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Introduction

This volume contains the Proceedings of the Twentieth International Workshop
on Operator Theory and Applications (IWOTA), held at Hotel Real de Minas
in Guanajuato, Mexico, during September 21-25, 2009. This was the twentieth
IWOTA; in fact, the workshop was held biannually since 1981, and annually in the
recent years (starting 2002) rotating among eleven countries on three continents.
Previous IWOTA meetings were held at:

Santa Monica, CA, USA (1981)
J.W. Helton, Chair

Rehovot, Israel (1983) — Oper. Theory Adv. Appl. 12;
H. Dym and I. Gohberg, Co-chairs

Amsterdam, Netherlands (1985) — Oper. Theory Adv. Appl. 19;
M.A. Kaashoek, Chair

Mesa, AZ, USA (1987) — Oper. Theory Adv. Appl. 35;
J.W. Helton and L. Rodman, Co-chairs

Rotterdam, Netherlands (1989) — Oper. Theory Adv. Appl. 50;
H. Bart, Chair

Sapporo, Japan (1991) — Oper. Theory Adv. Appl. 59;
T. Ando, Chair

Vienna, Austria (1993) — Oper. Theory Adv. Appl. 80;
H. Langer, Chair

Regensburg, Germany (1995) — Oper. Theory Adv. Appl. 102 and 103;
R. Mennicken, Chair

Bloomington, IN, USA (1996) — Oper. Theory Adv. Appl. 115;
H. Bercovici and C. Foiag, Co-chairs

Groningen, Netherlands, (1998) — Oper. Theory Adv. Appl. 124;
A. Dijksma, Chair

Bordeaux, France (2000) — Oper. Theory Adv. Appl. 129;

N. Nikolskii, Chair

Faro, Portugal (2000) — Oper. Theory Adv. Appl. 142;
A.F. Dos Santos and N. Manojlovic, Co-chairs



viii

Consistent with the topics of recent IWOTA meetings, IWOTA 2009 was designed
as a comprehensive, inclusive conference covering all aspects of theoretical and
applied operator theory, ranging from classical analysis, differential and integral
equations, complex and harmonic analysis to mathematical physics, mathematical
systems and control theory, signal processing and numerical analysis. The con-
ference brought together international experts for a week-long stay at Hotel Real
de Minas, in an atmosphere conducive to fruitful professional interactions. These
Proceedings reflect the high quality of the papers presented at the conference. In
addition to fourteen plenary sessions, IWOTA 2009 included the following special

Introduction

Blacksburg, VA, USA (2002) — Oper. Theory Adv. Appl. 149;

J. Ball, Chair

Cagliari, Italy (2003) — Oper. Theory Adv. Appl. 160;

S. Seatzy and C. van der Mee, Co-chairs

Newcastle, UK (2004) — Oper. Theory Adv. Appl. 171;

M.A. Dritshel and N. Young, Co-chairs

Storrs, CT, USA (2005) — Oper. Theory Adv. Appl. 179;

V. Olshevsky, Chair

Seoul, Korea (2006) — Oper. Theory Adv. Appl. 187;

Woo Young Lee, Chair

Potchefstroom, South Africa (2007) — Oper. Theory Adv. Appl. 195;
K. Grobler and G. Groenewald, Co-chairs

Williamsburg, VA, USA, (2008) — Oper. Theory Adv. Appl. 202 and 203;
L. Rodman, Chair

Guanajuato, Mexico (2009) — Oper. Theory Adv. Appl. 220;

N. Vasilevski, Chair

Berlin, Germany (2010) — Oper. Theory Adv. Appl. 221;

J. Behrndt, K.-H. Forster and C. Trunk, Co-chairs

Seville, Spain (2011)

A. Montes Rodriguez, Chair.

sessions:

Bergman and Segal-Bargmann spaces and Toeplitz operators
Factorization problems, Wiener-Hopf and Fredholm operators
Hypercomplex operator theory

Indefinite inner product spaces and spectral problems
Multivariable operator theory

Operators on function spaces

Pseudodifferential operators and related topics

Solution techniques for partial differential equations

Spectral theory and its applications

Toeplitz/rank structured tensors and matrices.
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This volume contains twenty-one solicited articles by speakers at the workshop,
ranging from expository surveys to original research papers, each carefully ref-
ereed. All contributions reflect recent developments in operator theory and its
applications.

The organizers gratefully acknowledge the support of the following institutions:

CONACYT (Consejo Nacional de Ciencia y Tecnologia, Mexico)
Sociedad Matemadtica Mexicana (Mexico)

Department of Mathematics, CINVESTAV (Mexico)

CIMAT (Centro de Investigacién en Matemadticas, Mexico)

CONCYTEG (Consejo de Ciencia y Tecnologia del Estado de
Guanajuato, Mexico)

National Science Foundation (USA).
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Exponential Decay of Semigroups
for Second-order Non-selfadjoint
Linear Differential Equations

Nikita Artamonov

Abstract. The Cauchy problem for second-order linear differential equation
o’ (t) + Du'(t) + Au(t) =0

in Hilbert space H with a sectorial operator A and an accretive operator
D is studied. Sufficient conditions for exponential decay of the solutions are
obtained.

Mathematics Subject Classification (2000). Primary 47D06, 34G10; Secondary
47B44, 35G15.

Keywords. Accretive operator, sectorial operator, Co-semigroup, second-order
linear differential equation, spectrum.

Many linearized equations of mechanics and mathematical physics can be reduced
to a linear differential equation

u” (t) + Du'(t) + Au(t) = 0, (0.1)

where u(t) is a vector-valued function in an appropriate (finite- or infinite-dimen-
sional) Hilbert space H, D and A are linear (bounded or unbounded) operators on
H. Properties of the differential equation (0.1) are closely connected with spectral
properties of a quadric pencil

LN =MN4+AD+A, XeC
which is obtained by substituting exponential functions u(t) = exp(\t)z, © € H
into (0.1). In many applications A is a self-adjoint positive definite operator, D is
a self-adjoint positive definite or an accretive operator (see definition in Section
1). In this case the differential equation (0.1) and spectral properties of the related
quadric pencil L(A) are well studied, see [2, 6, 7, 8, 10, 11, 12, 13, 15] and ref-
erences therein. It was obtained a localization of the pencil’s spectrum, sufficient

This paper is supported by the Russian Foundation of Basic Research (project No 11-01-00790).



2 N. Artamonov

conditions of the completeness of eigen- and adjoint vectors of the pencil L(A)
and it was proved, that all solutions of (0.1) exponentially decay. The exponen-
tial decay means, that the total energy exponentially decreases and corresponding
mechanical system is stable. In paper [16] was studied spectral properties of the
pencil L(A) for a self-adjoint non-positive definite operator A and an accretive
operator D.

But some models of continuous mechanics are reduced to differential equation
(0.1) with sectorial operator A, see [1, 9, 17] and references therein. In this cases
methods, developed for self-adjoint operator A, cannot be applied.

The aim of this paper is the study of a Cauchy problem for second-order
linear differential equation (0.1) in a Hilbert space H with initial conditions

w(0) =uo ' (0) = uy. (0.2)

The shiffness operator A is assumed to be a sectorial operator, the damping oper-
ator D is assumed to be an accretive operator.

By L(H',H") denote a space of bounded operators acting from a Hilbert
space H' to a Hilbert space H”. L(H) = L(H, H) is an algebra of bounded oper-
ators acting on Hilbert space H.

1. Preliminary results
First let us recall some definitions [4, 14].

Definition 1.1. Linear operator B with dense domain D(B) is called accretive if
Re(Bx,z) > 0 for all x € D(B) and m-accretive, if the range of operator B + wl
is dense in H for some w > 0.

An accretive operator B is m-accretive iff B has not accretive extensions [14].
For m-accretive operator

p(B)D{AeC : ReX <0}.
Definition 1.2. An accretive operator B is called sectorial or w-accretive if for
some w € [0,7/2)
Im(Bz, z)| < tan(w)Re(Bz,z) x € D(B).
If a sectorial operator has not sectorial extensions, then it is called m-sectorial or

m-w-accretive.

The sectorial property means that the numerical range of the operator B
belongs to a sector
{z€ C||Imz| < tan(w)Re z}.
For a sectorial operator B there exist [14] a self-adjoint non-negative operator Tg
and a self-adjoint operator Sg € L(H), ||Sg| < tan(w) such that

Re(Bx,z) = (T %z, T x), Bc TY*(I+iSp)T)?

and B = T];/Q(I + iSB)Téﬂ iff B is m-sectorial.
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Throughout this paper we will assume, that
(A) Operator A : D(A) C H — H is m-sectorial and for some positive ag
Re(Az,x) > ap(xz,z) x € D(A).
Since A is m-sectorial there exist a self-adjoint positive definite operator T and a
self-adjoint S € L(H), such that
Re(Az,z) = (TY %2, TY %) > ag(z,x), xe€D(A), A=TY*I+iS)T2
The operator A is invertible and
A~ =T Y21 4 48) Y2,
By H; (s € R) denote a collection of Hilbert spaces generated by a self-adjoint
operator T'/2:

e for s > 0 Hy = D(T*/?) endowed with a norm ||z||s = || 7%/ %z||;
e for s <0 Hy is a closure of H with respect to the norm || - ||5.

Obviously Hy = H. The operator T''/2 can be considered now as a unitary operator
mapping Hs; on Hs_1. A is a bounded operator A € L(Hs, Hp) and it can be
extended to a bounded operator A € £L(H;, H_1). The inverse operator A~! can
be extended to a bounded operator A=! € L(H_1, Hy).

By (-,+)—1,1 denote a duality pairing on H_; x Hy. Note, that for all z € H_;
and y € H; we have

@)1 | < o=l
and (z,y)-1,1 = (z,y) if x € H. Further,
Re(Az,z) 11 = (Tz,x)_11 = (TY%¢, TY%2) = ||z||2, =€ H, =D(T?).

Denote S = Tl/QSTi/2 € L(Hy,H_1). Then, for the operator A we have a repre-
sentation A =T + 4S5 and
Im(Az,z) 1, = (Sz,2)_11 =z € Hj.
Also (Sz,y) 11 = (S’y,az)_L1 for all x,y € Hjy.
Following paper [11] we will assume
(B) D is a bounded operator D € L(Hy,H_1), and

Re(Dm, .13)_1 1
= in > 0. 1.1
B x€Hyp,x2#0 ||£L'||2 ( )
Operator T~1/2 is a unitary operator mapping H, on H, 1, therefore an operator

D' =T-12DT—1/2 acting on H, is bounded. Let
Dy = ;Tl/Q(D’ n (D’)*)Tl/2 Dy = 21Z,T1/2 (D’ - (D’)*)T”Q,
Obviously Dy, Ds € L(Hy,H_1), D = D1 4+ iDy and for all z € Hy
Re(Dz,x)_11 = (Diz,z)_11 > Bllz||?, Im(Dz,2)_11 = (Dox,x)_ 1.
Also (Djx,y)-1,1 = (Djy,x)_, , forall w,y € Hy (j = 1,2).
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2. Main result

Definition 2.1. A vector-valued function u(t) € Hi is called a solution of the
differential equation (0.1) if «'(¢) € Hy, v (t) € H, Du/(t) + Au(t) € H and

u (t) + Du/(t) + Au(t) = 0 (2.1)
If u(t) is a solution of (2.1), then a vector-function
_ (v (®)
x(t) = (u(t))

(formally) satisfies a first-order differential equation

x'(t) = Ax(t) (2.2)

A= (—ID —Of‘i) .

From mechanical viewpoint it is most natural to consider the equation (2.2) in an
“energy” space H = H x H; with a dense domain of the operator A [6, 7, 11, 16]

o =1 ()

An inverse of A is formally defined by a block operator matrix

4 (0 I
A —(_;1—1 ~i'p)

Let y = (y1,y2) € H = H x Hy, then

“1y, _ - Y2 _ (%
ATy = (_Alyl - AlDy2> <$2> '

Since A=' € L(H_1,H,) and D € L(H,,H_1), then A~'D € L(Hy, H,). There-

fore —A~'y; — A"'Dy, € H, and A~ 'y € H; x H;. Moreover,
Dz + 121.732 = Dys + A (—A_lyl — A_lDyQ) =—y; € H.

with a block operator matrix

T1,22 € Hy, D$1+AJC2 EH}.

Thus A~y € D(A). Since I € L(H;, H) the operator A~! is bounded and there-
fore the operator A is closed and 0 € p(A).

Let (x,y)s be a natural scalar product on H = H x Hy and ||x|3, = (x,y)x.

If operator A is self-adjoint, the spectral properties of operator A are well
studied: —A is an m-accretive operator in the Hilbert space H = H x H; (see
[2, 6, 7, 8, 10, 11] and references therein) and, consequently, A is a generator of
a Co-semigroup. Thus, differential equation (2.2) (and equation (2.1)) is correctly
solvable in the space H for all x(0) = (u1,up)" € D(A). Moreover, in this case op-
erator A is a generator of a contraction semigroup [7]. It implies, that all solutions
of (2.2) (and (2.1)) exponentially decay, i.e., for some C,w >0

[x(@)[[# < Cexp(=wt)||x(0)[[2 ¢ =0.
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For non-selfadjoint A operator (—A) is not longer accretive in the space H with
respect to the standard scalar product. But, under some assumptions, one can
define a new scalar product on H, which is topologically equivalent to the given one,
such that an operator (—A — ¢I) (for some ¢ > 0) is m-accretive and therefore the
operator A is a generator of a Cp-semigroup on H. If ¢ > 0, then A is a generator
of a contraction semigroup and all solutions of (2.2) exponentially decay.

Let k € (0,5) (8 is defined by (1.1)). Consider on the space H a sesquilinear
form

%, ¥l = (T2, TY2ys) + k(D122 y2) 11 — k> (22, 52) + (21 + kxo, 31 + ko),
x=(z1,22) , y = (y1,92)" €H.
Obviously, [x,y] = [y, x] and
[x,X]y = ||lza|lf + k(D12 x2) 11 + ||z1]|* + 2k Re(zy, x2).
Since (D12, z)-1,1 = Re(Dz,x)_1,1 > B]|z||* and
2| Re(z1, x2)| < 2|(w1, 32)| < 2w ]| - |22 < ||~””g)||2 + Bllza?,

then

[&ﬂH>H@m+k«DWJ)Lrﬁﬂﬁﬁ)+(1—;>WN2

k
zmmﬁ+@—ﬂ)mm?

Inequalities’ [(D12,2)-1.1| < [[Drzf -1 - zly < [[Dafl - 2] and [l2[|F > aollz(®
imply

k
ol < (1 D0 el + kol + (14 ) ol

k k
< <1+k||D1II+ 5) ||m2||%+(1+ )||x1||2.
ag B
Thus,
k
O—ﬂ)M@ShmhémMWﬂ%

and [, -]y is a scalar product on H, which is topologically equivalent to the given
one. Denote [x|3, = [x,x]%.

Theorem 2.2. Let the assumptions (A) and (B) hold and for some k € (0, 8) and
m € (0,1]

,1€(D156,JC)—1,1 —lz)* - 411nH(11~c§ - DQ)J:H*l > 0. (2.3)

= 1 f
LT peHraro |2

Y| D1]| is a norm of operator Dy € L(H1, H_1), i.e., | D1|| = sup,e gy wzo |1D12]|—1/[1%]1.
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Then the operator A is a generator of a Cy-semigroup T (t) = exp{tA} (¢t > 0)
and

H’T(t)HH < const - exp(—tk6)

where
1—
9:min{w1, m}>0
2 w2
and? ) o io
k(D _ k
W= sup ]I+ k( 1»”6756)2 L1+ k|| (2.4)
x€Hy,x#£0 ||13||1

Proof. For x = (r1,22) " € D(A) let us consider a quadric form
[Ax,x]y = (T1/2x17T1/2$2) + k(Dyz1,22)-11 — k% (21, 22)
+ (—Dxy — Axy + kxy, 11 + kxs)
= (Tz1,22)-11 + k(Diz1,22)—1,1 — (Dx1,21)-11
— (Azg, 1) 11 + k(z1,21) — k(Dx1,22) 11 — k(Aza, 22) 11
= — (Dx1,21)-11 + k(z1,21) — k(Amg, x2)—1,1 — tk(Dax1,22)-11
+ (T21,22)-1,1 — (T3, 21) 11 — i(Sz2,21) 11
We used decompositions A = T + 45 and D = D; + iDy. Consequently,
Re[Ax, x|y = — (D1x1,21)-11 + k(z1,21) — k(T22,22)-11
— Re(ik(Doay,x2) 1,1 + i(Sxs, T1)-1,1)
= — (Diz1,21)-11 + kllza))? = kllzal
- Im((gzl,xg)_m - k(Dgzl,xg)_Ll)

and

1 1 1~
—  RelAx, x|y = k(Dlxl,xl)_Ll— ||1:1||2+||x2||§—|—1m <(kS — Dg)l‘l,xQ)

k -1,1
Since
1- 1=
kS_DQ Z1, T2 < kS_DQ x1 w2l
—1,1 —1
1 /1 2
< | (5= 22) | et
then
1 1 1|/1- 2
— Re[Axx > (Dirna) - alP— H (ks_pg) n| +-mlel

>wi |+ (1 —m) a2

20bviously, we < 1+ k|| D1]| + k2 /ao.
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Further, an inequality
2k| Re(w1, 22)| < 2|(z1, kwa)| < 2] || - [[kaz]| < fJoa]® + K2[|l22?
implies
%, XJ3 < 2|2 ||® + (a2l + kD122, m2) 11 + k2 |l2]® < 2[|a || +ws 227 (2.5)
Thus

1
— RelAx, x|y 2 willz1]® + @ = m)|lz2]? > 0@z |* + wallz2]T) > 0x, X%

and an operator (—A — k61I) is accretive. Moreover, the operator (—A — k6I) is
m-accretive (since 0 € p(A)) and3

p(—A —KkOI) Cc{A€C, ReA <0} = p(—A) D{N€C, Re\ < kb}.

Therefore, the operator A is a generator of a Cp-semigroup [4, 5] T (t) = exp{tA},
t >0 and

|T()],, < exp(—kot), t>0.
On the space H norms [x|y and [|x||# are equivalent and the inequality
|T(®)]],, < const-exp(—k6t), >0

holds for some positive constant. O

Corollary 2.3. Under the conditions of Theorem 2.2 for all xo = (u1,u0)" € D(A)
vector-function

x(t) = (Z’((Zf))) — T(t)xo € D(A)

satisfies the first-order differential equation (2.2). u(t) satisfies the second-order
differential equation (2.1) with the initial conditions (0.2) and an inequality

(I3 + 1 (1)1 < const - exp{—~2k0t} (luo 12 + us]?)
holds for all t > 0.
Consider now a more strong assumption on the operator D:
(C) D e L(Hy,H_1) and

. RB(DJL‘,JL‘)_Ll
inf 5
x€Hyp,x2#0 ||1'||1

6 = > 0.

It is easy to show that the assumption (C) implies (B) and 8 > agd.
By ||S|| and ||D2|| denote norms of the bounded operators S € L(Hy, H_1)
and Dy € L(Hq,H_1). Then for all x € H;

1Szl < SN - ll2llys 1Dz -1 < 1Dzl - [l]1

3Obviously, the operator (—A) is m-accretive as well.



8 N. Artamonov

Theorem 2.4. Let the assumptions (A) and (C) are fulfilled and for some k € (0, 5)
and some p,q >0 withp+qg <1

1) 1~ 1
I = — 2_ T DoJ?) >1
st =ao () = a7 = g IDal? ) >

Then the operator A is a generator of a Co-semigroup T (t) = exp{tA} (¢t > 0)
and

| T(#)]|,, < const - exp(—tk6")

1 1—p—
9’:min{w1 P q}zo
2 w2

and wy is defined by (2.4).

where

Proof. Consider on Hilbert space H = H x H; the scalar product [x,y]#. Then

1 1 ~
_k RG[AX, X]’H = k(Dlmhml),Ll — ||1'1||2 + ||$2||% + i Im(Smhmg),l,l
—Im(Dox1,22) 11
(see the proof of Theorem 2.2). Since

| Im(Dax1,22) 11| < [(Dax1, 2) 11| < |[[Daxi| -1 - [|22]l1

IN

1 1
4q||D2m1||%1 + ql|z2? < 4q||D2||2 Nl + gllwe|l?

~ 1~ 1~
| Im(Szy,22) 11| < ||, Sz1,72 | < ||, Sz1 21
k k 11 k 1
115 | )
< llx57 +p||932||1 =" k2||5|| 1)1 + pllz2|3
and taking into account (Dyz,z)_1,1 > &||z||3 and ||z||? > aol|z||* we obtain
1
o Re[Ax, x|y
1512 D2
> (Dyzy,my) 11 — |2 ]” — sk 1|17 - 4 2117 + (1 = p— @)l|lz2|?

1
k
IS1°_ 11D=|”
( e = Vel =l P+ (L= p = )
(wi = Dl |* + (1 = p — a)|z2[3-
Using (2 5) we finally have

—]1€ Re[Ax, x]y > 0'[x,x]%.

Thus an operator (—A — k#'I) in m-accretive (since 0 € p(A)) and
p(—=A) D {A € C, Re) < kb'}.
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Therefore, the operator A is a generator of a Cy-semigroup [4, 5] T () = exp{tA}
(t > 0) and
T (t)],, < exp(—k6't), t>0.

Since the norms |x|y and ||x|| are equivalent then we have an inequality
| T(t HH < const -exp(—k@'t), t>0

for some positive constant. (I

Corollary 2.5. Under the conditions of Theorem 2.4 for all xg = (u1,u0)" € D(A)
a vector-valued function

x(t) = (Z’((tt))) — T(t)xo € D(A)
satisfies the first-order differential equation (2.2). u(t) satisfies the second-order
differential equation (2.1) with an initial conditions (0.2) and the inequality
[u(®)[IF + [l (#)[|* < const - exp{—2k6't} (||uol| + [lu]?)
holds for all t > 0.

3. Related spectral problem
Let us consider a quadric pencil associated with the differential equation (0.1)
L) =MNI+AD+A MeC.
Since D : Hy — H_; it is more naturally to consider an extension of pencil
L) =NT+AD+ A
mapping H; to H_;. Moreover, L()\) € £(Hy, H_,) for all X € C.
Definition 3.1. The resolvent set of the pencil L()\) is defined as
p(L)={\eC : 3L7'(\) € L(H_1, H1)}
The spectrum of the pencil is o(L) = C\p(L).
In [7, 16] it was proved that o(L) = o(A) and for X # 0
(A -\ = (Al @ﬂw{l -1) —L7) )
L=t(\)A —-AL71())
This result allows to obtain a localization of the pencil’s spectrum in a half-plane.

Proposition 3.2.
1. Under the conditions of Theorem 2.2 the spectrum of the pencil f)(x\) belongs
to a half-plane
o(L) C {Re < —k6}.
2. Under the conditions of Theorem 2.4 the spectrum of the pencil i()\) belongs

to a half-plane 3
o(L) C {Re < —kb'}.
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Infinite Norm Decompositions of C*-algebras

F.N. Arzikulov

Abstract. In the given article the notion of infinite norm decomposition of
a C*-algebra is investigated. The infinite norm decomposition is some gen-
eralization of Peirce decomposition. It is proved that the infinite norm de-
composition of any C*-algebra is a C*-algebra. C*-factors with an infinite
and a nonzero finite projection and simple purely infinite C*-algebras are
constructed.

Mathematics Subject Classification (2000). Primary 46L35, 17C65; Secondary
47L30.

Keywords. C*-algebra, infinite norm decompositions.

Introduction

In the given article the notion of infinite norm decomposition of a C*-algebra is
investigated. It is known that for any projection p of a unital C*-algebra A the
next equality is valid A = pAp @ pA(1l —p)® (1 —p)Ap® (1 —p)A(1 —p), where &
is a direct sum of spaces. The infinite norm decomposition is some generalization
of Peirce decomposition. First such infinite decompositions were introduced in [1]
by the author.

In this article a unital C*-algebra A with an infinite orthogonal set {p;} of
equivalent projections such that sup; p; = 1, and the set ij piAp; = {{ai;} :
for any indexesi, j, a;; € p;Ap;, and || Zk:lq...,ifl(aki +aik)t+ay|| — 0at i — oo}
are considered. Note that all infinite sets like {p;} are supposed to be countable.
The main results of the given article are the next:

— For any C*-algebra A with an infinite orthogonal set {p;} of equivalent pro-
jections such that sup,p; = 1 the set ij piAp; is a C*-algebra with the
componentwise algebraic operations, the associative multiplication and the
norm.

— There exist a C*-algebra A and different countable orthogonal sets {e;}
and {f;} of equivalent projections in A such that sup;e; = 1, sup; f; = 1,
>oij eide; # 30 fiAf;.
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— If A is a W*-factor of type Il,, then there exists a countable orthogonal set
{pi} of equivalent projections in A such that ij piApj is a C*-factor with a
nonzero finite and an infinite projection. In this case ij p;Ap; is not a von
Neumann algebra.

— If A is a W*-factor of type III, then for any countable orthogonal set {p;}
of equivalent projections in A. The C*-subalgebra ij p;Ap; is simple and
purely infinite. In this case ZZ p;Ap; is not a von Neumann algebra.

— There exists a C*-algebra A with an orthogonal set {p;} of equivalent pro-
jections such that ij p;Ap; is not a two-sided ideal of A.

1. Infinite norm decompositions

Lemma 1. Let A be a C*-algebra, {p;} be an infinite orthogonal set of projections
with the least upper bound 1 in the algebra A and let A = {{p;ap;} : a € A}. Then,

1) the set A is a vector space with the next componentwise algebraic operations

Mpiap;} = {pidap;}, A € C
{piap;} + {pibp;} = {pi(a + b)p;},a,b € A,

2) the algebra A and the vector space A can be identified in the sense of the next
map
TZ:aeA— {pap;} €A

Proof. Ttem 1) of the lemma can be easily proved.

Proof of item 2): We assert that Z is a one-to-one map. Indeed, it is clear, that for
any a € A there exists a unique set {p;ap;}, defined by the element a.

Suppose that there exist different elements ¢ and b in A such that p;ap; =
pibp; for all ¢, j, i.e., Z(a) = Z(b). Then p;(a — b)p; = 0 for all ¢ and j. Observe
that p;((a —b)p;(a—b)*) = ((a — b)pj(a—b)*)p; =0 and (a — b)p;(a —b)* > 0 for
all 7, j. Therefore, the element (a — b)p;(a — b)* commutes with every projection
in {p;}.

We prove (a —b)p;(a —b)* = 0. Indeed, there exists a maximal commutative
x-subalgebra A, of the algebra A, containing the set {p;} and the element (a —
b)pj(a—b)*. Since (a —b)p;(a —b)*p; = pi(a —b)p;j(a —b)* = 0 for any 4, then the
condition (a — b)p;(a — b)* # 0 contradicts the equality sup; p; = 1.

Indeed, in this case p; <1—1/||(a —b)pj(a —b)*||(a — b)p;(a — b)* for any i.
Since by (a—b)p;(a—b)* #0we havel > 1—-1/||(a—b)p;j(a—b)*||(a—b)p;j(a—b)*,
then we get a contradiction with sup; p; = 1. Therefore (a — b)p;(a — b)* = 0.

Hence, since A is a C*-algebra, than ||(a — b)p;(a — b)*|| = ||((a — b)p;)((a —
D)l = (@ — Bp) (@ — b)p;)* | = llla — b)py|> = 0 for any j. Therefore
(e —b)p; =0, pj(a —b)* = 0 for any j. Analogously, we can get p;j(a —b) = 0,
(e — b)*p; = 0 for any j. Hence the elements a — b, (¢ — b)* commute with every
projection in {p;}. Then there exists a maximal commutative x-subalgebra A,
of the algebra A, containing the set {p;} and the element (a — b)(a — b)*. Since
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pi(a—b)(a—b)* = (a—b)(a—b)*p; = 0 for any ¢, then the condition (a—b)(a—b)* # 0
contradicts the equality sup; p; = 1.

Therefore, (a — b)(a —b)* =0, a — b = 0, i.e., a = b. Thus the map 7 is
one-to-one. ]

Lemma 2. Let A be a C*-algebra, {p;} be an infinite orthogonal set of projections
with the least upper bound 1 in the algebra A and a € A. Then, if p,ap; = 0 for
all i, 7, then a = 0.

Proof. Let p € {p;}. Observe that p,ap;a* = p;(ap;a*) = ap;ja*p; = (apja*)p; =0
for all ¢, j and apja* = ap;p;a* = (ap;)(pja*) = (ap;)(ap;)* > 0. Therefore, the
element ap;a* commutes with all projections of the set {p;}.

We prove apja* = 0. Indeed, there exists a maximal commutative *-subalge-
bra A, of the algebra A, containing the set {p;} and the element ap;a*. Since
pi(ap;ja*) = (apja*)p; = 0 for any 4, then the condition ap;a* # 0 contradicts the
equality sup; p; = 1 (see the proof of Lemma, 1). Hence apja* = 0.

Hence, since A is a C*-algebra, then

lapja*[| = || (ap;)(ap;)*[| = (@)l (apy)*|| = llap;|* = 0
for any j. Therefore ap; = 0, pja* = 0 for any j. Analogously we have pja = 0,
a*p; = 0 for any j. Hence the elements a, a* commute with all projections of the
set {p; }. Then there exists a maximal commutative x-subalgebra A, of the algebra
A, containing the set {p;} and the element aa*. Since p;aa* = aa*p; = 0 for any
i, then the condition aa™ # 0 contradicts the equality sup, p; = 1 (see the proof of
Lemma 1). Hence aa® =0 and a = 0. O

Lemma 3. Let A be a C*-algebra on a Hilbert space H, {p;} be an infinite or-
thogonal set of projections in A with the least upper bound 1 in the algebra B(H)
and a € A. Then a > 0 if and only if for any finite subset {px}i_; C {p:i} the
inequality pap > 0 holds, where p=>"}'_| pk.

Proof. By positivity of the operator T' : a — bab,a € A for any b € A, if a > 0,
then for any finite subset {px}7_; C {p;} the inequality pap > 0 holds.

Conversely, let a € A. Suppose that for any finite subset {py}7_; C {p;} the
inequality pap > 0 holds, where p = >"}'_| pk.

Let a = ¢+ id for some nonzero self-adjoint elements ¢, d in A. Then (p; +
p;)(c+id)(pi +p;) = (pi + p;)c(pi + pj) + i(pi + p;)d(pi + p;) = 0 for all i, j. In
this case the elements (p; + p;j)c(p; + p;) and (p; + p;)d(p; + p;) are self-adjoint.
Then (p; +p;)d(p; +pj) = 0 and p;dp; = 0 for all i, j. Hence by Lemma 2 we have
d = 0. Therefore a = ¢ = ¢* = a*, i.e., a € Ag. Hence, a is a nonzero self-adjoint
element in A. Let b2 = >"7,_, pfap{* for all natural numbers n and finite subsets
{P}2_; C {pi}. Then the set (b%) ultraweakly converges to the element a.

Indeed, we have A C B(H). Let {g¢} be a maximal orthogonal set of minimal
projections of the algebra B(H) such, that p; = sup,, ¢, for some subset {an} C
{ge¢} for any i. For arbitrary projections ¢ and p in {q¢} there exists a number
A € C such, that gap = Au, where u is an isometry in B(H), satisfying the
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conditions ¢ = uu*, p = u*u. Let qe¢ = q¢, q¢y be such element that ¢ = qgnqzn,
Iy = 4%, ey for all different § and 7. Then, let {A¢n} be a set of numbers such that
Qeaqy = AenGen for all €, n. In this case, since geaa*qe = qg(Z:?7 Ag,,j\gn)qg < 00 wWe
have the quantity of nonzero numbers of the set {\¢,}, ({th string of the infinite-
dimensional matrix {A¢,}e,) is not greater then the countable cardinal number
and the sequence ()§) of all these nonzero numbers converges to zero. Let vq, be
a vector of the Hilbert space H which generates the minimal projection g¢. Then
the set {vg, } forms a complete orthonormal system of the space H. Let v be an
arbitrary vector of the space H and p¢ be a coefficient of Fourier of the vector v,
corresponding to v, in relative to the complete orthonormal system {vg, }. Then,
since ¢ pefte < 0o we have the quantity of all nonzero elements of the set {/i¢}¢
is not greater then the countable cardinal number and the sequence (u,) of all
these nonzero numbers converges to zero.

Let ve be the {th coefficient of Fourier (corresponding to vy, ) of the vec-
tor a(v) € H in relative to the complete orthonormal system {v,, }. Then v¢ =
Zn Aenttn and the scalar product < a(v),v > is equal to the sum Zg Vg e Since
the element a(v) belongs to H we have quantity of all nonzero elements in the set
{ve}¢ is not greater then the countable cardinal number and the sequence (v,) of
all these nonzero numbers converges to zero.

Let € be an arbitrary positive number. Then, since quantity of nonzero num-
bers of the sets {1 }¢ and {v¢}¢ is not greater then the countable cardinal number
and Y, vele < 00, Y., figfie < 00 we have there exists {fi},_; C {pi} such that
for the set of indexes Q1 = {¢: 3p € {fi}i_1,qe < p} the next equality holds

’Z Vepe — Z Vsus‘ <&
3 EED

Then, since quantity of nonzero numbers of the sets {ue}e and {Ag,}y is not
greater then the countable cardinal number, and Zn )\57,5\5,7 < 00, Zg e fle < 0O
we have there exists {ex}7; C {p;} such that for the set of indexes Qo = {£ :
dp € {ex};,,q¢ < p} the next equality holds

Z/\ﬁnﬂn - Z Aenlin
n

IS

<e.

Hence for the finite set {py}7_; = {fr}i_; U {ex}7, and the set Q = {¢ : Ip €
{pPr}7_1,q¢ < p} of indexes we have

S vene = 3 (30 Aewm e <=
£ EEQ e
At the same time, ((32_; prapi)(v),v) = > ecq (3, cq Aentin)pte- Therefore,

) = (3 man ) 0] <=

k=1
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Hence, since the vector v and the number ¢ are chosen arbitrarily we have the net
(%) ultraweakly converges to the element a.

Now there exists a maximal orthogonal set {e¢} of minimal projections of the
algebra B(H) of all bounded linear operators on H such that the element a and
the set {e¢} belong to some maximal commutative x-subalgebra A, of the algebra
B(H). We have for any finite subset {px}p_; C {p;} and e € {e} the inequality
e(3>-1—1 prapi)e > 0 holds by the positivity of the operator T": b — ebe,b € A.

By the previous part of the proof the net (egb%ee)an ultraweakly converges
to the element ecae¢ for any index &. Then we have ecbjee > 0 for all n and o
Therefore, the ultraweak limit ecaeg of the net (e¢bSe¢)an is a nonnegative element.
Hence ecaeg > 0. Therefore, since e¢ is chosen arbitrarily we have a > 0. O

Lemma 4. Let A be a C*-algebra on a Hilbert space H, {p;} be an infinite orthog-
onal set of projections in A with the least upper bound 1 in the algebra B(H) and

a € A. Then
lall = sup{

Proof. The inequality —|la|]|l1 < a < ||a||1 holds. Then —|ja||p < pap < |la||p for
all natural numbers n and finite subsets {p{}?_; C {p;}, where p = >.7_| px.

Therefore
Z Prapi
ki=1

At the same time, since the finite subset {pj }7_; of {p;} is chosen arbitrarily and
by Lemma 6 we have

la]l = sup{

llal]| > A = sup{

n
Z Prapy

k=1

ne N (pios {pi}}.

lall > sup{

:n € N, {pr}r_1 C {pz}}

n
Z Prapi

k=1

:n € N, {pr}r_, C {pz}}

Otherwise, if

n
Z Prap;

kl=1

:n € N, {pr}r_s C {pz}}

then by Lemma 3 —A1 < a < Al. But the last inequality is a contradiction. (Il

Lemma 5. Let A be a C*-algebra on a Hilbert space H, {p;} be an infinite orthog-
onal set of projections in A with the least upper bound 1 in the algebra B(H), and
let A= {{piap;}:a € A}. Then,

1) the vector space A is a unit-order space with respect to the order {p;ap;} >0

({piap;} > 0 if for any finite subset {pi}}_; C {p:} the inequality pap > 0
holds, where p="}'_, pr) and the norm

n
Z prap;

kl=1

| piap;} | = sup{

ne N, () © {pi}}.
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2) the algebra A and the unit-order space A can be identified as unit-order spaces
in the sense of the map

TZ:a€A— {pap;} €A
Proof. This lemma follows by Lemmas 1, 3 and 4. (]

Remark. Observe that by Lemma 4 the order and the norm in the unit-order
space A = {{piap;} : a € A} can be defined as follows to: {p;ap;} > 0 if a > 0;
l{piap;}|| = |la|. By Lemmas 3 and 4 they are equivalent to the order and the
norm, defined in Lemma 5, correspondingly.

Let A be a C*-algebra, {p;} be a countable orthogonal set of equivalent
projections in A such that sup; p; = 1 and

o
ZpiApj = {{aij} : for any indexesi, j, a;; € p;Ap;, and
1j

Z (ak; + aik) + ai

—0at i — oo}.
k=1,...,i—1

If we introduce a componentwise algebraic operations in this set then ij piAp;
becomes a vector space. Also, note that ij piAp; is a vector subspace of A.
Observe that -7 p;Ap; is a normed subspace of the algebra A and || 3, a;; —

Z?;;ll aijl| = 0 at n — oo for any {a;;} € 37, piAp;.

Let ZZO] ai; = limy, o0 ZZj:l a;; for any {a;;} € ZZ piAp; and
C*({piAp;}ij) = {Z aij : {aij} € ZpiApj}~

Then C*({p;Ap; }i;) € A. By Lemma 5 A and A can be identified. We observe that,
the normed spaces ij piAp; and C*({p;Ap;}i;) can also be identified. Further,
without loss of generality we will use these identifications.

Theorem 6. Let A be a unital C*-algebra, {p;} be a countable orthogonal set of
equivalent projections in A and sup,; p; = 1. Then ij piApj is a C*-subalgebra of
A with the componentwise algebraic operations, the associative multiplication and
the norm.

Proof. We have ij piAp; is a normed subspace of the algebra A.

Let (a,) be a sequence of elements in ij piAp; such that (a,) norm con-
verges to some element a € A. We have p;an,p; — piap; at n — oo for all ¢ and
j. Hence p;ap; € p;Ap; for all i, j. Let b™ = 37| (Pn—1apk + Prapn—1) + Pnapn
and ¢ = > 1 (Pn—1@mPk + PkAmPn—1) + Pnampy, for any n. Then ¢, — b™ at
m — oo. It should be proven that ||b,| — 0 at n — co.

Let e € Ry. Then there exists m, such that ||a — a.,|| < € for any m > m,.

Also for all n and {pi}?_; C {pi} | r; pe)(a — am)(Xr_; pi)|| < €. Hence
6" —cp, || < 2¢ for any m > m,. At the same time, |[b" —cj, || < 2¢, [["—cpy,, || < 2¢
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for all m, < mi, ma. Since (a,) C > 7 piAp; then for any m |cj|| — 0 at
n — oo. Hence, since ||cy, || — 0 and ||c;, || — 0 at n — oo we have there exists
ne such that [lcy, || < e, [[ch, || < € and ||y, +cp, || < 2¢ for any n > n,. Then
[12bn| = (16" —c5p,, +Cm, +C, 0" =, | < 107 =i, 1 e, +ei, 1107 =, || <
2e + 2e + 2e = 6¢ for any n > n,, i.e., ||by|| < 3¢ for any n > n,. Since € is chosen
arbitrarily we have [[b,| — 0 at n — oo. Therefore a € 377 p;Ap;. Since the
sequence (ay,,) is chosen arbitrarily we have ZZO] p;Ap; is a Banach space.

Let {a;;}, {bij} be arbitrary elements of the Banach space 7, p;Ap;. Let
Am = D> ppe1 Wiy bm = Y11 by for all natural numbers m. We have the se-
quence (a,) converges to {a;;j} and the sequence (b,,) converges to {b;;} in
ij piAp;. Also for all n and m anb, € ZZO] piAp;. Then for any n the se-
quence (anb,) converges to {a;;}b, at m — oco. Hence {ai;}b, € 3 7 piAp;.
Note that ij piAp; C A. Therefore for any ¢ € R4 there exists n, such that
{aij }ont1 — {aij}onll < {aij}|||bnt1 — bn]| < € for any n > n,. Hence the se-
quence ({a;;}b,) converges to {a;;}{bi;} at n — oco. Since > 7, piAp; is a Banach
space then {a;; }{bi;} € X270 piAp;. Since 37 piAp; C A we have Y7, p;iAp; is a
C*-algebra. a

Let H be an infinite-dimensional Hilbert space, B(H) be the algebra of all
bounded linear operators. Let {p;} be a countable orthogonal set of equivalent
projections in B(H) and sup, p; = 1. Let {{p; }; i be the set of infinite subsets of
{pi} such that for all distinct £ and 5 {p$}; N {p7}; = @, {p5};| = [{p7};] and
{pi} = Ui{p}};. Then let ¢; = sup, p} in B(H) for all i. Then sup;¢; = 1 and
{¢;} be a countable orthogonal set of equivalent projections. Then we say that the
countable orthogonal set {¢;} of equivalent projections is defined by the set {p;}
in B(H). We have the next corollary.

Corollary 7. Let A be a unital C*-algebra on a Hilbert space H, {p;} be a count-
able orthogonal set of equivalent projections in A and sup; p; = 1. Let {q;} be a
countable orthogonal set of equivalent projections in B(H) defined by the set {p;}
in B(H). Then ij giAg; is a C*-subalgebra of the algebra A.

Proof. Let {{p’};}i be the set of infinite subsets of {p;} such that for all distinct
¢ and n {p5}; 0 (P} = @, {p5}il = [{p!};] and {p;} = Ui{p}};- Then let q; =
sup; pj in B(H) for all i. Then we have for all i and j ¢;Ag; = {{pgap)}e, : a € A}.
Hence ¢;Ag; C A for all ¢ and j.

The rest part of the proof is the repeating of the proof of Theorem 6. (]

Example. 1. Let M be the closure on the norm of the inductive limit M, of the
inductive system
C — M3(C) = M3(C) = My(C) = -+,

where M,,(C) is mapped into the upper left corner of M,41(C). Then M is a
C*-algebra ([1]). The algebra M contains the minimal projections of the form e;;,
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where e;; is an infinite-dimensional matrix, whose (4, 7)th component is 1 and the
rest components are zeros. These projections form the countable orthogonal set
{ei; }$2, of minimal projections. Let

M?(C) = { > " Aijeij : Aij € Cfor any indexesi, j and
ij

Z (Akieri + Aikeir) + Aises

k=1,...,i—1

Then C -1+ ME(C) = M (see [2]) and by Theorem 6 MS(C) is a simple C*-
algebra. Note that there exists a mistake in the formulation of Theorem 3 in [2].
C-1+M2(C) is a C*-algebra. But the algebra C-1+ MZ2(C) is not simple. Because
C-1+4+ M2(C) # M2(C) and M2(C) is an ideal of the algebra C -1+ MZ2(C), i.e.,
[C- 1+ M:(C)] - M3(C) € My(C).

2. There exist a C*-algebra A and different countable orthogonal sets {e;} and
{fi} of equivalent projections in A such that sup, e; =1, sup, f; = 1, ij ejAe; #
ij fiAf;. Indeed, let H be an infinite-dimensional Hilbert space, B(H) be the
algebra of all bounded linear operators. Let {p;} be a countable orthogonal set
of equivalent projections in B(H) and sup; p; = 1. Then Y7 p; B(H)p; C B(H).
Let {{p}},;}i be the set of infinite subsets of {p;} such that for all distinct & and
0 {p5t N {plt; = @, {p5}i| = 1{p]},] and {p;} = Ui{p'},. Then let g; = sup; p’
for all 4. Then sup;¢; = 1 and {¢;} be a countable orthogonal set of equivalent
projections. We assert that -0 p:B(H)p; # >_7; ¢;B(H)g;. Indeed, let {z;;} be
a set of matrix units constructed by the infinite set {pj}; € {{pi};}:, ie., for
all 4, j, zijay; = Py, Ty = p}, z; = p}. Then the von Neumann algebra N
generated by the set {x;;} is isometrically isomorphic to B(#) for some Hilbert
space H. We note that N is not a subset of ij piB(H)p;. At the same time,

N C 3205 aiB(H)g; and 357, piNp) © 327 pi B(H)p;.

Theorem 8. Let A be a unital simple C*-algebra on a Hilbert space H, {p;} be a
countable orthogonal set of equivalent projections in A and sup; p; = 1. Let {q;}
be a countable orthogonal set of equivalent projections in B(H) defined by the set
{pi} in B(H). Then Y77 qiAq; is a simple C*-algebra.

—>Oati—>oo}.

Proof. By Theorem 6 37, p;Ap; is a C*-algebra. Let {{p}};}: be the set of infinite
subsets of {p;} such that for all distinct § and 7 {pﬁ}jﬂ{py}j = 0, |{p§}]| = {pj};l
and {p;} = U;{p;};. Then let ¢; = sup;p; in B(H), for all i. Then we have
giAg; = {{péapé} :a € A} for all ¢ and j. Hence ¢;Ag; C A for all ¢ and j. By
Corollary 7 ij ¢;Ag; is a C*-algebra.

Since projections of the set {p;} are pairwise equivalent we have the projection
q; is equivalent to 1 € A for any i. Hence q;Aq; = A and ¢;Ag; is a simple C*-
algebra for any 1.
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Let ¢ be an arbitrary projection in {g;}. Then gAq is a C*-subalgebra of
ij ¢:Ag;. Let I be a closed two-sided ideal of the algebra ij ¢;Ag;. Then IqAq C
I and Iq - qAq C Iq. Therefore qlqqAq C qlq, that is qlq is a closed two-sided
ideal of the subalgebra gAgq. Since qAq is simple then qlq = qAq.

Let ¢1, g2 be arbitrary projections in {g; }. We assert that ¢1Ig2 = ¢1 Aga and
q2Iq1 = g2 Aq1. Indeed, we have the projection g1 + ¢o is equivalent to 1 € A. Let
e = q1 + q2- Then eAde =2 A and ede is a simple C*-algebra. At the same time
we have eAe is a subalgebra of 77 ¢iAg; and I is a two-sided ideal of 377, ¢;Ag;.
Hence IeAe C I and Ie-eAe C Ie. Therefore eleeAe C ele, that is ele is a closed
two-sided ideal of the subalgebra eAe. Since eAe is simple then ele = eAe. Hence
¢11g2 = g1 Ago and g21q1 = g2 Aq1. Therefore ¢;1q; = g; Ag; for all 7 and j. We have
I is norm closed. Hence I = ij ¢:Agj, ie., ij qiAg; is a simple C*-algebra. [

2. Applications

Definition. A C*-algebra is called a C*-factor, if it does not have nonzero proper
two-sided ideals I and J such that I -J = {0}, where I - J ={ab:a € I,b € J}.

Theorem 9. Let N be a W*-factor of type Il on a Hilbert space H, {p;} be a
countable orthogonal set of equivalent projections in N and sup,; p; = 1. Then for
any countable orthogonal set {q;} of equivalent projections in B(H) defined by the
set {p;} in B(H) the C*-algebra ij qiNg; is a C*-factor with a nonzero finite
and an infinite projection. In this case ij q:Ngq; is not a von Neumann algebra.

Proof. By the definition of the set {g;} we have sup, ¢; = 1 and {¢;} be a countable
orthogonal set of equivalent infinite projections. By Theorem 6 we have ij @Np;
is a C*-subalgebra of N. Let ¢ be a nonzero finite projection of A/. Then there
exists a projection p € {¢;} such that gp # 0. We have ¢/ ¢ is a finite von Neumann
algebra. Let z = pq. Then zANxz* is a weakly closed C*-subalgebra. Note that the
algebra zA z* has a center-valued faithful trace. Let e be a nonzero projection of
the algebra zA z*. Then ep = ¢ and e € pN'p. Hence e € ZZO] ¢iNg¢;. We have the
weak closure of 37, ¢;Ng; in the algebra A coincides with this algebra . Then
by the weak continuity of the multiplication ij ¢:Ng; is a C*-factor. Note since
1¢ ij ¢iNg; then ij ¢:Nq; is not weakly closed in N. Hence the C*-factor
ij ¢:N'gj is not a von Neumann algebra. (I

Remark. Note that, in the article [3] a simple C*-algebra with an infinite and a
nonzero finite projection have been constructed by M.Rgrdam. In the next corol-
lary we construct a simple purely infinite C*-algebra. Note that simple purely
infinite C*-algebras are considered and investigated, in particular, in [4] and [5].

Theorem 10. Let N be a W*-factor of type III on a Hilbert space H. Then for any
countable orthogonal set {p;} of equivalent projections in N such that sup, p; = 1,
ij piNpj is a simple purely infinite C*-algebra. In this case ZSJ piNpj is not a
von Neumann algebra.
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Proof. Let p;, be a projection in {p;}. We have the projection p;, can be exhibited
as a least upper bound of a countable orthogonal set {pgo }; of equivalent projec-
tions in N. Then for any 7 the projection p; has a countable orthogonal set {pf }; of
equivalent projections in A such that the set Uz{pf }; is a countable orthogonal set
of equivalent projections in A. Hence the set {p;} is defined by the set Ul{pf };in
B(H) (in NV). Hence by Theorem 8 37, p;N'p; is a simple C*-algebra. Note, since
1¢ ZZO] piNpj we have ij piN'p; is not weakly closed in V. Hence Efj piNp; is
not a von Neumann algebra.

Suppose there exists a nonzero finite projection ¢ in ij piNp;. Then there
exists a projection p € {p;} such that gp # 0. We have q(ij piNDpj)g is a finite
C*-algebra. Let © = pq. Then N z* is a C*-subalgebra. Moreover zN z* is weakly
closed and zNz* C pNp. Hence xNx* has a center-valued faithful trace. Then
N z* is a finite von Neumann algebra with a center-valued faithful normal trace.
Let e be a nonzero projection of the algebra xN'z*. Then ep = ¢ and e € pAp.
Hence e € V. This is a contradiction. (]

Example. Let H be a separable Hilbert space and B(H) the algebra of all bounded
linear operators on H. Let {¢;} be a maximal orthogonal set of equivalent minimal
projections in B(H). Then ij ¢iB(H)qg; is a two-sided closed ideal of the algebra
B(H). Using the set {¢;} we construct a countable orthogonal set {p;} of equivalent
infinite projections such that sup,p; = 1. Let {{q}};}; be the countable set of
countable subsets of {g;} such that for all distinct i1 and iy {q;1 N {p§2 =0
and {¢;} = Ui{qﬁ}j. Then let p; = sup; q; for all 4. Then sup,; p; = 1 and {p;} is
a countable orthogonal set of equivalent infinite projections in B(H) defined by
{g:} in B(H). _

Let {q;/,,} be the set of matrix units constructed by the set {{q;};}:, i.e.,
Ui = G @il Ui = @y Gt = @, for all i, jnm. Then let a = {a}),, 417, }
be the decomposition of the element a € B(H), where the components a4 are
defined as follows

11 _y 21 _ y 31 _ nl _
ajp =Aajs =MNaj3=A,....a, =\, ...,

ij : ij o _ _ :
and the rest components a;;,, are zero, i.e., a;},, = 0. Then p;a = a. Then, since

a ¢ >3 piB(H)pj and pr € 327, piB(H)p; we have > 7 p; B(H)p; is not a two-
sided ideal of B(H ). But by theorem 6 >_7; p; B(H)p; is a C*-algebra. Hence there
exists a C*-algebra A with an orthogonal set {p;} of equivalent projections such
that ij piAp; is not a two-sided ideal of A.
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Canonical Transfer-function Realization for
Schur-Agler-class Functions on Domains with
Matrix Polynomial Defining Function in C"

Joseph A. Ball and Vladimir Bolotnikov

Abstract. It is well known that a Schur-class function S(z), i.e., a holomorphic
function on the unit disk whose values are contraction operators between two
Hilbert spaces U (the input space) and ) (the output space), can be written as
the characteristic function S(z) = D + 2C(I — zA) ™' B of the unitary colliga-
tion U = [4 B] (or as the transfer function of the associated conservative lin-
ear system) where U defines a unitary operator from X ®U to X @) where the
Hilbert space X is an appropriately chosen state space. Moreover, this trans-
fer function is essentially uniquely determined if U is also required to satisfy a
certain minimality condition (U should be “closely-connected”). In addition,
by choosing the state space X to be the two-component de Branges-Rovnyak
reproducing kernel Hilbert space H(IA( ), one can arrive at a unique canonical
functional-model form for a U meeting the minimality requirement. Recent
work of the authors and others has extended the notion of Schur class and
transfer-function representation for Schur-class functions to several-variable
complex domains with matrix-polynomial defining function. In this setting
the term “Schur-Agler class” is used since one also imposes that a certain
von Neumann inequality be satisfied. In this article we develop an analogue
of the two-component de Branges-Rovnyak reproducing kernel Hilbert space
for this more general setting and thereby arrive at a two-component canoni-
cal functional model colligation for the analogue of closely-connected unitary
transfer-function realization for this Schur-Agler class. A number of new tech-
nical issues appear in this setting which are not present in the classical case.
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1. Introduction

Let U and Y be two Hilbert spaces and let £(U,)) be the space of all bounded
linear operators between U/ and ). We also let Hg, be the standard Hardy space of
the U-valued holomorphic functions on the unit disk D. The operator-valued ver-
sion of the classical Schur class S(U,)) is defined to be the set of all holomorphic,
contractive L(U,Y)-valued functions on D. With any function S € S(U,DY), one
can associate the following three operator-valued kernels

_ Iy =5(=)S(0)" Re(z.0) = Iy — S(2)*S(()

KS(27C) 1_ZC ) ( 7C) 1_ZC ) (11)
z—C ’

The following equivalent characterizations of the Schur class are well known.

Theorem 1.1. Let S: D — L(U,Y) be given. Then the following are equivalent:

(la) SeSU,Y), i.ce., S is holomorphic on D with ||S(z)|| <1 for all z € D.
(1b) S satisfies the von Neumann inequality: ||S(T)| < 1 for any strictly contrac-
tive operator T on a Hilbert space H, where S(T') is defined by

ST =38, T e LUDH,YOH) if S(z) = Suz".
n=0 n=0
) The kernel Kg(z,() is positive on D x D.
(2b) The kernel Ks(z,() is positive on D x D.
) The kernel K(z,() is positive on D x D.
)

3) There is an auziliary Hilbert space X and a unitary connecting operator (or
colligation) U = [A B]: [{{] = [T ] so that S(z) can be expressed as
S(z) =D+ 2C(I —zA)™'B. (1.3)

(4) S(z) has a realization as in (1.3) where the connecting operator U is any one
of (i) isometric, (ii) coisometric, or (iil) contractive.

The function on the right-hand side of (1.3) is called the transfer function
of the colligation U = [4 B] and thus, statement (3) in Theorem 1.1 asserts that
every Schur-class function can be realized as the transfer function of a unitary
colligation.

Two colligations U = [A B]: [¥] = [§] and U' = [4 B]: [¥] = [¥]
are called unitarily equivalent if there is a unitary operator U: X — X’ so that

b slle o=l Bl a)
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It is readily seen that if two colligations are unitarily equivalent, then their transfer
functions coincide. The converse is true under certain minimality conditions which
we now recall. In what follows, the symbol \/ stands for the closed linear span.

Definition 1.2. The colligation U = [4 B]: [¥] — [§] is called

1) observable (or closely outer-connected) if the pair (C, A) is observable, i.e., if
\/ Ran A™"C* = X;
n>0
2) controllable (or closely inner-connected) if the pair (B, A) is controllable, i.e.,
if \/ RanA"B = X;
n>0
3) closely connected if \/ {Ran A" B, Ran A*"C*} = X.
n>0

The positive kernel functions Kg, Ks and Kg given by (1.1), (1.2) and the
reproducing kernel Hilbert spaces H(Kg), H(Ks) and H(Ks) (called de Branges-
Rovnyak reproducing kernel Hilbert spaces) associated with the Schur-class function
S have been much studied over the years, both as an object in itself and as a tool
for other types of applications. Observe that the kernel Kg(z,() is analytic in
z,¢ and therefore, all functions in the associated space H(Kg) are analytic on D.
The kernel K. s is analytic in z and ¢ and the associated space ’H(IN( 5) consists of
conjugate-analytic functions. Similarly, the elements of H(I? s) are the functions of
[+
f-
role of the de Branges-Rovnyak spaces in connection with the transfer-function
realization for Schur-class functions is illustrated in the following three theorems.

the form f = where f, is analytic and f_ is conjugate-analytic. The special

Theorem 1.3. Suppose that the function S is in the Schur class SU,)) and let
H(Ks) be the associated de Branges-Rovnyak space. Define operators A, B, C,
D by

pe e TOIO S-S0,

C: f(z) — f(0), D:u— S(0)u.

Then the operator colligation U = [ & B] defines a coisometry from H(Ks)®U to
H(Ks) @Y. Moreover, U is observable and its transfer function equals S(z). Fi-

nally, any observable coisometric colligation [éi g;] B B,(] with its transfer

function equal to S is unitarily equivalent to U.
Theorem 1.4. Suppose that the function S is in the Schur class S(U,)) and let
H(Ksg) be the associated dual de Branges-Rovnyak space. Define

A:g(2) = 2g(2) = 8(2)G(0),  B:uw (I-5(2)"S(0))u,

C: g(z)— g(0), D:uw S(0)u,
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where g(0) is the unique vector in' Y such that

S(z)* — S(0)*

z

@mxwy=<wa, y>m%)ﬁrwyey.

Then the operator colligation U = [ég] defines an isometry from H(Ks) ®

U to H(I?S) @® Y. Moreover, U is controllable and its transfer function equals
S(z). Finally any controllable isometric colligation [éi g:] A [i,(] with its
transfer function equal to S is unitarily equivalent to U.

Theorem 1.5. Suppose that the function S is in the Schur class S|
K(z,¢) be the positive kernel on D given by (1.2). Define operators

)

U,y) and le
ABC’Db

7. [f(2) [f(z) = f(0)]/2 5. §)-80)y,
A 0] Lo SSm) B [ sresiond
f(2) 5.
[g(z)} — f(0), D:u— S(0)u.
Then the operator colligation U= [g g} defines a unitary operator from ’H(I?S)GB

U onto ’H(IA(S) ® Y. Moreover, U is closely connected and its transfer function
equals S(z). Finally, any closely connected unitary colligation [é: gj] (Xel) —
(X @ Y) with its transfer function equal to S is unitarily equivalent to U.

Multivariable generalizations of these and many other related results have
been obtained recently in the following way: let Q be a p x ¢ matrix-valued poly-
nomial

au(z) . ae(2)
Q(z) = : C" — cPe (1.4)
qp1(z) - apg(2)
and let Dg € C" be the domain defined by

Dq ={zC": Q(z)[| <1}.

Now we recall the Schur-Agler class SAg(U, V) that consists, by definition, of
LU, Y)-valued functions S(z) = S(z1,...,2,) analytic on Dq and such that

[IS(T)|| < 1 for any collection of n commuting operators T' = (T1,...,T,) on
a Hilbert space K, subject to ||Q(T)|| < 1. By [3, Lemma 1], the Taylor joint
spectrum of the commuting n-tuple T' = (71, ..., T},) is contained in Dg whenever

IQ(T)|| < 1, and hence S(T) is well defined by the Taylor functional calculus
for any L£(U,Y)-valued function S which is analytic on Dq. The following result
appears in [2, 6] (see also [3] for the scalar-valued case Y = ¥ = C) and is a
multivariable analog of Theorem 1.1. Here and in what follows, we use notation
H" := ®TH for a Hilbert space H. Also we will often abuse notation and will write
Q(z) instead of Q(2) ® Iy.
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Theorem 1.6. Let S be a L(U, YV)-valued function defined on Dq. The following

statements are equivalent:

(1) S belongs to SAqU, V).
2a) There exists a positive kernel
(

KA ... Kb
Ky = :DQXDQ—>£(;W)
L L
KL ... KL

such that for every z,( € Dq,

Iy —S(= Z (2,0 = > Z Qi (2)Qer (O K (2, €).

(2b) There exists a positive kernel

KE ... KE
Kg = : DQ XDQ%E(uq)
R R
KE ... KE

so that for every z,( € Dq,

q p q
Iz,{— :ZK Z quz 11?2(’2’C)

k=1 j=146=1

(1.6)

(1.8)

(2¢) There exist kernels Ky, and Kg of the form (1.5), (1.7) and satisfying iden-

tities (1.6), (1.8), and a kernel

KEE .. KR
Krr = :'DQX'DQ’—)E(uq,yp)
LR LR
Ky oo Ky

satisfying

§(2) = 5(0) = 3> (aue(2) — aue( Q)KL (2,0)

and such that the kernel

_ | Ke(2¢)  Kir(2,0)
K(Z,C) - {KRLL(Z,C) KLRR(Z7<)

is positive on Dg x Dq, where Krr(z,¢) := Krr((, 2)*.

(1.9)

(1.10)

(1.11)
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(3) There exist an auziliary Hilbert space X and a unitary connecting operator
(or colligation) U of the structured form

A11 Alp Bl
A B : : : XP X
U:[ }: - o [ ]ﬁ[ } (1.12)
¢ DI a4, ... A, B, U Y
c, ... C, D

so that S(z) can be realized in the form
S(z) =D +C(Ixv — (Q(2) ® Ix)A) 1 (Q(2) @ [x)B (2 €Dq).  (1.13)

(4) S(z) has a realization as in (1.13) where the connecting operator U is any
one of (1) isometric, (ii) coisometric, or (iii) contractive.

In what follows, formulas (1.6) and (1.8) will be called respectively a left and
a right Agler decomposition respectively.

The objective of this paper is to extend Theorems 1.3, 1.4 and 1.5 to the
present multivariable setting. In other words we are aiming at constructing real-
izations for a given Schur-Agler function S € SAq (U, )) satistying certain metric
properties (such as being coisometric, isometric, or unitary) in a certain canonical
way. The latter means in particular, that we will point out a canonical choice of the
state spaces for these realizations and that under certain minimality conditions,
the constructed realizations will be unique up to unitary equivalence.

We say that a colligation U of the form (1.12) is wnitarily equivalent to a

colligation
~ |A B| [ar BX
U= |2 : — 1.14
Cc D | U ] L y} ( )
if there exists a unitary operator U: X — X such that
e U 0]1[A Bl [4A B|[et,U o (1.15)
0 Iy||C D|  |C D 0 Iy |- '

Equality (1.15) is what we need to guarantee (as in the univariate case) that the
transfer functions of two unitarily equivalent colligations coincide. We next extend
Definition 1.2 to the present setting. We denote by Z,;: X — X™ the inclusion

map of the space X' into the ith slot in the direct-sum space X% = @2:1 X; the
adjoint then is the orthogonal projection of X™ down to the ith component:

0 I

Lyt @i — | % and Zj ;1 | @i | — ;. (1.16)
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We will say that the output pair (C, A) is Q-observable if the observability subspace
HO defined below is equal to X:

HCA —\/{ IX:D A*Q(z)*)_lc*y ZEDQ,yEy7J:17,p}:X

We will say that the input pair (A, B) is Q-controllable if the controllability sub-
space 7—[% g defined below is equal to X

Hop =\ {Zi(Ixa —AQ(2)) 'Bu: 2€Dq, ucll, k=1,...,q} = X.

Definition 1.7. The structured colligation (1.12) is called Q-observable if the output
pair (C, A) is Q-observable. It is called Q-controllable if the input pair (A, B) is
Q-controllable and it is called closely connected if

HE L\ Hop =X

In analogy with the univariate case, a realization of the form (1.13) is called
coisometric, isometric, unitary or contractive if the operator U is respectively,
coisometric, isometric, unitary or just contractive. It turns out that a more useful
analogue of the notion of “isometric” or “coisometric” realization appearing in the
classical univariate case is not that the whole connecting operator U (or U*) be
isometric, but rather that U (respectively, U*) be isometric on a certain canonical
subspace of X? @ U (of X7 ® Y, respectively).

Definition 1.8. The colligation U of the form (1.12) is called

1) weakly coisometric if the adjoint U* : X9 @)Y — XP & U is contractive and
isometric on the subspace

Dy- = Cepyyey [Q(C)*(I—A;Q(C)*)_lc**y] . [?ﬁ ; (117)

2) weakly isometric if U is contractive and isometric on the subspace

By ) [HOUSARETR T (1.18)

u
CE'DQ, ueU

3) weakly unitary if it is weakly isometric and weakly coisometric.

The paper is organized as follows. After the present Introduction, Section 2
sets up some matricial notation which helps to streamline the computations to
come and also explains why there is no loss of generality in assuming that 0 € Dq
and Q(0) = 0. Sections 3 and 4 review needed material from [7] concerning weakly
coisometric and weakly isometric canonical functional models respectively and the
corresponding respective analogues of Theorems 1.3 and 1.4 to the multivariable
Q-setting. Section 5 introduces two-component canonical functional models asso-
ciated with a matrix polynomial Q and obtains the analogue of Theorem 1.5 in
complete detail and generality.
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We mention that special cases of the formalism here corresponding to Q equal
to a row linear matrix polynomial of the form Q(z) = [zl ---zd] or Q equal

z1
to a diagonal linear matrix polynomial Q(z) = l ] lead to more familiar
Zd

function theory over the unit ball BY = {z = (24,..., 2q): Z;l:l |z;|? < 1} and the
unit polydisk D¢ = {z = (21,...,24): |zj| <1 for j =1,...,d} respectively; these
specializations are explained in [7]. We present the special details and applications
of the two-component canonical functional model colligations for these two special
cases in separate articles [8, 9].

2. Preliminaries

In this section we collect some preliminaries needed for the subsequent analysis.
We first remark that realization formulas become much simpler if there exists a
point zp € Dq such that Q(zp) = 0. In general, such a point may not exist.
However, as the next lemma shows, we may assume without loss of generality that
such a point does exist.

Lemma 2.1. Let zy € Dq so that the matriz Qo = Q(z0) is a strictly contractive
matriz. Then

1. The p x q matriz-valued function

Q(2) = (I, — Qo) "* (Q2) — Qo) (I, — Q5 Q(=) ™ (L — QsQo)*  (2.1)
is the transfer function of the unitary colligation

Q I~ QQo)*| 22)
(Ip — QoQp)? —Qo
2. The domains Dq and Dq coincide.
3. The classes SAQ(U, V) and SAGU, V) are the same.

U =

Proof. Write (2.1) as
Q(z) = — (I, — Qo@5) " Qo (I, — Q4Qo)*
+ (I, — Qo@5)? Q2) (I, — Q3Q(2)) ™ (I, — Q3Q0)*

and use self-evident equalities

(I, — Q@) 2 Qo (I, — Q4Q0)* = Qo,

Q(2) (I, - Q§Q(2) " = (I, - Q(2)Q5) ' Q(2)
to get

Q) = Qo + (I, - Q@) (I, — Q(=)Q5) ' Q=) (I, — Q5Q0)>
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which means that Q(z) is the transfer function of the Q-colligation Uy defined in
(2.2). Solving (2.1) for Q gives

Q) = (I, — Q@i (1, + Q=)Q) (A=) + Qo) (I, — Q5Q0)*
1 ~ -1 < 1
= Qo+ (I~ Qu@p)* (I, + Q)Q8) Q) (- Q5Qo)*  (23)
and thus Q(z) is the transfer function of the Q-colligation
. - [ -Q5 - Q;Qo)%l |
(Ip — Qo@;)? Qo
It is readily seen that Uy and ﬁo are unitary and therefore
I, - Q(2)Q(Q)" = (I, — QoQ3)* (I, — Q(=)Q)) " (I, — Q(=)Q(S)")
< (I = Qo)) ™ (I — QuQ3)*
from which we conclude that ||Q(z)| < 1 if and only if ||Q(z)|| < 1 which proves

the statement (2) of the lemma.

To prove statement (3), we take an arbitrary function S € SAq(U,Y) which
admits a unitary realization (1.13) by Theorem 1.6. Substituting (2.3) into (1.13),
leads us to

S(z)=D+C (IXP - Q(z)ﬁ) )8 (2.4)
where
A=(I-Q5Q0) % (A= Q) (I - QoA) " (I - Qu@b)* ,
B =(I-QiQ0)* (I - AQo)™" B,
C=C(I-QuA)™ (I-QQu)*
D=D+C(I—-QoA) *QuB=S(z). (2.5)

Representation (2.4) means that S is the transfer function of the Q—colligation
AP X1

Syl Yk

The verification of the fact that the colligation U is unitary is straightforward;
it involves the explicit formulas for its block entries and the fact that the op-
erators U and Uy are unitary. Since the Q-colligation U is unitary, its transfer
function S belongs to S.AQ (U, ¥), by Theorem 1.3. Thus, we verified the inclu-
sion SAQ(U,Y) € SAGU,Y). To check the converse inclusion, we start with a

function S € SA(U,Y) and substitute (2.1) into its unitary Q-realization (2.4).
Straightforward calculations show that S is of the form (1.13) with the opera-

A B
C D

~
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tors A, B, C and D uniquely recovered from the system (2.5). By the preceding
arguments, the operator U = [4 B] is unitary and then, S € SAq(U,Y), by

Theorem 1.6. O

Remark 2.2. This trick exhibited in Lemma 2.1 of reducing to the case where
S(0) = 0 comes up in the context of control theory and there is known as loop-
shifting (see Exercise 8.11 page 277 in [13]).

From now on, we assume that

0€Dqg and Q(0)=0. (2.6)
We next represent identities (1.6), (1.8) and (1.10) in a more matricial form. In
what follows, {e1,...,e,} and {€1,...,¢€,} will stand for the standard bases for
CP and C? respectively. Let us define the operator-valued polynomials
ML 0 NE(z) 0
() = | _ [V
M;(z) = { 5 M]R(z)} and Ni(z) = [ 0 NF (2.7)
forj=1,...,pand k=1,...,q, where
M} =e;® Iy, NE =8, ® Iy, (2.8)
q;1(2)Iu g
Mf{(z) = (Q' (2)ej) ® Iu = : = qr(2)NE, (2.9)
Qjq(2)Iu =1
auk(2) Iy »
Nii(z) = (Q(z)er) © Iy = : = aqjr(zx)M}. (2.10)
apr (2) Iy =t

Equalities (1.6), (1.8) and (1.10) can be written in terms of the notation (2.8)—
(2.10) as

P

Iy = 8(2)8(¢)* = > MFKy(2,O)MF —

Jj=1

Ni (2)'Ke(z ONE(©Q),  (211)

M) Kr(z OMAQ),  (2.12)

M~ 14

Il
-

q
Iy = 8(2)*S(¢) = > NF*Kp(z, ONE —
k=1 J
p

NEG)Ker(z ONE =Y MPKor(z, OM(Q). (2.13)

Jj=1

M=

S(z) =50 =

£
Il
-

Taking adjoints in (2.13) and switching z and ¢ we get

S(2)" ~ 8(Q)" =

NE

q
M (2)"Kre(z, QM) =Y N Kre(z, ONEQ)  (2.14)
1 k=1

<.
Il
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and observe that the latter four identities are equivalent to the single block matrix
identity

S| so1- ) s©r 215)

=) M;(2)"K(z,O)M;(¢) = Y Ni(2)"K(z, Q) Ni(€),
Jj=1

k=1

where K is the kernel of the form (1.11). We will also refer to equalities (2.11) and
(2.12) (which are the same as (1.6) and (1.8)) as left and right Agler decompositions
for S respectively, while the equality (2.15) will be referred to simply as an Agler
decomposition.

3. Weakly coisometric realizations

For every function S € SAq(U,Y) with a fixed left Agler decomposition (1.6),

one can construct a weakly coisometric realization in a certain canonical way. This

was shown in [7] and now will be recalled. For functions f € H(Ky)P, we use the
where f = [ :

notation
f
f= [E : ] 671@KL)
fp fk,p

We say that the operator A: H(KL)? — H(KL)? solves the Q-coupled Gleason
problem for H(Kr) if

p p

> (Frkl(2) = frr(0 chhk VAfl,,; () =>1Q ;) (3.1)

k=1 j=1k=1 j=1

for all f € H(K)P. Observe that the second equality in (3.1) is a tautology and its
verification relies just on the definition of matrix multiplication. Similarly, we say
that the operator B: U — H(KL)? solves the Q-coupled H(K)-Gleason problem
for S if the identity

S(z)u u=> Y qi(2)[Bulk;(z) = Y_[Q(2)Bul,; (2) (3.2)

j=1k=1 Jj=1

fra

holds for all u € U, where similarly to (3.1), the second equality is a tautology.
Definition 3.1. We say that the operator-block matrix

U= [é‘ g] : [H(HEL)T - [MH;L)LI] (3.3)

is a canonical functional-model (abbreviated to c.f.m. in what follows) colligation
for the given function S € SAq(U,)) with the left Agler decomposition Ky, if

1. U is contractive.

2. The operator A solves the Q-coupled Gleason problem (3.1).
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3. The operator B solves the Q-coupled Gleason problem (3.2) for S.
4. The operators C : H(KL)? — Y and D : U — Y are given by
fi(z)
C: 0—>]01)1(0)4-"'-‘rfp,p(o)7 D:uw S(0)u.
fo(2)

With a given left Agler decomposition Ky, of a function S € SAq((U,Y), we
associate the kernel

Kr(z, QMY
T (2,¢) = : . Dq x Dg — LV, V7). (3.4)
Kz (z, ()M}
It is not hard to check using the reproducing kernel property, the definition (3.4)
of T and equality (2.10), that for every z,( € Dq and y,y’ € Y,
P

> (MK OM Y, ),

j=1

<TL y7 TL( )y,>H(K)p

||
MQ

(QE)'T*(, )y, Q)T (,2)y )3y 0 (N (2) Ke (2, QN (Qys vy,

b
I
—

Making use of the two latter equalities, one can write the identity

P
Z NE(2) K (2, ONEQ) + Iy = Y M Ko (2, OM) + 8(2)8(0)"
j=1
(which is just a rearrangement of the left Agler decomposition (2.11)) in the inner
product form as

<[ Q(C)*zL(-,C)y ] 7 { Q(Z)*T;/f(~vz)y’ ]>H(KL)q@y

(U560 | USGV Dy

Therefore the linear map

extends to the isometry from
sl q
Do\ [QOTCOr] C rer
¢€Dq,yeyY

onto

= VLG <[]

CEDQ7 yey
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Due to condition (2.6), Dy splits into a direct sum Dy = D @ Y where
D=\ QT QycHEKL" (3.6)
¢€Dq,ycyY
Furthermore, the defect spaces
Dif = (H(KL)!@Y) oDy 2D and Ri:= (H(KL)? ®U) SRy

can be characterized as

Dt =< feH(KL)? iQf“ , (3.7)
RE = Lﬂ c [/H(H;L)P} DY fii(2)+S(zu=00. (3.8)
j=1

The following two results were proved in [7].

Theorem 3.2. Given a left Agler decomposition Ky, for a function S € SAqU,Y),
let V' be the isometric operator associated with this decomposition as in (3.5). A
block-operator matrix U of the form (3.3) is a c.fam. colligation associated with
Ky, if and only if U* is a contractive extension of V to all of H(KL)?® Y, i.e.,

U'lpey =V and ||U*|| <1 (3.9)

Theorem 3.3. Let S be a function in the Schur-Agler class SAq(U,)Y) with given

left Agler decomposition Kp,. Then

1. There ezists a c.fm. colligation U = [4 B associated with K.

2. FBvery c.fm. colligation U associated with Ky, is weakly coisometric and ob-
servable and furthermore, S(z) = D + C(I — Q(2)A)~1Q(z)B

3. Any observable weakly coisometric colligation U’ of the form (1.14) with the
transfer function equal S is unitarily equivalent to some c.fm. colligation U

for S.

4. Weakly isometric realizations

The results concerning weakly isometric colligations associated with a given right
Agler decompositions (1.8) of a function S € SAq(U,)) are parallel to the results
from the previous section and can be established in much the same way. We present
them here without proofs.

Assume we are given a function S € SAqg(U,)) with a fixed right Agler
decompositions Kg. Let us introduce the kernel

KR(27<)N1R
TR(z,¢) = : . Dq x Dg — LWUUT), (4.1)

KR(Z7 C)Ntf
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where Nt ..., Nf” are given in (2.8) and let
D= \/ QT QucHKg). (4.2)
CE'DQMLEZ/{

Definition 4.1. Given a function S € SAq(U,Y), we shall say that the block-
operator matrix

A B
C D

U:

[H(EZR)P} . [H(E;i)zz)q} (4.3)

is a dual canonical functional-model (abbreviated to d.c.f.m. in what follows) col-
ligation associated with right Agler decomposition Kg for S if

1. U is contractive. _
2. The restrictions of operators A and C to the subspace D C H(Kg)P defined
in (3.3) have the following action on special kernel functions:

Alg = QOTE(, Ou = T, Qu = T, 0)u,
Clp : QT u — S(Cu— S(O)u.
3. The operators B: U~ H(Kg)? and D:U—Y are given by
B:uw~ TR(-,0)u, D:u S(0)u.

