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Abstract.  We propose a model for the oscillation of a single-fre-
quency feedback semiconductor laser based on a ring fibre interfer-
ometer. It is shown that at a certain level of feedback, the semicon-
ductor laser generation frequency is locked by the transmission 
peak of the fibre interferometer. The effect is accompanied by the 
narrowing of the spectral line and the reduction of noises. The 
described results are in qualitative agreement with the experimen-
tal data. 

Keywords: frequency locking, ring fibre resonator, semiconductor 
laser.

1. Introduction

Stabilisation and narrowing of the oscillation line in semicon-
ductor  lasers  attract  significant  interest  because  of  a  large 
number of potential applications. Among them are the coher-
ent  optical  communication,  distributed monitoring  systems 
and microwave photonics applications [1 – 4]. One of the most 
promising mechanisms  of  line  narrowing  of  semiconductor 
laser radiation is the frequency locking by means of the feed-
back  throug  an  external  cavity  [5].  This  relatively  simple 
method allows  the design of  inexpensive narrow-band  light 
sources based on standard diode lasers, which favourably dis-
tinguishes it from the use of active feedback systems.

A  traditional  scheme  of  frequency  locking  comprises  a 
narrow-band optical filter in a weak feedback loop. In recent 
years  the  solutions have been actively  studied,  in which  the 
role  of  the  optical  filter  is  played  by  a  whispering-gallery-
mode microresonator [6 – 11]. This scheme has been reported 
to allow the linewidth on the order of 1 Hz to be reached [11], 
but its certain drawback is the limited possibility of tuning the 
parameters.  An  alternative  way  is  to  use  all-fibre  schemes 
with  an  external  resonator  of  increased  length,  but  less 
Q-factor, e.g.,  the feedback loops based on an external ring 
resonator [12, 13]. Using the standard fibre components, this 
approach allowed similar values of the linewidth at essentially 

softer requirements to the elements of the system implemented 
in  cheaper  configurations.  Such  solutions  are  particularly 
promising for further development of double-frequency radi-
ation sources, relevant in the problems of distributed moni-
toring, RF spectrometry, etc.  In  this case,  the narrow-band 
radiation of the diode laser trapped in the fibre resonator effi-
ciently generates the Brillouin signal, and the frequency dif-
ference between the pump and the Stokes Brillouin compo-
nent is constant and equal nearly to 11 GHz for a standard 
silica fibre  [14, 15]. Thus,  the study of diode  lasers with the 
above type of feedback is of significant  interest for applica-
tions.

At  the  same  time  it  is worth noting  that  semiconductor 
lasers with  feedback are complex dynamic  systems, demon-
strating  a  variety  of  states  –  from  steady-state  oscillation, 
periodic and quasi-periodic pulsations to the chaotic oscilla-
tion regime [16 – 20]. Although their dynamics is studied well 
enough, including the case of feedback via a frequency filter 
[21, 22], the papers on the dynamics of a semiconductor laser 
oscillation with a ring resonator feedback are unknown to us. 
A specific feature of this type of feedback is the presence of 
periodic jumps of the oscillation frequency [13, 14] that limit 
the stability of laser operation. The aim of the present paper 
is  the  theoretical  study  and  simulation  of  the  dynamics  of 
semiconductor  laser  oscillation  with  a  ring  resonator  feed-
back. In our opinion, the issue is urgent, and the results are 
expected  to  provide  at  least  qualitative  explanation  of  the 
experimental observations.

2. Model

Figure 1 illustrates the system consisting of a semiconductor 
laser and a ring fibre resonator, connected to form a feedback 
loop. The standard model of a semiconductor Fabry – Perot 
laser (FPL) is considered. Further calculations are valid also 
for a semiconductor distributed feedback (DFB) laser in the 
approximation that the reflection coefficient of the FPL out-
put mirror is correlated with the coupling coefficient sL in the 
periodic structure of the DFB laser (thus, the reflection coef-
ficient of the FPL external mirrors R = 0.32 corresponds to 
the DFB coupling coefficient sL = 2.2 [17]).

The considered frequency range is limited by a few reso-
nances  of  the  ring  interferometer  a  few metres  long, which 
corresponds to the spectral bandwidth up to tens of GHz. The 
characteristic roundtrip time tL for the FPL amounts to a few 
picoseconds. For the DFB laser with a resonator of the same 
length this value is somewhat smaller, but close by the order 
of magnitude. The free spectral range (FSR) of the semicon-
ductor laser is 1/tL > 100 GHz (here we neglect the fact that 
the DFB laser modes are not equidistant). Thus, only one lon-
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gitudinal mode  is  of  interest,  which  possesses  the maximal 
gain and the minimal lasing threshold. In this sense, the con-
sidered semiconductor laser can be referred to as a single-fre-
quency one. It should be also noted that the effects related to 
the polarisation of radiation are not taken into account, i.e., 
the radiation field is considered to be linearly polarised, and 
all  elements  (insulator,  couplers)  are  polarisation-main-
taining.

