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Foreword

This book is partially based on a series of lectures I gave during the fall term 2009
at the NuHAG Institute at the University of Vienna. It therefore has a structure
reminiscent of a “Lecture Notes” monograph. This means, among other things,
that I have felt free to often repeat or recall some material, or definition, that has
been given in a previous chapter — exactly as when one is confronted by a class,
where it is appropriate to give a brief review of what has been said during last
week’s lecture. I hope that this will make the reading of this book easier and more
enjoyable to a majority of students and colleagues.

To those of the readers, certainly numerous, who will find that this book is
too long for what it is, and have already closed it, I say “good bye!”. For the few
who would have liked to read more about all or some topics I develop, and who
deplore that I haven’t expanded them more, I can only quote the great Austrian
physicist Walter Thirring (I owe this citation to Karlheinz Grochenig):

. There are three things that are easy to start but very difficult to
finish. The first is a war. The second is a love affair. The third is a trill.
To this may be added a fourth: a book.

Maurice A. de Gosson

This work is dedicated with all my love to Charlyne,
for her invaluable support and help.

xiii






Preface

Harmonic analysis is one of the most active and fastest growing parts of both pure
and applied mathematics. It has gone far beyond its primary goal, which was to
study the representation of functions or signals as superpositions of trigonometric
functions (Fourier series). The interest in harmonic analysis has always been great
because of the wealth of its applications, and it plays nowadays a central role in
the study of signal theory and time-frequency analysis. Its interest in pure math-
ematics (especially in functional analysis) has been revived by the introduction of
new functional spaces which are tools of choice for studying regularity properties
of pseudo-differential operators and their applications to mathematical physics.
Methods from symplectic geometry add power and scope to modern harmonic
analysis; historically these methods were perhaps for the first time systematically
used in Folland’s seminal book [59].

The aim of the present book is to give a rigorous and modern treatment of
various objects from harmonic analysis with a strong emphasis on the underlying
symplectic structure (for instance symplectic and metaplectic covariance proper-
ties). More specifically we have in mind two audiences: the time-frequency commu-
nity, and mathematical physicists interested in applications to quantum mechanics.
The concepts and methods are presented in such a way that they should be eas-
ily accessible to students at the upper-undergraduate level (a certain familiarity
with basic Fourier analysis and the elementary theory of distributions is assumed).
Needless to say, this book can also be read with profit by more advanced readers,
and can be used as a reference work by researchers in partial differential equations,
harmonic analysis, and mathematical physics. (Several chapters are part of ongo-
ing research and contain material that is usually not addressed in introductory
texts. For instance Gromov’s non-squeezing theorem from symplectic topology
and its applications, or the theory of phase space pseudodifferential operators.)

Description of the book

This book is divided into parts and chapters, each devoted to a particular topic.
They have been designed in such a way that the material of each chapter can be
covered in a 90 minutes lecture (but this, of course, very much depends on the
student’s background). The parts can be read independently.

XV



xvi Preface

Part I: Symplectic Mechanics

e Chapter 1 is intended to be a review of the main concepts from Hamilto-
nian mechanics; while it can be skipped by the reader wanting to advance
rapidly in the mathematics of harmonic analysis on symplectic spaces, it
is recommended as a reference for a better understanding of the reasons
for which many concepts are introduced. For instance, the Hamiltonian ap-
proach leads to a very natural and “obvious” motivation for consideration
of the Heisenberg—Weyl operators, and of the Weyl pseudo-differential cal-
culus. Also, deformation quantization does not really make sense unless one
understands the mechanical reasons which lie behind it. The main result of
this first chapter is that Hamiltonian flows consist of symplectomorphisms
(the physicist’s canonical transformations). This is proven in detail using an
elementary method, that of the “variational equation” (which is a misnomer,
because there is per se nothing variational in that equation!). We also dis-
cuss other topics, such as Poisson brackets (which is helpful to understand
the first steps of deformation quantization; Hamilton—Jacobi theory is also
briefly discussed).

e In Chapter 2 the basics of the theory of the symplectic group are developed
in a self-contained way. Only an elementary knowledge of linear algebra is re-
quired for understanding of the topics of this chapter; the few parts where we
invoke more sophisticated material such as differential forms can be skipped
by the beginner. A particular emphasis is put on the machinery of free sym-
plectic matrices and their generating functions, which are usually ignored
in first courses. The consideration of this topic simplifies many calculations,
and has the advantage of yielding the easiest approach to the theory of the
metaplectic group. We also discuss classical topics, such as the identification
of the unitary group with a subgroup of the symplectic group.

e In Chapter 3 we refine our study of the symplectic group by introducing the
notion of free symplectic matrix and its generating functions. Free symplectic
matrices can be defined in several different ways. Their importance comes
from the fact that they are in a sense the building blocks of the symplectic
group: every symplectic matrix is the product (in infinitely many ways) of
exactly two free symplectic matrices. This property in turn allows an easy
construction of simple sets of generators for the symplectic group. Last — but
certainly not least! — the notion of free symplectic matrix will be instrumental
for our definition in Chapter 7 of the metaplectic representation.

e In Chapter 4 we discuss the notion of symplectomorphism, which is a gen-
eralization to the non-linear case of the symplectic transformations intro-
duced in the previous chapters. This leads us to define two very interest-
ing groups Symp(2n,R) and Ham(2n,R), respectively the group of all sym-
plectomorphisms, and that of all Hamiltonian symplectomorphisms. These
groups, which are of great interest in current research in symplectic topology,
are non-linear generalizations of the symplectic group Sp(2n,R). The group
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Ham(2n,R) will play an important role in our derivation of Schrédinger’s
equation for arbitrary Hamiltonian functions.

e In Chapter 5 we introduce new and very powerful tools from symplectic
geometry and topology: Gromov’s symplectic non-squeezing theorem, and the
associated notion of symplectic capacity. The importance of these concepts
(which go back to the mid 1980s, and for which Gromov got the Abel Prize in
2009) in applications has probably not yet been fully realized in mathematical
analysis, and even less in mathematical physics.

e In Chapter 6 we address a topic which belongs to both classical and quantum
mechanics, namely uncertainties principles, and we do this from a topological
point of view. We begin by discussing uncertainty principles associated with
a quasi-probability distribution from a quite general point of view (hence
applicable both to the classical and quantum cases), and introduce the asso-
ciated notion of covariance matrix. This enables us to reformulate the strong
version of the uncertainty principle in terms of symplectic capacities. This
approach to both classical and quantum uncertainties is new and due to the
author. It seems to be promising because it allows us to analyze uncertain-
ties which are more general than those usually considered in the literature,
and has led to the definition of “quantum blobs”, which are symplectically
invariant subsets of phase space with minimum symplectic capacity one-half
of Planck’s constant h. We also prove a multi-dimensional Hardy uncertainty
principle, which says that a function and its Fourier transform cannot be
simultaneously dominated by too sharply peaked Gaussians.

Part II: Harmonic Analysis in Symplectic Spaces

e Chapter 7 is devoted to a detailed study of the metaplectic group Mp(2n, R)
as a unitary representation in L2(R") of the two-fold covering of the sym-
plectic group Sp(2n,R). The properties of Sp(2n, R), as exposed in Chapters
2 and 3, allow us to identify the generators of the metaplectic group as
“quadratic Fourier transforms”, generalizing the usual Fourier transforms.
We construct with great care the projection (covering) mapping from the
metaplectic group to the symplectic group, having in mind our future appli-
cations to the Wigner transform and the Schrodinger equation. In the forth-
coming chapters we will use systematically the properties of the metaplectic
group, in particular when establishing symplectic/metaplectic covariance for-
mulas in Weyl calculus and the theory of the Wigner transform.

e In Chapter 8 we study two companions, the Heisenberg-Weyl and Gross-
mann—Royer operators. These operators can in a sense be viewed as “quan-
tized” versions of, respectively, translation and reflection operators and are
symplectic Fourier transforms of each other. We also discuss the related no-
tion of Heisenberg group and algebra which play such an important role in
harmonic analysis in phase space; our approach starts with the canonical
commutation relations of quantum mechanics. We also define and briefly dis-
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cuss the affine variant of the metaplectic group, namely the inhomogeneous
metaplectic group AMp(2n, R) which is an extension by the Heisenberg—Weyl
operators of the metaplectic group Mp(2n, R).

In Chapter 9 we study in great detail various algebraic and functional prop-
erties of the cross-ambiguity and cross-Wigner functions, which are concisely
defined using the Heisenberg—Weyl and Grossmann—Royer operators intro-
duced in the previous chapter. We discuss the relations with the short-time
Fourier transform used in signal and time-frequency analysis. We also prove
a useful inversion formula for the cross-Wigner transform; this formula plays
an important role in the theory of Feichtinger’s modulation spaces which will
be studied later in this book.

Part III: Pseudo-differential Operators and Function Spaces

In Chapter 10 we present the basics of Weyl calculus, in particular the defini-
tion of the Weyl correspondence which plays such an important role both in
the theory of pseudodifferential operators and in modern quantum mechanics
of which it is one of the pillars. The chapter begins with an introductory sec-
tion where the need for “quantization” is briefly discussed. We prove various
formulas (in particular formulas for the adjoint of a Weyl operator, and that
for the twisted symbol of the composition of two operators).

In Chapter 11 we take a close look at the notion of coherent states (they are
elementary Gaussian functions); the properties of the metaplectic group al-
low us to give very explicit formulas for their natural extension, the squeezed
coherent states, which play a pivotal role both in harmonic analysis and in
quantum mechanics (especially in the subdiscipline known as quantum op-
tics). This leads us naturally to the consideration of anti-Wick operators (also
called Toeplitz or Berezin operators), of which we give the main properties.

In Chapter 12 we review two venerable topics from functional analysis: the
theory of Hilbert—Schmidt and the associated theory of trace class operators.
This will allow us to give a precise meaning to the notion of mixed quantum
state in Chapter 13. We discuss in some detail the delicate procedure of cal-
culating the trace. In particular we state and prove a result making legitimate
the integration of the kernel when the operator is a Weyl pseudodifferential
operator.

In Chapter 13 we give a rigorous definition of the notion of mixed quan-
tum state, and of the associated density operators (called density matri-
ces in quantum mechanics). The relation between density operators and the
Wigner transform is made clear and fully exploited. We discuss the very
delicate notion of positivity for the density operator. This is done by in-
troducing the Kastler-Loupias—Miracle-Sole conditions, which we relate to
the uncertainty principle. We also apply Hardy’s uncertainty principle in its
multi-dimensional form to the characterization of sub-Gaussian mixed states;
the results are stated concisely using the notion of symplectic capacity.
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e Chapter 14 is of a rather technical nature. We introduce Shubin’s global sym-
bol classes, and the associated pseudo-differential operators. Shubin classes
are of a greater use in quantum-mechanics than the ordinary Hormander
classes because their definition takes into account global properties of poly-
nomial decrease in phase space. We discuss the notion of asymptotic expan-
sion of the symbols, and show that operators which are at first sight much
more general can be reduced to the case of ordinary pseudo-differential oper-
ators. We also study the notion of 7-symbol of a pseudo-differential, and give
formulas allowing one to switch between different values of the parameter 7.

Part IV: Applications

e In Chapter 15 we study a great classic of quantum mechanics, in fact one
of its pillars: Schrédinger’s time-dependent equation. We begin by showing
that this equation can be derived from the theory of the metaplectic group
when associated to a quadratic Hamiltonian function. In the second part of
the chapter we generalize our construction to arbitrary Hamiltonian func-
tions by using Stone’s theorem on strongly continuous one-parameter groups
of unitary operators together with the characteristic property of symplectic
covariance of Weyl pseudo-differential calculus.

e Chapters 16 and 17 are an introduction to Feichtinger’s theory of modula-
tion spaces. The elements ¢ of these spaces are functions (or distributions) on
R™ characterized by the property that the cross-Wigner transform W (4, ¢)
belongs to some weighted Banach space of integrable functions on R?" for
every “window” ¢. The simplest example is provided by the Feichtinger al-
gebra M1(R™) which is the smallest Banach algebra containing the Schwartz
functions and being invariant under the action of the inhomogeneous group
(Chapter 16). Since Feichtinger’s algebra is a Banach algebra it can be used
with profit as a substitute for the Schwartz space; it allows in particular,
together with its dual, to define a Gelfand triple. Modulation spaces play a
crucial role in time-frequency analysis and in the theory of pseudodifferential
operators. Their importance in quantum mechanics has only been recently
realized, and is being very actively investigated.

e Chapter 18 is an introduction to a new topic, which we have called Bopp
calculus. Bopp operators are pseudodifferential operators of a certain type
acting on phase space functions or distributions. They are associated in a
natural way to the usual Weyl operators by “Bopp quantization rules”, z —
x + %map, p — p— %ihf}x. These rules are often used heuristically by
physicists working in the area of deformation quantization; this chapter gives
a rigorous justification of these manipulations. We note that the theory of
Bopp operators certainly has many applications in pure mathematics and
physics (Schrodinger equation in phase space).

e In Chapter 19 we give a few applications of Bopp calculus. We begin by
studying spectral properties of Bopp operators, which we relate to those of
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the corresponding standard Weyl operators. As an example we derive the en-
ergy levels and eigenfunctions of the magnetic operator (also called Landau
operator). We thereafter show that Bopp pseudodifferential operators allow
one to express deformation quantization in terms of a pseudodifferential the-
ory; this has of course many technical and conceptual advantages since it
allows us to easily prove deep results on “stargenvalues” and “stargenvec-
tors”. The book ends on a beginning: the application of Bopp operators to
an emerging subfield of mathematics called “noncommutative quantum me-
chanics” (NCQM), which has its origins in the quest for quantum gravity.
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Prologue

In this preliminary chapter we introduce some notation and recall basic facts from
linear algebra and vector calculus.

Some notation

Let K=R or C.

o M(m,K) is the algebra of all m x m matrices with entries in K.

e GL(m,K) is the general linear group. It consists of all invertible matrices in
M(m,K).

e SL(m,K) is the special linear group: it is the subgroup of GL(m, K) consisting
of all matrices with determinant equal to 1.

e Sym(m,K) is the vector space of all symmetric matrices in M (m,K); it has
dimension $m(m+1); Sym, (2n,R) is the subset of Sym(m, K) consisting of

the positive definite symmetric matrices.

The elements of R™ should be viewed as column vectors

T
xr =
In
when displayed; for typographic simplicity we will usually write z = (z1,...,z,)

in the text. The Euclidean scalar product (-,-) and norm |- | on R™ are defined by
m
zoy=aly= ijyj.
j=1

The gradient operator in the variables x1,...,x, will be denoted by

8331
Oy or

0xm

XX1
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Let f and g be differentiable functions R™ —— R™; in matrix form the chain
rule is

0x(go f)(w) = (Df(x))" 0u f(x) (1)

where Df(x) is the Jacobian matrix of f: if f = (f1,..., fm) is a differentiable
mapping R"™ — R™ then

8f  Of ... Ofi
oxq Oxo T m
0. 0. Oxm
Df = | o 9% ’ (2)
Ofm  Ofn ... Ofm
Ox1 Oxo O,

Let y = f(z); we will indifferently use the notation D f(z) for the Jacobian matrix
at x. If f is invertible, the inverse function theorem says that

D(f~")(y) = [Df ()]~ (3)

If f:R™ — R is a twice continuously differentiable function, its Hessian
calculated at a point x is the symmetric matrix of second derivatives

o2f o2 f - i
0z? 0x10x2 9z10xy,
f ’f .. _&f
Ox20. ox2 020z,
D2f(g;) _ To20T1 3,2 20T . (4)
oy oy ... 2F
Ox,, 011 Ox,, 0x2 Ox2

Notice that the Jacobian and Hessian matrices are related by the formula

Dy (82f)(x) = D3 f (). (5)

Also note the following useful formulae:
(Ady,8,) e 2 M58 — [(MAMaz, x) — Tr(AM)] e~ M%) (6)
(Bx, 0y) e~ 2 {Mez) — (M Bz, x) e~z {Mwz) (7)

where A, B, and M are symmetric matrices.

The space S(R™) and its dual S’(R")

Very useful classes of functions and distributions are the so-called Schwartz space
S(R™) and its dual &'(R™), which is the space of tempered distributions. In our
context they are better adapted than the space C2°(R™) of infinitely differen-
tiable functions with compact support (the latter is not invariant under Fourier
transform).
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Definition 1. The space S(R™) consists of all infinitely differentiable functions
f : R™ — C such that for every pair («, 3) of multi-indices there exists a constant
Cop > 0 such that

|2208 f ()| < Cop for z € R™.

This condition is equivalent to the existence of C('X s > 0 such that
|02 () (z)| < Clp forz e R™.

The proof of the equivalence of the two conditions above is left to the reader;
it readily follows — after some tedious calculations — from Leibniz’s rule for the
derivatives of a product.

Clearly C§°(R™) C S(R™); the archetypical example of a function which
belongs to S(R™) but not to C°(R™) is the Gaussian f(z) = e~1I°; more generally
the product of a Gaussian by a polynomial is in S(R™). Note that S(R™) actually
is an algebra: the product of two elements of S(R™) is also in S(R™) (this readily
follows from the chain rule). The formulae

I£15) = sup 2202 f(x)],
rER™

1£1% = sup 92z ) ()]
JCE]R"

define equivalent families of semi-norms on S(R™); one shows that S(R™) becomes
a Fréchet space for the topology thus defined.

The Fourier transform

Let f: R™ — C be an absolutely integrable function

91 = [ If@de < oc;

we will write for short f € L1(R™). By definition the Fourier transform Ff = fis
the function defined by

o) = (&)™ / e @)

We will use in this book the following variant of the Fourier transform F:
_ 1 \n/2 —iz-x’ / /.
Fi(z) = (5) / e Y(z")dx';

here h is a positive parameter, which one identifies in physics with Planck’s con-
stant divided by 2m: h = h/27 (the notation is due to the physicist Dirac). One

~

proves (Riemann-Lebesgue lemma) that lim¢|_o f(§) = 0.
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One of the main properties of the Schwartz space (and of it dual) is that it
is invariant by the Fourier transform:

F: S(R") — S(R™),
F:S(R") — S'(R").

This is in strong contrast with the case of CS°(R™): the only compactly supported
function (or distribution, for that matter) whose Fourier transform is also com-
pactly supported is 0 (this is easily seen if one knows that the Fourier transform
of a compactly supported function is analytic, and can thus never have compact
support).

Proposition 2. The Fourier transforms F : f —— f and f —— Ff are invertible
automorphisms of S(R™) which extends by duality into automorphisms of S’'(R™)
defined by

(f.9)={£,3) . (Ff,g)=(f Fg)

for f € S'(R™), g € S(R™). The restriction of these automorphism to L*(R™) are
unitary.

Proof. Let f € S(R™); for o, B € N™ we have
(200 = (oG

since 9%2” f € S(R™) there exists a constant Cg > 0 such that |§aa§f(g)| < Cog,

hence f € S (R™). That the Fourier transform is an invertible automorphism of
S(R™) follows from the Fourier inversion formula. The two last statements easily
follow from Plancherel’s formula

f(@)§@)de = | f(z)g(z)da
R R™

and their proof is therefore left to the reader. O
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Symplectic Mechanics



Chapter 1

Hamiltonian Mechanics in a Nutshell

This chapter is an introduction to the basics of Hamiltonian mechanics, with an
emphasis on its symplectic formulation. It thus motivates the symplectic tech-
niques which will be developed in the forthcoming chapters. In fact, Hamiltonian
mechanics is historically the main motivation for the study of the symplectic group
in particular, and of symplectic geometry in general. For complements and an ex-
tended study the reader can consult with profit the treatises by Abraham—-Marsden
[2] and Arnol’d [3]; an elementary introduction at the undergraduate level is the
classical book by Goldstein [63] and its re-editions. (This book is written for physi-
cists, however, and the mathematics is not always rigorous.)

Historically, Hamiltonian mechanics goes back to the early work of Hamilton
and Lagrange; its symplectic formulation (as exposed in this chapter) is relatively
recent; see Arnol’d [3] and Abraham et al. [1] for detailed accounts.

1.1 Hamilton’s equations

We will use the notation z = (z1,...,2,), p = (p1,...,pn) for elements of R™ and
2z = (z,p) for elements of R?" (the “phase space”). When using matrix notation,
x, p, z will always be viewed as column vectors.

1.1.1 Definition of Hamiltonian systems

Let H (“the Hamiltonian”) be a real-valued function in C°°(R?"); more generally
we will consider “time-dependent Hamiltonians” H € C>°(R?" x R), functions of
z and t.
Definition 3. The system of 2n ordinary differential equations

— = — t — = t 1.1

is called the Hamilton equations associated with H.

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 3
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 1, © Springer Basel AG 2011
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To simplify the discussion we will assume that for every zo = (xo, pg) belong-
ing to an open subset Q of R?", this system has a unique solution t —— 2(t) =
(x(t),p(t)) such that z(0) = zq, defined for —T < ¢ < T where T > 0. (See
Abraham—Marsden [2], Ch. 1, §2.1, for a general discussion of global existence and
uniqueness, including the important notion of “flow box”.)

A basic example is the following; we state it in the case n = 1:

H(w.p) = 53—+ Ula) (1.2)

where m is a positive constant (“the mass”) and U a smooth function (“the po-
tential”). In this case Hamilton’s equations are

dz p dp ’

i i N CF (1.3)
In physics one writes v = p/m (it is the velocity) and dp/dt, so that these equations
are just a restatement of Newton’s second law, familiar from elementary physics;
the quantity p?/2m is the “kinetic energy”. (We have discussed in some detail the
physical interpretation of Hamilton’s equations in [65].)

This example motivates the following definition:

Definition 4. Let ¢t — z(t) be a solution of Hamilton’s equations. The number
E(t) = H(z(t)) is called the energy along the solution curve through zg = z(0)
at time ¢. When H is time-independent, we have H(z(t)) = H(z(0)) for every ¢.
More generally, any function which is constant along the curves t — z(t) is called
a “constant of the motion”.

That the energy F is a constant for time-independent Hamiltonians follows
from the chain rule applied to H(z(¢)), taking Hamilton’s equations into consid-
eration: setting z = z(t) we have

da:j OH ,  dp;
Z 830] 8 ap, dt 0

In the case of time-dependent Hamiltonians the same argument shows that

S H0,0) = 20,1

hence the energy E(t) = H(z(t),t) is not a constant of the motion.

1.1.2 A simple existence and uniqueness result

Here is an existence result which is sufficient for many applications to physics. We
assume that the Hamiltonian is time-independent and of the type

Hep =Y D

j=1 2m;
where U € C*°(R").
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Proposition 5. If U > a for some constant a, then every solution of Hamilton’s
equations

dxj Pj dpj 8U( )

— = =< —_ = ——(x

dt mj ’ dt 8:cj

(1 < j < n) exists for all times (and is unique).

Proof. In view of the local existence theory for ordinary differential equations it
suffices to show that the solutions t — z(¢) remain in bounded sets for finite times.
Since Hamilton’s equations are insensitive to the addition of a constant to the
Hamiltonian we may assume a = 0, and rescaling if necessary the momentum and
position coordinates it is no restriction neither to assume m; = 1 for 1 < j < n. For
notational simplicity we moreover assume n = 1. Let thus ¢t — z(t) = (z(¢),p(t))
be a solution curve of the equations

dx dp oU
E =P , % = 7%(:6)

and let E = H(z(t)) be the energy; since H > U we have E > U(z(t)). In view of

the triangle inequality

|[z(8)] < [2(0)] + |2(t) — 2(0)] < [=(0)] +/O | gz (s)] ds;
since £2(s) = p(s) and

p(t) = V2(E - U(z(t)) < V2E (1.4)

we have:

j2()] < |(0)] + / Ip(s)|ds < [2(0)] + / VAE — U (a(s))ds

so that

|z(t)] < |x(0)] + tV2E. (1.5)
The inequalities (1.4) and (1.5) show that for ¢ in any finite time-interval [0, T
the functions ¢t — z(t) and ¢t — p(t) = x(¢), and hence t — 2(t), stay forever
in a bounded set. 0

One can show (see [1], §4.1) that the conclusions of Proposition 5 still hold
if one replaces the boundedness condition U > a by the much weaker requirement

U(x) > a—blz|* for b>0

where a and b are some constants (b > 0). This condition cannot be very much
relaxed; for instance one shows (ibid.) that already in the case n = 1 the solutions
of the Hamilton equations for

2 2
p € e
H(z,p) = o~ — gﬂfﬂw )

are not defined for all ¢ if € > 0.
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1.2 Hamiltonian fields and flows

From now on we will use the following more compact notation, borrowed from
mechanics: time derivatives (i.e., derivatives with respect to t) will be denoted
by putting a dot over the letter standing for the function. For instance, & means
dx/dt. Derivatives will in general be written as 0, 0, , etc. instead of 3/0x, 0/0x;.
We will also freely use the notation 9, for the gradient (9,,,...,0;, ). Similarly,
0. = (0g,0p) is the gradient in the 2n variables z1 = x1,...,2n, = T} 2n41 =
P1y---5y%22n = Pn-
The Hamilton equations (1.1) can be rewritten in compact form as

L= JO.H(z) (1.6)

where J is the “standard symplectic matrix” defined by

7= (% 0)

where 0 and I are the n X n zero and identity matrices. That matrix will play an
essential role in all of this book.

1.2.1 The Hamilton vector field
Assume first that H is a time-independent Hamiltonian function.

Definition 6. We call the vector field
Xy =J0.H =(0,H,—-0,H)

the “Hamilton vector field of H”; the operator J0, is called a “symplectic gradi-
ent”.

It follows from the elementary theory of ordinary autonomous differential
equations that the system (1.1) defines a flow (¢): by definition the function
t — z(t) = ¢ (20) is the solution of Hamilton’s equations with z(0) = 2y and we
have

oo =iy, b =1 (1.7)

when ¢,¢' and ¢ + ¢’ are in the interval [T, T]. In particular each ¢{7 is a diffeo-
morphism such that (¢f)~1 = ¢%,.

Definition 7. One says that (¢) is the flow generated by the Hamilton equations
for H.

The Hamilton vector field is gradient-free:

div Xp = 8, (9,H) — 0, (0, H) =0
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hence the flow (¢) is incompressible. This result is called “Liouville’s theorem”
in the physics literature. Incompressibility means that for every subset U of € and
t € [=T,T] such that ¢7(U) C Q we have

Vol o2 (U) = Vol U.

Hamiltonian flows are thus volume-preserving. This property also follows from the
fact that Hamiltonian flows consist of symplectomorphisms, as we will see in a
moment, for we then have

(¢F)* Vol = Vol

where Vol is the volume form (2.11).
When H is a time-dependent function, Hamilton’s equations become a non-
autonomous system of differential equations which we can write concisely as

i =J0.H(z,t). (1.8)

One again writes Xy = 0, H, but Xg is not, strictly speaking, a vector field in the
usual sense (because it depends on the parameter t). The “fow” (¢f) generated
by time-dependent Hamiltonian no longer has the group property: ¢ qbf,l #+ qﬁfit,.
It is often useful to replace the notion of flow as defined above by that of time-
dependent flow (gbft/): (bft, is the function defined by the condition that ¢ ——

z(t,t') = (b{ft, (z0) is the solution of Hamilton’s equations with z(t') = 2. Obviously

¢, = o (o )"

hence the group property (1.7) has then to be replaced by
Sty = Oty dbh =1 (1.9)

for all admissible ¢,t’, and ¢”. Notice that it follows in particular that (qﬁfft,)*l =
&y

It is however always possible to reduce the study of a time-dependent Hamil-
tonian to the time-independent case. The price to pay is that we have to work in
a phase space with dimension 2n + 2 instead of 2n. We define a new Hamiltonian
function H by the formula

where F is a new variable, viewed as conjugate to the time ¢ which now has the
status of a “position variable”; we could as well write the definition of H in the
form

H(z,p,Tny1,pnr1) = H(Z,p, Tny1) — Putt

but we will however stick to the notation (1.10). The function H is defined on the
extended phase space R?"T2 = R?" x Rg x R;. The associated Hamilton equations
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are, expressed in terms of the original Hamiltonian H:

dx dp
o7 =0,H , 7 -0, H,

dE  OH ot 1

ot o
where the parameter ¢’ plays the role of a new “time”; since H does not explicitly
contain that parameter, it is a “time-independent” Hamiltonian on the extended
phase space. Notice that in view of the fourth equation above we may choose
t' =t so that the two first equations are just the Hamiltonian equations for H; as
a bonus the third equation is just the familiar law for the variation of energy of a
time-dependent Hamiltonian system:

dE.d

dt — dt
(the second equality because of the chain rule and using the fact that z and
p satisfy Hamilton’s equations). We can now define the “extended Hamiltonian
flow” (¢H) of H by the formula ¢f = ¢ Notice that since (¢H) is the flow
determined by a time-independent Hamiltonian, (¢7) enjoys the one-parameter
group property ¢! d)ﬁ = QSEH/ and ¢bf = I (the identity operator on the extended
phase space R?"*+2). Denote now by ((bfft,) the two-parameter family of canonical

0
H(I,p, t) = aH(maIL t)

transformations of R?" defined as follows: for fixed ¢’ the function z = d)ﬁt/ (2) is
the solution of Hamilton’s equations for H taking the value 2’ at time ¢’. Thus:

ol = o (s5) 7. (1.11)

Clearly ¢f, is the identity operator on R*" and qﬁft,qu{t// = (,b{:lt//, ((bfft,)’l = d)f{t.
The two-parameter family (d)ﬁ[t,) is sometimes called the “time-dependent flow”;
it is related to the extended flow defined above by the simple formula

o (2t E) = (¢, ('), t +t', By vr) (1.12)

with
Eov = B'+ H(ol, (), 1) - H(Z,¥). (1.13)

We refer to the paper [154] by Struckmeier for a discussion of some subtleties
and difficulties related to the method just outlined. See Sardanashvily [139] for an
up-to-date discussion of time-dependent Hamiltonian mechanics from the point of
view of differential geometry.

1.2.2 The symplectic character of Hamiltonian flows

Recall that J (the “standard symplectic matrix”) is defined by

7= (%)
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where 0 and I are the n x n zero and identity matrices. Note that det J = 1 and
=1, J'=J"=-J
(the superscript 7 denotes transposition).

Definition 8. A real 2n x 2n matrix is said to be symplectic if it satisfies the
conditions

STjS =878T =J. (1.14)
The set of all symplectic matrices is denoted by Sp(2n,R).

A symplectic matrix is invertible because det(STJS) = det.J implies
det(S)? = 1since det J = 1. (We will actually see later that we must have det S = 1
when S is a symplectic matrix; this property is in fact not quite obvious.) We will
see in the next chapter that Sp(2n,R) is a group, in fact one of the classical Lie
groups.

The main property of Hamiltonian flows — or, at least the one that distin-
guishes them from general flows — is that they consist of symplectomorphisms (also
called “canonical transformations”, especially in the physical literature). There
are several ways to prove this; our approach makes use of the so-called variational
equation satisfied by the Jacobian matrices of a Hamiltonian flow. We prove the
result for time-independent Hamiltonians; the extension to the time-dependent
case is straightforward (see Exercise 10 below).

Theorem 9. Let (¢f) be a Hamiltonian flow defined on Q C R?*™.
(i) The Jacobian matriz Sy(z) = Dol (2) satisfies the “variational equation”
d
ES’t(z) = JD?*H (¢ (2))Si(2) , Si(z)=1. (1.15)

(ii) The Jacobian matriz Do (2) is symplectic for every z € :
(Do (2)]T TDy! (2) = Doy (2)T[Dy! ()] = J.
Proof. (i) Taking Hamilton’s equation into account the time-derivative of the Ja-
cobian matrix S;(z) is
G5 = Z el ) =D (Fo8')).
that is p
G51(2) = DX (6 (2)).
Using the fact that Xy = J9,H together with the chain rule, we have
D(Xu(¢{'(2))) = D(JO-H)(}' (2))
= JD(3.H)(¢}' (2))
= J(D*H)(' (2)) D1’ (2),
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hence Si(z) satisfies the variational equation (1.15). Statement (ii) follows from
(i): set Sy = Si(2) and Ay = (S;(2))T JSi(2); using the product rule together with
(1.15) we have
dAy  d(S)T 7 5 dSt
@ a TS
= (St)TD2H(Z)St — (St)TD2H(Z)St
= 0.

It follows that the matrix S JS;is constant in ¢, hence, in particular, S JS; =
SEJSy = J (because Sy is the identity) so that S; € Sp(2n,R) for all t € R. [0

The following exercise is easy, but the result is useful: it shows that even for
time-depending Hamiltonians the flow consists of symplectomorphisms.

Exercise 10. Reformulate (and prove) the conclusions of Theorem 9 in the case of
a time-dependent flow determined by a time-dependent Hamiltonian.

1.2.3 Poisson brackets

There is another way of writing Hamilton’s equations; it makes use of the notion
of Poisson bracket. Let us introduce the following notation: for any pair of vectors
(z,2') in R*™ we set
0(z,2)= (' Jz=Jz- 2.

The scalar o(z, z’) is called the symplectic product of z and z’; o is the standard
symplectic form on R?™. Observe that o is a bilinear form on R?" which is antisym-
metric: o(z,2') = —o(2/, z). It satisfies in addition the following non-degeneracy
condition: we can have o(z,z’) = 0 for all 2’ if and only if z = 0 (this because J
is invertible).

Definition 11. Let (f,g) € C°°(R?") x C°°(R?"). The Poisson bracket of f and g
is the function

(.9} =00, 05,9 — 00,905, f = O f - 0pg — Dag - Opf.

j=1

It is immediate to verify that Hamilton’s equations can be rewritten, using
Poisson brackets, as

iy ={x;,H} , pj ={p;, H}.
The following properties of the Poisson brackets are proven by straightforward
calculations:

e Anticommutativity:

{f7g}' = _{gaf},
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e Linearity:
{frg+ht={f gt +{f n},
{f+g.h}={f.h}+{g h},
Mgy ={f 29} = Mf g9k

e Leibniz’s law

{f,gh}y ={f, gth+ g{f h};
e Jacobi identity:

{fv {gvh}} + {hv {fvg}} + {gv {ha f}} =0.

The relation between the symplectic product and Poisson brackets is instruc-
tive; it comes from the following property:

Proposition 12. Let Xy and X be the Hamilton fields of H and K. The Poisson
bracket of H and K is given by

{H,K}Z—O’(XH,XK). (1.16)
Proof. 1t is obvious since Xy = (0,H, —0,H), Xk = (0,K, —9,K) so that
o(Xi, X)) = —0.H - 0,K + 0, K - ,H = —{f, g}. O

Poisson brackets are useful in various circumstances; they are historically
at the origin of quantization deformation (and of prequantization, which is an
unphysical mathematical theory; see Wallach [158] for an introduction to this
topic).

1.3 Additional topics

1.3.1 Hamilton—Jacobi theory

Here is one method that can be used (at least theoretically) to integrate Hamilton’s
equations; historically it is one of the first known resolution schemes. A complete
rigorous treatment is to be found in, for instance, Abraham et al. [1].
Given an arbitrary Hamiltonian function H the associated Hamilton—-Jacobi
equation is the (usually non-linear) partial differential equation with unknown ®:
%—‘f + H(z,0,®,t) = 0. (1.17)
The interest of this equation comes from the fact that the knowledge of a suffi-
ciently general solution @ yields the solutions of Hamilton’s equations for H. At
first sight it may seem strange that one replaces a system of ordinary differential
equations by a non-linear partial differential equation, but this procedure is often
the only available method!
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Proposition 13. Let & = &(x,t, «) be a solution of

0P

¥ + H(z,0,9,t) =0 (1.18)
depending on n non-additive constants of integration aq,...,on, and such that

det D} ,®(x,t,a) # 0. (1.19)

Let B1, ..., Bn be constants; the functions t — x(t) and t — p(t) determined by
the implicit equations

0a®(z,t,0) =0 , p=0,P(z,t, ) (1.20)
are solutions of Hamilton’s equations for H.

Proof. We assume n = 1 for notational simplicity; the proof extends to the general
case without difficulty. Condition (1.19) implies, in view of the implicit function
theorem, that the equation 9,®(z,t,a) = 8 has a unique solution z(t) for each ¢;
this defines a function ¢ — x(¢). Inserting z(t) in the formula p = 9, ®(x, t, o) we
also get a function ¢ — p(t) = 9, P(x(t),t, ). Let us show that ¢t — (x(t), p(t))
is a solution of Hamilton’s equations for H. Differentiating the equation (1.18)
with respect to « yields, using the chain rule,

0’  OH 0*®

o o7e . 1.21
900l Op dadz (1.21)
differentiating the first equation (1.20) with respect to ¢ yields
0%*® 0*®
— = 0; 1.22
9z0a” " dioa (1.22)

subtracting (1.22) from (1.21) we get

0’® (O0H .
— —1x) =0,
Oxda \ Op

hence we have proven that & = 9, H since 0?®/dxda is assumed to be non-singular.
To show that p = —0, H we differentiate (1.18) with respect to z:

0°®  OH OH0*®

R 1.2
9zoi |~ 0z | Op 02 (1.23)
and p = 0, P with respect to ¢:
0*® 9%®
)= —— + ——1 1.24
P= Bior " 02" (1.24)

Inserting the value of 92® /920t given by (1.24) in (1.23) yields
OH 0. O0HP®
oz | Bz Op 022 p=

hence p = —0,H since & = 0,H. g
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When the Hamiltonian is time-independent, the Hamilton-Jacobi equation
is separable: inserting ® = ®o — Et in (1.18) we get the ‘reduced Hamilton—Jacobi
equation’:

H(z,0,%p,t)=F (1.25)

which is often easier to solve in practice; the energy F can be taken as a constant
of integration.
Exercise 14.

i) Let H = s+-p? be the Hamiltonian of a particle with mass m moving freely
2m
along the z-axis. Use (1.25) to find a complete family of solutions of the

time-dependent Hamilton—Jacobi equation for H.

(ii) Do the same with the harmonic oscillator Hamiltonian H = 5 (p?+m?2w?z?).
2m

1.3.2 The invariant volume form

In what follows H denotes a time-independent Hamiltonian function on R?™ and
FE a real number.

Definition 15. When non-empty the level set X5 = {z € R?" : H(z) = E} is called
the energy shell for H corresponding to the energy level E. An energy shell is said
to be regular if the gradient field 0, H of the Hamiltonian is orthogonal to X g at
every point and moreover never vanishes on ¥ p.

When X g is a regular energy shell, the formula

o.H()
NG =5 a0)

thus defines a unit normal field N to the energy shell ¥ . We claim that the
(2n — 1)-form dV?"~! defined by

AV M (X, K1) = dVPN, X0, Xon 1) (1.26)

(X1,...,Xan—1 tangent vector fields to Xg) is a volume form on Xg;
1
AV = —gA---Ao
n!

(n factors) is the ‘Liouville volume form’ on R?". This can be rewritten as:
dV?" =dpy A+ ANdpp ANdzy A - Adxy,.

All we have to do is to check that dV2""'(z) # 0 for each z. Choose linearly
independent tangent vectors Xi,..., Xo,_1 to Xg; since N (z) is orthogonal to
each X;(z), the 2n vectors N(z), X1(2),...,Xon—1(2) are linearly independent.
Since Vol?” is a volume form on R2" we must thus have

Vol?"(N(2), X1(2), ..., Xon_1(2)) #0

at every z, which proves our claim.
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In the notation and terminology of intrinsic differential geometry the volume
form just constructed is the restriction to X g of interior products of the Liouville
form Vol?™ by the vector field N; it is thus the contraction (or interior product)
of Vol*" with N:

2n—1 _ 2
dVEn = ZazH/\aszOl n‘EE

Here is an elementary example. Let H = (p*+x?) be the harmonic oscillator
Hamiltonian function. The energy shells are the circles S*(v/2E). Formula (1.26)
yields

dVi(2)(X,P) = — pX — 2P)

o

X 1
P‘ - 2E(
hence dV3 = (pdx — xdp)/2E.

A drawback with the standard volume element dV]%"_1 is the following: while
the Liouville form Vol?" is invariant under Hamiltonian flows (more generally,
under the action of any symplectomorphism), this is not the case of dVé"il.
We can however remedy this inconvenience by defining a volume element on X
related in a simple way to V2"~ " and which will be invariant under the flow (¢/)
determined by any Hamiltonian defining that energy shell. One shows that

Proposition 16. Let X be a reqular energy shell for the Hamiltonian H.
(i) The formula

1
2n—1 _ dv2n71 1.27

defines a volume form on X g such that

Vol*" = dH A o2t (1.28)

(ii) For every subset M of ¥ we have

/ a?;*lz/ ot (1.29)
M, M

where My = ¢ (M) is the image of M by the Hamiltonian flow (¢f).

Problem 17. (Requires a good knowledge of intrinsic differential calculus.) Show
that the form 0}23”71 is the only volume form 1/]23”71 on g such that Vol?" =
dH N 1/]23"71; deduce from this the invariance property (1.29) of 0}23”71. [Hint: use

the fact that both Vol?” and dH are invariant under the Hamiltonian flow (¢!7).]

The invariant volume form defines a measure pg of sets on the energy shell.
IfU C Xg, then
avg !

peU) = | o'~ = (1.30)
u u 10-H|

when defined.
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We are next going to prove a very interesting property relating measure of
the energy shell to the volume of its interior. That result is sometimes called
the Cavalieri principle. We begin by making the following remark: let H be a
Hamiltonian and Xg a regular and compact energy shell. We claim that there
exists €9 > 0 and a family of diffeomorphisms (¢.)_c,<c<e, Of phase space such
that ¢q is the identity, and

z € ¥p = H(pap(z)) = E+ AE. (1.31)

Since X is a regular energy shell, the gradient 0, H does not vanish on Xg; by
continuity we thus have 9, H(z) # 0 in a whole neighborhood U of Y. Since X
is compact, we actually conclude the existence of ¢ > 0 such that |0,H(z)| > ¢ in
that neighborhood. Set now X = 9,H(z)/|0,H (z)|?>. This vector field is defined
on U; let (pe)_cy<e<e, be its flow. Let z € g; by the chain rule

d dp- 9:H (p:(2))

EH(%(Z)) = 0. H(p:(2)) I (2) = azH(SDE(Z))m

which is equal to 1, hence (1.31) since H(po(z)) = H(z) = E.

Proposition 18. Let X be a reqular and compact energy shell and V (E)=Vol(Mg)
the volume of the set bounded by X . We have

oV (E) _ / V" an
OF s, |0-H| E

(Zg). (1.32)

Proof. For a point z € X let z + Az be the intersection of the normal through
z with ¥ g4 ap; the length of the line segment [z, z + Az] is |Az|. The difference
AV = V(E + AE) — V(E) is the volume of the phase space region bounded by
Y g and ¥ gyag; we have

d(AV) = |Az|dVE"—t. (1.33)
With the notation introduced above, Az = pag(z) — z, hence
dp.
Az =AE <i(2)> +O((AE)?)
de e=0
0.H(z) 9
=AF———— +O((AFE
p.ap TG

so that we can rewrite (1.33) as

d(AV) = AE <m + 0((AE)2)> dvar—t

hence, integrating over ¥ and dividing by AFE:

AV 1 on—1
AE /z: (|azH<z>| * O(AE)) W

which yields (1.32) letting AE — 0. O



16 Chapter 1. Hamiltonian Mechanics in a Nutshell

1.3.3 The problem of “Quantization”

Quantum mechanics has its historical origins in the work of Bohr, Born, Heisen-
berg, Jordan, Pauli, von Neumann, Schrodinger, Weyl and Wigner in the mid
1920s. Its thrust is that physical phenomena are not continuous phenomena, but
instead take place in very small but discrete increments — that is, quanta. Besides
its great intrinsic interest as one of the pillars of modern Science, quantum mechan-
ics has triggered interest in new mathematical concepts, one of the most important
being the Weyl (also called the Weyl-Wigner—Moyal) formalism. In this chapter
we study the basic definitions and properties of Weyl calculus from a modern
point of view, where the notions of Heisenberg—Weyl operator and cross-Wigner
transform play an essential role.

Already in the early years (1925-1926) of Quantum Mechanics physicists
where confronted with the problem of ordering, which consisted of finding an un-
ambiguous procedure for associating to a “classical observable” (in mathematics,
we would speak about a real symbol) a self-adjoint operator. The oldest quan-
tization procedure was actually suggested by Schrodinger who associated to the

Hamiltonian function )

p
H = —
(5.9) = -+ U@)
the partial differential operator
-~ h? 0?
H=——
2m 0x? +U()

in the case n = 1. Schrodinger’s empirical prescription thus consisted in the formal
substitution p — —ih9d/0z in the Hamiltonian function. So far, so good. But,
asked physicists, what should one then do when confronted with more complicated
cases? For instance, what should the operator corresponding to

1
H = 24U
(0.0) = 5 (p + 2 + Ula)
then be? The “obvious” guess,
2

I
H= - (Cihd, + 2 +U
5 (—ihd, + ) + U(x),

is not obvious at all, because if we expand the square in the function H we have
infinitely many possible choices for quantizing the product 2px, because there are
infinitely many ways to write that function. For instance, we can write

2px = px + (1 — 7)xp = 2P

for every number 7. Physicists decided to make a King Solomon’s Choice: they
decided that the “right” choice was o = 1/2. This corresponds to the “canonical
quantization rules”

A~ o~ ~ A~

~ ~ 1
x—X , p— P , px—»i(XPJrPX) (1.34)
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where X is the operator of multiplication by x and P= —ihd/O0x (this prescription
is actually the one corresponding to the first “obvious” guess above).

It turns out that the canonical quantization rules above are particularly in-
teresting because they lead to a symplectically covariant theory. It is actually no
more than a particular case of the Weyl quantization procedure. It is sometimes
objected that the choice of Weyl quantization is in a sense ad hoc. One could as
well define “r-quantization” which corresponds to the more general choice

x—7ZT ,p—D, pr —T1Ip+ (1 —7)pT (1.35)

which is mathematically interesting by itself. However, there is one reason to pre-
fer this choice, and to think it is the right choice, thus confirming Weyl’s insight.
It turns out that Weyl quantization not only leads to a symplectically covariant
quantization procedure (and pseudodifferential operator calculus), but in addition
it is the only possible choice if one insists on symplectic covariance (this funda-
mental fact will be proven later in this book).

Here is an exercise:

Problem 19. Consider the polynomial
(tlml R o A I e S B TnDnl)N

in the variables ¢, 7 € R™ with operator coefficients (z; is viewed as the multipli-
cation operator by x;) and write it in the form

N!
a
> S A

la+8|=N
Then A,p is the operator with the Weyl symbol xR,

We will actually study the notion of T-quantization in some detail in Chapter
14 using Shubin’s theory of global pseudo-differential operators.

There is another way to see things. Quantization can be viewed as a “defor-
mation” of Hamiltonian mechanics (a little bit in the same way as special relativity
is seen as a deformation of Galilean relativity). Deformation quantization is one
of the themes of the last part of this book.



Chapter 2

The Symplectic Group

This chapter is a review of the most basic concepts of the theory of the symplectic
group, and of related concepts, such as symplectomorphisms or the machinery of
generating functions.

We may well be witnessing the advent of a “symplectic revolution” in funda-
mental Science. In fact, since the late sixties there has been a burst of applications
of symplectic techniques to mathematics and physics, and even to engineering or
medical sciences (magnetic resonance imaging is a typical example). It seems on
the other hand that it may be possible to recast a great deal of mathematics
in symplectic terms: there is indeed a process of “symplectization of Science” as
pointed out by Gotay and Isenberg [80].

Symplectic geometry differs profoundly from more traditional geometries
(such as Euclidean geometry, or its refinement Riemannian geometry) because
it appears somewhat counter-intuitive to the uninitiated. In symplectic geometry
all vectors are “orthogonal” to themselves because the ‘scalar product’ is anti-
symmetric. As a consequence, the notion of length in a symplectic space does
not make sense; but instead the notion of area does. For instance, in the plane
R2, the standard symplectic form is (up to the sign) the determinant function: if
2 = (z,p), 2’ = (2/,p’) are two vectors in R?, then det(z, 2') = zp’ — 2p represents
the oriented area of the parallelogram built on the vectors z, z’. In higher dimen-
sions the situation is similar: the symplectic product of two vectors is the sum of
the algebraic areas of the parallelograms built on the projections of these vectors
on the conjugate planes. Symplectic geometry is thus an ‘areal’ type of geometry;
this quality is actually reflected in recent, deep, theorems which express the fact
that this ‘two-dimensionality’ has quite dramatic consequences for the behavior of
Hamiltonian flows, which are much more rigid than was thought before the mid-
1980s, when Gromov [87] proved very deep results in symplectic topology. Gromov
was eventually awarded (2009) the Abel prize (the equivalent of the Nobel prize
for mathematics) for his discoveries.

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 19
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 2, © Springer Basel AG 2011



20 Chapter 2. The Symplectic Group

2.1 Symplectic matrices

Recall that the “standard symplectic matrix” is J = <_OI é) where 0 and I
are the n x n zero and identity matrices. we have detJ = 1 and J? = I,

JT=J =1

2.1.1 Definition of the symplectic group

Definition 20. The set of all symplectic matrices is denoted by Sp(2n,R). Thus
S € Sp(2n,R) if and only if

STjS =878T =J. (2.1)
If S is symplectic then S~! is also symplectic because
(S HTyst=—-(s18 Hr =7

since JT = J~! = —J. The product of two symplectic matrices being obviously
symplectic as well, symplectic matrices thus form a group; that group is denoted
by Sp(2n,R) and is called the (real) symplectic group. The conditions (2.1) are
actually redundant. In fact:

S €Sp(2n,R) <= ST JS =J = SJST =J (2.2)

as you are asked to prove in Exercise 21 below:

Exercise 21. Show that S € Sp(2n,R) if and only ST € Sp(2n,R). [Hint: use the
fact that (S—1H)TJS~1 = J].

The eigenvalues of a symplectic matrix are of a particular type:

Problem 22. (i) Show that the eigenvalues of a symplectic matrix occur in quadru-
ples (A, A\~1, X\, A71). [Hint: show that the characteristic polynomial P of a sym-
plectic matrix is reflexive: P(A) = A P(A71).] (ii) Show that the determinant of
a symplectic matrix is equal to 1. (iii) Show that the eigenvalues of a symplectic
matrix S and those of its inverse S~! are the same.

2.1.2 Symplectic block-matrices

It is often useful for practical purposes to use block-matrix notation and to write

S — <é g) (2.3)

where the entries A, B, C, D are n X n matrices. Recalling that

7= (%)
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one verifies by an explicit calculation, using the identities ST.JS = J = SJST,
that this matrix is symplectic if and only the two following sets of equivalent
conditions are satisfied:

ATC, BTD are symmetric, and ATD —CTB =1, (2.4)
ABT, ¢DT are symmetric, and ADT — BCT = 1. (2.5)

Using the second set of conditions it follows that the inverse of a symplectic matrix
S written in the form (2.3) is

_ DT _pBT
S 1 =5 (—CT AT > . (26)
Notice that in the case n = 1 the formula above reduces to the familiar
4 _(d b
8§ = (c a
b) such that det(ad — bc) = 1.

d
Exercise 23. Verify in detail the formulas (2.4), (2.5), (2.6) above.

which is true for every 2 x 2 matrix S = (Ccl

Exercise 24. Show, using the conditions (2.4), (2.5) that S is symplectic if and
only if ST is.

. . A B) . . T T . .
Exercise 25. Show that if S = c p)B symplectic, then AA* + BB* is in-
vertible. [Hint: calculate (A +iB)(BT +iAT) and use the fact that ABT = BAT ]

2.1.3 The affine symplectic group

An interesting extension of Sp(2n,R) consists of the affine symplectic automor-
phisms. We denote by T(2n,R) the group of phase space translations: T'(zg) €
T(2n,R) is the mapping z — z + 2. Clearly T(2n,R) is isomorphic to R™ & R"
equipped with addition.

Definition 26. The affine (or inhomogeneous) symplectic group is the semi-direct
product
ASp(2n,R) = Sp(2n,R) x T(2n,R).

Formally, the group law of the semi-direct product ASp(2n,R) is given by
(S,2)(8",2") = (85", 2+ S2);

this is conveniently written in matrix form as

S oz S 2 S8 SZ+ 2
= . 2.7
<01><2n 1) <01><2n 1) <Ol><2n 1 > 27)
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One immediately checks that ASp(2n,R) is identified with the set of all
affine transformations F' of R™ & R™ such that F' can be factorized as a product
F = ST(z) for some S € Sp(2n,R) and z € R™ @ R™. Since translations are
symplectomorphisms in their own right, it follows that ASp(2n,R) is the group of
all affine symplectomorphisms of the symplectic space (R™ & R"™, o). We note the
following useful relations:

ST(z) =T(Sz2)S, T(2)S = ST(S '2).

2.2 Symplectic forms

We have defined the symplectic group in terms of matrices. It turns out that
Sp(2n,R) can be defined intrinsically in terms of a general algebraic notion, that
of symplectic form:

2.2.1 The notion of symplectic form

We begin with a general definition:

Definition 27. A bilinear form on R™ @& R™ (or, more generally, on any even-
dimensional real vector space) is called a “symplectic form” if it is antisymmetric
and non-degenerate. The special antisymmetric bilinear form o on R™ @& R™ de-
fined by

o(z,2)=p-2'—p' -z (2.8)

for z = (x,p), 2’ = (¢/,p’) is symplectic; it is called the “standard symplectic form
on R” @ R™”.

The antisymmetry condition means that we have
0(z,2) = —a(7, 2)

for all z,2" in R?". Notice that the antisymmetry implies in particular that all
vectors z are isotropic, that is:

o(z,2z)=0.

The non-degeneracy condition means that the condition o(z, 2’) = 0 for all z € R?"
is equivalent to z = 0.

Definition (2.8) of the standard symplectic form can be rewritten in a con-
venient way using the symplectic standard matrix

7= (%)

where 0 and I are the n x n zero and identity matrices. In fact

o(z,2)=Jz-2' = () Jz. (2.9)
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Exercise 28. Show that the standard symplectic form is indeed non-degenerate.

Let s be a linear mapping R™ & R” — R™ @ R™. The condition o(sz, sz’) =
o(z,2') is equivalent to ST.JS = J where S is the matrix of s in the canonical
basis of R™ @ R™ that is, to S € Sp(2n,R). We can thus redefine the symplectic
group by saying that it is the group of all linear automorphisms of R™ & R™ which
preserve the standard symplectic form o.

There are other more “exotic” symplectic forms which originate from physical
problems (for instance from quantum gravity); here is one example that will be
studied further when we discuss non-commutative quantum mechanics at this end

of this book: set
0- r1le I
“\ —-I AmIN

where © and N are n X n real antisymmetric matrices, and I the n X n identity.
One usually requires that © and N depend on h and that © = O(h?), N = O(h?).
From this viewpoint § can be viewed as perturbation of J: we have Q = J+O(h?).
One shows that if & is small enough then (2 is invertible. Since 2 is antisymmetric
the formula
wz,?)=z-Q7% =@Q") 2.

defines a new symplectic form on R™ @ R™ (see Dias and Prata [31]). Note that w
coincides with the standard symplectic form ¢ when © = N = 0.

2.2.2 Differential formulation

There is another, slightly more abstract, way to define the standard symplectic
form which has advantages if one has Hamiltonian mechanics on manifolds in mind.
It consists in observing that we can view o as an exterior two-form on R"™ @ R",
in fact:

n
oc=dpANdx = Z dp; N dx; (2.10)
j=1
where dp; A dz; is the wedge product of the coordinate one-forms dp; and dx;.
This formula is a straightforward consequence of the relation
dpj Ndxj(z,p;a’,p') = pjal; — pia;.
With this identification the standard symplectic form is related to the Lebesgue
volume form Vol on R™ @ R™ by the formula
1
Vol = (=) V2 _g Ao A---Ao. (2.11)
n factors

Using this approach one can express very concisely that a diffeomorphism f
of R™ ® R" is a symplectomorphism:

f € Symp(2n,R) <= f*o =0
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where f*o is the pull-back of the two-form ¢ by the diffeomorphism f:

fro(z0)(z,2") = o(f(20)) D f(20)2, D f(20)2").

(Df(zp) the Jacobian matrix at zo.)

In particular one immediately sees that a symplectomorphism is volume-
preserving since we then also have f* Vol = Vol in view of (2.11).

The language of differential form allows an elegant (and concise) reformula-
tion of the previous definitions. For instance, part (i) of Theorem (9) can thus be
re-expressed as

(¢) o =0

It tuns out that Hamilton’s equations can be rewritten in a very neat and
concise way using the notion of contraction of a differential form. They are in fact
equivalent to the concise relation

txyo+d.H=0 (2.12)

between the contraction of the symplectic form with the Hamilton field and the

“

differential of the Hamiltonian; this is easily verified by writing this formula “in
coordinates”, in which case it becomes

o(Xu(z,t),)+d,H =0. (2.13)
Formula(2.12) is usually taken as the starting point of Hamiltonian mechanics on
symplectic manifolds, which is a topic of great current interest.

It is quite easy to reconstruct a Hamiltonian function from its Hamilton
vector field; in fact:

H(z,t):H(O,t)—/O o (X (s2), 2)ds. (2.14)

This formula is an immediate consequence of the observation that we have, for
fixed t,

1
H(z,t) — H(0,t) :/ iH(sz,t)ds
0 ds
1
:/ 0. H (sz,t) - zds
0

=— /01 o(Xu(sz),z)ds.

Notice that formula (2.14) defines H up to the addition of a smooth function of ¢.
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2.3 The unitary groups U (n,C) and U (2n,R)

Let U(n,C) denote the complex unitary group: u € U(n,C) if and only if u €
M(n,C) (the algebra of complex matrices of dimension n) and vw*u = wu* = I
(the conditions u*u = I and uu* = I are actually equivalent).

2.3.1 A useful monomorphism

Writing the elements Z € M(n,C) in the form Z = A 4 iB where A and B are
real matrices we define a mapping

t: M(n,C) — M(2n,R)

by the formula:

L(A+iB) = (g _BB> : (2.15)

Lemma 29. The mapping ¢ is an algebra monomorphism: v is injective and 1(Z +
ZN =uUZ)+uUZ"), t(AZ) = \(Z) for N\ € C, and (ZZ") = (Z)(Z").

Proof. Tt is easy to verify that ¢ is an algebra homomorphism (we leave the di-
rect calculations to the reader); that ¢ is injective immediately follows from its
definition. 0

We will see below that ¢ is an isomorphism of the unitary group onto a certain
subgroup of the symplectic group.
2.3.2 Symplectic rotations

Let us prove the main result of this section; it identifies U(n, C) with a subgroup
of Sp(2n,R):

Proposition 30. The restriction of the mapping
t: M(n,C) — M(2n,R) (2.16)
defined above is an isomorphism of U(n, C) onto a subgroup U(2n,R) of Sp(2n,R).

Proof. Tt follows from conditions (2.4), (2.5) for the entries of a symplectic matrix

that the block matrix "
—-B
U= (B 4 ) (2.17)

ABT = BTA, AAT + BBT =1, (2.18)

is in U(2n,R) if and only if

or, equivalently
ATB =BAT, ATA+B'B=1. (2.19)
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The equivalence of conditions (2.18) and (2.19) is proved by noting that U €
U(2n,R) if and only if UT € U(2n,R) which follows from the fact that the
monomorphism (2.16) satisfies «(u*) = «(u)? and that the unitary group is in-
variant under the operation of taking adjoints. O

Exercise 31. Show that u € U(2n,R) if and only if UJ = JU and that
U(2n,R) = Sp(2n,R) N O(2n,R). (2.20)

The identity above shows that U(2n,R) (which is a copy of the unitary
group) consists of symplectic rotations. It contains the group O(n) of all symplectic
matrices of the type

(g‘ 2) with AAT = ATA = I,

It is immediately verified that O(n) is the image in U(2n,R) of the orthogonal
group O(n,R) by the monomorphism ¢.

2.3.3 Diagonalization and polar decomposition

A positive-definite matrix can always be diagonalized using an orthogonal matrix.
When this matrix is in addition symplectic we can use a symplectic rotation to
perform this diagonalization:

Proposition 32. Let S € Sp(2n,R) be positive definite (in particular S = ST).
There exists U € U(2n,R) such that S = UL DU where
D =diag( A1, .., A AT A

'
where \1, ..., A\, are the n smallest eigenvalues of S.

Proof. The eigenvalues of a symplectic matrix occur in quadruples: if A is an
eigenvalue, then so are A1, A, and A™! (Exercise 22). If S > 0 these eigenvalues
occur in real pairs (A, A™!) with A > 0 and we can thus order them as follows:

M A SN <A

Let now U be an orthogonal matrix such that S = U7 DU. We are going to show
that U € U(2n,R). It suffices for this to show that we can write U in the form
(2.17) with A and B satisfying (2.18). Let ey, . . ., e,, be n orthonormal eigenvectors
of U corresponding to the eigenvalues \1,...,\,. Since SJ = JS~! (S is both
symplectic and symmetric) we have, for 1 < k < n,
1 1
SJ@k:JS ek:—Jek
Aj
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hence +Jey, ..., tJe, are the orthonormal eigenvectors of U corresponding to the
remaining n eigenvalues 1/, ..., 1/\,. Write now the 2nxn matrix (e, ..., e,) as

(e1,... en) = <g)

where A and B are n X n matrices; we have

(=Jet1,...,—Jey) =—J (g) - (_AB>

hence U is indeed of the type

A -B
U(el,...,en;Jel,...,Jen<B A>'

The conditions (2.18) are satisfied since UTU = I. O

The following consequence of the result above shows that one can take powers
of symplectic matrices, and that these powers still are symplectic. In fact:

Corollary 33. Let S be a positive definite symplectic matriz. Then:

(i) For every a € R there ewists a unique R € Sp(2n,R), R >0, R = RT, such
that S = R®. In particular S'/? € Sp(2n,R).

(ii) Conversely, if R € Sp(2n,R) is positive definite, then R* € Sp(2n,R) for
every o € R.

Proof of (i). Set R =U"D'YU; then R* = UTDU = 8.
Proof of (ii). It suffices to note that we have

R* = (UTDU)* = UTD*U € Sp(2n,R). O

This result allows us to prove a polar decomposition result for the symplectic
group. We denote by Sym  (2n,R) the set of all symmetric positive definite real
2n X 2n matrices.

Proposition 34. For every S € Sp(2n,R) there exists a unique U € U(2n,R) and
a unique R € Sp(2n,R) N Sym  (2n,R), such that S = RU (resp. S = UR).

Proof. The matrix R = STS is symplectic and positive definite. Set U =
(STS)~1/28; since (STS)~1/2 € Sp(2n,R) in view of Corollary 33, we have U €
Sp(2n,R). On the other hand

UUT = (STS)12esT(sTS) R =1

so that we actually have

U € Sp(2n,R) N O(2n,R) = U(2n,R)



28 Chapter 2. The Symplectic Group

(cf. Exercise 31). That we can alternatively write S = UR (with different choices
of U and R) follows by applying the result above to ST. The uniqueness statement
follows from the generic uniqueness of polar decompositions. O

We will see in Chapter 11, Subsection 11.3 that Proposition 34 can be refined
by giving explicit formulas for the matrices R and U (“pre-Iwasawa factorization”).

Exercise 35. Use the result above to prove that every S € Sp(2n,R) has determi-
nant 1.

One very important consequence of the results above is the connectedness of
the symplectic group:

Corollary 36. The symplectic group Sp(2n,R) is a connected Lie group.

Proof. Let us set Sp, (2n,R) = Sp(2n,R) N Sym_ (2n,R). In view of Proposition
34 above the mapping

f:Sp(2n,R) — Sp,(2n,R) x U(2n,R)
defined by f(S) = RU is a bijection; both f and its inverse f~! are continuous,
hence f is a homeomorphism. Now U(2n,R) is connected, and so is Sp (2n,R).

It follows that Sp(2n,R) is also connected. O

Exercise 37. Check that Sp, (2n,R) is connected (use for instance Corollary 33).

2.4 Symplectic bases and Lagrangian planes

Symplectic bases in phase space are in a sense the analogues of orthonormal bases
in Euclidean geometry.

2.4.1 Definition of a symplectic basis
Let 0;; be the Kronecker index: 6;; = 1 if ¢ = j and §;; = 0 if ¢ # j.

Definition 38. A set B of vectors
B={e,...,ent U{f1,. -\ fu}
of R™ @ R™ is called a “symplectic basis” of (R™ @ R"™, o) if we have
o(ei,ej) =o(fi, f;) =0, o(fi,e;)=20d;; for 1 <4, j<n. (2.21)

Exercise 39. Check that a symplectic basis is a basis in the usual sense.
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An obvious example of a symplectic basis is the following: choose
e; = (¢;,0), e =(0,¢)

where (¢;) is the canonical basis of R™. (For instance, if n = 1, e; = (1,0) and
f1 =1(0,1).) These vectors form the canonical symplectic basis

C:{61,...,€n}u{f17"'7fn}

of (R" @ R", o).

A very useful result is the following; it is a symplectic variant of the Gram—
Schmidt orthonormalization procedure in Euclidean geometry. It also shows that
there are (infinitely many) non-trivial symplectic bases:

Proposition 40. Let A and B be two (possibly empty) subsets of {1,...,n}. For any
two subsets E = {e; : 1 € A}, F ={f; : j € B} of the symplectic space (R"®R", o)
such that the elements of £ and F satisfy the relations

w(ei,ej) = w(fi,fj) =0 s w(fi,ej) = 5ij fOT’ (Z,]) S A x B, (222)
there exists a symplectic basis B of (R™ @ R™, o) containing these vectors.

For a proof we refer to de Gosson [67], §1.2.2.

Symplectic automorphisms take symplectic bases to symplectic bases: this is
obvious from the definition. In fact, the symplectic group acts transitively on the
set of all symplectic bases:

Exercise 41. Show that for any two symplectic bases B and B’ there exists S €
Sp(2n,R) such that B = S(B').

2.4.2 The Lagrangian Grassmannian

The group Sp(2n,R) not only acts on points of phase space R™ @& R" but also on
subspaces of R @R". Among these of particular interest are “Lagrangian planes”:

Definition 42. A Lagrangian plane of the symplectic space (R™ @ R", o) is an n-
dimensional linear subspace £ of R™ @R" having the following property: if (z,2’) €
£ x ¢ then o(z,2") = 0. The set of all Lagrangian planes in (R ®@R", o) is denoted
by Lag(2n,R); it is called the Lagrangian Grassmannian of (R™ & R", o).

Both “coordinate planes” £x = R™ x {0} and ¢p = {0} x R™ are Lagrangian,
and so is the diagonal A = {(z,z) : € R"} of R"@R". If £ is a Lagrangian plane,
so is S¢ for every S € Sp(2n,R): first £ and S¢ have the same dimension n, and if
z1 = Sz and z] = Sz’ are in S¢ with z and 2’ in ¢, then o(z1,21) = o(z,2") = 0.
In fact, we have the following much more precise result:
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Proposition 43. The group action
Sp(2n,R) x Lag(2n,R) — Lag(2n,R)

defined by (S,¢) — SC is transitive. That is, for every pair (¢,£') € Lag(2n,R) x
Lag(2n,R) there exists S € Sp(2n,R) such that £ = St'.

Proof. Choose bases {e1,...,e,} and {e],... e} of £ and ¢ respectively. Since
¢ and ¢’ are Lagrangian planes we have o(e;,e;) = o(ej,€}) = 0 so in view of

Proposition 40 we can find vectors f1,..., f, and fi,..., f] such that

B:{61,...,€n}u{f1;"'7fn}’
B ={ef,....elyU{fl,.., [0}

are symplectic bases of (R™ @& R™, o). Defining S € Sp(2n,R) by the condition
B = S(B’) (see Exercise 41); we have £ = S¢'. O

Exercise 44. Show that the result above is still true if one replaces Sp(2n,R) by
the unitary group U(2n,R).

Here you are supposed to prove the following refinement of Proposition 43:

Problem 45. Two Lagrangian planes £ and ¢’ are said to be transversal if /N¢' = 0;
equivalently ¢ & ¢/ = R™ @ R™. Prove that Sp(2n,R) acts transitively on the set
of all transversal Lagrangian planes (hint: use Proposition 40). Does the property
remain true if we replace Sp(2n,R) by U(2n,R)?

The Lagrangian Grassmannian has a natural topology which makes it into a
compact and connected topological space.

Proposition 46. The Lagrangian Grassmannian Lag(2n,R) is homeomorphic to the
coset space U(2n,R)/O(n) where O(n) is the image of O(n,R) by the restriction
of the embedding U(n,C) — U(2n,R). Hence Lag(2n,R) is both compact and
connected.

Proof. U(2n,R) acts transitively on Lag(2n,R) (Exercise 44); the isotropy sub-
group of £p = {0} x R™ is precisely O(n). It follows that Lag(2n,R) is home-
omorphic to U(2n,R)/O(n). Since U(2n,R)/O(n) is trivially homeomorphic to
U(n,C)/O(n,R), and the projection U(n,C) — U(n,C)/O(n,R) is continuous,
Lag(2n,R) is compact and connected because U(n,C) has these properties. O
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Free Symplectic Matrices

Free symplectic matrices are in a sense the building blocks of the symplectic group.
Not only do they form a system of generators of Sp(2n,R), but they can be de-
scribed by so-called “generating functions”, well known in Hamiltonian mechanics.
Free symplectic matrices and their generating functions will play a crucial role in
the definition of the metaplectic group in Chapter 7. A related interesting reading
is the older paper of Burdet et al. [24].

3.1 Generating functions

Let us begin by giving a few equivalent definitions of the notion of free symplectic
matrix.

3.1.1 Definition of a free symplectic matrix

Let us begin by giving a general definition.

Definition 47. Let S € Sp(2n,R). We say that S is “free” if it satisfies any of the
three following equivalent conditions:

(i) For a given pair (p,p’) € R?" there exists a unique pair (z,2’) € R" x R"
such that (x,p) = S(2/,p');

(ii) If S = (é g) then det B # 0;

(iii) Setting (z,p) = S(z’,p’) we have

det (5 ) 0. (3.1)

Exercise 48. Show that all three conditions (i), (ii), and (iii) in the definition above
indeed are equivalent.

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 31
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Here is a very useful geometric characterization of free symplectic matrices.
Suppose that S € Sp(2n,R) is free and set (x,p) = S(a’,p’) as above. Identifying
o with the differential 2-form

dp ANdx = dej Adzx;,

j=1

we have dp A dr = dp’ A dz’ and this is equivalent, by Poincaré’s lemma, to the
existence of a function G € C*°(R™ & R"™) such that

pdzx = p'dx’ + dG(2',p").

The condition det(dz/dp") # 0 implies, by the implicit function theorem, that we
can locally solve the equation x = z(2/,p’) in p’, so that p’ = p/(z,2’) and hence
G(z',p') is, for (a/,p") € U, a function of z, 2’ only: G(z',p') = G(a',p'(x,2’)).
Calling this function W:

W(z,2") = G, p (x,2"))
we thus have

pdx = p'dx’ + dW (z,z")
=p'dx’ + 0, W (x,2")dx + O W (x, 2" )dx’

which requires p = 9, W (x,2') and p' = —9,,W(z,2’) and f is hence free in U.
We will see in a moment that this function W, which is uniquely defined up to
an additive constant, plays a very important role under the name of “generating
function” of the free symplectic automorphism (or matrix) S.