As in the coisometric case, one can write the rearrangement

Z MFE(2)Ka(z, OMP(C) + Ty = Y NF*Kr(z, N + S(2)7S(0)

k=1

of the right Agler decomposmon 2.12) in the inner product form as

(s [aomion ]y

- <[ sn' || T’éizﬁff" -

to conclude then that the linear map

v { QIT0u ], ] [ TZEC’)CJ“ ] (4.4)

extends by continuity to define the isometry V: Dy — Ry where

Dy =D®U and Ry = Cepyueu [ TZEE)EL)y } c [H(HER)ZI] .

The two following theorems are parallel to Theorems 3.2 and 3.3.
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Theorem 4.2. Given a right Agler decomposition Kg for a function S in the Schur-
Agler class SAqQ(U, ), let V be the isometric operator associated with, this decom-
position as in (4.4). A block-operator matriz U of the form (4.3) is a d.c.fm.
colligation associated with Kg if and only zfﬁ s a contractive extension of V to
all of HKR)1 & V.

Theorem 4.3. Let S be a function in the Schur-Agler class SAq(U,Y) with given

right Agler decomposition Kg. Then

1. There ezists a d.c.f.m. colligation U = [4 B] associated with Kg.

2. Bvery d.c.fm. colligation U associated with Kg is weakly isometric and con-
trollable and furthermore, S(z) = D + C(I — Q(2)A)1Q(z)B.

3. Any controllable weakly isometric colligation U’ of the form (1.14) with trans-
fer function equal to S is unitarily equivalent to some d.c.fm. colligation U

for S.

5. Weakly unitary realizations

In this section we will study unitary realizations of an S € SAq(U,)) associated
with a fixed Agler decomposition (2.15). Following the streamlines of Section 2,
we let H(K) to be the reproducing kernel Hilbert space associated with the kernel
K from decomposition (2.15). For functions f € H(K)™ (where in most cases, n
will be equal to p or ¢), we will use the following representation and notation:

n fi

f=fi=1] : | eHE" where f;= Bﬁ*] : Dq — Bﬂ . (5.0)
=1 fn ’
so that
fi,+,1 fi,—,l
fir = : (fitj: Dq =), fi-= : (fi,—k : Dq = U).
fi,+,p fi,—,q

We furthermore introduce the kernels

P ML
T(z,¢) == PK(z,¢) { J } : Dq x Dq — LY, (VP ©UTP), (5.2)
j=1

T(z,¢) = PK(z,¢) L\(’)z?] : Dq x Dq — LU, (VP @ UT)T) (5.3)
k=1

where M and N are given in (2.8). We define two linear maps s : H(K)? —
H(Ky) and 5 : H(K)? — H(Kg) as follows:

P p q
s: f=@fH=> fivs S:9=Pou~> g (5.4)
j=1 j=1
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and observe the equalities

s TCOMnmp = (8HQs wys (9, TG Qwne = (BF(Q), whu (55

holding for all ( € Dq, y € Y and u € U. Indeed, for a function f of the form
(5.1), we have from (5.2) by the reproducing kernel property

(fs TG, Qydnmy = Zp: <fj’ K(»6) [M(%Ly} >?—L(K) B i <fj(o’ [ejg@y} >y@u

Jj=

p

1
(fir Q) ei®y)y, = (fir5(Q)s vy = (), vy

P
i—1 j=1

J
which proves the first equality in (5.5). The proof of the second is much the same.

Lemma 5.1. Let T and T be the kernels associated with the Agler decomposition
K (2.15) of an S € SAqU,Y) via formulas (5.2), (5.3). Let M;(z) and Ny(z) be
defined as in (2.7)~(2.10). Then for every z,( € Dq, u,u’ €U and y,y' €Y,

(TC. Oy, T 2)y ) gy = Zl@KL 5 OMpy. My, (5.6)

(TC0u T2y, = ; (Kr(z, ONu, Ny, (5.7)

QU TC, Qs QT 20y )iye = ; (Ki(z ONEQy, NEE)Y )y, 0 (5:8)
(QUOT(, Qu, QT z)u’>H o = ]Z: (Kr(z, QOMS(Q)u, MJ'(2)u'),,, -

(5.9)

Proof. Equalities (5.6), (5.7) follow immediately from (5.2), (5.3). The two other
equalities follow since

QT2 =@ Y a2 [ ] =D [ 6o

by (2.9). O

Definition 5.2. A contractive colligation

o PETPE] e
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will be called a two-component canonical functional-model (abbreviated to t.c.f.m.
in what follows) colligation associated with a fixed Agler decomposition (2.15) of

a given S € SAqU, V) if

1. The state space operator A solves the structured Gleason problem

(s)(2) = (s£)(0) = s(Q(2) Af)(= ::§:§:qﬁ: Aflie; (2) (5.13)

Jj=1k=1
for all f € H(K)? whereas the adjoint operator A* solves the dual structured
Gleason problem

P

(89)(2) — (39)-(0) =8(Q(2)"A"9)(2) = D Y au(2) [A"g]; () (5.14)
k=1j

=17j5=1

for all g € H(K)1.
2. The operators C : H(K)? — Y, B* : H(K)? - U and D : U — Y are of the
form

C: f—=(sf)(0), B*: g— (8f)(0) and D:u— S0)u. (5.15)

Note that the second equalities in (5.13), (5.14) can be seen as follows:

s(Q(2)Af)(2) = Y _[QR)ASf]; 4, (2) =D ajn(2) [Af]) 4 (2),
(2)"A%g)(z) = ) _[Q(z)" A"

j=1 j=1k=1
s(Q(= Z 9]19,7,19 (2) = Z Z%‘k(z) [A*g]j7—7k (2).
k=1 k=1 j=1

Proposition 5.3. Relations (5.12), (5.14) and (5.15) are equivalent respectively to
equalities

A*Q(C)*T(-, )y = T(-, Oy — T(-,0)y, (5.16)
AQ(OT(-,Q)u = T(-,Q)u — T(-, 0)u, (5.17)
C*y=T(,0)y, Bu=T(,0u, and D*y=S(0)*y (5.18)

holding for every ¢ € Dg, y € Y and u € U.
Proof. Tt follows from the first equality in (5.5) that
((8£)(2) = (£)(0), y)y = (. T )y — T, 0)y) 3y (i)
and on the other hand,
(8(Q(2)AN(2), Ypmyr = Q)AL TC,2)Y)3ye = (s A Q) T(, 2)Y) g icye -

Since the two latter equalities hold for every f € H(K)? and y € ), the equivalence
(5.13) < (5.16) follows. The equivalence (5.14)< (5.17) follows from (5.5) in much
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the same way; the formula for C* in (5.17) follows from

(f, CTy) =(Cf, y) = ((s£)(0), y) = (f, T(-,0)y)

and the formula for B is a consequence of a similar computation. The formula for
D* is self-evident. O

Proposition 5.4. Let B, C' and D be the operators defined in (5.15). Then

CC*+DD* =1y and B*B+D*D = Iy. (5.19)

Furthermore,
B*: Q(O)*T(-, )y — S(¢)*y — S(0)"y, (5.20)
B*: T(-,Ou — u — S(0)*S(C)u, (5.21)

for all( € Dq, y €Y and u € U, where T and T are defined in (5.2), (5.3).

Proof. We first observe that

IC*y|* = IT(-, 0)y]|* = <Z MK (0,0) M}y, y> =((I = S(0)5(0)")y, v),

j=1
Bl = [T 0 = <Z NKg(0,0)Nfu, u> = (I - 5(0)*S(0)u, u),
k=1

where the first equalities follow from formulas (5.18) for B and C*, the second
equalities follow upon letting z = ¢, v/ = v and ¥’ = y in (5.6), (5.7), and
finally, the third equalities follow from the decomposition formulas (2.11) and
(2.12) evaluated at z = ¢ = 0. Taking into account the formulas (5.15) and (5.18)
for D and D*, we then have equalities
ICyII* = [lylI* = 15(0)"ylI* = llyllI* — [I1D*yl1%, (5.22)
1Bull® = [|ul® = [|S(0)u]|* = |u]* — | Dul[®

holding for all y € Y and v € U which are equivalent to operator equalities (5.19).

To verify (5.20) and (5.21) we proceed as follows. By definitions (1.11), (5.3)
and (5.4) of K, T and s,

ool o

5(QOTCn =3 k60 V]| = NEECONE QO

k=1 , k=1
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Combining the definition (5.15) of B* with the two last formulas evaluated at zero
gives

BT(, Ou =5 (T(.Qu) (0) = 3 NFKa(0, O Nftu, (5.23)
k=1
B*Q(O)"T(- Q)y =S (Q()*T(, Q)y) (0) = > NFKrr (0, ONF(Qy.  (5.24)
k=1

Upon letting z = 0 in (2.14) and (2.12) and taking into account that M*(0) =0
and NF(0) = 0, we get

NIFKr(0,Q)NE(Q),

M=

S(0)° - 5(0)" =

k=1

NI*Kg(0,()NE (5.25)

|
M=

Tu = 5(0)"5(¢)

x>
Il

1

and combining the two latter equalities with (5.23) and (5.24) gives (5.20) and
(5.21). O

Formulas (5.20), (5.21) describing the action of the operator B* on elementary
kernels of D were easily obtained from the general formula (5.15) for B*. Although
the operator A* is not defined in Definition 5.2 on the whole space H(K)?, it
turns out that its action on elementary kernels of D is completely determined
by conditions (5.13) and (5.14). One half of the job is handled by formula (5.16)
(which is equivalent to (5.13)). The other half is covered in the next proposition.

Proposition 5.5. Let U = [é B1 be a t.e.fm. colligation associated with the Agler
decomposition (2.15) of a given S € SAq(U, V) and let T be given by (5.2). Then

A"T(, Qu = Q)T(, (u—T(-,0)S(()u (5.26)
forall( €Dq,ye Y andu e U.

Proof. We have to show that formula (5.26) follows from conditions in Definition
5.2. To this end, we first verify the equality

; o =leate o], 6o

|QOTC || (4T ¢

H(K)P H(K)4

Upon letting ¢ = z and ' = u in (5.9) we have

|a@meon,, = 3 (@ KaC OME Q) 629

P
Jj=
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Making use of (5.17) (which holds by Proposition 5.3) and of (5.7) we have

2 ~ 2

|4Q@e.ul, = |[F6.0u-TC,0u

H(K H’H(K)q

q
=Y (N (Kr(¢,¢) — Kr(C,0) — Kr(0,¢) + Kr(0,0)) Nftu, u),, . (5.29)
k=1

Upon letting z = ¢ in (2.12) we get the identity

i — S(¢)*S( ZN,E*KRuNk ZMR Kr(¢,QM(¢)  (5:30)

k=1

which together with equality (5.25) implies

ZN (Kgr(¢,¢) — Kr(¢,0) — Kg(0,¢) +Kg(0,0)) N/

— ZMR “Kr(¢, OMS(C))

= Iy — s<<>*s(<) (I = 8(¢)*S(0)) = (T — S(0)*S(¢)) + I — S(0)*S(0)
= —(S(0)" = S(0)")(S(¢) — S(0)).

Subtracting (5.29) from (5.28) and making use of the last identity gives us

l@@Tc.0u] - |Ja@TC. O =Is©u-sOu . 63y

On the other hand, it follows from the identity

S(¢) = S(0) =D MFKLr(0,)M](C)

Jj=1

(which is a consequence of (2.13)), formula (5.11) and the explicit formula (5.15)
for C' that

CQOT(QJu=s (EBKM) [MS(OD (0)
j=1

_Z M Krr(0,) M (¢) = S(Q)u — S(0)u. (5.32)

Substituting the latter equality into (5.31) completes the proof of (5.27).
Writing (5.27) in the form

(1= 474 - C"O)QUOT(,Ou, QQOT(,Qu) =0

H(K)P
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and observing that the operator I — A*A — C*C is positive semidefinite (since U
is contractive by Definition 5.2), we conclude that

(I-A"A-C*O)Q(OT(Ou=0 forall (e Dgq,ucl. (5.33)
Applying the operator C* to both parts of (5.32) we get
C*CQOT (-, Ou = T(-,0) (S() — S(0)) u (5.34)

by the explicit formula (5.18) for C*. From the same formula and the formula
(5.15) for D we get

C*Du = C*S(0)*u =T(-,0)S(0)u. (5.35)
We next apply the operator A* to both parts of equality (5.17) to get
ATAQ(OT( Qu = A'T(-, (Ju — AT(, 0)u.

Due to the second formula in (5.18) (which holds by Proposition 5.3) the latter
equality can be written as

A*T(-, O)u = A*AQ(O)T(-, O)u + A* Bu. (5.36)

Since U is contractive (by Definition 5.2) and since B and D satisfy the second
equality in (5.19), it then follows that A* B 4+ C*D = 0. Thus,

A*Bu = —-C*"Du = -C*S(0)*u = —=T(-,0)S(0)u.

Taking the latter equality into account and making subsequent use of (5.33)—(5.35)
we then get from (5.36)

AT(, Qu = (I = C*C)Q(O)T(-, ()u — C* Du
= Q(OT (-, Qu — T(-,0) (S(¢) = S(0)) u—T(-,0)S(0)u
= Q(OT(- Q)u —T(-0)S(¢)u
which completes the proof of (5.26). O

Remark 5.6. Since any t.c.f.m. colligation is contractive, we have in particular that
AA* + BB* < I. Therefore, formulas (5.20), (5.21) and (5.26), (5.16) defining the
action of operators B* and A* on elementary kernels of the space D (see (5.46))
can be extended by continuity to define these operators on the whole space D.

Proposition 5.7. Any t.c.fm. colligation U = [é B associated with a fized Agler
decomposition (2.15) of a given S € SAq(U, V) is weakly unitary and closely
connected. Furthermore,

S(z) =D+ C(I —Q(2)A)'Q(2)B. (5.37)
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Proof. Let U = [4 B] be a t.c.fm. colligation of S associated with a fixed Agler
decomposition (2.15 ) Then equalities (5.16)—(5.18) hold (by Proposition 5.3) and
can be solved for T(-, z)y and T(-, z)u as follows:

T(,2)y = (I — A*Q(2)") 'T(-, 0)y = (I — A*Q(2)") ' C"y, (5.38)
T(-, 2)u = (I — AQ(2)) "' T(-,0)u = (I — AQ(2))”" Bu. (5.39)

From (5.38) and (5.20) we conclude that equalities

(D* 4+ B*Q(2)" (I — A*Q(2)")'C*)y = S(0)*y + B*Q(2)*T(-, 2)y
= 5(0)"y + S(2)"y — S(0)"y
— S(2)*y (5.40)

hold for every z € Dq and y € ), which proves representation (5.37). Furthermore,
in view of (5.2) and (5.3),

HOA =\ {T,(I - A"Q(2)")'C*y: 2€Dq, y€V, j=1,....p}
—\/{ y:2€Dq,yed, j=1,. }

_\/{ {ef@y}:zeDQ7y€y,j=1,~~7P}
:\/{K(.@ M : 2z € Dq, ye)}}7

M 5=\ {Z; (I - AQ(2))'Bu: 2€Dq, uel, k=1,...,q}

~\/{Zoi T2 2 € Do, weld, k=1,....q}
:\/{K(~72) {Ek@)u] 1 2€Dq, u€ Y, kzl,...vq}
:\/{K(~7z) m . 2 € Dq, ueZﬁ},
and therefore,
12V =V o) )] ke [0 s eva v evrueur)
:\/{K(~72) m : 2 € Dq, m eypeauq} = H(K)

where the last equality follows by the very construction of the reproducing kernel
Hilbert space. The colligation U = [C B1 is closely connected by Definition 1.7.
To show that U is weakly unitary, let us write the Agler decomposition (2.15) for
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S in the inner product form as the identity

(y+SQu, y' + S(2)u')y — (S(O)*y +u, S(2)y" +u)u

- <éK<-,<>Mj<<> HE DX () m>
= =t ()
- <EB K6ON0 [2] DRE AN [Zﬁ]> (5.41)
k=t k=1 H(K)

holding for all z,{ € Dq, y,3y' € Y and u, v’ € Y. We next observe that

P OM,(0) [iﬂ - e {MéLy] FPEO [MJROW]

j=1 j=1 j=1

where the first equality follows from definition (1.7) of M;({) and the second is a
consequence of (5.2) and (5.11). Similarly, one can check the equality

PKCON(O 2] = Q0 Ty + T 0
k=1

which, upon being substituted together with (5.42) into (5.41), leads us to
([ QO T TeOu ]| [ QEITCy + T2 ]
y+S(Qu Y+ S(z)u HEK) 1By

(g [,

(5.43)
Letting u =u =0 and y = y’ in the latter equality gives
I -5l
Sy

which on account of (5.38) can be written as

S E T

Since[g’; g] { Q(C)*(I—A;Q(C)*)*IC*Z/ ] _ [ (I—A*ﬁégzz)’lc*y ]

(the top components in the latter formula are equal automatically whereas the
bottom components are equal due to (5.40)), equality (5.44) tells us that U is
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weakly coisometric by Definition 1.8. Similarly letting v = v’ and y = ¢’ = 0 in

(5.43) we get
I -

which in view of (5.39) can be written as

H{ (I - AQ(¢))~'Bu }H _ H[ QO — AQ(¢) ™ Bu }H

[ QOT( u }H

u

S(Qu U

and since

{é g} [ Q(C)(I—éQ(C))‘lBu ] _ [ (I—A;Q(SL)”Bu }

(again, the top components are equal automatically and the bottom components
are equal due to (5.37)), the colligation U is weakly isometric by Definition 1.8.
O

Proposition 5.7 establishes common features of t.c.f.m. colligations leaving the
question about the existence of at least one such colligation open. As was shown
in the proof of Proposition 5.7, the Agler decomposition (2.15) can be written in
the inner product form (5.43) from which we conclude that the map

v [Av Bv] : { Q(O)*T(¢)y +T(-,Q)u } - { T(-, )y + QIOT(, Qu }
Cv Dy y+SQu Sy +u ’
(5.45)
defined completely in terms of a given Agler decomposition K of S, extends by
linearity and continuity to an isometry from

DV:\/{[ Q<c>*wyr<-7oy], [ﬂfgg&glu ] : gepq,yey,ueu}

onto

V[ ][9] commpened)

It is readily seen from (2.6) that Dy and Ry contain respectively all vectors of
the form [§] and [2] and therefore they are split into direct sums

Dy =D&Y and Ry =RaelU

where the subspaces D C H(K)? and R C H(K)? are given by
D= \/{ v, ﬁ‘(~7ﬁ)u:C€DQ,y€y,u€U}7 (5.46)
R=\/ {ﬂrm Oy, Q<<>ﬁ“<-7 Qu: (€ Da,ye Y, ucl}. (5.47)

It follows from the reproducing kernel formulas (5.5) that the orthogonal com-
plements to these subspaces can be described in terms of the linear maps (5.4)
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Dt =H(K) oD ={gecHEK)?: s(Qg) =0 and 5g=0}, (5.48)
R =HEKP SR ={f cHK): sf =0 and 5(Qf) =0}. (5.49)

For the operators Ay: D —-R, By:U—-R, Cy:D—=Y, Dy:U—>Y we
have from (5.45) the following relations:

AvQ(O)*T(-,¢)y + Bvy = T(-,{)y, (5.50)
AVT(, Qu + By S(Qu = Q(OT( ), (5.51)
CvQ(Q)*T(-,Q)y + Dyy = S(()*y, (5.52)
CvT(,O)u+ Dy S(Cu = u. (5.53)

Equalities (5.50) and (5.51) are obtained upon equating the top components in
(5.45) specialized to the respective special cases u = 0 and y = 0. Equalities (5.52)
and (5.53) are obtained similarly upon equating the bottom components in (5.45).
Letting ¢ = 0 in (5.50) and (5.52) gives

Byy=T(,0)y and Dyy=5(0)%y. (5.54)

Substituting the first and the second formula in (5.54) respectively into (5.50),
(5.51) and into (5.52) and (5.53) results in equalities

Ay Q) T(-, )y — T(-,¢)y — T(-, 0)y, (5.55)
Ay T(,Qu = QO)T(-, Q)u — T(-,0)S(¢)u, (5.56)
Cv: Q)T )y — S(O)*y — S(0)"y, (5.57)
Cv: T Ou— u—S0)S(C)u (5.58)

holding for all ( € Dq, v € U and y € Y and completely defining the operators
Ay and Cy on the whole space D.

Lemma 5.8. Given the Agler decomposition K for a function S € SAqU,Y), let V
be the isometric operator associated with this decomposition as in (5.45). A block-

operator matriz U = [ B of the form (5.12) is a t.c.m. colligation associated
with K if and only if
IU*| <1, U'lpgy =V and B*|pL =0, (5.59)

that is, U* is a contractive extension of V' from D® Y to all of H(K)? B Y subject
to condition B*|p. = 0.

Proof. Let U = [4 B] be a t.c.f.m. colligation associated with K. Then U is con-
tractive by definition and relations (5.16)—(5.18) and (5.26) hold by Propositions
5.3 and 5.5. Comparing (5.16) and (5.26) with (5.55), (5.56) we see that A*|p =
Ay . Comparing (5.20), (5.21) with (5.57), (5.58) we conclude that B*|p = Cy .
Also, it follows from (5.18) and (5.54) that C* = By and D* = Dy . Finally, we
see from formula (5.48) that B*f = Sf = 0 for every f € D+, which proves the
last equality in (5.59).
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Conversely, let us assume that a colligation U = [4 B] meets all the con-
ditions in (5.59). From the second relation in (5.59) we conclude the equalities
(5.54)—(5.58) hold with operators Ay, By, Cy and Dy replaced by A*, C*, B*
and D* respectively. In other words, we conclude from (5.54) that C* and D*
are defined exactly as in (5.18) which means (by Proposition 5.3) that they are
already of the requisite form. Equalities (5.57), (5.58) tell us that the operator B*
satisfies formulas (5.20), (5.21). As we have seen in the proof of Proposition 5.5,
these formulas agree with the second formula in (5.15) defining B* on the whole
H(K)?. From the third condition in (5.59) we now conclude that B* is defined by
formula (5.15) on the whole H(K)?, and therefore B is also of the requisite form.
The formula (5.55) (with A* instead of Ay ) leads us to (5.16) which means that
A solves the Gleason problem (5.13). Then the hypotheses of Proposition 5.4 are
satisfied and we conclude that the identities (5.19), (5.20) and (5.21) all hold.

To complete the proof, it remains to show that A* solves the dual Gleason
problem (5.14) or equivalently, that (5.17) holds. Rather than (5.17), what we
know is equality (5.51) (with A* and C* instead of Ay and By respectively):

AT(, Qu = QOT( (u— C*S(Qu (5.60)
We use (5.60) to show that equality

T, Oul| AT Qu ) =BT Qu : (5.61)
HK) H(K) u

holds for every ( € Dq and u € U. Indeed,
176 0"~ a6 0u]| =76 0u] ~||QW@TCOu - s
= £ 0u]] - @, o]~ et sul?
~{CQUOT(, u, S(Qu)
— (S(Qu, CQUOT(, Q). (5.62)

We next express all the terms on the right of (5.62) in terms of the function S:

| ,<>uH2—HQ | = {0~ S0 Sy, ) (569
(CQUOTEOu. S©Ou) = (SO (S - SO w), (560
(SO CQUTE.Ou) = (SO - SO) SQu ). (56

Sl = ISQull> ~ 15O SQul®.  (.66)

We mention that (5.64) follows from (5.7), (5.9) and (5.30); equality (5.63) is a
consequence of (5.32). Taking adjoints in (5.64) gives (5.65) and equality (5.66)
is obtained upon letting y = S(¢)u in (5.22). We now substitute the four last
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equalities into (5.62) to get

20l - AT, = ROu ), (567
where
REQ) = Tu—S5(0)"S(0)+S()" (S(¢) — 5(0))
+(S(O)" = S(0)") () = 5(0)*S(C) + S()" S(0)S(0)"S(C)
= Iy —5(0)"S(0) = S(0)"S(Q) + S(Q)"S(0)5(0)" S (¢
= (Iu = S(Q)"S(0) (lu = S(0)"S(C))
By (5.21) we have N
B*T(,Ou=u— S(0)*S()u (5.68)
and therefore
B, = = SO SQull, = (RQuw, )

which together with (5.67) completes the proof of (5.61). Writing (5.61) as
(I — AA* — BB*)T(-,C)u, T(-,C)u) = 0

and observing that the operator I — AA* — BB* is positive semidefinite (since
U = [A B] is a contraction), we conclude that

(I — AA* — BB*)T(-,)u=0 forall ¢ € Dq,ucll. (5.69)

Since the operators C' and D satisfy the first equality (5.19) and since U = [4 B]

is a contraction, we have AC* + BD* = 0. We now combine this latter equality
with (5.68) and formula (5.18) for D* to get

T(-,0)u = Bu = B(B*T(-,¢)u + S(0)*S(¢)u)
= BB*T(-,{)u+ BD*S(C)u
= BB*T(-,C)u — AC*S({)u. (5.70)
We now apply the operator A to both parts of (5.60):
AAT(, Qu = AQ()T (-, Q)u — AC*S(Q)u

and solve the obtained identity for AQ(¢ )'F]T‘(7 ¢)u with further simplifications based
n (5.69) and (5.70):

AQ(OT(, Qu = AA'T(, Qu + AC*S()u
=T(-,Q)u — BB*T(,¢{)u — BD*S({)u
= T(-,¢)u — T(-,0)u.
This completes the proof of (5.17). O

As a consequence of Lemma 5.8 we get a description of all t.c.f.m. colligations
associated with a given Agler decomposition of a Schur-Agler function.
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Lemma 5.9. Let K be a fized Agler decomposition of a function S € SAqU,Y).
Let V be the associated isometry defined in (5.45) with the defect spaces D and
R+ defined in (5.48), (5.49). Then all t.c.fm. colligations associated with K are

of the form
. [x o] [ Dt R+
v =[o V] [oey] - [R5 6
J_ J_
where we have identified [H(;If)q} with [’D% y} and [H(Ef)p} with {R@D Z/l] and

where X is an arbitrary contraction from DL into R*. The colligation U is iso-
metric (coisometric, unitary) if and only if X is coisometric (isometric, unitary).

For the proof, it is enough to recall that V' is unitary as an operator from
Dy =D& Y onto Ry = R @ U and then to refer to Lemma 5.8. The meaning
of description (5.71) is clear: the operators B*, C*, D* and the restriction of A*
to the subspace D in the operator colligation U* are prescribed. The objective is
to guarantee U* be contractive by suitably defining A* on Dt. Lemma 5.9 states
that X = A*|p. must be a contraction with range contained in R*.

We now are ready to formulate the multivariable counterpart of Theorem 1.5.

Theorem 5.10. Let S be a function in the Schur-Agler class SAq(U,Y) with given
Agler decomposition K. Then

1. There exists a t.c.fm. colligation U = [4 B associated with K.

2. Bvery t.c.fm. colligation U associated with K is weakly unitary and closely
connected and furthermore, S(z) = D+ C(I — Q(2)A)~1Q(2)B.

3. Any weakly unitary closely connected colligation U of the form (1.14) with
transfer function equal to S is unitarily equivalent to some t.c.fm. colligation

U for S.

Proof. Part (1) is contained in Lemma 5.9. Part (2) was proved in Proposition
gg] : [%] =[] be a closely
connected weakly unitary colligation with the state space X and such that

S(z)=D+C —Q(2)A)'Q(2)B. (5.72)

5.7. To prove part (3) we assume that U = {

The proof of unitary equivalence of U to some t.c.f.m. colligation for S will be
broken into three steps below. Let G(z) be the operator-valued function

g [Ce)] | @1 CU - Q()A) 'L,
o {GR@]' l@z_lB*u—Q(z)*A*)—qu,k

where the inclusion operators Z,, ; and Z, j are defined via formula (1.16). Fur-
thermore, let K be the positive kernel defined by

C[Kp(20) Kir(=Q)] . [Go2) . .
K(z7()—[K;L(Z’ ) Kial o]" [G;(z)} 6.0 Gr(0)]  (5.74)

(5.73)
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and let H(K) be the associated reproducing kernel Hilbert space. Let U : X —
H(K) be the linear map given by

U: z— G(2)x (5.75)

and define the operators A: H(K)? — H(K)?, B: U — H(K)? and C: H(K)? — Y
by

A(@P_U) = (e]_U)A, B=(a]_,U)B and C(a'_,U)=C. (5.76)
Step 1: The Agler decomposition (2.15) holds for the kernel K defined in (5.74).
Step 2: The linear map U: X — H(K) defined in (5.75) is unitary.

Step 3: The colligation U = [& B] with the block entries defined in (5.76) is a
t.c.fm. colligation associated with the Agler decomposition K for S.

Since the colligations U and U are unitarily equivalent by (5.76) and defi-
nition (1.15), part (3) of the theorem will then follow. Thus, it remains to justify
the three steps.

Proof of Step 1. It follows by straightforward calculations (see, e.g., [7]) that for
the transfer function S (5.72) of the colligation U = [é B }

I-5()8(¢)" = C(I - Q(z)A) " (I - Q(x)Q(()") (I - A*Q(¢)") ' C

+[cu - QA Qe 1) (1-00) {Q(O*(I - E;Q(C)*)‘lé*}

and
I—S(2)S(¢) =B"(I-Q(2)"A") ™ (I - Q(2)"Q(¢)) (I - AQ(¢))'B

+[B(1-Qr A Q) 1] (1-00) {Q(C)(I - @(c))lé} 7

from which it is clear that weak-coisometric property and weak-isometric proper-
ties of U (see Definition 1.8) are exactly what is needed for the respective identities

I-5(2)8(Q)" =C(I - Q()A)™ (I - Q(=)Q(Q)") (I - AQ(¢)") ' C™, (5.77)
I-5(z)"S(¢) = B (I - Q(2)"A") 7 (I - Q(2)"Q(()) (I - AQ(¢) ™' B. (5.78)

Since U is weakly unitary, the two latter identities hold. Also we observe that for
S of the form (5.72),

S(z) = S(¢) = C(I - Q(2)A)'Q(2)B — CQ(C)(I — AQ(¢))'B
=C(I - Q()A) 1 (Q(2) - Q) (I - AQ()'B.  (5.79)

On the other hand, for the function G, defined in (5.73) and for MjL given in
(2.8), we have

MPGL(2) = C(I - Q(2)A) T, ;.
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Then we conclude from (2.10) that

M B(2) = O = QRN Y an ()T

u wa

C(I - Q(=)4) Q=)L

p q
and since ZIMI;J = Iy» and ZI‘L’“I:IFJ@ = Ixq, we have for the kernel Ky,

defined in (5.74), =
Z MKy (2, QM — qulekL(z)*Km ONE(©)
= ;MJL*GL(Z)GL(C)*M]«L —qu:l (2)*GL(2)GL(C)* NE()
- _ngéu — Q()A) 'L, T, (1 - A Q) C

—ZCI Q(2)A) Q)L 4T, QIO (I - A°Q(Q)") ' C

=0 - Q(Z) A~ (I - Q(x)Q()") (I - A"Q(¢)") ' C.

Comparing the last equality with (5.77) we get the left Agler decomposition (2.11)
for the kernel Ky, from (5.73). It can be shown in much the same way that (5.78)
and (5.79) are equivalent to (2.12) and (2.13) respectively (with K and Kppr
chosen as in (5.73)). Since (2.14) follows upon taking conjugates in (2.13), we
arrive at (2.15).

Proof of Step 2. Due to factorization K(z,¢) = G(2)G(¢)* (see (5.74)), the re-
producing kernel Hilbert space H(K) can be characterized as the range space
H(K) = {f(2) = G(z)z: v € A} with the lifted norm ||Gx||yx) = |( — m)z| x
where 7 is the orthogonal projection onto the subspace X° = {z € X : Gz = 0}.
For every vector x € X° we have by (5.73),

CI-Q()A) T, ;2=0 and B*(I-Q(2)*A*) T4z =0
forall j =1,...,pand kK = 1,...,q. Then x is orthogonal to the spaces Hgg

and ’H~ _ (see Definition 1.7) and since the colligation U is closely connected, it

follows that x = 0. Thus, X° is trivial and ||Gz||3 k) = [|||x which means that
the operator U : x — G(z)z is a unitary operator from X to H(K).

Proof of Step 3. We first observe that the colligation U = [4 B] is a contraction
since it is unitarily equivalent to a weakly unitary colligation U. It remains to
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show that A solves the Gleason problems (5.13), (5.14) and that C and B* are of
the form (5.15).

Take the generic element f of H(K)? in the form
P P
flz)= @G(z)mj and let x:= @xj € XP, (5.80)
j=1 j=1

so that f = (®€5_,U)x by (5.75), or equivalently, x = (®_,U*)f, since U is
unitary. By definitions (5.4) and (5.73) we have

p
(s9)(z) = 3 C - Q) A) Ty a5 = O - Q(2)A) . (5.81)
j=1
Upon evaluating the latter equality at z = 0 and taking into account (2.6), we get
for the operator C' from (5.76)
Cf = C(@[_,U")f = COx = (s£)(0)
so that the formula (5.15) for C holds. We also have from (5.81)
(s£)(2) = (s/)(0) = C(I = Q(2)A) 'x = Ox = C(I - Q(2)A) ' Q(2)Ax. (5.82)
On the other hand, for the operator A defined in (5.76), we have
Q(2)AS = Q()A (®)_,U) x = Q(2)(&],U)Ax = (9], U)Q(2) Ax
and therefore, by formula (5.81) applied to Q(z)Ax rather than to x we get
s(Q(2)Af)(2) = C(I - Q(2)4) ' Q(2) Ax

which together with (5.82) implies (5.13).
We now take the generic element g of H(K)? in the form

q q
g(z) = @G(z):fk where now X := @51@ € X1, (5.83)
k=1 k=1

so that X = (&{_,U*)g. By definitions (5.4) and (5.73) we have
a
(39)(2) = Z B*(I — Q(2)*A") 'L, 17 = B*(I — Q(2)*A*)"'x. (5.84)

k=1
Upon evaluating the latter equality at z = 0 and taking into account (2.6), we get
for the operator B* from (5.76)

B*g = B*(&}_,U")g = B"X = (39)(0)

so that the formula (5.15) for B* holds. We also have from (5.84)

(59)(2) — (39)(0) = B*(I — Q(2)"A") ' Q(2)" A" (5.85)
On the other hand, for the operator A defined in (5.76), we have

Q(2)" A% = Q(2)"A%(@]_, U)X = Q(2)" (&)_, U)A"X = (8] _,U)Q(2)" A%



54 J.A. Ball and V. Bolotnikov

and therefore, by formula (5.84) applied to Q(z)*g*i instead of X we get
S(Q(2)"A%g)(2) = B* (I - Q(2)"4") 7' Q" (2)A"%

which together with (5.85) implies (5.14). This completes the proof of Step 3 and

therefore, of the theorem. O
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Abstract. The generalized Lax pair operator method and the concept of non-
autonomous solitons in nonlinear and dispersive nonautonomous physical sys-
tems are introduced. Novel soliton solutions for the nonautonomous nonlinear
Schrédinger equation (NLSE) models with linear and harmonic oscillator po-
tentials substantially extend the concept of classical solitons and generalize it
to the plethora of nonautonomous solitons that interact elastically and gen-
erally move with varying amplitudes, speeds and spectra adapted both to the
external potentials and to the dispersion and nonlinearity variations. The con-
cept of the designable integrability of the variable coefficients nonautonomous
NLSE is introduced. The nonautonomous soliton concept and the designable
integrability can be applied to different physical systems, from hydrodynam-
ics and plasma physics to nonlinear optics and matter-waves and offer many
opportunities for further scientific studies
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1. Introduction

Zabusky and Kruskal [1] introduced for the first time the soliton concept to char-
acterize nonlinear solitary waves that do not disperse and preserve their identity
during propagation and after a collision. The Greek ending “on” is generally used
to describe elementary particles and this word was introduced to emphasize the
most remarkable feature of these solitary waves. This means that the energy can
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propagate in the localized form and that the solitary waves emerge from the inter-
action completely preserved in form and speed with only a phase shift. Because of
these defining features, the classical soliton is being considered as the ideal natu-
ral data bit. The optical soliton in fibers presents a beautiful example in which an
abstract mathematical concept has produced a large impact on the real world of
high technologies [2-6].

The classical soliton concept was developed for nonlinear and dispersive sys-
tems that have been autonomous; namely, time has only played the role of the
independent variable and has not appeared explicitly in the nonlinear evolution
equation. A not uncommon situation is one in which a system is subjected to
some form of external time-dependent force. Such situations could include repeated
stress testing of a soliton in nonuniform media with time-dependent density gra-
dients, these situations are typical both for experiments with temporal/spatial
optical solitons, soliton lasers and ultrafast soliton switches and logic gates [2-6].

How can we determine whether a given nonlinear evolution equation is in-
tegrable or not? The ingenious method to answer this question was discovered
by Gardner, Green, Kruskal and Miura (GGKM) [7]. Following this work, Lax
[8] formulated a general principle for associating of nonlinear evolution equations
with linear operators, so that the eigenvalues of the linear operator are integrals of
the nonlinear equation. Lax developed the method of inverse scattering transform
(IST) based on an abstract formulation of evolution equations and certain proper-
ties of operators in a Hilbert space, some of which are well known in the context of
quantum mechanics. Ablowitz, Kaup, Newell, Segur (AKNS) [9] have found that
many physically meaningful nonlinear models can be solved by IST method.

In the traditional scheme of the IST method, the spectral parameter A of the
auxiliary linear problem is assumed to be a time independent constant A} = 0,
and this fact plays a fundamental role in the development of analytical theory
[10]. The nonlinear evolution equations that arise in the approach of variable spec-
tral parameter, A} # 0, contain, as a rule, some coefficients explicitly dependent
on time. The IST method with variable spectral parameter makes it possible to
construct not only the well-known models for nonlinear autonomous physical sys-
tems, but also discover many novel integrable and physically significant nonlinear
nonautonomous equations.

Historically, the study of soliton propagation through density gradients began
with the pioneering work of Tappert and Zabusky [11]. As early as in 1976 Chen
and Liu [12] substantially extended the concept of classical solitons to the accel-
erated motion of a soliton in a linearly inhomogeneous plasma. It was discovered
that for the nonlinear Schrodinger equation model (NLSE) with a linear external
potential, the IST method can be generalized by allowing the time-varying eigen-
value (TVE), and as a consequence of this, the solitons with time-varying velocities
(but with time invariant amplitudes) have been predicted [12]. At the same time
Calogero and Degaspieris [13] introduced the general class of soliton solutions for
the nonautonomous Korteweg-de Vries (KdV) models with varying nonlinearity
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and dispersion. It was shown that the basic property of solitons, to interact elas-
tically, was also preserved, but the novel phenomenon was demonstrated, namely
the fact that each soliton generally moves with variable speed as a particle acted
by an external force rather than as a free particle [13]. In particular, to appreciate
the significance of this analogy, Calogero and Degaspieris introduced the terms
boomeron and trappon instead of classical KAV solitons [13]. Some analytical ap-
proaches for the soliton solutions of the NLSE in the nonuniform medium were
developed by Gupta and Ray [14], Herrera [15], and Balakrishnan [16].

More recently, different aspects of soliton dynamics described by the nonau-
tonomous NLSE models were investigated in [17, 18]. The “ideal” soliton-like inter-
action scenarios among solitons have been studied in [17, 18] within the generalized
nonautonomous NLSE models with varying dispersion, nonlinearity and dissipa-
tion or gain. One important step was performed recently by Zhao, Luo and Chai
[19-22] and Shin [23]. It is well known that a nonlinear partial differential equation
is solvable by the IST method if every ordinary differential equation derived from
it satisfies the Painlevé property. The Painlevé analysis can be considered as a
practical test for the existence of the IST.

In this work, we clarify our algorithm based on the Lax pair generalization
and reveal generic properties of nonautonomous solitons. We consider the gener-
alized nonautonomous NLSE models with varying nonlinearities from the point of
view of their exact integrability both for confining and expulsive external poten-
tials. To test the validity of our predictions, the experimental arrangement should
be inspected to be as close as possible to the optimal map of parameters at which
the problem proves to be exactly integrable [24-26].

2. Lax operator method formulation and exact integrability
of nonautonomous nonlinear and dispersive models with
external potentials

The classification of dynamic systems into autonomous and nonautonomous is
often convenient and can correspond to different physical situations in which, re-
spectively, external time-dependent driving force is present or absent. The math-
ematical treatment of nonautonomous system of equations is considerably more
complicated then the treatment of autonomous ones. As a typical illustration we
may mention both a simple pendulum whose length changes with time and para-
metrically driven nonlinear Duffing oscillator [27].

In the framework of the IST method the nonlinear integrable equation arises
as the compatibility condition of the system of the eigenvalue linear matrix differ-
ential equations

/(/):v = -7?1/1(55715), 1/% = @/J(%t)

Here ¢(x,t) = {41, 1/)2}T is 2-component complex function, F and G are complex-
valued (2 x 2) matrices.
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Considering the general case of the IST method with time-dependent spectral
parameter A(7T") and taking matrices F and G in the form

- ~ g [0S\ 9%q [9S\> ong [ 9S\"
F(A) =f{A(T),q[S(X,T),T};85 (8X);8S2 (8X) S ggn <8X)

- - dq (9S\ 0% (9S\* ~ 9"q (9S\"
A) = AT S(X,T),T]; ;

G() g{ a7 08 (0% ) ook (o) e (o
where S = S(x,t) and T'(t) =t are generalized (dependent) coordinates, whereas
x and t are two independent variables, and the function ¢ [S(X,T),T] denotes
scattering potentials Q(S,T) or R(S,T), let us represent the desired nonlinear

evolution equation as the condition for the compatibility of the pair of linear
differential equations, to which the inverse scattering method can be applied

oF OF oG P
3T+asst_assf+{f’g]—0’ (1)

where
F = —iNT)55+ Ug, (2)
= A B
03 is the Pauli spin matrix and matrices U and qZAJ are given by
3 0 Q(S.T)
— gl
U=+oF (T)( R(S.T) 0 ) (4)
> _ [ exp[—ip/2] 0
= ( 0 explip/2] ) ©)

Here F(T') and ¢(S,T) are real unknown functions, 7 is an arbitrary constant,
and 0 = +1. The desired AKNS elements of § matrix: G = Zzzg G AF can be
constructed in the form

A= Ag+ AN + AsA? + A3A3
B = By + B1A + BsA? + B3A®
C = Co+ C1A + CoA* + C3A°
with time varying spectral parameter given by
A =X (T) + M (T)A(T),

where time-dependent functions Ao (T') and A\ (T') are the expansion coefficients
of Ar in powers of the spectral parameter A (7).
Substituting Eqs. (2-5) into Eq. (1), we obtain

AgS, = —iAp ++/oF" (C’Qe+ — BRe_) , (6)
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VOF e QsSi = — VoF e Qor + ¢sSi) — Vo et Qr
F
—VoF"etQ (’y FT) + 2iAB +2y/oFet AQ + BsS,, (7)
VoF7e  RgS: = + ;\/UFVe*R(apT +psSi) —VoF e Rr

—+VoF7e™ R (’y?) —2i1AC — 2/cAF"Re” + CsS:, (8)

where we introduce the following notations e* = exp[+ipS/2].
Solving the system (6-8), we find both the matrix elements A, B, C

1
A= —iXgS/S, +ag — 4a30F27(QR<pSS$ +iQRsS, — iRQsS,)
1 1
+ 2a20F27QR—|— A <—i)\1$/Sm + 2(130'F2’YQR + al)
+ a2A2 + a3A37
) 1 1 .
B = \/UF7€+{—4G35§ (st + QQ@SS - 4Q<P2s + ZQS<P5>
i 00sS 1 0sS
—4(12 ¥s z_2a2 SPx
1
+ ZQ (—Z)qS/SQJ + 2a30F27QR+ a1>

i 1
+A (—jlagQwsSz — a3Qs5: + iazQ) + ia3A2Q}’

. . 1
C= \/UFVG{—;(I?,S% (RSS — ;RQOSS — 4R<p% — iR5<,05>

! RpgS, + ! RgS

4(12 PSSOz 2a2 SOz

1
+ iR <_Z>\15/S(1; + 2a30F2VQR+ a1>
) 1

+ A (—;angsSx + 2a3RsSx + ia2R> + ia3A2R},

and two general equations

. 1 317
iQr = 4a3QSSSS§ + g a3QsspsSe 9)

3i 3
- 42 asoF*'Q*RysS, — 2a30F27QRQSSx

— ;angsSg + iGQUFQ’YQQR
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. . 3 3
+iQs | =St + \1S +ia1S; — 2a2<p55 + 8(13(,0555 + 16a3<pSS

1 3 ;
+Q ( Tt 2a2<PssS 16%@5@5551)

1
+QP%W&+m%+

9 (o1 + 0s55¢) — >\15<PS - 2a1<PsS ]

] 7
a3<ﬂgsg + 803@33353)

+Q ( ClQQOSsQ 32

1 31
iR = 4a3RSSSS§ - BZagRsswssi’ (10)
37 3
+ 42 asocF?'R*2Qes S, — zagoFQ'YR?QSSx
+ ;astssg —iaso FYR?Q

a2ps Sz —

2

+iRg <—St + AS +ia1S, — ’ 8

3 31
aspssSs + 16(13@553)

1 3
—|—R<z/\1 + agwssS — agwswsssg)

_WF

16
. 1 1 i
+ R {—2)\05/& — 2iag — 9 (o1 + ©sSt) + 2)\15<ps + 2(11%554
1 1
+ R (—8a2<p2553 32a3<pSS 8(13@55552) ,

where the arbitrary time-dependent functions ag (T'), a1 (T'), a2 (T), a3 (T) have
been introduced.

By using the following reduction procedure R = —Q*, it is easy to find that
two equations (9) and (10) take the same form if the following conditions

* * * *
ag = _a07 ay = _ala az = _a23 as = _a37

11
X=X, A=A, F=F* (11)

are fulfilled.

3. Generalized nonlinear Schrodinger equation and solitary
waves in nonautonomous nonlinear and dispersive systems:
nonautonomous solitons

Let us study a special case of the reduction procedure for Egs. (9-10) where ag = 0

1
A= = iXoS/S, +ao(T) — ar(T)oF™ QI
— iMS/SeA + a1 (T)A + as(T)A2,
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B = Vo exp ip/2) { - |a(T)QpsS, ~ JaalT)QsS. |
+i{Q[-i\S/S, + a1(T) + Aas(T)]}

C = oF"exp(—ip/2) {iag(T)Q*wsSw — ;GQ(T)QES;E}
—1 {Q* [—i)\ll' + a1 (T) + AGQ(T)}} .

In accordance with conditions (11), the imaginary functions ao(T), a1(T), a2(T)
can be defined in the following way

ao(T) = ivo(T), a(T) =V (T),
az(T) = —iDo(T), Ro(T) = F*'Dy(T)

where Dy(T), V(T), v0(T') are arbitrary real functions. The coefficients D2 (T") and
N3(T') are positively defined functions ( for 0 = —1, v is assumed as a semi-entire
number).

Thus, Egs. (9-10) can be transformed into

iQr = — _ Da(T)Qss52 — o Ro(T) QI Q

- ZQS < 1)24,0,5‘592J + S+ VS, — /\15)
+Q <8D2<P%*S£ —27(T) + 2/\05/51)
1 1 1 1
+Q <2<PT + 2<PSSt + 2V<PSS;E - 2>\1<PSS>

1 Fr
Q- D 2 _ A
-HQ( 4 290555, T g + 1>
or
. 1 2 2
iQr = — QDQQSSS,;—O’RMQ\ Q

—iVQs +ilQ + UQ, (12)
where

V(S,T) = ;DQSzaps + VS, + St — A S,

1 1
U(s,T) = 8D2S§<P?9 =270+ _ (7 + 0sS: + VSips)

2
1
+ 2)\05/530 — 2)\1@557 (13)
F 1
I'= <—7 FT 4D2S§<Pss + )\1> (14)
1W(Rs,D3) 1. .,
- -'D .
<2 RoDs 4 25,055 + A1
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Eq. (12) can be written down in the independent variables (z,t)

Qi+, Da(t)Qus + 0 R0 QI Q — Ulw, 0@+ V7Q, = T(0Q. (1)

Let us transform Eq. (15) into the more convenient form

Qi+ ) DoQue + 0T Q@ UQ = iTQ (16)

by using the following condition
~ 1
V= QDQSx(,OS—FV—)\lS/Sm =0. (17)

If we apply a reduction V = —ia; = 0 accepted in the IST method [9], then Eq.
(17) defines a parameter \q

1
AL = 2D2S§<Ps/57 (18)
under which the real potential (13) is given by

1 1
U(S,T) = =270 + 205/ + ,, (pr + ¢sSi) — 8D255<p§ (19)

and the gain or absorption coefficient (14) is represented by

_1W(R2,D2) 1 9 1 9

I'= 5 RyD, 4D25m<,055 + 2D25m<,05/5. (20)

Let us consider some special choices of variables to specify the solutions of
(16). We assume that variables are factorized in the phase ¢(S,T)

p=0(T)8"

The first term in the real potential (19) represents some additional time-dependent
phase €270 of the solution Q(z,t) for the equation (16) and, without loss of the
generality, 7o = 0. The second term in (19) depends linearly on S. The NLSE with
the linear spatial potential and constant \g, describing the case of Alfen waves, has
been studied in Ref. [12]. We will study the more general case of chirped solitons in
Part 4 of this article. Now, taking into account three last terms in (19), we obtain

1 1 1
U(S,T)=2XS/S: + 2CTS‘" + QaC’SO‘_lSt - 8D202S£O[252a_2. (21)
The gain or absorption coefficient (14) becomes
1w D
rry= PV D) oy s2oge, (22)

2 RoDs 4
It is assumed here that two functions I'(T") and A\ (7") depend only on T' and do
not depend on S, thus we conclude that a =0 or a = 2.
Let us find the solutions of Eq. (16) with time and space phase modulation
(chirp) in the case a@ = 2.

©(S,T) = C(T)S2.
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In this case, Eq. (18) becomes
A\ = DyS2C.
Now, the real spatial-temporal potential (21) takes the form
US(z,t),T)] =2X5/Ss + 3 (Cr — D252C?) S? + CSS,

Let us consider the simplest option to choose the variable S(x, t) when the variables
(x,t) are factorized: S(x,t) = P(t)x. In this case, all main characteristic functions:
the phase modulation

p(z,t) = @(t)lzv (23)

the real potential
1 P,
U(x,t) =2 ox + 2P2 (Ct — DyP?C? 42 Ptc> z?

= 2\oz + ; (0 — D20%) 2° = 2Xo(t)z + ;QQ(t)wQ7 (24)

the gain (or absorption) coefficient
1 (W(R2, D5) 9 1 (W(R2, D5)
') = Dy PC | = D-,0 25
®) 2(R2D2+2 o\ Rp, T (25)
and the spectral parameter \;

A1 (t) = Dy P2C = Dy (t)O(t) (26)
are given by expressions (23-26) dependent on the self-induced soliton phase shift
O(t). In Eq. (24) a notation Q2(t) = ©; — D262 has been introduced.

Now we can rewrite the generalized NLSE (16) with time-dependent nonlin-

earity, dispersion and gain or absorption in the form of the nonautonomous NLSE
with linear and parabolic potentials

Qe+ D)@ + TR QF Q- ) P(PQ=iTQ.  (21)

Substituting the phase profile ©(t) from (25) into (24), it is straightforward to
verify that the frequency of the harmonic potential Q2(¢) is related with dispersion
Dy (t), nonlinearity Ro(t) and gain or absorption coefficient I'(t) by the following
conditions

Q%(t)Dy(t) = Dg(t)jt (g%) — (1) - i (Wﬁi’f”)

N (2r(t) + ) i DY (28)
B d [ T(t) 2
=210 () 170
d d . Dy(t d?> Dt
+ (2F(t) + it In Rg(t)) it In Rgét; e In R2(<t§’ (29)

where W (R, D) = RyDy, — DRy, is the Wronskian.
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After the substitutions
t
Q) = atwtyeww | [ rryir].
0

R(t) = Ra(t) exp [2 /O t V(T)dT] ,
D(t) = Da(t),

Eq. (27) can be transformed to the generalized NLSE without gain or loss term

0%q

02

dq
ot

1 1
i, + 2D(t) + [aR(t) lq]> = 2X0(t)z — 2QQ(t)a:?} qg=0. (30)
Finally, the Lax equation (1) with matrices (2-5) provides the nonautonomous
model (30) under condition that dispersion D(t), nonlinearity R(t), and the har-

monic potential satisfy to the following exact integrability conditions

W(R,D) d d (W(R,D)
2 _ 9 _ I
FODW =" pp g mEO =~ 4 ( RD
d d d? d?
= InD 1 — In D(t) — . 1
ap MPE) g MR =y, D) = RE) R(t) (31)
The self-induced soliton phase shift is given by
W (R(t), D(t)]
o) =— 2
and the time-dependent spectral parameter is represented by
t
. D()R(t) Ro / )\0(T)D(T)
A(t) = k(t t) = A d
(1) =(t) +int) = 0P 8@+ ) [ORar | (@)

0

where the main parameters: time invariant eigenvalue A(0) = ro+in9; Do = D(0);
Ry = R(0) are defined by the initial conditions. We call Eq. (31) as the law of the
soliton adaptation to the external potentials.

The basic property of classical solitons, to interact elastically, holds true,
but the novel feature of the nonautonomous solitons arises. Namely, both am-
plitudes and speeds of the solitons, and consequently, their spectra, during the
propagation and after the interaction are no longer the same as those prior to the
interaction. All nonautonomous solitons generally move with varying amplitudes
7(t) and speeds (t) adapted both to the external potentials and to the dispersion
D(t) and nonlinearity R(t) changes.

Having obtained the eigenvalue equations for scattering potential, we can
write down the general solutions for bright (¢ = +1) and dark (¢ = —1) nonau-



Generalized Lax Pair Operator Method 67

tonomous solitons applying the auto-Bécklund transformation [28] and the recur-
rent relation

4 nFn (t)
Gn(@,1) = —guor(a,t) — i \/ R(t) exp[—i©x?/2],  (34)
1+|T ‘

which connects the (n—1) and n-soliton solutions by means of the so-called pseudo-
potential T',_q(z,t) = 1 (2, t) /12 (x, 1) for the (n— 1)-soliton scattering functions
¢($at) = (¢1¢2)T~

Bright ¢ (z,t) and dark ¢, (z,t) soliton solutions are represented by the
following analytic expressions:

D(t)

R sech [&1(x, t)]

a (z,t]o=4+1)= 2771(t)\/

X exp {—i O®) 2 ¢ g(a, t)) } , (36)

2
C(z,t) = 2am (t)z + 4a / D(7m)ni(7)k1(7)dT, (37)

+ 2/D(7’) {/—@% +n; (3—a”) — 2k1m V(- aQ)} dr. (38)

0

Dark soliton Eq. (36) has an additional parameter, 0 < a < 1, which designates
the depth of modulation (the blackness of gray soliton) and its velocity against
the background. When a = 1, dark soliton becomes black. For optical applica-
tions, Eq. (36) can be easily transformed into the Hasegawa and Tappert form for
the nonautonomous dark solitons [2] under the condition xg = 10+/(1 — a2) that
corresponds to the special choice of the retarded frame associated with the group
velocity of the soliton

q (zt]o=-1)= 2171(15)\/}28; [\/(1 —a?) +ia tanhg(fmt)}

X exp { (G)ét) z? + ¢~5(a:,t)> } ;
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(1) = 2am()z +da | DEm(r) [m(7)V/(1 - a?) + K(7)| dr,

o\W

oz, t) = 2K (t)z 2/D )+ 203(7)] dr,

Notice that the solutions considered here hold only when the nonlinearity, disper-
sion and confining harmonic potential are related by Eq. (31), and both D(t) # 0
and R(t) # 0 for all times by definition.

Two-soliton ¢a(x,t) solution for o = +1 follows from Eq. (34)
q2(z,t) = 4\/28; g Ei:g exp [—;@(t)ﬁ} , (39)
where the numerator N (z,¢) is given by
N = cosh&; exp (—ix1)
X [(k2 = K1)? + 2ina(k2 — k1) tanh & + nf — 3]
+ n2 cosh &; exp (—ix2)

X [(k2 = K1)? = 2im (k2 — k1) tanh &4 — % + 03], (40)
and the denominator D (z,t) is represented by

D = cosh(&; + &) [(RQ —k1)? + (2 — 771)2]
+ cosh(&; — &2) [(HQ — K1)+ (2 + 771)2]
— dmima cos (x2 — x1) - (41)

Arguments and phases in Egs. (39-41)

fi (ac, t) = 2771(15)% +4 .D(7')’I7z (T)F;i (T)dT, (42)

xi(z,t) = 2k;()x+2 | D(1) [HZQ(T) — nf(T)] dr (43)

o\w O\N

are related with the amplitudes

DoR(t)

ni(t) = RoD(t) 7035
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and velocities

t

DyR(t) , Ro / Ao(T)D(7)
Koi +

RyD(t) Dy )

of the nonautonomous solitons, where kg; and 7; correspond to the initial velocity

and amplitude of the ith soliton (i = 1,2).

Egs. (39-45) describe the dynamics of two bounded solitons at all times and
all locations. Obviously, these soliton solutions reduce to classical soliton solutions
in the limit of autonomous nonlinear and dispersive systems given by conditions:
R(t) = D(t) = 1, and M(t) = Q(t) = 0 for canonical NLSE without external

potentials.

Ki(t) = dr (45)

4. Chirped optical solitons with moving spectra in nonautonomous
systems: colored nonautonomous solitons

Both the nonlinear Schrédinger equations (27), (30) and the Lax pair equations
(1-5) are written down here in the most general form. The transition to the prob-
lems of optical solitons is accomplished by the substitution x — T (or x — X); ¢ —
Z and ¢t (x,t) — ut(Z,T( or X)) for bright solitons, and [¢~ (z,t)]" — u~(Z,T(
or X)) for dark solitons, where the asterisk denotes the complex conjugate, Z is
the normalized distance, and T is the retarded time for temporal solitons, while
X is the transverse coordinate for spatial solitons.

The important special case of Eq. (30) arises under condition Q2(Z) = 0. Let
us rewrite Eq. (30) by using the reduction €2 = 0, which denotes that the confining
harmonic potential is vanishing

8 0?u

oz + 20D oo
This implies that the self-induced soliton phase shift ©(Z7), dispersion D(Z), and
nonlinearity R(Z) are related by the following law of soliton adaptation to external
linear potential

+ R(Z) [u]* u — 200(Z)Tu = 0. (46)

D(Z) _R(Z) @oDo /R )

DO_RO

Nonautonomous exactly integrable NLSE model given by Egs. (46, 47) can be
considered as the generalization of the well-studied Chen and Liu model [12] with
linear potential A\g(Z) = ag = const and D(Z) = Dy = R(Z) = Ry = 1, 0 = +1,
©p = 0. We stress that the accelerated solitons predicted by Chen and Liu in
plasma have been discovered in nonlinear fiber optics only decade later [3 — —5].
Notice that nonautonomous solitons with nontrivial self-induced phase shifts and
varying amplitudes, speeds and spectra for Eq. (46) are given in quadratures by
Egs. (35-38) under condition Q*(Z) = 0.
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Let us show that the so-called Raman colored optical solitons can be ap-
proximated by this equation. Self-induced Raman effect (also called as soliton self-
frequency shift) is being described by an additional term in the NLSE: —orUJ |
U |? /0T where op originates from the frequency-dependent Raman gain [3 — 5].
Assuming that soliton amplitude does not vary significantly during self-scattering
| U |?= n?sech?(nT), we obtain that

oluU P

or = —203774T = 2a0T

OR
and dv/dZ = ogrn*/2, where v = 1/2. The result of soliton perturbation theory
[3 — 5] gives dv/dZ = 8ogn®/15. This fact explains the remarkable stability of
colored Raman solitons that is guaranteed by the property of the exact integra-
bility of the Chen and Liu model [12]. More general model Eq. (46) and its exact
soliton solutions open the possibility of designing an effective soliton compressor,
for example, by drawing a fiber with R(Z) = 1 and D(Z) = exp(—coZ),where
cop = ©gDy. It seems very attractive to use the results of nonautonomous solitons
concept in ultrashort photonic applications and soliton lasers design.

Another interesting feature of the novel solitons, which we called colored
nonautonomous solitons here, is associated with the nontrivial dynamics of their
spectra. Frequency spectrum of the chirped nonautonomous optical soliton moves
in the frequency domain. In particular, if dispersion and nonlinearity evolve in
unison D(t) = R(t) or D = R = 1, the solitons propagate with identical spectra
but with totally different time-space behavior.

Consider in more details the case when the nonlinearity R = Ry stays con-
stant but the dispersion varies exponentially along the propagation distance

D(Z) = Dgexp(—coZ), O(Z) =0gexp(coZ).

Let us obtain the one and two soliton solutions in this case with the lineal potential
that, for simplicity, does not depend on time: \g(Z) = ay = const

U\(Z,T) = 2n01+/ Do exp (coZ)sech [, (Z,T)]

X exp —;@o exp (coZ)T? —ix1(Z, T)] , (48)
Us(Z,T) = 4y/Dg exp (—C()Z)g E? ;; exp {—;@0 exp (coZ) TQ] , (49)

where the nominator N (Z,T) and denominator D (Z,T') are given by Egs. (40,
41) and

EZ(Z, T) = QUOZT exp (C()Z) + 4D07702'

X {’2 lexp (coZ) — 1] + 2‘;’ [exP(COZ) - Z} } (50)
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2c07) — 1
Xi(Z,T) = 2k0;T exp (coZ) + 2Dy (K%i — ngi) exp (2¢0Z)

260
Z)—1
+ 2Ta0 [exp (coZ) — 1] + 4Dgko; Qg {exp (coZ) - t}
“ €o Co
2
Z) —exp(—coZ
i <a0> [exp (2]~ e (aZ) 22] : (51)
Co o

The initial velocity and amplitude of the ith soliton (i = 1,2) are denoted by ko;
and o3 -

The limit case of the Eqs. (48-51) appears when ¢y — oo (that means D(Z) =
Dy =constant) and corresponds to the Chen and Liu model [12]. The solitons with
argument and phase

&(Z,T) =2n0 (T +2k0Z + 0 Z® — Ty) ,
2
X(Z,T) = 2k0T + 20T Z + 2 (k5 — 13) Z + 2k000 Z° + 3agz3

represents the particle-like solutions which may be accelerated and reflected from
the lineal potential.

5. Bound states of colored nonautonomous optical solitons.
Comparison of the Satsuma-Yajima canonical breather
with nonautonomous “agitated” breather

Let us now give the explicit formula of the soliton solutions for the case where all
eigenvalues are pure imaginary, or the initial velocities of the solitons are equal to
zero. In the case N =1 and A\o(Z) = 0, and we obtain

Ui(Z,T) =210 \/Do exp (coZ)sech [2n01T exp (coZ))]

5 exp(2¢pZ)—1

X exp —;60 exp (coZ) T? + i2Don3, (52)

QCO
This result shows that the laws of soliton adaptation in external potentials Eq. (31)
allow to stabilize the soliton even without a trapping potential. In addition, Eq.
(52) indicates the possibility for the optimal compression of solitons. We stress that
direct computer experiment confirms the exponential in time soliton compression
scenario in full accordance with analytical expression Eq. (52).

The bound two-soliton solution for the case of the pure imaginary eigenvalues
is represented by

N (Z,T ;
Us(Z,T) = 4y/Dg exp (—COZ)D EZ T; exp —;@0 exp (coZ)T?], (53)

where

N = (7781 — 1752) exp (¢pZ) [no1 cosh & exp (—ix1) — Moz cosh & exp (—ix2)], (54)
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D = cosh(&; + &) (101 — Mo2)” + cosh(&r — &) (101 + no2)”
— 4no1m02 cos (x2 — X1) (55)
and
&(Z,T) = 2n0;T exp (coZ), (56)

exp (2¢0Z) — 1
Xz(Za T) = = QDOUSZ 2¢o

For the particular case of n1g = 1/2, 120 = 3/2 Egs. (53-57) transform to

+ Xio- (57)

Us(Z,T) = 4+y/Dgexp (—coZ) exp [— ; O exp (coZ) TQ] (58)

7
X exp {400 Dy [exp (2¢0Z) — 1] + Xlo]

" cosh 3X — 3 cosh X exp {i2Dg [exp (2¢0Z) — 1] /o + iAp}
cosh4X + 4 cosh2X — 3cos{2Dg [exp (2¢oZ) — 1] /co + Ap}’

where X = T exp(coZ), Ap = x20 — X10-

In the limit D(Z) = Dy = 1 and ¢y = 0 this solution reduces to the well-
known breather solution, which was found by Satsuma and Yajima [29] and was
called as the Satsuma-Yajima breather:

cosh 3T + 3 cosh T exp (4iZ) o iz
X .
cosh4T + 4 cosh 2T + 3cos4Z 2

At Z = 0 it takes the simple form U(Z,T) = 2sech(T"). An interesting property of
this solution is that its form oscillates with the so-called soliton period Ty = 7/2.

According to Eq. (58), the soliton period becomes dependent on time. We
stress that the Satsuma and Yajima breather solution can be obtained from the
general solution if and only if the soliton phases are chosen properly, precisely
when Ay = 7. The intensity profiles of the wave build up a complex landscape of
peaks and valleys and reach their peaks at the points of the maximum. Decreas-
ing group velocity dispersion (or increasing nonlinearity) stimulates the Satsuma-
Yajima breather to accelerate its period of “breathing” and to increase its peak
amplitudes of “breathing”, that is why we call this effect as “agitated breather”
in nonautonomous system.

Us(Z,T) =4

6. Designable integrability of the variable coefficient nonlinear
Schrodinger equation

Recently, Jingsong He and Yishen Li have found the possibility to solve the more

general NLSE with varying both in time and space coeflicients and with arbitrary

potential V(z,t)
0

) 1 0
Z@tw(m7 t)+ 2D(ac, t) 92

2

Y(z, )+ Rz, )] (@, )PP, t) =V (@, )y (z,t) = 0, (59)
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where D(z,t), V(z,t), R(x,t) are three real functions of z and ¢. Specifically, the
transformation

(1) = (X, T)p(x, t)e’>0 (60)
maps Eq. (59) into the canonical NLSE with constant coefficients
Og 1 0% 9
26T+26X2+\q|q—0. (61)

Meanwhile, coefficients D(z,t), V(z,t), R(x,t) are given analytically with several
arbitrary functions appearing in the transformation. Thus we can design D(z,t),
V(z,t), R(x,t) according to different physical considerations by means of the selec-
tions of the arbitrary functions so that the integrability is guaranteed. Therefore,
we show that the variable coefficients NLSE (VC NLSE) possesses the designable
integrability (DI), which originates from the rigid integrability of the NLSE and
the transformation Eq. (60).

Proposition. For the five real smooth functions c1(t),ca(t),cs(t), T(t), F(x), set
F(z)ei(t) >0, if

Dia,t) =, (x)f; o Rt = Fc(lm(i)Tt, (62)
Viet) = - ; —3T,F2 + 2TtFm1;—(kt)82011?((t£ftF4 + 4Tt(¢$)2F27 (63)
then the following transformation
U@, t) = q(X, T)p(x, t)e' ™" (64)
maps Eq. (59) to the standard NLSE Eq. (61). Here
X = X(x,1)
. / F(z)er(t)d + es(t), T =T(1), (65)
p=p(z,1)
"~ Jrtem o
¢ = ¢(x,1)
_ _/ (fF(m)cltdm;; cse) F(z)er(t) 4z + o) (67)

To illustrate the wide applicability of our methodology, and motivated by the
importance of the external potentials in the BEC and nonlinear optics systems,
we designed two kinds of integrable VC NLSE with optical super-lattice potentials
(or periodic potentials) and multi-well potentials, respectively [30].
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7. Conclusions

In summary, the solution technique based on the generalized Lax pair operator
method opens the possibility to study in details the nonlinear dynamics of solitons
in nonautonomous nonlinear and dispersive physical systems. We have focused on
the situation in which the generalized nonautonomous NLSE model was found
to be exactly integrable from the point of view of the inverse scattering trans-
form method. We have derived the laws of a soliton adaptation to the external
potential. It is precisely this soliton adaptation mechanism which was of prime
physical interest in our paper. We clarified some examples in order to gain a bet-
ter understanding into this physical mechanism which can be considered as the
interplay between nontrivial time-dependent parabolic soliton phase and exter-
nal time-dependent potential. We stress that this nontrivial time-space dependent
phase profile of nonautonomous soliton depends on the Wronskian of nonlinearity
R(t) and dispersion D(t) and this profile does not exist for canonical NLSE soliton
when R(t) = D(t) = 1. Nonautonomous solitons trapped inside the harmonic os-
cillator potential can form novel kind of colored solitons with periodically varying
(along the propagation distance Z) average frequency shifted into the “red” and
“blue” spectral regions for the case of optical solitons. For the case of trapped mat-
ter wave solitons, their average wave numbers K(T') periodically oscillate in time T
We have studied the main features of nonautonomous optical and matter-wave soli-
tons, their bound states formation and the transformation of the Satsuma-Yajima
breather into “agitated” nonautonomous breather. Novel method for solution of
the variable coefficient nonlinear Schrodinger equation (called as designable inte-
grability) is also considered.

We would like to conclude by saying that the concept of adaptation is of
primary importance in nature and nonautonomous solitons that interact elastically
and generally move with varying amplitudes, speeds, and spectra adapted both to
the external potentials and to the dispersion and nonlinearity changes can be
fundamental objects of nonlinear science.
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Asymptotics of Individual Eigenvalues of
a Class of Large Hessenberg Toeplitz Matrices

J.M. Bogoya, A. Bottcher and S.M. Grudsky

Abstract. We study the asymptotic behavior of individual eigenvalues of the
n-by-n truncations of certain infinite Hessenberg Toeplitz matrices as n goes
to infinity. The generating function of the Toeplitz matrices is supposed to be
of the form a(t) =t~ (1 —¢)*f(t) (t € T), where « is a positive real number
but not an integer and f is a smooth function in H°°. The classes of generating
functions considered here and in a recent paper by Dai, Geary, and Kadanoff
are overlapping, and in the overlapping cases, our results imply in particular
a rigorous justification of an asymptotic formula which was conjectured by
Dai, Geary, and Kadanoff on the basis of numerical computations.

Mathematics Subject Classification (2000). Primary 47B35. Secondary 15A15,
15A18, 47N50, 65F15.

Keywords. Toeplitz matrix, eigenvalue, Fourier integral, asymptotic expan-
sion.

1. Introduction and main results

The n x n Toeplitz matrix generated by a complex-valued function ¢ € L' on
the unit circle T is the matrix T),(a) = (aj,;g)?;io, where ay, is the kth Fourier

coefficient of the function a, that is, ap = fOQﬂa(ew)e_ikg df/2n, k € 7. The
function a is referred to as the symbol of the matrices T),(a).

If a is real-valued, then the matrices T, (a) are all Hermitian, and in this case
a number of results on the asymptotics of the eigenvalues of T),(a) are known; see,
for example, [6], [7], [13], [16], [18], [20], [21], [23], [24], [26], [28], [29], [30]. We here
consider genuinely complex-valued symbols, in which case the overall picture is less
complete. Papers [12], [15], [19] describe the limiting behavior of the eigenvalues
of T,,(a) if a is a rational function, while papers [1] and [27] are devoted to the
asymptotic eigenvalue distribution in the case of non-smooth symbols. In [25] and

We acknowledge support of this work by a grant of the DAAD and by CONACYT grant 219345.
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[27], it is in particular shown that if @ € L™ and the essential range R(a) does
not separate the plane, then the eigenvalues of T, (a) approximate R(a). Many of
the results of the papers cited above can also be found in the books [5], [8], [9].

Throughout what follows we assume that a is a complex-valued continuous
function on T. In that case R(a) = a(T). When the eigenvalues of T},(a) approach
R(a) asymptotically in the sense that

lim tracep(Tn(@)) _ /Qﬂw(a(e’ﬂ)) @ (1.1)
0

n— 00 n 21

for a sufficiently rich supply of test functions ¢, one says that they have canonical
distribution. In 1990, Widom [27] showed that if R(a) is a Jordan curve and a is
smooth on T minus a single point but not smooth on all of T, then the spectrum of
T, (a) has canonical distribution. He also raised the following intriguing conjecture,
which is still an open problem:

The eigenvalues of Ty, (a) are canonically distributed except when
a extends analytically to an annulus r < |z| <1 or 1 < |z| < R.

Results like (1.1) or of the type that the spectrum of T}, (a) converges to some
limiting set in the Hausdorff metric do not provide us with information on the
asymptotic behavior of individual eigenvalues. The asymptotic behavior of the
extreme eigenvalues of Hermitian Toeplitz matrices is fairly well understood; see
the references cited above. Paper [6] contains asymptotic expansions for individual
inner eigenvalues of certain banded Hermitian Toeplitz matrices. The recent papers
[11] and [17] concern asymptotic formulas for individual eigenvalues of Toeplitz
matrices whose symbols are complex-valued and have a so-called Fisher-Hartwig
singularity. These are special symbols that are smooth on T minus a single point
but not smooth on the entire circle T; see [8], [9].

To be more specific, Dai, Geary, and Kadanoff [11] considered symbols of the
form

a(t) = (2—1&— 1)W(—t)f’, teT,

where 0 < v < —f < 1. They conjectured that the eigenvalues A = ), ,, satisfy

o
Njm = a (nm“)/” exp (— mj)) . j=0,...,n—1, (1.2)
n

and confirmed this conjecture numerically.

Let H* be the usual Hardy space of (boundary values of) bounded analytic
functions in the unit disk D. Given a € C(T), we denote by windy(a) the winding
number of a about a point A € C\ R(a) and by D(a) the set of all A € C for
which wind)(a) # 0. In this paper we study the eigenvalues of T),(a) for symbols
a(t) = t~1h(t) with the following properties:

1. h € H* and hg # 0;
2. h(t) = (1 —¢)*f(t), where a € [0,00) \ Z and f € C>(T);
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3. h has an analytic extension to an open neighborhood W of T\{1} not con-
taining the point 1;
4. R(a) is a Jordan curve in C and windy(a) = —1 for each A € D(a).
Here hg is the zeroth Fourier coefficient of h.
According to [27], in our case the spectrum of T, (a) has canonical distribu-
tion. Note that when S=+—1 and f=1, our symbol coincides with the one of [11].
Let D,,(a) denote the determinant of T;,(a). Thus, the eigenvalues A of T),(a)
are the solutions of the equation D,,(a— ) = 0. Our assumptions imply that T}, (a)
is a Hessenberg matrix, that is, it arises from a lower triangular matrix by adding
the super-diagonal. This circumstance together with the Baxter-Schmidt formula
for Toeplitz determinants allows us to express D,,(a — ) as a Fourier integral. The
value of this integral mainly depends on A and on the singularity of (1 —¢) at
the point 1. Let Wy be a small open neighborhood of zero in C. We show that for
every point A € D(a) N (a(W)\ W) there exists a unique point ¢y ¢ ID such that
a(ty) = A. After exploring the contributions of A and the singular point 1 to the
Fourier integral, we get the following asymptotic expansion for Dy, (a — A).

Theorem 1.1. Let a(t) =t~ Lh(t) be a symbol with properties 1 to 4. Then for every
small open neighborhood Wy of zero in C and every A € D(a) N (a(W) \ Wy),
1 F()I(a+ 1) sin(am)
Dn _ — (_ n+1 _
((1 A) ( ho) (t;\l+2a/(t>\) TA2patl

where Ry(n,\) = O(1/n%t20+1) a5 n — oo, uniformly in A € a(W)\ Wy. Here
ap = min{a, 1}.

+ Rl(n, )\)) 5 (13)

The first term in brackets is the contribution of A, while the second is the
contribution of the point 1. In the case where f is identically 1, the previous
Theorem is essentially already in [3].

Here now are our main results. Let Wy be a small open neighborhood of the
origin in C and put w,:= exp(—2mi/n). For each n there exist integers n; and
ng such that w?, w2 € a=1(Wy) but wmtl wr=m2=1 ¢ ¢=1(Wp). Recall that
a(ty) = A

Theorem 1.2. Let a(t) =t~ 1h(t) be a symbol with properties 1 to 4. Then for every
small open neighborhood Wy of the origin in C and every j between ny and n—ns,

; 1 a?(wl)
tr, . =nlot/mgl [ 1 n Ra(n, j 1.4
Ajn n Wy, + n og C’la’(w%)wfﬂ + 2(717]) ) ( )

where Ry(n,j) = O(1/n**1) + O(logn/n?) as n — oo, uniformly with respect
to j in (n1,n —ng). Here ag = min{a, 1} and
FIMN(« + 1) sin(an)
Cy = .