To study the lasing dynamics, we used the standard sys-
tem of Lang – Kobayashi equations for a semiconductor laser 
with  feedback.  The  equations  describe  the  variation  of  the 
number S of photons, the phase j and the number of charge 
carriers n [23]:
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Here t0 is the feedback delay time; 

k
R
R1 1

c
Lt

= -   (2)

is  the  parameter  determined  by  the  reflection  coefficient  of 
the  semiconductor  laser mirror R  and  the  effective  time  of 
resonator roundtrip tL = 2nref LD/c; fext is the fraction of power 
extracted to the resonator;  / |d dt n n0 thw j= -  is the centre fre-
quency  of  the  semiconductor  laser  oscillation  at  the  lasing 
threshold in the absence of feedback; a is the spectral broad-
ening coefficient of the semiconductor; I – Ith is the difference 
between the operating current and the threshold one; e is the 

elementary charge; ts  is the carrier lifetime; tp is the photon 
lifetime; the gain g = G(n – n0) is written in the linear approxi-
mation relative to the number of nonequilibrium carriers (n0 
is the number of nonequilibrium carriers, corresponding to a 
zero gain); nth is the number of nonequilibrium carriers cor-
responding  to  the  lasing  threshold; Q  = b/tp    describes  the 
spontaneous emission ( b is the inversion coefficient); and Fi 
denotes the Langevin noise forces with a Gaussian distribu-
tion, introduced in a standard way (as in Ref. [24]) and calcu-
lated using the generator of random numbers. The values of 
parameters used in the simulation are typical for semiconduc-
tor lasers and presented below.

By  solving  system  (1),  one  can  analytically  express  the 
quantities Sth and nth, corresponding to the lasing threshold, 
i.e.,  the  steady-state values  (in  the absence of noises) of  the 
radiation characteristics of an  isolated  semiconductor  laser. 
Further solution of the obtained model system of nonlinear 
equations was performed numerically using the fourth-order 
Runge – Kutta  method.  The  spectral  characteristics  were 
determined by means of the Fourier transform of the tempo-
ral  dependence    ( ) ( ) [ ( )]exp iE t S t tj= ].  In  the  absence  of 
feedback, the time-averaged oscillation parameters (the mean 
value of carriers ánñ, the mean number of photons áSñ, and the 
mean frequency w = ádj/dtñ are determined by the values of 
the  operating  current  I  and  can  be  found  from  the  steady-
state solution of Eqns (1), taking into account that fext = 0 and 
the Langevin noise forces are independent Gaussian processes 
with a zero mean value. The numerical solution of Eqns (1) in 
this case shows that the laser possesses the spectral linewidth 
~10 MHz. Figure 2a shows typical spectral lines of the semi-
conductor  laser  oscillation  without  feedback  and  the  spec-
trum obtained by averaging ten different lines, corresponding 
to different independent noises. Its width amounts to about 
9 MHz at a level of 3 dB from the maximal value.

It follows from Eqns (1) that the feedback switch-on leads 
to the change  in the threshold gain  level and the oscillation 
frequency of the semiconductor laser, determined by the frac-
tion of power fext extracted to the  laser cavity and the feed-
back phase. Neglecting the noise forces it is possible to derive 
the  following  equations  for  the oscillation  frequency of  the 
laser with feedback w = dj/dt  (often referred to as the mode 
frequency of the external cavity) and the change of the gain 
threshold Dg [16, 17, 23]:

SL
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Figure 1. Schematic of a semiconductor laser with feedback through a 
ring fibre resonator: 
(SL)  semiconductor  laser;  (OC)  optical  circulator;  (RFR)  ring  fibre 
resonator; (OS) optical switch (allowing feedback loop opening); (C1, 
C2) couplers with the division coefficients k1 and k2, respectively; (OI) 
optical insulator.