Let us give another, purely geometric, definition of the notion of free sym-
plectic matrix. This property will be used when we prove our main factorization
result below.

Proposition 49. A matriz S € Sp(2n,R) is free if and only if we have S¢p NLlp =
{0} where ¢p = {0} x R™.

Proof. The set S{pNEp is described by the equations (Bp, Dp) = (0, p). It reduces
to {0} if and only if the solution of these equations is p = 0, which is equivalent
to det B # 0. 0

The interest of this characterization is that it allows us to define a more
general notion of free symplectic matrix: one says that S € Sp(2n,R) is free with
respect to a Lagrangian plane ¢ € Lag(2n,R) if we have S¢ N ¢ = {0}; see de
Gosson [67], §2.2.3 for a study of this notion.
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3.1.2 The notion of generating function
Free symplectic matrices are “generated” by quadratic forms in (x,z’):

Proposition 50. (i) Let S € Sp(2n,R) be a free symplectic matriz. Then

p =0, W(z,a'),

(@) = 5pl) = { P2 B, (3.2
where W is the quadratic form given by
W(z,2')=4iDB '2®> — B 'z -2’ + 1B ' Az” (3.3)
and DB™! and B~'A are symmetric matrices.
(i) If conversely
W(z,2') = $P2* — La - 2’ + 3Qa2" (3.4)

with P =PT, Q =Q7, and det L # 0, then the matrix

L7'Q Lt
SW = (PL—lQ _ LT PL—I (35)
is a free symplectic matriz whose generating function in the sense above is (3.4).

Proof of (i). The matrices DB~! and B~!A are symmetric in view of (2.4). We
have

0. W (z,2') = DB ' — (B~ H)Ta/,

O W(z,2') = —B~'2’ + B~1 A/,

setting p = 9, W(zx,2’) and p’ = —9,W(x,2’) and solving in « and p we get
x = Ax' + Bp', p = Ca’ + Dp/, that is (z,p) = S(2/,p’).

Proof of (ii). To see this, it suffices to remark that we have (z,p) = S(z/, p’) if and
only if p = Pxr— L7z’ and p’ = Lx—Qxz’, and to solve the equations p = Px— LTz’
and p’ = Lz — Q' in z, p. O

Notation 51. If the free symplectic matrix S has generating function W we will
write S = Sw.

Corollary 52. Let Sy € Sp(2n,R) be a free symplectic matriz. Then (Sw)~! is
also free, and we have

Syt = Sw+ with W*(z,2') = -W(z', x). (3.6)
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Proof. The inverse of Sy is the symplectic matrix
1 pt BT
SW = —_CT AT
which is thus free since det(—B”) = (—1)" det B. In view of part (i) in Proposition
50 the inverse SI/_Vl is generated by the function
W*(Jc,x') _ —%AT(BT)_IJJQ 4 (BT)_lm X m/ _ (BT)_IDTJJ/Q
= f%BflA:cQ +B ' — %DB71£C/2
= -W(z', )
(recall that AT(BT)~! = B~'A and (BT)~'D? = DB™!). a
The statement in the following exercise implies that almost every symplectic

matrix is free:

Exercise 53. Show that the set Spy(2n,R) of all free symplectic matrices has
codimension 1 in Sp(2n,R). [Hint: there is a bijective correspondence between the
set of all triples (P, L, Q) (P and Q symmetric, det L # 0) and Spy(2n,R).]

The notion of generating function also makes sense for affine symplectic map-
pings:
Proposition 54. Let F' =T (z9)Sw € ASp(2n,R).
(i) A free generating function of f = T(z0)Sw is the function

W (z,2') = W(x —x0,2') + po- (3.7)

where 2o = (xg, po).
(ii) Conversely, if W is the generating function of Sw then any polynomial

W (z,2)=W(z, ') +a-z+do -2 (3.8)

with a, o/ € R™ is a generating function of an affine symplectic transforma-
tion T(z0)Sw with zo = (x9,po) = (Ba, Da + ).

Proof. Let W, be defined by (3.7), and set (a/,p")=S(a",p"), (x,p) =T (20)(2',p’).
We have

pdz — p'da’ (pdz —p”dx”) + (p”da:” —pldajl)
(pdx — (p — po)d(x — x) + dW (2", 2)

d(po - x + W(x — z0,2"))

which shows that W, is a generating function. Finally, formula (3.8) is obtained by
a direct computation, expanding the quadratic form W (x — z¢, ') in its variables.
O
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Corollary 55. Let f = [Sw, z0] be a free affine symplectic transformation, and set
(x,p) = f(a',p"). The function ¥, defined by

Py (z,0") =4p-x— 1p -2’ + Jo(z, 20) (3.9)
s also a free generating function for f; in fact,
Dy (z,2") = Wy (z,2") + Lpo - 20. (3.10)

Proof. Setting (z”,p"”) = S(z,p), the generating function W satisfies

1,7 /

1 / 1,/ 1
W(",2") = 5p" 2" —5p" -2

in view of Euler’s formula for homogeneous functions. Let ®,, be defined by for-
mula (3.9); in view of (3.7) we have
WZO(’JS,QCI) - (I)Zo(xaxl) - %po t T = %p " Zo — %po )

which is (3.10); this proves the corollary since all generating functions of a sym-
plectic transformation are equal up to an additive constant. ]

3.1.3 Application to the Hamilton—Jacobi equation

The notion of generating function also makes sense for general symplectomor-
phisms; it has an interesting application to the Hamilton—Jacobi equation briefly
discussed in the first chapter.

Definition 56. A symplectomorphism ¢ of R™ @& R" is said to be free in a neigh-
borhood U of zgp € R™ & R™ when its Jacobian matrix D¢(z’) is a free symplectic
matrix for each 2’ € U, that is, if and only if det(dz/9p’) # 0.

Let H be a Hamiltonian function; we will use the notation Hp,, H;,, and
H,, for the matrices of second derivatives of H in the corresponding variables; for

instance 52
H T
ma- (L) -
LiOPk / 1<jk<n

Let (¢) be the associated flow; we assume it is defined for every ¢ in some interval
[-T,T], T > 0.

Proposition 57. There exists € > 0 such that the symplectomorphism ¢ is free at
290 € R" @ R™ for 0 < |t| < e if and only if det Hpp(20) # 0.

Proof. Let t — 2z(t) = (x(t),p(t)) be the solution to Hamilton’s equations z =
JO,H(z) with initial condition z(t9) = z9. A second-order Taylor expansion in ¢
of the function z(t) yields

2(t) = 2z + t X (20) + O(?);
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and hence, in particular
z(t) = xo + t0, H(20) + O(t%).
It follows that the Jacobian matrix of z(¢) with respect to the p variables is

az—](f) = tHy,(20) + O(t?)

hence there exists € > 0 such that dx(t)/0p is invertible in the interval [—&, 0[N]0, €]
if and only if Hpp(2o) is invertible; this is equivalent to saying that o is free at
the point zq. O

Exercise 58. Justify the last sentence of the proof above!

The result above applies when the Hamiltonian H is of the “physical type”

n

1
H(z,t) = Z%p?+U(m)
j=1""

since Hpp(z0) is in this case the diagonal matrix whose diagonal elements are the
numbers 1/2m;, 1 < j < n. In this case ¢ is free for small non-zero t near each
zp where it is defined. More generally it also applies to all Hamiltonians of the

type
1
H(z,t) = §A(m)p2 +U(x)
where A(z) > 0 (i.e., positive-definite).

Here is an application of the result above; it shows that the generating func-
tion provides us with a way of solving explicitly the Hamilton—Jacobi equation:

Proposition 59. Suppose again that det Hy,(2) # 0 for all z. Then, the Hamilton—

Jacobi equation
0P

N + H (2,0,9,t) =0, ®(z,0) = Py(x) (3.11)
has a solution ® for 0 < |t| < e given by
D(z,t) = Do) + Wz, 2'5t) (3.12)
where x' is defined by the condition

(z,p) = ¢ (2,0, Do (2")) (3.13)

and W is the generating function

W (x,x';t) :/pda:fHdt.
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Proof. We assume that n = 1 for notational simplicity (the generalization to arbi-
trary dimension is straightforward replacing partial derivatives by gradients, etc.).
Formula (3.13) uniquely defines 2’ for small values of t: writing z = (2, 9, Po(2'), t)
we have, by the chain rule,

i oe o o
de’ oz’  Op Ox'?’

The limit for t — 0 of the Jacobian matrix D}?(z’) being the identity it follows
that dx/dx’ is different from zero in some interval [—a, ], @ > 0, and hence
the mapping o’ —— ¢ (z',0,P¢(2")) is a local diffeomorphism for each fixed
t € [—a, a]. Obviously lim;_,o ®(z,t) = $g(z) since 2’ — z as t — 0, so that the
Cauchy condition is satisfied. To prove that ® is a solution of Hamilton—Jacobi’s
equation one then notes that

O(x + Ax,t + At) — O(x,t) :/pda:—Hdt
L

where L is the line segment joining (z,p,t) to (z + Az, p+ Ap,t + At); the values
p and p + Ap are determined by the relations p = 9, W (z, 2’;t) and
p+ Ap=0,W(x + Az, 2’ + Az';t + At)

where we have set Az’ = 2/(x + Az) — 2/(z). Thus,

1 1
O(x+ Az, t+ At) — O(x,t) = pAx+ §ApAa: - At/ H(x+ sAz,p+ sAp)ds
0

and hence
O(x,t + At) — O(x,t

At
Taking the limit At — 0 and noting that Ap — 0 we get

1
):—/ H(z,p+ sAp)ds.
0

o
o (#,1) = —H(z,p). (3.14)

Similarly,
1
O(x + Az, t) — ®(z,t) = pAzx + §ApA:c
and Ap — 0 as Az — 0 so that

g—i(m,t) =p. (3.15)

Combining both relations (3.14) and (3.15) we see that & satisfies Hamilton-
Jacobi’s equation. O
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3.2 A factorization result

There are many factorization results for symplectic matrices. Here we will only be
concerned with factorizations using free symplectic matrices (see de Gosson [67]
for more results).

3.2.1 Statement and proof

In our context the main interest of the notion of free symplectic matrix comes from
the following factorization result which says that every symplectic matrix can be
written as the product of exactly two free symplectic matrices. Our proof makes
use of the transitivity of the action of Sp(2n,R) on the Lagrangian Grassmannian
Lag(2n,R).

Theorem 60. For every S € Sp(2n,R) there exist two free symplectic matrices Sy
and Sy such that S = Sy Sw.

Proof. The symplectic group Sp(2n, R) acts transitively not only on the Lagrang-
ian Grassmannian Lag(2n,R) but also on the subset of Lag(2n,R) x Lag(2n,R)
consisting of all pairs (¢,¢") such that £ N ¢ = {0} (see Problem 45). Let £{p be
the Lagrangian plane {0} x R™ and, for given ¢, choose ¢ transversal to both
fp and SY:

'Nniep=0'NSt={0}.

In view of the pair transitivity property there exists S; € Sp(2n,R) such that
S1(Lp,t") = (¢',Slp), that is S1lp = ¢ and S¢p = S1¢'. Since Sp(2n,R) acts
transitively on Lag(2n,R) we can find S} such that ¢/ = S5¢p and hence Slp =
S155¢0p. Tt follows that there exists S” € Sp(2n,R) such that S"fp = ¢p and
S = 51555". Set So = S45”; then S = 5152 and we have

Slgpﬁgpiglﬂgpio,
Sggpﬁgo:Séfpﬂfp:yﬁgp:O.

Hence S; and S; are free in view of Proposition 49; our claim follows since
S = 5155. O

The choice of Sy and Sy in the factorization S = Sy Sy is of course
not unique; for instance the identity I can be written as I = Sy Sy~ for every
generating function W!

Problem 61. Modify the proof of Theorem 60 to show that, more generally, for
every (S,4p) € Sp(2n,R) x Lag(2n,R) there exist two symplectic matrices Sy, Sa
such that S = 5152 and 5160 n 60 = 5260 N 60 =0.
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3.2.2 Application: generators of Sp(2n,R)

If P and L are, respectively, a symmetric and an invertible n X n matrix, and L
an invertible matrix, we set

I 0 -P I L=t 0
- . ) A B
Proposition 62. FEvery free symplectic matriz S = My, = c p) be factored
as
S = V,DB—lMB—l U,B—lA (317)
and
S == V_DBflMB—l JV_B—IA. (318)

Proof. We begin by noting that we can write

<é g) - <Dé_1 ?) (13 DB—loA_c> <B:1[A é) (3.19)

whether S is symplectic or not. If now S is symplectic, then the middle factor in
the right-hand side of (3.19) also is symplectic, since the first and the third factors
obviously are. Taking the condition ADT — BCT = I in (2.5) into account, we
have DB~1A — C = (BT)~'and hence

(109 DBlOAc) - (ﬁ (BTO)l)

I 0\(B 0 B7'A I
o YC AN D om
The factorization (3.17) follows (both DB~! and B~'A are symmetric, as a con-
sequence of the relations BT D = DT B and BT A = ATB in (2.4)). Noting that

(0= (% o) ()

the factorization (3.18) follows as well. O

so that

Conversely, if a matrix S can be written in the form V_pMJV_q, then it
is a free symplectic matrix; in fact,

Lt Lt

as is checked by a straightforward calculation.
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A consequence of these results is the following:

Corollary 63. Each of the sets

{Vp,Mp,J:P=P7T, detL #0}
and
{Up, My, : P =P", det L # 0}
generates Sp(2n,R).

Proof. Every S € Sp(2n,R) is the product of two free symplectic matrices. It now
suffices to apply Proposition 62 above. O



Chapter 4

The Group of Hamiltonian
Symplectomorphisms

Symplectic diffeomorphisms, or symplectomorphisms as they are often called, are
the “canonical transformations” which have been known and used by physicists
for a long time. They generalize the linear (and affine) symplectic mappings we
have been using so far. A basic reference for this chapter is Polterovich [133].

4.1 The group Symp(2n, R)

The notion of symplectic matrix or automorphism can be generalized to the non-
linear case, and leads to the notion of symplectomorphism.

4.1.1 Definition and examples

Recall that a diffeomorphism of R™ @ R" is an invertible mapping ¢ : R* $ R"* —
R™ @ R™ (or & — ' where Q and ' are open subsets of R™ @ R™) such that
both ¢ and its inverse ¢! are infinitely differentiable.

Definition 64. Let ) be an open subset of R @R™. Let R” @ R™ be equipped with
the symplectic form o. A diffeomorphism ¢ : § — ¢(2) C R” @ R™ is called a
symplectomorphism (or symplectic diffeomorphism) if its Jacobian matrix D¢(z)
is symplectic at every point z € Q: Dé(z) € Sp(2n,R), that is

Dé(2)"JD(2) = Dé(2)J D(=)" = J.

In differential notation a diffeomorphism ¢ is a symplectomorphism if and
only if ¢p*o = o

o* Z dpj A da:j = Z dp; N dx;
J=1 =1

where ¢* denotes the pull-back by ¢.
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A typical (but rather trivial) example is the following: let f : R™ — R"™ be
a diffeomorphism; then the formula

¢(z) = (f(z), Df()"'p)
defines a symplectomorphism ¢ : R™ R — R™ & R™.
Exercise 65. What is the symplectomoprphism ¢ above when f is linear?

Exercise 66. Show that the mapping ¢ : (r,a) — (z,p) where z = v/2rcosa
and p = V2rsina is a symplectomorphism of some subset © of R” @& R™ onto
its image. (The variables x = V2r cos a and p= V2rsin a are called “symplectic
polar coordinates”; the reader is invited to verify that the usual change to polar
variables © = r cos, p = rsin « is not a symplectomorphism.)

If ¢ and v are symplectomorphisms defined on R™ & R™ then ¢ip = ¢ o ¢ is
also a symplectomorphism: in view of the chain rule the Jacobian matrix of ¢ at
a point z is namely

D(¢9)(z) = Dp(1(2)) Dip(2)
and is hence a product of symplectic matrices. Using the formula D(¢~1) =
(Dg¢)~! for the Jacobian of the inverse of a diffeomorphism, one sees also that the
inverse of a symplectomorphism is also a symplectomorphism. Thus, Symp(2n, R)
is a group for the usual composition law ¢ = ¢ o 1.

Definition 67. The set of all symplectomorphisms defined on R"®R"™ and equipped
with the natural composition law is denoted by Symp(2n,R) and called the group
of symplectomorphisms of the symplectic space (R & R"™, o).

Clearly the following inclusions hold:
Sp(2n,R) C ISp(2n,R) C Symp(2n, R).

The group Symp(2n,R) is equipped with a topology by specifying the con-
vergent sequences: let (¢;)jen be a sequence of symplectomorphisms of R & R";
we will say that

lim ¢; = ¢ in Symp(2n,R)
J—00

if and only if for every compact set K in R"@®R™ the sequences (¢;x) and (D(¢;x))
converge uniformly towards ¢, and D(¢ k), respectively.

Symplectomorphisms preserve phase-space volume: this is an immediate con-
sequence of the fact that the Jacobian matrix of a symplectomorphism is symplec-
tic and thus has determinant equal to 1. On the differential level this can be seen
as follows: the volume form dz in R™ & R" is proportional to " =c Ao A-- Ao
(n factors) and

oo =P o NP ON- NPT ="
Of course, more generally, we have ¢*c"¥ = o"\¥ for 1 < k < n.

We will study in Section 4.2 the connected component of Symp(2n, R); it is

the group of Hamiltonian symplectomorphisms.
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4.2 Hamiltonian symplectomorphisms

The notion of Hamiltonian symplectomorphism appears naturally when one stud-
ies Hamiltonian flows. Recall from Chapter 1 that the flow (¢f) determined by
Hamilton’s equations

dajj_aH dp; ~ O0H

dt c’)p]( it dt 8:cj( z.p:t)

consists of Hamiltonian symplectomorphisms since the Jacobian matrix D! (2)
is symplectic at every point z of R™ @ R™ (Theorem 9(ii)).

4.2.1 Symplectic covariance of Hamiltonian flows

Hamilton’s equations are covariant (i.e., they retain their form) under canonical
transformations. Let us begin by proving the following general result about vector
fields. We will write ¢t for ¢ o ¢ when ¢ and ¢ are diffeomorphisms.

Lemma 68. Let (;%) be the flow of some vector field X on R™. Let o be a diffeo-
morphism R™ — Rm The family (o)) of diffeomorphisms defined by

of =9 oy (4.1)

is the flow of the vector field Y = (D)~ (X o ), that is:

Y (u) = D(o™")(p(w) X (p(w)) = [Dep(w)] "' X (p(w)). (4.2)

Proof. Obviously o} is the identity; in view of the chain rule

9o¥ (@) = Dle™ )X (@) X (¢ (6(2))
= (D) () (@)X (997 (2)))
hence
LY () =Y (o} @)
which we set out to prove. 0

Let us apply this lemma to the Hamiltonian case. We define the push-forward
of a vector field X by a diffeomorphism ¢ by the formula

¢*X = (Dg)" (X 0 ¢)

well known from elementary differential geometry.
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Proposition 69. Let ¢ be a symplectomorphism of (R™ ® R"™, o).
(i) We have

Xroo(2) = [D(2)] "1 (X 0 9)(2), (4.3)
that is
0" X1 = Xt1oo.
(ii) The flows (¢f) and (¢f°¢) are conjugate by ¢:
70 =¢7"9l"s. (4.4)

Proof. Let us prove (i); part (ii) will follow in view of Lemma 68 above. Set
K = H o ¢. By the chain rule

0. K (2) = [Do(2)]" (0:H)(¢(2))
hence the vector field X = J9, K is given by

Xi(2) = J[Dg(2)]" 0. H(9(2))-
Since D¢(z) is symplectic we have

J[D(2)]" = [De(2)]1J

and hence

Xk (2) = [Dg(2)] 1 JO.H (¢(2))
which is (4.3). O

4.2.2 The group Ham(2n,R)

Let us now define the notion of Hamiltonian symplectomorphism.
In what follows Hamilton functions are generically time-dependent.

Definition 70. We will say that a diffeomorphism ¢ of (R™ @& R", o) is a Hamil-
tonian symplectomorphism (or diffeomorphism) if there exists a real function
H € C*((R® ® R") x R) such that ¢ = ¢ where (¢f?) is the flow generated
by H. The set of all Hamiltonian symplectomorphisms is denoted by Ham(2n, R).

Choosing H constant it is clear that the identity is a Hamiltonian symplec-
tomorphism.

The choice of a time-one map ¢! in the definition above is of course arbitrary,
and can be replaced by any ¢X: if ¢ = ¢ for some a # 0 then we also have
¢ = ¢f" where H?(2,t) = aH(z,at). In fact, setting t* = at we have

dz® dz®

E:J@H (Z ,t)<:>%:J82H(z ,t)

and hence ¢/I" = ¢,
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We are going to see in a moment that Ham(2n,R) is a connected and normal
subgroup of Symp(2n,R) for the induced composition law, thus justifying the
following definition:

Definition 71. The set Ham(2n,R) of all Hamiltonian symplectomorphisms
equipped with the law ¢ = ¢o1) is called the group of Hamiltonian symplectomor-
phisms of the standard symplectic space (R"@®R", o). The topology of Ham(2n, R)
is the topology induced by that of the group Symp(2n,R) of symplectomorphisms
of (R" ®R", o).

We assume in what follows that all Hamiltonian flows are defined on R @ R"™
for all values of time. This may seem a strong condition, especially after our dis-
cussion in Chapter 1, Subsection 1.1.2: many interesting Hamiltonian functions
do not generate flows that exist forever. This difficulty can be suppressed by the
following trick: (see, e.g., Polterovich [133]). If ¢ is not defined for all values
of t, we just replace H by the function HO where © € Cg°(R™ @ R") is a com-
pactly supported infinitely differentiable function equal to 1 on some arbitrarily
chosen subset 2 of phase space. Thus, H(z,t) is equal to 0 for z lying outside
Supp(0) C Q. The classical theory of differential systems tells us that the solu-
tions of Hamilton’s equations then exist for all times, and hence the flow (¢®)
is defined for all ¢. The diffeomorphisms <Z){{ © are the identity outside the support
of ©. Suppose in fact that the initial point zg lies outside Supp(©), so that H(zg)
is constant. The function z(¢) = 2o is a solution of Hamilton’s equations because
20 = 0 and O,H(29,t) = 0;H(20,t) = 0. Since we always assume uniqueness,
2(t) = 2 is the solution, and thus ¢ (29) = 2z9. Moreover, any solution curve
starting at time ¢ = 0 from a point zy inside Supp(©) will stay forever inside
Supp(©) (otherwise the curve would stop at a point outside Supp(©) in view of
the previous argument, and could not leave the exterior of Supp(©) even under
time-reversal, which is a contradiction).

Let us first prove a preparatory result which is interesting in its own right.

Proposition 72. Let (¢1) and (¢X) be Hamiltonian flows. Then:
ool = o and (o)) = off (45)
where H#K and H are the Hamiltonian functions defined by

H#K(2,t) = H(z,t) + K((¢7") ' (2),1).
H(Zat) —H((Z){I(Z),t)

Proof of the first identity (4.5). By the product and chain rule we have

d d d
(@ o) = (ot)or + (Do )oy Zof (4.6)

= X (¢ o7 ) + (Do) or o X (91) (4.7)
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and it thus suffices to show that
(Do) © Xk (07) = Xio(prry-1 (1) (4.8)
Writing
(Do) pf o Xk (o) = (Do) (o) 1" 1) o Xic ((f) b 1)

the equality (4.8) follows from the transformation formula (4.3) in Proposition 69.

Proof of the second identity (4.5). It is an easy consequence of the first, noting
that (¢ ¢H) is the flow determined by the Hamiltonian

K(z,t) = H(z,t) + H((¢{") "' (2),1) = 0;
ol gf)ﬁ is thus the identity, so that (¢f)~1 = qbfl as claimed. O

Let us now show that Ham(2n,R) is a group, as claimed. In fact we will prove
a little bit more:

Proposition 73. Ham(2n,R) is a normal subgroup of the group Symp(2n,R) of all
symplectomorphisms of the standard symplectic space (R™ & R", o).

Proof. Let us show that if ¢, € Ham(2n,R) then ¢p~! € Ham(2n,R). We have
¢ = ¢ and ¢ = ¢X for some Hamiltonians H and K. In view of the identities
(4.5) we have

ot = o (of) Tt = 0"
hence ¢~ € Ham(2n, R). That Ham(2n, R) is a normal subgroup of Symp(2n, R)

immediately follows from formula (4.4) in Proposition 69: if ¢ is a symplectomor-
phism and ¢ € Ham(2n,R) then

1oV = 19ty € Ham(2n, R) (4.9)
which was to be proven. ]

We are now going to prove a deep and beautiful result due to Banyaga
[5]. It essentially says that a path of time-one Hamiltonian symplectomorphisms
passing through the identity at time zero is itself Hamiltonian; as a consequence
Ham(2n,R) is a connected group.

Let t — ¢ be a path in Ham(2n, R), defined for 0 < ¢ < 1 and starting at the
identity: ¢g = I. We will call such a path a one-parameter family of Hamiltonian
symplectomorphisms. Thus, each ¢; is equal to some symplectomorphism qbflt.

Theorem 74. Let t — ¢y, 0 < t < 1 be a continuous curve in Ham(2n,R) such
that ¢o = I. Then (¢4) is the Hamiltonian flow determined by the Hamiltonian
function

H(z,t)= 7/0 o(X(uz,t), z)du with X = (%qﬁt) o (¢) L. (4.10)
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Proof. The starting point of the argument is the following: one begins by noting
that if Xz is a Hamiltonian vector field, one can reconstruct H by the following
method: first write

1
d
H(z,t):H(z,O)—i—/O 2 Xz, t)du

:H(z,O)—i—/O 0. H (uz,t) - =] du

(the second equality in view of the chain rule).
Next observe that since V,H (uz,t) = —J?0,H(uz,t) = —JXu(uz,t) we
have

H(z,t) = H(z,0)— /0 o(Xp(uz,t), z)du

where o is the standard symplectic form. Let us now prove Banyaga’s formula
(4.10). By definition of X we have %qﬁt = X ¢; so that all we have to do is to prove
that X is a (time-dependent) Hamiltonian field. For this it suffices to show that the
contraction i x o of the symplectic form with X is an exact differential one-form, for
then ixo = —dH where H is given by (4.10). The ¢; being symplectomorphisms,
they preserve the symplectic form o and hence Lxo = 0. In view of Cartan’s
homotopy formula we have

Lxo= ixdd-i-d(ixa') = d(ixd) =0

so that ixo is closed; by Poincaré’s lemma it is also exact. O

Corollary 75. The group Ham(2n,R) of Hamiltonian symplectomorphisms is a
connected subgroup of the group Symp(2n,R) of symplectomorphisms of (R™ @
R”™, o).

Proof. The connectedness of Ham(2n,R) follows from Theorem 74: let ¢ — ¢y,
0 <t <1 be a continuous curve in Ham(2n,R) joining the identity to ¢ €
Ham(2n,R); then (¢;) is a Hamiltonian flow and hence ¢ = ¢1 € Ham(2n,R). O

We encourage the reader to pay some attention to the following exercise.

Exercise 76. Show that Sp(2n,R) C Ham(2n,R) and that the Hamiltonian func-
tion of (¢f7) such that ¢f7 € Sp(2n, R) is of the type H(z,t) = £ M (t)z- z for some
real symmetric matrix M (¢) depending smoothly on ¢.

4.3 The symplectic Lie algebra
Let M(2n,R) be the algebra of all real 2n x 2n matrices. The symplectic group

Sp(2n,R) is a closed subgroup of the general linear group GL(2n,R): we have
Sp(2n,R) = f~1(0) where f is the continuous mapping M(2n,R) — M(2n,R)
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defined by f(M) = STMS — J hence Sp(2n,R) is closed in M(2n,R); since
Sp(2n,R) € GL(2n,R) it is also closed in GL(2n,R). It follows that Sp(2n,R) is
a classical Lie group, and it thus makes sense to talk about its Lie algebra.

4.3.1 Matrix characterization of sp(2n,R)
The main result is the following:

Proposition 77. The Lie algebra sp(2n,R) of Sp(2n,R) consists of all X € M(2n,R)
such that

XJ+JXT =0 (equivalently X*J + JX = 0). (4.11)

Proof. Let (S¢) be a differentiable one-parameter subgroup of Sp(2n,R) and X
a 2n X 2n real matrix such that S; = exp(tX). Since S; is symplectic we have
StJ(St)T = J, that is

exp(tX)Jexp(tX™T) = J.

Differentiating both sides of this equality with respect to ¢t and then setting ¢t = 0
we get X J+JXT = 0, and applying the same argument to the transpose S; we get
XTJ+JX =0 as well. Suppose conversely that X is such that XJ+JXT = 0 and
let us show that X € sp(2n,R). For this it suffices to prove that S; = exp(tX) is
in Sp(2n, R) for every t. The condition X7'.J+JX = 0 is equivalent to X7 = JX.J
hence S{ = exp(tJXJ); since J? = —I we have (JXJ)* = (=1)*1JX*] and
hence

exp(tJ X J) Z k, —Je X .
— k!
It follows that ST JS; = (—Je tX.J)Je!X = J so that S; € Sp(2n,R) as claimed.
t

O

Note that if one writes X € sp(2n,R) in block matrix form then it has the

form
U 14
= (i )

where U, V', and W are n x n matrices such that
V=v" and W=w".
In particular sp(2,R) consists of all 2 x 2 matrices with vanishing trace:
X esp(2,R) <= TrX =0.
Exercise 78. Show that the dimension of Sp(2n,R) as a Lie group is n(2n + 1).

[Hint: write X € sp(2n,R) in block-matrix form and then use the fact that a Lie
group has the same dimension as its Lie algebra.]



4.3. The symplectic Lie algebra 49

Problem 79.
(1) Let Ajr = (djk)1<jh<n (Oj5 = 0if j # k, ;5 = 1). Show that the matrices

o Ajk 0 : 7& 0 Ajk+Akj
X]k{o —Ajk]’yjkzo 0 ’
1 0 0 .
ij_§|:Ajk+Akj 0:| OS]SkSn)

form a basis of sp(n).
(ii) Show that every Z € sp(n) can be written in the form [X,Y] = XY - Y X
with X,Y € sp(n).

4.3.2 The exponential mapping

One should be careful to note that the exponential mapping
exp : 5p(2n,R) — Sp(2n, R)

is neither surjective nor injective; for instance it is not hard to prove that if S €
Sp(2,R) can be written in the form S = exp X with X € sp(1) then we must have
TrS > —2 (see de Gosson [67], p. 37). However, when conditions of positivity
and symmetry are imposed, one has a much better situation. In fact, denoting by
Sym(2n,R) the set of real symmetric 2n x 2n matrices and by Sym, (2n,R) the
subset of Sym(2n,R) consisting of positive definite matrices, we have:

Proposition 80.

i) We have S € Sp(2n,R) N Sym, (2n,R) if and only if S = exp X with X €
+
sp(n) and X = X7T.
(ii) The exponential mapping is a diffeomorphism

exp : sp(2n, R) N Sym(2n,R) — Sp(2n,R) N Sym,, (2n,R).

Proof. If X € sp(2n,R) and X = X7 then S is both symplectic and symmetric
positive definite. Assume conversely that S is symplectic and symmetric positive
definite. The exponential mapping is a diffeomorphism

exp : Sym(2n,R) — Sym, (2n,R)

hence there exists a unique X € Sym(2n,R) such that S = exp X. Let us show
that X € sp(2n,R). Since S = ST we have SJS = J and hence S = —JS~1J.
Because —J = J~! it follows that

expX = J (exp(—X))J = exp(—J 1 XJ)

and, J !X J being symmetric, we conclude that X = J~ !X J that is JX = —XJ,
showing that X € sp(2n,R). O
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We now view the group Ham(2n,R) of all Hamiltonian symplectomorphisms
of (R @R"™, o) as a Lie subgroup of the group of all diffeomorphisms of R™ & R™.

Proposition 81. The Hamiltonian Lie algebra ham(2n,R) consists of all Hamilto-
nian vector fields Xy with Lie bracket [Xg, Xk| such that

(X, Xk| = X¢u,xy (4.12)
where {H, K} is the Poisson bracket:
{H,K} =0,H-0,K — 0K - 0,H. (4.13)

Proof. The Lie algebra ham(2n,R) of Ham(2n,R) is just the tangent space to
Ham(2n,R) at the identity, hence it is the algebra of all vector fields X on R ®R"
such that

In view of Theorem 74 there exists a Hamiltonian function H € C*((R"@®R") xR)
such that ¢; = ¢f hence X = Xp. The proof of formula (4.13) readily follows
from Proposition 12; we leave the details to the reader as an exercise. O



Chapter 5

Symplectic Capacities

We are going to describe a deep topological principle, Gromov’s symplectic non-
squeezing theorem [87], alias the “principle of the symplectic camel”. As we will see
in the next chapter, the main tool allowing the application of Gromov’s theorem to
the study of classical and quantum uncertainties is the derived notion of symplectic
capacity, which is a typically “classical” object.

5.1 Gromov’s theorem and symplectic capacities

In addition to being volume-preserving, Hamiltonian flows have an unexpected
additional property as soon as the number of degrees of freedom is superior to 1;
this property is a consequence of the symplectic non-squeezing theorem which was
proved in 1985 by M. Gromov [87].

5.1.1 Statement of Gromov’s theorem

Gromov’s non-squeezing theorem is very surprising and has many indirect conse-
quences. Let us state it precisely. We denote by Z;(R) the cylinder in R™ & R
defined by the condition: a point (z,p) is in Z;(R) if and only if 2% + p < R®.

Theorem 82 (Gromov). If there exists a symplectomorphism ¢ in R" ®R™ sending
the ball B(r) in some cylinder Z;(R), then we must have r < R.

It is essential for the non-squeezing theorem to hold that the considered cylin-
der is based on an z;,p; plane (or, more generally, on a symplectic plane). For
instance, if we replace the cylinder Z;(R) by the cylinder Z12(R) : 2% + 23 < R?
based on the x1,xo plane, it is immediate to check that the linear symplecto-
morphism ¢ defined by ¢(z,p) = (\z,\"!p) sends B(r) into Z12(R) as soon as
A < r/R. Also, one can always “squeeze” a large ball into a big cylinder using
volume-preserving diffeomorphisms that are not canonical. Here is an example in
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the case n = 2 that is very easy to generalize to higher dimensions: define a linear
mapping f by
f(1, 20, p1,p2) = (Az1, A g, Ap1, A pa).

Clearly det f = 1 and f is hence volume-preserving; f is however not symplectic
if A # 1. Choosing again A < r/R, the mapping f sends B(R) into Z1(r).

Gromov’s theorem actually holds when Z;(R) is replaced by any cylinder
with radius R based on a symplectic plane, i.e., a two-dimensional subspace P
of R™ @ R™ such that the restriction of o to P is non-degenerate (equivalently,
P has a basis {e, f} such that o(e, f) # 0). The planes P; of coordinates z;, p;
are of course symplectic, and given an arbitrary symplectic plane P it is easy to
construct a linear symplectomorphism S; such that S;(P) = P;. It follows that a
symplectomorphism ¢ sends B(r) in the cylinder Z;(R) if and only if ¢ 0.S; sends
B(r) in the cylinder Z;(R) with the same radius based on P.

Gromov’s theorem obviously applies to Hamiltonian flows, since these con-
sist of symplectomorphisms. Here is a dynamical description of the non-squeezing
theorem. Assume that we are dealing with a subset ; C R™ & R™ at time ¢ mod-
elling a large number of points in phase space, subject to a Hamiltonian flow (¢{7).
Suppose that g = Q is a phase space ball B(r) : |z — 29| < r at time ¢ = 0. The
orthogonal projection of that ball on any plane of coordinates is a circle with area
mr2. As time evolves, Q will distort and may take after a while a very different
shape, while keeping constant volume (because Hamiltonian flows are volume pre-
serving). In fact, since conservation of volume has nothing to do with conservation
of shape, one might very well envisage that €2 becomes stretched in all directions
by the Hamiltonian flow (¢f), and eventually gets very thinly spread out over
huge regions of phase space, so that the projections on any plane could a priori
become arbitrarily small after some time ¢. (In fact, this possibility is perfectly
consistent with a deep result of Katok [106] which says that, up to sets of arbi-
trarily small measure ¢, any kind of phase-space spreading is a priori possible for
a volume-preserving flow. However, Gromov’s theorem implies that the areas of
the projections of the set ¢ (B(r)) on any plane of conjugate coordinates x;,p;
(or, more generally, on any symplectic plane) will never decrease below its original

value 772,

5.1.2 Proof of Gromov’s theorem in the affine case

All known proofs (direct, or indirect) of Gromov’s theorem are notoriously difficult,
whatever method one uses (this might explain that it had not been discovered
earlier, even in the more “physical” framework of Hamiltonian dynamics). We
note that a related heuristic justification of Gromov’s theorem is given by Hofer
and Zehnder in [101] p. 34; their argument however relies on an assumption which
is (if true) at least as difficult to prove as Gromov’s theorem itself! We are going to
be much more modest, and to give a proof (actually two) of Gromov’s theorem for
affine symplectomorphisms; a symplectomorphism is affine if it can be factorized
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as the product of a symplectic transformation (i.e., an element of Sp(2n,R)) and
a phase space translation. Both proofs are of an elementary nature (the second
is shorter, but slightly more conceptual; also see [67] §3.7.2 for a variant of this
proof).

Proposition 83. If there exists an affine symplectomorphism ¢ in R™ ®R™ sending
a ball B(r) inside the cylinder Z;(R), then we must have r < R. Equivalently,
the intersection of ¢(B(r)) by an affine plane parallel to a plane of conjugate

coordinates xj,p; passing through the center of ¢(B(r)) is an ellipse with area mr?.

First proof. It relies on the fact that the form pde = > y pjdx; is a relative integral
invariant of every symplectomorphism, that is: if ¢ is a symplectomorphism and
v a cycle (or loop) in R™ @& R™ then

j{ pdz = j{ pde (5.1)
5 o ()

(see for instance Arnol’d [3], §44, p. 239). It is of course no restriction to assume
that the ball B(r) is centered at the origin, and that ¢ is a symplectic transforma-
tion S. We claim that the ellipse I'; = S(B(r)) N P;, intersection of the ellipsoid
S(B(r)) with any plane P; of conjugate coordinates x;, p; has area 7r?; the propo-
sition immediately follows from this property. Let «y; be the curve bounding the
ellipse I'; and orient it positively; the area enclosed by -« is then

Area(T';) :?{ pidx; :?{ pdx (5.2)
Vi Vi
hence, using property (5.1),
Area(T';) = 7{ pdx = 7r? (5.3)
S=1(v5)

(because S™1(v) is a big circle of B(r)); notice that the assumption that P; is a
plane of conjugate coordinates x;,p; is essential for the second equality (5.2) to
hold, making use of formula (5.1) possible [more generally, the argument works
when P; is replaced by any symplectic plane].

Second proof. With the same notation as above we note that the set
STHS(B(r)) NPy

is a big circle of B(r), and hence encloses a surface with area 7r?. Now, P; is
a symplectic space when equipped with the skew-linear form o; = dp; A dz;
and the restriction of S to P; is also canonical from (P;,0;) to the symplectic
plane S(P;) equipped with the restriction of the symplectic form ¢. Canonical
transformations being volume- (here: area) preserving it follows that S(B(r))NP;

O

also has area 7r2.



54 Chapter 5. Symplectic Capacities

It would certainly be interesting to generalize the first proof to arbitrary
symplectomorphisms, thus yielding a new proof of Gromov’s theorem in the general
case, in fact, a refinement of it! The difficulty comes from the following fact: the
key to the proof in the linear case is the fact that we were able to derive the

equality
/ pj de = 7TR2
TR

by exploiting the fact that the inverse image of the z;, p; plane by S was a plane
cutting B(R) along a big circle, which thus encloses an area equal to mR?. When
one replaces the linear transformation S by a non-linear one, the inverse image of
z;,p; plane will not generally be a plane, but rather a surface. It turns out that
this surface is not quite arbitrary: it is a symplectic 2-dimensional manifold. If the
following property holds:

The section of B(r) by any symplectic surface containing the center of
B(r) has an area at least 7r>

then we would have, by the same argument,
/ pjdiﬂj Z ’/TR2,
YR

hence we would have proved Gromov’s theorem in the general case. We do not
know any proof of this property; nor do we know whether it is true!

We urge the reader to notice that the assumption that we are cutting S(B(r))
with a plane of conjugate coordinates is essential, because it is this assumption that
allowed us to identify the area of the section with action. Here is a counterexample
which shows that the property does not hold for arbitrary sections of the ellipsoid
S(B(r)). Taking n = 2 we define a symplectic matrix

A0 0 0

0 A O 0

0 0 1/A 0 ’
0 0 0 1/x

where A1 > 0, A2 > 0, and Ay # Ag. The set S(B(r)) is defined by

1 1
—ai + —a5 + Apt + Aepi <17
A1 A2

and its section with the zs, p2 plane is the ellipse

S =

1
)\—93% + Mpt <1?
1

which has area mr? as predicted, but its section with the x5, p1 plane is the ellipse

1
)\—x% + )\gpg < R?
1

which has area 7(r?\/A1/)2) different from 712 since \; # As.
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Why is Gromov’s theorem sometimes called “the principle of the symplec-
tic camel”? The reason is metaphoric: Gromov’s non-squeezing theorem can be
restated by saying that there is no way to deform a phase space ball using sym-
plectomorphisms in such a way that we can make it pass through a circular hole
in a plane of conjugate coordinates x;,p; if the area of that hole is smaller than
that of the cross-section of that ball: the biblical camel is the ball B(R) and the
hole in the plane is the eye of the needle!

5.2 The notion of symplectic capacity

Gromov’s non-squeezing theorem makes possible the definition of a very interesting
and useful topological notion, that of symplectic capacity, which was defined by
Ekeland and Hofer [41]. We refer to Hofer and Zehnder [101], Polterovich [133] for
much more on the topic.

5.2.1 Definition and existence

The following definition is standard, and the most commonly accepted in the
literature:

Definition 84. A normalized symplectic capacity” on (R™ @ R™, o) is a function
assigning to every subset 2 of R™ @ R™ a number ¢(£2) > 0, or +o0, and having
the four properties (SC1)—(SC4) listed below:

(SC1) Symplectic invariance:

c(o(R2)) = c(R2) if ¢ € Symp(2n, R); (5.4)

(SC2) Monotonicity:
c(Q) < () if QCQ; (5.5)

(SC3) Conformality:
c(AQ) = \2¢(Q) for A €ER; (5.6)

(SC4) Normalization:

¢(B(R)) = 7R? = ¢(Z;(R)). (5.7)
Exercise 85. (i) Show that if condition (5.7) holds for one index j then it holds
for all. (ii) Show that the cylinder Z;(R) : 27 + p7 < R? can be replaced by any
cylinder Z;(R) with radius R based on a symplectic plane.

We will also often consider the weaker notion of linear symplectic capacity:

Definition 86. A linear symplectic capacity assigns to every subset 2 of R” & R"
a number () > 0 or +o0o, and having the properties (SC2)—(SC4) above,
property (SC1) being replaced by:
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(SC1Lin) A linear symplectic capacity c'™ is invariant under phase-space trans-
lations and under the action of Sp(2n,R).

This definition can be restated by saying that a linear symplectic capacity is
only invariant under the action of the affine (or: inhomogeneous) symplectic group
ASp(2n,R):

A (p(Q)) = ¢(Q) for all ¢ € Asp(2n,R). (5.8)

(Recall that Asp(2n,R) consists of all products ST (z) where S € Sp(2n,R) and
T(z): 2/ — 2z’ + z is an arbitrary phase-space translation.)

Obviously symplectic capacities are unbounded (even if the symplectic ca-
pacity of an unbounded set can be bounded, cf. property (SC4). We have for
instance

c(R® @ R") = M(R" @ R") = +o0 (5.9)

as immediately follows from the double equality ¢(B(R)) = ¢'""(B(R)) = nR2.
However, if 2 is bounded then all its symplectic capacities are finite: there exists
R such that a ball B(R) contains (2, and hence ¢(Q2) < ¢(B(R)) = mR? in view
of the monotonicity property (SC2). More generally, it follows from properties
(SC2) and (SC4) that if B(R) C Q C Z;(R) then ¢(2) = wR?; this illustrates the
fact that sets very different in shape and volume can have the same symplectic
capacity.

Also note that a set € with non-empty interior cannot have symplectic ca-
pacity equal to zero: let ' be the interior of €2, it is an open set, and if it is not
empty it contains a (possibly) very small) ball B(e). Using again (SC2) we have
ne? = ¢(B(e)) < ().

We will usually drop the qualification “normalized” in the definition above
and just speak about “symplectic capacities”; one exception to this rule will be
the Ekeland—Hofer capacities discussed in de Gosson and Luef [77].

The reader is urged to keep in mind that the notion of symplectic capacity is
not directly related to that of volume. For instance, the function cy, defined by

evol (Q) = [Vol(Q)]V/™

obviously satisfies the properties (SC1)—(SC4) above except the second identity
(SC4): we have cyol(Z;(R)) # mR? as soon as n > 1; now the second identity
(SC4) is precisely the most characteristic and interesting property of a symplectic
capacity, because it is related to Gromov’s non-squeezing theorem.

There remains to prove the existence of symplectic capacities.

Proposition 87. Let Q@ C R™ & R™ and set

R, = sup {R: ¢(B(R)) C Q}.
¢pE€Symp(2n,R)

Set cmin(Q) = TR2 if Ry < 00, cmin()) = 00 if Ry = 00. Then cmin is a symplectic
capacity on the standard symplectic space (R™ ® R"™, o).
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Proof. Let us prove the symplectic invariance property (SC1). Let ¢ € Symp(2n,R)
and ¢’ € Symp(2n,R) be such that g(B(R)) C §; then (¢ o ¢')(B(R)) C ¢(Q2) for
every ¢ € Symp(2n, R) hence cpmin(¢(2)) > cmin(2). To prove the opposite inequal-
ity we note that replacing Q by ¢~1(Q) leads to cmin(Q)) > cmin(¢1(Q)); since
¢ is arbitrary we have in fact ¢min(2)) > cmin(0(Q2)) for every ¢ € Symp(2n,R).
It follows that we have equality: cmin(¢(Q)) = cmin(©2). The monotonicity prop-
erty (SC2) is of course trivially verified because a symplectomorphism sending
B(R) in € also sends B(R) in any set @ D Q. Let us prove the conformality
property (SC3). First note it trivially holds for A = 0 so we may assume X # 0.
Let ¢ € Symp(2n,R) and define ¢y by ¢x(z) = Ap(A712); it is clear that ¢y €
Symp(2n,R). The condition ¢(B(R)) C € being equivalent to A~ ¢ (AB(R)) C ,
that is to ¢x(B(AR)) C AQ, it follows from the definition of ¢y that cmin(AQ) =
T(ARy)? = A2cmin(Q). Let us finally prove that the normalization conditions
(SC4) are satisfied by cpin. The equality cmin(B(R)) = 7wR? is obvious: every
ball B(r) with R’ < R is sent into B(R) by the identity and if R’ > R there
exists no ¢ € Symp(2n,R) such that ¢(B(R’)) C B(R) because symplectomor-
phisms are volume-preserving. There remains to show that cmin(Z;(R)) = mR2.
If R < R then the identity sends B(R') in Z;(R) hence cmin(Z;(R)) < mR%. As-
sume that cmin(Z;(R)) > mR?; then there exists a ball B(R') with R’ > R and a
¢ € Symp(2n,R) such that ¢(B(R’)) C Z;(R) and this would violate Gromov’s
theorem. 0

We urge the reader to note that in the proof of the fact that cpiy indeed is a
symplectic capacity, we needed Gromov’s theorem only at the very last step, when
we wanted to prove that cmin(Z;(R)) = mR2.

Definition 88. The symplectic capacity ¢min is called the Gromov width (or sym-
plectic width). The (possibly infinite) number R, such that cpin(Q2) = wR2 is
called the symplectic radius of €.

The proof that the existence of symplectic capacities is actually equivalent
to Gromov’s theorem is proposed to the reader’s sagacity in the problem below:

Problem 89. Show that the existence of a single symplectic capacity proves Gro-
mov’s non-squeezing theorem.

Gromov’s non-squeezing theorem actually allows us to easily construct an-
other symplectic capacity cmax, distinct from cpi, and there are thus infinitely
many symplectic capacities because for every real A in the closed interval [0, 1] the
formula

Cx = ACmax + (]. — A)Cmin (510)

obviously defines a symplectic capacity, and we have ¢y # ¢y if A # X. (More
generally, we can always interpolate two arbitrary symplectic capacities to obtain
new capacities). The symplectic capacity cmax is constructed as follows: suppose
that no matter how large we choose r there exists no symplectomorphism sending
Q inside a cylinder Z;(r). We then set cmax(€2) = +00. Suppose that, on the
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contrary, there are symplectomorphisms sending € inside some cylinder Z;(r) and
let R be the infimum of all such r. Thus, by definition,

Cmax(Q) = igf{ﬂr2 L o) C Zj(r)} = 7R? (5.11)

where ¢ again ranges over all the symplectomorphisms R” @ R” — R" @ R". We
leave it to the reader to verify, using again the non-squeezing theorem, that cpax
indeed is a symplectic capacity. As the notation suggests, we have:

Proposition 90. For every Q C R™ & R™ we have
Cmin(Q) S C(Q) S Cmax(Q) (512)

for every symplectic capacity c.

Proof. Suppose first cmin(Q) > ¢(Q) and set ¢(Q) = mR?; thus cpin(Q) > 7R2. Tt
follows, by definition of ¢y, that there exists € > 0 and a symplectomorphism ¢
such that ¢(B(R+¢)) C Q. But then, in view of the monotonicity property (SC2)
of ¢ we have ¢(¢(B(R +¢))) < ¢(Q), that is, in view of the symplectic invariance
property (SC1), ¢(B(R + ¢)) < ¢(£2). We thus have, taking (SC4) into account,
c¢(B(R+¢)) = m(R+¢)? < ¢(Q), and this contradicts ¢(Q2) = 7R2. The proof of
the inequality ¢(Q) < cmax(2) is similar; we leave the details to the reader. O

Exercise 91. Prove the existence of a subset Q of R™ @ R™ such that ¢yin(2) <
Cmax(Q)-

The existence of linear symplectic capacities is proven exactly in the same
way as above. In fact, for  C R™ @& R™ set

() = sup  {7R*: ¢(B(R)) C Q}, (5.13)
¢€ISp(2n,R)
omx(Q) = inf  {7R*: () C Z;(R)}; (5.14)

" $eISp(2n,R)

it is immediate to show that cli? and !  are linear symplectic capacities, which

can be interpreted as follows: for every 2 C R™ @& R” the number ci? () (which
can be infinite) is the supremum of all the mR? of phase space balls B(R) that
can be sent in () using elements of ISp(2n, R); similarly ci2 () is the infimum of
all mR? such that a cylinder Z;(R) can contain the deformation of 2 by elements
of the inhomogeneous symplectic group ISp(2n, R) (the group generated by phase
space translations and the elements of Sp(2n,R)). We have moreover
Cmin () < Q) < () (5.15)
for every 2 C R"@R™ and every linear symplectic capacity cjin; the proof is similar
to that of the inequalities (5.12).
The homogeneity property (SC2) satisfied by every symplectic capacity (lin-
ear or not) together with the fact that ¢(B(R)) = mR? suggests that symplectic
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capacities have something to do with the notion of area. In fact, the following is
true: the symplectic capacity cmin(2) of a subset in the phase plane R? is the area
of  when the latter is connected (Siburg [148]; also see the proof in Hofer and
Zehnder [101], §3.5, Theorem 4). Note that the result in general no longer holds
when 2 is disconnected: suppose for instance that €2 is the union of two disjoint
disks with radii R and R’ such that R’ < R. Then cpin(Q2) = 7R? < Area(Q2). The
symplectic capacity cmax(2) is the area when €2 is simply connected. Summarizing,
it follows from the inequalities (5.12) that:

Proposition 92. Let ¢ be a symplectic capacity on the phase plane R?. We have
c(Q) = Area(Q) when Q is a connected and simply connected surface.

The reader may easily convince himself that ¢y (€2) is not the area when 2
is disconnected, and that c¢pax(2) is in general not the area when 2 fails to be
simply connected (a typical counterexample is the annulus 7 < 22 + p? < R2).

5.2.2 The symplectic capacity of an ellipsoid

As the title of this subsection suggests, the symplectic capacity of an ellipsoid is
intrinsically attached to that ellipsoid, in the sense that it does not depend on the
choice of symplectic capacity. To prove this we will need the following symplectic
diagonalization theorem, which is very interesting by itself, and which we will
use several times in this book. It was proven by Williamson [162] in 1936, and has
been rediscovered many times since. It can be viewed as a partial result in the non-
trivial topic of classification of quadratic forms. We are following the presentation
in Folland’s book [60] (Proposition 4.22); for an alternative proof using Lagrange
multipliers see Hofer and Zehnder [101], §1.7.

Theorem 93 (Williamson). Let M be a positive-definite symmetric real 2n X 2n
matrix.
There exists S € Sp(2n,R) such that

A O

T _
SMS—(O A

) , A diagonal, (5.16)

the diagonal entries \; of A being defined by the condition
+i); is an eigenvalue of JM. (5.17)

Proof. Let (-,-),, be the scalar product on C*" defined by (z,2),, = (Mz,z’).
Since both (-, -),,, and the symplectic form are non-degenerate we can find a unique
invertible matrix K of order 2n such that

<Zv KZ/>M - U(Za Z/)

for all z, 2’; that matrix satisfies KT M = J = —M K. Since the ¢ is antisymmetric
we must have K = —KM where KM = —M KT M is the transpose of K with
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respect to (-,-),,; it follows that the eigenvalues of K = —M ~1J are of the type
+i)j, A; > 0, and so are those of JM ~!. The corresponding complex eigenvectors
occurring in conjugate pairs €} £ if}, we thus obtain a (-, ->M—0rth0n0rmal basis
{ei fihi<ij<n of R™ @ R™ such that Kej = \;f] and K f; = —\;e. Notice that
it follows from these relations that we have K?2e, = —\?¢/ and K s fi= - —\?f} and
that the vectors of the basis {e}, f}1<i j<n satisfy the relations

7) = (e, Kej)u :AJ<€/ fiym =0,

o(e;e i
o(fis [5) = (Fi, K fj)m = =X fi €5)m =0,
U(f{,eg-) = <fiaK€j>M = i<fi7fj>M = —Xidij-

@

Setting e; = A; 1/2 e; and f; = A/ 1/2 7, the basis {e;, fj}1<ij<n s symplectic.
Let S be the element of Sp(2n, R) mapping the canonical symplectic basis to
{es, fi}1<i j<n- The (-, ) ,~orthogonality of {e;, f;}1<s j<n implies (5.16) with A =
diag(A1, ..., An). O

Williamson’s theorem allows us to calculate rather easily the symplectic ca-
pacity of an ellipsoid:

Proposition 94. Let W = {2 : M 2% < 1} (M symmetric) be an ellipsoid in R ®R"™
and let ¢ be an arbitrary linear symplectic capacity on (R™ & R™,0). Let A\, >

A2,0 > -+ 2> Apo be the decreasing sequence of the moduli of the eigenvalues £\

of JM. We have
T

)\10

(W) = = (W) (5.18)

lin

where ¢ is any linear symplectic capacity.

Proof. Let us choose S € Sp(2n, R) such that the matrix STMS = (3 X) The

set STH(W) is thus the ellipsoid described by Az? + Ap? < 1, that is

n

> Aol +p3) <1, (5.19)
j=1
Since ¢(S™1(W)) = ¢(W) in view of the symplectic invariance (SC1) of symplectic
capacities it is sufficient to assume that the ellipsoid W is represented by (5.19).
In view of the obvious double inequality

n

n
Mo (z2 4 p?) < Z :c —l—pJ ) < Ao Z(m? +p§) (5.20)

we have B(A; 1/2) cCWCcC Zl()\i},ﬂ) hence, using the monotonicity property
(SC2) of symplectlc capacities,

c(BOLY?) € eW) c (Z(AL).
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The equality ¢(W) = w/\1,, follows in view of the normalization conditions (SC4)
satisfied by any symplectic capacity; the formula c™(W) = 7/\;, follows as
well since we have put the ellipsoid W in the form (5.19) using only a linear
symplectomorphism. O

5.3 Other symplectic capacities

In this section we briefly review two interesting symplectic capacities which cannot
be directly deduced from Gromov’s non-squeezing theorem, and which can thus
be used to derive this theorem (cf. Problem 89). The first example, the Hofer—
Zehnder capacity, is normalized (in the sense of (SC4)), while the second example
provides us with a whole family of non-normalized symplectic capacities.

5.3.1 The Hofer—Zehnder capacity

We mentioned at the beginning of this chapter that the notion of symplectic
capacity can be viewed as a generalization of the notion of action. This is most
easily seen by using the Hofer-Zehnder capacity. In [101] (Chapter 3) Hofer and
Zehnder construct a symplectic capacity ¢'% which measures sets in a dynamical
way. It is defined as follows. Let €2 be an open set in R” ®R"™ and consider the class
H(R2) of all Hamiltonian functions H > 0 having the following three properties:

e H wanishes outside Q (and is hence bounded);
e The critical values of H are 0 and max H;

o The flow (¢f) has no constant periodic orbit with period T < 1.
Then, by definition,

M%(Q) = sup{max H : H € H(Q)}. (5.21)

To prove that c!'% satisfies the properties (SC1)—(SC4) is not straightforward;
the proof uses several tricks from the theory of Hamiltonian systems. However, it
does not rely on Gromov’s theorem, and thus provides an alternative proof of
this result (cf. Problem 89). The Hofer—Zehnder capacity has the property that
whenever () is a compact convex set in phase space then

A2(Q) = j{ pdx (5.22)
Ymin

where pdx = p1dzy + - - - + ppdxy, and Ymin is the shortest (positively oriented)
Hamiltonian periodic orbit carried by the boundary 9Q of Q. (For (5.22) the
condition that € be compact and convex is essential (see Hofer and Zehnder’s
very illustrative “Bordeaux bottle” example in [101], p. 99).

Notice that this formula generalizes the observation made earlier in this sec-
tion that symplectic capacities agree with the usual notion of area in the case
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n = 1 for connected and simply connected surfaces. In fact, let €2 be such a sur-
face in the phase plane, and assume that the boundary v = 9 is smooth, and
given the positive orientation. We then have, by Stoke’s theorem,

(pdx — zdp) = j(l(pda:.

Y

Area(€) = } }{

Y

Formula (5.22) in particular implies the inequalities

7{ pdx
¥

Cmin(Q) < M4(Q) < (5.23)

for every periodic orbit v on 0f.

5.3.2 The Ekeland—Hofer capacities

The normalized symplectic capacities we have been using so far do not gen-
erally allow us to distinguish between ellipsoids: formula (5.18) implies that if
Qur i M22 <1and Qu : M'22 < 1 are such that M and M’ have the same small-
est symplectic eigenvalue, then ¢(Qpr) = ¢(Qps+). This can however be achieved
by introducing a slightly more general notion of symplectic capacity. To do this
we slightly relax the normalization condition (SC4) for symplectic capacities and
replace it with the weaker requirement:

(SC4bis) ¢(B?*(R)) >0 and ¢(Z;(R)) < oo.

In [41, 42] Ekeland and Hofer construct a sequence of generalized symplectic
capacities CEH having the following properties:

EH1) The sequence (cEH)y>1 is increasing:
k k>

At <) < <G < - (5.24)
for all @ C R™ @ R™;
(EH2) If Q is convex with boundary OS2, then
cET(Q) = cEH(00) (5.25)

(hence cEH(Q) is determined by the boundary 09);
(EH3) If Q is conver, then

Q) = M2(Q) and Q) = j{pda: (5.26)

where v is a periodic Hamiltonian orbit carried by OS.
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The values of the capacities CEH on balls and cylinders are given by the

formulas

) = | (527)

2" (r)) = s (5.28)

in the first formula [z] is the integer part of z € R.

The Ekeland—Hofer capacities cEH allow us to classify phase-space ellip-
soids. In fact, it readily follows from their properties (EH1) and (EH3) that
the non-decreasing sequence of numbers CEH(QM) is determined as follows: if
Spec, (M) = (A],...,\?) write the numbers k7 /A{ in increasing order with repe-
tition if a number occurs several times; we thus obtain a sequence ¢; < cg < - -+
and we have

Q) = e (5.29)

That the Ekeland-Hofer capacities cE™ can be used to distinguish between ellip-
soids follows from:

Proposition 95. An ellipsoid Qpr : M 2% < 1 is uniquely determined (up to a sym-
plectic transformation) by the sequence of its Ekeland—Hofer capacities CEH(QM).

Proof. Suppose that 2 and §2pr are two ellipsoids with A7 = )\9" for1 <j<k
and A > A?. Then the multiplicity of A{ in the sequence of Ekeland-Hofer
capacities is one higher for Q); than for 2, hence not all of these capacities
agree on Qs and Qpy. O



Chapter 6

Uncertainty Principles

Since the aim of the first part of this book is to discuss classical mechanics from
the symplectic point of view, some readers might be a little surprised by the title
of the present chapter because it has a certain quantum-mechanical connotation.
In fact “uncertainty principles” are mostly studied within the realm of quantum
mechanics, even if the study of uncertainties is also a part of classical statistical
mechanics. However, as we have shown in our paper [72], the formalism of the
uncertainty principle is actually not as “quantum” as it may seem, but appears
in classical mechanics if one uses the notion of symplectic capacity. Even if every-
thing we will do is “classical”, in the sense that we do not invoke any quantum
mechanical properties, we will however make use of the notation & as if we were
“doing quantum mechanics”; the reader who feels uncomfortable with this irrup-
tion of a quantum-mechanical constant can view ki as a parameter measuring some
indeterminacy in classical measurement processes.

The textbook uncertainty principle of quantum mechanics is usually stated in
the form Az;Ap; > %h (the “Heisenberg inequalities”). It is unfortunate that even
in many otherwise excellent mathematical texts it is only this weak form of the
uncertainty principle that is studied. In fact, to limit ourselves to the Heisenberg
inequalities has many disadvantages, the most obvious being that these inequal-
ities are not preserved by linear transformations (except trivial ones). A better
formulation consists in using the Robertson [137] and Schrédinger [142] inequali-
ties

(AXo)?(AP.)? > A(Xa, Pa)* +10% [ 1<a<n (6.1)

which we will express in the form
c(Ws) > 1h (6.2)

where Ws; is a certain ellipsoid and ¢ a symplectic capacity. We will be following
rather closely the exposition in our review paper de Gosson and Luef [77].

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 65
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 6, © Springer Basel AG 2011
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6.1 The Robertson—Schrodinger inequalities
The Robertson—Schrédinger uncertainty principle is a strong version of the Heisen-

berg inequalities Az;Ap; > %ﬁ, to which it reduces when one neglects the contri-
butions due to the covariances.

6.1.1 The covariance matrix

In what follows p is a real-valued function defined on R™ @ R" satisfying the

normalization condition
/ p(z)dz =1 (6.3)
]R2n

/R%(l + 12]?)|p(2)|dz < . (6.4)

and such that

We do not assume that p > 0 so p is not in general a true probability density.
(Having later applications to quantum mechanics in mind, p will typically be
the Wigner transform of a mixed quantum state.) We will call such a function
p a “quasi-distribution”, and work with it exactly as we would with an ordinary
probability density.

Exercise 96. Show that condition (6.4) implies that the Fourier transform Fp is
twice continuously differentiable.

Let us introduce the following notation: we set z, = z, if 1 < a < n and
Za = Pa—nifn+1<a < 2n.

We define the covariances and variances associated with p in the usual way
by the formulas

A(Za, Zp) :/ (2 = (2a)) (25 = (25))p(2)dz (6.5)

R2n

and

(AZy)? = A(Za, Zy) = / (zo — (za>)2p(z)dz. (6.6)

R2n

In the formulas above the moments (zi), k = 1,2, are the averages with respect
to p of the corresponding functions:

(k) = / zho(e)iz. (6.7)

These moments are of course well defined in view of condition (6.4).

Let Z1,25,..., 25, be random variables on R™ @& R"™ whose values are the
phase-space coordinates 21, 29, . . ., z,. Since the integral of p is equal to 1, formulae
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(6.5) and 6.6) can be rewritten in the familiar form

A(Za, Zp) = (2a2s) — (za){28), (6.8)
(AZQ)Q = A(Zas Za) = <22> - (Za>2- (6.9)

(03

The quantities (6.5), (6.6), and (6.7) are well defined in view of condition (6.4):
the integrals above are all absolutely convergent in view of the trivial estimates

/ zap(2)dz

R2n

/ zazpp(z)dz
R2n

Definition 97. We will call the symmetric 2n x 2n matrix

Y = [A(Za; Zp)]

< / (1+ |2[2)p(2)|dz < oo,
R?n

< / (14 )lpz)d= < oo

1<a,B<2n

the covariance matrix associated with p. When det ¥ # 0 the inverse X! is called
the precision (or information) matrix.

For instance, when n = 1, the covariance matrix is
5 < AX? A(X,P))
A(P,X) AP?
where the quantities AX? and A(X, P) are defined by
AX? = (2%) — (2)* , AP? = (p*) — (p)?,
A(X, P) = (zp) — (2)(p)-

6.1.2 A strong version of the Robertson—Schrodinger
uncertainty principle

The following result is essential. The first statement (i) was apparently first noted
in Narcowich [128] (Lemma 2.3), and part (ii) goes back to Narcowich [126], Nar-
cowich and O’Connell [129], and Yuen [167]. The third part (iii) is a way of ex-
pressing the symplectic covariance of the uncertainty principle.

Theorem 98. Let X be a real symmetric 2n x 2n matriz and h a real number. Then
Y+ %J is a Hermitian matriz. Suppose that there exists a real number h # 0 such
that ¥+ 2.J > 0. Then:

(i) The matriz X must be positive definite and we have ¥ + %J > 0 for every
H < h;
(ii) The inequalities
(AXa)*(APa)® > A(Xa, Pa)® + 317 (6.10)

hold for 1 < a < n;
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(iii) Let S € Sp(2n,R) and define (X5, PY) = S(Xa, P.). Then

(AXS2(APS)? > A(XE, PS)? + L0, (6.11)
Proof. We begin by noting that the matrix X + %J is Hermitian because X is real
symmetric and (¢J)* = (—i)(=J) = iJ.

Proof of (i). Let us begin by showing that ¥ is non-negative. Suppose indeed that
Y. has a negative eigenvalue A, and let z) be a real eigenvector corresponding to
A (such an eigenvector exists because ¥ is real and symmetric). Since 2§ Jz) =0
we have

iR
Z{ <E+ %J) Zy = z{EzA = )\|z)\|2 <0

which contradicts the assumption ¥ + %J > 0. We next show that 0 cannot be
an eigenvalue of ¥; this will prove the statement. Suppose indeed that 0 is an
eigenvalue, and let zp be a real eigenvector. For € > 0 set z(¢) = (I +1ieJ)zp. Using
the relations Yzp = 0, 2’2 = 0, and 28 J29 = o(20, 20) = 0 we get, after a few
calculations,

2(e)T (E + %_LJ) z(e) = E%ﬁ|2’0|2 +e2(J20) 2 (J20).

Choose now ¢ opposite in sign to %h; then E%ﬁ|2’0|2 < 0 and if || is small enough
we have z(e)” (S + £.J)z(e) < 0, which contradicts the fact that ¥+ 2. > 0. To

show that ¥ + %J > 0 for every A’ < h it suffices to set W’ = rh with 0 <r <1
and to note that

E+%J(1r)2+r<2+%<]) >0

because (1 —7)2 > 0 and ¥ + £.J > 0.

Proof of (ii). The non-negativity of the Hermitian matrix E—I—%LJ can be expressed
in terms of the submatrices

B (AX,)? A(Xy, P,)+
Yo = <A(Pa,Xa) _in (AP,)? 2>

which are non-negative provided that ¥ + %LJ is. Since
Tr(Za) = (AX,)2 + (AP,)2 >0
we have X, > 0 if and only if
det 8o = (AXL)?(AP,)? — A(Xa, Pa)® — 102 >0

which is equivalent to the inequality (6.10).
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Proof of (iii). Set ¥° = ST¥S; it is the covariance matrix of the vector

(X2, X5, P%,... PP =S(X1,...,Xn; P1,..., P).

n’

Since S is symplectic we have ST.JS = J and hence
ih if
w5 4 %J = STz + %J)S > 0;

the inequalities (6.11) now follow from the inequalities (6.10). O

At this point it is appropriate to notice that (except in the case n = 1) the
condition X + %J > 0 is not equivalent to the uncertainty inequalities (6.10); it
is in fact a stronger condition. It is actually easy to see why we have equivalence
when n = 1: the covariance matrix is just

o= (a8 )

and since "
Tr <E+%J> —AX2 4 AP2>0

the condition ¥ + %J > 0 is equivalent to det (E + %J) > 0, that is to
1
AX2AP? — (A(X, P)? + ZHQ) >0

which is precisely (6.10) in the case n = 1. That this equivalence between ¥ +
2] >0 and (6.10) is not true in higher dimensions is easily seen on the following
counterexample. Take n = 2 and %h =1 and define a covariance matrix by

1 -1 .00
-1 1 0 0

=% o 1 o (6.12)
0 0 01

We thus have (AX;)? = (AX3)?2 = 1 and (AP)? = (AR)? = 1, and also
A(X1,P1) = A(Xg, P2) = 0 so that the inequalities (6.10) are trivially satisfied
(they are in fact equalities). The matrix ¥ + ¢J is nevertheless indefinite.

Exercise 99. Verify the indefiniteness of the 4 x 4 covariance matrix (6.12).
Let us introduce the following terminology:

Definition 100. Let X be a covariance matrix. The phase space ellipsoid

We ={zeR™:15712% <1}
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is called the “Wigner ellipsoid” associated with 3. The dual ellipsoid
Wg ={zeR": 152 <1}

of the Wigner ellipsoid is called the “precision (or information) ellipsoid” (cf.
Definition 97).

We will see in a while that the strong uncertainty principle in the form
3+ %LJ > 0 can be expressed in terms of the notion of symplectic capacity. But
we first have to introduce some material from symplectic topology.

6.1.3 Symplectic capacity and the strong uncertainty principle

We are now going to give an application of the notion of symplectic capacity to the
strong uncertainty principle discussed in the beginning of this chapter. Another
application will be given in Chapter 6.2 when we discuss Hardy’s inequalities.

Let us return to the uncertainty principle in its strong Robertson—Schrodinger
form ¥ + %J > 0. The following geometric result is the key to our formulation in
terms of symplectic capacities:

Proposition 101. Let X be a positive-definite real 2n X 2n matriz. The three fol-
lowing conditions are equivalent:

(i) The Hermitian matriz ¥ + 2] is non-negative.
(ii) The symplectic capacity of the Wigner ellipsoid
Ws ={z: 3187122 <1}
is such that
c(Ws) > nh = $h. (6.13)
(iil) The symplectic capacity of the dual ellipsoid
Wi ={z:3222 <1}
is such that

2 472
<= 2
C(Wz) ~ h h

Proof. Setting M = %2*1 the Wigner ellipsoid is the set of all z € R?™ such that
M2z? <1 and the condition £ + £.J > 0 is equivalent to 1M1 + £ > 0; using
a symplectic diagonalization of M this is equivalent to %D‘l + %J > 0 where

(6.14)

AU O o 3 o2 o2
D(O A‘7> , A7 =diag(A\],...,A7).

