |Z(m)| is big (small) for values of m near N/2,
then the signal z has strong (weak) high-frequency components. If |Z(m)| is big
(small) near 0 and near N — 1, then the signal z has strong (weak) low-frequency
components.

We end this chapter with a study of the interactions of the finite Fourier
transform with translation and complex conjugation on L?(Zy ). Let us first extend
the definition of a signal in L?(Zy ), initially defined only on Zy, to the set Z of all
integers. We do this in such a way that the resulting function on Z, again denoted
by z, is periodic with period N. In other words, we demand that

z(n+ N)=z(n), neclZ.

From now on, we identify the function z € L?(Zy) with its periodic extension z
to all of Z.

We give in the following proposition a basic property of periodic functions
on 7 with period N. It tells us that the sum on any interval of length N of a
periodic function on Z with period N is the same as the sum of the function on
the fundamental domain Z . More precisely, we have
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Proposition 1.19. Let z be a periodic function on Z with period N. Then for every
integer k,

k+N—1 N-1
n==k n=0

Proof. Let us first prove the formula for nonnegative integers k. For k = 0, the
formula is trivially true. Let us assume that the formula is true for the positive
integer k. Then

k+N k+N-1 k+N—-1
Sozn)= > zn)—zk)+zk+N)= > z(n)
n=k+1 n=k n==k

because z is periodic with period N. Hence the formula is also true for the positive
integer k + 1. To prove the formula for negative integers k, we let k = —k, k =
1,2,.... Then we need to prove that

—Kk+N-—1 N—1
Yoozn)=> zn), =12 (1.20)
n=—k n=0
Let kK = 1. Then
N-—-2 N—-1 N—-1
> zn) =) zn)+2(-1)—2(N-1)= > z(n)
n=-—1 n=0 n=0

because z is periodic with period N. Thus, (1.20) is valid for x = 1. Now, suppose
that (1.20) is true for the positive integer . Then

—k+N-—2 —k+N-—1 —k+N-1
Z z(n) = Z zn)+z(-k—1)—2(—-k+ N —-1) = Z z(n)
n=—r—1 n=—~K n=-—k

because z is periodic with period N. Therefore (1.20) is also true for the positive
integer k + 1. O

Remark 1.20. If, in the definition of the finite Fourier transform Z of a signal
z € L*(Zy), we put

N—1
Z(m) = Z z(n)e 2 /N e 7,
n=0
then 2 is periodic with period N. If, in the definition of the inverse finite Fourier
transform  of a signal w € L?*(Zy), we put

N-1
1 .
w(n) = N E w(m)e2™mn/N e 7,

m=0

then 0 is periodic with period N. The proofs of these two facts are left as exercises.
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Definition 1.21. Let z be a signal in L?(Zy) and let k € Z. Then we define the
function Rz on Z by

(Rgz)(n) =2(n—k), neZ.
We call Ryz the translation of z by k.
Example 1.22. Let z be the signal in L?(Zg) given by

1
2+1
81
3—1
4
6

z =

Let & = 2. Then, by Definition 1.21 and the fact that z is periodic with period 6,
we get

2(0—2) 2(—2) 2(4) 4
2(1-2) z(—1) %(5) 6
Rz = 2(2-2) | _ z(0) _| 20) | _ 1
z(3—2) z(1) z(1) 241
z(4—2) 2(2) 2(2) 8i
z(5b—2) z(3) z(3) 3—1

From Example 1.22, we see that the effect of the translation by 2 is to push
the entries except the last two in a signal down by two positions. The last two
entries are rotated into the first two positions.

Proposition 1.23. Let z be a signal in L>(Zy) and let k € Z. Then for all m in Z,
@(m) _ 6727rimk/N£,(m)'

Proof. Let m € Z. Then we use the definition of the finite Fourier transform in
Remark 1.20 and the definition of the translation by k to get

N—-1 N1
Ek\z(m) = Z (sz)(n)e—Qﬂimn/N - Z 2(n — k)e—QTrimn/N.
n=0 n=0

If we change the summation variable from n to [ by the formula [ = n — k, then

. N—-1—k ‘ ‘ N—-1—k ]
sz<m) _ Z Z(l)ef2m,m(l+k)/N _ 6727r7,mlc/N Z Z(l)672ﬂ—lml/N. (121)
l=—k l=—k

Thus, applying Proposition 1.19 to the last term in (1.21), we get

@(m) _ e—Zwim,k/Né(m). n
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Obviously, for m € Z, \ﬁk\z(mﬂ = |2(m)]. Thus, a translation cannot alter the
amplitudes of the complex coeflicients of the waves F;,, that make up the signal.
The phase of the finite Fourier transform Z, though, is changed in accordance
with the formula in Proposition 1.23. Thus, the effect of the translation by k of a
signal is not detected by the norm of the finite Fourier transform. In other words,
information on the composition of z in terms of the waves F;, at a particular
instant is not provided by the norm |[|Z|| of z. It is to be found in the phase of Z.

We can now come to complex conjugation on L?(Zy).

Definition 1.24. Let z be a signal in L?(Zy ). Then we define the signal z in L?(Zy)
by

0

z(1

~—

wl
l

z(N —1)
We call Z the complex conjugate of z.

Proposition 1.25. Let z be a signal in L*(Zy). Then
Z(m) = 2(—m), meZ.

Proof. Using the definition of the finite Fourier transform and the definition of
complex conjugation, we get

N—-1 N-—-1
Z(m) =Y F(n)e 2N = N " y(n)e2mimn/N = Z(—m)
n=0 n=0
for all m in Z. O

Definition 1.26. A signal z in L?(Zy) is said to be real if 7 = z.
We can give a corollary of Proposition 1.25.

Corollary 1.27. A signal z in L*>(Zy) is real if and only if
2(m) = 2(-m), mecZ. (1.22)
Proof. Suppose that z is real. Then Z = z. Thus, by Proposition 1.25,
2(m) =Z(m) = 2(—m), meZ.
Conversely, suppose that (1.22) holds. Then, by Proposition 1.25 again,

(m) =Z(m), meZ.

N>

Thus, 2 = Z. So, by the Fourier inversion formula in Theorem 1.7, we get z = 2,
i.e., z is a real signal. O
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Exercises

1. Form=0,1,...,N — 1, let ¢,, € L?>(Zy) be defined by

o

0
i.e., €, has 1 in the m!" position and zeros elsewhere. Prove that
{607 €1y, 6N—l}

is an orthonormal basis for L?(Zy).

2. Let z € L?(Za16) be the signal given by
z(n) = 3sin (2r5n/216) — 2 cos (276n/216), n=0,1,...,215.

Compute Fyz,,, 2.

3. Compute Q3 and use it to compute Fz, z, where

4. Prove that for all positive integers N > 2,
1

*

QEl_N N>

where (2} is the adjoint of Q, i.e., the matrix obtained from {2y by taking
the transpose of the complex conjugate of Q.

5. Let z € L2(Zy). Find a formula for 2.

6. Let z € L?(Zy). Prove that 2 and # are periodic with period N.



Chapter 2

Translation-Invariant Linear Operators

We give in this chapter the most basic class of linear operators from L?(Zy) into
L?(Zy) in signal analysis.

Definition 2.1. Let A : L?(Zy) — L?(Zx) be a linear operator, i.e.,
A(z +w) = Az + Aw

and
Alaz) = aAz

for all z and w in L?(Zy) and all @ in C. Then we say that A is translation-
invariant if
ARy, = R, A

for all k in Z, where Ry, is the translation by k on L?(Zy).

Remark 2.2. A translation-invariant linear operator A is the mathematical analog
of a filter that transmits signals in electrical engineering. Its function is to trans-
form an input signal z in L?(Zy) into an output signal Az in L?(Zy). The effect of
a filter on two signals together is the sum of the effects of the filter on each signal
separately. Also, if a signal is multiplied by a complex number, then the output
signal should be multiplied by the same complex number. This explains why lin-
earity is desirable. As for the condition that A should commute with translations,
we note that if we delay or advance an input signal by a certain amount, then the
output signal should be delayed or advanced by the same amount. In other words,
if 2 is a signal in L?(Zy) and k € Z, then

A(sz) = Rk(Az).

Therefore the condition that AR, = R, A is a natural one to impose on a filter.

The main result that we want to prove in this chapter is contained in the
following theorem.

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 17
DOI 10.1007/978-3-0348-0116-4_2, © Springer Basel AG 2011
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Theorem 2.3. Let A : L?(Zy) — L*(Zy) be a translation-invariant linear opera-

tor. Then form=0,1,...,N — 1, F,, is an eigenfunction of A.

Proof. Let m € Zy. Then, using the fact that {Fy, Fy,...,Fy_1} is a basis for

L?(Zy), we can find complex numbers ag, a1, ...,ay_1 such that
N-1
(AF,)(n) = > axFi(n), n=0,1,...,N 1.
k=0

Thus,

2

-1

(R1AFm)(n) = aka(n — 1)

>
Il

0
N—

=

2nik(n—1)/N

=2~

e
k=0
-1

2

ape 2™ NE (n), n=0,1,...,N—1.
0

B
Il

Now, for n =0,1,...,N — 1,
1 . )
(RlFm)(n) _ Fm(n _ 1) _ Ne%rzm(n—l)/N _ e—27rzm/NFm<n)’

and hence, using the linearity of A, we get

N-1
(AR, F,,)(n) = e 2"m/N(AF,)(n) = Z e 2N B (n).
k=0

Thus, by (2.2), (2.3) and equating coordinates, we get

o—2mik/N _ ake*Z”im/N, k=0,1,...,N — 1.

&7
Thus, ax = 0 whenever k # m, and (2.1) becomes

AF,, = a, Fy,.

Therefore F), is an eigenfunction of A.

(2.1)

(2.2)

(2.3)

O

In order to understand the full thrust of Theorem 2.3, a recall of some basic
linear algebra is in order. Let B = {20, 21,...,2n_1} be a basis for L?(Zy). Then

for any signal z in L?(Zy),
N—

z= E QpZks

k=0

—
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where o, a1,...,ay_1 € C. We define (z)p by

Qg
aq
(2)B =

N1

and call (z)p the coordinates of z with respect to B. We can construct the matrix
of an arbitrary linear operator A : L?(Zy) — L?(Zy) with respect to the basis B
as follows. Using the fact that B = {zo, z1,...,2y_1} is a basis for L?(Zy), we
can find complex numbers a,,,, m,n =0,1,..., N — 1, such that

Azy = apozo + a1021 + - Fan—1,02ZN-1,

Az = ap120 +annzi + - +Fav—1128-1,

Azy_1 =aon-120+ a1, N-121 + -+ aN_1,N_1ZN-1-
Now, we let (A)p be the matrix defined by

aoo ao1 ap2 te ap,N—1
a10 aii a2 cee a1, N—1
(A)B = (amn)Ogm,nSNfl -
aN-1,0 GN-1,1 OGN-1,2 *** OAN-1,N-1
Then
N—
szvzol Aok
Zk;ol A1k
(A)p(2)B = . (2.4)
fo;ol aN_1, kO
But

Az = A(apzo + 121 + -+ an—12n-1)
= OéoAZO + OélA,Zl —+ -4 OZN_lAZN_l

N-1 N-1 N-1
= Z apkQk | 20 + Z a1pQg | 21+ Z AN-1,kQk | ZN-1-
k=0 k=0 k=0

Thus,
Zg;ol Aok Ol
Yhso G1k0%
(Az)p = .

Shso
k=0 AN-1,kC%
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So, by (2.4) and (2.5),

(Az)p = (A)B(2) B
We call (A) g the matrix of the linear operator A : L?(Zy) — L*(Zy) with respect
to the basis B for L?(Zy). If B is the standard basis S = {eg, €1,...,ex_1}, then

Az = (AZ)S = (A)S(Z)S = (14)5,2’7 FAS LQ(ZN).

Thus, the matrix (A)g of A with respect to S is equal to A. It is then of enormous
interest to find a basis B for L?(Zy) such that the matrix (A)p of A with respect
to B is as simple as, say, a diagonal matrix.

The following theorem is an immediate consequence of Theorem 2.3.

Theorem 2.4. Let A : L*(Zy) — L*(Zy) be a translation-invariant linear operator
and let F = {Fo, F1,...,Fx_1} be the Fourier basis for L?(Zy). Then the matriz
(A)r of A with respect to F is diagonal. In fact,

X 0 0 .- 0

0O X 0 - 0
(Wp=| 0 0 Ao e 0

0 0 0 - Ay-1

where A\, 1s the eigenvalue of A corresponding to the eigenfunction F,,, m =
0,1,...,N —1.

Proof. We get
AFy = XFo +0F, +0F5 + - - + 0Fn_1,

AF, = 0Fy + M Fy +0F; + -+ 0Fy_1,
AF, =0Fy +0F) + XoFy + -+ +0FN_1,

AFN—l = OFO + OFl + 0F2 + -+ )\N—lFN—l-
Thus, the matrix (A)r of A with respect to the Fourier basis F' is given by

N O 0 - 0
0O X\ O - 0

(A)p = 0O 0 N --- 0 _ 0
0O 0 0 -+ An_1

In order to study translation-invariant linear operators in detail, we introduce
the notions of circulant matrices, convolution operators and Fourier multipliers,
which are the topics in the following three chapters.
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Exercises

1. Let A: L*(Z4) — L*(Z4) be the linear operator defined by
(Az)(n) =3(R1z)(n) + z(n), n=0,1,2,3.

Prove that A is translation-invariant.

2. For the translation-invariant operator A in Exercise 1, find the matrix (A4)g
of A with respect to the standard basis S of L?(Zy).

3. For the translation-invariant operator A in Exercise 1, find the matrix (A4)g
of A with respect to the Fourier basis F' of L?(Z,).

4. Do Exercises 1-3 again for the linear operator A : L?(Z4) — L*(Z4) defined
by
(Az)(n) = (R3z)(n) +iz(n) —i(R_2z)(n), n=0,1,2,3.

5. Prove that a linear operator A : L?(Zy) — L*(Zy) is translation-invariant
if and only if A commutes with R;.



Chapter 3

Circulant Matrices

We have seen that the matrix (A)p of a translation-invariant linear operator A :
L?(Zx) — L?(Zy) with respect to the Fourier basis F' for L?(Zy) is a diagonal
matrix. Can we say something about the structure of the matrix (A)g with respect
to the simplest basis for L?(Zy), namely, the standard basis S?

To answer this question, let (@mn)o<mn<n—1 be an N x N matrix. Then we
define a,,, for all m and n in Z by periodic extension to all of Z in each of the
variables m and n. In other words, we demand that

Am+N,n = Qmn
and

Um,n+N = Amn

for all m and n in Z. An N x N matrix is assumed to be so periodized from now
on.

Definition 3.1. Let C' = (@mn)o<m,n<nN—1 be an N x N matrix periodized as above.
Then we say that C' is circulant if

Am+1,n+1 = Amp, M,N € Z.

Let C = (amn)o<m.n<n—1 be a circulant matrix of order N x N. Then the
(n+1)%* column of C is equal to

ag,n+1 a_1,n AN—-1,n aon

a1,n+1 QAon QAon QAin
Am+1,n+1 Amn, Amn, Am4+1,n
AN —1,n+1 AN —-2n AN—-2n AN—-1,n

So, the (n+1)** column of C is obtained from the n*" column by the translation by
1. Similarly, the (m+1)** row of C is obtained from the m*" row by the translation

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 23
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by 1. Thus, it is easy to recognize a circulant matrix whenever we come across
one.

Example 3.2. Let

C:

2 » R
L2 WL >
™R >
D a2 ™

Then C is a circulant matrix of order 4 x 4.

Proposition 3.3. Let A : L?(Zy) — L?(Zy) be a translation-invariant linear oper-
ator. Then the matriz (A)s of A with respect to the standard basis S is circulant.

Proof. Let n € Z. Then, by the division algorithm,
n+1=qN +r,
where r is some integer in Zy. Thus, letting
€n+1 = €ry

we obtain

(Asentr=As [ | |

0

where the 1 is in the 7" position. Hence for all m and n in Z,

Qor ag,n+1
alr al,nJrl
(A)s€nt1 = ' =
+1
Amyr am,n+l
AN —1,r AN —1,n+1

and, using the translation-invariance of A, we get

Am+1,n+1 = Qm41,r = ((A)Sen-i-l)(m + 1) = (A€n+1)(m + 1)
= (ARje,)(m+1) = (R1Aep)(m + 1) = (Ae,)(m)
= ((A)sen)(m) = amn-

This proves that (A)g is circulant. O
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Exercises
1. Find the circulant matrix corresponding to the linear operator A : L?(Zy) —
L?(Zy) given by

(Az)(n) = z(n+2) —2z(n+1)+ 2(n), n=0,1,2,3.

2. Prove that the product of two circulant matrices is circulant.
3. Prove that the adjoint of a circulant matrix is circulant.

4. Let A be a circulant matrix. Prove that the linear operator A : L?(Zy) —
L?(Zy) is translation-invariant.

5. Prove that a circulant matrix A is normal, i.e., A commutes with its adjoint
A*.



Chapter 4

Convolution Operators

Translation-invariant linear operators from L?(Zy) into L?(Zy) can be given an-
other representation that gives new insight into signal analysis. We first give a
definition.

Definition 4.1. Let z and w be signals in L?(Zy). Then we define the signal z x w
in L?(Zy) by

(zxw)(m) = Z z(m —n)w(n), meZ.

We call z * w the convolution of z and w.
Let b be a signal in L?(Zy). Then we define the mapping Cy, : L?(Zy) —
L*(Zy) by

Crz=bxz, z¢€L*(Zn).
Proposition 4.2. C}, : L?(Zy) — L*(Zy) is a linear operator.

Proof. Let z and w be signals in L?(Zy) and let o € C. Then we get

N—1
(Co(z +w))(m) = )  b(m —n)(z+w)(n)
n=0
N-1 N-1
= b(m —n)z(n) + Z b(m — n)w(n)

and

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 27
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N-1

(Cylaz))(m) = Y b(m —n)(az)(n)

n=0

N-1
=« Z b(m —n)z(n)
n=0
=a(bxz)(m) = a(Cpz)(m)
for all m in Z. Therefore
Cy(z +w) = Cpz + Crw

and
Ch(az) = a(Cyz).

This completes the proof. O
We call Cj, the convolution operator associated to the kernel b.

Proposition 4.3. Let C' = (amn)o<mn<n—1 be an N X N circulant matriz. Then
for every z in L*(Zy),
Cz = CbZ,

where b is the first column of C, i.e.,
b aio
aN—-1,0
Proof. Since C' is circulant, it follows that
Um—n,0 = Qm—nt1,1 = * = Qmn, MmN E L. (4.1)

So, for m € Z, we get, by (4.1) and the definition of the convolution operator,

N-1 N-1
(CZ>(m) = Z amnz(n) = Z Clm_n,oz(n)
o
= ) blm—n)z(n) = (bx2)(m) = (Cpz)(m)
n=0
for all m in Z. O

Remark 4.4. Let A : L*(Zy) — L*(Zy) be a translation-invariant linear operator.
Then, by Proposition 3.3, A = (A)g is a circulant matrix. Hence, by Proposition
4.3, A is also a convolution operator with kernel b given by the first column of
the matrix A. The following proposition tells us that a convolution operator is
translation-invariant.
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Proposition 4.5. Let Cy, : L*(Zy) — L*(Zy) be a convolution operator with kernel
b, where b € L*(Zy). Then Cy is translation-invariant.

Proof. Let k € Z. Then for all z € L?(Zy),

N-1
(CbRkZ b sz)( )

Tfi

= b(m —n)z(n — k)
n=0
N—1—k

= b(m—k—10)z(l), melZ. (4.2)

=k

Since b(m — k —1)z(l) is a periodic function of [ on Z with period N, it follows
from Proposition 1.19 that

z)(m — k) = (RCyz)(m), m € L. (4.3)

Thus, by (4.2) and (4.3), Cy R, = RiCy, and this proves that Cj is translation-
invariant. U

Remark 4.6. Let A : L?(Zy) — L?(Zy) be a linear operator. Then, by Proposi-
tions 3.3, 4.3 and 4.5,

A is translation-invariant

& the matrix (A)s of A with respect to the standard basis S for L?(Zy) is
circulant

< A is a convolution operator.

It is about time again for us to look at an application of translation-invariant
linear operators in signal analysis. Let us begin with the important signal § in
L?(Zy) defined by

1
0

s=10
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The signal ¢ is called the Dirac delta or the unit impulse, and enjoys the important
property that
zx6=2z2 z2€L*Zy).

Indeed, for all m € Z,

N—
(z%0)( Z n) = z(m).

We have seen that a filter in signal analysis is a translation-invariant linear operator
A : L*(ZNn) — L*(Zy) in Fourier analysis. By Remark 4.4, A is a convolution
operator Cj, with some kernel b in L?(Zy). To determine the kernel b, we note
that

Ad=Chd =bx6 =b.

Thus, the kernel b is the effect or response of the filter A = C} on the unit impulse
0. Hence the kernel b is just the impulse response of the filter A = ) in electrical
engineering.

We end this chapter with a result, which tells us that the finite Fourier
transform converts convolutions into multiplications.

Proposition 4.7. Let z and w be signals in L?(Zy). Then
zxw(m) = 2(m)w(m), m € Z.

Proof. Using the definition of the finite Fourier transform and the definition of
convolution, we get

2

—

zxw(m) = (2 % w)(n)e~2mimn/N

T i
,_.o

k=0

N-1 ‘ |
= (Z z(n — k)w(k)) 672”’7”(”*’“)/]\76*2“"”6/1\’

T
,_.o

N—-1
_ <Z z(n _ k)e—2ﬂ'im(n—k)/N> w(k)e—Zwimk/N

n=0

o
(=)

2
L

N-1
_ w(k)6727rimk/N <Z z(n - k)627rim(nk)/N>

n=0

>
Il
=)

2

N—-1-k

_ w(k)e27rimk/N< Z Z(l)SQWiml/N> (44)

k=0 l=—Fk

for all m in Z. Since z(1)e~2™"/N is a periodic function of I on Z with period N,

it follows from Proposition 1.19 that

N—-1-k N-1

> 2We PN = N " (e N < £(m),  m e Z. (4.5)

l=— =0
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Thus, by (4.4) and (4.5),

and the proof is complete. O

Exercises
1. Compute Fz, 9.

2. Let Cy, and Cy, be convolution operators from L?(Zy) into L?(Zy) associ-
ated to kernels given, respectively, by by and by in L?(Zy). Prove that

Cy,Cry = Chy sty -

3. Let A : L*(Zy) — L%*(Zy) be a linear operator. Then its adjoint A* :
L?*(Zy) — L*(Zy) is defined to be the linear operator such that

(Az,w) = (2, A*w), z,w € L*(Zy).

Find the kernel of the adjoint of a convolution operator C, : L*(Zy) —
L3(Zn).
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Fourier Multipliers

We now come to the last ingredient in the analysis of translation-invariant linear
operators. We begin with the multiplication of two signals in L?(Zy).

Definition 5.1. Let z and w be signals in L?(Zy). Then we define the signal zw
in L?(Zy) by

2w = . ,

(N = (N — 1)

o (zw)(n) = z(n)w(n), n € Z.

Let 0 € L?(Zy). Then we define the mapping T, : L?(Zy) — L?(Zx) by
T,z = (02)Y, z¢€L*Zy).

The proof of the following proposition is easy and is left as an exercise.

Proposition 5.2. Let 0 € L*(Zy). Then T, : L>(Zy) — L?*(Zy) is a linear opera-
tor.

We call T, the Fourier multiplier or the pseudo-differential operator associ-
ated to the symbol o. It is more often and more instructive to call it a Fourier
multiplier at this stage.

To see the role of a Fourier multiplier in signal analysis, let o € L*(Zy).
Then for all signals z in L?(Zy), we get

(T,2)"(m) = o(m)2(m), m € Z.

So, using the Fourier inversion formula in Theorem 1.7, we get

N-1 N-1
A A
T,z= Y (T,2)"(m)Fp = > o(m)z(m)Fy,
m=0 m=0
M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 33
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for all z in L?(Zy). Therefore the effect of the Fourier multiplier 7}, on a signal
z is to pitch the amount of each of the waves Fy, Fy,..., Fy_1 by the symbol o
in the composition of z in order to produce the output signal T, z. The heart of
the matter is that a Fourier multiplier can be thought of as a frequency-pitching
device in signal analysis.

Proposition 5.3. Let Cy, : L*(Zy) — L?(Zx) be a convolution operator, where
be L*(Zy). Then
C%::7}7

where o = b. Conversely, let T, : L*(Zy) — L*(Zy) be a Fourier multiplier,
where o € L*(Zy). Then
1}:26%7

where b = &.