™

Formula (1.4) proves conjecture (1.2) in the special case 5 = v — 1. It shows
that as n increases, the point ¢, , is close to n(@tD/nyJ  Finally, we take the
value of a at the point (1.4) to obtain the following expression for A; .
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Theorem 1.3. Let a(t) =t~ 1h(t) be a symbol with properties 1 to 4. Then for every
small neighborhood Wy of zero in C and every j between ny and n — na,

. . 1
Ajm = a(wl) + (. + 1) wla' (W) ogm

n

wia(wl) a?(wl)
n@ ) 1, 7)) 4+ Re(n, ), 15
) 1og ( e oy | £ R 15)
where Cy is as in Theorem 1.2 and Rs(n,j) = O(1/n**1) + O(log®n/n?) as
n — 00, uniformly with respect to j in (ni,n — na).

+

The idea to use just the singularity (1 — ¢)® in order to study phenomena
connected with eigenvalue asymptotics was also employed in [4].

We remark that we wrote down only the first few terms in our asymptotic
expansions but that our method is constructive and would allow us to get as many
terms as we desire. Clearly, conjecture (1.2) corresponds to the first term in our
asymptotic expansion (1.4). Figure 1 illustrates Theorem 1.3. In the last section,
we present another simulation graphic and error tables made with Matlab software
to show that incorporating the second term of our expansion (1.4) (= third term
in (1.5)) reduces the error to nearly one tenth.

2. Toeplitz determinant

Lemma 2.1. Let a(t) =t~ h(t) have properties 1 and 4. Then, for each A € D(a)
and every n € N, and with [ ], denoting the nth Fourier coefficient,

Dy(a—)) = (=1)"hgtt {h(t)l_ At] . (2.1)

Proof. This can be deduced from the Baxter-Schmidt formula [2], which is also
in [5, p. 37]. For the reader’s convenience, we include a direct proof of (2.1).
Obviously,

[ ho 0 0 - 0 0
hi—X ho 0 - 0 0
ha hi—X ho o 0 0

Tor1(h—Xt)= | . . . ) ) (2.2)

hn—l hn—? hn—S U hO 0

L hn hn— hn—? U hl - A hO ]

and
hi —X ho 0 0
h? hl - A ho 0
To(a—MN) = :

hn—l hn—Q hn— ho

L hn hn—l hn_Q hl - )\
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FIGURE 1. The picture shows a piece of R(a) for the symbol a(t) =
t=1(1—1)%/* (solid line) located “far” from zero. The dots are sp Tiog6 ()
calculated by Matlab. The crosses and the stars are the approximations
obtained by using 2 and 3 terms of (1.5), respectively.

Applying Cramer’s rule to (2.2) we obtain

1 " Dyp(a— A
[T (= 20y = (1 Dn+1((h - A)t)' (23)

We claim that h(t) — At is invertible in H°. To see this, we must show that
h(t) # Mt for all t € D and each A € D(a). Let A be a point in D(a). For each t € T
we have h(t) # At because A ¢ 9D(a) = R(a). By assumption, windy(a) = —1
and thus

—1 = windg(a — A) = windo(t ' h(t) — A) = windo(t " (h(t) — \t))
= windg (t™1) 4+ windg (h(t) — M) = —1 4 windg(h(t) — Xt).
It follows that windg(h(t) — At) = 0, which means that the origin does not belong

to the inside domain of the curve {h(t) — Xt: t € T} (see [10, p. 204]). As h € H™,
this shows that h(t) # At for all ¢ € D and proves our claim.
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If b is invertible in H>°, then T}, ! (b) = T}, 41(1/b). Thus, the (n+1,1) entry
of the matrix T),."; (h(t) — At) is in fact the nth Fourier coefficient of (h(t) — At)~%,

1 1
[T 1 (h(t) — At)] (nt+1,1) [h(t) - )\t} -

Inserting this in (2.3) we get

Dn(a =) = (=1)""2Dy i1 (h(t) — At) [h(t)l_ /\t] = (=1)"hg™ {h(t)l— /\t] ’

which completes the proof. (I

Expression (2.1) says that the determinant D,,(a — A) can be expressed as
the Fourier integral
—inf do

nin N €
Dn(a =) =(-1) ho“/ h<ei9) — et 27’

which is our starting point to find an asymptotic expansion for the eigenvalues of
T, (a). There are two major contributions to this integral. The first comes from A,
when it is close to R(a), and the second results from the singularity at the point
1. We will analyze them in separate sections.

3. Contribution of A to the asymptotic behavior of D,

Defining
bz, )= h(z) — Az’
we have ~
bn(A):/ b(e™ A)e—""f’da. (3.1)
o ’ 27

From (2.1) we conclude that
Dy(a—X) = (=1)"hi b, (N). (3.2)

Lemma 3.1. Let a(t) = t~1h(t) be a symbol such that R(a) is a Jordan curve in C.
Let Wy be a small open neighborhood of zero in C. Assume that h has an analytic
extension to an open neighborhood W of T \ {1} in C not containing the point 1.
Then, for each A € D(a)\ Wy sufficiently close to R(a), there exists a unique point
tx in WA\ D such that a(ty) = X\. Moreover, the point ty is a simple pole for b.

Proof. Without loss of generality, we may assume that the extension of a to W is
bounded. As h € H®, this extension must map W\ D to D(a) N a(W). As the
range of a has no loops, we have a’(t) # 0 for all ¢t € T. Consider the compact
set S:= {t € T: a(t) ¢ Wy}. For every t € S, there exists an open neighborhood
V; of t in C with V; € W such that a/(t) # 0 for each ¢ € V;. Thus, there is an
open set Uy such that ¢t € Uy C V; and a is a conformal map (and hence bijective)
from U; to a(Uy). As S is compact, we can take a finite sub-cover from {U;}ics,
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say U:= UM, U;,. Tt follows that a is a conformal map (and hence bijective)
from U D S to a(U) D a(S); see Figure 2. The lemma then holds for every
A € a(U)N (D(a) \ Wy). Finally, since a'(ty) # 0, the point ¢5 must be a simple
pole of b. O

FIGURE 2. The map a(t) over the unit circle.

Now using that ¢y is a simple pole of b, we split b as follows:
1 B 1

2(a(z) = A)  taad(ta)(z — ty)

Here fy is analytic with respect to z in W and uniformly bounded with respect

to X in a(W) \ Wy. We calculate the Fourier coefficients of the first term in (3.3)
directly and integrate the second term to get

_ -1
()

b(z,\) = + fo(z, A). (3.3)

bn(A) +1, (3.4)

where . &
T= 0 A —inf .
|t e
The first term in (3.4) times (—1)"h{ ™ is the contribution of ¢y to the asymptotic
expansion of D, (a — \); see (3.2). The function fy has a singularity at z = 1 and
we use this fact to expand Z in the following section.

4. Contribution of 1 to the asymptotic behavior of D,,

In this section, we will show that the value of Z in (3.4) depends mainly on the
singularity at the point 1. Let us write b(6,A) and fo(6,\) instead of b(e', \)
and fy (ew, )\), respectively. Let {¢1, 2} be a smooth partition of unity over the
segment [—m, 7], which means that ¢1, g2 € C®[—m, 7|, ¢1(0) + ¢2(0) = 1 for all
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0 € [—m, ], the support of ¢; is contained in [, —¢] U [e, 7], and the support of
¢2 is in [—4, 8], where 0 < € < ¢ are small constants. By pasting segments [—, 7]
in both directions, we can continue ¢; and ¢- to the entire real line R, and we will
think of these two functions in that way.

Lemma 4.1. For every sufficiently small positive &, we have

0 ) d0
7= / G200, )"+ Qa(n, ), (4.1)
-5
where Q1(n, A) = O(1/n>) as n — oo, um'formly with respect to X in a(W)\ Wy.

Proof. Using the partition of unity {¢1, ¢2}, we write Z = Z; + Z, where
2m—e 5
o de o dl
Tyi= / G1(0)fo(0, \)e™™? 7 Ty= / b2(0) fo (0, \)e™ ™0 .
€ a _5 2
The function ¢4 (8) fo(0, A) belongs to C*[e, 2 —¢]. Thus by [14, p. 95], we obtain
that Z; = O(1/n°°) as n — oo, uniformly with respect to A in a(W) \ Wy.
Using (3.3) and writing h(0) instead of h(e™), we arrive at Ty = To1 + oo
where

Togi= ) . 4.2
Ae’927r 2 taa'(ty) J_s €9 —t\ 2rm (4.2)

Once more, the function (;52( )/ (e — tx) belongs to C*°[—4, 4], we thus conclude
that Zas = O(1/n°) as n — oo, uniformly with respect to A in a(W) \ Wy. O

/ ¢2 ~inf dg —1 % ga(0)e ™ db

Expression (4.1) says that the value of Z basically depends on the integrand
b(0,\)e"™ at § = 0. As we can take J as small as we desire, we can assume
that 6 is arbitrarily close to zero. Keeping this idea in mind, we will develop an
asymptotic expansion for b. For future reference, we rewrite (4.1) as

=15+ Ql(na A)7 (43)
where Q1(n,\) = O(1/n*>°) as n — oo, uniformly with respect to A in a(W) \ Wp.

Lemma 4.2. For every suﬁciently small positive 9,

In = Z As+1 / ol 619(s+1)7m9 ;ii (4.4)
Proof. From (4.2) we have
In —/ N et ;ii. (4.5)
Note that 4 1
b0, \) =

h(6) — Aew T Xeif 1 — Ale—ifR(h)
As |h(0)] — 0 when € — 0, there exists a small positive constant d such that
Ate T h(0)] < 1
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for every |0] < 4. Thus,

—1 =1 _is s N ()
T et Z% (A e™n(0)) =~ Z_;) A\s+H1pi0(s+1) (4.6)
for every |0] < 4. Inserting (4.6) in (4.5) finishes the proof. O

We will use the notation

7 ¢2 ( ) —in6 do
21s+= )\s+1 619 s+1) o

Because ¢2(0)e~ " € C®[—46, §], we have Igls|s:0 = O(1/n>) as n — oo, uniformly
with respect to A in a(W) \ Wy. With the previous notation, we can rewrite (4.4)
as

Io1 = — 21215 + QQ(?’L, )\)7 (47)
s=1
where Q2(n, \) = O(1/n*>°) as n — oo, uniformly with respect to A in a(W) \ Wp.
Finally we will work with Zs1s and for this purpose we need the following
well-known result, which is, for example, in [14, p. 97].

Theorem 4.3. Let >0, 6 >0, v € C*®[0,6], v*)(8§) = 0 for all s > 0. Then, as

n — oo,
§ (eS)
B—1 inb g0 ~ as
/O 0%~ 10(0)e™’ do Z::O e
where )
v'*)(0) s
as = I(s+ B)i*™F (4.8)

and T'(z) = [ t*~te~tdt is Euler’s Gamma function.
Lemma 4.4. Let h(t) = (1 —t)*f(t) with a« € RL \Z and f € C*(T). Then,

F(DOD (a4 1) sin(an)
Io1 = TA2patl + Ry (n7 )\), (4.9)
where Ry(n,\) = O(1/nF 2+ with apg = min{a, 1} as n — oo, uniformly with

respect to A in a(W)\ Wy.
Proof. 1t is easy to verify that h(f) = (—i6)*v(0)f(e"’), where the function v
equals (i071(1 — ¢'?))”, the branch of the ath power being the one corresponding

to the argument in (—, 7|; note that for every sufficiently small positive § we have
v € C*®[—-4,0] and v(0) = 1. Thus,

10 0 de
_ s —i0(n+s+1)
1215 = As+1 / ¢2(9)h (9)6 -

as, s s (0 —if0(n+s do
_ >\S+1 / ¢2 0 (),f ( 9) i0(n+s+1) o
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The last integral can be written as

0 §
= 0 tw®)e "dl + / 0%~ Lw(0)e= "0 dh
-4 0

5 5
:/ (—T)ﬂflw(—r)ei”TdT*‘/ 0° " w(0)e™""d0 = Tora + Torso, (4.10)
0 0
where B:= as + 1, w(0):= (—i)** 2 (0)v*(0) f* (€?)e~0C+1) /(2rA5*1), and
5 5
Tors1:= (—1)ﬂ_1/ 95_1w(—9)ei"9d9, Tor140:= / Hﬁ_lw(é’)e—mgde.
0 0

Note that w(+6) € C*[0,6] and w®) (£5) = 0 for all s € N because ¢»(f) = 0 in
a small neighborhood of +¢. Applying (4.8) to 2151 and Za142, we obtain
(—=1)*5w(0)(as + 1)i¥st1

To1s1 = nastl + Qs(s,n, A)

" (O)F (s + 1o
w(0)' (s + 1)~

nastl + Qa(s,n, N, (4.11)
where Q3(s,n, ) and Q4(s,n, \) are O(1/n®**2) as n — oo, uniformly with re-
spect to A in a(W) \ Wy. Substitution of (4.11) in (4.10) yields

w(0)(as + 1)

Iors2 =

1-213 = nas+1 (Z'*llel + (_l)asias+1) + QE)(S, n7 )\)
—C,
= \st1pasts T @5(5,75) (4.12)
where
O (T (as + 1) sin(ams) (4.13)

7r
and Qs(s,n,\) = O(1/n**2) as n — oo, uniformly in A € a(W)\ Wy. From (4.7)
and (4.12) we obtain
C
In = AQn;H + Ri(n, A),
where Rq(n,\) = O(1/n®t*+1) as n — oo, uniformly in A € a(W) \ Wy. Here
ap:=min{a, 1}. O

The previous calculation gives us the main asymptotic term for Zy;. If more
terms are needed, say m, we must expand Zp; from Zoi4|s=1 t0 Zois|s=m and
expand each 71, to m terms, after which, according to the value of «;, we need to
select the first m principal terms.

Finally we put all the lemmas together to prove Theorem 1.1.

Proof of Theorem 1.1. The proof of this theorem is a direct application of equa-
tions (3.2), (3.4), (4.3) and (4.9). O
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5. Individual eigenvalues

In order to find the eigenvalues of the matrices T, (a), we need to solve the equa-
tions D,,(a — A\) = 0. We start this section by locating the zeros of D, (a — A).
Let Wy be a small open neighborhood of zero in C and wy,:= exp(—27i/n).
For each n there exist integers n; and ny such that w?', w?="2 € a=1(Wy) but
wmtl n=nz=1l ¢ =1(W,). Recall that A = a(ty). Take an integer j satisfying
ni; < j < n — ny. Using the relations
1 1

= 4O (|t — Wl
t2a’(ty) wia’ (wh) (It = wa)
and ) )
4O ([t — W
(t}\) a2( ) (| A w |)

where t5 belongs to a small neighborhood of w/, we see that the determinant

Dy (a— M) in (1.3) equals

no

1 ) 1 i
(—)“«ﬂ %+wowwwwwwwmwm—%b+%waﬁ
A

d )+O<’mn_w ’) + Qs(n m) (5.1)

where Qg(n,t\) = O(1/n*t*1) as n — oo, uniformly with respect to t, in
W\ a='(Wp), and where t) belongs to a small neighborhood of w/. Here

1 Cy

Ti:= ) . Ta:= .
tf{w?f a'(wh) ’ a?(wy,)notl ’

ty —w

=F%W“<ﬁ—%+0<

A

and «op:= min{a, 1}. Recall C; from (4.13). Expression (5.1) makes sense only
when ty is sufficiently “close” to w), and thus, it is necessary to know whether
there exists a zero of D, (a — ) “close” to w?. Let

tx = (1 + p) exp(if).
It is easy to verify that 73 — 72 = 0 if and only if

. 1/n
_ (et 52)
|Cra/(wh)] '
and
1 a?(wi) 2mj
0= 0]‘ = arg 2% 4 g —
n Chwr’ ' (wi,) n

for some j € {0,...,n — 1}. When n tends to infinity, (5.2) shows that p remains
positive and p — 0. The function 77 — 72 has n zeros with respect to A € D(a)
given by

a((L+p)e®), ... a((1+p)e).
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As Lemma 3.1 establishes a 1-1 correspondence between A and ty, the function
D,,(a— M) is analytic with respect to A in a(W)\ Wy, that is, analytic with respect
to ty in W\ a=*(Wp). We can therefore suppose that 71 — 72 has n zeros with
respect to ty in the exterior of D given by

to=(1+p)e®, ..., t, 1= (14 p)ein—1,

We take the function “arg” in the interval (—m,x]. Thus, t; = (1 + p)e’¥s is the
nearest zero to wy. Consider the neighborhood E; of ¢; sketched in Figure 3.

FIGURE 3. The neighborhood Ej; of t; in the complex plane.

The boundary of £ is I'=I"; UT's UI's UT'y. We have chosen radial segments
I’y and I'y so that their length is 1/n¢ with € € (0, ap) and all the points in I's have
the common argument (6,41 + 6;)/2, while all the points in I'y have the common
argument (6;_1 +6;)/2. As we can see in Figure 3, these points run from the unit
circle T to (1 4+ 1/n)T. Note also that I'y C (1 4+ 1/n°)T and I's C T.

Theorem 5.1. Suppose a(t) = t~Lh(t) is a symbol with properties 1 to 4. Let € €

(0, 00) be a constant. Then there exists a family of sets { E; }?;;12;11 in C such that

. {Ej}?;?lz;ll is a family of pairwise disjoint open sets,
. diam(E;) < 2/nf,
wl € 8Ej,

D, (a—a(ty)) = Dy(a — \) has ezxactly one zero in each Ej.

s o

Here ap:=min{e, 1} and diam(E;):= sup{|z1 — 2z2|: 21, 22 € E;}.

Proof. Assertions 1, 2, and 3 can be deduced from the above construction. We
prove assertion 4 by studying the behavior of |D,,(a— )| in dependence on ) € T.
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For t) € I'y we have, as n — oo,

Tilr, = 1 N ' <1 N 1 )_" _exp(—n'79) Lo (eXp(—n1_5)> ’

@i \ e @ (@A) e
1 4
[T2lr. = notl’ a2(wh) |’
oD -0 ().
ty r, n

|t)\ — wZL _ 1
‘O ( noc+1 r =0 na+e+1 ?
1

and |Qg(n,t\)|r, = O(1/nT+1) When n goes to infinity, the absolute value
of T3 decreases at polynomial speed over I';, while the absolute values of the
remaining terms in (5.1) are smaller over I';. Thus,

‘Dn(a Y 1 a |, o ( 1 ) .
= . . as n Q.
hg+1 r notl (12((;)%) notetl
For t) € I's we get, as n — oo,
1 1 Ch
‘ﬂ‘Fg - |a,(w%)|v ‘,T2|F3 - na+1 ’ a2(w%) 5
th — wi

1
o5, o)
ty I n
|t>\—w%\ 1
’O( noc+1 r =0 na+2 ?

and |Qg(n,t\)|rs = O(1/n*T0T1) When n goes to infinity, the modulus of 7;
remains constant over I's, while the moduli of the remaining terms in (5.1) are
smaller there. Consequently,

Dy,(a—\)
h6L+l

1 1
= + O as n — oo.
I3 |a (Wn)‘ n

As for the radial segments I's and T'y, we start by showing that 73 and —75 have
the same argument there. Since ¢; is a zero of 71 — 72, we deduce that

arg ( ! > = arg ( G >
n, 2j J o 2(,J \pa+1
thwy’ a/ (wn) a?(wi, )not

—nb; + arg (WQja%(wj)> = arg (a;’:}j)) . (5.3)

and thus
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For t) € I'y we have

1
arg(71) = a ) )
rg(71) rg (tﬁw?ﬂa’(w%))
n 1 n (o
=y (051 +0;) +arg <wﬁja’(w%)> =, (0 —6;—1) +arg <a2(w%)>

=T+ arg <a2i1)j)> = arg(—T2).

Here, the third line is due to (5.3). In addition, as n — oo,
t\ — le

. 1 ‘t)\—wﬂ _ 1
o(" )], =0 (e )+ o ()] =0 (o).

and |Qg(n,t\)|r, = O(1/n®T20 1) Furthermore,

D, (a— X\ 1 1
(:Jrl ) = i + o ( € n)
hg r,  [tha/(wh)] neftx|
1 (o 1
potl’ a2(wi) © (n‘”ﬁl)

over I'y when n — oo. The situation is similar for the segment I'y.
From the previous analysis of |D,(a — \)| over I" we infer that for every
sufficiently large n we have

Gy

1
— > )
T2 et | 2

and
th — w),

‘t)\ —w%| 1
’O ( t ) +0 ( na+l +Qs(n,1x) . <0 potetl |

Hence by Rouché’s theorem, D, (a — \)/(—ho)"*! and T3 — Tz have the same
number of zeros in Ej, that is, a unique zero. O

As a consequence of Theorem 5.1, we can iterate the variable ¢, in the equa-
tion D,,(a — X) = 0, where D,,(a — X) is given by (1.3). In this fashion we find the
unique eigenvalue of T),(a) which is located “close” to each w. We thus rewrite
the equation D, (a — \) = 0 in a small neighborhood of w/ as

1

ty. = nloath/ngi a2(t>\j,n) " . (1  Or(n j))*ylb (5.4)
3,mn n Cla/(t)\j,n)tij ; ) 9 .

recall C; from (4.13). Here the function z'/™ takes its principal branch, specified
by the argument in (—m,n]. Also notice that Q7(n,j) = O(1/n*) as n — oo,
uniformly in j € (n1,n — ng), with n1,ne as in Theorem 5.1.
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Proof of Theorem 1.2. Equation (5.4) is an implicit expression for ¢y, ,. We ma-
nipulate it to obtain two asymptotic terms for ¢y, . Remember that A belongs to

D(a) \ Wo; see Figure 2. We can choose W so thin that Njn = alty, ), @' (tx; ),
and ty,, are bounded and not too close to zero. After expanding and multiplying
the terms in brackets in (5.4), we obtain

t — plat)/n i [ q + L log a2(t/\jyn) +@Q (’I”L .]) (5 5)
Ajn n n Cla,(tAj,n)tij_n ; ’ ’ .

where Qs(n,j) = O(1/n**1) as n — oo, uniformly with respect to j in (ny,n —
n2). Our first approximation for £y,  is

Iajn = n(aﬂ)/nw%(l + Qo(n, 7)),

Where Qo(n,7) = O(1/n) as n — oo, uniformly in j from (nq,n — na). Replacing
;.. by this approximation in (5.5) shows that ty,, equals n(et/myI times

o ( a2 (/] [1+ Qo ) )
n Cra! (ne+0/7w [1+ Qo (n, 5)]) (/7w [1 + Qo (n, 5)])* )

plus Q10(n,7), where Q1p(n,j) = O(1/n*1) as n — oo, uniformly with respect
to j in (n1,n — na). Now we use the analyticity of a and a’ in W to obtain that
b, IS net/my times

] a2( (a+1)/nwj)
1 n
+ n 0og Cia ( oH—l)/nw )(’I’L(a—’_l)/"w%)Q

where Q11(n,j) = O(1/n**1) as n — oo, uniformly in j € (n1,n — ns). Taking
into account that

a2< <a+1>/%g) B a?(wi) Lo (logn
Cha ( o¢+1)/nw )(’I’L(a—’_l)/"w%)Q - 2] n

Cra/ (wh))wr
we can simplify the expression for ¢y, , to

, 1 a?(wl) .
tr, . =nlot/ngi 1 1 , R
Xjn n Wi, =+ n 0og Cla( ]) 2j + 2(”7.7) )

where Ra(n,j) = O(1/n%*1) + O(logn/n?) as n — oo, uniformly with respect to
jin (n1,n — na). O

) + Q11(n, j),

) as n — oo,

Proof of Theorem 1.3. Note that

1 1 1 ?
n@+D/m — exp ((a+ 1) Oi”) = 1+(a+1) Oin +0 ( 05”) as n — 00. (5.6)

Inserting (5.6) in (1.4) we obtain

by, = wl (1 +(a+ 1)1"5" + i log (c “Q(M)) . ) + Qua(n, j)> (5.7)
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where Q12(n,j) = O(1/n®*1) + O(log® n/n?) as n — oo, uniformly with respect
to j € (n1,n — na). Applying the symbol a to (5.7), we see that, as n — oo,

; 4 clogn  wla(w)) a?(wi)
Ajn = a(w)) + (a+ Dwlad' (w? + " o nl
= a(wh) + (04 Dfa’(w]) ' T e

) log?
+ a'(w),)Q12(n, j) + O ( Oizn> -0

6. An example
The symbol studied by Dai, Geary, and Kadanoff [11] is

a(t):<2—t—1

t

where 0 < v < —f < 1. In the case = v — 1, this function a becomes our symbol
with h(t) = (—=1)71(1 — ¢)>7. We omit the constant (—1)47~1, because it is just
a rotation. The conjecture of [11] is that ¢y, , &~ n(?7+1)/" exp(—2mij/n). Expan-
sions (1.4) and (1.5) prove this result, giving us an error bound and a mathematical
justification.

Our results are valid outside a small open neighborhood W of the origin.
Let Wo = By/5(0) be the disk of radius 1/5 centered at zero. Table 1 shows the
data of numerical computations. It reveals that the maximum error of (1.4) with
one term is reduced by nearly 10 times when considering the second term; see also
Figure 1.

)W (1) = (~1)P (1 — ),

n 256 512 1024 2048 4096

(1.4) with 1 term  1.6x1072 8.1x1073 4.1x107% 2.1x1073 1.0x1073
(1.4) with 2 terms  1.7x1073 4.5x107% 1.2x107* 3.2x107°> 8.7x107°
(1.5) with 1 term  5.1x1072 2.8x1072 1.5x107% 8.3x107% 4.4x1073
(1.5) with 2 terms  1.5x1072 7.9x107% 4.1x107% 2.1x1073 1.0x1073
(1.5) with 3 terms 1.4x1073 4.3x107% 1.3x107* 3.7x1075 1.1x107°

TABLE 1. The table shows the maximum error obtained with our differ-
ent formulas for the eigenvalues of T}, (¢~ (1 — t)3/ *) for different values
of n. The data was obtained by comparison with the solutions given
by Matlab, taking into account only the eigenvalues with absolute value
greater than or equal to 1/5.

We also performed calculations with our expansions inside Wy = By /5(0),
and although the error is nearly 8 times the one of outside, the approximation is
still valid there because the distance between two consecutive eigenvalues is bigger
than the one between an eigenvalue and the respective approximation given by
(1.4) with two terms; compare Tables 1 and 2 and see Figure 4. Clearly, to describe



Eigenvalues of Large Hessenberg Toeplitz Matrices 93

0.08

0.06

0.04

0.02

-0.02

-0.04

-0.06

-0.08

-0.01 -0.005 0 0.005 0.01 0.015 0.02 0.025

FIGURE 4. The picture shows a piece of R(a) for the symbol a(t) =
t=1(1—1)3/* (solid line), located “close” to zero. The dots are sp Tiog6 ()
calculated by Matlab. The crosses and the stars are the approximations
obtained by using 2 and 3 terms of (1.5), respectively.

the asymptotic behavior of the eigenvalues of T}, (a) completely with mathematical
rigor, we need an expression valid inside Wy. We hope to do this in future work.

n 256 512 1024 2048 4096

(1.4) with 1 term  2.7x1072 2.1x1072 1.5x1072 1.1x1072 7.2x1073
(1.4) with 2 terms  6.4x1073 3.9x107% 2.3x107% 1.4x107% 82x10~*
(1.5) with 1 term  3.9x1072 2.4x1072 1.4x107% 8.4x1073 5.0x1073
(1.5) with 2 terms  3.3x1072 2.5x1072 1.8x1072 1.2x1072 8.5x1073
(1.5) with 3 terms  2.7x107% 1.7x1073 1.1x107% 6.6x10~* 3.9x10~*

TABLE 2. The same as in Table 1, only now considering eigenvalues
with absolute value less than 1/5.

We remark that if X is an eigenvalue of T}, (a) and b;(\) is defined by (3.1),

n—1
then (bj()\))j:O
paper we will employ this observation to study the asymptotics of the eigenvectors.

We finally want to emphasize that the results of this paper can be easily

translated to the case where the symbol is a(t) = t(1 — t= 1)@ f(¢).

is an eigenvector for A provided b,_1(\) # 0. In a forthcoming
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Real Berezin Transform and Asymptotic
Expansion for Symmetric Spaces
of Compact and Non-compact Type

Miroslav Englis and Harald Upmeier

Abstract. We obtain formulas for the asymptotic expansion of the Berezin
transform on symmetric spaces in terms of invariant differential operators
associated with the Peter-Weyl decomposition under the maximal compact
subgroup. A unified treatment makes it possible to derive the formulas for
the complex (hermitian) as well as for the real case, and for all types of
symmetric spaces (non-compact, compact and flat).

Mathematics Subject Classification (2000). Primary 32M15; Secondary 46E22,
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Keywords. Symmetric domain, symmetric space of compact type, Berezin
transform.

1. Introduction

The Berezin transform is of central importance in the theory of deformation quanti-
zation of complex Kéhler manifolds, in particular for the special case of symmetric
spaces of hermitian type. In this case the eigenvalues of the Berezin transform are
explicitly known, both in the non-compact case of hermitian bounded symmetric
domains [UU] and for the compact hermitian symmetric spaces [Z2] arising from
duality. Besides the spectral analysis, another important problem is the expan-
sion of the Berezin transform into an asymptotic series of differential operators,
as the deformation parameter (“inverse Planck constant”) tends to infinity. More
precisely, the well-known Toeplitz star- (or Moyal) products have asymptotic ex-
pansions which are closely related to that of the (inverse) Berezin transform [EU1],
[EU2].

Research supported by the Academy of Sciences of the Czech Republic institutional research
plan no. AV0Z10190503; and GA CR. grant no. 201/09/0473.
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For non-compact symmetric domains, the asymptotic expansion of the
Berezin transform was obtained by Arazy and @rsted [AO]. In a separate paper
[EU1] we generalized this result to the case of real bounded symmetric domains,
where again there is a natural “Berezin” transform which is closely related to
the well-known Segal-Bargmann transformations. The dual situation of compact
symmetric spaces (complex or real) was not considered in [AO] or [EU1], [EU2].

The purpose of this paper is to give the asymptotic expansion of the Berezin
transform for symmetric spaces of compact and non-compact type, both in the
classical complex setting of hermitian symmetric spaces and in the real setting
for the Segal-Bargmann type Berezin transform. We present a uniform proof for
all cases, showing that the compact type behaves quite similar to the dual non-
compact situation. As usual the “flat” case, where the semi-simple covariance
group degenerates into a semi-direct product, is included in the computations.

In a separate paper [EU2] we apply these results to obtain asymptotic ex-
pansions (in the Peter-Weyl context) for star products in the compact and non-
compact situation, as well as for the so-called “star restrictions” which are their
real counterparts.

Precursors of the results included here appeared in one of the talks by the first
author at the IWOTAO09 conference in Guanajuato, Mexico, in September 2009.
Both authors thank the organizers for the invitation (which the second author was
not able to accept in the end).

2. Berezin transform for hermitian symmetric spaces

It is well known that most Riemannian symmetric spaces, including all the classical
ones, have a uniform description in terms of Jordan algebras and Jordan triples.
We refer to [EU1], [L] for a detailed discussion of the Jordan theoretic background
and notation. For any hermitian Jordan triple Z the (spectral) open unit ball Z~
is a hermitian bounded symmetric domain whose compact dual Z* is a Jordan
theoretic analogue of the Grassmann manifold, containing Z as a Zariski open
subset, i.e.,

Z-czczt.
All hermitian symmetric spaces (compact or non-compact) arise this way (the
non-hermitian case will be studied in Section 3).

Note that the common “base point” is the origin 0; therefore the “non-
compact” symmetric space Z~ is given in the “bounded” realization (unit ball)
instead of the “unbounded” realization as a tube domain or Siegel domain.

We define real Lie groups

G~ := Aut (Z7) = {biholomorphic automorphisms of Z~},
G = {biholomorphic isometries of Z*},

G’ =7 x K (semi-direct product),
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where K = Aut (Z) = {g € G* : ¢(0) = 0} is the Jordan triple automorphism
group.

The three types of hermitian manifolds Z®* = Z%,Z, Z~ give rise to repro-
ducing kernel Hilbert spaces H2(Z*) of holomorphic functions, which play the role
of quantization state spaces. Here v is a deformation parameter (“inverse Planck
constant”). Let K®(z,w) denote the reproducing kernel. The Berezin transform
(related to the so-called Toeplitz-Berezin quantization calculus [BMS]) is a G*-
invariant densely defined self-adjoint operator

B*:L*(Z%) — L*(Z*)
with integral kernel representation

w) K (w, 2)
/ﬁu e f)

with respect to a suitably normalized G*®-invariant measure du® specified below.

We will now discuss the three types of hermitian symmetric spaces separately.
For Z* = Z, the flat case, v > 0 is arbitrary and H2(Z) is the Fock space of all
entire functions ¢ € O(Z) satisfying

nwﬁ:/dmweﬂmmwaﬁ<+m.
A

Here (z|w) denotes the K-invariant scalar product on Z normalized by (e1]e1) = 1
for all minimal tripotents e; € Z, and the “invariant” measure is

du(z) =

Here d is the (complex) dimension of Z and dz is the Lebesgue measure for the
inner product. The reproducing kernel of H2(Z) is

K(z,w) = eGlv),

dz
i

md’

Accordingly, we have

(z|w) gv(wl2) AW e
/d'u v(z|2) er(w|w) flw) = Vd/ a € ( | )f(w)
€ €
Z

™

In particular,

B)0) = [ e fw),
Z

The basic numerical invariants of an irreducible hermitian Jordan triple Z of rank
r can be described via the Peirce decomposition

Z=UxV=X%xV

with respect to a maximal tripotent e € Z of rank r. Here the Peirce 1-space U is
the complexification of a Euclidean Jordan algebra X with unit element e, and the
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Peirce é—space V carries a Jordan algebra representation of X. The “characteristic
multiplicities” a and b are defined by
dx := dimg X = dim¢ U:r—i—;r(r—l)
dim¢c V = rb.

(1)

Hence
dimCZ:d:r—F; r(r—1)+rb.

The genus p of Z is defined by

b= 2 dim Ur+d1mV o ta(r—1)+b.
The Jordan triple determinant h(z,w) is a (non-homogeneous) sesqui-polynomial
on Z x Z whose pth power coincides with the determinant of the so-called Bergman
operator B(z,w) acting on Z [L]. For the matrix space Z = C"** of genus p = r+s,
with triple product {uv*w} = (uv*w + wv*u)/2, the Bergman operator is given
by B(z,w)v = (1 — zw*) v(1 —w*z) and h(z,w) = det(1 — zw*), where 1 denotes
the unit matrix.

For Z* = Z~, the non-compact case, v is a real parameter > p — 1 and
H2(Z7) is the (weighted) Bergman space of holomorphic functions ¢ € O(Z~)
satisfying

]2 = / di (=) bz, 2) (=) < +oo,
J

for the G~ -invariant measure

du=(z) = FQF(SZ(? ) iz h(z,z)7?
Here
Po(h) = (2m) " [IT0y =5 (= 1)

j=1
is the Gindikin I-function of the symmetric cone Q of X [FK], [G]. The reproducing
kernel of H2(Z~) is given by

K~ (z,w) = h(z,w)™".
Therefore

h(z, 2)"h(w, w)”

B0 = [y = R

7-
_ La(v) /dw h(z, z)" h(w,w)" =P
Tow—12) ) m  h(z,w)’h(w,z)”

fw)

f(w).
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In particular

_ Fa(v) / dw _
B 0) = h(w,w)" P f(w).
BDO = 1oy [ i w7 )
7
For Z* = Z™T, the compact case, v € N is a non-negative integer and, as observed in
[Z2], H2(Z™") can be realized as a Bergman type space of entire functions 1 € O(Z)
satisfying
912 = [ du*(:) iz —2) ¥ ()P < 400
z
for the G*-invariant measure
+( Po(v+p) dz

- h(z,—2)"".
?) FQ(V+P—g) L (5 =2)

dp

This space is finite-dimensional, as can be seen from the reproducing kernel
K*(z,w) = h(z, —w)".

Therefore

B 1)) = [ du* w)
z

_ Ta(v + p) / dw h(z,—w)” h(w, —z)"

Fo(v+p— ff) J 7@ h(z,—z)" h(w, —w)vtP

In particular,

N _ Ta(w+p) w.—w) P
(B )(0) JFQ(Hp_g)z/ A, )~ f(w),

This concludes our case-by-case discussion.
By [U], [FK], the polynomial algebra P(Z) over Z has a Peter-Weyl decom-
position

P(Z)= Y Pm(2)

meN’,
under the natural K-action. Here N’ denotes the set of all integer partitions
m = (m17"'am’r’)

of length < r. We have a corresponding expansion
eZlv) — ZEm(z, w)
m

of the Fischer-Fock kernel in terms of the reproducing kernels E™(z,w) of the
finite-dimensional subspaces Py, (Z). These functions are polynomials on Z x Z and
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therefore give rise to constant coefficient bi-differential operators E™ (09, 0), where
0 denotes the complex Wirtinger derivative. Specifically, for any fixed u,v € Z,

E™(8,8) el Hulw) — gy, g) eGlo)t(ulw),
Via the diagonal embedding z — (z, 2) of Z into Z x Z, we also have the operators
dgm acting on Z by
OpmeFIVHwlz) — E™ (u,v) e(Zlv)+(ulz)

Theorem 2.1. In terms of the bi-differential operators Opm on Z, the Berezin
transform has the asymptotic expansion

(B*£)(0) =Y 3y (v)(0pm £)(0)

at 0, with m = (mq,...,m,) running over all partitions of length < r. Here the
coefficients are given by
1
em(V) = im| (flat case)
_ 1
cm(v) = ) (non-compact case)
m

d
chw) = (l/ +p— r) (compact case)
e

where m* := (M, ..., mq).
The asymptotic expansion above holds in the usual sense that

(Bf)(0) = DY em@)(@em f)(0) =0  asv— +oo,

lm|<n

for all n = 0,1,2,.... However, and more importantly, this expansion repre-
sents also the Peter-Weyl decomposition of the K-invariant linear functional f +—
(B* £)(0) into its components under the natural action of the isotropy subgroup K.
The asymptotic expansion in Theorem 2.1 in terms of K-invariant functionals leads
in the standard way to the asymptotic expansion of the Berezin transform in terms
of G*-invariant operators. Similar comments apply to Theorem 3.3 below.

The reader is referred to the paper [EU2| for more details, as well as for
applications to quantization (star products) on symmetric spaces.

Proof. For K-invariant integrable functions f on Z we have the polar integration
formula [AU2, Proposition 3.4]

dx dx a_d

[Gase=[ [ a@i " s,
™ FQ ( r )

z Q

where A is the Jordan algebra determinant of X [FK]. For z € 2, we have

E™(2,V2) _
iy =)
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where ¢™ is the spherical polynomial of type m. Let A% be the conical function
on Q, for a = (a1, ...,a;). By [FK, Theorem VII.1.7] we have
Fo(a+ df) La(p+ df)

dx A%(z) AP(e—z) = Po(a t 6+ 20%)

; 2)
QN(e—Q)
and [G, Proposition 2.6] or [AU1, Lemma 5.7] imply

o+ 9x _a* — dx
/dw(x)ﬁ“%ew):m o )rii(ﬂﬂ) a
Q

with o* = (a, ..., a1). In the flat case we have

e~ vWalve) _ o—v(zle) _ —(zlve)
for x € Q. This yields

/dw e*V(w|w) Em(w,w)

dx a_dx  _ E™(\/z,/x)
T v(valVz) ’
md Em(e,e) Alz) ¢

E™(e, )
zZ

Aw) =" e g ()

- e—u(z|e) Am(l’)

since A™T7 is homogeneous of total degree |m| + d. (The third equality in the
chain uses the fact that dz, A(z) and e(*l°) are all invariant under the subgroup
L C Aut(Q) stabilizing e, while ¢ is the average of A™ over L.) Therefore

(BE™)(0) :Vd/dw o v(wlw) E™(w,w) — - Iml (d> .

E™(e,e) md E™(e,e) T

In the non-compact case we have

h(vz,\/z) = Ale — x)
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for x € QN (e — Q). This yields

[ iy B

md E™(e,e)
S
_ dz x‘f«—di{ x,/x)' P Em(\/x,\/l‘)
= gy AT e E
QN(e—N)
dx d_dx v—p ml‘
= [y AT A
QN(e—Q)
dx d_dx v—p mJC
- / Fﬂ(g)A(x)r X Ale — )" A™ ()
QN(e—N)
) & ety Ta(m+ ) Ta(v—9)
- / rg(f)A (@) Ale—a)"" = To(?)  To(v+m)
QN(e—Q)

since v — p + dﬁ‘ =v— f. Therefore

(B~ E™)(0) Ta(v) dw vep E™ (w0, w)
) / h(w,w)

E™(e,e) - Fa(v — i E™(e,e)

pa
To(v) Tam+ %) Tow—1%  (d/r)m

T To(v—1)  To(?) Taw+m)  (W)m
In the compact case, we have
h(vz,—vx) = Ale + )
for € Q. This yields

/dw h(w, —w)~+P) E™ (w, w)

IO\ IO\ IO\ D\
<Y
)
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~ To(m+ ff)Fg(l/—Fp—m*— ?‘f)
B Lo(4) Ta(v +p)
Therefore
(BTE™)(0)  Tq(v+p) dw
Em(ee)  Tolvt+p-9) Z/
_ FQ(V+p) FQ('rn-i-f)FQ(l/—l—p—m*—f)
S Tow+p- ) Lo(H)Ta(v +p)

= (d/7)m <1/ +p— f)

In all three cases, since B® is a G*-invariant operator on Z°, the localized operator
at 0 has a unique expansion

(B*£)(0) =Y _ chn(v) (9gm £)(0)

—-m*

for all functions f which are smooth near 0 € Z. This implies for the diagonal
E™(z,z)

(B*E™)(0) = ¢ (v) 0gnE™(0)

n

= @) [E™7, ;= cin(v) E™(e,¢) (f)

m

It follows that
() = 1 B*E™(0)
M (dfr)m E™(e,e)
has the value specified above. O

Remark 2.2. The non-compact case of the last theorem recovers the result of [AO].

3. Berezin transform for real symmetric spaces

In order to introduce the “real” counterparts of hermitian symmetric spaces, let
Z¢ be a hermitian Jordan triple endowed with a triple involution z + z. Then the
real form

Zp={z€Zc:2==z}
is a Euclidean Jordan triple which we assume to be irreducible. The associated
unit ball Zy; C Zr and compact dual ZH‘{ D Zg have the hermitifications Z and
Zg , respectively. In summary,

Zz C Zg C z¢
U U U (3)
Zy C Zn C Zg.
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Remark 3.1. As a special case of this situation, we obtain the “product” case
Zr = Zgiag = {(2,2) 12 € Z} CZc =2 xZ,
Zg =7 {(z,2):2€Z7}CZs =2 xZ

diag =

Zf =T, ={(2,2) € 2ty C Zf =2t x 77,
associated with a hermitian Jordan triple Z and the “flip” involution (z,w)™~ :=
(w, z). In this case (3) takes the form

Z-xZ- C ZxZ c ZtrxZ*t

U U U
- T
Z Jiag C  Ziiag C  Ziag-

This is the only case where the complexified spaces are not irreducible [L]. Since
this situation is covered by Section 2, we will assume from now on that Zc is
irreducible.
There exists a maximal tripotent e € Zg (of rank rg) which is also maximal
in Z¢ (i.e., of rank r¢). Let
Ze =Ue x Vo = X& x V¢
and
ZRZURXVRZXRXYRXVR
denote the corresponding Peirce decompositions. Then we have complexifications
Uec=Ug, Vo=V
and the Euclidean Jordan algebras X¢ (of rank r¢) and Xg (of rank rg) are
related by
Xp={z € Xc:%=uxa},
iYr ={y € Xc:9=—y}.
Equivalently,
Xg={x €Ugr: 2" =ua},
Ye={ycUr:y" =y}

for the Jordan involution * in Uc. Writing e as an orthogonal sum of minimal
tripotents in Zg and Z¢, respectively, it follows that the normalized inner products
(z]y)r in Zg and (z|w)c in Zc satisfy (ele)r = rr and (e|e)c = r¢. Therefore we
have the reciprocity

*

rr(zly)c = rc(z|y)r
for all ,y € Zgp C Zc. Analogous to (1), we have characteristic multiplicities
ac, be satisfying
dim]R V]R = dimc VC =Tc b(c

dimp Ur = dim¢ Uc = r¢ + a2(C rc (TC - 1)
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and hence

dimg Zgr = dim¢c Z¢c =r¢ + aQ(C rc (TC — 1) + rc be.

Also, the “complex” genus is
2dim¢ U + dime V¢
pc = cre ¢ C:2+a(c(’l"c—1)+bc.
rc
In the real case, we define ag, bg via

dimgr Xg =1 + aQR R (T]R — 1)

dimR VR =TRrR b]R
and introduce another numerical invariant cg via
. aR
dimr Yr = rr cr + o TR (rg — 1).

One can show that this covers all cases of the classification [L], [Z1], [EU1] with
one exception (type D2) which will not be considered here. The “real” genus pg is
defined by

_ pcrc dirn]R UR dimR V]R

s e + g + cr + ar(rr )+

br

9

In terms of dy = dimg Yg and dx = dimg Xg = dimg X¢ — dy, we have the
relations

d dx+dy
pr = QT]R - QTR
and hence
dx _dx —dy
QTR * TR T PR= 27’]R '

Since Zc is irreducible, we may consider the quantization Hilbert spaces HBC(Z(E)
introduced in Section 1, for the appropriate range of parameters vc, with repro-
ducing kernel denoted by K2 (z,w) for z,w € Z2. Besides the “complex” Berezin
transform B on L?(Z2,dul) defined as above, for the “invariant” measure dy®
normalized as in Section 2, there also exists a “real” Berezin transform By, which is
a densely defined self-adjoint operator on L?(Z8, du%), with integral representation

BNE = [diw) g Shea L Tw)

K (z,2)1/2 K&(w, w)
Zh

Here we use the fact that K2 (z,z) > 0 for all z € Z3. For motivation and back-
ground concerning the real Berezin transform, cf. [AU1], [Z1]. We define the pa-
rameter vg by the condition

Ve rc = 2UR TR.
As in Section 1, we will now discuss the three types of real symmetric spaces
separately. For Zg = Zg, the real flat case, the invariant measure is

a2 dz
dur(z) = vi* .
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Therefore

eve(zlw)
(Bef)(z / dun(w) . C L f(w)
e 2

(#12)c ¢ 'F (wlw)e

a2 dw eve(z|lw)e
" /7rd/2 e ¥ (212)e % (wlw)e f(w).
Zr

In particular,
dw ve

B =i [ ), e 0 pw).
Zr
For Zg = Zy , the real non-compact case, the invariant measure is
To(vg + 4%, dy) dz
To(vr —pr + %) /2
where h¢ denotes the Jordan triple determinant of Z¢. Therefore we obtain

2, 2)ve/? w, w)e/2

dug (z) = he(z, z)*m/z,

B FQ(VR + dx— dY) / dw  he(z, 2)7e/? he(w, w) e —p)/2 f(w)
© To(vr —pr+ %) 7/ he(z, w)ve .
R
In particular
_ To(ve + 95,%) dw
(B2 (O = [ L hew ) fw).
® To(ve —pr + %) 7/2
R
For Zp = ZH‘{ , the real compact case, the invariant measure on Zx is
Ta(vr + pr) dz /2
dpg (2) = he(z, —2) 7P/,
® To(vr +pr — &) w2
Therefore
he(z, —w)”*
B+ d
N / HR h(c (2, —2)ve/2 he(w, —w)vetpe)/2 f(w)
_ Ta(ve +pr) / dw he(z, —w)”e f(w)
Lo(wr+pr— 4) J 7% he(z, —2)ve/2 he(w, —w)vetpe)/2 .

Zr

In particular

BEp)©0) = | Lelr TR | [ e et —wy 2 ),

To(ve +pr — 4. md/2

R

This concludes our case-by-case discussion.
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As in Section 2, the (C-valued) polynomial algebra P(Xg) = P(Xg) has a
Peter-Weyl decomposition

P(Xg)= Y Pm(Xg)

TR
meN_

under the natural action of Aut(Xf), and we have a corresponding kernel expan-
sion
@Y — Z Eﬁ'{z(%y)
meN'F
for the (irreducible) Euclidean Jordan algebra Xg of rank rg, with m running over
all partitions of length rg.

On the other hand, the polynomial algebra P(Zc) of the (irreducible) her-
mitian Jordan triple Z¢ of rank r¢ also admits a Peter-Weyl decomposition

P(Ze)= Y Pnl(Zc)

re
neN’’

under the Kc-action, with m running over all integer partitions of length r¢. Let

eZlwe _ Z ER(z,w)

C
neNy

denote the corresponding kernel expansion.

A partition m € N'F is called even if Pp(Zc) contains a non-zero Kg-invariant
polynomial (which is uniquely determined up to a constant multiple). The results
in [Z3] (for tube type domains) and [Z4] (for non-tube type domains) show that
with one exception (type A), which we will exclude from consideration here, the
even signatures are obtained by “doubling” a signature m € N[ of length rg. Then
the associated Kg-invariant polynomial E™ € Pp,.(Z¢) is uniquely characterized
by the condition

Em(m) = E]gb(xﬂ 'r) = Eﬁg"(& e) ¢Elr§n($2)

for all z € Xg C X C Zc, where ¢ is the spherical polynomial (normalized
Jack polynomial) of type m [FK].

Proposition 3.2. E™ has the (complex) Fock space norm

d
B = e ()
Proof. Put dpm, := dim P, (XE). The Shilov boundary S C X{ is the orbit of e

under the group Aut(Xg). Applying Schur orthogonality and putting E™(u) :=
EZ*(u,v) for u,v € S, we obtain for the Fock space inner product (p|q)r = (9, ¢)(0)
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on Xﬁ%
m 2 m m\2
E]R (6,6) — (Ee |Ee )]R — /du (ESL‘EZZL)R (ET|ESL)R
dm dm
S
E™|E™ E™
:/du‘E'ern(u”?:( e ‘ e)R: ]R(eve).
Z (dx /TR)m (dx /TR)m
This shows p
Ef*(e,e) = moo
R ( ) (dX/T]R)m

By [Z4, Lemma 3.3 and Proposition 3.6] we have for the Fock space inner product

on Z(c
2

Em _ (dX/TR)m (d/QTR)m
Eﬂgn(67e) C dm .
Therefore
2
B = B, e (I R g (1) o
m ™ /) m

Theorem 3.3. Consider the (holomorphic) differential operators Ogm on Zg C Z¢
induced by the Kr-invariant polynomials E™ € Pm.(Zc). Then the real Berezin
transform has the asymptotic expansion

(B S)(0) =D ¢ (vr) (Opm £)(0),

near 0, with m = (mq, ..., my,) running over all partitions of length < rg. Here
the coefficients are given by

Cm = Vﬂglml (flat case)

_ 1
Cm = (non-compact case)

(V]R — PR + QfR + ‘i;f)m

L _d
Con = (I/]R + PR QTR) (compact case)
—m*

with m* == (Mg, ..., mq).

Proof. By [AU2, Proposition 3.4], one has the polar integration formula

[ o= L s@A e s
Q

(o)
Zr

for Kr-invariant integrable functions f on Zg, Q being the cone of Xy (the proof
given there, valid for functions supported in Z , extends to the general case by a
homogeneity and density argument). For = € 2, we have

E™(Vx) = Ef*(Vo,Va) = g (e, e) ¢g" ().
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In the flat case, we have

=5 (Vzlva)e _ o=vr (ValVa)r _ o—(zlvre)r

for x € Q. This yields
/ dw  _ve (). E™(W)

ni/2 © B (e, )
Zr
=/ da A)?e = =% (Volva E™(Vx)
e}

(1) B (e,¢)

dx d _dx
— A(z)>= = e~ vr(zle)r o™ (2)
/FQ(QL:R) .

Q
:/ da:d A(z)z%&*iﬁf e vr(@lOr AT ()

Q FQ(2TR)
:/ da:d Am+sz*dr§ (z) e~ (alvmo

Q FQ(2TR)

T d
— Q(mtm) Aol (uﬂgle):< d ) y M4/

FQ(?T‘R) QTR m

d
since A" 2 is homogeneous of total degree |m/| + 4. Therefore

(BREm)(O) _Vd/Q/ dw _VQC (w|w)e Em(’lU) _ < d ) l/7|m|.
m

Efm(eye) K xd/2 © EM(eje)  \2rg R
R

In the non-compact case, we have
he(Va,v/z) = Ale — z)"e/"
for x € QN (e — Q). This yields

/ A (w, w)erez ETW)

/2 E(e,e)
Zg
dx 4 _dx _ E™(\/x)
— A(z)2= "% he (Vo VT (ve—pc)/2
/ o) A0 ¢ (Va,v/a) e
QN(e—Q)
dx 2d - VR—DPR AT
= g Alx)zre = Ale —x) PR ()
FQ(Q’I”]R)
QN(e—0)
= da:d A(:c);rvlafriﬁf Ae — )= A™ ()
FQ(2’I‘R)

111
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QN(e—Q)
C T(mA ) Tvr —pr + 9Y)
Lo (8 ) Tve + 955 +m)

using the relation (2). Therefore

_ dx—d
(B E™)(0) = Ta (e + 75,7 / dw he (w,w)Ve—re)/2 £ (w)
E]lgl(eﬂ 6) Iq (VR —pr+ Cfng ) md/2 Eﬂgn(ev e)
-
C Ta(r+5") T+ 0 )Tvr —pe+ ) (d/2r8)m
Po(ve—pe+ %) Ta (Ll ) Tr+ P57 +m)  (r+ %" )m

In the compact case, we have
he (Va, —v/z) = Ae + x)7¢/ ™
for x € Q and obtain

/ dw he (w, —w)~Wetpe)/2 E™(w)

i Ef(e,¢)
V4
o e - E(y)
= A(x)2= " = h¢ (\/1;’ —\/1:) (vc+pc)/2 FR
Q/ Lo (2%) Ef*(e,e)
dx d _dx n—pn
- o) AT A+ ) o 2)
FQ ( 27rR )
Q
= / dxd A([L‘) QgR B ri{ A(e + :E)_V]R_pR Am(m)
FQ ( 2rg )
Q
d
= / dl‘d Aer sz n Ti{f (1-) A (6 + m)_VR_P]R
FQ ( 2rg )
Q
_ Ta(m+,0) Calrr +pr —m” = 7)
Fﬂ(ggR) Co(vr + pr)
Therefore
(B]i{f Em)(O) N T'g (V]R —|—pR) dw —(vetpe))2 Em(w)
m - d d/2 hC (w, UJ) m
ER (6,6) FQ(VR+pR_2TR)Z md/ E]R (676)
_ Ta(vr +pr) Co(m + QfR) Lo(vr + pr — m* — QfR)
Lo (ve +pr — 5 ) To(,%) Talve + pr)

= d VR + PR — d
N QTR m " PR QTR —m*.
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In all three cases, since By is a G-invariant operator on Z3 there exist coefficients
ey (V) (m € N7 ) such that

(B2 £)(0) = chn(vr)(pm )(0)
m
for all functions f which are smooth near 0 € Zg. This implies

(] L] (] L] d
(B E™)(0) = Z ¢k (O E™)(0) = 3 IE™ | = e EE" (e, ) (27"[&) .
k m
It follows that

o1 (BE™O)
™ (d/2rR)m  EF(e,e)
has the values specified above. (I

Remark 3.4. Since

d d dx —d
<V]R_p]R+ + X) :(VR+ . Y) )
2rR ™ /) m 2rg m
the non-compact case of the last theorem is in complete agreement with Theo-

rem 14 of [EU1] (up to a factor of (2rg/rc)?™!, which is due to our different
normalization of the inner product (+|-)c with respect to (-|)g.)
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On Nonlocal C*-algebras of Two-dimensional
Singular Integral Operators

Yu.l. Karlovich and V.A. Mozel

Abstract. Applying a local-trajectory method elaborated for studying nonlo-
cal C*-algebras associated with C*-dynamical systems and the description of
C™-algebras generated by isometries, we construct a Fredholm symbol calcu-
lus for the C*-algebra 5 generated by the C*-algebra 2l of two-dimensional
singular integral operators with continuous coefficients on a bounded closed
simply connected domain U C R? with Liapunov boundary and by all uni-
tary shift operators Wy : f — ng/ *(f o g) where g runs a discrete amenable
group G of quasiconformal diffeomorphisms of U onto itself with Holder par-
tial derivatives and the Jacobian Jy, and G acts on U topologically freely. As
a result we establish Fredholm criteria for the operators A € 2l and B € ‘8.

Mathematics Subject Classification (2000). Primary 47G10; Secondary 31A10,
ATA53, 4TA67, 47TB33.

Keywords. Two-dimensional singular integral operator, shift operator, C*-
algebra, representation, amenable group, quasiconformal diffeomorphism,
local-trajectory method, invertibility, Fredholmness.

1. Introduction

Given an arbitrary domain U C R?, let B(L?(U)) be the C*-algebra of all bounded
linear operators on the Hilbert space L?(U) with Lebesgue area measure, let K :=
K(L?(U)) be the closed two-sided ideal of all compact operators in B(L?(U)), and
let B(L?(U))™ := B(L*(U))/K denote the quotient C*-algebra consisting of the
cosets A™ := A+ K with A € B(L*(U)).

The first author was partially supported by the SEP-CONACYT Project No. 25564 and by
PROMEP via “Proyecto de Redes”, México.
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Suppose now that U is a bounded simply connected domain in C with Lia-
punov boundary T', G is a discrete amenable [12] group of quasiconformal diffeo-
morphisms g : U — U whose partial derivatives

dg _ 1 (09 .0g dg 1 (dg  .0g
0z 2 (856 Z@y) and dz 2 (856 +28y> (1.1)

satisfy a Holder condition on U, and the set ®, of all fixed points of g on U has
empty interior for every shift g € G\ {e}. With every g € G we associate a unitary
weighted shift operator W, on the Lebesgue space L?(U) given by

Wyf=J,/2(fog) forall fe L*(U) (1.2)

where Jy(z) = |gg |2 - |gg |2 > 0 is the Jacobian of the quasiconformal diffeomor-
phism g (see [17]).

Given a domain U C C, let Sy and S{; be the two-dimensional singular
integral operators given by

son@=-1 [ SO aaw. sine=-1 [ T, daw

v (w—2z) ™ w — 2)
where dA(z) = dxdy is the Lebesgue area measure. These operators are bounded
on the space L*(U). We denote by

A :=alg {cI, Sy, S5 : ce C(U)} (1.3)

the C*-subalgebra of B(L?(U)) generated by all multiplication operators cI with
¢ € C(U) and by the operators Sy and S¢;.

The main goal of this paper is to study the Fredholmness of operators B
(equivalently, the invertibility of cosets B™ = B+ K [6]) in the nonlocal C*-algebra

B = C*(A,Wg) C B(LA(U)) (1.4)

generated by all operators A € 2 and all shift operators W, (¢ € G). By Lemma 2.6
in [15], which remains valid for arbitrary domains U C C, the C*-algebras 2 and
B contain the ideal K(L?(U)) of all compact operators in B(L?(U)).

In the present paper we construct Fredholm symbol calculi for the C*-algebras
20 and B and establish Fredholm criteria for the operators A € 2 and B € 9. To
this end we apply the Allan-Douglas local principle [10], [6], the local-trajectory
method elaborated in [13], [14], [3], Coburn’s description of C*-algebras generated
by isometries [7]-[8], and the techniques of quasiconformal mappings. In studying
the C*-algebra 2l we partially follow [24].

The paper is organized as follows. In Section 2 we describe the local-trajectory
method, which is a non-local version of the Allan-Douglas local principle, for study-
ing invertibility in nonlocal C*-algebras associated with C*-dynamical systems.

In Section 3, applying Coburn’s results [7]-[8] on C*-algebras generated by
isometries, the orthogonal decomposition of the space L?(II) over the complex
upper half-plane IT = {z € C : Im z > 0} in terms of true poly-Bergman and true
anti-poly-Bergman spaces [25] and the characterization [3] of the operators S and
S}; as nonunitary isometries on subspaces of L%(II), we describe the spectrum of
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the C*-algebra & := alg {I, S, Sj;} of two-dimensional singular integral operators
with constant coefficients on the space L2(IT) (cf. [24]).

In Section 4 we study the operators W, Sy W, ! and W, S;;W; !, where W,, is
a unitary weighted shift operator for a quasiconformal d1ffeomorph1sm a:U—=U.

In Section 5, applying the Allan-Douglas local principle and the results of
Sections 3—4, we describe the spectrum of the quotient C*-algebra 2™ = /K and
establish a Fredholm criterion for the operators A € 2, where 2 is given by (1.3).

Finally, in Section 6, making use of the local-trajectory method of Section 2
and the results of Section 5, we construct a Fredholm symbol calculus for the
C*-algebra B given by (1.4) and obtain a Fredholm criterion for operators B € B.

2. The local-trajectory method

2.1. Starting assumptions

Let A be a unital C*-algebra, Z a central C*-subalgebra of A with the same unit
I, G a discrete group with unit e, U : ¢ — U, a homomorphism of the group G
onto a group Ug = {U, : g € G} of unitary elements such that Uy, 4, = Ug, Uy,
and U, = I. Suppose A and Ug are contained in a C*-algebra D and assume that

(A1) for every g € G the mappings a4 : a — U, aU, are *-automorphisms of the
C*-algebras A and Z;
(A2) G is an amenable discrete group.

Amenable groups constitute a natural maximal class of groups for which one
can establish an isomorphism of two C*-algebras associated with C*-dynamical
systems (see, e.g., [2], [13], [14]). According to [12, § 1.2], a discrete group G is
called amenable if the C*-algebra [*°(G) of all bounded complex-valued functions
on G with sup-norm has an invariant mean, that is, a positive linear functional p
of norm 1 (called a state [19]) satisfying the condition

p(f) =p(sf) =p(fs) foralls € Gandall f € 1%(G),

where (sf)(g) = f(s71g), (fs)(g9) = f(gs), g € G. As is known (see, e.g., [1], [12],
[14]), the class of amenable groups contains all finite groups, commutative groups,

subexponential groups, and solvable groups. On the other hand, if a discrete group
G contains the free discrete group F» with two generators, then G is not amenable.

Let B := C*(A,Ug) be the minimal C*-algebra containing the unital C*-
algebra A and the group Ug. By virtue of (A1), B is the closure of the set B°
consisting of the elements b = )" a,U, where a, € A and g runs through finite
subsets of GG, and the algebraic operations are given as follows:

C(ZagUg> = Z(cag)Ug (c e C),
D agUy+Y alUg = (ag+al)U, (ag,a, € A),
(ZgagUg>(Z ahUh> Z Z agag(ay))Ugh.
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Let M := M(Z) be the maximal ideal space of the (commutative) C*-algebra
Z. By the Gelfand-Naimark theorem [20, § 16], £ = C (M) where C(M) is the C*-
algebra of all continuous complex-valued functions on M. Under assumption (A1),
identifying the non-zero multiplicative linear functionals ¢,, of the algebra Z and
the maximal ideals m = Ker ¢,,, € M, we obtain the homomorphism g — §,4(-) of
the group G into the homeomorphism group of M according to the rule

z2(Bg(m)) = (ag(2))(m), z€Z, meM, geG, (2.1)

where z(-) € C(M) is the Gelfand transform of the element z € Z. The set
G(m) :={By(m) : g € G} is called the G-orbit of a point m € M.

Let P4 be the set of all pure states on the C*-algebra A equipped with
the induced weak™ topology, and let J,, denote the closed two-sided ideal of A
generated by the maximal ideal m € M of the central C*-algebra Z C A. By [5,
Lemma 4.1, if u € P4, then Ker p D J,;, where m := ZNKer p € M, and therefore

Py = UmeM{V € Py: Kerv D Jp}.

Let the following version of topologically free action of the group G hold (see
[14], [3]):

(A3) there is a set My C M such that for every finite set Gy C G\ {e} and every
nonempty open set V. C P4 there exists a state v € V' such that 84(m,) # m,
for all g € Gy, where the point m, := ZNKerv € M belongs to the G-orbit
G(My) :=={Bg(m) : g € G, m € My} of the set M.

We say that the group G acts freely on M if the group {8y : ¢ € G} of
homeomorphisms of M onto itself acts freely on M, that is, if B4(m) # m for all
g € G\ {e} and all m € M. Obviously, if the group G acts freely on M, then (A3)
is fulfilled automatically.

If the C*-algebra A is commutative, then the set P4 of all pure states of
A coincides with the set of non-zero multiplicative linear functionals of A (see,
e.g., [19, Theorem 5.1.6]). Therefore, choosing Z = A and identifying the set of
non-zero multiplicative linear functionals of A with the maximal ideal space M (A)
of A, we can rewrite (A3) in the form

(Ag) there is a set My C M(A) such that for every finite set Go C G\ {e} and
every nonempty open set V.C M(A) there exists a point mg € V N G(Mp)
such that Bg(mo) # mo for all g € Go.

2.2. Trajectorial localization

Let the unital C*-algebras Z, A, and B = C*(A, Ug) satisfy all the conditions of
Subsection 2.1. In this subsection we recall an invertibility criterion for elements
b € B in terms of the invertibility of their local representatives associated with the
G-orbits of points m € M, where M is the compact space of maximal ideals of
the central algebra Z. As a result, we get a nonlocal version of the Allan-Douglas
local principle (see [14], [3]).
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For every m € M, let J,, be the closed two-sided ideal of the algebra A
generated by the maximal ideal m of the algebra Z, and let H,, be the Hilbert
space of an isometric representation 7, : A/Jy, — B(Hm). We also consider the
canonical *-homomorphism g,, : A — A/J,, and the representation

A= B(Hm), a— (Tm o om)(a).
Since ay(J3,(m)) = Jm for all g € G and all m € M in view of (A1), the quotient
algebras A/Jg, () and A/Jy, are *-isomorphic. Then the spaces Hg, (m) can be
chosen equal for all g € G.

Given X C M, let Q(X) be the set of G-orbits of all points m € X, let
H, = H,, where m = m,, is an arbitrary fixed point of an orbit w € € and
Q= Q(M), and let [2(G, H,,) be the Hilbert space of all functions f : G — H,,
such that f(g) # 0 for at most countable set of points g € G and || f(g)||7; < oo.
For every w € € we consider the representation m, : B — B(ZQ(G, Hw)) defined by

[m(a) f1(9) = T (ag(a) f(9), [ (Un)fl(9) = f(gh)
foralla € A, all g,h € G, and all f € I2(G, H,).

Theorem 2.1. [14, Theorem 4.1] If assumptions (A1)—(A3) are satisfied, then an
element b € B is invertible (left invertible, right invertible) in B if and only if for
every orbit w € Q the operator m,(b) is invertible (left invertible, right invertible)
on the space 12(G, H,,) and, in the case of infinite €,

sup {H(ﬂ'w(b))*lH FwEN} <oo (2.2)
(resp., sup{H(ﬂ'w(b*b))_lH twe N} <oo, sup {H(ﬂw(bb*))_lu fw e N} <oo).

By [14, Theorem 4.12], Theorem 2.1 is valid with Q replaced by Qg := Q(Mp).

The next result gives a sufficient condition that allows us to remove the
uniform boundedness condition (2.2) for norms of inverse operators. Let w be the
closure of an orbit w € Q, and let w’ be the set of all limit points of w.

Theorem 2.2. If conditions (A1)—(A3) are satisfied, the C*-algebra Z is separable,
and \ew Jm = Nimew Im for every G-orbit w € Q such that w = W', then any
element b € B is invertible (left invertible, right invertible) in B if and only if for
every orbit w € ) the operator m,(b) is invertible (left invertible, right invertible)
on the space 1*(G, H,,).

Proof. By [14, Theorem 4.8], if (A1)—(A3) hold, the C*-algebra Z is separable,
and (e, Jm = Niew Im for every G-orbit w € Q such that w = «’, then for
every irreducible representation 7w of the C*-algebra B there exists a G-orbit w € )

possessing the property Ker m, C Ker 7. Then the required assertion follows from
[14, Theorem 4.2]. O

Corollary 2.3. If assumptions (A1)—(A3) are satisfied, A = Z and the C*-algebra
Z is separable, then an element b € B is invertible (left invertible, right invertible)
in B if and only if for every orbit w € Q the operator ,(b) is invertible (left
invertible, right invertible) on the space I*(G, H,,).
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Proof. Since the C*-algebras A and Z are *-isomorphic, we can identify the closed
two-sided ideals J,,, of A and maximal ideals m of Z. Identifying elements z € Z
and their Gelfand transforms z(-) € C(M), we easily infer from the continuity
of z(-) that any z € Z belonging to all maximal ideals m € w also belongs to
MNneo M- Thus, (N, c, Jm = (e Jm, Which in view of Theorem 2.2 completes
the proof. a

3. C*-algebra of two-dimensional singular integral operators with
constant coefficients on the space L?(II)
Let IT = {z € C: Imz > 0} be the open upper half-plane of the complex plain C.
The poly-Bergman spaces A2 (II) and the anti-poly-Bergman spaces A2 (II)
are the Hilbert subspaces of L?(II) that consist of n-differentiable functions such
that, respectively, (8/0z)"f = 0 and (9/9z)"f = 0 (see, e.g., [11]). According to
[25, Theorem 4.5], the space L?(II) admits the following orthogonal decomposition:

2= (& 4ym) & (& &) (3.)
k=1 k=1
where the true poly-Bergman spaces of order n are defined as

A2 () = A2(I) N [A2_ (D] for n>1, A% (IT) = A3(ID) = A%(LD),
and the true anti-poly-Bergman spaces of order n are defined by

A2, () = A2(I0) 0 [AZ_, (ID)] *for n > 1, Ay (D) = AF(I) = A(ID).

The spaces A%k)’ fT%k) are related to the spaces .A?,H_l), .,Z%,Hl) as follows.

Theorem 3.1. [16, Theorem 2.4] (also see [26]) For every k € N, the operator S is
a unitary isomorphism of the space A%k) onto A%k+1) and of the space A%,H_l) onto

j%k), the operator Sf; is a unitary isomorphism of the space ‘A%k+1) onto ,A%k) and
of the space A%k) onto Afkﬂ), and St (.A%l)) = {0}, Si (A?l)) ={0}.

From (3.1) and Theorem 3.1 it follows that

= (@ shem)) @ (& ()" (),
k=0 k=0

Let & = alg {I, Si1, Sj;} be the unital C*-subalgebra of B(L*(II)) generated
by the identity operator I and the operators Sy and Sjj, and let Prim & be the
compact space of all primitive ideals (that is, kernels of non-zero irreducible rep-
resentations) of &, which is equipped with the Jacobson topology. Consider the
set & of all unitary equivalence classes of non-zero irreducible representations of
G in Hilbert spaces. If (H, ) is a non-zero irreducible representation ¢ of & in a
Hilbert space H, then [H, ] denotes its equivalence class in &. As is known (see,



C*-algebras of Two-dimensional Singular Integral Operators 121

e.g., [19, Section 5.4]), S becomes a compact topological space if it is endowed
with the weakest topology making the canonical surjective map

0:6 — Prim®, [H,¢] s keryp

continuous. The space S is called the spectrum of the C*-algebra G.
Let H? be the Hardy space of all complex-valued analytic functions defined
on the open unit disc D := {z € C : |z|] < 1} and equipped with the norm

1 27 i 1/2
e = (sup [ s an)
re(0,1) T Jo

Consider the orthogonal projection P = (I + St)/2 on the Lebesgue space L?(T)
where [ is the identity operator and St is the Cauchy singular integral operator
on the unit circle T = 9D,

<&mwﬁm14 1)

2€T:|z—t|>e} T — t
We identify the Hardy space H? with the subspace H*(T) := PL*(T) of L*(T)
consisting of the angular limits of all functions f € H? on the unit circle T. As
is well known, the Toeplitz operators T, = PaP with symbols a € L*(T) are
bounded on the Hilbert space H?(T).

The next result was established in [24]. We give a more transparent proof.

, teT.
e—0 27 T

Theorem 3.2. The spectrum S of the C*-algebra & can be parameterized by the
points z € TU{£2} where the one-dimensional non-zero irreducible representations
7w, : & — C for every z € T and the two infinite-dimensional non-zero irreducible
representations 7, : & — B(H?(T)) for = = 2 are given on the generators of the
C*-algebra & by

(1) =1, 7 (Su)==z2  7(Sh) =2 if z€T, (3.2)
m.(I)=1, w(Su)=T., =(Sh)=T. if z2=2, (3.3)
m.(I) =1, m(Sn)=T., m(Sh)=T. if z=-2, (3.4)

where T, and T, are Toeplitz operators with symbols z and z on the space H?(T).

Proof. From Theorem 3.1 and (3.1) it follows that the mutually orthogonal sub-

spaces L2 (II) :== @D A%k) (IT) and L2 (1) := &P ,,Z%k) (IT) of the Hilbert space
k=1 k=1

L3(IT) are invariant under the action of the operators Sy and Sj;, and the ope-
rator S is a nonunitary isometry on the space L2 (II), while the operator Sy is
a nonunitary isometry on the space L? (II). Hence, we infer from [7]-[8] that the
spaces éi of all unitary equivalence classes of non-zero irreducible representations
of the C*-algebras &4 := {A|L2i(l'l) : A € &} consist of the classes parameterized,
respectively, by z € T U {£2} and identified for z € T with one-dimensional non-
zero irreducible representations 7, : & — C given by (3.2) and, for z = £2, with
infinite-dimensional non-zero irreducible representations 7, : & — B(H?(T)) given
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by (3.3)—(3.4). Combining these results for the C*-algebras &1 we complete the
proof. |

4. Quasiconformal shifts and their applications

As is known (see, e.g., [17, Chapter 1]), a homeomorphism «a = «(z) of a domain
U C C onto a domain V C C is called quasiconformal if o has locally integrable
generalized derivatives g‘j and ‘32‘ of the form (1.1) that satisfy the inequality

O O
< = . .
92 ‘ < k‘ 92 ’ where k = const < 1 (4.1)

In particular, the partial derivatives (1.1) exist almost everywhere on U, « is
differentiable almost everywhere, and the Jacobian J, = ‘23‘2 — ‘gg ® of the
map « : U — V is strictly positive for almost all z € U (see [17, Chapter 1,
Subsection 9.4]).

Let now « be a quasiconformal diffeomorphism of a bounded closed domain
U C C onto itself. Since « is a differential bijection of the closed set U, the Jacobian
Ja > 0 is separated from zero on U. Hence, the operator W, : f — |Ja|1/2(f o)
is a unitary weighted shift operator on the Lebesgue space L2(U).

Substituting the shift « at points w € U by its linear part

Gy (2) == a(w) + Bu(z — w) + Y (z — w)

where 5 5
e o
w = 5 w = 4.2
Bui= o W), =y () (42)
and denoting the Jacobian J, at points w by
Jw = |ﬁw|2 - "Vw‘Qa (4.3)

we established the following result jointly with L. Pessoa (see [15, Lemma 6.1]).

Lemma 4.1. If « is a quasiconformal diffeomorphism of the closed unit disk D
onto itself and its partial derivatives (4.2) satisfy a Hélder condition in D, then
the operators

_ Jw > ’Vw nt mn ’V
WoSpW, 1t — ( ) Sp) + VI,
P Bi,; g,) o) g

* —1 Jw - Yw et * \ " Yw
WaSpWet =" (m) (Sh) +BwI

w n=1

are compact on the space L*(D).

Let U be a bounded simply connected domain in C with Liapunov boundary
I" parameterized by a differentiable function f : T — I' with a Holder derivative
f e H,(T) (1 € (0,1)) separated from zero. Then, by the Kellogg-Warschawski
theorem (see, e.g., [21, Theorem 3.6]), a conformal mapping ¢ of the open unit



C*-algebras of Two-dimensional Singular Integral Operators 123

disc D onto U has a continuous extension ¢ to D and there is a positive constant
M < oo such that

|0 (21) — ¢’ (22)] < M|z1 — 22" forall zy, 2 € D.

Analyzing the proof of Lemma 4.1 we immediately derive the following corol-
lary from that lemma.

Corollary 4.2. If U is a bounded simply connected domain in C with Liapunov
boundary I' and ¢ is a conformal mapping of the open unit disk D onto U, then
the operators

WoSuWo ' = (¢'/¢) Sp, WeSEWo ' = (&'/¢') Sp
are compact on the space L*(D).

Remark 4.3. Corollary 4.2 remains valid with D replaced by another bounded sim-
ply connected domain V' with Liapunov boundary.

Representing a quasiconformal diffeomorphism a : U — U in the form a =
podaop ! where & is a quasiconformal diffeomorphism of D onto itself, and apply-
ing Lemma 4.1 and Corollary 4.2, we get the next generalization of Lemma 4.1.

Lemma 4.4. If U is a bounded simply connected domain in C with Liapunov boun-
dary T and a is a quasiconformal diffeomorphism of U onto itself with partial
derivatives (4.2) satisfying a Hoélder condition on U, then the operators (4.4) with
D replaced by U are compact on the space L*(U).

Applying equality (4.3) and the compactness of the commutators ¢Sy — Syel
for ¢ € C(U), we infer that

[Jw i (’Yw)nl (SU)n . 'le-ﬂ- _ [ Jw i (’Yw)n (SU)n _ BwI:|7T
B, 1 Bu Buw | L BwYw "0 Bu Yw
= H” (Bud — 7uS0) " = | = (BuSu =) (Bul %USU)”]”. (4.5)
Analogously, )
Jw [ee) ” n—1 T » QT B i} . -
|: 2 Z (; ) (SU) - ; I = (BwSU _'le) (5101 - ’YwSU) 1] . (46)
w n=1 w w -

5. C*-algebra of two-dimensional singular integral operators with
continuous coefficients on the space L?(U)

5.1. The Allan-Douglas local principle and the C*-algebra 2
To study the Fredholmness of operators A € 2l we apply the Allan-Douglas local
principle (see, e.g., [10, Theorem 7.47], [6, Theorem 1.34]).