It follows that the characteristic polynomial of %M “l4 %J is the product P(t) =
Py(t) - - - P,(t) where

P,t) =t = (A7) "t+ (A7) % - in2
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The eigenvalues of the matrix 2 M ~1+ 2] are thus the real numbers %[()\37)*1 +7]
hence that matrix is non-negative if and only if A7 < %(%h)_l for every j, that is
if and only if A9, < 1(1h)~!; this is equivalent to

max — 2\2

c(Ws) =7/ 4 = 27 - 11|

max

and to
c(W5) = 217, </ (3h)

in view of the discussion above; this proves the inequalities (6.13) and (6.14). O

When ¥ is a covariance matrix, the condition ¢(Ws) > 1h thus implies (but
is not equivalent to) the Robertson—Schrédinger uncertainty inequalities (6.10),
that is we have

(AXa)*(APL)? > A(Xa, Pa)? + 112
for1<a<n.

We have conjectured in [72] and [77] that the condition ¢(Ws) > £h might
well be the “true” uncertainty principle to be used both in classical and quantum
mechanics under certain conditions that we do not discuss here. A rather obvious
advantage in using this symplectic formulation is that if c((Ws) > %h then we also
have c(f(Ws)) > %h when f is an arbitrary symplectomorphism of (R"™ @& R", o)
(this because of the symplectic invariance property (SC1) of symplectic capacities),
so that the uncertainty principle expressed in this form is de facto symplectically
invariant (which is not true of the Schrédinger—Robertson inequalities which only

retain their form under linear symplectic transformations).

6.2 Hardy’s uncertainty principle

In this section we give another application of the notion of symplectic capacity.
A folk metatheorem is that a function  and its Fourier transform Fi cannot
be simultaneously sharply localized. An obvious manifestation of this “principle”
is when ) is of compact support: in this case the Fourier transform Fi can be
extended into an entire function, and is hence never of compact support. A less
trivial way to express this kind of trade-off between 1 and F1i) was discovered in
1933 by G.H. Hardy [98]. Hardy showed, using the Phragmén-Lindelof principle
from complex analysis, that if a function 1 € L?(R) and its Fourier transform

M@éﬁfe%wmm

satisfy, for |x| + [p| — oo, estimates of the type
a 2 b 2
wa) =0 () | Fug =0 (e H7) (6.15)

with a,b > 0, then the following holds true:
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o If ab>1 then ¢ =0;
o If ab=1 we have ¢(x) = Ce= e for some complex constant C;

o If ab < 1 there ea:z's2ts a whole space of S solutions, containing the functions
P(x) = Q(x)e”2:% where Q is a polynomial (equivalently, S contains the
finite linear combinations of Hermite polynomials).

In this section we will generalize Hardy’s uncertainty principle to an arbitrary
number of dimensions. We will thereafter reformulate it in terms of the notion of
symplectic capacity previously introduced.

6.2.1 Two useful lemmas

The following result, although being of an elementary nature, is very useful. We
will see that it is a refined version of Williamson’s diagonalization theorem [162]
in the block-diagonal case.

We make the preliminary observation that if A and B are positive definite
matrices then the eigenvalues of AB are real because AB has the same eigenvalues
as the symmetric matrix AY/2BA'Y/2. The following result shows that A and B can
be simultaneously diagonalized in a particular way:

Lemma 102. Let A and B be two positive-definite n X n real matrices. There exists
L € GL(n,R) such that

LTAL =L 'B(L") ' =A (6.16)
where A = diag(v/A1,. ..,V An) is the diagonal matriz whose eigenvalues are the
square roots of the eigenvalues A1, ..., A\, of AB.

Proof. We claim that there exists R € GL(n,R) such that
RTAR=Tand R'B(R")"* =D (6.17)

where D = diag(\1, ..., An). In fact, first choose P € GL(n,R) such that PT AP =
I and set Bfl = PTB~'P. Since Bfl is symmetric, there exists H € O(n,R)
such that Bfl = HT"D 'H where D~ is diagonal. Set now R = PHT; we have
RTAR =TI and also

R'B(R")Y'=HP'B(P")'H" =HB,H" =D
hence the equalities (6.17). Let A = diag(v/A1, ..., v/A,). Since
RTAB(R")™' = RTAR(R'B(R")" ") =D

the diagonal elements of D are indeed the eigenvalues of AB hence D = A?. Setting
L = RAY? we have

LTAL = A'?RT ARAY? = A,
Lle(Lfl)T _ A71/2R71B(RT)71A71/2 = A

hence our claim. O
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The result above is a precise statement of a classical theorem of Williamson
[162] in the block-diagonal case. That theorem says that every positive-definite
symmetric matrix can be diagonalized using symplectic matrices. More precisely:
let M be a positive definite real 2n x 2n matrix; the eigenvalues of JM are those of
the antisymmetric matrix M/2JM'/? and are thus of the type +i)\7 with A7 > 0.

We have the following result, which relates Lemma 102 to Williamson’s the-
orem:

0 B
consists of the decreasing sequence /A1 > - - - > /A, of square roots of the
eigenvalues \j of AB.

Lemma 103. Let A, B > 0. The symplectic spectrum (A],...,A%) of M = (A 0)

Proof. Let (A],...,A%) be the symplectic spectrum of M. The A7 are the eigen-

values of
0 B
i (0 )

they are thus the moduli of the zeroes of the polynomial
P(t) = det(t*T + AB) = det(t*T + D)

where D = diag(\1,. .., A\,); these zeroes are the numbers +i /A;, j = 1,...,n;
the result follows. O

Recall that when L is invertible the matrix
L=t 0
My, = < 0 LT) (6.18)

is in Sp(2n,R). Lemma 102 can be restated by saying that if (A, B) is a pair of
symmetric positive definite matrices then there exists L such that

(4 0 (2 %), 619

This lemma is thus a precise version of Williamson’s theorem for block-diagonal
positive matrices: it is not at all obvious from the statement of Williamson’s the-

orem that (13 g) can be diagonalized using only a block-diagonal symplectic

matrix!
Lemma 102 allows us to give a simple proof of a multi-dimensional version
of this theorem. The following elementary remark will be useful:

Lemma 104. Letn > 1. For1 < j <n let f; be a function of (z1,...,2;5,...,2n) €
R"~1 (the tilde™ suppressing the term it covers), and g; a function of z; € R. If

then there exists a constant C' such that h=C(g1 ® - - ® gn,).
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Proof. Assume that n = 2: then
h(z1,22) = fi(z2)g1(21) = fa(1)g2(22).
If gy (1)ga(s) # 0 then
fi(@2)/g2(x2) = fala1)/g1(21) = C

hence fi(x2) = Cga(x2) and h(z1,22) = Cg1(x1)g2(x2). If g1(21)g2(xz2) = 0 then
h(x1,x2) = 0 hence h(z1,z2) = Cg1(z1)g2(z2) in all cases. The general case follows
by induction on the dimension n: suppose that

h=f®g="=Fa®gn = fnt1 @ gnt1;
for fixed x,,41 the function k = f1 ® g1 = - - - = f, ® gy, is given by
k(z,7p41) = C(Tnt1)g1(1) - - - gnlTn).
Since we also have
k@, 2n1) = fas1 (@1, 2n)gn1 (Tngr)

it follows that C(zp41) = C. O

6.2.2 Proof of the multi-dimensional Hardy uncertainty principle

We are going the use the lemmas above to prove the following extension of Hardy’s
uncertainty principle:

Theorem 105. Let A and B be two real positive definite matrices and 1 € L?(R™),
¥ # 0. Assume that

1 2 1 2
()| < Cae” 284 and |Fy(p)| < Cpe 2077 (6.20)

for some constants C'4,Cp > 0. Then:
i e eigenvalues \j, j =1,...,n, of the matrix are all < 1;
i) The ei lues \j, j =1 th tric AB <1
(i) If \j =1 for all j, then ¥(z) = Ce= 74" for some some complex constant
C;
(iii) If A; < 1 for some j then the space of functions satisfying (6.20) contains

1
every Y(x) = Q(:c)e_2_ﬁAx2 where Q is a complex polynomial.

Proof. Tt is of course no restriction to assume that C4 = Cp = C'. Let L be as in
Lemma 102 and order the eigenvalues of AB decreasingly: Ay > Ao > --- > A, It
suffices to show that Ay < 1. Setting ¢, (z) = ¢ (Lx) we have

Fyr(p) = Fy((L") " p);
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in view of (6.16) in Lemma 102 condition (6.20) is equivalent to

— L Ag? _Lap?
[ (x)| < Ce 2R and |Fyr(p)| < Ce 2r°P (6.21)
where A = diag(A1, Aa, ..., Ay). Setting ¥, 1(x1) = ¥r(21,0,...,0) we have

< Cemamhied 6.22
[r,1(21)] < Cem2n0, (6.22)

On the other hand, by the Fourier inversion formula,

/Fll)L(p)dpz <o dpp = (2ﬂﬁ)”/2/ . / e*%p'zz/)L(:c)dxdpQ - dpn
= 2nh) "V Fyp 1 (pr)

and hence we have the inequality

1 2
|Fppa(p1)] < Cpje” 2RMP (6.23)

for some constant Cr; > 0. Applying Hardy’s uncertainty principle in one di-
mension to the inequalities (6.22) and (6.23) we must have A\? < 1 hence the
assertion (i).

Proof of (ii). The condition A; =1 for all j means that

1 2 1 9
[ (z)| < Ce  2R"  and |Fip(p)| < Ce™ 2RP (6.24)

for some C' > 0. Let us keep o’ = (29, ..., x,) constant; the partial Fourier trans-
form of 17, in the x; variable is Fyt, = (F')"'F1 where (F’)~! is the inverse
Fourier transform in the z’ variables, hence there exists C’ > 0 such that

n—1 1 2
Fu (e, o) < (55) / Fos (0)[dps - - - dpn < C'e™ 37,

Since |y (z)| < C’(:c’)e’ﬁ““’f with C(z') < e~2n” it follows from Hardy’s theorem
that we can write L
L .2
Yr(x) = fi(a’)e 28"
for some real C* function f; on R"~!. Applying the same argument to the re-

maining variables xa,...,x, we conclude that there exist C*° functions f; for
j=2,...,n, such that

1 2
wL(Z):fj(xla"'afja"'axn)e_thl' (625)

In view of Lemma 104 above we have ¢ (z) = C’Le_%ﬁa”2 for some constant Cp;
since A = I = LT AL we thus have ¢(z) = CreA7"/2h a5 claimed.

Proof of (iii). Assume that Ay < 1 for j € J, J a subset of {1,...,n}. By the
same argument as in the proof of part (ii) establishing formula (6.25), we infer,
using Hardy’s theorem in the case ab < 1, that
Lz
Yr(x) = filzr, ..., &5, ..., 20)Qj(x;)e 2k

2
J
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where @); is a polynomial with degree 0 if j ¢ J. One concludes the proof using
once again Lemma 104. ]

6.2.3 Geometric interpretation

Let us give a geometric interpretation of Theorem 105 in terms of the notion
of symplectic capacity. We begin by making an obvious observation: Hardy’s
uncertainty principle can be restated by saying that if ¢y # 0 then the con-
ditions ¥(x) = (’)(e’ﬁ‘”?) and Fiy(p) = O(efﬁbﬁ) imply that the ellipse
W : az?® + bp? < h has area wh/vab > 7h =1h:

Area(W) > 1/2h.

More precisely:

If the area of the ellipse W is smaller than %h then ¢ = 0; if this area
equals $h then ¢(z) = Ce %" gnd if it is larger than Lh then the
functions ¥(x) = Q(ac)e_%ﬁaﬁ, @ a polynomial, belong to the set of
functions satisfying Area(W) >%h.

We can restate Hardy’s theorem in a very simple geometric way in terms of
the symplectic capacity (not the volume!) of an ellipsoid. Recall that all symplectic
capacities agree on phase space ellipsoids in view of Proposition 94. Recall that
h = Lh.

2

Proposition 106. Let ) € L2(R™), 1) # 0. Assume that there exist constants Ca >
0 and Cg > 0 such that

— ok Ag? — 2 Bp?
[1(z)] < Cae™ 2R and |Fy(p)| < Cpe” 2p°P . (6.26)
Then the symplectic capacity of the ellipsoid
W = {(=,p) : Az* + Bp® < h}

is such that c(W) > h.

61 g the equation of W is Mz? < A. In view of
formula (5.18) in Proposition 94 together with the conformality property of sym-
plectic capacities we have ¢c(W) = wh/A] where A{ is the smallest of all numbers
A such that +i) is an eigenvalue of JM. In view of Lemma 103 ] = |/A; where
the A; are the eigenvalues of AB, and by Theorem 105 we must have A; < 1; the

result follows since wh = %h. O

Proof of (i). Setting M =

The result above thus shows that Hardy’s uncertainty principle has an im-
portant (and unexpected) geometrical meaning. It will be generalized later on in
this book when we discuss the Wigner formalism.
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Chapter 7

The Metaplectic Group

The metaplectic group is a unitary representation of the double cover of the sym-
plectic group; it plays an essential role in Weyl pseudodifferential calculus, because
it appears as a characteristic group of symmetries for Weyl operators. In fact —
and this fact seems to be largely ignored in the literature — this property (called
“symplectic covariance”) actually is characteristic (in a sense that will be made
precise) of Weyl calculus. Metaplectic operators of course have many other appli-
cations; they allow us, for instance, to give explicit solutions to the time-dependent
Schrédinger equation with quadratic Hamiltonian, as will be shown later, but they
are also used with profit in optics, engineering, and last but not least, in quantum
mechanics.

7.1 The metaplectic representation

The idea behind the metaplectic representation of the symplectic group is that one
can associate to every symplectic matrix a pair of unitary operators on L?(R")
differing by a sign. Technically this is achieved by constructing of a unitary rep-
resentation of the (connected) double covering Sp,(2n, R) of Sp(2n, R). This rep-
resentation (which is not irreducible, see Exercise 138 in Chapter 8) is called the
metaplectic group and is denoted by Mp(2n,R). Equivalently, the sequence

0 — Zy — Mp(2n,R) — Sp(2n,R) — 0

is exact. In many texts the existence of the metaplectic representation is motivated
by vague considerations about the uniqueness of the Schrédinger representation
and the Heisenberg—Weyl operators T'(z) which will be studied in Chapter 8. Fol-
lowing this argument there must exist, for every S € Sp(2n,R) a unitary operator
S such that ST(z)S~! = T(Sz). However this relation certainly does not charac-
terize precisely S since it is still true if we replace it by ¢S with lc] = 1. At best
one obtains in this way a projective representation of the symplectic group.

We are following closely de Gosson [67], Chapter 7.

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 79
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 7, © Springer Basel AG 2011
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7.1.1 A preliminary remark, and a caveat

In many texts the metaplectic group is presented as being the group of unitary
operators generated by the following elementary unitary operators:

e The modified Fourier transform x(.J) defined by
H(I)o(e) = ()" [ e Ho v

e The “chirps” _
p(Vop)ip(a) = exn = %y(z)
where P is a real symmetric matrix;
e The rescaling operators
p(MyYp(x) = Vet Li(L)
where Vdet L is “some adequate” determination of the square root of det L.

We emphasize that the notation p(S) used above to denote metaplectic op-
erators associated to a symplectic automorphism S is ambiguous, and should be
avoided because it can lead to contradictions; unfortunately it is often found in
the literature, even in the best treatises. We will not use it in this book.

7.1.2 Quadratic Fourier transforms

We have seen that the symplectic group Sp(2n,R) is generated by the free sym-
plectic matrices

A B
S:(C D)ESp(Zn,R) , det B #0.

To each such matrix we associated the generating function

W(z,2')=iDB 2> — B 'z -2’ + 1B ' Az”

-2
and we showed that
(x,p) = S(z',p) <= p=0,W(z,2') , p = =0 W(z,2).
Conversely, to every polynomial of the type

W(z,2') = 1P2® — Lz -2/ + 1Qa" (7.1)

with P=PT |, Q=QT , and detL #0

we can associate a free symplectic matrix, namely

-1 -1
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We now associate an operator §W7m to every Sy by setting, for ¢» € S(R™),

Swmtb(@) = (52)"2 AW) / W) (Vs (7.3)

n

here argi = 7/2 and the factor A(W) is defined by
AW) =i™/[det LJ; (7.4)
the integer m corresponds to a choice of argdet L:
mm = argdet L  mod 2. (7.5)

Notice that we can rewrite Definition (7.3) in the form

n

a n/2  _im\p W (z,x’
Swm(z) = (=) / (e7%)! A(W)/ eW @y (2" da! (7.6)
where
w=2m —n. (7.7)
Definition 107.

(i) The operator S'\Wm is called a “quadratic Fourier transform” associated to
the free symplectic matrix Sy .

(ii) The class modulo 4 of the integer m is called “Maslov index” of §W,m. The
quadratic Fourier transform corresponding to the choices Sy = J and m =0

~

is denoted by J.

We will not discuss the properties of the Maslov index in this book; it has
been studied in a comprehensive way in de Gosson [67].

The generating function of J being simply W (z,2") = —z - 2/, it follows that
_(_1\n/2 —iz-a’ A A——y)
JY(z) = () e Yz )de' =i Fi(x) (7.8)
for ¢» € S(R™); F is the usual unitary Fourier transform defined by
_ 1 \n/2 —iz-x’ / /
Fip(z) = (55) e Y(a')dx'.
It follows from the Fourier inversion formula
—1 _ [ 1\n/2 AN W,
F () = (55) e (2" )dx
that the inverse J ! of .J is given by the formula

J_lw($) _ (ﬁ)n/Q/ eix'xlw(x')dx' _ in/QF_l’(ﬂ(x).
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Note that the identity operator cannot be represented by an operator S'\Wm
since it is not a free symplectic matrix.

Of course, if m is one choice of Maslov index, then m + 2 is another equally
good choice: to each function W formula (7.3) associates not one but two operators

Swm and SWm+2 = —S’Wm (this reflects the fact that the operators Swm are
elements of the two-fold covering group of Sp(2n, R)).

Let us define operators ‘A/,p and M\Lym by

U pip(z) = e2Ph(2) |, My mib(x) = i"\/[det L] (La). (7.9)
We have the following useful factorization result:

Proposition 108. Let W be the quadratic form (7.1).
(i) We have the factorization

S’\V(/','m = ?—PML,mﬁ—Q; (710)

(ii) The operators §W,m extend to unitary operators L?(R™) — L%(R") and the
inverse of Sw,m 18

Siim = Swe e with W*(z,2') = =W (z',z) , m* =n —m. (7.11)

Proof. (i) By definition of J we have
jw(x) = ’i_n/QFw(m) = (ﬁ)"m/ e—ixw/w(m/)dm/

the factorization (7.10) immediately follows noting that
M\Lm@j’lp(f) _ ( )71/2 /| detL / —iLz-z’ w ) J?I.

(ii) The operators V_p and M r,m are trivially unitary, and so is the modified
Fourier transform J; (ii) We obviously have

(‘7713)71 = ‘713 and (]/W\Lym)il = ]/\IL—1’,m

and J~! is given by

Writing
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and noting that
T My _ () = (& )"/2 m/| det L1 / e (L 2 )da!
_ (27”)”/2 —m+n\/|deT/ iLT a:a:,(/} )

- M LT n— me(x)
the inversion formulas (7.11) follow. O

It follows from the proposition above that the operators §W,m form a subset
of the group U(L?*(R™)) of unitary operators acting on L2?(R™), which is closed
under the operation of inversion. They thus generate a subgroup of U(L?(R")).

Definition 109. The subgroup of U(L?(R")) generated by the quadratic Fourier
transforms Sy, is called the “metaplectic group” and is denoted by Mp(2n,R).
The elements of Mp(2n,R) are called “metaplectic operators”.

Every S c Mp(2n,R) is thus, by definition, a product §W1,7711 "'§Wk,mk
of metaplectic operators associated to free symplectic matrices. We will use the
following result which considerably simplifies many arguments; it is the metaplectic
analogue of Theorem 60 which says that every symplectic matrix can be written
as the product of two free symplectic matrices:

Proposition 110. Fvery Se Mp(2n R) can be written as a product of exactly two
quadratic Fourier transforms: S = SWmSW/ r. (Such a factorization is, however,
never unique: for instance I = S’W mSW* m~ for every generating function W.)

Proof. See Leray [114], Ch. 1, or de Gosson [64]); the result follows from the exis-
tence of a natural projection Mp(2n,R) — Sp(2n,R) which will be established in
the next section and the fact that every S € Sp(2n,R) can be written as a product
SwSw. (See Exercise 111 below.) O

Exercise 111. Prove Proposition 110 above.
Proposition 110 has the following immediate consequence:

Corollary 112. The metaplectic group Mp(2n,R) is generated by the operators
V_p, ML,m; and J.

Proof. Tt follows from the definition above of Mp(2n,R) together with the fact
that each Sw,, is a product V_p M, ,n JV_qg (formula (7.10)). O

Exercise 113. Show that quadratic Fourier transform §W7m cannot be a local

operator (a local operator on &'(R") is an operator S such that Supp(Sv¢) C
Supp(¢) for ¢ € S'(R™)).
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7.2 The projection 7™P

It turns out that Mp(2n,R) is a double covering of the symplectic group Sp(2n, R)
and hence a faithful representation of Sp(2n, R).

7.2.1 Precise statement

The main result of this subsection is the following, whose detailed proof is given
in Section 7.3:

Theorem 114. The mapping §W,m —— Sw, which to the quadratic Fourier trans-
form

n

Swmth(@) = (55)"* A(W) / V) (o) da!

associates the free symplectic matriz with generating function W, extends into a
surjective group homomorphism

7P . Mp(2n,R) — Sp(2n, R);
that is
™P(SS) = 7MP(S)rMP(S")
and the kernel of TP is
ker(nMP) = {1, +1}.

Mp . Mp(2n,R) — Sp(2n,R) is a twofold covering of the symplectic

Hence w
group.

The last statement follows from the theory of covering groups: a covering
group of a Lie group has discrete fiber, isomorphic to the kernel of the projection
homomorphism.

Definition 115. We will call the homomorphism 7P the natural projection, or
covering mapping of Mp(2n,R) onto Sp(2n, R).

Recalling that Sp(2n,R) is generated by the symplectic matrices J and

L=t 0 I 0
ML_(O LT) ’V_P_(P I)

(det L # 0, P = PT), the natural projection has in addition the following proper-
ties:

Proposition 116. We have:

~

™M)= aMP(My) =My, 7™M (Vp) = Vp. (7.12)
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Proof. The formula ﬂMp(j ) = J is obvious since Jis a quadratic Fourier trans-
form with W(x,2') = —x - 2’. Let us prove the second formula (7.12). We have

My m = j‘l(jJ\/ZLym) and j]\/IL,m = §W7m with W (z,2') = —(LT) 'z - 2. Since
aMP(J=1) = J=1 = —J it follows that

hence WMP(J/\ZLM) = M. The formula 7MP (‘?p) = Vp is proven using a similar
argument. O

7.2.2 Dependence on h

It is useful to have a parameter-dependent version of Mp(2n, R); in the applications
to quantum mechanics that parameter is /i, Planck’s constant h divided by 2.
The main observation is that a covering group can be “realized” in many dif-
ferent ways. Instead of choosing 7P as a projection, we could as well have chosen
any other mapping Mp(2n,R) — Sp(2n,R) obtained from 7P by composing
it on the left with an inner automorphism of Mp(2n,R), or on the right with an
inner automorphism of Sp(2n,R), or both. The point is here that the diagram

Mp(2n,R) — Mp(2n,R)

Mp Mp/

. =

Sp(anR) ? Sp(2naR)

is commutative: 7/MP o F = G o 7MP, because for all such 7'™P we will have
Ker(7'MP) = {£ I} and

7' MP . Mp(2n,R) — Sp(2n, R)

will then also be a covering mapping. We find it particularly convenient to define a
new projection by using the following inner automorphism of Mp(2n, R): for A > 0

set My = My, that is
My(a) = A"*)(h) | ¢ € LA(R")
and denote by M) the projection of ]/W\)\ on Sp(2n, R):

M/\(xap) = ()‘_11; Ap)
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We have M, € Mp(2n,R) and My € Sp(2n,R). For § € Mp(2n,R) we define
St € Mp(2n,R) by
Sh = l/ﬁSMﬁ (7.13)

The projection of S* on Sp(2n,R) is then given by:
Mp ( Gk h
p(SL)zstMl/\/ﬁSM\/ﬁ.
We now define the new projection
aMPR Mp(2n,R) — Sp(2n, R)

by the formula R R
prh(Sﬁ) = M\/E(WMP(SE))MU\/E
which is of course equivalent to

Mp" (7Y — 7MP ().

Suppose for instance that S = §W7m; it is easily checked using the fact that
W is homogeneous of degree 2 in (x,2’) that

Slmt(@) = (22)"2 A00) [ bWy do

or, equivalently, N N
St =" Sw -

Also,

Bli) 0l0) = (525)"* AW) [ bV (et da

n

The projection of §ﬁ/m on Sp(2n, R) is the free matrix Sy :

M (Sh ) = Sw. (7.14)

Exercise 117. Show that if & and i/ are two positive numbers, then we have

an an’

Swim = M. rmSwamM, /7
(i.e., Mp(2n,R) and Mp(2n,R) are equivalent representations of the metaplectic
group).
In what follows we will use the following convention, notation, and terminology:
Notation 118. The projection Mp(2n,R) — Sp(2n,R) will always be assumed to
be the homomorphism

M Mp(2n,R) — Sp(2n,R)

and we will drop all the superscripts referring to h: we will write 7MP for WMPE,
Swm for SWm and § for S".
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7.3 Construction of wMp

We begin by giving a few definitions.

7.3.1 The group Diff M (n)

Let us denote the elements of the dual (R” & R™)* of R™ & R"™ by a, b, etc. Thus
a(z) = a(z,p) is the value of the linear form a at the point z = (z, p).

To every a we associate a first-order linear partial differential operator A
obtained by replacing formally p in a(z,p) by D.: A = a(z,D,), Dy = —i0y;
thus, if a(z,p) =a-z+ 3 -pflor a = (aq,...,an), 8= (01,-..,0n) in R™ then

A=a-2+03-Dy=a-z—if- 0y. (7.15)

Obviously the sum of two operators of the type above is an operator of the same
type, and so is the product of such an operator by a scalar. It follows that these
operators form a 2n-dimensional vector space, which we denote by Diff M (n).

The vector spaces R” & R™, (R” & R™)* and Diff!)(n) are isomorphic since
they all have the same dimension 2n. The following result explicitly describes three
canonical isomorphisms between these spaces:

Lemma 119.
(i) The linear mappings

01 :R"OR" — (R"®R")" , ¢1:20+— a,
02 (R R — DifV(n) |, ¢p:a+— A,

where a is the unique linear form on R™ & R™ such that a(z) = o(z,2¢), are
isomorphisms, hence so is their compose @ :

@ = @300 : R" @R — Diff M (n);
the latter associates to zg = (xo,po) the operator
A=(z)=po-r—x0-D,.
(ii) Let [A, B] = AB — BA be the commutator of A, B € Diff Y (n); we have
[p(21), p(22)] = —io (21, 22) (7.16)

for all z1,29 € R" @ R"™.

Proof. (i) The vector spaces R & R", (R" & R™)*, and Diff ™ (n) having the same
dimension, it suffices to show that ker(y1) and ker(ps) are zero. Now, ¢1(z9) =0
is equivalent to the condition o(z,z9) = 0 for all z, and hence to zgp = 0 since a
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symplectic form is non-degenerate. If p2(a) = 0 then
Ay = pa(a)p =0 for all ¢ € S(R™)

which implies A = 0 and thus a = 0.
(ii) Let z1 = (x1,p1), 22 = (x2,p2). We have

o(z1)=p1-x—x1-Dy , @(22)=p2-c—a2-D,

and hence
[p(21), p(22)] = (@1 - p2 — 22 - p1)
which is precisely the commutation formula (7.16). O
We are next going to show that the metaplectic group Mp(2n,R) acts by
conjugation on Diff(l)(n). This will allow us to explicitly construct a covering
mapping Mp(2n, R) — Sp(2n,R).
Recall that the symplectic matrices

I 0 L=t 0 0 I
o= (e 7)o ) = (1)
generate the group Sp(2n,R).
Lemma 120. For zyp = (zg,po) € R @ R" define A € Diff(l)(n) by

A= ¢(z0) =po-z—x0+ Dy
(i) Let {j, M\Lym, ‘713} be the set of generators of Mp(2n,R) defined in Corollary

112. We have:
JAT ! =—x0-x—po- Dy =(Jzp), (7.17)
MpmAMp) ™ =L po -2 — L™ 2y - Dy = o(Mp20), (7.18)
Ve A(Vp) ™ = (po + Pxo) -« — mo - Dy = o(Vp ). (7.19)

(ii) If A € Dif Y (n) and S € Mp(2n,R), then SAS~! € Diff M) (n).
(iii) For every Se Mp(2n,R) the mapping
®g : Diff M (n) — DifM(n) , A SAS!
i a vector space automorphism.

Proof of (i). Using the properties of the Fourier transform, it is immediate to
verify that:

(zo - Do)t = T (wo - )T,
(po - x)tp = —J *(po - D) )
for ¢ € S(R™) hence (7.17). To prove (7.18) it suffices to remark that
M (po - 2)(Mrm) ™' 9(2) = (po - L))
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. My, (0 - Do) (M)~ (@) = 20(L™)T Dytp(a).
Let us prove formula (7.19). Recalling that by definition
Vopip(z) = e2Pm o (x)

we have, since P is symmetric,

(z0 - Da)V_ptp(z) = V_p (Pxo - 2)(x) + (po - Da)th())
and hence

VpA(V_pt))(@) = ([po + Pao) - 2] (x) — (w0 - Du)b(@)
which is (7.19).

Proof of (ii). Property (ii) immediately follows since Sisa product of operators

~

f, M\L,m; Vp. (ili) The mapping ®5 is trivially a linear mapping Diff(l)(n) —
Diff Y (n). If B = S§A5-1 € Diff") (n), then we have also A = S~'BS € Diff(!(n)
since A = S7'B(S™1) 1. It follows that ®5 is surjective and hence bijective. [

Since the operators JA', M\Lym, ‘713 generate Mp(2n,R) the lemma above shows
that for every S € Mp(2n,R) there exists a linear automorphism S of R™ & R"™
such that ®5(A) = ao S that is

P5(¢(20)) = ©(Sz0). (7.20)

Let us show that the automorphism S preserves the symplectic form. For z, 2’ €
R™ @ R™ we have, in view of the commutation formula (7.16),

0(Sz,82) = i[p(S2), p(S2")] =i [@gp(2), Pgp(2")]
= i[3p()871, (87| = iS[p(2). ()] §*
=o0(z,72)

hence S € Sp(2n,R) as claimed.

7.3.2 Construction of the projection

We are now able to describe explicitly the natural projection of Mp(2n,R) onto
Sp(2n, R).

Definition 121. The covering projection 7P : Mp(2n,R) — Sp(2n,R) is the
mapping 7P which to S € Mp(2n,R) associates the element 7™MP(S) = § €
Sp(2n,R) defined by (7.20), that is

S=¢ 0z (7.21)
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That the mapping 7™P indeed is a covering mapping follows from:
Proposition 122.
(i) The mapping ™ is a continuous group epimorphism of Mp(2n,R) onto
Sp(2n, R) such that:
™M)=, AMP(My ) =My, 7MP(Vp) =V (7.22)
and hence R
7TI\/IP(SW,m) = Sw. (7.23)

(ii) We have ker(7MP) = {—I,+I}; hence 7™P : Mp(2n,R) — Sp(2n,R) is a
two-fold covering map.

Proof. (i) Let us first show that 7P is a group homomorphism. In view of the
obvious identity ®5®g, = Pgg, we have
™P(S8) = 0z

= (¢ g0) (v 250)

= P (§)rMP(S").
Let us next prove that 7P is surjective. We have seen in Corollary 63 of Proposi-
tion 62 that the matrices J, My, and Vp generate Sp(2n,R) when L and P range
over, respectively, the invertible and symmetric real matrices of order n. It is thus
sufficient to show that formulae (7.22) hold. Now, using (7.17), (7.18), and (7.19)

we have

PPyt =T, 90y T =My, 0P, 07 =Vp

hence (7.12). Formula (7.23) follows since every quadratic Fourier transform S'\Wm
can be factorized as R L
SW,m = V—PML,mJV—Q

in view of Proposition 108 above. To establish the continuity of the mapping 7P
we first remark that the isomorphism ¢ : R"@R™ — Diff ") (n) defined in Lemma
119 is trivially continuous, and so is its inverse. Since ®gg, = ®5Pg, it suffices
to show that for every A € DiffV(n), 15(A) has A as limit when § — I in
Mp(2n,R). Now, Mp(2n,R) is a group of continuous automorphisms of S(R™)
hence, when S — I then §~14 — ¢ for every ¢ € S(R™), that is AS~ 1) — Az
and also SAS—1y) — 1. (i) Suppose that ¢ '®zp = I. Then SAS-1 = A for
every A € Diff m(n) and this is only possible if S is multiplication by a constant
c with |c| = 1 (see exercise below); thus ker(7MP) C S!. In view of Lemma 110 we
have S = §W,m§W/,m/ for some choice of (W, m) and (W', m’) hence the condition
S € ker(mMP) is equivalent to

S\W’,m’ = C(§W,m)71 = CS\W*,m*

which is only possible if ¢ = £1 hence S = +1 as claimed. g



Chapter 8

Heisenberg—Weyl and
Grossmann—Royer Operators

The Heisenberg—Weyl operators (also sometimes called simply “Heisenberg oper-
ators”) are in a sense the easiest way to access quantum mechanics, because their
definition can be understood in terms of a simple Hamiltonian dynamics: they
are the time-one evolution operator for the quantized displacement Hamiltonian.
One can actually also define these operators in terms of the phase function of a
Lagrangian manifold without invoking any quantization at all; we will not use this
approach here and refer the interested reader to Chapter 5 in de Gosson [67]). To-
gether with their cousins, the Grossmann—Royer operators, the Heisenberg—Weyl
operators play a key role in the theory of Weyl pseudo-differential operators, and
moreover allow us to simplify many statements and proofs. In particular they al-
low a neat definition of the cross-ambiguity and Wigner transforms as we will see
in Chapter 9. We will also briefly discuss the notion of Weyl-Heisenberg frame,
also called Gabor frame in time-frequency analysis.

8.1 Dynamical motivation, and definition

The Heisenberg-Weyl operators (also sometimes called Heisenberg operators) are
the “quantized” variants of phase-space translations. The presentation we give is
“dynamical”: we start with a displacement Hamiltonian, which we then “quan-
tize”, as opposed with the usual approaches.

8.1.1 The displacement Hamiltonian

The phase space translation operators T'(zp) : z — 242 are symplectomorphisms
(because the Jacobian matrix of a translation is the identity, and is hence symplec-
tic). These translations are in fact even Hamiltonian symplectomorphisms: we have

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 91
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 8, © Springer Basel AG 2011
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T(z0) € Ham(2n, R). To see this define, for each zg, a Hamiltonian function H,, by
H,,(z) =0(z,20) =p- 20 —Dpo - T

The associated Hamilton equations are & = xg, p = pg so that the flow is given by
the formula .

G () = 2+t
and we have T'(zg) = d)fz".

Definition 123. The function H,, = o(z, z0) is called the displacement (or trans-
lation) Hamiltonian.

Let us look for a “quantized” version of the T'(zp). For this we consider the
Schrédinger equation

Y < Hg, w(,0) = vo(a) (5.1)

where fIZO is the operator

~

H, =o0(2,20) = —ihxo- 0y —po- T (8.2)

obtained from H,, by formally replacing p by —i#d,. The solution of (8.1) can be
formally written as

U@, t) = T(z0, t)tho(x) = e~ H7E20)yp (2). (8.3)

Using for instance the method of characteristics, or a direct calculation, one sees
that an explicit formula for this solution is given by

T (a0, t)o(x) = eREPa=30P00) (0 ). (8.4)

It is clear that T'(zo,t) is a unitary operator on L2(R™): we have

1T (z0, )0 22 = 18] 2 (8.5)

for every ¢ € L2(R™).

The reader is invited to observe that we have here a case where the Schro-
dinger equation can be explicitly solved; it is actually a particular case of a more
general situation; we will come back to this when we study the Schrédinger equa-
tion in Chapter 15.
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8.1.2 The Heisenberg—Weyl operators

The considerations above lead us to the following definition:

Definition 124. The operator f(zo) = f(zo, 1) is called the Heisenberg—Weyl (for
short: HW) operator determined by zg. Thus, explicitly,

T(z0)0) = e%(po'zfépomo)w(x — Zp). (8.6)
This formula can also be written
T(z0))p = e~ 775200y (z) = 770 2)(z) (8.7)
(cf. formula (8.3)).

Notice that it is clear from formula (8.4) that we have T'(zo,t) = T(tz).
While ordinary translation operators obviously form an abelian group iso-
morphic to the additive group R” & R™:

T()T()=TE)T(z)=T(z+2'),

this is not true of the HW operators; in particular these operators do not commute.
The following relations are considered by many mathematicians or physicists al-
most as “mythic”, in the sense that they are supposed to contain the essence of
quantum mechanics. This view is however questionable, because the HW opera-
tors (and thus their commutation relations) can be defined using only classical
arguments (the Hamilton—Jacobi theory together with the notion of phase of a
Lagrangian manifold: see de Gosson [66, 67]).

Proposition 125. The Heisenberg—Weyl operators satisfy the relations

~

T20)T (1) = eh7C DT (2)T(20) (8.8)

and

~ ~

T(z0+ 21) = e~ 2G0T ()T () (8.9)
for all zg, z1 € R?",

Proof. Translations act on functions on R™ via the formula T'(z¢)y(z) = ¢(z—x0)
if zg = (20, po). Let us prove formula (8.8). We have

~ o~ ~ i 1
T(20)T(21) = T(20)(eF P17 2P )T (27))
— e%(po~:c—%powo)e%(pr(w—wo)—%pl~:c1)T(ZO +21)

and, similarly

~

~ i 1 i 1
T(Zl)T(ZO) _ eh(plmf2;01-11)65(1”0-(1711)*2p0-zo)T(ZO + Zl)-
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Defining the quantities
‘I’:PO'QC*%ZJO'SEOJFM'(Q?*!CO)* §p1 “ X1,
' =p 'ﬂff%p1'€v1+p0'(x*$1)* %powo,

we have R _ RO
T(20)T(z1) = e @~ ®)T(2)T (20)

and an immediate calculation yields
® - =po-x1—p1-x0=0(20,21)
which proves (8.8). Let us next prove formula (8.9). We have
T(z0+2) = i T(z0 + 21)
with
" = (po+p1)-x— 5(po +p1) - (w0 + x1).
On the other hand we have seen above that
T(20)T(21) = e *T (20 + 21)
so that R o
T(z0 + 21) = e =D T(20)T(z1).

A straightforward algebraic calculation shows that
" —® =1pi-xo— ipo - w1 = —30(20,21)
hence formula (8.9). O

Exercise 126. Prove formally the formulas (8.8) and (8.9) using the differential
expression (8.7) of the Heisenberg—Weyl operators.

We note that the HW operators act on functions defined on “configuration
space” R™ while the translations T'(zg) act on phase space R*@R™. It is not difficult
to remedy at this dissymmetry: it suffices to define, for a function ¥ € S(R" ®R"),

~

i 1
T(20)W(2) = eh Poa=3P0) g (5 _ 5): (8.10)

this definition of course extends to ¥ € S'(R” @ R"™) and one immediately verifies,
using the argument in the proof of the proposition above, that this redefinition
of the Heisenberg—Weyl operators again satisfy the relations (8.8) and (8.9). We
will use a variant of this idea in Chapter 18 when we study phase-space pseudo-
differential operators (“Bopp calculus”).

Exercise 127. Verify that the operators (8.10) satisfy the same relations (8.8) and
(8.9) as the HW operators.
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8.1.3 The symplectic covariance property of the HW operators

The phase space translation operators T'(zp) satisfy the intertwining formula
ST(20)S™t = T(Sz) for every S € Sp(2n,R). It is therefore perhaps not so
surprising that we have a similar formula for the HW operators. In fact:

Theorem 128. Let 5 € Mp(2n,R) and S = #MP(5). We have

P ~

ST(20)8~ 1 = T(Sz) (8.11)
for every zy € R?",

Proof. To prove formula (8.11) it is sufficient to assume that Sis a quadratic
Fourier transform Swm since every S e Mp(2n,R) is a product of two such
operators. Suppose indeed we have shown that

T(Swz0) = SwamT (20) Sy (8.12)
writing an arbitrary element S of Mp(2n,R) as a product Sw,mSw’,m/ we have
T(S20) = Swm (Swrm T (20) S35t 1) St
= Sw.mT(Swr20) Syt
= T(SWsW/ZO)

= SWmSW’ m/T(ZO)(S\WymgWCm’)il
= ST(Zo)Sil.

Let us set out to prove (8.12); equivalently:
T(20)Swim = SwmT(Sii*20)- (8.13)

For ¢ € S(R™) set L
g(m) = T(ZO)SW,mw(x)

By definition of §W,m and f(zo) we have

o) = (7)) dmm [ ROVt (ot

n

In view of formula (3.7) in Proposition 54, the function
Wo(z,2") = W(x — z0,2") +po -z (8.14)

is a generating function of the free affine symplectomorphism 7T'(z9)Sw, hence we
have just shown that

~

T(20)Swm = 2P ™ Sy (8.15)
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where §W07m is one of the metaplectic operators associated to Wy. Let us now set

h(z) = Sw.mT(Sy! 20)0(x) and (wf,pp) = Sy, (w0, po);

we have

h(z) = (273ih)n/2 A(W)/ et W @) e =3 Po w0 0 7P (o) — 2)) da’

n

that is, performing the change of variables 2’ — «’ + x{:

2mih

n

h(z) = (52 )n/QA(W)/ e 7 W e 420) 0 3P0 0 o 1P % ) (1) .

We will thus have h(z) = g(z) as claimed, if we show that
Wz, 2"+ z() + %pg cxy +py - =Wz, 2') — %po - Zo
that is
W (z,a' +ap) + 5pp - g +po - & = W(x — w0, 2") +po - — 5po - Zo.
Replacing x by x + z¢ this amounts to proving that
W (x + o, 2’ + x() + 394 - 26 + Py - @' = Wz, 2') + 1po - xo + po - .

But this equality immediately follows from Proposition 54 and its Corollary 55.
O

Exercise 129. Give an alternative proof of formula (8.11) using the generators
V_p, Mp m, J of Mp(2n,R) defined by (7.9).

The inhomogeneous metaplectic group AMp(2n,R) is an extension by the
HW operators of the metaplectic group Mp(2n,R). It is the analogue at the “quan-
tized” level of the inhomogeneous symplectic group ASp(2n,R) (see Definition 26).
Its construction requires the use of the Heisenberg—Weyl operators.

8.2 The Heisenberg group

The Heisenberg group is a venerable topic, closely related to the Heisenberg—Weyl
operators. It has played an important role in the development of quantum me-
chanics following ideas of Heisenberg and Weyl. We shortly discuss it for the sake
of completeness even if we will not really use it in this book. Excellent references
for the Heisenberg group are the books by Schempp [140] and Stein [153] (Chapter
12); very readable presentations are also given in Folland [59] and Grochenig [82].
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8.2.1 The canonical commutation relations

Consider the textbook “quantum operators” )/(\j, ]/3; on S(R™) defined, for ¢ €
S(R™) by

o ~ 0
ij = ’JJj"LZ) y PJ"LZ) = 7258—%
These operators satisfy the commutation relations
[Xi, X,] = [P, P;] =0 , [Xi, Pj] = ihoi;I (8.16)

thus justifying the following definition:

Definition 130. A “Heisenberg algebra” is a Lie algebra bh,, with a basis

{Xl,...,gn;ﬁl,...,Pn;f}

whose elements satisfy the so-called canonical commutation relations (for short:

CCR)

[)?vaj]zoa [-ﬁlv J]:O ;
[ ; J] = 51']'T7 [ iaT] =0 ) (817)
[P, T] =0

for 1 < 4,5 < n; h is a constant identified in Physics with Planck’s constant h
divided by 2.

In the realization (8.16) of the CCR one usually chooses for T multiplication
of functions by the imaginary number ¢h: Tv = ihp. (The operator T can be
viewed as “setting the quantum scale”.)

Writing U and U’ in the basis {)?1, e ,X’n; ]31, ceey ﬁn; f} we have

ﬁzz.ﬁi)?i‘i‘piﬁi-f—tf s ﬁ'szé)@--ﬁ-pgﬁi—i—t'f

i=1 i=1

Setting z = (z,p), 2/ = (2/,p’) the CCR are then immediately seen to be equivalent
to the relation

[U,0] = o(z,2)T. (8.18)

Formula (8.18) quite explicitly shows that the CCR are intimately related to the
choice of the symplectic structure on R™ @ R"™; this observation will be fully ex-
ploited in Chapters 18 and 19 when we motivate and discuss phase space pseudo-
differential operators.

Exercise 131. Verify that the Heisenberg algebra h,, really is a Lie algebra.



98 Chapter 8. Heisenberg—Weyl and Grossmann—Royer Operators

8.2.2 Heisenberg group and Schrodinger representation

Let us now describe the simply connected Lie group Hl,, corresponding to the Lie
algebra h,. We begin by recalling that the exponential mapping exp : g — G
from a Lie algebra g to a Lie group G does not in satisfy the relation exp X expY =
exp(X +Y) if XY # Y X. Now, there is a formula, called the Baker—-Campbell-
Hausdorff formula, that says that under some conditions (which we assume to
hold), there exists a C'(X,Y’) € g such that

XYV — O(XY)

where C'(X,Y) has a series expansion of the type

1 o0
CX,Y)=X+Y +5[X. Y]+ > XY
j=1
where the C;(X,Y) are linear combinations of commutators of higher order. Since

all Lie brackets in (A], U’ of length superior to 2 vanish, hence the Baker-Campbell-
Hausdorff formula reduces (if U and U’ are sufficiently close to zero) to the simple
formula

exp(U) exp(U") = exp(U + U’ + 3[U,T")
that is, in view of formula (8.18),
exp(U) exp(U") = exp(U + U’ + 3o (2, 2')T). (8.19)

The exponential being a diffeomorphism of a neighborhood U of zero in b,, onto a
neighborhood of the identity in H, we can identify U,U’, for small 2,2’ t,¢,
with the exponentials exp(U), exp(U’), and exp(U)exp(U’) with the element
(z,t)H(2', 1) of R2"T1 = R?" x R defined by

(2, PR t) = (2 + 2/, t+ ' + So(2,2)). (8.20)

It turns out that this formula defines a (non-commutative) group law:

Definition 132. The set R?" x R equipped with the group law
(2, t)%(zla t)=(2+ 2+t + %O’(Z, Z/))

is called the (2n + 1)-dimensional Heisenberg group H,,. [In physics it is often
called the Weyl group.]

Obviously (0,0) € R?™ x R is a unit for the composition law "4, and each
(z,1) is invertible with inverse (—z, —t) (the latter property immediately follows
from the fact that o(z, z) = 0).

Exercise 133. Verify that the law X4 is associative, so it really defines a group
structure on R?7+1,
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At this point we remark that some authors use the following variant of Def-
inition 132:
Definition 134. The reduced Heisenberg group H'®? is the set R?" x S! equipped
with the law )
(z,u)0(2 ') = (22, un/e2m 7 (52, (8.21)

It turns out that H,, is the universal covering group of this “exponentiated”
version Hif’d of H,,. Define in fact a projection 7 : H,, — Hifd by the formula
7(z,t) = (z,e"). We have

Rl OG0 = m(e+ 2+t + Fo(z,2)

. s ’
_ (Z + Z/7eztezt 62U(z,z ))

m(z, t)m(2', 1)

so that 7 is a group homomorphism; it is in addition trivially surjective (because
every u € S! is of the type e for some t € R). Now the kernel kerm = 7=1{(0,1)}
is defined by z = 0 and e = 1, that is t € 277Z; it is thus a discrete subgroup of
H,, so that H, is indeed a covering group of Hifd; since H,, is simply connected
(it is just R?" x R as a set) it is thus the universal covering of Hd.

Since the Lie algebra g of the universal covering group of a Lie group G is
isomorphic to that of G itself, we see that the Lie algebra of H!*d is just b,.

There is a useful identification of H,, with a subgroup HE! of GL(2n + 2, R).
That group (the “polarized Heisenberg group”) consists of all (2n + 2) x (2n + 2)
upper-triangular matrices of the type

I p1 - pn
M(zt)=[: =+ o
o o0 - 1 =z,
o 0 -~ 0 1

(the entries of the principal diagonal are each equal to 1); we find it convenient to
write these matrices for short as

pT

1 t
M(z,t)=10 1 =
0 0 1
One easily checks that the determinant of M (z,t) is 1:
det M(z,t) =1
and that its inverse is given by the formula
1 —pt —t+p-2
Mz t)y'=[0 1 -z ;
0 O 1
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we have moreover
Mz, ) M2, t')=M(z+ 2, t+t +p-2). (8.22)
Exercise 135. Show that the mapping ¢ : HP°! — H,, defined by
(M (z,t) = (2.t — 3p- ) (8.23)
is a group isomorphism.
Exercise 136. Show that the Lie algebra h2°! of HP°! consists of all matrices
T L
| 0 po t—35pw
XP%z,t) =10 0 x
0 0 0

The polarized version of the Heisenberg group is useful in many applications
(for instance medical imaging); see for instance Schempp [140, 141].

8.2.3 The Stone—von Neumann theorem

Recall that a unitary representation of a topological group G is a pair (H,n)
where ‘H is a Hilbert space and 7 is a strongly continuous homomorphism of G
into the group U(H) of all unitary operators on H. “Strong continuity” refers to
the following property:

If imj .00 gj = g in G then lim;_.o w(g;)¢ = w(g)Y for every ¢ € H.

Given a representation (H, w) of G the functions g — (¢|7(g)®)x are called
the “representation coefficients” of (H, ).
Let us introduce some terminology:

Definition 137.

(i) Two representations (Hi,71) and (Hsz,ms) are equivalent if there exists a
unitary operator U : H; — Ha such that Uy (g)U ! = ma(g) for all g € G.

(ii) A representation (H,7) is said to be irreducible if {0} and H are the only
closed subspaces of H invariant under all the operators n(g), g € G.

It is easy to see that the metaplectic representation is not irreducible.

Exercise 138. Let L2 (R") (resp. L?;,(R™)) be the vector subspaces of L?(R™)

even

consisting of all even (resp. odd) functions. Let § € Mp(2n,R). Show that

L*(R™) = L2, (R") ® L2 ,(R") and S(L2,..(R") C L2

even even even

(R™)

and R
S(L24a(R™) C L234(R™).

[Hint: use Proposition 110.]
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The Heisenberg—Weyl operators are related in the following way to the Hei-
senberg group:

Proposition 139. Let U(L?(R™)) be the group of all unitary operators on L*(R™).
The mapping p : H,, — U(L*(R™)) defined by

p(z,t) = e**T(z) (8.24)
s a unitary representation of the Heisenberg group H,.

Proof. The operators p(z,t) are obviously unitary on L?(R™). Let us show that p
is a group homomorphism, that is

pl(z, t)%(zlv t/)] = p(2, t)p(zla t/)'

By definition of the multiplication on H,, and formula (8.9) we have

i ’ l oA~
pl(z VR ) = p[(z+ 2t + 1/ + Lo(z,2)] = er T HT2720T (5 4 )
= e#HIT(2)T () = p(z,t)p(2', ). O

This result leads us to the following definition:

Definition 140. The representation (L?(R"), p) is called the Schrédinger represen-
tation of the Heisenberg group.

One can prove (see for instance [67, 59, 82, 158]) that the Schrodinger rep-
resentation is irreducible, that is:

The only closed subspaces of L?(R™) which are invariant under every
operator p(z,t) (or, equivalently, T(z)) are {0} or L?(R™) itself.
In view of a result of Schur (Schur’s Lemma) this condition is equivalent to:

If A is a bounded operator on L?(R™) commuting with p (that is Ap =
pA) then A = A for some \ € C.

There is a deep result of Stone and von Neumann about the uniqueness of
the Schrodinger representation. It is in fact so well known that it has acquired the
status of a “folk theorem” which has led to the following usual (mis-)quotation:

The Schrodinger representation is the only irreducible representation of
H,, up to trivial transformations such as rescalings.

Here is one statement of the theorem of Stone and von Neumann:

Theorem 141. Every irreducible representation (L*(R™), ) of the Heisenberg group
H,, is equivalent to one of the following:

(i) m(z,t) = ew*0°* where 2o € R*";

(ii) 7(z,t) = Ta(z,t) where T(z,t) = T(\z,t).
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A more complete statement is the following (Folland, [59], §5):
Theorem 142. Let (H,7) be a unitary representation of the Heisenberg group H,
such that w(0,t) = ew'I for some h # 0. Then H =@H; where the H; are pairwise
orthogonal subspaces of H each invariant under w and such that the restrictions
T = Ty, are unitarily equivalent to (L2(R™),p) for every j. In particular, if
(H, =) is irreducible then 7 is equivalent to (L*(R™), p).

We will see later on, when we discuss pseudo-differential operators on phase
space, that it is perfectly possible to construct non-trivial representations of the
Heisenberg group which are distinct from the Schrodinger representation provided
that one replaces L?(R™) by other Hilbert spaces.

8.3 The Grossmann—Royer operators

We introduce in this section the Grossmann-Royer operators which are a kind
of reflection operators. Their definition goes back to the work of Grossmann [88]
and Royer [138]. These operators are not universally known, and this is indeed
very unfortunate since their use allows one to considerably simplify many proofs.
In addition they allow an alternative definition of Weyl operators in terms of the
symbol, as we will see in Chapter 10

8.3.1 The symplectic Fourier transform

We begin by introducing the notion of symplectic Fourier transform, which is a
“twisted” form of the usual Fourier transform on R?”. We will often use it when
dealing later on with Weyl calculus.

Definition 143. The symplectic Fourier transform F,, is defined, for a € S(R*@®R"),
by

Fra(z) = (Flh)n/ e F7=2) o(2")dz' | (8.25)
R2n
We will often use the shorthand notation a, = Fja.

The following propositions give the main properties of the symplectic Fourier
transform. Recall that the standard (h-dependent) Fourier transform on S(R™ &
R™) is given by

Fa(z) = (ﬁ)n/ﬂpn e*%z'zla(z’)dz’. (8.26)
Proposition 144.
(i) The Fourier transforms F, and F are related by the formula
Fya(z) = Fa(Jz) = F(ao J)(z). (8.27)
In particular F, is a linear automorphism

F,: S(R" @ R") — S(R" & R™)
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which extends by duality into an automorphism
F,:SR"®R") — S'(R" ¢ R"™).
(ii) The symplectic Fourier transform is involutive and unitary:
FooFy =1, |[Fsallp2gen) = |lallL2(ren). (8.28)

Proof of (). Writing o(z,2') = Jz- 2z’ where J is the standard symplectic matrix,
we have,

Fra(z) = (Flh)n/ e 7% (2 )d2' = Fa(Jz)
R2n

hence the first equality (8.27). Setting z’ = Jz” in the integral the second formula
formula (8.27) follows as well since we have Jz - Jz" = z- 2".

Proof of (ii). The equality F, o F, = I follows from the usual Fourier inversion
formula written in the form F(Fa)(z) = a(—2z):

F,(Fya)(z) = F(Fa)(—z) = a(z).
It follows that the symplectic Fourier transform is both involutive and unitary. O

In particular the symplectic Fourier transform F, is its own inverse: F, ! =
F, on §'(R™ @ R™). Thus:

Fra(z) = (Flh)n/ e 77 (2 )dz,
R27

a(z) = (ﬁ)n/]R2 e w0 F () d .

More generally, the symplectic Fourier transform behaves well under the ac-
tion of the symplectic group:

Proposition 145. For a € §'(R™ @ R™) and S € Sp(2n,R) we have
F,a(Sz) = Fy(ao S)(2). (8.29)
Proof. Tt suffices to assume that @ € S(R™ & R"™), in which case

F,a(Sz) = (Flh)n/ e~ 775520 4 (") dz';
R27

since we have
0(S2,2)=0(S7192,87) = o(2, 5712

because S~ is symplectic, it follows, setting 2’/ = S~12/, that
FUG(SZ) _ (Flﬁ)n/ 67%0(2“9_12’)@(2/)6{2/
R2n

= ()" [, e atsa
R2n

which proves (8.29). O
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F, also satisfies the following variants of the Plancherel formula:

Proposition 146. The symplectic Fourier transform satisfies the Plancherel formula
(Fo—a|b)L2(]R2n) = (a|ng)L2(R2n) (8.30)

or, equivalently,using the distributional brackets ((-,-)) on S(R™ @ R™):

/R a@ENE = [ Foa(-2)b(z)d (8.31)

R2n

({a,bq)) = ((ag,b)) = ((as,0")) (8.32)
where a(2) = ag(—2).
Proof. Tt is a straightforward consequence of the fact that F, is a unitary involu-

tion:
(Fga|b)L2(]R2n) = (F3G|ng)L2 = (a|ng)L2. O

8.3.2 Definition of the Grossmann—Royer operators

The simplest — or perhaps the most convincing! — way of introducing the Gross-
mann-Royer operators is to express them as the conjugate of a reflection operator
by a Heisenberg—Weyl operator:

Definition 147. The Grossmann—Royer operator ZA“GR(ZO) is the operator
Tar(z0) : S(R™) — S(R™)
defined by the formulae
Ter(0)¢(z) = (~=) (8.33)

and
Tor(z0) = T(20)Tar(0)T(20) " (8.34)

The following properties are straightforward (but useful!) consequences of
the definition:

Proposition 148. The Grossmann—Royer operators are linear and unitary involu-
tions of S(R™) (and hence of 8'(R™)), and the action of Tar(z0), 20 = (%0, Po),
is explicitly given by the formula

Tan(zo)i(w) = eFroe=m0)y (22 — 7) (8.35)

for any function (or distribution) ¢ : R" — C.
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Proof. The linearity of ZA“GR(ZO) is obvious. That ZA“GR(ZO) is an involution, that is
Ter(z0)Tar(20) = I,
follows from the sequence of equalities
Tar(20)Tar (20) = T(20)Tar (0)T(20) " T (20)Tar (0) T (20) ™
= T(20)Tar(0)Tar(0)T (20) " = T(20)T(20) "

Setting ' = 2x¢ — x, we have

| Tor(zo)]2 = / (20 — o)2de = ]2

n

hence Tr(z0) is also unitary. Formula (8.35) follows from Definition (8.34) by a
straightforward calculation which is left to the reader as a pleasant exercise. [

The following result shows that the operators Tar(z0) and T(zg) are inti-
mately related by the symplectic Fourier transform:

Proposition 149. Let ¢ € S'(R™). We have
Tar(20)¥(x) = 27" Fo [T ()1 (x)](~20) (8.36)
where F, is the symplectic Fourier transform.

Proof. Since fGR(zo) and F, are continuous automorphisms of S&’(R™) it is suf-
ficient to assume that ¢ € S(R™). Formula (8.36) follows from (8.35): using the
explicit expressions of o(zp,2") and T'(z')¢(z) the right-hand side of (8.36) is

O B G

()" / ek pora’ bzt =40 )y !
R2n

=) [, (Lt i )i v

Now, in the distributional sense,
/ en?" @=ro=35) gl — (2wh)" §(x — @y — 1a')
R2

and hence, setting y = %:c’:

A=27" | 8z —zo— La) )P0y (a)da’
R

= | 8y +xo —x)e POV (a)dy
Rn

= e%pU'(x*xO)w(fx + 2:50)
which proves (8.35). O
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We have seen that the Grossmann-Royer operators are involutions; more
generally we have the following result which is a generalization of the fact that
the product of two reflections is a translation:

Proposition 150. The Grossmann—Royer operators satisfy the product formula

21

Tar(z0)Tar(z1) = e~ 7#7C0T(2(29 — 21)) (8.37)
for all zg, z1 € R?™.

Proof. We have

Ter(20)Tar(21)0(x) = Tar(20) [e%pl'(%‘)*z*“)w(hl — x)}
= eRpo@ma0) Rrr@mey (9, — (200 — )
= e%cbw(m —2(xg — 1))
with
® = 2[(po — p1)T — PoTo — P121 + 2p170].
On the other hand
T(2(20 — 21))p() = en ¥z — 2(wp — 71))

with
" =2((po — p1)x — (po — p1)(wo — 1))
We have ® — &' = —20(z0, 21) hence the result. O

8.3.3 Symplectic covariance

We have previously seen that the Heisenberg—Weyl operators f(zo) satisfy the
intertwining formula

ST(20)S™ " =T (Sz).

We are going to see that a similar relation holds for the Grossmann-Royer oper-
ators.

Proposition 151. Let S € Mp(2n,R) and S = 7™MP(S). We have
STar(20)S" = Tar(S20) (8.38)

for every zy € R?",

Proof. To prove formula (8.38) recall (Proposition 149) that we have

Tar(z0) = T(20)Tar(0)T (20) .
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It follows that

Tar(Sz0) = ST (20)(SgrT(0)S)T (z0) 151
It thus suffices to show that §éﬁf(0)§ = Tar(0), and as above it is no restriction

to assume that S = §W7m. For ¢ € S(R™) we have, since fGR(O) is just a reflection
operator,

T (0)Swmi(x) = (52:)"° A(W) / et W)y (31 da'

n

- (27rlin)n/2 A(W)/ er W =e Dy (— ") da’

= S\W,mfGR(O)w(x)a

the last equality because W (—z, —z") = W(x,2”) since W is a quadratic form.

For the same reason we have W(—x,2’) = W(x, —2’) and hence

Ter(0)Swmt(z) = (Q;M)”/ AW / en W@ =" (") da’

n

2mih

:( 1 )”/2 A(W)/ €%W(x’x”)"¢)(*l’”) dax’

n

- (27r1m)n/2 A(W)/ e%w(w’mﬁ)fGR(O)w(:E”) da’,
that is R R R R

TGR(O)SW,mw(m) = SW,mTGR(O)w
which proves our claim. O

Exercise 152. Show that for every S e Mp(2n,R) there exists S e Mp(2n,R)
such that . R R
STGR(Z()) = T(SZO)SI

[Hint: Consider first the case S = §W7m.]

8.4 Weyl-Heisenberg frames

This section aims at being a modest introduction to frame theory, especially to
Weyl-Heisenberg frames (which are also called Gabor frames in signal theory and
time-frequency analysis'). Our main sources are Christensen [26] and Gréchenig
[82]. For a detailed study of the topic of varying the lattice of Gabor frames see
Feichtinger and Kaiblinger [53].

1Since Weyl-Heisenberg frames will be defined using Heisenberg—Weyl operators, it would be bet-
ter to call them “Heisenberg—Weyl frames”. We are however complying here with the commonly
accepted terminology.



108 Chapter 8. Heisenberg—Weyl and Grossmann—Royer Operators

8.4.1 The notion of frame
Frames are generalizations of the notion of basis in a Hilbert space.

Definition 153. A frame in a Hilbert space H is a sequence (¢;); = (¢;) en in H
for which there exist a,b > 0 such that

allpl3, < D 1lb)nl® < bllwliZ, (8.39)
J

for all ¢ € ‘H. The numbers a and b are called the lower and upper frame bounds,
respectively. If @ = b then (¢;); is called a tight frame; if a = b =1 it is called a
normalized tight frame.

An orthonormal basis of H is a normalized tight frame since we always have
the identity

PN CACABTE T

Notice that in the definition above one does not require that the vectors v; are
linearly independent, even less that they form an orthonormal set. A tight frame
can of course always be normalized, replacing each v; by aV/ Zyh;.

Fundamental tools in the study of frames are the following operators:

e The frame operator: it is the operator F on ‘H defined by

Fp = (@l mt; (8.40)
J
for ¢ € H;
e The synthesis (or reconstruction) operator: it is the operator R : (2 (N) —H
defined by

Rl(c;);] = Zcﬂl’j;

e The coefficient (or analysis) operator: it is the operator C:H — (?(N)
defined by

Cop = ((1v5)m),; -

It is immediate to check that C = R* and that F = CC*. In particular Fis
thus a positive and self-adjoint operator. Notice that when (¢;); is an orthonormal
basis the frame operator is the identity. One shows — but we will not do it here
— that the series in the right-hand side of formula (8.40) is unconditionally con-
vergent, that is, Zj (YYe) )Moy < 00 for every permutation e of N, in which
case the limit is the same regardless of €. For a detailed study of the notion of
unconditional convergence see [82, §5.3].
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Proposition 154. The frame operator F is an invertible positive self-adjoint
bounded operator on the complex Hilbert space H such that

all$|3, < (Fylw)w < bllvl% (8.41)

for every ¢ € H. Equivalently
al <F < bl (8.42)
which means F — al >0 and bl — F > 0.

Proof. As noticed above, the self-adjointness and positivity statements follow from
the formula F = CC*. It can also be seen directly by noting that we have by
definition of F,

(Floyn =3 @l (wslo)e = 3101 nl* - (8.43)

J

The double inequality (8.41) immediately follows from (8.39). In view of (8.41) we
have, if ||¢]|ln =1,

~ b—
0<1=b" (Folp)n < 5= <1
hence the operator norm of I — bLF 1) satisfies

[T =0 Fyll = sup |(I— b Foplyp)p < 1.
[[Y]ln=1

It follows that b=1F = I — (I— b1 F ) is invertible, hence F is also invertible. [

Using the frame operator we can construct a new frame, the so-called dual
frame (F~19;);:

Proposition 155. Let (v;); be a frame with fmme operator F. Then (F~1;); is
also a frame with frame bounds b=' and a~' and frame operator F-1.

Proof. Let us show that

M W5 < DO IIF T )ml < a Il ; (8.44)
J

this will prove that (j-:_le)jeJ is a frame with bounds b~! and a~!. We first

o~

observe that since (F~1)* = F~! we have

ZI UIF )ml = ZI}' |l
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and hence, replacing 1 with .7?’11/) in (8.43),

S I@IF )l = @IF ) = (F ' lb)n
J

Because F and the _identity commute with F~1 we can multiply both sides of
(8.42) which yields F~! < a 'T and F~! > b1 so that b= < F~! <a~'I and
this is equivalent to (8.45).

b3 < (F M l)n < at[[w3 (8.45)

Let us show that (F~1tp[1h)y = > |(1p|j-:_1wj)7.¢|2 for every 1 € H, the identity

(8. 44) will follow. Replacing 1 with F 1 this equality is equlvalent to (z/;|.7-" )y =
> |(}"1/)|1/)])H |2, which is just (8.43). There remains to prove that F ! is the frame

operator for (}' 14;)jes. Let us denote by F' this frame operator; by definition,
Flop = Z (WIF ")) F 1
FUS (Tl my
J
=FIFF )
hence F/ = F1. O

Problem 156. Show that if the bounds a and b are optimal for the frame (1;);
then b=! and a~! are optimal bounds for the dual frame (F~'1););.

The following result shows why frames are important in harmonic analysis:

Proposition 157. Let (¢;); be a frame with frame operator F. We have

Y=Y WIF )b = D (W) nF 1y, (8.46)

J
both series being unconditionally convergent for every ¢ € H.

Proof. We have ¢ = F[F 4] hence, by Definition (8.40) of F,

Y=Y (FUl)nty = > (WIF)nt
J

J

which proves the first equality (8.46). The proof of the unconditional convergence
of the series is omitted (see Christensen [26]). O
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This result shows that given a frame (¢;); we can always write an arbitrary
function 1 € ‘H as an unconditionally convergent series

Y= Zcﬂ/fj . (¢j); € A(N)

with coefficients ¢; = (F ~14p[1p;)2. However, except in the case where (wj) is a ba-
sis, these coefficients are not unique; it turns out that the choice ¢; = (F~14|¢h; )1
is in a sense optimal: If (¢;); is a frame with frame operator F then ¢ = 225 ¢
with (cj); € £2(N) implies that

Z |CJ|2 2 Z| Ll n|?

(see [82], Proposition 5.1.4, for a proof of this inequality). Let us give the following
definition:

Definition 158. Let (;); be a frame with frame operator F. If each Y e H
has a unique decomposition ¢ = 3 j ¢;¥; (with coefficients thus given by ¢; =

(F14b|1b;)%) one says that (1;); is a Riesz basis of H.
Of course the frame operator of a Riesz basis is the identity. Moreover:

Proposition 159. A frame (v;); of H is a Riesz basis if and only if there exists
an orthonormal basis (¢;); of H and an invertible bounded operator T on H such
that v; = T'¢; for each j € N.

For a proof of this result we refer to [82], Proposition 5.1.5, where alternative
necessary and sufficient conditions are also given.

8.4.2 Weyl-Heisenberg frames

Weyl-Heisenberg frames are traditionally defined in time-frequency analysis using
the shift (= translation) and modulation operators T, and FE,, given by

Toto(2) = (x = 20) , Euyth(z) = ™ "(z). (8.47)

Exercise 160. Show that these operators satisfy the commutation relation T, E,, =
6727riw-zEwa.

These operators are related to the Heisenberg—Weyl operators by the simple
(but important) formula
T(2) = ™", B, = EpyoTuBy)o (8.48)
when i = 1/2m.

Consider Weyl-Heisenberg frames in terms of lattices. A lattice in phase space
R?" is a cocompact discrete subgroup of R%?"; more precisely:
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Definition 161. A lattice in R?" is a discrete subgroup A = M (Z?") where M €
GL(2n,R). The number Vol(A) = det M is called the volume of the lattice A. The
lattice A° = (M~1)*(Z?") is called the dual lattice of A. When M = aS with
S € Sp(2n,R) then A is called a symplectic lattice.

A Onxn
Oan B
GL(n,R); we then have A = AZ"™ x BZ". In many applications one even makes

. . ad, 0
th 1 h M — nxn nxn
e simpler choice < Onr Bloon
aZ" x BT
Definition 162. Let ¢ € L2(R"), ¢ # 0 (“window”) and a lattice A. The set

G(¢,A) = {T(2)¢: 2 € A}

is called a Weyl-Heisenberg (or Gabor) system. If G(¢, A) is a frame, it is called a
Weyl-Heisenberg (or Gabor) frame. The corresponding frame operator is denoted
by Fp.a; it is given for ¢ € L2(R™) by

Foath = (W|T(2)¢)L2nT(2)d (8.49)

zeEN

It is convenient in practice to choose M = ( ) with A, B €

) in which case the lattice is just A =

and the right-hand side of this equality is called a Gabor expansion.