Proof. Let z € L?(Zy). Then, using the Fourier inversion formula in Theorem 1.7
and Proposition 4.7,

Coz=bxz=(b*z2)" = (b2)" = (62)" = Tyz.
Conversely, using the Fourier inversion formula and Proposition 4.7 again, we get
Tz = (08)" = (b5)Y = (b* 2)Y =b* 2z = Cpz. 0

Proposition 5.4. Let A : L?(Zy) — L?(Zy) be a linear operator. Then A is a
Fourier multiplier if and only if the matriz (A)p of A with respect to the Fourier
basis F' is diagonal. Moreover, if A is the Fourier multiplier T, associated to the
symbol o in L*(Zy), then

a(0) 0 0 0

0 o(1) 0 0

(A)F _ (To)F _ 0 0 0(2) 0
0 0 0 o o(N-1)

Proof. Suppose that A = T,. Let m € Zy. Then, using the Fourier inversion
formula in Theorem 1.7 and the definition of the Fourier multiplier,

N—-1 N—-1
ToFp =Y (T,Fy) () Fy =Y o(n)Fo(n)F,. (5.1)

n=0 n=0

Using the Fourier inversion formula again,

N—-1
Fro =Y Fr(n)Fy = F(n) = { L,n=m, (5.2)
n=0 '
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So, by (5.1) and (5.2),
T,Fy =0(0)Fy +0F, +0F; +--- 4+ 0Fy_1,

TUFl = OFO +O’(1)F1 +0F2 + "'+0FN,1,
TUFQ = OFO +0F1 +O’(2)F2 + "'+OFN_1,

TUFN,1 :OFQ+OF1 +OF2+---+U(N—1)FN,1,

and hence
c(0) 0 o - 0
0 o1 0 - 0
(T,)p = 0 0 o2 - 0
0 0 0 o(N —1)
Conversely, suppose that
dy 0 0 0
0 d 0 0
(Ap=D=| 0 0 d 0 7
0 0 O dn_1

where dg, dy,...,dy_1 € C. Let 0 € L?(Zy) be defined by
do
dy

dn-1

Then for all z € L?(Zy), we get, by the Fourier inversion formula in Theorem 1.7,

£(0) doZ(0)
B I et
(N —-1) dv-12(N —1)

Hence
Az=T,z, z¢€L*(Zy),

and this proves that A = T,. O
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Remark 5.5. Let A : L?(Zy) — L*(Zy) be a linear operator. Then, by Proposi-
tions 5.3 and 5.4,

A is a convolution operator
< A is a Fourier multiplier

& the matrix (A)r of A with respect to the Fourier basis F for L?(Zy) is
diagonal.

Remark 5.6. Let A : L?(Zy) — L?(Zy) be a linear operator. Then, by Remarks
4.6 and 5.5,

A is a translation-invariant linear operator

& the matrix (A)s of A with respect to the standard basis S for L?(Zy) is
circulant

< A is a convolution operator
< A is a Fourier multiplier
& the matrix (A)r of A with respect to the Fourier basis F for L?(Zy) is
diagonal.
Exercises
1. Prove that T, : L?(Zx) — L?(Zy) is a linear operator.
2. Let o and 7 be signals in L?(Zy). Prove that

Ta’ T‘r — TG’T

and



Chapter 6

Eigenvalues and Eigenfunctions

The results obtained in Chapters 2-5 can be used in the computation of eigenvalues
of filters, which are given by translation-invariant linear operators. To recall, let
A : L*(Zyn) — L*(Zy) be a filter, i.e., a translation-invariant linear operator.
Then the matrix (A)s of A with respect to the standard basis S for L?(Zy) is
circulant. The filter A is in fact a convolution operator C}, with impulse response
b, where b is simply the first column of the matrix A. The filter A is also a Fourier
multiplier T, with symbol o and ¢ = b. The matrix (A)p of the filter A with
respect to the Fourier basis F for L?(Zy) is diagonal, and is given by

A0 0 0

0 X 0 0
(We=| 0 0 X o,

0 0 0 AN—1

where \,, is the eigenvalue of A corresponding to the eigenfunction F,,, m =
0,1,....,N — 1.

We can now give an explicit formula for the eigenvalues A\g, A1,..., Ay_1. We
want the formula to be so tractable that it can be used in computation. Such a
formula comes readily from Propositions 5.3 and 5.4, and the discussion given in
the first paragraph of this chapter.

Theorem 6.1. Let A : L?(Zy) — L*(Zn) be a translation-invariant linear opera-
tor. Then the eigenvalues of A are given by

0(0)7 0(1)7 ceey U(N - 1)7
where o = b and b is the first column of the matriz A. Moreover, for m =

0,1,...,N — 1, the eigenfunction of A corresponding to the eigenvalue o(m) is
the wave F,,,.

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 37
DOI 10.1007/978-3-0348-0116-4_6, © Springer Basel AG 2011



38 Chapter 6. FEigenvalues and Eigenfunctions

Example 6.2. Let A : L?(Zy) — L?*(Zy) be the linear operator defined by
(Az)(n) =z(n+1)—2z(n)+2(n—1), nez,
for all z in L?(Zy). Find all the eigenvalues of A.

Solution. That A is a linear operator is easy to check and is hence omitted. To
check that A is translation-invariant, let k € Z. Then for all z € L*(Zy),

(ARz)(n) = (Rx2)(n + 1) = 2(Ry2)(n) + (Rxz)(n — 1)
=zin—k+1)—2z(n—k)+zn—k—-1), neZ.

On the other hand,

(ReAz)(n) = (Az)(n — k)
=zin—k+1)—2z(n—k)+zn—k—-1), neZ
Therefore ARy, = R, A, and hence A is translation-invariant. Let us now find the
first column of the matrix A = (A)g of A with respect to the standard basis S
for L?(Zy). To this end, we note that for all z € L?(Zy),

(A2)(0) = 2(1) — 22(0) + 2(—1) = 2z(1) — 22(0) + 2(N — 1)

and hence
-2 1 0 0 0 1
1 -2 1 0 0 O
A=(A)g= 0 1 -2 1 0 0
1 0 0 0 1 -2

Then the eigenvalues of A are (0),0(1),...,0(N — 1), where o is the symbol of
A given by
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( _ i) Z b 727rimn/N

=24 e—27rzm/N + e—27rim(N—1)/N

=24+ 6727rim/N + 6271'1’771/N

= —2+ 2cos(2rm/N)

— _4sin? (%) , meL. 0

Remark 6.3. A is the Laplacian on Zy.

Exercises

1. Find the eigenvalues of the linear operator D : L?(Zy) — L*(Zy) given by
(Dz)(n) =iz(n+1) —iz(n), n=0,1,...,N—1.

(D is the Dirac operator on Zy.)

2. Let 0 € L?(Zy). Find the eigenvalues of the Fourier multiplier T}, : L?(Zx) —
L3(Zy).

3. Let b € L?(Zy). Find the eigenvalues of the convolution operator Cj :
L2<ZN) — LQ(ZN)
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The Fast Fourier Transform

The Fourier inversion formula in Theorem 1.7 states that for every signal z in
L?(Zy), the coordinates (z)r and (2)s of z with respect to the Fourier basis F
and the standard basis S for L?(Zy) respectively are related by

(2)p =2=0nz=0n(2)s,

where Qy is the Fourier matrix of order NV x N. So, the change of basis from
the standard basis S for L?(Zy) to the Fourier basis F for L*(Zy) is the same
as multiplying an N x 1 column vector by the N x N matrix Qy, and it has
been pointed out in Remark 1.11 that this entails N2 multiplications of complex
numbers. In view of the fact that in signal analysis, N is usually very big and
therefore the task of carrying out N2 complex multiplications is formidable even
for high-speed computers. As a matter of fact, the number of additions should
have been taken into account. Due to the fact that multiplication is much slower
than addition on a computer, an idea of the speed of computer time required for
the computation of the finite Fourier transform can be gained by just counting
the number of complex multiplications.

Do we really need N2 complex multiplications? Apparently, the answer is yes
and we cannot do better than this because there is not even one single zero entry
in the matrix 2. The key that helps us in reducing the number of multiplications
by a great deal lies in the structure of the matrix . The entries in 2y are just
powers of the single complex number wy given by

Wy = e—27ri/N-
This structure enables us to decompose 2y into factors with many zeros. This
factorization, first envisaged by Gauss in 1805 and developed by Cooley and Tukey
in 1965, is the basic idea behind the fast Fourier transform, of which the acronym
is justifiably FFT.

We illustrate the basic ideas of the fast Fourier transform in this chapter. To
make life simple, we only look at the case when N is a power of 2. The trick then
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is to work with the matrix Qo instead of 7. To wit, suppose that N = 4. Then

1 1 1 1 1 1 1 1
O, — 1 owy wi wi | [ 1 = -1 1
SR (S NP S SO0 N R O DR B B B
1 wi w§ W 1 1 =1 —i
and we can write

1 0 1 0 1 1 0 0 1 0 0 O
Q, — 0 1 0 —1 1 -1 0 0 0 01 0
7110 -1 o0 0o 01 1 01 0 0
0 1 0 ) 0 01 -1 0 0 0 1

Io Do Q 0
_ < o >< 2o >p4, (7.1)
where I is the identity matrix of order 2 x 2, Dy is the diagonal matrix of which
the diagonal entries are 1 and wy and Py is the permutation matrix that puts z(0)
and 2(2) before z(1) and z(3) in the signal z in L?(Z4). The formula (7.1) is the
decomposition of €24 into factors with many zeros. It is also the reduction of €4 to
Q. The first matrix on the right-hand side of (7.1) aligns the two half-size outputs

to produce the desired Q4z. A generalization of (7.1) is the following formula of
Cooley and Tukey to the effect that

Ins2 Dnyo ) ( Qnpz 0
Qn = / / / Py, 7.2
N ( Insj2 Dnyo 0 Qnype N (7.2)

where I/ is the identity matrix of order % X %, Dyys is the diagonal matrix of

which the diagonal entries are 1, wy, wj2v7 ... ,w§VN72)/27 and Py is the permutation

matrix that puts the evens before the odds. The Cooley and Tukey formula (7.2)
is the FFT or the first step of the FFT.

What is then the next step? It is of course the reduction of the matrix /o
to the matrix 25/, by means of the Cooley-Tukey formula (7.2) where the N is
now replaced by N/2. Then we keep going from N/4 to N/8 and so on.

To see how much is saved in using the FFT, let us recall that without the
FFT, direct matrix multiplication requires N? complex multiplications. What do
we gain with the FFT? To answer this question, let N = 2!, where [ is a positive
integer. Then we have the following theorem.

Theorem 7.1. The number of complex multiplications using the FFT is at most
%Nl = %NlogQN.

Proof. Let [ = 1. Then N = 2. Let
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Then
o= (1) () -0

and no multiplication is required. Suppose that the theorem is true for I. Then
the number of complex multiplications required at level [ is at most %QIZ. Using
the Cooley-Tukey formula (7.2), we need 2! multiplications using the diagonal D’s
to put together the half-size products from the level [. Thus, we need at most
2 42l = %2”1(1 + 1). By the principle of mathematical induction, the proof is
complete. O

Remark 7.2. In order to appreciate the power of the FFT, let [ = 10. Then
N =2'=1024.

Direct matrix multiplication without the FFT requires (1024)? complex multipli-
cations. We need to perform more than a million complex multiplications. Using
the FFT, we need at most % x 1024 x 10 = 5120 complex multiplications. The
save in computer time is enormous.

Remark 7.3. Convolutions can also be computed rapidly with the FFT. To see
how, let us recall that, by Proposition 4.7 and the Fourier inversion formula, we
get

zxw = (Zxw)" = (20)Y, zwe L*(Zy).

If N is a power of 2, then, by Theorem 7.1, we need at most %N logy N complex
multiplications to compute Z, at most %N logs N complex multiplications to com-
pute w, at most N complex multiplications to compute Zw and at most %N logo N
complex multiplications to compute the inverse finite Fourier transform of Zw. So,
using the FFT, we need at most N + %logQN complex multiplications to compute
z x w. This observation will be useful to us in the study of wavelets.

Exercises

1. Let 0 € L*(Zy), where N is a power of 2. Use the FFT to find an upper
bound on the number of complex multiplications required to compute T, z,
where 2z € L?(Zy).

2. Let by and by be signals in L?(Z), where N is a power of 2. Use the FFT to
find an upper bound on the number of complex multiplications required to
compute the product Cp, Ch,.
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Time-Frequency Analysis

Let z be a signal in L?(Zy). Then we say that z is time-localized near ng if all
components z(n) are 0 or relatively small except for a few values of n near ng. An
orthonormal basis B for L?(Zy) is said to be time-localized if every signal in B is
time-localized.

Let B = {20, 21,...,2n_1} be a time-localized orthonormal basis for L?(Zy).
Then for every signal z in L?(Zy),

N-1
z= Z Olp 2 (8.1)
n=0

where g, aq,...,ay_1 € C. If we are interested in the part of the signal z near
a point ng, then we can concentrate on the terms for which the basis signals are
localized near ng and ignore the rest. An advantage then is that the full sum (8.1)
is replaced by a much smaller one. We have performed signal compression in so
doing.

Let us for a moment think of n as the space variable instead of the time
variable. Suppose that a coefficient in the sum (8.1) is big. Then, using a space-
localized orthonormal basis, we can locate and concentrate on this big coefficient.
This is the idea underlying medical imaging.

Let z be a signal in L?(Zy). Then we say that z is frequency-localized near
myg if all components Z(m) are 0 or relatively small except for a few values of m
near mg. An orthonormal basis B for L?(Zy) is said to be frequency-localized if
every signal in B is frequency-localized.

Example 8.1. The standard basis S = {eg,€1,...,ex_1} for L?(Zy) is time-
localized, but not frequency-localized.

Proof. Indeed, let k € Z. Then
1, n=k,
€k (n) = 0,n#k

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 45
DOI 10.1007/978-3-0348-0116-4_8, © Springer Basel AG 2011



46 Chapter 8. Time-Frequency Analysis

and hence €5 in L?(Zy) is localized at k. On the other hand,

N—1
él\c(m) _ Z ek(n)e—Zwimn/N — e—2‘n’imk/N7 m e 7Z.
n=0
Since |éx(m)| =1, m € Z, it follows that €, is not frequency-localized. O

Example 8.2. The Fourier basis F' = {Fy, F1,..., Fxy_1} for L?(Zy) is frequency-
localized, but not time-localized.

Proof. The argument used in the proof of Example 8.1 shows that F' is not time-
localized. To see that I is frequency-localized, let k € Z. Then, using the Fourier
inversion formula, we get

N-—1
F, = Z Fr(m)Fy,.
m=0

Hence
— 1, m=k,
Fi(m) = { 0, m#k,
and this proves that F}, is frequency-localized at k. O

Why are frequency-localized orthonormal bases good? First of all, we can
expect that such a basis, like the Fourier basis, is amenable to fast computation. To
see another benefit that can be obtained from a frequency-localized orthonormal
basis, let us suppose that we need to remove the high-frequency components of a
signal without affecting adversely the quality of the resulting signal. Then we need
to know which frequencies to remove. This information is provided by a frequency-
localized orthonormal basis. To render this idea concrete and transparent, let us
return to the Fourier basis F, which is the prototype of a frequency-localized
orthonormal basis. By the Fourier inversion formula in Theorem 1.7, every signal
zin L?(Zy) is of the form

—

N—
z = Z Z(m)Fp.
m=0
We see from our discussions in Chapter 1 that this is a high-frequency signal if
|2(m)| is big for frequencies m near N/2. Thus, we see clearly that a frequency-
localized orthonormal basis such as the Fourier basis F' locates the high-frequency
components of a signal if any.

An important objective is to construct orthonormal bases B for L?(Zy) such
that B is time-localized, frequency-localized and there is a fast algorithm for the
computation of (2)p for all z in L?(Zy). To this end, we need some preparations.

Definition 8.3. Let z be a signal in L?(Zy). Then we define the involution z* of z
by
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Proposition 8.4. Let z be a signal in L*(Zy). Then

Z(m) = 2(m), meZ.
Proof. Let m € Z. Then, using the definition of the finite Fourier transform and
the involution, we get

N-1

Z’;(m) — Z Z*(n)€72ﬂ-imn/N

S
o

2

(_n)e—Qﬂimn/N

I
S

0

3
I

%€2ﬂiml/N

~—

0
=—(N-1)
0
> a(l)e2mimi/N, (8.2)
I=—(N-1)
—2miml/N

Since z(l)e is a periodic function of [ on Z with period N, we can use
Proposition 1.19 and (8.2) to get

R N-1
Z(m) =Y 2(l)e=2mm/N = F(m). 0
1=

Proposition 8.5. Let z and w be signals in L*(Zy). Then
(zxw")(m) = (2, Rpyw) (8.3)
and
(zxw)(m) = (2, Rpyw™) (8.4)
for all m in Z.
To prove Proposition 8.5, we need a lemma.

Lemma 8.6. Let z and w be signals in L*(Zy). Then
ZHW =W * 2.

Proof. Using the definition of the convolution of z and w, we get

N—1
(zxw)(m) = Z z(m — n)w(n)
n=0
m—(N—1)
= > wim-0z1), mez (8.5)

l=m
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Since w(m — 1)z(l) is a periodic function of [ on Z with period N, we can use
Proposition 1.19 and (8.5) to get
N-1
(zxw)(m) = Z w(im —1)z(l) = (w*2z)(m), meZ. O
1=0
To prove (8.3), we note that, by Lemma 8.6 and the definition of the involu-
tion,

=z
L

(Z, me) = Z(TL) (me) (TL)

i
L

z(n)w(n —m)

i
('

z(n)w*(m —n)

3
i

—~

*z)(m) = (zxw")(m), meZ

To prove (8.4), we first note that

and hence, by (8.3),
(2, Rmw™) = (z % (w*)*)(m) = (z xw)(m), m € Z,

and (8.4) is proved.
Let us now suppose that there exists a signal w in L?(Zy) such that

B = {Row, le, e ,RN_lw}

is an orthonormal basis for L?(Zy). We note that B is an orthonormal basis for

L?(Zy) generated by successive translations of the single signal w. Then for every
zin L*(Zy),

N-1
z= E o, Ryw,
n=0

where ag, aq,...,any_1 € C. But for k € Z,
N-1
(z, Rpw) = Z an(Ryw, Rpw).
n=0
Since {Row, Ryw, ..., Ry_jw} is orthonormal, we see that

(z, Rpyw) = ag,, k €Z,
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and hence
N-1
z= (z, Ryw)Rpw.
n=0
So, by (8.3),
N-1
z = (zxw*)(n)Ryw
n=0

and consequently

(2% w*) (N — 1)

So, the computation of (2)p for all z in L?(Zy), or the change of basis from the
standard basis S for L?(Zy) to the basis B, can be performed by a fast algorithm,
i.e., the FFT. See Remark 7.3 in this connection.

By choosing the signal w in L?(Zy) to be such that w is time-localized
near some point ng, the orthonormal basis B = {Row, Riw,...,Ry_jw} is of
course a time-localized basis. We have just seen that the change of basis from the
standard basis S for L?(Zy) to the orthonormal basis B can be computed by a fast
algorithm. So, if B is also frequency-localized, then the objective of this chapter
is achieved. Is the orthonormal basis B frequency-localized? Unfortunately, the
answer is no and this can be seen from Proposition 8.8. First we need a lemma.

Lemma 8.7. Let z and w be signals in L*(Zy). Then
(RjZ, Rkw) = (Z, Rk,jw)
for all j and k in Z with j < k.

Proof. Let j,k € Z. Then

N-1
(Rjz, Ryw) = > (R;z)(n)(Ryw)(n)
-
= z(n — jlw(n — k)
n=0
N—1—j

= z(Dw(l +j — k). (8.6)
—
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Since z(l)w(l 4+ j — k) is a periodic function of [ on Z with period N, it follows
from Proposition 1.19 and (8.6) that

N—-1
(RjZ, Rkw) = z(l)w(l +j - k)
=0
N—-1
=D 2(D(Rr—jw)(l)
=0
= (2, Ry—,w). O

Proposition 8.8. Let w be a signal in L?>(Zy). Then {Row, Ryw, ..., Ry_qw} is
an orthonormal basis for L*>(Zy) if and only if

|w(m)| =1, me€Z.

Proof. Let us begin with the formula for the finite Fourier transform of the unit
impulse 0 and this is the answer to Question 1 in Chapter 4. Indeed,

N-1
o(m) = > d(n)e >N =1, meZ.
n=0

Suppose that { Ryw, Riw, ..., Ry_jw} is an orthonormal basis for L? (Zn). Then

(w, Ryw) = { (1): ]]z ; 8: (8.7)

for all k in Zy. By (8.3), we get
(w, Rw) = (wxw*)(k), ke€Z,
and hence, by (8.7),

wx w* = 0.
So, by Propositions 4.7 and 8.4, we get

1=48(m) = (w*w")"(m) = d(m)w?(m) = &(m)d(m) = [@(m)|?

for all m in Z. Conversely, suppose that [1(m)|?> = 1, m € Z. Then, by Propositions
4.7 and 8.4,

(w* w*)" (m) = d(m)w* (m) = w(m)b(m) = [b(m)* =1

for all m in Z. Thus,

and by (8.3),
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Hence, by Lemma 8.7 and (8.7),

_ | L j=k,
(ij,Rkw) = { 0, j 7& k.
So, {Row, Ryw, ..., Ry _jw} is an orthonormal basis for L?(Zy). O

Exercises

1. Let k € Z. Then we define My, : L*(Zy) — L?(Zy) by
(Myz)(n) = e 2™"k/No(n), n € Zy.

Prove that -
Myz(m) = (R_g2)(m), m € Zn.

2. Give a characterization of all signals w in L?(Zy) such that
{]\40’[1)7 ]\4'1’LU7 ey MNflw}

is an orthonormal basis for L?(Zy).

3. Explain how to obtain a frequency-localized orthonormal basis for L?(Zy).



Chapter 9

Time-Frequency Localized Bases

We have seen in the previous chapter that successive translations of a single signal
in L?(Zy) can give us a time-localized orthonormal basis B for L?(Zy) such that
the change of basis from the standard basis S for L?(Zy) to the basis B can be
implemented by the FFT. The only thing that is missing from the basis B, though,
is frequency-localization. Can we still do something with translations of signals
in the construction of orthonormal bases, which are time-localized, frequency-
localized and amenable to computation by a fast algorithm? If we cannot do it
with one signal, can we do it with two signals? The answer is amazingly yes. We
explain how this can be done in this chapter.

Throughout this chapter, we assume that IV is an even integer, say, N = 2M,
where M is a positive integer.

Definition 9.1. Suppose that there exist signals ¢ and ¢ in L?(Zy) for which the
set B given by

B= {R0<p7 RQ@& ceey RQJW—QSD} U {RO%/% RQwa ey R2]\/I—2w}

is an orthonormal basis for L?(Zy). Then we call B a time-frequency localized
basis for L?(Zy ). The signals ¢ and 9 are called the mother wavelet and the father
wavelet for the time-frequency localized basis B respectively.

Remark 9.2. The basis {Rop, Ra@, ..., Rop—ow} U {Rot, Rat), ..., Ropr—2t} is
more conveniently written as {nggo}g{:gl U {ngw}fyzgl.

We need some preliminary results for the construction of wavelet bases for
L*(Zy).

Definition 9.3. Let N = 2M, where M is a positive integer, and let z be a signal
in L?(Zy). Then we define the signal 2T in L?(Zy) by

zH(n) = (=1)"2(n), neZ
Proposition 9.4. Let z be a signal in L*(Zy), where N = 2M. Then

z/\*‘(m):é(m—i—M)7 m € Z.
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Proof. Using the definition of 2™ and the definition of the finite Fourier transform,
we get

- N-1
z*(m) — t (n)e—27rimn/N
n=0
N-1
_ (_1)nz(n)6727rimn/N
n=0
N-1
_ 6727rinM/NZ(n)ef27rimn/N
n=0
N-1
— Z(n)672ﬂin(m+M)/N _ 2(m+ M)
n=0
for all m in Z. O

The following remark on the signals z and 2% in L?(Zy) is useful to us.

Remark 9.5. Let 2 be any signal in L?(Zy). Then for all n in Z,
(z+27)(n) = 22(n)
if n is even, and is 0 if n is odd.

The following technical lemma is the key to the construction of wavelet bases.

Lemma 9.6. Let N = 2M, where M is a positive integer. Let w be a signal in
L*(Zy). Then {Row, Row, ..., Ropr—ow} is an orthonormal set with M distinct
signals in L?(Zy) if and only if

lw(m)]? + [(m+M)|> =2, m=0,1,...,M — 1. (9.1)

Proof. Suppose that { Rgw, Row, . .., Rops—ow} is an orthonormal set with M dis-
tinct signals. Then, by (8.3),

(wx w*)(2k) = (w, Ragw)

1L, k=0,
{orya s 92

By (9.2) and Remark 9.5,

((w* w*) + (w* w*) ") (2k)

(
= 2w w)(2k) :{ o

)

Therefore, by (9.3),
(w*w*) + (w*w*) T = 20, (9.4)
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where § is the unit impulse in L?(Zy). Taking the finite Fourier transform on both
sides of (9.4), we get, by Propositions 4.7 and 9.4, and the fact that §(m) = 1 for
all m in Z,

w(m)w* (m) + (w*w*) \(m+ M) =2, meZ (9.5)

Applying Propositions 4.7 and 8.4 to (9.5), we get

w(m)i(m) +w(m+ M)w(m+ M) =2, meZ,
and (9.1) is proved. Conversely, suppose that (9.1) is valid. Then
|w(m)|)? + [w(m+ M)? =2, mecZ. (9.6)
Indeed, let m € Z. Then, by the division algorithm,
m=qM +r,
where r is some integer in {0,1,..., M — 1}. Thus,
[@(m) 2 + lib(m + M)[2 = [i(r + gM)? + [(r + (g + DM, (9.7)

If ¢ is even, then, by (9.1), (9.7) and the fact that w is periodic with period 2M,
we get
[ (m)|? + [d(m + M)[* = [@(r)]* + [@(r + M)[* = 2.