Let A be a unital C*-algebra and Z a central C*-subalgebra of A containing
the identity of A. Let M (Z) denote the maximal ideal space of Z. With every
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x € M(Z) we associate the closed two-sided ideal J,, of A generated by the ideal =
of Z. Consider the quotient C*-algebra A, := A/J, and the canonical projection
A — A,. Below we need the next part of the Allan-Douglas local principle.

Theorem 5.1. Let A be a unital C*-algebra satisfying the conditions mentioned
above. If a € A, then a is invertible (left invertible, right invertible) in A if and
only if for every x € M(Z) the coset a, := 7, (a) is invertible (left invertible, right
invertible) in A,.

Given a bounded simply connected domain U C C with Liapunov boundary
I, consider the C*-subalgebra 2 = alg {cI, Sy, Sf; : ¢ € C(U)} of B(L*(U)). The
C*-algebra 2 contains the ideal K = K(L?(U)) of compact operators.

According to [23] (also see [4, Section 8.2]), an operator A € B(L?(U)) is
called an operator of local type if the commutators cA — Acl are compact for all
¢ € C(U). Let A be the C*-algebra of all operators of local type on the space
L?(U), and let A™ := A/K be the corresponding quotient C*-algebra. From [18,
Chapter X, Theorem 7.1] it follows that the singular integral operators Sy and S}
are of local type, which implies the following.

Lemma 5.2. For every A € 2 and every function ¢ € C(U), the commutators
cA — Acl are compact on the space L*(U).

By Lemma 5.2, all the operators in the C*-algebra 2 are of local type, and
Z™:={cI+K: ce C(U)} is a central subalgebra of the C*-algebra A™ := /K.
Obviously, Z™ = C(U), and therefore the maximal ideal space M (Z7™) of Z™ can
be identified with U. For every point w € U, let J], and f;; denote the closed two-
sided ideals of the C*-algebras 2™ and A™, respectively, generated by the maximal
ideal

IT:={cI+K: ceCU), c(w)=0} C Z". (5.1)

By analogy with [4, Proposition 8.6] one can prove that the ideals J7 and j{[, have

the form
JE = {(cA)™: ce C(U), e(w) =0, A€},

JT ={(cA)™: c€ C(U), c(w) =0, A€ A}. (5:2)
With every w € U we associate the local C*-algebras
AT = {A"+JT: AeA}, AT ={A"+J7: Ae}. (5.3)
Lemma 5.3. For every w € U the map
Yo AT = AT AT 4 JT s AT 4 JT (5.4)

is an isometric *~isomorphism of the C*-algebra AT onto the C*-algebra glfu

Proof. Clearly, the map v, given by (5.4) is a *-homomorphism of the C*-algebra
A7 onto the C*-algebra 5[;. Let us show that v, is an injective homomorphism.
Indeed, if A™ € A™ and A™ 4 JT € Ker by, then (5.4) implies that A™ € A™ N J7.
Then from (5.2) it follows that A™ = (¢B)™ where ¢ € C(U), c¢(w) = 0 and
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B € A. Clearly, there exists a sequence {z,} C C(U) such that z,(w) = 0 and
lim |le(1 = zn)I||Br2v)) = 0. Hence A™ = lim (z,c¢B)™ in A7, where (2,cB)" €
n—oo n— oo

JT because (z,1)™ € IT (see (5.1)) and (¢B)™ € ™. Finally, since the ideal J7
is closed, A™ = hrn (zncB) € J7, that is, A7 = 07 + J7, which means the
injectivity of 1. Then by [9, Corollary 1.8.3], ¢, is an isometric *-isomorphism
of the C*-algebra A7, onto the C*-algebra QI’T ]

Applying Theorem 5.1 to the C*-algebra 2™, we obtain the following.

Theorem 5.4. An operator A € A is Fredholm on the space L*(U) if and only if
for every w € U the coset AT := A™ + J7 is invertible in the local C*-algebra AT,

5.2. Local algebras
Let us study the local algebras 27 associated to the points w € U (see (5.3)).

If two C*-algebras A; and As are (isometrically) *-isomorphic, we will write
A1 = As. From the lemma below we can see that for z € U there are two different
types of local C*-algebras.

Theorem 5.5. Let U be a bounded simply connected domain in C with Liapunov
boundary I'. Then for the C*-algebra 2 = alg {CL Su,Si e C(U)} the following
assertions hold:

(i) if w e U, then A7, = alg {1, Sg2, Si.} where the *-isomorphism is given by

(cI)y = c(w),  (Su)y = Srz,  (S()y, > Sges (5.5)

(ii) if w € T, then AT = S where the *-isomorphism is given by
(cD)i = c(w)I, (Sv)i+— Su, (SH)n — Sp. (5.6)
Proof. (i) Fix w € U and for k > 0 define the conformal mappings ¢y : R? — R2,
z — w+ k(z — w). By Lemma 5.3, AT, = AT where the *-isomorphism 1, :

AT — AT is given by (5.4). Considering the C*-algebra 2 as a C*-subalgebra of
B(L*(R?)) generated by the operators (cxuv)!, xuSrzxuv! and xuShsxuvl where
xu is the characteristic function of U, and identifying the closed two-sided ideals
Jr in the C*-algebras A™ and AR. where

Agz = {A € B(LX(R?)) : cA — Acl € K(L2(R?)) for all ¢ € C(R? U {oo})},

we infer from the property ((xu — 1)I)™ € J7, that
Yul(eD)g] = (lw))™+ T3, $ul(Su)i] = (Se2)™+T0, ul(SH)5] = (Sga)™+T5.
Hence, to any coset A7, =", H [a”SU +b”I+chU] € AT with a, ;,b; 5, ¢ j
€ C(U) we assign the coset 1h,[AT] € AT of the form AT := A™ + JT where
A= Z H (as,j(w) Sz + bi j(w)I + ci 5 (w)Ske] . (5.7)
Clearly, for every operator A of the form (5.7),
W, AW, ! = A (5.8)
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On the other hand, by analogy with [15, Proposition 7.5], we infer that
. -1
sclim (W, TW,,!) = 0 (5.9)

for every T € A such that T™ € J7 and, in particular, for every K € K(L?(R?)).
Hence, we deduce from (5.8) and (5.9) that, for all such T,

||g||B(L2(]R2)) S hrkn inf ||W<Pk (g-‘r T)W;kl ||B(L2(]R2))
= [|A+ W, TW, Mls(r2re)), (5.10)

where the coset [WLP,CTVVS;,}]7T belongs to the ideal JZ; along with the coset T™.
Since for operators A of the form (5.7),

AT = inf ||Z+T||B(L2(R2)) < ||‘Z||B(L2(R2))a (5.11)
TeA: TreJr

we conclude from (5.10) and (5.11) that ||AT| = ||Z||B(L2(Rz)) for every A of the
form (5.7), which implies that the C*-algebras ﬁg = 1, [A]] and alg {1, Sz, Sk}

are *-isomorphic. Thus, AT = glfu = alg {I, Sgz, Sk} where the *-isomorphism of
the C*-algebra 27, onto the C*-algebra alg {1, Sgz2, Sg.} is given by (5.5).

(ii) Let now w € T'. Consider a simply connected domain V' C II with Li-
apunov boundary OV that contains a segment [—1,1] C R. Then there exists a
conformal map ¢ : V — U which admits a continuous extension to V' with Holder
derivative ¢’ on V and such that ¢(0) = w. Considering the C*-algebra 2 as a C*-
subalgebra of B(L?(R?)) according to part (i), and identifying the closed two-sided

ideals J7 in the C*-algebras A™ and AR, we infer that
bul(el)g) = (c(w)xu D)™ + TF,

Bul(S05] = (o Sexw D)™ + T $ul(S3)3] = (xo Seaxo D" + T D
By Corollary 4.2 and Remark 4.3,
W [ (w)xuI]" W, = [e(w)xvI]",
W, (Su = [(¢'/¢) Sv = [(¢'/¢")xv Suxv )™, (5.13)
W (St = [/ S3]" = [(@' /¢ )xv Stxv )T
and (WLP)’T][;(WS; )= J(’)T. Since ((xv — xn)I)™ € JF, we conclude from (5.12)

and (5.13) that
(W) (D)) (W)™ = [e(w)xul] g,

(W)™ [(St) 51 (W, )™ = [(¢(0)/¢'(0))Sul5, (5.14)
(W)™ u[(St) a1 (W, )™ = [(¢(0)/¢'(0))Sh]5 -
Hence, any coset A7 = ). H [amSU + b ;I + CMSU] in the C*-algebra AT

where a; ;,b; j,¢,; € C(U), is transformed by (5.14) to the coset Ar = A" 4 JO
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of the C*-algebra &7, where & = alg{I, 51, S5}, 67 = {A™+ JT : Ac S} and

=2, 1T [ais () (@ 00/ (0) S+ bij ()T + 5 (w) (' (0)/¢' (0)Sii]-
(5.15)
Taking now an operator T' € A such that T™ € fg , applying the transforms
A+T W% (ﬁ + T)VV_1 where @i (2) = kz and passing to the strong limits
s;l_i)rgl W, (A + T)W_ ', we infer by analogy with part (i) that, for operators A of

the form (5.15),
|AGll= inf _ [[A+Tlr2(e)) = | Allsr2a)
TeA: T ey

which due to (5.14) implies the *-isomorphism A7 = &7 = & of the C*-algebras
A7, 67 and &, where the *-isomorphism AT = & is given on the generators of
the C*-algebra A7 by

(D), = c(w)I, (Su)i, = (@' (0)/¢(
It remains to observe that (¢’(0)/¢’(0))
L2 (11) along with Sp, and (¢'(0)/¢’(0))S}; is a nonunitary isometry on the space

L% (IT) along with Sj; because |¢’(0)/¢'(0)] = 1. Since the C*-algebra generated
by any nonunitary isometry is *-isomorphic to the C*-algebra generated by the
unilateral shift of multiplicity one (see [7]), we infer from the proof of Theorem 3.2
that the map defined on the generators of the C*-algebra & by

I—= 1, (¢(0)/¢'(0)Sn = Su, (#'(0)/¢'(0))Sh— Siy (5.17)
is a *-isomorphism of the C*-algebra & onto itself. Finally, combining (5.16) and
(5.17), we get the *-isomorphism of A7 onto & given by (5.6). O

0)Su,  (Sv)i, = (¢'(0)/¢(0))Shy. (5.16)

St is a nonunitary isometry on the space

From the formula for the Fourier transform of the kernels of multi-dimensional
singular integral operators (see, e.g., [18, Chapter X, p. 249]) it follows that

Swz = F L (E/E)F, Sz = F(E/OF,
where F is the two-dimensional Fourier transform defined on L?(R?) by
1 _
(Fu)(z) = / w(t)e = tdt, z e R?,
2 R2
where x -t is the scalar product of vectors z,t € R?, and F~! is the inverse Fourier

transform. Hence, Sg2 and Sk, are unitary operators.

Remark 5.6. Since the operators Sg2 and Sg. are unitary on the space L%(R?),
we conclude that the commutative C*-algebra alg {1, Sg2, Sk.} is *~isomorphic to
the C*-algebra C(T) where T = {z € C : |z| = 1} is the spectrum of Sgz and the
*-isomorphism is given by the Gelfand transform

I—1, Sger—z, Sgpr—z (z€T).

Combining Theorems 5.4, 5.5, Remark 5.6 and Theorem 3.2, we obtain the
following result for the C*-algebra A = alg {cI, Su, iy : ¢ € C(U)} (cf. [24]).
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Theorem 5.7. Let U be a boundeci\simply connected domain in C with Liapunov
boundary I'. Then the spectrum AT of the quotient C*-algebra A™ can be para-
meterized by the points (w,z) € (U x T) U (I’ x {£2}) where the one-dimensional
non-zero irreducible representations my, , : AT — C for every (w,z) € U x T and
infinite-dimensional non-zero irreducible representations m, . : AT — B(H*(T))
for every (w, z) € T' x {£2} are given on the generators of the C*-algebra A™ by

Tw,z([cI]7) = c(w), 7w ([Su]") =2, mw.([SH]") =2 if (w,2)eUxT,

Ww,Z([CI]ﬂ) = C(w)la ﬂ'w,zqsﬂ]ﬂ) =T, 7rw,Z([‘S’lgf[}ﬂ) =T, if (w,z) el'x {Q}a

Ww,Z([CI]W) = C(w)la ﬂ'w,zqsﬂ]ﬁ) =T, Ww,Z([SFIF) =T, if (w,z) el x {_2}7
(5.18)

where T, and T, are Toeplitz operators with symbols z and z on the space H?(T).

Identifying numbers b € C and the multiplication operators bl acting on the
Hilbert space H = C and taking into account the continuity in view of (5.18) of
the functions

na: UxT—C, (w,z)— my.(A7), (5.19)

nE T — B(HA(T)), wr Ty 42(AT) (5.20)
for every A € A, where my, .(A™) = na(w, z),

7Tw,?(/4ﬂ-) = nA(vaz) = T’rm(w,z) + K17 (5 21)
7Tw,—?(/4ﬂ-) = nA(vaz) = T’rm(w,z) + K27 .

and K7, K are compact operators on the space H?(T), we immediately deduce
the following result from Theorem 5.7.

Corollary 5.8. Under the conditions of Theorem 5.7, an operator A € A is Fredholm
on the space L*(U) if and only if for every (w, 2) € (UxT)U(T x {£2}) the operator
Tw,z(A™) is invertible on the Hilbert space Hy, ., where H,, , = C for (w,z) € UxT
and Hy,, = H*(T) for (w,z) € I' x {£2}.

Thus, the operator function W(A) : (w, z) — Ty, .(A™) defined for (w,z) €
(U xT)U (T x {£2}) by (5.19)-(5.21) and equipped with the norm

U(A :max{ max |my, (A7), max Tw.» (AT }
(4| o ()] (47 sy

serves as a Fredholm symbol for operators A € 2, and the Fredholmness of A € 2
on the space L%(U) is equivalent to the invertibility of its Fredholm symbol W(A).

6. C*-algebra of two-dimensional singular integral operators with
shifts and continuous coefficients on the space L?(U)

Let U be a bounded simply connected domain in C with Liapunov boundary
I', and let G be a discrete amenable group of quasiconformal diffeomorphisms



C*-algebras of Two-dimensional Singular Integral Operators 129

g : U — U whose partial derivatives gz and gz satisfy a Holder condition on U.
Suppose that for every g € G \ {e} the closed set ®, C U of all fixed points of g
has empty interior. To every g € G we assign the unitary weighted shift operator
W, € B(L*(U)) given by (1.2). Consider the C*-subalgebra B := C*(2A, W¢) of
B(L?*(U)) generated by all operators A € 2 and all operators W, with g € G.
Then B contains the ideal K = K(L?*(U)), Z™ = {cI +K: c€ C(U)} is a central
subalgebra of the C*-algebra A™ = 2/K, and M(Z27) = C(U).

By Lemma 4.4, for every g € G the mappings oy : A — W, AW, are
*-automorphisms of the C*-algebras 2A™ and Z7™. Thus, assumptions (Al) and
(A2) of Subsection 2.1 are satisfied. The set Py~ of all pure states of the C*-
algebra 2A™ consists of all functionals 7, .(A™) for (w, z) € U x T (these functionals
simultaneously are one-dimensional representations of 2™) and all vector states
(Tw,2(A™)E, &) for (w, z) € T x {£2} where £ € H?(T) are vectors of norm 1.

Since the interior of each set ®, (g € G \ {e}) is empty, we easily infer
from the continuity of the functions 74 : U x T — C (A € ) that for every
finite set Gy C G \ {e} and every open neighborhood Vi, ., C U x T of any
point (wo, 20) € (Uyeq, Pg) x T there exists a point (w, z9) € Viyg,z, such that
g(w) # w for all ¢ € Gy. In that case My = U, and for every € > 0, every
(w0, 20) € (U,eq, @g) x T and every A € 2 there is a § > 0 such that

[T, 20 (AT) = T, 20 (A™)| = [na(w, 20) = na(wo, 20)] <& if |w —wo| <.

On the other hand, from the continuity of functions n% : I' — B(H?(T)) (A €
20) it follows that for every finite set Gy C G\ {e} and every open neighborhood
Vi, C I' of any point wg € UgEGo ®, there exists a point w € V,, such that
g(w) # w for all g € Gp. In that case again My = U, and for every ¢ > 0,
every wg € |J seGo Ly and every A € 2 there is a 6 > 0 such that for any vector
¢ € H*(T) of norm 1,

| (T2 (A&, €) = (T 2(AT)E )] < |7 2(A™) = T 2(A) | 5 g2

= ||[na(w, T.) - UA(WOvTZ)HB(m(T)) <&
| (7, ~2(A™)E,€) = (Tug —2(AT)E, )] < [|w,—2(AT) = Tusg 2 (AT g 112

= [[na(w, ) = nalwo, To) || g oy < €

if |lw —wp| < 6. Thus, condition (A3) is also fulfilled along with (A1)—(A2).

Hence, we can obtain a local-trajectory criterion for the invertibility of cosets
B™ € B™ or, in other words, criterion for the Fredholmness of operators B € B
on the basis of Theorems 2.1 and 2.2.

Since Z™ = C(U) and G is a discrete group of quasiconformal mappings of U
onto itself, we conclude from (2.1) that 5, = g for every g € G. Then with every
point w € U we associate its G-orbit G(w) = {g(w) : g € G} C U.

For every w € U, consider the closed two-sided ideal J, of the algebra A™
generated by the maximal ideal I7 of the algebra Z™ = C(U), and let H,, be
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the Hilbert space of an isometric representation m,, : A" /J7T — B(H,). We also
consider the canonical *-homomorphism g,, : A™ — A" /J7 and the representation

7l AT B(Hw), AT (Fu 0 0w)(AT).

Since ag(Jgg(w)) = JJ for all g € G and all w € U in view of (Al), the quotient
algebras A"/ J;T(w) and A7 /J7 are *-isomorphic. Then the spaces Hy(,) can be
chosen equal for all g € G.

According to Corollary 5.8, the descriptions of the Hilbert spaces H,, and
representations 7/, for points w € U and points w € T are different. If w € U,
then M., = @, ¢ C, while for w € ' we have H,, = (@, C) ® H*(T) & H*(T).
Consequently, from Subsection 5.2 it follows that for w € U the representations
m, : AT = B(@,er C) are given by 7, = @,cp Tw,.- On the other hand, if
w € T, then the representations 7}, : A™ — B((@,cr C) ® H2(T) ® H(T)) are
given by 7, = (D, cr Tw,z) & Tw,2 S Tw,—2.

Let Q := Q(U) be the set of all G-orbits of points w € U. Fix a point
t = t, on every G-orbit w € Q. Let H, = H; where t = t,,, and let [*(G, H,,)
be the Hilbert space of all functions f : G — H,, such that f(g) # 0 for at most
countable set of points g € G and ) || f(g)||7; < co. For every w €  we consider

the representation 7, : B — B(I*(G, H.,)) defined by

[ (A7) f1(9) = mi([og (AN (), [ ((Wa]™) f1(g) = f(gh) (6.1)

for all A €2, all g,h € G, and all f € I*(G, H,,).

Taking A = 37, T]; [a:,;Su+bi jI+ci ;S;] € B and denoting By(w) := 57 (w)
and v, (w) == gg (w), we infer from Lemma 4.4 and the equalities (4.5) and (4.6)
that

[ag(A)], = (Wg > Hj [ai;Su + bi T + Ci,jSE]Wg_l)w
=3 T, [asslo(w) (8y(w) St = 55(w)1) (By(w)T = 75(w)Su)

+ b lg )]+ 519 (w)) (B () S5 =35 (0)T) (B ()T =75 ()57) ']

us

U

w

Hence, setting

ag(w, 2) = (By(w) = 7g(w) 2) (By(w) = 7y(w)2) " 2, (6.2)
og(w, T.) == (Bg(w)I — vg(w)T%) (Bg(w)I — fyg(w)Tz)_sz, (6.3)

we conclude from (6.3) that

[og(w, T,)]" = (Bg(w)f - Vg(w)Tz)(ﬂg(w)I - 'Vg(w)TZ) T,
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and therefore, taking into account (5.19) and (5.21), we obtain

Tw,=([ag(A)]") =na (g(u;)7crg(U)7 z)) if (w,2)eU x T, (6.4)
Tw,2([ag(A)]") =na (g(w)7og(w7Tz)) if werl, (6.5)
Tw,—2([g (A7) = na(g(w), [og(w, T.)*)  if weT. (6.6)

Thus every *-automorphism «, of the C*-algebra A™ induces the homeomorphism
Ag of the compact U x T onto itself by the rule:

Ag(w, 2) = (g(w),04(w, z)) forall (w,z)eU xT.

It is easily seen that if G acts topologically freely on M = U, then the group
{A\g 1 g € G} acts topologically freely on U x T.

Setting Qu = {G(w) : w € U}, Qr := {G(w) : w € T'} and representing the
spaces 1*(G, H,,) (to within isometric isomorphisms) as I?(G, H,) = @, o1 1*(G)
if we Qp, and

(G, 1) = (€D, 12(6)) @ (G, HAT) @ (G, HA(T)) if w e O,

we infer from (6.1) that the representation 7, : B — B(I*(G, H,,)) can be given
by 7 = @, cr T,z if w C U, and

- (@ZET %w,z) D T DT n if wC T,

where the representations 7, . : B™ — [2(G) for w C U and z € T are defined for
all A € 2, all g,h € G and all f € [*(G) in view of (6.4) by

[Tz (AT) 1 (9) = mw = ([g (A7) F(9) = na(g(w), 04 (w, 2)) f(9),
[Tz ((Wa]™) f](9) = fgh);

and the representations 7, 4o : B™ — [2(G, H?(T)) for w C T are defined for all
Ae all g,h € G and all f € I?(G, H*(T)) in view of (6.5)—(6.6) by

72 (A) ] (9) = T2 (g (A £ (9) = na (9(w), o4(w, T2)) £(g),
[%w,—Q(Aﬂ)f] (9) = Ww,_Q([ag(A)}ﬂ')f(g) _ UA(Q('LU)7 [Gg(w,Tz)]*)f(g), (6.8)
[T 2 (Wa]™) f1(9) = f(gh)-

Theorem 6.1. Let U be a bounded simply connected domain in C with Liapunov
boundary I, let G be a discrete amenable group of quasiconformal diffeomorphisms
g : U — U whose partial derivatives gg and gg satisfy a Holder condition on U
and the sets ®, of fized points for all g € G\ {e} have empty interiors, and let
wNT =0 for every orbit w € Qu. Then an operator B € B is Fredholm (resp.,
n-normal, d-normal) on the space L*(U) if and only if for every w € Qu and every
z € T the operators T, .(B™) are invertible (resp., left invertible, right invertible)
on the space 1*(G) and for every w € Qr the operators T, +o(B™) are invertible
(resp., left invertible, right invertible) on the space I2(G, H?(T)).

(6.7)
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Proof. Let us prove the Fredholm criterion for the operators B € 95 on the basis of
Theorem 2.2 (the case of n- or d-normality of B € B is reduced to the Fredholm-
ness of the operators B*B or BB*, respectively). Since the C*-algebra B satisfies
conditions (A1)—(A3), it remains to check all other conditions of Theorem 2.2.

By the Stone-Weierstrass theorem (see, e.g., [22]), the C*-algebra C(U) of all
continuous complex-valued functions on the compact U is the uniform closure of
the set of all complex polynomials P(z, z). Hence the C*-algebra C(U) is separable.

We will now prove that (), ., J& = e Jo for every G-orbit w € Q such
that w = w’. Let w = w’ and w € w \ w. Then w = lim,_,o t,, where {t,} is a
sequence of points in the G-orbit w. By [9, Theorem 2.9.7], every closed two-sided
ideal Jj of the C*-algebra 2™ is the intersection of the primitive ideals in A"
(that is, kernels of non-zero irreducible representations of 2™ in Hilbert spaces)
that contain J7. Hence, Jj = (), cp Kerm, . if w € U, and

JI = (ﬂzeT Ker 7Tw7z> NKermy, 2 NKermy, —o if wel. (6.9)

On the other hand, by [9, Proposition 2.4.9], for every pure state ¢ = (7(-), &)
on a C*-algebra A™ where 7 is an irreducible representation of 2™ in a Hilbert
space H and ¢ is any vector in H of norm 1, it follows that JJ C Ker g if and only
if J7 C Kerm. Let w € Q. Then, because for every G-orbit w C U the points
w € w\ w are in U, we conclude from the continuity of the function n4 on U x T
that, for every state m,, . (2 € T) and every coset A™ € (", JT,

Tw,z(AT) = na(w, z) = nh_)rrgo Na(tn, z) = nh_)rrgo Tt,.2(A") = 0.

Hence A™ € (), oy Kerm, . = JJ, which implies that [
every G-orbit w € Q.

Let now w C Qr and A™ € (), JI'- Then by the part already proved we
get my, - (A™) = 0 for all z € T. Hence, for the pure states gy, 12 := (T +2(+)§, )
where ¢ € H?(T) are arbitrary vectors of norm 1, we infer by (5.2) and (5.21) that

0w,2(A™) = (m,2(A7)E,§) = (na(w, T3¢, €)
= lim (na(tn, T2)€, €) = lim (7, 2(A7)E,€) = 0,
(ﬂ-w,—Q(ATr)ga g) = (7714 (w7 Tz)ga g)
= lim (na(t, T2)€,€) = lim (m, »(A7)E,€) = 0.

Hence, in view of (5.21) and (6.9), we conclude that

T _ T
wEwW Jw - ﬂwEw Jw for

Qw,—Q(ATr) :

AT ¢ (ﬂ Kerﬂ'w,z>ﬁKer7rwgﬁKer7rw —o=J5 if wel,
z€T ’ ’

which implies that (., Ji = yew Ji for every G-orbit w € Qr as well.

Since all the conditions of Theorem 2.2 are satisfied, we infer from this the-
orem that an operator B € B is Fredholm on the space L?(U) if and only if for
every orbit w € Q the operator m,(B™) is invertible on the space [*(G, H.,).
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Let w € Qu. Then the invertibility of the operator m,(B™) on the space
I>(G, H,,) is equivalent to the invertibility of the operators 7, ,(B™) on the space
12(G) for all z € T with fulfillment of the condition sup ||(F., - (B™)) ™" HB(ZQ(G))< 00.

z2€T

Fix w € U. By (4.1) with k € [0, 1), for every g € G and every z € T we get
1Ba(w)=5(w)z] 2 By () =g ()] 2 |8, (w)|(1=k) 2 min(Ju)'*(1=k) = € > 0.
Consequently, for every g € G and all 21, z5 € T, we obtain the estimate

Bg(w) — vg(w)z1 o Bg(w) — vg(w)z2
Bg(w) = vg(w)zr  Bg(w) — vg(w)z2

< 0‘2‘|Vg(w)|2(zm — 2122) + 2ilm By (w) vy (w) (21 — 22)] ‘ (6.10)

Further, from (6.2) and (6.10) it follows in view of the uniform boundedness of
|Bg(w)| and |yg(w)| on U that, for all ¢ € G and given w € U, the functions
z — o4(w, z) are equicontinuous on T. This implies that for every A € 2 and
every w € U, the operator function

T — B(*(Q)), zw T2 (A™) = diag{nA (g(w), o4(w, Z)) }geGI

is continuous on T. Hence, for every B € B and every w € ) the operator-
valued function z — 7, ,(B™) also is continuous on T, and therefore the condition
sup {H(%%Z(B’T))’lHB(ZQ(G)) : 2 € T} < oo is fulfilled automatically for all w € €.

Let now w € Qr. Then the invertibility of the operator 7, (B™) on the space
I*(G, H,,) is equivalent to the invertibility of the operators 7, ,(B™) on the space
12(G) for all z € T, with the condition sup {||(Fw,-(B™))7!|| : z € T} < oo, and
the invertibility of both the operators 7, +2(B™) on the space (?(G, H*(T)). But
the uniform boundedness norms of operators (7, .(B™))~! with respect to z € T
for every w € Qp was proved above.

Thus, the operators 7, (B™) are invertible on the spaces (?(G, H,,) for all
w € Q if and only if for every (w, z) € Qu x T the operators 7, .(B™) are invertible
on the space [?*(G) and for every w € Qr the operators 7, +2(B™) are invertible
on the space I2(G, H(T)). O

Thus, the operator function ¥(B) : (w,z) — Tw,2(B™) defined for (w,z) €
(Qx T)U (Qr x {£2}) by (6.7)—(6.8) and equipped with the norm

(B)|| = { %o (BT 7
|¥(B)|| = max (w)gl)lgngHW = )||B(12(G))

Nw V4 Bﬂ- }
(W,Z)EIISl)?)f({iQ} ||7T ) ( )”B(P(G,Hz(v]r)))

serves as a Fredholm symbol for operators B € B, and therefore Theorem 6.1 can
be rewritten as follows.

Theorem 6.2. Under the conditions of Theorem 6.1, an operator B € B is Fredholm
on the space L*(U) if and only if its Fredholm symbol ¥ (B) is invertible.
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The Riemann Boundary Value Problem on
Non-rectifiable Curves and Fractal Dimensions

Boris A. Kats

Abstract. The aim of this work is to solve the Riemann boundary value prob-
lem on non-rectifiable curve. Its solvability depends on certain metric charac-
teristics of the curve. We introduce new metric characteristics of dimensional
type and new sharp conditions of solvability of the problem. In addition,
we introduce and study a version of the Cauchy integral over non-rectifiable
paths.

Mathematics Subject Classification (2000). Primary 30E25; secondary 46F10.

Keywords. Riemann boundary value problem, jump problem, non-rectifiable
curve, metric dimension, Cauchy transform.

Introduction

We consider the following boundary value problem for holomorphic functions. Let
I" be a closed Jordan curve on the complex plane C bounding finite domain D™,
and D~ = C\ D*. Find a holomorphic in C\I" function ®(z) such that ®(cc) =0,
the boundary values limp+5,_,; ®(2) = ®T(¢) and limp-5,_,; P(2) = ®(¢) exist
for any t € I', and
OT(t) =G)D () +g(t),t €. (0.1)
This boundary value problem is called the Riemann problem. It is well known and
has numerous traditional applications in elasticity theory, hydro and aerodynamics
and so on (see [1, 2]). Recently a number of authors explored its connections with
theory of random matrices, non-classical estimates for orthogonal polynomials and
so on (see, for instance, [3, 4]).
If G(t) = 1, then the Riemann boundary value problem turns to so-called
jump problem:
OT(t) - (t) =g(t),t . (0.2)

This work was completed with the support of Russian Foundation for Basic Researches, grants
09-01-12188-ofi-m and 10-01-00076-a.
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The following classical result on this problem was obtained in XX century
by Sokhotskii, Plemelj and others (see, for instance, [1, 2]):

If the curve I is piecewise-smooth and the jump g(t) satisfies the Hélder
condition

sup { If(ﬁ’/)_—t{i(fﬁ) " e Dt # t”} = hy(f,T) < o0 (0.3)

with exponent v € (0,1], then unique solution of this problem is the

Cauchy integral
P(z) = b / 9(0)d¢ (0.4)
2m Jp (— =z

Below we denote H,(I") the set of all functions satisfying (0.3).

This result shows that solvability of the jump problem is closely connected
with boundary properties of the Cauchy integral.

Solvation of the Riemann boundary value problem reduces to the jump prob-
lem by means of factorization. It will be discussed below.

During almost a century numerous authors studied continuity of boundary
values of the Cauchy integral over non-smooth rectifiable curves. Finally, in 1979
E.M. Dynkin [5] and T. Salimov [6] published the following important result:

— the Cauchy integral (0.4) over rectifiable curve I' has boundary values
O+ if f satisfies the Holder condition with exponent

1

9

and this bound cannot be improved in the whole class of rectifiable curves.

V> (0.5)

This result implies that the jump problem on non-smooth rectifiable curves is
solvable if the Holder exponent of the jump exceeds ; This bound for the Holder
exponent cannot be improved on the whole class of rectifiable curves.

If curve T is not rectifiable, then customary definition of the Cauchy integral
falls, but the Riemann boundary value problem and the jump problem keep sense
and applicability.

In 1981 the author proved (see [7, 8]) solvability of the jump problem (0.2)
on non-rectifiable closed curve I' under assumption g € H,(I'),

1
V>, DmT, (0.6)

where Dm T is the so-called box dimension (see [9]) or upper metric dimension
(see [10]) of the curve I'. It is defined by equality

log N(e,T
DmT = limsup 057 & 1)

0.7
ceso  —loge (0.7)

where N(e,T") is the least number of disks of diameter ¢ covering the set I'. As
known, 1 < Dm A < 2 for any plane continuum A, and DmI" = 1 for any rectifiable
plane curve I'. Therefore, if the curve I is rectifiable, then the condition (0.6) turns
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into the Dynkin—Salimov condition (0.5). But if the curve is not rectifiable, then
the solution of jump problem is not representable by the Cauchy integral.

The condition (0.6) cannot be improved on the whole class of curves of fixed
box dimension d € (1, 2), i.e., for any v € (0,d/2] there exist a closed Jordan curve
I' such that DT = d and a function g € H,(I") such that the jump problem (0.2)
has not solution (see [8]). But this condition does not sense certain features of the
problem.

Ezample. Let I' = 9D, where D = Do U(Uj2, Rj), Do = {# = 2 +1iy : 0 <

Jc<1,—¢(x)<y<0},Rj:{z:m+iy:xj—e§<m<acj70§y<acj}

for j = 1,2,..., ¢(x) is positive function with bounded variation, the positive
sequences {z;}, {¢;} decrease to zero for j — oo, z; < 1, and the rectangles
R;,j =1,2,... are disjoint. We shall see in the next section, that these sequences

can be chosen so that Dm T equals to a fixed value d € (1,2) for any p > 1, i.e.,
the condition (0.6) guarantees solvability of the jump problem for v > d/2. But for
p — oo the rectangles R; turn into two-sided vertical cuts, and the jump problem
on this curve turns the jump problem on rectifiable curve 0Dy. The last problem is
solvable for v > 1/2, what yields conjecture that for sufficiently large p the initial
problem is solvable for certain v € (1/2,d/2). Below we shall prove this conjecture
by means of new metric characteristics of non-rectifiable curves.

We consider these characteristics in Section 1. In Section 2 we represent
solutions of the Riemann boundary value problem on closed non-rectifiable curve
in terms of certain generalization of the Cauchy integral. In Section 3 we study
this problem on open non-rectifiable arcs.

1. Approximation dimensions and integrations

The box dimension characterizes complexity of a non-rectifiable curve through its
coverings. We apply more precious characterization through the rate of polygonal
approximations of the curve in terms of its approximation dimension. It is intro-
duced in the paper [11]. The rates of polygonal approximations of I' from domains
D and D~ can differ. Therefore, here we introduce inner and outer approximation
dimensions.

We say that a sequence of polygonal lines G = {I'1,T'a,...,T,... } is inner
(outer) polygonal approximation of the curve I if

1. T,, = OP,, where P, is open polygon or union of several open polygons (in
the case of inner approximation all these polygons are finite, and in case of
outer approximation one of them contains oco0), n =1,2,...;

2. P, C Pyy1 C DT (correspondingly, P, C P,+1 C D7) for any n;

3. lim,, oo dist(I',,, ") = 0.

We put A,, = P,y1 \ P,. This set is either closed polygon or union of several
closed polygons, and some of them are multiply connected. Let A, stand for sum
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of perimeters of all connected components of A, and w,, for diameter of the most
disk contained in A,,. The sum

My(G) = Z Apwd=1
n=1

is called d-mass of polygonal approximation G.

Definition 1.1. Let AT (T") (correspondingly, A~(T")) be set of all positive num-
bers d such that the curve I' has inner inner (correspondingly, outer) polygonal
approximation with finite d-mass. Then the values Dma®™ T' := inf A*(T") and
Dma™ T':=inf A~ (T") are inner and outer approximation dimensions of this curve.

Let DmaT := min(Dma* I',;Dma™ T'), Dma*I" := max(Dma® I', Dma™ T").
The value DmaT is introduced in the paper [11] as approximation dimension.

Theorem 1.2. Any plane curve I' satisfies inequalities
1 <Dma®*I' <DmT < 2. (1.1)

For any value d € (1,2) there exist curves I'1 2 such that DmT = d, Dmat Ty < d
and Dma™ I's < d.

The theorem shows that Dma® I' are characteristics of dimensional type,
and, generally speaking, at least one of them is lesser than DmI". If I is rectifiable
curve, then Dma* ' = 1.

Proof. The inequality (1.1) can be proved in just the same way as the bound 1 <
Dmal < DmT < 2 in the paper [11]. Then we construct the curves I'; 2 proving
the last statement of the theorem. Let {ar} be a decreasing positive sequence
such that > ;- ar = 1 and the series > -, z,, diverge for x, = > 7 ar. We
consider vertical segments o, := {z = 2, + iy : 0 < y < z,} and evaluate box
dimension of the set o := U,>10,. Let us divide the plane into squares with side
€ > 0 and denote by N°(g,0) the number of squares intersecting . As known,
N(e,A) < N°(g, A) for any compact set A, and we can replace N by N¢ in the
definition (0.7). We determine a number n(e) by relation a, )41 < € < Gp(e)-
Then all segments with numbers n > n(e) are covered by Nj squares filling the
lower half of square [0, x,,(<)] X [0, ;)] under its diagonal. Hence, Ny < 6’2@21(6).
The rest segments ox, k = 1,2,...,n(e) — 1, are covered by N» squares, and any

n(e)—1
1

square intersects only one segment. Whence, Ny < 7! Y pei xp and

N°®(g,0) < 5_23@2(8) +et Z Tp

This relation enables us to evaluate Dm o for a number of sequences {ay}. Partic-
ularly, there is valid

2

Lemma 1.3. If z,, < nla and ap, < nalﬂ for 0 <a <1, then Dmo = 7 .
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In what follows we put z,, = . for « =2d~'—1,d € (1,2). Then Dmo = d.

We fix B > 1 and consider rectangles R, = {z = z +iy : z, — al <
T < 2,0 <y < af,n=12,... Let R := J,~; Rn. We put Df = {z =
x4+iy:0< 2 <1l,—-1<y<0}UR (the square with a number of rectangular
appendices), DJ = {z = x+iy : 0 < z < 1,0 < y < 1} \ R (the square
with a number of rectangular cuts), and I'; 5 = 8Df'72. By virtue of Lemma 1.3
we have DmI'y = DmI's = d. The curves I'y and I's have evident inner and
outer polygonal approximations with p-masses M, < Y >° :cnag(p Y The series
converges for p > 1 + ﬂ(ll_f‘a) =1+ B74(d—1). Thus, Dma™T; < 1+ dgl <
d7Dma*r2§1+d;,1 <d. O

Now we consider a distributional approach to integration over closed non-
rectifiable curves. Another approaches to this problem can be found in the works
[12, 13, 14, 15] and similar one in [16]. We identify a function F(z) on complex
plane with distribution

(o) = [[ Feplzz g € CF(C),

if the integral takes a sense. Let F'(z) be a holomorphic in C\T" function such that
the boundary values limp+s,_; F(2) = FT(t), limp-5,_,, F(2) = F~(t) exist for
any t € I', and F(oo0) = 0. We consider first a distribution F. It has support on
the curve T'. If the curve is rectifiable, then (see, for instance, [17])

(OF, ) = / (FH(Q) — F~(Q)el(Q)dc.

Thus, for non-rectifiable curve OF is a generalized integration with weight F({) —
F~(¢). The integration without weight corresponds to functions F' with unit jump
on T'. For instance, we can use to this end the characteristic function x*(z) of
domain DV, which equals to 1 in D" and to 0 in D~. We call the distributions F
primary integrations and denote them [[F]. We write [[F]ed( instead of ( [[F], ¢).
Obviously, F vanishes on constants, and we can consider it as functional on factor
C>(C)/C.

Let B be a finite domain such that I' C B, A = B. We denote H*(4,v) :=
Uue(v,l] H,(A). If we fix a sequence of exponents {v;} such that 1 > vy > vy >
©- > vy > viq > - and im0 v = v, then the semi-norms {h,,(-,A)} turn
H*(A,v)/C into the Fréchet space. In what follows we write H*(A,v) instead of
H*(A,v)/C if this cannot cause ambiguity.

Theorem 1.4. Let a holomorphic in C\ T function F be bounded on compact
set A such that its interiority contains T'. If Dma* T < 2, then primary inte-
grations [[Fx*], [[Fx~] and [[F] are continuous in spaces H*(A,Dma* I' — 1),
H*(A,Dma™ I'—1) and H*(A,Dma* T'—1) correspondingly. Here x(z) and x™ (z)
are characteristic functions of domains DV and D~.



142 B.A. Kats

Proof. Let us prove continuity of the primary integration [[Fx ] in topology of the
Fréchet space H*(A,Dma™ I'—1). We fix values d and v such that Dma™ I' < d < 2,
1 > v > d — 1. By definition of the inner approximation dimension there exists
a inner polygonal approximation G of the curve I' such that My(G) < oo. Let
G = {I';,T2,...}. We put I'* = J,,~; I'n. Any function ¢ € C* satisfies the
Holder condition with any exponent p < 1. We restrict ¢ on I'*, apply to this
restriction the Whitney extension operator (see, for instance, [17]) and denote
the obtained continuation ¢*. By virtue of well-known properties of the Whitney
extension operator (see [17]) the function ¢* is defined in the whole complex plane,
satisfies there the Holder condition with any exponent g < 1 and equals to ¢ on
the set T'*. In addition, it has partial derivatives of any order on C\ I'* and

V" (2)] < Chy(p, A) dist" " (2,T7);

here and below C stand for constants. Particularly, [V*(2)] < Chi(p, A), i.e.,
the first partial derivatives of ¢* are bounded. Consequently,

/ IFxp(Q)dC = (OF x+,0) = —(Fx*,dp) = / /D ) S”dcdc

g o

n>1
:;/ang ;// 3‘”d<d<

Obviously, in polygonal domain A,, the function ¢* equals to the Whitney con-
tinuation of restriction of ¢ on 0A,,. Consequently, we can apply the following
lemma from the paper [11].

Lemma 1.5. Let ¢ be finite domain with rectifiable Jordan boundary v, f € H,(v),
and f* is the Whitney continuation of f from . If p < 1;}, then

19501 dady < Oz MG,
1

We fix a value p such that d — 1 =1—p(1 —v), ie.,
_2-d
p_ 1_1/’

and obtain

] / [waoczc] < CKSYMY?(G)h, (. A),

where S is area of D, p~! 4+ ¢! = 1 and K is upper bound for |F|. Thus,
J1Fx*] is continuous in semi-norm A, (-, A) for v > Dma™ I' — 1. Consequently, it
is continuous in H*(A, Dma™ I" — 1). The proof of continuity of [[Fx~] and [[F]
in spaces H*(A,Dma™ I' — 1) and H*(A4,Dma*I" — 1) is analogous. O
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As C is dense in H*(A, v), since the functionals [[F'xT], [[Fx~|and [[F]
are continuable onto the spaces H*(A,Dma®™I' — 1), H*(A,Dma™ I — 1) and
H*(A,Dma*T — 1) correspondingly. The preceding proof gives us construction
of these continuations. If a function f belongs to space H*(A,Dma*T' — 1) (or
H*(A,Dma™ I — 1)), then we fix an exponent v > Dma™ I — 1 (correspondingly,
v >Dma™ T — 1) and a polygonal approximation G (inner or outer) of the curve
I' with finite d-mass such that f € H(A,v), v > d — 1 and d > Dma™ I" (corre-
spondingly, d > Dma™ I'), and put

+ L of*
Jircs@ac =~ [ ro (1.3

where f* is the Whitney extension of restriction of f on the set I'*. If we integrate

over infinite domain D~, then f* must have compact support (for instance, we

can multiply the Whitney extension by a smooth function with compact support

equaling unit in a neighborhood of I'). Obviously, [[F] = [[Fx*]+ [[Fx ]
These functionals generate families of distributions

{[1r11.0) = [IP1r@w(1ac (1.4

We call them integrations and write [[F]fpd( instead of ([[F]f, ).

2. The Cauchy transforms

Obviously, the supports of distributions [[Fx*]f and [[F]f belong to I'. There-

fore, we can apply them to the Cauchy kernel Qm'é—z) as function of variable ¢ for
z ¢ T'. Correctly speaking, we apply these distribution to a function w,(¢) € C°
equaling to 27”(1472) for | —z| > €, where 0 < & < dist(z,T"). As a result, we obtain

the Cauchy transforms of integrations [[Fx*]f and [[F]f. Let us denote

CIF]f(2) := </[F]f’ 27ri(C1— Z)> '

The representation (1.3) yields the following result.

Lemma 2.1. The Cauchy transforms of integrations [[FxE]f and [[F]f are rep-
resentable as follows:

1. if f € H*(A,Dma™ I' — 1), then

of* F(¢)d¢d
CIPX 1) = PN () = [ O FEEE,

where f* is the Whitney extension of restriction of f on the set T =, I'n,
and G = {T',,} is inner polygonal approximation of T' with finite d-mass,
v+1>d>Dma’ T, f e H,(A);
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2. if f € H*(A,Dma™ I' — 1), then

for instance, [17]). If af eLr

CIFX1f(2) = F(2)x~ (2)f*(2) — . / B af* F(¢)d¢dc

27i a C—=z

where f* is the Whitney extension with compact support of restriction of f
on the set I'* = Un21 T, and G = {T',,} is outer polygonal approximation of
T with finite d-mass, v+1>d>Dma™ I, f € H,(A);

if f € H*(A,Dma*T — 1), then

CIRIfE) = P ) =y, [T

where f* is the Whitney extension with compact support of restriction of f
on the union of sets I'* from the previous items.

The last terms of these representations are well known integral operators (see,

loc for p > 2, then these terms represent functions,

which are continuous 1n the whole complex plane and satisfy there the Holder
condition with exponent 1 — 12). The exponent p is determined by equality (1.2). It

exceeds 2 for v > d/2. As a result, we obtain

Theorem 2.2. Let function F(z) be holomorphic in C\ T, continuous in D+ and
D~ and F(co) = 0. Then the following propositions are valid:

1.

if f € H*(A,Dma™ I'/2), then the function ®(z) := C[FxT|f(2) is continu-
ous in Dt and D—, and
OH(t) — @ (t) = FF(1)f(t),t €T}

in addition, if f € H,(A) and F satisfy in Dt and D~ the Hélder condition
with exponent

2v—d
2—d’
where d = Dma™ I, then the restrictions of ® on D+ and D~ satisfy the
Holder condition with any exponent lesser than p(v,d);
if f € H*(A,Dma™ I'/2), then the function ®(z) := C[Fx~|f(z) is continu-
ous in Dt and D—, and
OH(t) ~ (1) = —F~(1)f (1)t € T

in addition, if f € H,(A) and F satisfy in Dt and D~ the Holder condition
with exponent (v, d), where d = Dma™ T', then the restrictions of ® on Dt
and D~ satisfy the Holder condition with any exponent lesser than u(v,d);
if f € H*(A,Dma*I'/2), then the function ®(z) := C[F|f(z) is continuous
m DT and D, and

() — @ (t) = (FF(t) - F (1) f(t),t €T
in addition, if f € H,(A) and F satisfy in Dt and D~ the Hélder condition

w(v,d) = (2.1)
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with exponent u(v,d), where d = Dma* T, then the restrictions of ® on D+
and D~ satisfy the Holder condition with any exponent lesser than p(v,d).

Thus, we obtain analog of the Sokhotskii—Plemelj formula for non-rectifiable
curves, what suffices for solution of the jump problem.

Corollary 2.3. If g € H*(I',Dmal'/2), then the jump problem (0.2) is solvable,
and a solution is equal to C[x*]g¥(z) for Dmal = Dma™ I' and to C[—x"]g"(2)
for Dmal' = Dma™ I'. Here g% is the Whitney extension of function g.

Proof. If f € H*(I',Dmal'/2), then f* € H*(A,Dmal/2) for any compact A
containing I' in its interiority, and propositions 1, 2 of Theorem 2.2 turn into the
solvability conditions for the problem (0.2). O

The solvability of the jump problem under restriction f € H*(I', DmaT'/2) is
proved in the paper [11]. Here we add its representability by the Cauchy transform,
which is generalization of the Cauchy integral for non-rectifiable curves.

The assumption f € H*(I', Dmal'/2) is weaker than condition (0.6) by virtue
of Theorem 1.2.

Proposition 3 of Theorem 2.2 enables us to prove another condition for solv-
ability of the jump problem.

Corollary 2.4. If gy € H*(I',Dma*T'/2) and g2 is defined on T function such
that jump problem (0.2) is solvable for g = g, then this problem is solvable for
g =9192-

Proof. Let F(z) be a solution of the jump problem (0.2) for g = g, i.e., FT(¢) —
F=(t) = ga2(t) for t € T'. According proposition g of Theorem 2.2 the Cauchy
transform C[F]g1(z) is a solution of the problem for g = g1 g2. O

A solution of the jump problem on non-rectifiable curve is not unique in
general. If the Hausdorff dimension Dmh T of a curve I" exceeds 1, then there exist
non-trivial holomorphic in C\ T functions with null jump on T" (see, for instance,
[18]). But if 4 > DmhT —1, then any function ®(z) satisfying the Holder condition
with exponent y in a domain D D T' and holomorphic in D \ T is holomorphic in
D (the E.P. Dolzhenko theorem; see [18]). We say that a holomorphic in C\ T
function ®(z) satisfies the Hausdorff-Dolzhenko condition (HD-condition) if curve
I has a neighborhood N such that restrictions of ®(z) on N N Dt and N N D~
satisfy the Holder condition with exponent g > DmhI' — 1. If a solution of the
jump problem (or the Riemann boundary value problem) satisfies HD-condition,
then we call it HD-solution. If HD-solution of the jump problem exists, then it is
unique. According to Theorem 2.2 the Cauchy transforms give HD-solution of the
jump problem if f € H,(T') and

2v — DmaTl
DmhI'—1 < 9 Dmal ° (2.2)
Let us denote

Dmul :=DmaTl + (2 — Dmal)(DmhT — 1).
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The meanings of this value are contained between 1 and 2, and we consider it
as metric characteristic of dimensional type. The inequality (2.2) is equivalent to
v > Dmul'/2. Thus, there is valid

Corollary 2.5. If f € H*(I', Dmul'/2), then the Cauchy transforms C[xT]f%(z)
(for DmaT = Dma™ I') and C[—x*]f"“(z) (for Dmal' = Dma™ T) represent a
unique HD-solution of the jump problem (0.2).

Now we apply the factorization procedure (see [1, 2]) for solving of the Rie-
mann boundary problem (0.1). Let G(¢) do not vanish on I'. We represent G as
G(t) = (t — z0)" exp f(t), where zyp € DT and  is divided by 27 decrement of
argument of G on I'; and solve the jump problem

Ut(t)— U (t) = f(t),t €T.

If G € H*(I',Dmal’)/2), then f belongs to the same space, and this problem has
a solution W(z) = C[£xT]f“(z). Then we put

X(2):=exp¥(2),z € DT, X(2) := (2 — 20) "exp¥(z),z€ D™,

and substitute G(t) = X ¥ (¢)/X ~(t) into the relation (0.1). It turns into the jump
problem

oHE) o (1) _ gl

X+t) X-(t) X+t(@)’
If g € H*(T',DmaT")/2), then it has a solution Z(z) equaling either C[’g:]g“’(z)
or C[—%; ]g*(2). Then function ®q := =X satisfies the equality (0.1). If x > 0,
then ®p(oc0) =0, i.e., P is a solution of the Riemann boundary value problem. If
k > 0, then sum ®y(z) + X (z)P(z) is solution of the problem for any polynomial
P(z) of degree lesser than . If k < 0, then ®q is a solution under restrictions

+

J1% 19“(2)z777 dz = 0,5 = 1,2,..., —k. In addition, if G and g belong to space
H*(T',DmuTl)/2), then all these solutions satisfy the HD-condition, and the prob-

lem has not other HD-solutions. As a result, we obtain

tel.

Theorem 2.6. If G and g belong to H*(I', } Dmal') and G(t) does not vanish on
T, then the function ®o(z) = E(2)X(z) is a solution of the Riemann boundary
value problem (0.1) for kK = 0. If k > 0, then the problem has a family of solutions
D(2) = Po(2) + X(2)P(2), where P(z) is arbitrary algebraic polynomial of degree
less than k. If k < 0, then ®g(z) is a solution under —k solvability conditions.

If G and g belong to H*(T, é DmuT)), then all these solutions satisfy the
HD-condition, and the problem has not other HD-solutions.

In order words, if G and g belong to H*(T', } DmuT') and G(t) does not vanish
on I', then the HD-solvability pattern of the problem (0.1) repeats its solvability
pattern in classical case of piecewise-smooth curve, and all its HD-solutions and
conditions of HD-solvability are representable in terms of the integrations and
their Cauchy transforms.
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3. Non-rectifiable arcs

Let I" be non-rectifiable Jordan arc with beginning at the point a; and end at the
point as. We seek a holomorphic in C\ I" function ®(z) such that

T () =G)® (t) +g(t),t €T, (3.1)
where IV := '\ {a1, as}, ®(00) = 0 and ®(z) = O(Jz—a1,2|77) near az 2, 0 < v < 1,
7 =7(®) (see [, 2]).

At least two essential groups of facts differ this situation from the case of
closed curve. The first group concerns definition of integrations. We have not
intrinsic meaning of the integral [.&(t)dt over arc T' for £ € C*°(C), whereas
for closed arcs that meaning is given by the Stokes formula. In particular, the
integral over arc does not vanish for £ = const. The second group is connected
with polygonal approximation of the arc. If arc I' curls in spirals at end points,
then we cannot approximate it by polygonal lines with same end points without
intersections with I' at its inner points. We restrict our class of arcs in order to
exclude the effect of these circumstances.

We say that a sequence of polygonal lines G = {T'1,T's,..., T, ...} is polyg-
onal approximation of arc I from the left (from the right) if

1. T',, begins at the point a1, ends at the point as and has not another common

points with arc I', n =1,2,...;

2. the union I' UT',, bounds finite domain P, such that P,,; C P, for any n;

3. the direction of I' is positive direction on dP, for approximation from the

left and negative one for approximation from the right, n =1,2,...;

4. if s, is area of polygon Py, then lim,,_, dist{T',T';,;} = 0 and lim,, o $, = 0.
If arc I" has polygonal approximations from the left and from the right, then we
call it PA-arc. Particularly, P A-arcs have not spiral curls at their ends. As above,
we denote by A, perimeter of the polygon A,, := P41\ P,, by w, the diameter
of the most disk contained in polygon A,,, and call the sum

My(G) =Y At
n=1

d-mass of the approximation G.

Definition 3.1. Let AT (T") (correspondingly, A~ (T")) be set of all positive numbers
d such that PA-arc I' has polygonal approximation from the left (correspondingly,
from the right) with finite d-mass. Then the values Dma® I' := inf A*(I") and
Dma™ I':=inf A~ (T") are left and right approximation dimensions of this arc.

The following result can be proved in just the same way as Theorem 1.2.
Theorem 3.2. Any PA-arc T satisfies inequalities
1 <Dma®*l' <DmT < 2. (3.2)

For any value d € (1,2) there exist PA-arcs I'y 5 such that DmT' = d, Dma* I'; < d
and Dma™ I'y < d.
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Let T, belongs to a polygonal approximation G of non-rectifiable PA-arc I"
from the left. Then I' UT',, is boundary of finite domain P,. The direction of I is
positive direction on dP,,, and direction of I';, from a; to as is negative. If I would
be rectifiable, then

/ wQdc = [ p(0)dc + / P(C)dC.
I rur,

n

If T is non-rectifiable, then we can replace the first term in the right side by the
primary integration from the Section 1. Thus, we put

J1P1dc = @R + [ (0 - F(@Q)el0
where ¢ € C§°, F(() is holomorphic in C\ (I'UT',,) and F(co) = 0. This value does
not depend on n. The polygonal approximation from the right induces analogous
construction for primary integration over non-rectifiable arc.

Let us cite three representations of primary integration over PA-arc I' with
unit weight.

1. Let F(¢) = x+(¢) be characteristic function of domain P,,. Then

[ o= [ n Zfdcdc + [ etoc

n

We can take ¢ from the whole space C>°(C).
2. Analogously, if F(¢) = —x—(¢), where x—(¢) is characteristic function of
domain P, induced by a polygonal approximation from the right, then

Jx1e@ac=- [ n gfdg“dc + [ el

3. Let

C—az

(—ar’

where the branch of logarithm is selected by means of cut along the arc I’
and restriction k(oco) = 0. The jump of the kernel k on I" equals to 1, and on
I',, its jump vanishes. Thus,

[weac=- [ KO Zfdg“da

where ¢ € C§°(C). This is also generalization of integral over I' with unit
weight.

K(Q) =" log

211

Let us note in connection with the last representation that for P A-arc I" the kernel
k(¢) has logarithmic singularities at the points a; 2. For general non-rectifiable arcs
these singularities can have arbitrarily high order.

Now we can repeat considerations of previous two sections for P A-arcs. Par-
ticularly, we obtain
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Theorem 3.3. Let I be PA-arc, G(t) = 1, and g € H*(I',Dmal'/2). Then the
problem (3.1) (i.e., the jump problem) has a solution representable by the Cauchy
transform of corresponding integration.

As above, Dmal stands for min{Dma™ I', Dma™ I'}. Earlier (see [19]) the
solvability of jump problem was established for ¢ € H*(I', DmT'/2) in terms of the
present paper.

One can easily reformulate the HD-condition for arcs. As above, if G and
g belong to H*(T, % DmuTl’) and G(t) does not vanish on PA-arc I, then the
HD-solvability pattern of the problem (0.1) repeats its solvability pattern in clas-
sical case of piecewise-smooth arc, and all its HD-solutions and conditions of HD-
solvability are representable in terms of the integrations and their Cauchy trans-
forms.

We consider also the following question. Let p(z) = Z;ﬁ:o pjzj be algebraic
polynomial. If an arc T is rectifiable, then |p(az2) —p(a1)| < Cmax{|p/(z)|: z € T'},
where positive constant C' does not depend on p, and the best meaning of this
constant is length of I". It is of interest to find a functional Banach space X such
that |p(az2) — p(a1)] < C||p’(2)| x for non-rectifiable arc I". Here we use to this end
the Holder spaces H,(T).

Theorem 3.4. Let I be PA-arc and v > Dmal — 1. Then any algebraic polynomial
p(z) satisfies inequality

p(az) = pla1)| < ClIp || a1, , (3-3)

where ||p'|| g, = ho (p/,T) + max{|p’(z)| : z € T'}, and the constant C' depends on T’
and v only.

Proof. Assume that DmaT = Dma™ I'. Then we can fix a value d such that v >
d — 1 and T has polygonal approximation from the left G = {I'1,T'9,...} with
finite d-mass. We denote I'* = U2 ,T",,. Let p* be the Whitney extension of p’
from I on the whole C, and p* the Whitney extension of restriction p*|p«. By
virtue of definitions of the Whitney extension and the polygonal approximation we
have limy, o0 [, (9'(€) — p*(¢))d¢ = 0. We obtain lim,, o [ p*(¢)d¢ = p(az) —
p(a1). Hence,

ploa) — plar) = - [ / n dcdC + / RAGLS (3.4)

for any n. By virtue of well-known properties of the Whitney extension we have

max{|p*(¢)] : ¢ € I*} = max{|p'(¢)| : ¢ € T}, and | [, p*(¢)dC| < Ly max{|p'(¢)] :
¢ €T} < L,||p'||n,, where L, is length of I',,. Then we bound the first term in
right side of (3.4) by means of Lemma 1.5. As in the proof of Theorem 1.4, we
obtain

W ?912 dedg ‘ < e(vd)sy/ My (G (0, ),
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where ¢(v, d) depends on v and d only, G,, is subsequence {T',,, 'y 1, ... }, sy, is area
of P,, the value p is defined by equality (1.2), and p~! + ¢~* = 1. Consequently,

Ip(az) = plar)| < e(v, d)(Ly + /1My (G))IP | 11,

for any n. ]

We say that arc ' is H,-rectifiable if the functional p’ — p(a2) — p(ay) is
bounded in H,(I'). We proved that PA-arc is H,-rectifiable for v > Dmal — 1.
In this connection we call the best value of constant C in (3.3) H,-length of this
arc. We see that H,-length of I' does not exceed the value

c(v,d) igf ir;f{Ln + s}/qM;/p(Cr'n)}7

where the most lower bound is taken first over n = 1,2,..., and then over all
approximations G with finite d-mass.

Earlier the H,-rectifiability of arcs without spiral curls at end-points was
proved for v > DmT — 1 in the paper [20].
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Bloch Solutions of Periodic Dirac Equations
in SPPS Form

K.V. Khmelnytskaya and H.C. Rosu

Abstract. We provide the representation of quasi-periodic solutions of peri-
odic Dirac equations in terms of the spectral parameter power series (SPPS)
recently introduced by V.V. Kravchenko [1, 2, 3]. We also give the SPPS form
of the Dirac Hill discriminant under the Darboux nodeless transformation
using the SPPS form of the discriminant. and apply the results to one of
Razavy’s quasi-exactly solvable periodic potentials.
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1. Introduction

The connections between the Dirac equation and the Schrédinger equation are
known since a long time ago [4] and have been strengthen in the supersymmetric
context soon after the advent of supersymmetric quantum mechanics in 1981 [5,
6, 7, 8]. There are currently interesting applications of this approach in condensed
matter physics [9, 10, 11]. In this work, we are interested in the same connection
in the case of periodic potentials, see, e.g., [12]. We here write the Dirac Bloch
solutions in Kravchenko form (power series in the spectral parameter) and also the
Dirac Hill discriminant in the same form and apply the results to an interesting
quasi-exactly solvable periodic potential.

2. Schrodinger equations of Hill type

The Schrodinger differential equation

with T-periodic real-valued potential ¢(z) assumed herewith a continuous bounded
function and A a real parameter is known as of Hill type. We begin by recalling
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some necessary definitions and basic properties associated with the equation (2.1)
from the Floquet (Bloch) theory. For more details see, e.g., [13, 14].

For each A there exists a fundamental system of solutions, i.e., two linearly
independent solutions of (2.1), f1(z,A) and fo(x, A), which satisfy the initial con-
ditions

AON =1 fO0N)=0, f0,N)=0, f0))=1 (22)
Then the Hill discriminant associated with equation (2.1) is defined as a function
of \ as follows
D(A) = f1(T,N) + f5(T, N).
The importance of D(\) stems from the easiness of describing the spectrum of the
corresponding equation by its means, namely [13]:

(1) sets {\;} for which |D(X)| < 2 form the allowed bands or stability intervals,

(2) sets {A;} for which |D(X)| > 2 form the forbidden bands or instability inter-
vals,

(3) sets {Ar} for which |D(A)| = 2 form the band edges and represent the discrete
part of the spectrum.

Furthermore, when D(\) = 2 equation (2.1) has a periodic solution with the period
T and when D(A) = —2 it has an aperiodic solution, i.e., f(x +T) = — f(z). The
eigenvalues \,, n = 0,1,2,... form an infinite sequence A\g < A1 < Ay < A3 <
A4 -+, and an important property of the minimal eigenvalue \g is the existence
of a corresponding periodic nodeless solution u(z, Ag) [13]. The solutions of (2.1)
are not periodic in general, and one of the important tasks is the construction of
quasiperiodic solutions defined by fi(x +T) = B+())f+(z). Here, we use James’
matching procedure [15] that employs the fundamental system of solutions, f1(z, \)
and fa(x, ), in the construction of the quasiperiodic solutions as follows
Fole ) = B2V o =T )+ ashole -] { 2SS QDT
(2.3)
where a4 are given by [15]

1

_ AT = AT N F (D2(N) —4)°

2f2(T, \) '
The Bloch factors f4(A\) are a measure of the rate of increase (or decrease) in
magnitude of the linear combination of the fundamental system when one goes
from the left end of the cell to the right end, i.e.,
_ (T A) +axfo(T,A)

f1(0,2) + ax f2(0,A)

The values of 34 () are directly related to the Hill discriminant, 8+ (X) = 5 (D(\)F
\/D%()\) — 4), and obviously at the band edges 8, = - = +1 for D(\) = +2,
respectively.

at (2.4)

B+(N)
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3. SPPS representation for solutions of the
one-dimensional Dirac equation

We consider the following Dirac equation
LW = [—ioydy + 0,P(z)] W = wW, (3.1)
where the scalar potential ®(z) is periodic function with period

spinor W = ( i; ) and o, o, are the Pauli matrices o, = (
(0 —i
o=\, o )
The uncoupled Schrédinger equations derived from equation (3.1) are

(—de + @)(de + @) f = A, (3:2)
(do + @)(—d + ®)g = Ay,

T, W is the
0 1
1 0

) and

where A = w? is the spectral parameter. It is clear that the solutions f and g are
related by the following relationship

(de + @) f = wyg, (3.4)

therefore with the solution f at hand, we can construct the solution g immediately.
We start with equation (3.2). Notice that the solution u of the equation (3.2)
for A = 0 can be obtained as follows u(z) = e~ J ®(@)dz and u(x) is a nodeless
periodic function with the period T if ®(z) € C! and fo x)dzr = 0.
Once having the function wu(z) the solutions fi(z, \) and fa(z, A) of (3.2),
(2.2) for all values of the parameter A can be given using the SPPS method [1].

fila,)) = Z((gg So(z, \) + 0/ (0)u(z) 1 (z, \),

falz, N) = —u(0)u(z)X1(x, N).

The functions io and 31 are the spectral parameter power series

(3.5)

_ Z)?(Qn)(m))\n’ Zl x, )\ ZX(Qn 1) )\n 1 7

where the coefficients X ™ (), X(™ (z) are given by the following recursive rela-
tions

X0 =1 X =1,

/ ' XD (e)u2(€)de  for an odd n
XM () = e (3.6)

v (n— df
—/0 X! 1)<£)u2(§) for an even n
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— /$ X(=D(¢) jé) for an odd n

X(")(m) =
/ X=D()?(€)de  for an even n .

(3.7)

One can check by a straightforward calculation that the solutions fi and fo
fulfill the initial conditions (2.2), for this the following relations are useful

il(ac, A)

(io(x, /\));:— iy 0 here S ( ZXQ" ) (3.8)
and
(Z1(z,\), = —Ezéf;;), where Yo(z,\) ZX@" A" (3.9)

The pair of linearly independent solutions g1 (z, A) and ga2(z, A) of (3.3) can be
obtained directly from the solutions (3.5) by means of (3.4). We additionally take
the linear combinations in order that the solutions g; (z, A) and g2(x, M) satisfy the
initial conditions g1(0,A) = ¢g4(0,A) =1 and ¢{(0,A) = g2(0,A) =0

L)y 00 o
gl('Tv)‘) - ’U,(LL')EO( ’/\) )\U(O)U(I)El( a/\)v

1

Thus, the two spinor solutions of the Dirac equation (3.1) are given by

le(fl), and Wgz(f2>
g1 92

and these solutions satisfy the following initial conditions

W1(0):((1)>, and WQ(O):((I))

3.1. Bloch solutions and Hill discriminant

(3.10)
g2(x,A) =

The second-order differential equations (3.2) and (3.3) have periodic potentials
Vio = ®2 F @', correspondingly. The important tasks for this case are the con-
struction of the Bloch solutions which are subject to the Bloch condition f(z+71") =
e’ f(x) (with a wave number k) and the description of the spectrum.

In [16] the SPPS representations of Hill discriminants D¢(\) and Dy () as-
sociated with the equations (3.2) and (3.3) were obtained in the form

D) = " BT )+ 1) Sl ) + (0 O)u(T) = a0}/ (T) 21 (T: )
(o) u(T) i o
—u/ (T)u(0)) L1 (T, \).
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It is clear that since u(z) is a T-periodic function (u(0) = u(T') ) the expression in
brackets in the above formulae vanishes. Now writing the explicit expressions for

iO(TJ\, o) and Xo(T, A, N\g), a representation for Hill’s discriminant associated
with (3.2) and (3.3) is the following

Df(\) =D,(\) = > (X(2”>(T) + X(2">(T)) A" (3.11)
n=0
Equations (3.2) and (3.3) are isospectral and we obtain the Hill discriminant as-
sociated with the Dirac equation (3.1). We formulate this result as the following
theorem:

Theorem 3.1. Let ®(x) € C! be a T-periodic function which satisfies the condition
fOT ®(x)dx = 0. Then the Hill discriminant for (3.1) has the form

Di(w) = Y (XE(T) + XCo(T))
n=0
where X2 and X®") are calculated according to (3.6) and (3.7), u = e~ J 2(@)dz
and the series converges uniformly on any compact set of values of w.

In order to construct the Bloch solutions for the Dirac equation (3.1) we use
the solutions (3.5) and (3.10) and apply the procedure of James [15]. Notice that
because the Hill discriminants for the equations (3.2) and (3.3) are identical the
Bloch factors for both equations are equal. The so-called self-matching solutions
for the equations (3.2) and (3.3), are correspondingly

Fy(z, ) = fi(z,\) + ax fo(z, N) and Ga(z, ) = g1(z, A) + brga(z, ),

where ay and by are calculated by the formula (2.4) with the corresponding fun-
damental system of solutions (3.5) and (3.10). By means of Fy and G4 we write
the self-matching spinor solution of the equation (3.1)

_ Fy (‘T7 >‘)
wi(m7>\)_ ( Gi(JC,)\) :
Finally, the Bloch solutions of the equation (3.1) take the form

R e

4. Numerical calculation of eigenvalues based on the SPPS form of
Hill’s discriminant

As is well known [13], the zeros of the functions D(A) F 2 represent eigenvalues of
the corresponding Hill operator with periodic and aperiodic boundary conditions,
respectively. In this section, we show that besides other possible applications the
representation (3.11) gives us an efficient tool for the calculation of the discrete
spectrum of a periodic Dirac operator.
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The first step of the numerical realization of the method consists in calcu-
lation of the functions X and X given by (3.6) and (3.7), respectively. This
construction is based on the eigenfunction u(z). Next, by truncating the infinite
series for D(A) (3.11) we obtain a polynomial in A

N N
Dy =" (X@”) (T) + X<2">(T)) =243y (X<2”>(T) + X<2”>(T)) A"
n=0 n=1
(4.1)
The roots of the polynomials Dy (\) F 2 give us the eigenvalues corresponding to
equation (2.1) with periodic and aperiodic boundary conditions, respectively.

As an example we consider the Dirac equation (3.1) with the scalar potential

§ 24(¢) } ’

®(x) = sin 2z {2 T A(E) cos 20

with A(¢) = (1 - \/1 + §2> and & a real positive parameter. This scalar potential

satisfies the conditions of theorem 3.1. The corresponding second-order differential
equations are

~dif+Vif = M,
—dzg +Vag = Ag,
where the Schrodinger potential

Vi(z) = 582 (1 — cosdx) — 3¢ cos 2z (4.2)

is the case m = 2 in the quasi-exactly solvable family of the so-called trigonometric
Razavy potentials [17], Vi = 582 (1 —cosdz) — (m+ 1)€ cos2zx. For a given integer
m, if £ < 2(m + 1) the potentials Vg(z) are of single-well periodic type and if
€ > 2(m + 1) they are of double-well periodic type.

£ 2A(€) 8A(€)sin? 2z
2 §—A(§)cos 23;) N (€ — A(€) cos 22)° (43)

is the supersymmetric partner potential and therefore it is also quasi-exactly solv-
able. The Schrodinger equations with these potentials can be used for the descrip-
tion of torsional oscillations of certain molecules [17]. Plots of the potentials V; ()
and Va(x) are displayed in Figure 1 for two values of &.

The computer algorithm was implemented in Matlab 2006. The recursive
integration required for the construction of Xén), X(g")7 X and X was done
by representing the integrand through a cubic spline using the spapi routine with a
division of the interval [0, 7] into 5000 subintervals and integrating using the frnint
routine. Next, the zeros of Dy (\) + 2 were calculated by means of the fnzeros
routine.

In the following tables, the eigenvalues were calculated employing the SPPS
representation (3.11) for four different values of the parameter £. The first two

Va(z) = Vi(z) + 4 cos 2z (
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FIGURE 1. The Razavy potentials V; (solid lines) for £ = 2 and £ = 11
given by (4.2) and its partner potentials V5 (dashed lines) as given by
(4.3) for the same values of .

values are below the threshold value &, = 6 for m = 2 from single-well to double-
well types of Razavy’s potentials while the last two values are above this threshold
value. For comparison, we use the eigenvalues given analytically by Razavy in
terms of the parameter £ as follows [17]

/\0:2(1—\/14—52), As = 4, >\4:2(1+\/1+§2> .

S U WY RO S

DU WY RO S

&E=1
An (SPPS)
—0.828427124746190
—0.628906956748252
2.315132548422588
3.999991462865745
4.828420096225068
9.238264469324272
9.294265517212145

£=2
An (SPPS)

—2.472135954999580
—2.428136886851045
3.184130151531468
4.000004180961838
6.472138385406806
9.864117523158974
10.253256926576858

£=1
An (Ref. [17])
—0.828427124746190

4
4.828427124746190

£=2
An (Ref. [17])
—2.472135954999580

4
6.472135954999580
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E=11 E=11

n An (SPPS) An (Ref. [17])

0 —20.090722034374522 —20.090722034374522

1 —20.090721031408926

2 3.999728397824670

3 4.000000543012631 4

4 24.092379855485746  24.090722034374522

5 24.125593160436161

6 36.212102534969766
£=20 £=20

n An (SPPS) An (Ref. [17])

0 —38.049968789001575 —38.049968789001575

1  —38.049968788934475

2 3.999999942823312

3 3.999999999630503 4

4 42.050313148383374  42.049968789001575

5 42.050347742353317

6 74.691604620863302

In Figure 2, we display the plots of the Hill discriminants for the values of the
Razavy parameter £ = 1, £ = 2, and £ = 3, respectively. In general, these plots
contain damped oscillations with higher amplitudes at higher £&. On the other hand,
getting the spectrum in X is equivalent with having the eigenvalues w,, = /A,
of the Dirac system under consideration.

FIGURE 2. The polynomial Dy () for the Hill equations with Razavy’s
partner potentials for three values of the parameter £ calculated by
means of formula (4.1) for N = 100.
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5. Conclusions

In summary, in this work we presented the SPPS form of the quasi-periodic (Bloch)
solutions of periodic one-dimensional Dirac operators as well as of the Hill discrim-
inant. We applied the obtained results to the Dirac system with the periodic scalar
potential that leads to one of Razavy’s quasi-exactly solvable periodic potentials.
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An Estimate for the Number of Solutions
of a homogeneous Generalized Riemann
Boundary Value Problem with Shift

Viktor G. Kravchenko, Rui C. Marreiros and Juan C. Rodriguez

Abstract. The generalized Riemann boundary value problem with the condi-
tion on the real line o+ = ap_+aop—+ai1p—(a)+azp—(a2)+- - +amp—(am),
where at) = t + u, p € R, is the shift on the real line, ay(t) = t + kp,
0<k<m,k,m €N, is considered. Under certain conditions on the coeffi-
cients a,ar, 0 < k < m, an estimate for the number of linearly independent
solutions of this problem is obtained.

Mathematics Subject Classification (2000). Primary 47G10, Secondary 45P05.

Keywords. Singular integral operators, shift operators.

1. Introduction

o
On R = RU {o0}, the one-point compactification of the real line, we consider the
non-Carleman shift,

alt)=t+nu, tek,
where p is a fixed real number. The k-iteration of the shift is oy (t) = t + kp,

0 <k <m,k,meN, and we assume that ag(t) = t. The shift « has the only
fixed point at infinity.

Let a,ag,a1,...,a, € C(R), be given continuous functions defined on R.
As usual, let ZQ(R) denote the real space of all Lebesgue measurable square
summable complex-valued functions on R. We consider the generalized Riemann
boundary value problem: find the functions ¢ (z) and ¢_(2), analytic in the upper

This research was supported by Fundagao para a Ciéncia e Tecnologia (Portugal) through Centro
de Analise Funcional e Aplicacoes of Instituto Superior Técnico.
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and in the lower half-planes, respectively, with boundary values in EQ(R) satisfying

the condition
P+ (t) = a(t)p—(t) + ao(t)p—(t) + a1 (t)p—(a(t)) )
+ az(t)p—(az(t)) + - + am(t)p—(am(t)).

Now let us consider in Ly(R) the following operators: the identity operator
1, the isometric non-Carleman shift operator

Ue)(t) = o(t + p),
the linear operator of complex conjugation

(Co)(t) = »(),

the operator of singular integration with Cauchy kernel

(S)(t) = (i)~ / o(r)(r — t) L,

the mutually complementary projection operators

1
PL = 2(I +9),
the functional operator
A= Z a; Uj,
j=0
and the singular integral operator with shift and conjugation
Ky =—-P;y + (al + AC)P_. (2)

Let n denote the number of linearly independent solutions of the problem (1);
it is clear that n = dim ker K.