In Chapter 9 we will study in detail the cross-ambiguity function of a pair
(1, ¢) of elements of L?(R™); it is the function on L?(R?") defined by

AW, 9)(2) = (525)" WIT(2)0) L2 (rn)- (8.50)

Given a Weyl-Heisenberg frame G(¢, A) it is easy to characterize the frame oper-
ator in terms of the cross-ambiguity function: we have

Foah = (27h)" > AW, 6)(2)T(2)¢. (8.51)

z€EA

In fact by Definition (8.40) of the frame operator we have
Foat =) _($T(2)8) 2 T(2)0,

zEA
hence (8.51). The cross-ambiguity function has the following symplectic covariance
property: for every S e Mp(2n,R) with projection S = pr(g) on Sp(2n,R) we
have L
A(S,5¢)(2) = Ay, d)(S™12); (8.52)
this important property follows at once from formula (8.11) which we find conve-
nient to rewrite here in the form

~

T(S™'20) = 5T (20)S (8.53)

for further use.
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Proposition 163. Let G(¢,A) be a Weyl-Heisenberg frame and S e Mp(2n,R)
with projection S = ﬂMp(S\). Then g(§¢>, SA) is also a Weyl-Heisenberg frame
and the frame operators of G(¢, A) and g(§¢, SA) are related by the metaplectic
conjugation formula

Fsosn = SFonS". (8.54)
Proof. In view of formulas (8.51) and (8.52) we have

FoaSTl =A@, 8)(S2)T(2)p = > A, 56)(2)T(S"2)¢

z€EA z€SA

and hence, using (8.53),

~

FoaS7 =Y~ A, 6)(2)S ' T(20)5¢

z€SA

_ gt (Z A(¢,§¢)(Z)f(20)§¢>

z€SA
_ g-1r_
=5 ]:Sqﬁ,SA

proving formula (8.54). O

8.4.3 A useful “dictionary”

In the time-frequency literature Weyl-Heisenberg frames are defined using the
shift and modulation operators (8.47) and the Gabor expansion defined above is
then replaced with

b= > (UTE.0)TeE. (8.55)

(z,w)EA

It is therefore useful to have a “dictionary” allowing one to pass from one definition
to the other. Recalling that in the case i = 1/27 the operators T'(z) and T, E.,
are related by the formula T'(z) = e™P*T, E,, (w = p) and hence

Fonth =Y (T (2)9) 2T (2)p = > (Y|TuEpe) 12 Tu Eup

zEA zEA

because we have (|T(2)¢)r2 = e P2 (4h|TyEyp)r2. Thus, if A = 1/27 both
Definitions (8.49) and (8.55) coincide. How about the general case? We observe
that the reduction to the former case can be easily made by setting p = 2m/fw:
we then have T'(z,p) = ™ 2T, E,, so that (8.49) and (8.55) again are the same.
Thus:

T(x, 2rhp) = eI B,
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It follows that we have the equality

> WITEpe) 12T By = Y (T (w, 27hp)$) 12T (x, 2hp) 6. (8.56)
zEA zEA
Defining the new lattice A" = I 0 A we get the important formula
0 2whl
S W Eyd) 12 TEpd = Y (U[T(2)8)12T(2)6 (8.57)
z€A zEAN

valid for arbitrary .

It is useful to rescale the window ¢ by using some dilation, to make it more
adequate for a quantum-mechanical use. For example, it is customary in time-
frequency analysis to work with the Gaussian window g(z) = /4= while
one prefers to use the “coherent state” h(x) = (wh)*"/‘le*“g/% in quantum
mechanics; both functions are normalized in L?(R"™) and we have ¥{ = 1)y when

h = 1/2x. Introducing the unitary scaling operator M » defined for A > 0 by
Mygp(z) = A"y (\z)

we then have J/W\\/mwo = ng and M\l/mwg = 1. We notice that the operator
J/W\)\ belongs to the metaplectic group Mp(2n,R); in fact ]/W\)\ = M\LO with L = A\,
so that My has projection

A0
M, = (0 )\_11) € Sp(2n, R). (8.58)

A simple calculation shows that we have
f(.]?, 27Thp)]/\4\\/m = eTrip'ng;Ep

and hence
> @WIT(2)8)12T(2)¢ = Y (Y| T0Ep) 12 To Ep.
zEA z€EA
Proposition 164. For ¢, ¢ € L*(R") set " = M 5= and ¢" = M 5—¢. Let

G(¢,A) be a Gabor system with frame operator Fy n. Then G(¢",V2whA) is a
Gabor system with frame operator F g vamna Such that

Fyvmmad" = > @NMT(2)¢") 2T (2)¢". (8.59)
2€V2mhA
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Proof. We have
Foat =Y (T ())12T(2)¢

zEAR
=Y (WIT(2)M 550" 2T (2) M 550"
P

that is

Foatp = Z ¢|M\/?T( ﬁ ))LQM\/FT( mz)¢ﬁ
zEAN
since f(z)f\i\/m = J/M\\/mf(M\;;Tﬁz) in view of formula (8.53). Since the adjoint
of M Vanh 18 ]/\4\\71— the formula above is equivalent to

‘7:¢ A = Z \/71/)|T m ))LQT(M%Z)d)h
zEAN

= Y @NT()eNT(2)e"

2€M Al

Observing that by definition of A" and formula (8.58)

MJ;THAE<¢2?I waryir) (0 zanr) A= V2

we thus have

M Fort= 3 @"T(2)¢"2T(2)0"
zEVQ;ﬁA

Taking into account the metaplectic conjugation formula (8.54) we have
S]:g‘qﬁ,SA = SFp.n
and

n}—¢ AY = ", V/2ThA \/mw h27h Al/’ )
hence formula (8.59). O

The result above allows us to restate the following necessary condition for a
Weyl-Heisenberg system to be a frame in terms of #:

Proposition 165. Let A5 = aZ" x BZ"™ be a lattice in R®™, and G(¢, Aop) the
corresponding Gabor system.
() If G(¢, Aup) is a frame for L2(R™) then we have a3 < 27h;
(ii) G(¢,Aap) is a Riesz basis for L?(R™) if and only if it is a frame and off =
27h;
(iii) G(¢,Anp) is an orthonormal basis for L2(R™) if and only if it is a tight frame
and ||¢||rz = 1 and of = 27h.
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For a proof of this result (in the case 2rh = 1) see [82], §7.5. The study
and even the statement of sufficient conditions for G(¢, Anz) to be a frame is
rather complicated; see Theorem 6.5.1 in [82] which proves a condition due to
Walnut [159].

A very interesting situation occurs when one chooses a Gaussian window
because Gaussians play a somewhat privileged role in both time-frequency analysis
and quantum mechanics. Unfortunately at the time we are writing one has a simple
necessary and sufficient condition only in the case n = 1:

Proposition 166. Let ¢/ (z) = (wh)~Y4e=*"/2" with x € R and Aop = oZ x BZ.
The Gabor system G(YB, Aug) is a frame for L2(R?) if and only if a8 < 2wh.

The proof of this result uses methods from complex analysis (see Lyubarski
[120] and Seip and Wallstén [146]).



Chapter 9

Cross-ambiguity and
Wigner Functions

The Heisenberg-Weyl and Grossmann—Royer operators allow us to define in a
particular simple way two classical objects from symplectic harmonic analysis,
namely the cross-ambiguity and Wigner functions, which are symplectic Fourier
transforms of each other. Wigner introduced the eponymic distribution in 1932 as
a substitute for a phase space probability density, but he did that in an ad hoc
way, a kind of “lucky guess” one could say. It has since then been realized that
the Wigner distribution (and its companion, the cross-ambiguity function) have
a very natural meaning in Weyl calculus, and that they can be simply defined in
terms of the Grossmann—Royer and Heisenberg—Weyl operators of last chapter.

9.1 The cross-ambiguity function

The cross-ambiguity function is a venerable object much used in harmonic anal-
ysis, and having many applications in signal theory, time-frequency analysis, and
engineering (for instance radar theory). We have already briefly encountered it
when discussing Weyl-Heisenberg frames.

9.1.1 Definition of A(v, ¢)

Recall that the Heisenberg—Weyl operator f(zo) is defined by

~ 1
T(z0)¢ = 6%@0'%5’)”0)%@ — o)

where ¢ € S(R™) (or ¢ € S'(R™)).

Definition 167. Let ¢ and ¢ be in S(R™). The function (¢, ¢) — A(¢, @) de-
fined by

AW, 0)(2) = (525)" WIT(2)8) 12(am) (9.1)

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 117
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 9, © Springer Basel AG 2011
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is called the cross-ambiguity function (or transform). The function Ay = A(w, 1)
given by R

A(2) = (545)" GITEW) 2en) (9.2)
is called the (auto-)ambiguity function or sometimes, the Wigner—Fourier trans-
form of .

Notice that formula (9.1) can be rewritten in the form

AW, 9)(2) = (g5)" (T8 ) L2 (9:3)
where 1V (z) = 1 (—x); this formula is somewhat useful and shows that
AW, 9) = A", ¢"). (9.4)

When /i = 1/27 and p is viewed as a frequency the function A is also called
“radar ambiguity function” or “Woodward ambiguity function”.

Having in mind our applications to the case where ¢ might be a tempered
distribution, we notice that Definition (9.1) might as well be written

AW, 9)(—2) = (55)" (T(2)v, ) (9.5)

where (f(z)w, @) is the distributional pairing of f(z)w and ¢. This formula defines
unambiguously A(¢), ¢) when ¢ € §'(R™) and ¢ € S(R").

Exercise 168. Check the “following polarization identity” satisfied by the cross-
ambiguity function:

Re A, ¢) = 7 [AW +9) ~ AW ~ 9)]. (9.6)

Exercise 169. In Chapter 8 we discussed the Stone—von Neumann theorem from the
point of representation theory. Show that the cross-ambiguity function is related
to the notion of “representation coefficient” for the Schrodinger representation.

The cross-ambiguity function of (¢, ¢) € S(R™) x S(R™) is explicitly given
by the formula

A, 9)(2) = (Flﬁ)n /n e‘%p'm/w(x’ + %x)(,b(:c’ — %x)da:’. (9.7)

In fact, by definition of f(z) we have, setting z = (z,p),

A(w7¢)(2) _ (Flh)n/n e%(?'ﬂﬂ”f%p.z)wV(mn . x)¢v($ll)dx" (9.8)

which is precisely (9.8) performing the change of variables z”/ = —z’ + %x The
ambiguity function is thus given by

AyY(z) = (ﬁ)n /Rn ef%p'z/z/;(:c’ + 1)y (2’ — sx)da’. (9.9)
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9.1.2 Elementary properties of the cross-ambiguity function

Here are some elementary continuity properties of the cross-ambiguity function:
Proposition 170. The cross-ambiguity function has the following properties:

(i) It is a continuous mapping S(R™) x S(R") — S(R™ & R™);

(ii) That mapping extends into a continuous mapping

A: L*(R") x L*(R") — C°(R" ® R™) N L>(R™ ¢ R™)

such that
A%, Ao < lI1¥llL2l|9ll L2 (9.10)

Proof of (i). In view of formula (9.8) and the fact that multiplication by the ex-

ponential eI s a mapping S(R™ @ R") — S(R™ & R") it suffices to show
that the function F' defined by

F(z)= /n e%p'zlw(:c' —x)¢(z’)dz’

is in S(R™ @ R™) if ¢ and ¢ are in S(R™). Now, F' is (up to a constant factor) the
partial Fourier transform in z’ of the mapping (z,2’) — f(z,2') = (2’ —z)p(2’);
since f € S(R™ x R™) the claim follows.

Proof of (il). Using Definition (9.3) of A(¢), ¢) we have

A,0)0)| < (2)" [ [Plao)s(-ollo(-o)ldo
9= = 20)llo(—0)ld
9@ — 20)l9(a)lde,

n

hence, using the Cauchy—Schwarz inequality,

el < ([ we—aota) ([ lowia)

[A(, 0)(20)] < 91l 2 6ll 22

Taking the supremum with respect to zg we get the inequality (9.10). The fact
that A(1), ¢) is continuous follows since S(R™) is dense in L?(R™). O

that is



120 Chapter 9. Cross-ambiguity and Wigner Functions

9.2 The cross-Wigner transform

The cross-Wigner function (or transform) is closely related to the cross-ambiguity
function using a symplectic Fourier transform. It is an object of choice for studying
quantum mechanics in phase space. The definition we give is a first illustration of
the usefulness of Grossmann—Royer operators.

9.2.1 Definition and first properties of W (1), ¢)

Replacing the Heisenberg—Weyl operator by the Grossmann—Royer operator

Tar(z0)1h(x) = €770 (=20) (230 — )
in Definition 167 yields the cross-Wigner transform:

Definition 171. Let ¢ and ¢ be as in S(R™). The function (¢, ¢) — W(¢, ¢)
defined by

W, 6)(z) = ()" (Tar(2)$]6) 12 @) (9-11)

is called the cross-Wigner transform, or function (it is sometimes also called the
Wigner—Moyal distribution). The function W) = W (4, ) is called the “Wigner
transform” of ¢ (or “Wigner-Blokhintsev transform”).

As in the case for the cross-ambiguity function, we might rewrite this formula
in terms of distribution brackets as

W (1, 0)(2) = ()" (Tar(2)v, 9)- (9.12)

As for the cross-ambiguity function, we have an analytic expression for the cross-
Wigner function.

The formulas below are very often taken as a definition in the literature.

Proposition 172. The cross- Wigner transform is given by the explicit formula
W o)) = ()" [ e e+ b)ole— Ty, (913)
hence the Wigner transform is given by
W) = (20)" [ 0+ 0)dle — i)y, (9.14)
Proof. We have

(Tar (20)0|¢) 2 = / TP =20y (900 — 1) p(w) da.
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Setting y = 2(xo — ) this is

(Fonlao)bld)ss =27 [ 40 + y)olao — Ju)da

= (mh)" W (1, ¢)(20)
proving (9.14) in view of (9.11). O

Clearly (v, ¢) — W (¥, ¢) is a sesquilinear mapping (as is the cross-am-
biguity function); it follows that we have the polarization identity

Re W (b,6) = 7 W( + )~ W( — )] (9.15)

(cf. formula (9.6) for the cross-ambiguity function).
The following property is obvious:

W (¢, ¢) = W (¢, 9); (9.16)

and hence, in particular
W1 is always a real function.

The fact that W+ is real has far-reaching consequences in quantum me-
chanics; this property allows W1 to be viewed as the substitute for a probability
density; for instance, we will see later that W1 has the “correct marginals” in the
sense that

- W (i, ¢)(2)dp = (z)p(x), (9.17)

W (1, ¢)(2)dx = Fip(p)Fo(p). (9.18)

Rn
However, the Wigner function is not in general positive. In fact, a classical result
of Hudson [103] (also see Janssen [104]) tells us that W1 is non-negative if and
only if ¢ is a Gaussian, in fact:

Wi > 0 < ¢(z) = CeM @0’
where M is a complex matrix with negative real eigenvalues and xy € R".

Exercise 173. Assume that ¢ € S(R™) is an odd function: )(—z) = —¢(x). Show
that W1 takes negative values. [Hint: calculate W1)(0).]

We also mention the following tensor-product properties: if x = (z/, 2”) with
v’ € RF 2" € R" % and ¢’ € S(RY), ¢ € S(R"¥), then

AW @ y") = Ay © A"y (9.19)

and

W(wl ® 1/}//) _ Wlwl ® Wllwll (9.20)
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where A and A’ (resp. W’ and W) are the cross-ambiguity (resp. Wigner) trans-
forms on S(R*) and S(R"~%), in that order. More generally, we have

AW @ 9", ¢ @ ¢") = A'(Y, ¢) ® A"(P", ¢") (9:21)

and
W' oy", ¢ @¢") =W, o) W' Q" ¢"). (9.22)

These formulas are useful for the study of so-called partial traces in quantum
mechanics.

9.2.2 Translations of Wigner transforms

The following result describes the behavior of the (cross) Wigner transform under
translations and Heisenberg—Weyl operators. Recall that T'(zo) is the translation
operator z — z+2z¢; it acts on functions or distributions F on R?" by T'(29)F(z) =
F(z— z).

Proposition 174.
(i) For every v € L*(R™) and zy € R* we have

W (T (20)%, T(20)9)(2) = T(20)W (¥, §)(2). (9.23)

In particular

~

W(T(20)¢)) = T(20) W (9.24)
(ii) More generally, if 1, ¢ € L*(R™), then
W(T (20), T(21)9)(2) = e” #7207 20F 30 G0l (3, 9) (2 — (2)) (9.25)
where (z) = (20 + 21).

Proof. The statements in (i) follow from (ii). Let us prove formula (9.25). We will
use the notation (z) = 3(zo + 21) and (p) = 1(po + p1). By definition of the
Weyl-Heisenberg operators we have

(20)0(x + Ly) = eflPo@rsv)=gpoaoly(p g 4 Ly),

Ny =

(51)6(z — yy) = eAre—in—dmmlo gy by)
and hence
T(z0)(z + 59)T(21)d(z — 5v)
= 1902w (P) V(1 — 2o + %y)m
with

8(20,21) = (po — p1) - @ — 3(po - o — p1 - 21).
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It follows that we have

W (T (20 T(z1))(2) = (o) " eh "o

s I
" / e RPNV (@ — wy + Ly)d(z — 20 — Ly)dy.

Performing the change of variables 4y’ = 21 — z¢ + v in the integral this equality
becomes

W(T(20)0, T(21)8)(2) = (525)" eF2

where the phase A is given by

A= (po—pl)'33—(300—331)'194‘%(271'330—1?0'331)
=—0(z,20 — 21) — %a(zo, z1)
hence formula (9.25). O

The following particular case of formula (9.25) will be important in our study
of a certain pseudo-differential calculus in Chapter 18:

W (T (20)%, $)(2) = e 7 EIW (1, )(z — §20).

9.3 Relations between A(v, @), W (v, @),
and the STFT

The cross-ambiguity and cross-Wigner transform are related by a symplectic
Fourier transform; in addition, both can be expressed in terms of the short-time
Fourier transform used in signal theory and time-frequency analysis.

9.3.1 Two simple formulas

The definitions (and explicit expressions) of the cross-ambiguity and Wigner func-
tions are formally very similar. In this section we analyze these similarities in
detail, which leads us to some rather surprising results.

As claimed in the beginning of the chapter, the cross-ambiguity and Wigner
functions are symplectic transforms of each other. Let us prove this.

Proposition 175. Let (¢, ¢) € S'(R™) x S'(R™).
(i) We have
AW, ¢) = F,W (¢, 9) (9.26)

where F, is the symplectic Fourier transform; in particular Ay = FoWap.
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(ii) We have
AW, 9)(z) =27"W (1, ¢)(52) (9.27)

where ¢V () = ¢(—x).

Proof of (i). Tt is sufficient to assume that ¢ and ¢ are in S(R™). Set A =
(27h)*"F, W (¢, ¢); by definition of F, and W (1, ¢) we have

= [ e e it 1 d)ole = Tyapan'ay
= ///R37Le wp(y—w) = ipw w(a:’ + Ly)p(a’ — Sy)dp'dx'dy.
In view of the “Fourier inversion formula”
/ e P WD) gyl — 27h)" 6(z —y)
we can rewrite the expression A as
A= ) [t ula! + ol = By
= (27h)" / e P (! + Lo)p(a — Lo)da!

hence A = A(%),®). [The calculation of the integral in p’ is formal and should
be viewed in the distributional sense; the reader willing to attain full rigor might
want to redo the calculation using a distributional pairing (F,W (v, ¢), ®) with
decSR"DR)]

Proof of (il). We have, by definition of the cross-Wigner transform,
W o)(32) = ()" [ e T oo+ bu)olta - Toldy

that is, setting 2’ = 1y,

W0 )32 = (F)" [ e ua + o )olGe - )y
= (&) [ R + b0 = Endy
hence (9.27) in view of formula (9.7). O

We claim that:
Proposition 176. If (¢,¢') € S'(R™) x S'(R™) then

Wi = Wi <= =e % |, aeR. (9.28)
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Proof. Tt is sufficient to assume that 1) and ¢ are in §’(R™). That both 1 and e*“1)
(o € R) have the same Wigner transform immediately follows from the definition
of W1). Suppose conversely that W = W)’ and, for fixed z, set

fly) =@+ 39)P( - 3v),

f'ly) =4 (& + 59)' (x - 5y).
The equality W = W)’ is then equivalent to the equality of the Fourier trans-
forms of f and f’ and hence f = f’ that is

Yz + 590z — 5y) = ¢ (@ + 39)¢ (@ — 3y)
for all z,y; taking y = 0 we get |)|? = [1'|? which proves (9.28). O

There remains the question of the invertibility of the Wigner transform. We
will deal with that question in a moment.

We will see later (formula 10.26) that the cross-Wigner transform enjoys the
following very nice symplectic covariance property: if Sisa metaplectic operator
with projections, the symplectic matrix S is then

W (S, S¢)(2) = W (), 6)(S7'2). (9.29)

9.3.2 The short-time Fourier transform

A mathematical object closely related to the Wigner function is the short-time
Fourier transform used in signal theory and time-frequency analysis:

Definition 177. Let ¢ € S(R™). The short-time Fourier transform (STFT) (or
windowed Fourier transform, or Gabor transform) with window ¢ € S(R™) is the
mapping Vj : S(R") — S(R™ & R") defined by

Vi (z) = / I T (9.30)

We note the following rescaling result, whose (trivial) proof is left to the
reader as an exercise:

Lemma 178. For real A # 0 set ¢y () = ¢(Azx). We have
Vi Ua(z,p) = X" Vb (Az, A p). (9.31)

Taking A = v27h it is easy to see that the STFT and the cross-Wigner
transform are related by the formulae

W(w,0)(=) = (Z)" ¥V oy (q/%) (9.32)

where ¢V (z) = ¢(—=x); equivalently:

Vabl2) = () "2 IW Wy s 67 o) (F) S )
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Exercise 179. Verify in detail formulae (9.32) and (9.33) using the definitions.
Exercise 180. Prove the Moyal identity

(Voub, V') = (0,99, ¢') (9.34)

for the short-time Fourier transform. (This formula is called by some authors the
“orthogonality relation for the STFT”. It is familiar in representation theory, and
apparently goes back to the 1940s; it is thus posterior to the Wigner transform.)

In particular, if one takes i = 1/27 (which is the standard choice in time-
frequency analysis) one gets

W (1, 0)(z) = 2" P Vyuip(22) (9.35)

and

Voh(2) = 27" ™ IW (1, 6) (52). (9-36)

These formulas will be used in Chapters 16 and 17 when we study the theory
of modulation spaces (they are usually defined in terms of the STFT).

9.3.3 The Cohen class

The lack of positivity of the Wigner distribution W1 which makes its interpre-
tation as a true probability density problematic has led to search for alternative
distributions Q. One of the most famous examples is Husimi’s distribution, which
is the convolution of the Wigner transform with a Gaussian function. More gen-
erally, we will say following Grochenig [82], §4.5, that Qv belongs to the Cohen
class if it is of the type Qv = W1 x 0 for some distribution 6 € §'(R™ ¢ R™). The
following result gives sufficient conditions for a distribution to belong to Cohen’s
class:

Proposition 181. Let @ : S(R™) x S(R™) — S(R™ & R™) be a sesquilinear form
and set Qv = Q(, ). If Q is such that

~

QY (z — 20) = Q(T'(20)9)(2), (9.37)

Q) #)(0,0)] < [9[| L2 | Bl L2 (rn) (9.38)

for all 4, ¢ in L*>(R™), then there exists 6 € S'(R™ @ R™) such that Qi) = Wrp 0
for all b € S(R™).

Proof. (Cf. [82], Theorem 4.5.1.) The condition (9.38) ensures us that (¢, ¢) —
Q (1, 9)(0,0) is a bounded sesquilinear form. Hence, by Riesz’s representation the-
orem there exists a bounded operator A on L2(R") such that Q(),$)(0,0) =
(A, ¢). In view of the covariance formula (9.37) we have

Qi (20) = Q(T(—20)¥)(0)
= (AT (—20), T(~20)¥).
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In view of Schwartz’s kernel theorem there exists a distribution K € &’'(R™ x R"™)

such that (A, ¢) = ((K,v @ ¢)) for all 1, ¢ € S(R™) ({(-,-)) the distributional
bracket on S(R*")) so that we can write

QU (z0) = (K, T(=20) ® T(—z0)u))
// e K@Y VT (—20)8 ()T (—20) () dady.

By definition of the Weyl-Heisenberg operators we have
T(—20)(x) = b TP 730020y (3 4 )
and hence
Qu(20) = / /R ) K (z,y)e” w7 @00 (x4 20)ib(y + zo)dady. (9.39)
o RP

On the other hand, for every § € S'(R™ @ R™) we have

(Wi x0)(20) = Wip(zo — 2)0(2)dz

R™

(the integral being interpreted in the distributional sense) hence, in view of the
definition of the Wigner transform,

(W % 0)(20) = (525) /// e~ FPo—p)y
R™ xR™ xR™

x (o — 2’ + 3y ) (xo — 2’ — y)0(a’, p")dpda’ dy’

that is, calculating the integral in the p variables,

(Wi 0)(29) = 1 n/2// Fy 191 Jy e #poy’
R"™ xR™

x P(zo — o' + 5y (w0 — 2’ — 5y)0(’, p')da’ dyf

where F, '0 is the partial inverse Fourier transform of # in the second set of
variables. Making the change of variables 2/ = f%(:c +y),y = x—y we have
dx'dy’ = dxdy and the equality above becomes

(Ww*e)(ZO H/Q// 19$$— )6 Lpo-(z—y)
R"XR"

X (x + z0)Y(y + xo)dxdy.

(9.40)
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Comparing formulas (9.39) and (9.40) we see that Q¢ = Wt x 6 where 6 is
determined by the equality

n/2
K(x,y) = (ﬁ) F2 19(:Ca1' - y)

that is
0(z,p) = (27rh)n/2/ e FPYK (x, 1 — y)dy. O

9.4 The Moyal identity

Moyal’s identity is a fundamental formula which will allow us later in this book
to construct wavepacket transforms; it has many uses in quantum mechanics and
time-frequency analysis.

9.4.1 Statement and proof

The Moyal identity, is valid for both the cross-Wigner and ambiguity functions.
It shows, in particular, that up to a constant factor the mapping ¢ — W (¢, ¢)
is, for each fixed ¢ € L?(R"™), a partial isometry of L?(R™) onto a closed subspace
of L?(R?"). This fact will be used in Chapter 18, where these mappings will be
used to intertwine ordinary Weyl calculus with “Bopp calculus”. Because of its
importance in both practical and theoretical considerations we dignify the result
as a theorem:

Theorem 182. The cross-Wigner and cross-ambiguity functions satisfies the
“Moyal identity”

(W@, ®)|W W, &) r2men) = (525)" @) p2@n)(0]0) 2(Rn) (9.41)

and
(AW, P)AW, ¢))r2@eny = (525)" (1Y) L2(rn) (@] L2 (R (9.42)
for all (v, ¢) € L2(R™) x L*(R™). Equivalently:
(W(W, ), W' ) = (zm7)" (.9, 9). (9.43)

In particular
/2
Wl L2@eny = (527)" 19l L2@ny- (9.44)

Proof. Tt suffices to prove formula (9.41) since formula (9.42) immediately follows
using the fact that the symplectic Fourier transform is unitary (recall that the
cross-Wigner and ambiguity functions are symplectic Fourier transforms of each
other). Also, the equivalence of formulas (9.41) and (9.43) is obvious. Let us prove
(9.41). The scalar product

A= (2mh)*" (W (¢, §)|[W (¢, ¢)) 12 (o)



9.4. The Moyal identity

is given by the expression

/RM e W@ + Ly (o + Ty') é(x — Sy)d' (@ — Sy )dydy' dadp
The integral in p (interpreted as a distributional bracket) yields
[ ety = sty - )
and hence

A= (2rh)" o V(@ + 3y)¢ (x — 3y)d(x + 3y)¢' (z — Sy)dy'dx.

Setting u = x + %y and v =x — %y we have dudv = dzdy hence

A= emny ([ wwitaa) ([ a6 )

R

which is (9.41).

Using Moyal’s identity we can prove:

129

Proposition 183. The cross-Wigner and ambiguity transforms (¥, d) — W (1, ¢)

and (1, ¢) — Ay, @) extends into bilinear mappings

WS R™) x §'(R™) — S'(R"),
A:S'(R™) x §'(R™) — S'(R"),

and we have

W : L2(R") x L*(R") — L*(R" @ R") N C°(R" & R"),
A: L*(R™) x L*(R™) — L*(R" @ R") N C°(R™ @ R™).

We have the following inequalities:

IW (@, oo < (22)" 191l L2
JA®W, D)oo < ()" 18] 2gan)

Proof. Let us show that W (¢, ¢) and A(v, ¢) are square integrable if ¢ and

¢||L2(R")7

S|l L2(mny.-

(9.49)
(9.50)

¢ are.

The property for the Wigner transform W follows from Moyal’s identity (9.42).
That it is also true for the ambiguity function A follows from the relation A =
F,W and the fact that the symplectic Fourier transform is an automorphism of
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L?(R™ @& R"). Let us show the continuity property. We have, using (9.41), the
integral definition of W (1), ¢), and the Cauchy—Schwarz inequality,

W%, ¢)llec = sup [W (4, )(2)|

Z€R2n

<(20)" [ W+ 3ot - Sl
1/2

< )" ([ s sra) ([ o)

hence the inequality (9.49) since we have

1/2
([ e+ bular) " =2 oliacen,

12
( [ 1ot~ §y>|2dy> — 272 g

The inequality (9.50) is proven by a similar argument. U

Let us mention, without proof (see [82], Theorem 3.3.2) that the cross-Wigner
transform satisfies the “Lieb inequality”

L W01z < O [1blusen [l v

for 2 < g < co. Here L4(R™) is the space of all complex functions on R™ such that

10l pagan = ( /
]Rn

9.4.2 An inversion formula

1/q
w(x)|qd:c> < 0.

Moyal’s formula also allows us to prove the following important inversion formula
for the Wigner function; it is important because it also yields a formula for the
adjoint mapping of ) — W (1), ¢) and because it will allow us later in this book
to prove a fundamental property of modulation spaces.

Proposition 184. Let (¢,7) € L*(R™) x L*(R™) be such that (v|¢)p2(rn) # 0. For
every 1 € §'(R™) we have

271

D an Jas ¥ W90 Tar(z0)1(@)dz. (9.51)

Y(x) =
Proof. Let us denote by x(z) the right-hand side of (9.51):

271
x(z) = (

o Jam W 0G0 Tan () (z)dz0.
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This function is well defined since W (v, ¢) € L*(R™ @ R"™) in view of Moyal’s
identity (9.41). For any o € S(R™) we have

7‘L

(x|e) = W (1, 6)(2)(Tar (2)7]a) L2 dz.

(119)z2 Jpzn
Recalling (formula (9.11)

) that by definition
(W, 9)(z) = ()" (Ter(2)$]6) 2,

we thus have the sequence of equalities
(2wh)™
(V]#) L2
_ (27h)"

(V@) 2
_ (2mh)"

(V@) 2

(the second equality because W(vy,a) = W(a,v)). Applying Moyal’s identity
(9.41) to (W (9, )W (7)) we get

(xlo)zs = (i> CTh)" o) O = () 2

W (¢

(xla) =

|, W)W e
L, Wi

(W (@, 9)[W (e, 7)) 2

2rh ) (7]9)
Since this identity holds for all « € S(R™) we have x = v almost everywhere,
which proves formula (9.51). O

An interesting consequence of the result above is the following; it will be
useful in our study of modulation spaces:

Corollary 185. Let ¢ € S(R™), ¢ # 0. The following properties are equivalent:
(i) ¢ € S(R");

(i) W(y,¢) € S(R* & R");

(iii) For every N > 0 there exists Cny > 0 such that

(W (1, ¢)| < Cy(1+|2))~N

Proof. We already know that (i)==-(ii). That (ii)==-(iii) is obvious in view of
the definition of S(R™ & R™). There remains to prove that (iii)==-(i). It is easily
verified that the function x defined by

2n

6l Jran

x(z) = W (¥, ) (=) Tar (2)d(x)dz

is in S(R™); but then x = v in view of the proof of Proposition 184 since (iii)
implies in particular that W (¢, ¢) € L?(R™ @ R"™). Thus ¢ € S(R") and we are
done. g
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Exercise 186. Check that we indeed have x € S(R™) by using one of the definitions
of the space S(R™).

One also proves the following extension of Proposition 184:

Corollary 187. Assume that W(¢,¢) = O(|z|™) for |z| — oo (m € R). The
inversion formula (9.51) still holds under the assumption ¥ € S'(R™).

Proof. The result is obtained by refining the proof above, cf. Gréchenig [82], Corol-
lary 11.2.7. O

Here is an interesting application of the Moyal identity to orthonormal bases,
which does not seem to be universally known, and which we will use several times
in this book (in particular to establish a trace formula for a product of two Weyl
operators, and to study the spectral properties of the “Bopp operators” that will
be introduced in Chapter 18). This result shows that to each orthonormal basis
of L2(R™) we can associate an orthonormal basis of L?(R" & R") using the cross-
Wigner transform. Since we will prove this result in a more general setting in
Chapter 18 (Theorem 442) we just outline the argument here.

Proposition 188. Let (;); be an orthonormal basis of L*(R™). The vectors ®; 5 =
(27h)"2W (5, 4b%) form an orthonormal basis of L*(R™ @ R™).
Proof. We have, using Moyal’s identity (9.41),

(@) Pjr k)2 = (2mR)™ (W (4, Yr)|W (g1, rr)) L2

= (| ) L2 (Vr|vwr ) 12

hence the ®;; form an orthonormal system. There remains to show that if ¥ ¢
L*(R™ @ R"™) is orthogonal to the family (®;);x then ¥ = 0. This is done using
the properties of the adjoint of the linear mapping ¢; — W (¢, %) and formula
(9.51) above. O

9.5 Continuity and growth properties

In this section we study some global properties of the cross-Wigner and ambiguity
transforms.

9.5.1 Continuity of A(v, ) and W (v, @)

We begin by stating two formulas, the proof of which is left to the reader (they are
obtained quite easily by using Leibniz’s formula for the product of two functions).
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Let v € S(R™) (or §'(R")) and o, € N™ two multi-indices. We define
0y =021+ 0% and 2P = 2P - 2P We have:

0T = Y capyoa’ ' T(2) (052" 00), (9.52)
V<, 653

" Tor(2)p = D dagyer’p"Tar(2)(05 2 ~09) (9.53)
V<, 65

where the cqagys and dagys are complex constants and v < o means v; < o; for
i=1,2,...,n.

We will need the following result which is genuinely interesting in its own
right:
Proposition 189. The maps z — T(z) and z — Tgr(2) are strongly continuous
on S(R™) and weakly *-continuous on S'(R™).

Proof. Let us prove the two claims for the map z —— ’f(z), the proof for z —
fGR(z) is identical, replacing the coefficient cagys by dagys. Let 1 € S(R™). Since
f(z) acts linearly on functions we have to show that, for all multi-indices o and
0, we have

Jim 9725 (T () = )lloe = 0

where ||¢|lcc = sup [¢]. In view of formula (9.52) we have

1052 (T(2)¢) = ¥)lloe < I(T(2)(052%) = (972)|

+ Y capsle’p |1 T(2)(05 772 00) | oo
0<v<a
0<4<p
It is clear that .
T Ja57] [ 7(2) (057270 = 0
since v # 0,  # 0. There remains to show that

lim [(T(=) (05 2™) — (952" $) s = 0.

|z[—0

This is clear if ¢ is compactly supported, i.e., ¢» € C§°(R™). The convergence in
the general case follows from the density of C§°(R™) in S(R™). There remains to
prove the statement about S'(R™). Assume that ¢ € S'(R") and ¢ € S(R"); we
have R R

lm (T, 6) = tim (6.7(~2)0) = (,9)

and hence T(z) is weakly *-continuous on &' (R") as claimed. O

Let us now prove the main result of this subsection.
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Theorem 190. Let i) € S'(R™) and ¢ € S(R™). Then:
(i) Both A(v,$) and W (¢, ¢) are continuous functions:

A, ¢) € COR™ ©R™) and W (i, ¢) € CO(R™ & R™); (9.54)

(ii) There exist constants C,C" > 0 and p, p' such that
[A@, ¢)(2)] < C(1+ [2])*, (9.55)
W (1, 0)(2)] < C'(1+ 2] (9.56)

for all z € R?",

Proof of (i). The continuity statements for A(¢, ¢) and W (v, $) are immediate
consequences of Proposition 189.

Proof of (ii). In view of formula (9.27) relating A(v, ¢) and W (1), ¢) it is sufficient
to prove the estimate for the cross-ambiguity function. Recalling that

AW, 9)(2) = (z) " (T(=2)¥9)
(formula (9.5)), we have, since ¢ € §'(R™) and using inequality (9.52),

A, ¢)(2)] < C Y [022°T(2)9)|..
la| <M
|B|I<N

<C Y Y apog a0
la|<M y<a
1B]<N 0<8
Since ¢ € S(R™) we have |02~ 72%794| . < oo so that the right-hand side of the
last inequality is a polynomial in z = (x, p); the estimate |A(¢, ¢)(2)| < C(1+4]z])*
follows. H

9.5.2 Decay properties of A(v, ¢) and W (¢, ¢)

We are going to see that it suffices with a decay property of A(1), ¢) and W (¢, ¢)
which does not invoke derivatives to prove that 1) and ¢ are both in S(R™). This
result will have several pleasant consequences, which will be fully exploited when
we study modulation spaces. We begin with a preparatory result.

Lemma 191. Let ¢ € S(R™) and let ¥ be a function defined on R®™ and such that
for every N > 0 there exists Cny > 0 such that

[W(2)] < Cn(L+]2) Y. (9.57)
Then, the function 0 defined by
0(z) — / U (20)Fern(20)6(x)dz0 (9.58)
R2n

is in S(R™).
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Proof. The integral in the right-hand side of (9.58) is obviously absolutely conver-
gent in view of the assumption (9.57). Things do not change for

9%2P0(z) = /R N W(20)(0%2P Tar (20))p(x)dzo

as is easily checked using the estimate (9.53) (we leave the task of writing explicit
inequalities to the reader as a technical exercise); it follows that [|0%2%0(x)||o < 00
so that 6 € S(R™) as claimed. O

Let us now prove:

Proposition 192. Let ¢ € S(R™) and ¢ € 8'(R™). Then the following four proper-
ties are equivalent:

(i) ¢ € S(R™);
(ii) W(4,9) € S(R" @ R");
(iii) A(y,¢) € SR™ &R™);
(iv) For every N >0 there exist Cn,Cl > 0 such that
(W (¥, ¢)(2)] < Cn(L+]2]) ", (9-59)
A, 0)(2)] < Cy(L+ o))", (9.60)
Proof. That (i)=>(ii) was established in Proposition 170. We have (ii)=-(iii)
because A(), ¢) and W (1), ¢) are (symplectic) Fourier transforms of each other
(alternatively use formula (9.27). That (ii) or (iii)==-(iv) is obvious by definition
of S(R™®R"™). Let us show that (iv)==-(i). Choosing ¥ = W (%), ¢) in Lemma 191
above we have ¥ € S(R™) in view of the inversion formula (9.51). O

An interesting consequence of this result is:

Corollary 193. For every ¢ € S(R™), ¢ # 0, the seminorms ¥ — ||¢||4 where

[¥lls.6 = sup. [(1+12))*W (¥, 9)(2)]

define the topology of S(R™).

Proof. That the || - |5, are seminorms on S(R™) is obvious in view of the equiva-
lence (i)<=-(iv) in the proposition above. Let us show that the seminorms || - ||s,¢
are equivalent to the usual seminorms

[#llas = sup 02" (z)| = 02"

on S(R™). By the inversion formula (9.51) we have
2n

oz <

L W o) Goliofe Ton(pole)ld:
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and hence, using the estimate (9.53), there exists a polynomial function P such
that

H%WMMSC/IWW¢WMHmWA

R2n

note that the integral on the right side is absolutely convergent in view of the
estimates (9.59). Setting m = deg P(z) we have

02 bl < € [ W)L+ el

R27

<c [ W@ e )
R2n

x/ (1+ |z))"2" dz
]R2n
that is

10729 (@)loo < C"[[¢llmt2nt1,6:

But this estimate implies that the identity operator ) — ¢ from S(R™) equipped
with the topology defined by the seminorms |[1]|s,¢ onto S(R™) equipped with the
usual topology is continuous. The open mapping theorem for the Fréchet space
S(R™) then implies that the identity operator is an isomorphism, and we are thus
done. O



Chapter 10

The Weyl Correspondence

This chapter introduces and discusses the basics of “Weyl correspondence”, or
“Weyl quantization” as it is also called. It is today the preferred quantization
procedure in physics, for reasons that will be discussed (one of the main features
of the Weyl correspondence is that it is the only pseudo-differential quantization
procedure which is symplectically covariant). It is in a sense the natural general-
ization of the Schrodinger correspondence rule xp — %(ﬁ&:\ + zp) from the early
days of quantum mechanics as discussed in Section 1.3.3 of the first chapter.

10.1 The Weyl correspondence

The material developed in the previous two chapters gives us all the elements we

need to define the Weyl correspondence a YA Fin a simple way, without having
to invoke pseudo-differential calculus (our approach, which is common in quan-
tum mechanics and time-frequency analysis) has the advantage of immediately
allowing the use of quite general symbols. It also immediately makes explicit the
relation between the Weyl correspondence and related objects such as the Wigner
transform.

We begin by defining the notion of Weyl operator in terms of the Heisen-
berg-Weyl and Grossmann-Royer operators. We will thereafter give equivalent
definitions using the cross-ambiguity and Wigner functions.

10.1.1 First definitions and properties

Recall the definitions of the Heisenberg-Weyl and Grossmann-Royer operators:

~

7 1
T(z0)1p = ehPoo=2Poe0) (02 — ),
Tar(z0)0(x) = eFP0 @20y (22 — 1),
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Definition 194. Let a € S(R"®R") and a, = F,a be the symplectic Fourier trans-

form of a. The Weyl operator with symbol a is the linear operator A:S (R") —
S(R™) defined by

() = (55" /R 0 (20)T (20 )00 () dz; (10.1)
equivalently,

Ape) = ()" [ aleo)Ten o) (aldz. (10.2)

. .. o Weyl Weyl . .
We will write A —% a or a —> A (“Weyl correspondence”). The function a, is
called the “twisted” (or covariant) symbol of A.

The fact that a € S(R™ & R™) ensures us that A : S(R™) — S(R™) is clear.
In fact:

Proposition 195. If a € S(R™ @& R"™) then A XN 4 is a continuous operator

S(R™) — S(R™) and hence extends into a continuous operator S'(R™) —
S'(R™).

Proof. We only sketch the proof and leave the details to the reader as an exercise.
If a € SR" @R™) and ¢p € S(R™) then the function zg — a(z)(z*0%)Tar(20)Y
belongs to S(R™ @ R™) for all multi-indices & € N, hence |(x® 85‘)211/)(:5” < oo for
all a € N"; the property follows. O

We can rewrite these definition in slightly more compact form as

A= ()" / 4o (20)T (20)d20
and

A= (#)H/z a(z0)Tar (20)dzo
R n

where the integrals are interpreted as Bochner integrals (that is, operator-valued
integrals).

Exercise 196. Prove the equivalence of Definitions (10.1) and (10.2).

These formulas already make quite “obvious” the fact that we will be able to
extend the definition of the Weyl correspondence to much larger classes of symbols
than the Schwartz functions. This can be seen by rewriting the definition of A in
terms of the distributional brackets ({-,-)) on R?":

~

A = (30)" ((aa (), TOYE)) = (75)" (a(), Tar () (10.3)

.~ Weyl 14, . .
The notation A &% ¢ or a & A introduced in the definition above suggests
that the Weyl correspondence is one-to-one. In the following Proposition we show
that this indeed the case:
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Proposition 197. The Weyl correspondence a Y9 X is linear and one-to-one:

(i) If a Yevl A anda Y A thena=d.

(ii) In particular 1 Y 1 where T is the identity operator on S'(R™).
Proof of (i). The linearity of the correspondence a Ferl A is obvious; to show that
it is one-to-one it thus suffices to show that if Ay = 0 for all ¢» € S(R™) then a = 0.

But Ay = 0 is equivalent, by the second formula (10.3), to (a(-), Tar(-)¥) = 0,
that is to @ = 0 since ¢ € S(R™) is arbitrary.

Proof of (ii). To show that if a = 1 then A is the identity it suffices to note that
by the second formula (10.3) we have

Ay(a) = (75)" (L. Ter ()9 ()

:/ (/ e%p"'(m_“)dpo) Y(2x9 — x)dxg

= [ 02z —20))(2z0 — x)dwo = ¥(2)

Rn
so that Ay =1 forall Y € S (R™). By continuity, using the density of S(R™), we
also have Ay = ¢ for all ¢ € S'(R™) hence A = I on §'(R™). O

Property (ii) in the proposition above is a particular case of the following
interesting result which determines explicitly the Weyl symbol of the Heisenberg—
Weyl operator:

Proposition 198. The operator with Weyl symbol z — e #o(:20) s the Heisen-
berg—Weyl operator T(zp).

Proof. Let us write a,(z) = e~ #7(:%0)_ Let A, be the operator with Weyl symbol
a,,. We have, by the second formula (10.3),

201/} // e~ +o(z,z )6 L po-(— 930)1/}(2330 — x)dpodwo
R™xR"™
= (%)" // e# D w0t po(z’ +2xo—2$)¢(2x0 — 2)dpodzy
R?L XR‘VL
= G et [ e pony i

= 2”/ eFP P05 (2 4 2wy — 22)1h(2a0 — ) dmg.

Setting y = 2z we get

1.7/ ’

Ago(o) = [ et 05y — (20— a")i(2an - a)dao = eF0 =3 (- o)

which concludes the proof. O
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Taking into account the differential expression (8.7) of the Heisenberg—Weyl
operator we thus have

7

o—io(zz0) Wl —io(zz) (10.4)

As a consequence of Schwartz’s kernel theorem, every continuous operator
SR B R") — S'(R™ @ R") is a Weyl operator for a suitable symbol (usually a
tempered distribution); we will prove this in a moment, but let us for the moment
show that the notion of Weyl operator makes sense even when the symbol is not
a function, but a distribution. A first constraint comes from the fact that the
symplectic Fourier transform a, = F,a must be defined. This is however a minor
limitation because F, is an isomorphism S’'(R™ @ R") — S’'(R™ & R™) and we
are thus authorized to use any tempered distributions as a symbol. Since we have,
for ¢, ¢ € S(R™),

(A, 6 = / /]R . oo TGa)ola)o@dznds. (10.5)

A is defined in the weak sense by:
(A, 9) = (a5, ®) , B(z0) = (T(20), ). (10.6)
Proposition 199. If a € S'(R" & R") then A : S(R") — S'(R").

Proof. The condition a € &'(R™ & R") is equivalent to a, € §'(R™ & R™) hence
it is sufficient to show that ® defined in (10.6) is in S(R™ & R™). But this follows
from Lemma 170. U

Let us now return to formula (10.8) which, as we said, can be taken as an
alternative definition of the Weyl correspondence. Choosing ¢ = 1 this formula
implies, since W) = W (), 9):

(A\w|¢)L2(RW) =/ a(2)Wi(z)dz.

R2n

More about the properties of the Weyl correspondence in a moment; we are
first going to rewrite the definition of A in two equivalent ways using the cross-
Wigner and ambiguity transforms.

10.1.2 Definition using the Wigner transform

The following result can be taken as an alternative definition of the Weyl operator
with symbol a; it also makes obvious the fact that the Weyl correspondence extends
to symbols a € §'(R"™ & R"™).
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Proposition 200. Let (1, ¢) € S(R™) x S(R™) and assume that A TN 4 s a

mapping S(R™) — L2(R™). We have both
(AY|¢) 2 (mn) = /R as(2) A, ¢)(—2)dz (10.7)
and

(AolD)izgeny = [ | al@W(w,0) (2}, (10.)

Proof. Tt is sufficient to assume that a € S(R™ @ R™). We have

Gtore: = )" [ ([ aeleo) [ Teowtariin) i

and hence, by Fubini’s theorem,

~ R

(o = ()" [ anteo) ([ TCopoteianae ) dao

that is, in view of Definition (9.1) of the cross-Wigner transform,

(Alg) 2 = / a0 (20) AW, B)(—z0)dz0

R27

which is formula (10.7). In view of formula (9.26) we have

A, d)(=20) = FoW (4, §)(—20)

and hence, by Plancherel’s formula (8.31) for the symplectic Fourier transform
(Abl)es = [ Frazo) A 6)(=20)dz0
= [ ala)Fa AW, 0)(~z0)dz0
R n

which is formula (10.8) since F, A(¢), ¢) = W (1), ¢) (see formula (9.26)). O

The formulas above can be easily extended to the distributional case using
Proposition 199. In fact:

Corollary 201. Let (1, ¢) € S(R™) x S(R™) and assume that A Y} 4 with a €

S'(R" @ R™). Then
(A, 8) = ({a, A1, 6)")) = ((a&, W (1, 9))) (10.9)

where A(v, ¢)Y (2) = A(Y, ¢)(—=2) and ((-,-)) is the distributional bracket for dis-
tributions on R™ @ R".

Proof. Tt is an immediate consequence of formulas (10.7), (10.8) using Proposi-
tion 199. O
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10.1.3 Probabilistic interpretation

As we already have discussed, the Wigner function is not in general positive. In
fact, as mentioned earlier, a classical result of Hudson [103] (also see Janssen [104])
tells us that W1 is non-negative if and only if ¢ is a Gaussian. An illustration of
this generic non-positivity of the Wigner transform is provided by the following
easy exercise:

Exercise 202. Assume that ¢ € S(R™) is an odd function: ¥)(—z) = —¢(x). Show
that W1 takes negative values. [Hint: calculate W1)(0).]

However, there are several good reasons for which it might be adequate to
view W1 as a good substitute for a true probability density. Here is a first moti-
vation for viewing the Wigner function as a “quasi probability” density:

Proposition 203. Assume that 1, ¢ € L*(R™) N L2(R™). We have

- W (4, ¢)(2)dp = ¢(x) (), (10.10a)
W, 0)(z)dw = Fy(p)Fo(p) (10.10b)

hence, in particular
L Wez)dp = [p(@ ) W) = [Fy(p)*. (10.11)

Proof. Let us prove the first formula (10.10). Noting that in view of the “inverse
Fourier transform formula”, which we write sloppily as

/ e TP Vdp = (2mh)" 8(y)

we have

R

= (z)d(x)

as claimed Let us prove the second formula (10.10). Setting 2’ = x + Zy and
=z — —y in the right-hand of the equality

W = ()" [[ et + 2ol Ty

R
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we get

Wip(z)dx = (Flh)n// i 67%p“’w(m')67%p'z”qb(ac”)da:'da:”
X R™

R™

= (5%)" / ) e‘%p'ﬁ”/w(m')da:’ / ) e—%P'f”¢(x")dx" = F1(p)Fo(p).
O

It immediately follows from any of the two formulae (10.11) above that
L W0z = 101 g = 1P (1012)
If the function ¢ is normalized: ||[¢[|%, = 1, then so is W(z):

- Wip(z)dz =1 if ||y]|F2mn) = 1.
If in addition W1 > 0 it would thus be a probability density; but again, this is
only the case when v is a Gaussian function.

These two formulas are just particular cases of a (generalized) Radon trans-
forms of the Wigner distribution W1, corresponding to integration along the par-
ticular Lagrangian planes {p = 0 x R™ and £x = 0 x R", respectively. More
generally one could define that transform as the function defined by

Ry(u) = /g W2 duelz)

where dpuy(z) is the Euclidean measure on the Lagrangian plane ¢. The Radon
transform was defined by the Austrian mathematician J. Radon [134] in 1917 (see
the English translation Radon and Parks [135]). For a mathematically rigorous
treatment of its various extensions (which belong to the area of integral geometry)
see Helgason’s book [99].

Having the probabilistic interpretation of the Wigner transform W1 in mind
formulas (10.7) and (10.9) can be interpreted as giving the average value of the
symbol a when [|¢||2, = 1. This point of view is totally consistent with the one
adopted in quantum mechanics, from which the following definition comes:

Definition 204. Let b # 0 be viewed as a “quantum state”, and let a be a real
symbol, viewed as a “classical observable”. Then

~ (A\w|w)L2(R”)
A), — T PPLTRY)
s = ) e

is called the average value of the corresponding “quantum observable” in the
quantum state ).

(10.13)

-~

Formula (10.13) can be viewed as saying that the expectation value (A), of

the Weyl operator A in the state 1) is the average of the symbol a with respect to
the quasi-probability distribution Wi.
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10.1.4 The kernel of a Weyl operator

The following result will be studied further from a slightly different point of view
in Section 10.4 when we study the Weyl correspondence from the point of view of
pseudo-differential operators. Recall that the kernel of an operator A : S(R") —
S'(R™) is a distribution K € S'(R™ x R™) such that

(A, 9) = (K, 0 @ )
for all ¢,v € S(R™). We may also write

AY(z) = [ K(x,y)y(y)dy

R

where the integral is to be understood in the distributional sense. Every linear
operator A : S(R") — S'(R™) has a kernel K € §'(R"™ x R"™) provided it is con-
tinuous from S(R™) to S'(R™) (this is Schwartz’s kernel theorem; for a refinement
see [82]).

Proposition 205. (i) Let A XY 4. The kernel of;l\ and its symbol a are related by
the following formulas:

Ki(z,y) = (Flh)n/ e%p'(x_y)a(%(x +y),p)dp, (10.14)

n

a(z,p) = / e_%p'yK;l(x + %y,x — %y)dy (10.15)

Proof of (i). Let us express A in terms of its symbol and the Grossmann—Royer
operators (formula (10.2)):

Avtw) = ()" [ aleo)Ton(a)i(o)dz
R n
= ()" [ aleoeFr e pze - )
Setting y = 2z — ¢ and p = py we get

o~

W) = ()" [[ e ata@ . iy (1016

It follows that the kernel of the operator Ais given by formula (10.14).
Proof of (ii). We have

K+ 39,0 39) = (75)" / et Va(a, p)dp; (10.17)

fixing x, the Fourier inversion formula yields (10.15). O
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i

Exercise 206. Show that the function z — e~ #7(220) is the Weyl symbol of the
Heisenberg—Weyl operator T'(zg).

The following consequence of Proposition 205 is obvious:

Corollary 207. The Weyl symbol of the operator with kernel (ﬁ)n (¢ ® @) is the
cross- Wigner transform W (1, ¢).

Proof. It is a straightforward application of formula (10.15). O

Exercise 208. Iind the relation between the kernel K ; and the symplectic Fourier
transform a, = F,a of the symbol of A.

There is a simple relation between the L? norm of the symbol and that of
the kernel. The result is useful when one studies L? regularity properties of Weyl
operators; we will also use it in Chapter 12 in connection with the calculation of
traces of Weyl operators:

Proposition 209. Assume that K 5 € L>(R™ xR™). We then have a € L*(R" ®R")
and a, € L*>(R™ & R™); moreover:

lall 2 gy = llaol|L2@2n) = 27B)™ 2| K 4]l L2 (@n xm - (10.18)

Proof. The equality ||al/r2 = ||as||12 is obvious since the symplectic Fourier trans-
form is unitary. Let us prove that |ja]| 2 = (2rh)™/? | K ]l > when K ; € S(R™ x
R™); the proposition will follow by the density of S(R™ x R™) in L?(R" x R"). In
view of formula (10.15) the symbol a is, for fixed z, (27771)"/2 times the Fourier
transform of the function y — K ;3 (z+ 3y,  — 1y) hence, by Plancherel’s formula,

[ latep)Pdp = @nny” [ 1t + oo~ d)Pay (10.19)

and hence, integrating in =z,

/ la(2)|?dz = (27rh)"/ (/ K z(z + iy, — %y)|2dy) dx
R2n ]Rn ]Rn
= (2wh)" // ) K 4(z + 3y, @ — %y)|2dxdy
s

n

where we have applied Fubini’s theorem (the integrals are absolutely convergent
since (z,y) — Kj;(z + 3y, 2 — 3y) is in S(R™ x R™) because K is). Set now
¥ =x+ %y and ¢y =z — %y; we have dx’dy’ = dxdy hence

/ la(2)[2dz = (2mh)" // K (2!, o) 2’ dy
RZn R’ILXR‘VL

which we set out to prove. O
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We have several times insisted on the fact that the “quantization” of classical
“observables” should satisfy the Schrédinger prescription: to a(z) = z;p; should
correspond to the symmetrized operator

-~

A=L(X;P; + PX)). (10.20)

~ Weyl . . .
Let us check that the Weyl correspondence A Yoyl satisfies this requirement. We
have, taking a(z) = x;p; and hence

) Aie) =4 [ ety ddy
+3 / /Rgn ey (y) dydp.
Formula (10.20) follows in view of the obvious equalities
(z5)" 3% //Rz eV p iy (y)dydp = ;P (@),
()" 4[] e mutdudy = 4P a0)o)

Exercise 210. Prove (10.20) using the definition of A in terms of the symbol and
the Grossmann—Royer operator.

l\)l»—t

10.2 Adjoints and products

We are going to see that the symbol of the adjoint of a Weyl operator A can be
very easily determined in terms of the symbol of a. This leads to the celebrated
property of the Weyl correspondence which says that AN s self-adjoint if and
only if a is real. This property is very important in the applications to quantum
mechanics, because “quantization” of an observable should precisely lead to a
self-adjoint operator.

We also calculate the symbol of the product of two Weyl operators; the
result is of particular importance for the study of the applications to deformation
quantization (“Bopp calculus”).

10.2.1 The adjoint of a Weyl operator

The formal adjoint A* of an operator A : S(R") — S(R") is defined by the
formula

(AY|9) L2 (@n) = (V| A P) 128
for all (¢,¢) € S(R™) x S(R™). We are going to determine explicitly the Weyl

-, Weyl . .
correspondence A* &2 ¢*. For this we need the following elementary lemma:
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Lemma 211. Let b be a function on R"™ such that (b|W (¢, ¢))r2meny = 0 for all
(1, ¢) € S(R™) x S(R™). Then b= 0.

Proof. In view of formula (10.8) we have, noting that W (v, ¢) = W (¢, ),

(Boly)) 2 = (0|W (¥, 9))12
= Weyl ~
where B «—= b. If (b|W (¢, ¢))rz = 0 for all ¥ and ¢ we must thus have B¢ =0
for all ¢ hence B = 0; but then b = 0 since the Weyl correspondence is one-to-one
in view of Proposition 197. O

We have:

Proposition 212. The adjoint A of the Weyl operator AT 4 s the Weyl op-

erator A* YN 0% with symbol a* = @. In particular, A s formally self-adjoint if

and only if a is a real function.

Proof. Expressing A in terms of the Grossmann—Royer operators we have, in view
of formula (10.2),

(Autores = ()" [ ateo) ([ Tonto)o(@)t@) ) d
= [ aColW o) eo)dzo
Since, by definition, (A\w|q§)L2 = (¢|E*¢)L2 we have

(Y| A* )12 = (A )12
/RQ" a* (20)W (1, ¢)(20)dzo

hence

(Av|) L2 :/ a*(20)W (1, ) (z0)d2o.

R2n

Applying Lemma 211 to b = a — a* yields a = a* that is a* = @. O

10.2.2 Composition formulas

We now assume that the Weyl operators

A

()" [, orT )



148 Chapter 10. The Weyl Correspondence

can be composed (this is always the case for instance if a, and b, are in S(R"@®R™))
and set C' = AB. Assuming that we can write

C= (Fln)n/R% co(2)T(2)dz

we ask: what is ¢,?7 The answer is giving by the following theorem, which is
instrumental in the definition of deformation quantization we will give later in
this book:

Theorem 213. Let A 2% a and B ¥ b be Weyl operators.
(i) The product C = AB has (when defined) Weyl symbol

c(z) = (Flh)Qn // e%ﬁg(z/az”)a(z + 32")b(z — 32")dz'd2". (10.21)
R4n

(ii) The symplectic Fourier transform of ¢ is given by

co(z) = (ﬁlh)"/ e g (2 — 2 )by (2 )d2! (10.22)
R2n
or, equivalently, by
co(2) = (ﬁ)n/ e" ) g (2 by (2 — 2')d2' . (10.23)
R2n

Proof of (). Assume that the Weyl symbols a, b of A and B are in S(R™ @ R™).
We have

Kaig(ey) = (5) ///RS ok (@—a)pt(a—y)p

x a(5(@ + @), Ob(5(z +y), §)dad(de.
In view of formula (10.15) we have
c(z,p) = /e_%p'“KAB(:c + fu,z — u)du

and the symbol of AB is thus

:Lﬁ ////R4neh a(3(z+a+ 1u),Q)

x b(3(z + a — tu), &)dad¢dude
where the phase Q is given by
Q=(@-a+3u)-C+(a—z+iu)-E—u-p
=(@—a+zu)-((—p)+(a—z+3u) (£—p)
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Setting (' =(—p, & =&—p,a = %(af:ch%u) and u' = %(af:cf%u) we have

dodCdudé = 2°"da’ ¢ du'de’
and Q = 20(u/, &5/, ('), hence
c(z) = (%)271 //// e o el
R4n
X a(x+a,p+ )bz +u',p+&)da'd¢ du' dE';
formula (10.21) follows setting 2’ = 2(¢/, (') and 2" = —2(v’, {’).

Proof of (ii). Writing the operators A and B in the usual form

()" [ anteo)T o),

()" [ bolen) el

A

&)
I

we have, using the property
~ i ~
T(zo+21) = e_Th”(ZO’Zl)T(zo)T(zl)

of HW operators,

T(20)B = (ﬁlﬁ)”/ ’bg(zl)f(zo)f(zl)dzl

~

= ()" [ b (o) T o+ 1)
R2n

and hence

~

A\B\ = (FIE)Q” // e%ﬁg(zo’zl)aa(Zo)ba(zl)T(ZO + zl)dzodzl.
R4n

Setting z = z¢ + 21 and 2’ = z1 this can be written

A~

AB— (%)2”/ (/ e Cg (5 z')bg(z')dz') T(z)dz
RZ‘VL R2"

hence (10.22). Formula (10.23) follows by a trivial change of variables and using
the antisymmetry of o. O

The composition formulas (10.22), (10.23) are very important in the context
of the deformation quantization theory we will study later, and where the function
¢ defined by (10.21) is called the Moyal (or Groenewold-Moyal) starproduct, and
is denoted a % b.

Exercise 214. Prove formula (10.21) for the Weyl symbol of a product by using
the representation (10.2) of A and B in terms of the Grossmann—Royer operators.
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10.3 Symplectic covariance of Weyl operators

A striking feature of Weyl calculus is that it is the only pseudo-differential operator
calculus for which metaplectic covariance holds (see Chapter 10.4 for a discussion
of the general notion of pseudo-differential operator). This property is another
manifestation of the importance of Weyl operators in quantum mechanics.

10.3.1 Statement and proof of the symplectic covariance property

Recall that the Heisenberg-Weyl and Royer-Grossmann operators T (z0) and
Tar(z0) satisfy the following property: for S € Mp(2n,R) and S = 7P(S) we
have

~ ~

ST(20)S™ ' =T(Sz) , STar(20)5 " = Tar(Sz0) (10.24)
for every zo € R?".

Theorem 215. Let S € Sp(2n,R) and S € Mp(2n,R) be any one of the two

~ ~ 1
metaplectic operators with S = wMP(S). For every Weyl operator A Fr o we
have the correspondence

aoS YN G143, (10.25)

That is, to the symbol ag (z) = a(Sz) corresponds the Weyl operator S—1AS.

Proof. Let us denote by B the Weyl operator with symbol ao S. In view of formula
(10.8) we have
By = aa(Sz)f(z)wdz
R27

that is, performing the change of variables Sz —— z and taking into account the
fact that det S =1,

By = aa(z)f(S_lz)wdz.
R2n

By formula (8.11) in Theorem 128 we have 5—17(z)S = T(5~'z) and hence

By /]R2 a0 (2)S T (2)Spdz

§< (F d>§
|, arloT(eaz ) 5
which is (10.25). O

Problem 216. Give an alternative proof of (10.25) using the formula

A= (#)n/ﬂw a(z0)Tar (20)d2o

expressing the Weyl correspondence in terms of the Grossmann—Royer operators.
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As a straightforward consequence of Theorem 128 we obtain the so-called
metaplectic covariance formula for the cross-Wigner transform:

Corollary 217. Let ), ¢ € S(R") and S € Mp(2n, R); we denote by S the projection
of S on Sp(2n,R). We have

W (S, 5¢)(2) = W (1w, 9)(5'2) (10.26)
and hence in particular

W (Sy)(z) = Wap(S1z). (10.27)
Proof. In view of formula (10.7) in Proposition 200 we have, since S is unitary,
W (Sv, S¢)a(z)dz = (ASp|S¢) 2 = (ST ASY|¢) 2.
R2n
In view of (10.25) we have

(871450, 6) 2 = / W (1, 6)(2)(a 0 5)(2)dz

R2n
- / W (i, 6)(S 2 )a(z)dz
R2n
which establishes the equality (10.26) since ¢ and ¢ are arbitrary; formula (10.27)

trivially follows taking ¢ = ¢. O

Problem 218. Prove a similar result for the cross-ambiguity function.

10.3.2 Covariance under affine symplectomorphisms

Let us denote by T'(zp) the phase space translation operator z — z + zg. It
induces a natural action of functions by the formula T'(z¢)a(z) = a(z — 2zp); this
action can be extended into an action on distributions in the obvious way.

Proposition 219. Let a Y A with a € S'(R™ @ R™). Let T'(z0)a(z) = a(z — zp).
We have
T(20)a 25 T(20) AT (20) " (10.28)

where f(zo) is the Heisenberg—Weyl operator.

Proof. Let ¢, ¢ € S(R™). We first remark that writing (10.8) in terms of distribu-

tional brackets, and using the fact that W (v, ¢) = W (¢, 1) we have

@u@a/a@wwm@w=wwww»

R2n
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We next observe that

(T(20) AT (20) "1, ¢) = (AT (20) "9, T(20) ')
= (a, W (T (20) "¢, T(20)"'%))
— (@, T(—20)W (¢, %))

the last equality in view of formula (9.23); since we have

(@, T(=20)W(o,¢)) = (T(z0)a, W(¢,9))
formula (10.28) follows. O

Exercise 220. Prove directly formula (10.28) using the definition of A in terms of
the Heisenberg—Weyl operators. [Hint: use several changes of variables together

with the formula T'(z0)T(z1) = e%”(zo’zl)f(zl)f(zo) (formula (8.8)).]

Recall (Definition 26) that the affine symplectic group ASp(2n, R) is the semi-
direct product Sp(2n,R) x T(2n,R) of the symplectic group with the translation
group T(2n,R) = R?". It is the group generated by symplectic matrices and
the translations T(zo) Writing S, = ST(zO) to each S, one can associate two
unitary operators j:SZ0 defined as follows: SZO = ST(ZO) where S is any one of
the two metaplectic operators with projection S € Sp(2n,R). The operators SZO
generate a group, the affine (or homogeneous) metaplectic group AMp(2n,R).
Combining Theorem 128 with Proposition 219 we get:

Corollary 221. The Weyl correspondence is covariant under the action of the affine

symplectic group ASp(2n,R) in the sense that ifﬁ FI o then

ao 8., SN G 1AS,, (10.29)

for every S,, = ST (2o).

It turns out that symplectic covariance is characteristic of the Weyl corre-
spondence: among all other pseudo-differential calculi (as studied in Chapter 14),
it is the only one having the properties above. This is a fundamental fact, because
it allows the derivation of Schrédinger’s equation. We will come back to that prop-
erty in Chapter 15 when we study the derivation of Schrodinger’s equation.

10.4 Weyl operators as pseudo-differential operators

We introduced Weyl operators using concepts from harmonic analysis such as the
Heisenberg-Weyl or Grossmann—Royer operators. We now take the point of view
of pseudo-differential operators; this approach will be developed in Chapter 14
from a more general point of view using Shubin’s theory [147]. The literature on
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pseudo-differential operators is immense. The main references for what we will
be doing here are the books by Wong [163], Nicola and Rodino [131]. The books
[40] by Egorov, Komech, and Shubin, contains very valuable material concerning
applications of pseudo-differential operators to the theory of partial differential
equations. Another good source is Chazarain and Piriou [25] where there is a
strong use of microlocal techniques.

We begin with a quick review of the general notion of pseudo-differential
operator.

10.4.1 The notion of pseudo-differential operator

We will use the following multi-index notation: for a = (ay,...,az,) in N?* we
set
|a| =1+ +a, 8;1 :8?11 ...8?22:,

where 957 = 9% /9z;7 for 1 < j < n and 95 = 0% /97 for n+1 < j < 2n.
We will write D, = —i0, and D¢ = (—i)l*l9% and use similar notation for D,
and Dy

The starting point of any honest theory of pseudo-differential operators is
the search for an extension of partial differential operators. In the early days of
the theory one started by remarking that we can write any partial differential
operators (with smooth coefficients) on R™ in the form

A= " aa(@)DY | aq € C*(R") (10.30)

lo|<m
and define the symbol of A as being the polynomial
a(z,§) = Y aa(®)* , £ =& 6m. (10.31)

la|<m

Defining the Fourier transform f of f € C§°(R™) (the vector space of C*° functions
with compact support) by

fle) = (%)””/n e f(z)da (10.32)
(thus f=Ff with h = 1) we can rewrite Definition (10.30) as
Af@) = [ eate. ) f(€)de. (10.33)

Exercise 222. Show that formula (10.33) immediately follows from the Fourier
inversion formula

f(@) = ()" / e f(§)da (10.34)

and the relation £“f(£) = ﬁg‘\f(f)
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The next step consisted in defining pseudo-differential operators as being
linear operators of the type (10.33) where a is a (more or less arbitrary) function on
R™"@R"™ called in this context a symbol or amplitude. Of course, such a definition is
vague and rather useless unless one puts some constraints on the classes of symbols
that are acceptable. For instance if a(x, ) increases “too” fast when |¢| — oo the
integral in (10.33) will only be convergent for “very” small classes of functions f.
For instance, a reasonable requirement is that one should be able to calculate A f
when f € C§°(R™), and this will be the case if one requires that the symbol not
grow faster than a polynomial in . Then, another natural requirement might be
that the smoothness of Af corresponds in some way to the smoothness of f, and
for this to be true one has to impose conditions on the z-derivatives of the symbol
a. The most popular choice in the 1970s was to use the so-called Hormander symbol
classes S}, (Hérmander [96], Hérmander and Duistermaat [97]):

Definition 223. Let m, p,d be real numbers such that 0 < § < p < 1. The symbol
class S7";(R™ @R™) is the (complex) vector space of all functions a € C*°(R" @R")
such that for each choice of multi-indices «, 3 € N™ and of a compact subset K of
R™ there exists a constant C, g,k > 0 such that

070¢a(2,€) < Couprc (14 [€)™ 17 (10.35)

for (z,¢) € K x R". One writes S™(R" @ R") = S7,(R" @ R™). The vector space
of pseudo-differential operators

~

Af(@) = [ e ate.)F(€)de (10.36)

with symbol in S's(R™ @ R") is denoted L}';(R™). One often calls a the Kohn-
Nirenberg symbol of A.

It is not difficult to show that when a € ST’ (R™ & R™) the corresponding
pseudo-differential operator A maps continuously C§°(R™) into C*°(R™) (it in-
volves repeated use of Leibniz’s rule for the differentiation of a product); moreover
any symbol a of the polynomial type (10.31) belongs to the class S™(R™ & R"),
so the definition above achieves the program of generalizing ordinary partial dif-
ferential operators (at least those with C'*° coefficients).