If ¢ is odd, then the analog of (9.6) is
[ (m)|? + [ (m + M)|* = [d(r + (g — )M + M)|> + [ib(r + (g — ))M)[*. (9.8)
Thus, by (9.1), (9.8) and the fact that @ is periodic with period 2M, we get
[@(m)? + [w(m + M) = [o(r + M) + | (r)]* =2,

and (9.6) is established. Now, for all m in Z, we use Propositions 4.7, 8.4 and 9.4
as in the first part of the proof and (9.5) to get

(w*w*)"(m) + ((w*w*) ") (m) =2

and hence
(w*w*) + (w*w*) T = 20. (9.9)

Thus, by (8.3) and (9.9), we get, for k =0,1,..., M — 1,

(9.10)
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Now, let j,k € {0,1,...,M — 1} be such that j # k. Suppose that j < k. Then,
by Lemma 8.7 and (9.10),

(Rojw, Ropw) = (w, Rog—gjw) = 0.
Also, for k=0,1,...,M — 1, we get, by Lemma 8.7 and (9.10) again,
| Rorw|* = (Ragpw, Ropw) = (w, Row) = 1.
This proves that { Ryw, Row, ..., Ropr_ow} is an orthonormal set in L?(Zy). O

Definition 9.7. Let N = 2M, where M is a positive integer. Let ¢ and ¥ be signals
in L?(Zy). Then for all m in Z, we define the 2 x 2 matrix A, ,(m) by

_ 1 $(m) P(m)
&WW%KE<¢W+M)¢W+MJ)

We call A, (m) the system matrix of the signals ¢ and v at the integer m.
We can now give the result, which we can use to construct wavelet bases.

Theorem 9.8. Let N = 2M , where M is a positive integer. Let ¢ and 1) be signals in
L*(Zy). Then the set B = {Roxp}rly" U{Roxt0 1oLy is a time-frequency localized
basis for L*(Zn) if and only if Ay, (m) is a unitary matriz form = 0,1,..., M—1.
Equivalently, B is a time-frequency localized basis for L*(Zy) if and only if

[p(m)[* +|@(m + M)|* =2, (9.11)
[b(m)[* + [ (m + M)]* =2, (9.12)

and N _
G(m)p(m) +@(m+ M)p(m+ M) =0 (9.13)

form=0,1,...,M —1.

Proof. Suppose that B is an orthonormal basis for L?(Zy). Then {ngga}iv[:?)l
and {Ropb}il,! are orthonormal sets with M distinct signals in L?(Zy). So, by

Lemma 9.6, we get
[2(m)|* + [@(m + M)|* = 2

and A R
[p(m)? + [ (m+ M)|* =2

for m =0,1,...,M — 1. Hence (9.11) and (9.12) are proved. To prove (9.13), we
note that orthonormality gives

(¢, Roxt)) =0, k=0,1,...,M—1. (9.14)
By (8.3) and (9.14), we get
(p*0*)(2k) = (o, Roxt)) =0, k=0,1,...,M—1. (9.15)
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By (9.15) and Remark 9.5,

(o) + vy = L | (9.16)
0
So, taking the finite Fourier transform on both sides of (9.16), using Propositions
4.7, 8.4 and 9.4, we obtain

p(m)d(m) + @(m + M)ip(m + M) =0
for m = 0,1,..., M — 1. Conversely, suppose that (9.11)—(9.13) are valid. Then,
by (9.11), (9.12) and Lemma 9.6, { Roxp} o' and {Rapt} o, are both orthonor-

mal sets with M distinct signals in L?(Zy). Now, by (9.13) and the periodicity
argument used in the proof of Lemma 9.6, we get

p(m)d(m) + @(m + M)d(m + M) =0, m e Z.
(See Exercise 4 in this regard.) Thus, by Propositions 4.7, 8.4 and 9.4, we get

(p* ) + (x99 ) (m) =0, meZ

Then

(pxd" )+ (exy")T =1 . |,

o -

and hence

(¢, Rortp) = (9 + ") (2k) =0 (9.17)
for k=0,1,...,M —1. Now, let 5,k € {0,1,..., M —1} be such that j < k. Then,
by Lemma 8.7 and (9.17),

(R2jp, Ropt)) = (¢, Ro—25) = 0.

Thus, B = {Ropp} iy U{ Rarb 151" is an orthonormal set with N distinct signals
in L?(Zy), and is hence an orthonormal basis for L?(Zy). This completes the
proof. O

Remark 9.9. Let us look at the relations between the mother wavelet and the
father wavelet given by (9.11)—(9.13). By (9.11), we can have, say,

|S5(m0)|2 =2
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and

|@(mo + M)|* =0
where my is some integer in Zj;. For such an integer mg, we get, by (9.13),

[W(mo + M)|* =2
and hence, by (9.12),

|1/)(mo)|2 =0.

This means that for such an integer mg, the amount of the wave F},,, in the father
wavelet ¢ is 0, while the amount of the same wave F,,,, in the mother wavelet ¢ is
full. So, we can construct the mother wavelet ¢ and the father wavelet 1 in such a
way that ¢ contains only low-frequency waves and ¢ contains only high-frequency
waves. Thus, in the culture of signal analysis, a mother wavelet is a low pass filter
and a father wavelet is a high pass filter.

Exercises

1. Let ¢ € L?(Z4) be given by
V2

1
0
1

>
I

Find a father wavelet v in L?(Z,) such that {Rop, Rap, Rotb, Rotp} is an
orthonormal basis for L?(Z,).

2. Let ¢ and ¢ be signals in L?(Zy), N = 2M, where M is a positive integer,

be given by
1
e
V2
0
Y= 0
0
and .
751
V2
0
b= 0
0

Prove that {Roxp )iyt U {Raxtb}il,! is an orthonormal basis for L?(Zy).
(We call this orthonormal basis a Haar basis for L*(Zy).)
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3. Let N = 2M, where M is a positive integer. Let ¢ and 1 be signals in L?(Zy).
Prove that the set B = { Rarp}ry! U {Rart}p," is a time-frequency local-
ized basis for L?(Zy) if and only if

|(m)|* + [ (m)|* = 2,

|G(m + M)[* + [ih(m + M)* =2
and R _
@(m)p(m + M) +(m)¢(m+ M) =0
form=0,1,... M —1.
4. Let N = 2M, where M is a positive integer. Let ¢ and 1 be signals in

L?(Zy) such that (9.11)—(9.13) are satisfied for m = 0,1,..., M — 1. Prove
that (9.11)—(9.13) are also valid for all m in Z.
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Wavelet Transforms and Filter Banks

Let B = {Rarp} ity U{ Ror0} 22" be a time-frequency localized basis for L*(Zy),
where ¢ is the mother wavelet and 1 is the father wavelet. For every signal z in
L?(Zy), we get, by the fact that B is an orthonormal basis for L?(Zy) and (8.3),

M—-1 M—1
z = (2, Rogp) Rk + Z (2, Roxtp) Ropp.
k=0 k=0
So, by (8.3),
(2, Roy) (2% ¢*)(0)
(2, Ragp) (2% 9")(2)
=] B || T | seren
(z, Ra) (z*94*)(2)
(2, Ront o) (2 % ") (2M — 2)

Let Vi, 4 be the N x N matrix defined by

Vo = (Rowl - [Ranr—20| Ro| - - - [ Ranr —27)) -
Then, by (10.1) and (10.2), we get
z=(2)s = Vou(2)B
or

(Z)B:VS;IZ, Z€L2(ZN).

Definition 10.1. Let W, y : L?(Zy) — L*(Zy) be defined by

—1
Wop =V, 4

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5,
DOI 10.1007/978-3-0348-0116-4_10, © Springer Basel AG 2011

(10.1)

(10.2)

61
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Then we call W, ,, the wavelet transform associated to the mother wavelet ¢ and
the father wavelet 1.

Remark 10.2. The wavelet transform W, 4 is the change of basis matrix from the
standard basis S for L?(Zy) to the time-frequency localized basis B generated by

o and .

Remark 10.3. Since V,, 4 is a unitary matrix, it follows that

o -1 _ *
Weouw =V, y = Vo

where V., is the adjoint of Vi, 4, i.e., the transpose of the conjugate of Vi, . So,
an explicit formula for the wavelet transform W, 4 is available.

Using the explicit formula for the wavelet transform W, ,, we can compute
the coordinates (2)p of every signal z in L?(Zy) by means of the formula

(Z)B = W%wz.

As has been pointed out, this computation may entail up to N? complex multipli-
cations on a computer, and hence is not a feasible formula for the computation of
(2)p for z in L?(Zy). As a matter of fact, it is the formula (10.2) that people use
to compute (z)p for every z in L?(Zy). A look at (10.2) reveals that for every z
in L?(Zy), the components in (2)p are given by convolutions of z with the involu-
tions of the mother and father wavelets, and hence (z)p can be computed rapidly
by the FFT. In order to exploit the structure of (10.2), we need a definition.

Definition 10.4. Let N = 2M, where M is a positive integer. Then we define the
linear operator D : L?(Zy) — L?*(Zy) by

(Dz)(n) = 2(2n), n=0,1,....M —1,

for all z in L?(Zy).

What the linear operator D does to a signal z in L?(Zy) can best be seen
by an example.

Example 10.5. Let z be the signal in L?(Zg) defined by

~J 00 UL O = W N
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Then Dz is the signal in L?(Z4) given by

Dz

co O W N

Note that D discards the entries of a signal evaluated at the odd integers.
We call D the downsampling or the decimation operator. The downsampling op-
erator is also denoted frequently in the engineering literature by |2. Using the
downsampling operator, the computation of (z)p for every z in L?*(Zy) is given
schematically by the following process.

o { DD o (Berd) )= 09

The prcocess described by (10.3) is an example of a filter bank in multi-rate signal

analysis or subband coding, which is a prosperous field in electrical engineering.
The filter bank (10.3) is what engineers use to compute the wavelet transform

Wz of a signal z in L*(Zy). Mathematically, we have the following theorem.

Theorem 10.6. Let ¢ and v be, respectively, the mother wavelet and the father
wavelet of a time-frequency localized basis for L*(Zy). Then

W, = ( ggiig ) 2 € IX(Zw).

We end this chapter with a filter bank to compute the inverse wavelet trans-
form Wg;qlbz of a signal z in L?(Zy). First, we need a definition.

Definition 10.7. Let N = 2M, where M is a positive integer. Then we define the
linear operator U : L?(Zy) — L*(Zy) by (Uz)(n) = z (%) if n is even, and is 0 if
n is odd.

The linear operator U doubles the size of every signal z by inserting an entry
0 after every entry in z. We call U the upsampling operator and it is sometimes
denoted by 12.

Example 10.8. Let us look at the signal

oW
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which is obtained by downsampling the signal

2

~J 00 U O = W

in Example 10.5. Now, upsampling w gives us

UDz =

O 0O OO WwWwo

It is important to note that UDz # z. In fact,
1
UDz = 5(2 +21).

We can now give a filter bank consisting of two phases. The first phase is
the analysis of a signal z in L?(Zy) using the wavelet transform W, 4 and the
second phase is the reconstruction of the signal from the wavelet transform using
the inverse wavelet transform W(; q}b The entire computation is captured by the
following process.

Theorem 10.9. Let N = 2M, where M is a positive integer, and let z be a signal
in L?(Zy). Then

24" > D(zxp*) = UD(z % ¢*) — @xUD(z % ¢*)
Z’_){ z# % = D(zx ") = UD(z % ¢*) — ¢« UD(z x ¢*) }—l—’_)'z’

where the final step in the filter bank is given by
2= (prUD(z+¢") + (6« UD(z % 0")).
Proof. Let
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Then, using the definition of the downsampling operator,
w(0)
D — w(2)

w(2M -2)

Now, using the definition of the upsampling operator and Remark 9.5,

UDw = 0 = Z(w+wh). (10.4)

[N

Thus, by (10.4),

(UD(= %) = (% 6%) + (2% 0°)). (10.5)

If we take the finite Fourier transform on both sides of (10.5), then, by Propositions
4.7, 8.4 and 9.4, we get

(p*xUD(zx ")) (m)

= $(m)(U D=+ ")) (m)

= G(m) 5 (2(m)B0m) + 2(m + M)G(m + 31)) (10.)
for all m in Z. Similarly,

(6 UD(= % 4"))"(m)

= m) 5 (2(m)Fm) + 2m + M)F{m + M) (10.7

for all m in Z. Adding (10.

=2}

) and (10.7), we get
{0+ UD(2 % ¢")) + ( * UD(2 % 97))}" (m)
2m){[p(m)[* + [ib(m)[*}

1
2
1 N N O ~ O

+ 52(m—|—M){<p(m)<p(m—|—M) +(m)(m+ M)} (10.8)
for all m in Z. Since ¢ is the mother wavelet and v is the father wavelet of the
time-frequency localized basis B, it follows that the system matrix A, , is unitary.
So,

p(m)[* + [ (m)|* = 2 (10.9)
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and _
B(m)3(m + M) + d(m)i(m + M) = 0 (10.10)

for all m in Z. Hence, by (10.8), (10.9) and (10.10),

{(pxUD(2¢")) + (+ UD(z % 97))}" (m) = £(m)

for all m in Z. Therefore, using the inverse finite Fourier transform, we conclude
that
(pxUD(z % ¢")) + (¥« UD(2 % ¢")) = 2

and the proof is complete. O

From Theorem 10.9, we see that the inverse wavelet transform W{; Ilp can in
fact be computed using the filter bank

UD(z % ¢*) = @oxUD(z * ©*)
{ UD(z % 0*) — b * UD(z % ¢*) }*HZ

for every z in L?(Zy).
Exercises

1. Prove the downsampling operator D and the upsampling operator U on
L*(Zy), where N = 2M and M is a positive integer, are adjoint to each
other in the sense that

(Dz,w) = (z,Uw)

for all z in L?(Zy) and all w in L?(Zyy).
2. Let ¢ and 1 be, respectively, the mother wavelet and the father wavelet of

the Haar basis for L?(Zy) in Exercise 2 of the preceding chapter. Compute
the wavelet transform Wy 2 and the inverse wavelet transform W - Tlpz of z

for all z in L?(Zy).



Chapter 11
Haar Wavelets

Let z be a signal in L?(Zy), where we now assume that N = 2! for some positive
integer [. We let N = 2M , where M is a positive integer. As usual, we write

2(0)
z(1)

Z(N:— 1)

Let a be defined by
ao
ay

apr—1

where ) ) )
G0 €l D R S VNS
V2

and let d be defined by

dayr—1
where ) ) )
g, =22 =2t ) o
V2

We call a the trend and d the fluctuation of the signal z.
Definition 11.1. Let W : L?(Zy) — L?*(Zy) be the linear operator defined by

Wz_<3>, z e L*(Zy),

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 67
DOI 10.1007/978-3-0348-0116-4_11, © Springer Basel AG 2011
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where a is the trend and d is the fluctuation of the signal z.

We call W the Haar transform. More precisely, it should be called the first-
level Haar transform. It is easy to see that the Haar transform W has the inverse
W1 given by

ao
a1

(a0 +do)/V2 ao
(a0 — do)/ V2 o
(a1 +d1)/V2 :
( dl)/\/§ ap—1
( )

-1 apr—1 o — 2
W do = as _"_d2 /\/5 B dO S L (ZN)
d1 dl
(apr—1 + 031\/[—1)/\/§
dyr—1 (apr—1 —dp—1)/V2 dyr—1

In order to understand the Haar transform, which transforms the input signal
z into its trend a and fluctuation d, let us study the small fluctuation property
and the similar trend property of a signal in L?(Zy).

Proposition 11.2 (Small Fluctuation Property). The fluctuation signal d is very
small in the sense that

To see why the small fluctuation property is valid, let us recall that the
components of z are samples of a continuous analog signal g with a very short,
but the same, time interval between the consecutive samples. In other words,

Z(n):g(tn)v n €7y,

and
tn+1_tn:h7 TLEZN,

where h is some very small positive number, which people call the step size. So,
using the continuity of the function g, we get

2(2n) —2@2n+1) _ g(tan) — g(tonta)

n = NG =T 5

=0

forn=0,1,..., M — 1.
A similar continuity argument can be used to explain the trend property of
a signal.

Proposition 11.3 (Similar Trend Property). The trend signal behaves like the orig-
inal signal.
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Indeed, using the continuity of the function g, we get

z(2n) +2(2n+1)  g(ten) + 9(tan+1)
a, = = =/2g(t n
¥ 7 9(tant1)
for n =0,1,..., M — 1. Thus, the trend a is the signal obtained by sampling the
values of g at the equally spaced instants t1,ts,...,tn_1.

Remark 11.4. Recall that the Haar transform splits a given signal z in L?(Zy)
into its trend a and fluctuation d. The fluctuation d is small in the sense of the
small fluctuation property and the trend a is like the original z in the sense of the
similar trend property. Thus, we can transmit the trend a instead of the original
z without affecting much the originality of the signal z. The advantage accrued
is that only half the number of bits of the original z need to be transmitted.
This process of transmitting the trend instead of the original is known as signal
compression.

The signal compression described in Remark 11.4 or the application of the
Haar transform can certainly be iterated on the trends of the original signal. Thus,
we have

(3)
2 a
) o al? d®
1
4 40

To compute the second-level trend a(?) and the second-level fluctuation d(
of a signal z in L?(Zy), we note that

CORCH
% z(O)+z(1)J2rz(2)+z(3)
af +al 2(4)+2(5)F2(6)+2(7)
G/(Q) = \/i = 2
oD L S(N—4)+2(N=3)+2(N-2)+(N—1)
M—2T% 1 )
V2
and
2y
Vo 20)+2(1)=2(2)=2(3)
ag —af? 2(4)+2(5)=2(6)—2(7)
d® — V2 - 2
O S(N—4)42(N—3)—2(N—2)—2(N—1)
M—2 M—1 2
V2

In order to get more transparent formulas for the trends oV, a(?) and the fluctu-
ations d(V), d® of a signal, we introduce N signals

1 1 1 1 1 1
v v v ows o w i w)
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at the first level and M = % signals

Ve v v st o

1’
at the second level.

Definition 11.5. Let

1

1 0 0
2 0 0
V3 b 0

0 V2
1 0 (1) 7 (1) 0
vil=| o |-vWW=| g | -vii=]
0 0 0
1
: : v
0 0 2

We call Vo(l), Vl(l), ey VI\(/;Z1 the first-level Haar scaling signals and we note
that
1 1 1 1 _
{VO( )7V1( )7~-~>V1§1)—1} = {R%Vo( : ljcw:ol'

Definition 11.6. Let

1

% 0 0

—% 0 0
0 \/51 0
0 ———

1 1 V2 1
wh=| o | ol = :

0 0 0
. 1
: : 751
0 0 s

We call Wél), Wl(l), cey W]E/}ll the first-level Haar wavelets and we note that
1 1 1 Dy M-
(W WO WY = (R WD

In fact, by Theorem 9.8, {ng%(l)}iv[:f)l U{ngWél)}Q/[:BI can be shown to be
a time-frequency localized basis for L?(Zy), where Vo(l) is the father wavelet and

Wél) is the mother wavelet. This is left as Exercise 1. A similar structure exists
for the Haar scaling signals and the Haar wavelets at the second level, which we
introduce in the following two definitions.



71

Definition 11.7. Let

1/2 0 0
1/2 0 0
1/2 0 0
1/2 0 0
0 1/2 0
0 1/2

vil=1 o | VW= 1?2 (%2)11: :
0 1/2 8
0 0 1/2
: 1/2
0 0 1/2
0 0 1/2

We call Vo(z)7 Vl(z), ceey Vﬁf )7 L the second-level Haar scaling signals.

Definition 11.8. Let

1/2 0 0
1/2 0 0
~1/2 0 0
—1/2 0 0
0 1/2 0
0 1/2

WO(Q) = 0 ) W1(2) - 71//2 PRI Wg)fl = i
0 ~1/2 0
0 0 0

1/2

1/2

0 0 —1/2

0 0 —1/2

We call WO(Q), 1(2), cey Wﬁll the second-level Haar wavelets.
2

Remark 11.9. The first-level and the second-level Haar scaling signals and Haar
wavelets are generated from the standard basis. To see how, we note that for

— oy = L
ap=ay = 5,

Vo(l) = a1€g + ageq,

V1(1) = (1€ + (€3,

and hence
Vn(ll) = a1€2m + Q2€2m4+1, m=0,1,..., M —1.
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Also,
VO(2) _ 0¢1V0(1) + ang(l),

V® 0 vi 1 apvl,

and hence
VP = aiVi) + 0‘2‘/2(nlm)+1

Mo
» 72

1

form=0,1,... 1. Similarly, if we let 5, = \% and By = ~ 75 then

W'r(nl) = Bieam + /32€2m+1
form=20,1,...,M — 1, and

w2 = ﬁl‘/Z(rg + 52V2(731)+1

form=0,1,..., % —1. We call oy, ay the scaling numbers and 1, B2 the wavelet

numbers respectively.

The first-level Haar scaling signals and the first-level Haar wavelets can be
used to represent, respectively, the first-level trend o) and the first-level fluctu-
ation d(V) of a signal z.

Proposition 11.10. Let z be a signal in L*(Zy). Then

(z, vogp (2, W{p

WV W
RO (2 .1 ) 7 PO (2 '1 )
(Vs ) (= Wy )

Applying translations, (8.3) and the downsampling operator to Proposition
11.10, we leave it as Exercise 4 to prove that for every signal z in L?(Zy),

aM) = D(z % (Vo(l))*)

and
dD = D(z % (WM)").

However, we prefer to look at the components of a(!) and d") as inner products
in this chapter.

The second-level Haar scaling signals and the second-level Haar wavelets can
be used to represent, respectively, the second-level trend a(?) and the second-level
fluctuation d® of a signal z.
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Proposition 11.11. Let z be a signal in L*(Zy). Then

(z, VOZ;) <z,w(g>
a(z) B <Z7 Vl ) ’ d(2) _ (Zaw'/l )
(Vi) (= Wy )

The proofs of Propositions 11.10 and 11.11 follow immediately from the def-

initions for trends, fluctuations, Haar scaling signals and Haar wavelets given at
the first and second levels.

We can now give a discussion of the very important multiresolution analysis,
which we abbreviate as MRA. Let us recall that the formula for the inverse Haar
transform gives for every signal z in L?(Zy),

ao+do
ag\éido
V2
z = :
apm—1+dy—1
V2
apm—1—dp—1
V2
ag do
a9 __ 4o
V2 Vs
= : + .
an —1 dv—1
alt{gl 3445—1
V2 R
M—1 M—-1
=> a4+ > dwiY
n=0 n=0
M-1 M—1
= > GV 43w wb.
n=0 n=0

If for every z in L?(Zy), we define A and D™ by

M-—1
AD =Y (2 vV

n=0

and
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then
z=AM 4+ DO,

AM s called the first-level average signal and D) is called the first-level detail
signal of the given signal z. Iterations give

2= AL L p) — 4@ 4 p@ 4 pO
— A(3) + D(3) + D(Q) + D(l)

l
=...= A0 4 ZDU)’ z e L*(Zy),
j=1

where AU) and DU are, respectively, the j*-level average signal and the j*-level
detail signal of z. To get the formula for A®®) and the formula for D), we note
that if we apply the inverse of the first-level Haar transform to A, then we get

al a(()z)ergz)
\/% (2)2 (2)
aé ag”’ +dy
V2 2
(2) _ 4(2)
al®t ag —dg
/3 a(z)fdu)
A(l) o ay _ ~0 "0
V2
: @) @)
a —d
G‘E\}I)—l 7%71 M
el @) @
(1) a —d
Apr—1 M1 "M
V2 2
a[(jz) d(2>
& &
o? i
2
& &
ag” _dy?
— 2 + 2
(2) (2)
o, d% .
3 3
M M
__ 2
2 2
M1 M1
— E (2)1/(2) @) (2)
= a,’ V" + d; Wy
n=0 n=0
M M
M_q M_q

= > VW + Y (W)W
n=0

n=0



(0]

for all z in L?(Zy). Thus,

M1
A = 3 (v
n=0
and
|
D = 37 (s, W)W
n=0

Remark 11.12. The MRA gives us

z = A(l) + D(l) — A(z) + D(2) + D(l) — ...