Length of semiconductor laser  

     resonator LD/mm.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 300 
Refractive index  

     of the semiconductor nref.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .3.53 

Spectral broadening coefficient a.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  5 

Lifetime of charge carriers ts /ns   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  2 
Photon lifetime tp /ps  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  4 
Mirror reflection coefficient R   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .0.32 

Number of nonequilibrium carriers,  

     corresponding to a zero gain, n0 .  .  .  .  .  .  .  .  .  .  .  .  .  108 

Differential gain G/s–1 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  104 
Inversion coefficient b .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  2.2 

Radiation wavelength, corresponding 

     to the centre of the free laser spectrum  

     at the lasing threshold l0 = 2pcw0–1/nm  .  .  .  .  .  .  .  .  1550 

Threshold current Ith /mA.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .15 
Operating current I/mA.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .17
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( ) ( )sin arctanC0 0 0w w t wt a- =- + , 
(3)

2 ( )cosg k fc ext 0wtD =- ,

where  the  parameter  (1 )C k fc ext0
2t a= +   is  called  the 

reduced feedback coefficient. From the analysis of the stabil-
ity of system (1) with respect to small perturbations one can 
derive  the  expression  for  the  lasing  linewidth  dng,  which  is 
related  to  the  free  laser  linewidth dn0 as dng ~ dn0 /[1 + C ´ 
cos(wt0 + arctan a)]2 [16, 17, 23]. These expressions provide 
the base for the principle of stabilisation and narrowing the 
line  of  the  semiconductor  laser  by  means  of  feedback. 
Depending on the value of the parameter C, it is possible to 
describe several scenarios. For C < 1, the linewidth is mainly 
determined by the phase of the feedback wt0 (regime I). With 
the growth of fext in the transient regime (C ³ 1), the line nar-
rowing is observed (regime II). With a further increase in fext 
(C >> 1) one observes the frequency locking determined by 
the condition wt0 = 2p – arctan a. In this case, the linewidth is 
minimal (regime III). The latter scenario is limited by a cer-
tain value of fext, exceeding which we arrive at the so-called 
collapse of coherence, accompanied by a significant broaden-
ing of the lasing line (regime IV) [16].

A specific feature of the present paper is the consideration 
of resonance in the feedback loop. In contrast to the studies 
considering  the  feedback analysis with a Lorentz  frequency 

filter [21], we consider a frequency filter with multiple trans-
mission lines, corresponding to the transmission through the 
ring  fibre  resonator. The amplitude  reflection  coefficient of 
the ring resonator kext(w) relates the amplitudes of the radia-
tion entering the ring interferometer and transmitted through 
it, namely, Eout = kextEin  (see Fig. 1). Therefore,  this coeffi-
cient  determines  the  fraction  fext  =  |kext|2lext  of  the  power 
extracted to the resonator, where lext is the transmission tak-
ing the losses in the feedback loop into account. In particular, 
they include the losses of about 30 dB at the optical insulator 
installed at the output of the majority of present-day semicon-
ductor  lasers to prevent the unwanted feedback. The reflec-
tion coefficient of the resonator can be expressed as [13]
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where k1, k2 are the division coefficients of the couplers; d =  
(1 ) 10k ( )/

2
102#-

z g- +  is the coefficient of power transmission 
through the ring resonator (dB), determined by the losses in 
the output coupler and the losses z in the fibre connections of 
the ring interferometer (the losses in the fibre are neglected); 
g1,  g2  are  the  loss  coefficients  in  the  couplers;  and  tr  is  the 
delay time in the ring resonator. The parameters of the ring 
resonator corresponding to the coupling regime close to the 
critical one [13] are presented below.

In order to consider the feedback resonance, the appropri-
ate terms in Eqns (1) should be rewritten as convolutions, cor-
responding to the response after the transmission through the 
ring interferometer. Thus, the second terms in the right-hand 
sides of the first and the second equation of system (1) take 
the form
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Here t0 = nfLcon /c is the delay time in the connecting fibre; tr 
= nfLr /c is the delay time in the ring interferometer; nf is the 
refractive index of the fibre; and kext(t) is the source function 
of  the  feedback,  given  by  the  inverse  Fourier  transform  of 
kext(w). This function differs from zero only for the moments 
of time, corresponding to the full roundtrip of the ring inter-
ferometer t = mtr, m = 0, 1, . . . , +¥.
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Figure 2. (a) Spectrum of a semiconductor laser without feedback (the 
grey background is a typical lasing line, the black spectrum is obtained 
by averaging over ten different lines) and (b) example of semiconductor 
laser stabilisation with a feedback ring interferometer having a length Lr 
= 4 m and transmission lext = 4 ´ 10–4 (the background is the averaged 
spectrum of a free semiconductor laser; the dashed line shows the trans-
mission |kext|2 of the ring interferometer). 