So far, so good. The rub comes from the fact that in the elements of the
symbol classes S,T& the variables z and £ are on very different footing, due to
the fact that one is more interested in local properties than in global behavior
(the cotangent bundle of a manifold is locally identical with T*R"™ = R™ ¢ R").
This dissymmetry conflicts with the phase space approach of both classical and
quantum mechanics, where the variables x and ¢ play equivalent roles. We will
define later in this book a pseudo-differential calculus that avoids this difficulty
(the Shubin global calculus, Chapter 14).
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Problem 224. Show that every pseudo-differential operator belonging to one of
the Hérmander classes L7';(R™) with 0 < § < p < 1 maps (continuously) S(R")
into itself.

The best-known regularity results for these operators are expressed in terms
of the usual Sobolev spaces! H*: we have f € H*(R") if and only if f is a function
satisfying

172 = /R|<s>| (1+ [€P)de < oo.

It is clear that H*(R") is a vector space; it is in fact a complex Hilbert space for
the sesquilinear form

(f.9) — flgs—/f (1 + [¢?)*d

and f+— ||f]ls = (f|f)§/2 is the associated norm. Since pseudo-differential op-
erators are not in general local one cannot in general state regularity results in
terms of these spaces, and one considers the following derived spaces:

Hi(R™) ={f € H*(R") : Supp(f) is compact},
Hjp (R") = {f € S'(R") : of € HZ(R") for some ¢ € C5°(R")}.

Equipping these spaces with adequate topologies, a classical result is then:

Theorem 225. Every A € LT (R™) is continuous HZ(R") — Hp ™(R™).

loc
Proof. See any textbook on pseudo-differential operators published before the mid-
1980s. O
It should be mentioned that every A € LT (R™) can be written as A=
A’ + R where A’ : H:(R™) — HZ ™(R™) and R is a smoothing operator (i.e., an
operator with C* kernel). If an operator maps compactly supported distributions
to compactly supported distributions one says it is a proper operator.

10.4.2 The kernel of a Weyl operator revisited

. -~ Weyl .
We are going to see that a Weyl operator A &2, @ can be represented in the
following way:

W) = ()" [ e ata@t w1037

Of course, the right-hand side does not have a well-defined mathematical sense
in general; for the “double integral” to be absolutely convergent one has to put

1Sometimes also called “Bessel potential spaces”.
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rather stringent conditions on the symbol a and the function . For instance, one
can require that ) € S(R™) and a decreases sufficiently fast in p. We are going
to see that one can, however, give a meaning to this formal expression by using a
“mollifier” provided that a belongs to a “good” symbol class. We will refine and
improve our results when we discuss the Shubin classes.

Let us show that Weyl operators are just pseudo-differential operators of
the type above when a decays rapidly. Recall from Proposition 205 that if a €

S(R™ & R™) and A Y% 4 then

-~

Ap(@) = (72)" / /R OV a( (@ +y) P (y)dydp (10.38)
W'X n
for every ¢» € S(R™). It follows that the kernel of Ais given by

Ki;(z,y) = (ﬁlﬁ)n/ e%p'(x*y)a(%(ery),p)dp. (10.39)

n

Conversely, the expression of the symbol in terms of the kernel is
a(z,p) = / e WPYK g(x + Sy, @ — dy)dy. (10.40)

Notice that if we interpret formula (10.39) in the distributional sense we
recover the fact that the identity operator has symbol a = 1. In fact it suffices to
observe that in view of the Fourier inversion formula we have

(z5)" / /R R g(y)dydp = (a). (10.41)

10.4.3 Justification in the case a € S™

We are following here closely Chapter 4 in Wong [163]. Let us begin with a regu-
larization result making use of a “mollifier”.

Proposition 226. Let a € S™(R™ @ R™) = S7(R™ © R™) and assume that the
estimates (10.35) hold uniformly in x, that is

020 a(x,€) < Cap(1+ )" 171,

Let 0 € C§°(R™) be such that 6(0) = 1. For every ¢ € S(R™) the limit

e—0+

D)= tim [[ bttt (1042)

exists and is independent of the choice of the function 6.
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Proof. Define a function L. by the formula
Lew) = [[ R oepatie + ). pvw)dud.
R xR"
For any integer N > 0 we have
(1= Ay)Ner @) = p=N (1 |pf?)Ved? )

hence, integrating by parts in the y variable,

Lete) =1 [ ebreoep)u+p)
R™ xR"™
x (1= 2y)" (a(3(z +y),p)¢(y)) dydp.
Using Leibniz’s formula for the repeated derivatives of a product we have
1
(1=2y)" (a(3(z +9),p)eW) = D —(DIa)(z(x+y),p)P*(D)(y) (10.43)
la|l<N

where Pg (D) is the partial differential operator with symbol 95 [(1 + |p|*)™]. For
each fixed z € R™ we have

dim [0(ep)(1+ [pI2) Vet (D2a) B (x + ). P PR(D) ()|

= (1+ [p") "N eir E(Da) (3(2 +),0) PR (D) (w)-

In view of the estimate
(DZa)(3(z +y),p)| < Cal+Ip*)™

there exists a constant C' such that

0(ep) (1 + [p*) Ve (D3 a) (3 (x + ), p) PR(D)¥(y)]

< C+ ) ™M@+ )™ PR (D) (y)]
for y and p in R™. Since the function
(y.p) — L+ )N (1 + [pI*)™ | PR (D) (y)]

is in L'(R") as soon as N > (m + n)/2 it follows from (10.43) and Lebesgue’s
dominated convergence theorem that lim._,g4 Lo(z) exists and is independent of
the choice of 6. O

Exercise 227. Show, using the formulas in the proof, that the convergence in
formula (10.42) is uniform with respect to the variable x.
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The limit (10.42) is called an “oscillatory integral”, and one often uses the
notation

Lw) = ()" [[ W alde ) pvw)dud.
Rn xR

Provided that some care is taken one can work with oscillatory integrals very much
like with ordinary integrals in their evaluation (see Chazarain and Piriou [25] for
more on this topic and various extensions).

10.5 Regularity results for Weyl operators

10.5.1 Some general results

Let us begin with a modest goal and see what happens if we assume that a, is
absolutely integrable. Recall that if A is an operator from a Banach space B to a
Banach space B’ then the operator norm || 4| is defined by

[All = inf {M : [Aflls < M||f|s, f € B}.

We have the following precise result:

Proposition 228. Assume that a, € L'(R" @ R") [equivalently a € FL'(R" & R")]
and v € S(R™). Then:

(i) The operator A TV} 4 is continuous on S(R"®R") for the induced L*-norm;

in fact
~ 2
1A% ]| 2@ny < (527) " Naoll @19l L2 @y (10.44)
hence the operator norm of A on L2(R™) satisfies
~ 2
1Al < (z28) ™" ool . (10.45)

(ii) A extends into a bounded operator L*(R™) — L2(R™), which will also be
denoted A.

Proof. Statement (ii) immediately follows from (i), using the density of S(R™) in
L?(R™). Formula (10.45) is equivalent to formula (10.44). The kernel of A is given
by
/2
K;(z,y) = (57)"" P(5(z + 1),y — )
where F3 is the Fourier transform in the p variables. By the Fourier inversion
formula we have

n/2 2z .
Faa(y(o+ 9.y~ 2) = ()" [ e epie,y — e
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and hence
K;(wy) = (ﬁ)n/ e2n(THE Fa(g,y — x)de.

It follows that

[ Katlde < )" [[ - Patey - aigas,
JiKa it < ()" [ Patey —olasan

Setting n = y — « we have

JILFatey—widede= [ (Fate piagan

hence the two inequalities above can be rewritten, in view of the first equality
(8.27), in the form

/n |K (z,y)ldz < (271'}1) llao |z,
/n K3 y)ldy < (535)" llac| 1.

The rest of the proof of the inequality (10.44) goes as follows: setting C' =
(27h) " ||ax|| L1 we have, using Cauchy—Schwarz’s inequality,

|g¢(x)|2§/ IK;;(%y)Id"y/ K 5(z,9)| ¢ ()P dy
n R?L
< 02/ K 5(z,9)| ¢ ()P dy
R‘n

/ NAv@ldr < c? / ) ( / ) |Kg<m,y>|dx) ()| dy.

[ 1Av@ds <c? [ o)y

which is precisely the estimate (10.44). O

and hence

that is

The study of regularity properties of Weyl operators on L?(R") has become
something of an industry since the early 1990s. One of the most known (and cer-
tainly most useful!) results nevertheless goes back to an older paper of Cordes [29]:

Proposition 229. Assume that the symbol a satisfies the conditions 8?85@ €
L>°(R™ @ R™) for all multi-indices a, B such that |af, |8] < [n/2] + 1. Then

the operator A T} 4 is bounded on the space L*(R™).
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The conditions on the multi-indices «, § in the result above are rather sharp;
see Boulkhemair [21] for a discussion of these conditions and references to previous
work (in addition there is a detailed discussion of L?-boundedness for operators
with symbols in the Hormander classes S7').

10.5.2 Symbols in L9 spaces

In his book [163] Wong has analyzed in detail regularity results for Weyl operators
with symbols in the L? spaces, and has given conditions for these operators to be
continuous, compact, and Hilbert—Schmidt. We refer to Wong’s work for details,
and limit ourselves here to a few statements.

We begin by proving a boundedness result when the symbol a belongs to the
space L2(R™ @& R™) of square integrable functions. It is a nice application of the
Moyal identity

(W, o)W (W', ¢")) 2me2ny = (ﬁ)n (W) 2wy (lD) L2 (). (10.46)

Proposition 230. Let A X o with a € L?(R™ & R™). Then the Weyl operator A
is bounded on L?(R™) and we have the estimate

[ AY] L2gny < (525)" lall L2gen) 9] L2 @n) (10.47)

for all functions ¢ € L*(R™).

Proof. 1t is no restriction to assume that A\”L/} # 0. Assume first that a € S(R™ @
R™). Then, for every ¢, ¢ € S(R™) we have, in view of (10.8),

(AY|d)z= = / a(2)W (4, 6)(2)dx

R2n

and hence, using successively the Cauchy—Schwarz inequality and the Moyal iden-
tity (10.46),

[(Ap|¢) 2| < llallz2|W (9, 6)] 12
< (2)" lallcz el c2 )| ¢l o

Since A\w € S(R™) we may choose ¢ = A\w and the inequality above then becomes
1AY)172 < (g2g)" Nallzz 9]l 2l A¢ll o
Dividing both sides by ||Av|| 2 yields the estimate (10.47) in the considered case.

The general case follows in view of the density of S(R") in L?(R") and that of
S(R" ®R") in L*(R" & R"). O
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Recall that L4(R™ @ R™) (1 < g < o0) is the Banach space of all measurable
functions a : R" @ R™ — C such that

1/q
oy = ( [, laraz) <o

(these spaces will be studied in some detail in Chapter 17).
The result above extends to the case of LY spaces with 1 < ¢ < 2; we will
not prove this here and refer to Wong [163], Theorem 1.1:

Proposition 231. Let A X o with a € LYR"®R"), 1 < g < 2. The Weyl

operator A is bounded on L2(R™) and there ezists a constant C, only depending
on q such that

AP L2®n) < Cqllall Lagzn)l|¥]l L2 mn)
for all ¢ € L2(R™).
When 2 < ¢ < oo one can no longer expect L? boundedness; in fact one can
show that for each ¢ such that 2 < g < co there exists a symbol a € LI(R™ & R")

such that A & ¢ is not a bounded operator on L2(R") (for a proof of this result
we refer to Wong [163], Theorem 13.1).



Chapter 11

Coherent States and
Anti-Wick Quantization

The theory of coherent states plays an important role in various aspects of repre-
sentation theory, and of, course, in quantum mechanics from which it originates.
Historically, the notion of coherent state goes back to Schrédinger’s 1926 work [143]
on non-dispersing wavepackets for a harmonic oscillator. In 1932 von Neumann
[130] considered sets of coherent states associated with a division of phase space
into quantum cells. The modern theory was initiated by Glauber’s 1963 work [62]
in quantum optics (Glauber was awarded the 2005 Nobel Prize in Physics for his
contributions; we mention that there was a controversy about priorities involving
the physicist Sudarshan, also famous for his work on coherent states). The theory
of coherent states has since then been applied to a variety of problems in math-
ematics and mathematical physics, and has been extended in various directions,
for instance within the framework of anti-Wick (also called Toeplitz, or Berezin)
quantization (Berezin [13]) which we will study later in this chapter.

11.1 Coherent states

Much of the material of this section is inspired by Littlejohn’s seminal paper
[117]. We begin with an easy physical motivation of coherent states as “minimum
uncertainty wavepackets”.

11.1.1 A physical motivation
Consider the Hamiltonian function

1 1
H(z)= %pQ + imwQ:cQ

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 163
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of the harmonic oscillator in one dimension; the eigenvalues of the corresponding
Weyl operator

are the numbers (N + 1)hw (N = 0,1,2,...) and the associated eigenfunctions
are the rescaled Hermite functions

Yy (x) = \/%(%)1/4exp (—%ﬁ) Hy (30 %)

where the Hpy are the Hermite polynomials

dN
Hy (z) = (—1)Nex2dx—Ne‘”2.

Let us focus on the ground state 1)y; it is given by

mw mw

) = (7)o (). ()

This function has the following typical property: it is, to use physicists’ terminol-
ogy, a “minimum extension (or uncertainty) wavepacket”; by that we mean that
the statistical variances (Az)y, and (Ap)y, are such that (Ap)y, (Az)y, = 3h
(one says that the Heisenberg inequality is “saturated by 1g”).

Exercise 232. Show that (Az)y, = (h/2mw)'/? and (Ap)y, = (hmw/2)Y/2. [Hint:
use for instance formula (11.18) to calculate explicitly W)g(z) and then determine
the corresponding covariance matrix.]

For more on the physical properties of the coherent state 1., we refer to
Messiah’s classical (but still very modern) book [123].

11.1.2 Properties of coherent states

Let us introduce the following notation for z € R"; we write
@) = (&) e olel (11.2)

and
Yl (z) = T(z0)0 () (11.3)

where f(zo) is the Heisenberg—Weyl operator. When n = 1 the function { is just
the ground state (11.1) of the quantum harmonic oscillator when m =1, w = 1.

Definition 233. The function ¥} € S(R™) defined by (11.2) is called the standard
(or fiducial') coherent state. Let 29 = (0, po); the function ¢” € S(R™) defined
by (11.3) is called the coherent state centered at zp. (In the quantum mechanical
literature these states are often denoted |0) and |zp), respectively.)

n the sense of something taken as an origin or zero of reference — not in the legal sense!
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In physics one also sometimes calls ¥{ the “vacuum state”. In signal analysis
(particularly wavelet theory) one often uses the terminology “mother wavelet”.

We begin by proving that the set of all translations of the standard coher-
ent states span a dense subset of L?(R™). Our proof is elementary, and relies on
Plancherel’s formula; Grochenig [82] (Lemma 1.5.3) gives a related proof of this
property, which he then uses to derive Plancherel’s formula. More precisely:

Proposition 234. Let T'(zo) be the translation operator © — x + x9 on R™ and
define T (xo)Y(x) = ¥(x — x0). The linear spans of sets {T(xo)y : zo € R"} and
{wzho : 20 € R} are dense in the space L*(R™) of square integrable functions.

Proof. We will only prove the assertion for the set {T(x0)¢ : g € R™}; the case
of {yf : 2y € R"} is an immediate adaptation. Let 1) € L2(R™); since 1y, is even
we have
(0, T(zo)n) = (2)"(x — mo)da = 3 * " (x0).
R?L

Thus (1, T(z0)Yr) = 0 for all ¢ implies that ¢ * ¢" = 0, and hence FyFi" = 0,
that is Fyp = 0 since Fi" > 0. In view of Plancherel’s formula ||[Fv||p2 = ||¢] 2
and thus ¢ = 0 almost everywhere. It follows that there are no non-trivial vectors

which are orthogonal to the span of the set {wZ) : zo0 € R™} and hence the span of
{T(z0)¢ : 29 € R™} is dense in L?(R"). O

Note that in the proof above the fact that we were using the standard coherent
state was not essential: we could actually replace 1" with any function ¢ € L?(R™)
such that F'¢ never vanishes.

It follows from Proposition 234 that the space of functions spanned by the
{¢h 29 € R"} is also dense in the space L*(R"), since it contains the span. Let
us develop this property:

Proposition 235. The coherent states ngo have the following properties:

(i) They satisfy the generalized orthogonality relations

()" [ v @Gz = 3 - ) (114
R2n
(ii) For every ¢ € L?(R™) we have

2dzg (11.5)

912 = ()" [ 1018y
and

0(@) = (525)" [ ) aagenl (@) (116)
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Proof of (). We have

(W, 9%,) 12 = e%m%/ e FPOT () e 2w (@ 0)* gy

= (2mh)™? eznPo 0 B ()™ (- — x0)) (po)

hence, by Plancherel’s theorem,

/ (0, 0 ) 2Pz = (2h)" / 109" (() — 20)|Zadao
R2n Rn

=) [ ol ([ 160 - so)da ) do

= (2mh)" [¥]7-.

Proof of (ii). We have

vl @)k, (y)dzo = /R R @ — o)y (y — w0)dzo
= [ ([ b ) ohe - sy - anhi
= (2et)" [ 8la = )0t (a — )"y — w0)d

= )" ([ 1o = )P ) oo )
= (nh)" oz~ )

R27

which proves (11.4). Formula (11.6) follows since we have

P(x) = | o(z —y)P(y)dy

R™

- Lﬁ /]R”X]R2 ZU ?0( )w( )ddeO

" L (L e ) oh @z
= (Flh)n/R% (Y|Y2 ) 2@yl (z)d2o. 0

|)—‘

= (27r

=

Exercise 236. Restate formulas (11.5) and (11.6) in terms of the cross-ambiguity
and Wigner distributions.

The result above leads to interesting expressions in terms of coherent states
for the kernel and Weyl symbol of an operator:
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Proposition 237. Let A be a continuous linear operator S(R™) — S'(R") with
kernel K 3; we have

Kate.s) = ()" [ Aol @,z (117

and the Weyl symbol a Yoyl 7 is given by

a(z) = [ W(AY" ") (2)dz. (11.8)

KR
R2n
Proof. We have

A\wgo () = - K ;(, x')wgo («')da’

hence, using formula (11.4),

/ AL ()0, (y)dzo = /R . K 4 (x, 2 ) (2 )T (y)dar'dzg

= ©2mh)" | Kj(z,2")d(y — a')da’
RTL

— (2nh)" K 4(x,)

that is (11.7). Formula (11.8) for the symbol readily follows: using successively
(10.15) in Proposition 205 and (11.7) we have

a(z,p) = / e PV G (z + Ly, x — Ly)dy
~ ()" [ e ([ A+ PE G Tl dy
R R2n
B /]R?—,L W(IZ[ Z)’ wgo)(z)dzo

which concludes the proof. ]

In Section 8.4 we discussed the notion of frame. This notion can be generalized
to the continuous case, and this will allow us to interpret the results above. Let
us first give the following definition:

Definition 238. Let H be a complex Hilbert space and (M, u) a measure space
with positive measure p. A continuous (or generalized) frame in H is a family of
vectors (¢,).enm in H such that:

(i) For every v € H the mapping z — (¥|¢,)x is a measurable function on
(M, p);
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(ii) There exist constants a,b > 0 such that

al[pll3, < /M (Wl )nl?du(z) < bllwl3, (11.9)

for every vector ¢ € H.

When a = b (resp. a = b = 1) the family (¢.).cas is called a tight (resp.
normalized) continuous frame.

In what follows we choose H = L?(R"™) and M = R?"; y is the usual Lebesgue
measure.

Proposition 239. The family (Y7).cran is a continuous tight Gabor frame in
L2(R™) with bound (27h)".

Proof. We have by definition " = f(z)wg, hence
(WL L2 = rh)" A, ¢5)(2)

thus the mapping z —— (3[1)") 2 is continuous and hence measurable. In view of
formula (11.5) in Proposition 235 we have

(2nh)" (]2 = / (10" ) 2y P20

R2n
hence (1)7),cpen is a tight frame. O

Much of what we have said above is not specific to the choice 1" and remains
valid in a much more general setting. We refer to Peremolov’s paper [132] for a
generalization scheme useful for various physical problems that have dynamical
symmetries. From a more abstract point of view one can define a very general
notion of coherent states in Hilbert spaces as follows (see Kisil [108]):

Definition 240. Let H be a Hilbert space and G a Lie group with Haar measure u
acting on H. A family {1, € H : g € G} is called a system of coherent states if
(i) There is a representation T : g — T'g of the group G by unitary operators
on H;
(ii) There is a vector ¥y € H such that for ¢, = Ty1)y and every ¢ € H we have

1% = /G |l )Pl (11.10)

The coherent states we have been studying above correspond to the choices
H = L?>(R"), G = H, (the Heisenberg group); the representation T is of course
here the mapping (zg,t) — T'(z0,t) where

~

iy 1,2
T(z0, t)o(x) = enPom=20 P20y (3 — ta)

(see formula (8.4) in Chapter 8).
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11.2 Wigner transforms of Gaussians

In Chapter 6 (Proposition 106) we expressed Hardy’s multi-dimensional uncer-
tainty principle in terms of the topological notion of symplectic capacity studied
in Chapter 5. We are going to see that similar methods allow us to show that the
Wigner transform cannot be “too concentrated” in phase space; the result can be
expressed in terms of the symplectic capacity of the “Wigner ellipsoid”.

11.2.1 Some explicit formulas

Let us begin by giving a formula allowing us to calculate the Fourier transform
Fole) = ()" [ et v

of a complex Gaussian function:

1
Lemma 241. Let ¢pr(z) = e 3MT ywhere M = X +14Y is a symmetric complex
n X n matriz such that X = Re M > 0. We have

Fon(z) = (det M)~ 25,1 (x) (11.11)
where (det M)~/ is given by the formula

(det M)~1/2 = X\[H2 . 6212

m
the numbers )\II/Q, ceey )\;1/2 being the square roots with positive real parts of the
eigenvalues A\ ', ... A Y of M~

Proof. Tt is standard, generalizing from the case n = 1 and using a simultaneous
diagonalization of X and Y. See, e.g., Folland [59], Appendix A. O

From now on we denote by 9%, the Gaussian function defined by

1
Bw) = ()" (det X) /4 2R M (11.12)

where M is as above. The coefficient in front of the exponential is chosen so
that 9%, is normalized to unity: |[1)%,||z: = 1. Gaussians of this type are called
“squeezed coherent states”; they will be studied in detail in Chapter 11. Note that
since X > 0 we have ¢}, € S(R") and hence W%, € S(R™ @& R"). The following
result shows that W%, is in fact a phase space Gaussian of a very special type:

Proposition 242. Let M = X +iY and ¥, be defined as above.
(i) The Wigner transform W%, is the phase space Gaussian

n _1

Wil (2) = ()" e h6" (11.13)
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where G is the symmetric matriz

X+YXly vx!
G = < -1y el >; (11.14)
(ii) We have G € Sp(2n,R); in fact G = STS where
X1/? 0
S = (X—1/2Y X—1/2> (11.15)

s a symplectic matriz.

Proof of (i). Set C(X) = (ﬂh)_"/4 (det X)'/4. By definition of the Wigner trans-
form we have

n

Wl () = ()" C(X) / e~ tPve ) gy (11.16)

where the phase F' is defined by

F(z,y) = (X +iY)(@ + 59)° + (X —iY)(@ — 39)?
:2X:c~x+22‘Y:E~y+%Xy~y

and hence

Wi () = (z)" e A O(X)? / TR Yo XY gy
Using the Fourier transformation formula (11.11) above with x replaced by p+Yx
and M by %X we get

~1/2

/ e~ R PTY D) Yo Xyy gy (2mh)™/? [det(5X)]

2
x C(X)?exp[-2X '(p+Yz) - (p+Ya)].
On the other hand we have
(2nh)""? [det(32)] 7 C(X)” = ()"

and hence
Wil (2) = ()" e n¢*

where
G2 = (X +YX Nz w+2X o p+ X lpp,

Proof of (ii). The symmetry of G is obvious, and so is the factorization G = STS.
One immediately verifies that S7.JS = J hence S € Sp(2n,R) as claimed. O
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Exercise 243. Verify directly that W%, is normalized to unity by making the
change of variables v = Sz in the integral in formula (11.16).

In particular, when 9 is the “coherent state” defined by
Uh(@) = (F)" eIt (11.17)
we immediately get from (11.13) and (11.14) the formula

Wo(z) = ()" e H° (11.18)

mh

well known from quantum mechanics.

11.2.2 The cross-Wigner transform of a pair of Gaussians

Let us generalize formula (11.13) by calculating the cross-Wigner transform
W (%, 1ar) of a pair of Gaussians of the type above; we recall that the Wigner-
Moyal transform of ¥, ¢ € S(R™) is defined by

W o)) = ()" [ F e+ bole— Ty (11.19)

Proposition 244. Let ¢%, and %, be Gaussian functions of the type (11.12). We
have

W (W, 0 (2) = ()" Carare” 755 (11.20)

where C, v 18 a constant given by

Crar = (det X X')/4 det [L(M +37)) (11.21)

1
2
and F is the symmetric complex matriz given by

) < TP+ TF- M (M _M)(MJrW)‘l) . (11.22)

—i(M + M")~Y(M — M") 2(M + M)t
Proof. We have

W (i, V) (2) = C(X, X’)/ e~ 7 PYe~ 2 P(@ ) gy

n

where the functions C' and ® are given by

C(X, X') =27 (&)™ (det X X")1/4,
(z,y) = M(z+ 3y)* + M (z — 3y)*

Let us evaluate the integral

I(z)z/ e~ TP e R @) gy,
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‘We have
_ 1 _ _
®(w,y) = (M + M)2? + 2 (M + M)y* + (M — M)z -y
and hence

I(z) = e~ 3 (MFAa? / o~ P 5 (M=TT)aly = (MATT)? gy,

Using the Fourier transformation formula (11.11) we get

I(2) = (2rh)™2 det [L(M + 377~/

1
4

X exp (% [(MJrW):cQ +4(M+ M) (p— %(MW)Z)Q}) .

A straightforward calculation shows that
LM 4+ )2 + 4(M + )" (p— (M = W)a)* = Fz - 2
where F'is the matrix
( K —i(M—M)(M+W)—1)

—i(M +3) "N (M —3T) 2(M + )~ (11.23)

with left upper block
K=3[M+M - (M-M)M+M)"(M-DM).

Using the identity

MA+M —(M~M)M+M) (M ~M)=4MM+M)*M (11.24)
the matrix (11.23) is given by (11.22). We thus have, collecting the constants and
simplifying the obtained expression,

Wk, ) (2) = ()" (det XX') /4 det [L(M + T77)] /2 e 5P

which we set out to prove. ]

Exercise 245. Check the matrix identity (11.24) above and verify that when M =
M’ the matrix F' is identical to the matrix G in formula (11.14) for the Wigner
transform of a Gaussian.

11.3 Squeezed coherent states

We have seen that the usual coherent states are minimum extension wavepackets,
in the sense that the Heisenberg inequalities become equalities for these states.
However, this property is not characteristic of these coherent states.
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11.3.1 Definition and characterization

We define the squeezed coherent states in terms of their Wigner transform:

Definition 246. A function ¢» € S(R™) is called a (normalized) squeezed coherent
state if its Wigner transform is

n _Lo_
Wi(z) = ()" e wGGE=0)" (11.25)
where G € Sp(2n, R) is positive definite: G = GT > 0 and zy € R?".

Recall that o
Wg(2) = (F)" e #l (11.26)

mh

(formula (11.18) hence, with this terminology, 1{ is itself a squeezed coherent
state. Let %, be given by (11.12), that is

1
V() = ()" (det X)1/4e2m M (11.27)

with M = X+4Y, X and Y symmetric, X > 0. Using Proposition 242 and formula
(9.24) in Proposition 174, we see that every function of the type T'(20)¥%, satisfies
(11.25) with

X+YXly vx!
G = ( -1y y-1 ) ; (11.28)
moreover G = STS with
X1z 0
S = (X1/2Y X1/2) . (11.29)

We are going to see that every squeezed coherent state is of the type T(zo)wﬂ
and that it can be obtained from the standard coherent state 1{ using the affine
metaplectic group AMp(2n, R).

Proposition 247. A function 1 is a squeezed coherent state if and only if there
exists S € Mp(2n,R) and 2o € R?™ such that

¥ = T (20) Sl
where Y is the standard coherent state and ~y is real.

Proof. We first remark that the relation
W (€T (20)508)(2) = W (S¥) (2 — 20)

reduces the proof to case zg = 0. Let us thus show that if

Wie) = ()" e 50
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with G > 0 and symplectic, then v is equal to §1/)g (up to a complex factor

with modulus 1) for some metaplectic operator S. We may write G = S? where
S € Sp(2n,R) is symmetric (Corollary 33). Thus

1

Wip(s™2) = (F)" e B = Wuf(a).
In view of the metaplectic covariance formula (10.27) for Wigner transforms we
have Wi (S~12) = W(Sv)(z) where S € Mp(2n,R) is such that 7MP(S) = S it
follows that 1/ = €. We will see in a moment how to calculate explicitly Sy?,
but let us first note that an immediate consequence of the discussion above is that

the metaplectic group acts on squeezed coherent states. Let us introduce some
notation: 0

Notation 248. The set of all squeezed coherent states is denoted by %"(n); the
subset consisting of all centered squeezed coherent state is denoted by Lf(n).

It turns out that we have a continuous group action
Mp(2n,R) x T (n) — Zg(n),
(S, i) — Sty
In fact, every ¥, € $(n) can be written §M1bg for some Sy € Mp(2n,R) hence
Syl = (SSp )Yl is also a squeezed coherent state. The action of Mp(2n,R) on
Y8 (n) is transitive: for every pair (%, %%,) € Xk (n) x S (n) we have i, = Syh,,

with § = :5'\;41,§M if Yh, = §M¢{} and Y, = §M/1/){}. These elementary remarks
lead to an interesting topological identification of ¥{(n): we have

¥ (n) = Mp(2n,R)/U(2n, R). (11.30)

This is easily seen as follows: by the theory of homogeneous spaces there is a
bijection of ¥}(n) on every coset space Mp(2n,R)/St(1)) where

St(y) = {§ € Mp(2n,R) : §w =}

is the stabilizer (or isotropy subgroup) of 1. Let us choose in particular ¢ = ¢, the
standard coherent state. The stabilizer of 1{ consists of all metaplectic operators

S such that Syl = yfF, that is W(Syh) = Wil Since Wipli(z) = (xh) " e~ 52’
(formula (11.26) and W (Sv{)(2) = W (8)(S~12) the condition W (Syl) = Wl
is equivalent to [S™1z|? = |z|? hence S must be a symplectic rotation, i.e.,

S € Sp(2n,R) N O(2n,R) = U(2n,R)
whence the identification (11.30).
Problem 249. Show that there is a natural action
AMp(2n,R) x ¥"(n) — B"(n),
(ST(2), 6%, 3y) — ST()h, s

and generalize the discussion above to this case.
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11.3.2 Explicit action of Mp(2n,R) on squeezed states

Recall that the affine metaplectic group AMp(2n,R) consists of all operators
T(20)S (or ST(z0)) where S € Mp(2n,R) and zy € R?".We will need the fol-
lowing factorization formula for symplectic matrices (it is a refinement of the po-
lar decomposition result in Proposition 34). It is sometimes called a pre-Iwasawa
factorization in the theory of Lie groups.

A
Cc D

s=(3 O 2 (% ) -

where P = PT, L =L" (det L #0), X, and Y are given by the formulas

Proposition 250. Let S = < ) be a symplectic matrix. We have a unique

factorization

P = (CAT + DBT)(AAT + BBT)! (11.32)
L = (AAT + BBT)'/? (11.33)
U= (AAT + BBT)71/24 (11.34)
V = (AAT + BBT)"1/2B. (11.35)

The proof of this proposition is given in detail in de Gosson [67], Chapter 2,
§2.2.2. Note that we have

R= (_UV Z) e U(2n,R)

and hence RRT = RTR = I because R is a symplectic rotation (see Subsection
2.3.2).

A
¢ D

s=(5 2)(% ) (120

where @ is given by the formula

Exercise 251. Show that every symplectic matrix S = ( ) can be written in

the form

Q = (CAT + DBT)(AAT + BBT)~1/2, (11.37)
Recall from Proposition 242 that the Wigner transform of a Gaussian

n _ 1
Ph(x) = ()" (det X)V/4e 2R M

is given by the formula

n _1

Wl (z) = ()" e n6 (11.38)



176 Chapter 11. Coherent States and Anti-Wick Quantization

where G = ST'S is symplectic matrix, the matrix S being given by

x1/2 0
S - <X_1/2Y X_1/2) 5 (1139)

that is

—1 —1
G(X—i—YX Y YX > (11.40)

Xty X!

The following result is an easy consequence of the formulas above:

Proposition 252. Let S e Mp(2n,R) have projection S = (é g) on Sp(2n,R).
We have

- , 1
Sl (x) = e (%)nﬂl (det X)l/‘le_ﬁM’”2 (11.41)

where the phase v is a real constant and M = X 4+ 1Y where X and Y are real
symmetric matrices given by

X = (AAT + BB")!, (11.42)
Y = (CAT + DBT)(AAT + BBT)~ L. (11.43)

Proof. We have W (Syl)(z) = W ()(S~'2) and hence, using formula (11.26),

~ n _Llig-1 -1
W(Su§)(2) = ()" e m T (11.44)
Using formula (2.6) for the inverse of a symplectic matrix we have

(51751 = ccT + ppT —pBT — CAT
—BDT — ACT  AAT 4+ BBT

and hence, comparing with (11.40),
X+YX'y=cC"+DD" | YX ' =-DBT - CA”,
X'y =-BDT —ACT |, X' = AAT + BBT.
Solving this system of matrix equations yields the solutions (11.42) and (11.43).

That Stfi(x) is given by (11.41) follows from the fact that the Wigner transform of

. 1
Ulir(e) = € ()" (det X)H e 281

is given by (11.38). O

One can use formula (11.44) to describe the action of § € Mp(2n,R) on
general squeezed coherent states. However the formulas and calculations are rather
lengthy, and in addition it is not immediate that the exact phase factor here is
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another method, which has a pleasant geometrical flavor. Let us denote by X, the
Siegel half-space, that is

Yo={2Z2:2=27"Tm M > 0}
where Z denotes a complex n x n matrix. We have the following interesting result
which describes the action of fractional linear transforms on the Siegel half-space:

Proposition 253. Let S € Sp(2n,R) be given by (2.3) and Z € ¥,,. Then det(A +
BZ)#0, det(C +DZ) #0 and

a(S)=(C+DZ)A+BzZ)tex, (11.45)
(in particular a(S) is symmetric), and
a(8S") = a(S)a(S"). (11.46)
The action Sp(2n,R) x ¥,, — %, thus defined is transitive.
(Proof omitted; see Folland [59] or Littlejohn [117].)
Let S € Mp(2n,R) have projection S = WMP(S\) = <é g) on Sp(2n,R);
one then proves that
n/4 (&
Sy (x) = (%) / \/%exp [—%Q(S)xﬂ

where the branch cut of the square root of det(A + iB) is taken to lie just under
the positive real axis; m(S) is the Maslov index of S. It follows from this formula
that a squeezed state of the type Sz/;?o (x) is easily calculated: since by definition

ho= T(z0)f, the metaplectic covariance formula ST(z0)S™! = T(Sz) (see
(8.11)) immediately yields

Syl (x) = T(S20) Syl (x).

The results above can be generalized to arbitrary squeezed coherent states:
Let 1/)207M (M € %,), be a squeezed coherent state and S € Mp(2n,R),

S = 7MP(5). We have

Svf = RSM SYl o Zf(SZOWZ(S)M-

11.4 Anti-Wick quantization

There are several equivalent ways of defining anti-Wick pseudo-differential opera-
tors (also called Toeplitz, or Berezin, operators). In this section we review several
possibilities.
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11.4.1 Definition in terms of coherent states

We recall that 9 is the standard coherent state defined by

W) = (&) el (11.47)
We denote by ﬁ\g the orthogonal projection operator of L2(R™) onto the ray { Ay} :
A € C}, that is
5y = (V|95 L2 @ny 90 - (11.48)
The Weyl symbol 7y of I/I\g is (27h)"™ times the Wigner transform of {; in view of
formula (11.18) we have ng( ) = (wh)~"e~ 12"/ and hence mo(z) = 2me~I2I°/%.
Consider now the operator Hﬁ( o) with Weyl symbol the translated Gaussian

72 (2) = T(20)m0(2) = 2"~ #1220l (11.49)

in view of Proposition 219 we have

I (z0) = T(z0) 1T (z0)
where T'(z) is the Heisenberg—Weyl operator. In particular we see that ﬁ%(zo) is
tAhe orthogonal projection in L?*(R") onto the ray {A¢" : X\ € C} where ¢! =
T(20)h (see formula (11.50) below).

The following lemma contains a few useful formulas which we will use to
study anti-Wick operators;

Lemma 254. We have, for every 1 € L*(R™),

TR (20) = (Y10 ) aam ¥l (11.50)
In particular
(T (20)8] ) L2 amy = (I)) 2 ) (W1 [6) 2 (11.51)
We moreover have the identities
I (20) = (2mh)" A(%, 6} (20)", (11.52)
and hence
(17 (20)91) 2 (@) = (2h)2" A1), 1) (20) AW, 6) (z0). (11.53)

Proof. Let ¢ € L?(R"); we have
T (20)9) = T (20) T (T(20) "))
= (T(20) ") L2 T (20)000
= (Y|T (20)98) 12T (2008
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(the last equality because T(z9)~* = T'(20)*) hence I/I\"l(zo) is indeed the orthogonal
projection on {A¢” : A € C}. Formula (11.51) immediately follows from (11.50).
Formula (11.50) can be rewritten

T (20)4 = ([T (20)008) p2amy U7,

and hence, by Definition (9.1) of the cross-ambiguity function,

I/I?I(Zo)’lﬂ = (27Th)nA(w7 w(}})(zo)wgo

which is precisely formula (11.52). Formula (11.53) follows by a similar argument,
rewriting formula (11.51) as

(I (20)9)|) 2y = (1T (20)6) 12 (T (20) 1) 2. O
These considerations lead to the following definition:

Definition 255. Let a € S(R"); the anti-Wick operator Aw with symbol a is
defined by

Aowty = [ alzo)IP(z0)tbdzo (11.54)
RQW,
or, equivalently, by
Aawt) = (27rh)”/ a(z0) A(, ) (20)¥" dzo. (11.55)
R2n

. .~ AW AW >
We will write A,we— a or ac——A,w.

The equivalence of Definitions (11.54) and (11.55) of A\aw is immediate taking
formula (11.52) in Lemma 254 into account.

We note that if 1 € S(R™) then the function zg —— I1"(20)y is in S(R?"),
hence one can expect the definition of A\aww for large classes of symbols. We will
see later that Shubin classes are excellent choices, but the following remark is
already very useful:

Proposition 256. The anti- Wick operator A\aw is uniquely defined by the formula

(Aawd)|@) L2 (mn) = (270)*" (@AW, U5) | A(S,¥VF)) L2 (R2n ). (11.56)
Proof. We have (cf. formula (11.53))

(Aawtl)ie = ety [ alzo) A, 6) )02, )220
— (2nh)" /]R a(z0) A, ) (20) GIVE, ) 2 o

= ™ [ a(a) A, v o) A ) e,

hence (11.56). O
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Immediate — and very pleasant — features of anti-Wick operators are the
following self-adjointness and positivity properties:

Proposition 257. Let a be a symbol defining an anti- Wick operator /Taw.
(i) If a is real then A is self-adjoint.

(i) If in addition a > 0 then Aaw > 0, that s (A\awwlw)L2(Rn) > 0 for all
Y € L2(R™).

Proof of (i). We have

(Aaw|é)zz = / alz0) (T (20)0416) o 2o

R2n

and, by the sesquilinearity of the L? inner product,

7 (2 (ITh

(1 A2y ) 12 = / 7 (z0) (I (20) 1) L2 0.

R2n

(a* is the symbol of A%y ). In view of formula (11.51), (11.50) we have

(I (20) )= = (I (20)26]6) .2
hence (Aawt|¢) 2 = (1/)|/T;W¢))Lz when a is a real function.

Proof of (il). We have

(Aawt|)z2 = / a(20) (T (20 ) |) 2 d2o;

R27

in view of (11.50) we have

(T (20) ¥4 2 = ([)22 > 0

hence (anwh/)),;z >0ifa>0. O

11.4.2 The Weyl symbol of an anti-Wick operator

Every anti-Wick operator S(R") — S’(R™) can be viewed as a Weyl operator. We

are going to determine the Weyl symbol of A,w, but let us first recall (Proposition
200) that if A YY) 4 then we have

(Abl) ey = [ ala)W(6,0)()dz (11.57)

R2n

for all ¢ and ¢ in S(R™).
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Proposition 258. The Weyl symbol a* of the anti-Wick operator A\aW AWV, o s
given by the convolution formula

a®(z) = / e*%‘%zo‘?a(zo)dzo. (11.58)
R2n
Proof. We have, by Definition (11.54),

(Aawilé)s = [ alao) ([ (z0)010) 1220
R n
that is, taking formulas (11.57) and (11.49) into account:
(Aawt)|¢) 2 = 2”/

R

=" /Rzn (/Rzn a(zo)e_%lz_z‘fdzo) W (1, ¢)(z)dz

hence (11.58), using again (11.57). O

0 470 < /R () qs)(z)dz) dzo

We notice that in view of formula (11.58) the Weyl symbol of an anti-Wick
operator is real analytic: expanding the exponential in a Taylor series we obtain
a power series for a"(z). This fact shows that not every Weyl operator can be
written as an anti-Wick operator. In [28] (Theorem 5.1) Cordero and Nicola have
shown that one can build an exact Weyl/anti-Wick correspondence for all Weyl
operators whose symbol is real analytic on R?™ and satisfies a certain condition
which is expressed in terms of a certain modulation space. In the general case one
can prove the following result:

Proposition 259. Let A Y 4 be such that the symbol a satisfies the following

conditions: a € C®(R"™ @ R"™) and for every a € N?" there erists a constant
Cy > 0 with
|0%a(2)] < Cqy (z)m_p‘al for z € R?" (11.59)

where (z) = (1 + |2|2)Y/2. Then there exists an anti-Wick operator Baw FALAY
where b € C®(R™ @ R™) also satisfies the estimates (11.59) and such that the
kernel K of A — Baw is in S(R™ x R™).

We omit the proof of this result here, and refer to Shubin [147] (Theorem
24.2). The conditions (11.59) on the symbol characterize the Shubin class '} (R" @
R™) which will be studied in Chapter 14).

11.4.3 Some regularity results

We are going to show that anti-Wick operators are continuous in S(R™) (and hence
in §&'(R™)) if one makes a rather mild assumption of polynomial increase on its
symbol (cf. Proposition 259).



182 Chapter 11. Coherent States and Anti-Wick Quantization

Proposition 260. Assume that a satisfies the conditions (11.59) in Proposition 259.

Then Aaw s a is a continuous map S(R™) — S(R™) and hence extends into a
continuous map S'(R") — S’ (R™).

Proof. In view of formula (11.58) for the Weyl symbol a® of A,w we have
a’(z) = / e_%‘z"‘Qa(z — 20)dzo
R2n
and hence, for every multi-index o € N7,
2%05a" (z) = / e*%‘zovzaa?a(z — 29)dzo
R2n
so that

|z20%" ()| < C" /}R2 e w2l (o — )Mt A=Rlel g < o

for some constant C" > 0. It follows that a® € S(R™) hence the result in view of
Proposition 195. O

Exercise 261. Prove the result above using directly Definition (11.54) of an anti-
Wick operator.

The following operator estimate for the anti-Wick correspondence is very
interesting:

Proposition 262. Let A\aw<A—W> a and

~ A
Al = sup 1Al (11.60)
ves@mwzo  |1Yll
be the operator norm of /Taw. We have
1 Aaw | < sup fa(2)]- (11.61)

zER2n

Proof. We will prove the estimate (11.61) when a is a real-valued symbol; for the
general case we refer to Shubin [147] (Problem 24.4, p. 191). Since a is real the
operator A\aw is self-adjoint in view of Proposition 257(i). Let A > 0; the inequality
||A\%w|| < M is equivalent when A is self-adjoint to M —Auw > 0 and M+ A,y > 0.
These relations obviously hold for A = sup,cpen |a(2)|, hence (11.61). O

Exercise 263. Apply the proof above to Rea and Ima to show that ||Auw| <
25up, cpen |a(z)].
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Corollary 264. Let the symbol a satisfy the estimates (11.59) with m = 0.
Thus |0%a(z)] < Cq (z)fpla‘ for every multi-index o. The anti- Wick operator
A &, 4 is then bounded on L? (R™).

Proof. The estimates satisfied by the symbol a imply in particular that it is
bounded, and hence

A
sup [Aaw ]| < 00
pes@my ¥l
By continuity we also have
Ay
Al
verz®n) 1Y
hence A\aw is bounded on L2(R™). O

One also proves the following regularity results for anti-Wick operators with
symbols in L? spaces:

Proposition 265. Let a € LY(R™ & R™). Then:

(i) The operator Aew ™, o is bounded on L?(R™);
(i) If 1 < q <2 The anti-Wick operator Auw : L2(R™) — L2(R™) is compact.

Proof. See Boggiatto and Cordero [15] for a detailed argument. O



Chapter 12

Hilbert—Schmidt and
Trace Class Operators

In this chapter we pause to make an excursion to the well-established theory
of Hilbert—Schmidt and trace class operators. These are venerable topics from
functional analysis; besides their intrinsic interest in mathematics, they are of
paramount importance for studying the notion of mixed state in quantum me-
chanics, as we will see in the next chapter.

We give here a rather succinct treatment of the topic. For details and proofs
we refer to Reed and Simon [136], Simon [149], Shubin [147] (Appendix 3), Hor-
mander [102], §19.1; we are following de Gosson [67] with some additions, modifi-
cations and improvements.

12.1 Hilbert—Schmidt operators

In what follows H is a separable Hilbert space with scalar product (-|-;)» and
associated norm || - ||%. We denote by L£(H) the Banach algebra of all bounded
operators on H.

We recall the elementary equality

> (ulej)n(vle;)n = (ulv), (12.1)

J
valid for all u,v € H and all orthonormal bases (e;); of H. When u = v it is called
the Bessel equality.
12.1.1 Definition and general properties

Hilbert—Schmidt operators are defined by an integrability condition with respect
to an orthonormal basis:

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 185
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Definition 266. An operator A € £(H) is called a Hilbert-Schmidt operator (for
short: A is Hilbert—Schmidt) if there exists an orthonormal basis (e;); of H such
that

> 1(AejlAes)r = || AejF, < oc. (12.2)
j j

We denote by L£2(H) the set of all Hilbert—Schmidt operators on H.

If the condition (12.2) holds for one orthonormal basis then it holds for all,

and the sum ) || Ae; 12, does moreover not depend on the choice of basis. Let us
prove this essentlal property Let in fact (f;); be an arbitrary orthonormal basis,

and write Ae] = Zk(Aej|f])ka. Then, using (12.1) with u =v = Aej,
Z ||A€J||H = Z| A€J|f] Jnl* = Z| e]|A*f] )nl?

that is, again by (12.1), with this time u =v = E*fj,

Z 1 4e; 13, = ZI A fjlesnl* = Z 1A* fill3 < oo.

Taking (f;); = (ej); we have >, ||A*ek||H < 00 hence the adjoint is also Hilbert—

Schmidt; we may thus replace A by A* in the inequality above, which yields
Zk ||Afk||H < oo as claimed. Notice that we have at the same time proved that

Ae L(H) is Hilbert—Schmidt if and only if A* is.

Proposition 267. We have:

(i) The set Lo2(H) is a vector subspace of L(H) and the function || - |lgs > 0
defined by the formula

1AlRs =D llAeil3, (12.3)

18 a norm on that subspace;
(ii) Lo(H) is a two-sided *-ideal in L(H): if A € Lo(H) and B € L(H) then
AB € Lo(H) and BA € L3(H) and we have A* € Lo(H).

Proof of (i). If A and B are Hilbert-Schmidt operators then A s trivially a
Hilbert—Schmidt operator and ||AA|us = |A|||A|lus for every A € C; on the other
hand

DA+ BellF < D 1 Aesllz + Y I BeyllF, < oo
j i j
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for every orthonormal basis (e;); hence A+ B is also a Hilbert-Schmidt operator
and we have
1A+ Bllfis < | Allfis + 1B

hence also
A+ Bllus < [[Allus + || Bllns-

Finally, ||A\||Hs = 0 is equivalent to A\ej = 0 for every index j, that is to A = 0.

Proof of (ii). Let us show that BA € £5(H). We have, denoting by ||B|| the oper-
ator norm of B,

IBAIfs = D I1BAelIZ, < I1B] | D I14e 3, | < oo.
i i

IN

Applying the same argument to AB = (B*A*)* shows that AB € Ly(H) as
well. g

The norm || - ||4g is called the “Hilbert-Schmidt norm”. The space L£2(H) is
complete for that norm, and hence a Banach space (it is actually even a Hilbert
space when equipped with a scalar product that we will define later).

We note the following useful inequality: if A € L2(H) then the operator norm
of A satisfies

[All = sup [JAull3 < [|A]ns. (12.4)
llull#<1
To prove this inequality, it suffices to note that if (e;); is an orthonormal basis
and u =) (ulej)we; then Au =3, (ule;)nAe; and hence

1Aullze <Y I(ule;)nl - |1 Aejl2e.
j

Using the Cauchy—Schwarz inequality for sums we thus have

1Aul3, < D [Cules)nl® D I1Ae; 13 = llull3ll Allns

J J

hence (12.4) taking the supremum for |lu|x < 1.
Simple examples of Hilbert—Schmidt operators are provided by the operators
of finite rank; in fact:

Problem 268. Let A be a_bounded operator on the Hilbert space H. Prove the
following properties: (i) If A is of finite rank, then it is a Hilbert—Schmidt operator;
(ii) Every Hilbert—Schmidt operator is the limit of a sequence of compact operators
in £(H); (iii) Hilbert—-Schmidt operators are compact operators.
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12.1.2 Hilbert—Schmidt operators on L?(R™)

The following very important result characterizes all Hilbert—Schmidt operators
on L?(R"), and is sometimes taken as their definition. Since by Hilbert—Schmidt
these operators are compact (Problem 268 above), that characterization also gives,
as a by-product, a sufficient (but of course not necessary) condition for an operator
on L?(R™) to be compact.

Theorem 269. An operator A on L2(R") is a Hilbert-Schmidt operator if and only
it has a kernel K ; € L*(R™ x R™), and we have the norm equality

[Allas = 1K 51l L2 rn xrr)- (12.5)

Proof. Let A be a Hilbert-Schmidt operator on L?(R™) and choose an orthonormal
basis (e;); in L*(R™). The family (e; ® e;); ; of tensor products is an orthonormal
basis in L?(R"™ x R™). Let us now define

K(z,y) =Y (Aeilej)r2ej(x) @ es(y).

2%

We have
L K@y Pdudy < 3 |(Aeley) oo Plles 0l

2,7
= " |(Aeiles) 2,
i

hence K € L2(R™ x R") using the fact that A is Hilbert-Schmidt. Since ¢ =
>_i(Ylei)r2e; and Ae; = 3 (Aejlej)r2¢e; we have

21/1(93) = Z(¢|€z‘)L2fA1€i(x)

= > (Wlen)r2(Aejles) pe; ();

4,9

since on the other hand

K(z,y)v(y)dy =Y _(Aeile;) 2 (1]ei)e; (@),

R ij

by definition of K it follows that we have

Ap(r) = - K(z,y)¥(y)dy (12.6)
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and hence K is the kernel of the operator A. The equality (12.5) now follows from

the identity (12.1). Assume conversely that the kernel of Ae L(H) belongs to
L?(R™ x R™). We can then find numbers ¢;; such that D |cij|* < oo and

Z cije;(r) @ ei(y).

Define now the operator A by the equality (12.6); we have

0) = Y eea) [ @)y
= Zcz‘j (¢lei)r2€;(x)

and hence, since the basis (e;); is orthonormal,

Aek = E cijexlei)2e; = E Ckj€;

,J

so that

Al =D [ Aerll3s = fexs|* < 0
k ik

and A is thus Hilbert-Schmidt. O

12.2 Trace class operators

We begin by recalling some results from elementary functional analysis (see for
instance Reed and Simon [136], §6.4). Let H be a complex Hilbert space, and

Ac L(H) be a positive operator: (Au|u)H > 0 for all u € H. We will write A > 0.
A positive operator on_a complex Hilbert space is always self-adjoint: A= A*
There exists a unique B € L(H) such that B>0and B2=A (1n particular B is
also self-adjoint). We will write B = VA or B = AY/? and call B the square root
of A.

12.2.1 The trace of a positive operator

Positive trace class operators have two main advantages: they are easy to study,
and they can be used to define trace class operators in the general case. In addition,
they are the only ones we will really need when we study the density operator in
the next chapter.
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Proposition 270. Let Ae L(H) be such that A > 0. Assume that there exists an
orthonormal basis (e;); of H such that ) (Aejlej)n < oo. Then 3 (Afjlfi)n <
oo for every orthonormal basis (f;); of H. More precisely, we have the equality

> (Aejles)r =D (Afi1fi)n

J J
valid for all operators A > 0, whether of trace class or not.

Proof. Let (f;); be an arbitrary orthonormal basis of H and set

T = (Afilfin = (AV2f;| A2 f;)y.
- ,

J

We are going to show that T = Zj(;{e‘”ej)'}—{; this will prove the proposition.
Taking u = v = AY/2f; in (12.1) we have

(A2 F| A2 )0 = DAY filen)nl?
k

and hence using the fact that AL/? ig symmetric:

T=Y (Z |(gl/2fj|ek)71|2> = [ DA ek f)n
7 \x J

k

(interchanging summation signs is allowed because all the terms are positive).
Using again (12.1) we have

> (A e | f)m]? = (A 2er| A ep)py = (Aerler)n
J

and hence T' = Zk(A\ek|€k)H which we set out to prove. O
This result motivates the following definition:
Definition 271. The trace of a positive operator A € £(H) is

TrA= Z(Zej|ej)H (12.7)

where (e;); is an arbitrary orthonormal basis of H. If Tr A < oo one says that A
is a trace class operator.

Clearly Tr A > 0 (because (A\ej|ej)71 > 0 for every j since A > 0).

Every positive trace class operator is the square of a Hilbert—-Schmidt operator:
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Proposition 272. Let Ae L(H), A > 0, be of trace class. The square root B = \/i
is a Hilbert-Schmidt operator on H. Hence every positive trace class operator is
the square of a Hilbert—Schmidt operator.

Proof. Since A = B2 is of trace class we have

> (Bej|Bej)n = (B?ejles)n < o

J J
for every orthonormal basis (e;); of H, hence B is a Hilbert-Schmidt operator. [

An interesting property of positive trace class operators is their invariance
under conjugation with unitary operators:

Proposition 273. Let A be a positive trace class operator on 'H and U a unitary
operator on H. Then U*AU is also a positive trace class operator and we have

Te(U*AU) = Tr(A). (12.8)

Proof. 1t is clear that Q*%TZA] is a positive operator. The operator A is of trace
class if and only if ) (Aejle;)# < oo for one (and hence every) orthonormal basis
(e;); of H. Since (U*AUe;le; ) = (AUe;|Ue; )3 and (Ue;); also is an orthonormal
basis of H, it follows that U* AU is of trace class; formula (12.8) follows from the
basis independence of formula (12.7): we have

To(U*AU) =Y (U*AUejlej)n = Y (AUe;|Ue;)y = Tr(A)

J J
because (Ue,); is an orthonormal basis since U is unitary. O

Trace class operators are compact: this will be established in Proposition
280; it is already clear that this is the case for positive trace class operators using
Proposition 272 above since Hilbert—Schmidt operators are compact (Problem
268) and the product of two compact operators also is compact. We may thus
apply the spectral theory of compact operators to them. Recall the following basic
result from functional analysis obtained by amalgamating the Riesz—Schauder and
Hilbert—Schmidt theorems:

Theorem 274. Let A be a compact self-adjoint operator on H. Then

(i) The spectrum O'(A\) s discrete and has no limit point ewcept perhaps zero;
every non-zero element \; of 0(A) = {\; : j € I} is an eigenvalue with finite
multiplicity;

(ii) Ordering the A;, j € I so that |\;| > |Aj41| we have limj oo Aj = 0 if J is
infinite;

(i) There exists a system of orthonormal eigenvectors (e;);cy such that Ae; =

Aje; and the system (e;) ey s an orthonormal basis of the closure ImAC H:
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(iv) For every u € H we have

u=v+Y (ulej) . Au="Y (Aule;) (12.9)

Jj€J jel
with v € ker A.

For a proof see, e.g., Dieudonné [35], §11.5; beware of the too concise and
therefore somewhat misleading statement in Reed and Simon, Theorem VI.16.
Applying this result to positive trace class operators gives a complete char-
acterization of these operators in terms of orthogonal projections. We begin by
remarking that Theorem 274 above implies that, if we denote by H; the eigenspace
corresponding to the eigenvalue A; > 0, then dim H; < oo and for j # k the spaces
H; and Hy, are orthogonal. The first formula (12.9) implies that H splits into the
Hilbert sum N
H=KerA® (Hi ®DH2 D). (12.10)

Proposition 275. Let A be a positive self-adjoint operator A of trace class on a
Hilbert space H; let A1 > Ao --- be the sequence of eigenvalues of A and H1, H
2, ... the corresponding eigenspaces.

(i) We have the spectral decomposition formula

A=) "\P (12.11)
J

where P; is the orthogonal projection H — H;;

(ii) The trace of A is given by the formula

Tr(A) =) \; dim H;; (12.12)

J

(i) Conversely, every operator of the type (12.11) with \; > 0 and P; being an
orthogonal projection operator on a finite-dimensional space is of trace class
if we have }_,; \; dimH; < oco.

Proof of (i). Choose an orthonormal basis (e;;); in each eigenspace H; and com-
plete the union U; (e;; ); of these bases into a full orthonormal basis of H by selecting

orthonormal vectors (f;); in Ker A such that (fiseju)n = 0 for all j,k. Let u be
an arbitrary element of H and write

Au = Z(gu|fi)71fi + Z(A\U|ei]‘)’)—[€i]‘.

i 4,9

Since A is self-adjoint we have (Au, fi)» = (u, Af;)» = 0 and

(A\U|€ij)'H = (U|A\eij)7-l = \j(uleij)n-
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It follows that we have
Au = Z Aj <Z(u|€ij)'}—{eij> .
j i
The operator P; defined by
Pu =Y (uleij)nes;
i
is the orthogonal projection on H; hence (12.11).
Proof of (ii). By definition of the trace of a positive operator we have
Tr(A) = Z(gfﬂfi)ﬁ + Z(geij|eij)H;

A %7

since (A\f“ fi)x =0 and (A\eij, eij)n = A; for every index ¢ this reduces to

Tr(A\) = Z Aj (eij|eij)71 = Z Aj <Z(€ij|€i]‘)’)—(> (12.13)

hence (12.12) since the sum indexed by 4 is equal to the dimension of the eigen-
space H;.

Proof of (iii). Any operator A that can be written in the form (12.11) is self-
adjoint because orthogonal projections are self-adjoint operators; moreover the
operator A is positive and the condition > j A;dimH; < oo is precisely equivalent

to A being of trace class in view of the second equality (12.13). g

12.2.2 General trace class operators

In many texts one defines trace class operators on H as operators Ae L(H) such
that [A| = (A*A)!/2 is of trace class in the sense of the last subsection. In other
texts they are defined as products of two Hilbert—Schmidt operators. We give a
third definition, which is more in the same spirit as our definition of Hilbert—
Schmidt operators. All these definitions are equivalent.

Definition 276. An operator A € L(H) is said to be of trace class if there exist
two orthonormal bases (e;); and (f;); of H such that
S [(Aeil )] < oc. (12.14)
g

The set of all trace class operators on H is denoted by Lo(H).
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Obviously A is of trace class if and only if its adjoint A* is of trace class: we
have
Z| A eilfi)nl = Z| 61|Af] H| = Zl Af]|el

and >, |[(A%e;| fj)n| < oo if and only if 37, . [(Afjlei)n| < oo

Definition (12.15) coincides with Definition (12.7) when A > 0 since in this
case A = |A|.

We are going to prove that if the condition (12.14) characterizing trace class
operators holds for one pair of orthonormal basis, then it holds for all. This prop-
erty will allow us to prove that £2(?) is indeed a vector space, and to define the
trace of an element of £o(H) by the formula

TrA=> (Aeile:)n. (12.15)

Proposition 277. Suppose that Ae L2(H). The following properties hold:
(i) We have
> I(Aeilfi)ml < oo (12.16)
4,9
for all orthonormal bases (e;)i, (f;); of H with the same index set;
(i1) If (ei); and (fi); are two orthonormal bases then

> (Aeiled)r =Y (Afilfi)n (12.17)
and both series are absolutely convergent.

(ili) The set L2(H) of all trace class operators is a vector space.

Proof of (i). Writing Fourier expansions
;= (eilej)ne; o fi="Y (Filfu)rtn
J k

we have

(AeilfDr =D _(ellen)r (Filfr)r(Aes| fi)r (12.18)

Jrk

and hence, by the triangle inequality,

ZI (Acilfnl <D | D ICefleq)wl [(fil fidnl | 1(Aesl finl). (12.19)

.k ¥4
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In view of the trivial inequality ab < 3(a? + b?) we have

D el 1(f2l fr)ml < QZ| Hei)ml® + 5 Y1l fr)rl,
14

(N4

i.e., since 37, |(eflej)n|? = llejllF, = 1 and 35, |(filfi)w|* = | full3 =
YOI Aeil fond <D 1(Aeg| finl) < oo
i, ik

which proves (12.16).

Proof of (ii). Assume now that e; = f; and e, = f/ for all indices ¢. In view of
(12.18) we have

(Aejlen)r =Y (ellej)n(ellen)n(Aejlen)n
7,k

and hence

>_(Aeflei)n Z(Z eilej)nleller)n ><2ej|ek>n>.

J.k i

In view of (12.1)
> (eilej)nlellex)n = (ejlen)r = djn

which establishes (12.17); that the series is absolutely convergent follows from
(12.16) with the choice e; = f; for all indices 1.

Proof of (iii). It is clear that AA € Lo(H) if A € C and A € Ly(H). Let A, B €
L2(H); then

D (A4 Bleileiyn = > _(Aeilei)n + Z(§€i|€z‘)H

7 %

and each sum on the right-hand side is absolutely convergent, implying that A+
Be L, (H) O

Exercise 278. Show that

Tr(A*) = Tr(A) (12.20)
(hence Tr(A) is real when A is self-adjoint).

Trace-class operators do not only form a vector space, they also form a
normed algebra:
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Proposition 279. Let A € £1(H) and B € L(H).
(i) We have AB € L1(H) and BA € £,(H), hence £1(H) is a two-sided ideal
in L(H); we have Tr(AB) = Tr(BA).
(ii) The formula || Al 1 = (Tr(A*A))Y/2 defines a norm on the algebra Lo(H) of

Hilbert-Schmidl operators on 'H; that norm is associated to the scalar product
(A|B) 1 = Tr(A*B).

Proof of (i). Let (e;); and (f;); be orthonormal bases of H. Writing (ABe;|fi)» =
(Bei|A* f;)# formula (12.1) with uw = Be; and v = A* f; yields

(ABeifi)r = Y (Beilej)n(A* filej)r (12.21)
J
and hence, observing that |(§ei|ej)H| < ||Beilln < ||B],
(ABeilfi)nl < |(Beiles)nl - (A" files)wl < 1BIFY [(A” filej)nl.
J J
It follows that
Z| ABejlei)| < 1B Y 1(A* filej)n] < oo

1)

since A* is of trace class;it follows that AB € £1(H). The property BA € £1(H)
follows by writing BA = (A*B*)*. Formula (12.21) implies that

> (ABeilei)n = Y _(BAeiles)r, (12.22)

that is Tr(AB) = Tr(BA).
Proof of (ii). Since A*A is self-adjoint its trace is real so (Tr Tr(A*A)Y2 is well
defined. If ||A||Tr = 0 then (Ael|eJ)H = 0 for all i hence A = 0. The relation

M| = A || Az _being obvious there only remains to show that the triangle
inequality holds. If A, B € L:(H) then

1A+ B3, = Te((A" + B")(A+ B))

= Tr(A*A) 4+ Tr(B*B) + Tr(A* B) 4+ Tr(B* A).
In view of the formula (12.20) we have
Tr(A*B) 4+ Tr(B*A) = 2Re Tr(A*B)

and hence L R N o
|A+ B||3, = ||A||2, + || B||% + 2Re Tr(A*B). (12.23)
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We have
Tr(A*B) = ) (Be;|Aei)n

~

hence, noting that Re Tr(A*B) < | Tr(A*B)| and using the Cauchy-Schwarz in-
equality,
ReTr(A*B) < (Bei|Bei)y,* (Aei|Aey)y,”

that is
ReTr(A"B) < Y (B* Beiled); (A" Aciles)y;” < || Bl Allny
which proves the triangle inequality in view of (12.23). O

An essential feature of trace class operators is that they are _compact (an

operator Aon H is compact if the image of the unit ball in H by Ais relatively
compact). The sum and the product of two compact operators is again a compact
operator; in fact compact operators form a two-sided ideal in L(H).

Proposition 280. A trace class operator A on a Hilbert space 'H is a compact
operator.

Proof. Let (u;) be a sequence in H such that [Ju;|» < 1 for every j. Let us show

that (Au,) contains a convergent subsequence; this will prove our claim. Let (e;)
be an orthonormal basis of H; writing u; = >, (u;le;)ne; we have

[ A3, = (A* Augjlug)n
= Z ujlei)n uj|ek) (A Aek|ez)

Using Cauchy—Schwarz’s inequality we have
[(ujlei)w] < [lujllallelln <1

and hence
[ Aul1Fe <D (A" Aexle)r < oo
ik
since the operator A* A'is of trace class the sequence (/Tuj) is contained in the ball

B(R) with R = Zi’k(A\*A\eHei)H and thus contains a convergent subsequence as
claimed. ]

We mentioned at the beginning of this subsection that there are several
different definitions of the trace class operators in the literature. In fact:
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Proposition 281. Let Ae L(H). The following statements are equivalent:
(i) A is of trace class;

(ii) The modulus |A| = V/ A* A is of trace class;

(iii) A is the product of two Hilbert-Schmidt operators.

We do not give the proof of this result here; a proof of the equivalence
(i)<=(ii) is given in Hormander [102], §19.1. That every trace class operator is the
product of two Hilbert—Schmidt operators is easy to see using the polar decom-
position of A writing A = U(A*A)l/2 we have A = B*C with B* = U(A*A)1/4
and C = ( A)l/ 4 and one easily checks that B* and C are Hilbert-Schmidt
operators.

Note the following easy consequence of the result above:

Corollary 282. Every trace class operator on L*(R™) is the product of two operators
with L? kernels.

Proof. Tt suffices to use (iii) in the proposition above together with Theorem 269.
O

12.3 The trace of a Weyl operator

In this section we give several formulas in the case where the involved operators
are Weyl operators.

12.3.1 Heuristic discussion

Let A be a trace class operator on L?(R") with kernel K. It is customary (especially
in the physical literature) to calculate the trace of A using the formula

Tr(A) = . K(z,z)dx (12.24)

which is obviously an extension to the infinite-dimensional case of the usual defi-
nition of the trace of a matrix as the sum of its diagonal elements. Needless to say,
this formula does not follow directly from the definition of a trace class operator!
In fact, even when the integral in (12.24) is absolutely convergent, this formula
has no reason to be true in general. The right condition in the case n = 1 is the
following (Simon [149]): assume that the kernel K is of positive type: this means
that
> NNEK (g, ar) >0
1<j,k<N

for all integers N, all z; € R and all A\; € C (in particular K > 0). Then formula
(12.24) holds.
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On the positive side, Simon [149] notes that if a trace class operator A has
kernel K satisfying [, |K (2, z)|dz < oo then we are “almost sure” that formula
(12.24) holds. Of course this vague statement is not, as Dubin et al. [39] note, a
charter allowing carefree calculations!

When A is a Weyl operator A& a, one then infers from (12.24) that the
trace is expressed in terms of the Weyl symbol by the formula

-~

Tr(A) = ()" /R?n a(z)dz (12.25)

(which has no reason to be correct in general!). Heuristically one can argue as
follows to justify (12.25). In view of formula (10.14) in Proposition 205 the kernel

K3 of Ais given by

Ka(e.9) = (25)" [ eF e +u). )

so that K ;(z, ) is given by (12.24) and formula (12.25) hence follows.

Another often used formula is the following: assuming that B ¥ also is
of trace class, then

Tr(AB) = (5%)" /R a(2)b(z)dz. (12.26)

To justify formula (12.26) one argues as follows: we have

Tr(AB) = (ﬁ)n/]R2 c(z)dz

where ¢(z) is the Weyl symbol of C = AB; in view of formula (10.21) in Theorem
213 we have

c(z) // e (2" a(z + 12" )b(z — $2")d2'd=".
R4n

Performing the change of variables u = z 4+ 12/, v = 2z — 12" we have dz/dz" =

42" dydv and hence

z) = (#)% //]Rm e%ﬁ"(“_z’”_z)a(u)b(v)dudv
L)% // eHo(mu=v) (e%"(“’”)a(u)b(v)) dudv.
R4n

Integrating c(z) yields
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Now, by the Fourier inversion formula,

/ Eo(su—v) g, 7/ HT= =) 42 = (27h)275(2u — 20)
R2n R2n

and hence

/ c(z)dz = 22" // 0(2u — 2v)e%a(u’v)a(u)b(v)dudv
R2n R4n

=22 //]R‘“" 0(2u — 2v)a(u)b(v)dudv
= /RM a(u)b(u)du;

formula (12.26) follows in view of formula (12.25).

Needless to say, the “derivations” above are formal and one should be ex-
tremely cautious when using the “formulas” thus obtained. Shubin [147], §27, dis-
cusses a step-by-step procedure for checking such identities, but it is not always
easy to use.

Exercise 283. Find the shortcomings in the arguments above, and try to correct
as many as possible by imposing conditions on the symbols (and kernels). A good
idea is to find out what happens when one assumes that a € S(R™ @ R").

12.3.2 Some rigorous results

Here are some rigorous results. Also see the paper by Brislawn [22] for a thorough
discussion of the kernels of trace class operators and of the traceability of Hilbert—
Schmidt operators.