-1 l
=AY L3 DW = AD 13" DY) 2 e L*(Zy).
j=1 j=1

Thus,

— — l l
L PP Y SR LR L iy SOOI L Y U i SR UL R A

is an orthonormal basis for L?(Zy). See Exercise 6. We call it the multiresolution
basis for L?*(Zy). For j = 1,2,...,1, the average signal AU) and the detail signal
DU) at level j are, respectively, given by

and

DU — Z (z, WOHYW ),
n=0
At level j, j = 1,2,...,1, the signal z is the sum of the average signal at level j and
the detail signals from the first level to the j** level. For the sake of illustration,
let us examine the first two levels in some detail. For 7 = 1, the signal z is given
by
z=AW + DO,

The first-level average signal A™) is a linear combination of the Haar scaling sig-
nals Vo(l), Vl(l), ceey VA(/})_l. Each of these Haar scaling signals is a short-lived signal
moving across the time axis in steps of two time units and lives for only two
time units. The Haar scaling signals measure short-lived trends in the signal z.
The first-level detail signal D) is a linear combimation of the Haar wavelets
Wél),Wl(l), .. .,Wﬁ)_l. Each of these Haar wavelets is also short-lived, moves
across the time axis in steps of two time units and lives for two time units. These
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Haar wavelets can detect short-lived fluctuations in the signal z. For j = 2, the
signal z is given by
2=A® £ p®@ 4L pA),
The second-level average signal A(®) is a linear combination of the second-level
Haar scaling signals V})(Q),VI(Q), . "Vf(”j)—r Each of these moves across the time
2

axis in steps of four time units and lives for four time units. Similarly, the second-
level detail signal D) is a linear combination of the second-level Haar wavelets
Wéz), Wl(z), RN Wﬁ)_l Each of them moves across the time axis in steps of four

2
time units and lives for four time units. The second-level Haar scaling signals
measure short-lived trends and the second-level Haar wavelets detect short-lived
fluctuations in the signal z. The scale on which these transients can be measured
and detected at the second level is twice as long as the scale at the first level.

Another way to see that the detail signals of a signal can be ignored is in
terms of the energy of a signal. The energy E(z) of a signal z in L?(Zy) is simply
given by

E(z) = |21

We need the following lemma in order to explain the concentration of the energy
of a signal.

Lemma 11.13. Let z and w be orthogonal signals in L?(Zy). Then
Iz +wl? = [|2]1* + [lw]*.
Proof. Using the orthogonality of z and w, we get
Iz +wl|® = (2 +w, 2+ w) = (2,2) + (2,0) + (w, 2) + (w,w) = ||2]* + [lw]*. O

Proposition 11.14. Let z be a signal in L*(Zy), N = 2!, where | is a positive
integer. Then _
E(z) = E(AY), j=1,2,...,L

The proposition tells us that the energy of a signal is concentrated in the
average signals. To see why, let us use the small fluctuation property and Lemma
11.13 to get

EDM)=E [ Y (zwmwk

I
—_—
'I\z
S

=
S~—



N1
=Y {dPy =0
n=0

for k=1,2,...,1. Thus, by Lemma 11.13 again,

J
E(z)=E (A(j) +Y)° DW)
k=0
2

J
AD 37 p®)

k=0

J
= [|AD)? + Y ID®)?
k=0

= AV = E (A(j)>
forj=1,2,...,L.

The concentration of energy of a signal in the average signals can best be
seen by means of the following example.

Example 11.15. Let z be the signal in L?(Zg) defined by

4
6
10
12
8

6
5
S

Then the first-level trend ") and the first-level fluctuation d) are given by

52 V2
LSO | V2| V2
w2 o’ V2
5V2 0

The second-level trend a(® and the second-level fluctuation d® are given by
2 _ (16 @_( 6
a\” = ( 12 ) , d\ = ( 9 .

3
1) _ (1)y,(1)
Al —Eiaj Y
j=0

Now,
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and hence
E(AW) = [[AW[2 = ||V |* = 440.
Since
E(z) = ||2[|* = 446,

it follows that 98.7% of the energy of the signal z is in the first-level average. Now,
note that

1
(2 _ (2)y,(2)
A® =3 aV]
j=0
and hence
E(A®) = AP = @) = 400,
which is 89.7% of the energy of z.

Exercises

1. Prove that {ngVo(l) iVI:f)lU{R%WO(l) }116\4:61 is a time-frequency localized basis
for L*(Zy).

. Prove Proposition 11.10.

W N

. Prove Proposition 11.11.
. Prove that

I

o = D=+ ("))
and
dY = D(z « (WEM)").

5. Use the Haar wavelets to write down explicitly the full MRA
1
AO 4 Z 1519
j=1

of the signal z in L?(Zg) given by

— =
o O O

Ut Ot O 00

6. Prove that
1 2 2 — — l l
W W b AW WD ) ()

is an orthonormal basis for L?(Zy).



Chapter 12
Daubechies Wavelets

We first give a more detailed discussion of the small fluctuation property for the
first-level Haar wavelets. Once this is understood, we can ask whether or not the
same property can be upheld for other wavelets. It is in this context that we
introduce the Daubechies wavelets in this chapter.

Let 2 be a signal in L?(Zy). We again suppose that N = 2M, where M is a
positive integer. Let us write

Z(N.— 1)

Suppose that z is obtained by sampling an analog signal g and we assume that g
has a continuous second derivative. So,

Z(n):g(tn), n:O,l,...,N—l,

We also suppose that the sample values are obtained in such a way that the step
size h at time t, given by
h = tpy1 —ty

is the same for n = 0,1,..., N — 1. Let us now compute the fluctuation (z, I/V(gl))7
where Wél) is the first Haar wavelet at the first level, i.e.,

51
B2
0

ww | 0

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 79
DOI 10.1007/978-3-0348-0116-4_12, © Springer Basel AG 2011
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Then, using Taylor’s theorem,

(2, Wol))

Il
w

0)B1 + 2(1)B2
0)B1 + g(t1)B2
0)B1 + g(to + h)B2
)
)

I
=

0)81 + {g(to) + O(h)} B2
0)81 + {2(0) + O(h)} B2
0)(B1 + B2) + O(h)

as h — 0. It is physically intuitive that if the step size goes to zero, then the
fluctuation of the signal also goes to zero. Thus,

(
(
(
(
(
(

z
z
z

(2. Ws") = O(h)

as h — 0, or equivalently, 81 + 82 = 0. This is indeed the case for the Haar wavelet
numbers

1 1
51:E7B2:_ﬁ~

Let us now go one step further and look for new wavelets by determining
wavelet numbers 1, B2, f3 and (4. What does the small fluctuation property
impose on these four numbers? To answer this question, let us note that the first
wavelet at the first level is given by

A
Ba
B3
Wt = 504

0
So, by Taylor’s theorem, the fluctuation (z, Wél)) of the signal z is given by

(2. W§V) = 2(0)B1 + 2(1)B2 + 2(2)Bs + 2(3)Bs
= 2(0)B1 + g(t1) B2 + g(t2) B3 + g(t3) P4
= 2(0)B1 + g(to + h)B2 + g(to + 2h) B3 + g(to + 3h)Ba
= 2(0)B1 + {g(to) + ¢'(to)h + O(h*)} B
+ {g(to) + ¢'(to)2h 4+ O(h*)} B3
+{g(to) + ¢'(to)3h + O(h*)} s
= 2(0)(B1 + B2 + B3+ Ba)
+ g (to)h(Ba2 + 283 + 3B4) + O(h?) (12.1)
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as h — 0. Again, we invoke the physical intuition that if the step size goes to
0, then the fluctuation of a signal goes to 0. In addition to this intuition, we
expect from (12.1) that the more refined wavelet Wél) should be able to detect
the O(h?)-fluctuation in this case. Thus, it is reasonable to expect that

(2, W5") = 0(h?)
as h — 0. So, by (12.1), we get
Pi+ B2+ B3+ Pa=0 (12.2)

and
Bo + 283+ 384 =0. (12.3)

The equations (12.2) and (12.3) on (4, f2, 83 and 54 are two of the most important
ingredients in the construction of the Daubechies wavelets to be studied next.
We begin with introducing another orthonormal basis for L*(Zy) consisting

of the first-level scaling signals Vo(l), Vl(l), ey VI(Vlzl and the first-level wavelets

2

I/Vo(l),Wl(l)7 . .,W(El)_1 due to Daubechies. Motivated by the small fluctuation
2

property, we suppose that

B1 0 B3
B2 0 Ba
B3 b1 0
B4 B2 0
0 Bs 0
0 0
wi = | o v =] % Wy =1 o |
0 0 ;
0 0 0
: : 0
0 0 b1
0 0 5o

where the wavelet numbers 31, 82, 83 and (4 are configured in such a way that in
W(ﬂlll, B3 and B4 are rotated to the top. Furthermore, the wavelet numbers (1,
2

B2, B3 and (4 satisfy the system of nonlinear equations given by

B+ B85+ B85+ 61 =1, (12.4)
B1+ P2+ P33+ 81=0, (12.5)
B2 4283+ 384 =0, (12.6)
B1Ps + P28 = 0. (12.7)
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It should be noted that (12.4) and (12.7) follow from the orthonormality of the
wavelets {Wél),Wl(l),...7W(ﬂl)_1}, and (12.5) and (12.6) are just, respectively,
2

(12.2) and (12.6) in the last chapter. Solving the nonlinear system for S, 2, f3
and (4 gives us

1-V3 V3-3 3+V3 -1-V3

ﬂl_ 4\/—362 4\/—7ﬁ3 4\/—754 4\/§ )
or
_1-3 V3-3 3+43 -1-V3
ﬁl_ 4\/—7ﬁ2 4\/—7ﬂ3 4\/—754 W

We take the first set of values for 51, 52, f3 and 4 as the wavelet numbers.
In order to determine the first-level scaling signals, we use the following fact.

Lemma 12.1. Let ) € L*(Zy), N = 2M, be such that { Roxp} ;! is an orthonor-
mal set with M distinct signals in L*>(Zy). If we define ¢ € L*(Zy) by

p(n) = (-1)"""W(1-n), neZ,
then {Ropp}alyt U{Rarb} oyt is a time-frequency localized basis for L*(Zy).

Proof. For all m in Z, we can use the definition of the finite Fourier transform and
periodicity to get

—2mimn/N

_ (_1)n—1m6—2mmn/N

n=0
2—N
— (_1)—k,l/](k)e—2m'(1—k)m/N
k=1
N-1
727r2m/N Z 27Tikm/N

_ 6727rim/NZ w(k)6727ri(m+M)k/N
k=0

= 72Ny (m 4+ M). (12.8)
So, by (12.8) and the periodicity of ), we get
P(m+ M)
_ e—27ri(m+M)/N,l[)(m + 2M)
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_ e—27riM/Ne—27rim/N,LZ)(m)
= —e 2N () (12.9)
for all m in Z. Hence, by (12.8), (12.9) and Lemma 9.6, we get
B + [p(m + M) = [d(m)? + [bm + M) =2 (12.10)
form=20,1,..., M — 1. Moreover,

p(m)d(m) + ¢(m + M) (m + M)

_ e—Qﬂim/Nm — e—Qﬂ'im/Nm
. (12.11)

form =0,1,...,M — 1. Thus, by (12.10), (12.11) and Theorem 9.8, the proof is
complete. O

We can now use Lemma 12.1 to determine the first-level scaling signals.
Indeed, we define V" by

Vi (n) = (-)"' Wi (1-n), nez, (12.12)
and then define Vk(l), k=,1,2,...,M — 1, by

v = Ry VY.

We note that, by (12.12),

0

and hence the scaling numbers a4, as, ag and a4 are given by

ay = —f4, g = B3, az = —fa, ag = Bi.
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We call Vo(l)7 Vl(l), ce Vﬁll the first-level Daubechies scaling signals, and

Wo(l), Wl(l), ceey Wﬁll the first-level Daubechies wavelets.

As in the case of Haar wavelets, the Daubechies scaling signals and the
Daubechies wavelets at the first level and the second level are generated from
the standard basis for L?(Zy). Indeed, we get

Vn(ll) = q1€am + Q2€2m11 + Q3€2my2 + u€amis, m=0,1,..., g -1
AR quz(;l) + 042‘/2(711)-"-1 + 043‘/2(711)+2 + a4V2(,;)+37 m=0,1,..., % -b
WD = Bieam + Boami1 + Bscamiz + Bareamss, m=0,1,..., % -b
and
Wi = 51‘/2(;3 + 52‘/2($L)+1 + 53‘/2(;34—2 + 54V2(;1)+3’ m=01... g -b

with the understanding that

v =vW mez

m+%

Let z € L*(Zy), N = 2!, where [ is a positive integer. Then for j = 1,2,...,1,
we can define the j*-level trend a?) and the j*-level fluctuation d?) by

(% V")
(Z,Vl(]))

and

The MRA of a signal z in L?(Zy) is then given by

L= AL L p) — 4@ 4 p@ 4 pO)
— A(3) + D(3) + D(Q) + D(l)

l
— = A0 13 D),
j=1
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where AU and DU are the j'-level average signal and the detail signal of z
given, respectively, by

N
27
AW — Z CRAN A
n=0
and
N
27
DU — Z (2, WHw,
n=0

By now, we have enough evidence and hence confidence to conclude that the
mathematics for the Daubechies wavelets is the same as the mathematics for the
Haar wavelets. What is then the point of studying Daubechies wavelets when the
Haar wavelets are already there to give the mathematics of wavelets? The answer
is that, in general, the Daubechies wavelets are much more refined tools in signal
analysis than the Haar wavelets. However, signals abound in such great complexity
and variety that we cannot expect a single method or a few techniques can serve
them all. A time-frequency localized basis that is good for one kind of signals may
not work as well for another kind. Thus, it is desirable to have as many good
wavelet bases as possible.

Example 12.2. For the signal z in Example 11.15 given by

4
6
10
12
8 7
6
5
5

if we use the Haar wavelets, then 98.7% of the energy is in the first-level average.
Let us see how it works out when we use the Daubechies wavelets. We get

16—3v/3

V2
19423
2
11.54V3
2

S

o —

sk

Then, as in Example 11.15,
AW = [latD|? = 443.35,

which is 99.4% of the energy of the original signal z. Thus, we can improve the
concentration of energy when the Daubechies wavelets are used instead of the
Haar wavelets.
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We end this chapter with some remarks. The Haar wavelets have two nonzero
wavelet numbers given by

1
B = 7
1
7
We may call these Haar wavelets Haar(2) wavelets. The N/2 first-level Daubechies

wavelets in this chapter, also referred to as the Daub(4) wavelets, have four
nonozero wavelet numbers 51, 82, 83 and (4, which can be solved from a nonlinear

and

Br=—

system of four equations. The Daubechies wavelet W( ) , has a wrap-around in

which f5 and (4 are rotated to the top. Using the methodology of the previous
chapter and this chapter, wavelets having six nonzero wavelet numbers with wrap-

around in Wél) and in W(ﬂl) have also been devised and they are dubbed Coiflets

or Coif(6) wavelets in deference to Coifman. In addition to the Haar(2), Daub(4)
and Coif(6) wavelets, there are many other kinds of wavelets. Details can be found
in the book [45] by Walker.

Exercises
1. Solve Equations (12.4)—(12.7) for the wavelet numbers 51, 82, O3 and (4.
2. Repeat Exercise 5 of the preceding chapter using the Daubechies wavelets.

3. For the signal z in L?(Zg) given in Exercise 5 of the preceding chapter, use
the Daubechies wavelets to find the % of the energy of the signal saved in
the second-level average A2,



Chapter 13
The Trace

We give in this chapter a class of linear operators A from L?(Zy) into L?(Zy) for
which the trace tr(A) of A can be computed.

Let o and ¢ be signals in L?(Zy). Then we define the linear operator T, , :
LQ(ZN) — L2(ZN) by

N—
TU#PZ = U(k)(ZﬂTktp)’ﬂ'ng, S LQ(ZN)v
k=0

=

where
e = VN(Rrp)Y, k=0,1,...,N—1.

The following fact tells us that if we choose the signal ¢ to be the unit
impulse ¢, then the linear operator 75, is a scalar multiple of the Fourier multiplier
associated to the symbol o.

Proposition 13.1. Let o be any signal in L*>(Zy). Then
Tys =Ty

Proof. For k=0,1,..., N—1, we get, by the definition of the inverse finite Fourier
transform and Proposition 1.23,

(Ri6) (n) = l(Rké)A(—n) = ie%mk/N&(—n), n € 7. (13.1)
N N
Using (13.1) and the fact that 6(m) = 1 for all m in Z, we get for k = 0,1,..., N—1,
(Ri6)Y (n) = %ez”mkﬂv = Fi(n), neZ.

Therefore
6 =VNF,, k=01,...,N—1. (13.2)

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 87
DOI 10.1007/978-3-0348-0116-4_13, © Springer Basel AG 2011
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Since )
(2, Fy) = Né(k), k=0,1,...,N —1,

it follows from (13.2) and the definition of T, 5 that

§Z—NZO' (z, Fy)F,
N—

1
o(k)2(k)Fy, z¢€ L*(Zy). (13.3)
k=0

Using the definition of the Fourier multiplier and the Fourier inversion formula,

we can see that
N-1

o Fon, z€L*Zy). (13.4)
m=0
So, by (13.3) and (13.4),
Tos5="T5.

}

Let us choose a signal ¢ in L?(Zy) such that
[p(m)| =1, meZ.

Then, by Proposition 8.8, we know that {Rop, Rip,..., Ry_1¢} is an orthonor-
mal basis for L?(Zy). Hence, using Parseval’s identity and the Fourier inversion
formula, we get for j,k=0,1,...,N — 1,

(i, mep) = N((Rjp)”, (Rrep) ")

o . _ laj:ka
= (RJ%RHP) = { 0, # k.

So, {mop, 1@, ..., Tx_1p} is an orthonormal basis for L?(Zy). With this obser-
vation, complete information on the eigenvalues and eigenfunctions for the linear
operator Ty, is contained in the following proposition, which is an extension of
Theorem 6.1.

Proposition 13.2. Let o be a signal in L*(Zy) and let ¢ be a signal in L*(Zy)
such that
|p(m)| =1, meZ. (13.5)

Then the eigenvalues of the linear operator T, are given by
a(0),0(1),...,0(N —1).

Moreover, for m =0,1,...,N — 1, the eigenfunction of T, , corresponding to the
eigenvalue o(m) is the signal 7, p.
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Proof. Form =0,1,..., N —1, we get, by the definition of 7}, , and the orthonor-
mahty of {Tfo@, TP, - 77TN7150}7

N—1
Top(Tmp) = Z o (k) (Tme, Tre)Trp = o (m)mme,
k=0
and this completes the proof. O

In the more often case when the signal ¢ does not fulfil the condition (13.5),
the computation of the eigenvalues and eigenfunctions of 7, , is more difficult.
However, some information on the eigenvalues, i.e., the trace tr(7, ), can still
be obtained in terms of the symbol o. To this end, a brief and self-contained
recapitulation of the trace of a square matrix may be in order.

The trace tr(A) of an N x N matrix A with complex entries is the sum of
the eigenvalues, repeated according to multiplicity, of A. The best scenario is that
we are able to compute all the eigenvalues of A explicitly. This is very often very
difficult. In the case when we do not know the eigenvalues explicitly, the trace will
give us some information about the eigenvalues.

Theorem 13.3. Let A be an N x N matriz with complex entries. Then
N—-1
tr(4) = ) aj;,
j=0

where apo, a11,-..,aN—1,N—1 are the diagonal entries of A.
Proof. The characteristic polynomial p(A) of the matrix A is given by
p(A) = det(A — \I),

where det{---} is the determinant of {---} and I is the identity matrix of order
N x N. By the fundamental theorem of algebra, we can write

PA) = (o = A (A = A) - (Av-1 = ),

where Ao, A\1,...,Any_1 are the eigenvalues of A, which are counted according to
multiplicity. The coefficient of AN=! is then easily seen to be (—1)N "'tr(4). On
the other hand,

agp — A a1 ap,N—1
a10 aip — A - a1, N—1
p(A) = det
aN—-1,0 aN-1,1 -*** GN—1,N—1— A

It follows from the definition of the determinant that the determinant is a sum
of terms in which each term is a product of entries contributed by each row and
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each column exactly once. Thus, the terms of degree N — 1 in p(A) can only come
from (agy — A)(a11 — A) -+ (an—1.8-1 — A). So, the coefficient of AN ~! is equal to
(—pN! Z;y:_ol a;j. This completes the proof. O

The following theorem on the computation of the trace is often useful.

Theorem 13.4. Let A be an N x N matriz with complex entries. Then

N-1
tr(A) = Y (Ag;, ¢5),
§=0
where {©o, p1,- -, oN_1} is any orthonormal basis for L?(Zy).

Proof. Let B = {¢o,¢1,...,¢n_1} be an orthonormal basis for L?(Zy). Then
Apo = agopo + aropr + -+ AN_1,0PN—1,

Apr = ag1po + i1+ Fan—1,19N-1,

Apn_1 = oo, N-190 + a1 N—1p1 + -+ ON—1 N—1PN—1-

In other words, for 0 <i < N —1,
Ap; = agipo + aripr + - aN—1iON-1- (13.6)
Using the orthonormality of the basis B, we get
aij = (Apj, i), i,j € ZLN.
So, the matrix (4)p of A with respect to the basis B is given by
(A)B = (aijo<ijen-1 = ((Apj,i))o<ij<n-1- (13.7)

Let S = {¢g,€1,...,enx_1} be the standard basis for L?(Zy). The matrix (A4)g of
A with respect to S for L?(Zy) is the same as the matrix A = (a;;)o<;i j<n—1. Let
us now compute the change of basis matrix from S to B. To do this, we note that

€0 = Cooo + ciop1 + -+ CN-1,0PN-1,

€1 = Co1p0 + C11p1 + - -+ CN—1,1PN -1,

EN-1=CoN-190 +t CI,N—1P1 T -+ CN-1 N-1PN-1-

More succinctly, we can write for 0 <i < N — 1,

€ = Coipo + Crip1 + - F G N_1PN-1- (13.8)
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Using the orthonormality of the basis B, we get

Cij = (ej’wi)v Zv] € Z.

Let
C = (cij)o<ij<n-1 = ((€),%i))o<ij<n—1-
Since
N—1 N—1
Cljck] - 6]7901 ()Okaej)
=0 j=0
N—1
=) (o (p1,€5)€5)
=0
N—-1
Pk, Z <Pl7€j
7=0

_ - 1Lk=1,
T WRPUT 0,k £1,

it follows that C' is a unitary matrix. Now, we note that the coordinates (z)p with
respect to the basis B are given by

(2)p=Cz, z€L*(Zn),
and
A=C"Y(A)sC. (13.9)
To see that (13.9) is true, we use (13.6) and (13.8) to obtain for 0 <i < N —1,

N-1 N-1

N-—1
Aey = § ciApp = Cli QRIPE
=0 =0 k=0
—1

N—-1 /N-1 N
- Z (Z aszu) Yk = Z((A)Bc)kisok, (13.10)
k=0 \ =0

= k=0

where ((A)pC)y; is the entry in the k" row and i*" column of the matrix (A)pC.
On the other hand, using (13.8) again,

N-—1 N-—-1 N—-1
Ae; = E ay;Aep = ay; CkLPk
=0 1= k=0

or =Y (CA)ipr, (13.11)
k=0

I
b4
L
—
%
L
2
NP
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where (C~1A);; is the entry in the k" row and i*" column of the matrix CA.
Thus, by (13.10) and (13.11),
(A)pC =CA

and hence
A= C_l(A)BA,

as asserted. So, by (13.7) and (13.9),

N-1
(aij)o<ijn—1 =C" (Z ailclj)
1=0 0<i,j<N—1
N-1
(Z Cki Z OélegJ> . (13.12)

0<i,j<N—1
Thus, by (13.12) ,
N-1
ajj = Z apiccr;, Jj=0,1,...,N —1,
k,1=0

and hence, using the unitarity of C,

N1 N-1  N-1 N1 N—
E a;; = E Qg E CljChy = E Qg = E (Apk, i)
=0 ki=0  j=0 =0 P

Thus, by Theorem 13.3 and the definition of the trace, the proof is complete. [
We can now compute the trace of 75 .

Theorem 13.5. Let o and ¢ be signals in L*(Zy). Then the trace tr(T, ,) of the
linear operator T, , associated to the signals o and ¢ is given by

N-1

t1(Top) = llel® D o(k).

k=0
Proof. Let {zo,21,...,2nv_1} be any orthonormal basis for L?(Zy). Then

N-1
tr<Ta>¢) =

™

<
I
o

(Top255 %)

i
i

(k)| (=), mreo)
0
N—

I
biliing
i

Il
q

(25, )] (13.13)
=0

>
Il
o

<.
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Since {z,21,...,2n_1} is an orthonormal basis for L*(Zy), it follows that for

k=0,1,...,N — 1, we get

N—
TP = E Wk‘P,Z] 24,
7=0

and hence, by Lemma 11.13,
2

N-— N-—
Imepl® = Z (Tkep, 25)%; Z TP, 25)|
j=0 7=0

So, by (13.13) and (13.14), we get

N—

H

o(k)[lmel.
k=0

By Plancherel’s theorem, we get for k =0,1,...,N — 1,
Imeell® = NII(Rep)” [I* = | Buell* = lle]l*.
Thus, by (13.15) and (13.16),

N-1

(To) = el Y (k).

k=0

Exercises

(13.14)

(13.15)

(13.16)

1. Let b € L?*(Zy). Prove that the convolution operator Cy, : L?(Zy) — L*(Zy)
is a linear operator of the form T, ,, : L*(Zn) — L*(Zy), where o and ¢ are

signals in L?(Zy).

2. Let b € L?(Zy). Compute the trace tr(Cj) of the convolution operator C, :

LQ(ZN) — LQ(ZN)

3. For all signals o and ¢ in L?*(Zy), the linear operator A,

L?(Zy) is defined by

N—

H

o(k)(z, pre)pre, =€ L*(Zn),

k=0

where
prp = (M_p)Y, k=0,1,....,N —1,

and M _;, is defined in Exercise 1 of Chapter 8. Suppose that

1
pm)| = -, mezZ

: LQ(ZN) —

(13.17)

Find all the eigenvalues and the corresponding eigenfunctions of A, .
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4. Let o and ¢ be signals in L?(Zy) Compute the trace tr(4, ) of the linear
operator A, : L?(Zy) — L*(Zn) defined as in the preceding exercise, but
without the condition (13.17).