The study of the problem (1) leads to the study of the kernel of the operator
(2). Analogously we could study the related singular integral equation, obtained
by applying the Fourier Transform to the equation K;f =0 (with a = —1),

—

/R_ Zaj(t —7)eT f(1)dT — f(t) =0,

Jj=0

where @, f, f, are the Fourier transforms of the functions a;, f, f, respectively.

The history of boundary value problems with shift, as well as singular in-
tegral equations with shift, and related singular integral operators, is rich. These
problems were studied during the last fifty years, particularly in the sixties and
the seventies of the XXth century, when the theory of this type of boundary
value problems was actively pursued. Ilya Vekua’s book [21] (first edition in 1959)
played a key role in this process; in this and in other similar books (see, e.g., [22]),
it has been shown how some mathematical physics problems lead to the solvability
of boundary value problems with shift. The Fredholm theory of boundary value
problems with Carleman shift, i.e., a diffeomorpfism of a curve onto itself, which
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after a finite number of iterations, coincide with the identity transform, was con-
structed in the decades mentioned [16]. For the case of non-Carleman shift, the
theory was completed in the eighties [7]. However, more interesting questions about
the solvability of boundary value problems with shifts, have been considered only
with very restrictive conditions on the respective coefficients [16]. Recent progress
in the study of the spectral properties of singular integral operators with linear
fractional Carleman shift and conjugation (see [4], [8], [9], [10] and [11]) makes it
possible to study the solvability of the related boundary value problems [17]. For
non-Carleman shift, the question about the solvability of this type of problems
remains open (see [12], [13] and [19]).

In [14] we studied the generalized Riemann boundary value problem (1) with
a non-Carleman shift and conjugation, with as = a3 = --- = a,, = 0. For the
number of linearly independent solutions of this problem, the following estimate

n <I(F)+ max(k, — k,0) + max(k, + k,0)

was obtained (see formula (19) below). We had noted that the influence of the
coefficient a; is restricted to the term I(F); the terms k, and k depend only on
the coefficients a and ag. In the present paper we consider the problem (1), with
iterations of the shift and conjugation. It is interesting to note that the influence
of the coefficients a1, as,...,a; is again restricted to the term I(F) only. The
estimate (19) for the number of linearly independent solutions of the problem (1)
is obtained. Then we consider a particular case which shows that, in a sense, our
estimate is sharp.

2. Main result
Proposition 2.1. Let K5 : L2(R) — L2(R) be the paired operator with shift
Ky =M P + MsP_| (3)

where My, Ms, are the functional operators

-1 A a 0
M1=(0 a)’ MQ:(K—I)’

m

A= ZajUj;

Jj=0

with

then )
n= 9 dim ker K.
Proof. Making use of the properties
C?*=1, CU=UC, UPy=PU CPy=PC,
we obtain the following relation between the operators K7 and Ko

Nydiag (K1, K1)N; ' = Ky, where K; = —Py + (al — AC)P_,
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and Ny is the following invertible operator in L2(R)
1 I I
M-y o)

dim ker K7 + dim ker f(l = dim ker K>.

Since (iI)"'K, (i) = K;, then dim ker K; = dimker K.
Thus

We then have

1
n = dimker K7 = 2dimkerK2. O

Assume that a € C(R), a(t) # 0, everywhere on R. Then the functional
operators My, Ms are invertible, so the operator K is Fredholm in L3(R) [7].

Note that
a~?t 0
My'=( ~
2 ( Ag~t -1 )’

Ky = My 'Ky, (4)

and consider the operator

Simple computations show that

Ko = (AgI+ A U+ AU - 4 AU 4 Ay 1 U™ - 4 Ao, U™V PP, (5)

Ay — < —a:l a~tag ) 7 (6)

—atag allao) —a

where

A, — 0 a tay
V7 —a Ya)ar atagar +a Y a)aap(a) )’

A, — (17161,2
2= —a Y ag)ay atagaz +a"H(a)arar (@) +a " (az)azap(az) )’

A — 0 a Yan,
T\ —a Ham)am  aragam +a N (Q)aram—1(a)+ -+ a"Ham ) amao () )’

o

0
AmH:( 0 a Ha)aram(a)+a  (az)azam—1(a2)+ - +a " (am)amar(am) )’

Agn = ( 8 a—l(am)fmam(am) )
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Taking into account Proposition 2.1 and (4) we have
Proposition 2.2. Let Ky : L3(R) — L2(R) be the singular integral operator with
shift defined by (5), then
1 ~
n= 9 dim ker K.

Let E,, denote the (n x n) identity matrix and, for simplicity, £ = F,.

Proposition 2.3. Let K3 : Li™(R) — LA™ (R) be the paired operator with shift

K3 = (Bol + B\U)P; + P_, (7)
where By and By are the (4m X 4m) matriz functions
A 0 0 -~ 0 O
0O E 0 --- 0
0 0 FE
By =
0 0
0 E 0
0 0 0 F
Ar A Asp—2  Asm—1  Aom
-FE 0 .- 0 0 0
0 -—-FE
By = ) (8)
0 0 0 0 0
: -E 0 0
0 0 0 -F 0

then )
n= 9 dim ker K.

Proof. Let N : LA™ (R) — L&™(R) be the invertible operator

I 0 e 0 0 0
UpP, I
N = U2P+ UP+ - 0 0 0 ,
: : I 0 0
um=2p, y*m-3p, UpP, I 0
ym-ip, y*m—2p, Ulr, UP, 1

with I,U*Py : L3(R) — L3(R), k = 1,2m — 1.
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‘We obtain that

Ky Fi Fy  Fopm_g Fop
0 I 0 - 0 0
o o I . : :
K3N = ) . ) )
: : " 0 0
0 0 I 0
0 0 0 I

where F| = (AQU +---+ 1‘12mU277171)F’Jr7 Fy = (A3U +---+ AQmU2m72)P+7 e
FQm_Q = (Agm_lU + AQmUQ)P+, Fgm_l = AQmUP+.
Thus
n= ; dim ker Ko = ; dim ker K. O

Now we analyze the matrix Ao,
—a ! a‘lao
AO = -1 1 2 s
—atag atao|"—a

in more detail. Note that det Ag(t) # 0 for all t € R. It is known that (see, for
instance, [18]; see also [2], [3] and [5]) the non-singular continuous matrix function
Ap admits the following (right) factorization in L3**(R)

Ay = A_AA,, 9)
where 2X2 2X2
(t—i)tAT! ¢ [L;(R)] (t+i)LAE € [L;(R)] ,
t—1
A = diag (671,672), 6(1) =
fag (61,07, 0() =, .

~

1,9 € 7L, with 301 > 323, L;E are the spaces of the Fourier transforms of the
functions of LQjE7 respectively, and Lj = P;Ly, L, = P_Ly @ C. The integers
21, #o are uniquely defined by the matrix function Ay and are called its partial
indices. It is assumed that

(t —i) tAEY (¢ +4) T AT € CP(R).
Proposition 2.4. Let a € C(R), a(t) #0, for all t € R, and let

1
_ kq _
a=a-0 a+, ko = 27T{arga(t)}t€]§a
be a factorization of a in La(R). Then the partial indices of the matriz Ay are
= —ko+k, 0=—ks—k,
where
k = dimker(I — P_u_Pyu_P_), (10)

and u_ = P_u, u:= (ag)—(a—ay)™t, (ap)- := P_(ag).
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Proof. The matrix Ay can be written as the product

Ay =60"%B_MB,,

(3 D0 (),
() (5 ()
MZ(ul \uf\g_—l )

and (ag)+ := Py(ap), us := Pyu.
The matrix M admits the following factorization in L3**(R) (see [18])

where

M = M_diag (8%,67%) M, .
Then a factorization of the matrix Aq is
Ay = B_M_diag (9 *t* o=*=k\M, B,
where 1 = —k, + k, 20 = —k, — k are its partial indices. O
Proposition 2.5. Let a € C(R), a(t) # 0, for all t € R, By be the matriz func-

tion defined by (8), A+ and 3112 be the external factors and the partial indices,
respectively, of the factorization of the matriz Ay in LgXQ(R). Then

1
n < 2(dimkerK— 23] — 2555 ),

where K : L™ (R) — Li™(R) is the paired operator
K = (I +FU)P, + P_, (11)
F' is the (4m x 4m) matriz function

F = diag (AZ'A™", Eyn o) Brdiag (A7 () AT (@), Bam—2), (12)

Ay :A=A_Ay, Ay =diag (07 ,0°2),
A is the central factor of the factorization of the matrix Ay and
1 .
o = o5 Elml), =12
with

the partial indices of Ag.
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Proof. The operator K3 defined by (7) admits the factorization
K3 = diag (A_, Egyn_2)K[diag (A4, Egn_2)Py + diag (A~™Y, Egn_2)P_], (13)
where N
Ky = |diag (A, Eym_o)I + FU} P+ P,
with B
F = diag (AZ', Eymn_2)Bidiag (A7 (), Bgm—2).
The following equalities hold

KyK_ =diag (A_, Eypm—2) K, (14)
K=KKy,, (15)
where K4 are the left invertible operators
K_ =Py +diag(A_, Eypp—2)P—,
Ky = diag (Ay, Eym—2) Py + P,

K = |diag (At, Eym—2)I + diag (A:17E4m—2)ﬁU:| P+ P_,

and K is the operator defined above.
Tt follows from (14) and (15) that

dim ker K < dim ker K + dim coker K_,
and N
dim ker K < dim ker K.
Finally, taking into account the invertibility in ng(R) of the first and the third
operators in (13), Proposition 2.3 and the relation (see [20])
dim coker K_ = —23¢; — 22, ,

we obtain ) .
n= 2dimkerKA§ 2(dimkerK—2%1_—2%2_). O

Thus, it remains to estimate dim ker K. To do this we need a few more facts.
As usual, let T denote the interior of the unit disk, o(g), p(g) and ||g||,, denote
the spectrum, the spectral radius and the spectral norm of a matrix g € C**",
respectively. Now we will make use of some results from [12]:

Lemma 2.1 ([12]). For every continuous matriz function h € C™*™(R) such that

olh(c0)] C Ty,
there exist an induced matriz norm ||.||, and a rational matric r such that
max |r®)hE)r " (t + wll, <1 (16)
teR

and
Potlp, = r*p,. (17)
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Note that the rational matrix r can and must be chosen such that the condi-
tion (16), with the spectral norm instead of the induced norm |.||,, holds; unfor-
tunately this fact was not duly emphasized in [12].

The rational matrices r satisfying the conditions (16) and (17) have the ele-
o

i)

r;,; is a rational function whose zeros lie in the lower half-plane and has no poles).

Let Ry, denote the set of all such rational matrices r,

ments of the form r; ;(t) = p; ; where p; ; is a polynomial, 7,j = 1,n (i.e.,

ll(T) = Z _max li,ja

=1 J=Lmn

where [; ; is the degree of the element 7; ;(t) = p; ; (ijr;) of the rational matrix r,
and
= mi . 1
{(h) = min {i,(r)} (18)

Lemma 2.2. [12] Let T = (I — gU)Py + P_ : L} (R) — L%(R), where the matrix
function g satisfies the conditions of the Lemma 2.1. Then the estimate

dimker T < I(g),
holds.

Proposition 2.6. Let K be the operator defined by (11) and a € C’(I?R), a(t) # 0,
forallt e HO% Then
dimker K < 2I(F),
where I(F) is the number defined by (18) for the matriz F.
Proof. Taking into account Lemmas 2.1 and 2.2, it suffices to show that
o[F(o0)] C Ty.
From the factorization Ag = A_AA, of the matrix function Ay, we have

Ag(o0) = A_(00) A (00),

SO

Now using (12), we can write
F(00) = diag (A~"(00), Egm—2)Bi(c0)diag (A7"(00), Eim-—2)
and so
F(00)=diag(AZ"(00), Eym—2)Bi(c0)diag(Ay ' (00), Egm—2)diag(A_(00), Egm—_2),

which means that the matrices F(co) and Bj(co)diag (A (00), Eym_2) are simi-
lar.
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We show that all eigenvalues of the matrix

Bj(o0)diag (Aa1 (00), Bgm—2)

Ay(00) Ayt (00)  Ag(o0)  As(oo)

— A1 (c0) 0

0
0 -F 0

- 0 0 _E
0 0 0

are equal to 0.
Let B be the matrix

A (00)Agt(00) — 2E Ag(oo)  Az(c0)

— Ayt (00) —zE 0

0 ) —zF

B = 0 0 -F
0 0 0

where z € C. We have that

B=G+ H,
where
—:E 0 0
~Ayt(0) —2E 0
0 —-F —zF
G= 0 0 -F
0 0 0
A1(00)Agt(c0)  Ap(oo)  As(oo)
0 0 0
0 0 0
H= 0 0 0
0 0 0

V.G. Kravchenko, R.C. Marreiros and J.C. Rodriguez

Agm—1(00)  Agpm(00)

0
0

0
0

Ao (OO) AQm(OO)

0
0
—zF
—F
0 0
0 0
0 0
—zF 0
-F —zF
Asp—1(00)
0
0
0
0

0
0
0
—zF
Agm(oo)

0

0

0
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Moreover
—2z7'E 0 0 0 0
L THCO N
a1 —273 A5 (00) 2 2E 0 0 0
: : —27'E 0 0
—2_2m+1A61(OO) y2mt2 2R . lp 0
27 A (00) -z HE .. —273E 272FE —27E
Furthermore, we have
H=XFEY,
where .
X = ( E 0 --- 0 )
and
Y = ( Ai(00)Ag (00) Az(c0) Az(o0) o Azm—1(00)  Azp(c0) )
are (4m x 2) and (2 x 4m) matrices, respectively.
Then
B=G+ XFEY.

We compute the (2 x 2) matrix,
E+YG X = (Ao(oo) — 27 Ay (00) 4+ 272 Ag(00) — - - -

= 2P A 41 (00) 4 27 Az (50) ) A (o)

and show that its determinant is equal to one for all z # 0. Thus the matrix
E +YG1X is invertible, and so is the matrix B (see, for instance, Chapter 0.7.4
in [6]), with
Bl'=G1'-G'X(E+YG ' X)lvyGg
It follows that the resolvent set of the matrix B (oco)diag (A *(00), Eim_2) is
C\ {0}, so the spectrum is
o[Bi(co)diag (Ag ' (00), Eam—2)] = {0}.

Thus

o[F ()] = {0}. O

Finally, Propositions 2.5 and 2.6 allow us to establish our main result.

Theorem 2.1. Let a € C(f&), a(t) # 0, for all t € HOQ, and let k, = inda, k be
the number defined by (10), F be the matriz function defined by (12), I(F) be
the number defined by (18) for the matriz F, and n be the number of linearly
independent solutions of the problem (1). Then the estimate

n < I(F)+ max(k, — k,0) + max(k, + k,0), (19)
holds.
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Remark. By Proposition 2.4, the partial indices of the matrix Ag are > = —k,+k
and s = —k, — k. Therefore, estimate (19) can be written as

n <I(F) 4+ max(—s,0) + max(—so, 0). (20)

3. A special case with analytic coefficients
Let us consider the problem
Py = ap— + agp— +arp_(a) + azp—(az) + -+ + amp—(om), (21)

o
in the case when ay,...,a,, € C(R) have analytic continuation into the upper
half-plane. B
Let Ny : LZ(R) — L3(R) be the invertible operator

o 1 A—ao 1 0
NQ_(O 1 )P++(A—ao 1)P"

Recall that A = >~ a;U7 and A=Y a;U.
=0 =0
We define the operator T : L3(R) — L3(R) by
T = K2No,

where K is the operator defined by (3). It is easily seen that

(=1 ao a 0
e (d e (o)
The number of linearly independent solutions of the problem (21) is given by

n= ; dim ker T

1 a\ [ a O _ et
0 a apy —1 ) 707
where Ay is the matrix function defined by (6). From (9) the matrix A;* admits
the left factorization in L3**(R)
At = ATTATTATY
where A=! = diag (§=>,07>2). It is known (see [18]) that
dimker T' = 2[max(—3, 0) + max(—e, 0)].

Notice that

Thus we have

Proposition 3.1. Let a € C(R), a(t) # 0, for allt € R, and let 51, 52, be the partial
indices of the matriz Ag. Then the number of linearly independent solutions of the
problem (21) is

n = max(—s,0) + max(—s,0). (22)
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On the other hand, the matrix function Ay admits the right factorization (9),
Ap=A_ANA_,

where A = diag (0>, 6*2). Theorem 2.1 yields the estimate (20) which is obviously
consistent with the equality (22).

Ezample. Consider the following boundary value problem

Py =0p_ +p_ +10"%p_(a). (23)
Note that the two pairs of functions
2 1073 1
Yr= T t+p+i’ V==
and
—10734 7
¢+_t+ﬂ+1’ ¢7_t_i7

are linearly independent solutions of the problem (23).
The matrix Ay associated with the problem (23) has the form

-1 g1

AO:(—al 0 )
(11 =10 10,
-1 0 0 6! 0 1)

and the corresponding (4 x 4) matrix F in (12) is
107300~ (a) 1073(-1—-660"(a)) 0 —107500~1 ()

o 107300~ () —10730671 () 0 —107%01(a)
o -1 0 0 0
0 -1 0 0

If D is the diagonal matrix
D =diag (37%,271,1073,107%),
then one can easily check that
|DF(c0)D7H|, <1,
and
max HDF(L‘)D_1H2 <1
tek

Therefore, r(t) = D, that implies I(F) = 0.
Now, from (22) and (20), we get

2=n<2.
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On the Hyperderivatives of
Dirac-hyperholomorphic Functions
of Clifford Analysis

M. Elena Luna-Elizarraras, Marco A. Macias-Cedeno
and Michael Shapiro

Abstract. In the context of Clifford analysis, considering the Cauchy-Riemann
and Dirac operators one has that any Dirac-hyperholomorphic function is also
Cauchy-Riemann-hyperholomorphic, but its hyperderivative in the Cauchy-
Riemann sense is always zero, so these functions can be thought of as “con-
stants” for the Cauchy-Riemann operator. It turns out that it is possible to
give another kind of hyperderivatives “consistent” with the Dirac operator,
but there are several of them. We focus in detail on one of these hyperderiva-
tives and develop also the notion of (n — 1)-dimensional directional hyper-
derivative along a hyperplane. As in the previous works, an application to the
Cliffordian-Cauchy-type integral proves to be instructive.

Mathematics Subject Classification (2000). 30G35; 32A10.

Keywords. Hyperderivative; Clifford analysis; Dirac operator; Cauchy-type
integrals.

1. Introduction

1.1. Algebraic preliminaries
1.1.1. We will use the common notation C'¢ ,, to denote the real Clifford alge-

bra with imaginary units e, es, ..., e, with negative signature; denoting ey = 1
the real unit, any Clifford number is of the form a = ), ases, where ey :=
€h,€hy - €h,, 1 < hy,< -+ < hy < m,eg = e = 1 and as € R. The con-
jugate of a is defined by a := )" ,asea, with eq := ey e, _, - -ep,; € =
—ep(k=1,...,m),eg=eg=1.

The research of the first and the third named authors was partially supported by CONACYT
projects as well as by Instituto Politécnico Nacional in the framework of COFAA and SIP
programs.
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The real-linear subspaces

k
Cﬁéﬂz@ = {a € Clom|a= II;kaAeA}7 ke{0,1,...,m},

induce a decomposition of the Clifford algebra C/y ., given by

Clom = Clg,, ® Cly s (1.1)

where Cﬁaim = Bk oven Cﬂé’f}n and C’E&m = Bk odd C’fé’?n. It is seen at once that
C’Eaf m is a subalgebra and it is called the even subalgebra. Thus any y € C'ly ,, has
a unique representation y =y +y~, with y* € C¢f  and y~ € Cly -

0,m

1.1.2. There is a decomposition of the Clifford algebra C ,, that we shall use
in what follows.

The generator of the real-linear subspace Cﬁéfg is ey, :=ejez- -€p,
with N,,, := {1,2,...,m} and it has the property: e%m =1 or —1. The elements
of the set ey,,R are called pseudo-scalars. On the other hand any y~ € C¢; , is
written as

m
yT=> wer+ Y yaeat-+ D yaeat Y yaea,
=1 |A]=3 |A|=B-2 |Al=8

where

m if m is odd;
B = . .
m—1 if m iseven.

In the case that m is an odd number, it is direct to see that

5 -1 if m=1mod4,
eN == .
m 1 if m=3mod4.

Thus, in this case, y~ is written as follows:

m
Yy = (ﬁ: ZyzezeNm + Z yaeaen,, - =+ Z yaeaen,, + me) eN,, »
=1 |A|=3 |A|=8—2

where the sign depends on the class of congruence of mmod4. Observe that, if
| A|is odd, then eqey, = eys, with | A’ | an even number, that is, every product

ejeyn,, € C’Eafm, hence

m
+ ZygegeNm + Z yaeaqen,, Lt---+£ Z yaeaen,, + yn,, € C’E&‘:m.
=1 |A|=3 |A|=B—2
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Considering now the case of m even, and taking k € {1,2,...,m}, one has:
Zyzez + Z yaea+ -+ Z yaea + Z yaea
|A|=3 |A|l=m—3 |[A|l=m—1

—Zyeee (er)? = > yaealer)? —

|A|=3

Z yAeA (er)? — Z yAeA (ex)?
|Al= |Al=
= ( Zyeezek— Z yaeaer — -

|A|=3
T E yaep e — E yaea ek) er .
|Al=m—3 |[Al=m—1

Again, if | A | is odd, then ese; = e4r, with | A’ | always an even number,

and every product eaey, € C’ZO m, hence
—Zyeeeek — Y yaeaer—--— > yaeaer— > yaeaey € Cl,.
|A]=3 |Ajl=m—3 |Aj=m—1

With the above reasoning it is clear that the linear subspace C'¢,, can be

written (not in a unique way) as:

Cly = CU§ 0. (1.2)

0,m

with a = ey,, or o = e depending on if m is odd or even, but in any case «
satisfies a? = 1 or a? = —1.
Thus from the decomposition (1.1) one has:

Clym = C’Ea'm o C’Zafma. (1.3)
It was proved in Section 1.7.2 in [1] that the subalgebra Cﬁaim is isomorphic

to the algebra Cfy,,—1 thus we can say more about the decomposition of the
Clifford algebra C'g p,:

Ofovm = Ozo,m—l D Ofovm_l(){. (14)
1.1.3. One more algebraic fact. Fixing ey, with £ € {1,...,m}, consider the m—1
bivectors e := e;e,, with j € {1,...,m} and j # £. Let z = (21,%2,...,%m) €

R™. An alternative Cliffordian representation of x is given by
T =xp+ Z Tj€j.0,
JE{L,. l=1,0+41,...,m}

hence any domain €, C R™ can be embedded in this other way into the Clifford
algebra C'¢y ,—1 which is seen inside the Clifford algebra C¥g .
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1.2. Complex and hypercomplex antecedents

1.2.1. 1In [9], Shapiro and Vasilevski obtained the correlation:

A6 f@) =, (0¥ Delfl@) — 0.9 Delf@) ) (15)

where 09(33) is the 3-form

o = dxy Adzy Adrs —idzg Adzy A drs
+ jdzo ANdxy Adrs —kdrg Adxy Adxs
= d/x\o - id/l'\l +_]d/$\2 - kd/x\g,
09(32) is the 2-form
0@ = iday Adas — jdry Ades +kdxy A deo

=: id/l'\LO —jd/x\g)o + kd/x\g)o R

and
3 3
0 0
Dp = e , Dp:= e
F Z ¢ oy F Z ¢ o,
=0 =0
are the Fueter operator and its (quaternionic) conjugate.

1.2.2. The equality (1.5) is a deep structural analog of its complex analysis an-
tecedent

dg dg
0z 0z

In the latter, when ¢ is a holomorphic function, then its complex derivative

dg(z°) = 7 (") dz + 7 (") dz. (1.6)

0
g'(2°) coincides with its “formal” derivative g(zo). Hence the analogy between

(1.5) and (1.6) allows us to conclude that if a quaternionic function f is hyperholo-

1
morphic (f € ker D) then 27) r[f](2°) is a highly probable candidate for being

an “adequate quaternionic hyperderivative” of the hyperholomorphic function f.
The paper [7] justifies the idea; it works with the notion of the hyperderivative
"f(2°) of a Fueter-hyperholomorphic function as the limit of a specific quotient,
concluding that

) = DA (17)

In others words recalling that in the complex case the derivative of a holomorphic
function is the proportionality coefficient between the differentials of the function
and of the independent variable: dg = ¢’(2°) dz, we conclude that the hyperderiva-
tive ' f(z") is the proportionality coefficient between the two differential forms:
1
d(oi) f(a) =, o) Drlf](°).

0 ) 0



Hyperderivatives of Dirac-hyperholomorphic Functions 183

1.2.3. In [2], see also [5] the authors followed the above ideas in the context of
real Clifford algebras C?g . Let Dopr = ZZL:O (Y] 3‘?” be the Cauchy-Riemann
operator acting on C*(Q C R™*1;Cly ,,); the (Cliffordian) Cauchy-Riemann-hy-
perholomorphic functions are null solutions of Do g. In analogy to (1.5) and (1.6),
for Cly m-valued functions of class C! there holds:

1

d(1z f(z)) = 9 (02Dcrlfl(x) — 0 Derlfl(x)) (1.8)
where
0y =dig —erdi; + -+ (—1)"endin, , (1.9)
and
Ty = —e1dZo1 + eadZoo + - - + (—1)"endio m , (1.10)
with

dZe :=dro ANdxy AN+ ANdxg—1 ANdxer1 A ANdTy, ,

(i.e., dTy is obtained from the volume differential form dV = dxg A -+ A dayy,
omitting the factor dxy), and dZ,; is obtained from dzs omitting also dz;.

Similarly to what is written in Subsection 1.2.1 the Cliffordian hyperderiva-
tive is defined as the proportionality coefficient between the differential forms o,
and 7., and it also turns out to be the limit of an appropriate quotient; besides,
the hyperderivative coincides up to a real factor, as in (1.7), with the conjugate
Cauchy-Riemann operator:

'$(w) =~y Penlfl).

1.2.4. The Dirac operator

- 0
Dpjy = E Y ; (1.11)
= 6mg

which acts on functions f : Q@ C R™ — CYy,, of class C', is related with the

Cauchy-Riemann operator as follows: given f as before, define f: RxQ c R
Cly,m, such that
f(mo, X1,X2, ..., L) = f(x1,22,...,2y) for any xg.
Now, assuming that f is Dirac-hyperholomorphic (that is, f is a null-solution
of the Dirac operator), one has:

Derlf(xo, 21,22, ..., Tm)
af oy
= 8:5()(%’561’562"”’1:7”)+Zezé)mg[f]<xo’xl’x2""’zm)

(=1

- 0
=> er, i@, 22, 2m) = Dowlf)(21, 22, ..., 2m) =0,
=1 81‘@
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thus f is Cauchy-Riemann-hyperholomorphic in this specific domain R x 2 (of
course, the “cylinder” can be of a finite height, and there are other ways of “in-
flating” the domain ). It is common to say that f is Cauchy-Riemann-hyperholo-
morphic as well, and to write the Cauchy-Riemann operator (for these specific
domains and for these specific functions) as

- 0 0
Der = = Dbir -
CR ;ez Or0  Omo +Dp
What is more, the left-hyperderivative of f € ker Dp;, at the point 2% = (29,
29, ..., 22) € Q C R™ is equal to the left-hyperderivative of f at any point
(w0, 29,23, ..., 20 ) =: (20,2") € R™*! and hence, is identically zero in the whole
domain :
~ 1 ~
'f(xo,2°%) = QDCR[JCK$O’$O)
O (0 N~g, O () 0
= o2, (zo,2") — ;eg . (zo,2")

= —Dpir[fl(x1,22,...,23) =0.

That is, the set of Dirac-hyperholomorphic functions is a kind of the set of
“Cauchy-Riemann-hyperholomorphic constants”, and thus it is obviously not in-
teresting to study the properties of the Cauchy-Riemann-hyperderivative of the
Dirac-hyperholomorphic functions.

1.2.5. It is the aim of the paper to show that it is possible to develop another
approach to the notion of hyperderivatives of a Dirac-hyperholomorphic function
which is based on the same ideas but in such a way that the new hyperderivative
does not vanish identically. We describe also the peculiarities of the situation
and we explain why the Dirac-hyperholomorphic functions need to have several
equivalent hyperderivatives.

2. The left-e;-Dirac-hyperderivative

2.1.
Since

Dpir = Zez 0

I

o

&
7N
o5}

|

Atg

o

(™)
(o5}

o

&

o

3
(o5}
N—

=eDip, (2.1)
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where
0 0 0
Dip = +e +---+e , 2.2
CR 83:1 2 83:2 m axm ( )
and €3 := ez eq,..., €, := €, e, then the sets of null-solutions of both operators

coincide. At the moment, we can say that ’Dé r is a Cauchy-Riemann-type operator,
which acts on C’l(Qm C R™; Cly ). Observe that the restriction

I+ ._ pl
Dy = DCR‘Cl(chRm; ey,

is a “genuine” Cauchy-Riemann operator for the Clifford algebra C¢g ,,,—1 = C’fa') -
whose imaginary units are €s, ..., €, and € := 1.
2.2.

Thus, using the reasonings and the denotation given in Section 1.1 together with
the decomposition of the Clifford algebra C/o ., given f € C'(Q,, C R™; Cly 1),
for any = € €2, one has:

fl@)=f"(@)+ (@),
with f*(z) € Clf,, and f~(z) € Cl;,,,. We know also that there exists f_(z) €

0,m

C¢§,, such that
[ @) =f-(@)a,

with a as in Section 1.1. Recall the notation M* : C1(Q, C R™; Clym—1
— CY(Qy € R™; Clym—1) for the operator that acts by MH[ f](x) = MHo f(z) :=
f(z) p. Hence f+, M*o f_ € CH(Qy C R™; Cly —1) and

Degl fl(x) = Dogl f7)(x) + Dop[ M o f-)(x)
= Dogl f11(@) + Dopl f-](@) a (2:3)

2.3.
Adding the hypothesis that f € kerDp;, = ker D}y, i.e., Dpi[ f](z) = 0, from
(2.3) and using the fact that C¢,, N Cl;,, = {0}, one concludes that f* and

f- belong to ker Dgl,. Tt is clear that if f*, f_ € ker D5, hence f € ker Dpy,.
Summarizing we have

2.4. Proposition.

Let f € CY(Qy C R™; Cly,m) and take its decomposition f = fT + f_ «, with
f*, f— and a as before. Then f € ker Dy, if and only if f+, f- € ker DSh,.
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2.5.
The analogs of (1.9) and (1.10) for the Clifford algebra Clom—1 = C/,,, with the
imaginary units €s, ... ,€,, are:

Op1 = dTy — €dTo + -+ + (=1)" 16, dTp, ,

and
Teq = —€2dT1 o+ -+ (—=1)"1€,,dT1 m ,
for which there holds for any g € C*(Q,,, C R™; Cly py—1):
1 1+
A(7219() = , (724DERL9)(@) — 021 DERI)(@)) - (2.4)

In particular for f = f*+ M®o f_ € C*(Q,, C R™; Clp ) given as before,
one has:

(1o 1(fF + Mo fo)(2)) = d(Te1 f* (2)) + d(ra1f-(2)

= (GeaDERL @) — 0w D] £1](@))

2
b (0eaDERIF 1) — 021 DEGL £ )@))

— 5 (721 (PERLII(@) + DERI-)(w) )
= 0o (DERLFH)(@) + DERL f-)(@) )

=5 (eaPerl ) = raaPeal ) . (25)

Summarizing:
1

1
d(r1f(@)) =, (021D0Rl (@) = 021 DEgl f1(@)) - (2.6)
So we are in a position to define a new hyperderivative for Dirac-hyperholo-
morphic functions.
2.6. Definition.
Let f € CY(Q,, C R™; Clym). The function f is called left-ei-hyperderivable in
Qum, if for any x € Q,, there is a Clifford number, denoted by ' fe, (), such that
(2,1 f (@) = 021 "fe, (@) (2.7)
The Clifford number ' fe,(x) is named the left-e,-Dirac-hyperderivative of f at x.

Next theorem is immediate from (2.6).

2.7. Theorem.
Let f € CY(Qy, C R™; Cly,m). The function f is Dirac-hyperholomorphic in Q,
if and only if it is left-e1 -Dirac-hyperderivable and for such a function

o) = |

, Derlfl@), Vo€ Q. (2.8)
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2.8.

It should be noted that according to equation (2.5), Proposition 2.4 and Theorem
2.3.1 in [5], the left-Dirac-hyperderivative ’fo, at any = € €, is determined by
the hyperderivatives of the functions fT, f_, at the same point; and in fact the
next theorem is valid.

2.9. Theorem.

Let f € CY(Q,, C R™, Cly,m) and f+,f- € CHQ, Clym—1 = Cﬁafm), a €
Cly,m such that, as before, f = f* + M*o f_. Then f is left-e1-Dirac-
hyperderivable in Q.. if and only if f* and f_ are left-Cauchy-Riemann-
hyperderivables in ,,, and moreover

fer(@) = () (@) + fL(@)a, Vo€ Qp, (2.9)

where (fY), f.  are the left-Cauchy-Riemann-hyperderivatives of f, f_ respec-
tively.

3. The left-e;-Dirac-hyperderivative as the limit
of a quotient of increments

3.1.

Following the antecedents of this paper (see [7] and [5]), the left-e;-Dirac-hyper-
derivative can be seen as the limit of a quotient of the adequate increments of
the function and of the variable. As it follows from [7], the key point here is that

the increments have suitable dimensions. Let 2° € R™ and let v1, v, ..., Um—1
be linearly independent vectors in R™. The (m — 1)-dimensional parallelepiped II
with vertex xz° and edges v1, v, ..., Um_1 is defined by
m—1
II := {mo + Z te vy ‘ (tl,tg, . ,tm_l) € [0, l]m_l} ,
=1

and its boundary by

m—1
oIl := {‘TO + Z tevg ‘ (t17t27 .o 7tm,1) € 8[07 1]7711} .

{=1

3.2. Theorem.
Let f € ker Dpiy(Qp,) and ' fe, (z) be its left-e; -Dirac-hyperderivative at a point
x € Qm CR™. Then for any sequence {11 }32, of oriented non-degenerated para-

llelepipeds with vertex 20 and with klim diam II; = 0, there holds:
—00

-1

lim / o /Tmf(a:) = 'fo (). (3.1)

k—o00
11, Ol
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The proof follows from (2.6) and from Stokes’ Theorem: first of all,

—1

kILH;o /O'gc,l / Te,1 f(-T) = ]clgrolo /O'ac,l 71' /d(Tz,l f(JC))
I
1

11, Ol Iy
= hm /0'171 . /O':L‘J /fel(x))7
k—o0
Hk Hk

but also it is direct to prove that

/fel (‘T) = /fel (‘TO) + 0($ - ‘TO) ’

thus
-1

lim / _ / T f(2) | = " fer(2).

1Ty, Oy,

4. The directional left-e;-Dirac-hyperderivative

4.1. Definition

Let L C R™ be a hyperplane such that LN Q,, # 0. The function f : Q,, C R™ —

Clo,m is called left-e,-Dirac-hyperderivable at 2° € LN, along the hyperplane L

if for any sequence {I1;}72 ,, with 11}, C L and klim diam Il = 0, of parallelepipeds
— 00

with vertex z°, the limit
-1
lim /0171 / o1 - f(2) (4.1)
k—o0
exists and is independent of the sequence {11} . In this case the limit is denoted

by ' fe,. 1.(z%) and is called the direcctional left-e1-Dirac-hyperderivative.

4.2.

Note that the limits in (4.1) and (3.1) are quite similar. The crucial difference
between them is the fact that the parallelepipeds considered in (4.1) are “caught”
in the hyperplane L.

4.3.

Given as before an (m — 1)-dimensional hyperplane L C R™, let

v(x) = anmg +d=0
=1



Hyperderivatives of Dirac-hyperholomorphic Functions 189

be its equation, with n = (ny,nsg,...,n,;,) the unitary normal vector, and d € R.
Applying formula (2.6) to the function ~, there holds:

A1 7(@) = 5 (001 D)) — 721 D] (@)

1 o o
= 9 (O—:mln — Og,1 n) )
where 7 := ny + no € + - -+ + ng €,,. This differential form is identically zero on
L, thus

Og1M=0g410, for x€lL.

4.4.

Let us combine the latter fact with Stokes’ Theorem. Consider a function f which
satisfies the conditions in Definition 4.1, then

(o) ([ m00)

-, ( / k o—) / oz (Penlfl(@) = (0 Derl)))

This formula implies two facts which one would expect from a suitable no-
tion of directional derivative and which we present below, after this comment.
The first fact is related with functions of class C1(£2,, C R™; Cly,m) and claims
that these functions possess the left-e;-Dirac-hyperderivative along any (m — 1)-
dimensional hyperplane that intersects the domain, and it is given in terms of
the direction of the corresponding hyperplane. The second fact says that if the
function f : Q,, C R™ — CYy, is Dirac-hyperholomorphic then the directional
left-e;-Dirac-hyperderivative does not depend on the direction of the hyperplane.

4.5. Theorem.

Let f € CY(Qy, C R™; Cly,m). Then f is left-e1-Dirac-hyperderivable along any
(m — 1)-dimensional hyperplane L at every z° € L N, and the left-ei-Dirac-
hyperderivative along the plane L is given by

1

fer1a”) = , (Derlfl@) + (7)” DERIAE)) - (4.2)

4.6. Corollary.

Let f € CY(Qy C R™; Cly,m). Then f is Dirac-hyperholomorphic in Q,, if and
only if ¥V 2° € Q., the directional hyperderivative ' fe, ,(x°) is independent of
the hyperplane L, with 2° € L N $,,. Moreover, in this case all the directional
hyperderivatives ' fe, 1.(2°) are equal to ' fo, (a).
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5. The left-e;-Dirac-hyperderivative and
the Clifford-Cauchy-type integral

5.1.

As in the previous papers, an application of the hyperderivative to the Clifford-
Cauchy-type integral proves to be instructive. In order to compute the left-e;-
Dirac-hyperderivative of the Clifford-Cauchy-type integral, it is neccessary to es-
tablish the corresponding relations between the Clifford-Cauchy kernel and the
right- and left-Cauchy-Riemann operators.

5.2. The right-hand side operators

The right-hand side Cauchy-Riemann operator, which acts on functions C1(A C
R™* Ol ) is given by

“ 0
D, = Met .
; 6502

Analogously the right-hand side Dirac operator is given as

= d
P e
Dpir, = Y M oy
{=1

It acts on C* (2, C R™; Cly,m), and it can be written as

0 L0
Dpir,r = M — M et .
b, (83@1 ; 856@)
Define
0 L0
Dégy = - M*
CRT 7 914 ; Oz’
and its conjugate:

1 0 i -~ 0
Din, = S
CRr ™ gy * —~ Oz’

thus, similarly to what happens with the left-hand side operators, the sets of the
null-solutions of Dpy,, and Dé Ror coincide. Moreover, the right-hand side analog
of (2.6) is valid:

1

1
A @) 1) = o ( Den, @) ous = Den,f@)on) . (5.1)
The immediate right-hand side analogs of Definition 2.6 and Theorem 2.7 follow:

5.3. Definition.

Let f € C1(Q,, CR™; Cl ). The function f is called right-e;-Dirac-hyperderiv-
able in Q,,, if for any = € €, there is a Clifford number denoted by f (x) such
that

d(f () 72,1) = fé, () 0z,1 -
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5.4. Theorem.

Let f € CY(Q,, CR™;Clo ). The function f is right-Dirac-hyperholomorphic in
Qun if and only if it is right-e1-Dirac-hyperderivable in Q,, and in this case for

any x € Qy, it follows:
1

,Den,lf1@).

fe (@) = —

5.5.
From (2.6) and (5.1) there holds:

A () e @) = L (Do, [F18) 02,1 9(2) — Do [F1(x) 02,1 ()
+(=1)""2f(x) 04,1 Dorply ()
+ (-1 f () 001 Digla)(a)) (5.2)

5.6.

Let us recall that

y—x
Ey—a? = )
W=D = g Jy—a

with A,, the surface area of the unit sphere S™~! C R™, is the Cauchy kernel,
which is left- and right-Dirac-hyperholomorphic in R™ \ {x}. Hence from (5.2) one
has:

dy(E(y — )7y 1 f(0)) = -

o (= e (Bl —2) 0,1 1(0)

+ (~1)"2B(y — 2) 0,1 Derlf)w)
+ (-1 By —2) 0y 1 DERlAW)) - (5.3)

. 1
There are some relations between the Cauchy kernel and the operators D p
and ’DéR’T that we shall use:

Dyl EW — 7)) = —Dépro By — 2)] = —Dep o [E(y — 2)]. (5.4)

5.7.

Let Q,, C R™ and let I' := {y € R™ | o(y) =0} be its smooth boundary. Inte-
grating (5.3) over I, on the left side we get:

[y B =) 7 50 = 0.
Hence

[ Py BNy = 2001 70 = (<17 [ By~ 2) 0,1 D, A1)
r r

(e / E(y — )0y 1 Dén, [F1(0):
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using (5.4) one has:
“Den, / Ely— o)y f(y) = (1) / E(y— )01 Donylfly)  (5.5)

+ (1t / By — )0y 1 Dn, L1 0).

Observe that the function g is identically zero on I'. Combining this fact and
formula (2.6) applied to g, one concludes that

1 —1
oy.1 =0y 1 DopyloW)] (Déryle@)]) =0y 1 Vi,

where we have defined V!, := DéRyy[g(y)] (Déryle)]) ~'. Thus (5.5) becomes:
1
Dine [ B2, 1) (56)
r

m— 1 m
= [ Bu=2)0ns ((CO" Peny 1) + (<1 D,y 1))
Hence next theorem has been proved.

5.8. Theorem.

Let Q. C R™ be a simply connected domain with boundary T := {y € R™ |
o(y) = 0}, where o € CH(R™, R), grad(o)|T'(y) # 0 for all y € T and let f €
CH(T', Clom). Then for all x ¢ T the equallity (5.6) holds, that is, the e1-Dirac—
hyperderivative of the Cauchy-type integral is also a Cauchy-type integral but now
with the “derived density”.

An immediate consequence is

5.9. Corollary.
Letp e N, f € CP(T',Clym) and o € CP(R™, R). Then for all z ¢ T there follows:

(Dém)p /FE(y —x)oy1f(y)

- ([E-2)0s f(y)>(p)

= [ Bu=00,1 (Peny — Wy Dny) 110

6. The left e,-hyperderivatives

In the previous sections the reasoning was concentrated around the imaginary unit
e1. Let us show briefly that e with k € {2,3,...,m} may play a similar role.
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For each k € {2,3,...,m} , the Dirac operator may be written as follows:

i 0
Dpir = ey
; axg

0 0
=€ <_ek €1 Oy —€ge2 Oy T € €p— Oxp_1
0 7] 0
+ axk — €L et a$k+1 — s — €L em, a(]jm)

0 0 0
= e el,kaxl + e2,ka$2 +--tep—1k Drp s

+ 2 . O eyl
oz, "”‘“”‘”‘6zk+1 m7k8zm
:ek,DgPu (6.1)

where each D p, is the Cauchy-Riemann-type operator:

k
Dép =eik +eqk et ep_1k
1

Ox Oxs + Oxp—1

+ 0 +e 0 +--te 0
0z ktlk Oxpa1 m’kazm '

These operators keep characterizing the Dirac-hyperholomorphic functions:
ker Dpi; = ker DEp € CH(Q, CR™; Cllo,im ).

Considering the (m — 1)-diferential form of hypersurface:
((=1)™dzy, (-1)™ Y2y, ..., dZpm_1, —dZpm) , (6.2)

where dz, were defined in Subsection 1.2.3, one “Cliffordize” it as usual for every
value of k, obtaining the (m — 1)-differential form:

Oz, k = (—1)mel7kd§1 + (—1)mileg)kd§2 + -4+ (—1)m7k+2€k,1)kd§k,1
+ (=)™ gz + (1) e xdTppr + -
R em—ldfc\m—l — emykdfm .
As usual also, we get from the latter the (m — 2)-differential form:
T,k = (—1)m_1el7kd§1,k + (—1)”1_2627141/%\2);c + .-
o ()" ey g dBra ke + (D)™ e pdTha ko
T em—ldfm—l,k + em,kdi\m,k .
Again, dzy ) were defined in Subsection 1.2.3. The following crucial correla-

tions are valid for any f € C*(Q,, C R™; Clom ):

Are 1 1)) = 5 (004 DERLAE) — 0k DERII) )
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Thus the left eg-Dirac-hyperderivatives are defined in an exact analogy to
the previous sections, concluding that:

1

'fou(@) = =, Deglf(@),

for any z € Q.

The rest of definitions and theorems related with the eg-hyperderivatives can
be given also.

7. Comparison with one complex variable case

The existence of several hyperderivatives for the same Dirac-hyperholomorphic
function may cause an impression that we have a phenomenon with no analogues
in the classical one complex variable theory. Let us show briefly that this is not
the case, i.e., the phenomenon does have its antecedents.

Consider a function f = u + iv: Q C R? — C, that is, the function f takes
complex values but depends on two real variables, not on a complex one, that
is, its domain is not endowed with any complex numbers structure; this mimics
the previously considered Cliffordian situation. For such functions of class C* the
Cauchy-Riemann operator is well defined and may be used in order to define the
class Hol(Q2) of “holomorphic” in 2 functions:

1/ 0 .0 _

2(8x+1ay>[f]_0. (7.1)
The same class is determined by another operator:

1/ 0 . 0 _

s (o =i ) 11 =0, (72)

compare with Dlo - But since we assume no complex numbers structure in € the
derivative as the limit of a special quotient cannot be introduced for f € Hol(2).
The equation (7.1) corresponds to the complex variable z := x+iy which generates
the function f1 : 2 € Q1 := {x +iy | (z,y) € Q} — f(z,y) € C, and equation
(7.2) corresponds to the complex variable ¢ := y — iz which generates the function
fo: (e ={C=y—ix | (z,y) €2}~ f(z,y) € C. Thus, to any f € Hol(Q)
we associate two complex functions (that is, both go from C to C) each of them
having a derivative in the usual sense: for z € ; and (4 = —izy € 29 there
exist the complex numbers fi(zo) and f45({p) but they are different in general; it
can be shown that f(¢p) =1 f{(z0). Both f{(z0) and f({p) can be equally called
“the derivative of f at (xg, yo)”, hence we are in exactly the same situation as for
Dirac-hyperholomorphic functions.
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On the Discrete Cosine Transform of
Weakly Stationary Signals

Mauricio Martinez-Garcia

Abstract. The Discrete Cosine Transform (DCT) is used in a large variety of
applications, due to its near-optimal properties for representing and decorre-
lating random signals. This paper describes a useful but relatively unknown
property of this transform, when applied to weakly stationary signals. The
transformed autocorrelation matrix has half of its elements equal to zero. This
means that it is possible to improve current DCT signal processing systems
by means of more efficient implementation and algorithms.

Mathematics Subject Classification (2000). Primary 60G10; Secondary 47A05.

Keywords. DCT, Correlation, Stochastic processes, Markov processes, Sta-
tionarity.

1. Introduction

The Discrete Cosine Transform (DCT) [1] was first described in 1974. Tt is derived
from approximations to the eigenvectors of autocorrelation matrices for Markov-1
signals [2], and furthermore, its equivalence to Markov random processes has been
well established [3].

The DCT is traditionally regarded as a powerful signal decorrelator, mainly
due to its energy packing efficiency and decorrelation properties, among others. The
DCT approximately diagonalizes the autocorrelation matrix of the input signal [4,
5], and is known to be asymptotically equivalent to the KLT [6]. These properties
and the availability of fast computation algorithms, have turned it into the current
de facto standard mapping for image and video compression.

This paper shows that the DCT of a symmetric Toeplitz matrix, has roughly
half of its elements equal to zero as outlined in [7]. This means that the DCT
achieves perfect decorrelation for some samples of weakly stationary signals. Pos-
sible applications of this property include performance improvement for fast DCT
algorithms [2, 8, 9], especially when involving autocorrelation matrices [7], efficient
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computation using relationships to other transforms [10], as well as speech coding
[11], analysis and recognition systems [12].

This paper is organized as follows. Section I defines basic concepts about the
statistics of stationary random processes. In Section III we define the DCT, and
describe the general nomenclature. Section IV establishes that half of the elements
of a transformed symmetric Toeplitz matrix are zero.

2. Stationary random processes

Let the sequence z(n) represent a discrete random signal, such that its value for
any choice of the integer parameter n is a random variable. The underlying model
that represents the random sequence is known as a random process or stochastic
process.

Now, suppose that a random variable x(n) has a probability function f,, and
let x,, be the sum of all instances belonging to x(n) at each value of n. Then, the
result is a deterministic sequence [13] which represents the mean of the associated
random process.

Definition 2.1. Formally, the mean of a random variable is defined as

oo

m(n) = E{z(n)} = / o fo (@)t (2.1)

— 00
where, for any fixed value of n, f,(z(n)) represents the density function of the
random variable z(n), and E{-} represents the expected value operator. This
average will be referred to as ensemble average.

Now, assume each sequence x(n), to exist for all n from —oco to oo, and let
(2(n)),,y n, denote the average of the sequence z(n) computed from n = ng to
n=mni.

Definition 2.2. Define the signal average as
1 M

(x(n)) = lm (z(n))_,, ,, = lim Z x(n) . (2.2)

M—o00 ) M—oo 2M + 1 't

A random process is said to be stationary (in the strict sense) if its statistical
description is not a function of n. In particular, if the mean and the variance
are independent of n, the process is said to be wide sense stationary or weakly
stationary.

In addition, a random process is said to be ergodic, if its moments computed
as signal averages are equal, with probability 1, to the corresponding ensemble
averages. A random process that satisfies the condition

(z(n)) = E{z(n)} (2.3)
is said to be ergodic in the mean, whereas one that satisfies
((m)x(n+1)) = E{z(m)z(n+1)} (2.4)
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is said to be ergodic in correlation. The concept or ergodicity is often used in
applications where the experiments cannot be repeated, making it necessary to
infer the statistics of a particular process from a single data sequence.

In a similar manner, we can define the variance as the expected value of

|z(n) —m(n)[>.
2.1. First and second moments of stationary signals

The correlation between any two samples of a random process x(n1) and z(ng) is
expressed by the correlation function (also called the autocorrelation function)

Rz (n1,n0) = E{x(n1)x(ng)} . (2.5)

In a similar way, the covariance between any two samples of a random process is
expressed by the covariance function (also called the autocovariance function)

Ca(n1,n0) = E{[z(n1) — ma(n1)][z(no) — ma(no)l} (2.6)
which is related to the autocorrelation by the expression
R.(n1,n0) = Cx(n1,n0) + my(ni)ms(no) - (2.7)

Since for a stationary random process the probability density is a function of
the spacing between samples only, it must be true that
mg(n) = m, (a constant) (2.8)
and
Rx(nl,no) = Rm(nl — ’I”Lo) = Rz(l) . (29)
where R, is a new function' that depends on only the difference I = n; — no,

sometimes called the lag. This implies that for a stationary random process, the
autocovariance is a function of only the lag

Cz(nl, no) = C’x(nl - no) = Ox(l) . (210)
Definition 2.3. A random process z(n) is said to be wide-sense stationary or weakly
stationary if the mean is a constant m, and the correlation function is a function
only of the spacing between the samples, R, (n1,n9) = R(n1 — ng).
2.2. Correlation and covariance matrices
Let x be a data vector consisting of N samples of the random process z,

xT = [(0) z(1) -+ x(N —1)] . (2.11)
The mean vector is given by

m,(0)
mg (1)
m, = E{z} = : ) (2.12)

mw(]\}— 1)

LA math italic font is used for the function that depends on the difference n1; —ng while a roman
font is used for the original function Rz (n1,n0).
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For a stationary random process the mean vector has all of its components equal
to the same constant m,.
The correlation matriz of the random process is defined by

R, = E{xx"}

B{2?(0)) Bla(0r()} - E{z(0)z(N - 1)}
REEEBEO) E(*(1)}) - B{a()z(N 1)}
| Ble(V 1)2(0)) BN - Da()} - E{*(N - 1)}

R.(0,0) R.(0,1) R, (0, N — 1)
- R.(1,0) R.(1,1) R.(1,N —1)
I RI(N:—l,O) RI(N:—Ll) R,;(N—:LN—l)

(2.13)

This matrix is completely specified by the correlation function of the random

process. For a stationary random process the correlation matrix depends only on
a single argument, as stated in eq. (2.9). Hence, it takes the special form [13]

[P0 p1 p2 p3 i
PL Po  pP1 P2
R.=|p2 p1 po p | . (2.14)

pP3 P2 P1 Po

where p; = R, (l) = E{xz(no)z(no + 1)} denotes the autocorrelation for lag I, for
arbitrary ng (since it depends only on [). Note that all elements on each of the
main diagonals of this matrix are equal. This form is known as a Toeplitz matrix.
All the elements on a given diagonal represent correlations between terms of the
random process with the same lag separation. Thus, the correlation matrix for any
stationary random process is always a symmetric Toeplitz matrix.

Note that the covariance matriz defined by

C=FE{(x —m,)(z —m,)"} (2.15)

also takes the symmetric Toeplitz form. Throughout this paper we assume without
loss of generality, that the random process x has zero mean and unity variance. This
implies that the autocovariance and the autocorrelation matrices of our signals are
identical, and both have unity diagonal, namely py = 1.

3. The discrete cosine transform

The discrete cosine transform (DCT) maps a finite time domain sequence z(n)
into another frequency domain finite sequence z(k). There are four standard types
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of DCT. The most widely used is the DCT-II, defined in [2] as

N—-1
m(2n + 1)k
z(k) =«a nzo x(n) cos oN , (3.1)
where ¢ = \/]3, - 6([)‘/\3&1, for | =0,1,..., N — 1, and §(I) is the discrete delta
function.
The DCT-II can also be expressed in matrix form. It transforms a real vector
X into another real vector z, using the relation

z=DWx, (3.2)
with
x = [2(0) 2(1) - =(N -1)]", (3.32)
z=1[2(0) 2(1) - 2(N-1)]" | (3.3b)
the symbol T denotes transposition,
D = diag(co,c1, ... ;en-1)
1 {1 o” } (3.4)
T JUN [0 V2In
the DCT matrix
Wo
w1
W = . , (3.5)
WN-1

where 0 represents a vector of zeros, Iy_1 is an identity matrix of size N — 1,
W, = [’LLO Uy - ’U,N,1] s (36)

for
(2¢+1) .
= .7
Ug =COs o\ T, (3.7)
and j,q=0,...,N — 1.
Thus, the autocorrelation matrix of the transformed sequence z = DWx is
given by

R. = F{zz"}

3.8
= E{DWx(DWx)'} = DWR,W'D” . (3:8)

Note that the constant matrix D represents scaling factors, which can be dropped
without loss of generality.

Now, let r,(j, k) denote the elements of R, for j,k =0,..., N — 1. It can be
easily shown that

r.(j, k) = w;R,w} . (3.9)
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In the next section we show that
Tz(j, k) = 0 9 (310)

for symmetric Toeplitz R,, when j + k is odd.

4. Zeros on the diagonals

In this section we show that half of the elements of a DCT-II-transformed sym-
metric Toeplitz matrix, are zero.

4.1. Nomenclature and fundamental identities
Let
Wy = [vo vy e UN,l] (4.1)
where
(2¢+1)

4.2
iy (42)

Vg = COS

for k,q=0,...,N — 1.
Substituting (3.7) and (4.1) in (3.9) can find that each element r,(j, k) of the
transformed matrix R, can be expressed as:
N—1 N-1 N-p-1
(5, k) = Z UqVq + Z Pp Z UgUqgtp + Ug+pVyq - (4.3)
q=0 p=1 q=0

Taking advantage of well-known properties of the cosine function, one can
easily show that

cos 2(N—;]]; b +1j7r = (—1)7 cos 22;13'77 , (4.4)
which implies that
un g1 = (1 (4.5)
and in the same fashion,
oN—g1 = (— )P, (4.6)
Similar manipulations lead to the following identities
UN—p—q—1 = (1) Uptq » (4.7)
ON—p—g-1 = (=1)*vpq .
Un—p-1 = (=1 unip1
2 2 (4.8)

VUN-p-1 = (_1)kUN+p—l .
2
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4.2. Diagonals of a DCT-II-transformed symmetric Toeplitz matrix

Let R, be a symmetric Toeplitz matrix representing the autocorrelation of a
stationary random process, and let r.(j,k) be the elements of the transformed
matrix R, = DWR_TWTDT7 with DW the DCT-II matrix. Then, the following
holds.

Theorem 4.1. Elements r.(j, k) are zero for odd j + k

Proof. We can also express the first sum in (4.3) as

N-—-2

2
E UgVq + UN—g—1VN—g—1
q=0

for even N
N3 . (4.9)

2
m
cos 9 + ; UgVq + UN—g—1VUN—g—1
for odd N

Substituting the identities (4.5) and (4.6) in (4.9), we find that for odd j + k

N-1

> ugug=0. (4.10)

q=0

Next, for the terms related to the off-diagonal elements of R, the rightmost
sum in (4.3) can be expressed as

N-p-2

2
> Wigq+p)+W(N—-—p—g—1,N—g—1)
q=0
for even N — p
W(N—5—1’N+5—1)+... , (4.11)
N-p-3
2
+ W(g,q+p)+W(N—-p-qg—1,N—-q—1)
q=0
forodd N —p

where W (m,n) = tn,vy, + Unvm, for integer m and n.
Using (4.8) we can easily find that for odd j + &

W(N_f_l,N+2p_1> — 0, (4.12)

and from (4.7) that
W(N-p—q—1,N—q—1)=-W(q,q+p) . (4.13)
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Substituting (4.12) and (4.13) in (4.11), shows that

N—-—p—1
Z UqUqtp + UgypUq = 0 . (4.14)
q=0
Finally, by substituting (4.10) and (4.14) in (4.3), it follows that
r2(j,k) =0, (4.15)
for odd j + k. a

5. Conclusion

A useful and interesting property of the DCT has been described. The existence
of zeros in a DCT-transformed symmetric Toeplitz matrix, suggests the possibility
of improving current signal processing systems, in which DCT operates as a key
element for stationary signals.

Future research can take advantage of this property, for example in more
efficient implementations of fast algorithms for DCT, DFT and other related
transforms, for weakly stationary processes. Possible applications include image
and video coding, speech analysis and coding, pattern recognition, image and
video coding, adaptive filtering and data compression.
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Scattering of a Plane Wave
by “Hard-Soft” Wedges

J. Eligio de la Paz Méndez and Anatoli E. Merzon

Abstract. We continue to investigate a nonstationary scattering by wedges
[1]-[4]. In this paper we consider a nonstationary scattering of plane waves
by a “hard-soft” wedge. We give a method for the proof of the existence and
uniqueness of solution to the corresponding DN-Cauchy problem in appropri-
ate functional spaces. We show also that the Limiting Amplitude Principle
holds.

Mathematics Subject Classification (2000). Primary 35L05; Secondary 78A45.
Keywords. Diffraction by Wedge, Limiting Amplitude Principle.

1. Introduction

Is this paper we investigate the scattering of a plane wave on a wedge W := {y =
(y1,y2) ER?: y; = pcosh, y2 = psind, p>0, 0 <O < ¢} of a magnitude
O<op<m, &®=271—0. (1.1)
We consider an incident plane wave iy (y,t) of the form
Uin(y, 1) = /ROyt £(4 g y) for t € R and y € Q := R?\ W. (1.2)
Here wg > 0 is a frequency of the wave uin(y,t), while the unit vector and
the corresponding wave vector are
ng = (cosa,sina) € R?, ko = wong € R? (1.3)

respectively. The function f is the profile of the wave. Suppose that f € C®(R)
and for some 79 > 0,

0, s<0,
ro={] (1.4)

, 82 T0-

In this case the front of the wave u;,(y,t) in the moment ¢ is the line in R
{y t—ng-y = 0}. Let us suppose that for ¢ < 0 the front does not intersect the
wedge W and at the moment ¢t = 0 the front intersect the boundary of W at the
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vertex of W. It is provided by the following condition: max{(b — 72T , 0} <a<
min{72T ,¢}. Split 0Q = Q1 U Q2 where Q1 := {y = (y1,y2) € 0Q : y2 = 0} and
Q2:={y=(y1,y2) € 9Q : y1 = pcoso,ys = psing, p > 0}. We will consider the
scattering of the wave (1.2) on a wedge of the “hard-soft” type. Mathematically
this means that we will consider the mixed DN-problem for the wave equation with
the Dirichlet condition on a side of the wedge, say Q2 and the Neumann condition
on the other side @)1 of the wedge:

Ou(y,t) yeqr
Oy, u(y,t) yeQi| teR, (1.5)
u(yvt) = Ou Yy S QQ

where [0 = 92— A. We include the ingoing wave us, in the statement of the problem
through the initial condition

u(y,t) = uin(y,t), y € Q, t <O0. (1.6)

We derive for the first time the Sommerfeld-type representation for the solu-
tion u(y, t) of the DN-Problem of nonstationary diffraction. We obtain the unique-
ness and the existence of the solution and we prove the Limiting Amplitude Prin-
ciple, namely, we prove that u(y,t) ~ e~ oty (y), t — 0o, where uq(y) is the
Limiting Amplitude. Also we prove a Sommerfeld-type representation for the lim-
iting amplitude. The Sommerfeld representation plays a key role in the scattering
by wedges, since it gives a representation of the solution as a superposition of plane
waves. Our progress in the justification of the Sommerfeld representation for the
DN-Problem is based on the general method of complex characteristics developed
in [6]-]9].

:O’
:0’

2. Definitions and main theorems

1. Let u(t) € C(R), such that u(t) = 0 for t < T and |u(t)| < C(1 + |t|)V for some
C, N € R. We denote its Fourier-Laplace transform in time as

t(w) := Fisoul(w) :== / ety (t)dt z/ e“tu(t)dt, Imw > 0. (2.1)
—o0 T

Let us denote C* := {w € C: Im w > 0}. Obviously, 4(w) is an analytic function
inweCT.

2. We will also use the real and complex Fourier transforms in the space variables.
Let us consider u(z) € C§°(R™), n = 1,2. We denote

(&) = Fpoe[u](§) == /n eTy(z)dr, € € R™ (2.2)

We will use similar notations for tempered distributions u € S'(R™). By the Paley-
Wiener Theorem [5, Teorema 1.5.2], the distribution @(€) has an analytic contin-
uation to the set K} := {z € C" : Imz € K}}, if supp u C K} := {x € R" :
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x; >0, i=1,...,n}. We will denote this analytic continuation by the same sym-
bol 4(z) and call the complex Fourier transforms of u. For the regular tempered
functions u(x) with support in K7 its complex Fourier transforms are expressed as

a(2) :/ e y(r)de, 2 € K. (2.3)

3. We denote by Q =Q\ {0}, {y}:=|yl/A+|y]), y e R® or y € R.

Definition 2.1.

i) E.(Q) is the space of functions u(y) € C(Q) N C’l( Q) with the finite norm
|ule = sup [u(y)] + sup{y}*|Vu(y)| < oo, £ >0
yeQ =)

ii) & n () is the space of functions u(y,t) € C‘X’(Q xR)NC(QxRL), t>0
and y € @, with the finite norm
ullo. v = sup [sup July, )| + sup(1 +t)*N{y}f|vyu(y7t)\] <o, N>0. (24)
20 "yeq yeQ

Remark 2.1. Obviously, if u(y,t) € & n, then 4(y,w) € E, for w € C*.

Definition 2.2. We introduce the following Sommerfeld-type contours, in the form:
C=C1UCs (2.5)
. 5 5i
where C1 = {al—m Tap > 1}U{1+ib1 L= T <b < —W}U{al— ‘n rap > 1}
2 2 2 2
The contour Cy is the reflection of C; with respect to point — 27T . We choose

the orientation of the contour, in the sense counter clock-wise (see Figure 1).

The main results of this paper are following theorems. Let

g(w) = A(w —wp) = /00 elw=wo)s f(5)ds, we Ct (2.6)
0
where A
g(w) = 51_(0:})0’ weCr, §i(w) = ih(w—wy), weC (2.7)

with h = f’. Denote
1 1 ™

Hi(p,a,®) := | + . oo 4= 2.8
1 ) sinh[(p — pa)q] ~ sinh[(p — p1)q] 2% (28)
where )
ir . ,
p=— +ia, p] =—p +im (2.9)

Theorem 2.3. Let the incident wave profile be a smooth function of the type (1.4),
u(y,t) be a solution to the scattering problem (1.5), (1.6) and u(y,t) € . N with
e €10,1) and N > 0. Then the solution u(y,t)

i) is unique
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iImp
r'(9), 6 € (w,2m)

r, T'(6), 0 € (¢,7]

_ 5w Cl

FIGURE 1

ii) is given by the inverse Fourier transform

u(y,t) = F 5 la(y,w)], >0, (p,0) € Q, (2.10)
where (y,w) in the polar coordinate y = pe' is the Sommerfeld-type integral
a(y,w) = Zi(g) /e‘pwsmh“Hl(,u +i60,a,®)dp, p>0, <6 <2m, weCh.
c (2.11)
Let )
() i= gy [ € (B + i6)a3 (2.12)
c

Theorem 2.4.

i) Let the incident wave profile f(s) be a smooth function of the type (1.4).
Then the function u(y,t), defined by (2.10), belongs to the space E.n with
e=N=1-J3, and is a solution to the scattering problem (1.5), (1.6).

ii) The Limiting Amplitude Principle holds: for any po > 0,

u(y,t) — e “"tus (p,0) — 0, t— o0

uniformly for p € [0, po] and 0 € (¢, 27].
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3. Difference equation

3.1. Reduction to stationary problem

Let us consider problem (1.5), (1.6). We apply the complex Forier transform (2.1)
with respect to time ¢ to equation (1.5) to get the Helmholtz stationary equation
with a parameter. First, define the scattered wave. Let u(y,t) € £ n be a solution
of the problem (1.5), (1.6) for some ¢ > 0, N > 0. Define the scattered wave as:

us(yvt) = U(y,t) - Uin(yvt)a te Ra Yy e Q (31)
Then (1.6) implies

us(y,t) =0, t <0, y € Q. (3.2)
Furthermore, us(y,t) is a solution to the problem
Ous(y,t) =0, yeQ
Oyous(Y: 1) = —Oy,uin(y,t), y € Q1|t >0, (3.3)
us(y, t) = —uin(y,t), Yy € Q2
{us(y,0) =0, us(y,0) =0], ye€Q. (3.4)

Remark 3.1. Let us note that uin(y,t) € &,0. Therefore, the condition u(y,t) €
& n is equivalent to condition us(y,t) € & n. Hence, the problems (1.5), (1.6)
and (3.3), (3.4) are equivalent in &, .

Let us apply the complex Fourier transform in time to problem (3.3). First,
we apply the complex Fourier transform to (1.2) with respect to t. Making the
change of variable £ = ¢t — ng - y and using (1.3), (2.6) and the polar coordinates
of y we get

Uin (3, w) = g(w)e"“P =0,y € R?, we C. (3.5)
Hence
~ . . ; . o, €05t ®)
Oys Win (Y, w) = jwg(w) sin @e®Y* " Ui (y, w) = g(w)e™"w¥? e
yeEQL yeQ2

Therefore, the scattering problem (3.3) is reduced to the following stationary
problem.
Lemma 3.2. Let us(y,t) € E n be a solution to problem (3.3); then

i) The function is(y,w) is a solution to the following boundary value problem
with a parameter w € CT,

(_A - w2)as(y7w) = 07 Yy e Q

By s (y,w) = —iwg(w) sinae™ <=y e Qi weCH. (3.6)
R . cos(a+®)

us(va) = _g(w)e o Sing ) Yy e QQ

ii) The function s(-,w) € E. for we CT.
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3.2. Reduction to the problem in a plane

In this section we reduce the problem (3.6) in the angle, to a problem in the
plane. Suppose that @,(y,w) € E. satisfies system (3.6), w € CT. Let us change
the variables (z1,22) = L(y), where transformation £ maps the angle @ onto
K = {(z1,22) : 1 <0orxzy <0} 21 =y +yacotP®; xg = — _y2 . We find

sin
the new form of system (3.6) in the coordinates (z1,x2). Let v(x1,x2,w) be the
function defined for:

v(x1, 29, w) = Us(L™H (21, 22),w), w € CT, (z1,29) € K. (3.7)
The function v depends on the parameter w, nevertheless, in future, we will write

simply v(z) instead of v(x1,x9,w). It is easy to see that system (3.6) for the
function (3.7) takes the form:

H(D)v(x) :==
1
:(— ) 2¢{A$—2 cos@@iﬂz]—cf)v(m):& r e K
sin
cos 0y, v(21,0) — dp,v(x1,0) (3.8)
= —iwg(w)sina sin @ e™r1 o x>0
0(0,22) = —g(w)errz s+, w3 >0

where D = (i0y,,10z,). Obviously u € Ec(2). The function v € E.(K) which is
the space of the functions v(z) € C(K)NCY(K) (K := K \ {0}) such that

[v|e = sup |v(z)| + sup{z}*| V4| < c0. (3.9)
reK zeK
We suppose that
e < 1. (3.10)
Then if v € E., the function v possesses the following Neumann data on 9K :
v1(21) := Opyv(21,0), 1 > 0; vy (w2) := 05, v(0,22), 2 >0 (3.11)
and the following Dirichlet data on 0K:
v (x1) := v(z1,0), £ > 0; v9(x2) = v(0,23), x2 >0 (3.12)

Let us extend vlﬂ(acl) by zero for x; < 0. Then, by (3.9),
[ (z0)] < C{x} 7%, z € R\ {0}, |[v)(z1)| < Co, m €R| 1=1,2. (3.13)
Therefore, Uf(zl) e S‘R), I =1,2, 5=0,1; supp Uf(zl) C Rt and
v (1) € Lo (R) (3.14)

by (3.10).
We extend v(x) by zero outside of K and denote

v(z), zveK
UO(JE):{Q v ¢ K.
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Then vo(x) determines a regular distribution in R? by the definition of the
space E., since ¢ < 1. Let v(z) € E. with ¢ € (0,1) be a solution to (3.8). Then,
in the sense of distributions,

H(D)vo(x) = do(z), = € R?, (3.15)
where dy(z) is the distribution of the form
1
do(x) = sin2 & [5(552)“%(331) + 8" (w2)v (1) + 0(x1 vz (22) + &' (21)v5 (22)
—2c0s® §(2)0,, 00 (x1) — 2cos ® §(1)D,, v (22) — 2 cos <I>v(0)(5(m)] .

(3.16)
Now we establish relation between the Cauchy data, generated by boundary con-
ditions.

Proposition 3.3. Let v(z) € E.(K) be a solution of (3.8). Then the Cauchy data
viB for 1 =1,2 and B = 0,1 defined in (3.11), (3.12) (and extended by zero in
x; < 0) satisfy the conditions:
cos [0, 07 (1) — 6(z1)v(0)] — vi(21)
= —iwg(w)sinasin® O(z;)e“ 5> 1 € R, (3.17)
vy (w2) = —g(w)0(wz)e™ T X, z € R.

Thus, we have reduced the system (3.8) defined in K, to the system (3.15), (3.17),
where now two Cauchy data v3(z2) and one of v (1), vi(z1) are known functions,
by (3.17). In the next section, we reduce this system to the system with the Fourier
transform of ’Ulﬁ forl =1,2, 8 =0, 1. Thereafter we will find the remaining Cauchy
data of vg.

3.3. Fourier Transform

Let us apply the Fourier transform (2.2) to equation (3.15). We obtain

1 -
H(W,S)@o(f) = [sinQ (I)(SJQ_ + 6% —2cos® 6162) - WQ 60(6) = do(w7§)a 6 S RQa

(3.18)
where 09 (§) and do(&) denote the Fourier transform (2.2) of the tempered distribu-
tions vp and dy. The identity (3.18) is also understood in the sense of distributions.
Formula (3.16) implies that

dofw, &) = - [5h(60) —~ B(€0) (i — 208 cos @) + B (62)
sin® @ (3.19)
— 99(&2)(i&1 — 2i&5 cos B) — 2 cos (Pv(O)} .
The identity (3.18) allows us to express the solution as
fo(e) = 018 ¢ epe (3.20)
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since H(w, &) # 0 for € € R? and w € C*. It remains to determine the unknown
functions ¥4 (&) (the Fourier transform of the Neumann data v3(z1)) and one of the
functions @9 (&) or ¥1 (&1) (the Fourier transform of the Dirichlet data @) de (3.12)).
For this, we will use the equations (3.17) and (3.18). We use that functions 9} (£)
satisfy a connection equation which is an algebraic relation on the Riemann surface
of the complex characteristics of the Helmholtz operator H (see [3]). We will find a
particular solution to this connection equation, reducing it to a difference equation.
Then we will prove that this particular solution satisfies a certain growth estimate
on the Riemann surface. Any solution from FE. satisfies these growth estimates.
This allows us to identify the particular solution with the unique solution from
the space E.. This identification leads to the uniqueness and the Sommerfeld-type
representation. We note that (3.13)—(3.14) imply that 528(51), & € R, admit the
analytical continuations to C* and these analytical continuations are the complex
Fourier transform of the functions vig(ml) in the sense (2.3), for n = 1. Thus, the
complex Fourier transform of the system (3.17), takes the form:

wg(w) sinasin @

cos ®[—iz 0 (21) — v(0)] — 01 (21) = , Im 2z >0,

z1 +wcos« (3.21)

—ig(w)

, I > 0.
29 + w cos(a + D) =

U (22) =

3.4. Riemann surface

To formulate the connection equation, we recall some notations from [8], [9]. Let
us denote by V = V(w) the Riemann surface V = {(z1,22) € C% | 22 + 22 —
2cosPzy20 —w?sin® & = 0}. The surface V has a universal covering surface VC
with the projection p : V — V defined by

z1 = 2z1(p) := —iwsinh u

prpr (21, 22), { (3.22)

29 = 2zo(p) := —iwsinh(pu + iP).
Let us define Vﬁ for [ =1 resp. [ = 2 as the connected component of the set
{p € C: Imz(p) > 0} which contains the point p = 7 resp. p =i (5 — ®) (see

2
hence and in the follows Figure 2 which corresponds to the case Rew > 0). Then

6‘7Z+ = f?‘ U fﬂ where

I'T:={ueC:Imz(u) =0, 0,ir € I'T respectively}, (3.23)
1T ={peC:Imz(u) =0, 7 —i®, —i® € T'J respectively}. '

We check that T'] = {,u = (1 +ip2) s p12 € R, po = arctan (g; tanhm)} with

the gauge arctan0 = 0. The same representation holds for T with the gauge
arctan0 = 7. Therefore, the contour T'{" is the translation of I by the vector
mi: If = '] + mi. Similarly, the contour I'; is the translation of I'j by i, and
I'J is the translation of ' by —i®. Thus, all the contours (3.23) are identical
up to translations. For v € R, let us define the contour v(v) = I'[ + iv. Then
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N

FIGURE 2

the contours (3.23) can be represented in the following form: TT = ~(0), '} =
v(mi), T3 = y(—i®). Let us define the region V,~ for | = 1,2 as the connected

component of the set {w € C: Im z;(w) < 0} which contains the point w = —*
Set V= :=V, NV, and Vs := V;" UV— UV,". Using the definitions of V,, V—,
Vs we can represent the regions bounded by the contours v(v): Vi = {u: 4(0) <
pw<y(m}, Ve ={u:v(~®) < pu < y(r)}. Here the symbol “<” means that the
point w lies between corresponding curves. Also, we will consider the following
subregion Vs 5 with a § > 0: Ve s = {p: y(—® +9) < p < y(m — 8)}.
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Now we “lift” the functions f;lﬁ (1) onto V;* using the covering (3.22). Namely,
we denote by T)lﬂ (1) the composition of @lﬂ (z1) and z(u):

o (u) =9 (z(p), 2 €CH, 1=1,2, B=0,1. (3.24)

The analyticity of the functions ﬂf in CT implies the analyticity of f;f in
VZJF, I = 1,2. We calculate these lifting for the known Dirichlet data of solution.
Namely, (3.21), (3.22) and (3.24) give

VO(’U/) _ g(w)

o+
~ wlsinh(y + i®) + i cos(a + )]’ pevy

Let Vi,e :={p:7v(e) < p<y(m/2—¢€)} for some € > 0.