Length of the ring resonator Lr/m  .  .  .  .  .  .  .  .  .  .  .  .  .  .  4

Length of the connecting fibre Lcon /m .  .  .  .  .  .  .  .  .  .  .2.56 
Fibre refractive index nf .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  1.5 

Feedback transmission lext   .  .  .  .  .  .  .  .  .  .  .  .  . 0 – 4 × 10–4 

Division coefficient k1 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.1 

Division coefficient k2 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .0.01 

Losses in the couplers g1, g2/dB .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.1 
Losses of power  

     in the ring resonator d/dB .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .0.35
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3. Results and discussion

Figure 2b shows a typical example of radiation stabilisation 
for the above parameters. For the simulation, the difference 
between the nearest resonance of the interferometer and the 
threshold  frequency w0 /2p was  specified as Dnf = 8.5 MHz. 
However, one can see that the feedback is implemented using 
another  resonance  of  the  interferometer.  Because  of  the 
threshold  reduction  and  the  oscillation  frequency  shift,  the 
transmission peak with a lower frequency becomes preferable 
for the laser feedback. The difference between the oscillation 
frequency of  the  laser with  feedback and  the  threshold  fre-
quency w0 /2p  is  denoted by Dng.  In  the present  case, Dng = 
– 41 MHz. The lasing linewidth dng at the level of 3 dB from 
the maximum is less than 20 kHz. Thus, the line is narrowed 
by more than 450 times. It is worth noting that the accuracy 
of calculations is limited by the simulation time. To represent 
the  spectrum,  219  points were  calculated with  a  step  50  ps, 
which provided a frequency step dn » 40 kHz. The enhance-
ment of  accuracy  is  associated with  a  significant  growth of 
computing expenditures, and in the present paper it is limited 
by a step dn/2 » 20 kHz.

From Fig.  2b  it  is  seen  that  the  reduction  of  the  lasing 
threshold occurs only at a particular peak of the interferom-
eter  transmission,  for  which  the  constructive  interference 
takes  place  in  the  resonator  of  the  semiconductor  laser 
between the field generated in the resonator and the feedback 
radiation. At  the  frequencies  corresponding  to  the adjacent 
resonances of the interferometer, the destructive interference 
takes place, increasing the lasing threshold. For the rest of the 
frequency range the threshold is constant, which finally leads 
to the reduction of the relative noise level. In particular, in the 
presented example the level of noise is reduced by more than 
30 dB.

Now let us consider the change of the laser spectral char-
acteristics under the variation of the feedback level (Fig. 3). 
Figure 3a shows the change of the  lasing  line for the feed-
back increasing from lext = 6.25 ´ 10–6 to 4 ´ 10–4. Note that 
for weak  feedback  (lext = 6.25 ´ 10–6),  the spectrum of  the 
free laser is distorted, but the reduction of threshold is insuf-
ficient for suppressing the oscillation near the free laser cen-
tre  frequency.  The  spectral  distortions  arise  near  the  fre-
quencies corresponding to the modes of the ring interferom-
eter. In the region closest to the mode centre, the destructive 
interference  occurs  with  increasing  the  lasing  thresholds, 
which  leads  to  the  formation of an  intensity dip. Near  the 
adjacent  mode,  the  threshold  is  reduced  (the  constructive 
interference  occurs),  but  the  feedback  is  insufficient  for 
shifting the lasing frequency to this region. On the contrary, 
the maximum of lasing shifts to the zone of the nearest mode 
of  the  interferometer,  but  demonstrates  nonresonance 
behaviour.

When the feedback is increased to lext > 2 ́  10–5, the lasing 
line  shifts  to  the  region  of  constructive  interference  and 
becomes attached to  the  transmission peak of  the  interfer-
ometer (See Fig. 3a). Note that with an increase in the feed-
back, the lasing is stabilised, i.e., the linewidth narrows and 
the level of background noise decreases. From Fig. 3.b one 
can see that with an increase in the feedback from lext = 1 ´ 
10–4 to 4 ´ 10–4, alongside with the line narrowing, the lasing 
frequency becomes fixed at the interferometer transmission 
peak.  One  can  treat  this  effect  as  the  lasing  line  locking. 
With a further growth of the feedback (lext > 5 ´ 10–4), we 
observed the excitation of multiple additional modes of the 

ring interferometer and the lasing line broadening, i.e., the 
phenomena typical for the ‘coherence collapse’. In the pres-
ent paper these phenomena are not considered, that is why 
the maximal  level  of  feedback  is  restricted  to  the  value of 
lext = 1 ´ 10–4. Below we assume that the feedback is at this 
level. 