5. Prove that for all N x N matrices A and B,
tr ([4, B]) = 0,
where [A, B] is the commutator of A and B defined by
[A,B] = AB — BA.
6. Let A and B be N x N matrices such that
B=C"'AC,

where C' is an N x N invertible matrix. Prove that

tr(A) = tr(B).



Chapter 14
Hilbert Spaces

Our starting point is an infinite-dimensional complex vector space X. An inner
product (, ) in X is a mapping from X x X into C such that

o (ax+ By, 2) = a(z,2) + B(y, 2),
o (z,ay+ B2) =a(x,y) + B(x, 2),
e (z,2) 20,

o (z,2)=0&2=0

for all z, y and z in X and all complex numbers a and 8. Given an inner product
(, ) in X, the induced norm || || in X is given by

|z]* = (z,2), =e€X.

Let us make a very useful remark that from the definition of an inner product
we can prove that

(z,y) = (y.2), z,y€X.

We leave this as an exercise. See Exercise 1.
The most fundamental fact about an inner product is the Schwarz inequality
to the effect that for all x and y in X,

(@, y) < [zl [yl

and equality occurs if and only if  and y are linearly dependent. We leave the
proof of the Schwarz inequality as an exercise. See Exercise 2. Let us also recall

that ||| is @ norm in X in the sense that for all z and y in X and all complex
numbers «,

=] >0, (14.1)

|z =0z =0, (14.2)

loz|| = [af ], (14.3)

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 95

DOI 10.1007/978-3-0348-0116-4_14, © Springer Basel AG 2011
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lz +yll < [zl + [lyll. (14.4)

The easy proof is left as an exercise. See Exercise 3.
Let X be an infinite-dimensional complex vector space in which the inner
product and the norm are denoted by, respectively, (, ) and || ||.
Let {z;}32, be a sequence in X. Then we say that {z;}32, converges to x
in X if
lj — =[] =0

as j — oo. It is easy to to prove that if {x; };";1 converges to x in X, then

(zj,y) = (z,9)

for all y in X. The simple proof is left as an exercise. See Exercise 5.
A sequence {z; };";1 in X is said to be a Cauchy sequence if

[ = @xll =0

as j,k — oo. If every Cauchy sequence in X converges, then we call X a Hilbert
space.

Remark 14.1. A complex vector space X is said to be a normed vector space if
there exists a function || || : X — [0, c0) satisfying (14.1)—(14.4). Such a function
is a norm in X. A normed vector space in which every Cauchy sequence in X
converges in X is said to be complete. A complete normed vector space is called a
Banach space. While Banach spaces do not belong to the main focus in this book,
they do come up frequently in our discussions.

A sequence {z;}32; in a Hilbert space X is said to be orthogonal if
(xj,25) =0

for all positive integers j and k with j # k. An orthogonal sequence {z; }‘;‘;1 in a
Hilbert space X is said to be an orthonormal sequence if

An orthonormal sequence {z;}32; in a Hilbert space X is said to be complete if
every element x in X with the property that

(x,2;) =0, j=1,2,...,

is the zero element in X. We call a complete orthonormal sequence in a Hilbert
space X an orthonormal basis for X.

We assume that every Hilbert space X encountered in this book has an
orthonormal basis {cpj};”;l in the sense described in the preceding paragraph.
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Let {x; };";1 be a sequence in a Hilbert space X. For every positive integer
n, we let s, be the partial sum defined by

n
Sp = E Zj-
j=1

If the sequence {s,, };2; converges to s in X, then we say that the series Y 7, z;
converges to s in X and we write

oo
E .’Ej = S.
j=1

The series Z _, x; is said to be absolutely convergent if

oo
> llajll < oo
j=1

Proposition 14.2. Let {x;}52, be a sequence in a Hilbert space X such that the
series 23:1 x; is absolutely convergent. Then ijl x; converges in X.

The proof of Proposition 14.2 is very easy and is left as an exercise. See
Exercise 6.

We now give two useful lemmas. The first lemma is an inequality, which is
known as the Bessel inequality.

Lemma 14.3. Let {;}32, be an orthonormal sequence for a Hilbert space X . Then

for all elements = in X,

Dl el <l

J=1

Proof. For all N in N, let sy be the partial sum given by
N
SN = Z(xa ()0])30]
j=1
Then

lz = snll* = (z,2) = (2,55) = (55, 2) + (55, 53)
= |l2[|* — 2Re(, sn5) + [[snI*.

But
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and
N N
Isnll® = [ D (@005, > (2, or)ex
j=1 k=1
N N N
=D (@)@ en) (i on) = > a,05)
J=1 k=1 i=1
So,

N
lz —swl® = |z = Y (2,0,

j=1
or equivalently,
N
Dol )P = Nzl — llz — snll?.
j=1

Therefore

N
Z\ 2, 0)|* < |

<.
[

Letting N — oo, we get

Hilbert Spaces

oo
Do l@ )P < llz)*. 0
=1
The second lemma is a criterion for a series to converge in X.
Lemma 14.4. Let {4,0] 1 be an orthonormal sequence in a Hilbert space X. Let

{a]}J: be a sequence of complex numbers. Then Zj:l o converges in X if

and only if

o0
Z loj]? < .
j=1

Proof. Suppose that Z _, ajp; converges to x in X. Then for all positive integers

MandNWltthN

M

M
Zaj@jHPN = Z%(@jﬂﬁv) =an-
j=1

j=1

Letting M — oo, we get

I QON ZaJ<Pj7‘PN = QaN.
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By Bessel’s inequality in Lemma 14.3, we get

o0 oo
Do lanP =" I en)f < Jlz)* < oo
N=1 N=1

Conversely, suppose that
o]
Z loj]? < .
j=1

For all positive integers M, let

M
SM = E QjQj.
j=1

Then for all positive integers M and N with M > N,
M M
lsar = swll? = llagei > = D ey > = 0
j=N j=N

as N — o00. So, {sa}37-; is a Cauchy sequence in X. Since X is a Hilbert space,
it follows that sp; — x for some = in X as M — oo, and the proof is complete. [

The following simple facts on series in Hilbert spaces are easy to be estab-
lished and are also left as exercises. See Exercises 7 and 8. The first proposition is
an infinite-dimensional analog of Pythagoras’ theorem.

Proposition 14.5 (Pythagoras’ Theorem). Let {x;}32, be an orthonormal sequence
in a Hilbert space X and let {a;}52, be a sequence of complex numbers such that
Z?’;l oz converges in X. Then

2

o0 o0
Yozl =) layl
j=1 j=1

The second proposition is a formula for the inner product of two series in a
Hilbert space.

Proposition 14.6. Let {x;}22, and {y;}32, be sequences in a Hilbert space X such
that 3272 x; and Y772, y; both converge in X. Then

o0 oo oo
ijazya ZZ Ty, Yk)-
j=1

j=1k=1
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Remark 14.7. In an orthonormal basis {;}52, for a Hilbert space, we have used
the set N of all positive integers for the index set of the basis. In fact, any infinite
and countable index set J can be used instead of N because .J can be put in a
one-to-one correspondence with N.

The following theorem contains all that we need to know about orthonormal
bases for Hilbert spaces.
Theorem 14.8. Let {¢;}52, be an orthonormal basis for a Hilbert space X. Then
for all x and y in X, we have the following conclusions.

(i) (The Fourier Inversion Formula)
T = Z(% ©5)P;-

<
=

(ii) (Parseval’s Identity)

(z,9) =) _(7,9;)(¢),y)

ST

<
Il
Ja

(iii) (Plancherel’s Theorem)
2] =D Iz, )1
j=1

Proof. By Bessel’s inequality in Lemma 14.3, the series Z;‘;l(x, ;) converges
in X. Let y be the element in X such that

—Z(w ©;)¢e

Then for k=1,2,...,

(W, 00) = (. 00) = >_(2,0) (5. o) = (@, 08) — (z,08) = 0.

J=1

Since {g; 521 is an orthonormal basis for X and hence complete, it follows that

y = 0. Therefore
Z (2, 05)¢
Jj=1

This proves the Fourier inversion formula. As for Parseval’s identity, we write

o

<
I
—

(z,05)p)
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and .
Z Y, QDk
k=1

Then by Proposition 14.6,

(l‘,y) =

~/

oo o0
Z(ma J7Z Y, @k
k=1

j=1

Z ERICIRDS)

il

1k

<.
Il

(z,5)(5,9)-

7

BN
I
—

Then Plancherel’s formula follows immediately from Parseval’s identity by letting
Yy =x. (|

We end this chapter with a more in-depth study of the inner products in
Hilbert spaces culminating in the Riesz representation theorem.

Let X be an infinite-dimensional Hilbert space in which the inner product
and norm are denoted by, respectively, (, ) and ||||. A linear functional on X is
a linear transformation from X into C, where C is to be understood as a one-
dimensional complex vector space. A linear functional 7" on X is said to be a
bounded linear functional on X if there exists a positive constant C' such that

T(@)] < Cllzfl, =eX.

It can be shown that for every fixed element y in X, the linear transformation
T : X — C defined by

T(z) = (z,y), z€X,
is a bounded linear functional on X. See Exercise 9. That all bounded linear
functionals on X come from inner products in this way is the content of the Riesz

representation theorem. Before embarking on a proof of this fact, we first have a
glimpse into the geometry of Hilbert spaces.

Theorem 14.9. Let M be a closed subspace of X in the sense that the limits of all
sequences in M lie in M. Let x € X \ M and let d be the distance between x and
M defined by

d= inf ||z —z|.
zeM
Then there exists an element z in M such that

|z — z|| = d.
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Proof. There exists a sequence {2;}72; in M such that
[ =zl = d
as j — 00. By the law of the parallelogram in Exercise 4, we get for j,k =1,2,...,

20z — 2|” + 2|z — 2l

=@ = 2) + (@ = z)II” + (@ — 2) — (@ — 2%,

which can be rewritten as

2
zZj+z
o= T2 b -l =2l - sl 42— alt (145)
Since
d<Hx—zj+—Zk7 jk=1,2,...,

it follows from (14.5) that for j,k =1,2,...,
1z = 2kll* < 2z = 2|* + 2||z — 2]|* — 4d® — 0

as j,k — oo. Therefore {z; 521 is a Cauchy sequence in X. Since X is complete,
there exists an element 2z in X such that

Zj — %z
in X as j — oco. But {zj}Jo»';l is a sequence in M and M is closed. So, z € M and

d= lim ||z — z;|| = ||z — || O
j—o0

Let M be a closed subspace of a Hilbert space X. Then the orthogonal
complement M=+ of M is defined by

M*+={zeX:(z,y)=0,y€ M}.

Theorem 14.10. Let M be a closed subspace of a Hilbert space X. Then for every
x in X, we can find unique elements v and w such that v € M, w € M+ and

Tr=v+w.

Proof. Tf & € M, then we can let v = 2 and w = 0. If ¢ M, then we can apply
Theorem 14.9 to obtain an element z in M such that

[ = z[| = d,

where
d= inf ||z —z|.
zeEM
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Then we can write
x=z+ (z—2)

and note that * — 2z € M. Indeed, let w = x — 2. Then w ¢ M. Hence for all
nonzero elements v in M and all complex numbers «a, we get

d* < |lw — oul® = |[w|[* — 2Re(a(u, w)) + [a]?||u]]*. (14.6)

If we write

(s w) = |(u, w)|e! & )

and choose « such that

_ —iarg (u,w
a =te ( ),

where ¢ is any positive number, then by (14.6),

d* < Jlwl® — 2t|(u, w)| + ¢ |lul|?

_ ||u||2 <t2 . 2t|(u’w)‘ |(u,w)|2> e |(u7w)|2

ul? [l [l

_ ||u||2 <t _ |(u’w>|> +d2 _ ‘(u’w)|2 (147)

[l [

If we let ¢ = L@l iy (14.7), then

fTull?
[(u,w)[* < 0.
Thus, (u,w) = 0, which is the same as saying that
r—z€e Mt
Finally, for uniqueness, let us assume that
T =v1 + wy

and
T =v2+ w2,

where vy, v € M and wq, wy € M. Then

V1 — Vg = Wy — W1q.

Thus,
V1 — Vg € MQML,

which means that
||’Ul — ’U2||2 = (’Ul — V2,VU1 — ’02) =0.

So, v1 — vg = 0, i.e., v1 = vo. Similarly, w; = ws, and the proof is complete. O
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As a corollary of Theorem 14.10, we give the following result.

Corollary 14.11. Let M be a proper and closed subspace of a Hilbert space X . Then
there exists a monzero element y in X such that

(y,2) =0, =zeM.
Proof. Let x € X \ M. Then by Theorem 14.10,
r=v-+w,

where v € M and w € M*. Let y = w. Then the corollary is proved if we can
show that w # 0. But
w=0=>x=veM,

which is a contradiction. O
Here is the Riesz representation theorem as promised.

Theorem 14.12 (The Riesz Representation Theorem). Let T' be a bounded linear
functional on a Hilbert space X. Then there exists a unique element y in X such
that

T(x) =(x,y), z=€lX.

Proof. If T(xz) = 0 for all  in X, then we take y = 0 and the theorem is proved.
So, suppose that T" is not identically zero. Let M be the subspace of X defined by

M={zxe X :T(x)=0}.

Then M is the null space of T" and, by Exercise 10, must be closed. By Corollary
14.11, there exists a nonzero element w in X such that w € M=+. Then w ¢ M.
Hence T'(w) # 0 and for all z in X,

T(T(w)r — T(x)w) =T(w)T(x) — T(z)T(w) = 0.

So,
T(w)x — T(z)w € M.

Since w € M, it follows that
(T(w)r — T(x)w, w) =0,
which can be expressed as

T(@)||w]* =T (w)(z,w).

T(x) = (&Ww) , x€X,

Thus,
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T(w)

and the theorem is proved by taking y = T2 W- To prove uniqueness, let y; and
12 be elements in X such that

T(x) = (z,y1)
and

T(x) = (x,y2)

for all x in X. Then
(xvyl_yQ):Oa £L'€X.

If we let @ = y1 — y2, then
lyr — w2ll* = (11 — y2,51 — y2) =0
and hence y; = ys. O

Exercises

1. Use the definition of an inner product to prove that for all £ and y in a
complex vector space X with inner product (, ),

(z,y) = (y, ).

2. Let X be a complex vector space equipped with an inner product (, ) and
the induced norm || ||. Prove that for all z and y in X,

(@, )] < llz]llyl

and equality occurs if and only if z and y are linearly dependent.

3. Prove that the norm || || induced by an inner product (, ) in a complex vector
space X has the properties (14.1)—(14.4).

4. Let X be a complex vector space in which the norm || || is induced by the
inner product (, ). Prove that for all z and y in X,

lz+yl1* + llo = ylI* = 2]|z* + 2[lyll*.

Explain why this is sometimes known as the law of the parallelogram.

5. Let X be an infinite-dimensional complex vector space with inner product
(, ). Prove that if {z;}32, converges to x in X, then for all y in X,

(z5,y) = (2,9)
as j — oo. Is the converse true?

6. Prove Proposition 14.2.
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7. Prove Proposition 14.5.
8. Prove Proposition 14.6.

9. Let X be a Hilbert space in which the inner product and norm are denoted
by, respectively, (, ) and ||||. Let y € X. Then prove that the mapping
T : X — C defined by

T(x) = (z,y), zeX,

is a bounded linear functional.

10. Prove that the null space of a bounded linear functional 7" on X must be a
closed subspace of X.

11. Prove that for all elements z in a Hilbert space X with inner product (, )
and norm || ||,

]l = sup [(z,y)].
lyll=1
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Bounded Linear Operators

A linear operator A on a Hilbert space X is said to be a bounded linear operator
on X if there exists a positive constant C' such that

[Az]| < Cllzfl, =€ X.

For a bounded linear operator A on a Hilbert space X, we define the norm || A]|.
of A by

[ Az
|A]l« = sigw = HSLH1£)1 || Az||. (15.1)

It follows from (15.1) that if A is a bounded linear operator on a Hilbert space X,
then

[Az]| <[[A[l«]lz]l, =€ X.

A linear operator A on a Hilbert space X is said to be continuous at a point
z in X if for every sequence {z;}32; converging to x in X,

Az; — Ax

in X as j — oo.

It is a basic fact in functional analysis that a linear operator A on a Hilbert
space X is a bounded linear operator on X if and only if A is continuous at a
point in X. See Exercise 1.

Let B(X) be the set of all bounded linear operators on a Hilbert space X.
Then it is easy to prove that B(X) is a complex vector space with respect to the
usual addition of two bounded linear operators and the usual scalar multiplication
of a bounded linear operator by a complex number. In fact, B(X) is a normed
vector space with respect to the norm || ||. given by (15.1). See Exercise 2.

In fact, we have the following theorem.

Theorem 15.1. B(X) is a Banach space with respect to the norm ||||«.

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 107
DOI 10.1007/978-3-0348-0116-4_15, © Springer Basel AG 2011
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Proof. Let {A;}32, be a Cauchy sequence in B(X), i..,
14; = Axll« =0

as j,k — oo. Then all we need to prove is that there exists an element A in B(X)
such that
14 = Al =0

as j — oo. We first note that there exists a positive constant M such that
|Ajz|| < Mljz|, ze€X,j=12,.... (15.2)
Indeed, there exists a positive integer N such that
[4; — Akl <1, j,k>N.
So, using the triangle inequality for the norm |||., we see that
[Ajlle <1+ [|Anlls, J=N.

If we let
M = max{[| A1l ..., [An=1lls, 1+ [[An |4},

then

establishing (15.2). Now, for all z in X,
|42 = Ape| = [[(A; = Ax)z|| < [|A; = Ag|l[|=]] = 0

as j, k — oo. So, {ij};?‘;l is a Cauchy sequence in X. Since X is a Hilbert space,
{Ajx}32, converges to an element in X, which we denote by Az. That A: X — X
so defined is a linear operator follows from the linearity of taking limits. (This is
Exercise 3.) Furthermore, we see from (15.2) that

|Az| = lim [ Aa] < Mlle], € X.
J—o0

Therefore A € B(X). It remains to prove that
14; — All« =0

as j — oo. But for all positive numbers e, there exists a positive integer N such
that
[4; — Akll« <e

whenever j, k > N. So, for all z in X,

[4jz = Apzl| < (|47 = Ap[l[lz]l < ell]|
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whenever j, k > N. Letting k — oo, we get for all z in X,
[Ajz — Ax| < efl]|

whenever 7 > N. Thus,
14; — Al <€

whenever 7 > N and the proof is complete. O

We now give a result on the boundedness of a family of bounded linear oper-
ators on a Hilbert space. The result is known as the principle of uniform bounded-
ness or the Banach—Steinhaus theorem and is dependent on the fine structure of
Banach spaces, i.e., complete normed vector spaces. To explicate the structure, let
X be a Banach space in which the norm is denoted by || ||. We denote by B(zg,r)
the open ball with center xy and radius r in X given by

B(zg,r) ={r € X : ||z — ol <7}

A subset W of X is said to be nowhere dense in X if the closure W of W contains no
open balls. Then we have the following result known as Baire’s category theorem.

Theorem 15.2. A Banach space cannot be expressed as a countable union of no-
where dense sets.

Proof. Let X be a Banach space with norm || ||. Suppose by way of contradiction
that
o0
X = J W,
k=1
where Wy is nowhere dense for £ = 1,2,.... Since Wj is nowhere dense, there

exists a point 21 in X such that x; ¢ W;. Thus, there exists a number r; in (0, 1)
such that
B(zy,m) N Wy = 0.

Since W is nowhere dense, the open ball B(x1,71) is not a subset of Ws. So, there
exists a point xo in B(z1,71) \ Wa. Hence there exists a number 5 in (O7 %) such
that

B(l‘g,rz) NWy =10

and
B((EQ,’)"Q) C B(l’l, 7’1).

Thus, we can find a sequence {B(z, )}, of open balls in X such that

1
TK € <O,E>,

B(zg,r) N Wi =10



110 Chapter 15. Bounded Linear Operators

and
B(zk,r) C B(@g—1,Tk-1)-

Now, for j > k, x; € B(xy, ) and hence
1
H.%‘j —ap|| <rp < T (15.3)

So, {zy}72, is a Cauchy sequence in X. Since X is complete, it follows that there
exists a point zg in X such that

T — Lo
in X as k — oo. Letting j — oo in (15.3), we get

lzp —zol| <7y, k=1,2,....

Therefore
xo € B(ag,rk), k=1,2,....
Then
£E0¢Wk, k:].,?,....

So,

o0

o ¢ U Wk =X

k=1

and this is a contradiction. O

We can now give the Banach—Steinhaus theorem for a family of bounded
linear operators on a Hilbert space. The full-fledged version is presented as an
exercise in this chapter.

Theorem 15.3. For every Hilbert space X, let W C B(X) be such that for all x in
X,

sup ||Az| < oo.

AcW

Then
sup ||A]l« < 0.
Aew

Proof. For all positive integers n, let S,, be the subset of X defined by
Sp={xeX:|Az|]| <n,Ae W}

Then S, is closed in X. Indeed, let {4}, be a sequence in S,, such that z, — «
in X. Then for all A in W,

[Azg]| <n, k=1,2,...,
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and
Axp — Ax

in X as k — o0. So, for all A in W,
|Az| = lim [|Azg| < n.
k—o00
Therefore z € S,,. Let € X. Since
sup [[Az| < oo,
Aew

it follows that x € S,, for some n. Hence

X =

(@

Sh-

n=1

By Theorem 15.2, there exists a positive integer N such that Sy is not nowhere
dense. So, we can find an open ball B(xg,r) in X such that

B(,’Eo, ’I“) C Sy.
Let x be any nonzero element in X and let z be the element in X defined by
n r
z=x9+ ——2.
2|]|
Then
r
Iz — zo|| = 3 <r

and hence
z € B(zo,7) C Sy

Thus, for all A in W,

JAz] < N
and hence 2H | A
X
sl = |22 - )| < 2.
This proves that
sup Al < 2. 0
AEW r

Let A be a bounded linear operator on a Hilbert space X. A complex number

A is said to be an eigenvalue of A if there exists a nonzero element x in X such
that

Az = z. (15.4)

Let A be an eigenvalue of A. Then a nonzero element z in X for which (15.4) holds
is called an eigenvector of A corresponding to A.



112 Chapter 15. Bounded Linear Operators

Remark 15.4. The set of all eigenvalues of a bounded linear operator A on a
Hilbert space X is in general a proper subset of the spectrum 3(A) of A. In fact,

%(4) = C\ p(4),
where p(A) is the resolvent set of A defined by
p(A)={A e C:A—-X:X — X is bijective},
and I is the identity operator on X. It is then easy to see that an eigenvalue A\ of
Ais in 3(A) because A — Al : X — X is not injective.

A crowning achievement in linear algebra is that an n x n self-adjoint matrix
A can be transformed into a diagonal matrix in which the diagonal entries are the
eigenvalues of A. Moreover, there exists an orthonormal basis for C" consisting
of eigenvectors of A. We need an analogous diagonalization of self-adjoint and
compact operators on Hilbert spaces.

Exercises

1. Prove that a linear operator A on a Hilbert space X is a bounded linear
operator on X if and only if A is continuous at a point in X.

2. Prove that || ||. given by (15.1) is a norm in B(X).
3. Prove that in the proof of Theorem 15.1, A : X — X is a linear operator.

4. Let X and Y be Banach spaces with norms denoted, respectively, by || ||x
and |||y, and let A : X — Y be a bounded linear operator, i.e., a linear
operator such that there exists a positive constant C' such that

[Azlly <Clzllx, =e€X.

Then the set B(X,Y) of all bounded linear operators from X into Y is a
Banach space with respect to the norm || || g(x,y) given by

A.’E Y
1Al B(x,y) = sup H| Iy _ sup || Az|y
w20 [Zllx  japx=1

for all Ain B(X,Y"). Prove the Banach-Steinhaus theorem to the effect that
if W is a subset of B(X,Y) such that for all z in X,

sup ||Az|ly < oo,
AewW

then
sup HAHB(X,Y) < 00.
Aew



Chapter 16
Self-Adjoint Operators

Of particular importance in operator theory are self-adjoint operators. To this
end, we first recall the notion of the adjoint of a bounded linear operator A on a
Hilbert space X. A linear operator B on X is said to be an adjoint of A if

(Az,y) = (x,By), z,y€ X.

It is easy to see that a bounded linear operator A on X has at most one adjoint.
See Exercise 1.

Theorem 16.1. Every bounded linear operator A on a Hilbert space X has an
adjoint, which is also a bounded linear operator on X.