Lemma 3.4. The functions T/lﬁ(u) are analytic in V;* for 1 =1,2, =0,1 and the
following estimate holds for some € > 0

87 (u)| < CemRer [Rep| > 1, pe Vit (3.25)

3.5. Connection equation and elimination of two Cauchy data
Now we can formulate our basic connection equation [3]. Let us recall that the
functions T}f (11), defined by (3.24), are analytic in the regions V;*. By H(V) we
denote the set of analytic functions in an open set V. C C. By [o(u)];, | = 1,2
we denote the analytic continuation of a function v(u) € H(V;") to the complex
region Vx (see Figure 2) if the continuation exists. Let us denote

01 (p) == 1 () 4+ wsinh(pu — i®)o) (1) — v(0) cos @, p € V;F (3.26)
and

Vo () == 03 (p) + wsinh(p + 2i®)0I(u) — v(0) cos @, p € V,'. (3.27)

The following connection equation has been proved in [3], [8].

Proposition 3.5. Let v(x) € E-(K) be a solution of (3.8). Then,

i) The function ©1(u) admits the analytic continuation from V;* a Vs, and the
function Ua(p) admits the analytic continuation from Vy™ a Vs.
ii) For the analytic continuations the following connection equation holds:

[01()]y + [2()], = 0, p € V. (3.28)
iii) The following estimates hold for the analytic continuations:
()] < Cs(1+ e, peVs,s, 1=1,2. (3.29)

for any 6 € (0,®/2+ 7/2), with a ¢ € R depending on o1 (1) and 93 (u).

We reduce the connection equation (3.28) to a equation that contains only
two unknown functions. “Lifting” by the formulas (3.22) the first equation of (3.21)
to V;", expressing 9 (1) and substituting the obtained expressing into (3.26) we
obtain the expressing for 0 (u)

ig(w) sin @ sin «

01 (p) = —iwsin ® cosh po? (1) —20(0)cos®, € Vit (3.30)

sinh p + ¢ cos «
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Similarly, substituting into the right-hand side of (3.27) the function J(u),
we obtain

g(w) sinh(p + 2i®)
sinh(p + i®) + i cos(a + D)

Ba41) = 03 () + — 0(0)cos @, p € Uy,

Hence and from (3.28) we deduce the following.

Lemma 3.6. Let v(z) € E.(K) be a solution to the problem (3.8). Then the func-
tions ©9(u) and v3 (1) admit meromorphic continuation to Vs and satisfy the con-

nection equation:

iwsin ® cosh po) (1) — 03 (1) = G(p), p € Vs (3.31)
with
sin®sina sinh(u+2i®)
G(u)= —3v(0 P, eC.
()=g(w) (isinhu—cosa sinh(u+i<b)+icos(a+(l>)> v(0)cos a

and 9 (), v3(1) determined by (3.24).

3.6. Automorphisms

To reduce the equation (3.31) to the difference equation, we use the automorphism

properties of the functions ¥ (1) y 03 (u).

Definition 3.1. For [ = 1,2, we define the automorfismos _711 : V. — V in the
following way: h; is the reflection with respect to the point Zg , ho is the reflection
with respect to the point 257 —i®, namely: by (u) = —p+im, ho(u) = —p+in—2i®,
ue C.

The projections (3.22) satisfy the automorphism conditions 2 (h(1)) = (1)
for 4 € C,1 = 1,2. Thus, the lifting 9 (u), ¥4 (u) also satisfy the same conditions:
using these properties and meromorphity of these functions in Vs we obtain (see [1],
[2]) that ¢ admits the meromorphic continuation to C and satisfies the difference
equation

cosh p@? (1) + cosh(p + 2i®)0) (p + 2i®) = Ga(p), p e C. (3.32)
where
g(w) cosh cosh(u + 2i®)
G = , neC.
2(1) w (sinhu +icosa  sinh(p+ 2i®) +icosa a

4. Uniqueness
We start with the following theorem.

Theorem 4.1. There no exist two functions ©9(z), 9Y*(2) satisfying the following
conditions
i) The functions o9, 0Y* defined by (3.24) are analytic in Vi" admit the mero-
morphic continuation to C and satisfy the difference equation (3.32)
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ii) These functions satisfy the automorphism conditions
O(—p +1m) = v(u), peC. (4.1)
iii) These functions admit the estimate (3.25)

iv) The functions (3.30) corresponding to ¥ and v* are meromorphic in C and
satisfy (3.29) forl=1.

Corollary 4.1. Suppose that v(x) and v*(x) belong to E.(K) and both are solutions
to the system (3.8). Let viB and vgg* are defined in (3.11) and (3.12) by v and v*
respectively. Then

o =0l 1=1,2, p=0,1 (4.2)

Proof. The statement follows from Theorem 4.1, (3.21) and (3.31). O

Proof of Theorem 2.3 (i). Consider two functions u,(y,t) and u}(y,t) defined by
(3.1) and corresponding to u and u* respectively. Then by Lemma 3.2 us and
u* belongs to E. and satisfy (3.6). The functions v(z,w) and v*(x,w) defined by
(3.7) and corresponding to us and U satisfy (3.8) and belong to E.(K). Now we
are in the situation of Theorem 4.1. All this the identities (4.2) hold. Therefore
v(z,w) = v*(z,w) by (3.20) and (3.19) for any w € C. This implies that us(y,t) =
uk(y,t) since these functions are the inverse Fourier-Laplace transform of u(y,w)
and u*(y,w) which obviously also coincide by (3.7). O

5. Solution of the difference equation

5.1. Meromorphic solution

In this section we construct a meromorphic solution and then an analytic solution
for the difference equation (3.32). First, we construct a meromorphic solution of
this equation which decreasing as e~ I®¢“l for Rew — oo. Denote

p1(k) = p1 + 2kmi and po(k) = po + 2kmi, k€ Z (5.1)
where p; is defined in (2.9) and ps = —in/2 — ic. We define

w00 = " (s reosa ) HEC (52)

w sinh p + i cosa
Obviously @9 (1) is a meromorphic function in C with poles p1 (k) and pa (k)
and residues
w
Res(al, (k) = 4

wsina’

Res(il, jo(k) = — /) | kez

wsina’
Lemma 5.1.

i) The function w(u) is analytic in V;*.

ii) It satisfies (3.32), (4.1).
iii) The estimate holds |9 (u)| < C(w)e”Rerl |Repu| > 1.

We define w; (1) similarly to 91(u) from (3.30), with the replacement %9 (u)
by @9 (i) from (5.2).
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Lemma 5.2.
i) The function W (), admits the representation

Wy (p) = —iwsin @ (cosh pu + sin o) (1) — 2v(0) cos P.

i) The poles of wy(p) in C can be only the points pi(k), pe(k), k € Z defined
in (5.1).
iii) The unique pole and residue of Wy (p) in Vs is 1 and

Res(wy, pu1) = —2ig(w) sin ®.

iv) The function () admits the estimate |w1(p)] < C(w), Rep| > 1, for
some C(w) > 0.

5.2. Analytic solution

By Lemma 5.1 ii) the function w9 (u) is a particular meromorphic solution to the

inhomogeneous difference equation (3.32). However, the corresponding function
w1 (p) from (3.30) is not analytic in V5 by Lemma 5.2 iii) that does not correspond
to Proposition 3.5. Hence we have to construct a “correct” solution to (3.32), (4.1).
Let

Ki(p) mg(w)
K = K = — -H ) C 5.3
2(#) COSh/J,7 1(“) wd 1(Uaaa )7 JIBS ( )
where Hj is defined by (2.8). We “correct” the function w{ and define v as
00() o= W) + Kol). (5.4)

First, K> is a solution to the homogeneous equation corresponding to (3.32)
and satisfies (4.1). Therefore ©? satisfies (3.32), (4.1) by Lemma 5.1 ii). The cor-
responding function (3.30) has the form

01 () = Wy (p) —iwsin® - Kq(p). (5.5)

In the following lemrpa we also check that the corresponding function 7 ()
from (3.30) is analytic in V. The poles of the function K;(u) (coinciding with the
poles of Hy) are

By = p1 + 2®ki, By = hi(B},) = u} + 2i®k, k€ Z (5.6)

where p1, pi are defined in (2.9). Since ® > 7 only 3) = u1 € Vx. Obviously K;
satisfies the estimate |K;(u)| < e 2#/Re#l |Repu| > 1. From this we obtain the
follows statement.

Lemma 5.3.
i) The function ¥
o satisfies (3.32), (4.1).
e is meromorphic in C and analytic in Vl+.
e satisfies the estimate |09 (p)| < CeIBe#l |Repu| > 1

ii) The corresponding function vy (p) from (5.5) is analytic in V.
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Corollary 5.4. If us(y,w) € E. with ¢ € (0,1) is a solution to the problem (3.6) for
w € C*, then the function v1(p) defined by (3.26) is the function given by (5.5).

Proof. Since ©9(u) defined in (5.4) satisfies all conditions of the Theorem 4.1, the
statement follows from this theorem. O

6. Inverse Fourier transform in time

6.1. Sommerfeld representation for scattered wave

In this section we write the solution s to problem (3.6) in the Sommerfeld-type
representation form (under the assumption of its existence) by means of the solu-
tion of the difference equation (3.32). Let I'(d) be the contour:

r(6) = ’WUV(—@, sigp<O<m
<V(—7T)U’Y(—7T;, sim<0<2n

where ¢ and ® is defined in (1.1). The orientations of the contour I'(¢) is shown
in the Figure 1. We denote by —+v the contour v with the contrary orientation.

Theorem 6.1 (See Theorem 9.1 and Remark 12.2 from [1]). If there exists a solution
us € E. to the Helmholtz equation in (3.6), then this solution has the form:

1 . .
_ —pw sinh(p—1i0) d 1
irsin® o © (), (6.1)

for p>0 and ¢ < 0 < 2w, with v1(p) defined by (3.26).

s (y, w)

We give the representation of a solution to the stationary problem (3.6) (with
a parameter w € CV) in the standard form of the Sommerfeld integral. This
form is the direct consequence of the representation (6.1), Corollary 5.4, (5.5) and
periodicity of functions w{(u), 1wy (1) and contours I'(f) with the period 2mi.

Theorem 6.2. If a solution to problem (3.6) with w € CT ewists in the space E.
with € € (0,1), then it is expressed by the Sommerfeld-type integral

u(y,w) = 9 [ e o, @ o< 02w (62)

where Hy(p, o, @) is given by (2.8).

Proof of Theorem 2.3 (ii). Let u(y,t) € & n, € € (0,1), N > 0 be a solution to
the problem (1.5), (1.6). The corresponding scattered wave us(y,t) is defined by
(3.1). Its Fourier transform in time is expressed by (6.2) according to Lemma 3.2
and Theorem 6.2.

Let us apply the Fourier transform in time to (3.1). First, (1.2) implies (3.5).
Therefore, (3.1) implies that @(y, w) = s (y, w)+g(w)e@ros0=a) v c Q, we Ct.
Now (2.11) follows from (6.2), (2.5), (5.6) and the Cauchy Residues Theorem.
Theorem 2.3(ii) is proved. O
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7. Existence
Let us define the reflected wave u,.(y,t) as
ur1(y,t), ¢ <0<6
ur(y,t) := < 0 th <0 <0
ur2(y,t), 62 <0<2r
where (p, ) are the polar coordinate of y,
01:=20—q, O =21 —« (7.1)
and
ura(y,t) = =" B0 f(t —ny - y), ua(y,t) = WV f(E—ny -y), (7.2)
k1 = woni, n1 = (cosfy,sinb); ke = wona, na = (cosba,sinby).
Introduce the diffracted waves by
ua(y, t) == us(y, t) — ur(y, t). (7.3)
7.1. On Sommerfeld-Malyuzhinets integrals
For w € C* let us denote by S(y,w) the “stationary” Sommerfeld-Malyuzhinets

type integral
1
S =

where H; is defined in (2.8) and which absolutely converges (see Lemma 7.2). By
Theorem 2.3 ii) if a solution u of the problem (1.5), (1.6) exists, then

u(y,t) = F 5, laly,w)l, p>0, ¢ <8 <27 (7.5)

/e—wpsinhﬂylm +i0)dB, p>0, <O <2 (74)
C

where
iy, w) = g(w)S(y,w), we CT. (7.6)
Let us examine the convergence of the integral (7.4) and its derivatives in w
and p, 0. First, let us prove the exponential decay of the function Hy. The poles of
the function H; coincide with the poles of K; from (5.3) and are given by (5.6).
For § > 0 denote Cs5 := {8 € C: |8 — Bk| > 9, Yk € Z}. From (2.8) we obtain

Lemma 7.1. For any § > 0 the estimate holds
|H1(B,a, ®)| < Cse~ == B Bl g e Cs. (7.7)

Further, let us consider w := wy + iws with w; € R and we > 0 and 8 =
b1+ 02 € C with 51)2 € R. Denote ¥ := Q X C+.

Lemma 7.2.

i) The integral (7.4) converges absolutely and uniformly for (y,w) € X.
ii) The function S(y,w) is continuous in X.

)
iif) The function S(y,w) is analytic in w € C* and smooth in (p,0) € Q.
) The function S(y,w) € C*(Q x (R\ {0})).

v
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Proof. The proof of this Lemma coincides literally with the proof of Lemma 4.2

from [2] with the replacement of the expression ZIZ in [2] by 27:I>' O
Let us define

ﬁs(ya OJ) = ﬁ(y7 OJ) - ﬁ/zn(ya OJ) (78)
Theorem 7.1. U (y,w) is a classical solution to the stationary problem (3.6) for
weCt.
Proof. Tt is proved similarly to the Corollary 5.2 from [2]. O

7.2. Incident, reflected and diffracted stationary waves

In this subsections we prove the statement i) of Theorem 2.4 for the function u(y, t)
defined by (7.5): namely we prove that the function is a solution to the problem
(1.5), (1.6) and belongs to & y with €, N defined in Theorem 2.4. We deduce
(1.6) from (3.2) by the Paley-Wiener theorem, using the estimates of is(y,w) for
w € C*. Note that S(y,w) and @(y,w) = Us(y,w) + Gin(y,w) are not bounded
for w € C* since u;n(x,t) #Z 0 for ¢ < 0. Therefore, we have to extract first
the incident wave from the integral (7.4). The contour C in the integral (7.4)
crosses “bad zones” between vy(—7) and v(—2m), where Re (wsinh ) < 0, and the
exponent e~“Psih 8 ig growing for Imw — +oo (see Figure 1). This growing part
of the integral just corresponds to the incident wave. To extract the incident wave,
we split the function S(y,w) into three summands

S =8in+8s =8 +S,+ 84 (7.9)
where for 6 # 0, 2

Sily) 1= gy [ I (E + 8.0, 0)d5
0

Sin(y, w) 1= ewpcos(d=a)

_ wpeos(0-01) 4 <9< g, weCt, (7.10)
Sr(y,w):= <0 01 <6< 06y

giwpeos(0=02) g < g < op

61 and 05 are defined in (7.1) and Cp := 71 Ua, 71 := {81 —in/2, B1 € R}, 12 =

{B1—5ir/2, B1 € R}. From the estimate (7.7) it follows that the integral in (7.10)

converges absolutely for w € C* and defines a continuous function of w € C+.
Let us note that

by (3.5).
Remark 7.3. Let (7.9) holds. Then (7.8), (7.6) and (7.11) imply that
iLS =1U— ﬁm = g(S — Sln) = gSs (712)
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We call S, Sy, Sin, Si, Ss as densities of the total, diffracted, incident, reflected
and scattered waves respectively. The incident part Sy, (p, 0, -) is unbounded in C*
while the reflected part S,(p,0,-) and the diffracted part Sq(p,0,-) are bounded
in C*. Hence, 1is(p, 0, -) is bounded in CT.

7.3. The scattered wave

In this section we prove Theorem 2.4 i), namely that the function (2.10) is a smooth
solution to the scattering problem (1.5), (1.6). For this we study the function
us(y,t) == F L, [ts(y,w)]. We prove that u,(y,t) satisfies the system (3.3), (3.2).
Note that by Lemma 7.2 ii), iii), formula (7.9) and the definition of S;;, in (7.10),

Ss € C(Q x R) and Ss(+,-,w) € C>®(Q), w € C*. Let us define the function
ws(y7 t) = Fo;j)t[ws (yv W)L te R (713)
where the function
wS (y,w) = gl(w)ss (y,w), weCt (714)
with g1 (w) given in (2.7).
Lemma 7.4. For all (p,0) € Q there exists the inverse Fourier-Laplace transform
w,(y,t) = F L, [,] of the function ,(y,w), and
ws € C®(Q x R)NC(Q x R), |ws(y, )| < C, >0, (7.15)
ws(y,t) =0, t <O0. (7.16)
Proposition 7.5.

i) The function us(y,t) admits the following representation

t
us(y,t) = —i/ ewo(T*t)wS(p,0,7’)d7’7 (p,0) €Q; teR. (7.17)
0

Furthermore,
us € C=(Q x R) N C(Q x R) (7.18)
and for (p,0) € Q,
us(y,t) =0, t <0, |us(y,t)] <C(A+¢), t>0. (7.19)

i) us(y,t) is a solution of system (3.3) and satisfies the initial conditions (3.2).
iil) us(y,t) satisfies the estimate (2.4) with e = N =1 —7/2®.

The sketch of the proof. 1) The representation (7.17) follows from (7.12), (7.14),
(2.7), (7.13) and (7.16). Now (7.18) follows from (7.15) and (7.17). Finally, (7.19)
follows from (7.15), (7.16) and (7.17).

ii) The system (3.3), (3.4) holds for us in the classical sense since U, satisfies (3.6)
in the classical sense by Theorem 7.1. The identity (3.2) follows from (7.19).

ili) By (7.3) it suffices to prove the estimate for ug outside the critical directions
0 = 61, 65 since the estimate for u, is trivial. It is proved similarly to Lemma 12.1,
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Theorem 12.2, Propositions 14.1 and 14.2 from [2] with the replacement of 1 —7/®
by 1 — w/2®. Moreover the follows key representation is used

- —iwot
wlt) ="y [ 2O .05 (7.20)
with Z1(8,0) := —Hy(—iw/2 4+ 8 + i0) + Hi(—5in/2 + 8+ i6) and h(B, p,t) =
f(t — pcosh B)eiworcoshB - 3 c R, O

Proof of the Theorem 2.4 i). The statement follows from Remark 3.1, Proposition
7.5 and Definition 2.1 (ii) of & n. O

8. Limiting amplitude principle

Proof of Theorem 2.4 ii). By (3.1) and (7.3) it suffices to prove the Limiting
Amplitude Principle only for the diffracted wave ug since for the wg;, and wu,.
it holds by (1.2), (7.2) and (1.4) with the corresponding limiting amplitudes
Azn(y) _ eiwopcos(ﬁfa) and
o eiwopcos(9791)7 (b <9< 91
Ar(y) =0 0, <0 <0,
eiwopcoswf@g) 0y < 0 < 2.

)

By (7.20) the Amplitude Aq(y,t) of ug(y,t) is expressed as

/ Z1(8,0)h(B, p, 0)d.

R

1

Aq(y,t) == e“tug(y,t) = D

Similarly to Theorem 15.1 it is proved that Ag4(y,t) — A4(y), t — oo uni-
formly with the respect to p < pg and 6 € [¢, 27r] where

Aa(y) /eiwopCOSh’le(ﬂ,a)dﬂ
R
It remains only to note that us(y) = Ain(y) + Ar(y) + Aaly). O

i
40

Remark 8.1. Tt is checked directly that us(y) given by (2.12) is a solution of the
following stationary problem
(A +wiusc(y) =0, (p,0) €Q
8y2uoo‘ o= 0

uoo‘QQZO.

In this way we find the solution the stationary DN-diffraction problem in angle as
the limiting amplitude of the corresponding nonstationary DN-diffraction problem.
The obtained formula (2.12) is similar to the well-known Sommerfeld-Malyuzhinets
from [10]-[13].
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Abstract. Normalization results are obtained for classes of second-order el-
liptic equations in R? which degenerate along a simple closed curve or with
an isolated singularity. The behavior of the solutions of the corresponding
homogeneous equation in a neighborhood of the degeneracy as well as the
maximum principle is studied.
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1. Introduction

This paper deals with the properties of a class of degenerate elliptic partial differen-
tial equations in the plane. We consider the equations where the set of degeneracy
is either a simple closed curve or an isolated singularity. More precisely, the equa-
tion dealt with here is the second-order homogeneous equation in R? with smooth
coefficients given by

0%u 0%u 0%u 0

8x2+2 C 2+D8

ou
B@x@y + dy

u
. + an =0. (1.1)
For the first class of equations, we assume that AC — B? > 0 except along a
simple closed curve . Along ¥, the equation is parabolic and we assume that
the coefficients satisfy an additional condition on the order of degeneracy (see
Section 2). The second class consists of equations for which AC — B2 > 0 except
at an isolated point 0. Near the singular point, we assume that

A

Ki(z? +1?)? < AC — B? < Ky(22 + ¢%)?

for some positive constants K7 < Ks.
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We use the results obtained by the author in [5] for the operator

B B
2 2\2
(z* +y7) A+p(w7y)ax +Q(m7y)ay

to study the properties of the solutions of equation (1.1) in a neighborhood of
the set where the equation degenerates. Some of the results obtained include the
existence of Holder continuous solutions and the validity of the maximum principle.

There is a vast amount of work dealing with elliptic equations with degen-
eracies. This paper is in the spirit of the works contained in [2] and in [7].

The organization of this paper is as follows. In Sections 2 and 3, we prove
normalization results for equation (1.1). In Section 4, we recall needed results from
[5]. The main results of this paper are proved in Section 5.

2. Normalization near a curve of degeneracy

In this section we prove a normalization for a class of second-order elliptic operators
which degenerate along a simple closed curve. To achieve such normalization, we
will make use of the following theorem proved in [3]

Theorem 2.1. Let X be a C>® complex vector field in R? satisfying the following
conditions in a neighborhood of a smooth, simple, closed curve X:

(i) Xp AX, #0 for every p ¢ ;
(ii) X, A X, vanishes to first order for p € ¥; and
(iii) X s tangent to 3.

Then there exist an open tubular neighborhood U of ¥, a positive number R, a
unique compler number X € RT + iR, and a diffeomorphism

®:U — (-R, R) xS!
such that
0 0
. X = , —1
m(r,t) [Aat zrar}
where m(r,t) is a nonvanishing function. Moreover, when X ¢ Q, then for any

given k € Z%, the diffeomorphism ® and the function m can be taken to be of
class C*.

This theorem was proved in [3] when Im()\) # 0. When Im(\) = 0, it is
proved in [3] that the diffeomorphism @ is C*. Later it was proved in [1] that ®
can be taken to be of class C* provided that \ ¢ Q.

Let P be the second-order operator in R? given by

2 2 2

0 0 0 0
P=A; P + 2415 D0y + Aoo 0y + Aq o + Ay dy , (2.1)
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where the coefficients Ai1, ..., As are C*° functions. We assume that P is elliptic
everywhere except along a C'°° simple closed curve . Thus,

Ap(2,y)Asa(z,y) — Ay(z,y) >0 V(z,y) ¢ 3;
All(mvy)AQQ(xay) - A%?(mvy) =0 V(1'7y) €.

We assume further that the degeneracy of P on X satisfies the following condition:
For every p € X, there are coordinates (u,v) centered at p such that:

(2.2)

(C1) : The curve ¥ is given near p by u = 0;
(C9) : The expression of P in the (u,v) coordinates is a multiple of an operator

9? 0 0 0 0
2uB ’B B B
8u2+ b 128u8v+u 228v2+u 18u+ 2o’
where Bis, ... are C* functions.

We start by choosing a coordinate system in which ¥ is a circle.

Proposition 2.2. There exists a C* diffeomorphism ¥ from a tubular neighborhood
U of ¥ C R? onto a cylinder (—6, §) x St such that the pushforward VP is

2 02 02 0
WP =m(p,0) | oo +2pNap89 +p2M8p2 +anp +T (2.3)
with m(p, 0) # 0 for every (p,0) and where the functions M and N satisfy
M(p,0) — N*(p,0) > K, V(p,6) € (~6,6) x §' (2.4)

for some positive constant K.

Proof. Since ¥ is a C* simple closed curve, then we can find a differeomorphism
¥, that sends ¥ onto the unit circle in R%. Consider the diffeomorphism ¥, from
the cylinder (—¢,€) x S! onto the annulus 1 — € < |(z,y)| < 1+ € in R?, given by

Uy(p,0) = ((p+1)cosb, (p+1)sinh).

If we take U = Wy 0\111’1, then it follows at once from the ellipticity of P outside of
and from condition Cs, that W,IP has the desired form given in the proposition [

For the operator P, we have the following normalization

Theorem 2.3. Let P be the second-order operator given by (1.1) whose coefficients
satisfy conditions C1, Co along the degeneracy curve . Then there is a unique
number A € RY + iR and a diffeomorphism ®

®:U — (-6, §) xS,
where U is a tubular neighborhood of 3, such that

®,P =m(r,t) [LL + Re (B(r,t)L)] (2.5)
where 9 9
L=Age =1y,

and L is complex conjugate vector field of L, and where m and B are functions
with m nowhere vanishing and B is C-valued.
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Proof. Thanks to Proposition 2.2, we can assume that

P= 2+2N > + M482+ Qa-+Ta (2.6)
T 902 TP apen TP Mo T 0, T e '
Let X be the vector field given by
0 0
X= —-09(070)3p
where the function g is given by
9(p,0) = N(p,0) +ir/M(p,0) — N*(p,6).
We have ) ) )
0 0 0 0
XX = —2pN M - 2.7
a0~ 2N g0 TP Mg — Py, 27)
with (09)
X(pg
f= }f =99 —9(p9)p = 90 — l9I> — pgg,
Note that since
0 X-X and 0 gX—gX
= s 1l = s
Pop =~ g—g 00 9—9g

then it follows from (2.6), (2.7) and from the fact that the coefficients of P are
R-valued that

X-X X —gX T T
P=XX+(f+Q) LpIX I e STy JHQAT
9—y 9—9 9—9 9—9
_xxy fTQTITy  fHQET
9-—9 9-—9
Hence,
2P =XX+ XX+ A(p,0) X + A(p,0) X, (2.8)
with
A THF+2Q+2gT
9-9 '

The vector field X is elliptic outside the circle ¥ = {0} x S'; it is tangent to ¥;
and

o 0 ) , 0 0
X/\X——p(g—g)ap/\ae ——QZp\/M—N ap/\ae7
vanishes to first order along ¥. Hence, it follows from Theorem 2.1 that there exist
A € RT +4R and a diffeomorphism @ defined in a tubular neighborhood of ¥ onto
a cylinder (—d, §) x S! such that ®,X = m;L, where L is the vector defined in
Theorem 2.2. We have then from (2.8) that

mi1A + miLmg

®,P = |my|*Re |LL + L

ma |?

This completes the proof. O
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Remark 2.4. Tt follows from [3] that the invariant A appearing in L is given by

i _ ;ﬂ /0% (VM(0,6) - N(0,6) ~ iN(0,0)) do.

3. Normalization near an isolated singularity

In this section, we show that a normalization can be achieved for a class of second-
order operators with isolated singularities.
Let D be the second-order operator given in a neighborhood of 0 € R? by

Du = a11Uge + 2(112’U,Zy + a22Uyy + a1Uz + A2Uy (31)

where the coefficients a11,...,as are R-valued, of class C°°, and vanishing at 0.
We assume that a1 is nonnegative, and

cy < an(l’,y)am(%y) —a12(5€7y)2
(22 + y2)?
for some positive constants C; < Cs. It follows in particular that a;; and ass

vanish to second order at 0. To the operator DD, we associate the functions A and
B defined for (z,y) # 0 by

< Oy (3.2)

s = 2

a11y? — 2a12xy + asex?

(a2 — a11)wy + ajz(2? — y?)
a11y? — 2a127Y + agex?

(3.3)
B(ac, y) =

Note that it follows from (3.2) that these functions are bounded and A is positive.

1 Az,y) —iB(x,y
= lim dy — yd 3.4
2 p~)10+\/C' x? + 9?2 (wdy = ydz), (3:4)

where C,, denotes the circle with radius p and center 0. This number is introduced
in [6]. We will prove that g € RT + iR is well defined and it is an invariant for
the operator D. In what follows, we will be using polar coordinates x = pcosf,
y = psinf and we will denote this change of coordinates by ¥. Thus,

U :RAN\0 — RT xS, U(z,y) = (p,0).
The normalization of the operator D is given by the following theorem.

Theorem 3.1. Let D be the second-order operator given by (3.1) whose coefficients
vanish at 0 and satisfy condition (3.2). Then there exist a neighborhood U of the
circle {0} x St in [0, oo) x S, a positive number R, a diffeomorphism

®:U — [0, R) x S
sending {0} x S! onto itself, such that
(® 0 V), D =m(r,t) [LL + Re(a(r, t)L)] (3.5)
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where m, « are differentiable functions with m(r,t) # 0, a is C-valued and where

o . 0 ) 1
—ar_ =
ot or 1
and 1 is given by (3.4). Moreover, if the invariant p ¢ Q, then for every k € 7T,
the diffeomorphism ®, and the functions m, and o can be chosen to be of class C*.

L=\

Proof. We start by rewriting D in polar coordinates:

Du = Pugg + 2Nupg + Mu,, + Qup, + Tug (3.6)
where

1

P=, [au sin? 6 — 2a5 sin 6 cos 0 + ass cos> 9]
p
1

N = [—au sin @ cos @ + a12(0052 6 — sin? 0) 4 a2s cos @ sin 9]
P

M = ay1 cos® 0 + 2a;s sin 0 cos 0 + aog sin’ 0
1

Q= [all sin? 6 — 2a12 sin 0 cos 0 + a9 cos> 9] + a1 cosf + assind
P
1

T= [au sin 6 cos 0 + a12(SiH2 0 — cos? 0) — az9 sin 6 cos 9]

p
1 .
— (aysinf + ag cosb)
p
Condition (3.2) implies that there is a constant C > such that

M(p,0) > Cop® and  P(p,0) >Co  VY(p,0).
We define the following C*° functions (of (p, 9))

N M Q T
N = M = = T - .
1 pPa 1 pQP’ Ql pP7 1 P
In terms of these functions, (3.2) takes the form
Mi(p,0) — Ni(p,0) > Co,  Y(p,0) €0, R1] x S*, (3.7)
and (3.6) becomes
u
= ugg + 2pN1upe + p2M1upp + pQru, + Thug (3.8)

P
This expression is similar to that of P given in (2.6) and the proof continues as that
of Theorem 2.3. It should be noted (see Remark 2.4) that the associated invariant
A is given by A = 1/ where

= ;ﬁ /O% <\/M1(079) — N2(0,0) —iN1(0,9)> do.

Note the g = p with p given in (3.4). This can be seen by rewriting the integral
appearing in (3.4) in polar coordinates. O
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4. The Laplace equation with a singular point

The singular second-order equation
P,y q\r,y
ap PO 1O pey), (11)

0? 0?
is studied in [5]. Here A = 92 + 9y

are Holder continuous functions. The behavior of the solutions near the singular
point 0 are well understood. Note that equation (4.1) can be rewritten as

o*f u(z) Of\ _ F(2)
020z —QRe( T 82) g4 (42)

is the Laplacian in R?, r = /22 4+ 2, p, ¢

where we have set z = z + iy = re??,

p(z) +ig(2) and 8_1(8 ,8)

0z 2
In [5], equation (4.1) or equivalently (4.2) is studied when the coeflicients p and
q are Holder continuous in a neighborhood of 0. In fact the results of [5] can be
generalized to the case when p and ¢ (or equivalently u) satisfy weaker conditions.
In particular, they can be generalized to the case when the coefficients are bounded
in a neighborhood of 0 and are given in polar coordinates as

p(r;0) = po(0) +7pr(r,0)  q(r,0) = qo(0) +r"qu(r, 0),

where v > 0, p1(r,6) and ¢1(r,0) are continuous functions, po() and ¢qo(6) are
continuous, 27-periodic, and satisfy

uiz) = 4 ’ - or Z@y

2m ) 2m )
/ 1(0,0)e=% do = / (po(0) +iqgo(6))e " dd =0. (4.3)
0 0

This generalization can be achieved as follows. In [5] equation (4.1) is studied by
reducing it into a generalized CR equation with a singular point considered in [4].
This reduction relies on the function Ag(6) defined in Lemma 3.1 of [5]. For more
general coefficients satisfying (4.3), we can replace Ag by the function

Ao(#) = exp (2/0 (qo(s) — ipo(s))e™™ d8> :

With this adjustment of the function Ay, the results proved when p, g are contin-
uous at 0 carry over easily (almost verbatim) to the case when p, ¢ satisfy (4.3).
In particular, we have the following results for the homogeneous equation

*f 1(z) Of\ _
azaz—me( N az)_o. (4.4)

Theorem 4.1. There exists a sequence of real numbers

~-~U:1§Jf1<oa §Jo+<0f§01+<~-~
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with

lim 6f = —00 and lim oFf =00
Jj——o0 J j—o0 J

such that if f is of finite order at 0 and solves equation (4.4) in a neighborhood of
0, then there exist jo € Z and T = o, or T = UJT; such that f has order T at 0.
Thus
Ki(@® +y%)7? < |f(,y)] < Ko(a® +9°)7% W(z,y) #0.

Furthermore, the indez jo is the winding number about 0 of the function f., where
sz = fac - ny

In the statement of the Theorem 4.1, by a function f of finite order at 0, we
mean that there exists N > 0 such (22 + y?)" f is bounded near 0.

Remark 4.2. The sequence {O’;-t} represents the spectral values of an associated
2 x 2 system of first-order ordinary differential equations with periodic coefficients.
For a given spectral value, the index j € Z denotes the winding number of the
corresponding periodic solutions of the system. When the system has two indepen-
dent periodic solutions, then o; = o’j, otherwise (when it has only one periodic

: - +
solution), o <o}

Theorem 4.3. If f is a continuous solution of (4.4), then f is Holder continuous.

Theorem 4.4. If —1 ¢ {U;t}jez, then any bounded solution of (4.4) is Holder
continuous.

We will say that a function g defined in a neighborhood of 0 € R? is flat at

9(x,y) —g(0) _

@y)=0 (22 +y*)™

We have the following uniqueness result.
Theorem 4.5. If f is a solution of (4.4) and if f is flat at 0, then f is constant.

When the coefficients are C*°, equation (4.4) has nontrivial regular solution.
More precisely,
Theorem 4.6. If the coefficients p, q of equation (4.4) are of class C*°, then for

any k € 7%, equation (4.4) has nontrivial solutions that are of class C* in a
neighborhood of 0.

The maximum principle also holds for equation (4.4)

Theorem 4.7. Let f be a nonconstant Lipschitz solution of (4.4), then f(0) is not
an extreme value of f. Consequently, if f is a Lipschitz solution of (4.4) on the
closure U of an open set U containing 0 in its interior, then the mazximum and
minimum values of f occur on the boundary OU .

0 if
VYm > 0.

In fact, the Lipschitz condition can be weakened when the spectral value o’fl

satisfies Jfl < —1. More precisely,

Theorem 4.8. Suppose that o+, < —1. Let f be a nonconstant continuous solution
of (4.4), then f(0) is not an extreme value of f.
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5. Properties of the equation Pu = 0 and Du = 0

Many of the properties of the solutions of equation (4.1) involving A as the princi-
pal part extend to the solutions of the more general equations Pu = 0 and Du = 0.
Before we proceed further, we can assume, by using Theorem 2.1, that

P = LL+ Re (B(r,0)L) (5.1)
where 5 5
L= )\at —ir .

We assume throughout that the invariant X is real, so A € R*, and that 3(r,t) =
Bo(t) + r®By(r,t) with By of class C¥ ( k > 1) and Sy satisfying the condition
2m
Bo(t)dt =0 (5.2)
0

We have the following result

Theorem 5.1. There exists a sequence of real numbers
<o <ot <oy <og <oy <oy <

with
lim aji = —oco, and lim o';E =00
j——o00 j—o0
such that whenever u(r,t) solves the equation Pu = 0 in a cylinder (0, &) x S* (or
in the cylinder (=9, 0) x S*) and |r|*u(r,t) is bounded function for some s € R,

then there exists a jo € Z and T = O’;-g or T =0, such that

Kir| < Ju(r,t)| < K|, Y(r,t), 0 <|r|<§ (5.3)
Proof. For r > 0, let Z(r,t) = r*e'*. Then Z is a first integral of the vector field
L in the cylinder r > 0. That is, LZ = 0 and dZ # 0. Furthermore,
Z:Rt xS — C*
is a diffeomorphism. The pushforward of L via the map Z is the singular CR

operator:
Zo L = —=2i\Z 0

YA
Hence,
> u(lZ|,t) o
Z,P=4)\Z|? R ’ 5.4
12 [azaz * e( 1Z| az)] (54)
where ]
u(lz),6) = o, BUZIA, t)e (5.5)

Note that since § satisfies (5.2), then p satisfies condition (4.3). Let {O’;‘:}jez be
the spectrum of the equation

0% w(|Z],t) 81})
R =0 5.6
ozoz ( z| oz (59)
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Suppose that the function u(r,t) solves the equation Pu = 0 in a cylinder
0 < r < ¢ and that r®u is bounded for some s € R. The function v(Z) defined in
polar coordinates Z = pe’ by

v(p,t) = u(pl//\,t) (5.7)

is of finite order at 0 € C and satisfies the equation (5.6). It follows from Theorem
4.1 that there exists jo € Z and 7 = O’;E such that

K\|ZI" < [o(2)] < Ka| 27

for some positive constants K; < Ka. This means that the function u(r,t) =
v(r*,t) satisfies (5.3).

The case r < 0 can be handled in a similar way by considering the first
integral of L given by Z = (—r)e™". O

The reduction of the equation Pu = 0 into the singular Laplace equation (4.6)
allows to extend the rest of the theorems in Section 4. More precisely, we have

Theorem 5.2. If u is a continuous solution of Pu = 0 in a cylinder (—6, §) x St,
then w is Hélder continuous and u is constant along the circle {0} x St.

The constancy of u along the characteristic circle follows from the continuity
at 0 of the function v defined in the proof of Theorem 5.1.
We will say that a function g(r,t) defined in a cylinder (—6, &) x S! is flat
on the circle r = 0 if
lim g(rv t) - g(ovt) =0, Ym > 0.
r—0 rm
We have the following uniqueness result.

Theorem 5.3. If u is a solution of Pu =0 and if u is flat on the circle r = 0, then
u 18 constant.

When the coefficient 8(r,t) is C°, equation Pu = 0 has nontrivial regular
solution. More precisely,

Theorem 5.4. If the coefficient 3 € C°((=5, §) x S), then for any k € Z7,
equation Pu = 0 has nontrivial solutions that are of class C* in a neighborhood of
the circle r = 0.

For the maximum principle, we need to assume Hoder continuity along r = 0
with exponent o > 1/X. This guarantees that the function v given in (5.7) is
Lipschitz at 0 € R2. We have then the following theorem.

Theorem 5.5. Let u be a nonconstant solution of Pu = 0 in a an open set U
containing the circle r = 0. Assume that u is Hélder continuous on r = 0 with
an exponent > 1/X. Then u cannot achieve an extreme values at any point on the
circle r = 0. Thus, if in addition v is continuous on the bounded domain U, then
the mazimum and minimum values of u occur on the boundary OU.
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For the equation Du = 0, where D is the operator given in Section 3 whose
coefficients satisfy condition (3.2), Theorem 3.1 allows us to consider the equation
Du = 0 as an equation Pu = 0, in an appropriate system of coordinates outside
the singular point. The results proved here for P have therefore their counter-
part for the operator . In particular, the order of a solution w is well defined
through the associated spectral values, and the maximum principle also holds for
the operator .
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Finite Sections of Band-dominated Operators
on Discrete Groups

Vladimir S. Rabinovich and Steffen Roch

Abstract. Let I' be a finitely generated exact discrete group. We consider
operators on ZZ(F) which are composed by operators of multiplication by a
function in [°°(T") and by the operators of left-shift by elements of I'. These
operators generate a C*-subalgebra of L(1*(T")) the elements of which we call
band-dominated operators on I'. We study the stability of the finite sections
method for band-dominated operators with respect to a given generating sys-
tem of I". Our approach is based on the equivalence of the stability of a
sequence and the Fredholmness of an associated operator, and on Roe’s crite-
rion for the Fredholmness of a band-dominated operator on an exact discrete
group, which we formulate in terms of limit operators. Special emphasis is
paid to the quasicommutator ideal of the algebra generated by the finite sec-
tions sequences and to the stability of sequences in that algebra. For both
problems, the sequence of the discrete boundaries plays an essential role.

Mathematics Subject Classification (2000). Primary 65J10, Secondary 46L99,
65J05.

Keywords. Discrete groups, group C*-algebras, band-dominated operators,
limit operators, finite sections method, stability.

1. Introduction

Let T be a countable (not necessarily commutative) discrete group. We write the
group operation as multiplication and let e stand for the identity element of T'.
For each non-empty subset X of I', let [?(X) stand for the Hilbert space of all
functions f: X — C with

IFI1P =D~ 1f (@) < oo
reX

For X = (), we define [>(X) as the space {0} consisting of the zero element only.
We consider [2(X) as a closed subspace of [?(T") in a natural way. The orthogonal

This work was supported by CONACYT Project 81615 and DFG Grant Ro 1100/8-1.
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projection from [2(T") to 12(X) will be denoted by Px. Thus, Pr and Py are the
identity and the zero operator, respectively. For s € T', let §5 be the function on I"
which is 1 at s and 0 at all other points. The family (;)ser forms an orthonormal
basis of 1?(T), to which we refer as the standard basis.

The left regular representation L : I' — L(I*(T")) of I' associates with every
group element r a unitary operator L, such that L.ds = d,s for s € I'. Since
8rs(t) = 0s(r—1t), one has (L,u)(t) = u(r—'t) for every u € [2(T'). Hence,  — L,
is a group isomorphism. Further, we associate with each function a € {°°(T") the
operator al of multiplication by a, i.e., (au)(t) = a(t)u(t) for u € {*(I'). The small-
est closed subalgebra of L(I?(T")) which contains all operators L, with 7 € I' and
al with a € [°°(T) is called the algebra of the band-dominated operators on I'. We
denote it by BDO(T"). Besides BDO(I") we consider the smallest closed subalgebra
Sh(T') of L(I*(T")) which contains all “shift” operators L, with r € T'. Clearly, the
algebras BDO(I") and Sh(T") are symmetric and, hence, C*-subalgebras of L(I*(T")).

Let Y = (Y,,)22; be an increasing sequence of finite subsets of T' with
Un>1Yn = I'. A sequence (A,)52; of operators A,, : im Py;,, — im Py, is called
stable if there is an ng > 1 such that the operators A,, are invertible for n > ng and
the norms of their inverses A, are bounded uniformly with respect to n > n.
Note that stability is crucial for many questions in asymptotic numerical analysis.
It dominates topics like the approximate solution of operator equations and the
approximate spectral and pseudo-spectral theory. For a detailed overview see [5].

Let A € L(I*(I")). The operators Py, APy, : im Py, — im Py, are called
the finite sections of A with respect to ). In this paper, we are interested in the
stability of the finite sections sequence (Py, APy, ) when A € BDO(T'). The finite
sections method for band-dominated operators on the group Z of the integers is
quite well understood, see [10, 11, 12, 13]. Finite sections for operators in Sh(T")
with an arbitrary exact countable discrete group I" were considered in [15].

Our approach to study the stability of the finite sections method for operators
in BDO(T') is close to that in [13, 15]. We make use of the fact that a sequence
(A,) is stable if and only if an associated operator has the Fredholm property. In
case the A,, are the finite sections of a band-dominated operator, the associated
operator is a band-dominated operator again. So the desired stability result will
finally follow from Roe’s criterion for the Fredholm property of band-dominated
operators in [17]. We thus start with recalling Roe’s result in Section 2.

In Section 3, we provide an algebraic frame to study the stability of opera-
tor sequences. We introduce the C*-algebra Sy (BDO(T')) generated by all finite
sections sequences (Py, APy, ) with A € BDO(I') and show that this algebra splits
into the direct sum of BDO(I') and of an ideal which can be characterized as the
quasicommutator ideal of the algebra. A main result is that the sequence (Pyy, )
of the discrete boundaries always belongs to the algebra Sy (BDO(T")), and that
this sequence already generates the quasicommutator ideal. This surprising fact
has been already observed in other settings, for example for the algebras S(T(C'))
of the finite sections method for the Toeplitz operators (a classical result, closely
related to the present paper) and Sy (Sh(I')) (see [6] for the group I' = Z™ and [15]
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for the general case), but also for the finite sections algebra S(Oy) related with a
concrete representation Oy of the Cuntz algebra (see [14]).

The final Section 4 is devoted to the prove of the stability theorem. We
employ Roe’s criterion using the limit operators language from [11]. The main
task is to compute all (or at least a sufficient number of) limit operators of the
band-dominated operator associated with a finite sections sequence.

2. The algebra of the band-dominated operators

We start with some alternate characterizations of band-dominated operators and
the algebra generated by them. Consider functions k € [°°(T'xT") with the property
that there is a finite subset I'g of I" such that k(¢, s) = 0 whenever ts~! & I'g. Then

(Au)(t) =Y k(t, s)u(s), teTl, (2.1)
sel’
defines a linear operator A on the linear space of all functions v : I' — C, since
the occurring series is finite for every ¢t € G. We call operators of this form band
operators and the set I'g a band-width of A.

Proposition 2.1. An operator in L(I1*(T')) is a band operator if and only if it can
be written as a finite sum >_ b; Ly, where b; € [*°(T") and t; € T.

Proof. Let A be an operator of the form (2.1) and let T'g := {¢1, t2, ..., ¢} CT
be a finite set such that k(t, s) = 0 if ts~! ¢ I'y. Then,

(Au)(t) =D k(t, t; 't)u(t;'t) forteT.
i=1
Set bi(t) := k(t, t; 't). The functions b; are in [°°(T"), and

A= "biL,. (2.2)
=1

Conversely, each operator L; with ¢ € T' is a band operator with band width
{t}, and each operator bl with b € [°°(T') is a band operator with band width
{e}. Since the band operators form an algebra, each finite sum > b;L;, is a band
operator. (I

It is easy to see that the representation of a band operator on I' in the
form (2.2) with b; # 0 is unique. The functions b; are called the diagonals of the
operator A. In particular, operators in Sh(T") can be considered as band-dominated
operators with constant coefficients.

It is easy to see that the band operators form a symmetric algebra of bounded
operators on [2(T"). The norm closure of that algebra is just the algebra BDO(T'),
and this is why we call the elements of that algebra band-dominated operators.

The algebras BDO(I') and Sh(I') occur at many places and under different
names in the literature. The algebra Sh(T") is *-isomorphic to the reduced group
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C*-algebra C*(I") in a natural way (see Section 2.5 in [3]). It can thus be considered
as a concrete faithful representation of C}(I'). Note also that the reduced group
C*-algebra coincides with the universal group C*-algebra C*(I") if the group I is
amenable. For this and further characterizations of amenable groups, see Theorem
2.6.8 in [3]. The algebra BDO(T") occurs in coarse geometry and is known there as
the uniform Roe algebra or the reduced translation algebra ([16]). It can be identified
with the reduced crossed product of the C*-algebra (*°(I") with the group I" when
the group action a: I' — Aut [*°(T") is specified as

(agf)(t) = fg™'t)
for f € I*°(I') and g, t € T'. Note that amenability of I" is not needed for the
following result. But if I" is amenable, then the reduced crossed product [°°(T") X o, "

coincides with the full crossed product [°°(T) X, T' (see [7], Theorem 7.7.7 and [4],
Corollary VII.2.2).

Theorem 2.2. The reduced crossed product [*°(I') X o, I' of the C*-dynamical system
(1°°(T), I, o) is *-isomorphic to BDO(T).

Proof. Let [2(T,12(T")) stand for the Hilbert space of all functions x : I' — [(T)
with 3 1 [lz(s)[|? < co. For a € {°°(I"), let 7(a) denote the operator al of multi-
plication by a on [2(T') and define an operator 7(a) on I*(I',I3(")) by
(7(a)z)(s) := m(ag " (a))(x(s)).
For g €T, let L, be the operator on [?(T',1*(I")) defined by
(Lyx)(s) = x(t™'s).
The pair (7, f)) constitutes a covariant representation of the C*-dynamical system
(1°°(T"), T, ) on [3(T",12(T")). By the definition of the reduced crossed product (see
[2, 4, 7], for instance), [°°(I") X o, I' is the smallest C*-subalgebra of L(I*(T,12(1)))
which contains all operators 7(a) and Ly with a € [°°(I") and g € I'. One can show
([7], Theorem 7.7.5) that each faithful representation (7', H) of I°°(T") in place of
the representation (7, 12(T")) leads to the same algebra.
We identify (?(T, [2(I")) with [2(T" x ') via the mappings
J (T, P(T)) = (D x D), (Ja)(s, n) == (x(5))(n),
JTH BT % D) = (0, (), ((J7'y)(9)(n) = y(s, n)
and determine the corresponding operators
7(a) :== Ji(a)J™t and L, :=JLyJ '

A straightforward calculation gives one has

(#(a)x)(s, n) = a(sn)z(s, n) and (L,z)(s, n) = x(g~ s, n). (2.3)
Let C refer to the smallest C*-subalgebra of L(I*(T' x T')) which contains all oper-
ators 7(a) and Ly with a € [°°(T') and g € T, given by (2.3). For n € T, let

H, :={z € *(T xT): z(s, m) = 0 whenever m # n}.
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We identify [?(I" x ') with the orthogonal sum ®,crH,, such that z € (*>(I' x I)
is identified with ®h,, € ©H,, where h,(s) = x(s, n). From (2.3) we conclude that
each space H,, is invariant with respect to each operator in C (i.e., AH, C H,, for
A € C). Hence, each operator A € C corresponds to a diagonal matrix operator
diag (..., A,, Any1, ...) with respect to the decomposition of I?(I" x T') into the
orthogonal sum of its subspaces H,,. Thus, A,, is the restriction of A onto H,,.
Let C, be the C*-algebra of all restrictions of operators in C onto H,,. It is
clear that each of the spaces H,, is isometric to [2(I"), with the isometry given by

Jn : Hy, — 12(D), (Jnzx)(s) :==x(s, n),
JV (D) = Hy, (J7'2)(s, n) = x(s).
Then
(Jufr(a)J; @) (s) = (7(a) I )(s, n) = (a(sn)(J~@))(s, n)
= a(sn)a(s) = (Ram(a)Ry; x)(s)

where (R, f)(s) = f(sn) stands for the operator of the right-regular representation
of I". Similarly,

Thus,
Joit(a)J;t = Rym(a)R,,

n

' and J,LyJ;'=L,=R,L,R;"
Consequently, the mapping
BDO(T) —C, Awsdiag(..., J, "R,AR T, ...)

is a *-isomorphism. Since C is evidently *-isomorphic to the reduced crossed prod-
uct [°(I") X o I', the assertion follows. O

Our next goal is to recall Roe’s criterion [17] for the Fredholm property of
band-dominated operators on [?(I'). We are going to formulate this criterion in
the language of limit operators.

Let h : N — I' be a sequence tending to infinity in the sense that for each
finite subset I'g of I', there is an ng € N such that h(n) & Iy if n > ng. Clearly,
if h tends to infinity, then the inverse sequence h~! tends to infinity, too. We say
that an operator A, € L(I1*(T")) is a limit operator of A € L(I1*(T")) defined by the
sequence h if

R;(lm)ARh(m) — Ay and R;(lm)A*Rh(m) — A}

strongly as m — oo (as before, the R, are given by the right-regular representation
of ' on [2(T)). Clearly, every operator has at most one limit operator with respect
to a given sequence h. Note that the generating function of the shifted operator
R 1AR, is related with the generating function of A by

kp-1ag, (t, ) = Ea(tr=t, sr—h) (2.4)
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and that the generating functions of R;(lm)ARh(m) converge pointwise on I' X I to
the generating function of the limit operator A (if the latter exists).

It is an important property of band-dominated operators that they always
possess limit operators. More general, the following result can be proved by a
standard Cantor diagonal argument (see [9, 10, 11]).

Proposition 2.3. Let A be a band-dominated operator on 1(T'). Then every sequence
h : N — I' which tends to infinity possesses a subsequence g such that the limit
operator Ay of A with respect to g exists.

Let A be a band-dominated operator and h : N — I' a sequence tending
to infinity for which the limit operator A, of A exists. Let B be another band-
dominated operator. By Proposition 2.3 we can choose a subsequence g of h such
that the limit operator B, exists. Then the limit operators of A, A+ B and AB
with respect to g exist, and

Ag = Ap, (A+B)g = Ag + By, (AB)g = AgBy.

Thus, the mapping A — A}, acts, at least partially, as an algebra homomorphism.

The following theorem is due to Roe [17], see also [8]. Recall that a group I is
called exact, if its reduced translation algebra is exact as a C*-algebra. The latter
algebra is defined as the reduced crossed product of [*°(T") by I' and coincides
with the C*-algebra of all band-dominated operators on [2(T") in our setting. The
class of exact groups is extremely rich. It includes all amenable groups (hence,
all solvable groups such as the discrete Heisenberg group and the commutative
groups) and all hyperbolic groups (in particular, all free groups with finitely many
generators) (see [16], Chapter 3).

Theorem 2.4 (Roe). Let T’ be a finitely generated discrete and exact group, and
let A be a band-dominated operator on I>(T'). Then the operator A is Fredholm on
12(T) if and only if all limit operators of A are invertible and if the norms of their
inwverses are uniformly bounded.

Note that this result holds as well if the left regular representation is replaced
by the right regular one and if, thus, the operators Ly and R; change their roles. In
fact, the results of [8, 17] are presented in this symmetric setting. In [8] we showed
moreover that the uniform boundedness condition in Theorem 2.4 is redundant for
band operators if the group I" has sub-exponential growth and if not every element
of I is cyclic in the sense that w™ = e for some positive integer n. For details see
[8]. Note that the condition of sub-exponential growth is satisfied by the abelian
groups Z, the discrete Heisenberg group and, more general, by nilpotent groups
(in fact, these groups have polynomial growth), whereas the growth of the free
group Fy with N > 1 is exponential.

Theorem 2.5. Let I' be a finitely generated discrete and exact group with sub-
exponential growth which possesses at least one non-cyclic element, and let A be
a band operator on 1*(T). Then the operator A is Fredholm on I*(T) if and only if
all limit operators of A are invertible.
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3. The algebra of the finite sections method

Given an increasing sequence Y := (Y;,)n>1 of finite subsets of I' such that
Un>1Yn = T, let Fy denote the set of all bounded sequences A = (A,) of op-
erators A, :im Py;, — im Py, . Equipped with the operations

(An) + (Bn) == (An + By),  (An)(Bn) == (AnBy), (4n)" :=(4;)

and the norm
[All7y = [[Anll

the set Fy becomes a C*-algebra with identity I = (Y},), and the set Gy of all
sequences (A,,) € Fy with lim|| A4, || = 0 forms a closed ideal of Fy. The relevance
of the algebra Fy and its ideal Gy in our context stems from the fact (following
by a simple Neumann series argument) that a sequence A € Fy is stable if, and
only if, its coset A + Gy is invertible in the quotient algebra Fy /Gy. Thus, every
stability problem is equivalent to an invertibility problem in a suitably chosen
C*-algebra.

Let further stand ,7-'36; for the set of all sequences A = (A4,) of opera-
tors A, : im Py, — im Py, with the property that the sequences (A,, Py, ) and
(A; Py, ) converge strongly. By the uniform boundedness principle, the quantity
sup [|An Py, | is finite for every sequence (A,) in F3. Thus, Fy is a closed and
symmetric subalgebra of Fy which contains Gy, and the mapping

W FS — L(2(X)), (An) > slimA,Py, (3.1)
is a *-homomorphism. Note that I € F§ and that W (I) is the identity operator I
on L?(T).
For each C*-subalgebra A of L(I%(T")), write D for the mapping of finite
sections (or spatial) discretization, i.e.,

D:L(I*(I) = Fy, Aw (Py,APy,), (3.2)
and let Sy (A) stand for the smallest closed C*-subalgebra of the algebra Fy which
contains all sequences D(A) with A € A. Clearly, Sy(A) is contained in F§;, and
the mapping W in (3.1) induces a *-homomorphism from Sy (A) onto A. On this

level, one cannot say much about the algebra Sy(A). The simple proof of the
following is in [14].

Proposition 3.1. Let A be a C*-subalgebra of L(I1%(T')). Then the finite sections
discretization D : A — Fy is an isometry, and D(A) is a closed subspace of the
algebra Sy (A). This algebra splits into the direct sum

Sy(A) = D(A) & (ker W NSy (A)),
and for every operator A € A one has

ID(A)| = min [D(A) + K]

Finally, ker WNSy(A) is equal to the quasicommutator ideal of Sy(A), i.e., to the
smallest closed ideal of Sy(A) which contains all sequences (Py, A1 Py, Ay Py, —
Py, A1 Ao Py,) with operators Ay, As € A.
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We denote the ideal ker W N Sy (A) by Jy(A). Since the first item in the
decomposition D(A) @ Jy(A) of Sy(A) is isomorphic (as a linear space) to A, a
main part of the description of the algebra Sy (A) is to identify the ideal Jy (A).

We are going to present two alternate descriptions of the quasicommutator
ideal Jy(BDO(T")) of the finite sections algebra Sy (BDO(T")). For we have to in-
troduce some notions of topological type. Note that the standard topology on I'
is the discrete one; so every subset of I' is open with respect to this topology.

Let €2 be a finite subset of I' which contains the identity element e and which
generates I' as a semi-group, i.e., if we set Qg := {e} and if we let ©,, denote the
set of all words of length at most n with letters in {2 for n > 1, then U,>oQ, =1T.
Note also that the sequence (£2,,) is increasing; so the operators Py, can play the
role of the finite sections projections Py, , and in fact we will obtain some of the
subsequent results exactly for this sequence.

With respect to €2, we define the following “algebro-topological” notions. Let
A CT. A point a € A is called an Q-inner point of A if Qa := {wa: w € Q} C A.
The set int A of all Q-inner points of A is called the Q-interior of A, and the set
OnA := A\ intgA is the Q-boundary of A. Note that we consider the 2-boundary
of a set always as a part of that set. (In this point, the present definition of a
boundary differs from other definitions in the literature; see [1] for instance.)

One easily checks that the Q-interior and the 2-boundary of a set are invariant
with respect to multiplication from the right-hand side:

(intgA)s = intg(As) and (9qA)s = da(As)
for s € I'. One also has
Q,_1 CintnN, C Q, for eachn > 1, (3.3)
whence
002 €, \ Q-1 for eachn > 1. (3.4)
Here is a first result which describes Jy(BDO(T')) in terms of generators of T
Abbreviate I — Py =: Q 4.

Theorem 3.2. Jy(BDO(T)) is the smallest closed ideal of Sy(BDO(T")) which con-
tains all sequences

(Py" Lw—leanPy")n21 with w € Q. (35)

We call (Pa,,y, )n>1 the sequence of the discrete boundaries of the finite section
method with respect to (Y,). Note that the assumptions in the following theorem
are satisfied if Y,, = Q,, due to (3.3).

Theorem 3.3. Assume that Y,_1 CintqY, C Y, for alln > 2 and that Up,>1Y, =
[. Then the sequence (Pa,v,)n>1 of the discrete boundaries belongs to the al-
gebra Sy(BDO(T)), and the quasicommutator ideal is generated by this sequence,
i.e., Jy(BDO(I')) is the smallest closed ideal of Sy(BDO(I')) which contains

(Pogy, )Jn>1-
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Both results were proved in [15] for the ideal Jy(Sh(I')) of Sy(Sh(I")) in
place of Jy(BDO(T)). The above theorems follow from these results since every
multiplication operator al commutes with every projection Py where Y C T'.

4. Stability

We are now going to study the stability of sequences in Sy (BDO(T')) via the limit
operators method. The key observations are that the stability of a sequence in that
algebra is equivalent to the Fredholm property of a certain associated operator,
which is band-dominated, such that the Fredholm property of that operator can
be studied by means of its limit operators via Roe’s result.

Let again Y := (Y},) be an increasing sequence of finite subsets of I' with
Un>1Ys = Q. A sequence (v,) C I is called an inflating sequence for Y if Y,,v,,' N
Y, vt = ) for m # n. The existence of inflating sequences is easy to see. Moreover,
the following lemma was shown in [15].

Lemma 4.1. Let Y = (Y,,) be as above and V an infinite subset of T'. Then there
is an inflating sequence for Y in V.

In what follows we choose and fix an inflating sequence (vy,) for ) and set
IV =T\ U2, Y,u, . (4.1)
For s € T, let again Ry : [?(I') — [?(T') refer to the operator (Rsf)(t) := f(ts).
Evidently, RsL; = LyR; for s, t € I'. The proof of the following theorem is in [15].
Theorem 4.2. Let A = (A,) € Fy. Then

(a) the series
D R, AuR, ! (42)
n=1

converges strongly on 12(T'). The sum of this series is denoted by Op (A).
(b) the sequence (A,,) is stable if and only if the operator Op (A)+Pr is Fredholm
on I2(T).
(c) The mapping Op is a continuous homomorphism from Fy to L(I*(T)).

The applicability of Roe’s result to the study the stability of the finite section
method for band-dominated operators rests of the following fact.

Proposition 4.3. Let A be a sequence in Sy(BDO(I')). Then Op (A) is a band-
dominated operator.

Proof. Firstlet A € BDO(T') be a band operator and let T'g be a band width of A. Tt
is easy to check that then R, Py, APy, R;nl is a band operator with the same band
width for every n. The inflating property ensures that Op ((Py, APy,)) is a band
operator with band width T'g, too. Now Theorem 4.2 (c) yields the assertion. [
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In order to verify the stability of a sequence A € Sy(BDO(T')) via the above
results, we thus have to compute the limit operators of Op (A) + Prs, which will
be our next goal. Note that the exactness of I' is not relevant in this computation.

Let Q be a finite subset of I' with e € 2 which generates I' as a semi-group
and define €2, as above. By Theorem 4.2, the Fredholm property of an operator
Op (A) is independent of the concrete choice of the inflating sequence. For technical
reasons, we choose an inflating sequence (v,,) for the sequence

(Y UQ,)(Yn UQy) (Y, U))

n>1
instead of (Y;,)n>1. Since
Y, UQ, C (Yo UQ) (Y UQ,) € (Y UQ) (Y UQ,) (Y, Uy,

(vp) is also an inflating sequence for (Y;,). Moreover, since s-lim P, = Pr = I,
one also has
s-lim P(YnUQn)(YnUQn)_l = PF =1. (43)

Let now A = (A,) € Sy(BDO(T")), set as before

Op(A) =) Ry, AR, and I'=T\U3,Y,v, ",

n=1

and let h : N — I" be a sequence tending infinity for which the limit operator
(Op (A) + Pp/)h = S—limn_moR;(ln)(Op (A) + PF/)Rh(n)

exists. Then the limit operator (Op (A)+ Pr), exists for every subsequence g of h,
and it coincides with (Op (A) + Pr/)p. So we can freely pass to subsequences of h
if necessary. By a first passage to a suitable subsequence of h we can arrange that
one of the following two situations happens; so we can restrict the computation of
the limit operator to these cases:

Case 1: All elements h(n) belong to Ug>1 kak_l.
Case 2: No element h(n) belongs to Ug>1 kak_l.

We start with Case 1. Passing again to a subsequence of h, if necessary, we can fur-
ther suppose that each h(n) belongs to one of the sets kak_l, say to v, Y,;l, and
that vy, Y,;Ll contains no other element of the sequence h besides h(n). For each n,
let r,, denote the smallest non-negative integer such that h(n) € vy, (0qYs, )" 1Q;, .
Thus, r,, measures the distance of h(n) to the Q-boundary of vy, Ykzl. Set r* :=
liminf, ,. r,. Again we have to distinguish two cases, namely when r* is finite
and when r* is infinite. We refer to these cases as Case 1.1 and 1.2, respectively.
Then Theorems 4.4 and 4.6 below can be derived in the similar way as the corre-
sponding Theorems 4.9 and 4.11 in [15], with some evident modifications.

Theorem 4.4. Let A € Sy(BDO(I)), and let h be a sequence such that the limit
operator of Op (A)+ Prs with respect to h exists. In Case 1.1, there is a subsequence
g of h such that the limit operator (Pr/)y exists, and there are a monotonically
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increasing sequence (k) in N, a vector ny, € (9qYk, )~ ! for each n > 1, and a
wy € I' such that

(Op (A) + Pro)p = s-lim R, "R Ay Ry, Ruy. + (Prv)g.

Thus, the operator Ay, living on im Py, is shifted by a vector n, € (0aY, ) ™!
and by another vector w, independent of n. It is only a matter of taste to consider
Ay, as shifted by the vector nk_nl belonging to the Q-boundary of Yj,_ . In particular,
every limit operator of Op (A) is a shift by some vector w, of a strong limit of
operators Ayg, , shifted by vectors in the Q-boundary of Yy, . This fact is well known
for the group Z and intervals Y;, = [k, k] N Z (and has been employed in [12] to
get rid of the uniform boundedness condition in this case), and it was observed by
Lindner [6] in case I' = ZY and Y}, = €, is a convex polygon with integer vertices.

Before turning to the other cases, let us specify Theorem 4.4 to pure finite
sections sequences for operators in BDO(I"). The existence of the limit operator
(Pr)p, is guaranteed if the strong limit

s-lim R, 'R, Py, Ry, Ry, = s-lim Py, . (4.4)
exists. In this case, there is a subset Y™ of I such that
s-lim PYknﬁkn Wy — Py(h) (4.5)

and, thus, (Pr/)g = I — Pym. We claim that the sequence (7, ws)n>1 tends
to infinity. For this goal, it is sufficient to show that every sequence (u,) with
Un € 0qYy, tends to infinity. Let I'g be a finite subset of I'. Choose ng such that
I'o € Q-1 and n* such that Q,, C Yy, for all n > n*. Then intqQ,, C intqYs, ,
and from (3.3) we conclude that

I'y C Qno—l - intQQnO CintqYy, .

Hence, 0qY), NTo = 0 for all n > n*, whence the claimed convergence.

Given a sequence h such that the limit (4.4) exists and a band-dominated
operator A, let o,p, 1 (A) denote the set of all limit operators of A with respect to
subsequences of the sequence (7, Wy )n>1. This set is not empty by Proposition 2.3.

Proposition 4.5. Let A € BDO(I'), and let h be a sequence such that the limit
operator Op (A), for the sequence (Py, APy, ) exists. In Case 1.1, there are ky,
Nk, and wy as in Theorem 4.4 such that the limit (4.4) exists. Then there is a limit
operator Ay € oop n(A) of A such that

(Op (A) + Pr)y, = Py AgPymy + (I — Py ). (4.6)

Conversely, if the limit (4.4) exists for a certain choice of ky, N, and w. as in
Theorem 4.4 and if Ag is a limit operator of A with respect to a certain subsequence
g = (Mk,, w«)r>1 of the sequence (i, w«)n>1, then the limit operator Op (A)p
exists for the sequence h = (vy, gr)r>1, and (4.6) holds.
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Proof. The proof of the first assertion follows easily from Theorem 4.4. Indeed,
Rw:lnk_: Py, APy, Ry w.
= (Rw*—l,n;; Py, Ry w.)- (Rw*—l,n;; ARy, w.) (R,-1,-1 Py, Ry w,).

W My,

The sequences in the outer parentheses converge strongly to Py . If now g is a
subsequence of (7, W« )n>1 such that the limit operator A, exists, then we conclude
that

Rw*—lnk—: PYkn APYkn Rﬁknw* — Py(h) AgPy(h)

*-strongly as n — oo. The second assertion is evident. (I

Now we turn over to Case 1.2, when r* is infinite.

Theorem 4.6. Let A € Sy(BDO(T")) and A := s-limA,, Py, , and let h be a sequence
such that the limit operator Op (A), exists. Then, in Case 1.2, either Op (A), =
Ry YAR,- with a fired v* € T, or there is a limit operator Ay of A such that
Op (A);, = A,. Conversely, each operator R;.*AR,+ with v* € I and each limit
operator Ay of A occur as limit operators of Op (A).

Proof. 1t is sufficient to verify the assertion for pure finite sections sequences A =
(Py, APy, ) with A € BDO(T"). For these sequences, one has

Ry, (Op (A) + Pr)Riyn)

= Z R’:(ln)Rvk PYkAPYkR;kth(TL) (I - PYknv;;h(n))
k#kn

1
+ Ry Fro Ry (I — PYknv;nlh(n))

_1 _
+ Pykn 'Uk_nlh(n)(Rh(n) R’Ukn AR’Ukln Rh(n))PYkn U,:;h(n)'

Consider the sequence (v,;nlh(n)), which is either finite or contains a subsequence
which tends to infinity. In the first case, there is a v* € I" which is met by this
sequence infinitely often, whence Op (A);, = R,«AR,.}. In the second case, Propo-
sition 2.3 implies the existence of a subsequence g of (vk_nlh(n)) which tends to
infinity and for which the limit operator A, exists. In this case, Op (A), = A,.
Conversely, given v* € I' and a limit operator A, of A, one can choose
h(n) := vy, v* and h(n) := vy, g(n) in order to obtain the limit operators R,.' AR, -
and A, of Op (A), respectively. O

Note that, in Case 1.2, the invertibility of all limit operators of Op (A) as well
as the uniform boundedness of the norms of their inverses follows already from the
invertibility of A.

Now consider Case 2, i.e., suppose that none of the h(n) belongs to kakal. For
n € N; let r, stand for the smallest non-negative integer such that thereis a k,, € N
with h(n) € vg, (0aYr, ) 19, . Consequently,

h(n) & vk, (0aYk,) ' Q1 for all n.
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Again we set r* := liminf r,, and distinguish the cases, when r* is finite and when
r* is infinite, to which we refer as Case 2.1 and 2.2, respectively. These cases can
be studied in a similar way as the corresponding cases in [15], and we again omit
the details. The following theorem summarizes the results from Cases 1.1-2.2.

Theorem 4.7. Let A € Sy(BDO(I")) and A :=s-lim A, Py, . Then the limit opera-
tors of Op (A)+ Pr/ are the identity operator I, all shifts R;*l AR, of the operator
A, all limit operators of A, and all operators of the form

slim Ry 'R Ay, Ry, Ry, + (Pri)g
with a suitable subsequence g of h and with elements i, € (0qYy, )™t and w, € T.

Combining this theorem with Theorems 4.2 (b), 2.4 and 2.5 we arrive at the
following stability results.

Theorem 4.8. Let I' be a finitely generated exact discrete group, and let (A,) €
Sy(BDO(T")). The sequence (Ay,) is stable if and only if the operator

A =slim A, Py,
and all operators of the form
slim R, Ag, Ry, + R, (Pro)gRy!

with a suitable subsequence g of h and with elements ng, € (0qYk,) ' and w, € T
are invertible and if the norms of their inverses are uniformly bounded.

Theorem 4.9. Let T be a finitely generated exact discrete group, and let A €
BDO(T'). The sequence A = (Py, APy, ) is stable if and only if the operator A
and all operators

Py(h) AgPy(h) : impy(h) — im Py(h)

where h is a sequence such that the limit (4.4) exists and Y™ is as in (4.5) and
where g is in oop n(A) are invertible and if the norms of their inverses are uni-
formly bounded.

Theorem 4.10. Let I' be a finitely generated discrete and exact group with sub-
exponential growth which possesses at least one non-cyclic element, and let A be
a band operator on I*(T). Then the sequence A = (Py, APy,) is stable if and only
if the operators mentioned in the previous theorem are invertible.

There are special sequences Y = (Y,,) and n : N — T" for which the existence
of the limit (4.5) can be guaranteed. Let again €, refer to the set of all products
of at most n elements of ) and set Qy := {e}. A sequence (v,) in I is called a
geodesic ray (with respect to ) if there is a sequence (wy,) in Q\ {e} such that
Vp = wqws...wy, and v, € Q, \ Q,_1 for each n > 1. Note that this condition
implies that each v, is in the right Q-boundary of 2,,, which is the set of all w € Q,,
for which w2 is not a subset of €Q,,.
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We will see now that the lim 2,7, exists if  is an inverse geodesic ray, i.e.,
if n, = v, ! for a geodesic ray v.

1 1

Lemma 4.11. Let (wy)n>1 be a sequence in Q and set 0, = w, 'w, 4 ... wfl for

n > 1. Then the strong limit s-lim Pq, ,, exists, and
S_lim Pﬂnnn = PUnlennn' (47)

Proof. For n > 1, one has Q,n, = annﬂw;}rlwgl . ..wfl C Qpy1Mn+1- These

inclusions imply the existence of the strong limit and the equality (4.7). |

The natural question arises whether every sequence 77 : N — I" for which the
limit (4.5) exists has a subsequence which is a subsequence of an inverse geodesic
ray. If the answer is affirmative, then it would prove sufficient to consider strong
limits with respect to inverse geodesic rays in Theorem 4.8. Under some conditions,
this question was answered in [15] for commutative groups I" and for the free (non-
commutative) groups Fy with N generators.
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Joint Defect Index of a Cyclic Tuple
of Symmetric Operators

Roger A. Roybal

Abstract. Von Neumann showed that the defect indices of a symmetric oper-
ator are invariant in each the upper half and lower half complex planes, and
if the operator commutes with a conjugation operator, the indices have the
same value in C\R. This leads to self-adjoint extensions for the operator. We
prove an anlogous invariance result in (Cd\Rd for a class of operator tuples.
We also apply this to give a result regarding reproducing kernels.
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1. Introduction

John von Neumann’s theory of defect indices gives conditions necessary and suf-
ficient to determine if a single unbounded symmetric operator on Hilbert space
has self-adjoint extensions and a method to parametrize them all. In the case of
a tuple of symmetric operators much less is known. Given a tuple of symmetric
operators (A1, ..., A4) on a Hilbert space H, there exists a joint projection-valued
spectral measure if and only if there exists a Hilbert space extension K 2 H and
self adjoint extensions B; D A; on K whose spectral projections commute.

The issue of commutativity is a large obstacle to the generalization of spectral
theory of a single operator to a the spectral theory of a tuple of operators. Nelson’s
example [7] shows that two operators may not strongly commute, even if they do
commute on a common core. In the context of the multi-dimensional moment
problem, [3] and [10] concurrently gave examples of tuples of operators which
weakly commute on a domain dense in a Hilbert space, yet the tuple possesses no
strongly commuting self-adjoint extension. Implicit in both approaches is that such
a commuting self-adjoint extension exists if and only if the corresponding moment

The author would like to thank Mihai Putinar and Raul Curto for helpful conversations and
advice during the preparation of this article.
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problem has a solution [5]. Since not every positive polynomial in two or more
variables may be written as a sum of squares, a Riesz extension theorem argument
and the Riesz-Haviland theorem gives a construction for a tuple of operators which
weakly commute on a dense subspace of a Hilbert space but do not have a joint
self-adjoint extension as above.

2. Formulation and Notation

We have a choice of starting points. In the case of the multi-dimensional moment
problem an operator tuple arises naturally in the GNS construction. In the case
of a tuple of symmetric operators, we make assumptions to align these two cases.

2.1. The multi-dimensional moment problem
Let {sa}qens be a multisequence indexed by the monomials in d variables. We

use the standard multivariable notation and say x = (z1,...,24) € R?, o =
(a1,...,0q) € Nd, 22 = 21 cexg?,and ol = a4 -+ ag.

Define the Riesz functional L : C[z] — C for the multisequence by L(z%) =
Sa, and extend linearly. The sequence {s,} and the functional L are called positive
if L(|p|?) > 0 for every p € C[z]. In this case, we can define a positive semidefinite
sesquilinear form (-, -) on Clz] by (p, ¢) = L(pq). We then use the GNS construction
to pass to an inner product (-, -} on a Hilbert space H such that the polynomials are
dense in H. This construction is carried out in more detail in [5]. We will generally
make no distinction between a polynomial p(z) and its representative in .

For 1 < j <d, let X; be multiplication by the real variable z; on C[z]. Since
X is symmetric, let X ; be the closure of X; and D; C H be the domain of X ;.

2.2. A cyclic tuple

Equivalently suppose that (Xi,...,X4) is a tuple of symmetric operators on a
Hilbert space H and that there exists a conjugation operator C' : H — H which
leaves the domain of each X; invariant and commutes with it. Furthermore, sup-
pose that there is a cyclic vector £ € H for the tuple, and that for any 1 <i,5 <d,
X; and X; commute on {p(X) : p(x) € Clz]}. We use the standard notation that
p(X) is the evaluation of p(x) at (X1,..., Xq).

If we consider the minimal domain {p(X){ : p € Clz]} for each X; and
D; C H be the domain of X; as previously, then we are nearly in the situation
above. The remaining difference is that the vector 1 is invariant under complex
conjugation in the moment problem setting, so we also assume that C§ = &.

The assumption that there is a conjugation operator which commutes with
the operator tuple is not unreasonable for a formally commuting tuple. In the case
where the tuple consists of strongly commuting self-adjoint operators, let E be
the joint projection-valued measure on R?. Then our conjugation C' is complex
conjugation on L?(E).
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2.3. Continuation
Consider the operator X : C[z]¢ — H, defined for p = (p1,...,pa) € C[z]¢ by

Xp(x) = w1p1(x) + z2p2(2) + - - - + Tapa(z).
Denote the operator X : @?:1 D; — H by

Xf=X1fi+-+ Xafa,

where f = (f1,..., fa) € @?:1 D;.
On the set C[z] the adjoint is formally defined as X*p = (z1p, ..., zqp). This
element induces a bounded linear functional on H% since

[{(frseos fa)s (@aps s zap))| < (1(frs- oo fa)llll(@aps - zap) |

for all f = (f1,...,fs) € H% Since C[z] is dense in H, it follows that the adjoint
X* is well defined and has dense domain. Thus the closure X of X exists and
X** = X.