We begin by giving a rigorous justification of formula (12.26) when the op-
erators A and B are Hilbert-Schmidt:

Proposition 284. Let A Y o and B Y b be Hilbert-Schmidt operators. We
then have
Tr(AB) = (525)" / a(2)b(z)dz. (12.27)
R2n

Proof. We first observe that in view of Theorem 269 the kernels K ;3 and K5 are
square integrable; it then follows from Proposition 209 that we have a € L?(R")
and b € L*(R™). Let (1;); be an orthonormal basis of L*(R"); we have

oo

(ABy;|v;)re =Y (Byj|A™v;)L
Jj=1

Jj=1
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Expanding Ew] and /Al*w] in the basis (;); we have El/)j = Z;ozl(ﬁijk),;z Vg
and A*l/)] Ze 1(1/)]|A1/)£)L21/% hence

(Biby| A™j) 12 = Y (Bupylobw) o2 (Al he) 2
k=1

In view of formula (10.8) in Proposition 200 we have

(Avjlpi) 2 = /2 a(2)W (¥, 9r)(2)dz = (a|W (Yr, P5)) L2 (®en),

R2n

(B ) e = / bYW (5 1) (2)dz = (O|W (b5 7)) 12 gam).

R2n

hence the equality above can be written:

oo

(Bl A"%) 2 = > (alW (¥, ;) L2 (gan) (bW (1, 1)) 2m2n) -

k=1

Recall now (Proposition 188) that if (¢/;); is an orthonormal basis of L?(R") then
the vectors ®; ;. = (27h)"/2W (1x,10;) form an orthonormal basis of L?(R"™ & R");
thus

TR(AB) = 3 _(BuslA )2y
j=1
= (227)" D (al®jk)r2(en)(B1®sk) L2 @)
1<j,k<oc0
= ()" (alb) (e,
in view of the classical identity (12.1); this proves formula (12.27). O

Exercise 285. Give an alternative proof of Proposition 284 by justifying the heuris-
tic derivation of formula (12.26) given above when A and B are Hilbert—Schmidt
operators. [Hint: show that the symbols a and b are square integrable in view of
Theorem 269.]

A very useful criterion is the following (cf. Du and Wong [38], Theorem 2.4.):

Proposition 286. Let A X 4 be a trace class operator. If a € LY(R™) then

Tr(A) = (ﬁ)"/ a(z)dz. (12.28)

FEquivalently R
Tr(A) = a,(0) (12.29)

where a, = Fya is the symplectic Fourier transform of the symbol a.
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Proof. We first observe that the equality Tr(A) = a,(0) is obvious since the inte-
gral of a is exactly (27h)"™ times the symplectic Fourier transform evaluated at 0.

Writing A = BC where B and C are Hilbert-Schmidt operators we have, using
formula (12.27) in Proposition 284,

Let us show that
00(0) = ()" | | We)cla)i

formula (12.29) will follow in view of the equality (12.29). We have, in view of
formula (10.22) in Theorem 213,

ay(z) = (ﬁ)n/ e%ﬁ“(z’zl)bg(z — 2"y (2')d7’
R27

and hence

a,(0) = (ﬁ)n (bo)Y (2)co (2)dz

R2n
- (271'?‘1) (( ) |E)L2(R2n)

with (b,)V(2) = by(—2). Noting that (b,)" = (b¥), and &, = (¢), we thus have,
since the symplectic Fourier transform is unitary,

as(0) = (27rﬁ) ((bv) 1(cV)o )L2(]R2”)
= (zr7)" (0 L2een)
= (am)" |, b(2)e(2)dz,
R27
which was to be proven. ]
Notice that in the proof above the assumption that A'is a trace class operator

is essential; in [38] it is moreover remarked that if a € L*(R") but a ¢ L*(R")
then A is not a trace class operator.

If one imposes more stringent conditions on the Weyl symbol, one can in
addition obtain sufficient conditions for the operator to be of trace class:

Proposition 287. Let A 4 bea Weyl operator and assume that the symbol a
satisfies the following conditions: there exist m € R and p € R, 0 < p < 1, such
that for every multi-index oo € N*™ we can find a constant C,, such that

10%a(z)] < Co(1 + |z)mPlel. (12.30)

If m < —2n then A is of trace class and we have

TrA= ()" /sz a(z)dz. (12.31)
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Proof. For the proof that the conditions on a imply that A is of trace class see
Shubin [147], §27. The condition m < —2n implies that a € L'(R™) hence it
suffices to apply Proposition 286. O

We remark that the symbols a € C®°(R" @ R™) satisfying the conditions
(12.30) form a vector space denoted by I'J'(R™ & R™); it is one of the Shubin
classes of symbols we will study in Chapter 14; these classes play an important
role in the study of global properties of pseudo-differential operators.

We finally note the following invariance property of the trace of a Weyl
operator under conjugation with metaplectic operators:

Corollary 288. Assume that A Yyl of trace class on L*(R™) and S € Mp(2n,R);
then SAS—1 &% g0 51 (S = 7MP(8)) is also of trace class and has same trace

as A.

Proof. Tt immediately follows from Proposition 273 since metaplectic operators

. Sa_1 Weyl .
are unitary; that we have SAS™! Y a0857! was proven in Theorem 215. g



Chapter 13

Density Operator and
Quantum States

At first sight the notion of density operator (or density matrix, as it is called in
physics) should not lead to any particular difficulty: mathematically, a density
operator is just a positive trace class operator with trace equal to one. It turns
out that, perhaps somewhat unexpectedly, it is the positivity property which is
the most delicate to establish. It turns out that the positivity of a self-adjoint
trace class operator is very sensitive to the choice of the value of “Planck’s con-
stant” h: thus a self-adjoint operator with trace 1 might very well be a positive
operator for some values of & and non-positive for other values. We study in this
chapter a fundamental tool defined and developed by Narcowich [126, 127, 128§]
and Narcowich and O’Connell [129] based on earlier work of Kastler [105] and
Loupias and Miracle-Sole [118, 119], namely the Narcowich-Wigner spectrum of a
self-adjoint trace class operator. Roughly speaking, this set consists of the values
of the parameter A for which the operator in question is positive, and hence a
“density operator” representing a mixed quantum state.

We mention that much of this chapter can be recast in the language of the
theory of C*-algebras; due to lack of space we do not address this fruitful point of
view here and refer to the aforementioned papers of Kastler, Loupias, Miracle-Sole
and to the references therein. For a brief discussion (at an elementary level) of the
usefulness of the language of C*-algebras in the study of quantum mechanical
states we refer to §11.11 in Hannabuss’ book [91].

13.1 The density operator

Density operators (also called “density matrices” in physics) are central objects
in quantum mechanics, because they are identified with the “mixed states” of a
quantum system. They contain, as a particular case, the “pure states” which are
usually described by the wave function.

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 205
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 13, © Springer Basel AG 2011
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13.1.1 Pure and mixed quantum states

Let us begin by defining rigorously the notion of density operator in terms of trace
class operators.

Definition 289. A density operator (or density matrix) on a separable Hilbert space
‘H is a bounded operator p : H — H having the following properties:

(i) p is self-adjoint and semi-definite positive: p = p*, p > 0;
(ii) p is of trace class and Tr(p) = 1.

In quantum mechanics the Hilbert space H is usually realized as a space of
square-integrable functions.

Here is a first example of a density operator. Let us assume that we are in
presence of a well-defined quantum state, represented by an element 1 # 0 of
‘H. Such a state is called a pure state in quantum mechanics. It is no restriction
to assume that ¢ is normalized, that is ||¢||5 = 1, so that the mathematical
expectation of A in the state P is

(A)y = (AY[)n. (13.1)
Consider now the projection operator
pp:H—{ap:acC} (13.2)
of H on the “ray” generated by . For each ¢ € H we have

Ppd=ay , a=(B[Y)n. (13.3)

We will call py the pure density operator associated with ; it is a trace class
operator with trace equal to 1.

Exercise 290. Check this last statement in detail.

Observe that when H = L*(R™) formula (13.3) can be written

pyd(x) = | U(x)(y)o(y)dy,

R™

hence the kernel of p; is just the tensor product
Kp, =% @79 (13.4)

We are going to see that the pure density operator py is in this case a Weyl
operator whose symbol is (up to a factor) just the Wigner transform of v (cf.
Corollary 207). Let us restate this property in our new language and notation:
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Proposition 291. Let py, be the density operator associated to a pure state ¢ by
(13.3).
(1) The Weyl symbol py of py and the Wigner transform Wi of ¢ are related
by the formula
pu(2) = (27h) W (2). (13.5)

(ii) Let A& . If Y| L2rny = 1 then the expectation value (ﬁ)wz (ﬁww)m(w)

OfA\ in the state ¥ is given by:
(A)y = (22)" T3, A). (13.6)
Proof of (i). In view of formula (10.15) in Proposition 205 the Weyl symbol a,; of
Py is given by
po(,p) = / e IVKG, (@ + 3y, 7 = 3y)dy
= [ et do)ile + Ty
that is py(2) = (2mh)"W(z) as claimed.

Proof of (ii). In view of formula (10.8) in Proposition 200 we have

-~

(Ao = [ alewuliz

and formula (13.6) follows from (i) using the expression (12.27) in Proposition 284
giving the trace of the composition of two Weyl operators. g

We have so far been assuming that the quantum system under consideration
was in a well-known state characterized by a function . Suppose for instance
that we have the choice between a finite or infinite number of states, described by
functions 1,9, ..., each 1; having a probability o; to be the “true” description.
We can then form a weighted “mixture” of the v; by forming the convex sum

¢=Z%‘¢j ’ Z%Zl ;o 2 0. (13.7)
j=1 j=1

We will say that i is a mized state.

Definition 292. The density operator of the mixed state (13.7) is the self-adjoint
operator

(oo}
p=_ by, (13.8)
j=1

where the real numbers «; satisfy the conditions (13.7) above.

It is clear that p is a density operator in the sense of Definition 289: since
trace class operators form a vector space, p is indeed of trace class and its trace is 1
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~

since Tr(p;) = 1 and the a; sum to 1. That p = p* is obvious, and the positivity
of p follows from the fact that a;; > 0 for each j. We will see below (Corollary 294)
that any density operator on L?(R™) can actually be written in the form (13.8).

The following result describes all density matrices in a Hilbert space H:

Proposition 293. An operator p on a Hilbert space H is a density operator if and
only if there exists o (finite or infinite) sequence (o) of positive numbers and
finite-dimensional pairwise orthogonal subspaces H; of H such that

p= Zajﬁj and Zaj dimH,; =1 (13.9)
J J

where p; is the orthogonal projection H — H,;.

Proof. The statement is just Proposition 275, since the orthogonal projections pj
are rank-one self-adjoint operators. Since the spaces H; are pairwise orthogonal
we have p;py, = 0 if j # k and hence p? = > a3 pj- O

Specializing to the case where H = L?(R") we get:

Corollary 294. An operator p : L?*(R") — L?*(R") is a density operator if and
only if there exists a family (v¥;)jey in L*(R™), a sequence ()\;)jey of mnumbers

Aj > 0 with ZjeJ Aj =1 such that the Weyl symbol p of p is given by
p=> AWi. (13.10)
jel

Proof. Assume that the Weyl symbol of p'is given by (13.10); in view of Proposition
293 and the discussion preceding it we have

p=> ap;
i€l

where pj is the orthogonal projection on the ray {aw; : a € C}. It follows that p is
a density operator. If conversely p is a density operator on L?(R™), then there exist
pairwise orthogonal finite-dimensional subspaces H1, Ha,... of L?(R") such that

p= Zajﬁ’}—(j with ijaj =1
J J

with p; the orthogonal projection on H; and m; = dim ;. Choose now an or-
thonormal basis 1, ...,%m, of Hi, an orthonormal basis ¥m,+1, ..., Ym;+mat1
of Hso, and so on. The Weyl symbol of p is

mi mi+ma+1
p:alezijrag Z W?,/}j+"'
Jj=1 Jj=m1

which is (13.10), setting A\; = m;c;. O
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Let us define the notion of purity of a quantum state, which is a measure of
how much a quantum state differs from a pure state:

Definition 295. Let p be a density operator on H; the number u(p) = Tr(p?) is
called the “purity of the quantum state” that p represents.

The following result justifies the definition above:

Proposition 296. Let p be a density operator on a Hilbert space H. We have
0<Tr(p?) <Tr(p) <1 (13.11)
and Tr(p?) = 1 if and only if p is a pure-state density operator.

Proof. The condition }_; a;dimH; = 1 implies that we must have a; < 1 for
each j so that
Trp® =) ofdimH; <) o;dimH,; = 1.
J J

If p is a pure-state density operator then it is a projection of rank 1, hence p> = p
and Tr(p?) = 1. Suppose conversely that Tr(p?) = 1, that is

Za?dimHj = Zaj dimH; = 1.
J J

Since dim’H; > 0 for every j this equality is only possible if the numbers a;
are either 0 or 1; since the case o; = 0 is excluded it follows that the sum
Zj a; dimH,; = 1 reduces to one single term, say a;, dimH;, = 1 so that p =
j, Pj, and p? = a3 pj,. The equality Tr(p) = Tr(p®) = 1 can hold if and only if
aj, = 1 hence dimH;, = 1 and p is a projection of rank 1, and hence a pure-state
density operator. O

Recalling (formula (13.4)) that the operator kernel of the density operator of
a pure state 1 is just the tensor product ¢ ® 1) we have more generally:

Corollary 297. Let the density operator p be given by formula (13.9) and let (k) .k
be a double-indexed family of orthonormal vectors in L?(R™) such that the subfam-
ily (Yjk)k is a basis of H; for each j.

(i) The kernel K5 of p is given by

Kp(a,y) =Y \jtjn(e) @ dyn(y); (13.12)
ik

(ii) The Weyl symbol of p is given by
a(z) =Y N Wih(2) (13.13)
I

(Wi the Wigner transform of 1;i).
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Proof. (i) We have

P = Nipt =Y N (@ljk)ntbn
J

Jsk

that is, by definition of the scalar product:
P = SN0 = 3N [ ey
J gk "

which is (13.12).
(i) Formula (13.13) for the symbol immediately follows from (13.12) in view
of Proposition 293. O

13.2 The uncertainty principle revisited

Let us see what the strong uncertainty principle in the Robertson—Schrédinger
form becomes in the case of mixed states.

13.2.1 The strong uncertainty principle for the density operator

Recall that the Robertson—Schrédinger inequalities (6.10) are
(AX4)2(APL)? > A(Xa, Po)* + 102 (13.14)
Let A and B be Weyl operators; we assume that the expectation values
(A); = Tr(pA) , (A%); = Tx(pA?) (13.15)

(and similar expressions for B) exist and are finite. Setting

we have the following result:

Proposition 298. Let AT 4 and B YN b be two essentially self-adjoint Weyl

operators on L2(R™) for which the expectation values (13.15) are defined. We have
(AB)s|* = A4, B); — (A, B))? (13.16)
where [A, B] = AB — BA and hence

~

(AA)Z(AB)2 > A(A, B)% - LA, B))2 . (13.17)
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Proof. Replacing A and B by A — (ﬁ) and B — (B),, we may assume that <A>,3 =
7)

(E);, = 0 so that (13.16) and (13.17) reduce to, respectively,

(AB)s[* = $(AB + BA)% — (4, B))3 (13.18)
and N R R
(A%);(B%); > L(AB + BA)2 — L(|A, B))2. (13.19)
Writing AB %(A\A + BA) + %(A\B\ — BA) we have,

Now, A(A, E),; is a real number, and ([A, E]);, is pure imaginary (because

[A,B]* = —[A,B] since A and B are essentially self-adjoint), hence formula
(13.18). We next observe that
(AB); =Y oj(AByly) 2 = Y aj(Buy| Avpy) e (13.20)
JjET JjET

applying the Cauchy—Schwarz inequality to each scalar product (Ewﬂ;ﬁpj) 12
we get

(AB),? <~ ol Bijllze | Ag] 2. (13.21)

JjET
Since ( >% = (ﬁ}% = 0 we have
1/2 5 1/2
|4 = (A%)[7 = (AD)7, . |Busll = (B, = (AB),
and the inequality (13.21) is thus equivalent to
B A21/2 520172
(@Bl < 3y B
j€

Writing «; = (,/a;)? the Cauchy—Schwarz inequality for sums yields

(AB); < | D2 oA | [ D a(BY)? | = (A%):(B%);

JjeTg JjeTJ
hence the inequality (13.19) using formula (13.18). O

Choosing for A the operator of multiplication by x; and B = —ih0/0x; one
obtains the usual Robertson—Schrodinger inequalities

(AX;)3(AP)3 > A(X;, Py)3 + 11 (13.22)

for1 <j<n.
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Corollary 299. Assume that [ﬁ, E] = ih; then
(AA)Z(AB)2 > A(A,B)2 + 1n% (13.23)

If p represents a pure state w € DAB N Dg; then we have equality if and only if
the vectors (A — (A and (B — (B)) are collinear.

Proof. The inequality (13.23) immediately follows from the inequality (13.17).
Assume that we have equality in (13.23). It is sufficient to consider the case (A), =
(B)y = 0. In view of formula (AB)y = (AB[¢)) = (Bi)|At) this means that the

Cauchy—Schwarz inequality reduces to an equality, which implies that A"l/) and Bz/;
are colinear. m

Assume in particular that A\w = x11 and Ew = —ihoy/0x,. The inequality
(13.22) with j = 1 becomes an equality if there exists a complex constant A\; such
that

ind? Ar19;
8.171
it follows that we must have
w(fc) = C(l‘g, ey Ty )e Fr et

for some function C' of only the variables xs,...,z,. Thus, if we require all the
Robertson—Schrédinger equalities (13.22) to become equalities we must have

_ i\ 2
P(x) = Cexp o jzzl)\]xj

where C' and the )\; are complex constants; the condition that w be square-
integrable requires that ImA; > 0. Choosing in particular Ay = --- = X\, = ¢
and C = (wh)~"/* one obtalns the standard coherent state

M(z) = (nh) "/ 4em e, (13.24)

13.2.2 Sub-Gaussian estimates

We begin by discussing the case of a pure state.
We have seen in Chapter 11, Section 11.2, that the Wigner transform of a
Gaussian is itself a Gaussian. More precisely, assume that

Uhele) = ()" (ot X) /e 2m "
where M = X +¢Y with X and Y symmetric and X positive definite. Then

Wil (2) = (&)" e 7O (13.25)
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where G is the real 2n x 2n matrix given by

X+YXlyY YX~
G( 1y P ) STs (13.26)

where the symplectic matrix S is given by

X1z 0
S = (XI/QY X1/2) € Sp(2n, R). (13.27)

The following simple geometric remark already hints at the fact that sym-
plectic capacities might already be lurking behind these formulas:

Lemma 300. If a Gaussian function U(z) = C’ef%Mz2 on R?" is the Wigner
transform of a Gaussian (11.12) then the phase-space ellipsoid W = {z : Mz* < h}
is the image S(B(V/h)) of the ball B(h) : |z| < h by some S € Sp(2n,R), and hence
the symplectic capacity of W is mh = %h.

Proof. (Cf. Proposition 242) We have M = S7'S for some S € Sp(2n,R) and hence
W = S(B(h)). Let ¢ be an arbitrary symplectic capacity; then, using successively
the symplectic invariance of ¢ and the normalization condition ¢(B(R)) = nR?,
we get

(W) = e(S(BVR))) = e((B(WVR))) = mh. O

The following result shows that a Wigner transform cannot be dominated by
an arbitrarily sharply peaked phase space Gaussian function. This is of course a
phase space version of the uncertainty principle obtained by using Hardy’s uncer-
tainty principle. We are following the exposition in de Gosson and Luef [74].

Proposition 301. Let 1) € L*(R™), v # 0, and assume that there exists C > 0 such
that Wih(z) < Ce=#M=2_ Then cWs) > %h where W, is the Wigner ellipsoid
corresponding to the choice ¥ = gM’l (equivalently c¢(Bpr) > %h where By :
M2z? < h).

Proof. In view of Williamson’s symplectic diagonalization theorem we can find
S € Sp(2n,R) such that

MSz-Sz = Z)\j(xf +17)

Jj=1

where Ay > Ay > --- > )\, are the moduli of the eigenvalues £i\, A > 0, of JM.
It follows that the assumption Wip(z) < Ce wM=2 can be rewritten as

Wi(S™12) < Cexp Z :c +p7) |- (13.28)

DrIH
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In view of the metaplectic covariance formula (9.29) we have W1p(S~12) =W Sy (2)
where S € Mp(n, R) has projection S on Sp(2n, R). Since Stp € L2(R™) and ¢(Ws)
is a symplectic invariant it is no restriction to assume S = I, S=1I Integrating
the inequality

Wip(z) < Cexp

DrIH

n
RN )

in « and p, respectively we get, using the marginal properties formulae (9.17) and
(9.18),

1< )

[ih(z)| < Crexp ——2ﬁj§:1>\jxj : (13.29)
I &,

[Fp(p)| < Ciexp ——ﬁJE_lAjpj (13.30)

for some constant C; > 0. Let us now introduce the following notation. We set
P1(x1) = ¥(x1,0,...,0) and denote by F; the one-dimensional Fourier transform
in the x; variable. Now, we first note that (13.29) implies that

a(en)| < Croxp (5hat). (131

On the other hand, by definition of the Fourier transform F,

/ F(p)dps - - - dpn = (54)" / (/ e—%p'%<x)da:)dp2~~~dpn;
Rn—l ]Rn—l n

taking into account the Fourier inversion formula this formula can be rewritten as

| Pone - dpy = a) P Fi o),

It follows that
—1)/2 1 <
[Fiha(p1)] < (ﬁ)(n )/ Cl/exp _ﬁz)\jp? dpz - - - dpy
j=1

that is M
|[F1¢1(p1)| < Csexp < P 2> (13.32)

for some constant C3 > 0. Applying Hardy’s uncertainty principle we see that
the condition A? < 1 is both necessary and sufficient for these inequalities to hold
(remember that we are using the ordering convention Ay > Ao > -+ > \,,); this is
equivalent to ¢(Bas) > $h. O
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Exercise 302. Use Theorem 301 to show that a Wigner transform W1 can never
have compact support. [Hint: show that if Wt has compact support then it is
dominated by arbitrarily sharply peaked Gaussians.]

The results above allow us to prove the more general result:

13.2.3 Positivity issues and the KLM conditions
Let us now shortly address the following important, deep, and difficult question:

When is a real symmetric 2n x 2n matriz 3 the covariance matriz of a
mized quantum state p?

In the classical case the answer is simple: X is the covariance matrix of some
probability density if and only if ¥ is positive definite. In the quantum case the
situation is much more subtle and difficult than it could appear at first sight,
because it is plagued by positivity questions. Let in fact p be a self-adjoint operator
of trace class with trace Tr(p) = 1. The operator p is thus a candidate for being a
density matrix. However, to be eligible, it must in addition be non-negative, that
is we must have (py|)r2 > 0 for all ¢» € L?(R"), and it is this property which is
difficult to check.

We are going to present a theoretical characterization of the positivity of
a density operator, the KLM conditions. The letters KLM are an acronym for
Kastler [105] and Loupias and Miracle-Sole [118, 119] who all three have con-
tributed significantly to a better understanding of the positivity issues for trace
class operators. Also see the related paper of Emch [43] on “geometric dequanti-
zation” where similar issues are discussed.

Let us first introduce a notation: for a function a € S(R™ @ R™) we set

ae(z) = (%)n/ ew(z’zl)a(z')dz'

(a¢ can be pronounced “a diamond”). This definition of course also makes sense
for a € §'(R™ @ R™) if one interprets the integral as a distributional bracket. In
fact, the function a¢(z) is related to the symplectic Fourier transform

a,(z) = Fya(z) = (Flh)n/ e_%”(z’z/)a(z')dz'

by the simple formula
ae(2)(2) = h"ax(—hz). (13.33)

Definition 303. Let a be a complex function defined on the symplectic space (R™ &
R™ o). Let n € R be a variable parameter and set

Aji(zj,21) = e_%”(zj’z’“)ao(zj — Zk) (13.34)
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where (21, ...,2n) € (R?™)N. The set WS(a) of values of 7 for which every matrix
A = (Aju(25,28,m))1<jk<n with N and (z1,...,2y) arbitrary is positive semi-
definite is called the Narcowich—Wigner spectrum of a. If n € WS(a) one says
that a is of n-positive type.

Explicitly, WS(a) is thus the set of all real numbers 1 such that for every
integer N > 1 and every sequence (z1,...,2y) we have

D Ndke ZoEag (25— 2) > 0,
1< k<N

A= (A,..., Any) € CN. It should be emphasized that in the verification of the
condition above it is assumed that a does not depend explicitly on the variable 7.

Exercise 304. Show that functions of n-positive type form a cone: if a and b are
of n-positive type then so is Aa + pb for all A > 0 and p > 0.

Notice that if we choose 7 = 0 we recover the usual definition of a function
of positive type: the function a is of positive type if for each integer N the N x N
matrix with entries ao(z; — z) is positive semi-definite. In view of a classical
theorem of Bochner this is a well-known sufficient and necessary condition for
the continuous function a¢ to be the Fourier transform of a positive measure (see
Katznelson [107], p. 137 for a proof of Bochner’s theorem). Let us introduce the
following terminology from statistical mechanics: a classical state is the datum of
a probability density on the phase space R™ & R™. We have:

Proposition 305. Assume that a is continuous on R™ ® R™ and of 0-positive type.
Then a is a positive measure and can thus be identified with a classical state.

Proof. To say that a is 0-positive type means that a¢ is of positive type in the
usual sense, hence a = (a¢)¢ is a positive measure in view of Bochner’s theorem.
Normalizing this measure yields a probability density, hence a classical state. [

When n = h we can restate the definition above in terms of the symplectic
Fourier transform F,:

Proposition 306. The function a¢ is of h-positive type if and only if for ev-
ery integer N > 1 and every (z1,...,zy5) € (R*™)N the N x N matriz A' =
(A% (25, 21) )1<j,k< N where

A;'k(zja Zk) = eﬁg(ijzk)Faa(zj - Zk) (1335)
s positive semi-definite.

Proof. 1t is immediate in view of formula (13.33) replacing (z;, zx) with 7! (zy, ;)
and noting that o(zy, z;) = —o(2;, 2&). O
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The observant reader has certainly noticed that the right-hand side of (13.35)
has some kind of remote resemblance with the formula (8.9)
T(z0 4 21) = e_ﬁg(zo’zl)f(zo)f(zl)

for Heisenberg—Weyl operators, which we can rewrite as

~ i ~ ~

T(zk — zj) = e 27T ()T (— ;). (13.36)
That the Heisenberg—Weyl operators indeed are part of the picture is shown by
the following fundamental example of a function of A-positive type.
Proposition 307. The Wigner distribution W1 of 1 € L*(R") is of h-positive type:
he WS(W1).

Proof. In view of Proposition 306 we have to show that for all (z1,...,2n5) €
(R2")N and (Aq,..., ) € CY we have
> NNe I B W (25 — 21)) > 0 (13.37)
1<5,k<N
for every complex vector (A1,...,An) € CN and every sequence (z1,...,zn) €

(R?™)N. Since the Wigner distribution Wt and the ambiguity function
Ay(2) = (g27)" (D(=2)0|¥) 2

are obtained from each other by the symplectic Fourier transform F, (formula
(9.26) in Proposition 175) we have

S ARl (s, - ).
1<5,k<N

Let us prove that
2

; (13.38)

L2

1 n
IN— _ﬁ

Z)\T —2;)¥

1<j<N

the inequality (13.37) will follow. Taking into account the fact that T(—z)* =
T(zy) and using formula (13.36) we have

2
> NTE| = > AN(T(z)elT(z0)w)rs

1<j<N L2 1<) k<N

- Z )\j)\_k(f(zk)f(*zj)l/fh/fﬁz

1<j5,k<N
) AR5 Pz — ) [4) 1o
1<j,k<N
i T A g -
1<j,k<N

proving the equality (13.38). O
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One shows (but we will not do it here) that
Proposition 308. If a : R* ®R™ — C is of h-positive type then a € L*(R™ ®R").

(See Loupias and Miracle-Sole [118], Theorem 4.)
The interest of the notion of A-positivity comes from the following result:

Theorem 309. Let A & 4 be a self-adjoint trace class operator on L?(R™). The
operator A is positive semi-definite (written A > 0) if and only if the symbol a is
of h-positive type.

We will need the following result in our discussion:

Lemma 310. Ifa : R" & R®™ — C is continuous and twice continuously differen-
tiable near 0 and of h-positive type, then we have

—2ha"(0) +iJ >0 (13.39)
where a”(0) = D?a(0) is the Hessian matriz of a at 0.

Proof. (Cf. Lemma 2.1 in Narcowich [128]). For (A1,...,Ay) € C"™ and € € R let
us set

e -~ 1r62
Re) = 3 Mhee ol ma(e(z; - z).
g k=1

If a is of A-positive type we have R(e) > 0 for every ¢; choose now the A; such
that > . A; = 0; thenR(0) = 0 and R”(0) > 0. An elementary calculation shows
that

R"(0) = ZT(=2a"(0) + ik~ ') Z

where Z = 37, \jz; € C*". The \; and z; being arbitrary we thus have —2a"(0) +
ih~'J > 0, proving the lemma. O

Proposition 311. Let p be a density operator.

(i) The covariance matriz X5 satisfies the strong uncertainty principle:
S5+ 5ihJ > 0; (13.40)
(ii) The Robertson—Schrédinger inequalities hold:
(AX;)2(AP)3 = (Cov(X;, Pj)p)* + 317, (13.41)
(j=1,...,n) and (AXj)i(APk)i >04fj#k.

Proof of (i). The matrix 35 + %th is Hermitian since 5 is symmetric and the
transpose of J is —.J. We next remark that ¥; = Y5 where pg is defined by
po(z) = p(z + (z),) with (z), = ({z) ,, (p),,): we have (z), = 0 and hence

Cov(Xj, Xi)po = /2 zjrrpo(2)dz = Cov(X;, Xi)p;
R n
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similarly Cov(Xj, Pi)p, = Cov(Xj, Px), and Cov(P;, Py),y, = Cov(P;, Py),. It is
thus sufficient to prove the proposition for the density operator py. Let us calculate
the Hessian matrix pg ,(0). A direct calculation shows that we have

—n[—XpPP Yxp
hQ Z 0) = (2 h n sPO »PO
pO,U( ) ( ™ ) < ZPX,pO _ZXX,pO

and hence
P2ph 5 (0) = (525)" IS5 (13.42)

Since we have p, = (27rh) "a, the positivity of p implies, taking Proposition 311
and the lemma preceding it into account that

M= —-2n"1J%,J +iJ >0;
the condition M > 0 being equivalent to J7 M.J > 0 the inequality (13.40) follows.

Proof of (ii). It follows from property (i) in view of Theorem 98 in Chapter 6. [
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Chapter 14

Shubin’s Global Operator Calculus

In the applications to quantum mechanics that we have in mind in this book a cru-
cial role is played by non-local effects in symplectic space; for this reason the local
theory traditionally developed by many authors working in the theory of partial
differential equations is of little use. This chapter is a review of pseudo-differential
calculus from the point of view developed in Shubin [147]. The specificity of this
calculus is that the symbols satisfy global estimates where the x and p variables are
placed on equal footing. This is in strong contrast with the usual pseudodifferential
calculus often used in the theory of partial differential equations (especially their
microlocal study), and which is less adequate for the study of quantum mechan-
ics in its phase space formulation. The Shubin calculus contains the usual Weyl
calculus as a particular case; this remark will be important later when we derive
the Schrédinger equation. An excellent source which complements this chapter is
Nicola and Rodino [131].

We will again use the multi-index notation o = (aq,...,a9,) € N, |a| =
a4t agy, and 9F = 991 -+ 9Ty - 00 if 2 = (,y).

14.1 The Shubin classes

We begin by introducing some notation and useful formulas.

14.1.1 Generalities

In Section 1.3.3 we briefly discussed quantization rules of the type
pr — 172p+ (1 — 7)pz

where 7 is an arbitrary real constant, and which generalize the Weyl quantization
scheme

1
pr — 5 (TP +pz).

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 223
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 14, © Springer Basel AG 2011
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The consideration of such rules leads us to study pseudo-differential operators of
the type

-~

Af(x) = (527)" //RQ e @V a (1 — 1) + 7y, p) f (y)dydp (14.1)

where the integral should be understood in some “reasonable” sense. For instance,
this expression makes perfect sense if f € S(R™) and a, € S(R" ®R") because the
integral is then absolutely convergent. For more general symbols a; one can give
a meaning to the expression (14.1) by declaring that the operator A is defined by
the distributional kernel

Ki(z,y) = (55)"" (Fy'ar) (1 = 7)o + 7y.p)

where F, ! is the inverse Fourier transform in the second set of variables. We
notice that setting 7 = 3 and ay/5 = a formula (14.1) becomes

~

A = ) [ a0 Ot 42)

which is the expression (10.38) of a Weyl operator in terms of its symbol when we
choose i = 1 (more about that below). To make the notation more compact we
will in fact often assume that A = 1, so that we will actually deal with operators
written in the form

~

Apw) = ()" [[ e et OGinde (143

which is standard in the theory of partial differential operators. In harmonic anal-
ysis the preferred choice is to take i = 1/27 and to write w instead of p:

Afa) = [[ | e an (= ne o) f)dyds. (144

Each choice has its advantages and disadvantages. But keeping these conventions
in mind, it is easy to translate the properties of each formulation into the other.
Choosing 7 = 0 in formula (14.3) yields

-~

Apw) = )" [[ | o mswave

that is
Af(z) = (£)"" / e Cal, OF f(€)de (14.5)

where

FRQ = ()" [ )y
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this is the conventional definition of a pseudo-differential operator found in most
texts dealing with partial differential equations; a is then sometimes called the
“Kohn—Nirenberg symbol” of the operator A.

We mention for further use the following simple conjugation relation the
between usual Weyl operators and operators (14.2) with A-dependent symbols (cf.
the subsection on the dependence on & of 7P in Chapter 7):

Lemma 312. The Weyl operator A given by

-~

Af@) = ()" [[ e Palba )iy (140)
R2n
and the operator (14.2) with symbol a(n)(z) = a(zV'h), that is

Ani@ = ()" [[ e aldVie +0) VRS wdyde  (147)

are related by the formula

- i

A= M\/ﬁA(h)M\/ﬁ
where M s f(x) = B4 f (2.

Proof. We have
MM (@) = ()" [[ | al o+ V), VRO F(V Ry
setting y = y'/vh and &€ = p/vh we get

MG AM 1) = (57)" [[ | e atha+ o))y

which establishes the lemma. O

14.1.2 Definitions and preliminary results

It is convenient — and natural, from the point of view of quantum mechanics — to
introduce the Shubin symbol classes. We will be following very closely Shubin’s
exposition ([147], particularly §23).

We will use throughout this chapter the weight function

(2) = V1+|2

for z € R?".
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Definition 313. Let m € R and 0 < p < 1.

(i) The symbol class I'}*(R™ @R") consists of all complex functions a € C*°(R"®
R™) such that for every « € N2 there exists a constant C, > 0 with

10%a(2)| < Ca ()™ 71 for z € R?". (14.8)

(ii) The symbol class X7 (R™ @ R"), > 0, & < 1/2, consists of all complex
functions a € C* (R" @ R") depending continuously on % € (0,¢) such that

0%a(z, h)| < Cy (2)™ Pl pr=dlal for 2 € R?™. (14.9)

We set
—00 n ny __ m n n
I,;°R"&R )_ﬂmekrp (R™ & R™).

We will see later on that the choice of 7 is actually irrelevant: if A € G (R™) is
given by (14.1) for one choice of 7 it is true for all choices of the parameter.

Obviously T}"(R™ @ R"), X7 (R™ @ R"), and T',*°(R™ & R") are complex
vector spaces for the usual operations of addition and multiplication by complex
numbers. Moreover one easily checks that

a € I (R ®R") and b € I (R" & R") = ab € "™ (R" & R");
a € TR ®R") and a € N?" = 0% € F;”_lo“(R” ®R™).
The first implication is proved by using the generalized Leibniz rule for the deriva-

tives of a product of functions; the second is obvious in view of the definition of
[H(R™ @ R™). We also have

a € IR BR™) and be T & (R & R")
= ab € ZZ},?Z}/’”'WI (R® ®R™) , p"" = min(p, p'), " = max(4,?").

The simplest and most typical example is the reduced harmonic oscillator
Hamiltonian H(z) = 1|z|? which obviously belongs to I'}(R" @ R"). In fact, we
may as well choose the “complete” Hamiltonian

1

H(z) =) g +miuie))
j=1

as is shown by the following exercise (the property can also be derived from Propo-

sition 316 below):

Exercise 314. Show that any polynomial function in z of degree m is in
I'(R™ @ R™).

The following exercise shows that S(R™ @ R™) can be characterized in terms
of the Shubin classes I'}'(R™ & R"):



14.1. The Shubin classes 227

Exercise 315. Show that I';*°(R" © R") = Ny,erl}*(R™ @& R™) is identical with
the Schwartz space S(R™ @ R™) of rapidly decreasing functions on R™ @& R™.

The following result is an invariance property which shows that the class
[H(R™ @ R") is preserved by linear changes of variables:

Proposition 316. Let a € I')'(R" ©R") and ¢ a linear automorphism of R™ & R".
Then ¢*a = ao ¢ is also in I''(R™ © R™).

Proof. Let us first show that |¢*a(z)] < Cy (2)™ for some constant Cy > 0. Diag-
onalizing the symmetric automorphism ¢ o ¢ using an orthogonal transformation
we have

Aminl2[* < [6(2)* < Amax|2[?

where Amin > 0 and Apax > 0 are the smallest and largest eigenvalues of ¢7 o ¢.
It follows that
(6(2))™ < max(1, Amax) ()™

if m > 0, and
(¢(2))™ < min(L, Amin) (2)™
if m < 0. We thus have |¢*a(z)| < Cp (2)™. A similar argument shows that for
every multi-index o we have an estimate of the type
02(6"a)(2)] < Cag {2)™ "
where C, 4 is a constant. O

This property of invariance under linear transformations allows us to tog-
gle between symbols (z,£) — a(z,§) and (x,&) — a(x, h§) = a(z,p) without
changing the symbol class.

Definition 317. The set of operators A defined by

~

Af(x) = (3)" / /R LS Ua(G(@ +y), ) f(y)dyde

with a € I'}'(R™ @ R") for some value of 7 € R is denoted by G} (R").

The operators Ae Gy (R™) have many interesting regularity properties; the
following is important (even if not very surprising):

Proposition 318. Every operator Ac G (R™) is a continuous operator S(R"™) —
S(R™) and can be extended into a continuous operator A : 8'(R™) — S'(R™).

Proof. That we have a continuous extension A : &'(R") — &'(R") follows from
the first statement by duality provided that we know that the transpose AT is also
in G'(R"), this fact is true and will established in Proposition 342. The proof of

the continuity property A:S (R™) — S(R™) is classical; it is actually the same
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that one uses to prove the continuity of operators with symbols in the Hérmander
classes. Let us sketch the argument: we write A in the Kohn—Nirenberg form (14.5):

Ape) = (2" [ eSalr O F s
R?L
and note that for every integer N > 0 we have
(14 )V Afw) = ()" [ (1= ag¥erSatw P
= ()" / (1= Ag)Va(w, O FF(€)ld

where the second inequality is obtained using integration by parts. Using Leibniz’s
formula for the derivatives of a product of functions and the properties of the
Fourier transform we thus have

A+lYAf@) = Y Can [ e 0gale OGP D)€
|o +18]<2N "
where the C,3 are complex constants. Since z°f € S(R") and |0ga(z, &) <

Co (2)™ 71 it follows that |(1 + |2|2)N Af(z)| < Cy for some constant Cy. Ap-
plying the same argument to

9 AT) =Y Chy [ e S0fatr P (e

Bga R

we have in fact (1 + |z|2)NO2Af < Cl n for all @ € N and N > 0 and hence

A f € S(R™). Using the expressions above we also get estimates of the semi-norms
which imply the continuity of A4 : S(R") — S(R™). O
We next consider the case of i-dependent symbols; it is the most important

from a quantum mechanical perspective:

Definition 319. The set of operators A defined by
Af) = ()" [[ et atdo+ )00 1 wdydp
R n

with a € X7 (R" @ R™), > 0, 6 < 1/2 is denoted by S""(R" & R").
The following boundedness results are important; they are consequences of
the properties of anti-Wick quantization studied in Chapter 11.
Proposition 320.
(i) Leta € Fg (R™ @ R™). The Weyl operator AV 4 is bounded on L2(R™).
(ii) Fwvery operator Ae SSZSL(R" ®R™) with > 0, 6 < 1/2 is uniformly bounded
on L*(R") for0 < h < e.
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Proof of (). In view of Proposition 259 there exists an anti-Wick operator

~

Baw 2% with [09b(2)] < Cu ()71l for every @ € N* and A = Baw + R

where the kernel K of R is in S(R™ x R™). In view of Corollary 264 the operator

~

Baw is bounded on L?(R"), so it suffices to show that R is also bounded on
L?(R™). Applying the Cauchy—Schwarz inequality to the relation

Ry(z) = | K(z,y)(y)dy

Rn

we get

/n [Ry(@)Pdw < / |K(~”Cay)|2dxdy/ W (y) Py

R

hence ||Rt)||r2 < ||K||2]|t)]| 12 which proves our assertion.
Proof of (ii): Omitted. O

Proposition 321. Every operator A € G)(R™) is bounded on L?(R™)

14.1.3 Asymptotic expansions of symbols

Let us now define and briefly study the notion of asymptotic expansion of a symbol
a € IR & R").

Definition 322. Let (a;); be a sequence of symbols a; € I, (R™ & R™) such that
limj_4om — —oo. Let a € C°(R" ¢ R"™). If for every integer r > 2 we have

r—1
a—> a; eI (R"©R") (14.10)
j=1
where M, = max;>, m;, we will write a ~ Z;’il a; and call this relation an

asymptotic expansion of the symbol a.

The interest of the notion of asymptotic expansion comes from the fact that
every sequence of symbols (a;); with a; € I (R" @ R™), the degrees m; being
strictly decreasing and such that m; — —oo determines a symbol in some F;”(R"@
R™), that symbol being unique up to an element of S(R™ @& R"):

Proposition 323. Let (a;); be a sequence of symbols a; € T, (R™ @ R™) such that
m; > mjy1 and limj_, oo m — —oo. Then:

o0
(i) There exists a function a, such that a ~ ) a;.
j=1

(ii) If another function o’ is such that o’ ~ % a;, then a —a’ € S(R™ & R"™).
j=1
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For the proof of this result we refer to Shubin [147], p. 176. Note that property
(ii) immediately follows from the fact that we have

ﬂmeR I'"(R" @ R") = S(R" & R")
(cf. Exercise 315).

We also have:

Proposition 324. Let a; € I',7(R" @ R"), j = 1,2,..., where m; — —oo when
j — 4oo. Let a € C®(R™ & R"™) be such that for any multi-index « there exist
real constants po and Cy, such that the following estimate holds:

|02a(z)| < Cq ()" (14.11)

Also assume that l; and C; are such that l; — —oo as j — 400 and that we have
r—1

a(z) =Y a;(z)| £C(2)". (14.12)
j=1

(oo}
Then we have the asymptotic expansion a ~ Y a;.
j=1

The interest of this lies in the fact that the conditions imposed on the function
a are rather weak: it is only required that a and its derivatives are polynomially
bounded at infinity.

14.2 More general operators ... which
are not more general!

Formula (14.1) suggests that it could perhaps be interesting to replace the symbol
a;((1 — 7)z + 7y,£) by some more arbitrary function a(z,y,€) and to consider
more general “Fourier integral operators” of the type

-~

Arw) = ()" [[ e Pate .5 (14.13)

or, equivalently,

~

Af@) = (z7)" //Rz er? " Va(a, y, p) f (y)dydp.

We will see that nothing is actually gained in generality.
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14.2.1 More general classes of symbols

The consideration of such more general operators motivates the introduction of
the following extension of the class I'}'(R™ @ R"):

Definition 325. The symbol class II}* (R3") consists of all complex functions a €
C>(R3") such that for every a, 3,7 € N" there exists a constant Capy > 0 such
that the following estimate holds for some m' € R:

02020 a(,y, €)| < Cagy (u)™ AT (g — gy HeletBl (14 10)

We are using here the notation u = (z,y,€) and (u) = (1 + |z|> + |y|> + |£]?)/2.

The following result, and its corollary, shows that I'}'(R™ & R") can be used
to construct symbols in II7"(R?"):

Proposition 326. Let f be a linear map R?>® — R™ such that the linear map
¢ : R — R?" defined by ¢(x,y) = (f(x,y),x — y) is an isomorphism. Let b €
F;”(RQ"). Define a function a € C*°(R®") by the formula

a(z,y,€) = b(f(x,y), &) (14.15)
Then a € 117 (R37).

Proof. The functions |z|+ |y| and | f(x,y)| + |r — y| give equivalent norms on R?".
Therefore, for the proof of the proposition it remains to use the easily verified
inequality
A+ |f(z,y)| +1€)°
L+ f(z )] + o =yl + &)

valid for s € R, from which the estimates follow for a(z,y,£) with m’ = |m|. O

S SO+ |z —y) (14.16)

Exercise 327. Prove Peetre’s inequality (1 + |a — b|)® < 215/(1 + |a])*(1 + |b])!*].
Exercise 328. Use Peetre’s inequality to prove the inequality (14.16).

It readily follows from the result above that:

Corollary 329. Let b € T''(R" @ R") and define

al(x,y,f) - b(Z,g) and a2(x7ya§) = b(yaf)

Then a1 and ag both belong to the symbol class F;”(R?’”).

PT’OOf. We have al(xayag) = b(f(lE, y)af) with f(xa y) =z and d)(l‘,y) - (’Jl,l‘*y)
obviously is an isomorphism, hence a; € I'} (R3") in view of Proposition 326; a
similar argument shows that we have ay € I'}*(R*") as well. O
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Let us now give a meaning to the expression (14.13) defining the pseudo-
differential operator A. The expression

o~

A = @) [ P iwade (e

perfectly makes sense if a € I (R3") is compactly supported and f € C§°(R™)
(the compactly supported infinitely differentiable functions); the discussion below
actually works as well modulo a few minor modifications if we assume f € S(R™).
In fact the integration in the right-hand side of (14.17) is performed over a compact
set, so that we get an absolutely convergent integral. To deal with a general a €
II7"(R?") we note that in view of the obvious identities

(x— y>*M <a§>M€i€~(w—y) = & (@=y)
(&N <ay>N el (@—y) — i&(z—y)

we can rewrite (14.17) as

Af(@) = (£)" //R?n ) (g — gy M
< (@)™ (@)™ [&) ™ alw,y,) (v)] dyde.

For an arbitrary a € H:,”(R3") we can take this expression as a definition of
the operator A as soon as we have m — N < —n and m’ + m — M < —n. The
estimates (14.14) imply that the double integral is convergent, and thus defines a
continuous function Af. One readily verifies that if we increase M and N then we
obtain integrals which are also convergent after differentiation with respect to the
variable z, hence A : C§°(R™) — S(R™) (respectively A : S(R") — S(R™)). We
leave the details to the reader.

14.2.2 A reduction result

The following result, which we dignify as a theorem, is due to Shubin ([147] The-
orem 23.2). It is very important because it shows that nothing is really gained by
the consideration of the more “exotic” operators of the type (14.17). It shows in
fact that every such pseudo-differential operator with symbol in II? (R3") can be
expressed as an operator belonging to the class IIG}! (R™), and this in infinitely
many ways. The proof of this property is long and technical (it makes use of
several Taylor expansions), but we reproduce it in Section 14.5 for the sake of
completeness.

Theorem 330. Let T be an arbitrary real number. Every pseudo-differential operator
A e G (R?™), that is

o~

Are) = ()" [[ @ atey.©) f)due (14.18)
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or, equivalently, setting p = h&:
Arw) = ()" [ et Patey b))y (14.19)
R2n

with a € T (R®™), can be written in the form

~

)= ()" [ e Parl-nat i ands (4.20)

where a; € T (R™ @ R™); respectively

Af( ) = (327) //]R?" et @ Vq (1 — 1)z + 1y, h~'p) f(y)dydp. (14.21)

We have in addition the following asymptotic expansion:

ZWT\ﬂI )Iv\a?ﬂ(fpx)ﬁpga(x,y,§)|y:z- (14.22)

The following consequence of Theorem 330 is obvious; it links the theory of
Weyl operators to Shubin’s theory of pseudo-differential operators:

Corollary 331. Every pseudo-differential operator A of the type
Ar) = ()" [ e ato. v

with a € T (R*™) is a Weyl operator AT a0 with symbol a,, € T (R?™) given
by the expression

1 1 |8+ vI I
w(@, &) ~ Bt (5) 9 (=D.)’ Dya(, y, )ly=s-
o~ !

Proof. 1t suffices to take 7 = £ in formula (14.22). O

The following result shows that the correspondence between operators and
symbols (for a given 7) is one-to-one and onto.
Proposition 332. The T-symbol of an operator Ae G (R3™) is uniquely defined.
Thus, for each value of the parameter T the correspondence ATsa s bijective.
Proof. Let us first verify that if A has a kernel K i € S(R" @ R™), then it has a
7-symbol a, € S(R™@®R") and the correspondence between kernel and symbol is a

one-to-one correspondence. When a € S(R™ @ R") it follows from formula (14.20)
that the correspondence between kernel and 7-symbol is given by

aly) = ()" FL e (1= m)w +73,6), (14.23)
ar(v,€) = (2m)"? Fye K3 (v + Tw,0 — (1 — T)w), (14.24)
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where formula (14.24) is obtained from formula (14.23) by a change of coordinates
and the Fourier inversion formula. In particular, for any K4 € S(R®"), we can
find a,(v,&) € S(R™ @ R™) using formula (14.24). O

The following consequence is of course an obvious extension of formulas
(10.14) and (10.15) in Proposition 205) relating the Weyl symbol and the ker-
nel of an operator:

Corollary 333. In the h-dependent case the symbol a and the kernel K 3 are related
by the formulas

K;(z,y) = (Flh)n/ e%p'(m_y)a((l —T7)x + TY,p)dp, (14.25)

a-(z,p) = / e_%p'yK;‘(ac +7y,x— (1 —7)y)dy (14.26)
(the integrals being understood as Fourier transforms).

Proof. These formulas are just a formal restatement of (14.23) and (14.24) in the
case of h-dependent T-pseudodifferential operators. O

We next show the uniqueness of the 7-symbol in the general case. For this
we note that (14.23) is always true when A is given via a 7-symbol a,(v,§) and
if the partial Fourier transform, which appears in this formula, is understood in
the distributional sense. It follows that the inversion formula is also true, leading
to (14.24) after the linear change of coordinates (14.62). Furthermore, the unique-
ness of a T-symbol is obvious in view of formula (14.24), taking into account the
uniqueness of the kernel K 3.

. ~ Weyl . o
In particular, the Weyl correspondence A &2 ais also bijective. More gen-
erally:

Corollary 334. Every operator Ace G;,”(R”) can always be written in any of the
following three forms:

Aute) = ()" [[ | e ante Outy)dude (14.27)
Aufe) = ()" [[ | ey uty)aas. (14.28)
Auta) = ()" [[ e aulblo +).Oulrdnde. (14.29)

In the expressions above the symbols ag, a, and a,, belong to F;”(R" @ R"), and

are uniquely defined by A.



14.2. More general operators ... which are not more general! 235

The case of A-dependent operators is immediately obtained by the usual
modifications; for instance formula (14.29) becomes

~

Aoa) = ()" [ e+ ). p)oto)dvds (14.30)

. -~ Weyl
where one recognizes the usual Weyl correspondence A <= ay,.

These results motivate the following definition:

Definition 335. The functions ay,a, and a,, in the formulae (14.27)-(14.29) and

corresponding to the choices 7 =0, 7 =1, 7 = % are called, respectively, the left,

right and Weyl symbols of operator A. When we speak about a “Weyl pseudo-
differential operator A” it will be implicitly understood that its symbol is a,,, and
it will be written a when no confusion can arise.

In this book we mainly use the Weyl symbol; as already emphasized, this
choice is in a sense “natural” in quantum mechanics (especially in deformation
quantization) because Weyl operators enjoy very nice covariance properties with
respect to the symplectic and metaplectic groups.

In ordinary pseudo-differential calculus one has continuity results in terms of
the usual Sobolev spaces H*(R™). Since the vocation of the operators studied in
this chapter is to incorporate global behavior, it is appropriate to introduce the
following variant of the usual Sobolev spaces:

Definition 336. For s € R the global Sobolev space Q*(R"™) consists of all f €
S’(R™) such that Lsf € L2(R") where Lg € G5(R™) is the operator defined by

Lof(x) = (35)"" / e )R f(€)dg.

The norm on Q*(R™) is defined by || f|

Q@) = | LsflL2mn)-

It turns out that the study of Q°(R™) is best understood within the framework
of the modulation spaces we will study in Chapter 17. Let us just mention at this
point that @Q*(R™) can be equipped with an inner product making it into a Hilbert
space, and that we have the equalities

[, @ ®) =S®R") and ] __Q°R")=S'[R")

and that the following regularity result holds:

Proposition 337. Every operator A€ IPH(R™) is continuous Q°(R™) — Q=™ (R™).
In particular A : S(R™) — S'(R™).
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14.3 Relations between kernels and symbols

In Chapter 10 we briefly discussed the relationship between Weyl operators, their
kernels, and their symbols. We are giving here a more detailed study within the
framework of 7-symbols. This will allow us to make explicit the relation between
the Wigner and the Rihaczek transformations.

14.3.1 A general result

We want to be able to compare the symbols a, and a; of a given operator A. For
instance, given the Kohn—Nirenberg symbol of A, what is the Weyl symbol of that
operator? The following result (Shubin [147], p. 183) gives a method for passing
from one symbol to the other:

Proposition 338. The symbols a, and a, of the same operator Ae G;”(R") are
related by the formula

ar(0,6) = €T TIPEDE (1, 6) (14.31)
where Dg - Dg =3, Dg? - D?j.
(i) The following asymptotic formula holds:

ar(x,§) ~ Z 5(7' — n)log DY ar (x,€). (14.32)

«
(i) We have a; — a;r € T 2P(R" & R™).

Proof. The second statement immediately follows from the first. Notice that the
right-hand side of formula (14.31) is well defined because the exponential is a
Fourier multiplier. We begin by making the following remark. Consider a 7-
pseudodifferential operator with symbol a € I (R37):

o~

Af(@) = ()" / /R e ar (1= r)z 4 7y, ) f (y)dyds,

The expression of the 7-symbol in terms of the 7/-symbol for a different 7, can be
easily obtained from Theorem 330 in the form of an asymptotic series. Indeed, if
an operator A has the 7’-symbol a./ (z,£), that symbol may be determined via

G(I, Y, 5) = a‘r’((l - T/):C + T/ya 5)

In view of formula (14.22) in Theorem 330 the 7-symbol has the asymptotic ex-
pansion

—1)l8l
ar(z,8) ~ Z ( 53' Pl —-nhla - ﬁ)'mT'”'&‘gﬂDf”aT,
By T
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or

ar(2,8) ~ > cadf DSay (z,5),

where ¢, is a real constant given by

Ca= ) e T P (14.33)

pirza P

in particular,we have ¢p = 1. Now, transforming (14.33) using Newton’s binomial
formula, we obtain after a few calculations

Ca = % [(1—7)re—7(1 —1")e]"

where e = (1,1,...,1), that is ¢, = 2(7' — 7)/° which yields formula (14.32).
Formula (14.31) follows. O

One can also show that we have precise asymptotic expansions relating the
symbols left, right, and Weyl symbols as, a, and a,,:

a(w,6) ~ 3 O DG a(e,y.6)lyr. (14.34)
1
ar(9:€) ~ D 08 (= D2) (9, €)ly=a (14.35)
1 1 [B+~|
au(@,6) ~ ) EET (5) 02T (=Da)’DYa(z, y, ) ly=s - (14.36)
2 il

14.3.2 Application: Wigner and Rihaczek distributions

Recall from Corollary 207 that the Weyl symbol of the projection operator P, :
L?(R") — {\p: X € C} (v # 0) is (up to a constant) the Wigner transform of
. In fact, more generally, the Weyl symbol of the operator with kernel Ky 4 =
(27th) ~"/?4p@ ¢ is the cross-Wigner transform W (1, ¢). Let us generalize this result
to the case of 7-pseudodifferential operators. Let us rewrite in a more tractable
form formulas(14.23) and (14.24) relating the 7-symbol and kernel of an operator

-~

Ar) = ()" [[ e a1 = 1o+ 1. )iy

Writing the Fourier transforms as integrals these formulas become
K (wy) = (3)" / e a (1= 1)z + 7y, §)dE, (14.37)

ar(z,§) = /n e*ig'ngﬁT(x + 71y, z — (1 —7)y)dy. (14.38)
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Having quantum-mechanical applications in perspective we restate this result
in terms of operators depending on A:

Lemma 339. The distributional kernel
Kﬁ,r(‘% y) = (ﬁ)" / e%p(m-y)aT((l —T)x + Ty, p)dp (14.39)

of the operator A defined by

-~

o) = ()" [ e Va0 = ot r Ovt)dudp (1240
is related to the T-symbol of that operator by the formula

a-(x,p) = / e*%p'ng’T(:c + 1y, z — (1 —7)y)dy. (14.41)
Proof. Let us check this formula directly. We have, using (14.39),
K o+ iz = (L= 1) = ()" [ el Var(op)as

formula (14.41) follows since the left-hand side is (27h)~"/? the inverse Fourier
transform of a.. O

We have shown in Corollary 207 that the cross-Wigner transform
W o)) = ()" [ it + b)ola — u)dy

is the Weyl symbol of the operator Ed@a with kernel (27h) " ¢ ® ¢. Thus:

~ Weyl
Aypg — W, 9).

In time-frequency analysis and signal theory one often uses the so-called Ri-
haczek distribution (also called Kirkwood-Rihaczek distribution in the literature).
Its definition, in units where i = 1/2m, is

R(f,9)(x,w) = e7>™7 f(2)g(w); (14.42)

here g is the unitary Fourier transform given by

i) = [ ey

In more general units we may redefine the Rihaczek distribution in the obvious
way:

R(,¢)(x,p) = e~ #77y(x) Fp(p) (14.43)
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where Fi is the h-dependent Fourier transform. (Some authors interchange 1
and ¢ which amounts to replacing R(1, ¢) by R(¢,).) That this distribution is
related to the Wigner distribution as a particular case of a 7-dependent symbol
was noticed a long time ago by Kozek [110].

Proposition 340. Let 2#}@5 be the operator with kernel K =1 @ ¢. We have:

(aygz)e = 27h)"R(¥, ). (14.44)

Proof. The left symbol corresponds to the choice 7 = 0 in formula (14.41) and
hence

(ayeg)e(2) = / e HPV Y (@) g — g)dy

—vla) [ =gy
= (27h)"?¢(2)e” " FH(p)
as claimed. 0

Exercise 341. Compute the right symbol (a w®$),. corresponding to the choice
T=1.

14.4 Adjoints and products

The Shubin classes “behave well” under the operations of transposition (or of
taking the adjoint) and composition. This leads to some useful formulas.

14.4.1 The transpose and adjoint operators

Let us now consider the transposed operator A\T, defined by the formula
<A\u,v> = <U,A\T’U> for wu,ve SIR"),

where (-, -) is the distributional pairing.

Proposition 342. If the operator A has a T-symbol a,, then AT has the (1—17)-
symbol al__ given by the formula

al(2,€) = ar(w, —€). (14.45)

Proof. Tt is an immediate consequence of the equalities
(Au,v) = ()" / @D Eq (1= 1) + 7y, €)uly)o(z)dydudg
R3n

()" / e W=Eq (1 — 7z + 1y, —Eu(y)v(z)dydeds. O
R37
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One can also show using the methods above that one has the following asymp-
totic formula for the symbol of the transpose:

Proposition 343. If A € G (R™) then AT ¢ G (R™) and the T-symbol al (z,¢)
of AT can be expressed in terms of the T-symbol ar(x,§) oszl\ by the asymptotic
formula

o (,6) ~ 3 (1~ 2r) log D, () (14.46)

[e3

We omit the proof since we will not need this result (see Shubin [147]).
Defining the formal adjoint of A* of A by

(Aulv)p2gn) = (u]A*0) 2@ny for u,v € S(R™) (14.47)

one proves similarly that:

Proposition 344. If A € G (R™), then A* e G (R™) and the T-symbol a}(z,§) of
A* is related to the (1 = 7)-symbol a1 (x,&) of A by the formula

a:(xv 5) = a’l—T(xv g)a (1448)

and it can be expressed in terms of the T-symbol a,(x,§) ofﬁ via the asymptotic
series

~ Z (1 - 27)l*og Dear. (14.49)

As an immediate consequence of this result we recover the following well-
known property of Weyl operators:

Corollary 345. If A € G (R™), then the Weyl symbol (a.,)* of the formal adjoint
A* s given by
(aw)"(x,§) = aw(z,§). (14.50)

In particular, the condition A= A*is equivalent to the real-valuedness of the Weyl
symbol a(x, ).

14.4.2 Composition formulas

Another important result is the following, which gives asymptotic formulas for
composing operators in the Shubin classes:

Proposition 346. Let A € G71(R") and B € G7'*(R™). Then AB € GI'+™2(R")
and if ar, is the T -symbol of A and by, the T2-symbol of §, then the T-symbol c,
of AB has the asymptotic expansion

cr~ Y Capys(08DYar) (0] DIbs,) (14.51)
a,B3,7,0
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where the sum runs over sets of multi-indices o, 3,y and § such that a+~v = 3+9;
the capvys are complex constants depending on 7,71 and To such that coooo = 1. In
particular, we have

Cr — Q7 by, € TPFT2720 (R @ R™).

Proof. Taking Proposition 326 into account, we see that it suffices to consider only
one arbitrary triple of the numbers 7,71 and 2. Let us take for simplicity 71 = 0,
79 = 1. The operator B can be written, using the symbol by (y, £), as

Bu(e) = (&)" / /R eI (g, €)uly)dydg

or, equivalently,

F(Bu)(€) = / e (g, uly)dy (14.52)

where F(Eu) is the Fourier transform of Bu. The operator A has the form
2" [ e anta, uty)dvde (14.53)
R2n

= ()" / ¢ Cag(w, ) Fu(€)de. (14.54)

From (14.52) and (14.53) it follows that

o~

ABu //R )€ a0 (2, )by (y, €)uly)dyde, (14.55)

ie., AB has symbol
c(,y,€) = ag(z,E)bi(y, §) € T Hm2(R™).

It follows that we have AB € Gtz (R™). In view of Theorem 330 we have the
asymptotic expansion

_1)I8l
crle€) ~ 30 S0 = P10 (Dol ) (Diba(w.€))] . (1456)
By

Using Leibniz’s differentiation rule for functions of several variables this formula
can be rewritten as

_1)I8I
erlen) ~ 30 CHEE IR0 - 1) @ D2 0020, (1457

where the sum is taken over all 3,7, d, e such that § +& = 4y, which is the same
thing as (14.51). O
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"

Inserting into (14.57) the expressions for ag, af in terms o , a”, we obtain

formulae for the coefficients cqg4s in (14.51), which may sometimes be simplified.
For instance, one can show that, similarly to Proposition (346) one has

Z (z,€)Dal(x, ). (14.58)

In the case of Weyl operators we get the following important explicit result:
Corollary 347. If A € G (R™) and Be G2 (R™), then the Weyl symbol ¢ of
C = AB is given by

771 1l —lo &3 apw
c‘“~2(a!;! 27101 (9g D a.,)) (9] DSb™). (14.59)
a,B

When /T, §, and C are expressed in the h-dependent form then this formula be-
comes

\B\ B |a+p3] 5
¢ NZ algl (5) (9¢ DY ay))(9; DIY). (14.60)

Proof. Tt is immediate, using formula (14.57) above. O

The property in the following problem is at the origin of many results in the
classical theory of pseudodifferential operators:

Problem 348. Show that the left symbol ay of an operator A € G} (R™) can be
expressed in terms of A by the formula

ap(z, €) = e EA(E) (14.61)
where A acts on the variable z.

For the applications to quantum mechanics (especially deformation quanti-
zation and its variants which will be studied in Chapter 19) the following result
for operators with A-dependent symbols is essential:

Theorem 349. Let A € ST (R™) and B e S’Z?:z’;‘f’ (R" ® R™). Then C = AB €

S;,}/J,%W,’MJWI (R™) with p” = min(p, p'), §" = max(d,d’) and the symbol ¢ Xesl &
has the expansion

B/ —ip\1etAl
=y B2 (Th) (92 00a)(030¢a) + WV ry
ot BT<N alp!

with the following condition on the term ry:

ry € Em+m —N(p+p'),ptp'—N(5+6" )(R” B R").

The proof of this result is long and technical; see [147], Appendix A.2.5,
pPp. 245-248.
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14.5 Proof of Theorem 330

It is of course sufficient to give the proof in the case h = 1.
Setting v = (1 — 1)z + 7y and w =z — y in a(z,y, ), that is, equivalently,

r=v+Tw , y=v—(1—7)w (14.62)

we have
a(z,y,€) = alv+Tw,v — (1 — 1) w,§). (14.63)

Expanding the right-hand side of (14.63) in a Taylor series at w = 0, we get
a = ay + ry where
—1)ll
an(z,y,§) = Z %Tlm (1-7n)"z - )P t(080)a) (v, v,€) (14.64)
BaleN-1

and the remainder term ry is given by the formula

ry(z,y,&) = Z cm(xfy)ﬁJWIm(:c,y,f) with (14.65a)
|B+~=N

1
To (2, €) = / (1= )00 a)(w + trw,v — t(1 — Tyw, )dt  (14.65D)

0
where the cg, are constants. In (14.64) the expression (858y7a)(v, v, §) signifies that
we have replaced  and y with v = (1 —7) 2+ 7y in the expression afaga(:c, ¥, €).

The expression
(0507 a)(v + trw,v — t(1 — T)w,§)

in (14.65) should be understood in a similar way. We next note that the operator
with symbol (z — y)ﬁJW(afa;a) (v,v,&) is the same as the one with symbol

(=De)* (0707 a)(v,v,€) = (-1) 1O DI DYa) (v, v,6).

It follows from (14.64) that A= A\N +§N where A\N is an operator with 7-symbol

an@ &= 3 =P (<DL Dja(e. 5.6
|B+y|<N-17" T

and R\N is an operator with symbol rx. Note that the operator R\N is a linear
combination of a finite number of terms having symbols of the type

1
/ (8?+78£8;a)(v + trw, v — t(1 — T)w, &)(1 — t)N ~Ldt (14.66)
0

with |8+ ~v| = N. Let us now show that the ry symbol belongs to the class
H;”_QN P(R3™). For this it suffices to show that this is true for the integrand
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in (14.66), with all estimates uniform in ¢ (note that this is obvious for each
fixed t # 0 and true for ¢ = 0 by Proposition 326). Using the trivial relations

v=>1-7)v+trw) +7(v —t(1 — T)w),
tw = (v+trw) — (v —t(1 — 7)w)

it is easy to see that there exists a constant C' > 0 independent of ¢ € [0, 1] such
that

-1 g |v 4+ tTw| + v — t(1 — T)w| <c

c S
o] + [tw]

and we thus have the estimate
(@770200a) (v + trw,v — t(1 — T)w, &)
< C(L+ Jo] + [to] + €)™ 2N (L + [tw])™ +2.
Since for m’ 4+ 2pN = 0 we have the inequality
(1 + [tw)™ 2N < (14 Jo] + [to] + )™ 20N (14 [o] + [])~0m+2eM),
it is clear that if, in addition, m +m’ 2 0 and m — 2pN < 0, then
(8?+78£85a)(v +trw, v — t(1 — 7)w, §)
< C'(L Jof + €)™ 2N (L [o] + [tw] + €)™
< /(L Jol + JEN™ 20N (1 + ]y
< C'(1+ [v] + ] + €)™ 72N (1 4 |y F2m 20N

where C” is independent of ¢. One estimates the derivatives in a similar way. Now,
let the symbol v'(z, ) € I';'(R™ & R™) be such that

WE

b/(xvg) ~ (bN(mag)_bN—l(mag))'

Z
I

0

Then, if A’ has 7-symbol b'(x, ) it is clear that the kernel of the operator A-—A
is in S(R?").
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Chapter 15

The Schrodinger Equation

Schrodinger’s equation
z‘ha—‘/’(z,t) = Hi(z,t)
ot

is considered by physicists as a postulate that cannot be rigorously derived from
Hamiltonian mechanics. It is however well known that in the case of linear Hamil-
tonian flows, the Schrodinger equation is obtained using the metaplectic repre-
sentation: this will be proven in the first part of this chapter (Section 15.1). In
the second part of this chapter (Section 15.2), which is somewhat tentative in
the sense that we pay little attention to domain questions, we will show that the
Schrodinger equation can be derived using Stone’s theorem on strongly continu-
ous one-parameter groups of unitary operators, if one requires in addition that
quantum states satisfy a certain covariance property. This derivation is made pos-
sible thanks to Theorem 356 (essentially due to Wong [163]) which says that Weyl
calculus is the only symplectically covariant pseudo-differential theory. We men-
tion that a more physical version of these results is to appear in de Gosson and
Hiley [73] (not surprisingly leading to negative emotional reactions from some
physicists); for those interested in the physical aspects (including the scientific on-
tology) of quantum mechanics, we recommend the texts [92, 93, 94, 95] by Hiley
and collaborators.

15.1 The case of quadratic Hamiltonians

Here is again a somewhat technical section; it gives explicit formulae for the solu-
tions of the Schrodinger equation associated with a Hamiltonian function which is
quadratic. Most physicists know these explicit formulae, but prefer to invoke the
“Feynman path integral” for their derivation. However the Feynman integral as
used in Physics has no precise mathematical meaning (even if it may be a useful
heuristic tool in some circumstances; see Schulman [144] for an exposition of the
techniques related to path integrals).

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 247
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 15, © Springer Basel AG 2011
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15.1.1 Preliminaries

It turns out that Schrodinger’s equation can be solved explicitly when the operator
H is the Weyl operator associated with a Hamiltonian function which is a quadratic
polynomial in the position and momentum variables:

where M is some (arbitrary) real 2n x 2n symmetric matrix. Thus, H is a real
quadratic form in the z;, p; variables. To H we associate a partial differential

operator H by applying the ordering rules (1.34) discussed in the first chapter:
~ . 1
*—7 , p—Pp, pr— (@P+p7) (15.1)

where Z is the operator of multiplication by x and p = —ihd/0z (this prescription
is sufficient to determine unambiguously the operator H since H is a polynomial
of degree 2). Writing

_ sz Ha:p o T
M= (le pr) ’ pr B Ha;p

we have the explicit formula

h? 1 )
= —7pr8£ <0y —ihHpgx - 07 + §me -y Tr(Hpg)- (15.2)

)

One verifies, using the fact that

Problem 350. Prove formula (15.2) above and show by a direct calculation that
H* = H. What is H when H(x,p) =p - z?

The associated Schrodinger equation is

9y

E(ax,t) = Hy(z,t)

ih
where 9 is a function (or distribution) in the x, ¢ variables. We are going to see that
this equation can be explicitly solved using the theory of the metaplectic group.
The solutions will in fact be expressed, except for exceptional values of time, as
quadratic Fourier transforms.