Proof. We first observe that for each fixed element y in X, the linear functional
T, : X — C defined by
Ty(‘r):(Axvy)a xeX?

is a bounded linear functional on X. Indeed, using the Schwarz inequality and
the assumption that A is a bounded linear operator on X, there exists a positive
constant C such that

Ty(2)] = [(Az, y)| < |Az| lyll < C [yl l=]-

So, by the Riesz representation theorem, there exists a unique element z in X such
that

Ty(z) = (Az,y) = (z,2), ze€X. (16.1)
We now define the mapping A* : X — X by
Ay ==z

for all y in X, where z is the unique element in X that depends on y and is

guaranteed for each y in X by the Riesz representation theorem. To see that
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A* . X — X is a linear operator, let a; and as be complex numbers, and let 1
and y, be elements in X. Then by (16.1), we get for all z in X,

(z, A™(a1y1 + a2y2))

= (Az, a1y1 + a2y2) = a1 (Az, y1) + @ (Az,y2)

= (z, A"y1) +az(z, A%y2) = (z, 1 A%y1) + (2, 0 A™ys)
= (z,an A%y1 + s A% y9).

Thus,
A*(a1y1 + aoy2) = ar A"yr + a2 A%ys.
That A* is bounded follows because for all ¥ in X, we can use the Schwarz in-
equality and the assumption that A is bounded to obtain a positive constant C'
such that
[A%y||* = (A", A"y) = |(AA™y, )| < CllA Y] 1yl

Thus,
A%yl < Cllyll, vy e X,

and the proof is complete. O

A bounded linear operator A from a Hilbert space X into X is said to be
self-adjoint if A = A*.

Self-adjoint operators enjoy special properties not shared by bounded linear
operators in general. The following interesting result on the norm of a self-adjoint
operator should be compared with the formula (15.1).

Theorem 16.2. Let A be a self-adjoint operator on a Hilbert space X. Then

[A]l« = up |(Az, z)|.

Proof. Let x € X be such that ||z|| = 1. Then by the Schwarz inequality and the
fact that A is a bounded linear operator,

|(Az, 2)| < [|Az|l[|z]| < [ All]l<l* = | Al

Thus,
sup |(Az, z)| < [|A]]..

llzll=1

To prove the converse, we let

M = sup |(Az,x)|.
l=l=1

Then for all z in X,
|(Az, )| < M||z]*. (16.2)
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It is left as Exercise 3 to prove that for all  and y in X,

4(Az,y) ={(A(x +y),z +y) — (Alx —y),z —y)}

+i{(A(x + 1y),z +1iy) — (A(z —iy),x — iy)}. (16.3)
Then for all z in X with z # 0 and Az # 0, let
Az
U= —
e
where o? = ”‘f;””. Then by (16.2), (16.3) and Exercise 4, we get
|A2]|* = (A(az), u)
1
= Z{(A(az +u),az+u) — (Alaz —u),az —u)}
1
< Ml + ull* + [laz — ul?)
1
= S M(az] + lul?)
1

M (@lel + 51212
= M| Az] ||z
Thus, for all z in X with z # 0 and Az # 0,
| Az|| < M]|z]|. (16.4)
It is clear that (16.4) is trivially true for Az =0 or z = 0. Thus,
[Az]| < Mllz[], =z € X,

and therefore
A« < M = sup |(Ax,x)|. O
llzll=1
Theorem 16.3. Let A be a self-adjoint operator on a Hilbert space X. Then all
eigenvalues of A are real. Moreover, if x and y are eigenvectors of A corresponding
to, respectively, eigenvalues A and w, where X\ # u, then

(z,y) =0.
Proof. Let X be an eigenvalue of A and let ¢ be a corresponding eigenvector with
llol| = 1. Then B
A=Xep, ) = (Ap, ) = (p, Ap) = A.
So, A is a real number. Now, using the fact that A\ and p are real and the self-
adjointness of A,

Mz, y) = (Az,y) = (v, Ay) = p(z,y).
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So,

Chapter 16. Self-Adjoint Operators

(A= p)(z,y)=0.

Since A # p, it follows that

The second part of Theorem 16.3 tells us that eigenvectors corresponding to

distinct eigenvalues of a self-adjoint operator are orthogonal.

Exercises

1.
2.

Prove that a linear operator on a Hilbert space has at most one adjoint.

Let A be a bounded linear operator on a Hilbert space X. Let M be a closed
subspace of X such that M is invariant with respect to A, i.e.,

€ M= Ax € M.

Prove that the orthogonal complement M~ of M is invariant with respect to
A*.

Prove (16.3) for all bounded linear operators A on a Hilbert space X.

Prove that a bounded linear operator A is self-adjoint on a Hilbert space X
if and only if
(Az,z) € R

for all z in X.

. Let A be a bounded linear operator on a Hilbert space X. Prove that

(A%)" = A.

Prove that for all bounded linear operators A on a Hilbert space X,

1Al = Al



Chapter 17

Compact Operators

A sequence {z;}72; in a Hilbert space X is said to be bounded if there exists a
positive constant C' such that

el <C, j=12,....

A bounded linear operator A on a Hilbert space X is said to be compact if for
every bounded sequence {z;}?2, in X, the sequence {Az;}22, has a convergent
subsequence in X.

A bounded linear operator A on a Hilbert space X is said to be an operator
of finite rank if the range R(A) of A given by

R(A) ={Az :z € X}

is finite-dimensional. It can be proved that an operator of finite rank must be
compact. See Exercise 1.

Theorem 17.1. Let {4; };’;1 be a sequence of compact operators on a Hilbert space
X such that

14; — Al =0

as j — oo, where A is a bounded linear operator on X. Then A is a compact
operator on X.

Proof. Let {z;}32, be a bounded sequence in X. Then there exists a positive
constant C' such that

el <€, j=12,....

Since A; is compact, there exists a subsequence {z1;}32, of {;}32, such that
{A171,;}52, converges in X. Since Ay is compact, there is a subsequence {z3,;}52,
of {w1;}52, such that {Aax ;}32, converges in X. Thus, repeating this argument,
there exists a subsequence {x, ;}32; of {zn_1;}32; such that {A,z, ;}52; con-
verges in X. For j = 1,2,..., let z; = x;;. Then for k = 1,2,..., {Ar2;}52,;
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converges in X. So, for j,k, [ =1,2,...,
[Az; — Azl < [|Az; — Arz;|| + [|[Arz; — Apzill + [|[Arz — Azl
< QCHA—A]CH* + ||Aij _AkZlH- (171)
Now, for every positive number ¢, there exists a positive integer K such that

20| A — Axls < g (17.2)

Since {Ax2;}52, converges in X, it follows that there exists a positive integer N
such that -
j7l >N = ||AKZJ' — AKZl” < 5 (173)

So, by (17.1)—(17.3),
J 1> N=||Az; — Az <e.
Thus, {Az;}32, is a Cauchy sequence in X and hence convergent in X. |

A sequence {z;}52, in a Hilbert space X is said to converge weakly to z in
X if
(xj7 y) - (‘Ta y)
for all y in X as j — oo. By Exercise 5 in Chapter 14, convergence in X implies
weak convergence in X, but the converse is not true. It is also an exercise in this
chapter to show that a weakly convergent sequence in X has to be bounded.

Theorem 17.2. Let A be a compact operator on a Hilbert space X. Then A maps
weakly convergent sequences into convergent sequences.

Proof. Let {z;}32, be a sequence in X such that z; — x weakly in X as j — oo,
Then for all y in X,

(Az; — Az,y) = (xj —x, A"y) = 0

as j — oo. Therefore Az; — Az weakly in X as j — co. Suppose that {Az;}2,
does not converge to Az in X. Then there exists a positive number € such that

[Azj, — Az]| > e,

where {x;, }32, is a subsequence of {z;}%2,. It is clear that {z;, }72, is a weakly
convergent sequence in X and hence it is bounded. Since A is compact, we can
find a subsequence of {x;, }72,, again denoted by {z,, }7,, such that

Az, —y

for some y in X as k — oo. Thus, {Az;, }32, converges weakly to y in X as
k — oo. Thus, Ax =y, and hence

Az, — Ax

in X as k — oco. O
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Theorem 17.3. Let A be a self-adjoint and compact operator on a Hilbert space X .
Then ||A|« or —||A||« is an eigenvalue of A.

Proof. By Theorem 16.2,
[All« = sup [(Az,z)|.

ll=ll=1
So, we can find a sequence {z;}32, of elements in X such that
l|z;l=1, j=1,2,...,

and
|(Azj, z;)| — | Al

as j — oo. There are three cases to be considered. The first case is when there
exists a positive integer J such that

j>J= (Azj,z;) > 0.

The second case is when > 0 is replaced by < 0. The third case is when the first
case and the second case do not stand. For the first case, let A = || A|.. Then

|Az; — Azyl|* = || Azj||* — 2\ (Azj, 25) + N2
<2)\? = 2X\(Azj,2;) = 0 (17.4)

as j — oo. Since A is a compact operator, there exists a subsequence of {z; }?‘;17
again denoted by {z;}32,, such that

Az; —y (17.5)

for some y in X as j — oco. By (17.4) and (17.5), we see that

ey =y (17.6)
as j — oo. Using the boundedness and hence continuity of A,
ANaz; — Ay
as j — oco. But by (17.5) again,
ANzx; — Ay.
Thus,
Ay = My.

So, A = || 4[|« is an eigenvalue of A if we can show that y # 0. But by (17.6),
Iyl = lim Azl = [[ Al # 0.
j—o00

This completes the proof for the first case. The proof for the second case is the
same if we let A = —||A||«. The third case is the same as the first case or the
second case if we pass to a subsequence of {z;}32,. ]
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Exercises
1. Prove that an operator of finite rank on a Hilbert space is compact.

2. Let K(X) be the set of all compact operators on a Hilbert space X. Prove
that K(X) is a two-sided ideal in B(X), i.e., for all K € K(X) and all
A€ B(X),

KAe K(X)

and
AK € K(X).
3. Prove that the limit of a weakly convergent sequence in X is unique.

4. Let {xj}]‘?’;l be a weakly convergent sequence in a Hilbert space X. Prove
that {z;}32, is bounded.

5. Let X be a Hilbert space with inner product (, ) and norm || ||. Let {z;}32,
be a sequence in X such that x; — x in X weakly and

;] = [l

as j — 00. Prove that z; — 2 in X as j — oo.



Chapter 18

The Spectral Theorem

We are now in a good position to state and prove the spectral theorem for self-
adjoint and compact operators on Hilbert spaces.

Theorem 18.1 (The Spectral Theorem). Let A be a self-adjoint and compact op-
erator on a Hilbert space X . Then there exists an orthonormal basis {¢;}52, for
X consisting of eigenvectors of A. Moreover, for all x in X,

oo

Ax = ZAj('xa@j)@jv

j=1
where \; is the eigenvalue of A corresponding to the eigenvector ;.

Proof. By Theorem 17.3, ||All. or —||A4||. is an eigenvalue of A. Let A\ = %||A]|.
and let @1 be a corresponding eigenvector with ||¢1]| = 1. Let ®; = Span{¢;}
and let Xy = ®{. ®; is obviously invariant with respect to A. Then by Exercise
2 in Chapter 16, X is invariant with respect to A* and hence A. Let As be
the restriction of A to X5. Then As : Xo — X5 is obviously compact. It is also
self-adjoint because for all z and y in X5,

(Ag.’l?,y) = (A$>y) = (.’E,Ay) = (.%‘,Agy) = (Angy)

By Theorem 17.3 again, || Az||. or —||Az||. is an eigenvalue of As. Let Ao = =£|| A2||«
and let @9 be a corresponding eigenvector with ||ps|| = 1. Repeating this construc-
tion, let us suppose that we have eigenvectors

P1,P25 -+, Pn

of A and corresponding eigenvalues

)\17>\27"'7>\n
such that
‘)‘]|:”AJH*’ j:1727"'7n3
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ALl > Ao > - > A, (18.1)
Ay = A and for 2 < j <n, A is the restriction to the orthogonal complement
X; = (Span{p1, 2, . .. ,ij,l})L.

Moreover, for 2 < j < n, A; : X; — X is self-adjoint and compact. We repeat
this process and stop if 4,, = 0. If A,, =0, then for all z in X,

n—1
Tp =T — Z(xa(pj)()oj € Xy,
j=1
and so is the same as
n—1
Apxy, = Az — Z(x, v )Ap;.
=1

Thus,

n—1
Az = Z/\j(m,apj)goj, re X,
j=1

as required. Now, suppose that
A, #0, n=1,2,....

Let z € X. Then the element x,, defined by

n—1

j=1

is in X,,. So, by Proposition 14.5, we get

n—1
2% = llznll® + D 1z, ¢)[.

j=1
Therefore
|zl < x|, m=1,2,....
But
[Azn | = [[Anznl| < [[Anllsllzall < [Anlllzll, n=1,2,....
So,

n—1
Az =Y A, 0595 < Pl llz])-
j=1
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Now, we note that \,, — 0 as n — oco. Indeed, using the compactness of A, there
exists a subsequence {¢n; }32; of {¢,}nZ; such that {Ap,,}52, converges in X.
Thus,

”)‘nj(pnj - )‘nk(pnk ”2 = ”ASDTL] - A@nk ”2 —0

as j, k — oo. So,
|>‘nj|2 + |>‘nk|2 = H>‘nj<:0nj - )‘nkH2 —0

as j, k — oo. Hence by (18.1),
[An| =0

as n — 00. So,

Az = Z)\j(x,goj)apj, r e X. (18.2)

Note that in (18.2),
A #£0, j=1,2,....

Let {t;}J<, be an orthonormal basis for the null space N(A) of A, where K < oo.
By Theorem 16.3, we see that

(pj ) =0, j=12,...,k=12,..., K.

Now, let z € X. Then by (18.2),

J
Z z,¢;)p; € N(A).
j=1

Therefore
J
:Z QDJ @J"‘Z 1/%1/%, l’GX,
j=1
and the proof is complete. O
Exercises

1. Let A be a self-adjoint and compact operator on a Hilbert space X such that

Az = Z)\j(m,tpj)(pj, reX,

j=1

where {(;}22; is an orthonormal basis for X consisting of eigenvectors of A
and \; is a corresponding eigenvalue of A corresponding to ¢;. Prove that if
a complex number ) is an eigenvalue of A, then there exists a positive integer
J such that A = A;.
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2. Let A be a positive operator on a Hilbert space X, i.e.,
(Az,z) >0, ze€X.

Furthermore, suppose that A is compact and can be written as in Exercise
1, ie.,

Az = Zx\j(x, wi)pi, =€X.
j=1
Then we define the square root A'/2 of A by

1/2
A2y = Z)\j/ (xz,0j)p;, xe€X.
j=1

Prove that for j =1,2,..., A;/Q is an eigenvalue of A'/2.

3. Let A and A'/2 be as in Exercise 2. Prove that for every eigenvalue A of A'/2,
1/2

there exists a positive integer j such that A = A"



Chapter 19

Schatten—von Neumann Classes

We consider special classes of compact operators in this chapter known as Schat-
ten—von Neumann classes S,, 1 < p < oo. The most distinguished class is So,
which is made up of Hilbert—Schmidt operators.

Let A be a compact operator on a Hilbert space X. Then by Exercise 2
in Chapter 17, A*A is compact. It is easy to show that A*A is self-adjoint. See
Exercise 1. Then by Exercises 2 and 3 in Chapter 18, we can look at all eigenvalues
of (A*A)'/? and we enumerate them as

51,82y....

We call these positive numbers the singular values of A. For 1 < p < oo, the
compact operator A is said to be in the Schatten—von Neumann class S, if

o0
E s? < 00.
=1

For all A € 5,, 1 <p < oo, we define ||A]|s, by

1/p

(o]
Alls, = | D s
=1

To complete the picture, we define So, to be simply B(X). The classes S;
and S, are, respectively, the trace class and the Hilbert—Schmidt class. Now, we
study the Hilbert—Schmidt class in some detail. We begin with a lemma, which we
leave as Exercise 3.

Lemma 19.1. Let A be a bounded linear operator on a Hilbert space X. Then for
all orthonormal bases {¢;}32; and {;}52, for X,

e 9] o0
Do IAplP = ATy,
j=1 j=1

where the sums may be oo.
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Theorem 19.2. Let A be a bounded linear operator on a Hilbert space X. Then
A € Sy if and only if there exists an orthonormal basis {p; }?’;1 for X such that

> llAg? < cc.

Jj=1

Proof. Suppose that A € Sy. Then let {goj};?';l be an orthonormal basis for X

consisting of eignvectors of (A*A)Y/2. For j = 1,2,..., let s; be the eigenvalue
of (A*A)'/2 corresponding to the eigenvector ;. Then for j = 1,2,..., 57 is an
eigenvalue of A*A with ¢; as a corresponding eigenvector. Thus,

o0 o0 oo

D 1A |? =D (A" Agj,0) =D 57 < oo

j=1 j=1 j=1

The proof of the converse is the same if we can prove that A is compact. For all
positive integers N, we define the linear operator Ay on X by

N
Ayx = Z(Ax,gaj)cpj, z e X.
j=1
Then the range of Ay is spanned by @1, @2, ..., @n and is hence finite-dimensional.

Thus, Ax is an operator of finite rank on X. Moreover, we obtain by means of
Lemma 14.3 and the Schwarz inequality for all x in X,

2
00

1A= Anz]® =] D (Az,0)¢;
J=N+1

> (Al
j=N+1

Y @Aty
J=N+1

<l D A%l

j=N+1

IN

Thus,
A= Anle < D A%l

J=N+1
By Lemma 19.1,
Do llA% el < o0

j=1



127

and hence -
A= Anlle < Y 1A%l =0
j=N+1
as N — 00. So, A is the limit in norm of a sequence of compact operators on X.
By Theorem 17.1, A is compact. ]
Exercises

1. Let A be a bounded linear operator on a Hilbert space. Prove that A*A is
self-adjoint.

2. Prove that if 1 <p < ¢ < o0, then S, C S,.

3. Prove Lemma 19.1.



Chapter 20

Fourier Series

In this chapter we give a succinct and sufficiently self-contained treatment of
Fourier series that we need for the rest of this book. A proper treatment of Fourier
series entails the use of measure theory and the corresponding theory of integra-
tion, which we assume as prerequisites.

Let us begin with the space L'[—n, 7] of all functions f on [—, 7] such that

/W 1£(0)]df < .

—T

Let f € L'[—m,7]. Then we define the Fourier transform f on the set Z of all
integers by
A 1 4 )
f(n) = 27/ e” M0 f(0)dh, nel. (20.1)
™) -7
We also call f (n) the Fourier transform or the Fourier coefficient of the function
> f(n)e™? is referred to as the Fourier

n—=—oo

f at frequency n. The formal sum >
series of f on [—m,7].

Remark 20.1. We take to heart the convention that the interval [—m, 7] can be
identified with the unit circle S! centered at the origin. With this identification,
functions on [—7, 7] can be identified as functions on S! or as periodic functions
with period 27 on R. Fourier series can then be thought of as Fourier analysis on
S' and we have this picture in mind for the rest of the book.

The most obvious and fundamental problem at this point is the mathematical
interpretation of the equation

F0)=">" fm)e, 0¢-mn] (20.2)
A natural interpretation of (20.2) is that the Fourier series > 7 f(n)e? con-

verges pointwise to f(6) for all § in [—m,7]. To be more precise, let {sy}3_, be
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the sequence of partial sums of the Fourier series defined by

N
sy(0) = Z f(n)e?  0e|-m,xl.
n=—N

Then -
> fm)em = £(0)

for all 6 in [—, 7] means that

lim sy(0) = f(0)

N —oc0

for all # in [—, 7]. Sufficient conditions on f ensuring the pointwise convergence
as defined abound and we give in the first part of this chapter a small sample of
such sufficient conditions. In order to do this, we need some preparation.

For 1 < p < oo, let LP(S!) be the set of all measurable functions f on [—, 7]
such that

/W 1£(0)[Pdo < .

—T

Then LP(S') is a vector space endowed with the norm || ||, given by
7r 1/p
1= ([ ir@par) s e s

In fact, LP(S') is a Banach space with respect to the norm || ||,. This simply means
that every sequence {f;}32, with

1f; = Frllp =0

as j, k — oo has to converge to some f in LP(S') as j — oo, i.e.,

i = fllp = 0.

For p = oo, L>(S') is the space of all essentially bounded functions on [—, 7]. It
turns out that L>°(S') is a Banach space with respect to the norm || ||o, given by
the essential supremum of f on [—m,7]. In fact, for all f in L>°(S!),

1fllco = inf{M > 0:m{0 € [-m, 7] : |f(0)] > M} =0},

where m{- - -} is the Lebesgue measure of the set {---}.
Of particular importance is the space L?(S!), which is a Hilbert space in
which the inner product (, )2 and norm || |2 are given, respectively, by

(F.a12= [ s a0
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and

i1 = ([ |f(9)2d9>1/2

for all f and g in L2(Sh).
For n € Z, we define the function e,, on [—m, 7] by

en(0) = —e™ 0 ¢ [—m, 7. (20.3)

Then we have the following simple but useful result.

Lemma 20.2. {e,}>% __ is an orthonormal set in L*(S').

— 00

Proof. For m,n € Z with m # n, we have

(emyen)Q - /ﬂ— em(e)en(a) do

—T

1 [ .
- z(m—n)gde
2m _776
1 1 . Q
- ez(m—n)Q = 0.
2rm—n -7
If m = n, then
1 s
ms€n)a = — do = 1. O
(em, €n)2 5 /_7T

We have the following useful corollary, which is known as the Riemann—
Lebesgue lemma.

Corollary 20.3. Let f € L*(S'). Then lim,| o0 f(n) =o0.

To prove the Riemann-Lebesgue lemma and other results in analysis, we
invoke the space of all C* functions ¢ on (—m,7) such that the support supp(p)
of ¢ is contained in (—m, 7). Let us also recall that supp(y) is the closure of the

set {0 € (—m, ) : p(0) # 0}.
Lemma 20.4. C5°(S!) is dense in LP(S'), 1 < p < oo.
For a proof of Lemma 20.4, see, for instance, [19, 49].

Proof of Corollary 20.3. Let f € L?(S'). Then using the orthonormality of the
sequence {e, 152 and the Bessel inequality in Lemma 14.3, we get by (20.1)
and (20.3)

—00

— 1 < 1
> V<5 3 Iewal® < I

n=-—oo -

So,
f(n)—0
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as |n| — oo. Now, let f € L'(S') and let € be a given positive number. Then by
Lemma 20.4, there exists a function ¢ in C§°(—m, 7) such that

If =l < 7e.

Thus, by (20.1) and the triangle inequality, we get for all n in Z,

F) < 6]+ 5-1F ~ el < Ip(m)] + 5.
Since ¢ € L?(S!), it follows that

¢(n) =0
as |n| — 0o. So, there exists a positive integer N such that

n] > N = |¢(n)] < =

2
Therefore X R
|n|ZN$|f(”)\<§+§=5
and the proof is complete. (|

The next lemma gives an integral representation for the partial sum of a
Fourier series.

Lemma 20.5. Let f € L*(SY). Then for all N =0,1,2,...,

1 T

SN(G) =52 DN(G - (b)f((b) d¢7 (b € [_7T7 7T]7
where

sin (N + %) 0

sin %9

Remark 20.6. The function Dy is usually dubbed the Dirichlet kernel of the
Fourier series and Lemma 20.5 gives an expression for the partial sum of a Fourier
series of a function as the convolution of the Dirichlet kernel and the function. See
Exercise 3 for convolutions in general.

Proof of Lemma 20.5. For N =0,1,2,..., and 0 € [—7, 7],

Dn(0) = , 0€[-mmn].

SN(Q)

I
~»
—~
S
~—
S
3
B}

1 " —in in
- % n:Z—N </7T ‘ (z)f(d)) d¢> ‘ 0

N

— Y [ ey

=—N



133

Let us now compute ij: N e explicitly. Indeed,

N N N
Z einG =14 Z(eine + efinG) =14 2Rezein9.
n=—N

n=1 n=1
But
N N-l i 14 i Ea
ein@ _ ei9 Z eine _ eigl —e NGO _ ez 0 _ e (N+2)
1 — 1—e e—3i0 _ 30
_ cos 160 —cos (N 4+ 3) 0 + i (sin 20 — sin (N + 3) 6)
N 2isin 10 '
So,
ReS ein L (SN 3)0
(6} = —— -~ 47 ],
‘ 2 sini@
n=1 2

Thus,

N . 1

) sin (N +3)60
> = n (V4 5)0 (20.4)
N sin 50
and we get
1 T
sn(0) = 5— | Dn(0—0)f(9)de,

as asserted. 0

Corollary 20.7. For N =0,1,2,..., Dy is an even function such that

Dy (6) df = 2r.

—T

Proof. That Dy is an even function is obvious. By (20.4),

T T N N T
Dy (0)do = / > oemido =y / e?do.
T p=—N n=—N"v T

" inf _ Oa n;éO,
/e da_{Qﬂ, n =0,

—T

Since

the proof is complete. O

The following theorem gives a criterion for the Fourier series of a function to
converge to the function at a point.
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Theorem 20.8. (Dini’s Test) Let f € L'(S'). If 0 € [—m, 7] is such that

JILELE G
- 9| ’
then

sn(0) — f(0)
as N — oo.