Finally,  let  us  consider  the  specific  feature of  the  laser 
line  locking by changing the detuning Dnf between the free 
laser spectrum centre and the nearest resonance of the inter-
ferometer. Physically this situation can correspond to tem-
perature variations of  the  ring  resonator  length or current 
modulation  in  the semiconductor  laser. Figure 4a presents 
the oscillation lines of the laser with feedback, obtained at 
different detunings Dnf. As seen from the Figure, due to the 
resonance  dependence  fext(w),  small  variations  of Dnf  give 
rise  to  small  variations  of  the  lasing  frequency  Dng,  i.e., 
within certain limits the lasing line follows the variations of 
the frequency of the ring interferometer transmission peak. 
However, it is necessary to note that the frequency shift of 
the constructive  interference differs  from the shift Dnf,  i.e., 
the  lasing  frequency  changes  its  position within  the  trans-
mission peak, which occurs due to the nonlinear dependence 
of the frequency change Dng on the magnitude of the feed-
back (3).

The main result of the present paper is shown in Fig. 4b, 
demonstrating  the  lasing  frequency change as a  function of 
detuning Dnf. It is worth noting that the size of the continuous 
regions  of  the  lasing  frequency  locking  amount  to  nearly 
10 MHz, so that during the variation of the detuning within a 
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Figure 3. (a) Laser spectra for different level of feedback, as well as the 
free laser spectrum and the transmission |kext|2 of the ring interferometer 
(dotted curve). (b) The same in a larger scale near the transmission peak 
|kext|2.
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single region the lasing frequency varies continuously, remain-
ing attached to a definite transition peak of the ring interfer-
ometer. Therefore,  under  the  essential  temperature  fluctua-
tions or modulations of the injection current, the mechanism 
of steady-state oscillation with  feedback  is maintained, per-
manently tuning the lasing frequency and, as a rule, conserv-
ing the  linewidth. The  lasing  linewidth  is determined by the 
shape of the potential well, related to the transmission peak of 
the interferometer, in which the dynamical system with feed-
back turns out to be [25, 26]. 

The noise destroys the constrictive interference tuning and 
leads to the broadening of the lasing line. Note that at some 
values of the detuning Dnf the situation of an equivalent choice 
between  the  feedback  channels.  In  this  case  the  noise  can 
induce a jump between the modes of the ring interferometer, 
which leads to a jump of the lasing frequency by the integer 
multiple of the free spectral parameter of the interferometer 
FSR = nfLr /c. The stochastic frequency jumps obviously limit 
the laser stability and worsen its characteristics. Therefore, in 
order to provide stable oscillation it is technically important 

to support thermal stability and reduce the noise modulation 
of power supply.

4. Conclusions

We present an oscillation model for a single-frequency semi-
conductor laser with feedback using a ring fibre interferome-
ter. It is shown that at a certain level of feedback, the oscilla-
tion  frequency  of  the  semiconductor  laser  is  locked  by  the 
transmission peak of the fibre interferometer, which is accom-
panied  by  the  spectral  line  narrowing  and  the  noise  level 
reduction. It is also found that with changing the parameters 
of the system leading to a shift of the interferometer transmis-
sion peaks with respect to the oscillation frequency of the free 
semiconductor laser (variations of fibre length, current mod-
ulation),  the  lasing  frequency  with  feedback  continuously 
varies within a certain range, staying within the transmission 
peak. Moreover, it is established that under certain detunings 
of  the  transmission peak  from  the  free  laser oscillation  fre-
quency,  the  lasing  frequency undergoes a  jump related  to a 
change of the feedback channel. The described effects are in 
qualitative  agreement  with  the  data  of  the  experiments 
[13, 14]. The practical importance of the present paper relates 
to  the  fact  that  the  presented  model  makes  it  possible  to 
develop  the  theory  of  narrowband  double-frequency  lasers 
with a ring fibre resonator, in which the locked-in frequency 
of the semiconductor laser serves to pump the Brillouin sig-
nal  [14,  15].  The  development  of  such  lasers  is  extremely 
promising for spectroscopic applications, distributed moni-
toring, etc.
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mission of the individual resonance of the ring interferometer (dotted 
curves) for the detuning Dnf = ( 1 ) 8.4, ( 2 ) 11 and ( 3 ) 14 MHz, as well 
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function of dng at the 3 dB level (the scale 30:1). The dashed lines show 
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