By considering the isometry

(p(l‘),.rkp(x)) = (07 te 7Oa p(f) ’07 ey O7xkp(x))
kth place

from the graph of X; into the graph of X, this induces an isometry from the graph
of X; into the graph of X. Therefore we conclude that X C X.

3. Main result
For z = (21,...,2q) € C?, define
(X =2)(p1,.--,pa) = (x1 — z1)p1 + - -+ + (¥a — 2a)Pa;

and define X — z and X — 2 analogously. Since X is a closed operator, for any
z € C? ker(X — z) is a closed subspace of H?. Thus we can decompose its domain
orthogonally into two subspaces. Define £, = Dy © ker(X — z), and call £, an
effective domain of X — z. In particular, X — z|g_ is bijective onto the range of
X — z. We will show that if z € C\R?, and if w — z is sufficiently small, then
X — w is bijective from &, to the range of X — w.

Let & = &, NClx]? = {(z1 — 21)p, (v2 — 22)p, - - ., (¥a — za)p|p € Clx]} be an
effective domain of X. The second equality follows from that ran((X — z)*) is a
dense subspace of H¢ S ker(X — z) and that £ C C[z]?. Since X is the closure of
X, we will examine &, to explore X.

Lemma 1. If 2 € C'\RY, then X — z has closed range.

Proof. Let z = (21...,2z4) € CA\RY, where z; = a; + ib;. To show that X — z
has closed range, we will show that X — z is bounded from below on £,. Let Let
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f=(z1—21)p,...,(xqa — za)p) € E.. Then

2
d d

AP = ([ [ Doy —a)® + > b | Il

j=1 k=1

Denoting |z|? = 2?21 3, we compute:

I(X = 2)f11* = L (| - af* + [b1*)*[p]*)
= L (|lz — al*(lz — al* + [1*)|p|*) + L ([b]*(|z — al* + [b]*)|pl*)
=L (Jz — af*(jz — al* + [b]*) p]*) + b1 FII*.
The term on the left is nonnegative since the argument is a sum of squares, and

L is a positive functional, thus for f € &, ||(X — z)f|| > |Sz|||f]|- Since X is the
closure of X, it follows that for any ¢ € &,,

(X = 2)ol = [S=z[[l¢]-

The above inequality implies that the range of X — z restricted to &, is closed,
thus the range of X — z is closed. (I

For any y = (y1,...,ya4) € C%, we define the associated operator y : H — H
by yf = y1fi + -+ + yafa, where f = (f1,..., fa). We estimate the norm

d d
lfl < Sl 156l < S el 171,
k=1 k=1

thus in the operator norm, |yl < 3", |yx-
In the following, we make use of the inequality on d-tuples of complex num-
bers

>yl < Vd <Z|yk2> = Vdly|
k k

Sz

by stating that if |w — z] < |\/d , then Jw — z|| < |3z
Theorem 1. The value of dimker((X — 2)*) is constant in C*\R<.

Proof. We slightly modify the standard argument which shows that the defect
indices of a closed symmetric operator are constant in the upper half and lower

half-planes. Let 2 € C*\R?, and let w € C? so that |z — w| < I\%le. We first prove
that dimker((X — z)*) > dimker((X — w)*).

Suppose then that dimker((X — z)*) < dimker((X — w)*). Then there is
some u € ker((X — 2)*)* with ||ul| = 1 which is also contained in ker((X — w)*).
Since ker((X — 2)*)* = ran(X — z), there is some ¢ € &, so that (X — 2)¢ = u.
Then

0=[(X —w)*, &) = [{u, (X = 2)) + (u, (z = w))| > [[ul* — ||z — w][|ull 4]
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By the selection of w, ||z — w|| < [Sz|, and ||¢|| < |Sz]|||u|| since X — z is bounded
from below on &,. Putting this into the above relations gives 0 > 0. From this
contradiction, we conclude that dimker((X — z)*) < dimker((X — w)*).

Now by picking w so that |w — z| < I;\/ZLL, we repeat the above argument with

the roles of z and w reversed, obtaining dimker((X — w)*) < dimker((X — z)*).
Thus for each z € C4\RY, there is some neighborhood U of z so that dim ker((X —
w)*) is constant on U. Since CY\R? is path connected, a compactness argument
shows that dimker((X — z)*) is constant in this domain. O

We have used &, as a set of representatives for the whole of the domain of
X —zand &, for X —w. It is helpful to note that if z and w are close enough,
then we may use a single effective domain.

Sz

\/dl. Then &, is an

Proposition 1. Let z € C'\R? and w € C? so that |w — z| < |

effective domain of X — w.

Proof. From the discussion after Lemma 1, we first conclude that X —w restricted
to the subspace &, has closed range. For in this case, |[w — z|| < |Sz|. Let f € &;;
then

(X = w)fll = [(X = 2)f]| = [I(z = w) f]]

> (I92] = [lw = 2D £l

Since ||w — z|| < ||, this means that X — w is bounded below on &, and thus
has closed range.

Now for the sake of argument, suppose that (X —w)E, is a proper subspace of
ran(X —w). We follow a similar argument as the above theorem. Since dim ker((X —
2)*) = dimker((X — w)*), there is some v € ran(X — z) with |jv]| = 1 so that v
is orthogonal to (X — w)&,. Then there is ¢ € &, so that (X — z)¢ = v, and
o]l < |Sz|. Thus for every ¢ € &,

(X = 2)¢, (X —w)p) = 0.
Setting ¢ = ¢, we obtain ||v]|2+ (v, (z—w)¢) = 0, which contradicts ||z—w|| < |Sz|.
Since (X —w)E., is closed, this implies that (X —w)&, = ran(X —w). Since X —w
is bounded below, it is injective on £, so this is an effective domain for X —w. 0O

4. Reproducing kernels

For the operator X with cyclic vector 1, we assert that the defect index is either 0
or 1, since for any z € C?, C-1+ (X — 2)C[z] = Clx]. If the defect index is 0, then
1 € ran(X — z). If the defect index is 1, then we conclude that 1 ¢ ran(X — z),
since if it were, then ran(X — z) would include the closure of the polynomials, and
thus the range would be all of H. Define p(z) to be the square of the distance from
1 to the range of X — z. Then for any z € C*\RY, p(2) = 0 if and only if the defect
index is 0.
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Assume that the defect index is 1. Then there is a unique k, € ker((X — z)*)
so that (k,,1) = 1. This k. has the reproducing property: for any p(x) € Clz],
(p(z), k=) = p(z). For each X,

(XL k) = (x5 — 25, k2) + (25, k2) = 25,
and for each X; and Xj,
(XXl ko) = ((zj — zj)an, kz) + (zjzn, k) = zj2k.

We proceed inductively to achieve (p(z), k.) = p(z).

We consider the standard orthonormal polynomials so that P, . oy(z) = 1,
and deg P, (x) = |a|. These are constructed by applying the Gram-Schmidt process
to the monomials listed in order of nondecreasing degree; see [4] for more details.
For our purposes, any complete orthonormal system of polynomials which contains
the polynomial p(z) = 1 will suffice. Using (P,(x),k,) = Pa(z), we obtain the
decomposition

x) = Z P, (2)P,(x), from which follows |k.|* = Z | Py (2

aeNg aeNg

If we decompose the vector p(x) = 1 with respect to the complementary
subspaces ran(X —z) and C-k,, then the projection onto C-k, will have norm equal
to the distance from 1 to ran(X — z). The projection of the polynomial p(z) =1
onto C -k, is f‘lkkl‘z k.. The norm of this vector is ”k |» hence p(z) = Hkil\z' In the
case d = 1, this is consistent with the definition of p(z) as given in [8] and [1].

The continuity of the polynomials gives the next result.
Theorem 2. The function z + k, on CI\R? — H is weakly continuous.

Proof. First assume that ||k, || is uniformly bounded for all w in some neighbor-
hood of z. Since each p(x) € C[z] is continuous, then as w — z, p(w) — p(z), or
in other words (p(z), kw) — (p(x), k). Since k,, — k, weakly with respect to a
dense subset of H and that ||k, || is bounded for all w in a neighborhood of z, this
implies that (f, kw) — (f, k.) for every f € H.

Now we show that ||k.|| is bounded in compact subsets of C*\R?. For sake of
contradiction, assume not, so there exists z € C*\R? with w,, — z and ||k, || > n.
Without loss of generality, we may assume that |z — w,| < I I for every n € N.

Since | ky, || > n, the distance between 1 and ran(X — wn) is less than !, and
let v, be the projection of the element 1 onto ran(X — w,). Note that |v,|| < 1
since ||1|| = 1. Since &, is an effective domain for X — w,,, there is some element
fn € &, so that (X — wy) fn = vy. Since X — w,, is bounded below by 1921 o E.,

2v/d
this implies that || f,.| < IQ\“\r/z fll. Note that this implies that
2d|wy, — z|
= 2)fall < Vel = sl < 0
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Pick N € N so that n > N implies |z — w,,| < \/p(zt)ilgzl. Let n € N so that
n > max(N, \/j(z)). Since n > \/j(z), we have

1= (X =)ol < V2

as well as
[T — (X —wn) fall > 11 = (X = 2) full = [[(z — wn) full

2d|z — w, | NZO
This contradiction implies that we cannot pick a sequence w,, — z so that ||k, ||
is unbounded. Therefore, ||k, || is bounded everywhere for all w within some neigh-
borhood of z. O
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Commutative Algebras of Toeplitz Operators
on the Super Upper Half-plane:
Super Parabolic Case

Armando Sanchez-Nungaray

Abstract. We prove that there exist a unitary operator between the super
weighted super Bergman spaces of the super-disk and the super upper plane,
and we find the form of the functions invariant under the action of super reals
over the super upper plane. We prove that, generalizing the parabolic classical
case, every super Toeplitz operator with super-reals-invariant symbol is diag-
onal. Finally we prove that the algebra of Toeplitz operators with symbols
invariant under the action of the super reals is commutative.
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32A36, 58A50.

Keywords. Toeplitz operators, Commutative C*-algebras, Bergman spaces,
Supermanifolds and graded manifolds.

1. Introduction

In [6] Grudski, Quiroga and Vasilevski showed that the C*-algebra generated by
the Toeplitz operators is commutative on each weighted Bergman space if and only
if there is a pencil of hyperbolic geodesics such that the symbols of the Toeplitz
operators are constant on the cycles of such a pencil. All cycles are, in fact, the
orbits of a one-parameter subgroup of isometries for the hyperbolic geometry on the
unit-disk. This provides us with the following scheme: the C*-algebra generated by
Toeplitz operators is commutative on each weighted Bergman space if and only if
there is a maximal commutative subgroup of Mébius transformations such that the
symbols of the Toeplitz operators are invariant under the action of this subgroup.

Others similar results on the sphere, ball, Reihart domains can be found in
[11, 12, 13, 14].

In [2, 3] Borthwick, Klimek, Lesniewski and Rinaldi introduced a general
theory of the non-perturbative quantization of a class of hermitian symmetric
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super-manifolds. The quantization scheme is based on the notion of a Toeplitz
super-operator on a suitable Zs-graded Hilbert space of super-holomorphic func-
tions. The quantized super-manifold arises as the C*-algebra generated by such
operators. The authors made the quantization on the super-plane, super-disk, and
Cartan super-domains.

In [10] we study commutative algebras of Toeplitz operators on the super-
disk and we analyze the generalization corresponding to a classical elliptic case
(symbols are invariant under the action of the circle), this generalization consists
in two cases: symbols invariant under the action of the super circle.

The aim of this article is to continue the study of commutative algebras of
super Toeplitz operators, now we work on the super upper plane and we analyze the
generalization corresponding to a classical parabolic case (symbols are invariant
under the action of the reals), this generalization consists in taking the symbols
invariant under the action of super reals.

This article is organized as follows. In Section 2, we present some results about
Toepliz operators over the super-disk. In Section 3, we give a unitary operator
between the Bergman space of the super-disk and the respective Bergman space of
the super upper plane. Thus, we find the form of the Bergman kernel on the super
upper plane and we give the form of the Toeplitz operators on the super upper
plane, which are unitarily equivalent to the Toeplitz operators on super-disk. In
Section 4, we find the explicit form of the functions invariant under the action of
super reals. Finally, in Section 5, we prove that every Toeplitz operator with super
real invariant symbol is equivalent to multiplication operator. Therefore the C*
algebra generated by this operators is commutative.

2. Toeplitz operators on the super-disk

We present here the main results for the unit-disk, for more details we refer to
[9]. Let O(B) denote the algebra of all holomorphic functions ¢(z) on the open
unit-disk
B:={zeC: |z| <1}.
Let A; denote the complex Grassmann algebra with generator (, satisfying the
relation (2 = 0. Thus
Ay = (C<17 <>
The tensor product algebra
OB = OB) ® A, = OB)(1,¢)
consists of all “super-holomorphic” functions

U = 4o + (i
with 1,91 € O(B). We sometimes write

U (z,() = vo(2) + (i (2)
for all z € B.
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Definition 2.1. For v > 1, the weighted Bergman space
H(B) := O(B) N L*(B,d,)

consists of all holomorphic functions on B which are square-integrable for the
probability measure

() ="~ L2 apyr—2as. (2.1)
Where dz denotes the Lebesgue measure on C.
It is well known [8] that H2(B) has the reproducing kernel
K, (z,w)=(1-zw)™"

for all z,w € B. Let A denote the complex Grassmann algebra with 2 generators
¢, ¢ satisfying

Thus,
AT =C(1,¢,¢.¢¢) = Ai{L,¢)
Let C(B) denote the algebra of continuous functions on B. The tensor product
CB"") = C(B) ® AT = C(B)(1,¢,¢,CC)
consists of all “continuous super-functions”
F = foo + ¢ fio + ¢ for + CC fir, (2.2)
where foo, f10, fo1, f11 € C(B). The involution on C(Blll) is given by
F=foo+Cfro+Cfor +¢C 10
where f(z) := f(z) (pointwise conjugation).

The algebra C(Blll) contains O(B'') as a subalgebra, and for ¥ = 1o+ €
O(B'") we have

VW = 4hgrbo + (g P1 + 9y o + CC Yy 1.

. . 11 . o
Given a super-function F' € C(B | ), we define its Berezin integral

/ d¢ F := f11 € C(B)
con
and
/dzd( F(z,¢) ::/dz / d¢ F(z,() :/dz fi1(2). (2.3)
Bl B colt B
Thus the “fermionic integration” is determined by the rules

[acc= [acc= [aci=o, [accc=1

Colt Col1 Col1 Col1
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As an example, we have

/ dzd¢ F(z,¢) F(z,¢)

Bl

= /dz(foo(z) f11(2) + f11(2) foo(2) = fro(2) fro(2) + fo1(2) fo1(2)),
B

which shows that the (unweighted) Berezin integral is not positive. For ¥ = 1 +
¢y € O(B'Y), we see that

[ zdc 92000 = [z i@
Bl Bt
is positive, but not positive definite since the 1)y term is not present.
Definition 2.2. For any parameter v > 1 the (weighted) super-Bergman space
H2(B') c OB

consists of all super-holomorphic functions ¥(z, ) which satisfy the square-inte-
grability condition

1

(T|w), = / dzd¢ (1 — 2z — Q)" 1 W(2,0)¥(z,¢) < +oo.
Y
Bl

Proposition 2.3. For ¥ = ¢y + (1 € OB we have

L e (= m = O O W) = (Wl + |, Gl

B1l1
i.e., there exists an orthogonal decomposition

H}(B'') = H.(B) ® [H,,(B) ® A'(C")]

into a sum of weighted Bergman spaces, where A'(C') is the one-dimensional
vector space with basis vector (.

Proposition 2.4. For ¥ = ¢y + (¢ € H2(B'Y) we have the reproducing kernel
property

1
U(z,() = / dwdw (1 —ww — ww)’ 11 — 2w — (w) VT (w,w),
T
Bl
i.e., H2(B'Y) has the reproducing kernel
KV(Z7 <u w,w) = (1 —RW — Cw)iy'
For F € C’(IBlll)7 the super-Toeplitz operator TI(,”) on H?(B') is defined as
7w = PW(FU),

where P(*) denotes the orthogonal projection onto H2(B!1).
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Theorem 2.5. With respect to the decomposition ¥ = g + (1, the super-Toeplitz
operator Tl(wu) on H2(BYY) is given by the block matrix

v 1—ww v 1—ww
TI(;”) _ < T (f00+ o f11) TI,DJ: ( 1 flO) ) (2.4)
Tl/V—‘rl (fOl) Ty+1 (fOO)
Here Tl,'/_tl](f), for 0 <i,j <1, denotes the Toeplitz type operator from HE_H- (B)
to H2, ;/(B) defined by ‘
TV (1) ¥ = Posi(f0)
for € HZ, ;(B) and P, ; is the orthogonal projection from L7, ,(B) onto H. ;(B).

3. Toeplitz operators on the super upper half-plane
In this section we present the relationship between the super-disk and the super-
plane, and its respective Bergman space.

The super upper half-plane Hlll is the supermanifold (H, ), where H =
{z € C: Imz > 0}, and where O is the sheaf of superalgebras on H whose space

of global sections is Cm(Hlll) = C>(H)® A\(C) where A(C) denotes the exterior
algebra over C = R?. We denotes the standard generators of A(C) by n and 7.

Thus, an element f € C’OO(]HIlll) can be written as

f(2,¢,¢) = foo(z) + foo(2)¢ + foo(2)C + foo(2)CC
where f;; € C°(H).
Now we see that there exists a diffeomorphism of supermanifolds between the
super-disk and super upper half-plane.
We define the super matrix

1 i
V2 \{2 0

Y= V2 V2 0
0 0 1

where Ber(y) = 1.
Moreover, the inverse matrix is given by

1 —1
Lo ?
¢ = V2 \/20
0 0 1

The matrix @ induces a morphism from the super-disk Blll to the super
upper half-plane H'"" defined by ¢¥(z,({) = (w,n) where

w= . and n= . (3.1)
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Similarly, the inverse matrix induces the inverse function given by v~ (w,n) =
(z,0) where
w—i V2
T w1 ST g
The Lie super-group SLg2)(R) is defined as follows, its base manifold is
SLy(R) and its structure sheaf is generated by ~;; and 7;; for 1 < 4,5 < 3, with
the following parity assignments:

) 0, if1<ij<2andi=j=3,
il = [is] = .
1, otherwise.

(3.2)

(3.3)

This means that, if |7y;;| = 0 then ~;; is an even super-number, in other case 7;; is
odd.

Let v = {7i;} denote the super-matrix with entries v;; and let v* be its
hermitian adjoint, where ~; = ;.

For v € SL2)2)(R) we assume that

Iy =1, (3.4)
where
0 —i O
I = i 0 0 , (3.5)
0 -1
and that
Bery =1, (3.6)

where Ber denotes the Berezinian (see, [1]).
The above conditions are the relations defining the structure sheaf of
SL2)2)(R). Multiplication is defined in the obvious way. We defined an action of

SL2)2)(R) on H'" as follows

L . EE 2t Y130
© o212+ y22 + 7230
_ 7312 4 Y32 + 7330

0—0 : .
Y212 + Y22 + 7230

(3.7)

The expression (Y212 + Y22 + 7230) ! is defined in terms of the Taylor series for
super-functions (see, [1]) by

_ 1 V23
Z+ Y22 + 7230) 7 = - 0.
(Y21 Yoz + Y230) o1z + Y22 (Y212 + Y22)2
By a slight abuse of notation, we write (3.7) as Z' = (#/,6') = v(2).
Remark 3.1. The super group SU(1,1|1) is defined in [2] and we can even prove
that SL2)2)(R) is isomorphic to SU(1,1|1), where the isomorphism is given by

v — Pyt (3.8)
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Let v € SU(1,1|1) such that v*Jy = J, by the above map 8 = 1y)~! or
v =19~ B, then
(W™ BY) T By = .

Equivalently
BB = Iy,
where
1 0 O 0 —i O
I=y| 0 -1 0 |y t=|4i 0 0
0o 0 -1 0 0o -1

Therefore, we have that 8 € SL2)2)(R) and the morphism given by (3.8) is
isomorphism.

If there exists a morphism v between super domains then we defined

/ a2 00’ YA
Y(Z)=Ber | 9% 8 | =Ber 97" (3.9)
o6 00

for more details see [1].

Lemma 3.2. Let Z; = (21,(), 22 = (22,(2), ¥(Z1) = (wi,m) = W1 and (Z3) =
(wa,n2) = Wo where ¢ is given by (3.1) then,
w1 — W2

—mp = 1+ 212 — Q&)Y (Z1)Y (Zs), (3.10)

— i) (@) (W) (1) (W) (3.11)
Proof. We calculate the Berezian of the Jacobian matrix

I Wizj +1)72  —V2i¢lizj +1)72 Y\ V2
WZ]’)_BGY( 0 V2(izj + 1)1 )‘ izj+1

1

(1+212—GG)= (w1 s

where j =1, 2.
Using the above and substituting ¢(Z;) = (wj,7;) on the left-hand side of
equation (3.10) as follows

wy—wy L a4 [z _Cl\/Q (aV/2
i M= i 41 iz 41 iz 41\ iz +1

1 . L _ . i _
= (i + 1)(—i% + 1) <2 ((;1+i)(—iza+1) — (22 —i)(iz1 + 1)) — 2(1@)

1 1, L . -
= i+ 1)(—iza + 1) \i (—izoz1+ 21+ 22+ 1—iZ0z1 — 21— 22 + 1) — 201(2
iz + 1) (—iz + 1) 2—20% —20G) = (1 - 212 — GO (Z1)Y (Z2).
Analogously by equation 3.11. (]
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In [2] it was proved that the measure invariant under the action of SU(1,1|1) is

! (1 — 2z —00)"*dzdzdodb.

™

By Lemma 3.2 and equation (3.8), we have that the invariant measure of the
super-disk corresponds to the measure of the super upper half-plane as follows

1 _ 1
1—22—-00)" "dzdz = (2Imw —nn)” dwdwdndn
00)"'dzdzdhdo I Ldwdwdnd

T

™

where (2, 0) = (w, n). Moreover, the measure of the plane is invariant under the
action of the group SLz2)(R).

Definition 3.3. For v > 1, the weighted Bergman space
H*(H) := O(H) N L*(H, dw,)

consists of all holomorphic functions on H which are square-integrable for the

probability measure.

dwy, (z) = Y ; 1 (z — 2)"2dz. (3.12)

where dz denotes Lebesgue measure on C.
It is well known (see for example [16]) that H2(H) has the reproducing kernel
K, (z,w)=(z —w)™"

for all z,w € H.
Let C(H) denote the algebra of continuous functions on H.
The tensor product

c'")=c e \C
consists of all “continuous super-functions”
F = foo+ ¢ fio+ ¢ for +¢C fi1, (3.13)
where foo, f10, fo1, fi1 € C(H).
Definition 3.4. For any parameter v > 1 the (weighted) super-Bergman space
H2HM) c omY)

consists of all super-holomorphic functions ¥(z,() that satisfy the square-inte-
grability condition

(U|D), = 717 / dzd¢ (2Im(z) — €)Y (2, ) U(z, () < +oo.

M

Proposition 3.5. For U =1y + (¢; € (’)(H”l) we have

L[ e @) = O W Q) = Wl + ) (Wl

HI1
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i.e., there is an orthogonal decomposition
HY(H'") = H}(H) @ [H,,(H) © A'(C")]

into a sum of weighted Bergman spaces, where A'(C') is the one-dimensional
vector space with basis vector (.

Let us now introduce the operator U, : H2(B!!') — H2(H'!') by the rule

w—1 \/QW \/2 ’
U 9)(w,w) = ¥ (1 —iw’ 1 —z‘w) (1 —“U>

and its inverse U; ! : H2(H'") — HZ2(B'') which is given by

(Uqu,mozq,(zﬂ ¢2<>< V2 ) .

144z’ 14z 1+ iz
We check now that the operator U, is unitary,

(W1(2,0), U, (¥2)(2,0) g2 e
:i /dzdg (1—22—({)”_1\P1(Z,C)\112<Z+i V26 ) ( V2 )

14+iz" 144z 1+iz
Bl
1 /dwd V2 V2 w—w  \'
~ "V —iw ) \1+iw i m
M1l

() () e (e ()
2 o () () (e

MLl
= (U (V1) (w,n), Yo (w, n)) g2 11y

Proposition 3.6. For ¥ = iy + niy € HS(]HI”l) we have the reproducing kernel
property

M

w

_ 7 v
i - 775) \If((E, 5)7
i.e., H2(HYY) has the reproducing kernel

w—1T v
Ky(w7na'ra§) = ( i _775) .
Proof. The Bergman projection By, clearly has the form

By, = UyBgin U,

v



272 A. Sédnchez-Nungaray

Note that $(z,¢) = (w,7) (. v) = (2,€) and Y= (w,n) = (), ¥~ (v,€) =
(u,v) given by equations (3.1) and (3.2).
Calculate

UVBIBl\l,yUzjl(\Ij)(twn)
:( \/2 ) i/dudv (1 —uu —v0)’ 11 — z2u — (v) 7

1— 1w
Bll1
o u+i V20 V2 Y
14+3u’ 1+ iu 1+ du
:i /dg;dg (Im(z) — £&)V1 (“’;x—né) W (z,8). 0
BLI1

For F € C(Hlll), the super-Toeplitz operator TI(;V) on H2(H'") is defined as
70 = PW(FU),
where P(*) denotes the orthogonal projection onto H2(H!).

Theorem 3.7. With respect to the decomposition ¥ = g + (1, the super-Toeplitz
operator TI(;V) on H2(H') is given by the block matriz

) _ ( T (fOO 2Im( w) fi 1) Tu+1 (21m w) fO) ) (3.14)
r Tl/V-‘rl (fOl) Tuyrll (fOO)

Here for 0 <i,5 <1, TV (f) denotes the Toeplitz type operator from H?2

v41i v+j (H)
to HZ,,(B) defined by

TUH ()¢ = Pori(f1),
forveH and P, ; is the orthogonal projection from L? ,(B) onto H2, ,(H).
V+] v+i v+i

Proof. First we expand the follows expressions

(2Im(z) — n7)" =" = (2Im(2))" ™" — (v — 1)(2Im(2))" ¢,

w—Zz N\ w—2\ " w—z\ "
. —n¢ = . +v ) n¢.
i i i
Now the Toeplitz operator with symbol F' applied to W is given by
v 1 vl [(Ww—Z -
T tole) + Cone ) = [ ) - o (77 - uc)
HI

(foo(2) + € fr0(2) + € for(2) + ¢ f11(2)) (Wo(2) + C 1 (2))dz dC.
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Equivalently,

T (W) (w, ) = ”;1 / Foo(2)tbo(2)(2Im(z))* 2 (“’ - Z) dz (3.15)
H

2

7

1 vy (Ww=2\"
o [1@mione) W)

1 vl [W—Z - .
. ! H/ Ao ety (U 7F)

+ (71; /f01(2)¢0(2)(21m(2))%1 (w Z_ Z>_(y+1) dz) !
i

(2 [ o) em (w._z)wl)dz .
H

Using the above equation and by how T,j’:f( f) is defined, we obtain the

result. O

4. The super group R'I*

The super group R can be seen as the subgroup of the supergroup SLs)2)(R)
is defined by

1 h 7
MMh,m)={ 0 1 0
0 —ir 1

where 7* = 7 and h € R.
We show that M (h,7) € SL2)(R)

10 0 0 —i 0 1 h 7
M(h,7) IM(h,7)=| h 1 ir i 0 0 0 1 0
0 1 0 0 -1 0 —ir 1

We prove that the product of elements in R! belong in R ie.,

1 1 1 hy 1 1 hi+h 7T14+7
0 1 0 0 1 0 =10 1 0 .
0 —in 1 0 —im 1 0 iln+m) 1
Therefore the action of R on the H'! is given by M (h,7)(z,¢) = (w,n) where
w=z+h+7¢ and n=—iT+(
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Theorem 4.1. Let f be a smooth function on the super upper half-plane. If f is
invariant under the action of RM. Then f has the form

fo(y) =
02 C¢. (4.1)

Proof. A smooth function f on the super upper half-plane has the form

f(2,¢) = foo(z) + f10(2)¢ + for(2)¢ + f11(2)¢C,

where f;; are smooth functions.

(2,0 = foly) + L)+ fL(y)¢ +

Now, we want to find the R!'-invariant function on the super-plane, i.e.,

f&O=fz+h+7(—iT+ ().

First we take the elements of the form M (h,0), then f is invariant under the
action of those elements if f satisfies the follows equation

foo(2) + f10(2)¢ + for(2)C + f11(2)¢¢
= foo(z +h) + fio(z + R)¢ + for(z + h)C + fr1(z + h)(C.

By the above equation, we have that the functions f;; depend on the y where
y =Im(z). Therefore, we obtain that f has the form

F(z,¢) = foo(y) + fFro(®)¢ + for ()¢ + fra(y)¢C (4.2)

where y is the imaginary part of z.
Now, we consider the action of elements of the form M (0, 7), then

w=z+7Cand n=—iT+(
and we note that

Im(w) = Im(z) + T(C;— C)

We take a function f that depends on Im(z), then we define h(Im(w)) in
term of Taylor series for super function (see [1]), thus

() = ) + 7 ),

where y = Im(w). On the other hand

n(tm(w))n = () + 7,7 W @) (i +0) = b~ in(w)r

Similarly,

A(Im(w))n = (h(y) + )

()it + ¢) = h(y)¢ + ih(y)T
and
Cf@M

r(tm(w) = (n(y) + 7,

(W) (i + O)(—iT + ¢) = h(y)¢¢ + ih(y)T(¢ + ).
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As a consequence of the above equations, we have

£, = Joow) + Jho) ™, S 4 fro(w)C oo

+ for () +ifor(y)T + f11(y)CC +if11(y) (¢ + Q).

Therefore, a function is invariant under the action of R, if this function satisfies
equation (4.2) and both

Fo) = forly) and fur(y) = 700, -

5. Toeplitz operator with symbols invariants
under the action of R

We take a bounded super function F' and we assume that F' is invariant under the
action of R, then we have that the Toeplitz operator with symbol F has the
follow form

1w =" [ mmeweeme (7)) e e

(]

H
4 1[I0 o) gy (“’,_z)_y az
H

1 v w—2\"" .
o I! At () () (M)
n ;j_/f1(Im(z))¢o(2)(2lm(z))u_l <’LU’—E)—(U+1) i\
H

(2 [ pmEnseemey (“’-_Z)(Vﬂ)dz .
H

In [4] it was shown that if ¢ € HZ(H) then it has a representation in the
form of a Fourier integral

1 v—1 ) .
Y(x +iy) = \/F(I/)/R t72 p(t)et @) gy

where ¢ € La(R4).
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We know that if 1o € H2(H) and ¢; € HZ,(H) then by the above equation

we have
1 v ) )
Yol + iy) = [ 3 auwerermar
\/F(V) Ry

t; (bl (t)eit(w+iy) dt

o
et = oy L

where ¢o, ¢1 € La(Ry).

Substituting the above equations in (5.1) we obtain

v—1

(5.2)

(5.3)

r@n = | [ (0 25) L e e

J Vo)

X / (w - (”; N iy))_y emdxdtdy)

R
1 1 b4 67ty v—1
- ”R/ RO sy Lo o0 e

X/(w_(i_iy))yemdxdtdy)

R

[ [ e e
R, *

. o —(v+1) )
x/(w (f zy)) e’”’d:cdtdy) n

R
v 1 5 67ty v—1
- ”R/ B0 sy Lo o0 )

. o —(v+1) )
x/(w (f zy)) e’tmdmdtdy) 7.

R
Using the formula, see [7] 3.382.6,

v 21t~ e Pt
iB—x)"" e dr = Wﬂ, " Where t >0
i*T'(v)

R
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we have that TJ‘,(;”)(\II)(w7 7n) is equal to

=" (fo<y> n yﬁ?) \/rl(u) /Rf”? do(t)e™ (2y)" 2 (54)
R

1 .
X 2777,‘”_16””6_’59) dtdy
(e

—t v— 1 v—1 itw —t

/fl V+1)/ t2 1 (t)e " (2y) 1<F(V)2ﬂ't Leftwe y)dtdy
vt - v— 1 v itw ,—

+7T/f1(y) JTw) /R+t 2 go(t)e M (2y) 1(F(V+1)27rt ete ty)dtdyn

2 - v—1 1 v itw —
/fo u+1)/ thte™ 2y) (F(V+1)27Tt e ty) dtdyn.

Equivalently,

1 -1 tV71
- VIW) /Rf %o (?) (r(u— 1) (5.5)

e 2 (2y) " 22dy | eVt

1 V;1 1 tllfé o s .
' \/F(V) /R+t o (1/% I'(v) XR/ hly)e ™ (2y) 2dy | e""dt

! / Y / -2t 1 it
t2 ¢ fily Y(2y)" " 2dy | "V ditn
VI +1) Je, (v)
! o2t 1 it
+ s Y(2y)r 2dy | eV dtn.
V(v +1) / ol /f 2) Y 7

Using the property of Laplace transform with respect to derivative

fy)e Wdy =t i fy)e Wdy — f(0)

R+

we obtain

(Y
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Substituting (5.6) in (5.5), we have that if ¥ = 1g(w) 4 1)1 (w)n where 1); are
given by (5.2) and (5.3), and F is R''-invariant, then the Toeplitz operator with
symbol F' over W is given by

e S0 i
VIO /R+t <¢O(t)7[fo71/](t)+ o )e dt  (5.7)

+¢F<Z+1>/R p <m¢o< Zm, ION fm()) it g

Tr(¥)(w,n) =

where

t¥ Y\ g v
V() = () /f(2)€ Wy =1dy. where t > 0.
Ry

It is clear that if f is bounded then (s ,() is also bounded over R . There-
fore, vi7, ¢ € L2(Ry) for i,j =0,1.

Theorem 5.1. The Toeplitz algebra generated by all super Toeplitz operators whose
symbols are invariant under the action of R'' is commutative.

Proof. Consider the elements in H2(H') of the form

— tugl 1/% tg’? eitw
_ tugl 1 th eitw
V() = | + ( T " ) o(t)e™ dt

where ¢ € Ly(R). It is clear that {¥,, ¥U_} is a base of H2(H'").

Let F be a R''-invariant super function, then using the form of the Toeplitz
operator with symbol F' given by (5.7) over ¥, and ¥_ we obtain

TH(W ) (w,) /(;F vh Vt(jjil))mfo,y](tm Y (Do (e dt

T = [ (;F S )[m,mt)—t o (B)e

where t > 0.

If F,G are R''-invariant super functions, then using the above formulas we
have that the composition of the Toeplitz operators with symbols F' and G is given
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by

v—1

[fY[fO,l/] (t) +it 2 V1) (t)] [’Y[goﬂ/] (t) +t 2 Vg1,v] (t)kbo (t)eitwdt

v—1

[’Y[fo,z/] (t)—t~ > Vifr.v] (1)] [’Y[goﬂj] (t)—t~ 2 Vig1.v] (t)] o (t)eitwdt

where t > 0. Therefore, by the above equations we obtain the desired result. O
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Measure Characterization involving
the Limiting Eigenvalue Distribution
for Schrodinger Operators on S?

Maria de los Angeles Sandoval-Romero

Abstract. Knowing a result called the Limiting Eigenvalue Distribution (LED)
on 52 it is posible to stablish a natural way to define a Baire measure related
to the Radon Transform of a potential V on the sphere S2.

The aim of this work is to give some results and examples of how we can
characterize some properties of the potential V' in order to determine what
kind of Baire Measure we can expect.

Mathematics Subject Classification (2000). Primary 44A12; Secondary 28A99.

Keywords. Radon transform, measure characterization.

1. Introduction

Let H = —A +V be a Schrédinger operator in L?(S™), where S™ is the n unit-
sphere in R™. The potential V is a real continuous function and —A is the Laplace-
Beltrami Operator.

It is well known that in the case V' = 0, H has eigenvalues:

Ae=L(L+1),

with each )\, having increasing degeneracy and d, = O(¢"~1).

If V' #£ 0 the eigenvalue A\, splits into a cluster of eigenvalues contained in an
interval of radius ||V|c0, with center in Ap.

Another way of expressing this is in terms of the “spectral shifts”, p,,, i.e.,
the distance between the center A, and the split eigenvalue A, so that we can
write

Ap =X+ e,y —C0Lv <L

This work was partially supported by the PAPIIT project IN-103208.
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FIGURE 1. A geodesic on the sphere with its normal vector.

An interesting problem is the study of the asymptotic distribution of the
cluster of eigenvalues (or the spectral shifts).

Several authors gave the answer, which is known as the Limiting Eigenvalue
Distribution result (LED). Refering to the point of view on the asymptotic dis-
tribution of the eigenvalues for certain homogeneus spaces the reader can check
[9], [3], [10]. The answer from the point of view on the asymptotics of the spectral
shifts can be found in [1], [4].

We proceed to describe the LED result following the work of Guillemin-
Sternberg [3] but particularizing it on the S? sphere.

Theorem 1.1 (Limiting Eigenvalue Distribution Theorem on S?). Let S be the
Schwartz space on the real line. Let W € S. Then
1 1 .
im S W, — 60+ 1)) = / W(V (7)) ds, (1.1)
S2

£—o0 dp N 4
v

where V(’y) is the Radon transform of the potential V in the space of geodesics in
the sphere, Go. That is to say, for v € Ga,

V@)=, / V(y(s)) ds. (1.2)

We can identify G5 with S? if we identify antipodal points in S2. In other
words, if w € §?/Zy and considering v the geodesic in the plane orthogonal of w,
(see Figure 1), then

V)=, / Vi) ds (1.3)
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Applying the Riesz-Markov representation theorem we can also write the
result of limiting eigenvalue distribution theorem as follows:

Jim DS U+ 1) = [Eyam (1.4)

where py is a Baire Measure, defined for the eigenvalue clusters.

We would like to give certain “characterizations” of the potential V' in order
to have several types of measures uy, such as discrete, absolutely or singular
continuous. In the following discusion we give some answers to this respect.

2. Results
Our first characterization concerns the odd part Vyqq of the potential V.

Proposition 2.1. Consider V a continuous funtion on the sphere S?. Then the
Baire Measure corresponding to Voad, v, ., S a Dirac Measure.

Proof. Decompose the potential in the form V = V44 + Veven, where Voad, Veven
are the odd and even part of V. We can easily find that uy,,, is pure point, as a
consecuence of the definition of the Radon Transform on S2. O

With this result we can center the discussion exclusively on even potentials V.

Proposition 2.2. Consider V a continuous funtion on the sphere S?. If we supose
that V is constant in a band B on S* of the form S? ~ {z € S? | 0 < ¢ <
2, —6y < 6 < 6o} (¢ is the azimutal angle, 6 the inclination angle, and 6y is
a given inclination angle in (0, 7)), then py has non trivial discrete part (pure
point) and the corresponding cumulative distribution function is not continuous.

Proof. If V. =b € B we have by definition V = b € B, but then |V=1({b})| = | B|,
where | - | is the Lebesgue measure on S? and by hypotesis | B|70.

Now, since py is a Baire Measure we can associate a cumulative distribution
function F'(z) in the standard way:

F(o) = v (00, ) (2.1)
But then, since
F)~ Fb-) = Tim av(b— | b) = pv({5) £0, (2.2)

we conclude that F(z) is not continuous.
O

In order to give a complete characterization of smooth potentials we have to
stablish the following important result, concerning to its Radon transform.

Theorem 2.3. If V is differentiable on S? then V s differentiable in S?/Zs.
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Proof. We are going to give a proof without coordinates.
First of all, define the unit tangent space of 5>

(TS*)' = {v, € T,5°| |lvpll =1, p € $?}. (2.3)

Next, define the differentiable mapping ¢ : (T'S?)! — S? by p(v,) = v.

Also, given the differentiable function V : S? — R, consider the pullback
©*V : (TS?)! — R defined by ¢*V =V o .

On the other hand, consider 7, the canonical projection 7 : (T'S?)! — S2,
which is a fiber bundle with total space (7'S?)*, base S2, and each fiber isomorphic
to S1.

Since (T'S?)! is locally a cartesian product then, again locally, *V = f(p,6)
with p € S% and 6§ € S*.

Since each ¢ can be considered a geodesic on S2, we can check that (p*V) =
(V'), where on the L.h.s. { ) denotes average over the fiber S! and on the r.h.s. it
denotes average over geodesics.

Since ¢*V is differentiable then so is

1 2m

(" V)(p) f(p,0)db,

- 27 0
and then so is (V).
Hence, since (V) is Zs-invariant, then it drops to S?/Zs and therefore we can

identify V = (V). O

Once we have established this theorem it is posible to give a more general
characterization as a consecuence of the Radon-Nikodym Theorem [7] and the
previuous results.

Theorem 2.4. Supose that V is differentiable. Then the associated Baire Measure
wy has an absolutely continuous part plus a pure point part corresponding to re-
gions E of positive measure where V.= C, C a constant.

In the case of a py singular continuous we have the following interesting
example.

2.1. Singular continuous measure

In what follows we are going to consider the case when V' is zonal (axially sym-
metric, with respect to the z axis). Then it is easy to prove the following result.

Proposition 2.5. If V is a continuous function on S and zonal, then V is also
zonal.

We are going to note that, if we charaterize the associate cumulative dis-
tribution function F(x) in order to make py singular continuous nontrivial, then
we can observe certain geometric behavior on the asymptotic distribution of the
spectral shifts of the potential V.
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First of all we are going to consider the following generalized Cantor set, for
middle-odd parts: !
Let I := [0, 1] the unit interval. Let k =2n+4+1, n=1,2,3....

Define k; = [,%], ko = [’;]k+17 where [’;] is the integer part of ’; Then, the
construction of the generalized cantor set will be the standar, i.e.:

e In the first step take,

Cy =1 — (k1,k2),
e in the second step,
Cy:= Oy — (k}, k1ka) U (kT + ko, kiko + k2)
e in the third,
Cs := Oy — (k}, kika) U (k7 + k1ko, kika + k1k2)
U (K3 + ko, kTka + ko) U (K3 + kiks + ko, kiko + k1ka + ko),
e and soon ...

The generalized Cantor set is then defined by C := U,,C,,. As in the case of
the middle-third Cantor set, it is posible to prove that the generalized Cantor set
is a noncountable, measure cero (with respecto to the Lebesgue measure X in R)
set in R.

Now consider the complement of C, I — C' which can be seen as:

I—C = (ki,k2) U (k2 kiko) U (K2 + ko, krka + ko) U (K3, k2ko) U - - -

_<M[ﬁ+ju<$Pqﬁ+mﬁ>
kT ok k2’ k2

U<@2[ﬂ“<@+mﬂ+@+ﬁu<ﬁ3@+”w>u

(2.4)

k2+ ko k2 k Kk k2

Then define the cumulative distribution function, F(x), as follows:

k k
F)= L, xeogbw4>

2<@+w@>

k12 k k k k
F@:;’meoé+bw4ﬂg;mg m;v’
L 51 [5]+115]°
F(z)= ), € <[k1’ ,[ ]k [kl>’

and soon ...

IWe can also construct the generalized cantor set for middle-even parts but we lose symmetry.
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F(x)

W= Bl— ®|w MN]|— o] AW o]

1 1 1 1 1 1 1 1 1 1 1 X
0 £ 4 6 3 2 ERE O TRTT)
125 25 25 125 5 5 125 25 25 125

FIGURE 2. The Cantor Function for a middle-fifth Cantor set.

And finally consider the continuous extension of F(z). (See Figure 2 for the
case k = 5.) Then, F'(z) is a nonconstant, continuous function. By construction the
corresponding measure g is concentrated in the Cantor set C. Then, pu is singular
continuous with respect to the Lebesgue measure on the real line A.

Consider, as we are interested in, that y = py. The property that uy is con-
centrated on C'is now very relevant, because this shows that the Radon transform
of V is supported on the Cantor set C. But we know that the image of the Radon
transform looks like the spectral shifts e, (unless it is O(¢72)), as we can check
in [4] (Theorem 1) for continuous potentials.

We can conclude that in the limit when ¢ — oo the spectral shifts (in the
limiting cluster) are distributed in a very similar way as the Cantor set C. In
this manner we already have a way of checking how the nature of the measure
wy determines a geometric property on the distribution of the limiting spectral
cluster of V.

3. Future work

We think is important to have a more general result for potentials V', continuous
but not necessarily smooth (for example, Holder Continuous of order o, 0 < <1).
Also, we are really interested in results similar to the case of singular contin-
uous py but considering non-zonal potentials.
Finally, we are looking for examples of measures py that exhibit mixtures
between continuous parts and what does this mean about the nature of V.
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Relations Among Various Versions
of the Segal-Bargmann Transform

Stephen Bruce Sontz

Abstract. We present various relations among Versions A, B and C of the
Segal-Bargmann transform. We get results for the Segal-Bargmann transform
associated to a Coxeter group acting on a finite-dimensional Euclidean space.
Then analogous results are shown for the Segal-Bargmann transform of a
connected, compact Lie group for all except one of the identities established
in the Coxeter case. A counterexample is given to show that the remaining
identity from the Coxeter case does not have an analogous identity for the
Lie group case. A major result is that in both contexts the Segal-Bargmann
transform for Version C is determined by that for Version A.

Mathematics Subject Classification (2000). Primary 45H05, 44A15; Secondary
46E15.

Keywords. Segal-Bargmann transfrom, Coxeter group, Dunkl heat kernel.

1. A Brief Introduction

We recall quickly some notations and definitions from [20]. Many definitions and
details are not presented here. We also advise the reader that our normalizations
are not standard.

A root system is a certain finite subset R of nonzero vectors of RY where
N > 1 is an integer. It turns out that the finite set of reflections associated to
these vectors (orthogonal reflection in the hyperplane perpendicular to each vector)
generates a finite subgroup, known as the Coxeter group, of the orthogonal group
of RY. A multiplicity function is a function p : R — C invariant under the action
of the Coxeter group. We always will assume that the multiplicity function satisfies
> 0. This condition is sufficient for the existence of the Segal-Bargmann spaces
considered and for the various properties that we shall use.

We will take ¢ > 0 (Planck’s constant) fixed throughout this paper.

Research partially supported by CONACYT (Mexico) project 49187.
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We will use the holomorphic Dunkl kernel function E,, : CN x CN — C, which
for all z,w € CV satisfies E, (z,w) = E,(w,z2), E,(2,0) = 1 and E,(2*,2) > 0
among many other properties. When p = 0, we have E,,(z,w) = e*".
We will also be using the analytic continuation of the Dunkl heat kernel,
which is given for z,w € CV by
2 2 z w
puit(z,w) = e~ HwI/2p (t1/2 , t1/2> : (1.1)
This kernel arises in the solution of the initial value problem of the heat equation
associated with the Dunkl Laplacian operator. (See [13].)
We next define the kernel functions of the versions of the Segal-Bargmann
transform associated to a Coxeter group for z € C and ¢ € RN by

%ot z q

Az, q) 1= e~ /2= /g, (tl/wtl/z) (1.2)

and (rd

Pu,t\Z,q
B,(z,q) = 1.3
M7t( ) Put (0,9) (13)

and

Cut(2,4) = ppi(z, ). (1.4)

See [1], [4] and [15] for the origins of this theory in the case p = 0.
The versions of the Segal-Bargmann transform are given as follows. (See [2],
[5], [16], [17] and [20].) Versions A and C' are defined by

Au7tf(2) = /]RN dwp,,t(q) Ap,,t(zu q)f(q)
and

Cotf (@)1= | dwnala) Cpsle )0

respectively, where z € CV, f € L?(RY,w,, ;) and w,,; is the density of a measure
on RY. Version B is defined by

Butf(2)i= [ dma(a) Bt f(a)

where z € CV, f € L*(RY,m,, ;) and m,,; is the density of a measure on RY.

Associated to these versions there are reproducing kernel Hilbert spaces of
holomorphic functions f : CN¥ — C, denoted A, ¢, B, and C,,; respectively, such
that

A LPP(RN w,p) — Aus
Byt LP(RY )my, ) — By
O;L,t : LQ(RN,(JJH’t) — C[l,,t

are unitary isomorphisms. It turns out that A, : = B, ; as Hilbert spaces.
The holomorphic function p,; : CN x CN — C in our opinion is not a
fundamental object. Rather we view 0,+(q) := p.:(0,q9) = e=0 /2 for g € RV as
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the fundamental Dunkl heat kernel, even though it does not depend on p. Then
this one-variable kernel o,, ; : RV — (0, 00) gives rise to the two-variable kernel

put i RY xRY 5 R (1.5)
using a generalized (or Dunkl) translation operator, denoted 7, ., via the equation

Pt (@) = Tpz0p,t(q)

for all z,q € RY. (See [20] for more details, including definitions and proofs.) In
our conventions, note that for u = 0 we have po((z,q) = 00,(¢ — ). Finally the
function p,; : CV x CV — C is obtained from (1.5) by analytic continuation.

For more details about this background material see references [2], [3], [13],
[14] and [20], while for other related research in Segal-Bargmann analysis see [7],
[8], [11], [12], [19] and [21].

2. Coxeter group case

We proved the following relation between the kernel functions for the A Version
and the C' Version of the Segal-Bargmann transform associated to a Coxeter group
in [20], namely,

Cut(z,9) = At (0,9)Apui (2, q) (2.1)
for z € CN and ¢ € RY. The reader can readily verify this using the definitions in
the previous section. As an immediate consequence we have this identity:

Cp,,ﬂ/}(z) = /]RN dwu,t(Q) Cu,t(zﬂ CIW((])

_ /]R dwala) Apa(,0) A0, )0 (0) (2.2)

for all ¢ € L*(RY,w,, ;) and all z € CV.

So, we have represented the unitary operator C),; as the composition of
two operators: the first is the operator (denoted by M;) of multiplication by the
bounded function A, +(0,¢q) = e*qz/‘“7 and the second is the unitary operator A, ;.
In other words we can write (2.2) as

Cp,,t = AM7tMt~ (23)

As far as we are aware this representation is new, even in the case when p = 0. The
boundedness of the function 4,, ;(0, ¢), where ¢ € RY is essential since this gives us
that M, is an operator from L?(RY,w, ;) to itself. Therefore, the second operator
A, + in (2.3) is acting on the space where it is a unitary operator. Moreover, the
operator norm of M; satisfies ||M;|| = supqE]RN(e_qz/‘“) =1.

Though this representation of C,,; is similar to a Toeplitz operator, it is
decidedly different. Here we have multiplication by a bounded function followed
by a specific unitary operator, while a Toeplitz operator is multiplication by a
bounded function followed by a specific projection operator.



292 S.B. Sontz

In the case p = 0, it is known that C,; C A, a bounded inclusion. When
1 = 0 these two reproducing kernel Hilbert spaces can alternatively be defined in
terms of measures on CV. Then the bounded inclusion follows for example from
the formulas for these measures. (See [6], p. 51, where the formulas given there for
these measures for N = 1 also hold for N > 1.) The generalization of this to the
present context is the next result.

Theorem 2.1. We have the contractive (in particular, bounded) inclusion
Cut C Apu.
Proof. Using (2.3), we have that
Cut = Ran(C)+) = Ran(A, M) C Ran(A,+) = A,

which is the inclusion we wish to prove. Here Ran(T) denotes the range of an
operator T'.

We next note that the inclusion map is equal to Atht(Cmt)_l, since this
acts as the identity on its domain C,; and has codomain A, ;. Therefore the
inclusion map ¢ : C, ¢ — A, +, being the composition of two bounded operators, is
bounded. Its operator norm satisfies

el = 1A e Me(Crut) THE< A HTIMe1(Cru) THT = 1,

exactly what one requires of an inclusion for it to be contractive. (I

Remark 2.2. Using the different normalizations in [6] this inclusion is bounded,
but not contractive.

Even though equation (2.1) immediately implies for 2 € C¥ and ¢ € RY that

C,u,,t(zv(I)
A,u,t(oa Q) '
this factorization of A, (z,q) is not very useful, since (A,(0,q))"* = 2" /4 is

not a bounded function of g. So we are not able to prove the opposite inclusion
Cut O Ayt using (2.4). Actually, we have the following.

Api(z,q) = (2.4)

Theorem 2.3. The complementary set A, \Cp is non-empty, that is, there exists
fe A such that f ¢ C,,¢.

Proof. It is known (see [21]) that C,+ is a reproducing kernel Hilbert space with
reproducing kernel function
Lyi(z,w) = cpuae(z”, w)

for all z,w € CV, where the value of the constant ¢ > 0 is not important for us
now. So any f € C, satisfies the usual pointwise bound for a reproducing kernel
Hilbert space, namely

1F(2)] < (L2, 2) 2| fllc.
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for all z € CN. Next we use the definition of the Dunkl heat kernel to calculate

_ 5 ) = e (M)t =z
L,+(2,2) =cpuot(2™,2) = ce E, ((2t)1/27 2t/ )
We write 2z = z + iy with z,y € RY and so get (2%)? + 22 = 2 Re(2?) = 2(2? — ¢?).
We then use the estimates (see [14])

Z* z 2 2 2
[lzlI7/2t _ (z"+y~)/2t
0= Bu <<2t>1/2’ <2t>1/2) e ¢

to conclude that
2 2 2 2 2
|f(2)| < cMPem @ v AR fllo = M2V | £, -

In particular, it follows that f restricted to R is a bounded function for every
f € C,;. This implies that the only holomorphic polynomials in C, ; are the
constants. But we know that p € A,, ; for all holomorphic polynomials p. (See [2].)
And this shows that A, ; \ C,; is non-empty. O

However, we shall see later on in the next section that the relation between
the Version A and the Version C' Segal-Bargmann spaces is different in the case
of compact Lie groups. But first, we present some relations in the Coxeter context
among Versions A, B and C of the Segal-Bargmann transform and the Dunkl heat
kernel p,, + restricted to {0} x R, that is, 0,,.+(q) = pu.+(0,q) for ¢ € RV,

Theorem 2.4. For g € RN and z € CV we have the identities

Buui(2,0) = Api(2,9) / Aui(0,9) (2.5)

Put(2,0) = Cui(2,q) = Ape(0,9) Ay (2, q) (2.6)
011,t(a) = put(0,0) = (A,.,4(0,))? (2.7)
Cui(22,q) = Ap2t(22,0) A, 1 /2(2,q) (2.8)

which tell us that we can obtain Versions B and C' as well as the heat kernel o,
on RY from Version A. We also have the identities

Apui(2,q) = Cui(2,9) / (Cpue(0,q))"/? (2.9)
Byi(z,q) = Cui(z,q) / Cut(0,9) (2.10)
0,t(0) = put(0,9) = Cput(0,9) (2.11)

which tell us that we also can get Versions A and B and the heat kernel o, + on RN
from Version C.

Remark 2.5. Tt is curious that in the present Coxeter context Version A determines
Version C' via the two distinct identities (2.6) and (2.8). We do not pretend to have
any deeper understanding of this fact. We will see that in the compact Lie group
context only (2.6) has a valid analogue, while the analogue of (2.8) is false at least
for the Lie group SU(2).

The identity (2.8) tells us that the isometry property of either of the trans-
forms A, ¢ and C,; can be deduced from the isometry property of the other. This
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is because the first factor on the right-hand side of (2.8) does not depend on q. So,
for example, this factor can be factored out of the integral defining the C' version
of the Segal-Bargmann transform, leaving under the integral a kernel function for
the A version of the Segal-Bargmann transform, although with a different “time”
parameter. I thank the anonymous referee for bringing this to my attention. But
one can easily fall into a trap by thinking that the factor A, 2¢(2z,0) in front of
the integral sign must necessarily be involved in a “change of measure” argument.
The relevant point here is that neither of the co-domain Hilbert spaces for the
transforms A, and C,; has an inner product defined by a measure using an
L? type formula, but rather by a reproducing kernel function. It remains an open
problem in this field of research whether these Hilbert space inner products can be
so represented by measures. In short, if such measures exist, they are not known
at the present time. (Our conjecture is that they do not exist in general. However,
see [18] to see how this may be possible with more than one measure.) Of course,
a “change of measure” argument makes no sense without measures. Nonetheless,
there is a “change of reproducing kernel” theory, though it seems not to be so
well known. This theory can be applied in the current context to show that the
isometry of either one of these versions of the Segal-Bargmann transform implies
the isometry of the other version, although to describe these implications as being
“immediate” would be an exaggeration. The details of this argument would lead
us too far afield and so are left to the interested reader. Since the analogue of
(2.8) does not hold in general in the compact Lie group case, the remarks of this
paragraph have no general analogue in that case.

Proof. For (2.5) we use (1.3) and (1.1) to compute

_ put(z0) —2%/2t ( z q )
Bﬂ,t('zaq) - Py,t(O,Q) =€ E/‘ t1/27 251/2 : (212)
We recall that A, :(0,q) = e=4"/4 which together with (1.2) implies that
Api(z,9) —22/2t < 9
20 _ g ( , ) . 2.13
A(0,9) P22 213

Then equations (2.12) and (2.13) imply (2.5).

Next we note that (2.6) is exactly (2.1), first proved in [20]. To obtain (2.7)
we put z = 0 into (2.6).

We first proved (2.8) in [20]. This is a generalization of equation (A.18) in
Hall’s paper [5], which corresponds to the case = 0 of (2.8). This identity seems
to be related to the fact that the underlying Riemannian manifolds RY and CV
are flat Euclidean spaces.

To prove (2.9) we calculate that

Cut(z,a)  _ put(20)  _ put(z0) 2/
(Cat0,0)12 = (puel0,q))12 = (e r2eyryz = € Put(2:0)
_ P /At — (2244 /2t z q \ _ —z%/2t—q¢%/4t z q '\ _
=e?/%e TNZE, (tl/Q’tl/Q =e TITE, /27 41/2 = Au(2,9).



Relations Among Versions of Segal-Bargmann Transform 295

For (2.10) we merely note that by definition we have C), +(z,q) = pu+(2,q),
and then we apply (2.12). And finally we remark that (2.11) is just a special case

of Cpui(z,q) = purt(z,q). O

Remark 2.6. Some of the results of Theorem 2.4, such as (2.11), are well known,
while (2.6) is a relatively recent result. We have presented all these identities
together to emphasize the exact relations among the three versions in the Coxeter
case. We will then use all this as motivation for the results in the next section.

3. Lie group case

We now examine the corresponding case introduced by Hall in [5] for a compact,
connected (real) Lie group K. We first review some material from [5] and refer the
reader to that paper for more details. Now K has a complexification, which is a
complex Lie group G. Among other things, K is a Lie subgroup of G. For every
t > 0 there is a heat kernel p; : K — (0,00), which has a unique holomorphic
extension (also denoted as p;) with p; : G — C. We continue to consider ¢ > 0 in
the following as Planck’s constant and as having a fixed value.
The integral kernel function for Version A is defined by

pi(z'g)
Ai(g,x) =
D= s
for g € G and z € K. Here x7!g is in G (but not necessarily in K) and so the
pt in py(x~1g) refers to the holomorphic extension. The corresponding Version A
Segal-Bargmann transform is then defined by

Ad(g) = /K dyrz Ar(g, 2)(2)

forally) € L?(K,dgz) and all g € G, where dy z is the normalized Haar measure of
the compact group K. Theorem 1 in [5] states that A, : L?(K,dyx) — HL*(G, )
is a unitary isomorphism, where p; is a heat kernel measure on G (and not to be
confused with our notation yu for the multiplicity function) and HL?(G, i) denotes
the closed subspace of holomorphic functions in L?(G, p1t).

Theorem 2 in [5] states that C; : L*(K,dyz) — HL?*(G,v;) is a unitary
isomorphism, where 1, is the measure on G that we get by averaging u; over
the left action of K on G, using the fact that K is a subgroup of G. Of course,
HL?(G, 1) denotes the closed subspace of holomorphic functions in L?(G, ;). The
definition of the Version C' Segal-Bargmann transform is

Cub(g) = /K dz Colg, o) (2)

for all ¥ € L3(K,dyx) and all g € G, where the kernel function is defined by

Ci(g,2) := pe(z™g)
forge G and z € K.
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However, for the B Version we are using our convention (see [20]) that

Bi(g,x) == pe(x~"g) / pe()

for g € G and = € K, which differs from the convention in [5]. In our convention
a kernel function of two variables T'(z,y) determines an associated integral kernel
transform T" by

Tf(z) = /Y () Tz, 9) f(y),

where (Y, ) is a measure space and f is in a space associated with the measure v,
say in LP (Y, v) for some p. Note that we use the same symbol for the kernel function
as well as for its associated operator. This is a common abuse of notation.

So our definition of Version B Segal-Bargmann transform reads

Bilg) == /K dpr(x) Bulg, 2)(x),

where dp;(z) := ps(z)dge, for all g € G and ¢ € L?(K, p;). This is equivalent to
the definition given in [5].

The reader should note the analogy between this material from [5] and our
corresponding material in [20], which was motivated by [5]. In contrast, in this
paper our results in the Coxeter context given in the previous section will be used
to motivate the study of analogous results in the Lie group case.

Another analogy with the Coxeter case concerns the heat kernel. In the Lie
group context the heat kernel p; : K — (0,00) determines two more kernels.
But first for each x € K and f : K — C we define the translation of f by x
to be (T.f)(y) := f(z7'y) for all y € K. This definition has the virtue that
T2y Tos = Tzy2,- Then we define the two-variable heat kernel p; : K x K — (0, 00)
(using the same notation p; for this function) for x,y € K by

pe(,y) == (Tepe)(y)-

This kernel in turn has an analytic continuation p; : G x G — C (denoted again
with the same notation), which is used in the definitions of the kernel functions
for all three versions of the Segal-Bargmann transform in the Lie group context.

We would also like to note that there seems to be a limit as to how far one can
find analogies between the Coxeter case and the Lie group case. For example, as
noted above, in the Lie group case the heat kernel measure of G plays an important
role in defining the spaces of holomorphic functions on G. However, even when
N =1, the definition of the holomorphic function spaces in the Coxeter case uses
in general more than one measure. (See [18].)

We now are about ready to state our result for Lie groups. But first we remark
that e denotes the identity element in K C G.
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Theorem 3.1. Let K be a compact, connected Lie group, and let G denote its
complexification. Then we have for all g € G and x € K the identities

Bi(g, ) = Ai(g,z) / At(e, x) (3.1)
Ci(g,x) = A¢(e,x)As(g, ) (3.2)
pi(x) = (As(e,x))?, (3.3)

which tell us that from Version A we can obtain Versions B and C as well as the
heat kernel py on K (and hence implicitly its analytic extension to G). We also
have the identities

Ai(g,2) = Cilg,x) / (Ci(e,x))"/? (3.4)
Bi(g,x) = Ci(g,x) / Ce(e, x) (3.5)
pe(x) = Ci(e, x), (3.6)

which tell us that we can also get Versions A and B and the heat kernel py on K
from Version C. Finally, we have that

HLA(G, pe) = HL* (G, vy). (3.7)

Remark 3.2. All of the identities in Theorem 2.4 have an analogue here except
for equation (2.8). The identity (3.2), which we believe to be new even though
it is quite elementary, shows that in this Lie group context the Segal-Bargmann
transform for Version A determines that for Version C. While it remains true
that Version A and Version C' are different (as in the Coxeter context), there is an
essential relation between them and, indeed, a relation that also holds analogously
in the Coxeter context.

Proof. Let g € G and = € K be arbitrary in this proof. For (3.2) we simply use
the definitions and p;(z71) = p(z) (see [5], p. 108) to evaluate

M) itg,) = M0 0 00— pae) = Culga).

As in the Coxeter case, (3.2) immediately implies a bounded inclusion, namely
RanC; C Ran A;
since A;(e, ) as a function of x € K is bounded, K being compact. By (3.2)

Cy (97 JC)
A = .
t(g,JC) At(67CL’)’ (3 8)
which is useful unlike (2.4). This is so since the denominator satisfies
rle
Ao,z = PO~ (@) >0, (39)

(pe())1/2
and so is bounded from below away from 0, since z varies in K compact. (For the
inequality p(x) > 0, see [5].) Given this fact, equation (3.8) now implies that

Ran A; € RanC;
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is a bounded inclusion. Together with the previous inclusion, this shows that
Ran At = Ran Ct

which completes the first part of the proof of (3.7).

However to show the identity (3.7) requires identifying the ranges of A; and
C; to be equal to the respective Hilbert spaces HL?(G, u;) and HL?*(G,v¢). That
is, one must show that A; and C; are onto their respective Hilbert spaces and with
proofs that do not depend on the identity (3.7). Unfortunately, the first paper
to show the surjectivity of these transforms (which is [5]) does use this property.
(See Lemma 11 in [5].) However, restriction principles provide another approach
to this theory, and this approach leads to quick, rather elementary proofs of the
surjectivity (as well as the injectivity) of these two transforms. This approach is
sketched in [12] for both Versions A and C, while it is presented in the recent
paper [8] in more detail, but only for the C-version. And this completes the proof
of (3.7). The author thanks the anonymous referee for pointing out the importance
of the comments in this paragraph.

The identity (3.3) follows immediately from (3.9). Next, using the definitions
of Ai(g,x) and By(g,z) as well as (3.9), we calculate

Ai(g,x)  pi(z'g) 1L p(aly)

— : - =B y L),
Ade.r) (@) ()2 T pey O
which is exactly (3.1).
To show (3.4) we simply note that
C , —1 —1
@) pleTg) _ p(aTg) ~ A(g.2).

(Cele, a2 (pe(x=1))M2  (pe())/?
For (3.5) we use Ci(e,z) = pi(z~1) = pi(x) and definitions to get

Ci(g,z)  pe(a~tg) .
Cles) ~ pla) DO

which proves (3.5). We have also just proved (3.6), thereby finishing the proof. O

Remark 3.3. Of course, the heat kernel on K determines all three versions of the
Segal-Bargmann transform, this being precisely a major theme of Hall’s paper [5].
The previous theorem shows that each of the Versions A and C determines the
remaining two versions as well as determining the heat kernel of K. It seems that
the Version B does not determine these other structures.

The identities (3.1)—(3.6) are all easy to prove and so it would be surprising if
they are all new. In fact, some of them clearly are not new, such as (3.6). However,
the identity (3.2) does seem to be new in this context. But its consequence (3.7)
was already known, since that follows from the stronger result

LQ(G7 Nt) = .[/2(G7 I/t)7
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which in turn follows immediately from Lemma 11 in [5] (p. 124). However, (3.2)
together with the powerful, yet elementary restriction principles gives us a new,
conceptually simple proof of (3.7).

The importance of (3.2) is that it tells us Version C' of the Segal-Bargmann
transform is determined by Version A of the Segal-Bargmann transform, where we
understand that an integral kernel transform is “equivalent” to its integral kernel
function. And though (3.2) could have been proved in [5], it does not appear there.
This result, though extremely simple, was a complete surprise to this author, who
had interpreted the last sentence in [5] as implying the impossibility of any relation
of the sort. In short, the importance of the identity (3.2) is that it now clarifies
this issue. And again, as far as this author is aware, this is the first time that
this explicit relation between Versions A and C' in the context of Lie groups has
appeared in the published literature.

We also wish to note that the inclusions and equalities of spaces given in this
section are as sets and not as Hilbert spaces. This is because the inner products
do not coincide.

4. An interesting counterexample: SU (2)

As we have already remarked, the identity (2.8) in the Coxeter context does not
have an analogue in the Lie group context. We now construct a counterexample
to show that the analogous equation is false in general. We present this in detail,
since we find it to be a rather nice exercise in finding an elegant and useful formula
for the heat kernels of SU(2) and SL(2;C). Much of the material in this section
is classical. We have chosen to start by following the presentation and notation
given in Chapter 7 of [9].

We now consider the case of the compact Lie group SU(2) of 2 x 2 complex
matrices A which are unitary (that is, A*A = I) and have determinant one.
We use notation for group elements and the identity matrix (namely, I) that is
standard for matrix groups. By the spectral theorem for normal operators, there
exists a unitary matrix B which diagonalizes a given A € SU(2), that is B~1AB
is diagonal. By taking C' = B/(det B)Y/? € SU(2), where (det B)/? is one of the
square roots of det B, we have that A is conjugate in SU(2) to

ir/2 0

_ €

C~rAC = ( 0 it /2 ) (4.1)
for some real number 7 € [0,4w), since the eigenvalues «, 8 of A (and also of its
diagonalization) satisfy |o| = |8| = 1 and af = 1. The condition on 7 is not too

restrictive since it still allows the (1,1) entry (and also the (2,2) entry) in the
matrix (4.1) to achieve any value on the unit circle. But by conjugating formula

(4.1) by the matrix
0 i
( _— ) e SU(2),
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which interchanges the eigenvalues on the diagonal of formula (4.1), we see that
the matrices in (4.1) with parameter 7 € [2m,4m) are conjugate in SU(2) to the
matrices with parameter 7/ € (0, 27|, where 7/ = 47w — 7.

Moreover, for 71,72 € [0, 27| with 71 # T2, the corresponding matrices are not
conjugate, since they have different sets of eigenvalues. So, by taking 7 € [0, 27]
in (4.1), we get a family of matrices which contains exactly one representative of
each conjugacy class in SU(2), that is, the value of 7 in [0, 27] is now uniquely
determined for each A € SU(2).

Even though we could label the irreducible unitary representations of SU(2)
by their dimensions, it is conventional to label them by the non-negative half
integers u (those non-negative real numbers u such that 2u is an integer) such
that 2u 4+ 1 is the dimension of the representation. If ¢, denotes the associated
irreducible representation, then we have that ¢, (A4) is a (2u+1) x (2u+ 1) unitary
matrix for every A € SU(2). The corresponding character y, = Tro¢, (where
Tr is the trace of a matrix) is a complex-valued function that is constant on each
conjugacy class of SU(2). So, x(A) is a function of 7 € [0, 2] only. Actually, this
function can be calculated explicitly for A € SU(2) as

u

. sin(u+1/2)1

S=—u

where these formulas can be found in [9], p. 232. The last formula results by
summing the finite geometric series and simplifying. (The singularities in the last
expression are removable and are understood as having been removed.) Note that
the summation in the second expression is taken in unit steps, even in the case
when u is not an integer. For example, when u = 3/2 the sum is over s equal to
the four values —3/2, —1/2, 1/2, 3/2. In general, the sum contains 2u 4 1 terms.

We have used [9] as a guide for the discussion so far but now take a different
tack, since we wish to write 7 in terms of the matrix A. Note that any A € SU(2)

can be written as
a b
(32

with a,b € C satisfying |a|? + [b|> = 1. Therefore we have that
Tr(A) = a+ a* = 2Re(a) (4.2)
and by (4.1) that
Tr(A) = Tr(C7YAC) = /2 + e717/2 = 2 cos(1/2).
So we have Re(a) = cos(7/2) or equivalently
7 = 2cos '(Re(a)).

Here we are using the standard definition cos™* : [~1,1] — [0,7]. We note that
Re(a) € [~1,1], since |Re(a)]® < |a|*> < |a]? + [b*> = 1. So this is in agreement
with our earlier restriction that 7 € [0, 2], that is, our choice for the branch of
the inverse cosine is correct.
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Returning to the character, we see that

(4) = sin(u+1/2)7  sin[(2u+ 1) cos™!(Re(a))]
X' = Gin(r/2) T sinfeos—1(Re(a))]
which already expresses the character of A € SU(2) in terms of an entry of the
matrix A, namely a, although the formula seems to leave something to be desired.

Now we recall the definition of the Chebyshev polynomial of the second kind
(see [10]) for any x € (—1,1) and integer n > 0 as

U (1) = sin((@ +1)6) _ sin((Tz +1)cos™! JC)’
sin 6 sin(cos~! )

where © = cosf or # = cos™!z. One verifies that this is a polynomial function
of x in the interval (—1,1) and then extends the domain of definition of U, to the
entire complex plane by analytic continuation.

So, for |Re(a)| < 1, we finally arrive at the rather simple expressions

() = UnRe(a) = U, (5, TH)) (1.3

where the second equality comes from equation (4.2). (The case | Re(a)| = 1 occurs
if and only if A = +1I. Then the proof of (4.3) follows by continuity.) Now these
are more elegant ways of writing the character of A € SU(2) in terms of A itself.
We must note here that the formula (4.3) is known, but apparently not that
well appreciated. For example, Miller notes in [9], p. 233, that he is aware of
this formula, but he does not present it since he considers it to be “not very
enlightening.” This is why we have presented and proved (4.3) here.

Next, according to equation (15) in [5], the heat kernel of the compact Lie
group SU(2) is given for A € SU(2) and ¢t > 0 by

pe(A) =3 dim(¢,)e 2 x, (A),

where dim(¢,) = 2u+ 1 and A, is the unique eigenvalue of minus the Laplacian
acting in the representation space, that is ¢, (—A) = A\, I. We have A\, = u(u+1).
(See [9].) So we have that

pe(A) = Z(?u + 1D)e ulwt /2, (; Tr(A))

= (n+ e By, (; Tr(A)) , (4.4)
n=0

where the first sum is over all non-negative half-integers u and the second is over
all integers n > 0, where n = 2u. Hall proves in [5] that this series converges
absolutely for all ¢ > 0 and all A € SL(2;C). However, by using properties of the
polynomials U,,, one can directly prove the absolute convergence of this series for
all t > 0 and for any 2 x 2 complex matrix A, as we will show momentarily. Also,
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it is known that p,(A) > 0 for all ¢ > 0 and for all A € SU(2), but this is not
obvious from formula (4.4), since U,, has n simple roots in [—1, 1].

We now consider how to find the analytic continuation of the heat kernel p;
to the complexification of SU(2), which also can be identified with the cotangent
bundle of SU(2). It turns out that the complexification of SU(2) is SL(2;C), the
group of all 2 x 2 matrices with complex entries and determinant one. We will
next show that the analytic continuation of p; is given by the same formula (4.4)
given above, but now for A € SL(2;C). Actually, we will procede by proving the
uniform absolute convergence of the series in (4.4) on compact subsets of M (2;C),
the space of all 2 x 2 complex matrices. First, we need a lemma.

Lemma 4.1. For all z € C and every integer k > 0 we have this estimate for the
Chebyshev polynomials Uy, of the second kind:

Uk(2)] < (3max(1, |2]) )*
Remark 4.2. This estimate is not optimal. Nor is it meant to be.

Proof. The proof is by induction on k. For k = 0 and k = 1 the estimate is easy
enough, using Up(z) = 1 and U;(2) = 2z, and so is left to the reader. We now
assume that n > 1 and that the estimate holds for k = n and k = n— 1. It remains
for us to show the estimate for k = n + 1. We will use the three term recursion
relation for the Chebyshev polynomials of the second kind:

Uni1(2) =22Up(2) — Up—1(2)

for n > 1. (See [3].) We first consider the case |z| > 1. Using the induction
hypothesis we have that

|Unt1(2)| < 202] [Un(2)] + [Un—1(2)] < 2|2] 3"|2|" + 377"~
<237 2" 4 3T gt = (23 4 1) 37 g
< 32 3n71‘z‘n+1 _ 3n+1|2|n+17
which is the estimate for n+1 in this case. The case |z| < 1is proved similarly. [

Theorem 4.3. The series in (4.4) converges absolutely and uniformly on compact
subsets of M(2; C). Consequently, it defines a holomorphic function on the complex
manifold M (2;C) = C*.

Proof. Consider a compact subset S C M (2;C). Define
1
Cs := 3max <1, sup _| Tr(A)|) .
Aes 2

Then by the previous lemma we have that |U, (3 Tr(A4))| < (Cs)™ for all A € S.
We use this and the root test to estimate for A € S as follows:

o0 1 [e'e)
S [+ e 25, (ST} £ Yoot e G < o,
n=0 n=0
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The first statement of the theorem now follows from the Weierstrass M-test. Since
Tr : M (2;C) — C is clearly holomorphic and each U, is a holomorphic polynomial,
the partial sums of (4.4) are clearly holomorphic functions of A € M(2;C). So the
second statement of the theorem follows immediately from the first statement. O

Remark 4.4. Since the inclusion mapping SL(2;C) — M (2;C) is holomorphic,
it follows that (4.4) for A € SL(2;C) gives the analytic continuation of p, from
SU(2) to SL(2;C). Theorem 4.3 follows from [5] (Prop. 1, p. 111) but only for
SL(2;C) instead of M (2;C).

We now change notation by letting X € SU(2) and G € SL(2;C) denote
generic elements in these two groups. Then the integral kernel for Version A of the
Segal-Bargmann transform for SU(2) is given by
p(X'G)

(pe(X))1/2
while the kernel for Version C' of the Segal-Bargmann transform for SU(2) is
Ci(G, X) = p:(X71@).

Finally, we now prove the main result of this section, namely that the identity
analogous to (2.8) is not true for SU(2).