Proof. By Lemma 20.5 and Corollary 20.7,

Us

w0 =10 = 5= [ D) f0-6)d0-10)5- [ D@)as

—T

= T DN (F0— 6) — £(0)) do

27 J_ .
_ i i DRG0 +0) ~ J(0) do
277 f : tli 5 e ) (N " ;¢> 0

Without loss of generality, we assume that f is a real-valued function. Since
f0+¢)—f(6) ¢

0] sin %qﬁ

as a function of ¢, it follows from the Riemann—Lebesgue lemma in Corollary 20.3

that
sn(0) — f(0) = %Im (/” f(o+ ¢¢)) — J(0) . ¢ ei(N+§)¢d¢> -0

1
sin 5¢

e L'(SY)

as N — oo. O

In order to obtain a familiar class of functions satisfying the Dini condition
in Theorem 20.8, we say that a function f in L'(S') is Lipschitz continuous at a
point # in [—7, 7] if there exist positive constants M and « such that

1£(0) = f(o)l < M|0 —¢|%, ¢ € [-m,7].

The number « is the order of Lipschitz continuity of the function f at the point
6. A function f in L'(S!) is said to be Lipschitz continuous of order « if it is
Lipschitz continuous of order « at all points in [—, 7].

Theorem 20.9. Let f € LY(SY) be such that f is Lipschitz continuous of order o at
0 in [—m, 7], where a is a positive number. Then the Fourier series of f converges
to f at the point 6.
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Proof. Let 0 € [—m, 7). Then using the Lipschitz continuity of f,

/“ £ (6 +¢) — f(O)]
- [

So, by Theorem 20.8, the theorem is proved. |

do< [ ol tas <o,
Theorem 20.10. Let f be a continuous function on [—m,m| such that

f! exists at all but possibly a finite number of points in [—7,w| and

/W 1F(6)|2d6 < oo,

Then the Fourier series of f converges to f absolutely and uniformly on [—m,x].
We need the following lemma for a proof of Theorem 20.10.

Lemma 20.11. Let f be as in Theorem 20.10. Then f is Lipschitz continuous of
order § on [—m, 7).

Proof. For all 0 and ¢ in [—7, 7] with 8 > ¢, we get by means of the Schwarz

inequality,
0
£6) = @)l = || £
[
p 1/2 p 1/2
d "(w)|?d
< </¢ w) </¢ 7@) w)
T 1/2
<=0t ([ 1)
= |1 £'l1216 — 8|/
and the proof is complete. O

Proof of Theorem 20.10. Let g = f’. Then by integration by parts, we get for all
n in Z,

~ _ i " —in6 g/
9(n) = 5 o f(0)do
1 . in [T .
= — e fO)|" 4= [ e f(0)do
2 T 21

—T

inf(n). (20.5)



136 Chapter 20. Fourier Series

Now, for all positive integers M and N with M < N, we get by Schwarz inequality,
(20.5) and the Bessel inequality in Lemma 14.3

N R _ M R A
lsn(0) —sa (@) = | > f(n)e™ = > f(n)e™
n=—N n=—M

Yot Yo 1)

M<|n|<N M<|n|<N
1/2 1/2
1 .
< L (s e
M<|n|<N M<|n|<N
1/2 - 1/2
1 .
(> A (3 o)
M<|n|<N n=-—00
1/2
1 -
<\ X =] @I
M<|n|<N

Since 07 ”% < 00, it follows that for every positive number e, there exists a
positive integer K such that

1/2

1
N>M>K = Yo o5 2m) 2 fl2 < e.

M<|n|<N

Thus,
N>M2>K=|sn(0) —spu(0)] <e

for all 6 in [—m, 7). So, there exists a continuous function h on [—m, 7] such that
SN — h

absolutely and uniformly on [—m, 7] as N — oo. By Lemma 20.11, f is Lipschitz
continuous of order 3 on [—m, 7. So, by Theorem 20.9,

sn(0) = f(0)
for all 8 in [—7, w]. Thus,

and so
sy — f

absolutely and uniformly on [—7, 7] as N — oo. O
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All these positive results on pointwise convergence notwithstanding, a sur-
prising result of Andrey Kolmogorov [21, 22] tells us that there exists a function
f in L1(S!) such that the Fourier series of f diverges at every point in [—,7].
It has long been an outstanding open problem on whether or not there exists a
continuous function in L*(S') such that the Fourier series of f diverges on a set of
positive measure. A stunning result in 1966 due to Lennart Carleson states that
if f € L?(S'), then the Fourier series of f converges to f almost everywhere on
[—7,7]. A more precise result due to Richard Hunt gives the same conclusion on
almost everywhere convergence on [—m, 7] if f € LP(S!) for 1 < p < oc.

We now change the point of view from almost everywhere convergence to
convergence in the mean. First, we need to sharpen Lemma 20.2.

Theorem 20.12. {e,}>° ___ is an orthonormal basis for L*(S!).

— 00

Proof. Let f € L?(S'). Then for every positive number e, we can use Lemma 20.4
to find a function ¢ in C§°(—m, ) such that

g
17 = wlle < 5.
Then by Theorem 20.10,
N N )
D (en)een(®) = Y @(n)e™ = o(0)
n=—N n=—N

uniformly with respect to 6 on [—m, 7] as N — oco. So,

N

Z (QO, en)26n -

n=—N

— 0
2

as N — oo. Now, by Pythagoras’ theorem in Proposition 14.5 and the Bessel
inequality in Lemma 14.3, we have

N N
ST (fren)aen — D (¢.en)2en
n=—N n=—N 2
N 1/2
= ( Z |(f> en)2 - (‘pven)2|2>
n=—N
o 1/2
< < Z I(f,en)2 — (%en)2|2>
<|If—¢ll2 < =.

3
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Therefore
If—snll2
N
Hf— > (fren)2en
n=—N 2
N
<|f=ella+ e = Y (o en)2en
n=—N 2
N N
en 2€n — Z (fv en)Qen
n=— N n=—N 9
SEL e
3 3 3
Thus,
N
SN = Z (faen)2en — f
n=—N

in L2(S') as N — oo. It is then obvious to see that if f € L?(S!) is such that
f(n)=0, nez,
then f = 0. Therefore {e, }>° __ is an orthonormal basis for L?(S!). O

The L?-theory of Fourier series can now be easily obtained as corollaries of
Theorem 20.12.

Theorem 20.13 (Plancherel’s Formula). Let f and g be functions in L*(S'). Then
S Fm)a) = = (7.0
= 27

Proof. By (20.1) and (20.3), we get for all n in Z,

fn) = —=(f.en):

1
Var
R 1
g(n) \/T—W(g’en)z-

and

By Parseval’s identity in Theorem 14.8, we get

oo

(fvg)Q = Z (f, en)Z(gaen)Q =2 Z f(n)g(n)

n=—oo n=—oo

This completes the proof of the theorem. O
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We can now give another interpretation of (20.2).

Theorem 20.14. Let f € L?(S'). Then (20.2) is valid in the sense that

sN = f
in L*(S') as N — cc.
Proof. By the Fourier inversion formula in Theorem 14.8,

o0

f= Z (f,en)2en.

n=—oo
This is then the same as saying that

N

SN = Z (f;en)Qen — f

n=—N
in L2(S') as N — oo. O

Remark 20.15. Theorem 20.14 can be reformulated conveniently, albeit less pre-
cisely, as

f(e) = Z f(n)emav XS [_77’77]’

n=—oo
and the convergence of the Fourier series is in L?(S!). This is the Fourier inversion
formula for Fourier series.
Exercises

1. Prove that for 1 < p < g < o0,
LY(SY) c LP(SY)
and the inclusion is proper.

2. Let f be the Dirichlet function on [—7, x|, i.e., for all § in [—m, 7], f(0) =1
if 6 is irrational and f(0) = 0 if 6 is rational. Compute f(n) for all n in Z.
What is the Fourier series of f7

3. Let f and g be functions in L'(S'). Let f * g be the convolution of f and g
defined by

(1)@= [ 10~ 9)g(@)do, 0¢ [-x.a]

Prove that fxg is a periodic function with period 27 on R and f*g € L*(Sh).
Compute f * g(n) for all n in Z.
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Let f be a periodic function with period 27 on R such that f and its first NV
derivatives are continuous on R. Prove that

f(n) = O(In|™")
as [n| — oo.
. Prove that
/7T |Dn(6)]dO — oo
as N — oo.
Let X be the Banach space of all continuous functions f on [—, 7] such that

f(=m) = f(m)
and the norm || || x is given by
[fllx = sup [f(0)]
oe[—m,m]

for all f in X. For N = 0,1,2,..., prove that the mapping Ay : X — C
defined by

s

ANf:% Dn(0)f(0)do, feX,

—Tr
is a bounded linear functional and
1 e

[ANlBx.c) = ) |Dy(0)]d6.

Use the Banach—Steinhaus theorem in Exercise 4 of Chapter 15 to prove the
existence of a continuous function f on [—m, 7| such that f(—n) = f(7) and
the Fourier series of f diverges at 0.



Chapter 21

Fourier Multipliers on S'

The Plancherel theorem and the Fourier inversion formula for Fourier series are
the basic ingredients for the study of filters on the unit circle S! with center at
the origin. As a motivation, let us recall that for all functions f in L?(S!),

f: Z (fa en)Qena (211)
where the convergence is in L?(S'). Equation (21.1) can be recast as
I= " (~en)en, (21.2)
n=-—oo

where I is the identity operator on L?(S'). Equation (21.2) vividly reveals the fact
that the identity operator I on L?(S') can be decomposed into an infinite sum of
one-dimensional projections, i.e., (+, €, )2€,, n € Z. More interesting operators with
useful applications can then be obtained by inserting into the Fourier inversion
formula (21.1) or (21.2) a suitable function o on Z. To see how this is done, we
first introduce the function spaces from which we choose the functions o.

For 1 < p < oo, we let LP(Z) be the set of all sequences a = {a, }5>_ . such
that

oo

Z |an|P < oo.

It can be shown that LP(Z) is a Banach space in which the norm || ||z»(z) is given
by

'] 1/P
lallze(z) = ( Z |an|p> , a€Lr(Z).

n=—oo

We let L>°(Z) be the set of all bounded sequences a = {a,, }2° _ . It can also be
shown that L°°(Z) is a Banach space in which the norm | ||z (z) is given by

lallpeez) = suplan|, a€ L>(Z).
nez

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 141
DOI 10.1007/978-3-0348-0116-4_21, © Springer Basel AG 2011
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It is left as an exercise to prove that for 1 < p < ¢ < oo,
LP(Z) C LY(Z),
the inclusion is proper and
lallze@z) < llallze(z), a € LP(Z).

See Exercise 1.
We note that L?(Z) is a Hilbert space in which the inner product (, )zz2(z) is
given by

oo

(aab)LQ(Z): Z anbn

n=—oo

for all @ = {a,}5° _ . and b = {b,}>° ___ in L?(Z). We need the following result
that follows from the Plancherel formula in Theorem 20.13.

Theorem 21.1 (Plancherel’s Theorem). The linear operator Fg : L*(S') — L*(Z)
defined by .
(Ferf)(n) = f(n), neZ,

s a bijection such that

—(.9): (213

(Fsif, Fsr9)L2z) =
for all f and g in L?(S').
The linear operator Fgi in Theorem 21.1 is the Fourier transform on S!

Proof. Linearity is obvious. (21.3) is a reformulation of the Plancherel formula in
Theorem 20.13. Injectivity follows immediately from (21.3). To prove surjectivity,
let @ = {a,}5°_ . € L*(Z). Then for N = 0,1,2,..., we define the function sy
on [—m, 7| by

sn(0) = Z ane™? = Z anV2re,(0), 0 ¢ [—m, x.

n=—N n=—N
Then for all positive integers M and N with N > M,

2

sy — sMﬂg = Z anV2mwe,

M<|n|<N 5

= Z Qp, \/2771'67“ Z Qnp m€7t

M<|n|<N M<|n|<N

=21 Y an|* >0

M<|n|<N
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as M — oo. Therefore {sn}3_, is a Cauchy sequence in L*(S'). Since L*(S') is
complete,
sy = f

for some f in L?(S') as N — oo. Now, for a fixed m in Z,

N
—~ [ 1 i(n—
Sn(m) = %/ el = 2— E an/ ey — q,,  (21.4)

for sufficiently large N. Moreover, for all m in Z, using the Schwarz inequality, we

get
! / " Jsn(6) — £(6)|d6

o
([ - o) ([ 9)

= \/12—7T||8N—f|\2—>0 (21.5)

as N — 00. So, by (21.4) and (21.5), f(m) = a,, and hence

|55 (m) — f(m)] <

IN

fglf = Q.
This completes the proof. O

From the proof of Theorem 21.1, we have the following corollary.

Corollary 21.2. For all a in L*(Z), ]:S_lla is the function in L*(S') defined by

i .
Z ane™ 0 ¢ [—m, 7.

n=—oo

Let o € L®(Z). Then for all f in L?(S!), we define the function T, f on S*
by
(T,1)0) = > eo(n)f(n), 0¢€[-m ] (21.6)
It is worth pointing out that in (21.6), the role of o is to assign different weights
to different frequencies in the frequency space Z so as to contribute to a new
or filtered signal T, f. As such, either the function ¢ or the operator T, can be
looked at as a filter . As the filter is only applied on the frequency domain, we
call it a frequency-modulation filter or FM-filter. As the operator T, is completely
specified by the function o, we call o the symbol of the operator T, .

Remark 21.3. The operator T}, is customarily dubbed a Fourier multiplier on S!
in mathematics. It is easy to understand why it is Fourier. In order to understand
why it is a multiplier, see Exercise 2.
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We develop in this chapter the theory of Fourier multipliers on S'. The choice
of L*°(Z) for symbols is reasonable in view of the following result.

Theorem 21.4. Let 0 be a measurable function on Z, i.e., a sequence. Then T,
is a bounded linear operator from L?(S') into L*(S') if and only if o € L>®(Z).
Moreover, if o € L>(Z), then

1 To [+ = llollzo z)-
Proof. Suppose that o € L>(Z). Then for all f in L?(S'),
of € L¥(Z).
By (21.6) and Corollary 21.2,
T,f € L*(S")
and hence by (21.3),
1o fllz = Voo fll@ < V2rllolie @ /@ = ol @)l £l2-
Therefore T, : L?(S') — L?(S') is a bounded linear operator with
1751l < llollLe z)- (21.7)

To prove the converse, let o ¢ L°°(Z). Suppose that T, : L*(S!) — L%(S!) is a
bounded linear operator. Then there exists a positive constant C' such that

1T fll2 < Cllfllay  f € L*(SY). (21.8)
For N =1,2,..., there exists an integer ny such that
|o(ny)| > N.
Without loss of generality, we can assume that
[n1| < |na| < ---.
For N =1,2,..., let f,, be the function on S' defined by
fay =™ 0 € [—m, 7.

Then for N =1,2,...,

So, for N =1,2,...,

(Tofrn)(0) = > ™0 (n) fuy (n) = "o (ny),
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which gives us

ITs frxllz = V2r|o(ny)| > V27 N. (21.9)
Thus, by (21.8) and (21.9), we get for N =1,2,...,

V21N < C| fuyll2 = V2rC.

This contradiction proves that T, : L%(S') — L?(S') is not a bounded linear
operator. Finally, we need to prove that

1751l = llollLe -

Suppose by way of contradiction that

I To[l+ # llollzo z)-

Then by (21.7),
1 To [l < llollzo -

Hence there exists an integer m such that
lo(m)| > [|T5 |

So, for all nonzero functions f in L?*(S!),

ITo f13 < NTHIRIFS < lo(m)[IFII3,
and in view of (21.3), we get

oo

Z lo()PIf )] <lom)* > |f(n). (21.10)
n=—oo n=—oo
Now, let f € L%(S!) be the function such that
2 1, n=m,
f(n)—{ 0, n#m.
Then by (21.10),
lo(m)|* < |o(m)[?,
and this contradiction proves the theorem. O

We can now look at the spectral theory of Fourier multipliers on S'.

Theorem 21.5. Let o € L*°(Z). Then for all n in Z, o(n) is an eigenvalue of
T, : L*(SY) — L*(SY) and e, is a corresponding eigenfunction. Moreover, the
spectrum X(T,) of T, : L*(SY) — L%(S') is precisely given by

X(Ty) ={o(n) :n € Z}°,

where {--- }¢ denotes the closure in C of the set {---}.



146 Chapter 21. Fourier Multipliers on S*

Proof. Let m € Z. Then

Tyem = V21 Z o(n)em(n)en,

n=-—oo

where the convergence is in L*(S'). But

- 1 " i(m—n Taa =M,
em(n)z—% el >9d9:{¢§) ntm

Therefore
Toem = o(m)em,
i.e., o(m) is an eigenvalue of T, : L*(S') — L?(S') and e, is a corresponding
eigenfunction. Let A ¢ {o(n) : n € C}°. Then there exists a positive constant C
such that
lo(n) = A >C, nezZ. (21.11)

By Theorem 21.1, we get for all f in L2(S!),

I(To =ADfl5 =27 Y lo(n) = APIf ()P = 22C Y |f(n)* = C| fIl5.

n—=—oo n—=—oo

Thus, T, — A : L*(S) — L*(SY) is injective. To show surjectivity, let g € L2(S').
Then by Theorem 21.1,
{9} _o € L2(2).

By (21.11),

g 2
—— ¢ L% (7).
—— € L@

By Theorem 21.1, there exists a function f in L?(S!) such that

f(n):ﬂ n € Z.

a(n) =\’
Therefore
(o(n) =N f(n) =g(n), neZ
This gives
(To =AD)f =g
and the proof is complete. O

We give in the following theorem a characterization of compact Fourier mul-
tipliers on S*.
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Theorem 21.6. Let o € L>°(Z). Then T, : L*(S') — L?(S') is compact if and only
if
lim o(n)=0.
|n|—o0
Proof. We first prove the necessity. Indeed, for all f in L?(S'), using the Riemann—
Lebesgue lemma in Corollary 20.3,

(en, f) = e~ ™m0 f(0)df — 0

7wl

as |n| — co. Therefore
e, — 0

weakly in L2(S') as |n| — oco. So, it follows from the compactness of T, : L*(S*) —
L?(S') that
I Tsenll2 — 0

as [n| — co. By Theorem 21.5,
T,e, =oc(n)e,, né€Z.

Therefore
lo(n)| —0

as |n| — oo, and the necessity is established. To prove the sufficiency, we define
for all positive integers N, the function oy on Z by

_J oln), In|<N,
"N(”){ 0, |n|>N.

Then for N =1,2,..., we get for all f in L?(S!),

Ton [ = Z a(n)(f,en)2en,

[n|<N

which is an operator of finite rank and hence compact. Now, for all f in L?(S'),

|Tonf = Tofll3 =27 Y lo(n)*|f(n)]*.

[n|>N
For every positive number €, we can find a positive integer Ny such that
[n| > No = |o(n)| < e.
So,

In| > No = || Ton f =T fll3 < 276 > |f(n)]* <& Z n)|? < 2|fl3

[n|>N n=-—00
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whenever |n| > Ny. Therefore
|n| > No = ||Toy — TJH* <e.

In other words, 7, is the limit in norm of the sequence {7, }3%_, of compact
operators and so must be compact by Theorem 17.1. O

Theorem 21.4 on the L?-boundedness of Fourier multipliers on S! is only the
tip of an iceberg.

Theorem 21.7. For 1 < p < oo, the Fourier multiplier T, : L*(S') — L?(S') is
in the Schatten—von Neumann class S, if and only if o € LP(Z). Moreover, if
o € LP(Z), then
||Ta||sp = ||J||L1’(Z)-
To prove Theorem 21.7, we use the following lemma.

Lemma 21.8. Let o € L*(Z). If we let
T, = (T;1,)"2,
then
To| = Tio)-
Proof. By Exercise 2 in this chapter,
T;Ts = Too = Tiojp = Ty
Therefore
T, = (T;T5)? = Tjg,
as claimed. 0O

Proof of Theorem 21.7. Since o € LP(Z), it follows that

lim o(n)=0.
|n]—o0

Hence T, : L?(S') — L?(S!) is compact. By Lemma 21.8 and Theorem 21.5, we
get for all n in Z,
|Ts|en = Tigjen = |o(n)|en.

So, the singular values of T, are given by |o(n)|, n € Z. Therefore

T,eS,e Y lon)P <ooeocLP(Z).

n—=—oo

Moreover, if o € LP(Z), then

o0 1/p
1T5s, = ( > IU(n)|p> = |lollze ()

n=—oo

as required. O
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Exercises
1. Prove that for 1 <p < g < o0,
L*(Z) Cc LY Z),
the inclusion is proper and

lallLazy < llallprzy, a€ LP(Z).

2. Let ¢ and 7 be symbols in L>°(Z). Prove that
T, =TT,

and



Chapter 22

Pseudo-Differential Operators on S'

We present in this chapter time-varying FM-filters that extend the FM-filters in the
preceding chapter. These time-varying FM-filters are pseudo-differential operators
on the unit circle S! with center at the origin.

For 1 < p < 0o, we denote by LP(S! x Z) the set of all measurable functions

o on S' x Z such that
Z / o(60,n)[Pdo < oo.

n=—oo

Then LP(S' x Z) is a Banach space in which the norm || || z»(s1 xz) is given by

/p
llollLestxz)y = < Z / o(0,n) pd@) , o€ LP(S1 X 7).

L*(S' x Z) is a Hilbert space with inner product (, )r2(s1 xzy and norm || || 21 x7)
given, respectively, by

(0, T)L2(s1x2) Z / (0,n)7(0,n) do

/2
ol ey = ( 3 / o(6,m) d6>

for all o and 7 in L3(S! x Z).
Let o be a measurable function on S! x Z. Then for all f in L*(S'), we define
the function T, f on S! formally by

and

oo

(T,H)0)= Y e™o(0,n)f(n), 0¢[-m ]

n=—oo

We call T, the pseudo-differential operator corresponding to the symbol o.

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 151
DOI 10.1007/978-3-0348-0116-4_22, © Springer Basel AG 2011
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Why is T, so defined differential? To understand this, let us look at the linear
differential operator P(6, D) on S! defined by

P(9,D) = iaj(G)Dj,
j=0

where D = fi%, and ag,ai,...,a, are measurable functions on S'. Let f €
C°°(S'). Then by (20.5),

(Fs1 D7 f)(n) = (=i (in) f(n) = 0! f(n), neZ

So, by Corollary 21.2,

(P(6,D)f)(8) =D a;(6)(Df)(6)

I
NE
Q@
=
]
3&7
P\ﬁ
=
ms.
3

m

i et Zaj(ﬁ)nj f(n) (22.1)
3=0

n—=-—oo

for all 6 in [—m, 7]. The message of the integral representation (22.1) for P(6, D) f
is that a pseudo-differential operator T, corresponding to a polynomial

m

o(f,n) = Z a;(0)n’
7=0

is a linear differential operator. In the context of filters in signal analysis, a pseudo-
differential operator corresponding to a symbol ¢ depending on both time 6 in S!
and frequency n in Z is a time-varying FM-filter. In view of the fact that a pseudo-
differential operator is a filter in which time and frequency are to be controlled
simultaneously, it is a much more intricate object to work with precisely because
of the Heisenberg uncertainty principle.

Theorem 22.1. Let o € L*(S' xZ). Then T, : L*(S') — L?(S') is a bounded linear
operator and

ITo ]l < (2m) 7 2llo] 1261 x2)-

For a proof of Theorem 22.1, we use Minkowski’s inequality in integral form
to the effect that for 1 < p < oo, if f is a measurable function on X x Y, where
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(X, p) and (Y, v) are measure spaces, then

(/. ") = [ ([ npan) wo

Instead of giving a rigorous proof, we give a heuristic argument for why it is
true. To do this, we note that [, f(-,y)dv(y) can be considered as a sum of
functions indexed by y. So, the left-hand side is in fact the LP norm of a sum of
functions, which according to the triangle inequality is at most the sum of the
LP norms of the functions. But the sum of the LP norms of the functions is just

v (e 1f @) Pdp(a)) ' du(y).

Proof of Theorem 22.1. Let f € L*(S'). Then by Minkowski’s inequality in inte-
> e™a(0,n)f(n)

gral form,
/ﬂ'
T In=—o0

3 ([ |a<o,n>|2|f<n>|2de)1/2

n=-—o00 -T

S 1) ( | |0(9,n)|2d9)1/2_

n=-—o00 -

/ f(z,y)dv(y)
Y

5 1/2

175 f 12 do

IN

So, by the Schwarz inequality and the Parseval identity for Fourier series in The-
orem 21.1,

- 1/2
1T fll2 < ( > If(n)2> <

n—=—oo

= (2m) 2|0l L2 sr 1 £ - 0

o 1/2
S [ |a(9,n)|2d9>

n=—oo

The following L? formula is useful to us.
Theorem 22.2. Let o € LP(S' x Z), 1 < p < oo. Then

o0

Z HTaean = (ZW)ip/ZHO—”Z[)‘p(Sl XZ)*

n=—oo

Proof. For j € Z, we get

oo

(Trej)(0) = Z e™a(0,n)éj(n), 6 € [-m,m]. (22.2)

n=—oo
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But .

. I L —=, n=j

() = — i(G-n)0gg — ¢ Vom’ ’ 22.

&) = o /, Vo { 0, n#j (223)

So, by (22.2) and (22.3),
N .
(Toes)0) = 0(0.5) =c" = 0(0.9)es(0). O [-mrl.  (224)
Hence
S el = 30 [ o0 a8 = 2n) 2o 0.
j=—o00 j=—oc T

as asserted. O

Using Theorem 19.2, Theorem 22.2 and the fact that {e,}7_ . is an or-
thonormal basis for L?(S!), we have the following result.