To prove this remarkable fact we will have to find an explicit description of
the Lie algebra of the metaplectic group (on the abstract level, this Lie algebra is
identical with that of the symplectic group).
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15.1.2 Quadratic Hamiltonians

Let us begin by shortly discussing the properties of quadratic Hamiltonians. These
intervene in many interesting problems from classical and quantum mechanics (for
instance in the study of motion near equilibrium, or for the calculation of the
energy spectrum of an electron in a uniform magnetic field).
Let H be a homogeneous polynomial in z € R?" and with coefficients de-
pending on t € R:
H(z,t)=$H"(t)z - 2 (15.3)

(H"(t) = D?H(z,t) is the Hessian matrix of H in the variables z = (x,p)); the
associated Hamilton equations can be written

2(t) = JH" (t)(2(t)). (15.4)
Recall the following notation: (Sft,) is the time-dependent flow determined by H,
that is if ¢ — 2z(t) is the solution of (15.4) with z(¢') = 2’ then

2(t) = S{h(2). (15.5)

We will set Sf, = Sf. Assume that H does not depend on #; then (Sf) is the
one-parameter subgroup of Sp(2n,R) given by
SH = ¢t/H "

Conversely, if (S;) is an arbitrary one-parameter subgroup of Sp(2n,R) then S; =

e!X for some X € sp(2n,R) and we have (S;) = (S1) where H is the quadratic

Hamiltonian
H(z)=—3JXz- 2. (15.6)

The following elementary result gives a useful relation between the Poisson bracket
of quadratic Hamiltonian functions and commutators in the symplectic Lie algebra:

Lemma 351. Let H and K be two quadratic Hamiltonians associated by (15.6) to
X,Y € sp(2n,R), that is

H(z)=-3JXz -z , K(z)=-1JYz 2
The Poisson bracket {H, K} is the quadratic Hamiltonian given by
{H,K}(z) = —3J[X,Y]z 2
where [X,Y] = XY - Y X.
Proof. We have

{H, K}(2) = —0(Xu(2), Xk (2))
=—0(Xz,Y2)
=—JXz-Yz
=-Y'JXz-z
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Now

YTIXz 2=2(YTIX —XTJY)z -2

1
2

that is, since Y7'J and X7.J are symmetric,
YTJXz 2=-3J(YX - XY)z -z,

whence

{H,K}(2)=3JYX -XY)z -z

1
2

which we set out to prove. O

The metaplectic group Mp(2n,R) is a covering group of Sp(2n, R); it follows
from the general theory of Lie groups that the Lie algebra mp(2n, R) of Mp(2n, R)
is isomorphic to sp(2n,R) (the Lie algebra of Sp(2n,R)). We are going to construct
explicitly an isomorphism F' : sp(2n,R) — mp(2n, R) making the following dia-
gram commutative:

-1
mp(2n,R) =  sp(2n,R)
exp l l exp (15.7)

Mp(2n,R) — Sp(2n,R).

~Mp

Recall that sp(2n,R) denotes the Lie algebra of the symplectic group
Sp(2n,R); we will call mp(2n,R) the “metaplectic algebra”.

The following result generalizes Lemma 351:
Theorem 352.

(i) The linear mapping F, which to X € sp(2n,R) associates the anti-Hermitian

operator F(X) = — %I? where B Y 1 with H given by (15.6), is injective,
and we have the equality

[F(X), F(X)] = F([X, XT]) (15.8)

for all X, X' € sp(2n,R);
(ii) The image F(sp(2n,R)) of F is the metaplectic algebra mp(2n,R).

Proof. 1t is clear that the mapping F is linear and injective. Consider the matrices

(A O L0 Ak 4 Ay
X]k_(o Ajk)’yjk_§ 0 0 ’

1 0 0
Zip = — 1<5<k<
ik (Ajk+Akj O> ( =J= _Tl)

with 1 the only non-vanishing entry at the jth row and kth column; these ma-
trices form a basis of sp(2n,R) (you were asked to check this in Problem 79).
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For notational simplicity we will assume that n = 1 and set X = X1, Y = Y11,

Z=Z112
10 0 1 0 0
= )=o) 7= o)

the case of general n is studied in an exactly similar way. To the matrices X, Y,
Z correspond via formula (15.6) the Hamiltonians

[

2

HX:pxaHY:%paHZ:* x.

2
The operators Hx = F(X), Hy = F(Y), Hz = F(Z) form a basis of the vector
space F(sp(1)); they are given explicitly by the formulas

Hx = —ihxd, — Yih , Hy = —1r%0% | Hy = —1a2.

Let us show that formula (15.8) holds. In view of the linearity of F it is sufficient
to check that

[ﬁx,ﬁx] = ﬁ[X,Y]a
[ﬁx,ﬁz] = ﬁ[X,Z]a
[ﬁy,ﬁz] = ﬁ[y,zy

We have thus proved that F' is a Lie algebra isomorphism.

To show that F'(sp(2,R)) = mp(2,R) it is thus sufficient to check that the
one-parameter groups

Itlxt

)

i
t— U =¢€h

i/\
t— V, :e_hHYt,

i/\
t— W, = e nllzt

are subgroups of Mp(1). Let ¢ € S(R) and set 9 (x,t) = Ugtpo(x). The function
1) is the unique solution of the Cauchy problem
O ‘ .
zha = —(ihzd, + %zh)w , ¥(+,0) =y.
A straightforward calculation (using for instance the method of characteristics)
yields
(x,t) = e 2o (e )

hence the group (U;) is given by Uy = ]/W\L(t),o where L(t) = e~ and we thus have
U: € Mp(1) for all ¢. Leaving the detailed calculations to the reader one similarly
verifies that

Vitho(x) = (27r1iht)1/2/er%t(x_xl)zwo(-f/)dx/,

Witho () = e~ 3% o ()
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so that V4 is a quadratic Fourier transform corresponding to the generating func-
tion W = (x—a")?/2t and W, is the operator V_;z; in both cases we have operators
belonging to Mp(1). O

We leave it to the reader to check that the diagram (15.7) is commutative.

Exercise 353. Show, using the generators of mp(2n,R) and sp(2n,R), that
expoF ™1 = 7MP o exp where exp is a collective notation for the exponentials
sp(2n,R) — Sp(2n,R) and mp(2n,R) — Mp(2n,R).

15.1.3 Exact solutions of the Schrodinger equation

Let us apply the result above to the Schrédinger equation associated to a quadratic
Hamiltonian (15.3). Since Mp(2n,R) covers Sp(2n,R) it follows from the unique
path lifting theorem from the theory of covering manifolds that we can lift the
path t — S{fo = SH in a unique way into a path t — S in Mp(2n,R) such
that SH = I. Let 1 € S(R") and set

W(x,t) = Spo(x).

It turns out that v satisfies Schrédinger’s equation

oY -

where H is the Weyl operator 7 Y H. The results in the following problem will
be used to prove this property:

Problem 354.
(i) Verify that the operator H is given by

~ h? 1 i

H =~ Hypy - 0 — ihHyo - 0, + S Hogt - — %Tr(Hm) (15.9)
where Tr(Hp,) is the trace of the matrix H,,. (Hpp, Hps, Hzyp are the matrices
of second derivatives of H in the corresponding variables.)

(i) Let JIRARE H, K YY) K where H and K are quadratic Hamiltonians (15.3).
Show that

(H,R] = ih{H,K} = —iho(Xy, X)
where {-,-} is the Poisson bracket.

Let us now show that ¢ = S\t?/)o is a solution of Schrédinger’s equation as
claimed:
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Corollary 355. Let t — S, be the lift to Mp(2n,R) of the flow t — SH. For
every Yo € S(RZ) the function ¥ defined by ¥ (x,t) = Sio(x) is a solution of the
partial differential equation

o

th— 1

=Hy , ¥(-,0) =1
where H Y H. Equivalently, the function t — §t solves the abstract differential
equation

d ~ .
ih—S; = HS, So = 1.
? dt t t 0
Proof. We have

o0 15 5
zha— = ZhAlirEO [At(SAt - I)] Sttbo,

hence it suffices to show that

lim [Ait@m - 1)] f=ay

At—0

for every function f € S(R™). But this equality is an immediate consequence of
Theorem 352. O

Here is an example. For instance, in the case n = 1 the generating function
for the harmonic oscillator Hamiltonian

2 2
P mw
H = — 15.1
2m * 2 (15.10)
is given by
mw 2 /2 / /
W(z,z';t,t') = D r— [(z* + 2"?) cosw(t — t') — 2xa'] (15.11)

hence the solution of the corresponding Schrodinger’s equation

8¢_ 0% mw?
o (L

is explicitly given for t ¢ nZ, by

+oo
0,0 = () V2 | ] [ ey oty

Physicists often see this formula as an application of the so-called “Feynman
path integral”, which is supposed to be calculable explicitly for the harmonic os-
cillator (and some other Hamiltonians; see Schulman [144]). However, the path
integral is only a heuristic device, and “derivations” using this device are math-
ematically meaningless. (See Kumano-go [112] for a rigorous theory of the path
integral using time-slicing methods.)
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15.2 The general case

While the fact that Schrodinger’s equation can be derived using the metaplectic
representation has been known for a long time in mathematics (at least among
people working in harmonic analysis and representation theory), the material we
present in this section is new.

15.2.1 Symplectic covariance as a characteristic
property of Weyl quantization

We have seen — and very much emphasized! — the fact that Weyl calculus is a
symplectically covariant theory. In particular, we proved in Chapter 10, Theorem
128, that if S € Sp(2n,R) then

[2 Hey] a] = [a o5 Nyl g-143 (15.12)

where S € Mp(2n,R) is any one of the two metaplectic operators such that S =
™P(3).

We are going to see that this property is characteristic of Weyl pseudo-
differential operators. More precisely: we have introduced in Chapter 14 a very
general notion of pseudo-differential operators, of the type

AY(z) = (ﬁ)n//n Rne%p'(x_y)a(%y,p)w(y)dydp-

We then showed that such operators can be written, for every value of the real
parameter 7 in the form

AP(x) = (525)" // e @V a (1 — 1)z + 7y, p)i(y)dydp
R xR"™

extending the quantizations pr — 7Zp + (1 — 7)pZ; the symbol a, is uniquely
determined by the operator A, the particular choice 7 = % corresponding to the
Weyl correspondence. It is legitimate to ask the question whether the symplectic
covariance property (15.12) still holds for the general correspondence A«——a., at
least for some privileged values of the parameter 7. The answer is: no. The Weyl
correspondence is the only quantization which is symplectically covariant in the
sense above. That this property really is characteristic of Weyl quantization seems
to be somewhat ignored both in mathematics and physics. It will be crucial in our
derivation of the Schrédinger equation.

We are going to give a precise statement of this fundamental property below;
let us first introduce some notation. Viewing the space of tempered distributions
S'(R™) as a space of “classical Hamiltonians”, we denote by £(S(R™),S'(R™)) the
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space of continuous operators S(R") — S’'(R™), and we assume that there is a
continuous and linear “quantization mapping”

Q: S (R" BR™) — L(S(R™), S (R™)) (15.13)

associating to a symbol a an operator A = Q(a).

The following result is hinted at in Stein’s book [153] (§7.6, Chapter 12) and
proven in detail in Chapter 30 of Wong [163]. It is really a fundamental result, be-
cause it shows that the quantization mapping Q must be the Weyl correspondence
if one makes three simple assumptions (we will see in a moment that the third is
actually superfluous).

Theorem 356. Assume that the quantization map (15.13) has the three following
properties:
(i) Q is continuous in the sense that if (ai) is a sequence in S'(R™ @ R™) then
limg_ o0 ar, = a in S'(R™ & R™) implies limy_,oc Q(ar) = O(a);
(ii) For every S € Sp(2n,R) we have Q(a o S~1) = SQ(a)S~! where S €
Mp(2n,R) is any of the two metaplectic operators with projection S;
(iii) If a(z,p) = a(z) with a € L>=°(R™) then Q(a) is multiplication by the function
a, that is Q(a)y = a.

Then Q is the Weyl correspondence a0 A that s Qa) = A for every
a € S'(R"®R").

It turns out that the requirement (iii) can be relaxed. In fact, in view of the
Schwartz kernel theorem together with Theorem 330, condition (i) implies that

for every T € R there exists a symbol a, € §'(R” ®@R"™) such that the quantization
map Q satisfies

Qaluta) = ()" [[ eV e + ryp)o(w)dudp
R" xR®

Suppose that a only depends on zx; then the formula above implies that

@) = ()" [ [ B ] arta = rre + mptinay

W5®—yMAG—TM+¢ww@My

= ar(2)(z)
so that we must have a, = a, hence condition (iii) is indeed fulfilled.
Summarizing:

If the quantization map Q is continuous and such that Q(a o S71) =
SQ(a)S~! then it must be the Weyl correspondence.
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15.2.2 Quantum evolution groups and Stone’s theorem

Let A be a self-adjoint operator on some Hilbert space, say L?(R"™). If A is
bounded, we can define the exponential of itA by the usual power series

aa = (@)F
e —kz I A
—0

(the series is well defined, being normally convergent). When A is unbounded, one
can still define the exponential using a functional calculus of operators. The fol-
lowing properties are well known (see for instance Reed and Simon [136], §VIIL.4):

Group 1 For each t € R the operator U, = e is unitary and we have UUpy =
Utyi;

Group 2 The one-parameter group (Up)icr s strongly continuous: for each 1 €
L2(R™) we have limy_4, Upth = Uy, 1);

Group 3 For ¢ € D4 (the domain of A) we have

lim A=Y
At—0 At

and if the limit above exists for some 1 € L?(R™) then 1) € D 4.

The operator A is called the infinitesimal generator of the unitary one-
parameter group (U;)ier. It turns out that every strongly continuous unitary
one-parameter group of operators in L?(R™) arises as the exponential of a self-
adjoint operator; this is Stone’s theorem:

Theorem 357 (Stone). Let (Ui)ier be a strongly continuous one-parameter uni-
tary group on L?(R™) (or, on an arbitrary Hilbert space). Then the infinitesimal
generator
Unth —
A=—j lim Untt — ¥
At—0 At

is self-adjoint; in particular it is closed and densely defined. The domain D4 con-
sists of all 1 € L*(R™) for which the limit (15.14) exists, and is invariant under
the action of each Uy.

(15.14)

For self-contained proofs of Stone’s theorem we refer to Abraham et al. [1],
pp. 529-536 or to Reed and Simon [136], §VIIL.4.

15.2.3 Application to Schrodinger’s equation

Let us now apply Stone’s theorem to Schrodinger’s equation. We will call a non-
zero element 1y of L%(R™) a “quantum state”. We assume that the time-evolution
of quantum states is determined by a strongly continuous one-parameter group of
operators (Up)ier (“evolution group”). That is, the state at time ¢ is ¥y = Ughg
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where the operators U, satisfy U Uy = U4y and the map 1y — 9 is continuous
for every 1g. Stone’s theorem tells us that the operator
Uat¥o — Vo

~ . d S
H = ih 2. Up¥y = ih Jim =S (15.15)

exists, is self-adjoint, and is densely defined. We thus have

dU; ~
h—r — HU,. 15.16
N ¢ ( )

This is an abstract and formal version of Schrédinger’s equation.

Definition 358. We will say that (U;)ier is a “quantum evolution group” associated
with the Hamilton function H.

Let us now briefly return to the property of the metaplectic representation
of Sp(2n,R) mentioned above. It can be summarized as follows: to every family
(St) of symplectic matrices depending smoothly on ¢ and such that §0 = I we can
associate, in a unique way, a family (§t) of unitary operators on L?(R™) belong-
ing to the metaplectic group Mp(2n,R) such that §0 is the identity; introducing
a rescaling constant h having the dimension of action, that family satisfies the
Schrédinger equation

d ~ ~
h—S; = HS
? dt t t

where H is the self-adjoint operator defined by applying the Weyl rule to the
(time-dependent) Hamiltonian H of which (S;) is the flow. Such a Hamiltonian
always exists in view of our discussion of Banyaga’s theorem in Chapter 4. That

. Weyl 75 . . . . .
is, the correspondence H &2 H is obtained by simple inspection of the flow

(¢H) = (S;). We thus have .
§t — —iHt/h

(generically H is not a bounded operator on L%(R™) so that the exponential has
to be defined using some functional calculus; see, e.g., Reed and Simon [136]
SVIIL.3). We now ask whether this property has an analogue for paths in the
group Ham(2n, R) of Hamiltonian canonical transformations. Let us introduce the
following notation:

e PHam(2n,R) is the set of all one-parameter families (¢:) in Ham(2n,R)
depending smoothly on t and passing through the identity at time t = 0;
in view of Banyaga’s theorem such a family of canonical transformations is
always the flow (¢F) of some (usually time-dependent) Hamiltonian H;

o PU(L?(R™)) is the set of all strongly continuous one-parameter families (Fy)
of unitary operators on L?(R™) depending smoothly on t and such that F,
is the identity operator, and having the following property: the domain of the
infinitesimal generator H of (F;) contains the Schwartz space S(R™).
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We will use Stone’s theorem to prove the hard part of our main result:
Theorem 359. There exists a bijective correspondence
C:PU(L*(R")) «— P Ham(2n,R)
(¢1) «— (Ur)

whose restriction to families (St) of symplectic matrices reduces to the metaplectic
representation, and which has the following symplectic covariance property: for
every (¢¢) in P Ham(2n,R) and for every S € Sp(2n,R) we have

C(SpS~Y) = (SUS™) (15.18)

where S is any of the two operators in Mp(2n,R) such that 7TMP(§) = S. This
correspondence C is bijective and we have

(15.17)

d ~
ih—U, = H 15.1
ZhdtUt Ut ( 5 9)

where H &% H, the Hamiltonian function H being determined by (¢¢).

It is perhaps worth observing that it is always preferable to take the family
(U:) as the fundamental object, rather than H (and hence Schrodinger’s equation).
This was already remarked by Weyl who noticed that (F}) is everywhere defined
and consists of bounded operators, while H is generically unbounded and only
densely defined (see the discussion in Mackey [121] for a discussion of related
questions).

Let us begin with derivation of Schrédinger’s equation in the case where (¢4)
is the Hamiltonian flow determined by a time-independent Hamiltonian function
H = H(z). Then (¢;) = (¢) is a one-parameter group of symplectomorphisms:
that is ¢ (bﬁ = d){it,. We thus want to associate to (¢f) a strongly continuous
one-parameter group (Fy) = (F/) of unitary operators on L?(R") satisfying some
additional conditions. We proceed as follows: let H be the operator associated to H
by the Weyl correspondence: H Y H and define ClpH) = (Uy) by Uy = e~ itH/h,
The Weyl operator H is self-adjoint and its domain obviously contains S (R™). Let
us show that the covariance property (15.18) holds. We have

C(Sef's™) = c(ef™* )
in view of formula (1.7), that is, by definition of C,
C(Sf1S ™) = (e hieST),

In view of the symplectic covariance property a o S~* Nl g A1 of Weyl oper-
ators we have H o S—1 = SHS™! and hence

C(S9f!S™") = (e HSHI™) = (St 51)
which is property (15.18).
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Let conversely (F;) be in PU(L?(R"™)); we must show that we can find a
unique (¢¢) in P Ham(2n, R) such that C(¢:) = (U). By Stone’s theorem and our
definition of PU(L?(R"™)) there exists a unique self-adjoint operator A, densely
defined, and whose domain contains S(R™). Thus A is continuous on S(R™) and
for each value of the parameter 7 there exists an observable a such that A «—— a..

Choose 7 = %; then A = H 2 H for some function H — H(z,p) and we have
C(of") = (Un).

There remains to show that the correspondence C restricts to the metaplectic
representation for semigroups (¢:) = (S¢) in Sp(2n, R); but this is clear since (S;)
is generated, as a flow, by a quadratic Hamiltonian, and the unitary one-parameter
group of operators determined by such a function precisely consists of metaplectic
operators.

We now no longer assume that (¢;) and (F}) are one-parameter groups. Recall
that we have reduced the study of a time-dependent Hamiltonian H = H(z,t) by
introducing

H(z,p,t,F) = H(z,p,t) — FE (15.20)
which is a time-independent Hamiltonian on (R"*! @ R*"*1) = R?" x Rp x R,
where E is viewed as a conjugate variable to t. The flow (¢f) = (¢ff) on R2+2

generated by H is related to the time-dependent flow (qbfft,) by the formula
gf(zlvtlaEl) = (¢£It/(zl)vt+tlvEt,t’) (1521)

where E; 4y — E' is the variation of the energy in the time interval [¢#/,¢]. The
advantage of this reformulation of the dynamics associated with H is that (¢) is
a one-parameter group of canonical transformations of R2"*2. In the operator case
we can proceed in a quite similar way, noting that the Weyl operator associated
with H is given by

EPN 0

H=H —ih—.

ot

Of course H is self-adjoint if and only if H is, which is the case since H is real.
We will need the following elementary fact, which is a variant of the method of

separation of variables:

Lemma 360. Let E be an arbitrary real number. The function

Uz, t:t') = P(x, t)en PO (15.22)
is a solution of the extended Schrodinger equation
o =
h— = HU 15.23
“or (15.23)
if and only if ¥ = ¥ (x,t) is a solution of the usual Schrodinger equation
o N
ih—w = H1. (15.24)

ot
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Proof. We first note the obvious identity

v
m% = EV. (15.25)

Writing for short H(t) = H(z,—ihV,t) we have, after a few calculations

H{(t) —ind )= Er(t)w—ma—w en Pt | py (15.26)
ot ot
hence (15.23) is equivalent to (15.24) in view of (15.25). O

This result shows the following: choose an initial function ¥y = 1o () at time
t = 0 and solve the usual Schrodinger equation (15.24), which yields the solution
@ =(x,t). Then ¥ = U(x,t;t') defined by (15.22) is the solution of the extended
Schrodinger equation (15.23) with initial datum W(z, t;t) = ¢(x,t) at time t' = ¢.
In terms of flows we can rewrite this as

Fy_(Fypo) = (Fypo)e* B,



Chapter 16

The Feichtinger Algebra

We are now going to address a first topic from the theory of modulation spaces,
which was initiated by Feichtinger in the early 1980’s: the Feichtinger algebra
So(R™) (we will study the general notion of modulation space in the next chap-
ter). The elements of Sy(R™) are characterized by the property that their Wigner
transform is in L'(R™ @ R™), but it is not obvious at all that, with this defini-
tion, Sp(R™) is a vector space, even less an algebral We will therefore need an
alternative, more tractable, equivalent definition.

The Feichtinger algebra Sy(R™) contains continuous non-differentiable func-

tions, such as
_ =aldf 2] <1
w(m)_{ 0if |a| > 1

and it is thus a good substitute for the Schwartz space S(R™) as long as one is
not interested in differentiation properties. It is moreover the smallest Banach
space containing S(R™) and being invariant under the action of the inhomoge-
neous metaplectic group. The dual space S{(R™) of So(R™) contains many basic
distributions such as the Dirac distribution § or its translates. These properties,
together with the fact that Banach spaces are mathematically easier to deal with
than Fréchet spaces, makes the Feichtinger algebra into a tool of choice not only
for the study of wavepackets, but also of global regularity properties for quan-
tum mechanical operators. Of a particular interest for the study of the continuous
spectrum of such operators is the fact that (So(R™), L%(R"), Sj(R")) is a Gelfand
triple.

16.1 Definition and first properties

We begin by introducing some technical tools. Recall from Chapter 9 (formulas
(9.32) and (9.33)) that the short-time Fourier transform

Veih(z) = / e_%ip‘x/w(a:')qb(a:’ — x)da’ (16.1)

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 261
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 16, © Springer Basel AG 2011
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and is related to the cross-Wigner transform by the formula
n/2 2i,.
W (1, ¢)(2) = (%) e ﬁ,plvd)vmwm (z\/%) (16.2)

where ¢ 5 (x) = ¢ (xv2rh) and ¢Y(x) = ¢(—x); equivalently
V¢¢(Z) _ (%)—n/Q e_iﬂ—p'xw(wl/\/ﬁ’é;//\/m) (Z %h) . (163)

16.1.1 Definition of Sp(R™)

Let us give a first definition of the Feichtinger algebra. In what follows ¢ will be
a non-zero element of S(R™); we will call ¢ a “window”.

Definition 361. The Feichtinger algebra So(R™) (often also denoted by M*'(R™))
consists of all ¢ € §'(R™) such that V) € L (R™ & R") for every window ¢. The
number

[¥llg,50®m) = IVorllL1@em) = /]R? Vo (2)|dz (16.4)
is called the STFT norm of ¢ relative to the window ¢.

The notation M!(R™) is used in the context of modulation spaces, of which
the Feichtinger algebra is a particular case. The more general modulation spaces
M?(R"™) and their weighted variants MZ(R™) will be discussed in the next chapter.

The reader is encouraged to verify the following property:

Exercise 362. Show that || - ||4,s, indeed is a norm on Sy(R") for each ¢ € S(R™),
¢ # 0.

There are several seemingly obscure points in the definition above. First,
while it is obvious that So(R™) is a vector space (because of the linearity of the
mapping ¢ — Vy1b) it is much less obvious why it should be an algebra. We will
see that So(R"™) is actually an algebra for both pointwise multiplication and for
the convolution product. Perhaps an apparently more serious shortcoming of the
definition above is the fact that the Feichtinger algebra seems to be defined in
terms of infinitely many “windows” ¢. We are going to see that it actually suffices
that Vg € LY(R™ & R™) for one window! Let us first rewrite Definition 361 in
terms of the cross-Wigner transform:

Definition 363. The Feichtinger algebra Sy(R™) consists of all ¢ € S'(R™) such
that W (i, ¢) € L' (R™ & R") for every window ¢. The number

1915y = W@ reony = [ W)z (165)

is called the Wigner norm of 1 relative to the window ¢.



16.1. Definition and first properties 263

Let us verify that both Definitions 361 and 363 are equivalent. In view of
formula (9.32) relating the cross-Wigner transform and the STFT the condition
W (), ¢) € LY(R") is equivalent to

/R2n |V¢\\//m”¢)\/ﬁ(2\/ %)|dz < 0

that is, performing the change of variables z — +/7fi/2z, to

/]Rz Ve, b gap(2)ldz < co.

In view of the equality (9.31) in Lemma 178 this inequality can be rewritten as
// [Vevip(xv 2rh, p/vV2rh)|dpdx < oo
R7 XR™

that is, setting 2’ = zv/2mh and p’ = p/v2nh, Vyvip € L (R™) which is equivalent
to 1 € So(R™), since ¢ and hence ¢V is arbitrary.

16.1.2 First properties of So(R™)

The main result of this section is the following:

Proposition 364. Let ¢ € S'(R™) and (¢, ¢’) be a pair of windows.
(i) Let v € S(R™) be such that (v|¢)r2mny # 0. We have

2'n/
h h
%1l 50 (Rn) < 1)1 %11, 50 (&)

’Y||Z/V,50(Rn) (16.6)

with ¢ (x) = ¢/ (—x);

(il) We have v € So(R™) if and only if there exists one window ¢ such that
W(y,¢) € LYR™ @ R™), hence we have W (1,¢) € LY(R™ & R™) for all
windows ¢;

(i) The Wigner norms || - HZ,So(R") (resp. the STFT norms || - ||¢,srn)) are all
equivalent when ¢ ranges over S(R™).

Proof. Property (ii) follows from property (i): suppose there exists a window ¢
such that ”1/)”2,30 < 00. Choose now an arbitrary window ¢’ and v € S(R™) such
that (v|¢)r2 # 0. We then have ||w||§;,,30 < oo in view of the inequality (16.6). Let
us prove (i). Recall that we can express ¢ in terms of W (1), ¢) using the inversion
formula (9.51):

2”

Y(z) = (1o S W (9, ¢)(20)Tar(20)7(x)dzo. (16.7)
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Let 2 € R?" and apply ZA“GR(Z’ ) to both sides of this equality; in view of the
product formula (8.37) we have

2n
(v|®) 2

We now observe that by Definition (9.11) of the cross-Wigner transform we have

(Tor(Z)0|¢') = (wh)" W (v, ¢') (")

and by Definition (9.1) of the cross-ambiguity function

Ton()ila) = o [ W)@ 7T (2 = 2 2

(T(22 = 22')9|¢) 12 = (27h)" A(v, ¢) (22" — 22)
= (7h)" W (y,¢"V) (2’ — 2)

where the second equality follows from formula (9.27) relating cross-ambiguity and
cross-Wigner transforms. Formula (16.7) above thus yields

" Py e%a(z,z')n MY — 2)dz
W o)) = o [ W0e) W, ¢)( - 2)d
and hence
/ / L z 1A Z/ — 2z =
W )N <€ s [ W)@ W) - 2)ld
that is on
W (4, ¢")] < 1902 || (¥, @)+ [W (v, ™). (16.8)

Integrating both sides of this inequality with respect to z yields (16.6) in view of
the classical inequality ||F * Gl|p1 < ||F|lL1||G||z: that is valid for any integrable

functions F' and G. (iii) That the norms || - HZ s, are equivalent is clear from the
inequality (16.6); we leave it to the reader to show that the same is true of the
norms || - ||4,s,- O

The following result shows that the “windows” used in the definition of
So(R™) can themselves be chosen in Sp(R™).

Proposition 365. Let both 1 and ¢ be in L*(R™).
(i) If W(¢, ¢) € LY(R™ © R™) then both 1) and ¢ are in So(R™);

(ii) We have ¢ € So(R™) if and only if W(p,¢) € L*(R™ & R™) for one (and
hence every) ¢ € So(R™).

Proof. Property (ii) immediately follows from (i). Let us prove property (i). The
condition that 1,¢ € L*(R™) implies that W (1, ¢) is a square-integrable and
continuous function (Proposition 183). Recall that in the course of the proof of
Proposition 364 we proved the inequality (16.8).
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Choosing v = ¢’V this inequality becomes

2TL
, W'V
W, ¢")| < ICOR || (¥, @) = (W™
hence, integrating both sides,
2m ,
19115 5o mny < m||w(¢7¢)||p||w¢v||oo < 00

which shows that ¢ € Sp(R™). Swapping ¢ and ¢ the inequality above becomes

n

2
||¢||Z’,SO(R") < W||W(¢ L W (8™l < 00

hence we also have ¢ € So(R"). O

It immediately follows that:
Corollary 366. A function 1 € L*(R"™) belongs to So(R™) if and only if W1 €
LY(R" & R™).

Proof. In view of the statement (i) in Proposition 367 the condition W € L' (R"&
R™) implies that 1 € So(R™). If conversely 1 € So(R"™) then W) € L}(R™ & R")
in view of the statement (ii) in the same Proposition. O

Note that the condition W € L(R"™ & R"™) could be taken as the definition
of So(R™) but then it would not be clear at all that Sp(R™) is a vector space!

The following result shows that So(R"™) is a subspace of several “nice” spaces
of functions (in particular So(R™) consists of continuous integrable functions):

Proposition 367. We have the inclusions
So(R™) € C°(R™) N LY (R™) N F(LY(R™)) (16.9)
where F(LY(R™)) is the image of L'(R™) by the Fourier transform.
Proof. Recall again the inversion formula
on
()2 Jen

valid for all v € S(R™) such that (y|¢)rz # 0. Putting Ay = ¢(z + Azx) — ()
we have

P(z) = W (1, 6)(20)Tar (20)7(x)dzo

on R
Ayl < 010) 2] S W (1, 8)(20)] [ Tar (20)(v(z + Az) — y(z))|dzo
< Miﬁmllw(w, )12 sup I Tar(20)(y(z + Az) — 5(2))]

2TL

= 0o W @ )l sup| (3220 — & — Az) —4(220 — 2))]
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where the last equality follows from the definition of fGR(z),from which readily
follows that lima, o Aw = 0; hence So(R"™) C C°(R"). Let us next show that
So(R™) C LY(R™). Let ¢ € Sp(R™). Using again the inversion formula we get,

2TL

|(Y1#) 2] Jran
2”

< =
~1(vl9)r2] Jren

()] < (W (¥, ¢)(20)| |y (2x0 — x)[dz0

W (3, #)(20)] [7(220 — x)|dz0

and hence, integrating in =z,

2n .
9l < WIWIIQSDIIVIIL% <oo

so that ¢ € Sp(R™). To prove that So(R™) C F(L'(R™)) it suffices to note that
So(R™) is invariant under Fourier transform: we have ¢ € Sp(R™) if and only
if W(y, F~t¢) € LY(R™ @ R") for every window ¢ since F is an automorphism
S(R™) — S(R™). Now,

W(E o, F71¢)(2) = W (¥, 9)(J2) = W (¥, ¢)(p, —2)

in view of the symplectic covariance property (10.26) of the cross-Wigner trans-
form. It follows from the inclusion So(R™) C L'(R") that we have F~1¢ € L' (R™)
and hence v € F(L'(R")) as claimed. O

16.2 Invariance and Banach algebra properties

We are going to see that the Feichtinger algebra is a Banach algebra; in addition
we will prove that this algebra is invariant under the action of the metaplectic
group, and that it enjoys a characteristic minimality property for the action of the
Heisenberg—Weyl operators.

16.2.1 Metaplectic invariance of the Feichtinger algebra

Another very nice property is that So(R™) is closed under the action of the inho-
mogeneous metaplectic group:

Proposition 368. Let ¢ € So(R™), S e Mp(2n,R), and zy € R™. We have
(i) Sy € So(R™);

(ii) T(z0)1 € So(R™);
(i) In particular ¢ € So(R™) if and only if F € So(R™).
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Proof. We have ¢ € So(R") if and only if W € L}(R™). In view of the symplectic
covariance property W (Sv)(z) = Wi(S™12) (see (10.27)) of the Wigner function
we have W(Sy)(z) = Wi(S~12) where S € Sp(2n, R) is the projection of S. Now,

Ahnvws*aw2=/ﬁ|w«&munw

R2n

(because det S = 1) and hence W (Sv) € LY(R") if and only if W € L*(R™). On
the other hand

W(T (208, 6) = ex "W (1, $) (2 — 320)

in view of formula (9.25) hence, for every window ¢ € S(R"™),

/ (W (T (200, ) (2)|dz = / [Wep(z — S20)|dz
R2n R2n
= / (W (2)|dz
R2n

so that W(T'(z0)1) € So(R") if and only if Wiy € L'(R"). The statement (ii)

~

follows from the fact that the Fourier transform F is related to the generator J of
Mp(2n,R) by the formula F = i"/2]. O

Corollary 369. A function ¥ € So(R"™) is bounded and we have lim,_,, ¥ = 0.

Proof. Since v is continuous it suffices to prove that lim, . ¥ = 0. Since Sy(R™)
is invariant by Fourier transform, we have F =1y € So(R™); now So(R™) C L'(R")
hence ¢ = F(F~11) has limit 0 at infinity in view of Riemann-Lebesgue’s lemma.

O

As we have seen the topology defined on Sy(R™) using the Wigner norm

”w”ZA,SO(]R") = W@, o)1 @m

is independent of the choice of window ¢. Let us prove that the normed space
So(R™) is complete.

Proposition 370. The Feichtinger algebra So(R™) has the following properties:

(i) It is @ Banach space for the Wigner norm || - ”Z,So (resp. the STFT norm,

1+ llg.50)-
(ii) The Schwartz space S(R™) is dense in So(R™).

Proof of (). We sketch the proof, and refer to [82], Theorem 11.3.5 for the tech-
nical details, replacing the STFT by the cross-Wigner transform. Let (1;) be
a Cauchy sequence in So(R™); then (¥;) = (W(¢;,¢)) is a Cauchy sequence
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in L(R"@®R"). The space L' (R" @ R") being complete, there exists ¥ € L'(R" @&
R™) such that
lim [|& — W (4, ¢)[ L+ = 0.
j—o0
Defining 1 by the formula
2"
lgllee

(cf. inversion formula (9.51) ) one then shows that ¢ € So(R™) and

W(z) /}R U(2)Tar(2)o(x)dz (16.10)

1Y = 3llg,s = Jim W@ =15, 0)un
= Jim ([ @ =Wy, @) = 0

hence So(R™) is complete as claimed.

Proof of (ii). Let us first show that S(R™) C So(R™). Let ¢ € S(R™); for every
window ¢ we have W (¢, ¢) € S(R™ ® R™) hence for every N > 0 there exists
Cn > 0 such that

(W(®,6)(2)] < On(1+ )Y,
It follows, by definition of the norm || - HZ s, that

s, < On [ (+1e) s

and hence [[¢[|% o < oo if we choose N > 2n. We defer the proof of the density
since it will be proven in a more general setting in next chapter (Proposition
399). O

16.2.2 The algebra property of So(R"™)
We begin by proving the following result which is interesting by itself:

Proposition 371. Suppose that ¢ € L*(R™) and ' € So(R™). Then 1)’ € So(R™)
and we have

14 % %'15, 5oy < N9l 19115, 50 mm) (16.11)
for every window ¢ € S(R™). Thus, if » € LY (R™) and ¢’ € Sy then 1 * ' €
SO(R”)

LY(R™) % Sp(R™) C So(R™).

Proof. We begin by rewriting the cross-Wigner transform using Definition (9.11)
that is

W, 6)(2) = ()" (Tar(2)¥]6) 12,
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where T cr(20) is the Grossmann—Royer operator. This yields the formula

W (1, ) (20) = ()" e 7P | (220 — x) ¢y, (x)da

R™
with ¢y, (x) = eFP0%¢(x), that is

W (1, ) (20) = ()" e~ 7P % 6, (20). (16.12)

It follows, in particular, that

n
91, = ()" [ 10 6 lrdm (16.13)
Formula (16.12) now shows that

W (', 0)(20) = (75)" ™ P00 5 4 iy (20)
and hence, by (16.13),

0= 185, = (225)" [ 105 (07 )
Since L'(R™) is a convolution algebra we have

195 (" 5 bpo )l 1 < Il 2o ]9 * dpo I3

we obtain the inequality

[« /sy < (55)" 1100 / 14" * Bpol 1o
that is, using again (16.13),

199115 5, < 10121116 s,
which we set out to prove. O
The following result motivates the denomination “Feichtinger algebra”:

Corollary 372. The Banach space So(R™) is an algebra for both pointwise mul-
tiplication and convolution: if ¢ and ¢’ are in So(R™) then ¢’ € Sp(R™) and
Y *y' € So(R™).

Proof. Since ¥’ and 1 x ¢’ are interchangeable by the Fourier transform F, and
So(R™) is invariant under F' in view of Proposition 368(iii), it is sufficient to show
that ¢ x ' € Sp(R™) if ¢ € Sp(R™) and ¢’ € Sp(R™). But this follows from the
inequality (16.11) since So(R™) C L'(R™) in view of Proposition 367. O
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16.3 A minimality property for Sy(R")

A remarkable property of the Feichtinger algebra is that of being the smallest
Banach space invariant under the action of the Heisenberg—Weyl operators. To
prove this we will need an alternative characterization of So(R™).

16.3.1 Heisenberg—Weyl expansions

Let ¢ € So(R™) be a window, and consider the series

=T (z)0 (16.14)

k=1

where (cg)r is a sequence of complex numbers and (zx) is a sequence of points in
R2". We have

oo

Z|Ck||¢2*2k |

We claim that the series is convergent if > - ; |cx| < oo. In fact, since ¢ € So(R™) is
bounded in view of Corollary 369 there exists a constant Cy such that |p(z—zx)| <
Mg and hence

oo
[(2)] < My Y x| < oo.
k=1
Definition 373. The representation (16.14) of v is called a “Heisenberg—Weyl ex-
pansion (or representation)” and (T'(zx)¢)r a “Heisenberg—Weyl frame” (in time-
frequency analysis one would rather speak of “Gabor expansions” and “Gabor
frames”).

Let us now denote by M(R™) the set of all functions ¢ that have a Heisen-
berg-Weyl expansion (16.14); clearly M(R™) is a complex vector space under the
usual addition and multiplication by scalars. It is even a normed vector space if
one defines

Y|l pm(rmy = inf {Z k] < oo:p = chf(zk)gb} .

k=1 k=1

It turns out that M(R™) is identical with Sp(R™):

Proposition 374. We have M(R") = So(R™) and there exists a constant Cy > 0

such that 1

C—dyllwlli,so(m) < ¥llmeny < Collvllg soen)

hence the norms || - || pwny and || - ||Z So(rn) @T€ equivalent.
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Proof. We omit the proof. See Grochenig [82], Theorem 12.1.8, which is itself based
on the paper by Bonsall [17]. O

This result shows that every ¢ € So(R™) can be represented in a Heisenberg—
Weyl frame by an absolutely convergent series (16.14).

16.3.2 The minimality property

We are going to prove that Feichtinger’s algebra is the smallest Banach algebra in
S’(R™) which is invariant under the Heisenberg—Weyl operators.

Proposition 375. Let (B(R"),||-||8) be a Banach algebra of tempered distributions
on R™. Suppose that B(R™) satisfies the two following conditions:

(i) there exists C > 0 such that | T(2)0|| < C||¢|| for all z € R2" and ¢ € B(R™);
(ii) So(R™) N B # {0}. Then So(R™) is continuously embedded in B(R™) and
So(R™) is the smallest algebra having this property.

Proof. We are following Grochenig [82]. Let ¢ € So(R™) N B(R™), ¢ # 0. In view
of Proposition 374 the space Sp(R™) consists of all Heisenberg—Weyl expansions

Y= chf(zk)fb , Z x| < oo.
k=1 k=1

Thus,
lolls <3 lerl IT(z)élls < € <Z |ck|> l¢lls < oo

k=1 k=1

and hence 1 € Syp(R™) so that So(R™) C B(R™). Let us show that this embedding
is continuous. taking the infimum of the right-hand side of the inequality

I¥lls <C <Z |Ck|> 9l
k=1

for all Heisenberg—Weyl expansions of ¥ we get

[¥lls < Cllvlls, ¢l

which proves the statement. O

16.4 A Banach Gelfand triple

Dirac already emphasized in his fundamental work [37] the relevance of rigged
Hilbert spaces for quantum mechanics'. Later Schwartz provided an instance of

'In quantum mechanics, to rig a Hilbert space means simply to equip that Hilbert space with
distribution theory [122].
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rigged Hilbert spaces based on his class of test functions and on tempered dis-
tributions. Later Gelfand and Shilov formalized the construction of Schwartz and
Dirac and introduced what is nowadays known as Gelfand triples. It has been
known for several decades that Dirac’s bra-ket formalism is mathematically jus-
tified not by the Hilbert space alone, but by the use of Gelfand triples; see de la
Madrid [122] (among other things we learn from that paper that the terminol-
ogy “rigged Hilbert space” is a direct translation of the phrase “osnashchyonnoe
Hilbertovo prostranstvo” from the original Russian). The prototypical example of
a Gelfand triple is
(S(R™), LX(R"), S'(R™)).

In this section we will study the particular very interesting Gelfand triple
(SO(Rn)v LQ(Rn)a S(G(Rn))

whose properties are very interesting both from a theoretical and practical point
of view. For a very nice review of the topic with many historical remarks see the
contribution of Feichtinger et al. in [55].

16.4.1 The dual space S{(R™)

Let us denote by S{(R™) the dual Banach space of So(R™). It is the space of all
bounded linear functionals on Sy(R™). Since Sy(R™) is the smallest Banach space
isometrically invariant under the action of the affine metaplectic group (and hence
under the Heisenberg—Weyl operators) its dual is essentially the largest space of
distributions with this property.

The following result characterizes S)(R™):

Proposition 376. The Banach space S{(R™) consists of all b € S'(R™) such that
W (), ¢) € L=®(R™ @ R"™) for one (and hence all) window ¢ € So(R™); the duality
bracket is given by the pairing

@)= [ W)W (16.15)
and the formula
19116,55 @) = sup. W (¥, ) (2)] (16.16)

defines a norm on SH(R™).

Proof. Tt is based on the fact that L>°(R™ & R") is the dual space of L*(R™ & R");
see [82], §11.3. O

It readily follows from this characterization that:

Proposition 377. The Dirac distribution § is in SH(R™); more generally 6, €
SL(R™) where 6q(z) = 6(xz — a).
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Proof. We have R B
W (5, 9)(20) = (75)" (Tar(20)6, )
(formula (9.12)) and

Tor(20)0(x) = e%po'(x_“)é@xo —z) = e%p"““é@xo —x).

It follows that _
W (8, ¢)(20) = ()" €7 *°¢(2x0)

and hence |W (4, ¢)(z0)| < (%)n |¢lloo- It follows that § € S{(R™). That we also
have §, € S)(R™) is proven by a similar argument (alternatively one can use
formula (9.25) in Proposition 174). One can show that, more generally, the “Dirac

comb” » .. d, belongs to Sj(R™). O

16.4.2 The Gelfand triple (So, L?, S})

Let us begin by defining rigorously the notion of Banach Gelfand triple (also called
rigged, or nested, spaces):

Definition 378. A (Banach) Gelfand triple (B, H,B’) consists of a Banach space
B which is continuously and densely embedded into a Hilbert space H, which in
turn is w*-continuously and densely embedded into the dual Banach space B’'.

In this definition one identifies H with its dual H* and the scalar product on
‘H thus extends in a natural way into a pairing between B C ‘H and B’ D H.

The use of the Gelfand triple (Sp(R™), L2(R™), S{(R™)) not only offers a
better description of self-adjoint operators but it also allows a simplification of
many proofs. Here is a typical situation, that will be slightly extended in Chapter
18, Subsection 19.1.2. Given a Gelfand triple (B, H, B’) one proves that every self-
adjoint operator A : B — B has a complete family of generalized eigenvalues
(Ya)a = {tha € B’ : o € A} (A an index set), defined as follows: for every a € A
there exists A\, € C such that

(Ya; AP) = Aa(ta, @) for every ¢ € B.

Completeness of the family (¢4), means that there exists at least one 9, such
that (¢, d) # 0 for every ¢ € B. A basic example, in the case n = 1, is the
operator T of multiplication by z. This operator has no eigenfunctions in L?(R),
but since Zd,(x) = x6(x — a) = ady(x) every a € R is a generalized eigenvalue
(with associated eigenfunction d, € S| (R)).

Given a Gelfand triple (B, H,B’) every ¢ € B has an expansion with respect
to the generalized eigenvectors ), which generalizes the usual expansion with
respect to a basis of eigenvectors. A classical example is the following: consider the
Gelfand triple (So(R™), L*(R™), Sg(R™)) and choose A = —ihd,,. The generalized
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eigenvalues of A are the functions Xp(T) = e*/" (p € R™) and the corresponding
expansion can be written as the Fourier inversion formula

vie) = (Z0)"* [ o)y (16.17)

(see Feichtinger et al. in [55] for a detailed discussion of the Fourier transform
within the context of the Banach Gelfand triple (So(R™), L2(R"), S{(R™))).

An important feature of Gelfand triples is the existence of a kernel theorem,
which is much more useful both for theoretical and practical purposes than the
usual kernel theorem of Schwartz. We denote as usual by ((-, -)) the distributional
bracket for distributions on R™ @ R™.

Theorem 379 (Feichtinger). The following properties hold:

(i) Bvery linear bounded operator A : So(R™) — Sy(R™)has a kernel K4 €
SH(R™ x R™), that is (A, ¢) = ((Ka, ¢ @)) for v and ¢ in So(R™).

(ii) Conversely, every K € Sj(R™ x R™) defines by the formula above a bounded
operator So(R™) — SH(R™).

Formally we can thus write

Ap(z) = _ (@, y)(y)dy

for some K € S{(R™ x R™) when A : So(R™) — S{(R™) is a continuous operator.
This result was announced by Feichtinger in [45] and proven in [52]. See [82], §11.4
for a detailed proof, comments, and various extensions. We will see in the next
chapter that this result can be generalized to a whole class of modulation spaces.

For instance, in the example above, one can interpret the Fourier inver-
sion formula (16.17) by saying that the kernel of the inverse Fourier transform
is K (z,p) = (2nh)"/? epa/h,



Chapter 17
The Modulation Spaces M

If the choice of good symbol classes is essential in any pseudo-differential calcu-
lus, so is the choice of good functional spaces between which these operators act.
These spaces must reflect regularity properties (in the broad sense) of the op-
erators that are used. For instance, in Hérmander’s theory of pseudo-differential
operators a standard choice are the Sobolev spaces H® and their variants. In Shu-
bin theory one has the global spaces Q°, where one can simultaneously control the
behavior in z and its dual variable (these are in fact already modulation spaces).
In our case, where we are interested in studying quantum mechanics in phase
space, it turns out that the best playground consists of a constellation of spaces
called the modulation spaces MI(R™) = MJ (R™) where 1 < ¢ < oo and vy is
a polynomial weight. These are particular cases of the spaces MP7(R™) whose
definition goes back to Feichtinger’s foundational papers [46, 48, 49]; for a recent
review see [50]. In addition, if one denotes by (MJZ(R™))" the dual of MZ(R™)
then (MZ(R™), L2(R™), (MJ4(R™))) is a Gelfand triple which is a natural domain
for studying the generalized eigenvalues and eigenvectors of quantum mechanical
operators (in particular the continuous spectrum).

17.1 The L7 spaces, 1 < q < o0

In order to define modulation spaces we have to introduce weighted L9 spaces.
The number of books devoted to this topic (at various levels of difficulty) is huge;
a limpid recent treatment is given in Chapter 6 of Folland’s textbook [60].

We begin by reviewing the L? theory.

17.1.1 Definitions

We will assume that R™ is equipped with the Lebesgue measure dx = dz; - - - dzyy,.
Let ¢ a real number such that 1 < ¢ < co. If f: R™ — C is measurable we set

o= ([ 1)

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 275
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 17, © Springer Basel AG 2011
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Il fllq is thus a real number, or co. We will write f ~ g when f — g = 0 almost
everywhere for the measure dxr. The relation ~ is an equivalence relation for all
functions R™ — C.

Definition 380. The space L?(R™) consists of all ~ equivalence classes of mea-
surable functions f : R™ — C such that || f||q < oo, equipped with the norm

fr—=l1llg-

That LI(R™) indeed is a vector space is seen as follows. First, it is clear that
Af € LYR™) if f € LI(R™), for every A € C. Let now f and g be two elements
of L2(R™). Then

|f + 91" < (2sup(f,9))" < 27(|f17 + |g]) (17.1)

(prove this!) and hence

I +gllg <2017 lla + llgllg) < oo (17.2)

Observe that the inequality (17.2) does not prove that || - ||; is a norm:
while it is clear that ||Af]lq = ||l fllq and that ||f||; = O implies f = 0 (almost
everywhere), we still have to prove the Minkowski inequality

1 +gllq < [1Flla + llgllq (17.3)

and this will require some extra work. The Minkowski inequality is actually a
consequence of the famous Holder inequality:

Proposition 381. Let ¢ and r be real numbers > 1 such that 1/q+ 1/r = 1. We
have

1£glly < 1/ llqllgll- (17.4)
for all f € LYR™) and g € L"(R™).

Proof. We are going to use the elementary inequality
grab < ra? + gb" (17.5)

(which is a generalization of the trivial inequality 2ab < a?+ b?), valid for all non-
negative a,b when 1/¢ + 1/r = 1. Choosing a = |f(x)|, b = |g(x)| this inequality
becomes
qrlf (@)l lg(@)| < r[f(x) + qlg(2)]"

and hence, integrating,

grilfally < vl £+ allgll-
Replacing f and g by f/|f[lq and g/[lg]|» we get

qr
[ f1lqllgll-

which yields Holder’s inequality (17.4). O

Ifglh <r+qg=1
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Definition 382. We will call the numbers ¢ and r “conjugate exponents” when
they satisfy the conditions 1/¢+ 1/r = 1 above.

Exercise 383. Prove the inequality (17.5); show that we have equality if and only
if @ = b. [Hint: study the variations of the function k(z) = ra? 4+ ¢b” — grab.)

Let us now prove the main result of this subsection:

Theorem 384. Let g be such that 1 < g < co. We have:
(i) The mapping f — ||f|lq is a norm on LI(R™);
(ii) LIY(R™) is a Banach space for the topology defined by this norm.

Proof. (i) There remains to prove the Minkowski inequality (17.3). The result

being obvious for ¢ =1 or ||f + g||; = 0 we assume ¢ > 1 and that || f + ¢/ > 0.
We next note that since |f + g| < |f] + |g| we have

[f+ gt < fIF+9l" " + gl 1] + gl
Applying Hélder’s inequality to |f]|f + g|9~! and |g] |f + g|?~! we get:

ICF+ ) < WMl (f + 9T e + llgllgll(f + )7 il
= (I£llg + gl S + )" I

Since (g — 1) = ¢ we have

1/r
1+ 90 = ([ 15+ gPoVa)

1/r
= </m |f+g|qd:v>

1Cf +9)l < (1 1la + gl I + gl

Now, [|(f + )1 = [[f + gll§ so that we finally have, dividing both sides by
I +alld,

and hence

1+ gllg < (1Fllg + gl IS + g/ e

which is Minkowski’s inequality since ¢/r +1 — ¢ = 0 because ¢ and r are con-

jugate exponents. (ii) It is sufficient to show that every absolutely convergent

series in L9(R™) is convergent. Let (f;) be a sequence in L4(R™) and assume that
. k

Z;i1 | fillg = M (M a real number). Setting Fj, = > ;_, |f;| and F' = Z(;il |£l

we have

k
1Ewlly < D I3l < M

j=1
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for all indices k, hence

/ Fldz = klim Fldz < M1

m —0 Jrm

so that F' € L9(R™). This implies that we must have F'(x) < oo almost everywhere,
and the series (Z?Zl fj)k is thus convergent almost everywhere. Let f = Z?Zl fi
be its limit; we have |f| < F and hence f € L4(R™). On the other hand |f —
2?21 fil7 < (2F)? and FP € L'(R™) hence, using the dominated convergence
theorem,

k k
Jim 17 = 3 = Jm [ r ~Xopde=o
j= j=

This proves that the absolutely convergent series Z§=1 fj converges in LI(R™),
and we are done. g

Another important property of the L? spaces is the following:

Theorem 385. Let g and r be conjugate exponents, g > 1.

(i) For each ® € (L1(R™))* (the dual space of LI(R™)) there exists g € L"(R™)
such that
o[fl= [ [fgedu; (17.6)
Rm
two functions go and he satisfying this relation are equal almost everywhere;
(ii) The dual (LY(R™))* is isometrically isomorphic to L™(R™).

Proof. (i) The construction of g is rather lengthy and we omit it here (see Folland
[60], §6.2). The duality property (ii) immediately follows from (17.6). Consider the
mapping ® — gg defined by (17.6). In view of Hélder’s inequality (Proposition
381) we have |®[f]| < || fll4llge |- showing that ® is a continuous linear functional
on L9(R™) and hence an element of (L4(R™))*. The proof of the converse is left
to the reader. O

17.1.2 Weighted L9 spaces

The notion of weight plays an essential role in the theory of modulation spaces.

We begin with defining the notion of weight; our definition is rather restric-
tive, but sufficient for our purposes. For a more general definition see [82], §11.1.

Definition 386. A weight on R?" is a real, non-negative, and locally integrable
function v : R?"” — C which is in addition sub-multiplicative: v(z+2") < v(z)v(z’)
for all z, 2" in R?".

Exercise 387. Show that an even weight v always satisfies v(0) > 1.



17.1. The L? spaces, 1 < ¢ < 00 279

The study of weighted LY spaces is not new, see for instance Benedik and
Panzone [12]. In particular these authors prove a more general result than the
following:

Proposition 388. The weighted spaces LI(R™ @ R™) have the two following prop-
erties:

(i) LY(R™ & R™) is a Banach space;
(ii) LI(R™ @ R™) is invariant under the translations T(z0)¥(z) = ¥(z — z0). In
fact:
1T (20)Wlle < v(20)[¥][Lg; (17.7)

Proof of (i). Let (¥;) be a Cauchy sequence in LI(R™ @ R"); then (®;) = (v¥,)
is a Cauchy sequence in LI(R™ @ R™): this immediately follows from the equal-
ity |U;llps = [|[v¥|lpe. Let ® be its limit and set ¥ = v~ '®. We claim that
limj oo ¥; =¥ in LI(R™ & R™). In fact,

%5 = ¥llog = @5 = ®llzs
hence lim;__. ||¥; — ¥|| ¢ = 0.

Proof of (ii). To prove that LI(R™@®R™) is invariant under the translation operator
T(zo) it suffices to use the submultiplicative property of the weight: we have, for
q < 00,

TGO, = [ 196 0oy
= / [T (2)|%(z + 20)%dz
R2n

< u(zo)/ﬂw 0(2)[70()"dz. 0

For our purposes it will be sufficient to limit ourselves to choosing for v the
standard weight function

vs(2) = (L+[2*)*% = (2)". (17.8)

Notation 389. When the weight v is given by (17.8) we will write LI(R™ & R"™)
instead of LI(R™ @ R™).
Exercise 390. Verify that the standard weight v is submultiplicative.

Recall that for 1 < g < oo the space LI(R™ & R™) consists of all complex
functions ¥ on R™ ¢ R” such that

1/q
100 = (/ |‘I/(z)|qdz) < .
R?n

The mapping ¥ —— ||¥||z« is a norm on L9(R"@R") and LI(R"@R") is a Banach
space for the topology thus defined.
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Definition 391. The weighted space LI(R™@R™) consists of all ¥ such that (-)* ¥ €
LY(R"™ & R™) equipped with the norm [[¥|| s = || (-)° ¥]| a.

Exercise 392. Show that || - ||;¢ indeed is a norm on LI(R™ @ R™). [Hint: Use
Exercise 387.]

The following simple result is very useful:
Lemma 393. The weighted spaces LY(R™ @ R™) are invariant under linear changes

of variables: if ¥ € LI(R" @ R"™) and F € GL(2n,R) then ¥ o F € LY(R™ & R™).

Proof. (Cf. the proof of Proposition 316). Diagonalizing F'T F using an orthogonal
transformation we have

)\min|2|2 S |F(Z)|2 S )\max|z|2

where Apin > 0 and Apax > 0 are the smallest and largest eigenvalues of FTF. It
follows that we have

(F(2))° < max(1, Amax) (2)°
if s >0, and
(F(2))" < min(1, Amin) (2)°

if s <0. O

We will also need the following results about convolutions:

Proposition 394. Let s € R.
(i) We have the estimate

||\I/ * CI)HLZ(]RZ") < CSH‘IIHLé(Rz")

o

Li(R27) (17.9)

and hence
LI R" @ R") + LY(R" @ R") ¢ L{(R" & R").

(ii) If s > 2n then

19 % @ e gzn) < Cull ] o | @]

Lgo(R2n) (1710)
and hence

LP(R" ®R™) « L®(R" @ R") € L (R™ & R™).
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Proof. (Cf. [82], Proposition 11.1.3). (i) Let © € LY (R*®R") with 1/q+1/¢’ = 1.
We have, using Fubini’s theorem and the inequality (17.7),

(0 + B]0) ] = ‘//R U(w)d(> — u)O(w)dzdu
< [ el ([ e d
< [ [T @®lzsdu- O] 0

<c( [, 1wl ) iellel,,.

By duality we have

|| W * D

v = sup {|(¥ £ @|0) 12 : [O]] . <1}
< Gyl ¥y ||

L
hence the estimate (17.9).
(i) Let ¥, ® € L°(R™ ¢ R™). We have
[W(2)] < ¥ peereny (2)°
|2(2)] < 1@l e () (2)

and hence

(W D(2)] < [[ sl e | <~>S@IIL30/ (L+[ul) 21+ |2 = uf*)~*/2du

R2n
where we have used the convolution inequality
(V7P ()P0 ()70 (17.11)

(See exercise below.) Integrating in z the estimate (17.10) follows since the integral
is absolutely convergent for s > 2n. O
Exercise 395. Prove the convolution inequality (17.11); equivalently:

o0

[ @it ) e < Gt fal)
— 00

(in case of emergency see [82], (11.5)).

17.2 The modulation spaces M1

The modulation spaces M9(R"™) we are going to study in this and the following
sections are in a sense rather straightforward extensions of the Feichtinger algebra
and of its its dual.



282 Chapter 17. The Modulation Spaces M/

17.2.1 Definition of M
Recall that the weight v, is defined by
vs(2) = (14 |2*)*/? = (2)°
and that the corresponding weighted L? spaces are denoted by LY.

Definition 396. The modulation space MZ(R™) consists of all ¢y € S'(R™) such
that Vg € LY(R"™ & R™) for every window ¢ € S'(R™) (where V41 is the STFT
transform).

The definition of MZ(R™) can be restated in terms of the cross-Wigner trans-
form in the same way as was done for the Feichtinger algebra:

Proposition 397. We have » € M2(R™) if and only if W (3, ¢) € LI(R™ @ R"™) for
every ¢ € S(R™).

Proof. Tt is, as in the Feichtinger algebra case, again based on formula (16.2)
relating the STFT V,, to the cross-Wigner transform W (i, ¢). Recall that we
denote by ¥, the function defined by ¥ (z) = ¥(Ax). We have ¢p € MI(R") if and
only if Vg € LI(R"™ & R") for every ¢ € S(R™), that is if and only if V¢v¢ﬂ1/) S
LI(R™ @& R™). Since, in addition, ¢» € MJ(R") if and only if ¢ 57 € MJ(R"), we
thus have ¢ € MZ(R™) if and only if

Voo Vyar € LIR" O R")
or, which amounts to the same,
20,
Now, a function ¥ is in LI(R™ & R") if and only if ¥, is, as follows from the

inequality

[ e wors < a2 [ e
RQW,

n

obtained by performing the change of variable z — A\~ !z and using the trivial
estimate

(1 4 |)\_1Z|2)S/2 < (1 +)\—2)s/2(1 + |Z|2)s/2

valid for all s > 0. Combining this property (with A\ = \/2/7h) and the equivalence
(17.12) we thus have ¢ € MZ(R") if and only if Wy € LI(R™ & R"™). O

We can equip the modulation space M2(R"™) with a family of norms defined by

|wmwmzwwmmmm:Awaw@www. (17.13)

We have defined MZ(R™) by requiring that W (v, ¢) € LI(R™ R™) for every
window ¢. Not surprisingly, taking into account Proposition 364:
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Proposition 398. We have » € M2(R™) if and only if W (3, ¢) € LI(R™ @ R"™) for
one window ¢ € S(R™). The topology of M2(R™) is defined by using a single norm
Il - HZ e moreover all the norms obtained by letting ¢ vary are equivalent.

Proof. 1t is similar to that of Proposition 364 with a few technical modification;
we therefore leave it to the reader. g

The following result is the analogue of Proposition 370 where it was stated
that the Feichtinger algebra M!(R") is a Banach space containing S(R") as a
dense subspace.

Proposition 399.
(i) The modulation space M2(R™) is a Banach space for the topology defined by
the norm || - ||ZMq. It is the Feichtinger algebra So(R™) when ¢ = 1.

(ii) The Schwartz space S(R™) is a dense subspace of each of the modulation
spaces MI(R™) for ¢ < oc.

Proof of (i). See Grochenig’s book [82], Theorem 11.3.5 for a detailed proof using
the short-time Fourier transform.

Proof of (ii). Let us first show that S(R™) ¢ MZI(R™). Let ¢» € S(R™); for every
window ¢ we have W (¢, ¢) € S(R™ ® R™) hence for every N > 0 there exists
Cn > 0 such that |[W (1, ¢)(2)| < Cn (2) . It follows, by definition of the norm
1 ypo that

||TZ)||Z,M;1 <C% /Rn@]m(l + |z|2)(s—qN)/2dZ

and hence ||¢||Z e < oo if we choose s — gN < —n, that is N > (s +n)/q. Let
us finally prove the density statement. Let us choose an exhaustive sequence (K;)
of compact subsets of R” & R" (i.e., K; C Kj41 and R" @ R” = U, K;) and set
U, = W4, ¢j)x; where x; is the characteristic function of K. Also set

271

by = Wi, = P /W@Rn U, (2)Tar(2)vdz.

Since W (¢, ¢) € S(R™ & R") we have ¢; € S(R"™) and

1 = 5ll are = WG (Woth = ¥5)I1§ ar
< O|Wstp — 5l g.

We have lim;_,o [|Wytp — \IIJ'”ZM? = 0 and hence also lim;_ . || — wj”ZM"-‘
proving our claim. ]
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17.2.2 Metaplectic and Heisenberg—Weyl invariance properties

The modulation spaces MZ2(R™) have two remarkable invariance properties, ex-
tending the similar properties of the Feichtinger algebra:

Proposition 400. The modulation spaces MZ(R™) have the following properties:

(i) Each space MI(R™) is invariant under the action of the Heisenberg—Weyl
operators T(z); in fact there exists a constant C' > 0 such that

Tl as < C42)" 1901 ags- (17.14)

(ii) The space MZ(R™) is invariant under the action of the metaplectic group
Mp(2n,R): if S € Mp(2n,R) then Sy € MI(R™) if and only if » € MI(R™).
In particular M2(R™) is invariant under the Fourier transform.

Proof of (i). The cross-Wigner transform satisfies

W(T(20)0, 8)(2) = ™ F7E2IW (1, 6) (= — 20)

(property (9.25)) hence it suffices, in view of Proposition 397, to show that LZ(R™®
R™) is invariant under the phase space translation T'(zg) : z — 2z + 2. In view
of the submultiplicative property of the weight v, (cf. Exercise 390) we have, for
q < 00,

1T (20) W74 = / [W(z = 20)|* (2)" dz
R @R"™

Rr@R"

<@ [ e

hence our claim; the estimate (17.14) follows.

Proof of (ii). In view of Proposition 398 we have ¢ € MJ(R™) if and only if
W (), ¢) € LYR™ @ R™) for one window ¢ € S(R™); if this property holds, then
it holds for all windows. In view of the symplectic covariance formula (10.26) for
the Wigner transform we have

W (S, ¢) = W (S, S(S1))(2)
=W, (S719))(S7"2),

hence W (Si, ) € LY(R™ & R™) if and only if the function
2= W, ($71¢))(57"2)

is in LI(R™&R™). But this condition is equivalent to W (¢, (S~1¢)) € LI(R" &R™)
in view of Lemma 393, hence Sy € MI(R™). O
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The following consequence of the result above is interesting;:

Corollary 401. The modulation space MI(R™) is invariant under the dilations
 — 1 where Py (x) = Y(Ax) where X # 0. More generally, M2(R™) is invariant
under every change of variables © — Lz (det L # 0).

Proof. The unitary operators My, with My, ., (x) = i™+/|det L|y(Lz) (det L # 0,
arg det L = mm mod 27) belong to Mp(2n, R); the lemma follows since MZ(R™) is
a vector space. O

The class of modulation spaces MJ(R™) contains as particular cases many
of the classical function spaces. For instance, M2(R™) coincides with the Shubin—

Sobolev space
Q*(R™) = LI(R™) N H*(R™)

(Shubin [147], p. 45). We also have

S(R™) = (| M2(R™).

17.3 The modulation spaces M >

We now study the case ¢ = co.

17.3.1 The weighted spaces LZ°
The spaces L°(R™ @ R™) are defined as follows:

Definition 402. Let ¥ be a complex-valued measurable function on R™ & R™. We
have U € L°(R"” @ R"™) if there exists a constant C' > 0 such that esssup(|¥|v,) <
C where “esssup” stands for “essential supremum”.

Equivalently: |¥(z)| < Cv_,(z) for almost every z € R” & R".

It is clear that L°(R™ @& R") is a vector space: if esssup(|¥|(-)*) < C then
esssup(|]A¥|vs) < C|A| for X € C and if esssup(|¥’] (-}*) < C’ then

esssup(|¥ + ¥'| (-)°) < C + C".

The norm on L°(R™ @ R") is defined as follows: ||¥|z= is the infimum of all
constants C such that esssup(|¥|v,) < C:

[¥]lLee = inf{C : esssup(|¥|(-)*) < C}. (17.15)

Exercise 403. Prove in detail that ¥ —— |[[¥|[z defines a norm on the vector
space L°(R" & R™).

We invite the reader to prove the completeness of L (R™@®R™) (it is standard,
and does not require any unexpected trick):
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Problem 404. Prove that L°(R"™ @ R") is a Banach space for the norm || - [[z.
(It is an adaptation of the proof of property (i) in Proposition 388.)

The dual of the Banach space L°(R™ & R") is L! (R™ & R") where the
duality bracket is defined by

(®,7) :/ O(2)U(z)dz
R™@R"™
for ® € L1 (R"” ®R") and ¥ € L(R™ @ R"). In fact,
@w< [ e e
R7L®R7L

- / 1B(2)] ()" W(2) v (2)dz
R @R™
< @] ¥

L.
The following property is the extension to the LE® case of the invariance property
of LY under translations proven in Proposition 388:

Proposition 405. The space L (R™ & R™) is invariant under translations
T(20)¥(z) = ¥(z — 20),

and we have:
1T (20)¥|

for every ¥ € L (R™ @ R™).

L < {20)° 1P|z (17.16)

Proof. It suffices to prove the estimate (17.16). By definition of the norm on
L (R™@R™) this is equivalent to proving that, if |¥(z — zp)|vs(z) < C almost ev-
erywhere, then |¥(2)|vs(2) < Cvs(z0) a.e. Now, the condition |¥(z—z)|vs(2) < C
a.e. is equivalent to ¥ (2)|vs(z + z0) < C a.e. Noting that in view of the submulti-
plicativity property of the weight v, we have, writing vs(z) = vs(z + 20 — 20),

[W(2)] (2)° < [¥(2)] (2 + 20)" (20)" < C (z0)"

which concludes the proof. O

17.3.2 The spaces M *
The definition is a straightforward adaptation of that of MZ for ¢ < oo:

Definition 406. The modulation space MJ°(R™) consists of all 1p € S’(R™) such
that Vyo € LE(R™ & R™) for every window ¢ € S'(R™) (where V41 is the STFT
transform); equivalently W (v, ¢) € L°(R™ @ R™).
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We leave it to the reader to check that the conditions Vyy € L (R™ @ R™)
and W (¢, ¢) € L (R™ @ R™) (for all ¢) are equivalent.
We equip M°(R™) with the norms

191l ¢, M0 mm) = [[W (¥, 9)]

LSQ (R?L @Rn) .

Not very surprisingly, we have:

Proposition 407. We have ¢ € M°(R™) if and only if W (¢, ¢) € L(R™ & R™)
for one window ¢ € S(R™). The norms ¢ —— |[Y|| 4 rroc(mn) are equivalent norms
on M2 (R"™).

Proof. 1t is similar to the proof of Proposition 397. g

The spaces M2°(R™) can be seen as non-trivial refinements of the Schwartz
space S(R™). In fact, we have the following beautiful result:

Proposition 408. We have the equalities

SER™ = N ME®RY) , &R = | M3(R"). (17.17)

5>0 5>0

Proof. Let us prove the first equality (17.17). Let ¢ € S(R™); in view of the
estimate (9.59) in Proposition 192, for every N > 0 there exists Cy > 0 such that
[W (1, $)(2)] < Cy (2) V. It follows that

(W (1, 9)(2)] (2)° < On (2)°N < On

if we choose N > s and hence 1 € M°(R™) for every s. Suppose conversely that
1 € M2°(R™) for every s > 0; this is equivalent to |W (v, ¢)(z)] < Cs (2)~° for
every s and hence ¢ € S(R™) in view of the implication (iv)==(i) in Proposition
192. Let us now prove the second equality (17.17). First of all it is clear that

U MZR™) C S'(R™)
s>0

since, by definition, the elements of each space MS°(R™) are tempered distribu-
tions. Let ¢ € §'(R™). Then, by Theorem 190(ii) there exist constants C' > 0 and
p > 0 such that |W (), ¢)(2)| < C (2)" and hence |W (¢, ¢)| (z)* is bounded, so
that ¢ € M* (R™) for some s > 0. O

17.4 The modulation spaces M !

Let us now introduce a different class of modulation spaces, whose elements are
excellent candidates for being Weyl symbols. This class contains as a particu-
lar case the Sjostrand classes which were defined by other methods in Sjostrand
[150, 151].
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17.4.1 Definition and first properties

We will again use the weight function on R?" defined for z € R?” and ¢ € R?" by
(2)* = (1 4+ 2/?)%/2. We will assume that s > 0.