A G, X) =

Theorem 4.5. The equation
Cy(G?, X) = Agy(G*, 1) 44 2(G, X) (4.5)
is not identically true for all X € SU(2) and all G € SL(2;C).
Proof. Equation (4.5) is equivalent to
p(G?)  pua(X1G)
(P2t (D)2 (pey2(X))H/2
Let us suppose that this is an identity and try to get a contradiction. First we

calculate the heat kernel of two elements of SU(2). For the identity matrix I we
have that

p(XTIG?) = (4.6)

= 1
) = D4 e (2 Tw))
=3 (n+ 1) Y, (1) = 3 (n 4 1)%e RS,
n=0 n=0

where we used that U, (1) =n+ 1 and Tr(I) = 2. For the next calculation we use
—I1 € SU(2) and U,(—1) = (—1)"(n + 1). We then have

p(=T) = (0 + ey, @ Tr<—1>)

n=0
oo

_ Z(n + 1)efn(n+2)t/8 Up(—1) = Z(_l)n(n + 1)2efn(n+2)t/8.

n=0 n=0
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This clearly implies that p.(—1) < p+(I). We also have 0 < p;(—I) by the strict
positivity of the heat kernel on SU(2).
Next in (4.6) we take X =T and G = I to get

_ pa(]) pr/2(1)
pe(I) = (par (1))1/2 . (pej2(1)1/?

We also take X = —T and G = —I in (4.6) thereby obtaining

po(—T) = p2:(I) . pey2(I)
' (p2e(D)V2 " (prya(—D))1/2

Note that in these last two equations all the values of the heat kernel are strictly
positive real numbers. So, it follows that

0 < pe(=D)(pes2(=D)""* = pe(I)(pr/a(1))'/2.

And this contradicts 0 < ps(—1I) < p¢(I), which holds for all t > 0. O

Remark 4.6. There are surely many other ways to show that (4.6) is not an identity.
For example, one could use a computer assisted proof.

5. Concluding remarks

We feel that a major, new result of this note is embodied in (3.2), which tells us
that Version C' is determined by Version A in the Lie group context. Moreover,
(3.4) gives us the reciprocal relation that Version A is determined by Version C' in
the Lie group context. However, it seems to be the case that the isometry properties
of these two Versions are somehow “independent” properties, unlike the Coxeter
case. Exactly how to express this idea in a mathematically rigorous way (and
then prove it, of course!) remains a challenge. It was our study of Segal-Bargmann
analysis in the Coxeter context which motivated us to find these results.

Tt is reasonable to conjecture that (4.5) is false for every compact, connected,
non-abelian Lie group K. In the contrary case it would be interesting to know for
which such K equation (4.5) is an identity.

The multitude of analogies between the Segal-Bargmann theory associated to
a Coxeter group and the Segal-Bargmann theory for compact Lie groups strongly
suggests that there is more here than mere analogy. An avenue for further research
would be to find out if there is for example a new general theory which has these
two theories as special cases. However, there is a difference, which we would like
to note, between these two theories. The Lie group case is based on a Laplacian
associated to the Lie group. And this is a differential operator. But the Coxeter
case is based on the Dunkl Laplacian, which is a differential-difference operator.
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Nonlinear Scattering in the Lamb System

Marco A. Taneco-Hernéandez

Abstract. The goal of this paper is to survey recent results on scattering in
nonlinear conservative Lamb’s systems. A Lamb’s system is a wave equation
coupled with an equation of motion of a particle of mass m > 0. We de-
scribe the long time asymptotics in a global energy norm for all finite energy
solutions with m = 0 [6] and m > 0 [7]. Under certain conditions on the
potential, each solution in an appropriate functional space decays, in a global
energy norm as t — o0, towards the sum of a stationary state and an out-
going wave. The outgoing waves correspond to the ’'in’ and ’out’ asymptotic
states. For m > 0, we define nonlinear wave operators corresponding to the
ones introduced in [6] and obtain a necessary condition for the existence of
the asymptotic states. For m = 0 we state a conjecture for the asymptotic
completeness and verify this for some particular potentials.

Mathematics Subject Classification (2000). Primary 37K05, 35A05, 35A30.

Keywords. Lamb system, D’ Alembert decomposition, global point attractor,
scattering asymptotics, nonlinear wave operators.

1. Introduction

Energy transfer within interconnected mechanical systems is important in many
real world settings. When a finite- and an infinite-dimensional systems are coupled,
energy is radiated from the former and absorbed by the latter. We call this process
radiation damping.

In a conservative context, radiation damping can describe dissipation (e.g.
friction, viscosity), where energy may dissipate from one form (such as mechanical)
into another (such as heat) of a larger conservative system.

An early physical model of radiation damping was introduced by Horace
Lamb [1]. In the Lamb model an oscillator coupled to a string describes the free
vibrations of a nucleus in an extended medium. The oscillator transfers energy to
the string by generating waves as it moves. In many linear and nonlinear partial
differential equations, it is fruitful to view the dynamics in terms of “particle-like”

Research supported in part by CONACyT, México.
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components. A decomposition into these types of models leads to an equivalent
description in terms of two coupled subsystems: the first is finite-dimensional and
governs the “particle-like” or bound state part of the solution, while the second
is infinite-dimensional and dispersive. Coupling terms are responsible for how the
dynamics of “particles” influence the field and how the dispersive wave-field influ-
ences the particle dynamics.

Let us comment on related works. H. Lamb consider the linear case when
F(y) = —w?y. The Lamb system with general nonlinear F(y) and the oscillator
mass m > 0 has been considered in [2] where the questions of irreversibility and
non-recurrence were discussed. The convergence to stationary states for nonlinear
Lamb system in local energy seminorms was proved in [4, 5] for the scalar wave
equation with m > 0 and the compactly supported initial data, here the existence
of a global attractor has been established for the first time. In [9] metastable
regimes were studied for the stochastic Lamb system. The methods and results
[4, 5] were applied and extended in [11] to stability and instability analysis in some
linear systems of the Lamb type. A model of a particle coupled to a wave field is
studied in [3]. The paper [12] concerns an application of Lax-Phillips scattering
theory to linear models of the Lamb type and existence of dynamics for a class of
the nonlinear systems. The long time asymptotics with a dispersive wave in global
energy norms were proved first in [13] for 1D Schrodinger equation, and extended
i) in [14]-[16] to 3D wave, Klein-Gordon and Schrédinger coupled to a particle,
ii) in [17] to 1D nonlinear relativistic equation with piecewise constant potential
of thew nonlinearity. However, all the results concern solutions sufficiently close
to a solitary manifold. In [18]-[21] similarly asymptotic were proved for all finite
energy solutions to 3D wave, Klein-Gordon and Maxwell equations coupled to a
particle.

The paper is organized as follows. In Section 2 the problem is formulated
along with an introduction of the phase space and stationary states. In Sections
3—4 we formulate the main results. In Section 5, we define nonlinear scattering
operators, and obtain a necessary condition for the existence of the asymptotic
states. In Section 6 we study the asymptotic completeness. At last, in Section 7 we
present and solve the direct and inverse scattering problem for the Lamb system
en the linear case if m > 0.

2. Problem formulation and description

We consider the nonlinear conservative Lamb system with mass m > 0 given by
ii(x,t) = v (x,t), z € R\ {0},

mij(t) = F(y(t)) +u'(0+, t) — u'(0—, t); teR. (2.1)
y(t) = u(0,1),
Here @ := %7;7 u = g’; and so on. The solutions u(z, ) take the values in R? with

d > 1. Physically, the problem describes small crosswise oscillations of an infinity
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string stretched parallel to the z-axis; a particle of m > 0 is attached to the string
at the point © = 0; F(y) is an external (nonlinear) force field perpendicular to
z-axis, the field subjects the particle. The Lamb system (2.1) is as an example

t|

FIGURE 1. Lamb system (d = 1).

of simplest nontrivial time reversible conservative system allowing an effective
analysis of various questions.

Lamb system (2.1) is formally equivalent to R%-valued one-dimensional non-
linear wave equation with the nonlinear term 6(x)F(u(x,t)) concentrated at the
single point z = 0:

iz, t) = u'(z,t) + 6(2)F(u(z, b)), (x,t) €R?, if m=0, (2.2)
(14 mé(z))ii(z,t) = u”(z,t) + 6(2)F(u(z,t)), (z,t) €R? if m>0. (2.3)
The Cauchy problem consists in finding solutions u(x,t), (in some functional space

that we will specify shortly), of system (2.1) satisfying given initial conditions.
These conditions differ in the cases m = 0 and m > 0:

w(z, t)i=0 = uo(z); w(x,t)|t=0 = vo(z), if m=0, (2.4)
and
w(z, t)i=0 = uo(x); w(x,t)i=0 = vo(z); Y(t)|t=0 =po, if m >0. (2.5)

Let us denote Y (¢t) := (u(z,t),v(x,t)) and Y(¢) = (u(x,t
v(x,t) := u(x,t). Then the Cauchy problems (2.1), (2.4) (
(2.5) (if m > 0) formally reads:

Y(t)=F(Y(t), teR,
Y (0) = Yo,
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where Yy := (ug, vo), F(Y (t)) = (U(as,t), u’(z,t) + 5(m)F(u(m,t))) if m =0, and

{ Y(t)=F(Y(t), teR, (2.7)

where
Yo := (UO;U07PO)7 F(Y(t)) = (v(m,t)m”(m,t%F(u(m,t)) + u,(0+ﬂt) - u’(O—,t))

if m > 0.

2.1. Notations and definitions

Let us introduce a phase space £Y of finite energy states for the system (2.1)
with m = 0 and the corresponding space € if m > 0. Let || - || and || - ||r be
the norms in the Hilbert spaces L?(R;R?) and L?(Ir;R?), respectively, where
Ir = (—R,R) C R, R > 0, generated by the scalar product:

(P96 pagun, = [ 1) gl
R

- / (h@ar (@) + - + fa@)galx)) de.

R

Similarly we define (f(x), g(z)) And |a| := \/{a,a), a € RY.

L2(Ig,R4)"

Definition 2.1. i) £° (€) is the Hilbert space of the pairs (u(z),v(z)) € C(R;R?)

®L*(R;RY) (triples (u(z),v(z),p) € C(R;RY) & L*(R;R?) @ RY) with u/(z) €
L?(R;R%) and the global energy norms

[[(u, 0)lleo = [['[] + [u(0)] + [[o]l, if m =0, (2.8)

(w0, p)lle := [[u'[] + [u(O) + [Jv]| + |pl, if m > 0. (2.9)

ii) £% (Er) is the space €Y (£) endowed with the topology defined by the local
energy seminorms

(w0, )0,k = [1W/[|r + [u(0)] + [[v]| 5, R>0, ifm=0, (2.10)
I(w, v, p)lle,r = [IW/l|r + [u(0)| + [[v]|r + [pl, R>0, ifm>0. (211

3. Existence of dynamics

We assume that the nonlinear force field F' has a real potential V: R? — R,
Ve 0%

F(u) € C*(R4GRY),  F(u) := -V, V(u) and V(u) — 400 (3.1)

|u|—o0
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Then (2.1) is a formally Hamiltonian system with the phase space £° (or £) and
the Hamiltonian functional

2
H(u,v) = ;A[|v(x)2+|u’(x)2]dx+m@ +V(u(0)), (3.2)

for (u,v) € % if m = 0 or (u,v,p) € € if m > 0. Dynamics of Lamb system is
established by the propositions:
Proposition 3.1. [6] Let conditions (3.1) hold, m =0 and d > 1. Then,

1. For every Yy € E° the Cauchy problem (2.6) admits a unique solution Y (t) €

C(R; E%).
2. The map U(t) : Yo — Y (t) is continuous in E° and EY.
3. The energy s conserved
H(Y (t)) = const, t€ER.
4. The a priori bound holds

sup [|Y (8)] 0 < oc.
teR

Proposition 3.2. [7] Let conditions (3.1) hold, m > 0 and d > 1. Then,

1. For every Yo € £ the Cauchy problem (2.7) admits a unique solution Y(t) €
C(R;E).

2. The map U(t) : Yo — Y(t) is continuous in £ and Ep.

3. The energy s conserved

H(Y(t)) = const, teR.
4. The a priori bound holds
sup ||Y(t)||e < oo.
teR

Sketch of the proof. (Propositions 3.2 and 3.1, 1.) We consider ¢ > 0, the case
t < 0 its handled similar. First, the D’ Alembert representation

x+t
—t) fuglz+1t) 1
u(z,t) = uo(® )Q“O(m )+2 /vo(x)dx, Z[>t>0,  (3.3)
x—t

implies the unique solution u(x,t) in the region |x| > |t|. To prove the existence
and uniqueness in the region |z| < |¢|, we derive a nonlinear ordinary differential
equation for y(t) = w(0,t) from the second equation of (2.1). The contraction
mapping principle implies the existence of a local solution y(t) from the Cauchy
problem for the “reduced equation”

mii(t) = F(y(t)) — 29(t) + 2win(t), t >0,
y(0) = uo(0), ¥(0) = po,

where w;y, (t) := g4+(t) + f-(—t), for t > 0 is the “incident wave” and fi(2), g+(2)
for £z > 0 are defined by the well-known D’ Alembert formulas (see [4]). The

if m > 0, (3.4)
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existence of the global solution and its continuity in R, follows from a priori
bounds:

sup |y(t)| + / l9(t)|?dt < B < 00, if m =0, (3.5)
t>0 0
and
sup ly(0) + s li(0)] + [ 130Pd < B <o, itm>0,  (36)
t>0 t>0 0

where B and B is bounded for ||(ug,vo)||lgo and ||(uo, vo,po)|ls bounded respec-
tively. Hence
yt —x) + g+(x+1t) — g+t — 2), O<x<t
u(zx,t) =

yt+a)+f(x—t)—f-(—x—t), —t<xz<0 £>0, (3.7

represents to the solution in the region |z| < ¢, with ¢ > 0. Note that this formula
contains only the incident waves. These arguments imply that the Cauchy problem
(2.6) (or (2.7)) (see [4, 6, 7]) admits a unique solution Y (¢) = (u(z,t),v(z,t)) €
C(R;EY) (or Y(t) = (u(z,t),v(z,y),y(t)) € C(R;E)) for any Yy € E2 (or Yy € &),
where u(z,t) is defined by (3.3) and (3.7). O

u(z,t)

i

y(t — ) + g+ (z +1) — g+ (t — x)

filz —t)+gi(z+t)

Ro A
9+ \‘\ / f+
N

FIGURE 2. Solution to the Lamb system: region I, x > t and region II,
r <t,withx>0andt>0.
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Remark 3.3. Similarly to the “direct” reduced equation (3.4), the “inverse” one
holds,

mij(t) = F(y(t)) + 29(t) — 2wou(t), <0, (3-8)

where the function weyu(t) := g— () + f+(—t), for ¢ < 0 is the “outgoing wave”. In
this case we have a representation of type (3.7) which contains only the reflected
waves g, fi:

u(z t):{y(x+t)+f+(sc—t)—f+(—x—t), 0<z<—t,

t < 0. 3.9
y(—z+t) —g_(—x+t)+g-(z+t), t<zx<0, (3.9)

4. Scattering in the Lamb system

The stationary states S = (s(z),0) € £° if m = 0 for (2.6), and S = (s(),0,0) € £
if m > 0 for (2.7) are evidently determined. We define for every ¢ € R? the constant
function

se(z) =¢, x€R. (4.1)

Then the sets S° and S of all stationary states, S € E2 if m = 0 (or S € & if
m > 0) are given by

8% ={5. = (s:(2),0) | z € Z}, (4.2)
S ={S. = (s:(2),0,0)| z € Z}, (4.3)
where Z := {z € R?| F(z) = 0}. We define Z = {(2,0) e R* | z € Z}.

Definition 4.1. The potential V(u) is “non-degenerate”, if the set Z is a discrete
subset in RY.

For d = 1 this means that

F(u) # 0 on every nonempty interval ¢; < u < cs. (4.4)

4.1. Convergence to the global attractor

The first result means that the set S° (or S) is the minimal global point attractor
of the system (2.1) in the space £%, (or in the space £r). Let us denote &) =
{(u,v) € E%} if m =0, & = {(u,v,0) € £} if m > 0, and

- { (W(t)(u,v)), if m=0,

WD) = (W(t)(u,0),0), ifm >0, (4:5)

where W (t) is the dynamical group of free wave equation corresponding to
F(u)=0.

Theorem 4.2. [6, 7] Let all assumptions of Proposition 3.1 (or Proposition 3.2)
hold, Yo € E° if m =0 (or Yo € € if m > 0) an initial data. Then,
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i) The corresponding solution Y (t) € C(R;E°), if m = 0, to the Cauchy problem
(2.6) (or the corresponding solution Y(t) € C(R; &), if m > 0, to the Cauchy
problem (2.7)) converges to the set S° (or S) in the local energy semi-norm:

23

—E 8% if m=0, (4.6)

t—+oo

Y(#)

or
Er .

ii) There exist the limit stationary states Sy € S° (or Sy € S) depending on the
solution Y (t) (or Y(t)) such that

Y(t) — s Sy, if m=o0, (4.8)

t—+oo
or

Er )
Sketch of the proof. (Theorem 4.2.) We consider ¢ > 0, the case ¢ < 0 its handled
similar. The stabilization (4.6) (or (4.7)) follows from the representation (3.7) and
from the Lemma:

Lemma 4.3 ([6] if m = 0 and [7] if m > 0). Let all assumptions of Theorem 4.2
hold. Then,

A. If m=0:
i) For every solution y(t) to the equation (3.4)

ii) Let, additionally, Z be a discrete subset in R?. Then there evists a z € Z

such that
B. If m > 0:
i) For every solution y(t) to the equation (3.4)
(y(t),9(t)) i 2 (412)

ii) Let, additionally, Z be a discrete subset in R?. Then there exists a (2,0) € Z
such that

(y(0), 5(t) —— (2,0). (4.13)

t——+oo

Finally, the attraction (4.6) (or (4.7)) implies the convergence (4.8) (or (4.9)). O
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4.2. Scattering asymptotic
The next result establish the long time asymptotics of the Lamb system for m > 0.
We write conditions introduced in [6] that restrict to the sets Cauchy data £° (or &)
that allow to prove the character of convergence to the solutions of Lamb systems.
Suppose that the following integral and limits exist

Vg 1= /vo(x)dx, ug = lim wuo(x), ug := lm wug(x). (4.14)

T—r—00 r—r+00
R

Definition 4.4.

i) The symbol £2 denotes the space of pairs (u,v) € £° such that the limits
(4.14) exist.

ii) The symbol £, denotes the space of triples (u, v, p) € £ such that the limits
(4.14) exist.

Theorem 4.5. [6, 7] Let all assumptions of Proposition 3.1 (or Proposition 3.2)
hold, and Yo € E2 if m = 0 (or Yo € Ex if m > 0) an initial data. We suppose
that Z is a discrete set in R®. Then

i) Scattering asymptotic holds:
Y(t)=8, + W)Wy +74(t), t— +oo, if m=0, (4.15)

for some stationary states Sy € SY, scattering states W4 € £ and the re-
mainder is small in the global energy norm:

|17+ ()]0 P 0, (4.16)
and
Y(t) =Sy + W)U, +7,(t), t— oo, if m>0, (4.17)

for some stationary states Sy € S, scattering states Wy € & and the remain-
der is small in the global energy norm:

Ir+@lle 7 0 (4.18)

i) The outgoing wave W(t)\II+ converges to zero in the local energy semi-norms:

W ()P 4[| e T 0 e &, if m=0, (4.19)
and
W ()T ||en — 0 W&, if m>0. (4.20)

iii) W(t)W, admits the representation.:
- { (Wout(ac,t)7v'vout(:v7t))7 U, & if m=0,

W), = 4.21
( ) * (wout(az,t)7wout(m7t),0), v, €&, if m>0, ( )

where
ud +uy v
0 0 0

Wout (7, 1) = Co+fy(v—t)+g-(z+t), Co:= 9

—22+, AR Z. (422)
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Remark 4.6.

i) Similar asymptotic hold for ¢ — —oo. Hence it suffices to prove Theorem 4.5
for t — 400 since the Lamb system (2.1) is time reversible.

ii) The “weak” convergence (4.8) and (3.1), (3.2) imply that

H(S+) SH(Y () =H(Yo), tER,

by the Fatou theorem.

iii) Proposition 3.1, 3.2 and Theorem 4.2 are proved in [4] for one-dimensional
oscillator with d = 1, m > 0 and u((x) = vo(z) = 0, |z| > const. In [6] and
[7] its consider the arbitrary initial conditions for m =0, m > 0 and d > 1
respectively.

5. Expression of the asymptotic states

Corollary 5.1. For (ug,v) € EL if m = 0 (or for (ug,vo,po) € Ex if m > 0) the
asymptotic state:

Uy, 11 ; =
\Ij+ _ ( 0, 0)7 Zf m 07 (51)
(\IIO7HO7O)? Zf m > 07
are expressed by the formulas:
up(x) —up(—x
i+ 0D o w0
y(z) = Cp + - (5.2)
—ug(— 1
o)+ up () 2uo( z) +y /Uo(x)dx, £ <0,
o) - ) ) ) ()
Ho(z) = (5.3)
() s ) o) i)
where Cy is given by the second formula of (4.22).
Remark 5.2. Representations (4.22) and (3.8) imply that
Wout (0, ) = Co + woue(t), ¢ > 0.
Hence
V.Vout(07t) = ’Li)out(t), t > 0 (54)
The outgoing wave we,; admits the D’ Alembert representation
x+t
- Po(x —1t) + Po(x +1 1
Wout (2, 1) = W (t) (g, ) = ol ) 5 o ) + 9 /Ho(x)dx, z,t €R,
r—1

because weyt is a solution to the D’ Alembert equation.
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Definition 5.3. A. If m = 0:

Let Y(t) = (u(x,t),v(z,t)) € C(R;EY) be a solution to (2.6) with Y (0) =
Yy € €2 be such that the asymptotic (4.15) holds with S, (z) = (s4(z),0), where
si(x) =2y € Z and ¥, € &). Let us set

WiYy = (\IJ+7Z+) S 58 X Z. (55)

The map Wy : £ — £J x Z is called a wave operator, and (¥, z ) the scattering
data, corresponding to Yj.

B. If m > 0:

Let Y(t) = (u(z,t),v(z,t),5(t)) € C(R; Ex) be asolution to (2.7) with Y(0)=
Yo € € be such that the asymptotic (4.17) holds with S4(z) = (s+(x),0,0), where
si(x) =24 € Z and Uy € &. Let us set

WiYo=(¥i,24) €& x Z. (5.6)
The map W, : Ex — &y X Z is called a wave operator, and (¥, z) the scattering
data, corresponding to Yj.
5.1. Necessary conditions for the existence of the asymptotic states
We start with description on ImW... We describe some properties of the asymp-
totic states Wy, Iy previously constructed (see equations (5.2), (5.3)). Let Y (¢) =
(u(w,t),v(z,t)) € C(R;EL), be a solution of the Cauchy problem (2.6) with the
initial data Yy = (uo(z),vo(x)) and let Y(t) = (u(z,t),v(x, t),5(t)) € C(R;E) be
a solution of the Cauchy problem (2.7) with Yo = (ug(x), vo(z),po).
Proposition 5.4 ([6]).

A . Ifm=0:Let Yo € EL and Wi (Yo) = (W, 24), 24 = tilin y(t). Then,

i) U, €&, ie., there exist the finite limits and integral

(oo}

Uy = lm Wo(e), Wi = lm o(x), o= / Mo)dy.  (5.7)

i) The following identity holds:
U+ Uy + 1y =0. (5.8)
B. If m >0: Let Yo € Exo and Wi (Yo) = (¥p,24), 24 = tiigrnooy(t). Then,
1) Uy €&, i.e., there exist the finite limits and integral (5.7).
i) The identity (5.8) holds.

Remark 5.5. Relation (5.8), in both cases (m = 0 or m > 0), means that the
values of ¥, ¥y and IIj are not independent.

Let us denote
El = {¥Te&l ifm=0]|(57)-(5.8) hold}.
and
EL = {¥" €& ifm>0](5.7)-(5.8) hold}.
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Then Proposition 5.4 implies

Corollary 5.6.

Im W (L) CEL xZ, if m=0
and

Im W, (£x) CEL xZ, if m>0.

6. Inverse scattering problem in the Lamb system

In this section we study the inverse problem, namely, we have ¥, and we want
to construct the dynamics Y (¢) of (2.6) (or Y(¢) of (2.7)) such that the asymp-
totic (4.15) (or (4.17)) holds. We start from with the reconstruct of Y (or Yo) via
U, and y(t).

6.1. Reconstruction of the initial data (surjection of the operator W_:l)
For ¥, = (Vo,Ily) € £L let us introduce the function

W (t) +2\I/o(—t) n ; /HO(X)dX7 teR. (6.1)

—t

S(t) := wout(0, ) =

Then .
S(t) = Wou(t) € L2(R,RY), St := lim S(t) =0, (6.2)

t——+oo

by (5.4), (3.8) and (5.8).
Theorem 6.1. [8] Let Y(t) € C(R;EL) if m =0 (or Y(t) € C(R;Ex) if m > 0)
be a solution of (2.6) (or (2.7)) with Y(0) =Yy € EL if m =0 (or Y(t) € Exo if
m > 0), and (5.5) (or (5.6)) hold. Then

i) The initial conditions are expressed in Wy and y(t) = u(0,t) by
y(z) — S(z), x =0,
y(—x) — S(—x), <0,

y'(x) = 5 (2), >
y'(—z) = S'(—z), x<0.

uo(z) = Wo(z) + {

8

9

vo(z) = o (x) + {

i) The function y(t) satisfies the following conditions

{0 = F(y(t)) + 25(t) — 25(t), t >0,

) =0 6.4
j(t) € L*(Ry,RY), y(t) T A #m=0, (6.4)

and

if m > 0. (6.5)

mi(t) = Fy(0) +2§(t) — 28(t), ¢ >0,
§(t) € ARy RY, y(t) —— 2,
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Remark 6.2. For any given U, = (¥,IIy) € EX (or ¥4 = (¥o,1I,0) € EL) and
y(t) € C(Ry;R?Y), the formulas (6.3) imply (5.2) and (5.3) with Cy = ¥ (0) —/(0).

The next result establishes that the conditions (5.7) are sufficient for the
existence of dynamics in the Lamb’s problem with scattering asymptotic (4.15)
(or (4.17)) provided that the “inverse” reduced differential equation (6.4) has an
appropriate solution.

6.2. Characterization on the asymptotic states

Conjecture 6.3. Let (U, 2z, ) e EL x Z (or (V. ,24) € EL x Z) and the following
condition hold: there exists a trajectory y(¢) satisfying (6.4) (or 6.5), with S(¢)
given by (6.1). Then there exists Yo € EL (or Yg € Ex) such that (5.5) (or (5.6))
hold.

Remark 6.4. We choose the inverse reduced equation (6.4) for the characterization

of the asymptotic states since the term S(t) is expressed in the scattering data ¥,
by (6.1).

The following results establishes the asymptotic completeness for some particular
cases:

6.2.1. The case m = 0 and finite scattering data.

Theorem 6.5. [8] Let the function V. (z) = (¥o(z),1lo(z)) € EL has a compact
support, d > 1, and the force field F' satisfy conditions (3.1). Then for arbitrary
z4 € Z there exist Yy € E2 such that (5.5) hold.

6.2.2. The case m = 0 and arbitrary scattering data: one-dimensional oscillator.
We consider case d = 1. Suppose that z; € Z is nondegenerate stationary state
with

F'(zy) #0. (6.6)

Theorem 6.6. [8] Let d =1, U (z) = (¥o(z),1Io(z)) € EX and (6.6). Then there
exists Yy € Eao such that (5.5) hold.

7. Example: F(u) = —u

In this section we will prove that the “inverse” reduced equation (6.4) in the case
m > 0 admits a continuous solution y(t), t > 0 with g(¢t) € L*(R,;RY) for the
force field F'(u) = —u. Note that this function satisfies the conditions (3.1).

Let us consider the following Cauchy problem for the operator E(;t) =

d? d .
my2 —25 +1,m>0:

[y(t)] = f(t), t>0, feL*Ry,RY)
y(0)=a, y(0)=0b, a,beR.

(7.1)
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We seek solutions of this problem from the class C(R; R?) with ¢ € L?(Ry; R?).
For y(t) € L (R ;R?) we define the distribution yo(t) € D'(R; R?) by the formula

loc
_ y(t)7 T e R+7
ydw—{a iy (7.2

Lemma 7.1 (Cf. [10]). Let u € C(Ry;R?Y) with u” € L (Ry;RY) we have the
following representations in the sense of D'(R; RY)
u'(z) = u(0)d(z) + [u(z)], = €R, (7.3)
u”(z) = u(0)d' (z) + ' (0)d(x) + [u”(x)], z €R,
where [u'(z)] and [u”(z)] are the usual derivatives in R.
Using (7.3) and (7.4) we get
Llyo](t) = amd(t) + (bm — 2a)5(t) + fo(t), t€R. (7.5)

Denote by S(R.;R?) the subspace of the Schwartz space of rapidly decreasing
functions with supports belonging to R,. We use the complex Fourier-Laplace
transform F : S'(Ry;R?) — S'(Ry;R?), defined by

(:) = Filole) = [ ()it 2 Co. (76)
Ry
for g € S(R4;R?) and extended by continuity to &’(R; R?). Applying this trans-
form to the identity (7.5), we obtain
(—m2® + 2iz + 1)§o(z) = —iamz + (bm — 2a) + fo(z), zeCy. (7.7)

Hence ~
—iamz + (bm — 2a) + fo(2)
—mz2 4+ 2iz+1

is analytic in C, if a and b satisfy the system

{ a(—imzy —2) +bm = —fo(z1),

gjo(z) = , 2€Cy, (78)

a(—imzy — 2) + bm = — fo(22),
with z; and 2y are the roots of the equation —mz? + 2iz + 1, i.e.,
o= fo(zl) - f0(22)
im(z1 — 22)

mzo + Q)fo(zl) — (imzg + Q)fo(?«’?)
im?2(z1 — 22) '

)

,_

Substituting the obtained values of a and b to (7.8) and using the Paley-Wiener
Theorem [10], we obtain in the case m # |

folz1)(z — 22) — fo(22)(z — 21) + (22 — 21) fo(2)

—m(z — 21)(z — 22)(22 — 21) }’ teR. (7.9)

wolt) = Fbf
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Thus, the solution to the Cauchy problem (7.1) is
y(t) = yo(t)|r, - (7.10)
Using (7.8) we have

Gore = L [l _sh(=) G202kl
(z — 21)(z — 22)

m(ze —21) | 2— 21 Z— 29
Suppose that f € L*(R;R?). Then h(r + ix) = (§(t)) (7 + ir) € L*(R,;R?) for
each k > 0 and

. z€Cy. (7.11)

1A( +ir)|| 2 (g, rety < C, £ > 0.
By Paley-Wiener Theorem is implies that h(z) € L2?(R,;R?). Therefore, the
Cauchy problem (7.1) admits a continuous solution with the derivative from
L*(Ry;RY). Taking f = S we obtain that the equation (6.4) admits a solution

with the properties in Theorem 6.3. Hence the solution the inverse scattering
problem of Lamb system in this case is solvable.
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Toeplitz Algebras in Quantum Hopf Fibrations

Elmar Wagner

Abstract. The paper presents applications of Toeplitz algebras in Noncom-
mutative Geometry. As an example, a quantum Hopf fibration is given by
gluing trivial U(1) bundles over quantum discs (or, synonymously, Toeplitz
algebras) along their boundaries. The construction yields associated quantum
line bundles over the generic Podles spheres which are isomorphic to those
from the well-known Hopf fibration of quantum SU(2). The relation between
these two versions of quantum Hopf fibrations is made precise by giving an
isomorphism in the category of right U(1)-comodules and left modules over
the C*-algebra of the generic Podles spheres. It is argued that the gluing con-
struction yields a significant simplification of index computations by obtaining
elementary projections as representatives of K-theory classes.

Mathematics Subject Classification (2000). Primary 47L80; Secondary 81R50.
Keywords. Toeplitz algebras, quantum spheres, quantum Hopf fibration.

1. Introduction

In Noncommutative Geometry, the Toeplitz algebra has a fruitful interpretation
as the algebra of continuous function on the quantum disc [10]. In this picture,
the description of the Toeplitz algebra as the C*-algebra extension of continuous
functions on the circle by the compact operators corresponds to an embedding of
the circle into the quantum disc. Analogous to the classical case, one can construct
“topologically” non-trivial quantum spaces by taking trivial fibre bundles over two
quantum discs and gluing them along their boundaries. Here, the gluing procedure
is described by a fibre product in an appropriate category (C*-algebras, finitely
generated projective modules, etc.). This approach has been applied successfully
to the construction of line bundles over quantum 2-spheres [2, 8, 17] and to the
description of quantum Hopf fibrations [1, 3, 7, 9]. One of the advantages of the
fibre product approach is that it provides an effective tool for simplifying index

This work was financially supported by the CIC of the Universidad Michoacana and European
Commission grant PIRSES-GA-2008-230836.
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computations. This has been discussed in [17] on the example of the Hopf fibra-
tion of quantum SU(2) over the generic Podles spheres [14]. Whilst earlier index
computations for quantum 2-spheres relied heavily on the index theorem [4, 6],
the fibre product approach in [17] allowed to compute the index pairing directly
by producing simpler representatives of K-theory classes.

The description of quantum line bundles in [17] bears a striking analogy
to the classical case: the same transition functions are used to glue the trivial
bundles over the (quantum) disc along their boundaries. However, the link between
the fibre product approach of quantum line bundles and the Hopf fibration of
quantum SU(2) has been established only at a “K-theoretic level”, i.e., it has
been shown that the corresponding projective modules are Murray-von Neumann
equivalent. The present work will give a more geometrical picture of the quantum
Hopf fibration. Analogous to the classical case, we will construct a non-trivial U(1)
quantum principal bundle over the generic Podles spheres such that the associated
line bundles are the previously obtained quantum line bundles. Here, a quantum
principal bundle is described by a Hopf-Galois extension (see the preliminaries). It
turns out that our U(1) quantum principal bundle is isomorphic to a quantum 3-
sphere from [3]. As an application of the fibre product approach, we will show that
the associated quantum line bundles are isomorphic to projective modules given
by completely elementary one-dimensional projections which leads to a significant
simplification of index computations.

It is known that the Hopf fibration of quantum SU(2) over the generic Podles
spheres is not given by a Hopf-Galois extension but only by a so-called coalgebra
Galois extension (that is, U(1) is only considered as a coalgebra). In the present pa-
per, we will establish a relation between both versions of a quantum Hopf fibration
by describing an explicit isomorphism in the category of right U(1)-comodules and
left modules over the C*-algebra of the generic Podles spheres. Clearly, this isomor-
phism cannot be turned into an algebra isomorphism of quantum 3-spheres since
otherwise the Hopf fibration of quantum SU(2) over the generic Podles spheres
would be a Hopf-Galois extension.

2. Preliminaries

2.1. Coalgebras and Hopf algebras

A coalgebra is a vector space C over a field K equipped with two linear maps
A:C —-C®C and ¢ : S — K, called the comultiplication and the counit,
respectively, such that

(A®id)c A= (ld® A)o A, (2.1)

(e®id)cA=id=(id®e) o A. (2.2)

A (right) corepresentation of a coalgebra C' on a K-vector space V is a linear
mapping Ay : V — V ® C satisfying

(Ay ®@id)o Ay = (ld® A)o Ay, (id®e)o Ay =id. (2.3)
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We then refer to V' as a right C-comodule. The corepresentation is said to be
irreducible if {0} and V are the only invariant subspaces. A linear mapping ¢
between right C-comodules V and W is called colinear, if Ay o¢ = (¢ ®id) o Ay.

A Hopf algebra A is a unital algebra and coalgebra such that A and € are
algebra homomorphism, together with a linear mapping x : A — A, called the
antipode, such that

mo(k®id)oA(a) =¢e(a) =mo (id® k) o Aa), a€ A, (2.4)

where m : A ® A — A denotes the multiplication map.

We say that C' and A are a *-coalgebra and a *-Hopf algebra, respectively, if
C and A carry an involution such that A becomes a *-morphism. This immediately
implies that e(z*) = ¢(z). A finite-dimensional corepresentation Ay : V =V ® A
is called unitary, if there exists a linear basis {e1, ..., e,} of V such that Ay (e;) =
Z?Zl e; ® vj; and Z;:l vl Vi = Oki, Where dy; denotes the Kronecker symbol.
The elements v;; are called matrix coefficients. A Hopf *-algebra A is called a
compact quantum group algebra if it is the linear span of all matrix coefficients
of irreducible finite-dimensional unitary corepresentations. It can be shown that
then A admits a C*-algebra completion H in the universal C*-norm (that is, the
supremum of the norms of all bounded irreducible Hilbert space *-representations).
We call H also a compact quantum group and refer to the dense subalgebra A as
its Peter-Weyl algebra. The counit of A has then a unique extension to H, and
A has a unique extension to a *-homomorphism A : H — H ® H, where H ® H
denotes the least C*-completion of the algebraic tensor product.

The main example in this paper will be H = C(S!), the C*-algebra of contin-
uous functions on the unit circle S!. It is a compact quantum group with comulti-
plication A(f)(p,q) = f(pg), counit (f) = f(1) and antipode &(f)(p) = f(p~').
Note that A, € and & are given by pullbacks of the group operations of St = U(1).
Let U € C(S!), U(el?) = e'?, denote the unitary generator of C(S!). Then the
Peter-Weyl algebra of H is given by O(U(1)) = span{U" : N € Z} with
A(UN)=UN@UN, e(UN) =1 and k(UV) = U~L. Note also that the irreducible
unitary corepresentations of O(U(1)) are all one-dimensional and are given by
Ac(l) =1 UN.

From the previous paragraph, it becomes clear why noncommutative compact
quantum groups are regarded as generalizations of function algebras on compact
groups. We give now the definition for a quantum analogue of principal bundles.
First we remark that a group action on a topological space corresponds to a coac-
tion of a quantum group or, more generally, to a coaction of a coalgebra. Now let
A be a Hopf algebra, P a unital algebra, and Ap : P — P ® A a corepresentation
which is also an algebra homomorphism (one says that P is a right A-comodule
algebra). Then the space of coinvariants

Pt ={be P:AD)=b® 1}

is an algebra considered as a function algebra on the base space, and P plays the
role of a function algebra on the total space. If A is a Hopf *-algebra and P is
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a *-algebra, we require A to be a *-homomorphism so that B becomes a unital
*_subalgebra of P.
If A: P— P®C is a corepresentation of a coalgebra C, then we set

PC .= {be P: A(bp) = bA(p) for all pc P}

with multiplication b(p ® ¢) = bp ® c on the left tensor factor. Again, P°°C is a
subalgebra of P. In our examples, there will be a group like element e € C' (that
is, A(e) = e® e) such that A(1) =1® e and

PC =B:={bcP:Ab)=b®e}.

If P and C carry an involution, Ap is a *-morphism and e* = e, then B is a
*_subalgebra of P.

Analogous to right corepresentations, one defines left corepresentations y A :
V — C ® V. The associated (quantum) vector bundles are given by the cotensor
product PO¢ V', where

POcVi={zePV:(Ap®id)(z) = (id® vA)(z) }.
Obviously, PO¢ V is a left P°°“-module. For the one-dimensional representation
cA(1) = U ® 1, this module is equivalent to
Py :={peP:App)=paU"}

and is considered as a (quantum) line bundle.

2.2. Pullback diagrams and fibre products

The purpose of this section is to collect some elementary facts about fibre products.
For simplicity, we start by considering the category of vector spaces. Let mg :
Ag — Apy and 71 : A1 — Agy be vector spaces morphisms. Then the fibre product
A= Ao X (ry,m)A1 is defined by the pullback diagram

A Py

Prol ﬂ'll (2'5)

Ao L} A()l .
Up to a unique isomorphism, A is given by
A:{(amal) € Ay x Ay :Fo(ao):ﬂj(al)}7 (26)

where the morphisms pry : A — Ag and pr; : A — A; are the left and right pro-
jections, respectively. In this paper, we will consider fibre products in the following
categories:

o If mg : Ag — Ag1 and 71 : A1 — A1 are morphisms of *-algebras, then the
fibre product Ao X (r,,r,)A1 is a *-algebra with componentwise multiplication
and involution.

e If we consider the pullback diagram (2.5) in the category of unital C*-
algebras, then Agx (r, r,)A1 will be a unital C*-algebra.
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e If B is an algebra and 7 : Ag — A1 and 71 : A1 — Agy are morphisms of
left B-modules, then the fibre product A := AgX (r,,x,)A1 is a left B-module
with left action b.(ao, a1) = (b.ag, b.a1), where b € B and the dot denotes the
left action.

e If we consider the pullback diagram (2.5) in the category of right C-comodules
(or right H-comodule algebras), then A := AgX () A1 will be a right
C-comodule (or a right H-comodule algebra) with the coaction given by
AA(ala (12) = (AA1 ((11), O) + (O’ AAz (aQ))'

Finally we remark that if By, By and By are dense subalgebras of C*-algebras
Ap, A1 and Ag, respectively, and 7y and 7y restrict to morphisms 7o : By — By
and 71 : By — Bo1, then BoX(r, »,)B1 is not necessarily dense in AgX () A1-
A useful criterion for this to happen can be found in [9, Theorem 1.1]. It suffices
that m1]p,: B1 — By is surjective and ker(m;) N By is dense in ker(my).

2.3. Disc-type quantum 2-spheres

From now on we will work over the complex numbers and ¢ will denote a real
number from the interval (0, 1).

The *-algebra O(D?) of polynomial functions on the quantum disc is gener-
ated by two generators z and z* with relation

'z —qzz"=1—q¢. (2.7)

A complete list of bounded irreducible *-representations of O(D?) can be found

in [10]. First, there is a faithful representation on the Hilbert space £2(Np). On an
orthonormal basis {e,, : n € Ny}, the action of the generators reads as

Z€n = \/1 - qn+1Sen7 Z*en = \/1 - an*eTU (28)

where
Se, = ent1,

denotes the shift operator on £2(Np).
Next, there is a 1-parameter family of irreducible *-representations p, on C,
where u € S! = {x € C: || = 1}. They are given by assigning

pulz) = u, pu(2) = u.

The set of these representations is considered as the boundary S* of the quantum
disc consisting of “classical points”.

The universal C*-algebra of (’)(Dg) is well known. It has been discussed by
several authors (see, e.g., [10, 12, 16]) that it is isomorphic to the Toeplitz algebra
T. Here, it is convenient to view the Toeplitz algebra 7 as the universal C*-
algebra generated by S and S* in B(¢?(Np)). Then above *-representation on
£?(Np) becomes simply an embedding.

Another characterization is given by the C*-extension

0 — K(*(Ng)) — T -2 C(SY) — 0,
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where o : T — C(S') is the so-called symbol map and corresponds, in the classical
case, to an embedding of S! into the complex unit disc. Let again U(e'?) = e'?
denote the unitary generator of C(S!). Then the symbol map is completely deter-
mined by setting o(z) = U.

We can now construct a quantum 2-sphere C (Sg) by gluing two quantum discs
along their boundaries. The gluing procedure is described by the fibre product
T X(o,0) T, where T X (5 ) T is defined by the following pullback diagram in the
category of C*-algebras:

T x T —% T

(0,9)

prol Jl (2.9)
T —Z—= C(Sh).
Up to isomorphism, the C*-algebra C(S?) := T X(4.,) T is given by
C(Sg):{(al,ag) ETXTIO’(al):J((IQ) } (210)

In the classical case, complex line bundles with winding number N € Z over
the 2-sphere can be constructed by taking trivial bundles over the northern and
southern hemispheres and gluing them together along the boundary via the map
UN .S = Sl UN(e?) = !N, In [17], the same construction has been applied to
to the quantum 2-sphere C(S?). The roles of the northern and southern hemispheres
are played by two copies of the quantum disc, and the transition function along the
boundaries remains the same. This construction can be expressed by the following
pullback diagram:

T, T (2.11)
Prg prq
T T
1 - o(ql
c(sh) i c(sh).

So, up to isomorphism, we have
T X(UNo,0) T { (ao, al) eT xT: UNO'(ao) = 0’((11) } (212)

It follows directly from Equation (2.10) that T X (y~, ») T is a C(S2)-(bi)module.
This can also be seen from the general pullback construction by equipping 7 and
C(S') with the structure of a left C(S2)-module. Explicitly, for (ao,a1) € C(S2),
one defines (ag,a1).a = apa for a € T on the left side, (ag,a1).a = aia fora € T
on the right side, and (ag,a1).b = o(ag)b = o(a1)b for b € C(S').

To determine the K-theory and K-homology of C (83)7 we may use the results
of [12]. There it is shown that Ko(C(S2)) = Z® Z and KO(C(Sg)) = Z@Z. The two
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generators of the Ko-group can be chosen to be the class [1] of the unit element of
C(S2), and the class [(0,1 — S5%)].

Describing an even Fredholm module by a pair of representations on the
same Hilbert space such that the difference is a compact operator, one generator
of K°(C(S2)) is obviously given by the class [(pry, pry)] on the Hilbert space ¢2(No).
A second generator is [(m4 o o, m— 0 g)], where o denotes the symbol map and
7y : C(SY) — B(¢3(Z)) is given by

7+ (U)en, =ent1, nEZ,

7 (U)en =eny1, n€Z\{-1,0}, 7_(U)e_1=¢e1, 7 (U)eg=0 (2.13)

on an orthonormal basis {e, : n € Z} of £2(Z). Note that the representation 7_
is non-unital: 7_(1) is the projection onto span{e, : n € Z\ {0} }.

2.4. Quantum 3-spheres and quantum Hopf fibrations
First we follow [7] and introduce the coordinate ring of a Heegaard-type quantum
3-sphere (’)(qu), p,q € (0,1) as the *-algebra generated by a, a*, b, b* subjected
to the relations

a*a—qaa* =1—q, b*'b—pbb* =1-—0p,

2.14
(1—aa™)(1-0b")=0, ab=ba, a"b=ba". (2.14)

Its universal C*-algebra (i.e., the closure of O(S3,) in the universal C*-norm given
by the supremum over all bounded Hilbert space representations) will be denoted

by C(Sf’,q).

One can easily verify that the coaction Ap(ss ) : O(S},) — O(S;,) @ O(U(1))
given by

AO(qu)(a) =a®U", Ao(sgq)(b) =bU
turns O(S3,) into a O(U(1))-comodule *-algebra. Its *-subalgebra of O(U(1))-
coinvariants O(S2,) := O(S3,)°C(V1) is generated by
A:=1—aa*, B:=1-0bb", R:=ab
with involution A* = A, B* = B and commutation relations
R*R=1-qgA—pB, RR*=1—A— B, AR=qRA, BR=pRB, AB=0.

Note that O(S2,) can also be considered as a *-subalgebra of C(S2) from

(2.10) by setting
A= (1_32*70)a B = (Oal_yy*)7 R = (Z7y)a

where y and z denote the generators of the quantum discs O(DZ) and O(D2),
respectively, satisfying the defining relation (2.7). Using the fact that (’)(Dg) is
dense in the Toeplitz algebra T for all ¢ € (0,1), and the final remark of Section

2.2, one easily proves that C(S2) = T X (5.5 T is the universal C*-algebra of O(S2,).
For N € Z, let

Ly = {p€O(S},) : Ao, () =p@UN} (2.15)
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denote the associated quantum line bundles. It has been shown in [7] that Ly is
isomorphic to O(S2,)NI*1Ey, where

En = Xy Y} € Mat)y|11,5141(O(Sh,)) (2.16)
and, for n € N,
an = (b*nv ab*n717 cee 7an)t7 Xn = (a*n’ ba*n717 ey bn)t7
an = ((g)ppnAnbn’ (?)p
1

Y= ((),0"B " (3)

pn—lAn—lbn—la* e (n)pa*n)t’

SN—
o+

qqn—an—lan—lb* e (:)qb*n

with
(6): =
That Fy is indeed an idempotent follows from Yﬁ[ Xn = 1 which can be verified
by direct computations.
Now we consider a much more prominent example of a quantum Hopf fi-

bration. The *-algebra O(SU,(2)) of polynomial functions on the quantum group
SU,(2) is generated by «, 8, 7, ¢ with relations

af =qba, ay=qya, Bé=qdp, 70 =qdy, By=rP,

ad—qfy=1, da—q 'py=1,
and involution a* = §, 3* = —¢v. This is actually a Hopf *-algebra with the Hopf
structure A, ¢, k. Here, we will only need explicit formulas for the homomorphism
€:0(SU4(2)) — C given by

ela) =¢(6) =1, e(B)=¢(v)=0.
For s € (0, 1], the *-subalgebra generated by
ns = (0 +q 'sB)(B—86), (s :=1—(a—qsy)(+sB).
is known as the generic Podle$ sphere O(SZ, ) [14]. Its generators satisfy the defining
relations
Cotls = @*sCsy Mins = (1= C)(* +Co)s maml = (1= q72¢)(s* +477Cy),

and ¢} = (. For all s € (0,1] and ¢ € (0,1), the universal C*-algebra of O(S2,) is
isomorphic to C(S?2) 12, 16]. With 2 the generator of (’)(D32)7 sett:=1—zaxeT.
An embedding of O(SZ,) into C(S2) as a dense *-subalgebra is given by

Go= (=), no= (sV/(1=@O)(1+ 2220 S, V(1= @0)(s> +1) S).
(2:17)
Let O(S2,)* == {x € O(SZ,) : e(x) = 0}. It has been shown in [13] that
the quotient space O(SU4(2))/O(S2,)TO(SU4(2)) with coaction (pr, ® pr,) o A
is a coalgebra isomorphic to O(U(1)). Here pr, denotes the canonical projection
and A the coaction of O(SU,(2)). We emphasize that this isomorphism holds only
in the category of coalgebras, that is, O(SU4(2))/O(SZ,)TO(SU4(2)) is a linear

M, =1 () (1-2)...(1—a") 0<k<mn, ze€(0,1).

n e T (1—2)...(1—zF)(1—z)...(1—zn—F)>
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space (not an algebra!) spanned by basis elements UY, N € Z, with coaction
A(UN) = UN ® UN. The composition (id ® pr,) o A turns O(SU,(2)) into an
O(U(1))-comodule and the associated line bundles are given by

My :={peO(SU,(2) : (id@pry)oA(p) =paUN}, NEcZ

Moreover, O(S2,) = My = O(SU,(2))°°UM) and O(SU4(2)) = @nezMy. In
contrast to quantum line bundles Ly defined above, My is only a left O(SZ,)-
module but not a bimodule. This is also due to the fact that O(SU,4(2)) with above
coaction is only an O(U(1))-comodule but not an O(U(1))-comodule algebra.
Explicit descriptions of idempotents representing My have been given in
[6, 15]. Analogous to Ly, there are elements vy, vf',...,vf}; € O(SUy(2)) such

that My = O(S2,)N+1 Py, where
PN = (’U(I)V7’U{V, ey U|I>[V|)t (’U(I)V*, ’U{V*, . 7U|J>]\/'*|) S Mat|N|+1,|N|+1((’)(Sgs)) (218)
with
(v o, ol (g, ol )t = 1 (2.19)

For a definition of v}, see [15].

A description of the universal C*-algebra C(SU4(2)) of O(SU,4(2)) as a fibre
product can be found in [9]. There it is shown that C(SU4(2)) is isomorphic to the
fibre product C*-algebra of the following pullback diagram:

T&C(st X C(St
(s%) oo S (S%) (2.20)
pry pry
Tacsh (s
o®id 2
v \
c(shy@e(sh) . ~c(shHee(sh).

Here, 75 : C(S') — C(S') ®C(S!) is defined by 7o (f)(x,y) = f(y), and
W:cShHecs') —=clshHecesy), W) (xy) = f(z,zy), (2.21)

is the so-called multiplicative unitary. In the next section, we will frequently use
that W (g @ UN)(z,y) = g(x)aNy"N = (gUN @ UV )(z,y), that is,

W(goUN)=guN oUW (2.22)

for all g € C(S') and N € Z. As above, U denotes the unitary generator of C(S!)
given by U(e'?) = el for el® € St
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3. Fibre product approach to quantum Hopf fibrations

3.1. C*-algebraic construction of a quantum Hopf fibration

The aim of this section is to construct a U(1) quantum principal bundle over a
quantum 2-sphere such that the associated quantum line bundles are given by
(2.11). Our strategy will be to start with trivial U(1)-bundles over two quantum
discs and to glue them together along their boundaries by a non-trivial transition
function. Working in the category of C*-algebras, an obvious quantum analogue
of a trivial bundle D x S! is given by the completed tensor product 7 ®C(S?),
where we regard T as the algebra of continuous functions on the quantum disc.
Since C(S') is nuclear, there is no ambiguity about the tensor product completion.

Recall from Section 2.1 that a group action on a principal bundle gets trans-
lated to a Hopf algebra coaction (or, slightly weaker, coalgebra coaction). As our
group is U(1) = S!, we take the Hopf *-algebra C(S!) introduced in Section 2.1.
On the trivial bundle 7 ® C(S'), we consider the “trivial” coaction given by ap-
plying the coproduct of C(S!) to the second tensor factor. The gluing of the trivial
bundles 7 ®C(S!) will be accomplished by a fibre product over the “boundary”
C(S') ®C(S'). To obtain a non-trivial fibre bundle, we impose a non-trivial tran-
sition function. From the requirement that the associated quantum line bundles
should be given by (2.11), the transition function is easily guessed: We use the
multiplicative unitary W from (2.21). The result is described by the following
pullback diagram.

T ®C(S! x  T®C(St
( )(Womm) (SY) (3.1)
pry pry
Tac(sh) TacE
mT1:=0®id o =0 ®id
\ \
c(sh@c(sh . ~c(shec(sh) .

For brevity, we set C(S3) := T ®C(S") X (wor,,r) T ®C(S'). Note that o®id and
W are morphisms of right C(S')-comodule algebras. Thus C(S?) is a right C(S')-
comodule algebra (cf. Section 2.1) or, in the terminology of Section 2.1, a C(S!)
quantum principal bundle. Its relation to the (algebraic) Hopf fibration of O(Sg’)q)
and to the quantum line bundles from Equation 2.12 will be established in the
next proposition.

Proposition 3.1. C(S2) is the universal C*-algebra of O(S3,), the associated quan-
tum line bundles

C(Syn :={peC(S)) : A¢ss)(p) =paUN}, Nez, (3.2)

are isomorphic to T X g )T from (2.12), and Ly C C(Sg)N. Here, Ly denotes
the quantum line bundle defined in (2.15), and U is the unitary generator of C(S').
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Proof. Let z and y be the generators of the quantum discs O(D2) and O(D),
respectively. Consider the *-algebra homomorphism ¢ : (’)(S]?;q) —C (Sg) given by

Wa)= (@ U10UY), «b)=(1aUyaU). (3.3)

Choosing a Poincaré-Birkhoff-Witt basis of O(S3,), for instance all ordered poly-
nomials in a, a*, b, b*, and using the embedding (’)(Dz) C T, one easily verifies that
¢ is injective. Moreover, since the operators m(a) and 7(b) satisfy the quantum disc
relation (2.7) for any bounded representation m, the *-representation ¢ is actually
an isometry if we equip (’)(Sf,q) with the universal C*-norm. Therefore it suffices
to prove that ¢(O(S3,)) is dense in C(S2). For this, consider the image of (O(S3,))
under the projections pr; and pr,. Since 1® U = pry(¢(b)) € pr; («(O(S3,))) and
z® 1 = pry((ab)) € pri(L(O(Sy,))), we get pry(L(O(S,))) = O(DF) ® O(U(1)),
and similarly pr,(:(O(S3,))) = O(D2)®O(U(1)). Note that the latter is a dense *-
subalgebra of T®C(S'). Moreover, (o®id)(O(D2)@0(U(1))) = O(U(1))@0(U(1))
is dense in C(S})®C(SY), and W : O(U(1)) ® O(U(1)) — O(U(1)) ® O(U(1)) is
an isometry. Since W(U™ @ U™) = U™ @ U™ for all n,m € Z by (2.22), it is
a bijection of O(U(1)) ® O(U(1)) onto itself. From the foregoing, it follows that
L(O(S3,)) = O(D2) @ O(U1))X (Woomid,x)O(D2) ® O(U(1)). By considering the
ideal generated by the compact operator 1 — zz* € O(D?) (or 1 — yy* € O(D3)),
one easily shows that ker(c®id) N (O(D2) ® O(U(1))) is dense in ker(c®id). From
the final remark in Section 2.2, we conclude that +(O(S3,)) is dense in C(S2).

To determine C(S?), recall that the coaction is given by the coproduct on
the second tensor factor C(S'). Assume that f € C(S') satisfies A(f) = f @ UN.
Then it follows from f = (¢ ® id) o A(f) = f(1)UY that (id ® A)(z) = 2 @ UV
for z € T®C(SY) if and only if z = t ® UY with ¢t € T. Since the morphisms
in the pullback diagram (3.1) are right colinear, we get p € C(Sg)N if and only if
p=(t1@UN ta@UN) and (W o o®id)(t; ® UN) = (0®id)(t2 @ UN). By (2.22),
W(o(ty) @ UN) = o(t1)UN @ UN. Therefore (t; @ UN, t, @ UN) € C(S})n if and
only if o(t;)UN = o(ts). This shows that an isomorphism between C(S3)y and
T X(@nNeo) T is given by

C(Sg)N 3 (1 ® UN,tQ ® UN) = (t1,t2) €T X(UNo,0) T. (3.4)

From (3.3) and A(UN) = UN @ UV, it follows that Acsz)(t(a)) = v(a) @ U
and Ac(sz)(1(b)) = «(b)®@U. Hence ¢ is right colinear. Since ¢ is also an isometry, we
can view O(S3 ) as a subalgebra of C(S2). Then Ly C C(S?)n by the definitions
of Ly and C(S})n in (2.15) and (3.2), respectively. O

We remark that the universal C*-algebra of O(S3 ) has been studied in [7],
the K-theory of C(S}) has been determined in [1]; and from the last example in
[5], it follows that C(S}) behaves well under the C(S')-coaction (it is a principal
Hopf-Galois extension).
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3.2. Index computation for quantum line bundles

The aim of this section is to illustrate that the fibre product approach may lead
to a significant simplification of index computations. First we remark that, in
(algebraic) quantum group theory, algebras are frequently defined by generators
and relations similar those in (2.14) for O(S} ) (more examples can be found,
e.g., in [11]). A pair of *-representations on the same Hilbert space such that the
difference yields compact operators gives rise to an even Fredholm module and
can be used for index computations by pairing it with Ky-classes. If we want
to compute for instance the index pairing with the Ky-class of the projective
modules Ly from (2.15) by using the idempotents given in (2.16), then we face
difficulties because of the growing size of the matrices. It is therefore desirable
to find simpler representatives of K-theory classes of the projective modules Ly .
This section shows that the fibre product approach provides us with an effective
tool for obtaining more suitable projections. In our example, the index pairing will
reduce to its simplest possible form: it remains to calculate a trace of a projection
onto a finite-dimensional subspace.

We start by proving that the projective modules C(S3,)n can be represented
by elementary one-dimensional projections. Because of the isomorphism between
C(qu)N and T X(ynge) T in Proposition 3.1, this result has already been ob-
tained in [17]. For the convenience of the reader, we include here the proof. It
uses essentially the same “bra-ket” argument that was used in [6, 15] to prove
My = O(82,)/N+1Py for the Hopf fibration of O(SU,(2)).

Proposition 3.2. For N € Z, define

xn = (1, SNIS*INly € ¢(S2), for N <0,
xn = (SNS*N 1) ecC(S?), for N>0.

Then the left C(S2)-modules C(S3,)n and C(S2)xn are isomorphic.

Proof. Since o(S"S*™") = UMU*™ = 1 for all n € N, the projections xn belong
to C(Si) =T X(0,0) T- We will use the isomorphism of Proposition 3.1 and prove
that C(S2)xn is isomorphic to Ex :=T X (ynge) T

Let N > 0. From (2.10) and (2.12), it follows that (fS*V, g) € C(S2) for all
(f,9) € En. Therefore we can define a C(S?)-linear map ¥y : Ex — C(S?)xn by

Un(f,g) = (fSN, g)xn = ([N, g), (3.7)

where we used S*S = id in the second equality. Since S* is right invertible, we
have (fS*N | g) = 0 if and only if (f, g) = 0, hence ¥y is injective.

Now let (f,g9)xn € C(Sg)XN. Then (fSV,g) € Ex and Un(fSN,g9) =
(FSNS*N g) = (f,g)xn, thus ¥y is also surjective. This proves the claim of
Proposition 3.2 for N > 0. The proof for N < 0 runs analogously with ¥ defined
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Clearly, the (left) multiplication by elements of the C*-algebra C(S?) turns
Ly = O(qu)W'HEN into a (left) C(S2)-module. With a slight abuse of notation,
we set C(S2)Ly := span{zv : x € C(SZ), v € Ly}. (Later it turns out that this
module is generated by one element in Ly so that the notation is actually correct.)
If we show that C(Sg)LN is isomorphic to C’(S]?;q)N7 then the elementary projections
xn~ and the (|[N|+1) x (|[N|+1)-matrices E define the same Kj-class. The desired
isomorphism will be established in the next proposition by using the embedding
Ly C C(S},)n from Proposition 3.1.

Proposition 3.3. The left C(S?)-modules C(S7)Ln = C(Sg)'NH'lEN and C(S3,) N
are isomorphic.

Proof. Using embedding (3.3) and the inclusion from Proposition 3.1, we can view
C(S2)Ly = span{zv : x € C(S2), v € Ly} C C(S3,)n as a submodule of C(S3,)n.
Let N € Ny. It follows from the isomorphism ¥y defined in (3.7) that the left
C(SZ)-module C(S3,)nv = {(fS*N,g9) : (f,9) € C(S2)} is generated by the ele-
ment (S*V,1). Therefore, to prove C(S2)Ly = C(S},)n, it suffices to show that
(5*N,1) € C(S2) L. Since o(z*") = U™, we have (2*V,1) € T Xy~ ,0) T Since
(2*N 1) is the image of t(a*) = (2*N @ UN,1 ® UY) under the isomorphism
(3.4), we can view (z*V,1) as an element of Ly. Let t := 1 — zz* € T. Note
that ¢ is a self-adjoint operator with spectrum spec(t) = {¢" : n € No} U {0}
(see Equation (2.8)). Applying the commutation relations (2.7), one easily verifies
that 2*VzN =TIV, (1 — ¢*t). Since spec(t) C [0, 1], the operator z*N 2z is strictly
positive. Hence [2V|~1 = (2*VN2z¥)~1/2 belongs to the C*-algebra 7. Moreover,
o(|zN]71) = 1 since o(2*V2"N) = 1. Therefore (|zV|7',1) € T X(5,5) T = C(S2)
and thus (S*V,1) = ([2V[71,1)(2*",1) € C(S2)Ly. This completes the proof for
N > 0. The case N < 0 is treated analogously. (Il

Recall that an (even) Fredholm module of an *-algebra A can be given by
a pair of *-representations (py,p—) of A on a Hilbert space H such that the
difference p4 (a) — p—(a) yields a compact operator. In this case, for any projection
P € Mat,, »(A), the operator o4 (P)o—(P) : o_(P)H"™ — o4+ (P)H"™ is a Fredholm
operator and its Fredholm index does neither depend on the Kjy-class of P nor
on the class of (py,p—) in K-homology. This pairing between K-theory and K-
homology is referred to as index pairing. If it happens that py(a) — p—(a) yields
trace class operators, then the index pairing can be computed by a trace formula,
namely

([(p4, p-)]; [P]) = trag(trmat, , (p+ — p-)(P)) (3-8)

In general, the computation of the traces gets more involved with increasing size of
the matrix P. This will especially be the case if one works only with the polynomial
algebras O(S2,) and O(S2,), and uses the (|N|+1) x (| N|+1)-projections Ey from
(2.16) with entries in belonging to O(S2,). In our example, the C*-algebraic fibre
product approach improves the situation considerably since Propositions 3.2 and
3.3 provide us with the equivalent one-dimensional projections xn. As the index
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computation is one of our main objectives, we state the result in the following
theorem.

Theorem 3.4. Let N € Z. The isomorphic projective left C(Sg)-modules C(Sf;q)N,
C(S3)Ln, C(SHINIHIEN and C(S2)xn define the same class in Ko(C(S2)), say
[x~], and the pairing with the generators of the K-homology K°(C(S2)) from the
end of Section 2.3 is given by

({pry,pro)l, xn]) = N, ([ oo, moa)], [xn]) = 1. (3.9)

Proof. The equivalences of the left C(S2)-modules has been shown in Propositions
3.2 and 3.3. In particular, we are allowed to choose xn as a representative.

For all N € Z, the operator m1 o o(xn) — 7— o o(xn) = 74(1) — 7_(1)
is the projector onto the one-dimensional subspace Ceg, see Equation (2.13). In
particular, it is of trace class so that Equation (3.8) applies. Since the trace of a
one-dimensional projection is 1, we get

((my 00, moa)], [xn]) = trezquy) (m4 (1) = 7 (1)) = 1.

Now let N > 0. Then (pry,pry)(xn) = (pr; — pro)(SVS*NV, 1) = 1 — VSN is
the projection onto the subspace span{ey, ..., e,—1}. Since it is of trace class with
trace equal to the dimension of its image, we can apply Equation (3.8) and get

([(pry,pro)], [XN]) = trae (g (1 = SV S™V) = N.
Analogously, for N < 0,
([(pry, pro)], X)) = trequg (SIS M — 1) = —|N| = N,
which completes the proof. O

Since the C*-algebra C(Sg) is isomorphic to the universal C*-algebra of the
Podles spheres O(SZ, ), the indices in Equation (3.9) have also been obtained in [6]
and [17]. In the first paper, the computations relied heavily on the index theorem,
whereas in [17] and Theorem 3.4, by using the fibre product approach, the traces
were computed directly by finding equivalent elementary projections.

Note that Equation (3.9) has a geometrical interpretation: The pairing with
the K-homology class [(74 oo, m— o g)] detects the rank of the projective module,
and the pairing ([(pry,pry)], [xn]) = N coincides with the power of U in (2.11)
and thus computes the “winding number”, that is, the number of rotations of the
transition function along the equator.

3.3. Equivalence to the generic Hopf fibration of quantum SU(2)
Recall from Section 2.4 that O(SU4(2)) = ®nezMn, where
My :={p € O(SU,4(2)) : Ap(su,@)(p) =p@UN } = O(SZ,)N* Py

with Py € Mat|y|41,|n)+1(O(SZ,)) given in Equation (2.18). For the definition of
the O(U(1))-coaction Ap(su,(2)) = (id ® pr,) o A, see Section 2.4. Since O(SZ,)
can be embedded into its universal C*-algebra, which is isomorphic to C(S2), we
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can turn My into a left C(SZ)-module by considering My := C(Sg)'NHlPN. It
has been shown in [17], that this left C(SZ)-module is isomorphic to C(S?)x~, and
therefore to C(S3,)n.

The aim of this section is to define a left C(S?)-module and right O(U(1))-
comodule P such that, for all N € Z, the line bundle associated to the 1-dimen-
sional left corepresentation cA(1) = UN ® 1 is isomorphic to My. A natural idea
would be to consider the embedding of O(SU,(2)) into C(SU4(2)) and to extend the
right coaction Ap(su, (2)) to the C*-algebra closure. But then we face the problem
that Ap(su,(2)) is merely a coaction and not an algebra homomorphism. If we
impose at O(U(1)) the obvious multiplicative structure given by UNUK = UN+K |
and turn ® ez My into a *-algebra such that the right O(U(1))-coaction becomes
an algebra homomorphism, then the C*-closure of ®yezMy = @NGZC(SE,Q)N
would be isomorphic to C(S3,) and not to C(SU4(2)). Note that there cannot be
an isomorphism between C(S3,) and C(SU,(2)) since otherwise, by the pullback
diagrams (2.20) and (3.1), C(S*) = ker(pr1) = 7 ®C(S'), a contradiction.

Instead of extending the coaction Ap(sy, (2)) to some closure of O(SU,(2)), we
turn O(SU,(2)) into a left C(SZ)-module by setting P = C(S?) ®o(sz,) O(SUq(2))
and keeping the O(U(1))-coaction, now acting on the second tensor factor. Then
it follows immediately that

P= & C(Sg) ® My and C(Sg) ® My={peP:Aplp)=paUV}.
NEZ o(sz,) 0(8z,)
Thus our aim will be achieved if we show that My = C(Sg) ®o(sz,) My. For this,

we prove that P, as a left C(S2)-module and right O(U(1))-comodule, is isomorphic
to the following fibre product

T OU1) x T Oo(U() (3.10)

(Pomy,m2)

pry proy
T ® O(U(1)) T ® O(U(1))
m1:=o®id Ty =o®id

\ \

C(s') ® O(U(1)) ® >C(SY) @ O(U(1)).

Here @ is defined by ®(f ® UY) = fUN @ UN. Then, by comparing the pullback
diagrams (3.1) and (3.10) in the category of left C(SZ)-modules and right C(S')-
comodules, it follows that

My = C(Sp,)n = POgs2) C = C(S7) ®o(sz,) My (3.11)

with puapA(l) = UN ® 1 on C in the cotensor product.
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For simplicity of notation, we set

A:=0(SU4(2), B:=0(S2,), B:= 'T( X )’T% C(S2), C:=0(U()).
Recall that B can be embedded in A as well as in B, so both are B-bimodules
with respect to the multiplication. Moreover, the pullback diagram (2.9) provides
us with *-algebra homomorphism pr, : B — 7 and pr; : B — T by projecting
onto the left and right component, respectively. Perhaps it should here also be
mentioned that C' is only considered as a coalgebra, not as an algebra.

Let vy, vV, .. UIJXTI € A denote the matrix elements from the definition of

Py in (2.18). Since the entries of Py belong to B, we have U;Vka € B for all

j,k=0,...,|N|. The following facts are proven in [15, Lemma 7.5].

Lemma 3.5. Letl € Z and k,m € {0,...|l|}.

(i) Forl> 0, the elements pry(vivi*) and pro(vhvl) are invertible in T.

ii) Forl < 0, the elements pry(vhvt*) and pry(vhvl) are invertible in T
1Y% o\Y Y

(i) pry(vhvf) pry (vjo]") " pry (vjvyy) = pry (vioy)  and
pro (v, v6")Pro (vhvo’) ' Pro(vouys) = pro(viuyy) for 1> 0.
(iv) pry(vj6) pry(vheg”) " pry (vhvy,) = pry (vivy) and
pro(v,lgvlll”‘l)pro(v llvlll) 1pr0(v|ll|vl ) = pro(vivl) for 1 <0,

We can turn 7 into a B-bimodule by setting a.t.b := pry(a)tpry(b) and
a.t.b = pry(a)tpry(b), where a,b € B and t € T. To distinguish between both
bimodules, we denote T equipped with the first action by 7_, and write 7, if we
use the second action. Clearly, as left or right B-module, both are generated by
1 € T. The next proposition is the key in proving (3.11).

Proposition 3.6. The left B-modules T+ and T+ ®p M; are isomorphic. The cor-
responding isomorphisms are given by

Vi T = Ty @ M, 1/fl+(t)=tpro(v

G T- = T-®p M, ¢ (t)=tpr,(vjo;") ?@pvf, 1>0,
V42 T = Ty @8 M, Qlfl +(t) = t pro(vfyvfi) ? @5 U|z| L <0,
Y- T2 = T_ @ M, —(

Lok )12 @pul,  1>0,
l
l
l

t) =tpr; (vhol )"V @pvh,  1<0.

The inverse isomorphisms satisfy, for all k =0,1,... ]|,
(o +(1 ®5 vg) = pro(vhvg )pro(vhug) 2, 1>0, (3.12)
Ui L (1@ vp) = pry(vof)pr (i) "2, 120, (3.13)
Yt (L @p v},) = pry(violi) pry (vfyofi) 7%, 1<0, (3.14)
Tﬂfi(l ®p vE) = pry(vivk) pry (vhvl )~ 2. 1<o. (3.15)
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Proof. We prove the proposition for 1; 1 with [ > 0, the other cases are treated
analogously. Since pry(vjvg*) is positive and invertible, pry(vivy)~Y/2 € T is in-
vertible, and thus t; ; is injective. The left B-module 7. ®p M; is generated by
l®@pvl, k=0,1,...,1 (cf. [15, Theorem 4.1]). As 1 4 is left B-linear, it suffices
to prove that the elements 1 ®5 v} belong to the image of 1, 4. Applying (2.19)
and Lemma 3.5(iii), we get

1®p vl =3, 1®kavl* L
= 30;pro(vivy”) ®s5
= ijro(vévo )pro(v5vg*) Pro(”o” ) ®s ”

= pro(vivg )pro (vovg )~ @ ;Y

= Pro(Uévo )Pro(”é”é*)
= 1/’l7+(Pf0(U;cvo )pro(vévé*) 1/2)~

This proves the surjectivity of ¢; + and Equation (3.12). |

X8 'Uo

Using the last proposition and the decomposition A = ®yezMpy, we can
define left B-linear, right C-colinear isomorphisms

U_:T_opA— & T_oUN, ¥, : T, opA— & TLoUY
NezZ NEeZ

by setting
Vi(t@smy) =Yyt @smy) @ UY,  teT, my € My. (3.16)
Next we define left B-linear, right C-colinear surjections
pro: B A— Tr®8A,
by
pr_((t1,t2) ®pa) :=t1 ®@pa, pri((ti,t2) ®pa) =t @z a. (3.17)

Furthermore, we turn C(S!) into a left B-module by defining b.f := o(b) f for all
b e Band f € C(S'). Now consider the following diagram in the category of left
B-modules, right C-comodules:

W opry

B A >TL®C (318)
W _opr_ o®id
\ \
- (gl
TeC o -CEhec,

where ® is the same as in (3.10).

Lemma 3.7. The diagram (3.18) is commutative, ¥ _ opr_ and ¥4 opr, are sur-
Jjective and ker(¥_ opr_) Nker(¥4 opr, ) = {0}.
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Proof. Since all maps are left B-linear, it suffices to prove the lemma for generators
of the left B-module B ®3 A. Moreover, since A = ®nyezMpy, we can restrict
ourselves to the generators of the left B-modules My.

Let | > 0. Since o(pry(f)) = o(f) = o(pr,(f)) for all f € B by (2.10), we get
from Equation (3.16) and Lemma 3.5

(0 ®id) o ¥4 opr_(1®pvg) = o(vivh)o(vhv)~ 12U, (3.19)
¢po(0c®id)oW_opr, (1®p1}) = o(vho] )o(vjv)) 12U @ U (3.20)

By Lemma 3.5 (iii) (with m = 0), we have
o (v") = o (viry”) o(vje”) ™! o (vjef). (3.21)

Inserting the latter equation into (3.19) and comparing with (3.20) shows that it
suffices to prove

o(vjvf) 2o (ulug*) (vhvy) "/ = U (3.22)
It follows from [17, Lemma 2.2] (with v} ~ u; and v} ~ w;), or can be computed
directly by using explicit expressions for v and v!, that vivl" ~ nl. From the
embedding (2.17), we deduce that 1. has polar decomposition 7! = (5!, S%)[n|.

Therefore we can write vlvl* = (S!, S!)|vlvl| which implies

o(ulel) = olofol ) U,
By comparing with (3.22), we see that it now suffices to verify
o (i) V2 o (jotult]) o (vhul) T2 = 1. (3.23)
Multiplying both sides of Equation (3.21) with o(vlv!*) gives
a(vyue’) o (vjv)") = o (vge)") o (vivg)-
Thus

o(lofet ) = o ((whoi*ofof) /) = (olbol o iet)) " = (o(whol)o(vlef) ",

which proves (3.23). This concludes the proof of the commutativity of (3.18) for
1 > 0. The case [ < 0 is treated analogously.

The surjectivity of ¥_opr_ and ¥ opr, follows from the bijectivity of ¥y
and the surjectivity of pr,.

Suppose that >, _; (7, si) @p aj, € ker(¥_opr_)Nker(¥, opr, ). Since ¥4
is an isomorphism, we get > ,_, 7 ®@p ar =0 and >, _, sp @p ar = 0 by (3.17).
Hence Y 1, (1%, 8k) ®p ax = Y 1y (16,0) ®p ap + >, (0, sx) ®p ar, = 0 which
proves last claim of the lemma. O

We are now in a position to prove the main theorem of this section.

Theorem 3.8. There is an isomorphism of left C(S2)-modules and right O(U(1))-
comodules between the fibre product T @ O(U(1))X (@or, ,mp)T ® O(U(1)) from
(3.10) and C(Si)@o(sgs)(’)(SUq(Q)). Moreover, the chain of isomorphisms in (3.11)
holds.
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Proof. Lemma 3.7 states that C(S?) ®o(sz,) O(SUg(2)) is a universal object of the
pull back diagram (3.18). Comparing (3.18) and (3.10) shows that both pullback
diagrams define up to isomorphism the same universal object which proves the
first part of the theorem.

The first isomorphism in (3.11) follows from the Murray-von Neumann equiv-
alence of the corresponding projections, see [17]. The second isomorphism follows
from the above equivalence of pullback diagrams, and the last one from fact that
all mappings in (3.18) are right O(U(1))-colinear. O
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