Theorem 22.3. The pseudo-differential operator T, : L?(S') — L?(S!) is a Hilbert—
Schmidt operator if and only if o € L*(S' x Z). Moreover, if T, : L*(S') — L?(S!)
1s a Hilbert=Schmidt operator, then

ITslls, = 2m) 7 oll 25 x2y.

The proof of Theorem 22.2 gives a necessary condition on a measurable func-
tion o on S* x Z for T, : L?(S') — L*(S') to be a bounded linear operator. To
wit, let o be a measurable function on S' x Z and let f € L(S'). Then for n € Z,
we can use (22.4) to obtain

(Tyen)(0) =c(0,n)e,(0), 6€[—m ],

and hence

1 ™
Tocally =5 [ loto.mfdo.

2 J_ .

So, if T, : L*(S*) — L?(S!) is a bounded linear operator, we can get a positive
constant C such that
| Tsenll3 < Cllenl3, ne€Z,

which is then the same as
/ lo(0,n)?d0 < 27C, n € Z.
Therefore a necessary condition for T, : L?(S*) — L?(S') to be a bounded linear
operator is
Sup/ lo(6,n)]2df < c. (22.5)
nez J —x

The following example shows that (22.5) is not sufficient for T, : L?(S') — L%(S!)
to be a bounded linear operator.
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Example 22.4. Let o be the function on S' x Z defined by
o@,n)=e  gc|-nn],ncl
Then -
Sup/ lo(0,n)]2d0 = 27 < .

nerZJ —n

Let f be the function on S! defined by
1
9) = — _in6 0 _ .
FO=3 5 e vein
defined by
[ onx>1,
=10, n<l,

is in L%(Z), it follows from Theorem 21.1 that f € L*(S'). But for all § € [—7, 7],

Since the sequence {a,}52

— 00

o0 e} 1

THEO) = S do(b,n)f(n) =3~ = .

n=—oo n=1

3

The following theorem tells us when a pseudo-differential operator T, :
L2(S') — L?(S') is a bounded linear operator.

Theorem 22.5. Let o be a measurable function on S' x Z. Suppose that we can find
a positive constant C' and a function w in L*(Z) such that

|6(m,n)| < Clw(m)|, m,n € Z, (22.6)

where

ﬂmm:%/e%%@mw (22.7)

Then T, : L*(S*) — L*(S") is a bounded linear operator and
1Ts|l+ < CllwllLr(z)-
In order to prove Theorem 22.5, we first establish Young’s inequality for the

convolution of two functions on Z.

Theorem 22.6. Let
0= {an}3e o € L'(2)

and
b={b,},>_ € LP(Z),

n=—oo
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where 1 < p < oo. Then the function axb on Z defined by
(axb), = Z Qp_pbr, n€EZ,
k=—oc0
is in LP(Z) and
|a*b|lLrz) < llallziz)lIbllze(z)-

Remark 22.7. The sequence a * b is known as the convolution of @ and b. The
inequality in Theorem 22.6 is known as Young’s inequality.

Proof of Lemma 22.6. For 1 < p < 0o, we note that by Minkowski’s inequality in

integral form,
o) 1/p %) p\ 1/p
(3 wnr) (% )

n=—oo n=—oo

0o
Z an—kbk

k=—oc0

lla* bl

[ee) (e’ P 1/p ') [e’e) 1/p
(Z | ] ) 2 3 (3 )
n=—oo |k=—o0 k=—oc0 \n=-—o0
00 00 1/p %) 0o 1/p
S |( 3 |bn_k|p) .S m( 5 w)
k=—occ0 n=—oo k=—occ n=—oo
= llall Ly @) 1bll e (z) -
For p = oo, we get for all n in Z,
(@ xb)ul = | D" an-sbi| < D lan—il |kl
k=—o00 k=—o00
< bl D lan—il = bllze@ Y ol
k=—o00 k=—oc0
= llall @) l10ll Lo (z)- O

Proof of Theorem 22.5. Let f € C°°(S!). Then we have

imii= [
-/

2

do

oo

Z e™a(6,n)f(n)

n=—oo

2

de.

o0 o0

Z Z e mHm06 (m,n) f(n)

n=—oo m=—0oo
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So,
T [eS) [eS) 2
ITf1= [ |32 3 ot - nm)fn)| @0
T In=—00 k=—o00
T oo 0o 2
:/ > eik0< > &(k—n,n)f(n)) deb. (22.8)
T k=—00 n=-—o00
Using (22.8) and the orthogonality of the functions {e;}32 _ in L*(S'),
o0 o0 2
ITofl5=2r Y | Y 6(k—nn)f(n)
k=—o0 |In=—00
2
<or Z ( > ok —nn)|lf(n )|> (22.9)
k=—00 \n=—oco

Using (22.6), we get

I f13 < 2nC% ) <Z w(‘f-ﬂ)llf(ﬂ)l)

k=—0c0 \n=-—o0
<27C? Y |(jwl  |[f) (k)
k=—o00

where |w] * | f] is the convolution of |w| and |f|. Finally, using Young’s inequality
and the Parseval identity for Fourier series, we have

1T, f115 < 2WCQ||W|\2L1(Z)\|f||2L2(Z) = C?|lw|31 (5 I £113- (22.10)

By Lemma 20.4, C*°(S') is dense in L?(S') and it follows that (22.10) holds for
all functions f in L?(S). O

Remark 22.8. In order to justify the interchange of the two sums in (22.8), we
note that by Fubini’s theorem, it is sufficient to prove that

Z Z (k —n,n)||f(n)] < cc.

k=—o0o0n=—00

Since f € C%(S1), it follows from Exercise 4 in Chapter 20 that
[f(n)] <O(n~?)

as |n| — co. Hence f € L'(Z). Using an argument in the proof of Theorem 22.5,
we have

oo

Z Z k—n,n)||f(n)] < Cllwllpr @l fllprz) < oo

k=—o0con=—00
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Remark 22.9. The sufficient conditions on the symbol o to ensure the boundedness
of T, : L*(S') — L?(SY) in [30, 31] require a certain number of derivatives of o with
respect to 6. By means of Theorem 22.5 and Bernstein’s theorem, i.e., Theorem
3.1 in Chapter VI of the book [53], we see that all we need is that the symbol o
is Lipschitz continuous of order o, o > %

Let o be a measurable function on S! x Z such that T, : L?(S') — L2(S') is
compact. From the proof of Theorem 21.6, we know that e,, — 0 weakly in L?(S')
as |n| — oo. Then it follows from the compactness of T, : L?(S') — L?(S!) that
IToenll2 — 0 as |n| — oo. By (22.4), we see that

/ lo(0,n)|d0 — 0 (22.11)

as |n| — oo. That the condition (22.11) is not enough for T, : L?(S') — L?(SY)
to be compact can be illustrated by the following example.

Example 22.10. Let o be the function on S' x Z defined by

L e_i"‘g7 n>1,

a(,n) :{ Inn 0 n<i (22.12)

for all # in [—7, «|. Then it can be seen easily that o satisties (22.11). If we let f
be the function on S! defined by

HOEDY

then as in Example 22.4, f € L?(S'). But

e e -, 7,

S|

DO = 3 e o@mf) =3 ——, o€ [-n
n=-—oo n=2

So, T, f is not even in L%(S!).

The following theorem gives the L?-compactness of pseudo-differential oper-
ators on L2(S1).

Theorem 22.11. Let o be a measurable function on S' x Z. Suppose that we can
find a function w in L*(Z) and a function C' on Z such that

lim C(n)=0

[n|—o0

and
|6 (m,n)| < C(n)lw(m)|, m,n € Z. (22.13)

Then T, : L*(SY) — L*(SY) is compact.
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Proof. For all positive integers N, we define the function ox on S! x Z by

[ a(0,n), |n|] <N,
n(6,n) = { 0, Inl> N,

for all @ in [—7,n] and n in Z. Then for N =1,2,...,

Z/ lon (6,n)]?d0 = Z/ o(6,n)]?do < oo

n=—oo

and hence by Theorem 22.3, T, : L*(S') — L?(S!) is a Hilbert—Schmidt operator.
Let 7v = 0 — on. Then by the definition of oy, we have

- 0, |n|<N,
v (0,n) = { o(@,n), |n]> N,

for all # in [—m, 7. Let € be a given positive number. Then there exists a positive
integer Ny such that
|C(n)| <e

whenever |n| > Ny. So, for N > Ny,

o =TS = [ 1T 0)O) Pt

S ey (n,0)f(n)

/ﬂ
T In=—00

Now, we use the same argument in the derivation of (22.9) to get

I(Toy = To)f1I3 < 27 Z (Z |7 (K ,n)llf(n)|>

k=—o0 \n=-—o0

2
de.

2

—or Y [ X otk —nm)llF )]

k=—oo0 \|n|>N

Using (22.13), we get

I(Tow =THfIE<2m Y | D Cm)lwlk—n)||f(n)]

k=—oco \|n|>N

<2me® ) (Z (k=n)l|f(n )I) :

k=—oco \n=—oo
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Using the same argument in the derivation of (22.10), we have

(Ton = To)fII3 < €*BIfI3,
where B = Hw||%1(z). Thus, for N > Np,

Ty — Ty |ls < VBe.

In other words, T}, is the limit in norm of the sequence {7y, }%_; and so must be
compact by Theorem 17.1. g

We end this chapter with a glimpse into the LP-boundedness of pseudo-
differential operators.

We first give sufficient conditions on a function ¢ on Z to ensure that the
corresponding Fourier multiplier T, : LP(S*) — LP(S'), 1 < p < oo, is a bounded
linear operator.

Lemma 22.12. Let o be a measurable function on Z and let k be the smallest integer
greater than % Suppose that there exists a positive constant C' such that

(7o) (n)| < Cn)™I, ne,
for 0 < j <k, where 09 is the difference operator given by
j .
&do)(n) = —ljl<J>an+l, n ez,
(& 0)(n) ;( Y )en+ D)

and
(n) =Q1+n)?, nei

Then for 1 < p < oo, T, : LP(S') — LP(S') is a bounded linear operator and there
ezists a positive constant B, depending on p only, such that

1T fllp < BCIfllp, f € LP(S).

Remark 22.13. The condition on the number £ of “derivatives” in Lemma 22.12
can best be understood in the context of the multi-dimensional torus in which k
should be the smallest integer greater than d/2, where d is the dimension of the
torus.

The proof of Lemma 22.12 entails the use of the Littlewood—Paley theory in
Fourier series in, e.g., Chapter XV of the book [53] by Zygmund. See, in particular,
Theorem 4.14 in Chapter XV of [53] in this connection. Extensions of Lemma
22.12 to the context of compact Lie groups are attributed to Weiss [46, 47] and
the Littlewood—Paley theory for compact Lie groups can be found in Stein [36].
Analogs of Lemma 22.12 for R” can be found in the works of Hérmander [18] and
Stein [35].

The following theorem gives sufficient conditions for the LP-boundedness of
pseudo-differential operators on S'. The ideas for the result and its proof come
from Theorem 10.7 in the book [49] by Wong.
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Theorem 22.14. Let o be a measurable function on S' x Z and let k be the smallest
integer greater than % Suppose that we can find a positive constant C and a
function w in L*(Z) such that

|(826)(m,n)| < Clw(m)|{n)™, m,ncZ, (22.14)

for 0 < j <k, where 6(m,n) is as defined in (22.7) and 07 is the partial difference
operator with respect to the variable n in Z. Then for 1 < p < oo, T, : LP(S') —
LP(SY) is a bounded linear operator. Moreover, there exists a positive constant B
depending only on p such that

1751l (zr ) < BC||lwllr1 ),
where || || p(Lr(sty) is the norm in the Banach space of all bounded linear operators
from LP(S') into LP(SY).
Proof. Let f € LP(S'). Then by Fubini’s theorem,

oo

DO = 3, eolmim)
:n§ixfuw{m§:w6“%”ﬁ””}aw
) m—f—:oo o {n—i@ o(m,n)f (n)eine}
) m_im (T, F)O)

for all 6 in [—m, 7], where

1 /M
om(n) =ad(m,n) = %/ e~ ™% (0,n)df, m,n € L.

—T

By (22.14),
(@ am)(n)] = |(846)(m,n)| < Clw(m)|[(n)™, m,n €L,

for 0 < j < k. Therefore by Lemma 22.12, there exists a positive constant B
depending only on p such that

175, f

Then by (22.15) and Minkowski’s inequality in integral form, we get

” P 1/p
Hﬂﬂb={/ w}

lp < BClw(m)|[[fllp, m €Z. (22.15)

o

Y ¢mUT,, 1))

m=—0o0
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<y I(Tamf)(9)|pd9}1/p

m=—oo -

oo

= Z 175, f

lp
m=—oo

< BC||wllr @zl fllp,

and this completes the proof. O

Exercises

1. Let a € LY (Z) and b € LP(Z), 1 < p < co. Prove that
axb=bxa.

2. Prove that the function o in (22.12) satisfies the condition (22.11).

3. The Rihaczek transform R(f,g) of two functions f and g in L?(S') is the
function on S! x Z defined by

R(f, g)(&,n) = einﬂf(n)g( )a RS [_ﬂ-?ﬂ’ n e .

Let 0 € L?(S! x Z). Prove that for all f and g in L?(S1),

(T, £, 9) Z/_ (0,n)R(f,g)(0,n)do

4. Prove that for all functions fi, g1, fo and go in L?(S1),

(R(f1, f2), R(91,92))12(s' x2) = %(fl,gl)Z(f2392)2-

(This is the Moyal identity for the Rihaczek transform.)
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Pseudo-Differential Operators on Z

This chapter is a “dual” of the preceding chapter. Presenting this duality can
contribute to a better understanding of pseudo-differential operators.

Let a € L?(Z). Then the Fourier transform Fza of a is the function on the
unit circle S! centered at the origin defined by

(Fza)(0) = Z a(n)e™, @ ¢ [-n,nl.
Then by Theorem 21.1,
Fr=Fa'.

Thus, Fza € L*(S') and the Plancherel formula for Fourier series gives

> a(n)]* = % i ((Fza)(6)[2d6.

n=-—o00 -

The Fourier inversion formula for Fourier series gives

a(n) = - / " 0 (Fya)(0)d, m € Z.

Let 0 : Z x S' — C be a measurable function. Then for every sequence a in
L?(Z), we define the sequence T, a formally by

(Tha)(n) = % /Tr e~ ™o (n,0)(Fra)(0)dd, n €.

—T

T, is called the pseudo-differential operator on Z corresponding to the symbol o
whenever the integral exists for all n in Z. It is the natural analog on Z of the
standard pseudo-differential operators on R™ explained in, e.g., [49].

M.W. Wong, Discrete Fourier Analysis, Pseudo-Differential Operators 5, 163
DOI 10.1007/978-3-0348-0116-4_23, © Springer Basel AG 2011
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Theorem 23.1. The pseudo-differential operator T, : L*(Z) — L*(Z) is a Hilbert—
Schmidt operator if and only if o € L*(Z x S'). Moreover, if T, : L>(Z) — L*(Z)
18 a Hilbert-Schmidt operator, then

T lls, = 2m) 7 oll 2 @xsty.

Proof. The starting point is the standard orthonormal basis {e;}rez for L?(Z)

given by
1, n=k,
ex(n) = 0, n#k.
For k € Z, we get

o0

(Fzex)(0) = Z ex(n)e™ = e g ¢ [—n,nl,

n=-—0oo

and hence
1 i )
(o)) = 5= [ € "o, 0)(Faca)(0) ds
_ /"
2 )

= (Fgio)(n,n — k)

—T

e " R05(n,0) db

)

for all n € Z, where (Fg10)(n,-) is the Fourier transform of the function o(n,-) on
St given by

1 /M
(Fsro)(n,m) = 2—/ e" ™ (n,0)dd, m,n € 7.
a —T

So, using Fubini’s theorem and the Plancherel formula for Fourier series, we get

IT 8, = Y 1Tl = 3 S [(Fao)nn— )P

k=—oc0 k=—ocon=—00
=Y Y Fomn-kP= 3 Y [(Fao)n.k)P
n=—00 k=—o00 n=—o0 k=—o00
I = [T ) 1
=5 2 [ lotmOPde = 5ololiesen
and this completes the proof. (|

As for the LP-boundedness and the LP-compactness, 1 < p < oo, of pseudo-
differential operators on Z, let us begin with a simple and elegant result on the
L?-boundedness of pseudo-differential operators on Z.
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Theorem 23.2. Let o be a measurable function on Z x S' such that we can find a
positive constant C and a function w € L*(Z) for which

o(n,0)] < Clw(n)]

for all n € Z and almost all 0 in [—m,«]. Then T, : L*(Z) — L*(Z) is a bounded
linear operator. Furthermore,

1Ts |l < CllwllL2()-

Proof. Let a € L?(Z). Then by the Schwarz inequality and the Plancherel formula,

1 S " —in 2
||Taa||2L2(Z) =12 Z '/ﬂe 95(n,0)(Fza)(0) do

n=—oo

IN

% > /_7; o (n, 0)*|(Fza)(0)[*db

n=—oo

2 > ™
<5 > P [ (Fa)e)Pa

n=-—o00 T

2 2 2
=C ”wHL2(Z)Ha”L2(Z)' 0
The next theorem gives a single sufficient condition on the symbols o for the

corresponding pseudo-differential operators T, : LP(Z) — LP(Z) to be bounded
for 1 <p < oc.

Theorem 23.3. Let o be a measurable function on Z x S* such that we can find a
positive constant C' and a function w in L*(Z) for which

|(Fsro)(n,m)| < Clw(m)|, m,n € Z.

Then the pseudo-differential operator T, : LP(Z) — LP(Z) is a bounded linear
operator for 1 < p < co. Furthermore,

175l B(Lrz)) < Cllwllrr(z),

where || || p(e(z) s the norm in the Banach space of all bounded linear operators
from LP(Z) into LP (7).

Proof. Let a € L'(Z). Then for all n € Z, we get
1 g :
(Toa)m) = 5= [ e ™a(n.0)(Fza) 0 a8
™ —T
1 " —in S im0
=5 77re o(n,0) < Z a(m)e ) de

m=—0o0
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= % i a(m) /7; e 1=l (n, ) do
= Z (Fsro)(n,n —m)a(m)
= ((Fsio)(n,-) *xa)(n). (23.1)
So,
IToallysy = S [(Fao)(n, ) x )P
< D2 ((Faro)(n )| * lal) ()P
<C Y |(wl * [a) (@) (23.2)

Thus, by Young’s inequality in Theorem 22.6,
||Taa‘|ip(z) < Cp||w||1111(z)||a”ip(z)a

which is equivalent to
175 B(zr ) < Cllwlzr ).

Since L'(Z) is dense in LP(Z) by Exercise 3, the proof is complete for 1 < p <
0. |

The very mild condition in Theorem 23.3 on the LP-boundedness of pseudo-
differential operators on 7Z is dramatically different from the condition for LP-
boundedness of pseudo-differential operators on R™ in which derivatives with re-
spect to the configuration variables and the dual variables are essential. See Chap-
ter 10 of [49] for boundedness of pseudo-differential operators on LP(R"), 1 < p <
0.

The following theorem is a result on LP-compactness.

Theorem 23.4. Let o be a measurable function on Z x S' such that we can find a
positive function C on Z and a function w in L*(Z) for which

[(Fgro)(n,m)| < C(n)jw(m)|, m,neZ,

and
lim C(n)=0.
[n|—o0
Then the pseudo-differential operator T, : LP(Z) — LP(Z) is a compact operator
for1 <p< oo
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Proof. For every positive integer N, we define the symbol o on Z x S! by

o(n,0), |n| <N,
om0 ={ T SN

Now, by (23.1), we get for all a € LP(Z),

(Towa)n) = { (oo led o= &

Therefore the range of Ty, : LP(Z) — LP(Z) is finite-dimensional, i.e., T,

ON :
LP(Z) — LP(Z) is a finite rank operator. Let & be a positive number. Then there
exists a positive integer Ny such that

|C(n)| <€
whenever |n| > Ny. So, as in the derivation of (23.2), we get for N > Nj,

o0

(T = To)alfozy = D [(Fai(o —on)(n,) xa)(n)”

n—=—oo

= > (Faro)(n,) xa)(n)?

|n|>N

< Y (Fsro)(n, )] = lal) (m)]?

|n|>N

< Y C@)Pl(lwl*al)(n)?

[n|>N

< Yy (] la)) ().

In|>N

By Young’s inequality, we get for N > Ny,

(To = Ton)allfnzy < e”llwlisgllalli g

Hence for N > Ny,

1T = TonllBLr@z) < ellwllp @)
So, Ty : LP(Z) — LP(Z) is the limit in norm of a sequence of compact operators
on LP(Z) and hence by Theorem 17.1 must be compact. O

We end this chapter with a result on the numerical analysis of pseudo-
differential operators on Z.

Theorem 23.5. Let o be a symbol satisfying the hypotheses of Theorem 23.3. Then
for 1 < p < oo, the matriz A, of the pseudo-differential operator T, : LP(Z) —
L?(Z) is given by

Acr - (Unk)n,kGZv
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where
Onk — (fg1a)(n,n — k)

Furthermore, the matriz A, is almost diagonal in the sense that
lonk| < Clw(n — k)|, n.keZ.
Remark 23.6. Since w € L'(Z), it follows that, roughly speaking,
w(m) = O(|m|~1+)

as |m| — oo, where « is a positive number. So, the entry o, in the n” row and
the k' column of the matrix A, decays in such a way that

o] = O(In — k|~0F)

as [n — k| — co. In other words, the off-diagonal entries in A, are small and the
matrix A, can be seen as almost diagonal. This fact is very useful for the numerical
analysis of pseudo-differential operators on Z. See [32] for the numerical analysis
of pseudo-differential operators and related topics.

Proof of Theorem 23.5. By (23.1), we get for all n € Z,

(T,a)(n) = (Fero)(n,-) xa)(n) = > (Faro)(n,n — k)a(k).
k=—oc0
So, Tya is the same as the product A,a of the matrices A, and a. O

We give a numerical example to illustrate the almost diagonalization.

Example 23.7. Let

1 S k0 1 - 1
a(n,9)2<n+2> d e <k+2> , neZ feSh.

k=—o0

1\~ 1\
ank:<n—|—2> (n—k—|—2) , k,neZ.

Computing the 7 x 7 matrix A, = (0nk)—3<k,n<s Dumerically, we get the following
matrix in which the entries are generated by MATLAB.

Then

0.6400 0.6400 0.0711 0.0256 0.0131 0.0079 0.0053
0.1975 1.7778 1.7778 0.1975 0.0711 0.0363 0.0219
0.6400 1.7778 16.000 16.000 1.7778 0.6400 0.3265
0.3265 0.6400 1.7778 16.000 16.000 1.7778 0.6400
0.0219 0.0363 0.0711 0.1975 1.7778 1.7778 0.1975
0.0053 0.0079 0.0131 0.0256 0.0711 0.6400 0.6400
0.0019 0.0027 0.0040 0.0067 0.0131 0.0363 0.3265
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Example 23.8. As another example with a closed formula for the symbol, we let

Then

and hence

o(n,0) =e " 62/2, nelZ, 0eS.

(—1)’”6‘"2/277127 m # 0,
72e™™ /6, m =0,

(Fsio)(n,m) = {

() ke (n— k)2, k#mn,
Onk = 92 n2
me " /6, k=n.

The 7 x 7 matrix A, = (0nk)—3<k,n<3 IS given numerically by

0.0002
—0.0183
0.0920
—0.1111
0.0230
—0.0007
0.0000

Remark 23.9.

Exercises

—0.0001 0.0000 —0.0000  0.0000 —0.0000
0.0301 —0.0183  0.0046 —0.0020  0.0011
—0.3679  0.6051 —0.3679  0.0920 —0.0409
0.2500 —1.0000 1.6449 —1.0000  0.2500
—0.0409  0.0920 -0.3679  0.6051 —0.3679
0.0011 —0.0020  0.0046 -—0.0183  0.0301
—0.0000  0.0000 —0.0000  0.0000 —0.0001

0.0000
—0.0007
0.0230
—0.1111
0.0920
—0.0183
0.0002

Almost diagonalization of wavelet multipliers using Weyl-Heisen-
berg frames can be found in [51].

1. Let o € L%(S'). Prove that for all a in L?(Z),

TO—,ZG == ]:Sl afza,

where T, 7 is the pseudo-differential operator on Z with symbol o.

2. Let 0 € L?(Z). Prove that for all f in L*(S'),

Tosif = FroFsi f,

where T, 51 is the pseudo-differential operator on S! with symbol o.
3. Prove that L'(Z) is dense in LP(Z) for 1 < p < <.
4. Is LY(Z) dense in L°>°(Z)? Explain your answer.
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Dirac operator, 39
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fast Fourier transform, 42
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FM-filter, 143
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Fourier coefficient, 129
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Schwarz inequality, 95
self-adjoint, 114

signal, 2

signal compression, 45, 69
singular value, 125

small fluctuation property, 68, 80
small trend property, 68

spectral theorem, 121

spectrum, 112

standard basis, 2

support, 131

symbol, 33, 87, 143, 151, 163
system matrix, 56

time-frequency localized basis, 53, 70
time-localization, 45

time-varying FM-filter, 152

trace, 89

trace class, 125

translation, 14
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trend, 67
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upsampling operator, 63

wave, 12
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