Definition 409. The modulations space M2} (R™ & R™) consists of all tempered
distributions ¥ € S'(R™ @ R™) such that

sup |W (¥, ®)(z,¢)(2)%| € L*(R" @ R™) (17.18)

2€R2n

for every ® € S(R"®R™). When s = 0 the space My*" (R*@R") = M (R"®R™)
is called the Sjostrand class. It thus consists of all ¥ € §'(R™ @ R™) such that

sup |[W(P, ®)(z,¢)| € L'(R" & R")

z€R2"
for every ® € S(R™ & R™).

Exercise 410. Verify that M>>1(R" & R™) is a complex vector space for the usual
operations.

The spaces M>>1(R"™ @ R™) are usually defined in terms of the short-time
Fourier transform VgV instead of W (¥, ®). That the choice of definition is irrele-
vant is easy to prove:

Exercise 411. Show that ¥ € M>}(R™ & R") if and only if
sup |Vo¥(z,()(z)°| € L'(R" & R™)

Ze]RZ'n.
by adapting the method in the proof of Proposition 397.

The following result is the analogue of Proposition 399; it shows in particular
that it suffices to check the bound (17.18) for one function ®:

Proposition 412. We have ¥ € M2} (R™ & R") if and only if (17.18) holds for
one & € S(R*®R"), and
(i) The equalities

N0 = [ sup W8 B)(e00) (a1l

R2n zcR2n

define a family of equivalent norms on MY (R™ & R™) when ® describes
S(Rn st Rn);

(ii) The space M2 (R™ ®R"™) is a Banach space for the topology defined by any
of the norms ||- ”(II\Z“J and S(R*®R™) is a dense subspace of M2 (R*GR™).

An important property of the modulation spaces M21(R™ & R") is their
invariance under linear changes of variables:
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Proposition 413. Let A € GL(2n,R) and set A*U = ¥ o A. We have ¥ €
MY R™ @ R™) if and only A*V € MY (R™ @ R"). There exists a constant
Ca > 0 such that i

JAT )2 s < CallW]42 (17.19)

M?
for every ® € S(R™ @ R™).

Proof. Tt is of course sufficient to prove the existence of a constant C'4 such that
(17.19) holds. Let us set ¥/ = A*¥ and choose ® € S(R™ & R"™). We have, by
definition of the cross-Wigner transform on R™ @ R"”,

2 i 1
WOL0)(:.0) = (7)™ [ e Hmp(az+ L An)a(: — S
that is, performing the change of variables £ = An,
W (W, @)(2,¢) = (55)™" |det 4]

< / e HCATEY (A 4 LBz — TATE)de
R2n

and hence
W (W, ®)(A 2, AT¢) = (525)*" |det A~
X / e W (z 4 1E)(A-1) D(z — Le)de.
RQW,

It follows that
WV, ®)(A 2, ATC) = | det AW (T, (A™1)*®)(2, (),
that is
W(¥', ®)(z,¢) = |det A| ' W (T, (A~H)*®)(Az, (AT)710); (17.20)

taking the suprema of both sides of this equality we get

sup |[W(',®)(z,¢)(2)°] = [det A|”! sup [W(T,(A™")*®)(z,¢)(A"2)°|
2€R2n 2ER2n
and hence

1A | T :Idetx‘ll_lf]R sup W (P, (A1) @)(2, ()(A™" 2)°|dC.
° 2n z€E 2n

Since we have (A~7'2)* < C(A)(z)* for some constant C(A) > 0 the estimate
(17.19) follows. O

Exercise 414. Derive the equality (17.20) using the symplectic covariance property
(10.26) of the cross-Wigner transform.
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17.4.2 Weyl operators with symbols in M >

For this subsection a good source is Grochenig’s paper [84] (also see the older
paper [83] by Grochenig and Heil), and Gréchenig [82].

It is interesting to view the modulation spaces M! as symbol classes: in
contrast to the cases traditionally considered in the literature, membership of a
symbol a in M (R" &R™) does not imply any smoothness of a. It turns out that
this point of view allows us to recover many classical and difficult regularity prop-
erties (for instance the Calderén—Vaillancourt theorem) in a rather simple way.

Here is a first very interesting result. It says basically that the Weyl operators
with symbols in M2>1(R™ & R™) preserve phase-space concentration.

Proposition 415. Suppose that a € M2 (R™ & R™). Then the operator AN,
is bounded on each of the modulation spaces MI(R™).

Proof. (Cf. ([82], Theorem 14.5.6). O

The interest of M2 (R™ & R™) comes from the following property of the
Moyal product (Grochenig [85]), namely that it equips these spaces with a -
algebra structure. Recall that the Moyal product a x5 b is the Weyl symbol of the

Weyl
&Y.

~

product AB of the operators A Yy a and B

Proposition 416. Let a,b € MY (R™ @ R™). Then axp b € MY R™ @ R"™). In
particular, for every window ® there exists a constant Cy > 0 such that

llaxn bl 301 < Callall oo [l 3ot

Since obviously @ € M2}(R™ @ R") if and only if a € M2>1(R™ & R"), the
property above can be restated in the following concise way:

The modulation space M2 (R™ ®R™) is a Banach *-algebra with
respect to the Moyal product % and the involution a — a.

In the case of the Sjostrand class M} (R™ & R™) one has the following more
precise results:

Proposition 417. We have the following properties:

(i) Every Weyl operator A YY) o with a € M>Y(R"®R") is bounded on L*(R");
(i) If we have C = AB with a,b € M1 (R™ & R") then ¢ € M>1(R" & R");
(iii) If A with a € MY (R™ & R") is invertible with inverse B Y then b e
M>Y(R" @ R").
The Sjostrand class M1 (R™ & R™) contains, in particular, the symbol class
ngO(R” @ R™) consisting of all infinitely differentiable complex functions A on
R" @ R" such that 9% A is bounded for all multi-indices o € N*". Property (i) thus

extends the L?-boundedness property of operators with symbols in 5§ o(R™ @ R").
Property (iii) is called the Wiener property of M>1(R™ @ R™).



Chapter 18

Bopp Pseudo-differential Operators

Bopp pseudo-differential operators are the operators formally obtained from a
symbol by the quantization rules

r— x+ %ihé)p , D—Dp— %ihé)m (18.1)

instead of the usual correspondence + — x, p — —ihd,. The terminology
comes from the fact that the operators = + %ihé)p and p — %ihé)m are called “Bopp
shifts” in the physics literature. These operators act, not on functions defined on
R™ as ordinary Weyl operators do, but on functions (or distributions) defined on
the phase space R™ @ R"™. The definition of Bopp pseudo-differential operators
is sensitive to the choice of symplectic structure on R™ @& R"; this property will
be exploited in the next chapter in the context of non-commutative quantum
mechanics where one is led to use other symplectic forms than the standard one.

We will call this quantization procedure “Bopp quantization” in honor of
the physicist Fritz Bopp, who was the first to consider (in 1956) operators of
this type in his paper [18] where he discussed some statistical implications of
quantization. We should also give credit to the mathematical physicist Ryogo Kubo
[111] who noticed in 1964 the relationship between operators of this type and Weyl
calculus. This possibility has been sporadically discussed in the physics literature
(see for instance Brodimas et al. [23] and Balazs and Pauli [4]), but their papers
seem to have been unfortunately more or less unnoticed. We will see in the next
chapter that the theory of Bopp pseudo-differential operators is a tool of choice
for the study of deformation quantization which it reduces to a Weyl calculus of
a particular type. We will also see that the study of non-commutative quantum
mechanics can also be reduced to Bopp calculus. (Another easy application is the
study of generalizations of the magnetic Landau problem.)

The study of phase space pseudo-differential operators (from a slightly dif-
ferent point of view) was initiated in de Gosson [67, 68, 69, 70, 71], and applied to
deformation quantization via the theory of modulation spaces in de Gosson and
Luef [76, 79].

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 291
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 18, © Springer Basel AG 2011
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18.1 Introduction and motivation

To understand what Bopp pseudo-differential calculus is about, let us consider
the following simple example. In deformation quantization one studies “star prod-
ucts” of functions defined on phase space. The most commonly used, at least in
applications, is the Moyal product x5, which is one of the cornerstones of defor-
mation quantization, which we will discuss in more detail in the next chapter. By
definition ¢ = a x5 b where

C(Z) _ (ﬁ)Qn //Rzm eﬁa(z”zu)a(z+ %z’)b(z B %z”)dz’dz”.

This is immediately recognized as being the formula giving the symplectic Fourier
transform of the symbol of the product C = AB of two Weyl operators (cf. The-
orem 213). Equivalently, the symplectic Fourier transform of ¢ is given by the
formula

colz) = (55)" /RM e g (2 — 2 )by (2')d2' .

After a few calculations one sees that, in particular,
Txpa = (:c + %ihap) a , pxpa= (p - %zhc’)m) a (18.2)

where 0, and 0, are the gradients in p and x, respectively.

Exercise 418. Prove these formulas. More generally, what is % x a (resp. p® x5 a)
when a € N*?

The formulas (18.2) suggest that, more generally, the Moyal product a *p b
of two functions a, b could be rewritten in the form

axpb= Ab (18.3)

where A = A(z,Dp) is a pseudo-differential operator formally obtained by the “Bopp
quantization rules” x — ¥ and p — p where  and p are the differential opera-
tors

T=x+3ihd, , p=p— 3ihdy; (18.4)

writing z = (%, p) these relations can be written
Z=2z+ 3ihJo, (18.5)

which has the advantage of making explicit the relation of Bopp quantization
with the standard symplectic structure. This also opens the door to more general
quantizations associated with non-standard symplectic structures as we will see
in Chapter 19. Of course “formula” (18.3) only remains a notation as long as one
has not given a working definition of the operator A= a(z); and it is not at
all obvious what this definition should be except when a is a polynomial! Notice
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that by definition, such operators A act not on functions (or distributions) defined
on R™ but on functions (or distributions) defined on phase space R™ & R™. We
can therefore consider the study of such operators as a study of a phase space
pseudo-differential calculus.

We will give below a rigorous definition of the Bopp operators A which can
be viewed as a Weyl operator of a very particular type acting on phase space
functions. We will see that “Bopp calculus” is intertwined with the usual Weyl
calculus by infinitely many partial isometries of L2(R™) onto closed subspaces of
L?(R™). This fact has very surprising consequences, and it leads (as a by-product)
to simple proofs for many regularity properties for the usual Weyl operators.

18.1.1 Bopp pseudo-differential operators

Recall that the Heisenberg—Weyl operator T (z0) acts on functions defined on R™
via the formula

T(z0)0)(z) = en Poo=2P0T0) (1 — g50):

a natural step is to extend the domain of T'(zo) by letting it act on functions (or
distributions) defined on R™ @& R™ via the formula

~

T(20)¥(2) = e Pom=3P020) (5 — z).

This approach was actually initiated in our monograph [67] in connection with the
study of the phase space Schrodinger equation (also see de Gosson [69, 68, 70]). For
our present purpose, which is the definition of Bopp pseudo-differential operators,
we prefer to use a variant of this redefinition of the Heisenberg—Weyl operator:

Definition 419. For zy € R2" the operator T(z) is defined, for ¥ € &'(R™ & R™),
by _
T(20)¥(z) = e 720§ (7 — 120). (18.6)

This choice (as arbitrary as it can seem at first sight!) is consistent with the
quantization rules (18.4). This can be seen as follows. Recall from Chapter 8, for-
mula (8.3) that the introduction of the usual Heisenberg-Weyl operator T(z) =
e~(%20) can be motivated by the Weyl quantization of the translation Hamilto-
nian H,,(z) = o(z, 20); the operator with Weyl symbol is H,,(z) = o(Z, z9) with
Z = (x, —thd,) and the solution of the corresponding Schrédinger equation

lh%¢:ﬁz0w 5 ¢($70) :wo(ﬂf)

is formally given by v(z,t) = e®7(%20)/hqy(1); a direct calculation then leads to
the explicit formula

u(w,t) = k17 E2) gy () = e (or= 3000 (1 — )
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and hence T(z0)¥(x,0) = 1(z,1). To define the operators T(zo) one proceeds

o~

exactly in the same way: replacing the Hamiltonian operator H.,(z) = o(Z, 20)
with H.,(z) = o(Z,20) where Z = z + 1ihJ0, we are led to the “phase space
Schrédinger equation”

ih%lll =0(2z,20)V , ¥(z,0) = Yo(2)

whose solution is
\I/(Z,t) = e%ta(?,zo)\po(z) = ei%tg(z’zo)\llo(z — %tZO).

We thus have B -
U(z,t) = T(20)¥(z) = en7E20) W (2).

We also observe that the operators T/(zg) also appear (albeit in disguise) in
the translation formula (9.25) for Heisenberg—Weyl operators:

i

W (T(20)9, T(21)9)(2) = e~ # o202+ 50 G020l (4, 6) (2 — (2))

where (z) = (z0+21)/2. In fact taking z; = 0 in the formula above we immediately

get (18.6). It turns out that the operators T(z) satisfy commutation relations
which are similar to

~ ~ ~

T(20)T(21) = eR =) T (2 )T (20),

~

T(z0 + 21) = e 2O T ()T (21),
which are satisfied by the Heisenberg-Weyl operators (formulae (8.8) and (8.9)).

In fact:

Proposition 420. We have

i

T(z0 + z1) = e 27 GO T (20)T(2y), (18.7)
T(21)T (20) = e~ #7020 T (2)T (1) (18.8)

for all zg, z1 € R?".

Proof. Formula (18.8) follows from formula (18.7) noting that we can write

T(21)T(20) = €77 71200 T (21 + z4)
= eiﬁ"(zo’zl)f(zo + 21)

_ e,%a(zo,m)f(zo)f(zl)'

The proof of (18.7) is similar and left to the reader. O
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These relations suggest that f(zo) could correspond to a unitary representa-
tion of the Heisenberg group on phase space functions. We will see later on that
this is indeed the case.

In analogy with the formula

@) = ()" [ aollToota)dzo

defining a Weyl operator we introduce:

Definition 421. Let a € §'(R™ & R™); the operator A defined for ¥ € S(R™ & R™)
by

() = (5)" [ anlao)T o) (a)

is called the Bopp operator with symbol a, and we will write A 2orp aora 2oee 7
(“Bopp correspondence”).

The definition of a Bopp operator can be reformulated in many different
ways. For instance, in terms of the distributional brackets ({-,-)) on R” & R" we
have

Av = (%h)n ((aq, f()\y»

This immediately shows that the definition of A still makes sense when the symbol

a is a tempered distribution on R™ @ R™. Thus, the Bopp correspondence a 2oep 4
makes sense for a € §'(R™ & R™). We will see below that this is not surprising,
because Bopp pseudo-differential operators are just Weyl operators of a special

type.

Exercise 422. In Chapter 8 we deﬁned the Grossmann-Royer operators by the
formula TGR(zO) T(20)Tar(0)T(20) ! where Tar(0)1(z) = 1h(—z). Show that
the operator Tar(z0) : S(R® & R") — S(R™ & R") defined by Tar(z0) =
T(20)Tar(0)T(20) ! where Tar(0)¥(z) = ¥(—zx) is explicitly given by

21

fGR(ZO)‘II(z) = eiYU(Z’ZO)‘I/(—Z + 20).

18.1.2 Bopp operators viewed as Weyl operators

Let us view the linear operator A as a Weyl operator A : S(R* ®R") — S'(R" @

R™). We are going to identify the symbol of A below; we begin by calculating its
distributional kernel:

Lemma 423. The kernel of the operator A2 s giwen by the formula

Kx(2,7) = (£)" ao[2(2 — )] ¥ =), (18.9)
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Proof. In view of Definition (18.6) of f(zo)\ll we have, performing the change of
variable zg = 2(z — 2'),

AV(z) = (Flh)n/ g (20)e  7TE#0) g (7 — 120)dzo
R2n
= ()" / agl2(z = )TN0 ()dz,
R2n

hence the kernel K 3 of A is given by formula (18.9). O

Theorem 424. Viewing A as a Weyl operator S(R™ & R") — S'(R™ & R"), its

symbol a Yoyl A is obtained from the symbol a Yerb 3 by
a(z,¢) = a(z — 3J¢) (18.10)
that is, setting ¢ = (Cz,Cp),
(2,0 = a(@ = 56, + 3C). (18.11)

Proof. 1t is a variant of the proof we have given in de Gosson [71] in a slightly
different context. In view of formula 10.15 with n replaced by 2n we can determine
the Weyl symbol @ of A by the formula

a(z,¢) = /R e K (24 4, 2 — dn)dn.

We have, using the identity o(z + 31,z — 31) = —o(z,7),

K(z+in,2—1n) = (£)" as(2n)e” 7o

mh

and hence
(2, 0) = (#)”/2 e HEmeFolEm g, ()
R2n
that is, setting w = 2n,

a(z,0) = (z25)" /R e IOV B Wa, (w)dw.

Now we observe that

Wwtolzw) =1 wtJzw
=J(z—3J() w
:a(zf%JC,w)

so that .
a(z,(¢) = (Flh)n/ eiﬁa(zfi‘](’w)ag(w)dw.
R2n
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Recalling that the symplectic Fourier transform is its own inverse we thus have

a(z,¢) =a(z — $J¢) (18.12)
which we set out to prove. ]

Note that (z, ) is the generic point of the 4n-dimensional phase space R?" &
R?"; the variable ¢ = ((s,(p) € R" xR™ is viewed as the dual variable of z = (z,p).

The result above justifies the interpretation of A as the operator obtained
from the usual Weyl symbol a by the quantization rule

z=(z,p) — (z + 3ihdp, p — 3ih0y) = Z (18.13)
and thus legitimates the notation
A= alx + %ihﬁp,p - %ih@m) =a(2)

we introduced above.

18.1.3 Adjoints and a composition formula

The usual rules for calculating the adjoint and composing Weyl operators apply
to the case of Bopp operators as well.

Proposition 425.
(i) The Weyl symbol ¢ of the product C =AB of two Bopp operators is

(z,¢) = c (2= 3J0¢) (18.14)
where c is the usual Weyl symbol of the product AB. Hence
AB = AB. (18.15)

(ii) The symbol of the adjoint A* is the complex conjugate @ of the symbol @ of
A. Hence A* is (essentially) self-adjoint if and only if a is real.
Proof of (i). In view of the composition formulas in Theorem 213 the Weyl symbol
of AB is given by
E(Z,C) _ (ﬁ)éln/ e%o-(z”cl;2”7<,)a [%(Z*F %Z’) . J(C+ %C/)}
R4n
xb[3(z—32") = J(C — 3¢")] dz'd="d¢ d¢”

where w is the symplectic form on R*". Defining new variables u/ = %z’ — J¢ and

u”’ = 12" — J¢”, this formula becomes

&(z,¢) = (L)m /]R4 I(u,u")a(z +u' — 2JO)b(z — v — $J¢)dz"dz" du' du”
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with )
I(u,u") = / exp {—%(U(Z’,Z” —u") —o(u,2")| d2'dz".
Using the properties of the Fourier transform, I'(u,u") is easily calculated and one

finds that it is equal to (4m)2"e27"%); formula (18.15) follows.

Proof of (ii). Part (ii) of the proposition follows from Proposition 212 about the
Weyl symbol of the adjoint of an operator and the fact that a is the Weyl symbol
of A viewed as an operator S(R"” & R") — S(R™ & R"™). O

18.1.4 Symplectic covariance of Bopp operators

The calculus of Bopp pseudo-differential operators should inherit the symplectic
covariance properties of the usual Weyl calculus. This is indeed the case:

Proposition 426. Let a2 A and S € Sp(2n,R). We have
a0 S ERRNTG AN (18.16)

where Mg is the unitary operator on L?(R™ @ R™) defined by MS\I/(Z) = U(Sz).
Equipping Sp(4n,R) with its standard symplectic structure o ® o we have Mg €
Mp(4n,R) where Mp(4n,R) is the corresponding metaplectic group.

Proof. That MS € Mp(4n,R) is clear, since we have
MsW(z) = Mgo¥(z) = Vdet SU(Sz)

(cf. the notation (7.9) in Chapter 7). With the notation of Chapter 3 (formula
(3.16)) set
S=t 0
MS - ( 0 ST) )

then Mg is the projection on Sp(4n,R) of the metaplectic operator MS = M\s,o.
To prove the covariance formula (18.16) we recall that the Weyl symbol of A s
given by a(z,¢) = a(z — $J¢). Let b be the Weyl symbol of the Bopp operator
with Weyl symbol a o S~ 5 : since S71J = JST we have

b(2,¢) = a(S7H(z - 1JC)) = a(Ms(z, Q).

This proves formula (18.16) applying the usual symplectic covariance formula
(10.25) for Weyl operators in Theorem 128 in our case. O

We notice that the symplectic covariance formula (18.16) is very simple com-

Weyl &5

pared to the covariance formula a o S~ ~YSAS because the operator M, s is just

a symplectic change of variables.



18.2. Intertwiners 299

18.2 Intertwiners

As arule, given a symbol a, the Weyl operator AN s less complicated than the

corresponding Bopp operator A 2orp a, so one would like to deduce the properties

of the second from those of the first. For this we first have to find a procedure
allowing us to associate to a function ¢ € L?(R") a function ¥ € L?(R™ @ R");
that correspondence should be linear, and intertwine in some way the operators A
and A. It turns out that there exist many procedures for transforming a function
of, say, x into a function of twice as many variables: the well-known and much
used Bargmann transform is an archetypical (and probably the oldest) example
of such a procedure (see Problem 429 below). However, the Bargmann transform
is not sufficient when one wants to recover all the spectral properties of A from
those of A. For example, the eigenvalues of A are generally infinitely degenerate,
so it is illusory to attempt to recover the corresponding eigenvectors from those of
A using one single transform! This difficulty is of course related to the fact that
no isometry from L?(R™) to L?(R™ & R™) can take a basis of the first space to a
basis of the other (intuitively L#(R™) is “much smaller” than L?(R" @ R")). We
will overcome this difficulty by constructing an infinite family of partial isometries
Wy : L2(R") — L?(R™ @ R™) parametrized by the Schwartz space S(R"); these
partial isometries are easily defined in terms of the cross-Wigner transform.

18.2.1 Windowed wavepacket transforms

Here is the definition of the wavepacket transforms Wy:
Definition 427. Let ¢ € S(R™) be such that ||¢|| 2~y = 1. The linear mapping
Wy : S(R") — S(R™ & R"™) defined by

Wetp = (2mh)" W (4, ) (18.17)

where W (1), ¢) is the cross-Wigner distribution, is called the wavepacket transform
(for short WPT) with window ¢.

Equivalently, taking into account Definition 171 of the cross-Wigner trans-
form,

With(2) = ()" (Tar(2)$]0) L2 @) (18.18)

where Tggr(z) is the Grossmann-Royer transform. In view of the formula (9.14)
the WPT is explicitly given by

Wob(e) = (g40)"* [ e brrota + )t~ Tuld. (18.19)

Since W (1), ¢) is defined for ¢ € S'(R™) if ¢ € S(R™) the wavepacket trans-
form extends into a mapping §’'(R") — S’'(R™). In fact:
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Proposition 428. For every ¢ € S(R™) the mapping Wy : S(R™") — S(R™ ¢ R")
extends into an automorphism

W, :S'(R") — S'(R" @ R")

whose inverse (Wy) ™! is calculated as follows: if W) = W then

V@) = Gt (2)" /R () Tan (o) (2)d (18.20)

for each v € S(R™) such that (y|¢)r2wny # 0. In particular, since ¢ is normalized,

o) = ()" /RQ,L U (z0)Ter (20)p(x)dz. (18.21)

Proof. The fact that W, can be extended into an automorphism S'(R") —
S'(R™ @ R™) is a consequence of Proposition 192 and its Corollary 194. The in-
version formulas (18.20) and (18.21) immediately follow from formula (9.51) in
Proposition 184. g

We mentioned at the beginning of the chapter that the Bargmann transform
is a device that allows one to turn functions on configuration space into functions
on phase space. In the following problem you are asked to make explicit the re-
lationship between the Bargmann transform and the wavepacket transform for a
special Gaussian window.

Problem 429. Bargmann [6] has introduced an integral transform defined on
L?(R™) and whose values are functions on the complex space C". This transform
is defined by the somewhat cumbersome formula

BQ/J(Z) _ 2n/4/ €2wu~zf7ru27%22w(u)du'

n

(i) Show that the Bargmann transform is related to the short-time Fourier trans-
form defined in formula (16.1) by

Vioth(, —p) = ™™ 7 Bip(z)e 11"/ (18.22)

where z = z + ip and ¢o(z) = 2"/4e~™**, [The proof of formula (18.22)
is purely computational; the reader who is in a hurry can find a proof in
Grochenig’s book [82], pp. 53-54.]

(ii) Deduce from this a relation between the Bargmann transform and W, .

The WPT Wy has several important function-analytical properties: let us
begin by showing that it is a partial isometry onto a closed subspace of the Hilbert
space L?(R" & R").
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Theorem 430.

(i) The standard WPT Wy is an isometry of L*(R™) onto a closed subspace Hy
of L2 (R™ @ R™) and the adjoint W5 of Wy is given by the formula

* 2 s
Wi = (3)" [ o Tonoiodan (18.23)
R n
where ZA“GR(zO) is the Grossmann—Royer operator;
(ii) The operator WiWy is the identity on L*(R™) and
Py =WsW; : L*R*®R") — L*R" ®R")
is the orthogonal projection of L?(R™ & R™) onto H.

Proof of (i). Let ¢ € S(R™). In view of Moyal’s identity (formula (9.41)) in The-
orem 182) we have:

(W |We)) 2 = ($|i)") 12 (d]6) 2
that is, since ¢ has norm 1,
(W |Wetp) 2 = (|¢") 12

hence the operator W, extends into an isometry of L?(R") onto a subspace Hg
of L?(R™ & R™); that subspace is closed since it is homeomorphic to L?(R™). Let
us prove formula (18.23) for the adjoint of Wy. By definition of the adjoint of an
operator we have

(WY pe = (Y |Wet) 2,
hence it suffices to show that

5 -
(2" [ W0 Tonla)ol)radzo = (WWow)so (1820
R n
Now, using Definitions (9.11) and (18.17) we have

(Tar(20)$1W) 12 = (Th) W (6, 9)(20) = (%)™ > Wh(z0)

and hence
n/2 -~
()" [ W) Tan(ealdlt)iadan = (¥IWa)1:
which was to be proven.

Proof of (ii). To prove that WiW; is the identity on L?(R™) we choose 1 €
L?(R™) and observe that for every ¢’ € L?(R") we have

(WEWet|oh") 2 = (Wyh|Wet) ) 2 = (Y[Y)) 125
it follows that WiWey = ¢. We have Py = PJ and PyP; = P hence Py is an
orthogonal projection. Since W7 Wy is the identity on L?(R™) the range of W5 is
L?(R") and that of P, is therefore precisely Hs. O
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18.2.2 The intertwining property

The main interest of our wavepacket transforms comes from the fact that they
intertwine Bopp operators with the usual Weyl operators.

Proposition 431.
(1) The operator Wy, intertwines the operators f(zo) and f(zo), in the sense that
Wo(T (20)0) = T (20)Wot; (18.25)
(ii) and hence
AW¢ = W¢A and W;A = AW(Z (1826)

Proof of (). Making the change of variable y = 3’ + 2o in Definition (18.17) of
Wy we get

Wo(T(20)1,6)(2) = €™ 572 Wi (2 — §20)
which is precisely (18.25). Alternatively, this formula is a particular case of prop-
erty (9.25) of the cross-Wigner transform.

Proof of (ii). Applying W, to both sides of the formula
Ay = (Flh)n/Q ao(20)T (20)1dz
R2n

defining the Weyl operator A a, we get

Wolt = (51)" [ | aneoWolT o)l = AW

and hence

WAy = (525)" / a0 (20)[T(20)Wythldzo = A(Wyt))

R27

which is the first equality (18.26). To prove the second equality it suffices to apply
this equality to Wi A = (A" Wy)*. O

Let us have a look at how the windowed wavepacket transform behaves under
the action of symplectic linear automorphisms.

Proposition 432. Let S € Sp(2n,R) and ¢ € L?(R"). We have

Woth(S™12) = Wi, (S0)(2) (18.27)
where S is any of the two operators in the metaplectic group Mp(2n,R) covering S.
Proof. Tt follows immediately from the symplectic covariance formula

W(i,¢) 057 =W(S¥,50)
satisfied by the cross-Wigner distribution (Proposition 217). O
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18.3 Regularity results for Bopp operators

. -~ Weyl
As a rule, to each regularity result for a Weyl operator A < a corresponds a

. ~B
regularity result for the Bopp operator A Pl o

18.3.1 Boundedness results
We begin with a simple continuity statement:

Proposition 433. Let a € L?(R™ & R™). The operator A 22 4 s continuous on
L?(R™ ® R") — L°°(R"™ & R") and we have the estimate

1AW e < (5)" ] pageons 1] ey (18.28)
for all ¥ € L2(R™ @ R"™).

Proof. 1t is of course sufficient to prove the inequality (18.28). By definition

AV(z) = (Flﬁ)n/Rz ay(20)T (20)¥(2)dzo

with T'(20)¥(z) = e~ #o(=20) ¥ (2 — 120). Hence, using Cauchy—Schwarz’s inequal-
ity:

~ 2

AT()? < (55) > lall poeny /R 0 (2 — L20)[2dz0.

Setting u = z — %zo in the integral this inequality becomes

e 2n
AR ()P < ()" Nl e 1] c2geeny
which we set out to prove. ]
Let us now introduce the following notation: for an arbitrary window ¢ set
LL(R*™) = Wy(MZI(R™)) C LI(R*"). (18.29)
Clearly £,(R?") is a closed linear subspace of L4(R?*") (and hence a Banach space).

Proposition 434. Let A 2 4 be associated to the Weyl operator Ay, If
a € M1 (R?*) then

A, : LI(R*) — LI (R*)
(continuously) for every window ¢ € S(R™).

Proof. Let U € L (R*"); by definition there exists u € MJ(R") such that U =
Wyu. In view of the first intertwining relation (18.26) we have

EW(bu = W¢/Tu
hence Au € M4(R™) and A is bounded. It follows that W¢/A1u € E;{,d)(RQ"). O



304 Chapter 18. Bopp Pseudo-differential Operators

It is worthwhile (and important, in a quantum mechanical context) to note
that the spaces Efb (R?") cannot contain functions which are “too concentrated”
around a point; this is reminiscent of the uncertainty principle. In particular the
Schwartz space S(R?") is not contained in any of the £?¢(R2"). This is an imme-
diate consequence of the Hardy uncertainty principle for the Wigner transform:
assume that u € S(R™) is such that Wu < Ce=M** for some C > 0 and a real
matrix M = M7 > 0. Consider now the eigenvalues of JM; these are of the form
+iA; with A; > 0. Then we must have \; <1 for all j =1,...,n. Equivalently, the
symplectic capacity ¢(Way) of the “Wigner ellipsoid” Wy : Mz - z < 1 satisfies
c¢(W) > m. This result in fact also holds true for the cross-Wigner transform: if
[W (u, $)(2)] < Ce=™*= for some ¢ € S(R™) then ¢(W) > m. Assume now that
U e E;{’d)(RQ”) satisfies the sub-Gaussian estimate |U(z)| < Ce=M#%; by defini-
tion of L} (R2™) this is equivalent to |W (u, ¢)(2)| < Ce=** hence the ellipsoid
W) must have symplectic capacity at least equal to .

Recall from Chapter 17 that the modulations space M2 (R" @ R") contains
the weighted Sjostrand classes consisting of all tempered distributions ¥ € &’ (R"®
R™) such that

sup |[W (¥, ®)(z,¢)(z)*| € L*(R" @ R™). (18.30)
zER2"
‘We have seen that M ;’0’1 (R"®R"™) is a Banach *-algebra with respect to the Moyal
product x5 and the involution a — @ and that for every window ® € S(R* @R")
there exists a constant Ce > 0 such that

s B s < Cnllal] e ] €

for a,b € M (R™ @ R™).

18.3.2 Global hypoellipticity properties

In Chapter 14 we introduced the global Shubin classes of symbols I']"; we have
a € THR™ ®R") if and only if a is a complex function in C*°(R™ & R") such that

for every o € N2" there exists a constant C, > 0 with
10%(2)] < Cq (2)™ 71 for 2 € R2™. (18.31)

In the context of Bopp pseudo-differential operators it is interesting to consider
symbols belonging to a subclass of HI'J'*"™° of I']"; the consideration of these new
symbol spaces will enable us to prove both regularity and spectral results.

The following definition goes back to Shubin [147] (Chapter 4):

Definition 435. Let mg, m1, and p be real numbers such that mg < m; and 0 < p <
1. The symbol class HI'J"+™0(R"™ ©R™) consists of all functions a € C*(R" @ R")
such that, for |z| sufficiently large, the following properties hold:

Colz|™ < |a(2)] < Cy|z|™ (18.32)
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for some Cy, C7 > 0 and, for every a € N™ there exists C, > 0 such that
02a(2)] < Cala(2)] 2|71, (18.33)

We denote by HGJ'»™(R™) the class of operators A: S(R") — S'(R") with
7-symbols a, belonging to HI''t™0(R™ @& R™).

Thus, A € HTemo(R™ @ R™) means that for every 7 € R there exists
a; € HTP0™mo(R™ @ R™) such that

~

Au(z) = (2m)™" / /R N eV Ea (1= 7)o + 1y, &)uly)dyde;

choosing 7 = % this means, in particular, that every Weyl operator A ¥ a with
a € HTEm(R™ @ R™) is in HGJ'™0(R™ @ R™). It turns out that the condition
a € HTmo(R™ @ R™) is also sufficient, because if a, € HT''™(R" @ R") is
true for some 7 then it is true for all 7.

The spaces HI''1 ™0 (R"®R™) and HG} ™0 (R™) are subspaces of the Shubin
classes studied in Chapter 14:

HIT™0(R™ @ R™) € I (R" & R™),
HGI ™ (R™) € G (R™),

as trivially follows from their definition. An immediate consequence of Proposition
318 in Chapter 14 is the following:

Proposition 436. Every operator Ae HTmoe (R ®R™) is a continuous operator
S(R™) — S(R™).

The classes HG'™ (R™ © R™) have an interesting “global hypoellipticity”
property, which motivated Shubin’s interest (also see the contribution by Bog-
giatto et al. [16], p. 70). Recall that an operator A : §'(R") — &'(R") is C°°-
hypoelliptic if

¥ € 8'(R™) and Ay € C°(R") = h € C®(R™).

Shubin’s notion of global hypoellipticity is more useful in applications to quantum
mechanics than C* hypoellipticity because it incorporates the decay at infinity
of the involved functions or distributions.

Definition 437. We will say that a linear operator A : &'(R") — S'(R") is
“globally hypoelliptic” if we have

¢ € 8'(R") and Ay € S(R") = ¢ € S(R™). (18.34)

Shubin ([147], Chapter IV, §23) has proved the existence of a left parametrix
of an operator A € HG'™* (R" & R"™); more precisely he shows that:
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Proposition 438. Let A € HGom (R @ R™);

(i) There exists an operator B € GL ;"m0 (R™) such that BA = I+ R where
the kernel of R is in S(R™ x R™) and hence R : §'(R") — S(R™);

(ii) Any Weyl operator A belonging to the class HG ™ (R™ @ R™) is globally
hypoelliptic.

The statement (ii) actually immediately follows from the existence of the
parametrix B: let ¢ € S'(R") and assume that ¢ = Aw € S(R™); then ¢ =
B¢ — Rip. Now it is clear that B¢ € S(R") and we have Rip € S(R™) in view of
the proposition above.

We cannot however use the result above to prove global hypoellipticity prop-

erties for the Bopp operator A 2P 4 while it is clear from _the way in which Bopp
operators compose (Proposition 425 above) that we have BA = I + R where R is

the Bopp operator corresponding to the Weyl operator R, it is not true in general
that the kernel of R is in S(R?" x R?").

Exercise 439. Check this statement in detail using the formulas in Theorem 424.

To be able to prove global hypoellipticity results for Bopp operators we can
use the following refinement of Proposition 438, also due to Shubin ([147], Chapter
IV, §25):

Proposition 440. Let A € HG ™o (R @ R™) be such that Ker A = Ker A* = {0}.
Then there exists B € HG,m~mo(R™ @ R™) such that BA=AB=1 (ie, B is

a true inverse of ]{)

An immediate consequence of this result is:

Corollary 441. The Bopp operator A associated to a € GIjmoe (R™ & R™) such
that Ker A = Ker A* = {0} is globally hypoelliptic.

Proof. In view of Proposition 440 the operator A has an inverse B belonging to
HG,;™e=mo(R™ @ R™). In view of formula (18.15) in Proposition 425 the Bopp
operator B is then an inverse of A. Assume now that AU = & € S(R"®R™); then
U = B®. The result now follows from the observation that B maps S(R™ & R™)
into S(R"” ® R") and S&’'(R™ & R™) into S'(R™ @& R™). O



Chapter 19

Applications of Bopp Quantization

In this chapter we study a few selected applications of the techniques and material
introduced in the previous chapters. Needless to say, the list of topics we have
chosen is not exhaustive, and only limited due to constraints of place and space;
they very much reflect the taste — and knowledge. .. — of the author. Much is part
of ongoing research, and the interested reader is invited to consult the bibliographic
hints.

We begin by a rather straightforward application of the techniques of Bopp
calculus, and then show how it is a tool of choice for understanding deforma-
tion quantization from an operator point of view. We thereafter extend Bopp
calculus to a topic of current great interest in mathematical physics, namely “non-
commutative quantum mechanics” whose study we reduce to that of Bopp calculus.

19.1 Spectral results for Bopp operators

An essential property of the Bopp pseudo-differential operator Alis that it has the
same (generalized) eigenvalues as the corresponding Weyl operator A. Moreover,
the corresponding eigenfunctions are obtained from those of A using wavepacket
transforms; this fact implies that in general the eigenvalues of A have infinite
degeneracy.

19.1.1 A fundamental property of the intertwiners

Another essential property of the WPT is the following, which was announced in
Proposition 188:

Theorem 442. Let (¢;); and (1;); be arbitrary orthonormal bases of L*(R™); the
vectors @y, = Wy, ¢y form an orthonormal basis of L*>(R™ & R™). In particular
(W, br) 4,1 is such a basis.

M.A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics, 307
Pseudo-Differential Operators 7, DOI 10.1007/978-3-7643-9992-4 19, © Springer Basel AG 2011
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Proof. Using Moyal’s identity (9.41) we have

(k| i)z = (We,0e|We,, tbrr ) L2
= (27h)" (W (Y, 05)IW (Vs , 5r)) L2

= (Vr|Yw ) p2(d5ld50 ) L2

hence the @, form an orthonormal system of vectors in L?(R™ & R™). It is thus
sufficient to show that, if ¥ € L2(R™ & R") is orthogonal to the family (®;);x
(and hence to all the spaces Hg,), then ¥ = 0. Assume that (¥|®;1)p2@en) = 0
for all indices j, k. Since we have

(W|Pjk) 2 = (VW) L2 = (W, U[tk) L2

it follows that W(;jllf =0 for all j since (¢ )x is a basis. Using the sesquilinearity

of Wy in ¢ we have in fact W;W¥ = 0 for all ¢ € L*(R") since (¢;); also is a basis.
Let us show that this property implies that we must have ¥ = 0. Recall (formula
(18.23)) that the adjoint of the wavepacket transform W} is given by

ww = (&) /R?n U (20)Tar (20)$dzo

where 7 cr(20) is the Grossmann—Royer operator. Let now ¢ be an arbitrary ele-
ment of S(R™); we have, using Definition (9.11) of the cross-Wigner transform,

(W) = (Z)" /R U(2)(Tor()0lY) 2d

— (2mh)"? /R W, 6)(2)d

Let us now view ¥ € L%(R™ @ R") as the Weyl symbol® of an operator Ay. In
view of formula (10.8) we have

) [ WW o)) = (Ao

and the condition Wi W = 0 for all ¢ € S(R") is thus equivalent to (Agtp|¢)r2 =0

for all ¢, € S(R™). It follows that Ayt = 0 for all ¢ and hence Ay = 0. Since
the Weyl correspondence is one-to-one we must have ¥ = 0 as claimed. g

Problem 443. State (and prove) a generalization of Theorem 442 to Weyl-Heisen-
berg frames.

1T am grateful to Harald Stockinger (NuHAG) for having pointed out this approach to me.
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19.1.2 Generalized eigenvalues and eigenvectors of a Bopp operator

In this subsection we give an application of the machinery developed above to spec-
tral results for Bopp operators. In order to avoid delicate domain questions we will
deal here with generalized eigenvalues and eigenvectors; more specific results will
be studied in the next subsection when we make some additional assumptions on
the symbols. In that context the Banach Gelfand triple (So(R™), L?(R™), S{(R™))
(where Sp(R™) is the Feichtinger algebra) is a useful device.

Let us slightly extend the notion of generalized eigenvalues and eigenfunctions
we briefly discussed in Subsection 16.4.2:

Definition 444. Let A be an operator on L%(R™). We assume that A is continuous
on S(R") — S(R™), and hence has a continuous extension §'(R") — S'(R™).
Setting (10) = (¢, 0) for ¢» € S’'(R") and 6 € S(R™) a distribution 1 € S'(R™) is
called a generalized eigenvector of A corresponding to the (generalized) eigenvalue
A if ¢ # 0 and we have

(v1476) = A(¥16)
for all # € S(R™) [observe that we do not require ¢ to be in the domain D3 of
A]. We will similarly write ((¥|©)) = ((¥,©)) where ((-,-)) is the distributional
bracket on R™ @ R™. The distribution ¥ € S'(R™ & R") is a generalized eigen-
function of A : SR @ R") — S(R™ & R") if ¥ # 0 and there exists A such
that
(W] A°0)) = A(V]0))

for all © € S(R™ ¢ R™).
With this definition and notation we have the following result:

Theorem 445.

(i) The generalized eigenvalues of the operators A and A are the same;

(ii) Let ¢ be a generalized eigenvector of A. Then, for every ¢ € S(R™) the vector
U = Wyt satisfies (U|A*0)) = A((¥|©)) for all for all © € S(R™ & R™); in
particular if W # 0 it is a generalized eigenvector of A corresponding to the
same generalized eigenvalue.

(iii) Conversely, if U is a generalized eigenvector ofg then ¢ = W;\Il 18 a gen-

eralized eigenvector OfA\ corresponding to the same eigenvalue.
Proof. (i) Let us show that if

(| A*0) = \v|6) for every 6 € S(R™)
then
(Wyh|A*©)) = A(W42|©))  for every © € S(R" & R").
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We have
(Wy0|470)) = (4| W3 A76)) = ((¥| A W)

= M@IWge)) = A(Wsy|0))
hence the claim since W;© € S(R"). Suppose conversely that ((\If|g*®)) =
A(P]©)) for every © € S(R™ @ R™). We have to show that (W(;\I/LZ[*G) =
AW5¥|0) for every 6 € S(R™). Now,

(WEU|A*0) = (U|W,A*0) = (V| A*W,0)
= M(¥[Ws0)) = A(W50[0))

proving our claim. That every eigenvalue of A also is an eigenvalue of A is clear:
if Ay = A\ for some ¥ # 0 then

A(Wy)) = WA = AWy

and ¥ = Wyt # 0; this proves at the same time that Wy is an eigenvector of
A because Wy has kernel {0}. (ii) Assume conversely that AV = AU for ¥ €
L?(R" ®R"™), U # 0, and A € R. For every ¢ we have

AWZO = Wi AU = \W; ¥
hence A is an eigenvalue of A and 1 an eigenvector if ¢ = W(;’; W #£ 0. We have
Wetp = WyWi = Py W

where Py is the orthogonal projection on the range Hy of Wy. Assume that ¢ = 0;
then P, ¥ = 0 for every ¢ € S(R™), and hence ¥ = 0 in view of Theorem 442. [

Let us specialize the results above to the case where A is (essentially) self-
adjoint:

Corollary 446. Suppose that A is an essentially self-adjoint operator on L*(R™)
and that each of the eigenvalues Ao, A1, ..., Aj, ... has multiplicity 1. Let vg, n,

.., ¥j, ... be the corresponding sequence of orthonormal eigenvectors. Let W, be
an eigenvector of A corresponding to the eigenvalue \;. There exists a sequence
(0k)k of complex numbers such that

U= a0V, with W; =Wy, € H; NHe. (19.1)
4

Proof. We know from Theorem 445 above that Aand A have the same eigenvalues
and that W; , = Wy, ¢, satisfies AW, = A\;¥; 1. Since A is self-adjoint its eigen-
vectors 1; form an orthonormal basis of L?(R™); it follows from Theorem 442 that
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the W, ), form an orthonormal basis of L2(R™ & R™), hence there exist non-zero
scalars ;¢ such that W; =37, , ;¢ Vg . We have, by linearity and using the

fact that Z\I/k,g = MV e,

A\I/j: E ajykygA\I/kyg: E ajykyg)\k\lfk’z.
k¢ k.t

On the other hand we also have

AV, =\, = Z 0o N j Wi e
J.k

and this is only possible if o, = 0 for & # j; setting o = ;¢ formula
(19.1) follows. That ¥;, € H; N H, is clear using the definition of H, and the
sesquilinearity of the cross-Wigner transform. g

Besides the fact that they intervene in global hypoellipticity questions, one
of the main appeals of Shubin’s classes HI'J'*"™° and HG}'"™° comes from the
following property, which is essential for the proof of the main result (Theorem
448) which we will prove in a moment:

Theorem 447. Let A € HGpv™ (R™ @ R™) with mg > 0. If/T is formally self-
adjoint, that is if (Aulv)r2 = (u|Av)2 for all u,v € C°(R™), then A is essen-
tially self-adjoint and has discrete spectrum in L*(R™). Moreover there exists an
orthonormal basis of eigenfunctions ¢; € S(R™) (j = 1,2,...) with eigenvalues
Aj € R such that lim;j_,o || = o0.

We remark that the global hypoellipticity property of the operators A-)N €
HG'™ automatically implies that the orthonormal basis of eigenfunctions ¢;
is in the Schwartz space S(R™).

We now have all the elements we need to prove the main result of this section:
Theorem 448. Let A € HG7'™0 (R™ @ R™).

(i) The operators A and A have the same eigenvalues; if 1 is an eigenfunction
of A corresponding to the eigenvalue A then Wy, = Wyt) is an eigenfunction

of A corresponding to A, for every ¢, and we have Uy € S(R™ & R™).

(ii) Assume in addition that mg > 0 and that A is formally self-adjoint. Then A
has discrete spectrum (X\;)jen and lim;_,o || = co.

(iii) The eigenfunctions of/T are in this case given by @, = Wy ¢r where the ¢;
are the eigenfunctions of A.

(iv) We have ®;;, € S(R™ & R"™) and the @i form an orthonormal basis of
L*(R™ & R").
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Proof of (). That every eigenvalue of A also is an eigenvalue of A is clear: if
Ay = \p for some 1) # 0 then

A(Wy)) = WAy = \(Wyh)

and Wyt # 0 because Wy is injective; this proves at the same time that Wy is

an eigenfunction of A. Assume conversely that AU = \U for ¥ # 0. For every ¢
we have, using the equality W;A = AVVd)7

AW = WiAD = AW U

hence A is an eigenvalue of A and Wi will be an an eigenfunction of A if it is
different from zero. Let us prove this is indeed the case. Recall that W¢W$ =P,
is the orthogonal projection on Hy. Assume that W;\Il = 0; then Pp¥ = 0 for
every ¢ € S(R™), and hence ¥ = 0 in view of Theorem 442; but this is not
possible since ¥ is an eigenfunction. That we have Uy € S(R™ @ R"™) is clear since
Wy : S(R") — S(R™ & R™).

Proof of (ii)—(iv). Properties (ii)—(iv) follow immediately from property (i) using
the properties of the Shubin classes HG}'+™° (R" © R™). O

19.1.3 Application: the Landau problem

The “Landau problem” is a classical topic from mathematical physics; it is basi-
cally the study of Hamiltonian operators arising in the study of particles moving
under the action of a magnetic field (see for instance Landau and Lifshitz [113]).
It has mathematically very interesting ramifications, such as the study of the Hall
effect (both classical and quantum); see for instance the overview [11] by Bellissard
et al. In our study of the spectral properties of the Landau problem for a uniform
magnetic field we are following the approach in our paper de Gosson [71] where
we showed the strong relationship between this problem and Bopp calculus.

The derivation of the so-called magnetic operator can be found in a multitude
of textbooks; we are following here our exposition in [65]. Consider a hydrogen
atom placed in a magnetic field B = (Bz, By, B>). Neglecting spin and relativistic
effects the Hamiltonian function is

0 F) =5 (7 - SA) - ©
2m c r

where we are using the notation 7 = (z,y,2), P = (pupy,p=), 7 = | 7'|; the vector

potential A is a solution of the equation B = V- x A (it is of course not uniquely
determined by this relation). Assuming that r is very large (which is the case for
instance when the atom is in a highly excited state) we neglect the term e?/r and
the Hamiltonian function becomes

HF,7) =5 (7~ SA) .
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N
Supposing that the magnetic field B is constant and uniform, and that its direction
is the z-axis, the coordinates of the vector potential satisfy the equations

0A, 0A. 0A, DA, 0A, 04,

e s — B..
0z oy 0z Oz 0, Oz Oy

Choosing the solution A, = —%Bz, Ay = %Bzy, A, =0 (it is called the “symmet-
ric gauge”) the Hamiltonian takes the explicit form

2 2p? eB
H7,P) =2 + S22 (02 4 ¢?) — S22 (ap, — 19.2
(7, P) =5+ 5@ +y7) — o= (wpy — ypa) (19.2)
with p = |P'|. Since the problem is essentially planar, we can actually assume

p. = 0; setting wy, = eB,/2mec (“Larmor frequency”) this can be rewritten in the
form

1 mw?
ngﬁl?):%(piwiw 2L<m2+y2)—wL<mpy—ym)- (19.3)

The corresponding Weyl operator is then given by

~ h? 0 0 mw?
Hupag = — A0y y —ihwp |y — 2 | + —L (2% + 32 19.4
mag om— oY L <y8m ay) * 2 (@ +7) ( )
where A, , is the Laplace operator in the variables x and y. Notice that the
associated Schrodinger equation can be solved exactly (in principle) using the
theory of the metaplectic group since the operator H is the “quantization” of the
quadratic Hamiltonian (19.3).
A closer look at formula (19.4) reveals that the magnetic operator ﬁmag is
obtained from the simple Hamiltonian function

H= g(pQ +2?) (19.5)
on R? by setting wy = y/w/m and using the “quantization rules” r — X and
p — Y where

> ith 0 = ih 0
X = — , Y=y-— —.
T Vmw oy Y Vmw 0z

Of course, these rules are just Bopp quantization when # is replaced with A/+/mw
(and p with y). Thus, the theory developed in Chapter 18 applies mutatis mu-
tandis; for instance the intertwining operator Wy should be replaced with a new
operator Wfag defined as follows: first write the cross-Wigner transform by chang-
ing A into h/+/mw; this leads to the formula

(19.6)

W™ae(), ¢)(z) = (g)n / e‘@p'?ﬁp(m 4 %y)cj)(x — %y)dy (19.7)
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Then, one replaces the formula Wy = W (v, ¢) with

wﬁ%:(%%ypwmﬂww

This leads to the following explicit form for the intertwiner W;'**:

n/2 iv/mw 1N
Wi = () [ e s T (08)

Let us choose units in which A = 1. The symbol of the Bopp operator (19.5)
is in the Shubin class HT'2"*(R?), hence Theorem 448 applies. The eigenvalues of

H are thus those of the operator

H=2(-0%+2%. (19.9)

| &

These are well known, they are the numbers \; =2j+1 (7 =0,1,2,...); the cor-
responding eigenfunctions ¢; are conveniently rescaled Hermite functions. Using
well-known formulae expressing the cross-Wigner transforms of pairs of Hermite
functions in terms of Laguerre polynomial E? of degree j and order k (see, e.g.,
[163]) one recovers the usual expressions

1212

; b\ ._k _
jn(2) = (~1) = () " 27 F R LE (B2 )e

and ®; ;4 = @41, when k= 0,1,2,... for the eigenfunctions of H found in the
physics literature (see, e.g., Landau and Lifschitz [113]).
Another very interesting property of the Landau Hamiltonian is the following:

Proposition 449. The partial differential operator

h2

Hinag = =5

0 0 7
Agy —ithwr, <y% — xa—y) + %(aﬁ +9?)

is globally hypoelliptic: if ¥ € S'(R?) is such that ﬁmag\I/ € S(R?) then ¥ € S(R?).

Proof. This immediately follows from Corollary 441 since the harmonic oscillator
symbol (19.9) is in HF?’Q(RQ) and the corresponding operator has no eigenvalue
equal to zero. O

19.2 Bopp calculus and deformation quantization

We show here that “deformation quantization”, which is an alternative way of
doing quantum mechanics, is essentially the same thing as Bopp calculus. For a
very nice introduction to the topic (readable, following the authors, by an under-
graduate student. . .) see Hancock et al. [90]. Deformation quantization originates
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from the pioneering work of Weyl, Wigner, Groenewold, Moyal; it is a very active
branch not only of physics, but also of mathematics: for instance Kontsevich’s
work [109] on the deformation quantization of Poisson algebras was part of the
reason he was awarded the Fields medal in 1998. More about the historical origins
below.

19.2.1 Deformation quantization: motivation

The basic philosophy of deformation quantization is that quantization can be
viewed as a deformation of the structure of the algebra of classical observables,
rather than a radical change in the nature of the observables. By “quantization” we
mean the procedure familiar from quantum mechanics which consists in associating
to an “observable” a self-adjoint operator; from a mathematical viewpoint, this is
just the Weyl correspondence (or one of its variants) which allows one to associate
to a real symbol an essentially self-adjoint operator.

The genesis of the modern theory of deformation quantization roughly goes
as follows (we are taking this historical account from Bordemann [19, 20]. In
1974 Flato, Lichnerowicz, and Sternheimer studied in [56, 57] deformations of the
Lie algebra structure defined by the Poisson brackets on the algebra of smooth
functions on a symplectic manifold. In 1975, Vey [157] pursued their work in a
differential context and constructed a deformation on R™ & R™ which turns out to
be precisely the Moyal bracket. This opened the path to deformation quantization
presented in 1976 by Flato, Lichnerowicz, and Sternheimer in [58]. Two years
later, in two brilliant papers [9, 10] Bayen, Flato, Fronsdal, Lichnerowicz, and
Sternheimer not only posed the mathematical foundations of deformation theory,
but also proposed physical applications. They moreover showed that the Moyal star
product could be defined on any symplectic manifold which admits a symplectic
connection. Their study of star products on manifolds used Gerstenhaber’s [61]
theory of deformations of associative algebras, where Hochschild cohomology plays
a central role. The work of Bayen et al. drew the attention of both physical and
mathematical communities to a well-posed mathematical problem of describing
and classifying up to some natural equivalence the formal associative differential
deformations of the algebra of smooth functions on a manifold; it can therefore be
viewed as the birth certificate of deformation quantization.

The notion of Poisson bracket, briefly reviewed in the introductory chapter
where the basics of Hamiltonian mechanics were exposed, can be generalized in
the following way. Let us call Poisson algebra a real vector space A equipped with
a commutative and associative algebra structure (f,g) — fg and a Lie algebra
structure (f, g) — {g, h} satisfying the Leibniz law

{fg,h} = flg,h} +{f, h}g.

Note that since {-, -} is a Lie algebra structure, it satisfies in particular the Jacobi
identity
{fAg.h}}+{h.{f 9}} + {9, {h, f}} =0.
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Keeping this definition in mind, a Poisson manifold is a manifold M such that
the space A = C°°(M) is a Poisson algebra for the usual (pointwise) multiplication
of functions and some prescribed Lie algebra structure. For instance, if M =
R"™ & R"™ one can choose the usual Poisson bracket.

Let us denote by C°°(M)[[}]] the ring of all formal series in & with coefficients
in C°°(M); here h is just viewed as a symbol (the “deformation parameter”). An
element f € C*°(M)[[A]] can thus be symbolically written

oo

()

F=> (2
J=0

where the f,’s are in C°°(M); we prefer to choose 3ih as deformation parameter
rather than h.

A starproduct on (or formal deformation of) C°°(M) is a map
*: C®(M) x C*(M) — C*(M)][h])

associating to each pair satisfying (f, ¢) of function in C°°(M) a formal series

oo

frg=3 (3) Ci(f.9)
3=0
the following rules:
e Formal associativity: (f xg) xh = f* (g~ h);
o Co(f,g9) = fg and the C;’s are bidifferential operators;
e C1(f,9) =2{f,g} where {-, -} is the Poisson bracket.

We will not pursue the abstract study of deformation quantization here and
refer to the aforementioned paper by Kontsevich [109)].

19.2.2 The Moyal product and bracket

Recall (formula (10.21)) that by definition ¢ = a * b is the Weyl symbol of the

product C = AB with A ¥ ¢ and B ¥ p:

1/\/\

a*hb<—>AB

(assuming that AB is defined as an operator S(R") —> &'(R™)). We thus have
the explicit formula

axp b(z) = (Flh)Qn //R4 e gz 22b(z — 12")dz'd2". (19.10)
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This formula can be rewritten in several equivalent ways; for instance the change

of variables u = z + z v=z— lz” leads to the formula

a*p, b(z // aa(u’z’”)a(u)b(v)dudv (19.11)
R4n

where Jo is the antisymmetric cocycle defined by
Oo(u,z,v) = o(u,z) — o(u,v) + o(z,v). (19.12)
Exercise 450. Show that for suitable symbols a and b the following identity holds:

/ a*p b(z)dz = / a(z)b(z)dz = b*p a(z)dz.

R2n R2n R2n

[Hint: use Proposition 284 in Chapter 12.]

The Moyal product is associative: when both sides are defined we have
(a*xp b) xp ¢ = a*p, (bxp ¢) (19.13)

because composition of operators is associative. It is obviously also bilinear:
a*xp(b+c¢)=a*xpb+ax;ec,
(b+c)*na =b*pa+ c*pa.

Note that in general a x; b # b, a.

Exercise 451. Show that a x, b = by, a.

The important point is that the Moyal product can be defined in terms of
Bopp pseudo—differential operatorS'

Proposition 452. Let A YY) 0 and B ¥ b, We assume that b € SR"®R") (or

more generally, that C=AB exists). We have
a*p b= Ab. (19.14)

Proof. We have, by definition of the symplectic Fourier transform and the opera-
tors T'(zo),

/Nlb(z) = (ﬁ)% /R% e~ 7o(z:70) {/}RM e~ #o(z0,7) a(z")dZ
x b(z — %zo)dzodz’.
Setting v = zp and u = 2(z — 2’) and noting that by the antisymmetry of o
o(z,0) + (v, 2 + 1u) = —30(u,v)
the right-hand side is precisely a *j b. O

The result above actually reduces the study of deformation quantization to
the study of an algebra of pseudo-differential operators (Bopp calculus); this ap-
proach was initiated in de Gosson and Luef [76] using the methods in de Gosson
(68, 69, T1].
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19.3 Non-commutative quantum mechanics

Admittedly, “non-commutative quantum mechanics” (NCQM) is a misnomer: one
of the most salient properties of traditional standard quantum mechanics is pre-
cisely that it deals with operators which do not commute! We will however stick
to this somewhat unfortunate terminology, which is standard among physicists.

The possibility of non-commuting position operators was already put forward
by Heisenberg in 1930, and taken up by many physicists (Peierls, Pauli, Snyder).
Even though Werner Heisenberg had already hinted, in the 1930s, at the possibility
of non-commuting position operators, one can say that the act of birth of NCQM
goes back to 1947 when Snyder [152] considered non-commuting coordinates on
space-time in order to discard the ultraviolet divergences in quantum field theory.
Snyder showed that his approach was compatible with Lorentz invariance, that is
with the theory of special relativity. One of the main incentives for studying NCQM
comes from the quest for a theory of quantum gravity, and it is widely expected
that such a theory will determine a modification of the structure of space-time of
some non-commutative nature [30, 36, 145, 155]; also see the excellent paper by
Binz et al. [14].

We are going to show that NCQM is just a variant of Bopp quantization,
which allows us to reduce its study to Bopp and Weyl calculus.

19.3.1 Background

The Weyl operators correspondmg to the symbols x; and p; are the operators

Xj =multiplication by z; and P = —ihd/0x;. These operators trivially satisfy
the “canonical commutation relatlons

[X;, Xi] =[P, P] =0 , [X;, Pu] = ihojp, (19.15)
on their common domain. Setting 2a = X’a if 1 <a<nand Zo = Na,n if

n+ 1 < a < 2n these relations can be written more compactly as

(Ze, Zg) = ihjos , 1< a, B < 2n (19.16)

where the j,s are the entries of the standard symplectic matrix J = ( OI é)

The passage to non- commutative quantum mechamcs consists in replacing the
operators Z by new operators, which we denote by Z so that instead of (19.16)
we have the new commutation relations

[Zo, Z35) = ilwas , 1 < a,3 < 2n (19.17)
where Q = (wag)1<a,p<2n 18 the 2n X 2n antisymmetric matrix defined by

e I
0= < s h—lN) (19.18)
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where © = (0a8)1<a,p<n a0d N = (Nag)1<a,p<n are antisymmetric matrices. Since

B (O 0
omsii (8 0)

the matrix 2 can be viewed as a perturbation of the standard symplectic matrix
J, and one can thus expect that it is invertible if © and n are small enough. In
fact, Bastos, Dias, and Prata (see [8]) prove the following:

Proposition 453. We have det Q > 0 if the following conditions hold:
Hagnw;<ﬁ2 for 1<a<f<nandl<y<di<n. (19.19)

We will from now on assume that these conditions are satisfied.
Writing Z, = Xp ifl <a<nand Z, = P,_, if n+1 < a < 2n, this
amounts to replacing the CCR (19.15) with

(X, X5] =00 , [Pas Ps) = Nap » [Xa, Ps) = ihdgp. (19.20)

Let us now make the following explicit choices for the operators )?a and ﬁa:
we set

1 1
Xo = 20 + Lihd,, + Li Zﬁ 0050z, (19.21)
Py = po — 3ihd,, + Li Zﬂ N0 Opg - (19.22)
These relations suggest that we represent 7= (Zl, e Zgn) by the vector operator
7 =z + +ihQa, (19.23)

which acts on functions defined on the phase space R™ & R"”. In analogy with the
theory of Bopp operators this formula suggests that we consider generalized Bopp
operators of the type _

A, = a(z + 3inQ0.)

where w is the symplectic form defined by
w(z,2)=2-Q71% =-Q 2. 2. (19.24)

Note that the invertibility of the antisymmetric matrix 2 implies that we must
have det 2 > 0 (this follows readily from the properties of the Pfaffian of an an-
tisymmetric matrix). Since J? = —.J, the symplectic form w reduces to the stan-
dard symplectic form ¢ when Q2 = J. Let us denote by X a linear automorphism
of R® @ R™ such that o = Y*w; equivalently XJX7 = Q. Thus ¥ is a symplec-
tomorphism (R" @ R", o) — (R™ @ R, w). Clearly (detX)? = detQ > 0 so we
are free to choose ¥ such that det ¥ > 0. The mapping ¥ is sometimes called the
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“Seiberg—Witten map” in the physics literature; its existence is of course mathe-
matically a triviality, because all symplectic structures with constant coefficients

B>, the

are isomorphic (see [67], §1.1.2). Writing ¥ in block-matrix form (é D

condition LJXT = Q is equivalent to the relations
ABT —BAT =r7'e , ¢DT —DCT =r'N , ADT —BCT =1.

Of course, the automorphism ¥ is not uniquely defined: if ¥*w = YX*w then
Y13 € Sp(2n, R).

19.3.2 The operators Tw(zo) and F,

Let w be an arbitrary symplectic form with constant coefficients on R™ @ R™ (not
necessarily the symplectic form (19.24)). It is thus represented by some invertible
antisymmetric matrix Q with det Q > 0:

w(z,z)=2z- Q7% =@ 2. 2.
To w we associate the operator T,,(z0) : S(R” & R") — S(R™ & R") defined, for
20 € R2n, by _

To(20)¥(2) = e w20 g (5 — £20)- (19.25)

Of course T,,(z0) extends into an operator &'(R" & R") — S'(R™ & R") whose
restriction to L2(R™ @ R™) is unitary: we have

||Tw(zo)\:[j||L2(]R2n) = ||\I/||L2(]R2n)

for all W € L2(R"@®R™). The operators T,,(zo) are of course strongly reminiscent of
the Heisenberg—Weyl operators; the major difference is that they act on functions
or distributions) defined on phase space R®@®R™, and not on “configuration space”
R™. It turns out that the operators fw(zo) satisfy relations similar to those satisfied
by the operators T(zo) defined in the previous chapter:

Proposition 454. We have, for all zy, z; € R?",

To(z0 + 21) = e 2RO T (VT (21), (19.26)
To(20) T (21) = eF“ )T (21)To (20). (19.27)
Proof. Tt is straightforward, replacing ¢ by w in Proposition 420. g

Definition 455. The w-symplectic transform F,, is defined by the formula

Foa(z) = (5%5)" (det 9)71/2/ e 7 (2 )dy! (19.28)
]R2n

when a € S(R" & R").



19.3. Non-commutative quantum mechanics 321

Clearly F,, extends in the same way as the ordinary Fourier transform into
an involutive automorphism of S'(R™ @ R™) (also denoted by F,) and whose
restriction to L?(R"™ @ R™) is unitary, and if w = o we recover the symplectic
Fourier transform previously studied.

Let us express the operator Ew =a(z+ %th@Z) in terms of F,a and fw (20)-

Proposition 456. Let A, be the operator on R™ & R"™ with Weyl symbol
aa(z,¢) = a(z — 1Q0). (19.29)
We have

A, = (27rh) (det @)1/ Foa(2)T,(2)dz. (19.30)
R27
Proof. Let us denote by B the right-hand side of (19.30). We have, setting u =
z — lZ()
5~0,

BU(z) = (%) (det Q)~1/2 . Fwa(zo)ef%w(z’zo)\lf(z— 120)dzo
R n

= (2)" (det 9)71/2/ Fua[2(z — w)]e ¥ <00 (u)du,
R2n

hence the kernel of B is given by
K(z,u) = (2)" (det Q)"V2F,a2(z — u)]e T,
It follows that the Weyl symbol b of B is given by
B0 = [ OR300z = hOC
= (Z)" (det Q)12 /R% e 7 Fua(2¢)em #e g,
that is, using the obvious relation

C ' CI + 2w(2, CI) = w(QZ - QC7 CI)
together with the change of variables z’ = 2(’,

b(Z, C) - (%)n (det 9)71/2 / 67%W(2Z*QC7C’)Fwa(2C/)dcl

R2n

- (277;1) (det )~ 1/2/ ef%w(%%QC’Z’)Fwa(Z/)dZ/a
R2n

that is, using the fact that F, F,, is the identity,

b(z,) = a(z = 3) =da(z,¢)
which concludes the proof. O
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Definition 457. The operator A, = a(z + %zhﬂf}z) will be called the w-Bopp
pseudo-differential operator with symbol a.

We are going to prove a very useful result which reduces the study of the
Bopp operators to the case where w is the standard symplectic form on R™ @& R™.
This result is closely related to the symplectic covariance of Weyl operators under
metaplectic conjugation as we will see below.

For 3 a linear automorphism of R” ®&R"™ we define the operator My, : §'(R" ¢
R™) — S'(R" ® R™) by

M5V (z) = /| det 2| T (Zz). (19.31)
Clearly My, is a unitary operator when restricted to L?(R™ & R™): we have
[Ms® | L2gen) = ||9]| 2(ran)

for all ¥ € L?(R?").

The following result shows how the operator Zw is related to the correspond-
ing Bopp operator A by an intertwining metaplectic operator:

Proposition 458. Let 3 be a linear automorphism such that o = Y*w and define
the automorphism My : S'(R" @ R") — S’'(R™ & R"™) by
MsU(z) = /| det | T (2z). (19.32)
We have My, € Mp(4n,o @ o) (hence My, is unitary on L?(R™ & R™)). We have
MZTw(ZO) = T(Eilzo)Mg s

(19.33)
MsF, = F, Ms,

and hence
MsA, = BMs (19.34)

where B 2oep b with b = Y*a.

Proof. That Ms, € Mp(4n,o @ o) is clear (see [67], Chapter 7): it is one of the

~1
> O) € Sp(4n,o @ o).

two metaplectic operators belonging to the fiber of ( 0¥

‘We have

MsT,(20)¥(z) = \/[det Sle” #2209 (52 — L))
— /[ det Tje 72Ty (5 (2 — n712))
= V] detZje#7&¥ g (8(z — 1871 2))
=T(S ' 20) Ms¥(2).
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The second formula (19.33) follows by a similar argument. Let us prove formula
(19.34); using the identities (19.33) we have

A0() = (557)" et )2 [ FlaCeo) i) ¥()dz0

and hence

Ms A0 = (52)" (det )~ 1/2/

F,a(z0) My [ (zo)\I/] dzg
R2n

= (2 n) (det )~ 1/2/ Fwa(zo)f(zilzo)Mz\I/dzo
RQW,

= (55)" (det Q)~V/2| det X Foa(320)T (20) MxWdz,
R?n

= (525)" (det Q) "V2|det £|Y2 | MsF,a(20)T(20) Ms¥dz
R?n

= (525)" (det Q)_1/2|det2|1/2/ F,(Msa)(z0)T (z0) MsWdzg

2n

= (527)" (det Q) 71/?| det 3| F,b(20)T (20) Ms Wdzg
R27

= BM>¥
(the last equality because |det Q|~1/2|det B| = 1). O
That we have Mg ¥(z) = ¥(S,z) is clear since det S, = 1.
We note that formula (19.34) can be interpreted in terms of the symplectic
covariance property of Weyl calculus. To see this, let us equip the double phase

space R?™ @ R?” with the symplectic structure 0® = 0 & 0. In view of formula
(19.29) with Q = J the Weyl symbols of operators A” and A’ are, respectively

@(20) = a (S~ §10) . a"(z:0) =a(¥(z - §J0))
and hence, using the identities ¥ ~!%/ = S, € Sp(R"®R", ) and S,J = J(SL)~!
a"(2.0) = a' (Soz = 3(S7)710)) = /(S (57)7'0).
Let now Mg, be the automorphism of R?" @ R?" defined by
Ms, (z,0) = (5512, 57¢);
formula(19.34) can thus be rewritten
A" = Ms, AMg" with o =a'oMg". (19.35)

Recall now that each automorphism ¥ of R™ & R" induces an element My of the
symplectic group Sp(4n,R), defined by mx(z,¢) = (X7 '2,%7¢), and that Msx
is the projection of the metaplectic operator M\z € Mp(R?*" @ R?" ¢9) defined
by (19.31). Formulas (19.35) and (19.35) thus reflect the symplectic covariance
property of Weyl calculus.
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